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Abstract

With the discovery of a particle consistent with the Standard Model (SM) Higgs at the Large
Hadron Collider (LHC) at CERN in 2012, the final ingredient of the SM has been found. The
SM provides us with a powerful description of the physics of fundamental particles, holding up
at all energy scales we can probe with accelerator based experiments. However, astrophysics and
cosmology show us that the SM is not the final answer, but e.g. fails to describe dark matter and
massive neutrinos. Like any non-trivial quantum field theory, the SM must be subject to a so-called
renormalization procedure in order to extrapolate the model between different energy scales. In
this context, new problems of more theoretical nature arise, e.g. the famous hierarchy problem
of the Higgs mass. Renormalization also leads to what is known as the metastability problem of
the SM: assuming the particle found at the LHC is the SM Higgs boson, the potential develops
a second minimum deeper than the electroweak one in which we live, at energy scales below the
Planck scale. Absolute stability all the way up to the Planck scale is excluded at a confidence level
of about 98 %. For the central experimental SM values the instability occurs at scales larger than
~ 101 GeV.

One can take two viewpoints regarding this instability: assuming validity of the SM all the way
up to the Planck scale, the problem does not necessarily lead to an inconsistency of our existence.
If we assume our universe to have ended up in the electroweak minimum after the Big Bang,
the probability that it would have transitioned to its true minimum during the lifetime of the
universe is spectacularly small. If we on the other hand demand absolute stability, new physics
must modify the SM at or below the instability scale of ~ 10 GeV, and we can explore which
hints the instability might provide us with on this new physics.

In this work, the metastability problem of the SM and possible implications are revisited. We
give an introduction to the technique of renormalization and apply this to the SM. We then discuss
the stability of the SM potential and the hints this might provide us with on new physics at large
scales.






Sammanfattning

Standardmodellen inom partikelfysik #r var bista beskrivning av elementarpartiklarnas fysik. Ar
2012 hittades en ny skaldr boson vid Large Hadron Collider (LHC) pa CERN, som &r kompa-
tibel med att vara Higgs bosonen, den sista saknade delen av Standardmodellen. Men &ven om
Standardmodellen ger oss en vildigt precis beskrivning av all fysik vi ser i partikelacceleratorer,
vet vi fran astropartikelfysik och kosmologi att den inte kan vara hela losningen. T.ex. beskriver
Standardmodellen ej mork materia eller neutrinernas massa. Som alla kvantfiltteorier maste man
renormera Standardmodellen for att fa en beskrivning som fungerar pa olika energiskalor. Nar man
renormerar Standardmodellen hittar man nya problem som &r mer teoretiska, t.ex. det vilkdnda
hierarkiproblemet av Higgsmassan. Renormering leder ocksa till vad som kallas for metastabilitets-
problemet, dvs att Higgspotentialen utvecklar ett minimum som &r djupare dn det elektrosvaga
minimum vi lever i, pa hogre energiskalor. Om vi antar att partikeln som hittades pa CERN &r
Standardmodellens Higgs boson, dr absolut stabilitet exkluderad med 98 % konfidens. Fér centra-
la experimentiella métningar av Standardmodells parametrar uppkommer instabiliteten pa skalor
over ~ 100 GeV.

Det finns tva olika sétt att tolka stabilitetsproblemet: Om man antar att Standardmodellen &r
den ratta teorien d&nda upp till Planckskalan, kan vi faktiskt fortfarande existera. Om vi antar att
universum hamnat i det elektrosvaga minimumet efter Big Bang dr sannolikheten att det har gatt
over till sitt riktiga minimum under universums livstid praktiskt taget noll. Dvs att vi kan leva i
ett metastabilt universum. Om vi a andra sidan kréiver att potentialen maste vara absolut stabil,
maste nagon ny fysik modifiera Standardmodellen p4 eller under instabilitetsskalan ~ 10'° GeV. I
sa fall kan vi fundera pa vilka antydningar stabilitetsproblemet kan ge oss om den nya fysiken.

Den hér uppsatsen beskriver Standardmodells metastabilitetsproblem. Vi ger en introduktion
till renormering och anvénder tekniken till Standardmodellen. Sen diskuteras stabiliteten inom
Standardmodellens potential och vilka antydningar problemet kan ge oss angaende ny fysik.
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1 Introduction

The Standard Model of Particle Physics (SM) provides us with an astonishingly powerful de-
scription of the physics of fundamental particles at the energy scales reachable in high energy
experiments. With the discovery of a particle consistent with the SM Higgs at the LHC in 2012,
the last ingredient of the SM was found. Powerful as it is, we are also well aware of the incom-
pleteness of the SM, which e.g. fails to explain dark matter, the baryon asymmetry, or neutrino
masses. Answers to these questions may lie within the reach of the second LHC run started in
2015, but could well be hiding at much higher energy scales.

When extrapolating the known physics to greater energy scales, renormalization plays a crucial
role. The SM cannot be solved exactly but only as a perturbation about the non-interacting the-
ory, like any other realistic Quantum Field Theory (QFT) involving interactions. When computing
beyond the leading order, one encounters infinities due to so-called loops, the production and sub-
sequent annihilation of virtual particles. For renormalizable QFTs like the SM, a systematic and
well-defined treatment of these infinities is possible: the infinities are regulated by introducing an
auxiliary parameter and subsequently removing the dependency on this auxiliary parameter from
all physical observables of the theory. In the course of this renormalization procedure, the param-
eters of the theory become dependent on the energy scales involved in a physical process. When
analyzing the renormalized SM potential, one encounters the so-called (meta)stability problem: at
energies much higher than experimentally testable, the potential might develop a second minimum
deeper than the electroweak one.

The metastability problem has been known since the early days of the SM and been used to give
powerful constraints on physics on scales larger than the ones experimentally accessible. E.g., long
before the discovery of the top quark, the stability condition has been used to constrain its mass
(cf. [1-7] and references therein). After the top quark had been discovered at the Tevatron in 1994,
the stability bound was used to constrain the mass of the Higgs boson (cf. [8-14] and references
therein).

With the discovery of a SM Higgs like particle in 2012 at the LHC all parameters of the SM
are known and it appears that the model sits at a peculiar spot very close to the stability bound.
While the experimental data prefers a metastable potential with the second minimum occurring at
scales above ~ 100 GeV, the stable phase lies only a few standard deviations off the central values.
This has recently led to considerations of the stability bound with improved accuracy [15,16].

This work revisits the computation of the stability bounds on the SM potential’s parameters.
We compute the dominating one-loop contributions to the renormalized potential explicitly and
compare the results with the renormalization group equations available in the literature. We then
proceed to calculate the stability bound at two-loop order and compare with the available next-
to-next-to-leading-log precision results. Finally, we discuss the interpretation of the instability
problem and possible hints, the problem provides about the physics at larger scales.



2 Renormalization

Realistic QFT's describing interacting particles cannot be solved exactly but only as a perturbation
series about the non-interacting theory. When calculating beyond the leading order one encounters
infinities due to loops, which in the case of renormalizable theories can be dealt with in a systematic
way, the so-called renormalization procedure. Introductions to renormalization may be found in
any standard QFT textbook, e.g. [17-19]. We demonstrate renormalization for a simple example,
the one-loop correction to ¢*-theory.

Consider a complex scalar field ¢ with quartic self-interaction and mass m. The Lagrangian is
given by

A
£ = 0,606 —m?s'¢ — Z (¢'9)" (2.1)

where throughout this work we use the metric tensor ¢ = g,, = diag(+1,—1,—1,-1), and
natural units & = ¢ = 1 unless noted explicitly. The Feynman-rules for this theory are!

i -
> - p2_m2+2‘67 = —i\.

Calculating the propagator to first non-trivial order we find

o . O

7 ) d*k 7 )
= —i\ 2.2
p2—m2+ie+p2—m2+ie< ! /(277)4k2—m2+i6> p2 —m? + i€’ (2:2)

where p is the external momentum and k the loop-momentum. The integral over the loop-
momentum is obviously divergent and we postpone its calculation for a moment. The 4-point
interaction to first non-trivial order with stripped off propagators for external legs is given by

PGS o O B¢

= —iX+ (—iN)?i? BV(s) + V() + V(u) (2.3)

where the s = (py +p2)°, t = (p1 — p3)®, and u = (p; — p4)* are the Mandelstam variables and
the integral over the momentum is given by

V(pQ)Z/(d b ! ! (2.4)

or)? (p— k)2 —m?+ie kZ—m?+ie

LAll Feynman diagrams in this work have been drawn with the Latex package AxoDraw [51]



2 Renormalization

where we encounter a similar integral as above. In fact, one typically encounters such integrals
when calculating loop diagrams and it is thus worthwhile to find a general strategy to solve them.

2.1 Regularization

When calculating diagrams involving loops, one often encounters momentum-space integrals over
rational functions. It is convenient to solve these by bringing them into the form

i ¢
I(F,n) = /(;lﬁl(ng_(i)n (2.5)

where £ is the (possibly shifted) loop-momentum, F'(¢) is a polynomial in £ and A a function of
mass-dimension [A] = 2 of external momenta and the masses. To complete the square in the
denominator and find the right ¢ one often introduces an integral over Feynman parameters:

1 (n—1)!
T —— dry - de, 60 wm; — . 2.6
AjAy -+ Ay /0 b Z [£1 A1 + 2240 + -+ + 2, 4,]" (26)
For only two denominator factors this reduces to
1 ! 1
— = d . 2.7
AB /0 " TwA+ (1—)BP 27

In our case we find that the integral from the propagator is already in the right form. The integral
from the 4-point vertex can be rewritten with the help of Feynman parameters:

d*k 1 1
2 — .
Vir) = / (2m)* (p— k)2 +ie k%4 ie

1
= dx/
/ [2p? — 2ap - k 4 k2 — 2m? + k2 — m2 — 2k? 4+ am? + i€]’

x
o (k- ap)® + 2 (1 — z) p? — m? + ie]?

/ / d% 2 +z(1- x)lp “m2iid® (2.8)

where we shifted the 1ntegrat10n variable £ = k — xp.

Having brought integrals over loop momenta into the form of (2.5), we find that any term
proportional to odd powers of £ in the numerator will integrate to zero by symmetry since the
denominator is a function of £2. Hence, the remaining task is to calculate integrals of the form

e ("
I(m,n) = / — . 2.9
( ) (27r)4 (2 —A) (29)

The integral can be Wick-rotated to a Euclidean metric by identifying
0 =Y, = =02 dU=idUg, (2.10)

where we consider d-dimensional space-time for generality. We can rewrite the integral in (2.9)
nim [ A ey

(2m)* (G +A)"
Since the integrand is a function of £2, only, it is convenient to switch to spherical coordinates

i(=1)" > AN
) = (2#/ 9 | “E%lw(i@w
E

2 —1+m

- Dl /dQ / d (¢%) EQ NG (2.12)

(2.11)



2.1 Regularization

where [ dQ, is the surface of the d-dimensional unit sphere. In d = 4 dimensions [dQy = 272,

hence,
. _1)n+m 00 (EQ )1+m
W = 1(7/ d) B . 2.1
(mvn) 167‘1’2 0 ( E) (EQE—FA)n ( 3)

For n > 2 + m the integral 14 (m,n) converges and can immediately be calculated. For n #
24m, IW (n,m) is divergent and must be regulated. A number of different regularization schemes
has been invented. We demonstrate three schemes in the following: cut-off, Pauli-Villars, and
dimensional regularization.

2.1.1 Cut-off regularization

The perhaps simplest regularization scheme is the so-called cut-off regularization, where one “cuts
off” the integration at some scale A by replacing

00 A?
/ d() > / d(62). (2.14)
0 0

We explicitly calculate some integrals in cut-off regularization, e.g. for the cases 1(0,1) and I(0,2)
encountered in the one-loop amplitudes of our ¢*-theory. I(0,n) is convergent for n > 3. For
n =1 we find:

1) = — /AQd(ﬁ) )
AT 602 Bl (2 + A)
= 1o [ - Alog (B +4)],

—i 2 A?
= 12 A — Alog K+1 . (2.15)

For A — oo this diverges quadratically I (0,1) — —iA?/167%. In the case n = 2 we find

15 (0,2) : /OA d ((%) 7( (43)

2
1672 2+ A)
. A?
i A
= S g (B A
1672 {£%+A+Og(€’5+ )]O
i A A?
- S 14log(S+1)). 2.1
167r2<A2+A +Og(A+>) (2.16)

Now we find only a logarithmic divergence I (0,2) — ilog (A2/A) /1672, Similarly, the integrals
I (m,n) can be calculated for all m,n. The degree of divergence will be given by D = 4+ 2m — 2n.
However, while this regularization is simple to calculate it has drawbacks. E.g., it is not invariant
under shifting the integrating variable £ — ¢ + k as is done when bringing the momentum space
integrals into the form of (2.5). Hence, it is difficult to relate the A’s if one has more than one
integral in an amplitude, as for the case of the 4-point function (2.3).

2.1.2 Pauli-Villars regularization

In Pauli-Villars regularization one introduces a heavy field with mass M and the same quantum
numbers as the field in the loop, but opposite statistics. Since e.g. scalar fields with fermionic
statistics are physically meaningless one needs to remove these fields by taking the limit M — oo af-
ter integrating. In the case of the one-loop propagator in our ¢*-model, Pauli-Villars regularization



2 Renormalization
is implemented by replacing the propagator in the divergent integral:
/ d*¢ 1 / d*¢ 1 1
— e = — — .
(27)* 2 +ie (2m)t (2 +ie (2 — M2 +ie

- g ), A b G
- 16n2 Ellez 2+ M2
- L[ — 3+ M log (3 + M?)]

1672
i 9 2 — o0
= _167r2M log ( e + 1) . (2.17)

In the limit M — oo this is again quadratically divergent.

2.1.3 Dimensional regularization

We stated above that the integral I (m,n) is divergent if 4+ 2m —2n > 0. If we however generalize
to d space-time dimensions, I (m,n) is divergent for % +m —mn > 0. The basic idea of dimensional
regularization is to carry out integrals that are divergent in d = 4 in some dimension d < 4 where
they are convergent, and then continue the result analytically to d = 4. Thus, we need to consider
the integral

. 2_14m
_1)n+7n %) (62 ) 2
I (m,ny = /de/ d (%) ~2— 2.18
The analytic continuation of the surface of a d-dimensional unit sphere is given by
27.(.d/2
dQy = ———. 2.19
J 0=z 219

An simple argument for this is given in [17]: Starting from a Gaussian-integral one can write:

2

(/dme_ﬁ)d :/ddxe(’élmi> :/dﬂd/ooo de @ e
= [ [Taw) @) e, 220)

This integral is the definition of the I'-function. Hence,

(V) = %1‘ (d) /dﬂd - /de = Fzgl//; (2.21)

(V)

2
Now we can rewrite our integral
4 _14m
i(_l)n+m [eS] €2 2
I'D(m,n) = e / d (%) (;)A”' (2.22)
(4m)*? 1 (4) (g +4)

2
To calculate this integral we make a coordinate transformation

1 A
A=A (x - 1) . =d(() = ——da. (2.23)
This allows us to rewrite the integral
. n+m %flJFm
7(d) (m,n) = _W/deA[A (%_ )]
’ (4m*?r () i T 2 [A/a]"
(1)t A Emen L - l4m
= 2 d dz x ——1
(47'[') I (5) 0 T
1 n+m A%+m7n 1 4 B
_ =y IR do 2z mmE T (1= )2t (2.24)
(4m)*°T (5) 0
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The remaining integral is the Beta-integral

1
- - LT (q)
dea? ' (1—2)"'=B(p,q) = —~2—2. 2.25
| dwarta—ay = B = TP (2.25)
Hence, we arrive at a general expression for our integral
- q\ntm T _ _da T d n—m—%
10 n, = (CUCE Ll G2 (1) (2.20)
(47) L (5)T(n) A
We again consider explicitly the case m = 0. Then, we find
d
(1) D) (1"
19 (0, ) = LU 2/ (= 2.27
00 = T (4 (227)
For the divergent cases n < 2 we find
d
—i d\ (1\'72  —iA [4r\*? €
1901 = —_.1(1-2) (< == (Z) r(-1+: 2.28
©.1) (4m) /2 2)\A 1672 \ A ( +2)’ (2.28)
d
; d\ (1\*2 i [4r\? e
1902 = —.17(2-2) (= = () r(c 2.2
02 (4m) /2 2)\A 1672 \ A (2) (2.29)

where we introduced d = 4 — . Since T' () has poles at —2 € N we find I(¥) (0,1) to be divergent
at d =2,4,6,8,... and (9 (0,2) to be divergent at d =4,6,8,.... To check our procedure we also
calculate 1% (0, 3), which should be regular at d = 4:

i T(B3-9)/1\*¢ —i
(d) _ 2 ) B) 4 d—4
19 (0,3) 7 TE) <A> TN (2.30)

To make sense of the poles in the I'-functions we use the expansion of I' (x — n) near the poles
n=20,1,...

M(z) = %—wom, (2.31)

T(z—1) = f%+771+0(x), (2.32)
1 3-2y

Mz-2) = wt +0(x), (2.33)

Pa-3) = o+ 2 +0@), (2.34)

where v ~ 0.57722 is the Euler-Mascheroni constant. We also expand the reoccurring

/2 2 2
4 log (47) — log A log (47) — log A .
(g) 1+5.<>g<7f>2<>g+62.(0g<ﬂ>20g) Lo, (2.35)

Thus, we can write our divergent amplitudes as

14-9(0,1) = ;g—é(l—#i(log(élw) log A) + O (e )) ( §+7—1+0(6)>

- 16772 (i — v+ 1+ log (47) — 1ogA+0(s)>, (2.36)
14-90,2) = 1672 (1+g (log (47) — log A) + O (e )) (i —7+0(€)>

- (i 5 + log (47) — log (A) + O (&) (2.37)
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For our calculations of loop-diagrams it is useful to have a table of integrals I (m,n) in dimen-
sional regularization for the lowest values of m. We find

1 iy Do) 1y
/ @em? (2=A)" — (@4r)¥?  T(n) (A ’ (2.38)
[ U Tt DTG 1y
em? (E=A)" — am)?? T (9T ) A
=)™ g T(n-1-9) (1 n—1-4
T un2 2 T (A) : (2.39)
A A N LT
em! (E=A)" — (am)?? L (5T ) A
_i(=D)" d(d+2) T(n-2-9) (1 n—2—¢
O (4m)? 4 T (n) ( A) : (2.40)

Besides being implemented comparatively easily in all orders of loops, one of the main advantages of
dimensional regularization is that it conserves all symmetries of the theory explicitly, in particular
gauge invariance.

2.2 Renormalization

In the section above we have found general schemes for the treatment of the divergent integrals
over internal momenta occurring in the computation of diagrams involving loops. In the following
we will compute such diagrams in dimensional regularization.

For our ¢*-theory at one-loop level, we can now write down the one-loop amplitudes for the
propagator:

. . d .
(1) () — 1 7 d—d d*k 1 1
A (p) pZ —m?2 + pZ — m?2 <)‘M / (27r)d k2 —m2 | p2 —m?
. . . 1-¢ .
) 1 —1 d 1 2 1
— AMA—d ra-9 (= - (2.41)
p27m2+p27m2 < (47T)d/2 ( 2)(m2) >p2m2

7 7 iam? (2 4T M? 7
:p2—m2+p2—m2 1672 gfﬁVJFlOg m2 -1+ 0(e) P2 —m2’

where we introduced an arbitrary mass scale M to keep the coupling constant A\ dimensionless
when changing the dimensionality of the integral. For the integral appearing in the 4-point vertex
we find

2 ! A—d de 1
V(p*) = /dxM / 7 —
2m)" 2+ z (1 —z)p? —m? +i€]
/ J M4 d g) 1 2_%
i 47Td/2 2°\m2—z(1—2z)p?
i [ 2 A M?
- 2 441
167r2/ o (s T Og( 2—w(1—x)p2)+0(5))
) 47 M?
= 162 ( 7—&-/ dx log( T (1 —x)pQ) +O(5)) . (2.42)




2.2 Renormalization

With this, we can write down the 4-point amplitude at the one-loop level:

5iA% (2 1t 4 M? 4 M?
—iV = i\ - 7/ dz |log ( ———i——— ) +2log | ————
! ! +327T2 € ’7+5 0 It m2—x(1—2x)s +2log m2—x(l—x)t +

2 (=t )|

Through the regularization procedure we have succeeded to treat the infinities in a systematic
fashion, however, they are still present in the amplitudes. In order to arrive at physical observables
we have to renormalize our theory. In the course of this, one has to trade the “bare” parameters of
the theory (A and m in our case) for renormalized, physical quantities. We start by rescaling the
fields, which we are always free to do. In general, every field in a theory is rescaled independently.

In our ¢*-case there is only one field, which we rescale by:

(2.43)

b= (2.44)

where we denote the “renormalized” field ¢, and Z is the field renormalization. The Lagrangian
(2.1) in terms of the rescaled field is

£= 20,0106, ~ miZ6}o. — 222* (610,)", (2.45)

where we now denote the bare coupling Ay and the bare mass mg. They are eliminated by intro-
ducing the physically measure mass m and coupling A and defining so-called counterterms

Sz=2-1, Om=moZ?—m? = 6= XZ?— A\ (2.46)
The Lagrangian then becomes
t ou 24t s A (stg)? t ou fh O (uty )2
L= 6ﬂ¢ra ¢T —m ¢T¢T - Z (¢T¢T) + 6Zaﬂf¢ra ¢T - 6m¢r¢7“ - Z (¢T¢T) . (247)
The first three terms look like our familiar ¢* theory (2.1), but now in terms of the renormalized
mass and coupling. The corresponding Feynman rules are the same as given below (2.1), but

exchanging the bare parameters for the renormalized ones. The counterterms give rise to additional
Feynman rules:

—)—@—)— =1 (pZ(SZ - m26m> ) = —id)

Including these in our one-loop amplitudes, the propagator (2.41) becomes

' ) iAm? (2 4 M? i
AD 2y = _* L L 2 1 1 i (p26, —m25,,) ) ———
v") prm?—’—prm2 16m2 \ e v+ les m? 1 (007 = m*om)

and the 4-point amplitude (2.43) becomes

5iA% (2 e A M? AmM?
v = i) = 7/ do |log [ ———T2 ) 4 2log — T
! ! +327T2 € ’7+5 0 I m2—x(l—2x)s +alog m?2—x(l—x)t +

4 M? .
2 (=) ) %

In order to make more sense of the counterterms, one has to introduce so-called renormalization
conditions. There are various renormalization schemes, which each have their advantages and
drawbacks. In the following, we demonstrate two schemes, “On-shell” and “MS” renormalization:

(2.49)



2 Renormalization

2.2.1 On-shell scheme

On-shell renormalization is perhaps the physically most intuitive renormalization scheme. One
defines the loop-corrected amplitudes to be equal to physical amplitudes for on-shell particles, i.e.
i

ADP? =m?) = —iVWD (s =4m? t = u = 0) = —i), (2.50)

p2fm2’

where the first equation specifies the location and residue of the pole of the propagator. In our
case we can then immediately read off the counterterms from (2.48), (2.49)

5; = 0, (2.51)
b = 1612 (i — +log 4;]\242 - 1) , (2.52)
o = 352%22 (§—7+log (47;1]\242> —l—?)7 (2.53)
using fol dz log (1 —4x (1 — x)) = —2. The advantage of this renormalization scheme is that we

are left with the physical propagator for an on-shell particle?, and X is the physical coupling at
the chosen renormalization point s = 4m?,t = v = 0. The amplitudes become independent of the
arbitrary energy scale M. Drawbacks of the on-shell scheme are e.g. that it is quite cumbersome
to implement for more complicated theories and higher-order corrections, and more important, it
is not well defined in the massless limit m? — 0. Furthermore, in confined theories like quantum
chromodynamics, the notion of on-shell particles loses its physical intuition.

2.2.2 MS scheme

A more general and easier implemented method is the class of minimal subtraction (MS) schemes.
In pure minimal subtraction, one defines the counterterms to absorb only the terms proportional to
(1/€) appearing in divergent quantities. The arbitrary mass scale M then remains in the amplitudes
and must be dealt with by introducing an M-dependency in the renormalized couplings and masses,
as we will see below.

Often more convenient is the modified minimal subtraction (MS) scheme. As we saw above,
the (1/¢)-terms are accompanied by v and log(47) terms. In MS renormalization one chooses the
counterterms to also absorb the (—v + log(47)) terms, which is equivalent to redefining the mass
scale M2 = 47 M? /€Y. Subtracting MS-counterterms, our one-loop expressions become

. . . 2 MQ .
APy = Ly b im (10ng—1>Z (2.54)

T p2—mZ ' p2—m2 1672 2 —m2’

for the propagator (2.48), and for the 4-point function (2.49)
iN2 1 M2 M2
iV = i\ 4 / dz |1 _ 21 _—
! ! +327r2 0 e m?2—xz(l—1x)s +alog m?—x(1l—x)t -

72
+2log <m2 _;\/{1 — m)u)] .

2.3 Running couplings: [S-functions and anomalous dimensions

When we regularized the one-loop divergences in dimensional regularization we introduced an
arbitrary mass scale M. Any physical quantity in the theory must not depend on this arbitrary
parameter. To achieve this, the renormalized couplings, masses, and field renormalizations must

2In the particular case of ¢*-theory we find that the counterterm cancels the 1-loop contribution entirely and we
are in fact left with A (p2) =i/(p? — m?2) for any p2.
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2.3 Running couplings: [-functions and anomalous dimensions

depend on M such as to cancel the dependency in physical quantities. This can e.g. be implemented
on the level of the theories’ Green’s functions I'("1)| where the n; are the number of external fields
of type ¢. Then, the Greens’ functions have to satisfy a Callan-Symanzik equation

0 0
M@M + 6{]7 + niYi + MY,

9 | o) —
o, ) =0, (2.56)
where v; = % . gi} is called the anomalous dimension of the field 4, describing the scaling of
the fields renormalization with M, and the g-functions 3,, = M gf{/} describe the scaling of the
renormalized couplings g¢;. 7m, is the anomalous dimension of the mass parameters m;. In the
line of this argument and considering the general form of loop-corrections, we can understand the
arbitrary mass scale M? as the scale of invariants built from external momenta involved in the
process. Hence, the S-functions can be interpreted as the scaling of the physical couplings with
the scale of involved momenta.

For our example, complex ¢*-theory, there is only one kind of field ¢, one coupling )\, and
one mass parameter m. From our results for the one-loop propagator and the amputated 4-point
function in MS renormalization (2.54), (2.55), we can immediately write down the corresponding
two- and four-point Green’s functions. For simplicity, we consider the massless limit. Then, the
Green’s functions are

r® =

i\2 1 M2 M2
r@ = (e 2 /d log (— M) ot (M
( ! +32772 o It —z(l—1x)s +alog —z(l—x)t +

() e

7=

(2.57)

The corresponding Callan-Symanzik equation is

d d .
[MaM + Pyt %w} re) =, (2.59)

From the two-point Green’s functions we can immediately conclude that the anomalous dimension
is zero at the one-loop level: 4 = 0+ O(A\?). From I'® we obtain

2 5iA?
0=M— 3; S+ Bx (=i + O(N) + O(N3) (2.60)

where we we omitted terms O()) from OT'Y) /X multiplying By, and O(\3) terms coming from
the 4y4,T™ terms. From (2.60) we can read off the one-loop contribution to the 3-function:

52

T O(N?). (2.61)

B =

After this sketch of renormalization we are ready to compute the renormalized parameters of
the SM-potential. The general procedure we arrived at for doing so consists of computing the
divergent contributions to convenient Green’s functions in dimensional regularization, and after
subtracting off MS counterterms, obtaining the anomalous dimensions and S-functions of the theory
by applying the Callan-Symanzik equation to these Green’s functions.
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3 The SM Higgs potential at the one-loop
level

3.1 Model

In order to compute the effective Higgs potential we need to find the running of the quartic Higgs
self-coupling A. At the one-loop level, the dominant contributions are given by the running of A
through Higgs- and fermion-loops. Considering the size of the Yukawa couplings, the dominant
fermion-contribution will arise through the top quark’s Yukawa coupling. At the electroweak scale,
the strong coupling g, is also much larger than the electroweak couplings gy, go. Hence, we consider
a simplified version of the SM, turning off the electroweak interaction gy = g» = 0, and setting
all Yukawa couplings except for the top quark to zero. Since we are eventually interested in the
behavior at energies close to the Planck scale we calculate in the electroweak-unbroken phase.
The Lagrangian for this simplified theory is

L=Ly+ Lo+ Ly, +LqcD, (3.1)
where the free Lagrangian Ly is given by
Lo = (0,9)” + qidq. (3.2)

o = (¢+,¢0)T is the Higgs SU(2)-doublet and ¢ are the quark fields. We use Feynman slash
notation ¢ = vy*a,, where v* are Dirac matrices. The interactions from the Higgs sector are given
by

Lo = —p2®T0— ) (BT0)7 (3.3)
L, = = (Tr (@) T+ To0vtr), (3.4)

where the left-handed ¢- and b-quarks are organized in an SU(2) doublet T, = (¢, bL)T and the
charge conjugated Higgs-doublet is given by @€ = igo®* = (¢, —¢ ). The right handed top tp is
an SU(2) singlet. Left- and right-handed parts of the fields are obtained by the projectors

=3 (1+75), (35)

1
Py, (1—95), PR:§

where 5 = %e“"p‘smﬁy’yp%. The QCD sector is given by

Laop =~ {GAGH + g h TAg + Ly + Ly, (36)
where the Aﬁ are the gluon fields, and the gluon field-strength tensor GﬁyT A = gi [D,,D,] is
given by the covariant derivative D,, = 0,, — igSA;:‘TA, hence

Gty = 0, AL = 0, A% + g, fAPC AT AT (3.7)
The f4B¢ are the structure constants of SU(3),
(74, T5] = ifAB°TC, (3.8)

12



3.2 One-loop amplitudes

where the T4 are the SU(3) generators for the fundamental representation and can be written in
terms of the Gell-Mann matrices A, using 74 = A4 /2. The ghost Lagrangian L), and gauge-fixing
Lagrangian Ly in Rg—gauge are given by

Lt = _E (8“AA) Lgn = 8“6 oMet + g, fABCQ cAAB L (3.9)
Renormalizing the fields
®) = Zé/Q‘I)m Qro= (Zg)l/2 Qro, qro= (ZIq:g)l/2 qr,r, Ao = Z;/QAT, co = Z?c,,
(3.10)

the Lagrangian can be written as £ = L, + L, where £, is our original Lagrangian (3.1) but in
terms of renormalized couplings and fields, and the counterterm Lagrangian is given by

Low = 60,0101 0 — i) (557 P + 6 PL) — 52V plp — 50 (a10)” +
— 50 (7 ( (09)! T, + T10%tr ) — 52 L 1 (0uA) —0,41)" +

5(39) fABC (8 AA 8,,A;i‘) ABwACw _ (5(4g) (fABCABAC) (3.11)
+ 6(2C)8M6A8“CA 1 6200) fABC gA AP C gA T4 (601 P+ 6% PL) g

where the counterterms can be written in terms of the couplings and field renormalizations

5O = Zg —1, 0V =z -1, &PV =2z, -1,
5(2@ = pgZe — 12, 5§4¢) = >\0Z<21> = A 5(tbq>) =yro\/ ZoZ {2} — yr, (3.12)

59 — Z,—1, 55(759) — Z3/2g 0— G 5(49 = Z;QSO — gé’ 520 — Ze—1,
039 = 7.721%g,0 — g5, 0% = 2821950 — gs, 009 = Z321%g,0 — gs.

We note, that in general left- and right-handed parts of the quark-fields are renormalized differently.
However, in this model this is only true for ¢- and b-quarks. For the lighter quarks u, d, ¢, and d we
find Z}, = Z}, since we set their Yukawa couplings to zero and turned electroweak interactions off.
Hence, their only interaction is via QCD which does not distinguish between right- and left-handed
quarks.

We want to write down the Feynman rules for our model. For Yukawa- and ®*-vertices it is
convenient to write the states in their SU(2)-representations. We denote SU(2)-indices with small

letters a,b,..., SU(3) indices in the fundamental representation with small bold letters i,j, ...,
SU(3) indices in the adjoint representation with capital letters A, B, ..., and Lorentz indices with
greek letters p, v, .... The corresponding states are shown in Fig. 3.1.

We can rewrite the interaction terms in terms of these states, using

e = oM@, (3.13)
(®7®)" = (5,%5," +0,%5,°) BT DTD,B,, (3.14)
@)'Qr = (b0 —¢7)-Qr=—i(02), D" (Qr), (3.15)

Qo = @ (B ) i) @) 0l =i, 0l @) a0

The corresponding Feynman rules are displayed in Figures 3.2 and 3.3.

3.2 One-loop amplitudes

Having collected all the Feynman rules of our model, we are now prepared to calculate amplitudes.
We want to derive renormalization group equations at the one-loop level. To this end we need to
calculate the one-loop divergent amplitudes. We compute all diagrams in Feynman-’t Hooft gauge

£=1.
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3 The SM Higgs potential at the one-loop level

a,1 t a +
== = (QL)a,i = (bi> - > -0 = D, = <(§) >
a,i 0/ 4
a7i A — — a,i a a
=0 =(Q,)" =(r b)" - <O =oli= (¢ ¢
. . A p
L0 —uns L «0 =1, 70000 =4
Figure 3.1: States for our Feynman rules in terms of the SU(2) multiplets.

a7i baj . Zp 5 bd‘] a b - 7 5 b

T pPtie e i - T T T TP %%
. 3 ; A B,v .
i J ip K ’ —i o kPR

> =5 TEETOOOO =7 (0" rze (1 €) dan

Figure 3.2: Feynman rules for propagators with momentum p going through.

3.2.1 Quark-propagators

At the one-loop level there are two different diagrams contributing to the propagator: a loop
involving a gluon and a loop involving a Higgs. Since all Yukawa couplings except for the top
are set to zero, the light quarks receive contributions from the gluon-loop diagram only. The left-
handed top and bottom and the right-handed top also receive contributions from the Higgs-loop
diagram.

We begin by calculating the gluon-loop contribution, given by

i 5 : é, ] ip [z} S

k :p2+i6 g-loop (p) i p2+i67

where p is the external momentum. The fermion-line now represents a right- or left-handed quark,
where we add a factor 6,° in the case of a left-handed doublet. The contribution of the loop is
given by

-5~(1) J . 2/ d*k Ak Z% Bj —ig'dap
—i3 = (igs T4 I
[ g'lo"p(p)}i (ig.) (27r)4 T k2 + ie vk (p— k)z i€

d‘k ¥ 1
(2m)" k2 +ie (p— k)® — de
k. F 1
(2m)" k? +i€ (p— k) — e

— @[T TP6a5). (d- 2)/

= 2¢2Cpo} /

, (3.17)

where Cr = TAT# is the quadratic Casimir operator of SU(3) in the fundamental representa-
tion, and we use y*v"7, = — (d — 2)y”. We calculate the integral in dimensional regularization,
compensating for dropping the dimension of the integral by introducing an arbitrary mass scale M

Ak [ 4%
/(2@4 M /(277)6” (3.18)
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3.2 One-loop amplitudes

a ~C ~a
oy _ > .
el =2 (650,74 5,05,) P = (o), &
b~ ~d b,j
/a
p B,v . & _
k ! ¢ \ =Yt (UQ)ab 51j
A p = g [P g™ (k —p)’ + b, j
g &Cp +97 -+
+ g7 ( k)"] i
A B,v ’ tgs7 L
— —zg [fABEfCDE (g,upgucf _ g,uagup) 4 J
C’ p D’ o + fACEfBDE (guugpa _ gp,agup) +

+ fADE'fBCE (g;u/gpcr _ gppgua)}

Figure 3.3: Feynman rules for the vertices, omitting the ghost-gluon vertex. The corresponding
counterterm-vertices are obtained by replacing the coupling strengths with the corresponding
counterterm. Note, that for the 3-gluon vertex all momenta are incoming. The quarks in the
gqg-vertex can be understood as right- or left-handed quarks. For left-handed quarks in SU(2)-
doublet representation, add a (5ab to the vertex, where a,b are the SU(2)-indices of the quark
states.

and using a Feynman parameter. The integral then becomes

/ ¥ 1 gy d/ / ddk’ ¥
(2m)* k2 +ie (p— k) —ie [2p® — 2ap - k + xk2 + k2 — 2k? + ie]”

[ /ddk o)

)2+x(1—x)p2+ie]2

= M dp/ dm/ mx(lfx)p 2+ ie]?

= ME / dm<47r>d/2r(2 2) (Mf—
st e () )
=gt [ e (2 on () o)

= ot (2o t1oe (T50) - [Caerrnog (o -m) +0(0),
(3.19)

ol

where we shifted the integral &k — k — xp = ¢ and dropped the term proportional to ¢ in the
third line since odd powers of ¢ integrate to zero from symmetry. The remaining momentum-space
integral in the third line can be found in our table of integrals in dimensional regularization. The
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3 The SM Higgs potential at the one-loop level

integral over the Feynman parameter in the last line can be done analytically, yielding
/1 dx2zlog (—x (1 — x)) = im — 2. (3.20)
0
Thus, the contribution from the gluon-loop diagram is
[ s (@ )L‘ ,Jpgl%cf (5 — v +1log (47;M2> 12— m) . (3.21)

The T}, and t propagators also receive 1-loop corrections from diagrams involving a Higgs. The
diagram for the T, propagator is given by

& ,Lp b, j Z?
. . (1
a,l1 ( 5 ) ba.] :p2+i€ [—ZZ(L?]OOP (p):| i p2+i€7
k
where
b, j ; d*k il i
AU — 5342 (09)° ”/ : . 3.22
'L loop (p)} a i e (72) 4 (02)c (271')4 k2 + ie (p— k)2 — u? +ie ( )
We first note that
b
c 0 —i 0 —i
O R (Y R [ (3.23)
a
Thus we can rewrite
b, j ; d*k ¥ 1
in M =535 0 2/ : : 3.24
|: L loop( )i|a i i Ja yt (27’(’)4 k2 +’L€ (p - 1{5)2 - ,U,2 + ie ( )

The integral is the same as in the case of the gluon-loop diagram but for an additional term p? in
the bosonic propagator. The computation works exactly as above and we find

b, j . 1 d*¢ 1
_E(l) _ 5.]5 b 2M47d / d /
[ ' L’l""l’(p)]a,i 0ot P, e @2m)* [+ 2 (1 —2)p? — zp? + de]?

P L Py (3.25)
— 550 t 4 / de 221 ™
i a?32ﬂ'2 € vt 0 verios xp? —x (1 —x)p?
The remaining integral can again be done analytically, yielding
1 2 2 2 2 2
4 M 4 M
/dewlog( 5 T 2) log<ﬂ- >+2—M2—<1—’u2)log(1—p2)
0 ap® — (1 —x)p p? p p I
2 2 AnM? 2
Ll log( T ) +2—log( P ) (3.26)
I p?
47t M?
:log< = >+2—m
p

The contribution to the tr propagator from the loop involving a Higgs is identical up to the
SU(2)-indices:

i ‘ p 1) i_ip
1 > ( ) :-] :p2—|—i€[ ZERIOOP(p)LpZ—-l-iG’
k
where
(1) B i e ya [ dk ik i
[ ZERI(’Op(p)L = v (2] (o) /(277)4 k2 —ie (p—k)® — p2 +ic (3:27)

- "7)16 . (—’y—l—/ dx2xlog< e _45(]\142_3:)292)). (3.28)
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3.2 One-loop amplitudes

We note that Zg) (p) = 225:1) (p). Considering the contributing diagrams we find that for the
(Tr),-propagator the only contribution comes from a loop containing a tr and a ®;, where the
SU(2) indices a # b. However, for the ¢g-propagator there is a contribution from a loop containing
(Tr), = tr, and a @5 = ¢, and from a loop containing a (77), = by and a ®; = ¢*. Since the
contribution from each loop is as big as the total contribution in the @)z -propagator case, the total
contribution is twice as large.

It is also worth noting that we find only logarithmic divergences for the fermionic propagators,
although simple power counting of the diagrams suggests linear divergences. Mathematically we
found that the linear term drops out due to the symmetry of the diagram. Note that this does not
rely on the fermion being massless: if the fermion had an effective mass m, e.g. from calculating
in the electroweak broken phase, the only modification of the integral would have been A — xpu? —
x(1—2)m?—2 (1 —z)p? and we would again find no linear divergence for the mass counterterm,
but only a logarithmic one. Physically, this reflects the fact that the mass of the fermion is
protected by the chiral symmetry, i.e. we find an enhanced symmetry for m = 0.

The 1-loop divergences are absorbed in the corresponding counterterms

1 2q)
iz )} ips o). (3.29)
to which we must add a factor §,° for an Q, propagator. We recall, that in the modified minimal

subtraction scheme (MS) the counterterms absorb the terms proportional to (% — v+ log (47r)).
For the ¢ = u,d, c,d,bg quarks we thus find

[—izgﬂ(p)}ij pgl%cfj (log (]\5) +2- m) (3.30)

after subtracting the MS-counterterm

2C
60 = 91567; (E —y+ 10g(47r)> . (3.31)

For the T, propagator we find
{—ZEE,}L) (p)Lb’1 i8,96,> P {915621; <log (2942) +2— i?T) +
e G )
i35 (i + ik ) (1 (3 ) +2-om).

and the counterterm 200
2
(5(th) =— (gs L ) (5 — v+ log 47r)> (3.33)

For the tr-propagator we find
5 2 2
(1) b5 |9:CFk M .
[—ZZtR (p)}i = i0’p [ 162 (log (]32 +2—am |+

2 2

Yi M
1 _

Tl6r? (Og ( I

[v]

(2] o

// —
+
[N}
|
=3
SR
|
VRS
—_
|
w‘tw
N———
5
o

2 2 2
5(L2T) _ (950F ) ) (5 S log(47r)> _ (3.35)
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3 The SM Higgs potential at the one-loop level

3.2.2 ®-propagator

The ®-propagator receives corrections from two divergent diagrams at the one-loop level, one with
a fermion- and one with an ®-loop. We begin by calculating the contribution of the fermionic loop:

b i (1) n] i
> > _pQ—u2+i6[ L} oo (P )LPQ—/FHG’
k
where
(1) 2 b_ 2¢jsi c b d'k if Z(k_p)
[_ZHffloop (p )L = —y; 0,05 (02)," (02) / o M E i Gt (3.36)

with an extra factor (—1) for the fermionic loop. To work out the trace over the y-matrices we
have to explicitly insert the projectors since we have a left- and a right-handed quark in the loop:

b d*k 1479\ Yk 11—\ W (k—-p)
_ H(l) 2 = 4 b3~2 2/ Tr H v
[T ey )] SR T 2 JK+ie\ 2 ) (k—p) +ie
_5h3y / d'k Tr[y"y"] + Tr [=y57"157"]  ku  (k—p),
o (2m)* 4 k2 +ie (k — p)® + ie
_ s b3y2/ d'k 2Tr[y*"] k,  (k—p),
©) em)t 4 RPdie(k—p) e

d*k 3 ke —
= —5ab6y3/ T ( f)”, : (3.37)
@n) Rt (b= p) +ie

where we used Tr [y#+"] = 4g"¥, Tr [v5y"~"] = 0, {v*,v5} = 0, and (75)2 = 1. We rewrite:

b Ak k k—p
i 2 — _s5b6 2/7 .
1117 2100 (P°) a o Ut | ori R e (k—p)? +ie

1
k k-
—5,%692 / dx/ 4 P 2
[xp? — 2zp - k + xk? + k2 — zk? + i€]

d4€ P4+ 2r—1)lp—a(l—2z)p?
50
Gyt/ / Crzi-nptge 0 08

where we introduced ¢ = k — xp. We can again drop the term proportional to ¢ in the numer-
ator since it will vanish upon integration, and calculate the remaining integral in dimensional
regularization,

) 1 it 02—z (1—x)p?

(1) 2 _ bGe2 d—d £

) = 626 / dx M / : 3.39
0o 7)], S @m)* [+ (1 —2)p?)” .

We define A = —x (1 — ) p? and calculate the integral in two parts. We begin with the A-term:

. 24 . 2
MH/ A i pfy dY(L)TP_ A (amh L 8
(gﬂ)d (02 — A (47T)d/ 2 2 A 1672 A 2
iA (2 M?
= - — log (4 1 —_— e 3.40
16W2<5 v+0g(ﬂ)+og<A)+ > (3.40)
where as power counting suggested we find poles at d = 4,6,8,.... We now turn to the ¢? term.
Power counting suggests this to be divergent for d > 2. Carrying out the integral
d 2 NA—d 1\l %
M4‘d/ Md ! ;= “dr(l—d> () : (3.41)
(2m)® [2 — A (4m)¥/? 2 2)\A
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3.2 One-loop amplitudes

we indeed find poles at d = 2,4,6,.... The quadratic divergence corresponding to the pole at
d = 2is independent of the external momenta and can hence be cancelled completely by the mass
renormalization. We can analytically continue to the pole at d = 4 and find:

e 2 iN [ dn M2\ € €
4—d = — —_ = _ — 1
M / (271.)01 [z — A]z 1672 ( A ) (2 2) r (2 )

(3.42)
_ A (2L (MY
T \e T3 & A )
Putting the pieces together we find for the contribution of the fermion-loop:
b 3y? ! 6 A M?
(D 2 _ s b9t 2 s
=il (P )L =1id, 3o2? /0 drx(l—x) <€ —3y+1+3log <39(135)272)>
oy 3y? 2 1 4 M? !
_ s b 0% 2
=0, 16227 (6 -7+ 3 —i—log( e ) —/0 dz6x (1 —x)log (—z (1 —x)) ).
(3.43)

The remaining integral over the Feynman parameter can again be done analytically, yielding
1
/ dx 6z (1 —z)log (—x (1 —2)) = fg + i, (3.44)
0
which we use to rewrite the fermion-loop contribution as
(1 b, 3y? 2 4 M? )
[—lﬂgc_)loop(f)] = 25Gb16;2p2 s log e +2—ir ). (3.45)

The contribution from the ®-loop is

—_—

k7 \
a * / b i (1) 5 b i
—_ P e e — :p—2—M2+i€ |:—’LH¢,7100P(]7 )}a p2_,l142+i5’
where , i .
(1) 2 _ . bgc cc b ?
I:iZHq)—IOOP (p ):|a - 721)\ (53 5(5 + 50 6(3 ) / (27T)4 kQ _ /’1/2 + 'L’E. (346)
Calculating the integral as before in dimensional regularization, we find
b dk 1
it 2 _ sb 4—d
[ My 100p (P )} a 0 6AM / (2m)* k% — p? + ie
i d\ (1)"*
_ b 4—d
= 9§, 6\M (47r)d/2F (1 — 2) <M2> . (3.47)

This again has poles at d = 2,4,6,.... The quadratic divergence from the pole at d = 2 can once
more be cancelled by the mass counterterm and continuing analytically to d = 4 we find

b 2 4 M2 /2 c
) . Iz ™
_anzloop(pQ)} u - _ZdabG)\ . ]_6’/T2 ( /JJQ ) I (1 — 5)
p3Au? (2 M2
_ b
= i, o2 <E — v+ 1+ log (4m) + log <M2 . (3.48)

Putting together the contributions from the ® and the fermion-loop we find for the 1-loop correction
to the ®-propagator:

b 32 2 dr M?
] =t [ (2 oo (555 2 ir)

3?2 (2 A7 M?
+87r2 g—’y—i—log 2 +1]).

(3.49)
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3 The SM Higgs potential at the one-loop level

b
We need to add the counterterm [—iﬂg) (pQ)} =6’ (p2(5(2‘1)) — (5,&2‘1))). The field renormalization

Zs = 6% 41 is only logarithmically divergent. The quadratic divergence of the renormalized
mass p? corresponding to the poles at d = 2 in dimensional regularization leads to the Hierarchy
problem, which requires a finely tuned counter term to keep a small Higgs mass. After subtracting
the counterterms

3y2 (2 32
5 — W (2 pogm ). a0 = 2 (s tiogam)) . (300)

1672 872

we are left with

b 3 M? 32 M?
(D) (2 _ Yt o\ oAl
[ Al (p )L = b, {16 5D <1 g<p2 ) +2 m) o <log <u2 ) +1)]. (3.51)

3.2.3 d*-vertex

There are eleven one-loop diagrams giving corrections to the ®* vertex: three diagrams with a
®-loop and eight diagrams with a fermionic loop. We begin by calculating the contribution from
the ®-loops:

a, Py Py ] a, pg /Ca b3
a,p1 ¢, p3 A < x A 7/
N 7
A > ¥ N4 v t
X X + ek ¥ L VA =~V a0 t0op (8,1 );
¥ > X\ ! RN
. ~ > Y
bap? f d7p4 ¥ b ¥ N
- ~ - N
bap2 du y2 b7p2 d’p4
where
1 .
—iV] 4 100p (8 £1) = (—20)° [2 (5;5,] + 5;‘5;) (6,502 +6,%5) 2V (s)+

+ (6,567 +6,76.°) (8,76 + 6,°6 1) *V (¢)+ (3.52)
+ (6,267 +6,76.%) (6,56, +6,°6) i°V (w)]

with the Mandelstam-variables

s = (p1 +P2)2a t=(p1 —Ps)za u = (p1 —p4)2~ (3.53)

We find a symmetry factor 1/2 from the loop, which is cancelled for the ¢- and u-channel diagrams
since we can find identical diagrams from exchanging both incoming and outgoing momenta in the
diagrams. There is only one integral we need to calculate:

V(pz) _ /(dk 12 . 21

om) k2 — p? 4ie  (p—k)? — p2 +ic

1
dm/
/ 4 [xp? — 2xp - k + xk? — zp? + k2 — p? — ok + x/ﬂie]Q
4
1
_ /daj/ dé i
(2 —ze—x(l—x)pz)]

2 M?
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3.2 One-loop amplitudes

Working out the SU(2)-index contractions, we find for the contribution from the ®-loop diagrams

2 1 2
(1) _ A cs d ds c 2 4 M
V¢47¢,100p(57tau) - 7@ (5a §b + 601 5b ) (E - 7+A dx log </L2—CL‘(1—$>S +
2 ! A M?
46,66,4 +6,96,°) | = — /dl _
(40,56, + 0, b)<€ 7+0 voe p>—x(l—x)t *
2 ! 47 M?
5,50,1+46.96,°) = — /dl _ .
+(670,7 + 48, b)<€ FerQ T8 w—z(l—2x)u
(3.55)
There are eight diagrams with a fermion-loop contributing to the ®* vertex:
a, p1 ¢, P3 a, P1 ¢, P3
N 7 N 7
A ¥ A e ¥
(1
e / n +...= —ZV((I)AL)JAOOP(S, t,u),
7 i * N 7 i f * N
b7p2 d>p4 bapQ d>p4
where the dots indicate the diagrams with exchanged external momenta, and
—iVE] oo (511 u) = 4t 635;%0,16, 1
e d f c e c f d _i4
X [((02)6{ (02)" (02)," (02)" + (02), (02)" (02), (02) f) — W P2, —ps.p1)+
C,p3 <> d7p4
+(a,p1 < b, 'p3 < d, ;
(a;p1 p2) + (¢, p3 pa) + (a,pl PN b,pz)}
(3.56)

taking into account an extra (—1) for the fermion-loop and a symmetry factor 1/4. The integral
over the loop-momentum is given by

d*k

S £ N 5 A BN 53 5 b
2n)’

k2 +ie (k+p)’+ie (k+p+q)’+ie (k+p+q+r) +ie

W(p,q,r) = /

(3.57)

Working out the SU(2) index-structure we can rewrite the contribution from the fermion-loop
diagrams to

iy}

V(l)

<1>4’f7100p(sa t? U) =

(5ac5bd + 5ad5bc) (W (p2, —p3,p1) + W(p1, —p3, p2)+
+W(p2, —pa,p1) + W(p1, —pa, p2)] .

(3.58)

We are left to evaluate the integral W (p, ¢, ). To work out the trace over the y-matrices, we again
insert the projectors for the right- and left-handed quarks explicitly:

v (o 1% o 1 v (s v o vo g UV
Tr [Py Pry” Py’ Pry°| = Tr [PLy!'~"+~7] = ;I YY"y = 2(g"" " — " 9" 4+ 9" g"") .

(3.59)
We find
d4k v lod vo o v k k+p)u(k+p+q) (k+p+Q+T)g
W(P»(Jﬂ"):2/ 7 |69 = 9" 9" + 9" 9"") — 5 5 g
(2m) Bk+p) (E+p+q) (k+p+qg+r)

(3.60)
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3 The SM Higgs potential at the one-loop level

where we suppressed the ie-terms in the denominator. This is a rational function in k, which in
principle can be integrated. One can do the integral, but we are only interested in the divergent
part of the integral. Power counting shows that there is a logarithmic divergence from the k* term
in the numerator and all terms including external momenta are finite. Completing the square in
the denominator and shifting the integration variable accordingly the integral will take the from

d*t ()’ + CFy(p,q,7) + Fa(p,q,7)
(2m)" [2 = A (p.g.r)]*
where we dropped terms with odd powers of £ in the numerator, since they will integrate to zero.

Fy and Fy are polynomials of degree 2 and 4 in the external momenta, respectively, and A is a
polynomial of order 2 in the external momenta. Integrating this, we find

W(p.q,r) = 2/ , (3.61)

2
A(p,q,r)

The integral depends only on bilinear combinations of the external momenta, as it must by Lorentz
invariance. Hence, it is possible to rewrite the dependency on the external momenta in terms of the
Mandelstam variables s, ¢, u. Exchanging momenta then corresponds to exchanging Mandelstam
variables and we find for the fermion-loop contribution

2

)
W(p7q7r) = @ (

. )) + finite terms. (3.62)

5
—7—6+log(47r)—|—log(

3y 2 )
VAL 500 = 2 (040,10, |2 = = % 4 tog am) +

8
_|_110 LQ + 110 LQ
908 A(s, t,u) 98 A(s,u,t) ) |°

Adding the contribution from the ®-loop diagrams and subtracting the MS counterterm —vi) =

Dtct T
—2i (6,56, + 6,%6,°) 55\4(1)) we find for the one-loop correction

1 2
(1) _ _/\72 cs d ds c / 1 M _
Vii = 12 (6,564 +5a(5b)(0d1} og (-5 +
d d ' M?
4 c (& 1 -
+(5a6b —|—5a5b)</0 dx Og(,uzx(lx)t)>+
d d ' M?
+<6a 51) +45a 6b)</0 dx 10g (M>>:|+
3y u M? M? 5
¢ 1 _— 1 —_ ==
* 1672 (6 %' + 0,10, ) [Og<A(s,t,u) +log A(s,u,t) 3/’

where A(s,t,u) is some first order polynomial in the Mandelstam variables. The exact form is not
needed for the renormalization group equations, as we will see. The counterterm is given by

4
54®) (3)\2 — 3yt> . <§ -7+ 10g(47r)) . (3.65)

(3.63)

(3.64)

472

If we go to the symmetric point s =t = u this can be written as

V) = (6,56, + 6,%5,°) Eﬁ <log ( 2{;) 5) N / dx 1og< (1 — x)s)] . (3.66)

For s > u? we can again carry out the integral over the Feynman parameter and find

s>p? . N M? 5 32 M? .
V<(I>14) ﬁ) (6a(/6bd +6ad6b(/) |:87y.rt2 (log (A(S)) — 6) 2 Pys) (10g( S > + 2 — ZW):| . (367)
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3.2 One-loop amplitudes
3.2.4 Yukawa-vertex

The usual one-loop diagram contributing to the Yukawa vertex involving a Higgs in the loop does
not exist in our model, as can be seen from the Feynman diagrams shown in Figure 3.4. The
scalar propagators in the diagram cannot be closed. The reason for this is that the only possible
loop involving a scalar in this diagram would be the exchange of the real or imaginary part of
the neutral component of ® only. The first correction to the Yukawa-vertex from diagrams with
Higgs-loops appears at the two-loop level. This diagram is logarithmically divergent, as can be
seen by power-counting, and is proportional to y7. The only remaining one-loop correction comes

3K/
/\

Figure 3.4: Feynman diagrams for the Yukawa vertex. There is no one-loop contribution, since
the scalar propagators in the left diagram cannot be connected. The right diagram is the two-
loop contribution to the Yukawa-vertex if the scalars do not interact and a three-loop diagram
otherwise.

from a similar diagram involving a gluon. The contribution is given by the graph
Py i

. 1
= 72V1§b<)1>,g—loop (p7 pllvp,2)a

I
*’U

where

4 . y _ w7
4 (1) ol — cely. 2¢b d*k TA' kP Z}é P ¢ (% p) TB J g 6143
thb@,gfloop(papl’pQ) Yt (UQ)a 6k (ng) 60 / (27_(_)4 T i L 2 T e R (k _ p)2 N ie% 1 (kj _ pé)2 T e
. &'k k (k —p) 1
. b 3 o 14 o
= —i(03), 0. y:g2Cp (V" PLy? . / -
(02)4 0 4:9.Cr (V' PLyy vu) 2m)* k2 + i€ (k — p)? +ie (k — ph)? + ie
. d'k k- (k—p)
_ bej, 2 p
= —i(02), 0; yt954CF/ (277)4 Pr 2 —ie) ((k—p)? +ie) - (h—py)?) +ie)’
(3.68)

and where we contracted the v-matrices using v#v7v7~,, = 4¢”?. In order to evaluate the integral
one can introduce three Feynman parameters

2!
[zA+yB+ zC]3’

1 1
—/ dodydz5(z+y+2— 1) (3.69)
0

ABC |

23



3 The SM Higgs potential at the one-loop level

Then, the denominator in the integral can be rewritten as

—1
D™ = [(k2+i6)-((p—k)2+ie) : ((k—p;)2+ie)]
! S(x+y+z—1)

= drdyd ,

/0 CVE =2k (yp o) + up® o+ e

1

= dy dz 3.70

/0 Y 2 +y(1—y)p? JrZ(l*Z) 72yzp p2+ze] ( )

where ¢ = k — yp — zp). For brevity we also define A = —y (1 —y)p — 2 (1 — 2) p> + 2yzph - p.
Rewriting the numerator of the integral in terms of ¢, we find

N = k-(k—p)=0+N, + No, (3.71)

where N, contains all terms proportional to ¢, which will integrate to zero by symmetry, and
No=—y(y—1)p*—2%p2+2(2y — 1) p-pl are the terms independent of £. Shifting the integration
variable k — ¢ we can thus rewrite the amplitude as

1 4 2 N
. j dt 2 4+ N
Zvibgb ,9— loop(pap/lﬂp;) =t (02)ab 5int934CF/o Ay dz / (27r)4 P [z — A?3' (3.72)

Power counting suggests a divergent contribution from the £2-term and a finite contribution from
Np. Calculating the integral in dimensional regularization, we find

/Mﬁ2 N _4M4_d/ di ¢ 4aMtt i 4 T2-9) (1)23
(2m)* [2 — AP d (2m)? [2 = AP d (@22 TTE) \A
i (ArM2\T? e i (2 A M?
- 1672 < A > F(§) ) <E —’H—log( A >> ) (3.73)
d'e 1 _ 4—q U INGES %) 1\*2 B i 1
/(2W)4M’ - (am? T T() (A) T T3 A (3.74)

We are left to evaluate the integral over the Feynman parameters. However, we will learn nothing
new from this since we know that the result has the form

2
(1) Y:9:Cr 4w M
7ZthCI)g loop(pﬂpllapé) ( ) 5J 47T2 ( 77+10g (A/( 7p2) + ) (375)
where A’(p, p) is a second order function in the external momenta and “...” indicates finite terms.

The appropriate counterterm has the form —iV%bq)’Ct = (Ug)ab 5ij5,(,ib<b), hence, after subtracting

the MS counterterm

thd ytgsCF
6?515 ) = 471,2 ( -7+ log(47T)) ) (376)
we find » e
~7(1) _ b jYtdsCF
—iVy 5 (0,01, 15) = (02), 6} o (log (A’( 7102)) +.. > . (3.77)

3.3 [-functions and anomalous dimensions

In the previous sections we have calculated divergent amplitudes at the one-loop level in our model
in dimensional regularization and the MS scheme. Recalling the renormalization procedure de-
scribed in chapter 2, it remains to obtain the running parameters of the theory from requiring
physical quantities to be independent of the arbitrary mass scale M we introduced when regular-
izing the divergent diagrams. The Callan-Symanzik equation for our model reads

0 0 0
M—— — Vi — | ) =, 3.78
517 T P ax +ﬁytayt+¥nv g, (3.78)

24



3.3 [B-functions and anomalous dimensions

where the T'") are the Green’s functions with n; external fields of type i = ¢,t., 7%, ®,. ..,

v = %g@ is the anomalous dimensions of the field ¢ describing the scaling of the field renor-

malization with the renormalization scale, and the g-functions 8y, = M gﬁ/[ describe the scaling
of the renormalized couplings. <, is the anomalous dimension of the mass-parameter p. In the
line of this argument and considering the form of the one-loop corrections, we can understand the
arbitrary M? as the scale of invariants built from the external momenta involved in the process.
Hence, the S-functions can be interpreted as the scaling of the physical couplings with the scale of
external momenta.

We can take some shortcuts and obtain the anomalous dimensions and S-functions at the one-
loop level directly from the M-dependent parts of the one-loop amplitudes. We consider e.g. the
propagator for a ¢ = u, b, ¢, s, br quark,

,Lp . gQCF M2

A =451 -2 <1 — 3.79
Q(p) p2 o iE i I: 167T2 Og p2 + + 9 ( )
where the first “...” stands for finite contributions from the one-loop diagram, and the last “...”

for higher order corrections. From the form of the Callan-Symanzik equation (3.78) we can directly
obtain the anomalous dimension from the M-dependent part of the propagator by

ip 0
——2v, = —-M—A 3.80
p2 + i€ Yq aM 9 ( )
which yields
M 0 gQCF M2 g2CF
1y =2 Y | _9Is 1 - = I3 . .81
Ta 2 OM [ 1672 8\ p2 1672 (3:81)
Similarly, from our results for the one-loop propagators for tg, 77, and ®
Wi, 95Cr M? yi M?
A = —6J |1 -1 — ) = 1 — .82
tr (p) p2 6] |: 1672 0g < p2 1672 og p2 + + ’ (3 8 )
7 . QECF M2 y2 M2
ATL (p) = p—?;(si‘](sab |:1 — 167‘(2 log (p2 — 32;2 log pT + ..+ ... , (383)
; 2 2 2 2 2
i P 3y M Iz 3\ M
As(p?) = ——=00|1— L] — — —1 — 3.84
o(p7) 7 — 2l { % — 2 1672 8\ p2 +p2—M2 gn2 8\ 2 +o| T(384)
we find the anomalous dimensions
W _ M I (gCr  yi 1 MN\] _9:Cr | wP 4y ¥i
T T T oM | (167r2 T 1om2 ) 8\ 7 )| T Teme T iem =0 T g B89
W _ MO (gCr  yp N\ (M\]_9Cr, w _ wy, w
T T T oM | (167r2 T )08\ )| T Y T e T g B80)
o _ M0 T 3y (MENT_ 3y .
Teo T TToan | 16a2 B\ p2 )| T 16n2 (3.87)
Similarly, from the one-loop vertices
. ‘ 3y} M? 3\2 M?
o —_ cg d dgs c t o o
iVpa 2 (6,°0," + 6,70,°) {)\ + 16,7 log (A(s) 12 log . +...], (3.88)
2 2
. b s Y195;Cr M
Vaa = 020 o+ Y s (g ) 359
where the “...” now indicates both finite contributions from the one-loop diagrams and higher
order contributions, we get
0 3yt 3\? M? 3N 3\y? 3yt
o= "My Klw “am )l G ) e S on e T 390
9 [ugiCr M? 9 3yt9:Cr
By, = —Mor [ 1z 1© 7 +yt (Ven + V1 T Y0) = mor?  sp2 (3.91)
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3 The SM Higgs potential at the one-loop level

We can already note a peculiar feature of the S-function of the quartic coupling A: it is the only
SM-coupling with an S-function that is not proportional to its coupling. This opens the possibility
for A to change sign at some scale M?2. From (3.90) we see, that a large top Yukawa coupling can
drive X\ negative at large scales if A is sufficiently small at small scales.
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4 Extrapolation of the SM Higgs potential

With the discovery of a particle compatible with the SM Higgs at the LHC in 2012 the final
ingredient of the SM was found. We can now measure all the parameters of the SM, i.e. the
physical masses and coupling strengths, at energies up to ~ 1TeV. Merging this experimental
input with the theoretical predictions for the running of the parameters we can thus explore the
behavior of the SM at scales much larger than the ones experimentally accessible. It has been
known for a long time that the SM Higgs potential could develop a second minimum deeper than
the electroweak one at energy scales below the Planck scale, or become non-perturbative at large
scales, depending on the SM parameters [1-16]. If we take the Higgs-like particle discovered at the
LHC to be the SM Higgs, the SM occupies a peculiar spot in the parameter space. It is metastable,
but sits only a few standard deviations off the region where it would remain stable up to the Planck
scale.

When investigating the stability of the SM Higgs potential, the proper object to consider is the
effective potential improved by renormalization group equations. Excellent introductions to the
effective potential and its computation can be found in [1,6] as well as in standard QFT textbooks,
e.g., [17,18]. However, as long as the instability occurs at scales well above the electroweak scale it
suffices to require A > 0 as a stability criterion to good approximation [3,25]. For the perturbativity
requirement we follow [12,14] and consider two bounds: if we demand A < 7 at the cut-off scale, the
two-loop correction is less than 25 % of the one-loop contribution to the S-function of the quartic
coupling, and the perturbative expansion is still reliable. For A = 27 at the cut-off, the two-loop
correction to the one-loop S-function is 50 % and the model is on the verge of non-perturbativity.

In the previous chapter we calculated the dominant contributions to the running of the quartic
Higgs-coupling A\. We found

12D 302 3xy?2 3yl
M= =p\= t_ ot 4.1
oM Ax 2r?  4x? 8n?’ (4.1)

in our simplified model without electroweak interactions and all Yukawa couplings except for the
top quark set to zero. In this simplified model we already find the characteristic behavior of the
Higgs potential at large energies. If the quartic coupling is too large, i.e. the Higgs too heavy,
A blows up at large energies and the model becomes non-perturbative. Eventually, the quartic
coupling will hit a Landau pole below the cutoff. If y; is too large, i.e. the top too heavy, the
y} term in By will drive A to negative values and the potential will become unstable. For even
larger top masses, the top Yukawa coupling will become non-perturbative, which leads in turn to
A becoming non-perturbative as well. In order to compute the running couplings in our model, we
also need the S-function for the strong gauge coupling g,. It is well known for a long time, and
given by B, = —7g2/1672 at the one-loop level [26].

Besides the g-functions, one needs the values of the SM parameters at some convenient scale
as input when extrapolating to higher scales. Obtaining the renormalized parameters in the MS-
scheme from the physical observables, the so-called matching, is a non-trivial task [20-22]. Ready-
to-use expressions for the MS parameters at the two-loop level for the matching scale M = M,,
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4 Extrapolation of the SM Higgs potential
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Figure 4.1: Phase space for the simplified model of chapter 3 for floating top and Higgs mass.
Green regions correspond to portions of the phase space for which the quartic Higgs coupling
A turns negative for renormalization scales below the electroweak scale M < v = 246 GeV. For
such small instability scales, our simplified criterion for instability is no longer valid and one
must consider the full effective potential. In the red portion of the parameter space, A becomes
negative below the Planck-scale v < M < Mp; = 1.22 x 10'° GeV. For the white regions, the
quartic coupling stays positive all the way up to the Planck scale, and remains perturbative. In
the gray portion of the parameter space, 1 < A(M = Mp) < 27 and the model is on the verge
of non-perturbativity. In the black region, A(M = Mp) > 27 and the model becomes non-
perturbative. The right panel shows parameter space around the central experimental values
My, = 125.7GeV, My = 173.21 GeV in more detail.

the top quark mass, are given in [16]:

AM = M;) = 0.12711 + 0.00206 (M), — 125.66) — 0.00004 (M; — 173.10) == 0.000304, (4.2)
(M =M,) = 132.03+ 0.94 (M, — 125.66) 4+ 0.17 (M; — 173.10) = 0.15,, (4.3)
M) —0.1184
ye(M = M) = 0.93558 + 0.00550 (M; — 173.10) — 0.00042 - as( 52)007
My — 80.384
—0.00042 - =V 4 g, 44
0.000 oL 0.000504,, (4.4)
My — 80.384
gy (M =M, = 0.35761 + 0.00011 (M, — 173.10) — 0.00021 - WOT’ (4.5)
My, — 80.384
go(M = M;) = 0.64822 + 0.00004 (M; — 173.10) + 0.00011 - WOT’ (4.6)
5(My) —0.1184
gs(M = M,) = 1.1666+ 0.00314 - as 0223007 —0.00046 (M, — 173.10),, (4.7)

where all masses are measured in GeV. The experimental values are [23]

M M
as(M2) = 0.1185 £ 0.0006, —— =80.385+0.015, —2 = 91.1876 + 0.0021,
GeV GeV
u u (4.8)
h t
=125.7+04 —— = 173.21 £ 0.51 £ 0.71.
GeV " GeV
The resulting phase space when extrapolating our simplified model to the Planck scale with floating
masses for the Higgs and the top quark is shown in Figure 4.1.
For a more thorough analysis of the SM’s stability one must include the electroweak interactions.
It is well known, that the S-functions for the non-Abelian gauge couplings in the SM are negative,
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while the S-function for the U(1) gauge coupling is positive. Hence, at some scale the weak
hypercharge U(1) coupling in the SM gy surpasses gs. It is also well known that in the SM the
SU(2)r coupling g becomes larger than g, for scales M > 10'7 GeV. Hence, at large scales the
electroweak contributions will dominate the QCD contributions to the running of the top Yukawa
and the quartic Higgs coupling. The two-loop renormalization group equations for the full SM have
been known for a long time [26-28]. The three-loop S-functions for the full SM became available
in the last few years [29-31].

Including electroweak interactions, but again setting all Yukawa couplings except for the top to
zero, the one-loop S-functions for the gauge-couplings are given by [26]

W 9 (4l g (19 , 9s [ oo 4
Fo. 1672 <1O ’ 5 = 1672 692/ 5 = 1672 ( 793)» (4.9)

with the U(1)y hypercharge coupling gy in conventional SU(5) normalization g? = %g% For the
top Yukawa and the quartic Higgs coupling the S-functions are [26-28]

v (9 17 9
By = 15 (2 v = g9t — 79 — 865 ) (4.10)
o) 1 ) ) e (9, 27 9 9
= 2402 4+ 1292\ — 6y) — [ = A —— 4.11
A 1672 ( + 12y 6y, <591 +992> + 200 + 209192 + 892 ( )
The two-loop S-functions are given by [26-28]
g [199 27 44 17
B = gt + T=9195 + =919 — Vi gt (4.12)
(1672)% | 50 10 5 107
2 _ _9 [9 202 4 35 4419 3,242 4.1
By G6r2) 1079+ 592 + 120307 — Syl (4.13)
Js [11 9,
B = (1672) Eglgg + 29299 — 2695 — 2y; gg] ; (4.14)
y 393 5
B = (16;2>2 —12yf+6k2—12kyf+ o v + T 92yi + 3695y +
1187 9 19 23
500 91~ 5p9i9s + {59193 — 92 + 99397 — 1089;‘] , (4.15)
2
@ _ L aions 08 (D qg2)azy (8T 1T 0 T30
A (16%2)2 |: + 5 + 93 + 200 7 1+ o0 J192 = g 92 +
305 4 289 2248 1667 , , 3411 |
16 g2 — 0 9192 — 200 a0 9192 200091
8 9 63 171
—32 224 Y 4.2 2 2 2 2
92yt 591Yt = ;924 + 97 0%~ 1002
17 g2 45 5 2\, 2y 2y2
+ 5 g1 + 292 +80g; | yp A — 144y; A Byt)\—i—SOyt . (4.16)

The three-loop S-functions can be found in [29-31].

Figures 4.2 and 4.3 show a comparison between the running couplings found in our simplified
model at the one-loop level and when including electroweak interactions at the one-loop or two-loop
level. We find that the electroweak interactions make the SM potential more stable. Considering
the S-functions (4.10)-(4.16), we see that there are two reasons for this: the electroweak interactions
give a negative contribution to the running of y;, hence, reducing its effect of driving A negative,
and a positive contribution to the running of \ itself. Figure 4.4 shows the phase space for floating
top quark and Higgs mass. The stable phase of the model occupies a larger portion of the parameter
space when including electroweak contributions, for the reasons described above. Due to the same
reasons, the model also remains perturbative for larger My : since y; evolves to smaller values at
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4 Extrapolation of the SM Higgs potential
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Figure 4.2: Comparison of the running couplings in the sim-
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plified model of chapter 3 at the one-loop level and when
including electroweak contributions at the one-loop and
the two-loop level for the central experimental values
M; = 173.21GeV, My = 125.7GeV. The top panel
shows the running of the Yukawa coupling for the top
quark and the middle panel the running of the quartic
Higgs coupling. In both panels, the solid red line cor-
responds to the simplified model, the dashed blue line
to the SM at the one-loop, and the dash-dotted black
line to the SM at the two-loop level. The bottom panel
shows the running of the gauge couplings. Blue cor-
responds to the strong coupling, black to the SU(2)y,
coupling go and red to the U(1)y coupling in conven-
tional normalization g? = % g%. In the case of the gauge
couplings, the difference between the one-loop and the
two-loop level evolution is not visible at this scale.
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Figure 4.3: Running of the quartic
Higgs coupling A in the simplified
model (red solid line), the SM at
the one-loop (dashed blue line) and
the SM at the two-loop level (dash-
dotted black line) for different val-
ues of Higgs pole mass and the
top mass fixed to the central value
M; = 173.21 GeV. The top panel is
for Mj; = 130 GeV, where A\ stays
positive up to My for the SM two-
loop case. The middle panel is for
My, = 136 GeV, where A stays posi-
tive up to My, for the SM one-loop
case, and the bottom panel is for
Mj, = 149 GeV, where A stays pos-
itive for our simplified model.
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Figure 4.4: Comparison of the phase space for the SM for floating top and Higgs mass at the one-
loop level (left panel) and the two-loop level (right panel). Green regions correspond to portions
of the phase space for which the quartic Higgs coupling A turns negative for renormalization
scales below the electroweak scale M < v = 246 GeV. For such small instability scales, our
simplified criterion for instability is no longer valid and one must consider the full effective
potential. In the red portion of the parameter space, A becomes negative below the Planck-scale
v < M < Mp) = 1.22 x 10* GeV. For the white regions, the quartic coupling stays positive all
the way up to the Planck scale, and remains perturbative. In the gray portion of the parameter
space, 1 < AM(M = Mp)) < 27 and the model is on the verge of non-perturbativity. In the black
region, A(M = Mp;) > 27 and the model becomes non-perturbative.

large scales than in our simplified model, the term proportional to y: A in the one-loop beta-function
for A contributes less. Additionally, the g?\ and g2\ terms give negative contribution and thus
keep A from growing too large. As for our simplified model, we find that for M} < 60GeV A turns
negative below the electroweak scale v = 246 GeV. Then, our simplified approach of requiring
A > 0 is no longer valid and one must consider the full effective potential. For M; = 230 GeV, we
find an instability due to the top Yukawa coupling becoming non-perturbative, which leads to A
blowing up.

A comparison of the stable regions of the phase space between our simplified model of chapter
3 at the one-loop level and when including electroweak contribution at the one-loop and the two-
loop level is shown in Figure 4.5. In the vicinity of the central experimental value for the top mass
M; = 173.21 £ 0.514¢ar. £ 0.71ys. [23], one can give a linear approximation of the bound for the
Higgs mass, for which the quartic coupling A\(M < Mp;) > 0. Then, the SM would be stable all
the way up to the Planck scale. In our simplified model this bound is given by

My, > 149 GeV + 1.89 (M, — 173.25 GeV) . (4.17)
When including electroweak contributions we find at the one-loop level
My, > 136 GeV + 2.18 (M; — 173.25GeV) , (4.18)
and at the two-loop level
My, > 130GeV + 2.12 (M — 173.25 GeV) £ 1 GeV. (4.19)

The error on M), for the two-loop bound is dominated by shifts to the top quark pole mass from
QCD corrections [14]. For the one-loop results we give no error, but from the results one can
readily conclude that for the one-loop results the uncertainty due to higher order corrections is
~ 15 GeV when including electroweak contributions and ~ 20 GeV for our simplified model.
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4 Extrapolation of the SM Higgs potential
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Figure 4.5: Comparison between the stable portions of phase space between our simplified model
of chapter 3 and when including electroweak contributions in the SM at the one-loop and two-
loop level. For the white portion of the phase space, A > 0 all the way to the Planck-scale
for our simplified model. The green and white regions corresponds to the region of the phase
space where A > 0 for the one-loop approximation. At the two-loop level, A remains positive
all the way up to the Planck scale in the red, green and white portion of the parameter space.
The right panel shows the region around the central experimental values My = 125.7 GeV,
M; = 173.21 GeV in more detail. The white solid line is the stability bound at the two-loop
level reported in [9] with the thin gray lines displaying the reported error. The dashed yellow
line is the bound at the three-loop level from [16], where the thickness of the line corresponds
to the reported error. Both bounds are valid in the vicinity of the measured top quark mass
M; =~ 173 GeV, and the SM is stable in the region of phase space below the corresponding line.

Within the errors, our bounds agree with the ones found in the literature. At the two-loop
level, [9] finds

o, —0.124

My, > 127.9GeV + 1.92 (M; — 174 GeV) — 4.25 GeV ( 0,006

> +1GeV
(4.20)

= My, > 130.4 + 1.92 (M; — 173.25) + 1 GeV,

for the value oy = 0.1185 we use and demanding stability up to a cut-off scale M = 10'? GeV
slightly smaller than our criterion Mp; = 1.2 x 10° GeV. At the three-loop level, [16] finds

ag(My) —0.1184
0.0007

My, > 129.1 GeV + 2.0 (M, — 173.10 GeV) — 0.5 GeV ( ) +0.3GeV. (4.21)

Both bounds are displayed in Figure 4.5 together with our regions of stability.
Comparing this with the central experimental values for the top and Higgs mass [23]!
My M,

=125.7+0.4,
GeV ’ GeV

=173.214+0.51 £ 0.71, (4.22)

one finds the SM to lie just outside the stability region, but being compatible with stability all the
way up to the Planck-scale when deviating ~ 2.5¢ from the central values.

1Recently, an updated combined measurement for the Higgs mass M), = 125.09 & 0.24 GeV was published by the
CMS and ATLAS collaborations [24]. The impact on our results is negligible.
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5 Interpretation of the instability. Hints to
new physics?

In the previous chapter, we saw that the experimental values suggest that the SM occupies a
peculiar spot in the parameter space: it lies just outside the stable region and develops a second
minimum deeper than the electroweak one at scales M > 10'° GeV. However, experimental and
theoretical uncertainties are too large as yet as to make a final statement on this instability.
Absolute instability, i.e. the quartic Higgs coupling A > 0 all the way up to the Planck scale, is
only excluded at about 98 % confidence limit.

Even if we assume that the situation remains unchanged as experimental and theoretical un-
certainties become smaller, this does not necessarily lead to an inconsistency of the SM at scales
below Mp). As discussed e.g. in [10,14-16], one can trade requiring an absolutely stable potential
for demanding metastability: if we assume the universe to have fallen in the electroweak vacuum
during its evolution, we can compute the quantum tunneling rate to its true minimum. Comparing
the lifetime of the electroweak vacuum with the age of the universe, one can accept a metastable
situation where the lifetime of the electroweak vacuum is greater than the age of the universe. The
quantum tunneling probability is given by [14]

p = max [Vp@le s R@I] (5.1)

where Vi = Té is the space-time volume of the past light cone of the observable universe, and
Tu = 13.7 £ 0.2 Gyrs the lifetime of the universe. @ is the field value of the Higgs field and the
quartic coupling A must be evaluated at this field value, as discussed above. A is the cut-off scale
of our model. For the central experimental values of the SM and taking the cut-off scale to be
A = Mpy, the Planck scale, we find p ~ e~10%0 hence, the SM has a spectacularly small probability
to tunnel to the true vacuum and is sitting well in the metastable phase. Considering the entire
phase space, [14] finds a metastability bound considering only quantum tunneling

as(Myz) —0.1193
0.0028

M), > 108.9 GeV + 3.1 (M, — 173.1 GeV) — 3.5 GeV < ) +3GeV (5.2)

in the vicinity of M; = 173.1 GeV.

The metastability bound given above neglects thermal or inflationary fluctuations in the early
universe. If one wants to take these into account, one has to assume a scale up to which standard
cosmology is valid. Assuming the electroweak vacuum to be stable against thermal fluctuations up
to temperatures as large as the Planck scale, [14] finds a metastability bound

as(My) —0.1193
0.0028

My, > 122.0GeV + 2.3 (M; — 173.1 GeV) — 2.3 GeV ( ) £ 3GeV. (5.3)

In the light of the metastability argument, the SM can survive all the way up to the Planck
scale without modifications. However, other problems besides the stability problem, e.g. neutrino
masses, the strong-CP problem, dark matter, the hierarchy problem of the renormalized Higgs
mass, or a quantized theory of gravity lead us to believe that new physics will appear below the
Planck scale. There have been many speculations whether the instability problem can provide
hints on new physics. Trivially, new physics must set in at or below the scale of M ~ 100 GeV, if
it is to keep the quartic Higgs coupling from turning negative. In the following, we will conduct
a short literature review of the connection of the SM potential and some of the aforementioned
problems.
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5 Interpretation of the instability. Hints to new physics?

5.1 Neutrino masses

Neutrinos in the SM are massless left-handed fermions. From neutrino oscillation experiments we
know however, that neutrinos must have small, non-degenerate masses. Neutrino masses can most
economically be introduced at low energies through the dimension five Weinberg operator [32]. At
tree-level, this operator can be realized through the three so-called seesaw mechanisms [33]. In
type-I seesaw, one introduces at least two heavy SU(2), singlet fermions, the so-called right-handed
neutrinos. In type-II, one replaces the right-handed neutrinos with scalar SU(2),, triplets, and in
type-1IT with fermionic SU(2), triplets.

Introducing new particles to the SM will alter the renormalization group equations for scales
larger than the new particles’ masses. Thus, it will modify the high energy behavior of the running
couplings and possibly influence the stability of the SM vacuum.

For type-I seesaw the situation looks unpromising: the heavy fermions will act similar to the
top quark’s effect on the quartic Higgs coupling, hence, making the model less stable [34,35]. The
case is different for type-III seesaw, although the new particles are fermionic. It has been shown
in [35,36], that type-III seesaw models can lower the absolute stability bound to M), = 125 GeV for
seesaw scales as small as ~ 1TeV. The situation appears even more promising for type-11 seesaw,
for which it has been shown in [37-39] that type-II seesaw with a seesaw scale as low as a TeV can
push the stability bound well below 125 GeV.

5.2 The strong-CP problem and axions

QCD allows for a CP-breaking term Ly = ﬁQGzyéa’“”, where G (G*) is the (dual) gluon field
strength tensor, and 6 a free dimensionless parameter of the SM. The most sensitive test of 6 is the
electric dipole moment of the neutron, which restricts || < 1071° [46]. 6 = 6 + argdet M is the
effective parameter and M the quark mass matrix. That 6, which parametrizes the CP-violation
of QCD, is at most of order 10~!° while theoretically expected to be of order 1, is the so-called
strong-CP problem.

In 1977, Peccei and Quinn proposed a solution of the strong-CP problem by introducing a new
global U(1)pq symmetry broken at some scale f, [40]. Soon after, it was realized that the Goldstone
boson from breaking the U(1)pq acquires an effective mass through its couplings to quarks, and
one finds a pseudoscalar pseudo-Goldstone boson, the so-called axion [41]. The original axion used
an f, of the order of the electroweak scale v and was soon ruled out experimentally. Soon after,
so-called invisible axion models where developed with much larger breaking scales f, > v, notably
the KSVZ [42] and DFSZ [43] axions. The KSVZ axion employs a heavy fermion, which is a scalar
under SU(2)y, and an SU(3). triplet, and a heavy complex scalar charged only under the new
U(1)pq symmetry. The DFSZ axion uses a two Higgs doublet model and a heavy scalar SU(2),,
singlet, and ordinary quarks and leptons being charged under the new U(1)pg. In both cases,
the scalars develop a non-vanishing vacuum expectation value below the breaking scale f,. Axion
models are arguably the best motivated solution to the strong-CP problem. Furthermore, they
provide a viable dark matter candidate (see [44-47] for recent reviews on axions and their role in
solving various problems in the SM).

Recently, an extended version of type-I seesaw including an KSVZ axion has been considered
in [48]. The model was shown to provide a stable electroweak vacuum all the way up to the Planck
scale for reasonable choices of the seesaw and axion parameters. In [49], it was shown that a DFSZ
axion also leads to a stable Higgs potential all the way up to the Planck scale. In both cases, the
threshold effects of the heavy scalars keep the quartic coupling A from turning negative below Mp;.

5.3 Quantum gravitational contributions

The discussion of metastability suffers from the problem, that the true vacuum of the SM potential
occurs at M = 103° GeV > Mp; when considering the renormalization group improved effective
potential (cf. the left panel of Figure 5.1). Above the Planck scale, gravitational effects certainly
cannot be neglected anymore. Recently, the Higgs metastability problem has been considered in
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5.3 Quantum gravitational contributions
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Figure 5.1: Left Panel: double logarithmic plot of the one-loop effective potential improved with

two-loop renormalization group equation for the central experimental values Mj; = 125.7 GeV,
M; = 173.21 GeV. The one-loop effective potential can be found in [16]. The vertical gray
dashed line indicates the Planck scale.
Right panel: double logarithmic plot of the one-loop effective potential improved by two-loop
renormalization group equation without gravitational corrections (solid orange line) and with
gravitational corrections for different values of couplings (dashed lines). Figure taken from [50],
see this paper for details.

the light of the SM coupled non-minimally to Einstein gravity [50]. The authors argue, that this
induces higher dimensional counterterms oc ®%, ®® into the low-energy effective theory with a priori
undetermined couplings. Depending on the strength of these couplings, the true minimum of the
Higgs potential might be pushed below the Planck scale, or the potential might even become stable
(cf. the right panel of Figure 5.1 and [50] for details).
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6 Summary and conclusion

The SM provides us with a powerful description of the physics of elementary particles at the scales
we can measure in the laboratory. In order to obtain a model which can be applied on different
scales, we must subject the SM to a renormalization procedure. Thus, we obtain a model which
accurately describes physics up to the highest scales accessible with lab experiments of ~ 1TeV.
The same techniques which allow us to extend the model from the MeV to the TeV scale can be
used to extend the SM to arbitrarily high energy scales and thus identify theoretical problems of
the model long before such scales may become experimentally accessible. We demonstrated the
fundamental concepts of renormalization, and explicitly calculated the dominant contributions to
the Higgs potential at high energies. We saw, that the top Yukawa coupling drives the quartic
Higgs coupling to small values and eventually negative. Hence, the SM potential develops a second
minimum deeper than the electroweak one at scales larger than M ~ 108 GeV. In a more thorough
analysis including electroweak contributions and using two-loop renormalization group equations,
we found the SM to develop instabilities at scales larger than M ~ 10'°© GeV. Varying the top
quark and Higgs masses, we found that the SM sits right on the boundary to the region where the
potential becomes stable all the way up to the Planck scale. This scenario of absolute stability is
disfavored by about 98 % confidence limit.

There are two basic possibilities to interpret the instability of the SM potential if it holds up
after reducing theoretical and experimental errors. The second minimum of the potential does not
necessarily point to inconsistencies of the SM below the Planck scale. If we assume the universe
to have ended up in the electroweak vacuum after the Big Bang, the probability that it would
have transitioned to the true vacuum during the lifetime of the universe is spectacularly small.
Hence, we can accept living in a metastable vacuum. If we however demand absolute stability, new
physics must appear at or below the instability scale of M ~ 10'°© GeV. Well motivated extensions
for new physics below the instability scale are e.g. the seesaw models explaining neutrino masses,
and axion models solving the strong-CP problem. The instability of the SM potential gets worse
if one implements realistic type-I seesaw models. On the other hand, one arrives at a potential
stable all the way up to the Planck scale for type-II or type-III seesaw models. The situation looks
even more promising when including axion models, which render the SM even with type-I seesaw
mechanism stable all the way up to the Planck scale.

It is fascinating, that we have the theoretical tools and experimental precision to allow for a
meaningful extrapolation of the SM from the TeV scale all the way up to the Planck scale. We
do not know if and when new physics will appear in this “desert”, but can only take the hints
nature gives us at the experimentally accessible energy scales. The SM seems to lie just outside
the stable region but well in the metastable phase where the lifetime of the electroweak vacuum is
much larger than the age of the Universe. If we however demand absolute stability, new physics
must appear at scales below ~ 10'° GeV.
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