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each separate contact area. In these algorithms, individual contact areas can either be
defined by their boundary points or by fixed shapes (rectangles, circles) on the ground
(these algorithms can be later generalized to define them on non-horizontal and non-
coplanar contact planes). The two individual contact areas (the two feet) for the walking
task are defined independently in this algorithm by their boundary points (similar to the
contact areas of the two feet with the ground in Figure 9.13).

Although the contact areas are defined by boundary points in the algorithm, after
obtaining the final results, we check the accuracy of the results by approximating all
contact areas with rectangles. After re-partitioning, the net of IGE forces and moments

calculated at each time grid point for the two subtasks are shown in Table 9.14.

Description
of the Force, Value at Value at Value at Value at Value at Value at Value at
Force Moment Time Time Time Time Time Time Time
System Components Grid #1 Grid #2 Grid #3 Grid #4 Grid #5 Grid #6 Grid #7
Fx 57.170 7.519 4.166 3.974 8.718 19.501 36.689
Net of IGE Fy -945.564 | -316.211 | -433.768 | -549.115 | -661.301 | -769.863 | -874.757
Forces at Fz -263.335 -68.094 -23.271 21.564 66.572 111.818 157.252
the Hip Mx -19.015 46.082 71.701 94.146 113.224 128.971 141.621
Point
My 6.508 2.358 -0.601 -2.842 -4.127 -4.403 -3.788
Mz -17.163 -9.104 -25.137 -37.575 -45.898 -50.001 -50.192
Fx 57.170 7.519 4.166 3.974 8.718 19.501 36.689
Net of IGE Fy -945.564 | -316.211 | -433.768 | -549.115 | -661.301 | -769.863 | -874.757
Forces at Fz -263.335 -68.094 -23.271 21.564 66.572 111.818 157.252
ths Zmp Mx 0.000 0.000 0.000 0.000 0.000 0.000 0.000
oint
My 2.878 -0.698 -2.638 -2.048 -0.999 -0.407 -0.705
Mz 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Table 9.14. The net value of IGE forces and moments for the "Walking" task in NCM method
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As expected, the IGE values have stayed the same after GRF re-partitioning.
However, the ground reaction forces and moments at each contact area will be different.

The new values are shown in Table 9.15.

Point of Effect
of the Ground
Reaction Force, Value at Value at Value at Value at Value at Value at Value at
FOree SISM | Companents | Grid#1 | crias | Griaws | cridws | criaws | cridss | cria#
Right Foot Fx -48.148 | 30.083 | -39.065 | 3.309 | 12.099 | 17.145 | 13.130
Middle Fy 834.730 | 167.981 | 122.917 | 80.247 | 65779 | 76.128 | 43.668
Support Area Fz 362.561 | 98.070 | 107.724 | 101.531 | 98.669 | 114.192 | 65.502
0.12x0.25 Mx 0.403 -0.492 -0.472 -0.300 -5.592 -6.381 -3.526
Rectangle My 1.915 0.111 -20.467 -5.577 -3.810 2.015 7.826
Mz 5.257 6.186 6.128 4.001 1.500 3.358 1.939
Left Foot Fx -9.023 | -37.602 | 34.899 -7.283 | -20.818 | -36.645 | -49.819
Middle Fy 110.834 | 148.229 | 310.851 | 468.869 | 595.522 | 693.734 | 831.089
Support Area Fz -99.226 | -29.976 | -84.453 | -123.095 | -165.240 | -226.010 | -222.754
0.12x0.25 Mx 11.416 | 14.447 | 27.800 | 37.757 | 31.828 1.972 -0.811
Rectangle My 14.807 | 12.055 | -19.458 | -4.960 -0.512 -4.537 -4.123
Mz 3.547 8.345 7.163 6.626 11.471 16.779 | 20.048

Table 9.15. Ground reaction forces and moments for the "Walking" task in NCM Method

As seen in Tables 9.15, approximate sizes and shapes for individual contact areas
are noted. These contact areas were modeled differently in the NCM method (by
specifying their boundary points). However, the approximate rectangles shown in Table
9.15 are used after the results are obtained to check the validity of the calculated ground
reaction forces and moments in the NCM method.

In Table 9.15, the components of ground reaction forces and moments are
checked to see if they violate the NCM constraints (are impossible in the real world) or

not and are highlighted, if they do. The checking is done based on the indicated
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approximate sizes and shapes (in the repartitioning procedure, the NCM constraints were
based on boundary point locations, not these fixed shapes). However, as seen, no
component of ground reaction forces and moments is highlighted in these tables or

violates the NCM constraints.

9.7.3 Comparison of GRF Before and After Re-Partitioning
As a simpler reference, similar to what was done in Section 9.5, values for some
of the components of the ground reaction forces and moments are plotted in this section

before and after re-partitioning.

X Z

or
y y

The term "Possible Range" for in Figures 9.14 and 9.15 specifies

z

M
the limitation imposed by the NCM constraints (such as 9.2.1) on ?‘ or . Fora

y y

fixed size rectangular contact area on the ground, NCM constraint is simplified to two

X z

or

y y

independent inequality constraints on the values of with fixed upper and

lower limits. This fact can be observed from Equation (9.2.1), for example. Also, as seen

M M
in Figures 9.14 and 9.15, the possible ranges for — or ?Z are inequalities with fixed
y y

values of upper and lower limits during the motion. The horizontal axis in these graphs
indicates the change of time and refers to the number of grid points after the contact area

comes into contact with the ground.
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Figure 9.14. The values obtained for Mx/Fy and Mz/Fy at the Left Foot by ZMP versus NCM Methods
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Figure 9.15. The values obtained for Mx/Fy and Mz/Fy at the Right Foot by ZMP versus NCM Methods

The term "Possible Range" for M or M _ in Figures 9.16 - 9.19 specifies the
limitation imposed by the NCM constraints on M or M _ based on the value of F) at

any instant of motion. This possible range changes during the motion, because the value

of F, changes during the motion.



267

As previously seen in Table 9.15, M or M _ values with the ZMP method

exceed the possible ranges at several instants of time during the motion. This fact can

also be observed in Figures 9.16 - 9.19.

Mx at Left Foot (N.m) Mx at Left Foot (N.m)

mZMP Method O Possible Ranges B NCMmethod [ Possible Range
-100 - -100 -~

Figure 9.16. The values obtained for Mx at the Left Foot by ZMP versus NCM Methods
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Figure 9.17. The values obtained for Mz at the Left Foot by ZMP versus NCM Methods
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Figure 9.18. The values obtained for Mx at the Right Foot by ZMP versus NCM Methods
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Figure 9.19. The values obtained for Mz at the Right Foot by ZMP versus NCM Methods

9.7.4 GREF Before and After Re-Partitioning versus Experimental Data

In this research, we try to improve the results of GRF for a sample walking

simulation by using the NCM method. This improvement only consists of finding values

for GRF which are possible in the real world. The NCM method does not ensure that the

calculated GRF are optimal or match the experimental data. These issues also depend on

the original simulation and the constraints used in the original simulation to predict a
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walking task. However, because the experimental data for the GRF of walking are
available in the literature, one may also be curious to know how much the NCM method
improves the GRF results of a sample walking simulation. Therefore, we also perform a
comparison of the GRF calculated by ZMP versus NCM methods with the experimental
data in this section.

However, surprisingly, the result of the comparisons indicates that the Re-
Partitioning results match pretty well with the experimental data. The graphs which were
used to support (in Section 4.6) or criticize the support (in Section 8.4.3) for the uniform
partitioning assumption are again repeated in this section. The results of NCM method
surprisingly match better with these experimental data (data that were originally used as
the only support for the uniform partitioning assumption in the ZMP method).

Similar to Section 8.4.3, we replot the data measured in the walking experiment
published in Winter (2009) in Figures 9.20, 9.21, 9.22. In these figures, we plot the ratio
of ZMP distances from the left and right feet versus the ratio of the several components

of the forces and moments on them. In these figures, z, and z, respectively denote the

distances of the ZMP to the right and left foot in the forward-backward direction. Also,

F

YR>

F

YL

F

ZR>

F

.M ., M, respectively denote the vertical and frictional ground reaction

forces and tipping ground reaction moments on the right and the left foot. The details and

the numbers used in plotting these graphs are explained in Appendix D.
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Figure 9.20. Ratio of the vertical forces acting on Left and Right feet versus the ratio of their distances
from ZMP for walking task. Measurement data is compared to the results of the NCM and ZMP methods.
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Figure 9.21. Ratio of the frictional forces acting on Left and Right feet versus the ratio of their distances
from ZMP for walking task. Measurement data is compared to the results of the NCM and ZMP methods.
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Figure 9.22. Contact moment of right foot at ZMP (normalized by dividing it by the vertical force) versus
the ratio of the distances of ZMP from the feet for walking task. Measurement data is compared to the
results of the NCM and ZMP methods.

9.8. Summary and Conclusion

Several dynamic tasks had been modeled in Chapters 5 and 6 using the ZMP
method. However, some impossible values for GRF had been encountered in those
simulations. Chapter 8 theoretically proved that those impossible values for GRF will
always happen due to an imperfect assumption in the ZMP method. But it was also
indicated that the satisfaction of ZMP constraint ensures that one can find values of GRF
that are possible in the real world and also equilibrate the given IGE forces for those
predicted motions (the motion calculated using the ZMP method is always possible,

while the calculated GRF values are always impossible.). Therefore, in this chapter, we
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introduced algorithms that correct the GRF values obtained by the ZMP method such that

the values are possible in the real world (satisfy the NCM constraints). As an example, in

this chapter, we implemented this algorithm on the "Going Prone" task introduced in

Chapter 6. We also implemented it on a previously simulated "Walking" task.

Conclusions from this study are as follows:

1-

Corollary 8.1 is validated in this chapter by observing the results for the
"Going Prone" and "Walking" task. In other words, at least one component of
the calculated GRF is impossible in the real world for all ground contact areas,
except may be for one contact area in the ZMP method.

Theorem 4.1 is validated in this chapter. In other words, satisfaction of ZMP
constraint ensures that it is possible to find unilateral contact forces on the
given contact areas to cancel the given IGE forces for the dynamic system.
This is because we could find GRF that are possible in the real world by re-
partitioning them.

The torques obtained after re-partitioning seem to be lower than the original
torques. However, the optimality of the initial motion from the ZMP method
seem to stay almost unaffected after re-partitioning. Therefore, although the
motion obtained in the ZMP method is possible and almost optimal, the GRF
need to be re-partitioned in order to obtain realistic values.

The re-partitioning (NCM method) does not ensure that the calculated GRF
are optimal or match the experimental data. These issues also depend on the

original simulation and the constraints used to predict a motion task.



273

However, it seems that the results of the re-partitioning for the walking task
considerably improved similarity of the GRF ratios with the experimental

data.
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CHAPTER 10
NCM MARGINS OF DYNAMIC STABILITY

10.1 Introduction

In this theoretical chapter, we first define the terms “Contact Stability” and
“Margins of Contact Stability” for an arbitrary dynamic system during its motion. The
general NCM and friction constraints introduced in Chapter 7 are used to derive these
definitions. The margins of tipping and slipping stabilities presented in this chapter are
applicable for the most general cases of contact areas and are usable for both real systems
such as in robot control or simulated systems or offline calculations. We show that the
problem of finding the margins of tipping or slipping stability for the most general cases

of contact areas turns into solving a linear optimization problem.

10.2 Motivation for NCM Stability Concepts

A major drawback of the ZMP stability concepts is that they apply only to the
cases in which the system’s contact with the environment is in one plane only. They
cannot be used when different parts of the system come into contact with the environment

and the contact areas are in different planes. Unlike the ZMP, NCM stability concepts

that we will define are applicable for the most general cases of contact areas (coplanar or

non-coplanar contact areas which are horizontal. inclined, parallel, or non-parallel).




275

10.3 Possibility versus the Stability of Motion

Chapters 4, 7 and 8 dealt with the possibility of a motion problem. It is impossible

that NCM constraints or the ZMP constraint is violated for a system in the real world.

Even during the falling motion of a dynamic system, both the NCM constraints and the

ZMP constraint will need to be satisfied (they will require the system to have enough

acceleration under the effect of gravity during falling motion so that these constraints are
not violated). But, ZMP can also be used to analyze the stability of a motion. If we define
instability as a situation when the contact area of the robot with the ground reduces to a
line (all contact forces are concentrated on one edge of the convex hull), then Theorem
7.2 indicates that instability occurs when the ZMP is on one edge of the convex hull.
Also, the location of ZMP helps us determine the margins of dynamic stability for the
motion. Conventionally, the distance of the ZMP from the edges of the convex hull in
any of the horizontal axes determines the stability of motion about those axes. For the

cases of contact areas on non-coplanar surfaces, ZMP is not defined and we define the

margins of stability in the general case of non-coplanar contact areas (either horizontal or

inclined or parallel or non-parallel) using the NCM point definition.

10.4. Contact Stability of a Dynamic System

In this section, we offer the general criteria for the contact stability of a system

having several coplanar or non-coplanar contact areas with the environment. Examples of
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such systems are depicted in Figures 10.1 and 10.2. In Figure 10.1 the elephant avatar

shown is considered as a system with multiple coplanar contact areas with the ground.

oF

external

oM

external

Origin

Figure 10.1. Stability criteria for a dynamic system with coplanar contact areas

The purpose of contact stability criteria is to check whether the system will slip or

tip over due to an additional infinitesimal external force. The contact stability of a system

does not depend on the stiffness of the internal joints (DOF) of the system and it only
depends on the net properties of the system (net acceleration, angular acceleration,
velocity, mass, center of mass, moment of inertia, ....). To analyze the contact stability of
this system at a given frame of motion, we apply a perturbation in the external
forces/moments acting on the system and evaluate the response of the system. Therefore,
to simplify the explanation of the response of the system to the perturbation and avoid the

discussion of system’s internal motions, consider the system as one rigid body

(freeze/stiffen all DOF of the system except its 6 global translational/rotational DOF).
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Now let us present our general definition for contact stability of a motion: Apply a

small perturbation in the external forces/moments that are applied on the rigid body

(system). If the rigid body acquires a perturbation in its acceleration at that frame of

motion due to that perturbation, we say that the contact of the system is unstable at that

frame of motion (or just call it unstable), otherwise, we call it stable.

This is because a rigid body which has flat contact areas with the environment can
only slip or tip in order to move. If the rigid body acquires a perturbation in its
acceleration at that frame of motion due to a perturbation in external forces, it will
definitely fall or slip (assumming that the perturbation will be present at all the times

after its initial application). That is because for a rigid body, the perturbation required for

the initiation of slipping is always larger than or equal to the perturbation required for

continuation of slipping (static versus dynamic coefficients of friction) and the

perturbation required for the initiation of tipping is also always larger than or equal to the

perturbation required for the continuation of tipping (an example can be seen in Equation

(3.2.18) and its explanation in Example 3.2). By the term “continuation” of falling or
slipping we are referring to the “continuation” of falling or slipping until there is a
change in the environmental contact areas of the system due to the slipping or falling
motions.

Another example is shown in Figure 10.2 where the human avatar has several
non-coplanar contact areas with the environment. All the definitions and explanations
given in this section apply to system having several coplanar or non-coplanar contact

areas with the environment such as this case.
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Figure 10.2. Stability criteria for a general dynamic system with non-coplanar contact areas

The system is originally affected by an arbitrary set of contact, inertial,
gravitational and external forces whose sum is equal to zero due to dynamic equilibrium
equations. Let us write the dynamic equilibrium equations for a sample dynamic system

depicted in Figure 10.2 about the origin :

F,+> F, =0

Dynamic Equilibrium =
M, +> M,+> p,xF, =0

Enertt’al + Fgravitational + Faxternal + Z Fa = 0

10.4.1
Minertial + M gravitational + Mextemal + z Ma + Zpa x Fa = O ( )
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A small perturbation in the external moments/forces is applied on it which is

denoted by oM, , and OF

externa exte/ nal *

inertial + é‘I‘Tgmwtallonal external + 5(2 F )
§M + 5Mgmw’tati0nal + 5Mextemal + 5(2 Ma + Z pzx X Fa ) = O

SF
(10.4.2)

inertial

The system is called stable if it is able to preserve its original acceleration (keep

éM,,,,..and SF, . equal to zero) under any type of such perturbations. It is noted that

for a stable system (considered as a rigid body with a known mass and gravity), a

perturbation is also impossible in gravitational forces ( OF vitationst = OM gravivational = 0),

too. Therefore:

§Finertial + 5Fgravitational extei nal (Z F )
= ’ (10.4.3)
§M inertial + 5Mgravitational + external (z M + z p X F ) =
0
5F gmvitatinnal extemal (Z F ) =
—_—
= ’ (10.4.4)
5Mgmv[tational + é‘Mextemal + 5(2 Ma + Zpa X Fa ) = O
0

So, for a stable system, we need to have solutions for F, and M, in the

following equations for any set of infinitesimal vectors 6M__, , and 6F, . :

OF i + (2K, ) =0 (10.4.5)

5Mexterna1 +5(ZM(1 +Zpa XFa) =0
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On the other hand, ) F,=-F, and ) M, +>» p,xF,=-M,, are vector

ige

functions of F, and M, whose values are limited in the 3D space only by the NCM and
friction constraints. Consider a sample perturbation of external forces in direction e, ,

which results in: OF = |6 F

external — external

=0. For such a perturbation,

e, ,oM

external

external

Equation (10.4.5) turns into: |5F

+5(Ege

-ei):O . Fg e is a scalar value. A

change in this scalar value means the increasing or decreasing of F,, -¢;. It is obvious

that a solution can always be found for & (nge -ei) for all values of |SF,

xternal

as long as

F, -e (afunction of F, and M, ) is not at its local minimum or maximum value (at the

time when perturbation happens). Therefore, a solution can always be found for Equation

(10.4.5) as long as none of the six components of F,, and M, is at its local minimum

e
or maximum value.

Therefore, a system is stable at a given frame of motion, if and only if none of the

six components of its net IGE (inertial, gravity, external) forces or moments is at its local

minimum or maximum value.

10.5. Margins of Contact Stability of a Dynamic System

Using the insight from Section 10.4, we offer a general method to evaluate the
margins of contact stability for a system having several non-coplanar contact areas with
the environment. However, each contact area is assumed to be rigid, flat and non-

adhesive. Similar to Section 10.4, to evaluate the margins of contact stability of the
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system at a given frame of motion, consider the system as a rigid body (freeze all DOF of

the system except its 6 global translation/rotation DOF).

Figure 10.3. Margins of contact stability for a general dynamic system with non-coplanar contact areas

Now let us present our general definition for contact stability margins of a

motion: Apply a finite amount of perturbation in the external forces/moments. Increase

the amount of perturbation until the rigid body acquires a perturbation in its acceleration

(a rigid body can only slip or tip in order to move). The maximum amount of perturbation

in the external forces/moments in a specific direction before a change happens in the

acceleration of the rigid body is referred to as the margin of contact stability of the

system in that direction.
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The system is originally affected by an arbitrary set of contact, inertial,
gravitational and external forces whose sum is equal to zero due to dynamic equilibrium
equations. Let us write the dynamic equilibrium equations for a sample dynamic system

depicted in Figure 10.3 about the origin:

F,+> F,=0

Dynamic Equilibrium =
M, +>M,+>p,xF, =0

— {Enertml + Fgravztatzonal external + Z F =0 (1 0.5. 1)

Minertial + Mgmvitational + Mexternal + Z Ma + Z pzx x Fa = O

A perturbation in the external moments/forces is applied on it which is denoted by

AMextemal and A

extem al *

N AEnertial + AFgravitational + A external + A (Z F ) (1 052)

AM + AMgravitational + AMextemal + A (Z Ma + z pa X Fa ) = 0

inertial

The system will be stable as long as it is able to preserve its original acceleration

(keep AM and AF, equal to zero) for given values of AM__ . and AF It

inertial inertial external

is noted that as long as the system remains stable, a perturbation is impossible in

gravitational forces (AF =AM

gravitational

=0), too. Therefore:

gravitational

AFinertial + AFgravitatiuna/ external (z F )
= ’ (10.5.3)
AM inertial + AM gravitational + external (Z M + z pa x F ) =

0
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AR, iationat + A ciema + A (Z F, ) =0
—_—

= ’ (10.5.4)
AMgravitational + AMexternal + A (Z Ma + Z pa X Fa ) = 0
 groviationd]

0
In order to evaluate the margins of slipping/tipping stability in a specific
direction, let us denote the magnitude of perturbation by a scalar s and the direction of

perturbation in the external force/moment by a unit vectors u, or u,, respectively, such

that AM su,, or AF su,. Therefore, to evaluate the margin of

external — external —

slipping/tipping stability s in that direction, we need to find the maximum allowable

value for s such that a solution exists for the following equations:

L [ARw+A(EE)=0 (105.5)

AM,, rna + A(ZM,Z + Zpa xF, ) =0

su +A(DF,)=0

= or (10.5.6)
Sy +A(ZMQ +Zpa xFa) =0

On the other hand, ZFa =-F, and ZMa + Zpa xF,=-M,, are vector
functions of F, and M , whose values are limited in the 3D space only by the NCM and

friction constraints. Therefore, the margins of dynamic contact stability against

slipping/tipping in a specific direction u, or u, can also be found by evaluating the

maximum and minimum allowable amounts of perturbations in F,, and M, (as
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functions of F, and M, ) in that direction subject to NCM and friction constraints as

will be explained in the next section.

10.6. Formulation for the Margins of Dynamic Stability

Consider the dynamic systems that were depicted in Figures 10.1, 10.2 and 10.3.
At any time frame of motion, there is dynamic equilibrium between the inertial,

gravitational and external (IGE) forces and contact forces. Let F,,, and M, be the force

and moment of IGE forces at the global origin.

Definition 10.1: Margins of Tipping (Falling) Stability

We define the margins of tipping (falling) stability about the positive/negative

directions of horizontal axes as the maximum allowable increase/decrease in (Mige) and
z

(Mige) , such that the reaction contact forces and moments remain possible in the real

world, assuming that other components of F,, and M, remain constant.
We denote the margins of tipping (falling) stability about the positive and

negative directions of the horizontal axes by: A’ (Mige) A (Mige) and

9
z

A" (Mige) A (Mige )x ‘

b
X
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Definition 10.2: Margins of Slipping Stability
We define the margins of slipping stability along the positive/negative horizontal

axes or about the positive/negative vertical axis as the maximum allowable

)z , (F )X and (Mige) , such that the reaction contact forces

ige

increase/decrease in (Fige

and moments remain possible in the real world, assuming that other components of F,,

and M, remain constant.

We denote the margins of slipping stability along the positive/negative horizontal

axes by A+(F. )Z,A’(F

ige ige

)z and A" (Fige )X AT (Fige )x . We also denote the margins of

slipping stability about the positive/negative vertical axis by A" (M )y ,A™ (Mige )y .

ige

10.6.1. Individual Contact Forces and Moments as Design Variables

At any time frame of motion with F, and M a set of contact forces is

ige
required in order to maintain dynamic equilibrium, which means that any contact area is
tolerating a specific net force and moment. The sum of these forces and moments should

balance F,, and M, .

When we are imposing perturbations on components of F,, and M, to find the

margins of stability, we must consider that any of the 6 components of contact forces and

moments on any of the contact areas are allowed to change to find a solution for the
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problem that is possible in the real world. However, in this process, the other components

of F,, and M,,, should be kept fixed. We offer a simple example to clarify this fact:

Consider a 2D problem in which an avatar is in a standing position with the
contact surfaces of its feet and the ground having areas equal to zero (its feet cannot take
moments) as shown in Figure 10.4.a. In this 2D problem the direction of all forces are
assumed to be up/down and direction of all moments are perpendicular to the 2D plane.
All forces and moment symbols represent the magnitude of them and are shown as scalar
symbols. Without any perturbation, a possible case is shown in Figure 10.4.a. With an

increase in the global moment A"M, , = aF , if we do not allow any change in contact

forces and moments, the problem will have no solution as shown in Figure 10.4.b. But, if
we allow changes in contact forces and moments, the problem will have a solution which

is shown in Figure 10.4.c :

F =F

ige

Figure 10.4. Effect of allowing changes in contact forces in determination of stability margins:
(a) A 2D avatar in the original (unperturbed) condition
(b) Perturbed case, preventing any change in contact forces — No Solution
(c) Perturbed case, allowing changes in contact forces - Solvable
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10.6.2. The margins of dynamic stability as linear optimization problems

In the general case (several non-co-planar and non-horizontal contact surfaces),
the problem of finding the margins of stability turns into solving a linear optimization

problem as shown below:

e Margins of Tipping Stability

Margins of tipping (falling) stability A*(Mige)z,A*(M ), AT(Mm, ) and A™(M,,)

ige / ige ¥

can be found by maximizing (A+) or minimizing (A‘) of (Mige) and (Mige) and
subtracting them from their actual values, considering all F, and M, (contact forces

and moments on contact areas) as design variables and the following linear constraints:

1) ~F,. =) F,
2’) _Mige :zsz +Zpa XFa
(Remove (Mige )z or (Mige )x equationif you are maximizing or minimizing any of them)

3) NCM Constraints(7.7.16)onF, and M,

4) Falz + Fa22 < /uzFa32
Instead ,these approximate constraints can beused
which arelinear functionsof ¥, and M , :

—uF <F, <uF, and —uF ,<F 6 <uF,

5)  —uR,F.,<M', <uRF

a” a3 — a” a3
Instead ,these approximate constraints can beused
which arelinear functionsof ¥, and M, :

constraint (7.8.8): —,u”Em. —pa” F.<M_< ,u”Em. —pa” F,
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In the above formulation, it is good to note that the NCM constraints are also
linear constraints in the components of F, and M, . Therefore, one can use the simplex
method to solve a general case of this problem.

If we assume that the robot has only 1 contact area and that contact area is

horizontal (on the ground), the above method will yield a criterion for the margin of
tipping stability similar to the ZMP method. Here, for example we maximize (Mige) .

Without loss of generality we can locate the global origin at the point of application of F,

and M, (p=0):

Maximize(Mige) =-M,, Subjectto:
1) —F,. = F = Constant = (Fige) =F, =Constant
2) —(Mige )Z =M, = Constant —(Mige )y =M,, = Constant
M, M, .
3) (V.. v, ) =| ——=2=,—= |should beinthe convex hull of contact area X, and F, >0
z x F Y
y y
4) F+F’<i’F} (Has no effect onthe solution)

The above problem turns into:

Maximize(v,,) Subjectto:

1) v,, = Constant 2)(v,.,v,, ) should bein the convex hull Y of contact area

which is the same as finding the distance of the ZMP to the edges of the convex hull in

the z direction (ZMP stability margins).
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e Margins of Slipping Stability

Margins of slipping stability A" (Fige )Z JAT (Fige )z , AT (Fige )x ,A” (Fige )x and A" (Mige) ,

y

A (Mige )y can be found by maximizing or minimizing (Fige)z , (Fige )X and (Mige) and

y
subtracting them from their actual values, considering all ¥, and M, (contact forces

and moments on contact areas) as design variables and the below constraints:

1) ~F,. =Y F,

(Remove (Fige )Z or (Fige )x equationif you are maximizing or minimizing any of them)
2) -M,=>M_,+>p,xF,

(Remove (Mige )y equationif you are maximizing or minimizing it)

3) NCM Constraints (7.7.16)on ¥, and M,

4) F +F,) <u’F’
Instead ,these approximate constraints can be used
which arelinear functionsof ¥, and M :
~uF <F, <uF,. and —uF <F,6 <uF,
5) MR, Fy <M’ < uRF,,
Instead ,these approximate constraints can beused
which arelinear functionsof ¥, and M , :

constraint (7.8.8): —,u||Em- —pa”Fa <M, < ﬂ”Ea,- _pa”FaS

3=
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In the above formulation, it is good to note that the NCM constraints are also

linear constraints in the components of F, and M, . Therefore, one can use the simplex

method to solve a general case of this problem.

10.7 Summary and Conclusion

The general NCM and friction constraints introduced in Chapter 7 play a critical
role in the definition of stability concepts in this chapter. Based on these, we defined
margins of tipping and slipping stabilities which are applicable for the most general cases
of contact areas and are usable for both real problems such as in robot control or in
simulations. We showed that the problem of finding the margins of tipping or slipping
stability for the most general cases of contact areas turns into solving a linear
optimization problem.

As was noted before, the ZMP stability criteria and margins are not applicable for
problems in which the system’s contact areas with the environment are non-coplanar. As
it was shown in this chapter, the NCM stability concepts are applicable for systems with
any number of contact areas with the environment, oriented arbitrarily with respect to
each other (contact areas which are coplanar, non-coplanar, horizontal, inclined, parallel

or non-parallel).
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CHAPTER 11
GENERALIZATION OF ZMP CONSTRAINT USING NCM CONCEPTS

11.1 Introduction

In Chapter 7, we presented a general set of constraints on the equivalent reaction
forces and moments (the NCM and the coulomb friction constraints). The NCM
constraints are the real reasons behind the conventional ZMP constraint as proved in
Theorem 8.1. The conventional ZMP constraint is only applicable when the contact areas
of the dynamic system with the environment are coplanar. In this chapter, we generalize
the conventional ZMP constraint so that it can apply to the most general cases when we
have non-coplanar contact areas which are horizontal or inclined and parallel or non-
parallel. However, in the general case of contact areas, it will be observed that besides the
NCM constraints, the coulomb friction constraints also affect the ZMP constraint. The
results obtained in this chapter will be specially useful for the simulation of motion tasks
such as stairs climbing or uneven terrain locomotion or when the robot or the digital

human leans against a wall.

11.2. Motivation for the Generalization of ZMP Constraint

It is essential for robots to move around the conventional human-centered
environments that include stairs as a major terrain. But, the conventional ZMP concepts
are only applicable in the cases where all contact areas are on the same plane. There has

been constant research to generalize the ZMP concepts for both parallel or non-parallel
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contact areas on different planes. However, as previously seen in Chapter 3, an exact,
general method is still lacking to check the possibility or find the margins of stability of a
dynamic motion in the general cases of contact surfaces.

NCM constraints defined in Definition 7.2 are the real theoretical reasons behind
the ZMP constraint (they require the ZMP constraint to hold as a partial result). ZMP
constraint expresses the natural limits on the net moment of all forces, except contact
forces (which are the inertial, gravitational and external (IGE) forces). Dynamic
equilibrium equations indicate that the net moment of contact forces should cancel the net
moment of all other (IGE) forces. Therefore, natural limitations on the contact forces and
moments (NCM constraints) will impose constraints on all other forces and moments
(ZMP constraints). So, it is in fact because of the physical limitations on contact forces
and moments that the ZMP constraint holds true. For example, consider a case where one
of the contact areas of a walking robot can exert unlimited range of contact forces and
moments on the robot (for example one of its feet is strongly glued to the ground at its
moment of contact with the ground), then there will be no need for the ZMP constraint
because in such a case, the possible net moment of IGE forces can have any arbitrary
value and is unlimited. Therefore, this chapter offers a more in-depth look into the
theoretical backgrounds for the ZMP constraints. Also, in this chapter, we use the NCM
and the coulomb friction constraints to generalize the conventional ZMP constraint so
that it can apply to cases when we have contact areas on different (either parallel or non-
parallel) planes. In problems where the ground reaction forces and moments on

individual contact areas are not calculated, it may still be preferred to use ZMP constraint
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instead of NCM constraints. This generalization of ZMP constraint will benefit such
problems where a robot should walk up the stairs or when a robot uses its hand to lean on

the wall with its feet on the ground.

11.3. Overview of the Chapter

Section 11.4 presents the general formula to obtain constraints on the net of IGE
(inertial, gravitational, external) forces and moments by using the NCM constraints. In
the special case when all contact areas are on a same plane, the formula turns into the
conventional ZMP constraint. In a system with the most general case of contact areas, the
equations given in that section need to be solved to see if a given motion (the IGE forces
and moments) are possible or not in the real world.

Section 11.5 simplifies the general formula in Section 11.4 and obtain closed form
ZMP constraints by defining the ZMP constraint in two different ways for the general
case of contact areas (Form I versus Form Il ZMP-Like constraints).

Conventional ZMP constraint checks the possibility of IGE moments about the
two horizontal axes and does not care about the moment about the vertical axis. For the
general case of contact areas, all the axes become significant. Therefore, it is possible to
define ZMP constraints in either 2D or 3D, for them.

Section 11.6 offers formulas for the 2D ZMP-like constraints for systems with

non-coplanar but parallel contact areas.
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11.4. Possibility of IGE Forces and Moments in the Real World in
the Most General Case of Contact Areas

Based on the discussion in Section 8.6.1, in some problems (where GRF on
individual contact areas are not calculated), it may still be preferred to use ZMP

constraint. In those problems, the role of ZMP constraint is to limit the two horizontal

components of M,,, (ZMP being inside the convex hull Y, ) such that in the next step
it will be possible to find unilateral reaction forces and moments on contact areas ', to

cancel them.

As indicated before, NCM constraints are applicable for non-coplanar contact
areas (either horizontal or inclined or parallel or non-parallel) while ZMP constraint is
applicable only if all contact areas are on a same plane. But, the real reasons behind the

limits on M, (ZMP constraint) arise from the NCM constraints (non-adhesiveness of

contact areas). The theoretical basis of ZMP constraint can be derived from NCM
constraints as shown in Theorem 8.1. Therefore it is possible to develop constraints on

F, and M, (similar to ZMP) for cases where NCM constraints apply but the ZMP

constraint does not apply (non-coplanar contact areas). This will be helpful in problems
in which GRF on individual contact areas are not calculated as indicated in the previous
paragraph.

In the most general case of contact areas (either horizontal or inclined or parallel
or non-parallel or co-planar or non-coplanar), the following system of equations needs to

be solved to check whether a specific F,, and M,,, (the net force and moment of IGE

forces at the global origin point) for a dynamic system are possible in the real world:
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GivenF,,, and M, find ¥, and M, for eachcontact area(a =1---n),suchthat :

)  -F,=)F,

2)  -M,,=>M,+>p,xF,

3) NCM Constraints(7.7.16) on F, and M, (11.4.1)
4) F+F,<u’F.

5) ~uRF  <M' <uRF,

In the above system of equations, the unknowns are F, and M , for each contact
area. This system of equations needs to be solved. If a solution exists for F, and M _,
then the F,, and M, in question are possible for the dynamic system in the real world.

The above problem is actually directly borrowed from Section 10.4. In that section, we

found the margins of stability by maximizing or minimizing some components of F,,

and M, . Here, we just check the possibility of a given F

e and M, in the real world.

As an approximation, we replace items (4) and (5) in Equations (11.4.1) by simpler

constraints which are linear functions of F, and M, :

GivenF,, and M,,,, find ¥, and M, for each contact area(a =1---n),suchthat :

1) ~F,. =) F,

2) M, =DM, +> p,xF,

3) NCM Constraints(7.7.16)onF, and M, (11.4.2)
4) ~uF <F <uF, and —uF, <F, <uF,)

5) —,u”Em. —pm”Fa3 <M, < ,u||Em. —pm”Fm3 (constraint (7.8.8))

In the above formulation, it is good to note that the NCM constraints (7.7.16) are

also linear in the components of F, and M, . So, one can check the possibility of a set
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of K, and M, for a dynamic system in the real world by checking whether there exists

ige
a solution for this linear system of equations. This should take a very short time and
therefore, this check can be done at each iteration in a larger nonlinear optimization
problem.

In this section, we have presented the most general method for checking the
satisfaction or violation of the ZMP constraint. That is, in the most general cases of
contact areas, for each case, the system of equations given in (11.4.1) or the approximate

linear forms in (11.4.2) needs to be solved to see if the F,

e and M, in question are

possible in the real world or not. Finding closed form solutions for these problems is a

mathematical problem of finding the boundaries of vector functions subject to equality

and inequality constraints. In the literature, the most related field of research that

investigates such a problem is the field of “Finding the boundaries of workspace for
robots”. Examples of papers in this field can be seen in Haug (1996), Abdel-Malek
(1999), Hariri (2005).

In the rest of this chapter, we will find closed form solutions (find ZMP
constraints) for special cases of these problems. These special cases include cases where
contact areas are not coplanar, but are parallel, such as in stairs climbing or almost

parallel, such as in locomotion over uneven terrains.
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11.5. Using NCM Constraints to Generalize the ZMP Constraint

In this section, we try to simplify the general problem proposed in Section 11.4.
In subsequent sections, we will use this simplified problem in order to find allowable

ranges of K, and M,,, for which solutions for F, and M , exist. In other words, we try

to use NCM constraints and friction constraints for all the contact areas and develop
ZMP-Like constraints for general cases. By ZMP-Like constraints, we mean constraints

that specify the possible ranges for F,, and M, in contrast to NCM constraints which

specify possible ranges for individual contact forces and moments.
Consider the general problem of several inclined and non-coplanar contact areas
in Figure 11.1. This figure is a more detailed version of Figure 7.1 in Chapter 7.

However, in Figure 11.1 and in the rest of this chapter, we choose the location of F, and
M, for each contact area to coincide with the NCM point location for that contact area.

This will not decrease the generality of the solutions obtained for IGE forces and

moments and so for the ZMP-Like constraints; but it will simplify the equations for F,
and M,,, . Therefore, in the rest of this chapter, and wherever the locations of F, and
M, are chosen at the NCM point, F, and M, are in fact the NCM force systems for
those contact area and we shall have: M, =M ', . In Figure 11.1 consider the local frame
e,,€,,,€, corresponding to contact area ', (similar to Figure 7.1). Denote the global
location of the origin of that local frame by o,. Denote the local position of the NCM

point in that local frame by v, and its global location by w, . The global dynamic

equilibrium equation about origin is:



DY F=0 = F,+)F=0

> M=0 = Mg +> M, +> w,xF, =0
= Migez_ZMu_Z(0a+Va)xFa

Let us consider the following definitions:

FaléFa eal Fa2éFu.ea2
F_=F, k F_=2F, i
0:1é o’ alzo Ma2éMa ea2:0
=M, -k M, =M, i
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(11.5.1)

(11.5.2)

(11.5.3)



The constraints on forces and moments due to the non-adhesiveness of each

convex hull Y are:

. Fa3 > 0
NCM Constramts(7.7.16) (1 1.5.4)
v, inside Y,
2 2
. , P by i’ f 2 1 |FS+F,
Friction Constraints FM2 ‘o F 2
(7.8.1)and (7.8.6) v : Lets define @3
o0 )an .0. ! '
— Ra<—a3<ﬂRa maé Ma3 — Ma3
a3 IURaFaS /uRaFa3
0<f, <1
= Friction Constraints (1 1.5.5)
-l<m, <1
Let us also consider the following set of definitions:
A Fa32 Fal FaZ 1 Fal Fa2
eaf = 2 2 eal + eaZ = eal + eaZ
Fal +Fa2 Fa3 Fa3 falu FaS FaS
Define 0<6,<2x suchthat: e, =Cos(0,)e, +Sin(6,)e,, (11.5.6)
F F, e F, e
r Ao, 3 2L 3,252 foranycoordinate frame(e,,e,,e, )
ZFO!3 Ege 'e3 Ege .e3
Then:
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= M == Fu(muR,e,+(0,+v,)x(f,ue, +e,)) (11.5.7)
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Considering (11.5.1), (11.5.4), (11.5.5), (11.5.6) and (11.5.7), we define two

different forms for the ZMP-Like constraint problem as shown below:

A general ZMP — Like Constraint should directly or indirectly :

FormlI)
Specify the Range of FeasibleValues for theVector FunctionM,, :

Mige = _ZFaS (maIURaeaS +(0u + va)x(fa/ueaf +ea3))

For all feasiblevaluesof 3,,3,

Form II)
Specify the Range of FeasibleValues fortheVector FunctionM,, :

Mige = _z Fa3 (maIURaeaS + (Ou + Va )X (fmueuf + ea3 ))

For a specificvalueof 3,3,

(11.5.8)

(11.5.9)

The design variables for both Form I and Form II are F, and M, according to

the original form of the problem in Equations (11.4.1) or variables that depend on F, and

M, as will be seen in next sections. Also, the allowable ranges for M,

should be found subject to the following constraints:

Fz'ge = _ZF(: (
F.>0 (
v, =0 and (v,,v,,)inside Y, (11.5.10.c)
0<f, <1 (
(

-l<m, <1

in both forms

(11.5.10)
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Finding a solution to Form I is equal to finding a solution to Form II by ignoring
constraint (11.5.10a). Therefore, it is always easier to find a solution for Form I compared
to Form II. Also, note that in the conventional ZMP constraint, we actually find ranges
for M,,,-k and M, -i (considering (k,i,j) as (e,,e,,e,)). In that problem the
solutions to Form I and Form II will be the same and equal to the solution of the
conventional ZMP problem. Because in such a case, the constraint will be independent of
the values for 3, and 3, . That is because all contact areas are on a same plane in a
conventional ZMP problem and the frictional forces produce no moment about z or x
axes. Unfortunately, this is only true for the conventional ZMP problem. But in any case,
it is obvious that the solution to Form I will be the union of all possible solutions to Form

II for all possible values of F,,. We will discuss the importance of solving both Form I

and Form II in each of the next sections separately.

11.6. The 2D ZMP-Like Constraint for the Case of Non-Coplanar
but Parallel Contact Areas

In the case of several non-coplanar, but parallel contact areas, the problem is
easier to solve. So, we consider this case first. In this case, because all the planes are
parallel, without any loss of generality, we can assume that all the 3 axes of all the local

coordinate frames are parallel. We also define an additional reference frame e,,e,,e, with

its origin coinciding with the origin of the global coordinate frame. Its unit vecrors are

parallel to those of all the local coordinate frames. Therefore, we have
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e, =e,.e, =e,,e, =¢e, for all values of a. We also define a plane & that passes
through the global origin with the unit vector e, perpendicular to it. We define the ZMP
as a point on plane § where the moments about planar axes e e, are zero. We first find

the “Form I, ZMP-Like Constraint” for this case. In this form, the allowable locations of
the ZMP denoted by z will be restricted by the following equation: (for simplicity of
explanations in this problem, without loss of generality, assume local origins are located

in positions such that o, = o_.e, =o0,=0,=0)

MZ’;P = Mige _ZXEge = _ZFafs (ma/uRaea3 +(0a +Va)x(fa/ueaf +ea3))+ZXzFa
z; M xe, :—Z:Fw(ma,uRae3 +(oa +Vm)><(fwuemf —i—e3))><e3 +z><2Fa xe,
|

0

= zFaa (((0(, +Va)-e3)(fa/ueaf +e3)—(e3 -(falueaf +e3))(0a +Va))
_[(e3 -z) ) F, (e, ‘ZFa)z]=0

= sz ((0(7[3)(j”ct,ueaLf +e,)—0,€, —va)— (e, -Z)ZFu —(e3 'ZFQ)Z =0
0 zFa3
ZFa3 (Va _0a3lu(faeaf ))

0 (11.6.1)

= Z=

As indicated before, to find a solution for the “Form I, ZMP-Like Constraint” (all

possible values of F_ ), we just need to ignore constraint (11.5.10a). Considering
(11.5.10c), (11.5.10d) and (11.5.10e), the locus of v, is equal to Y, (according to the

NCM constraints). The locus of o,,u( f,e, ) is achieved by sweeping f, and e, in
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their allowable ranges which is a disc of radius o_,u . Therefore, the locus of
v, —0,.1(f,e,) in the global coordinate frame is the projection on plane 5 of the
swept area of a disc of radius o_,u on Y, while the center of the disc covers all the
points inside the convex hull Y . Therefore, the locus of v, —o,,u( f,e, ) is the convex
hull of T, with discs of radii o, located at all of its corners. z according to Equation
(11.6.1) is the locus of all possible weighted averages of v, —o,,u(f,e, ) . Therefore,

according to Lemma 8.1, the locus of z is exactly the collection of all the points inside

the convex hull of all the projections of contact areas I, on plane § with each contact
area including a disk on each of its corners of radius o_,x . We call such a convex hull by

the name Area IT.
An approximate shape of Area IT is shown in Figure 11.2 for a stairs climbing

case with two rectangular contact areas (two feet) and horizontal stairs. A value 4 = 0.5

and other relative sizes in the figure are used for deciding the radius of the disks that are
drawn in the Figure 11.2. The coefficient of friction of shoe with the ground has been
reported to range from 0.3 to 2 with 0.6 for a cinder track and 1.5 for grass (Jenkins,
2005). Therefore, the sizes of such disks are normally relatively large compared to the
original sizes of contact areas. The exact calculated sizes for Area IT will be shown later
in Figures 11.6, 11.7, 11.8, 11.10 for their corresponding problems. Figure 11.3 shows a
shape of Area IT for the case of a robot having 3 arbitrary contact areas, one on plane &

and the other two at arbitrary heights (having non-zero values of o, ).
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Figure 11.3. Area I1 for 3 arbitrary contact

Figure 11.2. Area I for a stair climbing case

Definition 11.1: Form I, 2D, ZMP-Like Constraint for Parallel Contact Areas
For a dynamic system that has parallel contact areas with the environment, the
Form I, 2D ZMP-Like constraint states that the following two statements are equivalent:

1- There exist possible values of 3J,, 3, for which the values for M, -¢, and

M,,, -e, are possible in the real world.

2- The ZMP is inside Area I1
We will compare the significance of the Form I and Form II ZMP-Like

constraints at the end of this section.
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Now, we try to find the “Form II, ZMP-Like constraint”. Starting from Equation
(11.6.1), we need to consider the constraint set (11.5.10) in order to find the allowable
locations of the ZMP z . In this work, we only find the “Form II, ZMP-Like constraint”
for the case of 2 contact areas and leave more general cases for future research. In such a

case, Equation (11.6.1) along with constraints (11.5.10) are:

ZFa3( a3/u(faeaf))

Find the area swept by Z= (1 1 .6.2)

ZFa3

F,=->F, (11.6.3a)
F.>0 11.6.3b
Subject to as” ( ) (11.6.3)
0< f <1 (11.6.3¢)
=0 and (v,,,v,,) inside Y, (11.6.3d)
Therefore:

(11511

(11.6.3) 2= 1,V = 2 100t (fuur)
(11.5.11) {Zl } {Z e, } Z:rmvm1 —Zoa3ﬂrafaC0S(9a)
p— 7 = = =
2 Z.eZ ZravaZ _Zoa3/urafaSin(9a)

=  z=z,+z (11.6.4)

Where: V4 =er = Z’”a"m Z. = _ZOaSIurafaCOS(ea)
: v aVa Zi’avaz f _zoa3yrafaSin(t9a)



)

(11.6.3a) = F, = ZF = ZF e +F e +F e,
(11.5.11)
= = Z ( ,uCos ) + £, ,uSm( )e +e )
F, Z f,uCos
3 = & z,urfCos
1 Fz'ge'e3 Z
(11.5.11) F, - Z S ,uSm
Subi - F =& yrszn
ubject to 2 Fge'ea Z " Z )
I:Zra

O0<r, <1
0<f, <1
2 =0 and(

al’

Therefore, the problem is simplified into:

Find the area swept by

Where :

Z,urafaCos(Ha) =3,
z,urafaSin(Ha) =3,
Subjecttoy0< f, <1
Zrd = , O<r, <1
=0 and (v,,v,,) inside Y,

v,,) inside Y,

{ Zoa3yrfC0s( )

20a3yrme( )

|
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(11.6.5)

(11.6.6)

(11.6.7)

For two contact areas, without loss of generality, we can locate the global origin

on the plane of convex hull Y,( o,, =0 ). Therefore, we have:
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Find the area swept by =2, +1Z, (11.6.8)
Where :

v, +rv 1A% 1 n)v.
Zv:zrav(l:{lll 221}:{111 1 21} (11.69)

Wi, ThVy, v, +H(1- ’1 Vo

_ —023,ur2f2C.0s(02) 023u(1 r)szos( , (11.6.10)
—023,ur2f25m(6‘2) 023u(1 r) flen( 2)
,urfCos( )+,u(1 r)szos( ) 3, (11.6.11a)
Subject o ur f,Sin(6,)+ u(1-1) £,Sin(60,) =3, (11.6.11b) (116.11)
0< f, <1, 0<f,<1, 0<r<l (11.6.11c)
(

(vi,v, ) inside X, (v,,v,,) inside Y,

In this problem, we find the area swept by z for fixed values of 3, and 3, while
r, changes between 0 and 1. Initially, let us find the area swept by z for a fixed value of
r, . In the next step, we shall sweep r, between 0 and 1 to find the total area swept by z .
Therefore, the variable parameters will be f, f,.(v,,v,) (V3,5 ). From the above
equations, it is observed that z, only depends on (v,,,v,,),(v,,,v,,) and z, only depends
on f,, f,. Therefore, to find the total area swept by z , we can find the areas swept by z,
(denoted by Area A, ) and z, (denoted by Area A, ) separately and then add them by
adding the location of each point of Area A, to each point of Area A, . This can be done
by sweeping Area A, over each point of Area A, which shall be shown and discussed

later. We first find the area swept by z (denoted by Area A ):
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+(1-
Find the area swept by zZ, = {’”1"11 ( f )VZI } (1 1.6.12)
vy, +(1_’”1)V22
(v, ) inside Y, (11.6.13a)
Subject to (1 1.6.13)
v,.,V,, ) inside Y 11.6.13b
( 21 22) 2 ( )

In fact, if we sweep », from O to 1, the area swept by z will be the convex hull of
I, and T',. In a conventional ZMP problem, z, is equal to zero and this will be the area

swept by z (similarly, the conventional ZMP constraint states that the convex hull of the
two contact areas is the allowable locations of the ZMP). But, in this more generalized

problem, we need the area swept by z, for a fixed value of », .

However, the problem indicated for finding Area A, corresponding to a specific
value of » indicated by Equations (11.6.12) and (11.6.13) is exactly the same as the
problem of finding Area A, for a specific value of r, =1-7 . In Section 8.4, it was
proved that the Area A, for a specific value of r, =1-7 can be found using the

following procedure:

For two general polygons Y, and Y,, A, can be found by the following procedure:
1- Consider (v,;,v,,) to be fixed on a corner E of polygon Y,. Vary (v,,,v,,) on all
corners of polygon Y, and plot the locations of z, denoted by D, .
2- Draw copies of area Y, scaled by », with corner E located at all points D,.
3- The area swept by z_ (denoted by Area A, ) will be equal to the convex hull of

all the areas drawn in step 2.



309

Example 11.1: Constructing Areas A, for Two Contact Areas: a Pentagon and a Triangle
Consider area Y, to be a pentagon and area Y, to be a triangle located at positions shown

in Figure 11.4. The corresponding Areas A, for different values of », are shown:

Area N, __ [+
forr, =0.25

Figure 11.4. Constructing Areas A for different values of 7, for two contact areas

Now, we find the area swept by z, :

1- C
ind the area swept by Z; = - ! ” 11.6.14
F 23/12 i )fz ( )

—0,, (11— rl) £,Sin(6,)
ur, f,Cos (6,)+ u(1-1,) f,Cos(6,) =3, (11.6.15q)
Subject to{ pr, /,Sin(6,)+ p(1-r,) f,8in(6,) =3, (11.6.15b) (11.6.15)
0<fi<l, 0<f,<l (11.6.15¢)
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Therefore:
(11.6.14) = 2 122 =(0,u(1-1) i)
(11.6.15.3) 5
— 0<z} +z; S(onlu(l—rl)) (11.6.16)

u(1-r) f,Cos(6,)+3, = ur, f,Cos (6,)

(11'6.15) - { (1 r)fsz( )+\s2 rlflSm( )

_023/J 1 h szOS( )+023‘ 023/”1fCOS(91)

:> —0,,1(1- rl fsz( )+023\S = 0,,ur, /,Sin(6,)

(11.6.14) 5 053, 023,ur1fC0s(¢91)
=
PREZNUS 023ﬂrlf1Sm(01)
2
= (Zfl +023‘51) ( +0y,5, ) 023lur1f
(11.6.15.3)
— 0<(z, +023J1) z, +023J2) <(oppr;)’ (11.6.17)
Inequality (11.6.16) constrains z; to be inside a disk of radius o,u(1-7)
centered at the origin. Inequality (11.6.17) constrains z, to be inside a disk of radius
0,,ur, centered at (-0,,5,,0,,5, ). Therefore, the area swept by z, (allowable values for

z,) is the intersection of these two disks which we denote by Area A, .

The area swept by z, depends on the values of 3, 3., 1,

., 0,5, 4 Which are all

fixed values except for , which is temporarily fixed, but will be swept later between 0
and 1 to find the total area swept by z . The shapes for Areas A, for some fixed values

of 3,, 3,, r, 0,5, u are shown in Figure 11.5.
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0.05

-0.02

-0.04
-0.07 -0.06 -0.05

Figure 11.5. Shapes for Areas Af for 0,, =02, £ =0.5,r=0,0.1,...,1 aslabeled in figures with
(@ 3,=02,3,=-0.1 and (b)) 3, =-0.2,3,=04

Now remember that z =z +z,. As indicated before, to find the total area swept
by z which we denote by Area A, we should add the location of each point of Area A
to each point of Area A, . This can be done by sweeping Area A, over each point of
Area A,. Assuming Area A, to be a polygon with n corners (see Figure 11.4), Area A
can be constructed by choosing a desired step value Arx <1 and using the following

procedure:
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Algorithm 11.1:
I- Let =0
2- Draw A, as described before (see Figure 11.4)

3- Select the suitable shape of Area A, from (a figure similar to) sample Figure

11.5.

4- At each corner of Area A, , locate a copy of Area A, such that the origin of the

coordinate system in Figure 11.5 coincides with the corner.
5- Let r, =5 +Ar.1If 1, <1 then go to step 2.
6- The area swept by z which we denote by Area A will be the convex hull of all

the copies of Areas A, drawn in the previous steps.

Definition 11.2: Form 11, 2D, ZMP-Like Constraint for Parallel Contact Areas
For a dynamic system that has parallel contact areas with the environment, at each

instant of motion the values for 3, and 3, are known. The Form II, 2D ZMP-Like

constraint states that the two below statements are equivalent:

1- The values for M, -e, and M,, -e, are possible in the real world.

2- The ZMP is inside the Area A that corresponds to those values of 3, 3, .
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A program in Visual Basic has been written by the authors, which:

1- Plots Area A by sweeping all the variable parameters in their allowable ranges
using several nested For-Next loops and If-Then statements (for checking
inequality constraints) and assignments (for imposing equality constraints) to find
the location of z for each combination of possible values of variables and
plotting a single point at that location.

2- Draws Areas A, using the procedure described in Algorithm 11.1. It is observed
in the results that Areas A, drawn in this step exactly define the boundaries of the

area swept by Z (Area A ) in Step 1. This can be considered as a validation for

the accuracy of the procedure described in Algorithm 11.1.

This program currently assumes that contact areas Y, and Y, are both parallel

rectangles of same sizes. For a stair climbing case shown previously in Figure 11.2,

assume that contact areas Y, and Y, have same lengths of 0.2 meters and widths 0.05

meters with the distance between their centers in the forward and sideways directions
equal to 0.3 and 0.15 respectively. Areas A are plotted by this program for the same
values of parameters as in Figures 11.5.a and 11.5.b and are shown in Figures 11.6 and
11.7 respectively. As it is seen from these figures, Areas A, that are borrowed from
Figures 11.5.a and 11.5.b and drawn according to Algorithm 11.1 in Figures 11.6 and

11.7, exactly define the boundaries of the area swept by z (Area A ) which confirms the

validity of Algorithm 11.1.
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Figure 11.6. Shapes for Area 1 (dark yellow) and Area A (green) for
0,,=02, £1=05,3,=0.2,3,=-0.1.Areas Af are the same as calculated in Figure 11.5.a.

Figure 11.7. Shapes for Area I1 (dark yellow) and Area A (green) for
0,, =02, 4=05,3,=-0.2,3,=0.4 . Areas Af are the same as calculated in Figure 11.5.b.
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SN

o

Figure 11.8. The conventional ZMP area (red) is shown in (a). Shapes for Area I1 (dark yellow) and Area

~

A (green) for different values of 0,,, £, J,, 3, are shown in figures (b) to (h). In (b) to (e), we have
0,,=02, £4=0.5and(b) 3, =0.32,3,=-0.32,() 3,=0,3T,=-04,(d)
3,=-04,3,=0,(6) 3,=0,3,=0 . In(f)to (h), we have 0,, =0.2, =1 and (f)
3,=0,3,=0,( 3,=04,3,=-05,Mh 3, =-0.7,3,=-0.5 .
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Figure 11.9. Avatar having non-coplanar contact areas

For a more clear explanation of how the non-coplanarity of the contact areas can
transform the conventional ZMP area and turn it into Area IT and Area A , consider the
avatar shown in Figure 11.9. It has 4 separate contact areas with the environment. Its two
feet soles are on the ground. Its two hand palms have contact with a rigid and unmovable
table. The origin is assumed to be located on the ground and therefore the plane § will

be the ground. The value for o , for the 2 contact areas on the hand palms will be equal
to the elevation of the table. Consider respectively I', and T", as the contact areas of the
feet with the ground and the hands with the table. Assume that I', and ', are rectangles

having same lengths of 0.15 and widths 0.4 with the distance between their centers in the

forward and sideways directions equal to 0.05 and 0 respectively. Let o,, =1.2 (height of
the table) and u=0.5 (coefficient of friction). The shapes of Area IT and Area A for

different values of 3, and 3, are shown in Figure 11.10.
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Figure 11.10. The conventional ZMP area (red) is shown in (a). Shapes for Area I1 (dark yellow) and

Area A (green) for 0,; =1.2, ¢ = 0.5 and different values of J,, J, are shown in Figures (b) to (f).

2
Values of J3,, 3, in each figure are: (b) 3, =0, 3, =0 ,(c) 3, =0.25,3,=-0.2,(d)
3,=0.25,3,=-0.35,() 3,=0.45,3,=-0.1 ,(H I, =-0.1, 3, =-0.45 .

1
The radius of the disks on the corners of the contact areas I, and I', in Area II
will be equal to o,z which is o, =0.6 at its hands (I", ) and zero at its feet (T, ).

Now, let us show Area IT and Area A in their real positions in the world. Consider the

avatar in a static posture without external loads. In that case, we shall have 3, =0, 3, =0

and the corresponding Area IT and Area A were shown in Figure 11.10.b. Also, in such

a case, the location of the ZMP will be the projection of the avatar’s center of gravity on
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Figure 11.11. Avatar being able to lean back without falling due to non-coplanar contact areas

the ground (plane & ). For this case, Area IT and Area A are borrowed from Figure
11.10.b and are shown in their real positions in the world in Figure 11.11.

If it was not for the elevation of the table (o,,) or for the friction forces at the

palms ( x ) Area IT and Area A would have been equal to the conventional ZMP area as

shown in Figure 11.10.a. The ZMP would have been out of both Area IT and Area A and
the posture shown was impossible (zero acceleration was impossible), and the avatar
would have to have an acceleration (have to be falling) in such a situation. But due to the
elevation of the table and the existence of friction, Areca IT and Area A are different
from the conventional ZMP area and the avatar is able to lean back without falling.
Finally, we summarize the benefits of Form I (Area IT) vs. Form II (Area A )

ZMP-Like constraints (see Definitions 11.1, 11.2 and Figures 11.8, 11.10) :
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The significance and the benefits of the Form I ZMP-Like constraints are:

I- Similar to the conventional ZMP constraint, the shape of Area IT only depends on

the shape and location of contact areas and does not depend on the value of F, , .

2- It is much easier to construct Area IT compared to Area A

3- If the ZMP is outside Area IT , we can conclude that the motion is impossible in

the real world for all 3, and 3, (F,, ) according to Definition 11.1.

4- Ttis the union of all Areas A for all possible values of F,,, in the real world.
The weak aspects of Form I ZMP-Like constraints are:

1- If the ZMP is inside Area IT , we cannot be sure whether the values for M, -e,
and M, -e, are possible or not for the current F,, . We can just be sure that there

exist values of F,, ('3, and 3, ) for which they are possible in the real world.

The significance and the benefits of Form II ZMP-Like constraints are:

1- We can be sure whether the values for M, , -¢, and M, -e, are possible or not for

the current F,, based on the ZMP being inside or outside Area A

The weak points of Form II ZMP-Like constraints are:
1- Unlike the conventional ZMP constraint, the shape of Area IT does not only
depend on the shape and location of contact areas. It also depends on the value of

F,, (3,, 3, ). It means that unlike the conventional ZMP constraint, the shape of

Area IT changes for different accelerations or different external forces.

2- It is much harder to construct Area A compared to Area IT
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If we assume all the contact areas to be coplanar, the Form I and Form II ZMP-
Like constraints will both become same as the conventional ZMP constraint and also

independent of 3, 3, . Area I1 and Area A will both be equal to the convex hull of all
contact points. That is because we shall have o, =0 for all contact areas and the value

of z (location of ZMP) in Equation (11.6.1) will be independent of the frictional forces.
In other words that is because in a conventional ZMP problem, the frictional forces

produce no moment about planar axes (e ,e, ).

The ZMP-Like constraints given in this section can be used to check the
possibility or find the margins of stability of robot motion in robot control problems in all
cases where we have one or more contact areas on several inclined or horizontal planes as
long as all planes are parallel such as when a robot wants to climb stairs (either horizontal
stairs as in Figure 11.12.a or inclined but parallel stairs as in Figure 11.12.c) or for
example, when the hand of a robot has contact with the surface of a table parallel to the

inclined ground as shown in Figure 11.12.b.

Figure 11.12. Samples of the applicability of the proposed ZMP-Like constraints in the analysis of motions:
(a) Horizontal stairs (b) Parallel external contact areas (c) Inclined stairs
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11.7. ZMP-like Constraints in the General Case of Non-Coplanar,
Inclined Contact Areas

In general, deriving the range for M, for the Form I or Form II ZMP-Like

constraints defined by (11.5.8) and (11.5.9) is the mathematical problem of finding the
boundaries of vector functions subject to equality and inequality constraints. In the
literature, the most related field of research that investigates such a problem is the field of
“Finding the boundaries of workspace for robots”. Examples of papers in this field can be
seen in Haug (1996), Abdel-Malek (1999), Hariri (2005). We leave the usage of these
general approaches for Finding ZMP-Like constraints as the future topic of research.

However, we have already presented the most general method for checking the violation
or satisfaction of the ZMP constraint or finding the ZMP stability margins. That is, in the
most general cases of contact areas, for each case, the system of equations given in
(11.4.1) or the approximate form that is linear in unknowns (11.4.2) needs to be solved to

see if for the F,, and M, in question are possible or not (They are possible if and only

if there is a solution for the system of equations). Also, to find tipping or slipping stability

margins in the most general cases, the method in Section 10.6 can be used.

11.8. Summary and Conclusion

In this chapter, we presented a general formulation to check the possibility of a

given motion (with a given F,_, and M, ) which can replace ZMP constraint for systems
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with any general case of environmental contact areas. The general formulations for
finding closed form solutions that resemble the form of the conventional ZMP constraint
were also presented. For systems with non-coplanar contact areas (unlike coplanar), the
suggested ZMP constraints are dependent on frictional elements. The actual closed form
solutions were calculated and depicted which are equivalent to the ZMP constraint for the
cases of parallel contact areas. These are new results because the conventional ZMP
constraints are only applicable to cases of coplanar contact areas. A new software was
also developed which finds these new constraints numerically and compares them with

analytical results in order to validate the suggested method.
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CHAPTER 12
SUMMARY, CONCLUSIONS AND FUTURE RESEARCH

12.1 Summary and Conclusions

e Part 1 - Background of Research:

Part I of this work consisting of Chapters 1, 2 and 3 included the introduction and
background material for this research:

In Chapter 2, we introduced the basics of the predictive dynamics method. It was
shown that the kinematic and dynamic calculations can be performed with complete
mathematical certainty, if and only if the ratios for the partitioning of environment
contact forces are given (if all the external forces are known in the general sense).
However, this is not true for a digital human, if it has more than one contact area with the
environment. In that case, the equivalent ground reaction force and moment exerted on
each contact area of the digital human with the environment are indeterminate.

Chapter 3 was a review of the ZMP concepts existing in the literature by using a
simple example. It was shown that in the real world, the ZMP constraint is never violated
during any motion of a dynamic system including unstable or falling motions. It was also
shown that ZMP stability margins and stability criterion are very different from the ZMP
constraint and their role is to evaluate the stability of a given motion. Some conclusions
were as follows:

1- The ZMP constraint transforms two equations of the general dynamic

equilibrium (out of the 6 force and moment equilibrium equations for the

whole system) into inequalities by removing from the equations the contact
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forces acting on the system. These equations represent the dynamic
equilibrium of all the moments exerted on the whole system about the

horizontal axes.

2- The ZMP constraint specifies the range of values for the tipping (horizontal)
components of the net moment of the IGE forces (about any fixed point such

as the origin) that are possible in the real world for a dynamic system.

e Part II- ZMP Method:

Part II of this work consisting of Chapters 4, 5 and 6 was a study of the ZMP
method for modeling environmental contact:

Chapter 4 presented a theoretical study of the ZMP method. It presented an
important theorem (Theorem 4.1) which showed the relation between the ZMP constraint
and the unilaterality of ground reaction forces. It was shown that an additional constraint
requiring the vertical component of the IGE forces to be downwards needs to be imposed
besides the ZMP constraint to ensure the unilaterality of ground reaction forces.
Theorem 4.1 shows that the ZMP method used in predictive dynamics is a legitimate
method for producing motions that are possible in the real world. However, an
assumption was used for the calculation (partitioning) of ground reaction forces in the
ZMP method which was not mathematically proved and was based on observations from
limited experimental data. This assumption was partially evaluated in Section 4.6 to show

its backgrounds and was further evaluated in Section 7.10 to show its defficiencies. In
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that chapter, the ZMP concepts in predictive dynamics were also used to design general
algorithms which modeled the exact changes of the transient ground contact areas during
the motion and calculate ground reaction forces for modeling tasks in the predictive
dynamics environment.

In Chapter 5 and 6, the modules based on the ZMP method introduced in Sections
4.3 and 4.4 are used to model the motion of a human (soldier) performing several military
tasks: aiming, kneeling, going prone and aiming in prone position. To model the dynamic
tasks, new methods in collision avoidance were used which appear in Appendix A. In
Appendix A, we presented new theorems on optimization-based collision avoidance that
use other finite primitives besides the conventional spheres to model objects or limbs.
This new capability was needed to model self and environment collision avoidance in this

research.

e Part III- NCM Method:

Part III of this work consisting of Chapters 7 to 11 was a study of the NCM
method for modeling environmental contact:

Chapter 7 was a theoretical chapters in which we introduced the new concept of
Normal Contact Moment (NCM) point and constraints for each of the contact areas with
the environment. This chapter presented a general set of constraints on the equivalent
reaction force systems (forces and moments) of non-adhesive contact areas by defining a
point called NCM point. That general set of constraints was composed of NCM

constraints and some suggested constraints on the frictional forces and moments which
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use the NCM point definition. The NCM constraints are necessary and sufficient for

modeling the unilaterality of distributed contact forces. Therefore, the unilaterality of

distributed contact forces can be modeled completely by the NCM constraints. Based on

the NCM point location, we presented new constraints on the frictional contact moment

of a contact area. NCM constraints along with those proposed coulomb friction

constraints can completely model the non-adhesiveness of a contact area.

Chapter 8 was another theoretical chapter in which (NCM) constraints were

compared to the ZMP constraint. This chapter presented a relationship between the

location of the ZMP and NCM points for the case of coplanar contact areas. Based on

that, the following conclusions were made:

1-

ZMP constraint is just a result of NCM constraints and is weaker than them.
So, the ZMP constraint cannot ensure that calculated GRF in the ZMP method
are possible in the real world. NCM constraints need to be used to ensure that.
The linear, uniform partitioning assumption used in the ZMP method in fact
causes all the calculated GRF except maybe one to have values that are
mathematically impossible in the real world.

The experimental data support the ZMP method only for the ratio of the
vertical component of GRF (not for the remaining 5 components). This is just
a logical physical phenomenon that would have resulted automatically, if the
NCM constraints had been used (it is embedded in the NCM constraints).
ZMP constraint applies only to the cases in which the system’s contact with

the environment is in one plane only. Unlike ZMP constraint, NCM
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constraints are applicable for the most general cases of contact areas (coplanar
or non-coplanar contact areas which are horizontal or inclined or parallel or

non-parallel).

In Chapter 9, the previous military tasks modeled in Chapters 5 and 6 by using the

ZMP method are remodeled using the NCM method and the results are compared. In that

chapter, we introduced algorithms that re-partition the GRF values obtained by the ZMP

method such that the values are possible in the real world (satisfy the NCM constraints).

As an example, the algorithm was implemented for the “Going Prone” task and a

previously simulated “Walking” task. The conclusions were:

1-

It was proved mathematically in Chapter 8 and validated in Chapter 9 that:

At least one component of the calculated GRF is impossible in the real world
for all ground contact areas, except may be for one contact area in the ZMP
method.

It was proved mathematically in Chapter 4 and validated in Chapter 9 that:
Satisfaction of ZMP constraint ensures that it is possible to find unilateral
contact forces on the given contact areas to cancel the given IGE forces for the
dynamic system. That is because we could find GRF that are possible in the
real world by re-partitioning them.

The torques obtained after re-partitioning seem to be lower than the original
torques. However, the optimality of the initial motion from the ZMP method

seem to stay almost unaffected after re-partitioning. Therefore, although the
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motion obtained in the ZMP method is possible and almost optimal, the GRF
need to be re-partitioned in order to obtain realistic values.

4- The re-partitioning (NCM method) does not ensure that the re-partitioned
GREF are optimal or match the experimental data. These issues also depend on
the original simulation and the constraints used there to predict a motion task.
However, it seems that the results of the re-partitioning for the walking task
considerably improved similarity of the GRF ratios with the experimental

data.

In Chapter 10, we introduce the NCM stability margins. we defined margins of
tipping and slipping stabilities which are applicable for the most general cases of contact
areas and are usable for both real problems such as in robot control or in simulations. We
showed that the problem of finding the margins of tipping or slipping stability for the
most general cases of contact areas turns into solving a linear optimization problem. The
ZMP stability criteria and margins are not applicable for problems in which the system’s
contact areas with the environment are non-coplanar. As it was shown in this chapter, the
NCM stability concepts are applicable for systems with any number of contact areas with
the environment, oriented arbitrarily with respect to each other (contact areas which are
coplanar, non-coplanar, horizontal, inclined, parallel or non-parallel).

In Chapter 11, the NCM constraints are used to generalize the ZMP constraint. In
this chapter, we presented a general formulation to check the possibility of a given

motion which can replace ZMP constraint for systems with any general case of
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environmental contact areas. The general formulations for finding closed form solutions
that resemble the form of the conventional ZMP constraint were also presented. The
actual closed form solutions were calculated and depicted for the cases of parallel contact
areas. A new software was also developed which finds these new constraints numerically

and compares them with analytical results in order to validate the suggested method.

12.2 Future Research

Currently, two separate optimization problems are solved to achieve the
predictive dynamics results. In the first optimization problem (ZMP method), the design
variables are only the joint angle profiles. In the second optimization problem (NCM
method), the joint angle profiles are prescribed values borrowed from the ZMP method
and the indeterminate equivalent ground reaction forces and moments are the only design
variables. As a result this procedure only applies to tasks where environmental contact
areas are coplanar.

As future research, the NCM method can eventually enable the modeling of tasks
in the predictive dynamics environment in which the contact areas are non-coplanar. In
that case, the ZMP method and constraints should be completely abandoned. The
alternative method will be to solve a single, more complicated optimization problem in
which the design variables are the joint angle profiles and the indeterminate equivalent
ground reaction forces and moments at the same time. Environmental contact definitions

should be more general and include the position and orientation of environmental contact
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planes. Generalizations in the calculations of gradients with respect to new additional
design variables will also be necessary. NCM constraints should be used to solve the
problem (which ensure ZMP constraint to hold for the coplanar case of contacts).

The benefit of the alternative method is that:

A- It will be applicable to systems with any arbitrary case of contact areas with
the environment (coplanar or non-coplanar contact areas which are horizontal
or inclined or parallel or non-parallel).

B- Friction constraints can be imposed with any desired coefficient of friction. In
the current method, in the second optimization, they are set equal to values
that were required to generate the motion using the ZMP method (in the first
optimization).

C- In the current method, the motion is prescribed in the second optimization and
is unaffected by the NCM method. In the alternative method, the motion will

also be affected by the NCM method.

The major drawbacks of the alternative method are:

A- We will have a lot more number of design variables than the current method
(6*(number of contact areas-1) new design variables at each time grid point).

B- The partitioning of GRF is performed subject to all the unnecessary
constraints which only depend on the kinematics and are independent of the

GREF partitioning.
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The above issues may seriously slow down the convergence rate and affect the

efficiency of the optimization procedure.

Future research can also include enhancement of the proposed theorems and

implementations (task simulations). Several examples are stated below:

1-

It is still possible to generalize the ZMP constraints and validate the results
further than the current stage. Finding the closed form solutions for ZMP
constraint problem is the mathematical problem of finding the boundaries of
vector functions subject to equality and inequality constraints. In the literature,
the most related field of research that investigates such a problem is the field
of “Finding the boundaries of workspace for robots”. Examples of papers in

this field can be seen in Haug (1996), Abdel-Malek (1999), Hariri (2005).

Refinement of motion tasks, which include, but are not limited to:

A- Testing the “Minimum Movement (Displacement)” performance measure,
developed by the author of the thesis.

B- Decreasing the number of design variables in the motion tasks. (General
modules for decreasing the design variables are developed and initial
implementation has been done for “Aiming While Standing”.)

C- A more complete validation of the simulated dynamic tasks. (Validation
for “Going Prone” is completed but for the other dynamic tasks, only their

predicted NPOA (natural point of aim) is validated.)
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3- Derviving closed form solutions for the proposed NCM contact stability
criteria and stability margins for systems with non-coplanar contact areas with

the environment.
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APPENDIX A
OPTIMIZATION-BASED COLLISION AVOIDANCE USING SPHERES, FINITE
CYLINDERS AND FINITE PLANES

A.1 Introduction

A digital human must avoid the collision of the body segments with other non-
adjacent body segments as well as with the objects in the environment while performing a
task. In this appendix, we develop mathematical models for constraints that can avoid
these collisions. The digital human body segments and the obstacles in the environment
are modeled using surrogate geometries. The body segments are represented by using one
or more spheres rigidly attached to a local reference frame so that these spheres move as
the body segments move. The objects in the environment are modeled using one or more
of the five primitive geometries: spheres, infinite cylinders, infinite planes, finite
cylinders, and finite planes. A generic collision avoidance strategy is developed to avoid
spheres with all the five primitive geometries used for representing obstacles.

We use gradient based optimization strategy for predicting the motion of the
digital human avatar while performing a task. One of the requirements of a gradient
based optimization is use of constraint functions and objective functions with continuous
gradients of at least first order. This is equivalent to a requirement for the elements to
have smooth surfaces (no edges). But finite cylinders and finite planes do not have
smooth edges. Hence, we present a method to smooth out the edges of finite cylinders
and planes and consider these modified elements instead, so that the constraint gradients

are continuous.
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A.2. Literature Review

The computation of distance between two mathematical objects finds many
applications in robotics. Most of the effort in robotics in the field of collision avoidance
involves the path planning optimization for mobile robots where the path of the robot is
normally modified by optimization in order to avoid collision. Using spheres to model
obstacles has also been popular in the field of path planning in flying spacecrafts (Singh,
2001, 2002). There have also been several studies which use spheres for modeling
objects. For a human avatar, modeled as a robot with multiple branches, the design
variables which affect self collision are the joint angles. For obstacle collision avoidance,
the global translation/rotation of the avatar is also added to those variables. For example
Johnson (2010) uses spheres to model a digital human. This model is used in the
prediction of static postures to prevent the digital human from collision with obstacles
(obstacle avoidance) as well as with itself (self avoidance).

Colbaugh et al. (1989) used simple geometric primitives to represent the robot
arms and its environment for a planar manipulator. The obstacles were represented by
circles surrounded by a surface of influence, and the links were modeled by straight lines.
A redundancy resolution scheme was proposed to achieve obstacle avoidance. This
approach was extended to the 3-D workspace of redundant manipulators in Shadpey et al.
(1994, 1995) and Glass et al. (1995).

Using spheres to model links and obstacles for collision avoidance has an

important advantage. The advantage is that the optimization constraint that needs to be

satisfied to avoid collision between 2 spheres is simply: d* > (r +r, )2, where d is the
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distance between the spheres’ centers and 5 and r are the radii of the spheres. This
constraint is simple to calculate and if the motions of the 2 spheres are functions of ¢,
then this constraint is also a C” function of ¢, (the class of functions with continuous pth-

order derivatives is denoted by C”.).

By using available optimization softwares, collision avoidance can be integrated
as a constraint among others. Indeed, one may consider writing these constraints using
any available proximity distance algorithm which returns signed proximity distances
separating two bodies; see the recent exhaustive books by van den Bergen (2004) and
Ericson (2005).

However, while using the gradient-based optimization software, the gradients of
the objective function and the constraints need to be continuous with respect to the design
variables (generally robot joint angles and joint angle trajectories’ parameters). Some of
the works in the field of collision avoidance, model the surface of objects by many flat
surfaces such as polyhedrons. The proximity distance between polyhedrons does not have
continuous gradients with respect to the parameters. Continuity properties of the distance
have been merely discussed or even assumed in previous works. For example, in Lee
(2001) and Choset (1997), where the obstacle avoidance problem has been addressed in a
2D case, it has been claimed that the distance between convex objects is smooth and thus
the gradient is continuous. The latter assertion is not always valid unless one object is
strictly convex, and the former depends on the continuity properties of both objects’

surfaces. It is only in Rusaw (2001) that the non-differentiability (and non-convexity) of
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the distance between convex bodies is well addressed and used with non-smooth analysis
in the context of sensory-based planning.

A recent paper (Escande, 2007) claims to be the first to treat the problem of
ensuring continuous distance’s gradients. It suggests a solution to get rid of the non-
differentiability. They build offline strictly convex bounding volume that can be
considered as a smooth ‘rounding’ of the polyhedron convex hull. However, even in this
work, the edges between any 2 polyhedrons are not smoothed out. They don’t actually
need to perform such an operation, as they consider the collision of polyhedrons one by

one with each other during the motion.

A.3. Formulations

In this appendix, we introduce a new method for obstacle avoidance by
combining parts of the surfaces of differentiable primitives (sphere, infinite cylinder,
infinite plane) and creating new compound primitives (finite cylinder, finite plane, finite
one-sided plane, box). We should make sure that these surface parts are joined together at
boundaries with equal slopes, which means that these joints should cause no edge on the
surface of the compound primitive. The distance between the two primitives or
compound primitives is always calculated by a single scalar constraint function. Theorem
A.3 at the end of this appendix states that if two objects have convex surfaces without

any edges (C'surfaces), then the derivative of minimum distance between them with
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respect to ¢, is a continuous function of ¢,. Hence, the proposed method is suitable for

use as a constraint in the gradient based optimization solver.
In Sections A.3.1 and A.3.2, we present the formula for collision avoidance

constraints. In each case, f is the value of the constraint that should be kept positive to

avoid collision. Also, the position vectors defined in the following section are considered

to be the functions of the design variables, ¢, . If the primitive is associated with a fixed

obstacle in space, the position vectors of all points on such primitives are constant vectors
and hence, the gradients of the position vectors of all such points with respect to design

variables are zero.

A.3.1. Constraints for Collision Avoidance Between Two Primitives

All calculations in this section for each vector is independent of the location and
orientation of its reference frame. So, they hold true for any orientation or position of the
global frame with respect to them (They can correspond to any location/orientation of

their reference frame). Therefore, reference frames are not shown in the figures.

A.3.1.1. Sphere-to-Sphere Collision Avoidance Constraint

As shown in Figure A.1, A and B are the centers of the spheres with radii . and 5,

respectively. Let d denote the distance between A and B. Let the global position vector

of the points A and B be givenby G, =(x, v, z,) and G, =(x, v, z,) - Assume that

B

spheres A and B are attached to two coordinate frames denoted respectively in the D-H

table as coordinate frame number m in branch i and coordinate frame number 7 in branch
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j. Assume that the global coordinate frame in the D-H table is numbered as coordinate

frame 0. Let the local position vector of the points A and B be givenby L, =(x, », :)
and L, =(x, y, z) . The constraint function that should be kept positive to avoid

B

collision and its gradients with respect to the design variables can be calculated as:
a d

Figure A.1. Sphere-to-Sphere collision

f=d*~(n+n) = f=(G,~Gy)(G,~G,)~(rn+n) 20 (43.1)

of oG, aGB]
= = = (G, -G A32
aq, [5% oq, S (432)

Calculation of f:

(43.1)=  f=(G,~Gy)(G,~Gy)—(r+n) 20

{GAm S R o | (433)

GB =(XB YB ZB)T =|:0Tm,/:|(x3 yB ZB)T =|:0Tn,ji|LB

T, ="T,
where ‘ ‘
T,

1

|

m,i

0

=T

1 . nflT

2 n,j

!



o

oq,

Calculation of is more complex. It is a function of

0q,

A

and

0q,

0G,
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.Ina

branched D-H structure, each joint g, may belong at the same time to several different

branches. Therefore, for example in the branch i, let g, be denoted by ¢,; and in branch

. . . of . . .

, 1€1 1 € acnote .. Creiore, € calculation oI —— 1S don¢ usin € 101lo0win
J, let it be d tdbyqtj Theref th lculat faf d g the foll g

’ 9y
procedure:
0 oG oG
(432)> =2( . BJ.(GA—GB)
oq, oq, oq,
oG, [o°T,,]
= 2 LA
G, = I:OTw]LA oqy . ] (4.3.4)
GB :I:O];,f:ILB aGB aon’j
= LB
0q, aqt,j
a 07;1 0 -2 aX71]: i s m—1
OT _ 0 IT mf]T aq = ]—lv,i : ]-:\‘7]‘1' aq ]-;+1, 7-;1,1'
where v " = (A.3.5)
OT,/ = 0]-;,/ IT;,/' : 'HT;,/' 60T1.j 0 x-zT 6171 it n—IT
aqw - 1,j -1, aqw 141, n.j
C” —SA_JCaA_ SJ_JSaM aJ’iCM_ —SU, —C”Cau CSY‘_SaU _as,,-SA-,,-
:7IT Sx,i Cs,icas,i _Cs,isas.i av.iSv.i as_l]:,i Cv.i _Sv.icav.i Sv.isav.i as,iCr,i
“lo  Sa, Ca,, P R A 0 0 0
0 0 0 1 0 0 0 0
where: S = Sin(qx) ) , C = Cos(qs’ )
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0 -1 0 0
o"'T, L 1 0 0 0
= — = [QRU/][> T;J] Where :[QRDI] =
aq., 0 0 0 0
0 0 0 O
of 0',, 0T,
=  —=2|| =" |L,-| —|L; [(G, -Gy}) (4.3.6)
oq; oq,,; aq,
o'T
— =TT (O] T T T, forl<s<m
2. : : i Lo, :
where "
80T / 0 =2 t—1 -1
= T (O | T, T T, forlSt<n
6ql.j o] 5] sJ s Y
Now, remember that in branch i, ¢4, was denoted by g,; and in branch j, it was
of . . )
denoted by ¢, ;. To calculate the vector o efficiently, we separate it into the following
P

two terms which contain the gradients of the locations of the first and the second spheres:

9 2[{%}@].(@\ —GB)—zﬂaon-’ }LBJ.(GA el (43.7)

aqs,i 6qz,j

Term1 Term?2

For efficient calculation, components of “Term 17 should be calculated by

varying s from 1 to m considering that g ; corresponds to component k of the vector

“Term 1”. Components of “Term 2” should be calculated separately by varying ¢ from 1

to n considering that ¢, ; corresponds to component k of the vector “Term 2”. Then, the

o

vector o can be calculated by adding “Terml1” and “Term 2”. For efficiency of
qy
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computation, the formulas obtained for gradients in Sections A.3.1.2 and A.3.1.3 also
need to be separable into two terms which contain the gradients of the locations of the

first object and the second object, same as is done in this section.

A.3.1.2. Sphere-to-Infinite Cylinder Collision Avoidance Constraint
As shown in Figure A.2, d is the minimum distance between the center of the

sphere and the axis of the cylinder. A is the center of the sphere with radius ». B is any
point on the cylinder's axis with radius ». Let the global position vector of the points A
and B be given by G, =(x, v, z,) and G, =(x, v, z,) . Assume that sphere A and

A B

cylinder B are attached to two coordinate frames denoted respectively in the D-H table as
coordinate frame number m in branch i and coordinate frame number n in branch ;.
Assume that the global coordinate frame in the D-H table is numbered as coordinate

frame 0. Let the local position vector of the points A and B be givenby L, = (x, », :,)
and L, =(x, y, z,) . ulisthe expression of the unit vector along the cylinder's axis in the
global reference frame. L, is its expression in the cylinder’s local coordinate frame n.

Therefore, W, the vector connecting point A to point B, can be written as:

Now, define a vector h such that: h=W xu (4.3.8)

Since u is a unit vector: |h|2 =h.h= |W|2 sin® @ = |d|2 (4.3.9)
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Figure A.2. Collision avoidance of a sphere with an infinite cylinder

Hence, the constraint function and the gradients can thus be calculated as:

f=ld =(n+nr) =hh—(r+n) 20 (4.3.10)
aai:zg—h-h (43.11)
q; qy

Calculation of f:

(4.3.10) = f=hh—(r+nr) >0

Sameas(A4.3.3): G,=['T, ]L,, G, =[7, L, (4.3.12)
u=['7 L, W=G,;-G,, h=Wxu
- . : o .
Similar to what was done in Section A.3.1.1, we also need to separate v into
q;

two terms which contain the gradients of the locations of the first object (sphere) and the

second object (cylinder):
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0'T,, 0'T,, o'T
(A'3'4): aGA:[ m’l}LAa &={A}LB Also:a—u:{ ””}L

aq, aq,, aq, oq, j 0, aqw’ ’
0T o°'T
W=G,-G, = W_%s G, 190, _|T iy, (43.13)
dq, 0q, 0q, aqt, j 8‘]5,1'
(A.3.8):> h=Wxu a—h:@£xu+Wxa—u
oq, 0q, oq,
o°T . o°T . o°T. .
S A O AT VO RS Vo | v (4.3.14)
aq, aq, aq, aq,,
(43.11) U YL
qu a%c

Therefore :

T | o°T o°T .
i=2 —L Ly — =L, [xu+Wx ~~ L, ||-h (A.3.15)
oq, agt,j ] ags,i aqt,_j
of 0'T,, 0'T,, 0'T,,
= ——=2[|| =L |L, [xu+Wx| | —=~ L, ||-h-2 ~|L, |xu|-h (A43.16)
oq, aq, aq, oq,,

Terml Term?2

A.3.1.3. Sphere-to-Infinite Plane Collision Avoidance Constraint
As shown in Figure A.3, d is the minimum distance from the center of the sphere

to the plane. A is the sphere's center with radius . B is any point on the mid-plane of the
plane with thickness 27, . Let the global position vectors of the points A and B be given as

GA:(XA YA ZA)T and GB:(XB Y

B

z,) - Assume that sphere A and plane B are attached

to two coordinate frames denoted respectively in the D-H table as coordinate frame
number m in branch i and coordinate frame number # in branch j. Assume that the global

coordinate frame in the D-H table is numbered as coordinate frame 0. Let the local
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position vector of the points A and B be givenby L, =(x, y, z,) and L, =(x, », z,) -

u is the expression of the unit vector perpendicular to the plane in the global frame. L is

its expression in the plane’s local coordinate frame n. W is the vector connecting A to B.

The constraint function f that should be kept positive to avoid collision and its gradients

with respect to the design variables can be calculated as:

W=G;-G, d=W-u
f=d*—(n +t2)2 :(W~u)2—(r1 +t2)2 >0

izz(w.u)(‘aﬂ.ﬁ .a_“j

0q, oq, oq,

(4.3.17)

(4.3.18)

\

Figure A.3. Collision avoidance of a sphere with an infinite plane
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Calculation of f:

(4.3.17) = f=(Wu) ~(5+1) >0

Sameas(A4.3.3): G, =T, |L,, Gy =7, |L,
u=[7 |L,, W=G,-G, (4.3.19)
Similar to what was done in Section A.3.1.1, we also need to separate aai into
qx

two terms which contain the gradients of the locations of the first object (sphere) and the

second object (plane):

o°'T,, o°T, . o°T
(A34):> aGA :|: m’l:|LA, aGB :|: n,j:|LB’ a_u=|: n,J:|Lu

0q, aqs,i 0q, aqt,j 0q, a%,j
o0°T . o°T .
W=G,-G, = OW _0Gy _0G, _ L, - mlL, (A4.3.20)
oq, 0q, 0q, aq, 0q,,

(43.18) = i:z(w-u)[aﬁ.ww-a—“j

Therefore:
0T, | 8T, 0T, ,
L2/ | R o BT O RN Y
aq, i aq,; ] oq, oq,
of 0°T, ] o'T, o'T,,,
= Lo "Ly [ue W | ==L L, | |24 | | == L, [u| (43.21)
aqk L aqz,j i aqz,j aqs,i
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A.3.1.4. Infinite Cylinder-to-Infinite Cylinder Collision Avoidance Constraint

Figure A.4. The collision avoidance of two infinite cylinders

As shown in Figure A.4, d is the minimum distance between the axes of the

cylinders. A and B are any two points on the first cylinder's axis with radius . C and D
are any two points on the second cylinder's axis with radius ». Let the global position
vector of the points A, B, C and D be given by G,,G,,G. and G,. Assume that cylinder

AB and cylinder CD are attached to two coordinate frames denoted respectively in the
D-H table as coordinate frame number m in branch i and coordinate frame number 7 in
branch j. Assume that the global coordinate frame in the D-H table is numbered as
coordinate frame 0. Let the local position vector of the points A, B, C and D be given by

L,,L,.L. and L. u and v are respectively the expression of the unit vectors along the

axis of cylinders AB and CD in the global frame. L, and L are respectively their
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expressions in the cylinders’ local coordinate frames m and n. Let w =ux v. Therefore,

E

we shall have: w =

Create a plane containing line AB and with a perpendicular unit vector w and

E

call it the plane P. Select point R on plane P such that RC L P .Then, we shall have:

pLRC {R—C || MN .
P_LMN = e =  RC=MN
RC||P |rC| =[]
ACRC=|RC| = ACMN=|MN] = [MN|=4Cw
= &' =|VN| =4C.(uxv) ., AC=G.-G, (43.22)
a;dz= aﬁ.(ux V)+A— (—x VJ-I-R.[IJX—J
dq,  0q, 4 0q,
G, _ GOZ’“}L 0G¢ _l:aOTM}L
aq, aq,, * o4 aq, ‘
Sameas(A.3.4) : _ (A.3.23)
ou |0T ov | 0T .
P = Lu P > Lv
o9, | 04, } oq; { aq,; }

([ Jo'r, 0T, |
+[AC. u><|: "’J}Lv}-i- —L LC.(uxv):l (4.3.24)
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A.3.2. Constraints for Collision Avoidance Between Two Compound Primitives

The primitives presented in Section A.3.1 can also be combined to produce
compound primitives like finite cylinders (smoothed) and finite planes (smoothed) with
constraints that have C' continuity. The constraints used for such compound primitives

are discussed in this section.

A.3.2.1. Sphere-to-Finite Cylinder Collision Avoidance Constraint
First, the region of the location of the sphere with respect to the finite cylinder as

shown in Figure A.5 is determined by evaluating the scalar products of vectors a,b with

vector ¢ using Table A.1. Based on the region, the value and all the gradients of the

collision avoidance constraint are set equal to one of the following constraints:

At Region 1: Sphere-to-Infinite Cylinder

At Regions 2,3 : Sphere-to-Sphere

Region 2 Region 1 Region 3

Pl

Figure A.5. Smoothed finite cylinder, regions defined around it and its collision avoidance with a sphere
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Region a.c b.c
Number
1 + +
2 + -
3 - +

Table. A.1. Determining region of the location of the sphere with respect to the finite cylinder

A.3.2.2. Sphere-to-Finite Plane Collision Avoidance Constraint

First, the region of the location of the sphere with respect to the finite plane as
shown in Figures A.6 and A.7 is determined by evaluating the scalar product of vectors

a,b,c,d with vectors u, vusing Table A.2. Based on the region, value and gradients of the

collision avoidance constraint are set equal to one of the following constraints:
At Region 1: Sphere-to-Infinite Plane
At Regions 6, 7, 8, 9: Sphere-to-Sphere

At Regions 2, 3, 4, 5: Sphere-to-Infinite Cylinder

1 1

1 1
Region 6 i Region 4 i Region 7

! !

_________ 48 T

rA B!

1 1

1 1

| |

| |

| |

Region 2 ! Region 1 !

i i

1 1

| C D

A g g - -
K: :/

1 1

1 1

. 1 ]
Region 8 ! Region 5 ! Region 9

Figure A.6. Smoothed finite plane with the regions defined around it
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a b
9'//// I \\]BD
c d
C u D

A

( O

Figure A.7. Finite plane (smoothed) to sphere collision avoidance

Region # a.u b.u c.u d.u a.v b.v (A d.v
1 + - + - - - + +
2 - - - - - - + +
3 + + + + - - + +
4 + - + - + + + +
5 + - + - - - - -
6 - - - - + + + +
7 + + + + + + + +
8 - - - - - - - -
9 + + + + - - - -

Table. A.2. Determining region of the location of the sphere with respect to the finite plane
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A.3.2.3. Finite Cylinder-to-Finite Cylinder Collision Avoidance Constraint

In brief, this problem turns into:

1- Find th minimum distance between the two line segments AB, CD.

2- Calculate the gradient of that minimum distance.

Figure A.8. The collision avoidance of two finite cylinders
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CASE 1)
Minimum distance of the two infinite lines passing through A, B and C, D occurs
on points between A, B on AB and points C, D on CD. Below, we calculate the

requirements for this case to occur:

M=A+au| —— . -
L }:>MN=A+au—C—bV (4.3.25)
N=C+bv
o|mn|
=0 :>u(A+au—C—bv):0
Minimizing”]\TNH: ﬁl_ ,
O||MN -
=0 :>v(A+au—C—bv):O
ob
R R a:kz_k1k3
a —(u.v)b =u.C—-u.4 1—k12
- . = (A.3.26)
(wv)a-b=v.C-v.4 p ok, — ks
1-k?
k =uv
Where: <k, =u.AC
k, =v.AC

For the minimum distance of the two infinite cylinders to occur on points between

A, B on AB and points C, D on CD, we should have:

O<acx< HZE‘
(A.3.27)

0<b<”55
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CASE 2)

This case should be studied, if the requirements for Case 1 do not exist. In this
case, we should perform the four operations listed below without calculating the
gradients. Whichever case has the minimum distance, we should set the constraint value
equal to that distance and calculate the gradients from the formula for that case:

1. Collision Detection of Sphere A to Finite Cylinder CD
2. Collision Detection of Sphere B to Finite Cylinder CD
3. Collision Detection of Sphere C to Finite Cylinder AB

4. Collision Detection of Sphere D to Finite Cylinder AB

A.3.2.4. Finite Cylinder-to-Finite Plane Collision Avoidance Constraint

In brief, these cases need to be considered:

CASE 1)
The only possibility for the minimum distance to occur between the cylindrical

part of the finite cylinder Q and the planar part of finite plane P is that the axis of the
finite cylinder Q intersects the mid-plane of the finite plane P. This case is depicted in

Figure A.9 and can be checked via the following formulation:
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D

Figure A.9. The collision avoidance of a finite cylinders with a finite plane

S=hk,v+kw+A . .
. =  E+ku=kv+kw+A4 (4.3.28)
S=E+ku
ux _vx _Wx kl Ax - Ex kl ux _vx _Wx B Ax - Ex
u, —v, —w, |k r=14,-E + = kyp=|u, —-v, -w, A4,-E, (4.3.29)
Z/lz _vz _Wz k3 Az - Ez k3 uz _Vz _Wz AZ - Ez

In order for the line to intersect the mid-plane of the finite plane, we should have:

0<k <|EF]|
0<k, <|BC| (4.3.30)

0<k, <|4B]
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In this case, the minimum distance between the finite cylinder Q and the finite
. t . . . . .
plane P is equal to —(r+§] where r is the radius of the finite cylinder and t is the

thickness of the finite plane. Also, the distance gradient is zero with respect to all design

variables.

CASE 2)

1. Decompose the finite plane B into sets W= {4 spheres}, V= {4 cylindrical parts of
finite cylinder}. For whichever element of V that the minimum distance occurs on
the lines (same as Section A.3.2.3, Case 1), calculate that distance and ignore the
spheres at the end of the cylindrical part for all the rest of calculations. For other
elements of V, ignore the cylindrical part and calculate distances as (Section

A.3.2.3,CASE 2).

2. Decompose the finite cylinder A into 2 spheres and ignore the cylindrical part. If

any sphere is located in Regionl of finite plane B, calculate the distance.

At the end, the case with the minimum distance determines the value and

gradients of the constraint.
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A.3.2.5. Finite Plane-to-Finite Plane Collision Avoidance Constraint
There is no condition that the minimum distance occurs between the plane parts

of both finite planes. In brief, the method given below is proposed to handle such a case:

1. Ignore the planar part of finite plane, A (only consider the additional finite planes
and spheres used for smoothing its edges), decompose it into 4 finite cylinders
and perform 4 instances of (finite cylinder and finite plane B) collision avoidance

without calculating the gradients.

2. Ignore the planar part of finite plane B (only consider the additional finite planes
and spheres used for smoothing its edges), decompose it into sets W= {4
spheres}, V= {4 cylindrical parts of finite cylinder}. If any sphere of W is located
in Region 1 of finite plane A, calculate the distance. If the axis of any member of
V intersects the mid-plane of finite plane A, stop and calculate according to

(Section A.3.2.3, CASE 1).

At the end, the case with the minimum distance determines the value and

gradients of the constraint.
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A.4. Test Results

We test the proposed obstacle avoidance constraints within the framework of
predictive dynamics and observe the results:

Simulation 1: The results of using the self avoidance modules in the predictive
dynamics code is shown in Figure A.10. The segments of the human avatar are filled with
spheres. The task shown below is a complicated task that requires the avatar to kneel
down and touch the right knee with left hand and touch the left midfoot with its right
hand. This task cannot be simulated correctly unless self-avoidance constraint is properly

modeled and implemented in the predictive dynamics code.

Figure A.10. The test task with sphere to sphere self collision avoidance

Simulation 2: This task requires the avatar to move its hand from sphere A
located at the top of a table to sphere B at the bottom of the table. Figure A.11 shows the

result of the simulation without using any collision avoidance constraints.
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Figure A.11. Result of simulation without imposing obstacle avoidance constraints

Simulation 3: This task also requires the avatar to move its hand from sphere A
located at the top of the table to sphere B located at the bottom of the table. The table is
modeled as a finite plane. The right arm is filled with 7 spheres and so, 7 sphere-to-finite
plane collision avoidance constraints are imposed during the motion. The cost function
minimized for this motion is a combination of dynamics effort and total displacement.

Figure A.12 shows the result of using the mentioned collision avoidance constraints.

Figure A.12. Result of simulation after imposing obstacle avoidance constraints
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A.5. Conclusion

In this appendix, it was proved that any shape may be used for object definition in
optimization-based collision avoidance as long as the shape’s surface is convex and has
no edges (C' surface) so that the gradients of the obstacle avoidance constraint
(minimum distance between the surfaces) are continuous. Finite cylinders and finite
planes have edges which violates the continuity requirements. These edges of the finite
cylinder and finite plane can be smoothed out by combining their surfaces with parts of
the surfaces of spheres and cylinders as was shown in Sections A.3.2.1 and A.3.2.2. We
call these objects compound primitives. Implementation of other compound objects as

shown in Figure A.13 can be considered as topics of future research.

Figure A.13. An edged box (unsuitable), a finite plane, a 1-sided finite plane, a box (smoothed)
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A.5. Theorems on Optimization-Based Collision
Avoidance

Definition Set A.1:  Witness Points of Minimum Distance

P and Q are rigid bodies whose motions are functions of g, (i =1...n). Witness

points of minimum distance between these two rigid bodies called A, B are defined as the

points respectively on P, Q between which the minimum distance of P, Q occurs at any

g,- We denote the global position of points A, B at any g, by A(g,)and B(qg,).

A'% and B'% are defined as the footprint points of A, Bon P, Q for ¢, =¢, . A'%
and B 'q,- are points attached to the surfaces of P, Q which move with P, Q. We denote the
global position of 4', and B', by A'qio (ql.) and B'qi.) (qi). Since A', and B'  are the

footprints of A, B at ¢, = ¢, , the following conditions hold:

{A'qio (qfo):A(%o) = B, (q,«o)=B(q,-0 )} (A4.6.1)

Theorem A.1: Continuity of the Minimum Distance

Using Definition Set A.1, the minimum distance between any 2 rigid bodies P, Q is a

continuous function of ¢, .

Proof:
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The footprints of A, B at ¢, =g, shown by A'qiu (g,) and B'qio (q,) are

continuous functions of ¢; due to the rules of rigid body motion. The minimum distance

between P, Q at ¢, = ¢, is called d, , and therefore:

B"lio (qio )_ A"lio (qio ) < ‘ B'qio +Ag; (qio ) B A'qi0+Aqi (qio )

B, ruq (% +24) By rq (4, +A9 )H >d, (4.6.2)

w2 4, =[]

lim d = lim
Ag—0 Do tAi ap TS0

The minimum distance between P, Q at ¢, = ¢, +Ag;is equal to d, ., and so:

dql_owa_ = HA—BH = ‘ B'qi,,+Aqi (ql.o +Ag, ) - A'inJrAqi (qio + Ag, )H (A.6.3)
dqlowa = ‘ B'qio+Aqi (qio + Aql.)—A'qioMqi (qio + Aqi)‘ﬁ ‘ B'qiﬂ (ql,o +Aqi)—A'qiﬂ (qio +Aqi)H
limd, ., <lim B, (q,)-A", (q,)|=4, (4.6.4)
And therefore:

(A.6.2)and(A.6.4):> Alqi,.Tod%*A% :dq,-(, (A.6.5)
Theorem A.2: Continuity of the Witness Point Locations

Using Definition Set A.1, if P has a convex surface and Q has a strictly convex surface,

then the locations of A, B are continuous function of ¢, .

Proof:
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For any ¢, :

(43) = d, =B (4,)- A" (0)|<[Blying (4)-A'yng (a)]  (46.6)

and

dq,.+Aq,. = B'qi+Aqi (% +Aq(l.)—A'qi+Aqi (% +Ag, )H < B'qi (ql. +qu‘)_A'qi (% +Ag, )H (A.6.7)

B', (%)‘A'qi (qi )H and ‘B'qﬁAqi (qi)—A'qurAqi (ql)H are continuous functions of

Since ‘

q; according to Theorem A.1, then there exists some 0 < <1 such that:

B"li (ql + aAql ) - A'qi (ql + aAql )H = B"li +Aq; (ql + aAql ) - A"li +Aq; (ql + aAql )H 2 d‘]i*‘ZA‘L'
B'qi (‘1,- +alg, ) — A'qi (‘1,- + aAqi)

lim d =limd = lim
Ag—0 TG A0 G Ag 50

= limd, ., =lm B (q+0Aq)-A",.., (q+0Aq) (4.6.8)

A0 G A0

Because P is convex, one can pass a planar surface through A', (% +alg,) and

A’ g (‘Ii +aAqi) such that all points on that surface belong to P. Also, since Q is

strictly convex, one can pass a spherical cap through B' (q,.+aAq,.) and

B' g, (ql. + aAqi) with the convex side of the cap towards the plane that we have
passed through P such that all points on that cap belong to Q.

But as shown in Figure A.14, and if |Aqi| <<1 the minimum distance between P,

Q (Alqi,-lllo d, ., ) 18 equal to the value calculated in Equation (A.6.8), if and only if:

lim A' (g, +aAq;)= Al;rllo Al ng (¢ +Ag,)

Ag;—0 i

lim B' (¢, +aAg,)= lim B, aq, (g, +aAq;)

Ag;—0 ! Ag;—0

(4.6.9)
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KINEMATIC EFFECTS OF FEEDING THE GRF RATIOS OF NCM METHOD BACK

INTO THE ZMP METHOD IN THE GOING PRONE TASK (CHAPTER 9)
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APPENDIX D

GRF RATIOS FOR WALKING IN NCM VERSUS EXPERIMENTAL DATA

Definition of the Set or

Time Time Time Time Time Time Time Time Time
Array Component

Grid Grid Grid Grid Grid Grid Grid Grid Grid

#1 #2 #3 #4 #5 #6 #7 #8 #9
Right Foot Fy 602.30 | 576.10 | 530.30 | 463.00 | 377.30 | 282.10 | 190.10 | 110.80 | 44.40
Contact Force
System at Force Fz 101.50 | 110.40 | 115.60 | 114.50 | 105.20 | 88.20 | 65.70 | 41.40 | 18.40
Plate Support Mx 53.20 | 51.70 | 49.00 | 45.10 | 39.30 | 31.40 | 21.50 | 11.00 1.10
Left Foot Fy 87.10 | 192.60 | 304.10 | 404.20 | 476.60 | 521.70 | 552.90 | 579.80 | 599.60
Contact Force
System at Force Fz 37.30 | -4.20 | -43.70 | -74.00 | -91.90 | -102.7 | -110.5 | -114.2 | -110.5
Plate Support Mx 2230 | 13.10 7.60 13.50 | 12.00 | 17.70 | 20.20 | 24.30 | 28.20
Position of ZMP Along z 0.29 0.36 0.42 0.49 0.54 0.59 0.65 0.71 0.76

ZMP to Right Foot Along z 0.16 0.23 0.29 0.36 0.41 0.46 0.52 0.58 0.63

0.42 0.35 0.30 0.24 0.19 0.13 0.08

ZMP to Left Foot Along z 0.55 0.48

Right Foot Mx at ZMP 96.06 | 131.18 | 156.54 | 170.23 | 160.01 | 137.59 | 103.34 | 65.06 | 25.20

Left Foot Mx at ZMP -29.45 | -88.46 | -133.0 | -146.2 | -152.6 | -133.0 | -109.6 | -78.54 | -45.21
Ratio of dz for Left Foot 0.22 0.32 0.41 0.51 0.58 0.66 0.73 0.81 0.89
Ratio of Fy for Left Foot 0.13 0.25 0.36 0.47 0.56 0.65 0.74 0.84 0.93
Ratio of Fz for Left Foot 027 | -0.04 | -0.61 | -1.83 | -6.91 | 7.08 2.47 1.57 1.20

Mx/Fy for Left Foot at ZMP | (.16 0.23

0.30 0.37 0.42 0.49 0.54 0.59 0.57

Table D.1. Experimental Data (Winter, 2009)

e Note:

The presented values in walking tables (NCM Method, Experimental Data, ZMP
Method) are only for double support phase of walking.For plotting ratios, additional
values of 0 and 1 were also considered to exist for Fy and Fz ratios when the ratio of dz is
equal to 0 and 1, for plotting. Because 0 and 1 ratios correspond to single support phase,

where all the IGE force/moment is supported (canceled) by one foot.
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Definition of the

Value at Value at Value at Value at Value at Value at Value at
Set or Array Component Time Time Time Time Time Time Time
Grid #1 Grid #2 Grid #3 Grid #4 Grid #5 Grid #6 Grid #7
Fx -48.148 30.083 -39.065 3.309 12.099 17.145 13.130
Right Foot
& Fy 834.730 | 167.981 | 122.917 | 80.247 65.779 76.128 43.668
Contact Force
System at the Fz 362.561 | 98.070 | 107.724 | 101.531 | 98.669 114.192 | 65.502
Midpoint of Right Mx 0.403 0492 | -0472 | -0300 | 5592 | -6381 | -3.526
Foot (From Table
9.14) My 1.915 0.111 -20.467 -5.577 -3.810 2.015 7.826
Mz 5.257 6.186 6.128 4.001 1.500 3.358 1.939
Fx -9.023 -37.602 34.899 -7.283 -20.818 | -36.645 | -49.819
Left Foot Contact Fy 110.834 | 148.229 | 310.851 | 468.869 | 595.522 | 693.734 | 831.089
Force System at Fz -99.226 | -29.976 | -84.453 | -123.095 | -165.240 | -226.010 | -222.754
the Midpoint of
Left Foot (From Mx 11.416 14.447 27.800 37.757 31.828 1.972 -0.811
Table 9.14) My 14.807 | 12.055 | -19.458 | -4.960 -0.512 -4.537 -4.123
Mz 3.547 8.345 7.163 6.626 11.471 16.779 20.048
X 0.070 0.046 0.065 0.075 0.082 0.089 0.096
ZMP Location y 0.000 0.000 0.000 0.000 0.000 0.000 0.000
z 0.051 0.335 0.498 0.591 0.653 0.697 0.731
Location of X -0.075 -0.075 -0.075 -0.075 -0.075 -0.075 -0.074
Midpoint of Right y 0.054 0.054 0.060 0.067 0.074 0.082 0.090
Foot
z -0.006 0.060 0.059 0.059 0.059 0.061 0.065
Location of X 0.078 0.078 0.078 0.078 0.078 0.077 0.077
Midpoint of Left y 0.074 0.073 0.067 0.062 0.056 0.052 0.047
Foot
z 0.696 0.762 0.762 0.761 0.759 0.757 0.755
Distance of dx -0.145 -0.121 -0.140 -0.150 -0.157 -0.164 -0.170
Midpoint of Right dy 0.054 0.054 0.060 0.067 0.074 0.082 0.090
Foot From ZMP
dz -0.057 -0.275 -0.439 -0.533 -0.594 -0.636 -0.666
Distance of dx 0.008 0.032 0.013 0.003 -0.005 -0.012 -0.019
Midpoint of Left dy 0.074 0.073 0.067 0.062 0.056 0.052 0.047
Foot From ZMP
dz 0.645 0.427 0.264 0.169 0.106 0.060 0.024
Mx for Right Foot at ZMP 47.886 45.729 53.455 42.454 33.470 42.051 25.571
Mx for Left Foot at ZMP -60.092 | -48.839 | -54.248 | -41.662 | -31.501 | -39.801 | -20.934
Ratio of dz for Left Foot 0.081 0.392 0.624 0.759 0.848 0.914 0.965
Ratio of Fy for Left Foot 0.117 0.469 0.717 0.854 0.901 0.901 0.950
Ratio of Fz for Left Foot -0.377 -0.440 -3.629 5.708 2.482 2.021 1.417
Mx/Fy for Left Foot at ZMP 0.057 0.272 0.435 0.529 0.509 0.552 0.586

Table D.2. Results of Repartitioning of GRF Using NCM Method (Continuation of Table 9.14)
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