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ABSTRACT

The primary objective of this study is to develop new computational meth-
ods for robust design optimization (RDO) and reliability-based design optimization
(RBDO) of high-dimensional, complex engineering systems. Four major research di-
rections, all anchored in polynomial dimensional decomposition (PDD), have been
defined to meet the objective. They involve: (1) development of new sensitivity
analysis methods for RDO and RBDO; (2) development of novel optimization meth-
ods for solving RDO problems; (3) development of novel optimization methods for
solving RBDO problems; and (4) development of a novel scheme and formulation to
solve stochastic design optimization problems with both distributional and structural
design parameters.

The major achievements are as follows. Firstly, three new computational meth-
ods were developed for calculating design sensitivities of statistical moments and re-
liability of high-dimensional complex systems subject to random inputs. The first
method represents a novel integration of PDD of a multivariate stochastic response
function and score functions, leading to analytical expressions of design sensitivities
of the first two moments. The second and third methods, relevant to probability dis-
tribution or reliability analysis, exploit two distinct combinations built on PDD: the
PDD-SPA method, entailing the saddlepoint approximation (SPA) and score func-
tions; and the PDD-MCS method, utilizing the embedded Monte Carlo simulation

(MCS) of the PDD approximation and score functions. For all three methods devel-



oped, both the statistical moments or failure probabilities and their design sensitivi-
ties are both determined concurrently from a single stochastic analysis or simulation.
Secondly, four new methods were developed for RDO of complex engineering systems.
The methods involve PDD of a high-dimensional stochastic response for statistical
moment analysis, a novel integration of PDD and score functions for calculating
the second-moment sensitivities with respect to the design variables, and standard
gradient-based optimization algorithms. The methods, depending on how statistical
moment and sensitivity analyses are dovetailed with an optimization algorithm, en-
compass direct, single-step, sequential, and multi-point single-step design processes.
Thirdly, two new methods were developed for RBDO of complex engineering sys-
tems. The methods involve an adaptive-sparse polynomial dimensional decomposi-
tion (AS-PDD) of a high-dimensional stochastic response for reliability analysis, a
novel integration of AS-PDD and score functions for calculating the sensitivities of
the failure probability with respect to design variables, and standard gradient-based
optimization algorithms, resulting in a multi-point, single-step design process. The
two methods, depending on how the failure probability and its design sensitivities
are evaluated, exploit two distinct combinations built on AS-PDD: the AS-PDD-SPA
method, entailing SPA and score functions; and the AS-PDD-MCS method, utilizing
the embedded MCS of the AS-PDD approximation and score functions. In addi-
tion, a new method, named as the augmented PDD method, was developed for RDO
and RBDO subject to mixed design variables, comprising both distributional and

structural design variables. The method comprises a new augmented PDD of a high-

vi



dimensional stochastic response for statistical moment and reliability analyses; an in-
tegration of the augmented PDD, score functions, and finite-difference approximation
for calculating the sensitivities of the first two moments and the failure probability
with respect to distributional and structural design variables; and standard gradient-
based optimization algorithms, leading to a multi-point, single-step design process.
The innovative formulations of statistical moment and reliability analysis, design sen-
sitivity analysis, and optimization algorithms have achieved not only highly accurate
but also computationally efficient design solutions. Therefore, these new methods
are capable of performing industrial-scale design optimization with numerous design

variables.
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PUBLIC ABSTRACT

A great many complex systems and engineering structures are innately plagued
by extant uncertainties found in manufacturing processes and operating environments.
Under this Ph.D. study, design optimization of complex systems in the presence of
uncertainty was conducted; in other words, developing methods to achieve the best
possible design solution in which the nature of the system behavior is uncertain. The
research involved new fundamental developments and integration of novel compu-
tational methods to study two principal classes of design optimization: (1) robust
design optimization, which improves product quality by reducing the sensitivity of
an optimal design; and (2) reliability-based design optimization, which concentrates
on attaining an optimal design by ensuring sufficiently low risk of failure. Depending
on the objective set forth by a designer, uncertainty is effectively mitigated by these
design optimization methods. The innovative formulations of statistical moment and
reliability analyses, design sensitivity analysis, and optimization algorithms - the nec-
essary ingredients of the computer models developed - have achieved not only highly
accurate, but also computationally efficient design solutions. Therefore, these new
models are capable of performing industrial-scale design optimization with numerous
design variables. Potential engineering applications comprise ground vehicle design
for improved durability and crashworthiness, fatigue- and fracture-resistant design
for civil and aerospace applications, and reliable design of microelectronic packaging

under harsh environments, to name a few.
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CHAPTER 1
INTRODUCTION

1.1 Background and Motivation

A great many complex systems and engineering structures are innately plagued
by extant uncertainties found in manufacturing processes and operating environments.
Conventional design procedures, which rely on heuristically derived safety factors,
cannot account for the quantitative nature of the statistical variation of a system
response. Consequently, the resultant designs are either unnecessarily conservative in
overcompensating for uncertainties or unknowingly risky due to the inherent uncer-
tainties.

Given the existence of uncertainties, the assessment of stochastic responses
must be addressed during the design process of complex systems. To this end, three
distinct theories that rely on the information available—fuzzy set theory, information
theory, and probability theory—can be employed to characterize uncertainties and
assess stochastic responses. The probability theory, owing to its rigorousness, has
been mostly viewed as the most competitive way to model output uncertainties as
long as the knowledge of probability distributions of input uncertainties is provided.
When employing the probability theory to characterize uncertainties, depending on
the objective of the optimization, two major types of design problems, referred to as
robust design optimization (RDO) and reliability-based design optimization (RBDO),

have been increasingly employed by engineers and studied by researchers.



Robust design optimization constitutes a mathematical framework for solving
design problems in the presence of uncertainty, manifested by statistical descriptions
of the objective and /or constraint functions [1-6]. Aimed at improving product qual-
ity, it minimizes the propagation of input uncertainty to output responses of interest,
leading to an insensitive design. Pioneered by Taguchi et al. [1], RDO is increasingly
viewed as an enabling technology for the design of aerospace, civil, and automotive
structures subject to uncertainty [2-6]. The objective or constraint functions in RDO
often involve second-moment properties, such as means and standard deviations, of
stochastic responses, describing the objective robustness or feasibility robustness of a
given design [3]. The main target of RDO is to reduce the variability of the system
performance, which is characterized most often by its standard deviations [7].

Compared with RDO, which concentrates on the optimal designs that make
the performance less sensitive to uncertainties, RBDO aims to find the optimal designs
with low probabilities of failure corresponding to some critical failure mechanisms.
In constraints of RBDO, known as probabilistic constraints or reliability constraints,
particular attention is paid to the issue of structural safety in extreme events. There-
fore, a limit state function is required to define the failure of the structural system.
In a traditional RBDO problem, the objective function is always defined in the mean
(or deterministic) sense. In a generalized RBDO problem, the objective function
depends on the mean and standard deviation of certain response, which leads to
reliability-based robust design optimization [3, 8, 9], an integrated framework that

blends the design objective robustness and probabilistic constraints. Therefore, an



RBDO problem using probability theory typically requires complete statistical in-
formation on the responses. For the same reason, the implementation of RBDO is
known for computationally expensive reliability analysis.

Solving a practical RDO or RBDO problem draws in uncertainty quantifi-
cation of random responses and its coupling with gradient-based optimization al-
gorithms, consequently demanding a greater computational effort. Unfortunately,
existing methods for solving RDO and RBDO problems are usually restricted or even
prohibitive, owing to the following limitations: (1) the efficiency or accuracy of inher-
ent stochastic analysis for moments or reliabilities drops when the dimensionality of
the problem is high; (2) for many of the existing methods, stochastic sensitivity anal-
ysis requires additional stochastic analyses, thus increasing the computational cost;
(3) existing methods for solving RDO problems permit the objective and constraint
functions and their sensitivities to be calculated only at a fixed design, requiring new
statistical moment and sensitivity analyses at every design iteration until convergence
is attained; and (4) existing methods have not been adequately developed for high-
dimensional RBDO problems due to the loss of accuracy or efficiency in stochastic
analysis, stochastic sensitivity analysis, and optimization algorithms. The major mo-
tivation for this work is to develop methods of solving RDO and RBDO with greater
accuracy and/or better efficiency than traditional methods by addressing the four

aforementioned limitations of existing methods.



1.2 Objective of the Study

The primary objective of this study is to develop new computational methods
for RDO and RBDO of high-dimensional, complex engineering systems. Four major
research directions, all anchored in polynomial dimensional decomposition (PDD),
have been defined to meet the objective. They involve: (1) development of new sensi-
tivity analysis methods for RDO and RBDO; (2) development of novel optimization
methods for solving RDO problems; (3) development of novel optimization methods
for solving RBDO problems; and (4) development of a novel scheme and formula-
tion to solve stochastic design optimization problems with both distributional and
structural design parameters. Figure 1.1 presents the integration of the four research

directions, including their coverage in Chapters 3 through 6.

1.3 Outline of the Thesis

The thesis is organized as follows. Chapter 2 presents the preliminaries of
probability theory. This chapter also furnishes the state-of-the-art review of existing
methods for design under uncertainty. Finally, the needs for fundamental research
are outlined.

Chapter 3 presents three new computational methods for calculating design
sensitivities of statistical moments and reliability of high-dimensional complex sys-
tems subject to random input. The first method represents a novel integration of
polynomial dimensional decomposition (PDD) of a multivariate stochastic response

function and score functions. The second and third methods, relevant to probability



distribution or reliability analysis, exploit two distinct combinations built on PDD:
the PDD-SPA method, which entails the saddlepoint approximation (SPA) and score
functions, and the PDD-MCS method, which utilizes the embedded Monte Carlo
simulation (MCS) of the PDD approximation and score functions. Five numerical
examples are solved with the proposed methods, and the results are compared with
at least one of two crude MCS-based approaches or the exact solution.

Chapter 4 introduces four new PDD-based methods for RDO of complex en-
gineering systems. The methods depend on how statistical moment and sensitivity
analyses are dovetailed with an optimization algorithm, encompassing direct, single-
step, sequential, and multi-point single-step design processes. Four numerical ex-
amples entailing mathematical functions and solid-mechanics problems, including an
industrial-scale lever-arm design, illustrate the accuracy, convergence properties, and
computational efficiency of the proposed methods.

Chapter 5 puts forward two new methods for reliability-based design opti-
mization (RBDO) of complex engineering systems. The methods involve an adaptive-
sparse polynomial dimensional decomposition (AS-PDD) of a high-dimensional stochas-
tic response for reliability analysis, a novel integration of AS-PDD and score functions
for calculating the sensitivities of the failure probability with respect to design vari-
ables, and standard gradient-based optimization algorithms, encompassing a multi-
point, single-step design process. The two methods, depending on how the failure
probability and its design sensitivities are evaluated, exploit two distinct combinations

built on AS-PDD: the AS-PDD-SPA method, entailing the saddlepoint approximation



(SPA) and score functions; and the AS-PDD-MCS method, utilizing the embedded
Monte Carlo simulation (MCS) of the AS-PDD approximation and score functions.
Four numerical results stemming from mathematical functions or engineering prob-
lems, including the shape design of a 79-dimensional jet engine bracket, demonstrate
the power of the methods developed to tackle practical RBDO problems.

Chapter 6 presents a new method, named as the augmented PDD method,
for robust design optimization and reliability-based design optimization subject to
mixed design variables accounting for both distributional and structural design vari-
ables. The method comprises a new augmented PDD of a high-dimensional stochastic
response for statistical moment and reliability analyses; an integration of the aug-
mented PDD, score functions, and finite-difference approximation for calculating the
sensitivities of the first two moments and the failure probability with respect to dis-
tributional and structural design variables; and standard gradient-based optimization
algorithms, encompassing a multi-point, single-step design process. Four numerical
examples, involving mathematical functions and solid-mechanics problems, contrast
the accuracy and computational efficiency of the proposed methods for sensitivity
analysis and RDO/RBDO, all entailing mixed design variables.

Finally, conclusions are drawn and future research directions are suggested in

Chapter 7.
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CHAPTER 2
STATE-OF-THE-ART REVIEW

This chapter presents mathematical generalities and existing methods and
algorithms, reviewing those widely employed for solving RDO and RBDO problems,
and then discusses the need for fundamental research. Section 2.1 elucidates the
preliminaries of probability theory. The mathematical formulations of RDO and
RBDO are defined in Section 2.2. Section 2.3 briefly reviews the existing methods
for statistical moments analysis and reliability analysis. Section 2.4 contains existing
methods for stochastic design sensitivity analysis. The state-of-the-art reviews of the
prevailing methods for solving RDO and RBDO are rendered in Sections 2.5 and 2.6,

respectively. Finally, the needs for fundamental research are outlined in Section 2.7.

2.1 Mathematical Preliminaries
The prevailing model for uncertainties in engineering is based on probability
theory. This section represents some essential definitions and notations in probability

theory that will be required here and throughout the forthcoming chapters.

2.1.1 Probability space
The probability space is a triple (€2, F, P), where the sample space 2 of a
random experiment is a collection of all possible outcomes of the random experiment.
The o-field or o-algebra F is a non-empty collection of subsets of {2 that satisfies the

following;:



1. The empty set @ € F.

2. If any event A € F, then A® € F.

3. If A; € F is a countable sequence of sets, then U; A; € F.
The probability measure P : F — [0,1] is a function defined on F that has the
following properties:

1. For any event Ain F, 0 < P(A) <1.

2. It A; € F is a countable sequence of disjoint sets, then P(U;A;) = > P(A;).

3. P(2) =1, and P (¢) = 0, where ¢ denotes the empty set.
In short, a probability space is a measure space such that the measure of the whole

space is equal to one [10].

2.1.2 Random variable

Consider a probability space (€2, F, P) and denote by R the set of real numbers;
then, a random variable, denoted by X (w), is a function mapping every elementary
event w € {2 to an associated real number. A random variable X induces a probability
measure on R called its distribution, usually described by giving its cumulative distri-
bution function (CDF), Fx (z) := P (X < x). For a continuous random variable X
the probability density function (PDF), denoted by fx(x), is fx (z) := dFx (z) /dz,
if it exists. The PDF is non-negative everywhere, and its integral over the entire
space is equal to one. The rth statistical moment of a random variable X is defined

as

m) = E[X"] = /R 2 fx(z) dr, 2.1)
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where E is the expectation operator with respect to the probability measure fx(x)dx
of X. The first moment m") of a random variable X is called its mean px := E[X] :=
Jg @ fx(z)dz. A central moment is a moment of a random variable about its mean.
For instance, the variance of X, denoted by 0%, is its second central moment and
is defined as 0% := E [(X — ux)’] := [, (v — px)” fx(x) dz; here, ox is called the
standard deviation of X. The third and fourth central moments are called skewness
and kurtosis of X, respectively. This research involves systems with random input
parameters following a variety of probability distributions like Beta, exponential,
Gaussian, Gumbel, Lognormal, Weibull etc., details of which can be found in the

literature [11].

2.1.3 Random vector

A collection of N random variables, where N < oo, forms a column vec-
tor X = (Xy,...,Xn)7t, called a random vector, whose components Xi,..., Xy
are scalar-valued random variables and often correlated with each other. The joint
CDF, denoted by Fx(x), of X is defined by the mapping X : Q@ — RY and the
probability measure P, ie., Fx(x) := P (N, {X; <x;}). If Fx(x) is such that
fx(x) = ONFx(x)/0x; - -+ Oxy exists, then fx is called the joint PDF of X. If the
components of a random vector are independent, then the joint PDF fx(x) is a
product of their marginal PDFs, ie., fx(x) = sz\il fx;(z;). The mean px of a ran-
dom vector X is a fixed vector E(X) whose elements are the expected values of the

respective random variables.
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The covariance matrix, Xx := E[(X — pux ) (X —pux )], of a random vector is an
N x N matrix whose ¢, j element is the covariance Cov(X;, X;) := E[(X;— ;) (X, —15)]
between the ith and the jth random variables. The variance of X; is the ith diagonal
element of ¥x. The correlation coeflicient, p;; := ¥;;/(0;0;), is defined only if both
of the standard deviations are finite and both of them are nonzero. When X; and X
are independent, then X; and X are uncorrelated, i.e., p;; = 0. But if X; and X are

uncorrelated, then X; and X, are not necessarily independent.

2.1.4 Hilbert space

A vector space with an inner product defined on it is called inner product
space. A Hilbert space is a complete inner product space. In fact, Hilbert spaces are
probably the most natural generalization of Euclidean space, and their theory is richer
and retains many features of Euclidean space, a central concept being orthogonality.
A particular type of Hilbert space is the Ls-space, which is defined as the set of all
functions f : RY — R such that the integral of the square of the absolute value of
the function is finite, i.e., [, |f(x)|* dx < 0o, induced by the inner product (f, g) :=
Jo f(x)g(x)dx, which also exists and is finite. Therefore, denoted by L,(€2, F, P) the
Lo-space associated with the probability triple (2, F, P), the real random variables
X € L5(Q, F, P) exist with a finite second moment, i.e., E[X?] < 00, i = 1,..., N,

and E[X;X;] <o0,i,j=1,...,N.
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2.2 Design under Uncertainty

Let N, Ny, R, and R represent the sets of positive integer (natural), non-
negative integer, real, and non-negative real numbers, respectively. For £ € N, denote
by R* the k-dimensional Euclidean space and by N¥ the k-dimensional multi-index
space. These standard notations will be used throughout the forthcoming sections.

Consider a measurable space (€24, Fq), where (4 is a sample space and Fq is a
o-field on Qq. For M € Nand N € N, let dp = (d,s) = (dy, -+ ,du,, S1,°+ , Sm.) T €
D be an RM-valued design vector with non-empty closed set D C RM, where My, M, €
N and My + M, = M, and let X := (X1,---, Xn)T 1 (Qq, Fa) — (RY,BY) be an
R¥-valued input random vector with BY representing the Borel o-field on RY, de-
scribing the statistical uncertainties in loads, material properties, and geometry of a
complex mechanical system. The design variables are grouped into two major classes:
(1) distributional design vector d with dimensionality My, and (2) structural design
vector s with dimensionality M,. A distributional design variable d, k= 1,--- , My,
can be any distribution parameter or a statistic—for instance, the mean and stan-
dard deviation—of one or more random variables. A structural design variable
Sp, p = 1,---, Ms, can be any deterministic parameter of a performance function.
Defined over (Qq, Fa), let {Pq : F — [0, 1]} be a family of probability measures. The
probability law of X is completely defined by a family of the joint probability density
functions (PDF) {fx(x;d), x € RY, d € D} that are associated with corresponding
probability measures {Pd, de ]RMd} , so that the probability triple (Qq, Fa, Pg) of X

depends on d.
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Let y(X;d,s), [ =0,1,2,--- , K, be a collection of K + 1 real-valued, square-
integrable, measurable transformations on (€4,Fq), describing relevant geometry
(e.g., length, area, volume, mass) and performance functions of a complex system.
The function y; : (RY, BY) — (R, B) in general is not only an explicit function of
distributional and structural design variables d and s, but also implicitly depends on

distributional design variables d via the probability law of X.

2.2.1 RDO
The mathematical formulation of a general RDO problem involving an objec-

tive function ¢y : RM — R and constraint functions ¢; : R® — R, where [ = 1,--- , K

Y

and 1 < K < oo, requires one to

min co(d, s) := go (Eq [yo(X;d, s)], varg [yo(X;d,s)],d,s),

(d,s)eDCRM

subject to ¢;(d,s) := g; (Bq [y1(X;d,s)], varg [1:(X;d,s)],d,s) <0, [ =1,--- K,
i, <dp < dpy, k=1,---, My,
Spr < Sp < spy, p=1,---, M,,

(2.2)
where Eq[y(X;d, s)] := [on wi(x:d, s) fx(x; d)dx is the mean of y(X;d,s) with E de-
noting the expectation operator with respect to the probability measure fx(x;d)dx of
X, varg[y(X;d,s)] := Eq[{y(X;d,s) —Eq[y:(X; d, s)]}?] is the variance of y;(X;d, s),
g1, 1 =0,1,--- | K, are arbitrary functions of Eq[y;(X;d,s)] and varq[y,(X;d, s)], di
and dj ¢ are the lower and upper bounds, respectively, of di, and s, and s,y are

the lower and upper bounds, respectively, of s,. However, a special case of Equa-
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tion (2.2), commonly adopted in the RDO society [9, 12-14], involves the following
assumptions: (1) the design variables comprise solely distributional parameters, that
is, dr =d; (2) ¢, Il =0,---, K, are not explicit functions of d and s and are lin-
ear transformations of the mean and standard deviation of y;; and (3) the responses
y, [ =0,---, K, do not explicitly depend on d and s, although y; implicitly depends

on d via the probability law of X, leading one to

E X X
min co(d) == wlw 4wy vard [*3/0( )]
deDCRM 1 p=

subject to a(d) == apy/varg [y(X)] — Eq [wi(X)] <0, I=1,--- | K, (2.3)

Y

dk,LSddek,U7 k:17 7M7

where w; € R{ and wy € R are two non-negative, real-valued weights, satisfying w;+
wy = 1; p3 € R\ {0} and of € RS \ {0} are two non-zero, real-valued scaling factors;
and o € Ry, 1 =0,1,---, K, are non-negative, real-valued constants associated with
the probabilities of constraint satisfaction.

In Equation (2.3), c¢o(d) describes the objective robustness, and ¢/(d), | =
1,---, K, describe the feasibility robustness of a given design. Evaluations of both
objective robustness and feasibility robustness, involving the first two moments of
various responses, are required for solving RDO problems, consequently demanding
statistical moment analysis. Coupling with gradient-based optimization algorithms
mandates that the gradients of ¢;(d) be formulated, thus requiring design sensitivity
analysis of the first two moments. Existing approaches for statistical moment analysis

and design sensitivity of moments are elucidated in the forthcoming sections.
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2.2.2 RBDO
The mathematical formulation of a general RBDO problem involving an objec-
tive function ¢y : R® — R and constraint functions ¢; : RY — R, where [ =1,--- | K

and 1 < K < oo, requires one to

(d,s)rg’iD%]RM CO(d7 S) = 9o (Ed [yU(Xa d7 S)] , varq [yO(X7 d7 S)] ) d7 S) )

subject to ¢(d,s) == Pq[X € Qpy(d,s)] —p <0, I=1,--- | K,
dip < dp < dgy, k=1,---, My,
Spr < Sp < spy, p=1,---, M,
where Qp;(d,s) C € is the [th failure set that, in general, may depend on d and

s,and 0 < p, <1, 1l =1,---, K, are target failure probabilities. However, in most

engineering applications, RBDO is commonly formulated to

] d
(o co(d),

subjectto ¢(d) :=FPa[X € Qpy(d)] —p <0, 1=1,--- | K, (2.5)
dpr < dp <dpy, k=1,---, M,

where the distributional parameters solely describe the design variables, that is, dp =
d, ¢y is a prescribed deterministic function of d, and y;(X), [ = 1,--- , K, are not
explicit functions of d, although g; implicitly depends on d via the probability law
of X. Relying on the nature of the failure domain €2p;, a component or a system
failure probability can be envisioned. For component failure probability, the failure
domain is often adequately described by a single performance function y(X), for

instance, Qp; ;= {x : y(x) < 0}. In contrast, multiple, interdependent performance
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functions y;;(x), ¢ = 1,2,---, are required for system reliability analysis, leading,
for example, to Qp; == {x : Ujy;(x) < 0} and Qp; = {x : Ny:(x) < 0} for series
and parallel systems, respectively.

Generally, the objective function ¢y in Equation (2.5) is an explicit function of
d in default of any assessment of stochastic responses. It can also be a function of the
mean and standard deviation of a certain response function, defining the objective
robustness as in Equation (2.3), leading to reliability-based robust design optimization
3, 8, 9].

In Equation (2.5), evaluation of the reliability constraints ¢(d), [ =1,--- | K,
requires calculating the component or system probability of failure defined by the per-
formance functions. Coupling with gradient-based optimization algorithms mandates
that the gradients of ¢;(d) be formulated, thus requiring design sensitivity analysis
of failure probability. A brief review of existing methods for reliability analysis and

design sensitivity of failure probability is provided in the forthcoming sections.

2.3 Stochastic Analysis
2.3.1 Methods of statistical moment analysis
The fundamental problem rooted in statistical moment analysis entails calcula-
tion of a high-dimensional integral with respect to the probability measure fx(x;d)dx
of X over RY, where N is the number of random variables. In general, such an integral
cannot be evaluated analytically. Direct numerical integration can be performed, but

it is not economically feasible when N exceeds three or four. Existing approximate
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methods for statistical moment analysis include the point estimate method (PEM)
[15, 16], Taylor series expansion or perturbation method [17, 18], tensor product
quadrature (TPQ) [19], Neumann expansion method [20], polynomial chaos expan-
sion (PCE) [20], statistically equivalent solution [21], dimension-reduction method
22, 23], and others [24]. A few of these methods are further discussed as follows.
The point estimate method, originally proposed by Rosenblueth [15, 25] for
calculating the moments of a random response function of one or several random
variables, has been employed in several engineering applications [16, 26]. Let X be
an input random variable and y(X) be a response function of interest. The two-point
PEM evaluates statistical moments of y(X) by using two specified points x_and z,
and associated weights, which are determined by matching the first three moments
of X. When y is a function of N random variables, the two-point PEM requires
2V points, causing exponentially increased computational efforts. Harr [27] extended
Roseblueth’s PEM to accommodate large numbers of random variables by employing
a rotational transformation to transform a correlated system into an uncorrelated
system, leading to a scheme requiring only 2N points for the two-point PEM scheme.
However, Harr’'s PEM does not utilize the moments higher than the second order and
may result in loss of accuracy when the skewness of X, for example, is not zero. In fact,
Rosenblueth’s PEM is a special case of the Gauss quadrature rule [28]. When input
random variables follow well-known probability distributions, such as normal, expo-
nential, and uniform distribution, the PEM generates points and weights as the points

and weights of the well-known Gauss-Hermite, Gauss-Laguerre, and Gauss-Legendre
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quadratures. However, for arbitrary distributed input variables, transformations from
an arbitrary random variable to a well-known random variable are required, bringing
nonlinearity into the response function, and thus may cause a degradation of accuracy.
Furthermore, when confronted with a large number of random variables, the PEM
is usually restrictive or even prohibitive due to exponentially scaled computational
demand.

The Taylor series expansion methods, introduced in the early 1980s in the
context of the stochastic finite element method, have been successfully employed for
random eigenvalue problems [29, 30], geotechnical problems [31, 32|, and dynamic
problems [33]. As the name implies, the Taylor series expansion methods, requiring
that the performance function y(X) be differentiable, employ Taylor series approx-
imation of y(X) at the mean values of input random vector X. It can be used
advantageously in cases where the input uncertainties and output nonlinearity are
small, such that terms of a certain order and higher are negligible. When the first-
or second-order Taylor series expansion is applied, the first two moments of y(X) are
evaluated from the knowledge of second-moment properties of X and gradients of the
function y(X). For an N-dimensional random input X, if the gradients of y(X) are
computed with the forward or backward finite difference technique, the total numbers
of function evaluations are N + 1 and %N (N + 1) + 1 for the first- and second-order
Taylor series expansions, respectively. Consequently, the second-order Taylor series
expansion is more computationally expensive than the first-order one, although it is

generally more accurate than the latter. As mentioned earlier, the two major lim-
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itations of these methods are that both the uncertainty of random inputs and the
nonlinearity of performance functions must be small enough so that the contribution
from high-order terms can be ignored.

Recently, the tensor product quadrature method [19] has been employed for
statistical moment analysis. It should be noted that the TPQ method has close
relations with the aforementioned PEM [14, 16, 28]. The nodes and weights of the
TPQ method, satisfying the moment matching condition that is employed in the
PEM, are obtained through rigorous approaches such as the Stieltjes procedure or
the modified Chebyshev algorithm. For an arbitrary probability distribution, those
nodes and weights can be easily obtained, unlike the PEM, in which an additional
transformation is required and may lead to loss of accuracy. Similar to the PEM, the
TPQ method may also be restrictive or prohibitive for high-dimensional problems

due to exponentially increased computational burden.

2.3.2 Methods of reliability analysis
In 1969, Cornell [34] employed the first-order Taylor series expansion to es-
timate reliability, referred to as the mean-value first-order second moment (FOSM)
method. The mean-value FOSM is inaccurate and sensitive to the mathematical for-
mulation of the performance function, as the mean value point is usually not found
on the failure surface [35]. Hasofer and Lind [36] proposed the H-L reliability index,
laying the groundwork for the first- and second-order reliability method (FORM and

SORM) [37-43]. The FORM is based on the linear approximation of the failure surface
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at the most probable point (MPP), not the mean value point, and therefore is consid-
ered accurate as long as the curvature of the failure function in the standard Gaussian
image u of the original random variable space x is not too large at the MPP [35]. As a
natural extension to FORM, the SORM employs the quadratic approximation of the
failure surface. There are two ways to construct the quadratic approximation. The
first is called curvature fitting by Breitung et al. [39] and involves using the second-
order derivative of the performance function at the MPP. The second is referred to as
point fitting by Der Kiureghian et al. [40] and entails semi-paraboloids to interpolate
the performance function around the MPP. The determination of the MPP involves
nonlinear constrained optimizations, which can be formulated by the reliability in-
dex approach (RIA) to find the point on the performance surface to minimize the
distance to the origin of the u space. The minimized distance is the H-L reliabil-
ity index Spr. The probability of failure by FORM is approximated by ®(—fxy),
where ®(-) is the CDF of a standard Gaussian random variable [35]. For SORM,
various asymptotic formulae [39, 44] and non-asymptotic formulae [45, 46] exist. In
most applications, FORM is chosen because of its relatively low computational cost.
However, it encounters difficulties when dealing with strongly nonlinear performance
functions and is criticized for its inherent error in approximating the failure surface
as linear. The error can be reduced by SORM, which requires some curvatures to be
calculated, resulting in aggravated computational burden. Moreover, both methods
may yield considerable error due to the multiple MPPs resulting from a multimodal

performance function.
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Simulation methods are widely used to estimate probability of failure. Crude
Monte Carlo simulation (MCS) [47], relying on independent random sampling and
repeated deterministic trials, is insensitive to the number of input random variables.
Denoting by L the sample size, the convergence rate of direct MCS is O(L~'/?).
Therefore, to achieve high accuracy, crude MCS requires a large sample size and
hence many numerical analyses and thus is computationally intensive. In this regard,
several variance-reduction techniques, such as importance sampling [48, 49|, stratified
sampling [50, 51|, and directional simulation [52, 53|, have been proposed. The basic
idea behind importance sampling and stratified sampling is that certain points of the
random variable space, which have more impact on the parameter being estimated
than others, should be emphasized by sampling more frequently. On the other hand,
the directional simulation method, as an efficient version of MCS, utilizes the -
distribution and conditional expectation to reduce variance. The subset simulation,
cooperating with a modified Metropolis algorithm [54], has been applied recently for
estimation of failure probability [55]. It formulates the calculation of a small failure
probability as a product of a sequence of relatively large probabilities by conditioning
on various subsets. The major limitation of subset simulation is that the proposed
PDFs for the Metropolis algorithm, which heavily impact the convergence of the
algorithm, have to be chosen based on experience. Nonetheless, the simulation meth-
ods mentioned above mainly deal with the reliability analysis of simple mechanical
systems. For complex mechanical systems requiring time-consuming finite element

analysis (FEA), they become impractical or prohibitive.
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In the context of reliability analysis, many other methods can be found in
the literature. Using inverse Fourier transformation, exponential power series expan-
sion, and Hermite polynomial approximation, Daniels [56] developed the saddlepoint
approximation (SPA), providing an asymptotic formula for PDF of mean of n inde-
pendent identically distributed random variables. The SPA, as a tool for estimating
the densities and distribution function, was introduced to the area of structural relia-
bility analysis by Du et al. [57, 58]. As extensions of FORM and SORM, the advanced
mean value method (AMV) [41] and two-point nonlinear approximation (TANA) [59]
have also been developed to treat nonlinear performance functions. However, these
methods may result in significant errors in the case of multimodal performance func-

tions, as demonstrated by Bichon et al. [60].

2.3.3 Dimensional decomposition methods

The dimensional decomposition is a finite, hierarchical, and convergent expan-
sion of a multivariate output function in terms of its input variables with increasing
dimensions [61-64]. The decomposition ameliorates the curse of dimensionality [65]
to some extent by developing an input-output behavior of complex systems with low
effective dimensions [66], wherein the degrees of interactions between input variables
attenuate rapidly or vanish altogether. There exist two important variants of di-
mensional decomposition, described as follows, in the context of distributional design

parameters only.
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2.3.3.1 ANOVA dimensional decomposition

Let y(X) be a real-valued, square-integrable, measurable transformation on
(Q, F), describing the relevant performance function of a complex system. It is as-
sumed that y : (RY,BY) — (R,B) is not an explicit function of d, although y
implicitly depends on d via the probability law of X. Assuming independent coor-
dinates of X, its joint PDF is expressed by a product, fx(x;d) = Hizf]fxl (x4 d),
of marginal PDF fx, : R — R} of X;, i = 1,--- N, defined on its probability
triple (2;, Fi, Pi.a) with a bounded or an unbounded support on R. Then, for a given
subset u C {1,--- N}, fx_, (x_y;d) := Hij\il,igéu fx,(z;;d) defines the marginal den-
sity function of X_, := Xy;... yy\u- The analysis-of-variance (ANOVA) dimensional
decomposition (ADD), expressed by the recursive form [62—64]

yX)= Y w(Xud), (2.6)

w(@) = [y fxlxid)ax 2.)

yu(XUa d) = /RN—M y(Xu> X—u)fxfu (X—u; d)dx—u - Zyv(Xv; d)a (28)

vCu

is a finite, hierarchical expansion of y in terms of its input variables with increasing
dimensions, where u C {1,---, N} is a subset with the complementary set —u =
{1,--+, N}\u and cardinality 0 < |u| < N, and y, is a |u|-variate component function
describing a constant or the interactive effect of X, = (Xj,,---, X;, )7, 1 < iy <
o+ < ijy < N, asubvector of X, on y when |u| = 0 or |u| > 0. The summation in

Equation (2.6) comprises 2V terms, with each term depending on a group of variables

indexed by a particular subset of {1,---, N}, including the empty set (). In Equation



24

(2.8), (X4, x_y) denotes an N-dimensional vector whose ith component is X; if i € u
and z; if i ¢ u. When u = (), the sum in Equation (2.8) vanishes, resulting in the
expression of the constant function yy in Equation (2.7). When u = {1,--- , N}, the
integration in Equation (2.8) is on the empty set, reproducing Equation (2.6) and
hence finding the last function yy ... yy. Indeed, all component functions of y can be
obtained by interpreting literally Equation (2.8).

The ANOVA component functions y,, 0 # v C {1,---, N}, are uniquely

determined from the annihilating conditions [63, 64],

[ o) (s 0 for i € (2.9)
R

resulting in two remarkable properties: (1) the component functions, y,, 0 # u C
{1,---, N}, have zero means; and (2) any two distinct component functions y, and
Yy, where u C {1,--- N}, v C{1,--- , N}, and u # v, are orthogonal [64]. However,
the ADD component functions are difficult to obtain because they require calculation

of high-dimensional integrals.

Remark 2.1. The coefficient yy = Eq[y(X)] in Equation (2.7) is a function of the
design vector d, which describes the probability distribution of the random vector X.
Therefore, the adjective “constant” used to describe yy should be interpreted with
respect to X, not d. A similar condition applies for the non-constant component

functions y,, 0 # u C {1,--- , N}, which also depend on d.
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2.3.3.2 Referential Dimensional Decomposition

Consider a reference point ¢(d) = (c¢i(d), -+ ,en(d))? € RY that generally
depends on the design vector d and the associated Dirac measure HZN:1 d(z; — ¢;)dw;.
The referential dimensional decomposition (RDD) is created when Hf\;l O(x; — ¢;)dx;
replaces the probability measure in Equations (2.6)-(2.8), leading to the recursive

form [64]

yX) = > wu(Xyic(d)), (2.10)

uC{1,,N}
wy(d) = y(c(d)), (2.11)
wy(Xy;e(d)) = y(Xu, cou(d)) = Y wy(Xy; e(d)), (2.12)

vCu

also known as cut-HDMR [67], anchored decomposition [68-70], and anchored-ANOVA
decomposition [71], with the latter two referring to the reference point as the anchor.
Xu and Rahman introduced Equations (2.10)-(2.12) with the aid of Taylor series ex-
pansion, calling them dimension-reduction [22] and decomposition [23] methods for
statistical moment and reliability analyses, respectively, of mechanical systems. Com-
pared with ADD, RDD lacks orthogonal features, but its component functions are

easier to obtain as they only involve function evaluations at a chosen reference point.

Remark 2.2. The constant wy in Equation (2.11) is a function ¢, which is generally
selected as the mean of the random vector X with the probability measure that
depends on d. Therefore, the adjective “constant” used to describe wy should be
interpreted with respect to X, not d. Similar conditions prevail for the non-constant

component functions w,, § # u C {1,--- , N}, which also depend on d via c.
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2.3.3.3 Truncated ADD and RDD

Both ADD and RDD decompositions are grounded on a fundamental conjec-
ture known to be true in many real-world applications: given a high-dimensional func-
tion y, its |u|-variate component functions decay rapidly with respect to |u|, leading
to accurate lower-variate approximations of y. Indeed, given an integer 0 < S < N,

for all 1 < |u| < S, the truncated dimensional decompositions

gs(X) = > pu(Xu:d), (2.13)
uC{1,~ ,N}
0<[ul<S

Js(Xie) = > w(Xyic(d)), (2.14)
uC{1,-,N}
0<[ul<S

respectively, describe S-variate ADD and RDD approximations, which for S > 0

includes interactive effects of at most S input variables X;,,- -, X;,, 1 <43 < -+ <
is < N, on y. It is elementary to show that when S — N, 5 and s both converge
to y in the mean-square sense, generating a hierarchical and convergent sequence of
approximation of y from each decomposition.

For error analysis, a suitable direct form of Equation (2.14) is desirable. The-
orem 2.3 supplies such a form, which was originally obtained by Xu and Rahman [22]
using the Taylor series expansion.

Let j, = (ji,---,7x) € NE, 1 < k < S, be a k-dimensional multi-index
with each component representing a non-negative integer. The multi-index, used in
Theorem 2.3, obeys the following standard notations: (1) |jx| = Zgi’f Jps (2) ji! =
[I20 4% (3) dy(c) = 07 Hry(e) /OXT! -+ XTI (4) (X — cu)t = [IP2V(X,,

cip)jp,1§2'1<---<ik§N.
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Theorem 2.3. For a differentiable multivariate function y : RN — R and 0 < S <
N, if

C SRS S (R B DETc S ECRE

k=0 uC{1, N}
|lu|=S—k
represents an S-variate RDD approximation of y(X), then §s(X;c) consists of all

terms of the Taylor series expansion of y(X) at ¢ that have less than or equal to S

variables, i.e.,

where

to = ?J(C)a
1 . .
te = — Pry(c) (X, —c,)F; 1<k <S.
JkGNO @7éug{17’N}
jlv"'vjk:#o ‘u|:k

Proof. Xu and Rahman [22] proved this theorem in pages 1996-2000 of their paper

when ¢ = 0 without loss of generality.

The stochastic method associated with the RDD approximation was simply called
the “decomposition method” [23]. Theorem 2.3 implies that the RDD approximation
7s(X; c) in Equation (2.15), when compared with the Taylor series expansion of y(X),
yields residual error that includes only terms of dimensions S + 1 and higher. All
higher-order S- and lower-variate terms of y(X) are included in Equation (2.15), which
should therefore generally provide a higher-order approximation of a multivariate
function than the equation derived from an S-order Taylor expansion.

For ADD or RDD to be useful, what are the approximation errors committed

by 7s(X) and ys(X;c) in Equations (2.13) and (2.14)? More importantly, for a given
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0 < S < N , which approximation between ADD and RDD is better? A recently

obtained theoretical result, Theorem 2.4, provides the answer.

Theorem 2.4. Let c = (¢, ,cn)t € RY be a random vector with the joint proba-
bility density function of the form fx(c;d) = HJ 1 fi(cj;d), where f; is the marginal
probability density function of its jth coordinate of X = (X1,---, Xn)T. Define two

second-moment errors

csa = B[(00X) = 3s(X))*) = [ 60— s Aelxid)ax (2160

and

esr(c) =E [(y(X) — ys(X; c))2] = /RN [y(x) — ys(x; c)]2 fx(x;d)dx, (2.17)

committed by the S-variate ADD and RDD approximations, respectively, of y(X).
Then the lower and upper bounds of the expected error E [eg g] := [on €s,r(c) fx(c;d)dc
from the S-variate RDD approzimation, expressed in terms of the error eg 4 from the
S-variate ADD approximation, are

Hi(z\f—sljk—l)?(sfjk)] con. (2.18)

k=0

25Meg 4 < Elegp) <

where 0 < S < N, S+1< N < o0.

Proof. See Theorem 4.12 and Corollary 4.13 provided by Rahman [64].

Remark 2.5. Theorem 2.4 reveals that the expected error from the univariate (S =
1) RDD approximation is at least four times larger than the error from the univariate

ADD approximation. In contrast, the expected error from the bivariate (S = 2) RDD
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approximation can be eight times larger or more than the error from the bivariate
ADD approximation. Given an arbitrary truncation, an ADD approximation is su-
perior to an RDD approximation. In addition, RDD approximations may perpetrate
very large errors at upper bounds when there exist a large number of variables and
appropriate conditions. Therefore, existing stochastic methods anchored in RDD ap-
proximations should be used with caveat. Furthermore, Rahman [64] has shown that
for a given 1 < S < N, the S-variate ADD approximation is optimal, whereas the
S-variate RDD approximation is sub-optimal regardless of how the reference point is

selected.

More recently, a polynomial version of ADD approximation, referred to as
the polynomial dimensional decomposition (PDD) method, has been developed for
uncertainty quantification of high-dimensional complex systems. The PDD, which
inherits all desirable properties of ADD, also alleviates the curse of dimensionality
to some extent by splitting a high-dimensional output function into a finite sum of
simpler component functions that are arranged with respect to the degree of interac-
tion among input random variables. In addition, the PDD exploits the smoothness
properties of a stochastic response, whenever possible, by expanding its component
functions in terms of measure-consistent orthogonal polynomials, leading to closed-
form expressions of the second-moment characteristics of a stochastic solution. Al-
though the same polynomials are extant in PCE, a recent study found that when
the degrees of interaction become progressively weaker or vanish altogether, the PDD

approximation commits smaller error than does the polynomial chaos approximation
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for identical expansion orders [64].

2.4 Stochastic Design Sensitivity Analysis
Denote by L, (2, F, P4) a collection of real-valued random variables including
y(X), which is defined on (2, F, Pg) such that Eq [y"(X)] < 0o, where r > 1 is an
integer and Eq represents the expectation operator with respect to the probability

measure Pg. The rth moment of y(X) is defined by the integral

m(r)(d) =Eq [y (X)] = /]RN Y (x) fx(x;d)dx; r=12,---. (2.19)

Similarly, the failure probability, entailed in reliability analysis, is defined by the
integral

Pa[X € Qp] = /R o (%) fx (x; d)dx = Eq [0, (X)] (2.20)

where Qp is the failure set described by y(x) and

L 1 if x € QF,
lo,(x) = { 0 otherwise, (2.21)

is an indicator function. Therefore, the expressions of moments and the failure prob-
ability in Equations (2.19) and (2.20) can be consolidated into a generic probabilistic

response

) = Ealg(X)):= [ o) fxlxid)ax 2.22)
where h(d) is the statistical moment if g(x) = y"(x), or failure probability if g(x) =
Io,.(x). Based on these notations, the methods for stochastic sensitivity analysis are

elucidated as follows.



31

2.4.1 Finite difference method
Because of its simple implementation, the finite difference method [72, 73]
is commonly employed to estimate design sensitivities. All variants of the finite
difference formulae, including the forward difference, central difference, and backward
difference, can be derived by truncating a Taylor series expanded about a given point.
A common estimate for the design sensitivity of the generic probabilistic response h(d)

defined in Equation (2.22) is the forward difference

Oh(d) o Jav 9(x)fx(x;d + Ady - eg)dx — o 9(x) fx(x; d)dx
ody Ady,

yk=1,--- M,

(2.23)
where e is the M-dimensional basis vector in the design space, in which the kth
component is one and other components are zeros; and Ad), represents a small per-
turbation in the design variable dj.

The finite difference method is probably the easiest method to implement for
design sensitivities. However, it suffers from computational inefficiency and possible
inaccuracy. First, one stochastic sensitivity analysis costs M + 1 times stochastic
analysis for the forward or backward difference method, or 2M times stochastic anal-
ysis for the central difference method. Second, the size of perturbation Ady greatly
affects the accuracy of the estimate. For a highly nonlinear h(d), a large perturbation
leads to inaccurate results. Theoretically, accurate results by Equation (2.23) can be
expected when Adj, approaches zero. However, numerical noises become dominant if

too small a perturbation is used, thus ruining the results.
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2.4.2  Score function method
The score function method [74, 75] has been mostly viewed as a competitive
method, where both a stochastic response and its sensitivities can be obtained from a
single stochastic simulation. To calculate the sensitivities of the generic probabilistic
response h(d) defined in Equation (2.22), the score function method requires the
differential operator and the integral operator to commute; thus the following four
regularity conditions must be held.
1. The PDF fx(x;d) is continuous.
2. The design variable d, € ©, C R, k=1,---, M, where O is an open interval
on R.

3. The partial derivative dfx(x;d)/0dy exists and is finite for all x and dj, € ©y.

In addition, h(d) is differentiable with respect to d.
4. g(x)0fx(x;d)/0dy is dominated by some Lebesgue integrable function z(x) in

the sense that

0/x(x;d)

‘g(x) o ‘<z(x). (2.24)

With the above regularity conditions, applying the Lebesgue dominated convergence

theorem [76] to Oh(d)/ddy leads to

oh(d) 0 .
i T

= /]RN g(x)ahlg;d(:;d)fx(x; d)dx (2.25)

= Eq [g(X)sly (X;d)|.

In last line of Equation (2.25), s((jt) (X;d) :=0ln fx(X;d) /Ody is known as the first-

order score function for the design variable dj [74, 75]. In general, the sensitivities
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are not available analytically since the probabilistic responses h(d) are not either.
Nonetheless, the responses and their sensitivities have both been formulated as ex-
pectations of stochastic quantities with respect to the same probability measure,

facilitating their concurrent evaluations in a single stochastic simulation or analysis.

2.4.3 Other methods

As explained in Subsection 2.3.2, the probability of failure can be approxi-
mated from the knowledge of the reliability index Bg;. When applying FORM or
SORM to solve RBDO problems, it is therefore of interest to study the sensitivity of
B with respect to design variables dy [35, 77]. When dj, is a structural design vari-
able, the sensitivity of Sy, simply involves the gradients of the performance function
with respect to dj and random variables. When dj, is a distributional design variable,
the Rosenblatt transformation [78], required to convert the input random variables
into standard Gaussian variables, is a function of dj. Consequently, the sensitivity
of By, in this case demands the partial derivative of the Rosenblatt transformation
with respect to d,. Nonetheless, the sensitivity analysis of Sy, rooted in the lin-
ear or quadratic approximation of the failure surface by FORM or SORM, inherits
the limitations of FORM or SORM. Therefore, when applied to highly nonlinear or
multimodal performance functions, it may yield inaccurate or inadequate estimates
of design sensitivities.

Recently, the kernel function method has been applied to estimate stochastic

sensitivity [79]. This method is very similar to the score function method. Further
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details of this method are available elsewhere [80].

2.5 Robust Design Optimization

The key component of RDO is the assessment of the first two moments of
stochastic response functions and their sensitivities. There are various methods or
approaches to estimate these quantities: point estimate methods [12], Taylor series
expansion [12], PCE [13], dimension-reduction methods [9, 14, 22, 23, 75], and TPQ
[14], to name a few. There exist three principal concerns or shortcomings when
conducting RDO with existing approaches or techniques.

First, commonly used stochastic methods, including the Taylor series or per-
turbation expansions, PEM, PCE, TPQ rule, and dimension-reduction methods may
not be adequate or applicable for uncertainty quantification of many large-scale prac-
tical problems. For instance, the Taylor series expansion and PEMs, although sim-
ple and inexpensive, begin to break down when the input-output mapping is highly
nonlinear or the input uncertainty is arbitrarily large. Furthermore, truly high-
dimensional problems are all but impossible to solve using the PCE and TPQ rule due
to the curse of dimensionality. The dimension-reduction methods, developed by Xu
and Rahman [22, 81], including a modification [82], alleviate the curse of dimensional-
ity to some extent, but they are rooted in the referential dimensional decomposition,
resulting in sub-optimal approximations of a multivariate function [64, 83].

Second, many of the aforementioned methods invoke finite-difference tech-

niques to calculate design sensitivities of the statistical moments. They demand re-
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peated stochastic analyses for nominal and perturbed values of design parameters and
are, therefore, expensive and unwieldy. Although some methods, such as Taylor se-
ries expansions, also provide the design sensitivities economically, the sensitivities are
either inaccurate or unreliable because they inherit errors from the affiliated second-
moment analysis. Therefore, alternative stochastic methods should be explored for
calculating the statistical moments and design sensitivities as accurately as possible
and simultaneously, but without the computational burden of crude MCS.

Third, existing methods for solving RDO problems permit the objective and
constraint functions and their sensitivities to be calculated only at a fixed design,
requiring new statistical moment and sensitivity analyses at every design iteration
until convergence is attained. Consequently, the current RDO methods, entailing
expensive FEA or similar numerical calculations, are computationally intensive, if
not prohibitive, when confronted with a large number of design or random vari-
ables. New or significantly improved design paradigms, possibly requiring a single or
a few stochastic simulations, are needed for solving the entire RDO problem. Further
complications may arise when an RDO problem is formulated in conjunction with
a multi-point approximation [84] — a setting frequently encountered when tackling
a practical optimization problem with a large design space. In that case, one must
integrate stochastic analysis, design sensitivity analysis, and optimization algorithms

on a local subregion of the entire design space.
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2.6 Reliability-Based Design Optimization
2.6.1 FORM/SORM-based methods

Methods based on FORM and SORM for solving RBDO can be classified, ac-
cording to how reliability analysis and optimization iteration are integrated, into three
categories: the double-loop approach [85-87], the single-loop approach [88, 89], and
the sequential approach [90, 91]. The double-loop approach consists of an outer opti-
mization loop that is used to obtain an optimum reliability-based design and an inner
optimization loop to conduct reliability analysis every time the design variables are
changed. As explained in Subsection 2.3.2, the inner optimization problem can be for-
mulated by RIA to find the point on the performance surface to minimize the distance
to the origin of the u space. Instead of the RIA, Tu et al. [86] proposed the perfor-
mance measure approach (PMA), in which inverse reliability analysis is formulated
to search for a point with the lowest performance function value on a hyper-surface
determined by the target reliability index. The PMA was reported to be computa-
tionally more efficient than the RIA owing to its spherical equality constraint [87].
However, regardless of how the inner optimization problem is solved, the double-loop
approach is expensive because, for each design (outer) iteration, a set of reliability (in-
ner) iterations involving costly function evaluations has to be generated for locating
the MPP. To overcome the high computational expense, Liang et al. [88, 89] pro-
posed a single-loop approach in which the inner-loop calculations are replaced with
an approximated solution obtained by the Karush-Kuhn-Tucker (KKT) optimality

condition. Consequently, the double-loop optimization problem is converted into an
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equivalent single-loop problem, which has been reported to have efficiency almost
equivalent to deterministic optimization and accuracy comparable to the double-loop
approach [89]. To avoid a nested loop, Du and Chen [91] also proposed a sequential
optimization and reliability assessment (SORA) approach, which formulates serial
“equivalent” deterministic optimization problems to achieve a progressive and rapid
convergence. The reliability assessments are conducted only after solving determinis-
tic optimization to verify probabilistic constraints. Therefore, shifting boundaries of
the violated constraints to the feasible domain, based on the reliability information
obtained in the previous iteration, is required. Nonetheless, given that double-loop,
single-loop, and sequential approaches are based on FORM/SORM, there are four
major concerns for these three methods. First, the linear or quadratic may not be
adequate or applicable for highly nonlinear practical problems. Furthermore, it was
noted that SORA confronts a convergence difficulty when the objective and/or con-
straint functions are highly nonlinear or non-smooth [91]. Second, the three methods
inherit the possible inaccuracy of sensitivity analysis resulting from FORM/SORM
as summarized in Subsection 2.4.3. Therefore, alternative stochastic methods are de-
sired for accurate and efficient sensitivity analysis of reliability. Indeed, recent results
from Zou and Mahadevan [92] and Rahman and Wei [93] reveal that a FORM-based
RBDO process may produce infeasible or inaccurate design. Third, it should be noted
that no formal proof of convergence exists for either single-loop or sequential algo-
rithms [90]. Fourth, these methods demand evaluations of objective and/or constraint

and sensitivity analyses at every design iteration, so new or significantly improved
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design paradigms are needed for solving the RBDO problem as efficiently as possible,

simultaneously, and without degrading the accuracy.

2.6.2 RDD-based methods

Rahman and Wei [93] proposed the univariate RDD method for reliability
sensitivity analysis and RBDO. Their method renders a univariate approximation of
a general multivariate function in the rotated Gaussian space for reliability analysis
and analytical expressions for sensitivity of failure probability with respect to design
variables. Computational effort for both failure probabilities and their sensitivities
has been reduced owing to performing multiple one-dimensional integrations. In their
recent work [94], a new multi-point univariate decomposition method was developed
for structural reliability analysis involving multiple MPPs. The method provided
a novel function decomposition at all MPPs, facilitating multiple local univariate
approximations of a performance function. More applications of RDD in RBDO can
be found in the literature [9, 14]. With the aid of RDD, these methods alleviate the
curse of dimensionality to some extent. However, a recent error analysis [64] reveals
the sub-optimality of RDD approximations, meaning that an RDD approximation,
regardless of how the reference point is chosen, cannot be better than an ANOVA

approximation for identical degrees of interaction.

2.6.3 Simulation-based methods
Simulation-based methods [95, 96] are recommended or used when tackling

highly nonlinear or non-smooth performance functions. Royset and Polak [95] pro-
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posed a simulation formulation to estimate the sensitivity of failure probability, in
which either crude MCS or Monte Carlo with importance sampling can be employed.
Another approach, referred to as stochastic subset optimization [96], directly inte-
grates the subset simulation technique with RBDO and permits the simultaneous
evaluation of structural reliability and identification of optimum of RBDO. With
this approach, it is also possible to identify a subset of the design variables that are
significant to objective or constraint functions. When an RBDO problem involves
highly nonlinear or noisy performance function, the FORM/SORM and other surro-
gate methods can be significantly deteriorated, whereas the simulation-based meth-
ods still have the merit of accuracy. However, simulation-based methods are often
computationally prohibitive, particularly when an RBDO mandates FEA of complex

mechanical systems.

2.7 Need for Fundamental Research
In summary, a new computational thinking challenging existing methods or
approaches should be pursued for advancing the frontiers of RDO and RBDO. Not
only novel computational methods are needed for calculating probabilistic character-
istics of responses or their design sensitivities, but also new or significantly improved
design paradigms, possibly requiring a single or a few stochastic simulations for solv-
ing an entire design optimization problem, should be created. To meet this objective,

four research directions, all anchored in PDD, are proposed, as follows.
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2.7.1 PDD methods for stochastic sensitivity analysis

Existing methods for stochastic sensitivity analysis, including the finite dif-
ference, score function, and FORM- or SORM-based methods, have been extensively
employed to solve RDO or RBDO problems of mechanical systems. However, when
confronted with a highly nonlinear and high-dimensional complex system, these meth-
ods often deteriorate in terms of accuracy or become prohibitive due to the loss of
efficiency. The RDD method ameliorates the curse of dimensionality to some extent
by developing an input-output behavior of complex systems with low effective di-
mensions. Unfortunately, it cannot be better than the ANOVA approximation for
identical degrees of interaction. The PDD, which inherits all desirable properties
of the ANOVA dimensional decomposition, has not been systematically studied for
stochastic sensitivity analysis. Therefore, it is of interest to extend PDD, aimed
at both high accuracy and/or high efficiency, from the following three aspects: (1)
exploiting the orthonormal property of polynomial bases to develop analytical ex-
pressions of the sensitivities of the moments of stochastic responses; (2) coupling the
PDD, SPA, and score function for sensitivities of reliability; and (3) integrating the

PDD, MCS, and score function for sensitivities of reliability.

2.7.2 PDD methods for RDO
Current design paradigms for solving RDO problems demand new statistical
moment and sensitivity analyses at every design iteration to evaluate objective and/or

constraint functions and their sensitivities. When dealing with a large number of de-
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sign or random variables or industrial-scale problems that entail expensive FEA or
similar numerical calculations, the current RDO methods are computationally inten-
sive, if not prohibitive. For this reason, it is necessary to develop a new or significantly
improved design paradigm in which only a single or a few stochastic simulations are
needed for solving the entire RDO problem. The new design paradigms should seam-
lessly integrate the PDD method into stochastic analysis, design sensitivity analysis,

and optimization algorithms.

2.7.3 PDD methods for RBDO

When applied to practical design problems involving highly nonlinear or high-
dimensional performance functions, existing RBDO methods, such as FORM/SORM-
based, RDD-based, and simulation-based methods, may not work due to degradation
of solution accuracy or prohibitively high computational cost. They all point to a
qualitative as well as quantitative difference between what has been studied and what
is required. To this end, a new PDD-based RBDO method is desirable to fulfill the
following requirements: accurate evaluations of both failure probabilities and their
design sensitivities, fast convergence of RBDO iterations, and satisfactory numerical

stability.

2.7.4 PDD methods for mixed design variables
Two major classes of design variables, distributional design variables and struc-
tural design variables, are involved in design optimization under uncertainty. How-

ever, much of the existing research, whether in conjunction with RDO or RBDO,
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focus on only one of the two classes of design variables. Indeed, there is a lack of
integrated frameworks for tackling stochastic design optimization problems in the
presence of both classes of design variables, referred to as mixed design variable prob-
lems. Therefore, the last topic of this research delves into developing a PDD-based
framework for solving RDO and RBDO problems involving mixed design variables by
conducting accurate and efficient stochastic sensitivity analyses with respect to both

distributional and structural design variables.
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CHAPTER 3
STOCHASTIC SENSITIVITY ANALYSIS

3.1 Introduction

This chapter presents three new computational methods for calculating de-
sign sensitivities of statistical moments and reliability of high-dimensional complex
systems subject to random input. The first method represents a novel integration
of PDD of a multivariate stochastic response function and Fourier-polynomial ex-
pansions of score functions associated with the probability measure of the random
input. Applied to the statistical moments, the method provides analytical expres-
sions of design sensitivities of the first two moments of a stochastic response. The
second and third methods, relevant to probability distribution or reliability analysis,
exploit two distinct combinations grounded in PDD: the PDD-SPA method, entail-
ing SPA and score functions; and the PDD-MCS method, utilizing the embedded
MCS of PDD approximation and score functions. Section 3.2 formally defines RDO
and RBDO problems, including their concomitant mathematical statements. Section
3.3 describes the PDD approximation of a multivariate function, resulting in explicit
formulae for the first two moments, and the PDD-SPA and PDD-MCS methods for
reliability analysis. Section 3.4 defines score functions and unveils new closed-form
formulae or numerical procedures for design sensitivities of moments. The conver-
gence of the sensitivities of moments by the proposed method is also proved in this

section. Section 3.5 describes the PDD-SPA and PDD-MCS methods for sensitivity
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analysis and explains how the effort required to calculate the failure probability also
delivers its design sensitivities, sustaining no additional cost. The calculation of PDD
expansion coefficients, required in sensitivity analyses of both moments and failure
probability, is discussed in Section 3.6. In Section 3.7, five numerical examples are
presented to probe the convergence properties, accuracy, and computational efficiency

of the proposed methods. Finally, conclusions are drawn in Section 3.8.

3.2 Design under Uncertainty

Consider a measurable space (€24, Fq), where 4 is a sample space and Fqy
is a o-field on 4. Defined over (Qq,Fq), let {Pq : F — [0,1]} be a family of
probability measures, where for M € N and N € N, d = (dy,--- ,dy)T € D is
an RM-valued design vector with non-empty closed set D C RM, and let X :=
(X1, Xn)T 0 (Qq, Fa) — (RN, BY) be an RY-valued input random vector with
BY representing the Borel o-field on RY, describing the statistical uncertainties in
the loads, material properties, and geometry of a complex mechanical system. The
probability law of X is completely defined by a family of the joint probability density
functions (PDF) {fx(x;d), x € RY, d € D} that are associated with probability
measures { P4, d € D}, so that the probability triple (Q2q, Fa, Pa) of X depends on d.
A design variable dj can be any distribution parameter or a statistic — for instance,
the mean or standard deviation — of X;.

Let y(X), I = 1,2,---, K, be a collection of K + 1 real-valued, square-

integrable, measurable transformations on ({24, Fq), describing performance functions



45

of a complex system. It is assumed that y; : (RY, BY) — (R, B) is not an explicit

function of d, although y; implicitly depends on d via the probability law of X.

3.2.1 RDO
A common mathematical formulation for RDO problems involving an objective
function ¢y : RM — R and constraint functions ¢; : R® — R, where [ =1,--- , K and

1 < K < o0, requires one to

E X X
min co(d) i wy ma X Vvara (X))
deDCRM 1 o

subject to a(d) ;== ajy/varg [y(X)] = Eq [y(X)] <0, I =1,--- K, (3.1)

dk,LSddek,Ua k:17 7M7

where Eq[y,(X;d)] := [on wi(x;d) fx(x; d)dx is the mean of y(X; d) with E denoting
the expectation operator with respect to the probability measure fx(x;d)dx of X;
varg[y(X; d)] = Eq[{y(X;d) — Eq[y;(X;d)]}?] is the variance of 4(X;d); g, | =
0,1,---, K, are arbitrary functions of Eq[y;(X;d)] and varq[y,(X;d)]; dr and dj ¢/
are the lower and upper bounds, respectively, of di; w; € Ry and wy, € R are two
non-negative, real-valued weights, satisfying w; + wy = 1; uf € R\ {0} and of €
R$ \ {0} are two non-zero, real-valued scaling factors; and oy € Rf, 1 =0,1,--- | K,
are non-negative, real-valued constants associated with the probabilities of constraint
satisfaction.

In Equation (3.1), evaluations of both objective robustness and feasibility ro-
bustness, involving the first two moments of various responses, are required for solving

RDO problems, consequently demanding statistical moment analysis. Coupling with
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gradient-based optimization algorithms mandates that the gradients of ¢;(d) be for-

mulated, thus requiring design sensitivity analysis of the first two moments.

3.2.2 RBDO
A well-known mathematical formulation for RBDO problems involving an
objective function ¢y : R¥ — R and constraint functions ¢ : RM — R, where

l=1,---,K and 1 < K < 00, requires one to

i d
o co(d),

subject to ¢(d) == Pg[X € Quy(d)] —p <0, 1 =1,--- | K, (32)
der <dp <dpy, k=1,---, M,
where Qp;(d) C Q is the [th failure set that, in general, may depend on d; 0 < p; <
1, I =1,---, K, are target failure probabilities; the distributional parameters solely
describe the design variables, that is d7 = d, ¢ is a prescribed deterministic function
of d; and y(X), [ =1,---, K, are not explicit functions of d, although y; implicitly
depends on d via the probability law of X.

In Equation (3.2), evaluation of the reliability constraints ¢;(d), I =1,--- , K,
requires calculating the component or system probability of failure defined by the per-
formance functions. Coupling with gradient-based optimization algorithms mandates
that the gradients of ¢;(d) be formulated, thus requiring design sensitivity analysis of

failure probability.
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3.3 Stochastic Analyses
3.3.1 Polynomial Dimensional Decomposition

Let y(X) be a real-valued, square-integrable, measurable transformation on
(Q, F), describing the relevant performance function of a complex system. It is as-
sumed that y : (RY,BY) — (R,B) is not an explicit function of d, although y
implicitly depends on d via the probability law of X. Assuming independent coordi-
nates of X, its joint PDF is expressed by a product, fx(x;d) = szlfx(xl, d), of
marginal PDF fx, : R — R} of X;, i = 1,--- | N, defined on its probability triple
(4, Fi, Pia) with a bounded or an unbounded support on R. Then, for a given sub-
set w C {1,--- N}, fx_,(x_;d) := Hz‘]\il,igu fx,(z;;d) defines the marginal density

function of X_, := X1 .. N}\u-

3.3.1.1 Orthonormal Polynomials and Stochastic Expansions

Let {¢;j(z;;d); j = 0,1,---} be a set of univariate, orthonormal polyno-
mial basis functions in the Hilbert space L£2(€2;, Fi, Piq) that is consistent with the
probability measure P;q or fx,(x;;d)dz; of X; for a given design d. For () # u =
{iv, - i} € {1, N}, where 1 < |u] < Nand 1 < 43 < -+ < gy <
N, let (x22)010, <22 F,  xP=1" B, 4) be the product probability triple of X, =
(Xiy, -+, Xiy, ). Denote the associated space of the |ul-variate component functions

of y by

£5 (x50, <t I P a ) = {yu : / s ) fx, s )y < oo} ,

(3.3)
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which is a Hilbert space. Since the joint density of X, is separable (independence
of z;, i € u), that is, fx,(xu;d) = H 1fX (i,; d)dx;,, the product ¥y, (Xy;d) =
H'“'lwwp( i, d), where jiu = (Ji, - Jju|) € Nl)"‘, a |u|-dimensional multi-index
with oo-norm |[jju(||ec = max(ji,--- ,jju ), constitutes a multivariate orthonormal

p= |U|f'

i X “'Pip,d). Two important properties

polynomial basis in Ly(x}_ |1“|le,

of these product polynomials from tensor products of Hilbert spaces are as follows.

Proposition 3.1. The product polynomials 1y, (Xyu;d), 0 # u C {1,--+ N}, ji, -+,

Ju| # 0, d € D, have zero means, i.e.,

Ea |t (Xu:d)| = 0. (3.4)

Proposition 3.2. Any two distinct product polynomials ¢, (Xu;d) and Py, (Xy; d)
for d € D7 where @ 7é u C {17 7N}; @ 7& v C {17 aN}? jla"' 7]|u| 7& 07

ki,---  kyw # 0, are uncorrelated and each has unit variance, i.e.,

1 ifu= V] j‘u| = k|v|,
0 otherwise.

a [V (X o, (X )| = { (3.5)

Proof. The results of Propositions 3.1 and 3.2 follow by recognizing independent
coordinates of X and using the second-moment properties of univariate orthonormal
polynomials: (1) Eq4[¢;;(X;;d)] = 1 when j = 0 and zero when j > 1; and (2)
Ea[tij, (Xi;d)ij,(X;;d)] = 1 when j; = jo and zero when j; # j, for an arbitrary

random variable X;.

Remark 3.3. Given a probability measure P, 4 of any random variable X;, the well-

known three-term recurrence relation is commonly used to construct the associated
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orthogonal polynomials [97, 98]. For m € N, the first m recursion coefficient pairs
are uniquely determined by the first 2m moments of X; that must exist. When
these moments are exactly calculated, they lead to exact recursion coefficients, some
of which belong to classical orthogonal polynomials. For an arbitrary probability
measure, approximate methods, such as the Stieltjes procedure, can be employed to

obtain the recursion coefficients [97, 98].

The orthogonal polynomial expansion of a non-constant |u|-variate ANOVA
component function in Equation (2.8) becomes [97, 99

puXud) = Y Cuy (A, (Xu;d) (3.6)

3ju €N
T 5J 1w 70

for any 0 # w C {1,--- , N} with

Cup )= | 0000ng (s ) el ) (37)

representing the corresponding expansion coefficient. Similar to yy, the coefficient
C’uj‘u‘ also depends on the design vector d. When u = {i},i = 1,--- | N, the univariate

component functions and expansion coefficients are

yiy (X d) = ZC” )i (Xi; d) (3.8)

and ng(d> = C{Z}(])(d), respectively. When u = {il,ig}, ’il = 1,' H ,N — 1, ig =

i1+ 1,---, N, the bivariate component functions and expansion coefficients are

Yiirio} (Xiy, Xiy; d) Z Z Cirinjige ()i, (Xiy; d) iz, (Xiy; d) (3.9)

Jj1=1j2=1
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and Ciyj,5,(d) := Cliyis)(i,j2)(d), respectively, and so on. Using Propositions 3.1
and 3.2, all component functions y,, ) # u C {1,---, N}, are found to satisfy the
annihilating conditions of the ANOVA dimensional decomposition. The end result of
combining Equations (2.6)-(2.8) and (3.6) is the PDD [97, 99],

y(X) = yp(d) + Z Z Cujoy (D), (X d), (3.10)

Jise 7J\u\7éo

providing an exact, hierarchical expansion of y in terms of an infinite number of
coefficients or orthonormal polynomials. In practice, the number of coefficients or
polynomials must be finite, say, by retaining at most mth-order polynomials in each
variable. Furthermore, in many applications, the function y can be approximated by
a sum of at most S-variate component functions, where S € N; 1 < .S < N, resulting

in the S-variate, mth-order PDD approximation

gS,m(X) = y@(d> + Z Z Cuj|u| (d)¢uj‘u| (Xua d)a (311)
0#uC{1, ,N} J\ ‘EN‘ a HJ\ ‘||Oo<m
1<|ul<S J1re ) 70

containing Zf:o (]Z ) m* number of PDD coefficients and corresponding orthonormal

polynomials. Due to its additive structure, the approximation in Equation (3.11)

includes degrees of interaction among at most S input variables X, ,---, X,,, 1 <
11 < --- <ig < N. For instance, by selecting S = 1 and 2, the functions
gl m =yp + ZZOU 77[]2] Xza d) (312)

=1 j5=1
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and

N m
Don(X) = wo(d) + D Y Cij(d)w; (X d)+

VT (3.13)
A Z Zzoilizjljg(d) X Yiyjy (Xiy s d) iy, (Xiy; d),
respectively, provide univariate and bivariate mth-order PDD approximations, con-
tain contributions from all input variables, and should not be viewed as first- and
second-order approximations, nor as limiting the nonlinearity of y. Depending on
how the component functions are constructed, arbitrarily high-order univariate and
bivariate terms of y could be lurking inside 9 ,,, and 93 ,,,. When S — N and m — oo,
Us.m converges to y in the mean-square sense, permitting Equation (3.11) to generate

a hierarchical and convergent sequence of approximations of y. Further details of

PDD can be found elsewhere [97, 99].

3.3.2 Statistical Moment Analysis
Let m™)(d) := Eq[y"(X)], if it exists, define the raw moment of y of order 7,
where 7 € N. Given an S-variate, mth-order PDD approximation gs,,(X) of y(X),
let mf;”ln(d) = Eq[J5,,,(X)] define the raw moment of fg,,, of order r. The following
subsections describe the explicit formulae or analytical expressions for calculating the

moments by PDD approximations.
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3.3.2.1 First- and Second-Order Moments
Applying the expectation operator on s, (X) and 7g,,(X), and recognizing
Propositions 3.1 and 3.2, the first moment or mean [100]

M, (d) = Eq [is m(X)] = yo(d) = Ea [y(X)] =: m(d) (3.14)

of the S-variate, mth-order PDD approximation matches the exact mean of y, re-

gardless of S or m, whereas the second moment [100]

~ (2 ~
M (d) = Ea [72,(X] =@+ Y S, @  (315)
OAuC{L N} 51 N[l oo <
1<|ul<S i g 20

is calculated as the sum of squares of all expansion coefficients of 7g,,(X). Clearly, the

approximate second moment in Equation (3.15) approaches the exact second moment

mOd) = Ea 2] =@+ > > ¢ (310
@;ﬁug{l,---,N} j‘u|EN|0u|
J1y 5 dju) 70

of y when S — N and m — oo. The mean-square convergence of g, is guaranteed
as y, and its component functions are all members of the associated Hilbert spaces.
In addition, the variance of §g,(X) is also mean-square convergent.

For the two special cases, S = 1 and S = 2, the univariate and bivariate PDD
approximations yield the same exact mean value yy(d), as noted in Equation (3.14).

However, the respective second-moment approximations,

) (d) = y(d) + > > C(d) (3.17)

i=1 j=1
and

N

mg?fn(d):yg(dHZZO +Z > ZZ 2 il (3.18)

=1 j=1 i1=1ia=i1+1jo=1j1=1
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differ, depend on m, and progressively improve as S becomes larger. Recent works on
error analysis indicate that the second-moment properties obtained from the ANOVA
dimensional decomposition, which leads to PDD approximations, are superior to those

derived from dimension-reduction methods that are grounded in RDD [64, 83].

3.3.2.2 Higher-Order Moments

When calculating higher-order (2 < r < 0o) moments by the PDD approxima-
tion, no explicit formulae exist for a general function y or the probability distribution
of X. In which instance, two options are proposed to estimate the higher-order mo-
ments.

Option I entails expanding the rth power of the PDD approximation of y by

TomX)=god)+ D gu(Xy:d) (3.19)
0#uC{1,- ,N}
1<|u|<min(rS,N)

in terms of a constant gg(d) and at most min(rS, N)-variate polynomial functions

gu(Xy; d) and then calculating the moment

MG (A) = [ T () fx (x: d)dx
= go(d) + > gu(xu; d) fx, (xu; d)dx, (3.20)
0£uC{L, N} R
1<|u|<min(rS,N)

by integration, if it exists. For well-behaved functions, including many encountered in
practical applications, mﬁ;}n (d) should render an accurate approximation of m()(d),
the rth-order moment of y(X), although there is no rigorous mathematical proof of
convergence when r > 2. Note that Equation (3.20) involves integrations of ele-

mentary polynomial functions and does not require any expensive evaluation of the

original function y. Nonetheless, since gg,,(X) is a superposition of at most S-variate
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component functions of independent variables, the largest dimension of the integrals
in Equation (3.20) is min(rS, N). Therefore, Option I mandates high-dimensional
integrations if min(rS, N) is large. In addition, if 7S > N and N is large, then the
resulting N-dimensional integration is infeasible.

As an alternative, Option II, relevant to large N, creates an additional S-

variate, mth-order PDD approximation

Zgn(X)=z0(d)+ ) > Cugoy (d) by, (Xu: d) (3.21)
DAuC{1,- N}-]| ‘EN‘ ‘7||-]|u\“00<m
1<]ul<S 1 5| 70

of 75,,(X), where S and m, potentially distinct from S and m, are accompanying
truncation parameters, zg(d) 1= [pn 75,,(X) fx(x; d)dx, and C_’ujl ‘ = Jon U5, (x
Vujp, (Xu; d) fx (x; d)dx are the associated PDD expansion coefficients of Zg 7 (X). Re-

placing 7, (x) with Zg (x), the first line of Equation (3.20) produces

ma(d) = / Zsm () fx(x; d)dx = z(d). (3.22)
R
Then the evaluation of zp(d) from the definition, which also requires N-dimensional
integration, leads Equation (3.22) back to Equation (3.20), raising the question of
why Option II is introduced. Indeed, the distinction between the two options forms
when the constant zp(d) is approximately calculated by dimension-reduction integra-
tion, to be explained in Section 3.6, entailing at most S-dimensional integrations.
Nonetheless, if S < rS < N, then a significant dimension reduction is possible in
Option II for estimating higher-order moments. In other words, Option II, which is an

approximate version of Option I, may provide efficient solutions to high-dimensional

problems, provided that a loss of accuracy in Option II, if any, is insignificant. The
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higher-order moments are useful for approximating the probability distribution of a
stochastic response or reliability analysis, including their sensitivity analyses, and will

be revisited in the next subsection.

3.3.3 Reliability Analysis
A fundamental problem in reliability analysis entails calculation of the failure

probability

Pe(d) = Py [X € Qp] = /R e (%) fx (x; d)dx =: Ea [fn, (X)), (3.23)

where Qp is the failure set and I, (x) is the associated indicator function, which
is equal to one when x € Qp and zero otherwise. Depending on the nature of the
failure domain (2r, a component or a system reliability analysis can be envisioned.
For component reliability analysis, the failure domain is often adequately described
by a single performance function y(x), for instance, Qp = {x : y(x) < 0}. In
contrast, multiple, interdependent performance functions y;(x), ¢ = 1,2,--- | are
required for system reliability analysis, leading, for example, to Qp = {x : U;y;(x) <
0} and Qp = {x : N;y;(x) < 0} for series and parallel systems, respectively. In this
subsection, two methods are presented for estimating the failure probability. The
PDD-SPA method, which blends the PDD approximation with SPA, is described
first. Then the PDD-MCS method, which exploits the PDD approximation for MCS,

is elucidated.
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3.3.3.1 The PDD-SPA Method
Let F,(§) := Paly < €] be the cumulative distribution function (CDF) of y(X).
Assume that the PDF f,(¢) = dF,(§)/d¢ exists and suppose that the cumulant

generating function (CGF)

Ky(t) = In { / ” exp(té)fy(f)df} (3.24)

o0
of y converges for ¢ € R in some non-vanishing interval containing the origin. Us-
ing inverse Fourier transformation, exponential power series expansion, and Hermite
polynomial approximation, Daniels [56] developed an SPA formula to approximately
evaluate f,(§). However, the success of such formula is predicated on how accurately
the CGF and its derivatives, if they exist, are calculated. In fact, determining K, (%)
is immensely difficult because it is equivalent to knowing all higher-order moments of

y. To mitigate this problem, consider the Taylor series expansion of

H(T) r
K,(t) =) T!t (3.25)

reN

at t = 0, where s := d"K,(0)/dt", r € N, is known as the rth-order cumulant of
y(X). If some of these cumulants are effectively estimated, then a truncated Taylor
series provides a useful means to approximate K, (t). For instance, assume that, given
a positive integer () < oo, the raw moments mf;’in(d) of order at most () have been
calculated with sufficient accuracy using an S-variate, mth-order PDD approximation
Us.m(X) of y(X), as described in the preceding subsection. Then the corresponding

approximate cumulants are easily obtained from the well-known cumulant-moment
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relationship,
o m‘;ln(d) cor=1,
Fgm(d) =1 @ oy - (e 3.26
WA @ - S R @@ - 2srse G0
p:

where the functional argument d serves as a reminder that the moments and cu-
mulants all depend on the design vector d. Setting (" = figzn forr =1,---,0Q,
and zero otherwise in Equation (3.25), the result is an S-variate, mth-order PDD
approximation

()
~ K m
Kyqem(t;d) =) =" (3.27)

of the @Qth-order Taylor series expansion of K,(t). It is elementary to show that
Ky o.5m(t;d) — K,(t) when S — N, m — oo, and Q — oc.
Using the CGF approximation in Equation (3.27), Daniels’” SPA leads to the

explicit formula [56],

VI

fops(&d) = [27T[€,/y,Q,S,m(ts; d)} ) exp [f{y,Q,S,m(ts;d) - tsf] ; (3.28)

for the approximate PDF of y, where t, is the saddlepoint that is obtained from
solving

K;Q,S,m(ts; d)=¢ (3.29)
with K/ o g (t;d) = dK,qsm(t;d)/dt and K/ g, (t:d) = 2K, q.sm(t;d)/dt?
defining the first- and second-order derivatives, respectively, of the approximate CGF
of y with respect to t. Furthermore, based on a related work of Lugannani and Rice

[101], the approximate CDF of y becomes

By (€ d) = B(w) + 6(w) (1 - 1) |
) w v N (3.30)

w = sgu(t,) {2 [tsg — Ry osmlts: d)} } Cu=t, [[N(?’JCQ’S’m(tS; a)|”,
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where ®(-) and ¢(-) are the CDF and PDF, respectively, of the standard Gaussian
variable and sgn(ts) = +1, —1,or 0, depending on whether ¢, is positive, negative, or
zero. According to Equation (3.30), the CDF of y at a point £ is obtained using solely
the corresponding saddlepoint ¢,, that is, without the need to integrate Equation
(3.28) from —oo to &.

Finally, using Lugannani and Rice’s formula, the PDD-SPA estimate Pg pg(d)

of the component failure probability Pr(d) := P[y(X) < 0] is obtained as
Prps(d) = Fy ps(0;d), (3.31)

the PDD-SPA generated CDF of y at £ = 0. It is important to recognize that no
similar SPA-based formulae are available for the joint PDF or joint CDF of dependent
stochastic responses. Therefore, the PDD-SPA method in the current form cannot
be applied to general system reliability analysis.

The PDD-SPA method contains several truncation parameters that should be
carefully selected. For instance, if ) is too small, then the truncated CGF from
Equation (3.27) may spoil the method, regardless of how large are the S and m cho-
sen in the PDD approximation. On the other hand, if () is overly large, then many
higher-order moments involved may not be accurately calculated by the PDD ap-
proximation. More significantly, a finite-order truncation of CGF may cause loss of
convexity of the actual CGF, meaning that the one-to-one relationship between £ and
ts in Equation (3.29) is not ensured for every threshold £. Furthermore, the impor-
tant property ~z,//,Q, s.m(ts;d) > 0 may not be maintained. To resolve this quandary,

Yuen et al. [102] presented for Q = 4 several distinct cases of the cumulants, de-
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scribing the interval (¢;,t,), where —oco < ¢, < 0 and 0 < ¢, < oo, such that
t <ty <t,and K;,,Q,S,m(t53d) > 0, ruling out any complex values of the square
root in Equation (3.28) or (3.30). Table 3.1 summarizes these cases, which were em-
ployed in the PDD-SPA method described in this chapter. If the specified threshold
€€ (K'ygsmt;d), K'yo.sm(te;d)), then the saddlepoint ¢, is uniquely determined
from Equation (3.29), leading to the CDF or reliability in Equation (3.30) or (3.31).
Otherwise, the PDD-SPA method will fail to provide a solution. It is important
to note that developing similar cases for ) > 4, assuring a unique solution of the

saddlepoint, is not trivial, and was not considered in this work.
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Table 3.1: Intervals of the saddlepoint for () = 4@
Case Condition t tu
~(3)
—Kgm t+ VA
1 Rih, >0, A >0, S~(4) +00
Ry, >0 F5m
RN
K
) A S0 A0, o “Rsm — VA
=(3) Fom
sm <0
b b
,gfg‘lzn >0, A= —oo( : —|—oo( )
4 Ry >0, A<0 —00 +00
2
5 Y =059 >0 ——om +00
M s %(3)
S,m
6 R??n =0, lfg’zn = —00 +00
=2
7 Y =059 <0 —00 S
m m R(S)
S,m
~(3) -3
g ORI —"ﬂfs*m+\/_ _’%A(S'in_\/z
5,m /4;(4) =@
S,m Sam
@) For Ky 4,.5m(t;d) = Rg)m(d)t + ilﬁgzn(d)tQ + %Rgzﬂ(d)t:)’ + %’%(S%Zn (d)t*, the discriminant of
Kyt & = o7 o2 680,
(®) The point ns)m/(T(zzn) should not be an element of (t;,ty), ie., (t;,ty) = (—o00,00) \
(=R, (2RE),)}Y.
3.3.3.2 The PDD-MCS Method
Depending on component or system reliability analysis, let Q}Q&m = {x:

Us.m(x) < 0} or QES’m = {x: Ui sm(x) < 0} or QF,S,m = {x: NiJi.sm(x) < 0} be

an approximate failure set as a result of S-variate, mth-order PDD approximations

Us.m(X) of y(X) or g; 5.m(X) of y;(X). Then the PDD-MCS estimate of the failure

probability Pr(d) is

pF,PM(d) =[Eq |:IQF,S,m( ]

~

(3.32)
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where L is the sample size, x(!) is the Ith realization of X, and ]QF’SM(X) is another
indicator function, which is equal to one when x € Q F.sm and zero otherwise.

Note that the simulation of the PDD approximation in Equation (3.32) should
not be confused with crude MCS commonly used for producing benchmark results.
The crude MCS, which requires numerical calculations of y(x®) or y;(x) for input
samples x' 1 = 1,---, L, can be expensive or even prohibitive, particularly when
the sample size L needs to be very large for estimating small failure probabilities. In
contrast, the MCS embedded in PDD requires evaluations of simple analytical func-
tions that stem from an S-variate, mth-order approximation gg, (xW) or gjw,m(x(l)).
Therefore, an arbitrarily large sample size can be accommodated in the PDD-MCS
method. In which case, the PDD-MCS method also furnishes the approximate CDF
E

ypM (& d) = Paism(X) < £ of y(X) or even the joint CDF of dependent stochastic

responses, if desired.

Although the PDD-SPA and PDD-MCS methods are both rooted in the same
PDD approximation, the former requires additional layers of approximations to cal-
culate the CGF and saddlepoint. Therefore, the PDD-SPA method, when it works,
is expected to be less accurate than the PDD-MCS method at comparable compu-
tational efforts. However, the PDD-SPA method facilitates an analytical means to
estimate the probability distribution and reliability — a convenient process not sup-
ported by the PDD-MCS method. The respective properties of both methods extend

to sensitivity analysis, presented in the following two sections.
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3.4 Design Sensitivity Analysis of Moments
When solving RDO problems using gradient-based optimization algorithms, at
least first-order derivatives of the first and second moments of a stochastic response
with respect to each design variable are required. In this section, a new method,
developed by blending PDD with score functions, for design sensitivity analysis of

moments of an arbitrary order, is presented.

3.4.1 Score functions
Suppose that the first-order derivative of a moment m((d), where r € N,
of a generic stochastic response y(X) with respect to a design variable d, 1 < k <
M, is sought. Taking a partial derivative of the moment with respect to d, and
then applying the Lebesgue dominated convergence theorem [76], which permits the

differential and integral operators to be interchanged, yields the sensitivity

om(d) 4y (X)]
od o,
— i | el dax )
H 9l fx(x d) '
= / Yy <X>—ad fX(X; d)dX,
RN k

— Eq [y’"(X)s&lk)(X; d)]
provided that fx(x;d) > 0 and the derivative dln fx(x;d) /Ody exists. In the last
line of Equation (3.33), sét) (X;d) := 9ln fx(X;d) /9d} is known as the first-order
score function for the design variable dj, [74, 75]. In general, the sensitivities are not
available analytically since the moments are not either. Nonetheless, the moments and
their sensitivities have both been formulated as expectations of stochastic quantities

with respect to the same probability measure, facilitating their concurrent evaluations
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in a single stochastic simulation or analysis.

Remark 3.4. The evaluation of score functions, si) (X;d), k=1,---, M, requires

differentiating only the PDF of X. Therefore, the resulting score functions can be
determined easily and, in many cases, analytically — for instance, when X follows
classical probability distributions [75]. If the density function of X is arbitrarily
prescribed, the score functions can be calculated numerically, yet inexpensively, since

no evaluation of the performance function is involved.

When X comprises independent variables, as assumed here, In fx(X;d) =
SV 1n fx, (2;;d) is a sum of N univariate log-density (marginal) functions of random
variables. Hence, in general, the score function for the kth design variable, expressed

by

oln fx,(Xind)
s (X;d) = § : g o § ski(Xi3d), (3.34)
i=1 i=1

is also a sum of univariate functions sy;(X;;d) := 0ln fx,(X;;d) /Odg,i = 1,--- | N,
which are the derivatives of log-density (marginal) functions. If dj is a distribu-
tion parameter of a single random variable X;, , then the score function reduces to

m(X d) = 0ln fx, (Xi,;d) /0dy =: sp;, (X, ;d), the derivative of the log-density
(marginal) function of X; , which remains a univariate function. Nonetheless, com-

)

bining Equations (3.33) and (3.34), the sensitivity is obtained from
8m(7"
ZEd X)spi (X5 d)] (3.35)

the sum of expectations of products comprising stochastic response and log-density

derivative functions with respect to the probability measure Py, d € D.
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3.4.2 Sensitivities of first- and second-order moments
For independent coordinates of X, consider the Fourier-polynomial expansion

of the kth log-density derivative function

spi(Xi;d) = spip(d +ZD’“J i (X5 d), (3.36)

consisting of its own expansion coefficients

and

Dy ;i(d) == /Rski(xi;d)@/}ij(a:i;d)in(a:i;d)dxi. (3.38)
The expansion is valid if sj; is square integrable with respect to the probability
measure of X;. When blended with the PDD approximation, the score function leads

to analytical or closed-form expressions of the exact or approximate sensitivities as

follows.

3.4.2.1 Exact Sensitivities
Employing Equations (3.10) and (3.36), the product appearing on the right

side of Equation (3.35) expands to

yT(X)Ski (sz d) = y@(d) + Z Z CYu_]|u ¢uJ|u| (Xm d) X
0#uC{1,-,N} J‘U‘GN(\)I
15 5| 70

Skz(Z) + ZDIC ij wm X’Md))

(3.39)
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encountering the same orthonormal polynomial bases that are consistent with the
probability measure fx(x;d)dx. The expectations of Equation (3.39) for r = 1 and

2, aided by Propositions 3.1 and 3.2, lead Equation (3.35) to

om(d) &
8—dk = Z y@ Skl@ + Zczj Dk z] (340)

=1

and

L (341)

N
= Z [m(2) (d)sk‘z @ + 2y@ ZC’L] Dk zg + Thi

i=1

representing closed-form expressions of the sensitivities in terms of the PDD or
Fourier-polynomial expansion coefficients of the response or log-density derivative

functions. The last term on the right side of Equation (3.41) is

N N o© oo oo

= 2.2 > D> Cun(d)Ciy(d)Drija(d) x

11=11i2=1j1=1j2=1j3=1

[1/12131( i1 )wizjz (Xiz; d)i/im (Xi; d)] ) (342)

which requires expectations of various products of three random orthonormal poly-
nomials and is further discussed in Subsection 3.2.4. Note that these sensitivity
equations are exact because PDD and Fourier-polynomial expansions are exact rep-

resentations of square-integrable functions.

3.4.2.2 Approximate Sensitivities
When y(X) and sg;(X;;d) are replaced with their S-variate, mth-order PDD
and m/th-order Fourier-polynomial approximations, respectively, the resultant sensi-

tivity equations, expressed by

omgh(d)  OEq[fism(X)] o o=
8dk = 8dk = Z yq) Skz (z) —|— ZCU Dk Z] ) (343)
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and
om) (d)  OEa[i?,,(X)]
Ody, ad A
=3y, {mﬁin(d)ski,@m) +2y0(d) Y Cij(d) Dy i (d) + Tiimm |
j=1
(3.44)
where My, := min(m, m’) and
~ N N m m m
Thimm: = D2 > 3> Cijy (d)Ciyy (d) D gy (d) x
i1=11i2=1j1=1j2=173=1
Ea [y, (Xiy; d)iy (Xiy; d) i (Xis d)] (3.45)

become approximate, relying on the truncation parameters S, m, and m’ in gen-
eral. At appropriate limits, the approximate sensitivities of the moments converge to

exactness as described by Proposition 3.5.

Proposition 3.5. Let §5,,(X) be an S-variate, mth-order PDD approzimation of
a square-integrable function y(X), where X = (X1,--+, Xn)T € RY comprises in-
dependent random wvariables with marginal probability distributions fx,(x;d), i =
L,---,N, and d = (dy,--- ,dy)T € D is a design vector with non-empty closed
set D C RM. Given the distribution parameter dy,, let the kth log-density deriva-

tiwe function sg;(X;;d) of the ith random variable X; be square integrable. Then for

k=1,---M,
omt) (d W(d
im sm(d) _ om(d) (3.46)
S—N,m,m’—oc0 adk adk
and

lim ’ = : (3.47)
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Proof. Taking the limits S — N, m — oo, and m’ — oo on Equations (3.43) and

(3.44) and recognizing m(;,’n(d) — m®)(d) and Tki’m’m/ — T,

s g e
S—N, :Trlr,lm/ﬁoo adk = SN, mm_)oo z:: Skl@ + ZCZ] Dk‘l]
N
= > [y@ )skio(d) + ZCZJ ) D5 ( (3.48)
i=1
~ omW(d)
N ady,
and
. omg,(d)
lim _—

s—N, mym’—o00 adk

Mmin

N
=1

S—N, mm/—oco 4

N

= Zlm(2)2<d)8” ) + 2y0(d Z% ) Dy ij(d) + T

=1
om®(d)
ody,

(3.49)

where the last lines follow from Equations (3.40) and (3.41).

Of the two sensitivities, 8mg271(d) /0dy. does not depend on S, meaning that
both the univariate (S = 1) and bivariate (S = 2) approximations, given the same
Mpin < 00, form the same result, as displayed in Equation (3.43). However, the
sensitivity equations of 8T7L(S23n(d) /0dy, for the univariate and bivariate approximations
vary with respect to S, m, and m’. For instance, the univariate approximation results
in

Mmin

o (d) & P
PG = 3 | @n(@) 2@ D1 )+ T | 550
=1
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whereas the bivariate approximation yields

omy(d) & iy

;g Z QO (d)skip(d) + 2yp(d ZCU )Dy.ij(A) 4 Thimmr | - (3.51)
k —

Analogous to the moments, the univariate and bivariate approximations of the sen-
sitivities of the moments involve only univariate and at most bivariate expansion
coefficients of y, respectively. Since the expansion coefficients of log-density deriva-
tive functions do not involve the response function, no additional cost is incurred
from response analysis. In other words, the effort required to obtain the statistical
moments of a response also furnishes the sensitivities of moments, a highly desirable

trait for efficiently solving RDO problems.

Remark 3.6. Since the derivatives of log-density functions are univariate functions,
their expansion coefficients require only univariate integration for their evaluations.
When X; follows classical distributions — for instance, the Gaussian distribution —
then the coefficients can be calculated exactly or analytically. Otherwise, numerical
quadrature is required. Nonetheless, there is no need to employ dimension-reduction
integration for calculating the expansion coefficients of the derivatives of log-density

functions.

3.4.2.3 Special Cases

There exist two special cases when the preceding expressions of the sensitivities
of moments simplify slightly. They are contingent on how a distribution parameter
affects the probability distributions of random variables.

First, when X comprises independent variables such that dj is a distribution



69

1 <1 < N, then s, (X;,;d) — the

parameter of a single random variable, say, X; in;

(2°%]
kth log-density derivative function of X;, — is the only relevant function of interest.
Consequently, the expansion coefficients sp;9(d) = sk, 0(d) (say) and Dy ;(d) =

Dy ;,;(d) (say), if i = iy and zero otherwise. Moreover, the outer sums of Equations

(3.43) and (3.44) vanish, yielding

o), (d) I
> = y Skzk (Z) + ZC%J Dk Zk] ) (352)
ody
and
omg), (d) iy

A = ), (d)syi,0(d) + 2y0(d ZC’W )Diii(A) + Thiy - (3.53)

Second, when X consists of independent and identical variables, then sy;(X;; d) =
sk(X;;d) (say), that is, the kth log-density derivative functions of all random vari-

ables are alike. Accordingly, the expansion coefficients sy; 9(d) = sgg(d) (say) and

Dyi;(d) = Dy j(d) (say) for all i = 1,--- , N, producing

omg)(d) & i
;’—dk() =" lyo(d)sio(d) + ZC” ) Dy ;(d (3.54)

i=1
and

i@ ~
87—dk = Z: mSm d)sk(z) + 2y(2) ZC” Dk:] + Tk:i,m,m’ . (355)

The results of sensitivity equations from these two special cases will be discussed in

the Numerical Examples section.

3.4.2.4 Evaluation of Tki7m7m/
The evaluation of Tk:i,m,m’ in Equation (3.45) requires expectations of various

products of three random orthonormal polynomials. The expectations vanish when
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11 # 19 # i3, regardless of the probability measures of random variables. For classi-
cal polynomials, such as Hermite, Laguerre, and Legendre polynomials, there exist
formulae for calculating the expectations when i; = iy = i3 =i (say).

When X; follows the standard Gaussian distribution, the expectations are
determined from the properties of univariate Hermite polynomials, yielding [103]

Vi1!j2!Js!

(g —71)(q — J2)!(q — js)!

Ea [, (X3 d)tig, (Xis d) by (X3 d)] = ; (3.56)

if g € N, 2¢ = 51 + j2 + J3, and J1, 72,73 < @, and zero otherwise. When X; follows
the exponential distribution with unit mean, the expectations are attained from the

properties of univariate Laguerre polynomials, producing [104]

Eq [¢ij, (X5 d)is, (X5 d) i, (Xi{d)] .
= (=1)ftetis i (J1 + Jo — w)l12Js /iy ( v )) (3.57)

vl(j1 — v)l(j2 — v)! Ja3—Ji—J2t+2v

V=Umin

if |71 — Ja| < j3 < J1 + Jo, and zero otherwise, where vy, = %(jl +Jo+1—=173), Umax =
min(ji, jo, j1 + j2 — J3). When X; follows the uniform distribution on the interval
[—1,1], the expectations are obtained from the properties of univariate Legendre

polynomials, forming [104]

I%d [Vij, (X5 d) g, (X5 d)abijs (X5 d)]
= SV2(251 + 1)(2j2 + 1)(2j3 + 1) X
%jl +J2 = Js = D02 +Js — j1 = DN+ J2 + J3)!!(1 +Js — j2 — D!
(1 + g2 — 33)!M(J2 + jz — J)!N (1 + g2 + gz + D1 + Jz — j2)!!

Y

(3.58)
if g € N, 29 = j1 + jo+ j3, and |j1 — j2| < j3 < ji + j2, and zero otherwise. The
symbol !l in Equation (3.58) denotes the double factorial. However, deriving a master

formula for arbitrary probability distributions of X; is impossible. In which case, the
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non-trivial solution of the expectation can be obtained by numerical integration of

elementary functions.

3.4.3 Sensitivities of higher-order moments
No closed-form or analytical expressions are possible for calculating sensitivi-
ties of higher-order (2 < r < oo) moments by the PDD approximation. Two options,
consistent with statistical moment analysis in Subsection 2.2, are proposed for sensi-
tivity analysis.
In Option I, the sensitivity is obtained by replacing y with yg,, in Equation

(3.33) and utilizing Equations (3.19) and (3.34), resulting in

o), (d) )
g—dk - fRN y@,m(X)sg?(x; d) fx (x; d)dx

N
= g@(d)z Jr swilzi; d) fx, (24 d)dai+
i=1

> > /R gu(Xu; d)spi (235 d) fx, (Xu; d)dXut (3.59)

i=1 0#uC{l,,N},icu
1<]u|<min(rS,N)

SR [ s s i,

=1 p£uC{1,- ,N},idu
1<|u|<min(rS,N)

Jg ski(@i; d) fx, (x; d)dx;,

which involves at most min(rS, N)-dimensional integrations. Similar to statistical
moment analysis, this option becomes impractical when min(rS, N) is large or nu-
merous min(rS, N)-dimensional integrations are required.

In contrast, the sensitivity in Option IT is attained by replacing g ,, with Zg s
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in the first line of Equation (3.59), yielding
omg) (d)
Ody, X
= Jan Z5m (%), (% d) fx(x: d)dx

N
= 2@(d)z Sz ski(@i; d) fx, (x5 d)dai+
i=1

Z Z Z éujm (d) fR|u| wujw (Xu; d)slm(xu d)qu (Xu; d)de

. || s _
" 31w ENg Lol [loo <
1<[u|<S,igu "0 Tl o

I, 7]|u\7é0

(3.60)
requiring at most S-dimensional integrations of at most mth-order polynomials, where
the terms related to ¢ ¢ u vanish as per Proposition 3.1. Therefore, a significant gain
in efficiency is possible in Option II for sensitivity analysis as well. The sensitivity
equations further simplify for special cases, as explained in Section 3.2. Nonetheless,

numerical integrations are necessary for calculating the sensitivities by either option.

3.5 Design Sensitivity Analysis of Reliability
When solving RBDO problems using gradient-based optimization algorithms,
at least first-order derivatives of the failure probability with respect to each design
variable are required. Two methods for the sensitivity analysis of the failure proba-

bility, named the PDD-SPA and PDD-MCS methods, are presented.

3.5.1 The PDD-SPA method
Suppose that the first-order derivative 0F, ps(&; d)/ddy of the CDF F, ps(&;d)

of Js.m(X), obtained by the PDD-SPA method, with respect to a design variable dy,
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is desired. Applying the chain rule on the derivative of Equation (3.30),

- Q - = ~(r)
F, :d F, 0 OF, ORg,,
OF, ps(; )ZZ OF,.ps Z“U) 4+ ZZuPS 8(11) 5, (3.61)
Ody, ot ow ag;m ov @g;m Odj,
is obtained via the partial derivatives
8]"1 PS w 1 8Fy PS gb(w)
— L g —_—— — ! = 362
A CON Gt Kl R (3.62)
o), (d)
ak(s’”)m gdk . ( : r= 17
4. — om) @ T, Ry (e _(p) omy?
ST TR S0 (@A ) 22z
(3.63)
where the derivatives of moments, that is, amf;;/adk, r=1,---,Q, required to

calculate the derivatives of cumulants, are obtained using score functions, as described

in Section 3.4. The remaining two partial derivatives are expressed by

B ow Ot B 0K, qsm . OKygsm Ot
% == R - N el (3.64)
8E;S’m ats aRS,m 6Ky7Q,57m 8&87771 (‘%s aHS,m
and
ov ov 8155 ov af(;;Q Sm aK;/Q Sm 8753
= T _ 2.5 Qom e | (3.65)
a/’%;m ats al’%;m aK?;’vQ:S7m a"%S,m ats a"%S,m
where
o) 0 1 0K, 0.5m ) . 1
w_& w1 0Kosm _, v _ Ky osm] (3.66)
oty w 0K, 0.5m w Ot Ot :
0K, o 5.m
~(r)
) ts Ot OF g m
af(//v - [~ P aam oK' - ) (3'67>
y,Q,5m 2 K;;,Q,S,m a’%S,m y,Q,S,m
ot
The expressions of the partial derivatives 8[~(y,Q75,m/8Rg}n, 0]%;’@57”1/8/’%5;3”, and

af(;'@ Sm/ 8Rg2n, not explicitly presented here, can be easily derived from Equation



74

(3.27) once the cumulants &gfﬂ, r=1,---.@, and the saddlepoint ¢, are obtained.
Similar sensitivity equations were reported by Huang and Zhang [79]. However, Equa-
tion (3.61) is built on the PDD approximation of a stochastic response, as opposed to
the RDD approximation used by Huang and Zhang. Furthermore, no transformations
of random variables are necessary in the proposed PDD-SPA method.

Henceforth, the first-order derivative of the failure probability estimate by the

PDD-SPA method is easily determined from

apgps(d) _ 815y,p3(0;d)

ad, ad, , (3.68)

the sensitivity of the probability distribution evaluated at & = 0. Algorithm 1 de-
scribes the procedure of the PDD-SPA method for calculating the reliability and its

design sensitivity of a general stochastic problem.

Algorithm 3.1 Numerical implementation of the PDD-SPA method for CDF
F, ps(&;d) and its sensitivity 0F), ps(&;d)/0dy,

Define § and d
Specify S, S, m, m, and Q

Obtain the PDD approximation §g m, (X) > [from Equation (3.11)]
for r < 1 to Q do
Calculate Thf;in (d) > [from Equation (3.20) for Option I, or Equation (3.22) for Option II;
if r =1 and 2, then Equations (3.14) and (3.15) can be used]
Calculate Bfn(srln(d)/(?dk > [from Equation (3.59) for Option I, or Equation (3.60) for Option II;
if r =1 and 2, then Equations (3.43) and (3.44) can be used]
end for
for r < 1 to Q do
Calculate I‘%g:,)’n(d) > [from Equation (3.26)]
Calculate 8Rg;2n(d)/8dk > [from Equation (3.63)]
end for
Obtain interval (t;,t.) for the saddlepoint > [from Table 3.1 if Q = 4]
Calculat~e K, o.5.mt d~) and K 5 .. (tu;d) > [from Equation (3.27)]
if £ € (K, o 6.mti:d), K, 5 g, (tu;d)) then
Calculate saddlepoint s > [from Equations (3.27) and (3.29)]
Calculate Fy ps(&;d) > [from Equation (3.30)]
Calculate OF, ps(&;d)/ddy, > [from Equations (3.61)-(3.67)]
else
Stop > [the PDD-SPA method fails]

end if
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3.5.2 The PDD-MCS method
Taking a partial derivative of the PDD-MCS estimate of the failure probability
in Equation (3.32) with respect to dj and then following the same arguments in

deriving Equation (3.33) produces

8]5F,PM(d) - aIECl [[QF,Sm(X):|
od, ddj
— Ey [IQF’S’m(X)sg(X;d)} (3.69)
L
1
o ] (1) (D).
= Jim =" g, (xO)s) (x5 d)]

where L is the sample size, x¥) is the [th realization of X, and IQF,s,m(X) is the
PDD-generated indicator function, which is equal to one when x € Q F.sm and zero
otherwise. Again, they are easily and inexpensively determined by sampling analyt-
ical functions that describe gg,, and s&?. A similar sampling procedure can be em-
ployed to calculate the sensitivity of the PDD-MCS generated CDF ﬁ’%pM(f; d) =
Pa[gs.m(X) < €]. Tt is important to note that the effort required to calculate the
failure probability or CDF also delivers their sensitivities, incurring no additional
cost. Setting S = 1 or 2 in Equations (3.32) and (3.69), the univariate or bivariate

approximation of the failure probability and its sensitivities are determined.

Remark 3.7. It is important to recognize that no Fourier-polynomial expansions
of the derivatives of log-density functions are required or invoked in the PDD-MCS
method for sensitivity analysis of failure probability. This is in contrast to the sen-
sitivity analysis of the first two moments, where such Fourier-polynomial expansions
aid in generating analytical expressions of the sensitivities. No analytical expres-

sions are possible in the PDD-MCS method for sensitivity analysis of reliability or
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probability distribution of a general stochastic response.

Remark 3.8. The score function method has the nice property that it requires dif-
ferentiating only the underlying PDF fx(x;d). The resulting score functions can be
easily and, in most cases, analytically determined. If the performance function is not
differentiable or discontinuous — for example, the indicator function that comes from
reliability analysis — the proposed method still allows evaluation of the sensitivity if
the density function is differentiable. In reality, the density function is often smoother
than the performance function, and therefore the proposed sensitivity methods will

be able to calculate sensitivities for a wide variety of complex mechanical systems.

3.6 Expansion Coefficients

The determination of PDD expansion coefficients yy(d) and Cly;, (d), where
0 #uC{l,---,N} and jj, € NL“'\; dullloo < ms g1, L j # 0, is vitally impor-
tant for evaluating the statistical moments and probabilistic characteristics, including
their design sensitivities, of stochastic responses. The coefficients, defined in Equa-
tions (2.7) and (3.7), involve various N-dimensional integrals over RY. For large N,
a full numerical integration employing an N-dimensional tensor product of a univari-
ate quadrature formula is computationally prohibitive and is, therefore, ruled out.
The author proposes that the dimension-reduction integration scheme, developed by

Xu and Rahman [22], followed by numerical quadrature, be used to estimate the

coefficients accurately and efficiently.
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3.6.1 Dimension-Reduction integration
Let ¢ = (¢, -+ ,cen)? € RY, which is commonly adopted as the mean of X,
be a reference point, and y(x,, c_,) represent an |v|-variate RDD component function
of y(x), where v C {1,--- N} [64, 83]. Given a positive integer S < R < N, when
y(x) in Equations (2.7) and (3.7) is replaced with its R-variate RDD approximation,

the coefficients yp(d) and Cy;,, (d) are estimated from [22]

1%

wo(d) Z<—1>1‘(N‘R.+ M) 3 /Hy<xv,c_v>fxv<xv;d>dxv (3.70)
N} /R

- 7
i=0 vC{l,,
|[v|=R—1

and

Cu.i\u\ (d) = Z(_l)i (N N R-+ - 1) Z /I I y(xm C—v)¢uj\u\ (Xu>va (Xv; d)dxw
p R

]
1=0 vC{l,- N
|v|=R—%,uCv

(3.71)
respectively, requiring evaluation of at most R-dimensional integrals. The reduced
integration facilitates calculation of the coefficients approaching their exact values as
R — N, and is significantly more efficient than performing one N-dimensional inte-
gration, particularly when R < N. Hence, the computational effort is significantly
lowered using the dimension-reduction integration. For instance, when R = 1 or 2,
Equations (3.70) and (3.71) involve one-, or at most, two-dimensional integrations,
respectively.

For a general function y, numerical integrations are still required for performing
various |v|-dimensional integrals over Rl 0 < |v| < R, in Equations (3.70) and (3.71).
When R > 1, multivariate numerical integrations are conducted by constructing a

tensor product of underlying univariate quadrature rules. For a givenv C {1,--- | N},
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1 < |v] <R, let v = {ig, i}, where 1 <43 < --- < i < N. Denote by
{wg), e ,:L‘Z(-:)} C R a set of integration points of z;, and by {wg), e ,wi(:)} the

associated weights generated from a chosen univariate quadrature rule and a positive

jlv'{xgp), e ,ZL’Z(-:)} a rectangular grid consisting

integer n € N. Denote by P™ = x
of all integration points generated by the variables indexed by the elements of v. Then
the coefficients using dimension-reduction integration and numerical quadrature are
approximated by

y@<d>%Z<—1>i(N_R¢H_1) > weye)  (3.72)

vC{1,- N}k‘ ‘eP(n)
[v|=R—i

Cuj\u\<d) = Z(_l)i <N a Ri+ ‘- 1) Z Z w klv ‘ ‘) >¢”Jlul( k\ul))7

vC{1,---,N} kIUIEP( n)
|[v|=R—i,uCv

(3.73)
where x\") = = {z;, (k) .. ’I | } and wkr) = | ol ipp) is the product of inte-
gration weights generated by the variables indexed by the elements of v. Similarly,
the coefficients zp(d) and C_Yujlul (d) of an S-variate, mth-order PDD approximation of
75,,(X), required in Option II for obtaining higher-order moments and their sensitivi-
ties, can also be estimated from the dimension-reduction integration. For independent
coordinates of X, as assumed here, a univariate Gauss quadrature rule is commonly
used, where the integration points and associated weights depend on the probability
distribution of X;. They are readily available, for example, the Gauss-Hermite or

Gauss-Legendre quadrature rule, when X; follows Gaussian or uniform distribution.

For an arbitrary probability distribution of X;, the Stieltjes procedure can be em-
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ployed to generate the measure-consistent Gauss quadrature formulae [97, 98]. An
n-point Gauss quadrature rule exactly integrates a polynomial with a total degree of

at most 2n — 1.

3.6.2 Computational expense

The S-variate, mth-order PDD approximation requires evaluations of Ziig (ZZ )

mF expansion coefficients, including yp(d). If these coefficients are estimated by

dimension-reduction integration with R = S < N and, therefore, involve at most
an S-dimensional tensor product of an n-point univariate quadrature rule depend-

ing on m, then the total cost for the S-variate, mth-order approximation entails a

N

+)nf(m) function evaluations. If the integration points include

maximum of ZZ;S (
a common point in each coordinate — a special case of symmetric input probability
density functions and odd values of n — the number of function evaluations reduces
to Zzos (V) (n(m) —1)*. Nonetheless, the computational complexity of the S-variate
PDD approximation is an Sth-order polynomial with respect to the number of random
variables or integration points. Therefore, PDD with dimension-reduction integration

of the expansion coefficients alleviates the curse of dimensionality to an extent deter-

mined by S.

3.7 Numerical Examples
Five numerical examples, comprising various mathematical functions and solid-
mechanics problems, are illustrated to examine the accuracy, efficiency, and conver-

gence properties of the PDD methods developed for calculating the first-order sen-
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sitivities of statistical moments, probability distributions, and reliability. The PDD
expansion coefficients were estimated by dimension-reduction integration with the
mean input as the reference point, R = S, and n = m + 1, where S and m vary
depending on the problem. In all examples, orthonormal polynomials and associated
Gauss quadrature rules consistent with the probability distributions of input variables,
including classical forms, if they exist, were employed. The first three examples entail
independent and identical random variables, where d;, is a distribution parameter of
all random variables, whereas the last three examples contain merely independent
random variables, where dj. is a distribution parameter of a single random variable.
The sample size for the embedded simulation of the PDD-MCS method is 10° in
Examples 2 and 3, and 107 in Example 5. Whenever possible, the exact sensitivities
were applied to verify the proposed methods, as in Examples 1 and 3. However, in
Examples 2, 4, and 5, which do not support exact solutions, the benchmark results
were generated from at least one of two crude MCS-based approaches: (1) crude MCS
in conjunction with score functions (crude MCS/SF), which requires sampling of both
the original function y and the score function 5&?; and (2) crude MCS in tandem with
one-percent perturbation of finite-difference analysis (crude MCS/FD), which entails
sampling of the original function y only. The sample size for either version of the
crude MCS is 10% in Examples 2, 3, and 4, and 107 in Example 5. The derivatives
of log-density functions associated with the five types of random variables used in all

examples are described in Table 3.2.
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Table 3.2: Derivatives of log-density functions for various probability distributions

Distribution d fx(z;d) %M dln ](;)glécc;d)
Exponential ~ {\}T Aexp (—Az); % —x _
0<zx <+

Gaussian

—oo <z < 400
(a) T
Lognormal” ~ {p, o}

0<z< 400

1
D)D) varg X
2
exp —% (793;”) } ;
pu—D<z<u+D
() rexp [-(5)"];

0<zx <+

b
Truncated( ) {u,o}T

Gaussian

Weibull {\ kT

>l

ol e -1 (22)7];

~\ 2
1 _1(lnz—p .
V2rzs exp |: 2 ( G ) :|’

96 4 1 (lnz—p
on + 52 ( £ ) X

~\ 95
m +(1nx—u)8—u]

>l
—
—
NIE]
-
el
|
—
[

1 95 1 Inz—4
—5a3+ﬁ( 5 )X
- 9ji -\ 95
[U% + (Inz — ) g—g]

%+(1nzfln)\)><

-]

(@) 52 = In (1 + 02/u2) and i = Inpu — 52 /2. The partial derivatives of i and & with respect to u or o can be

easily obtained, so they are not reported here.

(®) ®(.) is the cumulative distribution function of a standard Gaussian variable; D > 0 is a constant.

3.7.1 Example 1: a trigonometric-polynomial function

Consider the function

y(X) = a] X + a3 sin X + a3 cos X + X" MX,

(3.74)

introduced by Oakley and O’Hagan [105], where X = (X,---, X;5)7 € R is a 15-

dimensional Gaussian input vector with mean vector E[X] = (u, - - -

;)T € RY and

covariance matrix E[XX”] = o2diag[l,--- ,1] =: ¢?’T € R¥™*®: d = (u,0)7; sin X :=

(sin X1, - - ,sin X5)7 € R" and cos X := (cos Xy, -+ ,cos X15)7 € R are compact

notations for 15-dimensional vectors of sine and cosine functions, respectively; and

a;, € RY i =1,23, and M € R¥*! are coefficient vectors and matrix, respectively,
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obtained from Oakley and O’Hagan’s paper [105]. The objective of this example
is to evaluate the accuracy of the proposed PDD approximation in calculating the
sensitivities of the first two moments, m™"(d) := Eq[y(X)] and m® (d) := Eq[y?(X)],
with respect to the mean p and standard deviation o of X; at dy = (0,1)7.

Figures 3.1(a) through 3.1(d) present the plots of the relative errors in the ap-
proximate sensitivities, E)mg%(do)/au, E)mg%(do)/aa, 6mg2n(d0)/8u, and 87%59277)11 (do)
/0o, obtained by the proposed univariate and bivariate PDD methods (Equations
(3.54) and (3.55)) for increasing orders of orthonormal polynomials, that is, when the
PDD truncation parameters S = 1 and 2, 1 < m < 8, and m’ = 2. The measure-
consistent Hermite polynomials and associated Gauss-Hermite quadrature rule were
used. The relative error is defined as the ratio of the absolute difference between
the exact and approximate sensitivities, divided by the exact sensitivity, where the
exact sensitivity can be easily calculated, as shown in the appendix, for the function
y in Equation (3.74). Although y is a bivariate function of X, the sensitivities of the
first moment by the univariate and bivariate PDD approximations are identical for
any m. This is because the expectations of ¢ ,,(X) and §2,,(X), when X comprises
independent variables, are the same function of d. In this case, the errors committed
by both PDD approximations drop at the same rate, as depicted in Figures 3.1(a)
and 3.1(b), resulting in rapid convergence of the sensitivities of the first moment.
However, the same condition does not hold true for the sensitivities of the second
moment because the univariate and bivariate PDD approximations yield distinct sets

of results. Furthermore, the errors in the sensitivities of the second moment by the
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univariate PDD approximation do not decay strictly monotonically, leveling off when
m crosses a threshold, as displayed in Figures 3.1(c) and 3.1(d). In contrast, the
errors in the sensitivities of the second moment by the bivariate PDD approximation
attenuate continuously with respect to m, demonstrating rapid convergence of the
proposed solutions. The numerical results presented are consistent with the mean-

square convergence of the sensitivities described by Proposition 3.5.
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3.7.2 Example 2: a cubic polynomial function
The second example is concerned with calculating the sensitivities of the prob-

ability distribution of
y(X) =500 — (X1 + X2)® + X1 — X5 — X3+ X1 X X3 — Xy, (3.75)

where X, i = 1,2, 3,4, are four independent and identically distributed random vari-
ables. The sensitivities were calculated by the proposed PDD-MCS method using
two approaches: (1) a direct approach employing measure-consistent orthonormal
polynomials as bases and corresponding Gauss type quadrature rules for calculating
the PDD expansion coefficients, and (2) an indirect approach transforming original
random variables into Gaussian random variables, followed by Hermite orthonormal
polynomials as bases and the Gauss-Hermite quadrature rule for calculating the ex-
pansion coefficients. Since Equation (3.75) represents a third-order polynomial, the
measure-consistent orthonormal polynomials with the largest order m = 3 should ex-
actly reproduce y. In which case, the highest order of integrands for calculating the
PDD expansion coefficients is six; therefore, a four-point (n = 4) measure-consistent
Gauss quadrature should provide exact values of the coefficients. In the direct ap-
proach, univariate (S = 1), bivariate (S = 2), and trivariate (S = 3) PDD approxi-
mations were applied, where the expansion coefficients were calculated using R = S,
m = 3, and n = 4 in Equations (3.72) and (3.73). Therefore, the only source of error
in a truncated PDD is the selection of S. In the indirect approach, the transforma-
tion of y, if the input variables follow non-Gaussian probability distributions, leads

to non-polynomials in the space of Gaussian variables; therefore, approximation in a
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truncated PDD occurs not only due to S, but also due to m. Hence several values of
3 < m < 6 were employed for mappings into Gaussian variables. The coefficients in
the indirect approach were calculated by the n-point Gauss-Hermite quadrature rule,
where n = m + 1.

A principal objective of this example is to gain insights on the choice of or-
thonormal polynomials for solving this problem by PDD approximations. Two dis-

tinct cases, depending on the probability distribution of input variables, were studied.

3.7.2.1 Case 1: Exponential Distributions

For exponential distributions of input random variables, the PDF

Aexp(—Az;) : x; >0,

[x,(xis X)) = { 0 v <0 (3.76)

where A > 0 is the sole distribution parameter, d = A € R, and dy = 1.

Figure 3.2(a) presents the sensitivities of the probability distribution of y(X)
with respect to A calculated at dy for different values of ¢ by the direct approach.
It contains four plots: one obtained from crude MCS/SF (10° samples) and the re-
maining three generated from univariate (S = 1), bivariate (S = 2), and trivariate
(S = 3) PDD-MCS methods. For the PDD-MCS methods, the measure-consistent
Laguerre polynomials and associated Gauss-Laguerre quadrature rule were used. The
sensitivity of distributions, all obtained for m = 3, converge rapidly with respect to
S. Compared with crude MCS/SF, the univariate PDD-MCS method is less accurate
than others. This is due to the absence of the cooperative effects of random variables

in the univariate approximation. The bivariate PDD-MCS solution, which captures
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cooperative effects of any two variables, is remarkably close to the crude Monte Carlo
results. The results from the trivariate decomposition and crude MCS/SF are coin-
cident, as 73 3(X) is identical to y(X), which itself is a trivariate function.

Using the indirect approach, Figures 3.2(b), 3.2(c), and 3.2(d) depict the sen-
sitivities of the distribution of y(X) by the univariate, bivariate, and trivariate PDD-
MCS methods for several values of m, calculated when the original variables are
transformed into standard Gaussian variables. The sensitivities obtained by all three
decomposition methods from the indirect approach converge to the respective solu-
tions from the direct approach when m and n increase. However, the lowest order of
Hermite polynomials required to converge in the indirect approach is six, a number
twice that employed in the direct approach employing Laguerre polynomials. This
is due to higher nonlinearity of the mapped y induced by the transformation from
exponential to Gaussian variables. Clearly, the direct approach employing Laguerre
polynomials and the Gauss-Laguerre quadrature rule is the preferred choice for cal-

culating sensitivities of the probability distribution by the PDD-MCS method.
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3.7.2.2 Case 2: Weibull Distributions

For Weibull distributions of input random variables, the PDF

fxi(xs A k) = ; (%)H P [_ (%)k] - 20, (3.77)
0 ox; <0,

where A\ > 0 and £ > 0 are scale and shape distribution parameters, respectively,
d=(\k)T €R? and dy = (1,0.5)T.

The sensitivities of the probability distribution of y(X) with respect to A and
k, calculated by the direct approach, at dy is exhibited in Figures 3.3(a) and 3.4(a), re-
spectively. Again, four plots, comprising the solutions from crude MCS/SF (10° sam-
ples) and three PDD-MCS methods using the direct approach, are illustrated. Since
classical orthonormal polynomials do not exist for Weibull probability measures, the
Stieltjes procedure was employed to numerically determine the measure-consistent
orthonormal polynomials and corresponding Gauss quadrature formula [97]. Sim-
ilar to Case 1, both sensitivities of the distribution by the PDD-MCS method in
Figures 3.3(a) and 3.4(a), all obtained for m = 3, converge rapidly to crude MCS
solutions with respect to S. However, the sensitivities of the distribution by all three
PDD-MCS approximations, when calculated using the indirect approach and shown
in Figures 3.3(b) through 3.3(d) and Figures 3.4(b) through 3.4(d), fail to get closer
even when the order of Hermite polynomials is twice that employed in the direct
approach. The lack of convergence is attributed to a significantly higher nonlinearity
of the transformation from Weibull to Gaussian variables than that from exponential
to Gaussian variables. Therefore, a direct approach entailing measure-consistent or-

thogonal polynomials and associated Gauss quadrature rule, even in the absence of
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classical polynomials, is desirable for generating both accurate and efficient solutions

by the PDD-MCS method.
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Figure 3.3: Sensitivities of the probability distribution of y with respect to A for
Weibull distributions of input variables; (a) direct approach; (b) indirect approach-

univariate; (c) indirect approach-bivariate; (d) indirect approach-trivariate (Example
2)
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3.7.3 Example 3: a function of Gaussian variables

Consider a component reliability problem with the performance function

1 1
y(X) = a— , (3.78)
10001 5" x, 100043V

i=1

where X ~ N(u, ¥) is an N-dimensional Gaussian random vector with mean vector
= (p, -, )T and covariance matrix X = o%diag|[l,--- ,1] =: ¢%I, and d = (u,0)7.
The objective of this example is to evaluate the accuracy of the proposed PDD-SPA
and PDD-MCS methods in calculating the failure probability Pr(d) := Paly(X) < 0]
and its sensitivities OPp(dg) /Op and OPr(dy) /0o at dy = (0,1)T for two problem

sizes or dimensions: N = 10 and N = 100. The exact solutions for a general -

dimensional problem are

where 8 = (3 — uv/N) /o, provided that 0 < 02 < oo.

Since y in Equation (3.78) is a non-polynomial function, the univariate (S = 1)
or bivariate (S = 2) truncation of PDD for a finite value of m, regardless how large,
provides only an approximation. Nonetheless, using only m = 3 and n = 4, the
univariate and bivariate estimates of the failure probability and its two sensitivities
by the PDD-SPA and PDD-MCS methods for N = 10 are listed in Table 3.3. The
measure-consistent Hermite polynomials and associated Gauss-Hermite quadrature
rule were used in both methods. The results of the PDD-SPA method are further
broken down according to Options I (Equation (3.59)) and II (Equation (3.60)) for

calculating all moments of order up to four to approximate the CGF of y(X), as
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explained in Algorithm 3.1. Option I requires at most eight-dimensional integrations
in the bivariate PDD-SPA method for calculating the moments of y(X), whereas
Option II entails at most two-dimensional integrations for the values of S = 2 and
m = 6 selected. However, the differences between the two respective estimates of the
failure probability and its sensitivities by these options, in conjunction with either
the univariate or the bivariate PDD approximation, are negligibly small. Therefore,
Option II is not only accurate, but also facilitates efficient solutions by the PDD-SPA
method, at least in this example. Compared with the results of crude MCS/SF (10°
samples) or the exact solution, also listed in Table 3.3, both univariate and bivariate
versions of the PDD-SPA method, regardless of the option, are satisfactory. The same
trend holds for the univariate and bivariate PDD-MCS methods. No meaningful
difference is found between the respective accuracies of the PDD-SPA and PDD-
MCS solutions for a given truncation S. Indeed, the agreement between the bivariate
solutions from the PDD-SPA or PDD-MCS method and the benchmark results is

excellent.
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Table 3.3: Component failure probability and sensitivities at dg = (0, 1) for N = 10
(Example 3)

PDD-SPA  PDD-SPA  PDD-SPA  PDD-SPA PDD- PDD- Crude Exact

(Univariate, (Univariate, (Bivariate, (Bivariate, MCS MCS MCS/SF

Option I) Option II)  Option I)  Option II) (Univariate) (Bivariate)

Pr(do) 1.349 1.453 1.349 1.347 1.510 1.397 1.397 1.350
(x1073)
OPr(do)/0u 1.401 1.529 1.401 1.550 1.553 1.447 1.447 1.401
(x1072)
OPr(do)/0c 1.330 1.409 1.330 1.326 1.472 1.371 1.371 1.330
(x1072)
No. of 41 41 761 761 41 761 106 -

function eval.

For high-dimensional problems, such as N = 100, Table 3.4 summarizes the
estimates of the failure probability and its sensitivities by the PDD-SPA and PDD-
MCS methods using m = 3. Due to the higher dimension, the PDD-SPA method
with Option I requires numerous eight-dimensional integrations for calculating mo-
ments of y(X) and is no longer practical. Therefore, the PDD-SPA method with
Option II requiring only two-dimensional (S = 2, m = 6) integrations was used for
N = 100. Again both univariate and bivariate approximations were invoked for the
PDD-SPA and PDD-MCS methods. Compared with the benchmark results of crude
MCS/SF (10° samples) or the exact solution, listed in Table 3.4, the bivariate PDD-

SPA method and the bivariate PDD-MCS method provide highly accurate solutions

for this high-dimensional reliability problem.
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Table 3.4: Component failure probability and sensitivities at dg = (0,1)” for
N =100 (Example 3)

PDD-SPA PDD-SPA PDD-MCS PDD-MCS Crude Exact
(Univariate, (Bivariate, (Univariate)  (Bivariate) MCS/SF
Option II) Option II)

Pr(do) 1.731 1.320 1.724 1.344 1.352 1.350
(x1073)
OPr(do)/0u 5.994 6.412 5.538 4.413 4.437 4.432
(x1072)
dOPp(dy)/dc 1.612 1.277 1.556 1.291 1.302 1.330
(x1072)
No. of 401 79,601 401 79,601 108 -

function eval.

Tables 3.3 and 3.4 also specify the relative computational efforts of the PDD-
SPA and PDD-MCS methods, measured in terms of numbers of original function
evaluations, when N = 10 and N = 100. Given the truncation parameter S, the
PDD-SPA and PDD-MCS methods require identical numbers of function evaluations,
meaning that their computational costs are practically the same. Although the bivari-
ate approximation is significantly more expensive than the univariate approximation,
the former generates highly accurate solutions, as expected. However, both versions
of the PDD-SPA or PDD-MCS method are markedly more economical than the crude

MCS/SF method for solving this high-dimensional reliability problem.

3.7.4 Example 4 : a function of non-Gaussian variables

Consider the univariate function [79]

y(X) = X1 +2Xo+2X5+ Xy — 5X5 — 5X§ (3.80)
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of six statistically independent and lognormally distributed random variables X; with
means p; and standard deviations cu;, ¢ = 1,--- 6, where ¢ > 0 is a constant, repre-
senting the coefficient of variation of X;. The design vector d = (1, - - - g, 01, ,76) " .
The objective of this example is to evaluate the accuracy of the proposed PDD-SPA
method in estimating the failure probability Pr(d) := Paly(X) < 0] and its sensitivi-
ties OPp(d) /Op; and OPg(d) /0o;,i=1,--- ,6,at d = dy = (120, 120, 120, 120, 50, 40,
120c, 120¢, 120¢, 120¢, 50¢, 40¢)T for 0.1 < ¢ < 0.7.

The function y, being both univariate and linear, is exactly reproduced by
the univariate (S = 1), first-order (m = 1) PDD approximation when orthonormal
polynomials consistent with lognormal probability measures are used. Therefore, the
univariate, first-order PDD approximation, along with Option I (Equation (3.59)),
was employed in the PDD-SPA method to approximate Pr(dy), OPr(dy) /0w, and
OPr(dy) /Oo;. All moments of order up to four were estimated according to Algorithm
3.1. The measure-consistent solutions by the PDD-SPA method and crude MCS/SF
are presented in Figures 3.5(a), 3.5(b), and 3.5(c). Huang and Zhang [79], who
solved the same problem, reported similar results, but at the expense of higher-
order integrations stemming from transformation to Gaussian variables. No such
transformation was required or performed in this work. According to Figure 3.5(a),
the failure probability curve generated by the PDD-SPA method closely traces the
path of crude MCS/SF (10° samples) for low coefficients of variation, although a
slight deviation begins to appear when ¢ exceeds about 0.4. The loss of accuracy

becomes more pronounced when comparing the sensitivities of the failure probability
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with respect to means and standard deviations in Figures 3.5(b) and 3.5(c). Indeed,
for large coefficients of variation, that is, for ¢ > 0.4, some of the sensitivities are no
longer accurately calculated by the PDD-SPA method. This is because the fourth-
order (@) = 4) approximation of the CGF of y(X), used for constructing the PDD-
SPA method, is inadequate. Indeed, Table 3.5 reveals that the relative errors in the
fourth-order Taylor approximation of the CGF, obtained by MCS (10® samples) and
evaluated at respective saddlepoints, rises with increasing values of the coefficient of
variation from 0.2 to 0.7. Therefore, a truncation larger than four is warranted for
higher-order approximations of CGF, but doing so engenders an added difficulty in

finding a unique saddlepoint. The topic merits further study.

Table 3.5: Relative errors in calculating CGF (Ex-

ample 4)
c ts Relative error(a)
0.1 —1.0029 x 107! 0.0248
0.2 —2.5008 x 1072 0.0068
0.3 —1.1066 x 1072 0.0125
0.4 —6.1850 x 1073 0.0183
0.5 —3.9250 x 1073 0.0329
0.6 —2.6966 x 1073 0.0447
0.7 —1.9551 x 1073 0.2781

(2) The sample size of MCS is 108.

It is important to note that the univariate, first-order PDD-MCS method, em-

ploying measure-consistent orthonormal polynomials, should render the same solution
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of crude MCS/SF. This is the primary reason why the PDD-MCS results are not de-
picted in Figures 3.5(a) through 3.5(c). Nonetheless, the PDD-MCS method should
be more accurate than the PDD-SPA method in solving this problem, especially at

larger coefficients of variation.
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Figure 3.5: Results of the reliability and sensitivity analyses by the PDD-SPA method
and crude MCS/SF; (a) failure probability; (b) sensitivities of failure probability
with respect to means; (c¢) sensitivities of failure probability with respect to standard
deviations (Example 4)
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3.7.5 Example 5: a six-bay, twenty-one-bar truss

This example demonstrates how system reliability and its sensitivities can be
efficiently estimated with the PDD-MCS method. A linear-elastic, six-bay, twenty-
one-bar truss structure, with geometric properties shown in Figure 3.6, is simply
supported at nodes 1 and 12, and is subjected to four concentrated loads of 10,000
b (44,482 N) at nodes 3, 5, 9, and 11 and a concentrated load of 16,000 1b (71,172
N) at node 7. The truss material is made of an aluminum alloy with the Young’s
modulus £ = 107 psi (68.94 GPa). The random input is X = (X, ,Xn)? €
R2!, where X; is the cross-sectional areas of the ith truss member. The random
variables are independent and lognormally distributed with means p;, 1 = 1,--- 21,
each of which has a ten percent coefficient of variation. From linear-elastic finite-
element analysis (FEA), the maximum vertical displacement vy, (X) and maximum
axial stress opax(X) occur at node 7 and member 3 or 4, respectively, where the
permissible displacement and stress are limited to dajow = 0.266 in (6.76 mm) and
Tallow = 37,680 psi (259.8 MPa), respectively. The system-level failure set is defined

as Qp = {x: {y1(x) < 0} U {y2(x) < 0}}, where the performance functions

Umax X O max X
yn(X)=1- ’dJ’ Y (X)=1-— M (3.81)
allow O allow
The design vector is d = (1, - - , j21)*. The objective of this example is to evaluate

the accuracy of the proposed PDD-MCS method in estimating the system failure prob-
ability Pr(d) := Pg [{y1(X) < 0} U {y2(X) < 0}] and its sensitivities O Pp(d)/0pu;, i =
I,...,21at d = dy = (2,2,2,2,2,2,10, 10,10, 10,10, 10,3,3,3,3,3,1,1,1,1)T in?

(x2.54% cm?).
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Figure 3.6: A six-bay, twenty-one-bar truss structure (Example 5)

Table 3.6 presents the system failure probability and its 21 sensitivities ob-
tained using the bivariate (S = 2), third-order (m = 3) PDD approximations of y; (X)
and y2(X) and two versions of crude MCS: crude MCS/SF and crude MCS/FD, pro-
viding benchmark solutions. The crude MCS/FD method does not depend on score
functions and, therefore, facilitates an independent verification of the PDD-MCS
method. The respective sensitivities obtained by the PDD-MCS method and crude
MCS/SF are practically the same. However, crude MCS/FD typically gives biased
sensitivity estimates, where slight fluctuations in the results are expected due to a
finite variance of the estimator. For two instances, such as when the sensitivities
are too small, crude MCS/FD produces trivial solutions and hence cannot be used as
reference solutions. Nonetheless, the general quality of agreement between the results
of the PDD-MCS method and crude MCS/FD is very good. Comparing the compu-
tational efforts, only 3445 FEA were required to produce the results of the PDD-MCS
method in Table 3.6, whereas 107 and 22 x 10" FEA (samples) were incurred by crude

MCS/SF and crude MCS/FD, respectively. The 22-fold increase in the number of
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FEA in crude MCS/FD is due to forward finite-difference calculations entailing all
21 sensitivities. Therefore, the PDD-MCS method provides not only highly accurate,

but also vastly efficient, solutions of system reliability problems.

Table 3.6: System failure probability and sensitivities for the six-bay, twenty-
one-bar truss (Example 5)

PDD-MCS Crude MCS/SF  Crude MCS/FD

Pr(dy) 8.1782 x 1073 8.3890 x 1073 8.3890 x 1073
OPp(dg) /0y —2.6390 x 1072 —2.6546 x 1072 —2.3895 x 102
OPp(dy)/Ous  —2.6385 x 1072 —2.6505 x 1072 —2.3810 x 1072
OPp(dy)/Ous  —1.0010 x 107%  —1.0320 x 107! —8.8875 x 1072
OPp(dy)/Ops  —3.5684 x 1072 —3.5972 x 1072 —3.1960 x 1072
OPp(dy)/Ous — —2.6356 x 1072 —2.6469 x 1072 —2.3825 x 1072
OPp(dy)/Ous  —2.6266 x 1072 —2.6364 x 1072 —2.3950 x 1072
OPp(dy)/Opr;  —1.3189 x 1073 —1.3213 x 10~ —1.1970 x 1073
OPp(dy)/Ops  —1.3294 x 1073 —1.3244 x 1073 —1.2820 x 1073
OPp(dy)/Oug  —1.6665 x 1073 —1.6514 x 107 —1.5610 x 103
OPp(dg)/Op  —1.7554 x 107°  —1.7576 x 1073 —1.5670 x 1073
OPp(dg)/Opu;  —1.3892 x 107°  —1.3945 x 1073 —1.2530 x 1073
OPp(dy)/Ops  —1.3136 x 1073 —1.3140 x 1073 —1.2060 x 1073
OPr(do) /03 9.1378 x 107° 7.2857 x 107° 0.0
OPrp(dg) /04 2.3126 x 1074 2.0942 x 107* 1.3000 x 1074
OPp(dg)/Ous  —6.3125 x 1074 —6.2761 x 107 —5.8333 x 1074
OPrp(dg)/Ops 2.2333 x 1074 2.2261 x 1074 1.3333 x 1074
OPr(do)/Op;  —3.0844 x 107 —3.9551 x 107° 0.0
OPp(dg)/Oms  —2.0729 x 107*  —2.6582 x 107*  —8.8000 x 1074
OPp(dg) /Oy  —3.5881 x 107°  —3.4714 x 1073 —3.2900 x 1073
OPp(dg)/Oua  —4.1604 x 1073 —4.0774 x 1073 —3.2200 x 1073
OPp(dg)/Ouar  —7.7002 x 107 —7.2830 x 10~*  —8.5000 x 10~*

No. of FEA 3445 107 22 x 107
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It is important to recognize that the PDD-SPA method can be applied to solve
this series-system reliability problem by interpreting the failure domain as Qp :=
{x : {ys(x) < 0}, where ys(X) := min{y;(X), y2(X)} and then constructing a PDD
approximation of y,(X). In so doing, however, y, is no longer a smooth function of X,
meaning that the convergence properties of the PDD-SPA method can be significantly
deteriorated. More importantly, the PDD-SPA method is not suitable for a general
system reliability problem involving multiple, interdependent component performance
functions. This is the primary reason why the results of the PDD-SPA method are

not included in this example.

3.8 Conclusion

Three novel computational methods grounded in PDD were developed for
design sensitivity analysis of high-dimensional complex systems subject to random
input. The first method, capitalizing on a novel integration of PDD and score func-
tions, provides analytical expressions of approximate design sensitivities of the first
two moments that are mean-square convergent. Applied to higher-order moments, the
method also estimates design sensitivities by two distinct options, depending on how
the high-dimensional integrations are performed. The second method, the PDD-SPA
method, integrates PDD, SPA, and score functions, leading to analytical formulae for
calculating design sensitivities of probability distribution and component reliability.
The third method, the PDD-MCS method, also relevant to probability distribution

or reliability analysis, utilizes the embedded MCS of the PDD approximation and
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score functions. Unlike the PDD-SPA method, however, the sensitivities in the PDD-
MCS method are estimated via efficient sampling of approximate stochastic responses,
thereby affording the method to address both component and system reliability prob-
lems. Furthermore, the PDD-MCS method is not influenced by any added approxi-
mations, involving calculations of the saddlepoint and higher-order moments, of the
PDD-SPA method. For all three methods developed, both the statistical moments or
failure probabilities and their design sensitivities are determined concurrently from a
single stochastic analysis or simulation. Numerical results from mathematical exam-
ples corroborate fast convergence of the sensitivities of the first two moments. The
same condition holds for the sensitivities of the tails of probability distributions when
orthonormal polynomials are constructed consistent with the probability measure of
random variables. Otherwise, the convergence properties may markedly degrade or
even disappear when resorting to commonly used transformations. For calculating
the sensitivities of reliability, the PDD-MCS method, especially its bivariate version,
provides excellent solutions to all problems, including a 100-dimensional mathemati-
cal function, examined. In contrast, the PDD-SPA method also generates very good
estimates of the sensitivities, but mostly for small to moderate uncertainties of ran-
dom input. When the coefficient of variation is large, the PDD-SPA method may
produce inaccurate results, suggesting a need for further improvements.

The computational effort of the univariate PDD method varies linearly with
respect to the number of random variables and, therefore, the univariate method is

highly economical. In contrast, the bivariate PDD method, which generally outper-
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forms the univariate PDD method, demands a quadratic cost scaling, making it more
expensive than the latter method. Nonetheless, both versions of the PDD method

are substantially more efficient than crude MCS.
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CHAPTER 4
ROBUST DESIGN OPTIMIZATION

4.1 Introduction

This chapter presents four new methods for robust design optimization of com-
plex engineering systems. The methods are based on: (1) PDD of a high-dimensional
stochastic response for statistical moment analysis; (2) a novel integration of PDD
and score functions for calculating the second-moment sensitivities with respect to
design variables; and (3) standard gradient-based optimization algorithms, encom-
passing direct, single-step, sequential, and multi-point single-step design processes.
Section 4.2 formally defines one particular kind of RDO problem in which all de-
sign variables are distributional parameters, including a concomitant mathematical
statement. Section 4.3 introduces four new design methods and explains how the
stochastic analysis and design sensitivities from a PDD approximation are integrated
with a gradient-based optimization algorithm in each method. Section 4.4 presents
four numerical examples involving mathematical functions or solid-mechanics prob-
lems, contrasting the accuracy, convergence properties, and computational efforts of
the proposed RDO methods. It is followed by Section 4.5, which discusses the effi-
ciency and applicability of all four methods. Finally, the conclusions are drawn in

Section 4.6.
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4.2 RDO

Consider a measurable space (€04, Fq), where Qq is a sample space and Fgy
is a o-field on Q4. Defined over (Qq,Fq), let {Pg : F — [0,1]} be a family of
probability measures, where for M € N and N € N, d = (dy,--- ,dy)" € D is
an RM-valued design vector with non-empty closed set D C RM, and let X :=
(X1, Xn)T : (Qa, Fa) — (RY, BY) be an RY-valued input random vector with BY
representing the Borel o-field on RY, describing the statistical uncertainties in loads,
material properties, and geometry of a complex mechanical system. The probability
law of X is completely defined by a family of the joint probability density functions
(PDF) {fx(x;d), x € RY, d € D} that are associated with probability measures
{Py4, d € D}, so that the probability triple (Qq, Fa, Pa) of X depends on d. A design
variable dy can be any distribution parameter or a statistic — for instance, the mean
or standard deviation — of X.

Let y(X), I = 0,1,2,--- , K, be a collection of K + 1 real-valued, square-
integrable, measurable transformations on (€2, F), describing the relevant geometry
(e.g., length, area, volume, mass) and performance functions of a complex system.
It is assumed that y; : (RY, BY) — (R, B) is not an explicit function of d, although
y; implicitly depends on d via the probability law of X. This is not a major limi-
tation, as most RDO problems involve means and/or standard deviations of random
variables as design variables. Nonetheless, a common mathematical formulation for

RDO problems involving an objective function ¢y : R — R and constraint functions
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¢ :RM 5 R, wherel=1,--- ,K and 1 < K < o0, requires one to

E X X
mlIl Co(d) = wlw _|_ Wo valq E;yo( )] ’
deDCRM 1o o

SUbjeCt to Cl(d) = apy/varg [yl<X)] - Ed [yl(X)] S 07 [ = 17 U )Kv

dk,LSddek,U7k217”'7M7 (41)

where Eq[y(X)] := [pn %i(x) fx (x; d)dx is the mean of 3,(X) with Eq denoting the ex-
pectation operator with respect to the probability measure Py, d € RM; varg[y,(X)] :=
Eq[{y:(X) — Eq[y:(X)]}?] is the variance of y;(X); g;, [ = 0,1,--- , K, are arbitrary
functions of Eq[y;(X)] and varg[y;(X)]; w1 € Ry and w, € Ry are two non-negative,
real-valued weights, satisfying w; + wy = 1; p € R\ {0} and o € R \ {0} are
two non-zero, real-valued scaling factors; a; € Rf, 1 =0,1,--- , K, are non-negative,
real-valued constants associated with the probabilities of constraint satisfaction; and
di,r, and dj, ;7 are the lower and upper bounds, respectively, of dj. Other formulations
entailing nonlinear functions of the first two or higher-order moments can be envi-
sioned, but they are easily tackled by the proposed methods. Nonetheless, the focus
of this work is solving the RDO problem described by Equation (4.1) for arbitrary

functions y;, [ = 0,1,2,--- , K, and arbitrary probability distributions of X.

4.3 Proposed Methods for Design Optimization
The PDD approximations described in the preceding section provide a means
to approximate the objective and constraint functions, including their design sensi-
tivities, from a single stochastic analysis. Therefore, any gradient-based algorithm

employing PDD approximations should render a convergent solution of the RDO
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problem in Equation (4.1). However, there exist multiple ways to dovetail stochastic
analysis with an optimization algorithm. Four such design optimization methods, all

anchored in PDD, are presented in this section.

4.3.1 Direct PDD

The direct PDD method involves straightforward integration of the PDD-based
stochastic analysis with design optimization. Given a design vector at the current
iteration and the corresponding values of the objective and constraint functions and
their sensitivities, the design vector at the next iteration is generated from a suit-
able gradient-based optimization algorithm. However, new statistical moment and
sensitivity analyses, entailing re-calculations of the PDD expansion coefficients, are
needed at every design iteration. Therefore, the direct PDD method is expensive,
depending on the cost of evaluating the objective and constraint functions and the

requisite number of design iterations.

4.3.2 Single-Step PDD
The single-step PDD method is motivated on solving the entire RDO problem
from a single stochastic analysis by sidestepping the need to recalculate the PDD
expansion coefficients at every design iteration. It subsumes two important assump-
tions: (1) an S-variate, mth-order PDD approximation §s,, of y at the initial design
is acceptable for all possible designs; and (2) the expansion coefficients for one design,
derived from those generated for another design, are accurate.

Consider a change of the probability measure of X from fx (x;d)dx to fx(x;d")dx,
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where d and d’ are two arbitrary design vectors corresponding to old and new designs,
respectively. Let {¢;;(X;;d’); j =0,1,---} be a set of new orthonormal polynomial
basis functions consistent with the marginal probability measure fx,(x;; d’)dz; of X,
producing new product polynomials 1y, (X,;d’) = Hl;il V5 (X d'), O # u C
{1,-++, N}. Assume that the expansion coefficients, yp(d) and Cy;, (d), for the old
design have been calculated already. Then, the expansion coefficients for the new
design are determined from
yo(d') = /R N [ > Y Gy (d) x

OuC{lo N}y el
Jiye »]|u|¢0

b (s d) £ () ] F () (42)

and

c-[ [ ¥ e
R BAC{L NYj, enld
jlv“' 7]'1}'#0

%j,vl(xv; d) + yp(d) 1 wuj‘u‘(xu; d’) fx(x;d')dx, (4.3)

for all ) # u C {1,---, N} by recycling the old expansion coefficients and using
orthonormal polynomials associated with both designs. The relationship between
the old and new coefficients, described by Equations (4.2) and (4.3), is exact and
is obtained by replacing y with the right side of Equation (3.10) in Equations (2.7)
and (3.7). However, in practice, when the S-variate, mth-order PDD approximation

(Equation (3.11)) is used to replace y in Equations (2.7) and (3.7), then the new
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expansion coefficients,

yo(d') = /RN { > > Cuy(d)

. || s
eN, ', <m
I<ul<s 31wl €Ng gl

J1 5 J 1w 70

< g (Ko d) + yp(d) } F(x d')dx (4.4)

and

Cujy,, (d) = /RN [ > )

w#ﬁgi{vjl7;§N} 310 ENG o loo <m
<|v|< J1 51w 70

Cog (g, (Xoid) +o(d) }

Xy, (Xu; d') fx (x; d)dx, (4.5)

which are applicable for ) # v C {1,--- N}, 1 < |u] < S, become approximate,
although convergent. In the latter case, the integrals in Equations (4.4) and (4.5)
consist of finite-order polynomial functions of at most S variables and can be eval-
uated inexpensively without having to compute the original function y for the new
design. Therefore, new stochastic analyses, all employing S-variate, mth-order PDD
approximation of y, are conducted with little additional cost during all design itera-

tions, drastically curbing the computational effort in solving the RDO problem.

4.3.3 Sequential PDD
When the truncations parameters, S and/or m, of a PDD approximation are
too low, the assumptions of the single-step PDD method are likely to be violated,
resulting in a premature or inaccurate optimal solution. To overcome this problem,

a sequential PDD method, combining the ideas of the single-step PDD and direct



112

PDD methods, was developed. It forms a sequential design process, where each

sequence begins with a single-step PDD using the expansion coefficients calculated

at an optimal design solution generated from the previous sequence. Although more
expensive than the single-step PDD method, the sequential PDD method is expected
to be more economical than the direct PDD method.

The sequential PDD method is outlined by the following steps. The flow chart

of this method is shown in Figure 4.1.

Step 1: Select an initial design vector dy. Define a tolerance e > 0. Set the iteration
g = 1, gth initial design vector d(()q) = dy, and approximate optimal solution
dio) =dj at ¢ =0.

Step 2: Select (¢ = 1) or use (¢ > 1) the PDD and Fourier truncation parameters
S, m,and m'. Atd = d((f’), generate the PDD expansion coefficients, yy(d)
and Cyj, (d), where ) £ u C {1,--- | N}, 1 < |u] < S, ju € N, dju] oo <
m, ji, s Ju 7 0, using dimension-reduction integration with R = S,
n =m + 1, leading to S-variate, mth-order PDD approximations of y;(X),
[ =0,1,..., K, in Equation (4.1). Calculate the expansion coefficients of
the score functions, sy¢(d) and D;, ;(d), where k = 1,--- M and j =
1,---,m’/, analytically, if possible, or numerically, resulting in m/th-order

d), k=1,---, M.

Fourier-polynomial approximations of s (X, ;
Step 3: Solve the design problem in Equation (4.1) employing PDD approximations
ofy;, 1 =0,1,---, K and a standard gradient-based optimization algorithm.

In so doing, recycle the PDD expansion coefficients obtained from Step 2 in
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Equations (4.4) and (4.5), producing approximations of the objective and
constraint functions that stem from single calculation of these coefficients.
To evaluate the gradients, recalculate the Fourier expansion coefficients of
score functions as needed. Denote the approximate optimal solution by d\?.
Set d\"tY = al?.

Step 4: If [|[d\Y — d'“" V||, < e, then stop and denote the final approximate optimal

solution as d* = d\?. Otherwise, update ¢ = ¢ + 1 and go to Step 2.

’ Step 1: Initialize; set d{) =d,.

Step 2: At d =d\”, generate PDD and
Fourier-polynomial approximations of  ~e—
response and score functions.

L

Step 3: Solve the RDO problem
using the single-step PDD method.

No

Step 4: Converge?

Figure 4.1: A flow chart of the sequential PDD method

4.3.4 Multi-Point Single-Step PDD
The optimization methods described in the preceding subsections are founded

on PDD approximations of stochastic responses, supplying surrogates of objective and
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constraint functions for the entire design space. Therefore, these methods are global
and may not be cost-effective when the truncation parameters of PDD are required
to be exceedingly large to capture high-order responses or high-variate interactions
of input variables. Furthermore, a global method using a truncated PDD, obtained
by retaining only low-order or low-variate terms, may not even find a true optimal
solution. An attractive alternative method, developed in this work and referred to
as the multi-point single-step PDD method, involves local implementations of the
single-step PDD approximation that are built on a local subregion of the design space.
According to this method, the original RDO problem is exchanged with a succession
of simpler RDO sub-problems, where the objective and constraint functions in each
sub-problem represent their multi-point approximations [84]. The design solution of
an individual sub-problem, obtained by the single-step PDD method, becomes the
initial design for the next sub-problem. Then, the move limits are updated, and the
optimization is repeated iteratively until the optimal solution is attained. Due to
its local approach, the multi-point single-step PDD method should solve practical
engineering problems using low-order and/or low-variate PDD approximations.

Let D = x{=M[dy. 1, dry] € RM be a rectangular domain, representing the
design space of the RDO problem defined by Equation (4.1). For a scalar variable
0< 6,(;’) < 1 and an initial design vector d(()Q) = (dg‘f()), . ,dg\‘j)’o), the subset D@ =
}EEMAD) — B (dypr — diop) /2, A0 + B (dyw — dip) /2] € D € RM defines the gth

)

subregion for ¢ = 1,2,---. According to the multi-point single-step PDD method,
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the RDO problem in Equation (4.1) is reformulated to

\/ varg [g(()q;m(X)}

Ea |75 (X)] X
Wa )

* ES
Ho 09

: ~(q)
min c d):=w,
deD@CD O,S,m( )

subject to 6l(fg)7m(d) = \/Vard [gjl((fg)m(X)} — Eq [gjl(‘fg)m(X)] <0,

k=1,---,M, (4.6)

where g}l((fg)m(X) and él(’qg’m(d) ,1=0,1,2,---, K, are local, S-variate, mth-order PDD
approximations of y;(X) and ¢;(d), respectively, at iteration ¢, and d,(g% — ,(CQ)(dW —
dy.1)/2 and d,(;f()) + B(dy .y — dy.p)/2, also known as the move limits, are the lower
and upper bounds, respectively, of the subregion D@. The multi-point single-step
PDD method solves the optimization problem in Equation (4.6) for ¢ = 1,2,---
by successively employing the single-step PDD approximation at each subregion or
iteration until convergence is attained. When S — N and m — oo, the second-
moment properties of PDD approximations converge to their exact values, yielding
coincident solutions of the optimization problems described by Equations (4.1) and
(4.6). However, if the subregions are sufficiently small, then for finite and possibly
low values of S and m, Equation (4.6) is expected to generate an accurate solution
of Equation (4.1), the principal motivation of this method.

The multi-point single-step PDD method is outlined by the following steps.

The flow chart of this method is shown in Figure 4.2.

Step 1: Select an initial design vector dy. Define tolerances ¢; > 0, e > 0, and
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e5 > 0. Set the iteration ¢ = 1, d\¥ = (dg(fg,~~ ,dﬁ(}{o)T = dy. Define
the subregion size parameters 0 < B,gq) <1,k =1,---,M, describing
D@ = xE=Md — B (d — dip) /2. 4% + B (dw — dip)/2). Denote
the subregion’s increasing history by a set H(® and set it to empty. Set
two designs dy = dy and dyas # do such that |[df — djjest||2 > €1. Set
dio) = do, ¢fls = 1 and g5 = 1. Usually, a feasible design should be
selected to be the initial design dy. However, when an infeasible initial
design is chosen, a new feasible design can be obtained during the iteration

if the initial subregion size parameters are large enough.

Step 2: Select (¢ = 1) or use (¢ > 1) the PDD truncation parameters S and m. At
d = déq), generate the PDD expansion coefficients, yp(d) and Cy, (d),
where 0 # u C {1+ N}, 1 < Jul < S, ju € NI [fulle < m,
Jis 5 Ju 7 0, using dimension-reduction integration with R = S, n =
m + 1, leading to S-variate, mth-order PDD approximations gjl(gm(X) of
y(X) and 6l(,qs)7m(d) of ¢(d), 1 =0,1,--- , K, in Equation (4.1). Calculate
the expansion coefficients of score functions, s;¢(d) and D;, ;(d), where
k=1,---,M and j = 1,--- ,m/, analytically, if possible, or numerically,
resulting in m/th-order Fourier-polynomial approximations of s;(X;,:d),
k=1,---,M.

Step 3: If ¢ =1 and él(q)(déq)) <0forl=1,---,K, then go to Step 4. If ¢ > 1 and
A0(d) <0forl=1,-- K, then set dyos = dy, dy = dS, griast = 45,

qr = q and go to Step 4. Otherwise, go to Step 5.



Step 4:

Step 5:

Step 6:

Step 7:

Step 8:

Step 9:
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It de - df,lastHQ < €1 Or

[ééq)(df) _ééqf’la“)(df,last)] /é(()q)(df)’ < €3, then
stop and denote the final optimal solution as dr = d;. Otherwise, go to

Step 6.

Compare the infeasible design d((f) with the feasible design ds and interpo-

late between d(()q) and dy to obtain a new feasible design and set it as d(()q+1).
For dimensions with large differences between d(()Q) and dy, interpolate ag-
gressively. Reduce the size of the subregion D@ to obtain new subregion
D) For dimensions with large differences between d(()q) and dy, reduce
aggressively. Also, for dimensions with large differences between the sensi-
tivities of 5z(,qs)m (d(()q)) and El(fls;i)(d((f)), reduce aggressively. Update ¢ = ¢+ 1
and go to Step 2.

If the subregion size is small, that is, ﬂ,iq)(dk,U —dir) < €, and d Y ig

located on the boundary of the subregion, then go to Step 7. Otherwise, go
to Step 9.

If the subregion centered at d[()q) has been enlarged before, that is, d((f) €
H@ Y then set H@ = H@Y and go to Step 9. Otherwise, set H@ =
H@ [ J{d¥} and go to Step 8.

For coordinates of d((]q) located on the boundary of the subregion and B,ﬁq) (dku—
dr.1) < €2, increase the sizes of corresponding components of DD for other
coordinates, keep them as they are. Set the new subregion as D+1),

Solve the design problem in Equation (4.6) employing the single-step PDD

method. In so doing, recycle the PDD expansion coefficients obtained from
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Step 2 in Equations (4.4) and (4.5), producing approximations of the ob-
jective and constraint functions that stem from single calculation of these
coefficients. To evaluate the gradients, recalculate the Fourier expansion
coefficients of score functions as needed. Denote the optimal solution by

d'? and set d(()qH) = d\”. Update ¢ = ¢+ 1 and go to Step 2.
Table 4.1 summarizes several features of all four design methods developed
in this work. It describes the design space of a method, how many times a method
requires the PDD approximation, and whether the original problem or a sequence of

subproblems are solved.

‘ Step 1: Initialize; set d =d,.

Step 2: At d = dff’), generate PDD and
» Fourier-polynomial approximations of
response and score functions.

Step 5: Interpolate to
obtain a new feasible
design; reduce
subregion size.

Step 3: Is new
design feasible?

Yes

Step 6: Are conditions
for enlarging subregion size
satisfied?

Step 7: Is current design in Yes

the increasing histories?

Step 8: Increase

Step 9: Solve the RDO subproblem by single- subregion and
step PDD method. modify increasing

history

A4

Figure 4.2: A flow chart of the multi-point single-step PDD method
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Table 4.1: Summary of features of the four proposed methods

Feature Direct PDD Single-Step Sequential Multi-point
PDD PDD Single-Step PDD
Design space Global Global Global Local
Frequency of  Every iteration Only first A few For every
PDD approxi- iteration iterations subproblem
mations
Problem Original Original Original Subproblems
solved in every problem problem problem
iteration

4.4 Numerical Examples

Four examples are presented to illustrate the PDD methods developed in solv-
ing various RDO problems. The objective and constraint functions are either elemen-
tary mathematical functions or relate to engineering problems, ranging from simple
structural to complex FEA-aided mechanical designs. Both size and shape design
problems are included. In Examples 1-4, orthonormal polynomials, consistent with
the probability distributions of input random variables, were used as bases. For the
Gaussian distribution, the Hermite polynomials were used. For random variables
following non-Gaussian probability distributions, such as the Lognormal, Beta, and
Gumbel distributions in Example 2, the orthonormal polynomials were obtained either
analytically when possible or numerically, exploiting the Stieltjes procedure [97, 98].
However, in Examples 3 and 4, the original random variables were transformed into
standard Gaussian random variables, facilitating the use of classical Hermite polyno-

mials as orthonormal polynomials. The PDD truncation parameters S and m vary,



120

depending on the function or the example, but in all cases the PDD expansion co-
efficients were calculated using dimension-reduction integration with R = .S and the
number of integration points n = m + 1. The Gauss-quadrature rules are consistent
with the polynomial basis functions employed. Since the design variables are the
means of Gaussian random variables, the order m’ used for Fourier expansion coef-
ficients of score functions in Examples 1, 3, and 4 is one. However, in Example 2,
where the design variables describe both means and standard deviations of random
variables, m’ is two. The tolerances and initial subregion size parameters are as fol-
lows: (1) € = 0.001; ¢, = 0.1, &2 = 2; €3 = 0 (Example 3), e3 = 0.005 (Example 4);
and (2) ﬁ%l) == B](\}) = 0.5. The optimization algorithm selected is sequential

quadratic programming [106] in all examples.

4.4.1 Example 1: optimization of a mathematical function
Consider a mathematical example, studied by Lee et al. [14], involving two

independent Gaussian random variables X; and X, and two design variables d; =

Eq[X1] and dy = Eq[X3], which requires to

X
min co(d) = vara [yo(X)]
deD 15

Y

subject to c1(d) = 34/varg [y1(X)] — Eq [11(X)] <0,

1<d; <10, 1<dy < 10, (4.7)

where

yo(X) = (X7 — 4> 4+ (X1 —3)* + (X, — 5)? + 10 (4.8)
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and

are two random functions. The random variables X; and X, have respective means
dy and ds, but the same standard deviation, which is equal to 0.4. The design vector
d = (dy,ds)" € D, where D = (1,10) x (1,10) C R2

Two proposed RDO methods, the direct PDD and single-step PDD methods,
were applied to solve this problem. Since gy and y; are both univariate functions, only
univariate (S = 1) PDD approximations are required. The chosen PDD expansion
orders are m = 4 for yy and m = 1 for y;. The initial design vector dy = (5,5)T
and, correspondingly, \/varq, [yo(X)] = 18.2987. The approximate optimal solution
is denoted by d* = (dt, d%)”.

Table 4.2 summarizes the approximate optimal solutions, including the num-
bers of design iterations and function evaluations, by the two PDD methods. For
comparison, the results of a tensor product quadrature (TPQ) method and Taylor
series approximation, proposed by and obtained from Lee et al. [14], are also in-
cluded. From Table 4.2, all four methods engender close optimal solutions in four to
five iterations. Hence, each method can be used to solve this optimization problem.
Both PDD versions yield identical solutions due to the same truncation parameters
selected. However, the numbers of function evaluations required to reach optimal
solutions reduce dramatically when the single-step PDD is employed. This is because
a univariate PDD approximation is adequate for the entire design space, facilitating

exact calculations of the expansion coefficients by Equations (4.4) and (4.5) for any
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design. In which case, the expansion coefficients need to be calculated only once
during all design iterations. At respective optima, the exact values of objective func-
tions for the PDD methods are smaller than those for the TPQ and first-order Taylor
series methods. In addition, the numbers of function evaluations by the direct PDD
or single-step PDD method are moderately or significantly lower than those by the
TPQ method. Therefore, the PDD methods not only furnish a slightly better opti-
mal solution, but also a more computationally efficient one than the TPQ method,
at least in this example. Although the total numbers of function evaluations by the
direct PDD and Taylor series methods are similar, the single-step PDD method is

more efficient than the Taylor series method by almost a factor of six.

Table 4.2: Optimization results for the mathematical example

Method

Resuls S L C e At
d 3.3508 3.3508 3.4449 3.4983
d 4.9856 4.9856 5.000 4.9992
co(@)"” 0.0756 0.0756 0.0861€)  0.0902"
er(@)"” 01873 01599 -0.2978€)  _0.3504"

varg. o (X)) 1.1340 1.1340 12915 1.35350)
No. of iterations 5 5 4 4
No. of yg evaluations 66 11 81 45
No. of y; evaluations 30 5 81 45

(2) The results of TPQ (DSA) and Taylor series were obtained from Lee et al. [14].

(®) The objective function, constraint functions, and

varg. [yo(X)]were evaluated exactly.

(¢) The objective and constraint functions of optimal designs by TPQ(DSA) and Taylor series were evaluated

exactly.
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4.4.2 Example 2: size design of a two-bar truss

The second example, studied by Ramakrishnan and Rao [107] and Lee et al.
[14], entails RDO of a two-bar truss structure, as shown in Figure 4.3. There are
five independent random variables, comprising the cross-sectional area X, the half-
horizontal span X5, mass density X3, load magnitude Xy, and material yield (tensile)
strength X5. Their probability distributions are listed in Table 4.3. The design
variables are as follows: d; = Eq[X;] and dy = Eq[X5]. The objective is to minimize
the second-moment properties of the mass of the structure subject to constraints,
limiting axial stresses of both members at or below the yield strength of the material

with 99.875% probability if y;, [ = 1,2, are Gaussian. The RDO problem is formulated

to
: Eq [yo(X)] varg [yo(X)]
d)=05———+ )
min co(d) =0.5 10 +0.5 5 ,
subject to ¢;(d) = 3y/varq [11(X)] — Eq [y1(X)] <0,
(4.10)
= 3y/varg [y2(X)] — Eq [12(X)] <0
0.2cm? <d; <20cem?, 0.1m < dy < 1.6 m,
where
yo(X) :X3X1\/1+X22, (411)
5X4/1+ X2 [ 8 1
p(X)=1- 22 (— + ) : (4.12)
v 65X5 X1 XXy
and

y(X) =1— 5Xay1+ X5 <i _ L) (4.13)

are three random response functions. The design vector d = (di,d»)T € D, where

D = (0.2 em?,20 cm?) x (0.1 m,1.6 m) C R% The initial design vector is dy =
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(10 em?,1 m)T. The corresponding mean and standard deviation of yo(dy) at the
initial design, calculated by crude MCS simulation with 10® samples, are 14.1422
kg and 2.8468 kg, respectively. The approximate optimal solution is denoted by

d* = (di, d5)".

Xy
7.125° %

Il m

X2 X2

Figure 4.3: A two-bar truss structure

Table 4.4 presents detailed optimization results generated by the direct and
sequential PDD methods, each entailing univariate, bivariate, and trivariate PDD
approximations with m = 2, n = 3. The optimal solutions by all PDD methods or
approximations are very close to each other, all indicating that the first constraint

is active. Although there are slight constraint violations (¢; > 0), they are negligi-
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Table 4.3: Statistical properties of random input for the two-bar truss problem

Standard Probability

Random variable Mean deviation distribution
Cross-sectional area (X), cm? dy 0.02d, Gaussian
Half-horizontal span(X5), m do 0.02d, Gaussian
Mass density (X3), kg/m? 10,000 2000 Beta

Load magnitude (Xj), kN 800 200 Gumbel
Yield strength (X5), MPa 1050 250 Lognormal

bly small. The results of bivariate and trivariate PDD approximations confirm that
the univariate solution by either the direct or sequential PDD method is valid and
adequate. However, the numbers of function evaluations step up for higher-variate
PDD approximations, as expected. When the sequential PDD method is employed,
the respective numbers of function evaluations diminish by a factor of approximately
two, regardless of the PDD approximation. While this reduction is not as dramatic
as the one found in the single-step PDD method (Example 1), the sequential PDD
method should still greatly improve the current state of the art of robust design.
Since this problem was also solved by the TPQ and Taylor series methods,
comparing their reported solutions [14], listed in the last two columns of Table 4.4,
with the PDD solutions should be intriguing. It appears that the TPQ method is
also capable of producing a similar optimal solution, but by incurring a computa-
tional cost more than most of the PDD methods examined in this work. Comparing
the numbers of function evaluations, the TPQ method is more expensive than the
univariate direct PDD method by factors of three to seven. These factors grow into

seven to 17 when graded against the univariate sequential PDD method. The Tay-
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lor series method needs only 378 function evaluations, which is slightly more than
288 function evaluations by the univariate sequential PDD, but it violates the first

constraint by at least six times more than all PDD and TPQ methods.

Table 4.4: Optimization results for the two-bar truss problem (m = 2, n = 3)

Method
Results Direct Direct Direct Sequential  Sequential Sequential TPQ(a> Taylor
PDD PDD PDD PDD PDD PDD series™
(Univariate) (Bivariate) (Trivariate) (Univariate) (Bivariate) (Trivariate)
J{, cm? 11.4749 11.5561 11.5561 11.4811 11.5710 11.5714 11.5669 10.9573
J;, m 0.3781 0.3791 0.3791 0.3777 0.3753 0.3752 0.3767 0.3770
~ (b
co(d*)( ) 1.2300 1.2392 1.2391 1.2306 1.2392 1.2392 1.2393 1.1741
~ (b
c1(d*)( ) 0.0172 0.0096 0.0096 0.0167 0.0097 0.0096 0.0095 0.0657
~ (b
CQ(d*)( ) -0.4882 -0.4911 -0.4910 -0.4889 -0.4948 -0.4950 -0.4935  -0.4650
b
Ej. [yo(X)}s l)cg 12.2684 12.3591 12.3591 12.2732 12.3589 12.3598 12.3608 11.7105
b
varg. [yo(X)]S ) 2.4666 2.4851 2.4851 2.4677 2.4849 2.4850 2.4852 2.3542
kg
No. of 19 14 14 8 7 7 10 8
iterations
No. of yo 190 518 896 80 259 448 594 108
evaluations
Total no. of y1 494 1876 4900 208 938 2450 3564 270
& y2
evaluations

(2) The results of TPQ (DSA) and Taylor series were obtained from Lee et al. [14].
(®) The objective and constraint functions, E3- [y0(X)], and 4/varz. [yo(X)] at respective optima, were evaluated by
crude MCS (10% samples).

When the expansion order and the number of Gauss-quadrature points are
increased to m = 3 and n = 4, respectively, the corresponding optimization results
by all PDD, TPQ, and Taylor series methods are summarized in Table 4.5. The
optimal solutions do not change greatly and, therefore, the results of Table 4.4 are

adequate. However, the numbers of function evaluations rise for each method, as they
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should for larger m or n. In which case, the univariate PDD methods are even more

efficient than the TPQ method by orders of magnitude.

Table 4.5: Optimization results for the two-bar truss problem (m = 3, n = 4)

Method
Results Direct Direct Direct Sequential  Sequential Sequential TPQ(a> Taylor
PDD PDD PDD PDD PDD PDD series™
(Univariate) (Bivariate) (Trivariate) (Univariate) (Bivariate) (Trivariate)
J? cm? 11.5516 11.6439 11.6439 11.5650 11.6505 11.6498 11.6476  10.9573
Jz, m 0.3805 0.3779 0.3779 0.3754 0.3763 0.3763 0.3767 0.3770
co(a*)(b> 1.2393 1.2481 1.2481 1.2386 1.2481 1.2481 1.2480 1.1741
c1(&*)(b> 0.0095 0.0024 0.0025 0.0101 0.0024 0.0024 0.0025 0.0657
02(&*)(b> -0.4897 -0.4959 -0.4958 -0.4945 -0.4974 -0.4974 -0.4970  -0.4650
Ej- [y()(X)](b)7 12.3597 12.4480 12.4480 12.3538 12.4482 12.4477 12.4464 11.7150
kg
\/varg. [yO(X)](b)7 2.4678 2.5025 2.5025 2.4836 2.5029 2.5028 2.5023 2.3542
kg
No. of 15 16 15 7 5 5 10 8
iterations
No. of yo 195 976 1875 91 305 625 2503 108
evaluations
Total no. of y1 510 3616 11,070 238 1130 3690 15,018 270
& y2
evaluations

(2) The results of TPQ (DSA) were obtained from Lee et al. [14].

(®) The objective and constraint functions, E3- [y0(X)], and 4/varg. [yo(X)] at respective optima, were evaluated by
crude MCS (108 samples).

4.4.3 Example 3: shape design of a three-hole bracket
The third example involves shape design optimization of a two-dimensional,
three-hole bracket, where nine random shape parameters, X;, « = 1,---,9, describe
its inner and outer boundaries, while maintaining symmetry about the central ver-

tical axis. The design variables, dj, = Eq[Xk], ¢ = 1,---,9, are the means of these
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independent random variables with Figure 4.4(a) depicting the initial design of the
bracket geometry at the mean values of the shape parameters. The bottom two holes
are fixed, and a deterministic horizontal force F' = 15,000 N is applied at the center
of the top hole. The bracket material has a deterministic mass density p = 7810
kg/m?, deterministic elastic modulus £ = 207.4 GPa, deterministic Poisson’s ratio
v = 0.3, and deterministic uniaxial yield strength S, = 800 MPa. The objective is
to minimize the second-moment properties of the mass of the bracket by changing
the shape of the geometry such that the maximum von Mises stress o, max(X) does
not exceed the yield strength S, of the material with 99.875% probability if y; is

Gaussian. Mathematically, the RDO for this problem is defined to

. B Eq [yo(X)] varg [yo(X)]
win co(d) = 0.5—]Ed0 50 (X)) +0.5 vora (X))

subject to ¢ (d) = 3+/varg [y1(X)] — Eq [11(X)] <0,

I

Omm < d; <14mm, 17 mm < dy < 35 mm,
10mm < dy3 < 30mm, 30 mm < d; <40 mm,
12mm < dy <30mm, 12 mm < dg < 30 mm,
50 mm < dy <140 mm, —15 mm < dg < 10 mm,

—8mm < dy <15 mm, (4.14)
where
wX)=p [ v (4.15)
"(X)

and

hn (X) = Sy - U&maX(X) (416)
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are two random response functions, and Eq, [yo(X)] and varq, [yo(X)] are the mean and
variance, respectively, of yo at the initial design dy = (0, 30, 10, 40, 20, 20, 75, 0, 0)T
mm of the design vector d = (dy, -+ ,dy)T € D C R The corresponding mean
and standard deviation of yq of the original design, calculated by first-order bivariate
PDD method, are 0.3415 kg and 0.00140 kg, respectively. Figure 4.4(b) portrays
the contours of the von Mises stress calculated by FEA of the initial bracket design,
which comprises 11,908 nodes and 3914 eight-noded quadrilateral elements. A plane
stress condition was assumed. The approximate optimal solution is denoted by d: =

(CZL T aJ;)T‘

S, Mises
(Avg: 75%)

(b)

Figure 4.4: A three-hole bracket; (a) design parametrization; (b) von Mises stress at
initial design
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Due to their finite bounds, the random variables X;, ¢ = 1,--- , N, were as-
sumed to follow truncated Gaussian distributions with densities

D <
e(D)-e(-Dy) =T =00
fx,(zi) = (4.17)

0, otherwise,

where ®(-) and ¢(+) are the cumulative distribution and probability density functions,

respectively, of a standard Gaussian variable; o; = /vara[X;] = \/Ea[(X; — d;)?] =
0.2 is the standard deviation of X;; and a; = d; — D; and b; = d; + D; are the lower
and upper bounds, respectively, of X;. To avoid unrealistic designs, the bounds were
chosen to satisfy the following nine conditions: (1) Dy = (dy — dy — 1)/2; (2) Dy =
max[min{(d; —ds—2)/2, (dy—ds—2)/2},205]; (3) D3 = min{(d3—2)/2, (30—d3—2)/2};
(4) Dy = min{(d; — dy — 2)/2,(dy — dy — 2)/2}; (5) D5 = (ds — 11)/2; (6) Dg =
(deg —11)/2; (7) D7 = min{(dy —ds —2)/2, (150 — d; — 5)/2}; (8) Ds = max{(25.57 +
dg — dy)/2,20g}; and (9) Dy = max[min{(25.57 4+ ds — dy)/2, (12.912 + dgy)/2}, 209].
These conditions are consistent with the bound constraints of design variables stated
in Equation (4.14).

The proposed multi-point single-step PDD method was applied to solve this
problem, employing three univariate and one bivariate PDD approximations for the

underlying stochastic analysis: (1) S

I
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and (4) S = 2, m = 1. Table 4.6 summarizes the optimization results by all four
choices of the truncation parameters. The optimal design solutions rapidly converge
as S or m increases. The univariate, first-order (S = 1, m = 1) PDD method,

which is the most economical method, produces an optimal solution reasonably close
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to those obtained from higher-order or bivariate PDD methods. For instance, the
largest deviation from the average values of the objective function at four optimum
points is only 2.5 percent. It is important to note that the coupling between single-
step PDD and multi-point approximation is essential to find optimal solutions of this

practical problem using low-variate, low-order PDD approximations.

Table 4.6: Optimization results for the three-hole bracket

Multi-Point Single-Step PDD Method

Results Univariate Univariate Univariate Bivariate
(S=1m=1) (S=1m=2) (S=1,m=3) (S=2m=1)
JT, mm 12.8168 13.6828 13.9996 13.9936
d%, mm 17.0112 17.0071 17.5236 17.0133
(ig, mm 26.6950 28.3935 28.8053 28.6254
JZ, mm 30.1908 30.2860 30.0009 30.0083
Jg, mm 12.0069 12.0003 12.0000 12.0000
Jg, mm 12.0003 12.0000 12.0000 12.0000
cﬁ, mm 118.1200 118.0900 117.4930 117.7929
J’B‘, mm -13.7400 -13.8900 -13.8680 -13.9053
Jg, mm 14.9124 14.9573 14.9991 14.9966
éo(a*)(a) 0.6686 0.6430 0.6364 0.6602
61(&*)(a) -1.6671 -0.8289 -1.8599 -8.8978
Ez. [yo(X)] (,ai(g 0.1230 0.1185 0.1181 0.1176
varg. [yo(X)] Eai{g 0.00137 0.00132 0.00130 0.00137
No. of iterations 42 43 36 39
No. of FEA 798 1204 1332 6357

(@) The objective and constraint functions, Ej- [y0(X)], and 4/varg. [yo(X)] at respective optima, were evaluated by

respective approximations.
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(a)

(© (d)

Figure 4.5: von Mises stress contours at mean values of optimal bracket designs by the
multi-point single-step PDD method; (a) univariate approximation (S = 1, m = 1);
(b) univariate approximation (S = 1, m = 2); (c¢) univariate approximation(S = 1,
m = 3); (d) bivariate approximation (S =2, m = 1)

Figures 4.5(a) through 4.5(d) illustrate the contour plots of the von Mises
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stress for the four optimal designs at the mean values of random shape parameters.
Regardless of S or m, the overall area of an optimal design has been substantially
reduced, mainly due to significant alteration of the inner boundary and moderate
alteration of the outer boundary of the bracket. All nine design variables have under-
gone moderate to significant changes from their initial values. The optimal masses
of the bracket vary as 0.1230 kg, 0.1185 kg, 0.1181 kg, and 0.1186 kg — about a 65
percent reduction from the initial mass of 0.3415 kg. Compared with the conservative
design in Figure 4(b), larger stresses — for example, 800 MPa — are safely tolerated

by the final designs in Figures 4.5(a) through 4.5(d).

4.4.4 FExample 4: shape design of a lever arm

The final example demonstrates the usefulness of the RDO methods advocated
in designing an industrial-scale mechanical component, known as a lever arm, com-
monly found in wheel loaders, as shown in Figure 4.6(a). Twenty-two random shape
parameters, X;, ¢ = 1,---,22, resulting from manufacturing variability, describe the
shape of a lever arm in three dimensions, including two rounded quadrilateral holes
introduced to reduce the mass of the lever arm as much as possible. The design
variables, dp = Eq[Xg], & = 1,---,22, are the means of these independent random
variables, with Figures 4.6(b) and 4.6(c) depicting the initial design of the lever arm
geometry at mean values of the shape parameters. The centers of the central and
right circular holes are fixed, and a deterministic horizontal force, F' = 1600 kN, was

applied at the center of the left circular hole with a 71.5° angle from the horizontal
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line, as shown in Figure 6(b). These boundary conditions are determined from the
interaction of the lever arm with other mechanical components of the wheel loader.
The lever arm is made of cast steel with deterministic material properties, as follows:
mass density p = 7800 kg/m3, elastic modulus F = 203 GPa, Poisson’s ratio v = 0.3,
fatigue strength coefficient a;c = 1332 MPa, fatigue strength exponent b = —0.1085,
fatigue ductility coefficient e'f = 0.375, and fatigue ductility exponent ¢ = —0.6354.
The performance of the lever arm was determined by its fatigue durability obtained
by (1) calculating maximum principal strain and mean stress at a point; and (2)
calculating the fatigue crack-initiation life at that point from the well-known Coffin-
Manson-Morrow equation [108]. The objective is to minimize the second-moment
properties of the mass of the lever arm by changing the shape of the geometry such
that the minimum fatigue crack-initiation life Ny, (X) exceeds a design threshold of

N, = 10° loading cycles with 99.875% probability if y; is Gaussian. Mathematically,
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the RDO for this problem is defined to

where

and

min co(d) = 0.5 Wo(X)] vara [0 (X))
min co(d) 0o o) TP =)

subject to ¢1(d) = 34/ varg [11(X)] — Eq [y1(X)] < 0,

9

382 mm <d; < 458 mm, 532 mm < dy < 563 mm,

1075 mm <dz < 1185 mm, 152 mm < dy < 178 mm,
305 mm <ds < 795 mm, 55 mm < dg < 357.5 mm,
241 mm <d; < 630 mm, 435 mm < dg < 689 mm,
241 mm <dy < 630 mm, 850 mm < dyo < 1023 mm, (4.18)

818 mm <d;; < 1131 mm, 850 mm < dq5 < 1013 mm,

818 mm <d;3 < 1131 mm, 702 mm < dyy < 748 mm,

637 mm <d;5 < 755 mm, 816 mm < dig < 888 mm,

637 mm <d;7; < 755 mm, 1006 mm < dig < 1116 mm,

239 mm <d9 < 447 mm, 947 mm < dyy < 1097 mm,

257 mm <dy; < 447 mm, 505 mm < dyy < 833 min,
yo(X) = / dD’ (4.19)
"(X)

y1(X) = Npin(X) — N, (4.20)

are two random response functions, and Eq, [yo(X)] and varq, [yo(X)] are the mean and

variance, respectively, of yy at the initial design dy = (450, 562, 1075, 170, 795, 365, 630,
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689, 630, 850, 818, 850, 818, 748, 637, 888, 637, 1006, 447,947, 447,833)” mm of the de-
sign vector d = (dy,- -+ ,dyp)T € D C R?2. Figure 4.7 portrays the FEA mesh for
the initial lever-arm design, which comprises 126,392 nodes and 75,114 ten-noded,
quadratic, tetrahedral elements.

As in Example 3, the random variables X;, ¢ = 1,--- , 22, are truncated Gaus-
sian and have probability densities described by Equation (4.17) with a; = d;— D; and
b; = d; + D; denoting the lower and upper bounds, respectively. To avoid unrealistic
designs, D; = 2 when ¢ = 1,2,4,14, 16, and D; = 5 otherwise.

The proposed multi-point single-step PDD method was applied to solve this
lever-arm design problem employing only a univariate, first-order PDD approxima-
tion, that is, selecting S = 1, m = 1, for second-moment analyses of y, and y;.
Figures 4.8(a) through 4.8(d) show the contour plots of the logarithm of fatigue
crack-initiation life at mean shapes of several design iterations, including the initial
design, throughout the RDO process. Due to a conservative initial design, with fa-
tigue life contour depicted in Figure 8(a), the minimum fatigue crack-initiation life
of 1.068x10'? cycles is much larger than the required fatigue crack-initiation life of a
million cycles. For the tolerance and subregion size parameters selected, 15 iterations
and 675 FEA led to a final optimal design with the corresponding mean shape pre-
sented in Figure 8(d). The mean optimal mass of the lever arm is 1263 kg — about a
79 percent reduction from the initial mass of 6036 kg. Correspondingly, the standard

deviation of the mass drops from 2.1031 kg to 1.8016 kg.
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Figure 4.6: Fatigue durability analysis of a lever arm in a wheel loader; (a) two lever
arms; (b) design parametrization in front view; (c¢) design parametrization in top view
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Figure 4.7: An FEA mesh of a lever arm

Figures 4.9(a) through 4.9(d) present the iteration histories of the objective
function, constraint function, and 22 design variables during the RDO process. The
objective function ¢y is reduced from 0.9838 at initial design to 0.5238 at optimal
design, an almost 50 percent change. At optimum, the constraint function c¢; is
—0.0342 x 10° cycles and is, therefore, close to being active. The design variables ds,
dg, d7, dg, di9, and dy; have undergone the most significant changes from their initial
values, prompting substantial modifications of the shapes or sizes of the rounded
quadrilateral holes and thickness of the lever arm. The outer boundaries of the
profile of the lever arm, controlled by the design variables di, ds, ds3, and dy have
undergone slight changes because the initial design used is the result of a traditional
deterministic optimization. This final example demonstrates that the RDO methods
developed — in particular, the multi-point single-step PDD method — are capable of

solving industrial-scale engineering design problems using only a few hundred FEA.
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Figure 4.8: Contours of logarithmic fatigue crack-initiation life at mean shapes of the
lever arm by the multi-point single-step PDD method; (a) iteration 1; (b) iteration
3; (c) iteration 9; (d) iteration 15 (optimum)
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Table 4.7 lists percentage changes in the mean and standard deviation of yg
from initial to optimal designs in all four examples. The second-moment statistics at
optimal designs are averages of all PDD solutions described earlier. Due to robust
design, the largest reduction of the mean is 78.81 percent, whereas the standard
deviation diminishes by at most 93.80 percent. The moderate drop in the standard
deviations of Examples 2-4 is attributed to the objective function that combines both

the mean and standard deviation of yq.
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Figure 4.9: RDO iteration histories for the lever arm; (a) objective function; (b) con-
straint function; (c¢) normalized design variables; note: design variables are normalized
with respect to their initial values
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Table 4.7: Reductions in the mean and standard deviation of yq from initial
to optimal designs.

Eg [y0 (X)) —Eq, [yo(X)] /vargs [yo (X)) =/ vara, [yo (X)]
Example Eq [yo(X)] \/V3,rd0 [yo(X)]
1 Not applicable -93.80%
(b)
2 -12.51% -12.66%
3 65.07% -4.35%
4 -78.81% -14.34%
(2) The value of E3- [yo(X)] and , /varg. [yo(X)] is the average of all corresponding PDD results in Table
4.2.
() The value of Ej- [yo(X)] and 4 /varg. [yo(X)] is the average of all corresponding PDD results in Tables
4.4 and 4.5.
(©) The value of E3, [yo(X)] and /varg. [yo(X)] is the average of all corresponding PDD results in Table
4.6.

4.5 Discussion
Since multiple methods and examples are presented in the chapter, it is useful
to summarize the efficiency and applicability of each method under different con-
ditions. Table 4.8 presents such a summary, including a few qualitative comments
inspired by the examples of the preceding section. Furthermore, the numerical results
indicate the following:

(1) The direct and single-step PDD methods generate identical optimal solutions for
the polynomial functions, but the latter method is substantially more efficient
than the former method.

(2) The direct and sequential PDD methods, both employing univariate, bivari-
ate, and trivariate PDD approximations, produce very close optimal solutions

for the non-polynomial functions, but at vastly differing expenses. For either
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method, the univariate solution is accurate and most economical, even though
the stochastic responses are multivariate functions. Given a PDD approxima-
tion, the sequential PDD method furnishes an optimal solution incurring at

most half the computational cost of the direct PDD method.

(3) For both polynomial and non-polynomial functions, the TPQ method, although

accurate, is more expensive than most variants of the direct, single-step, and
sequential PDD methods examined. Considering the non-polynomial functions,
the univariate direct PDD and univariate sequential PDD methods are more

economical than the TPQ method by an order of magnitude or more.

(4) The multi-point single-step PDD method employing low-variate or low-order

PDD approximations, including a univariate, first-order PDD approximation,
is able to solve practical engineering problems with a reasonable computational

effort.

Table 4.8: Efficiency and applicability of the four proposed methods

Method Efficiency Applicability Comments

Direct PDD Low Both polynomial and non- Expensive due to recalculation of ex-
polynomial functions with small pansion coefficients. Impractical for
design spaces complex system designs.

Single-Step PDD Highest Low-order polynomial functions Highly economical due to recycling of
with small design spaces expansion coefficients, but may pro-

duce premature solutions for complex
system designs.

Sequential PDD Medium Polynomial or non-polynomial More expensive than single-step PDD,
functions with small to medium  but substantially more economical than
design spaces direct PDD. May require high-variate

and high-order PDD approximations
for complex system designs.

Multi-point Single- High Polynomial or non-polynomial Capable of solving complex, practi-

Step PDD

functions with large design spaces

cal design problems using low-variate
and/or low-order PDD approximations.
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4.6 Conclusion

Four new methods are proposed for robust design optimization of complex
engineering systems. The methods involve PDD of a high-dimensional stochastic re-
sponse for statistical moment analysis, a novel integration of PDD and score functions
for calculating the second-moment sensitivities with respect to the design variables,
and standard gradient-based optimization algorithms, encompassing direct, single-
step, sequential, and multi-point single-step design processes. Because they are rooted
in ANOVA dimensional decomposition, the PDD approximations for arbitrary trun-
cations predict the exact mean and generate a convergent sequence of variance ap-
proximations for any square-integrable function. When blended with score functions,
PDD leads to explicit formulae, expressed in terms of the expansion coefficients, for
approximating the second-moment design sensitivities that are also theoretically con-
vergent. More importantly, the statistical moments and design sensitivities are both
determined concurrently from a single stochastic analysis or simulation.

Among the four design methods developed, the direct PDD method is the
simplest of all, but requires re-calculations of the expansion coefficients at each design
iteration and is, therefore, expensive, depending on the cost of evaluating the objective
and constraint functions and the requisite number of design iterations. The single-
step PDD method eliminates the need to re-calculate the expansion coefficients from
scratch by recycling the old expansion coefficients, consequently holding the potential
to significantly curtail the computational effort. However, it depends heavily on

the quality of a PDD approximation and the accuracy of the estimated expansion
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coefficients during design iterations. The sequential PDD method upholds the merits
of both the direct and single-step PDD methods by re-calculating the expansion
coefficients a few times more than the single-step PDD, incurring a computational
complexity that is lower than the direct PDD method. However, all three methods
just described are global and may not work if the design space is too large for a
PDD approximation, with a chosen degree of interaction or expansion order, to be
sufficiently accurate. The multi-point single-step PDD method mitigates this problem
by adopting a local implementation of PDD approximations, where an RDO problem
with a large design space is solved in succession. Precisely for this reason, the method
is capable of solving practical engineering problems using low-order and /or low-variate

PDD approximations of stochastic responses.
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CHAPTER 5
RELIABILITY-BASED DESIGN OPTIMIZATION

5.1 Introduction
This chapter presents two new methods — the adaptive-sparse PDD-saddlepoint
approximation (SPA), or AS-PDD-SPA, method and the adaptive-sparse PDD-Monte
Carlo simulation (MCS), or AS-PDD-MCS, method — for reliability-based design
optimization of complex engineering systems. Both methods are based on (1) an
adaptive-sparse PDD approximation of a high-dimensional stochastic response for
reliability analysis; (2) a novel integration of the adaptive-sparse PDD approxima-
tion and score functions for calculating the sensitivities of the failure probability
with respect to design variables; and (3) standard gradient-based optimization algo-
rithms, encompassing a multi-point, single-step design process. Section 5.2 formally
defines a general RBDO problem, including a concomitant mathematical statement.
Section 5.3 starts with a brief exposition of PDD and explains how it leads up to
the AS-PDD approximation. Section 5.4 formally introduces the AS-PDD-SPA and
AS-PDD-MCS methods for reliability analysis. Exploiting score functions, Section
5.5 explains how the effort required to calculate the failure probability by these two
methods also delivers its design sensitivities, sustaining no additional cost. The cal-
culation of PDD expansion coefficients, required for reliability and design sensitivity
analysis, is discussed in Section 5.6. Section 5.7 introduces a multi-point, single-step

iterative scheme for RBDO and explains how the reliability analysis and design sen-
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sitivities from the AS-PDD-SPA and AS-PDD-MCS methods are integrated with a
gradient-based optimization algorithm. Section 5.8 presents four numerical examples,
including shape design of a 79-dimensional engine bracket problem, to evaluate the
accuracy, convergence properties, and computational efforts of the proposed RBDO

methods. Finally, the conclusions are drawn in Section 5.9.

5.2 Reliability-Based Design Optimization

Consider a measurable space (2q, Fq), where €4 is a sample space and Fgq is a
o-field on Q4. Defined over (4, Fa), let {Pq : F — [0,1]} be a family of probability
measures, where for M € Nand N € N, d = (dy,--- ,dy)? € D is an RM-valued
design vector with non-empty closed set D C RM and let X := (Xy,---, Xn)T :
(R4, Fa) — (RY,BY) be an RY-valued input random vector with BY representing
the Borel o-field on RY, describing the statistical uncertainties in loads, material
properties, and geometry of a complex mechanical system. The probability law of
X is completely defined by a family of the joint probability density functions (PDF)
{fx(x;d), x € RN d € D} that are associated with probability measures {Py, d €
D}, so that the probability triple (Qq, Fq, Pa) of X depends on d. A design variable d,
can be any distribution parameter or a statistic — for instance, the mean or standard
deviation — of X;.

Let y(X), I = 1,2,--- K, be a collection of K + 1 real-valued, square-
integrable, measurable transformations on (€24, Fq), describing the performance func-

tions of a complex system. It is assumed that y; : (RY, BY) — (R, B) is not an explicit
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function of d, although y; implicitly depends on d via the probability law of X. This
is not a major limitation, as most RBDO problems involve means and/or standard
deviations of random variables as design variables. Nonetheless, the mathematical for-
mulation for RBDO in most engineering applications involving an objective function
co : R™ — R and probabilistic constraint functions ¢; : R¥ — R, where [ = 1,--- | K

and 1 < K < oo, requires one to

1 d
s, cold)
subjectto  ¢(d) = Pa[X € Qpy(d)] —p <0, 1=1,--- K,

dk,LSddek,U7k:17”'7M7 (51)

where Qp,(d) is the [th failure domain, 0 < p; < 1 is the [th target failure probability,
and d  and djy are the lower and upper bounds of the kth design variable dj.
The objective function ¢y is commonly prescribed as a deterministic function of d,
describing relevant system geometry, such as area, volume, and mass. In contrast,
the constraint functions ¢;, [ = 1,2,---, K, are generally more complicated than
the objective function. Depending on the failure domain p;, a component or a
system failure probability can be envisioned. For component reliability analysis, the
failure domain is often adequately described by a single performance function y;(X),
for instance, Qp; = {x: yi(x) < 0}, whereas multiple, interdependent performance
functions y;;(x), i = 1,2,--- , are required for system reliability analysis, leading, for
example, to Qp; := {x : Ujyi(x) < 0} and Qp,; := {x: N;y;(x) < 0} for series and

parallel systems, respectively. In any case, the evaluation of the failure probability in
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Equation (5.1) is fundamentally equivalent to calculating a high-dimensional integral
over a complex failure domain.

The evaluation of probabilistic constraints ¢(d), | = 1,2,---, K, requires
calculating component or system probabilities of failure defined by respective per-
formance functions. Coupling with gradient-based optimization algorithms man-
dates that the gradients of ¢;(d) also be formulated, thus requiring design sensi-
tivity analysis of failure probability. The focus of this work is to solve a general
high-dimensional RBDO problem described by Equation (5.1) for arbitrary functions

y(X),1=1,2,--- , K, and arbitrary probability distributions of X.

5.3 Polynomial Dimensional Decomposition

Let y(X) := y(Xy,---,Xy) represent any one of the random functions y;,
=1, -+, K,introduced in Section 2, and let £5(Qq, Fq, Pa) represent a Hilbert space
of square-integrable functions y with respect to the probability measure fx(x;d)dx
supported on RY. Assuming independent coordinates, the joint probability density
function of X is expressed by the product, fx(x;d) = [[=2 fx,(z:;d), of marginal
probability density functions fx, : R — Ry of X;, i = 1,---, N, defined on its
probability triple (£2;4,F;a, Pia) with a bounded or an unbounded support on R.
Then, for a given subset u C {1, -+, N}, fx,(xu;d) := Hﬁlfip(xip;d) defines the

marginal density function of the subvector X, = (X; . ,Xi‘u‘)T of X.

1’..

Let {¢;(X;;d); 7 = 0,1,---} be a set of univariate orthonormal polyno-

mial basis functions in the Hilbert space L£2(£2; 4, Fia, Pia) that is consistent with



the probability measure P; 4 of X; for a given design d, where ¢ = 1,--- | N. For
a given @ 7& u = {Zl7a7f|u|} - {17"'7N}7 1 < ‘u’ < N7 I < < - <

i) < N, denote by (x} i“'Q 4> X | lf :|1“|Pip7d) the product probability triple

ip,

of the subvector X,. Since the probability density function of X, is separable

(independent), the product polynomial v, (Xu;d) = H‘pﬂl Vi, (Xi,;d), where

ips

= Gy 5 Jly) € Np “Iis a |u|-dimensional multi-index, constitutes an orthonormal

)21 Pia)-

lp,

basis in Lo(x} ‘u|QZp7d, |u‘]—“
The PDD of a square-integrable function y represents a hierarchical expansion

97, 99]

y(X) = wld)+ > > Cu ()b, (X d), (5.2)
P#£uC{1,- ,N} j‘u‘eNgm
J1 5 J 1w 70

in terms of a set of random multivariate orthonormal polynomials of input variables

with increasing dimensions, where
(@) = [yl i (53
R
and

Cu @) = [ g i) s i

are various expansion coefficients. The inner sum of Equation (5.2) precludes ji, - - -,
Jl # 0, that is, the individual degree of each variable X; in 'Qbuj‘u‘, 1 € u, cannot

be zero since 15, (X,;d) is a zero-mean strictly |u|-variate function. Derived from
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the ANOVA dimensional decomposition [62], Equation (5.2) provides an exact repre-
sentation because it includes all main and interactive effects of input variables. For
instance, |u| = 0 corresponds to the constant component function ygy, representing
the mean effect of y; |u| = 1 leads to the univariate component functions, describing
the main effects of input variables, and |u| = 5, 1 < S < N, results in the S-variate
component functions, facilitating the interaction among at most S input variables

Xilf" 7X

159

1<iy <---<ig < N. Further details of PDD are available elsewhere
(97, 99].

Equation (5.2) contains an infinite number of coefficients, emanating from in-
finite numbers of orthonormal polynomials. In practice, the number of coefficients
must be finite, say, by retaining finite-order polynomials and reduced-degree interac-
tion among input variables. Doing so results in a truncated PDD and concomitant
approximation, but there is more than one way to perform the truncation, described

as follows.

5.3.1 Truncated PDD approximation
The PDD in Equation (5.2) is grounded on a fundamental conjecture known
to be true in many real-world applications: given a high-dimensional function y, its
|u|-variate component functions decay rapidly with respect to |u|, leading to accurate
lower-variate approximations of y. Furthermore, the largest order of polynomials in
each variable can be restricted to a finite integer. Indeed, given the integers 0 < § <

N and 1 <m < oo for all 1 < |u| < S and the co-norm |[jju||oc := max (j1, -, jju)
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the truncated PDD [97, 99]

Jom(X) =yo(d) + > Y Cup (@), (Xy:d) (5.5)
P£uC{l, N} ; lul || m
P e <

leads to the S-variate, mth-order PDD approximation, which for S > 0 includes

interactive effects of at most S input variables X;,,---, X,

1< <~ <ig <N,
on y. It is elementary to show that when S — N and/or m — oo, s, converges
to y in the mean-square sense, generating a hierarchical and convergent sequence of
approximations of y. The truncation parameters S and m depend on the dimensional
structure and nonlinearity of a stochastic response. The higher the values of S and
m, the higher the accuracy, but also the computational cost that is endowed with an
Sth-order polynomial computational complexity [97, 99]. The S-variate, mth-order

PDD approximation will be referred to as simply truncated PDD approzimation in

this chapter.

5.3.2 Adaptive-Sparse PDD approximation

In practice, the dimensional hierarchy or nonlinearity, in general, is not known
apriori. Therefore, indiscriminately assigning the truncation parameters S and m is
not desirable, nor is it possible to do so when a stochastic solution is obtained via
complex numerical algorithms. In which case, one should perform these truncations
adaptively by progressively drawing in higher-variate or higher-order contributions
as appropriate. Furthermore, given 1 < S < N, all S-variate component functions
of PDD may not contribute equally or even appreciably to be considered in the

resulting approximation. Therefore, a sparse approximation, expelling component
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functions with negligible contributions, is possible. Indeed, addressing these issues,
Yadav and Rahman [109] developed two AS-PDD approximations, but they have yet
to be exploited for solving RBDO problems.

Based on the author’s past experience, an S-variate PDD approximation,
where S < N, is adequate, when solving real-world engineering problems, with the
computational cost varying polynomially (S-order) with respect to the number of
variables [97, 99]. As an example, consider the selection of S = 2 for solving a
stochastic problem in 100 dimensions by a bivariate PDD approximation, comprising
100x99/2 = 4950 bivariate component functions. If all such component functions are
included, then the computational effort for even a full bivariate PDD approximation
may exceed the computational budget allocated to solving this problem. However,
many of these component functions contribute little to the probabilistic characteristics
sought and can be safely ignored. Similar conditions may prevail for higher-variate
component functions. Henceforth, define an S-variate, partially AS-PDD approxima-
tion [109]

ﬂs(X)l = y@(d)+ Z Z Z Cuj\u\(d)wuj‘u‘(xu;d) (56)

P£uC{l, ,N} mu=1

1<|u|<S il oo =mas 31,10 20

Gu,mu >€q1 7Aéu,mu >€2

of y(X), where

~ 1
Gumat = — > Oy (@), my €N, 0<0?(d) <oo, (5.7)
3t €N [ || <
]hv]\uﬁéo

defines the approximate m,th-order approximation of the global sensitivity index of



153

y(X) for a subvector X,,, § £ u C {1,--- , N}, of input variables X and

AGym, = Cumy = Cumyt (5.8)

Gu,mufl

defines the relative change in the approximate global sensitivity index when the largest
polynomial order increases from m, — 1 to m,, provided that 2 < m, < oo and

Gum,—1 # 0. Here,

cd) =) > Cr,. () (5.9)
jl?"' 7]‘11,‘#0

is the variance of y(X). Then the sensitivity indices @umu and Aéu,mu provide an
effective means to truncate the PDD in Equation (5.2) both adaptively and sparsely.
Equation (5.6) is attained by subsuming at most S-variate component functions,
but fulfilling two inclusion criteria: (1) Gum, > € for 1 < |u| < § < N, and
(2) Aémmu > e for 1 < Jul < S < N, where ¢, > 0 and €, > 0 are two non-
negative tolerances. The resulting approximation is partially adaptive because the
truncations are restricted to at most S-variate component functions of y. When
S = N, Equation (5.6) becomes the fully AS-PDD approximation [109]. Figure 5.1
presents a computational flowchart to accomplish the numerical implementation of
both variants of the AS-PDD approximation. The algorithmic details of the iterative
process are available elsewhere [109] and are not included here for brevity.

The S-variate, partially AS-PDD approximation behaves differently from the
S-variate, mth-order PDD approximation. While the latter approximation includes

a sum containing at most S-variate component functions, the former approximation

may or may not include all such component functions, depending on the tolerances
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€1 > 0 and ez > 0. It is elementary to show that yg approaches ¥g ,,, in the mean-square

sense as €; — 0,6 — 0, and m — oco. The S-variate, partially adaptive-sparse PDD

approximation will be referred to as simply AS-PDD approzimation in this chapter.
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Figure 5.1: A flowchart for constructing AS-PDD approximations
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5.4 Reliability Analysis
A fundamental problem in reliability analysis, required for evaluating the prob-

abilistic constraints in Equation (5.1), entails calculation of the failure probability

Pr(d) = Pd[XGQF]:/ Io.(x) fx(x;d)dx

RN

=: Eq[lo,(X)], (5.10)
where Qp is the failure domain and I, (x) is the associated indicator function, which
is equal to one when x € QF and zero otherwise. Depending on the failure domain,
as explained in Section 2, Qp := {x : y(x) < 0} for component reliability analysis
and Qp = {x: U;y;(x) < 0} and Qp = {x: N;y;(x) < 0} for series- and parallel-type
system reliability analyses, respectively. In this section, two methods are presented for
estimating the failure probability. The AS-PDD-SPA method, which blends the AS-

PDD approximation with SPA, is described first. Then the AS-PDD-MCS method,

which exploits the AS-PDD approximation for MCS, is elucidated.

5.4.1 The AS-PDD-SPA method
Let F,(§) := P4ly < €] be the cumulative distribution function (CDF) of y(X).
Assume that the PDF f,(§) = dF,(§)/d{ exists and suppose that the cumulant

generating function (CGF)

Ky(t) = In { / ” exp(tﬁ)fy(ﬁ)dé} (5.11)

o
of y converges for ¢ € R in some non-vanishing interval containing the origin. Us-

ing inverse Fourier transformation, exponential power series expansion, and Hermite
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polynomial approximation, Daniels [56] developed an SPA formula to approximately
evaluate f,(£). However, the success of such a formula is predicated on how accurately
the CGF and its derivatives, if they exist, are calculated. In fact, determining K, (t)
is immensely difficult because it is equivalent to knowing all higher-order moments of

y. To mitigate this problem, consider the Taylor series expansion of

(g
K, =3 Ht (5.12)

reN
at t = 0, where s := d"K,(0)/dt", r € N, is known as the rth-order cumulant of
y(X). If some of these cumulants are effectively estimated, then a truncated Taylor
series provides a useful means to approximate K, (t). For instance, given a positive
integer () < oo, the approximate raw moments mg) (d) == [on Ts(x)fx(x;d)dx =:
Eq [75(X)] of order 1 < r < @ can be calculated based on an S-variate, AS-PDD ap-
proximation gs(X) of y(X), involving integrations of elementary polynomial functions
and requiring no expensive evaluation of the original function y(X). Nonetheless,
because ys(X) is a superposition of at most S-variate component functions of inde-
pendent variables, the largest dimension of the integrals is min(rS, N). Therefore,
many high-dimensional integrations are involved if min(rS, V) is large, even though

the ys(X) is known analytically. An alternative approach, adopted in this chapter,

is dimension-reduction integration, approximating the N-dimensional integral by

12

mg’(d) Z(_Di(N - T;r i — 1)
oY g ey, (5.13)

Ug{lv 7N} k|y‘€P(nU)
|v|=T—1
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and hence involving at most 7T-dimensional lower-variate Gauss quadratures, where
T < N is a positive integer. When T' < N, the computational cost of statistical mo-
ment analysis is markedly reduced. Then the corresponding approximate cumulants

are easily obtained from the well-known cumulant-moment relationship,

my(d) r=1,
r—1
_(7") — —(7‘) d _ r—1
A (d)= g s (d) = 2 G)* oo (5.14)

where the functional argument d serves as a reminder that the moments and cumu-
lants all depend on the design vector d. Setting x(" = I_ig) forr=1,---,Q, and zero

otherwise in Equation (5.12), the result is an S-variate, AS-PDD approximation

_T‘ ’!’

Q
Rg
K,qs(t;d) =) =5 (5.15)

r=1

of the @Qth-order Taylor series expansion of K,(t). It is elementary to show that
K, qs(t;d) — K,(t) when ¢, — 0, e2 — 0, S — N, and Q — oo.
Using the CGF approximation in Equation (5.15), Daniels” SPA leads to the

explicit formula [56],

N

Tuaps(&d) = 27K, o5t d)] " exp [Kyos(tsd) — 1], (5.16)

for the approximate PDF of y, where the subscript ’APS’ stands for AS-PDD-SPA

and tg is the saddlepoint that is obtained from solving
K} o.s(ts;d) =€ (5.17)

with K] o (t;d) 1= dK, g s(t;d)/dt and K, (t;d) = d’ K s(t;d)/dt* defining

the first- and second-order derivatives, respectively, of the approximate CGF of y
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with respect to t. Furthermore, based on a related work of Lugannani [101], the

approximate CDF of y becomes

Fars(6id) = o)+ o) (3~ 7).

w (%

where ®(-) and ¢(-) are the CDF and PDF, respectively, of the standard Gaussian
variable and sgn(ts) = +1, —1,or 0, depending on whether ¢, is positive, negative, or
zero. According to Equation (5.18), the CDF of y at a point £ is obtained using solely
the corresponding saddlepoint t,, that is, without the need to integrate Equation
(5.16) from —oo to &.

Finally, using Lugannani and Rice’s formula, the AS-PDD-SPA estimate Pr apg

(d) of the component failure probability Pr(d) := Pa[y(X) < 0] is obtained as
Praps(d) = F, aps(0;d), (5.19)

the AS-PDD-SPA generated CDF of y at £ = 0. It is important to recognize that no
similar SPA-based formulae are available for the joint PDF or joint CDF of dependent
stochastic responses. Therefore, the AS-PDD-SPA method in the current form cannot
be applied to general system reliability analysis.

The AS-PDD-SPA method contains several truncation parameters that should
be carefully selected. For instance, if @) is too small, then the truncated CGF from
Equation (5.15) may spoil the method, regardless of how large is the S chosen in the

AS-PDD approximation. On the other hand, if @ is overly large, then many higher-
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order moments involved may not be accurately calculated by the PDD approximation.
More significantly, a finite-order truncation of CGF may cause loss of convexity of the
actual CGF, meaning that the one-to-one relationship between ¢ and t, in Equation
(5.17) is not ensured for every threshold £. Furthermore, the important property
K} o.5(ts;d) > 0 may not be maintained. To resolve this quandary, Yuen [102]
presented for ) = 4 several distinct cases of the cumulants, describing the interval
(t1,ty), where —oo < t; < 0and 0 < t, < oo, such that t; < ¢, < t, and K”Q g(ts;d) >

0, ruling out any complex values of the square root in Equation (5.16) or (5.18). If
¢ falls into these specified thresholds, then the saddlepoint ¢, is uniquely determined
from Equation (5.17), leading to the CDF or reliability in Equation (5.18) or (5.19).
Otherwise, the AS-PDD-SPA method will fail to provide a solution. Further details

of these thresholds can be found elsewhere [110].

5.4.2 The AS-PDD-MCS method
Depending on component or system reliability analysis, let QRS = {x:
Us(x) < 0} or Qpg := {x : Uis(x) < 0} or Qpg := {x : NJis(x) < 0} be an
approximate failure set as a result of S-variate, AS-PDD approximations gg(X) of
y(X) or y; s(X) of y;(X). Then the AS-PDD-MCS estimate of the failure probability

PF(d> is

PF’APM(d) = ]Ed [IQFS( = lim _Z]QFS l) 7 (520)

L—oo [,

where the subscript ’APM’ stands for AS-PDD-MCS, L is the sample size, x) is the

Ith realization of X, and Ig, ,(x) is another indicator function, which is equal to one
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when x € Q r,s and zero otherwise.

Note that the simulation of the PDD approximation in Equation (5.20) should
not be confused with crude MCS commonly used for producing benchmark results.
The crude MCS, which requires numerical calculations of y(x®) or y;(x) for input
samples x. 1 = 1,--. L, can be expensive or even prohibitive, particularly when
the sample size L needs to be very large for estimating small failure probabilities. In
contrast, the MCS embedded in the AS-PDD approximation requires evaluations of
simple polynomial functions that describe 75(x®) or §; 5(x")). Therefore, an arbitrar-
ily large sample size can be accommodated in the AS-PDD-MCS method. In which
case, the AS-PDD-MCS method also furnishes the approximate CDF F, py(&;d)
= Py4[ys(X) < €] of y(X) or even joint CDF of dependent stochastic responses, if
desired.

Although the AS-PDD-SPA and AS-PDD-MCS methods are both rooted in
the same PDD approximation, the former requires additional layers of approxima-
tions to calculate the CGF and saddlepoint. Therefore, the AS-PDD-SPA method,
when it works, is expected to be less accurate than the AS-PDD-MCS method at
comparable computational efforts. However, the AS-PDD-SPA method facilitates an
analytical means to estimate the probability distribution and reliability — a conve-
nient process not supported by the AS-PDD-MCS method. The respective properties

of both methods extend to sensitivity analysis, presented in the following section.
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5.5 Design Sensitivity Analysis
When solving RBDO problems employing gradient-based optimization algo-
rithms, at least first-order derivatives of the failure probability with respect to each
design variable are required. Therefore, the AS-PDD-SPA and AS-PDD-MCS meth-
ods for reliability analysis in Section 5.4 are expanded for sensitivity analysis of the

failure probability in the following subsections.

5.5.1 Score functions
Let

h(d) = Ealg(X)] = / ) fx(x; d)x (5.21)

be a generic probabilistic response, where h(d) and g(x) are either Pr(d) and I, (x)
for reliability analysis, or m()(d) and %" (x) for statistical moment analysis, where
m"(d) = Eq [y5(X)], r = 1,--- ,Q, is the rth-order raw moment of y(X). Suppose
that the first-order derivative of h(d) with respect to a design variable dy, 1 < k < M,
is sought. Taking the partial derivative of h(d) with respect to dj and then applying
the Lebesgue dominated convergence theorem [76], which permits the differential and

integral operators to be interchanged, yields the sensitivity

Oh(d) Oq [9(X)]
od, ddj,
)

= 8_dk/RN 9(x) fx(x;d)dx

[ o0 o dyax

= Eq |g(X)s)(X; )] . (5.22)
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provided that fx(x;d) > 0 and the derivative d1n fx(x;d) /O0dy exists. In the last line
of Equation (5.22), 3((1? (X;d) := 9ln fx(X;d) /0dy is known as the first-order score
function for the design variable dj, [74, 111]. According to Equations (5.21) and (5.22),
the generic probabilistic response and its sensitivities have both been formulated as
expectations of stochastic quantities with respect to the same probability measure,

facilitating their concurrent evaluations in a single stochastic simulation or analysis.

Remark 5.1. The evaluation of score functions, sé? (X;d), k=1,---, M, requires
differentiating only the PDF of X. Therefore, the resulting score functions can be
determined easily and, in many cases, analytically — for instance, when X follows
classical probability distributions [111]. If the density function of X is arbitrarily
prescribed, the score functions can be calculated numerically, yet inexpensively, since

no evaluation of the performance function is involved.

When X comprises independent variables, as assumed here, In fx(X;d) =
S =V 1n fy, (2;; d) is a sum of N univariate log-density (marginal) functions of random

variables. Hence, in general, the score function for the kth design variable, expressed

by
N N
sDxzay = S )a(di e (5.23)
i=1 =1

is also a sum of univariate functions sy;(X;;d) := 0ln fx,

3

which are the derivatives of log-density (marginal) functions. If dj is a distribu-
tion parameter of a single random variable X;, , then the score function reduces to

si)(X;d) = 0ln fx, (Xi;d) /0dy =t sy, (Xiy;d), the derivative of the log-density

Tk T
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(marginal) function of X; , which remains a univariate function. Nonetheless, com-
bining Equations (5.22) and (5.23), the sensitivity of the generic probabilistic response

h(d) is obtained as
N

=D Ealg(X)si(Xi; )] (5.24)

=1

on(d)
ddj,

the sum of expectations of products comprising stochastic response and log-density

derivative functions with respect to the probability measure Py, d € D.

5.5.2 The AS-PDD-SPA method
Suppose that the first-order derivative OF, 4ps(&; d)/ddy of the CDF F, 4ps(&;d)
of gs(X), obtained by the AS-PDD-SPA method, with respect to a design variable

dy, is desired. Applying the chain rule on the derivative of Equation (5.18),

aFy,APS (f, d) Q 6F’y7,4p5 (’9w aFy,APS (% 8/2;5;)
Opars&id) _ (5.25)
Odj, = ow 8%%’") v a,—{g) Odj,
is obtained via the partial derivatives
OF, aps w1 OF, aps  d(w)
DA _— : = 5.26
ow o (w) v ow?)’ Ov v? (5.26)
( omg’(d) X
r =
") Ody, ’
Ok ong ) R e
adk = gdk - Zl (pfl) x
87”) ( _ ) " ( )87(7"*17) : S " S Q’
K(adskr—ns P(d) + kg o )
where the derivatives of moments, that is, amg) [O0dg, r=1,---,@Q, required to calcu-

late the derivatives of cumulants, are obtained by the dimension-reduction numerical
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integration, given by

om$)(a) (1)
“oq, [ys<X>5dk <de>]
RN
T
~ Z N-T +17— 1) Z
1=0 ( Z vg{lv""N}
|v|=T—1
S wkgs ) e s ey d), (5.27)
k\v|€P(nv)

involving the AS-PDD approximation and score functions and requiring also at most
T-dimensional lower-variate Gauss quadratures. The remaining two partial deriva-

tives in Equation (5.25) are expressed by

ow ow 8255 ow _8f(yQ5 8[(st 8t5_
Gl 0 ok Gl Gk (5.28)
and
v v o, v |0Klos OKlgs ot | (5.29)
ory) Ot ory)  O0Kjqgs| 0rY Oty 9ry| '
where
ow & ow 1
8755 N w’ 0Ky7Q75 ’LU7
0K, Q.S v — 1
KR (530
OF;
o ty Ot R
! ___Ofs (5.31)

(?K:;CQ’S 2 /K;/,Q,S aﬁg) aKg//,Q,S
Ot
The expressions of the partial derivatives 0K, o s/ 8/%?, 0K, 0.5/ 8/%(; ,and 0K, ¢/ 8&5 ;
not explicitly presented here, can be easily derived from Equation (5.15) once the cu-

mulants /%(;), r=1,---,Q, and the saddlepoint ¢, are obtained.
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Henceforth, the first-order derivative of the failure probability estimate by the

AS-PDD-SPA method is easily determined from

dPpaps(d) _ OF, aps(0;d)
ady, ody, ’

(5.32)

the sensitivity of the CDF evaluated at £ = 0.

5.5.3 The AS-PDD-MCS method
Taking the partial derivative of the AS-PDD-MCS estimate of the failure prob-
ability in Equation (5.20) with respect to dy and then following the same arguments

in deriving Equation (5.22) produces

aPF,APM(d) _ OEq [[QFS(X>]
adj, ' ddj,
— Eq [IQRS(X)s&?(X;d)]
1 L
. 1
= fim 2 3 [ () ()] (53

where L is the sample size, x!) is the [th realization of X, and I #.s(X) is the AS-PDD-
generated indicator function. Again, they are easily and inexpensively determined by
sampling analytical functions that describe 35 and sfi?. A similar sampling procedure
can be employed to calculate the sensitivity of the AS-PDD-MCS-generated CDF
Fyapm(€;d) :== Pylys(X) < €. Tt is important to note that the effort required to
calculate the failure probability or CDF also delivers their sensitivities, incurring no
additional cost. Setting S =1 or 2 in Equations (5.20) and (5.33), the univariate or

bivariate AS-PDD approximation of the failure probability and its sensitivities are

determined.
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Remark 5.2. The score function method has the nice property that it requires dif-
ferentiating only the underlying PDF fx(x;d). The resulting score functions can be
easily and, in most cases, analytically determined. If the performance function is not
differentiable or discontinuous — for example, the indicator function that comes from
reliability analysis — the proposed method still allows evaluation of the sensitivity if
the density function is differentiable. In reality, the density function is often smoother
than the performance function, and therefore the proposed sensitivity methods will

be able to calculate sensitivities for a wide variety of complex mechanical systems.

Remark 5.3. The AS-PDD-SPA and AS-PDD-MCS methods, discussed in Sections
4 and 5, are predicated on the S-variate, AS-PDD approximation gs(X) (Equation
(5.6)) and are, therefore, new. The author and his colleagues had developed in a
prequel similar methods, called the PDD-SPA and PDD-MCS methods [110], em-
ploying the truncated PDD approximation ¢s,,(X) ((5.5)). The new methods will be

contrasted with the existing ones in the Numerical Examples section.

5.6 Expansion Coefficients by Dimension-Reduction Integration
The determination of AS-PDD expansion coefficients yy(d) and Cy, (d) is
vitally important for reliability analysis, including its design sensitivities. As de-
fined in Equations (5.3) and (5.4), the coefficients involve various N-dimensional
integrals over RY. For large N, a multivariate numerical integration employing an
N-dimensional tensor product of a univariate quadrature formula is computationally

prohibitive and is, therefore, ruled out. An attractive alternative approach entails
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dimension-reduction integration, which was originally developed by Xu and Rahman
[22] for high-dimensional numerical integration. For calculating yy and Clj,,» this is
accomplished by replacing the N-variate function y in Equations (5.3) and (5.4) with
an R-variate RDD approximation at a chosen reference point, where R < N. The
result is a reduced integration scheme, requiring evaluations of at most R-dimensional
integrals.

Let ¢ = (c1,- -+ ,cn)T € RY, which is commonly adopted as the mean of X,
be a reference point, and y(x,, c_,) represent an |v|-variate RDD component function
of y(x), where v C {1,--- , N} [64, 83]. Given a positive integer S < R < N, when
y(x) in Equations (5.3) and (5.4) is replaced with its R-variate RDD approximation,
the coefficients yp(d) and Cy;, (d) are estimated from [22]

& . N _ R -
yo(d) = Z(_I)z( z‘+Z 1) x
=0
vy L—v , U,d d v 534
vC{lz,;N}/Rv Yo, €-0) fx, (%01 d)dx ( )
|v|=R—i

and

Cljy (d) = ZR:(_l)i(N—R;rz’—l) Z

=0 vC{l, N}
|v|=R—i,uCv
/ U e (s ) (0 i, (5.35)
R’U

respectively, requiring evaluation of at most R-dimensional integrals. The reduced
integration facilitates calculation of the coefficients approaching their exact values as
R — N and is significantly more efficient than performing one N-dimensional inte-

gration, particularly when R < N. Hence, the computational effort is significantly
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lowered using the dimension-reduction integration. For instance, when R = 1 or 2,
Equations (5.34) and (5.35) involve one-, or at most, two-dimensional integrations,
respectively. Nonetheless, numerical integrations are still required for performing
various |v|-dimensional integrals over R!*/ where 0 < |v| < R. When R > 1, the mul-
tivariate integrations involved can be approximated using full-grid and sparse-grid

quadratures, including their combination, described as follows.

5.6.1 Full-grid integration
The full-grid dimension-reduction integration entails constructing a tensor
product of the underlying univariate quadrature rules. For a given v C {1,--- | N},
I < |v] £ R, let v = {ig, iy}, where I <43 < --- < i < N. Denote by
{xgi), - (n” '} C R a set of integration points of z;, and by {w : ,wgv)} the
associated weights generated from a chosen univariate quadrature rule and a positive

nv

integer n, € N. Denote by P™) = x!Z ‘U‘{x(l) "’} the rectangular grid con-
sisting of all integration points generated by the variables indexed by the elements of

v. Then the coefficients using dimension-reduction numerical integration with a full

grid are approximated by

R
N — R+z—1
wo(d) %Z(—n( ) S Y uya e, (5.36)
i=0 vC{1, N}k, €P(w)
|[v|=R—1
al /N—R+i-1
CuJ\u\(d) = Z<_1)Z< i )X
=0

Z Z w(k‘v‘) k‘vl —v)¢uJ\u\( klu‘)7d)7 (537)

UC{l N} klﬂlep(nu)
|[v|=R—%,uCv
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where x ) = {xf»f”, . 7x§|i"”')} and wki) = ng" wgf”) is the product of integra-
tion weights generated by the variables indexed by the elements of v. For independent
coordinates of X, as assumed here, a univariate Gauss quadrature rule is commonly
used, where the integration points and associated weights depend on the probabil-
ity distribution of X;. The quadrature rule is readily available, for example, as the
Gauss-Hermite or Gauss-Legendre quadrature rule, when X; follows Gaussian or uni-
form distribution [98]. For an arbitrary probability distribution of X;, the Stieltjes
procedure can be employed to generate the measure-consistent Gauss quadrature for-
mulae [98]. An n,-point Gauss quadrature rule exactly integrates a polynomial of
total degree at most 2n, — 1.

The calculation of yg and C, from Equations (5.36) and (5.37) involves at
most R-dimensional tensor products of an n,-point univariate quadrature rule, requir-
ing the following deterministic responses or function evaluations: y(c), y(XSJJ '”‘), C_y)
fori=0,--- ,R,v C{l,--- N}, |v] = R—1, and jj,| € P™) - Accordingly, the total
cost for estimating the PDD expansion coefficients entails

R
Lic=Y_ > (5.38)

i=0 vC{1,- N}
|[v|=R—1

function evaluations, encountering a computational complexity that is an Rth-order
polynomial — for instance, linear or quadratic when R = 1 or 2 — with respect to
the number of random variables or integration points. For R < N, the technique
alleviates the curse of dimensionality to an extent determined by R. The dimension-

reduction integration in conjunction with the full-grid quadrature rule was used for
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constructing truncated PDD approximations [97, 99].

5.6.2 Sparse-grid integration

Although the full-grid dimension-reduction integration has been successfully
applied to the calculation of the PDD expansion coefficients in the past [97, 99, 112],
it faces a major drawback when the polynomial order m,, for a PDD component func-
tion 7, needs to be modulated for adaptivity. As the value of m, is incremented
by one, a completely new set of integration points is generated by the univariate
Gauss quadrature rule, rendering all expensive function evaluations on prior integra-
tion points as useless. Therefore, a nested Gauss quadrature rule, such as the fully
symmetric interpolatory rule capable of exploiting dimension-reduction integration,
becomes desirable.

The fully symmetric interpolatory (FSI) rule, developed by Genz and his asso-
ciates [113, 114], is a sparse-grid integration technique for performing high-dimensional
numerical integration. Applying this rule to the |v|-dimensional integrations in Equa-
tions (5.34) and (5.35), the PDD expansion coefficients are approximated by

N §<_ (N R+z—1> 3 S

vC{1, N}p‘ |EP (o lv])
|lv|=R—1

Sy (t“%l ,ti‘v‘aqilvl,c_v> , (5.39)
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R .
-~ (N—-—R+i—-1
Cuj\u\ = E :(_1) ( i > E
i=0 vC{1, N}
|v|=R—i,uCv

Z Wpy, E : E :y <ti1aqi1’ s liy O C‘“)
Py €L 1D gy €l by
Xy, (tila%l e ,tilulaqi‘u‘> ; (5.40)

where v = {ih o 7’|’U|}7 t\v\ = (tiu e 7ti|1,|)7 p\v| = (pi17 e 7pi|1,‘)7 and

PO — fpy iy > iy > >y, 20,

Ppof|| < v} (5.41)

with Hp‘v‘ H = ZLU=|1 pi, is the set of all distinct |v|-partitions of the integers 0, 1, - - - | 7,
and I, is the set of all permutations of pj,|. The innermost sum over t;,| is taken
over all of the sign combinations that occur when ¢; = 41 for those values of ¢, with

generators o, # 0 [114]. The weight

|v]

. K a/]g, +p.
Wy, =2 3 [[ e | (5.42)
([0 | <70 = [|opo || 7= I1 (ag. —a?)
i

j:O,j¢pir

where K is the number of nonzero components in pj,| and a; is a constant that depends

on the probability measure of X;, for instance,
! ENTT (¢ — o2
a; = Ner /Rexp (—5> 311 (& —af)dg (5.43)
for i > 0 and ap = 1 when X; follows the standard Gaussian distribution [114]. An
n,-parameter FSI rule exactly integrates a polynomial of degree at most 2n, — 1.
The number of function evaluations by the original FSI rule [113] increases

rapidly as |v| and 7, increase. To enhance the efficiency, Genz [114] proposed an

extended FSI rule in which the function evaluations are significantly reduced if the
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generator set is chosen such that some of the weights wp, are zero. The pivotal step in
constructing such an FSI rule is to extend a (284 1)-point Gauss-Hermite quadrature
rule by adding 2+ points or generators agy1, Zagys,. .., ag, with the objective
of maximizing the degree of polynomial exactness of the extended rule, where g € N
and v € N. Genz [114] presented a special case of initiating the FSI rule from the
univariate Gauss-Hermite rule over the interval (—oo, 00). The additional generators
in this case are determined as roots of the monic polynomial (*7+¢,_1¢*" 1+ - - 4o,

where the coefficients t,_1, - - , %y are obtained by invoking the condition

1 52 i 2b 2 2
Nor- /Rexp <—§> Hog (& —a?)d¢ =0, (5.44)

where 7 > . A new set of generators is propagated based on the prior rule and,
therefore, as the polynomial degree of exactness of the rule increases, all the previous
points and the expensive function evaluations over those points are preserved. A
remarkable feature of the extended FSI rule is that the choice of generators is such that
some of the weights wy, = 0 in each step of the extension [114], thus eliminating the
need for function evaluations at the integration points corresponding to zero weights,
making the extended FSI rule significantly more efficient than its earlier version.
The dimension-reduction integration in conjunction with the sparse-grid quadrature
rule was used for constructing AS-PDD approximations of high-dimensional complex

systems [109].



173

5.6.3 Combined sparse- and full-grids

The adaptive-sparse algorithm [109] described by Figure 5.1, in tandem with
the sparse-grid quadrature, should be employed to calculate the requisite AS-PDD
expansion coefficients and hence determine the largest polynomial orders of PDD
component functions retained. However, due to potential approximation errors, the
expansion coefficients may need to be recalculated for at least two reasons.

The first source of error is low values of R set in the dimension-reduction
integration. According to the algorithm, the largest polynomial orders max, m,,, () #
uCA{l,--- N} 1< |ul <S8, associated with all S-variate PDD component functions,
are determined using the expansion coefficients estimated by the dimension-reduction
integration with R = |u|. For instance, the largest polynomial orders maxg; my;y, @ =
1,---, N, of univariate (S = 1) PDD component functions are ascertained employing
the univariate expansion coefficients C;;, ¢ = 1,--- ,N, j = 1,2, -, estimated with
R =1 to keep the computational effort at minimum. However, from the author’s
recent experience, the setting R = 1 is too low to warrant convergent solutions of
complex RBDO problems, especially when the original function y contains significant
interactive effects among input random variables. For an illustration, consider the
function

Y(X1, Xo, X3) = X7 + Xo + X3+ (14 X1)*(1 + Xy)? (5.45)

of three independent standard Gaussian random variables X7, X5, and X3 with zero
means and unit variances. Selecting S = 2 and sufficiently small tolerance parameters,

let 7o( X1, X2, X3) denote a bivariate, AS-PDD approximation, reproducing all terms
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of y(X1, Xo, X3). By definition, Equation (5.4) yields the exact univariate, first-order
coefficient C7; = 7. However, setting R = 1 for the dimension-reduction integration
in Equation (5.35), the adaptive-sparse algorithm produces an estimate of 5. The
underestimation of ('} originates from the failure to include the bivariate interactive
term (1 + X7)%(1 + X3)? of Equation (5.45). Indeed, when R = 2 is employed,
Equation (5.35) reproduces the exact value of 7. Therefore, the value of R must be
raised to two to capture the two-variable interaction in this case and, in general, to S,
which is the largest degree of interaction retained in a concomitant S-variate AS-PDD
approximation. In other words, after the largest polynomial orders are determined by
the adaptive-sparse algorithm, the AS-PDD coefficients need to be recalculated when
S > 2. The author proposes doing so using full-grid dimension-reduction integration
with R = 9.

The second source of error is low-order Gauss quadrature. When calculating
AS-PDD expansion coefficients Ouj|u|by Equation (5.35), a low-order Gauss quadra-
ture, selected merely according to the order of ¢uj‘u‘(xu; d) without accounting for
max, m,, (reflecting the nonlinearity of y(x,,c_,)), may result in inadequate or erro-
neous estimates. For example, consider the bivariate, first-order expansion coefficient
(911 for the function in Equation (5.45). According to Equation (5.4), the exact value
of Ci211 = 4. However, when the 2 x 2 Gauss quadrature is used in the dimension-
reduction integration with R = 2, the adaptive-sparse algorithm produces an estimate
of 1. This is due to not accounting for the third-order term X} (maxgy myy = 3) in

Equation (5.45), resulting in an under-integration by the order of Gauss quadrature
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chosen. Indeed, when the 3 x 2 Gauss quadrature is employed, the resulting estimate
becomes 4, which is the exact value of ('191;. Therefore, the order of Gauss quadra-
ture for the ith dimension in the dimension-reduction integration must be selected
according to both max;c, m, and the order of the corresponding polynomial basis to
accurately estimate all |u|-variate expansion coefficients. In other words, after the
largest polynomial orders are determined by the adaptive-sparse algorithm, the AS-
PDD coefficients need to be recalculated. Again, the author proposes doing so using
full-grid dimension-reduction integration with a Gauss quadrature rule commensurate

with max;e, m,,.

5.6.4 Computational expense

For the AS-PDD approximation, the computational effort is commonly deter-
mined by the total number of original function evaluations required for calculating all
necessary expansion coefficients. In solving an RBDO problem, which is presented in
Section 5.7, the total computational effort stems from two types of calculations: (1)
initial calculations involved in the adaptive-sparse algorithm to automatically deter-
mine the truncation parameters of PDD; and (2) final calculations of the AS-PDD
expansion coefficients based on the knowledge of truncation parameters. The compu-
tational cost required by the initial calculations, that is, by the S-variate, adaptive-
sparse algorithm, is discussed by Yadav and Rahman [109], although an explicit

formula for the number of original function evaluations remains elusive. However, the
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computational cost can be bounded from above by

5 /N
L; < (k> (Mumax + 1)F, (5.46)
k=0
the number of function evaluations in the truncated S-variate, m.cth-order PDD

approximation, where

My, < 00 (5.47)

Mmax = max

Gu,mu >€1 »Aéu,mu >e€9

is the largest order of polynomial expansions for all PDD component functions y,(X,),
D#uC{l,--- N}, 1< |ul <S8, such that @u,mu > €, Aéu,mu > €y. It is assumed
here that the number of integration points at each dimension is m.x + 1. Therefore,
the computational complexity of the S-variate AS-PDD approximation is at most
an Sth-order polynomial with respect to the number of input variables or the largest
order of polynomial. Therefore, S-variate AS-PDD approximation alleviates the curse
of dimensionality to an extent determined by S, €, and €.

The number of original function evaluations required by the final calculations,
that is, by recalculations of the AS-PDD expansion coefficients based on the known
truncation parameters, can be obtained from another bound

Ly < 1+ s

vC{l,--,N} 1€V

T<l|<s maxmy£0 G,y >€1, AGry iy >€2,my €N
—_ = v

M, +maxm, + 1

[ ) | (5.48)

when full-grid Gauss quadrature is employed. Here, the symbol [¢] refers to the ceiling

function, which is the smallest integer not less than ¢. Therefore, the recalculation
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of the expansion coefficients results in a computational expense in addition to that
incurred by the adaptive-sparse algorithm. The total computational effort, measured
in terms of the total number of function evaluations, is bounded by L;+ L;;, and will

be discussed in the Numerical Examples section.

5.7 Proposed RBDO Methods

The PDD approximations described in the preceding sections provide a means
to evaluate the constraint functions, including their design sensitivities, from a single
stochastic analysis. No such approximation is required for the objective function,
when it is a simple and explicit deterministic function of design variables. However,
for complex mechanical design problems, for instance, Example 4 in the Numerical
Examples section, the objective function is usually determined implicitly by intrinsic
calculations from a computer-aided design code. In which case, the objective function
and its design sensitivities may also be simultaneously evaluated by constructing PDD
approximations of ¢y(d) in the space of design variables d. Additional details of the
PDD approximations of the objective function and its design sensitivities are not
included here for brevity.

An integration of reliability analysis, design sensitivity analysis, and a suit-
able optimization algorithm should render a convergent solution of the RBDO prob-
lem in Equation (5.1). However, new reliability and sensitivity analyses, entailing
re-calculations of the PDD expansion coefficients, are needed at every design itera-

tion. Therefore, a straightforward integration is expensive, depending on the cost
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of evaluating the objective and constraint functions and the requisite number of de-
sign iterations. In this section, a multi-point design process [84, 112], where a series
of single-step, AS-PDD approximations are built on a local subregion of the design

space, are presented for solving the RBDO problem.

5.7.1 Multi-point approximation
Let

D = x8=M [dy.1, dpy]) € RM (5.49)

be a rectangular domain, representing the design space of the RBDO problem defined
by Equation (5.1). For a scalar variable 0 < 5,@ < 1 and an initial design vector

Ay = (d,---,d',), the subset

D@ — Xlzzi\/[ [d](:;% — ,E:q)(dk,U —dk,L)/za

A + B (dyy — dir)/2| D CRM (5.50)

defines the ¢th subregion for ¢ = 1,2,---. Using the multi-point approximation
[84, 112], the original RBDO problem in Equation (5.1) is exchanged with a succession

of simpler RBDO subproblems, expressed by

i d
degl(glgp co5(d),

subject to c‘:l(fg(d) =P |X ¢ Q;ﬂqjys(d) - <0

dg()) - 5,(€q)(dk,U —dp)/2 < di < dl(g()] +

D (dey —der))2, k=1, M, (5.51)



179

where Eé%(d), Qgﬂ(d) and El(g(d) , 1 =1,2,--- K, are local S-variate, AS-PDD
approximations of ¢y(d), Qr,(d) and ¢;(d), respectively, at iteration ¢, where Qg’s(d)
is defined using local, S-variate, AS-PDD approximations of gjl(qg (X) of y(X), and
d,(g()) — B (dyy — di.1)/2 and d,(g[)) + B (dy, iy — di.1.) /2, also known as the move limits,
are the lower and upper bounds, respectively, of the kth coordinate of subregion
D@, In Equation (5.51), the original objective and constraint functions are replaced
with those derived locally from respective AS-PDD approximations. Since the PDD
approximations are mean-square convergent [97, 99], they also converge in probability

and in distribution. Therefore, given a subregion D@ the solution of the associated

RBDO subproblem also converges when ¢; — 0, e — 0, and S — N.

5.7.2  Single-step procedure

The single-step procedure is motivated on solving each RBDO subproblem in
Equation (5.51) from a single stochastic analysis by sidestepping the need to recal-
culate the PDD expansion coefficients at every design iteration. It subsumes two
important assumptions: (1) an S-variate, AS-PDD approximation g5 of y at the
initial design is acceptable for all possible designs in the subregion; and (2) the ex-
pansion coefficients for one design, derived from those generated for another design,
are accurate.

Consider a change of the probability measure of X from fx(x;d)dx to fx(x;d’)
dx, where d and d’ are two arbitrary design vectors corresponding to old and new

designs, respectively. Let {¢;;(X;;d'); j =0,1,---} be aset of new orthonormal poly-
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nomial basis functions consistent with the marginal probability measure fx,(z;; d")dz;
of X;, producing new product polynomials ¢y, (X,;d') = HL“:ll Vi, (X, d'), 0 #
u C{1,---,N}. Assume that the expansion coefficients, yp(d) and Cy;, (d), for the
old design have been calculated already. Then, the expansion coefficients for the new
design are determined from

way = [ Y e

jlv"'vj\u\?éo

X¢Uj|u\<xu; d) + y@<d) } fX(X; d,)dX (552)
and
o= ¥ T
R @#vg{l,---,N}j‘v‘eN\Ov\
G | 20

Xthuj, (X3 d) + 1o (d) } Yy, (Xu; d') fx (x; ) dx, (5.53)
for all ) # w C {1,---, N} by recycling the old expansion coefficients and using

orthonormal polynomials associated with both designs. The relationship between the
old and new coefficients, described by Equations (5.52) and (5.53), is exact and is
obtained by replacing y in Equations (5.3) and (5.4) with the right side of Equation
(5.2). However, in practice, when the S-variate, AS-PDD approximation (Equation

(5.6)) is used to replace y in Equations (5.3) and (5.4), then the new expansion



181

coefficients,
way = [1 S Y @
B tuC e N1 im0
IS‘U|SS G~’u moo>€1 ACN;'u'm >€2
g (i) + ()| i) (5.54)
and
o= [ %
R @#Ug{ly...7N}mv=1||jlv‘|| =mv7j17"‘7j\v\7£0
L<hl<S oy >e1,AC
v,mqy ~ €1, v,mv>€2
Cvj‘v\ (d)wvjw (Xv, d) +y@(d) :|
Kt (s ) fc (3 '), (5.55)
which are applicable for § # v C {1,--- N}, 1 < |u] < S, become approximate,

although convergent. In the latter case, the integrals in Equations (5.54) and (5.55)
consist of finite-order polynomial functions of at most .S variables and can be evaluated
inexpensively without having to compute the original function y for the new design.
Therefore, new stochastic analyses, all employing S-variate, AS-PDD approximation
of y, are conducted with little additional cost during all design iterations, drastically

curbing the computational effort in solving an RBDO subproblem.

5.7.3 The AS-PDD-SPA and AS-PDD-MCS methods
When the multi-point approximation is combined with the single-step proce-
dure, the result is an accurate and efficient design process to solve the RBDO problem
defined by (5.1). Depending on whether the AS-PDD-SPA or AS-PDD-MCS method

is employed for reliability and design sensitivity analyses in the combined multi-point,
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single-step design process, two distinct RBDO methods are proposed: the AS-PDD-
SPA method and the AS-PDD-MCS method. Using the single-step procedure in both
methods, the design solution of an individual RBDO subproblem becomes the initial
design for the next RBDO subproblem. Then, the move limits are updated, and the
optimization is repeated iteratively until an optimal solution is attained. The method
is schematically depicted in Figure 5.2. Given an initial design dg, a sequence of de-
sign solutions, obtained successively for each subregion D@ and using the S-variate,
AS-PDD approximation, leads to an approximate optimal solution d* of the RBDO
problem. In contrast, an AS-PDD approximation constructed for the entire design
space D, if it commits large approximation errors, may possibly lead to a premature or
erroneous design solution. The multi-point approximation in the proposed methods
overcomes this quandary by adopting smaller subregions and local AS-PDD approxi-
mations, whereas the single-step procedure diminishes the computational requirement
as much as possible by recycling the PDD expansion coefficients.

When ¢, — 0, &2 = 0, S — N, and ¢ — oo, the reliability and its design
sensitivities by the AS-PDD approximations converge to their exactness, yielding
coincident solutions of the optimization problems described by Equations (5.1) and
(5.51). However, if the subregions are sufficiently small, then for finite and possibly
low values of S and nonzero values of €; and €;, Equation (5.51) is expected to generate

an accurate solution of Equation (5.1), the principal motivation for developing the

AS-PDD-SPA and AS-PDD-MCS methods.
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Multipoint ste
Contours of ¢, P p

Contours of AS-PDD approximation
of ¢y at initial design d,

Optimization without
d?. multipoint step

Figure 5.2: A schematic description of the multi-point, single-step design process

The AS-PDD-SPA and AS-PDD-MCS methods in conjunction with the com-
bined multi-point, single-step design process is outlined by the following steps. The
flow chart of this method is shown in Figure 5.3.

Step 1: Select an initial design vector dy. Define tolerances ¢V > 0, €® > 0, and
e® > 0. Set the iteration ¢ = 1, déq) = (dg'f()),--- ,dggl)’())T = dy. Define
the subregion size parameters 0 < B,gq) <1, k =1,---, M, describing
D@ = k=M — B\ (dyo — dir) /2,4 + B (do — dyr)/2]. Denote
the subregion’s increasing history by a set H® and set it to empty. Set
two designs dy = dy and dyas # do such that ||df — dfase|]2 > e Set
dio) = do, gflast = 1 and g = 1. Usually, a feasible design should be

selected to be the initial design dy. However, when an infeasible initial



Step 2:

Step 3:

Step 4:

Step 5:

Step 6:
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design is chosen, a new feasible design can be obtained during the iteration

if the initial subregion size parameters are large enough.

Define tolerances ¢; > 0 and e; > 0. Use the adaptive PDD algorithm
together with sparse-grid integration to obtain truncation parameters of
co(d) and (X), 1 =1,--- , K at current design d’. Set dag = df.

Use (¢ > 1) the PDD truncation parameters obtained in Step 2. Atd = d(()q),
generate the AS-PDD expansion coefficients, yy(d) and Cy, (d), where
0 #uC{l-- N 1<|u <8, and ju € N‘OM, Jis ey gl # 0 was
determined in Step 2, using dimension-reduction integration with R = S,
leading to S-variate, AS-PDD approximations Eé%(d) of co(d) and yjl(:g (X)

K.

of y(X), l=1,---,
Evaluate El(?s)(d) of ¢(d), Il =1,---, K, in Equation (5.51) and their sensi-
tivities by the AS-PDD-MCS or AS-PDD-SPA methods based on AS-PDD
approximations yfl('g(X) in Step 3.

If g=1 and c‘:l(fg(dé@) <0forl=1,---,K, then go to Step 7. If ¢ > 1 and
A0y < 0forl=1,--- K, then set dyue = dy, dy = dS , qas = 4y,
qr = q and go to Step 7. Otherwise, go to Step 6.

Compare the infeasible design d(()Q) with the feasible design dy and inter-
polate between d(()q) and d; to obtain a new feasible design and set it as
d{™ . For dimensions with large differences between d¥) and d, inter-

polate aggressively, that is, interpolate close to dy. Reduce the size of the

subregion D@ to obtain new subregion D+ For dimensions with large
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differences between d[()q) and dy, reduce aggressively. Also, for dimensions
with large differences between the sensitivities of El(fg(déq)) and Eg?s_l)(déq)),
reduce aggressively. Update ¢ = ¢ + 1 and go to Step 3.

Step 7: 1 ||d; — dastl]2 < €V or [[&7%(ds) — eyt (djas)]/2%(dy)| < €@, then
stop and denote the final optimal solution as d* = d #. Otherwise, go to
Step 8.

Step 8: If the subregion size is small, that is, ﬁ,ﬁq)(dw —dip) < e? and d Y is
located on the boundary of the subregion, then go to Step 9. Otherwise, go

to Step 11.

Step 9: If the subregion centered at d((ﬂ) has been enlarged before, that is, dgq) €
H@ Y then set H@ = H@ Y and go to Step 11. Otherwise, set H@ =
H@ Y (J{d¥} and go to Step 10.
Step 10: For coordinates of d(()q) located on the boundary of the subregion and
,iq) (dry — dip) < €@ increase the sizes of corresponding components of
D: for other coordinates, keep them as they are. Set the new subregion
as Dt
Step 11: Solve the design problem in Equation (5.51) employing the single-step pro-
cedure. In so doing, recycle the PDD expansion coefficients obtained from
Step 3 in Equations (5.54) and (5.55), producing approximations of the ob-
jective and constraint functions that stem from single calculation of these
coefficients. Denote the optimal solution by d? and set d

+1
E)q ) — df:l)'

Update ¢ = ¢+ 1 and go to Step 12.
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Step 12: If the form of a response function changes, go to Step 2; otherwise, go
to Step 3. A threshold ¢ € [0, 1] was used to determine whether the form
changed. Only when the relative change of the objective function is greater
than ¢, that is, |co(d(()q)) — ¢co(das)|/|co(das)| > t, then it is assumed that

the form of the response function changes.

‘ Step 1: Initialize; set d{’ =d,.

Step 2: At d = dgq), use adaptive-sparse
PDD method to obtain truncation
parameters.

Step 3: At d = dg"), use improved full-
grid integration to generate PDD
approximations of responses based on
truncation parameters.

Step 12: Do the forms o
response functions change
during iterations?

Step 4: Perform reliability analysis and sensitivity
analysis; evaluate the constraint functions
utilizing the PDD approximation at design point

d=d.

Step 5: Is new
design feasible?

Step 6: Interpolate to obtain a new feasible
design and reduce subregion size.

[g=q+1

A

Step 8: Are conditions
for enlarging subregion size
satisfied?

Step 9: Is current design in
the increasing histories?

Step 10: Increase

Step 11: Solve the RBDO subproblem by single- | subregion and
step procedure. - modify increasing

history.

Figure 5.3: A flow chart of the proposed AS-PDD-SPA and AS-PDD-MCS methods
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5.8 Numerical Examples

Four examples are presented to illustrate the AS-PDD-SPA and AS-PDD-MCS
methods developed in solving various RBDO problems. The objective and constraint
functions are either elementary mathematical functions or relate to engineering prob-
lems, ranging from simple structures to complex FEA-aided mechanical designs. Both
size and shape design problems are included. In Examples 1 through 4, orthonormal
polynomials, consistent with the probability distributions of input random variables,
were used as bases. For the Gaussian distribution, the Hermite polynomials were
used. For random variables following non-Gaussian probability distributions, such as
the Lognormal distribution in Example 3 and truncated Gaussian distribution in Ex-
ample 4, the orthonormal polynomials were obtained either analytically when possible
or numerically, exploiting the Stieltjes procedure [98]. The value of S for AS-PDD
approximation varies, depending on the function or the example, but in all cases
the tolerances are as follows: €; = €5 = 107*. The AS-PDD expansion coefficients
were calculated using dimension-reduction integration with R = S and the Gauss
quadrature rule of the 7th dimension consistent with max;c, m,. The moments and
their sensitivities required by the AS-PDD-SPA method in Examples 1 and 2 were
calculated using dimension-reduction integration with R = 2. The sample size for the
embedded simulation of the AS-PDD-MCS method is 10° in all examples. In Exam-
ples 1-3, the design sensitivities of the objective functions were obtained analytically.
Since the objective function in Example 4 is an implicit function, the truncated PDD

approximation of the objective function was employed to obtain design sensitivities.
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The multi-point, single-step PDD method was used in all examples. The tolerances,
initial subregion size, and threshold parameters for the multi-point, single-step PDD
method are as follows: (1) ¢ = 0.1 (Examples 1 and 2), ¢ = 0.01 (Example
3), €M) = 0.2 (Example 4); e? = 2; ¢® = 0.005 (Examples 1, 2, and 3), ¢ = 0.05
(Example 4); (2) g = ... = 8V = 0.5; and (3) t = 0.99 (Example 1-3); ¢ = 0.6 (Ex-
ample 4). The optimization algorithm selected is sequential quadratic programming

[106] in all examples.

5.8.1 Example 1: optimization of a mathematical problem
Consider a mathematical example, involving a 100-dimensional random vector
X, where X;, ¢ = 1,---,100, are independent and identically distributed Gaussian
random variables, each with the mean value p and the standard deviation s. Given

the design vector d = (, s), the objective of this problem is to

min Co(d) = d% + 5d2,
deD

subject to c1(d) = Pa(y1(X) < 0) — 1073 <0,

—9<d; <9, 05<dy <4, (5.56)
where
1 1
n(X) = T (5.57)
1000 + 3 X; 1000 + 3+/100

i=1

is a random function. The design vector d € D, where D = [—9,9]x[0.5,4] C R?. The
exact solution of the RBDO problem in Equation (5.56) is as follows: d* = (0,0.5)7;

co(d*) = 2.5; and ¢;(d*) = ®(—6) — 1072 ~ —1073. The AS-PDD-SPA and AS-PDD-
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MCS methods with S = 1 were employed to solve this elementary RBDO problem.
The approximate optimal solution is denoted by d* = (d}, d5)7T.

Four different initial designs were selected to study the robustness of the pro-
posed methods in obtaining optimal design solutions. The first two initial designs
do = (—9,4)T and dy = (—4.5,2)7 lie in the feasible region, whereas the last two ini-
tial designs dg = (9,4)” and dy = (4.5,2)T are located in the infeasible region. Table
5.1 summarizes the optimization results, including the numbers of function evalua-
tions, by the AS-PDD-SPA and AS-PDD-MCS methods for all four initial designs.
The exact solution, existing for this particular problem, is also listed in Table 5.1 to
verify the approximate solutions. From Table 5.1, the proposed methods, starting
from four different initial designs, engender identical optima, which is the exact solu-
tion. Hence, each method can be used to solve this optimization problem, regardless

of feasible or infeasible initial designs.

Table 5.1: Optimization results for the 100-dimensional mathematical problem

dp = (-9,4)T do = (—4.5,2)T do = (9,4)T do = (4.5,2)T
Exact
AS- AS- AS- AS- AS- AS- AS- AS-
PDD- PDD- PDD- PDD- PDD- PDD- PDD- PDD-
SPA MCS SPA MCS SPA MCS SPA MCS
d; 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
d; 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
co 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5
(—6) —
c1 -0.001 -0.001 -0.001 -0.001 -0.001 -0.001 -0.001 -0.001
0.001
No. of
3211 3211 1706 1706 2910 2007 1706 1405 -

y1 eval.
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Figures 5.4 and 5.5 depict the iteration histories of the AS-PDD-SPA and AS-
PDD-MCS methods, respectively, for all four initial designs. When starting from the
feasible initial designs dg = (—9,4)7 and dy = (—4.5,2)", both methods experience
nearly identical iteration steps. This is because at every step of the design iteration
the AS-PDD-SPA method provides estimates of the failure probability and its design
sensitivities very close to those obtained by the AS-PDD-MCS method. Consequently,
both methods incur the same number of function evaluations in reaching respective
optimal solutions. In contrast, when the infeasible initial designs dy = (9,4)7 and
dy = (4.5,2)T are chosen, there exist some discrepancies in the iteration paths pro-
duced by the AS-PDD-SPA and AS-PDD-MCS methods. This is primarily due to
the failure of SPA, where the existence of the saddlepoint is not guaranteed for some
design iterations. In which case, the MCS, instead of SPA, were used to calculate the
failure probability and its design sensitivities. Therefore, the computational cost by
the AS-PDD-SPA method should increase, depending on the frequency of the fail-
ure of SPA. Indeed, when the discrepancy is large, as exhibited for the initial design
do = (9,4)7, nearly 900 more function evaluations are needed by the AS-PDD-SPA
method. For the initial design dy = (4.5,2)7, the discrepancy is small, and con-
sequently, the AS-PDD-SPA method requires almost 300 more function evaluations
than the AS-PDD-MCS method. In general, the AS-PDD-MCS method should be
more efficient than the AS-PDD-SPA method in solving RBDO problems since an

added layer of approximation is involved when evaluating CGF in the latter method.
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—_— ci(d) =0 " Feasible domain e Analytical optimum — Contour of co(d)
—e>e Starting at (9.0,4.0) >@>e Starting at (-9.0,4.0) >ee Starting at (4.5,2.0) »@>e Starting at (-4.5,2.0)

5 “‘\ T / \/ T T T \\ T T T

Figure 5.4: Iteration histories of the AS-PDD-SPA method for four different initial
designs (Example 1)

_ c1(d) =0 [ Feasible domain e Analytical optimum — Contour of co(d)
-0 Starting at (9.0,4.0) >@>@ Starting at (-9.0,4.0) >0>0 Starting at (4.5,2.0) >@>@ Starting at (-4.5,2.0)

Figure 5.5: Iteration histories of the AS-PDD-MCS method for four different initial
designs (Example 1)
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5.8.2 Example 2 : optimization of a speed reducer

The second example, studied by Lee et al. [115], entails RBDO of a speed
reducer, which was originally formulated as a deterministic optimization problem by
Golinski [116]. Seven random variables, as shown in Figure 5.6, comprise the gear
width X; (cm), the teeth module X5 (cm), the number of teeth in the pinion X3,
the distances between bearings X, (cm) and X5 (cm), and the axis diameters Xg
(cm) and X7 (cm). They are independent Gaussian random variables with means
Eq[Xk], £ = 1,---,7, and a standard deviation of 0.005. It is important to notice
that in reality X3 should be a discrete random variable, but here it is treated as a
continuous Gaussian random variable. The design variables are the means of X, that
is, d, = Eq[Xk]. The objective is to minimize the weight of the speed reducer subject
to 11 probabilistic constraints, limiting the bending stress and surface stress of the

gear teeth, transverse deflections of shafts 1 and 2, and stresses in shafts 1 and 2.
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Mathematically, the RBDO problem is formulated to

min co(d) = 0.7854d,d3(3.3333d5 + 14.9334ds3
—43.0934) — 1.508d, (d2 + d?)
+7.477(d3 + d3) + 0.7854(dyds + dsd?)
subject to (d) = Pa(y(X) <0) —®(—p) <0,
I=1,---,11
26 cm < d; < 3.6 cm, 0.7 cm < dy < 0.8 cm,

17 <d3 <28, 73 cm <dy <83 cm,

7.3 cm <ds <83cm, 29 cm <dg <3.9cm,

5.0 cm < d; < 5.5 cm, (5.58)
where
n(X) =1 X1)2<—722X3 (5.59)
yo(X) =1- )5?(—735)(3’ (5.60)
y3(X) =1 — %ﬁ% (5.61)
ya(X) =1- % (5.62)
y5(X) = 1100 —
V (745X, /(X2X3))? + 16.9 x 109
01x7 : (5.63)
ys(X) = 850 —
V(745X 5/(X2X3))? + 157.5 x 106 (5.64)

0.1X3 ’



ys(X) = )Xi; 5,
yo(X) =12 — %7
y1o(X) =1— %ﬁl-f)?
yn(X) =1-— %:1.97
are 11 random performance functions and 8, = 3, [ = 1,---,11.
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(5.65)
(5.66)
(5.67)
(5.68)
(5.69)

The initial de-

sign vector is dy = (3.1 cm,0.75 ¢cm,22.5 ,7.8 cm, 7.8 cm, 3.4 ¢cm,5.25 cm)?. The

approximate optimal solution is denoted by d* = (di, d, - - - ,d%)T.

X3. number of teeth o X e
/\%
Xa. teeth module ) I
Shaft 2
X7 F Gear 1
%BiearlngZ
—— | x
X | / o /
| 1 | ' 1 |
s ——
J Bearing LV
Gear 2 Shaft 1

Figure 5.6: A schematic illustration of the speed reducer (Example 2)
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Table 5.2 presents detailed optimization results generated by the AS-PDD-SPA
and AS-PDD-MCS methods, each entailing S = 1 and S = 2, in the second through
fiftth columns. The optimal solutions by both proposed methods, regardless of S,
are very close to each other, all indicating no constraints are active. The objective
function values of optimal solutions by the AS-PDD-MCS method are slightly lower
than those by the AS-PDD-SPA method. Although there is a constraint violation,
that is, max; ¢; > 0 in the AS-PDD-MCS method with S = 1, it is negligibly small.
The results of both versions (S = 1 and S = 2) of the AS-PDD-SPA and AS-PDD-
MCS methods confirm that the solutions obtained using the univariate (S = 1),
AS-PDD approximation are accurate and hence adequate. However, the numbers of
function evaluations step up for the bivariate (S = 2), AS-PDD approximation, as
expected. When the univariate, AS-PDD approximation is employed, the respective
numbers of function evaluations diminish by more than a factor of five, regardless of
method selected.

Since this problem was also solved by the RIA, PMA, RIA envelope method,
and PMA envelope method, comparing their reported solutions [115], listed in the
sixth through ninth columns of Table 5.2, with the proposed solutions should be in-
triguing. These existing methods are commonly used in conjunction with FORM for
solving RBDO problems. It appears that RIA and PMA and their respective en-
hancements are also capable of producing optimal solutions similar to those obtained
by the AS-PDD-SPA and AS-PDD-MCS methods, but by incurring computational

costs markedly higher than those by the latter two methods. Comparing the num-
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bers of function evaluations, the RIA and PMA methods are more expensive than
the AS-PDD-SPA methods by factors of 20 to 120. These factors grow into 25 to 150
when graded against the AS-PDD-MCS methods. The dramatic reduction of compu-
tational cost by the proposed methods indicates that the AS-PDD approximations, in
cooperation with the multi-point, single-step design process, should greatly improve

the current state of the art of reliability-based design optimization.

Table 5.2: Optimization results for speed reducer problem

AS-PDD- AS-PDD- AS-PDD- AS-PDD-

RIA PMA
SPA SPA MCS MCS RIA(®) PMA()
envelope(“) envelope(®)
S=1 S=2 S=1 S=2
J’l‘, cm 3.5767 3.5767 3.5784 3.5793 3.58 3.60 3.60 3.60
ti;, cm 0.7000 0.7000 0.7000 0.7006 0.7 0.7 0.7 0.7
J§ 17.0000 17.0000 17.0016 17.0024 17.0 17.8 17.0 17.2
JZ, cm 8.2983 8.2984 7.3000 7.5062 7.43 7.30 7.61 8.30
Jg,cm 7.9782 7.9783 8.2901 8.2713 8.24 7.79 8.15 8.30
Jg, cm 3.8627 3.8645 3.4815 3.3630 3.37 3.40 3.43 3.43
J;,cm 5.3355 5.3394 5.3018 5.3018 5.31 5.34 5.50 5.45
co,g 3224 3227 3082 3059 3039 3037 3207 3100
Max value
—3.67 X —3.27 X —7.53 % —4.97x 1.43 x —1.31 x —1.31 x
of ¢, | = 9.62 x 1076 ) ) )
1075 1075 10~ 1074 1072 1073 1073
1,---,11®
No. of y;
eval., | = 748 4132 517 3337 89,303 81,520 5304 10,917
1--0,11

(2) The results of RIA, PMA, RIA envelope, and PMA envelope are from Lee et al. [115].
(®) The constraint values are calculated by MCS with 108 sample size.
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5.8.3 Example 3: size design of a six-bay, twenty-one-bar truss

This example demonstrates how an RBDO problem entailing system reliability
constraints can be efficiently solved by the AS-PDD-MCS method. A linear-elastic,
six-bay, twenty-one-bar truss structure, with geometric properties shown in Figure
5.7, is simply supported at nodes 1 and 12, and is subjected to four concentrated
loads of 10,000 1b (44,482 N) at nodes 3, 5, 9, and 11 and a concentrated load of
16,000 1b (71,172 N) at node 7. The truss material is made of an aluminum alloy
with the Young’s modulus £ = 107 psi (68.94 GPa). Considering the symmetry
properties of the structure, the random input is selected as X = (X, -+, X;)T
€ RY, where X;, i =1,---,11 , is the cross-sectional area of the ith truss member.
The random variables are independent and lognormally distributed with means p;

2 and standard deviations o; = 0.1 in?, i = 1,---,11. From linear-elastic finite-

in
element analysis (FEA), the maximum vertical displacement vy, (X) and maximum
axial stress opmax(X) occur at node 7 and member 3 or 12, respectively, where the
permissible displacement and stress are limited to dajow = 0.266 in (6.76 mm) and

Tallow = 37,680 psi (259.8 MPa), respectively. The system-level failure set is defined

as Qp = {x: {y1(x) < 0} U {ya(x) < 0}}, where the performance functions

max X max X

p(X) =1 Xy g oman X (5.70)
dallow O allow

Due to symmetry, the design vector is d = (g, -+, 1) € D C R The objective

is to minimize the volume of the truss structure subject to a system reliability con-

straint, limiting the maximum vertical displacement and the maximum axial stress.
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Therefore, the RBDO problem is formulated to

min co(d) =V (d),

subject to c1(d) = Pa [{y1(X) < 0} U{y2(X) < 03] = (=3) <0,

1.0<dy <300, k=1,---,11, (5.71)

where V'(d) is the total volume of the truss. The initial design is dg = (15, 15,15, 15, 15,

15,15,15,15,15,15)7 in? (x2.54% cm?). The approximate optimal solution is denoted

by d* = (di, -~ ,dj;)".

8 in
9in

10,000 Ib 10,000 Ib 16,000 Ib 10,000 1b 10,000 Ib &

10 in 10 in 101n 10 in 10 in 10 in

Figure 5.7: A six-bay, twenty-one-bar truss structure (Example 3)

The second column of Table 5.3 presents detailed optimization results gen-
erated by the proposed AS-PDD-MCS method employing S = 2. For comparison,
the optimization results from the multi-point, single-step method using an existing
truncated PDD-MCS approximation (S = 2, m = 2) for reliability and sensitivity
analyses [110] are also tabulated in the third column. According to Table 5.3, both

solutions reveal no constraint violations, but there are moderate to significant dif-
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ferences in the design variables at respective optima. This is possible because the
surrogate approximations grounded in adaptive-sparse and truncated PDD approxi-
mations are not necessarily the same or even similar. Therefore, when the original
performance functions in Equation (5.70) are replaced with two different variants of
the PDD approximation, the same initial condition may lead to distinct local optima,
as found in this specific example. To seek further credibility for this reasoning, the
RBDO problem, using these two optimal solutions as initial designs, was re-solved by
crude MCS (10° samples) for evaluating the constraint and its design sensitivities in
Equation (5.71). The optimal solutions from crude MCS, listed in the fourth and fifth
columns of Table 5.3, are the same as the initial designs, indicating that the optimal
solutions generated by the proposed and existing RBDO methods pertain to two dis-
tinct local optima. Comparing the values of objective functions at the two optima,
the proposed AS-PDD-MCS method yields a slightly lower volume of the truss than
the existing method. Furthermore, the AS-PDD-MCS method accomplishes this feat
by reducing the number of function evaluations by 42 percent.

It is important to recognize that the AS-PDD-SPA method can be applied to
solve this RBDO problem involving series-system reliability analysis by interpreting
the failure domain as Qp = {x : ysys(x) < 0}, where y,,5(X) := min{y; (X), y2(X)}
and then constructing an AS-PDD approximation of y,,s(X). In doing so, however,
Ysys(X) is no longer a smooth function of X, meaning that the convergence proper-
ties of the resulting AS-PDD-SPA method can be significantly deteriorated. More

importantly, the AS-PDD-SPA method is not suitable for a general system reliability
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problem involving multiple, interdependent component performance functions. This

is the primary reason why the AS-PDD-SPA method was not used in this example.

Table 5.3: Optimization results for the six-bay, twenty-one-bar truss problem

AS-PDD-MCS g?)uﬁ.cﬁgé Cmdle(;l)wcs' Cr“iigi\fcs'
S=2 m=2
d;, in® 5.0071 4.3799 5.0071 4.3799
d5, in® 4.7132 3.9511 4.7132 3.9511
d5, in? 2.7500 2.5637 2.7500 2.5637
d%, in? 2.8494 3.6468 2.8494 3.6468
dt, in? 2.7354 3.4131 2.7354 3.4131
dt, in? 5.2246 3.8784 5.2246 3.8784
d:, in? 1.8607 4.8285 1.8607 4.8285
di, in? 1.6262 3.1202 1.6262 3.1202
dj, in? 3.2716 5.1164 3.2716 5.1164
d*,, in 1.3084 3.2883 1.3084 3.2883
di,, in® 2.4425 2.1743 2.4425 2.1743
co, in® 641.14 722.14 641.14 722.14
¢\ © —0.20_040 X —0.54_040 X —0.20_040 X —0.54_040 X
10 10 10 10
No. of y;
eval., 4,886 8,464 264,000,000 280,000,000
i=1---,2

(@) Crude-MCS-I: initial design is set to the optimal solution of AS-PDD-MCS, i.e., the optimal solution in
the second column.

() Crude-MCS-II: initial design is set to the optimal solution of truncated PDD-MCS, i.e., the optimal solution
in the third column.

(®) The constraint values are calculated by MCS with 10 sample size.



201

5.8.4 Example 4: shape design of a jet engine bracket

The final example demonstrates the usefulness of the RBDO methods advo-
cated in designing an industrial-scale mechanical component, known as a jet engine
bracket, as shown in Figure 5.8(a). Seventy-nine random shape parameters, X,
1 =1,---,79, resulting from manufacturing variability, describe the shape of a jet
engine bracket in three dimensions, including two rounded quadrilateral holes intro-
duced to reduce the mass of the jet engine bracket as much as possible. The design
variables, d = Eq[Xy|, k = 1,---,79, as shown in Figure 5.9, are the means (mm) of
these 79 independent random variables, with Figures 5.8(b)-(d) depicting the initial
design of the jet engine bracket geometry at mean values of the shape parameters.
The centers of the four bottom circular holes are fixed. A deterministic horizontal
force, F' = 43.091 kN, was applied at the center of the top circular hole with a 48°
angle from the horizontal line, as shown in Figure 5.8(c), and a deterministic torque,
T = 0.1152 kN-m, was applied at the center of the top circular hole, as shown in
Figure 5.8(d). These boundary conditions are determined from the interaction of the
jet engine bracket with other mechanical components of the jet engine. The jet engine
bracket is made of Titanium Alloy Ti-6Al-4V with deterministic material properties,
as follows: mass density p = 4430 kg/m3, elastic modulus £ = 113.8 GPa, Poisson’s
ratio v = 0.342, fatigue strength coefficient U} = 2030 MPa, fatigue strength exponent
b = —0.104, fatigue ductility coefficient e/f = 0.841, and fatigue ductility exponent
¢ = —0.69. The performance of the jet engine bracket was determined by its fatigue

durability obtained by (1) calculating maximum principal strain and mean stress at
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a point; and (2) calculating the fatigue crack-initiation life at that point from the
well-known Coffin-Manson-Morrow equation [108]. The objective is to minimize the
mass of the jet engine bracket by changing the shape of the geometry such that the
minimum fatigue crack-initiation life Ny, (X) exceeds a design threshold of N, = 10°
loading cycles with 99.865% probability. Mathematically, the RBDO for this problem

is defined to

deD

min co(d) = p/ dD’,
D(a)

subject to c1(d) = Py 1 (X) < 0] — (=3) <0,

der < dp <dpu i=1,...,79, (5.72)
where
yl(X) = Nmin(X) - Nc (573)
is a high-dimensional random response function. The initial design dg = (do1," - , do79)”
mm; the upper and lower bounds of the design vector d = (dy,--- ,dz)’ € D C R™

are listed in Table 5.4. Figure 5.10 portrays the FEA mesh for the initial jet engine
bracket design, which comprises 341,112 nodes and 212,716 ten-noded, quadratic,

tetrahedral elements.
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@) (b)

Figure 5.8: A jet engine bracket; (a) a jet engine; (b) isometric view; (c) lateral view;
(d) top view
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Figure 5.9: Definitions of 79 design variables
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Table 5.4: Initial values, optimal values, and bounds of design variables for the jet

engine bracket problem

i doy df  dip dip i dos  df dip diy i doy df dip diy
mm mm mm mm mm mm mm mm mm mm mm mm

1 75 58.00 58 75 28 45 20.00 20 45 50 1 15.00 1 15
2 60 67.00 60 67 29 64 60.00 60 64 56 28 23.00 23 28
3 38 58.00 26 58 30 45 24.00 24 45 57 -2 500 -2 5
4 75 4500 45 75 31 59.5 3500 35 59.5 5H8 30 23.00 23 30
5 75 18.00 18 75 32 45 30.00 30 45 59 4 2200 4 22
6 38 58.00 26 58 33 28 22.00 22 34 60 32 46.00 32 46
7T 75 27.00 27 75 34 45 38.00 38 45 61 1 1000 1 10
8 60 67.00 60 67 35 100 87.00 87 100 62 28 23.00 23 28
9 75 40.00 40 75 36 20 32.00 20 32 63 0 500 0 5
10 100 87.00 &7 100 37 64 60.00 60 64 64 30 40.00 30 40
11 85 14.00 85 14 38 20 36.00 20 36 65 1 1500 1 15
12 64 63.92 60 64 39 59.5 48.00 48 59.5 66 32 46.00 32 46
13 85 19.00 85 19 40 20 25.00 20 25 67 1 16.00 1 16
14 595 44.00 44 59.5 41 59.5 48.00 48 59.5 68 30 23.00 23 30
15 85 19.00 85 19 42 19 -8 -8 19 69 4 2000 4 20
16 59.5 48.00 48 595 43 64 64.00 60 64 70 40 10.00 10 40
17 75 -14 -14 7.5 44 19 0.00 0 19 71 48 40.00 40 48
18 64 64.00 60 64 45 19 7.00 7 19 72 40 10.00 10 40
19 75 -35 -35 7.5 46 15 62.62 15 65 73 48 40.00 40 48
20 75 150 1.5 7.5 47 1 1657 1 18 74 40 10.00 10 40
21 45 25.00 25 45 48 1 18.00 1 18 75 48 40.00 40 48
22 64 60.00 60 064 49 15 61.82 15 65 76 40 10.00 10 40
23 45 24.00 24 45 50 15 65.00 15 65 77 48 40.00 40 48
24 59.5 3500 35 595 51 1 80.00 1 80 8 33 -2 -2 33
25 45 30.00 30 45 52 1 46.73 1 80 79 52 40.00 40 52
26 28 22.00 22 34 53 15 59.33 15 65

27 45 38.00 38 45 54 30 40.00 30 40
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Figure 5.10: FEA mesh of the initial jet engine bracket design

Due to their finite bounds, the random variables X;, ¢ = 1,---,79, were

assumed to follow truncated Gaussian distributions with densities
(%)
g
D; D;
o(7)-o(-7)
o; g;

when a; < z; < b; and zero otherwise, where ®(-) and ¢(-) are the cumulative

fx,(x:) = (5.74)

distribution and probability density functions, respectively, of a standard Gaussian
random variable; o; = 0.2 are constants; a; = d; — D; and b; = d; + D, are the lower
and upper bounds, respectively, of X;; and D; = 2.

The proposed AS-PDD-MCS method was applied to solve this jet engine
bracket design problem employing S = 1 since employing S > 2 demands a large

number of FEAs leading to a prohibitive computational cost for this 79-dimensional
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problem. Figures 5.11(a) through (d) show the contour plots of the logarithm of fa-
tigue crack-initiation life at mean shapes of several design iterations, including the ini-
tial design, throughout the RBDO process. Due to a conservative initial design, with
fatigue life contour depicted in Figure 5.11(a), the minimum fatigue crack-initiation
life of 0.665 x 10 cycles is much larger than the required fatigue crack-initiation
life of a million cycles. For the tolerance and subregion size parameters selected, 14
iterations and 2,808 FEA led to a final optimal design with the corresponding mean

shape presented in Figure 5.11(d).

pERLEEENEGEY
OWiamowiamowiapD

(a) initial design (b) iteration 4

(c) iteration 7 (d) iteration 14

Figure 5.11: Contours of logarithmic fatigue crack-initiation life at mean shapes of
the jet engine bracket by the multi-point, single-step PDD method; (a) initial design;
(b) iteration 4; (c) iteration 7; (d) iteration 14 (optimum)
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Table 5.4 exhibits the values of design variables, objective function, and con-
straint function for both the optimal and initial designs. The objective function cg
is reduced from 2.9977 kg at initial design to 0.4904 kg at optimal design — an al-
most 84 percent change. At optimum, the constraint function ¢; is —1.35 x 1073
and is, therefore, close to being active. Most of the design variables, except for d;»,
dyig, and dy3, have undergone the most significant changes from their initial values,
prompting substantial modifications of the shapes or sizes of the outer boundaries,
rounded quadrilateral holes, and bottom surfaces of the engine bracket. The design
variables dis, dig, and dy3, controlling minor features of outer boundaries, are virtu-
ally unchanged, because the associated initial values used are close to or the same as
their lower or upper bounds, which the design process is seeking. This final example
demonstrates that the RBDO methods developed — in particular, the AS-PDD-MCS
method — are capable of solving industrial-scale engineering design problems with

affordable computational cost.

5.9 Conclusion
Two new methods, namely, the AS-PDD-SPA method and the AS-PDD-MCS
method, are proposed for reliability-based design optimization of complex engineering
systems. The methods involve an adaptive-sparse polynomial dimensional decomposi-
tion of a high-dimensional stochastic response for reliability analysis, a novel integra-
tion of AS-PDD and score functions for calculating the sensitivities of the probability

failure with respect to design variables, and standard gradient-based optimization al-
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gorithms, encompassing a multi-point, single-step design process. The AS-PDD-SPA
method capitalizes on a novel integration of AS-PDD, SPA, and score functions. The
result is analytical formulae for calculating the failure probability and design sensi-
tivities, solving component-level RBDO problems. In contrast, the AS-PDD-MCS
method utilizes the embedded MCS of AS-PDD approximations and score functions.
Unlike the AS-PDD-SPA method, however, the failure probability and design sensi-
tivities in the AS-PDD-MCS method are estimated via efficient sampling of approx-
imate stochastic responses, thereby affording the method the capability to address
either component- or system-level RBDO problems. Furthermore, the AS-PDD-MCS
method is not influenced by any added approximations, involving calculations of the
saddlepoint and higher-order moments, of the AS-PDD-SPA method. Since both
methods are rooted in the AS-PDD approximation, a dimension-reduction approach
combining sparse- and full-grid quadratures is proposed to estimate the expansion co-
efficients more accurately than existing techniques. For the two methods developed,
both the failure probability and its design sensitivities are determined concurrently
from a single stochastic analysis or simulation. Consequently, the methods provide
not only more accurate, but also more computationally efficient, design solutions than
existing methods. Moreover, the multi-point, single-step design process embedded in
the proposed methods facilitates a solution of an RBDO problem with a large design
space. Precisely for this reason, the methods developed are capable of solving high-
dimensional practical engineering problems, as demonstrated by the shape design of

a jet engine bracket with 79 design variables.
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CHAPTER 6
STOCHASTIC DESIGN OPTIMIZATION INVOLVING MIXED
DESIGN VARIABLES

6.1 Introduction

This chapter presents a new method for RDO and RBDO involving both dis-
tributional and structural design variables. The method comprises: (1) a new aug-
mented PDD of a high-dimensional stochastic response for statistical moment and
reliability analyses; (2) an integration of the augmented PDD, score functions, and
finite-difference approximation for calculating the sensitivities of the first two mo-
ments and the failure probability with respect to distributional and structural design
variables; and (3) standard gradient-based optimization algorithms, encompassing a
multi-point, single-step design process. Section 6.2 formally defines general RDO and
RBDO problems involving mixed design variables, including their concomitant math-
ematical statements. Section 6.3 introduces the augmented PDD and its truncation
in terms of both input random variables and new random variables affiliated with
the distributional and structural design variables. The section also explains how the
truncated augmented PDD leads to stochastic analysis consisting of analytical formu-
lae for evaluating the first two moments and the embedded Monte Carlo simulation
(MCS) for reliability analysis. Section 6.4 demonstrates that the effort required to
calculate statistical moments or failure probability also delivers their design sensi-
tivities. Section 6.5 introduces a multi-point, single-step iterative scheme for RDO

and RBDO and elucidates how the stochastic analysis and design sensitivities are
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integrated with a gradient-based optimization algorithm. Section 6.6 presents four
numerical examples involving mathematical functions or solid-mechanics problems,
and contrasts the accuracy and computational efforts of the proposed methods for
sensitivity analysis of moments and reliability as well as solutions of two RDO/RBDO
problems, all entailing mixed design variables. Finally, the conclusions are drawn in

Section 6.7.

6.2 Design under Uncertainty

Consider a measurable space (€24, Fq), where Q24 is a sample space and Fq is a
o-field on Qq. For M € Nand N € N, let dr = (d,s) = (dy, -+ ,du,, S1,7+ ,Sm.)T €
D be an RM-valued design vector with non-empty closed set D C RM | where My, M, €
N and M = My + M, and let X = (Xy,---, Xn)T : (Qq,Fa) = (RY,BY) be an
R¥-valued input random vector with BY representing the Borel o-field on RY, de-
scribing the statistical uncertainties in loads, material properties, and geometry of a
complex mechanical system. The design variables are grouped into two major classes:
(1) distributional design vector d with dimensionality My, and (2) structural design
vector s with dimensionality M,. A distributional design variable d, k= 1,--- , My,
can be any distribution parameter or a statistic—for instance, the mean and stan-
dard deviation—of one or more random variables. A structural design variable
Sp, p = 1,--+, Ms, can be any deterministic parameter of a performance function.
Defined over (Qq, Fa), let {Pq : F — [0,1]} be a family of probability measures. The

probability law of X is completely defined by a family of the joint probability density
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functions (PDF) {fx(x;d), x € RY, d € D} that are associated with corresponding
probability measures {Pd, de RMd} , so that the probability triple (q, Fa, Pa) of X
depends on d.

Let y(X;d,s), l =0,1,2,--- , K, be a collection of K + 1 real-valued, square-
integrable, measurable transformations on (€q,Fq), describing relevant geometry
(e.g., length, area, volume, mass) and performance functions of a complex system.
The function y; : (RY, BY) — (R, B) in general is not only an explicit function of
distributional and structural design variables d and s, but also implicitly depends
on distributional design variables d via the probability law of X. There exist two

prominent variants of design optimization under uncertainty, described as follows.

6.2.1 Robust Design Optimization
The mathematical formulation of a general RDO problem involving an objec-
tive function ¢y : R® — R and constraint functions ¢; : RMY — R, where [ =1,--- | K

and 1 < K < oo, requires one to

Eq [yo(X; d X.d
min CO<d; S) = uw d [yO( *7 ’S>] + Wy \/Vard [y(]f ) 75)]
(d,8)eDCRM It o

)

subject to a(d,s) :== agy/varg [y(X;d,s)] — Bq [1(X;d,s)] <0, I =1,--- | K,
dpp < dp < dpy, k=1,---, My,

Sp,L < Sp < Sp,U, P = 17 e 7M87 (61)

where Eq[y(X; d,s)] := ||

ay Yi1(x:d,s) fx(x;d)dx is the mean of y;(X;d,s) with Eq

denoting the expectation operator with respect to the probability measure fx(x;d)dx

of X; varg[y,(X; d, s)] := Eq[{wi(X;d,s)—Eq[y:(X; d, s)] }?] is the variance of 3;(X; d, s);
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wy € Ry and wy € Ry are two non-negative, real-valued weights, satisfying w; +w; =
1; uy € R\ {0} and of € R{ \ {0} are two non-zero, real-valued scaling factors;
a €Ry,1=0,1,---, K, are non-negative, real-valued constants associated with the
probabilities of constraint satisfaction; d ;, and dj, iy are the lower and upper bounds,

respectively, of di; and s, 1, and s, 7 are the lower and upper bounds, respectively, of

In Equation (6.1), co(d, s) describes the objective robustness, and ¢(d,s), | =
1,---, K, describes the feasibility robustness of a given design. Evaluations of both
objective robustness and feasibility robustness, involving the first two moments of
various responses, are required for solving RDO problems, consequently demanding

statistical moment analysis.

6.2.2 Reliability-based Design Optimization
The mathematical formulation of a general RBDO problem involving an objec-
tive function ¢y : RM — R and constraint functions ¢; : R® — R, where [ = 1,--- , K

and 1 < K < oo, requires one to

! d
(d,S)rggéRM CO( 7S)
subject to a(d,s) :=Pa[X € Qpi(d,s)] —p <0, [=1,--- K,
der < dp <dpy, k=1,---, My,

Sp,L S Sp S Sp,Uy, P = ]-7 e 7M87 (62)

where Qp,(d,s) C Q is the Ith failure set that, in general, may depend on d and s,

and 0 <p; <1, 1 =1, ---, K, are target failure probabilities.
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In Equation (6.2), the objective function ¢(d,s) is commonly prescribed as a
deterministic function of d and s, describing relevant system geometry, such as area,
volume, and mass. In contrast, the constraint functions ¢/(d,s), [ = 1,2,--- | K,
are generally more complicated than the objective function. Depending on the failure
domain Qz;(d,s), a component or a system reliability analysis can be envisioned. For
component reliability analysis, the failure domain is often adequately described by a
single performance function y;(X; d, s), for instance, Qp;(d,s) := {x : yi(x;d,s) < 0},
whereas multiple, interdependent performance functions y;;(x;d,s), i = 1,2,--- , are
required for system reliability analysis, leading, for example, to Qr;(d,s) = {x :
Uiyi(x;d,s) < 0} and Qp,(d,s) := {x: Ny(x;d,s) <0} for series and parallel
systems, respectively.

The RDO and RBDO problems described by Equations (6.1) or (6.2) entail
mixed design variables, and, therefore, they constitute more general stochastic design
problems than those studied in the past [1-6, 9, 1214, 86, 89, 91, 93, 112, 117-124].
Solving such an RDO or RBDO problem using gradient-based optimization algorithms
mandates not only statistical moment and reliability analyses, but also the gradients
of moments and failure probability with respect to both distributional and structural
design variables. The focus of this work is to solve a general high-dimensional RDO or
RBDO problem described by Equation (6.1) or (6.2) for arbitrary square-integrable
functions y(X;d,s), [ =0,1,2,--- , K, and arbitrary probability distributions of X,

provided that a few regularity conditions are met.
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6.3 Stochastic Analysis
6.3.1 Augmented PDD

Consider two additional measurable spaces (€, F1) and (€, F3), where €
and €2, are two sample spaces and F; and JF, are two o-fields on € and (25, respec-
tively. Let D := (Dy,- -+, Dy,)" 0 (4, F1) — (RM2 BMa) and S := (Sy,- -+, Su,)7T
(Q, F2) — (RMs BM:) be two affiliated random vectors with BM¢ and BM:s rep-
resenting the Borel o-fields on RM¢ and RM:, respectively. The probability laws
of D and S are completely defined by selecting two families of the joint PDFs
{fo(d; pup), d € RMa} and {fs(s; ug), s € R¥:} with probability measures P, and
Py, and corresponding mean vectors E,[D] = pup, and Ey[S] = pg, respectively.

Introduce an augmented measurable space (4, F4), where Q4 := Qg Xy x 2y
is the augmented sample space and F4 = Fq X F; X Fy is the corresponding o-
field on Q4. Let y(X;d,s) := y(Xy, -+, Xn;d,s) represent any one of the ran-
dom functions y;, [ = 0,1,---, K, introduced in Section 6.2. Then y(X;D,S) :=
y(X1, -+, Xn; D, S), obtained by simply replacing deterministic vectors d and s with
random vectors D and S in y(X;d, s), has the same functional form of y(X;d,s). Let
Lo(24, Fa, Pa) represent a Hilbert space of square-integrable functions y(X;D, S)
with respect to the probability measure Py = Py x P, x P, supported on RY¥+M,
Assuming independent coordinates, the joint PDFs of X, D, and S are expressed by

the products,

fa(x,d,s) = fx(x;d) f(d; pp) fs(s; ps) fo zi;d Hka d; Hfsp Spi M),

(6.3)
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of marginal PDFs fy, : R = R{ of X;, fp, : R = R{ of Dy, and fs, : R — R of
Sp,i=1,--- N, k=1,--- My, and p =1,---, M. Then, for three given subsets

wC{l,--- N} vC{l,---, My}, and w C {1,---, M},

|ul |w|

fuvw Xuvdvasw . H‘fXIq qu’ HkaT dkﬂ“’D HfSQt SQUIJ’S) (64)

defines the marginal density function of the subvector (X, - s Xips Diys o+ Dy
Spis= 3 Sp,,) ", where | - | denotes cardinality.

Let {ti,;,(Xi,;d); jg = 0,1,---}, {éw,1, (Dr,; tp); 1 = 0,1,---}, and {@pn,
(Spismg); ne = 0,1,---} be three sets of univariate orthonormal polynomial ba-

sis functions in the Hilbert spaces L2(€i,.a, Fi,d: Piga)s L2(%k, 1, Frn1s Pr,1), and
Loy, 2, Fp,.2: Ppi2), respectively, which are consistent with the probability mea-
sures P q, Dr,.1, and P, o, respectively, where i; = 1,--- N, k, = 1,---, Mj,
and ¢ = 1,---,M,. For given 0 # u = {iy, - iy} C {1,---,N}, 0 # v =

{kb' o aklv|} - {17 o aMd} and @ 7£ w = {pla U 7p\w\} C {1’ e 7M5}’ define three

associated multi-indices jiu = (1, -, Jju) € NL"‘, Ly = (L, ) € N‘OUI, and
Ny, = (N1, M) € N‘Ow‘. Denote the product polynomials by
1 u=10,

HM wzng(sz,d) @ 7é u = {ilv"' 77f|u\} - {17 7N}7

1 v =0,
¢v1|v| (dw I’LD) = (66)

H —1 kel (dk,; tp) @#U:{kl"" >k|v|}g{17"' , Ma},
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1 w =,
Pwn,y, (Sw§ “S) = (67)

Hzltzll @Ptnt<8pt;/"'s> (2)7A w = {plv”' 7p|w|} C {17 T 7M8}7

which form three orthonormal basis functions in £2(X‘q1ilgiq7d, xgﬂlﬂmd, xlltilPiqu),
|v| |v| |v] |w| |w| |w]
Lo( Xty Sy 15 Xy T 15 Xt Pr1) 5 and Lo( X218, 2, X420 Fpy 2, X2y P, 2), Tespec-

tively. Since the PDF of the subvector (X;,, -+, X; , Dg,,--- s Dy Spyy ,Sp‘w‘)T

[ul?

is separable (independent), the product polynomial

wuij‘u|1|v|n|w‘ (Xu7 D’U; S’UI) = wuj|u| (XU7 d)(bvl‘v\ (dU7 ND)SO'U)HW\ (Sw; I’l’S) (68>

is consistent with the PDF f,,., (X4, dy, S,) and constitutes an orthonormal basis in

Jul
g=1

|wl

Lo(x Lu:'lQiq,d I 1 Dy, X XL Fr X o, X l;ilpz‘q,d < Py 1< By o).
(6.9)
The augmented PDD of a square-integrable function y represents a hierarchical
expansion

y(X;D,8) = wyp(d, pup, us) + Z Z

uC{l, ,N}oC{l, . Ma} 5 enl 1, Nl n, eNp!

0 :n\w
wC{L e M b fult vl +|w|>1 T s d ) by s, Ty 0

Cuvw.i\u|1|v|n|w\ (dv Htp, H'S)ww'\u\ (Xu; d)(bvl\v\ (Dv; “’D)prn‘w‘ (Sw; “S)v (6'10)

in terms of a set of random multivariate orthonormal polynomials of input variables

with increasing dimensions, where

(. ps) 1= [ ylxids)falx,ds)dxddds (6.11)
R
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and

Cuij|u|l‘v‘n‘w| (d, Hp; IJ’S) = / y<X; d7 S)wujw (Xu; d)(bvlm (dv; u’D)SOwnm\ (Sw; MS)
RN+M
X fa(x,d, s)dxddds,
UQ {17 7N}7Ug {]-7 7Md}aw g {17 ,Ms},|U|+|’U|+|U)| Z 17

j|u| € Nl]uhl‘v‘ S N‘()U‘an‘w‘ S Nl()w|7j17' o 7j‘u‘al1a e 7Z‘U|;n17 T 7n|w| 3& O (612)

are various expansion coefficients. The inner sum of Equation (6.10) precludes jy, - - - , jiy|
#0, 0,y # 0, and ny,--- ,ny # 0, that is, the individual degree of involved
variables cannot be zero since ¥y, (Xu;d), du, (Do #p), and @un,, (Sw; 1g) are
zero-mean strictly |u|-variate, |v|-variate, |w|-variate functions, respectively. Derived
from the ANOVA dimensional decomposition [62], Equation (6.10) provides an exact
representation because it includes all main and interactive effects of input and affili-
ated variables. For instance, |u|+ |v|+|w| = 0 corresponds to the constant component
function yy, representing the mean effect of y; |u| + |v| + |w| = 1 leads to the univari-
ate component functions, describing the main effects of input and affiliated variables;
and |u| + |v] + |w| =S, 1 < S < N + M, results in the S-variate component func-
tions, facilitating the interaction among at most S input and affiliated variables. The
augmented PDD expansion in Equation (6.10) can be used to reproduce the function
y(X;d,s) by simply replacing the random vectors D and S in Equation (6.10) with

deterministic vectors d and s, that is,

y(X;d,S) = y@(dalJ’Day’S)+ Z Z

’wucg{El’]’\gV};Tﬁi]i;)Hl‘]gc‘lil j|u| GN!)M 71\1)\ GNEU‘ | EN‘Ow|
=14y Ms g, = j17"'7j|u|7l17'“7l"u‘7n17“'7n|w|¢0

Cuijwl‘v‘n‘w (d7 MD? I‘I’S)d)uj‘m (XU’ d)¢’u1|v| (d’U7 IJ’D)SOwn‘w‘ (Sw; IJ’S) <613)
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6.3.2 Truncated Augmented PDD Approximation

The augmented PDD in Equation (6.10) is grounded on a fundamental con-
jecture known to be true in many real-world applications: given a high-dimensional
function y, its (|u|+ |v|+ |w]|)-variate component functions decay rapidly with respect
to |u| + |[v| + |w]|, leading to accurate lower-variate approximations of y. Further-
more, the largest order of polynomials in each variable can be restricted to a finite
integer. Indeed, given the integers 0 < S < N+ M and 1 < m < oo for all
1 < |ul+ |v| + |w| < S and the oo-norms 1 < ||jylle := max (j1, -+, jju) < m,
I < lylfoe := max (ll,--- ,l|v|) <m, and 1 < ||njy(||s := max (nl,--- ,n|w|) < m,

the truncated augmented PDD

ﬂs,m(X§D>S) = y@(d7/1'D7u'S>+ Z Z

uQ{L"'vN}vvg{lz”'de} jl ‘ENlu‘,l‘ ‘EN‘v‘,n‘ |€N‘w‘
WC{ L, , M} 1< u|+|v|+|w|<S Hjl;‘l||:,||1|:,||:,||mz\II:F’”

Jrs s djulo by s 1 70

Cuvw‘]|u|l‘v‘n|w| (d7 l“l’D7 I‘I’S)I/}uj\u\ (XU’ d)¢vl‘v| (D’U7 I‘I’D)Spwnhu‘ (SUH IJ’S)’ (614)

leads to the S-variate, mth-order augmented PDD approximation, which for S > 0
includes interactive effects of at most S input and affiliated variables, on y. It is
elementary to show that when S — N + M and/or m — o0, ¥s,, converges to
y in the mean-square sense, generating a hierarchical and convergent sequence of
approximations of y. The truncation parameters S and m depend on the dimensional
structure and nonlinearity of a stochastic response. The higher the values of S and
m, the higher the accuracy, but also the computational cost that is endowed with
an Sth-order polynomial computational complexity. Simply replacing the random

vectors D and S in Equation (6.14) with deterministic vectors d and s renders an
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S-variate, mth-order augmented PDD approximation

gS,m(X; d> S) = y@(dv Hp; H’S) + Z Z

WC{1yee N} 0 C{1yee My} PR 1

=1l T =1 |u| €Ng 1w ENg o1y €Ng

wC{1, - ,Ms}, 1< ul+|v]+|w|<S ” ” Hl
Jul || o0

n <m
‘U‘Hoo,’ [w] |007

AR TN IR SRR INE S
Cuij‘u‘l‘v‘n‘w‘ (da Hp; Ms>wuj|u| (Xu7 d)(bvlw (d’ua uD)gpwnw\ (Sw; l’l’S) (615>
of the original function y(X;d,s). The S-variate, mth-order augmented PDD ap-
proximation will be referred to as truncated augmented PDD approzimation in this

chapter.

6.3.3 Statistical Moment Analysis

Let m™(d,s) := Eq[y"(X;d,s)], if it exists, define the raw moment of y of or-
der r, where r € N. Given an S-variate, mth-order PDD approximation ¢gs,,(X;d,s)
of y(X;d,s), let mg:)m(d,s) = Ea[Js,,(X;d,s)] define the raw moment of gg,, of
order r. The following paragraphs describe the explicit formulae or analytical expres-
sions for calculating the first two moments by the PDD approximation.

Applying the expectation operator E4 on ¢s.,,(X;d,s) and gjém(X; d,s), and
recognizing the zero-mean and orthonormal properties of orthonormal basis, the first

and second moments of the S-variate, mth-order augmented PDD approximation are

) (d,s) = Ealism(X;d,s)]

= y@(dmanu’S) + Z Z

WC{L NPCLo Mab €L M} 5 andily el
[u|=0,1<]u|+|v[+|w|<S H H ”1 H ”
ul ] oo 1101 oo P!l ] o

T 5 J ) 1 L1 51 70

Cuvwjjuliung (s Bps Bs)Pur, (Ao Bp)Pun,, (Sw; tg) — (6.16)

<m
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and

m$,(d,s) = Ea[i2,,(X;d,s)]
2
= |aln@s)] + Y ST OB sm(ds),  (6.17)

m
uC{l, N} ; GN‘ul j <m
1<|ul<s IS0 ’H,J'“‘Hw_

J1 5 d)u) 70

respectively, where the second moment involves new expansion coefficients

Aol ool 2| o <m

Euj\u|751m(d7s) = E ,
{1, M, c{1,--- .M [v] [w]
v i<|7u\ﬁ1;qlu+_|1£|7<s’ RETE R
= = Ly sl sma e 1o 70

X oy, (dv; Bp)Pum,, (Sw; Hs), (6.18)

via restructuring

gS,m(X; d7 S) = mg2n<d7 S) + Z ZEuj‘u‘,S,m(d7 S)wujw (Xuy d) (619>

uC{1, N}; lul ||

S N eNg ! [d || <m
<|u|< e
1<ful<S VIERENVIMESY

in terms of 15, (X4;d). Clearly, the approximate moments in Equations (6.16) and

(6.17) approach the exact moments

Eq [y(X)] = yo(d, pp, s) + > >

m(d,s) :=
uC{l, ,N},vC{l,--- ,Mg} | [v] [w]
w1 Mapfal—0 © J1ul€No Lo €Ng T np €Ng
[u|4|v|+|w|>1 T sdjup by by My 70
Cuij‘u|l|v|n|w‘ (da Hp, H’S>¢UIM (dva H‘D)Spwn\w (Sw; ”’S) (620)
and

m?(d,s) = Eq[y’(X;d,s)] = [mI(d,s)]

+ > > Ey.(ds) (6.21)

ful2 J15m 5 Jju) 70
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of y when S — N + M and m — oo, where

By, (dys) = Z Z Cuvwgputuynye (4 Hp Bs)

vg{l,""qﬁ]\f'dv}‘ﬁ%ui{i,l’",Ms} I\U\EN‘vlmm\eN(‘)wl
- ll:"':l\v\)nlv"'vnhuﬁéo

X¢vl‘v|(dv; MD)@wn‘w‘(Sw; NS) (6'22>

is again derived from restructuring Equation (6.10) in terms of 1y, (X,;d), that is,

y(X;d,s) = mW(ds)+ > By (d,s)y, (Xaid). (6.23)
uC{L--.N} 5 enpl
lul=1 J1 5 d)u) 70

The mean-square convergence of ys ,, is guaranteed as y, and its component functions
are all members of the associated Hilbert spaces. In other words, the mean and

variance of yg,, are also convergent.

6.3.4 Reliability Analysis
A fundamental problem in reliability analysis entails calculation of the failure

probability

Pr(d,s) := P4 [X € Qp(d,s)] = /RN Ig,.(x;d,s) fx(x;d)dx =: Eq [, (X;d,s)],

(6.24)
where Qp(d,s) is the failure set and Iq,.(x;d,s) is the associated indicator function,
which is equal to one when x € Qp(d,s) and zero otherwise. In this subsection, the
augmented PDD method for reliability analysis, which exploits the augmented PDD
approximation for MCS, is elucidated.

Depending on component or system reliability analysis, let QF,SM = {x:

Usm(x;d,s) < 0} or QR&m = {x: U;Jism(x;d,s) <0} or QR&m = {x 1 MiYism(X;
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d,s) < 0} be an approximate failure set as a result of S-variate, mth-order PDD
approximations yg,(X;d,s) of y(X;d,s) or §; s.m(X;d,s) of ;(X;d,s). Then the

augmented PDD estimate of the failure probability Pr(d,s) is

Prsm(d,s) = Eq [IQF‘S‘m(X;d s} lim —ZJQFS x0:d, s), (6.25)

L—oco L

where L is the sample size, x) is the [th realization of X, and [QF,s,m (x;d,s) is another
indicator function, which is equal to one when x € Q F.sm and zero otherwise.

Note that the simulation of the augmented PDD approximation in Equa-
tion (6.25) should not be confused with the crude MCS commonly used for pro-
ducing benchmark results. The crude MCS, which requires numerical calculations of
y(x®;d,s) or y;(x?;d,s) for input samples x,1 = 1,--- | L, can be expensive or
even prohibitive, particularly when the sample size L needs to be very large for esti-
mating small failure probabilities. In contrast, the MCS embedded in PDD requires
evaluations of simple analytical functions that stem from an S-variate, mth-order ap-
proximation fg,,(x";d,s) or g s.,(x";d,s). Therefore, an arbitrarily large sample

size can be accommodated in the augmented PDD method.

6.3.5 Expansion Coefficients
The determination of the augmented PDD expansion coefficients yg(d, pp, ptg)
and Cupwji, 1, ny, (d, D, ) is vitally important for moment and reliability analysis,
including their design sensitivities. As defined in Equations (6.11) and (6.12), the
coefficients involve various (N + M)-dimensional integrals over R¥*M_ For large

(N + M), a multivariate numerical integration employing an (N + M )-dimensional
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tensor product of a univariate quadrature formula is computationally prohibitive
and is, therefore, ruled out. An attractive alternative approach entails dimension-
reduction integration, which was originally developed by Xu and Rahman [22] for
high-dimensional numerical integration. For calculating yp and Cypuwj, 1, nj, . this
is accomplished by replacing the (N + M )-variate function y in Equations (6.11)
and (6.12) with an R-variate truncation of the referential dimensional decomposition
(RDD) at a chosen reference point, where R < N 4 M. The result is a reduced inte-
gration scheme, requiring evaluations of at most R-dimensional integrals, described
as follows.
Letc=(cp, - ,en)T €RY, ¢ = (¢}, ,¢p,)T € RM2 and ¢” = (¢, , ¢y )T

€ RMs, which are commonly adopted as the means of X, D, and S, respectively,

!/

be the reference points. Let y(Xy,,du,,Su;; Coyys €y C ) represent an (|ui| +

oy
|v1]| + |wy|)-variate RDD component function of y(x,d,s), where u; C {1,--- N},
vy C{1,---, My}, and wy C {1,--- , My} . Given a positive integer S < R < N+ M,
when y(x,d,s) in Equations (6.11) and (6.12) is replaced with its R-variate RDD ap-
proximation, the coefficients yg(d, pp, pg) and Cupwj, 1,0, (d; Bp, g) are estimated
from [22]

R .
N AN+M—-R+i—1
yo(d, pp, pg) = E (—1)( ; ) E
w1 C{1,-

i=0 - N} o1 C{1,- Mg}
w1 {1, , Mg}, |ut|[+|v1|[+|w1|[=R—i

/ "

/ y(XuU dv17 Swiy C—uys C—vl’ C_wl)
Rlutl+lvg [+ wyl

X furorwr (Xuy s Aoy s Swy ) A%y, ddy, dSy, (6.26)
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and

R .
N (N+M-R+i—1
Cuij‘u|1|v|n|w‘(d7I’l’D’l’l’S) = Z(_l) ( . ) Z
u1 &{1,-

- ]
=0 N} v C{1, Mg}
w1 C{1,-- ,Ms},uCuy,vCvy,wCwy
[ur |+ |1 |+ w1 [=R—i

/ "
/]131 Il | | y(XuU dU17 S’wn C*’un C—vla C—wl)wuij|u|1|v\n|w\ (Xu7 dva Sw)
L1 1 1

X furorwy (Xuy s Aoy s Sy )dXy, ddy, dSy, (6.27)

respectively, requiring evaluation of at most R-dimensional integrals. The reduced
integration facilitates calculation of the coefficients approaching their exact values
as R — N + M and is significantly more efficient than performing one (N + M)-
dimensional integration, particularly when R < N + M. Hence, the computa-
tional effort is significantly lowered using the dimension-reduction integration. For
instance, when R = 1 or 2, Equations (6.26) and (6.27) involve one-, or at most,
two-dimensional integrations, respectively. For a general function y, numerical inte-
grations are required for performing various low-dimensional integrations in Equations

(6.26) and (6.27). See [22] for further details.

6.3.6 Computational Expense
The S-variate, mth-order augmented PDD approximation requires evaluations

of lezzg (N;M)mk expansion coefficients, including yy(d, up, pg). If these coeffi-

cients are estimated by dimension-reduction integration with R =S < N + M and,
therefore, involve at most an S-dimensional tensor product of an n-point univariate

quadrature rule depending on m, then the total cost for the S-variate, mth-order

N+M

o : : k=S
approximation entails a maximum of Y, = (* %

)n*(m) function evaluations. If the
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integration points include a common point in each coordinate — a special case of
symmetric input PDFs and odd values of n — the number of function evaluations re-

k=S (N+M
duces to k:()( .

)(n(m) — 1)*. Nonetheless, the computational complexity of the
S-variate augmented PDD approximation is an Sth-order polynomial with respect
to the number of random variables or integration points. Therefore, the augmented

PDD with dimension-reduction integration of the expansion coefficients alleviates the

curse of dimensionality to an extent determined by S.

6.4 Design Sensitivity Analysis

When solving RDO and RBDO problems employing gradient-based optimiza-
tion algorithms, at least the first-order sensitivities of the first two moments of
y(X;d, s) and the failure probability with respect to each distributional and structural
design variable are required. In this section, a new method involving the augmented
PDD, score functions, and finite-difference approximation is presented. For such sen-

sitivity analysis, the following regularity conditions are assumed.
1. The design variables d, € Dy, C R, k =1,--- My and s, € S, C R, p =

1,---, M, where D, and S, are open intervals of R.

2. The PDF fx(x;d) of X is continuous. In addition, the partial derivative
Ofx(x;d) /Ody, k =1,---, My, exists and is finite for all x € RY and d; € Dy.
Furthermore, the statistical moments of y and failure probability are differen-

tiable functions of d € RMq,

3. The performance function y(x;d,s) is continuous. In addition, the partial
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derivative dy(x;d,s) /0s,, p = 1,--- , My, exists and is finite for all x € RY,
d € RM¢ and s, € S,. Furthermore, the statistical moments of y and failure

probability are differentiable functions of s € R,

4. There exists a Lebesgue integrable dominating function z(x) such that

dfx(x;d)

yr(x;d,s)a—dk’ < z(x), Ofx(x;d) <

Io,.(x;d,s) ad < z(x),

6.4.1 Sensitivity of Moments
Suppose that the first-order derivative of a moment m(”(d,s), where r = 1,2,
of a generic stochastic response y(X;d,s) with respect to a distributional design
variable d, 1 < k& < My, or with respect to a structural design variable s,, 1 <
p < Mj, is sought. Taking a partial derivative of the moment with respect to dj and
then applying the Lebesgue dominated convergence theorem [76], which permits the

differential and integral operators to be interchanged, yields the sensitivity

om"(d,s)  OEqly"(X;d,s)] 0 - _
49 - e / (6 9) s d)dx
RN adk’ RN adk
By (X: d,
= Ea [y (X s)l) (X )] +Eq [“Tk)] (6.29)

with respect to the distributional design variables, provided that fx(x;d) > 0. In
the last line of Equation (6.29), sfi?(X; d) := 0ln fx(X;d) /Jdy is known as the first-
order score function for the design variable dj [74, 97]. Compared with the existing
sensitivity analysis [97, 110], the second term, Eq [0y"(X;d,s) /0d}], appears due to

the permissible explicit dependence of y on the distributional design variables.
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The evaluation of score functions, sé?(X; d),k=1,---, M, requires differenti-
ating only the PDF of X. Therefore, the resulting score functions can be determined
easily and, in many cases, analytically — for instance, when X follows classical prob-
ability distributions [97]. If the density function of X is arbitrarily prescribed, the
score functions can be calculated numerically, yet inexpensively, since no evaluation
of the performance function is involved. When X comprises independent variables, as
assumed here, In fx(X;d) = 3202V In fx, (2;;d) is a sum of N univariate log-density
(marginal) functions of random variables. Hence, in general, the score function for

the kth design variable, expressed by

dln fx,(X;: d)
s$(X;d) = Z g o Zsm X;:d), (6.30)
=1

is also a sum of univariate functions sy;(X;;d) := dln fx,(X;;d) /Ody,, 1 =1,--- | N,
which are the derivatives of log-density (marginal) functions. If dj is a distribu-
tion parameter of a single random variable X; , then the score function reduces to

s&t)(X;d) = 0ln fx, (Xi,;d) /0dx =: sk;, (Xiy;d), the derivative of the log-density

i

(marginal) function of X;, , which remains a univariate function. Nonetheless, com-

bining Equations (6.29) and (6.30), the sensitivity is obtained as

om") (d,s)

B ZEd "(X;d,s)ski( X d)] + Eq {Ml

31
ady (6.31)

Similarly, taking a partial derivative of the moment with respect to s, yields

the sensitivity

om(d, s) OEq [y"(X;d,s)] 0 .
8—3p = 95, = adk/RNy (x;d,s) fx(x;d)dx

B y"(x;d,s) ‘ L dy"(X;d,s)
= [ P ayin = g [—asp } (6.32)
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with respect to the structural design variables, involving only one term because the
PDF fx(x;d) does not depend on s. In general, these sensitivities are not available
analytically since the moments are not either. Nonetheless, the moments and their
sensitivities, whether in conjunction with the distributional or structural design vari-
ables, have both been formulated as expectations of stochastic quantities with respect
to the same probability measure, facilitating their concurrent evaluations in a single
stochastic simulation or analysis.

Given an S-variate, mth-order augmented PDD approximation §g,,(X;d,s)
of y(X;d,s), let ams (d,s) /0d), and 6m(r) m(d,s) /0s, define the approximations of
moment sensitivities. The following subsections describe the explicit formulae or an-
alytical expressions for calculating the moments by augmented PDD approximations

forr=1,2.

6.4.1.1 Sensitivity of the First Moment
Setting » = 1 in Equations (6.31) and (6.32), the sensitivities of the first

moment are

om(d,s)

2 ZEd (X:d, 8)sp(Xi; d)] + Eqg {M} (6.33)

Odj,

and

omM(d,s)

.34
55 (6.34)

_ g, {éw(X; d,S)} |

Osy

where k =1,---  Myand p=1,---, M.

For independent coordinates of X, consider the Fourier-polynomial expansion
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of the kth log-density derivative function

Skl(Xza d = Ski @ + ZDk ij ¢zj Xza d) (635)

consisting of its own expansion coefficients

se(d) = /R sua(wi: d) fe (5: d)da (6.36)

and

Dy.;i(d) ::/Rski(xi;d)@bij(xi;d)fxi(xi;d)dxi. (6.37)
The expansion is valid if sg; is square integrable with respect to the probability
measure of X;. When blended with the PDD approximation, the score function leads

to analytical or closed-form expressions of the exact or approximate sensitivities as

follows.

6.4.1.1.1 Exact Sensitivities

Restructuring Equation (6.13) as

y(X;d,s) = mY(d,s)+ Z ZOjj(d,S)l/]ij(Xi;d)‘i_ Z

u={i}C{1,,N} jeNo uC{l, ,N}vC{l, Mg}
j#0 wC{1, M}, |u[>1

Z Ouij|u|l|,u‘n|w‘ (d7 “D? ”S)¢uj‘u‘ (XU’ d)gbvl‘v‘ (d’U’ IJ’D)(JD’wnhﬂ (S’UJ; MS)? (638)

|w]

31 NG Lo NG ny €N
FIRRE IR SRR PR IIME

where

Cij(d,s) = Z Z Cuvwgiuptnye (4 Hp: Bs)

- {Zgzvlc{l AMa} i =j€No,lj, |€N‘o'n| €N
w { ]ll l\v‘ ni,: n|u,‘7$0

X¢v1m<dv; HD)SDwn‘u,|(Sw; Hs)a (639)
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and employing Equations (6.35) and (6.38), the product appearing on the right side

of Equation (6.33) expands to

y(X;d, s)spi(X;:d) = m(l)(da s) + Z Z Cij(d, s)vy(Xi; d)
u={i}c{1,~ N} jeNo
J#0

ug{lwwN} UC{l +Ma} Jlu‘eN‘ ‘IMGN' 'n| ‘eN‘“"
wC{l, , Ms},|ul>1 j|“\ l1, l‘ vy n\u7|7£0

X ¢v1|v| (dv; MD)@wn‘w‘ (Sw; .U‘S) (Skz 1] + ZDk ij ¢z] Xz; d)) (640>

encountering the same orthonormal polynomial bases that are consistent with the
probability measure fx(x;d)dx. Taking the expectation of Equation (6.40), aided by
the zero-mean and orthonormal properties of orthonormal basis, leads to

Eq [y(X;d, 8)s1:(X;;d)] = m(l)(d, S)Skip + Z Dy5(d)Ci5(d, s). (6.41)

j=1

In Equation (6.13), the PDD coefficients yy(d, pp, tg) and Cupwj 1, ., (d; Bps Bs)
and the polynomial basis ty; (X,;d) are written as functions involving d; however,
they should be treated as constants when seeking the derivatives of y(X;d,s) with
respect to d. Therefore, the term 0y(X;d,s) /0d) can be written as

Jdy(X;d,s
(adkz ) - Z Z C“ij|u|1\y\l’l\w| (d7 HD; IJ'S)

ug{l N} kGUC{l Md} J|U|EN| |1‘ ‘GN‘ v n‘w‘EN(‘)wl

wC{L e Mshfultol+wl>1 50 Sl s g #0

(bvlv (dvu 12 )
X, (Xu;d) ‘ ‘(‘adk :

prn‘m(sw; “S) (642)
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Applying the expectation operator Eq on dy(X;d,s) /dd; and recognizing again the

zero-mean and orthonormal properties of orthonormal basis, leads to

Oy(X;d,s)
Fa {0—0&3 B Z Z Cuvgjutyyny (ds B, Bs)
u=0,kevC{l, -, M} 311 €NG" 1o €N gy NG

wC{l, -, Ms}ul+|v]+w|>1 i oLy oMLy 71y 0

% 8¢U1M (dv; /J'D)
Ody,

Pumyy| (Sw; Mg)- (6.43)
Similarly, applying the expectation operator E4 on dy(X;d,s) /Js, and recognizing
the zero-mean and orthonormal properties of orthonormal basis, leads to

0y(X;d,s)
]Ed |:a—3p:| = Z Zcuij‘u|l|v|n|w‘ <d7 Hp; l’l’S)

uzw’vcggl’mﬁd} tul NG 110 €N NG
pew_{ r S} jl""7j|u|7l1»"'7l‘v‘an17'"7n‘w|;é0

Ju|+|v|+|w[>1
agpwl‘l\m (Sw; “S)

><¢vl|v| (dv; IJ’D) (98 . (644)
P
Thus, the sensitivities of the first moment are
omM(d, s al =
% = Z m(l)(d, S)Skiﬂ) + Z D;w(d)C'w(d, S) + Z
k i=1 j=1 u=0,k€vC {1, Mg}

6¢vlv (dv; IJJD)

Z vy loyny (A ., ) —— L’?dk Pun, (Swips)  (6.45)
j‘u‘GN‘OU‘,1|U|ENgul,n‘w|€N!)w‘
T s d )by s, Ty 70

and

omM(d, s
% —= Z Z Cuij‘u‘l|v|n|w‘(dvlJ’Dvl'LS)
p

u=P,vC{1, My} : [ [v] [w]
PT=1 Jlu|€ENp 11w ENg iy ENg
pEWC{L, . Mg} |ul+|v|+|w[>1 F T SR I SRR T E

agown‘w‘ (Sw; ,'I’S)
Js, ’

X @i, (dv; pp) (6.46)

representing closed-form expressions of the sensitivities in terms of the augmented
PDD or Fourier-polynomial expansion coefficients of the response or log-density deriva-

tive functions.
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6.4.1.1.2 Approximate Sensitivities
When y(X;d,s) and si;(X;;d) are replaced with their S-variate, mth-order
augmented PDD and m/th-order Fourier-polynomial approximations, respectively, the

resultant sensitivity equations, expressed by

om{) (d,s) OFq [s.m(X;d,s)] o= -
;m A\ — m ) Uy _ ~ (1) d . D (d C d
adk . adk ZZI mS,m( ? S)Sk‘l,@ + ]Zl kﬂ']( ) Z.]( ) S)
u=bikevedl, - Ma) g€t gy g om e

wC{l, -, Ms} 1<]u|+|v|+|w|<S

j <
||J\u|||o<;||'\v\ |<X,’||"\w|||oo—m

T dpu bl My 70

Sown‘wl(sw; HS) (647)

% agbvl‘v‘ (dva IJ’D)
Odj,

and

Omgn(d,s) _ OEa [Gs,m(X:d,5)] > 3

0s ' Os
P g vl ey ey, !
1<l ol 4wl <8 {[3ju]] o[ Yot | ol o =
T pul by o, sy 70
. agpwn|w| (Sw; IJ’S)
Cuijlu\l\v\n\wl (d7 HpD, I‘I’S)QS’UI‘M (dv7 IJ’D) 85 ’ <648)
p

where My, := min(m, m’), and

éij(d,s) — Z Z Cuij‘u‘l|v|n‘w‘(daIJ’D7lJ’S)

—{iY oCq1, M, o vl [w]
wg{i--.{%fum;|+‘iiu|gs H;ullHJEN\T;ITHENOUH:W €N
u P v P

<
[w] Hooim

j7l17"' »l‘v‘vnly'" 7n\w|;é0

X (bvlw (dm HD)SOwnW‘ (Sw; l’l’S)7 (649)

become approximate, relying on the truncation parameters S, m, and m’ in general.
It is elementary to show that the approximate sensitivities of the first moment, at
appropriate limits, converge to the exact sensitivities when S — N + M, m — oo,

and m' — oo.
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6.4.1.2 Sensitivity of the Second Moment
Setting r = 2 in Equations (6.31) and (6.32), the sensitivities of the second

moment are

(2) N |
aWLa—d(d’S) — Z ]Ed [y2(X, d, S)Ski(Xi; d)] + 2Ed |:y<}(7 d, S) %}
K =1 i
(6.50)
and
om® (d,s) Oy(X;d,s)
sy = 2 {y(X’ d,s) Ds, } (6.51)

where k =1,--- ,Mgandp=1,---, M,.

6.4.1.2.1 Exact Sensitivities
Employing Equations (6.35) and (6.38), the first term Eq [yQ(X; d,s)ski(X;; d)]
on the right hand side of Equation (6.50), aided by the zero-mean and orthonormal

properties of orthonormal basis, can be expressed by

Ed [yz(X7 d, S)S]“(X“ d)} = m(2) (d, S)Ski’@ + Qm(l) (d, S)ZC” (d, S)Dk,l](d) + Tk,’ia

j=1
(6.52)
where
N N oo oo oo
Ty = Z ZZ Z Zcimi (d7 S)Cizjz (d7 S)Dk’,ij:; (d)
i1=11i2=1j1=1j2=1j3=1
><]E’d W}iljl (Xil; d)¢i2j2 (Xi2; d)¢ij3 (Xi; d)] ) (653)

requiring expectations of various products of three random orthonormal polynomials

as discussed in previous chapters.
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The evaluation of the second term Eq [y(X;d, s)0y(X;d,s)/0dg] on the right

hand side of Equation (6.50) requires restructuring Equation (6.42) as

oy(X;d,s)

8dk = ydkw(d> S) + Z Z deuj‘u‘ (d, S)wuj‘u\ (Xua d)> (654)

uC{LoN) J|u|€N”

where

ydk@<d7 S) = Z Z Cuij‘u|l|v|n|w\ <d7 MDD H’S)

e v S R Tl
s Ly s Ten, Mo 70

a%lm (dy; 1p)
X adk ¢wn|w|<sw; MS)? (655>

and

deﬂj\u\ (d,s) = Z Z Ouijml\v\ﬂw (d, pp, ps)

kevC{lo Ma}bwC{low Ma} 1 ey, ey

[u|+]v|+|w|>1 ll,"',l‘v"nlz'”7n|w|;é0
a¢vl v (dva l’l’D)
X u Pun,, (Sw; Hs)- (6.56)
ody,

Hence, from Equations (6.23) and (6.54), and utilizing the orthonormal properties of

Eq |y(X;d,s)

M] m(d, s)ya,0(d, s)

ady,
+ Z Z E'“'j\u\ (d7 S)deujm‘ (du S)' (657)

WEL N} ey
>
=1 5, 3 Jju| #0

Similarly, the term Eq [y(X; d, s)0y(X;d,s) /Js,] on the right hand side of Equation

(6.51) can be analytically derived as

Ed y(X7 d7 S)

M] = mW(d,s)ys,0(d,s)

0sy
+ Z Z Eu.l\u\ d S spu_]‘ ‘(d S) (658)

ug{l, ~~7N} J\u\eN‘O ul
[u|>1 70
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where

ySp@(d7 S) = Z Z Cuij‘u‘l|v|n‘w‘ (d) HD7 ,’l’S)

u=0,vC{1, , My}

|1,|EN| vl l’l‘w|€Ngw‘
pewC{L Mblul tul +Huwl21 | "

Sl T 70

a(Pwnw (Sw;ﬂl )
Xu, (dos pp) = = (6.59)
p

and

GspujM (d, S) = Z Z Cuij‘u|l|u|n|w‘ (da Hp, IJ’S)

C{1,,M, c{1,-, M [v] [w]
- Iy, l|’u| nlf"?”‘wﬁéo

aSpwn w (Sw, “’S)
p

Thus, the sensitivities of the second moment are

am®(d, s al N
a—;k) _ ZZ; m®(d, s)skig + 2mY(d, S)Zcz‘j(d 8) Diij(d) + T
(d S)ydkw(d S) + Z Z E’U,J‘ | de'uj‘ |<d S) (661)
UC{L '7N} .]‘ |€N| vl
Jul21 J1y 5w 70
and
(2)
8m—(d,s) = mW(d,s)y, ¢(d,s)
0sy ’

+ Z Z Uj|u | Spuj\u| (dv 5)7 (662)

uC{L N} o enl
[ul=1 e G #0

representing closed-form expressions of the sensitivities in terms of the augmented

PDD or Fourier-polynomial expansion coefficients of the response or log-density deriva-

tive functions.
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6.4.1.2.2 Approximate Sensitivities
When y(X;d,s) and si;(X;;d) are replaced with their S-variate, mth-order
augmented PDD and m/th-order Fourier-polynomial approximations, respectively, the

resultant sensitivity equations, expressed by

omg),(d,s)  OEq[f2,(Xids)] &
Ad,, ' ody, Z [

d S Skz 0+ Qm(l) (dv S)
i=1

X Z Cii(d,8) Dyij(d) + Thimm | + mfgl,in(d, S)Jd,0,5,m(d, )

+ Z Z Euj‘u‘,S,m(du S)deujw‘,S,m(d’ s) (6.63)

g e |  <m

Ji, 7.7‘u‘3é0
and
amf? (d,s) OEq [g?q (X;d S)] (1)
m . 1M P =7 d s m d
—Sp = s, Mg m (d, 8)7s,0,5m(d,s)

+ Z Z Euj\u\vs’m<d7 S)GSp“i\u\»S’m(d’ s), (6.64)

S e | s

T 5J)u) 70
where My, := min(m,m’),
Yaro,5m(d;8) = > > Cuvwgputoynye (4 Hp; Bs)
u= @k@({l " ;\Id} 1y ‘ENI |nI ‘eN\wI
1<|u\+lv|+|w|<5 B |v|H ] o =
1, oMy 51 70

X
ady,

SOwn‘w\(Sw; IJ’S)’ <665)

gSp@,S,m(d7 S) = Z Z Cuij|u|l‘v‘n‘w| (d7 “D? ’J’S)

u=0,vC{1,-- Md}
pewC{l,--,Mg}
1<|u|+|v\+|w|<S Hl|”| H H“\w|

11 o M1+ 2 g 0

a(;pwn w (Sw; Hs)
><stvlm (dv; ﬂ'D) ‘ als ) (6'66)
p

1, ‘eN| |n| ‘EN‘wl

<m
e
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Fagujism(d;s) = Z Z Couvnsiytyuymy (ds Bp, )

kevg{l,--- 7Md}’w§{17"' 7MS} l‘vleN‘Ov‘,n‘wIEN!)w‘
L<]ul+[v|+|w|<S

ot ||l [| o =
Byl 10157 1) 0
aqbvlv (dv; ND)
X = prn‘m (Sw; “S)? (667)
ady,

N N m m m

Tki,m,m’ = Z ZZ Z Zé’iljl (d> S)éizjé (d7 S)Dk,ih (d) X

11=11i2=1j1=1j2=1j3=1

Ed [wiljl (Xi1; d)wizb (Xiz; d)¢ij3 (Xi; d)] ) (668)

Gspuj‘u‘,S,m(d; S) = Z Z Cuij‘u‘lwn‘w‘ (d) ”D) “S)

Ug{lz"' 7Md}7p€wg{]-7'“ 7MS} I‘U‘EN(‘)U‘ ,n‘wleNgw‘
1< ul+[v|+|w|<S |

ot || oMl [ =m

SRR R TE 2

&Pwnm\ (Sw; Hg)
0sy

quvl‘v‘(dv; IJ’D) . (669)

become approximate, relying on the truncation parameters S, m, and m’ in general.
It is elementary to show that the approximate sensitivities of the second moment also

converge, to the exact sensitivities when S — N + M, m — oo, and m' — oo.

6.4.2 Sensitivity of Failure Probability
Taking a partial derivative of the augmented PDD estimate of the failure

probability in Equation (6.25) with respect to dy, k =1,--- ,Mgor s,,p=1,---, M,

produces
OPrsm(ds)  OFa [IQFV&JX;d’S)] (6.70)
od, o od,
or
OPrsn(ds) B[l (Xids) (6.71)
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where ]QF’SM(X; d,s) is the augmented PDD-generated indicator function, which is
equal to one when x € QF,gym and zero otherwise. Since [QF’SM(X; d,s) depends
on the design vectors d and s and their corresponding derivatives are infinite, the
Lebesgue dominated convergence theorem is not applicable. Hence, the PDD-MCS
method developed in previous works [75, 110, 124] for the reliability sensitivity of per-
formance functions involving solely distributional design variables cannot be applied.
The following finite-difference formulae, utilizing the augmented PDD expansion of
the response function y(X;d, s), are proposed to evaluate the sensitivity of reliability.

Assume that the design sensitivities at the design point (d,s) are sought.
Let the small perturbations of the finite-difference approximation be Adj and As,
for the kth component of d and the pth component of s, respectively, where k =
1,---, Mg and p = 1,--- , M,. For the forward finite-difference approximation, the
corresponding perturbed design vectors are d + Ady, - e, and s+ As,, - e, respectively,
where ey, is the M -dimensional basis vector, in which the kth component is one and
other components are zeros; similarly, e, is the M -dimensional basis vector, in which
the pth component is one and other components are zeros. Then, Equation (6.15)
induces two additional approximate response functions

Usm(Xsd + Ady, - ex,8) = yo(d, up, pg) + Z

ug{17 ,N},’Ug{l,'" 7Md}

Z Cuij‘u‘1|v|n|w\ (d7 Hp; .U‘S)ijM (Xu; d)

i el o] ]
Il €0 o] SN0 1| Mo

st | oo 1ot o 2o || <

T sdful ol oM M 70

X o1, ((d + Ady - €x)v; Bp)Pun,, (Sw; Bs) (6.72)
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and

gs,m(X; d? S + ASP ’ ep) = yi,@(d> HpD, I'I’S) + Z

uC{l, ,N}wC{l, Mg}

Z Cuij|u\1\u\n\w| (d7 Hp; IJ'S)'(/}UJM (Xu; d)

; [u [v] [w]
J‘u‘ENO ’I\U\ENO 7n‘w|€N0

j 1
[3rar]]

T sdlul ol sy 31 70

X¢v1|ﬂ| (dy; ND)‘Pwn\w\ ((s+ Asp - ep)ui ps), (6.73)

n <m
ol o et o =

owing to two finite-difference perturbations. The sensitivity of the probability of

failure with respect to dj by the forward finite-difference approximation is

8?17’5’7” (d, S)

1
Ody = aioAd, URN Lo g maaXs A+ Ady - €1, 8) fx (3 d + Ady - ep)dx

—/ IQFSm(X;d,S)fX(X;d)dX}
RN ”

L
_ - ll
= Ay Adk LIEEOL [Z i+ Ady - ey, )
L
_Zf@Fsm(X””%daS)] ;o k=1, My, (6.74)
l2=1

where F.S.m,Ad and Q F.5.m are failure domains determined by gg.,(X; d+ Ady - e, s)
and ¥s,(X;d,s), respectively, L is the sample size, x() is the [;th realization of X
with respect to PDF fx(x;d + Ady, - e;), and x(2) is the lyth realization of X with
respect to PDF fx(x;d).

Similarly, the sensitivity of the probability of failure with respect to s, by
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finite-difference approximation is

OPrsm(d, s) |
sy Aw—0ls, /RN Lp s an (X A5 + Asy - &) fx(x; d)dx
- /R Iy, (X dys) fx(x d)dx}
1 1<
= lim — lim — - ®. )
Alslpn—lm ASP Lh_ILlo L 121: [[QF,s,m,As (X ;d,s + ASP ep)
g, Xids)| p=1 M, (6.75)

where F.Sm,As and Q F.9.m are failure domains determined by gs,,(X;d,s+ As, - e,)
and ¥s,(X;d,s), respectively, L is the sample size, and x® is the Ith realization of
X with respect to PDF fx(x;d).

It is important to note that two additional approximate response functions in
Equations (6.72) and (6.73) are derived from the existing augmented PDD approxi-
mation used in Equation (6.25) for reliability analysis, requiring no additional original
function evaluations. Therefore, the reliability and its sensitivities have both been
formulated as embedded MCS based on the same PDD expansion, facilitating their

concurrent evaluations in a single stochastic simulation or analysis.

6.5 Proposed Optimization Method
The augmented PDD approximations described in the preceding sections pro-
vide a means to evaluate the objective and constraint functions, including their design
sensitivities, from a single stochastic analysis. An integration of reliability analysis,
design sensitivity analysis, and a suitable optimization algorithm should render a con-
vergent solution of the RDO and RBDO problems in Equations (6.1) and (6.2). How-

ever, new stochastic and design sensitivity analyses, entailing re-calculations of the
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augmented PDD expansion coefficients, are needed at every design iteration. There-
fore, a straightforward integration is expensive, depending on the cost of evaluating
the objective and constraint functions and the requisite number of design iterations.
In this section, a multi-point design process [84, 112, 124], where a series of single-
step, augmented PDD approximations are built on a local subregion of the design

space, is presented for solving the RDO and RBDO problems.

6.5.1 Multipoint Approximation
Let

D = x; 2" [dy 1, dwu) XP21" [sp,1, Sp) € RM (6.76)

be a rectangular domain, representing the design space of the RDO and RBDO

problems defined by Equations (6.1) and (6.2). For scalar variables 0 < ﬂc(lq,i <1,

0 < B < 1, and an initial design vector d{) = (d%, e ,dg\qfdyo, 3%, ce ,55\2’0), the
subset
D = T [dz(fq% — B8 (diwr — dir) /2, A%+ BSNdiy — dir)/ 2}
xIo [ = B spur = 5p0)/2, S0+ B (spur = 50.)/2]
CDCRM (6.77)
defines the gth subregion for ¢ = 1,2,---. Using the multipoint approximation [84,

112, 124], the original RDO and RBDO problems in Equations (6.1) and (6.2) are

exchanged with a succession of simpler subproblems, as follows.
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1. RDO

min 6éqgm(d s) := w;
(d,s)eDDCD o g

subject to él(?g’m(d,s) = al\/vard [~ 2(X;d s)} Eq [ 2(X;d s)] <0,

p=1--, M. (6.78)
2. RBDO
min &y, (d,s),
(d,s)eD@CD 2

subject to El(’q;,m(d, s) := Py [X € Q%S’m(d, s)] - <0,1=1,---,K,

A — B (dur — dip) /2 < di < d9 + B (o — dir) /2,

s\9 — B (s — 5p.1)/2 < 8p < 8D + B (5,0 — 5p.1)/2,

p=1---, M, (6.79)

In Equations (6.78) and (6.79), Eéqsm, ﬂ(() ;m, cl(q;m, yjl(gm, and Qg{%’s’m, [=1,2,--- K,
are local S-variate, mth-order augmented PDD approximations of ¢y, yo, ¢, y;, and
Qp;, respectively, at iteration g, where QE?@ s.m 18 defined using local augmented PDD

approximations of gjl(gm of y;; and d,(fg) — B,gQ)(dk,U —dr1)/2, d% + 6,(€q)(dk,U —dr1)/2,
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s;?()) — 55?12(51,7(] —Sp.1)/2, and s:ff(), + 89 (sp.u — Sp.L.)/2, also known as the move limits,
are the lower and upper bounds, respectively, of the associated coordinate of subre-
gion D@, Hence, the original objective and constraint functions are replaced with
those derived locally from respective augmented PDD approximations. Since the aug-
mented PDD approximations are mean-square convergent [97, 99], they also converge
in probability and in distribution. Therefore, given a subregion D@ the solution

of the associated RDO and RBDO subproblems also converges when S — N + M,

m — oo, and m’ — oo.

6.5.2 Single-Step Procedure

The single-step procedure is motivated on solving each RDO or RBDO sub-
problem in Equation (6.78) or (6.79) from a single stochastic analysis by sidestepping
the need to recalculate the PDD expansion coefficients at every design iteration. It
subsumes two important assumptions: (1) an S-variate, mth-order augmented PDD
approximation ys,, of y at the initial design is acceptable for all possible designs in
the subregion; and (2) the expansion coefficients for one design, derived from those
generated for another design, are accurate.

Consider a change of the probability measure of (X, D, S) from fx(x;d)fp(d;
wp) fs(s; pg)dxddds to fx(x;d') fo(d; pp) fs(s; pg)dxddds , where (d,s) and (d',s")
are two arbitrary design vectors corresponding to old and new designs, respectively,

! / . .
and pp and pg are new mean vectors for the corresponding affiliated random vec-

tors. Let {wiqjq(X’iq;d’); jq = Oala} ) {¢krlr(Dkrap’;:))> lr = 0717"'}7 and
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{pins (Spys ttg); my = 0,1,---} be three sets of new orthonormal polynomial basis
functions consistent with the marginal probability measures inq (xiq; d’ )dxiq of X,
fo, (d,; pp)ddy,. of Dy, and Is,, (Spi pg)ds,, of S,,, respectively, producing new

product polynomials

|ul |v]

wu‘]‘ | (Xw d )¢vl‘ | (dva .U‘D)Spwnhw Sw; HS H %q]q iq) d/) H (bkrlr (dkr; H’ID)
r=1

|w|
X H Ppene (Spt; l’l’S)? (680)

t=1
where ) £u C{1,--- N}, 0#£vC{l,--- , My} and ) #w C {1,---, M,}. Assume
that the expansion coefficients, yy(d, pp, pg) and Cy;,, (d, 1p, pg), for the old design

have been calculated already. Then, the expansion coefficients for the new design are

determined from

y@(dla/-'l’;:)?“/S) = /RN Z ZOuij‘u‘l|v|n‘w‘(dull’D’“S)

uC{1,- N} vC{l, , My} J|u|€N!)u‘71\v\€N‘0v‘7n|w\€N(‘)wl

- > .
wC{l e M Jultol+lwl=1 5 AR SRR RS ERN OIME LY

X wuj\u\ (Xu; d)d)vl\v\ (dv; “D)prn\m (Sw; l"'S) + y@(da Hp, /J’S)

< fx (06 d) fo(d: i) fs(5: ) dxdelds (6.51)
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and

Cuij‘u‘l‘u‘n‘w‘(dlal’l’;i)al'l’/S) = / Z Z

RN
c{1, ,N}vC{1,- ,M, : |l [v] [w]
e ket 3 €N by NG NG
=t oTsh - .717"'9.7\u\7l19"':l|v\7n17"'7n|w\7éo

Cuij‘u‘l|v|n|w‘ (d7 l’l’D7 .U‘S)wujw (XU7 d)¢v1|v| (dv7 HD)%DIUIHM‘ (Sum l’l’s)

+ y@(d’ IJ’D7 IJ’S) ¢uj‘u‘ (XU) d,)¢vn|v| (dv7 I‘l’;:))gpwnhu‘ (Sﬂ” IJ’IS)

x fx(x;d') fo(d; pp) fs(s; prs)dxddds (6.82)

by recycling the old expansion coefficients and using orthonormal polynomials as-
sociated with both designs. The relationship between the old and new coefficients,
described by Equations (6.81) and (6.82), is exact and is obtained by replacing y
in Equations (6.11) and (6.12) with the right side of Equation (6.10). However, in
practice, when the S-variate, m-th order augmented PDD approximation (Equation
(6.14)) is used to replace y in Equations (6.11) and (6.12), then the new expansion

coefficients,

w(d, pp, pg) = / > >

RY C{L"'vN}v C{lv"‘vM } j 1wl ] |w]
S MRS ) )
ul || oo’ vl ] oo’

<
[w] Hoo*m

Jiye 7j‘u|7l17"' 7”1}‘7”17"' 7n|w‘?é0

Cuij|u‘l‘v‘n‘w| (d7 Hp, H’S)ququ (Xu; d)¢vl\v| (dv; H’D)Spwrl\w\ (Sw; .U‘S)

+yp(d, pp, ps) | fx(x;d) fo(d; pp) f5(s; pg)dxddds (6.83)
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and

Cuij‘u‘l‘u‘n‘w‘(dlal’l’;i)al'l’/S) = / Z Z

RN
uC{1, ,N}vC{l, Mg} ji eN‘“',ll |eN|”|,n| ‘Elel
R s e T TR TR T A e

T bl s 70

Cuij‘u‘l‘v‘n‘w‘ (d7 S)l/}ujw (X’ua d)¢vl|u| (d'm MD)@wnm‘ (Sw; /J’S)

+ y@(dv Hp, .U‘S) wuj\u\ (Xu; d/)¢vl|v| (dv; H’ID)@wnm\ (Sw; /'I’IS)

s« fx (06 ') fo (ks i) fs s i dxddlds, (6.84)

which are applicable for v C {1,--- N}, v C {1,--- , My}, w C {1,---, M}, and
1 <u|+|v] + |w| < S, become approximate, although convergent. Simply replacing
pp and pg with d and s', respectively, in Equations (6.83) and (6.84) leads to the
PDD coefficients for the new design. Furthermore, the integrals in Equations (6.83)
and (6.84) consist of finite-order polynomial functions of at most S variables and
can be evaluated inexpensively without having to compute the original function y for
the new design. Therefore, new stochastic analyses, all employing S-variate, mth-
order augmented PDD approximation of y, are conducted with little additional cost

during all design iterations, drastically curbing the computational effort of solving an

RDO/RBDO subproblem.

6.5.3 Proposed Multipoint Single-Step Design Process
When the multipoint approximation is combined with the single-step proce-

dure, the result is an accurate and efficient design process to solve the RDO and
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RBDO problems defined by Equations (6.1) and (6.2). Using the single-step proce-
dure, the design solution of an individual RDO/RBDO subproblem becomes the initial
design for the next RDO/RBDO subproblem. Then, the move limits are updated,
and the optimization is repeated iteratively until an optimal solution is attained. The
method is schematically depicted in Figure 6.1. Given an initial design (do,so), a se-
quence of design solutions, obtained successively for each subregion D@ and using
the S-variate, mth-order augmented PDD approximation, leads to an approximate
optimal solution (&*,5*) of the RDO/RBDO problem. In contrast, an augmented
PDD approximation constructed for the entire design space D, if it commits large
approximation errors, may possibly lead to a premature or erroneous design solution.
The multipoint approximation in the proposed methods overcomes this quandary by
adopting smaller subregions and local augmented PDD approximations, whereas the
single-step procedure diminishes the computational requirement as much as possible
by recycling the PDD expansion coefficients.

When S - N + M, m — oo, m' — oo, and ¢ — 0o, the moments, reliabil-
ity, and their design sensitivities by the augmented PDD approximations converge to
their exactness, yielding coincident solutions of the original RDO/RBDO problems
(Equations (6.1) and (6.2)) and RDO/RBDO subproblems (Equations (6.78) and
(6.79)). However, if the subregions are sufficiently small, then for finite and possibly
low values of S and m, Equation (6.78) or (6.79) is expected to generate an accu-
rate solution of Equation (6.1) or (6.2), the principal motivation for developing the

augmented PDD methods.
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Contours of ¢, Contours of Augmented PDD  Multipoint step

approximation of ¢, at initial o '
design (d,,s,) Optimization without

(d,s).” multipoint step
—x%
- /,_.ijf dy.s,) /Subregion

~3 ~

Figure 6.1: A schematic description of the multi-point, single-step design process

The augmented PDD methods in conjunction with the combined multi-point,
single-step design process is outlined by the following steps. The flow chart of this
method is shown in Figure 6.2.

Step 1: Select an initial design vector (dy,sg). Define tolerances €; > 0, €5 > 0, and
€3 > 0. Set the iteration ¢ = 1, (d, s)éq) = (dg,sp). Define the subregion
size parameters 0 < Bff,l <1, k=1, ,Mgyand 0 < B9 < 1, p =
1,- -+, My, describing the gth subregion defined in Equation (6.77). Denote
the subregion’s increasing history by a set H® and set it to empty. Set two
designs (d,s); = (do, so) and (do, So) f,1ast 7 (do,so) such that |[(do,so)s —
(do, S0) f.1ast||2 > €1. Set (d,s)gko) = (do,S0), qfast = 1, and gy = 1. Usually,

a feasible design should be selected to be the initial design (dg, sg). However,
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when an infeasible initial design is chosen, a new feasible design can be
obtained during the iteration if the initial subregion size parameters are

large enough.

Step 2: Select (¢ = 1) or use (¢ > 1) the PDD truncation parameters S and m.

At (d,s) = (d, s) , generate the augmented PDD expansion coefficients,

yQ)(dvll'Da“S) and Cuij\u|1|v|n|w\(dvIJ’D’M’S>7 where @ 7é u C {17"' ,N},

®7£ v g {17"'7Md}7 @ 7& w g {17"'7M8}7 1 S |u|+\v|—|—|w| S S7

Hj‘u‘ HOO , |||OO , ||n|w| HOO < m, using dimension-reduction integration with
R =S5, n=m+ 1, leading to S-variate, mth-order augmented PDD ap-
proximations yls (X;d,s) of y(X;d,s) and cls (d,s) of ¢(d,s), I =

0,1,---, K, in Equation (6.78) or (6.79). For RDO, calculate the expansion

coefficients of score functions, s;¢(d) and D;, ;(d), where k = 1,--- | M
and j = 1,---,m/, analytically, if possible, or numerically, resulting in
m/th-order Fourier-polynomial approximations of s (X;,;d), k =1,---, M.

Step 3: If g =1 and cl(q;m((d,s)é@) <0forl=1,---,K, then go to Step 4. If ¢ > 1
and 6l(?§’m((d,s)éq)) < 0forl =1,---,K, then set (d,s)sus = (d,s),
(d,s); = (d,s)éq) . Qflast = 4f, ¢f = q and go to Step 4. Otherwise, go to
Step 5.

Step 4: If ||(d,s);—(d,s) fast||2 < €1 0r

a7k ((9)) = 55 (A 9) )| /2%,
((d,s);)| < €3, then stop and denote the final optimal solution as (d*,§*) =

(d,s)s. Otherwise, go to Step 6.

Step 5: Compare the infeasible design (d, S)(()Q) with the feasible design (d,s); and



Step 6:

Step 7:

Step 8:

Step 9:
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interpolate between (d, s)éq) and (d,s)s to obtain a new feasible design and
set it as (d,s)". For dimensions with large differences between (d,s){?
and (d, s), interpolate aggressively. Reduce the size of the subregion D to
obtain new subregion PtV For dimensions with large differences between
(d,s)éQ) and (d,s)y, reduce aggressively. Also, for dimensions with large
differences between the sensitivities of 5l(2m((d,s)(()q)) and 5l(f1§ni)((d,s)éq)),
reduce aggressively. Update ¢ = ¢+ 1 and go to Step 2.

If the subregion size is small, that is, ﬁé?,z(dk,y —dy.1) < €9, Or 5§32 (Spv —

Sp.r) < €2, and (d, s)iq_l) is located on the boundary of the subregion, then

go to Step 7. Otherwise, go to Step 9.

If the subregion centered at (d,s)(()q) has been enlarged before, that is,

(d,s)(()q) € H Y, then set H® = H Y and go to Step 9. Otherwise,

set H@ = H@V | J{(d,s)} and go to Step .

For coordinates of (d,s)(()q) located on the boundary of the subregionand
é?,z(dky —dy) < €, Or 63(2(5ng — s,1) < €2 , increase the sizes of corre-

sponding components of D@; for other coordinates, keep them as they are.

Set the new subregion as D@D,

Solve the design problem in Equation (6.78) or (6.79) employing the single-
step PDD procedure. In so doing, recycle the PDD expansion coefficients
obtained from Step 2 in Equations (6.83) and (6.84), producing approx-
imations of the objective and constraint functions that stem from single

calculation of these coefficients. To evaluate the gradients, recalculate the
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Fourier expansion coefficients of score functions as needed. Denote the op-

timal solution by (d, $)'? and set (d, s)(()qﬂ) = (d,s)iq). Update g = ¢ + 1

and go to Step 2.

Step 1: Initialize; set (d,s)’ =(d,,s,) . ‘

Step 2: At (d,s)g‘” , generate augmented
PDD approximations of responses.

Step 5: Interpolate to
obtain a new feasible
design; reduce
subregion size.

Step 3: Is new
design feasible?

Yes

Step 6: Are conditions
for enlarging subregion size
satisfied?

Step 9: Solve the RDO/RBDO subproblem by

Step 7: Is current design in
the increasing histories?

Yes

A

single-step procedure.

Step 8: Increase
subregion and

modify increasing

history

Figure 6.2: A flow chart of the proposed multi-point, single-step design process

6.6 Numerical Examples

Four examples are presented to illustrate the proposed methods developed in

estimating design sensitivities and solving various RDO/RBDO problems involving

mixed design variables. The objective and constraint functions are either elementary
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mathematical functions or relate to engineering problems, ranging from simple struc-
tures to complex FEA-aided mechanical designs. Both size and shape design problems
are included. The PDD expansion coefficients were estimated by dimension-reduction
integration with the mean input as the reference point, R = S, and the number of
integration points n = m + 1, where S and m vary depending on the problem. Since
the distributional design variables describe both means and standard deviations of
Gaussian random variables, the order m’ used for Fourier expansion coefficients of
score functions in Example 1 is two. However, in Example 4, where the distribu-
tional design variables are the means of truncated Gaussian random variables, m’ is
one. In Examples 1 through 4, orthonormal polynomials, consistent with the proba-
bility distributions of input random variables, were used as bases. For the Gaussian
distribution, the Hermite polynomials were used. For random variables following non-
Gaussian probability distributions, such as the Lognormal distribution in Example
3 and truncated Gaussian distribution in Example 4, the orthonormal polynomials
were obtained either analytically when possible or numerically, exploiting the Stielt-
jes procedure [98]. The sample size for the embedded MCS is 10° in all examples.
The multi-point, single-step design procedure was used in Examples 3 and 4 for solv-
ing RDO and RBDO problems. The tolerances, initial subregion size, and threshold
parameters for the multi-point, single-step procedure are as follows: (1) ¢, = 0.01,
€2 = 2, g = 0.005 (Example 3); ¢ = 0.01, e = 2, ¢35 = 0.05 (Example 4); (2)
ﬁftll) =...= 55,11)\@ = ﬁs(ll) =...= BS(IX/I = 0.5. The optimization algorithm selected is

sequential quadratic programming [106] in Examples 3 and 4.
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6.6.1 Example 1: Sensitivities of Moments
The first example involves calculating sensitivities of the first two moments of

a polynomial function

y(X;d,s) = 13.2(X1 +Xo+pu+o0+s+s)+0.18(X; + Xy)?

+0.31 X7 X581 + 0.25X 35, + 0.11X 550 + 0.4s7so1%,  (6.85)

where X; and X, are two independent and identically distributed Gaussian random
variables, each with the same mean g and standard deviation o. The distributional
and structural design vectors are d = (u,0)T and s = (sq, s9)7, respectively. The
affiliated random vector D = (Dy, Dy)? is selected to be Gaussian, where the com-
ponents Dy, D, are independent with the same standard deviation of 1 but different
mean values E;[Dy] = d; = p and E,[Ds] = dy = 0. The affiliated random vector
S = (51, SQ)T is also normally distributed with the independent components S;, Sy,
which have the same standard deviation of 1 but different mean values Ey[S;] = s
and Ey[Ss] = so.

Table 6.1 presents the approximate sensitivities of the first two moments
Eqly(X;d, s)] and Eq[y?(X;d,s)] at d = dy = (0.4,1)T and s = sy = (0.55,0.48)7
obtained by the proposed augmented PDD methods (Equations (6.47),(6.48),(6.63),
and (6.64)). Three sets of estimates stemming from univariate (S = 1), bivariate
(S = 2), and trivariate (S = 3) third-order PDD approximations of y are included.
The exact solution, which exists for this problem, is also included in Table 6.1. The
univariate PDD, listed in the second column, provides satisfactory estimates for all

sensitivities, requiring only 26 function evaluations. Although the bivariate approx-
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imation is more expensive than the univariate approximation, the former generates
highly accurate solutions, as expected. The function y, being both trivariate and a
cubic polynomial, is exactly reproduced by the trivariate (S = 3), third-order (m = 3)
augmented PDD approximation when orthonormal polynomials consistent with Gaus-
sian probability measures are used. Therefore, the trivariate, third-order augmented
PDD approximation, along with the proposed sensitivity analysis method, reproduces
the exact solution. Although the third-order, bivariate augmented PDD approxima-
tion is unable to reproduce the original function exactly, it provides highly accurate
sensitivity results for most cases, which are the same as the exact or trivariate results
providing four significant digits, except for the sensitivity with respect to s;, which
has about one percent error. Comparing the computational efforts, 1546 function
evaluations were required by trivariate PDD to produce the exact results, whereas 26
and 266 function evaluations were incurred by the univariate and bivariate approx-
imations, respectively. Therefore, the univariate augmented PDD method furnishes

very accurate and highly efficient estimates of the first two moment sensitivities.
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Table 6.1: Sensitivities of the first two moments at dg = (0.4,1)T and sy =

(0.55,0.48)
Augmented PDD
Exact
Univariate Bivariate Trivariate
(m = 3) (m = 3) (m = 3)
omM(dy, sg) /O 41.6183 43.0063 43.0063 43.0063
omM(dy, s¢) /0o 15.1955 15.1955 15.1955 15.1955
omWM(dy, s9) /0s1  13.2696 13.4936 13.4936 13.4936
omWM(dy, sg) /0sy  13.2634 13.2634 13.2634 13.2634
om® (dy, so) /O 3700.9977 3895.1957 3895.1957 3895.1957
om@(dy, sg) /0o 2201.2607 2365.6375 2365.6375 2365.6375
om®(dy, sg) /0s1  1161.5037 1188.3302 1198.9252 1198.9252
om(dy, sy) /0sy  1160.9547 1164.1960 1164.1960 1164.1960
No. of Func. 26 266 1546 —
Eval.
6.6.2 Example 2: Sensitivities of Failure Probability
For the second example, consider two performance functions
XPX3
n(X;s) = —s+1+ 52 (6.86)
and
5 4
1(X;s) = —1 i (6.87)

t v T ov =
X2 48Xy +5
where the random vector X comprises two independent Gaussian random variables,

X; and X5, with the same standard deviation of 0.3 but different mean values



257

Eq[X1] = 7.5 and Eq[X5] = 1. The structural design variable is s. The corresponding
affiliated random variable S is selected to be Gaussian with mean E,[S] = s and
standard deviation o,. The objective of this example is to evaluate the accuracy of
the proposed augmented PDD methods (Equation (6.75)) in calculating sensitivities
of the failure probabilities Pr;(s) := P [y1(X;s) < 0] and Pra(s) := P [y2(X;s) < 0].

The perturbation size for finite-difference approximation is taken as As = 0.001.

Table 6.2: Sensitivities of probability of failure at sy = 2

9Py (s0) 0Py (s0) No. of Func.
Eval. of 4,
0s 0s
and y»

Univariate 0.1850 -3.8760 26

os =1 Bivariate 9.0 x 107®  -8.3340 122

Trivariate 0.0 -9.0910 250

Augmented Univariate 0.6220 -2.5560 26

PDD 0,=03  Bivariate  0.3410 ~1.5780 122
(m = 3)

Trivariate 0.3370 -1.5560 250

Univariate 0.5920 -1.8720 26

os =0.0005  Bivariate 0.3160 -1.4700 122

Trivariate 0.3190 -1.4760 250

Exact 0.3228 -1.4100 —

Table 6.2 exhibits the sensitivities of the failure probabilities Pr;(s) and
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Prs(s) with respect to the structural design variable s calculated at s = sy = 2.
It contains the estimates of the sensitivities by the univariate (S = 1), bivariate
(S = 2), and trivariate (S = 3) third-order augmented PDD approximations of y;
and y,. Combined with the different values of o,, which are o, = 1, o, = 0.3, and
os = 0.0005, a total of nine cases were examined to study the convergence with respect
to o, and the truncation S. The exact solution, also existing for this particular prob-
lem, is also listed in the last row to verify the approximate solutions. For o, = 1.0, all
results of univariate, bivariate, and trivariate augmented PDD approximation deviate
from the exact solution. However, when the value of o, decreases, the error is reduced
significantly, especially for the bivariate and trivariate cases. When o, = 0.0005, rea-
sonably accurate results are obtained by the bivariate and trivariate augmented PDD
approximations, incurring 122 and 255 function evaluations, respectively. In addition,
the univariate augmented PDD for o, = 0.0005 provides improved estimates of sen-
sitivities of failure probabilities with only 26 function evaluations. It is important to
note that the orders of o, and As have to be similar to achieve satisfactory estimates

of sensitivities, as found, at least, in this particular example.

6.6.3 Example 3: Size and Configuration Design of a Six-bay, Twenty-one-bar
Truss
The third example demonstrates how RBDO problems with constraints limit-
ing the system reliability can be efficiently solved by the proposed method. A linear-

elastic, six-bay, twenty-one-bar truss structure, with geometric properties shown in
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Figure 6.3, is simply supported at nodes 1 and 12 and is subjected to a concentrated
load of 56,000 1b (249,100 N) at node 7. The truss material is made of an aluminum
alloy with the Young’s modulus £ = 107 psi (68.94 GPa). Considering the symmetry
of the structure, the random input is selected as X = (X1,---, X11)T € R, where
X;, i =1,---,11, represents the cross-sectional area of the ith truss member. The
random variables are independent and lognormally distributed with means j; in? and
standard deviations o; = 0.1 in%, i = 1,--- ,11. As depicted in Figure 6.3, the struc-
tural design vector s = (s, s2)” describes the node locations, where s; represents the
horizontal location of nodes 2, 3, 10, and 11, and s, represents the horizontal location
of nodes 4, 5, 8, and 9. Let vyax(X;8) and 0yy,ax(X; s) denote the maximum vertical
displacement of all nodes and maximum axial stress in all truss members, respectively,
determined from linear-elastic FEA. The permissible displacement and stress are lim-
ited t0 daow = 0.266 in (6.76 mm) and ey = 37,680 psi (259.8 MPa), respectively.
The system-level failure set is defined as Qp := {x: {y1(x;s) < 0} U {y2(x;8) < 0}},

where the performance functions

Umax (X s Omax(X; 8
s (Xi8)| 0 lome(Xi)]

dallow O allow

n(X;s)=1-— (6.88)

Due to the symmetry of the structure and loads, the distributional design vector
isd = (u,- - ,un)TE D C RYM. The objective is to minimize the volume of the
truss structure subject to a system reliability constraint, limiting the maximum ver-

tical displacement and the maximum axial stress. Therefore, the RBDO problem is
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formulated to

i d,s)=V(d
Quin - co(d,s) =V(d;s),
subject to c1(d,s) = Pa [{n1(X;8) < 0} U{ya(X;s) < 0} — @(—3) <0,
e 11,

8< s <12, 18< sy <22, (6.89)

where V'(d, s) is the total volume of the truss. The initial value of the distributional
design vector is dy = (15,15,15,15,15,15,15,15,15,15,15)7 in? (x2.54% cm?), and
the initial value of the structural design vector is s = (10,10)7 in (x2.54 cm). The
approximate optimal solution is denoted by (d*;§*) = (dt,d5,--- ,diy; 5,557, The
affiliated random vectors D and S are selected to be Gaussian, and their components
are independent with the same standard deviation of 0.0005 but different mean vectors
E;[D] = d and E5[S] = s. The small perturbation size of dj, and s,, for finite-difference
approximation of sensitivities of failure probabilities are taken as Ad; = 0.001 and

As, = 0.001, respectively, for k =1,---,11 and p = 1, 2.
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8in
9in

60 in

Figure 6.3: A six-bay, twenty-one-bar truss structure (Example 3)

The proposed multi-point, single-step design procedure was applied to solve
this problem, employing bivariate, second-order augmented PDD approximations for
the underlying stochastic and design sensitivity analysis. The first column of Table 6.3
summarizes the values of design variables, objective function, and constraint function
for the optimal design, all generated by the augmented PDD method. The objective
function ¢y is reduced from 3044.47 in® at initial design to 1049.02 in® at optimal
design — an almost 66 percent change. At optimum, the constraint function c¢; is
—0.21 x 1072 and is, therefore, close to being active. Most of the design variables
have undergone moderate to significant changes from their initial values, prompting
substantial modifications of sizes and configurations of the truss structures. For
further scrutinizing the optimum, the results by the crude MCS method, adapting the
optimum solution by the proposed augmented PDD method as the initial design, are

listed in the last column. The negligible difference between the results of the proposed
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PDD method and the results of the corresponding crude MCS method demonstrates
the accuracy of the proposed method. Comparing the computational efforts, only
7420 FEA were required to produce the results of the proposed method in Table
6.3, whereas 846 million FEA (samples) were incurred by crude MCS. Therefore, the
proposed augmented PDD methods provide not only highly accurate, but also vastly

efficient, solutions for this mixed RBDO problem.
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Table 6.3: Optimization results for the six-bay, twenty-one-bar truss problem

Augmented PDD Crude MCS®

S=2 m=2
d*, in? 7.6858 7.6665
ds, in? 7.7138 7.7005
d, in? 4.3102 4.3101
d%, in? 4.7163 4.7162
dz, in? 4.9026 4.9025
d, in? 4.2936 4.2935
dt, in? 6.0545 6.0544
dy, in? 5.0385 5.0384
dt, in” 6.2239 6.2239
dt,, in? 4.5967 4.5967
dt,, in? 3.3725 3.3723
§%, in 12.0000 12.0000
85, in 19.1703 19.1702
¢, in® 1049.02 1048.35
e @ —0.2100 x 1073 —0.5300 x 1074
No. of FEA 7,420 846,000,000

(2) The constraint values are calculated by MCS with 108 sample size.
(®) Crude MCS: initial design is set to the optimal solution of augmented PDD, i.e., the optimal solution in the
second column.

6.6.4 Example 4: Shape Design of a Three-Hole Bracket
The final example involves shape design optimization of a two-dimensional,
three-hole bracket, where five random shape parameters, X;, i = 1,---,5, describe

its inner and outer boundaries, while maintaining symmetry about the central verti-
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cal axis. The distributional design variables, dj, = Eq[X}], i = 1,-- -5, are the means
of these five independent random variables, with Figure 6.4(a) depicting the initial
design of the bracket geometry at the mean values of the shape parameters. The
structural design variables, s,, p = 1,---4, are four deterministic shape parameters
shown in Figure 6.4(a), along with the random shape parameters defining the geom-
etry of the three-hole bracket. The bottom two holes are fixed, and a deterministic
horizontal force F' = 15,000 N is applied at the center of the top hole. The bracket
material has a deterministic mass density p = 7810 kg/m?, deterministic elastic mod-
ulus £ = 207.4 GPa, deterministic Poisson’s ratio v = 0.3, and deterministic uniaxial
yield strength S, = 800 MPa. The objective is to minimize the second-moment prop-
erties of the mass of the bracket by changing the shape of the geometry such that the
maximum von Mises stress o, max(X;s) does not exceed the yield strength S, of the
material with 99.875% probability if y; is Gaussian. Mathematically, the RDO for

this problem is defined to

i ot s) = 0.5 bo(Xss)] varg [yo(X;s)]
(d,s)eD o(d;s) O'5Edo [o(Xss)] y/varg, [yo(X;s)]

subject to c1(d,s) = 3y/varg [y1(X;s)] — Eq [11(X;s)] <0,

10 mm < d; <30 mm, 12 mm < dy < 30 mm,

12 mm < dz < 30 mm, —15 mm < dy < 10 mm,
—8mm < ds < 15 mm, 0 mm < s; < 14 mm,
17 mm < 59 < 35 mm, 30 mm < s3 < 40 mm,

50 mm < s4 < 140 mm, (6.90)
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where
yo(X;s) = p/ dD' (6.91)
D/(X;s)
and

y1(Xs8) = Sy — Oemax(X;8) (6.92)

are two random response functions, and Eq, [yo(X; s)] and varg, [yo(X; s)] are the mean
and variance, respectively, of y at the initial design (do, s¢) = (0, 30, 10, 40, 20, 20, 75,
0,0)7 mm of the design vector (d,s) = (dy,--- ,ds,s1,...,84)7 € D C R%. The
corresponding mean and standard deviation of yg of the original design, calculated
by the bivariate, first-order augmented PDD method, are 0.3415 kg and 0.00136 kg,
respectively. Figure 6.4(b) portrays the contours of the von Mises stress calculated by
FEA of the initial bracket design, which comprises 11,908 nodes and 3914 eight-noded
quadrilateral elements. A plane stress condition was assumed. The approximate
optimal solution is denoted by (d*,§) = (d¥,--- ,df, §%,...,5)7. The corresponding
affiliated random vectors D and S are selected to be Gaussian, and their components
are independent with the same standard deviation of 0.2 but different mean vectors

E;[D] = d and E,[S] = s.
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S, Mises

(Avg: 75%)
784.81
750.00
700.00
650.00
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300.00
250.00
200.00

(2) (b)

Figure 6.4: A three-hole bracket; (a) design parametrization; (b) von Mises stress at
initial design

Due to their finite bounds, the random variables X;, ¢ = 1,--- .5, were as-

sumed to follow truncated Gaussian distributions with densities
o(*2%)
fX-(Iz‘) = -
’ D, D,
o(7) e (-3)
o; 0;

when a; < z; < b; and zero otherwise, where ®(-) and ¢(-) are the cumulative

(6.93)

distribution and probability density functions, respectively, of a standard Gaussian
variable; 0; = 0.2; and a; = d; — D; and b; = d; + D; are the lower and upper bounds,
respectively, of X;. To avoid unrealistic designs, the bounds were chosen with D; = 2,
which is consistent with the bound constraints of design variables stated in Equation

(6.90).
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The proposed multi-point, single-step PDD design procedure was applied to
solve this problem, employing three univariate and one bivariate augmented PDD
approximation for the underlying stochastic analysis: (1) S =1, m =1; (2) S =1,
m=2;(3) S=1,m=3; and (4) S = 2, m = 1. Table 6.4 summarizes the
optimization results by all four choices of the truncation parameters. The optimal
design solutions rapidly converge as S or m increases. The univariate, first-order
(S = 1, m = 1) PDD method, which is the most economical method, produces
an optimal solution reasonably close to those obtained from higher-order univariate
or bivariate PDD methods. For instance, the largest deviation from the average
values of the objective function at four optimum points is only 3.8 percent. It is
important to note that the coupling between the single-step procedure and multi-
point approximation is essential to find optimal solutions of this practical problem

using low-variate, low-order augmented PDD approximations.



Table 6.4: Optimization results for the three-hole bracket

268

Augmented PDD Method

Results
Univariate Univariate Univariate Bivariate
(S=1,m=1) (S=1,m=2) (S=1,m=3) (S=2,m=1)
aﬁ, mm 27.7537 28.0521 28.5815 26.8853
d5, mm 12.0030 12.0000 12.0000 12.0000
~§, mm 12.0003 12.0000 12.0000 12.0000
dj, mm -13.7431 -13.9282 -13.9025 -14.3121
dz, mm 14.7886 14.9982 15.0000 15.0000
57, mm 13.6741 13.9833 14.0000 13.6256
55, mm 17.0081 17.0096 17.0000 17.0000
53, mm 30.0606 30.0002 30.0000 30.0000
53, mm 118.1092 117.6801 117.5495 124.1864
Go(d*)(@ 0.6668 0.6638 0.6628 0.6895
& (d*)(@ -1.8819 -14.1435 -18.3799 -10.1967
Ej. [yo(X;s)] 0.1204 0.1184 0.1178 0.1278
@ | kg
vars. [yo(X;s)]  0.00138 0.00138 0.00138 0.00135
@ kg
No. of 35 21 37 19
iterations
No. of FEA 665 088 1369 3078

(2) The objective and constraint functions, Ez- [yo(X;s)], and

evaluated by respective approximations.

varg. [yo(X;s)] at respective optima, were
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5, Mises
(Avg: 75%)

(©) (d)

Figure 6.5: von Mises stress contours at mean values of optimal bracket designs by the
multi-point, single-step PDD method; (a) univariate approximation (S =1, m = 1);
(b) univariate approximation (S = 1, m = 2); (c¢) univariate approximation (S = 1,
m = 3); (d) bivariate approximation (S =2, m = 1)
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Figures 6.5(a) through 6.5(d) illustrate the contour plots of the von Mises
stress for the four optimal designs at the mean values of random shape parameters.
Regardless of S or m, the overall area of an optimal design has been substantially
reduced, mainly due to significant alteration of the inner boundary and moderate
alteration of the outer boundary of the bracket. All nine design variables have under-
gone moderate to significant changes from their initial values. The optimal masses
of the bracket vary as 0.1204 kg, 0.1184 kg, 0.1178 kg, and 0.1278 kg — about a 63
percent reduction from the initial mass of 0.3415 kg. The second-moment statistics
at optimal designs are averages of all PDD solutions described earlier. The largest
reduction of the mean is 62.57 %, whereas the slight average drop, 0.99 %, in the
standard deviations, is attributed to the objective function that combines both the
mean and standard deviation of yy. Compared with the conservative design in 6.4(b),
larger stresses — for example, 800 MPa — are safely tolerated by the final designs in

Figures 6.5(a) through 6.5(d).

6.7 Conclusion
A novel computational method, referred to as the augmented PDD method, is
proposed for RDO and RBDO of complex engineering systems subject to mixed design
variables comprising both distributional and structural design variables. The method
involves a new augmented PDD of a high-dimensional stochastic response for statis-
tical moment and reliability analyses; an integration of the augmented PDD, score

functions; finite-difference approximation for calculating the sensitivities of the first
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two moments and the failure probability with respect to distributional and structural
design variables; and standard gradient-based optimization algorithms, encompassing
a multi-point, single-step design process. For RDO sensitivity analysis, the method
capitalizes on a novel integration of the augmented PDD and score functions, pro-
viding analytical expressions of mean-square convergent approximations of the design
sensitivities of the first two moments. For RBDO sensitivity analysis, the method uti-
lizes the embedded MCS of the augmented PDD approximation and a finite-difference
approximation to estimate the design sensitivities of the failure probability. In each
variant of design optimization, both the stochastic responses, whether the first two
moments or the failure probability, and their design sensitivities are determined con-
currently from a single stochastic analysis or simulation. Moreover, the multi-point,
single-step design process embedded in the proposed method facilitates a solution of
an RDO/RBDO problem entailing mixed design variables with a large design space.
Numerical results, including a shape design optimization of a three-hole bracket,
indicate that the proposed methods provide accurate and computationally efficient

sensitivity estimates and optimal solutions for general RDO and RBDO problems.
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CHAPTER 7
CONCLUSIONS AND FUTURE WORK

7.1 Conclusions

The major objective of this study was to develop novel computational methods
for RDO and RBDO of high-dimensional, complex engineering systems. Four major
tasks were completed to meet the objective of the study. They involved: (1) devel-
opment of new sensitivity analysis methods for RDO and RBDO; (2) development
of novel optimization methods for solving RDO problems; (3) development of novel
optimization methods for solving RBDO problems; and (4) development of a novel
scheme and formulation to solve stochastic design optimization problems with both
distributional and structural design parameters. The major conclusions from these
four tasks are summarized as follows:

1. Development of new sensitivity analysis methods for RDO and RBDO:
Three new computational methods were developed for calculating design sensi-
tivities of statistical moments and reliability of high-dimensional complex sys-
tems subject to random input. The first method represents a novel integra-
tion of PDD of a multivariate stochastic response function and score functions.
Applied to the statistical moments, the method provides mean-square conver-
gent, analytical expressions of design sensitivities of the first two moments of a
stochastic response. The second and third methods, relevant to probability dis-

tribution or reliability analysis, exploit two distinct combinations built on PDD:
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the PDD-SPA method, entailing the SPA and score functions; and the PDD-
MCS method, utilizing the embedded MCS of the PDD approximation and score
functions. For all three methods developed, the statistical moments or failure
probabilities and their design sensitivities are both determined concurrently
from a single stochastic analysis or simulation. Numerical examples, including
a 100-dimensional mathematical problem, indicate that the new methods devel-
oped provide not only theoretically convergent or accurate design sensitivities,
but also computationally efficient solutions. A practical example involving ro-
bust design optimization of a three-hole bracket illustrates the usefulness of the

proposed methods.

. Development of novel optimization methods for solving RDO prob-
lems: Four new methods were developed for RDO of complex engineering sys-
tems. The methods involve PDD of a high-dimensional stochastic response for
statistical moment analysis, a novel integration of PDD and score functions
for calculating the second-moment sensitivities with respect to the design vari-
ables, and standard gradient-based optimization algorithms. New closed-form
formulae were presented for the design sensitivities that are simultaneously de-
termined along with the moments. The methods depend on how statistical mo-
ment and sensitivity analyses are dovetailed with an optimization algorithm,
encompassing direct, single-step, sequential, and multi-point single-step design
processes. Numerical results indicate that the proposed methods provide accu-

rate and computationally efficient optimal solutions of RDO problems, including
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an industrial-scale lever arm design.

3. Development of novel optimization methods for solving RBDO prob-
lems: Two new methods were developed for RBDO of complex engineering sys-
tems. The methods involve AS-PDD of a high-dimensional stochastic response
for reliability analysis, a novel integration of AS-PDD and score functions for
calculating the sensitivities of the failure probability with respect to design
variables, and standard gradient-based optimization algorithms, encompassing
a multi-point, single-step design process. The two methods, depending on how
the failure probability and its design sensitivities are evaluated, exploit two dis-
tinct combinations built on AS-PDD: the AS-PDD-SPA method, entailing the
SPA and score functions; and the AS-PDD-MCS method, utilizing the embed-
ded MCS of the AS-PDD approximation and score functions. In both methods,
the failure probability and its design sensitivities are determined concurrently
from a single stochastic simulation or analysis. When applied in collaboration
with the multi-point, single-step framework, the proposed methods afford the
ability of solving industrial-scale design problems. Numerical results stemming
from mathematical functions or elementary engineering problems indicate that
the new methods provide more accurate and computationally efficient design so-
lutions than existing methods. Furthermore, shape design of a 79-dimensional
jet engine bracket was performed, demonstrating the power of the methods

developed to tackle practical RBDO problems.

4. Development of a novel scheme and formulation to solve stochastic
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design optimization problems with both distributional and structural
design parameters: A new method, named as augmented PDD method, was
developed for RDO and RBDO subject to mixed design variables comprising
both distributional and structural design variables. The method comprises a
new augmented PDD of a high-dimensional stochastic response for statistical
moment and reliability analyses; an integration of the augmented PDD, score
functions, and finite-difference approximation for calculating the sensitivities of
the first two moments and the failure probability with respect to distributional
and structural design variables; and standard gradient-based optimization al-
gorithms, encompassing a multi-point, single-step design process. New closed-
form formulae were presented for the design sensitivities of moments that are
simultaneously determined along with the moments. A finite-difference approx-
imation integrated with the embedded MCS of the augmented PDD was put
forward for design sensitivities of the failure probability. In conjunction with
the multi-point, single-step design process, the new method provides an efficient
means to solve an RDO/RBDO problem entailing mixed design variables with
a large design space. Numerical results, including a three-hole bracket design,
indicate that the proposed methods provide accurate and computationally effi-
cient sensitivity estimates and optimal solutions for general RDO and RBDO

problems.



276

7.2 Recommendations for Future Work
Based on the research and development in this study, the following activities
are recommended for future efforts:
1. The methods developed in this work are all based on the fundamental assump-
tion that input random variables be independently distributed. Hence, further
research is required for stochastic analysis and design optimization when the

input random variables follow general dependent probability distributions.

2. The methods developed in this work are strictly valid for specified probability
distributions of random input variables. Advances in sensor technology and
high-performance computing allow scientists and engineers to generate and col-
lect extremely large and high-dimensional data sets, referred to as big data,
usually measured in terabytes and perabytes. Therefore, further developments
of data-driven design optimization methods, avoiding the subjectivity of assign-

ing parametric probability distributions, should be pursued.
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APPENDIX A
ANALYTICAL SOLUTION OF SENSITIVITIES OF 1ST AND 2ND
MOMENTS OF THE OAKLEY AND O'HAGAN FUNCTION

Consider the Oakley and O’Hagan function y(X) in Equation 3.74. The ana-

lytical solutions for sensitivities of the first moment of y(X) with respect to u and o

are
a (1) d 15 2 15 2 15 15
ma—() :Zali_’_e_T CQSMZCL%—Q_T sinuZagi—FZu Z Mij (Al)
2 i—1 i—1 i=1 1,j=1;i#j
and
omM(d) e 7. T
8—0 — —ge 2 (32 sin p + ag cos [L) + QUU"(M), (A.Q)

respectively, where a; = {a;} € R, | = 1,2,3, and M = [M;;] € R¥*1 are
coefficient vectors and matrix, correspondingly, and tr is the trace operator. When

p =0 and o =1, they become

15

(1) d 15
87”—() = Zali—l—e_%Za% (AS)
7z p=0,0=1 i=1 i=1
and
omM(d) =
— =—e72 ) ag +2tr(M). (A.4)
do pu=0,0=1 i=1
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Similarly, the analytical solution for sensitivities of the second moment of y(X) with

respect to p and o at 4 =0 and 0 =1 are

om®(d)
o

pn=0,0=1

15 15 15
= 2X E CLMMJJ + E aliMij =+ E aliMﬂ
i =Tt i j=TLsitj i j=Tij
15 15 15

+ 3 Z a1 M + 2¢73 Z a3 Mj; + e 2 Z Qi Mj;

i=1 i=1 i,j=15ij

15 15 15
_1 _1 _1
+ e 2 E G/QiMij +e 2 E agiMﬁ +e 2 E auagj

i,j=1:i#j ij=15i#j i,j=1;i#j
15 15

+ 6_1 Z A2;A3; + 6_2 Z a9;A3; (A5)

i.j=L5i#] i=1

and

om®(d)

15 15 15
1 1 1
= 2X [—28_2 Z agiMii +e 2 Z agiij +e 2 Z a1;a9;
pn=0,0=1 i=1 i,j=15i#] i=1
15 15 15 15
+ 2 Z CL%i + 26_2 Z CL%Z- - 26_1 Z a3;a3; — 26_2 Z CL%Z-
i=1 i=1 i,j=15i#j i=1
15 15 15
+ 4 > MaMj+4 ) (MM + MiMj) + 12> MMy,
i,j=135i#j i,j=15i#] i=1

(A.6)

respectively.
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