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This thesis explores several models in continuum mechanics from both local and nonlo-
cal perspectives. The first portion settles a conjecture proposed by Filippo Gazzola and
his collaborators on the finite-time blow-up for a class of fourth-order differential equa-
tions modeling suspension bridges. Under suitable assumptions on the nonlinearity and
the initial data, a finite-time blowup is demonstrated as a result of rapid oscillations with
geometrically growing amplitudes. The second section introduces a nonlocal peridynamic
(integral) generalization of the biharmonic operator. Its action converges to that of the
classical biharmonic as the radius of nonlocal interactions—the “horizon”—tends to zero.
For the corresponding steady state problem, which represents a peridynamic analog of a
hinged or clamped plate under load, the existence and uniqueness are shown. By utilizing a
compactness result devised by Jean Bourgain, Haim Brezis, and Petru Mironescu and em-
ploying a method developed by Qiang Du and Tadele Mengesha, it is demonstrated that as
the horizon tends to zero, the solutions of the nonlocal boundary value problems converge

strongly in L? to the solutions of the corresponding classical elliptic problems.



il

DEDICATION

I would like to dedicate this work to my grandparents Irene and Sam Trageser. I wish you

two could have been here to see its completion.



v

ACKNOWLEDGMENTS

My journey towards my doctorate has been an amazing experience. It was not always a
pleasant experience, but throughout it all I have always had amazing people there to support
and guide me.

I would like to first thank my advisers Petronela Radu and Daniel Toundykov. I could
not have asked for better mentors. Their unending support and insights have made the
present work possible and given me a strong foundation on which to build my career. I
have no doubt a large part of my success is due to them and for that I am eternally grateful.

I met my wife Yu shortly before starting graduate school. Because of her, I can truth-
fully say it has been some of the best times of my life and I know the best is yet to come.
I would like to sincerely thank her for her boundless support and encouragement. Her
organizational skills turned a mess of deadlines and scheduling into a smooth process cul-
minating in my degree and a research postdoctoral position. When I first began graduate
school I had no idea where I would end up, but with her at my side I know anything is
possible. I cannot thank her enough for helping me and always being there when things got
rough.

I would like to thank my family. Firstly, my parents Marty and Jerry whose guidance,
faith, and encouragement have made me the person I am today. They have always put me
first (sorry Chris, but I am the first born) and been an incredible influence in my life. I
really appreciate all of the sacrifices they have selflessly made for me. I would also like to
thank my brother Chris whose advice and support is always fantastic.

Next I would like to thank my committee members: George Avalos, Florin Bobaru,
Mikil Foss, Marta Lewicka, and Mohammad Rammaha for their comments and sugges-
tions. They are an amazing group of people and I am lucky to have had all of them on my

committee.



My career in mathematics did not begin in graduate school and I definitely need to
thank Griff Elder, Steve From, and Andrzej Roslanowski. They were the first people to
open me up to the beautiful world of mathematics and for that I am truly grateful.

I would also like to thank the UNL office staff (Liz, Lori, Tom, Rex, and Marilyn) for
all their help with paperwork, scheduling, advice, and making graduate school a little less
stressful.

Lastly, I would like to thank my friends from graduate school. I will only mention a
couple, but I am so appreciative of all of my friends and am so lucky to have their friend-
ship. First I want to thank Ethan Twisdale, whose lousy ping pong skills were always there
to serve as a pickup when I felt stressed. In all seriousness though, he is a great friend
and was an immense help getting through this last year. Next, I would like to thank my
academic sister Pei Pei (Daniel’s second favorite student) for all of her advice and encour-

agement.



vi

Contents

Contents vi
(L__Introduction| 1
(2 Finite time blow-up in nonlinear suspension bridge models| 3
2.1 Local models and literature overview| . . . . . . . ... .. .. .. ..... 4
2.2 Mainblow-upresult . . . . ... ... 8
(2.3 Outhline of the proof to Theorem[2.2.1]| . . . . .. ... .. ... ... ... 12
[2.4 Summary of constants and energy functions| . . . . . ... ... ... ... 14
2.5 ConvexityofGand H|. . . . . . . ... .. ... ... ... ... 17
2.6 Growthof Gandbehaviorofwl . . . ... ... ... ... ... ..... 25
[2.6.1 Oscillatory behaviorofw{ . . . . . .. ... ... ... ... ... 29

[2.6.2  Shape of the graph and geometric growth| . . . . . ... ... ... 31

[2.7  Estimating distances between zeros|. . . . . . . . . ... ... 40

13 A nonlocal biharmonic operator and its connection with the classical analoguel 48

[3.1 Nonlocal background and literature overview| . . . . ... ... ... ... 49
[(3.1.1  Contributions to the nonlocal theory| . . . . . ... ... ... ... 52
3.2 Background| . . ... ... ... 52

[3.2.1 Operators| . . . . . . . ... . e 53




[3.2.2  Continuity and mtegrability|. . . . . . ... ... ... L.

[3.3  Nonlocal function spaces| . .

[3.4  Compactness theorems| . . .

[3.5 Convergence of the nonlocal operators| . . . . . . ... ... ... .. ...

[3.5.1 Scaled operators|. . .

[3.5.2  Pointwise convergence| . . . . . . .. ... ..

[3.6  Well-posedness of the nonlocal steady state problem|. . . . . . . ... ...

[3.7  Convergence results| . . . . .

[3.7.1 Convergence to the classical solution for the hinged problem| . . . .

[3.7.2  Convergence to the classical solution for the clamped problem| . . .

vii

55
63
68
72
72
74
82
83
86
&9

95
95

101



Chapter 1

Introduction

Thin plates and curved shells are ubiquitous components in many natural and man-made
structures. For example, bridges, ship hulls, domes, membranes, and airfoils can all be
described and analyzed with plate/shell theory. This exposition will investigate certain as-
pects of thin-plate dynamics from both “local” (classical, or differential) and “nonlocal”
(interal) perspectives. Respectively, we begin our investigation with the local perspective
in Section [2.1| which provides an overview of the literature and a brief introduction to the
rich theory surrounding suspension bridge modeling. Our journey in the local setting con-
tinues in Chapter 2, where we delve into the analysis of a specific fourth-order equation
describing bridge oscillations. Various invariants, energies, and technical estimates related
to the equation are developed, culminating with the proof of a previously open conjec-
ture proposed by Filippo Gazzola pertaining to blowup of traveling wave solutions of the
equation.

No discussion of suspension bridges (or many other thin-plate systems) would be com-
plete without mentioning material failure, an inevitable occurrence in many structures.
Unfortunately, modeling the formation and propagation of fractures remains a challeng-

ing area of research; however, a recently developed theory called peridynamics provides a



method of modeling material fatigue and system dynamics within a single unified solution
by utilizing nonlocal operators. In this nonlocal setting, points are allowed to “interact”
with one another over a finite distance called the horizon. Chapter [3| starts with a review of
the literature in section [3.1] and then introduces a nonlocal formulation of the biharmonic
operator A% which appears in many formulations in thin-plate theory. Then theorems de-
scribing conditions for the nonlocal Laplacian to be Lipschitz continuous and the nonlocal
biharmonic to be L? integrable are presented. Next, nonlocal formulations of a fourth order
elliptic equation with hinged and clamped boundary conditions will be introduced and ana-
lyzed with well-posedness results proven. We conclude the chapter with the main nonlocal

results, Theorems [3.7.6| and [3.7.3] which demonstrate a powerful connection between the

local and nonlocal theory; specifically, that solutions to the nonlocal hinged and clamped
systems converge strongly in L? to the weak solutions of their local analogues when the

horizon converges to 0.



Chapter 2

Finite time blow-up in nonlinear

suspension bridge models

In this chapter we will look at the local theory of plate dynamics, particularly with reference
to suspension bridge oscillations. We begin in Section 2. 1{with an overview of the literature
and background information. We then proceed to Section [2.2] where we present our main
result, Theorem[2.2.1] regarding equation (2.1.2)): a sufficient condition for finite time blow-
up. Section[2.2]also includes a few observations as well as open problems. For the reader’s
convenience, Section [2.4] presents a comprehensive list of constants and energy functions
used throughout the chapter. In Section we prove several lemmas about the energies
introduced in Section[2.4] while Section [2.6] contains some results concerning the shape of
the graphs of solutions to equation (2.1.2). We conclude our local analysis with Section

[2.7where we derive additional estimates for solutions of (2.1.2)) and complete the proof of

Theorem 2.2.11



2.1 Local models and literature overview

The topic of suspension bridges is a celebrated area of applied mathematics filled with
engineering marvels, as well as many dramatic events. One of the most notorious dis-
asters is the Tacoma Narrows Bridge collapse of 1940. The collapse of the bridge had
been previously explained by a resonance-like effect produced by a wind of under 80km/h
[2]; however, in recent literature (e.g. [17], [26]) it has been demonstrated that resonance
theory does not accurately describe these vibrational patterns. The phenomenon of self-
amplifying oscillations in bridge dynamics is now recognized to be far more complex than
originally believed; see the wonderful historical overview of existing theories in [[14], [26].
To explain these dynamics, several models have been proposed. The following model based
on the Euler-Bernoulli beam equation was introduced by Lazer and McKenna in [27] and

investigated further in [26]:

Uy + Uy + yu™ = W(x, 1), x€(0,L), t>0. (2.1.1)

In the above model u denotes vertical displacement, L > 0 is the length of the bridge,
ut = max {u, 0}, yu" represents the force from the cables treated as springs with a one-
sided restoring force, and W accounts for additional forces such as weight and wind. In

[28]] McKenna and Walter investigated traveling waves for this model. After some normal-

ization, traveling wave solutions to (2.1.1) necessarily satisfy

w”(t) + kw”' (1) + f(w(t)) =0 (2.1.2)

with f(s) = (s+1)" — 1. In [10]], a smooth analog of this nonlinearity given by f(¢) = ¢’ — 1
was considered.

Recent research (e.g. [[14]) shows that the stability of a bridge can be critically affected



by torsional oscillations, in particular, their interactions with vertical displacements. Con-
sequently, a one-dimensional model in the above interpretation does not accurately describe
large oscillations, as twisting effects would not be taken into account. Indeed, traveling
wave solutions corresponding to (2.1.2) are global when f(s) € Lip,..(R), f(s)s > 0 for
s # 0, and f(s) has at most linear growth either as s — +oo or as s — —oo, which was
shown in [5].

Observations of actual bridge oscillations (Millennium Bridge [4]) and collapses (Tacoma
Narrows Bridge [13]]) reinforce the idea that torsional and vertical oscillations in suspension
bridges are coupled. To model this interaction, [11] introduced a second unknown function
to measure potentially unbounded torsional effects. Subsequently, it was suggested in [16]
that the coupling mechanism be incorporated into a one-dimensional model by allowing the
forcing term f to take arbitrarily large negative values. In this new model positive values of
w correspond to vertical oscillations, while negative ones describe torsional deformations.
A suitable function f would necessarily be sign preserving, e.g. f(s) = s°> + s. For an
extensive overview of the theory for ODEs of the form (2.1.2)) see the book [33]] by Peletier
and Troy.

The study of traveling waves for (2.1.1)) when vertical and torsional oscillations are un-
bounded has been a challenging open problem. The current chapter investigates finite time
blow-up of solutions to equation (2.1.2)) when f is a locally Lipschitz function unbounded
as |t| — oo.

In their paper [17] Gazzola and Pavani offered an innovative proof of blow-up for the
case k < 0; this range for k corresponds to models of beams in tension where —k > 0

represents the tension [18]]. The scenario k > 0 corresponds to traveling wave solutions

u(t, x) = w(x + ct)



of the Euler-Bernoulli equation, with k = ¢*> where c is the speed of the wave. Numerical
evidence strongly supports the blow-up for k > 0, as presented in [17]. This case, how-
ever, remained open until now since positive values of the parameter k critically alter some

intrinsic invariants associated with the ODE. We settle the blow-up conjecture when

e k € (0,2) for a large class of nonlinear functions; see Theorem [2.2.1]

e k > 2 for scaled versions of nonlinearities satisfying the hypothesis of Theorem[2.2.1

see Corollary [2.2.3]

Moreover, we cover the case k < 0 with an alternate proof that requires less regular-
ity on f and w. For all ranges of k, the assumptions on f are satisfied for power-type
nonlinearities. We mention that the splitting into the cases k < 2 and k > 2 happens for
technical reasons in our proof; however, it may be related to the fact that the corresponding
linearized system for (2.1.2) has 2-dimensional stable and unstable manifolds for k] < 2
and has purely imaginary eigenvalues when k > 2, see [, Prop. 20].

The approach for all cases is inspired by the remarkable strategy developed in [17];

however, major challenges had to be overcome to accommodate k£ > 0:

e First, most of the energy functionals used in [17] are not convex for k > 0, yet
this ingredient is critical in understanding the behavior of solutions. We introduce
new energy functionals adapted to (2.1.2)) and take advantage of their convexity and

monotonicity properties to describe the behavior of solutions.

e An essential feature in the proof of the blow-up in [17] for k < 0 was the ability to
ensure the existence of exactly one inflection point between consecutive zeros of the
function. The same analysis does not extend to k > 0 so our proof allows multiple

inflection points on an interval of one sign. Numerical evidence seems to indicate



that for sufficiently large energy there is eventually only one inflection point between

neighboring zeros; however, verifying this conjecture is still an open problem.

e The intricate employment of test functions from [[1'/]] could not be reproduced for k >
0. Instead, we rely on geometric features of energy functions to show the growth and
blow-up of solutions. This approach also allows us to handle less regular solutions,

since we do not need to differentiate the ODE multiple times.

The theoretical work described above corroborates preliminary numerical computations
that we have performed; together they prompt the following remarks with physical impli-

cations:

e For fourth order ODEs, the blow-up phenomenon, although oscillatory, seems to
be driven not by frequency (as in resonance for second-order ODEs), but rather by
the amplitude of the oscillations. Nonmonotone blow-up in finite time cannot be
reproduced with a time-dependent external forcing that matches the frequency of the
system. Instead, the mechanism is based on a transversal displacement inducing a
torsional oscillation and vice versa. This “dual-excitation” process leads to a finite-

time blow-up of the traveling wave solution.

e The forcing term f(u) considered in this work is defocusing from the perspective
of the hyperbolic or Petrovsky dynamics. However, in the context of traveling wave
formation this restoring force has the opposite effect and induces a locally unbounded

profile.

Our results are applicable to the study of some partial differential equations, e.g. Zakharov-

Kuznetsov equations [24] and biharmonic coercive equations [15, Section 3].



2.2 Main blow-up result

Assume that f satisfies the regularity conditions:
f e C'(R) and there exists a k; € R such that f’ > «;. (2.2.1)
We also impose that f satisfies the following growth condition: there exist constants
p>qg>1, >0, and O<p<p

such that

plslP*t < sf(s) < als|”! +BsPtt VseR. (2.2.2)

Furthermore, let

F(s) := fs f(r)dr.
0

Theorem 2.2.1. Assume f satisfies 2.2.1) and (2.2.2). Let k < 2,

( 2 )i ( 2 )1 ap+ 1)+ Bg+1)
a=p - v =
p(p+1) p(p+1) (g+D(p+1Dp
2-k 2-(1+k
(0. ==) kew©2) © #) ke (0,2
k 2 Hky
M3 € , CE€
(0, 00), k<0 (0, 0), k<O0.
If w(2) is a local solution to that satisfies
k ’ 2 ’ 11 1 " 2 a a
—w'(0)* +w' (0w (0) + Fw(0)) — =w"(0)" > -—, (2.2.3)
2 2 g+1 ¢

then w blows up in finite time for t > 0.



Remark 2.2.2 (Conditions on the initial data). The condition (2.2.3) is in the spirit of [17,
Eqn. (12)]; however, here we define it in terms of the energy E (introduced below in
(2-4.2))), which is constant in time and therefore is a more natural invariant for the problem,
obtained in fact through the classical energy multiplier w’ applied to (2.1.2)). Instead [17,
see (12) and p. 20] employs a different non-constant convex invariant to characterize the
initial data. Global existence for other data sets is under investigation; numerical evidence
suggests that nontrivial solutions may exist globally in time. For example, see Figure [2.1]

where the solution does not satisfy (2.2.3)) and appears to be stable and doubly-periodic.

0.10 +

Vvv \]VU vUU I \}UU "UUV vUv o

-0.10

Figure 2.1: Numerically obtained solution of (2.1.2) for:
k = 1.6, f(t) = £, and [w(0),w’(0), w”(0),w”(0)] = [0.05,-0.06,0,0.1]. These initial
conditions do not satisfy the sufficient assumption (2.2.3)) for blow-up.

Using linear transformations we are able to prove blow-up results for k£ € R provided

the nonlinearity f satisfies certain conditions.

Corollary 2.2.3. Let c;,c; # 0 and c5,r € R be such that r/ c% < 2. Let g be chosen so that

1
f(s) = —g(ci s+ c3)) (2.2.4)

C]C2

where f satisfies conditions (2.2.1) and 2.2.2). Let a, y,, u», and ¢ be defined as in Theorem
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2.2.1] Suppose u solves

u” +ru” +gu)=0 (2.2.5)
with initial conditions satisfying
r

2c5c

2
1
(01 a

1 1 1
1 (0) + S—u' (O (0) + F (—u(O) -~ 03) - ——u"(0)’
2 16, €1 2¢165

(2.2.6)

> .
qg+1 ¢

Then u blows up in finite time on the right-maximal existence interval [0, w) if c; > 0, and
on the left-maximal interval (—w, 0] if ¢, < 0.

(See Example below for an application.)

Proof. Let

w(t) = lu (i) —-C3

1T \C2

so that u(f) = ¢; (w(cat) + ¢3) . Rewrite equation (2.2.3)) in terms of w:

0 =u""(t) + ru” (t) + g(w(2))
4 11y 2.1

=c1c,W"" (cat) + rercaw’ (eat) + g (c1 [w(eat) + ¢3])

=cicow”" (cat) + rejcaw” (cat) + c1c3 f(w(cat))  using 2.2.4) .

Dividing by ¢;¢} results in

0 = w"(cat) + 5w (cat) + fw(cat)), 12 0.
)

Setk = r/c; < 2. If u satisfies (2:2.3)) on some neighborhood (-C, C) of 0, then for 7 = ¢»1,

the function w satisfies

w”' () + kw' (1) + f(w(T)) =0
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on the interval (—C/|c;|, C/|c;|). The restriction on the initial conditions of u from equation

(2.2.6) implies

a a

gwl(o)z +w' (0w (0) + F(w(0)) - %W”(O)2 “a+1 ¢

The conclusion now follows from Theorem 2.2.1] O

Example 2.2.4. Consider a function w(¢) satisfying
W () + ru” () + lu@®)Pu(t) = 0
with > 0 and b > 0. If we pick ¢; = 1,¢; = Vr, ¢3 = 0, notice from (2.2.4)) we have that
1) = 5as) = lsls

satisfies conditions (2.2.1)) and (2:2.2) and r/c? = 1 < 2. Corollary now gives a set of

initial conditions where u will blow up. In particular, when

Ju(0)"*2 T

1 , 2 1 ’ "
Zu (O) + rzu (O)M (0) + r2(b + 2) 2},-2 q+ 1 C.

Corollary can also be used to tackle some nonlinearities not satisfying conditions
(2.2.1) and (2.2.2). The next example will look at the nonlinearity f(w) = w® =3w? +4w -2

which certainly doesn’t satisfy (2.2.2)).

Example 2.2.5. Consider a function u() satisfying

W)+’ () +u = 3uF +4u—-2=0
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where r > 0. Set¢; = 1,¢, = Vr,c3 = 1. Then
1 1
f(s) = ﬁg(s +1)= ﬁ(s +5)

satisfies conditions (2.2.1)) and (2.2.2)). Corollary now prescribes initial conditions for

which u will blow up in finite time. In particular, u blows up when

1 ’ 2 1 ’ 1" 1 (M(O) - 1)3 (M(O) - 1)2 1 ” 2
e 4
g+1 ¢

2.3 Outline of the proof to Theorem 2.2.1]

The proof of the main Theorem [2.2.1|relies on three main components:

e The first step, to show that global solutions to (2.1.2)) cannot be eventually of one
sign, has been settled for k > 0 in [S)] under suitable conditions on f. In [17] an
oscillation result was proven for k < 0. The only contribution to this step by the
present dissertation is a modified proof of the oscillation result for £ < 0 which holds

under relaxed differentiability assumptions on f.

e Inspired by the approach in [[17]], we introduce certain energy functions in Sections
[2.4] which are studied in Section[2.5] We use the energy functions to prove in Section

[2.6]that extremum values for the solution grow at least geometrically fast.

e Using the results of Section 2.6 we show in Section [2.7] that distances between con-
secutive zeros of a solution w form a summable sequence, therefore |w| necessarily
blows up in finite time. To accomplish this we employ the following properties, de-

rived in Section [2.6] of a solution of (2.1.2)) satisfying the hypothesis of Theorem
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(WT1) w changes sign at zeros and is never eventually of one sign.

(W2) On an interval of one sign [z;, ziy1] Where w(z;) = w(z;11) = 0, there is exactly

one extremum ;.
(W3) On [z;,m;] and [m;, z;41], [W| is nondecreasing and nonincreasing respectively.

(W4) On [m;, z;+1] we know w is concave down on an interval of positivity and con-

cave up on an interval of negativity.

For an example of a numerically obtained solution see Figure Notice how the peaks

increase in magnitude while the zeros converge to a limit point.

N

va\/\j

Figure 2.2: Blow-up through oscillations. This numerically obtained function was rescaled
vertically to exhibit more peaks.

The plot in Figure [2.3| exhibits the behavior between consecutive zeros on a positivity

interval and the geometric features (W1)—(W4) of the solution.



z r m. z \
i i i i+1
AT T T ~<
\\\ L
- e — -
\\\ //// . \\ :
\\\\\\ N .
\ R
\ .
z " m \ z:
; i i N i+l

Figure 2.3: Numerically obtained solution of (2.1.2)) for:

k =3.5, f(¢) = £, and [w(0), w’(0), w”(0), w”(0)] = [0,0.5,0.3, -0.6].
Zi, Zi+1 - consecutive zeros of the solution.

m; : unique extremum on the interval of positivity.

r; - first inflection point after the zero z;.

s w(t)

———w()

2.4 Summary of constants and energy functions

14

In this section we summarize for easy reference all parameters and energy functions that

will be used to prove the main theorem. Recall from condition (2.2.2) that p, p, and g were

constants used to quantify the growth of f. If we let a be the minimum of the polynomial
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plx|P*! — x* then

p+l

sl )
P+ p(p+ 1)

Parameters vy, y,, {1, {; will describe the growth of F(s) := f f(r)dt in (2.5.2), Lemma
0
and they are defined by

':—p g':—a’
TG D@p) e
o, B
PTG e P gl

The set of constants to follow will be used to define suitable energy functions associated

with solution w. We begin with 3 which will be a free parameter in the interval

2k
(o, = ) k€ (0,2)
H3 €

(0, ), k<0.

The constant ¢ will be used to determine admissible initial energies for blow-up results.

It can be set to any value in

(0’ 2 — (1 + )k

» ke(0,2)
%"'k?’z )

C €

(0, 00), k<0.
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In terms of the above parameters we define:

1
M ::2—k(§+c72+1+,u3) @ = 5(2—’((/13+C7’2+1))
3 Cc
M2 = Uz +clyr + 5 ay = E + U3 +672+1 (241)

a3 :=uz+cy, + 1.

It will be shown that these constants are positive. Recall that x; was a lower bound on f”

(from (2.2.1))). Using it we define

© = min | |1
o k| + 17 k| + 1

We now introduce the energy functions (and compute some of their derivatives) that will

aid in exhibiting the blow-up mechanism of solutions to (2.1.2). These functionals inspired
by similar constructs in [[17] are able to detect the blow-up of w through their properties

(e.g. convexity for G and H):

E(t) ::gw’(t)z + W (@EOW(£) + Fw(r)) — %w”(t)z
(2.4.2)

A(t) ==w@) fw(®)) + w” (1) + 2w(EOW” (1) .

It will be shown that the above energy E remains invariant during the life-time of solu-
tions; E and A together will be used to establish the growth and convexity properties of the

following functional G, which will be one of the primary tools for showing the blow-up of
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G(@) :=a1w(t)* + auw' (1)* — azw(H)w” (1)
G'(t) =2aw()w'(t) + Cas — az) W (OwW' () — asw(®)w’” (1)

(2.4.3)
G’ (t) =2a, (w(t)w”(t) + w'(t)z) +2(ay — a3) (w’(t)w”’(t) + w”(t)z)

+ as (w”(t)2 - w(t)w”"(t)) .

In addition the following two functionals will be employed to prove the geometric

growth of the extremum values of w. (& was previously introduced in [[17]):

D) ::%w”(t)z + F(w(?))
H() :=G(1) + k,0(2) (2.4.4)

= w(f)? + W (1) — asw(OW” (t) + %W”(l‘)z + kK, F(w(1)).

2.5 Convexity of G and H

This section proves several properties of the energy functions introduced in (2.4.2)—(2.4.4),
in particular the strict convexity of G and H. We begin by showing that E is conserved in

time.

Lemma 2.5.1. If w is a solution to equation then E(t) = E(0) for all t in the interval

of existence.

Proof. Assume w is a solution of equation (2.1.2)), then (suppressing “(¢)”)

dE
E — kwlwll + WIWINI + WIIWNI + f(w)wl _ WI/WH/

=wkw” +w"" + f(w)) =0.
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O

The next lemma introduces and derives a lower bound for the function A. A will be

used later to provide a lower bound on G”.

Lemma 2.5.2. Assume f satisfies condition (2.2.2)) and
A(t) == wt) fw(D)) + W (£)* + 2w(Ow” (2).

Then

p+l

A(t)>a__( 2 )p—l_( 2 )pz]
=T\ o+ p(p+ 1)

for all t in the interval of existence.

Proof. We estimate directly:

A =wfw) + W) +2ww” > plwl”*! + (W”)* + 2ww”  (condition ([2.2.2))
= plwlP™ = w? + W+ W) + 2ww”

2

> plw”*! —w? (Young’s inequality)

> a.
The last line follows by minimizing p|x|”*! — x> with x € R. |

The next result describes the growth of F and will be used later to show the convexity

of the energy G.
Lemma 2.5.3 (Growth of F). Assume f satisfies condition (2.2.2)) (with parameters a, 3, p, q).

Let F(s) := fs f(r)dr, and
0

I Y /R VRV C R S
p+D@+p T T T Dy 0

Y1
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then for all s € R
Llslpﬂ < F(s) < L|S|f1+1 + Llslpﬂ . (2.5.1)
p+1 q+1 p+1

Consequently, by (2.2.2)) for all t in the interval of existence

YW fw®) + {1 < Fw(0) < yaw(0) f(w(®) + & . (2.5.2)

Proof. Recall that p > g. Then for all s (note that both s > 0 and s < 0 yield the same

result via lower bound in (2.2.2))) we have

F(s) = f S f(odr > f SpTlTlp_ldT
0 0

:;gﬂw“:yua+mwwl

= yia(1+1s"*") + yBlsl”™! = yie

1 1
> yials|” + yiBlsPT + &

> y15f(s) + 4.

We find the upper bound in a similar manner (again both s < 0 and s > 0 yield the same
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inequality using the upper bound in (2.2.2))):

F(s) = f S f(ndr < f Sa/TIqu_1+,8‘r|T|”_1dT
0 0

(04

e
q+1 +1

a ﬁ p+l

< —— (1 +|sPP") + —
_q+l< 1 ) p+1|s|

Y B |s|P*!
q+1 g+1 p+1

=& + yaplslt!

< O+ yasf(s).

Recall from Section [2.4|the definition of the energy function G:
G(1) = a1w(t)’ + axaw' (1) — asw()w” (1)
where coefficients ¢; satisfy

1 c
o =s2-k(pzs+ceya+1)), ma=s+u+eya+1.
2 —_— 2
[e4]
The next lemma will show that by placing certain restrictions on the initial energy we can

ensure that G” is bounded below by a positive constant.

Lemma 2.5.4 (Strict convexity of G). Assume w is a local solution to equation and
f satisfies condition (2.2.2)). Let & > 0, k < 2,

2k 2 (1 + )k
(o, —) ke 0,2) (0, #) ke (0,2)
k 3 +ky

M3 € , CE& s

(0, ), k<0 (0, ), k<0
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c 3c
.U1=2—k(—+072+1+/13), Mo =3 +Cy2 + —.
2 e 2

@3
Then uy, puy, u3, ay, @z, a3 > 0 and if E(0) satisfies cE(0) > {>c — a then for some € > 0 we
have

G" 2z &+ W) + W' + uswf(w) (2.5.3)
on the interval of existence of the solution.

Proof. First let us verify the positivity of the constants. If k£ < 0 then all above constants
are trivially positive; therefore, let us consider k € (0, 2). It is clear that u3 and ¢ exist and

are positive. Because y, > 0 we have w,, @y, @3 > u3 > 0. Next, we focus on y;. Recall ¢

satisfies
2—(1+wu)k
P IRV
> + k’)’z
so that
ck
?+Ck’)/2 <2—k—/.l3k
and

k
0<2—%—cky2—k—,u3k=u1.

k
Since 2ay =2 — kasz = puy + % we have that a; > 0 as well.

Now we will establish a lower bound on G”. Recall from (2.4.3) that

G" =2a (ww" + (w’)2) +2 (0 — a3) (w'w"' + (w")z) + s ((w")2 - ww'"') .

Since cE(0) > {>c — a pick € > 0 such that cE(0) > {,c — a + €. Utilizing the lower bound



on the energy function A(r) from Lemma[2.5.2] we obtain

chHhH+e
<cE0)+a
<cE(t) + A(t)

C2 WY + cw'w” [CF(W)] - %(w”)z FwEw) + W)+ 2w

<i€(w Y+ ew'w” [cygwf(w) + cg“z] - E(w")2 +wiw) + (W) + 2ww”.
2 [T — e 2

by 232

Subtracting c¢{, from each side, and adding and subtracting uzw f(w) results in

’ I/I

&< %k(W’Y +ew'w” + cyawf(w) - (w”)2 +wfw) + (") + 2ww”

+uswf(w) — uzw f(w)
0

ck c
= ?(w')2 + ew'w"” —cky,ww” — cyww””’ —2(w”)2 —kww” —ww""”’
—_— ———

cyawf(w)=cysw(—kw” —w'"") wf(w)=w(—kw"” —w""")

+ W+ 2w —uskww” = psww”” —pisw f(w).

3w f (W) =gz w(—kw”’—w/""")



Combining like terms and using arithmetic manipulations yields

/w24

k
e S%(w')2 + ew'w” + (=cky, —k+2 — izsk)ww” — (cys + 1 + uz) ww””
N—— ———

# (1= 5) o2 = owpon) |

/w24

k
:%(w')2 +ew'w” + (=cky, —k+2 — k) ww” — azww”” + (1 - %) (w'")?

— 3w f(w) + ¢ (W) = ")) +(=ckys =k +2 = psk) (W) = (w')?)
=0 -0

+ a5 (W) = (w")?)
=0

=c(Ww" +W')?) + (=cky, — k + 2 = usk)(ww” + (W)?) + az(W’)* = ww'”)

k
+(%+cky2+k—2+ﬂ3k)(w')2+(1 —0—072—3— 1 —ﬂ3)(W”)2

—pzwf(w)
=2 (ar — @3) (w'w'" + (w")z) + 2 (ww” + (w’)z) + a; ((W”)2 - ww"")
— W) = (W) = zw f(w)

=G" — W)’ = paw")? = pswf(w) .

We conclude

G" 2 e+ W) + W) + pswfw) 2 €.
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O

The proof of Theorem [2.2.1) will rely on the fact that G is convex and therefore we will

frequently appeal to the following condition on the initial energy £(0) (note also that since

since ¢,{, > 0 and a < 0 we infer E(0) > 0):

cE0) > He—a>0 (2.5.4)
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which is precisely the condition (2.2.3) in the hypothesis of Theorem [2.2.1]

The next result will show that H is convex.

Lemma 2.5.5 (Strict convexity of H). Let w be a nontrivial local solution to equation

(2.1.2) with k < 2. Assume f satisfies conditions (2.2.1)) and E(0) satisfies (2.5.4). Let
1
D) = EW"(Z‘)2 + F(w() and H(t) := G(t) + ko D(2)

where k, > 0 is given by

Ky 1= min{ (o] Ik } (2.5.5)

k| + 17 || + 1

Then H(t) > &, for some € > 0.
Proof. By condition (2.2.1) we know f” > «;. We differentiate @ twice to find
(1) = (W) = k(W) + f W) = k(W) + k(W)
Recall from Lemma that
G" > W) + W) +&

since puswf(w) > 0. Thus,

H// — K2®” + GI/

> —kio(W')’ + ki (W) + (W) + (W)’ + &

| M2
|k +1

Hi
ki + 1

k‘ Wy = ‘ Kl‘ WP + W) + oWy + &

> &.
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Now that we have convexity results for G and H we can infer several interesting prop-

erties of w that will be discussed in the next section.

2.6 Growth of G and behavior of w

The convexity results in Section [2.5] prove that both G and H are eventually strictly in-
creasing. This fact leads to several interesting properties of hypothetical global solutions
to (2.1.2). As Section[2.7]will subsequently demonstrate, these conditions lead to a contra-
diction implying that global solutions to (2.1.2) cannot exist. The first result we prove is

that G(7) grows exponentially for 7 sufficiently large.

Lemma 2.6.1. Assume f satisfies (2.2.2)), k < 2, w is a global solution to (2.1.2), and E(0)
satisfies . For some T > 0, there exist constants 8 > 0, C; > 0, and C, € R such that

G@it)>Cie” +C, forall t>T.

Proof. Since p > 1, us, & > 0, there exists C3 > 0 such that

a
C; (,ug,olwl"”rl + s) > (al + f)wz.

Recall uy, to, 3 > 0. Find C4 > 0 such that

C4 > max {C3, %, ﬂ} .
M1 24



Then

CiG” 2 Cye + Capiswf(w) + Capty (W) + Capo(w”')?

> Cyle + paplwl”™ ) + Capy W) + Capta(W”)?
——
condition 2:2:2)
> (m + %)wz +ar(W)* + %(W”)Z
2 2
W2 (W//)Z)

2 N2
=aw + a(w) +a'3(—+

> o w? + a(W)? — azww”’

=G.
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Because G” is strictly positive by Lemma|3.7.1} we can find a time 7' > O such that G(r) > 0

and G’(t) > 1 fort > T. Then for t > T we know G is bounded below by the solution to

the initial value problem:

Hence fort > T,

Cial"(t) =u(@®) for t>T, with w(T)=0,u'(t)=1.

G@t)>Cie" +C,.

O

The next result provides a lower exponential bound for the growth of w(¢) at extrema

when ¢ is taken sufficiently large.

Lemma 2.6.2 (Growth of w at the extrema). Assume w is a nontrivial global solution to

equation (2.1.2), f satisfies condition (2.2.2), and E(0) satisfies (2.5.4). There exists a

T > 0 and positive constants C, r such that for any local extremum m > T of w we have

(w(m)| > Ce"™.
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Proof. Since w'(m) = 0 we have

1
E(m) = F(w(m)) - EW”(m)2 = E(0)

G(m) = ayw(m)* — azw(m)w” (m) .

Solving for [w”(m)| in the energy equation yields

W’ (m)| = \2F (w(m)) — 2E(0).

Notice that at a local extremum m we always have w(m)w” (m) < 0 and consequently,

G(m) = ayw(m)* + as|w(m)| \/2F(w(m)) —2E(0).

Thus by bound (2.5.1) on F from Lemma[3.7.1] and using p > ¢

G(m) < a;w(m)* + aslw(m)| \/2—0[|W(m)|‘1+1 + 2—'BIW(m)II’+1
qg+1 p+

1 2.6.1)

43
<ci+cwim)| 7.

where ¢y, ¢; > 0 are sufficiently large. By Lemma [2.6.1 we know there is a T' such that for

m > T we have G(m) > C,e*" + C, for some constants C;, C, > 0. Consequently,

2
Clee’" + C2 —C )’”3

(&)

lw(m)| > (

and for sufficiently large 7' (and consequently large m),

2

C p+3
w(m)| = (2—1) e, (2.6.2)
C

2
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We will discover that w is never eventually of one sign. This coupled with the above
lemma allows us to conclude that w is unbounded, at least asymptotically. Next we will
look at the value of G() at an extremum, m, of w. The next Lemma will show that for m

sufficiently large, G(m) is comparable to Iw(m)lpTB.

Lemma 2.6.3 (Bounds on G(m)). Assume f satisfies condition (2.2.2). If w is a nontrivial
global solution to [2.1.2)) with initial conditions satisfying [2.5.4)), then there exists non-
negative constants T,Cy, and C,, such that if m is a local extremum of w and m > T,
then

Cilw(m)|'E < G(m) < Calw(m)|'F".

Proof. The upper bound follows as in the proof of Lemma from (2.6.1)) and the fact
that w(m) is eventually large, as dictated by (2.6.2).

For the lower bound, again, since m is an extremum, we know w(m)w’’(m) < 0 and

E(m) = F(w(m)) — %w”(m)2 &  |W/(m) = \2F(w(m)) — 2E(0). (2.6.3)
Thus for a sufficiently large m,

G(m) = ayw(m)* — azw(m)w” (m)

= ayw(m)* + as|w(m)| \/2F (w(m)) — 2E(0) (Equation (2.6.3))

> ayw(m)* + aslw(m)| \/l%lw(m)lp” —2E(0) (Lemma[3.7.1])

> a;w(m)? + az\w(m)| \/ %lw(m)lerl (use Lemma (2.6.2) and large m)
p
1

2 +3
za3( P ) w(m)|’T  (recall p > 1)
p+1

= CzIW(m)Ig
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2.6.1 Oscillatory behavior of w

Following the approach of [17], the proof of the main result is based on the fact that w
cannot remain of one sign and exist globally.

The following result comes from [S, Thm. 4]. For our purposes, it states that if K > 0
and f satisfies conditions (2.2.1)) and (2.2.2)), then nontrivial global solutions to (2.1.2)) are

never eventually of one sign.

Theorem 2.6.4 (Oscillations of w when k > 0. [5, Thm. 4]). Let k > 0 and suppose

f € Lip, (R), f(®t>0forevery t € R\{0}.

If w is a nontrivial global solution to , then w(t) changes sign infinitely many times

ast — ooandast — —oo.

First we need the following lemma that will also come in handy later on when proving

some geometric properties of the graph of w.

Lemma 2.6.5 (Decreasing |w| after an extremum). Assume f satisfies (2.2.1) and [2.2.2)),
k < 2, and w is a nontrivial global solution to [2.1.2) with initial conditions satisfying
(2.54). Let (zi,zi+1) be an interval where w is of one sign. There exists a T > 0 such
that if z; > T, m; € (z;,z:41) is a zero of W', and |w| is strictly decreasing on some interval

(m;,m; + 8) C (my, Zi21) with 6 > 0, then w’ # 0 on (m;, Z;1 ).

Proof. To the contrary, assume n; > m; + ¢ is the next point where w’(n;) = 0 in (m;, Zi41].
By assumption [w(n;)| < [w(m;)|. If in addition w(n;) = 0, then the energy satisfies E(n;) =

—%w”(n,-)2 < 0 contradicting (2.5.4) which requires E(0) > 0. Thus w(n;) # 0, in particular
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n; < ziy1. Since |w| is decreasing till n;, we know n; cannot be a point of maximum of |w|
and consequently

wn)w”(n;) > 0.

Now recall,

G(n;) aw(m)? — asw(n)w” (n;)

G(m;) aw(m)* — asw(m)w” (m;).

Provided m; is sufficiently large, Lemma[2.5.4]implies G(n;) > G(m;); hence,

aw(m)? — asww” (n) > ayw*(m;) — asw(m)w’” (m).

This implies that

0 > ayw’(m) — aw’(m) > aswm)w’” (n;) — azw(m)w’” (m;) .

It follows that w(m;)w” (m;) > w(n,)w” (n;). However, w(m;))w” (m;) < 0 and so w(n)w”(n;) <

0 contradicting w(n;)w” (n;) > 0. We conclude w" # 0 on (m;, Z;11]. O

The oscillation result for the case k < 0 was proven in [[1'/] using the assumption that
f is twice continuously differentiable away from 0 and imposing some restrictions on f”’.
Using the ideas in [3} [17] we provide a modified proof (see of this result by requiring

assumptions on only one derivative of f, consequently requiring less regularity on w.

Lemma 2.6.6 (Oscillations of w when k < 0, cf. [17]). Assume f satisfies conditions
@2.2.1) and 2.2.2), k < 0, and w is a global solution of (2.1.2) with initial conditions

satisfying (2.5.4). Then w is never eventually of one sign.
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Proof. Seeft.1] o

2.6.2 Shape of the graph and geometric growth

In the last section we learned that provided certain conditions were met, a solution w of
(2.1.2) is never eventually of one sign. In this section we establish the behavior of w
between consecutive zeros. We also gather previous results here to give a general picture
of w in a region of one sign. In the first lemma we discover only one extremum can exist

on an interval of one sign.

Lemma 2.6.7 (Single extremum on an interval of one sign). Assume f satisfies conditions
(2.2.1) and (2.2.2) and w is a nontrivial global solution to equation (2.1.2) with initial
conditions satisfying (2.5.4). There exists a T > 0 such that if w(z;)) = w(zi+1) = 0 for
zi = T, and (z;,zi+1) is an interval where w is of one sign, then there exists exactly one
local maximum of |w| on [z;, Zi+1];, moreover, \w| is increasing on [z;, m;] and decreasing on

[m;, Zi1].

Proof. Either by Lemma or just observing that G’(z;) = a,w’'(z;)> and G’ is eventually
positive, we know that w'(z;) # 0. So |w| is increasing on some interval [z;, z; + €]. Let m;
be the first place in [z;, z;+1] such that [w| is not increasing on some interval [m;, m; + &).
If |w| is decreasing on some [m;,m; + 9), 6 < &, then we are done by Lemma@ We
know w is not constant anywhere as solutions are unique, in particular, by continuity there
cannot be a dense subset of zeros of w’. We also know that we can not have a sequence of
isolated points {n j} converging to m; from the right with w’(n;) = 0 unless |w] is increasing
on each interval [nj,;,n;], as for j large that would contradict the assumption that |w| is
non-increasing [m;, m; + €). We conclude there is exactly one local maximum of |[w| on

[z:, zi+1] and the monotone behavior before and after m; on [z;, 71 ] follows. O
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There are several consequences of Lemmas [2.6.5]and [2.6.7] that are of use to us. Pro-

vided T is sufficiently large and the hypotheses of the two lemmas hold, we know

e w changes sign at zeros.

e w has exactly one extremum, m;, on an interval [z;, z;+1] where w(z;) = w(z;11) = 0

and w is of one sign on (z;, Z;+1)-
e |w| is nondecreasing on [z;, m;) and decreasing on (m;, z;].

To simplify things, we introduce some notation. Any global nontrivial solutions to (2.1.2))
satisfying the hypothesis of Theorem [2.6.4] will have infinitely many zeros, extrema, and

inflection points, denoted as follows:
e Z :={z;} will be the zeros of w with z; < zj,1.
o M := {m;} will be the extremas of w with m; € (z;, Zis1).

e R = {r; } where r; is the smallest number in [z;, m;] such that w”(r;) = 0.

The next result will show that not only the sequence {|w(m;)|} is unbounded, but eventually

it grows geometrically.

Lemma 2.6.8 (Geometric growth of w at extrema). Assume f satisfies conditions ([2.2.1))
and (2.2.2) and w is a nontrivial global solution to equation (2.1.2) with initial conditions
satisfying . There exists aT > 0 such that any subsequence of {|w(m;)| : m; € M,m; > T}

is bounded below by the sequence {(%)”” RS N}.

Proof. The argument was motivated by the approach in [17, Step 6, p. 25]. Let ¢£; be the
last inflection point between m;,_; and m;, possibly m; itself (one must exist because one m
is a local minimum, while the other is a local maximum). Let T be sufficiently large so that

the consequences of Lemma are valid and Lemma[2.5.5]implies H'(r) > 0, H(r) > 0.
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Recalling

k 1
F(W) —E = _E(W/)Z —ww” + E(W//)Z

and w’(m;_;) = O results in
1 7 2
Ky QF(w(m;_y)) — E(m;i_y)) = ko | F(w(m_y)) + E(W (mi_1))|.
At any extremum m;_; we know w(m,;_)w” (m;_;) < 0 and w’(m;_;) = 0; therefore,

1
Ky [2F(W(m;_y)) — E(m;_1)] < k» [F(W(mi—l)) + E(w”(m,-))z]

2
— asw(mi_ )w' (mi_y) + ayw”(m;_,)

_ Him.) (2.6.4)

< H() (Lemmal2.5.3)

= a;w(6)* + aaw'(6)* + kaF(W(£))).

By Lemma [2.6.5] on [{;, m;) we know f(w) and w’ have the same sign, thus F(w(f)) and

w?(r) are both nondecreasing; as a result from (2.6.4) we have

K2 [2F(W(mi_y)) — E(mi_y)] < ayw(my)* + aow’ (6)* + ko F(w(m). (2.6.5)

By Lemma [2.6.3| (comparing growth of G(m;) and w(m,)),

W (£ < aw(ly + aaw' (€)= G(£) < Gmy) < Cilw(m)|'F . (2.6.6)

Since p > 1 we have p+ 1 > ’%’3 > 2. Furthermore |w(m;)| — oo by Lemma|2.6.2, Also
recall the growth estimate

P 1
F(s) > ——|s|P*
(s) p+1|S|
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from Lemma [3.7.1] These facts, equation (2.6.6), and 7 taken sufficiently large show that

F(w(m,)) is of higher order than any of the terms appearing in (2.6.6). Hence, choosing a

specific constant, const = k,/2, (which affects the choice of T') we get from (2.6.6)
aw(mi)? + aow' () + K E(0) < apw(mi)? + Calw(m)| % + E(0)

. (2.6.7)
< EzF(w(m,-)).

Recall that E(m;_;) = E(0) by Lemma[2.5.2] so

U Fw(mi1)) S I E (i) + anw(my)’ + aaw (6 + K F(w(my)

%F(w(m,»)) + Ko F(w(m)) .

Since k,, defined in (2.5.5), is positive, we conclude
4
§F (w(m;_1)) < F(w(m,)).

Reindex m;, so that mg > T. Then (;—‘)i F(w(mg)) < F(w(m;)). From (2.5.1]) we see that for

|s| large there is a constant (dependent on a, 3, p, ¢) such that
F(s) < Cls*.

Hence

F(w(my)) (4_1

.
< .
C 3) < lw(m;)|

We may assume that F(w(mg)) > C and drop the coeflicient on the left, which yields the

desired result. O

The next result will show that |w| is strictly concave on [m;, z;11] when m; is taken

adequately large.
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Lemma 2.6.9 (Concave behavior after an extremum). Assume f satisfies conditions (2.2.1))
and and w is a nontrivial global solution to equation with initial conditions
satisfying (2.5.4). There exists a T > O such that if (z;, zi+1) is an interval where w is of one
sign and z; > T, then there are no inflection points after the extremum point m;; therefore,

|w| is strictly concave on [m;, z;i41].

Proof. Take T to be large enough for the consequences of Lemma [2.6.5] to hold. To the
contrary, assume n € (m;, z;41] 1S the next inflection point of |w| on (z;, z;41) after m;. If we

appeal to Lemma[2.5.4]and T is sufficiently large so that G'(r) > O for all # > T we have

0 < G'(n) =2a,wn)w’ (n) — azw(m)w’’ (n)

= 2awmw' (n) > aswn)w’”’ (n).

Thus 2ayw’(n) > a3w’”’(n) on an interval of positivity (hence, 2aw’(n) < azw”’(n) on an

77

interval of negativity). We conclude w"’(n) < 0 on an interval of positivity (W’ (n) > 0 on
an interval of negativity); however, this implies, for an interval of positivity, w”’ < 0 (w” > 0
on an interval of negativity) on some interval (n, n+¢&") with & > 0. This contradicts though

the fact that » is the next inflection point after m. O

The next result describes the slope of w at its zeros. In particular, the lemma shows that

lw’(z;)] grows geometrically when z, is taken sufficiently large.

Lemma 2.6.10 (Geometric growth of w’ at zeros of w). Assume w is a global solution to

equation , [ satisfies conditions (2.2.1)) and (2.2.2), and the initial conditions satisfy

. There exists a T > 0 such that if zo > T, then

(p+3)i

4 2(p+1)
W) > 9(—) ,

(X23

where {z;} is a sequence of consecutive zeros of w.
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Proof. Pick T sufficiently large so that G’(r) > O for r > T (Lemma [2.5.4) and the conse-
quences of Lemmas[2.6.3| and [2.6.8are valid. Then

(p+3)i

Pt 4 2(p+1)
aw' (z:)* = G(z) = G(m;_y) > C1|W(mi—1)|T3 > C (5) .

O

Recall that r; € R denotes the first zero of w”’ in the interval [z;, m;]. In the proof of the
Theorem [2.2.1] it will be necessary for w(r;) to be large. The next lemma will show that

provided the inflection point is large enough, this is indeed the case.

Lemma 2.6.11 (Geometric growth of w at inflection points). Assume w is a global solu-

tion to equation (2.1.2), k < 2, f satisfies conditions and (2.2.2)), and the initial
conditions satisfy . There existsaT > 0 so that if zo € Z and zo > T then

2(p+3) -

w(r)| > (‘ﬂ)”‘ G (‘_‘)W””

a3 (0%) 3
for r; € R, and for each i > 0.

Proof. Let T be chosen so that G'(r) > 0 for r > T (Lemma [2.5.4) and the conclusions of

Lemmas[2.6.9)and[2.6.10]hold. Let 6 = § min {u;, 412}. By Lemma[2.5.4}

d ’ N2\ _ roonm

E(G —5(w)}) =G - 26w'w
> &+ W)+ (W) + uswfw) — i (W)’ = o (W)’
=&+ uwf(w)

> &.

For some 7y > T we have w'(fy) = 0 by Theorem[2.6.4] and Lemma[2.6.6] Since G'(r) > 0
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for t > ¢,

G'(1) > 6w (1)%, Yt > 1. (2.6.8)

Henceforth without loss of generality let T = #,. Next notice
G'(r;) = 2a1w(rw’(r;) — asw(rgw” (ry).

Recall w(r;) # 0 as otherwise G’(r;) = 0 contradicting Lemma [2.5.4] Solving for w’(r;)

yields

2 G'(r;
W) = 2y - S
a3

asw(r;)

Substitute the last identity into the definition of the energy function E(f) and recall E(f) =

E(0) by Lemma

_ w'(r)G’(r;)

ety EO=0

k 2
W)+ Fw(r) + 2w/ (r)?
2 a3

Hence multiplication by w(r;) results in

Fw(r))w(r) — a%W’(”i)G’(ri) + (% + g) W’(”i)ZW(”i) - E(O)w(r;) = 0.

Assume r; is on an interval of positivity. Consequently, we have

Fw(r))w(r) +

(@ * §) w'(ri)* — E(O)] w(r;) — iW'(i’i)G'(”i) > 0. (2.6.9)

3 0%}

To simplify the subsequent analysis introduce a shorthand:

2 k
x:=w(r), u: (al A

-+ _) w (r)* — EQ0), v:= iW’(’”z‘)G,(”i)-
(0%} 2 a3
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From Lemma [2.6.9) we have w'(r;) > w'(z;) > 0, then by Lemma [2.6.10] it follows that if

r; > z; > T for T sufficiently, large then u > 0. Then we may rewrite equation (2.6.9) as

XF(x)+ux—-v=>0, u>0. (2.6.10)
By equation (2.6.8) we know that

1 0
v=—wE)G ()= —w ().
3 as

Since u? has cubic growth in w’'(r;), and the latter can be assumed sufficiently large, then

there exists a constant y > O such that forall r; > T

; 1
yui < —w ()G (r;) = v.
a3

Consequently, by (2.6.10)

xF(x) +ux — yu% > 0.

Recalling the estimate on F' from Lemma (3.7.1| we obtain

a :
(%l)d”” + ?lxlq”)x + ux — yu% > 0.
p q

. 1 1
We claim that x > u#1. To the contrary, suppose x < u#1, then

[T

@
(%lxl’ﬁrl + ?lxlqﬂ) X+ ux —yu
p q

P2 @ g2 2 3
urtl + urtt + urtt —yuz,
p+1 qg+1

(2.6.11)

<
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From condition (2.2.2), we have

2 2
q+ <p+ 3

0< < =,
p+1 p+1 2

hence the right side of (2.6.11)) can not be positive for large u. This yields a contradiction

and so we assume on an interval of positivity with ; > T that

x=w(r) > U = ((% + @) w(r,)? - E(O))p+l . (2.6.12)
(0%} 2

By Lemma we know that for T large

Y (r)? — E0) > 0.
as

Consequently,

aq Pl , 2
w(r) > |—| wi(r)r. (2.6.13)
as
By Lemma [2.6.9) we know that w is convex on [w;, r;); consequently,

T T
(ﬂ) w'(r,-)fﬂz(%) W ()7 (2.6.14)

as 3

Lastly, Lemma[2.6.10] gives us

o it C it 4 s
a pt+ 2 a pt pt 2(p+1)
_1 W’ (Zl) p+l Z _1 _1 — .
a3 (0%} (0%) 3

Combining (2.6.12)), (2.6.13), and (2.6.14) results in

(p+3) -

W) > (mC’l)”i‘ (4_1)2<p+1)2’

a3ar 3
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A similar proof works if 7; is on an interval of negativity. O

2.7 Estimating distances between zeros

In this section we will show the distances between consecutive zeros of w are bounded

above by a summable geometric series. This observation along with the fact
lim [w(m;)| = oo
1—00

from Lemma [2.6.8] will give finite time blow-up for solutions of (2.1.2)) provided the as-
sumptions of Theorem are satisfied.
Begin with the following auxiliary result for G similar to the one used back in Lemma

[2.6.6] about oscillations of w for k < 0.

Lemma 2.7.1. Assume w is a global solution to equation , f satisfies and
(2.2.2)), and the initial conditions satisfy (2.5.4). Let A > 0 be such that

(p+ DA+

<2 and 21+ <p+1 2.7.1)
p—A4

(A exists since p > 1). The set of points t in [0, c0) where w exists and
W @) < 2mw() f(w(0))

has finite measure (the factor 2 is just for convenience).
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Proof. From the definition of G it follows that whenever [w’|*'*V < 2w f(w) we have

Gl+/1

s|(M}/)|2(l+/l) + |W|2(1+/l) + |WW//|1+/1 +1

(p+1)(1+1) .
< P 4 P Pt 4w + 1 (Young’s Inequality)

< P 4wt WP+ 1 (recall p+1>2(1 + 1))

<wfw) + W’ +1 (condition 2:2:2) and WP < Lwf(w)).
From Lemma we have

G” > W) + W) + swf(w) + &

> (W) + oW’ + pzplwl”! + &

and so for some constant 8 > 0 we have
BG" (1) > G(t)'** (2.7.2)

on sets where

W P < 2w(0) f(w) .

Let U be the union of all (open) sets where |w'()*"*Y < 2w(t) f(w(?)), then on U the
estimate holds. Any solution u to the differential inequalities ' > & > 0 and
Bu”(t) > u()'™ has only finite existence time. For T sufficiently large we know that
G’ > € > 0 on [T,00) by Lemma[2.5.4] Since G satisfies on the set U, and G
remains strictly increasing outside U, we conclude that |U| < oo, otherwise, G blows up in

finite time. m]

Remark 2.7.2. The proof for Theorem simplifies drastically in both cases, k£ > 0 and
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k < 0, if one shows inequality (2.7.2)) holds on the entire real line. This inequality reduces
to showing

(W/)2(1+/l) < (W/)Z + (WN)2 + Wf(W)
Numerical evidence supports this conjecture, however, we were unable to prove it at this
point.

The following lemma was motivated by [17, pp. 22-24] and will show

Z lm; — zis1| < oo.

Lemma 2.7.3. Assume w is a global solution to equation (2.1.2), f satisfies conditions

and , and the initial values satisfy (2.5.4). There exists a T sufficiently large

such that if zo € Z and zo > T then

-1 .

C 3\
Im; = zin| < ———= < C(—)
w(m;) 4

where i € N and C = C(k, p, p).

Proof. Let T be large enough for the consequences of Lemmas [2.6.8] and [2.6.9| to be valid

and Lemma implies G’(t) > 0 for ¢t > T. For convenience reindex the set of zeros Z
so that zg > T. Since w(t — m;) is a solution to equation (2.1.2) if and only if w(¢) is, we
may assume m; = 0. Integrating w"””’ + kw”’ + f(w) = 0 four times with respect to ¢ results

in

_ 3W”/(0) ZW”(O) t3_k , l‘z_k
w(t) =t 5 +t > +(r+6)w(0)+(1+2)w(0)

t B t 13 n 1
- kffW(lz)dfzdl3 - fffff(W(fo))dfodlldlzdt3.
0 0 0 0 0 O

(2.7.3)
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Suppose that [z;, z;+1] 1S an interval of positivity of w. Since m; = 0 is a maximum we
know that w'(0) = 0 and w”(0) < 0. Additionally, by Lemma [2.5.4] we know G’(0) =
—a3w(0)w”’(0) > 0. It follows that w”’(0) < 0. Applying this to equation (2.7.3) yields

3 1 I

w(t) < (1 + —) w(0) — ffW(tz)dlzdt3 - fffff(W(lo))dlodtldlzdh

Recall from condition that f(w) > pw” since we are on an interval of positivity. Thus

3 1 N

2
w(t)<(1+J)w(0) + |k f f w(ty)dtdts — p f f f f w(ty)Pdtodt dt,dt;.

By Lemmas [2.6.7] and [2.6.9] we know w is decreasing and concave on [0, z;;1). Conse-

quently, for any ¢ € (0, z;;1) and ¢ € [0, z;;1] we know that
0
w(t) = €(t) .= w(0) — ?

and w(?) < w(0). We conclude

2 t 13
w(t) < (1 + #)W(O) + Iklw(O)ffdtzdtg
0 0

Evaluating at = 6 gives us

oo

fffpf(lo)pdtodt] dhdts.
0

o%

w(0)
24 + 6p

w(s) < (24 + 6p + 8°(6lklp + 241k]) — w(0)" ' po*).

Since w(d) > 0, we have

0 < 24 + 6p + 8*(6k|p + 24[k]) — w(0)" ' ps*.
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Consequently,

£ < (6lk|p + 24|k]) + \/(6|k|p + 24[k|)? + 4p(24 + 6p)w(0)P-!
- 2pw(0)P-! ’

This inequality along with Lemma[2.6.§] (about w(m;,) being eventually large, whence here

we may assume that for w(0)) implies that

0< —>
w(0) =

for some C = C(k, p,p) > 0.

Note that C is not dependent on m;. This estimate holds uniformly for every ¢ € [m;, zi+1),

hence
C C
Im; — zin| < T = P
w(0) =  wim) =+

i
p+l

from Lemma [2.6.8] A similar proof works

The result follows by recalling [w(m;)| > (‘3—‘)

for an interval of negativity. O
The next and final lemma will show that ) |z; — m;| < oo.

Lemma 2.7.4. Assume w is a global solution to equation (2.1.2), f satisfies conditions
(2.2.1) and (2.2.2)), and the initial values satisfy (2.5.4). There exists a T > 0 such that if

z; =T, then
o0
Z IZi — mi| < 00,
i=1

Proof. Let T be sufficiently large so that G’ > 0 for t > T (Lemma and the conse-
quences of Lemmas[2.6.7][2.6.10} and [2.6.11]are valid. For convenience reindex the set of

zeros Z so that zo > T. Recall w(f)f(w(t)) > plw|’*! by condition (2.2.2). Let 4 > 0 be

chosen as in Lemma By Lemma|2.7.1) we know the total measure of sets where

W (P < 2w(0) f(w(D))
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is finite so we will consider subsets of [z;, m;] where
W @OPY > we) fw(0) = plw(@)*! .

The sets where these (strict) inequalities hold forms an open cover of the interval of ex-
istence of w. Let us focus on a subinterval [z;, m;] and assume it resides in an interval of
positivity.

We know the inequality [w’|**? > plw|P*! is equivalent to

, 1 p+l
w > pID WAT+D

since w, w’ are nonnegative.
By Lemma [2.6.11| we know that &; < r; where r; is the first inflection point on [z;, m,].

Using the estimate on w(r;) from Lemma [2.6.11) we see that there exists & € (z;, r;] such

C 1 4 (/J+3)2 i
p+l 2(p+1)
MQW:W“)L) |

[0%)0 %] 3

that

1 p+1

We will now give a bound on the measure of sets contained in [£;, m;] where w’ > p 200 w2TD

Consider the initial value problem

1
ul — pmuv+l

u(&;) = ug,

p+1

= PT 450,
L T I TR

Solving the above equation for u results in
1

1 v 1 Ty
WthMHmM@+ﬂ {WM@4H7).
U, Us,

It is clear that the solution u to the above initial value problem is only defined for ¢ <
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L\~ . .o . . .
&+ (ugivpm) . Thus, using the definition of u,,, we see that the existence time for u in

the interval [&;, m;] is no more than

_ ¢(p+3) -
4\ 2p+1)2

3

-1
(I/l;i pﬁ) < C(a/l’ as, ¢’p9 k)( Wlth ¢ > 0

By Lemma [2.6.5| we know w monotonically increases to w(m;) on the first part [z;, m;] of
the positivity interval [z;, z;+1]. Thus the existence time in [&;, m;] for w where [w/[*!+V >
plw|P*! is no larger than the existence time for u; therefore, an upper bound on the measure

_ $(p+3) i
of sets where |[w/|*™*V > plw|P*! in [&,m;] is given by C(ay,as,,p, k) (%‘) 0077 We

conclude
(o]
Dl —mi| < oo,
i=1

Now let us consider the interval [z;,&;]. Since & < r; we know that w is convex on the

interval. Thus w(&;) > (§; — z)w'(z;). Appealing to Lemma[2.6.10, we obtain

(p+3)i

, C1\7 4\
corfe] (7

Consequently ,
, -1
& — 2l < w&) (w'(z))
1 P+ ; Lo, i
< alcl p+l 4_ 2p+1)2 a, 2 3 4(p+1)
- [0%Y0 %] 3 Cl 4

1 1 p+3 p+3 .
01101 Pt (0%) 2 3 (m_m)l
B [0%)0 %] C] 4 ’

pt3  _ _pt3
4p+l)  2(p+1)?

Since p > 1 we know > (0 and so

(o]
Z & — zi| < o0.
P
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Now we are in position to finish the proof of Theorem[2.2.1

Theorem We will show that no global solution exists. To the contrary, assume w is
a global solution to (2.1.2)) with initial energy satisfying (2.2.3). By Theorem [2.6.4] and
Lemma|2.6.6) we know that w must change sign infinitely many times as t — oo. If {m;} are

the extrema of w, Lemma [2.6.8| implies {jw(m;)|} — oo as i — co. Lemmas[2.7.3]and 2.7.4

imply the zeros of w, hence m;’s, have a limit point m.,. We conclude w(¢) is unbounded in

a neighborhood of m.,. So w cannot be extended past m,. O
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Chapter 3

A nonlocal biharmonic operator and its

connection with the classical analogue

In this chapter we investigate the nonlocal theory of plate dynamics by analyzing nonlocal
formulations of elliptic equations. The benefit of this approach is a reduced requirement
on the regularity of solutions which allows fracture propagation and other discontinuities
to be modeled. With this goal in mind, we begin our journey into the nonlocal theory with
a literature overview in Section Then the nonlocal framework is outlined in Section
Following this, necessary conditions for L? integrability of the nonlocal Laplacian and
nonlocal biharmonic, as well as Holder-continuity of the nonlocal Laplacian are proven. In
Section [3.3| we define the nonlocal spaces in which we prove our well-posedness results.
Section 3.4|reviews critical compactness results that are necessary for the proof of our main
theorems. Section addresses the connection between the local and nonlocal operators,
by proving convergence results (and rates of convergence results) as the size of the support
of the kernel shrinks to zero. Section[3.6|presents the well-posedness proof for the nonlocal
steady state problem with hinged and clamped boundary conditions. Finally, our main

results lie in Section|3.7|where it is proven that when the horizon approaches zero, solutions
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of the nonlocal clamped and hinged steady state problems converge strongly in L? to the

weak solutions of their local analogues.

3.1 Nonlocal background and literature overview

Classical models of continuum mechanics give rise to fourth-order elliptic PDEs describ-
ing transversal deformations of thin plates, shells or beams, possibly in coupling with ad-
ditional equations quantifying shear forces [36, [38]]. Under some regularity conditions on
the boundary, solutions to fourth-order elliptic boundary value problem generally acquire
four orders of weak differentiability with respect to the regularity of the interior forcing
term. In two dimensions, systems with square integrable forcing such systems typically
possess weak solutions that have at least H> ¢ W!* Sobolev regularity. In particular, such
solutions (in the 2D case) are necessarily continuous which makes it non-trivial to account
for irregularities, such as cracks. On the other hand, prime examples of plates structures
are suspension bridges, where the dynamic formation of cracks and their evolution is of
great interest, whereas discontinuities corresponding to damage preclude the inclusion of
smoothness assumptions on the solutions.

A proposed paradigm for investigating less regular solutions is to replace the classi-
cal operators of elasticity theory with suitable approximations that replace derivatives with
singular integral operators. This approach is prompted by physical considerations, such as
describing the stress at a point via the cumulative interaction with points from its neighbor-
hood; this interaction is often captured through a suitable integral kernel.

Nonlocal versions of the classical Laplace operator have been investigated in various
settings and phenomena: nonlocal diffusion [3]], population and swarm models [9} [30]], and
image processing [19]. Recently, this nonlocal operator was used in the peridynamic the-

ory developed by Silling [37] to describe the evolution of damage in solids. The relaxed
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regularity conditions permit fractures to be represented in the solution of the system rather
than being considered through separate ad-hoc frameworks. Within the context of the state-
based formulation of peridynamics, nonlocal models for beams and plates were developed
in [31, [32]]; however, the nonlocality in these models resembles more the nonlocal Lapla-
cian structure (see [6, [12, 20]). Higher order nonlocal operators have been considered;
however, much of the work has been on time-asymptotics as seen in [3]]. In [22] a com-
position of a local Laplacian with a nonlocal Laplacian was investigated. By replacing
differential operators with integral operators it is possible to have well-defined solutions
with discontinuities (in fact without any Sobolev regularity).

Motivated by these developments we introduce a nonlocal version of the biharmonic op-
erator, obtained by iterating the nonlocal Laplacian. We show that solutions of the nonlocal
biharmonic equation with nonlocal analogues of hinged or clamped boundary conditions
require minimal integrability assumptions; moreover, in the limit they recover the classical
weak solutions to the corresponding elliptic fourth-order problem.

As previous works have also demonstrated, the nonlocal setting offers an alternative
way to study problems in a weak formulation. In contrast with the classical framework
which often considers regularized solutions to a problem and passes to the limit in a weaker
topology to obtain a less regular solution, in the nonlocal framework the investigation starts
in a weaker topology, and then as the support of the kernel shrinks the corresponding weak
solutions converge (in the weak topology) to a more regular solution. The diagram below

stresses this idea:

Modeling approach Convergence

Local/Classical regularized approximations — weak solution

Nonlocal L? approximations — weak solution

Finally, the results presented here do not rely on the scalar setting, so they are transferrable

to the vectorial framework as introduced in [12]].
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Boundary conditions. Although a nonlocal form of the biharmonic operator appears nat-
ural, the form of the boundary conditions (BC) is more delicate. Two types of homoge-
neous BC are fundamental in plate systems: hinged (u = 0, Au = 0 on the boundary of
the domain) and clamped (u = 0, a—z = 0). Since nonlocal operators are associated with
collar-type constraints—imposed on sets of positive Lebesgue measure that surround the
domain—we need to find appropriate nonlocal generalizations that converge to the classical
conditions in the limit as the approximations improve. To our knowledge, this is the first
work that deals with integral approximations of higher order elliptic operators with first and
second order boundary conditions. One of the features of the nonlocal approach is that ap-
proximations and their boundary conditions can be formulated for very rough domains. If
the domain has C! regularity (in fact, some relaxation might be possible, see Remark
then these nonlocal solutions converge in L? to some function as the “interaction horizon”
decreases. The limit can be shown to be a distributional solution to the original PDE. Natu-
rally, this can be identified with weak (or strong) solutions of the classical elliptic problem
only if the domain possesses some additional smoothness C? (or C*).

Some of the main tools used in local theories are compactness results (such as Gagliardo-
Nirenberg-Sobolev embedding theorems), estimates obtained through Poincaré-type in-
equalities, and in parabolic/elliptic theory one often uses the gain in the smoothness of
solutions. For nonlocal problems in the case of operators with weakly (i.e. integrable) sin-
gular kernels, however, these methods do not apply. Whereas solutions to the Poisson prob-
lem gain two degrees of regularity over the forcing term, in the nonlocal scenario there is
no improvement in regularity. A nonlocal version of Poincaré’s inequality exists, however,
it does not yield higher L” integrability for the solution from bounds of the nonlocal gradi-
ent. In addition, the embedding theorems do not hold, unless the kernel exhibits a strong
(i.e. non-integrable) singularity. One of the key tools is the result of of Bourgain, Brezis,

and Mironescu [[7] that exhibits compactness when the kernel is “almost-integrable”. Such
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compactness theorems have been used and further developed by Du and Mengesha [29]

(which is also an inspiration for our work), as well as by Ignat and his collaborators [23]].

3.1.1 Contributions to the nonlocal theory

The contributions of this exposition to the development of nonlocal theories and under-

standing the connections between local and nonlocal models are as follows:

e we introduce a higher-order nonlocal analogue to the biharmonic operator and we
formulate nonlocal equivalents of clamped and hinged boundary conditions; we es-
tablish well-posedness of solutions to these nonlocal boundary values problems sup-

plemented with nonlocal BCs;

e under certain assumptions on the kernel of the integral operator (which include singu-
lar and weakly singular cases) we prove several properties for the nonlocal operators
such as: L? integrability as well as Holder continuity of the nonlocal Laplacian ap-

plied to a sufficiently regular function (see Proposition|3.2.12} respectively, Theorem
e we show L? strong convergence of the sequence of nonlocal solutions to the local one

as the radius of the support of the kernel in the integral operator goes to zero.

3.2 Background

This section contains definitions of several fundamental integral operators and associated
function spaces that will be central to our work. Henceforth, Q will denote an open bounded
connected subset of R¥; in some results, we will specialize to d = 2 as the more interesting
case due to the integrability conditions and because of its connection to the thin plate the-

ory. As we will see in the sequel the existence results for solutions to the nonlocal problems
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Figure 3.1: The nonlocal domain " with its collar boundary Q \ €.

defined below do not require any regularity conditions on ). However, in order to establish
connections between nonlocal and classical systems, we will need impose some smooth-
ness conditions on the boundary. The open subdomain Q’ will be compactly contained in

Q (see Figure 3.1/ for an example of the domain €’ with its boundary Q \ Q).

3.2.1 Operators

As in [12], we introduce several nonlocal peridynamic operators.

Definition 3.2.1 (Nonlocal divergence). For a function v : Q x Q — R* and an antisym-
metric vector-valued kernel a : Q X Q — R, the nonlocal divergence operator D, is a

function-valued mapping whose image D,[v] is defined by D,[v] : Q@ - R

D, V1) = f v(x,y) + v(y,x)) - a(x,y)dy for xeQ.
Q

Definition 3.2.2 (Nonlocal two-point gradient). Given a function u(x) : RY — R, the

formal adjoint of O, is the nonlocal two-point gradient operator G, : u — G, where
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G. : QxQ — Qis given by

Golul(x,y) = (u(y) —u(x))a(x,y) for (x,y)eQxQ.

Definition 3.2.3 (Nonlocal normal derivative). For a function v : Q x Q — R* and an
antisymmetric vector-valued function a : Q X Q — R, the nonlocal normal operator is a

mapping N, : v = N,[v] where N,[v] : Q — R is given by

N VI(x) := f v(x,y) + v(y,X)) - a(x,y)dy for x € int(QQ"). (3.2.1)
Q\

Definition 3.2.4 (Nonlocal Laplacian). Let u : Q — R and u = o where @ : Q x Q — RF

is an antisymmetric vector-valued function. The nonlocal Laplace operator is defined by:

L ul(x) := D, [Golul] =2 f(u(y) —uX)ux,y)dy for xeQ.

Q

It was shown in [[12, Prop. 5.4], that if o is formally replaced by distributional application
of %Ayé(y — X), then £, can be identified, in the sense of distributions, with the Laplace
operator Ay.

Following the above framework we define the nonlocal biharmonic operator:

Definition 3.2.5 (Nonlocal biharmonic). Let a : Q X Q — R* be an antisymmetric vector

valued function and u : @ — R. We define the nonlocal biharmonic by

B, [ul(x) = L[ Lo[u]]l, for xe€Q. (3.2.2)
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3.2.2 Continuity and integrability

Let us recall and prove several results regarding the integrability and continuity for some
of the above nonlocal operators.
First let us recall a nonlocal version of the “integration by parts” theorem, a simple

consequence of the fact that the integrand is antisymmetric:

Proposition 3.2.6 (Nonlocal integration by parts [12]). Let Q C R? be open, u,w : Q — R,
a: QxQ — R be antisymmetric, and v : Q x Q — RX. When D,v € L*(Q) and

G. € L*(Q x Q) we have

fu(x)@ [vld ffga[u vdydx . (3.2.3)

As a special case, when L,[u],w € L*(Q) and Go[u), Go.[w] € L*(Q x Q), we have

f.E(,[M]WdX == f fga[u]ga[w]dydx (324)
Q QJQ

As remarked subsequently, the identity (3.2.4)) by definition applies to weak nonlocal Lapla-

cian introduced below in Definition[3.3.3]

Remark 3.2.7. The terms in “nonlocal” integration by parts already incorporate the infor-

mation from the collar of the domain, thus boundary terms do not explicitly appear in

(B23)or 3.24).

The next result provides us with an inequality that gives an upper bound for the nonlocal

gradient in terms of its classical counterpart:

Theorem 3.2.8 (c.f. [7, Thm. 1]). Let Q be a bounded Lipschitz domain. Suppose [ €
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W'P(Q),1 < p < coand let ¢ € L'(RY),& > 0. Then

lfx) -yl
fg fg Wg(x = ydxdy < Clflly,1,q Il @

where C depends only on p and Q.

Remark 3.2.9. The result [7, Thm. 1] focuses on smooth domains, but the proof only
requires the function in question to have a W'»(R") extension. So it suffices for Q to satisfy
a strong locally Lipschitz condition, or equivalently be bounded and Lipschitz (see, for

example, [1, p. 83 and Thm. 5.24 on p. 154]).

We will need the following assumption, first introduced in [7]], on the family of kernels

used in our nonlocal formulations.

Assumption 3.2.10 (Kernel a). For 6 > 0 let ps be a radial compactly-supported mollifier

satisfying
ps : CT(R™;RY), f ps(Ix)dx =1, supp(ps) C [0,6). (3.2.5)
R4
Define
s(X, ¥) = M(x —y). (3.2.6)
x -l

Henceforth when if § is held constant in the context, we will often drop subscript temporar-

ily denoting

whenever there is no confusion.

With Assumption 3.2.10| placed on @, we will study the conditions that must be placed
on the function u so that £,[u] € L*(Q) and B,[u] € L*(Q). In particular, note that £,

is formally quadratic in & which means that the kernel u in Definition [3.2.4] would not be
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integrable for domains Q C R?. The next few propositions will provide sufficient conditions

which ensure that these functions are well-defined.

Proposition 3.2.11. Suppose p € CX(R?) and d > 2. If Q c R? is bounded and a > 0, then

the following mapping is continuous on R%:

F@,:flﬂtjﬁﬁ
Q

ly — x>~

Proof. Fix x € R?. Note that the result clearly holds for a > 2, so assume 0 < a < 2. Since

ly — x|7¢® € LY(R?) for a > 0 and d > 2, there exists an r > 0 such that

1 e
———dy < . (3.2.7)
fB(x,r) ly — x> 3lollz=
Since p is smooth, clearly
_ Py —x)) d r
y = k(x,y) = ——— € C|R“\ B(x, = |].
ly — x>~ 2

Thus there exists a 6 € (O, g) such that whenever X’ € B(x, §) we have

IK(x, ¥) — K(X, y)| < ﬁ forall yeQ\Bxr).
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Then
|F(x) - F(X')| = f[K(X,Y)—K(X',Y)]dY'
Q
< f [K(X,y)—K(X’,y)]dy‘
Q\B(x,5)
1 1
ol | ———mdy+ ol | ———sdy
B(x,0) ly — x| B(x,0) ly — x|
G2 & & 1
< — dy + llpllz +| IImf ————dy
319 Josss O Bl Jps Iy — X
< &

The second to last line follows by noting that integrating Iy—# in terms of y over a ball
centered at x” will be larger than integrating over a ball of the same radius centered at any

other point since the singularity is at y = x’. It follows that F € C(RY). O

Proposition 3.2.12 (L*-integrability of the nonlocal Laplacian). Suppose a satisfies As-
sumption and d > 2. If Q C R? is a bounded Lipschitz domain and u € W'P(Q) with
p > 2 then L,[u] € L*(Q).

Proof. For a shorthand let

K(X,y) := [H and ¢g(x,y) :=

Also, henceforth, if (X, y) is a function on Q X Q then LY(€, x) or L1(€,y) will denote the
L9 norm of the y- or x-section of i respectively.

By Holder’s inequality, for any € € (0, 1) we have

2
dx

1L ISNIE, = fg fg %p(x,y)dy

2
< f (Ilg llry) K& Dl o)) dX.
Q
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where p = 2=€ and p* is the Holder conjugate of p.

1-¢

Another application of Holder’s inequality to the integral in x yields:

I Lalullly < f 9% Mz (up) 1K DIZ+ ) 4%
Q

2 2
< [ 1aG DMEraypll 5 g || 1K DI @l 2 1

=( f f |q<x,y>|f’dydx)” f ( f K(x,yv"dy)sdx
QJQ Q Q

Applying Theorem (for instance with & = yq) to the first integral factor to obtain:

GE=ae

&
r*

2

1Laldll iy < (lal?, )"

&
»

Proposition [3.2.T1|implies that

— p*
f (p(lx yl)) dy
ol ly—x|
is bounded on Q (notice p* = 2—¢); consequently, || L,[u]ll;2) < oo provided u € Whr(Q).

As €\ 0 the integrability index p tends to 2 from above, hence the condition p > 2.

Theorem 3.2.13 (Holder countinuity of the nonlocal Laplacian). Suppose « satisfies As-
sumption Q c R? is a bounded open set, and d > 2. If u € C*(Q) N W>(Q), then
for any a € (O, %) we have L,[u](x) € C*4(Q).

Proof. From the assumption it follows that u is Lipschitz on Q, hence (u(y) — y(x))/ly — x|?

is integrable on €, provided the space dimension is d > 2. Utilizing the definition of the
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nonlocal Laplacian, we have

| Lo[u](x) = L [u](x')]
(u(y) —u)p(y —x)  (u(y) — ux’)p(ly — x'|)

d
=1Ja ¥ - xP ¥ xP y‘
< f lu(y) — uX)|lo(|x — yI) — p(ly — X'I)Idy
Q ly — X|2
) —u®) | uy) - u(x)
+fgp(|y Xl)' ly — xP? ly —x']? =

Since both p and u are bounded and Lipschitz continuous and via [x —y| — [xX' —y| < [x — X/|

we can estimate the above integrals as

1
...lex—X’lf—dy+Mf
oly —x| Q

Since d > 2, the first term is bounded by some K|x — x’| for some constant K. It remains to

u(y) —ux)  u(y) —u(x’)
ly — x| ly —x'|?

estimate the second integral. Use the fact that a fortiori u € C'(Q) with support compactly

contained in Q to define

3

1
A(X,y) ::fVu(/ly+(l—/1)x)d/l and &:= 7
0

for & a vector in R?. Then we have

u(y) —ux)  uly)-ux)| (|Axy)-yix AX.,y)-y-x
2 > |4y = - dy

ol ly—x| ly — x| Q ly — x| ly — x|

A(X, . S v 2w

sf *y- Y=X-y-X)| (3.2.8)

Q ly — x|
+f y - X - (AX Yy - X[~ AKX, y)ly — x)) dy =1, +1,

Q ly — x|ly — x'|

Consider the resulting integrals /; and I, separately. Beginning with the more straighfor-
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ward one I, we get, by adding and subtracting y = X’ - A(X, y)|y — x| in the numerator:

”y x - (ly - x| = ly — xDA(x, y)l ﬂy X - (AxY) — AKX, Y|

ly — x|ly — x'| ly — x'|
||y— x|~y - xI| y
|A(X, ly-x'| —ly—xll d
f Sy =x Y y—xi['dy
2x (A _ AKX
+f y =X ( (x,y) (X,y))d
1) ly — x'|
" 20y — x| + |y — x|'™
<Ix— x| f|A<x,y>| ( =X oy
Q ly — x|ly — x'|
“x' (A - AKX
+f y — X (AX,y) (x,y))d
o) ly — x'|

The last line follows by noting that Vu is Lipschitz continuous on Q. Thus the last integral

L in (3.2.8) is bounded by K|x — x’|*. Now consider /;:

. _f‘A(x,y)(y;x—y:x')'d <Mf 1 yox—yZx|d
"o v R AT

Notice that the difference of two normalized vectors is v2(1 — cos(6)) where 0 is the

angle between them. Let’s look at the triangle formed by x, y and y’.

X

Without loss of generality assume that (x" —y) = (x] — yI with y; < x;; hence, |y — x| =
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x; —yi. Then

1 _——— e
EW—X—y—Yle—wﬂ@

-y -&x-y) R b VN ly —x[-—xi+y

y-xly-x  ly-x ly — x|
Iy =X+ - x| - x4y
ly — x|
X+ Xty X -x|
ly — x| ~ly—x|

Therefore

2 r— d
I SM‘[ |X X| dy = 2Mlx’ — X|1/2 f %
oly—-x1 \ly—-x| aly —xP/

Finally we conclude

| L[u](x) — LIu](x)] < KIx — X'|* + N|x - X/|?

where
d
oly —xP?
O

Proposition 3.2.14 (Integrability of the nonlocal biharmonic). Let € € (0,1), d > 2 and
Q c R? be a bounded open set. Suppose u € W>*(Q) N C*(Q). Furthermore, let p €
CX(RY). Then B,[u] € L*(Q).

Notice for x € Q we have

B, [ul(x) = f (Lolul(¥) = Lol )p(X — X))

Q X' — x|
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By appealing to Theorem [3.2.13| we know L, [u] is a-H6lder continuous on Q for some
a > 0 (in particular, at least a € (0, 1/2)), and consequently there exists a constant M such

that

1 1
Bulul(x)] < M f L f X' < oo,
Q R2

|X, _ X|2—a |X/|2—a

Since Q c R? is bounded we conclude |B[u](x)| is bounded on Q. Thus B,[u] € L*(Q).

3.3 Nonlocal function spaces

This section will introduce various Hilbert spaces we will be working in for the formulation
of our nonlocal problems later in the chapter. Following [29] we will utilize the functional
space

ANQ) = {u € LX(Q) : 1Galulllzaxey < ). (33.0)

Define the bilinear forms

(uw,w), = fg fg GolulG.lwldx'dx (3.3.2)

and

(U, W) st = (U, W20 + (U, W), (3.3.3)

Note that if |a/? is integrable, then %’j}(Q) is equivalent to L>(Q). However, under Assump-

tion [3.2.10, this may not be the case when Q C R2.

Theorem 3.3.1 (c.f. [29, Thm 2.2]). Assume « satisfies Assumption |3.2.10, Then, S (Q)

is a Hilbert space with inner product (3.3.3).

Definition 3.3.2. For Q' cc Q, define %I(Q') to be the closed subspace of functions
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vanishing on Q \ Q'
A Q) ={ue AN Q) :u=0ae inQ\Q}.

Definition 3.3.3. Let u € 2 (Q). We say v € L*(Q) is the nonlocal weak Laplacian of u

provided
—(u,9), = qubdx Vo € %’fj(Q)_
Q

Proposition 3.3.4. Let Q ¢ R? be open, u : Q@ —» R, @ : Q x Q — R be antisymmetric.
If L[u] € L*(Q) and G,[u] € L*(Q?) then the weak nonlocal Laplacian L [u] and the

nonlocal Laplacian L,[u] agree a.e. in Q.

Proof. Let v € C2(Q). Then by Definition and Proposition we have

fll*[u]vdx:—ffga[u]ga[v]dde:fl:[u]vdx.
Q o Ja Q

Since this holds for any v € C°(Q2) we conclude L*[u] = L[u] a.e. in Q. O

Remark 3.3.5. For the remainder of the chapter, we will use the notation .£,[u] to denote
the weak Laplacian of the function u. When the distinction between weak and original
definition is essential it will be indicated. To begin with, note that the integration by parts

Proposition [3.2.6/holds for the nonlocal weak Laplacian simply by definition of the latter.

Definition 3.3.6. Let
HXQ) = {u e HNQ) : Ly[u] € LAQ)] (3.3.4)

and defining
(u, w), = f f Lo[u] L[wldx'dx (3.3.5)
aJo
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introduce an inner product on 272

(U, W) 52 = (U, W) 1 + (1, W), .

Proposition 3.3.7. Suppose « satisfies Assumption The space 7} (Q) is a Hilbert

space with inner product (-, ) y1.

Proof. All that remains to be proven is completeness. Let (u,) be a Cauchy sequence in
H1(Q). By definition, (u,) is a Cauchy sequence in L*(Q) and consequently there exists a
strong L*(Q)-limit u € L>(Q). Similarly, we also know G,[u,] converges to some L>-norm
limit v € L*(Q x Q). Consider the truncated kernel @, = Y[ o) forr > 0. Forevery 7 > 0

and ¢ € L*(Q x Q) we have by proposition

lim f f (Ga[tn] — Gou]) - pdydx| = lim f f Goluy — u] - pdydx
n—oo Q Q n—oo Q
= lim f ty — ) D, [Pldx
n—oo Q

< lim [lu, = ullp2[| Do, (S]]
n—oo

=0

Note that D, [v] € L*(Q) since (V' + V)a, € Cr(Q x Q) for every T > 0. We conclude
lim G,_[u,] = G,.[u] a.e. for (X,y) € Q X Q. Combining this with the fact that G,[u,] — v

in L2(Q x Q) implies for every 7 > 0,

1
Go.lu] = lim G, _[u,] = lim G,[u,] =v ae.in {(X, YEQXQ:|x—y|l > —}.
n—oo n—o0 T

From this we conclude G,[u] = v a.e. in Q X Q.

Proposition 3.3.8. The space F*(Q) is a Hilbert space with inner product (-, ) 2
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Proof. Again we only need to verify completeness. Let (u,) be a Cauchy sequence in
JCHQ). Then (u,), (Glu,)), and (L,(u,)) are Cauchy in L? and consequently have L? limits
u, v, and w respectively. Using the same method as in Proposition|3.3.”7] we have v = G[u,]
a.e. Let ¢ € Q).

Appealing to Proposition Theorem [3.2.8] and Holder’s inequality, we obtain

lim f f Golun — ulGolgldydx < lim [|Go[u — up]llr20x0)1Ge[Sll20x0)
o Ja n—oo

n—oo
< r}l_{{}o CllGolu — u,lll 2 @xoll@llw 2@

=0

and

lim f f w = Lo[u,Ddydx < lim [lw — Lo[up]llr20l#llr2)
o Jo n—oco

n—oo

=0.

Putting this together, we obtain via Proposition

_ffga[u]ga[¢]dxz_llmffga[un]ga[¢]dx
QJa = Ja Jao

=lim | L,|u,]l¢dx = f waodx
Q Q

n—oo

Thus, w = L,[u] a.e. in Q in the nonlocal weak sense and, consequently, u € %Z(Q). O

Finally, we define Hilbert spaces associated with the boundary conditions that we will

consider.

Definition 3.3.9 (Nonlocal “hinged” and ‘“‘clamped” spaces). Let QQ” cc Q' be an open
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sub-domain of €. Define respectively
A Q Q) = {u € A (Q) N AXQ) : Lolu] =0ae. on Q' \ Q") (3.3.6)

Q) = {u € A\(Q) N AHQ) 1 No[Golull =0 ace. on int(Q’)} (3.3.7)

From the definition (3.2.1)) of the nonlocal normal operator and the nonlocal two-point

gradient ((3.2.2)) it follows that

NalGolull(x) = f

(u(y) — u(x))u(x,y)dy for x € int(QQ").
Q\

Moreover, because in the clamped space we also have u(y) = 0 on Q \ ', then the identity

N, [G.[u]l(x) = 0 actually reduces to

w@fummwo
O\QY

If we set Q" = Q5 where

Qs = {x € Q: dist(x, 0Q) > 6}

and choose @ = a; as in Assumption |3.2.10} then because y +— u(x,y) is strictly positive
and continuous on Q \ Q' for any fixed x € int Q;, we conclude that u(x) = 0 a.e. in Q\ Q.
Thus we have an alternative representation for the nonlocal “clamped” space:

Hop o Qs) = Ay, o(Qs) N HUQ). (3.3.8)

26):0



68
3.4 Compactness theorems

A key tool in subsequent analysis will be the following version of a nonlocal Poincaré

inequality.

Theorem 3.4.1 ([34, Thm. 1.2]). Assume Q is a bounded domain of dimension d =
dim Q > 2 with Lipschitz boundary. Let (6,) be a sequence of positive numbers decreasing
10 0. Let (ps,) be a sequence of functions satisfying (3.2.5). There exists a constant C, 40
dependent on the domain, p (and also on the choice of the sequence of mollifiers ps,) such

that

f lf&x) - fI
Q

x—yp ps,(1X = yhdxdy

IF = Soll oy < Cpaa |

Q
for every f € LP(Q) with the convention that the right-hand side is +oo when diverges.

Here fq is the average value of f in Q.

Remark 3.4.2. It should be noted that in [34], the result of Theorem [3.4.1|is extended to
dimension d = 1; however, in that case, it is necessary to place an additional constraint on
Ps,-

In the nonlocal setting we cannot appeal to the embedding and compactness methods
of Sobolev theory. Instead, the crucial compactness result in this context will be provided

by the following theorem of Brezis, Bourgain, and Mironescu:

Theorem 3.4.3 ([7, Thm. 4]). Let Q be a bounded domain of class C'. Let (6,) be a
sequence decreasing to 0. Suppose (f,) is a sequence in LP(QQ), 1 < p < oo, of functions

satisfying the uniform estimate

_ p
LL —lf”(ﬁ — fl’l’lgy)l ps, (X — yDdxdy < Cy (3.4.1)



69

where (ps,) is a sequence of non-increasing mollifiers satisfying (3.2.5)). If

ffn(x)dx:O forall n, (3.4.2)
Q

then

(i) the sequence (f,) is relatively compact in LP(Q), so up to a subsequence we may

assume f, — fin L'(Q)

(ii) if. in addition, 1 < p < oo, then f € W'’(Q) and IVfllr < K(p,d)Cy for K

dependent only on p and the dimension d.

Remark 3.4.4. The compactness in L? (part (i)) result of [7, Thm. 4] uses Riesz-Fréchet-
Kolmogorov’s theorem (e.g., see [8, Thm. IV.25, p. 72]) which establishes this compact-
ness result on a set compactly contained within a given open domain. To get the conclusion
on all of Q, the proof of [/, Thm. 4] uses an extension of the functions f, by reflec-
tion across the boundary of €; due to the monotonicity condition on ps, such a reflection
preserves the property (3.4.1). Thus, part (i) needs the C' regularity only to obtain an L”-
preserving extension by reflection. This result reduces to a change of variable theorem for
the mapping that locally defines the boundary; this procedure could potentially be carried

out under weaker boundary regularity conditions, for instance, see [21].

Recall that
Qs = {x € Q : dist(x, 0Q) > ¢}
Below we prove a useful corollary to Theorem [3.4.3

Corollary 3.4.5. In Theorem[3.4.3|we can replace assumption (3.4.2) by the assertion that

(fn) are bounded in LP(€)). Moreover; if 1 < p < oo and supp f, C ﬁgn, then f € Wé’p (Q).
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1
Proof. Let a, := @ f fn(x)dx. Since Q is bounded and (f,) is bounded in L”(Q), then
Q

the scalar sequence (a,) is bounded. Define

&n(X) 1= fu(X) — ay .

Then each g, obeys (3.4.1)) and has zero average. By Theorem we know {g,} is pre-
compact in L”(€2). Because (a,) is a bounded scalar sequence and € is bounded, then {f,}
is also pre-compact in L”(Q).

Now to show f € Wol’p (€2). Recall supp f, cC ;. Choose Q¢ C R open and

bounded such that Q cc Q.. Let

5 Ju, X€EQ
fn:
0, xeQ,\Q

Notice that the integral in

F _f P
L[‘ Lf‘ Lﬁ£§l—4ﬁézzL¢mnﬂx-dexdy
Qexl Qexl

Ix —yl”

can be decomposed as

L Lo
QJQ Qexi\Q JQ Q JQexi\Qs,

When x € Qg \ Q then either y € Q \ Q; 1in which case fn(x) - fn(y) = 0 via the zero
condition on the collar possibly excluding a set of measure zero, or the distance between

x and y is at least 6 whence ps (|x —y|) = 0. So the second double integral above is 0. A
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symmetric argument shows that the third one is zero as well. Conclude:

5o i 3 »
L L —lf”(Ti_ﬁ;y)l péndxdy:j;‘];%%ndxdys@

By Theorem [3.4.3|we know £ := lim f, € W'(Q.). Notice that f is a W'? extension of f

to Q. across 0Q2. The trace of f on the (C') sub-manifold AQ is then uniquely determined
(e.g., [1, Thm. 5.36]) by treating it as the boundary of Q2 and of Qe \ Q respectively. Since
f =0o0n Qe \ Q we conclude f = 0 on Q. O

The preceding Corollary [3.4.5] in turn allows us to state two versions of Theorem [3.4.1]

applicable to functions compactly supported in €2:

Corollary 3.4.6 (Nonlocal Poincaré with zero shrinking collar for a sequence). Under the
assumptions of Theorem suppose (f,) is a family of functions in L(Q) such that

supp fn C ﬁ(sn. Then there is a constant Cp, 4o > 0 satisfying

f /() = fa(DI”
Q

Xy ps, (1X = yhdxdy

||fl‘l||Lp(Q) < deQf

Q
for every n with the convention that the right-hand side is +oco when undefined.

Proof. Proceed by contradiction as in [34] p. 12]. Suppose we can extract a subsequence
(re-indexed again by n) so that the candidates for “C, 4" diverge to +oo. In particular,

suppose a sequence of scalars (c,) diverges to +oco and for every n

— p
AP fg fg VOO = JOR, x - yhaxdy

Ix -yl

Re-normalizing both sides by || f,||7

”LI’(Q) we may just assume that ||f,|[.» = 1 and

lim

n—oo

f fa(x) — fn(y)l” ps. (X — yDdxdy = 0. (3.4.3)

Ix -y



72

By Corollary [3.4.5|functions (f,) converge strongly to f in L7(Q) with || f]|.») = 1. More-
over, f € Wé’p (Q). In addition, by and the same Corollary (referring now to part (ii) of
Theorem [3.4.3)) we have from (3.4.3) that ||V f||,») = 0. Poincaré-Wirtinger’s inequality

now implies that f = 0 in WS”’ (Q) thus contradicting the fact that || f]|.rq) = 1. O

Corollary 3.4.7 (Nonlocal Poincaré with zero collar). Under the assumptions of Theorem

suppose if Qg cC Q. Then there is a constant Cp, 40 0, > 0 such that

f lf&x) - fIF
Q

1y < Crana, [ [ O L i vy

Q
forall f € LP(Q) satisfying supp f C Qg

Proof. The proof by contradiction reduces to a construction of a sequence (f,,) in L(Q) that
violates Corollary Since Q) cc Q is fixed, then we may assume that each Qy C Qs,

for all n. o

3.5 Convergence of the nonlocal operators

3.5.1 Scaled operators

With appropriate scaling, the nonlocal Laplace and biharmonic operators converge to their
local analogues. Throughout this subsection suppose Assumption [3.2.10| holds for kernel

as and
ps(x —yl)

— 2 _
Hs(X,y) = |as(X, y)l Xy

Since this is a radial function we may write with a slight abuse of notation:

oY) = (X =y and  pug(s) = 2 ‘;(f).
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Definition 3.5.1 (Scaling). Let

5
75(r) ::f Sus(s)ds . 3.5.1)

Let w,_; be the surface measure of unit sphere in R¢ and define

1 1 0
C@©6):= —f n(|z))dz = —w4; f a(rri-tdr, (3.5.2)
2 Jss0 2 0

which is finite for d > 2.

Proposition 3.5.2. Let § > 0 and C(5) be given by (3.5.2). Then
C(6) =1/(2d)

Proof. By appealing to the definitions of C(9), 75(r), us(s) and changing the order of inte-

gration, we obtain

0 ) s
C(%) Sl ff p—é(s)rd_ldsdr: wd_lf f rd_lp—(S(s)drds
2 Jo Jr s 2 Jo Jo S

:% | sd_lp(;(s)ds
The result follows since by construction fRd Ps(X)dx = fBé_ © ps(X)dx = 1. O

In light of the previous proposition we can write C rather than C(6) in (3.5.2) and
introduce

oc:=C"'=2d. (3.5.3)

Accordingly, we redefine the nonlocal Laplacian and biharmonic operators with the scaling
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term:

Lo u(x)

o fg [u(Y) — w0 5%, Y)dy (3.5.4)
B(y,;u(x) = £(25 [L(x(;[u](x)]- (355)

3.5.2 Pointwise convergence

We will show that the nonlocal operators approach uniformly their classical versions when
acting on smooth functions as the peridynamic horizon ¢ goes to zero. The proofs of the

following results were inspired by the strategy used in the upcoming paper [33].

Lemma 3.5.3. Let Q C RY%? be bounded and open, u € C*(Q) N W' (Q). Further suppose
a; satisfies Assumption|3.2. 100 Then for any x € Q and all 6 > 0 such that Bs(x) C Q,

1
Lo ulx) = o f f S(Au(x T 5z) - Au(x))n(lzl)dzds T+ Aux).
0 Bs(0)

Proof. We interpret £, as the weak nonlocal Laplacian, but since u is a fortiori in W'P(Q)
then £, [u] € L*(Q) by Proposition|3.2.12|and we may use the pointwise original definition

according to Proposition [3.3.4, Because the support of p is contained in Bs(x), we have

LWl = & f [u(y) — ()15 (x, y)dy
Bs(x)

1
d

O'f f oy [u(x + s(y — x))] us(X, y)dsdy
Bs(x) JO @GS

1
o f fo Vi(x + 5¥ = %)) - (3 — Ops(x, y)dsdy.
Bs(x)

Because u is Lipschitz and (y — X)us(x,y) is integrable, then we can change the order of
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integration and then apply substitution z = y — X to obtain
1
Lo, [ul(x) = o f f Vu(x + sz) - [zus(|zl)1dzdss.
0 JB50)
With 7 given by (3.5.1) we know
, v/
Von(lzl) = 7 (IZI)H = —ps(|z)z

and consequently,
1
Lo, [ul(x) = —O'f f Vu(x + sz) - V,n(|z|)dzds.
0 JB50)
Since 7(6) = 0, then integration by parts gives

1
Lo, [ul(x) =O'f f div,[Vu(x + sz)]n(|z|)dzds
0 JBs(0)

1
:o-f f Au(x + sz) s n(|z|)dzds .
0 Bs(0)

Let wy_; be the surface measure of the unit sphere in R¢. Using the identity

f n(|z))dz = f a(Pwg_1r*tdr
Bs(0) 0

we may rewrite L,, [u](x) in the desired form:

1
Lo, [ul(x) :a'f f (Au(x + sz) — Au(x)) sn(|z|)dzd s
0 JB;50)

w7 d-1
+ oAu(x) > f a(r)yr‘=dr.
0

Then apply the fact that o = 2d and use the definition (3.5.2)) along with Proposition [3.5.2]
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to establish that all constants in the right-most term cancel. m|

Theorem 3.5.4 (Convergence of the nonlocal Laplacian). Suppose Q c R%? is bounded
and open, and as satisfies Assumption |3.2.100 Let u € C*Q) N W**(Q) and o = 2d in

(3.5.4). Then there is K(u,d) > 0 dependent only on u and n such that

|- Lo, [4](x) — Au(x)| < K(u, d)6*>  whenever Bs(x) C Q. (3.5.6)
In addition
Slg) | L, [1](X)] < |Aull oy + K(u, d)5* . (3.5.7)
xellds
soaso — 0
xasLas, (Ul = Au  strongly in LX(Q). (3.5.8)

And, if suppu CC Q with § < 1 - dist(supp u, dQ) then

sup | Lo, [u](x)| < [|Aul|p~q) + K(u, d) - dist(supp u, Q). (3.5.9)

xeQ)

whence as 6 — 0

Ly, [u] = Au  strongly in LX(Q). (3.5.10)
Proof. Let ¢ > 0 be sufficiently small so that Bs(x) € Q. Then by Lemma|[3.5.3]
1
Lo, [ul(x) = O'f f s[Au(x + 5z) — Au(X)]n(|z|)dzds + Au(x) .
0 JBs(0)

Thus,
1
Lo, [u](x) — Au(x) = o-f f s|Au(x + sz) — Au(x)|n(|z|)dzd s
0 JBs50)

We will let P;(ss) be a polynomial of degree i in s, that will be chosen appropriately. Rewrite
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_ ds-1
s = s( 2

) =: P}(s) and integrate by parts in s using %(Au(x + s52)) = AVu(x + sz) - z) in

order to obtain

1
Lo, [u](X) = Au(x) = o f f Py(s)[AVu(x + 52)] - zr(|z))d sdz
Bs(0) JO

1
= —o’f f Pr($)[AVu(x + sz) — AVu(x)] - zn(|z|)dsdz
B5(0) Jo

where the last step follows from

f zn(|z|)dz = 0.
Bs(0)

Since fourth-order derivatives of u are bounded, then we know that [AVu(x+ sz)—AVu(x)| <

M (u)|sz| for some constant M(u). Thus, we obtain

1
| Lo, [u](X) — Au(x)] < oM(u) f |P(s)sllzl’n(|z)dsdz
0

B5(0)

1 0
SO'M(M)Ewd—lf P m(p)dp.
0

Finally, use the fact that p"*! < p?~162 for p € (0,6) and definition (3.5.2) along with

Proposition [3.5.2]to obtain

| Lo, [u](X) — Au(x)| < K(u,d)5*0C = K(u,d)5” . (3.5.11)

For any x € Q;, we know (3.5.11) holds since B;(x) C Q (note the same ¢ is valid all

x € Q5). Thus

Ly )OIy < Ay + K (u, d)S

This supplies a uniform bound on yq, Lo, [u], so the convergence result (3.5.8) follows
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from (3.5.6) which applies on Q; and the fact that the measure of Q \ Qs tends to 0.
To verify (3.5.9) take 6 < % - dist(supp u, 9Q). When x € Q \ Qs notice that Au(x) =
Lo, [u](x) = 0. Wheres for all x € Q; estimate (3.5.11)) holds (note ¢ does not depend on x

here). Thus for all § < 3 - d(supp u, Q) we have

sup | Lo, [1](®)| < |Aull=0) + K(u, d) - d(supp u, 0Q)* .

xeQ)

The assertion of a compact support simplifies (3.3.8) to (3.5.10). m|

Theorem 3.5.5 (Convergence of the nonlocal biharmonic). Suppose Q c R%? is bounded
and open, X € Q, and a satisfies Assumption|3.2.10} Let u € C3(Q)NW>*(Q) and o = 2d.

Then there is a constant K(u,d) > 0 dependent only on u and d, such that
1B, [u](%) — A?u(x)| < K(u, d)s

whenever Bs(x) C Q. Moreover, if suppu CC Q and 6 < % - d(supp u, 0Q) then the estimate

is uniform in X and

sup |B,, [u]l < ||A%ull =) + K(u,d) - d(supp u, Q)
xeQ

Proof. Function u has sufficient regularity to expand the weak biharmonic according to its

definition:

Bu,[ul(X) = o f (Lo 1Y) = Loy [ (0] 5%, y)dy.
Bs(x)
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Appealing to Lemma[3.5.3] and canceling o~ with C, yields

Bl = [ [Au(y) ~ Au(x)
Bs(x)
1
+ O'f f s[Au(y + sz) — Au(y)]n(|z|)dzds (3.5.12)
0 JBs50)

1
- af f s[Au(x + sz) — Au(x)]n(|z|)dzd s [us(X, y)dy.
0 JBs(0)

The first term in the above equation can be simplified using the definition of (scaled) non-

local Laplacian £,,:

o f [Au(y) = Au(x)] us(x, Y)dy = Lo, [Au] (x).
Bs(x)

From Lemma [3.5.3] again, we obtain

1
L, [Au] (x) =0 f f s[A?u(x + sz) — A*u(x)n(|z)dzds |+ A*u(x).
0 JBs50)

Substituting this back into (3.5.12)) results in

B, [ul(x) — A%u(x)

o f
Bs(x)

1
af f s[Au(y + sz) — Au(y)]n(|z|)dzds
0 JBs0)

1 (3.5.13)
-0 f f s[Au(x + sz) — Au(x)]n(|z|)dzd s |us(x, y)dy
0 JBs(0)

1
+lo f f S[A%u(x + sz) — A*u(x)]n(|zl)dzds .
0 Bs(0)

Demonstrating that the boxed term is of order ¢ is a simplified version of the argument
necessary for the first two integrals (which incorporate the non-integrable kernel us). The

rest of the proof will focus on the first two summands in (3.5.13).
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For s introduce

F.x): =0 f [Au(x + sz) — Au(x)]|n(z)dz
B5(0)

1
and rewrite the first two terms on the right in (3.5.13)) as f sLs[F](x) ds. By Lemma
0
B3.5.3l

1
f sLs[Fl(x) ds
0 (3.5.14)

1 1
= f scrf f S(AF(x + 5Z) — AF (X)) n(|Z))dZd5 + AF ((X)d s
0 0 JBsy0)
Recall u € C3(Q) N W>*(Q), whence there exists M > 0 such that

RA < M|SZ|.

sup ||Di (u(x + sz) — u(x))

O<i<4

Therefore,

IAF(x)| <o f |A%u(x + sz) — Au(x)| n(z)dz
Bs(0)
<oM |sz|m(z)dz
Bs(0)

<oM|s|lwg-, f rr(r)dr (change of variables) (3.5.15)
Bs(0)

s
SISI(SMO'a)d_lf rla(rdr
0

<2|sloM (By definition of o)
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By applying (3.5.13) to (3.5.14) we obtain the bound

1 1 1
f sLs[F](x) ds Sf saf f 54|s|oM) n(|1Z|) dZds + 2|s|oM ds
0 0 0 Bs(0)

SM'6(0‘f n(|z) dz + 1)
B5(0)

<3M'6

Combining (3.5.13) with (3.5.2)), we finally arrive at

B, [ul(X) — A?u(x)| < K(n,u)- 6 (3.5.16)

Now to verify the uniform bound. Suppose 6 < % - d(supp u, Q). First consider x €

OQ\Q;. Since Bs(x) N supp(u) = O we have

Lo W0 = & f (u(y) — u())(x, y)dy = 0
Bs(x)

Likewise, for any y € Bs(x) we have Bs(y) N supp(u) = 0. Consequently,

Lo[ul(y) = o f (u(z) — u(y))u(y,z)dz = 0

Bj;(y)

We conclude, for any x € Q\Q;s we have

Bo,[ul(x) = o f (Lo, [ul(y) = Loy [u](X))u(x, y)dy = 0
B;(x)

Thus B,,[u] and A’u agree on Q\Q;. Also notice that Vx € Qs we have Bs(x) C Q and so

(3.5.16) holds (note § does not depend on x here). Thus for all 6 < % - d(supp u, 0QQ) we

have

sup |B,, [u]] < ||A2u||L°0(Q) + K(u,d) - d(supp u, 0Q).
xeQ
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3.6 Well-posedness of the nonlocal steady state problem

Throughout this section Q is any bounded open set in R? for d > 2. The first problem we

will look at is the nonlocal elliptic biharmonic equation
Bylul=f in & (3.6.1)
with nonlocal equivalent of hinged or clamped boundary conditions (Definition [3.3.9):
ueH=2% o A (3.6.2)

Note that both the spaces are topologized by the norm in 72,

Proposition 3.6.1. Suppose f € L*(Q'), and « satisfies Assumption |3.2.100 There exists a
unique (weak) solution u € H of the nonlocal PDE (3.6.1)).

Proof. We prove this result by using the Lax-Milgram Lemma. For v € H the associated

fBa[u]vdx:ffvdx.
Q Q

Using the fact that v = 0 on Q \ Q' (regardless of the definition of H) and through

weak formulation is

repeated application of Proposition [3.2.6| we obtain

a[u,v]:ffvdx,
Q

where

alu,v] = f Lo [ulL,[v]dx.

Q
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This bilinear form is continuous since

lalu, v]| < ||£a[u]||L2(Q)||~£a[V]||L2(Q) < ||M||%2(Q)||V||,%”2(Q)-

It remains to show coercivity. Since all functions in H vanish on a fixed collar Q \ €', then

by Corollary [3.4.7|there is C > 0 such that

”u”%}(g) S C”Qa[“]”iz«;xg) . (363)

Integration by parts (Proposition [3.2.6) and Holder’s inequality yields
”ga/[u]”iZ(QXQ) == js; ully[uldx < ||~£a[u]”L2(Q)”u”L2(Q)- (3.6.4)

By combining (3.6.3) and (3.6.4) we conclude that [|ul|;2q) < CillL[u]ll;2) and [|Galulll2xa) <

CllL[u]ll ;2 Thus, there is ¢; > 0 such that for all u € H

2 2
a(l/l, u) = ||'£[u]||L2(Q) = C2||u||jf2(g)

Since H is a Hilbert space, by the Lax-Milgram theorem there exists a unique element
u € H satisfying
Blu] = f.

3.7 Convergence results

In this section we will show that the solution to a nonlocal system approximates the cor-

responding solution of the classical elliptic boundary value problem as the horizon ap-
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proaches 0. Such a study has been previously carried out for the Navier system in [29]].
Before proceeding to the biharmonic operator we collect several results for the classical

and nonlocal Poisson problems:

Av=f, xeQ
(3.7.1)
v=0, xe€0Q
and its nonlocal analogue:
-Loz [Vn] = f, X € Q~n
” ’ (3.72)

v, =0, XEQ\an, Sn>6n-

Note that for convenience we allow the zero Dirichlet data to be prescribed over a possibly
thicker collar than the horizon of the Laplace operator. Recall that we are using the scaled
(by o~ = 2d) version of the Laplacian (3.5.4). The following result is an adjusted version of
[29, Thm 5.4].

Theorem 3.7.1 (cf. [29, Thm 5.4]). Let Q c R% d > 2, be an open bounded set of
class C'. Suppose a sequence of positive scalars (6,) converges to 0 as n — co. For any

f € LX(Q), the sequence of solutions {v,} C 3

as,

0Q;5,) to (3.7.2) converges strongly in
X Q) tov e WS’Z(Q) where v is the weak (variational) solution of the Laplace equation

(3.7.1). In addition, there is C > 0 so that for all n

Vall2) + 1Gas, [Valllizoxe) < C”f”LZ(an)' (3.7.3)

Moreover; if Q is of class C? then the classical elliptic theory (see, for instance, [8, Thm.

IX.25, p. 181]) gives v € W**(Q) N Wé’z(Q)

Proof. To invoke Theorem we first establish bounds on |Gy, [Valll12xq) and on
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IVallr2), independently of n. Apply Corollary @], nonlocal integration by parts, and

Holder’s inequality:

||Vn||%z(g) <ClIGa,, [Vn]”iZ(QXQ)
= = C(Lay, [Val vid 12y
= — C(Lo,, Val, vid 2oy (3.7.4)
=-C(f, Vn)LZ(an)

SC”f”LZ(Q;;n)||Vn||L2(Q) ,

where C is independent of n. Dividing by ||v,||;2q) yields a bounds on the latter in terms
of || fllz2cq; )- That in turn gives a bound on the nonlocal gradient verifying BT73)uptoa
minor adjustment of the constant.

We conclude by Corollary that {v,} is relatively compact in L*(Q2). We will show
that every cluster point of {v,} solves the classical Poisson equation (3.7.1) which has a
unique solution in Wé’z(Q). Let (v,) be a convergent subsequence. Consider a test function

¢ € C=(Q). We may assume that 6, is small enough to ensure that supp ¢ C Q; . Then via

Proposition [3.2.6]

fvnﬁadn[gb]dX:fL(,é.n[vn]QSdX:f Laén[vn]qbdx:ffq&dx.
Q Q Q;, Q

Since v, — v strongly in L?(Q), and by the result of Theorem applied to the compactly

supported function ¢ the limit as n — oo gives

vaquX:ffqﬁdx
Q Q

as 0, — 0, verifying that v is the distributional solution of the Poisson problem. Since

v E Wé’z (€2), then via integration by parts we conclude that v is the weak variational solution
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to the Poisson problem. O

Now consider a family of equations

Loy, val = o, x€Qy
v, =0, XEQ\Q;;”,

(3.7.5)

(=%)
B
\Y%
%)
B

where v, € ‘%@;,O(Q&)'

Corollary 3.7.2. The result of Theorem holds if in each nonlocal problem (3.7.2) and
in (3.7.3)) we replace f by f, € L*(Q) assuming that f, — f in L*(Q).

Proof. Since f, are uniformly bounded in L?(Q) then as in (3.7.4) in the proof of Theorem
we conclude that {v,} is relatively compact in L?(Q). Let v be a cluster point of this
sequence. Consider a test function ¢ € C°(€2). We may assume that supp ¢ C €; for all n.

By Proposition [3.2.6] we obtain

f VLo, [9ldx = f Ly, [valpdx = f Lo, [valddx = f Jnpdx .
Q Q Qx Q

on

Since f, — f and v, — vin L?, via Theorem applied to ¢ conclude

f VA@dx = f fodx
Q Q

From the WS’Z(Q) regularity it follows that v is a weak solution of the Poisson problem

(3.7.1). |

3.7.1 Convergence to the classical solution for the hinged problem

We turn to the elliptic problem for the nonlocal biharmonic and the analog of hinged bound-

ary conditions. Note that second-order boundary condition will be applied to the extended
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Q\ Qs
Q\ Qs

Figure 3.2: The nonlocal domain Q with its collar boundaries Q \ Q,; and Q \ €.

collar. In particular we consider this problem on the space %’jﬁs (€5, Qys) according to the
definition (3.3.6).

Theorem 3.7.3. Let Q C R*, d > 2, be a bounded domain of class C*. Suppose sequence
of positive scalars (6,) converges to 0 as n — oo. The solutions of the nonlocal hinged

problems

Bagn [u] = f, x€ QZ(Sn
u, =0, x € Q\ Qs (3.7.6)

Lo [ua] =0, x€ Q5 \ Qys,

converge in L*(Q) to the weak (variational) solution u € W>*(Q) N Wé’z(Q) of

ANu=f, xeQ
(3.7.7)

u=Au=0, xe€dQ

as n — oo, If, in addition, Q is of class C?, then u is also in W**(Q).
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Remark 3.7.4 (If L, [u,] were also zero on Q \ €5,). We conjecture that such an overlap
would actually enforce u to be zero on the full extended collar Q \ €,5. In turn, by the same
argument, that would imply u = 0 on Q\ Q35 which might contradict the data in the interior

unless very special “f” is considered.

Proof. Step 1. Let ys be the characteristic function of ;. Set

vn(X) = Xé(x)l:a',gn [I/tn](X) .

Due to the support of us,(X, -) the value of B, [u,](x) for x € Q,;, only depends on L, [u,]

in Q;,. Since in Q;, the functions v, and L, [u,] coincide (by definition) then
‘E(l(sn [Vn](x) = B(I5n [Ltn](X) = f(X) fOI‘ X € Qézn .

When x € Q\ Q5 thenv, =0, and if x € Qs, \ y5,, then v, (x) = Ly, [u,](X) = 0 by the
second boundary condition in (3.7.6). Hence v, satisfies

'Lll(yn vl=f, x¢€ 5226,1
v =0, x€Q\ Q.

By Theorem (with &, = 26, > §,) we know that v, — v in LX(Q) with v € W,*(Q) N
W22(Q), where Av = f.

Step 2. By definition of v,, we also know that u, solves

-Eagn [un] =V XE€E Qén

Uy = 0, xeQ\Q; .

According to Corollary (now 0, = 8,), u, — uin L*(Q), where u € WS’Z(Q) and u is
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the weak solution to Au = v. Then it follows that
ANu=Av=f

in the sense of distributions. Since u € Wé’z(Q) and Au = v € L*(Q), then C? regularity
of the domain ensures u € W>2(Q) N W,*(Q). This fact, along with Au € W,*(Q) via
integration by parts of the distributional identity A%u = f verifies that u is, in fact, a weak
solution of (3.7.7).

Moreover, from the elliptic theory follows that if the boundary is of class C* then u €
W*2(Q) [25, Sec 3A, pp. 282-284] (the latter, in fact, deals with smooth boundary, but it
suffices to consider the order of boundary regularity which matches that of the operator,

namely, C*). O

3.7.2 Convergence to the classical solution for the clamped problem

The next result deals with a nonlocal version the clamped biharmonic problem. This time
the boundary conditions are up to the first order, and are both prescribed on the “original”
collar Q\Q; . As indicated earlier in the analysis of nonlocal clamped boundary conditions,
this condition in fact affects the extended collar too (3.3.6]) essentially forcing the solution

to be zero on the extended collar.

Remark 3.7.5 (Distinction between nonlocal hinged and clamped). Note that u = 0 on
Q\ Q5 does not provide L,, [u,] = 0 on Qs \ Qs as imposed in the hinged case, since the
nonlocal Laplacian on €5 \ 2,5 subdomain also draws information from inside ;.

Had all boundary conditions in were instead imposed on the same collar Q \ Qs,

then those conditions would have been a consequence of the nonlcoal clamped data on €2;.
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Ba(yn [un] = fa Xe Q26
(3.7.8)
u, = Na@n [ga,gn [un]] =0, xeQ \ Q(Sn s (CQUiV- U, = 0, xeQ \ QZ(S)
and its classical analog:
A’u = f, xeQ
(3.7.9)
u= % =0, x€dQ.
ov

Theorem 3.7.6. Let Q C R", d > 2, be bounded open of class C®. Suppose sequence of
positive scalars (8,) converges to 0 as n — oo. For all f € L*(Q), the sequence of solutions
{u,} C e%fén’c(an) fo converges strongly in L*(Q) to v € Wé’z(Q), which is a weak
solution of (3.7.9), as n — oo. Moreover u, in fact, is the regular solution to this elliptic

problem: u € WH*(Q).

Proof. Step 1. We plan to invoke Theorem (Corollary [3.4.5)), so we need to demon-
strate an upper bound on ||G,,, [u,]ll;2), independent of n. Apply the Poincaré-type in-
equality of Corollary and nonlocal integration by parts (Proposition [3.2.6, applied in
the weak sense as indicated in Remark [3.3.3):

C”un”iZ(Q) < ||ga§n [un]”iZ(QXQ) = - L-Ea(;n [un]undx (3 7 10)

<NLas, [l 2l ltnll 20

for some ¢ > 0. Hence

ltallrz ) < N La, [alllz2 )

1
2 2
||g(l§” [un]”LZ(QXQ) < Z”L%H [un]”LZ(Q) .
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Thus:

1
2

2
c ”'£a§n [l/ln] | |L2(Q)

1
”un”iZ(Q) S_HQQ@H [un]”iZ(QXQ) <
¢ (3.7.11)

1
ZE |<Ba5n [un]’ uﬂ>L2(9)| :

Since the clamped space (3.3.8)) enforces zero data on the extended collar Q \ Q,; we

continue the estimate (3.7.11))

1 1
oo S_2 |<Ba/§n [un]a un>L2(Qza)| = ) |<f’ u”>L2(Q)|
c c (3.7.12)

Sg“f”Lz(Q)”un”Lz(Q)

where c is independent of n. Therefore, (u,) is bounded in L*(2) and so is (G, [Un]). By
Corollary {u,} is relatively compact in L2(Q) and if u is a cluster point of {u,}, then
u € Wy*(Q).

It remains to show that any cluster point of {u,} is the unique weak solution of (3.7.9).
Pick a test function ¢ € C°(€2). We may assume that ¢, is small enough so that supp ¢ C

Q35 (note the factor of 3 instead of just 2). By Proposition we then have
(B, [D] un)12) = (D, Bay, [n]) 120 = &5 12
Use the fact that u,, — u strongly in L*(Q2) and Theorem to conclude that
fA2¢u dx = fqbfdx
Q
as n — oo. This verifies that u € Wé’Z(Q) is a distributional solution to

Au=f.
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Step 2. Let’s prove u € W>*(Q). Set z, = L, [u,]. From G7.11)-(3-7.12)

2 2 2
”Zn”Lz(Q) S ||f||L2(Q)”u””L2(Q) .

Since (u,) is bounded in L*(Q) then so is (z,). Conclude that (z,) converges weakly to some

zin L*(Q). At the same time, for ¢ € C(Q) nonlocal integration by parts gives

(Zn» ¢>L2(Q) = Uy, Lagn [¢]>L2(Q)

We know u, — u strongly in L*(Q) and because ¢ is compactly supported, by Theorem
we also have £L,, [¢] — A¢ strongly in L*(Q). And since z, converges weakly then

in the limit n — oo this identity becomes

(z, ¢>L2(Q) = (u, A¢>L2(Q) .

So z € L*(Q) is the distributional Laplacian of u. Since u € WS’Z(Q) and the domain Q is

smooth, then the elliptic regularity ensures that u € W*2(Q) N W, *(Q).

Step 3. To prove that u is the weak variational solution of the classical biharmonic
problem it remains to establish that u has zero normal trace. For this purpose consider
a family of test functions that belong to C*(©) N W**(Q), which will be used to apply
Theorem and whose boundary traces are dense in L*(I). For, instance, relying on 2D
Sobolev embeddings, it suffices to consider W82(Q). If Q is sufficiently smooth, e.g., of
(uniform) C® regularity, then the traces of these functions are exactly the space W5+%’2(F)
which is dense in L*(T).

Fix such a test function . We have just shown that Au € L*(Q) and that z,, = Ly, (1]
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converges to Au weakly in L2(Q). Thus

lim | L, [,y dx = f Ay dx . (3.7.13)
Q Q

n—oo

The goal is to verify that

fAuqux:ququx
Q Q

Invoke again nonlocal integration by parts:

f Lo, [ (X (X)dx = f Un(X) Lo, [Y1(x)dx
Q Q

:( f . f )uﬂ<x>z:%,, [WI(x)dx
Qs, Q\Qy,

The second of the two integrals vanishes since u,(x) = 0 on the collar Q \ ;. Whereas
X, Las, /] converges strongly to Ay by Theorem [3.5.4] Along with the strong conver-

gence u, — u in L*(Q) this argument gives

lim f Lo, [up Y (X)dx = f uAydx.

In combination with (3.7.13)) we conclude

f Aupdx = f uAydx .
Q Q

Since u = 0 on the boundary, this identity for every ¢ € W2(Q) implies

ou
= -0
ov

because the traces of ¢ are dense in L*(I'). Thus u is a weak solution to the elliptic problem

(3.7.9). The additional W**(Q) regularity follows from the same remarks as at the end at



the end of the proof of Theorem [3.7.3]
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Chapter 4

Appendix

4.1 Oscillations of w when k£ <0

A critical component of the blowup result from Chapter [2] was knowledge that global so-
lutions of (2.1.2) could never eventually be of one sign. The following lemma supporting
this for the case k < 0 appeared without proof in Chapter 2] Below we provide the proof.

Lemma [2.6.6| Assume f satisfies conditions 2.2.1) and (2.2.2), k < 0, and w is a global
solution of (2.1.2)) with initial conditions satisfying (2.5.4). Then w is never eventually of

one sign.

Proof. We will assume that w is eventually nonnegative. A similar proof will work in the
case when w is eventually nonpositive. Suppose there exists a 7 > 0 such that w(¢) > 0
for t > T. We will show that w blows up in finite time. Let T be sufficiently large so the
consequences of Lemma hold.

Step 1. We will show that w’ > 0 for t > 7. Suppose w’ < 0 for some r > T. Lemma
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[2.6.5|implies w’ < 0 as long as w > 0; thus w’ < O for all 7 > T'. Recall

G’ =2a,ww’ + Qa, — az)w'w” — azww”
*

771\2
2(w).

E zg(w’)z +ww” + F(w) —

From Lemma [2.5.2] we know E(¢) is constant. From Lemma [2.5.4] we know G’ — oo
(monotonically for ¢ large) as t — co. We conclude
k
G + aE =2aww’ + Qar — az)w'w” + %(W’)Z + azF(w) — %(w”)2

—oo  (monotonically for ¢ large) as t — oo.

Since w is bounded, we know F(w) is bounded. Thus

k 1
200ww’ + Qap — az)w'w” + %(w’)2 - E(WN)Z — 00 as t— .

Recall that w > 0, w’ < 0, k < 0, consequently, dropping non-positive terms gives

Qa, — az)w'w” — oo,
Since @, > a3 by (3.2.11)) and w’ < 0, we must have w’ or w” — —co contradicting w > 0.

We conclude

w,w' >0 for te(T,o0). 4.1.1)

Step 2. We claim that w — oco. Since w is monotone increasing (w’ > 0), it suffices to

prove that w is unbounded. To the contrary, assume it is bounded. From (2.1.2) and (2.2.2)

d
_ (WIII

5 +kw') =w"" + kw" = —f(w) < —pw”
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77

it follows that for ¢ large w””’ + kw” is strictly decreasing. Thus we may assume that 7 is, in

addition, sufficiently large so that for some constant C
w” <C-kw', t>T. 4.1.2)
Since w > 0 we have from the definition of the energy

E < g(w’)2 +w(C —kw') + F(w) — %(W”)Z.

By Lemma|2.5.4|we have lim(G + E) = oo so,

>0

k 1
aw? + a;(W)? = azww” + E(w')2 +w(C — kw') + F(w) — E(w")2
>G+E >0 as t— .
By our assumption that w is bounded, we have a;w?, Cw, F(w), and —azww’’ — %(w”)2 are

k
all bounded above. Dropping these terms and the non-positive quantity E(w’)2 (note that

k < 0) we arrive at
lim (az(w')z + |k|ww') =00,
t—o00

Since w > 0 is bounded and w’ > 0 we must have limw’ = co contradicting w being
t

—00

bounded. Thus

w — oo monotonically on (7', o). 4.1.3)

Step 3. Positivity of w”. It follows from (2.2.2) and (4.1.3) that

—f(w) > —c0 as t— oo,
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Now let us look at the behavior of w”(¢). We will show that w”’(¢) > 0 for all ¢ sufficiently
large. To the contrary, suppose w”(t) < O for all t € (T4, o) for some 77 > T. From

equation (2.1.2) and the assumption k < 0 we get
w'"” = —kw” — f(w) > —c0 as t— oo,

which implies that w(f) — —oco, contradicting our initial assertion that w > 0.

We conclude that w” must be positive somewhere on (7, c0). Assume b; is the next
point where w” changes sign, i.e. w”’ is positive on a left neighborhood of b;, negative on a
right neighborhood and w"’(b,) < 0. Let (b, b,) be the subsequent maximal right-interval

of negativity for w”. From equation (2.1.2)) we obtain
w" = —kw” — fw) < =f(w) on (by,b).

Because we may assume that w is positive (in fact increasing), we conclude w” is nega-
tive and strictly concave on (by, b,), whence b, = co. But then we contradict the earlier
observation that w” can not remain negative on an interval of the form (7, o).

Thus, for T sufficiently large,
w,w ,w’ >0, te(T, o). 4.1.4)

Step 4. Finite-time blow-up. From equation (2.1.2]) we have

2
— (kw+w") =kw"” + W = —f(w)
dr? (4.1.5)

< —pw” (condition (2.2.2) for |w]| large).

Recall from (4.1.3) that w — co monotonically. Combining this with allows us to
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find a C > 0 such that for sufficiently large r we have

612 124
T (kw(t) + W' (1) < =C < 0.

So for all large ¢, kw + w” < 0. In other words, we may assume that 7" is large enough so
that —kw = |klw > w” on (T, o0).

To summarize: on (7', c0) we have w,w’,w” > 0 and |klw > w”. Consequently

r. 17 77

G’ =2a;ww’ + 2aoWw'wW”" — as(Ww” + ww'”’)

’. 17 77

< (a1 + mlk])2W'w — as(W'w” + ww'”).

For t > T we obtain:

G -G(T) = f G'ds
r (4.1.6)

< (@1 + alkDw(t)? — asw®wW” (1) + Cr .

Pick A > 0 such that (”J';))# < 2 (equivalent to A < ;%) and 2(1+1) < p+1. Since p > 1,
such a A exists. With < below indicating omitted positive constant factors (independent of

t or the solution) we have forr > T,

1+4
G < (@1 + aalkhw? — asww” + Cr +G(T))  (by @L))
1+4
< (WP + wow+ 1)
< |W|2(l+/l) + |WW//|1+/1 +1

(p+DH(1+2)

< WP 4 wPtt 4 w”] 1 + 1 (by Young’s inequality)

<P+ WP+ 1 (recall p+1>2(1+2) and E0H < 2)

< wf(w) +w”’*+1 (by condition (Z.2.2))

<G” (Lemmal2.5.4).
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From Lemma [2.5.4 we know G” > ¢ > 0, so G is positive and strictly increasing for ¢
sufficiently large. This along with the fact G'** < G” for all t > T implies G blows up in

finite time. This in turn implies w blows up in finite time. O
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