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ON MORREY SPACES IN THE CALCULUS OF VARIATIONS

Kyle Fey, Ph. D.
University of Nebraska, 2011

Adviser: Mikil Foss

We prove some global Morrey regularity results for almost minimizers of functionals

of the form

uH/f(x,u,Vu)dx.
)

This regularity is valid up to the boundary, provided the boundary data are sufficiently
regular. The main assumption on f is that for each x and u, the function f(x,u,-)
behaves asymptotically like the function h(|-|)**), where h is an N-function.

Following this, we provide a characterization of the class of Young measures that
can be generated by a sequence of functions {f;}52, uniformly bounded in the Morrey
space LPA(Q;RY) with {|f;|"}52, equiintegrable. We then treat the case that each
f; = Vu; for some u; € Wh(Q; RY).

Lastly, we provide applications of and connections between these results.
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Chapter 1

Introduction

1.1 Background

The functionals usually considered in the calculus of variations have the form

J(u) = /Q F(x, u(x), Vu(x))dx, (1.1)

where 0 C R™, the function f : Q x RY x R¥** — R, and the mapping u : Q — RY
belongs to some admissible class A. In the classical theory, the admissible class A
was usually taken to be some subset of functions possesing continuous second-order
derivatives. This allowed one to conclude that a minimizer would be a solution to a

certain system of second order partial differential equations, namely

.| 0 9
div a—Ff(x,u(x),Vu(x)) = a—uf(x,u(x), Vu(x)),

which is called the Euler-Lagrange system for the functional. Here and throughout,

we are thinking of x, u and F as the generic placeholders for the first, second and

9

55 is the gradient of the map

third arguments of f, respectively, so that the notation



u— f(x,u,F) (which we think of as a column vector), and % f(x, u, F) is the N xn
matrix of first-order partial derivatives for the map F — f(x,u, F).

At the beginning of the 20th century, D. Hilbert created his famous list of what
he saw as the twenty-three most important problems that mathematicians should at-
tempt to resolve within the century. The 20th problem asked if every functional of the
form (1.1), where f is smooth and convex with respect to the third argument, admits a
solution, provided that certain assumptions on the boundary conditions are satisfied,
and that the notion of a solution is suitably relaxed, if necessary. This question has
an affirmative answer, but it turns out that the notion of a solution must indeed be
relaxed. Rather than consisting of a subset of twice continuously-differentiable func-
tions, the modified admissible class is made up of functions belonging to a so-called
Sobolev space, which we now introduce.

First, for each p € [1, 00], we define the Lebesgue space LP(; RY) by

LP(Q;RY) = {u:Q—>RN:/|u(X)|pdx<oo}, 1<p<oo
0

L RY) = {u:Q = RY : esssup,q [u(x)| < o0} .
The norm on LP(Q; RY) is defined as

(Jy lu(x)[7dx)"?, 1< p < oo,
|, =
es8 SUpeq [u(x)|, p = oo.

For each p € [1,00], we define the Sobolev space W1P(2; RY) as follows:

WP(Q;RY) == {u e LP(GRY) : Vu € LP(Q;RV™) }. (1.2)



It is important to point out that in the above definition, by Vu we mean the weak

gradient of u. We say that a function V € L{ (; RY*") is a weak gradient of u if

loc

/u-V(pdx:—/go-de (1.3)
Q Q

for all ¢ € C°(Q;RY). (Here, we are thinking of each of the above N x n matrices
as a column vector with N components; each of these components is a row vector
with n scalar components, so that both of the dot products defined above yield an
n-dimensional row vector.) Weak gradients, when they exist, are unique up to a set
of zero measure. So the definition for WP given in (1.2), when unpacked, says that
WLP(Q; RY) consists of all mappings in LP(2; RY) for which the weak gradient exists
and belongs to LP(; RY*™). (Le., (1.3) is satisfied for some V € LP(Q; RY*").) We
define the norm on WP(Q; RY) by

lallyrp = [lull  + [Vull

and denote by Wy (Q;RY) the closure of C°(Q;RY) in the norm of W'»(Q; RN).
For Dirichlet problems, the relaxed admissible class for the functional J is usually

defined to be
A= {ue WP(QRY) :u—ug € W" (U RY)},

for some fixed ug € W1P(Q; RY). If the integrand f of the functional J satisfies some
convexity and coercivity conditions, then using the direct method of the calculus of
variations, one can show that a minimizer exists in A.

Although relaxing the conditions for the admissible class facilitates obtaining the

existence of minimizers, a priori, one only knows a minimizer belongs to a Sobolev



space; i.e the minimizer and its gradient will belong to some Lebesgue space. If p < n,
then functions belonging to W?(Q; RY) may even be discontinuous. Therefore, a
natural and important question is whether we can expect any additional regularity
(smoothness) for minimizers. In fact, this is the subject of Hilbert’s 19th problem:
Provided that the integrand f of the functional (1.1) is analytic, must all minimizers
be analytic? This is an important question for several reasons. If the variational
problem arises from a physical context, the regularity of the solution will have sig-
nificant physical implications. For example, if an elastic body is deformed from its
reference configuration, regularity for the minimizer might mean that no cracks or
holes form as a result of this deformation. Further, additional regularity for the min-
imizer is often required to obtain convergence rates for numerical approximations of
the solutions (see [19, 27|, for example).

In the scalar case N = 1, the 19th problem essentially was answered in the affir-
mative by E. De Giorgi [23] and independently by J. Nash [63]. Unfortunately, in the
general vectorial setting, one cannot expect similar results to hold, as demonstrated
by De Giorgi [24] (n, N > 2). However, with some additional assumptions on the
integrand, many different sorts of regularity results have been obtained. We provide

a discussion of some of these results in Section 1.3.

1.2 Definitions and Notation

In order to facilitate the discussion of the results in the present work and how they
fit into a broader context, we now introduce several definitions and notations. For
the entirety of this thesis, we fix n, N € N, and we suppose that {2 C R" is open
and bounded. We denote by R, the interval [0,00) and by R* the set R U {4o00}.

For a measurable set E C R", we let |E| denote the Lebesgue measure of E, and use



E to signify the closure of E in the usual Euclidean topology. If 0 < |E| < oo and
f € L'(E;R"), we define

()5 = ]{; f(x)dx := % /E £(x)dx.

We will use x and y to denote points in R", and F to denote a point in RV*". The
open ball of radius p centered at the point x is represented by B(x, p). For brevity,
B denotes B(0,1). For a measurable set E C R™ not equal to B, we use E(x,p) to
abbreviate £ N B(x,p). (We refrain from using the previously mentioned notation
when E = B in order to avoid ambiguity.) We define H* := {(xy,...,z,) € R" : x,, >
0}, and given a set U C R", we use U™ to stand for HT NU. We define @ := (0,1)",
and for x € R* and p > 0, we use 5, to denote the open cube in R* centered at x
with edges of length p parallel to the coordinate axes.

We denote by M(RF) the set of all Radon measures supported on R*. Given
€ M(RF) and ¢ € Co(R*), we define

(1, 0) == /Rk o(y)du(y).

Definition 1.1. We say that a mapping v : E — M(R¥) is a Young measure if
v(x) is a probability measure for almost every x € E and the map x — (v(x), @) is

measurable for every ¢ € Co(RF).

Complying with standard notation for Young measures, we will write vy instead
of v(x), and will usually denote the map v by {vx }xer-

We recall here the definition of an N-function.

Definition 1.2. A function i : Ry — Ry is said to be an N-function if h(0) = 0 and

there exists a right-continuous nondecreasing derivative h' satisfying h'(0) = 0 and



R'(t) > 0 for all ¢ > 0, with lim,_,., h/(t) = oc.

In this work, we will be working frequently with a class of N-functions satisfying

some additional hypotheses. In particular, we make the following definition.

Definition 1.3. If & is an N-function satisfying h € W21(0,T) for each T > 0 and

(p— 1R (t) <th"(t) < (¢ — 1)K () for ae. ¢t >0,

for some 1 < p < g < oo, then we will say that h has (p, q)-structure.

Roughly speaking, a function h with (p, ¢)-structure grows between the functions
t — t? and t — t%. (See Lemma 2.1 for some basic consequences of Definition 1.3.)
One can verify that for any 1 < p < ¢ < oo and 8 > 1, each of the following functions
mapping [0, 00) into [0, 00) are examples of functions possessing (p, )-structure for

some 1 < p < g < oo:

hq(t) :=t*;
ho(t) := tP[log(t + e)]’;

P if0<t<t,

tp—f—&-% sin log log log ¢ ift > to.

For hz, we must choose t; > 0 large enough so that hjz is strictly convex and
sinlogloglog(tg) = 1. (The function hs was first given as an example in [22].)

For a given N-function h, we define the Young conjugate as follows.

Definition 1.4. If A : R, — R, is an N-function, then the function A* : R, — R,

defined by
h*(s) := sup {st — h(t)}

teRy



is called the Young conjugate of h.

It is easily seen that h* is also an N-function, and that for any s, t € R, we have
st < h(s)+ h*(t),

which is known as Young’s Inequality. Furthermore, if A’ is continuous and strictly
increasing, as is the case if h has (p, ¢)-structure, then the function ¢ +— st — h(t) has

a unique maximum at ¢ = (h’)"!(s), and hence

W (s) = s(h) " (s) — R((A)) "' (s)). (1.5)

We now introduce notation for certain vector spaces that are well-suited for our
situation in the present paper; these spaces are special cases of Musielak-Orlicz spaces.
For a development of Musielak-Orlicz spaces, see, for example, [62]. Our notation is

similar to that used for Orlicz and Orlicz-Sobolev spaces in [6].

Definition 1.5. Suppose that £ C R" is open. Let g : F x Ry — R, be such that
there is a constant ¢ < oo so that for almost every x € FE, the function g(x,-) is
convex and nondecreasing with g(x,0) = 0, and g(x,2t) < cg(x,t) for every t € R,.

We then define

L,(E;RY) = {u : B — RY : u is measurable and /

gt ) ax < oo} ,

and the corresponding Sobolev-type space
W'Ly(E;RY) :={u € Ly(E;RY) : Vu € L,(E;RV*™)},

where Vu denotes the weak gradient of the mapping u.



Remark 1.1. If h : Ry, — R, is a function with (p,¢)-structure, we will use
Ly(E;RY) and WL, (E;RY) to denote the spaces Lj(E;RY) and W!L;(E;RY),

respectively, where we have defined h : E x R — R, by h(x,t) := h(t).

The space L,(E;R") can be equipped with the Luxemborg norm defined by

lull, ::inf{s>0:/g(X,M>dX§1}’
g 5 3

and is complete under this norm. The norm on W'L,(E;R") is then defined by
[allyp, = lhull, +[[Vull, -

We will use Wy L,(E;RY) to denote the closure of C°(E;RY) in WL, (E;RY).
We also introduce the Morrey spaces LP*(Q2). We refer the reader to [47] for a

development of some of the properties of Morrey spaces.

Definition 1.6. Suppose that £ C R™ is measurable and bounded, that p € [1, 00),

and that A € [0,n]. We define the Morrey space

LPMNE) = {u € LP(E) : ||lul|;ps := sup supp’\/ lu|’ dx < oo}.
E(x0,p)

xo€E p>0

Roughly speaking, larger values of A imply less singular behavior of functions
belonging to L. Using Hélder’s inequality, one can readily check that for ¢ > p, the
space L7 is contained in the Morrey space L'™(1=P/9): it is also the case that LP" is
isomorphic to L>®. However, for any A € [0,n), the inclusion LP* C L4 does not hold
for any ¢ > p. Hence Morrey spaces provide a more precise way than the Lebesgue
spaces of characterizing how bad the singularities of functions might be.

The following defines the type of almost minimizers for which we will establish



regularity.

Definition 1.7. Let Q C R" be open and A C W1(Q; RY) be given, and suppose
that f: Q x RY x R¥*® — R. Define the functional K : A — R* by

K(w) = /f(x,w, Vw)dx. (1.6)

Suppose that u € A with K(u) < oo, and that there are functions {v.}.~q C L'(Q)
and nondecreasing functions {7.}.~0 C C(R,) satisfying 7.(0) = 0 for each ¢ > 0

such that for every ¢ > 0 and 0 < p < diam(2), we find that

K(u) < K(v) + (:=(p) +¢) /Q( ){|f(X,u, Va)| + |f(x,v, VV)[ + ve(x)} dx (1.7)

for all v € A such that v —u € Wy (Q(xq, p); RY). Then we say that u is a

(K, {7}, {ve})-minimizer over A.

1.3 Discussion of Results

In this section, we state the main results and discuss how they relate to the existing

literature.

1.3.1 Morrey Regularity for the Gradient of Almost
Minimizers

In 1977, K. Uhlenbeck [70] proved a seminal result that provided a new direction of
investigation for regularity in the vectorial setting, and set off a string of regularity
results over the next several decades. A consequence of her result provides Holder con-

tinuity for the gradient of minimizers in the case of superquadratic standard growth
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with no dependence on x and u. More precisely, one can state a version of her result

as follows:

Theorem 1.1. Suppose f : RN*" — [0, 00) is of class C* and satisfies the following
hypotheses for some 8> 0, u >0, p>2, M < 0o, and f : [0,00) — [0,00), and for
all F,F{,Fy € RVx";

(Growth of f) M~\(u? + [F2)?/2 < f(F) < M(g? + [F)"/%  (18)
2

(Growth of o )

o ()| < drtu + )5

82
OF?2 ) ‘GFQ f(Fl) OF2 f(FQ)

=
2
(Continuity of —

< M2+ [Fy P +[Fo[)7 % [ —Fy |’
02
OF?2
(Rotational Symmetry)  f(F) = f(|F]).

(Uniform Ellipticity) —— f(F1) -Fo® Fy > (1 + |F, ‘ ) ‘F2|

Define the functional Jypn by

JUhl / f Vu

and suppose that u € I/Vl1 P(Q;RY) ds a minimizer for Jun. Then Vu is locally Hélder-
continuous in ). Moreover, there is some C' < 0o so that for every xo € €2, it holds

that

C
sup |Vul < L/ (4 + Va2
x€B(x0,R/2) R Jsxm)

whenever 0 < R < dist(xg, 012).

In 1989, E. Acerbi and N. Fusco [1] proved an analogue of K. Uhlenbeck’s result

in the case 1 < p < 2. There was also a large number of other kinds of regularity
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results established by many researchers. These results provided various types of
regularity while allowing dependence on x and u in the integrand f. In contrast with
Uhlenbeck’s result, most of the theorems in the vectorial case furnished what is known
as partial regularity - that is, local regularity on an open set Q0 C © with Q\ 2y a null
set. For example, in [44], M. Giaquinta and G. Modica proved that if u is a minimizer
for functionals whose model is given by u — [, a(x,u)|Vul” for p > 2, then there is
a set 2y C Q such that Q\ Q is a null set and Vu is locally Hélder continuous on
y. Notice that in this case, we have p = 0, and the ellipticity degenerates when Vu
approaches 0. Usually, partial Holder continuity for the gradient cannot be deduced in
the vectorial setting when p = 0; the reason Giaquinta and Modica could allow = 0
is because of the additional structural assumption that the integrand only depends on
Vu through |Vul. In [48], C. Hamburger produced an extension of Giaquinta’s and
Modica’s result to minimizing differential forms, and also treated the case 1 < p < 2
with a duality argument.

In 1989, P. Marcellini [56] provided the first regularity result in the so-called (p, q)-
growth case, where the lower and upper growth exponents may differ: the assumption

in (1.8) was weakened to

M i B[ < f(F) < M (1 + i \Fjl’”') ; (1.9)

J=1

where 2 < p; < 2n/(n — 2). In this setting, working in the scalar case (N = 1), he
was able to prove that a minimizer u is Lipschitz. Marcellini and others continued to
study functionals under more general growth conditions, considering functionals with

integrands possessing (p, q)-growth

MYFP < f(x,u,F) < C(1+ |F|Y) (1.10)
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for some 1 < p < ¢. To obtain regularity in this setting, it is often required to assume
that the quantity ¢/p is not too large. How large ¢/p can be depends on the type
of regularity sought and the degree of smoothness possessed by the function f (see
the discussions in [32] and [61]). In the scalar case, L™ estimates for minimizers were
proved in [14, 21], and Lipschitz regularity was demonstrated in [57]. In the vectorial
setting, partial Holder continuity for the gradient was proved in [2, 11, 10, 12, 13].
In the series of papers [28, 30, 29, 31, 32], L. Esposito, F. Leonetti, and G. Mingione
proved various higher differentiability and higher integrability results, and provided
counterexamples that demonstrated that their results were sharp. Regularity theory
for functionals with growth conditions even more general than (1.10) has also been
studied [58, 59, 55, 60].

An intermediate growth assumption, weaker than (1.8) but stronger than (1.10),

is the hypothesis that
MR < f(x,F) < M1+ [FIP), (1.11)

where 1 < p < p(x) < ¢ for all x € Q. Functionals possessing integrands with
variable exponents arise naturally from several problems in mathematical physics, in,
for example, models for thermistors [72] or electro-rheological fluids [5]. Thermistors
are resistors for which the resistance depends on the temperature of the resistor.
In the thermistor case, the exponent p(x) corresponds to the temperature - as the
temperature varies throughout the resistor, so does the resistance. Electro-rheological
fluids are non-Newtonian fluids whose viscosity changes dramatically in the presence
of an electric field. In this case, the variable exponent p(x) results from the variability
of the strength of the electric field throughout the fluid.

In Chapter 2, we provide Morrey regularity for the gradient of almost minimizers
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for functionals of the form (1.1), where f behaves asymptotically like a function g
with more desirable properties. Let us now describe the hypotheses for g. To do so,
we first introduce a function « : Q — [1,00), which will play the role of an exponent

in the definition for g. Suppose that « satisfies

1 <oa(x) < ay < oo for every x € Q. (1.12)

With w: R, — R, denoting the modulus of continuity for «, suppose also that

w(R) [log (R)| < M, (1.13)

for some M < oo, and moreover that

lim w(R)log (R) = 0. (1.14)

R—0t+

With « as just defined, we assume that the function g : 2 x R, — R, satisfies the
following for some 1 < p < g < oo, some h : Ry — Ry with (p, ¢)-structure, and a

nondecreasing 0 € C(Ry) with 6(0) = 0:

g(x,+) has (pa(x), ga(x))-structure for each x € Q; (1.15)
h(£)*™) < g(x,t) < Mh(t)*™; (1.16)
l9(x,1) = g(y, )| < Mw(x = y|) {g(x, 1) + g(y, 1)} log(e + h(?)) (1.17)

+ MS(Jx —yD{1+ g(x,t) + g(y. t)}.

To explain (1.17), with the model case g(x,t) = B(x)h(t)*®), the functions w and §
represent the moduli of continuity for the exponent o and the function [, respectively.

Note that only uniform continuity of [ is required, whereas the stronger continuity
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assumption (1.14) is enforced for the exponent .
To give the reader a sense of the scope of the functionals considered in Chapter 2,

we give a few examples of functions g; := h$, i = 1,2, 3, where h; is defined in (1.4):

gl(X7 F) = |F|p(X) )

92(X7 F) = |F|p(X) log(e + |F|)7p(X)’

lalkss if 0 < |F| < to,
g3(x, F) :=

14Q 1-Q _
’F’p(x) 5 +p(x) 5 sin log log log|F| if ’F| Zto

Here we have put p(x) = pa(x), v = 3/p, and @ = ¢/p. The function f; is a par-
ticularly important case: functionals with integrands of this form have been utilized
in image restoration (e.g. [16]), and as mentioned earlier, also arise from problems in
mathematical physics.

We are now in a position to state the main result of Chapter 2.

Theorem 1.2. Suppose that Q C R" is open and bounded with C* boundary, and that
a:Q — [1,00) satisfies (1.12)-(1.14) and g : Q@ x Ry — R, satisfies (1.15)-(1.17).
Let f: QxRN x RNX" 5 R satisfy the following hypotheses for some 0 < X\ < n and

1 < s <min{ry, 1+ pro/n,p*/p}, where ro > 1 is as in Remark 2.2.

(i) For every e > 0, there is a function o. € LY*(Q) and a constant ¥, < oo such

that

[f(x,u, F) — g(x, [F|)| < eg(x, [F])

for all (x,u,F) € Q x RY x RV*" satisfying g(x, |F|) > 0.(x) + .g(x, [u]);
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(ii) There is some 3 € L'*(Q) such that

[f(x,0, F)| < C(B(x) + g(x, [u])” + g(x, [F]))

for all (x,u,F) € Q x RY x RV*",

For a fized w € WL, (S RY) with g(-, |[Vul]) € L"), define the admissible class
A= {u e WL, (RY) :u—-1ue WDILQ(Q;RN)} )

Let the functional K : A — R be as defined in (1.6). If u € A and there are functions
{v:}eso C LYMQ) and nondecreasing functions {v.}es0 C C(Ry) with v.(0) = 0 so

that w is a (K, {7}, {v.})-minimizer over A, then g(-,|Vul|) € L**(9).

We now discuss how our results fit into the broader framework of regularity theory.
As was previously noted, a primary special case of the functionals we consider are
those whose integrands are given by f(x,F) := h([F|)*® = |F["™. As one might
expect, the continuity of the exponent plays an important role in the type of regular-
ity possessed by minimizers. Working under the assumption that (1.13) was satisfied,
V. Zhikov [72] provided a proof of higher integrability for the gradient of minimizers,
and also provided an example that showed that if the exponent p(-) is merely contin-
uous, and (1.13) is not satisfied, then the higher integrability need not hold. With
the stronger assumption (1.14), which we also suppose in this work, E. Acerbi and
G. Mingione [3], working within the scalar setting, showed that minimizers belong to
C% locally for every a < 1, and if p(-) is Holder continuous, that the gradient also
possesses some Holder continuity. Again in the scalar setting, Holder continuity of
quasiminimizers, under more stringent assumptions on p(-), was proved in [17]. In [4],

partial Holder continuity for the gradient is obtained in the vectorial case with qua-
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siconvex integrands. For a more extensive discussion of the case of p(x)-growth, we
refer the interested reader to Section 7 of [61], and the references contained therein.

Another special case enveloped by our results is that of functionals whose inte-
grands have growth specified by a function h with (p, ¢)-structure; in the notation of
the present paper, this corresponds to the case a = 1. Various types of regularity
have been studied in this setting; see [25], [26], and [35], for example.

The integrands of the functionals we consider are really only asymptotically con-
vex. Functionals with asymptotically convex integrands were first considered in the
case of quadratic growth (p = ¢ = 2 and «a(x) = 1) by M. Chipot and L. Evans [18].
Asymptotically convex integrands with natural growth (p = ¢ > 2 and «a(x) =
1) were subsequently treated in [36, 52, 64, 40, 42]. The case in which the inte-
grands are asymptotically convex and possess (p, q)-growth (but still a(x) = 1) was
handled in [35]. In this work, we consider asymptotically convex integrands with
(pa(x), ga(x))-growth to allow for variable exponents. The type of regularity we ob-
tain, namely global Morrey regularity for the gradient of almost minimizers, is the
same as that obtained in [35], [40], and [41]; indeed, the results in the present pa-
per generalize those previous results to allow for variable exponent growth. A key
ingredient of the proof is obtaining a local Lipschitz estimate for minimizers of func-
tionals that have integrands with (p, ¢)-structure. In 2006, G. Papi and P. Marcellini

established local Lipschitz regularity with the following theorem.

Theorem 1.3. Let h € W;2°((0,00)) be a convex function satisfying h(0) = h'(0) =

0. Suppose that there exist to, > 0 and B € (1/n,2/n) so that for each o € (1,n/(n—

1)] there is a M = M(«) such that

= [(@) T hT(t)] <H'() <M {h/f) + (h/(”)a} (118)
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for allt > ty. Letu € Wl’l(Q;]RN) be a local minimizer of the functional defined by

loc

u— [, h(|Vul)dz. Thenu € WL (Q; RY); moreover, for eache >0 and0 < p < R,

ocC

there is a constant C' = C(e,n, p, R, H, K, supy<,<,, h"(t)) such that

19l v < O [ 4 nOTl)acf (119

Condition (1.18) is very mild; indeed, it allows for linear growth as well as exponential
growth. Hence Theorem 1.3 establishes local Lipschitz regularity of minimizers for a
very broad class of functionals. This Lipschitz regularity can then be used to establish
even more regularity of the minimizers if some other hypotheses on h are assumed.
However, the form of the estimate (1.19) does not lend itself to our purposes in this
work. We therefore must first prove a refinement of their result assuming that A has
(p, q)-structure, which is evidently a stronger assumption than (1.18). In the proof
of this refinement, we use Moser’s iteration technique, and obtain an estimate of the

form

C
h(va)) |, < —/ h(|Vu|)dz, 1.20
1RV a) o s, ) = (IVul) (1.20)

20, R
which is crucial for our purposes. Until 2009, estimates of the form (1.20) (sometimes
called “weak Harnack inequalities”) have only been available when h satisfies natural
growth conditions; i.e. when p = ¢. (Such an estimate was also obtained indepen-
dently for functions with (p, g)-structure in [26].) Additionally, the proofs for these
results have been separated into two cases, namely 1 < p < 2 and p > 2, and the
two cases have been proved in fairly different ways (see [1] and [70]). In contrast, the
proof given in Section 2.2 is unified. Though certain growth conditions are implied
by our definition of (p, ¢)-structure (see Lemma 2.1), our proof uses the structure in-

trinsic to h itself, as opposed to external growth conditions imposed on h. Therefore
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it seems that similar results could be shown for functions with more general growth
by employing techniques similar to those used here.

One feature of the previous result is that, in contrast to many other results for
functionals with (p, ¢)-growth, the ratio ¢/p can be as large as we wish. The main
reason that we can relax the assumption on the ratio ¢/p is that we require the
function h to be radial, so the growth is the same in all directions, which is not

assumed for the results for which the ratio ¢/p does come into play.

1.3.2 Morrey Regular Young Measures

In Chapter 3, we make a transition to considering Young measures, and we restrict our
focus to the case that g(x,t) = t*. As was previously noted, when the integrand for
the functional is not convex, minimizers often fail to exist. However, if the functional
is coercive, that is, if

W) = 00,
[wlly1,p—00

then a minimizer will always exist in the sense of Young measures. Before we begin
discussing our results for Young measures, we briefly recall some basic facts about

Young measures.

o0

We say that a sequence of measurable functions {f;} 521, each mapping €2 into R4,

generates the Young measure v = {vy }xeq if

P(8() = [ ply)du () in L¥(2)

R4

for every ¢ € Co(RY). It is a standard fact that if g : Q x R? — R is measurable
with respect to the first argument and continuous with respect to the second, then

if g(-,£;(-)) converges weakly in L'(Q) and {f;} generates the Young measure v, it
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follows that

g 5() = [ g(,y)dy(y) in L'(Q),

Re
and thus the Young measure identifies the weak limit whenever the weak limit exists.
Another important fact is that a sequence that is bounded in LP(Q;R?) always will
have a subsequence which generates some Young measure v.

In [67], L. Tartar characterized Young measures generated by p-equiintegrable
sequence {f;}52, bounded in LP(; RY) as precisely those Young measures for which
the map x — [pn [y[” dik(y) belongs to L'(Q). Here, by p-equiintegrable, we mean
that the sequence {|f;|"}32, is equiintegrable. The first part of Chapter 3 is devoted
to providing an extension of this theorem. Namely, we prove that a Young measure
v = {vx}xeq can be generated by a p-equiintegrable sequence of functions bounded
in LPA(Q;RY) if and only if the map x — [,n [y]” dvx(y) belongs to L'*(2). The
proof for this result is entirely constructive.

In the calculus of variations, often the Young measures that are important are
those that can be generated by a sequence of (weak) gradients. In [51], P. Pedregal and
D. Kinderlehrer provided the following characterization of Young measures generated
by a p-equiintegrable sequence of gradients, where for notational convenience we define
¥, : Q@ — [0, 00] by

¥, (x) ::/ |F|” duk(F).
RN xn

Theorem 1.4. Let p € [1,00). A Young measure v = {vx}xeq can be generated

by a p-equiintegrable sequence of weak gradients if and only if there is a function

u e Whr(Q; RY) such that
(i) ¥, € LY(Q);

(i) [anxn Fdx(F) = Vu(x) for almost every x € Q;



20

(iil) [onen @(F)dx(F) > o(Vu(x)) for all quasiconver ¢ : RN*" — [0,00) with
p(F) <C(1+[F|)".

In Chapter 3, we extend their result to characterize those Young measures gener-
ated by sequences of weak gradients that are uniformly bounded in LP*. Rather than
only characterizing the integrability of the generating sequence (that is, in which L?
spaces the sequence is bounded), this extension also characterizes how much Mor-
rey regularity that generating sequence can be expected to possess. The result is as

follows:

Theorem 1.5. Let p € [1,00). A Young measure v = {vx}xeq can be generated by

a p-equiintegrable sequence of gradients bounded in LP(QY) if and only if there is a

function u € W'P(Q; RYN) such that
(i) vy € LY(Q);
(ii) fanxn Fdx(F) = Vu(x) for almost every x € Q;

(iil) [onen @(F)dx(F) > o(Vu(x)) for all quasiconver ¢ : RN*" — [0,00) with
p(F) <C(L+[F]).

While the results in [51] provide optimal integrability results for the sequence
of generating functions, our results allow one to refine the regularity properties the
generating sequence can be expected to possess. For example, if a Young measure
v is homogeneous and can be generated by a sequence of gradients {Vu;} bounded
in LP(Q; RY*") by the results obtained here, it can also be generated by a sequence
of gradients {Vv;} that is uniformly bounded in LP*(; RY*") for each 0 < A < n.
So even when it may not be possible to get any higher integrability for a sequence of
gradients generating v, it is nevertheless possible to get much more Morrey regularity

on the gradients. If the boundary of 2 is Lipschitz, the Morrey regularity on the
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gradients translates to Holder continuity of the potential functions v;. In fact, in this
case we would have that {v;} is uniformly bounded in C%*(; RY) for each 0 < o < 1.

I. Fonseca and S. Miiller [38] have generalized the result of D. Kinderlehrer and
P. Pedregal [51] in a different direction than is carried out here; they characterize
Young measures generated by sequences {v;} bounded in L? that satisfy Av; = 0
for some constant rank partial differential operator A. The gradient case v; = Vu,
addressed in [51] corresponds to the case A = curl. This generalization, among other
things, allows one to characterize Young measures generated by sequences of higher
gradients. It may be possible to combine the ideas in [38] with those in Chapter 3 to
obtain a characterization of Young measures generated by sequences {v,} bounded
in LP* that satisfy Av; = 0. The main obstacle to employing the methods used here
to obtain such a characterization is the absence of a way to approximate an A-free
function by essentially bounded A-free functions (cf. Theorem 3.2). We would like to
mention here that one can look to [8, 15, 33, 37, 50, 51, 65, 66, 69, 68, 71| for some

applications of and supplementary material regarding Young measures.

1.3.3 Some Applications of the Main Results

In Chapter 4, we present several applications of our results in Chapters 2 and 3.
Our first application characterizes the space WL, ,(Q;RY) as all those functions

u : Q2 — RY which are almost minimizers (in an appropriate sense) for the functional

u»—>/ﬂg(x,Vu)dx. (1.21)

We then give an application that provides Morrey regularity for the gradient of
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solutions of systems of partial differential equations of the form
A(x,u,Vu) = b(x,u, Vu),

where the map F — A(x,u,F) behaves asymptotically like F — -Z¢(x,|F|), and
b satisfies some growth conditions. The main idea is to show that solutions of the
system will be almost minimizers for the functional in (1.21).

Next, we show the existence of Morrey-regular minimizing sequences for func-
tionals using our results from Chapter 2. As a corollary of this result and the char-
acterization of Young measures generated by Morrey-regular sequences of gradients
(provided in Chapter 3), we conclude that for functionals with natural growth (when
g(x,t) = tP), there exists a Morrey-regular minimizing Young measure. Lastly, we
show that if the minimizing Young measure is Morrey regular, then there exists a

Morrey-regular minimizing sequence.
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Chapter 2

Morrey Regularity Results for the

Gradient of Almost Minimizers

In this chapter, we will prove Morrey regularity for the gradient of almost minimizers

for functionals of the form

u»—>/ﬂf(x,u(x),Vu(x))dx, (2.1)

where for each x € Q and u € R, the integrand F — f(x,u,F) behaves asymp-
totically like the function F — h(|F|)*®), where h is an N-function such that th”
is comparable to h' and « satisfies a continuity assumption. Provided that there is
a function h with (p,q)-structure such that the map F — f(x,u,F) behaves like
F  h(|F|)*® when |F| is large, and provided that u is an almost minimizer for the
functional defined in (2.1), we prove that x — h(|Vu(x)[)*®) belongs to the Morrey
space LY*(Q). The regularity we obtain is global; i.e. we have [R(Vu)*| L1x ) < oo

Before we move on to the proofs of the results, let us first discuss the basic strategy

we will employ. The first step is to prove a refinement of the result due to P. Marcellini
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and G. Papi, which yields an estimate of the form (1.20) (Theorems 2.8 and 2.9).
Using this estimate for the Lipschitz regularity, in combination with the techniques
employed in [3], we prove that if v is a minimizer for a functional with integrand that
looks like (x,F) ~ h(|F|)*®), then h(|Vv|)* € L5(Q) for every s € [0,n). Next,
under the assumption that u is an almost minimizer for the functional, we make a
comparison between u and v to obtain some Morrey regularity for u. It is at this stage
where we also incorporate the boundary values into the functional to show that u is in
fact globally Morrey regular. All of the aforementioned work is done in the setting of
functionals with convex integrands that only depend on x and |Vu|, and constitutes
Section 2.3. In Section 2.4, we extend the scope of these results to include functionals
that are merely asymptotically convex and possess integrands that can depend on x,
u, and Vu. The main idea required to treat this more general case is embodied in
Lemma 2.10, where we show that an almost minimizer for the asymptotically convex
functional with dependence on u will also be an almost minimizer for an appropriate
convex functional with no dependence on u. Hence the regularity obtained for almost

minimizers of convex functionals is passed on to almost minimizers of asymptotically

convex functionals.

2.1 Preliminaries

We first collect some basic properties of functions g : Q x R, — R, satisfying (1.15)

and (1.16).

Lemma 2.1. Let o : Q — [1,00) and g : Q@ x Ry — Ry satisfy (1.12) and (1.15)-

(1.16). Then for every x € Q) and every s,t € R, the following hold:

(i) pa(x)g(x,t) < tg(x,t) < qa(x)g(x,t);
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(ii) cP*™g(x,t) < g(x, ct) < X g(x,t) for every ¢ > 1;
(iii) e1*™g(x,t) < g(x,et) < eP*®g(x,t) for every e € (0, 1];
(iv) g™ ~1g,(x,t) < gi(x,et) < eP*® g, (x,t) for every e € (0,1];
(v) g(x,s +1) < 200097 (g(x, 5) + g(x,1));
(vi) tgi(x,s) < g(x,1) + (¢ — 1)g(x;, 5);

(i) gu(x. 1 ) [Fa = Fi| < € (g0, [Ful) — g By [ B4 - (Fa = F) ) for some € =
C(p,qay) and all Fy, Fy € RV*n;

Proof. Since g(x,-) has (pa(x),ga(x))-structure for every x € €, we have that

g(x,0) = 0, so that we may write

ox.0) = | ' (o, 5)ds.

But ¢;(x,s) > ]ﬁsgtt(x, s); putting this inequality into the above integral and inte-

grating by parts yields

oo, 1) < (1) = g, 1)

Solving the inequality for tg,(x,t) gives the left inequality in part (i). A similar
argument gives the other inequality, concluding our proof for the first statement of
the lemma. Part (ii) is an immediate consequence of (i) and Propositions 2.1 and 2.3
in [22]. Part (iii) follows quickly from (ii) letting ¢ = ~!. To prove (iv), we note that

since g(x, ) has (pa(x), go(x))-structure, we have

pa(x) —1 < gn(x,8) _ qa(x)—1

S 91(x, s) S

IN
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for almost every s > 0. Integrating the above inequality from et to ¢ and using
properties of logarithms gives (iv). For part (v), we define the probability measure u
on {s,t} to be one-half the counting measure, so that we have by (ii) and Jensen’s

inequality that

g(x,s+t) =g (X, 2 /{ ydu(y)) < 29°g (X7 /{ ydu@)) < 20009 /{ 9(x,y)du(y)

st} st} s,t}

= 2090971 (g(x, 5) + g(x,1))
which is (v). To prove (vi), we let g*(x,-) denote the Young conjugate of g(x,-)

(Definition 1.4). Then by (1.5) and (i), we have

tgt(xv S) S g(X7 S)+g*(X, gt(xa S)) = g(X’ t)+Sgt(X, 5)_9(X7 8) S g(X7 t)+(q_1)g(xa S),

which proves (vi).
The proof of (vii) is more involved. We consider two cases.
Case 1: |Fy| < 5|Fy].

In this case, we have by (i) that
9¢(%, [F1]) [F2 — F1f < 6g:(x, [F1]) [F1| < 6ga.g(x, [Fa).

But by the convexity of F — g(x, |F|), we have that

o, [ < g0, [Fa]) — g ) - [P — B

= g(x. [Faf) — gu(oc. [F1) Bty - (Fy — Fy).

Combining the above inequalities gives the desired estimate, and thus concludes the

proof for Case 1.
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Case 2: |Fy| > 5|Fy].
In this case, note that we have that [F;| < 1 |F, — Fy|, and hence for t € [1/2,3/4],

we obtain the inequality

TFy —Fy| < |Fy + t[Fy — Fi]| < |Fy — Fy. (2.2)

Now we will show that there is a constant C such that for all x € V and a.e. t €

[1/2,3/4], we have

d2
g(x,1/F2—Fy) < C@Q (x, |F1 +t[Fy — Fi]]). (2.3)
A routine computation shows that
d gi(x, [F1 + t[Fs — Fq|) 2
— F,+t[F,—F = : F, - F
dtQ[g(X” 1+t[Fa—F1]])] Fy + {[Fy — Fy]] |Fy 1
gu(x, [F1+t[Fa—F4]|) 2
[F1+t(Fo—Fy)] - [Fo—F4]
|Fy+t[Fy—F]|° ( )

_ g([F1 +t[Fy — Fy|
|Fy + t[Fy, — Fy]°

2

([Fl + t(FQ — Fl)] . [F2 — F1]> .

(2.4)

To obtain (2.3), we need to consider two cases. First, we suppose that 1 < p < 2.

Using (2.2), part (i), and (2.2) again, we obtain

9 (x,1|Fy — Fy|) < g(x,|F1 + t[F> — Fq]|)
1gi(x, [F1 +t[Fy — Fy])

D |Fy + t[Fy — Fy]
1gi(x, [F1 +t[Fy — Fq|)

|Fy + t[Fy — F4]J° (2.5)

IF, — Fy|°.
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We rewrite the right side of the previous inequality as follows:

1gi(x, [F1+1[Fy—Fy][)
p |Fi+t[Fy—F]|

p—2 gi(x,|F1+t[Fe—F4]|)
p(p—1) |Fi+t[Fo—Fy]|

1 gi(x, [Fi+i[Fo—Fi]|)
p(p—1)  [Fi+i[Fy—F]

Fy,—F|* = Fy,—F,|?

+ IF,—F, .

Since we are assuming for the moment that 1 < p < 2, obviously p — 2 < 0; therefore,

from the equality above and the Cauchy-Schwartz inequality, we have that

1gi(x, [F1 + t[Fs — Fq|)
p |Fi+t[Fy — Fy

p—2 g(x,|F1+t[Fy—Fq]])
“plp—1)  |F+t[F, - F]

1L gu(x, [Fy +t[Fy — Fi]])
plp—1)  [Fi1+t[F; —Fi]

Fy — Fy

([Fy +t[Fy — Fi]] - [Fo — Fy))?

_I_

IF, — Fy°. (2.6)

Now, we note that by (i) and by the fact that g(x,-) has (pa(x), ga(x))-structure, we

have that

p(p—1Dg(x,t) < t2gu(x,t) < qay(qay — 1)g(x,t) (2.7)

for almost every ¢t € (0,00). Using this inequality along with the computation in

(2.4), we get
1 gu(x, [F1 + t[F> — F1]]) ) 1@
- Fo-F|"<——+— F, +tlFy —Fqf]).
p I rE ] e E S et e~ Ful

Combining this with (2.5), we see that

1 d?

LR, —Fy) < — &
Q(X,A 2 1’)_p(p—1)dt2g(x

,|F1 4+ t[Fy — Fy]|) (2.8)

for 1 <p<2.
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Now assume p > 2. Then g¢;(x, s)/s is increasing with respect to s; using this fact

along with (i) and (2.2), we find that

Lgt(X,i“ﬁ —F1l)
16p  L[F,—Fy
1 g(x [Fy + t[F2 — Fi]])
~ 16p |F; +t[Fy —F4]|

g(x,5|Fa—Fy]) < Fy — F|? (2.9)

F, — Fy|°.

Since p > 2, we have

p—2g:(x,|F1 + t[Fy — Fy]|)
16p  |Fy +t[F, — Fy]°

([F1+t[Fy — Fi]] - [Fo — F4])* > 0,

and therefore we can add it to the right side of (2.9) and use (2.6) and (2.4) to obtain

2

9(x,1|Fs—Fy]) < (x,|Fy +t[Fy — Fi])) (2.10)

= T6pae’

when p > 2. Combining our estimates for the case 1 < p < 2 and the case p > 2, we
have established (2.3) for any p > 1 and almost every ¢ € [1/2,3/4].

We now proceed with the original estimate. Using part (vi) and (2.3), we obtain

9e(%, [F1]) [F2—F1| = dgi(x, [F1]) (7 [F2—F4])

3/4 2

< Cylx, P+ C [ (1=0) 0 [FtoFa—Fy haedx

1/2

Recalling that %gﬂFl +t[Fy —F4q]|) > 0 for a.e. t € [0,1], since the map t —

g(|Fy + t[Fy — F4]]) is convex, we can expand the domain of integration in the right
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side of the previous inequality to get

2

(i) [Fa=Fi| < Col [Fa) + C [ (1= )00, [Fr-tFo—F )t
= Colx B2 )+C [gloc [Fal) —g(oc s )) — g, [Fs]) - [P

[F1]

= C{g(X, [Fal) = g:(x, [F1]) gy [F2—F4] |

which finishes the proof. n

The following lemma establishes that the Euler-Lagrange system of equations
holds in the weak sense for minimizers of appropriate functionals. In our proof, we
use the same method that Evans uses to prove Theorem 4 on page 451 in [34]. The
main modification that we need to make is to use part (vi) of Lemma 2.1 instead of

the standard version of Young’s inequality.

Lemma 2.2. Suppose that o : Q — [1, 00) satisfies (1.12)-(1.14) and g : QxR — Ry
satisfies (1.15)-(1.17). Let Gy € R™™ be an invertible matriz, and suppose that

w € WL, (4 RY) is the minimizer for the functional

u |—>/ X, |[VuGy|)d

among all mappings u € w + Wy L, (Q;RY). Then

VWG'O
VwGy|)=——=— - VeGodx =0
| o [9wGo) S TG

for every ¢ € Wi Ly(Q; RY).

Proof. Let ¢ € W)L, (Q;RY) be given. For every ¢ > 0, since w is a minimizer, we
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have that

o<~ / {906, |[Vw + eVl Gol) — g(x, [VwGo])} dx

1 td
:-// L (x, [[Vw + 52V Go|)dsdx (2.11)
g JaJo ds
1
[Vw + seVp|Gy
= X, |[VW + 5eVp|G - VpGodsdx.
| [ ol PIC e i Ve

Note that for any ¢ € (0, 1), by parts (vi), (ii), and (v) of Lemma 2.1, we have

[Vw + 5e V|G

9% |[Vw + 5eVep| Gol) VW + 5eV Gyl

< gu(x, [[VW + 52 Vg]Gol) [V G
< Cy(x, [[Vw + 52| Gol) + g(x, [V G

< Clygx, [Vw]) +g(x,[Vel)].

So for € € (0,1), the integrand for the last integral in (2.11) is uniformly bounded by
a function belonging to L'(€2), so that we may use Lebesgue’s dominated convergence

theorem along with the continuity of g, to conclude that

1
: [Vw + seVp| Gy
0<1 G . Godsd
= ELI(I)L \/Q/O gt(x7 |[VW + SEV(P] 0|) va + 55V<P]G0’ VCP odsdx
o VWGO
= /Qgt(xv IVwGol) VWG| Ve Godx.

We can repeat the same argument with —¢ replacing ¢, which gives the desired

conclusion. O

Lemma 2.3. Suppose that h is a function with (p,q)-structure, and let § > 0. Then

there is a positive constant C' = C(p, q), independent of B, such that

t 2 1
Bri(N\B. 1 284177 (1\26+1
{/Osh(s) VR'(s)ds 20(25+1)2t ()P
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Proof. Using the definition of (p, ¢)-structure, integrating by parts, then using that

h has (p, q)-structure again, we obtain

/ﬁh’ (s)P+/n"(s)ds
0
2V t/3+ h/ ﬁJrf / _1 q—l/ ’Bh/ 5 /h// dS

- 26 +1
Solving the inequality for the integral and squaring both sides yields the result. [

The following theorem gives a type of Sobolev-Poincaré inequality for functions

in WL, (;RY).

Theorem 2.1. Suppose h : R, — Ry is a function with (p,q)-structure and that
Q C R" is open and bounded with no external cusps. If ro € (1,n/(n — 1)), then

there exists a constant C', which depends on n, N, p, q, ro, and ), such that if
0 < R < diam(f2), then

][ h <M> dx < C (][ h(|Vu|)dx)
Q(x0,R) R Q(x0,R)

for all u € WL, (S RY), where & = (W)qxg,r)- If u € WiLp(2(x0, R); RY), then

the above inequality also holds with & = 0.

Remark 2.1. The manner in which C' depends on 2 is only by the quantity

wp sy [BO0R)
x0€Q Re(0,diam()] |Q(X0, R>|

Proof. We initially suppose that w € WL, (;RY). By Lemma 7.14 in [46] (for
€ =0and w € WlLyo(LRY) € Wy (Q;RY)) and Lemma 1.50 in [54] (for & =
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(W)axo,R)), there is a constant C' = C'(n, N) so that

w g\<0/ [Vwiy |d
Q(x0,R) |X Y‘

for almost every x € (%, R). Following the proof of Theorem 7 in [25], we obtain

][ h <|W - 5') dx < C (][ h(|Vw|)dx) | (2.12)
Q(x0,R) R Q(x0,R)

So we have obtained the desired estimate under the additional hypothesis that u €

WL (S RY). To remove this extra assumption, we use an approximation scheme.
First assume that & = (W)qx,,r). By Theorem 8.31(e) in [6], there is a sequence
{u;}52, C C®(Q(x0, R)) with u; converging to u in W'L,(Q(xo, R); RY). Without
loss of generality, we can assume that (u;)ox,,r = & We also note here that {u;} C

W Lo (Q(x0, R); RY) Putting w = u; — uy, into (2.12) gives

lu; — g ro "o
h|—— | dx<C h(|Vu; — Vug|)dx ) .
R
Q(x0,R) Q(x0,R)

We therefore see that the sequence {u;}32, is Cauchy in Lyro (Q(x0, R); RY). Using
this and that u; converges to u in L'(€(xg, R); RY), we must have that actually u;

converges to u in Ly (Q(x0, R); RY). But by (2.12) with w = u;, we have that

][ h <|“j — 5') dx < C (][ h(|vuj\)dx> .
O(x0,R) R Q(x0,R)

Taking limits yields the inequality which was to be shown.

To obtain the desired inequality with & = 0 for u € Wi L,(Q(xq, R); RY), we
just note that in this case it is possible to take {u;}32, C C*(Q(xo, R); RY). Hence

{u;}52, C W3 Lo (Qx0, R); RY), and so the same arguments can be employed, us-
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ing (2.12) with £ = 0. O

Next we prove a version of a Sobolev-Poincaré inequality for functions belong-
ing to WL, (;RY); our method of proof follows that of Zhikov [72], with suitable

modifications.

Theorem 2.2. Suppose that 2 C R" is open and bounded and has no external cusps.
Suppose also that o : Q — [1,00) satisfies (1.12) and (1.13), and that g : Q x R, —
R, satisfies (1.15) and (1.16). Then there is some vy > 1 and Ry > 0, both of
which depend on p, q, o, and w, so that for any u € WL, (Q;RY), it follows that

u € Ly (RY). Furthermore, if € := (0)p(xo,r), then

][ g <X, |u—£|) dx < C’{l—i— <][ g(x,]Vu|)’}1dX> }
Q(x0,R) R Q(x0,R)

whenever 0 < R < Ry. The constant C' depends on n, N, a,, M, w, €, and

Jo(1+ g(x,|Vu]))dx. If u € WyLy(B(xo, R);RY), then the same inequality holds
with € = 0.

Remark 2.2. By examining the proof, we see that we also have the inequality

1

(][ g (x, |u—§|) dx) ” < C'][ {1+ g(x,|Vul|)}dx,
Q(x0,R) R Q(x0,R)

for some r, > r; and for all R € (0, Ry|, where again £ = (u)pwx,,r)- If u €

Wi L,(B(xg, R); RY), the same inequality holds with & = 0.

Proof. Fix x¢ € €1, and define

R):= inf
a1 (R) xeégoﬂ)a(X),
as(R) := sup a(x).

x€Q(x0,R)
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For ease of notation, we will henceforth write a; and ay for a;(R) and as(R), re-
spectively, keeping in mind that a; and as vary as R varies. Find x; and x5 in
Q(x, R) such that a(x1) = a; and a(x3) = ay. Let rg € (1,n/(n — 1)) be such that
1> 7“81/2 >1—(p—1)/(2qo), so that h*1/v™ has ((p + 1)/2, o )-structure. Then

select r1 > 1 and Ry > 0 so that for 0 < R < Ry, we have

ol

< /ro, and ry/To(a2 — o)

1< <
a a

< Cw(2R) < 1. (2.13)

We use (2.13), Holder’s Inequality and Theorem 2.1 to obtain

@271

o Qar . =L o a1/70
][ h('“ E') dx < C ][ h('“ 5')” dx
Q(xo,R) R Q(xo,R) R

@271 /70
21
<C (][ h(|Vul) Vo dx)
Q(x0,R)

oy
After writing 0‘221\/% = (ezmonyio r14/To, Holder’s inequality and (2.13) yield

al

Q27170
el

(][ h(|Vu]) v dx)
Q(x0,R)

g r1vTo
< O R~COnwR) (/ h(|Vu|)°‘1dx) (][ h(|Vu|)mdx) :
Q(x0,R) Q(x0,R)

By (1.13), we have that R~¢"(%) is uniformly bounded, so by setting

C =1+ sup CR~ (R /(1 + 9(x, [Vul))dx
Q

R>0
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and combining our previous inequalities, then using Holder’s inequality, we find that

g\ N
][ p(lM=8) < e 1+][ h(|Vul) 5 dx
Q(x0,R) R Q(x0,R)
~ a(x) ri
<C (1 —l—][ h(|Vul) dx) :
Q(x0,R)

Because (2 is bounded, this implies that u € Ly (;RY). Furthermore, the estimate

(2.14)

in the statement of the theorem follows from (2.14), (1.16), and Holder’s inequality.
[l

We also have the following Caccioppoli inequality.

Theorem 2.3. Suppose that o : Q — [1,00) satisfies (1.12)-(1.14) and that g :
Q x Ry — R, satisfies (1.15) and (1.16). Let Gy € R™™ be an invertible matriz,

and suppose that w € W'L,(Q;RY) is a minimizer for

VH/ %, |Vv(x)Go|)dx

among all mappings v € w+Wg3 L, (S RY). There is a constant C = C(p, qay, G_l{

/ g(x,|VW|)dX§C’/ g(x7 ’W_ﬂ)d
B(xo, ) B(x0,R) R

2

such that

for all € € RN and all balls B(xg, R) C €.
Proof. First, we show that for every p € (0,1], it holds that

g4

9" (%, nge(x,t)) < qap®+~' g(x,t), (2.15)

where ¢*(x,7) denotes the Young conjugate of g(x,-) evaluated at 7. To demon-
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strate (2.15), we first note that for every 7 > 0, we have

g (x,7) =79, (x,7) —g(x,9, " (x, 7)) < 79, (x,7),

where g; *(x,7) denotes the inverse of g,(x,-) evaluated at 7. Putting 7 = pg,(x,t)

in the above inequality, we have that

9 (%, 19 (%, 1)) < pge(x,t)g; ' (%, pge(x, 1)), (2.16)

To estimate g; *(x, pug:(x, 1)), we apply part (iv) of Lemma 2.1 with ¢ = y!'/(9@+1)
and use that a(x) < a to obtain g (x,t) < gi(x, u!/@+=Y¢). Applying g; '(x,-) to
both sides of this inequality yields g, * (x, ug:(x,t)) < qu‘lt. Putting this inequality
into (2.16) and using part (i) of Lemma 2.1, we obtain (2.15).

With (2.15) available, we can now prove the result. By the Euler-Lagrange equa-

tions, we have that

VWGO
VwGy|)i=——=— - VeGodx =0 2.17
| e [9wGo) S Do = 0 (217)

for any ¢ € WJL,(Q;RY). For a ball B(xo,R) C Q, let n € C*(B(x0, R)) be

such that Xpxe,r/2) < N < XBxo,r) and [Vn| < %. For a fixed & € RY, putting

p = (w—&)n™* in (2.17), we have

/ 71 gy (%, [V wGo|) [ VWG| dx
B(xo,R)

= —qa+/ n% g (x, [VWG|) o
B(xo,R) Wixo
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Using Lemma 2.1 part (i), Young’s inequality, and the bound |Vn| < 4/R, we have

p/' 71 g (x, | VWG| )dx
B(xo,R)

< 4qa+5/ {g* (x’ 77qa+_1gt(x’ |VWG0|)) +g9 (X, ‘W — £|> } dX,
B(xo,R) Re

for any & > 0. Now employing (2.15) with = n?*=! yields

p/’ 1+ g (x, |V wGo|)dx
B(xo,R)

< 4(qoz+)25/ N+ g(x, [VwGol|)dx + 4qa+5/ g (x, [w = £|) d
B(xo,R) B(xo,R) Re

Choosing € = (p — 1)/(4¢*a?), subtracting the first integral on the right from both

sides of the inequality, and utilizing parts (ii) and (iii) of Lemma 2.1, we obtain the

desired result. O

Combining the results of Theorems 2.2 and 2.3, we use Proposition 5.1 in [43] to

obtain the following.

Theorem 2.4. Suppose that a : Q — [1,00) satisfies (1.12)-(1.14) and that g :
Q x Ry — Ry satisfies (1.15) and (1.16). Let Go € R™™ be an invertible matriz,

and suppose that w € WL, (Q;RYN) is a minimizer for

vr—>/ X, |Vv(x)Gol)dx

among all mappings v € w + Wong(Q;]RN). Then there is a constant C' < oo and

ry3 > 1 such that

<][ g(x, |VW|)T3dX> <(C (][ {1+ g(x,|Vw]|)} dx)
B(xo,%) B(xo,R)
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for all balls B(xg, R) C Q2. The constants C' and rs depend only on n, N, p, q, M,
G,!

,and [o(1+ g(x,|Vw]|))dx.

Qy, W,

Using the argument provided in [20], along with Theorem 2.3 and Lemma 2.1, we

have the following boundary version of the above result.

Theorem 2.5. Suppose that a : Q — [1,00) satisfies (1.12)-(1.14) and that g :
Q x Ry — Ry satisfies (1.15)-(1.17). Let Go € R™™ be an invertible matriz, and

assume B(Xg, R) C . Suppose that w is a minimizer for

u H/ g, [Vu(x) Go|)dx
B(xo,R/4)

satisfying w — v € Wi Ly(B(x0, R/4); RY) for some function v.€ WL, (Q;RY) with
g(+,|Vv|) € L"(B(xo, R/2), where r > 1. Then there is a constant C' < oo and ry > 1

such that

T

(][ g(x,ww|)”dx)”‘so(][ {1+g<x,|vV|>’“}dx)
B(x0,R/4) B(xo0,R/2)

G,!

Here, the constants C' and ry only depend on n, N, p, q, M, o, w, , T, and

[, (1+ g(x,|Vu]))dx.

We also have the following theorem that gives Morrey regularity for the function
itself if the gradient possesses Morrey regularity. The proof of this theorem uses some

ideas from Lemma 2.2 and Proposition 2.3 in [47].

Theorem 2.6. Suppose that 2 C R™ is open and bounded, and has no external cusps.
Suppose that a =  — [1,00) satisfies (1.12) and (1.13), and that g : Q@ x Ry — R,
satisfies (1.15) and (1.16). Suppose also that u € WL, (;RY) and g(-,|Vu|) €
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LYMQ) for some 0 < X\ < n. Then, if ro is as in Remark 2.2 and 1 < s < ra, we

have that g(-,|u])® € L (Q) for every 0 < k < min{n + s(p + A —n),n}.

Proof. Put p := min{n + s(p + A — n),n}, fix kK < pu, and let v € (k,pu). Since
v <u<n+s(p+A—n), there is some s" € (s,72) such that n + s'(p + A —n) > 7.
With Ry as in Theorem 2.2, find Ry € (0, Ry so that w(2R;) < % — 1. Since Q has
no external cusps, there is some constant A < oo such that
Lol () < 060,01 < Alacal (L) 215)
— |Q(x0,a)| | = X Xo,a)| | = :
A 0> a = 05y = 0y a
for any a, b € (0,diam(Q2)) and xq € Q, and hence to show that g(-, [u|) € L'*(Q), it

suffices to show that

sup  |Q(x0, p)| " / g(x, |u|)dx < 0.
xo&(2 Q(x0,p)
0<p<R1

With xo € Q and p € (0, R;) fixed for the remainder of the proof, we denote by
Q, the set (xo,7), by a; and ay the quantities infyeq, a(x) and SUDycap, a(x),
respectively, and by u, the average (u)q,. We observe that our choice of R; ensures
that ags < a3, since ag/a; < w(2Ry)/a1 + 1 < §'/s. In what follows, we write C
for any constant that does not depend on either xy or p; in particular, we allow C' to

depend on u, x, and A. We have

o, | g(x,|u|>8dxso|9p|5{ | atxlu—wlyax

Q, Q,

+/Q g(x,luRo—upl)sder/ g(x7|uRo|)st} (2.19)

p Qp

=C|Q,| " {L + L+ L},

where I, I, and I3 are defined naturally. We first note that for any R < Ry, by
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Theorem 2.2 and the previously noted inequality ass < «a1¢’, it holds that

/ hlla— g dx < € [ {14 (ju—ug)® } dx
Qr Qr

, . a(x)s’
<C (lQRI + Qg ][ {h (%) }dx)
Qr

SC(lQR|+|QR|n+5S <][ {1+h(|Vu|)°‘(x)}dx) )
Qr

n+ps/ p+A—n)

nts(ptA=n) s’

But v < n, and clearly n + ps’ > n; also, by the selection of s, we have that
n+s'(p+XA—n)> 7, so defining the finite constant G by G := 1+ |lg(-, [Vu]) |51, ,

the above string of inequalities yields
Q| " / h(lu — ug|)***dx < CG, (2.20)
QR
for 0 < R < R;. With this work, we quickly observe
I < C/ {1+ h(ju— w,)™*} dx < CG |0, [+ .
QP

To estimate I, we first let 0 < a < b < Ry be given, and define ¢ : R, — R, to be

the inverse of h*2°. Then by Jensen’s inequality and (2.20), we find

a9s
h(jup, — u,])*** < h (|Qa]1/ |u — w dx) < |Qa]1/ h(ju — up])***dx
Qa Qq

< |7 )" G

For each i = 0,1,...,, put , = 27'R,. Putting a = r; and b = 7;_; in the above
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inequality and using that ¢ is the inverse of h*?*, we have

SR

u, , — uri‘ < <]QT Qri_1| G) : (2.21)

Now, if a nonnegative integer k is selected so that 27*'R;, < p < 27FR;, then it

follows that k& < @ log (%) , and so, using the triangle inequality and (2.21), we

obtain

k+1

jany — gl < 30 (120 [ 1" @)+ (1917 12015 G) Yo (192,
=1

i=1

Q. | G) .

Hence, employing Lemma 2.1 and Jensen’s inequality, along with the two preceding

inequalities, we have

k+1 “28
1 2
Bl = w,))*=* < (k+ 1) (m ng (192192, ] G>)
k+1 5
< (k+ 1t S0, [0 6
i=1
1 Rl gsar—1  k+1 . 2
But (2.18) gives that
|Qr¢ -1 }Qﬁ‘71|% <C (Q(H*W)(i*k)) |Qm+1‘% <C (Q(n*'y)(i*k)) |Qp’7%n 7
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and hence

1 Ry gsat—1 n ik
bllur, —u < (s () +1) Gl @)

i=1

1 Ry asas 1 y=n 1 i
< log [ — ) +1 Q" 2N
() em=Xe

i=—1
1 R asae 2=n
< log (=) +1 G, .
“(mave() 1) o

Using this estimate and that v > x, we have that

1 R, gsat—1 3
Lo [ (ehun —w i< 0 (e (2 +1) T alo)

Qp

< CGIQ|" .

Turning now to I3, we have by Jensen’s inequality and the inequality ass < a8’ <

o119 that

I < 19,] (0 + hur,)>) <1 (1 +10 |
Q

<[, (1 o [ fotx |u|>”dx) .

Ry

h(|u|)°‘2sdx)

By Remark 2.2, we have that g(-,|u|)"2 € L'(Q), and so we have
I3 < C(1+ [lg(, [al)™ [l 10) (€] -
Putting our estimates for 1, 5, and I3 into (2.19) and using that v > &, we have

9% [ gl ul)dx < € (14 G412 gt [u) o)

Qp

for all 0 < p < Ry, which gives that g(-, [u|) € L*(Q), as desired. O
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The next lemma and its proof are essentially taken from Lemma 1 in [39].

Lemma 2.4. Let ¢ : (0,00) — R be nondecreasing, and suppose that there exist

2
A>1,B>0, Ry>0, and o > 8 > 0 such that for some 0 < e < (55)*7, the
inequality

p(p) < A [(%)a + 6] ¢(R) + BR’

holds for each 0 < p < R < Ry. Then there is some finite constant C' = C'(A, «, [3)

such that
B
2(p) <C (L) w(R) +CBp’
forall0 < p < R < Ry.
Proof. First, we define v = (a + 3)/2 and 7 = (2A)~%(©@=#)_ Note that v € (8, )
and 2A7* = 77, so that the assumption on ¢ gives

A(T%4¢) <2A7% =17, (2.22)

Using (2.22) and the assumption on ¢, we can employ a straightforward induction

argument to show that

<.
|
—

o(T"R) < T p(R) + B(ijlR)ﬁ (T“’*ﬁ)i (2.23)

i

i
o

for every nonnegative integer j. For fixed 0 < p < R, we can find j such that

79T R < p < 77R. Using that ¢ is increasing and (2.23), we find

<.
|
—

p(p) < @(T'R) < 77p(R) + Br=** (77" 1R)"  (777)

7

Il
=)

P\ Br—28
<7 () B+
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which establishes the lemma. O

2.2 Lipschitz Regularity Results

We now prove a refinement of the local Lipschitz regularity result established in [60];

our strategy is similar to the one used there. We consider the functional

JT(v) = /Q h(|Vv)dx, (2.24)

where h has (p, q)-structure. We temporarily make the assumption that there are

positive constants y and M such that for all Fy, Fy € RY*" the following holds:

2

9
I < S h([Faf) - (Fr @ Fy) < MF . (2.25)

Here, by %h(|F2|), we mean the (N xn) x (N xn) matrix (i.e. an N X n matrix with

N xn matrices as the entries) for which the (7, j, k,[) entry is given by 8F+;FWh(|F2D7

and by F; ® F;, we mean the (N x n) x (N x n) matrix for which the (i, j, k, [) entry

is F1(” )Fl(k’l). Thus, (2.25) is just shorthand for the inequalities

0 g
pF <) Wh(|F2|)F1’]Ff’Z < M|F,
,7,k,l

and is asserting the uniform positive-definiteness (left inequality) and boundedness

82

sgz1(]-]). A routine computation shows that

(right inequality) of the Hessian

9 7 / : '
9 P (h <|F21>_h<|F2|>) it MUED g

——h Y F.
grigre ¥z IF,|? e ) TR
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where we have defined 6(; jyk,) to be 1if (7,5) = (k,l) and 0 otherwise. Using this,

we see that

e W(|Fs])  R(|F
grah(FaD-(FraFy = (0 - EU) 57 po gt e

OF?2 F,|° F,[° ot
R (|F2l) x
F7)?
|F2| ;( 1)
R'([F2l) W (|F2]) ) h’(IFz!) 9
— Fii i F,%.
( Ff R Z w

(2.26)

By the Cauchy-Schwartz inequality, we have that

2
(Z Fé’”’Ff”> < Pl B
1]
so that if A”(|Fy]) < h'(|F2|)/ |F2|, then from (2.26), we see that

o’ W ([Fs)

W' (|Fa|) [F” < 72 h(|F2]) - (F1 @ Fy) < IF,) 2.

On the other hand, if h”(|Fs|) > R/(|F2|)/|F2|, then again using Cauchy-Schwartz

and (2.26), we have

W (IF2l) 0

TIF, By [* < apz UFzl) - (Fi@F1) < W'([Fs]) [Faf”

In either case, we have shown that

2. " h/(|I2|) 0 2 " h/(|12|)
< . <
|F| mln{h (|F2)), 7| 2h(|F2|) (F1®F;) <|F;|" maxq h"(|F3|), T
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for all Fi,Fy € RY*". Therefore (2.25) is satisfied if both A”(t) and R/(t)/t are
bounded below by p and above by M for ¢ € (0,00). Assumption (2.25) gives
quadratic growth of h, which in turn forces any minimizer to be of class I/Vlif N
I/Vlifo(Q;]RN ). This is a well-known result, and is found in, for example, Theo-
rems 8.1 and 8.2 of [47]. Theorem 8.1 from [47] gives the local square-integrability of
the second-order derivatives; the overall strategy of the proof of this part of the re-
sult is to consider difference quotients of the gradient and show that these difference
quotients are uniformly locally bounded in L? using the Euler-Lagrange equations
with a particular test function involving difference quotients of u. The uniform lo-
cal boundedness in L? of the difference quotients implies that the weak second-order
derivatives exist and belong to L% _. The local essential boundedness of Vu is the
content of Theorem 8.2 in [47]; for the proof, one essentially iterates an estimate that
comes from an inequality contained in the proof of the existence of square-integrable
second derivatives and the Sobolev embedding theorem.

The following lemma provides an estimate of the form (1.20) for minimizers of
(2.24) under the additional assumptions that (2.25) holds and that A" is continuous.
The estimate we obtain is independent of the constants u and M, which allows us to

eventually remove both the assumption in (2.25) and the continuity assumption on

h” using an approximation argument.

Lemma 2.5. Let Q C R™ be open, and let h € C*([0,00)) be a function with (p,q)-
structure that satisfies (2.25). Suppose that v.e WLL(Q; RY) is a minimizer of (2.24).

Then there is a constant C' = C(n,p,q) such that

C
h(|Vv - S—/ h(|Vv])dx
1RV VDl s, ) E—p) /s (IVv])

x0,R

whenever Bx, g C 2 and 0 < p < R.
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Proof. First, we establish that

9/ h(|Vv])dx (2.27)

h(|V oo <
H (| V’)HL (oné) - pn By,

for any xo € © and r > 0 such that By,, C Q. Using a rescaling argument, we see
that it suffices to show (2.27) when xy = 0 and r = 1. As was just discussed above,

it can be shown that v € W22 (B; RN) N WL (BRY). We now follow the first part of

loc

the proof for Lemma 4.1 in [60] to show that

/lgHQCI)(IVVI)h”(IVVI) V(W] dx

W(Vv])

< 0/@(\vv|)max{h"(|vv|),—} V2 [V ? dx
B Vv

for every n € C}(B) and ® that is nondecreasing, continuous on [0, c0), and Lipschitz
continuous on [e,T] for all T' > ¢ > 0. In fact, this is exactly (4.19) in [60]. Since h

has (p, q)-structure, we obtain from the above inequality that
/BUQ‘P(IVVI)h"(IVVI) IV([Vv])[*dx < C/Bq)(IVVI)h”(IVVI) V" [Vv[*dx (2.28)

Thus, for fixed 8 > 0, we can define ®(t) = t?/1/(¢)?"; with this definition of @, the

above inequality becomes

/8772!VV\QBh’(WV\)wh"(\VVD\V(IVVD\QdX

< C/ Vv P72 B (V] 2P R (|Vv]) [Vn]? dx.
B
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By the definition of h having (p, ¢)-structure, we get

/8772|VV|26 W (Vv )R ([Vv ) [V (V)] dx

SC/|VV‘2B+1 R (Vv | Vn)* dx. (2.29)
B

Now define G : [0,00) — [0, 00) by G(t) := fot sPh'(s)Py/h"(s)ds. Since K’ is increas-
ing, by Holder’s inequality we obtain

t
[G(H)]? < 2P (1) / B (s)ds = t2P TR/ ()P
0

Hence we see that

V(G(VVD)IP = [(Va)G(IVv]) +nG (Vv V(9]
< 2|V Vv (V)P

+ 207 [V PR (Vv PR (VY] [V (V)

Note that the assumption in (2.25) implies that Vv is locally bounded. Integrating
the above inequality over B, using (2.29) and Sobolev’s inequality, we deduce that

there is a constant C' depending only upon n such that

{/n2* [G(yw)?]fdxr < c/ Vol [V (VD] k. (2.30)
B B

If n = 2, we select 2* to be any finite number strictly larger than 2. Recalling the

definition of G and using Lemma 2.3, from (2.30) we obtain

{/772*[|Vv| h’(|VV|)}22*(25+1)dX}2* < C(28 + 1)2/|V77|2 [|Vv| h/(|VV|)}25+1dx.
s B
(2.31)
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Now let 0 < p < R < 1 be given, and let n be a non-negative test function that is
equal to 1 in B,, has support contained in Bg, and is such that |Vn| < Ri_p; then

from (2.31), we see that

z = _ C(28+1)?
{/ [|VV| h/(’va} 2 QB_H)dX}Q < (6——*_2)/ [|VV| h/(|VV|)} 2’8+1dx.
B (R—p) Br
Now putting v = 26 + 1 (note that v > 1, since 8 > 0), we can rewrite the above
inequality as

2

{/B HVV\h’(\VVD]Q;BdX} S(RO——V,())Q/B [IVv| K (|Vv])] dx. (2.32)

Define the decreasing sequence {p;};o) by pi = 3(1 4+ 27%). Then po = 1 and p;
decreases to % as i — oo. Also define an increasing sequence {v;}2, by v = (%)Z
Thus we can rewrite (2.32) with R = p;, p = pit1, and v = 7;. Upon iterating the

result and substituting in the expression for 7;, we obtain

l)iJrl
*

_ (5 i o\
v| R (|Vv (%YHX o] () v| A (|Vv]|)dx
{/B (Vv H(19v))] d} <II|ce)™] /Blw [1([Vv])dx. (2.33)

Pit+1 k=0

Now we verify that the product occurring in the above inequality remains bounded.
. k . k
For each i, put A4; := [],_, (%) and B; = IL—o (2*)%(%) . We will estimate A;

and B; separately. If n > 3, then we can bound A; as follows:

w3

A; < HC(%)k = Cziozo(zl*)k =(C72.
k=0
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Similarly, if n > 3, we get that

n(n—2)

ne ey (2)
n J—

If n = 2, then 2* is a fixed number larger than 2 and we obtain similar estimates for

A; and B;. Introducing the estimates for A; and B; into (2.33), we find that

{1

Taking the limit as i — oo in (2.34) yields

5 i+l
)

g% \ i1 (
[1wv] #(wv))] (5 dx} <c [ |vvK(Vv)dx.  (2.34)

Pit1 By

2%)14-1

1 h
3 71— 00

o \i+1 (
VIR (VYD s,y < Jim {/ vy (w5 dx}

Pit1

< C/ |Vv|h'(|Vv])dx.
B
Using part (i) of Lemma 2.1 in both sides of the above inequality gives

1) e,y < C /3 h(|Vv])dx. (2.35)

2

As was mentioned at the beginning of the proof, using a rescaling argument and
(2.35), we obtain (2.27).

Now we use (2.27) to finish the proof. Fix 0 < p < R and x¢ € {2 satisfying
By, r C Q, and let y € By, ,. Then By p_, C Bx, g, and so taking r = R — p in (2.27)

yields

c
h(|Vv])dx < W/B h(|Vv])dx.

%0, R

C
h(|VVv)]; e S—/
1A( DHL (B, r—p) (R—p)" /5

2 y,R—p
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Since the above inequality holds for all y € By, ,, we conclude that

C
h(|Vv . S—/ h(|Vv])dx,
1RV VDl Lo, ) R=p) /s (IVvl)

x0,R
which was to be shown. O

Now we will assume that h has (p, ¢)-structure, but does not necessarily satisfy
(2.25), and also is not necessarily of class C?. Our strategy is the same as that in [60].
We define a sequence of functions {h;}32, that approximate h and satisfy (2.25); we
also define a corresponding sequence of integral functionals {J;}72,. The conclusion
of Lemma 2.5 holds for minimizers of Ji; we show that we can pass to the limit to
get the result for the minimizer of the original functional.

Since we are assuming h has (p, ¢)-structure, h(t) > 0 for all positive ¢t. Let {e;}72,
be a sequence of positive numbers decreasing to 0, choosing €; < 1 sufficiently small

so that h/(i) > 1. We define hj, : [0, +00) — [0, +00) by

p
h/(ak)t

€k ’

K1) = K, e <t< L (2.36)

min {skh’ (ik) £ R () + ext — 1} L t> L
\
Now we define h; as
t
hi(t) = / hi(s)ds, (2.37)
0

where h/, is defined in (2.36). Then hj, € W2°([0,00)) is an N-function and satisfies

loc

(2.25) for some positive constants py and M. We compute hy, for ¢ < i, and find
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that

Bler)y2, 0<t<e
he(t) = (2.38)

h(t) + —h/(eg)(sk) — h(ék), e <t < L

— &k .
For the remainder of the section, h will be a function with (p, ¢)-structure and {hy }72,

will be the approximating functions defined in (2.37).

Lemma 2.6. Fiz k € N, and assume that v.€ WHL(Q;RY) is a minimizer for the

functional

u»—>/hk(\Vu|)dx.
Q

Then there is a constant C' = C(n,p,q) such that

C

hi(|Vv 0 §—/ hi(|Vv])dx
T Dll ) < =y [, BT

whenever Bx, r C 2 and 0 < p < R.

Proof. Note that hy is only of class I/Vlifo, so we may not simply apply Lemma 2.5,
which would require h; to be C2. Our strategy is to mollify Ay, apply Lemma 2.5 to the
minimizers of the functionals involving the mollifications of hj, then pass to the limit
to obtain the result for the original minimizer. Before we perform the mollification,
let us extend hy, to an even function on all of R. Now, for every 0 < § < £2/4, let hd

denote a standard mollification of hj, where the support of the mollifier is contained

in [—d,0]. Then (h$)'(0) = 0, but h$(0) > 0. Define ks : [0,00) — [0, 00) by
hs(t) == R (t) — RS (0).

Then hs is an N-function. Recall that {e;}72, was chosen to be a decreasing sequence

with 7 < 1 selected small enough so that h'(1/ex) > 1; keeping this in mind, it
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is straightforward to show that hy has (p,q)-structure, where p := min{p,2} and
q = max{q + 1,3}. Using this and the fact that § < 1/4, we can show that hs has
(p, ¢)-structure, where we have put p := min {g, % + %} and ¢ := max{2q + 1,5}.
We also find that hs satisfies (2.25) for the same py, My as hy. Suppose By, r C €2,

and let vs € W1(;RY) be a minimizer of the functional

u |—>/ s(|Vu|)d
X()R

satisfying vs = v on 0By, r. Using Lemma 2.5 and the minimality of v, we obtain

C C
VYDl 0 < e [ BTVl < o [ (v

x0,R x0,R
(2.39)
for every 0 < p < R. Using the convexity of hy, it is not difficult to see that
hi(t) — R2(0) < hs(t) < hy(t + 6) + h3(0), (2.40)

for all ¢ > 0. Using (2.40) in (2.39), we find that

C
1Pk (VY5 )l e 5, ) < W/s {P(|VV]+8) + 7 (0) }dx + g (0) < c1, (241)

x0,R

where ¢; depends on n, p, ¢, k, p, and R. Hence h(|Vvs|) is equibounded with

is

respect to 0 in By, ,. Since h is an N-function, we deduce that H |Vvs| H Lo (B )
X0P

equibounded, and so, up to a subsequence, Vvs converges to some Vw in the weak*

topology of L™ (B, ,; RY*™) for every p < R. Passing to the limit in (2.41), we obtain

C
hi(|IVw o <hm1nf hi(|Vvs so S—/ hi(|Vv|)dx
1 (IVW | oo ) < 1 (IV VD oo 8, ) E=p ), k(|Vv])
(2.42)
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Using (2.40), the minimality of vs, and the dominated convergence theorem, we

estimate that

6—0t 6—0t

limsup/ hi(|Vvs|)dx < limsup/ hs(|Vvs|)dx < lim / hs(|Vv])dx
B B 6—0t By, R

x0,R x0, R

- /B hi(|Vv])dx. (2.43)

x0,R

Part (i) of Lemma 2.1 gives the inequality 5/t < h}.(t)/hx(t); integrating this inequal-
ity from 1 to ¢ and using properties of logarithms gives that hg(t) > hg(1)t? for t > 1.
Thus (2.43) implies that ||Vvs| LP(Bog 1) 15 uniformly bounded, so Vv; converges in
the weak topology of LP(By, r; RY*™) to some function Vw. Therefore by weak lower

semicontinuity and (2.43), we have

hk(|VV5|)dx§/ he(|Vv])dx.
R B

x0, R

/ hi(|Vw])dx < liminf/
BX()»R d—0t Bx

Hence w is also a minimizer for the functional u — [, hy(|Vu|)dx. Since hy([-]) is

0>

strictly convex on RY*", the minimizer for the Dirichlet problem is unique, and so

w = v. Therefore we can replace w with v in (2.42) and obtain the result. O

Lemma 2.7. There are decreasing sequences {Bi}ie, and {7}, converging to 0

such that hy(t) < h(t) + Bet® + i for allt >0 and k € N.

Proof. 10 <t < i, then we can use (2.38) to get hy(t) < h(t) + 3ech/(ey). If t > i,

then hj(s) < h'(s) + egs for all s > i, so by (2.38) we have

1

hi(t) = hy (EA)+ / : B (s)ds < hy (A)+ / (W (5)+eps)ds < h(t)+Lert®+ Lk (er).

€k €k

We see that the lemma is proved upon taking 3, = %ék and v, = %Ekh/(éTk). O
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Equipped with these lemmas, we can prove the following theorem.

Theorem 2.7. Let Q2 C R™ be open and h be a function with (p, q)-structure. Suppose
that v.€ WHL(Q;RY) 4s a minimizer for the functional in (2.24). Then there is a

constant C = C(n,p,q) such that

C
h(|Vv o g—/ h(|Vv])dx
IRV VDl Lo, ) E—p) /s (IVv])

x0,R
whenever Bx, g C 2 and 0 < p < R.

Proof. First assume that By, or C ). For each k € N, define the integral functional

Jp(u) = /B hi(|Vu|)dx,

x0,R

where hy is as defined in (2.37). For each 0 < ¢ < min{1, R}, let v, be a smooth
function defined from v using a standard mollifier. Then v, € W1?(By, z; RY). Let
Vi be a minimizer of Jj that satisfies vy, = v, on 0Bx, g. Then by Lemma 2.6,

there is a constant C', independent of k and o, such that

C
Hhk(‘vvk,(j')”Loo(BxO’p) S W/l; hk(’VijngX. (244)

x0,R

Since vy, is a minimizer for Ji, we have that

J

By Lemma 2.7, we obtain decreasing sequences {f;}72, and {7}, converging to 0

(| Vv |)dx < / he(| Vv, | dx. (2.45)

%0, R BXO,R
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such that

J

By properties of mollifiers,

hk(]VVngXS/ (Vo)) + B [VVol -y dx.  (2.46)

%0, R BXO,R

/B {R(|VVo|) + Br [V, | + 7 fdx

x0,R

S/ h(|VVDdX+/ {Bs ]Vva|2+’yk}dx. (2.47)
BXO,R+U

on,R

Combining (2.44)-(2.47), we have

1AV VoDl )

¢
T (R=p)"

/ h(|Vv])dx + {Bs \VVU|2+%} dX] <c1q, (2.48)
B

xq,R+0o BXO,R

where, in addition to the explicit dependence on o, ¢;, also depends on n, p, ¢,

R, and p. It follows that H Vvl H Los is uniformly bounded in k& by some

Bxg.p)
M, < oo. Hence there is a subsequence of v; , that converges in the weak® topology
of W (By, ,; RY) to some function w,. Also, since |Vvy,| < M, in By, ,, for k

large enough so that i > M,, the computation in (2.38) gives

h/(€k)€k

1PV Vi ol) = MV VoDl L5, ) < + hier). (2.49)

Using (2.49) and going to the limit in (2.48), we obtain

h]?lg)lf ||h(|VVk;,O'|) ||L°°(Bx0,p) S h]?_l)golf ||hk(|vvkva|)||L°°(BxO,p)

p (2.50)
< = . h(|Vv|)dx.
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By properties of weak® convergent sequences, we have

BV l) s,y < liming [ Vio) s, (2.51)

Combining (2.51) and (2.50), we get
h(|V < —C h(|Vv|)dx < 2.52
VDl < Ty, HITVDAx < 0r (25

where ¢ 1= ﬁ foo’ZR h(|Vv|)dx. Therefore, by part (v) of Lemma 2.1, we have
that Vw, is uniformly bounded in L>°(By, ,; RYM*™) "and so we can extract a subse-

.Ran

quence that converges weak* in L>(Bx, ,; ) to a function Vw for some w. We

will show that w = v. By lower semicontinuity, we have

/ (9w, |} < lim inf / h(| Vv, |)dx. (2.53)
B - JB

X050 X0 P

Using (2.49), we obtain

lim inf /
k—o0 B.

h(| Ve |)dx < lilgninf/ B[V v |)dx < lilgninf/ ([ Vv |)dx
—00 —00

X0,P Bxg.p BanR
(2.54)
But by combining (2.45)-(2.47) and taking the limit as k¥ — oo, we find that
lim inf/ hi(|VVye|)dx < / h(|Vv|)dx. (2.55)
k—oo B on,R+a

x0,R

Collecting the inequalities in (2.53)-(2.55), we have

| rvwaax< [ n(vx

X0P on ,R+o
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Since the inequality above holds for every p < R, we conclude that

J

By lower semicontinuity and (2.56), we get

h(|VWU|)dx§/ h(|Vv])dx. (2.56)

x0,R on,R+o'

/ h(|Vw|)dx§limiglf/ h(|Vwo|)dx§/ M(VV)dx.  (257)
Buy. 1 o—

on ,R BXO,R

Since h/(t) > 0 for all t > 0, we see that h(|:]) is strictly convex on RV*™. Thus
the minimizer to the Dirichlet problem is unique, and so we can conclude from (2.57)
that w = v. Passing to the limit in (2.52) yields
[P(IVVDg,, , < lminf |[A([VWo )5, , < ¢ / h(IVv))d
v im in W, <— v|)dx.
o = T o = R= ) Jo

X05P
x0,R

Thus we have shown the result if By, 2r C 2. Now suppose only that By, r C 2, and
0 < p < R. Then By p—, C (2 for every y € By, ,, so by the argument above, we have

that

L o (R - p)n

x0,R

. / . /
h(|Vv o < — h(|Vv])dx < ——— h(|Vv|)dx.
H (’ DHL (By R—p) 5 (‘ |) (R—p)” 3 (‘ D

2

Since the above inequality holds for every y € By, ,, we see that

C
h(IVV])] ;oo S—/ h(|Vv])dx,
IRV VDIl Lo, ) CEn (IVv])

which is the desired result. O

We can change variables and use Theorem 2.7 to establish the apparently more

general result that follows.
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Theorem 2.8. Let 0 C R™ be open, and let v.€ WHH(Q;RY) be a minimizer of the
functional

s / h(|VuGo|)dx.
Q

where h is a function with (p,q)-structure and Gy is an invertible n X n constant

Gy, |Gol) such that

matriz. Then there is a constant C = C(n,p, q,

C
h(|VvG o < —F h(|VvGo|)d
IBVYVGD s, < e [ HIVYGalix

%0, R
whenever By, g C 2 and 0 < p < R.

Using a reflection argument and Theorem 2.8, we can show the following version

of the result for the half-ball.

Theorem 2.9. Let h be a function with (p, q)-structure, and suppose that Go € R"*"

is invertible. Let v.€ WL RY) be a minimizer of the functional

(e h(|VuGyl)dx,
B+

satisfying v. = 0 on BN OHT in the sense of trace. Then there exists a constant

C =0C(n,p,q, |G0_1‘ ,|Gol|) such that

C

h G oo S S5
VGt < (=

/ h(|VvGo|)dx
B+

Jor any xg € Bt and 0 < p < R <1 —|xo].
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2.3 Results for Convex Functionals

The proof of the following theorem uses many of the ideas from the proof for Propo-

sition 3.1 in [3].

Theorem 2.10. Suppose that o : Q — [1,00) satisfies (1.12)-(1.14), and that g :
Q x Ry — Ry satisfies (1.15)-(1.17). Let Gy € R™™ be an invertible matriz, and

suppose v is a minimizer for the functional J defined by

among all mappings w € v + W} L,(Q;RY). Then for every 0 < k < n, there are

constants C,, and R,,, which, in addition to k, also depend on n, N, p, q, o, |G,

= [, (14 g(x, |[VWGy|))dx, such that

/ (14 g V) dx < G (B)" [ (14 gl 9V e
Blxo.p) R/ J(xo.R)

whenever B(xg, R) C Q and 0 < p < R < R,.

Proof. Fix k € [0,n). Throughout the proof, C' will denote a constant that may
depend only on the parameters listed in the statement of the theorem, and its value
may change from line to line. We define the functions ay, ay : Q x (0,00) — [1, 00)

by

By Theorem 2.4 and Holder’s inequality, we have that there are constants C' > 0 and
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rs3 > 1 such that

<][ 1+ g(x, |VV|)S}dx)s <C {1+ g(x, |[Vv|)} dx (2.58)
B(x,r) B(x,2r)

whenever B(x,2r) C  and s € [1,r3]. Fix ' € (1,min{2,73}), and select Ry €
(0,1/2) so that w(2R) < % — 1. Now we suppose that 0 < 8p < R < Ry and x¢ € Q2
are such that B(xg, R) C Q. With x, and R fixed, we will use for convenience «;
and s to denote oy (Xg, R) and ay(Xo, R), respectively, and B, := B(x,r) for r > 0.

Note that ay < a1 +w(2R), and hence the choices for Ry and 7’ above imply that
asr’ < a(x)r'(1+w(2R)) < a(x)rs (2.59)

for all x € Bp.
We can select x, € B so that a(x2) = as. Let w € W' Lyes (Brja; RY) be the

minimizer for the functional Jx, : W' Ljes (Br/a; RY) — R defined by

T (u) = /B 9(%s, [VuGyo|)dx,
R/4

satisfying w = v on 0Bg/s. (Note that by Theorem 2.4 and (2.59), we have v €
W Lyeo (Br/y; RY).) We clearly have

/g<><2, Vv Go|)dx = /g<><2, Vwgol)dx+ / {g<x2, Vv Go|)— g(xa, |[VwGio))

Bp Bp BP
G
— gi(Xa, |[VWGo|) vwho (Vv — VW)GO}dX
[VwGo (2.60)
VwG
+ /gt(Xg, IVWGODW : (VV - VW)GodX

B,

:Il+12+13,
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where Iy, I, and I3 are defined to be the first, second, and third integrals, respectively.
By part (vii) of Lemma 2.1, there is a constant C' depending only on n, p, and ga,
such that I3 < C(I; + I3), so that it remains only to estimate I; and Is.

For I, we have from Theorem 2.8 and the minimality of w for J,, that

nee () |

To estimate I, we note that the integrand is nonnegative because of the convexity

o, [Vwiix < € () /B 9(xs, [V|)dx.
R/4

R/4

of g(xz,-), so we can expand the domain of integration to Br/,. Then using the
Euler-Lagrange equations for w (Lemma 2.2), the minimality of v for J, and (1.17),

we have

L<c / {9(x2, [VVGo]) — g(x, [VvGo|)} dx

Bra

+C / {9(x,|VWGy|) — g(x2 | VWGq|) } dx

Bra

< C’/ {w(R) (1+h(|VV])*?)log (e+h(|VV])+(R) (1+h(|VVv])*?)} dx

Br/a

+ C’/ {w(R) (14+h(|Vw|)*)log(e+h(|VW|))+I(R)(1+h(|VW|)*?)} dx.

BRrya

Now we use the minimality of w for Jy, in the above inequality to conclude that
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I, < Cw(R) / (14 h(|Vv])*?)log (e + h(|VV])) dx

Bra

4+ Cw(R) / (14 h([Vw])™) log (¢ + h(|Vw])) dx
B (2.61)

+ O5(R) / (1+ h(|Vv])*2) dx

Brya

=1l + 1o+ I3

Before we estimate I 1, 52, and I3, we introduce some notation and ideas that we

will use in these estimates. As in [3], for each s € [1,00), we use the norm ||-||, on

LS(BR/4) by

We recall the following from [3], which follows from a result in [49]: for each s > 1,

h h

there is a constant ¢(s), which does not depend on R or the mapping h, such that

A~

. h .
][ hl|log | e + - dx < ¢(s) ||h]| - (2.62)
o Mo

s

1

Using the inequality log(e+ ab) < log(e+a)+log(e+0b), which is valid for all a,b > 0,

we have that

Iy < C’w(R)/ h(|Vv|)*? log(h(|VVv])*?*)dx + Cw(R)R"
Brjan{h(|Vv])=e}
h([Vv])* )
< Cw(R R"][ h(|Vv])*?log (e + | dx 2.63
(REy PV RGN (263)

+ Cw(R)R" log (e + Hh(\VV|)a2H1)][ h(|Vv])*?dx + Cw(R)R".

Bra
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By Holder’s inequality and (2.59), we find that

1

][ h(\Vv|)a2dx§<][ h(\VV|)a2’de>
Brya Brya

. (2.64)
< <][ {1 + h(|Vv|)o& 1+w<2R>>} dx>
Bra
Employing (2.59) and (2.58), we have that
1
log (¢ + [(IV¥])*[l,) < Clog (E) | (2.65)

Putting (2.64) and (2.65) into (2.63), and using (2.62) in the first integral of the right
side of (2.63) yields

1

7,/

Iy < Cw(R)R" <][ {1 + h(|Vv])tar (e 2R)} dx)
Br/a

1
o

+ Cw(R)log (é) R <][ {1 + h(yvv|)a<X>T'<1+W<QR>>} dx> + Cw(R)R".
Bra
Using (2.58) in the above inequality with s = /(1 + w(2R)), we obtain
. 1+w(2R)
I; < Cw(R)log <E>R" < {14 h(|Vv])*} dx> + Cw(R)R"
B

< Cw(R)log <%> R_"“’@R)/ {1+ n(|Vv|)* }dX + Cw(R)R" (2.66)
Br/2

< Cw(R)log (%) / (gl s

We note here that we used (1.13) to conclude that R~/ < (' in the last line.

Now we turn to the task of providing an estimate for 5. In the same way that
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we obtained (2.63), we find that

]2’2 S CC«)(R)Rn][

h(|Vw]|)**log (e +
Brya

M(vwhe Y
||h<|Vw|>a2||1) d

+ Cw(R)R log (¢ + |h(|Vw])™ ||1>][ h(|Vw|)*dx + Cw(R)R™

BRrya

Using the minimality of w for Jy,, we can bound log(e + ||h(|]VWw|)*?]|,) in the same

way that we bounded the analogous term for v, so that the above inequality gives

[272 S CW(R)R”][

Br/a

Wit o (oo PAVWD™ Y
h(|Vw]) lg( +“h(|vV!)“2H1)d (2.67)

4+ Cw(R) log (%) R"]{g h(|Vw|)*dx + Ceo(R) R,
R/4

Now, by Theorem 2.5, we have that there is some 4, > 1 such that

<]{3R/4 h(\VWD“"’”dX) <C (im {1+h(]Vv|)°‘2’" }dx> . (2.68)

Utilizing (2.62) in the first term of (2.67) and Hélder’s inequality in the second, we

find that

1

Iy < Cw(R)R" (f h(|VW\)°‘2’"4dx>

Brya
1

+Cw(R)log (%)R”(]i h(|VW|)O‘2’"4dx>T4+Cw(R)R” (2.69)
R/4
1

< Cw(R)log < R) R (]i y h(le|)a2’"4dx> B
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We use (2.68) and (2.59) in (2.69) to arrive at the inequality

r!

| ,
L < Cw(R)log (E) R" (][ {1 + (Vv |)eor <1+W<2R>>} dx) + Cw(R)R™.
Br2

Now we employ (2.58) and conclude as in (2.66) that

1 1+w(2R)

Is < C(R)log (E) R (ﬁﬁ {14 h(|¥v])* dx) + Cw(R)R"

< Cw(R)log (}%) Rw(R) /B {1+ h(|Vv])*®@} dx + Cw(R)R" (2.70)

1
< Cw(R)log (—) / (1+g(x,|Vv]))dx.
R) Jg,
The estimate for I, 3 is easier. By (2.64) and (2.58), we have

Iy < Cé(R)R”][ h(|Vv])™dx + CS(R) R
Br/a

7./

< C§(R)R" <][ {1 + h(|vV|)a<X>’"’<1+w<2R>>} dx) + C6(R)R"
Bra

1+w(2R)

< C§(R)R" ( {14 h(|Vv])*} dx> + C6(R)R".

Br2

Similarly to (2.66), we can conclude

I < C’5(R)/B (14 g(x,|Vv])) dx. (2.71)
R/2

Putting (2.66), (2.70), and (2.71) into (2.61) yields

L<cC <W(R) log <%> + 5(3)) /B B CISIES (2.72)

We have already noted that I3 < C(I; + I5), so putting our estimates for I; and I
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into (2.60) gives

Jrax wviyaxsc () ramtos (1) +am) -+ gt vV ax
' o (2.73)

for all 0 < 8p < R < Ry. But by enlarging C' if necessary, we clearly have that (2.73)
holds for 0 < p < R < 8p < Ry as well, so that, in fact, the inequality in (2.73) holds
for all 0 < p < R < Ry. By (1.14), for each k € [0,n), we can find R, € (0, Ry) so

that

w(R)log (%) +6(R) < g9 1= (%)

for all 0 < R < R,.. Then by Lemma 2.4, we conclude that

/B(Hg(x,wv\))dxg@ (%)/B (1+ g(x, |Vv]))dx

for all 0 < p < R < R,, which concludes the proof. O

Using a reflection argument and Theorem 2.10, we can show the following version

of the result for the half-ball.

Theorem 2.11. Suppose that o : Bt — [1,00) satisfies (1.12)-(1.14), and that g :
Bt x Ry — Ry satisfies (1.15)-(1.17). Let Gy € R™™ be an invertible matriz, and

suppose that v is a minimizer for the functional J : WHH(BT; RY) — R* defined by

J(w) = /B g0 [TWGo|)dx,

satisfying v.= 0 on BN OH™T in the sense of trace. Then for every 0 < k < n, there

are constants C, and R,, which, in addition to k, also depend on n, N, p, q, a4,
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|G0|7 Gal

M, w, 0, K, and L= [, (14 g(x,|VWG|))dx, such that

| g ivvhax <o (8) [ g wviax
B(xo,p)t R B(xo,R)*

whenever B(xg, R)* C B and 0 < p < R.
Now we can prove the following lemma.

Lemma 2.8. Suppose that o : BT x [1,00) satisfies (1.12)-(1.14) and that g : Bt x

R, — R satisfies (1.15)-(1.17). Assume 0 < X\ < n. Let
A:={ueW"(B"R"):u=0on BNJH" in the sense of trace},
and define the functional K : A — R* by
K(w) = [ gl |[Tw+ AIG]ix,

where (-, |A]) € LY (BY) and G € C(B*;R™") has continuous matriz inverse G~* €
C(BT;R™™). Ifu € A and there are functions {v.}eso C L' (BY) and {7.}eso C
C(Ry) satisfying 7.(0) = 0 such that w is a (K, {7}, {ve})-minimizer over A, then
g(-,|Vu|) € LNBNHT).

loc

Proof. Fix xg € B" and R > 0 so that BT (x¢, R) C B*. For ease of notation, let

Go = G(xg). Also, for each r > 0, define

p(r) = sup |G(x) - G(y)|,

[x—y|<r

and set B := B(xo,7)". Fix R > 0 such that Bf, C B" and R < R(,4)/2, where

R(niay/2 is the value of R, given by Theorem 2.11 for k = (n 4+ A)/2 and L =
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Sz (L + g(x, |[VuGo|)dx. Let v e W'Ly(Bj;RY) be the minimizer of the functional

J: WL, (Bf; RY) — R defined by

J(w) = /B ol [VwGy )x

R

satisfying v = u on 9B}, in the sense of trace. Then for 0 < p < R/2, we have

/g<x,yvuc;0|)dx: /g<x,yvVG0|)dx+/{g(x,|qu0|)—g(x,|vVGO|)

B B By

VvG

— (%, [ VVG|) ~[Vu—VV]G0}dX
[VVGo| (2.74)

VvG
—|—/gt(x,]VVGOD‘VVG2’  [Vu = Vv]Godx
By
— [1 +IQ +13,

where Iy, I3, and I3 are defined to be the respective integrals. By Theorem 2.11 and

the minimality of v, we have that

(An)/2
L<cC (%) /+ (1+ g(x, |Vul)) dx.
BR

We now consider I. By the convexity of g, the integrand in I is nonnegative, so we

can expand the domain of integration to B}, and use Lemma 2.2 to arrive at

L< [ g [VuGo]) - gx, [V¥Gal) pdx:
BR
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Since u is a (K, {7}, {v-})-minimizer, we have

I < /lg+{g(x, VuGo|)—g(x, |[Vu-+A]G|) }dx

+ /+{9(X> [Vv+A]G|)—g(x,|VvGyl|) }dx
o (2.75)

R+ ¢) [ Aot [Vul) +x [VeDyx+ [ dx

< Iy + Iog+ Ioz + R ||ve] s -

First we estimate Iy using part (vi) of Lemma 2.1.

1
D= / / a%g(x, VuGo + [V + AJG — VuGy)) - (Vu[G — Go] + AG)dtdx

B 0

< Cu(R) / .

A
B, €

ge(x, |Vu] + [A]) [V dx + Ce / oulx, V] + |A]) ax
BR
<Clenlr) [ gtV +C. [ glx Al
B, B,

< Cle+p(R)) /+ g(x,[Vul) + C.R* lg(-. [AD 1. -

BR
Because v is a minimizer for J, a similar computation yields
ha £ Cle+ u(R) [ glx,[Vuldx+ CR g |AD s
BR

For I3, we again use the fact that v is a minimizer for J to conclude that

Iy < C(1.(R) +2) / o(x, |Vul)dx.
Bt (x0,R)



72

Collecting our estimates for I5y, Io, and Iy 3, by (2.75) we have

I <C(e + p(R) +7:(R)) /+ g(x, [Vul)dx + (C- llg(-, [AD o + Izl o) B

Br

Using (vii) from Lemma 2.1 as we did in the proof of Theorem 2.10, we see that

I3 < C(I + 1), and so our estimates for I; and I, along with (2.74), give

n+

1% 2
g(x,|Vu|)dx < C ( —
/B“‘(xo,p) <R)

+(CellgC IADN s + el s + 1) B

et u(R) +%<R>) / RO

X0,R)

(2.76)

_2(n+N)

Let ¢g = (2C)” »—> /2. Find 0 < R* < 1 such that u(R*) < go/4 and 7., /2(R*) <

g0/4. Let Ry = min{R*, 1 — |xo|, Rinyr/2}- Then for 0 < p < R < Ry, putting

€ =¢€p/2 in (2.76) we have

[ ot vapax < e ((8)a) [ aivaas

B} B}

Ve
2

+(Ce g At

A
LM+1)R (2.77)
By Lemma 2.4, we have that

/B+ g(x,|Vu|)dx < C (

P

[ o |Vuldx+ 1
B+

»
)| [ st T+ 1]

whenever 0 < p < R < Ry. Now if Y CC BN HT, letting d = dist(U; OB) and

(2.78)

Tl X

<c(
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c(U) = C/min{ Ry, d*}, we have from (2.78) that

[ g Valax < o) U g(x,|Vul)dx + 1
Bt (x0,p) Bt

for all p < min{Ry,d} and x, € U, and hence g(-,|Vu|) € L (BT N H+;RV*™),

loc

which completes the proof. O

Using Theorem 2.10 instead of Theorem 2.11, we can demonstrate the following

lemma in the same way that we proved Lemma 2.8.

Lemma 2.9. Suppose that o : B — [1,00) satisfies (1.12)-(1.14) and that g : B x
R, — R, satisfies (1.15)-(1.17). Assume 0 < X\ < n. Let A := WLYB;RY), and
define the functional K : A — R* by

K(w) := /Bg(x, I[Vw + A]G])dx,

where g(-, |A]) € L' B) and G € C(B;R™") has continuous matriz inverse G €
C(BT;R™™). Ifu € A and there are functions {v.}eso C L' (BY) and {7.}eso C
C(R4) satisfying 7-(0) = 0 such that w is a (K, {7}, {ve})-minimizer over A, then
9(-,|Vul) € Ligz(B).

loc

Using Lemmas 2.8 and 2.9, we prove the following result.

Theorem 2.12. Suppose that Q C R™ is open and bounded with C* boundary, and that
a:Q — [1,00) satisfies (1.12)-(1.14) and g : Q@ x Ry — R, satisfies (1.15)-(1.17).
Let w € WL, (Q;RY) with g(-, |Vul) € L") be given, and define

Ao fw € WHORY) s w—w e W ORY)).
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Define the functional J : A — R* by

J(w) = /Q g(%, [Vw(x)|)dx.

Let u € A be given. If there are functions {v.}eso C LY(Q) and nondecreasing
functions {Ve}teso C C(Ry) with v.(0) = 0 such that u is a (J, {v:}, {v-})-minimizer
over A, then g(-,|Vu|) € L' ().

Proof. We use a standard argument to incorporate the boundary values into the
functional and straighten out the boundary, and then use a covering argument along

with Lemmas 2.8 and 2.9 to obtain that g(-, |Vu|) € L1 (). O

2.4 Results for Asymptotically Convex
Functionals

As mentioned in the introduction, this section is devoted to extending the results of
the previous section to almost minimizers of functionals of the form (1.6), where for
each x and u, the function F — f(x,u, F) looks like F — g(x, |F|) when |F| is large.

Define the functional J by

J(w) = /Qg(x,|Vw|)dx. (2.79)

The following lemma establishes that almost minimizers for K will also be almost
minimizers for J. In this lemma and in the sequel, we denote by p* the Sobolev-
conjugate of p; i.e., if p < n, then we put p* = np/(n — p), and if p > n, we set

p* = +o0.
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Lemma 2.10. Suppose that Q C R"™ is open and bounded with C' boundary, and
suppose also that a : Q@ — [1,00) satisfies (1.12)-(1.14) and g : Q@ x Ry — Ry
satisfies (1.15)-(1.17). Let f : Q@ x RY x RV*" — R, and assume the following
hypotheses hold for some 0 < X <n and 1 < s < min{ry, 1 + pro/n, p*/p}, where rq

1s as in Remark 2.2.

(i) For every e > 0, there is a function o. € LY*(Q) and a constant ¥.. < oo such

that

[f (w0, F) = g(x, [F])] < eg(x, [F])
for all (x,u,F) € Q x RN x RV*" satisfying g(x, |F|) > 0.(x) + 3.g(x, |ul)*.

(ii) There is some 3 € LY*(Q) such that

[F(x, 0, F)| < C(B(x) + g(x, u])” + g(x, [F]))

for all (x,u,F) € Q x RY x RV*",

For a fized uw € WL, (;RY) with g(-, |[Vul) € L"), define the admissible class
A= {u e WL, (uRY) :u—-1ue WDILQ(Q;RN)} )

Let the functionals J and K, each mapping A into R, be defined by (2.79) and (1.6),
respectively. Let u € A, and suppose that there are functions {v.}.so C LY(2) and

nondecreasing functions {7V:}eso C C(Ry) satisfying v-(0) = 0, along with constants
{T.}e>0 C Ry such that

K(u) < K(v) + (1:=(p) +€)/ {re(®) +9(x, [Vul) + g(x, [Vv])} dx

Q(x0,p)

(2.80)
4T / {9(x, Jul)® + g(x, [v])°} dx
Q(x0,p)
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for all v € A with u —v € Wy (Qxo, p); RY). Then there are functions {P.}eso C
LY(Q) and nondecreasing functions {J.}.~0 C C(Ry) with 5.(0) = 0, as well as

constants {T-}.-0 C Ry, such that u is a (J,{3.}, {7 + Tog(-, |u|)*})-minimizer.

Proof. Tt suffices to show that

Iw) < I0)+ Gelo) +2) [

Q(x0,p)

{700 + Teg (. Ju)* + g(x, [Vul) fdx  (2.81)

for all v € A such that u — v € WiL,((xqo,p); RY). To this end, we let w €

WL, (Q(x0, p); RY) be the minimizer of the functional Jx, , defined by

T (V) = / 9(x, [Vv])dx,
Q(x0,p)

satisfying w — u € W3 Ly(Q(x0,p); RY). Then for any v € A satisfying u — v €

Wi L, (Q(x0, p); RY), we have by the minimality of w that

J(u) = J(v) < Jxg p(0) = g p(W)

:/Q {g(x, |Vu])— f(x,u, Vu)} dx

(x0,p)

+/ {f(x,u,Vu)—f(x,w,Vw)} dx (2.82)
o

X0,p)

" / {F(x,w, VW) — g(x, [Vw])} dx
Q(x0,p)

=L+ 1+ Is.

To estimate I;, we partition Q(xg,p) into the set on which g(x,|Vu|) < o.(x) +

Y.g(x, Jul)® (call this set S), and the set on which the opposite inequality holds (call
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this set 7). By the growth conditions on f and g, we have

/ {9(x,1Vu]) — f(x,u, Vu)} dx < C / {148+ g [u))* + g(x, |Vul)} dx
S S

SC’/ {1+ 8+ 0.+ (1+%)g(x,|ul)’} dx.
Q(x0,p)

To estimate the integral over 7', we use the assumption in (i) to conclude that

/ {9(x, [Vu]) — f(x,u, Va)}dx < & / o, [Vu))dx.
i

Q(x0,p)

Combining the estimates for the integrals over S and T yields

L<cC / (14 a+o.+ (14 S)g(x, [u])* + eg(x, |Vu))} dx.
Q(x0,p)

We estimate I3 in a similar fashion, keeping in mind the minimality of w for Jy, ,, to
obtain
I3 < C/ {I1+a+o.+(1+2)9(x,|w|)°® +eg(x,|Vul)} dx. (2.83)
Q(x0,p)
We have
[ awiraxscrof g (x B axre [ gt
Q(x0,0) Q(x0,p) P Q(x0,p)
(2.84)

By Remark 2.2, the minimality of w for Jy, ,, and (2.84), there is a constant C', which
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does not depend on w, xq, or p, such that

[ sty o (f (16 Tu-vw)) ix)
Q(x0,p) (

Q(x0,p)

e / g(x, Ju))*dx
Q(x0,p)

< Cppv < {1+ 9 [Vul)) dx)

Q(x0,p)

+C/ x, [ul)’d
Q(x0,p)

(2.85)

Define A : R, — R, by

s—1
A(r) = r"P qup (/ {1+ g(x,|Vul|)} dx) :
Qy.r)

yeQ

Note that the exponent on 7 is positive, since we have assumed that 1 < s < p*/p,
so we have that A is continuous with A(0) = 0. With this notation in place and the

estimates in (2.83) and (2.85), we now have that

I < C(e+25A(p))/ {14 g(x,|Vu|)} dx + C (1+a+0.}dx.

Q(x0,p) Q(x0,p)

Finally, to estimate I, we use the fact that u satisfies (2.80) to get

I < (e +7:(0)) / {ve + g, [Vu]) + g(x, [Vw])} dx

Q(x0,p)

4T / {9(x, Jul)® + g(x, |w])*} dx.
Q(x0,p)

Using (2.85) and the definition of A, along with the minimality of w for Jy, ,, we

0,07

have

I SC(6+%(p)+T5A(p))/ {ve(x) + 1+ 'Tg(x, |ul)® + g(x, |[Vu]) } dx.

Q(x0,p)
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Inserting our estimates for Iy, I, and I3 into (2.82), we see that (2.81) holds with 7,

3., and T. defined by

7. = C(e/C)7! <1 + % +a+o.+ %I/E/C> :

5/6 =C {’Y{:‘/C + (Ta/C + EE/C + 1)A} )

T.:=C(e/O) " (14 Seje + Tiyo) -
Note that clearly {7.}.so C L), and {7.}.-0 C C(R,) satisfies 5. = 0 for each
¢ > 0. Furthermore, it is manifest that {T€}€>0 C R,, so the lemma is proved. O
We are now in a position to prove the main theorem.

Theorem 2.13. Suppose that Q C R™ is open and bounded with C' boundary, and
that o : Q — [1,00) satisfies (1.12) and g : Q x Ry — Ry satisfies (1.15)-(1.17). Let
f:QxRY x RV*" 5 R satisfy the following hypotheses for some 0 < A < n and

1 < s <min{ry, 1+ pra/n,p*/p}, where ro > 1 is as in Remark 2.2.

(i) For every e > 0, there is a function o. € L**(Q) and a constant ¥, < oo such

that

|f(X> u, F) - g(X, ’F|)’ < €g(X, ‘Fl)
for all (x,u,F) € Q x RY x RV*" satisfying g(x, |F|) > 0.(x) + .g(x, [u])*;

(i) There is some 3 € LY*(Q) such that

[f(x,u, F)| < C(B(x) + g(x, [u])® + g(x, [F]))

for all (x,u,F) € Q x RY x RV*",



80

For a fized uw € WL, (;RY) with g(-, |[Vul]) € L"), define the admissible class
A:={ueW'L(QGRY) :u—ue WyL,(GRY)}.

Let the functional K : A — R be as defined in (1.6). If u € A and there are functions
{v.}eso C LYA(Q) and nondecreasing functions {7V }eso CC(Ry) with v.(0) = 0 such

that w is a (K, {7.}, {v.})-minimizer over A, then g(-,|Vul|) € L"(Q).
Before we prove this theorem, we make a few remarks for later convenience.

Remark 2.3. If K(v) = +oo for any function v € WL1(Q;RY) with g(-,|Vv|) ¢

LY(€; RY*™) | then clearly we can enlarge the admissible class A to
A= {w e W' (QRY) :w—ue W (4 RY)},

and the same result holds.

Remark 2.4. Examining the proof of Theorem 2.12 and Lemma 2.10, we see that we
do not actually need the inequality in (1.7) to hold for all £ > 0, but only for ¢ > &,

where ¢y > 0 depends on n, N, p, q, a, 1, €0, and f.

Remark 2.5. By analyzing the proofs of Theorem 2.12 and Lemma 2.10, we see
that the bound on the Morrey norm ||g(-, |Vu|)| ;1x stays uniformly bounded if the
quantity L := [, g(x,|Vul|) stays bounded. That is, if {u;},cp is a collection of
(K, {7}, {ve})-minimizers with [, g(x,|Vu|)dx < L for some L < oo and all ¢t € A,

then there is a finite constant L such that ||g(-, [Vu|)|| 1. < L for all t € A.

Proof. Since u is a (K, {7}, {ve})-minimizer over A, by the growth conditions on f
and Lemma 2.10, we have that there are functions {#. }.~o C L'*(2) and nondecreas-

ing functions {3.}.s0 C C(R,) with 4.(0) = 0, as well as constants {T.}.-0 C R,
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such that u is a (J, {%.}, {7 + T.g(-, |u|)*})-minimizer. In view of Theorem 2.12, it
therefore suffices to prove that u. = 7. + Tog(-, [u|)®* € L"(Q). By hypothesis, we
have that u € WL, (Q;RY). Therefore, g(-, [u|)* € L™/*(Q) by Remark 2.2, and
hence we see by Hélder’s inequality that g(-, [u|)® € L'"~"/"2(Q). Therefore, letting
A1 :=n (1 —s/ry), we have that p. € min{A;, A}, and hence Theorem 2.12 implies
that g(-, |Vu|) € L'™AME(Q). If A\; > A, the proof is therefore complete.

So suppose that A\; < A. Since g(-,|Vul|) € L*1 (), we can use Theorem 2.6 to
conclude that g(-,|u|)® € L**(Q) for every £ < min{n + s(p + A\; — n),n}. Hence,
if n 4+ s(p+ A1 —n) > A\ then g(-, |u|)®* € L**(Q), whence p. € L*(Q), and the
proof is finished. If n 4+ s(p+ Ay —n) < A, set g = n+ s(p+ Ay —n). Arguing as
before, we have that p. € L'*() for every k < Ay. Thus Theorem 2.12 implies that

g(+,|Vul|) € LY for every 0 < k < \y. Recursively defining

/\j-l—l = n—i—s(p—I—)\J —n)

and continuing to bootstrap as above, we have that {u.}.~o C L"*(Q) for every
k< Ay if Aj < A and {peteso € LMMQ) if A; > X We claim that ); increases

without bound. Indeed, inductively, one can easily show that

Ds D ny
Aj=n— —— ] s
i 3—1+<s—1 7“2)8

Since 1 < s < 1+ pry/n, we have that the coefficient in front of s’ is positive, and

since first two terms are constant in j, we see that indeed lim;_, A\; = oo. Hence, if
Jo € N is selected so that A\;; > A, then we can use a bootstrap argument as above
with jo iterations to get that {p.}.~o C LY*(Q). Applying Theorem 2.12 one last

time gives g(-,|Vul|) € L'*(Q), and the proof is complete. O
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Chapter 3

Young Measures (Generated by
Sequences Bounded in Morrey and

Sobolev-Morrey Spaces

In this chapter, we provide a characterization of Young measures that are generated
by a p-equiintegrable sequence {f;}>2, bounded in the Morrey space LP*(Q;RY).
By p-equiintegrability, we mean that the sequence {|f;|"}52, is equiintegrable. After
first considering the easier case where no additional constraints are placed on the
generating sequence {f;}, we then investigate the case that {f;} is a sequence of weak

gradients.

3.1 Some Preliminary Results for Young
Measures

We first state a version of the fundamental theorem for Young measures; more general

versions of this theorem are available (see [7, 9, 37, 38|, for instance), but the one
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given here suffices for our purposes. We recall that a function f : £ x RY — R is
said to be Carathéodory if f is Borel measurable and f(x,-) is continuous for almost

every X € .

Theorem 3.1 (Fundamental Theorem for Young Measures). Let E C R" be a mea-
surable set with finite measure, and let {z;}52, be a sequence of measurable func-

tions mapping E into RY that generates the Young measure v = {vx}xep. Suppose

f:ExRY —[0,00) is Carathéodory. Then

liminf/Ef(x,zj(x))dXZ/E N f(x,y)dvx(y)dx.

J]—00

Furthermore, if {f(-,2;(:))} C L*(E), then {f(-,2;(:))} is equiintegrable if and only
if

lim [ f(x,z;(x))dx = / f(x,y)dvg(y)dx < oo.

70 J g E JRN

In this case,
f('a Zj(')) - N f(7 y)dy()(Y) in L1<E)
The following theorem, which is essentially Theorem 4 on page 203 of [45], provides

a tool for approximating functions in W1 by Lipschitz functions.

Theorem 3.2. Let u € WH(R™RY) with 1 < p < co. For T >0, define the closed
set Ar by
Ar = {x e R": M(|Vu|)(x) < T},

where M (f) denotes the mazimal function of f. Then there exists a Lipschitz function

vy : R = RY such that
(i) vr(x) =u(x) and Vvp(x) = Vu(x) for almost every x € Ap;

(ii) ”VVTHLoo < C<N7 n)T;
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(iii) m(R"\ Ap) < c(n)T™? f{\Vu|>T/2} |Vul” dx.
The following theorem and its proof can be found in [37].

Theorem 3.3. Let E C R" be a Lebesque measurable set with finite measure and
let {£;}52, and {g;} be sequences of measurable functions mapping E into RN, If
{f;} generates the Young measure v = {vx}xer and {g;} converges in measure to
a measurable function g : E — RY | then {f; + g;} generates the translated Young
measure U = {Uy}xep defined by (Uy,p) = (vx, o(- + g(x))) for every o € Co(RY).

In particular, if g; — 0 in measure, then {f; + g;} generates v.

3.2 The General Case

In this section, we determine which Young measures can be generated by a sequence
bounded in LPA(Q;RY), for 1 < p < oo and 0 < X\ < n. We first consider the
homogeneous case when v, = v for some probability measure v supported on RY;
using a similar strategy as is found in [51] and [65], we use the homogeneous result to
prove the more general theorem in the nonhomogenous case. We would like to point
out that the arguments in this section are entirely constructive, though it is possible
to give a shorter, nonconstructive argument using some of the same techniques that

are utilized in Section 3.3.

3.2.1 Homogeneous Measures

Let v € M(RY) be a probability measure. We construct a sequence of functions
{f; }‘;‘;1 mapping @Q into RY that generates the homogeneous Young measure v. Fur-

thermore, we demonstrate that this sequence of functions is uniformly bounded in



85

LPAMQ; RY) for every 0 < X\ < n if v satisifies the condition

/ ly[” dv(y) < oo.
RN

We will use the following lemma.

Lemma 3.1. Suppose that v € M(RY) is a probability measure and that {£;}52, is a
sequence of measurable functions mapping a measurable set E C R™ into RN. If the
equality

v(G)m(DNE) = lim m(DNENf1(G)) (3.1)

]—)OO

holds for each Borel set G C RN and every cube D C R", then the sequence {612,

generates v.

Proof. Recall that the sequence {f;} generates v if and only if

i [ (0 = [ etodx [ plvanty) (3.2)

j—}OO

for every ¢ € Co(RY) and & € LY(E); it actually suffices to show that (3.2) holds
for all ¢ € S and ¢ € T, where S and T are dense subsets of Co(RY) and L'(E),

respectively. To this end, fix ¢ € Co(RY), and suppose that £ = xpng for some cube
D c R". We will show that (3.2) holds; i.e.,

in [ ple0)x =m(DNE) [ py)n(y)

J7%° JDnE

Since ¢ € Co(RY), for any & > 0, we can find a compact K C RY such that |o(z)| < €
for all z € RY \ K and a § > 0 so that |o(x) — p(y)| < & whenever |x —y| < 6.

We select a finite number of disjoint cubes {Qy}2L, that cover K and that each have
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diameter less than 0. Denote by Aj ; the sets
Apj i =DNENE Q)

Lastly, we choose a; € Q) for each 1 < k < M, and introduce the simple function

g; : £ — RY defined by
M

g = Y ola)xa,,

k=1

We begin by adding and subtracting g; inside the integral:

lim sup
Jj—00

/D ()~ m(D N E) /R ng(y)dl/(y)‘
< limsup /D el 0) — g, ()] dx

E | s mone) [ e

By the way we defined g, the integrand in the first integral is bounded by ¢ for each

+ lim sup

Jj—o0

j. Also, by (3.1), we see that

lim m (Ag ;) = m(D N E)v(Qk).

]—)OO

Using this and the definition of g; in the inequality obtained above, we see that

/ME o(f;(x))dx —m(D N E) /RN (p(y)dy<y)’

lim sup
Jj—o0
M

> elagm(D 0 Ep(@u) =m0 E) [ oly)ivty)

m(D N E) { Z/ 90(}’)|d’/(3’)+/RN\UOO Q|80(Y)|dV(Y)}

<2m(D N E)e.

m(D N E)e +
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Letting ¢ — 07, we obtain the equality in (3.2) when £ = xpng for some cube
D C R". Letting 7 be the set of all finite linear combinations of functions of the
form xpng, we see that (3.2) also holds for every £ € T and ¢ € Co(RY). Since T is

dense in L'(E), it follows that {f;} generates v. O

Lemma 3.2. Let v € M(RY) be a probability measure. There is a measurable func-

tion g : (0,1) — RY such that

for every Borel set E C RY. Moreover, g satisfies

[, e@rds= [ yPas)

for every 1 < p < 0.

Proof. First we construct the function g. Let {a;;}52, be an enumeration of Z",
and for each j € N, we define Dy ; := a;; + [0,1)". Note that {D;;}32, partitions
RY. Assuming that the cubes {Dy;}52, have been chosen for some k € N, we
partition each of these cubes into 2% subcubes, each subcube having the form Dy ; =
agy1,;+[0,27%)N for some agy1; € 27FZN. We thus obtain a collection of dyadic cubes
{Dyy1,;}32, that partitions RY, and each cube has edges of length 27", Furthermore,
we stipulate that we first partition Dy ; into subcubes, then Dy o, and so on. That is,
we require
52N

U D1y = Dy 5, (3.3)

I=(j—1)2N 41
for every k, 7 € N.

For each k, we partition the interval [0,1) into a family of intervals {I;;}32, as
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follows. Define

Lij = [v (UZ{ Diy) ,v (U Diy)) - (3.4)

Note that the length of I, ; is v(Dy ;). (Here we are using the convention that the
interval [a,a) := ().)

Now we define a sequence {gy,}?°, of functions mapping [0, 1) into RY by
gk(x) = Z A, i X1y, <I> (35)
j=1

We will show this sequence is Cauchy in the uniform norm. To this end, fix ¢ > 0,
and find K € N such that diam(Dk ;) < e. Now fix z € (0,1). Then there is a unique
71 € N such that

T &€ Ile = [V (U{;IIDL[) ,V (U{lleLl)) .

Recalling the way that g; is defined, we see that gi(x) = a; j, € Dy j,. By (3.3) and
(3.4), we have that

whence © € I, for some (j; — 1)2Y +1 < jo < 52" and go(x) € Dy, C Dyjy.
Proceeding inductively, we obtain {j;}7>, C N such that gi(z) € Dy, and Dy j D
-+ D Dgj, DO -+ . Recalling that we chose K € N so that diam(Dg ;) < €, we see
that if k; and ks are both at least K, then gy, (z) and g, (z) belong to the same cube
Dy j for some j € N, and hence |gy, () — g, (7)| < e. Hence {g;} is Cauchy in the
uniform norm, and so there is some g : (0,1) — RY such that g, — g uniformly as
k — oo.

We claim that the function g so constructed satisfies the conclusions of the lemma.

First note that if D = U7, Dy, j, is a finite (disjoint) union of cubes of the form Dy,
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then for [ > max{k;}, we have by (3.5) that

J
g (D) = Tk.si-
=1

Since g; — g uniformly, we therefore have

J
g (D) o | J Lni. (3.6)
=1

Note that, by (3.4), we have m(Iy, j,) = v(Dy, j,), so from (3.6) we obtain

m(g (D)) > v(D). (3.7)

Now, for fixed k,j € N, we can find a sequence of cubes {D;}2, such that for each
¢ € N, the cube D; is a finite union of cubes of the form D, with D; C D,y C Dy,

and

JDi =D =Dy (33)
=1 =1

Using (3.7) along with (3.8), we thus obtain

m(g™" (Dy;)) = lim m(g~'(Di)) > lim v(D;) = v(Dy ;).
Since the cubes { Dy} jen are a generating set for the Borel g-algebra on RY, the
preceding inequality implies

m(g ™ (E)) > v(E) (3.9)

for all Borel sets £ C R™. Since v and the image of m under g are both probability

measures on RY, the inequality in (3.9) must in fact be an equality; that is, we must
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have

m(g™'(E)) = v(E) (3.10)
for all Borel sets £ C RY, which establishes the first statement of the lemma.

If ¢ : RY — R is a simple function, then (3.10) gives

Y(g(r))dz = - Y(y)dv(y).

(0,1)

By taking a sequence of simple functions {¢;}32, increasing to the function y — [y|”

and using the above equality and the monotone convergence theorem, we find that

/ &) dr = / ¥ PP du(y),
(0,1) RN

which concludes the proof of the lemma. O

Now we use the function g given by Lemma 3.2 to build a sequence of functions

uniformly bounded in LP*(Q;RY) that generates the measure v.

Theorem 3.4. Suppose that v € M(RY) is a probability measure that satisfies

/ v duly) < oc.
RN

For each 0 < X < n, there is a p-equiintegrable sequence of functions {f; 521 that

generates v, is uniformly bounded in LP*(Q,RYN) for every 0 < u < n, and satisfies

605, <2 [ 15t av)
RN

Proof. Let g be the function given by Lemma 3.2, and extend it by periodicity to all
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of R. Let {g;}32, be the sequence of functions mapping @ into RY defined by

gi(x) = g(jz1).
Then using a change of variables, the periodicity of g, and Lemma 3.2, we see that

. 1
Hg]||1£p(Q7RN): /|g(]x1)|p dx1:; /|g(q;1>|p d«rlz /|g(x1)|p d.]}l _/ |y|p dV(Y)
(0,1) (0,9) (

0,1) RN

(3.11)

If D C R"is a cube and G C R¥ is a Borel set, then

lim m(D N QN g (G)) = m(DNQm(g™(G)) = m(D N QW(G),
Jj—00
where we have employed Lemma 3.2 to obtain the last equality. Therefore, by
Lemma 3.1, the sequence {gj} generates the Young measure v.
We now define a new sequence of functions {f;}22, that are truncations of the

functions g;:

60 = sen(i ) min { <57, g 1},

where for each 0 < o < n we have put

o= (e P}

Then {f;} generates the measure v by Theorem 3.3, since the measure of the set

where f; # g; tends to 0 as j — oco. It is easily seen that {g;}, and hence also {f;}, is
p-equiintegrable. Furthermore, {f;} is uniformly bounded in LP* for every 0 < pu < n.

To see this, fix 0 < p <1, x5 € @, and 7 € N. We consider two cases.
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Case 1: 0 < p <1/j.

In this case, using the bound |f;| < log(j)/C,, we have

Case 2: k/j <p<(k+1)/jfor some k € {1,2,---,5 —1}.

Using the inequality |f;| < |g;| and the periodicity of g;, we obtain

o [ geraxs e [ jgearacs e [ (g
QN Q. QN Q. Qe 1

kE+1
< (7) P~

But p=* < p=" < (j/k)"; using this and (3.11) in the above inequality, we see that

o / £, (0)[” dx < 2" / iy [P dv(y).
QNQxg,p RN

Collecting the estimates we obtained in each case, we have shown that

C p
517, < 2"max{(—0“> ,1} [P an)
A RN

which implies that {f;} is uniformly bounded in LP*(Q;RY) for each 0 < p < n;
taking p = A yields
1605, <2 [ IvP diy)
RN

which concludes the proof. O]

3.2.2 Nonhomogeneous Measures

We now extend the result just proved to the nonhomogeneous case.
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Theorem 3.5. Let v = {vy}xeq be a Young measure on RY, and let 0 < X\ < n.
There is a p-equiintegrable sequence of functions {f;}32, that is uniformly bounded in

LPAMQ;RY) and generates the measure v if and only if v satisfies

sup p- / / ly|” duvk(y)dx < oo. (3.12)
xer QNQxg,p JRY

Proof. The necessity follows from Theorem 3.1. Indeed, for fixed xy € 2 and p > 0,
define f : QxRN — R by f(X,¥) = p*Xangx,.,(X) [¥]". The aforementioned theorem

now yields

lim inf p~ / If;[” dx > p_/\/ / ly|” dvy(y)dx.
Jj—o0 QNQxg.p QNQxq,p /RN

Since the sequence {f;} is uniformly bounded in LP*(Q; RY), it follows that v satisfies
(3.12).
We now turn to the sufficiency. For each k£ € N, let {a;;}°, be an enumeration

of the set 27¥Z", and define
Dy = ag; + 2770, 1)"

Note that for each k, {Dy;}32; is a set of dyadic cubes that partition R™ and have
edges of length 2%, For each k, there will be finitely many of these cubes that are
entirely contained in 2. We will define A, C N to be the collection of the indices of
such cubes:

:{ZEND]QZCQ}
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Since (2 is open, it is easy to see that

k=1i€Ag

For each k € N and i in Ay, we define the probability measure v;; € M(RY) to be
the “average” of the measures {vy}xe D That is, we select v4,; so that for every

¢ € Co(RY), we have

/ y)dvgi( ][ / y)duk(y (3.13)
RN Dy JRN

The existence of such a measure is guaranteed by Theorem 7.1 in [65]. Note that this

measure is homogeneous, and that

/\y]pdum(y) —][ /]y|p dvk(y)dx = 2’“"/ /]y|p dvk(y)dx < o0, (3.14)
Dkz
RN

DszN

Using Theorem 3.4, we find a p-equiintegrable sequence {fk o LPMQ;RYN) that

satisfies

ks
f!
J Lp:A

<2 [ yPdnaty) (3.15)
RN

and generates the measure vy, ;. For a given ¢ € Co(R”), we denote by @ and @y, the

functions defined by

P = [ ety
Br(x) = > xp,.(x / p(y)dvg(y)-

1€AL

Notice that both @ and Py are functions belonging to L*(£2), with essential supre-

mums at most ||| po@yy- 1 x € Q, then for each k sufficiently large, there is a
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unique i(k) € Ay such that x € Dy ;). And if x is a Lebesgue point of 3, we use

(3.13) to compute

lim Pg(x) = hm o(y)dvpiw) (y) = hm][ / y)dvi(y
k—ro0 k—oo JpN k—ro0 Dyicry /RN
= lim p(x)dx = p(x).
k—oo Jp.
k,i(k)

Therefore p; converges to » pointwise almost everywhere. We have already noted
that |@x| < [|¢]l e, so we can use Lebesgue’s Dominated Convergence Theorem to
show that Py, converges to @ in L'(€2). Therefore we have that
i [ ¢Gomrixdx = [ €Gopx)dx (3.16)
Q
for every ¢ € Co(RY) and £ € L>=(0Q).

Let {& )72, € L>(Q) and {¢;}32, C Co(R") be countable dense subsets of L'(£2)
and Co(RY), respectively. Let ¢y € C(RY) and & € L*°(Q) be defined by ¢o(y) := |y[”
and £ = 1. For each k € N and ¢ € Ay, since the p-equiintegrable sequence {ff’i};’il
generates the measure vy ;, we can choose j = j(k,4) such that

an—i

/gs api+27 %)@ (£ (x))dx — /gs api+2” X)dx/got( )y (y)| < -

RN

for 0 < s,t < k. With 5 chosen in this way, we define the sequence of functions

{fi:}72, in the following way:

ffvi(x;f,’jvi) if x € Dy,; for some i € Ay

£ (x) = | (3.17)
0 ifxe \ UieAka,i
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Fix s,t € N, and suppose that k& > max{s, ¢}. Using the definition of f; and changing

variables in the preceding inequality yields

E0aE)dx— [ edx [ oty < 7
Dy, ; Dy, ; RN
whenever i € A;. Hence
1
[ eateo- [a@bhal <y @)
Uic Ay, Dr,s Q

So for each s,t € N, using (3.18) and (3.16), we have

lim / 6,001 (£ (x))dx = lim / () [@r)a(x)dx = / £, ()i (x)dx

/ u(x / ¥)dux (y)dx.

This implies that the sequence {f;}72, generates {vx}xeq.
Using the same steps we used to arrive at (3.18), this time taking s = ¢ = 0 and

recalling that f, = 0 in Q \ U;ea, Dy, we obtain

£ ()" dx — > |y [” dvgi(y
/ S L

1€AL

(3.19)

Using (3.14), we have

Z/ /!y!”dl/m dX—Z/D /RNIy!”dvx

ZEA ZEA (320)

=/ / ly|? dvk(y)dx
Uiea, Dy /RN
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By (3.19) and (3.20), we have

1im/|fk(x)|pdx:// [P duse(y)dx < oo,
k—o0 Q Q JRN

and hence the p-equiintegrability of {f;} follows from Theorem 3.1. We only have yet
to show that this sequence is uniformly bounded in LPA(; RY).

To this end, fix xg € €2, p > 0, and k£ € N. We consider two cases.
Case 1: 0 < p < 27F,

Let J := {i € Ay : Dy; N Qx,p # 0}. Note that there are at most 2" elements
in .J, since p < 27%. By changing variables and using the fact that f;, = 0 outside of

Uiea, Dk,i, we obtain

p

p / 7 dx = p* Y 27k / £ dx.
QﬂQxO,p QmQ2k(x0_ak,i)v2k/’

icJ

By (3.15), we have

J

Using this inequality in the one preceding it and then employing (3.14), we find that

p—)\/ |fk‘P dX S 2n Z(Qk))\—n/
QNQx,p

icJ R

—on Z(2"“)‘A/

icJ D

ki
fj

Tix < 2”(2kp)’\/ lyl” dvk(y).
RN

mQQk(XO*ak,i)’Qkp

ly|” dvgi(y)
N

/R N ly|” dvy(y)dx.
ki

But Dy; = Qy, , 2+ for some yi; € €2, so the above inequality gives

p_)‘/ £ dx < 2"y "M,
QNQxq.p

ieJ
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where

M := sup R~ / / ly|” dvy(y)dx < oo;
XOGQ Qﬁon R

therefore, since |J| < 2",

,o_A/ £.|” dx < 4" M.
M@y p

Case 2: p > 27*.

In this case, we can find a cube @)y containing (), , that is comprised of cubes of
the form Dy ;, and such that the sides of @)y have length of at most 2p. Letting y,
denote the center of ()y, we can break up (), , into cubes Dy ; as we did in Case 1

and perform a similar computation to obtain

pA/ |£x|” dx < p)‘/ / ly|? duy(y)dx < 2* M.
Qﬁonw QmQYoaQP RN

From the estimates we obtained in each case, we see that

kaHLpA (Q;RN) < 4nM

which finishes the proof. n

3.3 Gradient Young Measures

We now turn our attention to Young measures generated by sequences of gradients
bounded in LP*. To simplify the statements of the theorems, for this section we
will assume that €2 has Lipschitz-continuous boundary. The following lemma can be

deduced from Theorem 8.16 and Lemma 8.3 in [65].
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Lemma 3.3. Suppose that v € M(RYN*") is a probability measure that satisfies
(i) fRan Fdv(F) = 0;

(i) [anxn@(F)dv(F) > ©(0) for every quasiconvez ¢ : RN*" — [0,00) satisfying
p(F) < C(1+[F[");

(iil) Jawxn [F|"dv(F) < oo,

Then there exists a sequence of functions {u;}32, C WyP(Q; RN such that the se-

quence {Vu;}22, generates the measure v and is p-equiintegrable.

To find Morrey regular sequences generating the measure, we will need the follow-
ing lemma, which allows us to generate certain Young measures by p-equiintegrable

gradients of Lipschitz functions.

Lemma 3.4. Let {u;}52, be a bounded sequence in Wy (Q;RY) for some 1 < p < oo,
and suppose that {Vu;}52, generates the measure v = {vx fxeq and is p-equiintegrable.
Let {T}}32, be a sequence of non-negative numbers such that lim;_,o, T = +o00. Then

there is a sequence of functions {v;}32, C Wy (Q: RN) such that

(i) {Vv;}52, generates v and is p-equiintegrable;

(i) [Vl < Tj;
Proof. Since {u;}32, C Wy (Q; RY), we can extend each u; by zero to all of R” so
that u; € WhP(R™;RY). For each j, we define the set A; by

A= {x € R" : M(IVu,|)(x) < T }:

by Theorem 3.2, there is a sequence of Lipschitz functions {w;}52, and a constant

¢ = ¢(n, N, p) such that
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(i) uj = w; and Vu; = Vw; almost everywhere on A;;
(i) 1Vwjl e < T5;
(iil) m(R™\ A;) < cT;" f{lvUijj/C} |Vu;|? dx.

Combining (ii) and (iii) gives

/ |Vw; " dx < c/ |Vu;|” dx.
R\ A; [Vu;|>Tj/c

Therefore, since Vw; = Vu; almost everwhere on A;, the above inequality and the
p-equiintegability of {Vu;}52, yield the p-equiintegrability of {Vw;}22,. If we simply
restrict w; to @), we see that {Vw;} generates v, is p-equiintegrable, and satisfies the
appropriate L> estimates, but we do not necessarily have that w; has zero trace on
0(Q). However, using the definitions of A; and the maximal function, we have

L
A RM. P o
i {X R sy 5’}

for some L < oo; since w; = u; almost everywhere on A; and u; = 0 outside @,
we obtain a sequence {r;}32, C [1,00) and a sequence of cubes {Q;}52, such that
lim; ,or; =1, Q C @y, the sides of Q); have length r;, and w; € Wol’oo(Qj;RN).
Furthermore, we can assume that (); has sides parallel to the axes and has center at
(1/2,1/2,---,1/2). Letting x; := ((1—7;)/2,(1—r;)/2,--- ,(1—7r;)/2) (i.e. x; is the
corner of Q; in which each coordinate is minimized), we can define v; C Wy (Q; RY)

to be a rescaled version of w;:

1
J

Note that Vv;(x) = Vw;(x; +7;x). Thus the p-equiintegrability of {Vv;}22, follows
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from the p-equiintegrability of {Vw;}22,, and [|[Vv,||,.. < T};. Therefore the only
thing we have yet to show is that {Vv;}22, generates the Young measure v. It

suffices to show that

lim ' {p(Vw;(x)) — ¢(Vv;(x))}dx =0 (3.21)
*JQo

for every cube Qo C @ and every ¢ € Co(RY*™), since from this it follows that {Vw;}

and {Vv,} generate the same Young measure. Using a change of variables and letting

Qj = x; +r;Qo, we obtain

Jetvwstnx - [o(vv,torix = [o(Tw)dx = 1" [o(Twea)ix

Qo Qo Qo Qj
Since r; — 1 and x; — (0,0, ---,0), it is easily seen that
m((Qo\ Q;) U (Q;\ Qo)) — 0.

Using this and that r;" — 1 in the above equality yields (3.21), which finishes the

proof. n
Lemma 3.5. Suppose that v € M(RYN*") is a probability measure that satisfies
(1) Janxn Fdv(F) = 0;

(i) [anxn@(F)dv(F) > ©(0) for every quasiconvez ¢ : RN*" — [0,00) satisfying
p(F) <CQA+[F);

(iil) fonsn [F[Pdv(F) < oco.

For each 0 < X\ < n, there is a sequence of functions {u;}32, C Wy (4 RN) uniformly

bounded in WH®H (Q; RN) for every 0 < i < n such that {Vw;} is p-equiintegrable,
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generates the measure v, and satisfies
IV gaeny <270 [P au(E)
Remark 3.1. Using the continuous embedding

WP (Q;RY) s CO-I/P(Q; RY),

where C%*(Q;R”Y) denotes the space of Holder-continuous functions with exponent

a, we see that {u;} is uniformly bounded in C%*(Q;RY) for each 0 < a < 1.

Proof. By Lemma 3.3, there is a sequence {w;}22, C VVO1 P(Q;RY) such that the

sequence {Vw;} is p-equiintegrable and generates v. For each 0 < yi < n, we define

o ot

and apply Lemma 3.4 with Tj := log(j)/C\ to obtain {v;}32, C Wy (Q; RY) such

that the sequence {Vv; };’il generates the Young measure v, is p-equiintegrable, and

satisfies

IVVill o < 10g(5)/Cn.

We extend v; by periodicity so that it is defined on all of R" and define the new

sequence {u;}22; C Wy?(Q;RY) by

1

u;(x) =5 v;(5x).

Note that

[V, HLP(Q;RNX") = [IVv; HLP(Q;RNX")
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and that {Vu;} is also p-equiintegrable. Furthermore, it is not too difficult to see

that, for any cube D C Q and ¢ € Co(RV*"),

tin ([ evujax - [ ovix) <o

from which it follows that {Vu;} generates the same Young measure as {Vv;,},

namely v. Since {Vu;} is p-equiintegrable, Theorem 3.1 gives

lim V|2, = / F? du(F);
J—00 RNXn

therefore, upon taking the tail end of the sequence if necessary, we can assume without

loss of generality that

Vw2, <2 / P du(F).
RNXn

With this observation in mind, the proof that {Vu;} is uniformly bounded in LP*
for every 0 < p < n and that ||[Vu,||”,  satisfies the appropriate estimate proceeds
in the same way as the proof of Theorem 3.4; it follows from Proposition 3.7 in [47]

that {u;} is uniformly bounded in W1 (Q; RY) for each 0 < p < n. O
Now we consider nonhomogeneous measures.

Theorem 3.6. Suppose that 2 has Lipschitz-continuous boundary. Let 0 < X\ < n be

given, and suppose that v = {vy }xeq is a Young measure on RN*™ that satisfies
(i) Janxn Fdig(F) = Vu(x) for some u e W(Q;RY);

(ii) fanxn P(F)den(F) > o(Vu(x)) for almost every x € Q and every quasiconvex
@ RVN*" [0, 00) satisfying o(F) < C(1 + |F|P);

(iii) sup p mexop Jansn [F|P dug(F)dx < oo.
X0 € ’
p>0
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Then there is a sequence {u;}52, uniformly bounded in W@ (Q;RN) such that the
sequence of gradients {Vu;}22, generates the Young measure v and is p-equiintegrable,

and u; —u € W, P(Q; RY).

Remark 3.2. It is easily seen that conditions (i), (ii), and (iii) are also necessary, and
therefore these conditions characterize Young measures generated by p-equiintegrable

sequences of gradients uniformly bounded in LPA(Q; RYV*"),

Remark 3.3. If €2 does not have Lipschitz-continuous boundary, then the conclusion
is weakened slightly; even though {Vu,} is still uniformly bounded in LP*(Q; R¥*"),
we do not necessarily have that {u;} is uniformly bounded in W1h®»(Q;RY). The

rest of the conclusion remains unchanged.

Proof. First, assume that the function u appearing in (i) and (ii) is identically 0.
In this case, the proof is similar to the proof of Theorem 3.5. Using the notation
found there, we see that each vy ; satisfies (i), (ii), and (iii) of Lemma 3.5, and hence
can be generated by a sequence of gradients {Vu?’i 22, where {u;“} c WyP(Q;RN)
is uniformly bounded in W@ (Q;RY). Since each u}" € Wy*(Q;RY), rescaling
and “patching together” the gradients Vu?’i (cf. (3.17) in Theorem 3.5) yields a
function that is still the weak gradient of some function u, € W, ?(Q;RY). We can
also show that {Vu,} generates v, is uniformly bounded in LPA(€; R¥*"), and is
p-equiintegrable in the exact same way as we did in the proof of Theorem 3.5. Since
(2 has Lipschitz-continuous boundary, it follows from Proposition 3.7 in [47] that {u;}
is uniformly bounded in WhH®M(Q: RN).

If we do not assume that u = 0, but instead that u € WP(Q; RY), then we first

note that we must in fact have that u € Wh®Y(Q; RY). Indeed, by (i) and Jensen’s
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inequality, we have

P

dx

sup p’\/ |Vul” dx = sup p’\/ / Fdu(F)
X0>€gl QNQxy.p XOGQ QNQxq,p /RN X

p
< sup p- / / PP duy (F)dx
S eQ QNQxq,p JRV X7

which is finite by (iii). Hence Vu € LP*(Q; RY*"); again employing Proposition 3.7
in [47], we find that u € WH®N(Q;RY).

Now define the translated Young measure 7 = {0y }xeq by

(75, ) = (v, (- = Vu(x))).

It is easy to check that the function # is in the previous situation; i.e. ¥ satisfies (i),
(ii), and (iii) with u = 0, so we obtain a sequence {v;}%2, C Wy (Q;RY) that is
uniformly bounded in W®(Q; RY) and such that {Vv;} generates the measure
and is p-equiintegrable. Now let u; := v; 4+ u; then {u;} is uniformly bounded in
WEEN and u;—u=v; € Wol’p(Q; RY). The sequence {Vu;} is p-equiintegrable, and

generates the original measure v by Theorem 3.3, which completes the proof. O]
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Chapter 4

Connections and Applications

In this section, we present some applications of Theorem 2.13 to various problems.

4.1 A Characterization of the Spaces
1 TN
WLy A(Q;RY)
In this section, given a function f : Q x R¥*" — [0,00), we define the functional
K;: WHH(Q; RY) — R* by

K¢ (w) 2:/Qf(X,VW)dZL‘.

With this notation, we have the following theorem.

Theorem 4.1. Suppose that Q C R" is open and bounded with C* boundary, and that
a:Q — [1,00) satisfies (1.12)-(1.14) and g : Q@ x Ry — R, satisfies (1.15)-(1.17).

Fizu € W'L,(Q;RY), and let 0 < X < n. The following are equivalent:

(i) g(, Vu) € LM (Q;RY);
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(ii) u is a (K, {7}, {ve})-minimizer for some {v.}eso C L"(Q) and {Vc}eso C
C([0,0)) satisfying v-(0) = 0; furthermore, u —u € Wy L,(;RY) for some u
with g(-, Va) € LY (Q);

(iii) For every f : Q x RVN*" — [0, 00) that satisfies
[f(x,F)| < C(B(x) + g(x, [F]))
for some B € LY*(Q) and also satisfies for some a. € LY Q) the inequality

[f(x,F) — g(x, [F])| < eg(x, [F])

whenever g(x, |F|) > o.(x), it holds that u is a (Ky,{v.},{v.})-minimizer for
some {V}eso C LYMQ) and {7 }eso C C([0,00)) satisfying v-(0) = 0; further-
more, U — U € W&’p(')(Q;RN) for some w € WL, (Q;RY) with g(-,|Vu|) €
LYMQ).

Remark 4.1. As a corollary, we have that u is either a (Ky,{7.}, {v-})-minimizer
for every f asymptotically related to g, or it is not a (K, {7}, {ve})-minimizer for

any f asymptotically related to g.

Proof. That (iii) implies (ii) is trivial, and that (ii) implies (i) is follows from Theorem
2.13. We only need to show that (i) implies (iii). To this end, suppose that g(-, |Vu|) €
LYMQ), and that f: Q x RM" — R satisfies the hypotheses of (iii). We can put
U:=uand v, := e 1 f(-, Vu). Note that by the growth conditions on f, we have that
ve € L'(Q). If xg € Q and p > 0 are fixed, and ¢ € Wy L,(2(xo, p); RY), then we
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have, since f is nonnegative, that

Kyfu) = K+ o) = |
Q(x0,p)

{f(x,Vu) — f(x,Vu+ Ve)}dx < 8/ ve(x)dx,

Q(x0,p)

so that u is a (K, {0}, {v.})-minimizer. Thus (i) implies (iii), and the proof is

complete. O

4.2 Partial Differential Equations

We now present an application of Theorem 2.13 to partial differential equations.

Theorem 4.2. Suppose that Q C R" is open and bounded with C* boundary, and that
a: Q — [1,00) satisfies (1.12)-(1.14) and g : Q@ x Ry — R, satisfies (1.15)-(1.17).
Suppose also that t € WL, (Q; RY) satisfies g(-, [Vul|) € L'*(Q) for some 0 < X < n.
Fiz 1 < s < min{ry, 1 + pro/n, p*/p}, where ry is as in Remark 2.2, and suppose that
the mappings A : Q x RV x RV*" 5 RV gnd b : Q@ x RY x RV — RN satisfy the

following properties:
(i) For each € > 0, there is a function o. € Ly(Q) with g(-,0.(-)) € L**(Q) and a

constant ¥, < oo such that

F
A(Xv u, F) - gt(x> |F|)W < €gt(X, |F|)

for all (x,u,F) € Q x RN x RN*" satisfying |F| > o.(x) + %. |ul.

(ii) There is a constant M > 1 and a function B8 € L,(Q) with g(-, B(-)) € L**(Q)
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such that
|A(x,u,F)| < Mgi(x, 8(x) + [u| + [F|);
[b(x,u,F)| < Mg(x, 8(x) + |[u] + [F|);
for all (x,u,F) € Q x RY x RV*",
Suppose that u € WL, (S RY) is a weak solution to the system

div [A(x,u(x), Vu(x))] = b(x, u(x), Vu(x)) in €,

u(x) = U(x) on 08
ie. u—1u € WiL,(QRY), and for each ¢ € Wi L, (;RY),
/ {A(x,u,Vu) - Ve + b(x,u,Vu) - p}dx = 0. (4.1)
Q

Then g(-,|Vu|) € L'*(Q).

Proof. The proof given here is similar to the proofs given for the analogous theorems
in [35, 41]; our overall strategy is to show that u is an almost minimizer for the

functional J : A — R defined by

where

A= {W € Wng(QQRN> W —uc Wong(Q§RN)} :

We will allow the constant C' to depend on s, along with all the other usual parameters.

Fix xg € , 0 < p < diam(Q), and v € A with v —u € W"(Q(xo, p); RY). Then
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using the convexity of g(x,-) and (4.1), we have

K(u) < K(v) +/ g¢(x, Vu)ﬂ .

Q(xo0,p) \Vu]

< K(v) +/ (gt(x, Vu)—z — A(x,u, Vu)) - [Vu— Vv]dx

Q(x0,p)

(4.2)
— / b(x,u, Vu) - (u— v)dx.
Q(x0,p)
= K(V) —|—Il +IQ

To estimate [, for 0 < ¢ < 1 we split Q(xo, p) into the set on which |Vu(x)| <
o-(x) + 2. |u(x)| (call this set S), and the set on which the reverse inequality holds
(call this set 7); using the growth conditions on f and A, followed by part (iv) of

Lemma 2.1, gives

I §C’/gt(x,05+ﬁ+(1+25)\u\)\Vu—Vv|dx+€/gt(x,\Vu])]Vu—VV|dx
S T

< C’g/ g (x, 7/ V(g 4 B+ (1+ %) |uf)) [Vu — Vv|dx
Q(x0,p)

—I—s/ g (x, |Vul|) [Vu — Vv|dx.
Q(x0,p)
Now utilizing (vi) in Lemma 2.1 yields

L < Ce / {9(x,|Vu)) + g(x, |Vv])} dx
Q(x0,p)

+ cg/ (9%, 8) + g(x,0.) + (1 + =2)g(x, [ul)} dx.
Q(x0,p)

To estimate I, we use the growth constraints on b and again employ (vi) in Lemma 2.1
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to obtain
I<e / g ) gl )+ g [V
el / ool + gl oD
Defining
ve(x) := Ca(e/Co) " {g(x, BX)) + g(x, 0¢jc. (x)) } + g(x, B(x))

T. =C.(14+e+X,),

we have shown that

Lhtbh<e / {ve + g(x, [Vu]) + g(x, |Vv])} dx
(x0,p)

LT / {9(x, Jul) + g(x, [v])} dx.
Q(x0,p)

Note that {v.}eso € L' (Q) and {T.}.~0 C R,, so putting this estimate into (4.2)
and employing Lemma 2.10 and Theorem 2.12 then bootstrapping as we did in The-

orem 2.13 gives the desired result. O

4.3 Regularity for Minimizing Sequences and
Minimizing Young Measures

To prove the existence of Morrey regular minimizing sequences, we will use the fol-
lowing version of Ekeland’s variational principle. For the proof of this result, see, for

example, [47].

Theorem 4.3. Let (V,d) be a complete metric space, and let J :V — R* be a lower
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semicontinuous functional that is finite at some point in V. Assume that for some

v €V and some € > 0, we have

J(v) < inf J(w) +e.

wey

Then there exists a point u € V such that
J(u) < J(v) and J(u) < J(w) + ed(u, w) for allw € V.

We use Theorem 4.3 to prove the following, which supplies uniform regularity for

minimizing sequences.

Theorem 4.4. Suppose that Q C R™ is open and bounded with C* boundary, and
that a : Q@ — [1,00) satisfies (1.12)-(1.14) and g : Q x Ry — R, satisfies (1.15)-
(1.17).  Suppose that f : Q x RN x R¥*" — R is a measurable function that is
lower semicontinuous with respect to the second and third arguments and satisfies the
following hypotheses for some 0 < A < n, r < 1 < s < min{ry, 1 + pro/n,p*/p},
B e LYQ), and v € L'*(Q):

27905 F) = Mo(x, )" — 50x) < £, F) < M0 + gl ) + g, [F]).

Here, 19 is as in Remark 2.2. Suppose further thata € WL, (Q; RY) with g(-, |Va|) €

LY(Q) is given and define the admissible class by
A={ueW"(RY):u-1ue Wol’l(Q;]RN)} .

If the functional K : A — R* is defined by (1.6), then there is a minimizing sequence

{ui}2, € A for K such that the sequence {g(-,|Vug|)}32, is uniformly bounded in



113
LIA9).

Proof. By the growth condition imposed on f, we have that K (@) < oo, so that K
is finite at some point in A. Let {v,}32; C A be a minimizing sequence for K, and
let €;, be defined by

e = K(vy) — inf K(w).

wey

Without loss of generality, we assume that ¢, < gy, where ¢ is as in Remark 2.4. By
the coercivity condition on g, we have that K is bounded from below and we have
that the sequence {g(-, |Vvg|)}32, is bounded in L'(2). Notice that A equipped with
the metric

d(u,v) == [Vu— Vv,

is a complete metric space, and that by Fatou’s Lemma and the lower semicontinuity
of f with respect to the second and third arguments, K is lower semicontinuous with
respect to this metric. Therefore, by Theorem 4.3, we have that there is a sequence
{up}2, € A such that K(u,) < K(vg) and K(u) < K(w) + &, [|[Vu, — Vw||,,
for every w € A. Since K(uy) is dominated by K (vy), it is clear that {ug}32, is a
minimizing sequence for K. Also, if ¢ € Wy (Qxo, p); RY), then from the above

inequality, we have that

K(ug) < K(uk—i—go)—l—ek/ V| dx
Q(x0,p)

< K(wo+ @) + e / C (14 g(x, |Vel)) dx.

Q(x0,p)

Recall that ¢, < g, so that we have

K(w) < K(ug + ) + ¢ / gl IV9D)
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for all € > eg. Therefore, by Theorem 2.13 and Remarks 2.3 and 2.4, we have
that {g(-,|Vui])}2, € L'"(). In fact, since {uz}?°, is a minimizing sequence
for K, the coercivity assumption on f implies that the quantities [, g(x, |Vuy|)dx
are uniformly bounded, so by Remark 2.5, the Morrey norms ||g(-, |Vug|)||;.,» are

uniformly bounded also, as desired. O

As a corollary to the above result, we have the existence of a minimizing Young
measure that is Morrey regular in the case of natural growth (i.e. g(x,t) = t7).

Suppose that @ € WP(Q; RY) is given, and set
A= {ue WP(QRY):u—ue W,"(Q)}.
For a fixed function f: Q x RY x R¥*" define the functional K : A — R by

K(w) ::/Qf(X,W,VW)dX.

It is well known that K need not admit a minimizer in A if g is not quasiconvex. One
way to deal with this is to expand the admissible class to include Young measures as
follows. Define Y4 to be all those v € Y(£2; RY*") that are generated by {Vu, 152,
for a sequence {uj};";l C A. It can be shown that for each v € )4, there is a unique
u, € A with Vu,(x) = f]RNX" Fdvy(F) almost everywhere in Q. With this notation
in place, we expand the admissible class A to the set A, which we define to be the

collection of all pairs (u,,v) € A x V4. Then we define K:A—=R by

R(uy,v) = /Q /R gbeu(a), F)diy(F)dx

We note that for every u € A, we can define dvy = {0vux) }xeo to be the Young
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measure that maps x to the Dirac mass centered at Vu(x). Then, for u € A, we
have that the pair (u,dyy) € A, and f((u, dvu) = K(u), so that we can think of
A C A and K as simply extending K to the larger domain A. Furthermore, it can

be shown (see [53]) that if K is coercive, then K admits a minimizer (u,,v) and

K(u,,v) = l1lr61“f4K'(u).

With this notation and background, we now state the following corollary to Theo-

rem 4.4.

Corollary 4.1. Suppose that all the hypotheses of Theorem 4.4 hold with g(x,t) = tP
for some p > 1. Let the functionals K and its extension K, as well as the admissible
class A and A, be defined as above. Then there is a minimizer (u,,v) € A for K
such that the function

X > |F " dvy (F)

RN Xn

belongs to L*(Q).

Proof. By Theorem 4.4, there is a minimizing sequence {u;}3>,; C A for K such that
{Vu;}22, is uniformly bounded in LPA(Q; RY*™. Let v be the Young measure gener-
ated by (possibly a subsequence of) {Vug}72,. Then v will be a minimizing Young
measure, and furthermore, for any x, € €2 and p > 0, we have, by the fundamental

theorem for Young measures (Theorem 3.1), that

P/\/ / |F|” dvk(F)dx < lim inf p’\/ |Vugl” dx
Q(x0,p) JRN X1 ko0 Q(x0.p)

< sup ||| Vug|’||;1a < 00,
keN

which immediately yields the desired result. O]
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We also have the following, which is a sort of converse to the above Corollary.

Theorem 4.5. Suppose that Q0 has Lipschitz-continuous boundary, and let f : € X
RN x RY*" — R be a measurable function such that f(x,,-) is continuous for almost

every x € Q. Also assume that f satisfies
1 p q P r
CIEP —clyl’ —alx) < flx,y,F) < c[F[" +cly[" + a(x)

for some 1 < p < o0, 0 < qg<p 0<7r <p,c>0, and a € L*(Q). Let
uy € WHP(Q;RY) be given, and suppose that {u;}32, C A =g + WyP(Q;RY) is a

minimizing sequence for the functional J : A — R defined by

J(v) = /Q F(x,v(x), Vv(x))dx.

Let v = {vx}xea be the Young measure generated by {Vu;}32, (or possibly a subse-

quence). If v satisfies

sup p_)‘/ / |F|” dvy(F)dx < oo (4.3)
Qmon,p RN xn

X0 EN
p>0

or some 0 < X\ < n, then there is a minimizing sequence {v,;}2, C A such that
JJ =1
v; 12 is uniformly bounded in W@ (Q: RN) and {Vv,;}2, is p-equiintegrable. In
JjJSi=1 JJ5=1
particular, if p4+ X > n, then {Vj}?il is uniformly bounded in C'=(=N/P(Q; RY), the

space of Hélder-continuous functions with exponent 1 — (n — \)/p.

Remark 4.2. The conclusion of the theorem also holds in the case p = 1 if we

additionally assume that {Vu;}22, is equiintegrable.

Proof. Because of the coercivity condition on f, any minimizing sequence will be

bounded in WP(Q;RY). Therefore, taking a subsequence if necessary, we may as-
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sume that u; — u in WH(Q; RY) and that {Vu, }52, generates the Young measure
v. Since {Vu;} is equiintegrable, it follows from Theorem 3.1 that

Vu; — Fdv(F) in L' (% RY),

RN Xn

and hence

Vu(x) = /R  Fduy(F)

for almost every x € Q. Thus condition (i) in Theorem 3.6 is satisfied. As v is
the Young measure generated by a sequence of gradients bounded in LP(2; RV*"), it
follows that (ii) in the same theorem is also fulfilled. Seeing that (4.3) is precisely (iii),
Theorem 3.6 implies that there exists a sequence {v;}?2, C A uniformly bounded
in WHEN(Q: RY) such that the sequence of gradients {Vv;} is p-equiintegrable and
generates v.

To see that {v;} is a minimizing sequence for the functional J, we define the

Young measure g = {jix }xeq C M(RY x R¥*") by
Mx = 5u(x) X Vx,

where dy(x) denotes the Dirac mass centered at u(x). Define the sequences of functions

w;(x) = (u;(x), Vuy(x));

z;(x) = (v;(%), Vv;(x)).

Both {u;} and {v;} converge weakly to u in W'?({2; RY), and hence also converge

strongly to u in LP(€;RY). Because of this strong convergence and because the
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sequences {Vu,;} and {Vv;} generate v, we have that each of the sequences {w;}
and {z;} generate the measure . Furthermore, using the growth conditions on f, we

see that the sequence {f(-,z;(-))} is equiintegrable, so using Theorem 1, we obtain

lim J(v;) = lim [ f(x,z;(x))dx = /Q/me f(x,u(x), F)dvg(F)

J—00 Jj— Jq
< lim inf/ / f(x, w;(x))dx = liminf J(u;).
J—00 QJQ j—00

Since {u;} is a minimizing sequence for J, it follows that {v,} is also a minimizing

sequence. This concludes the proof. O
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