University of Nebraska - Lincoln

Digital Commons@University of Nebraska - Lincoln

Dissertations, Theses, and Student Research Papers

Mathematics, Department of
in Mathematics ) DEP

5-201S8

Knorrer Periodicity and Bott Periodicity

Michael K. Brown
University of Nebraska-Lincoln, mbrownlS@math.unl.edu

Follow this and additional works at: http://digitalcommons.unl.edu/mathstudent
b Part of the Algebra Commons, and the Geometry and Topology Commons

Brown, Michael K., "Knérrer Periodicity and Bott Periodicity" (2015). Dissertations, Theses, and Student Research Papers in
Mathematics. 59.
http://digitalcommons.unl.edu/mathstudent/59

This Article is brought to you for free and open access by the Mathematics, Department of at Digital Commons@ University of Nebraska - Lincoln. It
has been accepted for inclusion in Dissertations, Theses, and Student Research Papers in Mathematics by an authorized administrator of
Digital Commons@ University of Nebraska - Lincoln.


http://digitalcommons.unl.edu?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathematics?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/180?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mathstudent/59?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F59&utm_medium=PDF&utm_campaign=PDFCoverPages

KNORRER PERIODICITY AND BOTT PERIODICITY

by

Michael K. Brown

A DISSERTATION

Presented to the Faculty of
The Graduate College at the University of Nebraska
In Partial Fulfilment of Requirements

For the Degree of Doctor of Philosophy

Major: Mathematics

Under the Supervision of Mark E. Walker

Lincoln, Nebraska

May, 2015



KNORRER PERIODICITY AND BOTT PERIODICITY

Michael K. Brown, Ph.D.
University of Nebraska, 2015

Adviser: Mark E. Walker

The main goal of this dissertation is to explain a precise sense in which Knorrer pe-
riodicity in commutative algebra is a manifestation of Bott periodicity in topological
K-theory. In Chapter 2, we motivate this project with a proof of the existence of
an 8-periodic version of Knorrer periodicity for hypersurfaces defined over the real
numbers. The 2- and 8-periodic versions of Knorrer periodicity for complex and real
hypersurfaces, respectively, mirror the 2- and 8-periodic versions of Bott periodic-
ity in KU- and KO-theory. In Chapter 3, we introduce the main tool we need to
demonstrate the compatibility between Knorrer periodicity and Bott periodicity: a
homomorphism from the Grothendieck group of the homotopy category of matrix fac-
torizations associated to a complex (real) polynomial f into the topological K-theory
of its Milnor fiber (positive or negative Milnor fiber). A version of this map first ap-
peared in the setting of complex isolated hypersurface singularities in the paper “An
Index Theorem for Modules on a Hypersurface Singularity”, by Buchweitz and van
Straten. We show that, when f is non-degenerate quadratic (over the real or complex
numbers), this map recovers the Atiyah-Bott-Shapiro construction in topology. In
Chapter 4, we prove that when f is a complex simple plane curve singularity, this

homomorphism is injective.
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Chapter 1

Introduction

Matrix factorizations were introduced by Eisenbud in [Eis80] as a tool for studying
the homological behavior of modules over a hypersurface ring; that is, a quotient of a
regular ring by a principal ideal generated by a non-unit, non-zero-divisor. Recently,

matrix factorizations have begun appearing in a wide variety of contexts, for instance:
e Homological mirror symmetry (e.g. [KKPO0S8], by Katzarkov-Kontsevich-Pantev)
e Knot theory (e.g. [KR04], by Khovanov-Rozansky)
e Singularity theory (e.g. [BVS12], by Buchweitz-van Straten)

The overall goal of this work is to continue the study of an interplay between
matrix factorizations and topological K-theory that was begun in the inspiring paper
[BVS12].

Let f € C{xy,...,z,} be a convergent power series such that

R=Clay,...,z.}/(f)



defines an isolated hypersurface singularity. One of the key insights in [BVS12] is
that, by passing to topological information about the hypersurface, the vanishing of
the Hochster theta pairing associated to the hypersurface ring R when 7 is odd can be
viewed as a consequence of Bott periodicity in topological K-theory. The main goal of
this thesis is to express precisely the manner in which Bott periodicity manifests itself
in commutative algebra: it turns out that the answer is Knorrer periodicity, a behavior
of maximal Cohen-Macaulay modules over certain hypersurface rings discovered by
Knérrer ([Kno87) Theorem 3.1).

In Chapter [2 we establish various results concerning differential Z/27Z-graded
categories of matrix factorizations. Most of the results we discuss are well-known;
among the new results in this chapter is an 8-periodic version of Knorrer periodicity

for isolated hypersurface singularities over the real numbers.

Theorem 1.0.1. Let Q := R|xy,...,z,]| and f € Q. Suppose Q/(f) has an isolated

singularity at the origin (i.e. dimg M < ). Set Q := Rluy,...,ug], q :=
Bay e Dan

wW+-+ud € Q' and Q" := QRrQ’. Then there exists an equivalence of triangulated

categories

IMF(Q, £)] = [MF(Q", f + q)],

—

where (—) denotes completion at the homogeneous mazimal ideal.

We point out that the “period” here is exactly 8; that is, for 1 < [ < 8, it can

happen that
[MF(RHxh - 7$n]]>f)] Z [MF<R[[:U1’ sy T, ULy - e 7ul]]7 f + U% +oot ulz)]

Our proof relies heavily on machinery developed by Dyckerhoff and Toén in

[Dycli] and [Toé07]. This result draws a distinction between the maximal Cohen-



Macaulay representation theory of hypersurface rings with ground field R and those
whose ground field is algebraically closed and has characteristic not equal to 2, since
the latter exhibit 2-periodic Knorrer periodicity. The maximal Cohen-Macaulay rep-
resentation theory of hypersurface rings with ground field R does not seem to be
well-studied, and we hope this work motivates further investigation in this direction.

The presence of 2- and 8-periodic versions of Knorrer periodicity over C and R,
respectively, suggests the possibility of a compatibility between Knorrer periodicity

and Bott periodicity. Such a compatibility statement is formulated and proved in

Chapter |3 (see Theorem (3.4.4)):

Theorem 1.0.2. Let Q) := Clxy, ..., x,|, and suppose f is an element of Q) such that

Q/(f) has an isolated singularity at the origin (i.e. dimc % < 00) . Then

dwq " Dan

there exists a commutative diagram

KoMF(Q, f) i KUY(B,. Fy)
5
K KUY(B., Fy) ® KU*(Bu, Fy.2)
ST kv
Ko[MF(Qlu, o], f + 1 + %)) — 2L KUY By, By 00)

where Fy denotes the Milnor fiber of f, Be is a closed ball of radius € in C", K is
induced by the Knorrer functor, B is the Bott periodicity isomorphism, and ST gy is
given by the product in relative K-theory followed by the inverse of the map induced

by pullback along the Sebastiani- Thom homotopy equivalence.



The Sebastiani-Thom homotopy equivalence to which we refer in Theorem [1.0.2
is discussed in Section B.1.2l

The key construction in this chapter gives a way of building the horizontal maps
above; specifically, given a polynomial f over the complex (real) numbers, we con-
struct a map @, that assigns to a matrix factorization of a complex (real) polynomial
f a class in the topological K-theory of the Milnor fiber (positive or negative Milnor
fiber) of f; this map first appeared in [BVSI12] in the setting of complex isolated
hypersurface singularities. We prove that this construction induces a map ¢ on the
Grothendieck group of the (triangulated) homotopy category of matrix factorizations
of f, and we show that it recovers the Atiyah-Bott-Shapiro construction when f is
a non-degenerate quadratic (over R or C). The Atiyah-Bott-Shapiro construction,
introduced in Part III of [ABS64], provides the classical link between Z/27Z-graded
modules over Clifford algebras and vector bundles over spheres; the map ¢ we discuss
in Chapter [3| can be thought of as providing a more general link between algebra and
topology.

In Chapter @, we apply the Atiyah-Bott-Shapiro-type construction ¢; from Chap-
ter [3| to matrix factorizations of the ADE singularities, or simple plane curve singu-

larities. The main result of this chapter is:
Theorem 1.0.3. If f € Clz1, 22| is an ADE singularity, ¢ is injective.

The proof makes heavy use of key results in [BVS12] and [PV12].



Chapter 2

Knorrer Periodicity over R

In this chapter, we recall some foundational material concerning matrix factorizations
in commutative algebra, and we exhibit an 8-periodic version of Knorrer periodicity
for matrix factorization categories associated to isolated hypersurface singularities

over the real numbers.

2.1 Differential Z/2Z-graded categories

Let k be a field. We review some facts concerning k-linear differential Z/27Z-graded

categories. In this section, all categories and functors are k-linear.

All of the results in Sections [2.1.1]and [2.1.2 are Z/2Z-graded variants of results

in the setting of differential Z-graded categories appearing in [Toéll]. We refer the

reader to Section 5.1 of [Dycll] for a discussion of how one may reformulate Toén’s

homotopy theory of dg-categories so that it applies to the Z/27Z-graded setting.
Henceforth, when we use the term “dg category”, we mean “differential Z/27Z-

graded category”.



2.1.1 The derived category of a differential Z/27Z-graded

category

Define Cz/97(k) to be the dg category of Z/2Z-graded complexes of k-modules. Fix

a dg category T.

Definition 2.1.1. The homotopy category of T, denoted by [T], is the category given

by the following:
e Objects in [T are the same as the objects in 7.

e Given two objects X,Y of [T], the morphisms from X to Y are given by
the 0 cohomology vector space H'Hom7(X,Y) of the Z/27Z-graded complex
Homs(X,Y).

Remark 2.1.2. A dg functor F' : § — T determines an additive functor [F] : [S] —
7.

We introduce the derived category of T

Definition 2.1.3. A module M over T is a dg functor

M:T— Cz/gz(k).

One may form the dg category Mod(7") of modules over 7 in the evident way.

The dg category Mod(7) may be equipped with a Cz /97 (k)-enriched model struc-

ture such that the weak equivalences are given by morphisms

F— F'



having the property that the induced maps F(z) — F’(x) are quasi-isomorphisms of
7 /27Z-graded complexes for all objects © € T. We refer the reader to Section 3.2 of

[Toéll] for details.
Definition 2.1.4. The derived category of T, denoted D(T), is the homotopy cate-
gory Ho(Mod(7)). That is, there is a functor

Ly :Mod(T) — Ho(Mod(T))
sending weak equivalences to isomorphisms, and the pair (L7, Ho(Mod(7))) is uni-
versal with respect to this property.

Remark 2.1.5. Note the distinction between the homotopy category [Mod(7)] of
Mod(T) in the dg sense and the homotopy category Ho(Mod(T)) of Mod(7) in
the model-theoretic sense. This collision of terminology should cause no confusion in

what follows.

2.1.2 Triangulated differential Z/2Z-graded categories

Denote by T°P the opposite category of T; that is, the category with the same objects,

but with composition f o g replaced with (=1)/19lg o f. The Yoneda functor

hr : [T) = D(T™)

is given, on objects, by

T + L(S — (Homy(S,T)))

and by the evident map on morphisms.



We say an object in D(7°P) is quasi-representable if it is in the essential im-
age of hy. An object M € D(T°P) is compact if Hompyery(M,—) commutes with

coproducts. Quasi-representable objects are compact, but the converse is not true.

Definition 2.1.6. We say T is dg-triangulated if every compact object in D(7°P) is

quasi-representable.

Remark 2.1.7. We give an example of a dg category that is not dg-triangulated in
Section [2.5]

Remark 2.1.8. Denote by D(7T°P), the full subcategory of compact objects in D(7°P).
If 7 is dg-triangulated, hy : [T] — D(T°P). is an equivalence. Since D(T°P), is
triangulated, it follows that, when 7 is dg-triangulated, [7] may be equipped with a

canonical triangulated structure.
Every dg category may be embedded in a dg-triangulated category, its triangulated

hull. To define the triangulated hull, we must introduce the homotopy category of dg

categories.

Definition 2.1.9. A dg functor F' : § — T is a quasi-equivalence if [F] : [S] — [T]

is an equivalence of categories.

Consider the category dgz oz k-cat of k-linear dg categories. There exists a Cz/2z(k)-
enriched model structure on dgyzszk-cat with weak equivalences given by quasi-
equivalences. For details, we refer the reader to Section 3.2 of [Toéll].

In particular, there is a category Ho(dgz zk-cat) and a functor

L : dgz ozk-cat — Ho(dgz oz k-cat)

that maps quasi-equivalences to isomorphisms such that the pair (L, Ho(dgz oz k-cat))

is universal with respect to this property.



Denote by dgz/2z k-cat' the full subcategory of dg, 2z k-cat given by dg-triangulated

categories.

Proposition 2.1.10 ([Toéll] Prop 4.4.2). The inclusion functor

1 HO(ng/QZk-Cattr) — Ho(dgz/szk-cat)

admits a left adjoint

Perf(—) : Ho(dgz azk-cat) — HO(dgz/sz-Cattr).

Definition 2.1.11. Given a dg category 7T, we shall call Perf(7) the triangulated
hull of T .

It will be useful for us to have an explicit model for the triangulated hull of a dg
category. To construct it, we must introduce the notion of a perfect module over a

dg category:

Definition 2.1.12. A module M € Mod(T) is perfect it L+(M) € D(T) is a compact

object.

Remark 2.1.13. Perf(T) coincides with the dg subcategory of Mod(T) consisting of
perfect modules, thought of as an object in Ho(dgz/zk-cat).
We may now introduce the notion of a Morita equivalence of dg categories:

Definition 2.1.14 ([Toé11] Definition 4.4.4). A morphism F' : S — T in Ho(dgz zk-cat)

is called a Morita equivalence if Perf(F') is an isomorphism.

If F'is a dg functor such that L(F') is a Morita equivalence, we shall call F' a

Morita equivalence as well.
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Proposition 2.1.15. A dg functor F : § — T between two dg-triangulated categories

1s a Morita equivalence if and only if it is a quasi-equivalence.

Proof. 1t is immediate that F'is a Morita equivalence when F' is a quasi-equivalence.
By Proposition [2.1.10] if F' is a Morita equivalence, L(F) is an isomorphism. By
Theorem 1.2.10 in [Hov07], L(F) is an isomorphism if and only if F' is a quasi-

equivalence. O

2.1.3 Hochschild homology and the Chern character

In this section, we assume char(k) = 0. A k-linear dg category is a generalization of
a dg k-algebra; in fact, a dg category with only one object is precisely a dg k-algebra.
There exists a notion of Hochschild homology for k-linear dg categories that recovers
the definition for dg k-algebras; we introduce this notion here, following Section 1.1
of [PV12].

Let S and T be dg categories.

Definition 2.1.16. The tensor product, S ® T, of § and T is the dg category given
by the following:

e Objects are pairs (S, T), where S € Ob(S) and T € Ob(T).

e Homgsgr((S,7T),(S",T")) := Homg(S, S") @ Homs(T,T").

Definition 2.1.17. An S-T bimodule is a module over (§ ® TP)? = SP ® T.

By Section 6.1 of [Kel94], an S-7 bimodule X determines a functor

Tx : Mod(T°?) — Mod(S°P)
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in the following way: given an object M of Mod(7°P), define a functor
SP — Cz/22<k’)
given by

S+ coker( @) M(T") @, Homy(T,T") @4 X(S,T) % @ M(T) @ X(S,T)),
T T'eT TeT

where v(y, f,z) = (M(f))(y) ® z —y © X(ids ® f)().

Remark 2.1.18. Suppose S and T have exactly one object; denote the unique object
of T by Y7. In this case, X is a right module over the dg algebra End;(Y7), and the

functor T’y amounts to the tensor product — ®gna,(v;) X.

There exists a left derived functor
LTx : D(T°P) — D(S°P)

of T'x; we refer the reader to [Kel94] for details.

Now, fix a dg category U. Let A denote the U @ U°P-module given, on objects, by
(U, V) — Homy(V,U).

Considering k£ as a dg category with one object whose endomorphism complex
consists of the k-module k concentrated in degree 0, clearly A is a k-(U ® UP)
bimodule. Thus, noting that (U ® UP)°P = Y @ U, we have that A determines a
functor

LT : DUP @ U) = D(k).
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A is also a U°? ® U-module in an evident way; we define the Hochschild complex
of U to be the object

LTA(A) € D(k).

The Hochschild homology of U, denoted H H,(U), is the homology of LTx(A).

As a reality check, let’s suppose U has one object whose endomorphism ring A
is concentrated in degree 0. Then A is the left A ®, A°°-module A. Thus, by
Remark [2.1.18, the Hochschild complex of U is A®Y, 4op A € D(k); this agrees with
the Z/27Z-folding of the usual Hochschild complex.

We list two properties of Hochschild homology of dg categories that we will make

use of:

e Hochschild homology is Morita invariant; that is, there is a natural isomorphism
HH,(U) = HH,(Perf(U))

([Toell] Section 5.2).

e There is a Kiinneth isomorphism
HH,(S)®y HH.(T) = HH,(S® T)

([PV12] Proposition 1.1.4).
Now, suppose U has the following properties:
(1) A € Mod(U ® U°P) is perfect

(2) For every pair of objects U,V in U, Homy (U, V') has finite-dimensional coho-

mology
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(3) D(U) admits a compact generator

By Section 1.2 of [PV12], U is Morita equivalent to a homologically smooth and
proper dg algebra. Also, when § and 7 are dg categories with the above properties,
a dg functor

F : Perf(S) — Perf(T)

yields a map

F.: HH.(S) — HH.(T).

In particular, if U is an object in U, the functor

1U:k—>L{

that sends the unique object of k to U yields a map

(1p)s : k = HH,(k) — HH,(U).

Definition 2.1.19. We define ch(U) := (1y).(1) € HH,.(U) to be the Chern charac-

ter of U.

The functor

Ta : Mod(U® @ U) — Mod (k)

restricts to a functor

Perf(U°? @ U) — Perf(k).

Combining the map on Hochschild homology induced by this functor with the
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Kiinneth isomorphism, we have a canonical pairing

(— =)y : HH(U) @, HH,(U) — k.

On the other hand, one has the Fuler pairing

X : Ob(U) x Ob(U) — k

given by
(U, V) +— dimy, H*Homy, (U, V') — dimy, H'Homy, (U, V).

The following is an analogue of the Hirzebruch-Riemann-Roch formula:

Theorem 2.1.20 ([PV12] Section 1.2). Let U be a k-linear dg category, where k is

a field, and assume U has properties (1) - (3) above. If U and V are objects in U,

X(U, V) = {ch(U), ch(V))y-

Remark 2.1.21. When U is a dg category with properties (1) - (3) above, the pairing

(—, —)u is non-degenerate. In fact, the map

HH,(U) @y HH,(U™) ®), HH,(U) — HH,(U)

given by
h®h' @h" — (h,h)yop - "

sends h ® ch(A) to h for all h € HH,(U), where ch(A) € HH,(Perf(U® @ U)) is
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identified with its image under the canonical isomorphisms

HH, (Perf(U® @ U)) = HH,(UP @ U) = HH,UP) @), HH, ).

2.2 Matrix factorization categories

We provide some background on matrix factorization categories. Fix a commutative
algebra ) over a field k and an element f of (). All categories and functors in this

section are assumed to be k-linear.

2.2.1 Definitions and some properties

Definition 2.2.1. The dg category MF(Q, f) of matriz factorizations of f over @) is
given by the following:

Objects in MF(Q, f) are pairs (P,d), where P is a finitely-generated projective
Z)27-graded Q-module, and d is an odd-degree endomorphism of P such that d* =
f -idp. Henceforth, we will often denote an object (P, d) in MF(Q, f) by just P.

The morphism complex of a pair of matrix factorizations P, P’, which we will
denote by Homyg (P, P'), is the Z/2Z-graded module of @Q-linear maps from P to P’

equipped with the differential 0 given by
da)=doa—(-1)aod

for homogeneous maps o : P — P’.

It will often be useful to express an object P in MF(Q, f) in the following way:

d
Pldﬁlpg
0
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where P;, Py are the odd and even degree summands of P, and dy, dy are the restric-
tions of d to P, and P, respectively.

We now establish several technical results concerning matrix factorization cate-
gories that we will need later on.

Define EMF(Q, f) to be the category with the same objects as MF(Q, f) and
with morphisms given by the degree 0 cycles in MF(Q, f). When @ is regular with
finite Krull dimension and f is a regular element of @) (i.e. f is a non-unit, non-zero-
divisor), EMF(Q, f) is an exact category with the evident family of exact sequences
([Or]03] Section 3.1); the “E” stands for exact.

A degree 0 morphism « in MF(Q), f) can be represented by a diagram of the

following form:
P~ B %o P

all aol lal
/ dll / d6 /
P —— ) —— P
It is straightforward to check that « is a cycle if and only if this diagram commutes.

In fact, if f € @) is a non-zero-divisor, it is easy to see that the left square commutes

if and only if the right square commutes.

Remark 2.2.2. If P, and P, are free and f is non-zero-divisor, P, and F, must have

the same rank.
It will be useful for us to have an alternative characterization for when a morphism

in EMF(Q, f) is a boundary in MF(Q), f).

Definition 2.2.3. We call a matrix factorization trivial if it is a direct sum of matrix

factorizations that are isomorphic in EMF(Q, f) to either
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or

E—9 ., p
fidg

for some finitely generated projective ()-module F.

Proposition 2.2.4. A morphism « : P — P’ in EMF(Q, f) is a boundary in

MF(Q, f) if and only if it factors through a trivial matriz factorization in EMF(Q, f).

Proof. Suppose a factors through a trivial matrix factorization E. It is easy to see
that idg is a boundary in MF(Q, f); it follows immediately that « is as well.

Conversely, suppose « is a boundary. Write

P=(P 2= R), P'= (P == F,).
0 0

Since « is a degree 0 cycle, there exist -linear maps
0411P1—>P1/,O[01P0—>P6

such that o = a1 + a and the following diagram commutes:

d d
P1—1>P0—0>P1

o el

& d!
Pl —— P, —— P|

Choose a Q-linear map

h:P—P

such that d(h) = a. Since « has degree 0, 0 evaluated at the degree 0 component of

h is 0. Thus, we may as well assume h is homogeneous of degree 1; that is, there are
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Q-linear maps

hO:PO_)Pll
h11P1—>P6

such that h = hg + hy.
Define

Apl@Pll—)Pl@Pll
BP1®P1/—)P1@P1,

to be given by

L[ 1m0
0 idp
s [idn 0
0 f-idp

Notice that

H@Hﬁ%ﬂ@ﬂ

is a trivial matrix factorization, and we have the following commutative diagram:
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idp, do idp,
ho e} d1 hg hO e} d1

PpoP—A4 por—B paorp

(d6 o h1 ldpll) <h1 d/1> (d6 o) hl ldpll>

dy

B

Fy

Thus, « factors through a trivial matrix factorization. O]
Here is another technical result that will be useful later on:

Proposition 2.2.5. Let P = (P, % Py) be a matriz factorization of f over Q.
0

Assume [ is a non-zero-divisor. Then the following are equivalent:

(1) coker(dy) is isomorphic to L/ fL for some projective Q-module L.

(2) There exists a trivial matriz factorization E and a matriz factorization E' that
is isomorphic in EMF(Q, f) to one of the form
id g/

E f

F

such that P ® E’ is isomorphic to E in EMF(Q, f).

Before proving the proposition, we establish a general fact about idempotent com-

plete categories.
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Definition 2.2.6. We say an additive category C is idempotent complete, or that
C has split idempotents, if every idempotent endomorphism ¢ = ¢? of an object X

splits; that is, there exists a factorization

of ¢ with m o1 =idy.

Lemma 2.2.7. Let C be an idempotent complete additive category, and let £ be a

collection of objects in C that is
e closed under isomorphisms,
e closed under finite coproducts, and

e closed under taking summands; that is, whenever X is an object in C such that

idx factors through an object of £, X is an object in €.

Denote by L the quotient of C by those morphisms that factor through an object in
E. If X andY are objects in C, their images in L are isomorphic if and only if there

exist objects Ex, Ey in £ such that

XOEx =Y ® Ly.

Proof. Let X and Y be objects in C. Suppose there exist objects Ex, Fy in £ such
that

XOEx =Y ®Ey.

The quotient functor from C to L is additive, and hence preserves finite coproducts.
Thus, it suffices to show that objects in £ are mapped to 0 under the quotient functor.

This is clear, since, if F is an object in &, idg factors through an object in £.
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Conversely, suppose the images of X and Y in £ are isomorphic. Choose mor-
phisms in C

a: X =Y, 0:Y—=>X

whose images in £ are mutually inverse. Choose an object Fy in £ and morphisms
0:Fy > X, e: X = Ey

in C such that

doe=fBoa—idy.

We have morphisms

o
= iX—}YEBEy,wI:(ﬁ _5>:Y€BEY%X

€

in C. Notice that ) o ¢ = idy. Also, an easy computation shows that
o :=idygg, —¢oY
is idempotent. Choose an object Z in C and morphisms
T: L —=>YSEy, p:YBEy =7

in C such that

Top=oand poT =idy.
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Given two objects A, Ay in C, we denote by

LAiiAZ'%AlEBAQ, WAiiAl@Ag—)Ai

the canonical maps associated to the coproduct of A; and Ay in C (which is also the

product of A; and A, in C). We have mutually inverse morphisms

o TyoT
€ TR, OT
XaZz Y @ Ey
3 -5
poly poip,
Y @ Ey y X @ 7,

so it suffices to show that Z is in £. We first show that ¢ descends to an isomorphism

in £. Recall that 1) o ¢ =idy in C. Write ¢ 0 ¢ —idygp, as the 2 X 2 matrix

aoff—idy —@od

€ofs —eo0d —idpg,

Since each entry of this matrix factors through an object in &, ¢ o ¢ — idyap,
descends to the zero map in L£. This shows that the images of ¢ and ¢ in L are
mutually inverse.

Notice that
Ty OoT
<Z5 = Olx
€ Tp,OT

in C. Thus, tx descends to an isomorphism in £. Since my otx = idy in C, it follows
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that the images of mx and tx in £ are mutually inverse. Choose an object E in &
and morphisms

fTE—>X®Z g XDZ—F

such that

idygz —txomx = fog

in C. Observe that
mgzofogoily=idyg —mzoLxomx oLy =idy.

Thus, idz factors through an object in £. O
We are now ready to prove Proposition [2.2.5¢

Proof. (2) = (1): Since the cokernel of d; is isomorphic to the cokernel of
dl@idElipl@El—)Po@E,,

we may assume P is trivial. In this case, the result is obvious.

(1) = (2): We have projective resolutions

0— P, 11—>P0—>C0ker(d1)—>0
0=LL L5 L/fL—0

Thus, there exist maps

Gi:P—L,vi:L—PF
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for ¢ = 0,1 making the following diagrams commute:

dy

0 >y P By > cokerd; —— 0
oWk

0 y L —L5 L y L/fL —— 0

0 y L —15 L y L/fL — 0
al 0| E

0 y Py i P, » cokerd; —— 0

Hence, we have maps

hp:Py— P, hy:L— L

such that

y10 81 —idp, = hpodi, ypo Py —idp, = di o hp.

proy —idp = fhr, Booy —idp = fhr.

We have commutative diagrams

P, d; P, I f-idg I
hpod; hy f-hr hr,
P, idp, : I idy, I
idp, dq idy, f-idg
MR LY

Denote by & the collection of matrix factorizations of f over () isomorphic in
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EMF(Q, f) to a matrix factorization of the form

Notice that EMF(Q, f) is an idempotent complete additive category, and & is
closed under direct sums and direct summands in EMF(Q, f). Letting £ denote the
quotient of EMF(Q, f) by those morphisms that factor through an object in £, we
have that

(P =2 P) = (L =L= 1)
do idg,

in £. The result now follows from Lemma 2.2.71

2.2.2 Triangulated structure

Suppose () is regular with finite Krull dimension and f is a regular element of Q).
A feature of the homotopy category [MF(Q, f)] is that it may be equipped with a
triangulated structure in the following way (JOrl03] Section 3.1):

The shift functor maps the object
P = (P == P)
0

to the object

PlI] = (P =2 ).

That is, shifting a matrix factorization flips the grading on the module and negates



the odd-degree endomorphism. On morphisms, the shift functor maps the cycle

d d
P1—1>P0—0)P1

all aol lal
/ dll / d6 /
Pl PO Pl

to the cycle
P —% P =5 Py

o el

—d/ —d
e

Notice that the shift functor applied twice is the identity functor.
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Given a morphism « : (P % Py) — (P % Pj) in EMF(Q, f), we define
0 0

the mapping cone of a as follows:

dy, o
0 —d
cone(a) = (Py @ P P& R)
dy  «ap
0 —dy

There are canonical morphisms P’ — cone(«) and cone(a) — P[1] in EMF(Q, f).

Taking the distinguished triangles in [MF(Q, f)] to be the triangles isomorphic to

those of the form

P % P’ — cone(a) — P[1],

IMF(Q, f)] may be equipped with the structure of a triangulated category.

We define the Grothendieck group

Ko[MF(Q, f)]
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to be the free abelian group generated by isomorphism classes of [MF(Q, f)] modulo
elements of the form [P] — [%] + [Ps], where Py, P, and P; fit into a distinguished

triangle in the following way:
Pl—)P2—>P3—>P1[]_].

Remark 2.2.8. The category MF(Q, f) is not always dg-triangulated in this setting;
a counterexample is given in Section . When MF(Q, f) is dg-triangulated, the
induced triangulated structure on [MF(Q, f)] agrees with the triangulated structure

just described.

Remark 2.2.9. When (@ is a regular local ring and f is a regular element of (), one

has an equivalence of triangulated categories

IMF(Q, f)] = MCM(Q/(f)),

where MCM(Q/(f)) denotes the stable category of maximal Cohen-Macaulay (MCM)
modules over the ring Q/(f).

The stable category of MCM modules is obtained by taking the quotient of the
category of MCM modules over @/(f) by those morphisms that factor through a

projective @/(f)-module. The above equivalence is given, on objects, by
(P, z%—z Py) + coker(dy).
0

Matrix factorizations were first defined by Eisenbud in [Eis80]; this interplay be-
tween matrix factorizations and MCM modules over hypersurface rings provided the

original motivation for the study of matrix factorization categories.
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2.2.3 The Hochster theta pairing
We begin this section with a technical definition:
Definition 2.2.10. If the pair (Q, f) satisfies
e () is essentially of finite type over k
e () is equidimensional of dimension n
e The module Qé? Ik of Kahler differentials is locally free of rank n

e The zero locus of df € Qé? RCR 0-dimensional scheme supported on a unique

closed point m of Spec(Q)) with residue field k and f € m

we shall call Q/(f) an isolated hypersurface singularity, or IHS. We will sometimes

just say f is IHS, if the ambient ring () is clear.

Remark 2.2.11. Our IHS condition above is precisely condition (B) in Section 3.2 of
[Dycli]. As noted in loc. cit., if @/(f) and Q'/(f') are IHS, Q @, Q'/(f @1+ 1 f)

is as well.

Now, assume char(k) = 0 and that @ is a regular local ring such that Q/(f) is

IHS. Set R := Q/(f). One may define a symmetric pairing
0 : Ko[MF(Q, f)] x Ko[MF(Q, f)] — Z,

called the Hochster theta pairing, that maps a pair

d d;
([P == R, [P| == F))

0

to

I(Torf(coker(d, ), coker(d}))) — I(Tor®(coker(d, ), coker(d}))),
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where [ denotes length as an R-module; our assumption that the singular locus of R
is dimension 0 guarantees that these lengths are finite. The pairing # was introduced
in [Hoc81]; for more detailed discussions related to this pairing, we refer the reader
to [BVS12], [MPSWT1I], [PV12], and [Wall4b].

The Euler pairing x from Section applied to the dg category MF(Q, f) can
be thought of as a pairing on the homotopy category, since, for matrix factorizations

P P e MF(Q, f),
x(P, P') = dimj, H'Homyp (P, P') — dimy, H'Homyg (P, P')

= dlmk HOHOHIMF(P, P,) - dlmk HOHOHIMF(P, Pl[l])

It is straightforward to check that x induces a pairing on Ko[MF(Q, f)].
Write

P= (P zZ:z Ry, P' = (P! z%_—z P).
0 0

By Section 3 of [Wall4al, the Euler pairing x applied to (P, P’) corresponds, via
the equivalence

IMF(Q, )] <% MCM(Q/(f)),

to the pairing
(coker(dy), coker(d})) + I(Exty(coker(d; ), coker(d,))) —I(Extp(coker(d; ), coker(d}))).

As above, these lengths must be finite because of our assumption on the singular

locus of R. By Remark 3.2 of [BVS12], it follows that

X(P, P") = 6(coker(d;)*, coker(d,)),
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where (—)* denotes the R-linear dual Hompg(—, R). In particular, since MCM modules

over R are reflexive,

X(=[P]) : Ko[MF(Q, )] = Z

is the zero map if and only if
0(—, coker(dy)) : Ko[MF(Q, f)] = Z

is the zero map.

2.2.4 Stabilization

Assume now that @) is a regular local ring of Krull dimension n, and suppose f is a
regular element of Q. Denote by D®(Q/(f)) the bounded derived category of Q/(f).
We will say an object C' in D*(Q/(f)) is perfect if it is isomorphic, in D*(Q/(f)),
to a complex of finitely generated projective Q/(f)-modules; set Dgerf(Q/ (f)) to be
the full subcategory of D*(Q/(f)) given by perfect complexes. It turns out that
Dgerf(Q/(f)) is a thick subcategory of D*(Q/(f)); define D*(Q/(f)) to be the Verdier
quotient of D*(Q/(f)) by Dgerf(Q/(f)). In [Buc86], Buchweitz defines this quotient
to be the stabilized derived category of Q/(f).

By [Buc86], the functor

MCM(Q/(f)) = D2(Q/(f))

that sends an MCM module M to the complex with M concentrated in degree 0 is
a triangulated equivalence. Hence, composing with the equivalence in Remark [2.2.9]

one has an equivalence

IMF(Q, f)] = DX(Q/(f))
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Following [DycI1], given an object C' in D*(Q/(f)), we denote by C*** the isomor-
phism class in [MF(Q, f)] corresponding to C' under the above equivalence (“stab”
stands for “stabilization”).

In particular, thinking of the residue field k£ of Q/(f) as a complex concentrated
in degree 0, we may associate to k an isomorphism class k2P in [MF(Q, f)]. We now
construct an object E; in MF(Q, f) that represents k*%*; this construction appears
in [Dycl1]. Choose a regular system of parameters 1, ..., x, for @, and consider the

Koszul complex
(B NQ" )
=0

as a Z/2Z-graded complex of free @-modules with even (odd) degree piece given by
the direct sum of the even (odd) exterior powers of Q™. Here, sy denotes the 7Z/27Z-
folding of the Koszul differential associated to z,...,x,. Choose an expression of

f € Q of the form

f:glx1+"’+gnxn~

Fix a basis ep,...,e, of Q", and set s; to be the odd-degree endomorphism of

D, /\iQ" given by exterior multiplication on the left by gieq + - - - + gne,. Set

E; = (@ N'Q", 50+ s1).
1=0

It is easy to check that Ey is a matrix factorization of f. By Corollary 2.7 in
[Dycll], E; represents k%" in [MF(Q, f)]. In particular, E; does not depend on
the choice of regular system of parameters x4, ..., z, or coefficients gi,..., g, up to
homotopy equivalence.

We will be interested in the dga Endyr(Ef). Endyr(Ef) may be expressed, in
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terms of generators and relations, as the Z/2Z-graded Q-algebra

Q<>\1, ey )\n; Cly. .. 7cn>/([>\i7 )‘j]a [Ci, Cj], [)\27 Cj] — (513)

equipped with the differential 0 determined by d(\;) = x; and J(¢;) = ¢;. Here, the
A; and ¢; are non-commuting variables of odd degree, [—, —] denotes the Z/2Z-graded
commutator, and d;; is the Kronecker delta. An isomorphism from this algebra to
Endyr(Ey) is given by

A; — left multiplication by e;
¢; — contraction by e;

where, by contraction by e;, we mean the map that sends a basis element

eil-..ei

T

to 0if ¢ & {i1,...,i,} and to (—1)""'e;, --- & - - - e;, otherwise.
We set

A@.5) = Endur(Ey),

and we emphasize that A ) does not depend on the choice of regular system of

parameters xq, ..., x, or coefficients gi,..., g, up to quasi-isomorphism.
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2.3 The tensor product of matrix factorizations

Suppose @ and @' are commutative algebras over a field k. Given objects P and P’

in MF(Q, f), MF(Q’, '), one can form their tensor product over k:

dy ®idp;  idp, ® dy

, , \Hidned dyoidy / /
Poup P = ((P1@p ) ©(Po®rP) (Po®r Py)® (P& F)).

do ®idp; —idp, ® dy

idPO ® d6 d1 ® ldpll

This construction first appeared in [Yos98|; it can be thought of as a Z/27Z-graded
analogue of the tensor product of complexes. It is straightforward to check that
P @yr P’ is an object in MF(Q @, Q', f @1+ 1 f).

In fact, setting f @ f/ = fR®1+1® f € Q ® @, and noting that there is a

canonical map

Homyr (P, L) ®;, Homyp(P', L") — Homyp(P @ur P, L Qur L),

we have the following:

Proposition 2.3.1. There is a dg functor

STwur : MF(Q, f) @k MF(Q', f') = MF(Q @1, @', f & [')

that sends an object (P, P') to P Qur P’.

Further,
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Proposition 2.3.2. STy induces a pairing

Ko[MF(Q, f)] @ Ko[MF(Q', f)] = Ko[MF(Q & Q' f & [)].

Proof. Suppose P is a contractible matrix factorization in MF(Q, f). Choose a con-
tracting homotopy (hg, h1). Then, if P’ is any matrix factorization in MF(Q’, f’), the

maps

hy ® idp(/) 0
0 hi ® idp{
(Po® Fy) ® (PL® Py) (P, @ P)® (Py® P))
hi ® idp(l) 0
0 ho ® idpy
(PL® Fy) ® (P ® Py) (Py® P) @ (P, ® P))

yield a contracting homotopy of P ®@yr P’.
Suppose « : L — L' is a morphism in EMF(Q, f). One easily checks that, if B is

a matrix factorization in MF(Q’, f'),

cone(a) @yr B = cone(a ® idp).

Thus,

[(L @ cone(a)) ®mr B] — [L' @mr B] = [L @ur B] + [cone(a ® idp)] — [L' @mr B] = 0.

If « : P — P'is an isomorphism in [MF(Q, f)], then cone(«) is contractible.
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Thus, for all matrix factorizations B of f’ over (),
[P @ur B] = [P’ @wr B.

It follows that the pairing respects isomorphism in the homotopy category. Since

every distinguished triangle is isomorphic to one of the form
P % P’ — cone(a) — P[1],

and we have shown that the pairing preserves triangles of this form, this finishes the

proof. O

Remark 2.3.3. The “ST” in the name STyr stands for “Sebastiani-Thom”, since this
tensor product operation is related to the Sebastiani-Thom homotopy equivalence
discussed in Section [3.1.2] A precise sense in which the tensor product of matrix
factorizations is related to the Sebastiani-Thom homotopy equivalence is illustrated

by the proof of Proposition below; see Remark for further details.

Now, suppose Q/(f) and @Q'/(f’) are IHS (see Definition [2.2.10] above). Hence-

forth, we will denote by @ the m-adic completion of )., where m is as in the definition
of THS.
Set Q" := Q ® (), and define

¢: Q2 Q — Q"

to be the canonical ring homomorphism. ¢ induces a dg functor

MF(¢) : MF(Q ®;, Q', f & f') — MF(Q", f & f").
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Set gr\leF = MF(gf)) e} STMF

Proposition 2.3.4. If Q/(f) and Q'/(f') are IHS,
STy : ME(Q, f) @ MF(Q, f') = MF(Q", f & ')

18 a Morita equivalence.

Remark 2.3.5. This proposition is really just a straightforward application of several

results in [Dycll].

Proof. Suppose Qn and @)/, have Krull dimensions n and m, respectively. Qn and Q7
are regular local rings; choose regular systems of parameters xq,...,x, and yq,...,Ym

in Qn and @7, and choose expressions

f=qr1+ -+ gpxy

ff'=hyi+ -+ by

of f and f’. Use these expressions to construct the dga’s Aq, ) and Ay, ).
Note that zy,...,x, and yy,...,y, form regular systems of parameters in @ and

@\’ as well, so we may use these expressions to construct A@; f) and A( ) Also,

Q.
YA

w, Where

11 ®1,..., 0, ®1,1®y,...,1 ®y,, is a regular system of parameters in ()

m’:=m®1+1®m, sowe may use the expression
fefl=gu1@14+  + 6,2, @1 +1@My1 + -+ 1 hypym

to construct A(Q;/”f@f/) and A(QA,,,f@f,).
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By Section 6.1 of [Dycl1], we have a quasi-isomorphism
F 2 AQu.p) ® A0 = A, sor)-
We also have a canonical map

G: A — A

@.n @k Ag.r =A@ rerm

By the proof of Theorem 5.7 in [Dycl1], the inclusions

A@up) = Asp

Aa@,.m = Agp
A(le//vf@f/) — A(é\”,f@f/)

are all quasi-isomorphisms.

By Exercise 4.4.11 in [Toél1], it follows that the induced map
Perf(A(@n.r) @ A1) = Perf(Ag p) @k A p))

is an isomorphism in Ho(dgz .z k-cat).

It is clear that we have the following commutative square in Ho(dgy sozk-cat):
Perf(A(Qm,f) ®k A(Q:“”f/)) s Perf(A(Qf) R A(@\’,f’))
o Perf(L(G))

~Y

Pel‘f(A(Q:T/lmf@f/)) ; Perf(A(@,J@f,))
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It follows that Perf(L(G)) is an isomorphism in Ho(dgz .z k-cat).
One may think of a dga as a dg category with a single object. Adopting this point

of view, we have inclusion functors

it Agy — MF(Q, f)

J: A@\,J,) — MF(Q/a f/)

L A gam = MFQ" £ F)

Combining Theorem 5.2 and Lemma 5.6 in [Dycll], we conclude that 4, j, and [
are Morita equivalences. In particular, applying Exercise 4.4.11 in [Toéll] again, we

have that
Perf(L(i) @ L(j)) : Perf(A 5 ) ®, A ) — Perf(MF(Q, f) @, MF(Q', f)

is an isomorphism in Ho(dgz/szk-cat).

Finally, observe the following commutative diagram in Ho(dgz ozk-cat):

Perf(L(:7) ® L(j))

Perf(Ag ) ®, A

@.)) Perf(MF(Q, f) ®, ME(Q', "))

Perf(L(G)) Perf(L(TSwr))
Perf(L(1 Z
Perf(A g o) (@) Perf(MF(Q”, f & "))

Since the left-most vertical map and both horizontal maps are isomorphisms in

Ho(dgz sz k-cat), Perf(L(TSyr)) is as well.
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Remark 2.3.6. Under the assumptions of Proposition the functor
MF(Q, f) @ MF(Q', f') = MF(Q", f & )

given by tensor product of matrix factorizations is also a Morita equivalence.

Here is a proof: by Theorem 5.2 in [DycI1], the inclusion functors

A@u.p) = MF(Qu, f)

A = MF(Qu. f')
are Morita equivalences.

By arguments similar to those in the proof Proposition [2.3.4, one has a commu-

tative square in Ho(dgz ozk-cat):

Perf(Aq..n) @ A1) — Perf(MF (Qu, f) ®;, MF(Qy, f))
Perf(Aqr, rorm) — Perf(MF(Qp, f @ f'))

It follows that the dg functor

MF(Qu, f) @r MF(Ql, f) — MF(QY, f ® f)

m//

given by tensor product of matrix factorizations is a Morita equivalence. Finally,

consider the square
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MF(Q, f) @, MF(Q', f') ———MF(Q", f & f')

MF(Qum, f) @ MF(Qyy, ) ——MF(QL. f & ')

where the vertical maps are induced by localization. By Theorems 4.11 and 5.2 in
[Dycl1] and an application of Exercise 4.4.11 in [Toél1], the vertical maps are Morita

equivalences; hence, the top map is a Morita equivalence.

2.4 Clifford algebras

Fix a field k such that char(k) # 2 and a finite-dimensional vector space V' over k.
Let g : V — k be a quadratic form.

The Clifford algebra, Cliff(q), of g over k is defined to be the quotient
TV)/(v©v—q(v)),

where T (V') denotes the tensor algebra of V over k.

Cliffy(q) is a Z/27Z-graded k-algebra; let mody/oz(Cliffx(¢)) denote the category
of finitely generated Z/2Z-graded left modules over Cliff(q). Henceforth, when we
refer to a module over a Clifford algebra, we will always mean it to be a left module.

Assume ¢ is non-degenerate, and choose a basis {ey,...,e,} of V with respect to

which ¢ is diagonal; that is,
q=ari+ - +a,xl € S*(V¥)

where the x; comprise the dual basis corresponding to the e;, and the a; are nonzero
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elements of k. Denote by @ the localization of S(V*) at the ideal (z1,...,2,).

We quote the following theorem from Section 14 of [Yos90]; it is due to Buchweitz-
Eisenbud-Herzog ([BEHST]).

Theorem 2.4.1. [MF(Q,q)] and mody oz (Cliffx(¢)) are equivalent k-linear cate-

gories.

It will be useful for us to exhibit a bijection between the isomorphism classes of
objects of these two categories; this bijection is described in Section 14 of [Yos90]:

Given an isomorphism class [P], where P is an object in [MF(@, q)], we may
choose an object

P = (/PZ j@l /]5;)
in [MF(Q, ¢)] such that
(a) P P in [MF(Q,q)], and

(b) there exist choices of bases of P, and P as free modules over @ so that d; and

dy may be expressed by matrices A and B with entries in S'(V*) = V*.

That such an object P exists is a theorem due to Buchweitz-Eisenbud-Herzog in
[BEHST].

Recall that ﬁ; and E have the same rank as free @—modules. Set m to be this
rank. Let W be a k-vector space of dimension m equipped with a basis. Set U, and
U, to be copies of .

Given x € V and a matrix D with entries in V*, define
ev,(D)

to be the matrix over k given by evaluating the entries of D at x.
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Define an action of 7 (V') on U; @ Uy by
x-up =evy(A) u € Uy
for x € V and u; € Uy, and
x-ug=evy(B)-ug €Uy

for x € V and uy € Uy. Notice that (v®@v)u = q(v)u for allu € Uy®Uy and v € V. It
follows that Uy @ Uj is a finitely generated Cliff(V')-module. It turns out that U; ® Uy
does not depend on the choice of P up to isomorphism of Cliff(V')-modules, so that
we may set A,([P]) to be the isomorphism class of the Cliffy(V')-module Uy & U.

Going the other direction, let [M] denote the isomorphism class of a finitely gen-
erated Z/27Z-graded Cliffy(¢q)-module M = M; & M,. Let v € V. Multiplication by v
determines k-linear maps

Qb(l)) : Ml — MO
w(?}) : MO — M1

Since ¢ is non-degenerate, we may choose w € V such that g(w) # 0. It follows
that ¢(w) and 1 (w) are isomorphisms; in particular, M; and M, have the same rank
m as k-vector spaces.

Choosing bases of My and M;, we may think of the maps ¢(v) and ¢(v) as m xm
matrices with entries in k.

Define

Gij V= k

to be the k-linear map assigning an element v of V' to the (i, j) entry of ¢(v). Define
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1;; similarly.
The maps ¢;;, ¥;; are elements of V*, so they may be written as linear combina-
tions of z1,...,x, € SH(V™).

Define ©,(M) to be the isomorphism class of the matrix factorization
@m ¢ @m
(4

where ¢ is the square matrix with entries ¢;;, and 1 is defined similarly. It is elemen-

tary to check that the assignments A, and ©, are inverses on isomorphism classes.

Remark 2.4.2. Note that the inclusion

induces an equivalence
IME(k[z1, . .., 2], g)] = [MF(Q, ¢)]-

To see this, we first recall that, as noted above, every matrix factorization of ¢,, over
Q is isomorphic in [MF(Q, ¢,)] to one with (linear) polynomial entries (Proposition
14.3, [Yos90]); hence, the functor is essentially surjective.

Also, one has a commutative diagram

~

[MF(Q, ¢,)] MCM(Q/(gn))

I

IMF(Q, ¢,)] MCM(Q/(gn))
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The morphism sets in MCM(Q/(g,)) are Artinian modules, and hence complete.
Thus, the functor on the right is fully faithful, and so the functor on the left is as
well.

It now follows easily from Corollary 4.11, Theorem 5.2, and Theorem 5.7 in [Dyc1]]

that the functor

[MF(k[ml, ce >$n]7 Qn)] — [MF(@v Qn)]

is fully faithful.

Remark 2.4.3. Suppose ¢’ : V' — k is another non-degenerate quadratic form. Choose
a basis of V'’ with respect to which ¢’ is diagonal, and let =, ..., z,, denote the basis of
(V")* corresponding to this choice of basis. As above, we may think of ¢’ as an element
of S2((V")*). Set Q' to be the localization of S((V')*) at the ideal (z1,...,%m).

It is well-known that the Z/2Z-graded tensor product of Cliffy(q) and Cliff;(¢’)
is canonically isomorphic to Cliffy(q¢ + ¢'). Further, by Remark 1.3 in [Yos98], the
7./27-graded tensor product of Clifford modules is compatible, via this canonical
isomorphism and the equivalence in Theorem [2.4.1] with the tensor product STy in

Proposition [2.3.1. That is, one has a commutative diagram

[Ob(modz,2z(Cliffx(¢)))] x [Ob(modz,2z(Cliffx(¢)))] — [Ob(modz oz (Cliff(q + ¢')))]

O, X Oy Og+q

[OB(MF(Q, q)])] % [Ob(MF(Q', ¢')])] —22ME s [OB(MF(Q @k @', g + ¢')])]

where [Ob(C)] denotes the collection of isomorphism classes of objects in a category

C.

Let C be a rank 1 free Z/2Z-graded Cliff;,(¢)-module. If dim(V) = 1 and q = z?,
it is easy to see that ©,([C]) = k%P, where k*%> is as defined in Section [2.2.4]
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By the discussion in Section 6.1 of [Dyclli], the tensor product of a stabilization
of the residue field of k[z]/(z?) with itself is a stabilization of the residue field of

k[x1, ©2) (s, 20)/ (2] + x3). Thus, by Remark [2.4.3] we have:
Proposition 2.4.4. Ifa; =1 for 1 <i < n, 0,([C]) = k2P,

Corollary 2.4.5. If k is algebraically closed, ©,(C) = k.

2.5 An example: f=y*—2*(z+1) € Clz,yy)-

We now consider the category of matrix factorizations of f = y* — z%(z + 1) over the
ring @ = Clz,y](z,). Our main goal in this section is to show that [MF(Q), f)] is not
idempotent complete.

Let @ denote the (z,y)-adic completion of Q). We first prove:
Proposition 2.5.1. Ko[MF(Q, f)] 2 KoMF(Q, f)].

Proof. We will show that Ko[MF(Q, f)] is a torsion group, while Ko[MF(Q, f)] is not.

Set R := Q/(f), let MCM(R) denote the category of maximal Cohen-Macaulay
modules over R, and let mod(R) denote the category of finitely generated modules
over R.

The inclusion of exact categories
MCM(R) < mod(R).

induces an isomorphism on Grothendieck groups. By the bottom of page 7 of [Dyc11],

MCM(R) is the stable category of the Frobenius exact category MCM(R); hence, by
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Section 7.4 of [KraO7], one has a well-defined map
Ko(MCM(R)) — Ko(MCM(R))

given by [M] — [M].

Thus, one has a surjection
O : Go(R) — Ko(MCM(R)).

Since f = y* —2%(x+1) is irreducible over C[z, y], R has exactly two prime ideals:
(0) and (x,y). It follows that Go(R) is generated by [R] and [R/(z,y)].

Choose a nonzero element r € R. One has an exact sequence
0—+RSR—R/(r)—0,

and R/(r) is a finite length R-module. Thus, the class [R/(z,y)] € Go(R) is torsion.
Since ®([R]) = 0, it follows that Ko(MCM(R)) is torsion. Hence, by Remark [2.2.9]
Ko[MF(Q, f)] is a torsion group.

rx+1 € @ has a square root z € @; this follows, for instance, from Hensel’s Lemma.

Thus, there is an isomorphism

Q/(y* —2*) = Q/(f)

given by z — zx and y — y.

~

Finally, note that Ko[MF(Q,y* — x?)] is not a torsion group. One way to see this
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is that the Hochster theta pairing (see Section [2.2.3))
0 : KO[MF(@?yQ - xz)] X KO[MF(C/Q\a y2 - $2)] —Z

is non-zero (Examples 1.1 in [BVS12]). O

Remark 2.5.2. In fact, Ko[MF(Q,y? — 2%)] = Z. To see this, we need only show that

K, [MF(@, y* — x?)] is cyclic, since we demonstrated above that it is not torsion.
The only primes of Q/(y? — 22) are (z,y), (z), and (y). Hence, Go(Q/(y* — 2))

is generated by [Q/(z,y)],[@/(x)], and [Q/(y)]. By the reasoning in the proof above,

one has a surjection
Go(Q/(y* — ) = Ko[MF(Q, 4" — o*)].

Since there is an exact sequence

0—Q/(y) = Q/(y) — Q/(x,y) — 0,

[Q/(x,y)] =0 in Go(Q/(y? — 22)). Tt is also easy to see that the image of [Q/(z)] in
Ko[MF(Q, y2 — 2?)] is the negative of the image of [Q/(y)]. Thus, Ko[MF(Q, y? — z2)]
is cyclic.

The following is now a straightforward consequence of Proposition and several

results in [Dycll]:

Proposition 2.5.3. The triangulated category [MF(Q, f)] is not idempotent com-

plete.

Proof. Q/(f) is an isolated hypersurface singularity in the sense of Definition [2.2.10;
thus, by Theorem 5.2 and Theorem 5.7 in [Dycll], [MF(@, f)] is the idempotent
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completion of [MF(Q, f)]. By Prop[2.5, this means [MF(Q, f)] cannot be idempotent

complete. O

Since homotopy categories of dg-triangulated categories are idempotent complete,

we immediately obtain:
Corollary 2.5.4. MF(Q, f) is not dg-triangulated.

It is an illuminating exercise to produce an idempotent morphism in [MF(Q, f)]
that does not split; we conclude this section by doing so.

As discussed in the proof of Proposition there is a ring isomorphism

R

Q/* —y*) = Q/(f).

We construct a model for the stabilization of the residue field of Q/ (22 — y?), as
in Section 2.2.4]

Let F' be a rank 2 free @—module. Choose a basis e1, ey of F, so that one has a
basis 1, e, ea, €169 of @?:0 N'F.

As in Section we may use the expression
=yt =x-a+(—y) -y

to build the matrix factorization

Yy X
Ep_p = (N FaN°F N'F).
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Again following Section [2.2.4] express Endyp(E,2_,2) in terms of generators and

relations as the dg @—algebra

-~

Q(A1, Az, c1, ) [ ([Ni, Al [eis e, [Ais ¢5] = 0ij)

with differential 0 determined by d(\) = = 9d(c1), O(A2) =y, and J(c2) = —y.

As observed in Section 5.5 of [Dycll], the cycles z; = ¢1 — A\; and 25 = 3 + Ay
generate H'Endyp(E,2_,2) as a C-algebra (in fact, H°Endyr(E,2_,2) is isomorphic
to the Clifford algebra Cliffc(y? — z?)).

Notice that the element 222 of the algebra H°Endyp(E,2_,2) is idempotent.

Since Q/(f) is IHS, the functor

IMF(Q, f)] — [MF(Q, f)]

induced by the inclusion @) — @ is fully faithful. Letting Ey and E7 denote the
stabilizations of the residue fields of Q)/(f) and @/ (f), we may trace through the
isomorphisms

HEndyr (Ey) = HEndyr(E7) = H Endyp(Ep2_y2)

to obtain an idempotent z of [MF(Q, f)]. We now demonstrate that z does not split.
The morphism 1+sz’ thought of as an element of Endyg(E,2_,2), may be ex-

pressed by the diagram
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Ty
y x
NFae N°F NFa NF
P x Yy P
y x
NFo N°F NF o NF
1
where P is the matrix 2
¥ )
Since idempotents split in MF y?), the kernel and cokernel of Hzm de-

termine objects in MF(Q, 2% — y2). It is easy to see that ker(*222) is isomorphic

to
0a
As established in Remark 2.5.2) [E¢] = 0 and [@ z% @] # 0 in KO[MF(@, z?—
y?)]; this implies that [coker(1+212)] = —[Q z%z Q] # 0.
Now, suppose z splits. Choose an object Y of [MF(Q, f)] such that there is a
factorization

E; 5Y 5 Ey
of z, where m o+ = idy. Applying the composition

0 : [MF(Q, f)] — [MF(Q, f)] = [MF(Q,2* — y?)]

yields a splitting of the idempotent *212; this means O(Y) = coker(1*22) in

MF(Q, 2% — ).
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Since the class [coker(222)] is nonzero in K [MF(Q, 2% — y?)] = Z, this implies
that the map
KoMF(Q, f)] = Ko[MF(Q. 2% — )

induced by © is nonzero. But this is impossible, since Ko[MF(Q, f)] is torsion. Thus,

z does not split.

2.6 Periodicity

The following phenomenon, discovered by Knorrer in [Kno87], is known as Kndérrer

periodicity:

Theorem 2.6.1. Suppose k is an algebraically closed field and char(k) # 2. Let ¢ =
u? +v? € K[[u,v]]. If f € (z1,...,2,) N {0} C k[[x1,...,3,]], there is a triangulated

equivalence
K« [MF(k[[xr, ..., 20]], f)] = [MF(k[[z1, . .., 20w, 0]), f + q)].
Remark 2.6.2. Set X to be the matrix factorization
K, o]] =252 Affu, ]
of u? + v? over k[[u,v]]. K may be given by

P P@ur X

on objects and

Oél—>05®idx
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on morphisms.

A version of Knorrer periodicity for isolated hypersurface singularities may be

deduced from the following proposition:

Proposition 2.6.3. Suppose Q and Q' are algebras over a field k. Let f € @ and

e, and suppose Q/(f) and Q'/(f") are IHS. Set Q" := Q ® Q. If there exists
an object X in MF(Q', f") such that

(a) X is a compact generator of [MF(@\’, ], and
(b) the inclusion k — Endyp g 1 (X) is a quasi-isomorphism

then the dg functor

Kx : MF(O, f) — MF(Q", f @ f')

given by
P— Puyr X

on objects and

a— a@®idy
on morphisms is a quasi-equivalence.

Proof. By Sections 4 and 5 of [Dycl1], the inclusion
Endyr(X) < MF(Q', ).

is a Morita equivalence. Applying Exercise 4.4.11 in [Toéll], we have a chain of

Morita equivalences

MF(Q, f) @i k — MF(Q, f) ®& Endyp(X) — MF(Q, f) @, MF(Q', /).
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Composing with §TMF, Proposition yields a Morita equivalence

ME(Q, f) = MF(Q", f @ f').

This composition is clearly the functor Kx. Since both MF(@, f) and MF(@, f@
f') are dg-triangulated by Lemma 5.6 in [Dyc11], an application of Proposition [2.1.15

finishes the proof. O

To deduce a version of Knorrer periodicity for isolated hypersurface singularities,
assume k to be an algebraically closed field such that char(k) # 2, set Q' = k[u,v]
and f' = u? +v?, and take X to be the matrix factorization
u+1

klu, v] === k[u, v].

—

This is the approach taken in Section 5.3 of [DyclI].

We point out that & is not assumed to be algebraically closed in Proposition [2.6.3]
and no assumptions on the characteristic of £ are made, either. In particular, we
may use Proposition to prove an 8-periodic version of Knorrer periodicity over
R (this result implies Theorem from the introduction):

Theorem 2.6.4. Suppose Q) is an R-algebra. Let f € Q, and suppose Q/(f) is THS.
Set Q' = Rluy,...,ug], g :=ul+---+u2 € Q, and Q" := Q ®r Q. Then there

exists a matriz factorization X of q over Q" such that the dg functor

MF(Q, f) — MF(Q", f +q)

gien by
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on objects and

a—a® ldX
on morphisms 1s a quasi-equivalence.

Proof. We equip the matrix algebra Matys(R) of 16 x 16 of matrices over R with a
Z/2Z-grading in the following way: A = (a;;) is homogeneous of even degree if a;; = 0
whenever 7 + j is odd, and A is homogeneous of odd degree if a;; = 0 whenever ¢ + j

is even. Then, by Proposition V.4.2 in [Lam05],
Cliff(q) = Matq(R)
as Z/27-graded algebras. In particular,
IMF(Q', )] 2 mody sz (Matys(R))

by Theorem [2.4.1
Let M € modgz/sz(Mat;6(R)) be the module of matrices with nonzero entries only
in the first column, and let X be a matrix factorization corresponding to M under

the equivalence of categories in Theorem [2.4.1 Since
EHdMath(R)(M) =R

as Z/27Z-graded algebras, where R is concentrated in even degree, we have

I%¢
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Thus, the inclusion

is a quasi-isomorphism. Also, by Proposition [2.4.4
(X @ X[l])GBS ~ Rstab

in MF(@\’, q); it follows from Sections 4 and 5 of [Dycl1] that X is a compact generator
of MF(@\’, q). Now apply Proposition m H

Remark 2.6.5. Explicitly, one may take X to be the matrix factorization

—~®8 4 D8
Q' TQ’ :

where

Uy Uz —U3  Ug Us —Usg —U7 —UZ
—U2 (751 —Uyg —U3 Ug Us —us Uy

us Uy up  —u2 Uy us Us  —Us
—Uy Uus (%) Ui us —Uuy Ug Us

A=

Us Ug Uz Ug Uy —Uz U3 —U
—Ug Us us —Uu7 (5) (751 U4 us
—Uy —usg Us Ug —U3z —Uyg Uy U2

—us Uy —Ug Us Uyg —Uuz —Us U1
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and
Uy —U9 Uus —Uy Us Ug Uy us
Uz Uy Uq Uz —Us Us Ug  —Uur
—UuU3 —Uy Uy U9 —UuU7 —Ug Us Ug
Ug —U3 —U2 U —UZ Ur —Us Us
B =
—Us Ug Uy us Ul U9 —Uus Uy
—Ug —Usp us —U7 —U2 U1 —Ug —U3
—U7 —Ug —Us Ug us Uq Uy —U2
—us Uy —Ug —Ur —Uyg Uus U9 Uy

This can be verified by computing O,z .12 (M) using the formula provided in

Section [2.4]

Remark 2.6.6. Theorem [2.6.4] implies the existence of a Knorrer-type periodicity for
matrix factorizations over R of period at most 8. We point out that the period is
exactly 8, since the Brauer-Wall group of R is the cyclic group Z/8Z generated by
the class of Cliffg(2?) (see [Yos90] Remark 14.9).

It is natural to ask whether one may use Proposition to exhibit additional
periodic behaviors of matrix factorization categories. We conclude this section with
some remarks in this direction.

The existence of an object X as in the setup of implies that the dga A(g s is
formal, since, by Theorem 5.1 in [Dycll], Ay sy is quasi-isomorphic, in this setting,
to the endomorphism dga of a Z/27Z-graded complex of k-vector spaces. On the other
hand, by Theorem 5.9 in [Dycl1], A, s can only be formal when f’ has no terms of
degree higher than 2. It follows that, when char(k) # 2, we may use the Buchweitz-

Eisenbud-Herzog equivalence (Theorem [2.4.1)) to reduce the problem of determining
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whether MF(Q’, f') is Morita equivalent to k to studying the image of the group
homomorphism

WG(k) — BW (k)

where WG (k) is the Witt-Grothendieck ring of k, thought of as an additive group,
and BW (k) is the Brauer-Wall group of k. When char(k) = 2, less is known about
the structure of matrix factorization categories over non-degenerate quadratics. We
leave for future work the problem of finding sufficient conditions for such a matrix

factorization category to be Morita equivalent to its ground field.
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Chapter 3

Matrix Factorizations and the

K-theory of the Milnor Fiber

We have demonstrated that matrix factorization categories associated to isolated
hypersurface singularities over C and R exhibit 2- and 8-periodic versions of Knorrer
periodicity, respectively. This pattern resembles Bott periodicity in topological K-
theory; the goal of this chapter is to explain this resemblance.

We give a rough sketch of our approach. The classical link between the periodicity
of Clifford algebras up to Z/2Z-graded Morita equivalence and Bott periodicity in
topological K-theory is the Atiyah-Bott-Shapiro construction, which first appeared in
Part III of [ABS64]. Loosely speaking, the Atiyah-Bott-Shapiro construction is a way
of mapping a finitely generated Z/27Z-graded module over a real or complex Clifford
algebra to a class in the K-theory of a sphere.

Composing the Buchweitz-Eisenbud-Herzog equivalence (Theorem with the
Atiyah-Bott-Shapiro construction, we have a way of assigning a class in the topological

K-theory of a sphere to a matrix factorization of a non-degenerate quadratic form over
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R or C:

ABSoBEH

mf’s of real/complex quadratics K-theory of spheres

The idea is to lift this composition; that is, we wish to associate a space Xy to a
real or complex polynomial f and construct a map from matrix factorizations of f to

the topological K-theory of X so that the diagram

ABSoBEH

mf’s of real/complex quadratics K-theory of spheres

| |

mf’s of real/complex polynomials > K-theory of spaces of the form X

commutes.

It turns out that the right choice of X is the Milnor fiber (resp. positive or
negative Milnor fiber) associated to the complex (resp. real) polynomial.

We begin this chapter with discussions of known results concerning the Milnor
fiber and relative topological K-theory. Then, using the work of Atiyah-Bott-Shapiro
in [ABS64] as a guide, we will complete the above diagram, and we will use the bottom
arrow to explain a precise sense in which Knorrer periodicity and Bott periodicity are

compatible phenomena.

3.1 The real and complex Milnor fibers

Let f € Clzo, ..., x,], and suppose f(0) = 0. We begin this section by describing the
construction of the Milnor fiber associated to f, following the exposition in Section 1

of [BVS12]. We then discuss various properties of the Milnor fiber that we will make
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use of later on.

3.1.1 Construction of the Milnor fibration and some

properties of the Milnor fiber

For € > 0, define B, to be the closed ball centered at the origin of radius € in C**!,
and for 0 > 0, set Dj to be the punctured disk centered at the origin in C of radius
J.

Choose € > 0 so that, for 0 < ¢ < ¢, By intersects f~1(0) transversely. Upon
choosing such an ¢, choose ¢ € (0,¢€) such that f~'(¢) intersects 9B, transversely for
all t € Dj. Then the map

Y BN f YD} — D;

given by ¢(x) = f(z) is a locally trivial fibration.

The map v depends, of course, on our choices of ¢ and §. However, if €0’
is another pair of positive numbers satisfying the above conditions, the fibration
associated to these choices is equivalent to the one above (see Definition 1.5 in Chapter
2 of [Dim92] for a description of what it means for two fibrations to be equivalent).

We are thus justified in calling v the Milnor fibration associated to f.

Remark 3.1.1. The Milnor fibration was originally introduced in [Mil68]. The above
construction is not the same as the construction of the Milnor fibration in [Mil6§], but

the two constructions yield equivalent fibrations; this is a result due to Lé in [Le76].

We will call the fiber of this fibration the Milnor fiber of f and denote it by F}.
F} is independent of our choices of € and d up to homeomorphism, so we suppress
these choices in the notation. However, these choices will be significant at various

points later on.
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Definition 3.1.2. Let k be a field. A polynomial f € k[xo,...,x,] is called quasi-
homogeneous of degree d if there exist positive integers wy,...,w, such that f is
a homogeneous element of degree d in the Z-graded ring k[zo, ..., x,], where each

variable x; has degree w;.

Remark 3.1.3. Suppose f is quasi-homogeneous, and let ¢ > 0. Define
h:Clzo,...,z,] = Clzo,. .., x,]

to be the ring automorphism given by

X

Tit—r _twi/d'

Then, if the Milnor fiber of f may be taken to be a fiber of f over ¢, the Milnor fiber
of h(f) may be taken to be a fiber over 1; hence one may often assume without loss

that the Milnor fiber associated to a quasi-homogeneous polynomial is a fiber over 1.

If Clzo, . .., Tn)(zo,...w)/ (f) is IHS (see Definition [2.2.10)), set

Clzg,...,x
= dlm(c [ Oaf N](g;,,xn) < o0,
(Bacs- 152

the Milnor number of f.

Theorem 3.1.4 (Milnor, 1968). If Clx, ..., %n](z0,...20)/ (f) is IHS, F} is homotopy

equivalent to a wedge sum of p copies of S™.

Remark 3.1.5. Since v restricts to a fibration over a circle, Fy comes equipped with
a monodromy homeomorphism

hfiFfiFf.
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3.1.2 The Sebastiani-Thom homotopy equivalence

We recall the definition of the join of two topological spaces:

Definition 3.1.6. Let X and Y be compact Hausdorff spaces. The join of X and

Y, denoted X %Y, is the quotient of X x Y x I by the relations

(.ﬁUl, Y, O) ~ (CC27 Y, 0)

(:L‘7 Y1, 1) ~ (l’,y27 1)
equipped with the quotient topology.

Remark 3.1.7. The cone C'X over a compact Hausdorff space X can be expressed
explicitly as the quotient of
X % [0,1]

by the relation

(%1, O) ~ (%2, O)

for all 1,25 € X.

When X and Y are compact Hausdorff,

X*xY 2 (CXxY)U(XxCY)CCX xCY:

here, we identify X and Y with the subsets X x {1} and Y x {1} of CX and CY,
respectively.

By [Bro06] 5.7.4, one has an explicit homeomorphism

CX x CY = C(X +Y)
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given by
t
(@, t.y.8) = (2,9, 557), 0), i >4, 000

/

t
(w.t,9,0) = (g 1= ) 0) i >0 840

(2,0,9,0) = ((z,9,0),0),

and this map restricts to a homeomorphism
(CX xY)U(X xCY) = XxY.

Example 3.1.8. Let X be a compact Hausdorff space.
e X xpoint = CX.

o X %S9~ SX the suspension of X.

Remark 3.1.9. When forming the join of spaces X and Y that are not necessarily
compact Hausdorff, the set X %Y is typically equipped with the weakest topology
such that the coordinate projections from X x Y x [ to X xY are continuous. When
X and Y are compact Hausdorff, this topology coincides with the quotient topology
([ELI92] Section 3.2).

Now, suppose f € Clzo,..., x|, f" € Clyo,...,ym], and f(0) = 0 = f(0). Let
fé@ f" denote the sum of f and f’ thought of as an element of Clzg, ..., Zn, Yo, - - -, Ym)-
We have the following classical result relating the Milnor fibers of f, f/, and f& f/,

due to Sebastiani-Thom:

Theorem 3.1.10 ([STT1]). There is a homotopy equivalence

STIFf*Ff/ _>Ff@f’
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that is compatible with monodromy; that is, the square

Ff*Ff/ L FfEBf’

hf*hf,J/ hf@f’J{

Fyx Fy == Fyap
commutes up to homotopy.

We refer the reader to Section 2.7 of [AGZV12], §3 of Chapter 3 in [Dim92], and
[OkaT3] for discussions related to Theorem [3.1.10}

Suppose Clzo, ..., Zn](zo,..on)/ (), ClYos - - Umleo,...ym)/ (f') are IHS (see Defini-
tion [2.2.10). We now exhibit an explicit map realizing the homotopy equivalence in
Theorem [3.1.10] in this setting, following Section 2.7 of [AGZV12].

Choose real numbers €’, 6", such that the map
BEN ﬂ (f @ f/)71<D;§//) % D;//

given by z — (f @ f’)(x) is a locally trivial fibration, as above.

Similarly, choose €, d and €, ', as well as t” € Dj,, so that the analogous maps
B.N f(D;) — D;

B0 (F)"\(D}) = D
are locally trivial fibrations, and also so that
(a) €€ are sufficiently small so that B, x By C Ben.
(b) |t"| < min{o,d"}.

Set Fy, Fp, and Fygp to be the Milnor fibers of f, f/, and f & f’ over t”.
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The goal is to construct an injective homotopy equivalence

CFf X Ff/UFf X CFf/ —>Ff@f/.

Applying Lemma 2.10 in [AGZV12], choose an injection

H:CF; — B

such that
o H(z,1) =z € Fy C B,,
e H(—,s): F; — B, maps into the Milnor fiber B, N f~*(st") for s € (0,1), and

o H(z,0)=0 for all x € Fy

Example 3.1.11. If f is quasi-homogeneous of degree d with weights wy, ..., wy,

such a map H may be given by

wo Wn

(x,8) = (sTxg,...,8d xy,).

Notice that our isolated singularity assumption is not necessary in this example.

Choose H' similarly for the Milnor fiber Fy.
By the discussion on pages 54-55 of [AGZV12] and Remark there is an

injective homotopy equivalence

(1m(H) X Ff/ U Ff X 1m(H/)) — Ff@f/
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given by

1+s—4¢ 1—s+¢

(H (o, 5), H'(y, ) = (H(w,—— =), 1 (y, =),

Composing, one has an injective homotopy equivalence
g CFf X Ff/ UFf X CFf/ — Ff@f/,

as desired. The map obtained by composing ¢g with the inverse of the homeomorphism
from CFy x Fpr U Fy x CFp to Fy x Fiy in Remark enjoys the same properties
as the map ST in Theorem

Remark 3.1.12. The homotopy equivalence
(im(H) x Fp U Fy x im(H')) = Fpap
above extends to an injection of pairs
G: (im(H) x im(H'),im(H) x Fp U Fy x im(H")) = (Ber, Fre )

that maps a point (H(x,s), H'(y,s")) to

28’ — s

(H(w,2), H'(y,

5 ),if s<s, 8 #£0

25 — s s’

(H(ZL’, 9 )7Hl(y7§)7if8,<8787é0

0,ifs=0=2¢"

The image of im(H) x im(H’) under this injection is homeomorphic to C'Ffg s in

an evident way.
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3.1.3 An analogue of the Milnor fibration for polynomials

over R

Now, suppose f € R|zg,...,z,] and f(0) = 0. One may construct a topological

locally trivial fibration
Y BN fH(=5,0)U(0,6)) — (—5,0) U (0,0)

for some € > 0 and § such that 0 < § << € in the same way as above, where B, is
now the closed ball of radius € centered at the origin in R*!,

But now, fibers over (—6,0) and (0, §) need not be homeomorphic. For instance, if
f =2+ 412, the positive fibers of ¥ are homeomorphic to S™, while the negative
fibers are empty.

We denote by F' JT and F; the positive and negative Milnor fibers of f. The
topology of the real Milnor fibers is more complicated than that of the complex

Milnor fiber. However, there is a version of Theorem [3.1.10| for real Milnor fibers:

Theorem 3.1.13 ([DP92] Remark 11). Suppose

f€R[zg,...,x4], 9 € Rlyo, .-, Y]

are quasi-homogeneous, and f(0) =0 = g(0).

If F]T and Fg+ are nonempty, there is a homotopy equivalence

P s +
ST: Ff « Ff — Ff,.

Remark 3.1.14. Since Fff =F b, we have a similar result for negative Milnor fibers.
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3.2 Relative topological K-theory and the Euler
characteristic

We introduce some facts concerning relative topological K-theory that we will need
along the way. All results in this section are essentially due to Atiyah-Bott-Shapiro
in [ABS64], though we modify their exposition at various points to fit our purposes.

Let X be a compact topological space, and let Y be a closed subspace of X such
that there exists a homotopy equivalence of pairs between (X,Y) and a finite CW
pair; that is, a pair (X', Y”’) where X’ is a finite CW complex and Y” is a subcomplex
of X’. We construct a category C;(X,Y) from (X,Y’) in the following way:

e Objects of C;(X,Y) are pairs of real vector bundles V;, Vj over X equipped with
isomorphisms

Vily = Valy.
Denote objects of C1(X,Y") by (V1, Vo; o).
e Morphisms in C;(X,Y) are pairs of morphisms of vector bundles over X

ali‘/1—>‘/1,,aoi%—>‘/0/

such that the following diagram of maps of vector bundles over Y commutes:

V1|Y 7 V0|Y

Oll‘YJ/ OCO'Yl

Vily = Wy
We write morphisms in C; (X, Y) as ordered pairs (ag, ap).

Remark 3.2.1. The reason for the subscript in the notation C;(X,Y) is that, for any

n > 1, one may build a category C,(X,Y") with objects given by ordered n + 1-tuples
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of vector spaces on X whose restrictions to Y fit into an exact sequence (cf. [ABS64]
§3).
Remark 3.2.2. We will work with real vector bundles throughout this section; however,

there is an analogous version of every result in this section for complex vector bundles.

Proposition 3.2.3. A map g : (X1,Y1) — (X, Y2) of pairs of spaces as above induces

a functor

g Cl(X2,Y2) — C1(X1,Y1)-

Proof. On objects,

9" (V1,Vo;0)) = (9" (V1), 9" (Vo); (gv)" (o))

If @ = (a,a0) : (Vi,Vo;0) — (V{,Vy;0’) is a morphism,

The diagram
(glv,)* (o)

9" W)lv, 9" (Vo)lvs

g*(a1)|yll g*(ao)|yll

(glvy)*(@")
(‘/1)|Y1 — g (%)|Y1
commutes, since pullback of vector bundles respects composition. O

Given objects V = (V}, Vp;0) and V' = (V/, V;0’) in C1(X,Y’), define an object

VeV =WaeV,V e Viodd).
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We have evident canonical morphisms

w=V-=svVeV

Ly Z:V/%V@V/

Proposition 3.2.4. Let V = (V1,Vo;0) and V' = (V],V;0’) be objects in C;(X,Y).
Then
(V D Vlv Ly, LV’)

is the coproduct of V' and V' in C;(X,Y).

Proof. This follows easily from the fact that

Vi@ Vi, (w1, (ev)1)

and

(Vo ® Vg, (tv)o, (tv1)o)
are the coproducts in the category of vector bundles over X of V4, V] and Vg, Vy. O
Proposition 3.2.5. C(X,Y) is an additive category.

Proof. 1t is well-known that the category of vector bundles over any topological space
is additive ([Kar(O8] Theorem I1.6.1).

Given morphisms

(Oél,Oéo), (ﬂlaﬁO) : (‘/17‘/(370) — (‘/1/7‘/6/;0/)7

define

a+ 3= (a1 + B, 00 + Bo)-
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It is easy to check that Home(x vy ((V4, Vo; 0), (V{, Vy;0')), equipped with this op-
eration, is an abelian group and that composition in C;(X,Y) is Z-bilinear.
Finally, apply Proposition to conclude that C;(X,Y) admits finite coprod-

ucts. O

Remark 3.2.6. A morphism in (a4, ap) in C; (X, Y) is an isomorphism (resp. monomor-
phism, epimorphism) if and only if oy and «q are isomorphisms (resp. monomor-

phisms, epimorphisms) of vector bundles over X.

We shall call an object of C;(X,Y) elementary if it is isomorphic to an object
of the form (V,V;idy, ). Notice that the direct sum of two elementary objects in
C1(X,Y) is again elementary.

There is a useful alternative definition of an elementary object:
Lemma 3.2.7. Let (V1, Vy;0) be an object in C1(X,Y"). The following are equivalent:
(1) o can be extended to an isomorphism o : Vi — Vj.
(2) (Vi,Vo;0) is elementary.
Proof. Suppose (V1, Vp; o) is elementary. Then we have a commutative square on Y:

V1|Y 7 V0|Y

041|Yl la0|y

id
Viy —% Viy

where V' is a vector bundle over X, and
041:V1—>V,040:V—>V0

are isomorphisms of vector bundles over X. Observe that o lifts to ay ' o ;.
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Conversely, suppose o can be extended to an isomorphism o : V; — V4. Then we

have a commutative square of maps of vector bundles on X:

Vi —25 1,

|

idy,
Vi—— Wi

[]

If V and V' are objects in C1(X,Y"), we will say V' ~ V" if and only if there exist

elementary objects E, E’ such that
VeEEXV' @ F.

The relation ~ is an equivalence relation. Define Li(X,Y") to be the commutative

monoid of equivalence classes under ~ with operation given by .

Remark 3.2.8. Let (X1,Y1), (X2, Y2) be pairs as above, and let g : (X1,Y]) — (X3, Y2)

be a map of pairs. Then the functor
9" Ci(Xe, Ya) = Ci (X1, Y1)

applied to an elementary object is again elementary. Hence, ¢g* induces a map of
monoids

? : LI(X%}/Z) — L1(X1,Y1)-

One may similarly define monoids L, (X, Y") involving longer sequences of bundles;

see [ABS64] Definition 7.1 for details. Denote elements of L, (X,Y") by

2P 75 S S
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We point out that there is an inclusion map

Jn: Li(X,Y) = L,(X,Y)

given by
Vi, Vo; o] —[0,...,0,V1,V4;0,...,0,0],

and, by Proposition 7.4 in [ABS64], j, is an isomorphism for all n.
The main reason we are interested in the monoid L;(X,Y") is the following result

due to Atiyah-Bott-Shapiro:

Proposition 3.2.9 ([ABS64] 9.1). There ezists a unique natural homomorphism

X Li(X,Y) = KO'(X,Y)

which, whenY =), is given by

X(E) = [Vo] = [Vi].

Moreover, x is an isomorphism.

In particular, L;(X,Y’) is an abelian group. Atiyah-Bott-Shapiro call the map x
an Fuler characteristic.
Let (X,Y), (X',Y’) be pairs as above. We conclude this section by exhibiting a

product map

LX) V)R LX) Y) > Li(X x X', X xY'UY x X')

that agrees, via y, with the usual product on relative K-theory.
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Let V = (Vi,Vp;0) € Ob(C1(X,Y)) and V' = (V{,V{;0') € Ob(C1(X',Y’)). By
Proposition 10.1 in [ABS64], we may lift 0,0’ to maps &,’ of bundles over X and
X', respectively.

Thinking of

m»mfnﬁeo
O—>X/1/E—/>VD’—>O

as complexes of bundles with Vi, V/ in degree 1 and Vj, Vj in degree 0, we may take

their tensor product
VeV =0 el 2 Wielae Ve V) = el =0,

where

= (5 (059 idVO’ idVO X 5’)

—idy, ® ¢’
To =
o ®idyy
The result is a complex of vector bundles over X x X’ that is exact upon restriction

to X xY'UY x X'

Choose a splitting 7 of 75| xxyruyxx/- Then,

T’X YUY x X’
(eV)e e V),VeoV)eWiev): | |

™

is an element of L (X x X', X xY'UY x X').
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Now, the pairing

LiX,Y)® Li(X,Y) = Li(X x X', X x YUY x X')

described in Proposition 10.4 of [ABS64] is given by sending a simple tensor

V1, Vos o] @ V], Vg; 0]

to

]2_1([‘/1 ® V1/7 (VYI ® VE]/) S (VE) & ‘/1,)7 VE) & Vg; 7_2|X><Y’UY><X’7 T1 X><Y’UY><X’D;

this follows from the proof of Proposition 10.4.

Thus, in order to show that the assignment

Ob(C1(X,Y)) x Ob(C1(X",Y")) = Li(X x X', X x YUY x X')

given by
7’1|X YUY x X!
V. V)= eV e Ve V), iev)eieV: | 0 7]
T
determines

(a) a well-defined pairing on Ob(C;(X,Y)) x Ob(C1(X’,Y”)) up to our choices of

liftings o, o’ and splitting 7, and
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(b) a pairing
LiX,Y) @ Li(X,Y') = Li(X x X', X x YUY x X')

that coincides with the pairing in Proposition 10.4 of [ABS64],
we need only prove:

Lemma 3.2.10. Let (X,Y) be a pair as above, and let [Va, Vi, Vi; 09, 01] € La(X,Y).

If m is a splitting of o9,
. o1
]2([‘/17‘/0 S ‘/Qa ]) = [‘/27‘/17%;0—270—1 .

Proof. First, suppose dim(V;) > dim(V3) + dim(X). Apply Lemma 7.2 in [ABS64] to
construct a monomorphism

h:Vo—=W

that extends oy. By the proof of Lemma 7.3 in [ABS64],
jQ([COker(h)a ‘/E)y 0-_1]) - [‘/27 ‘/17 %7 09, 01]7

and so

Ja([coker(h) & V3, Vo & Va3 A) = [Va, V1, Vo; 02, 0],

where



Hence, it suffices to show

01

[coker(h) @ Vo, Vo @ Vo; A] = [Vi, Vo @ Vs ]

Choose a splitting s of h, and let

p: Vi — coker(h)

denote the canonical surjection. Then we have an isomorphism

P : Vi — coker(h) @ V5.

S

Since s|y is a splitting of o3, we also have an isomorphism

01
: V1|Y - Wly @ V2|Y-

S‘Y

We have a commutative square

01

S’y
Vily ———Wly @ Valy

p’Y d
1A,y @Valy

S|y

coker(h)|y @ Valy A*VZJ’Y © Valy

7
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Thus,

ag
[coker(h) @& Vo, Vo @ Va; A] = [Vi, Vo @ Va; ].

S|y
Notice that we have an object
(o} 01
Vi x I, (Vo @ Vo) x It +(1-1) ]
sly s

o
in Cy (X x 1,Y x I) whose restrictions to X x {0} and X x {1} are [V}, V& Va; ' ]

™

o

and [Vq, Vo @ Va; ' |, respectively. It now follows from Proposition 9.2 in [ABS64]
Sly

that

01

01

sly T

This finishes the case where dim(V;) > dim(V3) 4+ dim(X).

For the general case, choose a bundle F such that
dim(E) 4+ dim(V;) > dim(V2) + dim(X).

Define

o o1 0

2
U:=[Vo, Vi ®E, Vo @ E; 7 ],
0 0 idy, |y
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o0
U=VOEVWeE®Va| 0 idyly |]
T 0
Notice that

[‘/2,‘/1,%;02701] =U,

and

g
ViVeaVy | |1=U"

™

02

so that it suffices to show that j(U’) = U. Since (7r 0) is a splitting of ,
0

this follows from the case we have already considered. O

Let [V], [V'] denote the classes of V, V" in Ly (X,Y), L1(X',Y’), and define

T ’X X, XXY'UY xX'
Vien V] =[(VieV)e e V), VheV)eWiaw), | e

™

Remark 3.2.11. By Proposition 10.4 in [ABS64] and the above remarks,

X(VD) @ x(V') = x(VI@w, [V7]).

3.3 A generalized Atiyah-Bott-Shapiro

construction

We now recall the classical Atiyah-Bott-Shapiro construction (JABS64] Part I1I). Fol-

lowing Atiyah-Bott-Shapiro, we work with real Clifford algebras and K O-theory, and
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we point out that one may perform a similar construction involving complex Clifford
algebras and K U-theory.
Define

qn::_a’;%_...—xieR[wl’...’xn]

for all n > 1, and set C,, := Cliffg(g,,). We also set Cy := R.

Let M(C,) denote the free abelian group generated by isomorphism classes of
finitely-generated, indecomposable Z/27Z-graded modules over C,,. When we say a
7./27-graded module is indecomposable, we mean that if the module is written as a
direct sum of two Z/27Z-graded modules, then one of the two summands must be 0.

There are evident injective maps
Z.n : Cn — On+1
for all n > 0; these injections induce homomorphisms

n

via restriction of scalars. Set
Ay = M(Cy) /i (M (Chia))-

Define D™ to be the closed disk of radius 1 in R™. An important special case of

the classical Atiyah-Bott-Shapiro construction is the group isomorphism
an : Ay = Ly(D",0D")

that appears in [ABS64] Theorem 11.5.
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o, is defined as follows: let M = M; @ My be a finitely generated Z/27Z-graded

C,-module. We use the R-vector spaces M; and M, to construct real vector bundles

over D":
Vi:= D" x M,
Vo := D" x M,
and we define a map
o:Vi—=>W

given by (x,m) — (z,x - m), where - denotes the action of C,, on M. Here, we are
thinking of D™ C R™ as a subset of C),. Notice that o restricts to an isomorphism of
bundles over dD". Thus, we have constructed an element [Vi, Vy; 0] € Li(D",0D").
Define
an([M]) = [V1, Vo; 0].

We refer the reader to [ABS64] for verification that the mapping
[M] = [V1, Vo; 0]

is well-defined on the quotient A, and determines an isomorphism.

Now, let f € (x1,...,2,) C Q := Rxy,...,z,]. Choose real numbers ¢, 4, and ¢
such that € > 0, 0 < § << ¢, and t € (—9,0) in such a way that we may construct a
negative Milnor fiber F'; associated to f as in Section .

Denote by B, the closed ball of radius ¢ in R™ centered at the origin. We now

construct a map

Ob(MF(@Q, f)) = L1(Be, Fy)

that
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(a) recovers the Atiyah-Bott-Shapiro construction via the Buchweitz-Eisenbud-Herzog

equivalence (Theorem [2.4.1)) when f = ¢, and

(b) descends to a group homomorphism

Ko[MF(Q, /)] = Li(B.. Fy).

We emphasize that a similar construction involving complex polynomials and their
Milnor fibers may be performed mutatis mutandis. One may also perform the follow-
ing construction using the positive Milnor fiber F]f“ of f.

Let

P=(P, zZ:> Py)
0

be a matrix factorization of f over Q). Denote by C(B,) the ring of R-valued contin-
uous functions on B..

Applying extension of scalars along the inclusion
Q — C(B.),

we obtain a map

P, ®q C(B.) 224 Py @, C(B.)

of finitely generated projective C'(B,)-modules.

The category of real vector bundles over B, is equivalent to the category of finitely
generated projective C'(B,)-modules; on objects, the equivalence sends a bundle to
its space of sections. Let

Vi—=V

be a map of real vector bundles over B, corresponding to the above map d; ®id under
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this equivalence.
Notice that d| Fy is an isomorphism; its inverse is the restriction to F; of the

map dy : Vo — Vi determined by

L(dowid)

Py ®¢g C(Be) P ®q C(B,).

Define ® (P, z%_—z Py) = (Vi, Vs du|-) € Ob(Cy(B., ).
0

Remark 3.3.1. The map analogous to @ in the setting of polynomials over C and KU-

theory appears in [BVS12]; we discuss this in detail in the proof of Proposition m

A morphism in EMF(Q, f) determines a morphism in Cy(B., F;’) in an obvious
way (see Section for the definition of the category EMF(Q, f)). Hence, we have

shown:

Proposition 3.3.2. There is an additive functor
(I)f : EMF(Q?f) — Cl(Bme_)

given, on objects, by

(P #F'li Py) — [Vl,%§d1|1~7]'
0

In particular, we have a map

Suppose f = ¢,. Then € can be chosen to be 1 in the construction of the negative
Milnor fiber F';", and the fiber can be chosen to be exactly Sl C R™.
Let [Ob([MF(Q, f)])] denote the set of isomorphism classes of objects in [MF(Q, f)].

It is easy to check that one has a commutative triangle
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[Ob([MF(@Q, f)])]

Li(By, Fy)
ABS
BEH

[Ob(modz,2z(Cliffr(¢)))]

where BEH denotes the bijection induced by the Buchweitz-Eisenbud-Herzog equiv-
alence (discussed in detail in Section , and ABS denotes the Atiyah-Bott-Shapiro
construction. Hence, our construction recovers the Atiyah-Bott-Shapiro construction
via the Buchweitz-Eisenbud-Herzog equivalence when f = q,,.

Our next goal is to show that ®; induces a map on K-theory:

Proposition 3.3.3. ®; induces a group homomorphism

¢r : Ko[MF(Q, f)] = L1(Be, Fy).

We will adopt the following notational conventions for the purposes of this proof:

(1) A pair (e,t) is a good pair if e > 0, t < 0, and the map

Y BN fH(=5,0)U(0,6)) — (—6,0) U (0,0)

from Section [3.1]is a locally trivial fibration for some § > 0 such that

0<t|<d<<e.

(2) If (e, t) is a good pair, we denote the negative Milnor fiber B, N f~*(¢) by F;".

We will need the following technical lemma:
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Lemma 3.3.4. Let (e1,t1), (€a,12) be good pairs. Then there is an isomorphism
g: Ll(Beu Ft:) — LI(B627 Ft;)

yielding a commutative triangle

Ll(Bq:Ft:) J LI(BQ?E;)

by
Ob(MF(Q, f))

Proof. The case where t; = t5 is immediate, so we may assume t; # t5. First, suppose
€1 = €9. Without loss, assume t5 < 1.

Set Fl,. f7Y([t2,t1]). Since the inclusions

t2,t1] =
F — F,
Fy — I,
are homotopy equivalences, the pullback maps

LI(B€17 F[t2,t1]> — LI(B€17 Ftl)

Ll(BelvF[tmtﬂ) — LI(BENFtQ>

are isomorphismes.

We have commuting triangles
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I

Li(Be,, F;)

Ob(MF(@Q, f))

for i+ = 1,2. It follows that the result holds when €; = e,.
For the general case, assume, without loss, that |to| < |t1|. Then (e,t5) is also a
good pair. By the cases we've already considered, the result holds for the pairs (eq, 1)

and (€1, 12), and also for the pairs (€1, 5) and (ea,t2). Hence, the result holds for the

pairs (€1,11), (€2,12). O
We now prove Proposition [3.3.3

Proof. It is not hard to see that ®¢(P & P') = ®;(P) & ®;(P’); we need only show
that ¢ is well-defined. First, suppose P = 0 in [MF(Q, f)]. Then idp is a boundary
in MF(Q, f), and so idp factors through a trivial matrix factorization, by Proposition
224

Write

P=(P, Z_Z—l_z Py).
0

Since P is a summand of a trivial matrix factorization, coker(d;) is a projective Q/(f)
module. Choose g € @ such that g(0) # 0 and coker(d;), is free over Q,/(f), and
choose €’ € (0, ¢€) such that B, N g~ (0) = 0.

The inclusion

Q=

induces a functor

MF(Q, f) = MF(Qy, f)-
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Choose t' such that (€¢/,¢') is a good pair. Applying Lemma we have a

commutative diagram

Ob(MF(Q, f)) — Ob(MF(Qy, f))

By Proposition , the image of P in Ob(MF(Qy, f)) maps to 0 via ®;. Hence,
the map ®; : Ob(MF(Q, f)) = Li(B., F;" ) sends P to 0, as required.
We now show that, if @« : P — P’ is a morphism in EMF(Q, f), ®;(P) &
P f(cone(a)) and ®f(P’) represent the same class in Ly (B, F,").
We start by showing ®;(P[1]) = —®¢(P) in Ly (B, F;). Write ®¢(P) = (V1, Vp; dl\F;),

so that ®;(P[1]) = (Vo, Vi; —d0|F;). Since cone(idp) is contractible, the class repre-

sented by
. do| - id
P s (cone(idp)) = (Vo & Vi, Vi & Vs ! )
0 _d1|F.—
1
in Ly (B, F;) is 0.
The object
do|p— t-id
(Vo Vi, Vi@ Wo; ! )
0 —d1|F;

of Cy(B, x I, F; x I) restricts to ®(cone(idp)) at t = 1 and @,((P & P[1])[1]) at
t = 0. Since (P @ P[1])[1] = P @ P[1], we may use Proposition 9.2 in [ABS64] to
conclude that ®¢(P[1]) = —P¢(P) in Li(B., F,).
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Now, we have

d()|F* al
Qf(cone(ar)) = (Vo @ V1, Vi @ Vo; ! ).

0 —dil
Using Proposition 9.2 in [ABS64] in the same manner as above, we may conclude
that ®¢(cone(ar)) and ®;(P') @ @ f(P[1]) represent the same class in Ly(B., F;").
Finally, suppose a : P = P’ is an isomorphism in [MF(Q, f)]. Then cone(«)
is contractible, and so the results we just established imply that ®;(P) = ®(F’).
Thus, ¢ preserves isomorphisms in [MF(Q, f)]. Since every distinguished triangle in

IMF(Q, f)] is isomorphic to one of the form
P % P’ — cone(a) — P[1],

and we have shown that ®; preserves such triangles, we are done. O

We now use our construction ¢y to exhibit a compatibility between Knorrer pe-
riodicity (Theorem [2.6.1)) and Bott periodicity; we study the map ¢y more closely in

the case where f is an ADE singularity in Chapter [4]

3.4 Knorrer periodicity and Bott periodicity

In this section, we work with polynomials and vector bundles over C. The author
fully expects results analogous to those in this section to hold for polynomials and
vector bundles over R; we leave the details for future work.

Set
Q:=Clxy,..., 2], Q :=Clys, ..., Ym]
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and let

fe(xl);-"axn)gQa flE(QOa"'aym)gQ/

1111

We now construct the Milnor fibers of f and f’. Choose real numbers €”, 6", such

that the map
BN (f ) f/)71<D:;//) — D;;//

given by  — (f @ f’)(x) is a locally trivial fibration.

Similarly, choose €, d and €', as well as t” € Dj,, so that the analogous maps

B.n f~Y(D;) = D;

Bo N (f)" YD) — D
are locally trivial fibrations, and also so that
(a) €€ are sufficiently small so that B, X By C Ben.
(b) |[t"| < min{6,d'}.
Set Fy, Fy, and Fygp to be the Milnor fibers of f, f/, and f & f’ over t".
Recall from Proposition that we have a map
Ko[MF(Q, f)] ® Ko[MF(Q', f')] = Ko[MF(Q ®c Q' f & )]
given by
[P] ® [P'] — [P @ur P'].

The following proposition is the key technical result in this section.



90

Proposition 3.4.1. There exists a map
STL1 : Ll(Be, Ff) X Ll(BE/, Ff/) — L1<Be//, Ff@f/)
such that, given matrixz factorizations P and P' of f and f', respectively,

ST1, (¢4([P]) © ¢5([P])) = bpap ([P @ur PT).

Proof. Write

P=(P 2= Ry), P' = (P === P
o df

0
and

q)f(P) = [Vlavo;dlny]? (I)f/(P/) = [‘/1/7‘/3; dll’Ff/]
We note that

Orep ([P @ur P) = (V1@ V) @ (Ve W), (Ve V) e (Vi@ Vi) A,

where A is the restriction of the matrix

4 ®id ided
—id®d) do®id

to Ff@f"
As in Section choose an injection

H:CF; — B

such that
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o H(z,1)=x € F; C B,
e H(—,s): F; — B, maps into the Milnor fiber B, N f~*(st") for s € (0,1), and
o H(z,0)=0 for all z € Fy

Choose H' : CFp — By similarly.
Clearly im(H) is contractible, since it is homeomorphic to C'Fy (and of course the

same is true for im(H")). It follows that the inclusions of pairs

g:(im(H)va) — (BEva)

g (m(H'), Fy:) = (Be, Fy)

induce isomorphisms on L; upon pullback; this is immediate from the long exact
sequence in topological K-theory and the naturality of the Euler characteristic from
Section [3.2| with respect to maps of pairs.

Recall from Section [3.2] that we have a map
Li(im(H), Fy) @ Ly(im(H'"), Fpr) = Ly (im(H) x im(H'),im(H) x Fp U Fy x im(H'))
denoted by
Vie V] [V]®L, V1.

Define
STL1 : Ll(Be,Ff) X Ll(BE/, Ff/) — Ll(BE//,Ff@f/)

to be given by
VI [V]= (G g (V]) @1, () (V)
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where G is the homotopy equivalence of pairs in Remark [3.1.12, We now compute

9" (¢5(P)) @1, (9)"(¢5(P)) = g"(V1, Vos dl g, ]) @, ()" (VY Ve '], ])

explicitly.
There are obvious liftings of di|r, and d}|r, to maps of bundles over im(H) and

im(H"), namely di|im(z) and d} |imary- A splitting of the restriction of

—id @ di |im ()
dy |im(m) ® id

toim(H) x Fp U Fy x im(H’) is given, on the fiber over (H(z,s), H'(y,s’)), by

1
f(H(z,s))+ f'(H'(y,5)) <_id ® dolimrrry  dolim(rr) @ id)

(notice that f(H(x,s)) + f'(H'(y,s')) = (s + s')t" # 0 when (H(z,s),H'(y,s")) €
im(H) x Fy U Fy x im(H’), since either s or s’ is equal to 1).

Thus, by the discussion at the end of Section [3.2] the product
9" (V1. Vos dlry]) @1, (97)" (V1 Ves d| )
is equal to
(Vi @V lim(z7)) B (Volim(ry @ VY 7)), (Volim (i @VE i) S (Vi it () @ VA iy )5 B,

where B is given, on the fiber over (H(x,s), H' (y,s')) € im(H) x Fp U Fy x im(H’),



by the matrix

di iy ® id id ® d [im(m)

1 : 1 .
FCH(z,5))+ (H' (y,5)) (—id @ dpim(a)) F(H(z,s))+ 1 (H (y,5")) (dolim(rr) @ id)

restricted to im(H) x Fp U Fy x im(H').

We wish to show that, upon applying (G*)~! to this class, one obtains
(VieVp) e Ve V), Voo V) & (Vi V));Cl,

where C' is the restriction of the matrix

d ®id ided
s(—idedy) 75 (d ®id)

to Fte . This will finish the proof, since the class

(el e WeW), Ve Ve Vie V)l
is clearly equal to

(Ve Vh e Ve V), (Vo) e (Vie W) 4]

where A is as above.

Observe that we have an object

(el e WeW))x I (Ve Ve (VieW)) x ;D]
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in C;(im(H) x im(H') x I, (im(H) x Fp U Fy x im(H')) x I), where D is given, on
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the fiber over
(H(x,s),H'(y,s),T) € (im(H) x Fpr UFp x im(H")) x I,

by the matrix

d; ®1id id® d,
1 . y 1 )
erea (T4 @ d) ey (do @ id)

Here, f, f’, and the entries of dy, d}, do, dj, are evaluated at the point

T(1—s —s)+2s
2

T(l—s —s)+2¢

(a(T),b(T)) == (H(z, ), H'(y, 5 ))-

Notice that f(a(T")) + f'(b(T)) # 0 for all

(H(x,s),H'(y,s),T) € (im(H) x Fpr UFp x im(H")) x I,

so this matrix is indeed an isomorphism on every fiber over (im(H) x Fp U Fy X
im(H')) x 1.

Restricting to T" = 0, one obtains the object

(Vi lim(ey @ V5 lim(a)) B (Vo iy @ VA [im (7)) s (Volim(ey @ V5 lim(7)) B (Vi i) @ VY [im(s17) ) B).

Restricting to 7' = 1 and applying G* !, one obtains

(M) e VeV, (Ve Ve (VieV):C).

Now apply Proposition 9.2 in [ABS64]. O
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Remark 3.4.2. Tt follows easily from the naturality of the Euler characteristic x from

Section [3.2] and Remark [3.2.11| that ST}, induces a map
STrv : KU%(B., Fy) @ KU(By, Fyr) — KU (Ber, Fraypr).

Remark 3.4.3. We point out that the group homomorphism ST, in Proposition [3.4.1]
is given by the composition of the tensor product in topological K-theory with a spe-
cific formulation of the the Sebastiani-Thom homotopy equivalence. Hence, Proposi-
tion yields a precise sense in which the tensor product of matrix factorizations
is related to the Sebastiani-Thom homotopy equivalence (cf. Remark .

Let us now consider the case where Q' = Clu,v] and f = u® + v% Note that
Ko[MF(Clu,v],u* 4+ v?)] = Z (Remark and Remark [2.4.2)); it is generated by
the class

u+1v

X = [Clu,v] === CJu,v]].

Also, by Theorem m, F,2,.2 is homotopy equivalent to S, and so Li(Be, Fy24.2)
is isomorphic to Z. This group is generated by ¢,2,2(X); a way to see this is to apply
Theorem 11.5 in [ABS64] and observe the compatibility between the Atiyah-Bott-
Shapiro construction and the map ¢ via the Buchweitz-Eisenbud-Herzog functor, as
discussed in the previous section. Thus, ¢,2,2(X) is a Bott element in the group

Li(Be, Fyzyp2) = l/(\l/JO(SQ); we shall denote by § the map
KU°(B., Fy) = KU"(B., Ft) @ KU (Bu, Fy2142)

given by (x ® ) 0 (— ® ¢y24.2(X)) 0o x~ L. B is the Bott periodicity isomorphism.

Since Knorrer periodicity is induced by tensoring with the matrix factorization
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Clu, v] === C[u, v], we will denote by K the map

Ko[MF(Q, f)] = Ko[MF(Q[u, v], f & u® + v*)]
given by — @yp X.

The following result gives a precise sense in which Bott periodicity and Knorrer

periodicity are compatible; it follows immediately from Proposition |3.4.1}

Theorem 3.4.4. Let f € (z1,...,2,) C Clxq,...,x,], and suppose the hypersurface

Clz1, - Znl(@r,wn)/(f) 15 THS (see Definition[2.2.10). Then the diagram
KoMF(Q. f)] S8 KU'(B. Fy)
B
K KU*(B., Fy) ® KU(Bo, Fyoy2)
ST kv

X o ¢f@u2+v2

Ko[MF(Q[u,v], f & u® + v?)] KU (Ber, Frauz+v2)

commautes.
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Chapter 4

Examples: the ADE singularities

In Section 3.3, we constructed a map ¢ from the Grothendieck group of the homotopy
category of matrix factorizations associated to a complex (real) polynomial f into
the topological K-theory of its Milnor fiber (positive or negative Milnor fiber). We
established that, when f is a non-degenerate quadratic, this map recovers the Atiyah-
Bott-Shapiro construction.

In this chapter, we examine some properties of the map ¢y when f € Clxy,. .., z,]

is an ADE singularity:.

4.1 Maximal Cohen-Macaulay modules over the
ADE singularities

Let f € (x1,...,2,) C Clzy,...,x,], and assume the hypersurface

is IHS (Definition [2.2.10)).
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Choose €,0 > 0 so that the map
BN f7H(Dj) = Dj

given by x — f(x) is a locally trivial fibration, as in Section Let Fy denote the
fiber of this fibration, the Milnor fiber of f.

Recall that F is homotopy equivalent to a wedge sum of p copies of S"!, where
p is the Milnor number of f (Theorem [3.1.4)).

Suppose n is odd. Then
KU°(B.. Fy) = KU (SFy) = @ KU (") = 0
“w
Thus, in this case, the map
¢r : Ko[MF(Clxy, ..., 2], f)] = Li(B., Fy)

is the zero map.
For more interesting examples, we look to the ADE singularities, or simple plane

curve singularities:

k+1
Ap = 2y + 22, k

WV

1
D=2V +a22, k>4
E¢ =23 + 3

3

— 3
E7 =T +C(71{E2

— 34 .5
Eg = a7 + x5
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It turns out that, if f is a simple plane curve singularity and n > 2, the ring

R=Cllxy,....zal/(f + 22+ - +22)

has finite MCM type; that is, R has only finitely many indecomposable MCM modules
up to isomorphism (this follows from results in [Yos90] Chapters 9 and 11 along
with Knorrer periodicity). By a theorem of Buchweitz-Greuel-Schreyer in 1987, the

converse is also true:

Theorem 4.1.1 ([BGS87]). If R = Cl[x1,...,z,)]/(f) has finite MCM type and
n =2, R=Clx,....,x,)]/(g + 25 + - + 22), where g € C[z1,,]] is an ADE
singularity.

Remark 4.1.2. A more general result is stated in Theorem 9.8 of [LW12].

In particular, when f € C[[z,y]] is an ADE singularity, Ko[MF(C|[z,v]], f)] is a
finitely generated abelian group; this makes the ADE singularities a convenient source

of examples for studying the properties of the map

¢f : KO[MF(C[x7y]7f)] — L1<B67Ff)'

The results we mentioned above involve ADE singularities thought of as elements
of power series rings, not polynomial rings. But, for the purposes of studying homo-

topy categories of matrix factorizations, this makes no difference:

Proposition 4.1.3. If f € Clz,y] is an ADE singularity, the functor

0o [ME(C[z,y], )] = [MF(C[[z, 9]}, f)]

induced by inclusion is an equivalence.
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Proof. Every matrix factorization of f over Cl[[z,y]] can be expressed, up to isomor-
phism in [MF(C[[z,y]], f)], as one involving a pair of matrices with polynomial entries
([Yos90] Chapter 9). Thus, ¢ is essentially surjective. One can argue that ¢ is fully

faithful in the same manner as in Remark 2.4.2] O

Before going further, we return to a discussion of formalities involving Hochschild

homology of dg categories, this time applied to matrix factorization categories.

4.2 Hochschild homology of matrix factorization
categories

Set Q := Clzy,...,xy), and let f € (z1,...,2,) C Q so that Q.. ».)/(f) is IHS.

Assume n is even.

Let QL

Q/C denote the module of Kahler differentials of () over C. We consider the

exterior algebra
A%
as a Z/27Z-graded complex of ()-modules with odd (even) degree piece given by the
direct sum of the odd (even) exterior powers, equipped with differential given by left
exterior multiplication by df.
A computation due to Dyckerhoff in Section 6 of [Dyc11] yields a canonical isomor-

phism of Z/27Z-graded complexes of C-vector spaces between the above complex and

Hochschild complex of the dg category MF(Q, f), and hence a canonical isomorphism

HH.(MF(Q, f)) = Q¢ ,c/(df N c) = Jr ®q Qe
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where J; is the algebra

(C[.Tl, R ,Q?n]
(ﬁ 3f)
dxi’ " Dxn

thought of as a @-module. In particular, HH,(MF(Q, f)) is concentrated in even
degree.

Let P = (P, % Py) be a matrix factorization of f over ). Choose bases of
Py, Py, so that we may view A and B as matrices with entries in ().

By Example 2.30 in [Wall4a], upon applying the above isomorphism

HH.(MF(Q, f)) = Q6 c/(df N e,

the Chern character

ch : Ob(MF(Q, f)) = Q% c/(df A Q% c)

is given by

2
(P == Py) m(—1)(2) tr(dAdB - - - dAdB)day A -+ A da,,

~
% factors of dAdB

where dA and dB denote the matrices resulting from applying d : Q) — Qé sc to the
entries of A and B.
By Corollary 5.12 in [Yul5|], the Chern character map descends, in this setting,

to a map

ch : Ko[ME(Q, f)] = Qe /(df A Q).

Example 4.2.1. It will be useful for us to have a formula for the Chern character of

A € Perf(MF(Q, f)°® @ MF(Q, f)),
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where A is as in Section 2.1.3l
Applying [PV12] (2.14) and Remark we have natural isomorphisms

HH.(Perf(MF(Q, /) @ MF(Q, f))) = HH.(MF(Q, - f) © MF(Q, f)).

=~ HH,(MF(Q ®c Q,—f & [)).

For1 <j<nandgeQ@,set Aj(g) € Clxy,...,%n,y1,...,Yn] to be the polyno-

mial
g(ﬂfl, ce axj—lvijyj-i-lv cee 7yn) - g('Il, CI axj—laxjvyj-i-lv cee 7yn)
Yi —

Let C denote the n x n matrix over Clzy,...,Zn, Y1, ..., Yn| with Cj; = Aj(g_gi)‘
By Proposition 4.1.1 in [PV12], ch(A) corresponds, via the above isomorphisms,

to the class
(—1)E) - det(C) - day A~ Adag Adys A~ Ady, € Qe /(df A Q).

We now wish to use our formula for the Chern character map, along with Theo-

rem [2.1.20| and several results of [BVS12], to examine the map
65+ Ko[MF(Q, )] = KU"(B, F)

when f is an ADE singularity.
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4.3 An application of the
Hirzebruch-Riemann-Roch formula for
differential Z/2Z-graded categories

Let f = 23 + 2123 € Q = Clzy, 5], the Dy singularity. By results of Chapters 9 and

13 in [Yos90], Ko[MF(Q, f)] is generated as an abelian group by the classes

Q —2— @), [Q =12, ).

2, .2 —q
T1+T5 T1—1T2

The Chern characters of these classes are
—2.T2dl’1dI2, (311’1 — I‘Q)dd?ldl’g c QzQ/C/(df VAN Qé/@)

These classes are linearly independent over C. This implies that

(a) Ko[MF(Q, f)] is a rank 2 free abelian group generated by the two classes above,

and
(b) the Chern character map ch : Ko[MF(Q, f)] = Q3 o/ (df N Q3 ) is injective.

Remark 4.3.1. Using the same argument, it is straightforward to check that, if f is

any ADE singularity, Ko[MF(Q, f)] is free abelian and the Chern character map

ch : Ko[MF(Q, )] = Q% c/(df AQ )

is injective.

We are now prepared to prove:
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Proposition 4.3.2. If f = 23 + 2122 € Q = Clx1, 23], the homomorphism
¢5 : Ko[MF(Q, f)] = Li(B., Fy) = 2%

18 1njective.

Proof. Suppose ¢¢([P]) = 0. As alluded to in Remark the map
®;: Ob(MF(Q, f)) = L1(Be, Fy)
in this setting agrees with a map discussed in [BVS12]. More specifically,
o, (E = (B ZZ:z Eo)) = a(coker(d:))|r,

for all matrix factorizations E of f, where « is as described on page 252 of [BVS12].
It follows from Proposition 4.1 and Theorem 4.2 in [BVS12], as well as the dis-

cussion in Section [2.2.3] that
X(=, [P]) - Ko[MF(Q, f)] = Z
is the zero map. Thus, by the Hirzebruch-Riemann-Roch formula in Theorem [2.1.20]
{ch((—)"), ch([P]))mr(q.p) : Ko[MF(Q, f)] — C

is the zero map, where EV is the matrix factorization of —f corresponding to the

object E € MF(Q, f)°° under the equivalence in [PV12] (2.14). By the discussion on
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page 11 of [PV12], it follows that

(ch([P]), ch([(=)" )@ -5 : Ko[MF(Q, )] = C

is the zero map.

Clearly Q2 /(d(—f) AN

Q/(C) = QQQ/C/(df AQ2 ). Also, the images of the Chern

Q/C

character maps

ch : Ko[MF(Q, —f)] = Q% ¢/ (df A% c)
ch: Ko[MF(Q, f)] = Q4,c/(df N %c)

are identical, since one has an isomorphism

Ko[MF(Q, f)] = Ko[MF(Q, )]

given by

[Pl%Po]l—)[Pl;zdlpo]
0 o

By the computations above, the C-span of the image of the Chern character map
in Q3 o/ (df N QG c) is precisely the elements of the form Idzidzs, where | € Q is a
homogeneous linear form. Thus, (ch([P]),ldzidz2)vrg,—5) = 0 for all homogeneous
linear forms [ € Q.

Let A € Ob(MF(Clz1, ..., 20, Y1, -, Yn], —f® f)) denote the matrix factorization

described in Example £.2.1] An easy computation yields

ch(A) = (=622 — 6x1y1 + 209ys + 293) - day A dao A dyy A dys.
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By Remark [2.1.21], the map
QQQ/C/(df A Qgg/c)®3 — ng/c/(df A sz/c)
given by
h (29 h/ X h” — <h, h/>MF(Q,—f) . h//
maps ch([P]) @ ch(A) to ch([P]). That is, denoting (—, —)mr(,—s) by just (—, —), we

have

—6(ch([P]), 1) - 21 — 6(ch([P]), y1) - 21 + 2{ch([P]), y2) - 22 + 2(ch([P]), y3) - 1

= —6(ch([P]), 1) - 21 + 2(ch([P]),3) - 1 = ch([P]).

Since 2 and 1 are not homogeneous linear forms, the only way this equality can

hold is if ch([P]) = 0. Since

ch : Ko[MF(Q, f)] = Q4,c/(df A %c)

is injective, it follows that [P] = 0. O

Remark 4.3.3. The only properties of the polynomial D, that we used in the proof

were
(1) Clz1, @2)(2y,29)/Da is THS.

(2) The map
Ko[MF«C[.CEl, .1'2], D4)] — Ko[MF(CHxl, .CEQ]], D4)]
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induced by inclusion is an isomorphism, and

(3) If

(ch([P]), ch([(=)"]))MF(Clar o), —Ds) * Ko[MF(Clzy, 22), Dy)] = C
is the zero map, then [P] = 0.

The ADE singularities clearly have property (1), and we showed in Proposi-
tion that they have property (2). An easy (but tedious) series of computations
shows that the ADE singularities satisfy property (3) as well; one can show this for
each ADE singularity using exactly the same argument that we used in the D, ex-
ample above. Hence, if f € C[zy, 2] is an ADE singularity, ¢ is injective (this is

Theorem in the introduction). In fact, more is true:

Theorem 4.3.4. If f € Clzy, 2] is an ADE singularity andn > 0 is even, ¢ o (z24..142)

18 1njective.

Proof. Since ¢y is injective, this follows immediately from Theorem [3.4.4] O
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