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We study the geometry of matrix factorizations in this dissertation. It contains two
parts. The first one is a Chern-Weil style construction for the Chern character of
matrix factorizations; this allows us to reproduce the Chern character in an explicit,
understandable way. Some basic properties of the Chern character are also proved (via
this construction) such as functoriality and that it determines a ring homomorphism
from the Grothendieck group of matrix factorizations to its Hochschild homology.
The second part is a reconstruction theorem of hypersurface singularities. This is
given by applying a slightly modified version of Balmer’s tensor triangular geometry

to the homotopy category of matrix factorizations.
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Chapter 1

Introduction

Matrix factorizations were introduced by Eisenbud in his 1980 paper [10]. He showed
that the free resolution of every finitely generated module over R = S/f (where S
is a regular local ring) is given by a matrix factorization. In particular every such
resolution is eventually 2-periodic. This in turn allowed him to show that matrix
factorizations describe all maximal Cohen-Macaulay modules without free summands.
Since this groundbreaking work matrix factorizations have been a common tool in
commutative algebra. Buchweitz introduced the notion of the stable derived category
of a ring in 1986. In his famous unpublished manuscript [4], he showed that the
homotopy category of matrix factorizations gives one of four equivalent descriptions
of the stable derived category of a hypersurface ring. This was rediscovered by Orlov
for schemes in his series of papers [19], [20], [21].

Matrix factorizations play an important role in many areas of pure mathematics
and mathematical physics. As in Eisenbud’s original work, it is a classical tool in
the study of hypersurface singularity algebras. In the geometric setting, the category
of matrix factorizations measures the failure of coherent sheaves on the hypersurface

f =0 to have a finite locally free resolution [19]. It also appears prominently in



the work of Khovanov and Rozansky [16] on link homology. Recently, Carqueville
and Murfet study matrix factorizations in the context of topological field theory [5].
Following the suggestion of Kontsevich, matrix factorizations were used by physicists
to describe D-branes of type B in Landau-Ginzburg models [13], [14]. They found
applications in various approaches to mirror symmetry and the study of the sigma
model/Landau-Ginzburg correspondence [3],[9],[11],[15],[25].

We study matrix factorizations in the following two ways. First, we give a Chern-
Weil style construction of the Chern character of matrix factorizations; this allows us
to produce the Chern character in an explicit, understandable way. We also prove
some basic properties of the Chern character via this construction such as functo-
riality and that the Chern character induces a map on the Grothendieck group of
the homotopy category of matrix factorizations to its Hochschild homology. Second,
we apply Balmer’s theory of tensor triangular geometry to the homotopy category of
matrix factorizations.

We discuss these two questions in more detail in the following subsections.

1.1 Chern character

(Classically, Chern classes are topological invariants of vector bundles on a smooth
manifold. It is in general quite hard to know whether two vector bundles are the
same. The Chern classes provide one way of addressing the question: if the Chern
classes of a pair of vector bundles are not the same, then the vector bundles are
different. However, the converse is not true.

Chern classes can be used to construct a homomorphism of rings, called the Chern
character, from the K-theory of a smooth manifold to (the completion of) its rational

cohomology. The Chern character is of great importance for many reasons. For



example, it appears in the Grothendieck-Riemann-Roch Theorem [2].

The dg-category of matrix factorizations can be thought of as the derived category
of sheaves on a noncommutative space [6]. Therefore it is reasonable to expect a
theory of Chern characters for matrix factorizations.

In [26], Shklyarov gives a nice interpretation of the Chern character and the
Riemann-Roch theorem in the context of dg-categories. In practice, it’s hard to cal-
culate what exactly the Hochschild homology and the Chern character map are. Pol-
ishchuk and Vaintrob [23] solved this problem for the case when @ = k[[xy, -, z,]] (k is
a field of characteristic 0) and w is an isolated singularity by studying the dg-structure
of matrix factorizations. Dyckerhoff-Murfet [7] produces the same Chern character by
an explicit description of a local duality isomorphism. Recently, Carqueville-Murfet
[5] studies the bicategory of Landau-Ginzburg models. Their main result is the exis-
tence of adjoints in this bicategory and a description of evaluation and coevaluation
maps in terms of Atiyah classes and homological perturbation. They are able to
recover the Chern character as an application of their theory. In fact, their Chern
character now works for any noetherian Q-algebra k. Most recently, Platt [22] gives
an explicit formula for the boundary bulk map, and in the case when the matrix
factorization admits a connection, an explicit formula for the Chern character.

Following the idea of Dyckerhoff-Murfet [8], T use the Atiyah class At of a matrix
factorization to give an algebraic Chern-Weil type construction. This construction
allows me to extend the Chern character to work in the more general situation where
@ is any finitely generated smooth k-algebra (k a commutative ring containing Q)
and f is any element of (). The Chern character map I construct (Definition 3.3.3)
turns out to agree with the recent one of Platt [22], who defines a Chern character
map using the sophisticated machinery of homotopy theory of dg categories. One

advantage of my construction of the Chern character map is that it does not rely on



such a complicated theory, and I am able to establish its basic properties using only
elementary methods. For example, I prove the Chern character map is independent
of all of the choices made in its definition by using only the relatively elementary no-
tions of homotopy of matrix factorizations. In addition, I am able to establish basic
properties of the Chern character map, such as functoriality and the fact that it de-
termines a ring homomorphism from the Grothendieck group of matrix factorizations

to its Hochschild homology (Corollary 3.3.15).

1.2 Reconstruction of hypersurface singularities

The homotopy category of matrix factorizations for a given ring () and an element
f €@, denoted by [MF(Q, f)], has a natural structure of triangulated category. Tt
is well known that this category is equivalent (as a triangulated category) to the
singularity category defined by Buchweitz [4] (for modules) and later rediscovered by
Orlov [19] (for schemes), i.e., [MF(Q, f)] 2 D%,,,(Q/f)-

Balmer’s tensor triangular geometry associates a locally ringed space to a given
tensor triangular category. We would like to apply Balmer’s theory to the category
of matrix factorizations and see if the space given by Balmer’s theory gives a recon-
struction of the hypersurface singularity.

Balmer’s theory requires a tensor product. Luckily there is a natural tensor prod-
uct of matrix factorizations (denoted by ®,,r), but it does not behave exactly the
way we want. In fact, it has two problems. First, given any two matrix factorizations
Me[MF(Q,f)] and N € [MF(Q,g)], we have M ®,,; N € [MF(Q, f+g)]. Second,
the tensor identity is a matrix factorization of 0 € (). Therefore, we need to modify

Balmer’s theory a little bit. We can solve the first problem in two ways. The first is

to look at the graded tensor triangulated category (151 [MF(Q,if)],®ms) and the



second one is to look at the triangulated category ([MF(Q, f)], ®2) with a modified
tensor product ®2 = %O®mf (See Section 4.1.3 for details of the functor %) Note that
this will also solve the second problem. The solution to the tensor identity problem is
to look at a pseudo tensor triangulated category introduced in Section 4.1.1. We can
show that no matter which pseudo tensor triangulated category you want to use, i.e.,
either ([;5o[MF(Q,if)],®my) or ([MF(Q, f)],®2), you will get a reconstruction
theorem.

There is already a good support theory for matrix factorizations due to many
people. We prove the reconstruction theorems by applying this slightly modified
pseudo version theory of Balmer to the support of matrix factorizations. To be more
specific, we prove Sing(Q/f) = Spc’(K) (Chapter 4) by showing that the support is

in fact a classifying support data in the pseudo sense.



Chapter 2

Matrix factorizations

We recall the theory of matrix factorizations in this chapter. Everything is Noetherian
in this thesis. In this chapter, () denotes a commutative ring, f is an element of @,

all modules over () to which we refer will be assumed to be finitely generated.

Definition 2.0.1. A matriz factorization of f € Q is a Z[2-graded Q-module M =
My@® M, where M is a finitely generated projective ()-module, together with a degree

1 endomorphism

d:()dl
dy O

such that dod = f- 1.

Equivalently, a matrix factorization for (@), f) consists of a pair of finitely gen-
erated projective -modules M, and M; and @-linear maps dy : My - M; and

dy : My — My such that each composition is multiplication by f:

doodlzf'lMl and dlod(]:f'lMO.



We visualize a matrix factorization as
dl d1 d()
M= (M1 d= M()) or (M1 — MO — Ml)
0

depending on the context that we are working with. Note, we write the degree 0 part
on the right and the degree 1 part on the left for the first version. For the second

version, we have the degree 0 piece in the middle and degree 1 pieces elsewhere.

i

Example 2.0.2. Let Q = C[[z]] and f = 2™, then we have factorizations (Q =——

Q), for all 1.
A more interesting example is the following:

Example 2.0.3. Given Q = C[[x,y,z]],f = xy + yz + zx, then (Q? % Q?), with
0

< Y rT+y Y. . o
dy = and dy = is a matrix factorization of f.

r —x-vy T -z

Definition 2.0.4. A strict morphism of matrix factorizations from M to N is a
Z/2-graded Q-linear map of degree zero o : M — N such that dV o a = a o dM.
Equivalently, a strict morphism is a pair of Q)-linear maps «g : My - Ny and

aq : My — Ny such that the two evident squares commute.

We write M F(Q, f) for the category of all matrix factorizations of (@, f) with
morphisms given by the set of strict morphisms. It is an exact category in the sense of

Quillen: a sequence of strict morphisms is exact if and only if it is so in both degrees.

Definition 2.0.5. Two strict morphisms «, 3: M — N are homotopic if there exist
morphisms h; € Hom(M;, Ny) and hg € Hom( My, N7) such that

d¥ ohg+hiod™ =a-p.



We visualize a homotopy as a diagram,

M M
My —— My —— M,
a—ﬁl L R ;ho la; ) h1 ia—ﬁ
Mo N Ny

Being homotopic is an equivalence relation and is preserved by composition of
strict morphisms. The category [M F(Q, f)] is obtained from M F(Q, f) by leaving
the objects unchanged but modding out the hom sets by this equivalence relation.

A strict morphism « : M — N that becomes an isomorphism in [MF(Q, f)] is
called a homotopy equivalence, i.e., o is a homotopy equivalence if and only if there
exists a strict morphism 3: N — M such that oo 3 and (3o « are each homotopic to

the appropriate identity map.

Definition 2.0.6. For M € MF(Q, f), define the shift of M, written M[1] €
MF(Q, f), to be:
(M1 % Mo) |:].:| = (M() #ZO Ml) .
0 —al

We define M[n] to be the iteration of n applications of [1], if n is positive.
Notice that M[2] = (M[1])[1] = M. Thus we define M[-1] = M[1] and more
generally M[-n] = M][n] for n > 0.

Definition 2.0.7. We define the cone of a strict morphism « : M — N to be the

following matrix factorization:

d{\f Qp
0 -d
cone(a) = | Ny & My == Ny ® M,
dé\f aq
0 —dM J




There are canonical maps
N - cone(a) and cone(a) - M[1],

just as for the category of chain complexes. These will give the “distinguished trian-

gles” in the triangulated structure discussed in the next proposition.

Proposition 2.0.8. (Proposition 3.3 of [19]) For any Q and f € Q, the category
[MF(Q, f)] is a triangulated category. The shift functor is M — M[1] and the

distinguished triangles are those isomorphic (in [MF(Q, f)]) to triangles of the form
M g)N canonical cone(a) canonical M[l]

for any strict morphism .

Definition 2.0.9. Given two matrix factorizations M € MF(Q, f) and N € MF(Q’, f'),

where ), )" are commutative rings and elements f € (), f' € )'. We define the tensor

product of M and N to be
d
M @y N i= (M1 ® No) & (Mo ® Ny) dMZM (Mo ® No) ® (M ® N1)),
MQN

where d e, & = dy®1+(-1)®dy making it into a matrix factorization of f@1+1®f’.

To be more precise, we have
dme,, n(m@n) =dy(m) @n+ (-D)Imm @ dy(n)

for simple, homogeneous tensors m ® n. For further details, see [8] [32].

As in the Definition 2.4 of [8], the tensor product —®,,s— of matrix factorizations is
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well-defined on the homotopy category of matrix factorizations, i.e., —®,, s — preserves

matrix factorization homotopy.

Proposition 2.0.10. (Lemma 2.2 of [32])

Given any three matriz factorizations M,N and L, we have
(MoON)®pi L2(Mps L) (N &y L).

For a complex of @-modules, we have the following definition.

Definition 2.0.11. Given any complex C'* of )-modules we denote by C?

772 the Z[2-

folding, which has @ C' in degree zero and @ C" in degree one, together with the

€27, 1€27+1

obvious differential. Note C®

22 is a matrix factorization of 0.

Remark 2.0.12. Therefore, we can talk about tensor products (in the sense of Def-
inition 2.0.9) between complexes of projective QQ-modules and matriz factorizations.
If one of the factors in the tensor product is simply a projective (Q-module, or more
generally a bounded complex of projective QQ-modules, we first view it as a factoriza-
tion of zero using the Z[2-folding (for the case of a single module, we follow the usual
convention by placing it in the degree 0 piece of a complez), then tensor it with the
other matrix factorization; i.e., P* @ M := PZf/2 ®mf M for a complex P* of projective

modules. We have the following proposition addressing the problem of compatibility.

Proposition 2.0.13. Given two complezes X* and Y* of Q-modules, we have (X°*®.,

Y*)z2 = Xi/2 ®m f Yi/27 where Q.. stands for the usual tensor product of complexes.

Proof. First note that the underlying modules for (X* ®., Y*)z/, and X, 12 ®mj Yz./z

are identical.
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Indeed, We have

((X. ®Ocx Y.)Z/Q)l = @ ( @ (*XPZ ®Yj))

k is odd i+j=k

and

(XZp®ms Yz = [( D XDe( @ YDNIPI( D X)e( D V)= D (P (X'eY?)).

i is odd j is even i is even 7 is odd k is odd i+j=k

Slmllarly ((X. Qcx Y.)Z/Z)O = (Xi/2 Omf YZ./2)0
The fact that the differentials are the same can be seen by carefully keeping track

of where elements go. O

Proposition 2.0.14. For any matriz factorization X € [MF(Q, f)],

X ®mp— —®ump X [MF(Q,9)] = [MF(Q, f+9)]

are triangulated functors.

Proof. We prove this for the functor — ®,,y X, the other one follows since X ®,,f — is
naturally isomorphic to — ®,,5 X
Given any distinguished triangle M < A — cone(a) - M[1] of [MF(Q, g)], we

need to check:

1. (./\/l Omy X)[l] ~ M[l] Omy X, and

a®l

2. M@y X —> N @,y X —» cone(a) @ X > (M[1]) & X (= (M &, X)[1])
is also a distinguished triangle.
N

aM db d¥
Say M = (M, :d:Mﬁ My),N = (V; — Ny) and X = (X3 TX——Z Xo),
0

dO 0
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For 1, by definition, (M ®,,; X')[1] is the matrix factorization

(My® Xp) & (M; ® X1)

d¥el -1edf

ledf d¥el

d¥e1 l1edf

(M1 ® Xg) @ (My® X1)

-leodf dyfel

and M[1] ®,,s X is the following

(Mo ®X0) D (M1 ® Xl)

-d¥el1 1edf

-ledf -d'e®1

so they are in fact equal to each

-dMel -1edf

ledf -dfe®l

other.

(M1 ®X0) (&) (MO ®X1)

a®l

For 2, first notice that the morphism M ®,,; X — N ®,,5 X is

(M1 ®X0) 7] (MO ®X1) — (M() ®X0) @ (Ml ®X1) —— (Ml ®X0) @ (Mg ®X1)

(a1®1,a0®1)l

i(a0®1,o¢1®1)

l(oq@lpéo@l)

(Nl ®X()) ® (NO ®X1) — (No ®X0) ® (Nl ®X1) —_— (N1 ®X0) @ (N() ®X1)
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Therefore by definition cone(a ® 1) is the matrix factorization

cone(a® 1),

dVel 1edf a®l

-ledy dYi el ar®l1
-del ledf
-leody -del]

—dé\’@)l -lodf a®l1

ledf d¥el a®1
-del -1edf
lody -d)fel]

cone(a® 1)

where cone(a®1); = (N1®@ X))@ (No®X;) @ (My® Xo) @ (M;®X;) and cone(a®1)y =

(NO ®X0) ® (N1 ®X1) ® (M1 ®X0) @ (M() ®X1).

Also, by definition cone(a) ®,,5 X is equal to

(cone(a) ®ms X)1

Vel ap®l 1®d¥

-d)' ®1 l1®df
-1®df dy®l a;®l

-l1edy -dY ® 1]
—dévoz)l a®l -1®df

-d®1 -l®df
ledf el apel

ledf ~d)' 1]

(cone(a) ®ms X )o

where (cone(a) &,y X)1 = (N1 ® Xo) @ (Mo ® Xo) @ (No® X1) & (M; ® X;) and

(COTL@(&) Qmf X)O = (NQ ®X0) ® (M1 ®X0) ® (N1 ®X1) ® (M() ®X1).
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Now it’s not hard to see that there is an isomorphism 7 = (79, 71 ) between cone(a®

1) and cone(a) ®,¢ X, where 1, : cone(a ® 1); > (cone(a) ®,,5 X')1 sends

ny ® Ty n1 ® To

Ny ® T mo ® T,
to

mo ® T, g ® T1

my ® x} my ® )

Similarly for 7y : cone(a ® 1)g - (cone(a) ®,¢ X')o, where it sends

ng ® T Ny ® T
ny ® Ty my ® x|,
to
mi ® x|, n ® X
mo ® T} mo ® T}
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Chapter 3

Chern character

3.1 Algebraic Chern-Weil Theory

Here we review the basic Chern-Weil theory from the algebraic point of view, which
will be used later in our construction. From now on, () is a finitely generated commu-
tative k-algebra, where k is a commutative ring. All modules are finitely generated.

Also, let Qé Ik be the @)-module of differential 1-forms and QZ) T Ao QE) n the Q-

module of differential n-forms. For details, see [18].

Definition 3.1.1. Let () be a commutative k-algebra and E a ()-module. A connec-
tion on the @-module F is a k-linear map V : E - Q! ®¢ E such that for any e € E

and q € () the following Leibniz rule holds:

V(ge) = (dg) ® e + gV (e).

Just like the exterior differential operator d, a connection V can be extended
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canonically to a map, which we still denote by V,
Viﬂ.®QE—>Q.+1®QE

such that for any homogeneous element u € 2* and e €

V(uoe) = (du) ®e+ (-1)unv(e).

Example 3.1.2. For F = (@), the exterior differential operator d is a connection. More

generally, if £ =Qr",
Qo Ex(Q°)" and d-1,: (Q°)" — (Q**h)"

is a connection for Q)".

Every finitely generated projective ()-module E possesses a connection. Given
such an E, choose an idempotent e in M, (Q) for some r such that E = Im(e). Then,
from the connection on (" that we defined in the previous example, we can extract

a connection on F through the following composition:
. . r_ 4l e+l r _1®e o+l
Q ®QEC—>Q ®QQ —50 ®QQ — ®QE

Definition 3.1.3. This connection on E = I'm(e) is called the Levi-Civita connection

by analogy with the classical situation in differential geometry.

Definition 3.1.4. The curvature R of a connection V on a finitely generated -

module F is defined to be

R:VOV:E—>QZ®QE
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It can be shown that R is Q-linear.

Proposition 3.1.5. (Ezample 4.2.6 of [12])

1. Let Ey and E5 be projective Q-modules with connections Vy and V4, respectively.

Then for e; € Ey and es € Ey, we set

V(er®ez) = Vi(er) ® Va(ez).

This defines a natural connection on the direct sum E, & Fs.

2. In order to define a connection on the tensor product Ey ®g Es one defines
V(61 ® 62) = Vl(el) ®ey+e1 ® V2(62).

Note that the second component naturally lands in Ey ®q (2 ®¢g Es), so we need
to apply an isomorphism o : E1 ®g Q' - Q' ®g By (e1 @ w —> w @ ey) to make

it into an element of the target module Q' ®g Ey ®¢ Es.

Before getting into the next proposition, we want to inform the reader that by

exp(R) we mean the series 1+R+1§—!2+1§—f+---+R—?+--- €1, Endg(E)®g Q. In order

n

to do this, we need to make the extra assumption that k£ > Q. The exterior operator

d can be extended to maps {27, — Qgﬁ (for any n € N) by
d(apday---day,) = dapday---da,,.

Since d(1) =0 it is immediate that d? = 0, and the following sequence

d d d oy d
Q=0 Oy o B 0y % -
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is a complex called the de Rham complex of Q) over k. The homology groups of the de
Rham complex are denoted H},(Q) and are called the de Rham cohomology groups
of () over k.

Proposition 3.1.6. (Proposition 8.1.6 of [18]) The homogeneous component of degree
2n of ch(E,V) :=tr(exp(R)) is a cycle in QQQ’T]C (of the de Rham complex), where tr

stands for the trace map for projective modules (details at Section 3.3.1).

This proposition implies that ch(E, V) defines a cohomology class in the de Rham

cohomology of Q.

Theorem 3.1.7. (Theorem-Definition 8.1.7 of [18]) The cohomology class of ch(E, V) :=

tr(exp(R)) is independent of the connection V and defines an element

ch(E) e [ [ Hpp(Q)

nz0
which is called the "Chern character” of the finitely generated projective QQ-module E.

Theorem 3.1.8. (Theorem 8.2.4 of [18])

The Chern character induces a ring homomorphism ch: Ko(Q) - HZF(Q).

3.2 Main constructions

Given a k-algebra ), k a Noetherian commutative ring, for a matrix factorization

E=(E 4 Ey 2, Ey) of fe@ (so the odd endomorphism of this matrix factorization

0 A
isd= ), choose connections V; : E; — 2

B 0

3.1.5, Vo and V; induce a natural connection for the underlying module E = E, @ E

1

ox ©Q E; for 1 =0,1. By Proposition

of the form
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0 vy

Definition 3.2.1 (Dyckerhoft-Murfet [8]). The Atiyah class of £, written Atey or

simply just At if there is no confusion, is the map
Vod-(1®d) oV =" Atgy:E - Q1] @ E.

See Remark 2.0.12 for details of the tensor product of a module and a matrix factor-

1zation.

It’s easy to check that the Atiyah class is a (Q-module homomorphism from the
Z[2-graded Q-module FE to the Z/2-graded (-module Q! @ F.

Compositions of Atiyah classes are defined in the following way. For example, by
definition, we have (1 ® Atgy) o Atey : € = Q1] @ & = Q1] @pp Q1] ®1nf &,

which is defined as
(1eV)o(led)-(1®1®d)o(1®V))o(Vod-(1®d)oV).

For simplicity, we denote this composition by Atg’v. Similarly, we can define :4;2 (for

natural numbers ¢ > 2) recursively by

At = (1grg.gq1 ® At) 0 At

——

-~

Hence the map
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has ¢ copies of Q! in the target.

Definition 3.2.2. Define At’ to be the composition:

)

& éi Ql[l] ®mf ®mf Ql[l] ®mf8 i> Ql[l] ®mf E.

Note that we have At = At! = AfL.

3.2.1 Basic construction: the strict morphism ¢

Definition 3.2.3. Define £0) = (Q A Q) @ £, with @ in degree 0 and Q! in

degree 1.

Explicitly, €M) is by definition the following :

EW=( o ® ® )
QleE Ql®E, Ql®Ey
_ A 0 _ B 0
with A = and B = . For details, see Proposition 2.0.13.
dfn -B dfn -A

Note that we have the following diagram (commutativity will be checked below in

Proposition 3.2.4)

Ey Ey Ey (1)
N 0 ’

F1 - B - F1

o e — B . g
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1 1
where 1 = ; Po =

VoA - (1® AV, ViB-(1® B)Vq

Therefore we make the following definition:

1
Definition 3.2.4. Define ¢g v : € > EM to be the morphism

Ate

Proposition 3.2.5. ¢¢ v is a strict morphism of matriz factorizations.

Proof. Here we check the commutativity for the square on the left of (1); that is
Ao () =0 A(x) for any z € Ey. It’s enough to check the commutativity for the

second component. Letting w5 be the projection to the second component, we have
myo Ao (x)=df Ax—B(VoA - AV)(x)
=df nx - BVoA(x) + fVi(x)
=df nx+ fVi(x) - BVoA(x)
=Vi(f-z) - BVoA(x)
= (V1B - BVy)(A())
=3 0 g 0 A(x).

The commutativity of the right square can be proved in a similar way. Therefore
ey is a strict morphism of matrix factorizations.

O
Proposition 3.2.6. ¢¢ v ts independent of the choice of connections up to homotopy.

Proof. Suppose we choose other connections for the Es, say V; (B> Qleg E;. We

show that ¢ = ¢ v is homotopic to ¢’ = g y.
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First, V - V' is a morphisms of Q-modules: for any ¢ € Q, x € E;,

(V-V')(gw) = V(g:2) -V (¢:2) = (dgrz+q-V(x)) - (dgrz+q-V (x)) = ¢-(V-V')(2).

0 0
Therefore, we can define ap = , 0 = , which live in the
following diagram
i . —=Ey B .5
8 R — By
@ _ f . ;
QleEy A QleFE, B 0o

It’s easy to check that Ao ag+ajoB=¢ - and similarly for the other square.
O

Therefore, we usually drop the V from the notation ¢g v to simply write it as ¢g¢.
When @ is local or if we take E; to be free ()-modules, the Atiyah clase is typically

like that of the following example.

Example 3.2.7. For £ = (Q" 4 Q" B, Q"), df = AdB + (dA)B, where dA =
(dgyk(as;)) for a matrix A = (a,;). Since ¢ is independent of choice of connection, we
can choose the exterior differential d for the Atiyah class, i.e, V; =d for ¢ =0,1. First
note that we have do A— Aod = dA-, because (do A-Aod)(x)=d(A-z)-A-(dx) =
dA-z+A-dr - A-dr =dA-x. Therefore

0 Alld 0O d 0[O0 A 0 doA—-Aod 0 dA
Atg: — = =

B 0|0 d 0 d||B 0 doB-Bod 0 dB 0

hence At% =
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/_/%
dAdB---dAdB 0
(i even)
0 dBdA---dBdA

—_—————
or '
—_—
0 dAdB---dA
(i odd).
dBdA---dB 0

[ ——
A

Definition 3.2.8. Define £® := (Q I )% ®,5 €. Also define morphisms

SOE;D = 1% 1 g O : gl-1) _ gi)

. [21‘
By our definition, yg = gog). Note that gog) can be written in the form:

Atg ) 2i
where I means the 2% x 27 identity matrix.

The following illustrates what we mean by £(®) and @fgi).

A B
£ = E, Ey Ey
©

Ey Ey B Ey

5(1) = e ——— & —F—— &
Q1®E0 Ql®E1 Ql®E0

By Eg Eq

1EB 1€B 1GB

QleE = QloE = QleE
5(2) — % 0 —A> é ! —B> % ’
aleE, oler; aler,

52}
olealeE; QlealeE, QleleE;
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and for e€ &,

1 e
pe(e) = (e) = ,

At At(e)
g ] -
e 1 e At(e
g ( ) = : || 24t (e)
At(e) At At(e) At(e) 2?2,( )
| ) E=0)
and
,1 ] i e ]
1 2At(e) — e ]
@) e 1 ) A2 (e) 3At(e)
v ([24t(e)|) = | 24t(e) | = o
A5 (o) At T 0) At(e) 3At2(e)
At 2A2(e) | | AB(e) |
A | A7) |

Corollary 3.2.9. gpg) 1S a strict morphism of matriz factorizations and it is inde-

pendent of the choice of connections (up to homotopy) for any i.

3.2.2 The map ¢"
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For any natural number n, denote the complex

ndf A ol (n=1)df (n=2)dfn dfn

QQ Qn (*)

Q

by Q)

O.qf» Where idf A denotes left multiplication by idf (i.e., wy A Awy, —> idf Awy A

- Awy), for any 0 <i<n.
There is a natural map of chain complexes (@ — Q1)®" — Qg%f, induced from

natural ()-module homomorphisms of the following diagram

(Q ® Ql)@nc—> (691‘20 Qi)@n

-
>~ A
-
-
= a0

~

We denote this map again by A.
Proposition 3.2.10. The map A: (Q - Q1)®" - Qg‘glf is a map of complexes.

Proof. The map A is obviously a ()-module homomorphism, so we just need to show
A commutes with the differentials of complexes.
Let us denote the differential in (Q — Q')®" by 0 and the differential in lezlf by

0'. Note that for an element v € Q™ 0'u = (n—-m)df Au and for veQ & Q!

df nv, if Ju|=0
9(v) =

0, else.

Therefore, for a; ® --- ® a,, € ™, where a; € Q!,

ANO(a1 ® -+ ® )
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= /\(Z(_l)|al|+"'+|ai—1|a1 R ® a(&l) Q- ® am)
i=1

- Z(_1)|a1|+"‘+|ai—1‘al Aer A 8(&1) A A G,
i=1

(=1)larbelailgy Ao A (dF A ag) Ao A ap,

M

S
Il
—_

= Z (_1)2(|a1|+"'+|ai—1\)df AALA A Gy

i=1 and |a;|=0

=(n-m)df nay A+ Aay,

Also,

IN(a1®®ay)
=d'(a1 A Aap)
=(n-m)df nay A Aay,

This completes the proof.

We obviously have :

Corollary 3.2.11. A®1¢: (Q - Q1)®" ®,,; € > Qgtglf ®mf € 15 a strict morphism of

matriz factorizations, for any matriz factorization £.

Definition 3.2.12. Define ¢": £ — Qgtzlf ®n € to be the composition (A®1g)op(™o

e Do..op®;ie., " is the composition of the following chain of strict morphisms

ELLEWEL @2, 2L e o (Q5 Q) e,,E Nele Qg’ﬁlf Oy €

Corollary 3.2.13. ¢" is a strict morphism of matriz factorizations and is indepen-

dent of choice of connections up to homotopy.
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Proof. We know that each of the ¢(9)’s is independent of choice of connections, and

thus ¢" is too.

]

Proposition 3.2.14. We have (A® 1¢) o (1gipjea-1 ® At) = (A® 1) o (1gi ® At) o

(A® 1g), for all i; that is, the following diagram commutes:

A®lg

Qi - 1] @y €

191[1]®(i1)®Atl lgi-1®At

Qifl[i - 1] Omf Ql[l] Omy E

A®lg
A®lg

Q [Z] Omy E

Proof. We can check this directly. For example, it is obvious for ¢ = 1. O]

For the sake of simplicity, we will drop all the 1 ® --- ® 1 if there is no confusion
from now on. For example, for the above proposition, we will in fact write it as
(/\®15)0At: (/\®1g)OAtO(/\®1g).

Similarly, we have the following corollary.

Corollary 3.2.15. (A®1g) o = (A® 1g) 0o o o (A® 1¢), for any i. That is, we

have the following commutative diagram:

A®lg

£G-1) £0) Q) O &

A®lg
A®lg

(3-1) i-1
QQ,df Oy & O) Q((Og,df) Qmf (Q - Qb ®Omf &
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Iy
Proof. Note that (A®1g) o) = (A® 1¢) o ’
At ]21’

[21‘
(/\ ® 15) o At - Iy

IQi

(A®15)0At0(/\®1g)'12¢

IQi
=(/\®15)0 O(/\®1g)
At - I

- (/\ ® 15) ) cp(i) ) (/\ ® 15).

Corollary 3.2.16. We have ¢" = Z (@)Ati e QM
i

Q.df Omf E.
=0

Proof. The base case is clear (look at the statement right before Corollary 3.2.8).

n—1 -1 )
By induction, say ¢"! =) (n ‘ )At’, then
=0 \ ?

(p’n = (/\ ® ]_8) [¢] Sp(n) [e} (p(n_l) O+ 0O 90
= (/\ ® ]_g) o (p(") o (/\ ® ]_g) o gp(n_l) 0.0
= (/\ ® 15) o gp(”) 1) (pn—l

n-1 _ )
= (/\ ® 15) o (p(") o Z (n . 1)A’4tZ

i=0 t

]n n-1 _
~ 2 OZ(n.l

= )Ati
(/\®1g)014t']2n =0

4
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7
L

- (nZ )AtuAt(Z( )Atl)

(??)Ati. 0
1

=
Il
o

M-

~
Il
o

3.2.3 The map "

For any integer n, define (Q2°*,df,n) to be the complex :

dfn dfn dfn dfn
Q Q! 02 Qn.

From now on, we assume in addition that £ > Q. Under this assumption, there is

an isomorphism of complexes QQ df - (Q°,df,n) defined by

Q ndf A Ol (n=1)dfn 0?2 (n=2)dfn df A Qn
n n(n-1) n!
Q df n Q! df n QZ df n df n Qn

We compose ¢" with the above isomorphism to get a morphism which is now called
" e,

(1’56: EH(Q.,df,TL) ®mf5 .
By Proposition 3.2.15, we have an expression for ¢™:

1

S At

7=y

i=0 v
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3.3 The Chern character for matrix factorizations

and its basic properties

For a k-algebra @), with k£ a commutative unital ring that contains Q, we constructed
(for a given n € N) a strict morphism of matrix factorizations @" : £ - (Q°, df,n) ®,,; &

in last section. Now, we can define a Chern character for matrix factorizations.

3.3.1 Supertrace

Let @ be any commutative ring and M a finitely generated projective ()-module.

Let M* = Homg(M, Q) be the dual of M. Consider the two maps

Endg(M) : M*®o M Q
given by £(a®n)(m) = a(m)n, with m,n e M,a € M* and by e(a®n) = a(n) respec-
tively. If M is a finitely generated projective ()-module, then ¢ is an isomorphism
and the composite € o £~ is the standard trace map: € o £~! = tr. Suppose that M is
free of finite rank over @), with @) a k-algebra. Then a @)-linear map M — M ®¢ QZ} e

*

Ok that is, an element of

upon choice of basis, is a matrix with coefficients in 2
Endg(M) ®q Qf - Since a projective module is a direct summand of a free module,

the same is true when M is projective, i.e.,
HomQ(M, M ®Q Q’) = EndQ(M) ®Q Q°.

Therefore, when M a matrix factorization, the underlying module M is projective so
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At can be viewed as an element of ¢

Q/k o) EndQ(M)

Definition 3.3.1. Given a Z/2-graded finitely generated projective @-module M and
an endomorphism 7" of M of degree 0, using that Endg(M ) = Endg(My ® M), =
Endg(My) @ Endg(M,), define

str(T) ==tr(Ty) —tr(1y) € Q
where T = To® T} with 7; € EndQ(Mz), 1= O, 1.

Proposition 3.3.2.

1. If a,3:E - & are strict morphisms of matrix factorizations and o« is homotopic

to (3, then str(a) = str(3).

2. Supertrace str is an invariant under cyclic permutations, i.e.,
str(oq o0 ay) = str(Qy(1) © =+ © Ap(n))

for o a cyclic permutation of n elements.
A
Proof. Say & = (E; — Ey)

1. There are ()-module homomorphisms z : £y — F; and y : Ey; - Ej such that
Arx+yB =a¢ -y and By+xA=a; - ;. So

(Az +yB) - (By +xA) = (a0 = By) = (1 = B1),

(Az —2A) - (yB - By) = (a0 — 1) = (o - p1),

tr(Az —xA) —tr(yB - By) =tr(ag — 1) —tr(Bo - £1),
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(tr(Az) —tr(zA)) - (tr(yB) —tr(By)) =0 = str(a) - str((),

str(a) = str(3).

2. This is obvious since tr is an invariant under cyclic permutations.

3.3.2 Chern character

Before making the definition of the Chern character of a matrix factorization, let’s
first recall the definition of a smooth algebra and prove a few propositions necessary

for the definition.

Definition 3.3.3. 1. If £ is an algebraically closed field, then ) is smooth of
relative dimension d if it is of finite type, its dimension is d, and the module

Ql

Q/k of differentials is a finitely generated locally free ()-module of rank d.

2. Let k be an arbitrary field, k its algebraic closure. Then @ is smooth of relative

dimension d if Q ®; k is smooth of relative dimension d over k.

3. Let 0:Q — Q' be a ring map, then 0 is smooth of relative dimension d if it is
flat, finitely presented, and for all primes p of @), the fibre ring k(p) ®g Q' is

smooth of relative dimension d over k(p), where k(p) is the residue field at p.

Proposition 3.3.4. Suppose Q) is a smooth k-algebra of relative dimension d with k

a commutative unital ring that contains Q. Then str(p@) = str(p®1) = ..

Proof. We have str(At?!) e Q! ®,,; £ = 0. Therefore
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d+1

— 1 . 1 1
str(p®t) = i:z(] Estr(Atz) =1+str(At) +--+ Estr(Atd) + s 1)!str(Atd+1)
1
=1+ str(At) +--+ Estr(Atd) +0
= str(p?)
ie., str(g}z) = str(g;m) and hence str(;ﬁ) = str(@) for any i > 2. O

Proposition 3.3.5. Given any matriz factorization € = (E; LA A E)) e [MF(Q, )],

df nstr(AtL) =0 in QY for any i. If i is an odd integer, str(At') = 0.

Proof. For the underlying finitely generated projective @-module F = Fy & E; of &,
the trace homomorphism tr is End(E) ® Q* - Q°, so str(AtL) € Q since it’s the
difference of two elements in ¢

It’s enough to check this locally, so we adopt the notations used in Example

Qlk

df n str(At.) = 0 after inverting f. Therefore we may assume A and B are invertible

3.2.6. In particular, since the map Q] Qg[ll n is injective, it suffices to check
7

matrices with entries in Q[%] Notice that str(At?) =0 when 7 is odd so we just need
to show this when 7 is an even integer.

Since A is invertible, B = f - A~!, therefore
dB=df -A™ '+ f-dA™!,
since A1 A=1 = dA' =-A"1dA- A1, we get

dB=df Al — fA'dA. A7
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Also, since df =dA-B+ A-dB and say i = 2,

l
df A str(Ath) = 2tr(df dAdBdAdB--dAdB)

= 2tr(dfdA(df - A™' = FAYAA- A7) dA(df - AL - FATIAA - ATY))
= 2tr(dfdA(-fAYdA - A7) dA(-fATLAA - ATY))

=(-1)"2tr(dA- A dA- AT = 0.

even numbers

We have the last equality because switching matrices of odd forms is only going to
introduces a sign. Also, nothing is the product (dA- A=1)even = (dA- A-1)edd...(dA -
A-1)odd gtays the same no matter how you switch. Therefore it has to be 0.

O

By the above proposition, we know that str(At') vanishes when i is odd and is
a cycle (of the complex (Q°,df,n)) when i is even, so it defines an element of the
homology.

Now we are ready to give our definition of the Chern character. Assume that )
is now a smooth k-algebra of relative dimension n with k£ a commutative unital ring

that contains Q.

Definition 3.3.6. We define the Chern character of € to be

S n i d_f> i+
ch(€) = str(@") = ), L str(At') € Hy((2,df,n)z) = P ker (2 Q1)

o =0 (21 4, 02)

Recall (§2,df,n) is the complex

Q df n Q! df n 02 df A df A Qn
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and (£, df,n)z/, the Z/2-folding of this complex. Also, notice that by Proposition
3.3.5, we have str(At") =0 when i is an odd integer. Therefore the Chern character
1 )
is in fact ch(&) = ) ——str(At*).
(€) Z:O @) (A*)
Our definition of the Chern character is the same as the one in Platt [22]. For
the special case when @Q = k[[z1,,2,]] and f € @ an isolated singularity, see the

following example.

Example 3.3.7. Let f € Q = k[xy,---,2,] be an isolated singularity at the origin

(that is, the localizations at every prime except the maximal ideal m = (xy,--, x,)

0
is regular), & = (Q" % Q") a matrix factorization with d = . E is a free

B 0
(Q-module, so as before, we can choose d, the exterior differential operator to be

the connection and we get that At = . Also, notice that in this situation

dB 0

(Q2*,df,n) is exact except in position n (the dimension of Q) [31]. Therefore we
have that ch(&) = i—io %str(Ati) = %str(dAdB---dAdB), which agrees with the Chern
character obtained by [14], [22] and [24]. It differs by a sign with the ones in [5], [7]
and [23].

Proposition 3.3.8. Given matriz factorizations € = (E; 4 E, & Ey) and & =
(E] g E} LA ED) in [MF(Q, f)], a strict morphism 3 : & — &, the following diagram

commutes up to homotopy

ol PE (Qﬂng)‘X’mfg"
B ll‘x’ﬁ
£ QI e, €
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1
Proof. Recall that @g = =1+ Ate.
Ate
Choose connections V; and V., then we can construct module homomorphisms
O O . . . .
Yo = U = , which lives in the diagram
(Vo3 - (1®B)Vy) (Vi-(1ep)v,)

E, < - E, D - F,

J/ B l@oﬂ—(l@ﬁ)o@p l

By o By .. B

2] — 2] — @
91®E0 A OleFE, B Ql®E0

0
where Pg o - (1 ® ) o pgr is the matrix :
Atgof-(1® ) o Ater

First, ¢ and 1 are indeed module homomorphisms:
Yo(q ) = VoB(g-) = (1®B)Vy(q- )
=Vo(q-B(x)) - (1@ B)(dg rx +q-Vo(x))
=dgnp(x) +q-VoB(x) —dg nB(x) - (1® B)(q- V()
=q-VoB(x) —q- (1®B)(Vy(x))
=¢(VoB - (1@ B)V,)(z)
=q-o()
The same argument shows that ¢; is also a module homomorphism.

We want to show that ¢y and v, give us a homotopy. For the degree 0 part, we
need to show (Fzo - (1® ) o Pe)o=Aothy+1y0D.
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_ 0
Recall that A = . Elements are 2 x 1 column vectors, the equality in

dfn -B

the first row is easy to see so we just check the equality for the second row. Hence,

(Atgo - (1® )0 Ater),
=(ViB-BvVy)B-(1® B)(V,D - DV,)
=V1B3-BvyB3-(1®3)V,D+(1®3)Dv,
=V18D - BVoS-(1®3)V,D+ B(1® B)v,
= (V1B - (1@ B)V,)D - B(VoB - (1®5)V,)

=troD+ Aoy
In the above calculation, we use B3 = D and (1® 5)D = B(1® 3) by the fact
that (3 is a strict morphism of matrix factorizations, i.e., the following commutative

diagram:

]

Corollary 3.3.9. Under the same hypothesis as in Proposition 3.3.8, we have 92?05 ~

(1e1®®1®f3)o0pL

Proof. Indeed,

prof=ptlopzoB~ i to(1®3)0Fe

then by induction

prof~(191®®1®3)o0pp,.
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]

Corollary 3.3.10. We have ch(&) = ch(E") for homotopy equivalent matrix factor-

1zations £ and E'.

Proof. Say we have & z%z &', such that ao 3~ 1g and foa ~ 1g, by Corollary 3.3.6
Ppofoa~(101®®1®3)opEoa

Therefore, by Proposition 3.3.2
str(op)
=str(piofoa)
=str((1®" @ f3) o g;?, o)
=str(ao (18" ® ) o @)
=str(¢E)

This gives
ch(&) =ch(&").

Theorem 3.3.11. Given any distinguished triangle

P o Q cone() P[1]
in [MF(Q, )], we have

ch(Q) = ch(P) + ch(cone(h)). (%)



Proof. We will prove this theorem by explicit calculation of the Chern character.
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First, it’s enough to check equality for the even components, as discussed in

the proof of Proposition 3.3.5. By definition ch(€) = str(¢p) =

n

=0 U
str(At%) + str( At*

Say P = (P, A P, 5 Py) and Q = (Q g Qo D, 1), the mapping cone is

0

- fo.

0 -B
D A

-A

1 . .
ZﬁstT(At’g) for any matrix factorization &, so it’s enough to prove str(Atg)

), for all even integers 2i between 2 and n.

cone(0) = (Q1® Py == Qp o P).

str(>. 5142515)
i=0 U

Choose any connections VZ and VI for P, similarly Vg? and V? for Q. We have

induced connections for cone(6):

Since the Chern character is independent of choice of connections, we use these

to compute the Atiyah class At onep) for cone(d), which is just

Atcone(@) =




where
X =(VEC-Cvp),
Y = (VED - Dv2),
Z =(BVY -V} B), and
W = (AVE - VT A).
Hence .
XY =
A%
At? =
cone(0)
YX *
Wz
Therefore,
(XY) =
A2 - (ZW)z
(YX) =
(WZ)]

for any even integer 2¢ between 1 and n.

This gives that

40
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st'r’(Atzéne(e))

(XY)Z' * (YX)i *
=tr tr

(Zw) (wz)

= 2r((XY)) = 2tr (W Z)7).

hence

str(Aty) + str(At%, ) = 2tr(WZ)") + 2tr((XY)") - 2tr((WZ)")

=2tr((XY)?) = str(At3).

3.3.3 Grothendieck group

Recall that the Grothendieck group Ko(7T') of a triangulated category T is the free
abelian group generated by isomorphism classes of objects of T, modulo the relations

[X]+[Z]=[Y] for distinguished triangles X - Y - Z - X[1].

Corollary 3.3.12. The Chern character induces a map from Ko MF(Q,f)] to

Ho((,df )zy2)-

Proof. Any distinguished triangle is isomorphic (in the homotopy category) to a trian-

gle of the form of Theorem 3.3.8. Now apply Corollary 3.3.7 and Theorem 3.3.8. [
Now we will prove that the Chern character is a ring homomorphism.

Lemma 3.3.13. fE%KO([MF(Q,f)]) is a ring via [E]f - [Flg = [€ @mp Flfeq-
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Proof. First we have to show that the above multiplication is well-defined.

Since we know from the definition that — ®,,; — preserves homotopy equivalences
of matrix factorizations. For any given & ~ £ and F ~ F’, we have € ®,,5 F =
E®ps F' =& @y F', so the tensor product is well-defined on the free abelian group

generated by isomorphism classes of matrix factorizations; we denote this group by

f%z([MF(Q,f)])-
Now, let’s show that @ Z([MF(Q, f)]) is a commutative ring under the above
feQ

multiplication.
L(&)f-(F)ge f%Z([MF(Q,f)])-

2. €®mff§f®mfg SO (g)f(F)g= (f)g(g)f

3. ((€)-(F)g) - (G = (€ @ms Fpag- (9)n = ((€ ®ms F) Oms G) prgen
Also, (E)7-((F)g- () = (E)- ((F @ms G)gen) = (€ ®ms (F ®my G)) rgens
where (£) means the isomorphism class of £. Hence the above shows that the
multiplication is associative.

4. There is an identity 1 = (0 z% Q) e MF(Q,0) such that (1)o- (€)= ().

Indeed, 1 ®,,5 £ equals to

1®e;

-1®eg
0o E; : : 0o Ey.

-1®e;

1®eg

Therefore we have an isomorphism of 1 ®,,7 & and &, i.e., (1)o-(€);=(E)y.

Similarly, we also have (£)¢-(1)o = (€);.
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The above shows that the isomorphism classes of all matrix factorizations is a

monoid under — ®,¢ —, so @ Z([MF(Q, f)]) is in fact a commutative ring.
feQ

Finally, to show that this multiplication is well-defined on the quotient group,

it’s enough to prove that the subgroup
{[Q]-[P]-[W]:P - Q- W — P[1] a distinguished triangle}

is an ideal inside @ Z([MF(Q, f)]). This amounts to the following fact: tensor
feQ

product is a triangulated functor (which is Proposition 2.0.14).

]

Proposition 3.3.14. Define K;(Q) = @ Ko([MF(Q,if)]); this is in fact a sub-

1€Z>0
ring of fG%Ko([MF(Q?f)])-

Proof. Given any [a],[b] € K;(Q), [a] +[b] € K(Q); [a] - [b] € K¢(Q); [1] € Kf(Q);
[~a] € K;(Q) (since [-a] = [a[1]] € K((Q)).

Lemma 3.3.15. @ Ho((S,df,n)zs2) is a commutative ring via A.
feQ

Proof. First, assume n is an odd integer. A similar proof works when n is even. Recall

that (2°,df,n) is the following complex:

dfn df n df n dfn
Q Ot 02 Qn .

Therefore the Z/2-folding (Q°, df,n)z/» is the matrix factorization £ = (E; 2 Ey 2,

E;) where

Ei=0ePo---0Q", Ey=QoePaoae -0
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0 0 0 - -
dfn 0
dfn 0
0 dfn 0 0
and Di=[0 dfa 0 0 ; Do =
0 0 o df/\ n+l n+l
0 O o df/\ n+l  n+l ] _TX'?
kerD

Hence Ho((SY,df,n)z2) =

, 0 is a ring by properties of the wedge product.
iy
For example, for any a,b, ¢ € @; even §2°, We have

(anb)ync=an(bnc).

It is not hard to see that elements on the two sides of the above equation determine
the same element in homology. The same holds for other conditions to make a set
into a ring. It is commutative since we are dealing only with even forms (in general
unv=(=1)9vAu for aeQ and b e QJ; therefore, i,j even means uAv =vAu). From

this we see that @ Ho((§2,df,n)z/) is a commutative ring.

ZEZ;O
It is clear that @ Ho((€Y,idf,n)z) is a subring of @ Ho((2,df,n)z/2).
€70 feQ

]

Theorem 3.3.16. Given two matriz factorizations € € [MF(Q, f)] and F e [MF(Q,g)],

we have the following commutative diagram

E®mp F ((2°,df,n) ®ms &) ®mys ((2°,dg,n) s F)

\LAO(L@T@I)

(Q',df + dg,n) Qmf (5 ®my f)

(‘0751®mff

where 7 1 € @y (Q°,df,n) - (Q°,df,n) @,y £ is the isomorphism T(a ® b) =
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(~1)ldlltlh @ a.

Remark 3.3.17. The above diagram makes sense, since the relative dimension of Q)
over k is m. After changing the position, wedging things together, terms with degree

higher than n vanish.

Proof. (of Theorem 3.3.16) First, by Proposition 3.1.5, for underlying modules E and
F, if we choose a connection Vg for E and Vp for F| then there is a natural connection
for the tensor product: Vp®1+1® V. Also, the differential for the tensor product of
the two matrix factorizations is given by dgg,,,7(e® f) = de(e) ® f + (-1)Fle®@ dz(f),

where e € E and f € F. After a careful calculation, we have that

Ates,, (e ® f) = Atg(e) ® f + (-1)e ® Atx(f), (*)

ie., Atgg, 7 = Ate ® 1 + 7(1 ® Atyz), where 7 is the map in the statement of the
theorem.

Another observation we want to make before looking into % is that
No(Ate®@1)oT(1® Atr) =noT(1® Atg) o (Ate ® 1).
In fact, we have
no(Ate®1)o (T(1®Atr))(e® f) = no (Ate ® 1)((-1)10(e ® At#(f))),

where o is the same as 7 but doesn’t introduce a sign. Say for simplicity that Atz(f) =

u® f" and Atg(e) = w®e’ (these should really be sums of simple tensors, nonetheless,
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the idea is the same and the case for simple tensors is more clear), then the above is

Ao (Atg® 1) o ((-1)u®e® f)

= (-l A (u® Ate(e) ® f")
=(-Dhdr(uewed e f)
- (D) (urwee ® f)
=—(-Del-(wruee e f)

= (- no(Ate(e) ® Atz (f)).

For no7(1® Atr) o (Ate ® 1)(e® f), we have

ANoT(1® Atr)o (Ate®1)(e® f)

=noT(1® Atr)(Ate(e) ® f)
=nor(l® Atr)(wee ® f)
- noT(wae @ Ate(f))
=noT(wee ®u® f)
= (-l A(wouee ® f)
= (- (waue e ® f)
=~ (-1l A o (Ate(e) ® At£(f)).

Therefore, the two compositions of the operators Ate ® 1 and 7(1 ® Atx) are the
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same after A and more importantly we get —(=1)lel A o (Atg(e) ® At£(f)) applying to

the element e ® f. Then it is not hard to see that

no(Atk(e) ® Ats(f)), if one of k, s is an even integer
A(Ate®@1)Fo(T(1@At5))® = ¢ d

-(-1)l Ao (Ath(e) ® At5(f)), if both k and s are odd integers.

We can compute ¢}, by formula (%), the degree i piece is (remember the

notation ~ indicates we have already applied A to the Atiyah class)

1 . 1 ,
ﬁAtZé‘@mf]: = J(Atg ®1+ 7'(]_ ® At}‘))z

,l' > (;) Ao(Ath ® Aty), if one of k, s is even
— [,

_(—1)|e\_l' > (;) Ao (AtE ® Aty), if both k and s are odd
U krs=i
1 k s : .

> P o (At ® Aty), if one of k, s is even
k+s=i kls!
—(=1)kl " ﬁ Ao (Atk ® Ats), if both k and s are odd
k+s=i Vo
sincel(i)—l i1 i
il \k) il klGi-k)! il kls! kls!

—_ 1
Meanwhile, the i component for ¢ ® ¢ is ). sl
kts=i V5

Ath(e) =w'®e and At (f) = ® f with w’ € QF and u’ € Q° (hence [e] = |e| + 1 if k is

Atf ® At Therefore, say

odd and [e| = |e| if k is even), we have

(ro(loT®1))( Zﬁ

k+s=i

Atg(e) @ Atx(f))

= (D) Y e no(Ath(e) @ AT ()

k+s=i
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1
—(-1)k- > el Ao (AtE(e) ® Ati(f)), if both k and s are odd
ls!

— k+s=i

) 1
Z kls! /\U(Atlg(e) ® Atx(f)), otherwise.
kls!

k+s=i

This completes the proof of the theorem. n

Corollary 3.3.18. The Chern character ch : K;(Q) - @ Ho((SY,idf,n)z/2) is a

Z€Z>0

ring homomorphism, 1i.e.,

ch([€]-[F]) = ch([E])eh([F]).

Proof. Theorem 3.3.13 tells us that ¢g, - = (Aho(l®T®1))o (¢f ® ¢%). The

Corollary follows by applying str to this equation. m

3.3.4 Functoriality

Consider a k-algebra homomorphism ¢ : R — S that sends f € R to g € S. For any
matrix factorization &£ = (F; % Ey) e MF(R, ), there is then a naturally induced

matrix factorization
£ @y S=(E oS % Ey®rS) e MF(S,g).

It is obvious that F) ®z S and Ey ®g S are finitely generated projective S-modules.
Also, we do have (1® B)o(1® A) = (1® A)o(1® B) = g-id: in fact, (1® B) o
(1® A)(s®ey) = s® f-eq, but since we are talking about S-modules, s® f-e; =

o(f) - s®e;=g-s®e;=g-(s®ep).

Definition 3.3.19. For a k-algebra homomorphism ¢ as above, define a functor ¢, :
[MF(R, f)] = [MF(S,g)] that sends £ to ¢.(€) =€ &,y S and a strict morphism

a=(ag,a1) : £ > F to a strict morphism ¢, (a) = (g ® 1,a1 ® 1) : 0, (E) = p.(F).
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It is obvious that the functor ¢, is well-defined on the homotopy category of
matrix factorizations. Also we can talk about p,(E) = E®g S for a finitely generated
projective R-module E by regarding F as a matrix factorization of 0 and applying the
above definition. In particular, there is a natural map p : Q}%/k@)RS = go*(Q}%/k) - Q}S‘/k

which sends dp/p(r) ® s to s-dg/(¢(r)).

Let us prove a lemma before getting into the statement about funtoriality.

Lemma 3.3.20. For ¢ as above and any finitely generated projective R-module E,
there is a naturally induced connection Veg,s = (Ve ® 1) + o(1 ® dgyi) for the

S-module p.(E), i.e.,
Viens i ¢«(E) = E®r S - Qg ®s (E®r S) = Qg ®p E.

Proof. First, notice that we have the following two compositions:

VE®1L

E®, S~ (0, ®r E) 8, 5 2 O}, ®p (E @ S) 2 (U, ®r S) @p E 5 Q) 0, E

and

1®dS/k 1 P 1
E®ks—>E®RQS/k_)QS/k®kE

Let’s denote the sum of the above two compositions by Vge,s. It is obvious that
they are both k-linear, one can also show that Vgg, s is in fact R-linear by checking
directly. Hence we get an induced map:

vE®kS Ql

S/k ®L

E®S Qg ®r E

E@RS

which we denote by Vig,s-
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Now the only thing left to check is that Vge,s satisfies the Leibniz rule, i.e.,
Veews(s-(e®s")) =dg(s) ® (e®s') +5-Vpg,s(e®s’),

for any ee E, s,s" € S.
Let’s prove it using the same technique as in the proof of Theorem 3.3.16. Say

VE(e) = dR/k(T) ®e € Q}%/k ®r E7
Vesps(s (e®s')) = Vpeps(e® ss')

=u(Ve(e)®ss') +o(e®dgi(ss’))
= u(dp(r)®@e ®ss') +dg(s)-s"+s-ds(s’) ®e
=ss" - dg(p(r)) @€ +dgj(s)-s" +s-dg(s) ®e.

Meanwhile,
ds/i(s)®(e®s")+5Vpe,s(e®s") = " -dg/p(s)®e+s-(u(VEel)(e®s ) +o(18ds/, ) (e®s’))

=5 -dsp(s)®e+s-((Ve(e) ®s") +ds/(s") ® e)
=s"-dgp(s)®@e+s-dgp(s)®@e+s- pu(dpu(r)®e ®s')
=5 -dsp(s)®e+s-dg(s')®e+s-(s'dsu(p(r)) ®e).
O

For simplicity (and to make future calculations easier), we follow the usual con-

vention of denoting Veg,s by Vg ®1+1®dg,. Now we can state and prove
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Proposition 3.3.21. (Functoriality)
Under the above hypotheses and the extra condition that both R and S are smooth

k-algebras with the same relative dimension n, we have @, och =cho ,.

Proof. By our formula for the Chern character, it’s enough to show ¢, (At(€)) =
At(p.(&)) for a matrix factorization &.
By Lemma 3.3.20, choose the natural connection Vg ® 1 +1®dgy;, for E ®g S, so

the Atiyah class of ¢.(£) =& ®,,p S is

VE®1+1®dS/k A®1l

VE®]—+]-®dS/k Bel

A®l VE®1+1®dS/k

Beol VE®1+1®ds/k

(VEA-AVg)®1

(VEB - BVE) ®1

The Atiyah class of £ is

VeA-AvVg

VB -BVEg

Now is obvious from the definition of ¢, on strict morphisms that ¢, (At(€)) =
At(0.(£)).
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Chapter 4

Reconstruction of hypersurface

singularities

In this chapter, we will give details about the reconstruction theorem mentioned in
the introduction. First, let us introduce the notion of a pseudo tensor triangulated

category.

4.1 Pseudo tensor triangulated category

4.1.1 Pseudo tensor triangulated category

Here we give the definition of a pseudo tensor triangulated category, which is in
fact just a tensor triangulated category (in the sense of Balmer [1]) with no tensor

identity.

Definition 4.1.1. A pseudo tensor triangulated category is a triangulated category

K equipped with a tensor product ® : K x K — K such that, for any a,b,c € K, there
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is a natural isomorphism, called the associator
Qape: (a®b)®c~a® (b®c)
and a natural isomorphism, called the braiding
Byp:a®b~b®a.

We require that the associator satisfies the pentagon identity, which says this diagram

commutes:

(a®b)®(c®d)

%m

((a®b)®c)®d a® (b®(ced))

Qq,b,c®ly la®ap,c,d

Xa b®c,d

(a®(b®c))®d a® ((b®c)®d)

We also require the associator and the braiding to satisfy the hexagon identity:

Ba,b@c

(a®b)®c%a®(b®0) (be®c)®a

Ba7b®1cl \Lab,c,a

(b®a)®c o b® (a®c) Y be(c®a)

Last, we require that — ® a and a ® — are triangulated functors.
Note that the tensor product commutes with finite coproducts:

Proposition 4.1.2. Let K be a pseudo tensor triangulated category. Then for a,b, c €
K, we have

(adb)@c~(a®c)ad (b®c).
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Proof. This is Proposition 2.14 of [27].

]

Removing the tensor identity is the only modification we made compared to
Balmer’s original idea. Other notions like thick ®-ideal, radical and so on are ex-
actly the ones defined by Balmer [1]. These will be recalled at the beginning of the

following subsection.

4.1.2 Pseudo spectrum

Everything in this section is due to Balmer [1]. Balmer does not concern the
pseudo case but most of his theory still works without the tensor identity. Here in
this section I just list the ones I need later (i.e., the results that still work without the
existence of the tensor identity). All of Balmer’s original proofs in [1] are still valid.

Let us recall Balmer’s theory of tensor triangular geometry (with slight modifica-

tion to the pseudo case).

Definition 4.1.3. Consider a pseudo tensor triangulated category K. A thick tensor-
ideal A of K is a full subcategory containing 0 and such that the following conditions

are satisfied:

1. A is triangulated: for any distinguished triangle a - b - ¢ - a[1] in K if two

out of a,b and ¢ belong to A, then so does the third;

2. A is thick: if an object a € A splits in K as a ~ b@® ¢ then both summands b and

¢ belong to A;
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3. Ais a tensor-ideal: if a € A and b e K then a ® b also belongs to A.

A prime of K is a proper thick tensor ideal P ¢ K such that

a®beP=—qacPorbelP.

Let the set Spc/(K') be the collection of all primes of K. (We use ’ to indicate the
pseudo category but Spc/(K') = Spc(K) if K contains a tensor identity. Similarly 27,
U’, supp’ denote the analogues of Z, U, supp). For any family of objects S c K we

denote by Z'(S) the following subset of Spc/(K):

Z'(S)={PeSpd(K):SnP=g}.

It is clear that nZ’(S;) = Z'(uS;) and Z'(S1)uZ’(S2) = Z'(S1955) where S1 @55 :=
{a1 ® as : a; € S; for i = 1,2} by checking directly. We also have Z'(K) = @ and
Z'(@) = Spc’ (K), hence the collection {Z’(S) c Spc/(K) : S ¢ K} defines the closed
subsets of a topology on Spc’(K). We call this the Zariski topology on Spc’(K). The

open complement of Z’(S) is written

U'(S):=Spd(K)\Z'(S)={PeSpd(K):SnP +a&}.

For any object a € K, denote by supp’(a) the following closed subset of Spc/( K):

supp'(a) := Z'({a}) = {P € Spc'(K) s a ¢ P}

which we call the support of the object a € K.

A collection of objects S c K is called (tensor) multiplicative if ay,as € S =
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a; ® ay € S. Note that in the original definition (Definition 2.1 of [1]) of a tensor
multiplicative collection of objects, it contains the tensor identity, hence is always
not empty, but for us it can be an empty collection.

Now we start to list the modified statements of Balmer and check that his original
proofs still work. Basically what we do here is simply to remove all conditions related
to the tensor identity from the original statements and add necessary extra conditions
to make the modified version work. The category K in the following statements is a

non-zero pseudo tensor triangulated category.

Lemma 4.1.4. [Lemma 2.2 of [1]]
Let K be a non-zero pseudo tensor triangulated category. Let J c K be a thick ®-
tdeal and S ¢ K a non-empty ®-multiplicative family of objects such that SnJ = @.

Then there exists a prime ideal P € Spc'(K) such that Jc P and Pn S = @.

Lemma 4.1.5. [Lemma 2.6 (b) of [1]]
For any two objects a,b e K, we have U'(a®b) =U'(a) nU'(D).

Remark 4.1.6. [Remark 2.7 of [1]]
Since for any S c K, we have U'(S) = U U'(a), it follows from Lemma 4.1.5 that
aeS
{U'(a)|la € K} is a basis of the topology on Spc'(K). Equivalently, their complements

{supp'(a)|a € K} form a basis of closed subsets.

Proposition 4.1.7. [Proposition 2.8 of [1]]

Let W c Spc'(K) be a subset of the pseudo spectrum. Its closure is

W = N supp'(a).

aeK such that Wcsupp'(a)

Definition 4.1.8. [Definition 3.1 of [1]]
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A support data on a pseudo tensor triangulated category (K, ®) is a pair (X, 0)
where o is an assignment which associates to any object a € K a closed subset o(a) c

X such that

0. X = aLEJKa(a) (This replaces Balmer’s original condition: (1) = X)
1. 0(0)=2

2. o(adb)=0(a)uo(b)

3. o(a[l]) =o(a)

4. o(a) co(b)uao(c) for any distinguished triangle a - b - ¢ — a[1].

5. o(a®b) =0(a)na(b).

A morphism ¢ : (X,0) - (Y,7) of support data on the same category K is a
continuous map ¢ : X — Y such that o(a) = p=1(7(a)) for all objects a € K. Such a

morphism is an isomorphism if and only if ¢ is a homeomorphism.
Proposition 4.1.9. [Proposition 2.9 of [1]]
For any point P € Spc' (K) its closure in Spc'(K) is

{P} ={QeSpd(K)|Qc P}.

In particular, if {P1} = {Py}, then P, = P5. (i.e., Spc'(K) is Ty.)

Lemma 4.1.10. [Lemma 3.3 of [1]]
Let X be a set and @1,p2: X = Spc'(K) be two maps such that p7*(supp’(a)) =

o3  (supp’(a)) for all a € K, then @1 = ps.
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Lemma 4.1.11. [Lemma 3.4 of [1]]
Let (X, 0) be a support data on K andY c X any subset. Then the full subcategory
of K with objects {a € K|o(a) c Y} =t Ky is a thick ®-ideal.

Theorem 4.1.12. [Theorem 3.2 of [1]]
Let (K, ®) be a pseudo tensor triangulated category. The pseudo spectrum (Spc' (K'), supp’)
defined above is the final support data on K in the sense of Definition 4.1.8. In other
words, (Spc' (K), supp’) is a support data and for any support data (X,0) on K there
exists a unique continuous map ¢ : X — Spc’(K) such that o(a) = ¢~ (supp’(a)) for

any object a € K. Explicitly, the map ¢ is defined, for all x € X, by
o(x)={aeKl|r¢o(a)}.

Proof. We only need to check the modified condition : X = UKa(a), ie., Spd(K) =
UK supp’(a). This is obvious. In fact, the direction 2 is trivi; and if P is a prime (so
;Eroper), we can find a € K\P and then by definition P € supp’(a). Also, supp'(a) is
defined to be closed.

The rest is exactly Balmer’s original proof in [1].

Definition 4.1.13. [Definition 4.1 of [1]]
The radical \/.J of a thick ®-ideal .J ¢ K is defined to be

VJ = {a € K|3n > 1 such that a®" € J}.

A thick subcategory J is called radical if /J = J.

Lemma 4.1.14. [Lemma 4.2 of [1]]
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VT is a thick ®-ideal equal to the intersection ( P of all the primes P € Spc/(K)
PoJ

containing J.

Definition 4.1.15. [Definition 5.1 of [1]]
A support data (X, o) on a pseudo tensor triangulated category K is a classifying

support data if the following two conditions hold:

1. The topological space X is Noetherian and any non-empty irreducible closed

subset Z c X has a unique generic point: 3lz € Z with {z} = Z.

2. We have a bijection 6 : {Y c X|Yspecialization closed} «— {J c K|J radical thick ®-ideal}
defined by Y — {a € Kl|o(a) c Y}, with inverse J —> o(J) = U o(a).
aeJ

Theorem 4.1.16. [Theorem 5.2 of [1]]
Suppose that (X, o) is a classifying support data on K. Then the canonical map

0: X - Spc(K) of theorem 4.1.12 is a homeomorphism.

4.1.3 The functor )\

As mentioned in the introduction, tensor products of two matrix factorizations do
not behave the way we want so we need to modify them a little bit. To do this, we

first introduce the following functors.

Definition 4.1.17. For any A € Q*, define a functor A : MF(Q, f) - MF(Q,\f).
A sends an object M = (M, Z:: My) € MF(Q, f) to the object (M, ;lzdlo M) €
MF(Q,\f); it sends a strict morphism «a = (ag,a1) : M — N to the morphism
AMa) = (g, a1) : AM(M) = A(N), Le.,
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My —2 s vy —

Ny~ No ———> Ny
gets sent to

My — s vy 2

Ni—5—=No——— M

where (a1, ap) remains the same.

Thus A induces a functor, which we still call A, from the category [M F(Q, f)] to

[MF(Q,\f)], via the following lemma
Lemma 4.1.18. The functor A\ maps a homotopy (ho, h1) to the homotopy (ho, \™*hy).

Proof. Indeed, we have & ho + hyd}' = o — 1o and d)'hy + hod = @1 — 10;. These
equations can be rewritten as dho + (A\"1hy)(AdM) = @o — ¥o and (Ad) ) (A 1hy) +

hod{* = 1 — 1y which means (ho, A\"'h;) is a homotopy hence A(p) ~ A(1).

Now, for any A € Q*, we have functors

A [MP(Q, )] = [MF(Q,A)]: A7

they are obviously inverses to each other. Hence the two categories [MF(Q, f)]
and [MF(Q,\f)] are equivalent categories. We next show they are equivalent as

triangulated categories.
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Proposition 4.1.19. For any A€ Q*, A\: [MF(Q, f)] = [MF(Q,\f)] is a triangu-

lated functor.

Proof. First, A is clearly additive and there is a natural isomorphism ¢ = (1o, A) :
dy
AMI1]) » (AM))[1] for any M = (My == M) € [MF(Q, f)].

In fact, we have
~d -d
AMI1]) = AM((Mo F% My)) = (Mo F# My),

and

AM)[1] = (My === M)[1] = (Mp === My).

dm = (1aq, A) is well-defined since we have the following commutative diagram:

—do -Ad1

My M, My
| s |
My —= My —— M,

where ¢pq = (1p,A) is an isomorphism since there is an obvious inverse ¢ =
(1a, A1) so A(M[1]) and (A(M))[1] are isomorphic in [MF(Q,\f)].
Now, let’s show that the functor A maps distinguished triangles to distinguished

triangles. Note that distinguished triangles in [M F(Q, Af)] have the form:

M B N = cone(p) - M[1]



where

cone(p) =

So

A(cone(p)) =

and

cone(A(p)) =

We have an isomorphism (1,

resulting triangle

AM) 22

N; & M,

0 —dM

1 Po

Ny & M,

N1 & M,

Ny & M,

)
0 At

|0 -d{"]

0 y4i

1 Po
0 —dé‘/l

Ny & M,

0 D1
0 —dM
dj1v Po
0 -AdM

No & M,

/\d{)\/ b1

0 —d{”_

: cone(N(p)) = A(cone(p)).

AN) = Acone(p)) — A(M(1])

is isomorphic (in [MF(Q,Af)]) to the triangle

AM) 22,

AN) = cone(A(p)) = (A(M))[1]
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Therefore the
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hence also a distinguished triangle. This completes the proof.

]

Corollary 4.1.20. [MF(Q, f)] and [MF(Q,\f)] are equivalent triangulated cate-

gories, for any A € Q.

Now we will define a modified tensor product for matrix factorizations which gives

the triangulated category [MF(Q, f)] a pseudo structure.

Definition 4.1.21. Assume 2 € Q%, for any M, N € [MF(Q, f)], define their new

1
tensor product as 5(./\/1 ®ms N), the resulting matrix factorization then belongs to

[ME(Q, )]

Hence we have a tensor operation for the triangulated category [MF(Q, f)]:

N | —

Omf

[MF(Q, )] x[MF(Q, [)] — [MF(Q,2f)] = [MF(Q, f)]

From now on, we will simply denote this modified tensor product by ®3.
Proposition 4.1.22. ([MF(Q,f)],@é) is a pseudo tensor triangulated category.

. . . . A C
Proof. Given any three matrix factorizations M = (M, — My),N = (I =

No), L = (Ly z% Ly) € [MF(Q, f)], we need to check all conditions in Definition
4.1.1:

1. Me: N =Ne: M
2. (M2 N)e: L. Me: (N o: L)
3. M®: - and - ®2 M are triangulated functors

4. The pentagon identity
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5. The hexagon identity

The first two are straightforward since we already know that - ®,,5 — is commu-
tative and associative [32]. To prove these for ®2 = % ° ®,f, we just need to insert %
in appropriate places, so essentially the same proofs work.

The third condition is obvious since we already proved in Proposition 2.0.14 and
Proposition 4.1.19 that M ®,,; — and % are triangulated functors, hence so is their
composition ®3.

The remaining two conditions can be shown by explicitly writing down everything
and checking directly. Doing so is tedious but straightforward, so we omit the proofs

here.
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4.2 Support theory for matrix factorizations

There is a well developed support theory for matrix factorizations due to many people
in different contexts. Our main reference is Walker’s forthcoming paper [30], which
develops support theory in the language of matrix factorizations. I am grateful to
Professor Walker for sharing his work with me.

Let us recall everything that we need about the support theory in this section.

Definition 4.2.1. [Walker [30]]

A matrix factorization M of M F(Q, f) is contractible if the identity map on M
is homotopic to the zero map, i.e., there is a degree 1 map from the Z/2-graded
module M to itself (<= @Q-linear maps hg : My - M; and hy : M; - M) such that
hiody+dyohy=1dy, and hgod; +dyo hy =idyy.

When the ring @ is regular of finite Krull dimension, the support of M is defined
to be:

suppms(M) = {p € Spec(Q)| M, is not contractible}.

Equivalently, the above definition is the same as

suppms(M) = {p € Spec(Q)|Mp = M @ Qp # 0 in [MF(Qy, f)]}-

From now on, we will assume that the ring @) is regular of finite Krull dimension

and f is a non zero divisor.

Proposition 4.2.2. [Walker [30]]
For M,\N e MF(Q, f), ifa: M - N is a homotopy equivalence, then supp,,;(M) =

Suppmf(N).

This is obvious from the definition of support.
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Proposition 4.2.3. [Walker [30]]
For any M e MF(Q, f), suppms(M) is contained in Spec(Q/f) and is specializa-
tion closed. In particular, when f € Q) is a non-zero divisor, suppm, (M) is contained

m

Sing(Q/f) == {p € Spec(Q/f) < Spec(Q) | (Q/f)y is not reqular local ring}.

Since we are looking at matrix factorizations associated to a non zero divisor f,

we can really think of the definition of support as

suppms(M) = {p € Sing(Q/f)IM, # 0 in [MF(Qy, f)]}-

We will use this as the definition of support from now on.

Proposition 4.2.4. [Walker [30]]
For every closed subset Z of Spec(Q) that is contained in Sing(Q/f), there is an
object M e MF(Q, f) such that supp,, (M) =2.

Before getting into the next few propositions, we need to introduce the notion
of Homy,e(M,N) for any two given matrix factorizations M € MF(Q, f) and N ¢
MF(Q,g). This is the hom object for the dg category of matrix factorizations. The
reason why we metion it is that it makes the proof of Lemma 4.3.1 (5) nicer. Since
it takes a while to write down the definition of Homy (M, N') and we don’t need it
anywhere else, we will omit it here and refer the reader to [23] or [30]. Note that one

can still prove Lemma 4.3.1 (5) without using Hom,,e (M, N).

Proposition 4.2.5. [Walker [30]]
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For any M,N € MF(Q, f), we have

Suppm s (Homupme (M, N)) = suppm (M) 0 suppy, s (N)

and

SupPmy(M*) = supp, (M)
where M* = Homy (M, (0= Q)) e MF(Q,-f).

Corollary 4.2.6. [Walker [30]]
For any M e MF(Q, f), suppms(M) is a closed subset of Spec(Q/f). In partic-

ular, when f is a non zero divisor, it’s a closed subset of Sing(Q/f).

Proposition 4.2.7. [Walker [30]]
For any M e MF(Q, f), Ne MF(Q,g), T € MF(Q,h) we have an isomorphism

Hotmye (M &g N, T) 2 Hotmyye (M, Homye (N, T))

in MF(Q,h - f - g) that is natural in M,N, and T.

Theorem 4.2.8. [Walker [30]]

There exists a bijective correspondence

{specialization closed subsets of Sing(Q[f)} < {thick subcategories of [MF(Q, f)]}

given by
Z— {Me[MF(Q, f)]lsuppms(M) c Z}

and

U suppmp(M) < T.

MeT
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Remark 4.2.9. This theorem is also proved by Stevenson [28] and Takahashi [29] in

a different context.

4.3 Proofs

We will show that the support supp,,; mentioned in the last section is a classifying
support data for the pseudo tensor triangulated category ([MF(Q, f)], ®%). There-

fore we get a reconstruction of Sing(Q/f) by Theorem 4.1.16.

Lemma 4.3.1. For any M,N € MF(Q, f), their supports have the following prop-

erties:

1. suppms(0) =2
2. suppmr(M & N) = suppy (M) U suppyp(N)

3. suppmr(M[1]) = supppms(M)

4. suppm (M) € suppmr(N)Usuppy (L) for any distinguished triangle M - N —
L - M[1]

5. suppms(M ®32 N) = suppm (M) 0 suppy, s (N)

Note that in (5), the tensor product ®3 is the modified one defined before, that is

1
:§o®mf-

[SIES

®

Proof. 1. supppms(0) = {p € Spec(Q/f)|0, = 0 is not contractible} = &
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2. suppmp(M @& N') = suppy, (M) U suppy(N)

(<) Say p € suppms(MeN), so (MeN), 2 MydN, 0, then p € supp,,s(M)U
suppmf(N'). Otherwise M, =0 and N, = 0 will force M, ® N, = 0, contraction.

(2) Let p € suppm, (M) usuppy,(N), without loss of generality, we may assume
that p € suppy,s(M), ie., M, # 0, so Mo N), = M, ® N, # 0. Therefore
p € suppp (M e N).

3. suppms(M[1]) = suppm, (M)
For M = (M, —% M), we know M[1] = (M, :% My), so it is obvious.

0 —al

4. suppms(M) € suppm(N)Usuppm, (L) for any distinguished triangle M - N —

L - M[1]

Proposition 2.0.14 showed that £ ®,,, — maps distinguished triangles to distin-
guished triangles, therefore by taking £ = @, = (0 = Q),), we have a distin-
guished triangle in MF(Q,, f)

Mp _)Np - Ep - Mp[l]

Let p € suppp, (M) (<= M, £ 0), then p € supp,r(N) U suppy,(L). Otherwise

N, and L, are both 0, this forces M, = 0, contradiction.

5. suppms(M ®?2 N) = suppp (M) 0 supp, r(N)

For Proposition 4.2.7, take 7 = (0 = (), we have the following

Homyps (M &, N, (0 = Q)) 2 Homys (M, Hompue (N, (0 = Q))),
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ie.,

(./\/l Omy N)* = Hommf(/\/l,/\/*)

Therefore, suppm, (M &msN') = suppm (M., N)*) (Proposition 4.2.5)
= SUPPm f (Homps (M, N*)) (the above isomorphism)
= suppm (M) 0 suppmp(N*) (Proposition 4.2.5)
= suppm (M) 0 suppmp(N) (Proposition 4.2.5)

Also, notice that we have supp, (M) = supppn(A(M)) for any A € Q. In-
deed, by Remark 4.1.18, the functor A preserves homotopy and the defini-
tion of support is the collection of primes where the localized matrix factor-
ization is not contractible. Hence supp,,;(M 22 N) = suppmf(%(/\/l QmsN)) =

SUPPy (M @y N) = suppp (M) 0 suppyp(N).

[
Corollary 4.3.2. (Sing(Q/f), suppms) is a support data on ([MF(Q, f)],®2).
Proof. First, supp,,s is well-defined, i.e.,
1. Sing(Q/f) is a topological space.
2. Given a: M - N a homotopy equivalence, supp,, (M) = suppms(N).
3. For any M e [MF(Q, f)], suppms(M) is a closed subset of Sing(Q/f).
(1) is trivial. (2) is true by Proposition 4.2.2 . (3) is Corollary 4.2.6.
Also, Sing(Q/f) = U suppm r(M). The containment 2 is obvious ((3)

Me[MF(Q,f)]
above). The other containment is Proposition 4.2.4. Indeed, for any point z €

Sing(Q/f), its closure {z} € Sing(Q/f). Then by Proposition 4.2.4, there is an
object M € [MF(Q, f)] such that supp,,;(M) = {z}, so x € {x} = suppyms(M).
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The remaining conditions are proved by the previous lemma. Therefore, (Sing(Q/f), suppmys)
is a support data.

]

Proposition 4.3.3. We have that (Sing(Q/f), suppmy) is a classifying support data

Proof. We will denote the tensor product ®2 simply by ® in the proof to avoid unclear

notations like :z:®%”, re[MF(Q,[)]

1. The fact that Sing(Q/f) is noetherian and any non-empty irreducible closed
subset Z c Sing(Q/f) has a unique generic point comes from algebraic geome-

try.

2. We need to show that there is a bijection
0:{Y c X| Y specialization closed} «— {J c [MF(Q, f)]| J radical thick ®-ideal}

given by

YV —A{€ e [MF(Q, f)]lsuppms(€) c Y}

and

U suppms(E) < J.
EeJ

From the Theorem 4.2.8 above, there exists a bijective correspondence
0., : {specialization closed subsets of Sing(Q/f)} «<— {thick subcategories of [M F(Q, )]}

given by

Z—{& e [MF(Q, f)]lsuppms(&) ¢ Z}
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and

U suppims(E) < T.
EeT

Take 6 to be 6,,. From Theorem 4.2.8, we know that 0,,(Y") is thick. 6,,(Y)
is also a radical ®-ideal. Indeed, we always have 6,(Y") c \/m; for the
other direction, notice that if = € \/m, i.e., 28" €6,(Y), then supp, (z®") =
suppms(z) ¢ 0,(Y) (Lemma 4.3.1 part (5)), then z € 6,,(Y"), done. The fact
that 6,,(Y") is a ®-ideal is proven as follows: say x € 6,,(Y), i.e., supp,¢(x) c Y,
for any a € [MF(Q, f)], we have supp,r(a ® x) = suppy,(a) 0 suppms(z) c Y,

done.

The above tells us that 6, is well-defined so the only thing left is to show that

it’s a bijection. This is Theorem 4.2.8.

Corollary 4.3.4. We have an isomorphism Sing(Q/f) = Spc' ([MF(Q, f)]).

Proof. The previous proposition tells us that (Sing(Q/f),suppms) is a classifying
support data on [MF(Q, f)]. Now apply Theorem 4.1.16. O
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4.4 Reconstruction via graded tensor
triangulated category

We mentioned in the introduction that we can also get a reconstruction theorem
using the usual tensor product - ®,,; — of matrix factorizations by looking at a larger
category: K = >|_(|)[MF(Q,if)].

The definition of a graded tensor triangulated category that I use here is the one
developed by Yu-Han Liu [17]. Liu’s original definition concerns about categories
graded by a monoid but we don’t have that. We only consider categories graded by
Zsqo but this is not a big problem. Exactly the same construction still works.

We won'’t recall the definition of a graded tensor triangulated category but rather
refer the reader to Liu’s paper. However, we do want to remind the reader that by
definition an object in K is a tuple (&;):o (all but finitely many &;’s are nonzero),
where & € [MF(Q,if)] for any i > 0.

The reconstruction theorem is essentially the same as the one we gave before.
However, we do need to make a change to the definition of support for objects in the

graded category K.

Definition 4.4.1. We use the support theory in Section 4.2 to define a support on

the category K, which we denote by supp,,, as the following,

supper((€:)) = U suppmy(&;) € X = Sing(Q/ ).

>0

Here we need to assume char(k) = 0 to make the support an element of Sing(Q/ f)
(if char(k) =0, we have Sing(Q/f) = Sing(Q/nf),¥n).

We have the following easy consequence of Lemma 4.3.1.
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Corollary 4.4.2. (Sing(Q/f),suppy.) is a support data on K.
Now we are ready to prove
Proposition 4.4.3. (Sing(Q/f), suppy-) is a classifying support data on K.

Remark 4.4.4. The following proof is essentially the same as the one for Proposition
4.8.3. However, we do need to use the universal property of a support data to modify
the proof a little bit. Instead of just saying what the modification is, it’s better to write

down a complete proof here.

Proof. Again, we adopt the notation ® for ®3 for the same reason as in the proof of

Proposition 4.3.3.

1. The fact that Sing(Q/f) is noetherian and any non-empty irreducible closed
subset Z c Sing(Q/f) has a unique generic point again comes from algebraic

geometry.

2. We need to show that there is a bijection
0:{Y c Sing(Q/f)| Y specialization closed} «— {J c K| J radical thick ®-ideal}

given by
Y — {E € K.|suppy,(E) c Y}

and

U suppgr (E) < J.

EeJ

From the Theorem 4.2.8 above, we know there exists a bijective correspondence

0, : {specialization closed subsets of Sing(Q/f)} «— {thick subcategories of [M F(Q, f)]}
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given by

Z—{& e [MF(Q. f)]|suppms (&)  Z}

and

U suppms(€) < T.

EeT

From Theorem 4.2.8, we know that 6,(Y") is thick, therefore 8(Y") is thick.
6(Y) is also a radical ®-ideal. Indeed, we always have 6(Y") c \/8(Y"); for the
other direction, notice that if = € \/m, ie., 28" € O(Y'), then suppy, (x®") =
suppgr(x) c 0(Y") (Corollary 4.4.2), then x € (Y'), done. The fact that 0(Y) is
a ®-ideal is the following: say = € 0(Y"), i.e., suppy.(x) c Y, for any a € K., we

have suppy,(a ® x) = suppy(a) N supp,y,(x) ¢ Y (Corollary 4.4.2), done.

The fact that 0-'(J) is specialization closed can be checked directly: we get

J = U suppy,(E) = U U suppms(€;) where all the supp,,r(&;)s are closed,
EeJ EeJ >0

i.e., a union of closed subsets, therefore specialization closed.

The above two paragraphs tell us that 6 is well-defined so the only thing left is
to show that it’s a bijection. The idea of the proof is essentially Theorem 4.2.8
(but as mentioned at the beginning of the proof, we do need to change Walker’s

original argument a little bit).

It is clear that for any Y in the left-hand side we have

U suppg(E) c Y.
EcK,suppgr(E)cY
The opposite containment holds since we may write Y as a union of closed
subsets of Sing(Q/f), and for any such closed subset W specialization closed.
Thereis an & € [MF(Q,if)](c K.) with supp,,s(&;) = W by Proposition 4.2.4.



76

Likewise, it is clear that for any .J in the right-hand side, we have a containment

J c{E € K,|suppy(E) c | suppy-(F)}
FeJ

of radical ®-ideals. (That the right hand side is a radical ®-ideal is easy to
check, as we did above.) For the opposite containment, given F in the right-
hand side, since supp,,(E) is closed and X is a Noetherian space, supp,, (E)
is contained in a finite union of supports of objects of J and hence, by taking
direct sums, suppy, (E) ¢ supp,,(F') for some F € J. Since supp,, is a support
data, there is a unique continuous map ¢ such that p(suppy-(M)) = supp. (M),

therefore supp, (F) c supp,(F), i.e., E¢ P=— F ¢ P, for any prime P.

To show that E € J. We have J =+/J = N P by Lemma 4.4.14 for any radical
PoJ

®-ideal J. FeJ=+/J= P,so FeP forany P>.J. So E ¢ P for any P > J,

PoJ
if not, £ ¢ P=—= F ¢ P, contradiction. Therefore £ ¢ J.

Corollary 4.4.5. We have an isomorphism Sing(Q/f) = Spc'(K).

Remark 4.4.6.

1. As in many reconstruction type theorems, we really should show that the re-
construction theorem we proved is not only a reconstruction of the underlying
topological spaces but rather a reconstruction of schemes. In Balmer’s theory of
tensor triangulated geometry, one way to construct a structure sheaf is to look
at the endomorphism ring of the tensor identity. We don’t have the tensor iden-
tity in our categories (neither [MF(Q, f)] nor H)[MF(Q,Z’f)]), however, we

do know that there is a tensor identity for —®,,s—: Q2 (0= Q) € [MF(Q,0)].
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We might still be able to use it to give a sheaf for our topological space but it’s

not clear what exactly the construction should be at this stage.

There is another way to construct a sheaf for our space, also due to Balmer;

unfortunately, again, more work needs to be done.

. In fact, it is very likely that we should really consider a ’Proj-construction’ for
the graded category K = >|_|()[MF(Q, if)] to see what we can get. Also, this larger
category contains the tenjsor wdentity so it might automatically solve the problem
i the above statement. However, the author is not able to settle this now. It

will be considered in the future.
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