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ON A FAMILY OF GENERALIZED WIENER SPACES AND APPLICATIONS

Ian D. Pierce, Ph.D.
University of Nebraska, 2011

Adviser: David L. Skoug

We investigate the structure and properties of a variety of generalized Wiener spaces. Our
main focus is on Wiener-type measures on spaces of continuous functions; our generalizations
include an extension to multiple parameters, and a method of adjusting the distribution and
covariance structure of the measure on the underlying function space.

In the second chapter, we consider single-parameter function spaces and extend a fun-
damental integration formula of Paley, Wiener, and Zygmund for an important class of
functionals on this space. In the third chapter, we discuss measures on very general function
spaces and introduce the specific example of a generalized Wiener space of several parame-
ters; this will be the setting for the fourth chapter, where we extend some interesting results
of Cameron and Storvick. In the final chapter, we apply the work of the preceding chapters
to the question of reflection principles for single-parameter and multiple-parameter Gaussian

stochastic processes.
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Chapter 1

Background and Introduction

1.1 Background

For finite-dimensional spaces, Lebesgue measure serves as a canonical example; it has the
important (and intuitive) properties of scale and translation invariance. However, it is
well-known that there can be no reasonable translation invariant measure on an infinite-
dimensional space. The problem of defining a somewhat reasonable measure on such a
space was first solved by Norbert Wiener in [58]. Wiener constructed his measure on the
space C[0, 1] of continuous functions on the unit interval. Elements of the support of this
measure satisfy the conditions to be sample paths of an ordinary Brownian motion; thus
Wiener’s work made mathematically rigorous the model proposed by Albert Einstein (thus
foreshadowing the significant applications to problems in mathematical physics which were
to follow).

A standard Brownian motion is a model originally intended to describe the apparently
random motion of a particle moving in a liquid. For a Brownian motion, the particle trajec-
tories must satisfy several conditions, the first being continuity. In addition, the position at

time ¢ must be normally distributed with mean 0 and variance ¢, and this distribution must



have independent increments. Viewing the path of a particle as a stochastic process and
using these properties, one can show that the transition probabilities for a discretization of

the process using the partition 0 =ty < t; < ... < t, = 1 have density functions

1 = us)?
exp (_ (QUJH u;) ) ’
27T(tj+1 - tj) (tj-‘rl - tj)

as per Einstein’s proposed model.

Wiener’s task was to start with sets defined in terms of finite discretizations of this type,
and from them to obtain a countably additive set function on the Borel algebra of subsets
of C[0,T]. This is quite involved, and is all the more impressive when one recalls that the
Lebesgue Theory was really quite new at the time, and that much of the modern machinery
of functional analysis was unavailable to Wiener.

From the basic facts discussed above we can easily obtain the ability to integrate “tame”
functionals of the form F'(z) = f(z(t1),...,z(t,)), where f : R" — C is Lebesque measurable

against Wiener’s measure to using the formula

/ Fa)o(dz) = (
Co.1] o

J

(27T(t]' - tj—l))) f(ulv s ’un)

R

1 (uj — uj1)?
—— —— = | du, --du;. (1.1
o (43 B2 i 0

J=1

1

A considerable amount of work was accomplished with little more than this formula and
very clever estimation and limiting arguments, and the additional theorem from [42] of
Paley, Wiener, and Zygmund stating that for {h4,...,h,} an orthonormal collection (in the

L?-sense) of functions of bounded variation on [0,1] and for F : C[0,1] — C defined by



Flz)=f ( S hyda, ) hndx>, the following holds:

/(1[0,1} F(i)m(dx) = (27T)7% - f(ul, . ,un) exp (— ]Z:; UEJ) du,, - - - duy. (1.2)

Perhaps the best-known contributers to the field following Paley, Wiener, and Zygmund
were R.H. Cameron and W.T. Martin and their disciples. Of great significance was the
Cameron-Martin translation theorem, which drew on the underlying structure hinted at by
(1.2). This translation theorem showed that while the Wiener measure was not translation
invariant, it was quasi-invariant with respect to translation by a certain subset of C|0, 1]. Now
called the Cameron-Martin space, this is the collection of absolutely continuous functions
with L? derivatives, ( i.e. the Sobolev space HZ[0,1]). If T': C[0,1] — C[0, 1] is defined by
x +— x + x, where x( is in the Cameron-Martin Space and zj, is of bounded variation, then
the translation theorem asserts that the Radon-Nicodym derivative of the measure v o T

with respect to the untranslated measure ~ is given by

1

0 0) = exp (et~ [ wiore)) (1)
The condition that z;, be of bounded variation can be relaxed by substituting a stochastic
integral for the Riemann-Stieltjes integral in (1.3). This translation theorem has many
significant implications. As a connection to the theory of probability, we note also that this
is a special case of the Girsanov Theorem.

Considerable development and generalization was accomplished by many of Cameron’s
students and associates; of particular note for my research have been Donsker, Baxter,
Varberg, Kuelbs, Yeh, C. Park, and Skoug. Two forms of generalization are of particular
interest to us; the first is in considering a wider variety of transition probability densities

and the second is in allowing for parameter sets other than the interval [0, 1].



Speaking quite generally, a measure v on a Banach space E is Gaussian if for every

r* € E*, the “push forward” of v by z* is a Gaussian measure on R; that is, the image

~1 is either a Dirac mass d, or has density

P(u) = \/% exp (—%)

measure 7y o (%)

for some a € R and o0 > 0. Our discussion will be primarily concerned with Gaussian
measures on function spaces, including the Lebesgue spaces LP(S : v), where v is a Borel
measure on the compact metric space S and 1 < p < oo, and particularly with the “canoni-
cal” space C'(S) of continuous functions from S to R, equipped with usual supremum norm.
A considerable amount of work has been done to describe the behavior and structure of
Gaussian measures on very general spaces. A compendium of many of these results is found
in Bogachev’s informative text [5].

In 1968, Leonard Gross simultaneously codified and extended the relationship of the
Cameron-Martin space, the larger Banach space containing it, and the corresponding Gaus-
sian measure 7 in [28], christening the construction an Abstract Wiener Space (AWS). This
development opened a floodgate of new work in the area, and additional significant results
were obtained by many researchers; some commonly seen names include Dudley, Feldman,
LeCam, Kallianpur, and Kuo. A good representation of where the subject stood in 1975 can
be found in [36] and in [2]. A more recent retrospective is given by Strook in [53].

Gross” work on Abstract Wiener Spaces was partially inspired by the extension of the
Cameron-Martin translation theorem obtained by his advisor Segal, and drew on the notion
of a cylindrical measure (for a very general treatment see [49]). Briefly, the basic idea of the
AWS recognizes that the structure of a Gaussian measure is captured by its Cameron-Martin
space; in some sense, the larger Banach space is merely needed to “fill in” what is lacking in

a Hilbert space in order to allow the canonical centered cylindrical Gaussian measure having



Fourier transform

3(0) = esp (~3 171P) (14)

to extend to a countably additive measure with nontrivial support. This is probably the
most studied case of what is generally termed the radonification problem: when does a
cylindrical set measure on a Banach space extend to a countably additive Radon measure?
For interesting and general work on the radonification problem, one might consult Fernique,
Fernholz, Linde, Pietsch, Kwapién, etc. Van Neerven has a very nice survey article [57] that

discusses many of these endeavors.

1.2 Overview

A natural starting point is to begin with a thorough investigation of the spaces C, [0, 7.
Here we begin with the “classical” formulation used extensively by Chang, Chung, Choi,
Ryu, Skoug, Yeh, in [10, 11, 12, 65|, and by others.

Briefly, these spaces are quite natural extensions of Wiener’s original construction, with
a structure determined by the R-valued functions a and b defined on [0, 7], for which the

transition probabilities are of the form

1 exp <_ [uj1 — altjs1) —uy + a(tj)]2> ‘ (15)
V21 [b(t; 1) — (1] 2[b(t;+1) — b(t))]
Generally, the function b has been taken to be continuous and increasing and the function a
taken continuous. The choice of a and b has important consequences for the properties of the
measure thus obtained. Most formulations (e.g. [11, 13, 64] ) have further stipulated that
b be continuously differentiable with & bounded away from 0 and a absolutely continuous
with L? derivative.

Chapter 1 is focused on understanding these single-parameter spaces, with the aim of



understanding the effect of the choice of a and b on the measure. One result, which appeared
in [48], is an extension of (1.2) to the generalized Wiener space setting with less restrictive
conditions on the choice of functions {hy,..., h,}.

One of the original motivations for the general direction of this research was to formulate
a suitable generalization of the spaces C, [0, T, both in terms of the number of parameters
and in terms of the available choices of a and b. Moreover, our intent is to formulate this in
a manner that preserves the form of basic tools and techniques wherever possible and clearly
demonstrates any limitations that the more general setting might necessitate.

If we take Q = szl[o, T;] as our parameter space and functions a and b defined on @
with a certain amount of regularity, we can obtain suitable Gaussian measures on C'(Q)) that
directly extend the single-parameter construction. In this setting, one can obtain appropriate
formulations of (1.2) and (1.3), and then it is fairly easy to extend a considerable amount of
work from the single-parameter setting to the multiple parameter setting.

In considering the previous ideas, questions arose about the abstract structure underlying
the AWS construction. While there has been considerable work done with extremely general
spaces elsewhere (e.g. locally convex spaces, Banach spaces), here we trade generality in
exchange for a more tractable collection of problems whose solutions can be expressed in a
concrete fashion, and have focused on Banach spaces of real-valued functions.

Classical Wiener space theory usually begins by choosing a particular Banach space and
a desired covariance structure for the measure, and then finding some suitable Hilbert space
contained in the Banach space that will serve as the Cameron-Martin space. Meanwhile,
abstract Wiener space theory typically starts with a pre-chosen Hilbert space and then finds
a suitable Banach space in which the Hilbert space can be embedded and function as the
Cameron-Martin space for a non-trivial Gaussian measure. In some sense, one is left with a
“chicken and egg” problem, for in the first situation the necessary Hilbert space may not be

desirable, while in the latter the resulting Banach space may not be desirable. One aim of



this work is to strike a reasonable balance between these approaches.
By way of example, taking S to be a compact metric space, v a Borel measure on S, and

C(S) as our function space, a basic structure of interest is shown in the following diagram.

In this example, the measure v on C(S) is centered with Fourier transform (or characteristic

function)

A | Lo
Y(p) = exp (—§<TT 1, u>> = exp <—§ (T"n, T N)L2<s;u)> :

The structure and properties of the maps 1" and T™ will ultimately determine the properties
of the measure obtained on C(S) having TT* for its covariance operator. In Chapter 3,
we demonstrate a method for constructing these maps in such a manner that the resulting
measure v on C'(S) satisfies given desired properties.

Given these families of Gaussian measures, a question of interest is to determine which
general properties are common to all and which are dependent upon the particular choices of
a, b, and parameter space. One such question involves the idea of reflection; it is well-known
that an ordinary Brownian motion process exhibits this property.

In the C, [0, T] spaces, if the point evaluation process z(t) is not centered ( i.e. is not
mean 0, which is equivalent to the condition that a is not the zero function) then it is
not hard to see that it should not satisfy the reflection principle. It will however satisfy a
reflection principle about its mean; that is, the process X (t,x) = x(t) — a(t) will have the

appropriate distribution.



In the multiple-parameter case, the question becomes less clear. To begin, what is meant
by “reflection” in this setting? In Chapter 5, we will investigate several possible notions that
could serve as the analogue to the reflection principle. The answers to these questions about
reflection can then be applied to barrier-crossing problems for the appropriate associated

stochastic processes.

1.3 Questions for Future Work

Much of our original motivation described above still remains to be accomplished. This is
to continue the program of generalizing and extending the body of work already completed
for Cy (0,77 to the more general function spaces we have obtained. Which constructions
generalize easily and which are more difficult? Which properties are essentially independent
of parameter dimension, drift, and covariance structure, and which must be investigated on
a case by case basis? As noted above, the reflection principle is a good example of a such a
property.

Note also that the choice of Q) = H?ZI[O, T;] is a fairly limiting assumption, though it has
the advantage of imposing a very clear structure. It may be interesting to investigate the
effect of replacing ) with a finite-dimensional manifold M. How does the choice of smooth
structure on M affect the measure v on C(M)?

Along the same lines, what is the changed when constructing v on the space C'(M,N),
where both M and N are manifolds? The case where M = [0, 1] with a suitably adjusted
Wiener measure has been the subject of a considerable amount of work; for instance, see
(17, 18, 19, 27, 29].

As an extension of these ideas, it is possible to obtain or construct a suitable notion
of the space of cddlag functions (also commonly called Skorohod Space) over d-parameters,

and if possible determine necessary and sufficient conditions to assure that supp(y) = D for



Gaussian measures 7y of the sort considered above? It seems that this should be a natural
space of which such measures should live, as the reproducing kernel K (s,t) is well-defined
in a pointwise fashion (and hence all elements of the Cameron-Martin space for ). Thus it
seems reasonable that elements in supp(y) should behave somewhat reasonably. These spaces
would occupy a sort of middle ground between Lebesgue spaces and spaces of continuous

functions.
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Chapter 2

Single Parameter Spaces

2.1 An Introduction to the Function Space C,;[0, 7]

Let Cy[0, T] denote a one-parameter Wiener space; that is the space of real-valued continuous
functions z(t) on [0, 7] with x(0) = 0. Let M denote the class of all Wiener-measurable
subsets of Cy[0,7] and let w denote Wiener measure. Then (Cy[0,T], M, ) is a complete

measure space and we denote the Wiener integral of a Wiener integrable functional F' by

/C o F(z)ro(dz).

The Wiener process found in [8, 30, 31, 44, 45, 63] is stationary in time and is free of
drift. We shall concern ourselves with a more general class of stochastic processes which may
be non-stationary in time and subject to drift.

A generalized Brownian motion process is a real-valued stochastic process X (t) on a
probability space (€2, A, P) with parameter space [0,7T] if X(0,2) = 0 almost surely on
Qand for 0 = tH < t; < ... < t, < T, the density function for the random vector

(X (t1,2),...,X(tn,x)) is given by
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([Lavtey ) * e (-3 5 =D bl

Jj=1

where a(t) is a continuous function on [0, 7] satisfying a(0) = 0 and b(¢) is a continuous,
strictly increasing function on [0, 7 satisfying b(0) = 0. In Chapter 3 of [66], Yeh shows that
the generalized Brownian motion process determined by a and b is a Gaussian process with
mean function a(t) and covariance function r(s,t) = min{b(s), b(¢)}.

For the present we will adopt the formulation of [11], though we will later see that the
associated requrements can be relaxed considerably while retaining a workable theory. Let
a and b be functions defined on [0,T] with a’ € L?[0,T] and b continuous, positive, and
bounded away from 0 on [0,7]. Observe that a and b are absolutely continuous and b is
strictly increasing on [0, 7], and so one can define a generalized Brownian motion as above.
We desire to take @ = ([0, 7] and find a measure m on Cy[0, 7] with respect to which the
coordinate evaluation map ¢&; : Cy[0,7] — R by x +— z(t) is the generalized Brownian motion
process determined by a and b.

Forn=1,2,....1let 0 =ty <t; <--- <t, <T. Take the collection of finite-dimensional

distributions on R” given by the density function in (2.1), which we will express as

W,(t;u) = (H QWAib(t)) exp (_Z (Ai(;A:b?;)t))) ) : (2.2)

where A;b(t) = b(t;) — b(t;—1) and A;(u — a(t)) = u; — a(t;) — wi—1 + a(t;—1). We will refer
to W, (t;u) as the generalized Wiener kernel.

Let Cy[0,T] be the space of continuous functions on [0, 7] for which z(0) = 0, equipped
with the supremum norm ||z|| = supy<;<p |2(t)]. We want a measure m on Cy[0,T] that

has finite-dimensional distributions {20(t) : t € R"; n = 1,2,...}, each having density
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W, (t;u); that is for 0 = tg < t; < -+ < t,, < T and Lebesgue measurable £ C R" | if

E={zeCy0,T]: (z(t1),...2(t,)) € E}, then

m(E) = /E d20(t) — /E W, (t: w)du. (2.3)

For0 =1t <t; <---<t, <T and d and e in R", define I(t;d,e)) = {z € C,[0,7] :

d; < z(t;) < e fori=1,2,...,n}. We will refer to these sets as cylinder sets or intervals.
Put
W(t)(I(t;d,e)) :/ d20(t) :/ W, (t; u)du. (2.4)
I(t;d,e) [T} 1[d;.e5]

From this beginning, each distribution 20(ty) can be extended to a probability measure
on the sigma algebra generated by the collection {I(to;d,e)} by the usual Carathéodory
extension process.

We will need the following proposition. It is stated with its proof in Chapter 3 of [33].

Proposition 1 (Chapman-Kolmogorov Equation). Let r, s, and t be real numbers with

r<s<tandletA>0. Then

/ (ﬁ> oo (—Aéii - 5) (%(3— r)) oo (‘%) v
() e (i) @9

Coupled with careful bookkeeping, the Chapman-Kolmogorov Equation can be used to

demonstrate that the family of distributions {20(t) : t € R"; n = 1,2,...} is consistent;
that is if t = (t1,...,t,) and t' = (t1,...,t;_1,¢,t,...,t,) and A C R" is measurable with

respect to the distribution 20(t), then

MW (t)(A) — /A d0(t) = /A () = W) (A X B, (2.6)
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By the celebrated theorem of Kolmogorov (see [35, 46]), the consistency of this family of
distributions implies that there is a Radon probability measure on RI»7] that has the desired
finite-dimensional distributions {20(t)}. It only remains to show that the space Cy[0, 7]
supports this measure.

There are several approaches to this. One approach is to use an adaptation of the
Kolmogorov-Centsov Theorem (see [35]) to demonstrate that the sample paths for the
stochastic process induced by the measure just obtained are almost surely continuous. This
is in some sense unsatisfying, because the space RI*7! on which the measure is defined is not
Co[0,T] as desired.

In fact, it is well-known that Cy[0, T is not even an element of the Borel class for RI%7],
By a theorem of Doob [16], one could show that the outer measure of Cy[0, 7] is 1, and then
the desired measure can be obtained by simply using the outer measure and intersecting
([0, T] with the Borel class of RI®”), This is the approach that Yeh takes in constructing
the ordinary Wiener measure in [66].

Another approach is an adaptation of that taken by Nelson in [38] and [39] and discussed
in [24]. Nelson’s solution is to adapt Kolmogorov’s theorem to obtain a measure on (R*)%7],
where R* is the one-point compactification of R. Then C[0, 7T is a Borel set for this space,

as

(o oluNe N0 o]

Co. 11Uz =AU N {z:lals) - @) <},

n=1j=1k=1 0<s,t<n
|s—t|<1/k

where ., is the function that always takes the value oo in R*. It then suffices to demonstrate
that the measure of the complement of this set is 0, which is facilitated by the fact that the

measure is Radon (and hence inner regular), which allows the estimation of the measure of
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the sets

U {m |z (s) — 2(8)] > ;}
$,t€[0,T]
[s—t|<1/k

from within by compact sets. This in turn depends on the estimate

= (w5 % [ e (-t

for 0 < s < t and for § sufficiently small that a(t) — a(s) < e. With these adjustments,
the existence of the desired measure is obtained in generally the same fashion as found in
Section 10.5 of [24].

Of course, one could also do as Wiener did in [58] and build the desired measure from
scratch by building a set function with the desired finite-dimensional distributions and then
proving countable additivity. Whichever method is used, a probability measure m is obtained
on the Borel class of Cy[0, 7] having finite-dimensional distributions given by {20(t)}. This
measure can then be completed in the usual manner. The resulting function space, which
we denote by C, (0,77, is considered by Yeh in [65] and by Yeh and Hudson in [67] and was
investigated extensively by Chang and Chung in [12] and Chang and Skoug in [13].

Observe that the functions a and b induce a Lebesgue-Stieltjes measure v, on [0, 7] by

vonlE) = / A(b(t) + ] (1)) = / abi(t) + / dla] (t) = (E) + v (B),

for Lebesgue measurable E C [0, 7], where |a| denotes the total variation of a. This leads to

the following definition.

Definition 1. Define the space L2,[0,T] to be the space of functions on [0, 7] that are
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square integrable with respect to the measure induced by a and b. That is,

Lo0, T ={f:[0,T] = R: /0 FA6)A(b(t) +al (£)) < oo}

The space L7 ,[0,T] is in fact a Hilbert space (as our notation suggests), and has the

obvious inner product,

(F, O)as = / F(B)g(HABE) + |al (£)).

As b > 0, the measure v, is mutually absolutely continuous with Lebesgue measure.
Note that the measure v, is absolutely continuous with respect to Lebesgue measure, but
that the converse need not hold. Thus v, is absolutely continuous with respect to Lebesgue
measure and L2 ,[0, 7] C L?[0,T] in general, with Lg ,[0,T] = L*[0, T] in the case where a is
the zero function.

We briefly discuss some important facts and theorems that will prove useful. The first is
the analog to the ‘Wiener Integration Formula’ for ordinary Wiener space Cy[0,7]. This is a
well-known and often used theorem. It follows quite naturally from equation (2.2) and from
the definition of the function space integral; see [33] for the proof in the case of Cy[0, T and

make the obvious adaptations.

Theorem 1 (Tame Functionals). Let 0 = tp < ¢ < --- < t, < T and let F(z) =
fz(ty),...,z(ty)), where f: R* — C. Then F is m-measurable if and only if f is Lebesque

measurable and

/ Floymd) = [ F)w,(t: u)du, (2.8)
Ca,b[O,T] R
where = is strong in the sense that if one side exists, then the other side exists with equality.

The following useful facts can be proven using Theorem 1. For ¢t € [0,T], put X (¢,z) =
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x(t), and then by (2.8), the first and second moments of X (¢, x) are

E[X(t,2)] = E[z(t)] = /C [OT}m(t)m(d:c) = a(t), (2.9)

and

E[X(t,2)%] = Elz(t))] = /C o 22 ()m(dx) = b(t) + a2(t). (2.10)

It is also straightforward to compute the covariance of X (¢1,x) and X (o, x); for then

E[X (1, )X (ta, x)] = /C [OT]x(tl)x(tQ)m(da:) = min{b(t,), b(t2)} + a(t)a(ts).  (2.11)

The next theorem is analogous to the celebrated translation theorem of Cameron and
Martin found in [7] and has been used extensively. The statement we give here is from [13]

and a proof can be found in [12].

Theorem 2 (Translation Theorem). Let a and b be defined as above. Let z € L7 ,[0,T] and

let xo(t) = fot z(s)db(s). If F is an integrable function on C,,[0,T), then

E[F(x + x)] = exp (—%/0 22(s)db(s) — /0 z(s)da(s)) E[F(z)exp ((z,2))].  (2.12)

The translation theorem shows that it is possible to compute the Radon-Nikodym deriva-
tive of the measure mo7}, induced by a translation = — x4z, provided that the translating
function xy ‘behaves nicely’. In the classical Wiener space Cy[0, 7], absolutely continuous
functions with derivatives in L?[0, 7] are the class of functions for which the translation the-
orem holds. This collection of functions is commonly known as the Cameron-Martin space
and is known to be dense and of zero measure in Cy[0, T']. In our setting, we observe that the
existence of the integral fOT xq(t)da(t) is necessary in order to use the translation theorem.

In view of the possibly strict containment of L2 ,[0,T] in L*[0,T], this may decrease the
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available pool of functions by which one can translate, depending on the behavior of the
function a. This leads us to make some further observations.

In the original statement of the translation theorem in [7] and in certain other statements
since, the hypothesis on the translating function has been given as “let x( be a given function
in Cy[0, T] with a first derivative z{, of bounded variation on 0 < ¢ < T.” We note that this
hypothesis can be understood in several ways.

First, one could take this statement to mean that xj, is derived from zg in the purely clas-
sical sense and exists on all of [0,77]. As Darboux’s Theorem prohibits derivatives obtained
in this manner from having jump discontinuities, this would essentially force zy to have a
continuous derivative on [0,7]. While we can certainly translate by such functions, this is
a very strong condition that needlessly reduces the available pool of translators. It seems
clear that this is not the understanding that was originally intended.

A second view that one could take is that z( is only required to have a classical deriva-
tive almost everywhere on [0, 7] and that on the exceptional set the derivative is assigned
appropriate values to assure that it is of bounded variation. While this initially seems to be
a viable option, it is not tenable. To see why, let xy be the classic Cantor function on [0, 1].
Note that x is continuous with z4(0) = 0 and that z{(t) exists and is equal to zero almost
everywhere on [0, 1]. Define x{(¢) in any appropriate manner on the exceptional set and then
we attempt to apply the translation theorem. By inspection, the translation theorem shows
that m(B;(zg)) = m(B1(0)). Take x4 (t) = 2kxo(t) for k = 1,2,..., and we obtain a sequence
of functions satisfying ||zy — ||, > 2 whenever k # m. Moreover, m(B(x)) = m(B1(0))

for each k. As the collection {B;(xy)} is disjoint, we obtain the obvious contradiction

k=1 k:l

Lastly, one can understand the hypothesis in the translation theorem to mean that z( is
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absolutely continuous in some appropriate sense (for instance, in the classical case, having
the form z((t) = f(f xy(s) ds for some function z{, of bounded variation on [0, 7). This view
is prevalent in most of the more recent statements of the translation theorem. Moreover,
by the appropriate limiting processes, one can show that this requirement can be relaxed
further, and that it is sufficient for z{, to be square-integrable in an appropriate sense for the
space C, [0, 7] under consideration. This is the understanding that captures the essential
property of allowable translations.

Finally, we note that the hypothesis that z € L2 [0, T is actually stronger than necessary
for (2.12) to hold. It is sufficient that the function z be merely integrable with respect to the
measure V|, instead of square-integrable. We will defer a demonstration of this fact until a
later discussion of the translation theorem in a more general setting.

In the remainder of this chapter we have two main goals. The first is to develop machinery
and techniques that we will use in subsequent chapters. The second is to establish useful
tools for integrating certain functionals on C, [0, 7.

It is often desirable to consider functionals of the form F(x) = f((0,z)), where (6, ) is
the Paley-Wiener-Zygmund stochastic integral of the function § € L?[0,T]. Functionals of
this type naturally appear in the Cameron-Martin translation theorem and in virtually all of
the integral transform theory for functionals on Wiener space. The first integration formula
of this type for functionals on Cy[0, T'] was established by Paley, Wiener, and Zygmund in [42]
and can be found in [41]. A shorter, modern proof of this theorem was given by Yeh in [66].
Applications of this theorem abound in the literature; for example see [30, 31, 44, 45, 63].
In [23], Robert Ewan obtained a generalization of this result. In Section 2.2 we define the
PWZ integral and demonstrate some of its important properties. In Section 2.3 we obtain a

generalization of the Paley-Wiener type integration formula for the function space C, [0, T7].
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2.2 Stochastic Integrals on C,;[0, 7]

For our purposes, we broadly classify stochastic integrals into three types. These are time
integrals, Paley-Wiener-Zygmund integrals (often called simply Paley-Wiener or Wiener in-
tegrals), and Ito-type integrals. Our results in this section are concerned with the first two
types. We will use fairly classical methods in our work in this section. In later chapters
similar notions will be explored using somewhat different techniques.

We begin with a brief discussion of our first object of interest, the time integral (or
parameter integral). Simply put, this is the Reimann integral of a function of the continuous
random variable X (¢,z) = x(t) with respect to the parameter ¢; thus the time integral of

X(t,z) is a random variable Y (z) that satisfies

Y(z) = /O ' F(t, X (t,2))dt = /0 ' F(t,2(t))dt, (2.13)

where F'(t,z(t)) is a functional on [0,T] x C,,[0,T] that is Riemann integrable on [0, T'].
The study of the Feynman integral provides ready examples of the utility of the time

integral. The Feynman-Kac formula represents an important step in the process of providing

a rigorous definition of the Feynman integral. A detailed explanation of this formula can be

found in [33]. The Feynman-Kac functional is given by

F(z) = exp (— /0 tV(s,X(s,x))ds) , (2.14)

where X (¢, ) is a standard Brownian motion process and V' : [0,7] x Cy[0,7] — C. Some

simple examples of time integrals include

Foy(z) = /0 0(t, aw(t) + B)dt, (2.15)
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where o, € R and 6 : [0,7] x R — R is bounded and continuous, and also

Glz) = < /0 Tm(t)dt) | (2.16)

H(z) = /OT 2% (t)dt. (2.17)

Calculations involving the expectation of the first two examples are important in the
study of the Feynman integral. For more examples of functionals involving time integrals
see [9, 32, 33].

The Paley-Wiener-Zygmund (PWZ) integral is a simple type of stochastic integral that
proves extremely useful in the study of the space C, [0, 7]. Given any complete orthonormal
set of functions {¢;}32, of bounded variation on [0, T] and any function f € L7 [0, 7], we can
write f = lim, oo fn, Where f,(t) = >0, (f, ¢j)ap®;(t). As each ¢; is of bounded variation,
the Reimann-Stieltjes integral fOT ¢;(t)dx(t) exists for every z € C,[0,7], and thus for
f e L2,[0,T], the integral

| 50y = [ 300t 0da() = S0 | 650000

is well-defined for each n and for every x € C, [0, 7.

Definition 2. Let {¢;}52, be a complete orthonormal set of functions of bounded variation
in L7 ,[0,T] and let f,(t) = 32", (f, ¢)apg;(t). For f € L7,[0,T], we define the Paley-

Wiener-Zygmund stochastic integral by the formula

T

(f,x) = lim fu(t)da(t)

n—oo 0

for all x € C, [0, T for which this limit exists.

We will presently demonstrate the following important properties of the PWZ integral.
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1. (f,z) exists for almost every x € C,,[0,T].

2. The PWZ integral is essentially independent of the choice of the orthonormal set used
to define it. Any complete orthonormal set of functions of bounded variation can be

used to define (f, z).
3. (f,z) has the usual linearity properties.

4. If a function f is of bounded variation on [0, 7], then (f,x) is equal to the Riemann-

Stieltjes integral fOT f(t)dz(t) for almost every x € C, [0, T].

Before proving these four facts, we will first establish some basic properties of the PWZ
integral as a random variable. Yeh establishes similar properties for a standard Brownian
Motion process in Chapter 5 of [66]; our development is quite similar. Some adjustments
are required due to the fact that our generalized Brownian Motion process is dependent on
the functions a and b. The following lemma is essentially due to Yeh, with a few necessary

changes.

Lemma 1. Let S[0,T] be the collection of simple functions of the form o(t) = > ,_ cexr, (1),

where Iy, = [ty, txr1] € [0,T)]. Then
1. E[f) o(t)dz(t)] = [, (t)da(t).

2 EI(J7 ot)de(t)) ] = [ ¢2ab(e) + (7 o(t)da(t))

3. fOTgo(t)dx(t) is a normally distributed random variable with mean fOT o(t)da(t) and

variance fOT ©%(t)db(t).
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Proof. As S[0,T] C BV[0,T], the Riemann-Stieltjes integrals appearing in the lemma all

exist. Using (2.9) we see that

t)dz(t)m(dz) / / cexr, (t)dz(t)m(dx
/abOT]/ abOT] Z ’ Ik ( )

—ch / tess) — ()me) = Y calaltn) — ot = [ olo)iate)

abOT] j=1

This gives the first conclusion.

For the second conclusion, we use equation (2.11) to compute

/c 0.7] (Z crlx(tpr) — m(tk)]) m(dz)

_ Z Z CjCk / (tjv1) — x(t;))(@(trs1) — z(tg)|m(dx)

7=1 k=1 abOT]

= Z Z Cjck/ a+1 T(tpr1) — (i) z(ty) — x(t)) o (o) + () z(te) m(dz)

= Z Z cjcr [ min{b(tj1), b(tee)} + altjrr)a(tier) — min{b(t)), b(tes1)}
— a(tj)atesr) — min{b(t;41), b(tk) } — alt;y)a(ts) + min{b(t;), b(tx)} + a(t;)a(ty)]

¢ [min{b(t1), b(tr1)} — min{b(t;), b(tis1)}

(]

j=1
j#k

I

— min{b(t;11), b(t)} + min{b(t;), b(ty)}]

+ Z 3 [b(tjs1) | + Z Z cicklatiz) — alty)] [a(terr) — alty)]

_ /0 " 20)db() + ( /0 ' go(t)da(t)>2 |

Finally, observe that the collection of random variables {z(t),t € [0, T} is a Gaussian system
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by Theorem 17.1 of [66], and therefore the linear combination

/0 p(t)da(t) = 3 cxlwltin) — 2(ta)]

is normally distributed by Theorem 16.4 of [66]. From the first two conclusions we can

compute the mean and variance for fOT @(t)dz(t); this completes the proof. ]

We remark that the Riemann-Stieltjes integral is linear; whence we have the useful fact

that

/0 [rp(t) + (1)) da(t) = r / (1) (t) + 5 / b(t)da(t)

for ¢ and ¢ in S[0,7] and r,s € R. We now ‘extend’ this use of the Riemann-Stieltjes

integral as a functional on C,;[0,7] to include a much wider pool of functions.

Definition 3. For f € L2 [0, 7], let {¢,}32, be a sequence of simple functions in L2 [0, T

satisfying f = lim,, . ¢,. Define the pointwise limit

T

Jf(z) = lim on(t)dx(t) (2.18)

n—oo 0

for all z € C,;[0,T] for which this limit exists.

If f € L2,[0,T] then there is a sequence of simple functions ¢, (t) = >, cxxz, (t) for
which [, < [f[ on [0,T] and lim, e [|f — ¢nll,, = 0. In addition, fOT on(t)dz(t) is an

element of L*(C,,[0,T],m) for each n by part (b) of Lemma 1. Moreover, ¢, — ¢, is an
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element of S[0,T]. Applying Lemma 1 and using Jensen’s Inequality (cf. [24]) shows that

7

2 2

P /ca,b[o,cr] </0T[90” - “Om]@)d“f(t)) m(dx)

_ / (o — onl2()db(1)

+ ([ ten = ealtaato)

< / [on — om?(1)db(1)

[ etirst - [ entvary

2

+ Vgl ([0, T])/O [n — SOm]Q(t)d la| (t)

< max {1, ([0, TN} [ln — @ml[2 -

From this, we conclude that the sequence {fOT on(t)dz(t)}52, is Cauchy in L?(C,p[0, T], m).
Notice that Jf exists for a.e. © € C,[0,T]. Moreover, if lim,, o @, = f = limy, 00 ¥y,
for sequences {p,}22, and {1}, in S[0,7] and Jf = lim,, fOT ©n(t)dz(t), then again

by Lemma 1 and Jensen’s Inequality we have

T T 2
’ / (Pn(t)dx(t) - / ¢n(t)dx(t) < max {17 Via|,0 ([O:T])} ||Sn - Sm“Z,bv
0 0 L2(m)
and therefore
T T
Jf(x) = lim ©n(t)dz(t) = lim Yy, ()d(t)

in L*(C,[0,T],m). We conclude that the definition of Jf is essentially independent of the
choice of sequence from S[0, 7] that is used to define it.

In some ways it is easier to work with Jf than with (f, z). Fortunately, they are actually
the same entity for almost every x € Cy [0, T, as we will show. We first establish the desired
properties for Jf and then show that Definition 3 is equivalent to Definition 2, and hence

Jf(z) = (f,z). To this end, we state the following lemma.
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Lemma 2. If f € L} ,[0,T], then

1. 3(f) is a normally distributed random variable.

\S]
(_)

=0
3. B3()?) = Ji P)ab(e) + (fon<t>da<t>)2

4. Ifr and s are in R and f and g are in L7 ,[0,T], then 3(rf + sg) = r3(f) + s3(g) for
a.e. © € Cgpl0,T.

Proof. The integrals on the right hand sides of items 2 and 3 are well-defined Lebesgue-
Stieltjes integrals, because f € L?,[0,T]. Take {¢,};2; to be a sequence of simple functions

with [p,| < [f| on [0, 7] and lim, o @ = f in L2 ,[0,T]. Then

/0 /f t)da(t \ /lson O dlal (t) < [lon — fll,s

and therefore lim,,_,. fOT on(t fo t)da(t). Moreover, p? < f? and ¢? — f?

pointwise for almost every ¢ € [0, T], and so by dominated convergence

tm [ goan = [ Foa

Finally, fo ©n(t)dz(t) is real-valued and thus ‘exp (zu fOT gon(t)dm(t)ﬂ =1 foru € R.
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Using these facts, we can compute the characteristic function for Jf and find that

T
Elexp(iuJf)] = / exp (zu lim / gpndx> m(dx)
Cap[0,7] e Jo

T
= lim exp (zu/ gondaj) m(dx)
e J e, b[0,7] 0

= lim Efexp (1uJpy)]
= lim exp <—%2/T on(t)db(t )+m/T o (t)da(t ))
_exp<——/ fA(t)db(t —|—Zu/ f(t)da(t )

This is the (unique) characteristic function of a normally distributed random variable
with expected value fo (t)da(t) and variance fOT f2(t)db(t). This proves items 1, 2, and 3.
Finally, we take sequences {p, }°°, and {1, }°°, of simple functions with lim,, ., ¢, = f
and lim,_,., ¥, = ¢ in L?Lb[O, T]. Then for real r and s each function ry, + s, is also a

simple function with lim,, .o ¢, + stb, = 7f + sg in L] [0, T], and therefore

T T
rJf + sJg =r lim on(t)dz(t) + s lim @Dn( Yda(t) = 3(rf + sg)
n—oo 0 n—oo
for almost every x € C, [0, T]. O
Lemma 3. If f € BV|[0,T], then Jf(z fo t) for a.e. x € Cypl0,T].

Proof. The proof of this lemma is precisely the same proof that Yeh uses for Theorem 22.5
of page 322 in [66], except that we reference our Definition 3 for Jf and our Lemma 2 from

above at the appropriate points. O
Lemma 4. If f € L7,[0,T}], then 3f(z) = (f,z) for a.e x € Cqu[0,T].

Proof. Note that f = lim, . ¢, = lim,_ f, for sequences {f,} and {p,} as before, and
that each ¢, and each f, is an element of BV[0, T]. Therefore ¢,, — f, € BV[0,T]. Then by
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Lemma 2, Lemma 3, and Jensen’s Inequality,

= [ o= @0

+ ([ ten— R0ty

< lgn— full2, + < [ o= sl <t>)

2
L2(m)

[ entirete - [ st

2

< /O (0n — fn)?(t)db(t)
+ Vol ([0, T])/O [pon — fal?(t)d |al (2)

< max {17 Va| ([O7T]>} |[on — anZ,b

Then note that

157 = el < | | e 37| o |- | L))

L?(m)

[ et~ [ nan

L?(m)

?

i

L2 (m)

and thus we conclude that Jf(-) = (f,) in L*(C,,[0, 7)), whence Jf(z) = (f, x) for almost

every x € Cy[0,T]. O

We are now free to dispense with Jf, after ascribing its desired properties to (f,z). The

following theorem follows immediately from Lemma 2 and Lemma 4.
Theorem 3. If f € L} ,[0,T], then

1. {f,z) is a normally distributed random variable.

2 E[(f,2)] = Jy f(t)da(t)

3. El(72)2) = [ £20ab) + (J7 70)da)’
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4. Forr and s inR and f and g in L2,[0,T), (rf + sg,z) = r(f,z) +s(g,x) for a.e. x €
Copl0,T7].

The following corollary gives one way of characterizing the relationship between the space

of functions L2 ,[0,T] and the collection of PWZ integrals obtained from it.

Corollary 1. The map ® : L2 ,[0,T] — L*(C,p[0,T]) by ®(f) = (f,z) is an injective and
bounded linear transformation. Its image ®(L, ,[0,T]) is a closed subspace of L*(Cqp[0,T]).

Thus ® is a linear homeomorphism of Hilbert spaces.

Proof. ® is linear by (d). Now, 0 = [|(f,z)||, = E[(f, z)?] > fo f2(t)db(t) > 0 if and only if
f=01in L7 ,[0,T] by (c); thus ® is injective. Also by (c),

||<fx||L2m>—/f )bt (/ F(t)dalt )

S/O fz(t)db(t)era,o([U,T])/o fA6)dlal (t) < max{1, a0 (10,7} IfIl;, . (2:19)

and so ® is bounded with [[®]| < max{1, 4,0 ([0,7])}. As ® is bounded and L7 ,[0,7] is
closed in itself, ®(L [0, T]) is closed in L*(Cqp[0,T7]). Since @ : L7 ,[0,T] — ®(L7,[0,T]) is
a bounded bijective linear transformation, the Open Mapping Theorem guarantees that &1

is also bounded. U

In [66], Yeh demonstrates that the analogous mapping from L2[0, T] into L?(Cy[0,T]) is
an isometry (often referred to as the It6 Isometry) and is then able to exploit this fact to
obtain further results. As one should expect, the situation is more complicated for more
general function spaces. We consider a simple example that illustrates the difficulty. Let

Cap[0,T] be a generalized Wiener space with parameter space [0, 7] and having drift function
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a(t) = 2t and consider the functions f; and f, given by

1 ifo0<t<

and fo(t) = 1. From (c) of Theorem 3 it is easy to see that || fi|l,, = |[fall,, = b(1) + 2.

However, a simple calculation also shows that

/01 f3(t)db(t) + </01 f2(t)d&(t>)2 = b(1) + (2)%,

and that

/01 fL(@)db(t) + (/01 f1(t)da(t)>2 — b(1).

Thus ||®(fo)|[3 > [ follap = Il f1llap > ||®(f1)|]3 and it is difficult to say very much about the
exact value of ||®|| except that ® is certainly not an isometry.

With suitable adjustments, one might still carry out a program of orthogonal expansions
for a general Brownian Motion process similar to that detailed in Section 23 of [66], albeit
with some difficulty. As one might expect, the very possibility of carrying out such a program
may be largely dependent upon the nature of the functions a and b. In Section 2.3 we will
show that for f and g in L2 [0, 77,

T T T
@ 2@ = [ SO0+ [ 0dalt) [ grdat), 20
and then taking the generalized Wiener space of our last example, we note that f5(t) =
X[o,%](t> and fy(t) = X[%,u (t) are orthogonal in L?,[0,T], but that ®(fs) and ®(fs) are not
orthogonal in L*(C, ;[0,T]) by equation (2.20). Thus one cannot necessarily build orthogonal

sets in L?(Cq[0,T]) from orthogonal sets in L2 ,[0, T, which raises doubts about whether
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one could obtain many of the results of Section 23 of [66]. Of course, if the function a is
identically zero it is not hard to see that then the map @ is in fact an isomorphism of Hilbert
spaces and one need only make minimal adjustments for the behavior of b in order to carry

[14

out Yeh’s program. The problem here is that LZ’b[O, T] is in some sense the “wrong” space
to be working with. In Chapter 3, we will have something to say about what the “correct”
space is.

We briefly return our attention to time integrals to observe an interesting relationship
between PWZ integrals and certain time integrals. If F(t, X(¢t,z)) = rX(t,x) + s with

r,s € R, we can use integration by parts, and taking our sample paths = € C,;[0,7] we

obtain

Y(2) = /O "R X (¢ ) = /0 () + s)dt
_, (T:p(T) _ /OT tdx(t)) ST

=sT+r(T —t,zx). (2.21)

We conclude that time integrals of this type can be written in terms of PWZ integrals.
In the examples of time integrals found in equations (2.15) and (2.16), G(x) is clearly of
this type and F, g(x) can also be handled in this manner in the case where 6(-,-) is a linear
function of its second argument. In section 2.3 we will obtain integration formulas for a
wide class of functionals involving PWZ integrals, which will consequently yield formulas for

functionals of time integrals.
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2.3 Paley-Wiener-Zygmund Theorem

In this section, we continue to assume that the function a is absolutely continuous with
derivative o’ € L?0,T] and that b is continuously differentiable with &’ positive and bounded
away from 0.

Functionals that involve Paley-Wiener-Zygmund (PWZ) stochastic integrals are quite
common. A very important method for evaluating function space integrals of these func-
tionals is the following formula which is stated without proof on page 2929 of [11] by Chang,
Choi and Skoug.

Let {a1,...,a,} be an orthonormal set in L2,[0,7] and let f : R* — R be
Lebesgue measurable and let A; = fOT a;(s)da(s) and B; = fOT af(s)db(s) for
j=1,...,n. lf F(z) = f({aq,x),...,{an,x)), then

F(x)du(x) = a1, x), ..., (Qp,x)) du(x
/Ca,bmmm/ (e z), - (m 2)) dpu(z)

Coa,[0,T)

—1/2
: 1 n u_A 2
= (HZWBJ) /Rn flug, ... u,) exp <—§Z%> duy - - - duy,

j=1 J

(2.22)
in the sense that if one side exists then the other exists with equality.

Observe that this formula is a generalization to the space C, [0, T of a theorem of Paley
and Wiener for ordinary Wiener space, which can be found in chapter 7 of [66]. We will
establish a more general theorem that subsumes the formula above as a special case. Our
theorem has considerably relaxed conditions on the choice of functions {aq,...,a,}. This
proof is in part motivated by the proof of a similar theorem for ordinary Wiener space found
in Robert Ewan’s thesis [23], completed at UNL under the direction of Skoug in 1973.

The first theorem of this section is the most general of our Paley-Wiener type theorems.
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Theorem 4. Let {6:,...,0,} be a collection of functions in L2,[0,T]. Also, let M =
(Cov[{fi, z), (0, )]);,

ij—1 be the covariance matriz for the collection {(0;,2)}. Further sup-

pose that M is nonsingular and let M~' = (1 ;); ;. Put A; = E[(0;, )] and let f : R" — C

be Lebesgue measurable and put F(z) = f({o1,x), ..., {an,x)). Then

= (2m) M| 2 [ flw) e (—% D2 g (us = A (u; - Aj)) du. (2.23)
Proof. Let {6y,...6,} be as given in the theorem. By Theorem 3 we see that ((¢;,z) — A;) L
N(0,/By) for j = 1,...,n. It M = (Cov[(6;,z), (6;, x)]); ;- 1s nonsingular, then [M| > 0,
and so [M~'| = |M|™" € R. Let {Y;}"_, be a collection of random variables with Y; L
N(Y;,0;). Then from page 164 of [59] we see that the density function of the n-variate
normal distribution for (Yi,...,Y},) is given by

o) = Yy e (3 by —w v = wi) ) (224

wherey = (y1,...,yn), W= (Uy,...,7,), and (-, -) is the Euclidean inner product. Note that

we can write

(y —w, M szu Uiy — ;)

=1 =1
where M~ = (1 ;)7 ).
Now, from page 41 of [54] we observe that for a collection of random variables {y1, ..., y,}

in a probability space (92, A, P) with joint probability density function ¢ we have

ELf(nr, .. y)] = / F@r, e vum) dP(y) = [ f(w)é(u)du. (2.25)

R”
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Theorem 4 follows from equations (2.24) and (2.25). O

The next Lemma gives a useful means for computing the covariance matrix M appearing

in Theorem 4.
Lemma 5. If 6, and 6, are in L2 ,[0,T], then Cov[(01,x), (62, z)] = fOT 01(5)0(s)db(s).

Proof. Note that if 6, = 0in L7 [0, T}, then 6,(t) = 0 for a.e. t € [0, T]. Therefore (f;,z) = 0

and hence

Cov[(0y, x), (02, 2)] = E[(0r, ) {02, 2)] — E[(0r, 2)] E[(f2, )] = E[0] — E[0]E[(02, 2)] = 0
(2.26)
in the case where either 6; or 6, is 0 in L7 ,[0,T]. Take 6; nonzero in L2,[0,T] and put
A; = fo (s)da(s) and B; = fo 62(s)db(s) for i = 1,2. Observe that b induces a positive

measure on [0, 7] and hence B; > 0. Apply Theorem 4 to the singleton set {6;} to obtain

E[(0;, z)?] :/Ca,b[o,T}wi?@ m(dx) = \/27T_B/u exp( %) du,

and then a routine calculation yields the equality
E[(6;, )% = Bi + A, (2.27)

Similar computations performed with the function 6, + 65 show that

E[(91+02,x>2]:/0T(91()+02 (/ 61(5) + Ba(s)da(s )>
- ( /0T01(S)da(8))2+2 /OTm( pials) [ outoptats) + ([ ot >da<s>)2
+/0T92( )db(

s)+2/0 91(3)92(3)db(s)+/0 03(s)db(s),
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which establishes that
T
E[(6; + 09, 2)%] = A} +2A1 A5+ A5+ By + By + 2/ 01(5)02(s)db(s). (2.28)
0

Using equation (2.27), we also obtain the equality

E[<91 +92,IE>2] = / <91 +92,{E><91 +92,x>m(dm)
Ca,b[ozT]
:/ (01, x)*m(dx) + 2/ (01, ) (b, z)m(dx) +/ (04, x)*m(dx)
Ca,b[07T] Ca,b[O»T} Ca,b[()’T]

= By + A} + By + A} + 2E[(6;, ) (02, )]. (2.29)
Finally, combining equations (2.28) and (2.29) yields that

E[(0), 2) (0o, 2)] = /0 01 (5)05(s)db(s) + A, Ay, (2.30)

from which we deduce that

Cov[(0y, ), (02, 2)] = E[(01,x) (02, z)] — E[(01, )| E[(O2, x)] —/O 01(s)02(s)db(s), (2.31)

which also agrees with (2.26) in the case where either function is zero. ]

Lemma 6. If {1,...,60,} is a collection of linearly independent functions in L2 ,[0,T], then

the random variables {{0;,x)} are linearly independent.

Proof. Suppose that 0 =_"_, ¢;(0;, z) for almost every x € C,,[0,T] with ¢; # 0 for some
j. Then

2

m(dx :/
( ) Ca,b[ovT]

2

m(dz). (2.32)

n

Z Cj<0j7 I>

J=1

n

(D cbi(t),2)

J=1

0= /
Ca,b[ozT]
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Take ¢(t) = >0, ¢;0;(t) and then put A = E[(3_7,0;,7)] = El{p,)] and B =
Var[(3 7, 0;,7)] = Var[{p, z)], observing that B > 0 by Lemma 3.

If B > 0, then we apply Theorem 4 to the singleton set {¢} to obtain that

/Ca,b[o,T] [, 2)[* dpu() = \/217r_B/RU2 exp (—%) du. (2.33)

From equations (2.32) and (2.33) a routine computation shows that

oy

from which we quickly deduce that we must have B = 0, which is a contradiction.

2
ZCJQ x)

m(dx) = / (@, z) > m(dz) = B + A% (2.34)
Ca,b[O,T}

If B = 0 then we have 0 = Var[( = fo o%( ) by Lemma 3. Therefore
> i1 ¢0i(s) = p(s) = 0 for ae. s € [O,T] because b induces a positive measure on [0, 7.

Then the functions {6y, ...,6,} cannot be linearly independent. O

Lemma 6 allows us to obtain our next Paley-Wiener type theorem by taking the collection

of functions {6y, ...,60,} to be linearly independent.

Theorem 5. Let {04,...,0,} be a linearly independent set in Livb[O, T|. Then the covariance

1s nonsingular and the result of Theorem /4 holds.

matriz M = (Cov[(0;, ), (¢}, 2)]);

=1

Proof. By Lemma 6 we see that {(01,z),...,(0,,x)} are linearly independent. Then by
Theorem 3.5.1 of [59], the covariance matrix M is positive-definite (hence nonsingular).

Now apply Theorem 4. O

In the special case where the functions {6q,...,6,} are orthonormal, we obtain as a
corollary the very useful formula on page 2929 of [11] which was discussed at the beginning

of this section.
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Corollary 2. Let {6y,...,0,} be an orthonormal set in L?L,b[O,T], let f:R" — R be
Lebesque measurable, and let A; = fOTQj(s)da(s) and B; = fOTQ?(S)db(S). If F(z) =
f((b1,2),...,(0n,x)), then

/ F(z)u(dz) = / F({61, 2, (B 2)u(d)
Cq p[0,7) Cab[0,1]

n

N ~1/2 )
= (H 27TBj> /Rn flu, ... u,) exp (—% Z %) duy -+ du,. (2.35)

j=1 j=1 J

Proof. In the case that a collection of functions {6;,...,6,} is orthonormal in L? [0, T], we
can compute the covariance matrix M = (Cov[(0;, ), (0;, )]); ;_; quite easily.
Recall that 6; and 6; are members of an orthonormal set in L} ,[0,T]. Using Lemma 5
we determine that
T B; ifi=j
m; ; = Cov[(0;, x), (0;,z)] = / 0;(s)0;(s)db(s) =
0 0 ifi#j.
Thus we can compute |M| = [[}_, B;, while [M~'| = []}_, Byt and M~ = (1)},

Applying Theorem 5 with the set {64,...,0,} immediately yields the result. O]

We now consider some applications and examples of the use of these theorems. Begin by

making the observation that for functionals of the form

F(z) = f(z(t),. .. o(t)) (2.36)

where 0 =ty < t; < --- <1, < T, one can evaluate the integral [, ol F(z)m(dz) by at

07T]

least three different methods. The first of these methods is to use formula (2.8). A second
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option is to use formula (2.23) with 0;(t) = xjo.,)(t) for j = 1,...,n and noting that

ofts) = [ datt) = [ xou@)dalt) = (65,2). (2.37)

It is easy to see that the collection {6,...,60,} is linearly independent in L?L,b[O,T],
and thus the collection of random variables {(0;, ), ..., (6,,x)} has nonsingular covariance
matrix M = (m;;)7;—; = (min{b(t;), b(t;)})7 =1

Finally, a third method for evaluating function the space integral for the functional in
(2.36) is to again take 0;(t) = X[o,,)(t) for j = 1,...,n and use the Gram-Schmidt process
on the set {fy,...,6,} to obtain an orthonormal set in L2 [0, 7] and then apply (2.35) after
an appropriate change of variables.

A combination of integration by parts and equation (2.37) can be used to find integration
formulas for certain other functionals in terms of Lebesgue integrals. In Section 2.2 we
introduced the time integral and noted that certain time integrals could be written in terms
of PWZ integrals. Under favorable conditions, this notion can be extended. For example,

observe that if ¢(t) is of bounded variation on [0, 7] we can write

/0 2(t)do(t) = / (&(T) — 6(1)) da(t) = (6(T) — 6(t), z). (2.38)

Therefore, if f(uq,...,u,) is Lebesgue measurable, and if the collection {¢y,...,¢,} is
linearly independent in L? [0, T] with no ¢; constant on [0, 77, and if we define a functional

F on C,,[0,T] by

Flo) = f (/OTx(t)dqbl(t), L /OTx(t)dgzﬁn(t)) | (2.39)

then we can express the function space integral of F' in terms of a Lebesgue integral by using

(2.38) and Theorem 5.
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We close this section by working two examples. The first highlights the method for
using the general Paley-Wiener type theorem. For most choices of functions in L?hb[O, T],
the computations involved in using the theorem can become quite complicated. In order to
simplify the computations and concentrate on the techniques used, we assume in this first
example that a is the zero function. Let {6;,60,} be a linearly independent set in L2 ,[0, T
and define the functional

((61,2)* + (GQ,x)2)) : (2.40)

Flo) = F(0r0), (2 = exp (-

As a(t) = 0, we see that A; = fOT 0;(t)da(t) = 0 for ¢ = 1,2. The covariance matrix for

the random variables {(0;, z), (05, x)} is

o (BE) [ Kemae  [Tamemdn | (2.41)

K By) \Jy 6u(0)a(0)db(r) [} 63(1)db()

Put D = det M = B;B, — K?, and one can compute
M~ = (det M) tadj(M) =

(2.42)

so that we have m; ; = %, Moo = 7, and Mg = My o = %. Now using Theorem 5 we can
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write

/C P

1 Lo 9 1 5 )
- -3 —— (B Biu} - 2K dusd
QF\/E R2 P ( 2 <u1 + uQ)) CXp ( 2D ( 2Uy + D1Us U1U2) U AU

1 1
exp | ——— ((By + D)u? + (By + D)u? — 2K uqu )dudu
2#\/51@2 p<2D(<2 )1(1 )2 12) 20U
1 / ((K2—<Bl+D>(Bz+D> 2))
= exp uj
27V D Jr 2D(B; + D)

/e Bt D U Ku 2 dusdu
X —_—— _  —_—
P oD \* B +D ¢t

-t oo () o
B 1 —K?+ (By+ D)(B; + D)\ 2
- VBi+D ( D(By + D) )

D 2
_(DLJ@+D&+D&+B£J

D 2
_(D?+DBy+DBy+D>

1 2
B (1+B1+B2+B1BQ—K2) ’

where the third equality follows from completing the square.
In our second example we no longer require that a(-) = 0, and we impose the stronger

hypothesis that {61,...,6,} be an orthogonal set in L2 [0, T]. Define the functional

F(z) = f((61,x),...,(0p,x)) = exp (— Z(Hj, :L‘>2> : (2.43)

j=1

Then by applying Theorem 5 with the method of the previous example and exploiting



the fact that the functions 6; are orthogonal (and thus M is diagonal), we find that

/C oy Flaimtan) = /C P (- S (65, ) ) m(dz)

j=1
(Mt ) e (-5

where A; = [ 6;(t)da(t) and B; = [ 62(t)db(t).

J

40
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Chapter 3

General Spaces

3.1 Cylinder sets and cylindrical Gaussian measures

In this chapter, all functions are understood to be R-valued unless otherwise specified. The
symbol (-, -) will generally denote a duality pairing, while (-,-) will be reserved for inner
products. Let B(X) denote the Borel o-algebra of a topological space X. We begin by stating
some important definitions and theorems. See [5, 36, 56] for a more thorough treatment.
For consistency, most of our terminology and statements of definitions and theorems are
substantially borrowed from [5].

A cylinder set in a locally convex space X is a set of the form
Clay,...;x2)={z e X : ((a},2),..., (x5, 2)) € C'} (3.1)

for some Borel set C" C R™. Let £(X) denote the o-algebra generated by the collection of
cylindrical subsets of X. Note that every x* € X* is measurable on €(X) by definition.
We remark that £(X) is always contained in the Borel o-algebra B(X) but the two do

not generally coincide. However, if B is a separable Banach space (hence Fréchet), it follows
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that the Borel o-algebra B(B) = £(B). For a proof of this fact, see [55].

Definition 4. A measure 7 on a locally convex space X is called Gaussian if yo (z*)7is a

Gaussian measure on R; that is, v o (*)~! is either a point mass or has density

diyo(z) Y, 1 (u—a)?
d—m<“>—m‘”‘p< 2 )

for some real a and some b > 0. Equivalently, one can show that ~y is Gaussian if v o P71 is

a Gaussian measure on B(R") for every continuous linear map P : B — R™.

The following theorem characterizes Gaussian measures on locally convex spaces. It is

essentially taken from Chapter 2 of [5].

Theorem 6. A measure v on a locally convex space X is Gaussian if and only if its Fourier

transform has the form

~ * . * ]' * *

F(z*) = exp | iL(z*) — 5@(1‘ ") ], (3.2)
where L is a linear function on X* and Q(-,-) is symmetric and bilinear on X* such that

the form Q(x*,x*) > 0 for all z*.

The maps L and @) capture the structure of the measure v by determining where and
how it is distributed on X. The next definition gives us two useful tools for analyzing the

measure 7.

Definition 5. For a locally convex space X, the covariance operator I, for a measure v on

&(X) with X* C L%(y) is defined by the formula

Ry (y*) = /X (=%, 2) —m(a")) (", ) — m(y*)) 7(dz), (3:3)
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where

is the mean of the functional x* with respect to 7.

We say that a Gaussian measure 7 on X is centered if m(z*) = 0 for all 2* € X* and
observe that a measure v with Fourier transform given by (3.2) is centered if and only if
L = 0. From (3.2) and the fact that the measure 7 is Gaussian it is not hard to see that
m(z*) = L(z*) and that R,z*(y*) = Q(«*,y*) for 2*,y* € X*. We will consider the bilinear
map Q(-, ) to be defined by Q(z*, y*) = (Qx*,y*) whenever there is an appropriate operator
@ : X* — X. This is always possible if X is a separable Banach space.

To see why this is so, note that our notation R,x*(y*) is suggestive of the fact that for
each z*, the entity R,a* is itself a map on X*. This is in fact the case, and for a locally convex
space X, each R,z* will be an element of (X*)’, the algebraic (not necessarily topological)
dual of X*. Thus we can define Q) : B* — B by (Qz*,y*) = R,z*(y*) = Q(z*,y*). In light
of this discussion, we will often take L = (a, -) for some a € B and Q(-,) = (Q-, -) and write

(3.2) as
5(&*) = exp <z’<a,a:*> - %(Qx*,x*>> |

We now introduce a more general related notion.

Definition 6. A cylindrical Gaussian measure on a Banach space B is a non-negative finitely
additive function v on the algebra (note: not necessarily a o-algebra) of cylinder sets of B
such that v o P~1 is countably additive and Gaussian on B(R™) for any continuous linear
projection P : B — R"™. We note that the Fourier transform of a cylindrical Gaussian

measure 7 is the function 4 : B* — C defined by

5(a) = / exp(it)y o (%) (db). (3.5)
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For a Hilbert space H, the canonical cylindrical Gaussian measure is understood to be

the set function vy on E(H) whose Fourier transform is

ol = exp (=5 101F) = exp (=5 (1) (3.6)

It is well-known that the canonical cylindrical Gaussian measure is not countably additive

on H unless the identity operator on H is trace class (i.e. if H is finite dimensional).

Example 1. Suppose that vy is actually a measure on a separable, infinite dimensional
Hilbert space H, let {h : ||h|| < r} be a ball of any radius r in H and let P, be an increasing
sequence of orthogonal projections converging to the identity operator in the strong operator

sense. From (3.6) we determine that

Yo(€n) 1H I !
e,) =exp | —=|len =exp| —=
Yo p 5 p B

for each basis element e, € H. Then {(e,,-) : n = 1,2,...} is a collection of mean 0
Gaussian random variables for which the covariance of (e;,-) and (e;,-) is the Kronecker

delta 0, ;, whence they are independent. For every n, we have

Yo{h (Il <} <o {h:[[Bah]| <7}

:’Vo{h

n

Z(h €;)e;
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Observe that as n — oo, the last expression converges to 0, whence it must be the case that
Yo {h :||h]| <r} =0 for every r > 0. This forces vo(H) = 0, which yields a contradiction

because then

2

1 * 1
= H > : [ — 2 = —.
0="0(H) 27 {h: (he1) > 0} \ 27 /o ¢ du 2

Alternatively, one can use the Cameron-Martin translation theorem (which we will discuss
later), to show that 7o(B) must be 0 or co for every open ball B in H. In either case, v,
cannot be a measure on H. However, the canonical cylindrical Gaussian measure will extend

to a countably additive measure on a suitable larger space, as we will see.

Definition 7. Let H be a separable Hilbert space with canonical cylindrical Gaussian mea-
sure 7p. A seminorm ¢ on H is said to be measurable (in the sense of Gross) if for all € > 0

there is a finite-dimensional orthogonal projection P. such that
Y {h € H:q(Ph)>¢c} <e (3.7)

for every finite dimensional orthogonal projection P satisfying P 1 P..

We remark that sometimes the definition of a measurable seminorm is also stated in terms
of a sequence of projections P, converging to the identity operator in the strong operator
topology; this amounts to the same condition as shown above and is often more useful in
practice. In Example 1, it is just such a sequence that led to the undoing of v, as a measure.
Very loosely speaking, one should think of (3.7) as indicating that according to a weighting
provided by the seminorm ¢, the “mass” of H (with respect to the cylindrical measure) is in
some manner concentrated on certain of its finite-dimensional subspaces.

Observe that for a continuous linear embedding of Banach spaces £ — F', the norm ||-|| -

can be taken as a seminorm on E. This fact is important in the next definition and theorem,
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which are essential to all that follows. See Chapter 3 of [5] or [28] for a proof of the theorem.

Definition 8. Let H be a separable Hilbert space and let B be a separable Banach space
such that ¢ : H — B is a continuous linear embedding with dense range. The triple (i, H, B)
is called an abstract Wiener space if the composition of the norm of B with 7 is a measurable

seminorm on H.

Theorem 7. If (i, H, B) is an abstract Wiener space, then the canonical cylindrical Gaussian
measure vy on H extends to a countably additive measure vy on B. In addition, i(H) coincides

with the Cameron-Martin space of this measure.

The embedding H — B in the previous theorem is said to radonify the cylindrical
measure 7y on H. The best intuition for this situation is that the Hilbert space H was “too
small” to support the cylindrical Gaussian measure 7, as a measure, but that by expanding to
the larger space B with its somewhat weaker norm, we can achieve the countable additivity
lacking in the cylindrical measure 9. Two other good pictures to have in mind are of H
forming a skeleton and B the flesh surrounding it, or H acting as a chicken wire form and

B acting as a paper-maché covering of the wire.

3.2 Centered Gaussian measures on Lebesgue spaces

This section contains neither new nor (in and of themselves) deep results. Its intent is to
motivate and frame the subsequent discussion. We are generally interested in constructing
Gaussian measures on spaces of functions, and we start by considering such measures on
certain Lebesgue spaces.

A necessary and sufficient condition for the existence of a centered Gaussian measure
on LP(S;v) is offered by Vakhaniya, Tarieladze, and Chobanyan in [55], in the following

theorem (statement adapted from Theorem 3.11.15 from [5]).
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Theorem 8. Let v be a positive measure on S and for 1 < p < oo and ¢ = p(1 —p)~"' let
LP(S;v) be separable. If v is a centered Gaussian measure on LP(S;v), then the covariance

operator R, : L(S;v) — LP(S;v) is given by

R, f(s) = / K (s,6) f(ty(dt), (3.8)

where K is a symmetric nonnegative definite measurable function on S* satisfying

/ K(t, )5 0(dt) < oo (3.9)
S

Conversely, for any symmetric nonnegative definite measurable function K satisfying
(3.9), the operator defined by (3.8) coincides with the covariance operator of some centered

Gaussian measure on LP(S;v).

We will consider a slightly more restrictive situation in which we can formulate a slightly
more specific result. Let (S, v) be a o-finite measure space. For measurable f : S — C and

1 <p < oo, we will write

=

o) = ([t opvtan)

1

([ireorvas)"

fo()

Note that 0 < f,(s), f(t) < 0.
Lemma 7. If f : S? — C is measurable then the following are equivalent.
1. felr(S%vxv),

2. fu(s) € LP(S;v),
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3. fy(t) € LP(S;v).

Proof. That the first assertion implies the other two (up to a v null set) is a conclusion of

Fubini’s theorem. If f,(t) € L*(S;v) we simply compute

11 —//|fs HI v(ds)odt) = [|fy(O)20 sy < o0

in the other case,the computation is identical. O

In particular, we note that f € L?(S?% v x v) if and only if fo(s) € L?(S;v) and fo(t) €
L?(S;v). We are now ready to prove our first theorem, which is in some sense merely a
corollary of Theorem 8. It does, however, serve as a sort of motivation for what will follow
in the subsequent sections of this chapter by demonstrating a construction of which we will

make frequent use.

Theorem 9. Let v be a positive o-finite measure on S and let 1 < p < oco. Given
k:S% — R with kz(t) € LP(S;v) and ky(u) € L*(S;v), let T : L*(S;v) — LP(S;v) by
fS u,t) f(u)v(du). Then the operator TT* is the covariance operator for a cen-

tered Gaussian measure on LP(S;v).

Proof. Take T as defined in the theorem and f € L*(S;v); then

[rrsrvan < [ ([ ko >\u<du>) u(a)
<[(/ |k<u,t>|2u<du>)2 (f |f(U)|2V<dU))§V<dt)

— 1 1Eas / at) P ()

< 00,
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so that T is a well-defined integral operator. Now, let 7" : LI(S;v) — L*(S;v) by T'g(u) =

k(u,t)g(t)v(dt) and then for g € LY we see that
Js

[ ([ rnatontan) v < [ ([ wor <dt>) 1012 5 ()
ol [ ot

< 0

whence T" is also well-defined.
Now we show that in fact 7" = T*. To this end, let f € L?(S;v) and g € LI(S;v) and

observe that

(Tf,g) = / TF(t)g(t)u(dt)

_ / / k(u, ) f (u)v(du)g(t)v(dt)
/ Fu / Hg(t)v(d)w(du)

= (f.T"g),
where the exchange of integrals is justified by the fact that ko(t) € LP(S;v), and hence

/|g |/|kut w)| v(du)v <dt><||f||L25,,/|g | kalt)] A dt) <

Now by Theorem 8, it suffices to show that

/Kttg (dt) /(/|kut du) v(dt) /\k2 (O v(dt) < oo,

completing the proof. O
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Thus for 1 < p < oo we can construct centered Gaussian measures on LP(S;v). The
situation for p = oo is more delicate, both because L*°(S;v) is not separable and because
the dual of L>°(.S; ) is not very friendly. (We will later see how to construct some satisfactory
Gaussian measures on L>°(S;v) should we be so inclined.) Of course, the case p = 2 is of

particular interest to us.

Corollary 3. Let v be a positive o-finite measure on S. Given k : S? — R with k €
L*(S%v xv), put Tf(t) = [¢k(u,t)f(u)v(du). Then the operator TT* is the covariance

operator for a centered Gaussian measure on L*(S;v).

Proof. By Lemma 7, we have kqo(t) € L?(S;v). Note that p = ¢ = 2, and then K(s,t) =

Jo k(u, s)k(u, t)v(du) satisfies equation (3.9), as

/SK(t,t)z/(dt) —[g/g|k(u,t)]2u(du)y(dt) —/9]k2(t)\2u(dt) < .

In addition, TT*f(t) = [; K(s,t)f(s)v(ds), and the conclusion follows by Theorem 8.  [J

We also note that one could adapt such a construction for LP(S;v) to include measures
that are not centered. For example, take some a € L?*(S) and T as above and then (-, a) is

a linear map on L?(S;v) and there is a measure v on L*(S;v) with Fourier transform

A(f) = exp (i(ﬁa)—%(TT*f»f))'

The result is a Gaussian measure on L*(S;v) that is centered around the element a and has
covariance operator T7T™.
To conclude this section, we briefly consider a situation arising if we choose a purely

singular finite measure v with finite support on S.
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Corollary 4. Let k : S? — R and let v be a positive finite measure on S. If D = supp(v)
1s a finite subset of S, then the measure v as constructed in Theorem 9 is the probability
measure for a centered | D|-variate normal distribution having covariance matriz with entries

ci; = apk(t, t;)k(ty, t;) for some collection {ai} of positive numbers.

Proof. If D = {t,t5,...,Tip|} is finite, then v = ‘,Ql ady, and L?(S;v) = RIPI. O

3.3 General construction and properties

We draw attention to the fact that in the previous section, the covariance operator is being

factored through the Hilbert space L?(S;v), as shown below.

L*(S;v)* T L3(S;v)

L*(S;v)

This notion of factoring the covariance operator through a suitably chosen Hilbert space
will inform our further discussion. Recall also that k& € L?(S% v x v) is a necessary and
sufficient condition for an integral operator with kernel k to be Hilbert-Schmidt on L?(S;v),
so it is immediately clear that TT™* will be trace-class, i.e. it has a sequence of orthonormal
eigenvectors with eigenvalues (a;) satisfying ) 7%, o] < oo. This is exactly the condition
that is required for the covariance operator of a Gaussian measure on a Hilbert space (recall
the requirement for the canonical cylindrical Gaussian measure on H to be a measure), as

the following theorem from [5] shows.

Theorem 10. Let v be a Gaussian measure on a separable Hilbert space H. Then there exist

a € H and a symmetric non-negative trace-class operator K such that the Fourier transform
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of the measure 7y is

(00 = exp (ita,) - 5 (K1)

Conversely, for every pair (a, K) as above, the function 4 above is the Fourier transform of

a Gaussian measure on H with mean a and covariance operator K.

In this section we discuss our general method of constructing measures. We begin by
introducing the Cameron-Martin space H, for a Gaussian measure v on a separable Banach

space B.

Definition 9. For a Gaussian measure 7 on a separable Banach space B, we denote by
* * k) .k * : 2 . * 2
B the closure of the set {z* —m(z*) : 2* € B*} of affine maps in L*(B;~). Thus B} is a

Hilbert space with inner product

(f,9) 120 /f dx).

Let 7: B* — B by 72" = 2" — m(x"), so that B = clp2(,)(7(B")).

From Definition 5, we have m(z*) = [;(z*, 2)v(dz) and

f?wx*(y*)==t/;(<$*,w>-—7n(1ﬁ))(<y*,w>-—7n(y*))7(d$)a (3.10)

and from the discussion following Definition 4 we know that m(z*) and R,2* are elements

of B. We wish to extend the operator R, to B. From (3.10) we see that

Rz (y") = (727, 7Y") 12 - (3.11)
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We also observe that

[ 7or@ntan) = [ [@0) = m@lstan) = [ @ aa(dn) —mia) [ 3(dn) <o

B B

and hence if we extend 7 to B in the obvious fashion we will have m(rz*) = 0, so that
T(ta*) = 7a* — m(rx*) = Ta* for each x € B*. Now, from (3.11) it is clear that we can

extend R, to BJ, with

Ryg(z") = (g, 7'55*>L2(7)

for g € B.

For any separable Banach space B, R,x* will necessarily be an element of B**, and in
fact can be taken as an element of B C B** under the natural embedding; in other words,
both m(:) € B and R,g € B for each g € BX. This results from the facts that v is Radon
and B is complete and locally convex so that m(-) and R,g(-) are continuous in the Mackey
topology on X* (see Section 3.2 of [5] for a proof).

Note that m(g) = [,g(z)y(dz) = 0 for every g € B:. To see this, observe that
gn = 9ll2¢y — 0 with g, = 2}, — m(z},) for some sequence (z7,) in B*. It is clear that

m(g,) = 0 for every n. Then

/B 9(z)(dx)

/B gu(2) — g(x)1(da)

< / 90(x) = 9(2)| 1(d2) < [[gn — gl 20y V(B),

whence m(g) = 0.
From here forward, we take I to be the operator R, with domain restricted to B*, while

by R, we will mean the operator having domain BJ. That is, R factors as R = R,7, as
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shown below.

B* i B (3.12)
N
B;
From this we see that
(Ra*,y") = Ryra™(y") = Rya™(y") = (127, 7y") 12 (3.13)

for all z*,y* € B*.

Lemma 8. Let y be a Gaussian measure on a separable Banach space B and put 7 : B* — B}

by Ta* = x* — m(x*). Then:
1. 7 is linear and (weak™, weak) continuous.
2. R, is (weak*, weak) continuous.
3. R} =T.

Proof. The linearity of 7 follows from the fact that B* is a linear space and the linearity of
the integral [, (z*, z)y(dz) = m(z*). Now let 2}, — 0 in B* and let i be any element of B,
Then (a7}, h) 12,y = Ryh(z}), and then the fact that R,h € B and the magic of linearity
establish that 7 is (weak™, weak) continuous. The (weak™®, weak) continuity of R, follows
by the same argument and (3.11). Finally, let 2* € B* and let g € B’ = clp2(,(7(B*)) and

then for h = R, g we have (h, 2*) = R,g(z") = (9,77%) 12(,)- O

It is known from a theorem of Kallianpur from [34] that every Gaussian measure « on a

Banach space B has an associated Cameron-Martin space H,; moreover, if (i, H,, B) is an
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abstract Wiener space, we always have

B (3.14)

where i is the embedding H, — B. Thus one can always factor the covariance operator of a
Gaussian measure through some Hilbert space. It is also a fact that the covariance operator
of any cylindrical Gaussian measure on B will also have a Cameron-Martin space and will
factor as in (3.14). However, there is no guarantee that the cylindrical measure v will be
radonified by the inclusion H, < B. This radonification question has been the subject of a
considerable amount of inquiry; for a very good history and survey see [57].

The following lemma from Chapter 3 of [5] characterizes the Cameron-Martin space in

terms of B: and R, .

Lemma 9. An element h of B belongs to the Cameron-Martin space H, of v if and only if

there is some g € B} with h = R,g. In this case HhHH7 = HgHLQ('y)‘

We can also consider the Cameron-Martin space as a Hilbert space associated with a
particular inner product. Let R be a positive, symmetric operator from B* to B. For x*
and y* in B*, define the form (Rz*, Ry*) = (Rz*,y*). It is easy to check that this form
is symmetric and bilinear and that 0 < (Rz*, Rz*) = (Rz*,z*). Now, to see that this
semi-inner product is positive definite, observe that |(Rz*, Ry*)|> < (Rz*, Rz*)(Ry*, Ry*)

by Cauchy-Schwarz, and hence
0< |<Rx*,y*>]2 = |(Rz", Ry")| < (Rz*, Rz*)(Ry", Ry*) = 0

for every y* € B* whenever (Rz*, Rz*) = 0. The Cameron-Martin space H can be thought

of as the completion of R(B*) in the Hilbert norm induced by an inner product of this type.
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Understanding the Cameron-Martin space and how it “sits” in the larger Banach space
reveals a great deal about a Gaussian measure 7. The next theorems are from Chapter 3 of

[5]; the statements have been specified to our setting.

Theorem 11. Let v be a Radon Gaussian measure on a locally convexr space X which is
continuously and linearly embedded into a locally convex space Y. Then the Cameron-Martin

space s independent of whether the measure v is considered on X or'Y .

Theorem 12. Let v be a Radon Gaussian measure on a locally convex space X with mean
ay, € X. Then the topological support of v coincides with the affine subspace a., + clx(H.,).

In particular, the support of v is separable.

Recall that we are interested in constructing covariance operators of the form R = TT*
for some Hilbert-Schmidt operator T': H — B (such as the integral operator we were using).
In fact, it is necessary for the operator T' to be Hilbert-Schmidt for this construction to work,
as we will presently show. Recall that for a normed space X, a collection F' C X™ is said to

separate the points of X if for every pair of distinct elements x and y there is some x* € F

such that (z*,z) # (z*,y).

Lemma 10. Let X be a normed space and let D be a collection of elements of X*. Then D

separates the points of X if and only if (.. p ker(z*) = (0).

Proof. Suppose that (0) # (\,.cpker(z*) = {z: (2%, x) for all z* € D}. Say that y is a
nonzero element. Then (z*,y) = (2*,0) = 0 for each 2* € D and D does not separate points
of X.

Now suppose that D does not separate points of B. Then there is some pair of distinct
elements g and yo such that (z*, xo) = (x*, 1), and hence 0 = (z*, xg— 1) for every x* € D.
ker(z*). O

But then there is a nonzero element o — o in (,..p
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Lemma 11. Let X be a normed space. Then for any sequence (x;*) that separates points of

X, there is a subsequence (x}) which also separates points of X and satisfies

(M ker(ai) # (0

7j=1
J#n
for eachn =12, ....

Proof. Let (x7}) separate points of X. If for some n we have

ﬂ ker(z}) (3.15)

J#n

then the subsequence x7,...,x,_;, 7, ,,... will also separate points of X by Lemma 10.
Consider each ¥, in turn and discard those for which (3.15) is true to obtain the desired

sequence. ]

Lemma 12. If B is a separable Banach space and H is a separable Hilbert space, then there
15 a continuous linear embedding v : B — H. Moreover, v can be constructed so that it has

dense range in H.

Proof. Let D = {z} : j = 1,2,...} C Ball(B*) separate points of B. Take an orthonormal

basis (e;) of H and an ¢* sequence («;) of nonzero terms. Define i : B — H by «(z) =

Z;il Oé]<xj7x>63

Note that |(z%,2)| < [|z[| for any € B, and then

e Za <||93HBZOé < 0, (3.16)

so that 7 is well-defined. It is easy to see that ¢ is linear. The map is injective due to the

fact that D separates points of B, and each «; is nonzero, so that at least one a; (7}, x) # 0
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for each x # 0. By (3.16) we also see that ||c(x)||; < C||z||5 for some C' > 0, whence ¢ is
continuous.

To ensure that ¢ has dense range, use Lemma 11 choose the collection D C B* so that

for each k =1,2,.... Note that this ensures that each My € ker(x}), for otherwise D could
not separate points of B by Lemma 10. Now, let any h = Z;;(h? e;)e; in H and any € > 0
be given. Take N sufficiently large that > 7%\, [(h, e;)|” < e. We will obtain an z € B for
which |[e(z) — h]| < e.

To do this, put a; = i (h,e;). Now, take xq € My so that (2], 1) = ay, which is possible
by the linearity of z7 and the fact that M; ¢ ker(z}). Do the same for j = 2,...,N. Now
put x = Zjvzl z; and observe that (z,z) = Z;V:l@z,xj) = (a},xp) =ap fork=1,2,...,N

and (zy,z) =0 for K > N + 1 because each x; € M; C ker(z}). Then

o0 i 9 [e.e]
(@) = bl =Y lagas.o) = (hep)|" = D [(hie))l” <e,
Jj=1 j=N+1
whence ¢ has dense range in H. O

Lemma 13. Let H be a separable Hilbert space, B be a separable Banach space, lett: B — H

be a continuous linear embedding with dense range, and let T : H — B be continuous.
1. Ifker(T) = (0), then ran(T*.*) is dense.
2. If ker(T™) = (0), then ker(v*) = ker(T**) = ran(iT)*.
3. 1 is (weak, weak) continuous and * is (weak, weak™®) continuous.

4. If 1* is injective, then (*1: B — B* is a (weak, weak™) continuous linear embedding.
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Proof. By the duality relationships, we have the following diagrams.

B*

H T  H
B
B*

T*i*
H_ ™H
oI
NA
B

The first and second statements result by “chasing the arrows” of the diagrams and noting
the fact that for a bounded linear operator A on a Hilbert space H, ker(A) = ran(A*)*.

To see that the third statement holds, let x,, — = weakly in B and h,, — h weakly in
H. Then (1x,,g9) = (x,t*g) — (z,1*g) = (1x,g) for all ¢ € H and (¢*h,,y) = (hy,y) —

(h,wy) = (t*h,y) for all y € B. The fourth statement follows directly from the third. ]

Theorem 13. Let H be a separable Hilbert space and B be a separable Banach space with
T : H — B an operator such that R = TT™ is the covariance operator of a Gaussian measure

v on B. Then T must be a Hilbert-Schmidt operator.

Proof. For convenience, let v be a centered measure and suppose that 7' is as given. By
Lemma 12, we can embed B — H densely. From Theorem 11 we note that we can take ~

as a Gaussian measure on H with the same Cameron-Martin space. In addition, we have
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t*: H — B*. We now have the situation shown in the following diagram.

* B* * (3.17)
N
H H
\B%

The measure v on B has Fourier transform
R 1
A(x*) = exp (—5 (T*x*,T*x*)H> .
Taken on H = «(B), we see that «*h € B* when h € H, and
N 1 k ok ko k 1 X 3k
Y(h) = exp (—5 (T*h, T™¢ h)H) = exp (—5 (WTT*h, h)H) :

because (¢1)* = T**, and thus « is a Gaussian measure on H with covariance operator
(TT*1* = tRe*, which must be trace-class by Theorem 10.

Now we show that T" must be Hilbert-Schmidt. Because ¢ is a dense injective embedding,
it will suffice to show that (7T is Hilbert-Schmidt, as then an orthonormal basis of eigenvectors
for T can be recovered. To do this, we note that /T7T™. is trace-class, positive, and symmetric.

Thus we have the polar decomposition

T = U [TTH| = (U\/\LTT*L*D VITT ],

where U is a partial isometry on the range of [(TT*¢*| = /(¢ TT**)(«TT*1*)* and /| TT*1*]

is Hilbert-Schmidt. Because (TT%:* is positive, [(TT**| = (TT*/*, and thus we see that

ViI'T*1 is a Hilbert-Schmidt operator. But vT'T*. = /(«T)(.T)* = |«T|, whence |¢T'| and
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(T are also Hilbert-Schmidt operators. O]

The following theorems yield additional interesting information about these measures.
We will say that a Gaussian measure v on a Banach space B has mean a, € B if each

x* € B* has mean (z*, a,).

Theorem 14. Let v be a Radon Gaussian measure on a Banach space B, having mean a..

Then supp(7) is a subspace of B if and only if a, € clg(H,).

Proof. Note that supp(y) = a, + clg(H,) by Theorem 12. H, is a linear subspace (not
necessarily closed) of B, whence clg(H,) is a closed linear subspace. Now, if supp(y) is a
subspace, then a, = —h for some h € clg(H,). Conversely, if a, € clg(H,), then so is —a,,
whence 0 € supp(7y). For any x € supp(y), note that * = a, + x¢ with zy € clg(H,). For
any t € R we will have tz = ta, + txg = a, + (txg — (1 — t)a,) € supp(y). Similarly, for x

and y in supp(y), ¢ +y = ay, + o + ay + yo = ay + (xo + Yo + a,) € supp(7). O

Theorem 15. Let H be a separable Hilbert space and B be a separable Banach space with
T : H— B a Hilbert-Schmidt operator such that R = TT* s the covariance operator for a

centered Gaussian measure v on B. Then:

1. T(H) = H,, the Cameron-Martin space for v, and T : cly(T*(B*)) — H, is an

1sometry.

2. supp(y) C (M- ker(z*).

Proof. As v is a centered measure, m(z*) = 0 for all z* € B* and 7 is merely the identity

operator on B*. Thus B is just the closure of B* in L*() and the operator R, = R = T'T".

R=R,=TT*

N

H

B (3.18)
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Thus by Lemma 9 the Cameron-Martin space H, is the completion of R(B*) under the norm

satisfying
HRQ;*H?{V = (Ra", Ra”)y = (Ra",a") = (I"2", T x") y = | T*2%])%, (3.19)

for every z*. Every Cauchy sequence (Rz}) in B has a corresponding sequence (7%z}) in H
for which

y= lim Ra;, = lim 77", =T ( lim T"z;,) = Th,

n
n—oo n—o0 n—o0

for some h € H, and hence we must have H, = T'(H). From (3.19) we see that the restriction
of T is the desired isometry from cly (7*(B*)) to H,.

Next, note that ker(7*) always contains the zero functional, whose kernel is obviously
all of B, and thus the intersection over ker7™ is never empty. Observe that 0 = (Th,z*) =
(h,T*z*)g for all h € H if and only if T*2* = 0 in H. Thus T(H) C ker(z*) if and only if

x* € ker(T*), and hence H, = T'(H) C (,,r~ ker(z*). From this, we conclude that

supp(7) = clp(T(H)) € () ker(z") (3.20)

as desired. O

We are interested in the question of how to identify the Cameron-Martin space of a
measure that is not centered, and to do so without relying on the definition of H, in terms
of R, and B} because we would need to first identify B7, which may be difficult. We would
like to do it using the raw information about the operators T" and T™ and the Hilbert space

H. We have two parallel factorizations for the covariance, so we can hope to play them off



63

against each other. The following diagram shows the situation.

In Theorem 15 we were able to avoid having to deal with reconciling 77" and R, 7 because
in the centered case 7 is the identity and R, agrees with R, whence the right-hand side of
the diagram collapses, leaving us free to work with R = R, and only one factorization to

obtain the desired result. In general, we need to work a little harder.

Theorem 16. Let H be a separable Hilbert space and B be a separable Banach space. Let
T : H — B a Hilbert-Schmidt operator for which R = T'T* is the covariance of a Gaussian
measure v on B. Then there is a subspace Hy C H and an isometric embedding Bﬁ — Hy C

cly (T7(B7)).

Proof. Let (e,) be a basis of B} with each e, = 7z}, for some sequence () in B* and

define ¢ : 7(B*) — H by ¢(72*) = T*x*. Then note that ¢(e,) = Tz} for each z}. In
addition, (T"z},,T"xy,)y = (I'T"z;,, z7,) = Rya;(x7,) = (T2}, 72,) 12(,) = Omn, and thus

(T*z?) is an orthonormal set in H. Put Hy = clyspan ({T*x’}). Extend ¢ by linearity and

n

continuity. O
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The following diagram illustrates the conclusion of the previous theorem.

B* (3.21)
T \
H 2Hy Z B
T A
B

Corollary 5. If Hy, B, T, and v are as in the previous theorem, then the restriction T :

Hy — H, 1s an isometry.

Proof. Recall that H, = R, (B}) with R, an isometry by Lemma 9 and then from (3.21) we

see that T = R,¢" is an isometry. O

3.4 Measures on C(5)

We will now restrict our setting as we examine Gaussian measures on spaces of continuous
functions. We take (S, 0) to be a compact metric space and let C'(S) denote the space of
continuous real-valued functions on S and identify C'(S)* with the space of regular Borel
(Radon) measures on S by the Riesz representation. Note that C'(S)* is a Banach space
under the total variation norm [|-||;,,,.. Recall that the weak™ topology on C'(S)* is the weak
topology generated by C(S) under the natural embedding C'(S) — C(S5)**.

While the space C'(S) has the usual supremum norm ||-||4 (we reserve ||-|| , for the essen-
tial supremum), we will ultimately desire more regularity on the part of certain functions.
For a > 0, let C*(S) denote the usual space of Holder continuous functions on S. As S is
compact, we can define a norm on C“ by

s)—J(t
161l = 161l + 11, = 151 +sup L= 322
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In addition, we will need to quantify the complexity of the parameter space S in a partic-
ular fashion. By H (S, ¢), we will denote the e-entropy of S; that is H(.S,e) = log (N(S,¢)),
where N(S,¢) counts the minimum number of balls of diameter at most ¢ needed to cover
S, which is guaranteed to exist by the compactness of S. This notion of metric entropy
is originally borrowed from Kolmogorov; it figures prominently in the work of Dudley (see
20, 21)).

Recall that a reproducing kernel Hilbert space is a Hilbert space of functions for which
pointwise evaluation is a continuous linear functional. That is, if X is a set and H is a
Hilbert space of functions on X, then H is a reproducing kernel Hilbert space if there is
some function K on X? such that K, € H and f(z) = (f, K,) for every x € X, where
K,(y) = K(z,y). In this event the function K is the reproducing kernel for H and one
often uses the notation H(K) for the space. See [1] for a wealth of details about reproducing
kernel Hilbert spaces.

We are now in a position to state the following theorem from [2].

Theorem 17. Let (S, o) be a compact metric space, and K a reproducing kernel on S with

reproducing kernel Hilbert space H(K). Suppose also that there are fized C,a > 0 such that:
1. K(s,s)+ K(t,t) —2K(s,t) < C o(s,t)** for all s,t € S,
2. 3% 27 (S, 272 < 0.

Then H(K) C C(S) and the inclusion is radonifying.

Using this theorem as a base, we can proceed as in Section 3.2 to construct a wide variety

of Gaussian measures on C'(S). In Section 3.2 we saw the function

K(s,1) = /5 /S (1, 0)5 (o), £)0(dur) — /S (u, 8)k(u, )v(du), (3.23)
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which we will refer to as the covariance function for our measure. Notice that K(s,t) =

(ROs,0¢) = (1705, T*6;) L2(Sw)) where T* and R are as described following Definition 9.

Theorem 18. Let (S, 0) be a compact metric space and k : S* — R be a bounded Borel func-
tion. Let v be a positive reqular Borel measure on S for which [ |k(u, s) — k(u, I v(du) <
Co(s,t)?* for some C' > 0 and o > 0 and suppose that (S, o) satisfies the metric entropy
condition of the previous theorem for this a. If an operator T is defined on L*(S;v) by
Tf(t) = [4k(ut)f(u)v(du), then TT* is the covariance operator of a centered Gaussian

measure v on C(S5).

Proof. To prove Theorem 18, we will use Theorem 17 by showing that H(K) = T(L?*(S;v))
is a suitable reproducing kernel Hilbert space and showing that the canonical cylindrical
Gaussian measure on this space is radonified by the inclusion T'(L?(S;v) — C(S).

Put Tyu(u) = [gk(u,t)u(dt) for each € C(S)*. For every f € L*(S;v) and every

€ C(S)* we see that

[ 0001wt (@) < 1l 1L el 5

by Holder’s inequality, and the hypotheses on k ensure that |k(u,t)f(u)| € L*(S*v x |u|).
Thus T} = T*, because

(Tfou) = /S TF(t)u(dt)

://%wwﬂwwmmuﬂ
/f / )i dt)v(du)

= (f7 TIM)L2(S;V)

for every p € C(S)*.
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Now note that Ki(s) = K(s,t) = (I'T*ds,0;) is a reproducing kernel on S for the space

H = T(L*(S;v)) with inner product (T'f,T9)s = (f, 9)12(sw), for certainly

1K, = / ks, 1) 2 (ds) < oo

for each t € S, and also

Tf(t) = / k(uy ) f () = (ko, )i = (Ko Tf)n

for each element Tf € H and each t € S.

It suffices to show that our reproducing kernel K; satisfies the remaining condition of the
previous theorem. This is equivalent to the condition that H is continuously embedded into
C*(9), for then |h(s) — h(t)] < C||h||; o(s,t)* for each h € H, and then taking f = K;— K

we have

K(t7t) + K(S,S) - 2K(3’t) = ||Kt - Ks”i]
= [(K: — K, Ki)w — (K — K, Ky u|
= [f(s) = f(?)]

< C?o(s, )™,

as the previous theorem requires.

To demonstrate the necessary embedding, note that

ITfllg = sup

tesS

< Illosup [ 1) v(a)

/ k(u,t) f(u)v(du)
S

< £l 2 |1l ()2,
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and also that

Tf(t) = Tf(s)| =

/S (o(, ) — k(u, 5)) f () (du)
< / e, ) — k(s )] £ ()] ()

1
2

< Wl ([ 16000) = )Pt

< HfHLQ(S;V) CQ($7 t)aa

by the hypotheses on the function k. This, in combination with (3.22) and the linearity of

T assures the continuity of the embedding H — C*(S), completing the proof. [

We remark on something of interest; in the theorem above, a cylindrical Gaussian measure
was radonified, but as there were multiple Hilbert spaces in view, a pertinent question arises.
Which cylindrical measure? Was it the canonical Gaussian cylindrical measure on L?(S;v)

or the one on its image H under T7 The answer will be manifest in the following corollary.

Corollary 6. The Fourier transform of the measure v obtained in the previous theorem is
given by

~ * 1 % % * 1 %k %k
A(z*) = exp (—§(TT T )) = exp (—5 (T*z*, T"x )LQ(S;V)) . (3.24)

Proof. The canonical cylindrical Gaussian measure 7, on T'(L?(S,v)) has the Fourier trans-

form

(1) = exp (—% (1. Tf>H> ~ exp (—% (v f)LQ(SW))
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Notice that T* : C'(S)* — L*(S,v) and TT* : C(S)* — H. As v extends 7,

§(a) = H(TT")

1
= exp (—5 (TT*x", TT*x*)H>

for x* € C'(S)*, and thus (3.24) holds. O

Speaking in the terms of Theorem 17 it was the canonical cylindrical Gaussian measure

on the reproducing kernel space H = T(L?(S;v)), with reproducing kernel
Kt(S) = <TT*6S,(515> = (T*(;t;T*(Ss)LZ(S;y)

and norm

T fllg = (T, Tf)g = (f, f)LQ(S;y)a

that was radonified by the embedding. However, another view that we might have is one
where the compact operator T' on L?(S;v) carrying the canonical cylindrical Gaussian mea-
sure on that space to a particularly nice subspace H which in turn embeds nicely into C(S).
This is the perspective of [56, 57]; under this view, the operator T': H — B is said to be a
radonifying operator.

The following corollary now follows quite easily. It is a somewhat obvious consequence
of Theorem 18 and the definition of the n-variate Gaussian distribution, but we state it for

future reference.

Corollary 7. Let P : C(S) — R"™ be continuous and linear and let E be a Borel set in

R". Write (x7,-) for the jth component of Px and let C' be the matriz with entries ¢;; =
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(TT*xf, 25) = (T"x;, T*x}) 2 (sw)- If C is nondegenerate, then

1

v{x: Px e E} = <|det(C’)| (27r)k>72 /Eexp (—%C‘lu-u) du, (3.25)

Proof. 1f P is linear and continuous, then its component functions must be as given. Now,

A(x*) = exp (—% || T*2*]] 2 ( s;z/)> by Corollary 6, whence each z} is a normal random variable

*

; From this it is easy to compute the covariance

with mean 0 and variance HT*x L2(Sw)"
matrix C' for the collection {z}}, and then the corollary follows by the definition of the

density function for the n-variate normal distribution (cf. chapter 2 of [59]). O

Observe that (a, -) is a continuous linear map on C(S)* for any a € C(S). The following
corollary then follows immediately from Theorem 18 and from Theorem 6, taking L(z) =

(a,z). It gives us a non-centered Gaussian measure on C/(.5).

Corollary 8. Let (S,0), k, and v be as in Theorem 18 and let a € C(S). Then there is a

Radon Gaussian measure on C(S) with Fourier transform
2 * - * 1 k% * - * 1 * ok k%
F(z*) = exp | i{a, x*) — §<TT ", x") | =exp | i{z",a) — 5 (T°2", T72%) 125, | - (3.26)

Observe that under the method of construction in Theorem 18 and Corollary 8, the
structure of the Cameron-Martin space and the support of the measure v are determined
by the choice of measure v and kernel function & : S? — R, because these determine the
operators T and T* on L?(S;v) and C(S)*.

A particularly important subset of C'(S)* is the collection of point evaluation functionals
{6; : t € S}. We pause to state and prove a useful theorem, which is surely already very

well-known. Its proof is quite enjoyable, so we include it here.
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Theorem 19. If S is compact and p € C(S)*, then p is the weak™ limit of finite linear
combinations of point evaluation functionals. Moreover, if D is a dense subset of the compact
metric space (S, ), it is sufficient to consider the collection of point evaluation functionals

for points in D.

Proof. Note that the unit ball of C'(5)* is convex and nonempty, and is weak™ compact by
Alaoglu’s theorem. Then by the Krein-Milman theorem, the unit ball of C'(S)* coincides
with the weak*-closed convex hull of its extreme points. It is not hard to show that the
set {0 : t € S} comprises the extreme points of the unit ball of C'(S)*; see section V.8 of
[15]. Thus, every element of the unit ball of C'(S)* is the weak™® limit of a sequence whose
elements are of the form 37, ¢;d;;, where > - c; = 1. If p is not in the unit ball of C(S)*,

—4— which is. Then p is the weak™® limit of a

then we can normalize p to obtain ' = = Tl
Var

sequence having coefficients ||u||,/,, ¢;-
Let D be a dense subset of S. Note that for each point ¢t € S, there is a sequence (t,,) C D

with ¢,, — t. Observe that

(04, ) = x(t,) — z(t) = (&, ) (3.27)

for each x € C(5), and thus each 6, € C(S)* is the weak™ limit of (d;,).
Now, let 1 be the weak™ limit of 2?21 a;0y,, and let each oy, be the weak™ limit of d,,

for a sequence (s ;) in D. Then for each z € C(S), we have

n

(h =3 a6, )

=1

n

<:U’ Z a]6t37

7j=1

<

+Zaj — g, )] (3.28)

Then for € > 0, we can obtain n and k sufficiently large that (3.28) is less than e, and thus

w is the weak™ limit of finite linear combinations of {d; : t € D}. O

Another useful observation obtains from the proof of the preceding theorem. It is an
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obvious consequence of (3.27) and the compactness of S.

Corollary 9. Let (S, 0) be a compact metric space. Then the map S — C(S)* by t — & is

(0, weak™) continuous and the set {6; : t € S} is weak™ compact in C(S)*.
The next lemma investigates the properties of certain maps from C(S)* to Hilbert space.

Lemma 14. Let H be a real separable Hilbert space and ® : C(S)* — H be linear and

(weak™, weak) continuous.
1. For each f € H, if we define F': S — R by F(t) = (®(5), f)u, then F is continuous.
2. The set {®(&;) : t € S} is weakly compact (and hence bounded) in H.

3. If D is a countable dense subset of S then the collection {®(d;) : t € D} is a complete
set in Hy = clg®(C(S5)*).

Proof. The first and second statements follow from the compactness of S, Corollary 9, and
the (weak™®, weak) continuity of ®. That weak compactness implies boundedness follows by
Banach-Steinhaus.

For the third statement, take any f € Hy and suppose that (f, ®(d;)) = 0 for every t € D.
Recall that every u € C'(S)* is the weak™ limit of a sequence of finite linear combinations of
point evaluation functionals at points in D by Theorem 19. By the (weak®, weak) continuity

of &, we see that every ®(u) is a weak limit of ® (D ¢,dy, ). For the functional (f,-), we have

(fa (I)(:u» = }g{.lo (fa Z Ck(b<5tk)> = jlggo Z Ck (f7 (I)<5tk)) = 0.

From this, we determine that (f,-) = 0 on the dense set ®(C(S5)*), whence (f,-) is the

zero functional on Hy. Then we see that f =0 in H,. ]
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The following theorem is an appropriate formulation of the classic Cameron-Martin trans-
lation theorem from [5], which guarantees quasi-invariance of v under a specific type of

transformation, namely by translations by elements of the Cameron-Martin space.

Theorem 20 (Cameron-Martin Theorem). Let v be a Gaussian measure on a locally convex
space X with Cameron-Martin space H., let h € H, with h = R.g for some g € X7, and
letT : X — X byx+— x+ h. Then v and vy, = v o T are equivalent with Radon-Nicodym

derivative
dyn 1 2 1 2
D e (g@c) L) = exp (gt@) - ol ). (3.20)
We can make use of the translation theorem to prove the following very useful result.

Theorem 21. Let v be a Gaussian measure on a locally conver space X. If € € C and

g€ X;‘ then
2
[ e (eatentan = e (5 ol ) (3:30

Proof. We first show that (3.30) holds for real values of £. This is easy, for given such £ put

h = R,(=£g) for the proffered g € X and then use Theorem 20 to obtain that

R ECCEN ) = exp (—%Ilﬁglliw) | e, ey

Now, let Z be any closed contour in C with a piecewise smooth parameterization z :

[0,1] — C for which |2/(¢)| is bounded (certainly this includes all triangular contours). Let
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M = supyg 5 |2(¢)| and N = supyg q; [2'(t)| and observe that

/ 1 [ texo gt <@ a(anae = [ Jexp (:(0)g(2)) 2 (1) de ()
v/ " 2exp (g(a)Re(=(1))) dir(d)
< [ [ 2o (siantaten g @)
=2 [ exp (sgn(g(a) Mg(2) 1 (d)

M? 9
~ oV esp (2 Wil

< Q.

Note that f(z) = exp (zg(z)) is an entire function and put F(z) = [, exp (zg(z))v(dx).

Using the previous computation as justification to exchange the integrals, we see that

[ Ferz= [ [ ewGogan=in= [ [ o) =o

so that F' is entire by Morera’s theorem. By (3.31), F(z) agrees with the entire function

exp (% I g||iQ(7)> for all real z, whence it must agree on all of C, completing the proof. [

Corollary 10. Let {gi,...,9n} be a linearly independent set in C(S); and let F(zx) =
flg1(x), ..., gn(x)) for some function f : R™ — C. If f is Lebesque measurable then F is

measurable, and

T €T ;w u) ex _1 a-u u
/C(S)F( i) = 505 [ it p( L )d, (3.3

where M is an n X n matriz with entries m; ; = (g, gj)LQ(w and = indicates that if one side

of the equality exists then so does the other.
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Proof. Take & = i in (3.30) to see that the characteristic function of the random variable g is
exp (=1 |g] 2 (7)), and thus each g has a mean zero Gaussian distribution and the covariance
of g and h is (g, h)2(y). Then the linear independence of the set {g1, ... g,} in C(S)Z ensures
that the covariance matrix M will be non-degenerate by Theorem 3.5.1 of [59]. Then (3.32)

follows by the definition of the n-variate normal distribution (cf. [59]). O]

It is also well-known (again, see [5]) that for a Gaussian measure 7 on a locally convex
space X, the Cameron-Martin space H., coincides with the set {h € X : v, ~ v}. Intuitively
speaking, it is the collection of elements along which translation does not move a set off of
the support of v. Translation by an element of X not in H, results in a measure that is
mutually singular with ~.

The question remains: can we identify the Cameron-Martin space? While we made some
progress in Section 3.3 we still do not have an explicit answer to this question. By Theorem
16 we can think of C'(S) as a centered copy of Hy of L*(S;v). Then Hy = C(S): = H,. To
work with H, directly, we will need some sort of “canonical” representation for the action
of an element f € L?*(S;v) on C(S), which in turn requires more information about the
structure of the operator 7T'. In the next section we will generate a wide class of examples
demonstrating how this works out.

We conclude this section with an aside that makes good on our promise in Section 3.2
to demonstrate a method for obtaining Gaussian measures on L*(S;v). There are some
interesting difficulties and questions that arise from this which we do not wish to address in

detail here, but we will offer some brief remarks.

Proposition 2. Let a centered Gaussian measure v be constructed as in Theorem 18. Then

v can be taken as a measure on L>®(S;v).

Proof. We can use Theorem 18 to build a centered measure v on C(S). Note that the

embedding C(S) — L*(S;v) is continuous for any choice of v € C(S)* because uniform
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convergence implies convergence in L*(S;v). Now by Theorem 11 we can consider 7 as a

measure on L*®(S;v) with the same Cameron-Martin space as on C(.5). O

In considering the previous proposition, there are a few caveats that bear mention. First,
note that the relationship between v and L>(S;v) is quite artificial. Recall that supp(y) =
clegs)(H,) by Theorem 12, whence H, cannot be dense in L*>(S;v), because the former
space is separable and the latter is not. This leads us to conclude that the support of v must
be some closed proper subspace of L*°(S;v), and thus in some sense we have “tacked on” a
“large” set of measure 0.

In addition, we must ask the uncomfortable question about how elements z* € L>(S;v)*
behave with respect to this measure, as this space of functionals does not generally agree with
C(S)*, which is what we built our covariance operator on in the first place. As our present

focus lies elsewhere, we only pause briefly to offer an example illustrating the problem.

Example 2. Let S = [0,1] and let ¥ = m be Lebesgue measure. Then it is well-known
that no d§; ¢ L>[0,1]*, and that there are certainly elements f* € L*°[0, 1]* that are not in
C(S)*. It is not the absence of the evaluation functionals ¢; that concerns us; rather, it is
the question of what happens for f* ¢ C'(S)*. Recall that k is a bounded Borel function on
S? and then taking k(u,t) = k,(t) we see that (k,, f*) is a perfectly good bounded function
in L?[0,1]. Then

TT* (1) = /S e, V(s £)d (3.33)

The issue is that we must have (T'T* f*, g*) = (T* f*, T*g*) L*[0, 1], and showing this directly
involves exchanging the order of integration in (3.33). However, it is not at all clear that
this can be done, as spaces of finitely additive measures are strange and frightening places
where Fubini type-theorems are very hard to come by. Exactly what happens in this case is

an interesting question that we will leave unanswered here.
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3.5 Measurability

In all of these constructions, there is necessarily the question of measurability. Recall that
the Gaussian measures we have been considering arise as the radonification of a cylindrical
measure on the o-algebra (B). Thus the finite-dimensional distributions of v are specifi-
cally constructed so that whenever £ C R" is Borel and P is a finite dimensional projection
onto R” it must follow that P~!(E) is measurable by definition. By the standard measure-
theoretic arguments this then carries through to tame functionals defined on B in terms of
finite-dimensional projections and measurable functions on R™ of the form F(z) = f(P(x)).
The question of converse measurability is less clear. Must it be the case that the measura-
bility of F' will guarantee the measurability of f o P?

The first known successful attempt at addressing this question was due to Fulton Koehler
at the University of Minnesota, who had heard of the problem in the case of the classical
Wiener measure to, as posed by Robert Cameron. This result provided for the converse
measurability of tame functionals with respect to the ordinary Wiener measure. In the end,
Koehler’s result remained unpublished, but known to Cameron and his associates.

In [51], David Skoug extended Koehler’s result to address the question of measurability
not only with respect to the one parameter Wiener measure, but also for the two parameter
Yeh-Wiener measure. One of his motivations for this was a desire to streamline the statement
of the theorems in [§].

Here the question remained for some time, until Skoug’s colleague Gerald Johnson was
visiting the university of Erlangen and mentioned the problem in a seminar there. A far
more general converse measurability result was subsequently proven by Siegfried Graf. One
can also find a general converse measurability result by Chang and Ryu in [10].

By M(B) we will denote the usual completion of B(B). We will also abuse notation

by taking « to be the completion of the corresponding Gaussian measure on B(B). The
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statement of the following theorem is adapted from [33]; the proof is the same as presented
there. This result is very much a consequence of the fact that + is a finite measure on a

separable Banach space, and is hence a regular measure. The proof is originally by Graf.

Theorem 22. Let C' = {:1: c (a2, . (k) € é} be a cylinder set in a separable
Banach space B and let v be a Radon Gaussian measure on M(B). Then C is measurable

if and only if C is Lebesque measurable in R™.

Of course, one could consider the question of scale invariance of sets in M(B). As

important as this idea is, we will not engage it here.

3.6 Bounded Variation and Absolute Continuity

In the next section, we will consider in greater detail a class of function spaces and measures
sharing a particular basic structure. First, we will need several results from [3] and will have
to reframe these results to our setting. Take Q) = H?ZI[O, T;] and let < be the usual partial
order on () such that s <t if and only if each s; <t;. By a rectangle (or interval) in ) we
refer to the set [s,t] = {u € Q : s <u <t}. We say that a rectangle R = [s, t] is degenerate
if s; = t; for some i. In general, for sets A and B in R? let AAB denote the symmetric
difference of A and B.

Let a = (aq,...,aq) be a multi-index with «; € {0,1} and let |a] = 2?21 a; as usual.
The collection of multi-indices {a} forms a bounded, graded lattice having (1,...,1) as its

top, (0,...,0) as its bottom, and rank function |a|. The order is a < 3 if and only if a; < 3;,

and the meet (A) and join (V) of this lattice are determined by:

a A B = (min(ay, £1), ..., min(ag, Bq)),

aV f = (max(aq, 51), ..., max(ag, Bq)).
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For a rectangle R = [s,t], let ext(R) = {r € [s,t] : r; = s; or r; = t; for each i} be the
extreme points (corners) of R. For r € ext(R), let #r be the number of indices for which
r; = S;. Note that the multi-index a can be used to order these extreme points with the
order in the lattice of multi-indices directly corresponding to the application of the partial
order on R? to ext(R). In terms of the multi-index, if ext(R) = {r,} we then have #r, = |a/.

For a rectangle R C R?, put

Apf= Y (“D)*f(r), (3.34)

reext(R)

and note that this expression yields an alternating sum of point evaluations of f at the
corners of R. For each o, we let at = (aqty, ..., aqtq) and at = (a1t; + (1 —ay) Ty, ..., agtqa+
(1 —ay)Ty), and then Q, = {at : t € Q} is the lower a-face of @ and Q* = {at : t € Q} is

the upper a-face of Q.

Definition 10. Let P be a finite partition of () into non-degenerate intervals R; and let
P be the collection of all such partitions. A function f : @ — C is said to be of bounded

variation on ) in the sense of Vitali if the quantity

V(f:Q) = sup > AR f|p <K (3.35)

RjEP

for some K > 0.

We define the variation of f on @ in the sense of Hardy-Krause to be the quantity

d

Var(f;Q) = > V(f;Qa), (3.36)

laf=0

where V(f;Qs) = |f(0)] when |a] = 0 and is defined as in (3.35) otherwise. We will

denote the collection of functions of bounded variation on () in the sense of Hardy-Krause
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by BV(Q) ={f:Q — C: Var(f;Q) < co}.

In short, for f to be of bounded variation in the sense of Hardy-Krause simply requires
that each restriction of f to a lower a-face (or to each upper a-face) has bounded variation
in the sense of Vitali. Note that if d = 1, these reduce to the usual definition of bounded
variation. For a more detailed development in the cases d = 1,2, see [3, 14, 37, 52|, which our
definitions follow and extend. Adjusting for the more cumbersome computations resulting
from the fact that d > 2 and using the same methods as in [3] one can obtain the following

theorem.

Theorem 23. For f € BV(Q), put ||f|| 5, = Var(f; Q). Then ||-|| gy is a norm, and under

pointwise products the space BV (Q) is a unital Banach algebra.

Definition 11. Let f and g be defined on a rectangle I C R% let P = {R;} be a finite

partition of I into non-degenerate rectangles, and let ¢; € R; for each j. Put
S(f19.P) =Y _ fle)Ar,g. (3.37)
j=1

We say that f is Riemann-Stieltjes integrable with respect to g on I if there is some number
J such that given any ¢ > 0 there is a § > 0 so that |S(f; g, P) — J| < € whenever |P| < .

In this case, J is the Riemann-Stieltjes integral of f with respect to g on [.

From [62], we take the following two results after adjusting to our notation. The first

gives the existence of the Riemann-Stieltjes integral.

Theorem 24. If g is continuous and f is of bounded variation (in the sense of Hardy-Krause)

on a closed rectangle I C R?, then the Riemann-Sticltjes integral f[ gdf exists.

The next theorem shows that the Riemann-Stieltjes integral satisfies an integration by

parts formula. We will need a little notation to state the theorem. For a rectangle I =
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H;lzl[aj, b;] and 0 < k < d, let Jj, denote the collection of (possibly degenerate) subrectangles
for which n — k coordinates are fixed at either a; or b; and the remaining k coordinates are
free in their corresponding intervals. Note that there are (¢) 29 such subrectangles in each

Ji. For a given subrectangle I,,, € J we will take #1,, to be the number of coordinates of

that subrectangle that are fixed at the corresponding b,

Theorem 25. Suppose that g is continuous and f is of bounded variation (in the sense of

Hardy-Krause) on a closed rectangle I C R:. Then f[ fdg exists, and

d
[ gt =32 3 (0 #) [ gladsa) (339
1 k=0 Inedy, Im
We will say that two sets A and B in R? are essentially disjoint if m(AN B) = 0. In
addition, we will take the measure m, on @), to be the image measure of Lebesgue measure
on Rl°l under the natural bijection Rl*l — @Q,. We next introduce a notion of absolute
continuity on () that is intimately connected with that of bounded variation in the sense of

Hardy-Krause. See [3, 52] for further information.

Definition 12. For each «, let P, = {R,;} be a finite collection of essentially disjoint
intervals in @Q,. A function f : @ — C is said to be absolutely continuous on @ if for every

€ > 0 there is a § > 0 such that

> |Ag, f]<e (3.39)

Ra7j€Pa

whenever each P, satisfies

Z mg (Ra,j) < 0.

Ra,]'GPa
Unpacking this definition, we see that f is absolutely continuous in this sense whenever

f is absolutely continuous on ) with respect to Lebesgue measure, and f restricted to each
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lower a-face is also absolutely continuous as a function of the remaining free parameters.
Let AC(Q) denote the collection of absolutely continuous functions on ). Again, we can
obtain the following result by the same methods as used in [3]; it characterizes AC(Q) in

several very convenient ways.
Theorem 26. Let f: Q) — C. Then the following are equivalent:

1. fe AC(Q),

2. for |a| =1,...d, there exist F,, € L*(Qq) such that

£ =3 | X (0Fa(u)ma(du) (3.40)

laf=1

3. f belongs to the closure in BV (Q) of the polynomials in d-variables.
We will use the following lemma in the next section.

Lemma 15. For each xz € C(Q), the map BV (Q) — R given by f — fQ f(u)dz(u) is linear

and continuous.

Proof. By the linearity of the Riemann-Stieltjes integral, it is clear that each such map is
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linear. Let f € BV(Q). Then, by integration by parts,

Q 0 QmeQ Im
d
<> @2 [ Jgwldif@
d
< (Z(W’f) lalls [ alsl
k=0 m
< Cllglls Var(f; Q)
= Cllglls 1f1l v »
where C' > 0 can be appropriately chosen, and thus the map is continuous. O

3.7 Measures on the space CO(Q)

The next theorem is our first aim of this section; it shows how to build a wide class of
“generalized Wiener measures” on the space C(Q)). Throughout our discussion, we will fix
an element a € C'(Q)) satisfying a(t) = 0 whenever ¢; = 0 for some j = 1,...,d; this function
will serve as the mean for our family of measures. We begin by dispensing with the technical

condition on e-entropy of Theorem 17 for these spaces.

Proposition 3. For every a > 0, QQ = H;l:l[O,Tj] satisfies the metric entropy condition

Y 27H(Q,27T) < 0.

Proof. We use the > norm ||u — v||_ = maxj<j<q|u; — v;| on R Put T = max;<;<q{7}}.
Now, there is an ng € N sufficiently large that for each n > ng there is some M,, € N so that
T < 27"M, < 2T from this we see that M, < 2"*'T. Now note that it takes at most Mﬁf

balls of size 27" (in the ¢*° sense) to cover Q.
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Thus N(Q,27") < M2 < (27174, and hence
1 1
H(Q,27") = (log N(Q,27))* < (log(2""'T)%)* < CVn + 3,

where C' = (d max(log 2, log T))%. Now observe that

Y 2H(Q. 2T <C Y 27 n+3,
n=no n=no
which converges by the ratio test for any a > 0. [

Theorem 27. Let v be absolutely continuous on Q) with non-negative Radon-Nicodym deriva-

tive % € LP(Q) for some 1 < p < oo and let k(u,t) = Xjo,(u) be a Volterra kernel. For

m

feL?Q;v), put Tf(t) = fQ k(u,t)f(u)v(du). Then there is a Radon Gaussian measure 7

on C(Q) with Fourier transform
N _ 1
F(z*) = exp (z(a,x*> — §<TT*{L’*,Z'*>> . (3.41)

Proof. Note that (a,-) is a perfectly good continuous linear map on C(Q), and the result
is that m(z*) = (a,2*) for each z* € C(Q)*. We need to demonstrate that our intended

covariance operator TT* does what it should. By Theorem 18, it suffices to show that
/ e, 5) — k(u, )2 v(du) < Cs — ¢2° (3.42)
Q

for some v > 0 and C' > 0, because Proposition 3 assures that the metric entropy hypothesis

of Theorem 18 is automatically met.



If1<p<oo,takeO<oz<pQ;;andthen

1 1 )
—|s - t\m /Q |k(u, s) — k(u,t”? v(du) = —|s - t|2°‘ /Q ‘X[O’S](u) — X[o,t](u)‘ v(du)
1

dv
_— s - d
t|2a/QX[o, ]A[o,tl(U)dmm( )

|s =
1

— |S _ t|2a

dv

dm

m ([0, s]A[0, )5

p

dv
< -
_cHdm

|S - t‘p?%l—Qa
p

dv

dm

<c|

p

In the case that p = oo, take 0 < a < %, and then by a similar computation

1

|s =

v
dm

t|2a/Q|k(u,s)—l<;(u,t)|2u(du)< ! m ([0, s]AJ0, 1)

— |S o t‘Qa

o0

dV 1—2«
< —_— —1
<] -

dv
< -
_CHdm

In either case, (3.42) is satisfied.
Corollary 11. Let v be as in Theorem 27. Then

1. supp(y) € Co(Q) = {z : z(t) = 0 whenever t; =0 for some j =1,...,d},

Proof. Let t € Q with ¢; = 0 for some j and observe that Td;(u) = xjo,4(u), so that

* dv
([T70e | 12 (guy = / X0, (w)v(du) = / X[0,4] (u)d—(u)m(du) =0,
Q Q m
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because m|[0, t| = 0 for such ¢. Thus ¢, € ker(7™) whenever some ¢; = 0 and then by Theorem
15, supp(y) C ker(¢;), whence z(t) = (d;, z) = 0. If v has mean a € C(Q) as in Theorem 12,
then « = a + x, for some z € clg(g)(H,), whence x(t) = a(t) + xo(t) = 0.

As H, C T(L*(Q;v)), each h € H, is h =T f for some f € L*(Q;v), and thus

dv
b0 = [ xon i) = [ o) (5005 ) mia)
Q Q m
Note that fj—r’; € L*(Q) and that we can take each F, = 0 on the lower a-faces of @), which

shows that h € AC(Q) by Theorem 26. O

We will now take some time to develop a useful means of representing linear functionals
on Cy(Q). To accomplish this, we will continue to view of 7% as acting on C(Q)*, but will

consider it to have a different codomain.

Lemma 16. Let T™ be as in Theorem 27. Then T™ can be also considered as a bounded

linear map from C(Q)* to BV(Q).

Proof. Note that T* is linear by definition. For z* € C(Q)* let z* be represented by the
measure g and put T*z* = T*p and then T*z*(u) = fQ Xjo.4(w)p(dt) = p{t - w < t}. For

each o and any partition P, = {R, ;} of Q, by rectangles we have a uniform bound

ST ar, T = Y |Aru{tiu<t = Y u(Ray)l < 0l (Q),

Ra,jEPa Ra,jEPa Ra,jEPa

whence we can easily obtain the coarse (but sufficient) estimate
d
T2 |y = D2 VT2 Qa) < 2 illyar = 212" Iy

|ar|=0

and thus 7™ is bounded. O
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Theorem 28. Let T* be as in Lemma 16 and let © € Co(Q). Then

(3, 2%) = /Q T (w)da(u) (3.43)

for each z* € C(Q)*.

Proof. Begin with the case that * = §;. Observe that T%d;(u) = fQ X[0,5) (1)6:(ds) = xpo.4(w),

and then we can compute that

/ 76, (u)d(u) = / Noa(u)dz(u) = 2(t) = {z,8),
Q Q

because of the fact that x(t) = 0 whenever ¢; = 0 for some j = 1,2,...,d. The linearity of

the Riemann-Stieltjes integral then assures that

(x,ch5tj> :/Qch&j(u)dx(u)

for any finite linear combination of point evaluation functionals.
Now, let 2* be any element of C(Q)* and recall by Theorem 19 that 2* is the weak™ limit
of finite linear combinations of point evaluations, say z* = lim,,_., z;,. Note the composition

map z* — T*z* — fQ T*z*(u)dz(u) is continuous by Lemmas 15 and 16, whence

(x,2") = lim (z,z)) = im [ Tz (u)dz(u) = / Tz (u)dx(u),

n—oo n—oo
- Q Q

as desired. O

Corollary 12. If f € BV(Q), then there is some f* € C(Q)* so that fQ fuw)dx(u) = (f*, )

for every x € Cy(Q), and in this case we have T*f* = f.

Proof. Let f € BV(Q). Then the map C(Q)) — R given by x — fQ f(u)dz(u) is certainly
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linear; moreover, the proof of Lemma 15 shows that

] [ #wast)| < sl lisls.
Q

whence there is a bounded linear functional f* € C(Q)* so that (f*, z) = fQ f(u)dz(u), as

desired. Then by Theorem 28 we see that T f* = f. m
Lemma 17. For each f € BV (Q),

1. the Riemann-Stieltjes integral fQ fdx ezists for every x € C(Q) and for every x €
Co(Q) satisfies fQ fdx = (f*,x) for some f* € C(Q)* for which T* f* = f,

2. oo ( Jo fdx) Y(de) = [, fda,

5 Sy (fo ) o) = 1713 gy + (Jp £da)

Proof. The first statement follows directly from Theorem 28 and Corollary 12. The second

two statements follow immediately from the first and the fact that

1 1
/?(f*) = eXp <Z<f*7a> - 5 ||T*f*||i2(Q,l/)> = eXp (Z/Qfda - 5 ||f||i2(Q,y)> )

so that f* is a normal random variable with mean fQ fda and variance ||f ||iQ(Q'V)' O]

Lemma 18. Let v be a positive Borel measure on @ and fiz some xq € C(Q). For f,g €

BV(Q), let
[f7 g]zo = (f7 g)L2(Q;V) +/Qfdx0/dixO

Then [-, -]z, is a semi-inner product, and the semi-norm associated with [-,-] dominates the

L*(Q; v)-norm.

Proof. By the linearity of the map f +— fQ fdzo, it is easy to see that [-,];, is symmetric
and bilinear. In addition, [f, floy = || ]172(qu) + (Jo fdo)? > 0, and if f =0 in BV(Q), we
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must have || f|[2(g.,) = 0 and fQ fdzg = 0. Thus [, ], is a semi-inner product on BV (Q).

The domination of ||-[|2(g,,) by the associated seminorm is clear. O

In light of this, [f,g], is a semi-inner product on BV (Q). Define the quotient space
BV(Q)s = BV(Q)/{f : |f, fla = 0}, and then we can take [-,-], as an inner product on
BV (Q),. Observe that f = g in BV (Q), if and only if f = g in L?(Q;v) and fQ fda = fQ gda
for every choice of representative for the corresponding equivalence classes of f and g. Now,
define H to be the completion of BV (Q), in the norm associated with |-, -|,, which we will

denote by ||-|| ;. We will use (-,-), to denote this inner product.
Lemma 19. If H is as above, then:
1. H C CILQ(Q;V)T*<C(Q)*)7

2. for each z* € C(Q)*,
||$*||iz(y) = ||T*9U*||?{ = ||T*$*||2L2(Q;y) +(2%,a)® = ||T'I*||%2(’y) + (%, ). (3.44)

Proof. Let (f,) € BV(Q) with lim,, .~ f, = f in H. Note that by Corollary 12 each f,
satisfies f, = T f; for some f; € C(Q)". Then the fact that [|-||; dominates [||[;2 .,
forces the desired containment.

Now let 2* € C(Q)*. Then z* is Gaussian with mean (z*, a) and variance ||T*x*||2LQ(Q;U),
whence ||x*||ig(ﬂ/) = ||T*x*]|ig(Q;V) + (z*,a)?. The second conclusion is then immediate from
the fact that ||T*z*||, = HT*;E*H;(Q;V) + (fQ T*$*da>2 by Theorem 28 and the definition

of |[-[|;7, and the fact that [|7z*|[;2(,) = [[T"2"||2(g,,) from Theorem 16. O
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We pause to note that we are really thinking about the map 7™ in several different ways:

T*

T

C(Q) 7o BV(Q) — L2(Q;v)

Lem.16

quotient Lem.19

BV (Q)a H

Thus we are frequently abusing notation and taking 7 to be the map C(Q)* — BV (Q) as

*

in Lemma 16, as a map C'(Q)* — H in Lemma 19, or (by including the composition with

an appropriate quotient or inclusion) as a map C(Q)* — L?(Q;v), as in Theorem 27.

Definition 13. Let {¢;} be a complete orthonormal set of functions of bounded variation

in H. For f € H, put

n

L) =S (f.6), /Q () (1),

j=1
Define the Paley-Wiener-Zygmund (PWZ) integral to be If(z) = lim, . I,f(x) for all

x € C(Q) for which this limit exists.
Theorem 29.

1. For each f € BV(Q), the PWZ integral If(x) exists and agrees with the Riemann-
Stieltjes integral [, f(u)dz(u) for a.e. x € Co(Q),

2. the PWZ integral is essentially independent (up to L*(7) equivalence) of the choice of

orthonormal basis in Definition 13,
J. ch(Q) If(z)y(dr) = fQ f(u)da(u),

b Jey @) 21d2) = 1y + (o Fledata))

5. If f and g are in BV (Q), then the covariance of 1f and Ig is (f,g)r2u)-
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Proof. To prove the first two statements, let {e;} be an orthonormal basis of functions in

BV(Q) for H and let f € BV(Q). Take the PWZ integrals I, f(z) as in Definition 13, note

that Y37, (f,€;)ae; € BV(Q)a, and recall that the Riemann-Stieltjes integral fQ w)dz(u)

exists for every x € C(Q). Now we observe that

2
WMZ/
Co(Q)
Lo

/ I, f(x
Co(Q)

—Aﬂm

with Corollary 12 yielding the appropriate functionals e} and f* in C(Q)*

of (3.45) can be written as

O(feshucs,a) =23 (e

n 2
S [ estr = [ g st
n 2
Z(fa 6j)a<e;’m> - <f*,I> '7(dI)’ (345)
j=1
. Now the integrand

z)(f*,x) + (f*, x)?,

and then integrating over Cy(Q) with respect to v, Lemma 19 shows that (3.45) is equal to

(zu, "

7=1

ol

H

By the linearity of 7%, Corollary 12, and the fact that (f, g),

this is equal to

n 2

Z(f? ej)aej

j=1

= Jo I

H

whence lim,, .. I,, f(z

=23 (fea+IIfI% |
j=1

- 22 freia (€T 1) gy + (€5 ) (F50) | + T

= (f?g)LQ(Q;V) + fQ fda fQ gdav

in L?(7y), and hence for a.e. x € Cy(Q).
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Let (f,) and (g,) be sequences in BV (Q) converging to f in L?(Q;v). Then we have

2

7(dz) = lim ((f* ) = (g",2))" v (de)

"0 JCo(Q)

. 2 2
= nh—golo ||anH -2 (fn7gn)a + HgnHH

lim ‘/ fndx—/gndx
" Jo@ Ve Q

. 2
= lim [, = gull

and thus lim,, ... [ f,,(z) = lim, .o Ig,(z) in L?(7), and hence for a.e. x € Cy(Q) and thus
I f(x) is essentially independent of the choice of approximating sequence in BV (Q).

Now, taking f* in C(Q)* corresponding to f € BV(Q) by Corollary 12, we note that
Tf = {(f") —(f"a) € C(Q)}, and then we can apply Theorem 21 with £ =i to see that

the characteristic function of the random variable 7 f* is given by

L 1
exp (—5 || f ||i2(Q;V)) = &Xp (_5 ||f||i2(Q;V)> ’

and then from the fact that [f(x fQ = (f* x) for a.e. = € Cy(Q) we quickly
see that I f(-) is a Gaussian random variable with mean [, f o f(wda(u) = (f*,a) and variance
|| f Hig@;y), whence the next two conclusions follow.

Finally, let f = T*f* and g = T*g¢* for some f* and g* by Corollary 12. Then I f(x) —
Jo fda = (f*,2) = (f*,a) and Ig(z) — [, gda = (g*,2) — (¢, a), whence the covariance of
If and Ig is

( / Jda. Ig() / gda) oy =W = 4 = (6 D
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and the final conclusion holds. O]
As a consequence of Theorem 29, we also have the following corollary.

Corollary 13. If f € BV(Q), then fQ fdx € L3(v) with

|/

Lemma 20. Let f and g be elements of H. Then:

= F Ol 2y = 111 (3.46)

L2(y)

1. There s a number L € R such that lim,,_. fQ foda = L whenever (f,,) is a sequence

in BV(Q) with f, — f in H. In fact, L = I f(a).

2. (f,9)a = (f,9)12(0m) + If(@)Ig(a) and ||f|[5 = | flI12gu) + (1 (a))*.

Proof. 1f (f,) in BV(Q) is convergent in H, then <||fn||L2(Q;u)> and (fQ fnda> must each

be convergent. Put L = lim,,_, fQ fnda. Note that if (g,) is another sequence in BV (Q)

2
Converging to f n Ha then ||fn _gn”L?(Q;V) + (fQ (fn _gn) da) = ||fn _gn||H — 0 as
n — oo, whence fQ gnda — L. Let (e;) be an orthonormal basis in BV (Q) for H and then

fn = Z;L=1 (f,ej), e is in BV (Q); moreover, we see that

If(a) ZHILI& Z(f, ej)a/ e;da = 7111—{20/ Z(f, e;)ee;da = nhj&/ fnda = L.
j=1 Q Q j=1 Q

The second conclusion follows from the first and the fact that

(f7 g)a - nh_g)lo(fnygn)a - nh—>nc>10 |:(fnagn)L2(Q;y) + /Q fnda/anda} s

where (f,) and (g,) are any sequences in BV () converging to f and g, respectively. O
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Theorem 30.

1. If f € H, then the PWZ integral If(z) exists for a.e. x € Cy(Q) and is essentially

independent of the choice of orthonormal basis in Definition 13.
2. If f € H, then If is a Gaussian random variable with mean If(a) and variance
2
HfHLQ(Q;V)

3. If f and g are in H, then the covariance of the random variables If and Ig is

(f, 9)r20u)-

Proof. Let (e;) be an orthonormal basis in BV(Q) for H and then f, = 37, (f,¢;),¢;
defines a sequence (f,,) in BV(Q); note that ||f, — fiullyz — 0 as m,n — oo; i.e. (f,) is

Cauchy, because it is convergent. Then

1 fr = L fmllrzey = (o = fudllray = 1o = fullg

by Corollary 13, and hence (I f,,) is Cauchy in L?*(v). Let F(z) be its limit, and then

n—oo n—oo

F(z) = lim If,(xz) = lim / i(f, e;)qe;dr = lim i(f, ej)a/ e;dr = lim I, f(z)

Jj=1

in L?(y). Thus F = lim,_ I,f = If in L*(v), and so I f exists for a.e. . If (h;) is another
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orthonormal basis in BV (Q), then by Corollary 12 and Lemma 19 we see that

>, ej)a/ ejda = (f, hj)a/ hda|| = |>_[(f.e))ale] @) = (s hy)alh, )]
j=1 Q j=1 Q L2(y) 11751 L2(y)
= | [(f.e)a€; — (f.hy)abl] )
=1 L2(y)
= |17 (Z [(f.e)acs — (f, hj)ahj])
= Z(f, €j)a€j — Z(f, hi)ahi||

and then we must have lim, o I,, f(x) = lim,,_, 1,9().

Again using the sequence (f,) as above, note that If,(x) = I,f(x) for a.e. x by the
linearity of the Reimann-Stieltjes integral. Now, by Theorem 29 we see that each [f, is
Gaussian with mean fQ fnda and variance ||fn||ig(Q;V), and lim,, ... I f,(x) = I f(z) for a.e.

x. Thus I f, has characteristic function

[ et atn = e (5 1l + ).
Co(Q)

and then the fact that |exp (il f,,(x))| < 1 allows the use of dominated convergence to show
that If is Gaussian with the desired mean and variance.

Now we can compute the covariance. Note that

/ (1f(x) - If(a)) (Ig(x) — Tg(a)) 1(dx) = / If (@) Ig(x)y(dz) — If(a)Ig(a).
Co(Q)

Co(Q)

so that it suffices to show that (If, Ig)iQ(,y) = (f,9)r2(Qw) + 1 f(a)Ig(a). Once more we
enlist our orthonormal basis (e;) and construct (f,,) and (g,) as before, noting that If =

lim, oo Inf = If, and Ig = lim,_.o I,g = Ig, in L?*(7) and also that f, — f and g, — ¢
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in H. As each f, and g, are in BV (Q), we see that

(s gn)a = (fs 9)al < Mlgnllp 1o = Fllg + 11 1e llgn = 9l

so that (fy,gn)a — (f,g) as n — oo. In the same way, (I,,f, Ing)r2¢y) — (I f,1g9)12(+). With

this and Corollary 13, we see that

(Ifa Ig)LQ(»y) = nh—{{olo (Inf> Ing)L2(»y) = nh_{go (fmgn)H = (fvg)Ha

and then the desired result follows from the fact that (f, g)x = (f, 9)r2(Qu)+1f(a)Ig(a). O
We can now state another version of the classic Cameron-Martin translation theorem.

Theorem 31 (Translation Theorem). Let f € H and take any xo € Co(Q) satisfying

xo(t) =Tf(t) = fQ X0, (w) f(w)v(du). If ¢ : Co(Q) — Co(Q) by q(x) = x + xo, then yoq is

absolutely continuous with respect to v, and

dyogq
dy

(@) = exp (=5 I gy + 11(0) = 1£(@)) (3.47)

Proof. Taking an orthonormal basis (e;) in BV(Q) for H, we have the L?(v) limit

1) = 1@ = Jim |32 e [ st =3 (el | ejda]

L j=1 j=1 Q

—tim (e a) — (S (4 ej>ae;,a>] ,

n—o0
L j=1 Jj=1

where €] is taken as in Corollary 12. Noting that

,€5)a€s, )y (dr) = 1€5)a€],a
[ o e ayide) = (305 ol o

J=1 J=1
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we see that [f(-) — I f(a) must be an element of C(Q):. Now observe that

Ry(1f() = 1f(a))(0) = / (Lf(x) = 1f(a))((0:, 2) — a(t))(dx)

Co(Q)

_ / If(2){6, x)y(dx) — a(t)I f(a)
Co(Q)

= (1,776 gy + a(t) I f(a) — a(t)] f(a)
- / Noa () () (du)
Q

= Io(t),

where R, is as in Lemma 9.

Then the hypotheses of Theorem 20 are satisfied, and

as desired. O

The following theorem is the multiple-parameter version of Theorem 4. It is the basic

integration formula for cylindrical functions.

Theorem 32 (PWZ Theorem). Let {¢1,...,¢,} be a linearly independent set in Hy and let
f:R*— C. Then F(x) = f(Ip1(x),...,1p,(x)) is measurable if and only if f is Lebesque

measurable, and in this case

Faptar) = D e (<2 —v) - @-v) au.
@ (2m)2 "

where M is the n X n matriz with entries m;; = (¢i, 9j) 120, v = (I¢1(a), ..., I¢n(a)),
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and = indicates that if one side of the equality exists then so does the other.

Proof. The proof follows directly from Theorem 30, the definition of the multivariate normal

distribution, and the same observations as in the proof of Corollary 10. O

Corollary 14. Let {¢1,...,¢,} be an orthonormal set in Hy and let f : R™ — C. Then
F(z)= f(Ip1(2),...,Ip,(x)) is measurable if and only if f is Lebesque measurable, and in

this case

* _n . (uj _ [¢j(a))2
F(x)y(dx) = (2m) 2 u)exp [ — du, 4
L, Fenn =ent [ p< yw=h ) (3.48)

j=1
where = indicates that if one side exists, the other also exists with equality.

Proof. The fact that {¢1,...,¢,} is orthonormal ensures that the covariance matrix C' is

the identity matrix. Then apply Theorem 32. O

3.8 Examples

In this section, we collect and comment on several examples, most of which are well-known
in other contexts. In these examples we take m to denote Lebesgue measure. If k(u,t) is the
characteristic function of the set {(u,t) : uw < t}, then k is a Volterra kernel and for suitable

choices of v absolutely continuous with respect to m, some well-known examples result.

Example 3. If we take @ = [0,1] and ¥ = m and a = 0 on [0, 1], it is not hard to see that

K(s,t) = (Rds, ;) = /[01] X[0,5) (1) X0, (w)m(du) = m([0, s] N [0,¢]) = min(s, ),
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and we have obtained the classical Wiener space with Cameron-Martin space

t
H, = {x ca(t) = / 2’ (u)du for some z’ € L?|0, 1]} .
0

Note that this is the space of absolutely continuous functions on [0,1] with derivative in

L?[0,1] that vanish at 0 (i.e. the Sobolev space H}|[0,1]), as expected.

Example 4. Taking k(u,t) = xp;71(v) in the previous example, we obtain a similar function

space, with its elements a.e. “tied down” at T, as in [50].

Example 5. In a similar fashion to the previous example, if we take @Q = [0,1]*> with
Lebesgue measure and a = 0 on @, the result is the classical two-parameter Wiener (Yeh-

Wiener) space with
K(s,t) = / Xj0,s] (W) X[o,¢)(w)m(du) = m([0,s] N [0,t]) = min(s,?;) min(sg, ta).
[0,1]2
In this case, the Cameron-Martin space is
t1 to
H, = {x sty to) = / / ' (uy, up)duydug for some z' € L?[0, 1]2} :
o Jo

which is the collection of absolutely continuous functions on [0, 1]? for which 322532 e L*0,1]?

and for which z(t;,t3) = 0 whenever either ¢; = 0 or 5 = 0.

Example 6. Again take Lebesgue measure on [0, 1] and put k(u,t) = xjo.q(u) — m([0,t]) =
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X[o,4(u) —t. Now we have

K(s.1) = / (x0u1 (1) — 8)) (xios) () — £) m(du)
= /0 (X050, (1) — X[0,61 (1) — $X[0,(w) + st] m(du)

— m([0,s]N[0,4]) — st

= min(s,t) — st,

and we have obtained a Gaussian measure on C|0, 1] for which the stochastic process X; =

(04, ) corresponds to the well-known Brownian bridge. Note that

H, = {a: ca(t) = /0 (X0.4(uw) — m([0,])) 2’ (u)m(du) for some z’ € L?[0, 1]} :

Note that

/O (xtou1 (1) — m([0, 1)) 2’ (w)m(du) = /0 2 (u)m(du) — ¢ /0 2/ (w)m(du)

so that the Cameron-Martin space for this measure is the space of absolutely continuous

functions on [0, 1] with derivative in L?[0, 1] and for which z(0) = z(1) = 0.

Example 7. Let b(t) = f(f b'(u)du for some nonnegative b’ € LP[0,1] for p > 1. Take v to
be the Lebesgue-Stieltjes measure with respect to b; that is v(E) = [, db(u) = [, V'(u)du

for measurable sets £Z. Then

K(s,t)= /0 X[0,5] (1) X[0,4 (1)db(u) = b(min(s, 1)),

is the covariance function for a Gaussian measure on C'[0, 1] and the corresponding Cameron-
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Martin space is

H, = {x cx(t) = /Ot 2’ (u)db(u) for some ' € L7[0, 1]} :

We denote the resulting measure space by (Cy [0, 1],7).

Example 8. Taking the previous two examples in combination, we consider the interval [0, L]

and let b(t) = fg V' (u)du for some continuous nonnegative t'. Put k(u,t) = \/b(L)x[oq(u) —

b(t) . . . .
——~—, and the resulting covariance function is
Vo)’

K (s.1) = / <¢b<L>x[o,s]<u>— bls) >> (¢b<L>x[o,ﬂ<u>— blt) )db(u)

oL (L)
- /OL [b(L)X[O,s]m[O,t] (u) — b(s)xj0,q(w) — b(t)Xo,5 (u) + W} ¥ (u)du
= b(L)b(min(s, t)) — b(s)b(t)
b(s)(b(L) — b(t)) ifs<t,

b(t)(b(L) — b(s)) ift < s.

In this way we obtain a measure with respect to which the stochastic process X; =
(04, x) is a Brownian bridge whose covariance structure is governed by the Lebesgue-Stieltjes
measure db. Note that Example 7 corresponds to the choices L = 1 and b(t) = t.

We remark that the Cameron-Martin space for the measure we obtain in this case is

b(L)

y = {x x(t) = /0 <\/b(L)X[07t}(u) b)) ) 2/ (u)db(u) for some x’ € L?[O,L]} .

Noting that

x(t) = \/b(L)/O o' ()b (u)du — %/0 o' (u)b' (u)du
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for each z € H, and that b(0) = 0, we again see that z(0) = z(L) = 0, as expected.

Example 9. With d = 1 and functions a and b chosen such that o’ € L?[0,T] and b € C*[0, T
with o' positive and bounded away from 0 we obtain the measure spaces (C,;[0,T7],7) of

Chapter 2. In this case, also recall that we have L?[0, 1] = L?[0, 1] by these stricter conditions

on t/, as then we have both |['||., < oo and | %HOO < oo. We remark that the translation
theorem from [12, 13] requires translations by elements of the form zo(t) = fg f(u)db(u) for
f satisfying fol |f \2 db < oo and fol |f ]2 da < oo; however, by our Theorem 31, one can relax

the second of these requirements to fol |f]d]a| < oco.

Example 10. This nonexample exhibits a measure that is not of the type discussed in
Section 8. Let ¢ : [0,1] — [0, 1] be the Cantor function. Note that ¢ is monotone and that
¢ =0 a.e on [0,1]. As cis of bounded variation, we can define a measure v on [0, 1]
by v(E) = [,de(u); moreover, we will certainly have v € C[0,1]*. Take k(u,t) to be the
Volterra kernel.

As before, we can build a covariance function K(s,t) = c¢(min(s,t)). However, under
our method of construction we have no guarantee that the support of the resulting measure
~v must be contained in the space of continuous functions C]0,1], because the necessary
Hoélder-type condition v([0, s]A[0,t]) = fol k(u,t) — k(u, s)|* v(du) < C|s —t|* might not
hold. There is certainly an R-valued stochastic process with this covariance, but we don’t

know whether its sample paths are continuous.

Example 11. Our final example is the family of spaces C,;(Q), in the case were d = 2. Let
Q =[0,5] x [0,T]. Now, take b € AC(Q) with b(s,t) = 0 whenever some s = 0 or t = 0;

then we have
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for some suitable choice of v, i.e. if v is absolutely continuous with respect to Lebesgue

measure with nonnegative Radon-Nicodym derivative 88 é?t € L*(Q). In the same way, take

a(s,t) //asatuvdvdu

with 22 € L?(Q). With these and the Volterra kernel k((u,v), (s,t)) = X[o,sx[0.4 (% v), we

can obtain a measure in the same manner as Section 3.7. In this case we have the convenient

S prT 8261
_/0 /0 f(u,v)m(u,v)dvdu

S rT 5 82[)
Wil = [ [ 17000 5ot o

provided the former exists. In this case we will refer to the measure v as being subordinate

representations

and

to the functions a and b. Variations on this example will be the setting for the next chapter.
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Chapter 4

Integration Over Paths

In this chapter, we will take m to be the generalized Yeh-Wiener measure on Cy(()) subor-
dinate to the functions a and b, as in Example 11 of the previous chapter. We will denote
the resulting measure space by C,;(Q).

ForOo<si <+ <s,<Sand 0 <t <--- <t, <T, the distribution of a finite-
dimensional projection onto R™" with component projections given by {ds,) : 1 < i <

m,1 < j <n} (the generalized Yeh-Wiener kernel) is given by

Wnn(u,s, t) = (HHQwA,-Ajb(s,t)) exp (“ZZ A A - i)t))) ) 7R

i=1 j=1 =1 j=1
where AZAJU = Ui — Uj—1,5 — Ui -1 —+ Ui—1,j-1 and U0 = Uo,j; = 0 for all Z,j Z 0.

Theorem 33 (Tame Functionals). Let 0 < s1 < -+ <8, < Sand0<t; <---<t, <T
and let f:R™ — C and F : Cop(Q) — C be defined by F(x) = f(xz(s1,t1), ..., 2(Sm,tn)).

Then F' is measurable if and only if f is Lebesque measurable, and in this case,

/ Fm(d) = [ Fluns,. . ) Won(u,s, t)du, (4.2)
,b[Q) Rmn
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where the equality (*) is in the sense that if one of the integrals exists then the other ezists

with equality.

Proof. Let ¢; ; = X[si,l,si]x[tj,l,tj](ua v). An easy calculation shows that

x(s, t) = ZAAxst

0<i<k
0<5<1

for any (sg,t;). It is also not hard to see that

A Ax(s,t) = 1¢; j(x) = / X[sz»fl,si}x[tjfl,tﬂ(ua v)dz(u,v).
Q

Thus we have

F(z) = f(z(si,t1), -, 2(Smotn)) = [ [ To1a(2), .0 > Idij(@),..., Y Igij(x
0<i<k 0<i<m
0<5<l 0<j<n

As ¢, ; € BV(Q), we use Lemma 17 to compute

/ 16, (x)u(da) = 16y 5(a) = Mdrja(s, 1),
Cap(Q)

and also observe that

/ U600 = 190,(0) (i (0) ~ T61(0) ()
= / ¢i,j (u’ U)¢l,m(uv U)db<u> U)
Q

0 otherwise.
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From this, we see that the covariance matrix M for the collection {¢; ;} is a diagonal matrix
whose nonzero entries are A;A;b(s,t). Now we can apply Theorem 32 to complete the

proof. O

We will be concerned with integrating functionals defined in terms of certain paths in
Q. We will confine our discussion to paths ¢ : [0,S] — @ for which ¢(7) = (¢1(7), P2(7))
satisfies the condition that its component functions ¢; and ¢, are each piecewise continuously
differentiable. We will say that ¢ is an increasing path in @ if ¢’ - ¢’ > 0 on [0, S] and

(1) < ¢(12) whenever 71 < 7.

4.1 Preliminaries

Our first theorem in this section establishes a special case of the tame functionals theorem in
the case that one defines the functional in terms of a sequence of points lying on an increasing

path.

Theorem 34. Let 0 = sp < 81 < -+ <5, < Sand 0 =t; < t; < --- < t¢t, <T
and let f : R — C be Lebesgue measurable. If F' : Cup(Q) — C is defined by F(x) =

f(x(s1,t;)), z(s2,t), ..., x(xp,ty)), then F is u-measurable and

/C F(z)m(dz) = (H 27 (b(s;,t;) — b(sj_1, tj_1)> - flug, ... up) (4.3)

a,b(Q)

n

1 - CF) — s Lt )2
exp (__Z(uj a(sj,tj) —uj_1 +a(sj_1,t-1)) )dul---dun,

2 b(sj,t;) = blsj-1,tj-1)

where the equality (=) is in the sense that if one of the integrals exists then the other ewists

with equality.
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Proof. The proof is by induction on n. The theorem is clearly true for n = 1, for by (4.2),

N  afsy.1y)?
/C'a,b(Q{($(Sl’tl)>m(d$) V 27Tb Slatl /f UI P ( ; b 8]7 b(sj 14— 1)) du

DN | —

and thus (4.3) holds.

Assume that the theorem holds for n = k > 1. Then for n = k + 1, we have

/ flx(s1,t1), ..., x(sn, tn))u(dz)
Cap(Q)

N |—

k+1k+1 -
= H H 27TAiAjb(S, t) / f(um, Ce ,uk+17k+1) (44)
i—1 j=1 R(k+1)2
k+1 k—i—l
(s,1)))?
exp (— ZZ A A b (5. 0) ) duy - - - duy,.

i=1 j=1

Notice that for j = 1,...,k the variables w4 ; and w;x41 appear in (4.4) only in the
kernel as the functional F'(z) does not depend on the values of x at these points. Also
observe that b(sgi1,t1) — b(Sk,t1) = Apr1A1b(s, 1), b(Ski1,t2) — b(Sk, t2) = Apyr1Asb(s,t) +
Ap1A1b(s,t), and eventually b(sgr1,tr) — b(sk, tr) = Apr1Akb(s,t) + -+ + Ap1A1b(s, 1),

and also that

k11 — A(Sp1,t1) — U1 + a(Sg, t1) = A1 Aq(u — a(s, t)),

Ukt1,2 — A(Sps1, t2) — U2 + a(Sk, t2) = A1 Ag(u — a(s,t)) + App1Aq(u — a(s, b)),

U1k — Q(Skr1, ) — Uk + a(Sk, tr) = D1 Ak(u — a(s, t)) + cldots + A1 A1 (u — a(s, t)).

Applying Proposition 1 (the Chapman-Kolmogorov equation) 2k — 2 times to the right
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side of (4.4) will yield

ko ok kL 5 o))
(HHQTFAiA]’b(S t) /f UL, ... Uk ) €XP (—522 AA b(s(t) ) )

i=1 j=1 Bh241 i=1 j=1

1 1 1
\/27TAk+1Ak+1b(S,t) \/27'('( Sk’atk‘-i-l) — b Sk,tk \/27'(' Sk‘atk‘-i-l — b(Sk,tk))

/eX (BB (u—al@ )N (g = sk ) = uke + alsk tk))Z)
P\ A A D ’ blsicrt, ) — blsis )

(4.5)

R2
exp (_ (U ps1 — a(Sg, thyr) — Upp + a(se, tk))2
b(Sk, tr+1) — b(Sk, tr)

> duk+1,kduk,k+1duk+1,k+1duk,k . du1,1

Now notice that

Ak+1Ak+1(u - a(Sa t))
= W1, h+1 — A(Skt1, thg1) — W1k + A(Skt1, ) — Wk gor1 + @Sk, tr1) + U e — a(Sk, tr)
= [(Wks1h11 — @(Spp1, thpr)) — (Urp — a(sk, )]

— [(ug 1 — alsk, trerr)) — (Urk — alse, te))] = [(Whyih — a(Skr1, ) — (urp — a(sk, t))]

and also that

Ak 1Ak110(8,t) = b(sk1, trr1) — b(Sk, tiyr) — O(Skya, ) + D(sk, t)

= [b(sk+1, th1) = b(sk, t)] — [b(sk, trr1) = b(sk, te)] = [b(Skr1, tr) — O(s, ti)]
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and apply the Chapman-Kolmogorov equation twice to the inner double integral in (4.5),

1 1 1
\/27TAk+1Ak+1b<S, t) \/27T<b(8k, tk+1) — b(Sk, tk)) \/27T(b(8k, tk—i—l) — b(Sk, tk>>
/ exp <_ (Apr1App (v — ala, t)))Q) exp (_ (urs1h — A(Sps1, tr) — Uk + alsk, tk))2>
R? 204 18k410(s, 1) b(Skt1, k) — b(sk, tr)

(wnps1 = alsks terr) = unp + alse, t))”
exp | ——2 : . ]
o < b(Sk, trg1) — b(sk, t) Uk+1 kAU o415

which yields

1
( 1 ) 2 exp (_ (Ukt1 k41 — a(Skg1s tegr) — Uk + a(sk, tk))Q)
27 (b(Sk+1, thr1) — b(Sk, i) 2(b(Sk+1,tr+1) — b(Sk, tr))

Thus (4.4) becomes

/ F@(s0, 1) (5, t))m(da)
Cap(Q)

— (ﬁ ﬁ 2mA;A;b(s, t)) h (27r(b(sk+1, tk+11) — b(si, tk))) 5 /Rk2

i=1 j=1

(k1 41 — A(Skt1, thg1) — U g + a(Sk, ty))?
U 1yeee, U — : : d
{/R fura kLk+1) €XP ( 2(b(se1, tors) — b5k, t0) Uk41,k+1

)
1 on AAj(u— a(s,t)))? F
=P <_§ZZ< AfAjb@(,t) S ) L] dves (1)

i=1 j=1

=

1=
=

Define a function g : R*¥ — C so that g(urq,...,ug) is equal to

(g1 k41 — @(Skt1, ti1) — U + a(Sk, tr))?
U1y eeny U e — ’ ’ d
/Rf( 1,1 kt1,k41) €XP ( 2b(58s1, trrn) — blsn. £0)) Up41,k+1

(4.7)
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and define a tame functional G(x) : Cy(Q) — R by
G(ZI}') :g(x(slytl)awx(skatk)) (48)
Combine (4.6) and (4.8) to obtain

/ F@(s1t), - 2(sm t))m(dz)
Cap(Q)

1

k k T2
= (H H 27TAiAjb(S, t)) /kQ g(ul,la NN ,Ukﬂc)
R

i=1j=1

1 k k 2 k
:1

1 5=1

_ / Gx)m(dz).
Cab(Q)

We now apply the induction hypothesis to the functional G. Put ugi; k41 = ug+1 and

Uy = uy in equation (4.7) and then using (4.9) we can obtain

/ F@(snt0), - 2(sm t))m(dz)
0,6(Q)

1

_ (H b(sjst5) — blsj1,t5- m) /ng(ul,...,um

k

1 (uj - a(sj, tj) —Uj—1 + G(ijb tjfl))Z
exp | —3 dug ---du 4.10
P ( 2 2:: b(sj,tj) —b(sj-1,tj-1) : ' (4.10)

N |

k+1 -
(HQW 537 —b(sj1,t5- 1))) flu, ... )
RE+1

k+1
1 (wj — a(sj, ;) —uj1 +alsj1,t;-1))°
2 d ...d
exXp ( 2 Z b(5j7 tj) — b(sj—h tj—l) Uk1 U1,

j=1

and so for n = k + 1, equation (4.3) holds by induction. O
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As usual, the order of assumptions in the previous theorem, where the Lebesgue measura-
bility of f is assumed and the p-measurability of F' is a conclusion, is not actually necessary.
Per Section 3.5, the hypothesis of measurability can be either that F' is y-measurable on
Cop(Q) or that f is Lebesgue measurable, and the measurability of one of these will imply

the measurability of the other.

4.2 One-line Theorems

Now we are prepared to investigate formulas for the integration of functionals depending
only on the values of x on certain well-behaved paths in ). The following theorem allows
reduction of certain integrals over C,,(Q) to integrals over an appropriately chosen space

C;400, S].

a

Theorem 35. Let ¢ : [0,5] — Q be an increasing path. Let ay(1) = a(¢(7)) — a(¢(0)) and
by(T) = b(P(1)) — b(6(0)), and let my, be the Gaussian measure on Cy[0, S] subordinate to ay
and by. If F(x) = f(z(¢(:))) is a measurable functional on Cyp(Q)), then

/ F(z)m(dz) = / f(w)my(dw), (4.11)
Cap(Q)

Ca¢,b¢ [O,S]

where the equality (2 ) is in the sense that if one of the integrals exists then the other exists

with equality.

Proof. Let 0=mp <7y <---<7; <--- <1, < Sandlet I ={x € Cop(Q) : aj < z(p(75)) <

Bitand J = {w € Cq,p,[0,5] : a; < w(7;) < B;}. Note that by the conditions on v we have
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-
=

—~
N/
IA
-
—

2
IA

coo < dy(1) and ¢o(0) < @o(11) < -+ < ¢o(7,,). Then by Theorem 34,

_ (H 21 (b(o(75)) — b(qﬁ(fj_l))))

oo (L5 (0= a(0() —uir +aldm))”\
J. p( 2 )~ boln) )dn i

oo [ 1§ (W= a6(m) — o +ag(n))® )
/n p( QjZ be(75) — be(Tj-1) )d nedin

Thus the theorem is true for characteristic functions of sets of the form {z € C,,(Q) :
a; < x(p(15)) < B;}. The general theorem follows by taking the function f to successively
be the characteristic function of a Borel set, and then a simple function. Then by monotone
convergence the theorem holds for positive functions, and hence for general functions by

taking positive and negative and real and imaginary parts. O

As a corollary to Theorem 35 we have the following one-line theorem of Cameron and

Storvick from [8].

Corollary 15. Let 0 < 8 < T and let f(-) be a real or complezr valued functional defined on
Col0, S] such that f(v/Bw) is a Wiener measurable functional on Cy[0,S]. Then f(z(-,[3))
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is a Yeh-Wiener measurable functional of x on Cy(Q) and

/ F(x(- ) (dr) = / F(V/B w)ro(dw), (4.12)
Co(Q)

Co [O,S}

where the equality (=) is in the sense that if one of the integrals exists then the other exists

with equality.

Proof. We take ¢ : [0,S] — @ to be y(7) = (7, 8) and note that a(s,t) = 0 and b(s,t) = st.

Apply Theorem 35 to any tame functional F'(z) = f(x(s1,0),...,2(sn, 3)) to obtain

/ F(z)m(dz)
Co(Q)

— (H 2m(s; — 8j1)> /n F(VB wr, ... \/B w,)exp (_% Z M) dw

j=1 j=1 J

&,
I 3
—_

) ULy .-, Uy ) €XP 5 Bs; — B 1 u

J=1

27T(58j — 6*%’—1))

_ / FVB (1), VB y(sa)o(dw).
Cv0,9]

The theorem holds in the general case by the same argument used to finish the proof of

Theorem 35. O

4.3 n-line Theorem

Using Theorem 35, we can extend the n-line theorem of Cameron and Storvick from [8].

Theorem 36. Let 0 < 51 < -+ < B, < T and let F(z) = f(x(-,51),...,2(-,5,)) be p-
measurable. Put ay(s) = a(s, 1) and ax(s) = a(s, Br) — a(s, Bk—1) and put bi(s) = b(s, B1)

and by(s) = b(s, Bk) — b(s, Pr_1) for k =2,...,n. Let my,...,m, be Gaussian measures on
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Co[0,S], each subordinate to the corresponding ay and by. Then

/ F(z)m(dz) (4.13)

Ca,b(Q)

= / / P+ o oy1 2 o+ ga)ma(dyn) - - - i (dya),
Can,bn [0781 Cal b1 [0751

where the equality (=) is in the sense that if one of the integrals exists then the other ewists

with equality.

Proof. Let 0 =59 <51 <...<sy, <Sandty =0 fork=1,...,nandlet p; < g;y for all

7=1,...mand k=1,...,n. Define

I ={x € Cop(Q) : pj < x(sj, Bk) < g for k=1,...,n}, (4.14)

E; ={(uj1,...,uj,) ER" :pjp <ujp < qp for k=1,...,n}, (4.15)
k

Ji={(y1, - Un) € X31Ca .10, 5] : pjk < Zyl(sj) <gpfork=1,...,n} (4.16)
=1

Observe that the measurability of £ in R" assures the measurability of /; and J; in their
respective spaces. Moreover, we note that for a cylinder set I(p11,.. ., Dmn, @115+ s @mn) C
Cop(Q) determined solely by the values of x(-,-) at the points (s;, G) for j =1,...,m and

k=1,...,n, we have

]<p1,17 s 7pm,n> Q1,1, s 7Qm,n)

={x € Cop(Q) :pjk < x(s;,06) < qipforj=1,... mk=1,...,n}

= ﬂ I
j=1
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We first consider the case where

F(x) = xi(x) = [ [ x, (=) = [ [ e, @, 8,2, Ba))-
j=1 j=1
By Theorem 33,
/C " F(z)m(dz) = /C @ ]11 X&, (x(s5,51), - . ., 2(s5, Ba))m(da)
_1
n m 2 m
= <H H 2 ARAD(s, ﬁ)) / H XE, (Ui, W) (4.17)
k=1 j=1 =1
- 1 & (ArAj(u— a(s, t)))?
HeXp <_§ 2_: AvAb(s, 1) ) dtr - Qb
k=1 j=1 J

Note that

ApAj(u—a(s,t))
= Ujp — Ujp—1 — a(sj, Bx) + a(sj, Br—1) — wj_1 6 + wj—1 -1 + a(sj—1, Bk) — a(sj_1, Br—1)
= [uje — ujp—1] — [a(s, Br) — a(sj, Be-1)] — [wj—1p — Uj—14-1] (4.18)

+ [a(sj—1, Br) — a(sj—1, Br-1)],

and also that

AkAjb(Sa t) = b(sj, @c) - b(sj—la ﬁk) - b(3j7 6k:—1) + b(Sj—1, 5k—1)

= [b(s, Br) — b(sj, Be-1)] — [b(s5, Bk) — b(8j-1, Bk—1)]- (4.19)

Take by () = b(-, 01), bi(-) = b(-; ) = b(:, Bp1); a1 () = a(-, A1), and a() = (-, Fr) —
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b(+, Bk_1) for k =2,... n as in the statement of the theorem. Put
Vjk = Ujk — Ujk—1, (4.20)
and note that dv;; = du,;; under this change of variables, and that
Ujk = Vjg + Ujkp—1 = Vj + Vjp—1+ -+ V1 (4.21)

for 1 < k < n. Substitute (4.18), (4.19), (4.20), and (4.21) in (4.17) to obtain

n m _% m
H (H QWA]bk(S)> / H XE]' (Uj,l, Vj.1 + Vj2y---,Uj51 + -t Uj,n)

k=1 \j=1 poen J=1
- 1~ (Aj(v; — aj(s)) — vjo1 + aj_1(s))?
Eexp (—2 ; Ao (s) dvig - dog,

_ / / HXEj(yl(sj),...,yl(sj)+...+yn(sj))mn(dyn)...ml(dyl)

1
Calabl [075} Canybn [0751 J

— / / HXEj<y1(')""7y1<')+"'Jf_yn('))mn(dyn)'“ml(dyl)‘

i
Cal,bl [07‘9} C‘lnybn [O’S] J

Thus the theorem is true for characteristic functions of cylinder sets dependent only on
the value of z(-,-) at the points {(s;,0) for j = 1,...,m; k = 1,...,n}. In the usual
manner we can prove the theorem for characteristic functions of measurable sets depending
only on the values of (-, Bx) for k = 1,...n. The proof is then completed in the same fashion

as the proof of Theorem 35. O]



117
4.4 Applications and Examples

For our first example, we demonstrate the use of Theorem 35. Let Q = [0, S]?, a(s,t) = st,
b(s,t) = s*?, and F(x) = exp <f0 s, 8 ds> Note that ¢ : [0, 5] — @ defined by ¢(s) =

(s, ) is increasing. Then

/C o F(z)m(dr) = / s exp ( /0 Sy(s)ds) mg(dy), (4.22)

where a;(s) = a(¢(s)) — a(¢(0)) = a(s, s) — a(0,0) = s% and by(s) = b(¢(s)) — b(¢(0)) = s*.
Integrating by parts we obtain that

Cay by

/0 y(s)ds = Sy(S) — / sdy(s) = (S,4) — (5,4} = (S — 5,u),

for m a.e. y € C,,4,[0,5], where in this case we will let (f,y) denote the Paley-Wiener-

¢bg

Zygmund integral of the function f € L? , [0,S]. It is easy to compute the values A =

[1¢ b¢[
— s)da 53 and B = [°(S — 5)2dby(s) = LS%. We now make use of Theorem
0 o\ 0 é 15

32 to compute the right-hand side of (4.22); thus

/ca o o (/osy(s)ds) mo(dy)

- i [ (5

1 2
p (—ﬁ[u —2Au—2Bu+ A ]) du

: — exp E ABZG;(S)( A2+BB) ) / e (_ [u — (ng+ B)P) "
)

1,01
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Next follows an example of the use of Theorem 36. Let a(s,t) = b(s,t) = st on [0, 5] x
0,27 and put F(z) = fosx(s,T)x(s,QT)ds. We compute the value of fCa,b(Q) F(x)pu(dx)
using the theorem. We have a;(s) = bi(s) = sT and as(s) = be(s) = 2sT — sT = sT', and
thus

/ Flz)m(dz) = / /
Ca,b(Q) Ca2 ,bo [07S] Ca

I

ag,by

S
- / / (ST + s*T% + sTys(s)) ma(dys)ds
0 Cag by [0,5]
S

0.5 /0 y1(8)(y1(8) + ya(s))dsmy (dyy )ma(dys)

1,01

/ (52(5) + 91 ()ya(s)) o (dys )ma(dyo)ds
[075] Cal,bl [075]

= / (sT + $2T?% + 32T2) ds
0

1 2
= —S%T 4+ 2583772
2 * 3 ’

where Fubini’s theorem can be used to justify the change in order of integration. In this

example, we can easily complete a similar computation without using Theorem 36 and verify

our result, for

S
/Ca,b(Q) Flajm(de) = /Ca,b(Q)/o x(s, T)x(s, 2T)dsm(dz)
S
:/ / x(s,T)x(s,2T)m(dx)ds
0 JCap(Q)
S

= / (sT + 252T2) ds
0

1 2
= —S%7 4 283772,
2 + 3
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Chapter 5

Reflection Principles

5.1 Introduction

Let Cy[0,T] denote the single parameter Wiener space; this is the space of R-valued con-
tinuous functions on [0,7] with z(0) = 0. Let M denote the class of Wiener measurable
subsets of Cy[0,7] and let w denote Wiener measure. Then (Cy[0,T], M, ) is a complete
measure space and we denote the Wiener integral of a Wiener-integrable functional F' by
fCo 0.7] F(z)w(dz). Note that the point evaluation functional (d;, ) = x(t) defines a stochas-

tic process with parameter ¢ having mean

and covariance

Elz(s)x(t)] = /C o z(s)x(t)ro(dr) = min(s, t);

observe that this is the standard Brownian motion process.

It is well-known that the Wiener space Cy[0,T] exhibits a reflection principle about its
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mean; that is, for all ¢ > 0,

ro {JJ € Cy[0,T] : supx(t) > c} =2w {x € Cy[0,T] : 2(T) > c}. (5.1)

(0,7

Proofs and discussions of this result can be found in [25, 35, 66] and elsewhere; a particularly
good explanation is given in [4].
In Section 2, we show that the generalized function space C, [0, T also exhibits a reflec-

tion principle about its mean function a(t); that is, for ¢ > 0,

m {x € Copl0,T] : suplz(t) — a(t)] > c} =2m{x € Cop0,T) : [2(T) —a(T)] > c}. (5.2)

[0,7]

For @ = [0, 5] x [0, 7], let C2(Q) denote the two parameter Wiener space (see [61]); this
is the space of all R-valued continuous functions on @ satisfying x(s,0) = x(0,¢) = 0 for all
(s,t) € . In Sections 3 and 4, we consider several ways in which one might formulate the
notion of a reflection principle and then discuss whether any of these formulations actually

holds on this space.

5.2 A reflection principle for the general function
space C,[0,T]

We turn our attention to the generalized Wiener space. We follow the same formulation as
[11]. Let a and b be functions defined on [0, T] with o’ € L?[0,T] and ' continuous, positive,
and bounded away from 0 on [0,7]. Observe that a and b are absolutely continuous and b
is strictly increasing on [0,77], and so one can define a generalized Brownian motion as in

Chapter 3 of [66]. We take m to be the Gaussian measure on Cy[0, 7] with finite-dimensional
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distributions having density

(H (bt - b(tj_m) exp (—% I (e ) |

J=1

Observe that with respect to m the coordinate evaluation map (d;,x) = z(t) is the

generalized Brownian motion process determined by a and b, having mean
Efz(t)] = / (#)m(dz) = a(t)
Ca,b[ovT]

and covariance function

r(s,t) = /C o [z(s) — a(s)][x(t) — a(t)|m(dz) = min{b(s), b(t)}.

For more information about these function spaces, consult [11, 12, 13].

We will also make use of the following lemma from Chapter 3 of [66].

Lemma 21. Let {X; : j = 1,...,n} be an independent set of of symmetrically distributed
random variables on a probability space (2, B,P), let Sp =0, and let S; = X3 +---+ X, for
7=1,...,n. Then for every e > 0,
2P[S, > ] > P L@% S; > c] > 2P[S, > ¢+ 2] — 2 ZI]P’[X]- > el (5.3)
J:
We are now ready to establish equation (5.2) above, demonstrating that the generalized

Wiener space C, [0, T'] satisfies a reflection principle about its mean function a(t). Our proof

uses ideas from Chapter 3 of [66] as well as from unpublished lecture notes of R.H. Cameron.
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Theorem 37. For all ¢ > 0,

m {x :suplx(t) — a(t)] > c} =2m{x: [z(T) —a(T)] > c}. (5.4)

(0,7

Proof. Let D C [0,T] be countable and dense, containing 0 and 7', and let P, = {0 =t <
ty < --- < t, = T} denote a nested sequence of partitions of [0,7] with each ¢; € D and
||P.|]| — 0 as n — oo. Note that the process X; = z(t) is continuous and separable, and

thus for all ¢ > 0 and ¢ > 0,

<m (f] {o: o fo(t) — alt] 2 })

=1 : — > —
lim m {x : 1§I£§§+1[x(tk) a(ty)] > c—e

N——

<2m{z:[x(T)—a(T)] > c—c},
where the last inequality is due to Lemma 21. Taking the limit as € — 0 yields

m {m :suplz(t) — a(t)] > c} <2m{z:z(T)—a(T) > c}.

(0,71

For the other inequality, we specify partitions P, = {0 =ty < t; < -+- < t, = T} with

ty, = % Then for any ¢ > 0 and € > 0 we again use Lemma 21 to obtain

m {x :suplz(t) — a(t)] > c} >m {x : max [z(ty) — a(ty)] > c}

>2m{z: [z(T) —a(T)] > c+ 2¢} (5.5)

=2 m{z: [2(ts) — alte) — x(ti—r) + alten)] > €}
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We estimate

1 o0 u? 1 o0 cu
_ M au< —MYq .
27rs/g exp( 25) u< 27rs/g exp( 23) U (5.6)

V2s g2
= exp [ ——
e/ P\ 725 )"

and (noting that 0 is positive and bounded) that

max [b(ts) — b(te_1)] = max /t " (s)ds

1<k<n 1<k<n

Recall that x(ty) — a(ty) — x(tk—1) + a(tr—1) is distributed normally with mean 0 and

variance b(tx) — b(tx—1), and then using our estimates in (5.6) and (5.7), we find that

JL%Zm{x z(ty) — a(ty) — x(tp_r) + a(te_y)] > €}

2

= ,HOOZ V27 [b(tg) — b(tk—1)] /°° P (_b(tk) —ub“k—l)) o

O A~ Bli)] =
< nhjglokz:; Nz P <_2[b(tk) - b(tk—l)])

R 2
mm n ——— €X —_——
= P\ 2w, VT

n—oo E

< Lmz\/Qng/HQ\/_eXp( V/ne? )

2(|b'l], VT

Now use this estimate and let n — oo and then € — 0 in (5.5). O
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The previous theorem has several useful corollaries.

Corollary 16. Let E be a Lebesque measurable subset of R. Then

m {x ssuplx(t) — a(t)] € E} =2m{x: [z(T)—a(T)] € EN[0,00)} (5.8)

[0,7]
and

2

2 > u
/Ca,b[o,T] XE ([Solzpl[x(t) - a(t)]> m(dz) = \/T(T)/o xe(u) exp <—M> du. (5.9

Proof. The proof is a standard exercise in measure theory. Begin with £ an open interval
and the result follows easily. The case for an open set E follows by decomposing E into a
countable union of disjoint intervals. From this, demonstrate that (5.8) holds for G and
then null sets. Finally use this to demonstrate the conclusion for Lebesgue measurable sets.

Then (5.9) follows immediately from (5.8). O

Corollary 17. Let f : R — C be Lebesgue measurable with f = 0 on (—o0,0) and put

F(z) = f (suppp[z(t) — a(t)]). Then F is m-measurable and

[ Famn) - [ f(sup[x(t)—a(t)]> m(dz)
Ca,[0,T] Ca,b[0,T] (0,71

i / f (@(T) — a(T)) m(dz) (5.10)
Cap[0,T]

_ %(T) /Ooo f(w) exp (—%) du.

Proof. Begin with the case where f(u) = xg(u) for a measurable set E and apply the previous
corollary to show the desired conclusion. Then successively consider the cases where f is a
measurable simple function, then a nonnegative function; finally take positive and negative

and real and imaginary parts of f. ]
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Choosing the mean function a(t) to be the zero function, we immediately recover a direct

extension of the reflection principle for ordinary Wiener space, as expected.

Corollary 18. Let m be a generalized Wiener measure on Cy3[0,T] with a(t) =0 on [0,T].

Then for all ¢ > 0 and ty € (0,77,

[O,t()]

m {x : sup x(t) > c} =2m{z: z(ty) > c}. (5.11)

We have some additional useful corollaries, which can be used to yield error estimates
when approximating function space integrals using interpolation by tame functionals. For
examples of the use of these types of results, see [6, 60]. As before, let ||-||4 denote the usual

supremuimnl norim.

Corollary 19. If f is Lebesgue measurable and nonnegative on [0,00), then f (||x — al|g) is

m-measurable and

4 o0 u2
/Ca,b[O,T} [ (l]z = allg) m(dz) < \/T(T)/o f(u)exp (— 2b(T)> du. (5.12)

Proof. Partition C, [0, 7] into

A= {m :suplx(t) — a(t)] > supla(t) — x(t)]} ;

and

Sy
Il
—
8
0
o
=
Q
=
|
8
=
=
V
)
o
=
8
=
|
Q
=
——
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Then we find that
[ = allghmide) = [ £ (e = allm(dn) + [ £ (ke - all ) mia
Cap[0,T] A B

— /Af ({Sol’ljl?][m(t) - a(t)]> m(dz)

T / / <[s0gg[a<t> - x(tﬂ) m(dz)
</ o ([sogg[xu) - a<t>]> m(dz)

T /c o ([sogg[am - x<t>]> m(dz)

where the last equality follows from Corollary 17, the positivity of f, and the symmetry of

the centered normal distribution. O

Corollary 20. Let f be Lebesgue measurable and monotonically increasing on [0,00). Then

2

2 o u
s | e (g o< [ Sl (513

whenever both sides are defined. Moreover, if f is Lebesque measurable and monotonically

decreasing the reverse inequality holds whenever both sides are defined.

Proof. Note that

||z — al|g = max {Sup[:zr(t) —a(t)],supla(t) — m(t)]} ,

[0,T] [0,T7]
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Using this fact, the monotonicity of f, and Corollary 17, we have

2 oo u2
b 10 (i) [ (?&%W) ) ““)O e
xr — allg) m(dx),
< [, Flle=allgmian

as desired. For decreasing f the inequality clearly reverses. O]
The final corollary follows immediately from the previous two.

Corollary 21. If f is Lebesque measurable, nonnegative, and monotonically increasing on

[0,00), then there ezists some M satisfying 2 < M < 4 such that

2

M Oo u
[ f = aligman) =~ [ s e (g o 614

5.3 Reflection principles for two parameter Wiener
space

Let @ = [0,5]%x[0,T] and 0Q = {(s,t) € Q : s = 0,5 or t = 0, T} be the boundary of @), and
let C5(Q) denote the space of continuous R-valued functions defined on @ for which z(0,t) =
x(s,0) = 0. In [61, 62|, Yeh constructed a Gaussian measure m, on Cy(Q)) with respect
to which the point evaluation functional d(,, defines a stochastic process with parameter
(s,t) € @ having mean

Elz(s,t)] = /c o x(s,t)m,(dx) =0

and covariance

Elz(s, t)x(u,v)] = /C o z(s, t)x(u, v)m,(dr) = min(s, ) min(¢, v).
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Recall that for functions of one variable, the classical notion of a function of bounded
variation is unambiguously defined and very well understood. However, when considering
functions of two (or more) variables, there are many possible definitions for the concept of
bounded variation. See [3, 14, 52| for several such definitions and a considerable amount of
discussion.

In the same way, for multiple parameter Wiener spaces, one can formulate the idea of
a reflection principle in a variety of manners. In this section, we will consider several such
formulations and determine whether the space Cy(Q) satisfies each of them.

For ordinary single parameter Wiener space, we note that x(0) = 0 for = € Cy[0,T7;

therefore considering again the single parameter reflection principle, we see that

m {a: csup x(t) > c} =2m{x:z(T) > ¢}
[0,7]
=2m{z:2(T) > c;z(0) > c} +2m{x : 2(T) > ¢;x(0) < ¢}

— Qm{x : max () > c}

{o,1}

for ¢ > 0. From this, we might consider the reflection principle to be a means of expressing

either of the following:

1. arelationship between the behavior of the supremum of the process z(t) on the interval

to the behavior of the process at the endpoint 1" of the interval, or

2. arelationship between the behavior of the supremum of the process x(t) on the interval

to the behavior of the process on the boundary {0,7'} of the interval.

Thus we immediately have two candidate formulations for a reflection principle in the

two parameter setting; we can ask the following corresponding questions:
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1. Is there a constant k1 > 0 so that for every ¢ > 0,

m, {:c sup x(s, t) > c} =k my{z:2(5,T) > c}? (5.15)
Q

2. Is there a constant ks > 0 so that for every ¢ > 0,

m, {x csup (s, t) > c} = ko m, {a: csup (s, t) > c}? (5.16)

Q 0Q

In fact, the answer to both questions is negative, as we will demonstrate below.
Now, we wish to compare m, {x : sup, (s, t) > ¢} with either m, {z : 2(S,T) > ¢} or

m, {2 : supyg (s, t) > c}; therefore we define

oomy {x :supg a(s,t) > ¢}

() = m, {z:2(S,T) > c} (5.17)
and
B my{x supg x(s,t) > }
Y2(c) = {2 S 2(5,0) = ¢} (5.18)

Observe that both ~; and 7, are continuous on [0, 00); moreover it is easy to see that
71(0) = 2 and 12(0) = 1. Also, in [68], Zimmerman shows that v;(c) < 4 for all ¢ > 0.
First, we show that the first question has a negative answer. For each ¢ > 0, we consider

the following sets:

A. = {x csupx(s,T) > c} , (5.19)
[0,5]

B, =< x:supx(s,t) > c¢supa(s,T) <cp, (5.20)
Q [0,9]
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and

D, = {x supa(s, 1) < c} . (5.21)

It is clear that A., B., and D, are disjoint and that

Cy(Q) =A.UB.UD,, (5.22)
and putting f(c) = m,(A.), g(c) = my(B.), and h(c) = m,(D.), we observe that

1= f(c)+ g(c) + h(c). (5.23)

We will make use of the following theorem of Cameron and Storvick from [8].

Theorem 38. Let F be a functional defined on Cy[0, S] such that F(v/Tw) is a Wiener mea-
surable functional of w on Cy[0,S]. Then F(x(-,T)) is a Yeh-Wiener measurable functional

of x on Cy(Q) and

/ F(z(-, T))m,(dx) = / F(VTw)w(dw), (5.24)
C2(Q)

Co[O,S]
where the existence of either integral implies the existence of the other with equality.

As shown by Skoug in [51], the hypothesis of measurability in the previous theorem can
be assumed either for F(z) on Cy(Q) or for F(v/Tw) on Cy[0,S], and the measurability of
one will imply the measurability of the other.

Using this theorem, we demonstrate that, as one would reasonably expect, the space

C5(Q) exhibits a reflection principle when restricted to any horizontal or vertical line in Q.
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Proposition 4. Forc > 0,

flc)=m, {:c csupx(s,T) > c}

[0,5]

=2m,{z:2(5,T) > c} (5.25)

B 9 /oo B U2 d
= —Qﬂ-ST j exp 55T U.

Proof. Using (5.1) and (5.24) above, a computation and an easy change of variable show

that

fle)= / Xle,00) (Sup x(s,T)) m, (dz)
C2(Q) [0,5]
— / X[e,00) (sup ﬁw(s)) 1w (dw)
Co[0,5] [0,5]
_ 2 /OO (ﬁu) ex <_u_2) du
\/m o X[c,oo) p 25
2 [ e (55 ) d
_— .00 u X - u
VIRST Jy Mt P oSt

2 /°° ( u? ) q
ex e u
VarsT . P\ TasT
=2m, {z: x(5,T) > c},

for each ¢ > 0.

The next lemma follows readily from (5.21), (5.22), (5.23), and (5.25).

Lemma 22.

1. The function f(c) is smooth, strictly decreasing, and concave upward on [0,00). Fur-

thermore, f(0) =1, lim._. f(c) =0, and f has a fized point in (0,1).
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2. The function h(c) = my(D,) is continuous and strictly increasing on [0, 00), with h(0) =

0, lim. . h(c) =1, and h(c) =1 — ¢ for some c in (0,1).

3. The function g(c) = my(B,) is continuous on [0,00), with g(0) = 0, lim,. .. g(c) =0
and f(c)+ g(c) = ¢ for some ¢ in (0,1).

Now, using (5.17), (5.21), (5.23), and (5.25), it follows that

2m, {z : supg (s, t) > c}
my (Ac)

21— (o)

(o)
_ 2(f(0) +9(c))
== (5.26)
_ o 29(0)
ENIC

T(c) =

> 2

for each ¢ > 0. Moreover, 2 = 7,(0) < 71(c) < 4 by of Zimmerman'’s result; this and (5.26)

imply that

0=g(0) <glc) < fle) < f(O)=1 (5.27)

on [0,00). Now, 2 = 7, (0) = 2+ 29 o that if v, is to be equal to a constant k; it must be
i £(©)

the case that g is identically zero on [0, c0).

We now show that this cannot be true. For ¢ > 0, put

8c : S T

ST 1f0§3§§70§t§§
8 e S T

—or f5<s<8,0<t<3
8c T S

—37 1f§<t<T,OSS§§
8 S T

S_'; lf§<S§S,§<t<T
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and let

zo(s,t) = /OS /thb(u,v)dvdu. (5.28)

Note that xg (%, %) = 2c and 29 = 0 on Q. Denote by B(z¢; 5) the ball of radius § around

o and observe that this ball is contained in the set B., whence
m, (B(zo: §)) < m,(B.) = glc). (5.20)

As ¢ is of bounded variation in the sense of Hardy-Krause (see [3] for explanation), we

apply the Cameron-Martin theorem for Cy(@Q) as found in [62] to see that

m (Br3) = [, myae)

xo,i)
1
[ e (=310l [ olsntasn) my(ar)
B(0,3) Q

32¢2 36¢2

> exp <——> / exp (——) m,, (dx 5.30
ST B(O,g) ST y( ) ( )
68c2

> exp (555 ) my (B10.5)

where we have used the fact that the stochastic integral fQ o(s,t)dx(s,t) is equal my-a.e. to

the ordinary Riemann-Stieltjes integral, whence we can integrate to obtain

which we can easily bound from below on B(0, §). Thus by (5.29) we see that g(c) > 0
whenever ¢ > 0, and thus (5.15) cannot hold for any constant ;.

Now we show that the second question must also have a negative answer. In a similar
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fashion as above, put

Al = {:c csupx(s,t) > c} : (5.31)
0Q
B! = {:v ssupa(s,t) > ¢;supa(s,t) < c} (5.32)
Q 0Q
and
D, = {:p ssup a(s,t) < c} . (5.33)
Q

As above, C5(()) is the disjoint union of these sets. We let F(c) = m,(A), G(c) = my(B.),

and H(c) = my(D.), so that
1= F(c)+ G(c)+ H(c). (5.34)

From this, we can write

m, {z : sup, (s, t) > c}

72(0) - m, {x - SuPyg m(s,t) 2 C}

_om, {x :supyg x(s,t) > c} +my {z:supg x(s,t) > c;supyg x(s,t) < c}
B my {x : supyg (s, t) > ¢}

(5.35)

Gle)

=1+ T

As above, the fact that 72(0) = 1 implies that (5.16) holds for a constant ko = 1 only if
G(c) = 0 for all c. Taking the same x; as defined in (5.28), we observe that the ball B(xo; §)

is contained in B/ and then using (5.30) we can demonstrate that

0 <m,(B (xo; %)) < my(B;) = G(c)

c

for ¢ > 0, and so (5.16) cannot hold for any constant ks.
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Easily extending results from [43], in [47] we obtain the explicit formula

F(c) =m, {x supa(s, 1) > c} (5.36)

3 /oo ( w2 )d exp (%) /oo ( u? )d
= exp | — U— ——— exp | — u.
VarsT Jo ©P\T2sT V2rST Jo U\ 25T
In the same way as Lemma 22 above, from (5.33), (5.34), and (5.36) we now easily have
the following properties of F', GG, and H.

Lemma 23.

1. The function F(c) = my(A]) is smooth and strictly decreasing, with F(0) = 1 and

lim._.o, F'(¢c) =0, and F has a fized point in (0,1).

2. The function H(c) = my(D.) is continuous and strictly increasing on [0,00), with

H(0) =0, lim, .o H(c) =1, and H(c) =1 — ¢ for some ¢ in (0, 1).

3. The function G(c) = my(B.) is continuous on [0,00) with g(0) =0, lim. .. G(c) =0,
and F(c)+ G(c) = ¢ for some c in (0,1).

While we are unable to obtain ~; and v, explicitly for all ¢, we can say a few things about

their behavior. We collect these additional observations below.
Lemma 24. lim. .., 71(c) =4 and v, has a fized point in the interval (2,4).

Proof. In [26], for the special case S = T' = 1, Goodman showed (see [47] for our setting)
that

lim
CcC— 00

=1. (5.37)

‘/2;41—ST fcoo eXp (_2%_271) du
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Also, by (5.23) and (5.26) we see that

my {z : supg (s, t) > c} _ 1—=nh(c)
\/QiST Jo exp <_21f9_2T) du 2f(c)

_ f(C) + g(C) (538)
2f(e)
1
_ 1 9@
2 2f(c)
From (5.37) and (5.38) we determine that lim. ?8 = 1, and then using (5.26) it is easy
to see that
lim 71(c) = lim (2 + % (C)> = 4. (5.39)
C— 00 C— 00 f(c)

The existence of the fixed point now follows immediately from the continuity of 7, and the

fact that 2 < v1(2) < 71(4) < 4. O
Along the same line, the next lemma follows directly from [47].

Lemma 25. lim. .o 72(c) = 3 and v, has a fived point in the interval (1,2).

We collect our various gleanings about v, and 7, in the following theorem.

Theorem 39. The functions v, and yo satisfy

m, {x supx(s,t) > c} =m(c)my {z : (5, T) > c} (5.40)
Q

= 72(c)m, {x ssup x(s,t) > c}
oQ
and have the following properties:

1. v and 5 are smooth functions,

2. lime oo 71(c) =4 and lime_ y2(c) = 3,
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3. for —oo < ¢ <0, y2(c) =1 and

V2w ST

T [Tew (o) du’

71(c)

Proof. The smoothness of y; and 7, follows from (5.23), (5.26), (5.34), (5.35), the smooth-
ness of f and F, and the remarkable result from [40] by Nualart showing that the cumu-
lative distribution of the random variable supg z(s,t) is smooth, i.e. the function M(c) =
my {z : supg z(s,t) > c} is smooth.

The second property follows directly from Lemmas 24 and 25. We obtain the third

property by recalling that v1(0) = 2 and ~,(0) = 1, that

1 > u?
; T)>c} = — d
my, {z: x(S,T) > c} W/C exp ( QST> u,
and that m, {z : supy (s, t) > ¢} =m, {z : supyq (s, ) > ¢} =1 for ¢ < 0. O

5.4 A positive reflection result for Cy(Q)

In light of (5.25), we see a way in which to formulate a reflection principle which will hold
for Cy(Q). We have a partial result in Proposition 4, but we can quickly extend this in a
very natural manner.

Let < be a partial order on ) such that (s1,%1) < (so,t3) if and only if s; < sy and
t1 < ty. We will say that a differentiable function ¢ : [0, S] — @ is a smooth increasing path
in @ if it satisfies ¢(s1) < @(s2) whenever s; < s9, and 0 < ||¢/(s)|| < M for some positive
M (here ¢’ is the derivative vector for ¢ and ||-|| is the Euclidean norm on Q).

We begin with a very basic lemma.

Lemma 26. Let 0 < 51 <89 <53 <54, < S and 0 <ty <ty <tz <ty <T with each
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(si,t;) distinct for i = 1,2,3,4. Then the random variables X = x(s4,t4) — x(s3,t3) and

X' = x(sy,t2) — x(s1,t1) are independent and symmetrically distributed.

Proof. The proof of independence is essentially a calculation, as

E[XX'] = /C o [2(s4,t4) — (53, t3)] [ (52, t2) — 281, t1) My, (dx)

= min(sy, o) min(ty, t2) — - - - + min(ss, s1) min(ts, t;)
= 82t2 — Sltl — 82t2 + Sltl

=0.

Now, the fact that X and X’ are Gaussian (being the sum of Gaussian random variables),

independence and symmetry follow immediately. O]

Using this and Lemma 21 we can prove the following theorem in essentially the same
manner as Theorem 37. It establishes a reflection principle on C3(Q)) when our attention is

restricted to the behavior of the space only over an increasing path ¢ in Q).

Theorem 40. Let ¢ : [0,S5] — Q be a smooth increasing path in Q with ¢(0) = (0,to) or
#(0) = (s0,0) and let ¢ > 0. Then

[0,5]

m, {x ssupz(p(s)) > c} =2m, {z : z(¢(S)) > c}. (5.41)

Proof. Note that the condition on ¢(0) guarantees that x(¢(0)) = 0 and the fact that
0 < ||¢'|| both prevents the potential pathologies of a constant path, and combined with
the increasing property of ¢ ensures that for any s; < so < s3 < s4, the points {¢(s;)} will
satisfy the hypotheses of Lemma 26.

Now we can use the independence and symmetry guaranteed by Lemma 26 to assure

that for Xg = 0 and X = z(sx) — z(sg_1) satisfy the hypotheses of Lemma 21. Then
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we essentially mimic the proof of Theorem 37, taking a to be the zero function and taking
b(s) = ¢1(s)pa2(s), where ¢; and ¢, are the coordinate functions of ¢.

The only point of concern might be the estimate in (5.7). However, note that b'(s) =
d1(5)P5(s) + d2(s)¢(s) and the condition that ||¢'|| < M is certainly sufficient to bound

b'||,, so this poses no difficulties. O
2

Note that the theorem certainly holds for any vertical or horizontal path in (), as Propo-
sition 4 would indicate. The restrictions on the path ¢ above are fairly strong and can

certainly be relaxed, as the following corollary shows.

Corollary 22. Let ¢ : [0,5] — Q be any continuous function with ¢(0) = (0,%) or ¢(0) =

(80,0) and let ¢ > 0. Then

[0,5]

m, {x ssupx(o(s)) > c} =2m, {z : 2(¢(5)) > c}. (5.42)

Proof. Observe that there is a sequence of increasing paths {¢,} C C'(]0, 5], Q) converging

uniformly to ¢. Now, note that

B X (s s 2ton ()2} (F) = X asupy g o002} (%)

and also that
JHm X fasa(on ()26 (2) = Xosa(o(5)2eH(2)

pointwise in x. From this we conclude that

m, {x ssupx(o(s)) > c} = lim m, {:L‘ csup x(on(s)) > c}

[0,5] nee [0,5]

= Jim 2m, {x : 2(6,(5)) > ¢} = 2m, {x : 2(&(S)) > ¢}
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by dominated covergence. O]

We conclude by remarking that the condition ¢(0) = (sg,0) or ¢(0) = (0,ty) can also be
relaxed by taking b(s) = ¢1(s)p2(s) — ¢1(0)p2(0) in the proof of Theorem 40; this results in

no difference to the proof or results of the theorem or its corollary.
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