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The master thesis considers certain mathematical aspects of Supergeometry which are
widely used in the context of supersymmetric field theories whithin the path integral
approach. In this work we discuss three topics. First we state all the basic mathematical
structure involving the introduction of non-commutative variables and how to construct
derivation and integration. Later on we introduce the concept of R”" and superman-
ifolds, working out some simple examples to understand the presented definitions. At
last we use our calculations and the developed concepts and properties to present a
method for the evaluation of a family of integrals. This technique is called Localization
and reduces integration to the evaluation over a set of fixed points. In this work we

consider the localization for a finite dimesional setup when the set of points is discrete.
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Chapter 0

Introduction

Supergeometry studies the introduction of non commutative variables as coordinates and
the properties of the “spaces” they describe. The discovery of Bose-Fermi supersymme-
try has made unavoidable the knowledge of Supergeometry for a theoretical physicist
[1]. It is known that this mathematical structure is applied in diverse fields of physics,
as Supersymmetric Quantum Field Theory, Supersymmetric Gauge theory or Super-
string theory [5]. Supergeometry is a subject that can be easily found in literature,
treated with sufficient depth and often within its applications in any of the physics fields
mentioned before. Sometimes an elemental and basic approach is difficult to see. The
purpouse of the present work is to present some of the mathematical background behind
Supergeometry in a clear and straightforward way, with the introduction and proof of
some basic concepts and theorems in subjects such as Grassmaniann Variables and Su-
permanifolds. It is as well purpouse of this work to achieve enough formality to make

the reader understand the behavior of mathematical structures in supergeometry.

We will center our attention on three topics. In the beginning we will state all the basic
mathematical structure involving the introduction of grassmaniann variables and how
to construct derivation and integration. Later on we are going to go further into the
concept of R™" and supermanifolds, working out some simple examples to understand
the presented definitions. At last we will use the developed concepts and properties
coming from them, to present a method for the evaluation of a family of integrals that
reduces to the evaluation over a set of points, making the calculation easier. This
technique is called localization and it’s widely used in the context of supersymmetric field
theories whithin the path integral approach. In this work we consider the localization
for a finite dimesional setup when the set of points is discrete. One reason for this is
that the mathematical structure needed for showing how localization appears is nicely

simplified and the main objective of this work is to help the reader get in touch with
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the behaviour of supergeometric spaces and understand how they bring new properties

that help making calculations.

This master thesis is in nature mathematical, but it intends to present mathematical
structures used in supersymmetric physics, not just by stating results and definitions
but by giving proofs with enough formality that make the nature of the results under-
standable and show a glimpse of how supergeometry and the addition of grassmaniann

variables brings the gift of new properties that help physicists calculations.



Chapter 1
Grassmannian Variables and Rm|n

The introduction of non commutative (Grassmaniann) variables is well known as strat-
egy in the construction of theories involving fermionic fields [5]. They will come to hand
when it’s necessary to have a classical analogue of anticommuting operators in order to
develop a quantum theory through quantization. Different approaches have been taken
to generalize concepts we are already familiar with but in the case of Grassmaniann vari-
ables [1] [2]. In this chapter our main goal is to go through the necessary mathematical
background involving the introduction of Grassmannian variables. We will introduce
the concepts of grassmannian variables and calculus defined over them, as well as its
generalization to a space involving grassmannian variables and variables in R™. We will
explain the concept of differentiation and integration, putting some attention on the

change of variables in an integral over spaces including non commutative variables.

1.1 Grassmannian Variables

We are going to suppose that the reader is already familiar with real numbers as com-
mutative variables {X LX2..X m} and differential calculus defined over R™. Later
on we are going to center our attention on non commutative variables #; that fulfill the

following relations

0.0, = —0;0,  0; X" = X"; (1.1)

where the X4 represent the usual real numbers as commutative variables. It’s easy to
see that those relations imply that §? = 0. The 6 variables satisfying 1.1 are called

grassmannian variables.
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1.1.1 Grassmannian differentiation

In order to further develop the concept of integration, we need to define differentiation
involving Grassmaniann variables. In doing so, we would like it to respect the basic
properties of differentiation in R™. We would need first to set how a function of this
variables would be defined. Let F'(61, 60, ...,0,) be a function of grassmaniann variables.
As the variables satisfy 1.1 the 6; variables should appear at most to the power of one.

Noted that, we can write a general function in the following way

F=f"+f0;+ f70:6; + ... + f>"0:0,..0, (1.2)

where the f are real coefficients and the Einstein summation convention is used.

We would say that a function is even when it only has even number of the 6; variables
in each factor in its expansion 1.2. In the same way we would say it’s odd when the
number of 6; is odd in each of the factors. Not every function can be considered as even
or odd, so this is not a complete classification. Functions that are not even nor odd can
exist, with even and odd factors mixed, in such case we can always express the function

as a sum of even and odd functions.

Now, we can safely define a differentiation over this functions by setting it to satisfy some
basic properties. This properties come from the natural generalization of the properties

found in differentiation on R™.
—

Definition 1. The right derivative d%i is defined to satisfy the following properties.

40,
7 = 5y (1.3)
df9) _ edg, df
d(af+bg) _ d(f) ., d(g)
a0, “ag, T, (1.5)

Where f and g are functions, a and b are real numbers and |f| is 1 if f is an odd function

and 0 if it’s even function of the 6; variables.

In the case when the function is not even or odd, we can safely compute the derivative

for it’s odd and even parts separately by the properties stated above.

Applying this properties to a general function, we can see that the right derivative would

be calculated explicitly as
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4
B = Fi40i5 77601, — 615 M 0+

+ 80 F7R 0,0, — 045 90,0, + 65 F901.0) + ... (1.6)

where ¢;; is the kronecker delta and again Einstein summation convention is used.

-
Definition 2. The left derivative diei can be defined as

Choosing between the left or right derivative is just a matter of convention. Any con-
clusion made by choosing the left or right derivative should be equivalent. We have
to choose one convention for the porpouse of this work, so in the following we will use
d%i for the right derivative and 8%1' for the partial derivative induced by it (treating the

other 6 variables as constant).

1.1.2 Grassmannian Integration

We can also define an integration over the functions of Grassmaniann variables. This

Integration will be defined by some basic properties we will require it to satisfy.

Definition 3. The Grassmmannian Integration (or Berezin integration) is defined by the

following rules

[ @@+ gy a0 = a [ g0d0:+ [ g(oiran (1.7)
/ﬁ@:o (1.8)

/Qidej = (51‘]‘ (1.9)

/F1(91)F2(02)...Fn(é?n)deldeg...dﬁn =
= /F1(91)d01 /F2(92)d92... / F,(0,)do, (1.10)
As we can see, this definition resembles some kind of differentiation, but we will see later

how it helps to achieve a natural generalization for the concept of integration in a more

general space. Using this properties on a general function 1.2 we find that
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/Fdﬁldeg...dHn =

= /(fo + £0; 4+ f90,0; + ... + [12-"0105...0,,)d01d0s...d6,, =

_ f12.n (1.11)
As only the factor involving all the 6; will survive the integration.

1.1.2.1 Change of variables in grasmmannian integration

Now we can study how this definition of integration behaves under a change of variables.
If we want to perform a change of the variables {61,602, ...,0,} the integration measure
df1dbs...do, has to transform accordingly. We are familiar with the commutative vari-

ables case, on which if we perform the change of variables
XA = XL L X™

we have the following relation between integrals in the old and new variables

N N XA - - N N
/G(Xl(Xl,...,Xm)...Xm(Xl,...,Xm)) )gXB dX'. . .dxm™ = /G(Xl,...,Xm)dxl...de
(1.12)

Where gi% is the jacobian matrix,

Xt  axt oX1

XTI 9XZ 't 9Xm

8X2  9Xx2 0X2

ax1 8X2 v OXm

axX™  gxXm axm

ox1t ax2z o 9xXm

In a very simple example, we have that in R and under the change of variable X =cX

the integral measure transforms dX = cdX.

In the case of a one-dimensional Grassmaniann space, under the change of variable

6 = cf, we have by using the properties of Grassmannian Integration

/0d0 = /édé: /ecdé =1 (1.13)
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From which we can see that déi = %d&i.

From this simple example we can see that if we use Grassmannian variables, the re-
lation between integration measures works in a different way. If we make a change of
coordinates 6; = 9i(01,02, ...,0,), we have to impose the new variables to satisfy 1.1,
so they should become noncommutative variables again, in other words, the function g;
must have only odd numbers of the old variables in each factor (i.e g; has to be an odd
function of ;). That means that the functions g; should have the following expantion

on the 6 variables:

9i(05) = 95Ok + g 04016 + .. (1.14)

Moreover, for the change to become a proper one we must demand this function to be

invertible. If we denote by j;(6;) the inverse function of g;(6;), it should satisfy

9i(3;(0k)) = 0; (1.15)

And as we have seen in 1.2, it can be expanded as (noting that it should be odd as well),

3i(0;) = 30k + §F™0,0,0,, + ..

then if we use both expansions in 1.15 we have that the relation that the inverse function

has to satisfy is

9i(j;(0r)) = gF [jzér + 50,040, + ]
+ g [j,iér + 470,040 + .. [j[ér T, 040, + ] [j;;ér N N S

= 0, (1.16)

It’s easy to see from this latter equation that the only term which includes only one 0

in each factor is gf jzér. If we want it to satisfy 1.15 we should ask that

9¥jr = i (1.17)
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) -1
This condition is equivalent to ask that the matrix ji = [gﬂ . From this we can
see that the invertibility of the function g; depends only on the fact that g;- should be

invertible as a matrix.

With a change of variables of this form we can work out how the integration is affected.

Using the previous definition 3 of grassmannian integration we have that

/01...0nd61...d9n = /91...§nd51...d§n =1 (1.18)

but we can use the properties of grassmannian variables to work out this relation. Ex-

panding each of the new variables in the old ones we have that

f,..6, =
_ (glfﬁk + ghmg,0,0,, + ) (g,’f;ak + gkmo, 0,0, + )
= hl"0,...0, (1.19)

Since any other term involved is of higher degree than one in at least one of the 6;. At
the same time using the developed concept of grasmmannian differentiation we can find
h12...n by

pl2em = 2 (1.20)

after repeated use of 1.6, and arranging the factors properly, we find the following relation

> Hae"(z — det SZ' (1.21)
0ESy i=1 J
Now, using 1.19 into 1.18
/91 By d0, =
/ B0 + G500 0 + .. ) (g,’jek +g;§lm0k9l0m+...) df;...dd,,
/ hY"0,...0,d0; ...do,
/ 0,db ... (1.22)
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As this equation holds, we can see that [ h'~"0;...0,,d0;...d0, = [ 6;...0,d6;...d6,, which
shows that the relation between the integration measures is held by Al~". But we already

found a simple expression for A" in 1.21, so using that we can conclude

do...do, 1.23
a9, (1.23)

/91...9nd01...d9n = /01...0ndet

Moreover, from that equation we can finally obtain the relation between the integration

measures

1
déy...do, ———

. — df,...db, (1.24)
det ’gg;

This tells us that in the case of integration in Grassmannian variables, if we make a
change of variables 6; = 9i(01, ..., 0,) the change in the integration measure will be given

by the following equation

/ F0,(6;)——dby....d6,, — / F(6;)ddy...dd, (1.25)

90,
det ‘ a0,

Which differs from the case in R™ where we had 1.12, as we have here the inverse of

what would be the jacobian matrix in this case.

1.2 Mixed commutative and Grassmannian variables, R™"

We can now think of a more general space, a space that mixes both commutative and
Grassmannian variables. It is more abstract space than R as we can’t picture it graph-
icly, but we can define it as the space described by coordinates {X Lo, Xm 6, .., Hn}
where X4 are commutative coordinates and the 6; are Grasmmannian coordinates. In
that sense, it will be easier to extrapolate old concepts and ideas from R™ as we will see
it as the addition of new Grassmaniann coordinates in a real space. In the following we

will call this space R™",

1.2.1 Details on R™"

As we stated before, we can picture R™" as a space with the first m coordinates being

commutative and the next n being Grassmaniann. The first attempt the reader can
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make to understand this is to think of commutative coordinates as real numbers. This
can be true for some but not for every coordinate system. A change of coordinates in
R™™ can mix both, Grassmaniann and real coordinates, with the only restriction of
keeping the commutation relations 1.1. For example in R?? we can make a change of
variables X4 = 6165 + X4 and 91 = @;. In that case the new X4 coordinates will not
be real numbers but a mixture of both, with the only condition that they commute
with each other and with the 6; variables. Taking that into account, we can now define
properly R™I"

Definition 4. We will call R™™ to be the space satisfying that in any coordinate system

{X Lo, X™ 64, Gn} that describes it, the coordinates have the following properties

XAXP = xPxA X4;=0,X" and 0,0, = —0,0; (1.26)

Where the X4 are not necessarily real numbers. We can always express the commutative
coordinates X4 as X4 = r4 + f4(0;) where r4 is a number in R and f* a function of

0; coordinates with coefficients in R.

Definition 5. The real projector 7 : R™" — R™ is a function that acts in R™/" in the
following way:
(X X 00, 00) & (e ™) (1.27)

This projector will come to hand when we will develop the concept of a supermanifold.

We can now go safely onto the definition of differentiation and integration in R™I"

1.2.2 Differentiation in R™"

Now that we are familiar with the concept of differentiation with respect to grassmann
variables, we can define how to do it in R™". First of all we must define how a function

looks in this new space. In R™/" a function has the following form.

F= (X, X™0; + f9(XY . X™0:0; + ...+ 12X X™)0104..0,  (1.28)

We will also use the concept of even and odd function for the case where the function

has only even or odd number of the 6; variables in each factor.

Now we need to establish a relationship between both kinds of variables, so we state
that the following relation holds. '
ox*

a0, ~ "
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And of course we would like to have a differentiation defined for this functions. We will
just mix the concepts of differentiation in R™ and Grassmaniann differentiation by using

both in the following way

Definition 6. The derivatives of the function F will be given by this rules

B, . : .
89¢F = FUXY L X0 PR L X0 — i (XY X0t
+ 35 fIRUXY L X0, — 80 fHU(XE L, X040, +
+ 0 P (XL X006, + . (1.29)
B,

ot gyl X X010y, (1.30)

1.2.2.1 Differentiable functions

Such as in the real variables case, we can now define a concept of differentiability for

functions in R™I",

Definition 7. We will call a function differentiable when the real projection of the co-
efficients f12-% in 1.28, 7(f!2-?) € R, are differentiable in the usual definition for R™.

Note that the nature of grassmaniann variables makes that differentiability depends
only on the real projection of the commutative variables, as we don’t have a notion of

continuity or even numerical value for Grassmaniann variables.

1.2.3 Integration in R™/"

We can work out now how to perform integration in R™". We already went through
integration in the pure Grassmaniann case, and as we are taking commutative variables

to be independent of Grassmaniann variables, for a function in R”/" we have
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/ Fd#,dbs...do, =
= /(f’ﬂi + f90,0; + ... + [1"01...0,)d0;...dOdX .. AX™ =

= /le"'”Xm...de (1.31)

where now all the coefficients f12+ are functions of the X4 variables.

1.2.3.1 change of variables in R™"

If we make a change of variables in R”/"_ the change in the integration measure is not
trivial. In order to prove the right relationship between the change of coordinates, let

us study first some particular cases.

In order to make the change of variables a proper one, we should consider the parity of
the coordinate change. The new coordinates should satisfy equations 1.1, so the change
functions should be even for the new even variables and odd for the new odd ones. If

we consider that, a proper change of variables will be in the form

91' = gi(XA,Gk) (1.32)

where the f4 are even functions (even number of 6; in each factor) and the g* are odd
(odd number of 6; in each factor) functions of ;. As we saw before, in order to make
this change become a proper one we should also ask this functions to be invertible. We
already showed in 1.17 how for the 6 variables the invertibility depends only on the first
coefficient of the expantion of the function g;. For the X wvariables the invertibility is

asked for the coefficient independent of the # variables in f4, as the relation
F i1 = foalpr + f5l,00:0 + . = XA (1.33)

where f~1 = [(fl)_l , (]“'2)_1 s (fm)_l], should be satisfied. From this last equation
we can see that, as the only term independent of the # variables will come from fj4| F-1s

in order to fullfil the condition for the inverse function we only need to satisfy

foalg-1 = X4 (1.34)
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where fi i = [(f&A)fl , (ng)f1 s (f(’ffq)_l] . This relation is equivalent to the function

Jfoa being invertible.

Having discused the properties of the change of variables, let us consider first the special

case where the transformations have the form

XA — fA(XB)
0; = gi(0) (1.35)

As we have no dependence between the odd and even variables, we can just see the change
of variables as two separate changes in the spaces U; = gen(X?) and Uy = gen(6;). In
order to make the whole change of variables, we can break it into two steps, each one
making the change separately in every space. We already know the transformation rules
for each space so it is now simple to conclude that the change of coordinates will be

reflected in the integral in the following way

oxA -

90;
A i

dX'..dX™d,...do, =
90, !

det

= /F(XA, 0,)dX*...dX™db;...db, (1.36)

The same conclusion can be developed for the two cases where the transformations have

the form

X—A _ fA(XB)
0; = gi(X*,0k) (1.37)

0; = 9i(0k) (1.38)
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As in those cases we can interpret the transformation as two different ones, one first
on Uj (or Us) and then another change leaving constant the odd (or even) variables

respectively.

The Jacobian matrix of a transformation can be expressed as the multiplication of two
jacobian matrices of transformations such that their composition results in the original
one. That is, if we have two transformations t; and ¢ such that T" = ¢1 o t5 then we
have that,

Jac(T) = Jac(t1)Jac(tz)

For a coordinate transformation in R”/" we have that the jacobian matrix has the form:

90X 0X
X o0
< 20 20 ) (1.39)

Where g—))g, % are even block matrices and %—{g, (%0( are odd block matrices of the respec-

tive partial derivatives.

Moreover, we can see that we can decompose the jacobian matrix as follows

oxX  axX X ox tox

X a0\ _ I 0) (e 0 ) (! ox o 1.40
S Y w1
06 06 ooxt i |\ o o8 0 90 _ 00 (0Xy-10%

0X 00 0X 0X 06 o6 06 0X \0X 00

-1 - —1
The existence of the inverse matrices % and g—ﬁ comes from the fact that the

coordinate change should be invertible and the jacobian of the inverse transformation
is just the inverse jacobian matrix of the original one. Therefore the invertibility of the
jacobian matrices is ensured by the invertibility of the change of coordinates. Noting
that this decomposition respects that each of the factors is respectively odd or even,
we can say they represent the jacobian matrix of three proper changes of variables. By
the definition of the jacobian matrix we can conclude that those changes represent the

following cases.
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1 0
0i 9%~ o6 A transformation of the class 1.37
90X 0X a0
oX 0
0X .
551 A transformation of the class 1.35
0 5
-~ _1 P
I 90X " oX
0X 00 .
05 od (o7\ "L a% A transformation of the class 1.38 (1.41)
0 30— ax (W) a0

We already know how the integration measure changes with those kinds of transforma-
tions. Splitting the main transformation as three separate ones and following what we

found in 1.36, it’s clear that our new transformation factor would be

1

- ~ ~_1 ~ ~ ~\ —1 ~ |
00 0X 00 00 00 (0X 0X
det |I| det 20 det X det 2 det |I| det % 9% <8X) 20 —
. - - N -1 |71
et | 25 g2 _ 20 (05 " ox
T ax | e T ax \ax | oe

(1.42)

So in a general integration on R™" we have that under a proper change of variables the

following relation is satisfied

1

~ ~ ~ —1 ~ |
06 99 <8X> 0X dX'...dX™db;...db,, =

0X 90 08 [0X) oX
90 ox \ox) 0

0X

det

/ F(XA,0;)det

= /F(XA,éj)Xm...dedél...dén (1.43)

This relation motivates us to state a definition for the generalization to R™"™ of the

determinant of a matrix in R™, called Berezinian after the Russian mathematician Felix

Berezin.
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Definition 8. A Matrix with entries in R™" is written as

A B
M= <C D) (1.44)

Where A and D are invertible matrices with even functions as entries and B and C have

odd functions as entries in R™™. The Berezinian of the matrix M (Ber(M)) is given by

Ber(M) = det |A| det | D — CA_IB‘_1 (1.45)
The Berezinian has the following properties

1. If My and Mj are even matrices, then Ber(M;Msy) = Ber(M;)Ber(Ma)

2. Ber(M) = e(Trlog(A)]=Trllog(D)])  \Where Tr(A) and Tr(D) are the traces of the

matrices A and D.

The relation between the integration measures after a change of variables T in R™™ is
related closely to the Berezinian. Rewriting equation 1.43 we see that this relation takes

the form
Ber[Jac(T)|dX"...dX™d#,...do, = dX'...dX™db;...db, (1.46)

The Berezinian as a generalization of the determinant helps us to state the change of
the integral under a change of variables in R”™™ in a way analogue to R™. We also see

that it’s properties are also analogue to the properties of the determinant.

With the introduction of R”" and the structure of calculus over it with the knowledge of
how changes of variables work, we have the necessary tools to go further onto the nature
of R™", The relations found in this chapter will be used in the following chapter, where

we will present the basic concepts around supermanifolds.



Chapter 2

Supermanifolds

The nowadays essential knowledge of supergeometry in theoretical physics, makes very
useful a quite simple and clear introductory definition of what is a supermanifold. Super-
manifolds are "spaces” that arise after the consideration of using Grassmaniann variables
as coordinates. In this chapter we will go through the definition of a Supermanifold and
our goal is to present an useful yet simple definition for it and the concept of integration
over them. In doing so, we will work out some simple examples in order to succesfuly

become familiar with this kind of spaces.

2.1 What is a Supermanifold?

There are several definitions of a Supermanifold found in the literature [1] [6] [5], each
of which follow a different formal approach. In the following we will present a definition
that tries to be more clear and simple as it takes advantage from the common definition
of a Manifold. It will show a Supermanifold as a Manifold with coordinates not in R”
but in R™".

2.1.1 The topology of R™"

Before we define more formally what is a supermanifold, we need to give a topology to
R™"™, We will use the definition made by De Witt [1], but in a clearer way, using the
real projector defined in 5. This topology will take profit of the fact that R”™ has some

coordinate system in which its commutative coordinates are just real numbers.

Definition 9. Let O4 be a subset of R™"™ we will call this subset open if m(0O4) € R™,

the image under the real projector, is an open set under the usual topology in R™

17
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2.1.2 the definition of Supermanifold

Definition 10. A supermanifold with dimension m|n is a space M with a collection of
pairs (U4, ¢4) where the Uy are subsets of M and the ¢4 are the coordinate functions
¢4 : Ug — Oy where Oy is an open set of R™"™. This collection of pairs satisfy the

following properties

e UslUa=M

e ¢y o0 <;5]_31 : R™™ — R™I" that we will call the transition function, should be

differentiable (in the sense of 7)

2.1.3 Diffeomorphisms in Supermanifolds

As in manifolds theory, we can find functions ¢ : M — M where M with (Ua,¢4) and
M with (UB, qEB) are Supermanifolds. We will say that such function is differentiable
when it’s translation onto R™I" is differentiable, i.e when we have that for certain A
and B, ¢(Ua) N Up # 0 (¢ takes points from Uy to Ug), then the translated function
in R™" (¢ppogo ¢4", which goes from ¢4(Ua) to ép(Up)) is differentiable in the sense
of 7. If we also require that ¢ is a bijection and it has a differentiable inverse, we will
call ¢ a diffeomorphism. Diffeomorphisms are important for the fact that they not just
only translate points between supermanifolds, but some of its properties. For example,
if two supermanifolds share a diffeomorphism, they have the same dimension. They are
important as well when we want to understand when supermanifolds share the same

structure, as topological properties are also invariant under diffeomorphisms.

2.2 Integration on Supermanifolds

Integration over a supermanifold is performed in the local coordinates, which are in
R™"_ In order to define a proper integration, we should make it to be invariant under
the change between coordinates. That means that the integral should be defined in a
way that it does not change if we perform it in two different coordinate systems. To
achieve that, the integration measure should have a density function that transforms in
a way that makes the integral to remain unchanged. Then the integration of a function
F'is written as

/F,u(G,X)deX (2.1)
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Suppose we have the change of coordinates

XA =[pa0 oG 14X, ., X, 01, ..., 0,,)
0; = [pa0 ¢ i( X,y XM, 01, ..., 0,) (2.2)

Where [¢4 o gb;l]A and [¢4 o qﬁgl]i denote the respective components of the transition
function. We already proved that the integration measure changes as 1.46. The inte-
gration density function p should transform under this change in a way that keeps the

integral invariant. If we require that p changes in the following way

1
Ber[Jac(pa o qﬁgl)]

w(XA,0;) = i(X4,60;) (2.3)

We have that the integration is invariant under the mentioned change, as we have

1
Ber[Jac(pa o ¢El)]

— [ FCEAKE).0000) (R, i) dbax = [ FOEA)a(EA,5)dbax

w(XA(XB),01(0))Ber[Jac(¢a o ¢p5")]dOdX =

/ F(XAXE), 04(01))

(2.4)

With this density function chosen we have achieved that under the change of coordinates
the integral remains the same, which allows us to consider it a proper and consistent
definition of integration in the Supermanifold. With this definition in mind we can work

out some simple examples of Supermanifolds.

2.3 Basic examples of Supermanifolds

In order to further understand the concept of Supermanifold, and integration defined on
it, we are going to present two important and simple examples of supermanifolds. They
follow from a generalization of the known Tangent and Cotangent Bundle of an usual
Manifold.

2.3.1 Tangent Bundle with reversed parity T'[1]M

For the construction of supermanifolds, we will just specify the transition functions be-

tween the coordinates. The coordinates are in R™" but the way we glue them together
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will result in two different Supermanifolds. The first one is called the Tangent bundle
with reversed parity, as it comes from the generalization of tangent bundle in a usual
Manifold. We will see the grassmann coordinates as a tangent space over the commuta-
tive coordinates, and because of that they will transform as vectors in the usual sense
for manifolds. The even coordinates transform such as in an usual Manifold, so we have
that the transition functions between coordinates are of the form X4 = fAXE). We
add the odd coordinates in a way that their transition function behaves as the transition

_ of4 9B

function for tangent vector in a Manifold, so we have that 64 = 5%

2.3.1.1 Functions on T[1|M

We already know how a function in R™™ looks like. For a supermanifold we will ask
for a function to be an invariant object under change of coordinates, and to look like a
function in each of the local coordinate systems. Therefore, if G is a function on T[1]M,

equating its expression in two different coordinates, it follows that

G = go + 9ap0?0P + gapct010P0° + .. 4 g1 m0..0™

8fA008fB angoafBgDafceE

oft ,p of"
axc” oxD 9xC” 9xD” 9XE o

oxD" oXE
(2.5)

GE

+ ...+ gl...m

0P + Gapc

=go + gaB

From that last relation we can calculate the relation between ¢1.. ., and gi..,, by looking
for the factor with all the 6 variables in the second line of the latter equation. The result

of this calculation is

A

L2 - (2.6)

g1..m = det OXB

This shows us that this coefficient transforms as a top-form in the manifold described
by the X coordinates. As we saw in 1.31 this coefficient is the one that will come to
hand when we perform the integration in the R™™ coordinates. This shows that when
we integrate a function in T'[1]M we are performing an integration of a top-form in the

manifold described by the commutative coordinates and the transition functions f4.

Moreover we can see that the other coefficients transform as forms in the M manifold,
as for example by looking the factors proportional to 8405 we can see the coefficient g4z

is transformed
_[or arP  arc arP ] .
JAB= | 5XBaxB ~ axBoxAa|IcP
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which is exactly how a two-form transforms in M.

2.3.1.2 integration on T[1|M

In order to define integration over a supermanifold we must introduce the concept of
density function, as we saw before. To present how integration works for T'[1]M we have
to calculate the jacobian matrix for the coordinate change functions, and then introduce
a density function as we stated in the preceding section. Recalling 1.39 we have that in

this case the jacobian matrix is

AN
J=\% o)~ |20 or (2.7)

X 06 0X 90X

Which makes the berezinian Ber[J] = det )g—)f( (det ‘g—)f( )=t = 1. So we can see that
integration is naturally defined as we need no density function in order to define it. This
is logical as we showed before how integration of functions in T'[1]M is analogue to the
integration of a top-form over the manifold described by the X coordinates, which is

canonically defined without any problem.

2.3.2 Cotangent Bundle with reversed parity 77[1]M

The second supermanifold we want to construct, comes from a generalization of the
cotangent bundle. We will add the grassmann coordinates as if they where cotangent
vectors in an usual manifold. We will consider again that the even coordinates transform
with a generic transformation f. The odd coordinates will transform as forms in the
cotangent space. As we know from differential geometry it means that the 6 variables

will transform in the following way

2.3.2.1 Functions on T*[1]M

Again we want a function in T7*[1]M to be an invariant object under changes of coordi-
nates. It should also look like what we know is a function in R™"™ in local coordinates.

By asking this invariance we have that if V' is a function in T*[1]M
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V =00 + 0480405 + vABC04050c + ... + F101..0m
oxX¢ oxP o0xX¢ oxP oxF oxP oxXFE
~0 ~AB ~ABC ~1...m
= . . 9
v+ afAHC RIL Op + v afAecafBQDafceE-i— +v 8f19D ame
(2.8)

1..m

We can also calculate the relation between v and '™ by looking again for the

factor with all the 6 variables. The result of this calculation in this case is

a)(A

1..
) = det 8fB

~m (2.9)

We can see that this transformation rule is analogue to how an antisymmetric top-
multivector field will transform. With multivector field we refer to an object that trans-

forms as a vector field in each of its indexes. We can see that all the coefficients of

AB

this function will transform as antisymmetric multivector fields, for example, v* will

transforms as A B A 5
AB _ 0X10X B 0X4 00X 50D
of¢ afP  ofP ofc¢

For this case is easy to see that this is the rule under a antisymmetric two-multivector
field will transform, as we have that if v is now an antisymmetric two-multivector field
and f a change of coordinates such that XC = fex4

4 aXAaXB p  0X40xP
8f08fD v afDafCU ®v

ox4oxB  ox4oxB 5D

ofc¢ afP  afP afc

UAB:UA®UB—UB®U

(2.10)

where @ is the tensorial product between two spaces with coordinates X4.

2.3.2.2 integration in T™[1|M

As we saw before, to define integration on a supermanifold we should calculate the jaco-
bian matrix of the coordinate change functions. The jacobian matrix for this manifold

is calculated as follows

oX  oX
Jr=|0x o0
86 96

0X 060

a0
o ax (2.11)

9X of
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2
We have that the berezinian is Ber[J] = det ’g—)f( (det ’%—)f( )7 = det ‘g—)f( , as %—); is the

inverse matrix of % Unlike the precedent example, the berezinian here is not constant

so we have that the integration measure is not invariant under changes of coordinates.
As we saw before, in order to define a proper integration we have to define a density

function that transforms in the following way

Now that we have presented some basic notions of supergeometry and how integration
over a supermanifold is closely related to integration over R”I", we will concentrate in
some important properties brought by this new spaces and grassmaniann calculus. In
the next chapter we will show how we can evaluate integrals, otherwise difficult to do
so, by just centering our attention in discrete points thanks to the nature of R™" and

transformations that will leave invariant the berezinian.



Chapter 3

Supersymmetries and

Localization

We can study how all the mathematical structures in R™™ behave under the change of
variables. We will be interested in transformations that make the berezinian invariant
and the new properties induced in Integration. This particular transformations will help
us to find new properties in mathematical objects such as functions or integrals over this
space. In this chapter we will go further in exploring this transformations, first by finding
the conditions we have to impose in order to achieve invariance of the berezinian and
then by investigating new properties this transformations will help to show in a special
family of integrals. We will see that in some cases we can reduce integration to a simple
evaluation over a set of points. A similar property is showed for a simple specific case in

[2], but we will expand this case to a more general one in the last part of this chapter.

3.1 Supersymmetries

Lets suppose we make the following change of variables.

SXA = efANXP0;) = e(f1,0; + £i%0;0,0)
00; = egi(X*,0;) = e(goi + 1, 0;0x) (3.1)
Where € is a grassmannian variable satisfying 1.1.

This change of variables has a particular property that will become very useful. This
change of variables is such that 62 = 0. As we proved in chapter 1, the integration

measure changes with the Berezinian which is defined as

24
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9% ox ox| lod ad (ox\ " ox|
B X 0| — — — 2
er ( 20 gg) det\5x 1950 ~ ax (ax) a0 (3.2)

For the particular kind of transformations we are going to think about from now on, we

have that this berezinian simplifies much. The elements of the jacobian matrix will be

axXA 5oy d fA 80; g
oxB ~ABT ‘5xB 9xXB ~ “9xB
x4 afA 00; dgi
896 90X~ BX .

As we stated before, the berezinian simplifies in this case. The matrix 5555 G5 is

equal to 0 because it has factor of €2 = 0, so the calculation of the Berezinian reduces to

oX 90X o
0X a0|
0X 06 _
Ber (85 aé) = det X det 20 (3.4)
ox 00

0X° 90X _ 0if A # Band C # D.

aX
We also can calculate det % SXF " 9xD =

Then it’s straightforward to derive that

X s x4
ax|~ Z Sgn(o) H 8XU(A H XA (3.5)

O'GSn

det

Using now what we showed in 3.3 and noting again the fact that €2 = 0 we have

m

oxX4A of
I s = T+ =1+ 52 60

As any other terms involved are of order > 2 in €. So we have that

A
OX| 14 > i (3.7)
A

det| 55| = oXA

In the exact same way we can calculate det ‘g—g obtaining that

— 14+ Z ag, (3.8)
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If we want to perform a transformation that leaves the integration measure invariant,
we must require the Berezinian to be equal to 1. As we can see from 3.4 this is the same

as requiring

9gi
1+Z 5XA_1+Z€OZi

oft Jgi
A 1

which we can express as the vanishing of some kind of divergence of the transformation

seen as a vector field.

afA agz
Z 5xi " 5. = (3.10)

Changes of variables that satisfy that and make the berezinian 1, will be called super-

symmetries, as the represent some sort of symmetry in the R™™ space.

3.1.1 Action invariance

In the following we will be interested in the explicit calculation of integrals in the form

/ Fe SddX (3.11)

Where S is an even function and F a function in R™™. More precisely we want to
develop the cases where S is invariant under the proposed change of variables of 3.1. In
the study of this kind of integrals we will present some important properties that show
up when we choose S to be the variation under the change of variables of some other
function U (i.e S = §(U)), in other words, S being invariant under such change, as we

already know that 62 = 0.

If we also choose F' such that §F = 0, the invariance of the functions S and F’ will make
the integral [ Fe 5dfdX vanish in almost every point, letting the only contributions
come from the points where gor = 0 (for some k) in 3.1. In order to see this we will
perform the following change of variables, i.e by choosing € = [—6 (-1 — i%elem)] in
3.1

9ok
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m
k

1 gl1

OXA = [=Oh(— — =10,0,)](f3,6; + J11°0,6:6,)
9ok  Yor
1 g js
60, = [—Gk(— — TGIQm)](goz‘ + 91; 0]'95) (312)
9ok Yok
For this particular change we have that §0;, = —0; which makes 5k = 0. That means

that after the change of variables, we will have no explicit dependence on the 6}, variable.
The absence of 0, after the change of variables will make the integral in 3.11 vanish after
the f-space integration. That comes from the fact that the integration is only different
from 0 when we have factors which contain every 6 variable and because F and S are
invariant and the berezinian is one for 3.12 we will not have new 6, that would bring
8 factors. But we have to be careful on when that change of variables is a proper one.
We can see that in the points where go, = 0 the change has a singularity, which makes
the change not doable in such points. By the arguments given above the integral will
vanish everywhere where goi # 0, therefore only the points where it is 0 will contribute
to the integral [ Fe~“dfdX.

3.2 Localization principle

We are interested in the calculation of integrals of the form 3.11. For that we are going
to use a supersymmetry property that allows the integral to become an evaluation of
some function over a set of points by centering our attention in the points where the
coefficient ggr in 3.1 is 0 for some k. We already saw that these points play an important
role in the calculation of integrals involving the invariant function S. This set of points
can be continous (i.e in two dimensions the function X2 — Y2 vanishes over the circle
centered at (0,0) with radius 1) but in order to grasp the nature of the technique we want
to develop, we will center on the case where this set of points is discrete. We will assume
then that the function ggr has only one point where it vanishes. In the following we
will study some relations that are going to be useful in the calculation of the mentioned
integrals. In order to develop the concept of localization we will require that R™™ has
grassmaniann dimension n = 2¢q for ¢ € N, this will not only allow us to achieve a more
powerful result but is also the condition for spaces on which Supersymmetric quantum
field theory is formulated. We will also require more from the change of variables 3.1;

we will ask to the functions gijk to have a minimum at X°
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3.2.1 Some important properties

If we have a function F'(X,6) we can express the variation under the change of coordi-

nates as 9 P
F F
F= XA 4 = 1
0 (9XA6 26, 00; (3.13)
recalling again 3.1 we have that
8F
A
oF = aXAf 01 gi (3.14)

By using this expression we have that the integration of 6 F' vanishes in all space :

aF o4 dg;
A ?
/6Fd0dX - e/((9 A Sg,)dBdX = — /(F(9 5 F g )a0dx

_ aft 9y B

Where we performed integration by parts assuming that the function F behaves properly,
making the boundary terms vanish. As well we used in the last relation what we found
in 3.10. We just showed that if we integrate a function § F’ over all the space, the integral

is equal to zero.

/ SFAOdX = 0 (3.16)

Now let us consider a more general type of integral. Let G and U be functions in R™",
with G such that 6G = 0. Using 3.16 We have that the following relation holds

/ 5(G-U-eUhdpdX = / 6G - U - e Udhd X + / G- U - e °UtdgdX =0 (3.17)

As 569Ut = 152U €Ut = .

But remembering that we chose G = 0, the latter expression simplifies to

/ G-oU - e UtdgdX = 0 (3.18)

This expression can be identified as the t-derivative of another integral,
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% / G- e tdpdX = / G-oU - e VpdX =0 (3.19)

This found relation allows us to conclude that the integral [ G - e®UtdhdX does not
depend on the variable t. We can choose any value for ¢ and the integral will have the
same value, therefore we must only center our attention in the terms which have not

explicit dependence on ¢ in order to calculate the integral.

We can also show that the integral has no specific dependence on the choosing of the
function U. To do so, we pick a variation of U, U’ = U + AAU. By the same argument

developed before we have that

/ 5 (G AU - e 0UHAAU 't>) dfdX = / G- §(AU)E- e Ut gax =0 (3.20)

Which is the derivative with respect to A of the integral. We see then that it has no
dependence on A\ and we can choose it, for example, equal to 0 or 1 and the integral
remains unchanged. That shows that we can choose arbitrarily the function U without

affecting the integral.

3.2.2 Evaluation of the Integral

In this section we will pursue the evaluation of an integral in the form of 3.11. In doing
so, we will make use of the properties showed in the latter section. We will see that the
integral is reduced to a discrete sum of terms which depend on the point X° where the
coefficients in the supersymmetry transformation behave like having a fixed point. We
will show first a simple yet significant case, where the main structure of the general case

we we will approach later becomes more reachable.

3.2.2.1 The simple case of R

As we stated before, we want to evaluate an integral of the form

/Fe‘SdeX (3.21)

We want to use the properties that we recently showed that arise from a supersymmetry

transformation and conditions over F' and S. If we want to apply the results from last
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section we will have to choose a general action of the form

S:}5U

€

for some function U in R™™. Because of what we have seen in preceding sections, we
can imagine already that the integral will be reduced to an evaluation of some function
in the points where go; vanishes. Let us first show a simple example for R?2. Let us

choose as supersymmetry transformation the following

2 2 2
N E PRSI INE DR iy (x>
001 = ¢ 2(X ) + 2(X ) + 9192:| 009 = € [2 XTx2 + X1x2 0105
SX' =e[X'0)] 5X? =€ [-X%0]
(3.22)

Where we can see that for X = (0,0), %(Xl)2 + %(XQ)2 vanishes. If we choose the

function U in the following way

U= (1=l

n (X2)2]) 61 + X' X20, (3.23)
We can compute the action S by calculating the variation of the function U through the

supersymmetry transformation stated above 3.22

1 10U ., 10U
§=20U=axa%X" + 2o

00;

_ (1 — (XY + (XQ)Q]) (;(xlf + %(XQ)Q + 9102> +

2 2,2 2 2
L xix? (1(()(1); O (X400 9192)

— [(Xl)Q + %(XQ)Z + 9192] (3.24)

Let us calculate now the following integral

1 2.1 2
I= / Fo [FEHOC 4001 gy 0 g1 432 (3.25)
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We showed before that this integral is independent of ¢ if we require that §F =0 . In
order to calculate it we should look for factors which don’t depend on this variable, as
any other term should be depreciable for the fact that ¢ can take any value. If we use

the expansion of the exponential e?192* = (1 — 6164t) we have that

2 2
(BN 00 6y dsd X Ld X

2 2 2 2
N / Fe B g g0 axtax? - / Fe OO 4. ,) by dbrd X dx?

(3.26)

This latter expression could lead us to say that the integral vanishes as it seems to
depend everywhere on ¢. This is not right as we have to take care of the dependence of ¢
showed by the remaining exponential term. An easy way to do so is making the change

of variables X4 = \/tX4 which makes dX'dX? = %df( 14X?2. Performing this change

of variables we have

2 2 2 2
Fe*[%(Xl) +1(x?) ]'tdeldﬁdeldXz B /Fe[é(xl) +1(x?) ]-t (£0102) dO1dBrd X d X

- _[Lx1y210x%2)? 1 . ~7 =~ ~ _[1x1y2 1 1%2)2 -
:/Fe ECSREES ]d«91d02th1dX2_/F6 FE T (9,0, doydbpd XX

(3.27)

Where F is the function F expressed in the X variables. Now E has dependence on t,
so we must take care. If we make an expansion of I’ around the point X,,;, we have

that

F=Flx,+Flx, X' +F|x X*+.. (3.28)

And now we can find that after the change of variables we will have F expressed as

- 1 . 1 8
F=F|x +7F1|X Xt — X24 .. (3.29)

f man \/E man
We are looking for the terms independent of ¢ in 3.27. It’s easy to see that using the
latter expression for F, the first term in 3.27is always depending on ¢, so it will vanish

because of the independence of the integral. For the second term we will only take the

factor independent of ¢ in F. Doing so we can see that the integral I can be expressed
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1iw1\2 1 2 ~ ~
— /F|Xmme_[2(xl) ] (4,0,) dordbrd X1 X2 (3.30)

If we now perform the integral over the 6; variables, and if we remember that by the

rules of Grassmann integration only the terms that show 6160, will survive, we have that

/ Plne FETHE g g1482 (3.31)

Where we have used that we can expand F as F = fO + f10; 4+ f20y + £'26,6.

The latter integral belongs to the category of Gaussian integrals, which we know how
to calculate. Doing so we get that we can calculate very easily the integral I. We have
then that

I=-21f"x,.. (3.32)

3.2.2.2 The general case

Now we can think of calculating this family of integrals for a more general case of
dimension. We will show that for this case we will also find that the integral reduces
to an evaluation over the point X,,;,. As we stated before, we are going to work in the
case where n = 2¢ for R™", and we will ask some conditions as well over the function

S. We have that the function S would be expressed as

g LU ou 10U

8XA € 8(91

50; (3.33)

With this condition satisfied, we already showed that we can choose U without any

restrictions, so for our porpouse we will require the following

0*U ou

W’XW = x| Xmin =0 (3.34)
ouU
fori#k oo |Xmn =0 (3.35)

This will bring as consequence that 8 e 05 |x,,., =0 as we have
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+1 U 9o XA
|Xmin € aXA|Xmln aXB |Xmin
1 92U 10U 9%,

dS 1 U
OXB e dXBOXA|

ox4

n

_vY 50, hul
€ 8X389,~|X . UX pin € 892|X ] BXB|XW."
(3.36)
The first three terms are zero after imposing the conditions 3.34. The last term %l gﬁfg Ix
v Xmin min

550,

vanishes because of condition 3.35 when i # k, and when ¢ = k it does because 5%

vanishes in X,in.

We can expand this action on the X4 variables, centering the expansion in the point

Xmin that satisfies that gor = 0, in the following way
1
AB

%8
Where SAB = W’Xﬂun .

As we can use 3.19 in this case, we can add time dependence to an integral of the form

3.21 and we can now express such integral as

/ Fe 'Sd0dX = / Fem 51X pmin=3 X ap Sap (XA =X0 ) (XP =X 050 qga x (3.38)

Where the fact that we keep only the terms to second order of the X4 variables, comes
from the property that the integral has only contributions in X,,;,. This comes, as we
showed, from the invariance of F' and S as well from the fact that the transformation
is a supersymmetry satisfying 3.10. Because of this porperty we can safely center our
attention in a small neighborhood around that point, making the expansion up to sec-
ond order a good approximation. We can expand the function F in the X4 variables,

centering the expansion in X,,;,, in the following way
1
A AB

OF >’F
Where Fu = 551X, a0d FAB = 557555 | Xoin -

If now we make the change of variables vtX4 = X4, we have that
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/ Fe 151X mim—5 Zap Sap(XA=X7 ) (XP=X20) qpd X =

— / Eme_ts‘xmin 6_%ZAB SAB(XA_X"?””)(XB_X"E"")dedX (340)
ts

Where F is the function F expressed in the new variables. if we look into the expansion

of F' we have that

- 11 ~
F= F|Xmm ZFA XA mm EgZFAB(XA_ mzn)(XB XrBr;zn) (3 41)
AB

We would like to find the terms independent of ¢ in 3.40. For that we have to find the

—tS|x

factor proportional to t2 in Fe min. Let us first expand the exponential in a taylor

series

Yt S
et Xmin =1+ Z |X“”" (3.42)
As we showed before, S is written as
S =54 5%90,0, + S*10,0,0,60, + ... (3.43)

But if we recall 3.35 and the fact that gox|x, = 0 we see that SO\XO = %gm = 0 will

come as a consequence.

Now we have to work out the terms depending on 2. We see that ¢ factors can come
as well from F' as from the expansion of the exponential. The terms coming from F
have negative powers, and those that come from the exponential positive. Using 3.42

and 3.41, we find that the only terms with that dependence on ¢ are

M\S
M\S

~
m‘?z

] m'Ln

N\S
wm wm

7|(—1)% %(swee + Sik.0.0,0, + .. )|7§+5]'
p=0

1 - - - -
N Fayay|x, (XA — XA (XA - X2 ) (X - X2 )| (344)

'tE mwn mn mn
Dtz 4y 4,
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This is nor a beautiful or simple result. the fact that (Simi@j + Sijkleiejekel + ) \)%(mm =
0 for r > n tells us that for the case when m > n the integral will not show any term
independent of ¢ and therefore will vanish. If m < n, we need to perform the integration
over the 6; variables and in order to do so, we must find which term depends on all the
0; at the same time in 3.44. This task depends on the numbers n, m and on the number
p. This fact makes difficult to achieve a generalization over arbitrarily dimensions of
R™". We will instead state a solution for the case when m = n by noticing that in
that case the above factor simplifies greatly. We can note as well, that some of the most
important examples in supersymmetric physics are builded using that specific case, i.e
the first idea of superspace comes from the observation that a 4-dimensional Poincaré
group generalized to superspace can be seen as R** [5]. In the case m = n, we have

that 3.44 can be written as

nt2 [ y n
[(—1)2[;' <Slj6)i9j + SZ]kleiejekel + > |)2(mm . [F|Xmin] (345)
5 .
but as n is the number of 6; variables available, we can clearly state that
(S70,0; + ST*0;0,0,0, + ..)|3 =82S 61,0, (3.46)

As any other term will include repeated 6; variables, and therefore will vanish. The
factor that we are looking for (In this case the factor depending on t2) will be just the

following simple expression

~~
0|3

NE

Flx,, S2.80= D0 0.0, =(-1)%—fO|x &2 . .50m=bn|

: 2

0.0,
(3.47)

(=1)

min

I

[

Where f? is the term independent of the §; in F, as all the terms including this variables
in F will vanish by 1.1. This term is at the same time the one including all the ; variables

and will allow us to do the integral over this variables in an easy way.

We can see that the only term that doesn’t have a explicit dependence on ¢ in the integral
3.40 is

I =

(Inl])f / FOlx,., §2..80=0n g h,emz Lap Sap(XA-X0)(XP-XT0) gpqx
]
(3.48)
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If we now perform the integration on the 6; space, recalling the fact that the only
contribution will come from the term with all the 6; variables in the same factor, we

have

- (fjff J T R > QUCRT)
5 .

859

0
where Sip = 5xXagx7 [ Xmin

Notice that we have taken in the exponential the terms independent of 6; in Sap, i.e
SElB' What we have now is a Gaussian integral in the X4 variables, which can be

calculated explicitly. By doing so we obtain that the integral reduces to

(2m)"
detS%B

- (12 Oy, §12..5n=1n

g (3.50)

Taking SY 5 as a matrix in the AB indexes.

This result shows a dependence on S and therefore on U, which contradicts what we
have proved before. This tells us that there must be a simplification of this result that

shows no dependence on S. Because of that the S depending factor

312'.‘S(n—1)n|X
1/det59‘3

has to be simplified. To do so we will express it in terms of the function U, as S is

min (3.51)

closely related to it. The function U is expanded as

U=U+U'; +U"%0,0; + U"%0,0,0, + U™0,0,0,.0, + ... (3.52)

recalling 3.1 and 3.33, as well as the conditions already imposed on U 3.34 3.35, we can

express everything in terms of U. Doing so we arrive to

2

Sanlxnn = U 5xapxs
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In both cases with k fixed following our notation (gor = 0 in X,p;,). Using this, is now

simple to express 3.51 in terms of the function U.

512'_'S(n71)n|Xmm

1/ dethB N

kﬂ —n

o+ 50n() [T 50 )
O'ESn A

gl=1n

9 gor
Z Sgn(0> H WL)(WM'”
oES, A
—1

- (3.55)
\/ det ‘Wmm

We can see how the dependence on U disappears as we wanted, and in perfect agreement
with our proofs. The final result for our integral doesn’t depend on S, but in the
supersymmetry transformation for the 6 variable (with fixed k), the transformation for

which g vanishes at Xy. Finally this result can be stated properly as

( 1)3 12 (n=1)n

[ ] fO m’m\/i glk glk ’Xmin (356)

2 gok
\/det ‘ TXAGNT | Xomin

It is important to remember that we have taken conditions over F' and U as well on the
supersymmetry transformation of the space. We proved that the integral is invariant
under changes of U so the conditions imposed for this function in 3.34 and 3.35 are just

to make simpler the calculation of the integral. We can forget about this from now on.

Let us now state everything in a clear and compact way

Theorem 1. Given the functions F', S and U with the supersymmetry transformation in
R™"(n = 2¢ for ¢ € N)

XA = efA(XP,0)) = e(fl40; + FiN6,6161)
00; = egi(X ,Gj) = €(g0i + gli 7 016m)
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With gox|x,,,, = 0 for some point X, and glf,? with a minimum in such point,

we have that if
F = fo + fiei -+ fijeiej + ...

is such that 0F = 0 and S = %5U for some function U, then the calculation of the
integral
/ Fe SdfdX

is reduced to

(n—1)n

—_1)5 12
/Fe_SdeX = ( 1)2 f0|Xmin\/W 91k 91k ’Xmin

[%]' 2 g0
det ‘ FXAHKE | Xomin

As we can see, this case is reduced to the result we found in 3.32 for R22 as in that case

all the conditions are satisfied.

The only strong condition remains always in F' that should be such that §F = 0. We
can always build the supersymmetry, given the function F, under which it’s invariant

and then using some function U find S fulfilling the other conditions.



Chapter 4

Summary and conclusions

In this thesis we have presented some basic aspects of supergeometry and how we can
use inherent properties of supergeometric spaces such as R™" to develop methods that

simplify greatly calculations otherwise difficult to make.

Through the study of grassmanian variables introduction, we have constructed a basic
notion of calculus for spaces which have both, commutative and grassmaniann coordi-
nates. We have defined formally the space R”™ and showed carefully how change of
variables affects integration on this space and defined the berezinian, which acts as a

generalization of the determinant.

After getting familiar with R”/" we presented a definition of supermanifold showing it
as a manifold with coordinates in R™™, by giving to R™™ a topology inherited from R™.
Later on, and using all the theory developed for integration in R™", we explored how to
define integration on a supermanifold, taking care of making integrals invariant under
changes of coordinates. To further support the understanding of the concept of super-
manifold, we presented two basic examples: The tangent bundle with reversed parity
T[1]M and the cotangent bundle with reversed parity 7%[1]M. These supermanifolds
come from the addition of grasmaniann variables transforming as a vector in the tangent
space (for T[1]M) and a form in the cotangent space (for T*[1]M). We described how

functions and integration look like in both spaces.

Finally we showed how the mathematical structure surrounding R”" brings new proper-
ties that help us in the calculation of a wide family of integrals. In doing so, we explored
transformations that left invariant the berezinan (of the jacobian matrix). We called
these transformations supersymmetries. Later we saw how integration of functions re-
lated to these supersymmetries simplified significantly, as they vanished everywhere but

in a set of points acting like fixed points of the supersymmetry. We showed that choosing

39
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S as the variation of another function U under the supersymmetry and choosing G in-
variant, the integral [ F e~ 9'dX df was independent of the parameter ¢ and the function
U.

This property is the main tool we used in showing the localization principle, which
reduces the integral [ Fe 'dXdf to an evaluation over a set of points. We began the
demonstration of the localization principle by calculating a simple example for R22,
in which the integral was calculated as the evaluation of a function in a single point.
After that we went through a more general case, but still making some restrictions to
make the mathematical procedure remain simple. We centered in the case where the
supersymmetry has a single fixed point and where m = n with n = 2¢. We also imposed
some conditions on the function U. In this particular case and by using all the developed
concepts of calculus in R”/", we showed that the integration became discrete and its
result was just an evaluation over the fixed point of a function related to both F' and

the supersymmetry transformation.

This master thesis went through basic yet important aspects of supergeometry, by show-
ing calculations and proofs that will allow the reader to further understand supersym-
metric spaces properties that help the simplification of calculations needed by physicists
in supersymmetric theories. The way the information was presented will hopefully help
the reader to familiarize with grassmaniann coordinates, R”" and supermanifolds as
tools needed for understanding formulations of physical theories such as supersymmet-

ric quantum field theory.
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