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ABSTRACT

For an arbitrary ideal I in a local ring R and a finitely generated R-module M, Achilles
and Manaresi introduced the sequence of generalized multiplicities cx (I, M) (k =0, ...,dim M) as a
generalization of the classical Hilbert-Samuel multiplicity e(I, M) of an m-primary ideal I. We prove
a formula expressing each generalized multiplicity ¢ (I, M) as a linear combination of certain local
multiplicities e(I Ry, I"(M,/(x2,...,x1)My)), where xa,...,x) is a sequence of sufficiently general
elements in I. As a consequence, when M is formally equidimensional, if I C J have the same
asymptotic primes and cx(I, M) = ¢ (J, M) for all k = 0,...,dim M then I is a reduction of (J, M).
The converse of this statement is also known to be true by a result of Ciuperca. This theorem gives
a complete numerical characterization of the integral closure, generalizing a well known theorem of

Rees.
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1. INTRODUCTION

In this dissertation we discuss the relationship between the integral closure of an ideal and
a finite sequence of invariants associated with it, the so-called generalized multiplicity sequence.
Given a pair of ideals I C J in a local noetherian ring (R, m), a central theme in multiplicity theory
in commutative algebra is the search of numerical invariants associated with these ideals that can
detect whether or not J is contained in the integral closure of I. In the case when both ideals
are of finite colength, the classical Hilbert-Samuel multiplicity provides such a characterization.
For formally equidimensional local rings (a rather weak, but necessary constraint on the ring),
a well known result of Rees shows that J is contained in the integral closure of I if and only if
the ideals I and J have the same Hilbert-Samuel multiplicity. In the case of ideals that are not
necessarily of finite colength, a situation in which the classical Hilbert-Samuel multiplicity is no
longer defined, there have been many attempts to generalize this numerical characterization by
using more general invariants. An important chapter was initiated by Achilles and Manaresi who
introduced the so-called j-multiplicity and the multiplicity sequence of an ideal. Both concepts are
incremental generalizations of the classical Hilbert-Samuel multiplicity that are defined for arbitrary
ideals in local rings. It is already known that if J is contained in the integral closure of I, then the
multiplicity sequences of I and J are the same. The main goal of this dissertation is to obtain a
converse of this result. We are able to obtain such a converse under some additional assumptions
on the ideals I and J.

Chapters 2, 3, and 4 provide background material and give a survey of the main known
results that will be later used in the dissertation. In Chapter 5 we discuss and prove several results
about a series of technical constructions related to the concept of superficial element. The existence
and properties of these special elements will provide the tools used to prove our central results. In
Chapters 6 and 7 we prove the main results of the dissertation. Chapter 6 contains a formula that
expresses each element of the generalized multiplicity sequence as a linear combination of certain
local j-multiplicities. As a consequence of this, in Chapter 7 we obtain a generalization of the

theorem of Rees for ideals that have the same asymptotic prime ideals.



We begin by discussing in the second chapter the classical Hilbert-Samuel multiplicity.
Let (R,m) be a local ring, M a finitely generated R-module, and I an ideal of R such that the
length A\(M/IM) is finite. We consider the asymptotic growth of the length of the homogeneous
components of the associated graded module G;(M). That is, for n large enough the length

A(I™M /I"** M) becomes a polynomial function in n of degree d — 1 = dim M — 1 whose leading

e(I,M)
(d=1)>

coefficient can be written in the form where e(I, M) is the Hilbert-Samuel multiplicity of I
on M. This multiplicity is a very important invariant in ideal theory. Among other things, it gives
a numerical characterization of the integral closure of an ideal, or equivalently, of reduction ideals.
For I C J ideals, I is said to be a reduction of (J, M) if there exists some k with JEHINM = TJFM.
For M = R, the ideal J is contained in the integral closure of I if and only if I is a reduction of J.

The following theorem was proved by Rees in 1961 for formally equidimensional rings, that is for

rings where the dimension of the completion modulo its minimal primes are all equal.

Theorem 2.6.5. Let (R, m) be a formally equidimensional local noetherian ring and let I C J be

m-primary ideals. Then I is a reduction of J if and only if e(I, R) = e(J, R).

In the case when A(M/IM) is not necessarily finite, we consider the asymptotic growth
of the length of the homogeneous components of the bigraded module Gy (G(M)). We present a
construction of Achilles and Manaresi that produces a sequence of numerical invariants ¢ (I, M)
(k =0,...,dimM). The first element of this sequence, the multiplicity co(I, M), recovers the
so-called the j-multiplicity j(I, M) previously defined by Achilles and Manaresi [1] with different
methods. The j-multiplicity is of particular interest for ideals of maximal analytic spread, which is
the only case when it is nonzero. Moreover, in the case when A(M/IM) is finite, the j-multiplicity
coincides with the classical Hilbert-Samuel multiplicity e(I, M) and all the other elements ¢ (I, M)
(k > 1) are zero.

There have been many attempts at proving generalizations of the theorem of Rees that give
numerical characterizations of reduction ideals for arbitrary ideals. By using the above mentioned

j-multiplicity, Flenner and Manaresi proved the following in 2001.

Theorem 3.2.5. Let (R,m) be a local noetherian ring, I C J ideals, and M a formally equidi-

mensional finitely generated R-module. The following are equivalent:

i. I is a reduction of (J, M);



ii. j(IRy, My) = j(JRy, M,) for all p € Supp(M);
iii. j(IRy, My) < j(JRy, My) for all p € Supp(M).

While this result does give a numerical characterization of the integral closure for arbitrary
ideals, it has the disadvantage that involves numerical invariants in localizations of the ring R.
A much better characterization would be one that involves invariants that can be computed by
considering only the ring R, and not all of its localizations. From a computational point of view,
this would be an essential feature.

The j-multiplicity is tied to the analytic spread £j;(I). The analytic spread can be computed
as a dimension of the fiber cone. It is also the minimal number of generators of any minimal
reduction. It is known that the j-multiplicity is nonzero if and only if the analytic spread is
maximal, that is £3;(1) = dim M. The set of asymptotic primes Asym(/, M) are the primes p that
have the property that the analytic spread of the localization £y, (IRy) is maximal.

The sequence of multiplicities co(I, M), ...,cq(I, M) is a natural candidate for obtaining
such a characterization. We first note a result of Achilles and Manaresi (1997) that gives several

important properties of this sequence.

Theorem 4.1.6. Let (R,m) be a local noetherian ring, I an ideal, and M a finitely generated
R-module of dimension d. Let £ = {p;(I) and ¢ = dim M/IM. Then

i. cx(I,M) =0 fork<d—/{andk > q;

. cqe(I, M) =) " e(mGr(R)xs, Gr(M)p)e(Gr(R)/B) where B runs through all highest dimen-
sional associated prime ideals of Gr(M)/mGr(M) such that dim G;(R)/B + dim G;(M)p =
dim G[(M),

ii. cq(I,M) = >, e(IRy, My)e(R/p) where p runs through all highest dimensional associated
prime ideals of M/IM such that dim R/p + M, = dim M.

We note here that one of the main results of this dissertation (Theorem 6.2.1) gives a

formula that generalizes part (iii) of this theorem.



In 2003, Ciuperca proved the following result involving the generalized multiplicity sequence.

Theorem 4.1.8. Let (R, m) be a local noetherian ring, I C R an ideal, and M a finitely generated
R-module. If I is a reduction of (J, M), then ¢;(I, M) = ¢;(J, M) for i =0,...,d.

Superficial elements in various incarnations have a long history in multiplicity theory. They
have been used to prove various results, including Theorem 4.1.8 as well as an alternate proof to
the theorem of Rees. In general, a fundamental property of these elements is that various concepts
of multiplicity are preserved when modding out by such a superficial element. In the particular
case of the above mentioned generalized multiplicity sequence ¢ (I, M) (k =0, ...,d), we have the

following result of Ciuperca (2001).

Proposition 5.2.8. Let (R,m) be a local noetherian ring, I C R an ideal, and M a finitely
generated R-module. Let x € I\ mI be a superficial element for I with respect to Gu(Gr(M)) such
that x is a nonzero divisor on M. Then ¢;(I, M) = ¢;(I, M/xM) fori <d— 2.

A superficial element for [ is a sufficiently general element, that is, it is obtained by avoiding
finitely many proper subspaces of the R/m-vector space I/mI, thus superficiality is a Zariski open
property. We have the following proposition, as proved by Swanson and Huneke, that shows the

existence of such an element.

Proposition 5.1.6. Let (R,m) be a local noetherian ring with infinite residue field, M a finitely
generated R-module, and I C R an ideal. Then there exists x € I\ mI such that x is superficial for

I with respect to Gr(M).

A similar result shows the existence of superficial elements with respect to G (Gr(M))).
We also prove that superficial elements can be extended to case of Z3-graded algebras. As a
consequence, we show the existence of superficial elements with respect to a certain infinite family

of modules.

Proposition 5.3.3. Let (R, m) be a local noetherian ring with infinite residue field, I and J ideals
of R, and M a finitely generated R-module. Then there exists x € I such that x is superficial for
I with respect to G (G(J7M)) for all j > 0.



Further, we show that we can find an element that is superficial for finitely many localiza-

tions.

Proposition 5.3.6. Let (R, m) be a local noetherian ring with infinite residue field k, I C R an
ideal, and M a finitely generated module. Then there exists x € I such that x is superficial for I
with respect to G (Gr(M)) and T € IRy is superficial for IR, with respect to Gyg,(Grr,(My)) for

all the prime ideals p such that £y, (I Ry) = dim M,.

In the sixth chapter, we build a sequence of sufficiently general elements that satisfy certain

properties. This construction allows us to prove the main theorem.

Theorem 6.2.1. Let (R,m) be a local ring, I C R an ideal, and M a finitely generated R-module
of dimension d. Let r = min{i | ¢;(I, M) # 0} and let xa,...,x4—r € I be a sufficiently general

sequence. Assume that r < d and for each k denote
Ap(I, M) ={p € Supp(M/IM) | dim R/p = k and dim I"(M,/(z2,...,x4—k)My) =1 for n>> 0}.
Then, forn >0 and k=r,....d — 1, we have

(I, M) =Y e(IRy, I"(My/ (2, ..., k) M) Je(R/p).
pEAL

In the last chapter we prove a partial converse of Ciuperca’s result and generalization of
Theorem 2.6.5. We achieve this by building two sequences of sufficiently general elements that

satisfy certain extra conditions.

Corollary 7.2.5. Let (R,m) be a local noetherian ring, M a finitely generated formally equidi-
mensional R-module of dimension d, and I C J ideals of R such that Asym(I, M) = Asym(J, M).
If c;(I, M) =¢i(J,M) for alli=0,...,d, then I is a reduction of (J, M).



2. THE HILBERT-SAMUEL MULTIPLICITY

In this chapter we develop the theory of multiplicities for graded modules. We start with
defining the Hilbert function and multiplicity of a graded module over a homogeneous ring. We
then naturally consider these concepts for the associated graded ring of an ideal. This will give us
a way to define the Hilbert-Samuel multiplicity of an ideal with respect to a module. We further
generalize this concept to the case of two ideals by introducing the so-called mixed multiplicity.
Finally, we present a well known theorem of Rees that connects the integral closure of an ideal with
its Hilbert-Samuel multiplicity.

2.1. Artinian modules
Throughout this section we assume that R is a local noetherian ring with maximal ideal m

and M is a finitely generated R-module.
Definition 2.1.1. A module M # 0 is said to be simple if (0) is the only proper submodule of M.

Definition 2.1.2. A composition series of a module M is a chain of submodules of M

M=My>M DMy>D..DM,=0

such that M;/M;;, is simple for all i = 0,...,n — 1. A module for which such a composition series

exists is called a module of finite length.

Definition 2.1.3. A non-zero module M is said to be artinian if any descending chain of submod-

ules

MDODM;DMyD..DMD ..
eventually stabilizes.

For a finitely generated artinian module over a noetherian ring, any descending chain of
submodules stabilizes. If we consider the descending chain M; = m'M we get that m"M = m" 1 M
for n > 0. This implies that m"M = 0 for n > 0 by Nakayama’s Lemma. We summarize in the

following proposition several equivalent definitions for artinian modules.



Proposition 2.1.4. Let (R,m) be a local noetherian ring and M a finitely generated R-module.

The following are equivalent.
i. The module M 1is artinian.
1. For some n we have m"M = 0.
1i. The module M has finite length.
Definition 2.1.5. Let M be a finitely generated artinian module. The length of M, denoted by
A(M), is the length of the longest chain of submodules of M

M=My>DM D..DOM,=0

where M; # M;,1 for all 4.

By the Jordan-Hélder theorem we know that every composition series of M have the same
length A\(M). As an observation, if N is a submodule of a finitely generated artinian module M,
then N is artinian and A(IV) < A(M). Similarly, the quotient module M /N is artinian and further,

if we consider the exact sequence
0—->N—->M-—M/N—-0

we have \(M) = A(N) + A\(M/N).

Example 2.1.6. Let R = Q[r,y](,,) and M = R/(z3,zy,y?). The module M is artinian since
m3M = 0 and the length A\(M) = 4.

2.2. Ideals of definition

Let R be alocal noetherian ring with maximal ideal m and M a finitely generated R-module.

Definition 2.2.1. The radical of an ideal I, denoted /1, is defined as
VI = {z € R | there exists n such that 2" € I}.

Definition 2.2.2. We say that an ideal I of R is an ideal of definition on M if M /IM is artinian.

7



As an immediate consequence of Proposition 2.1.4 we have the following.

Proposition 2.2.3. Let (R,m) be a local noetherian ring, M a finitely generated R-module, and I

an ideal of R. The following are equivalent.
i. The ideal I is an ideal of definition on M.

it. For some n we have m™(M/IM) = 0.

i1i. The module M/IM has finite length.

Note that for M # 0 the second condition of Proposition 2.2.3 is equivalent to the condition
m = /I + Ann(M). As an immediate consequence, for every i we have v I* + Ann M = m and

therefore M/I'M is artinian for all i. If we consider the short exact sequence
0— I"M/I" "' M — M/T" "' M — M/I"M — 0,

as before, we have A\(M/I" M) = \(M/I"M) + X(I"M /T M).
2.3. Hilbert functions and multiplicities of graded modules

We now present the basic theory of graded rings and modules.

Definition 2.3.1. A ring R is said to be graded if

R=Pr

i>0

where each R; is an abelian group and for all m,n we have R,, R, C Ry, tn. Further, if R = Ry[Ry],

then R is said to be a homogeneous ring.

Definition 2.3.2. Let R = @izo R; be a graded ring. An R-module M is called a graded R-module
if

M =P M

>0

where each M; is an abelian group and for all m,n we have R, M,, C Mp,1p.

If M is finitely generated over R and R is noetherian, note that each component M; is a

finitely generated Ry-module. Further, if Ry is an artinian ring, then each M; is artinian, since

8



each M; is finitely generated over Ry. In this case, we can define the Hilbert function hjs(n) as

follows.

Definition 2.3.3. Let R be a homogeneous noetherian ring such that Ry is artinian and M is a

finitely generated graded R-module. The Hilbert function hps(n) is defined by

for all n.

Of particular interest is the asymptotic behavior of the Hilbert function. We have the

following theorem.

Theorem 2.3.4. [3, Theorem 4.1.3] Let R be a homogeneous noetherian graded ring with Ry
artinian. Let M be a finitely generated graded R-module of dimension d. Then there exists a

polynomial Pyy with rational coefficients and degree d — 1 such that hyr(n) = Pys(n) for n>> 0.
We have the following Lemma.

Lemma 2.3.5. [3, Lemma 4.1.4] Let P(X) € Q[X] be a polynomial of degree d — 1. Then the

following conditions are equivalent:
i. P(n)€Z for alln € Z.

1. There exist integers ag, ...,aq_1 such that

P(X)—dz_:lai<Xi+i>.

1=

If P(z) is a polynomial of degree d — 1, it takes d — 1 successive differences to become
constant. Therefore, if P(n) is an integer for d consecutive integers, then P(n) is an integer for all
integers. Therefore, is it sufficient for P(n) € Z for n > 0 for Lemma 2.3.5 to hold. In particular,

for n > 0 we can write hps(n) = Z?;()l ei (”;”) for some integers e;.

Definition 2.3.6. Let d = dim M. The multiplicity e(M) is defined by

e(M) =e4-1 = lim M

n— 00 nd_l



Let R be a homogeneous noetherian ring with Ry artinian. If N C M are finitely generated
graded modules over a R with compatible gradings, then so is M/N. Consider the short exact
sequence

0—-N—-M-—M/N—DO.

If we consider the multiplicity as the normalized coefficient e;_1 of the Hilbert polynomial, since
A(M;) = A(V;) + M(M;/N;), there are three possibilities. If dim N < dim M, then we must have
dimM = dim M/N and e(M) = e(M/N). If dimN = dimM and dim M/N < dim M, then
e(N)=e(M). If dim N = dim M = dim M/N, then e(M) = e(N) + e(M/N). We next define the
concept of multiplicity of an ideal.

2.4. Associated graded modules

We begin by constructing a graded ring associated with an ideal I in a noetherian ring.

Definition 2.4.1. Let R be a noetherian ring and I an ideal. The associated graded ring G(R)
is defined by

Gi(R)y=1/1""".

n>0

Note that G7(R) is a homogeneous ring. Further, since R is noetherian, so is G(R).

Definition 2.4.2. Let R be a local noetherian ring, M a finitely generated R-module, and I an
ideal. The associated graded module G;(M) is defined by

Gi(M) =@ I M/ M.
n>0

Note that G;(M) is a finitely generated graded G(R)-module.

Theorem 2.4.3. [8, Proposition 5.1.6] Let R be a noetherian ring, M a finitely generated R-module,
and I an ideal. Then

dim G (M) = dim M.

If we assume that I is an ideal of definition on M, we may consider R’ = R/ Ann(M) and
I'=(I+Ann M)/ Ann M. The module M is both an R-module and an R’-module and I’ is an

ideal of R’ and an ideal of definition on M. But we now have that R’'/I’ is artinian.

10



We now consider the graded ring Gp(R') and the graded module G;/(M). By Theorem
2.3.4, the Hilbert function hg , (ar)(n) is a polynomial function for n > 0. Since (I')"M/(I')" ' M =
"M /I M, we define hg,(ary(n) = hg,, () (n) and therefore hg,apy(n) = XI"M/I" M) is a

polynomial function for n > 0. The degree of this polynomial is dimG;(M) — 1 =dim M — 1.

Definition 2.4.4. Let R be a local noetherian ring, M a finitely generated R-module, and I an
ideal of definition on M. The Hilbert-Samuel multiplicity of I with respect to M, denoted e(I, M),
is defined by

e(1,M) = e(G(M)).

Example 2.4.5. Let R = M = Q[z,y](y,) and I = (23, zy,y?). The Hilbert polynomial h(n) =

AI"M /I M) = 5n + 4. Since dim M = 2, the Hilbert-Samuel multiplicity e(, M) = 5.

Since A(I"M/I"*1M) is a polynomial function with rational coefficients and
NI"M /TP M) + MM /I M) = \(M /1" M)

we can conclude that for n large enough A(M/I"*1 M) is a polynomial function of degree d = dim M

whose degree d coefficient is
e(I, M)
d -

Let R be a local noetherian ring, M a finitely generated R-module, and I C J ideals of

definition on M. From the short exact sequence

0 — J*M/I"M — M/I"*M — M/J"M — 0

we have N\(M/I"M) > \(M/J"M) for all n and thus e(I, M) > e(J, M).
The following is known as the linearity or associativity formula and relates the multiplicity

of an ideal with respect to a module to multiplicities over a family of integral domains.

11



Theorem 2.4.6. [3, Corollary 4.7.8] Let (R, m) be a local noetherian ring, M a finitely generated

R-module of dimension d, and I an ideal of definition on M. Then

e(I, M) = e(I, R/p)A(My)
p

where the sum is taken over all prime ideals p with dim R/p = d.

Note that only the primes minimal over Ann(M) contribute to the sum and therefore we
have finitely many terms.
2.5. Mixed multiplicities

Similar to the Hilbert-Samuel multiplicity, we can construct the mixed multiplicity for two

ideals.

Theorem 2.5.1. [8, Theorem 17.4.2] Let R be a local noetherian ring, M a finitely generated
R-module with dim M = d, and I C J ideals of definition on M. Then there exists a polynomial

P(n1,n2) with rational coefficients of total degree d such that for ni,ny > 0 we have
AM/I" T2 M) = P(ni,n2).

We next define the mixed multiplicities as the normalized coefficients of highest degree.

Definition 2.5.2. Let R be a local noetherian ring, M a finitely generated R-module with dim M =
d, and I C J ideals of definition on M. Let Py(n1,ng2) be the homogeneous part of degree d of

P(ny,n2) and write
d

1=

for a; nonnegative integers. For i = 0, ..., d, we define the ith mixed multiplicity to be e;(I, J; M) =
;.

We have the following relation between the mixed multiplicities and the Hilbert-Samuel

multiplicities.

Theorem 2.5.3. [10, Lemma 2.4] Let (R,m) be a local noetherian ring, M a finitely generated
R-module, and I C J be ideals of definition on M. Then ey(I,J; M) =e(I,M) and eq(I,J; M) =
e(J,M).

12



2.6. Integral closure and reductions
The multiplicity of an ideal only depends on its asymptotic behavior, that is the behavior
of I"™ for large values of n. For a pair of ideals I C J, if I¥J™ and J"* are the same, then the

ideals have similar asymptotic behavior.
Definition 2.6.1. Let R be a ring, I C J be ideals, and M an R-module. The ideal I is said to
be a reduction of (J, M) if there exists an integer n such that

IJ"M = J"tiM.

If M = R, then [ is said to be a reduction of J.

Note that if I C J is a reduction, then v/T = v/J. However, if R is noetherian, I C J and
VI = \/j, then there exists an integer n such that J"® C I. This is not the same as I being a

reduction of J.
Definition 2.6.2. Let R be a noetherian ring and I be an ideal. An element x is said to be integral
over I if x satisfies an equation

" +ax" M+ . tanr+a, =0
where a; € I' for i = 1,...,n. The elements integral over I form an ideal I which is called the
integral closure of I.

Proposition 2.6.3. [8, Corollary 1.2.5] Let R be a noetherian ring and I C J. Then I is a

reduction of J if and only if J C I, or equivalently, I = J.

Definition 2.6.4. Let R be a local noetherian ring. The ring R is formally equidimensional if
for every minimal prime p of the completion 1/%, we have dim ]/%/p = dimR. A finitely generated

R-module M is said to be formally equidimensional if R/ Ann(M) is formally equidimensional.

We note that being formally equidimensional is a fairly weak constraint.

The following theorem was originally proven by Rees in 1961.

13



Theorem 2.6.5. [10, Theorem 3.2] Let (R, m) be a formally equidimensional local noetherian ring

and let I C J be m-primary ideals. Then I is a reduction of J if and only if e(I, R) = e(J, R).

Our main goal is to obtain a generalization of this theorem that can be applied to arbitrary

ideals.

14



3. THE J-MULTIPLICITY

In this section we consider the case when I is not necessarily an ideal of definition on M.
In this situation I"M/I"*1M does not have finite length and thus the classical Hilbert-Samuel
multiplicity is not defined. Instead, we consider the largest submodule of I"M/I™*1M that has
finite length and proceed as before.
3.1. The m-torsion module
Definition 3.1.1. Let (R, m) be a local noetherian ring and M be a finitely generated R-module.
The m-torsion module I'y (M) is the submodule of M defined by

Fn(M)={ze M |m"x =0 for some n}.

We have A(I'y(M)) < oc.

We conclude that T'y, (M) C M is a submodule. In particular, note that if M is artinian
then I'n(M) = M. We consider the graded submodule I'y (G (M)) C Gr(M).

Since R is noetherian and M is a finitely generated R-module of dimension d, G;(M) is a
finitely generated module over the noetherian ring G;(R). Therefore the submodule T'y(G1(M))
is finitely generated as a G7(R)-module and thus there exists k such that m*I'y(Gr(M)) = 0.
This implies that I'y(G7(M)) is a finitely generated graded module over the homogeneous ring
G1(R)/m*Gr(R) whose degree zero component is an artinian ring. In particular, for n > 0 the
length A(T'y (1" M/I"*1M)) is a polynomial function of degree dime, (g) Pm(G1(M))—1 < dim M —
1.

3.2. j-multiplicities

We now introduce the j-multiplicity, originally defined in [2, Definition 1.2].

Definition 3.2.1. Let (R, m) be a local noetherian ring, I an ideal, and M a finitely generated

R-module of dimension d. The j-multiplicity is defined by

M) = e(Twm(Gr(M)) if dimg,g) I'm(Gr(M)) =d |
0 if dimg, gy I'm(G1(M)) < d

15



Equivalently, we may define the j-multiplicity as

S M) = tim AT MM (d = DY

n—o0 nd—1

If I is an ideal of definition on M, then e(I, M) = j(I, M) since I'y(G;(M)) = G(M).
While we have e(I, M) > 0, we only have j(I, M) > 0. To be able to describe conditions under

which j(I, M) > 0, we need to define the analytic spread of an ideal.

Definition 3.2.2. Let (R, m) be a local noetherian ring and I an ideal. The fiber cone F is defined
by
F=rI/mr

n>0

Definition 3.2.3. The analytic spread of I over M is defined by

(1) = dimg | @ I"M/mI"M
n>0

Note that

(nu(I) < dimg,p) | @ IT"M/I"M | = dimp M.
n>0

In the event that ¢5;(1) = dimpg M, I is said to have maximal analytic spread.

Theorem 3.2.4. [7, Remark 6.1.6] The j-multiplicity j(I, M) is nonzero if and only if I has

mazimal analytic spread over M.

We also note that if I is a reduction of (J, M) then j(I,M) = j(J,M). However, the
converse is not necessarily true. By considering all the localized j-multiplicities, Flenner and

Manaresi proved the following.

Theorem 3.2.5. [6, Theorem 3.3] Let (R, m) be a local noetherian ring, I C J ideals, and M a

formally equidimensional finitely generated R-module. The following are equivalent:

i. I is a reduction of (J, M);
ii. j(IRy, My) = j(JRy, My) for all p € Supp(M);
iii. j(IRp, My) < j(JRy, My) for all p € Supp(M).
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Note that the second condition requires checking equality of the j-multiplicities localized

at every prime p € Supp(M ). In general, there may be infinitely many primes in Supp(M).

Definition 3.2.6. [9, Proposition 3.9] Let R be a noetherian ring, I be an ideal, and M be a finitely
generated R-module. Then the sequence Ass(M/I"M) is nondecreasing and stabilizes. The set of

asymptotic primes is defined by

Asym(I, M) = | ] Ass(M/T"M).

n>1

Theorem 3.2.7. [9, Proposition 4.1] Let (R, m) be a local ring, I an ideal, and M a finitely
generated module. For a prime ideal p € Supp(M), if {pr, (IRp) = dim My, then p € Asym(I, M).

If M is formally equidimensional, the converse is also true.
Remark 3.2.8. Assume that R is a noetherian ring, I is an ideal, and M is a finitely generated

R-module. Since Ass(M/I"M) is a nondecreasing set that eventually stabilizes, we have

| Ass(M/T"M) = Ass(M/IFM)

n>1

for some k large enough. Since Ass(M/I¥M) is a finite set, so is Asym(I, M). Therefore, there are

only finitely many primes p such that £y, (I Rp) = dim M,

Thus in Theorem 3.2.5 we only need to test that the j-multiplicities are equal when localized at

finitely many primes. However, determining which primes are in Asym(I, M) may be difficult.

17



4. GENERALIZED MULTIPLICITY SEQUENCE

In this section we consider again the case where I is not necessarily an ideal of definition
on M. Instead of considering the largest submodule of 1" M /I" T M with finite length, we consider
the associated bigraded module Gy (Gr(M)). Each graded component has finite length. Rather
than polynomial growth in one variable, it has polynomial growth in two variables. The highest
degree components will give us the generalized multiplicity sequence.

4.1. The generalized multiplicity sequence

We begin by defining the associated bigraded module.

Definition 4.1.1. Let (R, m) be a local noetherian ring, I an ideal, and M a finitely generated
R-module. The associated bigraded module Gy (Gr(M)) is

(M . I'M mIIM + M
_ % i+1 _
Gn(GrM0) = @ ' 75y ) % (g ) = D et e
7‘7]7

4,520

The following proposition is a direct result from the general theory of bigraded rings [11,

Theorem 7.

Proposition 4.1.2. Let (R, m) be a local noetherian ring, I an ideal, and M a finitely generated

R-module of dimension d. Then for i,j > 0 there exist integers ay,; such that

m M + PH M i+k\[(j+1
A 177 1 = Q.1 .
mitL M + [+ M Z k l
k+I<d—2

Since this length is eventually a polynomial in i, ;5 of degree at most d — 2, by taking the

double sum with ¢ from 0 to w and j from 0 to v, we have the following proposition.

Proposition 4.1.3. Let the Hilbert function h(u,v) be defined by

. o
wi M + [ M
M) =22 A <mi+11jM + Ij+1M> ‘
i=0 j—0

The function h(u,v) is polynomial p(u,v) of total degree d with rational coefficients for u,v > 0.
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The degree d terms are

Ck k, d—k
Kd—k)t" "

for k=0,...,d, where each ¢ > 0.

Definition 4.1.4. Let (R, m) be a local noetherian ring, I an ideal, and M a finitely generated
R-module and let p(u,v) be the Hilbert polynomial defined above. The generalized multiplicity

sequence {cx(I, M )}izo consists of the coefficients ¢ introduced above.

Example 4.1.5. Let R = M = Q[z, v, z](x,yz) and I = (zy,yz). The homogeneous degree 3 part
of the Hilbert polynomial is $u?v 4+ uv?. So we have co(I, M) =0, ¢1(I, M) =2, co(I, M) = 3, and
C3(I, M) =0.

The following theorem gives sufficient conditions for when ¢ (I, M) is zero. It also relates
the Hilbert-Samuel multiplicity to the generalized multiplicity sequence. A version of it for rings
was proved by Achilles and Manaresi in [1, Theorem 2.3]. Following the same proof one can prove

a similar result for modules.

Theorem 4.1.6. Let (R,m) be a local noetherian ring, I an ideal, and M a finitely generated
R-module of dimension d. Let £ = {p;(I) and ¢ = dim M/IM. Then

i. cx(I,M)=0 fork<d—{ and k > q;

ii. cg—¢(I,M) =) o e(mGr(R)p, Gr(M)p)e(Gr(R)/B) where B runs through all the highest di-
mensional associated prime ideals of Gr(M)/mGr(M) such that dim Gr(R)/B+dim G;(M)y =
dim G[(M),‘

iti. cq(I, M) =73, e(IRy, Mp)e(R/p) where p runs through all the highest dimensional associated
prime ideals of M/IM such that dim R/p 4+ M, = dim M.

Example 4.1.7. Let R = M = Qlz,y, 2] and I = (zy,yz). Wehavedim M = 3, dim M /IM =

,Y,2)
2, and £y (I) = 2. Therefore co(I, M) = c3(I, M) = 0.

The minimal primes over I are (y) and (z, z). We have dim R/(y) = 2 and dim R/(x, z) = 1.
So Assh(M/IM) = {(y)}.

The ring R, is a regular local ring with maximal ideal (y). Therefore e(I R, M,)) = 1.

Similarly, R/(y) is a regular local ring and thus e(R/(y)) = 1. Therefore co(I, M) = 1.
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The set of highest dimensional associated prime ideals of M /I M, denoted by Assh(M/IM),
consists of all the prime ideals p minimal over I4+Ann(M) with the property dim R/p = dim M /IM.

By Theorem 4.1.6, if I is an ideal of definition on M, then c¢o(I,M) = e(I,M) and
¢i(I,M) = 0 for all ¢ > 0. Further, if ¢j;(I) = dim M, then co(I, M) = j(I,M). This shows
that the multiplicity sequence is indeed a generalization of the Hilbert-Samuel multiplicity and the
jJ-multiplicity.

The following theorem shows that the multiplicity sequence is preserved when passing to a

reduction of an ideal.

Theorem 4.1.8. [5, Proposition 2.7| Let (R, m) be a local noetherian ring, I C R an ideal, and M

a finitely generated R-module. If I is a reduction of (J, M), then ¢;(I, M) = ¢;(J, M) fori=0,...,d.
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5. SUFFICIENTLY GENERAL ELEMENTS

In this section, we prove several technical results about so-called superficial elements in
I. These elements can always be chosen to be “sufficiently general.” Our goal is to identify such
elements = € I that preserve the multiplicity sequence when passing to the ring R/xR.
5.1. The single graded case
Definition 5.1.1. Let (R, m) be a local noetherian ring and I an ideal. For a given r € I\ {0},
let m be the largest integer such that r € I". The initial form r* is defined as the image of r in
I™/I™FL Then take the largest number n such that r* € m™(I™/I™*!) C G;(R). The initial form
' is defined as the image of r* in (m™I™ + I™*1)/(m" L™ 4 ™) C G(Gr(R)). The initial
form I* of an ideal I of R is defined to be the ideal generated by the initial forms r* € G(R) of
all the elements r € I. The initial form I’ of an ideal I of R is defined to be the ideal generated by

the initial forms " € G (G(R)) of all the elements r € I.

Remark 5.1.2. Note that I* = (I/I*)G(R) = @I"/I"™ and I' = (I/mI)Gn(G1(R)) =
mifi 4 i+l =
g% j6>91 mz—l-lp + I]+1
We define what it means for an element to be superficial with respect to a single graded

module.

Definition 5.1.3. Let (R,m) be a local noetherian ring, I C R an ideal, M a finitely generated
module. Let A be the G;(R)-module G;(M). An element z € I is said to be superficial for I with
respect to G7(M) if for some k, (I*)*AN (0:4 2*) = 0.

With this definition, a superficial element is one where the inital form is a nonzero divisor
for large degrees of the associated graded module. That is, x is superficial for I with respect to

G1(M) if and only if there exists an integer ¢ such that (I"*1M :p; x) N I°M = I"M for n > c.

Proposition 5.1.4. Let (R,m) be a local noetherian ring with infinite residue field, I C R an
ideal, and M a finitely generated R-module. If x is superficial for I with respect to Gy(M), then
for n>> 0 we have xM NI"M = zI" "' M.
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Proof. By the Artin-Rees Lemma there exists k such that for all n > k& we have xtM N I"M C

I *M. Further, we have M N I"M = 2(I"M :js x). Therefore we have

a(I"M :pr x) C ™ FM.

We can rewrite the previous equation as

(I"M :pr ) CT"FM 4+ (0 131 ).

Since x is superficial for = with respect to Gy(M), there exists ¢ such that for n > ¢ we have
(I"M :p £) UI°M = I""'M. For n > ¢+ k, we have n — k > ¢ and thus I" kM C oT1eM.
Therefore, for n > c+ k

(I"M :ppx) CICM + (0 1 o).

Intersecting with (I"M :j; x), we have the following equality

(I"M :ppx)=(I°M + (0:p7 2)) N (I"M :p1 )

Since (0 :ps ) € (I™M :pr x), we can rewrite this as

(I"M :pp ) = (ISM N (I"M 1 2)) + (0 1 2).

Using the fact that x is superficial for I with respect to G;M, we have

(I"M :pp ) = I"UM + (0 2y ).

Multiplying by x yields
z(I"M :pr ) = 21" M.

Therefore M N I"M = 1" M. O

Theorem 5.1.5. [8, Proposition 11.1.9] Let (R, m) be a local noetherian ring, M a finitely generated

module of dimension d > 2, I C R an ideal of definition on M, and x € I a superficial element for
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I with respect to Gr(M) that is not contained in any minimal prime ideal of M. Then e(I, M) =
e(I, M/xM).

In the above theorem, it is sufficient to assume that z is a nonzero divisor on M since x
would not be in any minimal prime, but not necessary.

We have the following result on the existence of superficial elements.

Proposition 5.1.6. [8, Proposition 8.5.7] Let (R, m) be a local noetherian ring with infinite residue
field, M a finitely generated R-module, and I C R an ideal. Then there exists x € I\ mI such that

x 1s a superficial element for I with respect to Gr(M).

5.2. The bigraded case
Definition 5.2.1. Let (R, m) be a local noetherian ring, I C R an ideal, M a finitely generated
R-module, and B = Gn(G(M)). An element = € [ is said to be superficial for I with respect to

Gu(Gr(M)) if there exists n such that (I')Y*B N (0 :5 2') = 0.

Lemma 5.2.2. Let R be a noetherian ring, I an ideal, and M a finitely generated R-module. An
element x is superficial for I with respect to Gr(M), if and only if x is also superficial for I with
respect to Gp(I*M) for any k > 0. Similarly, x is superficial for I with respect to G (Gr(M)), if

and only if x is also superficial for I with respect to G (Gr(I*M)) for any k > 0.

Proof. Indeed, if = is superficial for I with respect to Gy(M), then there exists ¢ such that

(I"TIM :pp ) NICM = I"M

for all n > ¢. For k> 0, we also have

(I"PRM 2y ) = (IVTFIM oy ) N TP M

Intersecting with I°M, for n > ¢, we obtain

(I"FYIRM gy o) N ICM = (I"PFPIM oy ) N ICM N IFM = TP M N TR M = 1%L

Therefore, z is superficial for I with respect to I*M for all k > 0.
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If = is superficial for I with respect to I*M for some k > 0, then there exists ¢ such that
forn > ¢

(I"TRM 2y, @) N ICM = TR M

Rewriting and intersecting with I°T* M we have
(I"PEM sy &) NIEM N TSRM = (IR ) IEM N TSP M N TR M = TP
Since I°M C It*M and IFM C I°tF M, we have
(IR ) IR = R
for n > ¢. Then for ¢ = ¢+ k and n’ = n + k, we have for n’ > ¢
(I M )N ICM =17

Therefore, z is a superficial element for I with respect to Gy(M).

If z is superficial for I with respect to G (G1(M)), then there exists n such that
(I'\"BN (0 :5 ) = 0.
Using the notation as in Definition 5.2.1, G (G (I*M)) = (I')* B. Then we have
(I B pyep ') = (I)"*B (0 :p 2’) = 0.

Therefore z is superficial for I with respect to Gm(Gr(M)).

If x is superficial for I with respect to G (G7(I¥M)) for some k, then
(Il)n(Il)kB N (0/ Z(I/)kB .'13/) =0.

Rewriting, we have

(I BN (0 :2)yn(I')*B =0.
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Since (I")"**B C (I')*B and letting n’ = n + k, we have
(I'Y"BN (0 :2')=0.

Therefore z is a superficial element for I with respect to G (Gr(M)). O

Proposition 5.2.3. [5, Definition 2.8, Remark 2.9] Let (R, m) be a local noetherian ring, I C R
an ideal, M a finitely generated module, S = Gn(Gr(R)) and N = Gu(G1(M)). Let (0) = iy N;
be an irredundant primary decomposition of the 0 submodule of N. Denote P; = \/W for
i=0,..,t. Assume thatI' C Pryq,....,Pr and I' L Py, ..., P.. If v € I such that 2’ ¢ P, ..., P., then

x s superficial for I with respect to Gm(Gr(M)).

Proposition 5.2.4. Let (R,m) be a local noetherian ring with infinite residue field, I an idead,
and M a finitely generated R-module. Then there exists x € I\ mI such that x is a superficial

element for I with respect to G (Gr(M)).

Proof. By Proposition 5.2.3, if z is superficial with respect to Gy (Gy(M)) then the initial form 2’
avoids the primes P; (i = 1,...,r) in the bigraded ring Gn(G(R)). Since I' € P; for all i < r, we
define Q; = P, N (I/mI) C I/mI; that is, each Q; is a proper subspace of the (R/m)-vector space
I/mlI. Since R/m is an infinite field, (I/mI)\ J;_, Q; is nonempty. Then every element x € I\ mI

whose image in (I/mI) is not in (J;_, Q; is a superficial element with respect to Gn(Gr(M)). O

We can choose a superficial element for I with respect to Gun(G(M)) that avoids all the

R/m-vector subspaces of the form I/mI Np’, where p is a prime ideal that does not contain I.

Proposition 5.2.5. Let (R,m) be a local noetherian ring with infinite residue field, I an idead,
and M a finitely generated R-module. If depth;(M) > 0, then there exists x € I \ mI superficial

element that is a nonzero divisor on M.

Proof. Since depth;(M) > 0, the set I\ Uyepgs(ar) b is nonempty. Therefore, the subspace ((I N
Upeass(ary P) +ml)/ml is a proper subspace of I/ml. We may then set Qo = (I N Upeass(nr)) +

ml)/ml, so (I/mI)\ U;_, Qi is nonempty and proceed as above. O

Proposition 5.2.6. Let (R,m) be a local noetherian ring, M a finitely generated R-module, and
I C R anideal. If {pr(I) > 0, then there exists ¢ such that depthy(I°M) > 0.
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Proof. Let 0 = Ny N ...N N; be an irredundant primary decomposition of the 0 submodule of M
and let p; = \/W Further, assume that I € p; fori=1,...,rand I Cyp; fori =r+1,...,¢t.
There exists ¢ such that I°M C ﬂf:TH N;. Let x € I be an element such that « ¢ p; fori =1,...,r.
We have (0 :ar ) = ('_(N; : ) € (i_; Ni, hence I°M N (0 :pr ) = 0. Since £pr(I) > 0, I°M # 0.

Therefore, z € I is a nonzero divisor on I°M, that is depth;(I°M) > 0. O

Proposition 5.2.7. Let (R,m) be a local noetherian ring with infinite residue field, M a finitely
generated R-module, and I C R an ideal. If £p;(I) > 0, then there exists an integer ¢ and element
x € I such that x is a superficial element for I with respect to Gn(Gr(M)) and a nonzero divisor

on I°M.

Proof. This is a consequence of Lemma 5.2.2, Proposition 5.2.5, and Proposition 5.2.6. By Propo-
sition 5.2.6, there exists ¢ such that depth;(I°M) > 0. By Proposition 5.2.5, there exists x such
that z is superficial with respect to G (G(I°M)) and a nonzero divisor on I°M. By Lemma 5.2.2,

x is also superficial with respect to G (Gr(M)). O

The following result shows that this choice of superficial element preserves the multiplicity

sequence.

Proposition 5.2.8. [5, Theorem 2.11] Let (R, m) be a local noetherian ring, I C R an ideal, and

M a finitely generated R-module. Let x € I\ mI be a superficial element for I with respect to
Gm(Gr(M)) such that x is a nonzero divisor on M. Then ¢;(I, M) = ¢;(I, M/xM) fori <d— 2.

Since we can always choose a superficial element that is a nonzero divisor on I M for n > 0
provided ¢57(I) > 0, we now show that the multiplicity sequence does not significantly change when

we replace M with I™ M for n large enough.

Proposition 5.2.9. Let (R,m) be a local noetherian ring, M a finitely generated module with
dimM = d, and I C R an ideal. Assume that dim M = dim I"M for all n. Then, for n > 0
(I, M) =c¢;(I,I"M) fori<d—1 and cq(I,I"M) = 0.

Proof. Consider the Hilbert function

hrv(u,v) =

i \ mIM + I
mit I M + HIM



which is eventually a polynomial pras(u,v) for u,v > 0. The degree d part of this polynomial

prv(u,v) is:

Z cx(L, M) 3

AT
k+l=d

We can now write hy nas(u,v) as

u v
hr iy (u,v) = ZZA(miP*”M + PN S TL AN T
i=0 j=0
= hrm(u,v+n) = hra(u,n—1)

which implies that for u,v,n > 0
pr.yv (u,v) = pra(u,v+mn) —pra(u,n—1).

Since the polynomials py rnar(u,v) and prar(u, v +n) — pra(u,n — 1) are equal, we have
an equality on the degree d parts. For a fixed n large enough, the degree d part of pr as(u,v +n)
as a polynomial in u and v is the same as the degree d part of py ps(u,v) and the degree d part of

prov(u,n—1) is
Cd(Ia M) d
—ut

Since dim I"M = dim M we can conclude that ¢y (I, M) = ¢, (I,I"M) for k < d — 1 and
ca(I, I"M) = 0. 0

If the degree of pr mar(u,v) is d = dim M, then d < dim I"M < dim M = d and so we get

the following remark.

Remark 5.2.10. Let (R, m) be a local noetherian ring, M a finitely generated R-module of di-
mension d, and I C R an ideal. If ¢ (I, M) # 0 for some k # d, then dim M = dim I"M for all

n.

5.3. Superficial elements with respect to multiple modules
Remark 5.3.1. Since a superficial element for I with respect to G;(M) or Gm(Gr(M)) can be
obtained by avoiding finitely many proper subspaces of the (R/m)-vector space I/ml, we may

repeat the process finitely many times. In this way we can find a sufficiently general element that is
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superficial for I with respect to finitely many modules. So long as the residue field R/m is infinite,

such an element will always exist.

Proposition 5.3.2. [8, Proposition 17.2.2] Let (R, m) be a local noetherian ring with infinite residue
field, I and J ideals of R, and M « finitely generated R-module. Then there exists x € I such that

x is superficial for I with respect to Gr(J' M) for all j > 0.

Proposition 5.3.3. Let (R, m) be a local noetherian ring with infinite residue field, I and J ideals
of R, and M a finitely generated R-module. Then there exists x € I such that x is superficial for
I with respect to Guo(Gp(J'M)) for all j > 0.

Proof. Let S be the finitely generated R-algebra

mnt+l Jifi + Jifi+1
1,j,n>0

and N be the finitely generated S-module

m It JIM + [ JiM
@ mn L JiM + T+ Ji M

i,5,n>0

Note that S is a Z3-graded ring generated in degrees (1,0,0), (0,1,0), and (0,0,1) and N is a

Z3-graded S-module. Denote

m"JI I 4 JIH
Si= D

mntl Jifi + Jii+1le
Jm>0,i>k

Let ﬂle N; = 0 be an irredundant primary decomposition of the 0 submodule of N. Let
P; = /N; :5 N and assume that S(g 1 gy = I/m/ is not contained in P, ..., P, and S(g 1 ¢y is contained

in P.y1,..., P.. Since R/m is an infinite field and P; does not contain I/mI for i = 1,...,r, the set

(I/mD)\ | J((I/mI) N P)
i=1
is not empty.

Let z € I such that 7 € (I/mI)\!_,(I/mINP;). Note that I/mI C S; and I/mI generates

Sy as an ideal. For i = r+1,...,t we have I /mI C P;, therefore S; C P; and so there exists some ¢
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such that SN = S.N C N; fori =r+1,...,t.

Now consider (0 :y Z). Using the irredundant primary decomposition of the 0 submodule,
we have (0 :y T) = (Vi_y(N; :x T). For i = 1,...,7, we have T ¢ P, thus (N; :x ) = N;, which
implies that (0:x Z) C (;_; Vi

For ¢ > 0 we have (0 :xy Z)NS.N C (i_, Niﬁﬂfzﬂr1 N; = 0. Therefore (0 :xy T)NS.N =0
for ¢ > 0.

For each j let N = Gu(Gr(J7M)) € N and S = Gu(Gy(J7)) C S. Note that

S.nsy= P Wil P I°Gu(Gr(R)).

mn+1[i + Ji+1
1>c,n>0

We have
(0:n7 ) N (Se N So)N; € (0:x T) N SN =0,
Therefore
(0 6o ar3t) ) N TG G (M) = 0.
By Definition 5.2.1, x is a superficial element for I with respect to G (G (J7M)) for all j. O

We will now show that we can find a superficial element that is compatible with various

localizations.

Lemma 5.3.4. Let (R,m) be a local ring with infinite residue field k, p C R a prime ideal, (S,n)
the local domain R/p, Q(S) the fraction field of S. Let w : S™ — k™ be the natural surjection. Then
for a subspace V-C Q(S)", we have m(V N S™) = k™ if and only if V = Q(S)".

Proof. Note that it is clear that if V' = Q(S)", then 7(V N S™) = k™. Suppose 7(V N S™) = k".
Then 7(V N S") = (VN S™ +nS™)/nS™ = S™/nS™; therefore, by Nakayama’s Lemma, we have
(VNS™) +nS"=8"and VN S™ = S" Thus V O S™. Since V is a vector space that contains S™,

in particular it contains the standard basis, therefore V' = Q(S)". O

Proposition 5.3.5. Let (R,m) be a local noetherian ring with infinite residue field k and I C
R an ideal, I = (z1,...,xn). Let T : k" — I/mI defined by T(a1,...,an) = G1T1 + ... + Anp.
Then for finitely many proper subspaces V; (i = 1,...,r) of I/mI, there ezists (ay,...,an) such that

T(aih 7@) ¢ U::l Vl
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Proof. Since I/mI = k* for some s < n, there exists « € I/mlI that avoids |J;_; Vi. By the

surjectivity of T', there exists (a7, ..., a,) € k™ such that T'(ag,....,a,) =z ¢ JV;. O

Proposition 5.3.6. Let (R,m) be a local noetherian ring with infinite residue field k, I C R an
ideal, and M a finitely generated module. Then there exists x € I such that x is superficial for I
with respect to G (G1(M)) and T € IRy is superficial for IR, with respect to Gyg,(Grr,(My)) for

all prime ideals p such that £y, (IRp) = dim M,.

Proof. Let I = (x1,...,2,). By Remark 3.2.8 there are only finitely many primes p with £yz, (IR;) =
dim My. Let {p1,...,p;} be the finite set of primes with this property, denote po = m and let
ki = Q(R/p;) the field of fractions of R/p;. Let m; : (R/p;)™ — k™ be the natural surjection. By
Proposition 5.3.5 we may consider subspaces of k]' instead of subspaces of IRy, /p;IRy,. For each
i, let V{; j) C k7' be the finitely many subspaces of k' such that a1z1 + ... + anz, € IRy, \ pil Ry, is
superficial whenever (at, ..., @,) € k' \ U; V(i )-

By Lemma 5.3.4, for every i,j we have that m;(V{; ;) N (R/p;)") is a proper subspace of
k™ and therefore U” (Vi ;) N (R/pi)") is a union of finitely many proper subspaces of k™. If
@1, ...,an) € K™\ U” (Vi gy N (R/pi)"), then arz1 + ... + apzn € IRy, \ pil Ry, is superficial for
(IRp,, My,) for all i =0, ..., t. O
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6. THE MAIN RESULT

In this section we prove a result relating the multiplicities ¢; (1, M) to local multiplicities that
is similar to Proposition 4.1.6 (i7i). We will use induction on the dimension of the module M and
the idea of sufficiently general elements discussed in the previous section. We will use sufficiently
general element to mean an element that satifies certain Zariski open properties, including being
superficial with respect to some modules and being a nonzero divisor.

6.1. Sequences of sufficiently general elements

First we prove several properties of a single sufficiently general element. We will then estab-

lished the existence of a set of element that were defined sequentially that have certain properties.

This sequence will be referred to as a sufficiently general sequence.

Lemma 6.1.1. Let (R, m) be a local noetherian ring with infinite residue field, I C R an ideal, M

a finitely generated R-module such that dim M = d > 2 and ¢;(I, M) # 0 for some i < d — 1. Let

x € I be a sufficiently general element. Then I*(I"M/xI"M) = I"tF(M/xM) for n,k > 0.
Moreover, if ¢;(I, M) # 0 for some i < d — 2, then dim I"(M/xM) =d —1 and for n>> 0

ci(I,M)=c(I,I"M) = ¢;(I, "M /xI"M) = ¢;(1,I"(M/xM))

foralli<d-—2.

Proof. Since ¢;(I, M) # 0 for some i < d — 1, by Remark 5.2.10 we have that dim M = dim I" M
for every n. By Proposition 4.1.6 part i, we have ¢3;(I) > 0 and by Proposition 5.2.6 there exists
¢ such that depth;(I°M) # 0. By Propositions 5.1.6 and 5.2.7 there exists « € I superficial for I
with respect to both Gy(M) and G (Gr(M)) that is a nonzero divisor on /M. By Lemma 5.2.2,
x is also superficial for I with respect to G (Gr(I™"M)) for all n.

Consider I"**(M/xM) and I*(I"M/zI" M) for n > ¢ and k > 0. We have

Ik < "M ) B In+kM+l‘InM N In—l—kM In-‘rkM
xI™"M

- xI" M T ZI"M O IR (IR gy @)
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Since z € I is a superficial element for I with respect to G;(M), for n > ¢ and k > 0 we
have (I"KM :pnpr x) = (I"FM 2 ) 0 I"M = I"tE=10M . Therefore, for n > ¢ and k > 0, we

have

In+kM In+kM

o(I"EM gy ) alvHR=1M

We also have

In+k M B In-i-kM + oM N In-i-kM B In-‘rkM
xM ) xM T aMNIntEM  pIntE-1)N

for n > cand k> 0.
The last equality follows from Proposition 5.1.4. Therefore I*(I" M /xI" M) = I"* (M /2M)
for n > ¢ and k > 0.

By Proposition 5.2.9 we have
ci(I, M) = ci(I,I"M) = ¢;(I, I""* M)

for all : < d— 1. Fix n > ¢ so that the above equation is true and the isomorphism from the first
part of the Lemma holds. Since x is a nonzero divisor on I"M, and thus a nonzero divisor on

I"k M | and superficial for I with respect to G (Gr(M)) and dim I" M = d, we have
(I, I"M) = ¢;(I, I"M/xI" M) = ¢;(I, I"** M /215 M)

for all i < d—2 (Proposition 5.2.8). Note that dim I" M /xI" M = d—1 since x is a nonzero divisor on
I"M. Therefore ¢;(I, "M /xI" M) # 0 for some i < d—2 and thus, we have dim I*(I"M /xI"M) =
d — 1 for all k£ by Remark 5.2.10 and

(I, I"M/xI" M) = ¢;(I, I*(I"M /21" M))

for all ¢ < d — 2 by Proposition 5.2.9.
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Since I¥(I"M /xI"M) = ["**(M /x M), we have dim I"*(M/zM) = d — 1 and
(LI M/xI" M) = ¢; (1, I"F(M /2 M))

forall:<d—2and k> 0.

Therefore we have
ci(I, M) = ¢;(I, 1" M) = ¢;(I, I"™* M /2 I F M) = ¢;(1, IR (M /2 M)

for k> 0.

We may replace n + k with just n for n > 0 and we get
(I, M)=c(I,I"M) = ¢;(I, ["M/xI"M) = ¢;(I, 1" (M/zM)).

O

Corollary 6.1.2. Let (R, m) be a local noetherian ring with infinite residue field, I C R an ideal,
and M a finitely generated R-module such that dim M = d > 2. Assume that depth;(I"M) > 0

and ¢;(I, M) # 0 for some i < d— 2. Let x € I be a sufficiently general element. Then
ci(I,M)=c;(I,M/xM)

foralli<d-—2.

Proof. We can choose x to be a superficial for I with respect to Gn(G(M)) and a nonzero di-
visor on M by Proposition 5.2.5. From Lemma 6.1.1 we have ¢;(I, M) = ¢;(I,I"(M/xM)) and
dim ["(M/xM) = d— 1 for n > 0. In this case, we have dim M/zM = dim ["(M/xM) = d — 1 for
n > 0 by Lemma 6.1.1. For all k = 1,...,n — 1, we have I"(M/zM) C I*(M/xM) C M/xM and
thus dim I"(M/xM) = dim M /xM for all n. Therefore by Proposition 5.2.9, for n > 0 we have
ci(L,M/xM) = c;(I,I"(M/zM)) =c;(I,M) for i =0,...,d — 2. O

Proposition 6.1.3. Let (R, m) be a local ring with infinite residue field, I C R, and M a finitely

generated R-module with dim M = d. Assume ¢;(I,M) # 0 for some i < d — 1 and let r =
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min {i | ¢;(I, M) # 0}. Then there ezists a sufficiently general sequence of elements xa, ..., x4, € 1

such that the following properties hold for all k < d — 1 and n > 0:
i. dm I™(M/(xg,...,xx)M) =d— (k—1);

ii. dim I™(My/(x2, ...,x5)My) = dim M, — (k — 1) for all p such that co(IRy, My) # 0 and
dim M, > k;

iti. c;(I, M) =c;(I,I"(M/(x2,...,xk)M)) fori<d—k;

iv. co(IRy, My) = co(I Ry, I"(My/(x2, ..., x1) My)) for all p such that co(IRy, My) # 0 and
dim M, > k.

Proof. If dimM < 1 or r = d — 1, then the sequence of elements is empty, so we may assume
r < d— 2. Note that £,,(I) > 0 since ¢;(I, M) # 0 for some i < d — 1 by Theorem 4.1.6.

Choose z3 to be a superficial element for I with respect to G;(M) and Gn(Gr(M)) that
is a nonzero divisor on I°M for some c. Such an element exists by Proposition 5.2.7, Proposition
5.1.6 and Remark 5.3.1. Further by 5.3.6, we may also require that % is superficial for IR, with
respect to Gyr,(G1Rr,(M,)) for all p € Asym(Z, M). Since z3 is a nonzero divisor on I°M we have
% is a nonzero divisor on I°M,.

By Lemma 6.1.1, we have dim I" (M /xoM) = d — 1 and dim I" (M, /xoM,) = dim M, — 1
for all p where co(IRy, My) # 0 and dim M, > 2 for n > 0, so (i) and (i7) are satisified. Further,
by Lemma 6.1.1 we have ¢;(I, M) = ¢;(I,I"(M/x2M)) for i < d — 2, hence (i7i) holds. Similarly,
since dim M, > 2, we have co(I Ry, My) = co(IRy, I"(My/x2M,)), so (iv) is satisfied as well.

Note that ¢;(I, I"(M/xoM)) = 0 for all i < r and ¢, (I, I"(M/xaM)) # 0. We can repeat
this process if r <d —3 and d > 3.

Let k < d — r and suppose there exist 3, ...,x5_1 € I such that the conditions (i) — (iv)
are satisfied. Denote the module M/(xa, ..., z5_1)M by M’'. We will choose xj in the same manner
as xq, by replacing the module M with I" M’ for some n > 0, that is, z}, is superficial for I with
respect to Gr(M') and Gn(Gr(M')); a nonzero divisor for I"(M’) for some n > 0. Further, we

may assume that %+ is superficial for IRy with respect to Gyg, (G1g,(M,) for all p € Asym(I, M').
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The element zy, is superficial for I with respect to Gr(M') and G (Gr(M')) and a nonzero

divisor on I" M’ for n > 0. Since k < d — r and dim ["M' = d — k + 2, we have
(I, M) = c,.(I,1"M")
for n > 0. Note that r < d — k = dim I" M’ — 2. Therefore, by Lemma 6.1.1 we have
dim I (I"M' Jx,I" M) = dim I" M’ — 1
for n’ > 0. Further, by Lemma 6.1.1 we have
IV (I" M Ja I"M') = T (M M),

We can replace n+n' with n for n > 0. Note that M’ /xp M’ = M/(x, ..., x;) M and by assumption

dim I"M' = d — k + 2. Therefore, for n > 0 we have
dim I"(M/zg,...,xxp) M =d—k+1=d— (k—1)

and thus (7) is proved.

In a similar fashion, if dim I"(M,) > 2, then dim I"(M,/xxM,) = dim I"(M,) — 1. Since
dim I"(My) > 2, we have dim M, > k and dim I"(M, /(z2, ..., 1) My) = dim M, — (k — 1).

Since dim I"M’ = d — (k — 2) and x, is superficial for I with respect to Gy (Gr(M')) by
Lemma 5.2.2 it is also superficial for I with respect to Gn(Gr(I"™M')). By assumption, we have
(I, I"M') #0 and r < d — k = dim I" M — 2. Therefore by Lemma 6.1.1, we have

(I, I"M') = c;(I, 1" (I"M' |z, I"M)) = c;(I, I T (M /(za, ..., xp)M))

for i < dimI"M' — 2 =d — k and for n’ > 0. Again, we can replace n’ +n with n for n > 0 and
(1) is proved. for i < dim I"M’ —2 =d — k and for n' > 0. Again, we can replace n’ + n with n

for n > 0 and (éi7) is proved.
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By assumption dim [" M, = d — (k — 2) > 2 and co(I Ry, ["M,) # 0. Since 3 is superficial

for IR, with respect to Gypr,(Grr,(M,)), we have

and thus (iv) is proved. O

6.2. A formula for the generalized multiplicity sequence
We we use the previously defined sequence of sufficiently general elements to give a gener-

alization of the formula given by Theorem 4.1.6(3).

Theorem 6.2.1. Let (R, m) be a local noetherian ring with infinite residue field, I C R an ideal
and, M a finitely generated R-module of dimension d. Let r = min{i | ¢;(I, M) # 0} and let
To,....,xq_r € I be a sufficiently general sequence. Assume that r < d. For each k =r,...,d denote

Ay as
AR(I, M) = {p € Supp(M/IM) | dim R/p = k and dim I"(M,/(xa, ..., za_r)M,) =1 for n>> 0} .
Then for n >0 and k=r,...,d — 1

(I, M) =" e(IRy, I"(My/ (22, ..., z4—k) My))e(R/p).

pEAL

Proof. By assumption, r < d, and thus dim I" M = dim M for all n by Remark 5.2.10 and ¢3,(1) > 0
by Proposition 4.1.6. Note that by Proposition 6.1.3(7), for k = r,...,d — 2 and p € Ay we have
dim I"(M/(x2,...,x4—)M) = k+1=dim R/p + dim I" (M, /(z2, ..., xq—1) My).

Next, note that for n > 0

Ap(I, M) C Assh< LM (w2, ., i) M) > .

In+1(M/(£L‘2, ey xd_k)M)

Thus Ax(I, M) is finite. Indeed, if p € Ag(L, M), then p D I since p € Supp(M/IM). Further
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Ann(I™"(M/(z2,...,x4—1)M)) C p, and thus by Nakayama’s Lemma

be Supp( I"(M/(z2,...,xq-)M) > ‘

It Y (M /(z2, ..., xq—k) M)

We have p O I+ Ann(I™"(M/(x2, ...,x4—1)M)). By Proposition 6.1.3 dim I"(M/(xa, ..., x4—) M) =
k+1, we have dim R/ Ann(I"(M/(z2, ...,xq—)M)) = k+1. Because I"'(M/(z2,...,xq—x)M) # 0, I
contains a nonzero divisor on I"™(M/(xg, ...,xq—)M) # 0 for n > 0. Thus I is not contained in any
minimal prime Ann(I"(M/(za, ...,xq—r)M)) and we have dim R/(I4+Ann(I"M/(za, ...,xq4-1)M)) <
k. Since p O I + Ann(I"(M/(x2,...,xq—r)M)) and by assumption we have dim R/p = k, we must
have dim R/(I + Ann(I"M/(z2,...,xq-)M)) = k. Therefore,

I"(M/(z2,...,xq-) M)
p € Assh (I”JFI(M/(;% ,..,dek)M)> '

Next, note that Ag_1(I, M) = Ag_1(I,1"M) for n >> 0. Indeed, if p € Supp(I"M/I""1 M),
then p O I + Ann(/"M). Since Ann(M) C Ann(I"M), we have p O [ + Ann(M) and thus
p € Supp(M/IM). Therefore Ag_1(I,I"M) C Ag—1(I,M). Now suppose p € Ag_1(I, M). Then
p € Supp(M/IM) and so p O I + Ann(M). Furthermore, dimI"M, = 1 for n > 0 thus p €
Supp(I"M) and so p 2 Ann(I"M). Since p O I + Ann(I"M), we have p € Supp(I"/I" M) and
thus Ag_1 (I, M) = Ag_q (I, I"M).

Consider Ag_1(I,M). If Ay_1(I, M) is not empty, then there exists p € Supp M/IM such
that dim R/p = d—1 and dim I" M, = 1. Since p € Supp I"M/I" ' M, we have dim "M /1" 1M >
dim R/p = d — 1. By Proposition 5.2.6, for n > 0 we have depth;(I"M) > 0. Therefore we have
dim I"M /T M < d — 1 for n > 0. Therefore we must have dim I"M/I"* 1M = d — 1 for n > 0.

Similarly, we have dim I" M, /I"** M, = 0 for n > 0. Therefore by Theorem 4.1.6(iii) we have
a1 (I, I"M) > e(IR,, I"M,)e(R/p) > e(IR,, I"M,)

and thus cq_1(I,I"M) # 0. Therefore, if c¢41(I,I"M) = 0 then Ay_1(I, M) is empty. If
ca—1(I, I"M) # 0, note that Ay (I, M) = Assh(I"M/I"*1 M) for n > 0.
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Then by Proposition 4.1.6(7i) we have

car(I,I"M) = > e(IRy, I"My)e(R/p).
peA(i—l(IvM)

By Proposition 5.2.9 ¢4(I,I"M) = 0 and ¢;(I, M) = ¢;(I,I"M) for i < d—1 for n > 0. And so,
we have

ca1(I,M)= > e(IRy,I"M,)e(R/p).
peAd—l(IvM)

If r =d— 1, we are done. From now on we assume r < k < d — 2.

If ¢ (I, M) = 0, then cx(I,I"(M/(x2,...,x4-1)M)) = 0 for n > 0 by Proposition 6.1.3.
Further, we have dim I"(M/(x2, ...,x4—k)M) = k + 1, and the set Ag(I, M) is empty as before, by
Theorem 4.1.6.

Suppose that ¢ (I, M) # 0 and consider I" (M /(xa, ..., z4—)M) for n > 0. By Lemma 6.1.3

we have dim I"(M/(z2a, ...,xq—)M) = k + 1 and for ¢ < k we also have
(I, I"(M/(x2,...,xq_g)M)) = ¢;(I, M).
Further, by Proposition 5.2.9 we have
k1 (L, 1" (M /(22 ...y a—k) M)) = 0.
By Remark 5.2.6, we have depth;(I"(M/(x2,...,x4—k)M)) > 0 and
dim I"(M/(x2, ..., xqg_) M) /TN (M) (29, ..., xq_ ) M) < k
for n > 0. Since cx (I, I"(M/(x2,...,x4—1)M)) # 0 by Theorem 4.1.6 (ii7), we must have

dim I (M /(z2, ..., xg_i) M) /TN (M ) (2, ..., xq—i) M) = k.
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Therefore, by Theorem 4.1.6 (ii7) we have

(I, I"(M/(z2, ..., xq—1)M)) Z e(IRy, I"(My/(x2, ..., xq—1) Mp))e(R/p).
pEAR(I,M)

Since ¢, (I, M) = ¢ (I, I"(M/(x2, ...,xq—x)M)) by Proposition 6.1.3, we are done. O

Example 6.2.2. Let R = M = Q[z,9, 2|(z,4,-) and I = (zy,yz). Since I is not contained in any
minimal prime of M, we have Az(I, M) is empty and thus c3(I, M) = 0.

The ideal I contains a nonzero divisor on M, thus is has positive depth and we do not need
to replace M with I"M. The only prime p € Ao(I, M) is (y). This is the minimal prime over [
with dim R/p = 2. As in Example 4.1.7, we have co(I, M) = 2.

The element xy — yz is a sufficiently general element that satisfies all properties of Propo-
sition 6.1.3. We now set M = R/(zy — yz). But now I has no nonzero divisors on M since
I is contained in a minimal prime of M. By replacing M with IM = (xy,yz)M, we will have
depth;(IM) > 0.

Now we have Ai(I, M) = {(z, 2), (y,x — 2)}. For p = (x,2), we have e(IRy, M,) = 1 and
e(R/p) = 1. For p = (y,z — z), we have e(IR,, M,) =1 and e(R/p) = 1. Therefore ¢,(I, M) = 2.
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7. MULTIPLICITY AND REDUCTION

The primary motivation the formula of Theorem 6.2.1 is to prove the converse of Theorem
4.1.8. First we need a few preliminary results.
7.1. Mixed multiplicities and Z3-graded results
Proposition 7.1.1. Let (R,m) be a local noetherian ring, M a finitely generated module, and
I C J C R ideals. Then I is a reduction of (J,J"M) for some n if and only if I is a reduction of

(J, M).

Proof. If I is a reduction of (J, J"M), then IJ*+t"M = JF+"+10M for some k. Similarly, if I is a
reduction of (J, M), then IJ*M = J**1M for all k > 0. In particular, for k > n, IJ*"(J"M) =
Jk_n+1(Jnﬂl), O

Proposition 7.1.2. [4, Proposition 2.3] Let (R, m) be a local noetherian ring and I an ideal. Let
0—-+N—-M-—=M/N—=0

be a short exact sequence of finitely generated R-modules. If dim N = dim M = dim M /N, then
¢i(I,M) = ¢;(I,N)+ ¢;(I, M/N), fori =0,..,dimM. If dim M/N < dim M, then ¢;(I,M) =
¢i(I,N) foralli=0,...,dim M.

Proposition 7.1.3. Let (R, m) be a local noetherian ring, M a finitely generated module of dimen-

sion d > 1, and I and J ideals of definition on M. Then e(I,J7M) = e(I, M) for j > 0.

Proof. Consider the mixed multiplicities e (I, J; M) which come from the normalized degree d

coefficients of the polynomial given by A\(M/I*J7M). For i,j > 0, we have

ANM/I'J M) = Z e(k!i!)zkj” + lower degree terms.

k+n=d

We know that eg(I, J; M) = e(I, M) and eq(1, J; M) = e(J, M). The following sequence is exact:

. JIM . M N M
IijiM " IEJiM " JIM

0 — 0.
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Since I and J are ideals of definition on M, each component has finite length. So we have
AMM/T'JIM) — XM/ J? M) = X\(JIM/T*JI M). These lengths are polynomial in 4, j of degree d for

i,j > 0. The degree (d,0) component of A\(M/J7M) is 0, since there is no dependence on i, and

the degree (d,0) component of \(M/I'J7M) is eo(la‘!];M)id = e(Ié!M)id. Consider \(J/M/I*JIM).
For a fixed j, this length is given by a polynomial in ¢ of degree d with degree d term %{mid.

And so we have e(I, J7M) = e(I, M) for j > 0. O

Lemma 7.1.4. Let (R, m) be a local noetherian ring, M a finitely generated R-module, and I C J
ideals of R such that /T =/J. Then for n,k > 0 we have dim I*M = dim J"M = d* and

(I, I°M) = ¢;(I,J"M)

for all i < d*.

Proof. If £p;(I) = 0 then I*M = 0 for some k. Since VI = \/j, we have J7 C I for some j, we
have J9%M = 0. Therefore for n = jk we have ¢;(I,I*M) = ¢;(I,J"M) = 0 for all i. So we may
assume £/ (1) > 0.

Consider Ann(I¥M). For all k we have Ann(I*M) C Ann(I**1 M) since I*'M C I*M.
Since R is noetherian, there exists k such that Ann(7*M) = Ann(I"M) for all n > k. Therefore
dim I* M stabilizes for k > 0. Let d* = dim I*M for k > 0. Similarly, dim J"M stabilizes for
n > 0. Since J7 C I, we have dim J7*M = dim I*M for k > 0 and thus dim I*M = dim J"M for
n, k> 0.

By Proposition 5.2.9 we have cg«(I,I*M) = 0 for k > 0. Since J/*M C I*M and
dim J7*M = dim I’ M, by Proposition 7.1.2 we have cg«(I, JJ*M) < cq-(I,I¥M) = 0. There-
fore cg« (I, J"M) = 0 for n > 0.

Since I"t*M C I*J"M C J*"M, we have dimI*J"M = dimI*M = dim J"M for
k,n > 0. By Proposition 5.2.6 we have that depth;(I¥M) > 0 and therefore depth;(I¥M) > 0.
Thus there exists x € J" that is a nonzero divisor on I*M and so dim I*M/J"I*M < d*.

Consider the short exact sequence
0— IFJ"M — I*"M — I*M/I*J"M — 0.
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By Proposition 7.1.2 we have ¢;(I, I¥J"M) = ¢;(I, I*M) for i < d*.

Similarly, since J7* C I*, we have depth;(J"M) > 0 for n > 0. Therefore, there exists
x € I* that is a nonzero divisor on J"M and thus dim J"M /I*J"M < d*. We have the short exact
sequence

0— I*J"M — J"M — J"M/I*J"M — 0.

Again, by Proposition 7.1.2 we have ¢;(I, J*M) = ¢;(I, I*J"M) for all i < d*. Therefore

(I, I°M) = ¢;(I,J"M)

for k,n > 0 and for all i < d*. O

Remark 7.1.5. Since both the dimension and the multiplicity sequence stabilize asymptotically,

we may take n = k for n > 0 and thus we have

(1, 1" M) = ¢;(I, J"M)

for n > 0 and for all ¢ < d*.

Proposition 7.1.6. Let (R,m) be a local noetherian ring with infinite residue field, I a nonzero
ideal, J and K ideals of R, and M a finitely generated R-module. Then there exists x € I such
that x is superficial for I with respect to G (Gr(J'M/J'KM)) for all j > 0.

Proof. Let S be the finitely generated R-algebra

me L [T 4 [
i,5,n=>0

and N be the finitely generated S-module

@ mr It JIM + I JiM

mn+1]iJjM + ]i+1JjM'
%,j,n=>0

Note that S is a Z3-graded ring generated in degrees (1,0,0), (0,1,0), and (0,0,1) and N is a
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Z3-graded S-module. Let

mnI’LJ] + I'L'+1Jj
Se= D

mn+1IiJj + Ii+1Jj‘
Jm=>0,i>k

Let N be the S-module

@ m I JIM 4+ I'HY M + JJ KM

o mPH [ JIM + DL JIM + JIKM
2,7,n>0

There is a natural surjection N — N, so N is also finitely generated as an S-module.
Let ﬂle N; = 0 be an irredundant primary decomposition of the 0 submodule of N. Let
P, = \/N; :g N such that S(0,1,0) = I/ml is not contained in Py, ..., P and S(g ) is contained in

Pri1,..., P,. Since R/m is an infinite field and P; does not contain I/mI for i = 1,...,r, the set

T

(I/mI)\ | J((I/mI) " F)

=1

is not empty.

Let « € I such that T € (I/mI)\J;_,(I/mINP;). Note that I/mI C S; and I/mI generates
Sy as an ideal of S. For i = r + 1,...,t we have I/mI C P;, therefore S; C P; and so there exists
some ¢ such that SfN =S.NCN,fori=r+1,..,t

Now consider (0 :37 7). Using the irredundant primary decomposition of the 0 submodule,
we have (0 i ) = ()i_,(N; 17 T). For i = 1,...,7, we have T ¢ P; thus (N; :3y ) = N;, which
implies that (0 17 ) C (i_; N;.

For ¢ > 0 we have (0 :5 Z)NS:N C (_y N;Ni_, 1 Ni = 0. Therefore (0 iz Z)N SN =0
for ¢ > 0.

For each j let Nj = Gu(Gr(J'M/J/KM)) C N and S} = Gn(G1(J7)) € S. Note that

S.nSy= P ik L S I°Gu(G1(R)).

mntlri Jitl
i>c,n>0 +

We have
(0:n7 ) N (Se N So)N; € (0:xT)NS.N = 0.
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Therefore

(0 2y (G gk T)) N IGu(Gr(J M/ KM)) =0.

By Definition 5.2.1, z is a superficial element for I with respect to G (G (J?M/JIKM)) for all
. O

Proposition 7.1.7. Let (R,m) be a local noetherian ring with infinite residue field k, I C R an
ideal, and M a finitely generated R-module. Then there exists x € I such that x is superficial
for I with respect to G (Gr(J"M)) for all n and T € IR, is superficial for IR, with respect to

Gyr, (Gir,((JRy)"M,)) for all n and all prime ideal p with £y, (1 Ry) = dim M,,.

Proof. A superficial element for I with respect to €P,,>o Gu(Gr(J"M)) is obtained by considering
elements of the R/m vector space I /mI (here in degree (0,1,0)) that avoids finitely many subspaces,
as in Proposition 5.3.3. Since there are only finitely many primes where £, (I Rp) = dim M,, the

argument follows as Proposition 5.3.6. 0

7.2. The reduction result

Proposition 7.2.1. Let (R,m) be a local noetherian ring, I C J C R ideals, and M a finitely
generated formally equidimensional R-module. Let d = dim M and g = dim(M/IM). If e, (I, M) =
ck(J, M) for all k =0,...,d, then Ag(I, M) = Ay(J, M) and IRy, is a reduction of (JRy, M) for all
p € Ay where Ay = Ay(I, M) = Ag(J, M).

Proof. Since dim M/IM = ¢, we have dimR/p < ¢ for all p Ass(M/IM) and there must be at
least one prime where equality holds. Since M is formally equidimensional, dim M, = d — ¢ and
thus dim I"™ (M, /(x2, ..., xq—q)My) = 1. Thus Ag(I, M) = Assh(I, M). Similarly, since c4(J, M) # 0
and ¢ (I, M) = 0 for all £ > ¢, we have dim M/JM = ¢ by Proposition 4.1.6 and Ay(J, M) =
Assh(J, M). Therefore, Ay(I,M) D Ay(J,M). Further, since M is formally equidimensional,
cq(I, M) # 0. Since ¢ (I, M) = ci(J, M), for ¢ = dim(M/IM), c¢qy(I, M) = cq(J, M) and ¢ (J, M) =

0 for all £ > ¢. By Theorem 4.1.6 (4ii), we have

> e(IRy, My)e(R/p)= > e(JRy, My)e(R/p).

peAG(I,M) pENG(J,M)
For every p € Ay(J, M), we have IR, C JR, and so e(IR,, M,) > e(JRy, M,). Since the left
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hand side of the equality has at least as many terms as the right hand side and e(/Ry,, M,) >
e(JRy, M) > 0, for each p we must have e(I Ry, M) = e(J Ry, My). Therefore, we have Ag(I, M) =
Ay(J, M). Since these multiplicities are the typical Hilbert-Samuel multiplicities, IR, is a reduction
of (JRy, My) for all p € A,. O

Proposition 7.2.2. Let (R, m) be a local noetherian ring with infinite residue field, I C J ideals
of R with /T = \/J, and M a finitely generated R-module with dimM = d > 2. Let x be a
superficial element for I with respect to Gp(J"M) and with respect to Gu(Gr(J"M)) for all n
and a nonzero divisor for IM for some k. Then for n > 0 we have dim J"(M/zM) = d — 1.
Further if ¢;(I, M) # 0 for some i < d—1, then ¢;(I, M) = ¢;(I,J"(M/xM)) for alli < d—2 and
cq—1(I,J"M) = 0.

Proof. By Lemma 6.1.1 for n > 0, we have dim I"(M/xM) = d—1 and ¢;(I, M) = ¢;(I,I" (M /zM))
for i < d—2. By Lemma 7.1.4 for n > 0 we have dim J"M = dim I"M and ¢;(I,I"(M/zM)) =
¢i(I,J"(M/xM)) for i < d—1. By Proposition 5.2.9 we also have ¢4_1(I, J"(M/zM)) = 0 for

n > 0. N

Proposition 7.2.3. Let (R,m) be a local noetherian ring with infinite residue field, I C J ideals
of R, and M a finitely generated R-module of dimension d > 2 with c¢;(I,M) = ¢;(J,M) for
all i = 0,...,d. Assume that cq(I,M) = 0 and ¢;(I,M) # 0 for some i < d — 2 and let r =
min {i | ¢;(I, M) # 0}. Then there exist sufficiently general sequences of elements xa,...,xq—y € I

and Yo, ..., Yyqg—r C J such that the following properties are true for 2 <k <d—r:

i. For n >0 we have dim J"(M/(z2,...,xx)M)=d — (k—1) and fori <d—k

(I, J"M) = ¢i(I, J"(M/ (22, ..., 23)M)).

Moreover

co(I Ry, J"(My ) (22, -.., wp—1)My)) = co(IRy, J"(My/ (23, ..., 1) M)
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for all p such that

co(IRy, J"(My/(x2,...;xp—1)My)) # 0 and dim J" (M, /(x2, ..., xp—1) M) > 2.

it. For n> 0 we have dim J"(M/(y2,...,yx)M) =d — (k —1) and fori <d—k

CZ‘(J, M) = CZ'(J, Jn(M/(yQ, ,yk)M))

Moreover

co(J Ry, J" (Mp/(y2, s Yo—1)Myp)) = co(J Ry, J" (Mp/(y2, .., Y& ) Mp))

for all p such that

co(J Ry, J"(My/ (Y2, s ye—1)Mp)) # 0 and dim J™(My/(y2, . ye—1)Mp) > 2.

iii. For n >0 and all j < k we have dim J"(M/(y2, ..., Yj, Tj+1,..x5)M) = d — (k — 1) and for
1<d—k

(S, M/(xjq1,.,x)M) = ci(J, M/(y2, s Yj, Tjg1s e, ) M).

Moreover

co(J Ry, J" (Mp /(Y25 s Yj—1, Tjt 15 s T ) My) ) = co(J Ry, T (Mp /(Y25 s Yjis Tjg1, ooy Tx) M)

for all p such that

co(JRy, J"(My/ (Y2, s Yj—1, Tj+1, - Tk)My)) # 0 and

dim Jn(Mp/(yQ, ey Yji—1, Tjg1y -eny xk)Mp) > 2.

iv. Forn >0 and all j < k we have dim J"(M/(y2, ..., yj, ©j, ...xx)M) = d—k and fori < d—k—1

ci(JS, J"(M[(xj,...,x)M)) = ci(J, J"(M/(y2, .-y Yjs Tjy ooy T ) M)).
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Moreover

co(JRp, J"(Mp/(y2s ooy Yj—1,Tjs ooy X ) My)) = co(J Rp, J" (Mp/ (Y2, s Yjs Ty oy Th) M)

for all p such that

co(JRy, J"(Myp/(y2,s -, Yj—1,Tj, ..., ) My)) # 0 and

dim J”(Mp/(yg, e Yj—1,T5, ...,a;k)Mp) > 1.

Proof. First, we choose the sequence o, ...,z4_.. We choose x2 to be a nonzero divisor on I¢M
for some ¢ (and thus a nonzero divisor on [°J"M for all n), superficial for I with respect to
Gr(J"M) and G (G(J"M)) for all n, and superficial for IR, with respect to Grg,(J"M,) and
Gpr,(G1r,(J"M,)) for all n and for all p such that co(I Ry, My) # 0. Such an element exists by
Propositions 5.3.2, 5.3.3, and 5.3.6.

For k < d—r we choose zj, to be a nonzero divisor on I¢(M/(xa, ..., xx—1)M) superficial for
I with respect to G (Gr(J"M/(z2,...x—1)J" M) for all n > 0, and superficial for IR, with respect
to Gyr, (G1R,(J"(My/ (72, ..., xx—1)(JRy)" M,) for all n > 0 and for all p such that co(I Ry, M) # 0.
Such an element exists by Propositions 7.1.7. These elements satisfy (i) by Proposition 7.2.2.

Let My = M/(xs,...,x)M. We now choose ys to be a nonzero divisor on J°M for some c,
superficial for J with respect to

Gj(M) and Gn(G5(M))

and superficial for JR, with respect to

G jr,(My) and Gyr, (G sr,(M,))

for all p such that co(JRy, My) # 0, satisfying (i7) by Proposition 7.2.2. Further, y» can be chosen

to be superficial for J with respect to

G j(My,) and G (G (My))
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and for JR, with respect to Gyg,(GJr,((Mg)p) for all p such that co(JRy, (My),) # 0 and
dim(My), > 2 and for 3 < k < d — r, satisfying (i7é) by Proposition 7.2.2. Finally, y» can

also be chosen to be superficial for J with respect to

GJ(Mk/szk) and Gm(G](Mk/:L’QMk))

for all k € {2,...,d —r} and superficial for JR, with respect to Gyr,(Gr,((Mg)p/x2(My),)) for
all p such that co(J Ry, (My),/x2(My)p) # 0, satisfying (iv) by Proposition 7.2.2. Since these are
finitely many different modules, by Remark 5.3.1, such an element exists.

Let M' = M/(y2, ..., yn—1). We now choose y,, € J to be a nonzero divisor on the modules
JM', J(M' [ (xps1y .y xp) M), and J¢(M'/(zp, ..., 25) M) for some ¢ and for all K < d —r and all

n < k, superficial for J with respect to

GJ(M/(yQ, caey yn_l)M) and Gm(GJ(M/(yQ, vaey yn_l)M))

and superficial for JR, with respect to

Gir,(My/(y2, -, Yn—1)Mp) and Gy, (Gir,(My/(y2, -, Yn—1)Mp))

for all p such that co(J, M) # 0, satisfying (i7) by Proposition 7.2.2. Further, y,, may be chosen to

be superficial for J with respect to

Gr(M/(y2, s Yn—1, Tn1y s T ) M) and G (G (M) (Y2, ooy Yn—15 Trt 1y - i) M)

and for JR, with respect to

Gor, (Grr,(Myp/ (Y2, s Yn—1Tni1, -, T ) M)

for all p such that

CO(JR}M Jn(Mp/(y% e Yn—1,Tn+1, -y l’k)Mp)) 7& 0

and dim My /(y2, .-.s Yn—1, Tng1, -, Tp)Mp > 2 and for 3 < k < d —r and all n < k, satisfying (ii7)
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by Proposition 7.2.2. Finally, y, is chosen to be superficial for J with respect to

Gi(M/(y2, s Yn—1,Tn, .., ) M) and Gm(Gr(M/(y2, - Yn—1, Tny -y Tt ) M)

for all k£ such that 2 < k < d — r and superficial for JR, with respect to

Gor, (Gir,(Mp /(Y25 s Yn—1, Tny oo, T ) M)

for all p such that

CO(JRP’ Jn(MP/(yQa oy Yn—1,Tny -0y mk)Mp)) 7& 0

and for 3 < k < d—r and all n < k, satisfying (iv) by Proposition 7.2.2. Since these are finitely

many different modules, by Remark 5.3.1, such an element exists. ]

Corollary 7.2.4. Let (R,m) be a local noetherian ring, M «a finitely generated R-module of dimen-
sion d, and I C J ideals of R such that /I = \/J and ¢;(I, M) = ¢;(J, M) for all i =0, ...,d, and
let r =min{i | ¢;(I, M) # 0}. Suppose r < d. Then there exist sufficiently general sequences of el-
ements 2, ...,t4—y € I and ya, ..., yq—r € J such that for n >0 e(IRy, I"(M,/(x2, ..., xa—k)My)) =
e(JRy, J"(My/(y2, ..., Yya—k)My)) for all k < r and all p € Spec(R) such that dim R/p = k and
dim J™"(M,/(y2, ..., Ya—k)Mp) = 1.

Proof. Let (z2,...,x,) and (y2,...,yr) be as defined in Proposition 7.2.3. Consider ¢;(J, M) for
1 < d—2. By Theorem 6.2.1 we have

G, M) =Y e(JRy, J"(My/(y2, s ya—i) Mp))e(R/p).
pEA:(J,M)

Let p € Aj(J,M). We have dim R/p = ¢ and dim J"(M,/(y2, ..., ya—i)Mp) = 1. Suppose

CO(‘]RP? ‘]n(MIJ/(y27 Sx3) yd—i)Mp)) 7& 0.
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In particular, we have that J is an ideal of definition on J"(M;y/(y2, ..., yd—i)Mp). Again,

note that dim J"(M,/(y2, ..., ¥y4—i)My) = 1. Consider the exact sequence

0— ((yg, ...,yd_i) N J”)Mp/(yg, ...,yd_i)J"Mp — J”Mp/(yg, ...,yd_i)J”Mp — ...

oo (M) (y2s oy ya—i) M) — 0.

Since J is an ideal of definition on J"(M,/(y2, ..., Ya—i)My), we have
p*Ry C J + Ann(J"M) + (y2, ..., Ya—i)
for some k. Since J"((y2, ..., Ya—i) N J™") My /(y2, ..., Ya—i)J" My = 0 we have
P (Y2, ooy Yai) N T )My / (Y2, ooy Ya—i) "My = 0
and therefore dim((y2, ..., ya—i) N J™)My/(y2, ..., ya—i)J" My = 0. And thus we have
e(J, J"My/(y2, - Ya—i) " Mp) = e(J, J"(My/(y2, -, ya—i) Mp).-
By [2, Lemma 11.1.7] we have
e(J, J"My/(y2, ... ya—i) J"Mp) < e(J, J"My/(y2, ..., Yd—is Td—i)JJ " My).
By assumption, we have
e(Js J"My/(y2, -+ Yd—is Td—i)J " My) = e(J, J" My /(Y2 s Yd—i—1, Td—i)J " Mp).
We may repeat these arguments to get

e(J, "My (Y2, ooy Yai) T My) < e(J, J"My/ (22, oo wa—i) J"My) = e(J, J"(My/ (2, ..., Ta—i) My)).

50



Since VI = V/J, we have e(I, J"(M,/(2a, ...,x4_;)M,)) is defined and since I C J we have
e(J, J"(My/(x2, ..., xq-5)Mp)) < e(I, J"(My/(x2, ..., xg—i) Mp)).
By Proposition 7.1.4 we have
eI, J"(My/(x2,...;xq—i)My)) = e(I, I"(My/(x2, ..., xa—;) My)).
Therefore, for every p € A;(J, M) we have
e(J, J"(My/(y2, .-y Yda—i) My)) < eI, I"(My/(x2, ..., xa—i) Mp)).

Since e(I,I"(My/(x2,...,xq-;)My)) # 0 whenever e(J, J"(My/(y2,...,ya—i)Mp)) # 0 and
dim J™(My/(y2, s Ya—i)Mp)) = I"(My/(29, ..., xq_i)My)) = 1, we must also have p € A;(I, M).
Therefore, A;(J, M) C A;(I, M). Since we have

Y e(JRy, J"(My/(yo, s yai) My))e(R/p) = Y e(IRy, I"(My/ (w3, ... wa—s) My))e(R/p)
peN;(J,M) peN;(I,M)

we must also have the equality

e(I, I"(My/(x2, ..., x4—i) My)) = e(J, J"(Myp/(y2, .., Ya—i) Mp)).

O]

Corollary 7.2.5. Let (R, m) be a local noetherian ring, M a finitely generated formally equidimen-
sional R-module of dimension d, and I C J ideals of R such that Asym(I, M) = Asym(J, M). If
c¢i(I,M)=ci(J,M) for alli=0,...,d, then I is a reduction of (J, M).

Proof. Let r = min{i | ¢;(I, M) # 0}. If r = d then by Theorem 6.2.1(3) we have

> e(IRy, Mye(Rfp)= Y e(JRy, Mp)e(R/p).

peAd(I)M) peAd(JzM)
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Since I C J, we have Ag(J, M) C Ao(I, M) and e(IRp, My) > e(JRy, M,). Therefore we
have e(I Ry, M,) = e(JRy, My) for all p € Ag(I,M). If p € Spec(R) such that dim R/p = d and
p & Ag(I, M) then co(IRy, My) = co(J Ry, M) = 0.

Suppose p € Spec(R) such that dim R/p = k for some k < d. If co(/Rp, My) # O then
dim /"M, = dim M,. We have dim /"M > dim R/p + dim I" M, = dim R/p + dim M,. Since M is
formally equidimensional, we have dim R/p + dim M, = dim M. Then dim I"M > dim M and so
we have equality.

On the other hand, since ¢;(I, M) = 0 for all i < d we have dim I"M < dim M. Therefore
co(IRy, My) = 0 for all p ¢ Ay(I,M). Similarly, co(JRy, My) = 0 for all p ¢ Ag(Z, M). We have
co(IRy, My) = co(J Ry, My) for all p € Spec(R) and therefore I is a reduction of (J, M).

Now suppose r < d and let k > r. Let xs,...,z4_, and ys,...,yq_, be a sufficiently general
sequences as in Proposition 7.2.3. Note that since Asym(I, M) = Asym(J, M), we have vT = /J.

Suppose p ¢ Asym(I, M), that is, co(/Rp, My) = 0. Since Asym(I, M) = Asym(J, M) and
M is formally equidimensional, we have co(JRy, M) = 0 . Similarly, if ¢o(/ Ry, M, /M,) # 0, then
co(JRy, My /M,) # 0.

Suppose co(I Ry, My /M,) # 0. Then by Proposition 6.1.3, for n > 0 we have

Co(IRp, Mp) == e(IRp, In(Mp/(:L‘Q, PN xd—k)Mp))

and

co(J Ry, My) = e(I Ry, J"(My/(y2, s Ya—i) My))-

By Corollary 7.2.4 we have

e(IRy, I"(My / (23, ..., Za_i) My)) = e(IRp, I"(My [ (22, ..., mq—i) My)).

Therefore, co(IRy, My) = co(J Ry, My) for all p € Asym(I, M).
Then ¢o(I Ry, My) = co(J Ry, M,) for every p € Spec(R) and thus I is a reduction of (J, M)
0
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