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each separate contact area. In these algorithms, individual contact areas can either be 

defined by their boundary points or by fixed shapes (rectangles, circles) on the ground 

(these algorithms can be later generalized to define them on non-horizontal and non-

coplanar contact planes). The two individual contact areas (the two feet) for the walking 

task are defined independently in this algorithm by their boundary points (similar to the 

contact areas of the two feet with the ground in Figure 9.13). 

Although the contact areas are defined by boundary points in the algorithm, after 

obtaining the final results, we check the accuracy of the results by approximating all 

contact areas with rectangles. After re-partitioning, the net of IGE forces and moments 

calculated at each time grid point for the two subtasks are shown in Table 9.14. 

 
Description 

of the 
Force 
System 

Force, 
Moment 

Components 

Value at 
Time 
Grid #1 

Value at 
Time 
Grid #2 

Value at 
Time 
Grid #3 

Value at 
Time 
Grid #4 

Value at 
Time 
Grid #5 

Value at 
Time 
Grid #6 

Value at 
Time 
Grid #7 

Net of IGE 
Forces at 
the Hip 
Point 

Fx  57.170  7.519  4.166  3.974  8.718  19.501  36.689 

Fy  ‐945.564  ‐316.211  ‐433.768  ‐549.115  ‐661.301  ‐769.863  ‐874.757 

Fz  ‐263.335  ‐68.094  ‐23.271  21.564  66.572  111.818  157.252 

Mx  ‐19.015  46.082  71.701  94.146  113.224  128.971  141.621 

My  6.508  2.358  ‐0.601  ‐2.842  ‐4.127  ‐4.403  ‐3.788 

Mz  ‐17.163  ‐9.104  ‐25.137  ‐37.575  ‐45.898  ‐50.001  ‐50.192 

Net of IGE 
Forces at 
the ZMP 
Point 

Fx  57.170  7.519  4.166  3.974  8.718  19.501  36.689 

Fy  ‐945.564  ‐316.211  ‐433.768  ‐549.115  ‐661.301  ‐769.863  ‐874.757 

Fz  ‐263.335  ‐68.094  ‐23.271  21.564  66.572  111.818  157.252 

Mx  0.000  0.000  0.000  0.000  0.000  0.000  0.000 

My  2.878  ‐0.698  ‐2.638  ‐2.048  ‐0.999  ‐0.407  ‐0.705 

Mz  0.000  0.000  0.000  0.000  0.000  0.000  0.000 

 

Table 9.14. The net value of IGE forces and moments for the "Walking" task in NCM method 
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As expected, the IGE values have stayed the same after GRF re-partitioning. 

However, the ground reaction forces and moments at each contact area will be different. 

The new values are shown in Table 9.15. 

 

Point of Effect 
of the Ground 

Reaction 
Force System 

Force, 
Moment 

Components 

Value at 
Time 
Grid #1 

Value at 
Time 
Grid #2 

Value at 
Time 
Grid #3 

Value at 
Time 
Grid #4 

Value at 
Time 
Grid #5 

Value at 
Time 
Grid #6 

Value at 
Time 
Grid #7 

Right Foot 
Middle 

Fx  ‐48.148  30.083  ‐39.065  3.309  12.099  17.145  13.130 

Fy  834.730  167.981  122.917  80.247  65.779  76.128  43.668 

Fz  362.561  98.070  107.724  101.531  98.669  114.192  65.502 

Mx  0.403  ‐0.492  ‐0.472  ‐0.300  ‐5.592  ‐6.381  ‐3.526 

My  1.915  0.111  ‐20.467  ‐5.577  ‐3.810  2.015  7.826 

Mz  5.257  6.186  6.128  4.001  1.500  3.358  1.939 

Left Foot 
Middle 

Fx  ‐9.023  ‐37.602  34.899  ‐7.283  ‐20.818  ‐36.645  ‐49.819 

Fy  110.834  148.229  310.851  468.869  595.522  693.734  831.089 

Fz  ‐99.226  ‐29.976  ‐84.453  ‐123.095  ‐165.240  ‐226.010  ‐222.754 

Mx  11.416  14.447  27.800  37.757  31.828  1.972  ‐0.811 

My  14.807  12.055  ‐19.458  ‐4.960  ‐0.512  ‐4.537  ‐4.123 

Mz  3.547  8.345  7.163  6.626  11.471  16.779  20.048 

 
As seen in Tables 9.15, approximate sizes and shapes for individual contact areas 

are noted. These contact areas were modeled differently in the NCM method (by 

specifying their boundary points). However, the approximate rectangles shown in Table 

9.15 are used after the results are obtained to check the validity of the calculated ground 

reaction forces and moments in the NCM method. 

In Table 9.15, the components of ground reaction forces and moments are 

checked to see if they violate the NCM constraints (are impossible in the real world) or 

not and are highlighted, if they do. The checking is done based on the indicated 

Table 9.15. Ground reaction forces and moments for the "Walking" task in NCM Method 

Support Area  

0.12 x 0.25 

Rectangle 

Support Area  

0.12 x 0.25 

Rectangle 
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approximate sizes and shapes (in the repartitioning procedure, the NCM constraints were 

based on boundary point locations, not these fixed shapes). However, as seen, no 

component of ground reaction forces and moments is highlighted in these tables or 

violates the NCM constraints. 

 

9.7.3 Comparison of GRF Before and After Re-Partitioning  

As a simpler reference, similar to what was done in Section 9.5, values for some 

of the components of the ground reaction forces and moments are plotted in this section 

before and after re-partitioning. 

The term "Possible Range" for x

y

M

F
 or z

y

M

F
 in Figures 9.14 and 9.15 specifies 

the limitation imposed by the NCM constraints (such as 9.2.1) on  x

y

M

F
 or z

y

M

F
 . For a 

fixed size rectangular contact area on the ground, NCM constraint is simplified to two 

independent inequality constraints on the values of   x

y

M

F
 or z

y

M

F
 with fixed upper and 

lower limits. This fact can be observed from Equation (9.2.1), for example. Also, as seen 

in Figures 9.14 and 9.15, the possible ranges for x

y

M

F
 or z

y

M

F
 are inequalities with fixed 

values of upper and lower limits during the motion. The horizontal axis in these graphs 

indicates the change of time and refers to the number of grid points after the contact area 

comes into contact with the ground. 
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The term "Possible Range" for xM  or zM  in Figures 9.16 - 9.19 specifies the 

limitation imposed by the NCM constraints on  xM  or zM  based on the value of yF at 

any instant of motion. This possible range changes during the motion, because the value 

of yF  changes during the motion.  

Figure 9.15.  The values obtained for Mx/Fy and Mz/Fy at the Right Foot by ZMP versus NCM Methods

Figure 9.14.  The values obtained for Mx/Fy and Mz/Fy at the Left Foot by ZMP versus NCM Methods 
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As previously seen in Table 9.15, xM  or zM  values with the ZMP method 

exceed the possible ranges at several instants of time during the motion. This fact can 

also be observed in Figures 9.16 - 9.19. 

 

 

 

 

 

Figure 9.17.  The values obtained for Mz at the Left Foot by ZMP versus NCM Methods 

Figure 9.16.  The values obtained for Mx at the Left Foot by ZMP versus NCM Methods 
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9.7.4 GRF Before and After Re-Partitioning versus Experimental Data 

In this research, we try to improve the results of GRF for a sample walking 

simulation by using the NCM method. This improvement only consists of finding values 

for GRF which are possible in the real world. The NCM method does not ensure that the 

calculated GRF are optimal or match the experimental data. These issues also depend on 

the original simulation and the constraints used in the original simulation to predict a 

Figure 9.19.  The values obtained for Mz at the Right Foot by ZMP versus NCM Methods 

Figure 9.18.  The values obtained for Mx at the Right Foot by ZMP versus NCM Methods 
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walking task. However, because the experimental data for the GRF of walking are 

available in the literature, one may also be curious to know how much the NCM method 

improves the GRF results of a sample walking simulation. Therefore, we also perform a 

comparison of the GRF calculated by ZMP versus NCM methods with the experimental 

data in this section. 

However, surprisingly, the result of the comparisons indicates that the Re-

Partitioning results match pretty well with the experimental data. The graphs which were 

used to support (in Section 4.6) or criticize the support (in Section 8.4.3) for the uniform 

partitioning assumption are again repeated in this section. The results of NCM method 

surprisingly match better with these experimental data (data that were originally used as 

the only support for the uniform partitioning assumption in the ZMP method).   

Similar to Section 8.4.3, we replot the data measured in the walking experiment 

published in Winter (2009) in Figures 9.20, 9.21, 9.22. In these figures, we plot the ratio 

of ZMP distances from the left and right feet versus the ratio of the several components 

of the forces and moments on them. In these figures, Rz  and Lz respectively denote the 

distances of the ZMP to the right and left foot in the forward-backward direction. Also, 

, , , , ,yR yL zR zL xR xLF F F F M M  respectively denote the vertical and frictional ground reaction 

forces and tipping ground reaction moments on the right and the left foot. The details and 

the numbers used in plotting these graphs are explained in Appendix D. 
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Figure 9.21.  Ratio of the frictional forces acting on Left and Right feet versus the ratio of their distances 
from ZMP for walking task. Measurement data is compared to the results of the NCM and ZMP methods.
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Figure 9.20.  Ratio of the vertical forces acting on Left and Right feet versus the ratio of their distances 
from ZMP for walking task. Measurement data is compared to the results of the NCM and ZMP methods.
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9.8. Summary and Conclusion 

Several dynamic tasks had been modeled in Chapters 5 and 6 using the ZMP 

method. However, some impossible values for GRF had been encountered in those 

simulations. Chapter 8 theoretically proved that those impossible values for GRF will 

always happen due to an imperfect assumption in the ZMP method. But it was also 

indicated that the satisfaction of ZMP constraint ensures that one can find values of GRF 

that are possible in the real world and also equilibrate the given IGE forces for those 

predicted motions (the motion calculated using the ZMP method is always possible, 

while the calculated GRF values are always impossible.). Therefore, in this chapter, we 

Figure 9.22.  Contact moment of right foot at ZMP (normalized by dividing it by the vertical force) versus 
the ratio of the distances of ZMP from the feet for walking task. Measurement data is compared to the 

results of the NCM and ZMP methods. 
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introduced algorithms that correct the GRF values obtained by the ZMP method such that 

the values are possible in the real world (satisfy the NCM constraints). As an example, in 

this chapter, we implemented this algorithm on the "Going Prone" task introduced in 

Chapter 6. We also implemented it on a previously simulated "Walking" task. 

Conclusions from this study are as follows: 

1- Corollary 8.1 is validated in this chapter by observing the results for the 

"Going Prone" and "Walking" task. In other words, at least one component of 

the calculated GRF is impossible in the real world for all ground contact areas, 

except may be for one contact area in the ZMP method. 

2- Theorem 4.1 is validated in this chapter. In other words, satisfaction of ZMP 

constraint ensures that it is possible to find unilateral contact forces on the 

given contact areas to cancel the given IGE forces for the dynamic system. 

This is because we could find GRF that are possible in the real world by re-

partitioning them. 

3- The torques obtained after re-partitioning seem to be lower than the original 

torques. However, the optimality of the initial motion from the ZMP method 

seem to stay almost unaffected after re-partitioning. Therefore, although the 

motion obtained in the ZMP method is possible and almost optimal, the GRF 

need to be re-partitioned in order to obtain realistic values. 

4- The re-partitioning (NCM method) does not ensure that the calculated GRF 

are optimal or match the experimental data. These issues also depend on the 

original simulation and the constraints used to predict a motion task. 
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However, it seems that the results of the re-partitioning for the walking task 

considerably improved similarity of the GRF ratios with the experimental 

data.  
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CHAPTER 10 

NCM MARGINS OF DYNAMIC STABILITY 

10.1 Introduction 

In this theoretical chapter, we first define the terms “Contact Stability” and 

“Margins of Contact Stability” for an arbitrary dynamic system during its motion. The 

general NCM and friction constraints introduced in Chapter 7 are used to derive these 

definitions. The margins of tipping and slipping stabilities presented in this chapter are 

applicable for the most general cases of contact areas and are usable for both real systems 

such as in robot control or simulated systems or offline calculations. We show that the 

problem of finding the margins of tipping or slipping stability for the most general cases 

of contact areas turns into solving a linear optimization problem. 

 

10.2 Motivation for NCM Stability Concepts 

A major drawback of the ZMP stability concepts is that they apply only to the 

cases in which the system’s contact with the environment is in one plane only. They 

cannot be used when different parts of the system come into contact with the environment 

and the contact areas are in different planes. Unlike the ZMP, NCM stability concepts 

that we will define are applicable for the most general cases of contact areas (coplanar or 

non-coplanar contact areas which are horizontal, inclined, parallel, or non-parallel). 
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10.3 Possibility versus the Stability of Motion 

Chapters 4, 7 and 8 dealt with the possibility of a motion problem. It is impossible 

that NCM constraints or the ZMP constraint is violated for a system in the real world. 

Even during the falling motion of a dynamic system, both the NCM constraints and the 

ZMP constraint will need to be satisfied (they will require the system to have enough 

acceleration under the effect of gravity during falling motion so that these constraints are 

not violated). But, ZMP can also be used to analyze the stability of a motion. If we define 

instability as a situation when the contact area of the robot with the ground reduces to a 

line (all contact forces are concentrated on one edge of the convex hull), then Theorem 

7.2 indicates that instability occurs when the ZMP is on one edge of the convex hull. 

Also, the location of ZMP helps us determine the margins of dynamic stability for the 

motion. Conventionally, the distance of the ZMP from the edges of the convex hull in 

any of the horizontal axes determines the stability of motion about those axes. For the 

cases of contact areas on non-coplanar surfaces, ZMP is not defined and we define the 

margins of stability in the general case of non-coplanar contact areas (either horizontal or 

inclined or parallel or non-parallel) using the NCM point definition. 

 

10.4. Contact Stability of a Dynamic System 

In this section, we offer the general criteria for the contact stability of a system 

having several coplanar or non-coplanar contact areas with the environment. Examples of 



  

 

276

such systems are depicted in Figures 10.1 and 10.2. In Figure 10.1 the elephant avatar 

shown is considered as a system with multiple coplanar contact areas with the ground.  

 

 

 

The purpose of contact stability criteria is to check whether the system will slip or 

tip over due to an additional infinitesimal external force. The contact stability of a system 

does not depend on the stiffness of the internal joints (DOF) of the system and it only 

depends on the net properties of the system (net acceleration, angular acceleration, 

velocity, mass, center of mass, moment of inertia, ….). To analyze the contact stability of 

this system at a given frame of motion, we apply a perturbation in the external 

forces/moments acting on the system and evaluate the response of the system. Therefore, 

to simplify the explanation of the response of the system to the perturbation and avoid the 

discussion of system’s internal motions, consider the system as one rigid body 

(freeze/stiffen all DOF of the system except its 6 global translational/rotational DOF).  

Figure 10.1. Stability criteria for a dynamic system with coplanar contact areas 

Origin 
z 

x 

y 

igeM

igeF

externalM

externalF
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Now let us present our general definition for contact stability of a motion: Apply a 

small perturbation in the external forces/moments that are applied on the rigid body 

(system). If the rigid body acquires a perturbation in its acceleration at that frame of 

motion due to that perturbation, we say that the contact of the system is unstable at that 

frame of motion (or just call it unstable), otherwise, we call it stable.  

This is because a rigid body which has flat contact areas with the environment can 

only slip or tip in order to move. If the rigid body acquires a perturbation in its 

acceleration at that frame of motion due to a perturbation in external forces, it will 

definitely fall or slip (assumming that the perturbation will be present at all the times 

after its initial application). That is because for a rigid body, the perturbation required for 

the initiation of slipping is always larger than or equal to the perturbation required for 

continuation of slipping (static versus dynamic coefficients of friction) and the 

perturbation required for the initiation of tipping is also always larger than or equal to the 

perturbation required for the continuation of tipping (an example can be seen in Equation 

(3.2.18) and its explanation in Example 3.2). By the term “continuation” of falling or 

slipping we are referring to the “continuation” of falling or slipping until there is a 

change in the environmental contact areas of the system due to the slipping or falling 

motions. 

Another example is shown in Figure 10.2 where the human avatar has several 

non-coplanar contact areas with the environment. All the definitions and explanations 

given in this section apply to system having several coplanar or non-coplanar contact 

areas with the environment such as this case. 
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The system is originally affected by an arbitrary set of contact, inertial, 

gravitational and external forces whose sum is equal to zero due to dynamic equilibrium 

equations. Let us write the dynamic equilibrium equations for a sample dynamic system 

depicted in Figure 10.2 about the origin : 

 

0
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ige

Dynamic Equilibrium


  

   
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
 

F F

M M p F

  
0

10.4.1
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inertial gravitational external

inertial gravitational external



  

     
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
 
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Figure 10.2. Stability criteria for a general dynamic system with non-coplanar contact areas 
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A small perturbation in the external moments/forces is applied on it which is 

denoted by externalM  and externalF .  

 
 

 
0

10.4.2
0

inertial gravitational external

inertial gravitational external



  

   

   

     
     


 

F F F F

M M M M p F
 

The system is called stable if it is able to preserve its original acceleration (keep 

inertialM and inertial F  equal to zero) under any type of such perturbations. It is noted that 

for a stable system (considered as a rigid body with a known mass and gravity), a 

perturbation is also impossible in gravitational forces ( gravitational gravitational  F M 0 ), 

too. Therefore: 

 

 
 

0

10.4.3
0

inertial gravitational external

inertial gravitational external


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



 
0

0
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So, for a stable system, we need to have solutions for F  and M  in the 

following equations for any set of infinitesimal vectors externalM  and externalF : 
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On the other hand, ige  F F  and ige      M p F M  are vector 

functions of F  and M whose values are limited in the 3D space only by the NCM and 

friction constraints. Consider a sample perturbation of external forces in direction ie  , 

which results in:  ,external external external   iF F e M 0 . For such a perturbation, 

Equation (10.4.5) turns into:   0external ige   iF F e

 

. ige  iF e  is a scalar value. A 

change in this scalar value means the increasing or decreasing of ige  iF e . It is obvious 

that a solution can always be found for  ige  iF e  for all values of  externalF  as long as 

ige  iF e  (a function of  F  and M ) is not at its local minimum or maximum value (at the 

time when perturbation happens). Therefore, a solution can always be found for Equation 

(10.4.5) as long as none of the six components of  igeF  and  igeM  is at its local minimum 

or maximum value.

 
Therefore, a system is stable at a given frame of motion, if and only if none of the 

six components of its net IGE (inertial, gravity, external) forces or moments is at its local 

minimum or maximum value. 

 

10.5. Margins of Contact Stability of a Dynamic System 

Using the insight from Section 10.4, we offer a general method to evaluate the 

margins of contact stability for a system having several non-coplanar contact areas with 

the environment. However, each contact area is assumed to be rigid, flat and non-

adhesive. Similar to Section 10.4, to evaluate the margins of contact stability of the 
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system at a given frame of motion, consider the system as a rigid body (freeze all DOF of 

the system except its 6 global translation/rotation DOF).  

 

 

Now let us present our general definition for contact stability margins of a 

motion: Apply a finite amount of perturbation in the external forces/moments. Increase 

the amount of perturbation until the rigid body acquires a perturbation in its acceleration 

(a rigid body can only slip or tip in order to move). The maximum amount of perturbation 

in the external forces/moments in a specific direction before a change happens in the 

acceleration of the rigid body is referred to as the margin of contact stability of the 

system in that direction.  
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Figure 10.3. Margins of contact stability for a general dynamic system with non-coplanar contact areas 
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The system is originally affected by an arbitrary set of contact, inertial, 

gravitational and external forces whose sum is equal to zero due to dynamic equilibrium 

equations. Let us write the dynamic equilibrium equations for a sample dynamic system 

depicted in Figure 10.3 about the origin: 
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A perturbation in the external moments/forces is applied on it which is denoted by 

externalM  and externalF .  
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The system will be stable as long as it is able to preserve its original acceleration 

(keep inertialM and inertialF  equal to zero) for given values of externalM  and externalF . It 

is noted that as long as the system remains stable, a perturbation is impossible in 

gravitational forces ( gravitational gravitational   F M 0 ), too. Therefore: 
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In order to evaluate the margins of slipping/tipping stability in a specific 

direction, let us denote the magnitude of perturbation by a scalar s   and the direction of 

perturbation in the external force/moment by a unit vectors Fu  or Mu  respectively, such 

that  external s  MM u  or external s  FF u . Therefore, to evaluate the margin of 

slipping/tipping stability s  in that direction, we need to find the maximum allowable 

value for s  such that a solution exists for the following equations:  
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On the other hand, ige  F F  and ige      M p F M  are vector 

functions of F  and M whose values are limited in the 3D space only by the NCM and 

friction constraints. Therefore, the margins of dynamic contact stability against 

slipping/tipping in a specific direction  Fu  or Mu  can also be found by evaluating the 

maximum and minimum allowable amounts of perturbations in igeF  and  igeM   (as 
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functions of  F  and M ) in that direction subject to NCM and friction constraints as 

will be explained in the next section. 

 

10.6. Formulation for the Margins of Dynamic Stability 

Consider the dynamic systems that were depicted in Figures 10.1, 10.2 and 10.3. 

At any time frame of motion, there is dynamic equilibrium between the inertial, 

gravitational and external (IGE) forces and contact forces. Let igeF  and igeM  be the force 

and moment of IGE forces at the global origin.  

 

Definition 10.1:  Margins of Tipping (Falling) Stability 

We define the margins of tipping (falling) stability about the positive/negative 

directions of horizontal axes as the maximum allowable increase/decrease in  
zigeM  and 

 
xigeM , such that the reaction contact forces and moments remain possible in the real 

world, assuming that other components of igeF  and igeM  remain constant.  

We denote the margins of tipping (falling) stability about the positive and 

negative directions of the horizontal axes by:    ,
z z

  ige igeM M  and 

   ,
x x

  ige igeM M  . 
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Definition 10.2:  Margins of Slipping Stability 

We define the margins of slipping stability along the positive/negative horizontal 

axes or about the positive/negative vertical axis as the maximum allowable 

increase/decrease in  
zigeF  ,  

xigeF   and  
yigeM  , such that the reaction contact forces 

and moments remain possible in the real world, assuming that other components of igeF  

and igeM  remain constant. 

We denote the margins of slipping stability along the positive/negative horizontal 

axes by     ,
z z

  ige igeF F  and    ,
x x

  ige igeF F  . We also denote the margins of 

slipping stability about the positive/negative vertical axis by   
y

 igeM  ,
y

 igeM  . 

 

10.6.1.  Individual Contact Forces and Moments as Design Variables 

At any time frame of motion with igeF  and igeM  , a set of contact forces is 

required in order to maintain dynamic equilibrium, which means that any contact area is 

tolerating a specific net force and moment. The sum of these forces and moments should 

balance igeF  and igeM .  

When we are imposing perturbations on components of igeF  and igeM  to find the 

margins of stability, we must consider that any of the 6 components of contact forces and 

moments on any of the contact areas are allowed to change to find a solution for the 
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problem that is possible in the real world. However, in this process, the other components 

of igeF  and igeM  should be kept fixed. We offer a simple example to clarify this fact: 

Consider a 2D problem in which an avatar is in a standing position with the 

contact surfaces of its feet and the ground having areas equal to zero (its feet cannot take 

moments) as shown in Figure 10.4.a. In this 2D problem the direction of all forces are 

assumed to be up/down and direction of all moments are perpendicular to the 2D plane. 

All forces and moment symbols represent the magnitude of them and are shown as scalar 

symbols. Without any perturbation, a possible case is shown in Figure 10.4.a. With an 

increase in the global moment igeM aF  , if we do not allow any change in contact 

forces and moments, the problem will have no solution as shown in Figure 10.4.b. But, if 

we allow changes in contact forces and moments, the problem will have a solution which 

is shown in Figure 10.4.c  : 

 

2

F

2

F

0ige

ige

M

F F




a

2

F

2

F

a ige

ige

M aF

F F

 



F

a ige

ige

M aF

F F

 



Figure 10.4. Effect of allowing changes in contact forces in determination of stability margins: 
(a) A 2D avatar in the original (unperturbed) condition 

(b) Perturbed case, preventing any change in contact forces – No Solution 
(c) Perturbed case, allowing changes in contact forces - Solvable 

(a) (b) (c) 
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10.6.2. The margins of dynamic stability as linear optimization problems 

In the general case (several non-co-planar and non-horizontal contact surfaces), 

the problem of finding the margins of stability turns into solving a linear optimization 

problem as shown below: 

 Margins of Tipping Stability 

Margins of tipping (falling) stability     ,
z z

  ige igeM M  ,  
x

 igeM   and  
x

 igeM

can be found by maximizing    or minimizing    of  
zigeM  and  

xigeM  and 

subtracting them from their actual values, considering all F  and M  (contact forces 

and moments on contact areas) as design variables and the following linear constraints: 

    
 

2 2 2 2
1 2 3

1)

2)

3) 7.7.16

4)

,

z x
Remove or equation if you are maximizing or minimizing any of them

NCM Constraints on and

F F F
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which are linea



  

 

  

 

   

 


 

ige

ige

ige ige

F F

M M p F

M M

F M

3 1 3 3 2 3

3 3 3

3 3

:

5) '

,

:

(7.8.8) : i i

r functions of and

F F F and F F F
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which are linear functions of and
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     

    
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   

 

 
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 
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In the above formulation, it is good to note that the NCM constraints are also 

linear constraints in the components of F  and M . Therefore, one can use the simplex 

method to solve a general case of this problem.  

If we assume that the robot has only 1 contact area and that contact area is 

horizontal (on the ground), the above method will yield a criterion for the margin of 

tipping stability similar to the ZMP method. Here, for example we maximize  . 

Without loss of generality we can locate the global origin at the point of application of 1F  

and 1M   (p = 0 ): 

 

 
 

   

 

1

1 1

1 1
1 1 1

2 2 2 2
1 1 1

:

1)

2)
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M M
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F F
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 

     

     

 
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 

 
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M

F F F
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The above problem turns into: 

 
 

1

1 1 1 1

:

1) 2) ,

z

x z x

Maximize v Subject to

v Constant v v should bein the convex hull of contact area 
 

which is the same as finding the distance of the ZMP to the edges of the convex hull in 

the z direction (ZMP stability margins). 

 

 

 
xigeM
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 Margins of Slipping Stability 

Margins of slipping stability     ,
z z

  ige igeF F ,    ,
x x

  ige igeF F   and   ,
y

 igeM

 
y

 igeM  can be found by maximizing or minimizing   
zigeF  ,  

xigeF   and  
yigeM  and 

subtracting them from their actual values, considering all  F  and M  (contact forces 

and moments on contact areas) as design variables and the below constraints: 
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In the above formulation, it is good to note that the NCM constraints are also 

linear constraints in the components of F  and M . Therefore, one can use the simplex 

method to solve a general case of this problem.  

10.7 Summary and Conclusion 

The general NCM and friction constraints introduced in Chapter 7 play a critical 

role in the definition of stability concepts in this chapter. Based on these, we defined 

margins of tipping and slipping stabilities which are applicable for the most general cases 

of contact areas and are usable for both real problems such as in robot control or in 

simulations. We showed that the problem of finding the margins of tipping or slipping 

stability for the most general cases of contact areas turns into solving a linear 

optimization problem. 

As was noted before, the ZMP stability criteria and margins are not applicable for 

problems in which the system’s contact areas with the environment are non-coplanar. As 

it was shown in this chapter, the NCM stability concepts are applicable for systems with 

any number of contact areas with the environment, oriented arbitrarily with respect to 

each other (contact areas which are coplanar, non-coplanar, horizontal, inclined, parallel 

or non-parallel).  
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CHAPTER 11 

GENERALIZATION OF ZMP CONSTRAINT USING NCM CONCEPTS 

11.1 Introduction 

In Chapter 7, we presented a general set of constraints on the equivalent reaction 

forces and moments (the NCM and the coulomb friction constraints). The NCM 

constraints are the real reasons behind the conventional ZMP constraint as proved in 

Theorem 8.1. The conventional ZMP constraint is only applicable when the contact areas 

of the dynamic system with the environment are coplanar. In this chapter, we generalize 

the conventional ZMP constraint so that it can apply to the most general cases when we 

have non-coplanar contact areas which are horizontal or inclined and parallel or non-

parallel. However, in the general case of contact areas, it will be observed that besides the 

NCM constraints, the coulomb friction constraints also affect the ZMP constraint. The 

results obtained in this chapter will be specially useful for the simulation of motion tasks 

such as stairs climbing or uneven terrain locomotion or when the robot or the digital 

human leans against a wall. 

 

11.2. Motivation for the Generalization of ZMP Constraint 

It is essential for robots to move around the conventional human-centered 

environments that include stairs as a major terrain. But, the conventional ZMP concepts 

are only applicable in the cases where all contact areas are on the same plane. There has 

been constant research to generalize the ZMP concepts for both parallel or non-parallel 
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contact areas on different planes. However, as previously seen in Chapter 3, an exact, 

general method is still lacking to check the possibility or find the margins of stability of a 

dynamic motion in the general cases of contact surfaces. 

NCM constraints defined in Definition 7.2 are the real theoretical reasons behind 

the ZMP constraint (they require the ZMP constraint to hold as a partial result). ZMP 

constraint expresses the natural limits on the net moment of all forces, except contact 

forces (which are the inertial, gravitational and external (IGE) forces). Dynamic 

equilibrium equations indicate that the net moment of contact forces should cancel the net 

moment of all other (IGE) forces. Therefore, natural limitations on the contact forces and 

moments (NCM constraints) will impose constraints on all other forces and moments 

(ZMP constraints). So, it is in fact because of the physical limitations on contact forces 

and moments that the ZMP constraint holds true. For example, consider a case where one 

of the contact areas of a walking robot can exert unlimited range of contact forces and 

moments on the robot (for example one of its feet is strongly glued to the ground at its 

moment of contact with the ground), then there will be no need for the ZMP constraint 

because in such a case, the possible net moment of IGE forces can have any arbitrary 

value and is unlimited. Therefore, this chapter offers a more in-depth look into the 

theoretical backgrounds for the ZMP constraints. Also, in this chapter, we use the NCM 

and the coulomb friction constraints to generalize the conventional ZMP constraint so 

that it can apply to cases when we have contact areas on different (either parallel or non-

parallel) planes. In problems where the ground reaction forces and moments on 

individual contact areas are not calculated, it may still be preferred to use ZMP constraint 
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instead of NCM constraints. This generalization of ZMP constraint will benefit such 

problems where a robot should walk up the stairs or when a robot uses its hand to lean on 

the wall with its feet on the ground. 

 

11.3. Overview of  the Chapter 

Section 11.4 presents the general formula to obtain constraints on the net of IGE 

(inertial, gravitational, external) forces and moments by using the NCM constraints. In 

the special case when all contact areas are on a same plane, the formula turns into the 

conventional ZMP constraint. In a system with the most general case of contact areas, the 

equations given in that section need to be solved to see if a given motion (the IGE forces 

and moments) are possible or not in the real world.  

Section 11.5 simplifies the general formula in Section 11.4 and obtain closed form 

ZMP constraints by defining the ZMP constraint in two different ways for the general 

case of contact areas (Form I versus Form II ZMP-Like constraints). 

Conventional ZMP constraint checks the possibility of IGE moments about the 

two horizontal axes and does not care about the moment about the vertical axis. For the 

general case of contact areas, all the axes become significant. Therefore, it is possible to 

define ZMP constraints in either 2D or 3D, for them. 

Section 11.6 offers formulas for the 2D ZMP-like constraints for systems with 

non-coplanar but parallel contact areas. 
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11.4. Possibility of IGE Forces and Moments in the Real World in 
the Most General Case of Contact Areas 

Based on the discussion in Section 8.6.1, in some problems (where GRF on 

individual contact areas are not calculated), it may still be preferred to use ZMP 

constraint. In those problems, the role of ZMP constraint is to limit the two horizontal 

components of igeM  (ZMP being inside the convex hull Total  ) such that in the next step 

it will be possible to find unilateral reaction forces and moments on contact areas α  to 

cancel them.  

As indicated before, NCM constraints are applicable for non-coplanar contact 

areas (either horizontal or inclined or parallel or non-parallel) while ZMP constraint is 

applicable only if all contact areas are on a same plane. But, the real reasons behind the 

limits on igeM  (ZMP constraint) arise from the NCM constraints (non-adhesiveness of 

contact areas). The theoretical basis of ZMP constraint can be derived from NCM 

constraints as shown in Theorem 8.1. Therefore it is possible to develop constraints on 

igeF  and igeM  (similar to ZMP) for cases where NCM constraints apply but the ZMP 

constraint does not apply (non-coplanar contact areas). This will be helpful in problems 

in which GRF on individual contact areas are not calculated as indicated in the previous 

paragraph. 

In the most general case of contact areas (either horizontal or inclined or parallel 

or non-parallel or co-planar or non-coplanar), the following system of equations needs to 

be solved to check whether a specific igeF  and igeM  (the net force and moment of IGE 

forces at the global origin point) for a dynamic system are possible in the real world: 
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 

   
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In the above system of equations, the unknowns are  F  and M for each contact 

area. This system of equations needs to be solved. If a solution exists for  F  and M , 

then the  and  in question are possible for the dynamic system in the real world. 

The above problem is actually directly borrowed from Section 10.4. In that section, we 

found the margins of stability by maximizing or minimizing some components of  

and  . Here, we just check the possibility of a given  and  in the real world. 

As an approximation, we replace items (4) and (5) in Equations (11.4.1) by simpler 

constraints which are linear functions of F  and M  : 
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(7.8.8))

 

In the above formulation, it is good to note that the NCM constraints (7.7.16) are 

also linear in the components of F  and M . So, one can check the possibility of a set 

igeF igeM

igeF

igeM igeF igeM
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of  and  for a dynamic system in the real world by checking whether there exists 

a solution for this linear system of equations. This should take a very short time and 

therefore, this check can be done at each iteration in a larger nonlinear optimization 

problem.  

In this section, we have presented the most general method for checking the 

satisfaction or violation of the ZMP constraint. That is, in the most general cases of 

contact areas, for each case, the system of equations given in (11.4.1) or the approximate 

linear forms in (11.4.2) needs to be solved to see if the  and  in question are 

possible in the real world or not. Finding closed form solutions for these problems is a 

mathematical problem of finding the boundaries of vector functions subject to equality 

and inequality constraints. In the literature, the most related field of research that 

investigates such a problem is the field of “Finding the boundaries of workspace for 

robots”. Examples of papers in this field can be seen in Haug (1996), Abdel-Malek 

(1999), Hariri (2005).  

In the rest of this chapter, we will find closed form solutions (find ZMP 

constraints) for special cases of these problems. These special cases include cases where 

contact areas are not coplanar, but are parallel, such as in stairs climbing or almost 

parallel, such as in locomotion over uneven terrains. 

 

igeF igeM

igeF igeM
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11.5. Using NCM Constraints to Generalize the ZMP Constraint 

In this section, we try to simplify the general problem proposed in Section 11.4. 

In subsequent sections, we will use this simplified problem in order to find allowable 

ranges of igeF  and igeM  for which solutions for F  and M exist. In other words, we try 

to use NCM constraints and friction constraints for all the contact areas and develop 

ZMP-Like constraints for general cases. By ZMP-Like constraints, we mean constraints 

that specify the possible ranges for igeF  and igeM  in contrast to NCM constraints which 

specify possible ranges for individual contact forces and moments.  

Consider the general problem of several inclined and non-coplanar contact areas 

in Figure 11.1. This figure is a more detailed version of Figure 7.1 in Chapter 7. 

However, in Figure 11.1 and in the rest of this chapter, we choose the location of F  and 

M  for each contact area to coincide with the NCM point location for that contact area. 

This will not decrease the generality of the solutions obtained for IGE forces and 

moments and so for the ZMP-Like constraints; but it will simplify the equations for igeF  

and igeM  . Therefore, in the rest of this chapter, and wherever the locations of F  and 

M  are chosen at the NCM point, F  and M  are in fact the NCM force systems for 

those contact area and we shall have: ' M M . In Figure 11.1 consider the local frame 

α1 α2 α3e , e ,e  corresponding to contact area  α  (similar to Figure 7.1). Denote the global 

location of the origin of that local frame by αo . Denote the local position of the NCM 

point in that local frame by αv  and its global location by αw . The global dynamic 

equilibrium equation about origin is: 
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Figure 11.1. A schematic of the general problem 
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The constraints on forces and moments due to the non-adhesiveness of each 

convex hull  α  are: 
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Let us also consider the following set of definitions: 
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Considering (11.5.1), (11.5.4), (11.5.5), (11.5.6) and (11.5.7), we define two 

different forms for the ZMP-Like constraint problem as shown below: 
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The design variables for both Form I and Form II are  F  and M  according to 

the original form of the problem in Equations (11.4.1) or variables that depend on  F  and 

M  as will be seen in next sections. Also, the allowable ranges for igeM  in both forms 

should be found subject to the following constraints: 
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Finding a solution to Form I is equal to finding a solution to Form II by ignoring 

constraint (11.5.10a). Therefore, it is always easier to find a solution for Form I compared 

to Form II. Also, note that in the conventional ZMP constraint, we actually find ranges 

for ige M k  and ige M i   (considering  k, i, j  as  1 2 3e ,e ,e ). In that problem the 

solutions to Form I and Form II will be the same and equal to the solution of the 

conventional ZMP problem. Because in such a case, the constraint will be independent of 

the values for 1  and 2  . That is because all contact areas are on a same plane in a 

conventional ZMP problem and the frictional forces produce no moment about z or x 

axes. Unfortunately, this is only true for the conventional ZMP problem. But in any case, 

it is obvious that the solution to Form I will be the union of all possible solutions to Form 

II for all possible values of .igeF  We will discuss the importance of solving both Form I 

and Form II in each of the next sections separately.  

 

11.6. The 2D ZMP-Like Constraint for the Case of Non-Coplanar 
but Parallel Contact Areas 

In the case of several non-coplanar, but parallel contact areas, the problem is 

easier to solve. So, we consider this case first. In this case, because all the planes are 

parallel, without any loss of generality, we can assume that all the 3 axes of all the local 

coordinate frames are parallel. We also define an additional reference frame 1 2 3e ,e ,e  with 

its origin coinciding with the origin of the global coordinate frame. Its unit vecrors are 

parallel to those of all the local coordinate frames. Therefore, we have  
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1 α1 2 α2 3 α3e = e ,e = e ,e = e  for all values of α . We also define a plane   that passes 

through the global origin with the unit vector 3e  perpendicular to it. We define the ZMP 

as a point on plane   where the moments about planar axes 1 2,e e  are zero. We first find 

the “Form I, ZMP-Like Constraint” for this case. In this form, the allowable locations of 

the ZMP denoted by z  will be restricted by the following equation: (for simplicity of 

explanations in this problem, without loss of generality, assume local origins are located 

in positions such that 3 3 1 2 0o o o     αo e ) 
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As indicated before, to find a solution for the “Form I, ZMP-Like Constraint” (all 

possible values of igeF ), we just need to ignore constraint (11.5.10a). Considering 

(11.5.10c), (11.5.10d) and (11.5.10e), the locus of αv  is equal to  α  (according to the 

NCM constraints). The locus of  3o f  αfe   is achieved by sweeping f  and αfe  in 
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their allowable ranges which is a disc of radius 3o   . Therefore, the locus of 

 3o f α αfv e  in the global coordinate frame is the projection on plane   of the 

swept area of a disc of radius 3o   on  α  while the center of the disc covers all the 

points inside the convex hull  α  . Therefore, the locus of  3o f α αfv e  is the convex 

hull of  α  with discs of radii 3o   located at all of its corners. z  according to Equation 

(11.6.1) is the locus of all possible weighted averages of  3o f α αfv e  . Therefore, 

according to Lemma 8.1, the locus of z  is exactly the collection of all the points inside 

the convex hull of all the projections of contact areas  α  on plane   with each contact 

area including a disk on each of its corners of radius 3o  . We call such a convex hull by 

the name Area  .  

An approximate shape of Area   is shown in Figure 11.2 for a stairs climbing 

case with two rectangular contact areas (two feet) and horizontal stairs. A value 0 .5   

and other relative sizes in the figure are used for deciding the radius of the disks that are 

drawn in the Figure 11.2. The coefficient of friction of shoe with the ground has been 

reported to range from 0.3 to 2 with 0.6 for a cinder track and 1.5 for grass (Jenkins, 

2005). Therefore, the sizes of such disks are normally relatively large compared to the 

original sizes of contact areas. The exact calculated sizes for Area   will be shown later 

in Figures 11.6, 11.7, 11.8, 11.10 for their corresponding problems. Figure 11.3 shows a 

shape of Area   for the case of a robot having 3 arbitrary contact areas, one on plane   

and the other two at arbitrary heights (having non-zero values of 3o ). 
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Definition 11.1: Form I, 2D, ZMP-Like Constraint for Parallel Contact Areas 

For a dynamic system that has parallel contact areas with the environment, the 

Form I, 2D ZMP-Like constraint states that the following two statements are equivalent: 

1- There exist possible values of  1 2,   for which the values for 1ige M e  and 

2ige M e  are possible in the real world.  

2- The ZMP is inside Area    

We will compare the significance of the Form I and Form II ZMP-Like 

constraints at the end of this section. 

 

Area

1
2

Plane

1

2

Figure 11.2. Area   for a stair climbing case 

Figure 11.3. Area   for 3 arbitrary contact 

Area

Plane
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Now, we try to find the “Form II, ZMP-Like constraint”. Starting from Equation 

(11.6.1), we need to consider the constraint set (11.5.10) in order to find the allowable 

locations of the ZMP z  . In this work, we only find the “Form II, ZMP-Like constraint” 

for the case of 2 contact areas and leave more general cases for future research. In such a 

case, Equation (11.6.1) along with constraints (11.5.10) are: 
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Therefore, the problem is simplified into: 
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For two contact areas, without loss of generality, we can locate the global origin 

on the plane of convex hull 1 ( 13 0o   ). Therefore, we have: 



  

 

307

 

 
 

 

 
 

   
   

1 11 1 211 11 2 21

1 12 2 22 1 12 1 22

23 1 2 223 2 2 2

23 1 2 223 2 2 2 2

11.6.8

:

1
11.6.9

1

1

1

Find the area swept by

Where

rv r vrv r v
r

rv r v rv r v

o r f Coso r f Cos

o r f Sino r f Sin



  

  

 

                
          
     



v f

v α

f

z z z

z v

z  

       
       

 
     

 

1 1 1 1 2 2 1

1 1 1 1 2 2 2

1 2 1

11 12 1 21 22 2

11.6.10

1 11.6.11

1 11.6.11
11.6.11

0 1, 0 1, 0 1 11.6.11

, , , 11.6.11

r f Cos r f Cos a

r f Sin r f Sin b
Subject to

f f r c

v v inside v v inside d

   

   


    

 
    

 
      

     

In this problem, we find the area swept by z  for fixed values of  1  and 2  while 

1r  changes between 0 and 1. Initially, let us find the area swept by z  for a fixed value of 

1r . In the next step, we shall sweep 1r  between 0 and 1 to find the total area swept by z  . 

Therefore, the variable parameters will be    1 2 11 12 21 22, , , , ,f f v v v v . From the above 

equations, it is observed that vz  only depends on    11 12 21 22, , ,v v v v  and fz  only depends 

on 1 2,f f . Therefore, to find the total area swept by z , we can find the areas swept by vz  

(denoted by Area v  ) and fz  (denoted by Area f  ) separately and then add them by 

adding the location of each point of Area v  to each point of Area f  . This can be done 

by sweeping Area f  over each point of Area v  which shall be shown and discussed 

later. We first find the area swept by vz  (denoted by Area v  ): 
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 
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1 11 1 21
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21 22 2

1
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1

, 11.6.13
11.6.13

, 11.6.13

rv r v
Find the area swept by

rv r v

v v inside a
Subject to

v v inside b

     
   

  
 

  

vz

 

In fact, if we sweep 1r  from 0 to 1, the area swept by vz will be the convex hull of 

1  and 2 . In a conventional ZMP problem, fz  is equal to zero and this will be the area 

swept by z  (similarly, the conventional ZMP constraint states that the convex hull of the 

two contact areas is the allowable locations of the ZMP). But, in this more generalized 

problem, we need the area swept by vz  for a fixed value of 1r . 

However, the problem indicated for finding Area v  corresponding to a specific 

value of 1r  indicated by Equations (11.6.12) and (11.6.13) is exactly the same as the 

problem of finding Area 
2r

   for a specific value of 2 11r r   . In Section 8.4, it was 

proved that the Area 
2r

   for a specific value of 2 11r r   can be found using the 

following procedure: 

  

For two general polygons 1  and 2 , 
2r

  can be found by the following procedure: 

1- Consider  11 12,v v  to be fixed on a corner E  of polygon 1 . Vary  21 22,v v  on all 

corners of polygon 2  and plot the locations of vz  denoted by iD . 

2- Draw copies of area 1  scaled by 1r  with corner E  located at all points iD . 

3- The area swept by vz  (denoted by Area v  ) will be equal to the convex hull of 

all the areas drawn in step 2. 
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Example 11.1: Constructing Areas v  for Two Contact Areas: a Pentagon and a Triangle 

Consider area 1  to be a pentagon and area 2  to be a triangle located at positions shown 

in Figure 11.4. The corresponding Areas v  for different values of 1r  are shown: 

        

 

 

Now, we find the area swept by fz  : 
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Figure 11.4. Constructing Areas v  for different values of 1r  for two contact areas 
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Therefore: 
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Inequality (11.6.16) constrains fz  to be inside a disk of radius  23 11o r   

centered at the origin. Inequality (11.6.17) constrains fz  to be inside a disk of radius 

23 1o r  centered at  23 1 23 2,o o   . Therefore, the area swept by fz  (allowable values for 

fz ) is the intersection of these two disks which we denote by Area f . 

The area swept by fz  depends on the values of 1 2 1 23, , , ,r o    which are all 

fixed values except for 1r  which is temporarily fixed, but will be swept later between 0 

and 1 to find the total area swept by z . The shapes for Areas f  for some fixed values 

of 1 2 1 23, , , ,r o    are shown in Figure 11.5.  
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Now remember that  v fz z z . As indicated before, to find the total area swept 

by z  which we denote by Area  , we should add the location of each point of Area v  

to each point of Area f  . This can be done by sweeping Area f  over each point of 

Area v . Assuming Area v  to be a polygon with n corners (see Figure 11.4), Area   

can be constructed by choosing a desired step value 1 1r   and using the following 

procedure: 
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Algorithm 11.1: 

1- Let 1 0r   

2- Draw v  as described before (see Figure 11.4) 

3- Select the suitable shape of Area f  from (a figure similar to) sample Figure 

11.5. 

4- At each corner of Area v  , locate a copy of Area f  such that the origin of the 

coordinate system in Figure 11.5 coincides with the corner. 

5- Let 1 1 1r r r   . If 1 1r   then go to step 2. 

6- The area swept by z  which we denote by Area   will be the convex hull of all 

the copies of Areas
 f  drawn in the previous steps. 

 

 

Definition 11.2: Form II, 2D, ZMP-Like Constraint for Parallel Contact Areas 

For a dynamic system that has parallel contact areas with the environment, at each 

instant of motion the values for 1  and 2  are known. The Form II, 2D ZMP-Like 

constraint states that the two below statements are equivalent: 

1- The values for 1ige M e  and 2ige M e  are possible in the real world.  

2- The ZMP is inside the Area   that corresponds to those values of 1 2,  .  
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A program in Visual Basic has been written by the authors, which: 

1-  Plots Area   by sweeping all the variable parameters in their allowable ranges 

using several nested For-Next loops and If-Then statements (for checking 

inequality constraints) and assignments (for imposing equality constraints) to find 

the location of z  for each combination of possible values of variables and 

plotting a single point at that location. 

2- Draws Areas
 f  using the procedure described in Algorithm 11.1. It is observed 

in the results that Areas
 f  drawn in this step exactly define the boundaries of the 

area swept by z  (Area   )  in Step 1. This can be considered as a validation for 

the accuracy of the procedure described in Algorithm 11.1. 

 

This program currently assumes that contact areas 1  and 2  are both parallel 

rectangles of same sizes. For a stair climbing case shown previously in Figure 11.2, 

assume that contact areas 1  and 2   have same lengths of 0.2 meters and widths 0.05 

meters with the distance between their centers in the forward and sideways directions 

equal to 0.3 and 0.15 respectively. Areas   are plotted by this program for the same 

values of parameters as in Figures 11.5.a and 11.5.b and are shown in Figures 11.6 and 

11.7 respectively. As it is seen from these figures, Areas
 f  that are borrowed from 

Figures 11.5.a and 11.5.b and drawn according to Algorithm 11.1 in Figures 11.6 and 

11.7, exactly define the boundaries of the area swept by z  (Area   ) which confirms the 

validity of Algorithm 11.1. 
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Figure 11.7. Shapes for Area   (dark yellow) and Area 
 
(green) for 

23 1 20.2, 0.5, 0.2, 0.4o         . Areas f  are the same as calculated in Figure 11.5.b. 

Area

Area

Figure 11.6. Shapes for Area   (dark yellow) and Area   (green) for 

23 1 20.2, 0.5, 0.2, 0.1o         . Areas f  are the same as calculated in Figure 11.5.a. 

Area

Area
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Figure 11.8. The conventional ZMP area (red) is shown in (a). Shapes for Area   (dark yellow) and Area 
 (green) for different values of 23 1 2, , ,o     are shown in figures (b) to (h). In (b) to (e), we have 

23 0.2, 0.5o    and (b) 1 20.32, 0.32      , (c) 1 20, 0.4     , (d) 

1 20.4, 0     , (e) 1 20, 0      .  In (f) to (h), we have 23 0.2, 1o    and (f) 

1 20, 0     , (g) 1 20.4, 0.5      , (h) 1 20.7, 0.5        . 

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Conventional ZMP Area



  

 

316

 

 
For a more clear explanation of how the non-coplanarity of the contact areas can 

transform the conventional ZMP area and turn it into Area   and Area   , consider the 

avatar shown in Figure 11.9. It has 4 separate contact areas with the environment. Its two 

feet soles are on the ground. Its two hand palms have contact with a rigid and unmovable 

table. The origin is assumed to be located on the ground and therefore the plane   will 

be the ground. The value for 3o  for the 2 contact areas on the hand palms will be equal 

to the elevation of the table. Consider respectively 1   and 2  as the contact areas of the 

feet with the ground and the hands with the table. Assume that 1   and 2  are rectangles 

having same lengths of 0.15 and widths 0.4 with the distance between their centers in the 

forward and sideways directions equal to 0.05 and 0 respectively. Let 23 1.2o   (height of 

the table) and 0.5   (coefficient of friction). The shapes of Area   and Area   for 

different values of 1  and 2  are shown in Figure 11.10. 

Origin 

Figure 11.9. Avatar having non-coplanar contact areas

1e

2e
3e
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The radius of the disks on the corners of the contact areas 1   and 2  in Area 

will be equal to 3o   which is 3 0.6o    at its hands ( 2  ) and zero at its feet ( 1  ). 

Now, let us show Area   and Area   in their real positions in the world. Consider the 

avatar in a static posture without external loads. In that case, we shall have 1 20, 0     

and the corresponding Area   and Area   were shown in Figure 11.10.b. Also, in such 

a case, the location of the ZMP will be the projection of the avatar’s center of gravity on 

Figure 11.10. The conventional ZMP area (red) is shown in (a). Shapes for Area   (dark yellow) and 
Area   (green) for 23 1.2, 0.5o    and different values of 1 2,   are shown in Figures (b) to (f). 

Values of 1 2,   in each figure are: (b) 1 20, 0     , (c) 1 20.25, 0.2     , (d) 

1 20.25, 0.35     , (e) 1 20.45, 0.1       , (f) 1 20.1, 0.45       . 

(a) (b) (c)

(d) (e) (f)

Conventional ZMP Area

2Corners of 
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the ground (plane  ). For this case, Area   and Area    are borrowed from Figure 

11.10.b and are shown in their real positions in the world in Figure 11.11. 

If it was not for the elevation of the table ( 3o ) or for the friction forces at the 

palms (   ) Area   and Area   would have been equal to the conventional ZMP area as 

shown in Figure 11.10.a. The ZMP would have been out of both Area   and Area   and 

the posture shown was impossible (zero acceleration was impossible), and the avatar 

would have to have an acceleration (have to be falling) in such a situation. But due to the 

elevation of the table and the existence of friction, Area   and Area   are different 

from the conventional ZMP area and the avatar is able to lean back without falling.  

Finally, we summarize the benefits of Form I (Area  ) vs. Form II (Area   ) 

ZMP-Like constraints (see Definitions 11.1, 11.2 and Figures 11.8, 11.10) : 

ZMP 

Center of Gravity

Figure 11.11. Avatar being able to lean back without falling due to non-coplanar contact areas 

Origin 
1e

2e
3e AreaArea
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The significance and the benefits of the Form I ZMP-Like constraints are: 

1- Similar to the conventional ZMP constraint, the shape of Area   only depends on 

the shape and location of contact areas and does not depend on the value of igeF  . 

2- It is much easier to construct Area    compared to Area    

3- If the ZMP is outside Area    , we can conclude that the motion is impossible in 

the real world for all 1  and 2  ( igeF  ) according to Definition 11.1. 

4- It is the union of all Areas   for all possible values of igeF  in the real world. 

The weak aspects of Form I ZMP-Like constraints are: 

1- If the ZMP is inside Area   , we cannot be sure whether the values for 1ige M e  

and 2ige M e  are possible or not for the current igeF . We can just be sure that there 

exist values of igeF  ( 1  and 2  ) for which they are possible in the real world. 

The significance and the benefits of Form II ZMP-Like constraints are: 

1- We can be sure whether the values for 1ige M e  and 2ige M e  are possible or not for 

the current igeF  based on the ZMP being inside or outside Area    

The weak points of Form II ZMP-Like constraints are: 

1- Unlike the conventional ZMP constraint, the shape of Area   does not only 

depend on the shape and location of contact areas. It also depends on the value of 

igeF  ( 1 2,   ). It means that unlike the conventional ZMP constraint, the shape of 

Area   changes for different accelerations or different external forces. 

2- It is much harder to construct Area    compared to Area   
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If we assume all the contact areas to be coplanar, the Form I and Form II ZMP-

Like constraints will both become same as the conventional ZMP constraint and also 

independent of 1 2,  . Area   and Area    will both be equal to the convex hull of all 

contact points. That is because we shall have 3 0o   for all contact areas and the value 

of z  (location of ZMP) in Equation (11.6.1) will be independent of the frictional forces. 

In other words that is because in a conventional ZMP problem, the frictional forces 

produce no moment about planar axes ( 1 2,e e ). 

The ZMP-Like constraints given in this section can be used to check the 

possibility or find the margins of stability of robot motion in robot control problems in all 

cases where we have one or more contact areas on several inclined or horizontal planes as 

long as all planes are parallel such as when a robot wants to climb stairs (either horizontal 

stairs as in Figure 11.12.a or inclined but parallel stairs as in Figure 11.12.c) or for 

example, when the hand of a robot has contact with the surface of a table parallel to the 

inclined ground as shown in Figure 11.12.b.  

 
Figure 11.12. Samples of the applicability of the proposed ZMP-Like constraints in the analysis of motions: 

(a) Horizontal stairs (b) Parallel external contact areas (c) Inclined stairs

(a) (b) (c) 

Origin 1e

2e3e
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11.7. ZMP-like Constraints in the General Case of Non-Coplanar, 
Inclined Contact Areas 

In general, deriving the range for igeM   for the Form I or Form II ZMP-Like 

constraints defined by (11.5.8) and (11.5.9) is the mathematical problem of finding the 

boundaries of vector functions subject to equality and inequality constraints. In the 

literature, the most related field of research that investigates such a problem is the field of 

“Finding the boundaries of workspace for robots”. Examples of papers in this field can be 

seen in Haug (1996), Abdel-Malek (1999), Hariri (2005). We leave the usage of these 

general approaches for Finding ZMP-Like constraints as the future topic of research. 

However, we have already presented the most general method for checking the violation 

or satisfaction of the ZMP constraint or finding the ZMP stability margins. That is, in the 

most general cases of contact areas, for each case, the system of equations given in 

(11.4.1) or the approximate form that is linear in unknowns (11.4.2) needs to be solved to 

see if for the  and  in question are possible or not (They are possible if and only 

if there is a solution for the system of equations). Also, to find tipping or slipping stability 

margins in the most general cases, the method in Section 10.6 can be used. 

 

 

11.8. Summary and Conclusion 

In this chapter, we presented a general formulation to check the possibility of a 

given motion (with a given  and ) which can replace ZMP constraint for systems 

igeF igeM

igeF igeM
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with any general case of environmental contact areas. The general formulations for 

finding closed form solutions that resemble the form of the conventional ZMP constraint 

were also presented. For systems with non-coplanar contact areas (unlike coplanar), the 

suggested ZMP constraints are dependent on frictional elements. The actual closed form 

solutions were calculated and depicted which are equivalent to the ZMP constraint for the 

cases of parallel contact areas. These are new results because the conventional ZMP 

constraints are only applicable to cases of coplanar contact areas. A new software was 

also developed which finds these new constraints numerically and compares them with 

analytical results in order to validate the suggested method.  
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CHAPTER 12 

SUMMARY, CONCLUSIONS AND FUTURE RESEARCH  

12.1 Summary and Conclusions 

 Part I – Background of Research: 

Part I of this work consisting of Chapters 1, 2 and 3 included the introduction and 

background material for this research: 

In Chapter 2, we introduced the basics of the predictive dynamics method. It was 

shown that the kinematic and dynamic calculations can be performed with complete 

mathematical certainty, if and only if the ratios for the partitioning of environment 

contact forces are given (if all the external forces are known in the general sense). 

However, this is not true for a digital human, if it has more than one contact area with the 

environment. In that case, the equivalent ground reaction force and moment exerted on 

each contact area of the digital human with the environment are indeterminate.  

Chapter 3 was a review of the ZMP concepts existing in the literature by using a 

simple example. It was shown that in the real world, the ZMP constraint is never violated 

during any motion of a dynamic system including unstable or falling motions. It was also 

shown that ZMP stability margins and stability criterion are very different from the ZMP 

constraint and their role is to evaluate the stability of a given motion. Some conclusions 

were as follows: 

1- The ZMP constraint transforms two equations of the general dynamic 

equilibrium (out of the 6 force and moment equilibrium equations for the 

whole system) into inequalities by removing from the equations the contact 
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forces acting on the system. These equations represent the dynamic 

equilibrium of all the moments exerted on the whole system about the 

horizontal axes. 

 

2- The ZMP constraint specifies the range of values for the tipping (horizontal) 

components of the net moment of the IGE forces (about any fixed point such 

as the origin) that are possible in the real world for a dynamic system. 

 

 Part II- ZMP Method: 

Part II of this work consisting of Chapters 4, 5 and 6 was a study of the ZMP 

method for modeling environmental contact: 

Chapter 4 presented a theoretical study of the ZMP method. It presented an 

important theorem (Theorem 4.1) which showed the relation between the ZMP constraint 

and the unilaterality of ground reaction forces. It was shown that an additional constraint 

requiring the vertical component of the IGE forces to be downwards needs to be imposed 

besides the ZMP constraint to ensure the unilaterality of ground reaction forces.  

Theorem 4.1 shows that the ZMP method used in predictive dynamics is a legitimate 

method for producing motions that are possible in the real world. However, an 

assumption was used for the calculation (partitioning) of ground reaction forces in the 

ZMP method which was not mathematically proved and was based on observations from 

limited experimental data. This assumption was partially evaluated in Section 4.6 to show 

its backgrounds and was further evaluated in Section 7.10 to show its defficiencies. In 
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that chapter, the ZMP concepts in predictive dynamics were also used to design general 

algorithms which modeled the exact changes of the transient ground contact areas during 

the motion and calculate ground reaction forces for modeling tasks in the predictive 

dynamics environment. 

In Chapter 5 and 6, the modules based on the ZMP method introduced in Sections 

4.3 and 4.4 are used to model the motion of a human (soldier) performing several military 

tasks: aiming, kneeling, going prone and aiming in prone position. To model the dynamic 

tasks, new methods in collision avoidance were used which appear in Appendix A. In 

Appendix A, we presented new theorems on optimization-based collision avoidance that 

use other finite primitives besides the conventional spheres to model objects or limbs. 

This new capability was needed to model self and environment collision avoidance in this 

research.  

 

 Part III- NCM Method: 

Part III of this work consisting of Chapters 7 to 11 was a study of the NCM 

method for modeling environmental contact: 

Chapter 7 was a theoretical chapters in which we introduced the new concept of 

Normal Contact Moment (NCM) point and constraints for each of the contact areas with 

the environment. This chapter presented a general set of constraints on the equivalent 

reaction force systems (forces and moments) of non-adhesive contact areas by defining a 

point called NCM point. That general set of constraints was composed of NCM 

constraints and some suggested constraints on the frictional forces and moments which 
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use the NCM point definition. The NCM constraints are necessary and sufficient for 

modeling the unilaterality of distributed contact forces. Therefore, the unilaterality of 

distributed contact forces can be modeled completely by the NCM constraints. Based on 

the NCM point location, we presented new constraints on the frictional contact moment 

of a contact area. NCM constraints along with those proposed coulomb friction 

constraints can completely model the non-adhesiveness of a contact area. 

Chapter 8 was another theoretical chapter in which (NCM) constraints were 

compared to the ZMP constraint. This chapter presented a relationship between the 

location of the ZMP and NCM points for the case of coplanar contact areas. Based on 

that, the following conclusions were made: 

1- ZMP constraint is just a result of NCM constraints and is weaker than them. 

So, the ZMP constraint cannot ensure that calculated GRF in the ZMP method 

are possible in the real world. NCM constraints need to be used to ensure that. 

2- The linear, uniform partitioning assumption used in the ZMP method in fact 

causes all the calculated GRF except maybe one to have values that are 

mathematically impossible in the real world.  

3- The experimental data support the ZMP method only for the ratio of the 

vertical component of GRF (not for the remaining 5 components). This is just 

a logical physical phenomenon that would have resulted automatically, if the 

NCM constraints had been used (it is embedded in the NCM constraints). 

4- ZMP constraint applies only to the cases in which the system’s contact with 

the environment is in one plane only. Unlike ZMP constraint, NCM 
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constraints are applicable for the most general cases of contact areas (coplanar 

or non-coplanar contact areas which are horizontal or inclined or parallel or 

non-parallel). 

 

In Chapter 9, the previous military tasks modeled in Chapters 5 and 6 by using the 

ZMP method are remodeled using the NCM method and the results are compared. In that 

chapter, we introduced algorithms that re-partition the GRF values obtained by the ZMP 

method such that the values are possible in the real world (satisfy the NCM constraints). 

As an example, the algorithm was implemented for the “Going Prone” task and a 

previously simulated “Walking” task. The conclusions were: 

1- It was proved mathematically in Chapter 8 and validated in Chapter 9 that:  

At least one component of the calculated GRF is impossible in the real world 

for all ground contact areas, except may be for one contact area in the ZMP 

method. 

2- It was proved mathematically in Chapter 4 and validated in Chapter 9 that: 

Satisfaction of ZMP constraint ensures that it is possible to find unilateral 

contact forces on the given contact areas to cancel the given IGE forces for the 

dynamic system. That is because we could find GRF that are possible in the 

real world by re-partitioning them. 

3- The torques obtained after re-partitioning seem to be lower than the original 

torques. However, the optimality of the initial motion from the ZMP method 

seem to stay almost unaffected after re-partitioning. Therefore, although the 
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motion obtained in the ZMP method is possible and almost optimal, the GRF 

need to be re-partitioned in order to obtain realistic values. 

4- The re-partitioning (NCM method) does not ensure that the re-partitioned 

GRF are optimal or match the experimental data. These issues also depend on 

the original simulation and the constraints used there to predict a motion task. 

However, it seems that the results of the re-partitioning for the walking task 

considerably improved similarity of the GRF ratios with the experimental 

data.  

 

In Chapter 10, we introduce the NCM stability margins. we defined margins of 

tipping and slipping stabilities which are applicable for the most general cases of contact 

areas and are usable for both real problems such as in robot control or in simulations. We 

showed that the problem of finding the margins of tipping or slipping stability for the 

most general cases of contact areas turns into solving a linear optimization problem. The 

ZMP stability criteria and margins are not applicable for problems in which the system’s 

contact areas with the environment are non-coplanar. As it was shown in this chapter, the 

NCM stability concepts are applicable for systems with any number of contact areas with 

the environment, oriented arbitrarily with respect to each other (contact areas which are 

coplanar, non-coplanar, horizontal, inclined, parallel or non-parallel).  

In Chapter 11, the NCM constraints are used to generalize the ZMP constraint. In 

this chapter, we presented a general formulation to check the possibility of a given 

motion which can replace ZMP constraint for systems with any general case of 
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environmental contact areas. The general formulations for finding closed form solutions 

that resemble the form of the conventional ZMP constraint were also presented. The 

actual closed form solutions were calculated and depicted for the cases of parallel contact 

areas. A new software was also developed which finds these new constraints numerically 

and compares them with analytical results in order to validate the suggested method. 

 

12.2 Future Research 

Currently, two separate optimization problems are solved to achieve the 

predictive dynamics results. In the first optimization problem (ZMP method), the design 

variables are only the joint angle profiles. In the second optimization problem (NCM 

method), the joint angle profiles are prescribed values borrowed from the ZMP method 

and the indeterminate equivalent ground reaction forces and moments are the only design 

variables. As a result this procedure only applies to tasks where environmental contact 

areas are coplanar. 

As future research, the NCM method can eventually enable the modeling of tasks 

in the predictive dynamics environment in which the contact areas are non-coplanar. In 

that case, the ZMP method and constraints should be completely abandoned. The 

alternative method will be to solve a single, more complicated optimization problem in 

which the design variables are the joint angle profiles and the indeterminate equivalent 

ground reaction forces and moments at the same time. Environmental contact definitions 

should be more general and include the position and orientation of environmental contact 
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planes. Generalizations in the calculations of gradients with respect to new additional 

design variables will also be necessary. NCM constraints should be used to solve the 

problem (which ensure ZMP constraint to hold for the coplanar case of contacts). 

The benefit of the alternative method is that: 

A- It will be applicable to systems with any arbitrary case of contact areas with 

the environment (coplanar or non-coplanar contact areas which are horizontal 

or inclined or parallel or non-parallel). 

B- Friction constraints can be imposed with any desired coefficient of friction. In 

the current method, in the second optimization, they are set equal to values 

that were required to generate the motion using the ZMP method (in the first 

optimization). 

C- In the current method, the motion is prescribed in the second optimization and 

is unaffected by the NCM method. In the alternative method, the motion will 

also be affected by the NCM method. 

 

The major drawbacks of the alternative method are: 

A- We will have a lot more number of design variables than the current method 

(6*(number of contact areas-1) new design variables at each time grid point). 

B- The partitioning of GRF is performed subject to all the unnecessary 

constraints which only depend on the kinematics and are independent of the 

GRF partitioning. 



331 
 

 

The above issues may seriously slow down the convergence rate and affect the 

efficiency of the optimization procedure. 

 

Future research can also include enhancement of the proposed theorems and 

implementations (task simulations). Several examples are stated below: 

1- It is still possible to generalize the ZMP constraints and validate the results 

further than the current stage. Finding the closed form solutions for ZMP 

constraint problem is the mathematical problem of finding the boundaries of 

vector functions subject to equality and inequality constraints. In the literature, 

the most related field of research that investigates such a problem is the field 

of “Finding the boundaries of workspace for robots”. Examples of papers in 

this field can be seen in Haug (1996), Abdel-Malek (1999), Hariri (2005). 

2- Refinement of motion tasks, which include, but are not limited to: 

A- Testing the “Minimum Movement (Displacement)” performance measure, 

developed by the author of the thesis. 

B- Decreasing the number of design variables in the motion tasks. (General 

modules for decreasing the design variables are developed and initial 

implementation has been done for “Aiming While Standing”.) 

C- A more complete validation of the simulated dynamic tasks. (Validation 

for “Going Prone” is completed but for the other dynamic tasks, only their 

predicted NPOA (natural point of aim) is validated.) 
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3- Derviving closed form solutions for the proposed NCM contact stability 

criteria and stability margins for systems with non-coplanar contact areas with 

the environment. 
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APPENDIX A 

OPTIMIZATION-BASED COLLISION AVOIDANCE USING SPHERES, FINITE 

CYLINDERS AND FINITE PLANES  

A.1 Introduction 

A digital human must avoid the collision of the body segments with other non-

adjacent body segments as well as with the objects in the environment while performing a 

task. In this appendix, we develop mathematical models for constraints that can avoid 

these collisions. The digital human body segments and the obstacles in the environment 

are modeled using surrogate geometries. The body segments are represented by using one 

or more spheres rigidly attached to a local reference frame so that these spheres move as 

the body segments move. The objects in the environment are modeled using one or more 

of the five primitive geometries: spheres, infinite cylinders, infinite planes, finite 

cylinders, and finite planes. A generic collision avoidance strategy is developed to avoid 

spheres with all the five primitive geometries used for representing obstacles.  

We use gradient based optimization strategy for predicting the motion of the 

digital human avatar while performing a task. One of the requirements of a gradient 

based optimization is use of constraint functions and objective functions with continuous 

gradients of at least first order. This is equivalent to a requirement for the elements to 

have smooth surfaces (no edges). But finite cylinders and finite planes do not have 

smooth edges. Hence, we present a method to smooth out the edges of finite cylinders 

and planes and consider these modified elements instead, so that the constraint gradients 

are continuous. 
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A.2. Literature Review 

The computation of distance between two mathematical objects finds many 

applications in robotics. Most of the effort in robotics in the field of collision avoidance 

involves the path planning optimization for mobile robots where the path of the robot is 

normally modified by optimization in order to avoid collision. Using spheres to model 

obstacles has also been popular in the field of path planning in flying spacecrafts (Singh, 

2001, 2002). There have also been several studies which use spheres for modeling 

objects. For a human avatar, modeled as a robot with multiple branches, the design 

variables which affect self collision are the joint angles. For obstacle collision avoidance, 

the global translation/rotation of the avatar is also added to those variables. For example 

Johnson (2010) uses spheres to model a digital human. This model is used in the 

prediction of static postures to prevent the digital human from collision with obstacles 

(obstacle avoidance) as well as with itself (self avoidance). 

Colbaugh et al. (1989) used simple geometric primitives to represent the robot 

arms and its environment for a planar manipulator. The obstacles were represented by 

circles surrounded by a surface of influence, and the links were modeled by straight lines. 

A redundancy resolution scheme was proposed to achieve obstacle avoidance. This 

approach was extended to the 3-D workspace of redundant manipulators in Shadpey et al. 

(1994, 1995) and Glass et al. (1995). 

Using spheres to model links and obstacles for collision avoidance has an 

important advantage. The advantage is that the optimization constraint that needs to be 

satisfied to avoid collision between 2 spheres is simply:  22
1 2d r r  , where d is the 
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distance between the spheres’ centers and 1r  and 2r are the radii of the spheres. This 

constraint is simple to calculate and if the motions of the 2 spheres are functions of iq , 

then this constraint is also a C function of iq  (the class of functions with continuous pth-

order derivatives is denoted by pC .).  

By using available optimization softwares, collision avoidance can be integrated 

as a constraint among others. Indeed, one may consider writing these constraints using 

any available proximity distance algorithm which returns signed proximity distances 

separating two bodies; see the recent exhaustive books by van den Bergen (2004) and 

Ericson (2005). 

However, while using the gradient-based optimization software, the gradients of 

the objective function and the constraints need to be continuous with respect to the design 

variables (generally robot joint angles and joint angle trajectories’ parameters). Some of 

the works in the field of collision avoidance, model the surface of objects by many flat 

surfaces such as polyhedrons. The proximity distance between polyhedrons does not have 

continuous gradients with respect to the parameters. Continuity properties of the distance 

have been merely discussed or even assumed in previous works. For example, in Lee 

(2001) and Choset (1997), where the obstacle avoidance problem has been addressed in a 

2D case, it has been claimed that the distance between convex objects is smooth and thus 

the gradient is continuous. The latter assertion is not always valid unless one object is 

strictly convex, and the former depends on the continuity properties of both objects’ 

surfaces. It is only in Rusaw (2001) that the non-differentiability (and non-convexity) of 
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the distance between convex bodies is well addressed and used with non-smooth analysis 

in the context of sensory-based planning. 

A recent paper (Escande, 2007) claims to be the first to treat the problem of 

ensuring continuous distance’s gradients. It suggests a solution to get rid of the non-

differentiability. They build offline strictly convex bounding volume that can be 

considered as a smooth ‘rounding’ of the polyhedron convex hull. However, even in this 

work, the edges between any 2 polyhedrons are not smoothed out. They don’t actually 

need to perform such an operation, as they consider the collision of polyhedrons one by 

one with each other during the motion. 

 

A.3. Formulations  

In this appendix, we introduce a new method for obstacle avoidance by 

combining parts of the surfaces of differentiable primitives (sphere, infinite cylinder, 

infinite plane) and creating new compound primitives (finite cylinder, finite plane, finite 

one-sided plane, box). We should make sure that these surface parts are joined together at 

boundaries with equal slopes, which means that these joints should cause no edge on the 

surface of the compound primitive. The distance between the two primitives or 

compound primitives is always calculated by a single scalar constraint function. Theorem 

A.3 at the end of this appendix states that if two objects have convex surfaces without 

any edges ( 1C surfaces), then the derivative of minimum distance between them with 
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respect to iq  is a continuous function of iq . Hence, the proposed method is suitable for 

use as a constraint in the gradient based optimization solver.  

In Sections A.3.1 and A.3.2, we present the formula for collision avoidance 

constraints. In each case, f  is the value of the constraint that should be kept positive to 

avoid collision. Also, the position vectors defined in the following section are considered 

to be the functions of the design variables, iq . If the primitive is associated with a fixed 

obstacle in space, the position vectors of all points on such primitives are constant vectors 

and hence, the gradients of the position vectors of all such points with respect to design 

variables are zero. 

 

A.3.1.  Constraints for Collision Avoidance Between Two Primitives  

All calculations in this section for each vector is independent of the location and 

orientation of its reference frame. So, they hold true for any orientation or position of the 

global frame with respect to them (They can correspond to any location/orientation of 

their reference frame). Therefore, reference frames are not shown in the figures. 

 

A.3.1.1.  Sphere-to-Sphere Collision Avoidance Constraint 

As shown in Figure A.1, A and B are the centers of the spheres with radii 
1r  and 

2r  

respectively. Let d  denote the distance between A and B. Let the global position vector 

of the points A and B be given by  T

A A A
X Y ZAG  and  T

B B B
X Y ZBG . Assume that 

spheres A and B are attached to two coordinate frames denoted respectively in the D-H 

table as coordinate frame number m in branch i and coordinate frame number n in branch 
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j. Assume that the global coordinate frame in the D-H table is numbered as coordinate 

frame 0. Let the local position vector of the points A and B be given by  T

A A A
x y zAL  

and  T

B B B
x y zBL . The constraint function that should be kept positive to avoid 

collision and its gradients with respect to the design variables can be calculated as: 
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Figure A.1. Sphere-to-Sphere collision 
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Calculation of 
k

f

q




 is more complex. It is a function of 
kq




AG
 and 

kq




BG
. In a 

branched D-H structure, each joint kq  may belong at the same time to several different 

branches. Therefore, for example in the branch i, let kq  be denoted by ,s iq  and in branch 

j, let it be denoted by ,t jq . Therefore, the calculation of 
k

f

q




 is done using the following 

procedure: 
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Now, remember that in branch i, kq  was denoted by ,s iq  and in branch j, it was 

denoted by ,t jq . To calculate the vector 
k
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 efficiently, we separate it into the following 

two terms which contain the gradients of the locations of the first and the second spheres: 
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computation, the formulas obtained for gradients in Sections A.3.1.2 and A.3.1.3 also 

need to be separable into two terms which contain the gradients of the locations of the 

first object and the second object, same as is done in this section. 

 

A.3.1.2.  Sphere-to-Infinite Cylinder Collision Avoidance Constraint 

As shown in Figure A.2, d  is the minimum distance between the center of the 

sphere and the axis of the cylinder. A is the center of the sphere with radius 
1r . B is any 

point on the cylinder's axis with radius 
2r . Let the global position vector of the points A 

and B be given by  T

A A A
X Y ZAG  and  T

B B B
X Y ZBG . Assume that sphere A and 

cylinder B are attached to two coordinate frames denoted respectively in the D-H table as 

coordinate frame number m in branch i and coordinate frame number n in branch j. 

Assume that the global coordinate frame in the D-H table is numbered as coordinate 

frame 0. Let the local position vector of the points A and B be given by  T

A A A
x y zAL  

and  T

B B B
x y zBL . u is the expression of the unit vector along the cylinder's axis in the 

global reference frame. uL  is its expression in the cylinder’s local coordinate frame n. 

Therefore, W , the vector connecting point A to point B, can be written as: 

 

B AW = G - G  

Now, define a vector h such that:   .3.8Ah W × u  

Since u  is a unit vector:    2 2 22sin .3.9A  h h.h W d   
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Hence, the constraint function and the gradients can thus be calculated as: 

 

     

 

2 2 2

1 2 1 2 0 .3.10

2 .3.11
k k

f r r r r A

f
A

q q

      

 
 

 

d h.h

h
h

 

Calculation of f : 

   
   0 0

, ,

0

,

2

1 2.3.10 0

.3.3 : , .3.12

,

m i n j

n j

T T

T

A f r r

Same as A A 

    

      
   

A A B B

u B A

h.h

G L G L

u L W = G - G h W ×u
 

Similar to what was done in Section A.3.1.1, we also need to separate 
k

f

q




 into 

two terms which contain the gradients of the locations of the first object (sphere) and the 

second object (cylinder): 

 

W
B 

u 

A 

dθ 

Figure A.2. Collision avoidance of a sphere with an infinite cylinder 
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                             
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u
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h
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2
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T
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T TTf
A

q q q q

T Tf

q q q

                                          
                                     

B A u

B u

L L u W L h

L u W L h  
0

,

,

21

2 .3.16m i

s i

Termerm

T
A

q

   
           

AL u h


 

 

A.3.1.3.  Sphere-to-Infinite Plane Collision Avoidance Constraint 

As shown in Figure A.3, d  is the minimum distance from the center of the sphere 

to the plane. A is the sphere's center with radius 
1r . B is any point on the mid-plane of the 

plane with thickness 
22t . Let the global position vectors of the points A and B be given as 

 T

A A A
X Y ZAG  and  T

B B B
X Y ZBG . Assume that sphere A and plane B are attached 

to two coordinate frames denoted respectively in the D-H table as coordinate frame 

number m in branch i and coordinate frame number n in branch j. Assume that the global 

coordinate frame in the D-H table is numbered as coordinate frame 0. Let the local 
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position vector of the points A and B be given by  T

A A A
x y zAL  and  T

B B B
x y zBL . 

u is the expression of the unit vector perpendicular to the plane in the global frame. uL  is 

its expression in the plane’s local coordinate frame n. W is the vector connecting A to B. 

The constraint function f  that should be kept positive to avoid collision and its gradients 

with respect to the design variables can be calculated as: 

 

       

   

2 2 22
1 2 1 2 0 .3.17

2 .3.18
k k k

d

f d r t r t A

f
A

q q q

 

       

   
        

B AW = G - G W u

W u

W u
W u u W

 

 

 

 

 

 

W

A

B 

u 

d 

Figure A.3. Collision avoidance of a sphere with an infinite plane 
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Calculation of f : 

 

     
 

 

0 0

, ,

0

,

2 2

1 2.3.17 0

.3.3 : ,

, .3.19

m i n j

n j

T T

T

A f r t

Same as A

A

 

     

      
   

A A B B

u B A

W u

G L G L

u L W = G - G

 

Similar to what was done in Section A.3.1.1, we also need to separate 
k

f

q




 into 

two terms which contain the gradients of the locations of the first object (sphere) and the 

second object (plane): 
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T TTf
d

q q q q

T Tf
d

q q q
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                                    

B A u

B u
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 
 
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T
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   
          

AL u

 
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A.3.1.4.  Infinite Cylinder-to-Infinite Cylinder Collision Avoidance Constraint 

 

 

A 

B 

v 
C 

D

u 

M

R 
N

P 

 

 

As shown in Figure A.4, d  is the minimum distance between the axes of the 

cylinders. A and B are any two points on the first cylinder's axis with radius 
1r . C and D 

are any two points on the second cylinder's axis with radius 
2r . Let the global position 

vector of the points A, B, C and D be given by , ,A B CG G G  and 
DG . Assume that cylinder 

AB and cylinder CD are attached to two coordinate frames denoted respectively in the  

D-H table as coordinate frame number m in branch i and coordinate frame number n in 

branch j. Assume that the global coordinate frame in the D-H table is numbered as 

coordinate frame 0. Let the local position vector of the points A, B, C and D be given by 

, ,A B CL L L  and 
DL . u  and v  are respectively the expression of the unit vectors along the 

axis of cylinders AB and CD in the global frame. uL  and 
vL  are respectively their 

Figure A.4. The collision avoidance of two infinite cylinders 

d
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expressions in the cylinders’ local coordinate frames m and n.  Let w = u × v . Therefore, 

we shall have: 
MN

MN
w


  

Create a plane containing line AB and with a perpendicular unit vector w  and 

call it the plane P . Select point R on plane P  such that RC P


.Then, we shall have: 

 

   

2 2
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A.3.2.  Constraints for Collision Avoidance Between Two Compound Primitives  

The primitives presented in Section A.3.1 can also be combined to produce 

compound primitives like finite cylinders (smoothed) and finite planes (smoothed) with 

constraints that have 1C  continuity.  The constraints used for such compound primitives 

are discussed in this section. 

 

A.3.2.1.  Sphere-to-Finite Cylinder Collision Avoidance Constraint 

First, the region of the location of the sphere with respect to the finite cylinder as 

shown in Figure A.5 is determined by evaluating the scalar products of vectors a,b  with 

vector c  using Table A.1. Based on the region, the value and all the gradients of the 

collision avoidance constraint are set equal to one of the following constraints: 

At Region 1:   Sphere-to-Infinite Cylinder 

At Regions 2,3 :  Sphere-to-Sphere 

 
 

 
Figure A.5. Smoothed finite cylinder, regions defined around it and its collision avoidance with a sphere 

Region 2 Region 1 Region 3

A B

C 

ab

c
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A.3.2.2.  Sphere-to-Finite Plane Collision Avoidance Constraint 

First, the region of the location of the sphere with respect to the finite plane as 

shown in Figures A.6 and A.7 is determined by evaluating the scalar product of vectors 

a,b,c,d with vectors u, v using Table A.2. Based on the region, value and gradients of the 

collision avoidance constraint are set equal to one of the following constraints: 

At Region 1: Sphere-to-Infinite Plane 

At Regions 6, 7, 8, 9:  Sphere-to-Sphere 

At Regions 2, 3, 4, 5:  Sphere-to-Infinite Cylinder 

 

 

Region 
Number 

a.c b.c

1  +  + 

2  +  ‐ 

3  ‐  + 

Region 1 Region 2 Region 3 

Region 4 Region 6 Region 7 

Region 5 Region 9 Region 8 

A B

C D

Figure A.6. Smoothed finite plane with the regions defined around it 

Table. A.1. Determining region of the location of the sphere with respect to the finite cylinder
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Region #  a.u   b.u   c.u d.u a.v b.v c.v   d.v
1  +  ‐  +  ‐  ‐  ‐  +  + 

2  ‐  ‐  ‐  ‐  ‐  ‐  +  + 

3  +  +  +  +  ‐  ‐  +  + 

4  +  ‐  +  ‐  +  +  +  + 

5  +  ‐  +  ‐  ‐  ‐  ‐  ‐ 

6  ‐  ‐  ‐  ‐  +  +  +  + 

7  +  +  +  +  +  +  +  + 

8  ‐  ‐  ‐  ‐  ‐  ‐  ‐  ‐ 

9  +  +  +  +  ‐  ‐  ‐  ‐ 

Table. A.2. Determining region of the location of the sphere with respect to the finite plane 

 

A B

C D

 

 

 

  

Figure A.7. Finite plane (smoothed) to sphere collision avoidance 

a b

c
d

u

v
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A.3.2.3.  Finite Cylinder-to-Finite Cylinder Collision Avoidance Constraint 

In brief, this problem turns into: 

1- Find th minimum distance between the two line segments AB, CD. 

2- Calculate the gradient of that minimum distance. 

 

 

 

A 

B

v 
C 

D

u 

M

N

a

b

 

 

 

Figure A.8. The collision avoidance of two finite cylinders 
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CASE 1) 

Minimum distance of the two infinite lines passing through A, B and C, D occurs 

on points between A, B on AB and points C, D on CD. Below, we calculate the 

requirements for this case to occur: 

 

 

 

 
 

2

2

2 1 3
2

1

1 2 3
2

1

.3.25

0 . 0
:

0 . 0

. . . 1

. .
1

M A a
MN A a C b A

N C b

MN
A a C b

aMinimizing MN
MN

A a C b
b

k k k
a

a b C A k

k k ka b C A b
k

      
  

      
 



     


           


u
u v

v

u u v

v u v

u v u u

u.v v v


 




 




 

 

   

1

2

3

.3.26

.

: .

.

A

k

Where k AC

k AC










 

u v

u

v





 

For the minimum distance of the two infinite cylinders to occur on points between 

A, B on AB and points C, D on CD, we should have: 

 

 
0

.3.27
0

a AB
A

b CD

  


 




 

 

 



  

 

353

CASE 2) 

This case should be studied, if the requirements for Case 1 do not exist. In this 

case, we should perform the four operations listed below without calculating the 

gradients. Whichever case has the minimum distance, we should set the constraint value 

equal to that distance and calculate the gradients from the formula for that case: 

1. Collision Detection of Sphere A to Finite Cylinder CD 

2. Collision Detection of Sphere B to Finite Cylinder CD 

3. Collision Detection of Sphere C to Finite Cylinder AB 

4. Collision Detection of Sphere D to Finite Cylinder AB 

 

 

A.3.2.4.  Finite Cylinder-to-Finite Plane Collision Avoidance Constraint 

In brief, these cases need to be considered: 

 

CASE 1)  

The only possibility for the minimum distance to occur between the cylindrical 

part of the
 
finite cylinder Q  and the planar part of finite plane

 
P

 
is that the axis of the 

finite cylinder Q  intersects the mid-plane of the finite plane P . This case is depicted in 

Figure A.9 and can be checked via the following formulation: 
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In order for the line to intersect the mid-plane of the finite plane, we should have: 
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Figure A.9. The collision avoidance of a finite cylinders with a finite plane 
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In this case, the minimum distance between the finite cylinder
 
Q

 
and the finite 

plane
 

P
 
is equal to 

2

t
r   
 

 where r is the radius of the finite cylinder and t is the 

thickness of the finite plane. Also, the distance gradient is zero with respect to all design 

variables.
 

 

CASE 2) 

1. Decompose the finite plane B into sets W= {4 spheres}, V= {4 cylindrical parts of 

finite cylinder}. For whichever element of V that the minimum distance occurs on 

the lines (same as Section A.3.2.3, Case 1), calculate that distance and ignore the 

spheres at the end of the cylindrical part for all the rest of calculations. For other 

elements of V, ignore the cylindrical part and calculate distances as (Section 

A.3.2.3, CASE 2).  

2. Decompose the finite cylinder A into 2 spheres and ignore the cylindrical part. If 

any sphere is located in Region1 of finite plane B, calculate the distance. 

 

At the end, the case with the minimum distance determines the value and 

gradients of the constraint. 
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A.3.2.5.  Finite Plane-to-Finite Plane Collision Avoidance Constraint 

There is no condition that the minimum distance occurs between the plane parts 

of both finite planes. In brief, the method given below is proposed to handle such a case: 

1. Ignore the planar part of finite plane, A (only consider the additional finite planes 

and spheres used for smoothing its edges), decompose it into 4 finite cylinders 

and perform 4 instances of (finite cylinder and finite plane B) collision avoidance 

without calculating the gradients. 

2. Ignore the planar part of finite plane B (only consider the additional finite planes 

and spheres used for smoothing its edges), decompose it into sets W= {4 

spheres}, V= {4 cylindrical parts of finite cylinder}.  If any sphere of W is located 

in Region 1 of finite plane A, calculate the distance. If the axis of any member of 

V intersects the mid-plane of finite plane A, stop and calculate according to 

(Section A.3.2.3, CASE 1). 

 

At the end, the case with the minimum distance determines the value and 

gradients of the constraint. 
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A.4. Test Results  

We test the proposed obstacle avoidance constraints within the framework of 

predictive dynamics and observe the results: 

Simulation 1: The results of using the self avoidance modules in the predictive 

dynamics code is shown in Figure A.10. The segments of the human avatar are filled with 

spheres. The task shown below is a complicated task that requires the avatar to kneel 

down and touch the right knee with left hand and touch the left midfoot with its right 

hand. This task cannot be simulated correctly unless self-avoidance constraint is properly 

modeled and implemented in the predictive dynamics code. 

 

 

 

Simulation 2: This task requires the avatar to move its hand from sphere A 

located at the top of a table to sphere B at the bottom of the table.  Figure A.11 shows the 

result of the simulation without using any collision avoidance constraints. 

 

Figure A.10. The test task with sphere to sphere self collision avoidance 



  

 

358

 

 

Simulation 3: This task also requires the avatar to move its hand from sphere A 

located at the top of the table to sphere B located at the bottom of the table. The table is 

modeled as a finite plane. The right arm is filled with 7 spheres and so, 7 sphere-to-finite 

plane collision avoidance constraints are imposed during the motion. The cost function 

minimized for this motion is a combination of dynamics effort and total displacement. 

Figure A.12 shows the result of using the mentioned collision avoidance constraints. 

 

 Figure A.12. Result of simulation after imposing obstacle avoidance constraints 

Figure A.11. Result of simulation without imposing obstacle avoidance constraints 
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A.5. Conclusion  

In this appendix, it was proved that any shape may be used for object definition in 

optimization-based collision avoidance as long as the shape’s surface is convex and has 

no edges ( 1C  surface) so that the gradients of the obstacle avoidance constraint 

(minimum distance between the surfaces) are continuous. Finite cylinders and finite 

planes have edges which violates the continuity requirements. These edges of the finite 

cylinder and finite plane can be smoothed out by combining their surfaces with parts of 

the surfaces of spheres and cylinders as was shown in Sections A.3.2.1 and A.3.2.2. We 

call these objects compound primitives. Implementation of other compound objects as 

shown in Figure A.13 can be considered as topics of future research. 

 

 Figure A.13. An edged box (unsuitable), a finite plane, a 1-sided finite plane, a box (smoothed) 
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A.5. Theorems on Optimization-Based Collision 
Avoidance 

Definition Set A.1: Witness Points of Minimum Distance 

P and Q are rigid bodies whose motions are functions of  1iq i n  . Witness 

points of minimum distance between these two rigid bodies called A, B are defined as the 

points respectively on P, Q between which the minimum distance of P, Q occurs at any 

iq . We denote the global position of points A, B at any iq  by  iqA and  iqB . 

0
'

iqA and 
0

'
iqB are defined as the footprint points of A, B on P, Q for 

0i iq q . 
0

'
iqA

and 
0

'
iqB are points attached to the surfaces of P, Q which move with P, Q. We denote the 

global position of 
0

'
iqA and 

0
'

iqB by  iq
i0

qA'  and  iq
i0

qB' . Since 
0

'
iqA and 

0
'

iqB are the 

footprints of A, B at 
0i iq q , the following conditions hold: 

          
0 0 0 0

, .6.1i i i iq q q q A 
i i0 0

q qA' A B' B  

 

 

Theorem A.1:  Continuity of the Minimum Distance 

Using Definition Set A.1, the minimum distance between any 2 rigid bodies P, Q is a 

continuous function of iq . 

 

Proof:  
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The footprints of A, B at 
0i iq q shown by  iq

i0
qA'  and  iq

i0
qB'  are 

continuous functions of  iq  due to the rules of rigid body motion. The minimum distance 

between P, Q at 
0i iq q is called 

0i
qd , and therefore: 

       
     

0 0 0 00

0 00 00 0

:

lim lim .6.2

i

i i i
i i

i q i i i i

q q i i i i qq q

q d AB q q q q

d q q q q d A   

     

      

i i i i i i0 0 0 0

i i i i0 0

q q q +Δq q +Δq

q +Δq q +Δq

B' A' B' A'

B' B'



 

The minimum distance between P, Q at 
0i i iq q q  is equal to 

0i iq qd   and so: 

     

       
     

0 00

0 0 0 00

0 00 00 0

.6.3

lim lim .6.4

i i

i i

i i i
i i

q q i i i i

q q i i i i i i i i

q q i i qq q

d AB q q q q A

d q q q q q q q q

d q q d A





   

      

           

  

i i i i0 0

i i i i i i0 0 0 0

i i0 0

q +Δq q +Δq

q +Δq q +Δq q q

q q

B' A'

B' A' B' A'

B' A'



 

And therefore: 

     
0 00

.6.2 .6.4 lim .6.5
i i i

i
q q qq

A and A d d A 
   

 

 

Theorem A.2:  Continuity of the Witness Point Locations 

Using Definition Set A.1, if P has a convex surface and Q has a strictly convex surface, 

then the locations of A, B are continuous function of iq . 

 

Proof: 
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For any iq : 

           

         

.3 .6.6

.6.7

i

i i

q i i i i

q q i i i i i i i i

A d q q q q A

and

d q q q q q q q q A

    

           

i i i i i i

i i i i i i

q q q +Δq q +Δq

q +Δq q +Δq q q

B' A' B' A'

B' A' B' A'

 

Since    i iq q
i iq qB' A'  and    i iq q

i i i iq +Δq q +ΔqB' A'  are continuous functions of 

iq according to Theorem A.1, then there exists some 0 1   such that: 

       
   

     
0 0 0

0 0

lim lim lim

lim lim .6.8

i i

i i i
i i i

i i
i i

i i i i i i i i q q

q q q i i i i
q q q

q q i i i i
q q

q q q q q q q q d

d d q q q q

d q q q q A





   

 

 

 

      

   

           

      

      

i i i i i i

i i

i i i i

q q q +Δq q +Δq

q q

q +Δq q +Δq

B' A' B' A'

B' A'

B' A'

 

Because P is convex, one can pass a planar surface through  i iq q 
iqA'  and

 i iq q 
i iq +ΔqA'  such that all points on that surface belong to P.  Also, since Q is 

strictly convex, one can pass a spherical cap through  i iq q 
iqB'  and 

 i iq q 
i iq +ΔqB'  with the convex side of the cap towards the plane that we have 

passed through P such that all points on that cap belong to Q. 

But as shown in Figure A.14, and if 1iq   the minimum distance between P, 

Q (
0

lim
i i

i
q q

q
d   

) is equal to the value calculated in Equation (A.6.8), if and only if: 

   

   
 0 0

0 0

lim lim
.6.9

lim lim
i i

i i

i i i i
q q

i i i i
q q

q q q q
A

q q q q

 

 
   

   

    



    

i i i

i i i

q q +Δq

q q +Δq

A' A'

B' B'
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APPENDIX C 

KINEMATIC EFFECTS OF FEEDING THE GRF RATIOS OF NCM METHOD BACK 

INTO THE ZMP METHOD IN THE GOING PRONE TASK (CHAPTER 9) 
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APPENDIX D 

GRF RATIOS FOR WALKING IN NCM VERSUS EXPERIMENTAL DATA 

 

Definition of the Set or 
Array Component 

Time 
Grid 
#1 

Time 
Grid 
#2 

Time 
Grid 
#3 

Time 
Grid 
#4 

Time 
Grid 
#5 

Time 
Grid 
#6 

Time 
Grid 
#7 

Time 
Grid 
#8 

Time 
Grid 
#9 

Right Foot 
Contact Force 
System at Force 
Plate Support 

Fy  602.30  576.10  530.30  463.00  377.30  282.10  190.10  110.80  44.40 

Fz  101.50  110.40  115.60  114.50  105.20  88.20  65.70  41.40  18.40 

Mx  53.20  51.70  49.00  45.10  39.30  31.40  21.50  11.00  1.10 

Left Foot 
Contact Force 
System at Force 
Plate Support 

Fy  87.10  192.60  304.10  404.20  476.60  521.70  552.90  579.80  599.60 

Fz  37.30  ‐4.20  ‐43.70  ‐74.00  ‐91.90  ‐102.7  ‐110.5  ‐114.2  ‐110.5 

Mx  22.30  13.10  7.60  13.50  12.00  17.70  20.20  24.30  28.20 

Position of ZMP Along z  0.29  0.36  0.42  0.49  0.54  0.59  0.65  0.71  0.76 

ZMP to Right Foot Along z  0.16  0.23  0.29  0.36  0.41  0.46  0.52  0.58  0.63 

ZMP to Left Foot Along z  0.55  0.48  0.42  0.35  0.30  0.24  0.19  0.13  0.08 

Right Foot Mx at ZMP  96.06  131.18  156.54  170.23  160.01  137.59  103.34  65.06  25.20 

Left Foot Mx at ZMP  ‐29.45  ‐88.46  ‐133.0  ‐146.2  ‐152.6  ‐133.0  ‐109.6  ‐78.54  ‐45.21 

Ratio of dz for Left Foot  0.22  0.32  0.41  0.51  0.58  0.66  0.73  0.81  0.89 

Ratio of Fy for Left Foot  0.13  0.25  0.36  0.47  0.56  0.65  0.74  0.84  0.93 

Ratio of Fz for Left Foot  0.27  ‐0.04  ‐0.61  ‐1.83  ‐6.91  7.08  2.47  1.57  1.20 

Mx/Fy for Left Foot at ZMP  0.16  0.23  0.30  0.37  0.42  0.49  0.54  0.59  0.57 

 

 

 Note:  

The presented values in walking tables (NCM Method, Experimental Data, ZMP 

Method) are only for double support phase of walking.For plotting ratios, additional 

values of 0 and 1 were also considered to exist for Fy and Fz ratios when the ratio of dz is 

equal to 0 and 1, for plotting. Because 0 and 1 ratios correspond to single support phase, 

where all the IGE force/moment is supported (canceled) by one foot. 

Table D.1. Experimental Data (Winter, 2009)
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Definition of the 
Set or Array 

 
Component 

Value at 
Time 
Grid #1 

Value at 
Time 
Grid #2 

Value at 
Time 
Grid #3 

Value at 
Time 
Grid #4 

Value at 
Time 
Grid #5 

Value at 
Time 
Grid #6 

Value at 
Time 
Grid #7 

Right Foot 
Contact Force 
System at the 

Midpoint of Right 
Foot (From Table  

9.14) 

Fx  ‐48.148  30.083  ‐39.065  3.309  12.099  17.145  13.130 

Fy  834.730  167.981  122.917  80.247  65.779  76.128  43.668 

Fz  362.561  98.070  107.724  101.531  98.669  114.192  65.502 

Mx  0.403  ‐0.492  ‐0.472  ‐0.300  ‐5.592  ‐6.381  ‐3.526 

My  1.915  0.111  ‐20.467  ‐5.577  ‐3.810  2.015  7.826 

Mz  5.257  6.186  6.128  4.001  1.500  3.358  1.939 

Left Foot Contact 
Force System at 
the Midpoint of 
Left Foot (From 
Table  9.14) 

Fx  ‐9.023  ‐37.602  34.899  ‐7.283  ‐20.818  ‐36.645  ‐49.819 

Fy  110.834  148.229  310.851  468.869  595.522  693.734  831.089 

Fz  ‐99.226  ‐29.976  ‐84.453  ‐123.095  ‐165.240  ‐226.010  ‐222.754 

Mx  11.416  14.447  27.800  37.757  31.828  1.972  ‐0.811 

My  14.807  12.055  ‐19.458  ‐4.960  ‐0.512  ‐4.537  ‐4.123 

Mz  3.547  8.345  7.163  6.626  11.471  16.779  20.048 

ZMP Location 

x  0.070  0.046  0.065  0.075  0.082  0.089  0.096 

y  0.000  0.000  0.000  0.000  0.000  0.000  0.000 

z  0.051  0.335  0.498  0.591  0.653  0.697  0.731 

Location of 
Midpoint of Right 

Foot 

x  ‐0.075  ‐0.075  ‐0.075  ‐0.075  ‐0.075  ‐0.075  ‐0.074 

y  0.054  0.054  0.060  0.067  0.074  0.082  0.090 

z  ‐0.006  0.060  0.059  0.059  0.059  0.061  0.065 

Location  of 
Midpoint of Left 

Foot 

x  0.078  0.078  0.078  0.078  0.078  0.077  0.077 

y  0.074  0.073  0.067  0.062  0.056  0.052  0.047 

z  0.696  0.762  0.762  0.761  0.759  0.757  0.755 

Distance of 
Midpoint of Right 
Foot From ZMP 

dx  ‐0.145  ‐0.121  ‐0.140  ‐0.150  ‐0.157  ‐0.164  ‐0.170 

dy  0.054  0.054  0.060  0.067  0.074  0.082  0.090 

dz  ‐0.057  ‐0.275  ‐0.439  ‐0.533  ‐0.594  ‐0.636  ‐0.666 

Distance of 
Midpoint of Left 
Foot From ZMP 

dx  0.008  0.032  0.013  0.003  ‐0.005  ‐0.012  ‐0.019 

dy  0.074  0.073  0.067  0.062  0.056  0.052  0.047 

dz  0.645  0.427  0.264  0.169  0.106  0.060  0.024 

Mx for Right Foot at ZMP  47.886  45.729  53.455  42.454  33.470  42.051  25.571 

Mx for Left Foot at ZMP  ‐60.092  ‐48.839  ‐54.248  ‐41.662  ‐31.501  ‐39.801  ‐20.934 

Ratio of dz for Left Foot  0.081  0.392  0.624  0.759  0.848  0.914  0.965 

Ratio of Fy for Left Foot  0.117  0.469  0.717  0.854  0.901  0.901  0.950 

Ratio of Fz for Left Foot  ‐0.377  ‐0.440  ‐3.629  5.708  2.482  2.021  1.417 

Mx/Fy for Left Foot at ZMP  0.057  0.272  0.435  0.529  0.509  0.552  0.586 

 

Table D.2. Results of Repartitioning of GRF Using NCM Method (Continuation of Table 9.14) 
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