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Abstract

The London dispersion interaction is responsible for attraction between non-polar
molecules and is of great importance in describing structure and reactivity in many
areas of chemistry. Dispersion is difficult to model accurately. Density Functional
Theory (DFT) methods, widely used in computational chemistry today, do not in-
clude the necessary physics. This often leads to qualitatively incorrect predictions
when DFT is applied to dispersion-bound systems. A novel DF'T method has been
developed which is capable of accurately modeling dispersion. Dispersion attraction
between molecules arises when an instantaneous dipole moment in one molecule in-
duces a dipole moment in a second molecule. Our approach proposes that the source
of these instantaneous dipole moments is the position-dependent dipole moment of
the exchange hole. The model is no more computationally expensive than existing
DFTs and gives remarkably accurate dispersion coefficients, intermolecular separa-
tions, intermolecular binding energies, and intramolecular conformational energies.
Our dispersion theory is also combined with previous post-exact-exchange models
of dynamical and nondynamical correlation, yielding a unified exact-exchange-based
energy functional called DF(07. DF07 overcomes many of the outstanding problems
in DFT arising from local exchange approximations. The DF07 model is shown to
provide highly accurate results for thermochemistry, kinetics, and van der Waals in-

teractions.
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Chapter 1

Introduction

The London dispersion interaction [1] is the weakest of the van der Waals inter-
actions, arising when an instantaneous dipole in the charge distribution of one atom
or molecule induces an instantaneous dipole in a nearby atom or molecule. This in-
teraction is responsible for condensation of non-polar species, such as noble gases,
homonuclear diatomics, and hydrocarbons. It is also important in physisorption of
molecules on surfaces, in protein folding, and ligand-receptor binding. Thus, disper-
sion interactions play a major role in determining the chemistry of a wide range of
systems and a physically correct description of dispersion is clearly a key requirement
for any general purpose electronic structure method.

Since dispersion energies are much smaller in magnitude than electronic energies,
dispersion is naturally modeled in the framework of perturbation theory, as summa-
rized by Dalgarno and Davison [2]. The angle averaged dispersion energy between
two atoms or molecules at large interatomic (or intermolecular) separation, R, takes

the general form of a series expansion:



where the C;’s are system-dependent dispersion coefficients. The Cg coefficients can
be determined experimentally from dipole oscillator strengths [3].

The dispersion coefficients between monomers A and B can also be determined
theoretically from frequency dependent polarizabilities, a(iw), [4] although this is
very computationally intensive. For example, Cg can be accurately computed by the
Casimir-Polder formula [5, 6]:

Ce = — /000 as(iw)ap(iw)dw. (1.2)

™

There are also a number of simple theoretical approximations to the dispersion
coefficients, including the London [1], Slater-Kirkwood [7], Salem [8] (or generalized
Unséld [9]), and Kirkwood-Miiller [10, 11] models. These models are all obtained from
second-order perturbation theory with the closure approximation [12]. The London
model gives the dispersion coefficient in terms of the polarizability, a, and mean

excitation energy (taken to be the ionization potential, I) of the monomers:

(1.3)

The Slater-Kirkwood model approximates the dispersion coefficient in terms of the

polarizability and the number, N, of electrons in the outer subshell of the monomers:

xACGR
(aa/Na)'% + (ap/Np)/?

3

The Salem (or generalized Uns6ld) model gives the dispersion coefficient in terms

of the polarizability and the quantum mechanical expectation value of the squared



dipole moment operator, < u? >:

[6yY07:}
ozA/ < ,LL2 >A +013/ < /,L2 >B‘

Cs = (1.5)

Finally, the Kirkwood-Miiller model can be viewed as a further approximation to the
Salem model for atomic dispersion coefficients, assuming independent or uncorrelated
electron motion. This allows < u? > to be replaced by < r? > for an electron at

distance r from the atomic nucleus:

[e¥Y07:}
OzA/ <r2>y —i—aB/ <r?>p

Cs = (1.6)

However, if one is interested in dispersion binding energies rather than dispersion co-
efficients, these simple models which are valid only at large intermonomer separations
must be abandoned in favour of more sophisticated electronic structure theories.

Accurate modeling of dispersion interactions is a notoriously difficult problem in
computational chemistry. In the wavefunction picture, dispersion arises from electron
correlation and accurate modeling requires inclusion of a large manifold of excited-
state configurations. Thus, the uncorrelated Hartree-Fock method does not capture
any of the dispersion interaction and predicts completely repulsive potential energy
curves for dispersion-bound complexes. Correlated wavefunction methods such as
configuration interaction or coupled-cluster theory give an accurate treatment of
dispersion. Due to the weakness of this interaction (interaction energies of 0.01-5
kcal /mol), very large basis sets must be used to isolate the binding energies from the
basis set superposition error [13]. The dual requirements of highly correlated methods
and large basis sets mean that dispersion can only be practically modeled with ab
initio methods for very small systems.

Density-functional theory (DFT) has achieved widespread popularity as an alter-



native to correlated wavefunction methods thanks to its balance between computa-
tional cost and accuracy. DFTs have evolved to the point where they are capable of
providing thermochemistry predictions approaching the accuracy of correlated wave-
function methods in some applications [14]. However, contemporary functionals have
several shortcomings, leading to qualitatively incorrect predictions for certain classes
of systems. These failures include over-stabilization of delocalized odd-electron sys-
tems [15], underestimation of the band gap [16], and a total neglect of dispersion
physics [17, 18].

Contemporary DF'Ts are based on local models of the exchange-correlation energy
in molecular systems and the long-range electron correlation that gives rise to dis-
persion is neglected. Depending on the exchange models inherent in the functionals,
DFTs give widely varying results for dispersion-bound complexes, ranging from com-
pletely repulsive curves to drastic overbinding [18]. Repulsion versus overbinding is
related to the long-range behaviour of the exchange functional [19].

Attempts to incorporate dispersion into DF'T have taken one of two general routes.
The first is computationally expensive approaches such as symmetry-adapted pertur-
bation theory [20] or “ab initio DF'T” [21] that make use of virtual orbitals as in
correlated wavefunction theory. The second is the incorporation of empirical cor-
rection terms with parameterized atom-dependent dispersion coefficients reminiscent
of molecular mechanics force fields [22, 23]. Another empirical approach employs
parameterized effective core potentials with attractive terms at long-range to mimic
dispersion physics [24]. None of these alternatives is particularly desirable for general
use. It would be ideal to have a physically motivated framework for inexpensive calcu-
lation of the dispersion energy based only on occupied orbitals and without resorting
to atom-dependent empirical parameters.

The object of this thesis is to develop a unified density-functional model capable

of providing accurate prediction of thermochemistry, kinetics (i.e. reaction barrier

4



heights), and all classes of van der Waals interactions, including dispersion, to within
“chemical accuracy”. We begin by developing a parameter-free model for calculation
of the Cg dispersion coefficients in Chapter 3. We then decompose these coefficients
into atomic components which are used to compute potential-energy surfaces for a
test set of van der Waals complexes in Chapters 4 and 5. The model is subsequently
extended to higher-order Cs and (', dispersion coefficients, and applied to both in-
termolecular and intramolecular van der Waals interactions in Chapters 6-8 and 10.
The dispersion theory is added to Becke’s 2005 exact-exchange-based correlation func-
tional [25] in Chapter 9 to give the desired unified DF'T, which is called DF07. Finally,
DFO07 is extensively tested on a series of thermochemical and kinetic benchmark sets
in Chapter 11.

This thesis consists of a sequence of papers, published or to be published, detailing
the evolution of our dispersion model and development of our unified DFT. First, in
Chapter 2, we provide a brief review of DF'T, with a focus on the particular functionals

used in this work.



Chapter 2

An Overview of Density

Functionals

Density-functional theory is an appealing alternative to correlated wavefunction
methods in computational chemistry. While correlated wavefunction methods can
generate extremely accurate wavefunctions and energies, their poor computational
scaling renders them intractable for large systems [26, 27, 28].

In wavefunction theory, all properties, including the energy, are uniquely deter-
mined by the wavefunction, ¥. In a landmark paper, Hohenberg and Kohn [29]
showed that all properties are uniquely determined by the electron density, p, as well.

The total electronic energy can be expressed as a functional of the density as follows:

E(p) =T(p) + Veelp) + /vp, (2.1)

where the total kinetic energy (7) and the total electron-electron repulsion energy
(Vee) are functionals of the density in principle, but whose explicit functional depen-
dence is not exactly known. The third term in Eq. (2.1) is the interaction between the

electrons and the nuclei, arising from the nuclear potential v. Hohenberg and Kohn



proved that there exists a variational principle in which the ground-state density is
the density that minimizes the energy in Eq. (2.1) [29].

The Hohenberg-Kohn variational theorem had the potential to revolutionize elec-
tronic structure theory, since the density is a 3-dimensional function that is much
easier to work with than the 3N-dimensional wavefunction of an N-electron system.
Unfortunately, direct application of this variational principle is of little practical util-
ity. All trial densities in the Hohenberg-Kohn proof must be “v-representable”, mean-
ing that each must correspond to the density generated by some external potential
v, not necessarily the potential of the system in question [30]. There are no known
simple constraints on p that guarantee v-representability. This difficulty was resolved

a year later with the introduction of Kohn-Sham theory [31].

2.1 Kohn-Sham Theory

All contemporary implementations of DFT use the Kohn-Sham formalism [31]. In
Kohn-Sham theory, the density is v-representable by construction. This is achieved by
introducing a single Slater-determinant reference wavefunction, composed of “Kohn-
Sham” orbitals, 1;, that generates the electron density. Assuming a closed-shell

system, the density is

p=23 vl (2:2)

In Kohn-Sham theory, the total electronic energy of the system is partitioned as

follows [30, 31, 32|

E(p) = Tolp) + J(p) + / vp + Exc(p). (2.3)

Here Ty(p) and J(p) have explicit and simple orbital-dependent or density-dependent

7



forms and are good first approximations to the functionals 7T'(p) and V,.(p) of Eq.

(2.1). Ty(p) is the kinetic energy of the reference Slater determinant,

To(p) = —Z / 0 V2, (2.4)

and the second term, J(p), is the classical electron-electron repulsion energy,

J(p) = %//%E(I‘Q)drldrg. (2.5)

The last term in Eq. (2.3), Exc(p), is called the exchange-correlation energy. This
term contains the differences, in both kinetic and potential energy, between Ty + J

and T + V. due to the effects of exchange and correlation:

Exc(p) = T(p) — To(p) + Veelp) — J(p)- (2.6)

Since Ty(p) and J(p) are good approximations to T'(p) and Vee(p), Exc(p) is a rela-
tively small part of the total energy.

To obtain an equation for the Kohn-Sham orbitals, we apply the variational the-
orem to Eq. (2.3). Minimizing the energy with respect to orbital variations and im-

posing orthonormalization conditions gives the following orbital equation [30, 31, 32]:
L oo
—§V Vi + (v + ve + vxc) ¥i = €1 (2.7)

Here v,; is the Coulomb potential of the electron density,

'Uel(rl) :/p(r2)dr2, (28)

T12



and vxc is the functional derivative of the exchange-correlation energy,

(2.9)

The functional derivative is related to the first-order change in Exc due to a small
variation in the density, dp. See Appendix A of Ref. [30] for a thorough discussion of
functional derivatives.

Kohn-Sham theory reduces the electronic structure problem to finding good ap-
proximations for the exchange-correlation energy. Let us analyze the potential-energy
component of the exchange-correlation energy. Consider the interelectronic Coulomb

repulsion operator, (G, in atomic units:

G=) T— (2.10)

where 7;; is the separation between the electron coordinates r; and r;. The Coulomb

repulsion energy is given by [32],

— 1//Mdrldm, (2.11)
2 T12

where II(ry,rs) is the pair density. The pair density is the probability of simulta-
neously finding an electron in the volume element dr; and an electron in dry. The

exchange-correlation potential energy is thus

Vlp) = 1(0) = / / Mdd_i/ / Mdd

_ / / L M(r1, 1) — p(r1)p(xs)] drdrs, (2.12)

12



from Eqs. (2.5) and (2.11). Multiplying and dividing by p(r;) in the integrand gives:

Ve =T =3 [ | plr1) [“(‘;;’52) = o(e)| drydr (2.13)

T12 1%

O(ri,ra)

e p(rs), has a nice physical interpretation.

The expression in square brackets,
The first term is the conditional probability of finding an electron at position rs,
provided that an electron is located at r;. The second term is the probability of
finding an electron at ry in the uncorrelated system. Thus, this expression represents
the change in conditional probability (a “hole”) due to the effects of electron exchange
and correlation.

While the potential energy contribution to the exchange-correlation energy is easy
to represent in terms of this hole, the kinetic energy contribution is not. However, the
kinetic energy contribution can be included through the so-called “adiabatic connec-
tion” or “coupling strength integration” formalism of Refs. [30, 31, 32, 33, 34, 35, 36].

We introduce a coupling strength parameter, A, in the Hamiltonian that turns on the

Coulomb repulsion between electrons,
Hy = (-1v2 40, ) 23 L (2.14)
i 2" ’ i>j |

while, at the same time, the external potential v, holds the density distribution p
fixed. A = 1 corresponds to the “real” system. A = 0 corresponds to a system
of noninteracting electrons whose wavefunction is the Kohn-Sham reference Slater
determinant. Eq. (2.14) literally “connects” the real system with the Kohn-Sham

reference determinant through A:

1
E,\:l - E,\:() +/ dE)‘ (215)
0

10



It can be shown that the total energy of the real system is given by

]‘ HG/U )
E(p) :To(p)-i-/vp-i-i//igirl rz)drldrz, (2.16)
12

where Il,,,(r1, r2) is the pair density averaged over the coupling strength parameter:

1
My, = / My, (2.17)
0

Adding and subtracting the classical Coulomb repulsion energy J in Eq. (2.16)

gives

E(p) =T, /vp+ // - { 1'51'2) —p(rg)} dridry.  (2.18)

Comparing with Eq. (2.3), the exchange-correlation energy is therefore

Exc(p / / - { ri;“)—p(rg)} drdrs. (2.19)

This has the same form as the exchange-correlation potential energy of Eq. (2.13),

but also includes kinetic energy effects at the expense of introducing the coupling

strength integration. We call the bracketed expression the exchange-correlation hole,

hXC .

1
EXC = _// p(rl)hxc(rl,rz)drler, (220)

T12
with

H(wg (rla 1‘2)

e ). (2.21)

hxc(ri,12) =

The exchange-correlation (XC) hole is a central quantity in DFT. It measures

11



the depletion in density (relative to the classical or non-interacting density) around
a reference electron located at r; due to the effects of exchange and correlation. In
real space, picture an electron traveling in the classical potential of the nuclei and
the remaining electrons, accompanied by its XC hole. If the reference electron is at
position r; (called the “reference point”), its hole is given by a distribution in space
over coordinate r,.

The exchange-correlation energy is linked to the XC hole by Eq. (2.20). Devel-
opment of new XC functionals can therefore be motivated by development of better
descriptions of the XC hole. The hole is a convenient quantity to model since it has a
nice physical interpretation and can be visualized in real space. The hole also obeys

several well-known constraints, which will be discussed in the following section.

2.2 Properties of the Exchange-Correlation Hole

In this section several useful properties of the exchange-correlation hole [32, 39]
will be reviewed.

First, the XC hole is normalized to -1 electron at any reference point ry:

/hxc(rl, I'Q)dI'Q = —1. (222)

This follows from Eq. (2.21) and the interpretation of its first term I, (11, r2)/p(r1)
as the conditional probability of finding an electron at ry if an electron is at r;.
Therefore it must integrate, over ro, to N — 1. The normalization constraint is very
powerful and will be used many times in later chapters.

Further insights may be obtained by defining four spin-dependent holes as follows:

avg

Po (rl)

HUU’ (I']_, I'Q)

h (ry,12) = — por(r2), (2.23)

12



where p, is the o-spin density (either a-spin or 8-spin). The XC energy is given in

terms of the spin-dependent holes by the following generalization of Eq. (2.20):

Tr12

1 o T oo!
EXC = ézl//p ( 1) Xc(rl,rg)drldrz. (224)

The physical interpretation of each spin-dependent hole is similar to before. h‘{(‘é (r1, 1)
is the change in conditional probability of finding a ¢’-spin electron at ry if a o-spin
electron is located at ri. h¢%(ri,ry) has parallelspin components, ¢ = o', and
opposite-spin components, o # o’.

Since electrons are Fermions, there is zero probability of finding two electrons of
the same spin at the same point. Thus the parallel-spin pair densities Iy (r1,T2)

must vanish when r; = ry and the parallel o-spin hole totally depletes the o-spin

density at the reference point [see Eq. (2.23)]:

R (r1, 1) = —po(r1). (2.25)

Also, if a o-spin electron is at ry, the probability of finding another o-spin electron
elsewhere (over all ry) is N, — 1, and the probability of finding an electron of ¢’-spin
elsewhere is N,.. Therefore, the parallel-spin holes must be normalized to -1 electron

while the opposite-spin holes are normalized to zero:

[ 1etri e = -1, (2.26)
/hiﬁc(rlah)dh = /h)ﬁ(oé(rlaI'Q)er =0. (2.27)

The opposite-spin holes are purely “correlation” holes, but the parallel-spin holes

13



can be further subdivided into “exchange” and “correlation” components:

h$G(r1,12) = hS (r1,12) + A (11, 13). (2.28)

The exchange hole is the hole that delivers, through Eq. (2.24), the Hartree-Fock

exchange energy using the Kohn-Sham orbitals instead. It is given by [32]

B (1, 19) = —— [Z¢ig(r1)¢ig(r2)]. (2.29)

Pa (rl)

The exchange hole is always negative, completely depletes the o-spin density at the

reference point,

R (r1,11) = —py (11), (2.30)

and is normalized to -1 electron,

/ B9 (x4, 1) drs = —1. (2.31)

Since the opposite-spin holes are purely correlation holes, we replace the subscript

XC with C:

/hgﬂ(r1,1‘2)d1‘2 = /hga(rl,rQ)drg =0. (232)

The XC hole is generally not spherically symmetric, except in the uniform electron
gas or at reference points at the center of systems with spherically symmetric densities.
However, from Eq. (2.17) or Eq. (2.24) it can be seen that the exchange-correlation
energy is dependent only on the spherical average of the XC hole around each r;.

Therefore, only the spherically-averaged hole needs to be modeled in order to obtain

14



FExc approximations.

These properties of the spin-dependent components of the exchange, correlation,
and total exchange-correlation holes are very useful and will reappear throughout
this thesis. Representative sketches of the parallel-spin XC hole and the opposite-

spin correlation hole are shown in Fig. 2.1.

Figure 2.1: Sketch of the spherically-averaged parallel-spin XC hole and the opposite-

spin correlation hole in a free atom.

Hole function

Interelectronic distance

2.3 The LSDA

The simplest exchange-correlation approximation is the local spin-density approx-
imation (LSDA), in which the XC hole is approximated by the XC hole of a spin-

dependent uniform electron gas [30, 31, 32, 37, 38]. This gives an XC energy that
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depends only on the spin density at each reference point,

BXPA = [ Ve (pu(r), (e, (239

where Y56 (pa, ps) is the XC energy density of the uniform electron gas with spin
densities p, and pg. The LSDA exchange-energy part is given by the following simple

expression:

plsoa _ _3 (3 1/32 / 1/3 (2.34)
X 2 \4n - Po ’

The correlation part is most accurately obtained by fitting quantum Monte Carlo
simulations, and several parameterizations are available in the literature [37, 38].
The performance of the LSDA is somewhat comparable to HF, in that it predicts
reasonable molecular geometries but very poor energetics (from our own unpublished
calculations, the mean absolute errors for the “G3/99” benchmark set of 222 atom-
ization energies [40] are 225 kcal/mol with HF and 120 kcal/mol with the LSDA).

However, while HF underbinds molecules the LSDA has an overbinding tendency.

2.4 GGA Exchange Functionals

The exchange energy is generally much larger in magnitude than the correlation
energy [32]. We focus in this section on exchange energy. Substantial improvement
over the LSDA is obtained with a class of functionals called the “generalized gradient
approximation” (GGA), where the exchange energy is dependent on both the spin-
density and its gradient at each reference point.

Two very popular GGA exchange functionals are the B86 [41] and B88 [42] func-

tionals. They give similar results for thermochemistry, but have very different long-
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range behaviour. The B86 functional is

2
EX* =By -5 / A vy (2.35)

where X, is the dimensionless gradient

_ Vsl
g 4/3
Po

(2.36)

and (8 and ~ are parameters determined by least-squares fits to exact atomic exchange
energies. Their values are § = 0.0036 and v = 0.004 [41].

While the B86 form gives excellent atomic exchange energies, it has the incorrect
behaviour in the limit x, — oo, which corresponds to reference points far from a
finite system. For reference points far removed from a finite system, the exchange hole
must remain localized on the system and the reference electron should experience an
exchange potential of —1/r. Thus, the correct long-range behaviour for the integrand

of the exchange energy expression (ex) is [see Eq. (2.24)]

lim ex = —=——. (2.37)

In both the LSDA and B86, ex has the asymptotic behaviour pi/ 3 and, since the
spin-density decays exponentially, the exchange energy falls off too rapidly. This
incorrect long-range behaviour causes B86-based functionals to predict binding in
some dispersion-bound complexes [18, 19]. However, this binding does not arise for
good physical reasons, as evidenced by the fact that the errors grow rapidly larger
with increasing polarizability in the series of noble-gas pairs.

The B88 functional was designed to achieve the correct long-range behaviour and
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has the form:

2
EB88 _ pLSDA _ / 4/3 Xo ‘ 9.38
X X b ; Pe 1 + 68 x,arcsinhy, (2.38)

The optimum value of the parameter 3 = 0.0042 was determined by least-squares
fitting to exact atomic exchange energies [42]. Since B88 has the correct asymptotic
behaviour of ex, like exact or Hartree-Fock exchange, it predicts completely repulsive
curves for dispersion-bound complexes [17, 18].

The functionals discussed up to this point all have the uniform electron gas as
their starting point. However, for chemistry applications this is not a particularly
important system. The hydrogen atom may be a more relevant starting point for
functional development. Unlike B86 and B88, the Becke-Roussel (BR) exchange
model [43] was designed to give the exact exchange hole at any reference point in
any hydrogenic atom. The BR model is a “meta-GGA” method, meaning that, in
addition to including the density and its gradient, it also makes use of the kinetic-
energy density, and the Laplacian of the density.

The BR functional approximates the exchange hole by an exponential function
—Ae " centered at a distance b from the reference point. This gives the following

analytical expression for the spherically-averaged exchange hole [43]:

a
167bs

h,l;(f;(r’ 5) E—— [(a|b _ 8| + 1) efalbeI _ (a|b + S‘ + 1) efa|b+5|] , (2.39)

where the arguments (r, s) denote the spherical average on a shell of radius s around
the reference point r. The three parameters in the model (A, a,b) are determined
by enforcing the correct hole normalization of -1 electron and constraining the model
hole to give the same first two terms in the Taylor expansion about the reference

point as the exact exchange hole.
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The short-range behaviour of the exact exchange hole is given by the Taylor

expansion [39],

hxo(r,s) = —ps — Qos* + ..., (2.40)
where
|y
Qo = 5 (V?p, —2D,), (2.41)
with
1(Vp,)?
Da:Ta__( p), (242)
4 py

and 7, is the positive-definite kinetic energy density defined in terms of the Kohn-

Sham orbitals by

o= )|Vt (2.43)

2

The Taylor expansion of the BR model hole is [43]
BR - Aa2 —T 2
hxs(r,s) = —Ae © — & 1——)e®s*+..., (2.44)

with £ = ab and A = @3/87 for normalization to unit charge. Solving the remaining
two constraints leads to the following nonlinear equation for the dimensionless variable

X:

we 22 2/?}@3 2.45
z—2 3" Qs (245)
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which must be solved numerically. The value of b is then given by

x3e ®

b3

- 2.46
S (2.46)

and a = z/b. The final expression for the BR exchange energy is

1 1
E)%l; = —5 / % (1 —e - §I€_z> dr. (247)

The BR exchange functional is appealing because it is free of empirical parameters
and it reproduces both the exact exchange potential for the ground state of any
hydrogenic atom and the correct —1/r asymptotic limit of the exchange potential
in all finite systems. The detailed shape of the exact exchange hole is also well

reproduced at all reference points in non-hydrogenic atoms as seen from plots in Ref.

[43].

2.5 GGA Correlation Functionals

There are several popular GGA models for correlation that can be paired with
the GGA exchange models described above, including P86 [44], PW91 [45], and LYP
[46]. In this work frequent use is made of the 1988 correlation model of Becke [39],
which is a meta-GGA. This correlation model is based on the known constraints on
the shapes of both the opposite and parallel-spin correlation holes.

Since both the opposite and parallel-spin correlation holes integrate to zero, they
must change sign at some value of the interelectronic separation s, which we call
the “correlation length”. Since correlation decreases the probability of finding a
second electron near the reference electron, the correlation hole is negative inside
the correlation length and positive outside as in Fig. 2.1. In the B88 model, the

correlation length is denoted as z,s3 for opposite spins and z,, for parallel spins.
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Enforcing interelectronic cusp conditions for the spherically-averaged correlation

holes, and zero normalization, gives the following functionals for the correlation energy

(39]:
In(1 + 2z,
E2Pthe — Aaﬂ/papgzgﬁ (1 — M) dr, (2.48)
Zag
oo oo 4 2 Roo
B = A7 [ poDyzy |1 - —1n (1 + 7) dr, (2.49)

where A*® and A?” are constants whose values are dependent on the shape of the
correlation hole at large distances from the reference point. Their values are A%# =
—0.8 and A?7 = —0.01 in Ref. [39] assuming exponential decay of the hole at large
interelectronic separation, characteristic of Coulomb systems.

The correlation length between two electrons is assumed to be related to the
distance at which their respective exchange-hole “radii” overlap. The mean inverse

radius of the exchange hole at reference point r is
-1 1 oo 2
< s, >=dmr | —|h¥ (r,s)|s°ds = |Ux,]|, (2.50)
s

which equals the magnitude of the exchange-hole potential Ux,. Thus, we define the
exchange-hole radius to be |Ux,| ™!, giving the following definition of the correlation

lengths:
Rgg! = Cgg! (|UX0'|_1 + ‘UXU"_I) ) (251)

where c,g = 0.63 and c,, = 0.88 are constants of proportionality for opposite and
parallel-spin correlations respectively, determined from fits to exact atomic corre-

lation energies [47]. This definition of the correlation lengths means that the B88
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correlation functional can be naturally paired with any exchange functional by using
the appropriate exchange potential in Eq. (2.51).

From our own (unpublished) calculations, the B86, B88, and BR exchange-correlation
functionals all give similar performance for the G3/99 atomization energies [40], with
mean absolute errors of 13-14 kcal/mol. While this is a vast improvement over the

LSDA, these models are still far from “chemical accuracy.”

2.6 Hybrid Functionals

The most popular and accurate density functionals today are so-called “hybrids”,
which employ a mixing of GGA exchange and exact (or Hartree-Fock) exchange as in
Eq. (2.29). The introduction of hybrid DFTs was motivated by the coupling-strength

average in Eq. (2.21). This can be shown more explicitly as

1
W rm) = [T ) (2.52)
0

While the XC hole tends to be localized in the interacting system (A > 0), it is
relatively more delocalized in the non-interacting (A = 0) limit. GGA model holes
are intrinsically more localized than exact exchange holes, especially in multicenter
systems. Description of the XC hole in molecules can therefore be improved by
combining the localized GGA hole with the exact multi-center exchange hole. This

was done by Becke [48], who proposed hybrid exchange-correlation of the form
B = BLEN + ap (B — EZY). (2.53)

Hybrids show substantial improvement over pure GGAs in thermochemical tests (see
data below).

The popular “B3LYP”, “B3PW91”, and “B3P86” functionals [48, 49] have the
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general form:
Exc = EXPM + ao(BF™ — BYPY) + ax AER® + acAEg, (2.54)

where AEE® is the gradient correction term of the B88 exchange functional and AE¢
is the gradient correction term of the selected correlation functional (or in the case
of LYP, which does not go to the uniform-electron-gas limit, AEc = E5F — ELSDA
as implemented in the Gaussian program [50]). The three semi-empirical coefficients
are determined from fits to experimental data, usually atomization energies. B3LYP
gives a mean absolute error (MAE) of 4.8 kcal/mol for the 222 atomization energies
of the G3/99 benchmark set [40].

Another possible form for 3-parameter fits, employing the particular functionals

of interest in the present work, is
Exc = agEE 4+ (1 — ag) B + aZP B2 4 o2 (E2® + EPP), (2.55)

where E'%° is either the B86, B88, or BR exchange energy and the opposite and
parallel-spin correlation energies are given by the B88 correlation functionals of Eqgs.
(2.48) and (2.49).

The three-parameter hybrids obtained from Eq. (2.55) are among the best DFTs
we know for thermochemistry. For the G3/99 atomization-energy set they give MAEs
of 2-3 kcal/mol (unpublished calculations), approaching the accuracy of correlated
wavefunction methods [51].

Another popular hybrid functional examined in this work is B97 [52]. This func-

tional was proposed by Becke in order to reach the limits of what is possible with
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GGAs. The B97 exchange-correlation energy is:
ERY = cx B + EX + Egon + > Egor. (2.56)

The individual components are:

By = Z / ey (P0)9x0 (X3 dr, (2.57a)
Egas = / €Ges (Par P8)ICap (Xang) T, (2.57b)
BB = [ 2N p)gc0s (2N, (2579

and x2,, = 5(x% + x3)- The g’s are polynomials of the following form:

2
g= Z ciu’ (2.58)
i=0

VXUX?;

UXg = ——— = 2.59a
T I xenl (2.59)
2

YCapXavg
U = 2.59b
C(lﬁ 1 + ,ycaﬂxgwg ( )

2
UCoo = Y600 Xo > (259C)

1+ fYCO'G'Xg'

The v’s are fit to exact atomic exchange and correlation energies and the ¢;’s are fit
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to thermochemical data, along with the fraction of exact exchange (cx). There are
several parameterizations of this functional in the literature [52, 53, 54]. The original
B97 parameterization gives a MAE of 1.8 kcal/mol for the “G2” atomization energies
(a subset of the G3/99 set) [52]. This is an improvement over the 3-parameter hybrids
B3B86, B3B88, and B3BR which have MAEs of 2.1-2.4 kcal /mol. However, B97 has

a total of 10 empirical fit parameters.

2.7 Comparison of Local and Exact Exchange

GGA exchange-correlation approximations (such as B86, B88, and BR) give rea-
sonably good thermochemistry. This is improved by adding a small fraction (20-25%)
of exact HF (Hartree-Fock) exchange as in the previous section. One might wonder,
therefore, if using 100% HF exchange paired with one of the GGA correlation func-
tionals would be even better. However, this fails horribly in fact, with “HF plus GGA
correlation” giving large MAEs of 65-70 kcal /mol for the G3/99 atomization energies
(unpublished calculations).

GGA exchange functionals such as B86, B88, and BR perform much better than
exact exchange when combined with GGA correlation functionals because they give
a better representation of the full exchange-correlation hole in closed-shell molecules.
As illustrated in Fig. 2.2 for Hy, the ezact exchange and correlation holes in molecules
are highly delocalized, while the exchange-correlation hole is localized around the
atom nearest the reference electron. The GGA exchange and correlation holes are
localized by construction, thus giving the same qualitative behaviour as the full
exchange-correlation hole.

If exact exchange is used, nonlocal approximations to the exact correlation hole
must also be used in order to extinguish those parts of the exact exchange hole on

atoms far from the reference point and localize the exchange-correlation hole onto a
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Figure 2.2: Sketch of the exchange-correlation hole and its components in the Hy
molecule for a reference electron near the right nucleus. See Ref. [55] for more accurate

plots of these holes.

Hole function

single atomic center. GGA exchange and correlation holes are completely determined
by properties of the density at the reference point. Therefore a GGA correlation hole
cannot localize the exact exchange hole, explaining why “HF plus GGA correlation”
yields poor thermochemistry.

This can be further understood by separating electron correlation into two distinct
types: dynamical and nondynamical. Dynamical correlation is short-range correla-
tion between electrons within an atom in a molecule, due to mixing of high-energy
excited-state configurations. Conversely, nondynamical correlation is longer range or
multi-centered correlation between electrons on different atoms in a molecule. In con-

figuration space, it arises from mixing of low-lying excited-state configurations nearly
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degenerate with the ground state. In real space, it arises from Coulomb repulsions
pushing electron pairs in multi-center molecular orbitals to different atomic centers.
The multi-centered correlation hole of the Hy molecule, Fig. 2.2, is representative
of nondynamical correlation. GGA correlation models account for dynamical corre-
lation, but cannot describe nondynamical correlation. Nondynamical correlation is
crudely accounted for, however, by the GGA exchange models that implicitly assume
a localized hole.

Though qualitatively correct in closed-shell molecules, local exchange-hole models
are qualitatively incorrect in delocalized odd-electron molecules. The classic example
is HY at the dissociation limit. Since this is a one-electron system, there is no electron
correlation and the exchange-correlation hole is simply the exact exchange hole. The
exact exchange hole in stretched Hj is split over both centers, with half an electron
around each center. However, local DFTs always assume a localized exchange hole
with a normalization of -1 electron at each atomic center. This causes local DFTs to
give an exchange energy for stretched Hj that is much too large in magnitude [15].
Consequently, local DFTs give a dissociation limit for Hy far below the exact limit,
as shown in Fig. 2.3.

While the Hj molecule may seem unimportant, this problem appears in many
guises throughout chemical applications. For example, radical reactions are prevalent
in chemistry and biology, and have transition states where an unpaired electron may
be delocalized over several atomic centers. Local DFTs tend to over-stabilize these
transition states leading to underestimation of the barrier heights. In many cases the
transition state is predicted to be more stable than the separated reactants or products
[56]. This radical delocalization problem has prompted the development of exact-
exchange-based functionals that explicitly include both dynamical and nondynamical
correlation. Two such models have recently been proposed: B05 [25, 57] and MCY

[58]. Both yield accurate thermochemistry and correct the over-stabilization of radical
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Figure 2.3: The HJ potential energy curve.
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reaction transition states. These methods represent the current state of the art in
density functionals. B0O5 and MCY are complicated functionals whose forms will not

be reviewed in this introduction. B05 is discussed in Chapter 9.

2.8 Dispersion in DFT

None of the functionals considered so far incorporates dispersion physics. Thus,
it should not be surprising that no conventional DFT can model dispersion-bound
complexes with even qualitative accuracy [18]. This demonstrates a fundamental
principle of functional development - a DFT model can only yield meaningful results
if the correct physics is built into the model at the outset.

To our knowledge only two attempts have been described in the literature to

develop a unified DFT model including the physics of dispersion [59, 60]. One of
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these is the approach of Sato, Tsuneda, and Hirao [59], which extends the dispersion
model of Andersson, Langreth, and Lundqvist (ALL) [61].

The ALL method is based on the dispersion interaction energy between two sep-
arated uniform-electron-gas-like regions. For an intermolecular complex, the total

dispersion energy has the form

1/2 1/2( 2) 1
Edisp = 3/2 . dI‘l . dI‘2 1/2 rl + p1/2(r2) 5 - (260)
1 2

Vi and V5 correspond to the volumes of the constituent monomers. Remarkably,
while based on electron-gas physics, the ALL model gives atomic Cg’s in fairly good
agreement with experiment, with a mean absolute percent error (MAPE) of 15.5%
for a set of 45 noble-gas and alkali-atom pairs [61].

To compute potential-energy surfaces, the dispersion energy is decomposed into a

sum over atomic pair terms for atoms A and B in V] and V5 [59],

Edzsp Z Z EAB, (261)

A€eVh BeEV,

with

1/2 1/2( o) 1
Eig=— 3/2/dr1/dr2 7o(r +p1/2(r2) T?Qfdamp(TIQ) (2.62)

and where the A and B integrations are performed on numerical atom-centered grids.

The damping function,

fdamp(TIQ) = exp

- (%)6] , (2.63)

prevents unphysical behaviour at small 7. The parameter a 45 is linearly related to
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the sum of atomic van der Waals radii, R,,, as follows:
aap = ClRm =+ Co. (264)

The constants ¢; = 0.4290 and ¢, = 1.8949 au are universal parameters fit to accurate
potential-energy curves of noble-gas dimers [59).

This model has been applied to noble-gas pairs and noble-gas - diatomic com-
plexes [59], and later to the benzene dimer [62], but has not been systematically
benchmarked. More importantly, since the system must be divided into separated
monomers, the ALL dispersion model is not applicable to intramolecular dispersion
interactions.

The B97-D method of Grimme [60] is more widely applicable than the above
model but is also more empirical. There is a substantial history in the literature
of adding empirical dispersion corrections to existing quantum chemistry methods
[22, 23, 63, 64, 65, 66, 67]. The B97-D method is similar, but stands out because
it includes a reparameterization of the underlying DF'T functional, in this case B97
[52], in the presence of the dispersion term.

In B97-D, the dispersion energy has the form [60]

C

Edisp = —S¢ Z Fg—éijfdamp(Rij)a (265)

i>j W
where the sum is over atom pairs, sg is a scale factor with value 1.25, and fiomp is a
damping function to prevent divergence of the dispersion energy at small interatomic
separations:

1
Sdamp(Rij) = 1 + e—d(Rij/R:=1)" (2.66)

R, is a sum of atomic van der Waals radii (defined as 1.1 times the radius of the

30



0.01ay? electron density contour from atomic ROHF calculations) and d = 20 is
another empirical parameter. The dispersion coefficients are obtained from a London-

type approximation:

where I is the ionization potential and « is the polarizability of the free atom 7 as
obtained from PBE calculations [68]. N has values of 2, 10, 18, 36, and 54 for the first
five rows of the periodic table, and the constant 0.05 was determined from fits. The
dispersion coefficients for atomic pairs are obtained from the empirical combination

rule

CS,ij = \/Cs,iC&j. (268)

The 9 parameters of the B97 functional excluding the exact exchange term (see
Section 2.6) were refit in the presence of the dispersion term of Eq. (2.65) to give a
consistent treatment of thermochemistry and dispersion with a total of 13 parameters.
B97-D gives a MAE of 3.8 kcal/mol for the G2 atomization energies and a MAPE of
17.3% for the binding energies of a set of 40 van der Waals complexes [60]. Major
criticisms of this model are that the dispersion coefficients are highly empirical, are
fixed for all atomic environments, and do not resemble accurate values for free-atom
pairs. For example, B97-D gives Cg dispersion coefficients with a MAPE of 42.5% for
the set of all pair-wise combinations of the atoms H, He, Ne, Ar, Kr, and Xe.

Clearly there is a need for a non-empirical dispersion model that has accurate long-
range behaviour, can be applied both to intermolecular and intramolecular dispersion
interactions, and can be combined with existing density functionals to give highly ac-

curate thermochemistry and kinetics. The following chapters detail the development
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of such a model.

The basic idea underlying our dispersion model is that we can treat the instan-
taneous dipoles responsible for the dispersion interaction as the position-dependent
dipole of the exchange hole. An electron and its exchange hole have a non-zero
dipole moment in atomic and molecular systems, except at highly symmetric reference
points. The interactions between the exchange-hole dipole moments in neighboring
atoms or molecules capture the long-range electron correlation responsible for disper-
sion. While we should properly consider the dipole moment of an electron and its full
exchange-correlation hole, the exchange hole is much easier to model and we expect
that correlation effects on the dipole moment of the hole will be small. This gives
a conceptually simple model of dispersion correlation in terms of easily computed

quantities within the DFT framework.
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Chapter 3

Exchange-Hole Dipole Moment

and the Dispersion Interaction

Original reference: A. D. Becke and E. R. Johnson, J. Chem. Phys. 122, 154104
(2005).

Abstract

A simple model is presented in which the instantaneous dipole moment of the
exchange hole is used to generate a dispersion interaction between non-overlapping
systems. The model is easy to implement, requiring no electron correlation (in the
usual sense) or time dependence, and has been tested on various atomic and molecular

pairs. The resulting Cg dispersion coefficients are remarkably accurate.

3.1 Introduction

The classical explanation of the dispersion or van der Waals interaction between
chemically inert systems is familiar even to introductory chemistry students. Given

two inert or widely separated systems, an instantaneous dipole moment on one system
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induces a dipole moment on the other. The attraction between these moments results

in an interaction which, in the limit of large separation R, has the behaviour

Cs

— e (3.1)

Edz'sp =

where (g is a constant whose value depends on the systems involved. This picture
begs the obvious question. How do “instantaneous” dipole moments arise in systems
which may otherwise have a zero permanent dipole moment? How, for example, do
instantaneous dipole moments originate in a noble gas atom?

The usual quantum mechanical approach is complicated (we recommend Ref. [12]
for a nice treatment). Electron correlation invokes the mixing of excited states with
the ground state, creating virtual or “transition” dipole moments that interact with
each other. Second-order perturbation theory and additional approximations [12] give
the famous London formula (in atomic units) for the dispersion energy between two

systems A and B,

Edisp = — (32)

§ IAIB aA0B
2\ 14+ 1Ip RS 7

which conveniently depends on properties, the ionization energy I and polarizability
«, that are experimentally accessible. The London formula is instructive for under-
standing trends but is prone to large errors.

Correlated ab initio calculations of high quality can produce accurate dispersion
energy curves [13] but are very demanding and provide little physical insight. Also,
a rigorous expression for Cg involving frequency dependent polarizability «a(iw) is

known [69],
Cs = - /000 ay(iw)ap(iw)dw, (3.3)

34



which can be used to compute accurate Cg values from time-dependent electronic
structure calculations [70, 71]. These are also very demanding, however, and must be
performed with care.

Methods able to produce Cg coefficients of reasonable quality, without the de-
mands of the highly accurate approaches, are widely useful. Here we present such
a method. It is based on a novel answer to the question posed at the outset. How
do “instantaneous” dipole moments arise in a quantum system? We propose that

spherical asymmetries in the exchange hole are the source.

3.2 The Present Model

Consider an electron of ¢ spin in an atomic or molecular system. As it moves
through the system it is accompanied by an exchange or Fermi hole whose shape de-

pends on the electron’s instantaneous position r;. The hole is given by the expression

hxo (1‘1, 1‘2) = -

o) 2 s e ()2, (3.4)

where ry defines the shape of the hole and r; is called the “reference” point. Summa-
tion is over all orbitals of o spin (Hartree-Fock or Kohn-Sham, and assumed in this
paper to be real) and p, is the total o-spin electron density. The o-spin exchange

energy, Ex,, is related to the exchange hole by

1
EXO’ = 5//pa(rl)md3r2d3r1. (35)
T12

This simple deconstruction of the exchange energy of a Slater determinant has great
conceptual power [72] which will be exploited presently.
The exchange-hole definition enables us to visualize the effects of self-interaction

correction and exchange. When an electron is at ry, the hole measures the depletion
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of probability (with respect to the total electron density p) of finding another same-
spin electron at r,. The probability of finding another same-spin electron at ro = ry

is completely extinguished,

hxo(r1,11) = —po(r1), (3.6)

as required by the Pauli exclusion principle. The hole is always negative, as can be

seen by rewriting Eq. (3.4) as

1
hxo(r1,r9) = —
. ( ' 2) pa(rl)

[Z ww(rl)ww(m)] (3.7)

and the hole always contains exactly (minus) one electron:

/hxa(rl, 1'2)d31'2 = —1. (38)

This is easy to prove from Eq. (3.4) and the orthonormality of the orbitals v;,. Eq.
(3.8) guarantees that the electron plus its hole always has zero charge overall.

The hole is not, in general, spherically symmetric around r;. Only in a uniform
electron gas does it have spherical symmetry. Even in systems with spherically sym-
metric densities, the hole is aspherical unless r; is at the center of the system. Thus
the electron plus its Fermi hole, though of zero charge overall, generally has a non-
zero dipole moment. Since the exchange energy, Eq. (3.5), senses only the spherical
average of the hole around each r;, a non-zero dipole moment has no effect on the
energy of the system containing the electron. Might the asphericity of the hole be the
source, however, of the “instantaneous” dipole moment responsible for the dispersion
interaction with other systems?

Consider a second system (B) at position R relative to the first (A) and assume

that the distance R is large compared to the sizes of A and B. The instantaneous
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dipole moment dx,(r;) of the exchange hole plus its electron at point ry in system

A generates an electric field

3(dx, -R)R  dxo

E= RS R?

(3.9)

at position R. If system B has polarizability ag, then a dipole moment of value

dind = QBE (310)

is induced in B. The electrostatic interaction between these dipoles has energy

dxo - dina _ 3(dxo - R)(dina- R)

de’p—dip = R3 RS ) (311)
which, after substituting Egs. (3.10) and (3.9), becomes
d%, 3(dx,-R)?
Vdip—dip = [ gfi + RS . (312)

The orientation averaged isotropic interaction (i.e. averaged over all orientations of

dx,) is obtained by integrating over angles as follows:

N &, 3d%, : 2d%, 0
depg de / / ( ]:)2(6 R)é cos 0) o Oded(b T 26 B’ (313)

where 6 and ¢ are polar angles with respect to the direction R. The resulting Vd'ng dip
thus depends on the magnitude squared, d%, (r;), of the exchange-hole dipole moment
at each body centered reference point ry in system A.

Now integrate over r; in system A and over v and [ spins as well. Denoting this
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integral by < d% >, we have

< di >a= /pa(rl)dia(rl)d?’rl +/pg(r1)d§(ﬁ(r1)d3r1, (3.14)
and we obtain the following formula for the total dipole-dipole interaction energy:

UlﬁpB—dip = -2 <dx > ap/R°. (3.15)

The same derivation with systems A and B interchanged gives

U(gf—dip = -2 < d% >p as/RS, (3.16)
which is not, unfortunately, the same as Eq. (3.15). For unlike systems our model
lacks A-B symmetry. An appropriate averaging of Eqs. (3.15) and (3.16) will be
suggested below. For like systems, however, there is no ambiguity and the dipole-

dipole interaction energy is
Usgip—dgip = —2 < dx > o/ R®. (3.17)

Initial tests of Eq. (3.17) on various atomic dimers (computation of < d3% > is
described in the next section) gave interesting results. Despite the simplicity of the
underlying model, Eq. (3.17) reproduces known Cg values with remarkable accuracy
if divided by a factor of four! An incorrect prefactor is not surprising. Our model
takes dipole-dipole potential energy into account, but not kinetic energy [73] or charge
rearrangement [74] effects. These, especially the latter, are very difficult to model.

That Eq. (3.17) does work well with a modified prefactor is, in our opinion, fascinating.
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We therefore take a heuristic approach (for now) and propose the formula

1
Co = 5 < dyx > a (3.18)

for like-system interactions.

For unlike systems a suitable average of Egs. (3.15) and (3.16) needs to be taken
with, in light of the above, prefactors divided by four. Straightforward algebraic
averaging is unsuccessful. Geometric averaging also fails. Recognizing that success-
ful combination formulas in the literature (eg. London formula or Slater-Kirkwood
formula [75]) feature a sum of some property of A and B in a divisor, we propose

averaging inverses as follows:

2 1 1
-+ 3.19

Gy CB T opn (3.19)

which, after inserting Cy coefficients divided by four from Egs. (3.15) and (3.16), gives

. < dgf >p< d.2X >p 0AQB
<d% > ap+ <d% >paa

Ce (3.20)

If this heuristic approach is unsatisfying, Eq. (3.20) can be derived by strong
theoretical arguments as well. There are connections between the formulas of this
section and the second-order perturbation theory of the dispersion interaction. We
draw these connections in the Appendix rather than digressing now. In the next
section, Eq. (3.20) is applied without further ado to a wide variety of atomic and

molecular, like and unlike, interactions.
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3.3 Computations and Applications

The calculation of Cy dispersion coefficients in the present model requires only
< d% > and « for individual systems. We take polarizability data from tables instead
of computing o ourselves. Accurate values are readily available [76]. This leaves as
our only task the computation of < d3% >.

< d% > is a sum of two terms, one for each spin, as in Eq. (3.14):
<dy >=<dy, >+ < dx; >, (3.21)
where

< d%(a >= /pa(rl)dg(a(rl)d?’rl. (322)

Recall that d%, (r1) is the magnitude squared of the dipole moment of the electron
plus its exchange hole at reference point ry. Given a set of occupied orbitals 9;,, the

dipole moment is easily computed by integrating over ry in Eq. (3.4):

dXU(rl) = [ﬁ Zrijadjia(rl)wja(rl)] - (1'1), (323)

Tijo = /rzﬁw(r)wja(r)dsr. (3.24)

Note that the dipole moment of a neutral object is origin independent and we there-
fore conveniently use the molecular origin in Eq. (3.23). All integrations, the moment
integrations of Eq. (3.24) and the 1l-integration of Eq. (3.22), are performed numer-
ically [77]. The cost of computing < d% > is negligible compared to the cost of

computing the orbitals themselves.
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Orbitals are obtained in this work from the grid-based NUMOL program of Becke
and Dickson [78]. We use (spin unrestricted) Hartree-Fock orbitals in these first tests
[79]. Hartree-Fock orbitals are preferable to, eg., LDA or GGA Kohn-Sham orbitals
because the Fermi-hole dipole moment is sensitive to orbital behaviour at long range.
We therefore avoid the well-known long-range deficiencies of the LDA and GGA Kohn-
Sham potentials. The dependence of < d% > on orbitals and electron correlation will
be explored in greater detail in future work.

In Tables 3.1 and 3.2, we present Cg dispersion coefficients obtained from Eq.
(3.18) for like systems and Eq. (3.20) for unlike systems for a variety of atomic and
molecular pairs. The mean absolute percent error (MAPE) of our atom-atom Cg’s in
Table 3.1 relative to highly accurate literature values [80] is 14.0%. The potassium
atom is a significant outlier. Omitting all cases involving potassium leads to a reduced
MAPE of 9.8%. Our Cgs are in slightly better agreement with literature values than
the approximate density-functional method of Andersson, Langreth, and Lundqvist
[61], which yields a MAPE of 15.5% for the same set of 45 noble gas an alkali atom
pairs.

Isotropic Cg coefficients for molecule-molecule pairs are reported in Table 3.2.
We use B3LYP/6-31G(2df,p) [46, 48, 81| geometries obtained from the Gaussian
98 program package [49]. Our calculated values tend to be smaller than accurate
literature values [22, 71], but a reasonably good MAPE of 12.5% is achieved. Cg’s
from Eq. (3.3) combined with time-dependent Hartree-Fock calculations of frequency
dependent polarizabilities have been reported by Spackman [71] for eight of the sixteen
systems in this set. His results also underestimate accurate values, and their MAPE
of 12.6% is similar to the 12.5% obtained from our much simpler time-independent
model.

The present method performs remarkably well given its simplicity. Neither time

dependence, nor excited states, are necessary. The “instantaneous” dipole moment
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of the exchange hole, and the polarizability of the partner system, is all we require.

3.4 Conclusions

This work proposes an elegant connection between exchange-hole asphericity and
the dispersion interaction. If the position dependent dipole moment of the exchange
hole (plus its electron) in a system A is considered to induce dipole moments in an-
other system B, then a (s dispersion coefficient of very good accuracy can be obtained
through Eq. (3.20). The model works for molecular as well as atomic systems.

This approach may have practical benefits in addition to its fundamental the-
oretical appeal. We hope to incorporate it into molecular structure and molecular

mechanics codes in future work in order to efficaciously handle long range interactions.

3.5 Appendix

We refer the reader to Ref. [12] for an excellent and comprehensible account of
the 2nd-order perturbation theory of the dispersion interaction. We will here adopt
notation and formulas from Chapter 12 of this book.

Eq. (12.32) of Ref. [12] is obtained when all excitation energies in system A are

approximated by a constant “average” value AE, and similarly for system B:

2 1 < pE >< ph >
Eyisy = —= . 3.25
disp T T3 <AEA+AEB> RS (8:25)

The quantity < u? > is the expectation value of the squared dipole moment operator
2
pt= <Z qm) = Z giry + Zqujri "Iy, (3.26)
i k 1]
where the sums are over all particles including nuclei. It is assumed that A and
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B have zero total charge and zero permanent dipole moment. From the analogous
2nd-order perturbation theory of polarizability o, and again making an “average”
excitation-energy approximation, one obtains [12]

C2<pr>

—_ 3A7E. (3.27)

This equation can be used to eliminate < p? > from Eq. (3.25) thus deriving the
London formula, Eq. (3.2), after further approximating AE by the ionization energy.

Alternatively, we can eliminate AE from Eq. (3.25) and derive another formula,

< pE ><pk > o QB
< P4 >apt < ph>ap| RS

Edisp - — y (328)

the focus of which is < p? >. The u? operator, Eq. (3.26), consists of nuclear and elec-
tron one-body operators and two-body operators arising from the cross terms. In an
atom the nuclear parts can be ignored and < p? > in the Hartree-Fock approximation
is given by

< p?>= /r2p(r)d3r — Z (r?ja + r?jﬁ) , (3.29)

ij

where 7 is distance from the nucleus, p(r) is the total electron density, and r;;, is the
moment integral of Eq. (3.24).

< p? > is not the same quantity as < d% >. For atoms containing only s electrons,

however, < p? > and < d% > are identical and are both given by
<d% >=<p?>= /er(r)d3r. (3.30)

The fact that < d3% > equals < p? > in atoms such as H, He, Li, and Be suggests an

obvious way to incorporate < d% > into a dispersion model. Simply replace < p? >

43



everywhere in Eq. (3.28) by < d% >. This gives Eq. (3.20) of the text and confirms
our heuristically obtained result.

How well does Eq. (3.28) itself perform? Cy values from Eq. (3.28) are presented
in Table 3.3 for the same atom-atom pairs as in Table 3.1. We see that Cg values
from Eq. (3.20) are superior to those from Eq. (3.28). The MAPE arising from
Eq. (3.28) is 31.7%, more than twice the MAPE of 14.0% arising from Eq. (3.20).
Our exchange-hole-based model therefore offers, in addition to conceptual beauty, a
significant advance over the putative model of Eq. (3.28).

Individual values of < d% >, < u? >, and « for the atoms comprising our atomic

Ce test set are presented in Table 3.4. These may be of interest to some readers.
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Table 3.1: Calculated Cg coefficients for atomic pairs, in atomic units.

Atoms | Calculated Cy | Literature C§
He-He 1.64 1.47
He-Ne 3.09 3.13
He-Ar 9.81 9.82
He-Kr 14.08 13.6
He-Xe 20.91 18.3
Ne-Ne 5.83 6.87
Ne-Ar 18.61 20.7
Ne-Kr 26.72 28.7
Ne-Xe 39.73 37.8
Ar-Ar 62.71 67.2
Ar-Kr 90.93 94.3
Ar-Xe 137.4 129
Kr-Kr 132.1 133
Kr-Xe 200.1 184
Xe-Xe 304.7 261

H-H 6.76 6.49

H-Li 71.64 66.4

H-Na 85.76 71.8

H-K 143.2 109

Li-Li 1528 1390
Li-Na 1683 1450

Li-K 2910 2320
Na-Na 1879 1510
Na-K 3230 2410

K-K 5567 3890

He-H 2.99 2.82
He-Li 24.17 22.6
He-Na 29.53 24.4

He-K 48.88 38.0

Ne-H 5.69 5.71
Ne-Li 46.51 44.0
Ne-Na 56.79 47.7

Ne-K 94.02 74.9

Ar-H 20.13 20.0
Ar-Li 185.7 175
Ar-Na 224.8 189

Ar-K 373.6 292
Atoms | Calculated Cs | Literature C¢

continued on next page
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Kr-H 29.44 28.5
Kr-Li 278.7 259
Kr-Na 336.7 281
Kr-K 560.0 433
Xe-H 45.14 40.9
Xe-Li 446.5 404
Xe-Na 537.5 438
Xe-K 895.3 669
MAPE? | 14.0 (9.8°) | —

“Literature values from Ref. [80]. ®Mean absolute percent error relative to the litera-

ture values. “Excluding atomic pairs involving potassium.
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Table 3.2: Isotropic Cg coefficients for molecular pairs, in atomic units.

Molecules Calculated Cs | Literature C§
Hjy-Hy 14.01 12.11
No-No 66.62 73.39

CH,4-CHy 115.3 129.6

CH4-COg 128.7 142.6

CO42-COy 143.7 158.7

methane-acetylene 147.5 162.5
acetylene-CO, 164.7 178.2
acetylene-acetylene 188.7 204.1
acetylene-ethylene 225.3 247.7
acetylene-ethane 241.9 278.9
ethylene-ethylene 270.1 300.5
acetylene-propylene 320.2 367.6
ethane-ethane 310.6 381.8
acetylene-propane 332.8 395.6
propylene-propylene 548.6 662.8
propane-propane 589.4 768.1

MAPE? 12.5 -

“Literature values from Refs. [22] and [71]. ®Mean absolute percent error relative to

the literature values.
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Table 3.3: Calculated Cg coefficients for atomic pairs, in atomic units.

Atoms | Eq. (3.20) Cs | Eq. (3.28) (% | Literature C§
He-He 1.64 1.64 1.47
He-Ne 3.09 3.61 3.13
He-Ar 9.81 12.19 9.82
He-Kr 14.08 17.95 13.6
He-Xe 20.91 27.87 18.3
Ne-Ne 9.83 8.12 6.87
Ne-Ar 18.61 26.58 20.7
Ne-Kr 26.72 39.02 28.7
Ne-Xe 39.73 60.21 37.8
Ar-Ar 62.71 91.02 67.2
Ar-Kr 90.93 134.3 94.3
Ar-Xe 137.4 209.1 129
Kr-Kr 132.1 198.4 133
Kr-Xe 200.1 309.2 184
Xe-Xe 304.7 482.7 261

H-H 6.76 6.76 6.49
H-Li 71.64 71.64 66.4
H-Na 85.76 89.97 71.8

H-K 143.2 157.2 109
Li-Li 1528 1528 1390
Li-Na 1683 1727 1450

Li-K 2910 3062 2320
Na-Na 1879 1992 1510
Na-K 3230 3522 2410

K-K 2567 6230 3890
He-H 2.99 2.99 2.82
He-Li 24.17 24.17 22.6
He-Na 29.53 31.16 24.4
He-K 48.88 54.25 38.0
Ne-H 5.69 6.20 5.71
Ne-Li 46.51 47.38 44.0
Ne-Na 96.79 61.38 47.7
Ne-K 94.02 106.8 74.9
Ar-H 20.13 22.94 20.0
Ar-Li 185.7 191.7 175
Ar-Na 224.8 246.4 189
Atoms | Eq. (3.20) Cs | Eq. (3.28) Cg | Literature C¢

continued on next page
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Ar-K | 373.6 | 429.1 | 292
Kr-H | 29.44 | 34.19 | 28.5
Kr-Li | 278.7 | 289.1 | 259
Kr-Na | 336.7 | 371.3 | 281
Kr-K | 560.0 | 646.7 | 433
Xe-H |45.14 | 54.11 | 40.9
Xe-Li | 446.5 | 467.5 | 404
Xe-Na | 537.5 | 599.3 | 438
Xe-K | 895.3 | 1044 | 669
MAPE® | 14.0 | 31.7 -

“Literature values from Ref. [80]. ®Mean absolute percent error relative to the litera-

ture values.
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Table 3.4: Atomic values of < d% >, < u? >, and «, in atomic units.

Atom | <d% > | <p?>| «
He 2.37 2.37 1.38
Ne 4.36 6.08 2.67
Ar 11.31 16.42 | 11.09
Kr 15.74 23.64 | 16.78
Xe 22.30 35.34 | 27.32
H 3.00 3.00 4.50
Li 18.61 18.61 164
Na 23.10 24.49 163
K 37.98 42.50 293
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Chapter 4

A Post-Hartree-Fock Model of

Intermolecular Interactions

Original reference: E. R. Johnson and A. D. Becke, J. Chem. Phys. 123, 024101
(2005).

Abstract

Intermolecular interactions are of great importance in chemistry but are difficult
to model accurately with computational methods. In particular, Hartree-Fock and
standard density functional approximations do not include the physics necessary to
properly describe dispersion. These methods are sometimes corrected to account for
dispersion by adding a pairwise Cs/R® term, with Cy dispersion coefficients depen-
dent on the atoms involved. We present a post-Hartree-Fock model in which Cf
coefficients are generated by the instantaneous dipole moment of the exchange hole.
This model relies on occupied orbitals only, and involves only one, universal, empir-
ical parameter to limit the dispersion energy at small interatomic separations. The
model is extensively tested on isotropic Cg coefficients of 178 intermolecular pairs. It

is also applied to the calculation of the geometries and binding energies of 20 inter-
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molecular complexes involving dispersion, dipole-induced dipole, dipole-dipole, and

hydrogen-bonding interactions, with remarkably good results.

4.1 Introduction

The dispersion or van der Waals interaction between molecules is a weak attraction
attributed to an instantaneous dipole moment in one molecule inducing a dipole
moment in another molecule. The resulting dipole-induced-dipole interaction leads,
in the limit of large intermolecular separation (R), to a dispersion energy (Ey;sp) of

the form [12]

Cs

~ e (4.1)

Edisp =

where the dispersion coefficient Cg is a constant depending on the molecules involved.

While dispersion interactions are very important in chemistry, efficient modeling
of dispersion remains a long-standing computational problem. Correlated ab initio
methods with large basis sets provide an accurate treatment of dispersion (eg. see
Ref. [13] and references therein) but are computationally expensive, rendering these
methods impractical for all but the smallest systems. There is considerable interest,
therefore, in modifying the more economical Hartree-Fock (HF) or density functional
theory (DFT) methods to approximately account for dispersion.

Such modifications often involve addition of a dispersion term of the following

form to the HF or DFT electronic energy [22, 23, 63, 64, 65, 66]:

Coyy
Edisp = — Z fgé] . (42)

i>j W

The summation is over all atom pairs and the Cg coefficients depend on the atoms 7

and j. This approach is commonly used to model dispersion in molecular mechanics
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(MM) methods [82], and it is natural to use a similar correction in molecular orbital
methods, such as HF, which do not contain the essential physics of dispersion.

But how does one determine the values of the interatomic Cyg coefficients? In-
termolecular Cy’s can be obtained from experimental dipole oscillator strengths [83]
and can be rigorously calculated from frequency dependent polarizabilities [69, 71]
or from a recent approximate model based on the exchange-hole dipole moment [84].
However, it is unclear how intermolecular Cg’s can be decomposed into interatomic
components as in Eq. (4.2). The simplest conceivable assumption, that Cg;; is equal
to its value for free atoms, fails badly. Interatomic Cy coefficients are highly dependent
on the molecular environment of the atoms involved.

Interatomic Cg’s are commonly obtained from empirical fits. An example is the
Slater-Kirkwood approach [64, 66] in which Cg’s are obtained from atomic polar-
izabilities fit to molecular polarizability data [85]. The atomic polarizabilities are
dependent on the molecular environment and involve explicit atom types such as sp?,
sp?, or sp carbons, as in MM force fields. Wu and Yang [22] have suggested that
interatomic Cg’s be directly fit to a reference set of intermolecular Cg data. Wu and
Yang’s fitted Cy’s were averaged over atom types to obtain a more general parameter
set and used in more extensive calculations by Grimme [23]. Interatomic Cg values
have also been obtained by fitting to intermolecular potential energy surfaces from
ab initio calculations [86].

The empirical fitting approach has obvious limitations. Atom typing leads to
difficulties in calculating potential energy surfaces in reactions where atom types
may change. Also, the existing Cg parameterizations only have C, H, N, O, and
halogen atoms in their training sets. Applications involving other elements will require
additional fits. Furthermore, schemes involving many-parameter fits may yield large
errors for species outside the training set.

A general model for interatomic dispersion terms not involving empirical fits or
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atom typing would be greatly advantageous. This paper proposes such a model and
tests it on calculation of intermolecular Cg values, binding energies, and minimum

energy separations.

4.2 The Present Model

Our approach is based on a model of the dispersion interaction recently proposed
by us in Ref. [84]. The model requires nothing more than time-independent occupied
Hartree-Fock, or DFT, orbitals as input and the polarizabilities of the interacting
systems. We use a previously unexploited property of the exchange hole, its dipole
moment, to generate dispersion interactions.

Consider the exchange hole of an atom or molecule, hx,(r;,ry). When a o-
spin electron is at position r; the hole measures the depletion of probability, with
respect to the total electron density, of finding another o-spin electron at position
ro. The electron plus its hole has zero net charge. However, the hole is generally
not spherically symmetric around r; [87] and the electron plus its exchange hole
therefore has a non-zero dipole moment. We proposed in Ref. [84] that the exchange-
hole instantaneous dipole moment is the source of dispersion interactions between
nonoverlapping systems. This led to a simple but remarkably accurate formula for
calculating Cg dispersion coefficients.

For the isotropic Cg coefficient between two systems (atoms or molecules) A and

B, we obtained [84]

o - < d% >a< d% >p asop
6

= , 4.3
<dy >aapt+ <diy >pay (43)

where < d% > is the expectation value of the squared exchange-hole dipole moment

and « is the isotropic molecular polarizability. < d% > is easily computed by numer-
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ical integration, over HF or DFT orbitals, as follows:

<dy >=<di, >+ < dk5 >, (4.4a)

< d%(a >= /pa(rl)dﬁg(rl)d?‘rl, (44b)

where p, is the o-spin density and the dipole moment of the o-spin exchange hole at

reference point r; is given by

1
pa(rl)

dxq(r1) = [ Z¢z’a(1‘1)¢ja(r1)/T¢ia(r)¢ja(r)d3r] —Ty. (4.5)

The model was tested by calculating Cy coefficients for 45 atomic and 16 molecular
pairs and performed quite well, with mean absolute percent errors (MAPE) relative
to accurate literature values of 14.0% and 12.5% respectively [84].

We introduce in the present work a very nice further feature of our model. Equa-
tion (4.3) for the Cy of an intermolecular interaction can be algebraically decomposed
into a sum of interatomic Cg’s as required by Eq. (4.2). We derive this decomposition
in the following paragraphs.

We begin by partitioning the molecular < d% > into atomic components using

the Hirshfeld scheme [88]. A promolecule density is defined by

P = Y A (), (4.6

where the functions p?*(r;) are free spherically-averaged ground-state densities of the

constituent atoms. Atomic weight functions w;(r;) are then defined by

(4.7a)



such that

Z wi(ry) = 1. (4.7b)
For molecule A with atoms A;, we thus obtain the dipole-density decomposition
< d% >A=Z<d§( > AL (4.8)
where < d% >4, is

< > [wae) [ale) b (e + pale)diye)] dr (49

This has the same form as Eq. (4.4) with Hirshfeld weights inserted in the integrand.

The molecular polarizability may also be partitioned into atomic terms,

QA=) ag, (4.10)

though not as straightforwardly as < d% >. It is well known that molecular polar-
izabilities are not given by sums of free atomic polarizabilities. We propose that the

polarizability of atom A; be defined by

< d* >4
aA.—ix Ai

- o, 4.11
‘ <d§(>AA (4.11)

which is a reasonable definition (viz. the atomic polarizability is proportional to the
fraction of the exchange-hole dipole moment owned by the atom).
With the above partitionings of < d% > and «, an exact decomposition of our

model Cg into interatomic terms is possible. Using Eqs. (4.8) and (4.11) it is easily
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shown that Eq. (4.3) decomposes to

< dy >a,< di >p; a0,
Co=2

. 4.12
o < d% >a; ap+ < di >p; ag, (412)
Thus the interatomic Cg’s required, eg. in Eq. (4.2), are
< d% >a,< d% >p, asap,
6,4 XA X 7B AT (4.13)

C<d¥ >a ap+ <dk >p, aa’

These are determined from the occupied orbitals, without fitting or atom typing of
any kind.

The dispersion correction of Eq. (4.2) diverges at small interatomic separations R;;
and must be modified at R;; ~ 0. This is commonly done by multiplying each Cs/R®
term by a suitable damping function. Many damping functions have been proposed
which involve the ratio of R;; to the sum of the atomic van der Waals radii, R,,, and
an empirical parameter c4qmp. Examples are the damping function of Ahlrichs et al.

[63]

exp [_ (L28Rm _ 1)2] , if R<1.28R,,

Saamp (R) = (4.14)

1, if R > 1.28R,,,

the damping function of Mooij et al. [86]

| — exp (-cdam,, (R—i>3)r. (4.15)

and the damping function of Wu and Yang [22]

fdamp (R) =

1

fdamp(R) - 1+ exp [—Cdamp (% N 1”

(4.16)
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Wu and Yang found that the cut-off of Mooij et al, Eq. (4.15), performs better
than others. It is perhaps noteworthy, therefore, that the damped combination
Jaamp(R)Cs/R® approaches a finite, though small, non-zero value at R = 0 for Eq.
(4.15) but goes to zero for the others.

In this work we introduce a novel energy-based cut-off which also has the property
that the dispersion energy is finite at R;; = 0. We argue that, at small interatomic
separation, dispersion energy need not necessarily vanish, but should be very small in
comparison with other characteristic correlation energies of the system. We suggest
that the dispersion energy of the atomic pair 75 should not exceed some small fraction
(1/k) of the sum of the correlation energies of the free atoms ¢ and j. Thus, we propose

the following modified formula for the dispersion energy:

Coyg
Edisp = _Z ( B 6,]._ : (4'17)

This expression retains the Cg/R® form at large R, but at small R approaches E¢;;/k
where Ec;; is the sum of the absolute values of the correlation energies of the free
atoms ¢ and j. A plot of the dispersion energy for the neon dimer with both the
unaltered Cg/R® formula and this modified formula is shown in Fig. 4.1.

The dispersion energy correction of Eq. (4.17) offers many advantages over others
in the literature. It contains only one universal parameter £ (to be determined in
Sections 4.3 and 4.4) with all other quantities easily computable. The coefficients
Csj are computed from Eq. (4.13) using, in the present work, Hartree-Fock orbitals.
The free atomic correlation energies in E¢ ;; are unique and unambiguously defined
(except for the H atom, for which we take half the correlation energy of the He atom).
No empirical fitting of Cs ;; coefficients is necessary and no van der Waals atomic radii,
impossible to unambiguously define in any case, are required. Eq. (4.17) omits Cs/ Rfj

and Cho/ R}JQ terms at long range, but we make no attempt to model these here and
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their omission is inconsequential.

In the following sections we expand our original tests of Eq. (4.3), or equivalently
Eq. (4.12), to a much larger and diverse set of molecular pairs than in our previous
work [84]. Then we apply our proposed Eq. (4.17) for the post-Hartree-Fock dis-
persion energy to calculation of geometries and binding energies for a test set of 20

intermolecular complexes, and we compare our results to CCSD(T) results.

4.3 Computations

4.3.1 Intermolecular Cg’s

A database of accurate Cy coefficients for 178 complexes (Table 4.1) involving 32
atoms and molecules was compiled from literature data [83]. Geometry optimizations
were performed on all molecules in this set using B3LYP/6-31G(2df,p) as implemented
in the Gaussian program package [49]. The < d3 > values of all species were obtained
from fully-numerical HF single-point energy calculations, at the B3LYP optimized
geometries, using the grid-based NUMOL program of Becke and Dickson [78, 79].
Cs’s for the set of 178 complexes were computed using these < d% > values, according

to Eq. (4.3), with atomic and molecular polarizabilities taken from Ref. [76].

4.3.2 CCSD(T) binding energies

Highly accurate binding energies (BEs) are available in the literature for noble gas
pairs [13], triplet Hy [89], He-No [90], and He-FCI [91]. For the other complexes in
our binding energy test set (Table 4.2), reference BEs were calculated with the Gaus-
sian program using the same method as in Ref. [92]. Geometry optimizations on the
monomers were performed with CCSD/aug-cc-pvtz [93]. Potential energy surfaces

(PES’s) for the complexes were generated by keeping the monomers frozen at the
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CCSD/aug-cc-pvtz optimized geometries and varying a single coordinate correspond-
ing to the intermonomer separation in 0.1 A increments. Single-point energy calcula-
tions were performed at each point on the PES using counterpoise (CP) corrected [94]
CCSD(T)/aug-cc-pvdz and CCSD(T)/aug-cc-pvtz. The CP corrected energies were
extrapolated to the basis-set limit using the extrapolation scheme of Martin [95].
For each complex, the minimum energy point on the basis-set extrapolated PES
was deemed the optimized intermolecular separation. Each BE is the energy difference
between the optimized complex and the separated monomers. The BEs do not include

zero-point correction and are tabulated as positive quantities.

4.3.3 Post-HF binding energies

The BEs of the 20 test complexes in Table 4.2 were then calculated using the dis-
persion model of Section 4.2. The geometries of all monomers were fixed at the CCSD
geometries described above. Ny and FCI bond lengths were constrained to 1.098 A(N,)
and 1.63 A(FCI) as in Refs. [90] and [91]. As with the CCSD(T) calculations, PES’s
were generated by varying one coordinate corresponding to the intermonomer sepa-
ration in 0.1 A increments. Fully numerical HF calculations [78, 79] were performed
at each point followed by evaluation of a dynamical correlation energy approxima-
tion [47], denoted BR (Becke-Roussel) in this work, using the Hartree-Fock orbitals.
Dynamical correlation has a significant effect on intermolecular PES’s. We choose
the BR approximation because it well represents the local physics of dynamical cor-
relation through its use of the local density, gradient and Laplacian of the density,
and the local kinetic energy density. The sum of the Hartree-Fock energy and the
post-HF Becke-Roussel dynamical correlation energy will be denoted HF+BR.

As in the work of Johnson et al. [18] it was found that calculated potential energy
curves showed oscillations unless rather large grids were employed. NUMOL radial
grids of 80, 120, and 160 points were used for first, second, and third row elements
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respectively. For the complexes involving noble gas atoms, and triplet Hs, angular
grids of 194 points were used. Angular grids of 302 points were used for all other
calculations.

The dispersion energy FEg;,, of Eq. (4.17) was added to the HF+BR energy at
each point on the PES. Free atomic correlation energies were obtained from Ref. [96]
except for hydrogen, for which we assume an atomic “correlation energy” of 0.021
hartree (half of the helium value). Molecular polarizabilities were taken from Ref.
[76] except for FCl for which no data was available. The polarizability of FCI was
calculated using HF /aug-cc-pvtz [49].

The lowest-energy point on the HF+BR+Ey;;, PES was deemed the optimized
intermolecular separation. BEs were computed as the energy difference between the
optimized complex and the separated monomers and for several trial values of the

cut-off parameter x from 400-800, in increments of 100.

4.4 Results and Discussion

The calculated Cg values of Eq. (4.3) for 178 atomic and molecular pairs are listed
in Table 4.1 and are compared to accurate literature values. The mean absolute
percent error (MAPE), mean (signed) percent error (MPE), and maximum percent
error (MaxPE) relative to the accurate literature values are also shown.

In our previous work, we calculated isotropic Cy’s for a test set of only 16 molec-
ular pairs and obtained a MAPE of 12.5% [84]. For this much more extensive set
of 178 complexes, our method continues to perform well and yields a slightly bet-
ter MAPE of 11.1%. As indicated by the MPE of -6.3%, our computed Cg values
are generally too low, particularly for large hydrocarbons and systems involving Cl.
Similar underestimation of Cg’s was seen in our previous work [84] as well as in the

time-dependent HF calculations of molecular Cy’s of Spackman [71].
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Equation (4.3) has a maximum error of 60.2% for the SiF4-Li complex and a
second large error of 45.5% for SFg-Li. Overestimation of Cg’s involving alkali atoms
was also observed in Ref. [84] for potassium. However, other cases involving Li in
Table 4.1 are well treated due to error cancellation. Excepting the two large errors
for complexes involving Li, the largest error is -25.7% for the pentane dimer.

The HF+BR+FEy4;,, binding energies of our 20 test complexes are presented in
Table 4.2 for the cut-off parameter value k = 500. The model BEs are compared to
reference data consisting of our CCSD(T) calculations and literature data as described
in Section 4.3.2. The conformers of the complexes and their CCSD(T) optimized
geometries are shown in Fig. 4.2. CCSD(T) and HF+BR+ Ey;,, PES’s for the methane
dimer are plotted in Fig. 4.3.

The HF+BR+ Ey;5, model shows excellent agreement with CCSD(T) over the en-
tire range of the methane dimer PES in Fig. 4.3. HF+BR without the dispersion
term is essentially repulsive, showing only slight binding at large intermolecular sep-
arations.

The MAPE, MPE, and MaxPE of our model BEs, relative to the reference data,
are shown in Table 4.3 as a function of the cut-off parameter k. The MAPE is
minimized at a value of ca. 500, but is reassuringly insensitive to the value of this
parameter. The MPE and MaxPE show the expected trends. BEs are underestimated
when a larger cut-off is used and overestimated when a smaller cut-off is used.

The model performs remarkably well for these test BEs, with a MAPE of 12.8%
at kK = 500. Our errors are lower than those attained with standard DF'T' methods.
Standard DFTs reproduce BEs of hydrogen-bonded systems to within ca. 20% [97]
but poorly treat dispersion-bound systems [18, 97], failing to yield even qualitative
agreement with high-level theory in some cases. Also, our HF+BR+FEg;,, model gives
very good geometries, with intermonomer separations agreeing to within 0.1 A with

the results of the reference calculations.
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Our results also compare favourably to the results of Grimme [23], who added
an empirical dispersion correction to several standard density functionals. Grimme
calculated BEs for a diverse set of 28 intermolecular complexes spanning a large range
of BEs (0.08-28.8 kcal/mol). The best performance relative to correlated ab initio
data was obtained by adding a dispersion term to the BLYP functional [42, 46],
yielding a MAPE of 20.4% and a MaxPE of 52.0%. While Grimme’s study involved
a different test set of molecules, the superior performance of the present model is
promising and we will apply it to larger aromatic complexes (as in Grimme’s test set)

in future work.

4.5 Conclusions

The present work extends our previous work [84] on a new Hartree-Fock-based
model for calculating intermolecular Cg dispersion coefficients. The method has been
tested on a much more extensive and diverse set of complexes than in Ref. [84] and
shows slightly smaller errors. A MAPE of 11.1% relative to accurate literature values
was obtained for 178 isotropic Cg’s.

A decomposition of our model Cg into interatomic pair terms has been derived
using Hirshfeld partitioning of the dipole moment density. Unlike other models in
the literature, our decomposition does not require empirical fits or atom typing. A
novel energy-based cut-off of each interatomic dispersion term at small values of the
interatomic separation, involving a single universal parameter x, has been introduced
and applied to the calculation of binding energies of 20 intermolecular complexes.
Our calculated binding energies have a MAPE of 12.8% relative to CCSD(T) values.
These results are remarkably accurate for such a simple model.

In future work, the model will be applied to larger complexes and will be extended

in order to handle intramolecular dispersion energies as well.
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Table 4.1: Isotropic Cy coefficients for intermolecular complexes, in atomic units.

System  Calc® Lit? System  Calc®* Lit? System Calc® Lit?
H,.-H, 14.01 12.11 SiH,4-N 91.30 89.76 | CCl,-CH, 438.9 512.2
CH,4-CH,4 115.3 129.6 SiH4-No 147.3 154.6 | CCl4-CyHy  561.7 642.4
CH,4-CyH, 147.5 162.5 | SiH4-COo 2229 227.6 | CCl4-CoHy 675.6 779.7
CH,4-CgHg 383.5 472.1 SiH4-O 71.08 68.37 | CCl4;-CyHg  723.7 879.0
CyH,-CyH, 188.7 204.1 SiH4-O9 131.3 140.2 | CCl4-CsHg 964 1157
CoHo-C3Hg  320.2 367.6 SiH4-Ne 39.15 41.77 | CCly-C3Hg 998 1247
CoHy-C3Hg  332.8 395.6 | SiH4-SiH, 356.1 343.9 | CCl,-C4,Hg 1269 1512
CoHy-C4Hg  420.1 480.2 | SiH4-CS,  576.2 546.5 | CCl,-C4Hyp 1278 1602
CoHo-CyHyy  425.2 508.3 | SiH4-SFg  459.3 420.3 | CCl4;-CsHqis 1548 1963
CyHy-CsHis  514.6 622.9 | SiH4-Cly 349.2 363.6 | CCl4;-CgHg 1489 1866
CoH,-CgHg 491 593 SiH4-Ar 141.7 145.3 | CCL4-CgHy4 1827 2316
CoHo-CgHyy  606.8 734.7 SiH4-Kr 208.2 208.4 | CCl4-C;Hg 2097 2671
CyH,4-CoH, 225.3 247.7 SiH,-Xe 321.7 312.3 | CCl4;-CgHg 2398 3024
CyH,4-CoH,  270.1  300.5 SiF4-H 51.92 43.28 CCl4-N 201.9 220.5
CoH4-CgHg  592.2 719.5 SiF4-H, 72.85 61.19 CCly-Ny 326.2 382.7
CoHs-CoH, 2419 278.9 SiF,;-He 22.38 21.90 | CCl4;-CO,  490.3 563.1
CoHg-CoHg  310.6 381.8 SiF,-Li 574.9 358.9 CCl-0 158.0 170.6
CoHg-CgHg  633.8 810.1 | SiF4,-CH, 213.3 202.3 CCl4-04 290.4 348.6
C3Hg-C3sHg  548.6 662.8 | SiF4-CoHy  273.0  251.9 CCly-Ne 87.8 106.3
C3Hg-CsHg  589.4 768.1 | SiFy,-CoHy  328.4 306.2 | CCly-SiH,  775.4  828.6
C4Hgz-C,Hg 951 1130 | SiF4-CyHg 351.7 347.4 | CCl-CS, 1254 1312
C4H1-C4;Hyy 965 1268 | SiF4-C3Hg 468.5 455.1 | CCly-SFg 1004 1053
CsH5-CsHis 1415 1905 | SiF4-CsHg  485.2 492.7 | CCl,-CCly, 1694 2024
CeHg-C3Hg 846 1068 | SiF4-C4Hg 617.0 595.5 CCly-Cly 767.4 887.5
CeHg-C3Hg 875 1149 | SiF4-C4H,y 621.3 633.3 CCly-Ar 314.2 359.1
CeHg-C4Hg 1116 1395 | SiF4,-CsH, 752.4 776.8 CCly-Kr 460.8 511.6
CeHs-C4Hyy 1121 1476 | SiF4,-CgHg 723.6  732.2 CCly-Xe 709.2 760.0
CgHe-CsHip 1358 1809 | SiF4-CgHy4 888.1 916.1 Cl,-H 48.67 49.76
CeHg-CsHg 1311 1723 | SiF4,-C;H;¢ 1019 1057 Cl,-H, 69.52 68.58
CeHg-C¢Hyy 1604 2134 | SiF4-CgHigy 1166 1197 Cly-He 21.94 22.93
CeH14-CgHyy 1971 2650 SiF4-Ny 158.5 154.8 Cly-Li 501.2 465.7
No-N, 66.62 73.39 | SiF4-CO, 238.3 227.7 Cl,-CHy 201.2 224.6
COy-CHy 128.7 142.6 SiF4-0O, 141.1 142.3 | Cl,-CyH, 257.4 281.7
CO,-CoH, 164.7 178.2 SiF,;-Ne 42.68 45.40 | Cl,-CoHy 307.6 341.9
CO4-CgHg 428.5 517.8 | SiF4-SiH, 377.0 318.7 | Cly-CoHg 330.1 3854
CO2-CO9 143.7 158.7 | SiF4-SiF, 400.3 330.2 | Cly-CsHg 437.4 507.5
System Calc® Lit® System  Calc® Lit? System Calc®  Lit?
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0,-H, 27.04 26.76 | SiF4-CS,;  609.8 502.5 | Cly,-C3Hg  454.4  546.6
0O,-He 8.82 941 | SiF,-SF¢ 488.3 436.9 | Cl,-C4Hg 574.1 663.2
02-N, 58.94 67.16 | SiF4,-CCl, 823.5 798.2 | Cl,-C4Hyp 580.8 702.4
02-05 52.18 61.57 | SiF4-Cl, 373.0 349.5 | Cl,-CsHyo 7029 860.8
0O,-Ne 16.73 19.41 | SiF4-Ar 1527 144.6 | Clo-CgHg 671.2 818.3
Oy-Ar 57.12 62.76 | SiF4-Kr 2239 203.7 | Cl,-CeHyy 829 1015
O2-Kr 83.01 88.71 | SiFy;-Xe 3447 298.4 | Cl,-C;H;4 951 1171
0,-Xe 125.9 130.5 SFe-H 63.39 57.05 | Cl,-CgH;5 1086 1326
SiH4-H 48.72 47.25 | SFg-Hy,  89.19 80.69 Cly-N 93.48 96.67
SiH4-Hy 67.70 64.24 | SFg-He  27.52 28.99 Cly-Ny 1514 167.7
SiH4-He 20.51  20.78 SF¢-Li 693.5 476.7 | Clo-CO, 224.6 246.7
SiH4-Li 562.9 4749 SFe-N 120.1 116.3 Cl,-O 73.82 74.72
SiH4-CH,  199.5 209.4 | SF4-Ny 194.1 204.5 Cly-0O9 134.5 152.7
SiH4-CoHy 2554 264.0 | SFg-COo  291.2  300.9 Cly-Ne 41.75  46.50
SiH4-CoH,  308.3  320.0 SFs-O 94.12 92.68 | Cl,-CS, 564.6 575.7
SiH4-CoHg 3299 359.3 | SF¢-O,  172.8 188.2 | Cly-SFg  455.7 461.2
SiH4-C3Hg  440.7 474.7| SFg-Ne  52.46 60.21 | Cly-Cl,  351.2 389.2
SiH4-CsHg  455.6 509.7 | SFe-SFg  595.7 578.2 | Clo-Ar  146.3 1574
SiH4-C4Hg 5814 619.8 | SFg-Ar 187.1 190.9 Cly-Kr 213.6 2243
SiH4-C4H;y 584.0 654.8 | SFg-Kr 2742 268.9 Cly-Xe 326.5 333.3
SiH4-CsHyp  707.5 802.1 SFe-Xe  421.5 393.8
SiH4;-CgHg 683.1 766.5| CCli-H  106.8 113.4 | MAPE* 11.1
SiH4-CgHyy 8355 946.2 | CCly-Hy, 1499 156.4 MPE¢ -6.3
SiH4—C7H16 959 1091 CC]4—H€ 46.07 52.39 MaxPE€ 60.2
SiH4-CgHyg 1098 1236 | CCly-Li 1182 1058

“Calculated Cq’s from Eq. (4.3). °Literature values from Ref. [83]. “Mean abso-
lute percent error relative to the literature values. ¢Mean (signed) percent error.

¢Maximum percent error.
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Table 4.2: Intermonomer separations (R in A) and binding energies

of intermolecular complexes.

(BE in kcal/mol)

Complex Post-HF® | Reference®

R| BE | R BE

H-H 4.1 10.012 | 4.2¢ | 0.013¢
He-He 2.9 [ 0.023 | 3.0¢ | 0.022¢
He-Ne 2.9 [ 0.050 | 3.0¢ | 0.041¢
He-Ar 3.4 1 0.060 | 3.5¢ | 0.057¢
Ne-Ne 3.0 [ 0.079 | 3.1¢ | 0.084¢
Ne-Ar 3.5 0.107 | 3.5¢ | 0.134¢
Ar-Ar 3.8 1 0.211 | 3.8¢ | 0.285¢
He-N, linear 3.9 1 0.039 | 3.9¢ | 0.053¢
He-N, T-shape 3.3 | 0.057 | 3.4° | 0.066°
He-FCl linear 3.9 [ 0.081 | 3.9/ | 0.0977
FCl-He linear 3.4 1 0.204 | 3.5/ | 0.182f
Methane-Ethylene” | 4.3 | 0.44 | 4.2 | 0.50
Methane-Methane” | 3.6 | 0.49 | 3.6 | 0.53
Ammonia-Methane” | 3.9 | 0.75 | 3.9 0.73
Silane-Methane” 3.71 0.85 | 3.8 | 0.819
Ethylene-ethylene® | 3.7 | 1.52 | 3.7 | 1.47
Methane-HF” 23| 1.74 | 23 | 1.65
Formaldehyde dimer” | 3.6 | 4.61 | 3.7 | 3.37
Water-Ammonia® | 29| 6.82 | 3.0 | 6.09
HCN-HF linear 1.8| 814 | 1.9 7.30

“Calculated with the HF4+BR+Ey;, model as described in the text, using k =

500. °Reference data obtained from basis-set extrapolated, counterpoise corrected

CCSD(T) calculations as described in the text, unless otherwise specified. °Ref. [89].

IRef. [13]. *Ref. [90]. /Ref. [91]. 9Ref. [92]. "Intermonomer coordinates are shown in

Fig. 4.2.
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Table 4.3: Percent errors in HF+BR+FEy;,, binding energies as a function of the

cut-off parameter k.

k% | MAPE® | MPE¢ | MaxPE¢
800 15.2 -9.1 -32.4
700 14.0 -6.7 32.8
600 12.9 -4.0 34.7
200 12.8 -0.9 36.8
400 13.3 2.6 39.3

“Value of the cut-off parameter x in Eq. (4.17). ®Mean absolute percent error in the
20 HF+BR+Ej;sp binding energies, relative to the reference data in Table 4.2. “Mean

(signed) percent error. ¢ Maximum percent error.
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Figure 4.1: Dispersion energy of the neon dimer with and without the cut-off of Eq.
(4.17), with k = 500. The dispersion energy with the cut-offs of Ahlrichs et al. [63]
given by Eq. (4.14) and Mooij et al. [86] given by Eq. (4.15), R,, = 3.08A[98], are

also shown for comparison.

QO eeeesommsnonm .
05} ,-’;’” .
_ ey Minimum Energy
= pts Separation
£ L g
T 4G e—— 4
o - ".,
X I g
A —— Without cut-off
i P Our cut-off
----------- Alhrichs et al. cut-off
e Mooij et al. cut-off
_20 1 L I . L : : , ' ; .

0 1 2 3 4 5
R(Ne-Ne) (A)

68



Figure 4.2: Conformations and optimized CCSD(T) intermolecular separations (in
A) of selected complexes. The optimized separations were obtained from basis-set
extrapolated, counterpoise corrected CCSD(T) calculations as described in Section

4.3.2, except for silane-methane where results were obtained from Ref. [92]. CM refers

to the intramolecular center of mass.
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Figure 4.3: Calculated potential energy surfaces for the methane dimer. FEgy,, was

calculated using k = 500.
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Chapter 5

A Density-Functional Model of the

Dispersion Interaction

Original reference: A. D. Becke and E. R. Johnson, J. Chem. Phys. 123, 154101
(2005).

Abstract

We have recently introduced [84] a simple parameter-free model of the dispersion
interaction based on the instantaneous, in space, dipole moment of the exchange hole.
The model generates remarkably accurate interatomic and intermolecular Cg disper-
sion coefficients, and geometries and binding energies of intermolecular complexes.
The model involves, in its original form, occupied Hartree-Fock or Kohn-Sham or-
bitals. Here we present a density-functional reformulation depending only on total
density, the gradient and laplacian of the density, and the kinetic energy density. This
density-functional model performs as well as the explicitly orbital-dependent model,

yet offers obvious computational advantages.
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5.1 Introduction

In Ref. [84], a simple model of the dispersion interaction was introduced which
proposed that its source is the position-dependent dipole moment of the exchange
hole. The idea underpinning this model is that a dipole moment instantaneous in real
space, rather than instantaneous in virtual configuration space or in time, might be
responsible for dispersion.

The exchange-hole dipole moment at any given point in a system A is assumed to
induce an instantaneous dipole moment in another system B at separation R from
A. The resulting potential energy of interaction, at large R, after angular averaging
and density-weighted integration over all points in A, is given by

Utﬁf—dip =-2<dx >4 ap/R° (5.1)

and the reverse interaction is similarly given by

Ugspeaip = =2 < dx >p aa/R°. (5.2)

In these expressions, ay and ap are the isotropic polarizabilities of A and B, and

< d% > is the following integral:

<y >= [ pamd @+ [ gy, (5.3)

where p, and pg are up and down spin densities, and d%, (r) is the squared exchange-
hole dipole moment of the o-spin electrons at point r.
It was argued in Ref. [84], using 2nd-order perturbation theory, that the appro-

priate combination of Egs. (5.1) and (5.2) for the total A-B dispersion energy at long
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range, including kinetic and charge rearrangement effects, is

Cs

T (5.4)

Edisp =

< d% > < d% >p asap
Co = — - : (5.5)
<dy >aap+ <dy >p oy

Thus the computation of isotropic intermolecular Cs dispersion coefficients involves
a simple integration, Eq. (5.3), over the position-dependent d%,(r) of the systems
involved, and knowledge of their isotropic polarizabilities.

The exchange-hole dipole moment dx,(r), for which expressions are given in the
following section, depends only on time independent, occupied, Hartree-Fock or Kohn-
Sham orbitals. No time dependence, virtual orbitals, or correlation (in the usual
sense of the word) are involved. If polarizabilities are taken from tables, or otherwise
calculated, then intermolecular Cg’s can be easily and elegantly computed in a post-
Hartree-Fock or post-Kohn-Sham manner from Eq. (5.5). Though not exact, Cg’s
from Eq. (5.5) are remarkably good considering the simplicity of the model. On a
test set of 178 accurate interatomic and intermolecular data [99], this model has a
mean absolute error of only 11.1 percent.

Furthermore, we derived in Ref. [99] an algebraic decomposition of Eq. (5.5) for

an intermolecular Cy into interatomic pair terms:

Co =Y Coj, (5.6)
ij

where ¢ refers to an atom in system A and j to an atom in system B, positing the
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dispersion energy expression

Edisp = — Z C;;é” (5.7)
ij
With suitable damping of each term at small R;;, a post-Hartree-Fock model of in-
termolecular interactions was tested on geometries and binding energies of 20 inter-
molecular complexes with very encouraging results [99].

In the present work we derive an approximate formula for the exchange-hole dipole
moment, dx,(r), depending only on the local spin density, its gradient and laplacian,
and the local kinetic energy density. Thus we obtain a density-functional model
of intermolecular dispersion interactions. In contemporary DFT (density-functional
theory) language, this is called a “meta-GGA” (meta generalized gradient approxi-
mation) for the dispersion interaction.

In Section 5.2, the underlying model of Ref. [84] is briefly reviewed. In Section 5.3,
its density-functional reformulation is introduced and tested on interatomic and in-
termolecular Cg’s. The exchange-hole model of Becke and Roussel [43] (to be denoted
BR) is the key. The BR model was the first exchange meta-GGA in the literature and
has been fruitful in many contexts. It has been generalized to include current-density
dependence [100], thereby solving a longstanding problem in the density-functional
theory of open-shell atomic states [101]. It is the basis of a promising new approach
to the molecular nondynamical correlation problem [15, 25]. Here we exploit a further
property of the Becke-Roussel exchange hole, namely that the BR hole has non-zero
dipole moment.

In Section 5.4, our decomposition of intermolecular dispersion energy into inter-
atomic pair terms [99] is reviewed and recast into the present BR framework. In
Section 5.5, the test set of 20 intermolecular geometries and binding energies em-

ployed in Ref. [99] is expanded to 41 complexes, and our original and the present
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dispersion models are assessed on these complexes in a post-Hartree-Fock manner.

Finally, concluding remarks and a preview of future work are offered in Section 5.6.

5.2 The Basic Model

We refer the reader to Ref. [84] for a complete account of the present model. A
summary of the underlying theory is provided here to set the stage for its density-
functional reformulation in the next section.

Consider an electron of ¢ spin in an atomic or molecular system. As it moves
through the system it is accompanied by an exchange (or Fermi) hole whose shape

depends on the electron’s instantaneous position r. The hole is given by the expression

1
Pa (r)

hxo(r,r') = — D Vio (0)0 (1) thio (1) 0 (r'), (5.8)
ij

where r' defines the shape of the hole and r is called the “reference” point. Summation

is over all orbitals of o spin (Hartree-Fock or Kohn-Sham, and assumed in this paper

to be real) and p, is the total o-spin electron density.

When an electron is at r, the hole measures the depletion of probability, with
respect to the total electron density p, of finding another same-spin electron at r'.
Several important and well-known properties of the hole are easily deduced from Eq.
(5.8). The probability of finding another same-spin electron at r' = r is completely

extinguished,

hxo(r,r) = —p, (1), (5.9)

as required by the Pauli exclusion principle. The hole is always negative, as can be
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seen by rewriting Eq. (5.8) as

hxo(r,r') = —

[Z ¢z’o(r)¢z~a(r’)] (5.10)

1
Po(T)

and the hole always contains exactly (minus) one electron:

/hX,,(r,r')d3 "= 1. (5.11)

The electron plus its hole, therefore, always has zero overall charge.
Useful information on the behaviour of the hole near the reference point can be
obtained from a Taylor expansion of the spherical average of hx,(r,r') around r. To

second order in the interelectronic distance s, we have,

hxo(t, T +5) = —py — Qus* + ..., (5.12)
where
I oo 1(Vp,)?
— -9 - 1
Qo 6[Vpa ot g . (5.13)
and where

o= (Vo) (5.14)

i

is the “kinetic energy” density (without a factor of 1/2). This short-range information
is an important ingredient in the BR model [43]. It is through Egs. (5.12) to (5.14)
that local density gradients enter.

The hole is generally not spherically symmetric around r. Only in a uniform elec-

tron gas does it have spherical symmetry. Even in systems with spherically symmetric
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densities, the hole is nonspherical unless r is at the center of the system. Thus the
electron plus its exchange hole generally has a non-zero dipole moment, given by a

simple integration over r’ in Eq. (5.8):

1
dxe(r) = [pg(r) izjrijawia (I‘)wja(r)] —r, (5.15)
where
— / i (1) (') dPr (5.16)

and only the occupied orbitals are involved.

If this instantaneous in space non-zero dipole moment dx,(r) in a system A is
allowed to induce a dipole moment in another system B, far from A, then simple
electrostatics, angular averaging, and a density-weighted r integration lead to the
formulas in Section 5.1 for the isotropic Cy of an A-B dispersion interaction [84]. The
integrations required in Egs. (5.3) and (5.16) may be carried out numerically [77], or
analytically in the case of Eq. (5.16).

Egs. (5.15) and (5.16) for dx,(r) are exact, and the computation of the < d% >
expectation value of Eq. (5.3) is an order N3 task. Though of relatively minor cost
compared to computation of the orbitals themselves, a linear scaling < d% > proce-
dure would be highly desirable in the wake of rapid ongoing advances in linear scaling
Hartree-Fock, density-functional, and density matrix technologies. The Becke-Roussel

meta-GGA model of the exchange hole [43] allows such a linearization.
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5.3 Density-Functional Reformulation

The BR model [43] places a normalized, off-center, exponential function

CL3

——e " 5.17
<o (517

at a distance b from the reference position r of a o-spin electron. Enforcing Eq. (5.9),

that the value of the hole at the reference point is —p,, gives the equation
a
po = —e P, (5.18)

Requiring, also, that the model hole have the same quadratic short-range behaviour

near r as the exact hole gives a second equation,

Q, = % (a’b—2a), (5.19)

where ), is given by Egs. (5.13) and (5.14). Then, setting z = ab, simultaneous

solution of Egs. (5.18) and (5.19) is achieved by solving the nonlinear problem

Cop 5/3
a(ve 2 /5)” _ gﬁz/:’,ﬂ (5.20)
z—2 3 Q.
following which b is obtained from
3,—x
b = z;p (5.21)

and finally a = z/b. Eq. (5.20) is easily solved, for all possible p, and @,, by the
Newton-Raphson method [102].
The BR model was motivated [43] by the hydrogenic atom as a prototype system.

It reproduces, by construction, the ezract exchange hole of a hydrogenic atom at any
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reference point. In any other system, it is an approximation to the exact hole that
has correct normalization, Eq. (5.11), and correct short-range behaviour, Eq. (5.12),
at all reference points. Comparative plots of the spherically averaged BR hole may
be found in Ref. [43]. The model is sufficiently flexible to accommodate positive or
negative curvatures @,, and even infinitely negative (), as occurs at every nuclear
cusp (see Ref. [43]).

For the present purposes, notice that the BR model hole, like the exact hole, is
not spherically symmetric around r and has a non-zero dipole moment. Indeed, the

(squared) dipole moment of the electron plus its BR hole is given by
dipx, (r) =V, (5.22)

where b is determined by the local density and curvature, p,(r) and @Q,(r), through
Egs. (5.20) and (5.21). All the Cg formulas of Section 5.1, therefore, may be cast
into density-functional form simply by replacing < d% > of Eq. (5.3) by the following

Becke-Roussel analog:

< By >= / o (£) s (£)dPr + / 9 (0) s (£) P (5.23)

whose computational cost scales linearly with system size.

This BR analog of our original theory has been tested on accurate Cys data, com-
piled in Ref. [99], for 178 atom and molecule pairs. The mean absolute percent
error (MAPE) is 15.0%, only slightly worse than the MAPE of 11.1% for the exact-
exchange-based theory.

In the next section, we review our dispersion energy decomposition scheme of Ref.
[99], and Eq. (5.7), in preparation for an assessment of this BR model on geometries

and binding energies of intermolecular complexes in Section 5.5.
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5.4 Interatomic Decomposition

The fundamental quantity on which our model is based is the integrand of Eq.

(5.3), the squared exchange-hole dipole moment density at r:

dx (r) = pa(r)dxa(r) + ps(r)di4(r), (5.24)

or its BR analog from Eq. (5.23):

d2BRX(r) = pa(r)d%RXa(r) + Pp (r)d%RXﬁ (r), (5.25)

We will refer to this quantity as the “dipole density” from now on. Being a local
function of r, the dipole density in a molecule may be easily partitioned into atomic
components using any suitable real-space atomic partitioning scheme such as, eg.,
Bader partitioning [103], smoothed Voronoi partitioning [77], or Hirshfeld partitioning
[88]. We used the Hirshfeld scheme in our earlier work, Ref. [99], and we use it in the
present work as well.

An atomic weight function, w;(r), is constructed for each atom ¢ in a molecule as

follows:

wi(r) = %, (5.26)

where p® is a free sphericalized atomic density placed at the appropriate nucleus, and
the n summation is over all atoms in the molecule. Clearly, the weight functions sum

to 1 everywhere,

> wa(r) =1, (5.27)

and w;(r) has value close to 1 at points in the vicinity of atom i and close to 0
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everywhere else. The dipole density on atom ¢ is thus given by
<d% >i= /wi(r)dg((r)d?’r (5.28)

or by its BR analog.

Polarizability is not related to a local function of r, is not additive (i.e. molecular
polarizabilities are not sums of free atomic polarizabilities), and is therefore not so
easy to partition into atomic components. We suggested in Ref. [99] the following
reasonable ansatz:

L <diy >y

“ <d§(>a (5:29)

where « is the total polarizability of the molecule. In other words, the polarizability
of atom 7 in the molecule is proportional to the fraction of the dipole density owned
by the atom. In addition to being a reasonable ansatz, we discovered [99] that, given
this definition, our model Cg of Eq. (5.5) algebraically decomposes into a sum over

atomic pair Cg’s as in Eq. (5.6):

A B
Cs=>_ Y Ceyj, (5.30)
i g

where

< d%( > < dg( >4 00
<dyk > o+ < dy > o

6,ij (5.31)
and where we adopt the convention, here and in the rest of this section, that index ¢
refers to an atom in system A and index j refers to an atom in B.

Egs. (5.30) and (5.31) motivate the dispersion energy formula of Eq. (5.7), which

requires damping of each term at small R;;. In Ref. [99], a novel energy-based damp-
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ing,

Coi
Ejigp = — o , 5.32
w ; (kCs.i5/Ecj) + R (5.32)

was proposed in which E¢;; is the sum of the absolute values of the correlation
energies of the free atoms ¢ and j (with 21 mH, half the He value, taken for H) and
Kk is a universal parameter limiting the dispersion energy of each ij pair to —E¢ /K
at small R;;. This formula contains only one, universal, empirical parameter £ (with
value of order 1000) and, unlike other formulas in the literature, requires no van der
Waals radii.

Since free atomic correlation energies are well defined [96] the dispersion energy,
Eq. (5.32), contains no empirical parameters except for k. The interatomic Cg;;
coefficients are computed from occupied molecular orbitals through the dipole density
of Eq. (5.24) or (5.25), and the atomic partitionings of Egs. (5.28) and (5.29), without
any empiricism or fitting whatsoever. We test this dispersion energy formula on a

variety of intermolecular complexes in the next section.

5.5 Computations and Assessment

In Ref. [99], tests were performed on 20 intermolecular complexes using Hartree-
Fock orbitals from the basis-set-free NUMOL program [78, 79]. Since NUMOL
Hartree-Fock calculations are practical on small systems only, we have developed
a post-Gaussian 98 methodology for larger systems in the present work. We employ
the Gaussian 98 program [49] to compute HF /aug-cc-pvtz orbitals using the keyword
“output=win” to create a WFN file. Orbital information is read from the WFN file
and all quantities needed in the present work, including density gradients, laplacians,

and kinetic energy densities, are analytically evaluated at all points of a numerical
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integration grid [77]. All integrations are then carried out on the numerical grid.
Intermolecular energies are strongly affected by dynamical correlation. It is not
sufficient to add a dispersion correction such as Eq. (5.32) to the Hartree-Fock en-
ergy alone. A dynamical correlation term must be included as well. We choose the
dynamical correlation functional of Becke [39], as modified in Ref. [47] to incorporate

BR exchange. Denoting this functional as EER, our target total energy is

Eiotar = Eur + EC® + Egisp- (5.33)

The two variations of our theory, involving the dipole density of the exact exchange
hole, Eq. (5.24), or the dipole density of the BR model hole, Eq. (5.25), will be denoted
“XX” and “BR” respectively in this section. In either case, E}yy; is evaluated using
Hartree-Fock orbitals and therefore the present work, as was the work of Ref. [99], is
best described as post-Hartree-Fock.

We have applied the XX and BR post-Hartree-Fock methods to calculation of
minimum-energy separations and binding energies for a test set of 41 van der Waals
complexes involving dispersion, dipole-induced dipole, dipole-dipole, and hydrogen-
bonding interactions. The conformations of these complexes are shown in Fig. 5.1.
The geometries of all monomers were optimized using CCSD/aug-cc-pvtz [93], except
for the benzene geometry which was taken from Ref. [104]. Counterpoise-corrected
[94] HF /aug-cc-pvtz potential energy surfaces (PES) were then generated for each
of the complexes by keeping the monomer geometries fixed and varying up to three
intermonomer coordinates in increments of 0.1 A or 5°. Post-HF evaluations of the dy-
namical BR correlation energy and both XX and BR dipole densities were performed
on the complex at each point on the PES and on the separated monomers (not coun-
terpoise corrected). Polarizabilities of all species were taken from Ref. [76], except

for FCI for which no value was available. The polarizability of FCl was calculated
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using HF /aug-cc-pvtz. The lowest-energy point on the resulting Enr + ES® + Eggp
PES was deemed the optimized geometry of the complex. Binding energies (BEs)
were computed as the total energy difference between the optimized complex and the
separated monomers.

Our calculated intermonomer separations and binding energies are listed in Table
5.1 and compared to high level reference data [13, 90, 91, 92, 99, 104, 105, 106,
107, 108, 109, 110, 111]. The reference geometries are also shown in Fig. 5.1. We
divide the complexes into classes according to the type of van der Waals interaction
involved, though in many cases the binding may involve several interaction types.
An optimum value of k = 800 was selected by minimizing the mean absolute percent
error (MAPE) in the calculated BEs. The optimum & is the same for both the XX
and the BR models.

There is little difference between the results obtained from the XX or the BR
dipole densities for this set of van der Waals complexes. The mean absolute error
(MAE) for the intermonomer separations is identical for both XX and BR, and the
MAPE in the binding energies differs by only 0.1% between the two approaches. It
is gratifying that the more efficient BR approach is no less accurate than the exact-
exchange approach of our earlier work [99].

The agreement between our calculated separations and the high level reference
data is excellent, with a MAE of 0.08 A. For the set of 41 complexes, our methods have
maximum errors of 0.4 A (XX) and 0.3 A (BR), the worst cases being overestimation
of the monomer separations in the parallel and slipped-parallel conformations of the
benzene dimer. There is also good agreement with high level reference data for our
calculated BEs, with MAPEs of 15.4% (XX) and 15.3% (BR). Our methods show
similar mean errors for each class of van der Waals interactions. The parallel and
slipped-parallel benzene dimers are again the worst cases, with MAPEs improving

to 12.8% (XX) and 13.1% (BR) if these m-stacked complexes are omitted from the
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statistics.

The m-stacked benzene dimer conformations are also a difficult case for MP2,
which, with the aug-cc-pvqz basis set, overestimates the binding energies by 98.2%
and 82.8% for the parallel and slipped-parallel conformations respectively [104]. Also,
most “standard” DFTs predict a separation for the slipped-parallel benzene dimer
that is far too long by ca. 2 A, and fail to predict any binding for the parallel con-
formation [18]. Therefore the present methods, while having relatively large errors
for the m-stacked benzene dimers as well, nevertheless represent major improvements
over both MP2 and standard DFTs for which these are pathological cases.

To assess our results in the context of recent literature we compare with the work
of Grimme [23], who added an empirical dispersion correction to the BLYP [42, 46]
exchange-correlation functional and applied his method to a set of 28 van der Waals
complexes. Grimme obtained Cy coefficients from fits to experimental Cg data and
reported parameters for C, N, O, H, and halogen atoms. An additional global scaling
parameter was used to improve the binding energies. This yielded a MAE of 0.09 A for
separations and a MAPE of 20.4% for binding energies. Our method has significantly
lower binding energy errors, the more remarkable considering that our Cy coefficients
are completely free of empirical parametrization or fitting.

In a recent study of 28 van der Waals complexes [110], B971/6-311++G(3df,3pd)
[53] was found to be the best standard DFT for structure prediction and, with coun-
terpoise correction, was also the best for calculating binding energies. In Table 5.2,
we present a direct comparison between our methods and B971/6-311++G(3df,3pd)
for the 26 complexes common between this data set and the current work. The two
complexes omitted are the parallel benzene dimer, which is predicted to be unbound
by B971, and the formic acid dimer, in which there is significant monomer distor-
tion in the dimer and thus our rigid monomer approach is not appropriate. Our

methods perform far better than B971 for calculation of both optimized separations
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and binding energies for dispersion-bound complexes and perform similarly for the
other classes of van der Waals complexes. The high accuracy of our calculated ge-
ometries and binding energies, particularly in comparison with standard DFTs, is
very promising for applications such as protein structure prediction in which van der

Waals interactions are the primary determinants of structure and energetics.

5.6 Conclusions and Outlook

The present work introduces a density-functional model of the dispersion interac-
tion with the physics of dispersion explicitly incorporated. The underlying idea [84],
that the non-zero, instantaneous in space, dipole moment of the exchange hole is the
source of induced dipole moments in far systems, is elegant and easy to implement.
The exchange-hole dipole moment depends on local density, gradient and laplacian
of the density, and the local kinetic energy density. The model predicts, without any
empirical parameters whatsoever, intermolecular Cg dispersion coefficients of very
good accuracy.

With a previously derived [99] algebraic decomposition of our intermolecular Cg
formula into interatomic pair terms, and a novel energy-based damping [99] of each
term at small R;;, a density-functional theory of intermolecular interactions is ob-
tained. Geometries and binding energies for a test set of 41 intermolecular complexes
are predicted with remarkable accuracy invoking only one, universal, empirical pa-
rameter. The worst results occurred for the m-stacked conformations of the benzene
dimer. We believe this will be rectified in future work by adding a Cs/R® term in the
dispersion energy.

The model in its present form requires the polarizability of each monomer. Al-
though polarizability data is readily available for numerous systems, this is incon-

venient in general and is fundamentally problematic for intramolecular dispersion
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interactions. In future work, therefore, we will also investigate how to remove molec-

ular polarizability from the theory.
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Table 5.1: Calculated intermonomer separations and binding energies (x = 800).
Mean absolute errors (MAE), relative to high level reference data, are shown for the

separations and mean absolute percent errors (MAPE) are shown for the binding

energies.
Complex Separation (A) Binding Energy (kcal/mol)
XX ‘ BR ‘ High level | XX ‘ BR ‘ High Level
Dispersion

He, 3.0 | 2.9 3.04 0.021 | 0.022 0.022¢

He-Ne 29 | 29 3.04 0.053 | 0.057 0.041¢

He-Ar 3.4 | 34 3.5¢ 0.065 | 0.063 0.057¢

Ne, 29 | 2.9 3.1¢ 0.105 | 0.113 0.084¢

Ne-Ar 3.4 | 34 3.54 0.125 | 0.121 0.1344

Ar, 3.8 | 3.8 3.84 0.216 | 0.199 0.2854

He-N, Linear | 3.9 | 3.9 3.9¢ 0.044 | 0.045 0.053¢
He-N, Tshape | 3.4 | 3.4 3.4¢ 0.062 | 0.063 0.066¢
He-FCl 39 | 3.9 3.9/ 0.082 | 0.087 0.09771

FCIl-He 3.5 | 3.5 3.57 0.185 | 0.182 0.1827
Ne-CH, 33| 33 3.59 0.20 | 0.20 0.229
Ne-CgHg 33| 33 3.29 0.35 | 0.39 0.479
CH,4-CyH,y 43 | 4.3 4.2k 0.44 | 0.45 0.50"
(CHy), 3.7 | 3.7 3.69 0.40 | 0.41 0.519
(CFy)2 3.8 | 3.8 4.0° 0.76 | 0.92 0.78"
CH,-SiH, 3.8 | 3.8 3.8 0.72 | 0.74 0.817
CH4-CgHg 4.0 | 4.0 3.8% 0.90 | 0.94 1.23k
(CoHy)o 42 | 4.2 4.29 1.52 | 1.51 1.349
(COy), 3.6 | 3.6 3.6! 1.60 | 1.61 1.37
(0CS), 3.8 | 3.8 3.8™ 1.44 | 1.40 1.40™
(CoHy)so 3.7 | 3.7 3.89 1.37 | 1.39 1.429
P-(CgHg)2 42 | 4.2 3.9" 0.34 | 0.48 1.70"
T-(C¢Hg) | 5.0 | 5.0 5.0 2.26 | 2.43 2.61"
SP-(C¢Hg)s | 4.3 | 4.2 3.9" 1.28 | 1.47 2.62"
MA(P)E 0.09 | 0.09 — 18.1 | 174 —

Dipole-Induced Dipole
CH4-NH3 3.9 | 3.9 3.9" 0.72 | 0.73 0.73"
SiH4-HF 3.2 | 3.2 3.3° 0.86 | 0.88 0.73°
CH,-HF 2.3 | 2.3 2.3" 1.74 | 1.74 1.65"
NH3-CgHg 3.8 | 3.8 3.67 2.56 | 2.63 2.22P
continued on nexrt page
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Complex Separation (A) Binding Energy (kcal/mol)
XX | BR | High level XX BR High Level
H,0O-C¢Hg 3.3 | 3.3 3.47 3.80 3.89 3.17P
CyH,-HF 21 | 21 2.2° 5.51 5.51 4.47°
MA(P)E 0.08 | 0.08 — 13.8 15.2 —
Dipole-Dipole
(HsS)s 29 | 2.9 2.89 1.67 1.63 1.669
(HCl) 25 | 25 2.59 2.04 1.99 2.019
(H3CF), 3.8 | 3.8 3.9° 2.76 2.82 2.33°
H,S-HCI 25 | 25 2.59 3.46 3.42 3.359
(H,CO), 3.6 | 3.6 3.6" 4.44 4.47 3.37h
(H3CCN), 3.3 | 3.3 3.4° 6.46 6.49 6.16°
MA(P)E 0.06 | 0.06 — 10.1 10.6 —
Hydrogen bonded
(NH3), 3.3 | 3.3 3.39 3.21 3.21 3.159
(HF), 1.8 | 1.8 1.99 5.45 5.46 4.579
(Hy0), 1.9 | 1.9 2.09 5.61 5.61 4.979
H,0O-NH;3 29 | 2.9 3.09 6.67 6.67 6.097
HCN-HF 1.8 | 1.8 1.9" 8.05 8.06 7.30"
MA(P)E 0.07 | 0.07 — 10.8 10.9 —
Overall MA(P)E | 0.08 | 0.08 — 15.4 (12.8)9 | 15.3 (13.1)7 —

“Parallel conformation. °T-shaped conformation. c¢Slipped-Parallel conformation.
9Ref. [13]. °Ref. [90]. /Ref. [91]. 9Ref. [105]. "Ref. [99]. ‘Ref. [106]. Ref. [92].
FRef. [107]. 'Ref. [108]. ™Ref. [109]. "Ref. [104]. °Ref. [110]. PRef. [111]. YValues in
parentheses are errors determined by omitting Parallel and Slipped-Parallel benzene

dimer values.

89



Table 5.2: Mean absolute errors (MAE) in separations and mean absolute percent
errors (MAPE) in binding energies for 26 van der Waals complexes. The B971 values
in parentheses were not corrected for basis set superposition error. The B971 results

were obtained from data in Ref. [110].

MAE in Separation (A) | MAPE in Binding Energy (%)

Interaction Type B971/ XX | BR B971/ XX BR
6-311++G(3df,3pd) 6-311++G(3df,3pd)
Dispersion 0.34 (0.30) 0.11 |{ 0.10 44.7 (50.1) 16.7 17.3

Dipole-Induced Dipole |  0.09 (0.05) | 0.08 | 0.08 | 16.9 (13.6) |13.8| 15.2
Dipole-Dipole 0.04 (0.03) 0.06 | 0.06 13.1 (9.4) 18.4 19.7
Hydrogen bonded 0.07 (0.06) | 0.07 | 0.07 3.4 (5.7) 8.7 8.7
Overall 0.20 (0.17) 0.09 | 0.09 28.2 (30.2) 15.0 15.8
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Figure 5.1: Structures of van der Waals complexes and reference intermonomer sep-

arations obtained from high level theory. See Table 5.1 for references.
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Chapter 6

Exchange-Hole Dipole Moment
and the Dispersion Interaction:

High Order Dispersion Coeflicients

Original reference: A. D. Becke and E. R. Johnson, J. Chem. Phys. 124, 014104
(2006).

Abstract

In recent publications [84, 99] we have demonstrated that the position-dependent
dipole moment of the exchange hole can be used to generate dispersion interactions
between closed-shell systems. Remarkably accurate Cg coefficients and intermolecular
potential energy surfaces can be obtained from Hartree-Fock occupied orbitals and
polarizability data alone. In the present work, our model is extended to predict Cy
and (' coefficients as well. These higher-order coefficients are obtained as easily as

Ce¢ and with comparable accuracy.
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6.1 Introduction

The “exchange” or “Fermi” hole is a representation of pair probability in a Slater
determinant wavefunction that has tremendous interpretive power. The exchange

energy of a Slater determinant may be written in the form

r

1 hxq(ri,r
Ex = 25//pg(rl)wd3r2d3rl, (6.1)
12

where o denotes up or down electron spin, p, is the o-spin density, and

th(I‘l, 1'2) = —ﬁ Z %‘o(ﬁ)%‘a (1‘1)%0(1‘2)%0(1'2) (6-2)

is the o-spin exchange hole. The summation is over orbitals of ¢ spin, assumed to be
real in the present work. Note that coordinates r; and ry are not equivalent in Eq.
(6.2), and r; will be called the “reference” point.

The exchange-hole definition allows us to visualize the effects of self-interaction-
correction and exchange [72]. It is a conditional probability [112]. When a reference
electron is at r; the hole measures the depletion of probability, with respect to the
total electron density p, of finding another same-spin electron at ry. The probability of
finding another same-spin electron “on top” of the reference electron (i.e. at ry =ry)

is completely extinguished,

hxq(r1,11) = —ps(r1), (6.3)

in accordance with the Pauli exclusion principle. The hole is always negative, as can

be seen by rewriting Eq. (6.2) as

hxo (1'1, 1‘2) = -

pa(lrl) lz%(“%(r?)] ) (6.4)
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and the hole always contains exactly (minus) one electron:

/hxg(rl,rz)d?’rg = —]_, (65)

easily proved from Eq. (6.2) and the orthonormality of the orbitals 1;,.

As an electron moves through a system, it is accompanied by this hole. Its shape,
in terms of the variable ry, depends on the electrons instantaneous position ry. The
electron plus its hole has zero charge overall [guaranteed by Eq. (6.5)] but a nonzero
dipole moment in general [84]. Indeed, the dipole moment of the hole and its reference

electron is easily obtained by integration over ry in Eq. (6.2):

dx,(r) = L Z TijoVio (Y1) Vo (T1) | — T1, (6.6)
Po(T1) ij

Tijo = /r2¢ia(r2)¢ja(r2)d3l‘2- (6-7)

Only in the uniform electron gas, or at centers of inversion symmetry in atoms and
molecules, does the dipole moment vanish. We hypothesized in Ref. [84] that this in-
stantaneous in space dipole moment could be used to generate a dispersion interaction
by polarizing a far system according to its polarizability «. After angular integration
of the resulting dipole-induced-dipole interaction, integration over reference points
ry, and further heuristic arguments, we obtained a simple formula for the isotropic

Cg dispersion coefficient between systems A and B:

_ <d} >a< d} >pasap
<d%>pap+ <di >paa’

Cs (6.8)
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with < d% > defined by

<dy>=> / o (r1)d%  (r1)d’ry, (6.9)

and the dipole moment dx,(r;) given by Eq. (6.6). These equations apply to atomic
or molecular monomers A or B.

Post-Hartree-Fock Cy coefficients from Eq. (6.8) agree remarkably well with accu-
rate reference data [84, 99]. The somewhat heuristic derivation in Ref. [84], however,
is not entirely satisfying. The present work introduces a more rigorous approach.
We derive not only a formula for Cg, but formulas for the higher coefficients Cs and
C1o as well. We eliminate molecular polarizabilies from the model also. Free atomic
polarizabilities of the constituent atoms are used instead. This greatly enhances its
convenience and will allow application of the model to intramolecular interactions as
well.

We begin with a review of the second-order perturbation theory of the dispersion
interaction in Section 6.2. We then make approximations to the theory for the case
of interatomic interactions in Section 6.3. In Section 6.4 the model is generalized
to intermolecular interactions. Section 6.5 offers concluding remarks. The end re-
sult is a model of both interatomic and intermolecular Cg, Cg, and Cjy dispersion
coefficients requiring only Hartree-Fock occupied orbitals of the monomers and free
atomic polarizabilities. Throughout this work, dx,(r;) is the central object. The
model is computationally and conceptually elegant and it works quite well, as will be

demonstrated on interatomic and intermolecular test sets in Sections 6.3 and 6.4.
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6.2 Perturbation Theory of the Dispersion Inter-
action

The formulas in this section are from the review of Dalgarno and Davison [2] to
which we refer the reader for background information. We restrict ourselves to atomic
systems in this and the next Section.

For two non-overlapping atoms A and B, second-order perturbation theory gives

the following dispersion energy of interaction:
€2 EA,KB
Edi‘gp Z Z RQ(ZA-MB-H (610)
la=14=1

If the ground states of both atoms have zero angular momentum, and if both z-axes

point along the internuclear vector, then

‘ < Q/JA\MZAW% > |2| < ¢%|1‘463W% > ‘2
la,lp) = Afa,lB) 11
e2(la, b) = A’BZZ E% + E% — EY — EY, o (611)

where a and b denote excited states of A and B respectively, M, denotes the m = 0

component of the total /~-moment operator,
= VAr > riY) () (6.12)

(with summation over all electrons in A or B as appropriate and with prefactor v/4x

included in the definition for later convenience), and

(204 + 205)!

Aas t8) = o7 1) 005 + 1) 200 (205)

(6.13)

We now make a “closure” approximation, common in second-order perturbation

theory [12], in order to eliminate the summations over excited states. If the denomi-
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nator in Eq. (6.11) is replaced by an average excitation energy,
E%+E% - EY — E% ~ AE, + AEg, (6.14)

then

A(la, ! .
ol ) = R B ST ST < UM > P < whIMag ol > . (619
a b

Noting that
< YU M, [ >=< 95| My, vy >= 0, (6.16)

by assumption (since atoms A and B have zero angular momentum and £4,¢p > 1),
the excited-state summations over a and b may be extended to include the ground
states and, using completeness of the states 1% and ¥% (a = 0 and b = 0 included),
we get the approximate formula

< YUIME, [9% >< Y| ME |9 >
AE, + AEpg ’

62(&4,63) = )\(KA,EB) (617)

involving ground-state expectation values of the squared total £4-pole and /g-pole
operators in A and B.

The squared multipole operator,

J

M =4n ) riYP ()Y riYR (), (6.18)

contains a one-body part from the diagonal terms and a two-body part from the
cross terms. Though not problematic in atoms, the two-body part is not amenable to

atomic decomposition as will later be required for molecules in Section 6.4. We there-
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fore propose, in the next section, a simple and elegant one-electron approximation
for the expectation value of M7 which will easily adapt itself to molecular systems in

Section 6.4.

6.3 The Model

When an electron is at distance r from the center of a zero angular momentum
(and hence spherically symmetric) atom, the exchange-hole dipole moment dx, is
directed toward the nucleus. Viewed from afar, the dipole field is the same as the
field of two unit point charges of opposite sign at distances r and (r — dx,) from the
nucleus. This is illustrated in Fig. 6.1. The position of the inner positive charge is
the mean position of the exchange hole. Notice that, with respect to the nucleus as
origin, the point-charge dipole of Fig. 6.1 also has nonzero quadrupole, octopole, etc.
multipole moments due to its displacement from the nucleus. The ¢-pole moment of

Eq. (6.12) is given by
My = —VAr [r* — (r — dx,)"] (), (6.19)

when the reference electron is at polar coordinates r and ).
Let us eliminate the €2 dependence by angular averaging the squared M, moment

as follows:
Mg (angular average) = [r® — (r — dXU)e]2 . (6.20)
If we now assume that the density-weighted integral

< M} >= Z/pg(r) [rf—(r — dXJ)qu?’r (6.21)
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is a reasonable substitute for the expectation values of M} in Eq. (6.17), then a very
simple perturbation-theory approximation is obtained:

< M7, >a< M}, >p

62(£A7€B) = )\(EA,KB) AEA +AEB )

(6.22)

involving only one-electron integrals in the numerator.
Using A(1,1) = 2/3, A\(1,2) = A(2,1) =1, A\(1,3) = X(3,1) = 4/5, and A(2,2) =
14/5, and comparing Eq. (6.10) with

Edisp:_____—_---7 (623)

we derive formulas for Cg, Cg, and Cig:

o o 2<ME >A<ME >p
T3 AEs+AEg

(6.24)

< ME>A< MG >p 4+ < MJ >,< M} >p

Cs AE, + AEg ’

(6.25)

4< ME>A< ME >p+ < M2 >a< ME >p
5 AE, + AEg
14< M2 >a< M2 >p
T T AE.+ A,

Cio =

(6.26)

We stop at (g because the next coefficient, Cio, involves fourth-order perturbation
theory which will not be considered in this work.

Note that, even though Eqs. (6.24) to (6.26) contain dipole, quadrupole, and
octopole moment integrals, only the magnitude of the exchange-hole dipole moment
dx, is actually needed. In practise, dx, is precomputed at all points of a numerical

integration grid using Eq. (6.6), and subsequent numerical evaluation of the multipole
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moment integrals is very economical.

It remains to determine the effective atomic excitation energies AE,4 and AEg.
These are hard to deduce from direct physical arguments. We think the best strategy
is to extract effective excitation energies from second-order perturbation theory in
some independent manner. The perturbation theory of polarizability will be used for
this purpose.

For an atom (having zero permanent dipole moment) the second-order perturba-
tion theory of dipole polarizability a gives, after making the same “average excitation

energy”’ approximation as in Section 6.2,

2>

VA (6.27)

where p? is the square of the total dipole moment operator. See Ref. [12] for a

thorough and comprehensible derivation. If the atom is spherically symmetric, then
<y >=< M} >, (6.28)

where the moment operator is as defined in Eq. (6.12). Solving for AE, we obtain

2< M} >
N 30

AE (6.29)

This is what we use for AE4 and AEg in Egs. (6.24) to (6.26), with the approximate
one-electron integral of Eq. (6.21) for < M2 >. Atomic polarizabilities are taken from
readily available tabulations such as Ref. [76].

Ce, Cg, and Cjy dispersion coefficients for all combinations of the atoms H, He,
Ne, Ar, Kr, and Xe have been computed from Hartree-Fock orbitals and compared
with accurate reference data in Table 6.1. Orbitals were computed with the fully

numerical NUMOL program [78, 79] and all integrations required by the model were
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performed “post-Hartree-Fock” on NUMOL numerical grids [77].

There is an abundance of highly accurate Cs data available in the literature, but
few sources of accurate Cy’s and Ciy’s. Very accurate coefficients are known for the
H-H and H-He systems [80]. The remainder of the reference data is from many-body
perturbation theory calculations (MBPT) with dispersion coefficients obtained from
frequency dependent polarizabilities [113, 114].

Our model performs quite well on the 21 interatomic Cg’s in Table 6.1, with
a mean absolute percent error (MAPE) of 3.4%. For Cg the model shows good
performance, but with a larger MAPE of 21.5%. The MAPE for Cyg is 8.4%. We
cannot rationalize the somewhat larger MAPE for the Cy’s compared to the Cg’s and
the C1g’s at this time. Our model is based on several approximations and does not
incorporate dynamical correlation effects in the hole. The agreement between our
calculated dispersion coefficients and the MBP'T results is therefore very encouraging
considering the simplicity and the minimal computational cost of our method, a
negligible fraction of the cost of the Hartree-Fock orbital calculations.

In the next section, the model is extended from atomic to molecular systems.

6.4 From Atoms to Molecules

We have so far assumed that A and B are zero-angular-momentum, spherically
symmetric atoms. Since the multipole integrals of Eq. (6.21) depend on origin for
£ > 2, it is not immediately clear how to generalize the model to multinuclear systems.
We propose a logical method in this section for constructing Cg, Cg and C'q coefficients
in intermolecular cases from approximate interatomic coefficients.

We assume that, for each of m = 6, 8, and 10, an intermolecular C,, can be
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written as a sum over interatomic coefficients Ci, ;;:

A B
Cn=3_Y Cruj. (6.30)
i g

Now and hereafter, A and B denote molecules, with 7 referring to an atom in molecule
A and j referring to an atom in molecule B. Molecule A (and similarly molecule B)

will be partitioned into atoms by Hirshfeld atomic weight functions [88]:

uﬂﬂ:—ﬁﬁl— (6.31)

>0 PR(r)
where p® is a sphericalized free atomic density placed at the appropriate nucleus,
and the n summation is over all atoms in the molecule. Weight function w;(r) has
value close to 1 at points in the vicinity of nucleus ¢ and close to 0 everywhere else.

Moreover, the w;(r) sum to 1 everywhere:

Z)MﬂzL (6.32)

Other partitioning schemes are possible. The Hirshfeld scheme has been used in our
previous work [99] and we continue to use it here.
We generalize Egs. (6.24) to (6.26) to atoms in molecules by replacing subscripts
A and B with ¢ and j:
2< Mt >i< ME >,

Cosi = 3 AE; + AE; ' (6.33)

< ME>i< M3 >; + < M2 >;< M?>;
AE; + AE;

Cs,ij = , (6.34)
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o A M i< ME >y + < M >i< MY >
0T AE; + AE;
14 < MF >i< M3 >

5 AE, +AE;

(6.35)

where < M7 >; is defined by

< M} >;= Z/wi(r)pg(r) [T’K —(r - dxa)qQ d’r (6.36)

[i.e. Eq. (6.21) with the atomic partitioning function w;(r) inserted in the integrand]
with a similar formula for atoms j in B. The energy AE;, and similarly AE;, is given

by the following generalization of Eq. (6.29):

_2<M12>i

AE; , 6.37
i 30, (6.37)
where «; is the effective polarizability of atom ¢ in molecule A.
For «; we propose the approximation
<7rd>;
O = —————— free, 6.38
7 < r3 >i,free i,free ( )
where < 73 >; is the integral
<7 >= /r3wi(r)p(r)d3r, (6.39)
and < r? >i tree 15 the analogous integral
3 _ 3 3
<13 > pree= / P 05 pree (1) °r, (6.40)

for the free atom ¢. This approximation is motivated by the qualitative, if not quan-

titative, general relationship between polarizability and volume. We expound on this
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relationship in the Appendix rather than digressing here. We note, however, that this
is not the same definition of o; as in Ref. [99]. Our previous definition [99] involved
molecular polarizabilities. The new definition, Eq. (6.38), involves only free atomic
polarizabilities. We return to this point at the end of the section.

The origin with respect to which r and (r — dx,) are defined in Egs. (6.36) and
(6.39) is the position of nucleus 7. In Eq. (6.36) we furthermore assume, as in Fig. 6.1,
that dx, is directed toward nucleus i when evaluating < M7 >;. Since the direction
of the exchange-hole dipole moment at any given point in a molecule is surely toward
the nearest nucleus, this is physically reasonable. Hirshfeld atoms in molecules are
not perfectly spherically symmetric, however, and dx, is not directed exactly toward
nucleus 7. Fig. 6.1 is thus an approximation for an atom in a molecule. Its validity
will be assessed by looking at computed data.

In Table 6.2, we report Cg, Cs, and Cq coefficients for a test set of 18 molecule-
atom and molecule-molecule pairs. As in Section 6.3, fully numerical Hartree-Fock
computations were carried out on the monomers with the NUMOL program [78, 79]
and all moment integrations were performed on NUMOL numerical grids [77]. Free
atomic polarizabilities for the effective excitation energies AE; and AE; are from Ref.
[76]. The MBPT literature data is from Refs. [113], [114], and [115]. Literature data
was unavailable for the Cjy coefficients of the Cly-atom complexes and for Ho-No and
N2-Nos.

Mean absolute percent errors (MAPEs) are 12.7% for Cs, 16.5% for Cs, and 21.2%
for C'1y. These errors are of the same order as the atom-atom pair errors in Section 6.3,
thus validating the assumptions and approximations of this section. Again the agree-
ment with accurate data is very encouraging for such a simple and computationally
inexpensive method.

On the much more extensive test set of 178 intermolecular Cy’s compiled in Ref.

[99], we obtain a MAPE of 9.1% compared to the MAPE of 11.1% we previously

105



obtained [99] using molecular polarizabilities in Eq. (6.8). This is a significant ad-
vance, since we now require free atomic polarizabilities only [i.e. see Eq.(6.38)] and

no molecular polarizabilities at all.

6.5 Summary and Outlook

The idea, introduced in Ref. [84], that the position-dependent dipole moment of
an electron plus its exchange hole can be used to generate Cg dispersion coefficients,
has been extended in this work to Cg and C'y coefficients. A point-charge dipole at a
nonzero distance from a nucleus (see Fig. 6.1) has quadrupole, octopole, and higher
moments as well with respect to that nucleus. This model can be used to estimate,
by simple one-electron integrations, total multipole moment expectation values that
occur in the perturbation theory of the dispersion interaction. Approximate formulas
for Cg, Cs and (g are thereby derived.

In Ref. [116], we showed how the Cs model of Refs. [84] and [99] can be transformed
into a density functional model depending on local density, the local gradient and
Laplacian of the density, and the local kinetic energy density. This is possible because
dx, can be estimated, at any given point in an atom or molecule, using these local
densities [116]. The present Cs/Cs/C1o model is similarly transcribable into density
functional form. The overall MAPEs for all test systems in Tables 6.1 and 6.2 are, for
the orbital-dependent dx, of Eq. (6.6), 7.7% for Cg, 19.2% for Cs, and 12.8% for C1.
The analogous MAPEs for the density functional approximation to dx, are 10.9% for
Cs, 16.3% for Cy, and 13.3% for C;y. We see that the density functional model works
about as well as the explictly orbital dependent model.

Given the tremendous simplicity and economy of the model, it is very gratifying
that its results compare well with accurate reference data. In future work, Cs and C1q

will be incorporated into modelling of intermolecular potential energy surfaces. We
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have already developed a post-Hartree-Fock approach to intermolecular interactions
[99, 116] that works remarkably well using C. The w-stacked conformations of the
benzene dimer stand out, however, as the poorest cases [116]. Addition of Cg and
Cho terms may offer improvement. Future applications of the model to intramolecular

dispersion energies are also planned.

6.6 Appendix: Atomic Polarizability and Volume

In Section 6.4, the effective polarizability a; of an atom in a molecule is related
to its free polarizability «; free by Eq. (6.38):

o<t
<rs >z',free

67

Oéz',free, (641)

3>, and < 13 >; free are the density-weighted integrals of r3 over the

where < r
Hirshfeld atom-in-the-molecule density and the free-atom density respectively. The
density-weighted 73 integration is a simple, parameter-free, numerical measure of
atomic “volume”, which is in turn related to polarizability.

Polarizability has the same dimensionality as volume. Classical models of po-
larizability, such as the conducting sphere model [117] or the uniform-density sphere
model [118], yield a polarizability equal to R* where R is the radius of the sphere. For
real chemical systems, strong linear correlations between polarizability and volume
have been empirically demonstrated [119]. It is therefore reasonable to propose, as
in Eq. (6.38), that the ratio of the polarizability of a Hirshfeld atom in a molecule
to its free polarizability is equal to the ratio of its Hirshfeld volume to its free wvol-

ume. Considering that Hirshfeld atomic densities are only slightly perturbed from

free densities, this would seem to be a sound proposition.
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Table 6.1: Cg, Cg, and Cy coefficients for atomic pairs (atomic units)

Pair Cg calc. | Cg lit. | Cg calc. | Cy lit. | Cyg cale. | Cp lit.
H-H® 6.75 6.49 152.0 | 124.4 3299 3286

H-He® 2.98 2.82 48.25 | 41.75 | 1760.9 858.7
H-Ne? 5.69 5.69 111.6 97.8 1969 2221

H-Ar? 20.12 | 19.86 | 560.4 | 442.1 | 12703 | 12617
H-Kr? 20.43 | 29.15 | 920.2 | 732.2 | 22743 | 23441
H-Xe? 45.12 | 44.14 | 1687 1357 | 47273 | 51088
He-He® 1.64 1.46 16.10 | 14.11 157.7 183.2
He-Neb 3.09 3.07 | 40.96 | 36.18 | 453.2 545.1
He-Ar? 9.79 9.57 | 210.8 | 167.5 3277 3701
He-Kr® | 14.05 | 13.65 | 350.3 | 280.0 6122 7257
He-Xe? | 20.86 | 19.92 | 647.8 | 525.0 | 13316 | 16674
Ne-Neb 5.83 6.55 97.32 | 90.34 1277 1536
Ne-Ar® | 18.60 | 19.75 | 464.0 | 390.1 8551 9335
Ne-Kr® | 26.70 | 28.01 | 757.4 | 638.1 | 15563 | 17658
Ne-Xeb | 39.71 | 40.52 | 1370 1162 | 32748 | 38978
Ar-Ar® | 62.74 | 64.54 | 2082 1623 51891 | 49063
Ar-Kr® | 90.95 | 93.16 | 3329 2617 | 91195 | 88260
Ar-Xeb | 1374 | 138.0 | 5871 4669 | 183934 | 184250
Kr-Kr | 132.1 | 135.1 | 5286 4187 | 158503 | 155450
Kr-Xe® | 200.1 | 201.3 | 9234 7389 | 315196 | 316030
Xe-Xe? | 304.7 | 302.3 | 15924 | 12807 | 615431 | 619840
MAPE? 3.4 — 21.5 - 8.4 —

“Ref. [80]. *Ref. [113]. “Ref. [114]. “MAPE: mean absolute percent error.
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Table 6.2: Cg, Cg, and C} coefficients for molecule-atom and molecule-molecule pairs

(atomic units).

Pair Cg calc. | Cg lit. | Cg calc. | Cy lit. | Cyp cale. | Cyy lit.
H,-He® 4.78 4.05 59.03 | 55.43 780 1005
H,-Ne? 9.08 8.19 143.3 130.0 2086 2611
H,-Ar® 31.24 | 27.76 | 750.9 | 588.8 14254 15539
H,-Kr® 45.48 | 40.41 910.2 | 975.5 26081 29289
Hy-Xe® | 69.15 | 60.54 2321 1808 55646 64764
N,-He¢ 10.84 9.76 202.5 | 219.2 3046 5184
Ny-Ne¢ 20.61 20.23 | 455.8 | 497.6 8000 12842
N,-Ar¢ 71.77 | 65.52 2179 1982 51103 64192
No-Kr¢ | 104.71 | 94.40 3537 3139 91053 | 112990
Nop-Xe€ 159.8 139.5 6375 5452 | 187446 | 229260
Clp-He® | 21.64 | 23.48 | 508.1 810.3 - -
Cly-Ne® | 41.14 | 47.98 1107 1770 - -
Clp-Ar¢ | 142.9 161.5 5022 6765 - -
Clp-Kr¢ | 208.3 | 234.8 8034 10505 - -
Cly-Xe® | 317.5 | 351.2 | 14190 | 17688 - -
H,-H4 15.70 12.15 | 233.5 | 212.6 3799 4741
Ho-N$§ 36.24 | 30.54 | 768.5 | 771.7 - -
No-Ng 83.89 75.63 2310 2489 - -
MAPE¢ 12.7 - 16.5 - 21.2 -

“Ref. [114]. *Ref. [113]. “Ref. [115]. ‘MAPE: mean absolute percent error.
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Figure 6.1: Exchange-hole dipole geometry (e~ is the reference position of a o-spin

electron and h* is the mean position of its exchange hole).
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Chapter 7

A Post-Hartree-Fock Model of
Intermolecular Interactions:
Inclusion of Higher-Order

Corrections

Original reference: E. R. Johnson and A. D. Becke, J. Chem. Phys. 124, 174104
(2006).

Abstract

We have previously demonstrated that the dipole moment of the exchange hole can
be used to derive intermolecular Cy dispersion coefficients [84]. This was subsequently
the basis for a novel post-Hartree-Fock model of intermolecular interactions [99]. In
the present work, the model is extended to include higher-order dispersion coefficients
Cg and C1y. The extended model performs very well for prediction of intermonomer
separations and binding energies of 45 van der Waals complexes. In particular, it
performs twice as well as basis-set extrapolated MP2 theory for dispersion-bound
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complexes, with minimal computational cost.

7.1 Introduction

Satisfactory treatment of the London dispersion interaction is a long-standing
problem in computational chemistry. While correlated ab initio methods with large
basis sets can accurately model this interaction, Hartree-Fock (HF) and contempo-
rary functionals in Density Functional Theory (DFT) do not contain the physics of
dispersion. DFT treatments that do include dispersion are either too computationally
expensive to be practical in large chemical systems [59, 61, 21] or require extensive
parameterization [120].

A promising alternative is to add the following explicit dispersion energy correction

to the HF or DFT energy [22, 23, 63, 64, 65, 66].

Egisp = — Z C]'%GGU (7.1)
i>] LY
The summation is over all atom pairs in the system and a suitable cut-off is also
required to prevent a divergent dispersion energy at small internuclear separations
R;j. The values of the Cg dispersion coefficients are typically determined [22, 23, 63,
64, 65, 66] by fitting to experimental data and their use is therefore limited to atom
types included in the fit sets.

In previous work, we have developed a theoretical model that allows accurate
calculation of dispersion coeflicients based on the exchange-hole dipole moment [84].
The model has been tested on Cj dispersion coefficients, intermonomer separations,
and binding energies of a variety of van der Waals (vdW) complexes [99, 116]. It
performs significantly better than contemporary DFTs on dispersion-bound systems,

but yields large errors in the binding energies of m-stacked complexes. We believe that
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this failure is due to neglect of higher-order terms, involving Cs and C'y coefficients,
in the dispersion energy expansion [116].

Our original Cs theory has recently been generalized to include higher-order dis-
persion coefficients and also to eliminate the need for molecular polarizability infor-
mation [121]. In the present work, an improved post-Hartree-Fock model of inter-
molecular interactions involving Cg, Cg, and Ciy terms is proposed. The following
formula, suitably cut off at small internuclear separations, is used for the dispersion

energy [63]:

Coii | Csij | Chogj
Egisp = — < e T (7.2)
2w

The model is calibrated on the binding energies and minimum-energy separations of

a test set of 45 vdW complexes.

7.2 The Present Model

7.2.1 Dispersion Coefficients

In this section, we review our exchange-hole-based theory of dispersion coefficients.
Consider an electron of o spin at reference position r; in an atom or molecule. The
electron’s exchange or Fermi hole, hx,(r;,rs), measures the depletion of probability,
with respect to the total o-spin electron density p,, of finding another same-spin

electron at position ry:

B (F1,72) = 3 i (01 (01 i (02) 50 (). (7.3)
Po(r1) <

The 1), are real, occupied, Hartree-Fock or Kohn-Sham orbitals. The electron plus

its hole always has zero net charge, but generally a non-zero dipole moment. The
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dipole moment dyx,(r;) of a reference electron and its associated exchange hole is

obtained from Eq. (7.3) by integration over ry:

dx,(r1) = 1_1) Zlbia(h)wja(h) /T2¢ia(1‘2)¢ja(1‘2)d31‘2] — I (7.4)
tj

We proposed [84] on heuristic grounds that this position-dependent dipole moment
could be used to generate a dispersion interaction by polarizing neighboring atoms or
molecules. Second-order perturbation theory [2] was then used in Ref. [121] to obtain
a more general formula for dispersion coefficients of high order. We will summarize
the resulting equations here and direct interested readers to Ref. [121] for a complete
derivation.

From second-order perturbation theory [2, 121], one obtains the following approx-
imate dispersion energy for two non-overlapping, zero angular momentum atoms A

and B:

€2 EA:KB
Eaisp = Z Z R2(a+tp+1)’ (7.5)

la=1lp=1

U | M2, |00, >< | M2 |09, >

62(£A,'€B) - )‘(ZAaEB) AEA + AEB )

(7.6a)

(2&4 + 263)'
(204 +1)(2¢p + 1)(204)1(205)V

Mla, lg) = (7.6b)

where AF is an “average” atomic excitation energy and ¥ is a ground-state atomic

wavefunction. This expression involves ground-state expectation values of the squared
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total multipole operator
M} =4 " riyP () ) riv(Qy), (7.7)
e J

where ¢ and j are electron labels and Y are spherical harmonics. Its ground-state
expectation value is approximated in Ref. [121] by a simple integration over the
position-dependent multipole moments of the electron and its exchange hole.

When an electron is at a distance r from the nucleus of an atom, the exchange-hole
dipole moment is directed toward the nucleus. The electron and the mean position
of its exchange hole can be viewed as a pair of point charges at points e~ = (r,(2)
and ht = (r — dx,,S)), where dy, is the magnitude of the exchange-hole dipole
moment of Eq. (7.4). This pair of point charges has non-zero quadrupole, octopole,

and higher-order multipole moments with respect to the nucleus as well, given by
My = —VAr [r* — (r — dx,)"] V(). (7.8)

We approximate the expectation value of M7 by the following density-weighted inte-

gral:

<M>=Y / po(0) [r — (r — dxo)* dPr. (7.9)

For an atom ¢ within a molecule, this is generalized by inserting a Hirshfeld atomic

partitioning weight, w;(r), into the integrand:

<M} >= Z/wi(r)pa(r) [rf = (r — dX,,)Z]2 d°r. (7.10)
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The Hirshfeld atomic partitioning weight [88] is defined by

w;(r) = P (7.11)

>0 PR(r)
where p¢ is a sphericalized free atomic density placed at nucleus i and the n summa-
tion is over all atoms in the system. By construction, w;(r) approaches 1 near nucleus
1 and approaches 0 everywhere else, and the weights sum to 1 at every point in the
system.
For the “average” atomic excitation energy, AFE, we use the second-order pertur-
bation theory of polarizability [12]:

_2< MY >
- 30

AE (7.12)

The dispersion coefficients in Eq. (7.2) are then obtained from Egs. (7.5) and (7.6),

and the expectation value approximation of Eq. (7.10), as follows:

iy < ME >;< M} >;

(7.13)

597 M2 > 0+ < M2 >, ap
c ._:§a,-aj(<M12>i<M22>j+<M22>,~<M12>j) (7.14)
B 2 < M12 > o+ < M12 >4 Oy ’ '
O 6 cicyj (< MP >i< MF >; + < M3 >i< M} >;)
B < M2 >;aj+ < M? >; o
21 o < M2 >;< M2 >; (715)

5 < M2 >; a4+ < M? >; ;

where «; is the effective atom-in-molecule polarizability of atom 7. We estimate this

effective polarizability by exploiting the well-known empirical relationship between
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polarizability and volume [117, 118, 119]. Thus, for «;, we make the approximation

o<t
< r3 >i,f7‘ee

67

ozz-,free, (716)

where «; fre is the free atomic polarizability, taken from readily available tabulations
[76], and the expectation value < 73 >; is assumed to be a measure of effective volume.

For atom ¢ in the molecule,

<7 >= /r3wi(r)p(r)d3r, (7.17)

and for the free atom i,

<7 > free= /r?’pi,free(r)d?’r. (7.18)

This simple theory of dispersion coefficients only requires time-independent occupied
HF orbitals, and free atomic polarizabilities. Nevertheless, it gives accurate inter-
atomic and intermolecular Cg, Cs, and Cq values compared to many-body perturba-

tion theory results [121].

7.2.2 Damped Dispersion Energy

The dispersion coefficients of the previous section will be used in Eq. (7.2) for the
dispersion energy. However, Eq. (7.2) must be modified to prevent negatively infinite
value if any internuclear separation approaches zero. In our previous work [99, 116],

we introduced an energy-based Cg cut-off of the form

CG ..
E isp — Y s 1
disp Z (ECG ij/EC,ij) + R(j (7 9)

117



where E¢;; is the sum of the free atomic correlation energies of atoms 4 and j, and
K is a universal parameter of order ca. 1000. It is not clear how to generalize this
energy-based Cg cut-off to Cg and C'yy terms, since we do not know the relative energy
contributions of these three terms in the limit of small internuclear separations.

Here we consider cut-offs depending on separation rather than energy. Many
separation-dependent cut-off formulae have been proposed [22, 63, 86] based on vdW
radii which are empirical and not well defined for all atom types. Knowledge of
higher-order dispersion coefficients, however, allows us to determine effective vdW
radii non-empirically.

At large internuclear separations, the dispersion energy terms decrease in mag-
nitude as the order of the terms increases. As R;; approaches zero, however, the
higher-order terms diverge faster than the lower-order terms and the ordering re-
verses. This is illustrated for the neon dimer in Fig. 7.1, which plots the Cg, Cg, and
Cho dispersion terms as a function of internuclear separation. The terms cross on the
steep portion of the curve where the dispersion energy is rapidly changing with sep-
aration. There is therefore a “critical” interatomic separation R.;; where the three
dispersion terms are roughly equal in magnitude.

Ceij ~ Csij N Cho,i
RS T RS.. T RIO

(XY CyiJ C,ij

(7.20)

For interatomic separations near R, ;;, Eq. (7.2) for the asymptotic series expansion of
the dispersion energy is no longer valid and the series must be significantly damped.

Solving for the critical separation yields three possible definitions,

1/2 1/4 1/2
R & Csii / R Cloy / ~ Ciogs / . (7.21)
o Cs.ij Ceij Cs ij

The first of these has been suggested previously [122] as an approximate measure of
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1
Rc,ii7

atomic size. Here we have two more possibilities. The critical atomic radius, 5
obtained from each of these definitions is shown in Table 7.1 for the homonuclear
free atom pairs of H, He, C, N, O, F, Ne, Si, P, S, Cl, and Ar. The three values of
%Rc,ii for each homonuclear pair differ slightly and span a range of 0.2 A or less, with
(Cs.4i/Cs.i)*? > (Cro4i/Coii)* > (Cio4i/Cs,4i)/%. In the remainder of this work, we
take R.;; to be the average of these three values.

We propose the following very simple expression for the damped dispersion energy:

06 i Cg ij C’10 i
Egisp = — A+ M+ ’] : (7.22)
o Z (RSdW,ij + R?j st;dW,ij + jo RigW,ij + R%JQ

where R,qw,; is a sum of effective vdW radii of atoms 4 and j which will be related
to our non-empirical R.;;. The dispersion energy is damped by a factor of 2 when
R;; = Ryqwyj- When R;; >> Ry4w;; the dispersion energy approaches the proper
limiting form of Eq. (7.2). As R;; approaches zero, the dispersion energy approaches
a constant.

To ensure that the dispersion energy is sufficiently damped near the critical sepa-
ration, Ryqw,; should be larger than R.;;. We assume a linear relationship as in Ref.

[59]:
Ryaw,ij = a1 R ;5 + ao, (7.23)

where a; and ap are universal (i.e. atom independent) parameters determined in
Section 7.4 by minimizing the root-mean-square percent error in the binding energies
of 45 intermolecular complexes. The best-fit values are a; = 0.83 and ay, = 1.55A.
The resulting vdW atomic radii (%RvdW,ii) of selected homonuclear atom pairs are
shown in Table 7.1 and in Fig. 7.2.

Fig. 7.2 reveals a strong linear correlation between %RvdW,z'i and the atomic radii

119



of Clementi et al. [123] (R* = 0.984). While linearly related to the atomic radius
for free atomic pairs, the vdW radius defined here is a more flexible quantity since
it is a function of interatomic dispersion coefficients for atoms within a molecule.
For example, the electron density of the hydrogen atom is more compact in the H,
molecule than in the free atom. Thus, the effective vdW radius of hydrogen should
be significantly less in Hy. Our calculated values indeed reflect this expectation, with
%R,,dW,HH = 1.81A for the free H atom and %RvdW,HH = 1.64A for H in H,.

Note that Eq. (7.22) for the damped dispersion energy implies that the Cg, Cs,
and Cjo terms are all damped by the same 1/2 factor at R;; = Ryaw,;. It has been
demonstrated for some simple systems, in Ref. [122], that the Ciy term is in fact
damped faster than the Cs term, which is in turn damped faster than the Cg term.
Despite its simplicity, Eq. (7.22) yields total dispersion energy curves in good agree-
ment with those obtained in Ref. [122]. Tt is apparently not necessary to complicate
our model by using a different R, for each dispersion term. The component terms
of our damped dispersion energy are shown in Fig. 7.3 for the neon dimer.

The damped dispersion energy of Eq. (7.22), the dispersion coefficients of Egs.
(7.13)-(7.15), and Egs. (7.21) and (7.23) for the effective vdW separations, com-
prise our dispersion model. The dispersion coefficients and critical separations of Eq.
(7.21) are parameter free. Only two universal parameters, a; and ag, are needed in
Eq. (7.23). The dispersion energy is obtained from time-independent, occupied HF
orbitals and free atomic polarizabilities. The computational cost is much less than

that required to compute the HF orbitals themselves.

7.3 Method of Calculation

The present dispersion model has been calibrated on a test set of minimum-energy

intermolecular separations and binding energies (BEs) of 45 vdW complexes. The
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test set is the same as in Ref. [116], with the addition of the four naphthalene dimer
conformations [124] shown in Fig. 7.4.

It is not sufficient to add a dispersion correction to the Hartree-Fock energy alone.
Intermolecular interaction energies are also strongly affected by dynamical correlation.
As in our previous work [99, 116], we use the Becke-Roussel modification [47] of the
dynamical correlation functional of Becke [39] to obtain the dynamical correlation
energy. This will be denoted EZ®. BEs are thus obtained from differences in the

following total energy,

Eiotal = Eur + EGR + Egisp- (7.24)

All calculations use the post-Hartree-Fock methodology described in our previous
work [116]. HF/aug-cc-pvtz calculations were performed on all species using the
Gaussian 98 program [49] to obtain the HF orbitals. The EZ® dynamical correlation
energy and all expectation values required for the dispersion coefficients were then
obtained from the HF orbitals by numerical integrations [77].

The geometries of all monomers except benzene and naphthalene were optimized
using CCSD/aug-cc-pvtz. The geometry of benzene was taken from Ref. [104]. The
naphthalene geometry was optimized using MP2/6-31G* [124]. Counterpoise [94]
corrected HF /aug-cc-pvtz potential energy surfaces (PES) were generated for each
of the complexes by keeping the monomer geometries fixed and varying up to three
intermonomer coordinates in increments of 0.1 A or 5°. Post-HF evaluations of ES®
and Ejys, were performed for the complex at each point on the PES and on the
separated monomers (not counterpoise corrected). The point on the PES with the
lowest total energy was deemed the optimized geometry of the complex. BEs were
computed as the total energy difference between the optimized complex and the sep-

arated monomers. The values of a; and ay in Eq. (7.23) were fit to minimize the
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root-mean-square percent error in the calculated BEs. Their optimum values are

a; = 0.83 and a, = 1.55 A.

7.4 Results and Discussion

Table 7.2 lists the optimized intermonomer separations and BEs obtained with
our model compared to high level reference data [13, 90, 91, 92, 97, 99, 104, 105, 106,
107, 108, 109, 110, 111, 124, 125], generally from CCSD(T) or W1 theory [126]. BEs
from the MP2 method extrapolated to the basis-set limit, or from calculations using
basis sets of at least triple-zeta quality where extrapolated data was unavailable, are
also shown. See Table 7.2 for individual references. The complexes are divided into
classes according to the dominant type of vdW interaction involved, though in many
cases the binding may involve several interaction types.

The agreement between our calculated intermonomer separations and the high-
level reference data is excellent, with a mean absolute error (MAE) of 0.06 A and a
maximum error of only 0.3 A (for the slipped-parallel conformation of the benzene
dimer). On BEs, our model performs twice as well as MP2 for dispersion-bound
complexes and performs similarly for dipole-induced-dipole and dipole-dipole inter-
actions. MP2 performs somewhat better, however, for H-bonded complexes. Overall,
our model gives a more balanced treatment of intermolecular interactions than MP2.
Our mean absolute percent error (MAPE) in binding energies is 14.1% and maximum
error is -37% (for tetrafluoromethane dimer), compared to the MP2 MAPE of 24.1%
and maximum error of 110% (for the parallel conformation of the naphthalene dimer).

The present work is a major improvement over our earlier work [99, 116]. We no
longer require molecular polarizability data, and the earlier severe underestimation of
the BEs of m-stacked complexes is largely overcome. Although some underestimation

does remain in the parallel conformation of the benzene dimer (-31%, the third largest
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BE error in our test set) the present method outperforms both conventional DFTs and
MP2. This can be seen in Fig. 7.5, which shows PESs of the parallel benzene dimer
from several levels of theory. The CCSD(T) and MP2 curves were obtained from the
work of Sherrill [104]. B971 is chosen as representative of “standard” DFTs because
it was found to be the best standard DF'T for calculation of BEs of vdW complexes in
Ref. [110]. HF and B971 give qualitatively incorrect behaviour, showing no binding
and a repulsive PES at large separations. Conversely, MP2 drastically overbinds by
a factor of 2. The present method gives a PES that best resembles the CCSD(T)
result. This is particularly impressive considering that our method has virtually no
cost beyond a standard HF or DFT calculation and is therefore significantly more
practical than MP2 for large systems.

Since our model involves Cg, Cy, and C1g terms, it is interesting to analyse their
relative contributions to the dispersion energy. Table 7.3 gives a breakdown of the
dispersion energy into its components for each complex at its optimum geometry. We
see that Cg and (g terms have large effects on the binding energies. On average,
the contributions to the dispersion energy are 58% from Cg, 29% from Cy, and 13%
from C1y. This emphasizes the importance of including these higher-order terms in
dispersion models.

Examination of Table 7.3 also explains the failure of our previous Cg-based model
for w-stacked systems [116]. For the majority of the dispersion bound complexes con-
sidered here, the dispersion energy is approximately equal to the binding energy at
the minimum-energy separation. However, for the m-stacked complexes, P-(CgHg)o,
SP-(CgHg)a, P-(C1oHg)2, and PC-(C1oHg)2, there is significant intermonomer Hartree-
Fock repulsion at the minimum-energy separation which is compensated by a disper-
sion energy relatively larger than the binding energy. Though Cg and CYy terms
typically account for only 40% of the dispersion energy, BEs near zero would be given

by our model for m-stacked dimers if these terms were omitted. Consider, for ex-
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ample, the methane dimer and the P-benzene dimer. The dispersion energy for the
methane dimer is 0.68 kcal/mol compared to a BE of 0.63 kcal/mol. Thus, neglect
of higher-order terms would reduce both the dispersion energy and the BE by about
40%. For P-benzene, however, the dispersion energy is 2.40 kcal/mol compared to
a BE of 1.17 kcal/mol. Neglect of higher-order terms in this case would reduce the
dispersion energy again by about 40%, but would reduce the BE by an enormous

85%.

7.5 Conclusions and Future Work

The present post-Hartree-Fock dispersion model gives an excellent treatment of
vdW interactions, with a MAE of 0.06A for intermonomer separations and a MAPE
of 14.1% for BEs in a 45-complex test set. Unlike popular existing DFTs, it gives
the correct attractive asymptotic dispersion energy behaviour. The model also out-
performs MP2 theory on dispersion-bound complexes by a factor of roughly 2. The
inclusion of higher-order dispersion coefficients overcomes the deficiencies in our pre-
vious Cg-only model for m-stacked complexes.

Unlike our previous model, the present model does not rely on molecular polar-
izability data. It therefore might be very useful in protein modeling and in other
biological applications. In future work, the model will be applied to cases where
intramolecular vdW interactions may have an important effect on conformational en-
ergies. Also, we plan to combine the present dispersion model with the real-space
non-dynamical correlation model of Becke [25] to obtain a density-functional theory

robust enough to handle all correlation types encountered in chemistry.
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Table 7.1: Calculated critical and vdW radii and Clementi atomic radii B4 from Ref.

[123]. All values are in A.

Atom %(08/06)1/2 %(010/06)1/4 %(010/08)1/2 Average %RvdW RA
H 1.26 1.24 1.23 1.24 1.81 | 0.53
He 0.83 0.83 0.82 0.83 1.46 | 0.31
C 1.48 1.41 1.35 1.42 1.95 | 0.67
N 1.33 1.27 1.20 1.27 1.83 | 0.56
O 1.25 1.19 1.13 1.19 1.76 | 0.48
F 1.16 1.09 1.03 1.10 1.68 | 0.42
Ne 1.08 1.01 0.95 1.01 1.62 | 0.38
Si 2.02 1.92 1.82 1.92 237 | 1.11
P 1.84 1.74 1.63 1.74 2.22 | 0.98
S 1.73 1.63 1.53 1.63 213 | 0.88
Cl 1.62 1.52 1.41 1.52 2.04 |0.79
Ar 1.52 1.42 1.32 1.42 1.95 |0.71
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Table 7.2: Minimum-energy separations and binding energies of vdW complexes.
Mean absolute errors (MAE) in A are shown for separations and mean absolute

percent errors (MAPE) are shown for binding energies.

Complex Separation (A) Binding Energy (kcal/mol)
This work ‘ High level | This work ‘ MP2 ‘ High level
Dispersion

He, 3.0 3.0 0.023 | 0.013° | 0.022°
He-Ne 3.0 3.0 0.042 | 0.023° | 0.041°
He-Ar 3.5 3.5¢ 0.063 | 0.043° | 0.057°
Ne, 3.0 3.1 0.076 | 0.042° | 0.0842
Ne-Ar 3.5 3.5¢ 0.116 | 0.092° | 0.1342
Ary 3.9 3.8¢ 0.240 | 0.277° | 0.285%
L-He-N, ¢ 3.9 3.94 0.051 | 0.038 | 0.053¢
T-He-N, / 3.4 3.44 0.073 | 0.055¢ | 0.066¢
He-FCl 4.0 3.99 0.066 | 0.075¢ | 0.097¢
FCl-He 3.6 3.59 0.137 | 0.144¢ | 0.1829
Ne-CH,4 3.4 3.5" 0.17 0.13¢ 0.22"
Ne-CgHg 3.4 3.20 0.35 0.43¢ 0.47"
CH4-CoHy 4.2 4.2¢ 0.61 0.54° 0.50¢
(CHy), 3.7 3.6" 0.63 0.48° 0.51"
(CFy)s 4.0 4.09 0.49 0.657 0.787
SiH4-CH, 3.8 3.8% 0.90 0.76° 0.81F
CH,4-CsHg 3.8 3.8 1.50 1.74¢ 1.23!
(CoHy), 4.2 4.2n 1.70 1.50¢ 1.34h
(COy)4 3.6 3.6™ 1.50 1.36m | 1.37™
(0CS), 3.9 3.8" 1.46 1.40™ 1.40m
(CoHy)o 3.8 3.8" 1.63 1.56° 1.42h
P-(CgHg), © 4.1 3.97 1.17 3.44P 1.707
T-(CeHg)z ¢ 5.0 5.07 2.70 3.60P 2.617
SP-(CgHg)s ¢ 4.2 3.97 2.10 4.87° 2.62P
P-(CyoHg)s ° 4.0 3.8 2.71 7.93" 3.78"
PC-(CyoHg), 3.8 3.6 3.96 10.457 | 5.28"
T-(CyoHg)o 7 5.1 5.07 4.80 6.56" 4.347
TC-(CyoHg)s ¢ 5.3 5.2" 3.33 4.68" 3.09

MA(P)E 0.07 = 16.9 34.7 =

Dipole-induced dipole

NH;-CH, 39 | 39 0.83 | 0.66° | 0.73
Complex Separation (A) Binding Energy (kcal/mol)

continued on next page
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This work | High level | This work | MP2 | High level
SiH,-HF 3.3 3.3° 0.77 0.67° 0.73°
CH4-HF 2.3 2.3 1.66 1.56° 1.65¢
NH;-CgHg 3.6 3.6% 2.47 2.55% 2.22¢
H,0-C¢Hg 3.4 3.4v 3.60 3.46% 3.17%
C,H,-HF 2.1 2.2° 5.35 4.65° 4.47°
MA(P)E 0.02 — 10.7 8.5 —
Dipole-Dipole
(H,S)s 2.9 2.8" 1.70 1.85¢ 1.66"
(HCI), 2.6 2.5" 1.92 2.17¢ 2.01"
(CFH3), 3.8 3.9% 2.61 2.18° 2.33b
HCI-H,S 2.5 2.5" 3.34 3.74¢ 3.35"
(CH20), 3.6 3.6 4.28 3.140 3.37
(H3CCN), 3.3 3.4 6.60 6.50° 6.16°
MA(P)E 0.07 — 8.9 8.3 —
Hydrogen Bonded
(NH3), 3.3 3.3" 3.25 3.03V | 3.15"
(HF), 1.8 1.9 5.20 4.35¢ | 4.57
(Hy0)s4 1.9 2.0" 5.45 4.92v 4.97"
H,O-NH;4 2.9 3.0" 6.59 6.05° 6.09"
HCN-HF 1.8 1.9° 7.90 7.44b 7.3
MA(P)E 0.07 — 8.6 2.4 —
Overall MA(P)E 0.06 — 14.1 24.1 —
Overall M(P)E 0.03 - 1.1 5.9 -
Overall Max(P)E 0.2 - -36.9 109.8 -

“Ref. [13], *Ref. [110], ‘Linear conformation, ‘Ref. [90], ®This work, obtained from

basis set extrapolation [95] of the CP-corrected aug-cc-pvdz and aug-cc-pvtz energies

[49]. /T-shaped conformation, YRef. [91], "Ref. [105], ‘Ref. [99], Ref. [106], *Ref.

[92], 'Ref. [107], ™Ref. [108], "Ref. [109], °Parallel conformation, PRef. [104], ?Slipped-

parallel conformation, "Ref. [124], *Parallel crossed conformation, *T-shaped crossed

conformation, “Ref. [111], “Ref. [97], “Ref. [125].
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Table 7.3: Calculated dispersion energies at the optimum intermonomer separation,
in kcal/mol. The percent contributions from the component terms in the dispersion

energy are also shown.

Complex ‘ BE ‘ Edisp ‘ % 06 ‘ % Cg ‘ % 010
Dispersion
He, 0.023 | 0.023 | 70.8 | 22.2 6.9
He-Ne 0.042 | 0.041 | 65.2 | 26.1 8.7
He-Ar 0.063 | 0.065 | 59.4 | 29.8 10.8

Ne, 0.076 | 0.070 | 60.9 | 28.6 | 10.5
Ne-Ar 0.116 | 0.115 | 56.1 | 31.2 | 12.7
Ar, 0.240 | 0.227 | 53.0 | 32.3 | 14.7

L-He-N, 0.051 | 0.0564 | 63.6 | 26.9 9.5
T-He-Ng 0.073 | 0.077 | 61.9 | 28.0 10.2
He-FCl 0.066 | 0.068 | 64.7 | 26.4 8.9
FCl-He 0.137 | 0.098 | 56.5 | 30.9 12.6
Ne-CHy 0.17 | 0.18 | 60.5 | 27.8 11.7
Ne-CgHg 0.35 | 0.32 | 58.3 | 29.1 12.6
CH,4-CoHy 0.61 | 0.53 | 61.0 | 274 11.7
(CHy) 0.63 | 0.68 | 59.0 | 28.0 13.1
(CF4)2 0.49 | 0.70 | 59.2 | 28.9 11.9
SiH4-CHy 0.90 | 0.84 | 55.9 | 29.6 14.5
CH4-CgHg 1.50 | 1.27 | 57.7 | 29.0 13.3
(CoHa), 1.70 | 0.71 | 54.1 | 30.6 15.3
(COy)q 1.50 | 0.66 | 55.2 | 30.8 14.1
(0OCS), 1.46 | 1.15 | 50.6 | 32.7 16.8
(CoHy)o 1.63 | 1.17 | 55.9 | 29.5 14.6
P-(CgHg) 1.17 | 2.40 | 58.7 | 28.7 12.6
T-(CgHsg)o 2.70 | 1.99 | 57.7 | 28.8 13.4
SP-(CgHg)o | 2.10 | 2.67 | 57.1 | 29.3 13.6
P-(CyoHs)o 2.71 | 4.68 | 58.2 | 28.9 13.0
PC-(CioHg)2 | 3.96 | 5.28 | 57.1 | 29.3 13.6
T-(C1oHsg)2 4.80 | 3.53 | 58.0 | 28.7 13.3
TC-(CyoHg)o | 3.33 | 2.86 | 59.7 | 27.9 12.3
Dipole-induced Dipole
NH;3-CHy 0.83 | 0.38 | 62.1 | 27.2 10.8
SiH4-HF 0.77 | 0.38 | 57.5 | 29.2 13.3
CH4-HF 1.66 | 0.43 | 58.1 | 28.7 13.2
COIIIp]eX BE Edisp % 06 % Cg % 010
continued on next page
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NH3-CgHg | 2.47 | 1.29 | 56.4 | 29.5 | 14.1
H,O-CgHg | 3.60 | 1.29 | 55.2 | 30.0 | 14.8
CoH4-HF | 5.35 | 0.58 | 56.4 | 29.7 | 14.0
Dipole-Dipole
(H2S)s 1.70 | 0.63 | 54.1 | 30.9 | 15.0
(HCD), 1.92 | 0.55 | 52.2 | 32.0 | 15.8
(CFH;3), | 2.61 | 0.70 | 62.9 | 25.3 | 11.8
HCI-HyS | 3.34 | 0.67 | 52.4 | 31.7 | 15.9
(CH20)s | 4.28 | 0.78 | 55.8 | 30.0 | 14.1
(HsCCN), | 6.60 | 1.38 | 54.8 | 30.5 | 14.7
Hydrogen Bonded

(NHs3), | 3.25|0.52 | 58.5 | 28.4 | 13.0
(HF), 5.20 | 0.22 | 58.7 | 29.0 | 12.3
(HyO)s | 5.45 | 0.41 | 58.1 | 28.9 | 13.0
H;O-NH; | 6.59 | 0.53 | 57.8 | 28.9 | 13.3
HCN-HF | 7.90 | 0.33 | 55.7 | 30.4 | 13.8
Average 58.1 | 29.1 | 12.9

129




Figure 7.1: Plot of the component terms of the dispersion energy for the neon dimer

as a function of internuclear separation.
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Figure 7.2: Linear correlation of calculated %Rvd[/‘/ﬂ'i values with Clementi atomic radii

[123]. All values are in A.
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Figure 7.3: Plot of the component terms of the damped dispersion energy for the

neon dimer as a function of internuclear separation.
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Figure 7.4: Conformations of the naphthalene dimer and minimum-energy center-of-
mass separations from high-level theory [124]. Conformations are, in clockwise order:

Parallel (P), Parallel Crossed (PC), T-Shaped Crossed (TC), and T-Shaped (T).
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Figure 7.5: Potential energy curves for the parallel conformation of the benzene dimer

from various levels of theory (counterpoise corrected). The MP2 and CCSD(T) curves

are from Ref. [104].
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Chapter 8

Van der Waals Interactions from
the Exchange Hole Dipole
Moment: Application to

Bio-organic Benchmark Systems

Original reference: E. R. Johnson and A. D. Becke, Chem. Phys. Lett. 432, 600
(2006).

Abstract

We have recently completed the development of a simple model of the dispersion
interaction based on the dipole moment of the exchange hole [127]. The model gen-
erates remarkably accurate dispersion coefficients, geometries, and binding energies
of intermolecular complexes. In this work, the model is tested on three biochemical
benchmark systems: binding energies of nucleobase pairs, relative conformational en-
ergies of the alanine dipeptide, and the anomeric effect from conformational energies
of substituted tetrahydropyrans and cyclohexanes. The model gives binding energies
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and conformational energies in good agreement with correlated ab initio reference

data.

8.1 Introduction

Satisfactory treatment of the London dispersion interaction is a long-standing
problem in computational chemistry. Correlated ab initio methods with large basis
sets can accurately model this interaction, but are too computationally expensive
for application to large systems. More efficient methods such as Hartree-Fock (HF)
and Density-Functional Theory (DFT) do not contain the physics of dispersion. This
can result in qualitatively incorrect descriptions of chemistry in applications where
dispersion interactions are important, such as 7 stacking [18].

We have recently developed a model which uses the position-dependent dipole
moment of the exchange hole to generate dispersion interactions [127]. We will refer
to this model as the exchange-hole dipole moment (XDM) model in this work. The
XDM model generates excellent Cg dispersion coefficients, with a mean absolute per-
cent error of 9.1% for a set of 178 intermolecular complexes [121]. The model also
generates the higher-order dispersion coefficients Cs and C'y with mean absolute per-
cent errors of 19.2% and 12.8% percent for smaller test sets of 39 and 32 complexes,
respectively [121]. When combined with Hartree-Fock theory and the Becke-Roussel
(BR) dynamical correlation functional [39, 47|, the XDM method provides accurate
treatment of intermolecular van der Waals potential energy surfaces, having a mean
absolute error of 0.06 A in the minimum-energy separations and a mean absolute
percent error of 14.1% in the binding energies of 45 bimolecular complexes [127]. For
dispersion-bound complexes, the HFBR-XDM method is twice as accurate as MP2
in binding energy calculations. This level of accuracy is particularly impressive given

that the computational cost of the XDM method is negligible compared to the cal-
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culation of the HF orbitals themselves. In this work, we assess the performance of
the HFBR-XDM model in applications spanning three major classes of biomolecules:
DNA, amino acids, and carbohydrates.

The interactions between DNA nucleotides are controlled by van der Waals inter-
actions, specifically hydrogen bonding between deoxyadenosine and deoxythymidine
and between deoxycytidine and deoxyguanosine. Full nucleotide pairs are too large to
treat with correlated ab initio methods. However, interactions between the nucleobase
pairs have been the subject of an extensive theoretical study [128]. It was shown by
correlated ab initio calculations that m-stacking energies between the nucleobase pairs
are of similar magnitude as the H-bond strengths [128]. Predicting accurate binding
energies for both H-bonded and w-stacked conformations of the nucleobase pairs is
a challenging test for DFT methods. In particular, the X3LYP modification [129]
of the B3LYP [46, 48] functional, with the cc-pvtz basis set and counterpoise (CP)
correction [94], severely underestimates the binding of the stacked conformations of
adenine-thymine (A-T) and cytosine-guanine (C-G) [130]. In the present work, the
HFBR-XDM approach will be applied to the H-bonded and w-stacked conformations
of the A-T and C-G pairs.

To date, HFBR-XDM has been applied only to intermolecular interactions. In
this work we also consider intramolecular van der Waals interactions, as measured
by relative conformational energies. An efficient methodology for computation of
accurate conformational energies of proteins would be extremely valuable in protein
folding studies. The alanine dipeptide is the prototypical model system for protein
structure prediction, and HFBR-XDM and correlated ab initio results [131] for the
relative energies of six conformations of this dipeptide will be compared.

Another instance where intramolecular van der Waals interactions affect structure
is the anomeric effect in carbohydrate chemistry. The anomeric effect refers to the

energetic preference for axial conformations of 2-substituted tetrahydropyrans, as op-
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posed to the equatorial conformations preferred by substituted cyclohexanes. HFBR-
XDM relative energies of the axial and equatorial conformations of four substituted
cyclohexanes and tetrahydropyrans will be computed and the results compared to
correlated ab initio reference data [132].

These three applications will serve as tests of the ability of the HFBR-XDM model

to predict accurate binding or conformational energies of biologically relevant systems.

8.2 Methodology

Our exchange-hole-based dispersion model is fully described elsewhere [127], but
will be briefly reviewed here. In our HFBR-XDM approach, we add an explicit
dispersion energy term to the Hartree-Fock energy and the Becke-Roussel modification
[47] of the dynamical correlation functional of Becke [39]. Thus, the total HFBR-XDM

energy is given by
Eurpr-xpm = Pur + EBR + Elisp- (8.1)

The dispersion energy is a summation over all pairs of atoms ¢ and j of Cy, Cs,

and C} terms, damped to prevent singularities at small interatomic separations:

06 i CB i 010 ii
Eaisp = — - D+ 4 . (82)

1>]

Ryaw;j; is an effective van der Waals interatomic separation, linearly related to a

“critical” interatomic separation R, ;; by
Ryaw,ij = a1 R ;5 + ao, (8.3)

with the critical separation R, ;; given by the average of (Cs i;/Cé.i;)'/?, (Cr0.;/Cé.i;) "%,
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and (C1g,;/Csii)"/?. The atom-independent parameters a; = 0.83 and ay = 1.55 A
were determined by least squares fitting to the binding energies of 45 intermolecular
complexes [127].

The dispersion coefficients are completely non-empirical and are given by

iy < ME >;< ME >

Coii = : 8.4
ST < M2 >, aj+ < ME >; o (8-4)
O = 3oy (< ME>;< M3 >; + < M3 >;< M? >)) (8.5)
i — 2 < M12 > C¥j+ < M12 > oy ’ ’
o _ Baiay (< M2 >;< M2 >, + < M2 >;< M?>))
1047 = 5 < M? >; a4 < M2 >; oy

5 < M2 >; a5+ < M2 >; o

where «; is the effective atom-in-molecule polarizability of atom i. We estimate this
effective polarizability by exploiting the well-known proportionality between polariz-

ability and volume [119]. Thus, for «;, we take

3 i 3., 3
o = (&) i = (fr wi(r)p(r)d ) . 57)

<rs >i,free fT3pi’free(I')d3l‘

where o; fre. is the free atomic polarizability, taken from readily available tabulations
[76], and the expectation value < 73 >; is assumed to be a measure of effective volume.

w;(r) is the Hirshfeld atomic partitioning weight [88] defined by

wi(r) = ) (8.8)

t il
- PR(T)
where p¢ is a sphericalized free atomic density on nucleus 7 and the n summation is

over all atoms in the system. By construction, w;(r) approaches 1 near nucleus 7 and
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approaches 0 everywhere else, and the weights sum to 1 at every point in the system.
Finally, Eqgs. (8.4) - (8.6) for the dispersion coefficients involve atomic expectation

values < M} >; of squared multipole operators:

<M2>=Y / wi()po(x) [ = (r — dxo)!]’ &, (8.9)

where dx, is the magnitude of the dipole moment of a o-spin electron and its exchange
hole at point ry:

1

,0(1'1) Z 1/)190(1‘1)1/)10(1'1) /r2¢’ka (1‘2)¢lg(r2)d3r2] — I (810)

dx, (1'1) = !

and 7 is the distance from nucleus i. The double summation in Eq. (8.10) is over the
Hartree-Fock orbitals.

All calculations are post-Hartree-Fock as described in our previous work [127].
HF /aug-cc-pvtz calculations were performed on all species using the Gaussian 98
program [49]. The EZ® dynamical correlation energy and all expectation values re-
quired for the dispersion energy were then obtained from the HF orbitals by numerical
integrations [77].

The geometries of all species were obtained from Refs, [131], [132], and [133].
Single-point HFBR-XDM energy calculations were performed to obtain relative con-
formational energies. Although only single-point calculations were performed here
for expediency, the extensive optimization tests of Ref. [127] suggest that full opti-
mization would have negligible effect on the present results. For the nucleobase pairs,
post-HF evaluations of EG® and Ey;s, were carried out for the complex and the sep-
arated monomers and were added to the counterpoise-corrected [94] HF /aug-cc-pvtz
energies. BEs were computed as the total energy difference between the complex

and the separated monomers. Calculations were also performed on all species with
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B971/6-311++G(3df,3pd) [53] for comparison, since we believe it to be the best “con-

ventional” DFT for intermolecular van der Waals interactions [110].

8.3 Results and Discussion

8.3.1 Nucleobase Pairs

The calculated HFBR-XDM and B971 binding energies of the four nucleobase
pairs are compared to correlated ab initio reference data in Table 8.1. We expect
B971 to predict little or no binding for the m-stacked conformations of the nucle-
obase pairs, though it should give accurate binding energies for the hydrogen-bonded
conformations [110]. These expectations are confirmed by the results in the Table.

The HFBR-XDM results reflect the trends in our previous work [127] on the fit set
of 45 bimolecular complexes. The binding energies of the H-bonded complexes in Ref.
[127] had a mean absolute percent error (MAPE) of 8.6% and were slightly overbound,
while the m-stacked complexes were underbound with a MAPE of 26.1%. Similar un-
derbinding of the m-stacked cases is seen in Table 8.1. Unlike B971, however, the
performance of HFBR-XDM is qualitatively correct for both hydrogen-bonded and
w-stacked cases. Overall, the mean absolute error is 2.6 kcal/mol or 17.6% for these
four complexes. This is particularly impressive considering the much lower computa-
tional cost and improved scaling of HFBR-XDM compared to MP2 or coupled-cluster
methods. The cost of our post-HF approach is essentially the cost of the HF compu-

tation itself.

8.3.2 Alanine Dipeptide

For alanine dipeptide in the gas phase, the C7,, conformation is the most stable

of 6 local minimum-energy structures according to basis-set extrapolated MP2 theory
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[131]. The conformational energies of the dipeptide, relative to the C7,, conformation,
are shown in Table 8.2 for HFBR-XDM, B971, and MP2.

The conformational energies are dominated by intramolecular H-bonding and pop-
ular DFTs and MP2 perform well for H-bonded interactions. Thus, we expect that
both B971 and HFBR-XDM will yield accurate conformational energies for alanine
dipeptide. B971 has a mean absolute error (MAE) of 0.28 kcal/mol and HFBR-XDM
has a similar MAE of 0.31 kcal /mol. While there is no advantage to HFBR-XDM over
B971 in this case, it is reassuring that our model performs as well for intramolecular
interactions as intermolecular interactions in H-bonding cases. For larger polypep-
tides, steric and 7-stacking interactions will become important factors in structure
prediction. It is in these cases, where dispersion interactions come into play, that our

model will be superior to existing DFTs.

8.3.3 The Anomeric Effect

The energies of the equatorial conformations, relative to the axial forms, of four
2-substituted tetrahydropyrans and cyclohexanes are shown in Table 8.3 for HFBR-
XDM and B971. Estimated basis-set limit CCSD(T) values are shown for comparison.

Weldon et al. [132] showed that HF and B3LYP both underestimate the stabi-
lization of the axial form relative to the equatorial conformation of substituted cyclo-
hexanes and tetrahydropyrans, with MAEs of 0.99 kcal/mol (HF) and 0.73 kcal /mol
(B3LYP). It is likely that at least part of this error is due to neglect of dispersion, since
a greater intramolecular dispersion interaction is expected between the substituent
and the ring in the axial conformation. While none of HF, B3LYP, or B971 include
the proper physics of dispersion, the data in Table 8.3 show that B971 is an improve-
ment over B3LYP (MAE of 0.44 kcal/mol). However, HFBR-XDM is much better
still with a MAE of only 0.17 kcal/mol, in excellent agreement with the CCSD(T)
basis-set limit estimates. While the magnitude of the intramolecular dispersion inter-
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action is relatively small in these systems, neglect of this interaction by conventional
DF'Ts could result in incorrect prediction of the more stable conformer in more highly
substituted tetrahydropyrans, or in other sterically crowded systems. HFBR-XDM

would evidently be much more reliable.

8.4 Conclusions

In this work, we have tested our HFBR-XDM method of Ref. [127] on three
diverse applications in organic and bio-organic chemistry. Calculation of binding
energies of both hydrogen-bonded and m-stacked conformations of nucleobase pairs
serves as a test of the model’s applicability to DNA chemistry. Calculation of the
relative conformational energies of alanine dipeptide tests the model’s performance
on intramolecular interactions in protein chemistry. The final application, another
intramolecular interaction test, was the anomeric effect in carbohydrate chemistry.
For each of these applications, our model is in good agreement with correlated ab
initio reference calculations, with mean absolute errors of 2.6 kcal/mol for the four
nucleobase binding energies and 0.22 kcal/mol for the conformational energies of
Sections 8.3.2 and 8.3.3. Our model is a dramatic improvement over popular existing
DF'Ts, as represented by the B971 functional, since it gives a balanced treatment of
all van der Waals interactions while B971 does not. It promises to be widely useful in
biochemical applications where MP2 or coupled-cluster calculations are impractical.

While the present work is post Hartree-Fock, we will examine in future work the

effect of other potentials on our vdW potential energy surfaces.

143



Table 8.1: Calculated CP-corrected HFBR-XDM and B971/6-311++G(3df,3pd)
binding energies for the nucleobase pairs, in kcal/mol. Errors are relative to the

estimated basis set limit CCSD(T) values from Ref. [128].

Dimer HFBR-XDM | B971 | Ref. [128]
A-T H-bond 14.5 12.8 15.4
A-T stack 7.2 -0.2 11.6
C-G H-bond 30.0 25.5 28.8
C-G stack 13.2 5.2 16.9
MAE 2.6 7.4 -
ME -2.0 -7.4 -
MaxE -4.4 -11.8 -

A-T: adenine-thymine, C-G: cytosine-guanine, MAE: mean absolute error, ME: mean

error, MaxE: maximum error.
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Table 8.2: Relative energies of 6 conformations of the alanine dipeptide, in kcal/mol,
calculated with HFBR-XDM and B971/6-311++G(3df,3pd). Errors are relative to

the estimated basis set limit MP2 values from Ref. [131].

Conformation | HFBR-XDM | B971 | Ref. [131]
CTeq 0.00 0.00 0.00
Ch 0.85 0.96 1.39
CTos 3.04 2.52 2.66
B2 3.92 3.29 3.35
o, 5.90 5.67 5.19
o 6.95 6.51 6.80
MAE 0.31 0.28 -
ME 0.09 -0.09 -
MaxE -0.54 0.48 -
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Table 8.3: Relative equatorial-axial conformational energies of 2-substituted tetrahy-
dropyrans and cyclohexanes, in kcal/mol, calculated with HFBR-XDM and B971/6-
311++G(3df,3pd). Errors are relative to the estimated basis set limit CCSD(T)

values from Ref. [132].

Substituent | HFBR-XDM | B971 | Ref. [132]
Cyclohexanes

methyl 1.9 212 -1.75
fluoro -0.18 -0.49 -0.2

methoxy -0.33 -0.91 -0.21

hydroxy -0.58 -0.98 -0.56

Tetrahydropyrans

2-methyl -2.96 -3.09 -2.82

2-fluoro 2.18 2.22 2.45

2-methoxy 0.94 0.52 1.27

2-hydroxy 0.57 0.38 0.86
MAE 0.17 0.44 -
ME -0.16 -0.44 -
MaxE -0.33 -0.75 -
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Chapter 9

A Unified Density-Functional
Treatment of Dynamical,
Nondynamical, and Dispersion

Correlations

Original reference: A. D. Becke and E. R. Johnson, J. Chem. Phys. 127, 124108
(2007).

Abstract

In previous work we have introduced exact-exchange-based density-functional
models for all of dynamical, nondynamical, and dispersion correlations. We have
not yet, however, been able to combine these models into a single energy functional.
The problem is that interaction curves in van der Waals complexes are too repulsive.
A simple solution is proposed in the present work resulting in an exact-exchange-
based energy functional for all chemical interactions, from the weakest (dispersion),

to the strongest (molecular bonds).
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9.1 Introduction

In recent publications [84, 99, 116, 121, 127, 134], we have developed a model of
van der Waals interactions based on the position-dependent dipole moment of the
exchange hole. We obtain remarkably good interatomic Cs, Cy, and C4y dispersion
coefficients for atoms in molecules without any fitted parameters whatsoever [121].
Intermolecular potential energy surfaces are then obtained by introducing two uni-
versal fitted parameters into a simple attenuated dispersion energy formula [127].

The method as developed so far [84, 99, 116, 121, 127, 134] is post-Hartree-Fock
and is applicable to intermolecular or intramolecular interactions [134] of van der

Waals type. The total energy

Eiotat = Fur + Epe + Egisp, (9.1)

consists of the Hartree-Fock energy Fyr, the dynamical correlation energy ESg of
Becke and Roussel [39, 47] and the dispersion energy Egs,. By using Hartree-Fock
as our reference, the repulsive part of intermolecular energy curves is treated exactly.
This has allowed us to assess the dispersion and dynamical correlation contributions
to vdW interactions without extraneous Pauli repulsion errors.

Eq. (9.1), however, poorly handles intramolecular bonding interactions because
nondynamical correlation is absent. The usual inadequacies of Hartree-Fock theory in
describing chemical bonds and transition states remain. Eq. (9.1) is not a “universal”
energy functional applicable to all of chemistry. The objective of the present work is
to find an accurate universal functional.

Becke has reported [15, 25] a nondynamical correlation model which, when part-
nered with exact exchange and ES& dynamical correlation, gives excellent molecular
atomization energies [25] and reaction barriers [57]. Adding Becke’s nondynamical

correlation energy to Eq. (9.1) should yield the desired universal functional. However,
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this turns out not to be as straightforward as expected.

For subtle reasons, uncovered in Section 9.2, the problem resides in the repulsive
part of vdW energy curves. A solution is proposed in Section 9.3 which also offers
the great computational advantage that LDA (local density approximation) or other
DFT (density-functional theory) orbitals can be used instead of Hartree-Fock orbitals.
The result is a unified density-functional treatment of dynamical, nondynamical, and
dispersion correlations that can be fine tuned to any convenient input orbital type.
We call the method DF07. In Section 9.4 we assess a post-LDA realization of DF07
on a joint test set comprised of the G3/99 heats of formation of Curtiss, et al. [40]
and 45 intermolecular complexes used in our previous dispersion studies [127].

In order to avoid long digressions, our previous correlation and dispersion models
will be reviewed in three Appendices. Since DF(07 combines such a large body of
earlier work, it is useful to collect all relevant ideas and formulas here. Correlation
formulas are reviewed in Appendices 1 and 2 and dispersion formulas in Appendix 3.
The “B86” and “B88” exchange functionals [41, 42] also play a major role in DF07.

These are reviewed in Appendix 4.

9.2 Repulsion in vdW Curves

In this section Becke’s nondynamical correlation energy will be denoted EZ} o [see
Appendix 2, Eq. (9.39)]. We have found in preliminary trials that Eq. (9.1) appended

by Ell\?Dc,
Etotal = EHF + EI]\?DC + E]]gg + Edispa (92)

yields very poor, overly repulsive, intermolecular interactions. Nondynamical corre-

lation should not, in principle, affect vdW curves. This is therefore a disappointing
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result. The source of the error is uncovered below.

In Fig. 9.1 we plot He, energy curves for various pure exchange theories. The
Hartree-Fock curve is strictly repulsive, a well-known property of exact exchange
in closed-shell interactions. Also plotted in Fig. 9.1 are curves, all computed post-
Hartree-Fock, for the density-functional exchange approximations B86 [41], B88 [42],
and Becke-Roussel [43] (hereafter referred to as BR). Exchange approximations with
a —1/r asymptotic exchange-hole potential, such as B88 and BR, give repulsive vdW
curves [19]. Indeed the B88 and BR curves are significantly more repulsive than
Hartree-Fock. B86 shows spurious binding, however, as is typical [19] of functionals
with an asymptotic exchange-hole potential weaker than —1/r. The wide variability
of these pure “exchange” curves demonstrates that obtaining a good balance between
Pauli repulsion and correlation in vdW interactions will be difficult.

Also plotted in Fig. 9.1 is the curve for E$¢% + Ef ., denoted HF+NDC in
the figure. HF+NDC should reproduce Hartree-Fock if there is no nondynamical
correlation in vdW interactions. Yet its curve lies closer to the BR curve than to the
HF curve. What is wrong?

FERpc is based on a localized effective Becke-Roussel exchange hole (see Appendices
1 and 2) determined by first- and second-order local density gradients, local kinetic-
energy density, and the exact exchange-hole potential, whose normalization is not
fixed a priori and is not necessarily equal to 1. Normalization less than 1 indicates
exchange-hole delocalization to other centers and hence the onset of nondynamical
correlation. On the other hand, normalization equal to 1 means no nondynamical
correlation.

In free atoms and in interactions between closed-shell systems, where no nondy-
namical correlation is expected, the effective BR normalization should everywhere
equal 1. Because the BR model is not exact, however (except for hydrogenic atoms),

slight variations from 1 occur in practice in these cases and artifactual non-zero val-
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ues of EBp thus arise. Data for the free atoms H through Ar is shown in Table 9.1.
Notice that E2} is not negligible in free atoms even though it should, in principle,
be close to zero. Indeed, Efp- may even have positive value as, eg., in the atoms P
through Ar. For the computation of chemical energy differences such as atomization
energies [25] or reaction barriers [57] this is evidently not a problem thanks to can-
cellation of errors. For the extremely small energy differences in vdW interactions,
however, Fig. 9.1 reveals that errors in EZ},« are critical.

We note an interesting trend in Table 9.1. The energies E$*! + E@p are much
closer to ER® than to E$%*!. The effect of the “reverse BR” algorithm underlying
ERpc (see Appendices 1 and 2) is to push the exact exchange energies in free atoms
towards BR exchange energies. This is graphically illustrated in Fig. 9.2. All this
explains why the HF+NDC curve in Fig. 9.1 lies closer to the BR curve than to
the Hartree-Fock curve, and why intermolecular interactions from Eq. (9.2) are too
repulsive. In the following section we propose a scheme to shift HF+NDC back

towards Hartree-Fock.

9.3 Fine Tuning of Pauli Repulsion

All generalized gradient approximations (GGAs), because they share the same
implicit assumption of a locally normalized exchange-correlation hole, give very sim-
ilar thermochemistry. In Fig. 9.3, for example, we see that B86 and B88 dissociation
curves for Hy are virtually identical. The BR curve differs slightly from the B86/B88
curve because BR is not a GGA. With this in mind, we wonder if an appropriate
multiple of the difference curve, B86-B88, might suitably lower the HF+NDC vdW
curve in Fig. 9.1 without deleteriously affecting ordinary thermochemistry. We have

found this strategy to be surprisingly successful.
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The total energy is thus given by

_ rrexact opp  nopp par  rpar opp 10pp par rpar
Eiota = EX* + axpcExnc + axncExne + encEpc + apcEnc

+FEgisp + arc (EESG - E)%ss) ) (9.3)

with the exact exchange energy F$*“ as the leading term, followed by opposite- and
parallel-spin components EYp and EX]~ of the nondynamical correlation energy and
opposite- and parallel-spin components EJE and ED{ of the dynamical correlation
energy (see Appendix 2). The dispersion energy Eg, is given by the formulas of
Appendix 3. The final term, ES% — E28 might aptly be called a repulsion “fine
tuning” correction. The “a” prefactors in Eq. (9.3) are linear fit parameters.

We will refer to Eq. (9.3) as “DF07”. Noting that there are two nonlinear param-
eters in Fy,,, we have seven parameters altogether in DF07. These will be fit to a
combined test set of thermochemical and vdW data in Section 9.4.

Our dispersion model, Eg;sp, can be implemented in two ways (see Appendix 3). Its
fundamental quantity, the position-dependent dipole moment dx,(r) of the exchange

hole and its reference electron, can be computed using occupied orbitals as follows:

dy(r) = ﬂ%(r)zd)kg(r)wlg(r) / r'¢ka(r')1/)lg(r')d3r'] o (94)

Alternatively, its magnitude dx,(r) may be approximated using local densities and

the Becke-Roussel exchange model:
dXo‘(r) - b; (95)

where b is the displacement from the reference point of the mean position of the BR
model hole (see Appendix 1). The first approach, to be denoted XX, and the second

approach, to be denoted BR, give very similar results [116, 121]. Both will be tested
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in the fits of the next section.

9.4 Calibration on Thermochemical and vdW Data

Pauli repulsion depends not only on the energy functional, but also on the input
orbitals. We propose that the DF07 Pauli-repulsion correction, agrc(E%%¢ — E%%8),
compensate for both. The use of any convenient orbitals, not necessarily Hartree-Fock
orbitals, may therefore be entertained. This is a great advantage in codes that can
economically compute LDA or GGA orbitals, but not Hartree-Fock orbitals.

We have calibrated DF07 with our basis-set-free NUMOL code [78], using LDA
orbitals [38], on a data set consisting of 222 molecular atomization energies and 45
intermolecular vdW complexes. The atomization energies are from the G3/99 ther-
mochemical benchmark set of Curtiss, et al. [40]. We use B3LYP/6-31G(2df,p)
geometries as recommended in their G3X procedure [135]. The vdW complexes are
from our own previous work [127] and include key benchmark systems such as the
benzene and naphthalene dimers. Geometries of the intermolecular complexes are
determined by minimum-energy scans as described below.

The fits are challenging for several reasons. We have nonlinear as well as linear
parameters. There is a huge disparity in binding energy magnitudes between the G3
and the vdW sets. Moreover, the geometries of the vdW complexes are not fixed, but
are the minimum-energy geometries for each given set of trial parameter values. The

following self-consistent procedure was adopted.

1. Starting values of the correlation parameters ayp, avpa, ope, and all, were

chosen from Ref. [25].

2. With correlation parameters agrs ., akpe, apg, and al, fixed, a 3D search is

carried out for optimum dispersion parameters aq, as, and arc. The 3D search
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is over a cubic grid of trial ay, as, and agrc values. For each set of trial values,
the minimum-energy geometry of each of the 45 vdW test complexes is obtained
(assuming rigid monomers) and its binding energy (BE) then computed. The
optimum parameter values are those that minimize the rms deviation from
accurate reference BE data [127]. This tedious process has been automated for

the most part.

3. Now the optimum a1, as, and arc dispersion parameters are fixed and a least-
squares fit of the a{p o, apes 0pe, and apls correlation parameters to the heats
of formation of the G3 molecules is performed [at their B3LYP/6-31G(2df,p)

geometries].

4. With the new correlation parameters, return to step 2. Convergence is achieved

in a few iterations.

In Table 9.2 we report optimum parameter values for the XX and BR variants of
DFO07. All calculations were performed by the NUMOL program with radial grids of
80 points for H-He, 120 for Li-Ne, 160 for Na-Ar, and angular grids of 302 points on
all atoms.

The repulsion-correction coefficient agrc has a relatively small value of 0.25 for
DF07-XX and 0.27 for DF07-BR. When B86 is used in this way, it does not contribute
any physical binding to our vdW complexes! The binding observed for B86 in vdW
interactions in, eg., Ref. [19] or in Fig. 9.1, is spurious. The physics of dispersion is not
contained in B86 or in any other exchange GGA. Its purpose in DFO07 is to shift the
HF+NDC curve down to the repulsive HF curve. The binding in all our dispersion-
bound complexes arises entirely from the dynamical correlation and dispersion terms
as it should.

The four correlation parameters axpe, GXpos 0pe, and ald have values similar to

those in Ref. [25]. The dispersion parameters a; and a, are similar to those in Ref.
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[127]. Thus the repulsion-correction term joins these independent theories together
without significantly altering either one.

The statistics in Table 9.2 are very good. Mean absolute errors (MAEs) are 2.9
kcal/mol (XX) and 2.8 kcal/mol (BR) for the G3/99 heats of formation. Mean abso-
lute percent errors (MAPEs) are 12.0% (XX) and 7.9% (BR) for the vdW complexes.
These MAPEs are even smaller than the 14.1% obtained by our post-Hartree-Fock
method in Ref. [127]. For the geometries of the vdW complexes, the mean abso-
lute error in the intermonomer separations is 0.11 A (XX) and 0.12 A (BR). The
maximum errors are 0.3 A for both.

DFO07-BR performs somewhat better than DF07-XX on the vdW interactions,
particularly in the important case of 7 — 7 interactions. For the three conformations
of the benzene dimer and the four conformations of the naphthalene dimer in our
test set, the MAPEs are 23.9% and 7.3% for XX and BR respectively. The mean
(percent) errors are -23.9% and 4.7%. XX clearly underbinds 7 — 7 systems. BR is

a significant improvement having a slight overbinding tendency.

9.5 Discussion and Conclusions

DFO07 is a unified methodology for computing exact-exchange-based total elec-
tronic energies in chemical systems. Dynamical, nondynamical, and dispersion corre-
lations are treated in a balanced manner. We have here presented DF07 parametriza-
tions for LDA input orbitals. Mean absolute heat-of-formation error on the G3/99
thermochemical data set is below 3.0 kcal/mol, and mean absolute percent error on
a test set of 45 intermolecular binding energies is of order 10 percent.

The seven parameters in DF07 might be discomforting to some. Let us point
out, however, that each parameter is connected to a well-defined physical effect and

that each parameter’s value concurs with physical intuition. We feel, therefore, that
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these fits are rational and justified. Pragmatic fitting of parameters is today quite
acceptable in the design of accurate thermochemical procedures (see, eg., Ref. [40]).

DF07 compares favourably with the universal DFTs of Grimme [60] which combine
various GGAs with scaled empirical dispersion. Grimme’s most recent functional [60],
containing 13 parameters, is called “B97-D”. On 148 atomization energies, the MAE
for DF0O7-BR is 2.5 kcal/mol compared to 3.8 kcal/mol for B97-D [60]. The MAPE
for DFO7-BR on our 45-complex vdW test set [127] is 7.9% compared to 17.3% for
B97-D on a different 40-complex set [60]. B97-D is a simple GGA, however, compared
to the much more complicated DF07. DF07 and B97-D use occupied orbitals only.
Using virtual orbitals as well in an MP2-like manner, Grimme obtains a “double”
hybrid theory with even better performance [136].

Extensive tests of DF07 on a wide variety of benchmark sets comprised of reac-
tion barriers, bond energies, charge-transfer complexes, ionization potentials, electron
affinities, proton affinities, etc. are under way and will be reported in a later commu-
nication.

Obtaining forces from DF07 will be difficult due to the complicated nature of the
nondynamical correlation expressions (see Appendix 2). The possibility that useful
geometries can be obtained from simplifications of DF(07 will also be explored in

future work.

9.6 Appendix 1: the Becke-Roussel Exchange-Hole

Model

Our nondynamical and dynamical correlation theories, and the BR variant of our
dispersion theory as well, rely on the Becke-Roussel model of the exchange hole [43].

Our correlation review must therefore begin with a review of the BR model.
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Most exchange-hole models in the DFT literature are based on the uniform elec-
tron gas as the reference system. The Becke-Roussel model on the other hand, is
inspired by the hydrogen atom. The BR model recovers the exact exchange hole
at any reference point in any hydrogenic atom. In other systems it is an excellent
approximation.

At any given reference point in an atom or molecule, the BR model hole is the

spherical average of a simple exponential function
—Ae™ " (9.6)

centered at a distance b from the reference point. The three parameters in the model
(A, a, and b) are determined by applying three constraints. The Taylor expansion
of the model hole around the reference point r, to second order in the interelectronic
separation s, is given by

Aa? 2
RER(r,5) = —Ae™ — Ta (1 — E) et + ..., (9.7)

where = ab. Assuming real orbitals (see Refs. [100, 101, 137] for the generalization
to complex orbitals and nonzero current densities) the Taylor expansion of the ezact

hole is
hSEact(r,8) = —pe — Qos” + ..., (9.8)
where

Qo = (VZPJ - 2Da) (99)

[ NN
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and

(9.10)

and 7, is the following kinetic-energy density:

o= (Vihis)”. (9.11)
Equating the Taylor expansions, Eqs. (9.7) and (9.8), gives two constraints. Normal-

izing the model hole to unit charge gives the third:

8mTA
Solution of these constraints is simple. The end result is the following nonlinear

equation for the variable x:

—2x/3 9 3/3
L; — = gﬁz/3%, (9.13)

which is efficiently solved by, eg., the Newton-Raphson method.

After the root of Eq. (9.13) is obtained, b is given by

x3e ®

b3

— 9.14
S, (9.14)

and the Coulomb potential of the BR hole at its reference point, U¥X(r), is then given

by

1 1
URR = =3 <1 —e - 5306“) . (9.15)
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The total o-spin exchange energy is

1
EBR = 3 / poURRd®r. (9.16)

Complete details, atomic benchmark data, and informative plots may be found in

Ref. [43].

9.7 Appendix 2: Nondynamical and Dynamical
Correlations

In this section, the nature of both “nondynamical” and “dynamical” correlations
and our previously published models for each are reviewed.

Nondynamical correlation is also referred to as “static” correlation or “left-right”
correlation. In real space it is multicentered in range. In configuration space it
involves mixing of low-lying nearly-degenerate configurations. The multicenter nature
of nondynamical correlation is the working definition of our model [15, 25].

If the extent of the (exact) exchange hole is localized to roughly atomic size, as it is
in free atoms or in closed-shell interactions, there is no nondynamical correlation. In
chemically bonded systems, however, the exchange hole is delocalized (or “nonlocal”)
and extends over more than one center. The Becke-Roussel exchange-hole model can
be used to sense the nonlocality of the exact exchange hole. For this purpose, the
procedure in Appendix 1 is “reversed”.

As in Appendix 1, we equate the Taylor expansions of Egs. (9.7) and (9.8) giving

two constraints. Now, however, instead of using hole normalization as the third
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constraint, we require that the Coulomb potential of the eract exchange hole,

emact ¢ka wla 3
U Z VYo (1) 1o (x / — Yo (W (1) o (9.17)
equal the Coulomb potential of the model hole:
87TA 1
l1—e®——ge™® 1
s ( e 57¢ > , (9.18)

where © = ab as in Appendix 1. Solution of these constraints gives the nonlinear

equation

r—2 T 3 Q
T 1 _) UUe:Eact 9.19
(e CAr p2 X7 (9.19)

for the variable x, following which A and a are given by

A = p,e”, (9.20)
6Q, =

2= = : 21

¢ Po T — 2 (9 )

The normalization of the BR hole is not fized in this scheme. Instead, the nor-

malization is given by

8rA

Neff —
Xo a3

(9.22)
and may be less than or equal to 1. This “effective” local normalization is a measure
of the multicenter nonlocality of the exact hole. A value of NI less than 1 signifies
hole delocalization to other centers.

In practice, values slightly greater than 1 may occur since the BR model is not
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exact (except in hydrogenic atoms). The consequences of this are discussed in Section
9.2 and, indeed, are the primary concern of this paper.

The model hole above is not the same hole as in Appendix 1. Both are based on
the BR off-center exponential analytical form, but are subject to different constraints
and are used for different purposes. The above hole will be designated h$L (localized
“effective” exchange hole) to distinguish it from SR of Appendix 1.

When N < 1, we model nondynamical correlation by adding to the effective

o-spin hole a fraction f of the effective hole of the opposite-spin electrons,

hxNpea = B + [BSs (9.23a)

hxNpog = h&% + fhe)’?a (9.23b)

such that these “exchange plus nondynamical correlation” (XNDC) holes are normal-

ized:
1— Nt 1 N
f = min e X (9.24)
NXﬁ NXa

The first argument is the value of f which normalizes hxxpca to 1. The second
normalizes hxxpcp to 1. The third argument f = 1 corresponds to maximum deple-
tion of the opposite-spin hole. The “min” is required to ensure that neither XNDC
hole contains more than 1 electron. The resulting nondynamical potential energy of

correlation is

1 1
Ube = 5 / FpaUSE d'r + 5 / frsUR d’r, (9.25)
where, for greater clarity, we adopt a slightly different notation than in Ref. [25].
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In spin-neutral systems, both holes of Egs. (9.23) are normalized. In spin-polarized
systems, however, only one can be normalized and the other necessarily contains less
than 1 electron. If either of the XNDC holes has less than 1 electron, a parallel-spin

nondynamical correlation hole,

h’NDCG’U’ = AUUSthgfg- (926)

is further added [25]. It vanishes quadratically at s = 0 because the parallel-spin pair

density itself vanishes quadratically. The A,, prefactor is given by

(9.27)

USRS S0

M '3ps

where the first argument normalizes the total o-spin XNDC hole (note that the o’
subscript refers to the spin opposite to o), and the second argument corresponds to
maximum depletion of parallel spin density. D, is defined in Appendix 1, Eq. (9.10),

and M{™ is the n'* moment of the effective BR hole:
MO = 47 /0 T2 et | (9.28)
The Coulomb potential of the hole hxpcge 18
Uxpeoo = —Ago MM (9.29)

and the total parallel-spin nondynamical potential energy of correlation is

1

ar ]_
Ufmc = §/PaUNDCaad3I‘+ §/pﬂUNDCﬂﬂd3r' (9.30)
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The BR hole moments M and M? are given by

0 oareff T 4 4\ e™”
MY = X"E[1+P_<1+E> x] (9.31)
x? 12
M® = N;ff,? [1 + ﬂ : (9.32)

where x, a, and NI are given by Eqgs. (9.19), (9.21), and (9.22).

Dynamical correlation must also be considered. This is a local correlation of
shorter range than nondynamical correlation, acting over interelectronic distances of
atomic size or less. In real space it arises, in part, from interelectronic cusp conditions
[39]. In configuration space it is due to mixing of higher-energy excited configurations.
Electron-gas-like dynamical correlation approximations have a long history in the
DFT literature.

We use Becke’s dynamical correlation model [39] with the BR modifications of

Ref. [47]. For opposite spins,

In(1 + 2
B = 0.8 / Paps?ls [1 . Il(%:ﬂ)} dr (9.33)

and for parallel spins,

ERE = EgY, (9.34)
Bt = —0.01 [ poDoziy |1 - —1n (1+ 27 | dPr, (9.35)
ZO'U'

where 2,43 and z,, are correlation lengths characterizing the sizes of the opposite- and

parallel-spin dynamical correlation holes respectively. These are related to the BR
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exchange-hole potentials of Appendix 1, Eq. (9.15), by

Zog’ = Coo’ (‘U)P(’}a{ T+ ‘U)P(’E’ _1) ’ (9.36)

with parameter values c,3 = 0.63 and c,, = 0.88 determined from fits to free atomic
correlation energies [47].

The sum of the opposite- and parallel-spin components is denoted

B + B = BRR (9.37)

at various points in this paper.
If all four nondynamical and dynamical correlation terms with a linear prefactor
for each are fit to thermochemical benchmark data, the following optimum total

exchange-correlation energy is obtained [25]:

__ pezxact opp TrOpp par yrpar opp r0pP par yrpar
Exc = EX™" + axpcUnpe + @xpcUnpe + @pcUpc + @pcUnc s (9.38)

with parameter values agp- = 0.514 and a5 = 0.651 for the nondynamical corre-
lation terms, and afg = 1.075 and a = 1.113 for the dynamical correlation terms.
Note that the NDC terms are potential energies of correlation. Thus the NDC param-
eter values, of order 1/2, are logical in view of the virial theorem. The DC parameters
on the other hand, are of order 1 since Becke’s dynamical correlation model includes

kinetic-energy effects through a coupling-constant integration [39].

For notational convenience, the nondynamical correlation part is denoted

opp opp par par B
axncUnne + @nncUsne = Exnc (9-39)

in Section 9.2.
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9.8 Appendix 3: the Dispersion Model

Our dispersion energy is a sum over all pairs of atoms 7 and j of Cg, Cg, and Ciy
dispersion coefficients, damped to prevent divergences at small interatomic separa-

tions:

1 CG i Cg id ClO ii
Euisp = —5 8+ TR 2 : (9.40)
P 2 Z (Rg awij T RS R awij T Rfj R}}gW,U + Rz-l})

1#£j J

Ryaw;j; is an effective van der Waals interatomic separation linearly related to a

“critical” interatomic separation R.;; by
Ryaw,ij = a1 R ;5 + as, (9.41)

with the critical separation R, ;; given by the average of (Cs i;/Cé.i;)'/?, (C10.7/Cé.i;) "%,
and (Cho,ij/ C’g,,-j)l/ 2. The atom-independent parameters a; and ay are determined by
least-squares fitting to vdW calibration data. On a set of 45 intermolecular complexes
ranging from simple systems such as Hey, to m — 7 dimers of benzene and naphtha-
lene [127], we obtained a; = 0.83 and a; = 1.55 A for the total energy formula
Fur 4+ ES¢ + Egisp, with ERE the dynamical correlation energy of Becke and Roussel
as in Appendix 2.
The dispersion coefficients are non-empirical and are given by

iy < ME >;< M? >
< M? > o+ < ME>j oy’

Cesij = (9.42a)

C.. = Baua (< MY >i< M3 > + < M3 >;< M7 >)) (9.42b)
849 2 < M12 >; ij-i- < M12 > oy ’ ’
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oy (< ME >< M2 >; + < M3 >;< ME >))
< ME>; aj+ < ME>; o
21 oo < MZ >;< M3 >
€< M12 > o+ < M12 > ai’

Choij =2

(9.42c¢)

where «; is the effective atom-in-molecule polarizability of atom i. We estimate this
effective polarizability by exploiting the well-known proportionality between polariz-

ability and volume. Thus, for «;, we use

o — ( <> ) 0 pree (f T3wi(r)p(r)d3(r)) i rec, (9.43)

<713 > free L 72pi free(r)d3(x)

where «; free is the free atomic polarizability [76] and the expectation value < 7% >;
is assumed to be a measure of effective volume. The functions w;(r) are Hirshfeld

atomic partitioning weights [88] defined by

pi'(r)
wi(r) = ="—"— (9.44)
Z >n PR (x)
where p? is the sphericalized free atomic density on center 7 and the n summation is
over all atoms in the system.
The quantities < M} >; in Egs. (9.42) are atomic expectation values of squared

multipoles:

< M} >= Z/wi(r)pa(r) [rf — (ri — dX(,)e]2 dr, (9.45)

where r; is the distance from nucleus ¢, and dx, is the magnitude of the dipole moment
of the o-spin exchange hole and its reference electron at point r. The dipole moment

dx,(r) can be computed from the occupied orbitals by

1
Po(T)

dy, (1) = [ S o (1) (1) / r'¢kg(r')¢lg(r')d3r'] “r o (9.46)
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or its magnitude may be approximated by the Becke-Roussel model:
dXU(I') =b. (947)

Here, b is the BR displacement parameter in Appendix 1, Eq. (9.14).

Care must be taken when computing the moment integrals (9.45). High powers
of r in the integrand, up to 7° in the case of Cjo (r® including the volume element),
may swamp the density at very large r in numerical codes. Also, the Becke-Roussel b
parameter may be ill behaved at very large r even in basis-set codes. In the numerical
computation of these integrals, we recommend that the value of dx, be capped at r;
and that integration points with p, < 107° be excluded.

Please note, as well, that Refs. [121, 127, 134] contain an erroneous constant in
the first term of the expression for C'y. This error originates with an incorrect value

of A(1,3) taken from Ref. [2]. Eq. (9.42c) above is correct.

9.9 Appendix 4: B86 and B88 Exchange GGAs

For completeness, we include in this section expressions for the B86 and B88
exchange functionals. Each consists of a density-gradient correction to the uniform-

electron-gas exchange energy (i.e., the LDA):

LDA 3(3\" 4/3 4/3
ELoA — 2 (2 ( ) &Br 9.48
X 5 ( 47T> / po” + pg (9.48)
B86 is given by [41]
4/3 2
EB8 — EIPA _0.0036 / Xo 3y 9.49
Z 1400042 " (9.49)
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B88 is only slightly more complicated [42]:

4/3 2

EB8 — ELPA _(.0042 / d? 9.50
Z 1+00252X(,arcs1nhxa & ( )

where

_ Vsl
o T 4]3
Po

(9.51)

is the dimensionless local spin-density gradient.
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Table 9.1: Atomic exchange and nondynamical correlation energies (au). Computed

post-LDA.

Atom | Bt | EEB o | B¢ + EE, | ERXR
H -0.298 0 -0.298 -0.300
He -0.998 | -0.015 -1.012 -1.015
Li -1.751 | -0.007 -1.757 -1.768
Be -2.636 | -0.014 -2.650 -2.656
B -3.724 | -0.013 -3.737 -3.749
C -5.020 | -0.018 -5.038 -5.053
N -6.543 | -0.025 -6.568 -6.586
O -8.137 | -0.044 -8.181 -8.200
F -9.952 | -0.062 -10.014 -10.037
Ne |-12.008 | -0.086 -12.094 -12.116
Na |-13.929 | -0.063 -13.992 -14.016
Mg |-15.914 | -0.058 -15.972 -15.993
Al | -18.002 | -0.037 -18.039 -18.060
Si | -20.213 | -0.015 -20.228 -20.249
P -22.557 | 0.007 -22.549 -22.570
S -24.936 | 0.022 -24.914 -24.926
Cl | -27.444 | 0.041 -27.403 -27.411
Ar | -30.093 | 0.062 -30.031 -30.033
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Table 9.2: Best-fit DF07 parameters and error statistics.

Quantity XX BR
aFP 0.511 | 0.515
akis 0.615 | 0.637
al? 1.073 | 1.070
aly 0.886 | 0.985
a 0.54 | 0.61

as 1.89 A | 1.97 A
aRe 0.25 | 0.27
RMSE G3 3.8 3.7
MAE G3 2.9 2.8
MaxAE G3 11.7 | 11.5
RMSPE vdW | 15.6 10.1
MAPE vdW | 12.0 7.9
MaxAPE vdW | 35.5 | 25.3

G3 error statistics: RMSE (root mean square error), MAE (mean absolute error),
MaxAE (maximum absolute error) in kcal/mol. vdW error statistics: RMSPE (root
mean square percent error), MAPE (mean absolute percent error), MaxAPE (maxi-

mum absolute percent error).
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Figure 9.1: Pauli repulsion curves for He;. Computed post-Hartree-Fock.
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Figure 9.2: Atomic exchange and nondynamical correlation (NDC) energies. Notice

that the NDC results mimic the difference between BR and exact (HF) exchange.
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Figure 9.3: Exchange energy curves for the Hy molecule (spin restricted). Note that

the B86 and B88 curves lie virtually on top of each other.
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Chapter 10

Exchange-Hole Dipole Moment
and the Dispersion Interaction

Revisited

Original reference: A. D. Becke and E. R. Johnson, J. Chem. Phys. 127, 154108
(2007).

Abstract

We have recently introduced a model of the dispersion interaction based on the
position-dependent dipole moment of the exchange hole [84]. The original derivation,
involving simple dipole-induced-dipole electrostatics, was somewhat heuristic however
and lacking in rigour. Here we present a much more satisfying derivation founded
on 2nd-order perturbation theory in the closure approximation and a semiclassical
evaluation of the relevant interaction integrals. Expressions for (g, Cg, and Cig
dispersion coefficients are obtained in a remarkably straightforward manner. Their
values agree very well with ab initio reference data on dispersion coefficients between
the atoms H, He, Ne, Ar, Kr, and Xe. We also highlight the importance of the
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exchange contribution to the dispersion coefficients, especially to Cg.

10.1 Introduction

In a previous paper [84] we introduced a conceptually appealing model of Cg
dispersion coefficients generated by the position-dependent dipole moment of an elec-
tron and its exchange hole. The model was extended to Cg and Cjy coefficients in
Ref. [121], incorporated into density-functional theory in Ref. [116], and has been
applied to intermolecular and intramolecular vdW potential energy surfaces in Refs.
(127, 134, 138].

We use occupied orbitals only, either Hartree-Fock or Kohn-Sham, and our Cj,
Csg, and C1y’s involve no fitting of parameters whatsoever. Appealing and successful
as it is, however, the original derivation of the model was highly intuitive and heuris-
tic. The dipole-induced-dipole approach of Ref. [84] was simplistic, even missing a
factor of four. The perturbation-theory approach of Ref. [121] replaced multi-electron
expectation values with effective one-electron integrals, only partially supported by
the subsequent analysis of Angyan [139].

Here we introduce a much more satisfying approach. We begin with 2nd-order
perturbation theory in the closure approximation and then model the dispersion in-
teraction in a semiclassical way. The model is “semi”-classical in that the dispersion
interaction is treated as a classical multipole-multipole interaction, yet quantum ef-
fects are included through the exchange hole. The resulting derivation of expressions
for Cg, Cg, and (' dispersion coefficients is straighforward and, we think, delightfully
simple. This work provided an independent verification of our previous expressions
[121, 127, 134] based on angular momentum coupling formulas from Ref. [2], and,
indeed, uncovered an error in Ref. [2].

To set the stage, we review in Section 10.2 the nature of correlation in electronic
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systems and how correlation affects the instantaneous dipole moments generated by
electrons in atoms. In Section 10.3 our new dispersion interaction model is developed.
Dispersion coefficients are presented in Section 10.4 for all atom pairs between H, He,
Ne, Ar, Kr, and Xe to demonstrate the quality of the model and to highlight the

importance of the exchange-hole contribution, especially to Cg.

10.2 The Exchange-Hole Dipole Moment

As an electron moves through a multi-electron system, it repels other electrons
from its vicinity through a combination of “Pauli” and “Coulomb” correlations. Pauli
correlation arises from multi-electron wavefunction antisymmetry and acts between
electrons of parallel spin. It has the consequence that the probability of finding
another electron of parallel spin at the position of a given electron is zero. Coulomb
correlation arises from the 1/r repulsive interaction between electron pairs and acts
between electrons of both opposite and parallel spins. Coulomb correlation is much
less important than Pauli correlation. In, eg., a single Slater determinant (Hartree-
Fock theory) Pauli correlation contributes a significant exchange-energy component
to the total energy. Coulomb correlation, on the other hand, contributes nothing in
Hartree-Fock theory. We therefore consider only Pauli correlations in this work and
assume that each monomer in an intermolecular interaction is described by a single
Slater determinant.

If an electron of o spin is at point r; in a system, the extent to which Pauli corre-
lation depletes the probability (with respect to the total statistical electron density)

of finding another electron at point ry is given by [72]

hxo (r1,T2) = —ﬁ S i (01 (1) (£2)0152) (10.1)
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called the exchange or Ferm: “hole”. The summation is over all occupied orbitals of
o spin, assumed in this paper to be real, and p, is the total o-spin electron density.
The Fermi hole is a powerful conceptual device. As an electron moves through a
system, its Fermi hole accompanies it. The shape of the hole depends on the elec-
tron’s instantaneous position ry, and its normalization is always -1 (easy to prove by
integrating over r, and using orthonormality of the orbitals).

The electron plus its hole is neutral overall. The hole is generally not, however,
spherically symmetric around r;. Even in systems with spherically symmetric total
densities, the hole is non-spherical unless r; is at the center of the system. Thus the

electron plus its hole has an ri-dependent non-zero dipole moment given by [84]

1

dxo(ry) = Po(r1)

Zwia(rl)qﬁja(h)/r2wia(r2)¢jg(r2)d3r2] —Iy. (10.2)

The situation is depicted for an electron in a spherical atom in Fig. 10.1. When the
electron e~ is at distance r from the nucleus and at solid angle €2, the mean position
h* of the hole is at distance (r — dx,). Notice, furthermore, that higher multipole
moments My, with respect to the nucleus as origin can be defined by e~ and h* as

well [121]:
My = — [r* = (r — dx,)"] (10.3)

all directed along 2 and depending on the magnitude of the exchange-hole dipole
moment only.

The two-point picture of Fig. 10.1 is an approximate model of the electron and
its hole. Therefore the higher moments, £ > 1, of Eq. (10.3) are approximate. Exact
¢ > 1 moments could be computed by appropriate generalizations of Eq. (10.2) to

higher orders. The great strength of the two-point model, however, is its dependence
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only on dx,. This is the key to transforming our theory into density-functional form
as in Refs. [116, 138].

In the absence of correlation (i.e., if electron motions were truly independent of
each other) an electron at r and 2 in a spherical atom would generate the following

moments,
My, (uncorrelated) = —r* (10.4)

along ). In atoms containing only s electrons, the exchange hole is centered at the
nucleus (dx, = r) and Egs. (10.3) and (10.4) are identical. In atoms with p, d, f,

electrons, however, the exchange hole is removed from the nucleus (dx, < )
and the uncorrelated moments, Eq. (10.4), are significantly larger than the correlated
moments, Eq. (10.3). It has long been known [8] that uncorrelated moments yield
highly erroneous, far too large, dispersion coefficients. The effect of Pauli correlation
and the exchange hole in p, d, f, ... atoms is therefore critical. This will be aptly

demonstrated in Section 10.4.

10.3 The Dispersion Interaction

If the first-order, ground-state energy correction due to a perturbation Ve, is

Zero:
EW =< V,y >=0, (10.5)

then the second-order correction is approximately given by

2
_<%M>

e

E? —
AEq,

(10.6)
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where the expectation values are in the ground state and AE,,, is an average exci-
tation energy. This well-known result, derived in many standard textbooks [12], is
called the “closure” or Unsold approximation.

Consider two spherically symmetric atoms separated by a large internuclear dis-
tance R, and suppose that an electron is at position r4 in atom A and an electron
is at position rp in atom B (see Fig. 10.2). As established in the previous section,
the electron at r4 generates multipole moments with respect to nucleus A given by
Eq. (10.3) and directed along ry. The electron at rp similarly generates multipole
moments with respect to nucleus B. For the perturbation Vpe,; in Eq. (10.6), we take

the multipole-multipole interaction energy as follows:

Vap(ra,rp) =Via +Vie+ Vo1 +Vig+ Vi1 + Vo, (10.7)

where subscripts 1, 2, and 3 denote dipole, quadrupole, and octopole moments re-

3

spectively and we include all terms contributing to orders =3, r=%, and r=°.

The individual terms are given by [4]

Via(ra,rp) = Ml(TA;;yl(TB)(_scACB +ean), (10.8a)

Vig(ra,rp) = ng(TA;%ﬁ/IQ(TB) (5cach — 2cpcap — ca), (10.8b)
Var(ra,Tp) = gMz(“)fl (rs) (=54 cp + 2cacap + CB), (10.8¢)
Vis(ra,tp) = %Ml (“])g?’(“g) (—35cac%, + 15¢%cap + 15cacs — 3cap),  (10.8d)
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1 Mg(TA)Ml(T’B)

Vai(ra,Tp) = 2 RS (=35¢%cp + 15¢%cap + 15cacp — 3cap),  (10.8e)
3 M. M.
Vap(ra,tp) = 1 2(7“,4;5 2(rB) (35¢4¢% — 20cscpeap — Hch — Beg + 2c% 5 + 1),
(10.8f)

where c4, cg, and c4p are the following direction cosines:

ca=14-R=cosby, (10.9a)
cp = f'B . R = COS 03, (109b)
cap =T4-Tp =cosfycosfp + sinf,sinfp cos(pp — da), (10.9¢)

R is the unit vector from A to B, and (04,04) and (0B, ¢p) are the polar angles of
T4 and Tp with respect to R.

Now evaluate the expectation value < V2, > in Eq. (10.6) by squaring Vap(ra,rp)
and integrating over all points r4 in atom A (weighted by the atomic density of A)

and all points rp in atom B (weighted by the atomic density of B). The result is

Buisp = = = 75 = Ji6 — -+ (10.10)

with dispersion coefficients given by

_2< M?>a< M?>p

Cg = 10.11
6= 3 N ’ (10.11a)
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< M? >,< M2>5+ < M2>,< M? >5
— 1 2 2 1

C 10.11b
® AE ’ ( )
o A<M} >a< M >p + < M >4< M7 >p
) AE,,
14 < M2 >4< M2 >p
— 10.11
5 N ’ (10.11c)
and with atomic moment integrals given by
< ME >= Z/paMfad:’r. (10.12)

The derivation is very straightforward for Cs and Cg, though laborious for C'y. These
expressions are the same as our previous expressions in Ref. [121] except for the
coefficient of the first term in Eq. (10.11c). The expression in Ref. [121] is incorrect
due to an arithmetic error inherited from Ref. [2].

A more elegant derivation based on angular momentum coupling theory is pre-
sented in Appendix A.

We assume (see Appendix B) that the average excitation energy AE,,, is the sum

of the average excitation energies of the constituent atoms:

AE,,., = AE, + AEy 10.13
g9

and that, for each atom, AF is related to its polarizability by the same perturbation
theory used to obtain the dispersion energy [8, 84, 121]. The atomic polarizability «
is defined by

1 <V2.,>
E® = g2 = _" "pert” 10.14
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where F is the electric field vector and, in the present semiclassical approach,
V;)ert = _an(r) -F (1015)

when an electron is at position r in the atom. Squaring V., integrating over all
points r in the atom (weighted by the atomic density), and using that dx,(r) is

colinear with r, we get
2 1 2 2

where < M? > is the atomic dipole moment integral, Eq. (10.12) with £ = 1. Solving

for AFE gives

_2< M?>
3 a

AE (10.17)

Atomic polarizabilities « are conveniently tabulated in, eg., Ref. [76].
Substituting Eq. (10.17) into Egs. (10.11), we finally obtain
apap < ME > < M >p

Cs = , 10.18a
6 <M12>AOJB+<M12>B(1A ( )

_ Bagap(< ME>4< M§ >p + < Mj >4< M} >p)

Cs = , 10.18b
8 2 <M12>AC¥B+<M12>BQ’A ( )
asap(< ME>a< M2 >p+ < M >a< M? >p)
010:2 2 2
<M1 >AOZB+<M1 >p Oy
21 aqap < M2 >, < M2 >p (10.18¢)

€< M12 >papt < M12 >p a4
These are identical to expressions in previous papers [127, 134] except for the coeffi-
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cient of the first term in Ciy. The above C;q formula is correct.

The incorrect constant [6/5 instead of 2 in the first term of Eq. (10.18c)] in our
previous papers [121, 127, 134] has negligible impact on the previous results or con-
clusions. Recalculation of the binding energies of our 45 intermolecular benchmark
complexes of Ref. [127], for example, insignificantly changes the mean absolute per-

cent error (MAPE) from 14.1% to 13.7%.

10.4 Calculations and Conclusions

Tables 10.1, 10.2, and 10.3 give dispersion coefficients from Eqs. (10.18) for all
pairs of the atoms H, He, Ne, Ar, Kr, and Xe. The dipole moments, Eq. (10.2), and
moment integrals, Eq. (10.12), are numerically integrated over Hartree-Fock orbitals
from the NUMOL program of Becke and Dickson [78]. Atomic polarizabilities are from
Ref. [76]. Results for both exchange-hole corrected and uncorrelated moments, Egs.
(10.3) and (10.4) respectively, are presented in order to demonstrate the importance
of exchange effects. For Cg, the latter is equivalent to the early Kirkwood-Miiller
model (see Ref. [8] and references therein). Ab initio reference data is from Refs.
(80, 113, 114].

Our Cj values are in excellent agreement with the reference data. The mean
absolute percent error (MAPE) is only 3.4%. Our Cy’s and Cjy’s are reasonably
good, with MAPEs of 21.5% and 21.5%, though not as good as our Cg’s.

The uncorrelated Cg’s, on the other hand, have an enormous MAPE of 85.0%.
The uncorrelated Cy’s and Cyy’s are fortuitously better than the uncorrelated Cg’s
due to the fact that the moment integrals < M7 > are less affected by exchange as
¢ increases [9]. At the same time, the far-too-large uncorrelated < M? > integrals in
the denominators of Egs. (10.18b) and (10.18¢) drive the Cg and C}y values down.

The importance of Pauli correlation (exchange) in dispersion coefficients, espe-
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cially (g, is well demonstrated by these data. We expect that the effects of Coulomb
correlation, ignored here, would be small, reducing our dispersion coefficients slightly.

In conclusion, the present dispersion model is much more satisfying than our
previous models [84, 121]. We obtain the same expressions for Cs, Cg, and Cig
dispersion coefficients as before (with the exception of a corrected constant in the Cjg
expression) in a very straightforward and elegant manner. The generalization from
atoms to molecules, and to intermolecular and intramolecular vdW potential energy
surfaces, proceeds without change as in Refs. [127, 134, 138]. The present work nicely

reinforces the theoretical underpinnings of our vdW methodology.

10.5 Appendix A: Angular Momentum Coupling
Theory

Egs. (10.11) can be derived using the formulas of angular momentum coupling
theory as found, eg., in Ref. [2]. The potential energy of interaction, as in Fig. 10.2,

between two spherical atoms A and B is given by

Viae
Vap(ra,rp) Z Z REA:IZEH (10.19)

LA=0£4=0

If the coordinate axes in A and B are parallel and their z axes point along R (the

vector from A to B), then

+£min

Vises (Ta,TB) = Z My, (ra)Y/ (04, da) Moy (r8)Y,," (0B, )

m=—Lmin
X (=)4m(la + Lp)!
[(204+1)(2+1)(la — m)!(£a +m)!(lp — m)!(Lg + m)!|}/2’

(10.20)
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where £,,;, is the smaller of /4 and ¢g. If Vg is squared and integrated over all r4
in A (weighted by the atomic density of A) and all rp in B (weighted by the atomic
density of B), all cross terms vanish thanks to orthogonality of the spherical harmonic

functions. We get the dispersion series, Eq. (10.10), again with

< M? > < M >p

= 10.21
Cs 1,1 AB g ) (10.21a)
< ME> < M >p+ < M2 >a< M >
Cs = A1 L 74 2 Z;_ 2 74 L 7B (10.21b)
avg
< M? >4< M >p+ < Mi>s< ME>p
Cio=M\i3 AE
avg
< MZ >a< M3 >p
A 2 2 10.21
+Ag0 N ; (10.21c¢)
and (see Ref. [2]),
g = at o) ”i 1
tats (2a+1)2p+1) = (La—m)!(s+m)(tg —m)!(ls +m)!
_ (204 + 20p)! (10.22)

(204 + 1) (205 + 1)(204)1(205)"

The atomic moment integrals < M} > are as defined in Eq. (10.12). Evaluating the

Aatg: Mg = %, A2 =1, A3 = %, Ao = %, we obtain the same coefficients as in

Egs. (10.11).

10.6 Appendix B: Average Excitation Energies

The assumption, Eq. (10.13), that the average excitation energy of the AB system

is the sum of the average excitation energy of A and the average excitation energy of
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B may not be obvious. We therefore give a simple proof here.
Denote the excitation energies of A by E; and the excitation energies of B by
E;, and the number of excited states by N4 and Np respectively. Then the average

excitation energy of A is

1
AE, = — S E 10.23
A NA; ( )

and similarly for B. If A and B interact weakly, the excitation energies of the AB
system are E;+ F; and the number of excited states is Ny Ng. The average excitation

energy of AB is therefore

1
APap = NANB;;(Ei—i_Ej)

1 1
= YN ZXJ:EJF NN, ZXJ:E]

1 1
= N E,+ —— x N E;
NANBX B; +NANB A; f]

= AE,+AEg (10.24)

as assumed in Eq. (10.13).
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Table 10.1: Cg coefficients for atomic pairs (atomic units).

Atom Pair | Eq. (10.3) | Eq. (10.4) | Ref.
H-H 6.76 6.76 6.49
H-He 2.99 2.99 2.82
H-Ne 2.69 6.74 5.69
H-Ar 20.13 2591 19.86
H-Kr 29.44 39.25 29.15
H-Xe 45.14 63.52 44.14
He-He 1.64 1.64 1.46
He-Ne 3.09 4.26 3.07
He-Ar 9.81 15.20 9.57
He-Kr 14.08 23.03 13.65
He-Xe 20.91 37.07 19.92
Ne-Ne 5.83 12.52 6.55
Ne-Ar 18.60 41.67 19.75
Ne-Kr 26.71 63.19 28.01
Ne-Xe 39.72 101.23 40.52
Ar-Ar 62.71 144.30 64.54
Ar-Kr 90.93 218.78 | 93.16
Ar-Xe 1374 351.4 138.0
Kr-Kr 132.1 331.7 135.1
Kr-Xe 200.1 532.7 201.3
Xe-Xe 304.7 855.8 302.3

MAPE 3.4 85.0 -
MPE 0.3 85.0 -
MaxAPE 12.1 183.1 -

MAPE: mean absolute percent error. MPE: mean percent error. MaxAPE: maximum

absolute percent error. Literature values from Ref. [80, 113, 114].
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Table 10.2: Cy coefficients for atomic pairs (atomic units).

Atom Pair | Eq. (10.3) | Eq. (10.4) | Ref.
H-H 152.1 152.1 124.4
H-He 48.37 48.37 41.75
H-Ne 111.7 105.2 97.8
H-Ar 560.5 507.8 442.1
H-Kr 920.6 807.9 732.2
H-Xe 1688 1431 1357
He-He 16.15 16.15 14.11
He-Ne 41.05 39.47 36.18
He-Ar 211.2 201.6 167.5
He-Kr 351.0 328.2 280.0
He-Xe 649.2 600.6 925.0
Ne-Ne 97.40 108.98 90.34
Ne-Ar 464.2 528.9 390.1
Ne-Kr 757.8 864.4 638.1
Ne-Xe 1370 1582 1162
Ar-Ar 2082 2408 1623
Ar-Kr 3329 3866 2617
Ar-Xe 5869 6895 4669
Kr-Kr 0287 6188 4187
Kr-Xe 9234 10978 7389
Xe-Xe 15922 19305 12807

MAPE 21.5 27.2 -
MPE 21.5 27.2 -
MaxAPE 28.2 20.7 -

MAPE: mean absolute percent error. MPE: mean percent error. MaxAPE: maximum

absolute percent error. Literature values from Ref. [80, 113, 114].
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Table 10.3: Cyy coeflicients for atomic pairs (atomic units).

Atom Pair | Eq. (10.3) | Eq. (10.4) | Ref.
H-H 4438 4438 3286
H-He 1065.3 1065.3 858.7
H-Ne 2619 2267 2221
H-Ar 16496 12977 12617
H-Kr 29671 21956 23441
H-Xe 62297 42843 51088
He-He 214.2 214.2 183.2
He-Ne 598.8 500.3 545.1
He-Ar 4475 3567 3701
He-Kr 8499 6486 7257
He-Xe 18896 13853 16674
Ne-Ne 1625 1317 1536
Ne-Ar 11050 9087 9335
Ne-Kr 20399 16678 17658
Ne-Xe 43819 35826 38978
Ar-Ar 64960 52050 49063
Ar-Kr 114390 90550 88260
Ar-Xe 232344 182168 184250
Kr-Kr 198379 155528 | 155450
Kr-Xe 395106 307395 | 316030
Xe-Xe 766727 592409 | 619840

MAPE 21.5 9.1 -
MPE 21.5 -0.5 -
MaxAPE 35.1 35.1 -

MAPE: mean absolute percent error. MPE: mean percent error. MaxAPE: maximum

absolute percent error. Literature values from Ref. [80, 113, 114].
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Figure 10.1: Exchange-hole dipole geometry (e~ is the reference position of a o-spin

electron and h* is the mean position of its exchange hole).
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Figure 10.2: Interaction between multipole moments of an electron and its exchange

hole at r4 in atom A and an electron and its exchange hole at rp in atom B.
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Chapter 11

A Unified Density-Functional
Treatment of Dynamical,
Nondynamical, and Dispersion
Correlations II: Thermochemical

and Kinetic Benchmarks

Original reference: E. R. Johnson and A. D. Becke, J. Chem. Phys. Submitted.

Abstract

In previous work [138] we introduced an exact-exchange-based density-functional
methodology incorporating dynamical, nondynamical, and dispersion correlations
called DFQ7. In this work, the performance of the DF07 method is assessed on a
variety of thermochemical and kinetic benchmark data including ionization poten-
tials, electron affinities, proton affinities, isomerization energies, bond dissociation
enthalpies, and barrier heights of radical reactions. DF07 gives uniform accuracy
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over all our benchmark data without any refitting of parameters. The importance
of the exact-exchange character of DF(07 is highlighted through comparison with a

3-parameter hybrid meta-GGA functional.

11.1 Introduction

Hybrid exchange-correlation density functionals are very popular in computational
chemistry and are capable of providing highly accurate thermochemistry results in
many applications [14]. However, the local exchange component of hybrid functionals
drastically over-stabilizes stretched odd-electron systems [15], including transition
states of chemical reactions [56] and delocalized radicals [140]. Hybrid functionals
also fail to account for the long-range electron correlation responsible for London
dispersion interactions [17, 18|.

The problems inherent in local exchange approximations are avoided by using
exact (Hartree-Fock) exchange. Our recent work has therefore focused on developing
post-Hartree-Fock real-space correlation models. The resulting 2005 functional of
Becke [25], to be denoted “B05” in this work, starts with exact exchange and adds
four correlation terms accounting for dynamical and nondynamical correlation for
both opposite- and parallel-spin electron pairs. B05 was designed to give the correct
dissociation limits for Hy, Hy, He; , and He, and performs well for both atomization
energies and reaction barrier heights [25, 57].

A density-functional dispersion model has also been developed [127, 141] based
on the exchange-hole dipole moment and second-order perturbation theory. Our dis-
persion model has been combined with B05 to give the “DF07” method [138], a
unified density-functional treatment of dynamical, nondynamical, and dispersion cor-
relations. The 7 parameters in DF07 were determined by simultaneously minimizing

the RMS error in 222 atomization energies [40] and the RMS percent error in the
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binding energies of 45 van der Waals complexes [127].

In this work the performance of the B05 and DF07 methods is assessed on several
thermochemical and kinetic benchmark data sets. The data includes ionization po-
tentials [40], electron affinities [40], proton affinities [40], isomerization energies [142],
bond dissociation enthalpies [140], and barrier heights of radical reactions [143, 144].
The barrier heights are subdivided into two sets: hydrogen atom transfer (HAT) re-
actions [143] and non-hydrogen atom transfer reactions [144]. The latter set includes
heavy-atom transfers, nucleophilic substitutions, unimolecular, and association reac-
tions. To highlight the importance of the exact-exchange character of B05 and DF07,
we also compare to a 3-parameter hybrid meta-GGA, “B3BR”, and a dispersion cor-

rected version, “B3BR-D”.

11.2 Computational Methods

The geometries of all species in the barrier height sets are from Refs. [143] and
[144] and are QCISD/MG3 geometries. In all other cases, geometry optimizations
and frequency calculations were performed using the Gaussian 98 program [49] at
the B3LYP/6-31G(2df,p) [46, 48] level as recommended in the G3X procedure [135].
Single-point post-LSDA energy calculations were then carried out on all species with
the NUMOL program [79] using the PW91 LSDA [38]. Electronic energies were thus
obtained for each of B05, DF07, B3BR, and B3BR-D. The various exchange and
correlation terms in these functionals are thoroughly reviewed in Ref. [138]. Hence
only the general forms of the functionals will be described here.

The B05 functional has the form [25]:

B05 __ exact opp opp par par opp hopp par rhpar
Exc = EX*” + axpcUnpe + @xpcUspe + epcEpc + apcEpc (11.1)
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where E$* is the exact exchange energy, Unpc is the potential energy of nondynami-
cal correlation [25], Epc is the dynamical correlation energy [47], and the superscripts
indicate opposite or parallel electron spins.

The DF07 functional has the form [138]:

Exe" = EX* + affcUNDe + akneUkbe + a5¢ERE + abo Bhe
+E¢113i§a(a1, GQ) + aRC(E)%% - Egss)’ (11-2)
where EZY is the BR variant of our dispersion energy (see Ref. [138]) dependent on
two universal parameters a; and ay, and (EY% — E288) is a Pauli repulsion correction.
The B3BR functional is a hybrid of Becke-Roussel meta-GGA exchange [43], ERR,

dynamical correlation [47], and exact exchange:
ERPR = (1 — ao) BF™ + ag BR" + aBGERE + abh ¢ ERE. (11.3)

The B3BR-D functional is obtained by adding the same Pauli repulsion correction

and dispersion terms present in DF07 to B3BR:

B3BR-D __ exact BR opp 1Hopp par rpar
Ex¢ = (1= ao) EX* + aoEx™ + apSERE + apoEpe

+Ej5 (a1, a2) + apc(ERS — EF®). (11.4)

Other hybrids are of course conceivable using other local exchange and dynamical
correlation parts. The predominantly Becke-Roussel character of DF07 (see Ref.
[138]) suggests, however, that the above BR-based hybrids are the most suitable for
comparison.

Parameter values for all four functionals are collected in Table 11.1. The B05 and
B3BR parameters were fit to the G3/99 atomization energies of Ref. [40]. The DF07
and B3BR-D parameters were obtained as in Ref. [138], by simultaneously minimizing

195



the RMS error in the G3/99 atomization energies and the RMS percent error in the
binding energies of 45 van der Waals (vdW) complexes. DF07 gives a mean absolute
percent error (MAPE) of 7.9% and a maximum absolute percent error (MaxAPE) of
25.3% for the vdW binding energies [138]. B3BR-D gives similar vdW statistics, with
a MAPE of 7.7% and a MaxAPE of 22.4%.

11.3 Results and Discussion

The error statistics for each of our thermochemical and kinetic benchmark sets are
given in Table 11.2. Atomization energies, ionization potentials, electron affinities,
and proton affinities are from the G3/99 test set [40], with two exceptions. The
ionization energy of CN and the electron affinity of C, have been removed from
consideration because Cy and CN*' both have low-lying open-shell singlet excited
states that strongly mix with the ground state. It is well known that DFT should
not be applied to systems with multi-determinant character [145].

B05 and B3BR perform similarly on the atomization energies, with mean absolute
errors (MAEs) of 2.9 and 3.0 kcal/mol. Inclusion of dispersion, as in DF07 and
B3BR-D, lowers the MAEs by 0.2 kcal/mol. On the ionization potentials, the exact-
exchange-based methods yield MAEs of 3.2 kcal/mol, an improvement over the hybrid
methods of 0.4-0.5 kcal/mol. The opposite trend is seen for the proton affinities, with
the hybrid methods yielding MAEs of 1.6-1.8 kcal/mol, 0.7 kcal/mol lower than the
MAEs of the exact-exchange-based functionals. Electron affinity errors of 2.8-3.0
kcal /mol are obtained with all functionals. All four functionals also perform similarly
on the isomerization energies, with MAEs of 2.1-2.3 kcal /mol.

It is generally accepted that hybrid functionals perform well for the thermochem-
ical benchmark sets considered so far and, in these cases, our exact-exchange-based

functionals do not offer any significant improvement. However, the final three data
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sets considered include delocalized radical species, which are problematic for DFTs
based on local exchange approximations. It is in these data sets that we expect B05
and DF07 to outperform the hybrid methods.

In a previous study of main-group X-H and X-Y (X,Y=C,N,O,F,Si,S,Cl,Br) bond
dissociation enthalpies (BDEs) [140], we found that the B3P86 [44, 48] hybrid per-
forms well for most of these BDEs, but underestimates the BDE in cases where the
resulting radical fragments are highly delocalized (such as allyl or pentadienyl radi-
cals). This is a symptom of the same underlying problem as in stretched HJ , that lo-
cal exchange functionals over-stabilize delocalized odd-electron systems [15]. We also
noted [140] under-estimations of several Si-X BDEs, including (CHj)3Si-N(CHjs)so,
(CH3)3Si-OCH,CHjs, and (CHj)3Si-Si(CHs)s. In these cases there are steric H-H
clashes in the parent molecule that are relieved in the separated radicals and the
observed errors may be due to neglect of dispersion. The same pattern of errors is
observed in the present work for B3BR. On the test set of 76 BDEs of Ref. [140], the
hybrid methods B3BR and B3BR-D give MAEs of 3.4-3.6 kcal/mol, even larger than
the G3/99 atomization-energy errors. B05 remedies the delocalized radical problem,
lowering the MAE to 2.1 kcal/mol. The DF07 method further lowers the MAE to
1.7 kcal/mol, with the dispersion correction greatly improving performance for the
problematic Si-X bonds.

Hybrid DFTs fit to atomization-energy data are well known to underestimate
the barrier heights of simple HAT reactions [56]. The source of this error is that
hybrid functionals over-stabilize the transition state where the unpaired electron is
more delocalized than in the separated reactants. Including a greater fraction of
exact exchange (ca. 45-50%) improves barrier heights but sacrifices accuracy in ther-
mochemical properties such as bond dissociation energies and electron affinities [146],
and can also yield very large errors for barriers outside the parameter fit set [147]. The

B05 functional, on the other hand, performs well for barriers without reparameteri-

197



zation [57]. In Table 11.2, we see that B05 and DF07 give MAEs of 1.2-1.3 kcal /mol
for the hydrogen-atom transfer barriers and 1.7-2.0 kcal/mol for the non-hydrogen
transfer barriers. This is a substantial improvement over B3BR and B3BR-D, which
give MAEs of 3.4-3.9 kcal/mol for these barriers.

The only other functional in the literature that, like B05 and DFO07, is based
entirely on exact exchange is the MCY functional of Ref. [58]. MCY accurately
treats the G3/99 atomization energies (MAE of 3.4 kcal/mol) and the HAT barriers
(MAE of 2.0 kcal/mol) [58], but does not include dispersion.

11.4 Conclusions

We have compared in this work two density functionals that include dispersion
physics: the exact-exchange-based DF07 functional [138] and the hybrid functional
B3BR-D. Both perform well on van der Waals complexes, the G3 thermochemical
benchmarks, and isomerization energies. However, hybrid DFTs over-stabilize delo-
calized odd-electron systems, leading to large errors for B3BR-D on barrier heights
of radical transfer reactions and some bond dissociation enthalpies.

DFO07 is an excellent universal functional for both thermochemistry and kinetics.
Full inclusion of both exact exchange and dispersion reduces errors, relative to hybrid
functionals, for delocalized radicals, transition states, and species with steric H-H
interactions. Our DF07 results approach “chemical accuracy” for main-group chem-
istry, with MAEs of ca. 3 kcal/mol for atomization energies, ionization potentials,
electron affinities, and proton affinities and ca. 2 kcal/mol for isomerization energies,
BDEs, and barrier heights. To the best of our knowledge, DF(07 is the only DFT
that provides a uniformly accurate treatment for all of these benchmark sets without

refitting of parameters to each.
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Table 11.1: Optimized parameters.

Parameter | BO5 | DF07 | B3BR | B3BR-D
ag - - 0.810 0.826
adb. 10514 | 0.515 - -
aRe. 10651 0637 | - —
a%’é’ 1.075 | 1.070 1.100 1.101
a%aé 1.113 | 0.985 1.382 1.262
ar - 0.61 — 0.59
as - |197A ] - 2.07 A
aRC - 0.27 — 0.31
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errors are in parentheses. All values are in kcal/mol.

Table 11.2: Mean absolute errors for each of the benchmark sets. Maximum absolute

Data set B05 DFO7 B3BR B3BR-D
Atomization energies (222) | 3.0 (11.8) | 2.8 (11.5) | 2.9 (10.8) | 2.7 (11.2)
Ionization potentials (87) | 3.2 (14.4) | 3.2 (14.3) | 3.6 (13.4) | 3.7 (13.4)

Electron affinities (57) 2.9(9.7) | 3.0(9.9) |2.8(11.0) | 2.9 (10.7)
Proton affinities (8) 2.3 (3.8) | 25 (4.1) | 1.6 (2.9) | 1.8 (3.4)
Tsomerizations (34) 2.3 (11.6) | 2.1 (10.0) | 2.2 (11.6) | 2.1 (9.9)

BDEs (76) 2.1 (7.8) | 1.7(6.8) | 3.6 (11.8) | 3.4 (10.8)
HAT Barriers (41) 2 (7.7) 3(7.0) | 3.4(74) | 3.9(7.9)
Non-H Barriers (32) 1.7 (3.8) | 2.0 (5.1) | 3.4 (8.4) | 3.9 (10.0)
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Chapter 12

General Discussion

This thesis has described the development and testing of our exchange-hole dipole-
moment dispersion model and the DF07 universal DF'T. The chapters can be grouped
as follows: development of the model for dispersion coefficients (Chapters 3, 6, and
10), extension of the model to computation of potential energy surfaces (Chapters 4,
5, 7, and 9) and application to benchmark systems (Chapters 8 and 11).

The physical picture underlying our dispersion model is that the source of the in-
stantaneous dipoles responsible for the dispersion interaction is the position-dependent
exchange-hole dipole moment generated by electrons in non-uniform systems. This
model evolved from the simplistic dipole-induced-dipole electrostatic argument of
Chapter 3, to approximation of two-electron operators in second-order perturbation
theory in Chapter 6. It should be noted that the factor of four error in the dispersion
coefficients in Chapter 3 was a result of the simplistic electrostatic model and this er-
ror is eliminated in the perturbation theory treatment. Chapter 10 presents our most
elegant derivation involving semi-classical evaluation of interaction integrals within
second-order perturbation theory.

Our first applications of the model to post-Hartree-Fock calculation of potential

energy surfaces in Chapters 4 and 5 included only the leading-order Cs term of the
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dispersion energy. We also used an energy-based cut-off of the dispersion energy
at small internuclear separations. Both the exact exchange-hole (XX) variant and
its DF'T reformulation using the BR exchange-hole model were major improvements
over conventional DFTs for computation of accurate van der Waals potential energy
surfaces. However, this early model had two major shortcomings: dependence on
molecular polarizabilities, thus preventing application to intramolecular dispersion
interactions, and drastic underbinding of 7-stacked complexes.

In chapters 6 and 7 our dispersion model was refined to remedy both these prob-
lems, yielding the HFBR-XDM method. Extending the model to include higher-order
Cys and C, dispersion coefficients provided a convenient separation-based cut-off at
small internuclear separations, as opposed to the previous energy-based cut-off. The
Cs term was shown to account for ca. 60% of the dispersion energy, with Cg and
C1o terms contributing ca. 30% and 10%, respectively. Inclusion of the Cg and C1q
terms is particularly critical for m-stacked systems, in which there is substantial Pauli-
repulsion at the equilibrium geometry and the dispersion energy is up to twice as
large as the binding energy. Dependence on molecular polarizabilities was eliminated
by exploiting the relationship between polarizability and volume, allowing atom-in-
molecule polarizabilities to be obtained from tabulated free atomic polarizabilities
and computed atomic volumes. This yielded a unified treatment of interatomic, in-
termolecular, and even intramolecular dispersion interactions as demonstrated in the
bio-organic tests in Chapter 8.

The HFBR-XDM dispersion model accurately describes all classes of van der
Waals interactions, from dispersion to hydrogen bonding. To obtain a unified density
functional theory, the B0O5 nondynamical correlation energy [25] was added to HFBR-
XDM in Chapter 9, allowing modeling of covalent bonding as well as van der Waals
interactions. Inclusion of a “repulsion correction” term was necessary to seamlessly

mesh these two models together. The correction term also permitted the use of LSDA
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input orbitals as opposed to HF orbitals, which represents a great computational sav-
ing for many numerical codes. The resulting DF07 model meets all the requirements
for a unified density functional. It includes a balanced treatment of the three distinct
correlation types: dynamical, nondynamical, and dispersion correlation. Its seven
parameters are all physically motivated and, after simultaneous fitting to van der
Waals complexes and the G3 atomization energy set, the optimum values agree with
physical intuition. While DF07-XX and DFO07-BR give very similar results for ther-
mochemistry, the BR variant performs substantially better for m-stacked complexes
[138].

In Chapter 11, DF07 was applied to a variety of thermochemical and kinetic
benchmark sets, including ionization potentials, electron and proton affinities, iso-
merization energies, bond dissociation enthalpies, and barrier heights, with impressive
results. The hybrid B3BR-D functional was introduced in this chapter for compara-
tive purposes, to demonstrate the importance of the 100% exact exchange in DF07
for kinetics. B3BR-D and DF07 give similar results for van der Waals complexes, but
DFO07 is clearly superior in systems involving delocalized unpaired electrons.

Table 12.1 summarizes the performance of all the dispersion-inclusive functionals
of this thesis, HFBR-XDM, DF07, and B3BR-D, for each class of interaction type in
our test set of 45 van der Waals complexes. Note that the HFBR-XDM results differ
slightly from those in Chapter 7 due to an error in the coefficient of the dipole-octopole
term in the Cig coefficient corrected in Chapter 9 [141]. MP2 results are presented in
the table as well. DF07-BR and B3BR-D are roughly three times as accurate as MP2
for dispersion-bound complexes, with particularly notable improvement in the binding
energies of the m-stacked complexes. DF07-BR and B3BR-D also out-perform MP2
for dipole-induced dipole and dipole-dipole interactions. This is especially impressive
considering the much lower computational cost and much wider range of applicability

of these DFTs compared to MP2.
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Table 12.1: Mean absolute percent errors in calculated binding energies. The reference
data and MP2 results for the 45 complex set are given in Chapter 7. The HFBR-
XDM results are revised from those in Chapter 7 to correct for an error in the Cig

coefficient, as discussed in Chapters 9 and 10.

Interaction Type MP2 | HFBR-XDM | DF07-XX | DF07-BR | B3BR-D
Dispersion 34.7 16.4 15.6 8.9 8.5
Dipole-Induced-Dipole | 8.5 10.5 7.6 7.3 6.8
Dipole-Dipole 8.3 8.8 6.4 5.6 5.8
Hydrogen bonded 24 8.6 6.3 6.0 7.2
Overall 24.1 13.7 12.3 7.9 7.7
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Chapter 13

Conclusions and Outlook

The overall objective of this thesis was to develop a unified density functional the-
ory capable of treating dynamical, nondynamical, and dispersion correlations. The
DFO07 functional fulfills this objective. DFO07 is an exact-exchange-based method
which has been shown to provide accurate thermochemistry, kinetics, and van der
Waals interactions, including dispersion, with precision approaching “chemical accu-
racy”.

The exchange-hole dipole moment is the central object of the dispersion model
used in DF07. The model gives non-empirical Cg, Cg, and C'g dispersion coefficients
using the occupied orbitals, or the electron density, its gradient and Laplacian, and the
kinetic energy density, and from free atomic polarizabilities. The model involves only
two universal parameters with well-defined physical interpretation. Its computational
cost is negligible compared to the calculation of the Hartree-Fock or Kohn-Sham
orbitals themselves.

DFO07 has been benchmarked on dispersion coefficients, intermolecular potential
energy surfaces, intramolecular conformational energies, atomization energies, ioniza-
tion potentials, electron and proton affinities, isomerization energies, bond dissocia-

tion enthalpies, and reaction barrier heights, all with excellent results. For binding
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energies of dispersion-bound complexes, DF07 gives average errors that are three
times lower than for basis-set-extrapolated MP2, with lower computational costs and
superior scaling. DF(7 is the only DFT method at this time that is robust enough
to include all three electron-correlation types in chemistry. This method promises to
be widely useful in computational chemistry, particularly in organic and biochemical
applications.

Future work will focus on benchmarking DF07 for change-transfer complexes and
for transition-metal chemistry. GGA functionals generally overbind charge-transfer
complexes [148]. This error stems from the tendency of GGAs to underestimate
band gaps [16]. Performance for charge-transfer complexes should be improved with
exact-exchange-based methods such as DF07. Transition-metal chemistry will be a
very sensitive test of DF07 since conventional DF'Ts give errors in bond dissociation
energies of transition-metal complexes that are considerably larger than for organic
molecules [149]. Transition-metal complexes are also problematic for Hartree-Fock-
based theories due to the importance of both dynamical and nondynamical correlation
in the correct description of the binding [150].

DFO07 is currently not implemented self-consistently. This is a major limitation.
Self-consistent energies and forces are necessary in order to perform full geometry
optimizations. However, this will be very difficult with DF07 due to the compli-
cated form of the nondynamical correlation energy expressions (see Chapter 9). The
B3BR-D hybrid functional presented in this thesis is a convenient alternative to DFQ7
since it does not include the nondynamical correlation energy terms. The accuracy of
B3BR-D is comparable to DF07 for thermochemistry and van der Waals interactions,
but as a hybrid functional, it is susceptible to large errors for delocalized odd-electron
systems. Self-consistent orbital calculations, geometry optimizations, and frequency
calculations should be straightforward to implement for B3BR-D in Gaussian-based

computational chemistry packages. As for DF07, future work will explore simpli-
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fications that will hopefully allow self-consistent orbital calculations and geometry

optimizations eventually.
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