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AN APPLIED FUNCTIONAL AND NUMERICAL ANALYSIS OF A 3-D
FLUID-STRUCTURE INTERACTIVE PDE.

Thomas J. Clark, Ph.D.

University of Nebraska, 2014

Adviser: George Avalos

We will present qualitative and numerical results on a partial differential equation (PDE)
system which models a certain fluid-structure dynamics. In Chapter 1, the wellposedness
of this PDE model is established by means of constructing for it a nonstandard
semigroup generator representation; this representation is essentially accomplished by an
appropriate elimination of the pressure. This coupled PDE model involves the Stokes
system which evolves on a three dimensional domain O being coupled to a fourth order
plate equation, possibly with rotational inertia parameter p > 0, which evolves on a flat
portion €2 of the boundary of @. The coupling on €2 is implemented via the Dirichlet
trace of the Stokes system fluid variable — and so the no-slip condition is necessarily not
in play — and via the Dirichlet boundary trace of the pressure, which essentially acts as a
forcing term on this elastic portion of the boundary. We note here that inasmuch as the
Stokes fluid velocity does not vanish on 2, the pressure variable cannot be eliminated by
the classic Leray projector; instead, the pressure is identified as the solution of a certain
elliptic boundary value problem. Eventually, wellposedness of this fluid-structure
dynamics is attained through a certain nonstandard variational (“inf-sup”) formulation.
Chapter 1 also includes two abstract results. The first qualitative result shows that zero
is in the resolvent set of the operator which generates the Cy-semigroup in the
wellposedness argument. The second establishes the backward uniqueness property for
the fluid-structure system.

Subsequently, in Chapter 2 we show how our constructive proof of wellposedness

naturally gives rise to a certain mixed finite element method for numerically



approximating solutions of this fluid-structure dynamics. This method is demonstrated
for a certain test problem in the p = 0 case. In addition, error estimates for the rate of
convergence of the numerical method are provided and a test problem is solved to

demonstrate the efficacy of the numerical code.



GRANT INFORMATION

NSEF-DMS 0908476 partially supported this research.
NSF-DMS 0838463 partially supported this research through an MCTP Traineeship.

v



Contents

Contents
List of Figures
List of Tables

1 Mathematical Analysis of a Fluid-Structure Interation
1.1 Introduction . . . . . . . . . .
1.2 The PDE and Setting for Wellposedness . . . . . . .. ... .. ... ...
1.3 Proof of Theorem 1 . . . . . . . . . . .. .. .
1.3.1 Proof of Dissipativity . . . . . . . . ... ...
1.3.2 Maximality . . . . .. .. .
1.4 XA =0isin the Resolvent Set p(A,) . . . .. ... .. ... ... ......
1.5 Backward Uniqueness . . . . . . . . . . ... o
1.5.1  Analysis of the Term (Gpa(p)|g w1)g - - - - o oo oo oo
1.5.2  Analysis of the Term (G,1(w1)|g, ,w1)

Q e
1.5.3 Proof of Theorem 6 . . . . . . . . . . . . . . . . ...

2 Numerical Analysis
2.1 Finite Element Formulation . . . . ... ... ... ... ... ......
2.2 Regularity of Solution on Polyhedral Domain . . . . . . . .. ... ... ..

2.3 Error Estimates . . . . . . . ..



2.3.1 Further Error Estimates for the Implemented Problem . . . . . ..
24 FEM Elements . . . . . . . ..
2.4.1 Argyris Elements . . . . . .. ... ...
2.4.2 Fluid Basis Elements . . . . . . .. ... ...
2.5 Matrix Computations . . . . . . . . ...
2.6 Test Problem . . . . . . . .. ...

A Matlab Code

B GMSH Geometry File

Bibliography

vi

63
72
72
85
87
91

104

218

222



vii

List of Figures

1.1

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12
2.13
2.14
2.15
2.16
2.17
2.18
2.19

The Fluid-Structure Geometry. . . . . . . . .. ... .. L 3
The Argyris Reference Element. . . . . . . . . . ... ... ... ... ..... 73
The Argyris shape functions for the vertex (0,0).. . . . . . . . ... ... ... 7
The Argyris shape functions for the vertex (1,0).. . . . .. .. ... ... ... 78
The Argyris shape functions for the vertex (0,1).. . . . .. .. ... ... ... 79
The Argyris shape functions for midpoints (.5,0), (.5,.5) and (0,.5). . . . . . . 80
The Fluid Velocity Reference Element. . . . . . .. .. ... ... ... .... 86
The Fluid Pressure Reference Element. . . . . . . . .. .. .. ... ... ... 87
Location of Quadrature Points in Reference Triangle. . . . . . . .. .. .. .. 90
Location of Quadrature Points in Reference Tetrahedron. . . . . . . . . . . .. 91
FEM approximation for wy. . . . . . . . . ..o 95
FEM approximation for wy,. . . . . . . . . ... 95
FEM approximation for wy,. . . . . . . . .. ... 96
FEM approximation for wyz,. . . . . . . . . .o 96
FEM approximation for wigz,. . . . . . . .. .. ... 97
FEM approximation for wy,,. . . . . ... ... ... 0000 97
FEM approximation for ™. . . . . . ... 98
FEM approximation for «®. . . . . . . . ... 99
FEM approximation for «®. . . . . . .. ... 100

FEM approximation for p. . . . . . . . . . . ... 101



viil

2.20 2D plate mesh built with GMSH. . . . . . . ... .. ... .. ... ...... 102
2.21 3D fluid mesh built with GMSH. . . . . . . . . ... ... 103



1X

List of Tables

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

Argyris Shape Functions for the Plate. . . . . .. .. ... .. ... .. .... 74
Fluid Velocity Shape Functions. . . . . . . . .. .. .. ... ... ... .... 86
Fluid Pressure Shape Functions. . . . . . . . .. .. ... ... ... ...... 87
Quadrature Points and Weights for Reference Triangle. . . . . . . . . ... .. 89
Quadrature Points and Weights for Reference Tetrahedron. . . . . . . . . . .. 90
Errors of structure FEM approximations. . . . . . . . . . .. ... .. ... .. 93
Computed index k in O(h¥) for structure FEM approximations. . . . . . . . . 93
Errors of fluid FEM approximations. . . . . . . . .. ... .. ... ...... 94

Computed index k in O(h*) for fluid FEM approximations. . . . . . . . ... . 94



Chapter 1

Mathematical Analysis of a

Fluid-Structure Interation

1.1 Introduction

In this work we investigate a PDE model of a particular Fluid-Structure Interaction of
interest in the mathematical literature. Fluid-structure interactions have numerous
applications modeling a variety of physical phenomena including blood flow, vibrations in
elastic membranes, and aerodynamics of wings and structures such as bridges and tall
buildings and the motion of cellular organisms in a fluid; see [19] for an engineering
perspective. The model of interest here was explored previously in [14] and the references
therein. It has some similar features to fluid-structure models of the eye. For example
occular pressure is important physically and the coupling in our model is achieved
through the pressure term. The techniques used in this work are applicable to many
other models as well. Chapter 1 focuses on the abstract mathematical results we
demonstrate for the model including wellposedness of the system, spectral information,
and the backward uniqueness property. Chapter 2 describes how the particular method

of proof employed in Chapter 1 can be leveraged to derive a numerical method for



generating an approximate solution of the PDE system. The Appendix contains the

MATLAB code which is referenced in Chapter 2.

1.2 The PDE and Setting for Wellposedness

One of the main objectives in this work is to provide a proof for semigroup wellposedness
with respect to the fluid-structure partial differential equation (PDE) model considered
in [14] - see also [13] and [15]. The proof here will be wholly different than that originally
given in [14], and has the virtue of giving insight into a mixed finite element method
(FEM) formulation so as to numerically approximate the solution of the fluid and
structure variables. A numerical analysis involving this fluid-structure FEM will
constitute the second part of this work. Throughout, we will consider situations in which
either the “Kirchhoff” plate PDE is in place or its irrotational version to describe the
structural component of the fluid-structure model (only the irrotational version is
considered in [14]). The geometrical situation will be identical to that in [14]. We state it
here verbatim: O C R? will be a bounded domain with smooth boundary. Moreover,

00 = QU S, with QNS = (), and specifically
Q C{z = (21,29,0)}, and surface S C {z = (v1,22,23) : 3 < 0}.
In consequence, if v(z) denotes the exterior unit normal vector to 0O, then

vl =[0,0,1]. (1.1)



Figure 1.1: The Fluid-Structure Geometry.

With “rotational inertia parameter” p > 0, the PDE model is as follows, in solution

variables w(z,t), u(z,t) = [uM (2, 1), u® (z,t),u® (2,1)], and p(x,t):

wy — pAwy + A’w = pl, in Qx (0,7T); (1.2)
ow

W= = 0 on 0%; (1.3)

u—Au+Vp=0 in O x (0,7T); (1.4)

div(u) =0 in O x (0,7T); (1.5)

u=00nS and u= [u® u® u®]=1[0,0,w] on Q, (1.6)

with initial conditions
[w(0),w(0), u(0)] = [wy, wa, ug| € H,. (1.7)

(So when p = 0, the irrotational plate dynamics are in play; when p > 0 we have instead

the full Kirchhoff plate.) Here, the space of initial data H, is defined as follows: Let
Hawia = {f € L*(0) : div(f) =0; f-v|g=0}, (1.8)

LX(Q) = {w € L*(Q) : /deg =0}, (1.9)



and

Therewith, we then set

H, = { lwr, wa, f] € [Hg(Q) N E?(Q)} X W, % Hauia

with [ vlg = [0,0, /% 0,0,1] = w .
Moreover, let Ap : D(Ap) C L*(Q) — L*(2) be given by
Apg=—Ag, D(Ap) = H*(Q) N Hy(Q).

If we subsequently make the denotation for all p > 0,

LQ(Q)a if p=0,
P, =1+ pAp, D(Pp>:
D(AD>7 if p > Oa

then the mechanical PDE component (1.2)-(1.3) can be written as
Pywy + A*w = p|, on (0,7).
Using the characterization from [25] that

1 L2(Q)> if p=0,
D(Fp) =
Hy(), if p >0,

then we can endow the Hilbert space H, with a norm-inducing inner product

<[w1,w2, Il [@1, @s, ﬂ)H = (Awi, Ady)q + (Pp%WQ, Pp%‘f:)?)ﬂ + (f,

P

(1.10)

(1.11)

(1.12)

(1.13)



where (-,+)q and (-, -)o are the L*-inner products on their respective geometries.

We note here, as there was in [14], the necessity for imposing that the wave initial
displacement and the wave velocity each have zero mean average. To see this: Invoking
the boundary condition (1.6) and the fact that normal vector v = [0,0, 1] on €2, we have

then by Green’s formula, that for all £ > 0,

/th(t)dQ = /Qu<3>(t)d9 = /ao u(t) - vdoO = 0. (1.14)

And so we have necessarily,

/ w(t) d) = / wydS), for all ¢ > 0.
Q Q

This accounts for the choice of the structural finite energy space components for H,, in
(1.11). The zero-integral condition is place on the plate displacement term w as well so
that the all zero state can be a solution to the PDE system. (Some results in [14] allow
for w € HZ(2) only.)

As we said, our proof of wellposedness hinges upon demonstrating the existence of a

modeling Cy-semigroup {eAﬂt} C L(H,), for appropriate generator

t>0

A,: D(A,) C H, - H,. Subsequently, by means of this family, the solution to

(1.2)-(1.7), for initial data [w,ws, uo] € H,, will then of course be given via the relation

w(t) wy
wi(t) | = e ot we | €C(0,T]; H). (1.15)
u(t) U

Our particular choice here of generator A, : D(A,) C H, — H, is dictated by the
following consideration:

If p(t) is a viable pressure variable for (1.2)-(1.7), then pointwise in time p(t) necessarily



satisfies the following boundary value problem:

Ap=0 in O; (1.16)
p _

Em + P lp= P APw+ Au(3)|Q on §; (1.17)
dp

Ev Au-v|g onS. (1.18)

To show the validity of (1.16)-(1.18): Taking the divergence of both sides of (1.4) and
using the divergence free condition in (1.5) yields equation (1.16). Moreover, dotting
both sides of (1.4) with the unit normal vector v, and then subsequently taking the
resulting trace on S will yield the boundary condition (1.18). (Implicitly, we are also
using the fact that u = 0 on S.)

Finally, we consider the particular geometry which is in play (where v = [0,0,1] on © to

establish (1.17)). Using the equation (1.2) and boundary condition (1.6), we have on

Pp_1A2w = —wy + Pp_1p|Q

d _
= __[0707wt] "V Pp 1p|Q

dt
:—[ut-y]Q+P;1p‘Q
dp
=—[Au-v]g+ =—| + P, 'p|,,
Q ayg P |Q

which gives (1.17).
The boundary value problem (1.16)-(1.18) can be solved through the agency of the
following “Robin” maps R, and f%p: We define

of

. _ of
_ 1 :
Rpg——f<:>{Af——0 in O; —ay+Pp f=g on; 5 0 on S}. (1.19)

o e oo
Rpg—f(:){Af—O in O, 8V+Pp f=0 on ay—gonS}. (1.20)



Therewith, we have that,
R, € L(H 3(Q), HY(0)); R, € L(H *(S),H'O)). (1.21)

(See e.g. [31]. We are also using implicity the fact that P, is positive definite,
self-adjoint on 2, and moreover manifests elliptic regularity.)
Therewith, the pressure variable p(t), as necessarily the solution of (1.16)-(1.18), can be

written pointwise in time as

p(t) = Gpa(w(t)) + Gpa(u(t)), (1.22)

where
Gpi(w) = R,(P, ' Aw); (1.23)
Gpa(u) = Ry(Au®| ) + R,(Au-vlg). (1.24)

These relations suggest the following choice for the generator A, : D(A,) ¢ H, — H,,.

We set
0 I 0
Ap = _PP—IAQ + Pp_leJ |Q 0 Pp_le,QlQ ; (125)
VG, 0 A-VG,»

with D(A,) = { [w1, w2, u] € H, satisfying :
HYQ) N H2(Q), if p = 0;
(a) w, €S, = ()N Ho (@), if p (1.26)
H3(Q) N HZ(Q), if p> 0;
(b) w € Hy(), u € H*(O);

(¢c)u=0on S and u = [0,0,w,] on Q}, (1.27)



(c.f. the generator and domain described in an earlier version of [14] in arXiv:1109.4324.)
(Note that as Au € L*(O) and div(Au) = 0, then by Theorem 1.2, p. 9 in [34], we have

the trace regularity

Au-vl,, € H2(90); (1.28)

and so the pressure term
p=Gyi(wr) + Gya(u) € H(O). (1.29)

In short the domain of A, : D(A,) C H, — H, is well-defined.)
In what follows, we will have need of solution maps for certain inhomogeneous Stokes

flows. To wit: For given ¢ € H3 (), let [f(¢), 7(¢)] € H2(O) x H'(O)/R solve

M —Af+Vi=0 inO,
1 fyd0
le(f)—W m O, (130)

flg=10,0,0] on S,

KfN‘Q = [Oa07¢] on 2.

We note that the classic compatibility condition for solvability is satisfied, and that
pressure variable 7 is uniquely defined up to a constant; see e.g., Theorem 2.4, p. 31 of
[34]. Then by Agmon-Douglis-Nirenberg, we have

[ 7 ﬂ € L(H3(Q), H2(O) x H'(O)/R), with

17 () le20) + 17 (D)l x20r < ClION 3 (1.31)

(see Proposition 2.2, p. 33 of [34]).

In a similar way, we define for fluid data u* € L*(O), the solution variables



[i(u*), G(u)] € H2(O) x H'(O)/R, where [fi, ] solve

(

Mi—Ap+Vi=u* in O,
div(j)) =0 in O, (1.32)

=0 on 00.

| Alao

Again by Agmon-Douglis-Nirenberg we have [fi, ] € L(L*(O),H*(O) x H'(O)/R), with
1A o) + lla(w) | uro) < Cllulez o). (1.33)

These two fluid maps will be invoked in the proof of Theorem 1 below, which will yield
solvability of the following resolvent equation for A > 0: Namely, for given

(wi, wh, u*] € Hy, [wy,ws,u] € D(A,) solves

w1 w1y
(M = Ap) |wy | = |ws] - (1.34)
U u*

After setting the pressure variable p = G, 1(w;) + G,2(u) in (1.25), the resolvent



equation (1.34) is equivalent to the following system:

Awy — we = Wy in ;
Awsy + Pp_lAle — Pp_1p|Q = wj in ;
0
ov
A — Au+ Vp=u* in O;
div(u) =0 in O;

u!S:[O,O,O] on S;

u|Q =[0,0,wsy] in Q.

10

(1.35)
(1.36)
(1.37)
(1.38)
(1.39)
(1.40)

(1.41)

In particular, it will be seen in Theorem 1 that the solution variable w; in (1.34) can be

recovered through finding the unique solution pair [wy,¢] € HZ(2) x R which solves

ax(wy, ) +b(¢,¢) =F(¢) Vo € Hi(Q),

b(wl"]") =0 Vr S R,

where:

ax(v, ¢) = N(P)2p, PY2)q + (A, Ad)a + MV (1), VF(8))o + X(f
V4 and ¢ € HF(Q);

b(p,r) = —T’/ngdQ, Vo € HZ(Q) and 7 € R;

F(¢) = (VF(w}), V(#))o + M f(w), f(9)o — (Viu(u*), V f())o

(1.42)

(@), f(9))o,

(1.43)

= M), f(9)o + (u*, f(9)o + (Py(hwi +w3),é)q, Vo € H(Q).

Theorem 1.

(1) The operator A, : D(A,) C H, — H, is mazimal dissipative. Therefore by the



11

Lumer-Phillips Theorem it generates a Cy-semigroup of contractions {eAPt} n

t>0 0

H

pe

(11) Let A >0 and [w},w;,u*] € H, be given. (By part (i), there exists
(w1, we,u] € D(A,) which solves (1.34).) Then the structural solution component
wy and constant component ¢ of the associated pressure term p can be characterized
as the solution pair of the variational system (1.42). Subsequently the remaining

unknown terms are given by

wy = A\wy — wy,

u= fQuwr —wi) + au”), (1.44)

p=7(Awy, —w]) + q(u*) + ¢,

(after utilizing the maps f and 7 in (1.30) and fi and § in (1.32)).

1.3 Proof of Theorem 1

1.3.1 Proof of Dissipativity

Let [wy,ws,u] € D(A,) be given. Therewith, we set the pressure

o = Gp1(wr) + Goa(u). (1.45)
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(So by (1.23)-(1.24), (1.21) and (1.29), we have that 7o € H'(O).) We have then, upon

using the definition of the domain in (1.27),

w1 wn
Ap Wa ) Wa
u u

H,
= (Aws, Awy)q + (—A%w; + molg , wa)a + (Au — Vg, 1),

= (Awgy, Awy)g + (VAwy, Vwy) g, + (7ol (0,0, 1), (u®, u® wy))g

Ju
— (Vu,Vu)o + <—,u> — (mov, u)
v 9 0 @

= (Aws, Awry)g — (Awy, Aws),, — (Vu, Vu)o

OpyuV) 0
+ Opu® |51 0
Dy u® u | )
= —2ilm (Awy, Awy), — ||Vl (1.46)

where in the last step, we have used we have used u = 0 on S, div(u) = 0 and

[u®, u® u®] =[0,0,ws] on . This establishes dissipativity.

1.3.2 Maximality

In what follows we will make use of the Babuska-Brezzi Theorem. We state it here

directly from p. 116 of [28].

Theorem 2 (Babuska-Brezzi). Let 3, M be Hilbert spaces and a : ¥ x ¥ — R,

b:Y x M — R, bilinear forms which are continuous. Let

Z ={0€X|blo,q) =0, foreveryqe M} (1.47)



Assume that a(-,-) is Z-elliptic, i.e. there exists a constant o > 0 such that

a(o,0) = |olf5,

for every o € Z. Assume further that there exists a constant > 0 such that

b(7,q)

up ——— > Bllqlln, for every g € M.
rex |IT]s

Then if k € ¥ and £ € M, there exists a unique pair (o,p) € ¥ X M such that

a(o, )+ b(r,p) = (k,7), for every T € X.

b(o,q) = (¢,q), for every g€ M.

13

(1.48)

(1.49)

(1.50)

(1.51)

For A > 0, we will show that Range(Al — A,) = H,. To this end, let [w}, w3, u*] € H, be

given. We must find [wy, we, u] € D(A,) C H, which solves

(1.52)

Using the structural component (1.35) and (1.36), we then have the boundary value

problem

Nwy + PrUAMwy — Prlpl, = Awi + wj in €,

__ Owp _
wl’aQ = G lgg = 0 on 9,

(1.53)
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as well as the fluid system

(
A—Au+Vp=u* in O,
div(u) =0 in O,

(1.54)
ul, = [0,0,0] on S,

u|Q = (0,0, \w; —wi] on Q.

\

Since [wy,wq,u] € H,, we also have that

/ wy d9 = 0. (1.55)
Q

With this compatibilty condition in mind, by way of “decoupling” the systems (1.53) and
(1.54), we proceed as follows. We apply P, to the mechanical equation in (1.53) and then

multiply by test function ¢ € HZ(£2). Subsequently integrating over  then yields
([)\ZPp + Az]wl - p‘Q ) ¢)Q = (PP<)\wT + U);), (b)Q

(where (-, ), might also indicate the duality pairing between H3(€2) and H2(f2)). Upon

0
integration by parts and using gb‘ 8q = a—f o 0, we then have
0
ou
)\Q(Ppwl, d)a + (Awy, Ad)q + 9w pv, |0 = (Py(Awy +w3), d)g - (1.56)
)

Q

(Note that in obtaining this expression we have again used div(u) = 0 on §2 and normal
vector v|g = [0,0,1].)

Now, from (1.54) and (1.55), we can use the fact that in terms of the maps in (1.30) and



15

(1.32) above, we can write fluid variables u and p of (1.53)-(1.54) as

(1.57)

for some (to be determined) constant ¢, justifying (1.44).
Applying this representation to (1.56), subsequently integrating by parts, and using the

mapping in (1.30), we then have for every ¢ € HZ(Q),

NPy, O)a + (Bwy, Ad)o+ (Vu, VF(9)) + (Bu, f(6)) = (p.divlf(6)]) = (Vp.f(9))

o

= (Pp(/\wf +wy), Qb)g .

Using now the representations in (1.57), we have then

N (B 2w, By )a + (Awi, Ad)g + (V f(Awr — i), VI(9))o + (VA(u"), VF(9))o
+ (Af(hwr = w), f(9))o + (A(u"), f(9))o — (Vi (hwy —wi), f(#))o
— (Va(u), f(9)o — (@(hwy — w}), div(f(9)))o — (4(u"), div(f()))o — &(L, div(f(9)))o

= (Ppo‘w? +wy), ¢)Q .

Now using (1.30) and (1.32) as well as the fact that 7,¢ € Ligg), we rewrite this

expression as

N(PyPwi, By 20)a + (Mwi, Ad)a + AV f(wn), VF(9)o + X (f(wn), f(#)o — 6/9 -

= (VF(w}), VI(9)o + A(f(wi), f())o — (Vi(u"), V f())o

= A(u), f(@))o + (", f(9)o + (B(Aw] +w5), d),, - (1.58)

This variational relation and the constraint (1.55) establish now the characterization of

the range condition (1.52) with the mixed variational problem (1.42). This
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characterization, along with (1.35) and (1.57), establishes Theorem 1(i7).

By way of establishing wellposedness of (1.42): The bilinear forms a,(-,-) and b(-,-) are
readily seen to be continuous. In addition ay is Hi(Q)-elliptic. The existence of a unique
pair [wy,¢] € H2(2) x R which solves (1.42) will follow the Babuska-Brezzi Theorem if

we establish the following “inf-sup”condition, for some positive constant [:

0

——= > fBr|, VreR. (1.59)
etz 19l mz@)

To this end, consider the function £ € H*(2) N HZ(2) which solves

A*¢=11inQ; £, = o8 =0 on 0N). (1.60)
oV |4
By Green’s Formula we then have
/5- 1dQ) = / EN?¢dQ = / AEAE dS). (1.61)
Q Q Q

Therewith, for given scalar r € R, let n = —sgn(r)¢. Then

b(o,r) 5 T andQ

sup > (1.62)
semz@) 9l mz@) 7 a2 (0
| fy 6 a0
161 20
= Hf”Hg(Q)’r’a

after using (1.61). This gives (1.59), with inf-sup constant 8 = ||{[[42(q). The existence of
a unique pair [wy, ¢] which solves (1.42) now follows from Theorem 2.
Note in particular that

w, € LA(9), (1.63)
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from the second equation of (1.42). In turn, we recover wy, u, and p via

(

wy = Awy —wt € H2(Q) N L2(Q),

uw= fw —w) + A(u) € H2(O) N Heuia, (1.64)

p= 7wy —wi) + Gu) + ¢ € HY(O).

From (1.30) and (1.32),
the variables u and p solve the Stokes system (1.54). (1.65)

Moreover, from (1.58) and (1.30) we have

N (B, Pwi, Py?g)a + (Awr, Ad)a + Au, f(¢)o + (Vu, VF(9))o — (p. div(f(9)))o

= (", f(9))o + (Py(Mwj +w3),¢), Vo € Hy ().

Noting the regularity afforded by (1.64) we can integrate by parts and pass the adjoint of

Pp1 2 to achieve,

N(Pywn, 0)a + (Awy, Ag)a + (hu — Au + Vp, f(#))o + <% — v, f<¢>>
00

= (", f(9))o + (P(Mwi +ws),0)q Vo € Hi().
As variables u and p solve the Stokes system (1.54), we thus attain the relation
N (Pywi, d)a + (Awy, Ad)g — (plg s @) = (P(Mut +uw3). d)g, Vo € Hi(Q).

(We have also implicitly used (1.30) and the remark after (1.56).) In particular, this
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holds true for ¢ € D(Q2). Thus we have the distributional relation
(N Pywi + A%y = plg — By[Aw] + w3, d)o =0 Vo € D(Q),
and so we infer that

wy satisfies (1.53). (1.66)

Subsequently, we infer by elliptic theory that, as required by the definition of the

fluid-structure operator A, : D(A,) C H, = H,,
w €S, (1.67)

where the (displacement) space is as given in (1.26). Finally, because u and u* € Hgyia,

we have a fortiori from (1.54),

. Ip
Ap=0in O and%S:Au-y‘SonS. (1.68)

Moreover, from (1.64) and (1.53), Awy + P, A%w; — Pfjlp|9 = wj which implies that in

Q, (since [wi, w;,u*] € H))

Pp_lAzwl :P;IP‘Q—/\TUg‘i‘w;
:Pp_lp‘Q_/\u'V|Q+u*'”|Q

:Pp_lp‘Q—Au-l/{QqLVp-V‘Q (1.69)

where in the last equality, (1.54) was again invoked. Thus, from (1.68) and (1.69), we
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have that the pressure variable p, obtained by Theorem 2, solves

Ap =0 in O,
g—ﬁ + P;lp = P;1A2w1 + Au(?’)|Q in €2,

9p _ )
\ay—Au V‘S on S.

As such,
p=Gpi(w) + Gpa(u), (1.70)

where G,; are as given in (1.23) and (1.24). (Note that we are implicitly using the
critical regularity

Au-vl,, € H2(00), (1.71)

from (1.28).)
From (1.63), (1.64), (1.65), (1.66), (1.67), and (1.70), we have that the constructed
variables [wy, we, u] belong to D(A) and solve the resolvent equation (1.52). This

concludes the proof of Theorem 1. [J

1.4 X =0 is in the Resolvent Set p(A,)

In Theorem 1 we were able to show that every positive real number ) is in the resolvent

set of A,, that is the set of A € C for which A\I — A, is boundedly invertible on the finite
energy space H,. In addition to this, we can show the following result directly. Note that
the primary reason this proof is different from that in the previous section is that except
for the constant in the pressure term the fluid is uncoupled from the plate dynamics and
can be solved immediately. (The boundary term [0, 0, @] = [0,0, ]| is known.) For this
reason, Theorem 2 is not invoked in this section. The interested reader can find

additional spectral results as well as the implications thereof on the decay of energy in [2].
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Theorem 3. The operator A, is boundedly invertible on H,; that is zero is in the

resolvent set of A,.

Before proving the theorem we first need a simple Proposition, in the same style as

Lemma 2 of [3].

Proposition 4. Suppose a function p € L2(O) and pair (o,h) € HY(O) x L*(O) satisfy
the relation

—Ap+Vo=h, (1.72)

where div(p) = div(h) = 0. Then Ap-v|,, € H2(00 , with the estimate
00

HAM : V|30HH7%(80) <C [HQ”Hl(O) + ||h||L2(O) : (1.73)

Proof of Proposition 4. Since p and h are each divergence free, the H!-function p is

harmonic. Consequently, we have by elliptic theory the estimate

(see e.g., p. 71, Theorem 3.8.1 of [27]). In turn, we can take the dot product of both

do

61/ < CHQHHl(O)- (1.74)

3 (90)

sides of (1.72) with respect to the unit normal vector, and subsequently take the

<C [ngum + thlm@]

boundary trace so as to have

184 V] a0 | -4 00

ol w]

(recall that since div(h) = 0, then h - I/‘ao is well-defined in H~2(90); (see e.g., [34]).
This concludes the proof of Proposition 4. [

Proof of Theorem 3.
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Let data [w], w3, v*] € H, be given. We look for [wy, s, v] € D(A,) which solves

Ayl o | = | @5 |- (1.75)
v v*

To this end, we must search for [y, s, v] in D(A,) and my € H*(O) which solve

s =@t in O; (1.76)
Py Ay — Plmg|, = —w5 in (1.77)
wy, = % =0 on 0§ (1.78)
Av — Vg =0 in O; (1.79)
div(v) =0 in O; (1.80)
vl = 10,0, 2] on € U‘S =0 on S. (1.81)

Moreover, we must justify that the pressure variable 7y in this system is given by the

expression

mo = Gp1(@1) + Gpa(v), (1.82)

where the G, ; are given by (1.23) and (1.24), respectively (in line with the explicit form
of A, in (1.25)-(1.27)).

(1) The Plate Velocity. From (1.76), the velocity component w, is immediately resolved.
(2) The Fluid Velocity. We next consider the Stokes system (1.79)-(1.81). From (1.76)

and (1.81) we have U|a<9 satisfies

0
/ v - vddO = / 0| vdQ= / wadf) = / widQ) =0 (1.83)
00 Q Q Q

’U3



(as [}, w5, v*] € H,). Since this compatibility condition is satisfied and data
{v*, @i} € L?(0) x H(Q), we can find a unique (fluid and pressure) pair

(v, q) € [H*(O) N Hpuia) X Hlﬂée), which solve

Av —Vqgy=v"in O;
div(v) =0 in O;

v=10,0,}] onQ; v=20 onS.
In fact, via the mappings/estimates in (1.30)-(1.31) and (1.32)-(1.33) we have

v = fl@)) + av");
qo = T(@y) + q4(v7);

’lUHHQ(O)mHﬂuid + qu”Hlﬂéo) S C HU*HHﬂuid + HwIHHg(Q) :

22

(1.84)
(1.85)

(1.86)

(1.87)

(3) The Mechanical Displacement. Subsequently, with the obtained pressure variable g

in (1.84), we consider the plate component BVP (1.77)-(1.78). By ellipticity and elliptic

regularity - see e.g., [31] - there exists a solution @y € S, to the system

2~ * - .
Aty = qo| — Py in €

@1:@:01@9
ov

(here the space S, is as in (1.26)). Moreover, we have estimate

I1ls, < € (loolall o) + 1Pl

S C ”[wiw’;vv*]HHp ’

(1.88)

(1.89)
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where

L*(Q), if p=0

HYQ), ifp>0

(By way of obtaining the last inequality in (1.89) we have also invoked Sobolev Trace
Theory, (1.87) and the containment P, € L(W,, W, ').) Now if, as in [14], we let II
denote the orthogonal projection of HZ(£2) onto HZ(£2)/R - orthogonal with respect to
the inner product [wy,ws] — (Awy, Aws),, - then one can readily show that its orthogonal

complement I — II can be characterized as

(1 — M) H§(€) = Span{¢},

(1.90)
where {A25 =11in , flaﬂ = g—i =0 on GQ} .
(see Remark 2.1, p. 6, of [14]). With these projections, we then set
w1 = H’@l;
To = qo — A*(I — )&y, (1.91)

With this assignment of variables, by (1.88) and @, = Il + (I — 1)y, we will have
that the newly obtained w; solves (1.77)-(1.78). (And of course since my and g differ
only by a constant, then the pair (v, m) also solves (1.79)-(1.81).) Moreover, from elliptic

theory, (1.87) and (1.89), we have the estimate

l@1lls, + [Imoll s o) < € (HAQ(I - H)YAF1||L2(Q) + ||CI0||$ + ||Ppw;||wp—1(9)>

< Clfey, @3, v7]g, (1.92)

(implicity we are also using the fact that A?(I — 1) € L(HZ(Q2),R), by the Closed Graph
Theorem.)

(4) Resolution of the Pressure. At this point we invoke Proposition 4 and (1.87) to have
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the following trace regularity for fluid velocity of (1.84)-(1.86):

[ANCIE 7 [ < C \llaoll (o) + 10" lL2(o)
H%(00)

< C [0 gy + 155 e (1.93)

Consequently we have that the pressure variable my of (1.76)-(1.81) - given explicitly in

(1.91) - solves a fortiori

Ay =0 in O (1.94)
% + Pp_l’ﬂ'g = Pp_lAzwl + Av3‘ﬂ on €2 (1.95)
% :AU'V‘S on S. (1.96)

In fact: Applying the divergence operator to both sides of (1.79) and using

div(v) = div(v*) = 0, we have (1.94). Moreover, dotting both sides of (1.79) with respect
to the normal vector, and subsequently taking the boundary trace to the portion .S, we
have then (1.96) (implicitly we are also using v* - V|S =0, as [w], w},v*] € H,). Finally,

*

as v -V‘ = w;, as [wy, ws, v*] € H,, we have from (1.77)

Q

~1 —1A2
P 7r0|Q:w;+Pp Aoy

=Av- V‘Q — Vg - V}Q + P;lAzwl,

which gives the boundary condition (1.95). Necessarily then, the constructed pressure

term must be given by the expression
To = Gpi(wi) + G,a(v) € HY(O). (1.97)

(where the right hand side is well-defined by (1.93)).
Finally, we collect: (i) (1.84)-(1.86) and (1.87) - for the fluid variable v; (ii) (1.88), (1.76),
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(1.89), (1.91) and (1.92) - for the respective structure and pressure variables [, ws| and
mo; (iii) (1.93), (1.92) and (1.97)- for the characterization of the pressure term 7. In this
way we have obtained the solution of (1.76)-(1.82) in D(A,), for arbitrary H,, thus

establishing the maximality of A, and concluding the proof. [

1.5 Backward Uniqueness

In this section we show that the PDE model in (1.2)-(1.6) satisfies the backward
uniqueness property, that is the solution to the system with non-trivial initial data
cannot evolve to the trivial solution; specifically e7® = 0= ® = 0. This property has
implications in the area of PDE control theory, but is also interesting in its own right.
See for example [4] where a different fluid-structure interaction is studied. In that paper
the authors write: “Backward uniqueness is trivial for s.c. groups; simple to prove for s.c.
analytic semigroups; and it may be patently false, as is the case of nilpotent semigroups.
The latter case may very well arise from physically significant models.” Establishing the
backward uniqueness property is very much at home in the case of thermoelastic plate
systems, see e.g. [30] and [35]; the models therein share features with the system of
interest here. The desire to solve such systems motivated the abstract Theorem 5 used
below.

Consider again the PDE model in (1.2)-(1.6) with “rotational inertia parameter” p > 0,
and solution variables w(z,t), u(z,t) = [uM (x,t),u® (z,t),u® (x,t)], and p(x,t). The

initial conditions are given as in (1.7) by
[w(0), w(0), u(0)] = [w}, w3, ug] € H,. (1.98)

The main result here deals with establishing the so-called backward uniqueness property
for the contraction Cy-semigroup associated with the PDE model (1.2)-(1.7). To this end,

we will make use of the following abstract resolvent criterion for backward uniqueness.
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Theorem 5. (See [30], Theorem 3.1, p. 225.) Let A be the infinitesimal generator of a

t

strongly continuous semigroup et in a Banach space X. Assume that there exist

constants a € (w/2,7), ro > 0, and C > 0, such that

HR(T’Giw;A)”ﬁ(X) = H(T@iwl —A <C,

) e

AT

for all r > ro. Then the backward uniqueness property holds true; that is, e** o = 0 for

T >0, x9€ X, implies xqg = 0.

By way of applying Theorem 5 to the problem at hand, we consider the following
resolvent relation with complex parameter A\ = a4 ¢3, which is formally a “frequency
domain” version of (1.2)-(1.7): With pre-image [wy, w2, p] € D(A,) and associated
pressure variable p € H'(O), we consider the following fluid-structure model with data

lwi,ws, 1wl € H,:

w1 wi
(A = Ap) |wy| = |wi| € H,. (1.99)
It ©

With A = o+ i3, and the definition of the domain D(A,), we have then the

fluid-structure PDE system,

w2:)\w1—w’{ in Q

-

(0% — B%) wi + 2iafw; + Py A%y — Prlp| ) = w) + Awi in Q (1.100)

__ Owi _
\ Wilgg = Fa|gq =0 on 0

AM—Ap+Vp=p* inO
div(u) =0 in O (1.101)

p=0onS; p=1[0,0 vy —wi] in Q.

At this point, we will henceforth impose that A = « 4 i8 should obey the following
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criteria:
Criterion 1: A = a + 48 = |A|e*, for fixed ¥ € (27, 7). (And so on either of these two
rays, we have 0 < [tand| < 1, |8] = | [tan )|, |A|* = a® + 52 = a?(1 + tan?¥)).)

Criterion 2: |a| > 0 is sufficiently large.

Our main result can now be stated as follows:

Theorem 6. (i) With respect to the resolvent relation (1.99), or the equivalent
fluid-structure PDE (1.100)-(1.101), assume both Criteria 1 and 2 are satisfied. Then for
all p > 0, the solution [wy,ws, | € D(A,) obeys the following bound, which is uniform for

all A = a+if = |\ e, with fized 9 € (3, 7), and || > 0 sufficiently large:

2 2
wi Wi
Wa <Oy (JJ; . (1 . 102)
K H, K H,

(i1) In consequence, this estimate and Theorem 5 gives the inference that the

fluid-structure Cy-contraction semigroup { eAPt} satisfies the backward uniqueness

t>0

property: Namely, if for given T > 0 and [w},w}, uj] € H,, one has

* *
Wy wj
et wi | =0, then necessarily | wji | = 0.
* *
Uo ug

Remark 7. Unlike the coupled PDE examples in [30], [4], [5], we have not derived here
a rate of decay, which is uniform with respect to Re(\), for the fluid-structure solution
[wy, we, p] of (1.99). We are not certain that showing such a decay is actually possible.
However, by Theorem 6 the uniform bound (1.102) suffices to establish the aforesaid

backward uniquess property.
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Remark 8. In the course of proof, the reader should surmise that for the rotational
inertial case p > 0, one will in fact have the uniform estimate (1.102) for any rays along

the angle ¥ € (g,w). In the p =0 case, the proof requires that 1 — tan®1 # 0.

Before moving on to the proof of the main result we state here a few propositions that

are needed throughout the proof.

Proposition 9 (Young’s Inequality). For given p,q > 1 satisfying 1/p+1/g=1, ¢ >0

and a,b > 0 we have

Thus for small € > 0 there is a (possibly large) constant C, such that
ab < ed? + Cb1.
The following proposition provides the machinery of interpolation between Hilbert

spaces. See for example [25] for a proof.

Proposition 10 (Interpolation). Given s; > s9, and 0 < 0 < 1, then for

w € HI=9514052(Q)) we have

0

lwlla-sysi s < Cllwlls Il

where || - ||s indicates the norm on the Hilbert space H®.

In the proof that follows we will also have the need of the following boundary trace

inequality (see e.g., Theorem 1.6.6 of [10], p. 37).

Proposition 11 (Sobolev Boundary Trace Inequality). — Let D be a smooth domain of

R™, n > 2, with sufficiently smooth boundary 0D. Then there is a positive constant C
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such that

1£llop < CUFNE NNz )y for every f € HY(D). (1.103)

0 1 1
5] < 1t 1V, o cvery 1 € 12D, (1.101)
Vilop

The proof of Theorem 6 will ultimately depend on the appropriate use of four basic

relations:

1

(i) Taking the D(P;)-inner product of both sides of the structural PDE in (1.100) with

w1, intergrating by parts and subsequently taking the real part of the result, we have
1 2
a2(1 — tan® ) HP"%‘“HLQ@) 1 Awi 220y = Re (plg  wi)o + Re (@ + Awf,wi)g, (1.105)

(after also using implicitly the Criterion 1).
(i) We take the L?(O)-inner product of both sides of the fluid PDE in (1.101) with p.
After integrating by parts and then taking the imaginary and real parts respectively of

the resulting relation we have for |a| > 0,

Blull3 = ~Im (plg . Awr — i)+ Im (4", 1) (1.106)

alluly + 19l = —Re (plg s — wi)g + Re (', 1), (1.107)

(iii) Lastly, we take the H-inner product of both sides of the resolvent equation (1.99)
with respect to solution variables [wy, ws, u]. This gives, upon integrating and taking the

real part of the results:

2
w1 WT w1
all | w = |Vullp+Re | | wi |+ ] w . (1.108)
H g, " i)
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(See the argument leading to (1.46) for details.)

In view of the right hand side of the relations (1.105) and (1.106), it is evidently
necessary to scrutinize the “interface” term (plg,ws),,. Indeed, the estimation of this
term will constitute the bulk of the effort in this work. By way of attaining a useful
estimation, we will need to consider the explicit representation of the pressure term.

Recall from (1.22) that the pressure is given by
p=Goi(wr) + Goalp). (1.109)

Therefore,

(Pl wi)g = (Gp,l(wl)‘g vwl)g + (GPQ(:U)’Q awl)g : (1.110)

We will proceed now to estimate each inner product on the right hand side of (1.110).

1.5.1 Analysis of the Term (G,2(u)l, . w1),

We recall from (1.24) that
Gal) = Ry( AR ) + Ryl Mg ). (1111)

With the right hand side of (1.111) in mind we define the positive, self-adjoint operator
B,: D(B,) C L*(O) — L*(O) by

B,f =—-Af in O; D(Bp):{fEHz((’)):%—i—Pplf:O onQ;%zO onS}.

(1.112)

Therewith one can can readily compute the respective adjoints of

R, € L(H 2(Q), H(0)), R, € L(H 2(S), H'(O)), B,R, € L(H 2(Q),[H'(O)]') and
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~ 1

B,R, € LIH(S),[H(O)]), as,

R f = B 'f|, forall fe[H'(O)]; (1.113)
Rif = B'f|, for all f e [H'(O); (1.114)
R:B,f = fl, for all f € [H'(O)]; (1.115)
R'B,f = f|g for all f € [H'(O)] (1.116)

Indeed, to show (1.113): Given g € H2(Q) and f € [H'(O)]', we have

(Rog. flo = (Rog.(=A)B," fo

_ o
= (VR,9,VB," f)o — (R,g, %Bp "fa+0

_ 0 _ 1o
~ (-AR.B, Nlo+ (30, B, D+ (R, Py, o
0 _ _
= <$Rp9 + P, 1Rpg7 B, e

For (1.114): Let g € H2(S) and f € [H'(O)]' be given; then

(Rpgu flo= (Rpga (_A>Bp_1f>(’)

. - 0
= (VR,g, VB,,_lf)o — (R,9, aB;If)Q +0

~ _ 0 -~ _ ~ 1
= (AR, B, o+ (5-Ry9, B, oo + (Rog, P, ' B, o
=(9.B,'f)s — (P,'R,9. B, f)a + (R,9, P, ' B, )

= (gu Bp_lf)s

The relations (1.115)-(1.116) follow from the now established (1.113) and (1.114) coupled

with the fact that B, is self-adjoint.
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With the relations (1.113)-(1.116) in hand, we produce from (1.111) the following:

(GoalWlg 1) = (BiBy [Rol An%] ) + Fo( B vl )] )

RP<A/’I’3‘Q> + Ry(Ap- V|S)] vaRpW1>O

= (A:uglga RpwlyQ)Q + (Alu : V’S ) Rpwl‘s)g
(

Invoking now Green’s Formula — and simultaneously using the fact that the fluid term

Ap is divergence free — yields

(Gp72(u)|9,w1)ﬂ = (Ap, VR,ywi), - (1.117)

Following this up with Green’s First Identity, we have then

9
(Gl w1) g = — (Vit, V(VR,wn)) g + { 2, VRynlpo ) - (1.118)
ov 80

With this representation in hand we will establish the following estimate.

Lemma 12. For all p > 0,

€

3
< Ce 5“1’25 2 _ 2
|(Gra(i)lg w1) | < Celal leHD(p,%) + o] IViullo
CE 2 * * %12
(e ) (il i ). (.19
Q

Proof of Lemma 12:

To handle the first term on the right hand side of (1.118): Using the regularity of the
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map I, € L (H%(Q), H2(0)>, followed by interpolation, we have

(V1 V(TR0)o| < CIVHllo el .,

3 1
< ClVallo llwnlld llenll 7

Vol

3 1
= O |Vl w18 w1l g -
Vel (

()

Applying Young’s Inequality with (p = 2,¢ = 2) and then (p = %, q = 4) yields

€ 2 3 1
(V0 DV Bgn)o| < o 190le + Celal el e e
< SNVl + el + Celal? la .y (1.120)
|| D(P2)

The second term on the right hand side of (1.118) is a more delicate matter; in fact the
analysis becomes a dichotomy with respect to p = 0 and p > 0. Both cases will make use
of Proposition 11.

Estimating the term ’<g—5, VRPwl|ao>ao’ for p = 0.

To start: We will need the following positive definite, self-adjoint operator

o

A : D(A) C L2(Q) — L*(Q), defined by
Aw = A’w, D(A) = H Q)N HQ). (1.121)
Then this operator obeys the following “analyticity” estimate for all s > 0 :

C
= for all ) € 0, 1] (1.122)

AMR(— ;A H <
H (=5 4) cr2@) ~— (1+s)

(see e.g., the expression (5.15) in [29], p. 115). With this operator in hand, then in the
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present case p = 0 the structural equation in (1.105) can be written as
a?(1 —tan?¥) + A| wy = —2iafw; + plg, + wh + Al
Applying thereto the operator A"R(—a?(1 — tan®)); A) gives then
Ay = R(—a?(1 — tan¥); A) [2iafw; — plg, — wi — Aw]].

Subsequently applying the estimate (1.122), we then have for 0 < n <1 and |o| > 0

sufficiently large,

. C « x
[An|, < ramr gy U Il + 1plallo + o + X o]
C
2 9 x k%
< Cylaf™ [lwnllg + o (Neor, wz, pillgg, + Mot wi, 7 llgy,) - (1.123)
In obtaining this estimate, we have used |3| = |a| |tan |, the resolvent equation (1.99),

and the expression (1.109).

With (1.123) in hand, we now estimate the second term on the right hand side of (1.118):
Using the trace inequality (1.104), the fact that Ry € L(H?(2), H2720(0)), and the
Sobolev Boundary Trace Theorem, we have for |«| > 0 sufficiently large,

op
‘<%> VROWI|8(9> ||VROW1|8O||30
00

00

<[5
—||ov

o
<0 2| 1rusrbaoll goa

00
1 1

< CIVElS N llfrz o) llonll g2 0y
1 1

< C|Vulls H[Wl,w%N]HE(AU) ||w1||H25(Q)

< CV ] IVallg (lfwr, wa, mlleg, + 1wt w5, 17 Me,) * leorll gz »
(1.124)
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where again we have implicitly used the resolvent relation (1.99). Using now the

characterization
o 1
H?(Q) ~ D(A2) for 0 < 6 < i

which can be inferred from the definition of the domain in (1.121) and [25], we have

upon applying (1.123) to the right hand side of (1.124),

1 1
< CVal [Vullg (llwr, wa, g, + wisws, 171, ) ? %

0
‘<—” vRowl|30>

ov’ 00
5 1 * * *
|| [Jwr |, + H—l_é (Mewr, wa, pilll g, + [Mrs w5, 1l g,)
1 345 * * ok 3
< IVl g e 3™ (fwr, wa, il g, + s, w5, 107 ) 2 X

||t

1 * * *
hM%+mﬂWW%W@+W%%wmmﬂ-

= %) and then (p =3,q = %) yields,

Applying Young’s Inequality twice with (p =4, ¢

win

€ 2 %k :
< Tal IVullo + Ce (Ilfwr, wa, plllg, + et w5, 1 g, ) X

4
3

o
[CALEN

1 45 1 * * *
a1+ [||w1||9+ ol (Newors wa, il gy + Nty wis 11, )

2 2 * * %712
IVillo + € (lwr, wa, il + wis wis 1] l1g,)

€
S_
|al
C 3+26 2 Ce 2 ko #])(2
+ Celal> ™ lwillg + —55 (llwr, wa, plllzg, + lw] wz, 4 Iz, ) -
«

(1.125)

Estimating the term ‘<%, VRPW1|GO>3(')‘ for p > 0.
Using again the trace estimate (1.104), the fact that R, € L(Hz(Q), H2(0)), and the



Sobolev Boundary Trace Theorem, we have

op
- VR (A)ll >
’<3V o 00

<[5
— ||ov

H VRywi|p0 Hao
80

1 1

< CIVallé Nl o | Rl
1 1

< CIVulE Il 1913

1 1 1 1
< CNVulo |llf2 o) lorlld lwnll gy -

Combining this with the resolvent relation (1.99) and the fluid boundary condition in

36
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(1.101) we have then for |a| > 0 sufficiently large,

op
- VR W1| >
‘<8V e o0

1 1
< ClIVulio Il o

1 . 1
’X (1] + i) ‘ ool 71
Q

1 1 1 2 1
< IV Hns il | 5 1+ )| Bl
Q

[un

i * * * 2
< Gy IVald (eons o, lllag, + o5, 171, )

1
% ko 2 L
(HMH&O"‘ I[wf, w3, p ]HH,,) lwill 7o

Ll
-

ol

l * * * E
19513 (N, w2, il + 5, 1, ) %

e

|
1

(allag + 1t 1T, ) ol

W

€

2 1 * * %
< S 19l ol (lonsn il + ot 5.0, )

2
* * * 3 2
(Moo + Nt 3 1Ml ) * ool

€ 2 2 * * %712
< g IVl e (on sl + 1 w1y, )

l *k * *
+Clalt (lallao + 15 1]l ) 11

1 2
< Ceclal® [ulloo llonll i) + Celad lor [ o) +

€ 2 2 % %12
Tal IViullo + €llfwr, wa, 1[5, + 2€[|[wr, w3, 1|5,

where we used Young’s Inequality first with (p = 4,9 = %) and then with (p = 2,¢ = 2).

Invoking the interpolation inequality (1.103), and applying Young’s Inequality with



38

(p= %, g =4) and then (p = %, q = 3) yields now for sufficiently large |a| > 1

op
‘<%, VRPW1|8(9>

1 1 1 2
< Celal® [ullo IVl llonll 1 o) + Celal lwillgq)

00

€ 2 2 * * %712
Tl IVullo + €lllwr, wa, plllg, + 2€[[wi, w3, 1],

[

[

1 1
3 3 2
= Ce—1 [lLlld 1V ulld will ) + Celad lonllzr o

I

af
€ 2 2 * * %712
Tl IVullo + €lllwr, wa, plllg, + 2¢€l[wi, w3, 1],

2¢

2 4 2 2
< Celal [[plld lwrll iy + Celed lwr [z q) + o] IVullo

2 * * %112
+ €l[[wr, wo, [, + 2¢€[[wr, w3, 1],
2

€ 2 2 * * %712
| IViullo + 2€/[wr, we, [, + 2€ [, w3, 0|, - (1.126)

2 2
< Celal? [|wi ) + B

Upon a rescaling of the small parameter € > 0, we have then the estimate for p > 0,

o
‘<5, VRpw1]80>
€

3 2 2 2 x ok %712
< Celal® el + 107 198l + el wnslls, + € llh, b w7l - (1127

00

Combining now (1.118), (1.120), (1.125), and (1.127), and taking || > 0 sufficiently

large, we have finally for all p > 0,

3 €
G < C. i 2 € 2
(Gralill o)y < Colal ¥l y 4+ IVl
Oe 2 * * %712
(e ) Ulennlli + i ionll ) 029
«

This completes the proof of Lemma 12.
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1.5.2 Analysis of the Term (G,1(w1)], ,wl)Q

Recall the definition of G, from (1.23)
Goi(wr) = Ry(P, ' APuwy). (1.129)

With respect to this term we will establish the following estimate:

Lemma 13. For p > 0,
3 2 * * %1112
(Goalen)lgwn)a] < Clal? fnl? Ly + e (leons ol + lf 5 w701, ) - (1130)

Proof of Lemma 13:

As before the proof of this estimate will entail a dichotomy between the p =0 and p > 0
cases.

Analysis of the term ‘(Gp71(w1)\9 ,wl)Q’ for p=0

In this case, we have from (1.129) and the expressions in (1.113) and (1.115),

(GO,I(W1)|Q Wi = (R0A2w1’9 ,w1)a

= (A%wy, [Rowilg) - (1.131)
An integration by parts to right hand side then gives
0Aw
(Goa(wi)lg wi)o = < B - [Row1]9> — (VAwy, V [Rowi]g,) - (1.132)
o0

To estimate the first term on the right hand side of (1.132): Using the trace estimate
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(1.104), the fact that R, € L(L*(2), H?2(0)), and the Sobolev Trace Theorem, we have

O0Aw 0Aw
(22 ) 2|23

I1Rown]qllon

o0 o0N

1 1
< C 18w gy 181l Em ey 1 Ror 15
1 1
<C ||W1||1213(Q) ||W1||12{4(Q) lwillg
1 1 1
< C ot ool oy ot ol

1 3
< C il gy Nleors wos 1y Il

Using once more the resolvent relation (1.99) and Young’s Inequality twice with

(p=28,q= %) and (p = ;Z,q = %), we have for |a| > 0 sufficiently large,

O0Aw
(252 s

3 1 * * * s
< Claf* lwillfro gy (lwr, w2, il + Moot w3 17 llggy) * Nleonllg,

o
2 6 6 8
< €lwillira) + 1017 (Iwr, wa, wlll, + Hets w3, 17 l,) ™ el

3 R
< Cclal? lwnllg + 2€ (| [w, wa, g, + et w3, w7l ) - (1.133)

To estimate the second term on the right hand side of (1.132): Using
R, e L(L*(Q),H 3(0)), and the Sobolev Boundary Trace Inequality, we have

[(VAwy, V [Rowi]g)| < [[VAw g [V [Rowilgllg
< IVAwilg [I[Rowi]gll g1 g
< C llrll sy 1ot 3

< C llrll ey Mol oy ol

1 1
<C ||W1||12{2(Q) ||[w1,w2,,u]||é(A0) [Jwille

1 1
S C’\/ |a| ||w1||12L]2(Q) (“[whw?’ﬂ]HHo + ||[wr7w;’M*]||H0) ° HWIHQ?

after again using the resolvent relation (1.99), and taking |a| > 0 sufficently large.
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Proceeding via Young’s Inequality with (p = 2,¢ = 3) yields

2 * * %712 2 2 3
(VAwr, V [Rown]o)] < € (Ilwr, wa, g, + 1wr wis 17 llex,) + Celal® [will oy lwnllé

< Ccla llwonllg + 2¢ (lllwr, wa, mlllgg, + i, w3, 1 y,) - (1:134)

Applying (1.133) and (1.134) to the right hand side of (1.132) (and rescaling parameter

€ > 0) now gives

3 * * *
|(Gop(wi)lg,wial < Celal? flwillg + € (fwr, we, mlllgg, + i wi, 1 lgg,) - (1.135)

Analysis of the term ‘(Gp71(wl)|9 ,w1)9| for p >0

Again from (1.129) and the expressions in (1.113) and (1.115), we have

(Gpi(wi)lg wi)a = (RpP,IIAQWl’Q ,Wi)o

= (P, 'A%y, [Rywi]y) (1.136)

Q-

At this point we reinvoke the positive definite, self-adjoint operator
A : D(A) € L*(Q) — L3(Q) in (1.121). In this connection, we recall the following

characterizations (see [25]):

. we  H"Q): wl|,, =0}, fori <n<?3
D(A") = { () @loq = 0) 8=1%s (1.137)
{we H"(Q): wlyg = §&|,, =0}, for 2 <n<1.

Proceeding from (1.136) we have

((Gpa (w1)|§2 ,W1)Q

(Pp’l./o&wl, [Rpw1]9> 0

_ (A%+6w1, As—p;! [R,)wl]g)ﬂ . (1.138)
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Using in part the fact that Ag_EPp_lR:BpRP € L(L*(Q)) — where again operator R}B,

has the characterization in (1.115) — an estimation of right hand side then gives

WQMMMMMﬂﬂﬁ%%MHE%P”&WJ

o0
+4
< Cllnlls iy, Il llonll
< Cllnll 4y leonswas il by Nl

Using once more the resolvent relation (1.99) and Young’s Inequality first with

(p=1%.q= 3+8 =) then with (p = 38 ¢ = ‘;’126) we have for |a| > 0 sufficiently large,

|((Gpa(wn)lg wi)al

sow%ﬂwwf

1

* % % 2
5 (Mon,n sl + 10553 T0,) ™ Bl

24 16e 2+16e
< el g, + Celal 35 (or,wn e, + 107,05 171, ) = ol iy

1+8e¢ 2 2 x k%712
< Celal"™ il gy + 2¢ (M s, Iy, + Nt w3, 1113, ) (1.139)

after using once more the characterization (1.137).

Combining (1.135) and (1.139), we have then for all p > 0 and |«| > 0 sufficiently large,

3 2 2 * * %712
(Goanlas ol < Celalf ol +e (Honswn il + e, 5,71, ) - (1.140)
P

This completes the proof of Lemma 13.

1.5.3 Proof of Theorem 6

We now combine Lemma 12 and Lemma 13 together. Applying the estimates (1.119) and
(1.130) to the right hand side of the expression (1.109), and using the resolvent relation

Awp = we + wj yield the following result:
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Lemma 14. For p > 0, the solution variables [wy,ws, p] of the resolvent equation obey

the following estimate, for |a| > 0 sufficiently large:

3425 2 € 2
[(plg s w)gl] < Celal™ lanll”. 3+ Velo

pr?)  |af
06 2 x % *]||2
+ €+| = Iewr; w, plllg, + llwr, w3, 17,
(%

€ 2 05719 9 N . w2
STl IVl + (e~|— | |§_%> (H[wl,wg,u]HHp + || wh, wi, ]HHP) ,
[0

(1.141)

In completing the proof of Theorem 6, we should always bear in mind that Criteria 1 and
2 are imposed upon complex parameter A = « + 3. For clarity of exposition the proof is

divided into a few steps.

Step 1. We apply the estimate (1.141) to the right hand side of (1.106), so as to have

1B 1215 = |~Tm (plg s Awr — &) + Tm (1, 1)
< Cylal [Tm (plg ,w1)g| + [Tm (plg s wi)g| + Tm (1%, 1)
< [Im (plg ,wi)g| + €Oy IV ull5

* CG 2 195 * * %712
+%mmﬁwﬁ%>@wwmmm+ﬁwﬁIWM@MMJ-
(6%

(1.142)

Now for the first term on the right hand side of (1.142): Since the datum w satisfies the

compatibility condition [, w} dQ = 0, then there is a function ¢(w}) € H'(O) which
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solves

div(p) =0 in O;

=0 in S;
v =10,0,wi] inQ, (1.143)
with the estimate
1Vello < Cllei 53,0 (1.144)

(see e.g., p. 9 of [23]). With this solution variable ¢(wj) in hand, and by virtue of the

geometry in play, we then have

. op
N IR
00

— (Vi,Vo)o = (Ap, ) + (VD 0) g0 + 0

= — (V,LL, VSO)O - A (Ha 90)(9 + (,u*, S0)(9 :

We have then upon estimating this term, with the use of the estimate (1.144), and for

large |a| >0

|(Plo s wi)a| < e (IVallo + lal lullo) + lal Celllwi, w3, 1, - (1.145)

Applying this estimate to the right hand side of (1.142) now yields (after a rescaling of
e>0)

C

2 * 2 * € 2

1B lullo < eC5IVullo + Chlal | e+ —1— | llwi, w2, 1]l
| |2 20 P
(6]

* % %12
+O€ﬂ9|a| Hl:w17w27lLL ]HHP7 (1146)

where above, positive constant C} is independent of parameter e > 0.
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Step 2: We invoke the relation (1.107):
Ikl = lal lullo — Re (plg, Awr — wi), + Re (1, 1n)o -
Applying the estimates (1.146), (1.141), and (1.145) to right hand side now gives

C

2 * 2 * € 2

IVullo < €C5 [[Viullo + CF |l (6 + H;—_%> [[wr, wa, p] I,
«

x o K2
+ Cep o [[[w], w3, 1] |, - (1.147)

Step 3: We apply the estimate (1.147) to the right hand side of (1.108). This gives

2
w1 wi w1
lal ||| w = IVello+Re | | ws | o] ws
*
M H, H H H,

C

* 2 * € 2

< eCy | Villp + C | (6 + H%—_%) w1, wa, pl[f5,
(0%

+ Ce o] | [wf, o5, 1715y, - (1.148)

Step 4: Taking € > 0 sufficently small, (with again positive constant C} being
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independent of parameter ¢ > 0) we have

(1 —€Cy) el ||| ws

HP
2 2
w1 wi‘
«Q
<€C§HVMHO+C“9| |1|26 W + Cevla| w; ;
*
s H, H H,
and so
2
w1
|Oé| (09))
12 H,
2 2
w1 wi‘
eCy o
—1-eCy Iv HO + C“9| |1 —26 W2 + Ce | ws : (1.149)
*
s H, H H,

Step 5: We return to the estimate (1.147). Applying (1.149) thereto gives for € > 0

sufficently small,

9 Cey |
1—605 || /’L||O+ ‘a’%,m;

2 2 x ok %72
Viullo < ||[w17w27ru“]||Hp + Cew laf llwf, w3, 1 ]HHP , (1.150)

where positive constants C, 6’19 do not depend upon € > 0. Taking € > 0 small enough we

have now

G/C\;ﬂ 2 06719 |a’ 2 * * *71112
(1 oy eC;) IVullo < o l[wr, wa, wlllg, + Cew laf [[lwi, w3, plly, ,  (1.151)



whence we obtain

06,19 |a|

2
Vullo < —57;
o

v, wa, Iz, + Ceo lal l[wi, w3, 1], -

47

(1.152)

Step 6: We finish the proof by applying the estimate (1.152) to the right hand side of

(1.149). This gives

2 2
w1 w1
|
laf || | ws < Cew |a|é_26 W2
. .
Taking now |« so large that 1 — \af%ei‘* > 1 e,

o > (20.4)T5

we have finally

2
w1
||
2 w2
#

S 06,19 |CY|

+067,9 ’Oé|

2
wi
wi : (1.153)
W s,
2
: (1.154)
HP

which gives the uniform bound (1.102). This completes the proof of Theorem 6.
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Chapter 2

Numerical Analysis

This chapter describes how the maximality argument in Chapter 1 can be utilized to
approximate solutions to the fluid-structure PDE under consideration. In particular, the
numerical method outlined here solves the static problem resulting from the resolvent
equations (1.35)-(1.41), but this approach in principle can be modified to solve the time
dependent problem in a similar way to what was done in [3] and [20] via the framework
set down in [32]. Namely, the solution of the static problem can be exploited via the

exponential formula for the semi-group to generate a time dependent solution.

w(t) wy wq w
: t -n
wi(t)| = | = Jim (1= DA) | for | € H,
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and solved using the numerical scheme set forth in the maximality argument. By fixing n
large enough to approximate the exponential semigroup operator, the numerical scheme
can then be used to deliver the solution of the time dependent system at any time t.

We will outline here a certain numerical implementation of the finite element method
(FEM) and provide convergence results for the approximation with respect to “mesh

parameter” h. Finally, we will provide an explicit model problem as a numerical example.

2.1 Finite Element Formulation

The finite element method is a numerical implementation of the Ritz-Galerkin method
over a specific set of basis functions defined on a mesh of the domain. In this case the
fluid domain is divided into tetrahedra and the plate domain into triangles. Basis
functions are associated to points in the mesh and the system is solved in this finite
dimensional setting via a matrix/vector equation, see e.g. [6]. We will demonstrate in
this section that the discrete FEM formulation of (1.35)-(1.41) is well-posed.
In what follows, the three dimensional body O will be taken to be a polyhedron. Given a
positive (and small) parameter h of discretization, we let {e,}2", be an FEM
“triangulation” of O, where each element ¢, is a tetrahedron (and so, among other

Np,

properties, U e, = O, see [6] and Figure 2.21 below).
=1

(A) Relative to the “triangulation” of O, V}, will denote the classic H!-conforming FEM

finite dimensional subspace such that

pn € Vi =, € [P, Vi C Hy(O), Vi ¢ HY(O); Vi C [C(Q)P, Vi & [CHO)].
(2.1)
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(See [6].) Subsequently to handle the inhomogeneity we specify the set

- 6, on S
Vi = {1+ (€) € HY(O) : . € Vi amd 77 ()], = 3
[0,0,€], for & € H*(R),

(2.2)

In addition IT, will denote the L?-FEM finite dimensional subspace for the pressure

variable defined by

I, = {qn € NC(O): Yl =1,...Ny; qi|, € P'} (2.3)

(see [16] and [6]).

Moreover, we let {ég}f:hl be a FEM triangulation of the two dimensional polygonal

region €2, where each element €, is a triangle.

Similarly, X} will denote a conforming FEM subspace such that

Un € X = |, € P°, Xi C H3(Q), X & H*(Q); Xp CCHQ), Xn ¢ C3(Q)
(2.4)
(see e.g. [16] and [33] for details of the explicit construction of these piecewise
polynomials. As such, the basis functions which generate X, are “conforming”,

relative to fourth-order boundary value problems.)

For the spaces Vj, II;, and X}, described above we will have need of the following discrete

estimates relative to mesh parameter h:

(A’) In regard to the H*(O)-conforming FEM space V}, in (2.1) we have the following

estimate: For u € H*(O) N HL(O),

i — < Ch ) 2.5
#rg‘r}h Iz ,Uh”H(l)(O) > 1t]2,0 (2.5)
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(See Theorem 5.6, p. 224, of [6].)

(B’) Similarly, in regard to the finite dimensional space II;, we have the discrete

estimate: For ¢ € H'(O)/R,
min [lg — gallz20) < Chllgllz1(0)- (2.6)
qn€llp

(See e.g., Corollary 1.128, p. 70, of [21].)

(C') Finally, with regard to the FEM space X}, in (2.4), we have the following discrete

estimates:

() For v € HY(Q) N H2(S),
J;lei)f(lh 19 — nll 20y < Ch2Plag, (2.7)
(i) For ¢ € H3(Q) N H2(Q),

min |4 — Pnllze) < ChlYlse. (2.8)

Yr€Xn
(See estimate (5.82), p. 225, of [6].)

The goal here is to find a finite dimensional approximation [wyy, wap, up] € Xp X Xj % Vi,
to the solution [wy,wq, u] € D(A,) of (1.52), as well as an approximation pj, of the
associated fluid pressure p. We shall see that these particular FEM subspaces are chosen
with a view of satisfying the (discrete) Babuska-Brezzi condition relative to a mixed
variational formulation, a formulation which is wholly analogous to that in (1.42) for the
static fluid-structure PDE system (1.35)-(1.41). We further note that, by way of
satisfying said inf-sup condition, it is indispensable that the structural component space
X}, be H?-conforming (see (2.4)). In addition, this mixed variational formulation for the

coupled problem (1.35)-(1.41), like the mixed method for uncoupled Stokes or
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Navier-Stokes flow, allows for the implementation of approximating fluid basis functions
(in V3) which are not divergence free (see [11]).

In line with the maximality argument of Section 1.3.2, the initial task in the present
finite dimensional setting is to numerically resolve the structural solution component of
the PDE system (1.35)-(1.41). Namely, with reference to the bilinear and linear
functionals a,(+,-),b(-,-) and F(-) of (1.43), the present discrete problem is to find

[wip, é] € X x R which solve:

ax(Win, ¥n) + 0(n, &n) = F(n), Vb € Xp,
(2.9)

b(wip, 1) =0, Vr e R.

Assuming this variational problem can be solved uniquely, wqy, is immediately resolved
via the relation

Wap = Awyp, — W) (2.10)

(cf. (1.35)). Subsequently we can recover fluid and pressure approximations u, and pj,
from the discrete solution pair [wyp, ¢, € X x R of (2.9). Indeed, to this end we will
invoke the classic mixed variational formulation for Stokes flow, so as to approximate the
fluid maps [f(-), 7(-)] and [f(-), G(-)] of (1.30) and (1.32), respectively. (See [11].) Let
bilinear forms a,(-,-) : HY(O) x HY(O) — R and b(-,-) : H(O) x L*(O)/R — R be

defined respectively as follows:

a1, @) = A, ©)o + (Vir, Voo, Vi, o € Hy(O); (2.11)
L*(0)
o

b(p,q) = —(div(), q)o, Vu e Hy(O),q €

(2.12)

Moreover, we define the standard Sobolev trace map o : H*(O) — H*1/2(90), for
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k=1,2,3,.... That is for f € [C®(O)]?,

70(f> = f‘ao‘

Since () is continuous and surjective, then for any ¢ € H*~2(Q) we have the existence

and uniqueness of an element in H*(O), denoted here as 77 (¢), which satisfies

—

0 on S,
Y00 (6) = (2.13)
[0,0,¢] on Q.

Therewith, the classic mixed FEM for (1.30) is given as follows: With subspaces V}, and
ITj, as given in (2.1) and (2.3) respectively, and given ¢ € H'/?(Q), find the unique pair
[foh(¢), ﬁ'h((ﬁ)] c Vh x 11, such that

ax(fon, on) + blen, ) = —ax(5 (0), ¢n) Von € Vi, (2.14)
. d§) ~
b = = [0 [ 000 b6 @ho) Vo (219

Likewise, the classic mixed FEM for (1.32) is given as follows: For given u* € H1(0O),

find the unique pair [y (u*), gn(u*)] € V3 x 11, such that

ax(fins pn) +b(on, @n) = (U, 0n)o  Von € Vi; (2.16)

b(/:Lh, Qh) = VQ}Z € Hh. (217)

By the Babuska-Brezzi Theorem, the two discrete variational formulations (2.14)-(2.15)
and (2.16)-(2.17) are well-posed; see [11]. (In particular, with the so-called Taylor-Hood
formulation in place—i.e., fluid approximation space V}, consists of piecewise quadratic
functions, and pressure approximation space 1I, consists of piecewise linear

functions—then the aforesaid inf-sup condition is satisfied uniformly in parameter h.)
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With the approximating solution maps (2.14)-(2.17) in place and assuming the structural

component approximation [wyy, ¢,] is known, we then set

un = for(Mwin — wi) + 7 (i — wi) + fin(u); (2.18)

Prn = ﬁh()\wlh — U)T) + c]h(u*) + 6h, (2.19)

(c.f. (1.44).)
Now in regard to the variational problem in (2.9), one will in fact have unique solvability
of this discrete problem, via the Babuska-Brezzi Theorem, provided that the following

inf-sup condition is satisfied:

sup _blen,r) > Bplr|, Vr € R. (2.20)

onexn 1nll H2(0)

But what is more, in order to ensure stability and ultimately convergence of the
numerical solutions obtained by our particular FEM, it is indispensable that the
“discrete” inf-sup condition (2.20) be uniform of parameter h > 0 (at least for h small
enough).

In fact we have the following result:

Lemma 15. Let the bilinear form b(-,-) : H3(2) x R — R be as defined in (1.43). Then

for parameter h > 0 small enough one has the “inf-sup” estimate

sup blonr) > C|r|, Vr € R. (2.21)

onexn |Onll 20

where C' = HSHHS(Q) — €, and & is the solution of the boundary value problem (1.60).

Here, € > 0 can be taken arbitrarily small.

Proof of Lemma 15. We resurrect the elliptic variable £ € H*(Q) N HZ(Q) from the
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earlier maximality argument. Namely, & solves

: 0
A%¢ =11in Q; f‘m: 5‘

5892001189.

Then by Green’s First Identity we have that £ solves the following variational problem

for all ¢ € HZ():

(L,Y)a = (A%, Y)q
— (A&, Ad)g, for all ¢ € H3(S). (2.22)

Let now &, € X}, denote the “energy projection” of £ on Xj,. That is, &, satisfies the

following discrete variational problem:

(A&, Apn)a = (1,¢n)a Vn € Xi. (2.23)

The existence and uniqueness of the discrete solution &, € X, follows from the
Lax-Milgram Theorem, see e.g., [6], [16]. Applying the discrete estimate (2.7) to the

respective variational problems (2.22) and (2.23), we then have

[A(E = &)la < CR2. (2.24)

With these ingredients, ¢ and &, we then have

— ds)
sup b(én,r) > 7 Jo[—sgn(r)lé,
onexn |0nll 20 1l r2(02)

T

- |T|H£hHH§(Q)’ (2.25)
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after using (2.23) above. Continuing, we then have

b(gbhﬂn)
sup ———
PrEXh H¢h||H§(Q)

> |rl||¢ = (€ — €h)HHg(Q)

> |r| [||€||H§(Q) —[|§ = thHg(Q)}

> |r| [||€||H§(Q) - ChQL (2.26)
after using the estimate (2.24). Taking step size parameter

h < (2.27)

Ql

now completes the proof. [J

2.2 Regularity of Solution on Polyhedral Domain

The wellposedness arguments in Chapter 1 implicitly assume the domain is smooth.
However the finite element setup assumes that the fluid chamber O is a polyhedron and
the plate 2 is a polygon. The only thing that could be affected by this change is the
elliptic regularity needed to guarantee that the solution of (1.34) achieves the regularity
of D(A). To address this we consider the following two results.

First, for the Stokes problems in (1.30) and (1.32) we refer to [17] which gives the
necessary regularity (possibly modulo small € > 0 - see Theorem 18) for convex
polyhedral domains with interior angles 6 < 120°. (The result covers more possible
geometries, but the domain of interest here is a convex polyhedron.)

Second, for the pressure problems in (1.19)-(1.20) the needed H'-regularity follows from
Lax-Milgram, so the polyhedral domain does not affect this result.

Finally, for the biharmonic problem in (1.53) we refer to [7] which handles polygonal
domains. Because the result imposes a condition on the allowable interior angles in the

domain we reproduce the result here. (Note that only the clamped conditions are in play
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here so the result is not given in its full generality.)

Theorem 16. Let 2 be a bounded polygonal domain. Assume that for fived k = 1 the
inner angle 6 is smaller than 180°, or for k = 0 the inner angle 6 is smaller than
126.283696...° at each critical boundary point. Then for any given f € H=*(Q) the weak
solution of

Aw=f mQ,w:g—Z)zo on 0N (2.28)

has the regularity w € H3(Q2) N H**(Q) and satisfies the a priori estimate

[wll fra-r() < ClIf || -+(€2). (2.29)

Note that the cube geometry for the test problem in Section 2.6 satisfies the

requirements of Theorem 16.

2.3 Error Estimates

We now turn to deriving an estimate on the error to be expected from implementing the
discrete formulation described in Section 2.1. In particular we will produce the rate at
which approximate solution should converge to the true solution with respect to the
mesh parameter h.

In what follows we will have need of the following result in [21], which will not be stated

here in its full generality (see [21], Lemma 2.44, p. 104).

Lemma 17. With reference to the quantities in Theorem 2 above, let ¥y be a subspace of
Y2, and let My, be a subspace of M. Suppose further that bilinear form a : ¥ x ¥ — R s

Y-elliptic; that is, da > 0 such that

a(o,0) > allo||x Vo € X. (2.30)
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Also, assume that the following “discrete inf-sup” condition is satisfied: 3 5, > 0 such

that

inf sup b(Tm Qh)

T 2= Bhs (2.31)
My r, ez, [|Tallsllanllar
where B, > 0 may depend upon subspaces ¥y, and My,. Let moreover (op,pn) € X X My,

solve the following (approximating) variational problem:

a(on, Th) + 0(7h, pn) = (K, 7) V74 € X,
(2.32)

b(on, qn) = (¢, qn) Yan € M,

(Note that the existence and uniqueness of the solution pair (op,pp) follows from

Theorem 2, in view of (2.30) and (2.31).) Then one has the following error estimates:

— < inf — inf — 2.
o Uth_ClhghlgEhHU <h\|27+c2hthth P — anllm (2.33)

I[P = prllar < e inf [lo —Glls +co nf |[p—gnllar, (2.34)
ShEXR qn€

f
My,

1ol

b .
ﬂ)’ Cop, = Ll oreover if M = M, one can take cop = 0,

ap ’

with c1p, = (1 + |%‘)(1 +

a b a
Cap = clh%, and cqp, = 1+ % + c%%.

Concerning the efficacy of our FEM for numerically approximating the fluid-structure

system (1.35)-(1.41), we have the following:

Theorem 18. Suppose that the fluid chamber O is a convex polyhedron with interior
angles § < 120° and the structure domain ) satisfies the conditions in Theorem 16. Let
h > 0 be the parameter of discretization which gives rise to the FEM subspaces Vi, 11},
and Xy, of (2.1), (2.3), and (2.4), respectively. Also let [wi, wh, u*] € Hy be fized. With
respect to the solution variables [wy, wq,u,p] € D(A,) x H'(O) of (1.35)-(1.41) and their
FEM approximations [wip, Wap, Up, Pr], as given by (2.9) - (2.10) and (2.18)-(2.19), we

have the following rates of convergence:
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(i) (a) If p =0,

le - wlh”Hg(Q) < C)\hQH[@UI,w;,U*] Ho' (235)
(b) If p> 0,
i1 — winll ey < Ca| s a7] g (2.36)
(i) () If p=0,
lws — wanl|az(0) < CaR?|| [, w3, u'] || gy, - (2.37)
(V) If p>0,
lwa = wanllaz() < OxB||[wi, w3, w] || - (2.38)
(iii) For p >0,
||U - uhHHl(O) < CAhl_EH [wfv w;: U*] H,’ (239)

In the special case that div(yy (Awi, — w})) and div(yg (A\wy — wi)) are zero at the

singular points of Q — see [17] —, then one actually may take e = 0.

(iv) For p >0,

1P = pull20) < Cah'<|[w], wy, u’] (2.40)

H,

Again, if div(vy (Awip, — w3)) and div(yg (Mwy — w})) are zero at the singular points

of Q2 one may have € = 0.

Proof of Theorem 18. We first establish parts (i) and (ii) together. Here we will

combine Lemma 17 with the bilinear forms in (1.43). We take in Lemma 17
a('7 ) = CL)\(', ) : HS(Q) X HS(Q) — R,
so =1 and |ja| = HaAHE([Hg(Q)]Q R) < C,. Moreover, we as before set

b(-,-) : H}(Q) x R — R as in (1.43)
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SO HbHE(Hg(Q)x]R,]R) < Ci.

In addition, by Lemma 15, we can take
ﬁh = C, Vh > O

Subsequently, with reference to the variational system (1.42) and the approximating

system (2.9) we have from (2.33)
w1 — winll gz < Cx wirel;h [wi — Ynll g2(0); (2.41)

(note that that second term from the right hand side of (2.33) is zero in this case because
My, = M =R in this case). Appealing now to estimates (2.7), (2.8), and Theorem 1(¢)

we have the following error estimates:

(a) If p=0,

[wy — winll2(0) < Cab?|wilsg,

< C\R?|[wy, w, v’ Hy' (2.42)
(b) If p > 0, then
lwy — wthHg(Q) < Cihlwi |0,
< Cyh||[w}, wh, u*] H, (2.43)

This establishes Theorem 18(7). (Note that the regularity assumed above follows for
polygonal domains from the references in Section 2.2. In view of (2.10), Theorem 18(i7)
follows directly.

To achieve the estimates for the fluid variables, we first note that the error in the

constant component of the pressure, given by the variational system (1.42), satisfies:
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(a') If p =0, we have upon combining (2.34) and (2.42)

¢ — & < CaR?||[w], w, u*] Hy- (2.44)
(Implicity we are taking in (2.34) [finite dimensional] R = M},.)
(b') If p > 0, we have upon combining (2.34) and (2.43)
¢ — &u| < Cph||[w], w, '] H,' (2.45)

(After again noting as above that in this case M, = M = R.)
Now we will again invoke Lemma 17, with respect to the Stokes component (1.38)-(1.41),

with therein
a(-,-) = ay(-,-) : Hy(O) x H{(O) — R as given in (2.11). (2.46)

Consequently we can take a = 1 and ||a|| = ||£~1,\||£([H(1)(O)}2 R) < C. Moreover we take

L2(0)

b(-,-) = b(-,-) : H(0O) x — R, as given in (2.12). (2.47)

Then 5] = bl j<c

HL(0)x L) g
In addition, since the respective fluid and pressure spaces V;, and II, are piecewise
quadratic and piecewise linear—i.e. the so-called Taylor-Hood formulation—then for h > 0

small enough we can take

ﬁh = 5*7

independent of small h > 0. (See e.g., Lemma 4.23, p. 193 of [21].)
Here, without loss of generality, we assume for all h > 0 that div(y; (Awy, — w})) and
div(ys (Awy — w})) are zero at the singular points of Q — see [17] — else the estimate is

degraded by small € > 0. Thus with v and u;, as given in (1.44) and (2.18) respectively,
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we then have

Ju — unlle o) < | f wr — w}) — fon(Awry — w]) — g Awin — w])|lm o)
+ || (w”) = fun (w”) || 0)
<1 f (i — wi) = for(Awi, — wi) — v Awy, — w)||e oy

+ Oh(|u|2,0 + ||p||H1(c9)) (2.48)

after using estimate (2.33) followed by (2.5) and (2.6).

Concerning the first term on the right hand side of (2.48) we have further

1f (M —wh) = for(Awi, — wh) — A8 (Awy, — w0y
<[ f (i —wh) = for(Awr — w}) — 3¢ Ay — wf) |l (o)

+ lvg wn — wi) — A8 Mwin — wi) o) + || forDwr — wi) — fon(Awr, — w}) || (o)
(2.49)

We now estimate these terms one at at time.
Appealing again to the estimates in (2.5) and (2.6) via (2.33) (as well as to the regularity

given in (1.31)) we have

11wy = wp) =5 Qwr = wi)] = fon(hwr = ) || g1 o)
< Chlf wy — w}) — 4 (Awy — w))|a0

By the continuity of the right inverse of v, : H'(O) — H'Y2(00) and the estimate (2.42)
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or (2.43), we also have

170 (Awy — wi) = 75 (Awin — i) [[m10) < Callwr — winll @)

< C’Ah”[wi‘,wg,u*]

.y (2.51)

From (1.31) and (2.5) as well as either (2.42) or (2.43) we also have

Hth()\wl - wf) - th(Awlh - wT)HHI(O) < C,\||w1 - w1h||H2(Q)

< C’,\hH[wI,wg,u*]

- (2.52)

Applying (2.49)-(2.52) to the right hand side of (2.48) (as well as considering the

continuous dependence of the data inherent in Theorem 1(7),) we then have

(2.53)

|u — up|[E 0y < C',\hH[wI,w;,u*] H,

which proves Theorem 18 (7).

Finally, for the error in the fluid pressure term: by (1.44) and (2.19) we have

Ip = pullzz0) < 17(Awr = wy) = T (Awin = wi)||2(0) + [14(w") = Gn ()| 22(0)

+ Cyhl|[wi, wy, u*][|n, (2.54)

after using (2.45). Proceeding just as in the proof of Theorem 18(iii) above results in the

asserted estimate (2.67). This completes the proof of Theorem 18. [

2.3.1 Further Error Estimates for the Implemented Problem

Looking closely at the bilinear form ay and the functional F which are defined in (1.43)
and employed in (2.9) reveals that in order to implement the FEM to solve (2.9) one

must be able to generate fluid solutions f(¢) and fi(¢) for functions ¢ € H2(Q). These
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cannot be known exactly and so every invocation of f and fi inherently requires a
corresponding numerical solution of a Stokes problem on the fluid domain. This means
that in fact a) and F are not being computed exactly as was implicitly assumed in
Theorem 18. However, as we will demonstrate below, this approximation does not affect
the error estimates given in Theorem 18. This situation is wholly analogous to classical
FEM implementation wherein error estimates typically do not take into account error
accrued by numerical integration.

Note also that if the error on the structure terms w; and ¢ remains unaffected (see
Theorem 18 (i) and (i7)) then the error in the fluid and pressure terms (see Theorem 18
(737) and (iv)) will remain unaffected without further argument.

As before, let w; be the unique solution to (1.42); we seek to derive estimates on the
error |lwy — winl|g2(q) of the finite element solution wyy, to the version of (2.9) as it is

actually implemented numerically. More specifically let [wyy, é] solve:

axp(Win, ¥n) + 0(n, én) = Fr(hn), Vo, € Xp,
(2.55)

b(wyp, 1) =0, Vr € R.

where:

a (1, 9) = NPV, PY2¢)g + (AU, Ad)a + A(V fo(¥), V fu(8))o + N (fu(¥), fu())o,
V4 and ¢ € HF(Q);

b(o,r) = —r/ggzﬁdQ, Vo € H3(Q) and r € R; (2.56)

Fi(0) = (Vu(w)), V(@) + AUa(w)), fu(@)o — (Vin(u), V fu(#))o

- A([Lh(U*>a fh(¢))0 + (U*v fh(gb))(? + (Pﬂ(/\wiK + w;)v ¢)Q7 V¢ € Hg(Q)

and f, and ji, simply refer to numerically implemented solutions of (1.30) and (1.32)

respectively. We note here that again employing a combination of Lemma 17 and



Theorem 5.6, p. 224 of [6], for mesh parameter h we have the following L?-error

estimates for fh and fip:

17(8) — Fn(D)llL2c0) < CR2(|F()]lm2(0),

7(w") = fin(w) 2oy < CP?[|fi(u") [ m2(0)-

As before we define

A~ A *
Wop, = AWy, — W .

Finally the fluid and pressure variables are given through

Up, = th()\ﬁJm —wy) + g (M, — wi) + i (u*);

ﬁh = ﬁh()\’UAth — U)D + cjh(u*) + 5;,

We have then the following corollary to Theorem 18.
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(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

Corollary 19. Suppose that the fluid chamber O is a convex polyhedron with interior

angles 8 < 120° and the structure domain §) satisfies the conditions in Theorem 16. Let

h > 0 be the parameter of discretization which gives rise to the FEM subspaces Vy,, 11y,

and Xy, of (2.1), (2.3), and (2.4), respectively. Also let [wi,ws,u*| € Hy be fized. Let

h > 0 be the parameter of discretization which gives rise to the FEM subspaces Vy,, 11y,

and Xy, of (2.1), (2.3), and (2.4), respectively. With respect to the solution variables

[wy, wa,u,p] € D(A,) x H'(O) of (1.35)-(1.41) and their FEM approzimations

(W1, Wap, Up, Pr), as given by (2.55), (2.59) and (2.60)-(2.61), we have the following rates

of convergence:

(1) (a) If p =0,

lwi = inll pz0) < Ca?||[wy, w3, u'] || 4, -

(2.62)
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(b) If p> 0,
|wi — @1nllg2(0) < Coh||[wh, w3, u’] H, (2.63)
(i) (d') If p=0,
[ws — ol 20y < CaR?|| [, w3, u'] || gy, - (2.64)
(V) If p >0,
lwa = tonl 2 () < ONB||[wi, w3, ]| (2.65)
(iii) For p >0,
o = e oy < Ca [t s ] (2.66)

In the special case that div(yy (Awip, — w})) and div(yg (A\wy — wi)) are zero at the

singular points of Q0 — see [17] —, then one actually may take e = 0.

(i) For p >0,
(2.67)

lp = Prllz2o) < Cab'™||[wi, w3, w’][|

Again, if div(yy (Awi, — w3)) and div(yg (Mwy — w})) are zero at the singular points

of 2 one may have € = 0.

Proof of Corollary 19. We will demonstrate (i) only as the remaining parts all follow
directly by parallel arguments to those in Theorem 18 once (i) is in hand. By the
triangle inequality, ||wi — Winllgziq) < [[wi — winllmzi) + lwin — Winllgz(q)- The error in
the first term is given in Theorem 18, so it remains to control the error arising from the
perturbation inherent in ay, and Fj, via the second term ||wy), — W] H2(Q)- Since the

norm in H3 () is dictated by the laplacian, we have in particular for the solution
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wyp € Xy to (29)

|1y, — w1h||§{g(g) < ap(Wrp, — wip, Wip — wip)
= a,\h(wlh, Wip — w1h) - a)\h(wlh; Wip — w1h)
= Fp(1n — win) — b(W1n — Win, Cn) — axn(Win, Win — Win)
= [ax(win, Win — win) — axp(Wip, Wip — V)]
+ [Fp (1, — win) — F(ip — win)] + [=b(W1n — win, Cn)

+ b(wrp, — wp, )]

after applying (2.55) followed by (2.9) and rearranging terms. Taking the absolute value

of the right hand side then gives

|| tW1p — wlh”%{&(&)) < lax(win, Win — win) — axp(Win, Wip — wip)|
+ |Fp(d1p, — wip) — F(dnp — win)| + |b(W1 — win, € — 1)
= |ax(wip, Wip — wip) — axp(Wip, Wip — Wwip)|

+ |Fp(w1p, — wip) — Fwyy, — wip)]

after applying (2.9) and (2.55) to b(w1, — wip, cp — ¢,). We have to handle the last line
term by term via the definitions in (1.42)-(1.43) and (2.55)-(2.56). We first consider the

term |ay(wip, Wip — wip) — axp(Wip, W1 — wip)|. Expanding the terms via the definitions
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in (1.43) and (2.56) gives:

|ax(wip, W1n — win) = axa(win, W1n — win)|
= [NV (win), V f (o1 — win))o + N (f (win), f(dun = win))o
= MV fu(win), V fuldoin = win))o = N(fa(win), fa(doin — win))ol
= [MVIF(win) = fulwnn)], VF (= win))o + N (Fwin) = fulwnn), F(u —win))o
+ MV fa(win), VIf (@i = win) = ful@n —win))o
+ N2 (fu(win), f (@i = win) = fa(@rn — win))ol
= [A(fa(win) = fwin), Af (dun — win))o + N (f(win) = fa(win), f(d@1n — win))o
+ A fa(win), fu(tdorn — win) = f (@1 — win))o
+ N2 (fu(win), [ —win) = i@ —win))ol

< C)\[H]Zh(wlh) — f(wlh)HL2(O)”w1h - wthHg(Q)

+ lwnll 2oy | f (o — win) = fa(dorn — win)lL2o)]

The last line follows from using Holder’s inequality and the continuity of the solution
map f. Now we apply the L2(O) error estimate for the Stokes problem f given in (2.57)

and the inequality (1.31) to achieve

|G,\(w1h7 Wy, — w1h) - CL,\h(wlm Wy, — wlh)’

< a2 [[lwinll 2 @y 1 — winll 20 + winll g2 [0 — winll g20)] - (2.68)

The terms in |Fy, (w1, — wyp) — F(q, — wyy)| are handled in similar fashion. First recall
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that

Fn(1n — win) — F(win — win)]
=[(VFu(w}), V fa(tborn = win))o = (V F(w}), VF (i — win))o
+ M fn(}), falinn — win))o — A(f(w)), f(inn —win))o
— (Viin(u*), V fuliorn — win))o + (Vi(u"), V f (@, — win))o
= Mpin(u), futbrn — win))o + A((u), fin — win))o

+ (u, (i — win))o — (W', fultin — win))ol.

We handle these terms one by one below. For the first term we add and subtract the
cross term (V f(w?), V fu (i1, — wip))o, rearrange terms and integrate by parts (noting

the zero boundary condition and regularity given by (1.31)) and then apply (2.57).

[(V fu(w}), V fu(tnn — win))o — (Vf(w)), V f(drn — win))o]
= |(V(fa(w}) = f(wD)), V fa(dorn — win))o

— (VF(w}), V(f(inn — win) — faltin — win)))o|

= [(fa(w}) = F(wp), Afu(ibrn — win))o — (AF(w}), f(@in — win) = fu(tbrn — win))o]
< Hfh(wT) - JF(wT)HL?(O)HAfh(@h - wlh)”L?(O)

+ 1A F (@) L2y | f (1 — win) = fa(inn — win) L2(0)
< C?|| f(wi)lrz(o) lb1n — winll 2y + Ch? w20 || f (01n — win)|[m2(0)

< CR?||wi |l gzl — winllmz()- (2.69)

In the second term we add and subtract the cross term A(f(w?), fu(1n — wip))o and
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proceed as above to the following:

IAn(w?), Jaliorn = win))o = A(f(wD), f (@i — win))ol
= [AU(w]) = F(wi), fulin — win)o = A(f(w)), f(@in — win) = fu(du — win))o]
< M(Fuw) = Fwdlezo) I fu(@in — win))lleo)
+ M f @)l £ (@1 — win) = fu(@un — win)lez(0)
< G| f(wi)llmzoy @ — winll ) + ONE®[|wi |z | f (@1 — win) |z o)

< C\R2||lwi || gz ey 101 — winl| w2 (0)- (2.70)

In the third term, after adding and subtracting the cross term (Vs (u*), V. f (01, — win))o

we integrate by parts and use Holder’s inequality, (1.33) and the estimate (2.57) to yield:

(Vi ("), ¥ fu(orn — win)) o — (VA(U"), V F (drn = win)), |
= (Vi (u), V(fu(irn = win) = flimn = win))
— (V(@(u) = fin(u), V (@i = win)) o |
= [ (Agin (), faldorn — win) = Fdun —win))
— (A(u") = ("), Af (i = win)) |
< (1A () [z | Fa(din = win) = f (@i = win) 20y
+ i) = fin ()2 | A F (in — win)l|z2(o)
< OW?||u”[[ezo)|L.f (@1n — win) 20 + Ch?[|i(u) w20y l@in — winll (o)

< Ch*[[u*||ea(o) o — winll n2(0)- (2.71)

For the fourth term we add and subtract A(ji,(u*), f(1, — win))o, use Holder’s



71

inequality, the estimates (2.57)-(2.58), and the regularity in (1.33) to derive:

A (), futoun = win)) o = (i), [t —win)) |
= [A(pin(u"), fa(1n — win) = (@i — win) o = Af(w") = fin(u"), f (@i — win)) o]
< Ml () 2o L (@1 — win) = f (@ = win)llzco)
+ Al (u) = (@) L) | f (@ — win)lleo)

< CaR2||u[[ezo) 1 (i — win) lLe(o) + CaRP | () ez (o) lo1n — winllm2 o)

< O\ ||u ([ (o) [ — winl| w2 (0)- (2.72)

Finally, on the fifth term it remains to apply Holder’s inequality, the estimate (2.57) and

the continuous dependence on data from (1.31) to give:

|(u f (1 — win))o — (u”, fu(trn — win))o
= |(u*, f (b1, — win) — fu(din — win))o
<tz f (din — win) — fr(in — win)ll2o)
< Ch?|[u* (|2 (o) | f (1n — wan) (o)

< CR?||u ([ (o) [ — winll 2 (0)- (2.73)

Combining (2.68) - (2.73) together and dividing through by |[w1n — winl[g2(q) yields

01 = winll gz ) < CAR?||[u”, wi, w3] (2.74)

H,
Thus the error in the numerically implemented solution wy; is no worse than that given
in Theorem 18 for wy,. This establishes (i) which together with the remark above

completes the proof of Corollary 19. [
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2.4 FEM Elements

The goal of this section is to explain some of the important properties of the finite
element basis functions used in the numerical scheme as well as some mechanics of how

they are employed in the finite element method.

2.4.1 Argyris Elements

We begin with the H?-conforming Argyris elements which are used on the structure
domain 2. This weak formulation takes place over HZ(€2) and thus the most natural
choice for the discretization is a set of H?-conforming elements, see [33]; for a MATLAB
implementation see [18]. We use the quintic Argyris basis functions because they are the
lowest order H? conforming elements available and they ensure wellposedness of the
discrete formulation of (1.42) as was shown in Section 2.1. The Argyris basis functions
have 21 degrees of freedom(DOF) for each triangle in the mesh, namely Lagrange DOF
for function values at each vertex, Hermite DOF for 0/0x and 0/0y at each vertex,
Argyris DOF for 9%/0z?%, 8? /0xdy, and 0%/dy? at each vertex and one DOF at each edge
midpoint for the normal derivative.

The numerical construction of the basis functions in the Matlab code follows the abstract
setup in [33] closely as our numerical implementation did. The more interested reader
can see [18] and [22] for a more detailed MATLAB focused implementation. Here we
include a relatively brief outline. The Argyris elements are C' across the boundaries of
the elements; that is basis function values, 1st derivatives and 2nd derivatives all must
match at the vertices and the normal derivatives must match at the edge midpoints. To
achieve this the basis functions are constructed in steps. First twenty-one shape
functions are built on the reference triangle with vertices (0,0), (1,0), and (0, 1), see
Figure 2.1 below. (Note that the diagram uses the standard notation of “-” indicating

[P

the function value, “o” indicating the first derivatives, “()” indicating the second
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derivatives, and “,” indicating the normal derivative at a point.)

Figure 2.1: The Argyris Reference Element.

The shape functions are polynomials of degree 5 and are listed in Table 2.1.
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Py =1 —102% — 10y® + 152 — 3022%y? + 15y* — 62° + 3023y? + 3022y — 61°
Py = o — 623 — 11zy? + 8z* + 102%y? + 18zy> — 32° + 23y? — 1022y — Say?
3 =y — 112y — 6y3 + 1823y + 102%y? + 8y* — 8ty — 1023y? + 2%y® — 39°
Wy = 0.52% — 1.52% + 1.52* — 1.52%y? — 0.52° + 1.523y* + 22y°

s = xy — 4%y — day? + 5Py + 102%y? + Sxy? — 22ty — 623y? — 622y — 2ay?
g = 0.5y% — 1.5¢% — 1.52%y% + 1.5¢y* + 23¢y? + 1.522%y% — 0.5¢/°

Yy = 102® — 152* + 1522y + 62° — 1523y? — 1522%9°

g = —4a3 + 7ot — 3.52%y? — 32° + 3.523y* + 3.52%y°

g = —5x2y + 1423y + 18.52%y? — S8xty — 18.523y? — 13.52%y°

V1o = 0.52% — 2t + 0.252%y2 + 0.52° — 0.2523y? — 0.2522y3

Yy = 2%y — 323y — 3.52%y? + 22ty + 3.523y% + 2.52%3

1o = 1.252%y% — 0.7523y> — 1.252%y°

Yz = 10y° + 152%y? — 15y* — 1523y? — 15223 + 69/°

Yy = —bxy? + 18.52%y> + 1dzy® — 13.52%y? — 18.52%y° — Szy*

U5 = —4y® — 3.52%y% + Ty* + 3.523y? + 3.52%y° — 3y°

g = 1.252%y% — 1.2523y% — 0.752%y°

Yy = xy? — 3.52%y% — 3xy® + 2.523y? + 3.52%y° + 2zy*

g = 0.5y + 0.2522y? — y* — 0.2523y? — 0.252%y + 0.5¢°

g = —162%y + 3223y + 322%y? — 162y — 3223y? — 1622y°

Pap = V2(—8z2y* + 8x%y? + 8x%y?)

1 = —16zy? + 3222%y? + 32xy® — 1623y? — 322%y® — 162y*

Table 2.1: Argyris Shape Functions for the Plate.

The shape functions each specify exactly one of the degrees of freedom illustrated in
Figure 2.1. For example, 1 satisfies 11(0,0) = 1, but ¥;(1,0) = 0 and ¥;(0,1) = 0.
Moreover, the first and second derivatives 0,, 0y, Oz, Oy, and 9y, of ¥ are all zero at the

three vertices and the normal derivative 0/0v of v is zero at the three edge midpoints.



More generally, we define the following linear functionals for ¢ € C*(Q2), (as in [18])

L3(¢) = o(xi),
L7 () = da(xi),

LI (9) = dy(xi),
L7(0) = ¢aa(xi),
L7(0) = duy(xi),
L (d) = dyy(xi),

0

£1(6) = 5 o(my),

where x; correspond to mesh triangle vertices and m; correspond to mesh triangle
midpoints. On the reference triangle xo = (0,0), x; = (1,0), and x5 = (0, 1);

m, = (.5,0), my; = (.5,.5), my = (0,.5). For convenience we make the enumeratation

L= L, LY=L, L5 = L3,
Ly = Lo, L] = Ls, L3 = Lig,
LY = L, LY = Ly, LY = Lys,
LI = L, LY = Lyo, L5 = Lag,
LY = L, LY =Ly, L5 = Lz,
Ly = Ls, LY = Ly, Ly = Lis,
and
Ly = Ly, L] = Loy, Ly = Lo.

These represent the degrees of freedom described above. With this enumeration the

shape functions satisfy £;(1;) = 0;; for 1 <14, j < 21 where §;; is the Kronecker delta

5
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function. For clarity when applied to the shape functions this enumeration implies that:

1(0,0) = 1, 0x12(0,0) =1, 9,13(0,0) =1,
022104(0,0) = 1, Oy 5(0,0) = 1, Oyy16(0,0) =1,
¥7(1,0) = 1, 0:5(1,0) =1, Oythe(1,0) =1,
Ozathro(1,0) = 1, Oayth11(1,0) = 1, Oyyth12(1,0) =1,
U3(0,1) =1, Bph14(0,1) = 1, B,115(0,1) = 1,
Oarth16(0,1) = 1, Oay¥17(0,1) = 1, Oyyh1s(0,1) = 1,
D,119(.5,0) =1, Bythao(.5,.5) = 1, 8,1 (0,.5) =1,

and that the value of these functions are zero for any other evaluation other than the
ones shown above. The graphs of these shape functions over the reference domain are

plotted in the figures below.
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Figure 2.2: The Argyris shape functions for the vertex (0,0).
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Figure 2.3: The Argyris shape functions for the vertex (1,0).

78




79

0.8 0.15

(a) P13 (b) Y14

0.005 0.02

(e) 17 (f) ¥1s
Figure 2.4: The Argyris shape functions for the vertex (0,1).
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(a) P19 (b) %20

0.8

0.7
0 0.1 0.2 03 0.4 0.5 0.6

(c) Yo
Figure 2.5: The Argyris shape functions for midpoints (.5,0), (.5,.5) and (0,.5).

With the shape functions in hand, the second step is to create the Argyris basis functions
for the points in a mesh of the geometry of interest (in this case the plate 2). Namely,
for each mesh vertex six basis functions (corresponding to the function value, the two
first derivatives, and the three 2nd derivatives) and for each edge midpoint in the mesh
one basis function (corresponding to the normal derivative at that point). These basis
functions are defined piecewise for each triangle in the mesh of which the point is a
member. The basis functions are created from affine transformations of the shape
functions defined on the reference triangle. The key difficulty is that affine

transformations do not preserve the values of the derivatives of the shape functions.
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Many avoid using the Argyris functions because of this difficulty but it is necessary to
this mixed formulation that the basis functions be H?-conforming. It is critical to their
definition that the derivatives of the Argyris basis functions must take on particular
values (1 or 0) at each mesh node. To achieve this, each basis function is composed of a
linear combination of transformed shape functions. This has to be done for each basis
function, piecewise for each triangle in the mesh. Thus once the mesh is created, a data
structure must be built to store the coefficients of these linear combinations; the program
BasisConstant.m accomplishes this task in our numerical implementation.

Again, following [33] closely, we will outline this procedure below. First, we need to be
able to compute the derivatives of the transformed basis functions. To do accomplish
this, let Tk denote the reference triangle and 7T} denote a particular triangle in the mesh
with vertices (zo,4o), (x1,%1), and (22, y2). Then the affine transformation xj : T — Ty

given by

X

To 1 — Xy T2 — X
x(Z,y) = + (2.75)

Yo Y1 — Y% Y2 — Yo

NS

maps (0,0) to zo,yo, (1,0) to (x1,y1) and (0, 1) to (x2,ys), and hence maps Tr onto Tj.
The vertices in the mesh are ordered such that the Jacobian matrix

T1 — Ty T2 — Xo ~
Jp = = Dx;/Dx,

1 =Y Y2 — Y

for X € Tk, is positive. (We used the open source program GMSH which automatically
does this.) Thus we can transform a function ¢ € P*(T}) to ¢ € P5(T%) on the reference

element via

Y =1 ox. (2.76)

Since we can compute the derivatives of the shape functions 12 on Tg directly using

calculus, we find the derivatives of the transformed shape functions by using the chain
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rule. In fact, the first derivatives are given by

D, (x Dh(x
R BEPR R (2.77)

Oyh(x) 0,4(%)

and moreover the second derivatives are given by

Opzth (%) D2t (X)
Do (x) | = A |00 (%) | 1 X = Xu(X), (2.78)
ayy¢<x> aygﬂ;(i)
where
I3 —2J51J2 JZ
_ 1
Ak’l - detQ(Jk) —J1odos  (J11dos + Jiodo1) —Jindor| (2.79)
Ity —2J11J12 JZ

where J;; is the value of the ij" entry of Ji; see [33] for details.

Given a particular triangle in the mesh, these matrices are easily constructed and used to
compute the values of the derivatives of the transformed shape functions. Thus for each
shape function ¢; — 91, we can define for each triangle T} in the mesh, the transformed
shape functions v;, — ¥y,,. Recall that in this enumeration, 1; — 1) correspond to node
1, ¥7 — 415 correspond to node 2, and ;3 — 115 correspond to node 3, while 119 — 1091
give the three edge midpoint normal derivatives. Recall also from Section 2.4.1 that

L1 — Ly correspond to the Argyris degrees of freedom, e.g. L4(¢)) = 83—;2 (0,0). With

this in mind, for each triangle T} in the mesh we compute the following 21 x 21 matrix

511/%1 s Llwkgl

Ck (2.80)

£21¢k1 £21¢k21

Then the coefficients o' = [ay, ..., ag1]? of the i*® transformed shape function can be
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retrieved by solving

Cra' = ¢; (2.81)

where ¢; is the i standard basis element in R?!. The matrix C}, is sparse with columns
having between 3 and 6 non-zero entries. The entries of C} are easily computed by taking
the matrix product Ly B where Ly is a 21 x 24 matrix which transforms the values of the
shape functions to the element T}; B is 24 x 21 matrix that stores the values of the
function values (including derivatives) of the shape functions on the reference element.
Namely,

B= (2.82)
My, M,

where I3 is an 18 x 18 identity matrix, Z is an 18 x 3 zero matrix, the matrices M; and
M, which give the partial derivatives 0, and 0, at the edge midpoints (.5,0), (.5,.5) and

(0,.5) are given by

—-15 =7 —1 15 =7 1

B 0 500 2 X 0 45 0 0 0 0 0 0 0 0

o 0 0 00O O O O 0 0 0 0 O 0 0 0 0
g0 00000 B FEEFTERITER S A

0000 000 F 5 FH A% BB E B H

O 0 0 0 00 0 0 0 0 O 0 0 0 0 0 0

_—Two;—gOOg—;oooooo%o;—goog—g_
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and ~ _

0 0 0
-1 0 0

0 ¥2 o

M, = 2 (2.84)
0 ¥2 0
2
0 0 -1
0 0 0

The first 18 rows simply evaluate £;(1);), but the last 6 rows evaluate 9,1;(.5,0),
Oy105(.5,0), 0,1;(.5,.5), Oy1;(.5,.5), 0,1,(0,.5), and 9,1;(0,.5) from top to bottom. The

transformation matrix L is given in block form as

LT 0 0 0
0O L1 0 O
, (2.85)
0 0 L1 O
0O 0 0 L2
where the 6 x 6 block matrix L1 is given by
1 0 0
Li=10 % o |, (2.86)
0 0 Al
and the 3 x 6 block matrix L2 is given by
7 0
L2 = 0 vl T 0 ; (2.87)
0 o T

where v = [0, —1], vI = [v/2/2,v/2/2], and v] = [~1,0]. The block nature of these

matrices can be exploited in the code to reduce the computation time required to solve
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(2.81) for each element in the mesh, although the time to run this section of the code is
insignificant compared to the remainder.

One final comment is with respect to implementing boundary conditions with these
elements. The HZ({2) boundary conditions would force Lagrange and even Hermite basis
functions to be all zero on the boundary, but since Argyris functions specify the values of
the second derivatives this is not necessarily the case. More specifically the clamped
condition does not necessarily impose conditions on ¢,, and ¢,,. If the geometry is
simple, as in our case, these conditions can be handled in a more ad hoc fashion as was
done here. More specifically on the left and right sides of the square domain [0, 1] x [0, 1]
only the ¢,, degrees of freedom remain while on the top and bottom sides only the ¢,,
basis functions are in play. Since the domain in our numerical example was a square this
was easily imposed. This is more difficult for general domains though one can enforce the
conditions variationally. This is done by imposing the boundary conditions using a
method akin to Lagrange multipliers, see e.g., [22], [9]. This is possibly one of the reasons
for why the Argyris basis functions appear to be scarcely used. However, for PDE models

such as this one which require H2-conforming elements one has little choice.

2.4.2 Fluid Basis Elements

To solve the Stokes problem on the fluid domain we use the Taylor-Hood (P?/P!)
elements. The fluid velocity is approximated over quadratic Lagrange elements defined
on the reference tetrahedron. The shape functions are listed in Table 2.2 below. The

nodes labeled with local node ordering are displayed in Figure 2.6.



Figure 2.6: The Fluid Velocity Reference Element.

p1=2(1-(z+y+2)(1/2—(z+y+2))

o =2z(x —1/2)
p3=2y(y —1/2)
wy =22(2—1/2)

s =4z(1— (z+y+2))
e = 4y
er=4y(l—(z+y+2))
ps=4z(1— (z+y+2))
g = dyz

p10 = 4xz

Table 2.2: Fluid Velocity Shape Functions.

86

The pressure basis functions are constructed from linear Lagrange elements and are given

in Table 2.3 below. The nodes labeled with local node ordering are displayed in Figure
2.7.
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m=1—(rx+y+=z)

=
N3 =Y
Ny =z

Table 2.3: Fluid Pressure Shape Functions.

1
2)
x

Figure 2.7: The Fluid Pressure Reference Element.

2.5 Matrix Computations

Here we give a brief description of how the mixed variational formulations described
earlier are implemented numerically. For example, to solve the mixed problem in (2.9),
let as before X}, describe the H?-conforming space of Argyris elements described in
Section 2.4.1. Suppose for a particular mesh this space has dimension N, with basis

{sz}f\;’ll Then the approximate solution wy; can be written as wy;, = vazhl a;1;. Then for
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each ¥; € Xj and r € R we have

Np,
Z aiax (s, ¥;) + b(1y, én) = F(1)); (2.88)
=1 .
Z Oéib(%‘, 7“) =0, (2-89)
i=1

with ay, b and F defined as in (1.43). Repeating this for each 1; € X}, creates a linear

system which can be expressed in the form

A B «Q F
= ) (2.90)

Here A = A;; = ax(v;,v:), B = B; = b(¢;,1), and F; = F(¢;). The matrix formulations
of (2.14)-(2.15) and (2.16)-(2.17) are done in an analogous way.

Building the matrices which correspond to the mixed variational formulations in (2.9),
(2.14)-(2.15), and (2.16)-(2.17) requires a number of integrals to be evaluated
numerically, e.g. the value of a)(¢;, ¢;). These computations are done via numerical
integration of the basis functions. Moreover, the basis functions are defined via linear
transformations of the shape functions defined on the reference triangle and tetrahedron.

Thus for example if Q@ = J, 7} we have

@i = [ 60,02 = 3 [ uosac
k

Tk

The final calculation is simplified by the fact that the integrand is zero over many of the
elements Tj. For the remaining ones this computation is transferred to an integral over
the reference triangle. Thus explicit formulas for the basis functions need never be
known. For the domain €2 the resulting integrals are computed using quadrature with
evaluation points and weights in Table 2.4(values are rounded in the Table, but are

precise to 18 digits in the MATLAB code). This 28 point quadrature rule from [12] is
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exact for polynomials of degree 11 or less and thus is exact for a product of two quintic

Argyris basis functions.

X

Yi

w;

0.3333
0.948
0.026
0.026

0.8114

0.0943

0.0943

0.0107

0.4946

0.4946

0.5853

0.2073

0.2073

0.1222

0.4389

0.4389

0.6779

0.6779

0.0448

0.0448

0.2772

0.2772

0.8589

0.8589

0.0
0.0
0.1411
0.1411

0.3333
0.026
0.948
0.026

0.0943

0.8114

0.0943

0.4946

0.0107

0.4946

0.2073

0.5853

0.2073

0.4389

0.1222

0.4389

0.0448

0.2772

0.6779

0.2772

0.6779

0.0448

0.0

0.1411

0.8589

0.1411

0.8589

0.0

0.044
0.0044
0.0044
0.0044

0.019

0.019

0.019
0.0094
0.0094
0.0094
0.0361
0.0361
0.0361
0.0347
0.0347
0.0347
0.0205
0.0205
0.0205
0.0205
0.0205
0.0205
0.0037
0.0037
0.0037
0.0037
0.0037
0.0037

Table 2.4: Quadrature Points and Weights for Reference Triangle.



Figure 2.8: Location of Quadrature Points in Reference Triangle.

For the domain O the quadrature points and weights for the reference tetrahedron are
listed in Table 2.5, see [1]. Here an 11 point quadrature is used because the fluid basis
functions are quadratic and thus precision for polynomials of degree four or less is

sufficient; the points are plotted in Figure 2.9

0.25 0.25 0.25  -0.0132
0.7857 0.0714 0.0714 0.0076
0.0714 0.7857 0.0714 0.0076
0.0714 0.0714 0.7857  0.0076
0.0714 0.0714 0.0714 0.0076
0.1006 0.1006 0.3994 0.0249
0.1006 0.3994 0.1006 0.0249
0.1006 0.3994 0.3994 0.0249
0.3994 0.1006 0.1006 0.0249
0.3994 0.1006 0.3994 0.0249
0.3994 0.3994 0.1006 0.0249

Table 2.5: Quadrature Points and Weights for Reference Tetrahedron.
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1
T

Figure 2.9: Location of Quadrature Points in Reference Tetrahedron.

2.6 Test Problem

Here we build an appropriate test problem for the fluid-structure problem of interest.
The fluid domain O is given by (z,y,2) € (0,1) x (0,1) x (—=1,0). The plate 2 is the top
boundary of the fluid domain, lying in the zy plane, namely (z,y) € (0,1) x (0,1) The
fluid velocity is given by u = [u™™, u®, 4], with fluid pressure p and w; and w, are the
plate displacement and velocity respectively. The functions wj, w;, and u* are the given

data from H and we desire u, wy, ws, and p satisfying:

Awy — wy = wy in €, (2.91)

Awy + P A wy — Prlpl ) = w) in Q, (where p = Gy (wy) + Ga(u)),  (2.92)
wy = % =0 on 0€2, (2.93)

A — Au+ Vp =u’ in O, (2.94)

div(u) =0 in O, (2.95)

u}s = [0,0,0] on S, (2.96)

ul, =1[0,0,wy]  in Q. (2.97)
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This test problem assumes that p = 0 and thus P, = I. Then for any A > 0 the functions

wy = —a'(z — 12z — Dy'(y — 1)* € H}(Q) N L),
wy = —Aw;, = 120*(z — 1)*(22 — 1)(62% — 62 + D)y*(y — 1)*
otz — 1) 20 — Dy (y — 1)2(14y% — 14y + 3) € HZ(Q) N L*(),
uM = [22%(x — 1)*(92% — 9z + 2)y*(y — 1)* + (4/5)2° (z — 1)°y*(y — 1)*(14y* — 14y + 3)] x
[ — 302" — 602° — 3027,
u® = 0,
u® = —[122%(z — 1)*(27 — 1)(62° — 6z + V)y*(y — 1)* + 4a*(z — 1)*(22 — 1)x
YAy — 1)*(14y* — 14y + 3)] * [ — 62° — 152" — 102° — 1],

p = 0.
solve (1.35) - (1.41) for data defined by

w] = Awy — wo;
wy = Awy + A%wy;

= \u — Au.

Notice that u = [u™, 4 u®)] is divergence free, u = [0,0,0] on S, Au-v = [0,0,0] on S,
and u = [0, 0, w,] on Q. Moreover p := G, 1(w1) + G,2(u) = 0 because wy and u are
chosen such that A?w; = —Au-v on , and Au-v = 0 on S which causes the two terms
to cancel. Finally we have [w}, w5, u*] € H, (in the p = 0 case w} € L%(9) only). The
error in the numerical solution of the structure variable w; is summarized in the table

below.
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No. of elements Characteristic Length  |w; — wip|gz w1 — winlgr  ||Jwy — wigl| L2

4 1 7.132 x 107°  4.993 x 10°%  3.935 x 1077
16 5 9.823 x 107% 3.450 x 1077  1.509 x 1078
64 25 1.249 x 1076 2.761 x 107%  1.598 x 107°
256 125 8.343 x 1078  1.253 x 1072 1.066 x 10~1°
1024 .0625 5.124 x 107°  6.771 x 1071 6.285 x 107'2

Table 2.6: Errors of structure FEM approximations.

Since the mesh is refined by a factor of 2 at each step, we compute log (%&) /log(2).
In the limit this ratio should approach the exponent of convergence, i.e. O(h*). Now for
smooth data (as we have for this test problem) the error estimates in (18) can be
improved from those given in Theorem 18. The best possible convergence rate one could
attain for Argyris elements (independent of the PDE) is k = 4 for the H*-norm of w,
which the numerical scheme does appear to attain (see Table 2.7). However, the H'- and
L?-errors do not appear to improve to k = 5 and k = 6 respectively; this is possibly due
to the (unavoidable) approximation of f and it described above or the fact that the fluid

basis functions are of lower degree than those on the plate. (Note that the achieved rate

is better than what we could prove in Theorem 18.)

H?> H' [I?

Mesh 1 / Mesh 2 2.86 3.86 4.71
Mesh 2 / Mesh 3 2.98 3.64 3.24
Mesh 3 / Mesh 4 390 4.46 3.91
Mesh 4 / Mesh 5 4.03 4.21 4.08

Table 2.7: Computed index k in O(h¥) for structure FEM approximations.

Similarly, for the fluid approximation we have:



No. of elements Characteristic Length  ||u — up|lz | —uplmr  ||p — paullz2
24 1 5.26 x 107%  9.53 x 1073 1.40 x 1074

192 ) 1.42 x 107° 3.64 x 107* 5.85 x 107°

1536 25 3.56 x 107 1.75 x 107* 2.25 x 107°
12288 125 498 x 1077 5.20 x 107° 3.56 x 10~°
98304 .0625 6.33 x 107® 1.37 x107° 6.67 x 1077

Table 2.8: Errors of fluid FEM approximations.

The log error ratios approach what is expected for a P? /P! implementation, namely

k = 3,2, and 2 respectively as shown in Table 2.9.

L?(fluid) H'(fluid) L*(pressure)
Mesh 1 / Mesh 2 1.89 1.38 1.26
Mesh 2 / Mesh 3 1.99 1.05 1.38
Mesh 3 / Mesh 4 2.84 1.75 2.66
Mesh 4 / Mesh 5 2.97 1.93 2.41

Table 2.9: Computed index k in O(h¥) for fluid FEM approximations.

As the mesh is refined, the FEM approximation improves in quality. The figures below

show that in a side by side comparison already at the Mesh 3 level that the

approximations of w; are nearly indistinguishable from the true solution.
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w1 True Solution Interpolation x107° W1 FEM Approximation

x10©° B x10°

y-axis 0o x-axis y-axis 0o x-axis

Figure 2.10: FEM approximation for w.

w1x True Solution Interpolation

-5

x 10

z-axis
1
A

y-axis 0 0 x-axis y-axis 00 x-axis

Figure 2.11: FEM approximation for wq,.



z-axis

z-axis
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w1y True Solution Interpolation

0.5

y-axis 00 x-axis y-axis 00 x-axis

Figure 2.12: FEM approximation for wy,.

w1xx True Solution Interpolation x107 W1xx FEM Approximation

y-axis 00 x—axis y-axis 00 x-axis

Figure 2.13: FEM approximation for wy,,.



w1xy True Solution Interpolation

z-axis
z-axis

o

y-axis 00 x—axis y-axis 0o x-axis

Figure 2.14: FEM approximation for wg,.

w1yy True Solution Interpolation

z-axis

y-axis 0 0 x-axis y-axis 00 x-axis

Figure 2.15: FEM approximation for wy,,.

Below are plots of the fluid vV, «®, and u® as well as the pressure solution p. The

figures below display these plots on three dimensional domains using slicing. Note that
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the order of the error on «® is 107% and on p is 10~%.

U1 FEM Approximation u1 Exact Solution

z-axis

y—axis

X—axis

Figure 2.16: FEM approximation for u(Y.



z-axis

U2 FEM Approximation u2 Exact Solution

y-axis 0 o

Figure 2.17: FEM approximation for u(®.

X—axis
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Z axis

Y axis

U3 FEM Approximation u3 Exact Solution
x 10

X axis

Figure 2.18: FEM approximation for u(®.
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Pressure FEM Approximation Pressure Exact Solution

z—-axis

0.5

—axis .
y X—axis

X—axis

Figure 2.19: FEM approximation for p.

The mesh is made using the open source program GMSH. The programs takes a
geometry of points, lines, planes, and volumes as inputs and creates the two and three
dimensional meshing. It can also refine the mesh by splitting each triangle into four
triangles and each tetrahedron into 8 tetrahedra. This means that if the original meshing
is a regular mesh, all subsequent iterations will be regular as well, that is, none of the
angles in the elements are too extreme.

It should also be noted that for a polyhedral domain, as is used here, the Taylor-Hood
elements are stable if every tetrahedron has at least one internal vertex, see Theorem 8.2
in [8]. In view of this, the geometry and mesh are constructed in such a way to guarantee

that this condition is satisfied so that the approximate solution to the fluid Stokes
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problem doesn’t exhibit “locking”, i.e. the pressure space isn’t overly rich in enforcing
the divergence free condition on the fluid velocity. The figures below illustrate how the

plate and fluid domains O is partitioned into triangles and tetrahedra respectively.

Figure 2.20: 2D plate mesh built with GMSH.
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Figure 2.21: 3D fluid mesh built with GMSH.
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Appendix A

Matlab Code

Here we include the matlab code that was written to solve implement the numerical
scheme outlined in Chapter 2 to solve the fluid structure problem. The main program is
FluidStructure.m. This program takes as inputs Mesh and pMesh, which are the fluid
and plate geometry mesh data structures that must first be created using
gmsh2mesh3D.m and Mesh3DToPlate2D.m. Note that these programs call
load_gmsh2.m available in the GMSH source code file. These programs take the a
geometry which is built in the open source mesh generating software GMSH and creates
the coupled mesh data structures for the fluid and plate respectively. The mesh can be
refined by splitting elements in GMSH and then solved iteratively on the successively
finer meshes to see the convergence of the numerical scheme.

Once the mesh structures are built FluidStructure.m creates all the FEM basis
functions for the fluid and plate geometries (the constants for the linear combinations of
the Argyris shape functions are computed by BasisConstant.m) and then solves
(2.91)-(2.97) numerically. The system can be solved for given data [w}, w3, u*] € H, for
p = 0. The code as shown in the appendix is set up to solve the test problem in Section
2.6 for A = 1.

To solve for wy, the program builds the block matrix from (2.90) in pieces by calling the
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intermediary programs StiffnessA2D.m, StiffnessAL2D.m, StiffnessAFT2D.m,
StiffnessQ3D.m, StiffnessQ3DB.m, fTilde.m, and BLFormA2D.m and assembling
it appropriately. The load vector from (2.90) is then constructed by Load1A2D.m,
Load2A2D.m, Load3A2D.m, and Load4A2D.m.

Next, ws is given in terms of known quantities via (1.35). Finally (1.44) is solved to yield
u and p. The program computes the errors from the known solutions and then plots
them side by side for visual comparison. The programs which compute the various errors
are: L2ErrorQ3D.m and H1ErrorQ3D.m for the fluid; L2ZErrorQ3DP.m for the
pressure; DivErrorQ3D.m for the divergence of the fluid; and L2ErrorA2D.m,
HixErrorA2D.m, HlyErrorA2D.m, H2xxErrorA2D.m, H2xyErrorA2D.m and
H2yyErrorA2D.m for the plate displacement. For space reasons, we only include
L2ErrorQ3D.m and L2ErrorA2D.m in the appendix because they are all quite
similar.

Each of these programs contains internal documentation and comments to clarify the

computations being made and their role in the overall scheme.

FluidStructure.m

VLol eledledledledledledledledlededledlededbedlededledtediedbedleddledledledledledledledledledledledledledledledledledbedledtedbedbedlededledledbedbedlededledledhedbedbedledl etk
9%

9%  Full Fluid Structure Combined Problem

9%

Rl erlertedledledleledledledledledledledledledledledledledl eledledl el dhodledl btk edledledl edhedbededl el edl el edledbeledledleedledleledledbeddedledbedledl el el

9% First load mesh into workspace

Mesh=Mesh3; % Mesh is built first with gmsh2mesh3D.m and Mesh3DToPlate2D.m
pMesh=pMesh3; % Save mesh refinements as Meshl, Mesh2, etc.

Nf=length (Mesh.FNodePtrs) ; %

of free fluid nodes

Nih=length (Mesh.IHNodePtrs); 9

IS

of fluid inhomogeneous nodes

#

Np=length (Mesh.PNodePtrs) ; % # of fluid pressure nodes
#
#

Nc=length (Mesh.CNodePtrs) ; %

of fluid constrained nodes

lambda=1;
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9% Test Problem

% Fluid

ul=@(x,y,z) (2#x"3%(x—1)"3%(9%x"2—9xx+2)xy " 4x(y—1)"4 + (4/5)*x"5%(x—1)"5%xy " 2x(y—1)"2%(14xy..
"2—14xy+3))*30%(—2"4—-2%2"3—-2"2) ;

u2=@(x,y,z) 0;

u3=@(x,y,z) —1#(12xx"2%(x—1)"2%(2xx—1)*(6xx"2—06%x+1)xy " 4x(y—1)"4 + 4xx"4x(x—1)"4x(2xx—1)xy "2 (...
y—1)"2%(14%y"2—14%y+3))%(—6%2"5—15%2"4—10%xz2"3—1);

ulx=@(x,y,z) (12%x"2%(x—1)"2#(12%x"3—=18xXx"24+8xx—1)*xy "4 (y—1)"4 + 4sx"4x(x—1)"4#(2xx—=1)*y 2 (y...
—1)"2%(14%y"2—14%y+3) ) *«30%(—2"4—2%2"3—-2"2);

uly=@(x,y,z) (2%x"3%(x—1)"3%(9%x"2—9%x+2)%4xy " 3x(y—1)"3%(2xy—1) + (24/5)*x"S5=(x—1)"S5xy=*(y—1)...
#(2y—1)x(Txy 2—Txy+1))*30%(—2"4—-2%2"3—-2"2);

ulz=@(x,y,z) (2xx"3%(x—1)"3%(9%x"2—=9xx+2)xy " 4x(y—1)"4 + (4/5)*x"5(x—=1)"5xy " 2x(y—1)"2%(14xy..
"2 —14%y+3))#60x(—2%2"3—-3%2"2—1z);

u2x=@(x,y,z) 0;

u2y=@(x,y,z) O;

u2z=@(x,y,z) 0;

udx=@(x,y,z) —1%(24%x%(42%x"5—126%x"4+140%x"3—=70%x"2+15%xx—1)*y " 4=(y—1)"4 + 8xx"3x(x—1)"3*(9*x...
"2 —9uxx+2) %y "2 (y—1)"2%(14%y"2—14%y+3) ) x(—6%2"5—15%2"4—10%2"3 —1);

udy=@(x,y,z) —1#(48xx"2%(x—1)"2#(2%x—1)#(6%X"2—=06%x+1)*y " 3x(y—1)"3%(2%xy—1) + 24xx"4x(x—1)"4%(2x*...
X—Dxys(y—1)x(2xy—1)x(Txy2—=Txy+1))#(—6%2"5—15%x2"4—10%2"3 —1);

u3z=@(x,y,z) —1x(12%x"2%(x—1)"2%(2%x—1)%(6%x"2—6xx+1)*xy " 4x(y—1)"4 + 4xx"4sx(x—1)"4%(2xx—1)*y...
2% (y—1)"2%(14%y"2—14%y+3) ) %30x(—2"4—-2%2"3—2"2) ;

ulxx=@(x,y,z) (24#xx(x—1)#%(42+x"4—84xx"3+56%x"2—14xx+1)*y " 4x(y—1)"4 + 8xx"3x(x—1)"3%(9%x"2—-9=x...
+2) sy 2% (y—1)"2%(14%y"2—14%y+3))«30%(—2"4—2%2"3—2"2) ;

ulyy=@(x,y,z) (2#x"3%(x—1)"3%(9%x"2—9%x+2) %4y 2% (y—1)"2%(14xy"2—14xy+3) + (24/5)=x"5*(x—1)...
“S5%(70%xy"4—140%y"3+90xy"2—20%y+1) ) *30%(—2"4—2%2"3—2"2);

ulzz=@(x,y,z) (2#x"3#(x—1)"3%(9%x"2—=9xx+2)xy 4x(y—1)"4 + (4/5)#x"5%(x—1)" 5%y " 2%(y—1)"2%(14x*y..
"2 —14%y+3)) %60%(—6%2"2—6%xz—1);

u3xx=@(x,y,z) —1%(24%(252%x"5—630%x"4+560%x"3—-210%x"2+30%x—1)xy " 4sx(y—1)"4 + 48xx"2x(x—1)"2%(2x*...
X—1)#(6%X"2—06xx+1)xy 2%(y—1)"2%(14%xy"2—14%y+3))%(—6%2"5—15%x2"4—10%x2"3—1);

udyy=@(x,y,z) —1#(48%x"2x(x—1)"2%(2xXx—1)%(6%X"2—06xX+1)xy " 2%(y—1)"2%(14%y"2—14xy+3) + 24%x"4=(X...
—1)"45(2%x—1)%(70%y "4 —140%y 3490y 2 —20%y+1) ) «(—6%2"5—15%2"4—10%2"3 —1);

u3zz=@(x,y,z) —1#(12%x"2%(x—1)"2%(2%xx—1)*(6%x"2—06%x+1)xy " 4x(y—1)"4 + 4xx"4x(x—1)"4%(2xx—1)*y...
"2x(y—1)"2%(14%y"2—14%y+3))%60%(—2+2"3—-3%2"2—2z);

ustarl =@(x,y,z) lambdaxul(x,y,z) — ulxx(x,y,z) — ulyy(x,y,z) — ulzz(x,y,z);

ustar2=@(x,y,z) O0;

ustar3=@(x,y,z) lambdaxu3(x,y,z) — udxx(x,y,z) — udyy(x,y,z) — u3zz(x,y,z);

p=@(x,y,z) 0;

99% Group Together

u={ul ,u2,u3};

gradul={ulx,uly,ulz};
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gradu2={u2x,u2y,u2z};
gradu3={u3x,u3y,u3z};

ustar={ustarl ,ustar2 ,ustar3 };

9% Plate (Note that wl, w2 are in L*2_0)

wl=@(x,y) —x"4%(x—1)"4%2xx—1)xy " 4=x(y—1)"4;

WiIx=@(x,y) —2#x"3#(x—1)"3%(9%x™"2—-9xx+2)xy " 4x(y—1)"4;

wly=@(x,y) —x"4#x(x—1)"4%(2xx—1)#4%y " 3x(y—1)"3%(2xy—1);

WIXX=@(x,y) —12%x"2%(x—1)"2%(12%Xx"3—18xx"2+8xx—1)xy " 4x=(y—1)"4;

wilxy=@(x,y) —8xx"3#(x—1)"3%(9%x"2—9xx+2)xy 3x(y—1)"3%(2xy—1);

wlyy=@(x,y) —x"4%(x—1)"4%(2%x—1)xdsy " 2% (y—1)"2%(14xy"2—14xy+3);

BHwWI=@(x,y) —24%(252+x"5—630%x"4+560%x"3—-210%x"2+30%x—1)xy " 4sx(y—1)"4 — 96%x"2x(x—1)"2%(12x%x...
"3 —18#x"24+8xx—1)xy 2% (y—1)"2%(14%y"2—14xy+3) — 24xx"4x(x—1)"4%(2xx—1)*(70%y"4—140%y"3+90xy...
"2—-20xy+1);

w2=@(x,y) 12#x"2%(Xx—1)"2#(2%Xx—1)%(6%X"2—06%x+1)xy " 4x(y—1)"4 + 4xx"4x(x—1)"4%(2xx—1)xy 2% (y—1)..
"2#(14xy"2—14%y+3);

wlstar=@(x,y) lambdaswl(x,y) — w2(x,y);

w2star=@(x,y) lambdaxw2(x,y) + BHwl(x,y);

TIETTTSTITITEIIIITITTITTIIIIIIIII S I nitialize Fluid Variables YIISTTITTIIISIIIIIIIIIIIEI o
% Scalar Basis Functions:

phil=@(x,y,z) 2%(l —(x+y+z))*(1/2 —(x+y+z));
phi2=@(x,y,z) 2xxx(x—1/2);

phi3=@(x,y,z) 2xy=(y—1/2);

phid=@(x,y.z) 2xzx(z—1/2);

phi5=@(x,y,z) 4sx=(1—(x+y+z));
phi6=@(x,y,z) 4xxxy;

phi7=@(x,y,z) 4xy=(l—(x+y+z));
phi8=@(x,y,z) 4szx(l—(x+y+z));
phi9=@(x,y,z) 4xy=*z;

phil0=@(x,y,z) 4#xxz;

% Group together

phi={phil, phi2, phi3 , phi4 , phi5, phi6 , phi7 , phi8 , phi9 , phil0 };

% Gradients of Scalar Basis Functions:
philx=@(x,y,z) —3+4sx+4dsy+4sz;
phily=@(x,y,z) —3+4xx+4xy+4xz;
philz=@(x,y,z) —34+4xx+4sy+4xz7;
phi2x=@(x,y,z) 4=x—1;

phi2y=@(x.,y,z) O;

phi2z=@(x,y,z) O;



phi3x=@(x,y,z)
phi3y=@(x.,y,z)
phi3z=@(x,y,z)
phidx=@(x,y,z)
phidy=@(x.,y,z)
phi4z=@(x,y.z)
phiSx=@(x.,y,z)
phiSy=@(x,y.z)
phiSz=@(x,y,z)
phi6x=@(x,y,z)
phi6y=@(x,y,z)
phi6z=@(x,y,z)
phi7x=@(x,y,z)
phi7y=@(x.,y,z)
phi7z=@(x,y,z)
phi8x=@(x,y,z)
phi8y=@(x,y,z)
phi8z=@(x,y,z)
phi9x=@(x,y,z)
phi9y=@(x,y,z)
phi9z=@(x,y,z)

0;

4y —1;

0;

0;

0;

4wz —1;

4—8xx —4xy —4x7
—4xX 5

—4#X 3

4y

4xx

0;

—4xy s

4—44x —8xy —4x7
—4xy

—4x7

—4x7

4—4xx —4xy —8%7 ;
0;

4wz,

4y

philOx=@(x,y,z) 4xz;
phil0y=@(x,y,z) O;
phil0z=@(x,y,z) 4=x;

% Group together

phix={philx , phi2x , phi3x , phi4x , phi5x , phi6x , phi7x , phi8x , phi9x , philOx };

phiy={phily , phi2y , phi3y , phidy , phi5Sy, phi6y , phi7y , phi8y , phi9y , philOy };
phiz={philz,phi2z ,phi3z,phidz, phi5z ,phi6z , phi7z , phi8z , phi9z , philOz };

% Pressure Basis Functions
etal =@(x,y,z) 1—(x+y+z);
eta2=@(x,y,z) X;
eta3=@(x,y,z) y;
etad=@(x,y,z) z;

% Group Together

eta={etal ,eta2 ,eta3 ,etad };

% Gradients of Pressure Basis Functions
etalx=@(x,y,z) —1;
etaly=@(x,y,z) —1;
etalz=@(x,y,z) —1;
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eta2x=@(x,y,z) 1;
eta2y=@(x,y,z) O
eta2z=@(x,y,z) O;
eta3x=@(x,y,z) O
eta3y=@(x,y,z) 1;
eta3z=@(x,y,z) 0
etadx=@(x,y,z) O;
etady=@(x,y,z) O
etadz=@(x,y,z) 1;

% Group Together

etax={etalx ,eta2x ,eta3x ,etadx };
etay={etaly ,etaly ,etaly,etady };

etaz={etalz ,eta2z ,eta3z ,etadz};

9% 3D Fluid Quadrature Points & Weights (N = 11, D = 4) from

99% http :// www.mems.rice.edu/  akin/Elsevier/Chap_10.pdf

fqwt = [—74/5625; 343/45000; 343/45000; 343/45000; 343/45000;
56/2250; 56/2250; 56/2250; 56/2250; 56/2250; 56/2250];

fqpt = zeros(3,11);

fqpt(:,1) = [1/4; 1/4; 1/4];

fqpt(:,2) = [11/14; 1/14; 1/14];

fqpt(:,3) = [1/14; 11/14; 1/14];

fqpt (:,4) = [1/14; 1/14; 11/14];

fqpt(:,5) = [1/14; 1/14; 1/14];

fqpt(:,6) = [0.100596423833201; 0.100596423833201; 0.399403576166799 ];

fqpt(:,7) = [0.100596423833201; 0.399403576166799; 0.100596423833201 ];

fqpt(:,8) = [0.100596423833201; 0.399403576166799; 0.399403576166799 ];

fqpt(:,9) = [0.399403576166799; 0.100596423833201; 0.100596423833201 ];

fqpt(:,10) = [0.399403576166799; 0.100596423833201; 0.399403576166799 ];

fqpt(:,11) = [0.399403576166799; 0.399403576166799; 0.100596423833201 ];

% Basis functions phiVal[i,j] = phi_j(r-i, s-i, t_i). The columns
% correspond to the different phi's and the rows to the values

% of phi_j at the quadrature points(qpt).

% The derivatives phixVal,phiyVal,phizVal are defined similarly.
fql=length (fqwt);

phiVal=zeros (fql ,10);

phixVal=zeros (fql ,10);

phiyVal=zeros (fql ,10);

phizVal=zeros (fql ,10);

for i=1:fql
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for j=1:10
phiVal(i,j)=phi{j}(fqpt(l,i),fqpt(2,i),fqpt(3,i));
phixVal (i, j)=phix{j}(fqpt(1,i),fqpt(2.i).fqpt(3.i)):
phiyVal (i, j)=phiy{j}(fqpt(l,i),fqpt(2,i),fqpt(3,i));
phizVal(i,j)=phiz{j}(fqpt(l,i),fqpt(2,i),fqpt(3,i));
end

end

% Pressure basis functions etaVal[i,j] = eta_-j(r-i, s-i, t_-i). Columns
% correspond to the different etas and rows to the values of eta_j
% at the different quadrature points(qgpt).
etaVal=zeros (fql ,4);
for i=1:fql

for j=1:4

etaVal (i,j)=eta{j}(fqpt(1l,i),fqpt(2,i),fqpt(3,i));
end

end

9% Generate C, the L2_0 corrector for each eta

C=L20Corrector (Mesh) ;

O07.07.071.07.071.07.07.01.07.07.071.07.01.07.07.01.07.07.07.07, ; : : . « OL07L01.07.07.07.07.07.07.0707.01.07.07.07107.071.07.010707.07.07.071.07.07,
GEISTSTIISTSTTIISTTIISTTII e [nitialize Plate Variables ITIITTIISTTIISTIISISTIISTISTIISIS o

9% Initialize Plate Shape Functions (2D d=5 Argyris Shape Functions)

9%9¢% for (0,0):

mul=@(x,y) 1—10%x"3—10%y"3+15%x"4—30%x"2%y " 2+15%y"4—06%x"5+30%x" 3%y " 2+30%x"2%y"3—06xy"5;% mul...
(0,0)=1

mu2=@(x,y) X—6%x"3—11xxxy " 2+8+Xx"4+10%Xx" 2%y " 2+18%x#y "3 —3%x"5+x" 3%y "2—10%x"2xy "3 —8xxxy"4; % ..
mu2_x(0,0)=1

mu3=@(x,y) y—11#x"2xy—6+y " 3+18+x"3%y+10%x" 2%y "2+8%y "4 —8xx"4sxy—10%x"3%y " 2+x" 2%y "3—-3xy"5:% mu3 _y...
(0,0) =1

mud=@(x,y) 0.5%x"2—1.5%x"3+1.5%x"4—1.5%x"2%y"2—0.5%x"5+1.5%x" 3%y " 24+x"2xy"3;% mué4_xx(0,0) = 1

muS=@(x,y) X#xy—4#Xx"2sy—4uxsy 2+5%X " 3xy+10xXx" 2%y " 245Xy 3 —2%X "4y —06+X"3xy"2—06xX"2xy" 3 —2xxxy"4; ..
P mu5_xy(0,0) =1

mu6=@(x,y) 0.5%xy2—1.5%y"3—1.5%x"2%y"2+1.5%y" 4+x" 3%y "2+1.5%x"2%y"3—-0.5%y"5;% mub_yy(0,0) = 1

9%9% for (1,0):

mu7=@(x,y) 10xx"3—15%x"4+15%x" 2%y " 2+46%Xx"5—15%x" 3%y "2—15%«x"2%y" 3% mu7(1,0) = 1

mu8=@(x,y) —4#x"3+7%x"4—3.5%x" 2%y "2—3%x"5+3.5%x" 3%y "24+3.5%x"2%y"3:% mu8_x(1,0) = 1

mu9=@(x,y) —5#x"2sy+14%x"3xy+18.5%x" 2%y 2—8xx"4sy—18.5%x"3%xy"2—13.5%x"2%y"3;% mu9_y(1,0) = 1

mul0=@(x,y) 0.5%x"3—x"440.25%x"2%y"240.5%x"5-0.25%x"3%y"2—0.25%x"2%y"3:% mulO_xx(1,0) = 1

mull=@(x,y) x"2xy—3xx"3xy—3.5%x" 2%y 242X " 4xy+3.5xx 3%y 242 .5%x" 2%y " 3;% mull xy(1,0) = 1

mul2=@(x,y) 1.25%x"2%y"2—0.75%x"3%y"2—1.25%x"2%y"3;% mul2_yy(1,0) = 1
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9% for (0,1):

mul3=@(x,y) 10%y"3+15%xx"2%y"2—15%xy"4—15%x"3%y"2—15%x"2xy " 3+6xy"5;% mul3(0,1) = 1

muld4=@(x,y) —5#xxy 2418 .5%x 2%y " 2+14%xxy "3 —13.5%x" 3%y "2—18.5%x"2%y" 3 —8xxxy"4;% mul4_x(0,1) = 1

mulS=@(x,y) —4xy"3—3.5%x" 2%y " 24+7+y 443 .5%x" 3%y " 2+3 . 5%x" 2%y 3—-3xy"5:% mul5_y(0,0) = 1

mul6=@(x,y) 1.25%x"2xy"2—1.25%x"3%y"2—0.75%x"2%y"3;% mul6_xx(0,1) = 1

mul7=@(x,y) Xxy"2—3.5%x" 2%y " 2—3%xxy " 3+2.5%x" 3%y 243 .5%x" 2%y " 3+2xxxy"4:% mul7 xy(0,1) =1

mul8=@(x,y) 0.5%y"3+0.25%x" 2%y 2—y"4—0.25%x"3%y"2—0.25%x"2%y"3+0.5%y"5;% mul8_yy(0,1) = 1

9% Edge normal derivative functions

mul9=@(x,y) —16%x"2%xy+32%X"3%y+32%X" 2%y "2 —16%Xx"4%y—32%x"3%y"2—16%x"2xy"3;% (.5,0), —mul9_y(0..
5,0) =1

mu20=@(x,y) sqrt(2)=(—8x"2xy "2+8xx"3xy " 2+8xx"2xy"3);% (.5,.5), sqrt(0.5)(mu20_x(0.5,0.5)+ ...
mu20_y(0.5,0.5)) =1

mu2l=@(x,y) —16xxxy " 2+32%x 2%y " 2432%xxy "3 —16%Xx 3%y "2—-32%x"2%y"3—16%xxy"4:% (0,.5), —mu2l_x..
(0,0.5) =1

9%9% Group Together

mu={mul, mu2, mu3, mu4, mu5, mu6, mu7,mu8, mu9, mul0, mull, mul2,mul3, mul4, mul5, mul6, mul7, mul8, mul9, mu20..

,mu2l };

9% d/dx Partial Derivative of Basis Functions:

9%9% for (0,0):

mulx=@(x,y) —30%x"2+60%x"3—060%xxy"2—30%x"4+90%x"2%y"24+60xxxy"~3:% mul (0,0)=1

mu2x=@(x,y) 1—18%x"2—11%y"24+32%x"3+20%xxy " 2+18%y "3 —15%x"443%x" 2%y "2—20%xxy"3—8xy"4; % mu2 _x..
(0,0)=1

mu3x=@(x,y) —22#Xxy+54%x"2%y+20%x%y"2—32%x" 3%y —30%x"2xy" 242Xy 3;% mu3_y(0,0) = 1

mudx=@(x,y) X—4.5%X"2+6%x"3—3%xxy"2—2.5%x"4+4.5%x" 2%y " 242%xxy"3:% mud_xx(0,0) = 1

muSx=@(x,y) y—8uxsxy—4sy " 2+15%x " 2%y+20%xXxy " 245%y "3 —8xXx"3xy—18xx"2xy "2 —12%xxy"3—2xy" " 4;% mu5_xy...
(0,0) =1

muox=@(x,y) —3sxsy 24+3%x" 2%y " 243%xxy"3;% mu6_yy(0,0) = 1

9% for (1,0):

mu7x=@(x,y) 30xx"2—60xx"3+30%x%y 24+430%x"4—45%x"2%y"2—=30xx*y"3;% mu7(1,0) = 1

mu8x=@(x,y) —12#x"2+428%x"3 —T7xx*y 2—15%x"4+10.5%x" 2%y " 24+7%xxy"3;% muS_x(1,0) = 1

muIx=@(x,y) —10#xxy+42x"25y+37#x%y"2—32%Xx"3%y—55.5%x"2%y " 2—-27xxxy"3;% mu9_y(1,0) = I

mulOx=@(x,y) 1.5%x"2—4%x"3+0.5%xxy 242.5xx"4—0.75+x"2xy"2—0.5%xxy"3;% mulO0_xx(1,0) = 1

mullx=@(x,y) 2:xx#y—9%Xx"2xy—Tuxsy 24+8xx"3xy+10.5%x" 2%y " 245%xxy"3:% mull_xy(1,0) = 1

mul2x=@(x,y) 2.5#%xxy"2—2.25%x"2%y"2—2.5%x%y"3;% mul2_yy(1,0) = 1

9% for (0,1):

mul3x=@(x,y) 30xxxy"2—45%xx"2%y"2—30xxxy"3;% mul3(0,1) = 1

muldx=@(x,y) —5+y"2+437#xxy 2414%y"3—40.5%x" 2%y "2—37%xxy 3-8y 4;% mul4_x(0,1) = 1

mulSx=@(x,y) —7xxxy "2+10.5%x" 2%y " 2+7%xxy"3;% mul5_y(0,0) = 1

mulox=@(x,y) 2.5#%xxy"2—3.75+x"2xy"2—1.5%xxy"3;% mul6_xx(0,1) = 1

mul7x=@(x,y) y 2—7#x%y " 2—3xy"3+7.5%Xx " 2%y 24 7%xxy 3+2%y"4;% mul7_xy(0,1) = 1
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mul8x=@(x,y) 0.5#%xxy2—0.75%x"2%y"2—0.5%xxy"3;% mul8_yy(0,1) =1

99% Edge normal derivative functions

mul9x=@(x,y) —32#x#xy+96%X"2%y+64sXxy"2—64%Xx"3%y—96%x"2xy " 2—32xxxy"3:% (.5,0), —mul9_y(0.5,0) ..
=1

mu20x=@(x,y) sqrt(2)=(—16xxxy " 2+24xx" 2%y " 2+16%xxy"3);% (.5,.5), sqrt(0.5)(mu20-x(0.5,0.5)+...
mu20_y(0.5,0.5)) =1

mu2lx=@(x,y) —16xy"2+64xxxy " 2+432%y"3—48xx 2%y "2—64%xxy"3—16xy"4;% (0,.5), —mu2l x(0,0.5) =1

9% Group Together

mux={mulx, mu2x, mu3x , mu4x , mu5x , mu6x , mu7x , mu8x , mu9x , mulOx ,mullx, mul2x, mul3x, muldx, mul5x, mul6x,...

mul7x, mul8x, mul9x, mu20x , mu2lx };

9% d/dy Partial Derivative of Basis Functions:

9% for (0,0):

muly=@(x,y) —30xy"2—60%x"2%y+60xy"3+60xx"3%y+90%x"2xy"2—30xy " 4:% mul (0,0)=1

mu2y=@(x,y) —22#xX*xy+20%X"2%y+54%xXxy " 24+2%X"3%y—30%x"2%y " 2—32%xxy"3; % mu2_x(0,0)=1

mudy=@(x,y) 1—11%x"2—18%y"2+18%x"3+20%X"2xy+32%y "3 —8xXx"4—20%Xx"3%y+3+x"2xy " 2—15%y"4;% mu3_y..
(0,0) =1

mudy=@(x,y) —3xx"2%y+3xx"3xy+3xx"2xy"2;% mud _xx(0,0) = 1

muSy=@(x,y) X—4#x"2—8#Xky+5+X"3+20%X " 2% y+15%xsy "2 —24Xx"4 —124x" 32y —18%x"2%y"2—8xx*y"3;% mud_xy..
(0,0) =1

muby=@(x,y) y—4.5%y"2—3xXx"2%y+6xy"3+2%Xx " 3%y+4.5%x" 2%y 2—2.5%y"4;% mu6_yy(0,0) = 1

9% for (1,0):

mu7y=@(x,y) 30%x"2%y—30%x"3%y—45%x" 2%y 2;% mu7(1,0) = I

mu8y=@(x,y) —7#x"2%y+7+x"3%y+10.5%x"2xy"2;% muS_x(1,0) =1

muy=@(x,y) —5#x"2+14%x"3+37+x"2%y—8«x"4—37+x"3%y—40.5%x"2xy"2;% mu9_y(1,0) = 1

mulO0y=@(x,y) 0.5%x"2xy—0.5%x"3%xy—0.75%x"2%y"2;% mulO_xx(1,0) = 1

mully=@(x,y) x"2—=3%x"3—=T7#Xx"2xy+2xX"44+TxxX"38y+7.5%x" 2%y 2;% mull_xy(1,0) = 1

mul2y=@(x,y) 2.5%x"2xy—1.5%x"3%xy—3.75%x"2%y"2;% mul2_yy(1,0) = 1

9% for (0,1):

mul3y=@(x,y) 30xy"2+430%x"2%xy—60%y"3—30%x"3%y—45%«x"2xy"2+30xy"4;% mul3(0,1) = 1

mul4y=@(x,y) —10#xxy+37#X"2sy+42:Xxy 2 —=27%Xx"3%y—55.5%xX"2%y"2—=32%xxy"3;% mul4_x(0,1) = 1

mulSy=@(x,y) —12xy™2—7%x"2%y+28%y " 3+7%x"3xy+10.5%x" 2%y "2—15%xy"4:% mul5_y(0,0) = 1

mulby=@(x,y) 2.5%x"2xy—2.5%x"3%y—2.25%x"2%y"2;% mul6_xx(0,1) = 1

mul7y=@(x,y) 2#xxy—T#x"2sy—9%xsy " 2+5%xX"3+y+10.5%x" 2%y " 2+8%x%y"3;% mul7_xy(0,1) = 1

mul8y=@(x,y) 1.5%y"24+0.5%x"2%y—4xy"3—0.5%x"3%xy—0.75%x"2%y"24+2.5%y"4;% mulS_yy(0,1) = 1

99% Edge normal derivative functions

mul9y=@(x,y) —16%x"2+32%x"3+64%x"2xy—16%x"4—64%x"3%y—48+x"2xy"2:% (.5,0), —mul9_y(0.5,0) =1

mu20y=@(x,y) sqrt(2)(—16%x"2xy+16%x"3%y+24%x"2xy"2);% (.5,.5), sqri(0.5)(mu20_x(0.5,0.5)+..
mu20_y(0.5,0.5)) =1

mu2ly=@(x,y) —32#xxy+64#x"2%y+96xxxy"2—32xx"3xy—96%x"2xy"2—64xxxy"3;% (0,.5), —mu2l x(0,0.5) ..
=1
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99% Group Together
muy={muly, mu2y, mu3y, mudy, mu5y, muby , mu7y , mu8y, mu9y, mulOy,mully,mul2y,mul3y, muldy, mulSy, mul6y,...
mul7y,mul8y, mul9y, mu20y, mu2ly };

99% d"2/dx"2 Partial Derivative of Basis Functions:

9% for (0,0):

mulxx=@(x,y) —60#x+180%x"2—60%y"2—120%x"3+180%xxy"2460xy"3:% mul(0,0)=1
mu2xx=@(x,y) —36#x4+96+x"2+20%y"2—60+x"3+6xx%y 2—20xy"3; % mu2_x(0,0)=1
mu3xx=@(x,y) —22xy+108#xxy+20+y"2—96%x"2%y—60xxxy "242%y"3:% mu3_y(0,0) = 1
mudxx=@(x,y) 1—9xx+18xx"2—3%y"2—10%Xx"3+9%xxy"2+42%y"3:% mu4 _xx(0,0) = 1

muSxx=@(x,y) —8xy+30xxxy+20%y"2—24%x"2%y—36%xxy"2—12%y"3:% muS5_xy(0,0)

1l
~

mubxx=@(x,y) —3%y"2+6xxxy"2+43xy"3;% mu6_yy(0,0) = 1

9% for (1,0):

mu7xx=@(x,y) 60xx—180%x"2+30+y " 2+120%x"3—90%xxy"2—30xy"3;% mu7(1,0) = 1

mu8xx=@(x,y) —24#x+84%x"2—Txy 2—60%x"3+21%x%y"2+7%y"3;% muS_x(1,0) = I

muIxx=@(x,y) —10xy+84:sxsy+37xy"2—96xx"2%y—111%xxy"2—=27%y"3;% mu9_y(1,0) =1

mulOxx=@(x,y) 3#x—12#x"2+0.5%y " 2+10%x"3—1.5%x%xy"2—0.5%y"3:% mulO_xx(1,0) = 1

mullxx=@(x,y) 2xy—I18«xsy—Tuxy 24245x"2sxy+21%xxy " 2+5%xy"3;% mull _xy(1,0) = 1

mul2xx=@(x,y) 2.5xy2—4.5%xxy"2—=2.5%xy"3:% mul2_yy(1,0) =1

9%9% for (0,1):

mul3xx=@(x,y) 30xy"2—90xxxy"2—30xy"~3;% mul3(0,1) = 1

muldxx=@(x,y) 37xy"2—81sx%xy"2—-37xy"3;% mul4_x(0,1) = 1

mulSxx=@(x,y) —7xy 2421%xxy " 2+7+y"3;% mul5_y(0,0) = I

muloxx=@(x,y) 2.5%xy"2—7.5%xxy"2—1.5%y"3:% mul6_xx(0,1) =1

mul7xx=@(x,y) —7xy 2+15%xxy"2+7%y"3:% mul7 _xy(0,1) =1

mul8xx=@(x,y) 0.5%xy"2—1.5%xxy"2—0.5%xy"3:% mul8_yy(0,1) =1

9% Edge normal derivative functions

mulIxx=@(x,y) —32xy+192%xxy+64%y"2—192xx"2%y—192%x%y"2—-32%y"3;% (.5,0), —mul9_y(0.5,0) =1

mu20xx=@(x,y) sqrt(2)=(—16%xy"2+48xxxy " 2+16%xy~"3);% (.5,.5), sqrt(0.5)(mu20_x(0.5,0.5)+mu20_y(0...
.5,0.5)) =1

mu2lxx=@(x,y) 64xy"2—96%xxy"2—64xy~3:% (0,.5), —mu2l_x(0,0.5) =1

99% Group Together

muxx={mulxx, mu2xx , mu3xx , mudxx , muSxx , mu6xx , mu7xx , mu8xx , mu9xx , mulOxx , mullxx , mul2xx , mul3xx , mul4xx...

,mul5xx,mul6xx,mul7xx, mul8xx , mul9xx ,mu20xx,mu21xx};

99% d"2/dxdy Partial Derivative of Basis Functions:

9% for (0,0):

mulxy=@(x,y) —120%x+y+180%x"2%y+180xxxy”~2;% mul(0,0)=1

mu2xy=@(x,y) —22xy+40xxsxy+54%y " 2+6%Xx"2%y—060%xxy"2—32xy"3; % mu2_x(0,0)=1
mu3xy=@(x,y) —22xx+54%x"2+40%x%y—32%x"3 —60%x"2%y+6%xxy"2;% mu3_y(0,0) = 1

mudxy=@(x,y) —O6xxxy+9xx"2xy+6xxxy"2;% mud4 _xx(0,0) = 1
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muSxy=@(x,y) 1—8s«x—8xy+15%xx"24+40%xXxy+15%y"2—8+x"3—36%x"2%y—36xxxy " 2—8xy"3;% muS_xy(0,0) = 1

mubxy=@(x,y) —O6#xxy+6+x"2xy+9xxxy”2:% mub_yy(0,0) = 1

9% for (1,0):

mu7xy=@(x,y) 60%x%xy—90%x"2%y—90xxxy"2;% mu7(1,0) = 1

mu8xy=@(x,y) —14uxxy+21+x"2xy+21xxxy"2;% muS_x(1,0) = 1

muIxy=@(x,y) —10xx+42:xx"2+74%x%y—32%x"3—111%x"2%y—81lsxxy"2;% mu9_y(1,0) = 1

mulOxy=@(x,y) xxy—1.5%x"2%xy—1.5%xxy"2;% mulO_xx(1,0) = 1

mullxy=@(x,y) 2#Xx—9%x"2—14#x+y+8xX"34+21+X"2xy+15%xxy"2;% mull_xy(1,0) = 1

mul2xy=@(x,y) S#xxy—4.5%x"2%y—7.5%xxy"2;% mul2_yy(1,0) = 1

9% for (0,1):

mul3xy=@(x,y) 60xxxy—90%x"2%xy—90%xxy"2;% mul3(0,1) = 1

muldxy=@(x,y) —10%y+74%xxy+42+y"2—81%x"2%y—111%xxy"2—32%y"3;% mul4_x(0,1) = 1

mulSxy=@(x,y) —14sxsy+21%x"2%y+21%xxy”~2:% mul5_y(0,0) = 1

muloxy=@(x,y) S#xxy—7.5%x"2%xy—4.5%xxy"2:% mul6_xx(0,1) = 1

mul7xy=@(x,y) 2#y—14sxsy—9%y " 2+15%X " 25y+21sx*y " 2+8%y"3;% mul7_xy(0,1) = 1

mul8xy=@(x,y) xxy—1.5%x"2%y—1.5%x%y"2;% mulS8_yy(0,1) = 1

9% Edge normal derivative functions

mul9xy=@(x,y) —32#x+96%x"2+128#x%y—64%x"3 —192xx"2%y—96xxxy~2;:% (.5,0), —mul9_y(0.5,0) = 1

mu20xy=@(x,y) sqrt(2)«(—32«x+y+48«x"2xy+48xxxy"2):% (.5,.5), sqri(0.5)(mu20_.x(0.5,0.5)+mu20_y...
(0.5,0.5)) =1

mu2lxy=@(x,y) —32#y+128%xxy+96%y™2—-96%x"2%y—192%x%y"2—64xy"3:;% (0,.5), —mu2l_x(0,0.5) = 1

9% Group Together

muxy={mulxy, mu2xy , mu3xy , mu4xy , mu5xy , mu6xy , mu7xy , mu8xy , mu9xy , mulOxy , mullxy, mul2xy, mul3xy, mul4xy...

,mul5xy, mul6xy, mul7xy, mul8xy, mul9xy, mu20xy , mu2lxy };

9% d"2/dy "2 Partial Derivative of Basis Functions:
99% for (0,0):

mulyy=@(x,y) —60xy—60%x"2+180xy"2+60xx"3+180%x"2%xy—120xy"3;% mul (0,0)=1
mu2yy=@(x,y) —22xx+20%x"2+108%xxy+2%x"3 —60%x"2%y—96xxxy”~2; % mu2 _x(0,0)=1
muldyy=@(x,y) —36xy+20%x"2+96+y"2—20%x"3+6%x"2xy—060xy"3;% mu3_y(0,0) = 1
mudyy=@(x,y) —3#X"243%x"3+6xx"2xy;% mu4_xx(0,0) = 1

muSyy=@(x,y) —8xx+20%x"2+30%x%y—12%Xx"3—36%Xx"2xy—24%xxy"2:% mu5_xy(0,0) = 1
mubyy=@(x,y) 1—9xy—3xx"2+18%y"2+2+x"3+9%x"2%y—10xy"3:% mu6_yy(0,0) = 1
99% for (1,0):

mu7yy=@(x,y) 30xx"2—-30%x"3—-90%x"2xy ;% mu7(1,0) = 1

mu8yy=@(x,y) —7#x"2+7%x"3+21%x"2%y;% muS_x(1,0) = 1

mudyy=@(x,y) 37xx"2—-37%x"3—=81%x"2xy;% mu9_y(1,0) = 1

mulOyy=@(x,y) 0.5%x"2—-0.5%x"3—1.5%x"2xy;% mulO_xx(1,0) = 1

mullyy=@(x,y) —7#x"247#x"3+15%x"2%y;% mull_xy(1,0) = 1
mul2yy=@(x,y) 2.5%x2—1.5%x"3—=7.5xx"2xy;% mul2_yy(1,0)

1l
~

9% for (0,1):
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mul3yy=@(x,y) 60xy+30+x"2—180+y"2—30+x"3—90%x"2xy+120+y"3;% mul3(0,1) = 1

muldyy=@(x,y) —10=x+37#x"2+84%xxy—27%x"3 —111%x"2%y—96%xxy"2;% mul4_x(0,1) = 1

mulSyy=@(x,y) —24xy—T7+x"2+84%y " 2+7+x"3+21%x"2%y—060xy"3;% mul5_y(0,0) = 1

mulbyy=@(x,y) 2.5%x"2—-2.5%x"3—-4.5%x"2xy;% mul6_xx(0,1) = 1

mul7yy=@(x,y) 2#Xx—7#x"2—18#x#y+5xX"3421%X"2xy+24xxxy"2:% mul7_xy(0,1) = 1

mul8yy=@(x,y) 3xy+0.5%x"2—12%y"2—0.5%x"3—1.5%x"2%y+10xy"3:% mul8S_yy(0,1) = 1

9% Edge normal derivative functions

mul9yy=@(x,y) 64%x"2—64%x"3—-96%x"2%y;% (.5,0), —mul9_y(0.5,0) = 1

mu20yy=@(x,y) sqrt(2)=(—16%x"2+16%x"3+48«x"2xy);% (.5,.5), sqrt(0.5)(mu20-x(0.5,0.5)+mu20_y(0...
5,0.5)) =1

mu2lyy=@(x,y) —32#x+64%x"2+4+192%x+y—32%x"3 —192xx"2%y—192%xxy"2;% (0,.5), —mu2l _x(0,0.5) =1

9% Group Together

muyy={mulyy, mu2yy, mu3yy , mudyy , muSyy , mubyy , mu7yy , mu8yy , mu9yy , mulOyy, mullyy, mul2yy,mul3yy, muldyy...
,mul5yy,mul6yy, mul7yy, mul8yy, mul9yy, mu20yy, mu2lyy };

99% 2D Plate Quadrature Points and Weights (N = 28, D = 11)

9% http ://people.sc.fsu.edu/" jburkardt/datasets/quadrature_rules_tri/toms612_28_w.txt
pqpt=zeros (2,28);

pqpt(:,1)=[0.33333333333333333; 0.333333333333333333];

pqpt(:,2)=[0.9480217181434233; 0.02598914092828833 |;

pqpt(:,3)=[0.02598914092828833; 0.9480217181434233 ];

pqpt (:,4)=[0.02598914092828833; 0.02598914092828833 ];

pqpt(:,5)=[0.8114249947041546; 0.09428750264792270];

pqpt(:,6)=[0.09428750264792270; 0.8114249947041546 ];

papt(:,7)=[0.09428750264792270; 0.094287502647922701];

pqpt (:,8)=[0.01072644996557060; 0.4946367750172147 ];

papt(:,9)=[0.4946367750172147; 0.01072644996557060 ];

pqpt(:,10)=[0.4946367750172147; 4946367750172147 ];
pqpt(:,11)=[0.5853132347709715; 20734338261451421;
pqpt(:,12)=[0.2073433826145142;
pqpt(:,13)=[0.2073433826145142;

0.
0.
0.58531323477097151];
0.
pqpt(:,14)=[0.1221843885990187; 0.4389078057004907 ];
0.
0.
0.
0.

20734338261451421;
pqpt(:,15)=[0.4389078057004907 ; 1221843885990187 1;
pqpt(:,16)=[0.4389078057004907 ; 4389078057004907 ];
pqpt(:,17)=[0.6779376548825902; 04484167758913055 ];
pqpt(:,18)=[0.6779376548825902 ; 27722066752827925 1;
pqpt(:,19)=[0.04484167758913055; 0.6779376548825902];
pqpt(:,20)=[0.04484167758913055; 0.27722066752827925 ];
pqpt(:,21)=[0.27722066752827925; 0.6779376548825902];
papt(:,22)=[0.27722066752827925; 0.04484167758913055 ];

pqpt(:,23)=[0.8588702812826364; 0.00000000000000000 ];
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pqpt(:,24)=[0.8588702812826364; 0.1411297187173636 ];

pqpt(:,25)=[0.0000000000000000; 0.8588702812826364 ];

pqpt(:,26)=[0.0000000000000000; 0.1411297187173636];

pqpt(:,27)=[0.1411297187173636; 0.8588702812826364 |;

pqpt(:,28)=[0.1411297187173636; 0.0000000000000000 ];

pqwt=(1/2)*[0.08797730116222190; 0.008744311553736190; 0.008744311553736190;

0
0
0
0
0.
0
0
0
0

.008744311553736190; 0.03808157199393533; 0.03808157199393533;
.03808157199393533; 0.01885544805613125; 0.01885544805613125;
.01885544805613125; 0.07215969754474100; 0.07215969754474100;
.07215969754474100; 0.06932913870553720; 0.06932913870553720;

06932913870553720; 0.04105631542928860; 0.04105631542928860;

.04105631542928860; 0.04105631542928860; 0.04105631542928860;
.04105631542928860; 0.007362383783300573; 0.007362383783300573;
.007362383783300573; 0.007362383783300573; 0.007362383783300573;
.007362383783300573 ];

9% Compute Plate Shape Function Values at Quadrature Points

9% Shape function values muVal[i,j] = mu{j}(r-i, s-i). The columns

9% correspond to the shape functions mul—-mu2l and the rows to

9% the values of mu{j} at the quadrature points(gpt), etc.

pql=length (pqwt(:,1));

muVal=zeros (pql ,21);

muxVal=zeros (pql ,21);

muyVal=zeros (pql ,21);

muxxVal=zeros (pql ,21);

muxyVal=zeros (pql ,21);

muyyVal=zeros (pql ,21);

for i=1:pql

for j=1:21

muVal(i,j)=mu{j}(pgpt(l,i),pqpt(2,i));

muxVal(i,j)=mux{j}(pqpt(l,i),pqpt(2,i));
muyVal (i, j)=muy{j }(pqpt(l,i),pqpt(2,i));

muxxVal(i,j)=muxx{j}(pqpt(1,i),pqpt(2,i));
muxyVal(i,j)=muxy{j}(pqpt(1,i).pqpt(2,i));
muyyVal (i, j)=muyy{j}(pqpt(1,i),pqpt(2,i));

end

end



9% Save values of mu-j at 6 nodes of reference triangle
xn=[0,1,0,.5,.5,0];
yn=[0,0,1,0,.5,.51;
muNVal=zeros (6,21);
for i=1:6

for j=1:21

muNVal(i,j)=mu{j}(xn(i),yn(i));
end

end

99% Compute the Plate Basis Function Constants

bCnst=BasisConstant (pMesh, mux, muy, muxx, muxy , muyy) ;

WITEIETTEIIIEITEIETTTTIEITIEIIIEIIEITITIIEIISIE T Solve  for wl ...

Ryttt edleledledledledledleledldledledledledleddedledleddedledledledledledledledl b ededledldledl el

99% Create the Fluid Stiffness Matrix

[fK, fAs]=StiffnessQ3D (Mesh, phiVal , phixVal ,phiyVal , phizVal ,etaVal ,C, fqwt ,lambda) ;
%[ K, fAs]=StiffnessQ3DSparse (Mesh, phiVal , phixVal ,phiyVal , phizVal , etaVal ,C, fgwt, lambda)

[C1,C2]=StiffnessQ3DB (Mesh, phiVal , phixVal , phiyVal, phizVal , fqwt ,lambda) ;

ClT=transpose (Cl);

9% Create the Plate Bilinear Form (in parts)

pK1=StiffnessA2D (pMesh, bCnst , muxxVal , muxyVal , muyyVal, pqwt) ;

pK2=StiffnessAL2D (pMesh, bCnst ,muVal, pqwt,lambda) ;

99% For every basis function mu in the plate, we solve for f~(mu)

% Program assumes that GI, G2 = 0!
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[muSol , muSolP]=fTilde (pMesh,Mesh, fK, bCnst ,muNVal, phiVal , phixVal , phiyVal ,phizVal ,etaVal ,C, fqwt,...

lambda) ;
Zl=sparse (Nf,Nih) ;
Z2=sparse (Nih ,Nf) ;
Z3=sparse (Nf,Nf) ;

fTildeA=[fAs ,Z3,723,Z1; Z3,fAs,Z3,Z1; Z3,7Z3,fAs,Cl; 72,72 ,CIT,C2];

pK3=StiffnessAFT2D (pMesh, muSol , lambda=fTildeA) ;

WISETITEIIEITIETTEITTTIEIIIEII o Solve for wl and ¢~ IIITSIIIEITEIITEITIETTTISIEITTIEIIEIETIE o

9% Assemble the Bilinear Form Matrix BL
pK=pK1+pK2+pK3;
pB=BLFormA2D (pMesh, bCnst ,muVal, pqwt) ;

pBT=transpose (pB) ;
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Z=zeros (1,1);
BL=[pK,pBT;pB,Z];

9% Create the Load Vector (in parts)
ff=@(x,y) lambdaxwlstar(x,y) + w2star(x,y);
Fl=LoadlA2D (pMesh, bCnst , ff ,muVal, pqpt , pqwt) ;

99% Solve f~(wl=x) to get F2, note that wl= is in L"2_0
wlstarG=zeros (Nih,1) ;
for i=1:Nih
x1=Mesh.POS (Mesh.IHNodePtrs(i,1) ,1);
y1=Mesh.POS (Mesh.IHNodePtrs(i,1) ,2);
wlstarG(i,l)=wlstar(x1,yl);
end
wlstarF=LoadFT (Mesh, wlstarG , phiVal , phixVal ,phiyVal , phizVal ,etaVal ,C, fqwt ,lambda ,0) ;
wlstarSol=symmlq(fK, wlstarF,1e—12,10000);
wlstarSolP=wlstarSol (1+3+Nf:3«Nf+Np,1) ;
wlstarSol=wlstarSol (1:3=Nf,1);
wlstarSol=[wlstarSol;wlstarG];

F2=Load2A2D (pMesh, wlstarSol ,muSol, fTildeA);

9% Solve mu~(u=) to get F3

ustarF=LoadQ3D (Mesh, ustar ,phiVal, fqpt , fqwt);
ustarSol=symmlq (fK, ustarF ,1e—12,10000);
ustarSolP=ustarSol (1+3+Nf:3«Nf+Np,1) ;
ustarSol=ustarSol (1:3«Nf,1);
ustarSol=[ustarSol;zeros(Nih,1)];

F3=Load3A2D (pMesh, ustarSol ,muSol, fTildeA) ;

99% Derive F4

F4=Load4A2D (Mesh, pMesh, ustar ,muSol, phiVal, fqpt , fqwt);
F=F1+F2—F3+F4; % note — sign on F3

F=[F;0];

Wil=symmlq(BL,F,1e—11,10000);
Will=length (W1);
ctilde=WI(WIl,1);
WI=WI(1:WI1l—1,1);

OJ07.01.07.07.07.01.07.07.071.07.07.07.07.071.07.07.07.07.07.07.0707.07.07.0; — y y ] w  OLOLOLOLOLOLOLOLOLOL0L0101070710701070707070L01.07.07.07.07.07.0;
GEISTTIISTTIISTIISITIISITIISIT I o w2=1lambda wl — wl s IISTIISTTIITIIISTIISTTIISTIISISTIEIS o

99% w2 is given in terms of now known quantities and thus the error is the



99% same as the error for wl, so we don't recompute it.

OO0 OO OO OO OO OO OO O OO OO0, y " " OO OO O OO O OO OO O OO OO OO0
GETTSTIIIEISTITISIIEITITIIIIIE T Solve for u and p VITISTITIEITEITEISTEISTITIEITEITEISTEISTEI o

fTwl=lambdasmuSol«W1;

pTwl=lambdas*muSolP+WI;

uSol=fTwl—wlstarSol+ustarSol;
pSol=pTwl—wlstarSolP+ustarSolP ;

9% Note the constant ¢~ needs to be included with p

WETSTISTIITITIEITISTIE T Find error of solution and plot wl YISTITTEITITIEITEISTITIE o

colormap (flipud(jet))

[L2Err ,Zw,ZW]=L2ErrorA2D (pMesh, bCnst ,wl, W1, muVal, pqpt , pqwt) ;
tril=delaunay (Zw(:,1) ,Zw(:,2));
tri2=delaunay (ZW(:,1) ,ZW(:,2));
string=sprintf('L"2 Error of wl is %d"',L2Err);
disp(string);

figure (1)

clf

positionVectorl = [0.07, 0.08, 0.38, 0.81];
subplot('Position ',positionVectorl)
trisurf (tril ,Zw(:,1) ,Zw(:,2) ,Zw(:,3))
xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('wl True Solution Interpolation ')
shading flat

positionVector2 = [0.6, 0.08, 0.38, 0.81];
subplot('Position ',positionVector2)
trisurf (tri2 ,ZW(:,1) ,ZW(:,2) ,ZW(:,3))
xlabel ( 'x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('W1 FEM Approximation ')

shading flat

B=colorbar;

set (B, 'Position', [.485 .08 .03 .8])

[H1xErr ,Zwl,ZW1]=H1xErrorA2D (pMesh, bCnst ,wlx, W1, muxVal , muyVal, pgpt , pqwt) ;
tril=delaunay (Zwl(:,1) ,Zwl(:,2));
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tri2=delaunay (ZWI1(:,1) ,ZW1(:,2));
string=sprintf ('H"l Error of wlx is %d',HIxErr);
disp(string);

figure (2)

clf

positionVectorl = [0.07, 0.08, 0.38, 0.81];
subplot('Position ',positionVectorl)
trisurf (tril ,Zwl(:,1) ,Zwl(:,2) ,Zwl(:,3))
xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('wlx True Solution Interpolation ')
shading flat

positionVector2 = [0.6, 0.08, 0.38, 0.81];
subplot('Position',positionVector2)
trisurf (tri2 ,ZWI1(:,1) ,ZWI1(:,2) ,ZWI(:,3))
xlabel ( 'x—axis ')

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('WIx FEM Approximation ')

shading flat

B=colorbar;

set(B, 'Position', [.485 .08 .03 .8])

[HlyErr ,Zwl,ZW1]=H1yErrorA2D (pMesh, bCnst ,wly ,WIl, muxVal , muyVal, pgpt , pqwt) ;
tril=delaunay (Zwl (:,1) ,Zwl(:,2));

tri2=delaunay (ZWI1(:,1) ,ZWI(:,2));
string=sprintf ( 'H"l Error of wly is %d"',HlyErr);
disp(string);

figure (3)

clf

positionVectorl = [0.07, 0.08, 0.38, 0.81];
subplot('Position ',positionVectorl)

trisurf (tril ,Zwl(:,1) ,Zwl(:,2) ,Zwl(:,3))

xlabel ('x—axis ')

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('wly True Solution Interpolation ')

shading flat

positionVector2 = [0.6, 0.08, 0.38, 0.81];

subplot('Position ',positionVector2)



trisurf (tri2 ,ZWI1(:,1) ,ZWI1(:,2) ,ZWI(:,3))

xlabel ('x—axis ')

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('Wly FEM Approximation ')
shading flat

B=colorbar;

set(B, 'Position', [.485 .08 .03 .8])

[H2xxErr ,Zw2,ZW2]=H2xxErrorA2D (pMesh , bCnst , wlxx ,WIl, muxxVal , muxyVal , muyyVal , pqpt , pqwt) ;

tril=delaunay (Zw2(:,1) ,Zw2(:,2));
tri2=delaunay (ZW2(: ,1) ,ZW2(:,2));

string=sprintf( 'H*2 Error of wlxx is %d' ,H2xxErr);

disp(string);

figure (4)

clf

positionVectorl = [0.07, 0.08, 0.38,

subplot('Position ',positionVectorl)

trisurf (tril ,Zw2(:,1) ,Zw2(:,2) ,Zw2(:,3))

xlabel ('x—axis ")
ylabel ('y—axis ")

zlabel ('z—axis ")

title ('wlxx True Solution Interpolation ')

shading flat
positionVector2 = [0.6, 0.08, 0.38,

subplot('Position ',positionVector2)

trisurf (tri2 ,ZW2(:,1) ,ZW2(:,2) ,ZW2(:,3))

xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('Wlxx FEM Approximation ')
shading flat

B=colorbar;

set(B, 'Position', [.485 .08 .03 .8])

[H2xyErr ,Zw2,ZW2]=H2xyErrorA2D (pMesh , bCnst , wlxy ,WI, muxxVal , muxyVal , muyyVal , pqpt , pqwt) ;

tril=delaunay (Zw2(:,1) ,Zw2(:,2));
tri2=delaunay (ZW2(:,1) ,ZW2(:,2));

string=sprintf( 'H*2 Error of wlxy is %d ' ,H2xyErr);

disp(string);
figure (5)
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clf

positionVectorl = [0.07, 0.08, 0.38, 0.81];
subplot('Position ',positionVectorl)
trisurf (tril ,Zw2(:,1) ,Zw2(:,2) ,Zw2(:,3))
xlabel ( 'x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ')

title ('wlxy True Solution Interpolation ')
shading flat

positionVector2 = [0.6, 0.08, 0.38, 0.81];
subplot('Position ',positionVector2)
trisurf (tri2 ,ZW2(:,1) ,ZW2(:,2) ,ZW2(:,3))
xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('WIxy FEM Approximation ')

shading flat

B=colorbar;

set(B, 'Position', [.485 .08 .03 .8])

[H2yyErr ,Zw2,ZW2]=H2yyErrorA2D (pMesh , bCnst , wlyy ,WI, muxxVal , muxyVal , muyyVal , pqpt , pqwt) ;
tril=delaunay (Zw2(:,1) ,Zw2(:,2));

tri2=delaunay (ZW2(:,1) ,ZW2(:,2));
string=sprintf ( 'H*2 Error of wlyy is %d ' ,H2yyErr);
disp(string);

figure (6)

clf

positionVectorl = [0.07, 0.08, 0.38, 0.81];
subplot('Position ',positionVectorl)

trisurf (tril ,Zw2(:,1) ,Zw2(:,2) ,Zw2(:,3))

xlabel ( 'x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('wlyy True Solution Interpolation ')

shading flat

positionVector2 = [0.6, 0.08, 0.38, 0.81];
subplot('Position ',positionVector2)

trisurf (tri2 ,ZW2(:,1) ,ZW2(:,2) ,ZW2(:,3))

xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ')
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title ('Wlyy FEM Approximation ')
shading flat

B=colorbar;

set(B, 'Position', [.485 .08 .03 .8])

WTEITEITEIITEITEIIEII e Find error of solution and plot u and p I9TTISEITIIIISEII o

Ul uSol (1:Nf,1);
Gl = zeros(Nc,1);
U2 = uSol(Nf+1:2«Nf,1);
G2 = zeros(Nc,1);
U3 = uSol (2xNf+1:3«Nf,1);
G3 = zeros(Nc,1);
for i=1:Nih
gni=Mesh.IHNodePtrs (i, 1) ;
cni=—Mesh.NodePtrs(gni,1);
G3(cni,1)=uSol(3xNf+i,1);
end
9% Compute the L2 error of u:
el=L2ErrorQ3D (Mesh,ul ,Ul,Gl, phi, fqpt , fqwt);
e2=L2ErrorQ3D (Mesh,u2,U2,G2, phi, fqpt , fqwt);
e3=L2ErrorQ3D (Mesh,u3,U3,G3, phi, fqpt , fqwt);
12err=sqrt(el"2+e2"2+e3"°2);
string=sprintf ('L"2 Error of u is %d"',12err);
disp(string);
99% Compute the HI error of u:
e4=H1ErrorQ3D (Mesh, gradul ,Ul,Gl, phix , phiy , phiz , fqpt , fqwt) ;
e5=HI1ErrorQ3D (Mesh, gradu2 ,U2,G2, phix , phiy , phiz , fqpt , fqwt) ;
e6=H1ErrorQ3D (Mesh, gradu3 ,U3,G3, phix , phiy , phiz , fqpt , fqwt) ;
hlerr=sqrt(e4"2+e5"2+e6"2);
string=sprintf ( 'H"l Error of u is %d"',hlerr);
disp(string);
9% Compute the L2 error of p:
pctilde=@(x,y,z) ctilde;
perr=@(x,y,z) p(x,y,z)—pctilde(x,y,z);
perr=L2ErrorQ3DP (Mesh, perr ,pSol ,eta ,C, fqpt , fqwt);
string=sprintf('L"2 Error of p is %d',perr);
disp(string);
9% Compute the integral of the divergence:
div=DivIntQ3D (Mesh, uSol ,G3, phix , phiy , phiz , fqpt , fqwt) ;
string=sprintf( 'The integral of the fluid divergence is %d"',div);

disp(string);
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9% Compute the L2 error of the divergence:
divL2=DivErrorQ3D (Mesh, uSol ,G3, phix , phiy , phiz , fqpt , fqwt) ;
string=sprintf('L"2 Error of the fluid divergence is %d',divL2);
disp(string);

99% " Plot” the solution
Nn=Mesh.nbNod ;
Ulplot=zeros (Nn,1) ;
Ulplot(Mesh.FNodePtrs)=Ul};
Ulplot(Mesh.CNodePtrs )=Gl;
U2plot=zeros (Nn,1);
U2plot(Mesh.FNodePtrs)=U2;
U2plot(Mesh.CNodePtrs )=G2;
U3plot=zeros (Nn,1) ;
U3plot(Mesh.FNodePtrs)=U3;
U3plot(Mesh.CNodePtrs )=G3;

9% Create interpolation U

Ulint=zeros (Nn,1) ;

U2int=zeros (Nn,1) ;

U3int=zeros (Nn, 1) ;

for i=1:Mesh.nbNod
xc=Mesh.POS (i, 1) ;
yc=Mesh.POS (i ,2) ;
zc=Mesh.POS (i ,3);
Ulint(i,l)=ul(xc,yc,zc);
U2int(i,1)=u2(xc,yc,zc);
U3int(i,1)=u3(xc,yc,zc);

end

9% Create interpolation p

Pint=zeros (Np,1);

PX=Mesh.POS (Mesh.PNodePtrs , 1) ;

PY=Mesh.POS (Mesh.PNodePtrs ,2) ;

PZ=Mesh.POS (Mesh.PNodePtrs ,3) ;

for i=1:Np
Pint(i,1)=p(PX(i,1).,PY(i,1).,PY(i,1));

end

9% Find nodal values for pSol
Pcnst=ctilde — sum(pSol.=C);

Pplot=pSol+Pcnstxones (Np,1);
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[ fluidX , fluidY , fluidZ] = meshgrid (0:.025:1,0:.025:1,—1:.025:0);

UlplotF = scatteredInterpolant (Mesh.POS(:,1) ,Mesh.POS(:,2) ,Mesh.POS(:,3) ,Ulplot);
UlintF = scatteredInterpolant (Mesh.POS(:,1) ,Mesh.POS(:,2) ,Mesh.POS(:,3),Ulint);
UlplotV=UlplotF (fluidX , fluidY , fluidZ);

UlintV=UlintF (fluidX , fluidY , fluidZ);

U2plotF = scatteredInterpolant (Mesh.POS(:,1) ,Mesh.POS(:,2) ,Mesh.POS(:,3) ,U2plot);
U2intF = scatteredInterpolant (Mesh.POS(:,1) ,Mesh.POS(:,2) ,Mesh.POS(:,3),U2int);
U2plotV=U2plotF (fluidX , fluidY , fluidZ);

U2intV=U2intF (fluidX , fluidY , fluidZ);

U3plotF = scatteredInterpolant (Mesh.POS(:,1) ,Mesh.POS(:,2) ,Mesh.POS(:,3) ,U3plot);
U3intF = scatteredInterpolant (Mesh.POS(:,1) ,Mesh.POS(:,2) ,Mesh.POS(:,3),U3int);
U3plotV=U3plotF (fluidX , fluidY , fluidZ);

U3intV=U3intF (fluidX , fluidY , fluidZ);

PplotF = scatteredInterpolant (PX,PY,PZ, Pplot);

PintF = scatteredInterpolant (PX,PY,PZ, Pint);

PplotV=PplotF (fluidX , fluidY , fluidZ);

PintV=PintF (fluidX , fluidY , fluidZ);

figure (7) %% Fluid Ul plot

clf

xslice = [.5,1];

yslice = [.5,1];

zslice = [0,—.5];

positionVectorl = [0.07, 0.08, 0.38, 0.85];
subplot('Position ',positionVectorl)

slice (fluidX , fluidY , fluidZ ,UlplotV , xslice , yslice , zslice);
shading flat;

view([—30 14])

xlabel ( 'x—axis ')

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('Ul FEM Approximation ')

B=colorbar;

positionVector2 = [0.6, 0.08, 0.38, 0.85];
subplot('Position ',positionVector2)

slice (fluidX , fluidY , fluidZ ,UlintV , xslice , yslice , zslice);
shading flat;

view ([—30 14])

xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")
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title ('ul Exact Solution")

set(B, 'Position', [.485 .08 .03 .8])

figure (8) %% Fluid U2 plot

clf

xslice = [.5,1];

yslice = [.5,1];

zslice = [0,—.5];

positionVectorl = [0.07, 0.08, 0.38, 0.85];
subplot('Position ',positionVectorl)

slice (fluidX , fluidY , fluidZ , U2plotV , xslice , yslice , zslice);
shading flat;

view([—33 18])

xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('U2 FEM Approximation ')

B=colorbar;

positionVector2 = [0.6, 0.08, 0.38, 0.85];
subplot('Position ',positionVector2)

slice (fluidX , fluidY , fluidZ , U2intV , xslice , yslice , zslice);
shading flat;

view([—33 18])

xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('u2 Exact Solution")

set (B, 'Position', [.485 .08 .03 .8])

figure (9) %% Fluid U3 plot

clf

xslice = [.5,1];

yslice = [.5,1];

zslice = [0,—.5];

positionVectorl = [0.07, 0.08, 0.38, 0.85];
subplot('Position',positionVectorl)

slice (fluidX , fluidY , fluidZ , U3plotV , xslice , yslice , zslice);
shading flat;

view([—25 12])

xlabel ('X axis ')

ylabel ('Y axis ')
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zlabel ('Z axis ')

title ('U3 FEM Approximation ')

B=colorbar;

positionVector2 = [0.6, 0.08, 0.38, 0.85];
subplot('Position ',positionVector2)

slice (fluidX , fluidY , fluidZ , U3intV , xslice , yslice , zslice);
shading flat;

view([—25 12])

xlabel ('x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ')

title ('u3 Exact Solution")

set(B, 'Position', [.485 .08 .03 .8])

figure (10) %% Fluid Pressure plot

clf

xslice = [.5,1];

yslice = [.5,1];

zslice = [0,—.5];

positionVectorl = [0.07, 0.08, 0.38, 0.85];
subplot('Position ',positionVectorl)

slice (fluidX , fluidY , fluidZ , PplotV , xslice , yslice , zslice);
shading flat;

view([—25 12])

xlabel ('x—axis ')

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('Pressure FEM Approximation')
B=colorbar;

positionVector2 = [0.6, 0.08, 0.38, 0.85];
subplot('Position',positionVector2)

slice (fluidX , fluidY , fluidZ , PintV , xslice , yslice , zslice);
shading flat;

view([—25 12])

xlabel ( 'x—axis ")

ylabel ('y—axis ")

zlabel ('z—axis ")

title ('Pressure Exact Solution')

set(B, 'Position', [.485 .08 .03 .8])

gmsh2mesh3D.m
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function Mesh=gmsh2mesh3D (filename , pn)

VLLAAAAAAA LA ALl leddledededldledededledledledledledledledledledledledledledledledlodledledlodledledledledledledlodledledledtedledledledledlediedledlediedledledte
% The program takes a mesh file from GMSH and converts it to the desired

% FEM data structure. filename is the .msh file from gmsh

% pn is the physical surface number of the plate Omega from GMSH

%% Mesh is the output file

Relilyldeldlededlededlededlededlededlededledledlededledledledledlededledledledledledledledledledledledledledledledledlediedlededlededledledledledkededleedkdedledkedledkedledlededleedle el

Mesh=1oad_gmsh2 (filename ,[8 9 11 15]); % Create the mesh file
9% Encode in the fourth column of the nodes file Mesh.POS whether that
99% node is free=1 or constrained=—1; only nodes on a tetrahedron
99% along the boundary surface can be constrained.
Mesh.POS (: ,4) =1;
nbTriangles6=Mesh.nbTriangles6 ;
for i=1:nbTriangles6
if Mesh.TRIANGLES6 (i ,7)==pn %% a plate triangle —> inhomogeneous
for j=1:6
pnd=Mesh. TRIANGLES6(i,j);
Mesh.POS (pnd ,4)=—10;
end
else % a no—slip triangle —> constrained node
for j=1:6
cnd=Mesh. TRIANGLES6 (i, j);
Mesh.POS (¢nd ,4)=—1;
end
end
end
99% Create the pointers to and from Mesh.POS for free boundary nodes and
9% constrained boundary nodes.
nbNod=Mesh.nbNod ;
Z=Mesh.POS (: ,4) ;
ZZ=find (Z>0);
nn=length (Z)—length (ZZ);
Mesh.NodePtrs=zeros (nbNod,3) ;
Mesh.FNodePtrs=zeros (length (ZZ) ,1);
Mesh.CNodePtrs=zeros (nn, 1) ;
fbindex =1;
cbindex=1;
ihindex=1;

for i=1:nbNod



if Mesh.POS (i ,4)>0
Mesh.FNodePtrs (fbindex ,1)=i;
Mesh.NodePtrs (i ,l)=fbindex; Y+ for free
fbindex=fbindex +1;
else
Mesh.CNodePtrs (cbindex ,1)=1i;
Mesh.NodePtrs (i ,l)=—cbindex; % for constrained

cbindex=cbindex +1;

if Mesh.POS(i,3)==
if Mesh.POS(i,1)>0 && Mesh.POS(i,1)<1
if Mesh.POS(i,2)>0 && Mesh.POS (i ,2)<1
Mesh.IHNodePtrs (ihindex ,1)=1i;
Mesh.NodePtrs (i ,3)=ihindex ;
ihindex=ihindex +1;
end
end
end
end

end

99% Encode in the fifth column of the nodes file Mesh.POS whether that

99% node is a pressure node or not. Because the pressure basis functions

99% are linear , only the first four nodes of a tetraheral element are

99% pressure nodes. This is indicated by a 2 for a pressure node

99% and a O for a non—pressure node. There are no boundary conditions

9% imposed on the pressure nodes.
Mesh.POS (:,5) =0;
for i=1:Mesh.nbTets10
for j=1:4
pnode=Mesh. TETS10(i,j);
Mesh.POS (pnode ,5) =2;
end
end
9% Create the pointers to and from Mesh.POS for the pressure nodes
9% non—pressure nodes.
pnindex=1; % The pressure node index
npnindex=1; % The non—pressure node index
for i=1:nbNod
if Mesh.POS(i,5)>1
Mesh.PNodePtrs (pnindex ,1)=i;

Mesh.NodePtrs (i,2)=pnindex; Yo+ for pressure nodes

and
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pnindex=pnindex +1;
else
Mesh.NPNodePtrs (npnindex ,1)=i;
Mesh.NodePtrs (i ,2)=—npnindex; % for non—pressure nodes
npnindex=npnindex +1;
end
end
Mesh. TETS10(: ,12)=ones (Mesh.nbTets10,1) ;
9% Note which tetrahedra have at least one vertex on Omega
for i=1:Mesh.nbTets10
for j=1:4
ndnum=Mesh. TETS10(i,j);
if Mesh.POS (ndnum,3)==0
Mesh. TETS10(i,12)=-2;
end
end
end
9% Note which tetrahedra have one face on the plate Omega
for i=1:Mesh.nbTriangles6
99% for any plate triangle, find the corresponding tetrahedron
if Mesh.TRIANGLES6 (i ,7)==pn
j=L
while j < Mesh.nbTets10+1
Tri=Mesh. TRIANGLES6(i ,1:3);
Tet=Mesh.TETS10(j ,1:4);
Cmn=ismember (Tri, Tet);
if sum(Cmn)==
Mesh. TETS10(j ,12)=—4; 9% This tetrahedron borders Omega
j=Mesh.nbTets10+2;
end
j=j+1
end
end

end

Mesh3dToPlate2D.m

function [pMesh] = Mesh3DToPlate2D (Mesh, pn)

Rl Llletedleedledlededledlodedledlededledledededleddedededledbedledlededledledbedledl el edledledledledbedleddedledledledledledledledleddeddeddedledleddedbedleddedbeadeddedbedl bl

99% This function takes the 3D mesh file Mesh and creates the 2D plate mesh
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9% file pMesh as well as pointers between the two data structures.

Rl erleerlerleteledledledledledledledledledledledledledledledledlledledl el erledldl edledledl edledle edledled el el edledbeedledbeledledledledledleedledbeedledbedledl el el el

pMesh.Types = Mesh.Types;
pMesh.nbType = Mesh.nbType;

pMesh.MAX = [1 1 O0];

pMesh.MIN [0 0 O];
9% Nodes on Omega
Z=Mesh.POS (: ,3) ;
Z7Z=find (Z<0);
nn=length (Z)—length (ZZ);
pMesh.PtrsTo2DNodes=zeros (Mesh.nbNod , 1) ;
pMesh.PtrsTo3DNodes=zeros (nn, 1) ;
i=L
for i = 1:Mesh.nbNod
if Mesh.POS(i,3)==0
pMesh.POS(j ,1:5)=Mesh.POS(i,1:5);
pMesh.PtrsTo3DNodes(j,1)=i;
pMesh.PtrsTo2DNodes (i ,1)=j;
j=j+1;
end
end
pMesh.nbNod=1length (pMesh.POS (:,1));

99% Triangles on Omega

for i = 1:Mesh.nbTriangles6
if Mesh.TRIANGLES6(i,7)==pn
pMesh.TRIANGLES6(j ,1:7)=Mesh. TRIANGLES6(i ,1:7);
j=i+l
end
end
pMesh.nbTriangles6=length (pMesh.TRIANGLES6(:,1));
9% Boundary Lines of Omega
pMesh.nbLines3=Mesh.nbLines3 ;
pMesh.LINES3=Mesh.LINES3;
Nbn=2x«pMesh.nbLines3 ;
Nfn=pMesh.nbNod—Nbn
Nmn=(pMesh.nbTriangles6#3+pMesh.nbLines3)/2;
Nfmn=Nmn—(Nbn/2) ;
Nfvn=Nfn—Nfmn;
Nbxxn=(Nbn/4) —2;



99% Building Node Pointers for Boundary and Free Nodes

pMesh.NodePtrs=zeros (pMesh.nbNod ,3); % 3rd column is Bxx and Byy node numbers

pMesh.BVNodePtrs=zeros (Nbn/2,2) ;
pMesh.BMNodePtrs=zeros (Nbn/2,2) ;
pMesh.FVNodePtrs=zeros (Nfvn,2) ;
pMesh.FMNodePtrs=zeros (Nfmn,2) ;
pMesh.BxxNodePtrs=zeros (Nbxxn, 1) ;
pMesh.ByyNodePtrs=zeros (Nbxxn, 1) ;

BVindex=1;
BMindex=1;
FVindex=1;
FMindex=1;

Bxxindex=1;
Byyindex=1;
for i=1:pMesh.nbNod
if pMesh.POS(i,4)==—1 %Boundary Node of Omega
if pMesh.POS (i ,5)==2 %Boundary Vertex Node
pMesh.BVNodePtrs (BVindex ,1)=i;

pMesh.NodePtrs (i ,1)=BVindex;

pMesh.NodePtrs (i ,2)=3; %3 indicates Boundary Vertex Node

BVindex=BVindex +1;

if pMesh.POS(i,1)>0 && pMesh.POS(i,1)<l %0<x<I is

pMesh.POS (i ,4)=—4; % —4 indicates Byy
pMesh.ByyNodePtrs (Byyindex ,1)=i;
pMesh.NodePtrs (i ,3)=—Byyindex;

Byyindex=Byyindex+1;

elseif pMesh.POS(i,2)>0 && pMesh.POS (i,2)<1 %0<y<I is

pMesh.POS (i ,4)=—3; % —3 indicates Bxx
pMesh.BxxNodePtrs (Bxxindex ,1)=i;
pMesh.NodePtrs (i ,3)=Bxxindex;
Bxxindex=Bxxindex +1;

else % Must be a corner node
pMesh.POS (i ,4)=—2; % —2 indicates corner node

end

9% Note: 0 in NodePtrs(i,3) indicates unused boundary node either

99% a corner node or a midpoint node.
else %It must be a Boundary Midpoint Node of Omega
pMesh.BMNodePtrs (BMindex ,1)=i;

pMesh.NodePtrs (i ,1)=BMindex

pMesh.NodePtrs (i ,2)=4; %4 indicates Boundary Midpoint Node

BMindex=BMindex+1;

132



end
else %It must be a Free Node of Omega

if pMesh.POS (i ,5)==2 %Free Vertex Node
pMesh.FVNodePtrs (FVindex ,1)=i;
pMesh.NodePtrs (i ,1)=FVindex
pMesh.NodePtrs (i ,2)=1; %I indicates Free Vertex Node
FVindex=FVindex +1;

else %It must be a Free Midpoint Node of Omega
pMesh.FMNodePtrs (FMindex ,1)=i;
pMesh.NodePtrs (i ,1)=FMindex;
pMesh.NodePtrs (i,2)=2; %2 indicates Free Midpoint Node
FMindex=FMindex+1;

end
end
end
99% Fix the node numbers on Triangles
for i=1:pMesh.nbTriangles6
for j=1:6
Nnum3D=pMesh.TRIANGLES6 (i ,j);
Nnum2D=pMesh.PtrsTo2DNodes (Nnum3D) ;
pMesh. TRIANGLESG6 (i , j )=Nnum2D;
end
end

9% Fix the node numbers on Boundary Edges (LINES3)
for i=1:pMesh.nbLines3
for j=1:3
Nnum3D=pMesh.LINES3 (i, j);
Nnum2D=pMesh.PtrsTo2DNodes (Nnum3D) ;
pMesh.LINES3 (i, j )=Nnum2D;
end
end
9% Create the edge data structure
pMesh.nbEdges3=(pMesh.nbTriangles6*3+pMesh.nbLines3)/2;
pMesh.EDGES3=zeros (pMesh.nbEdges3 ,4) ;
pMesh.T2EPtrs=zeros (pMesh.nbTriangles6 ,3) ;
pMesh.E2TPtrs=zeros (pMesh.nbEdges3 ,2) ;
tempflags=zeros (pMesh.nbNod , 1) ;

elndex=1;

for k=1:pMesh.nbTriangles6
El=pMesh.TRIANGLES6 (k,[1.,2,4]);
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E2=pMesh. TRIANGLES6 (k,[2,3,5]);

E3=pMesh.TRIANGLES6 (k,[3.,1,6]);

%% Edge 1

if tempflags(E1(1,3),1)==0
pMesh.EDGES3 (elndex ,1:3)=E1;
tempflags (E1(1,3) ,1)=elndex;
pMesh.T2EPtrs (k,1)=elndex ;
pMesh.E2TPtrs (elndex ,1)=k;
elndex=elndex +1;

else
tfIndex=tempflags (E1(1,3) ,1);
pMesh. T2EPtrs(k,1)=tfIndex ;
pMesh.E2TPtrs (tfIndex ,2)=k;

end

9% Edge 2

if tempflags(E2(1,3),1)==
pMesh.EDGES3 (elndex ,1:3)=E2;
tempflags (E2(1,3) ,1)=elndex;
pMesh.T2EPtrs (k,2)=elndex;
pMesh.E2TPtrs (elndex ,1)=k;
elndex=elndex +1;

else
tfIndex=tempflags (E2(1,3) ,1);
pMesh. T2EPtrs (k,2)=tfIndex ;
pMesh.E2TPtrs (tfIndex ,2)=k;

end

9% Edge 3

if tempflags(E3(1,3),1)==0
pMesh.EDGES3 (elndex ,1:3)=E3;
tempflags (E3(1,3) ,1)=elndex;
pMesh. T2EPtrs (k,3)=elndex;
pMesh.E2TPtrs (elndex ,1)=k;
eIndex=elndex +1;

else
tfIndex=tempflags (E3(1,3) ,1);
pMesh. T2EPtrs (k,3)=tfIndex ;
pMesh.E2TPtrs (tfIndex ,2)=k;

end

end
9% Determine which edges are boundary edges and store the

9% boundary number (1—4) in column 4.



for e=1:pMesh.nbEdges3
emn=pMesh.EDGES3 (¢ ,3) ;
e3x=pMesh.POS (emn, 1) ;
e3y=pMesh.POS (emn,2) ;
if e3y==
pMesh.EDGES3 (e ,4) =1;

end
if e3x==1

pMesh.EDGES3 (e ,4) =2;
end
if e3y==1

pMesh.EDGES3 (e ,4) =3;
end
if e3x==0

pMesh.EDGES3 (e ,4) =4;
end

% Else it is an interior edge
end
9% Create Unit Normal Vectors for each edge
9% Note that 3rd column is midpoint node#
pMesh.NORMALS=pMesh.EDGES3 ;
for e=1:pMesh.nbEdges3
enl=pMesh.EDGES3(e,1);
en2=pMesh.EDGES3 (e ,2) ;
x1=pMesh.POS (enl ,1);
yl=pMesh.POS (enl ,2) ;
x2=pMesh.POS(en2,1) ;
y2=pMesh.POS (en2,2) ;
PerpEdge=[y2—yl ,x1—x2];
unitperp=PerpEdge/norm(PerpEdge) ;
pMesh.NORMALS (e ,1:2)=unitperp;

end

BasisConstant.m

function bCnst=BasisConstant(pMesh, mux, muy, muxx, muxy , muyy)

RLLAAAAAAAAAteleleleleledledledlededededededdldldldldlededledldledledledledledledledledledledledledledledledledledlodledledledlodledledledledledledledledledledledledledledlediedledledte
9T
9% This function creates the basis function correction constants so that

9% the edge normal derivatives are zero for each basis function.
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9%

9% pMesh

D%

99% bCorl(nT,n,i) is an 3D array where nT is the triangle
9% the local
99% alpha ,

is

beta (see p261—265 of (Solin's PDE and the FEM) for

the Plate Mesh Structure file

node number, and i corresponds to th

e co

rrection

number, n is

constants

details. )

9% bCor2—bCor7 are defined similarly and combined into bCnst{l—7}

Rlpilledldalededlededlededlededlededlededlededledledlededledledledledledledledledledledledledledledledledledledledtedlededlededlededlededleedlededkededkeedkedkedledledledbededleledle el

bCorl=zeros (pMesh.nbTriangles6 ,3,3) ;%% mul, mu7,

bCor2=zeros (pMesh.nbTriangles6 ,3,5) ;%% mu2, mus,

bCor3=zeros (pMesh.nbTriangles6 ,3,5) ;%% mu3, mu9,

bCord4=zeros (pMesh.nbTriangles6 ,3,6) ;%% mu4, mul0,

bCorS=zeros (pMesh.nbTriangles6 ,3,6) ;%% mu5, mull,

bCor6=zeros (pMesh.nbTriangles6 ,3,6) ;%% mu6, mul2,

mul3
mul4
mul5
mul6
mul7
mul8

bCor7=zeros (pMesh.nbTriangles6 ,3,3) ;%% mul9, mu20, mu2l

9% Compute Gradients of shape functions on Reference

996% row

i

is

midpoints , column is shape function j

muxVal=zeros (6,21); % %Nodes 1—3, Midpoints 4—06

muyVal=zeros (6,21);

for j=1:21

99% Evaluate at Nodes

muxVal(1,j)=mux{j }(0,0);

muxVal(2,j)=mux{j }(1,0);

muxVal(3,j)=mux{j }(0,1);

muyVal(1,j)=muy{j }(0,0);

muyVal (2, j)=muy{j }(1,0);

muyVal (3, j)=muy{j }(0,1);

9% Evaluate at Midpoints

muxVal(4,j)=mux{j }(.5,0);

muxVal(5,j)=mux{j }(.5,.5);

muxVal(6,j)=mux{j }(0,.5);

muyVal (4, j)=muy{j}(.5.0);

muyVal(5,j)=muy{j }(.5,.5);

muyVal(6,j)=muy{j}(0,.5);

end

9% Compute 2nd Partials of shape functions on Reference

9T row

i

is

midpoints, column is shape function j

muxxVal=zeros (3,21); %%Nodes 1—3

muxyVal=zeros (3,21);

muyyVal=zeros (3,21);

Triangle

Triangle
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for j=1:21
%% Evaluate at Nodes
muxxVal(1,j)=muxx{j}(0,0);
muxxVal(2,j)=muxx{j }(1,0);
muxxVal(3,j)=muxx{j }(0,1);
muxyVal(1,j)=muxy{j }(0,0);
muxyVal(2,j)=muxy{j }(1,0);
muxyVal(3,j)=muxy{j }(0,1);
muyyVal (1,j)=muyy{j }(0,0);
muyyVal(2,j)=muyy{j}(1,0);
muyyVal (3, j)=muyy{j }(0,1);
end
99% Loop over Triangles
for k=1:pMesh.nbTriangles6
nodes=pMesh.TRIANGLES6(k,1:3);
9%%%(x,y) coordinates of (local) nodes 1, 2, 3(Vertices of T_-k)
x1=pMesh.POS (nodes (1) ,1);
yl=pMesh.POS (nodes (1) ,2);
x2=pMesh.POS (nodes (2) ,1);
y2=pMesh.POS (nodes (2) ,2);
x3=pMesh.POS (nodes (3) ,1);
y3=pMesh.POS (nodes (3) ,2);
9% Compute transormation J: [x,y] = [x], ylI] + Ju for u in reference
9% triangle , as well as its inverse transpose.
Jk=[x2—x1,x3—x1; y2—yl,y3—yl];
JkIT=InvTranl (Jk);
detJk=det (Jk);
99% Ak gives the transformed 2nd partial derivatives when applied to
9% the vector [muxx; muxy; muyy]
Ak=((1/detlk)"2)%[Jk(2,2)"2, —2«Jk(2,1)=Jk(2,2), Jk(2,1)"2;
—Jk(1,2)=Jk(2,2) ,(Jk(1,1)*Jk(2,2)+Jk(1,2)*Jk(2,1)), =Jk(1,1)=Jk(2,1);
Jk(1,2)72, —2+Jk(1,1)=Jk(1,2), Jk(1,1)"2];
el=pMesh.T2EPtrs(k,1);
e2=pMesh.T2EPtrs (k,2) ;
e3=pMesh.T2EPtrs (k,3);
nul =[pMesh.NORMALS (el , 1) ;pMesh.NORMALS (el ,2) ];
nu2=[pMesh.NORMALS (e2,1) ;pMesh. NORMALS (e2,2) ];
nu3=[pMesh.NORMALS (e3,1) ;pMesh. NORMALS (e3,2) |;
db19nul=sum(nul.*(JKIT *[muxVal(4,19);muyVal(4,19)]));
db20nu2=sum(nu2.x(JKIT *[muxVal(5,20) ;muyVal(5,20)]));
db21nu3=sum(nu3.*(JkIT *[muxVal(6,21);muyVal(6,21)]));



138

99% Compute bCorl for mul, mu7, mul3

dblnul=sum(nul.*(JKIT *[muxVal(4,1);muyVal(4,1)]));
dblnu2=sum(nu2.*(JKIT *[muxVal(5,1) ;muyVal(5,1)]));
dblnu3=sum(nu3.x(JKIT #*[muxVal(6,1);muyVal(6,1)]));
db7nul=sum(nul.*(JKIT *[muxVal(4,7);muyVal(4,7)]));
db7nu2=sum(nu2. *(JKIT *[muxVal(5,7) ;muyVal(5,7)]1));
db7nu3=sum(nu3.=(JKIT *[muxVal(6,7);muyVal(6,7)]));
dbl3nul=sum(nul.*(JKIT *[muxVal(4,13);muyVal(4,13)]));
db13nu2=sum(nu2.x(JKIT *[muxVal(5,13) ;muyVal(5,13)]));
dbl13nu3=sum(nu3.*(JKIT *[muxVal(6,13);muyVal(6,13)]));
bCorl(k,1,:)=[—dblnul/dbl19nul;—dblnu2/db20nu2;—dblnu3/db21nu3];
bCorl (k,2,:)=[—db7nul/dbl19nul;—db7nu2/db20nu2;—db7nu3/db21nu3];
bCorl(k,3,:)=[—dbl3nul/dbl9nul;—db13nu2/db20nu2;—dbl13nu3/db21nu3 J;

9% Compute bCor2 and bCor3 for mu2—3 (i.e. mu2x=I1 at (0,0), etc)

db2nul=sum(nul.*(JKIT *[muxVal(4,2);muyVal(4,2)]));

db2nu2=sum(nu2.x(JKIT *[muxVal(5,2) ;muyVal(5,2)]));

db2nu3=sum(nu3.*(JKIT *[muxVal(6,2);muyVal(6,2)]));

db3nul=sum(nul.*(JKIT *[muxVal(4,3);muyVal(4,3)]));

db3nu2=sum(nu2.x(JKIT #*[muxVal(5,3) ;muyVal(5,3)]));

db3nu3=sum(nu3.*(JKIT *[muxVal(6,3);muyVal(6,3)]));

db2x=JKIT (1,:) *[muxVal(1l,2);muyVal(1,2)];

db2y=JKIT (2 ,:) *[muxVal(1l,2);muyVal(1,2)];

db3x=JKIT (1,:) *[muxVal(1l,3);muyVal(1,3)];

db3y=JKkIT (2 ,:) *[muxVal(1,3) ;muyVal(1,3)];

bCor2(k,1,:)=[db2x,db3x,0,0,0; db2y,db3y,0,0,0; db2nul,db3nul,dbl9nul ,0,0;
db2nu2,db3nu2,0,db20nu2 ,0; db2nu3,db3nu3,0,0,db21nu3]\[1;0;0;0;0];

bCor3(k,1,:)=[db2x,db3x,0,0,0; db2y,db3y,0,0,0; db2nul,db3nul,dbl9nul ,0,0;
db2nu2,db3nu2,0,db20nu2,0; db2nu3,db3nu3,0,0,db21nu3]\[0;1;0;0;0];

9% Compute bCor2 and bCor3 for mu8—9 (i.e. muS8x=I1 at (1,0), etc)

db8nul=sum(nul.*(JKIT [ muxVal(4,8);muyVal(4,8)]));
db8nu2=sum(nu2.x(JKIT *[muxVal(5,8) ;muyVal(5,8)]));
db8nu3=sum(nu3.*(JKIT *[muxVal(6,8);muyVal(6,8)]));
db9nul=sum(nul.*(JKIT *[muxVal(4,9);muyVal(4,9)]1));
db9nu2=sum(nu2. = (JKIT #*[muxVal(5,9) ;muyVal(5,9)]));
db9nu3=sum(nu3.x(JKIT *[muxVal(6,9) ;muyVal(6,9)]));

db8x=JKIT (1,:) *[muxVal(2,8);muyVal(2,8) ];

db8y=JKIT (2 ,:) *x[muxVal(2,8);muyVal(2,8)];

db9x=JKIT (1 ,:) *[muxVal(2,9);muyVal(2,9) ];

db9y=JKkIT (2 ,:) *[muxVal(2,9) ;muyVal(2,9)];
bCor2(k,2,:)=[db8x,db9x,0,0,0; db8y,db9y,0,0,0; db8nul,bdb9nul ,dbl9nul ,0,0;

db8nu2,db9nu2,0,db20nu2 ,0; db8nu3,db9nu3,0,0,db21nu3]\[1;0;0;0;0];
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bCor3(k,2,:)=[db8x,db9x,0,0,0; db8y,db9y,0,0,0; db8nul,bdb9nul,dbl9nul ,0,0;

db8nu2,db9nu2,0,db20nu2 ,0; db8nu3,db9nu3,0,0,db21nu3]\[0;1;0;0;0];

Compute bCor2 and bCor3 for mul4—I15 (i.e. mul4x=1 at (0,1), etc)

dbl4nul=sum(nul.*(JKIT *[muxVal(4,14) ;muyVal(4,14)]));

dbl4nu2=sum(nu2.x(JKIT *[muxVal(5,14) ;muyVal(5,14)]));

dbl4nu3=sum(nu3.*(JKIT *[muxVal(6,14);muyVal(6,14)]));

dbl5nul=sum(nul.*(JKkIT*[muxVal(4,15);muyVal(4,15)]));

dbl5nu2=sum(nu2.*(JKIT *[muxVal(5,15) ;muyVal(5,15)]));

dbl15nu3=sum(nu3.*(JKIT *[muxVal(6,15);muyVal(6,15)]));

db14x=JkKIT (1 ,:) *[muxVal(3,14) ;muyVal(3,14)];

db14y=JkIT (2 ,:) *x[muxVal(3,14) ;muyVal(3,14)];

db15x=JkIT (1 ,:) *[muxVal(3,15);muyVal(3,15) ];

db15y=JkIT (2 ,:) *[muxVal(3,15) ;muyVal(3,15) ];

bCor2(k,3 ,:)=[dbl4x ,dbl5x,0,0,0;
dbl14nu2 ,db15nu2,0,db20nu2,0;
bCor3(k,3 ,:)=[dbl4x,dbl15x,0,0,0;
dbl4nu2 ,dbl5nu2,0,db20nu2 ,0;
Compute bCor4, bCor5, and bCor6

db4nul=sum(nul.«(JKIT x[ muxVal (4,
db4nu2=sum(nu2. *(JKIT x[ muxVal (5,
db4nu3=sum(nu3. *(JKIT *[ muxVal (6,
dbSnul=sum(nul.(JKIT x[ muxVal (4,
db5nu2=sum(nu2. *(JKIT x[ muxVal (5,
db5Snu3=sum(nu3. *(JKIT x[ muxVal (6,
db6nul=sum(nul.*(JKIT *[muxVal (4,
db6nu2=sum(nu2. = (JKIT x[ muxVal(5,
db6nu3=sum(nu3.x(JKIT x[muxVal (6,

dbl4y,dbl5y,0,0,0; dbl4nul,dbl5nul ,dbl9nul ,0,0;
db14nu3,db15nu3,0,0,db21nu3 J\[1;0;0;0;07;
dbl4y ,dbl5y,0,0,0; dbl4nul,dblSnul,dbl9nul ,0,0;
dbl4nu3,db15nu3,0,0,db21nu3 ]\[0;1;0;0;0];

for mud—6 (i.e. mudxx=1 at (0,0), etc)

4) ;muyVal(4.,4)]1));
4);muyVal(5,4)1));
4) ;muyVal(6,4)1));
5);muyVal(4,5)1));
5) smuyVal(5,5)1));
5);muyVal(6,5)]));
6) ;muyVal(4,6)1));
6) ;muyVal(5,6)1));
6) ;muyVal(6,6) 1))

db4xx=Ak(1,:)*[muxxVal(l,4);muxyVal(l,4);muyyVal(l,4)];

db4xy=Ak(2,:) *[muxxVal(1,4);muxyVal(l,4);muyyVal(l,4)];

db4yy=Ak (3 ,:) *[muxxVal(1l,4);muxyVal(l,4);muyyVal(l,4)];

db5xx=Ak (1 ,:)*[muxxVal(1l,5);muxyVal(l,5);muyyVal(1,5)];

db5xy=Ak(2,:) *[muxxVal(1l,5);muxyVal(l,5);muyyVal(1l,5)];

dbS5yy=Ak (3 ,:) *[muxxVal(1,5);muxyVal(1l,5);muyyVal(1,5)];

db6xx=Ak (1 ,:)*[muxxVal(1l,6);muxyVal(1l,6);muyyVal(1,6)];

dboxy=Ak(2,:) *[muxxVal(1l,6);muxyVal(l,6);muyyVal(1l,6)];

db6yy=Ak(3,:) *[muxxVal(1l,6);muxyVal(l,6);muyyVal(1l,6)];

bCor4 (k,1,:)=[db4xx,db5xx,db6xx,0,0,0; db4xy,dbSxy,db6xy,0,0,0; dbdyy,dbSyy,dbbyy,0,0,0; ..

db4nul ,db5nul ,db6nul ,db19nul ,0,0;

db4nu2 ,db5nu2 ,db6nu2 ,0,db20nu2 ,0; db4nu3,db5nu3,db6nu3,0,0,db21nu3]\[1;0;0;0;0;0];
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bCor5(k,1,:)=[db4xx,db5xx,db6xx,0,0,0; db4xy,dbSxy,db6xy,0,0,0; dbdyy,dbSyy,db6yy,0,0,0; ..
db4nul ,db5nul ,db6nul ,db19nul ,0,0;
db4nu2,db5nu2,db6nu2,0,db20nu2 ,0; db4nu3,db5nu3,db6nu3,0,0,db21nu3]\[0;1;0;0;0;0];
bCor6(k,1,:)=[db4xx,db5xx,db6xx,0,0,0; db4xy,dbSxy,db6xy,0,0,0; dbdyy,dbSyy,db6yy,0,0,0; ..
db4nul ,dbSnul ,db6nul ,db19nul ,0,0;
db4nu2,db5nu2,db6nu2,0,db20nu2,0; db4nu3,db5nu3,db6nu3,0,0,db21nu3]\[0;0;1;0;0;0];

9% Compute bCor4, bCor5, and bCor6 for mul0—I12 (i.e. mulOxx=1 at (1,0), etc)
dbl0nul=sum(nul.*(JKIT *[muxVal(4,10);muyVal(4,10)]));
db10nu2=sum(nu2.x(JKIT *[muxVal(5,10) ;muyVal(5,10)]));
db10nu3=sum(nu3.*(JKkIT *[muxVal(6,10);muyVal(6,10)]));
dbllnul=sum(nul.*(JKIT *[muxVal(4,11);muyVal(4,11)]));
dbllnu2=sum(nu2.*(JKIT *[muxVal(5,11);muyVal(5,11)]));
dbllnu3=sum(nu3.*(JKIT *[muxVal(6,11);muyVal(6,11)]));
dbl12nul=sum(nul.*(JKkIT*[muxVal(4,12);muyVal(4,12)]));
db12nu2=sum(nu2.*(JKIT *[muxVal(5,12) ;muyVal(5,12)]));
db12nu3=sum(nu3.*(JKIT *[muxVal(6,12);muyVal(6,12)]));

db10xx=Ak(1,:) *[muxxVal(2,10);muxyVal(2,10);muyyVal(2,10)];
db10xy=Ak(2,:) *[muxxVal(2,10);muxyVal(2,10);muyyVal(2,10)];
db10yy=Ak(3,:) *[muxxVal(2,10) ;muxyVal(2,10);muyyVal(2,10)];
dbllxx=Ak(1,:) *[muxxVal(2,11);muxyVal(2,11);muyyVal(2,11)];
dbllxy=Ak(2,:) *[muxxVal(2,11);muxyVal(2,11);muyyVal(2,11)];
dbllyy=Ak(3,:) *[muxxVal(2,11);muxyVal(2,11);muyyVal(2,11)];
db12xx=Ak(1,:) *[muxxVal(2,12);muxyVal(2,12);muyyVal(2,12)];
db12xy=Ak(2,:) *[muxxVal(2,12);muxyVal(2,12);muyyVal(2,12)];
db12yy=Ak(3,:) *[muxxVal(2,12);muxyVal(2,12);muyyVal(2,12)];

bCor4 (k,2,:)=[dbl10xx,dbl1xx,db12xx,0,0,0; dblOxy,dbllxy,dbl2xy,0,0,0; dblOyy,dbllyy,dbl2yy...
,0,0,0; dblOnul,dbllnul ,dbl2nul ,db19nul ,0,0;
db10nu2 ,dbl1nu2,dbl2nu2,0,db20nu2,0; dblOnu3,dbllnu3,dbl2nu3,0,0,db21nu3...
J\[1;0;0;0;0;07;
bCor5(k,2,:)=[dbl10xx,dbl1xx,db12xx,0,0,0; dblOxy,dbllxy,dbl2xy,0,0,0; dblOyy,dbllyy,dbl2yy...
,0,0,0; dblOnul,dbllnul ,dbl2nul ,db19nul ,0,0;
db10nu2 ,dbl1nu2,dbl12nu2,0,db20nu2 ,0; dblOnu3,dbllnu3,dbl2nu3,0,0,db21nu3...
1\[0:1;0;0;0;01;
bCor6(k,2 ,:)=[dbl0xx ,dbllxx,dbl2xx,0,0,0; dblOxy,dbllxy,dbl2xy,0,0,0; dblOyy,dbllyy,dbl2yy...
,0,0,0; dblOnul,dbllnul ,dbl2nul ,dbl19nul ,0,0;
db10nu2,dbl1nu2,dbl12nu2,0,db20nu2 ,0; dblOnu3,dbllnu3,dbl2nu3,0,0,db21nu3...
1\[0;0;1;0;0;01;
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99% Compute bCor4, bCor5, and bCor6 for mul6—18 (i.e. mulbxx=1 at (0,1), etc)
dbl6nul=sum(nul.*(JKIT *[muxVal(4,16);muyVal(4,16)]));
dbl6nu2=sum(nu2.*(JKIT *[muxVal(5,16);muyVal(5,16)]));
dbl6nu3=sum(nu3.*(JKIT *[muxVal(6,16);muyVal(6,16)]));
dbl7nul=sum(nul.*(JKIT *[muxVal(4,17);muyVal(4,17)]));
dbl7nu2=sum(nu2.*(JKIT *[muxVal(5,17) ;muyVal(5,17)]));
dbl17nu3=sum(nu3.*(JKIT *[muxVal(6,17);muyVal(6,17)]));
dbl8nul=sum(nul.*(JKIT *[muxVal(4,18);muyVal(4,18)]));
db18nu2=sum(nu2.*(JKIT *[muxVal(5,18) ;muyVal(5,18)]));
db18nu3=sum(nu3.*(JKIT *[muxVal(6,18);muyVal(6,18)]));

db16xx=Ak(1,:) *[muxxVal(3,16);muxyVal(3,16);muyyVal(3,16)];
dbl6xy=Ak(2,:) *[muxxVal(3,16);muxyVal(3,16);muyyVal(3,16)];
dbl6yy=Ak(3,:) *[muxxVal(3,16);muxyVal(3,16);muyyVal(3,16)];
db17xx=Ak(1,:) *[muxxVal(3,17);muxyVal(3,17);muyyVal(3,17)];
db17xy=Ak(2,:) *[muxxVal(3,17);muxyVal(3,17);muyyVal(3,17)1];
db17yy=Ak(3,:) *[muxxVal(3,17);muxyVal(3,17);muyyVal(3,17)1];
db18xx=Ak(1,:) *[muxxVal(3,18);muxyVal(3,18);muyyVal(3,18)];
db18xy=Ak(2,:) *[muxxVal(3,18);muxyVal(3,18);muyyVal(3,18)];
db18yy=Ak(3,:) *[muxxVal(3,18);muxyVal(3,18);muyyVal(3,18)];

bCor4 (k,3 ,:)=[dbl6xx,dbl17xx,db18xx,0,0,0; dbl6xy,dbl7xy,dbl8xy,0,0,0;
dbl6yy ,dbl7yy,db18yy,0,0,0; dbl6nul ,dbl7nul ,dbl8nul,dbl9nul ,0,0;
dbl6nu2,db17nu2 ,db18nu2,0,db20nu2 ,0; dbl6nu3,dbl7nu3,dbl8nu3,0,0,db21nu3...
1\[1;0;0;0;050];
bCor5(k,3 ,:)=[dbl6xx ,db17xx,db18xx,0,0,0; dbl6xy,dbl7xy,dbl18xy,0,0,0;
dbl6yy,dbl7yy,db18yy,0,0,0; dbl6nul ,dbl7nul ,dbl8nul,dbl9nul ,0,0;
dbl6nu2,db17nu2 ,db18nu2,0,db20nu2 ,0; dbl6nu3,dbl7nu3,dbl8nu3,0,0,db21nu3...
1\[0;1;0;0;050];
bCor6(k,3 ,:)=[dbl6xx,db17xx,db18xx,0,0,0; dblé6xy,dbl7xy,dbl8xy,0,0,0;
dbl6yy,dbl7yy,db18yy,0,0,0; dbl6nul ,dbl7nul ,dbl8nul,dbl9nul ,0,0;
dbl6nu2,db17nu2,db18nu2,0,db20nu2 ,0; dbl6nu3,dbl7nu3,dbl8nu3,0,0,db21nu3...
1\[0;0;1;0;050];

bCor7(k,1,1)=1/dbl19nul;
bCor7(k,2,2)=1/db20nu2;
bCor7(k,3,3)=1/db21nu3;
end 9% Ends loop over triangles
9% Combine basis correction constants into one structure

bCnst={bCorl ,bCor2,bCor3 ,bCor4 ,bCor5,bCor6,bCor7 };



StiffnessA2D.m

function K=StiffnessA2D (pMesh, bCnst,muxxVal, muxyVal, muyyVal, qwt)
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99% This function creates the stiffness matrix for the free nodes for the
9% term (Delta mu-l, Delta mu-2)_\Omega

99% pMesh is the plate mesh data structure

9% qpt and gwt are the quadrature points and weights respectively.

99% The stiffness matrix is K.
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9% Initialize Stiffness Block Matrices
Nfvn=length (pMesh.FVNodePtrs (:,1));
Nfmn=length (pMesh.FMNodePtrs (:,1));
Nbxxn=length (pMesh.BxxNodePtrs (:,1));
Nbyyn=length (pMesh.ByyNodePtrs (:,1));
Kll=zeros (Nfvn,Nfvn) ;

Kl12=zeros (Nfvn,Nfvn) ;

K13=zeros (Nfvn, Nfvn) ;

Kl4=zeros (Nfvn,Nfvn);

K15=zeros (Nfvn, Nfvn) ;

Kl6=zeros (Nfvn,Nfvn) ;

K17=zeros (Nfvn ,Nfmn) ;

K18=zeros (Nfvn,Nbxxn) ;

K19=zeros (Nfvn,Nbyyn) ;

K22=zeros (Nfvn,Nfvn) ;

K23=zeros (Nfvn, Nfvn) ;

K24=zeros (Nfvn, Nfvn) ;

K25=zeros (Nfvn,Nfvn) ;

K26=zeros (Nfvn,Nfvn) ;

K27=zeros (Nfvn,Nfmn) ;

K28=zeros (Nfvn, Nbxxn) ;

K29=zeros (Nfvn,Nbyyn) ;

K33=zeros (Nfvn, Nfvn) ;

K34=zeros (Nfvn, Nfvn) ;

K35=zeros (Nfvn, Nfvn) ;

K36=zeros (Nfvn,Nfvn) ;

K37=zeros (Nfvn,Nfmn) ;

K38=zeros (Nfvn, Nbxxn) ;

K39=zeros (Nfvn,Nbyyn) ;
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K44=
K45=
K46=
K47=
K48=
K49=
K55=
K56=
K57=
K58=
K59=
K66=
K67=
K68=
K69=
K77=
K78=
K79=
K88=
K89=
K99=

959%
for

9%

9%

D%

9%

zeros (Nfvn,Nfvn) ;

zeros (Nfvn, Nfvn) ;

zeros (Nfvn,Nfvn) ;

zeros (Nfvn ,Nfmn) ;

zeros (Nfvn, Nbxxn) ;

zeros (Nfvn,Nbyyn) ;

zeros (Nfvn, Nfvn) ;

zeros (Nfvn,Nfvn) ;

zeros (Nfvn ,Nfmn) ;

zeros (Nfvn,Nbxxn) ;

zeros (Nfvn,Nbyyn) ;

zeros (Nfvn,Nfvn) ;

zeros (Nfvn ,Nfmn) ;

zeros (Nfvn,Nbxxn) ;

zeros (Nfvn,Nbyyn) ;

zeros (Nfmn,Nfmn) ;

zeros (Nfmn, Nbxxn) ;

zeros (Nfmn, Nbyyn) ;

zeros (Nbxxn, Nbxxn) ;

zeros (Nbxxn,Nbyyn) ;

zeros (Nbyyn,Nbyyn) ;

Loop over triangles in the mesh
k=1:pMesh.nbTriangles6

Get global node numbers for the nodes of Element k
nodes=pMesh.TRIANGLES6(k,1:6) ;
(x,y) coordinates of (local) nodes 1, 2, 3 (Vertices
x1=pMesh.POS (nodes (1) ,1);
yl=pMesh.POS (nodes (1) ,2);
x2=pMesh.POS (nodes (2) ,1);
y2=pMesh.POS (nodes (2) ,2);
x3=pMesh.POS (nodes (3) ,1);
y3=pMesh.POS (nodes (3) ,2);

of T_k)

Compute transormation J: [x,y] = [x], yI] + Ju for u in

triangle , as well as its inverse transpose.
Jk=[x2—x1,x3—x1; y2—yl,y3—yl];

detJk=det (Jk);

9% Ak gives the transformed 2nd partial derivatives

99% the vector [muxx; muxy; muyy]

reference

when applied

Ak=(1/detlk)"2%[Jk(2,2)"2, —2«Jk(2,1)=Jk(2,2), Jk(2,1)"2;

Tk(1,2)7°2, —2«Jk(1,1)+Jk(1,2), Tk(1,1)"21;

9% Only want muxx and muyy for Laplacian so middle

row

is

removed

to
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for nl=1:3 % Loop over 1st vertex nodes
if pMesh.POS(nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
vinl=pMesh.NodePtrs(gnl); % /st Vertex Free Node Number
9% Compute Delta mu-l at quadrature points(stored in a row vector)
deltaMul=sum (Ak#[muxxVal(:,1+6%(nl—1)) ";muxyVal(:,1+6%(nl—1)) ";muyyVal(:,1+6%(nl...
-D) "D
deltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
deltaMu21l=sum(Aks*[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
bl=bCnst{1}(k,nl,1);
b2=bCnst{1}(k,nl,2);
b3=bCnst{1}(k,nl,3);
deltaMu_l=deltaMul+blxdeltaMul9+b2xdeltaMu20+b3xdeltaMu2l ;
9% Compute Delta mu-2 at quadrature points(stored in a row vector)
deltaMu2=sum (Ak#[muxxVal(:,24+6x(nl—1)) ";muxyVal(:,2+6%(nl—1)) ";muyyVal(:,2+6*(nl...
-D) "D
deltaMu3=sum (Ak#[muxxVal(:,3+6%(nl—1)) ';muxyVal(:,3+6%(nl—1)) ";muyyVal(:,3+6=(nl...
-D) "D
deltaMul9=sum (Aks=[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:*[muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
deltaMu21l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{2}(k,nl,1);
a2=bCnst{2}(k,nl,2);
bl=bCnst{2}(k,nl,3);
b2=bCnst{2}(k,nl ,4);
b3=bCnst{2}(k,nl,5);
deltaMu_2=alxdeltaMu2+a2=deltaMu3+blxdeltaMul9+b2xdeltaMu20+b3*deltaMu2l ;
9% Compute Delta mu-3 at quadrature points(stored in a row vector)
deltaMu2=sum (Ak#[muxxVal(:,2+6%(nl—1)) ';muxyVal(:,2+6*(nl—1)) ";muyyVal(:,2+6=+(nl...
-D) "D
deltaMu3=sum (Ak#[muxxVal(:,3+6%(nl—1)) ";muxyVal(:,3+6%(nl—1)) ";muyyVal(:,3+6(nl...
-D)'D;
deltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ';muxyVal(:,20) '";muyyVal(:,20) ']);
deltaMu21l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{3}(k,nl,1);
a2=bCnst{3}(k,nl,2);
bl=bCnst{3}(k,nl,3);
b2=bCnst{3}(k,nl ,4);
b3=bCnst{3}(k,nl,5);



D%

9%

9%

deltaMu_3=alxdeltaMu2+a2=deltaMu3+blxdeltaMul9+b2xdeltaMu20+b3*xdeltaMu2l ;

Compute Delta mu-4 at quadrature points(stored in a row vector)
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deltaMu4=sum (Ak#[muxxVal(:,4+6%(nl—1)) ';muxyVal(:,4+6+(nl—1)) ";muyyVal(:,4+6=(nl...

-1))'D:

deltaMuS=sum (Ak#[muxxVal(:,5+6x(nl—1)) ";muxyVal(:,5+6%(nl—1)) ";muyyVal(:,5+6*(nl...

-1))'D;

deltaMu6=sum (Ak#[muxxVal(:,6+6%(nl—1)) ';muxyVal(:,6+6%(nl—1)) ";muyyVal(:,6+6=(nl...

-D) "D
deltaMul9=sum (Aks=[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:*[muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);
deltaMu2l=sum(Ak#[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{4}(k,nl,1);
a2=bCnst{4}(k,nl,2);
a3=bCnst{4}(k,nl,3);
bl=bCnst{4}(k,nl,4);
b2=bCnst{4}(k,nl,5);
b3=bCnst{4}(k,nl,6);
deltaMu_4=alxdeltaMu4+a2=deltaMuS+a3«deltaMu6+bl+deltaMul9+b2xdeltaMu20+b3 ...
deltaMu2l ;

Compute Delta mu.5 at quadrature points(stored in a row vector)

deltaMu4=sum (Ak#[muxxVal(:,4+6%(nl—1)) ';muxyVal(:,4+6%(nl—1)) ";muyyVal(:,4+6=(nl...

-1))'D;

deltaMuS=sum (Ak#[muxxVal(:,54+6x(nl—1)) ";muxyVal(:,5+6%(nl—1)) ";muyyVal(:,5+6+(nl...

-1))'D:

deltaMu6=sum (Ak#[muxxVal(:,6+6%(nl—1)) ';muxyVal(:,6+6%(nl—1)) ";muyyVal(:,6+6=x(nl...

-D) "D
deltaMul9=sum (Ak:=[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
deltaMu21l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{5}(k,nl,1);
a2=bCnst{5}(k,nl,2);
a3=bCnst{5}(k,nl,3);
bl=bCnst{5}(k,nl ,4);
b2=bCnst{5}(k,nl,5);
b3=bCnst{5}(k,nl,6);
deltaMu_5=al=+deltaMu4+a2=+deltaMuS5+a3s«deltaMu6+bl+deltaMul9+b2xdeltaMu20+b3 ...
deltaMu2l ;

ompute elrta mu- a quadrature oints(store in a row vector
C te Delt 6 at lrat t t d t

deltaMu4=sum (Ak#[muxxVal(:,4+6x(nl—1)) ";muxyVal(:,4+6%(nl—1)) ";muyyVal(:,4+6+(nl...

-1 'D;

deltaMuS=sum (Aks#[muxxVal(:,5+6%(nl—1)) '";muxyVal(:,5+6+(nl—1)) ";muyyVal(:,5+6=(nl...
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-D) "D
deltaMu6=sum (Ak#[muxxVal(:,6+6%(nl—1)) ';muxyVal(:,6+6%(nl—1)) ";muyyVal(:,6+6x(nl...
-D) "D
deltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ';muxyVal(:,20) '";muyyVal(:,20) ']);
deltaMu21l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{6}(k,nl,1);
a2=bCnst{6}(k,nl,2);
a3=bCnst{6}(k,nl,3);
bl=bCnst{6}(k,nl ,4);
b2=bCnst{6}(k,nl,5);
b3=bCnst{6}(k,nl,6);
deltaMu_6=al=+deltaMu4+a2=+deltaMuS5+a3sdeltaMu6+bl+deltaMul9+b2xdeltaMu20+b3 ...
deltaMu?2l ;

for n2=1:3 % Loop over 2nd vertex nodes
if pMesh.POS(nodes(n2) ,4)==—10 % Interior Plate Node
gn2=nodes (n2); % Global Node Number
vfn2=pMesh.NodePtrs(gn2); % 2nd Vertex Free Node Number
99% Compute Delta Mu_l at quadrature points(stored in a row vector)
DeltaMul=sum (Ak#[muxxVal(:,1+6%(n2—1)) ';muxyVal(:,1+6%(n2—1)) '; muyyVal..
(:,1+6x(n2—1)) ']);
DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);
DeltaMu2l=sum (Ak:s[muxxVal(:,21) '";muxyVal(:,21) ";muyyVal(:,21) ']);
B1=bCnst{1}(k,n2,1);
B2=bCnst{1}(k,n2,2);
B3=bCnst{1}(k,n2,3);
DeltaMu_l=DeltaMul+BlxDeltaMul9+B2+DeltaMu20+B3xDeltaMu2l ;
9% Compute Delta Mu-2 at quadrature points(stored in a row vector)
DeltaMu2=sum (Ak#[muxxVal (:,2+6*(n2—1)) ';muxyVal(:,2+6x(n2—1)) '; muyyVal..
(:,246«(n2—1)) ']);
DeltaMu3=sum (Ak#[muxxVal (:,3+6%(n2—1)) ';muxyVal(:,3+6%(n2—1)) '; muyyVal.
(:,346%(n2—-1)) '1);
DeltaMul9=sum (Ak:=[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:x[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
DeltaMu2l=sum (Ak=[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21) ']);
Al=bCnst{2}(k,n2,1);
A2=bCnst{2}(k,n2,2);
Bl=bCnst{2}(k,n2,3);
B2=bCnst{2}(k,n2,4);



D)%

9%

9%
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B3=bCnst{2}(k,n2,5);

DeltaMu_2=Alx*DeltaMu2+A2+DeltaMu3+B1*DeltaMul9+B2xDeltaMu20+B3+DeltaMu?21 ;

Compute Delta Mu_-3 at quadrature points(stored in a row vector)

DeltaMu2=sum (Ak*[ muxxVal(:,2+6%(n2—1)) ';muxyVal(:,2+46%(n2—1)) '; muyyVal...
(:,2+46%(n2—-1)) ']);

DeltaMu3=sum (Ak#[muxxVal (: ,3+6%(n2—1)) ';muxyVal(:,3+6%(n2—1)) '; muyyVal..
(:,3+6x(n2—1)) ']);

DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);

DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);

DeltaMu2l=sum (Aks[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21) ']);

Al=bCnst{3}(k,n2,1);

A2=bCnst{3}(k,n2,2);

Bl1=bCnst{3}(k,n2,3);

B2=bCnst{3}(k,n2,4);

B3=bCnst{3}(k,n2,5);

DeltaMu_3=AlxDeltaMu2+A2xDeltaMu3+Bl+DeltaMul9+B2xDeltaMu20+B3*DeltaMu?21 ;

Compute Delta Mu-4 at quadrature points(stored in a row vector)

DeltaMu4=sum (Ak#[muxxVal (:,4+6+(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..
(:,446%(n2—-1)) '1);

DeltaMuS=sum (Ak#[ muxxVal (: ,5+6%(n2—1)) ';muxyVal(:,5+6x(n2—1)) '; muyyVal..
(:,5+6%(n2—-1)) '1);

DeltaMu6=sum (Ak#[muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..
(:,646%(n2—1)) '1);

DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);

DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);

DeltaMu21l=sum (Aks#[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) "]);

Al=bCnst{4}(k,n2,1);

A2=bCnst{4}(k,n2,2);

A3=bCnst{4}(k,n2,3);

Bl=bCnst{4}(k,n2,4);

B2=bCnst{4}(k,n2,5);

B3=bCnst{4}(k,n2,6);

DeltaMu_4=AlxDeltaMu4+A2+«DeltaMuS5+A3=DeltaMu6+B1+«DeltaMul9+B2=DeltaMu20+B3...
«DeltaMu21 ;

Compute Delta Mu.5 at quadrature points(stored in a row vector)

DeltaMu4=sum (Ak#[muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..
(:,4+6x(n2—1)) ']);

DeltaMuS=sum (Ak*[ muxxVal(:,5+6%(n2—1)) ';muxyVal(:,54+6%(n2—1)) '; muyyVal...
(:,546«(n2—-1)) ']);

DeltaMu6=sum (Ak#[muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..
(:,646%(n2—1)) '1);
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DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);

DeltaMu20=sum (Ak:*[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);

DeltaMu2l=sum (Aks[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21) ']);

Al=bCnst{5}(k,n2,1);

A2=bCnst{5}(k,n2,2);

A3=bCnst{5}(k,n2,3);

B1=bCnst{5}(k,n2,4);

B2=bCnst{5}(k,n2,5);

B3=bCnst{5}(k,n2,6);

DeltaMu_5=AlxDeltaMu4+A2+DeltaMu5+A3xDeltaMu6+B1«DeltaMul9+B2=DeltaMu20+B3...
+DeltaMu21 ;

9% Compute Delta Mu_-6 at quadrature points(stored in a row vector)

DeltaMu4=sum (Ak#[ muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..
(:,4+6x(n2—1)) ']);

DeltaMu5=sum (Ak#[ muxxVal (:,5+6%(n2—1)) ';muxyVal(:,5+6%(n2—1)) '; muyyVal...
(:,5+6%(n2—-1)) '1);

DeltaMu6=sum (Ak#[ muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..
(:,6+6x(n2—1)) ']);

DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);

DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);

DeltaMu2l=sum (Ak:=[muxxVal(:,21) '";muxyVal(:,21) ";muyyVal(:,21) ']);

Al=bCnst{6}(k,n2,1);

A2=bCnst{6}(k,n2,2);

A3=bCnst{6}(k,n2,3);

Bl=bCnst{6}(k,n2,4);

B2=bCnst{6}(k,n2,5);

B3=bCnst{6}(k,n2,6);

DeltaMu_6=AlxDeltaMu4+A2:DeltaMu5+A3+DeltaMu6+B1:DeltaMul9+B2+DeltaMu20+B3...

«DeltaMu?2l ;

99% Int_-Tk (Delta mu-1)x(Delta Mu_-1) Using Quadrature
qVal=detJk #((deltaMu_1.«DeltaMu_1)=qwt) ;
Kl1(vfnl ,vfn2)=Kl1(vfnl,vfn2)+qVal;

99% Int_Tk (Delta mu-l)x(Delta Mu-2) Using Quadrature
qVal=detJk =((deltaMu_1.«DeltaMu_2)xqwt) ;
KI12(vfnl ,vfn2)=K12(vfnl ,vfn2)+qVal;

99% Int_Tk (Delta mu_l)x(Delta Mu-3) Using Quadrature
qVal=detJk =((deltaMu_1.«DeltaMu_3)xqwt) ;
K13(vfnl ,vfn2)=K13(vfnl,vfn2)+qVal;

99% Int_Tk (Delta mu_l)«(Delta Mu4) Using Quadrature

qVal=detJk #((deltaMu_1.«DeltaMu_4)=qwt) ;



9%

9%

9%

9%

D)%

9%

9%

9%

%%

9%

9%

9%

9%

9%

K14 (vfnl ,vfn2)=K14(vfnl ,vfn2)+qVal;

Int_-Tk (Delta mu-l)=(Delta Mu.5) Using Quadrature
qVal=detJk #((deltaMu_1.«DeltaMu_5)xqwt) ;

K15(vfnl ,vfn2)=K15(vfnl ,vfn2)+qVal;

Int_ Tk (Delta mu-l)=(Delta Mu-6) Using Quadrature
qVal=detJk #((deltaMu_1.«DeltaMu_6)=qwt) ;

K16(vfnl ,vfn2)=K16(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu-2)sx(Delta Mu-2) Using Quadrature
qVal=detJk #((deltaMu_2.«DeltaMu_2)=qwt) ;

K22(vfnl ,vfn2)=K22(vfnl ,vfn2)+qVal;

Int_ Tk (Delta mu-2)sx(Delta Mu-3) Using Quadrature
qVal=detJk =((deltaMu_2.«DeltaMu_3)xqwt) ;

K23(vfnl ,vfn2)=K23(vfnl,vfn2)+qVal;

Int_ Tk (Delta mu.2)«(Delta Mu4) Using Quadrature
qVal=detJk #((deltaMu_2.xDeltaMu_4)xqwt) ;

K24 (vfnl ,vfn2)=K24(vfnl ,vfn2)+qVal;

Int_-Tk (Delta mu-2)=(Delta Mu.5) Using Quadrature
qVal=detJk #((deltaMu_2.«DeltaMu_5)xqwt) ;

K25(vfnl ,vfn2)=K25(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu-2)sx(Delta Mu-6) Using Quadrature
qVal=detJk #((deltaMu_2.«DeltaMu_6)=qwt) ;

K26(vfnl ,vfn2)=K26(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu-3)sx(Delta Mu-3) Using Quadrature
qVal=detJk #((deltaMu_3.«DeltaMu_3)=qwt) ;

K33(vfnl ,vfn2)=K33(vfnl,vfn2)+qVal;

Int_ Tk (Delta mu.3)«(Delta Mu4) Using Quadrature
qVal=detJk =((deltaMu_3.«DeltaMu_4)xqwt) ;

K34 (vfnl ,vfn2)=K34(vfnl ,vfn2)+qVal;

Int_ Tk (Delta mu.3)«(Delta Mu.5) Using Quadrature
qVal=detJk #((deltaMu_3.xDeltaMu_5)xqwt) ;

K35(vfnl ,vfn2)=K35(vfnl ,vfn2)+qVal;

Int_-Tk (Delta mu-3)=(Delta Mu-6) Using Quadrature
qVal=detJk #((deltaMu_3.«DeltaMu_6)xqwt) ;

K36(vfnl ,vfn2)=K36(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu-4)sx(Delta Mu-4) Using Quadrature
qVal=detJk #((deltaMu_4.«DeltaMu_4)=qwt) ;

K44 (vfnl ,vfn2)=K44(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu4)sx(Delta Mu.5) Using Quadrature
qVal=detJk =((deltaMu_4.«DeltaMu_5)=qwt) ;

K45(vfnl ,vfn2)=K45(vfnl ,vfn2)+qVal;

Int_ Tk (Delta mu-4)«(Delta Mu-6) Using Quadrature
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D)%

qVal=detJk =((deltaMu_4.«DeltaMu_6)xqwt) ;

K46(vfnl ,vfn2)=K46(vfnl ,vfn2)+qVal;

Int_ Tk (Delta mu.5)«(Delta Mu.5) Using Quadrature
qVal=detJk =((deltaMu_5.«DeltaMu_5)xqwt) ;

K55(vfnl , vfn2)=K55(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu.5)«(Delta Mu_6) Using Quadrature
qVal=detJk #((deltaMu_5.«DeltaMu_6)xqwt) ;

K56(vfnl ,vfn2)=K56(vfnl ,vfn2)+qVal;

Int_Tk (Delta mu-6)x(Delta Mu-6) Using Quadrature
qVal=detJk #((deltaMu_6.«DeltaMu_6)=qwt) ;

K66(vfnl ,vin2)=K66(vfnl ,vfn2)+qVal;

elseif pMesh.NodePtrs(nodes(n2) ,3)>0 % Boundary d"2/dx"2 Node

9%

9%

9%

gn2=nodes(n2); % Global Node Number

vbxxn2=pMesh.NodePtrs (gn2,3); % Boundary d"2/dx"2 Node Number

9% Compute Delta Mu-8 at quadrature points(stored

DeltaMu4=sum (Ak#[ muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..

(:,4+6x(n2—-1)) ']);

DeltaMuS=sum (Ak*[ muxxVal(:,5+6%(n2—1)) ';muxyVal(:,5+6%(n2—1)) '; muyyVal...

(:,546%(n2—-1)) ']);

DeltaMu6=sum (Ak#[muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..

(:,6+6x(n2—1)) ']);

in a row

vector)

DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);

DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);

DeltaMu2l=sum (Ak:x[muxxVal(:,21) '";muxyVal(:,21) ";muyyVal(:,21) ']);

Al=bCnst{4}(k,n2,1);
A2=bCnst{4}(k,n2,2);
A3=bCnst{4}(k,n2,3);
Bl=bCnst{4}(k,n2,4);
B2=bCnst{4}(k,n2,5);
B3=bCnst{4}(k,n2,6);

150

DeltaMu_8=AlxDeltaMu4+A2«DeltaMu5+A3xDeltaMu6+Bl«DeltaMul9+B2«DeltaMu20+B3...

*DeltaMu2l ;

Int_Tk (Delta mu-1)sx(Delta Mu-8) Using Quadrature
qVal=detJk =((deltaMu_1.+DeltaMu_8)xqwt) ;

K18(vfnl ,vbxxn2)=KI8(vfnl ,vbxxn2)+qVal;

Int_Tk (Delta mu-2)sx(Delta Mu-8) Using Quadrature
qVal=detJk =((deltaMu_2.«DeltaMu_8)xqwt) ;

K28 (vfnl , vbxxn2)=K28(vfnl ,vbxxn2)+qVal;

Int_ Tk (Delta mu-3)sx(Delta Mu-8) Using Quadrature



9%

D)%

elseif pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy"2 Node

9%

9%

9%

qVal=detJk =((deltaMu_3.«DeltaMu_8)xqwt) ;

K38(vfnl ,vbxxn2)=K38(vfnl ,vbxxn2)+qVal;

Int_ Tk (Delta mu-4)«(Delta Mu.8) Using Quadrature
qVal=detJk =((deltaMu_4.xDeltaMu_8)xqwt) ;

K48 (vfnl , vbxxn2)=K48(vfnl , vbxxn2)+qVal;

Int_Tk (Delta mu.5)«(Delta Mu.8) Using Quadrature
qVal=detJk #((deltaMu_5.«DeltaMu_8)xqwt) ;

K58 (vfnl , vbxxn2)=K58(vfnl ,vbxxn2)+qVal;

Int_Tk (Delta mu-6)sx(Delta Mu-8) Using Quadrature
qVal=detJk #((deltaMu_6.«DeltaMu_8)xqwt) ;

K68 (vfnl , vbxxn2)=K68(vfnl ,vbxxn2)+qVal;

gn2=nodes(n2); % Global Node Number

vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy "2 Node Number

9% Compute Delta Mu-9 at quadrature points(stored

DeltaMu4=sum (Ak#[ muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..

(:,4+6x(n2—-1)) ']);

DeltaMuS=sum (Ak*[ muxxVal(:,5+6%(n2—1)) ';muxyVal(:,5+6%(n2—1)) '; muyyVal...

(:,546%(n2—-1)) ']);

DeltaMu6=sum (Ak#[muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..

(:,6+6x(n2—1)) ']);

DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19)
DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) '; muyyVal(:,20)
DeltaMu2l=sum (Aks[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21)

Al=bCnst{6}(k,n2,1);
A2=bCnst{6}(k,n2,2);
A3=bCnst {6}(k,n2,3);
Bl1=bCnst{6}(k,n2,4);
B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2.,6);
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DeltaMu_9=AlxDeltaMu4+A2«DeltaMu5+A3xDeltaMu6+Bl«DeltaMul9+B2«DeltaMu20+B3...

*DeltaMu2l ;

Int_Tk (Delta mu-1)sx(Delta Mu-9) Using Quadrature
qVal=detJk =((deltaMu_1.+DeltaMu_9)=xqwt) ;

K19(vfnl ,vbyyn2)=KI19(vfnl ,vbyyn2)+qVal;

Int_Tk (Delta mu-2)sx(Delta Mu_-9) Using Quadrature
qVal=detJk =((deltaMu_2.«DeltaMu_9)=qwt) ;

K29 (vfnl ,vbyyn2)=K29(vfnl ,vbyyn2)+qVal;

Int_ Tk (Delta mu-3)sx(Delta Mu_-9) Using Quadrature



end

for

9%

9%

9%

end

qVal=detJk =((deltaMu_3.«DeltaMu_9)xqwt) ;

K39 (vfnl , vbyyn2)=K39(vfnl ,vbyyn2)+qVal;

Int_ Tk (Delta mu-4)«(Delta Mu9) Using Quadrature
qVal=detJk =((deltaMu_4.«DeltaMu_9)xqwt) ;

K49(vfnl ,vbyyn2)=K49(vfnl ,vbyyn2)+qVal;

Int_Tk (Delta mu.5)sx(Delta Mu9) Using Quadrature
qVal=detJk #((deltaMu_5.«DeltaMu_9)xqwt) ;

K59 (vfnl ,vbyyn2)=K59(vfnl ,vbyyn2)+qVal;

Int_ Tk (Delta mu-6)=(Delta Mu-9) Using Quadrature
qVal=detJk #((deltaMu_6.«DeltaMu_9)=qwt) ;

K69 (vfnl ,vbyyn2)=K69(vfnl ,vbyyn2)+qVal;

YDend if loop for vertex 2

Y%end loop over vertex 2

n2=4:6 % Loop over midpoint nodes

if pMesh.POS(nodes(n2) ,4)==—10 % Interior Plate Node

D)%

9%

9%

9%

9%

gn2=nodes(n2); % Global Node Number

mfn2=pMesh.NodePtrs(gn2); % Midpoint Free Node Number

9% Compute Delta Mu-7 at quadrature points(stored

9% Note that only one of BI—B3 should be non—zero

DeltaMul9=sum (Ak:=[muxxVal(:,19) '";muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);
DeltaMu2l=sum (Ak:[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
Bl=bCnst{7}(k,n2-3.,1); % Note n2—3 to get 1,2,3 from 4,56

B2=bCnst{7}(k,n2—-3,2);
B3=bCnst{7}(k,n2-3,3);
DeltaMu_7=BlxDeltaMul19+B2+DeltaMu20+B3xDeltaMu?21 ;

Int_ Tk (Delta mu_-l)«(Delta Mu.7) Using Quadrature
qVal=detJk = ((deltaMu_1.«DeltaMu_7)xqwt) ;

K17(vfnl ,mfn2)=K17(vfnl ,mfn2)+qVal;

Int_-Tk (Delta mu-2)«(Delta Mu.-7) Using Quadrature
qVal=detJk #((deltaMu_2.«DeltaMu_7)=qwt) ;

K27(vfnl ,mfn2)=K27(vfnl ,mfn2)+qVal;

Int_Tk (Delta mu-3)sx(Delta Mu-7) Using Quadrature
qVal=detJk #((deltaMu_3.«DeltaMu_7)=qwt) ;

K37(vfnl ,mfn2)=K37(vfnl ,mfn2)+qVal;

Int_Tk (Delta mu4)sx(Delta Mu.7) Using Quadrature
qVal=detJk =((deltaMu_4.«DeltaMu_7)=qwt) ;

K47 (vfnl ,mfn2)=K47(vfnl ,mfn2)+qVal;

Int_ Tk (Delta mu.5)«(Delta Mu.7) Using Quadrature
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qVal=detJk =((deltaMu_5.«DeltaMu_7)xqwt) ;
K57(vfnl ,mfn2)=K57(vfnl ,mfn2)+qVal;
9% Int_Tk (Delta mu_-6)x(Delta Mu.7) Using Quadrature
qVal=detJk #((deltaMu_6.+DeltaMu_7)xqwt) ;
K67(vfnl ,mfn2)=K67(vfnl ,mfn2)+qVal;
end % end if loop for midpoint node 2

end % end loop over midpoint node 2

elseif pMesh.NodePtrs(nodes(nl) ,3)>0 % Boundary d"2/dx"2 Node
gnl=nodes(nl); % Global Node Number
vbxxnl=pMesh.NodePtrs(gnl,3); % Boundary d"2/dx"2 Node Number
9% Compute Delta mu-8 at quadrature points(stored in a row vector)

deltaMu4=sum (Ak=#[muxxVal(:,4+6+(nl—1)) ";muxyVal(:,4+6%(nl—1)) ";muyyVal(:,4+6%(nl..

-1 'D;

deltaMuS=sum (Ak*[muxxVal(:,5+6+(nl—1)) ";muxyVal(:,5+6«(nl—1)) '";muyyVal(:,5+6(nl...
-D) "D

deltaMu6=sum (Ak#[muxxVal(:,6+6%(nl—1)) ';muxyVal(:,6+6%(nl—1)) ";muyyVal(:,6+6x(nl...
-D) "D

deltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ";muxyVal(:,20) ";muyyVal(:,20) ']);
deltaMu21l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{4}(k,nl,1);

a2=bCnst{4}(k,nl,2);

a3=bCnst{4}(k,nl,3);

bl=bCnst{4}(k,nl,4);

b2=bCnst{4}(k,nl,5);

b3=bCnst{4}(k,nl,6);
deltaMu_8=al=+deltaMu4+a2=xdeltaMuS+a3sdeltaMu6+bl+deltaMul9+b2xdeltaMu20+b3x...

deltaMu2l ;

for n2=1:3 % Loop over 2nd vertex nodes
if pMesh.NodePtrs(nodes(n2) ,3)>0 % Boundary d"2/dx"2 Node
gn2=nodes (n2); % Global Node Number
vbxxn2=pMesh.NodePtrs (gn2,3); % Boundary d"2/dx"2 Node Number
9% Compute Delta Mu-8 at quadrature points(stored in a row vector)
DeltaMu4=sum (Ak#[muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..
(:,446%(n2—-1)) '1);
DeltaMuS=sum (Ak*[ muxxVal(:,5+6%(n2—1)) ';muxyVal(:,54+6%(n2—1)) '; muyyVal...
(:,5+6%(n2—-1)) ']);
DeltaMu6=sum (Ak#[muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..
(:,646%(n2—1)) '1);
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DeltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:*[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
DeltaMu2l=sum (Aks[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21) ']);
Al=bCnst{4}(k,n2,1);
A2=bCnst{4}(k,n2,2);
A3=bCnst{4}(k,n2,3);
Bl=bCnst{4}(k,n2,4);
B2=bCnst{4}(k,n2,5);
B3=bCnst{4}(k,n2,6);
DeltaMu_8=AlxDeltaMu4+A2+DeltaMu5+A3=«DeltaMu6+B1«DeltaMul9+B2=DeltaMu20+B3...
«DeltaMu2l ;

99% Int_-Tk (Delta mu-8)x(Delta Mu-8) Using Quadrature
qVal=detJk #((deltaMu_8.«DeltaMu_8)xqwt) ;
K88 (vbxxnl ,vbxxn2)=K88(vbxxnl ,vbxxn2)+qVal;

elseif pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy"2 Node
gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy"2 Node Number
9% Compute Delta Mu-9 at quadrature points(stored in a row vector)
DeltaMu4=sum (Ak#[ muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6x(n2—1)) '; muyyVal..
(:,4+6%(n2—-1)) '1);
DeltaMuS5=sum (Ak#[muxxVal (: ,5+6%(n2—1)) ';muxyVal(:,5+6%(n2—1)) '; muyyVal..
(:,5+6%(n2—-1)) ']);
DeltaMu6=sum (Ak#[ muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6x(n2—1)) '; muyyVal..
(:,6+6x(n2—1)) ']);
DeltaMul9=sum (Ak#[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);
DeltaMu2l=sum (Ak:[muxxVal(:,21) '";muxyVal(:,21) ";muyyVal(:,21) ']);
Al=bCnst{6}(k,n2,1);
A2=bCnst{6}(k,n2,2);
A3=bCnst{6}(k,n2,3);
Bl=bCnst{6}(k,n2,4);
B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2,6);
DeltaMu_9=Al*DeltaMu4+A2xDeltaMu5+A3«DeltaMu6+B1:xDeltaMul9+B2«DeltaMu20+B3...
+*DeltaMu?2l ;
99% Int_Tk (Delta mu-8)x(Delta Mu-9) Using Quadrature
qVal=detJk =((deltaMu_8.«DeltaMu_9)xqwt) ;
K89 (vbxxnl , vbyyn2)=K89(vbxxnl ,vbyyn2)+qVal;
end % ends if loop over vertex 2

end % ends loop over vertex 2



elseif pMesh.NodePtrs(nodes(nl) ,3)<0 % Boundary d"2/dy"2 Node

gnl=nodes(nl); % Global Node Number
vbyynl=—pMesh.NodePtrs(gnl ,3); % Boundary d"2/dy 2 Node Number

Compute Delta mu-9 at quadrature points(stored in a row vector)
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deltaMu4=sum (Ak#[muxxVal(:,4+6%(nl—1)) '";muxyVal(:,4+6%(nl—1)) ";muyyVal(:,4+6x(nl...

-1))'D;

deltaMuS=sum (Ak#[muxxVal(:,5+6+(nl—1)) ";muxyVal(:,5+6x(nl—1)) ";muyyVal(:,5+6%(nl...

-1))'D:

deltaMu6=sum (Ak#[muxxVal(:,6+6%(nl—1)) ';muxyVal(:,6+6%(nl—1)) ";muyyVal(:,6+6x(nl...

-D) "D

deltaMul9=sum (Ak:[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
deltaMu2l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
al=bCnst{6}(k,nl,1);

a2=bCnst{6}(k,nl,2);

a3=bCnst{6}(k,nl,3);

bl=bCnst{6}(k,nl ,4);

b2=bCnst{6}(k,nl,5);

b3=bCnst{6}(k,nl,6);
deltaMu_9=al=+deltaMu4+a2=+deltaMuS+a3sdeltaMu6+bl+deltaMul9+b2xdeltaMu20+b3=...

deltaMu21 ;

for n2=1:3 % Loop over 2nd vertex nodes
if pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy"2 Node
gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy"2 Node Number

9% Compute Delta Mu-9 at quadrature points(stored in a row vector)

DeltaMu4=sum (Ak#[muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal..

(:,446%(n2-1)) '1);

DeltaMuS5=sum (Ak#[ muxxVal (: ,5+6%(n2—1)) ';muxyVal(:,5+6x(n2—1)) '; muyyVal..

(:,5+6«(n2—-1)) ']);

DeltaMu6=sum (Ak#[muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal..

(:,646%(n2—-1)) '1);
DeltaMul9=sum (Ak:=[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:x[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
DeltaMu2l=sum (Ak=[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21) ']);
Al=bCnst{6}(k,n2,1);
A2=bCnst{6}(k,n2,2);
A3=bCnst{6}(k,n2,3);
B1=bCnst{6}(k,n2,4);



end

for
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B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2,6);
DeltaMu_9=AlxDeltaMu4+A2«DeltaMu5+A3=DeltaMu6+B1+«DeltaMul9+B2=DeltaMu20+B3...
«DeltaMu21 ;

99% Int_-Tk (Delta mu-9)x(Delta Mu-9) Using Quadrature
qVal=detJk #((deltaMu_9.«DeltaMu_9)=qwt) ;
K99 (vbyynl , vbyyn2)=K99(vbyynl ,vbyyn2)+qVal;

end

end
end %end if loop for vertex 1

Yend loop over vertex 1

nl=4:6 % Loop over midpoint nodes

if pMesh.POS(nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
mfnl=pMesh.NodePtrs(gnl); % /st Midpoint Free Node Number

9% Compute Delta mu-7 at quadrature points(stored in a row vector)

9% Note that only one of bl—b3 should be non—zero
deltaMul9=sum (Ak:=[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
deltaMu20=sum (Ak:=[muxxVal(:,20) ";muxyVal(:,20) ";muyyVal(:,20) ']);
deltaMu21l=sum(Aks=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
bl=bCnst{7}(k,nl —3,1); % Note nl—3 to get 1,2,3 from 4,5,6
b2=bCnst{7}(k,nl —3,2);
b3=bCnst{7}(k,nl —3,3);
deltaMu_7=blxdeltaMul9+b2xdeltaMu20+b3*xdeltaMu2l ;

for n2=4:6 % Loop over midpoint nodes

if pMesh.POS(nodes(n2) ,4)==—10 % Interior Plate Node
gn2=nodes(n2); % Global Node Number
mfn2=pMesh.NodePtrs(gn2); % 2nd Midpoint Free Node Number

99% Compute Delta Mu-7 at quadrature points(stored in a row vector)

9% Note that only one of BI—B3 should be non—zero
DeltaMul9=sum (Ak=[ muxxVal(:,19) ';muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:[muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);
DeltaMu2l=sum (Ak:=[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
Bl=bCnst{7}(k,n2—-3,1); % Note n2—3 to get 1,2,3 from 4,56
B2=bCnst{7}(k,n2-3,2);
B3=bCnst{7}(k,n2-3,3);
DeltaMu_7=Bl*DeltaMul9+B2+DeltaMu20+B3+DeltaMu2l ;

9% Int_Tk (Delta mu.7)x(Delta Mu.7) Using Quadrature



end

end

qVal=detJk =((deltaMu_7.«DeltaMu_7)xqwt) ;
K77 (mfnl , mfn2)=K77(mfnl ,mfn2)+qVal;

for n2=1:3 % Loop over 2nd vertex nodes

if pMesh.NodePtrs(nodes(n2) ,3)>0 % Boundary d"2/dx"2 Node

D)%

9%

gn2=nodes(n2); % Global Node Number
vbxxn2=pMesh.NodePtrs(gn2,3); % Boundary d"2/dx"2 Node Number

Compute Delta Mu.8 at quadrature points(stored in a row vector)

DeltaMu4=sum (Ak#[muxxVal (:,4+6%(n2—1)) ';muxyVal(:,4+6%(n2—1)) '; muyyVal...

(:,4+6%(n2—-1)) ']);

DeltaMuS=sum (Ak#[ muxxVal (: ,5+6%(n2—1)) ';muxyVal(:,5+6%(n2—1)) '; muyyVal..

(:,5+6«(n2—1)) ']);

DeltaMu6=sum (Ak*[ muxxVal(:,6+6+(n2—1)) ';muxyVal(:,6+6%(n2—1)) '; muyyVal...

(:,6+6%(n2—-1)) ']1);
DeltaMul9=sum (Ak:=[ muxxVal(:,19) ';muxyVal(:,19) ";muyyVal(:,19) ']);
DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ';muyyVal(:,20) ']);
DeltaMu2l=sum (Ak:[muxxVal(:,21) ";muxyVal(:,21) ";muyyVal(:,21) ']);
Al=bCnst{4}(k,n2,1);
A2=bCnst{4}(k,n2,2);
A3=bCnst{4}(k,n2,3);
Bl=bCnst{4}(k,n2,4);
B2=bCnst{4}(k,n2,5);
B3=bCnst{4}(k,n2,6);
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DeltaMu_8=AlxDeltaMu4+A2«DeltaMu5+A3xDeltaMu6+Bl1«DeltaMul9+B2«DeltaMu20+B3...

«DeltaMu21 ;
Int_Tk (Delta mu-7)«(Delta Mu-8) Using Quadrature
qVal=detJk #((deltaMu_7.«DeltaMu_8)xqwt) ;

K78 (mfnl , vbxxn2)=K78 (mfnl , vbxxn2)+qVal;

elseif pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy"2 Node

%%

gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy”"2 Node Number

Compute Delta Mu-9 at quadrature points(stored in a row vector)

DeltaMu4=sum (Ak#[ muxxVal (: ,4+6%(n2—1)) ';muxyVal(:,4+6x(n2—1)) '; muyyVal..

(:,4+6«(n2—-1)) ']);

DeltaMuS5=sum (Ak#[muxxVal (:,5+6%(n2—1)) ';muxyVal(:,5+6%(n2—1)) '; muyyVal..

(:,5+46%(n2—-1)) ']);

DeltaMu6=sum (Ak#[ muxxVal (: ,6+6%(n2—1)) ';muxyVal(:,6+6x(n2—1)) '; muyyVal..

(:,6+6x(n2—1)) ']);
DeltaMul9=sum (Ak#[muxxVal(:,19) ";muxyVal(:,19) ";muyyVal(:,19) ']);
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DeltaMu20=sum (Ak:[ muxxVal(:,20) ';muxyVal(:,20) ";muyyVal(:,20) ']);
DeltaMu2l=sum (Ak:s[muxxVal(:,21) ';muxyVal(:,21) ";muyyVal(:,21) ']);
Al=bCnst{6}(k,n2,1);
A2=bCnst{6}(k,n2,2);
A3=bCnst{6}(k,n2,3);
Bl=bCnst{6}(k,n2,4);
B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2,6);
DeltaMu_9=AlxDeltaMu4+A2+DeltaMu5+A3+DeltaMu6+B1:xDeltaMul9+B2+DeltaMu20+B3...
#DeltaMu2l1 ;
99% Int_Tk (Delta mu.-7)x(Delta Mu_-9) Using Quadrature
qVal=detJk =((deltaMu_7.«DeltaMu_9)xqwt) ;
K79 (mfnl , vbyyn2)=K79(mfnl , vbyyn2)+qVal;
end
end
end
end

end %end loop over triangles

K2l=transpose (K12); % Copy to Lower Triangular blocks

K3l=transpose (K13);

K32=transpose (K23);

K4l=transpose (K14);

K42=transpose (K24);

K43=transpose (K34);

KS1=transpose (KI15);

K52=transpose (K25);

K53=transpose (K35);

K54=transpose (K45);

K6l=transpose (K16);

K62=transpose (K26);

K63=transpose (K36) ;

K64=transpose (K46) ;

K65=transpose (K56) ;

K71=transpose (K17);

K72=transpose (K27);

K73=transpose (K37);

K74=transpose (K47);

K75=transpose (K57);

K76=transpose (K67) ;

K8l=transpose (KI18);

K82=transpose (K28);
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K83=transpose (K38);

K84=transpose (K48);

K85=transpose (K58);

K86=transpose (K68) ;

K87=transpose (K78) ;

K9l=transpose (K19);

K92=transpose (K29);

K93=transpose (K39);

K94=transpose (K49) ;

K95=transpose (K59);

K96=transpose (K69) ;

K97=transpose (K79);

K98=transpose (K89) ;

9% Assemble the Stiffness Matrix K

K=[KI11,K12,K13,K14,K15,K16,K17,K18,K19; K21,K22,K23,K24,K25,K26,K27,K28,K29;
K31,K32,K33,K34,K35,K36,K37,K38,K39; K41,K42,K43,K44,K45,K46,K47,K48,K49;
K51,K52,K53,K54,K55,K56,K57,K58,K59; K61,K62,K63,K64,K65,K66,K67,K68,K69;
K71,K72,K73,K74,K75,K76,K77 ,K78 ,K79; K81 ,K82,K83,6K84,K85,K86,K87,K88,K89;
K91,K92,K93,K94,K95,K96,K97,K98,K99 ];

K=sparse (K);

StiffnessAL2D.m

function K=StiffnessAL2D (pMesh, bCnst,muVal,qwt,lambda)

S Ldlleodledladledledledeladladledledl edledledlededledtedledledledlededledtededledldledledteiedledledledledledledledbedladledledbedbedbedldledledledbedledladledledledbedbedledledledtedledledledledledtedde
99% This function creates the part of the plate bilinear form that

9% corresponds to the term: lambda 2(mul, mu2)_\Omega

ReLibulleldldeledeledeledelededlededlededlededlededlededlededlededlededlededlededlededlededlededlededlededledledledledlededledledlededlededle el el dledledledledte

99% Initialize Stiffness Block Matrices
Nfvn=length (pMesh.FVNodePtrs (: ,1));
Nfmn=length (pMesh.FMNodePtrs (: ,1));
Nbxxn=length (pMesh.BxxNodePtrs (:,1));
Nbyyn=length (pMesh.ByyNodePtrs (:,1));
Kll=zeros (Nfvn,Nfvn);

K12=zeros (Nfvn, Nfvn) ;

Kl13=zeros (Nfvn,Nfvn) ;

Kl4=zeros (Nfvn,Nfvn) ;

K15=zeros (Nfvn,Nfvn);

Kl6=zeros (Nfvn, Nfvn) ;
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K17=zeros (Nfvn ,Nfmn) ;
K18=zeros (Nfvn, Nbxxn) ;
K19=zeros (Nfvn,Nbyyn) ;
K22=zeros (Nfvn,Nfvn);
K23=zeros (Nfvn, Nfvn) ;
K24=zeros (Nfvn,Nfvn) ;
K25=zeros (Nfvn,Nfvn) ;
K26=zeros (Nfvn,Nfvn) ;
K27=zeros (Nfvn ,Nfmn) ;
K28=zeros (Nfvn,Nbxxn) ;
K29=zeros (Nfvn,Nbyyn) ;
K33=zeros (Nfvn, Nfvn) ;
K34=zeros (Nfvn, Nfvn) ;
K35=zeros (Nfvn,Nfvn) ;
K36=zeros (Nfvn, Nfvn) ;
K37=zeros (Nfvn,Nfmn) ;
K38=zeros (Nfvn, Nbxxn) ;
K39=zeros (Nfvn,Nbyyn) ;
K44=zeros (Nfvn,Nfvn);
K45=zeros (Nfvn, Nfvn) ;
K46=zeros (Nfvn,Nfvn) ;
K47=zeros (Nfvn ,Nfmn) ;
K48=zeros (Nfvn, Nbxxn) ;
K49=zeros (Nfvn,Nbyyn) ;
K55=zeros (Nfvn,Nfvn) ;
K56=zeros (Nfvn,Nfvn) ;
K57=zeros (Nfvn,Nfmn) ;
K58=zeros (Nfvn, Nbxxn) ;
K59=zeros (Nfvn,Nbyyn) ;
K66=zeros (Nfvn,Nfvn) ;
K67=zeros (Nfvn ,Nfmn) ;
K68=zeros (Nfvn, Nbxxn) ;
K69=zeros (Nfvn,Nbyyn) ;
K77=zeros (Nfmn, Nfmn) ;
K78=zeros (Nfmn, Nbxxn) ;
K79=zeros (Nfmn,Nbyyn) ;
K88=zeros (Nbxxn,Nbxxn) ;
K89=zeros (Nbxxn, Nbyyn) ;
K99=zeros (Nbyyn,Nbyyn) ;

9% Loop over triangles in the mesh



for

9%

9%

9%
9%

k=1:pMesh.nbTriangles6

Get global node numbers for the nodes of Element k
nodes=pMesh.TRIANGLES6(k,1:6) ;

(x,y) coordinates of (local) nodes 1, 2, 3 (Vertices of T_k)
x1=pMesh.POS (nodes (1) ,1);

yl=pMesh.POS (nodes (1) ,2);

x2=pMesh.POS (nodes (2) ,1);

y2=pMesh.POS (nodes (2) ,2);

x3=pMesh.POS (nodes (3) ,1);

y3=pMesh.POS (nodes (3) ,2);

Compute transormation J: [x,y] = [x], ylI] + Ju for u in reference
triangle , as well as its inverse transpose.

Jk=[x2—x1,x3—x1; y2—yl,y3—yl];

detJk=det (Jk);

for nl=1:3 % Loop over 1st vertex nodes
if pMesh.POS(nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
vinl=pMesh.NodePtrs(gnl); % /st Vertex Free Node Number
9% Compute mu-l at quadrature points(stored in a row vector)
mul=muVal(:,1+6«(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(:,20) ';
mu2l=muVal(:,21) ';
bl=bCnst{1}(k,nl,1);
b2=bCnst{1}(k,nl,2);
b3=bCnst{1}(k,nl,3);
mu_l=mul+blxmul9+b2+mu20+b3+mu2l;
9% Compute mu-2 at quadrature points(stored in a row vector)
mu2=muVal(:,2+6«(nl—1)) ';
mu3=muVal(:,3+6«(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(: ,20) ';
mu2l=muVal(:,21) ';
al=bCnst{2}(k,nl,1);
a2=bCnst{2}(k,nl,2);
bl=bCnst{2}(k,nl,3);
b2=bCnst{2}(k,nl,4);
b3=bCnst{2}(k,nl,5);
mu_2=al smu2+a2+mu3+bl+mul9+b2+mu20+b3+mu2l;

9% Compute mu-3 at quadrature points(stored in a row vector)
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9%

9%

9o

mu2=muVal(:,2+6«(nl—1)) ';

mu3=muVal(:,3+6x(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal(:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{3}(k,nl,1);

a2=bCnst{3}(k,nl,2);

b1=bCnst{3}(k,nl,3);

b2=bCnst{3}(k,nl,4);

b3=bCnst{3}(k,nl,5);

mu_3=al +mu2+a2smu3+bl+mul9+b2+mu20+b3+mu2l ;
Compute mu_4 at quadrature points(stored in a row vector)
mu4=muVal (: ,4+6%(nl—1)) ';

muS=muVal (:,5+6«(nl—1)) ';

mu6=muVal(:,6+6«(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal (:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{4}(k,nl,1);

a2=bCnst{4}(k,nl,2);

a3=bCnst{4}(k,nl,3);

bl=bCnst{4}(k,nl ,4);

b2=bCnst{4}(k,nl,5);

b3=bCnst{4}(k,nl,6);

mu_4=al smu4+a2+mudS+a3 +*mu6+bl+mul9+b2+mu20+b3 +mu2l;
Compute mu-5 at quadrature points(stored in a row vector)
mud=muVal(:,4+6«(nl—1)) ';

muS=muVal(:,5+6x(nl—1)) ';

mu6=muVal(:,6+6«(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal (:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{5}(k,nl,1);

a2=bCnst{5}(k,nl,2);

a3=bCnst{5}(k,nl,3);

bl=bCnst{5}(k,nl,4);

b2=bCnst{5}(k,nl,5);

b3=bCnst{5}(k,nl,6);
mu_5=al+mud4+a2+mu5+a3+mu6+bl+mul9+b2+mu20+b3 +mu2l ;
Compute mu_6 at quadrature points(stored in a row vector)

mu4=muVal(:,4+6+(nl—1)) ';
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muS=muVal(:,5+6«(nl—1)) ';
mu6=muVal(:,6+6x(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(:,20) ';
mu2l=muVal(:,21) ';
al=bCnst{6}(k,nl,1);
a2=bCnst{6}(k,nl,2);
a3=bCnst{6}(k,nl,3);
bl=bCnst{6}(k,nl ,4);
b2=bCnst{6}(k,nl,5);
b3=bCnst{6}(k,nl,6);

mu_6=al xmud+a2xmuS+a3+mu6+bl+mul9+b2xmu20+b3xmu2l;

for n2=1:3 % Loop over 2nd vertex nodes
if pMesh.POS (nodes(n2) ,4)==—10 % Interior Plate Node
gn2=nodes(n2); % Global Node Number
vin2=pMesh.NodePtrs (gn2); % 2nd Vertex Free Node Number
9% Compute Mu_l at quadrature points(stored in a row vector)
Mul=muVal(:,14+6%(n2—1)) ";
Mul9=muVal (:,19) ';
Mu20=muVal (:,20) ';
Mu2l=muVal (:,21) ';
Bl=bCnst{1}(k,n2,1);
B2=bCnst{1}(k,n2,2);
B3=bCnst{1}(k,n2,3);
Mu_1=Mul+B1+Mul9+B2+Mu20+B3+Mu2l ;
9% Compute Mu-2 at quadrature points(stored in a row vector)
Mu2=muVal (:,2+6(n2—1)) ';
Mu3=muVal(:,3+6x(n2—1)) ';
Mul9=muVal (:,19) ';
Mu20=muVal (: ,20) ';
Mu2l=muVal (:,21) ";
Al=bCnst{2}(k,n2,1);
A2=bCnst{2}(k,n2,2);
Bl=bCnst{2}(k,n2,3);
B2=bCnst{2}(k,n2,4);
B3=bCnst{2}(k,n2,5);
Mu_2=A1xMu2+A2+Mu3+B1+Mul9+B2+Mu20+B3xMu2l ;
9% Compute Mu-3 at quadrature points(stored in a row vector)
Mu2=muVal(:,2+6%(n2—1)) ';
Mu3=muVal (:,3+6%(n2—1)) ';



D)%

9%

D%

Mul9=muVal(:,19) ';

Mu20=muVal (:,20) ';

Mu2l=muVal (:,21) ";

Al=bCnst{3}(k,n2,1);

A2=bCnst{3}(k,n2,2);

Bl=bCnst{3}(k,n2,3);

B2=bCnst{3}(k,n2,4);

B3=bCnst{3}(k,n2,5);
Mu_3=A1xMu2+A2:xMu3+B1:+Mul9+B2:xMu20+B3xMu2l ;
Compute Mu 4 at quadrature points(stored in a row vector)
Mud=muVal (: ,4+6=(n2—1)) ';

MuS=muVal(:,5+6«(n2—1)) ';

Mu6=muVal (:,6+6(n2—1)) ';

Mul9=muVal(:,19) ';

Mu20=muVal (:,20) ';

Mu2l=muVal(:,21) ';

Al=bCnst{4}(k,n2,1);

A2=bCnst{4}(k,n2,2);

A3=bCnst{4}(k,n2,3);

Bl=bCnst{4}(k,n2,4);

B2=bCnst{4}(k,n2,5);

B3=bCnst{4}(k,n2,6);
Mu_4=A1xMud+A2:+Mu5+A3+Mu6+B1+Mul9+B2+Mu20+B3+Mu2l ;
Compute Mu.5 at quadrature points(stored in a row vector)
Mud=muVal (: ,4+6%(n2—1)) ';

MuS=muVal(:,5+6%(n2—1)) ';

Mu6=muVal (:,6+6(n2—1)) ";

Mul9=muVal(:,19) ';

Mu20=muVal(:,20) ';

Mu2l=muVal(:,21) ";

Al=bCnst{5}(k,n2,1);

A2=bCnst{5}(k,n2,2);

A3=bCnst{5}(k,n2,3);

Bl=bCnst{5}(k,n2,4);

B2=bCnst{5}(k,n2,5);

B3=bCnst{5}(k,n2,6);
Mu_5=A1xMud+A2+Mu5+A3+Mu6+B1+Mul9+B2+Mu20+B3+Mu2l ;
Compute Mu_6 at quadrature points(stored in a row vector)
Mud4=muVal(:,4+6%(n2—1)) ';

MuS=muVal(:,5+6%(n2—1)) ';

Mu6=muVal(:,6+6x(n2—1)) ';
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9%

D%

D)%

9%

9%

D%

D)%

Mul9=muVal (:,19) ';

Mu20=muVal (:,20) ';

Mu2l=muVal (:,21) ";

Al=bCnst{6}(k,n2,1);

A2=bCnst{6}(k,n2,2);

A3=bCnst{6}(k,n2,3);

B1=bCnst{6}(k,n2,4);

B2=bCnst{6}(k,n2,5);

B3=bCnst{6}(k,n2,6);
Mu_6=A1+Mud+A2xMu5+A3+Mub6+B1+Mul9+B2+Mu20+B3xMu?2l ;

Int Tk (mu-l)sx(Mu-l1) Using Quadrature
qVal=detJk *((mu_1.%*Mu_1)sqwt) ;
Kl1(vfnl ,vfn2)=Kl1(vfnl,vfn2)+qVal;
Int Tk (mu-l)sx(Mu-2) Using Quadrature
qVal=detJk #*((mu_1.xMu_2)sqwt) ;
K12(vfnl ,vfn2)=K12(vfnl ,vfn2)+qVal;
Int_Tk (mu_l)s(Mu-3) Using Quadrature
qVal=detJk #((mu_1.xMu_3)sqwt) ;
K13(vfnl ,vfn2)=KI13(vfnl ,vfn2)+qVal;
Int_-Tk (mu-l)=«(Mu4) Using Quadrature
qVal=detJk #*((mu_1.xMu_4)=qwt) ;
K14(vfnl ,vfn2)=Kl14(vfnl ,vfn2)+qVal;
Int_-Tk (mu-l)=(Mu.5) Using Quadrature
qVal=detJk #*((mu_1.*Mu_5)*qwt) ;
K15(vfnl ,vfn2)=K15(vfnl ,vfn2)+qVal;
Int Tk (mu-l)sx(Mu-6) Using Quadrature
qVal=detJk *((mu_1.*Mu_6)sqwt) ;
K16(vfnl ,vfn2)=K16(vfnl ,vfn2)+qVal;
Int Tk (mu-2)sx(Mu-2) Using Quadrature
qVal=detJk *((mu_2.xMu_2)s*qwt) ;
K22(vfnl ,vfn2)=K22(vfnl ,vfn2)+qVal;
Int_ Tk (mu.2)«(Mu-3) Using Quadrature
qVal=detJk #((mu_2.xMu_3)xqwt) ;
K23(vfnl ,vfn2)=K23(vfnl,vfn2)+qVal;
Int_-Tk (mu-2)«(Mu4) Using Quadrature
qVal=detJk #*((mu_2.xMu_4)=qwt) ;

K24 (vfnl ,vfn2)=K24(vfnl ,vfn2)+qVal;
Int_-Tk (mu-2)=(Mu.5) Using Quadrature
qVal=detJk *((mu_2.«*Mu_5)*qwt) ;
K25(vfnl ,vfn2)=K25(vfnl ,vfn2)+qVal;
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9%

9%

D)%

9%

9%

9%

9%

9%

9%

9%

elseif pMesh.NodePtrs(nodes(n2) ,3)>0 % Boundary d"2/dx"2 Node

9% Compute Mu-8 at quadrature points(stored

Int Tk (mu-2)sx(Mu-6) Using Quadrature
qVal=detJk *((mu_-2.«Mu_6)*qwt) ;
K26(vfnl ,vfn2)=K26(vfnl ,vfn2)+qVal;
Int_ Tk (mu-3)s=(Mu-3) Using Quadrature
qVal=detJk *((mu_3.xMu_3)sqwt) ;
K33(vfnl ,vfn2)=K33(vfnl,vfn2)+qVal;
Int Tk (mu.3)«(Mu4) Using Quadrature
qVal=detJk #*((mu_3.xMu_4)sqwt) ;

K34 (vfnl ,vfn2)=K34(vfnl,vfn2)+qVal;
Int_ Tk (mu-3)s=(Mu.5) Using Quadrature
qVal=detJk *((mu_3.«Mu.5)*qwt) ;
K35(vfnl , vfn2)=K35(vfnl ,vfn2)+qVal;
Int_-Tk (mu-3)=(Mu-6) Using Quadrature
gqVal=detJk #*((mu_3.x*Mu_6)*qwt) ;
K36(vfnl ,vfn2)=K36(vfnl ,vfn2)+qVal;
Int Tk (mu-4)sx(Mu4) Using Quadrature
qVal=detJk *((mu_4.«Mu_4)sqwt) ;

K44 (vfnl ,vfn2)=K44(vfnl ,vfn2)+qVal;
Int Tk (mu-4)s=(Mu.5) Using Quadrature
qVal=detJk *((mu_4.xMu.5)*qwt) ;
K45(vfnl ,vfn2)=K45(vfnl ,vfn2)+qVal;
Int_ Tk (mu-4)«(Mu-6) Using Quadrature
qVal=detJk #((mu_4.xMu_6)xqwt) ;
K46(vfnl ,vfn2)=K46(vfnl ,vfn2)+qVal;
Int_ Tk (mu.5)s=(Mu.5) Using Quadrature
qVal=detJk *((mu_5.«Mu.5)*qwt) ;
K55(vfnl , vfn2)=K55(vfnl ,vfn2)+qVal;
Int_-Tk (mu.5)«(Mu-6) Using Quadrature
qVal=detJk #*((mu_5.*Mu_6)xqwt) ;

K56 (vfnl ,vfn2)=K56(vfnl ,vfn2)+qVal;
Int Tk (mu-6)sx(Mu-6) Using Quadrature
qVal=detJk *((mu_6.%*Mu_6)sqwt) ;
K66(vfnl ,vfn2)=K66(vfnl ,vfn2)+qVal;

gn2=nodes(n2); % Global Node Number

vbxxn2=pMesh.NodePtrs(gn2,3); % Boundary d"2/dx"2 Node Number

Mud4=muVal(:,4+6%(n2—1)) ';
MuS=muVal(:,5+6%(n2—1)) ';
Mu6b=muVal (: ,6+6=(n2—1)) ';
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Mul9=muVal (:,19) ';

Mu20=muVal (:,20) ';

Mu2l=muVal (:,21) ";

Al=bCnst{4}(k,n2,1);

A2=bCnst{4}(k,n2,2);

A3=bCnst{4}(k,n2,3);

Bl1=bCnst{4}(k,n2,4);

B2=bCnst{4}(k,n2,5);

B3=bCnst{4}(k,n2,6);
Mu_8=A1+Mud+A2xMu5+A3xMub6+B1+Mul9+B2+Mu20+B3xMu2l ;

99% Int_-Tk (mu-l)=(Mu-8) Using Quadrature

qVal=detJk *((mu_1.*Mu_8)=qwt) ;

K18(vfnl ,vbxxn2)=KI8(vfnl ,vbxxn2)+qVal;
99% Int_Tk (mu-2)=(Mu-8) Using Quadrature

qVal=detJk #*((mu_2.xMu_8)xqwt) ;

K28 (vfnl , vbxxn2)=K28(vfnl ,vbxxn2)+qVal;
9% Int_Tk (mu-3)=(Mu-8) Using Quadrature

qVal=detJk #((mu_3.xMu_8)xqwt) ;

K38(vfnl ,vbxxn2)=K38(vfnl , vbxxn2)+qVal;
99% Int-Tk (mu-4)=(Mu-8) Using Quadrature

qVal=detJk #((mu_4.xMu_8)xqwt) ;

K48 (vfnl , vbxxn2)=K48(vfnl , vbxxn2)+qVal;
9% Int_-Tk (mu-5)=(Mu-8) Using Quadrature

qVal=detJk *((mu_5.*Mu_8)«qwt) ;

K58(vfnl , vbxxn2)=K58(vfnl ,vbxxn2)+qVal;
99% Int_-Tk (mu-6)=(Mu-8) Using Quadrature

qVal=detJk *((mu_-6.%*Mu_8)sqwt) ;

K68 (vfnl , vbxxn2)=K68(vfnl ,vbxxn2)+qVal;

elseif pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy"2 Node
gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy”"2 Node Number
9% Compute Mu-9 at quadrature points(stored in a row vector)
Mud4=muVal(:,4+6«(n2—1)) ";
MuS=muVal(:,5+6%(n2—1)) ';
Mu6b=muVal (: ,6+6=(n2—1)) ';
Mul9=muVal(:,19) ';
Mu20=muVal (:,20) ';
Mu2l=muVal (:,21) ';
Al=bCnst{6}(k,n2,1);
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A2=bCnst{6}(k,n2,2);
A3=bCnst{6}(k,n2,3);
B1=bCnst{6}(k,n2,4);
B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2,6);
Mu_9=A1+Mud+A2xMu5+A3+Mub6+B1+Mul9+B2+Mu20+B3xMu2l ;

99% Int_-Tk (mu-l)=(Mu-9) Using Quadrature

qVal=detJk *((mu_1.*Mu_9)=qwt) ;

K19(vfnl ,vbyyn2)=KI19(vfnl ,vbyyn2)+qVal;
9% Int_Tk (mu-2)=(Mu-9) Using Quadrature

qVal=detJk #((mu_2.xMu_9)xqwt) ;

K29(vfnl ,vbyyn2)=K29(vfnl ,vbyyn2)+qVal;
9% Int_Tk (mu-3)=(Mu.9) Using Quadrature

qVal=detJk #*((mu_3.xMu_9)xqwt) ;

K39(vfnl ,vbyyn2)=K39(vfnl ,vbyyn2)+qVal;
99% Int-Tk (mu-4)=(Mu-9) Using Quadrature

qVal=detJk *((mu_4.xMu_9)xqwt) ;

K49 (vfnl ,vbyyn2)=K49(vfnl ,vbyyn2)+qVal;
99% Int_-Tk (mu-5)=(Mu-9) Using Quadrature

qVal=detJk *((mu_-5.«Mu_9)=qwt) ;

K59 (vfnl ,vbyyn2)=K59(vfnl ,vbyyn2)+qVal;
99% Int_-Tk (mu-6)=(Mu-9) Using Quadrature

qVal=detJk *((mu_6.%*Mu_9)sqwt) ;

K69 (vfnl , vbyyn2)=K69(vfnl ,vbyyn2)+qVal;
end %end if loop for vertex 2

end %end loop over vertex 2

for n2=4:6 % Loop over midpoint nodes

if pMesh.POS(nodes(n2) ,4)==—10 % Interior Plate Node
gn2=nodes(n2); % Global Node Number
mfn2=pMesh.NodePtrs(gn2); % Midpoint Free Node Number

9% Compute Mu_7 at quadrature points(stored in a row vector)
99% Note that only one of BI—B3 should be non—zero
Mul9=muVal (:,19) ';
Mu20=muVal (:,20) ';
Mu2l=muVal (:,21) ";
Bl=bCnst{7}(k,n2—3,1); % Note n2—3 to get 1,2,3 from 4,5,6
B2=bCnst{7}(k,n2—-3,2);
B3=bCnst{7}(k,n2—-3,3);
Mu_7=B1xMul9+B2xMu20+B3+Mu2l ;



elseif pMesh.NodePtrs(nodes(nl) ,3)>0 % Boundary d"2/dx"2 Node

9%

9%

9%

9%

9%

D)%

9%

Int_-Tk (mu-l)=(Mu.-7) Using Quadrature
qVal=detJk #*((mu_1.x*Mu_7)*qwt) ;
K17(vfnl ,mfn2)=K17(vfnl ,mfn2)+qVal;
Int_ Tk (mu-2)=(Mu.-7) Using Quadrature
qVal=detJk *((mu_2.«*Mu_7)%qwt) ;
K27(vfnl ,mfn2)=K27(vfnl ,mfn2)+qVal;
Int Tk (mu-3)s=(Mu.7) Using Quadrature
qVal=detJk *((mu_3.%*Mu_7)=qwt) ;
K37(vfnl ,mfn2)=K37(vfnl ,mfn2)+qVal;
Int_ Tk (mu_4)=(Mu.7) Using Quadrature
qVal=detJk #*((mu_4.xMu_7)*qwt) ;
K47(vfnl ,mfn2)=K47(vfnl ,mfn2)+qVal;
Int_ Tk (mu.5)«(Mu.7) Using Quadrature
qVal=detJk = ((mu.5.«Mu_7)xqwt) ;
K57(vfnl ,mfn2)=K57(vfnl ,mfn2)+qVal;
Int_-Tk (mu-6)=(Mu-7) Using Quadrature
qVal=detJk *((mu_6.xMu_7)xqwt) ;
K67(vfnl ,mfn2)=K67(vfnl ,mfn2)+qVal;

end % end if loop for midpoint node 2

end % end loop over midpoint node 2

gnl=nodes(nl); % Global Node Number

vbxxnl=pMesh.NodePtrs (gnl ,3); % Boundary d"2/dx"2 Node Number

Compute

mu-8 at quadrature points(stored in a row

mu4=muVal(:,4+6+(nl—1)) ';

muS=muVal(:,5+6x(nl—1)) ';

mu6=muVal(:,6+6«(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal (:,20) ';

mu2l=muVal (:,21) ';

al=bCnst{4}(k,nl,1);

a2=bCnst{4}(k,nl,2);

a3=bCnst{4}(k,nl,3);

bl=bCnst{4}(k,nl ,4);

b2=bCnst{4}(k,nl,5);

b3=bCnst{4}(k,nl,6);

mu_8=alsxmud+a2+muS+a3 +mub+bl+mul9+b2+mu20+b3+mu2l;

for n2=1:3 % Loop over 2nd vertex nodes
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if pMesh.NodePtrs(nodes(n2) ,3)>0 % Boundary d"2/dx"2 Node

%%

D%

gn2=nodes(n2); % Global Node Number
vbxxn2=pMesh.NodePtrs(gn2,3); % Boundary d"2/dx"2 Node Number
Compute Mu-8 at quadrature points(stored in a row vector)
Mud4=muVal(:,4+6%(n2—1)) ';

MuS=muVal(:,5+6%(n2—1)) ';

Mu6b=muVal (: ,6+6=(n2—1)) ';

Mul9=muVal (:,19) ';

Mu20=muVal (:,20) ';

Mu2l=muVal (:,21) ';

Al=bCnst{4}(k,n2,1);

A2=bCnst{4}(k,n2,2);

A3=bCnst{4}(k,n2,3);

Bl1=bCnst{4}(k,n2,4);

B2=bCnst{4}(k,n2,5);

B3=bCnst{4}(k,n2,6);
Mu_8=A1+Mud+A2xMu5+A3+Mub6+B1:+Mul9+B2+Mu20+B3xMu2l ;

Int Tk (mu-8)«(Mu-8) Using Quadrature

qVal=detJk #((mu_8.xMu_8)xqwt) ;

K88 (vbxxnl ,vbxxn2)=K88(vbxxnl ,vbxxn2)+qVal;

elseif pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy 2 Node

D)%

gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy"2 Node Number
Compute Mu 9 at quadrature points(stored in a row vector)
Mud4=muVal (:,4+6x(n2—1)) ';

MuS=muVal(:,5+6(n2—1)) ";

Mu6=muVal (: ,6+6(n2—1)) ';

Mul9=muVal (:,19) ';

Mu20=muVal (:,20) ';

Mu2l=muVal (:,21) ";

Al=bCnst{6}(k,n2,1);

A2=bCnst{6}(k,n2,2);

A3=bCnst{6}(k,n2,3);

Bl=bCnst{6}(k,n2,4);

B2=bCnst{6}(k,n2,5);

B3=bCnst{6}(k,n2,6);
Mu_9=A1:xMud+A2:+Mu5+A3+Mu6+B1+Mul9+B2+Mu20+B3+Mu2l ;

Int_-Tk (mu-8)x(Mu.9) Using Quadrature

qVal=detJk #*((mu_8.x*Mu_9)qwt) ;

K89 (vbxxnl ,vbyyn2)=K89(vbxxnl ,vbyyn2)+qVal;
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end % ends if loop over vertex 2

end % ends loop over vertex 2

elseif pMesh.NodePtrs(nodes(nl) ,3)<0 % Boundary d"2/dy"2 Node
gnl=nodes(nl); % Global Node Number
vbyynl=—pMesh.NodePtrs (gnl ,3); % Boundary d"2/dy"2 Node Number
9% Compute mu-9 at quadrature points(stored in a row vector)
mud=muVal(:,4+6«(nl—1)) ';
muS=muVal(:,5+6«(nl—1)) ';
mu6=muVal (:,6+6«(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(:,20) ';
mu2l=muVal(:,21) ';
al=bCnst{6}(k,nl,1);
a2=bCnst{6}(k,nl,2);
a3=bCnst{6}(k,nl,3);
bl=bCnst{6}(k,nl ,4);
b2=bCnst{6}(k,nl,5);
b3=bCnst{6}(k,nl,6);

mu_9=alsxmud+a2+muS+a3 +mub+bl+mul9+b2+mu20+b3+mu2l;

for n2=1:3 % Loop over 2nd vertex nodes
if pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy "2 Node
gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy" 2 Node Number
9% Compute Mu_-9 at quadrature points(stored in a row vector)
Mud4=muVal(:,4+6%(n2—1)) ';
MuS=muVal (:,5+6(n2—1)) ';
Mu6=muVal(:,6+6x(n2—1)) ';
Mul9=muVal (:,19) ';
Mu20=muVal (: ,20) ';
Mu2l=muVal (:,21) ";
Al=bCnst{6}(k,n2,1);
A2=bCnst{6}(k,n2,2);
A3=bCnst{6}(k,n2,3);
Bl=bCnst{6}(k,n2,4);
B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2,6);
Mu_9=A1+Mud+A2:xMuS5+A3xMub6+B1:+Mul9+B2+Mu20+B3xMu2l ;
9% Int_Tk (mu-9)=(Mu-9) Using Quadrature

qVal=detJk #*((mu_9.xMu_9)xqwt) ;
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K99 (vbyynl ,vbyyn2)=K99(vbyynl ,vbyyn2)+qVal;
end

end

end %end if loop for vertex 1

end %end loop over vertex 1

for nl=4:6 % Loop over midpoint nodes

if pMesh.POS(nodes(nl) ,4)==—10 % Interior Plate Node

9%
9%

gnl=nodes(nl); % Global Node Number
mfnl=pMesh.NodePtrs(gnl); % /st Midpoint Free Node Number
Compute mu_7 at quadrature points(stored in a row vector)
Note that only one of bl—b3 should be non—zero
mul9=muVal(:,19) ';

mu20=muVal(: ,20) ';

mu2l=muVal(:,21) ';

b1=anst{7}(k,n1—3,l); % Note nl—3 to get 1,2,3 from 4,5,6
b2=bCnst{7}(k,nl —3,2);

b3=bCnst{7}(k,nl —3,3);

mu_7=b1l+mul9+b2+mu20+b3+mu2l ;

for n2=4:6 % Loop over midpoint nodes
if pMesh.POS(nodes(n2) ,4)==—10 % Interior Plate Node
gn2=nodes(n2); % Global Node Number
mfn2=pMesh.NodePtrs(gn2); % 2nd Midpoint Free Node Number
9% Compute Mu_7 at quadrature points(stored in a row vector)
9% Note that only one of BI—B3 should be non—zero
Mul9=muVal (:,19) ';
Mu20=muVal (:,20) ';
Mu2l=muVal(:,21) ";
Bl=bCnst{7}(k,n2—-3,1); % Note n2—3 to get 1,2,3 from 4,5,6
B2=bCnst{7}(k,n2-3,2);
B3=bCnst{7}(k,n2-3,3);
Mu_7=B1xMul9+B2xMu20+B3+Mu2l ;
99% Int_Tk (mu-7)«(Mu-7) Using Quadrature
qVal=detJk *((mu_-7.%«Mu_7)xqwt) ;
K77 (mfnl , mfn2)=K77 (mfnl ,mfn2)+qVal;
end

end

for n2=1:3 % Loop over 2nd vertex nodes

if pMesh.NodePtrs(nodes(n2) ,3)>0 % Boundary d"2/dx"2 Node



173

gn2=nodes(n2); % Global Node Number
vbxxn2=pMesh.NodePtrs (gn2,3); % Boundary d"2/dx"2 Node Number
9% Compute Mu-8 at quadrature points(stored in a row vector)
Mud4=muVal(:,4+6(n2—1)) ";
MuS=muVal (:,5+6%(n2—1)) ';
Mu6=muVal(:,6+6%(n2—1)) ';
Mul9=muVal (:,19) ';
Mu20=muVal (:,20) ';
Mu2l=muVal (:,21) ';
Al=bCnst{4}(k,n2,1);
A2=bCnst{4}(k,n2,2);
A3=bCnst{4}(k,n2,3);
Bl1=bCnst{4}(k,n2,4);
B2=bCnst{4}(k,n2,5);
B3=bCnst{4}(k,n2,6);
Mu_8=A1:xMud4+A2:+Mu5+A3+Mu6+B1+Mul9+B2+Mu20+B3+Mu2l ;
99% Int-Tk (mu-7)=(Mu-8) Using Quadrature
qVal=detJk #((mu_7.x*Mu_8)xqwt) ;
K78 (mfnl, vbxxn2)=K78(mfnl , vbxxn2)+qVal;
elseif pMesh.NodePtrs(nodes(n2) ,3)<0 % Boundary d"2/dy"2 Node
gn2=nodes(n2); % Global Node Number
vbyyn2=—pMesh.NodePtrs (gn2,3); % Boundary d"2/dy”"2 Node Number
9% Compute Mu-9 at quadrature points(stored in a row vector)
Mu4=muVal (:,4+6%(n2—1)) ';
MuS=muVal(:,5+6%(n2—1)) ';
Mu6=muVal(:,6+6x(n2—1)) ';
Mul9=muVal (:,19) ';
Mu20=muVal (:,20) ';
Mu2l=muVal (:,21) ';
Al=bCnst{6}(k,n2,1);
A2=bCnst{6}(k,n2,2);
A3=bCnst{6}(k,n2,3);
Bl1=bCnst{6}(k,n2,4);
B2=bCnst{6}(k,n2,5);
B3=bCnst{6}(k,n2,6);
Mu_9=A1+Mud+A2xMu5+A3+Mub6+B1+Mul9+B2+Mu20+B3xMu2l ;
9% Int_Tk (mu.-7)=(Mu-9) Using Quadrature
qVal=detJk #((mu_-7.xMu_9)xqwt) ;
K79 (mfnl , vbyyn2)=K79(mfnl , vbyyn2)+qVal;

end
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end

end
end %end loop over triangles
K2l=transpose (K12); % Copy to Lower Triangular blocks
K3l=transpose (K13);
K32=transpose (K23);
K4l=transpose (K14);
K42=transpose (K24);
K43=transpose (K34);
KS1=transpose (K15);
K52=transpose (K25);
K53=transpose (K35);
KS54=transpose (K45);
K6l=transpose (K16);
K62=transpose (K26);
K63=transpose (K36) ;
K64=transpose (K46) ;
K65=transpose (K56) ;
K71=transpose (K17);
K72=transpose (K27);
K73=transpose (K37);
K74=transpose (K47);
K75=transpose (K57);
K76=transpose (K67) ;
K8l=transpose (KI18);
K82=transpose (K28);
K83=transpose (K38);
K84=transpose (K48);
K85=transpose (K58);
K86=transpose (K68) ;
K87=transpose (K78) ;
K9l=transpose (K19);
K92=transpose (K29);
K93=transpose (K39);
K94=transpose (K49);
K95=transpose (K59);
K96=transpose (K69) ;
K97=transpose (K79);
K98=transpose (K89) ;
99% Assemble the Stiffness Matrix K
K=(lambda"2) «[K11,K12,K13,K14,K15,K16,K17,KI18,K19; K21,K22,K23,K24,K25,K26,K27,K28,K29;
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K31,K32,K33,K34,K35,K36,K37,K38,K39; K41,K42,K43,K44,K45,K46,K47,K48,K49;
K51,K52,K53,K54,K55,K56,K57,K58,K59; K61,K62,K63,K64,K65,K66,K67,K68,K69;
K71,K72,K73,K74,K75,K76,K77 ,K78 ,K79; K81 ,K82,K83,K84,K85,K86,K87,K88,K89;
K91,K92,K93,K94,K95,K96,K97,K98,K99 | ;

K=sparse (K);

StiffnessAFT2D.m

function K=StiffnessAFT2D (pMesh, muSoln, fTildeA)

YLttt eleladladledledlededleddledledldedledledldledtededbedbedledledledlededbedldledledledededladledledeledledledledledtedbedbedlededledtdledbedleddedledlledbedbededl el el
99% This function creates the part of the plate bilinear form that
99% corresponds to the term:

99% lambda(grad f~(mul), grad f~(mu2))_-O + lambda 2(f (mul), f~(mu2))_-O

YLttt edededledledledledededledledledledlededledledledledtedededledledledlededldledledledlededldedledledledededledledledlededledbedledledledtededbedlededledldedhedledledl el

9% Initialize Stiffness Block Matrices
Nfvn=length (pMesh.FVNodePtrs (:,1));
Nfmn=length (pMesh.FMNodePtrs (:,1));
Nbxxn=length (pMesh.BxxNodePtrs (:,1));
Nbyyn=length (pMesh.ByyNodePtrs (:,1));
Kll=zeros (Nfvn,Nfvn) ;

Kl12=zeros (Nfvn,Nfvn) ;

K13=zeros (Nfvn, Nfvn) ;

Kl4=zeros (Nfvn,Nfvn);

K15=zeros (Nfvn, Nfvn) ;

Kl6=zeros (Nfvn,Nfvn) ;

K17=zeros (Nfvn,Nfmn) ;

K18=zeros (Nfvn, Nbxxn) ;

K19=zeros (Nfvn,Nbyyn) ;

K22=zeros (Nfvn,Nfvn) ;

K23=zeros (Nfvn,Nfvn);

K24=zeros (Nfvn,Nfvn) ;

K25=zeros (Nfvn,Nfvn) ;

K26=zeros (Nfvn,Nfvn) ;

K27=zeros (Nfvn,Nfmn) ;

K28=zeros (Nfvn, Nbxxn) ;

K29=zeros (Nfvn,Nbyyn) ;

K33=zeros (Nfvn,Nfvn) ;

K34=zeros (Nfvn,Nfvn);

K35=zeros (Nfvn, Nfvn) ;



K36=zeros (Nfvn, Nfvn) ;
K37=zeros (Nfvn ,Nfmn) ;
K38=zeros (Nfvn,Nbxxn) ;
K39=zeros (Nfvn,Nbyyn) ;
K44=zeros (Nfvn, Nfvn) ;
K45=zeros (Nfvn,Nfvn) ;
K46=zeros (Nfvn,Nfvn) ;
K47=zeros (Nfvn,Nfmn) ;
K48=zeros (Nfvn, Nbxxn) ;
K49=zeros (Nfvn,Nbyyn) ;
K55=zeros (Nfvn,Nfvn) ;
K56=zeros (Nfvn, Nfvn) ;
K57=zeros (Nfvn ,Nfmn) ;
K58=zeros (Nfvn,Nbxxn) ;
K59=zeros (Nfvn,Nbyyn) ;
K66=zeros (Nfvn, Nfvn) ;
K67=zeros (Nfvn ,Nfmn) ;
K68=zeros (Nfvn,Nbxxn) ;
K69=zeros (Nfvn,Nbyyn) ;
K77=zeros (Nfmn,Nfmn) ;
K78=zeros (Nfmn, Nbxxn) ;
K79=zeros (Nfmn, Nbyyn) ;
K88=zeros (Nbxxn, Nbxxn) ;
K89=zeros (Nbxxn,Nbyyn) ;
K99=zeros (Nbyyn, Nbyyn) ;

for i=1:Nfvn

for j=1:Nfvn

KI1(i,j)=transpose(muSoln(:,i))*(fTildeAs*muSoln(:,j));

KI12(i,j)=transpose (muSoln(:,i))*(fTildeAsmuSoln(:,Nfvn+j));

K13(i,j)=transpose (muSoln(:,i))*(fTildeA+muSoln (:
K14(i,j)=transpose (muSoln(:,i))*(fTilde As*muSoln(:
KI15(i,j)=transpose (muSoln(:,i))*(fTilde As*muSoln(:
K16(i,j)=transpose (muSoln(:,i))*(fTildeAsmuSoln(:

,2«Nfvn+j));
,3#Nfvn+j));
,4%Nfvn+j));
,5=Nfvn+j));

K22(i,j)=transpose (muSoln (:,Nfvn+i))*(fTildeAs=muSoln(:,Nfvn+j));

K23(i,j)=transpose (muSoln(:,Nfvn+i)) *(fTildeA=muSoln(:,2+Nfvn+j));

K24(i,j)=transpose (muSoln (:,Nfvn+i)) *(fTildeA=muSoln(:,3+Nfvn+j));

K25(i,j)=transpose (muSoln(:,Nfvn+i)) *(fTildeA +muSoln(:,4*Nfvn+j));

K26(i,j)=transpose (muSoln(:,Nfvn+i))*(fTildeA+muSoln(:,5+Nfvn+j));

K33(i,j)=transpose (muSoln(:,2%Nfvn+i))=(fTildeAsxmuSoln(:,2xNfvn+j));
K34(i,j)=transpose (muSoln(:,2+Nfvn+i))=(fTildeAsmuSoln(:,3*Nfvn+j));

176



177

K35(i,j)=transpose (muSoln(:,2*Nfvn+i))*(fTildeAs*muSoln(:,4*Nfvn+j));
K36(i,j)=transpose (muSoln(:,2+Nfvn+i))=(fTildeAsxmuSoln(:,5%Nfvn+j));
K44 (i,j)=transpose (muSoln(:,3+Nfvn+i))=(fTildeAsmuSoln(:,3*Nfvn+j));
K45(i,j)=transpose (muSoln(:,3*Nfvn+i))*(fTildeAxmuSoln(:,4*Nfvn+j));
K46(i,j)=transpose (muSoln(:,3*Nfvn+i))=(fTildeAsxmuSoln(:,5*Nfvn+j));
K55(i,j)=transpose (muSoln(:,4%Nfvn+i))=(fTildeAsxmuSoln(:,4xNfvn+j));
K56(i,j)=transpose (muSoln(:,4+Nfvn+i))=(fTildeAsmuSoln(:,5%Nfvn+j));
K66(i,j)=transpose (muSoln(:,5%Nfvn+i))=(fTildeA=smuSoln(:,5*Nfvn+j));

end

for j=1:Nfmn
K17(i,j)=transpose (muSoln(:,i))*(fTildeAsmuSoln(:,6xNfvn+j));
K27(i,j)=transpose (muSoln(:,Nfvn+i))*(fTildeA=muSoln(:,6xNfvn+j));
K37(i,j)=transpose (muSoln(:,2+Nfvn+i))=(fTildeAs*muSoln(:,6xNfvn+j));
K47(i,j)=transpose (muSoln(:,3+Nfvn+i))=(fTildeAsmuSoln(:,6xNfvn+j));
K57(i,j)=transpose (muSoln(:,4*Nfvn+i))*(fTildeA=xmuSoln(:,6xNfvn+j));
K67(i,j)=transpose (muSoln(:,5*Nfvn+i))(fTildeAs*muSoln(:,6*Nfvn+j));

end

for j=1:Nbxxn
K18(i,j)=transpose (muSoln(:,1i))*(fTildeA+muSoln(:,6*Nfvn+Nfmn+j));
K28(i,j)=transpose (muSoln(:,Nfvn+i))*(fTilde A=muSoln(:,6:x Nfvn+Nfmn+j));
K38(i,j)=transpose (muSoln(:,2+Nfvn+i))*=(fTildeAs*muSoln(:,6% Nfvn+Nfmn+j));
K48(i,j)=transpose (muSoln(:,3+Nfvn+i))x(fTildeAsmuSoln(:,6* Nfvn+Nfmn+j));
K58(i,j)=transpose (muSoln(:,4*Nfvn+i))=(fTildeA+muSoln(:,6+ Nfvn+Nfmn+j));
K68(i,j)=transpose (muSoln(:,5+Nfvn+i))*(fTildeAsmuSoln(:,6% Nfvn+Nfmn+j));

end

for j=1:Nbyyn
K19(i,j)=transpose (muSoln(:,i))*(fTildeA=*muSoln(:,6: Nfvn+Nfmn+Nbxxn+j));
K29(i,j)=transpose (muSoln(:,Nfvn+i))=(fTilde A+muSoln(:,6* Nfvn+Nfmn+Nbxxn+j));
K39(i,j)=transpose (muSoln (:,2+Nfvn+i))*(fTildeA+muSoln(:,6+ Nfvn+Nfmn+Nbxxn+j)) ;
K49(i,j)=transpose (muSoln(:,3+Nfvn+i))=(fTilde AsxmuSoln(:,6:x Nfvn+Nfmn+Nbxxn+j)) ;
K59(i,j)=transpose (muSoln(:,4+Nfvn+i))+(fTildeAs*muSoln(:,6* Nfvn+Nfmn+Nbxxn+j));
K69(i,j)=transpose (muSoln(:,5«Nfvn+i))=(fTildeA+muSoln(:,6+ Nfvn+Nfmn+Nbxxn+j));

end

end
for i=1:Nfmn

for j=1:Nfmn
K77(i,j)=transpose (muSoln(:,6+Nfvn+i))=(fTildeAsmuSoln(:,6xNfvn+j));

end

for j=1:Nbxxn
K78(i,j)=transpose (muSoln(:,6+Nfvn+i))*=(fTildeAs*muSoln(:,6% Nfvn+Nfmn+j));

end
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for j=1:Nbyyn
K79(i,j)=transpose (muSoln(:,6xNfvn+i))*(fTilde A+muSoln(:,6x Nfvn+Nfmn+Nbxxn+j))
end
end
for i=1:Nbxxn
for j=1:Nbxxn
K88(i,j)=transpose (muSoln(:,6% Nfvn+Nfmn+i) ) +(fTildeAs*muSoln(:,6* Nfvn+Nfmn+j));
end
for j=1:Nbyyn
K89(i,j)=transpose (muSoln(:,6+ Nfvn+Nfmn+i) ) *(fTildeA +muSoln (:,6= Nfvn+Nfmn+Nbxxn+j));
end
end
for i=1:Nbyyn
for j=1:Nbyyn
K99 (i,j)=transpose (muSoln(:,6* Nfvn+Nfmn+Nbxxn+i)) «(fTildeAs=muSoln (:,6:x Nfvn+Nfmn+Nbxxn+...
s
end
end
K2l=transpose (K12); % Copy to Lower Triangular blocks
K3l=transpose (K13);
K32=transpose (K23);
K4l=transpose (K14);
K42=transpose (K24);
K43=transpose (K34);
KS1=transpose (KI15);
K52=transpose (K25);
K53=transpose (K35);
K54=transpose (K45);
K6l=transpose (K16);
K62=transpose (K26);
K63=transpose (K36) ;
K64=transpose (K46) ;
K65=transpose (K56) ;
K71=transpose (K17);
K72=transpose (K27);
K73=transpose (K37);
K74=transpose (K47);
K75=transpose (K57);
K76=transpose (K67) ;
K8l=transpose (KI18);
K82=transpose (K28);
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K83=transpose (K38);

K84=transpose (K48);

K85=transpose (K58);

K86=transpose (K68) ;

K87=transpose (K78) ;

K9l=transpose (K19);

K92=transpose (K29);

K93=transpose (K39);

K94=transpose (K49) ;

K95=transpose (K59);

K96=transpose (K69) ;

K97=transpose (K79);

K98=transpose (K89) ;

99% Assemble the Stiffness Matrix K

K=[KI11,K12,K13,K14,K15,K16,K17,K18,K19; K21,K22,K23,K24,K25,K26,K27,K28,K29;
K31,K32,K33,K34,K35,K36,K37,K38,K39; K41,K42,K43,K44,K45,K46,K47,K48,K49;
K51,K52,K53,K54,K55,K56,K57,K58,K59; K61,K62,K63,K64,K65,K66,K67,K68,K69;
K71,K72,K73,K74,K75,K76,K77 ,K78 ,K79; K81 ,K82,K83,6K84,K85,K86,K87,K88,K89;
K91,K92,K93,K94,K95,K96,K97,K98,K99 ];

K=sparse (K);

StiffnessQ3D.m

function [K,As]=StiffnessQ3D (Mesh, phiVal,phixVal,phiyVal,phizVal,h etaVal ,C,qwt,lambda)

RlLllealedledtedledledledledledledldledledledlededbedleddedlededledbededledelodledledledledledledledlededledledledtedledledtedledledleddedledleddedlededdedledleddedlecdeddedbecdeddedleaedldldlodledlede
% This function creates the fluid stiffness matrix for the free nodes

%

% C is a vector giving the values of \int_O eta_j, note that this

% calculation assumes that M(O)=I1(which it is in this geometry)

%

% The stiffness matrix K will have the form:

% A 0 0 BI

% 0o A 0 B2

% K= 0 0 A B3

% BIT B2T B3T 0

RITEITIITTITTITTISTTITTITTITTITTIITIITIITIITIITIISTTISTTITTITTITTITTIITIITII T fo

Nf=length (Mesh.FNodePtrs); % The number of free nodes
Np=length (Mesh.PNodePtrs); % The number of pressure nodes
Nt=Mesh.nbTets10;



9% Number of quadrature points
ql=length (qwt);

99% Initialize loop variables
Bl1Val=zeros (ql,1);
B2Val=zeros(ql,1);
B3Val=zeros(ql,1);

% Need to define K separately from its parts: A, Bl, B2, B3, etc.
A=zeros (Nf,Nf) ;
Bl=zeros (Nf,Np);
B2=zeros (Nf,Np) ;
B3=zeros (Nf,Np);

9% Loop over all tetrahedra and compute element by element the
99% values of A, Bl, B2 and B3.

9% A is symmetric, so we only compute the upper triangle.

for k = 1:Nt;

% Get global node numbers for the nodes of Element k

nodes=Mesh.TETS10(k,1:10) ;

99%% (x,y,z) coordinates of (local) nodes 1, 2, 3, 4 (Vertices of T-k)

x1=Mesh.POS (nodes (1) ,1);
y1=Mesh.POS (nodes (1) ,2);
z1=Mesh.POS (nodes (1) ,3);
x2=Mesh.POS (nodes (2) ,1);
y2=Mesh.POS (nodes (2) ,2);
z2=Mesh.POS (nodes (2) ,3);
x3=Mesh.POS (nodes (3) ,1);
y3=Mesh.POS (nodes (3) ,2);
z3=Mesh.POS (nodes (3) ,3);
x4=Mesh.POS (nodes (4) ,1);
y4=Mesh.POS (nodes (4) ,2);
z4=Mesh.POS (nodes (4) ,3);

% Compute transormation J: [x,y,z] = [xI, ylI, zI] + Ju for u in reference

% tetrahedron , as well as its inverse transpose.
Jk=[x2—x1,x3—x1,x4—x1; y2—yl,y3—yl,yd4—yl; z2—z1,2z3—z1,24—z21];
JkIT=transpose (inv(Jk));
detJk=abs (det(Jk));

Rlelorfaildledledledlorledleledledleledledleledledledledledledbedledledledledbedledleddedledleddedledleddedledleddedbedleddedbedledtdledleddedledleddedledledledledledddledledddbedledldbedledbededl el

99% The Matrix A i.e. the contribution from grad phi_-i dot grad phi_j

9%

%% Compute \int_{T_-k} \nabla phi_s \cdot \nabla phi_r dV using
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99% quadrature and the reference tetrahedron, if both are free nodes.

Vel dedodelededledleledledledledledledledledledledle el ledledledledledledledledledledledledledledledledledledledleledledledledledledledledledledledledledle el el kel
for r=1:10; % r is the Ist local node number
nkr=nodes(r);
if Mesh.NodePtrs(nkr,1)>0; % If node is free then...
i_r=Mesh.NodePtrs(nkr,1); % Free node number for A_ij
for s=r:10; % s is the 2nd local node number(upper half)
nks=nodes(s);
if Mesh.NodePtrs (nks,1) >0; % Is it a free node?
j-s=Mesh.NodePtrs(nks ,1); % Free node number for A_ij

9% Contribution from —Delta phi

gradphi_rf=JkIT=transpose ([ phixVal(:,r),phiyVal(:,r),phizVal(:,r)]);
gradphi_sf=JkIT=*transpose ([ phixVal(:,s),phiyVal(:,s),phizVal(:,s)]);

suml=sum( gradphi_rf.=gradphi_sf)sqwt;
9% Contribution from lambda phi

phi_rf=phiVal (:,1);

phi_sf=phiVal(:,s);

sum2=sum( phi_rf.«phi_sf.xqwt);

A(i-r ,j-s)=A(i-r ,j-s) + detJkssuml + detJkxlambda=sum2;
if r<s;
A(j-s ,i_rt)=A(i_r ,j_s);
end
end
end
end

end % ends loop for A

R Leiletledledledledledledledledledledledledledkedledkedledledledledledleedl e edk el edk e edk el edk el edk el edkedledkeledk el edk el edkededkedledkdledkeledkedledkedledkedledledledl el edbedledk el edlededl
9% The Matrices Bl, B2, and B3 i.e. the contribution from

9% eta_j = div phi_i

9%

%% Compute \int_{T_-k} eta_r x div phi_s dV using

99% quadrature and the reference tetrahedron, if nodes ”s” is free, and

9% add it to BI(”s”,”r”), etc.

S Lelaldledleledlodledledledledledlodledledlodledledledledlededledledledtedledledledledledleddedledledledledledledledledledledledledldledledledledledledledledledleddedledleddedleadeddedbededledlededt el

%% Bl1, B2, B3
for r=1:4; % r is the Ist local node number (pressure nodes)
nkr=nodes(r);

i_r=Mesh.NodePtrs(nkr,2); % Pressure node number for B_ij
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for s=1:10; % s is the 2nd local node number
nks=nodes (s);
if Mesh.NodePtrs(nks,1)>0; % Is it a free node?

j-s=Mesh.NodePtrs(nks ,1); % Free node number for B_ij

for i=1:ql
eta_r=etaVal(i,r);

gradphi_s=[phixVal(i,s);phiyVal(i,s);phizVal(i,s)];

Bldivphi_s=JkIT (1 ,:)*gradphi_s;
BlVal(i,l)=qwt(i)*eta_r«Bldivphi_s;

B2divphi_s=JkIT (2 ,:)*gradphi_s;
B2Val(i,l)=qwt(i)*eta_r«*B2divphi_s;

B3divphi_s=JkIT (3 ,:)=*gradphi_s;
B3Val(i,l)=qwt(i)*eta_r«B3divphi_s;

end

sum2=sum(B1Val) ;

Bl(j-s ,i-r)=Bl(j-s ,i-r) — detJkxsum2; % Note — sign
sum3=sum(B2Val) ;

B2(j-s ,i-r)=B2(j-s ,i-r) — detJk=*sum3;
sum4=sum(B3Val) ;

B3(j.s ,i_r)=B3(j.s,i_-r) — detJk=sum4;

end
end

end % ends first loop for Bl, B2, B3

9% Bl, B2, B3 9% Including these values only changes the matrix on

99% the order of 10°(—18) or less. Thus we have written the code
9% compute it , but it is effectively meaningless and only wastes
9% computation power and destroys the sparsity of Bl, B2, and B3.
for s=1:10 % Need to factor in L"2_0 corrector for eta
nks=nodes(s);
if Mesh.NodePtrs(nks,1)>0; % Is it a free node?
j-s=Mesh.NodePtrs(nks,1); % Free node number for B_ij
9% Compute value of \int Tk div(phi_j)
for i=1:ql
gradphi_s=[phixVal(i,s);phiyVal(i,s);phizVal(i,s)];
Bldivphi_s=JkIT (1 ,:)«gradphi_s;

to
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% BilVal(i,l)=qwt(i)=«Bldivphi_s;

%

% B2divphi_s=JkIT (2 ,:)«gradphi_s;

% B2Val(i,I1)=qwt(i)«B2divphi_s;

%

% B3divphi_s=JkIT (3 ,:)«gradphi_s;

% B3Val(i,1)=qwt(i)«B3divphi_s;

% end

% sumS=detJk xsum(B1Val);

% sumb=detJk xsum(B2Val);

% sum7=detJk s=sum(B3Val);

% for pn=1:Np

% Bi(j.s ,pn)=BIl(j-s ,pn) + C(pn,1)=xsum5; % Note + sign
% B2(j_s ,pn)=B2(j_s ,pn) + C(pn,I) xsumb;
% B3(j.s ,pn)=B3(j-s ,pn) + C(pn,I)ssum7;
% end

% end

% end % Ends second loop for Bl, B2, B3

end

As=sparse (A);

Bls=sparse (Bl);
B2s=sparse (B2);
B3s=sparse (B3);

% Include the matrices Bl1°T, B2°T and B3"T into the matrix K.

BITs = transpose (Bls);

B2Ts = transpose (B2s);

B3Ts = transpose (B3s);

Zls=sparse (Nf,Nf);

Z2s=sparse (Np,Np) ;

K=[As, Zl1s, Zls, Bls; Zls, As, Zls, B2s; Zls, Zls, As, B3s; BITs, B2Ts,

StiffnessQ3DB.m

function [Cl,C2]=StiffnessQ3DB (Mesh, phiVal,phixVal,phiyVal,phizVal,qwt,lambda)

B3Ts,

Y Ldledleedladledledledledleledledledledledldledledledledledledledledledldledtededbedleddledledlededbedldledledledledededledlededledledledledledlediedbeddedledledldledbedledledledl el edl el

% This function creates part of the stiffness matrix corresponding to

% nodes boundary inhomogeneous nodes

the

W/ (tletletledledlellelledledlerlerlerl et tlorlsdlodledkedledkedkedkedLedlerlerlerl ool dhdledkedledkedkedkedkedledledledledl etttk edkedkedkedkedkedkedlerlerlerleretlotlotladledledledkedkedkedledledlerleredledledld

7Z2s];
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Nf=length (Mesh.FNodePtrs); % # of free nodes
Nih=length (Mesh.IHNodePtrs); % # of inhomogeneous constrained nodes
Nt=Mesh.nbTets10 ;
9% Initialize loop variables
Cl=zeros (Nf,Nih); % free row, IH column
C2=zeros (Nih,Nih); % IH row, IH column
9% Loop over all tetrahedra and compute element by element the
9% values of of CI and C2
for k = 1:Nt;
% Get global node numbers for the nodes of Element k
nodes=Mesh. TETS10(k,1:10);
9% (x,y,z) coordinates of (local) nodes 1, 2, 3, 4 (Vertices of T_-k)
x1=Mesh.POS (nodes (1) ,1);
y1=Mesh.POS (nodes (1) ,2);
z1=Mesh.POS (nodes (1) ,3);
x2=Mesh.POS (nodes (2) ,1);
y2=Mesh.POS (nodes (2) ,2);
z2=Mesh.POS (nodes (2) ,3);
x3=Mesh.POS (nodes (3) ,1);
y3=Mesh.POS (nodes (3) ,2);
z3=Mesh.POS (nodes (3) ,3);
x4=Mesh.POS (nodes (4) ,1);
y4=Mesh.POS (nodes (4) ,2);
z4=Mesh.POS (nodes (4) ,3);
% Compute transormation J: [x,y,z] = [xI, yl, zI] + Ju for u in reference
% tetrahedron , as well as its inverse transpose.
Jk=[x2—x1,x3—x1,x4—x1; y2—yl,y3—yl,yd4—yl; z2—z1,z3—z1,24—z21];
JkIT=transpose (inv(Jk));
detJk=abs(det(Jk));

L aaledledledledledledledlededlededleddeddedededdeddeddedledlededledleddladledladledladladledledledledledledledledledledladledledledledledledledledledledledledledledledledledledledledledla
99% The Matrices Cl, C2: contribution from grad phi_-i dot grad phi_j
9% and lambda phi-j =phi_j

9o

9%9% Compute \int_{T_k} grad phi_s dot grad phi_r + lambda phi_s«phi_r dV

99% using quadrature and the reference tetrahedron.

Vplerletleleledleedelelodlededledledledledledledledledledledledleledledledbedledledledledledledledledledledledledledledledledledledledledledledledledledledledledledledledledledle el el kel
for s=1:10; % s is the Ist local node number
nks=nodes(s);
if Mesh.NodePtrs(nks,3)>0; % If node is IH then...
j-s=Mesh.NodePtrs(nks ,3); % IH Node number for C_ij

for r=1:10; % r is the 2nd local node number
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nkr=nodes(r);

if Mesh.NodePtrs (nkr,3) >0; % Is it an IH Node?
i_r=Mesh.NodePtrs(nkr,3); % [H Node number for C2_ij

9% Contribution from —Delta phi
gradphi_rf=JkIT=*transpose ([ phixVal(:,r),phiyVal(:,r),phizVal(:,r)]);
gradphi_sf=JkIT=*transpose ([ phixVal(:,s),phiyVal(:,s),phizVal(:,s)]);
suml=sum( gradphi_rf.=gradphi_sf)sxqwt;

9% Contribution from lambda phi
phi_rf=phiVal(:,r);
phi_sf=phiVal(:,s);
sum2=sum( phi_rf.«phi_sf.xqwt);

C2(i-r ,j-s)=C2(i-r ,j-s) + detJkxsuml + detJk=xlambdaxsum?2;

elseif Mesh.NodePtrs(nkr,1)>0 % If node is free then...
i_r=Mesh.NodePtrs(nkr,l); % Free node number for CI_ij
99% Contribution from —Delta phi
gradphi_rf=JkIT=*transpose ([ phixVal(:,r),phiyVal(:,r),phizVal(:,r)]);
gradphi_sf=JkITx*transpose ([ phixVal(:,s),phiyVal(:,s),phizVal(:,s)]);
suml=sum( gradphi_rf.*gradphi_sf)sqwt;
99% Contribution from lambda phi
phi_rf=phiVal(:,r);
phi_sf=phiVal(:,s);
sum2=sum( phi_rf.+phi_sf.xqwt);
Cl(i-r ,j-s)=Cl(i-r ,j-s) + detJkxsuml + detJk=xlambdaxsum?2;
end
end
end
end
end
Cl=sparse (Cl);
C2=sparse (C2);

fTilde.m

function [muSol,muSolP]=fTilde (pMesh,Mesh,fK,bCnst,muNVal, phiVal ,phixVal ,phiyVal, phizVal,...

etaVal ,C, fqwt ,lambda)

RlLleealedledledledledledlededledledledledledlededledledledbedlededledtedledbedbedldledledledledbedledledledledledledledledledledledbedbdedledtedbedbedlededledledbedbedlededledledhedbedbedledl el el
99% For every basis function mu on the plate, f~(mu) solves:

9%

9% lambda [~ — Delta f~ + grad pi~ = 0 in O



9%
9%
D%

—div(f~) = —int_-Omega mu in O
f7=1(0,0,0) on S
f~ = (0,0,mu) on Omega

Y Ldledlerlerleledledledledledledledledledledledledlodledledledledledledladledlediedledledleedledledledbedledladledtedledledledledtedtedledledleledledlediedledledldledledledledledladledtedledledbedledledledtedtedld

Nf=length (Mesh.FNodePtrs); % The number of free nodes

Nih=length (Mesh.IHNodePtrs); % The number of inhomogeneous constrained nodes

Np=length (Mesh.PNodePtrs); % The number of pressure nodes

Nfvn=length (pMesh.FVNodePtrs (:,1));

Nfmn=length (pMesh.FMNodePtrs (:,1));

Nbxxn=length (pMesh.BxxNodePtrs (:,1));

Nbyyn=length (pMesh.ByyNodePtrs (:,1));

muSol=zeros (3% Nf+Np,6: Nfvn+Nfmn+Nbxxn+Nbyyn) ;

muBC=zeros (Nih, 6 Nfvn+Nfmn+Nbxxn+Nbyyn) ;

phiSoln=zeros (3= Nf+Np, Nih) ;

9%
D%

Each Midpoint phi is on 2 triangles, and integrates to 1/6 on reference

triangle and the ratio of areas is (6/Mesh.nbTri)/(1/2)

phiDiv=zeros (Nih,1); % integral of phi on boundary

mdptdivenst=4/Mesh.nbTriangles6 ;

for

end

i = 1:Nih
gn=Mesh.IHNodePtrs (i,1);
if Mesh.POS(gn,5)==0 % Midpoint Node
phiDiv (i,l)=—mdptdivenst; % Note that — sign is included

end

parfor i = 1:Nih

end

G=zeros (Nih,1) ;

G(i,l)=1;

FT=LoadFT (Mesh,G, phiVal , phixVal , phiyVal , phizVal ,etaVal ,C, fqwt ,lambda , phiDiv (i, 1) );
phiSoln (:,i)=symmlq(fK,FT,1e—12,10000);

GphiSoln (:,i)=fK\FT; %% faster but less accurate

97T mu TS

for

9%

i = 1:Nfvn

Create the interpolation function G for mul, G=(Gl,G2,G3)
G3l=zeros (Nih,1);

G32=zeros (Nih,1);

G33=zeros (Nih,1);

G34=zeros (Nih,1) ;

G35=zeros (Nih,1);
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G36=zeros (Nih,1) ;
pni=pMesh.FVNodePtrs(i,1);
fni=pMesh.PtrsTo3DNodes (pni,1);
fcni=Mesh.NodePtrs (fni ,3);
G31(fcni ,1)=1;
for k=1:pMesh.nbTriangles6
if pMesh.TRIANGLES6 (k,1)==pni
9% Non—zero on nodes 1,4,6
pni4=pMesh. TRIANGLES6 (k ,4) ;
fni4=pMesh.PtrsTo3DNodes (pni4 ,1);
fcni4=Mesh.NodePtrs (fni4 ,3);
G31(fcnid ,1)=1/2;
G32(fcni4 ,1)=bCnst{2}(k,1,1)*muNVal(4,2)+bCnst{2}(k,1,2)*muNVal(4,3);
G33(fcni4 ,1)=bCnst{3}(k,1,1)*muNVal(4,2)+bCnst{3}(k,1,2)«muNVal(4,3);
G34(fcni4 ,1)=bCnst{4}(k,1,1)*muNVal(4,4)+bCnst{4}(k,1,2)+*muNVal(4,5)+bCnst{4}(k..
,1,3)+*muNVal(4,6);
G35(fcni4 ,1)=bCnst{5}(k,1,1)*muNVal(4,4)+bCnst{5}(k,1,2)+*muNVal(4,5)+bCnst{5}(k..
,1,3)*muNVal(4,6);
G36(fcni4 ,1)=bCnst{6}(k,1,1)*muNVal(4,4)+bCnst{6}(k,1,2)+*muNVal(4,5)+bCnst{6}(k...
,1,3)+*muNVal(4,6);

pni6=pMesh.TRIANGLES6 (k,6) ;

fni6=pMesh.PtrsTo3DNodes (pni6 ,1) ;

fcni6=Mesh.NodePtrs (fni6 ,3) ;

G31(fcni6 ,1)=1/2;

G32(fcni6 ,1)=bCnst{2}(k,1,1)*muNVal(6,2)+bCnst{2}(k,1,2)«muNVal(6,3);

G33(fcni6 ,1)=bCnst{3}(k,1,1)*muNVal(6,2)+bCnst{3}(k,1,2)+*muNVal(6,3);

G34(fcni6 ,1)=bCnst{4}(k,1,1)*muNVal(6,4)+bCnst{4}(k,1,2)+*muNVal(6,5)+bCnst{4}(k..
,1,3)+*muNVal(6,6);

G35(fcni6 ,1)=bCnst{5}(k,1,1)*muNVal(6,4)+bCnst{5}(k,1,2)+*muNVal(6,5)+bCnst{5}(k..
,1,3)+*muNVal(6,6) ;

G36(fcni6 ,1)=bCnst{6}(k,1,1)*muNVal(6,4)+bCnst{6}(k,1,2)+*muNVal(6,5)+bCnst{6}(k..
,1,3)+*muNVal(6,6) ;

elseif pMesh. TRIANGLES6 (k,2)==pni
9% Non—zero on nodes 2,5,4

pni5=pMesh.TRIANGLES6 (k,5) ;

fniS=pMesh.PtrsTo3DNodes (pni5,1);

fcni5=Mesh.NodePtrs (fni5 ,3) ;

G31(fcni5 ,1)=1/2;

G32(fcni5 ,1)=bCnst{2}(k,2,1)*muNVal(5,8)+bCnst{2}(k,2,2)«muNVal(5,9);

G33(fcni5 ,1)=bCnst{3}(k,2,1)*muNVal(5,8)+bCnst{3}(k,2,2)«muNVal(5,9);
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G34(fcni5 ,1)=bCnst{4}(k,2,1)*muNVal(5,10)+bCnst{4}(k,2,2)*muNVal(5,11)+bCnst{4}(k..
,2,3)+«*muNVal(5,12);

G35(fcni5 ,1)=bCnst{5}(k,2,1)*muNVal(5,10)+bCnst{5}(k,2,2)*muNVal(5,11)+bCnst{5}(k...
,2,3)+*muNVal(5,12);

G36(feni5 ,1)=bCnst{6}(k,2,1)*muNVal(5,10)+bCnst{6}(k,2,2)+*muNVal(5,11)+bCnst {6} (k..
,2,3)+«+muNVal(5,12);

pni4=pMesh. TRIANGLES6 (k ,4) ;

fni4=pMesh.PtrsTo3DNodes (pni4 ,1);

fcni4=Mesh.NodePtrs (fni4 ,3);

G31(fcnid ,1)=1/2;

G32(fcni4 ,1)=bCnst{2}(k,2,1)*muNVal(4,8)+bCnst{2}(k,2,2)+*muNVal(4,9);

G33(fcni4 ,1)=bCnst{3}(k,2,1)*muNVal(4,8)+bCnst{3}(k,2,2)*muNVal(4,9);

G34(fcni4 ,1)=bCnst{4}(k,2,1)*muNVal(4,10)+bCnst{4}(k,2,2)«muNVal(4,11)+bCnst{4}(k..
,2,3)+*muNVal(4,12);

G35(fcni4 ,1)=bCnst{5}(k,2,1)*muNVal(4,10)+bCnst{5}(k,2,2)*muNVal(4,11)+bCnst{5}(k...
,2,3)+«*muNVal(4,12);

G36(fcni4 ,1)=bCnst{6}(k,2,1)*muNVal(4,10)+bCnst{6}(k,2,2)«muNVal(4,11)+bCnst{6}(k...
,2,3)+*muNVal(4,12);

elseif pMesh.TRIANGLES6(k,3)==pni
9% Non—zero on nodes 3,6,5

pni6=pMesh.TRIANGLES6 (k,6) ;

fni6=pMesh.PtrsTo3DNodes (pni6 ,1) ;

fcni6=Mesh.NodePtrs (fni6 ,3) ;

G31(fcni6 ,1)=1/2;

G32(fcni6 ,1)=bCnst{2}(k,3,1)*muNVal(6,14)+bCnst{2}(k,3,2)«muNVal(6,15);

G33(fcni6 ,1)=bCnst{3}(k,3,1)*muNVal(6,14)+bCnst{3}(k,3,2)*muNVal(6,15);

G34(fcni6 ,1)=bCnst{4}(k,3,1)*muNVal(6,16)+bCnst{4}(k,3,2)*muNVal(6,17)+bCnst{4}(k..
,3,3)+«*muNVal(6,18);

G35(fcni6 ,1)=bCnst{5}(k,3,1)*muNVal(6,16)+bCnst{5}(k,3,2)*muNVal(6,17)+bCnst{5}(k...
,3,3)+«*muNVal(6,18);

G36(fcni6 ,1)=bCnst{6}(k,3,1)*muNVal(6,16)+bCnst{6}(k,3,2)*muNVal(6,17)+bCnst{6}(k..
,3,3)+«*muNVal(6,18);

pni5=pMesh.TRIANGLES6 (k,5) ;

fniS=pMesh.PtrsTo3DNodes (pni5,1);

fcniS5=Mesh.NodePtrs (fni5 ,3);

G31(fcni5 ,1)=1/2;

G32(fcni5 ,1)=bCnst{2}(k,3,1)*muNVal(5,14)+bCnst{2}(k,3,2)*muNVal(5,15);

G33(fcni5 ,1)=bCnst{3}(k,3,1)*muNVal(5,14)+bCnst{3}(k,3,2)*muNVal(5,15);

G34(fcni5 ,1)=bCnst{4}(k,3,1)*muNVal(5,16)+bCnst {4}(k,3,2)*muNVal(5,17)+bCnst {4} (k...
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,3,3)+«*muNVal(5,18);
G35(fceni5 ,1)=bCnst{5}(k,3,1)*muNVal(5,16)+bCnst{5}(k,3,2)*muNVal(5,17)+bCnst{5}(k...
,3,3)*muNVal(5,18);
G36(fcni5 ,1)=bCnst{6}(k,3,1)*muNVal(5,16)+bCnst{6}(k,3,2)*muNVal(5,17)+bCnst{6}(k...
,3.,3)=muNVal(5,18);
end
end % ends loop over triangles
9% Superimpose solutions :
9% mul 9%
muSol (:,1)=phiSoln*G31;
muBC(:,i)=G31;
9T mu2 9%
muSol (:,i+Nfvn)=phiSoln*G32;
muBC(: , i+Nfvn)=G32;
9% mu3 9%
muSol (:,i+2%«Nfvn)=phiSoln=*G33;
muBC(:,i+2+«Nfvn)=G33;
9% mud %%
muSol (:, i+3%Nfvn)=phiSoln*G34;
muBC(:,i+3xNfvn)=G34;
9T mud5 9%
muSol (:,i+4«Nfvn)=phiSoln*G35;
muBC(: ,i+4+«Nfvn)=G35;
9% mub 9%
muSol (:,1+5%«Nfvn)=phiSoln=*G36;
muBC(: ,i+5«Nfvn)=G36;
end
9% mu7 9%
% Note that mu7=0 at all 6 nodes, so this solution is all zeros
for i=1:Nbxxn
G38=zeros (Nih,1);
pni=pMesh.BxxNodePtrs (i, 1) ;
for k=1:pMesh.nbTriangles6
if pMesh.TRIANGLES6 (k,1)==pni
9% Non—zero on nodes 1,4,6
pni4=pMesh.TRIANGLES6 (k ,4) ;
fni4=pMesh.PtrsTo3DNodes (pni4 ,1);
fcni4=Mesh.NodePtrs (fni4 ,3);
if fcni4 >0
G38(fcni4 ,1)=bCnst{4}(k,1,1)«*muNVal(4,4)+bCnst{4}(k,1,2)+*muNVal(4,5)+bCnst{4}(...
k,1,3)*muNVal(4,6);
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end
pni6=pMesh. TRIANGLES6(k ,6) ;
fni6=pMesh.PtrsTo3DNodes (pni6 ,1) ;
fcni6=Mesh.NodePtrs (fni6 ,3) ;
if fcni6 >0
G38(fcni6 ,1)=bCnst{4}(k,1,1)*muNVal(6,4)+bCnst{4}(k,1,2)+*muNVal(6,5)+bCnst{4}(...
k,1,3)*muNVal(6,6);

end

elseif pMesh.TRIANGLES6(k,2)==pni

9% Non—zero on nodes 2,5,4
pni5S=pMesh.TRIANGLES6 (k,5) ;
fniS=pMesh.PtrsTo3DNodes (pni5,1);
fcni5=Mesh.NodePtrs (fni5 ,3) ;
if fcni5 >0
G38(feni5 ,1)=bCnst{4}(k,2,1)*muNVal(5,10)+bCnst{4}(k,2,2)+*muNVal(5,11)+bCnst...
{4}(k,2,3)*muNVal(5,12);
end
pni4=pMesh.TRIANGLES6 (k,4) ;
fni4=pMesh.PtrsTo3DNodes (pni4 ,1);
fcni4d=Mesh.NodePtrs (fni4 ,3) ;
if fcni4 >0
G38(fcni4 ,1)=bCnst{4}(k,2,1)«muNVal(4,10)+bCnst{4}(k,2,2)+*muNVal(4,11)+bCnst...
{4}(k,2,3)«*muNVal(4,12);

end

elseif pMesh.TRIANGLES6(k,3)==pni

end

9%9% Non—zero on nodes 3,6,5
pni6=pMesh.TRIANGLES6 (k,6) ;
fni6=pMesh.PtrsTo3DNodes (pni6 ,1) ;
fcni6=Mesh.NodePtrs (fni6 ,3) ;
if fcni6 >0
G38(fcni6 ,1)=bCnst{4}(k,3,1)+*muNVal(6,16)+bCnst{4}(k,3,2)+*muNVal(6,17)+bCnst...
{4}(k,3,3)*muNVal(6,18);
end
pniS=pMesh.TRIANGLES6 (k,5) ;
fniS=pMesh.PtrsTo3DNodes (pni5,1);
fcniS=Mesh.NodePtrs (fni5 ,3) ;
if fcni5>0
G38(feni5 ,1)=bCnst{4}(k,3,1)=*muNVal(5,16)+bCnst{4}(k,3,2)+*muNVal(5,17)+bCnst...
{4}(k,3,3)*muNVal(5,18);

end
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end % ends loop over triangles

9% mu8 99

muSol (:, 1+6«Nfvn+Nfmn)=phiSoln+G38;
muBC(: , i+6+Nfvn+Nfmn)=G38;

end

for i=1:Nbyyn
G39=zeros (Nih,1);
pni=pMesh.ByyNodePtrs (i, 1) ;
for k=1:pMesh.nbTriangles6
if pMesh.TRIANGLES6(k,1)==pni
9% Non—zero on nodes 1,4,6
pni4=pMesh. TRIANGLES6 (k ,4) ;
fni4=pMesh.PtrsTo3DNodes (pni4 ,1) ;
fcni4=Mesh.NodePtrs (fni4 ,3);
if fcni4 >0
G39(fcni4 ,1)=bCnst{6}(k,1,1)*muNVal(4,4)+bCnst{6}(k,1,2)+*muNVal(4,5)+bCnst{6}(...
k,1,3)*muNVal(4.,6);
end
pni6=pMesh. TRIANGLES6(k,6) ;
fni6=pMesh.PtrsTo3DNodes (pni6 ,1) ;
fcni6=Mesh.NodePtrs (fni6 ,3);
if fcni6 >0
G39(fcni6 ,1)=bCnst{6}(k,1,1)*muNVal(6,4)+bCnst{6}(k,1,2)+*muNVal(6,5)+bCnst{6}(...
k,1,3)*muNVal(6,6);
end
elseif pMesh.TRIANGLES6(k,2)==pni
9% Non—zero on nodes 2,5,4
pni5=pMesh.TRIANGLES6(k,5) ;
fniS=pMesh.PtrsTo3DNodes (pni5,1);
fcni5=Mesh.NodePtrs (fni5 ,3) ;
if fcni5>0
G39(fcni5 ,1)=bCnst{6}(k,2,1)*muNVal(5,10)+bCnst{6}(k,2,2)*muNVal(5,11)+bCnst...
{6}(k,2,3)«*muNVal(5,12);
end
pni4=pMesh. TRIANGLES6 (k ,4) ;
fni4=pMesh.PtrsTo3DNodes (pni4 ,1);
fcni4=Mesh.NodePtrs (fni4 ,3) ;
if fcni4 >0
G39(fcni4 ,1)=bCnst{6}(k,2,1)+*muNVal(4,10)+bCnst{6}(k,2,2)+*muNVal(4,11)+bCnst...
{6}(k,2,3)*muNVal(4,12);
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end
elseif pMesh.TRIANGLES6(k,3)==pni
%% Non—zero on nodes 3,6,5
pni6=pMesh.TRIANGLES6 (k,6) ;
fni6=pMesh.PtrsTo3DNodes (pni6 ,1) ;
fcni6=Mesh.NodePtrs (fni6 ,3) ;
if fcni6 >0
G39(feni6 ,1)=bCnst{6}(k,3,1)*muNVal(6,16)+bCnst{6}(k,3,2)+*muNVal(6,17)+bCnst...
{6}(k,3,3)*muNVal(6,18);
end
pni5S=pMesh.TRIANGLES6 (k,5) ;
fniS=pMesh.PtrsTo3DNodes (pni5,1);
fcni5=Mesh.NodePtrs (fni5 ,3) ;
if fcni5 >0
G39(feni5 ,1)=bCnst{6}(k,3,1)*muNVal(5,16)+bCnst{6}(k,3,2)+*muNVal(5,17)+bCnst...
{6}(k,3,3)«*muNVal(5,18);
end
end
end % ends loop over triangles
9T mu9 %%%
muSol (:, i+6xNfvn+Nfmn+Nbxxn)=phiSoln*G39;
muBC(: , i+6+Nfvn+Nfmn+Nbxxn)=G39;
end
9% Pressure Solution
muSolP=muSol (3%« Nf+1:3«Nf+Np,:) ;
99% Fluid Solution
muSol=muSol (1:3«Nf,:) ;
muSol=[muSol ;muBC];

BLFormA2D.m

function B=BLFormA2D (pMesh, bCnst,muVal, qwt)

Rl edeledledledledledledledlededledledledledbeddledledtedededledledlededledhedledledtedledbedlededledtedledbedbedledledl el edledbedledl el bl edl et
99% This function creates the row of the bilinear form

9% corresponding to the term:

9% b(phi,r) = —r \int_-\Omega phi dOmega

9% The row vector is B
RlLleledledledledledledledledledlededledledleddddledledledledledledledledledledledledledladledledledl el el el ool el el el el el el el edledledledledledledtedter/e

9% Initialize Stiffness Block Matrices
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Nfvn=length (pMesh.FVNodePtrs (:,1));
Nfmn=length (pMesh.FMNodePtrs (: ,1));
Nbxxn=length (pMesh.BxxNodePtrs (:,1));
Nbyyn=length (pMesh.ByyNodePtrs (:,1));
Bl=zeros (1,Nfvn);
B2=zeros (1,Nfvn);
B3=zeros (1,Nfvn);
B4=zeros (1,Nfvn);
B5=zeros (1,Nfvn);
B6=zeros (1,Nfvn);
B7=zeros (1 ,Nfmn) ;
B8=zeros (1,Nbxxn) ;
B9=zeros (1 ,Nbyyn);
9% Loop over triangles in the mesh
for k=1:pMesh.nbTriangles6
9% Get global node numbers for the nodes of Element k
nodes=pMesh.TRIANGLES6(k,1:6) ;
9% (x,y) coordinates of (local) nodes 1, 2, 3 (Vertices of T_k)
x1=pMesh.POS (nodes (1) ,1);
yl=pMesh.POS (nodes (1) ,2);
x2=pMesh.POS (nodes (2) ,1);
y2=pMesh.POS (nodes (2) ,2);
x3=pMesh.POS (nodes (3) ,1);
y3=pMesh.POS (nodes (3) ,2);
9% Compute transormation J: [x,y] = [x], ylI] + Ju for u in reference
9% triangle , as well as its inverse transpose.
Jk=[x2—x1,x3—x1; y2—yl,y3—yl];
detJk=det (Jk);
for nl=1:3 % Loop over 1st vertex nodes
if pMesh.POS (nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
vinl=pMesh.NodePtrs(gnl); % Ist Vertex Free Node Number
9% Compute mu_l at quadrature points(stored in a row vector)
mul=muVal(:,1+6+(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(: ,20) ';
mu2l=muVal(:,21) ';
bl=bCnst{1}(k,nl,1);
b2=bCnst{1}(k,nl,2);
b3=bCnst{1}(k,nl,3);

mu_l=mul+bl+mul9+b2+mu20+b3+mu2l;



9%

9%

9o

Compute mu.-2 at quadrature points(stored in a row vector)
mu2=muVal(:,2+6x(nl—1)) ';
mu3=muVal(:,3+6x(nl—1))";

mul9=muVal(:,19) ';

mu20=muVal(:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{2}(k,nl,1);

a2=bCnst{2}(k,nl,2);

bl=bCnst{2}(k,nl,3);

b2=bCnst{2}(k,nl ,4);

b3=bCnst{2}(k,nl,5);
mu_2=al+mu2+a2smu3+bl+mul9+b2+mu20+b3+mu2l ;
Compute mu-3 at quadrature points(stored in a row vector)
mu2=muVal(:,2+6«(nl—1)) ';

mu3=muVal(:,3+6«(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal(:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{3}(k,nl,1);

a2=bCnst{3}(k,nl,2);

bl=bCnst{3}(k,nl,3);

b2=bCnst{3}(k,nl,4);

b3=bCnst{3}(k,nl,5);
mu_3=al+mu2+a2+mu3+bl+mul9+b2+mu20+b3 +mu2l ;
Compute mu_4 at quadrature points(stored in a row vector)
mu4=muVal(:,4+6+(nl—1)) ';

muS=muVal(:,5+6«(nl—1)) ';

mu6=muVal(:,6+6x(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal(:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{4}(k,nl,1);

a2=bCnst{4}(k,nl,2);

a3=bCnst{4}(k,nl,3);

bl=bCnst{4}(k,nl,4);

b2=bCnst{4}(k,nl,5);

b3=bCnst{4}(k,nl,6);

mu_4=al smu4+a2+mudS+a3+mu6+bl+mul9+b2+mu20+b3+mu2l;
Compute mu-5 at quadrature points(stored in a row vector)
mud=muVal(:,4+6+(nl—1)) ';

muS=muVal(:,5+6«(nl—1)) ';

194
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mu6=muVal(:,6+6«(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(:,20) ';
mu2l=muVal(:,21) ';
al=bCnst{5}(k,nl,1);
a2=bCnst{5}(k,nl,2);
a3=bCnst{5}(k,nl,3);
bl=bCnst{5}(k,nl,4);
b2=bCnst{5}(k,nl,5);
b3=bCnst{5}(k,nl,6);
mu_5=alxmud+a2+mu5+a3+mub+bl+mul9+b2+mu20+b3xmu2l;

9% Compute mu-6 at quadrature points(stored in a row vector)
mud=muVal(:,4+6x(nl—1)) ';
muS=muVal (:,5+6«(nl—1)) ';
mu6=muVal(:,6+6«(nl—1)) ';
mul9=muVal(:,19) ';
mu20=muVal(:,20) ';
mu2l=muVal(:,21) ';
al=bCnst{6}(k,nl,1);
a2=bCnst{6}(k,nl,2);
a3=bCnst{6}(k,nl,3);
bl=bCnst{6}(k,nl,4);
b2=bCnst{6}(k,nl,5);
b3=bCnst{6}(k,nl,6);
mu_6=al smu4+a2+mudS+a3 +*mu6+bl+mul9+b2+mu20+b3 +mu2l;

99% Int_Tk (mu-l)«(1) Using Quadrature
qVal=detJk «((mu_1)=xqwt) ;
BI(1,vfnl)=Bl(1,vfnl)—qVal;

9% Int_Tk (mu_-1)x(1) Using Quadrature
gqVal=detJk = ((mu_2)xqwt) ;
B2(1,vfnl1)=B2(1,vfnl)—qVal;

9% Int_Tk (mu-l)x«(1) Using Quadrature
qVal=detJk *((mu_3)*qwt) ;
B3(1,vfnl1)=B3(1,vfnl)—qVal;

9% Int_Tk (mu-l)+«(1) Using Quadrature
qVal=detJk = ((mu-4)xqwt) ;
B4(1,vfnl)=B4(1,vfnl)—qVal;

99% Int_Tk (mu-l)«(1) Using Quadrature
qVal=detJk = ((mu-5)qwt) ;
B5(1,vfnl)=B5(1,vfnl)—qVal;

99% Int_Tk (mu-l)=(1) Using Quadrature
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qVal=detJk = ((mu-6)qwt) ;
B6(1,vfnl)=B6(1,vfnl)—qVal;

elseif pMesh.NodePtrs(nodes(nl) ,3)>0 % Boundary d"2/dx"2 Node

gnl=nodes(nl); % Global Node Number

vbxxnl=pMesh.NodePtrs (gnl ,3); % Boundary d"2/dx"2 Node Number
99% Compute mu_-8 at quadrature points(stored in a row vector)
mud=muVal(:,44+6x(nl—1))";

muS=muVal(:,5+6«(nl—1)) ';

mu6=muVal(:,6+6«(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal(:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{4}(k,nl,1);

a2=bCnst{4}(k,nl,2);

a3=bCnst{4}(k,nl,3);

bl=bCnst{4}(k,nl,4);

b2=bCnst{4}(k,nl,5);

b3=bCnst{4}(k,nl,6);

mu_8=al +mud+a2xmuS+a3+mu6+bl+mul9+b2+mu20+b3+mu2l;

Int Tk (mu-8)=(1) Using Quadrature

qVal=detJk = ((mu-8)xqwt) ;

B8(1,vbxxnl)=B8(1,vbxxnl)—qVal;

elseif pMesh.NodePtrs(nodes(nl) ,3)<0 % Boundary d"2/dy"2 Node

9o

gnl=nodes(nl); % Global Node Number
vbyynl=—pMesh.NodePtrs (gnl ,3); % Boundary d"2/dy"2 Node Number
9% Compute mu-9 at quadrature points(stored in a row vector)
mud=muVal(:,4+6«(nl—1)) ';

muS=muVal(:,5+6x(nl—1)) ';

mu6=muVal(:,6+6«(nl—1)) ';

mul9=muVal(:,19) ';

mu20=muVal(:,20) ';

mu2l=muVal(:,21) ';

al=bCnst{6}(k,nl,1);

a2=bCnst{6}(k,nl,2);

a3=bCnst{6}(k,nl,3);

bl=bCnst{6}(k,nl ,4);

b2=bCnst{6}(k,nl,5);

b3=bCnst{6}(k,nl,6);

mu_9=al +mu4+a2+mu5+a3 +mub+bl+mul9+b2 +mu20+b3 +mu2l ;

Int_ Tk (mu.9)«(1) Using Quadrature

gqVal=detJk #((mu.9)xqwt) ;



B9(1,vbyynl)=B9(1,vbyynl)—qVal;
end %end if loop for vertex 1

end %end loop over vertex 1

for nl=4:6 % Loop over midpoint nodes
if pMesh.POS(nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
mfnl=pMesh.NodePtrs(gnl); % /st Midpoint Free Node Number
9% Compute mu-7 at quadrature points(stored in a row vector)
9% Note that only one of bl—b3 should be non—zero
mul9=muVal(:,19) ';
mu20=muVal(:,20) ';
mu2l=muVal(:,21) ';
bl=bCnst{7}(k,nl —3,1); % Note nl—3 to get 1,2,3 from 4,5,6
b2=bCnst{7}(k,nl —3.,2);
b3=bCnst{7}(k,nl —3,3);
mu_7=b1l+mul9+b2+mu20+b3*mu2l ;
99% Int_Tk (mu.7)=(1) Using Quadrature
qVal=detJk «((mu_7)xqwt) ;
B7(1,mfnl1)=B7(1,mfnl)—qVal;
end
end
end %end loop over triangles

B=[B1,B2,B3,B4,B5,B6,B7,B8,B9];

Loadl1A2D.m

function F=LoadlA2D(pMesh,bCnst,f,muVal, qpt,qwt)

RlLAAAAAAAAAdleleledleledledledledlededledldedleddldledledldldldldldledledledledledledledledledledladledledledladledledledledledledledledledlodledtedledledtedledledledledledledledledledtedte
99% This function creates the load vector for the plate free nodes

Y Ldldlerlerleedledledledledledledledledledlediedledodlodledlediedledledladledlediedledledleedledledledbedledledledtedledbedlodledledtedledledleedledlediedledleadledledledledledlodledtedledledbedledledledtedtedd

Nfvn=length (pMesh.FVNodePtrs (: ,1)); % The number of f[ree vertex nodes
Nfmn=length (pMesh.FMNodePtrs (: ,1)); % The number of free midpoint nodes
Nbxxn=length (pMesh.BxxNodePtrs (:,1));

Nbyyn=length (pMesh.ByyNodePtrs (:,1));

Fl=zeros (Nfvn,1); % mul,7,13

F2=zeros (Nfvn,1); % mu2,8,14

F3=zeros (Nfvn,1); % mu3,9,15

F4=zeros (Nfvn,1); % mu4,10,16
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F5=zeros (Nfvn,1); % mu5,11,17

F6=zeros (Nfvn,1); % mu6,12,18

F7=zeros (Nfmn,1); % mul9,20,21

F8=zeros (Nbxxn,1); % mu4,10,16

F9=zeros (Nbyyn,1); % mu6,12,18

ql=length (qwt(:,1));

9%
for

9%

9%

D%

9%

9%

9%

Loop over triangular elements

k=1:pMesh.nbTriangles6

Get global node numbers for the nodes of Element k
nodes=pMesh.TRIANGLES6(k,1:6) ;

(x,y) coordinates of (local) nodes 1, 2, 3 (Vertices of T_k)
x1=pMesh.POS (nodes (1) ,1);

yl=pMesh.POS (nodes (1) ,2);

x2=pMesh.POS (nodes (2) ,1);

y2=pMesh.POS (nodes (2) ,2);

x3=pMesh.POS (nodes (3) ,1);

y3=pMesh.POS (nodes (3) ,2);

Compute transormation J: [x,y] = [x], yI] + Ju for u in ref. triangle
Jk=[x2—x1,x3—x1; y2—yl,y3—yl];

detJk=det (Jk);

Get the (x,y) coordinates of the transformed quadrature points
Tqpt=zeros(2,ql);
for j=1:ql
Tqpt(1l,j)=x1+Jk (1 ,:)*qpt(:,j): % transformed x
Tqpt(2,j)=yl+Jk (2 ,:)*qpt(:.,j);: % transformed y
end
Evaluate the function f at the quadrature points:
fVal=zeros (ql,1);
for i=1:ql
fval(i,1)=f(Tqpt(l,i),Tqpt(2,1i));
end
Create loop for mul,mu7,mul3

for nl=1:3

if pMesh.POS(nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
vinl=pMesh.NodePtrs(gnl); % Vertex Free Node Number

9% Compute mu-l at quadrature points(stored in a column vector)
Mul=muVal(: ,1+(nl—1)%6); % values of mul, mu7 or mul3
Mul9=muVal(:,19);
Mu20=muVal (:,20);
Mu2l=muVal(:,21);
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9%

9%

9%

9%
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bl=bCnst{1}(k,nl,1);

b2=bCnst{1}(k,nl,2);

b3=bCnst{1}(k,nl,3);

Mu_1=Mul+b1«Mul9+b2 +Mu20+b3 «Mu2l ;

Compute Int_-Tk mu_l+f and add the contribution to FIl(vfnl, K 1)
gqVal=detJkxsum(Mu_l.xfVal.xqwt);

Fl(vfnl ,1)=FI(vfnl ,1)+qVal;

Compute mu_2 at quadrature points(stored in a column vector)
Mu2=muVal (: ,2+(nl—=1)%6); % values of mu2, mu8 or mul4
Mu3=muVal (: ,3+(nl—1)%6); % values of mu3, mu9 or muld
Mul9=muVal(:,19);

Mu20=muVal (:,20) ;

Mu2l=muVal(:,21);

al=bCnst{2}(k,nl,1);

a2=bCnst{2}(k,nl,2);

bl=bCnst{2}(k,nl,3);

b2=bCnst{2}(k,nl ,4);

b3=bCnst{2}(k,nl,5);

Mu_2=al «Mu2+a2 «Mu3+b1+«Mul9+b2xMu20+b3 xMu21;

Compute Int_-Tk mu-2+f and add the contribution to F2(vfnl , K 1)
gqVal=detJkxsum(Mu_2.xfVal.xqwt) ;

F2(vfnl ,1)=F2(vfnl ,1)+qVal;

Compute mu_3 at quadrature points(stored in a column vector)
Mu2=muVal (: ,2+(nl—=1)%6); % values of mu2, mu8 or mul4
Mu3=muVal (: ,3+(nl—1)%6); % values of mu3, mu9 or muld
Mul9=muVal(:,19);

Mu20=muVal (:,20) ;

Mu2l=muVal(:,21);

al=bCnst{3}(k,nl,1);

a2=bCnst{3}(k,nl,2);

bl=bCnst{3}(k,nl,3);

b2=bCnst{3}(k,nl,4);

b3=bCnst{3}(k,nl,5);

Mu_3=al «Mu2+a2 «Mu3+b1+«Mul9+b2xMu20+b3 xMu21;

Compute Int_-Tk mu-3+f and add the contribution to F3(vfnl , K 1)
gqVal=detJkxsum(Mu_3.«fVal.=xqwt) ;

F3(vfnl ,1)=F3(vfnl ,1)+qVal;

Compute mu_4 at quadrature points(stored in a column vector)
Mud=muVal (: ,4+(nl—1)%6); % values of mud4, mulO or mul6
MuS=muVal (: ,5+(nl—=1)%6); % values of mu5, mull or mul7

Mu6=muVal (: ,6+(nl—=1)%6); % values of mub, mul2 or mul8



9%

9o

9%

9%
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Mul9=muVal(:,19);

Mu20=muVal(:,20) ;

Mu2l=muVal(:,21);

al=bCnst{4}(k,nl,1);

a2=bCnst{4}(k,nl,2);

a3=bCnst{4}(k,nl,3);

bl=bCnst{4}(k,nl ,4);

b2=bCnst{4}(k,nl,5);

b3=bCnst{4}(k,nl,6);

Mu_4=al x*Mud+a2 xMu5+a3 *Mub6+b1l +Mul9+b2 +*Mu20+b3 +*Mu2l ;
Compute Int_Tk mu_4=f and add the contribution to F4(vfnl 1)
qVal=detJk#sum(Mu_4.«fVal.xqwt) ;

F4(vfnl ,1)=F4(vfnl ,1)+qVal;

Compute mu-5 at quadrature points(stored in a column vector)
Mud=muVal(: ,4+(nl—1)%6); % values of mud, mulO or mul6
MuS=muVal(: ,5+(nl—=1)%6); % values of mu5, mull or mul7
Mu6=muVal (: ,6+(nl—1)%6); % values of mu6b, mul2 or mul8
Mul9=muVal(:,19);

Mu20=muVal (:,20);

Mu2l=muVal(:,21);

al=bCnst{5}(k,nl,1);

a2=bCnst{5}(k,nl,2);

a3=bCnst{5}(k,nl,3);

bl=bCnst{5}(k,nl,4);

b2=bCnst{5}(k,nl,5);

b3=bCnst{5}(k,nl,6);

Mu_5=al «Mud+a2 «Mu5+a3 «Mu6+b1«Mul9+b2 +«Mu20+b3 +«Mu2l ;
Compute Int_-Tk mu-5+f and add the contribution to F5(vfnl, K 1)
gqVal=detJkxsum(Mu_5.«fVal.xqwt) ;

F5(vfnl ,1)=F5(vfnl ,1)+qVal;

Compute mu-6 at quadrature points(stored in a column vector)
Mud=muVal (: ,4+(nl—1)%6); % values of mud, mulO or mul6
MuS=muVal (: ,5+(nl—=1)%6); % values of mu5, mull or mul7
Mu6=muVal(: ,6+(nl—1)%6); % values of mu6b, mul2 or mul8
Mul9=muVal(:,19);

Mu20=muVal (:,20);

Mu2l=muVal(:,21);

al=bCnst{6}(k,nl,1);

a2=bCnst{6}(k,nl,2);

a3=bCnst{6}(k,nl,3);

bl=bCnst{6}(k,nl ,4);
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b2=bCnst{6}(k,nl,5);
b3=bCnst{6}(k,nl,6);
Mu_6=al *Mud+a2 +Mu5+a3 «Mu6+b1xMul9+b2+«Mu20+b3 +«Mu21 ;

9% Compute Int_Tk mu_6+f and add the contribution to F6(vfnl k1)
qVal=detJk#sum(Mu_6.xfVal.xqwt) ;
F6(vfnl ,1)=F6(vfnl ,1)+qVal;

end

end
9% Create loop for mul9,mu20,mu2l
for nl=4:6

if pMesh.POS (nodes(nl) ,4)==—10 % Interior Plate Node
gnl=nodes(nl); % Global Node Number
mfnl=pMesh.NodePtrs(gnl); % Midpoint Free Node Number

9% Compute mu_19,20,21 at quadrature points(stored in a column vector)
Mul9=muVal(:,19);

Mu20=muVal (:,20) ;

Mu2l=muVal(:,21);

bl=bCnst{7}(k,nl —3,1); % Note nl—3 to get 1,2,3 from 4,5,6
b2=bCnst{7}(k,nl —3,2);

b3=bCnst{7}(k,nl —3,3);

Mu_19=b1*Mul9+b2 +Mu20+b3 +*Mu2l ;

9% Compute Int_Tk mu_19xf and add the contribution to F7(mfnl, 1)
qVal=detJkssum(Mu_19.xfVal.xqwt) ;
F7(mfnl,1)=F7(mfnl,1)+qVal;

end

end

9% Loops for Boundary Nodes

9% Create loop for mud4,mul0,mul6
for nl=1:3

if pMesh.NodePtrs(nodes(nl) ,3)>0 % Boundary d"2/dx"2 Node
gnl=nodes(nl); % Global Node Number
vbxxnl=pMesh.NodePtrs (gnl,3); % Boundary d"2/dx"2 Node Number

9% Compute mu_-4 at quadrature points(stored in a column vector)
Mud=muVal (: ,4+(nl—1)%6); % values of mud, mulO or mul6b
MuS=muVal(: ,5+(nl—=1)%6); % values of mu5, mull or mul7
Mub=muVal (: ,6+(nl—1)%6); % values of mu6, mul2 or mul8
Mul9=muVal(:,19);

Mu20=muVal (:,20) ;
Mu2l=muVal(:,21);
al=bCnst{4}(k,nl,1);
a2=bCnst{4}(k,nl,2);
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a3=bCnst{4}(k,nl,3);
bl=bCnst{4}(k,nl,4);
b2=bCnst{4}(k,nl,5);
b3=bCnst{4}(k,nl,6);
Mu_4=al *Mu4+a2 +Mu5+a3 +Mub+b1+Mul9+b2 +Mu20+b3 +Mu2l ;
9% Compute Int_Tk mu_4=+f and add the contribution to F4(vfnl k1)
qVal=detJk#sum(Mu_4.«fVal.xqwt) ;
F8(vbxxnl ,1)=F8(vbxxnl ,1)+qVal;
end
end
99% Create loop for mu6b,mul2,mul8
for nl1=1:3
if pMesh.NodePtrs(nodes(nl) ,3)<0 % Boundary d"2/dy"2 Node
gnl=nodes(nl); % Global Node Number
vbyynl=—pMesh.NodePtrs(gnl ,3); % Boundary d"2/dy 2 Node Number
9% Compute mu-6 at quadrature points(stored in a column vector)
Mud=muVal (: ,4+(nl—1)%6); % values of mud, mulO or mul6
MuS=muVal (: ,5+(nl—=1)%6); % values of mu5, mull or mul7
Mu6=muVal(: ,6+(nl—1)%6); % values of mu6b, mul2 or mul8
Mul9=muVal(:,19);
Mu20=muVal (:,20);
Mu2l=muVal(:,21);
al=bCnst{6}(k,nl,1);
a2=bCnst{6}(k,nl,2);
a3=bCnst{6}(k,nl,3);
bl=bCnst{6}(k,nl,4);
b2=bCnst{6}(k,nl,5);
b3=bCnst{6}(k,nl,6);
Mu_6=al xMud+a2 xMu5+a3 +Mu6+b1l +Mul9+b2 +*Mu20+b3 +*Mu2l ;
9% Compute Int_Tk mu_-6+f and add the contribution to F6(vfnl k1)
qVal=detJk#sum(Mu_6.xfVal.xqwt) ;
F9(vbyynl ,1)=F9(vbyynl ,1)+qVal;
end
end
end % Ends loop over triangles
99% Create load vector from its components

F=[F1;F2;F3;F4;F5,F6;F7;F8;F9];

Load2A2D.m

function F=Load2A2D (pMesh,wl1Soln, muSoln, fTildeA)
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9% This function creates the part of the load vector corresponding to the
9% terms :

9% (grad [~ (wlx), grad f~(mu))-O + lambda(f~(wlx), f~(mu))-O

9%

9% pMesh is the plate mesh data structure , wlilSoln is the fluid

99% coefficients for f7(wlx), muSoln is the fluid coefficients for f~(mu),
9% and the load vector is F.

VLol el edledledledledlededledledledbedlededledteddedbedbedldledledledledbedledledledledbedbedledledledledledhedbdedleddedbedbedlededledledbedbedlededledldhedbedbdledledl el

Nfvn=length (pMesh.FVNodePtrs (: ,1)); % The number of f[ree vertex nodes

Nfmn=length (pMesh.FMNodePtrs (: ,1)); % The number of free midpoint nodes

Nbxxn=length (pMesh.BxxNodePtrs (:,1));

Nbyyn=length (pMesh.ByyNodePtrs (:,1));

Fl=zeros (Nfvn,1); % mul,7,13

F2=zeros (Nfvn,1); % mu2,8,14

F3=zeros (Nfvn,1); % mu3,9,15

F4=zeros (Nfvn,1); % mu4,10,16

F5=zeros (Nfvn,1); % mu5,11,17

F6=zeros (Nfvn,1); % mu6,12,18

F7=zeros (Nfmn,1); % mul9,20,21

F8=zeros (Nbxxn,1); % mu4,10,16

F9=zeros (Nbyyn,1); % mu6,12,18

for i=1:Nfvn
Fl(i,l)=transpose(wlSoln(:,1))*(fTildeA*muSoln(:,i));
F2(i,1)=transpose(wlSoln(:,1))*(fTildeA+muSoln(:,Nfvn+i));
F3(i,l)=transpose (wlSoln(:,1))*(fTildeAs*muSoln(:,2*Nfvn+i));
F4(i,1)=transpose (wlSoln(:,1))*(fTildeA+muSoln(:,3*Nfvn+i));
F5(i,1)=transpose (wlSoln(:,1))*(fTildeAs*muSoln(:,4*Nfvn+i));
F6(i,l)=transpose(wlSoln(:,1))*(fTildeAs*muSoln(:,5*Nfvn+i));

end

for i=1:Nfmn
F7(i,1)=transpose(wlSoln(:,1))*(fTildeAs*muSoln(:,6*Nfvn+i));

end

for i=1:Nbxxn
F8(i,l)=transpose (wlSoln(:,1))*(fTildeAs*muSoln(:,6x Nfvn+Nfmn+i));

end

for i=1:Nbyyn
F9(i,l)=transpose(wlSoln(:,1))*(fTildeA+muSoln(:,6* Nfvn+Nfmn+Nbxxn+i));

end

203



9% Create load vector from its components

F=[F1;F2;F3;F4;F5,F6,F7,F8;F9];

Load3A2D.m

function F=Load3A2D(pMesh,uSoln ,muSoln, fTildeA)

VLol el edledledledledlededledlededledlededledleddedbedbedldedledledledbedledledledledledbedledledledledledbedbdedleddedbedbedlededledledbedbedlededledledhedbedbededledl el
9% This function creates the part of the load vector corresponding to the
9% terms :

9% (grad mu~(ux), grad f~(mu))-O + lambda(mu~(ux), f~(mu))-O

9%

9% pMesh is the plate mesh data structure , uSoln is the fluid

9% coefficients for mu~(ux), muSoln is the fluid coefficients for f~(mu),
9% and the load vector is F.
RLleeeleldladledledledledledledledledledledledledledledledledledledledteddedbedbedldedledledbedbedledledledledbedledledledledledbedledkedledledbedbedledledledledbedbedlededledledbedbedbededledledledledld

Nfvn=length (pMesh.FVNodePtrs (: ,1)); % The number of f[ree vertex nodes

Nfmn=length (pMesh.FMNodePtrs (: ,1)); % The number of free midpoint nodes

Nbxxn=length (pMesh.BxxNodePtrs (: ,1)) ;% The number of boundary dxx nodes

Nbyyn=length (pMesh.ByyNodePtrs (: ,1)):% The number of boundary dyy nodes

Fl=zeros (Nfvn,1); % mul,7,13

F2=zeros (Nfvn,1); % mu2,8,14

F3=zeros (Nfvn,1); % mu3,9,15

F4=zeros (Nfvn,1); % mu4,10,16

F5=zeros (Nfvn,1); % mu5,11,17

F6=zeros (Nfvn,1); % mu6,12,18

F7=zeros (Nfmn,1); % mul9,20,21

F8=zeros (Nbxxn,1); % mu4,10,16

F9=zeros (Nbyyn,1); % mu6,12,18

for i=1:Nfvn
Fl1(i,l)=transpose(uSoln(:,1))«(fTildeAs*muSoln(:,i));
F2(i,1)=transpose (uSoln(:,1))*(fTildeAsmuSoln(:,Nfvn+i));
F3(i,l)=transpose (uSoln(:,1))=(fTildeAs*muSoln(:,2*Nfvn+i));
F4(i,l)=transpose (uSoln(:,1))=(fTildeAs*muSoln(:,3xNfvn+i));
F5(i,1)=transpose (uSoln(:,1))*(fTildeAs*muSoln(:,4*Nfvn+i));
F6(i,l)=transpose (uSoln(:,1))«(fTildeAs*muSoln(:,5*Nfvn+i));

end

for i=1:Nfmn
F7(i,1)=transpose (uSoln(:,1))*(fTildeAs*muSoln(:,6*Nfvn+i));

end
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for i=1:Nbxxn
F8(i,l)=transpose(uSoln(:,1))=*(fTildeAs*muSoln(:,6:x Nfvn+Nfmn+i));
end
for i=1:Nbyyn
F9(i,1)=transpose(uSoln(:,1))*(fTildeA=*muSoln(:,6:x Nfvn+Nfmn+Nbxxn+i))
end
9% Create load vector from its components

F=[F1;F2;F3;F4;F5;F6;F7;F8;F9];

Load4A2D.m

function F=Load4A2D(Mesh,pMesh, ustar ,muSoln, phiVal, qpt,qwt)

RLLilplbdeldldedlededlededlededlededlededlededlededlededledledlededledlededededledededededledledledledledledledledledledledledledledledledledledledledkedledlededlededkededledledleledle el
99% This function creates the part of the load vector corresponding to the
9% term :

9% (u=, f (mu))-O

9%

9% pMesh is the plate mesh data structure , ustar is the fluid forcing
9% function ux, muSoln is the fluid coefficients for f~(mu),

9% and the load vector is F.

YLttt eddledledledledledledledladledledldedledledldledledededledldledledlededledldledledledlededladledlededledledledledledlededbedledledledldedbedlededledtledbedbeddledl el

Nf=length (Mesh.FNodePtrs (: ,1)); % The number of free fluid nodes
Nih=length (Mesh.IHNodePtrs (: ,1)); % The number of inhomogeneous fluid nodes
Nfvn=length (pMesh.FVNodePtrs (: ,1)); % The number of free vertex nodes
Nfmn=length (pMesh.FMNodePtrs (: ,1)); % The number of free midpoint nodes
Nbxxn=length (pMesh.BxxNodePtrs (: ,1)); % The number of boundary dxx nodes
Nbyyn=length (pMesh.ByyNodePtrs (:,1)); % The number of boundary dyy nodes
Fl=zeros (Nfvn,1); % mul,7,13

F2=zeros (Nfvn,1); % mu2,8,14

F3=zeros (Nfvn,1); % mu3,9,15

F4=zeros (Nfvn,1); % mu4,10,16

FS=zeros (Nfvn,1); % mu5,11,17

F6=zeros (Nfvn,1); % mu6,12,18

F7=zeros (Nfmn,1); % mul9,20,21

F8=zeros (Nbxxn,1); % mu4,10,16

F9=zeros (Nbyyn,1); % mu6,12,18

ql=length (qwt);

9% Compute the values of the muSoln at the global nodes

11=Mesh.nbNod ;
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muSoll=zeros (11,6 Nfvn+Nfmn+Nbxxn+Nbyyn) ;
muSol2=zeros (11 ,6% Nfvn+Nfmn+Nbxxn+Nbyyn) ;
muSol3=zeros (11,6 Nfvn+Nfmn+Nbxxn+Nbyyn) ;
for j=1:6%Nfvn+Nfmn+Nbxxn+Nbyyn
muSoll (Mesh.FNodePtrs , j)=muSoln (1:Nf,j);
muSol2 (Mesh.FNodePtrs , j)=muSoln(1+Nf:2«Nf,j);
muSol3 (Mesh.FNodePtrs , j)=muSoln(1+2+Nf:3x«Nf,j);
muSol3 (Mesh.IHNodePtrs , j )=muSoln(1+3Nf:3=Nf+Nih,j);
end
ulVal=zeros(ql,1);
u2Val=zeros(ql,1);
u3Val=zeros(ql,1);
for k = 1:Mesh.nbTets10; % Loop and sum over all elements
99% Get Global Node numbers for nodes of Element k
nodes=Mesh.TETS10(k,1:10) ;

9% (x,y,z) coordinates of (local) nodes 1, 2, 3, 4 (Vertices

x1=Mesh.POS (nodes (1) ,1);
y1=Mesh.POS (nodes (1) ,2);
z1=Mesh.POS (nodes (1) ,3);
x2=Mesh.POS (nodes (2) ,1);
y2=Mesh.POS (nodes (2) ,2);
z2=Mesh.POS (nodes (2) ,3);
x3=Mesh.POS (nodes (3) ,1);
y3=Mesh.POS (nodes (3) ,2);
z3=Mesh.POS (nodes (3) ,3);
x4=Mesh.POS (nodes (4) ,1);
y4=Mesh.POS (nodes (4) ,2);
z4=Mesh.POS (nodes (4) ,3);

% Compute transormation J: [x,y,z] = [x], ylI, zI] + Ju for u

% tetrahedron , as well as its inverse transpose.

in

of T_-k)

Jk=[x2—x1,x3—x1,x4—x1;y2—yl ,y3—yl ,y4—yl;22—2z1,23—2z1,z4—21];

detJk=abs (det(Jk));

9% Get the (x,y,z) coordinates of the transformed quadrature points

Tqpt=[x1,0,0; 0,y1,0; 0,0,z1]*ones(3,ql)+Jk=qpt;
99% Compute the values of ux at the quadrature points
for j=1:ql
ulVal(j,l)=ustar {1}(Tqpt(l,j),Tqpt(2,j),Tqpt(3,j));
u2Val(j,1)=ustar {2}(Tqpt(1,j),Tqpt(2,j),.Tqpt(3,j));
udVal(j,1)=ustar {3}(Tqpt(l,j),Tqpt(2,j),Tqpt(3.,j));
end

for i=1:Nfvn

reference
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end

for

end

for

end

for

end

end

9% Create load

F1(i,1)=F1(i,1)+detlkssum(qwt.*ulVal.
F1(i,1)=F1(i,1)+detJk+sum(qwt.*u2Val.

F1(i,1)=FI(i
F2(i,1)=F2(i
F2(i,1)=F2(i
F2(i,1)=F2(i
F3(i,1)=F3(i
F3(i,1)=F3(i
F3(i,1)=F3(i
F4(i,1)=F4(i
F4(i,1)=F4(i
FA(i,1)=F4(i
F5(i,1)=F5(i
F5(i,1)=F5(i
F5(i,1)=F5(i
F6(i,1)=F6(i
F6(i,1)=F6(i
F6(i,1)=F6(i

i=1:Nfmn

F7(i,1)=F7(i
F7(i,1)=F7(i
F7(i,1)=F7(i

i=1:Nbxxn
F8(i,1)=F8(i

F8(i,1)=F8(i,1)+detlk*sum(qwt.*u2Val.
F8(i,1)=F8(i,l)+detJk+sum(qwt.*u3Val.

i=1:Nbyyn

F9(i,1)=F9(i,1)+detlks*sum(qwt.*ulVal.
F9(i,1)=F9(i,1)+detJk+sum(qwt.+u2Val.
F9(i,1)=F9(i,l)+detJks*sum(qwt.*u3Val.

,1)+detJkssum(qwt.*u3Val.
,1)+detJk=sum(qwt.*ulVal.
,1)+detJkssum(qwt.*u2Val.
,1)+detJkssum(qwt.*u3Val.
,1)+detJk*sum(qwt.*ulVal.
,1)+detJkssum(qwt.*u2Val.
,1)+detJkssum(qwt.*u3Val.
,1)+detJkssum(qwt.*ulVal.
,1)+detJk#sum(qwt.*u2Val.
,1)+detJkssum(qwt.*u3Val.
,1)+detJkssum(qwt.*ulVal.
,1)+detJkssum(qwt.*u2Val.
,1)+detJk+#sum(qwt.*u3Val.
,1)+detJkssum(qwt.*ulVal.
,1)+detJkssum(qwt.*u2Val.
,1)+detJkssum(qwt.*u3Val.

,1)+detJkssum(qwt.*ulVal.
,1)+detJk+sum(qwt.*u2Val.

,1)+detJkssum(qwt.*u3Val.

,1)+detJk+#sum(qwt.*ulVal.

vector from its

F=[F1;F2;F3;F4;F5,F6;F7;F8;F9];

L2ErrorQ3D.m

components

#(phiVal+muSoll (nodes
#(phiValxmuSol2 (nodes
#(phiVal+muSol3 (nodes
#(phiVal+muSoll (nodes
#(phiValxmuSol2 (nodes
#(phiValsxmuSol3 (nodes
#(phiValsxmuSoll (nodes
#(phiVal+muSol2 (nodes
#(phiValxmuSol3 (nodes
#(phiValsmuSoll (nodes
#(phiVal+muSol2 (nodes
#(phiVal+muSol3 (nodes
#(phiValxmuSoll (nodes
#(phiVal+muSol2 (nodes
#(phiValxmuSol3 (nodes
#(phiVal+muSoll (nodes
#(phiValxmuSol2 (nodes
#(phiVal+muSol3 (nodes

#(phiValsxmuSoll (nodes
#(phiValsmuSol2 (nodes
#(phiVal+muSol3 (nodes

#(phiVal+muSoll (nodes
#(phiVal+muSol2 (nodes

#(phiValxmuSol3 (nodes , i+6«Nfvn+Nfmn))) ;

#(phiValxmuSoll (nodes , i+6%Nfvn+Nfmn+Nbxxn))) ;
#(phiValxmuSol2 (nodes , i +6«Nfvn+Nfmn+Nbxxn))) ;
#(phiValsmuSol3 (nodes , i+6«Nfvn+Nfmn+Nbxxn))) ;

function [error ,Uapr]=L2ErrorQ3D (Mesh, usol ,U,G, phi, qpt,qwt)

1))

1))

1))
,i+Nfvn)));
,i+Nfvn)));
,i+Nfvn))):
,i+2%Nfvn)));
,i+2xNfvn)));
,i42x%Nfvn)));
,i+3%Nfvn)));
,i+3%Nfvn)));
,i43%Nfvn)));
,i+4xNfvn)));
,i+4%Nfvn)));
,i+4xNfvn)));
,i+5%Nfvn)));
,i45%Nfvn)));
,i+5%Nfvn)));

,1+6«Nfvn)));
,1+6xNfvn)));
,14+6xNfvn)));

, 1+6xNfvn+Nfmn)) ) ;
, 1+6xNfvn+Nfmn) ) ) ;
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% Mesh is the mesh file.

% usol = ul or u2 or u3 is a component of the true solution to the PDE.

% U is a vector of the free nodal values of the FEM approximate solution

% which correspond to that component.

% G is a vector of the constrained nodal values, interpolated from (0,0,g).
% phi is the local basis functions on T_R.

% qpt is the set of quadrature points and gqwt is the corresponding weights.

TISTETETTEIETIEIEITENETTIEITIEITIEITIEITIEITIEITIETTIE TSI TSI TSI STIETIIEIIIEI I o

% Basis functions phiVal[i,j] = phi_j(s-i, t_-i), that is the columns
% correspond to the different phi's and the rows to the the values
% of phi_j at the quadrature points.
ql=length (qwt) ;
phiVal=zeros(ql,10);
for i=1:ql
for j=1:10
phiVal(i,j)=phi{j}(qpt(1l,i),qpt(2,i),qpt(3,i));
end
end
9% Get the values of the piecewise quadratic solution Vaprx at global nodes
11=Mesh.nbNod ;
Uapr=zeros (11 ,1);
Uapr(Mesh.FNodePtrs)=U;
Uapr(Mesh.CNodePtrs )=G;
Nt=Mesh.nbTets10; % Number of tetrahedral elements
9% Initialize the L2 Error to be zero
L2Err = 0;
for k = 1:Nt %Loop and sum over all elements
SumQ=0;
U_Val=0;
9% Get Global Node #s for nodes of Element k
nodes=Mesh.TETS10(k,1:10) ;
9% (x,y,z) coordinates of (local) nodes 1, 2, 3, 4 (Vertices of T-k)
x1=Mesh.POS (nodes (1) ,1);
y1=Mesh.POS (nodes (1) ,2);
z1=Mesh.POS (nodes (1) ,3);
x2=Mesh.POS (nodes (2) ,1);
y2=Mesh.POS (nodes (2) ,2);
z2=Mesh.POS (nodes (2) ,3);
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D%

9%

D%

end
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x3=Mesh.POS (nodes (3) ,1);
y3=Mesh.POS (nodes (3) ,2);
z3=Mesh.POS (nodes (3) ,3);
x4=Mesh.POS (nodes (4) ,1);
y4=Mesh.POS (nodes (4) ,2);
z4=Mesh.POS (nodes (4) ,3);
Compute transormation J: [x,y,z] = [x], yl, zI] + Ju for u in reference
tetrahedron , as well as its inverse transpose.
Jk=[x2—x1,x3—x1,x4—x1;y2—yl ,y3—yl ,y4—yl;22—2z1,23—2z1 ,z4—2z1];
Get the (x,y,z) coordinates of the transformed quadrature points
Tqpt=zeros(3,ql);
for j=1:ql
Tqpt(1,j)=x1+Jk (1 ,:)*qpt(:,j); %transformed x
Tqpt(2,j)=yl+Jk (2 ,:)xqpt(:,]j); %transformed vy
Tqpt(3,j)=z1+Jk (3 ,:)xqpt(:,j); %transformed z
end
for q=1:ql % Evaluate v at each of the quadrature points
uVal=usol (Tqpt(l,q),Tqpt(2,q),Tqpt(3,9));
9% Sum over the basis functions phi_j at the quadrature point q
for j=1:10
U_Val=U_Val + phiVal(q,j)*Uapr(nodes(j));
end
SumQ=SumQ+qwt(q) *(uVal-U_Val)"2; % Sum over quadrature points
U_Val=0;
end

L2Err=L2Err + abs(det(Jk))=abs (SumQ) ;

error=L2Err"(.5);

L2ErrorA2D.m

function [error ,Zw,ZW]=L2ErrorA2D (pMesh, bCnst ,w,W, muVal, qpt ,qwt)

Nt=pMesh.nbTriangles6; % Number of triangular elements

ql=length (qwt(:,1));

Nvfn=length (pMesh.FVNodePtrs (:,1));

Nmfn=length (pMesh.FMNodePtrs (: ,1));

Nbxxn=length (pMesh.BxxNodePtrs (:,1));

9%

Initialize the L2 Error to be zero

L2Err = 0;
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wVal=zeros (ql ,1);
zindex=1;

Zw=zeros (Ntxql ,3) ;
ZW=zeros (Ntxql ,3);

for k = 1:Nt %Loop and sum over all elements
WVal=zeros (ql,1);
99% Get GlobalNode #s for nodes of Element k
nodes=pMesh.TRIANGLES6(k,1:6) ;
99% (x,y) coordinates of (local) nodes 1,2,3.
x1=pMesh.POS (nodes (1) ,1);
yl=pMesh.POS (nodes (1) ,2);
x2=pMesh.POS (nodes (2) ,1);
y2=pMesh.POS (nodes (2) ,2);
x3=pMesh.POS (nodes (3) ,1);
y3=pMesh.POS (nodes (3) ,2);
9% Matrix Transformation from the reference element to the kth element
Jk=[x2—x1,x3—x1;y2—yl,y3—-yl];
detJk=det (Jk);
9% Vertex Node 1 99%
gnl=nodes(1l); % Global Node Number
if pMesh.POS(gnl ,4)==—10 % Free Vertex Node
vnl=pMesh.NodePtrs(gnl); % Ist Vertex Node Number
WI=W(vnl);
W2=W(vnl+Nvfn) ;
W3=W(vnl+2xNvfn) ;
W4=W(vn1+3«Nvfn) ;
W5=W(vnl+4xNvfn) ;
W6=W(vnl+5%xNvfn) ;
elseif pMesh.NodePtrs(gnl,3)>0 % d"2/dx"2 Boundary Node
vbxxnl=pMesh.NodePtrs (gnl,3);
W1=0;
W2=0;
W3=0;
W4=W(vbxxnl+6xNvfn+Nmfn) ;
W5=0;
W6=0;
elseif pMesh.NodePtrs(gnl,3)<0 % d"2/dy "2 Boundary Node
vbyynl=—pMesh.NodePtrs (gnl,3);
W1=0;
W2=0;
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W3=0;
Wi=0;
W5=0;
W6=W(vbyynl+6:xNvfn+Nmfn+Nbxxn) ;
else % Corner node
W1=0;
W2=0;
W3=0;
Wi=0;
W5=0;
W6=0;

end

9% Vertex Node 2 99%

gn2=nodes (2); % Global Node Number

if pMesh.POS(gn2,4)==—10 % Free Vertex Node
vn2=pMesh.NodePtrs (gn2); % 2nd Vertex Node Number
WIi=W(vn2);
W8=W(vn2+Nvfn) ;
WO=W(vn2+2«Nvfn) ;
WI10=W(vn2+3xNvfn) ;
WI11=W(vn2+4xNvfn) ;
WI12=W(vn2+5«Nvfn) ;

elseif pMesh.NodePtrs(gn2,3)>0 % d"2/dx"2 Boundary Node
vbxxn2=pMesh.NodePtrs (gn2,3) ;
W7=0;
W8=0;
W9=0;
WI10=W(vbxxn2+6+Nvfn+Nmfn) ;
W11=0;
W12=0;

elseif pMesh.NodePtrs(gn2,3)<0 % d"2/dy"2 Boundary Node
vbyyn2=—pMesh.NodePtrs(gn2,3) ;
W7=0;
W8=0;
W9=0;
W10=0;
W11=0;
WI12=W(vbyyn2+6%Nvfn+Nmfn+Nbxxn) ;

else % Corner node

W7=0;



end

W8=0;
W9=0;
W10=0;
W11=0;
W12=0;

99% Vertex Node 3 99%

gn3=nodes (3); % Global Node Number

if pMesh.POS(gn3,4)==—10 % Free Vertex Node

vn3=pMesh.NodePtrs(gn3); % 3rd Vertex Node Number
WI13=W(vn3);

W14=W(vn3+Nvfn) ;

WI15=W(vn3+2xNvfn) ;

W16=W(vn3+3+Nvfn) ;

WI17=W(vn3+4+Nvfn) ;

W18=W(vn3+5xNvfn) ;

elseif pMesh.NodePtrs(gn3,3)>0 % d"2/dx"2 Boundary Node

vbxxn3=pMesh.NodePtrs (gn3,3);
W13=0;

W14=0;

W15=0;
W16=W(vbxxn3+6:xNvfn+Nmfn) ;
W17=0;

W18=0;

elseif pMesh.NodePtrs(gn3,3)<0 % d"2/dy"2 Boundary Node

else

end

vbyyn3=—pMesh.NodePtrs(gn3,3) ;
W13=0;

W14=0;

W15=0;

W16=0;

W17=0;
WI18=W(vbyyn3+6:Nvfn+Nmfn+Nbxxn) ;

% Corner node

W13=0;

W14=0;

W15=0;

W16=0;

W17=0;

W18=0;
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99% Midpoint Node 1 9%9%
gmnl=nodes (4); % Global Midpoint Node Number
mnl=pMesh.NodePtrs(gmnl); % [st Midpoint Node Number
if pMesh.POS(gmnl,4)==—10 % Free Midpoint Node
WI19=W(mnl+6:xNvfn) ;
else % Boundary Midpoint Node
W19=0;
end
99% Midpoint Node 2 %%
gmn2=nodes (5); % Global Midpoint Node Number
mn2=pMesh.NodePtrs (gmn2); % 2nd Midpoint Node Number
if pMesh.POS(gmn2,4)==—10 % Free Midpoint Node
W20=W(mn2+6+Nvfn) ;
else % Boundary Midpoint Node
W20=0;
end
9% Midpoint Node 3 99%
gmn3=nodes (6); % Global Midpoint Node Number
mn3=pMesh.NodePtrs (gmn3); % 3rd Midpoint Node Number
if pMesh.POS(gmn3,4)==—10 % Free Midpoint Node
W21=W(mn3+6+Nvfn) ;
else % Boundary Midpoint Node
W21=0;

end

for q=1:ql %Evaluate w at each of the quadrature points
Tqpt=[x1+Jk (1 ,:)=qpt(:,q),yl+Jk(2,:)*xqpt(:,q)];
Zw(zindex ,1:2)=Tqpt;
ZW(zindex ,1:2)=Tqpt;
wVal(q,1)=w(xI+Jk(1,:)=qpt(:,q),yl+Jk(2,:)*qpt(:,q));
Zw(zindex ,3)=wVal(q,1);

9% Node 1
bl=bCnst{1}(k,1,1);
b2=bCnst{1}(k,1,2);
b3=bCnst{1}(k,1,3);
Mul=muVal(q,1)+bl+muVal(q,19)+b2+muVal(q,20)+b3xmuVal(q,21);

al=bCnst{2}(k,1,1);
a2=bCnst{2}(k,1,2);
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bl=bCnst{2}(k,1,3);
b2=bCnst{2}(k,1,4);
b3=bCnst{2}(k,1,5);
Mu2=al *muVal(q,2)+a2+muVal(q,3)+bl+muVal(q,19)+b2+*muVal(q,20)+b3+muVal(q,21);

al=bCnst{3}(k,1,1);
a2=bCnst{3}(k,1,2);
bl1=bCnst{3}(k,1,3);
b2=bCnst{3}(k,1.,4);
b3=bCnst{3}(k,1,5);
Mu3=al+muVal(q,2)+a2+muVal(q,3)+bl*muVal(q,19)+b2+muVal(q,20)+b3+muVal(q,21);

al=bCnst{4}(k,1,1);
a2=bCnst{4}(k,1,2);
a3=bCnst{4}(k,1,3);
bl=bCnst{4}(k,1.,4);
b2=bCnst{4}(k,1,5);
b3=bCnst{4}(k,1,6);
Mu4=al+muVal(q,4)+a2+muVal(q,5)+a3+muVal(q,6)+bls+muVal(q,19)+b2xmuVal(q,20)+b3+muVal(q...
,21) 5

al=bCnst{5}(k,1,1);
a2=bCnst{5}(k,1,2);
a3=bCnst{5}(k,1,3);
bl=bCnst{5}(k,1,4);
b2=bCnst{5}(k,1,5);
b3=bCnst{5}(k.1.6);
MuS=al+muVal(q,4)+a2+muVal(q,5)+a3*muVal(q,6)+bl+muVal(q,19)+b2+muVal(q,20)+b3+muVal(q..
,21) 5

al=bCnst{6}(k,1,1);
a2=bCnst{6}(k,1,2);
a3=bCnst{6}(k,1,3);
bl1=bCnst{6}(k,1,4);
b2=bCnst{6}(k,1,5);
b3=bCnst{6}(k,1,6);
Mub=al+muVal(q,4)+a2+muVal(q,5)+a3+*muVal(q,6)+bl*muVal(q,19)+b2xmuVal(q,20)+b3+muVal(q...
,21) 5

9% Node 2
b1=bCnst{1}(k,2,1);



b2=bCnst{1}(k,2,2);
b3=bCnst{1}(k,2,3);
Mu7=muVal(q.7)+bl+muVal(q,19)+b2+muVal(q,20)+b3*muVal(q.21);

al=bCnst{2}(k,2,1);
a2=bCnst{2}(k,2,2);
b1=bCnst{2}(k,2,3);
b2=bCnst{2}(k,2,4);
b3=bCnst{2}(k,2.,5);
Mu8=al+muVal(q,8)+a2+muVal(q,9)+bl+muVal(q,19)+b2xmuVal(q,20)+b3+muVal(q,21);

al=bCnst{3}(k,2,1);
a2=bCnst{3}(k,2,2);
bl=bCnst{3}(k,2,3);
b2=bCnst{3}(k,2,4);
b3=bCnst{3}(k.2,5);
Mu9=al *muVal (q,8)+a2+muVal(q,9)+bl+muVal(q,19)+b2+muVal(q,20)+b3«muVal(q,21);

al=bCnst{4}(k,2,1);
a2=bCnst{4}(k,2,2);
a3=bCnst{4}(k,2,3);
b1=bCnst{4}(k,2,4);
b2=bCnst{4}(k,2,5);
b3=bCnst{4}(k,2,6);
MulO=al+muVal(q,10)+a2«muVal(q,11)+a3+*muVal(q,12)+bl+muVal(q,19)+b2xmuVal(q,20)+b3x...
muVal(q,21);

al=bCnst{5}(k,2,1);
a2=bCnst{5}(k,2,2);
a3=bCnst{5}(k,2,3);
bl=bCnst{5}(k,2.,4);
b2=bCnst{5}(k,2,5);
b3=bCnst{5}(k,2,6);
Mull=al+muVal(q,10)+a2+muVal(q,11)+a3+*muVal(q,12)+bl+muVal(q,19)+b2xmuVal(q,20)+b3x*...
muVal(q,21);

al=bCnst{6}(k,2,1);
a2=bCnst{6}(k,2,2);
a3=bCnst{6}(k,2,3);
bl=bCnst{6}(k,2,4);
b2=bCnst{6}(k,2,5);
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b3=bCnst{6}(k,2,6);

Mul2=al+muVal(q,10)+a2«muVal(q,11)+a3+*muVal(q,12)+bl+muVal(q,19)+b2xmuVal(q,20)+b3x...

muVal(q,21);

Node 3

bl=bCnst{1}(k,3.,1);

b2=bCnst {1}(k,3.2);

b3=bCnst{1}(k.3.3);
Mul3=muVal(q,13)+bl+muVal(q,19)+b2+muVal(q,20)+b3+muVal(q,21);

al=bCnst{2}(k,3,1);
a2=bCnst{2}(k,3,2);
bl=bCnst{2}(k.3.3);
b2=bCnst {2} (k.3 .4);
b3=bCnst{2}(k,3,5);
Muld=al+muVal(q,14)+a2+muVal(q,15)+bl+muVal(q,19)+b2+muVal(q,20)+b3+muVal(q.21):

al=bCnst{3}(k,3,1);
a2=bCnst{3}(k,3,2);
bl=bCnst{3}(k,3,3);
b2=bCnst{3}(k,3,4);
b3=bCnst{3}(k,3,5);
Mul5=al+muVal(q,14)+a2+muVal(q,15)+bl*muVal(q,19)+b2+muVal(q,20)+b3*muVal(q,21);

al=bCnst{4}(k,3,1);
a2=bCnst{4}(k,3,2);
a3=bCnst{4}(k,3,3);
bl=bCnst{4}(k,3.,4);
b2=bCnst{4}(k,3,5);
b3=bCnst{4}(k,3,6);
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Mul6=al+muVal(q,16)+a2+muVal(q,17)+a3+*muVal(q,18)+bl+muVal(q,19)+b2xmuVal(q,20)+b3x...

muVal(q,21);

al=bCnst{5}(k,3,1);
a2=bCnst{5}(k,3,2);
a3=bCnst {5}(k.3.3):
b1=bCnst{5}(k,3,4);
b2=bCnst{5}(k,3,5);
b3=bCnst {5}(k,3.6);

Mul7=al+muVal(q,16)+a2«muVal(q,17)+a3+*muVal(q,18)+bl+muVal(q,19)+b2xmuVal(q,20)+b3x...

muVal(q,21);
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al=bCnst{6}(k,3,1);
a2=bCnst{6}(k,3,2);
a3=bCnst{6}(k,3,3);
bl=bCnst{6}(k,3.,4);
b2=bCnst{6}(k,3,5);
b3=bCnst{6}(k,3,6);
Mul8=al+muVal(q,16)+a2+muVal(q,17)+a3+*muVal(q,18)+bl+muVal(q,19)+b2xmuVal(q,20)+b3x*...
muVal(q,21);

9% Nodes 4—6

Mul9=bCnst{7}(k,1,1)*muVal(q,19);

Mu20=bCnst{7}(k,2,2)*muVal(q,20);

Mu21=bCnst{7}(k,3,3)*muVal(q,21);

WVal(q, 1) =WI1xMul+W2:Mu2+W3:Mu3+W4:Mud+W5:Mu5+W6: Mub6+W7:+Mu7+W8:=Mu8+W9:Mu9+W 10+ Mul0+W11:...
Mull+W12+Mul2+W13+Mul3+W14+Mul4+W15:Mul5+W16+Mul6+W17+Mul7+W18+Mul8+W19+Mul9+W20:...
Mu20+W21+Mu2l ;

ZW(zindex ,3)=WVal(q,1);

zindex=zindex +1;

end
SumQ=sum (qwt. = ((wVal-WVal)."2)); %Sum over quadrature points
L2Err=L2Err + detJk=xabs (SumQ) ;

end

error=L2Err"(.5);
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Appendix B

GMSH Geometry File

This is the GMSH (.geo) file that builds the fluid-structure geometry. GMSH creates and
iterates the mesh from this core file. Note that some of the “Physical Numbers” are
referenced in the MATLAB code, namely in the program that converts the GMSH (.msh)
file into a MATLAB data structure.

// Gmsh project created on Fri Feb 08 16:16:01 2013

lc = 5;

Point(1) = {0, 0, 0, 1lc};
Point(2) = {1, 0, 0, 1c};
Point(3) = {1, 1, 0, 1c};
Point(4) = {0, 1, 0, 1lc};
Point(5) = {0, 0, -1, 1lc};
Point(6) = {1, 0, -1, 1lc};
Point(7) = {1, 1, -1, 1lc};
Point(8) = {0, 1, -1, 1lc};

Point(9) = {.5, .5, -.5, 1lc};

Line(1) = {1, 2};
Line(2) = {2, 3};
Line(3) = {3, 4};
Line(4) = {4, 1};
Line(5) = {5, 6};
Line(6) = {6, 7};
Line(7) = {7, 8};
Line(8) = {8, 5};



Line(9) = {1, 5};
Line(10) = {2, 6};
Line(11) = {3, 7};
Line(12) = {4, 8};
Line(13) = {1, 9};
Line(14) = {2, 9};
Line(15) = {3, 9};

Line(16) ={4, 9};
Line(17) = {5, 9};
Line(18) = {6, 9};
Line(19) = {7, 9};
Line(20) = {8, 9};

Line Loop(27) = {1, 2, 3, 4};
Plane Surface(28) = {27};

Line Loop(29) = {5, 6, 7, 8};
Plane Surface(30) = {29};

Line Loop(31) = {9, 5, -10, -1};
Plane Surface(32) = {31};

Line Loop(33) = {10, 6, -11, -2};
Plane Surface(34) = {33};

Line Loop(35) = {3, 12, -7, -11};
Plane Surface(36) ={35};

Line Loop(37) = {4, 9, -8, -12};

Plane Surface(38) = {37};

Line Loop(39) = {1, 14, -13};
Plane Surface(40) = {39};
Line Loop(41) = {2, 15, -14};
Plane Surface(42) = {41};
Line Loop(43) = {3, 16, -15};
Plane Surface(44) = {43};
Line Loop(45) = {4, 13, -16};
Plane Surface(46) = {45};
Line Loop(47) = {5, 18, -17};
Plane Surface(48) = {47};

Line Loop(49) = {6, 19, -18};
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Plane Surface(50) = {49};
Line Loop(51) = {7, 20, -19%};
{51};
Line Loop(53) = {8, 17, -20};
{63};

Line Loop(55) = {9, 17, -13};

Plane Surface(52)

Plane Surface(54)

Plane Surface(56) = {55};
Line Loop(57) = {10, 18, -14};
Plane Surface(58) = {57};

Line Loop(59) = {11, 19, -15};
Plane Surface(60) = {59};
Line Loop(61) = {12, 20, -16};
Plane Surface(62) = {61};

/////////////////Top and No Slip sides
Physical Surface(90) = {32, 34, 36, 38, 30};

Physical Surface(91) = {28};

//Top

///////Using Square Top

Surface Loop(96) = {28, 40, 42, 44, 46};
Volume(97) = {96};

Physical Volume(98) = {97};

//Bottom

////////Using Square Bottom

Surface Loop(99) = {30, 48, 50, 52, 54};
Volume (100) = {99};

Physical Volume(101) = {100};

//Left

////////Using Square Left Side

Surface Loop(102) = {32, 40, 58, 48, 56};
Volume (103) = {102};

Physical Volume(104) = {103};

//Right
////////Using Square Right Side
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Surface Loop(105) = {36, 44, 60, 52, 62};
Volume (106) = {105};

Physical Volume(107) = {106};

//Front

////////Using Square Front Side

Surface Loop(108) = {34, 42, 58, 50, 60};
Volume (109) = {108};

Physical Volume(110) = {109};

//Back

////////Using Square Back Side

Surface Loop(111) = {38, 46, 56, 54, 62};
Volume(112) = {111};

Physical Volume(113) = {112};
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