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Abstract

This Master thesis considers certain aspects of Supersymmetric Quantum Mechanics in the context of
Path integral approach. First we state all the basic mathematical structure involved, and carry out some
basic Gaussian integrals for both commutative and non-commutative variables. Later in the thesis
these simple results obtained are generalized to study the Supersymmetric sigma models on flat and
curved space. And we will recover the beautiful relationship between the supersymmetric sigma model
and the geometry of the target manifold in the form of topological invariants of the manifold, for the
models on curved space.
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0 Introduction

Supersymmetry is a quantum mechanical space-time symmetry which relates bosons and fermions. The
understanding of consequences of supersymmetry has proven daunting and it has been difficult to develop
theories which could account for symmetry breaking, meaning the inability to observe the superpartner.
To do some progress on these problems physicists developed supersymmetric quantum mechanics which
is an application of supersymmetry superalgebra to quantum mechanics instead of quantum field theory
and was hoped that studying the results of supersymmetry in this simpler settings would allow new and
better understanding of the subject, supersymmetric quantum mechanics has very important mathematical
and physical consequences, for example it has been used to demonstrate dynamical supersymmetry
breaking,to prove the Atiyah-Singer index theorem[1], and remarkably these efforts opened the door for

new research areas in quantum mechanics itself.

In this master thesis we will illustrate some aspects of supersymmetric quantum mechanics in the context
of path integrals. It is as well the purpose of this work to achieve enough formality to make the reader
easily understand the mathematical framework involved. We will start by introduction to the basic
concepts used in path integral formulation of quantum mechanics[2] by beginning from reviewing the
very basic concepts about probability and probability amplitude, later in section 1 we will focus our
attention towards the mathematical formulation used in path integrals and further develop the concept by

applying it to a simple example of a free particle.[3]

In section 2 we will introduce the calculus of Grassmann variables, study some basic definitions and
properties of the Grassmann variables, and their differentiation and integration rules. Then in section 3 we
will discuss about the Gaussian Integrals by taking into account their algebraic properties and we will
present some of the main results about them for the n-dimensional Gaussian integral.[6] First we will
consider the Gaussian integrals with real and commuting variables, then generalize the idea to the
complex variable case and in section 3.2 first we will discuss the Gaussian integral for the case of
anticommuting n-Grassmann variables and develop the concept with computing an n=2 example, later in
section 3.2 we will consider the same integral for n-complex Grassmann variables and elaborate the

general result by presenting simple example.[4]

Then in section 4.1 we will consider the supersymmetric lagrangian for the simplest case of
supersymmetric sigma model in the context of path integrals and use our ideas developed in section 3 to
solve this model when the target space is flat. In section 4.2 we will consider another supersymmetric
sigma model on a Riemannian manifold[5] with supersymmetric lagrangian containing a bosonic kinetic

term, two different fermions and a curvature term and we will elaborate the results obtained. In section



4.3 we will focus on another supersymmetric sigma model on a Riemannian manifold[6],[7] with two
identical fermions and bosonic kinetic term in the lagrangian, In the last two models the target space will

be curved. The consideration of path integrals will be central in this thesis.



1 Path Integrals in Quantum Mechanics

1.1 Probability Concepts

From Quantum Mechanics we study a quantity called Probability amplitude which is associated with
every event which occurs in the nature. For example suppose an electron has to come from a source S and
pass through a slit either slit A of slit B, to reach a detector D in figure (1.1), it has one amplitude for
completing this course while passing through the slit A and reaching the detector, and another amplitude

in passing through the slit B in completing its course.
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Figure 1.1

In this way we can associate an amplitude with the overall event by adding together the amplitudes of
each alternative method for the completion of that event. Thus the overall amplitude for arrival at the

detector D in the above discussed case will be given by,

=91t
Where ¢, is the amplitude for the electron to pass through slit A and reach the detector and ¢, is the

amplitude for the electron to pass through slit B and reach the detector and ¢ is the total amplitude for the

event.

We regard the absolute square of the total amplitude as the probability that the event will occur, in the

above mentioned case the probability that the electron reaches the detector D is given by,



P =g, +@,|*

If we try to investigate the course of the event by observation or some sort of measurement on the state of
involved particle, we destroy the construction of total amplitude, If a system can be in more than one
possible states and if we observe the system to be in one particular state, we destroy the possibility for it
to be in any other state and thus the amplitude associated with the excluded state can no longer be added
into the total amplitude. Considering our above discussed example if we determine with some sort of

measuring device that the electron passes through slit A , the amplitude for arrival at detector D is just ¢;.

Furthermore it does not matter if we actually record the outcome of the measurement or not, as long as the

measuring equipment is in place, it is enough to disturb the system and its probability amplitude.

1.2 The Structure of Amplitude

The amplitude of an event is the sum of amplitudes of various alternative ways in which the event can
occur. This allows us to analyze the amplitude in various different ways depending upon the different
classes into which the alternatives can be divided. The most detailed analysis results from considering that
a particle going from A to B, for example, in a given time interval can be considered to have done this by
going in a certain motion or path. We can therefore associate an amplitude with each possible motion.

The total amplitude will be the sum of a contribution from each of the paths.

This scheme can be made more clear by considering the above example with two slits. Suppose we put a
couple of more screens between the source and the detector, and in each of them we drill a few holes (see
Fig 1.2).
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It is clear from the above figure that the electron can take many different paths on its way from the source
S to the detector D, and each of these paths has its own amplitude. The complete amplitude is the sum of

all of these amplitudes.

We can continue this process of putting more and more screens and drilling more and more holes, until a
time when actually there is no screen left, we apply the same process and we will recover the integral over

all paths of the amplitude for each path, which for the obvious reason is called a path integral.

1.3 Mathematical formulation and General Discussion

We consider a particle moving in one dimension, the Hamiltonian is given by

2

H—P +V
=5 @

The basic question in this formulation is that: If the particle is at a position g at time t = 0, what is the

probability amplitude that the it will be at some other position g’ at a later timet=T ?

To get a formal expression for this amplitude in Schrodinger formulation of quantum mechanics, we

introduce the eigenstates of position operator g which form a complete orthonormal set:

i) =dla), (@) =64 —q), jdq|q><q| =1

The initial state is [ (0)) = |q). If we let this state evolve in time, and projecting on the state |g’), we get
for the amplitude A, the following

A=(q'lY(T)) =K(q',T;q,0) ={(q'le”*H|q)
This object is known as propagator from initial point (g,0) to final point (q',T) and it is independent of the
origin of time, i-e K(q',T +t;q,t) = K(q',T;q,0).

We can derive an expression for this amplitude in the form of a summation over all possible paths

between initial and final points, and in this way we derive the Path integral from quantum mechanics.

As a first step we separate the time evolution in the above amplitude into two smaller time evolutions by

writing e T = g iH(T-t1)p=iHt1 the amplitude now becomes

A= (q’le‘iH(T‘tl)e_thl |q>

Next we insert a factor 1 in the form of a sum over position eigenstates, it gives



A= <q’le‘i”(T‘t1)fdq1|q1)<q1|e“'”t1|q)
- f dar(q'le T g, (g, e 11| )

- f day K(@',T; 1, t2) K(Gu, t1; 6, 0) (1.1)

This is the expression for quantum mechanical rule for combination of amplitudes; if a process can occur
in a number of ways, the amplitude for each of these ways add together. In propagating from g to g’ the
particle must be somewhere at an intermediate time t;; we label the corresponding position g,, and
compute the amplitude for propagating via the point g; [As in (1.1)] and integrate over all possible
intermediate positions, this result is a remembrance of Young’s double slit experiment, where amplitudes

passing through each of the two slits interfere.

We can repeat the division of time interval T ; we divide it into a large number N of time intervals each of

duration § = % , then we can write for the propagator

A= (qll(e-iys)Nm = (q'|e"tHE=IHE  o=iHE|q)

We can insert a complete set of states between each exponential,

A= (q]eH f -1 [} dn_1]e 5 f -2 1Gn2){@ns] -

f dds 1:)qa e f day1a1)q1 e~ |q)

= [ das e dana (e o) (a-ale a2

o {qule”™0]q)

= f dql ...... dQN_l KqN,qN—l KqN_lqu_z T qu,ql qulqo

We have g, = q,qy = q' and we don’t integrate over these initial and final positions, this discussion

means that the amplitude is the integral of amplitude of all N paths.



It is clearly the sum over all possible paths of the amplitude for each path:

A= z Apath

paths

Where

:f dqq .. dqn-1, Apatn = Kqngn-1 Kgn—-1,qv-2 - - Kq2,q1 Kq1,q0
paths

Lets look at it a bit in detail.

Propagator for one subinterval is K, = (qj+1|e‘i”5|qj) since § is small, we can expand the

j+1,9j

exponential:

. 1
Kajrra; = (@l (1 —Ho = §H262 + ) 14;)

=(qj+11q9;) — i8(q;+11Hlq;) + 0(8?). (1.2)

First term is delta function,

dpj . oo o
(qj4119,) = 6(qj+1 — q;) = jz_nlelm(qm aj) (1.3)

In the second term of (1.2), we insert a factor 1 in the form of an integral over momentum eigenstates
between H and |q;) ;

A2

dp:
—i6(qj41l <§_m + V(@))IZ—Z: lp;Xpjla;)

| dp; (p/?
=—l5fﬁ<%+‘/(q]'+1) (qj+1lpj)Xpjla;)

2m

dp; (p;? .
=i J e (p*+ V(qj+1)> ePi(a+17a) (1.4)



If we had put H towards the left side of second term in (1.2), we would have obtained V(g;) in (1.4). In

what follows we will simply write V(q,) where q, = %(qj + qj+1). Combining (1.3) and (1.4), we get the

subinterval propagator

K, o= | Do) (1-i5 (P 1 v ) + 062
qj+1,9j — Ee -1 %-l' (CI]) + ( )

— | 22 pirj(aj+1—aj) p—iSH®;.T) (1 2 1.
JZne e (1+0(59) (1.5)
There are N such factors in the amplitude, combining them and writing ¢, = M , We get
N-1 dp N-1
Apatn = j ﬂz—ﬂjexp i6 (ijj — H(pj, q_J)) (1.6)
j=0 j=0

Then the propagator becomes

N-1

(ij} — H(p, q_;)) (1.7)

N-1 N—ldp
_ , apj .
—fﬂdq} fl_[ o exp id
j=1 j=0

There is one momentum integral for each interval (N total) , while there is one position integral for each

=0

~

intermediate position (N - 1 total).

If N — oo this gives an integral over all functions p(t), q(t). We write as following

T

K= fl)p(t)l)q(t) expi jdt(pq —H(p,q)) (1.8)
0

This integral is viewed as over all the functions p(t), q(t) where q(0) = q, q(T) = q’, eq(1.8) is just a
short hand for a more complicated integral (1.7).

2
If the Hamiltonian is of the standard form, namely H = zp_m + V(q) , we can carry out momentum

integrals in (1.7), as



N-1

N-1 N-1 N-

— ; J

= fﬂdqi exp—u‘iz V(q,)) Jﬂz—expld (p]q] —m>
]:1 ]:0 =0

j=0
The p integrals are all Gaussian, one such integral is

fdp lE(pq—p—) _ | m ei5mf'12/2
21 = \2nis

The propagator becomes

K:jﬂdq] exp — laZV(q])ﬂ(rexplamg]z>

m N/ N-1 N-1 ma, 2
2
:(zma) jl_[dqjexpw ( 2’ —V(qj)) (1.9)

The argument of exponential is the action passing through discrete points. As above we can write this is

more compact form as

K = [ Dq(t) e®Sla®] (1.10)

It is known as configuration space path integral. It must be viewed as a notation for a more precise

expression (1.9).

1.4 Free Particle

Lets calculate the propagator for a free particle. Its Hamiltonian is given by

We have

K =(q'le”*T|q)



v (d

= (@'l [ 52 ppla)
d —i—z ’

= [ S2e™ "R ' Ip)pla)

_ dp —lT—+l(q -q)p
fZT[ (111)

It is a Gaussian integral, giving

_ ( m )1/2 exp im(q' — q)*

2miT 2T (112)
Now we try with the Path Integrals, which is given by (1.10)
N N-1 N-1
. m /2 ) m5 C[]+1
k= Jim (5z) jﬂdqfexpl 72
j=1 j=0

N/,
:I\IIi—r>rolo(27Tl5 Jﬂdq]eXplZé‘[(qN qn-1)*+ (qn-1— qn-2)* +
+ (a2 — q1)* + (@1 — q0)°]

These integrals are Gaussian, and can be evaluated exactly, the result is

m

— oim(a'-q)°/2Ns
2mid

K= Tim ( m )N/z 1 (Zni6)(N_1)/2
N—-oo \/N

1

m /2 . 2
— 1 im(q'-q)"/2N§
1\111—>oo (2nlN6) €




N§ is the total time interval T, therefore

k= (zzT)l/Z eim(a'=a)"/21

Which is the same as (1.12).



2 Grassmannian Variables

The Grassmann variables facilitate a mathematical construction which allows us to give a path integral
representation for the fermionic fields. Grassmann variables are also important in the superspace
formalism, where they serve as ‘’anti-commuting coordinates’’. A collection of Grassmann variables {6;}
are independent elements of the algebra which anti-commute with each other but commute with the

ordinary numbers.

So the Grassmann numbers are anti-commuting numbers. While the ordinary real and complex numbers
are the commuting numbers. Let n generators {6,,0,, ....,60,} satisfy the following anti-commutation
relations,
{Hi, H]} =0

The above relation implies that ;% = 0.
Then the set of linear combinations of {6;} with the commuting number coefficients is called the
Grassmann variable, and with the commuting numbers, {6} satisfy the following relation
Where X4 are ordinary commuting numbers.
First we should look at, how a general function of this kind would look like. Let F(6,,8,,....,6,) be a
function of Grassmann numbers, since these numbers satisfy (2.1), each 6; should appear at most to the
power of one. So we can write a general function of this kind in the following way

F=fo+ fi6; + fij0,6; + -+ f12. 26102 ...0, (2.2)
Where f are real coefficients.

A function of this kind would be called even when it only has an even number of 6;variables in each
factor of its expansion (2.2), and would be called odd if it has odd number of 6;variables in each of its

factors.

These numbers also satisfy the following relations,



6i2=0

6

11

0

i =

01, = €iyiyin 162 - On

o;

1

0; ..

L2

(2

lm

=0 ifm>n
where
+1 if iyiy .... i, is an even permutation of 1..n
€iyiyonin = —1if iyl ....0y is an odd permutationof 1..n

0 otherwise

2.1 Differentiation

—>

The right derivative — O satisfies the following properties.

66
90 _ 5 2.3
a_ej = 6;j (2.3)
3.9 ;00 0f
5 =C 1)ff +35:9 @)
0 (af +bg) _ £+b— (2.5)

00, 20, '~ 08;

Where f and g are functions, a and b are real (complex) numbers and |f]| is 1 when f is an odd function

of 6; and is 0 when f is an even function of 6;.

Lets apply the above properties to a general function of Grassmann variables, we will get

—

0
26, = F = fi + 6ifixOk — 6ifxjOk + 6ijfikiOkO1 — 6ijfij1OkO1 + i) fr1jOk 6 + - (2.6)

Einstein summation convention is used.

We can define the left derivative according to the following formula



So choosing the left or right derivative is just a matter of convenience, the result obtained by both the left
and right derivatives must be equivalent, but we must choose one convention for a problem and stick to it

while going through the whole solution.

2.2 Integration

Integration can be defined over the functions of Grassmann variables, and these integrals satisfy the

following rules

f (af (8) + bg(6)) d6; = a f £(60d6; + b f 9(6)) de,

f de; =0 (2.7)
f 0,do; = &

And

j F1(61)F5(65) ... Fy(8,) d6,d8, ...d6,, = f F,(6,)d6; f F,(8,)d6, ... f F,(6,)d#, (2.8)

From the above properties we come to know that integration for Grassmann variables is the same as the

differentiation.

Now we check the general function of Grassmann variables (2.2) under the above mentioned properties as

under.

deeldez ..d6, = f(fO + f;0; + [;j60:6; + -+ + fi2.n016; ...0,) d6,d0, ...d6,

= fiz.n

This factor will only survive from all the terms in the general function because this is the only term which

contains all the 8; variables, and rest of the terms will become zero.

The equivalence of differentiation and integration leads to an odd behavior of integration under the

change of variables of integration. Lets consider the case of n=1 first. Under the change of variable

6’ = ab , we obtain the following



af (o

_0f(8'/a)
90'/a

= af do' f(8'/a)

This leadsto d8’' = (1/a) db
This can be extended to the case of n variables. Suppose 6; — 8'; = a;;6; , then we have

a a
f do, .0, f(8) = 30, N TNAG

-, . 96, " 06, 00", 96",
L=

n
d d
= giliz....inaill ainn —69’ —60’
ij=1 h tn

H’
= deta jde'l ...9'nf<;>

n ! 4 !
96';, 96", 8 9 f(e_



3 Gaussian Integral

Gaussian integrals play an important role in Quantum mechanics, Quantum field theory, in statistical
physics etc. They are closely linked to the Path integrals as well, so its worthwhile to recall here some of

the algebraic properties of Gaussian integrals.

We start our analysis by introducing the simple one dimensional Gaussian integral which is quite familiar
to us as follows, fora > 0

+o00
21
fdxe‘“xz/zz — (A)

— 00

In the next subsections we take up the case of higher dimensional Gaussian integrals, the technique is
easy but a bit more tricky, we take up the case for commuting variables separately from the non-

commuting variables.

3.1 For commuting variables

For the n-dimensional Gaussian integral for the commuting variables, we have the integral in the

following form,

n

G(A) :jdnx exp| - Z Lxi Ayix; 3.1)

Lj=1

The above integral converges if the matrix A with the elements 4;; is a symmetric positive definite matrix.

We give a definition of a symmetric positive definite matrix below.

3.1.1 Symmetric positive definite matrix (Real and Complex)
A symmetric matrix M, is a matrix which satisfies the following relation,
M=MT
Where MT is the transpose of M.
Now an nxn real symmetric matrix M, is called positive definite if,

zTMz >0



Where z is a non-zero vector with real entries and zT denotes the transpose of z. For the case of complex

matrices, before taking up this definition, we will look into the definition of a Hermitian matrix.

A Hermitian matrix M, is a square matrix with complex entries which is equal to its own conjugate
transpose, which means that the element in the ith row and jth column is equal to the complex conjugate

of the element in jth row and ith column,

My = M),
Hermitian matrices are considered to be the complex counterparts of symmetric matrices.
Now a Hermitian matrix M, is called positive definite if,

zTMz >0

Where z1 is conjugate transpose of z. The important thing to note is that all the eigenvalues of symmetric

(Hermitian) positive definite matrix are positive.

Now we introduce another class of matrices which will be necessary for our later considerations.

3.1.2 Normal Matrices
A complex square matrix A is a normal matrix if,
ATA = AAT

Where At is the conjugate transpose of A. So it means that for complex square matrices, a matrix is
normal if it commutes with its conjugate transpose. For the case of real matrices, a real square matrix A is

a normal matrix if,
ATA = AAT
Where AT is the transpose of A.

Normal matrices provide convenience for diagonalizability which we will see later, and it will justify our
need for introducing normal matrices here. Among complex matrices, all hermitian matrices are normal

matrices and among the real matrices, all symmetric matrices are normal matrices.



3.1.3 Unitary and Orthogonal Matrices

A unitary matrix is a complex nxn matrix U which satisfies the following condition,

utu=uut =1
= U lt=ut
Moreover we have detU =€ = |detU| = 1.

Where | is an identity matrix and U is the conjugate transpose of U.

Orthogonal matrices are the real counter part of the Unitary matrices, An orthogonal matrix O is a real

nxn matrix which satisfies the following conditions,
0To=00T =1
= 0!'=0"

Now we can look at the integral (3.1), different methods give us the following result
G(A) = 2m)™2 (detA)~1/2 (3.2)
When the matrix is complex, the meaning of square root and determinant require some special care.

We derive below the result (3.2) for real positive matrices, and later in this subsection we will derive the

result for the complex matrices, and the variables x are the commuting real variables.
In general, any normal matrix can be diagonalized by an orthogonal transformation and matrix A
in (3.1) can thus be written as following,
A = 0DoT (3.3)
Where the matrix O is orthogonal and matrix D with elements D;; is diagonal,
oTo=1, D;j = a;6;;
Then we change the variables, x — y in the integral (3.1)

n
X = z Ol]y] = inAinj = inOikakOjkxj
j=1 iJj

iJ

= z ay

4



The corresponding jacobian is given as follows
J =|detO| =1

Then the integral (3.1) becomes

n
G(A) = I_dei e~ Yi*/2
i=1

The matrix A is positive, which means that all eigenvalues a; are thus positive and each integral

converges, From the result (A) we can then get the following result,

GA) = 2m)™V?(a,a, .....a,) " 1/?
= (2m)™2 (detA)~1/2 (3.4)
Which is the desired result.

We extend the above discussion to the case of complex matrices. Above proof based on diagonalization,
used for real matrices has a complex generalization. Any hermitian (Normal) matrix A has a
decomposition of the following form,

A=UDU"

Where U is a unitary matrix and D is a diagonal matrix. Then in the integral (3.1) we change the variables
X—oy

n
X; = 2 Uijy;
=

The above change of variables is a complex generalization of the orthogonal transformation (3.3).

The integral (3.1) then factorizes and the result is a product of the integral and a non-trivial jacobian of
the change of variables, therefore

(detD)~1/2

_ n/
G(A) = 2m"* —25

(3.5)

Since we have the following identity
detA = detD (det U)?
Plugging it in (3.5), we get the following desired result

G(A) = (2m)"/? (detA)~1/2 (3.6)



We have to keep in mind that the variables x in both the above mentioned integrals (with real and
complex matrices) are commuting real ones.

For the following case,

n
1

G(A) = f dz,dZ ......dz,dZ, exp| — z 2 Zi4ijZ) (7)

=1
We have here the commuting complex variable z and the matrix is nxn Hermite and positive definite one.
By the similar arguments used in the above examples, we get the following answer for the integral in (3.7)

G(A) = (2m)" (detA)™? (3.8)

The disappearance of the square root sign from (3.8) is not surprising because the integration measure

now runs two times n.

3.2 For anticommuting (grassmann) variables

We now consider a Gaussian integral over n grassmann variables, as follows

1
Where A is a real antisymmetric matrix and 6 is a column vector with components (84, 85, ..., 02,,).

We must not take A to be a symmetric matrix here, as we did in the previous integrals, because we are
dealing with grassmann variables here and if we do so, the property (2.1) for the grassmann variables will

immediately imply that the integral (3.9) is zero.

Each nonzero term in the expansion of exponential in (3.9) contains an even number of factors of 6;

which must all be different because of the property (2.1) of grassmann variables.

On the other hand we take the integration measure to 2n instead of n to make sure that it remains even,
because if we take it as n and if n is odd, there is an odd number of factors d8;. So there must be at least
one factor [ d@; where the integrand is 1. Thus using the property (2.7), we can say that (3.9) is zero for
odd n.

When n is even, the only term which needs to be retained in the expansion of exponential of (3.9) is the

term which involves n factors of 8.Terms with more than n factors of 8 are immediately zero because of



(2.1) and terms with less than n factors of 8 give zero upon integration because there is at least one factor

[ d6; where the integrand is 1. Thus for 2n,

n

2n
1
G(A) = znn!jdel ..d6,, Z 0.4, 6,

ij=1

In the expansion of the product, only the terms containing a permutation of 84, 6,, ..., 8,,, do not vanish,

so we get

GA) = A

2nnl Ei1---i2n Ailiz igiq " Aizn—lizn (310)
permutations
of ig..lan

Where e = +1 is the signature of the permutation, and the quantity on the right hand side of (3.10) is

known as pfaffian of the anti symmetric matrix A. So we have the following,

G(A) = Pf(A) (3.11)

And Pf2(A) = detA

In order to understand the result (3.10) we consider the integral (3.9) for a simpler case of n=2 , and then

we will see that it can be generalized to any even n.
We consider the integral
G(A) = f d6,d8, exp(6TAH) (3.12)

Now we expand the exponential,

= f d91d92 T nl

2 n
(0:Ay 6)"  , (6:Ay 6) H (3.13)

Note that only the term 6;4;; 6; will survive from the above expansion in (3.13), because this is the only
term which can saturate the number of variables in the integral measure, all the higher and lower order
terms than this term will vanish upon integration, also note that there is summation going on in each pair

of brackets in the expansion, so we will have the following,



0;A;j 0; = 0,411 01 + 014,, 0, + 0,4,, 6, + 0,4,, 0,

When we integrate the above expression, the terms that will survive will be the ones which have both

6,and 0,and rest of the two terms will go to zero.
G(A) = f d6,d6,(014,; 6, + 0,4,1 6,)

= Alzjdeldgzglgz +A21fd91d92 9291

=—A; + 45
= 2A21
> G(A) ~VdetA

We consider another similar integral for n complex grassmann variables,

fﬂd&jdei e=0141j6) (3.14)

Where A is a hermitian matrix A;; = A;; and 8, are the complex conjugates of 6;.

Expanding the exponential and remembering that there is only one term which is nonzero, we get

_ _ 1, _ S
f dal dal d@nden E [_011Ai1j10j1][_Bleizjzgjz] [_HlnAinjnHjn]

=—|db,...do, 0, ..0

1 ln

j do, ...d6, 6;, ..6; A

Jn igja Ainjn

=7 Eivdnindn Ainfs A

=detA

1 1
On the second line we have the factor (—1)z "D+ zn=D+n®+n _ ( qy2n® _ 4q

In order to better understand the result of integral (3.14) in a more simple way, we consider the case for
n=2.

G(A) = [ db, do, dB,d, e~Bi4i® (3.15)



— 2
I " (6.46;)

The quadratic term will be the only contribution from above integral, because only this term can saturate
the number of grassmann variables in the integral measure.

Keeping in mind the relation (2.1) for grassmann variables and also noting that there is a summation

going on in each pair of brackets in the above expansion and then expanding the quadratic term, we get

(8.4,6)° 1

o = E{(9_1A1191)(9_2A2292) +(014126,)(0242161) + (62421601 (0141,6,)

+ (6,42,6,)(014,161)}

Integration of the above term gives the following result,

— 2
0.A;:0; 1
(12—1{1) } = _{2(A11A22 - A12A21)}

j do, do, do,do, {— -

= detd

Hence the result.



4 Supersymmetric sigma models

Any model which has both the bosonic and fermionic fields in it is called a supersymmetric model. We
will see a relation between the topology of the target manifold and the structure of the supersymmetric
sigma model. In this section we will consider some supersymmetric sigma models, and we will use the
results of the integrals obtained in previous section in solving these models and path integrals will be
used.

4.1 Supersymmetric sigma model on a flat space

We consider the simplest model first where the target space in flat. We can construct the supersymmetric
Lagrangian for this case for bosonic and fermionic fields as follows,

L=2x%+ Yoy
We have periodic bosonic and fermionic fields, that is

x(t + 2nB) = x(t)

Y(t +2mB) = P(t)

Y(t+2mp) = p(t)

And the action S is given by

B
Sszdt
0

Now we use the path integral formulation to construct this model as follows,

f Dx DY DY exp{— f x% + Yo, lp)dt} (4.1)

Here the variable x represents the bosonic fields, and the variable 1 and v is representing the fermionic
fields.

Using integration by parts, we can write the following,

f:’czz—fxatzx

Using it in (4.1), we get



J-DxDll)Dll_) exp{—f(x 9. %x + ﬁatw)dt}

= fDx exp{—f(x atzx)dt}.fDlﬁDlp exp{—f(t/_)atlp)dt}
Now we use the result of Gaussian integrals for bosonic and fermionic variables and get the following,

1
=——— .det 9, (4.2)
/det 9,2

We can define the determinant of an operator by properly regularized infinite product of its eigenvalues

as det d0; =[ln=14, ,Where A, are the eigenvalues of the operator 9, , So we have

det 9,2 =[1%., 4,2, and so formally we can write /det 9,2 = det 0,

= fDl/_)@x@l/) exp{—f(fcz + 1/76t1/))dt} =1

4.2 Supersymmetric sigma model on a curved space

We now move to supersymmetric systems with more interesting target manifolds. Now we consider
another supersymmetric sigma model on a curved space, we consider the model on a Riemannian
manifold M of dimension d with the metric g. The theory involves bosonic variables which are defined by
the map x: ST — M and the fermions ¥ and 1 which are the complex conjugates of each other, are the
odd counter-parts of the bosonic variables. The supersymmetric Lagrangian for the bosonic and fermionic

fields is given by,

L= atx“g;watxv + ll_)'thl/)vg;w + R;wpa(x)l/)#lpvl/jpllja (4.3)

Note that in (4.3) we have two different fermionic fields 1 and 1, and D, is the covariant derivative and

is given by,



oYY
ot

Dap¥ = ——+ A TV (x) K

Where 'V, is the Christoffel symbol of the Levi-Civita connection, Levi-Civita connection is used
because we are working in a curved space and ordinary derivative does not suffice here. Levi-Civita

connection is a unique connection which preserves the metric of the manifold and has a vanishing torsion.

Further in (4.3) g, is the metric associated with the manifold M, and R, ,, is the Riemann curvature

tensor.

From (4.3), we have

B
S = j(atxuguvatxv + JJthlpvguv + Ruvpa(x)lpulpvlljpd_)o-) dt (4-4)
0

This action is invariant under the following supersymmetry transformation,
5xV = eV — &Y
Sy = e(ix” — IV P YK)
§¥ = &(—ix” — TV ap )

Where € and € are the infinitesimal real and complex Grassmann constants.

We can expand the metric g,,,, in the Taylor expansion as follows,

guv(xo + 6x) = guv(xo) + aaguv(x0)5xa + %{aaaﬁguv(xo)‘sxaaxﬁ} + o (4.5)

Using this expansion in the integral (4.4), The integral (4.4) now becomes,

B
S = f[atx"atx"(gw(xo) + 029y (x0)6x% + ) +
0

+l/jHDtlpv(gyv(x0) + aaguv(xo)axa + ) + Ruvpa(x)lpulpvll_)pdjd]dt (46)

Now we expand the bosonic and fermionic fields in the integral (4.4) in the relevant fourier modes, as



X =xo+ Z B xne?mint/B

n#0

=0+ ) VBinet /S

n+0
Y=o+ ) B iyetnt/h
n+0

Using the above modes and expansion (4.5) into (4.6), and also rescaling the time as t — ft, in the
integral (4.6) ,we have

1
S = jﬁ [iz{ Z (2min) (2mim) x,* x,," Zm(n+m)t}{g v(xo) + aaguv(xo)\/_z p2milt
0

n#0 m#0 1#0

+ } + {J’OH + z \/El/jn“ezmnt} %

n+0

VB Zpio(zmp)zpp” ezmvf
B

2 (27'”7”)751*)L Ik (%) l»b {guv (x0)

r+0

+ aaguv(xo)\/_z et } ¥ Rﬂvpo(xo)lpo#lpovlljopll_’oa + | dt

1+0

Now we can check the order of 8 in the above integral, and when we consider the small g limit, we throw

away the terms of the order of $1/2 and higher order, and hence we are left with the following,

= §= Z(Zm’n)z xn#guv(xo) xnv + O(ﬁl/z) + Z(Zﬂin)d_}nuguv(xo) lpnv + O(ﬁl/z)

n+0 n+0

+ Ruvpa(xo)lpoﬂlpovl»l—)oplﬁod 4.7)

And our main integral reads as follows,



I = ij DYDY e (4.8)
where Dx = Hddxn , DY = ﬂdd Y, and DY = Hdd Y
n n n
where d is the dimension of the manifold.
We divide above integral (4.8) in three steps to make the calculation easily understandable.

L = f d%x, exp {z (2min)? x,* g, (x0) xnv}

n+0

Put 2ninx =y

= 2mindx = dy

d
I = f ar exp{— yu" gy (x0) ¥u' }
(2min)4@ noIn n

1 1

T @rin)d [detg

=1

(4.9)

I, :jddlpn ddd_}n exp {Z(Zﬂin)d_}nuguv(xo) wnv}

n+0
Putting f=\2miny =df= m%dzp
and E=\Rriny = di= \/2;7 dy

= I, = (Znin)dfegngwfn d%¢, d4&,

We cannot use the grassmannian integration technique to solve I, yet, because g,,,, is not antisymmetric,
to make it antisymmetric, we go as follows,

Let 4 = (?) and Gy, = [

T gw] , We can rewrite [, as,
—Iuv 0

I, = (2min)“ f d?42 exp{A G, 7}

= (2min)4 j d2?) {1 +(AG,2)" + ¥



(2win)@ 2d
= f d?42 (2G,,1)

2min)“
_( 2d!) fdz/mam .d?42 (2,6

#sz ) (Alzd H2dVad ]zd)

_(Zm'n)d
~ a1 ©

G

2 " Eizdejz Ejzd U2V ™" G.“-dezd

(2min)¢
2d!

VdetG

_ 2min)?
-~ 2d!

[~det{g(—g™)}]"/?

(2min)¢

=g Vv (detg)?

(2min)®

= 12:—2d|

detg (4.10)

Now for the curvature term, it only involves fermionic zero modes, thus we have the following integral,

I; = fDll) Dll_) exp {pra(xo)lpo“ll)ovll_’opl/joa}

1 M T - O
- (d/Z)!jddl‘bO d®q {pro(xo)lpoul/)ovl/)oplpo }d/

da/2

(d/Z)' {R;wpa(xo)}d/z jddlpo (oo /2 Jddlﬁo (1[_)001/]06)

1
= m {R;Wpa(xo)}d/Z el1Vz-Hd-1Vd ¢P102--Pd-10d
1

13 = m Rll1vzp10'2 .

R et1Vz--Hd-1Vd ¢P192--Pd-19d (411)

Hd-1Vd Pd-19d

Combining all three results (4.9), (4.10), and (4.11), and noting that we have carried out the integral over
the fermionic zero modes, and thus we are left with the integral over bosonic zero modes only, so we get
the result for our model,

; fdd 1 1 X(Znin)ddt «
= X - e
0 (Zmn)d /detg 2d! 9
1

Rl«‘d—ﬂ/d Pd-10d EH1V2---Hd—1Vd EP1‘72---Pd—1Ud

X W RM1VZP10'2



1
— d wld— wPd—
=1 J-d Xy 4/detg 2d1 [@/2)] Ruv,pioy = Rug vy pgoyoq €H1V2Ha-1Vd gP102-Pd-10d

This is an important characteristic class called the Euler characteristic or the Euler class of the target

manifold M. Euler class e(M) is defined in terms of the curvature of a d dimensional manifold as follows,
e(M) = Pf(R/2m)

(-D*?

= .- R
H1V2P102 Hd-1Vd Pd-10d
(4m)d/2 (%) !

et1Vz--Ud-1Vd ¢P102--Pd-19d

Which is almost identical to our result upto some numerical factor. Hence we can say that in our case, we

get the following integral,

I~ jddxo Jdetge(M) = x(M)

Where y(M) is called the Euler number of the manifold M, and it is a topological invariant of the

manifold.

4.3 Another Supersymmetric sigma model on a curved space
In this section we consider another supersymmetric sigma model on a curved space, the supersymmetric
lagrangian for this model is given as follows,

L =x?+ Dy

DyY
Dt

= L=xtgu XV + g, PH (4.12)

Note that in (4.12) we have the same fermionic fields, as compared to the previous model where we had
different fermionic fields. The metric components are continuous and differentiable, We have the

following expansion of the metric in Taylor series around a point x, as,

1
guv(xo +x) = guv(xo) + guv,a(xo) x* + Eguv,aﬁ(xo) x%xP + . (4.13)



Where g,,, is evaluated at the point x, and in general the symbol g, qp.. stands for the partial

derivatives of g, with respect to x%xP ... at the point x, . Thus we have,

(09 (%9
Gwa=\gya ) GwaB = \gyagyB) -
Xo Xo

In studying this model (4.12), we will use the Riemannian normal coordinates in order to make our

calculations easier. At the origin of Riemann normal coordinates, the expansion of the metric has the

following properties,
g[lv(x()) = 6[,{1/ ) g‘uvja(xo) = O

So at the origin of Riemann normal coordinates, (4.13) becomes

1
g;w(xo + x) = 5111/ + Eguv,aﬁ(xo) xax[? + (4-14)

And the covariant derivative in (4.12) is given by,

oYY
Jt

DY = + XA TV () P

Where 'V is the Christoffel symbol of the Levi-Civita connection.

Using the expansion (4.14) and above covariant derivative in the supersymmetric lagrangian in (4.12), we

get the following,

1 " Y
L= (6#1/ + Eguv,pd(xo) xPx? + - ) XXV + Iuv P ( ot + 1 IV (%) ¢K> (4.15)

We can also expand the christoffel connection term in (4.15) in Taylor series around the point x, as

follows,
IV (xo +x) =TV (xg) + TV g0 (x0) + -+ (4.16)

Where we have,

v 1 ov
Mk = 59 (gsax + ok — 9ak.5) (4.17)

Keeping (4.17) in mind and also the properties of the metric at the origin of Riemann normal coordinates,

we can safely say that the zeroth order expansion term in (4.16) is zero, because it contains the first



derivatives of the metric, so if we want to work at the origin of Riemann normal coordinates, this term
must be zero. Then we are left with the first and higher order derivatives of the christoffel connection in

the expansion (4.16). Also note that in the bosonic part of the lagrangian, we have,

1
(5uv + zguv,pa(xo) xPx% + - ) xH xv

From here, we will consider only the first term of the above expansion, because the second term is fourth
order, and the contribution from this part is negligible in small g limit, which we will consider later in this

discussion and our this argument will be justified.

Using these arguments, and putting (4.16) back into (4.15), we get

v

9
L =x"i" + g, 1/)#{ d + xWrVAK,a(xo)x“} (4.18)

ot

Since we are working at the origin of Riemann normal coordinates centered at x, ,we can write the
second derivative of the metric in terms of Riemann curvature tensor, and we can make use of the

following useful identity,

aaaﬁguv(xo) = {Ruavﬁ (XO)} (4.19)
And the second term in the expansion (4.16) can be written as the following,

rv :l 61/( + _ )
AK,a 29 Isrka T 95k 2a — YAK ba

Using the identity (4.19) in the above expression, we get

Isv M aka = %(Réa’)ll( + Rsaxa — Riaks) (4.20)
Where the Riemann curvature tensor has the following symmetries,
Rsaak = —Rasak
Rsak = —Rsaxa

Rsaak = Raksa

And Rsaak + Rsaka + Rskar = 0



Above symmetry properties imply that the Riemann curvature tensor is symmetric under the exchange of
first and second pair of indices, and it is antisymmetric under the exchange of two elements in first and

second pair. The last identity is well known and is called the first Bianchi identity.

Now we make use of these symmetry properties, and we can get (4.20) in the following form,

96wl ko =~ > Raaxs

= ke =—-9% > Ryaxs
1
= Mika = =5 Rk’ (4.21)

Using the result (4.21) in the equation (4.18), we get

v

+ &Mk x@ (— 1R)Locl(v(xo))}

L = xhxh ualp
=xtxt + g Y >

Jt

opY
ot

1
= L =xkHt +PH {gw - ExﬂlpKx"fRMKu(xo)} (4.22)

In (4.22), the term g, % can be simplified if we expand the metric in Taylor series like we did before,

and we will see that only the first term in the expansion of the metric should be considered because all
other terms will be of higher order which can be considered to be negligible in small g limit. So keeping

these considerations in mind, we get

s ot 1
L = xHFxH + 1,[)“7 —5% PP Ry iy (X0) (4.23)

The action is given by,

B

5= v

0

Taking the periodic boundary conditions of x and i into account as follows,
x(t + 2nB) = x(t)

Y(t +2mB) = P(t)



We can expand the fields in their Fourier expansions as follows,

X = xgh o+ f ) £t e?rint/B

n#0

WA = Yot + B )k e2ni/8

n#0

When we consider the complete Lagrangian (4.15), we get

" 1 ool v ll)" o OWH
L:(x”x” +Zguv,pa(x0) xPx%xH x +) (1,[1” gwp,,(xo) xPx 1,[)”6—+ )

1-A K. a,,uU
_EX Yrix Y RAa:Ku(XO)

Considering only the order of g from the above expansions and If we rescale the time as t — Bt, we get
1
— 1 20U 1 1 4000l 5.V
=|B ﬁ{ﬁ xAHAHY + Eguv,pa(xo) ﬁﬁ XTXTXT X + -+
0

{ﬁ oyt B3 1 w“+_'} B2 1

ﬁlpu_-l- 3 Z'gwpa(xo)xpxol,b“ T B2 Raaru (o)1 " x 1/’0”] dt

In the above action we did not yet expand the fields into their Fourier components except for the fermions
in the curvature term and we take the zero modes only in order to make the curvature term survive in the
small B limit, so we check the order of B in the above process. We see that in the small g limit, we

neglect the terms of the order of 83 and then we are left with the following integral,

f [{ﬁxuxu+0(ﬁ )}+{ﬁ¢ul+0(ﬁ )} g2l R o) 5, ] dt

After making these arguments and droping out higher order terms in 8, we can say that our Lagrangian

(4.23) can now be written as follows,

oYt 1 .
L = Mt 4 P —— = = Raaucu (00) ho* Yo" x“%* (4.24)

If we define fluctuations in the coordinate system as follows,



xH(t) = xoh + EH(T)
P = Pt +nH (D)

And noting that dx* = d&*, dy* = dn* , we can cast the action into the following form,

B
- 1 .
5= [ [émer mtir =5 Racwu Cronpo sy 87 a (425)
0

In (4.25) the operator which is associated with the ¢ field is given as,
—Ow 5zt Raa g, (4.26)
Where we have R, (xo) = — %Rlafl(u ()P E*EA

And the operator associated with the 7 field is given by,

d

Ouv 3¢ (4.27)
We have to consider the following path integral,
1= f@f@n e (4.28)

In this integral, we will consider the modes &, and n,* for which n= 0 which are called the zero modes,
separately in the following integral, Considering the non-zero modes, we see that the operator (4.26) is
associated with the bosinic fields whereas the operator (4.27) is associated with the fermionic fields, so
we can make use of the results of Gaussian integral results for bosonic fields and fermionic fields here,
taking into account these considerations, we get

I:fﬂdfoﬂdn(,“\/

Det (6”1, %)

d? — d
Det (—5#1, W + Rla (XO) E)



2 1
> 1=Jﬂd{0“dnou (4.29)
u=1

d —
Det <_6ﬂv % + Rla (XO)>

Where d is the dimension of the manifold, and We need to remember that the determinants obtained in the

above integral are the result of integration over non-zero modes only, they do not include the zero modes.

Now we compute the functional determinant in (4.29) and in (4.29) the fermionic variables are only
contained in Ry, (x,) We suppose for the time being that this part is a commuting number, and we know

that Riemann tensor is anti-symmetric which implies that R, (x,) satisfies the following,
Ria = —Raa

Since real skew-symmetric matrices are normal matrices, it is possible to bring every skew-symmetric
matrix into a block diagonal form by an orthogonal transformation, so in an even dimensional manifold it

is possible to block diagonalize R, in the following form,

Let us focus on the first block, the operator —6,“,% + Ry, (%) is real and hence the eigenvalues are

made of complex conjugate pairs, when this operator is applied to this block, and the determinant of this

block can be computed as follows,

d
-—— o d?
dt _ 2
det dl= Det <dt2 +aq >
T



06 T1h- e

n>1 n>1

. 2
_ <—WZ C;;/ 2) (4.30)

If we consider all the n blocks, we will get the following result for the integral (4.29)

= f 1_[ ddo"dno* Hsm[})’fr]z/Z

The integration over &, is equivalent as that of integration over x, and integration over n, is equivalent to
that of over 1, and also the product j in this integral can be written in terms of the Riemann curvature

tensor as,

2n R Yz
1 BR/2
B 1
I _J.Ddxo”dwo Bi/2 det(sinﬁ§/2>

We can make the following change of variables to remove the 8 dependence from above integral,

u_XO# u_ u
Yot =5=,  do =B dxo

B

And we substitute

~ 1
BR=— R/laku(xo)lpoulpok

2
11 1/2
21 ijAaKH(Xo)lpoulpoK
I = f deoﬂdlpoﬂ det (431)
u=1 Sinij/laky(xo)lpoulpoK

We have to note that we have dropped out infinitely many terms in going through this model, when we

were doing different expansions, and the result (4.31) is a close approximation to the actual result. If we



take into account this fact and also take care of the factors i /2m arising from the Feynman measure in the

above integral, after carrying out integral over zero modes, we would get something like

1 1/2

And if we again consider the anti-symmetry of R, we can again diagonalize R like we did before, and

after doing this, we can recover the following result,

B x;/2
I'= f 1_[ sinh x; /2 (4-32)

This result (4.32) is a topological invariant of the manifold, It is the index of Dirac operator on a spin
manifold. It is another important characteristic class which is often called as Dirac A-genus.



5 Conclusion

In this Master thesis we have presented some basic aspects of Supersymmetric Quantum Mechanics, in
the context of Path integrals, and we investigated how we can solve supersymmetric sigma models on

curved space through very simple and straightforward calculations.

We introduced very basic concepts about probability and the amplitude in Quantum Mechanics, and used
this basic idea to describe the mathematical framework involved in path integrals, and then studied the
example of a free particle to establish our idea of Path integrals.

Through the introduction of Grassmann variables we constructed basic ideas about how to handle these
kind of variables, and how we define rules for differentiation and integration for such variables, then we
introduced Gaussian integrals over normal variables and later generalized those Gaussian integrals to
incorporate the idea of Gaussian integrals with Grassmann variables and studied some of very simple

examples to carry out these integrals.

Finally we started our analysis of supersymmetric sigma models where the target space was flat, then we
studied the supersymmetric sigma model with a curvature term on a circle, where the target space was
curved, and we carried out the computation using path integrals as our central tool and used our ideas of
Gaussian integrals for commutating and non-commutating variables developed in the previous sections,
and in the end recovered the Euler characteristic of the manifold and hence the Euler number, which is a
topological invariant of the manifold and is a connection between the geometry of the target manifold and
the physical model of the system. Lastly we considered another supersymmetric sigma model on a curved
space and carried out a similar computation as in the previous model using Path integrals as central tool,
we recovered another important characteristic class for the manifold known as Dirac A-Genus, which is a
topological invariant of the target manifold, hence again we recovered a connection between the physical

model and the geometry of the target space.

This Master thesis went through simple and basic but important aspects of supersymmetric quantum
mechanics, by showing calculations and proofs that will allow the reader to further understand the
properties of supersymmetric quantum mechanics that help the simplification of calculations needed by

physicists in supersymmetric field theories.
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