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TWO PROBLEMS IN EXTREMAL SET THEORY

Joshua Brown Kramer, Ph. D.

University of Nebraska, 2007

Advisor: Jamie Radcliffe

The focus of this dissertation is on two problems in extremal set theory, which is
a branch of extremal combinatorics. The general problem in extremal set theory is
to start with all collections of subsets of an underlying ground set, apply restrictions,
and then ask how large or small some property can be under those restrictions. We
give a brief introduction to extremal combinatorics and consider two open questions.

One open question we consider is an extremal problem under “dimension con-
straints”. We give a brief account of the history of this subject and we consider the
open problem of determining the maximum number of Hamming weight w vectors in
a k-dimensional subspace of F. We determine this number for particular choices of
n, k, and w, and provide a conjecture for the complete solution when w is odd. This
problem is related to coding theory (the study of efficient transmission of data over
noisy channels).

One tool used to study this problem is a linear map that decreases the weight
of nonzero vectors by a constant. We characterize such maps. Using the tools we
develop, we give a new elementary proof of the MacWilliams Extension Theorem
(which characterizes weight-preserving linear maps).

The other open problem explored in this dissertation is related to a classical object
known as a t-intersecting family, a set system where the size of the intersection of any
two family members is at least t. The basic problem is to maximize the size of such a

family. We give a history of the relevant theorems (with proofs, where appropriate).



A next question is how few pairs with intersection size less than t are possible in a
(large) set system. Bollobas and Leader gave a new proof of a well-known partial
solution to the ¢ = 1 case by extending set systems to what they call fractional set
systems. Although that paper claims the result for ¢t > 1 in fact their generalization
is false. In this dissertation we give give several counterexamples, as well as a fast

algorithm to determine the minimizing fractional set systems when ¢ > 1.
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Chapter 1

Our Notation

1.1
]

[m, n]

5]

General Notation

{1,2,...,n}

{m,m+1,m+2,...,n}

the size of S; i.e. the number of elements in the set S

the collection of functions from S to A, where A and S are sets
the power set of S;ie. 29 ={A4: AC S}

the complement of S. Usually S C [n], and so S = [n] \ S

{A C [n] : |A| = r}, the collection of subsets of [n] having size r
)| =

fAc A== (hu(r)u--u )

i ()= |

the ceiling of r; i.e. [r] is the unique n € Z such that 0 <n —r <1

“n choose r” =

the t-constant fractional set systems of weight w. Defined on page 27

the t-canonical fractional set systems of weight w. Defined on page 30



1.2 Vector Space Notation

span (5)

S<IF‘Z

|

m(n, k,w)

S(k,t,n)

supp(S)

= the field with ¢ elements, where ¢ is a prime power

= F,\ {0}

LetSQ]FZandSGS.

= the span of S; i.e.span (S5) = {Z ot 1 €F}

tesS

= S is a subspace of F;. We also say S is a linear code

= the i coordinate of s

= the projection of s onto the coordinates [

= the Hamming weight of s; i.e. wt(s) = [{i € [n] : m (s) # 0}|
= |seS:wt(s) =w}

= 0, = the vector in F} consisting entirely of zeroes

= 1, = the vector in [y consisting entirely of ones

= max{4,(C) : C <Fy,dimC = k}
= the k-dimensional binary simplex code. Defined on page 50
= a sequence of simplex codes. Defined on page 51

= the support of S;

ie. supp(S)={i € [n] : 3t € S with m; (t) # 0}



Chapter 2

Extremal Problems in

Combinatorics

2.1 Introduction

The main focus of this thesis is on two problems in extremal combinatorics, specifically
extremal set theory. An extremal problem has the following flavor: we put restrictions
on a collection of combinatorial objects and then ask how large or small some property
(often the size) of the objects can be under those restrictions. In extremal set theory,
the underlying objects are collections of subsets of some finite ground set. A collection
of subsets is variously called a set system, a family of subsets, or a hypergraph. The

rest of this chapter provides some examples of extremal problems.



2.2 Examples

2.2.1 Ramsey Theory

We now give an old example of an extremal problem. Say we invite people to a party,
and we wish to choose them in such a way that no three are mutual strangers and
no three are mutual friends. What is the maximum number of people that can be at
such a party? The following fairly easy argument tells us that the answer is 5 and no
more.

We re-envision the problem as a graph edge coloring problem. Let K, be the
complete graph on n vertices. We will interpret these vertices as the people invited
to the party. We color the edges of K, either red or blue, red indicating friends, and
blue indicating strangers. We now wish to know how large n can be if we would like
to avoid a monochromatic triangle. With 5 vertices, we may avoid such a triangle by

coloring as indicated in Figure 2.1.

Friends

__________ Strangers

Figure 2.1: A configuration without 3 mutual strangers or 3 mutual friends

We now show that we cannot do this for 6 or more vertices. Color the edges of

K red and blue. Pick a vertex v € Kg. There are 5 edges emanating from v. Thus
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there are either at least 3 red, or at least 3 blue edges from v. Let us assume without
loss of generality that they are red. Let the set of endpoints of these red edges be
called S. Either there is a red edge between some pair of members u,w € S, or there
is not. In the first case v, u, and w are the vertices of a red triangle. In the second
case, S is the set of vertices for a blue triangle.

The fact above is a specific case of Ramsey’s Theorem [27], one version of which

can be stated as follows.

Theorem 2.2.1 (Ramsey’s Theorem). Given positive integers r and b, there exists
R(r,b) > 0 (called the Ramsey number for r and b) such that if n > R(r,b), all red
and blue edge-colorings of the complete graph on n wvertices contain either a copy of

K., all of whose edges are red, or a copy of Ky, all of whose edges are blue.

We have shown that R(3,3) = 6. There is a natural proof of Theorem 2.2.1 that
is very similar to the specific case given above, so it is not provided here.

Finding R(r,b) is an extremal problem. We start with the collection of complete
graphs colored red and blue, and we place the restriction on them that they have no
red K, or blue K,. We then ask how large the largest of these colored graphs is. The
answer is R(r,b) — 1. Finding R(r,b) is a very hard problem in general. It is only
known exactly in a small number of cases. See [26] for a survey of the known Ramsey

numbers.

2.2.2 Sperner Families

We will now discuss another classical problem from extremal combinatorics. Here,
the underlying combinatorial objects are collections of subsets of a ground set. For
this reason, the problem falls under the category of extremal set theory.

Let A C 2" be a family of subsets. We say that A is a Sperner family or antichain
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if no two subsets in A are comparable. That is, forall A, B € A, if A C Bthen A = B.
The natural extremal problem is to find how large such a family can be. Sperner [28]

found the answer in 1928.
Theorem 2.2.2 (Sperner’s Theorem). If A C 2" is an antichain then |A| < (LZJ)‘

One way to prove this result is to use the so-called LYM inequality proved inde-

pendently by Lubell[22], Yamamoto[31], Meshalkin[25], and Bollobas[6].

Theorem 2.2.3 (The LYM Inequality). Let A C 2" be an antichain. Then

2 (\Zr)_l =t

AeA

The LYM inequality can be proved by a beautiful double counting argument, which
requires a definition. A mazimal chain in 2" is a collection of sets {Cy, O, Ca, ... Cp}
with the property that ) = Cy € C, € --- € C,,_1 € C,, = [n]. Notice that the i
set in a maximal chain contains exactly one more element than the (i — 1)%. We
can then associate the i set with this new element. A maximal chain can thereby

be associated with an ordering of the elements of [n]. Thus the number of maximal

chains is n!. We now proceed to the proof of the LYM inequality.
Proof of the LYM inequality. Let A C 2" be a Sperner family and define the follow-
ing collection of pairs.

P={(A,C) : A€ A and C is a maximal chain with A € C}.

We count P in two ways. First, given A € A, we count the number of maximal chains
containing A. By the discussion above, this is the same as the number of ways to

order [n] so that the first |A| elements of the ordering are a permutation of A and the
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last n — | A| elements are a permutation of [n]\ A. The number of maximal chains

containing A is therefore |A|!(n — |A|)!. Summing over all elements of A, we have

[Pl=) |All(n — A

AcA
Now we fix a maximal chain C in 2. Notice that any two sets from C are
comparable. But by the definition of a Sperner family, if A, B € A and A # B, then
A and B are not comparable. Thus at most one element of A is in C. Since there are

n! maximal chains in 2", we have that |P| < n!. Hence

> 1A — A < nl

AeA
| _ |
skl
AcA n
n! -1 1
- <
2 {!All(n— IAI)J B

AeA

2 (Lzr)l =t

We now use the LYM inequality to prove Sperner’s Theorem.

Proof of Sperner’s Theorem. Let A be a Sperner family. It is easy to show that for
allr € [n], (") < (,%,). Then by the LYM inequality,

r/ = \l3]



IN

=
VRN
Ll S
—
I
™M M

Hence |A](LZJ)_1 <1 and thus |A| < <LZJ>’ as desired. O
2 2

Sperner’s Theorem and Ramsey’s Theorem are two classical examples of problems
from extremal combinatorics. They come from extremal set theory and extremal
graph theory respectively. There are many more examples of extremal problems (see
[7],[11], and [20] for examples). The remainder of this dissertation will consist of work

on some open problems in extremal set theory.



Chapter 3

Intersecting Families

3.1 Introduction

We now introduce another classical object from combinatorics. A family of subsets
A C 2" is called intersecting if for all A, B € A, we have AN B # (. Given an
integer ¢ > 1 we may insist that for all A, B € A we have |[AN B| > t. In this case we
say A is t-intersecting. In particular, an intersecting family is a 1-intersecting family.
We might also insist that the families we consider be subsets of ([Z]), for some r € N.
In all cases the first natural question is how large such a family can be. The answer
to each of these problems is completely known. A survey of the results (with proofs
where appropriate) appears in Section 3.2.

Define M (n,t) € N to be the size of a largest t-intersecting set on [n]. If A C 2"
is a set system with |A| > M (n,t) then A has at least one pair A, B € A such that
|AN B| < t. We may ask for the set system which minimizes the number of non-t-
intersecting pairs. Some results are known for this problem. We summarize them in
Section 3.2.4.

In [10], Bollobds and Leader gave a new proof of a partial result of the ¢t = 1
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case. They use what they call fractional set systems, which they introduced in [9].
Although [10] claims the result for ¢ > 1 in fact the generalization is false. In Section
3.3, we give several counterexamples as well as a fast algorithm to determine the

minimizing fractional set systems when ¢ > 1.

3.2 Survey of Known Results

3.2.1 The Easy Unrestricted Case

The following bound on the size of an intersecting family is well known (see [7] for

example).
Theorem 3.2.1. If A C 2" is an intersecting family then |A| < 2771,

Proof. Let A € A. We have that AN A® = (. Thus A° ¢ A. A is missing the
complement of each of its members, so it contains at most half of the elements of 2"

Thus |A| < |2M]/2 = 2n/2 = 271, O

Furthermore, this bound is tight. There are many examples of intersecting families
on [n] with 27! elements. Indeed, every maximal intersecting family has size 2"~
That is, given an intersecting family A C 2", there is an intersecting family A’ C 2"

with A C A, and |A’| = 2", This is also well known (again see [7] for example).
Theorem 3.2.2. Fvery mazimal intersecting family on [n] has size 2" 1,

Proof. Suppose to the contrary that there is a maximal intersecting family A C 2"
with |A| < 271, There is A € 2"l such that A ¢ A and A ¢ A. By maximality,
there are B, C' € A such that ANB = (), and A°NC = (). Thus B C A® and C C A.

Hence BN C = (). This contradicts A being an intersecting family. [
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The two most important examples of maximal intersecting families appear below.
They are, respectively, the family of all sets containing a fixed element, and the family

of all “large sets”.

A={Ae2" 1€ A}

and

=

J]rl)7 n odd;

2

(
<2[%nlr1) u{Be2M: |B|=2 and 1€ B}, n even.

=
I
WY
3

It is clear that A in intersecting. Let A, B € B. If n is odd, then

n+1 n-+1

|ANB|=|A|+|B|—-|AUB| > +— n=1

If n is even and |A| = |B| =n/2 then 1 € AN B. Otherwise

ANB|=|Al+|Bl—|AUB|> 2414+ 2 _p=1.
2 2

3.2.2 The Unrestricted t-Intersecting Case

The problem for general ¢ is more difficult. It was solved by Katona [21]. If we
let M(n,t) = max {|A| : A C 2" and A is t-intesecting} then we have the following

theorem.
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Theorem 3.2.3 (Katona’s Intersection Theorem). Fort > 1,

et if n+t is even;

==
(smis) if n+t is odd.
=72

Four proofs of this fact appear in a recent paper by Ahlswede and Khachatrian
[5]. We will present a very elegant proof from that paper, filling in some of the details
omitted there.

Loosely, the idea of the proof is to take a maximum t—intersecting family A and
repeatedly “shift it to the left” in a way that preserves the size of the family and
leaves the family ¢-intersecting. Eventually we will arrive at a family that cannot
be shifted further to the left. We call such a family left-compressed. The desired
inequality is easy to establish for left-compressed families. We now make these ideas
1

precise.
Let 4,7 € [n], where i < j. Define S;_; : 2" — 2[" by
A\{jH u{i} ifje€ Aandi ¢ A;
S i(A) = (AN{s}) u{i} ¢
A otherwise.
We call S;_; a left shift. Unfortunately, S;; is not injective. Given a family A C 2],
we may modify the left shift in such a way that it is injective when restricted to A.

To this end, we define S, ; : A — 20 as follows.

Sij(A) if Sij(A) & A;
A if Sij(A) € A.

Sai—i(A) =

Lemma 3.2.4. S, ; is injective.

Tt should be noted that shifting techniques have found wide applicability to extremal problems
(See for example [8], [17], or [30]). In particular, the lemmas in this subsection are very well-known.
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Proof. Let A, B € A be distinct sets. Suppose for the sake of contradiction that
Sai—j(A) = Sai—;(B). This implies that A\ {i,j} = B\ {4, j}. First we show that
exactly one of the equalities S, ;(A) = A and S4,;;(B) = B holds. They do not
both hold, since A # B. Notice that if S, ;(A) # A, then j € Aandi ¢ A. In those
circumstances, Sa;(A) = (A\ {j})U{i}, and so A = (Sa,—;(A) \ {i})U{j}. Simi-
larly, if Sa;—;(B) # B then B = (Sa,—;(A) \ {i})U{j}. Therefore, if S4,_;(A) # A
and Saii(B) # B then A = (Sases(A)\ i) UL} = (Sais(B)\ D UL} = B,
a contradiction. We may now assume without loss of generality that S4,;(A) # A
and Sa4;;(B) = B. But this situation cannot happen, since otherwise S;_;(A) =

Sai—j(A) = Sai—;j(B) = B € A and so by definition, S4,_,;(A) = A. O

We now define

Si<—j(./4> = {S_A,zk—j(A) A€ A}
Lemma 3.2.5. If A C [n] is t-intersecting then S;—;(A) is also t-intersecting.

Proof. Let A", B" € S;;(A). We want to show that |[A’ N B’| > t. We have that
A" = Sy, j(A) for some A € Aand B’ = Sy, ;(B) for some B € A. Since A is

t-intersecting, we have that |[AN B| > t. If A= A" and B = B’ then

|A"NB'| =|ANB| >t,

as desired. If A" # A and B’ # B, then

AN B =[ANB] - [{j} + Hi}| = |[ANB| > .

We may now assume, without loss of generality, that A" # A and B’ = B. One of
three possibilities has occurred. Either j ¢ B or i € B or S;;(B) € A.

Case 1: j ¢ B.
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Notice that i ¢ A. Thus ANB = (ANB)\ {i,j}. Thus

[A'N B = [A'0 Bl = [(A\{7}) U{i}) N B] = |(AN B)\ {i,j}| = [AN B > t.

Case 2: 1 € B.
Notice that i ¢ A. In particular, A\ {j} = A\ {4,j} and [(A\ {i,j}) N B| >
|AN B| — 1. Thus we have

|A'NB'| =|A"n B
= [((A\{7}) U {i}) N B
= [((A\{7hH nB)U{i} N B)|
= [((A\{i,51) 0 B) U ({1} N B)|
= [((AN\{,73) 0 B)| + [{i} N B
>|ANB|—-1+1
=|ANDB|

> t.

Case 3: S,;(B) € A.

If S;—;(B) = B then one of the cases above holds. Otherwise, S;;(B) = (B \
{j})U{i}. Thus j ¢ S;,—;(B) and i € S;—;(B). On the other hand, j € A and i ¢ A.
In particular, ANS;—;(B) = (ANB)\{i,j}. But S;;(B) € A,s0 |ANS;—;(B)| > t.
Thus

(AN B =|A'NBl = (AN B)\{i,j}| = [ANSi—;(B)| 2 t.

]

We say that a family A C 2" is left-compressed if for all 4,5 € [n], where i < j,
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we have S;;(A) = A. We are now ready to prove Katona’s intersection theorem.

Proof of Theorem 3.2.3. We treat the case where n + t is even (the other case is

similar). First let A = (Jﬂt
2

). Given A and B in A, we have

n+t n-+t

\AmB[:|A|+|B|—|AuB|zT+ 5 n=t.

Thus A is t-intersecting, and so M (n,t) > |A| = (2@)

We must show that M(n,t) < (2 @ ) We prove this statement by induction on
n. For n = 1, we want to show that the largest t-intersecting family on {1} is {{1}}
if t =1 and 0 if t > 1. These facts are clear.

For n > 1, let A’ C 2" be a maximum size t-intersecting family. Notice that
|A'| = M(n,t). By starting with A" and repeatedly applying left—shifts, we eventually
arrive at A C 2" a left-compressed t-intersecting family of size M(n,t). It only
remains to show that |A| < (2%)

We define the following families on the ground set {2,...,n}.

A ={A: AcAand1¢ A}.

A.={A\{1} : Ac Aand 1 € A}.

Notice that |A_| + |A.| = |A|. We have that A, is (¢t — 1)-intersecting. It turns
out that A_ is (¢ + 1)-intersecting. To see this, consider A, B € A_. Notice that
|JANB| > ¢t > 1. Thus there is some j € AN B. Since A is left—-compressed,
Sai—j(A) = A and hence A’ = (A\ {j}) U {1} is in A. But then |[A'NB| > t. We
have AN B = (A'NB)U{j}. Thus |[ANB|>t+1.
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By induction,

M(n,t) = |A|
— [ A_|+ A4

- ”i (n;1)+ i(nz_1)

i— (n—=1)4(t+1)

3.2.3 The Restricted Case

Let r € N. We ask for the largest intersecting family A C ([:f]). If r > n/2 this is
easy: given two sets, A, B € ([:f]), we have

|JANB|=|A|+|B|—|AUB|>r+r—n>n—-n=0.

Thus ([:f}) is itself intersecting.
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For the case r < n/2, let x € [n] and define

([”]) - {A c (W) re A} |
). r
Clearly ([:f])x is intersecting. Its size is (:‘:11) Moreover, the famous Erdés-Ko-Rado

Theorem [15] tells us that this is the best possible.

Theorem 3.2.6 (Erdés-Ko-Rado). If 1 <r < n/2 and A C ([’TL]) is an intersecting
family then |A| < (”_1). Equality is achieved if and only if A = ([f])w for some

r—1

x € [n].
[

In [15], Erdés, Ko, and Rado also determined the limiting behavior for the t-

intersecting case.

Theorem 3.2.7 (Erdés-Ko-Rado). Let r € N. There exists N € N so that for all
n > N, every t-intersecting family A C ([:f]) has |A| < ("7}). Furthermore, N can be

chosen large enough that if n > N and A is t-intersecting with |A| = (7::;), then A

consists of all sets in ([Z]) containing some particular set of size t.
O

The complete solution to the restricted t-intersecting problem for all n and r was
found by Ahlswede and Khachatrian [4]. To state it requires some definitions. Given
n,r,t € N, we define I(n,r,t) to be the set of all t-intersecting families consisting of

subsets of [n| having size r. That is

I(n,rt) = {AQ ([7:]) : AN B| >t for all A,BEA}.
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We are interested in finding

M(n,rt) = e |Al.
cl(n,rt

n—t
Given n,r,t,7 € N, with 0 <17 <

, set

Ez{Fe (@) ; \Fm[t+2z‘]|zt+7;}.

—1
We claim that F; is t-intersecting for all 0 < i < nT Given A, B € F;, we have

|[ANB| > [(AN[t+2i]) N (BN [t+ 2i])]
=|(AN[t+2i)| +[(BN[t+2])| — [(AN [t + 2i]) U (BN [t+ 2i])]
> (t+1)+ (t+19) — (t+ 20)

= 1.

The theorem of Ahlswede and Khachatrian will tell us that given n,r,t € N, there is

.o n—t
some () <1 <

for which M (n,r,t) = |F;|. More specifically, we have

Theorem 3.2.8 (Ahlswede and Khachatrian). For 1 < t < r < n we have the

following cases

(i) (r—=t+1)2+(t—-1)/G+1)<n<(r—t+1)(2+(t—1)/i) for somei e N.
In this case we have

M(n,r t) =|Fl,

and up to permutation, F; is the unique optimum.
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(i) (r—t+1)(2+ (t—1)/(i+ 1)) =n for some i € N. In this case we have
M(n,r,t) = |‘Fl| = |Fisal,

and up to permutation, F; and F;i1 are the only optimal families.

3.2.4 Further Research

The maximum sizes of intersecting families under various restrictions are now well
known. A natural next question is: given (large) s € N, how close to intersecting can
a family of size s be? More precisely: given A C 2", define D,(A) to be the number

of pairs of sets from A that have intersection size less than ¢. That is
Di(A)=|{(A,B) e Ax A : |[ANB| < t}.

Given s € N, we wish to minimize D;(.A) over all systems with |A| = s. Define D, (s)

to be this minimum. That is, we wish to find
Dy4(s) = min {Dy(A) : A C 2", Ais t-intersecting, and |A| = s}.

Theorem 3.2.3 (Katona’s Intersection Theorem) established the values of s for which
D,4(s) = 0.

Frankl [16] and Ahlswede [1] independently determined the answer for particular
values of s when t = 1. Essentially, the optimal family has as many large sets as

possible. More precisely, we have the following theorem.

Theorem 3.2.9 (Frankl and Ahlswede). Let n € N. Given B C 2" let  be such
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that (27’n+1) <|B| < (an) Then there is A C 2" with |A| = |B], (z[ﬂl) CAC ([;Li)

and Dy(A) < Dy(B).

An immediate corollary of this theorem is that if s = (Z"T), then Dy(s) = D ((g‘i)) :
Bollobas and Leader [10] provided another proof of this corollary (but not of the the-
orem) by generalizing to what they call “fractional set systems” (we will give the
precise definitions of fractional set system and other relevant terms in Section 3.3.1).
They extend the definition of D, for fractional set systems, and they extend cardi-

nality to what they call weight. Given a fixed number, w, they then determine the

n

>T) , the minimizing

fractional set system of weight w that minimizes D;. When w = (
fractional set system is the classical set system ([an>

Though [10] claims the same result for t > 1, in fact their generalization is false. In
Section 3.3.3 we give several counterexamples. Thus the question of determining the
D, minimizing fractional set systems of a given weight is still open. We give examples
that indicate that the situation is relatively complicated. In Section 3.3.4 we give a

polynomial time algorithm (in n) for determining a minimizing fractional set system.

More precisely, we give a polynomial time algorithm for “graphing” D, :(s).

3.3 Fractional Set Systems

3.3.1 The Theorem of Bollobas and Leader

Given n € N, we define a fractional set system on [n] to be a map

fo2l —0,1].
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The {0, 1}-valued fractional systems correspond to classical set systems. In particular,

if fis a {0, 1}-valued fractional system on [n] then f corresponds to the set
{Ae2l: f(A)=1}.

We denote the set of all fractional set systems on 20" by F,. If f € F,, we define its
weight, W(f), to be
W)= > fA)
]

Ae2ln

Given t € N, we define

D(f)= > fAefB)

(A,B)e2ln x2ln]
|[AnB|<t

where for all r, s € R,

r@s=max{0,r+s—1}.

(It is useful to think of r @ s as the liquid that spills out of a test tube of volume 1
if liquids of volume r and s are added to it.) Notice that the D, we’ve defined for
fractional set systems corresponds to the D; defined for actual set systems. Thus,

given a fixed weight w > 0, we are looking for
Dy (w) =1nf{D(f) : f € F.,W(f) =w}.

To apply induction, it is useful to count the number of disjoint pairs between two

(often different) fractional set systems. Given n,t € N and f, g € F,,, we define

Df.9)= Y, [f(A)egB)

(A,B)e2[" x 2l
|[ANB|<t
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Notice, in particular, that D,(f) = D.(f, f). Given v, w € R, define

Dy (v, w) =inf {Dy(f,g) : f,9 € Fn, W(f) =v,W(g) =w}.

Given a fixed weight w with 0 < w < 2", there is exactly one f € F,, of weight w

for which there exists k& € [0,n] and a € [0, 1] such that

L, |Al > k;
f(A) =19 a, |A =k
0, |Al<k.

We call this the fractional Hamming ball of weight w on 2", and denote it by b
or just b*. Notice, in particular, that if w = (>”T) for some n,r € N then b is
{0, 1}-valued and it corresponds to the set (L"l)

In [10], Bollobas and Leader proved the following theorem.

Theorem 3.3.1 (Bollobas and Leader). Given n € N and v,w € R,

D1 (v, w) = Dy(b,, by)).

n»-n

O

The paper ([10]) claims that this theorem is true if 1 is replaced by t. We give a

very small counterexample to establish that this claim is false.

Example 1. Let t > 1 and consider Dy4(1,1). Let f € Fy be given by f({1}) = .5
and f(0) = .5. We have that Di(f,f) = 0. On the other hand, D;(bi,b}) = 1.
Similarly, for any positive integers n,t with 2 <t < n, we have D, ;(2"',2"71) =0,

but Dy(b2" ", 62"") > 0.
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It is not the case that there are only counterexamples for relatively low weights.
To see this, we first establish some general facts about D; minimizing fractional set
systems in Section 3.3.2. In Section 3.3.3 we use these facts to give a large class of
counterexamples. Finally, in section 3.3.4 we use these facts to produce an efficient

algorithm to “graph” D,,;(w) for given n and t.

3.3.2 Facts About Optimal Fractional Set Systems

This section establishes some new facts about D; minimizing fractional set systems.
Let f € F,. Notice that we can interpret f as a point in [0,1]?"), a compact space.
Notice further that W is a continuous function on [0,1]"). Thus, given r € R, we
have that W ~1(r) is compact. Finally, D; is a continuous function on this compact
space of fixed weight points. Thus it achieves its minimum. In other words, given
0 <w < 2" there is f € F, with W(f) = w and D,,;(w) = D,(f). We now prove
some facts about the structure of such an optimal fractional set system.

A fractional set system f € F, is called constant on layers if for all A, B € 2
with |A| = |B|, we have f(A) = f(B). We may turn any fractional set system into
one which is constant on layers by averaging each layer. More precisely, given f € F,,,

we define the smear operation o : F,, — F,, by

n=(1) X

Be(f)
According to the following lemma, smearing a set system never increases D;.

Lemma 3.3.2. Given fractional set systems f,qg € F,, we have

Di(a(f),o(g9)) < Di(f, 9)-
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To prove Lemma 3.3.2, we establish a more general fact that relies on the convexity

Of Dt-

Lemma 3.3.3. The function D, is convex. That is, given n,t € N, f1, g1, f2, 92 € Fn,

and X € [0, 1], we have

Dy(A(fr,91) + (L= X)(f2,92)) S AD(f1,91) + (1 = XN)Di(f2, 92).

Proof. Notice that the function h(z) = max{0,z} is convex. This is the source of

the only inequality below.

Di(A(f1,91) + (1 = A)(f2, 92))

= ) (MA@ + (1= Nf(A) @ (Ai(B) + (1 - Nga(B))

(A,B)e2l" x 2l
|[ANBI<t

= E h(A(fi(A) +91(B) = 1) + (1 = A\)(fo(A) + g2(B) — 1))
(A,B)e2l" x2ln]
|[ANB|<t

< Z A (f1(A) +g1(B) — 1)
(A,B)e2lnl x2ln]
|[ANB|<t

Y (L= VA (fa(A) +g(B) — 1)
(A,B)e2l" x2ln]
|[ANB|<t

= ADy(f1,01) + (1 = N Dy(f2, 95).

]

Define the graph G,,; to be the bipartite graph each of whose partite sets is a
copy of 2" and where AB is an edge if [ANB| < t. Let P = {P, P,...,P,} be a
partition of the vertices of G, ;. Given v € G4, let P, be the part that contains v.

A pair (f,g) € F,, x F, is naturally a vertex weighting (f,g) : V(G,+) — R. Define
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op(f,g) to be the pair (f',¢') € F, x F, given by

(F.9)0) =

| P]

> (fa) ).

’UIEP'U
In particular, if A is a group of automorphisms of G,,; and if the orbits of A are the

sets of O = {01, 04,...,0,}, we define o4 = 0p.

Lemma 3.3.4. Given n,t € N, if A is a group of automorphisms of G,,; then given

f,g € Fn, we have

Dt(UA(f> g)) S Dt(f7 g)

In order to prove Lemma 3.3.4, we will make use of Jensen’s Inequality [19], which

says that convex functions are sublinear for convex combinations. More precisely, we

have
Lemma 3.3.5 (Jensen’s Inequality). Let ¢ : R — R be convex. If z1,xs,...,x, are
reals and \i, Ao, ..., A\, are positive weights that sum to 1 then

o (Z Aﬂi) < Z Nig(z;).
i=1 i=1
Il

Proof of Lemma 8.3.4. Since A acts on V(G,,), there is a natural action of A on
Fn X Fn: Given ¢ € A and (f,g) € F, X F,, we define ¢(f, g) to be the function in
Fn x F, given by

o(f,9)(v) = (£,9)(¢7'(v)).

Because ¢ is a graph automorphism, we have
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Furthermore,

af,9) = |A|Z¢fg

peA

By Lemma 3.3.3, D, is convex. By 3.3.5 (Jensen’s Inequality), we have

Dy(0a(f.9)) <|A|Z¢fg) |A|2Dt = Di(f, 9).

pEA peA

We may use this fact to establish Lemma 3.3.2.

Proof of Lemma 3.3.2. Let ¢ € S, be a permutation of [n]. Notice that ¢ induces a
graph automorphism on G, ;: a vertex A C [n] in a partite set of G, is sent to the
copy of ¢(A) in the same partite set. Two vertices v, w € G,,; are in the same orbit
of S, if and only if |v| = |w| and v and w are in the same partite set. Thus o = g 4,

and so the claim follows by Lemma 3.3.4. ]

Notice that in G, ;, every set A € ( ) is connected to every other set (in the op-

<t
posite partition). Thus the set of maps that permute these vertices (without changing
partitions) and fix all other vertices is a group of automorphisms of G,,;. By applying

Lemma 3.3.4 and Lemma 3.3.2, we then have the following fact.

Lemma 3.3.6. Letn € N, t € [0,n], and u,w € R with 0 < u,w < 2"\, There are
f.g € F, with
Dn,t(“a U)) = Dt(f7 g)a

where f and g are constant on layers, W(f) = u, W(g) = w, and for all A, B € ([”])
we have f(A) = f(B) and g(A) = g(B).
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We say a fractional set system, f, is constant below t if f(A) = f(B) for all
A B e (@) By Lemma 3.3.6, we may assume without loss of generality that a D;-
minimizing fractional set system is constant on layers and constant below ¢. We call
such a fractional set system t-constant. We denote the set of t-constant fractional set

systems of weight w on [n] by K, Given f € K}, and i € [0,n], we may define

n,t

where A is any set in ([7;}). For all j,k < t, we have f; = fi. We will denote this
common weight by f_;.

Given n,t € N and w € R with 0 < w < 2", we would like there to exist an
f € K, such that D, (w,w) = D(f, f). This would imply D, ;(w,w) = Dy, +(w).

The following lemma establishes this.

Lemma 3.3.7. Given n,t € N and f,qg € F,,

Dy (¥, %) < Dy(f,9)-

Proof. Notice that the function ¢ : G, — G, sending a vertex A € G,,; to the copy
of itself in the opposite partite set is a graph automorphism. Further, A = {1, ¢} is

a group. Applying Lemma 3.3.4 gives the desired result. [

We now introduce another important property of a D;-minimizing fractional set
system. We say a function f € F, is nondecreasing if for all A, B € 2" with |A| < |B|,
we have f(A) < f(B). (Notice that if f is nondecreasing then it is constant on layers.)

We have the following lemma.

Lemma 3.3.8. Given n € N and v,w € R, there are nondecreasing fractional set

systems f,g € F, with W(f) =v and W(g) = w such that D, (v, w) = Di(f,g).
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To aid in the proof, we introduce the following notation: Given n,t € N, A C [n],

and j € [0,n], the number of j-sets of [n] that are t-disjoint from A is

A(A,§) = Apy(A, ) = HBG ([?]) . |AN B <z}'.

Notice that as a function of A, A, ;(A, j) only depends on |A|. In particular, if |A| = 1,

we define

A(i,§) = MA,j) = ti <;> (?—_cll)

d=0

Proof of Lemma 3.3.8. Let n,t € N and v,w € R. Suppose

Dn,t(v7 ’lU) = Dt(fv g)a

Where f,g € F,, be constant on layers with W (f) = v and W(g) = w. Define

n

s(fr9) =Y ilfi+g)-

1=0

We may assume (by another compactness argument) that s(f,g) is maximized over
all pairs (f,g) € F, x F, that are constant on layers, have the proper weight, and
satisfy Dy(f,9) = Dpi(v,w). We want to show that f and g are nondecreasing.
Suppose by way of contradiction that there are integers 0 < ¢ < j < n such that
fi > f; (the case g; > g¢; is the same). We will shift some weight from ¢ to j to
obtain f" with s(f’, g) > s(f,g). By shifting wisely, we will have D;(f’,g) < Dy(f, g),
a contradiction. To that end, choose AW > 0 small enough that for all k € [0, n] for
which f; + g, < 1, we have f; + gi + (’;)AAW < 1. The quantity AW should also
be small enough that f; — (7;)_1AW > fi+ (?)_1AW. Finally, it should be the case
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that f; + (1) AW < 1. Define f' € F, by

f(A), if |A| ¢ {i,j};
f,(A) = fi+ (?)71AW if |A|l =7;
fi— (7AW i A =,

Notice that W (f") = W(f), and that s(f’,g9) = s(f,g) + (j —i)AW. Further notice
that

Di(f,9) = Du(f'.9) = Y. [fA)eyB) - f'(A)egB)
Ae([?]),Beﬂ”]
|[ANB|<t

+ > [f(A)@g(B) - f(A) @ g(B)
Ae(I), Bealn)
|ANB|<t

- > ( X UWeus) -r@egns)
k=0 AE([?]),BE([Z])
|ANB|<t
+ > (A egB) - F(A)egB)) (331)

ae().Be(R)
|ANB|<t

Fix £ € [0,n]. We show that the corresponding term in (3.3.1) is nonnegative.
We have two cases: either f; + g < 1 or f; +gr > 1. If f; + g < 1 then, by

k

we have f(A) @ g(B) = 0 and f'(A) @ g(B) = 0. For A € (“Z]) and B € <[Z])’

our choice of AW, we have f; + gp < 1. Thus, for all A € ([T;]) and B € ([n])a

f(A) @ g(B)— f'(A) @ g(B) is always nonnegative, so the case f; + fi < 1 is settled.

If fj +gx > 1 then fi+ g, > 1 and f; + g, > 1. By our choice of AW, we have
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fl+ fr > 1. Thus

Yo A eyB) - f(A)eyB)

4e('7).Be(R)

|[ANB|<t
-1
- ) (fj+9k—1)—(fj+<r.b) AW+gk—1)]
ac(tl) pe () ’
|[ANB|<t
-1

_ (f‘)A(j, k) (") AW

J J
— A, k)AW.

Similarly,

Y [f(A) @ g(B) - f'(A) @ g(B)] = Ali, k) AW.
Ae(ie()
|ANBI|<t

Notice that because 7 > 1, there are more k sets that have small intersection with
a given ¢ set than there are k sets that have small intersection with a given j set.
In other words, A(j,k) < A(i, k). Hence the term corresponding to k in (3.3.1) is

nonnegative. O

We say a set system [ € K}, is t-canonical if f is nondecreasing. We denote the

set of t-canonical fractional set systems of weight w on [n] by C,/.

3.3.3 Counterexamples

In this section we give some more counterexamples to the ¢t > 1 case of Theorem 3.3.1

of Bollobés and Leader. We also find the D,, ; minimizing fractional set systems when

t>[2].
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Example 2. Let n,t € N, wheret < n. For w € R with

0 I G O
>¢) To\p—1) =" 2’

we have Dy(bY) > Dy, (w).

Proof. Let A = {1,2,...,t—1}. By our choice of w, we have b¥(A) > 1/2, and

b2 (@) < 1/2. Thus we may choose Aw > 0 to be a real number with
Aw < min {bY(A) —1/2,1/2 — b2 (0)} .

Define f € F,, by

(

b¥(B) if B¢ {A0};

f(B) =1 b2(A) — Aw if B = A;

Aw if B=10.

\

Since A and ) each have size less than ¢, the intersection with either of them and any
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other set in 2" has size less than ¢t. Thus

Dy(by) — Di(f)

=2 ) (A @L(B) + b (0) @ by(B) — f(A) & f(B) - f(0) & f(B)]

Be2l"I\{0,A}
+ b (A) ®bY(A) + b (D) & b (0)
—f(A) e f(A) - f) e f(0)
=2 > [(BN(A) @b (B) — f(A) @ f(B))+ (bu(0) @ by (B) — f(0) & f(B))]

Be2ln\{p,A}
+ (b (A) + 07 (A) = 1) = (f(A) + f(A) = 1)

=2 ) (br(A) @by(B) = f(A) @ f(B)) + (b (0) © b (B) — f(0) © f(B))]

Be2ln\{p,A}

+ 2Aw.
Let B ¢ {A,0}. We would like to show that
(b, (A) ® by, (B) — f(A) @ f(B)) + (b, () & b;(B) — f(0) & f(B)) = 0.

Since f(A) < b¥(A), we have that b¥(A) @ b¥(B) — f(A) @ f(B) > 0. If b¥(0) &
bW (B) — f(0)® f(B) > 0, we're done. Otherwise, f(0) @ f(B) > 0, so f(0)® f(B) =
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f(0)+ f(B) — 1. Thus

(b (A) & b (B) — f(A) @ f(B)) + (b, (0) & b (B) — f(0) & f(B))
= (f(A) +Aw+ f(B) = 1) = (f(A) + f(B) - 1)
+(f(0) —Aw) @ f(B) = (f(0) + f(B) — 1)
= Aw

Thus D (bY) — Dy(f) > 2Aw > 0 as desired. O

Next we find minimizers in the case where ¢t > [n/2]|. Furthermore, we will see
that bY is (usually) not a minimizer in this case. Given n,t € N and a fixed weight

w with 2771 < w < 27, there is exactly one f € Cy, of the form

1 if |A] > k;
f(A)=9q a if |A|=k;
1/2 if |A| < k.

Here « € R has 1/2 < a < 1, and k € [t — 1,n]. (Recall that for i < ¢ — 1, we have
fi = fi1.) We call f the t-half-ball of weight w on 2. For w < 2"~!, the system
with constant weight f(A) = w2™" will also be called a t-half-ball. We denote the

t-half-ball of weight w on 2" by hy -
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Theorem 3.3.9. Let n,t € N with t > [gW’ and let w € R with 0 < w < 2™. Then
Dy p(w) = Dy(hyy).-

Proof. If w < 2", then h,, is the constant fractional set system with total weight
w. This constant value is no more than 1/2, so Dy(hyY) = 0 = D,,;(w) as desired.
Thus we assume that w > 271,

Let f € Cy, with Dy, ;(w) = Dy(f). We may assume (by a compactness argument)
that f-; is as large as possible. We claim that fo, > 1/2.

Suppose, on the contrary, that fo; < 1/2. Notice that {j € [0,n] : f; > 1/2} is

nonempty since w > 2" 1. Let
l=min{j €[0,n] : f; >1/2}.

Notice that [ > ¢t — 1. Choose Aw > 0 small enough so that f;_; + (<7_1)71Aw <
fi — (")_1Aw and f_; + (Sﬁl)_lAw < 1/2. Define g € C; by

>l

fi— () Aw i >

>

Gi
it (L) Aw ifi <L

<l-1

We show that for any (i,7) € [0,n] x [0,n], we have g; & g; < f; & f;. For
(i,7) € [l,n] x [I,n], we have ¢; < f; and g; < f;. Thus ¢; ® g; < fi & f;. For
(i,4) € [l,n] x [0,1 = 1], we have g; + g; = fi — (&) Aw+ f; + (,) " Aw. But
1>t>[n/2],50 (4) < (") and hence gi+g; < fi+f;, 50 gi®g; < f;®f;. Similarly,
for (i,7) € [0,1 — 1] x [I,n], we have g; ® g; < fi & f;. If (i,7) € [0, — 1] x [0,] — 1]

then, by our choice of Aw, we have that g; and g; are both no more than 1/2, and so

gi+g;<l,and g; ®g; =0 f; @ f;.
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Recall that A(i,7) is defined on page 28. We have

pw= % (7)) 00 9)

(1,5)€[0,n]x[0,n

< ¥ (Dacaten

(4,5)€[0,n] x[0,n]

= Dy(f).

But by our choice of Aw, we have g € C, and furthermore g.; > fo;. This is a
contradiction. Hence fo; > 1/2.

Since f is nondecreasing, it follows that

Di(f)y= >  fA)+fB) -1

(A,B)e2lm x 2l
|[ANB|<t

This is an affine function. Thus we want to keep weight in the sets that occur least
often in the sum. That is, we want as much weight as possible in large sets while
maintaining the property that the weight on every set is at least 1/2. Of course, hy,

does exactly that, and so Dy, ;(w) = Di(f) > Dy(h,;,), and the theorem is proved. [

The following Lemma shows that under the conditions of Theorem 3.3.9, b} is
only a minimizer when w is so small that D;(b) = 0 or when w is so large that

anything sensible is a minimizer.

Corollary 3.3.10. Let n,t € N with t > m Then given w € R with Dy(b¥) > 0
and w < 2" —1/2, we have

Dt<bg) > Dmt(w).
Proof. Tf w > (ft) + %(tfl) then by Example 2, we are done. Thus we assume that

w < (;t) + %( gzh:l)‘ Smearing by below ¢ yields f, a t-canonical fractional set system
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with the property that fo; < 1/2 and D;(f) < Dy(b¥). If Di(f) = 0 < Dy(bY), then
we are done. Otherwise, since f is t-canonical and f.; < 1/2, we may apply the shift
described in the proof of Theorem 3.3.9. Since D,(f) > 0, the shift strictly decreases

D;,. [l

3.3.4 An Algorithmic Solution

Given n,t € N and w with 0 < w < 2", we say a fractional set system f € F,, is a
t-pseudo-ball if it is t-canonical, and f; € {0,1/2,1} for all i € [n]. Notice that the
number of ¢-pseudo-balls in C}/; is finite. In fact, there are ("*;H) t-pseudo-balls in
Cyy- We have the following theorem, which we will prove after we have established

some supporting facts.

Theorem 3.3.11. D, ;(w) is the mazimum convex function with the property that
Dy (W(f)) < Dyni(f) where f is any t-pseudo-ball.

In particular, D, ;(w) is piecewise linear and the points where the slope changes
correspond to pseudo-balls. Thus we may “graph” D,,;(w) as follows: compute D,
for each of the pseudo-balls and then use a convex hull-like algorithm to determine
Dy 4(w). There are (""2™) = O(n?) pseudo-balls in C¥,, and it takes O(n®) time to
compute D; of a given pseudo-ball. This yields an O(n®) run time to compute D;
for every pseudo-ball. We apply the convex hull-like algorithm to the O(n?) pseudo-
balls. This takes O(n*) time. Overall this process completes in O(n®) time. We have
implemented this algorithm in Mathematica. We used this technique to produce

Figure 334, a graph of D56’14('LU) and D14(bg]6). Notice that D56714(w) S D14(b15u6),

with strict inequality for many values of w.
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32 |

To prove Theorem 3.3.11, we make use of the following fact.

Theorem 3.3.12. Given n,t € N and 0 < w < 2", there is f € Cy, with D, (w) =

Di(f) and with ( ;) having the form

)i =0(0,...0,1—=6,...,1—61/2,...,1/2,6,....6,1,...,1),
(fi)ieo = ( 1 5 6,1/ / )

lo li_s l;/,Q ls 15
where 1/2 < 6 < 1, and ly,li_s,l1/2, 15,11 € [0,n + 1] are integers that sum to n+ 1.

Proof of Theorem 3.5.12. We will see that the space C}; can be divided into finitely
many parts, P, ..., P, defined by linear inequalities, in such a way that D; is an affine

function on each part. Thus, on each part, minimizing D, is a linear programming
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problem (for more on linear programming, see [14], for example). Recall that if a
(minimizing) solution to a linear programming problem exists, then there is a solution
at a vertex of the feasible region of the problem. We will see that for all 7, every vertex
in P, is of the form claimed in the lemma. Since the D; minimizing f must appear in

one of the parts, the lemma will be established.

This function is subject to the following linear constraints. (Recall that we use f-; to

denote the common weight on the sets of size less than ¢t. This is identical to f;_1.)

W(f) = w (3.3.2)
0 < fau (3.3.3)
fi < fimforallielt—1,n—1] (3.3.4)
o <1 (3.3.5)

Let R C [t —1,n] x [t — 1,n]. Then we define Pr to be the set of functions f € C},

subject to additional constraints

fi+f;, > 1lif(i,j) e R (3.3.6)

fi+fi < 1if(,5)¢R (3.3.7)

Notice that, given f € C;, every pair (i,7) € [t — 1,n] x [t — 1,n] either has

fi+fi<lor fi+ f; > 1, and so f is in some Pr. More importantly, if we set

(M)AG, ) if i > t;
Cij =

() S AGL k) ifi=t—1

<t
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(where A(i, j) is as defined on page 28) then for all f € Pg,

Dy(f) = Z cij(fi+ fi —1).
(i,9)ER
Thus D, is affine on each Pkg.
Fix R. We are now ready to find the vertices of Pg. We may think of the
coefficients on a constraint as a vector in R"~**2, For example, the constraint f; < fiq

is equivalent to f; — fix1 < 0 and so it corresponds to a vector of the form
0,...,0,1,—-1,0,...,0).

Similarly, the constraint f; + f; > 1 becomes a vector with ones in positions ¢ and j,
and 0’s elsewhere. Since we are thinking of C}/, as an n — ¢ + 2 dimensional space, a
fractional set system is a vertex if it achieves equality for n —t+2 linearly independent
constraints. Notice that equality always holds for the weight constraint (3.3.2), and
so we want equality to hold for n — ¢ + 1 linearly independent constraints of types
(3.3.3)-(3.3.7).

Let f € Pg be a vertex of Pg. Given § € [1/2,1], define

Ss={ie[t—1,n]: fi=dor fi=1—-0}.

Define Cjs to be the set of coefficient vectors for the constraints of types (3.3.3)-
(3.3.7) that f exactly meets, and where for some i € Sy, the coefficient on f; is
nonzero. Let C' be the set of vectors corresponding to all constraints for which f

achieves equality. Define

r =rank C.



40

By our choice of f, we have r = n — ¢t + 2. On the other hand, if @ is the vector

corresponding to the weight constraint, then

c={wtu J G,

sef1/2,1]

and so

r<l1+ Z rank Cy.

sef1/2,1]
Notice that this sum is actually finite, since f only takes on finitely many values.
Notice further that the only nonzero coefficients in a constraint in Cys are on f; with
fi=dor fi =1—46. Thus rank Cs < |Ss|. Consider 0 not equal to 1/2 or 1. Given
v € [0,1], denote f~*(v) ={i €[t —1,n] : fi =v}. Let p € RUE-1Emd be the vector
that is 1 on f~1(d), —1 on f~!(1 — 4), and 0 everywhere else. Notice that no vector
in Cs corresponds to constraints (3.3.3) or (3.3.5), and so in particular for all v € Cj,
we have v - p = 0. Thus when we restrict our vectors to Ss (the support of Cs), the

dimension of the space perpendicular to Cy is at least 1. This implies that

rank Cs < |Ss| — 1.



41

Thus if d is the number of distinct nonempty Ss other than S; and S/, we have

n—t+2=r

<1+ Z rank Cfs

s€[1/2,1]

<1—d+ Y |8

sef1/2,1]

=1—-d+n—t+2.

By canceling terms and rearranging, d < 1, and the claim is proved. O]

Proof of Theorem 3.3.11. First we show that D, ; is convex. Let w; and wy have
0 <wy <wy <2 Fori=1or 2, there exists f; € C}; such that D, (w;) = Di(fi).

Let A € [0,1]. We have

Dn,t ()\wl + (1 - /\)wg)
S Dt ()\fl + (]_ - /\)fg) (SiHCG W()\fl + (1 — )\)fg) = /\w1 + (1 — )\)wg)
< ADi(f1) + (1 = XN)Dy(f2) (since Dy is convex by Lemma 3.3.3)

= ADps(w1) + (1 = X) Dy y(w2).

Next we see that D, ; is piecewise linear. Let l, [1_s, [1/2, s, and [; be nonnegative

integers that sum to n + 1. Also, let § € [1/2,1]. Define

f5=(0,...0,1—6,...,1—6,1/2,...,1/2,5,...,5,1,...,1).
N~—— ~ d s N—— ——

lo li_s l1/2 ls I
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Notice that the weight of fs is affine in 0, as is D,,+(fs). Thus

{W(f5), Di(f5)) = 6 €[1/2,1]}

is a line segment. By Theorem 3.3.12, D, ;(w) is the minimum value among all the
line segments of this type that are defined at w. Thus D, ; is piecewise linear.
Changes of slope either occur at the ends of the line segments described above
or at the intersection of two of them. As it turns out, slope does not change at an
intersection of two of these line segments if the intersection is not also an endpoint
of one of the line segments. Otherwise, near the point of intersection, D,,; would be
the minimum of two line segments, which is not a convex function. Thus the slope of
D,,; changes at endpoints of the line segments described above. But the endpoints
occur where W ( f5) is maximized or minimized. These extrema occur when 6 = 1/2

and 0 = 1. In either case, fs5 is a pseudo-ball. n
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Chapter 4

Extremal Problems Under

Dimension Constraints

4.1 Introduction

4.1.1 The History of the Problem

A new type of restriction on set systems was recently introduced by Ahlswede, Ay-
dinian, and Khachatrian [2]. The general problem is to take an existing class of set
systems (intersecting families, for example) in 2", think of them as collections of
{0, 1}-valued vectors in R", and impose the further restriction that their rank be at
most (or at least) k. We then ask for the largest (or smallest) such set. A first prob-
lem in this program is to determine M (n, k,w), the largest number of {0, 1}-valued
vectors with (Hamming) weight w in a k-dimensional subspace of R™. This was solved

in a separate paper of Ahlswede, Aydinian, and Khachatrian [3].
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Theorem 4.1.1 (Ahlswede, Aydinian, and Khachatrian).

M(n,k,w) = M(n,k,n —w),

and for w < n/2,

(:Z) if 2w < k;
M(n,k,w) = ¢ (CFW) 220k if k< 2w < 2(k — 1);
ok—1 ifk—1<w.

O

The same problem can be posed in other vector spaces. This chapter of the dis-
sertation will focus on partial results in the F4 case. To that end, define m(n, k, w)
to be the maximum number of weight w vectors contained in a k-dimensional sub-
space of F. Determining m(n, k,w) requires different techniques from those used to
determine M (n, k,w). For example, in the R™ case the solution given by Ahlswede,
Aydinian, and Khachatrian makes explicit use of the fact that the sum of a non-
empty collection of positive numbers in R is nonzero. We do not have this fact in F,.
The methods used and results found in this dissertation are similar to methods and
results from coding theory. A complete description of m(n, k, w) might be important
to coding theory, since it would shed light on the weight distributions of binary linear
codes. What follows is an overview of the results in this section.

Ahlswede, Aydinian, and Khachatrian note that the value of m(n, k,w) depends
crucially on the parity of w. For example, assuming w # 0 we have m(n, k, w) < 2F—1.
Furthermore, there are many examples where w is even and m(n, k,w) = 2¥ — 1.
On the other hand, at least half of the vectors in a subspace C < Fj have even

weight. Thus if w is odd, m(n, k,w) < 2*71. Given w even, we prove a (well-known)
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characterization of the parameters for which m(n, k,w) = 2 — 1. Given w odd, we
prove a (well-known) characterization of the parameters for which m(n, k,w) = 25=1.
More generally, define f,(w) to be such that 2/2(*) is the largest power of 2 that divides
w. We show that m(n, k,w) < 2F — 28=1=2() "and we characterize the parameters
for which m(n, k, w) meets this bound.

During the research process, it became important to study linear maps that de-
crease the weight of non-zero vectors by a constant, c. We call these maps c-killers.
The result of our study of c-killers is a structure theorem for such maps, which is
interesting in its own right. This structure theorem is a slight generalization of a
result from coding theory known as the MacWilliams Extension Theorem [23], which
characterizes weight-preserving linear maps (0-killers). We apply our structure theo-
rem to determine when m(n, k,w) = 2871 —1 in the case where w is odd. The number
of such cases turns out to be very small.

Additionally, we prove miscellaneous results which give insight into the problem,
and lead to conjectures. For instance, these results together with numerical evidence
suggest that for w odd, we have m(n, k,w) = M(n, k,w).

We now proceed to the work. We refer the reader to Chapter 1 for our notation.

4.1.2 Basics of Finite Vector Spaces

Let ¢ € N be a prime power. Define F, to be the unique field of order ¢. In particular,
if ¢ = 2 then Fy = {0, 1}, where addition and multiplication are defined mod 2. The
set

FZL = {(bl,bg,...,bn) . bz € Fq}

is the set of strings of length n over the alphabet F;. We endow [y with an addition

and a scalar multiplication, both defined componentwise. More precisely, let a,b € F}
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and let A € F,. Then a = (ay,a2,...,a,) and b = (by,bs,...,b,), and we have the

following definitions.
a+b=((a1+b1),(az+b2),...,(an +by))

and

Aa = (Aay, Aag, ..., Aay) .

In the binary case (ie when ¢ = 2) we have

a ifc=1;
ca=19 _
0 ifc=0,

where 0 is the all zeroes vector.

Since F, is a field, Fy is an [F, vector space under this addition and multiplication.
Let C < I} be a subspace of Fy. That is, C is nonempty and closed under addition
and scalar multiplication. Notice that for any Fo-vector space, closure under scalar
multiplication follows from being nonempty and closed under addition. Suppose C
is k-dimensional. By standard linear algebra arguments, C is isomorphic to IF’;. In
particular, |C| = ¢*.

Let 1, = (1,1,1,...,1) € Fy. We call L, the all ones vector of length n. Notice
that if a € F} then a+ 1, is the opposite of a in every component. We call this vector
the complement of a, and we denote it by @.

Given a subspace C < F7, it is often convenient to permute its entries. More

specifically, let o : [n] — [n] be a permutation. Given ¢ = (¢y,ca,...,¢,) € C, define

0<C) = (00_1(1)7 Co—1(2)y -+ 760—1(71)) .
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Extending this to the entire code, o(C) = {o(c) : ¢ € C}. Notice that wt (c(c)) =
wt (¢). We call any map with this property weight preserving. Furthermore, the
action of o : C — ¢(C) can be “undone” by applying the inverse permutation, so o
is one-to-one. Thus for all w € [n], we have that A, (c(C)) (the number of weight
w vectors in ¢(C)) is the same as A, (C). Therefore, we may employ the following

strategy when establishing bounds on m(n, k, w).

1. Start with a k-dimensional subspace C < F} that has A, (C) = m(n, k,w).

2. If it is more convenient than proving the bound directly, establish the bound

on A,(0(C)) instead.

It is important to notice that o : C — o(C) is a linear bijection. As described
above, o is one-to-one. By definition it is onto. Notice that as part of establishing
linearity, we should show that for any A € F, and b € C, we have o(\b) = Ao (b).
In the case of establishing Fa-linearity, this just reduces to showing that o(0) = 0.
Clearly, by permuting the entries of the all zeroes vector you get the all zeroes vector

back. For a general prime power, ¢ € N, we have that

a(Ab) = a(A(by, ba, . .., by))
= o ((Aby, Abs, ..., Ab,))
= (Abo—1(1)s Aby—12), - « - Abg—1(n))
= AMbo—1(1), bo12)5 - -+ bo1(m)
= Ao (D).

Given b and ¢ € C, we wish to show that o(b) + o(c) = o(b+ ¢). This is easy to
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establish.

o(b) +o(c) = o((by,be,...,b,))+ 0 ((c1,cay...,¢n))
= (bo-11): bo-1(2)s - - s 1)) + (€o-101) Com12)s -+ 5 Com1(m))
= (bo-1) + Co-101) bo-12) + Cor(2)s -+ b1 () F Com1(m))
= o((bi+ci,bo+coy...,by+cp))

= o(b+c)

We have proved that o is a weight-preserving linear bijection. A theorem of
MacWilliams [23] (see also [18] or [24]) tells us that in fact every weight-preserving
linear bijection between binary codes (a binary code is an Fy vector space) is a per-
mutation. Before we state the theorem in general, we need a definition. Let I, be
a finite field and let n € N. Let V,W < [ be subspaces, and let ¢ : V. — W be
an [Fy-linear map. We say that ¢ is a monomial equivalence if it is a permutation
followed by a nonzero scaling of each entry. Formally, ¢ is a monomial equivalence if
there are A, Ay, ..., A, € FY =y \ {0} and a permutation o : [n] — [n] such that
for all v = (vy,va,...,v,) € V, we have ¢(v) = ()\1@071(1),)\20071(2), .. .,)\n’l)o-fl(n)).
Notice that in the case ¢ = 2, a monomial equivalence is a permutation. We are now

ready for the theorem.

Theorem 4.1.2 (The MacWilliams Extension Theorem). Let F, be a finite field. Let
ViW < Fy be subspaces. If ¢ .V — W is a weight preserving linear map then ¢ is a

monomial equivalence.

This is called an extension theorem because it tells us that any weight preserving
homomorphism ¢ : V' — W can be extended to a weight preserving automorphism of
[F;;. We give a new proof of the MacWilliams Extension Theorem in Section 4.5.3.

We may now start to look at our main problem.
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4.2 Constant Weight Codes

Let C < F% have dimension k. C has 2* vectors, one of which is 0. Thus, if w is not

zero then A, (C) < 2% — 1. Hence, for w # 0, we have
m(n, k,w) <28 —1.

To discuss our main problem, it is important to find the parameters for which
m(n, k,w) = 28 —1. We want to find those parameters n, k, and w for which there ex-
ists a k-dimensional subspace C < F% with A, (C) = 2% — 1. We call such a subspace
a constant weight code of weight w. In [3], Ahlswede, Aydinian, and Khachatrian
mention the following characterization of the parameters for which a constant weight

code exists.

Proposition 4.2.1. There exists a k-dimensional constant weight code C < F3 with
nonzero weight w if and only if there is some t € N for which w = t2F=1 and n >

t(2F —1) =2w —t.

Restated, there exists a k-dimensional constant weight code C < F} of weight w
in F? if and only if 2¥~! divides w and n > 2w — w/2*~1. Before we prove this result,
we first introduce some special constant weight codes, which we then use to find all
constant weight codes. Let My be a k x (28 —1) matrix whose columns are the vectors
of F5\ {0}. For the sake of definiteness we order the columns in decreasing order from

left to right according to their values as binary numbers. We give M3 as an example.

1 1.1 1 0 0 0
Mis=11 1 00 1 1 0
1 01 01 0 1
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Define Sy, to be the row space of M. This space is known as the k-dimensional binary
simplex code (see [18] for example). We now prove the well-known fact (see [18]) that

every non-zero vector of S has the same weight.

Proposition 4.2.2. For all s € S, \ {0}, we have

wt(s) = 281,

Proof of Proposition 4.2.2. We proceed by induction on k. In the case k = 1 we have
that M; = [1], and so S, = {0, 1}, every nonzero vector of which has weight 1 = 2!~

Notice that for £ > 1, we have

1111---1111/1(0000---0000
0
0
M, =
M.y My,
0
0

Let the rows of this matrix be labeled Ry, R, ..., R, from top to bottom. We first
consider s € span {Ry, Rs, ..., R} \ {0}. We have s = s'0s’ for some s’ € Sp_; \ {0}.

That is, s is the concatenation of s’, 0, and s’. By induction,

wt(s) = 2wt(s') = 2 x 2"72 = 2k~1,

Now let s € span{Ry, Ry, ..., Ri} \ span{Ry, R3,..., Rx}. Then s = Ry + s'0s’
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for some s’ € Sy_1. Thus s = s/0s’, and we have

wt(s) = wt(s'0s")
= wit(s'0) + wt(s')
= wt(R;) — wt(s'0) + wt(s')
= wt(R;) — wt(s') + wt(s')

k=1

]

We are almost ready to prove Proposition 4.2.1, which characterizes the param-
eters n, k and w for which m(n, k,w) = 28 — 1. First, we need a definition. Given

n,k,t € N with n > (2% — 1), we construct the matrix

— ttimes — <+ n—1t2"—1) times —

K

Define S(k,t,n) to be the row span of this matrix.

M GIOLGL0r - GLOLOTOT | .

s

Proof of Proposition 4.2.1. We prove the reverse direction first. Suppose that there
is + € N such that w = 27! and n > ¢(2¥ — 1). We need to show that there is a
k-dimensional constant weight code C < F} with nonzero weight w. Our candidate
is S(k,t,n). Clearly S(k,t,n) has dimension k. By Proposition 4.2.2, every vector in
S(k,t,n) \ {0} has weight 21 = w. Finally, S(k,t,n) has length #(2* — 1) 4+ (n —
t(2F — 1)) = n.

For the other direction, we are given that there exists a k-dimensional constant
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weight code C < F} with A,(C) = 2F — 1, and we need to show that 2*~! divides w
and n > 2w —w /281, We will proceed by induction on k. For k = 0, we are to show
that there is an integer ¢ for which %t = w and that n > 0. These are clearly true.
For k = 1, we have that C contains a weight w vector, and we want to show that 2'~1
divides w, and n > 2w — w/2'71. That is, we want to show that 1 divides w, and
n > w. Clearly 1 divides w, and n must be at least w, since C < F} contains a weight
w vector.
Now we consider £ > 1. Without loss of generality, we may permute entries as
discussed in Section 4.1.2. Thus we may assume that there exists v; € V'\ {0} of the
form

vy =01...10...0.

Ry Ro
Here R, = {i € [n] : m; (v1) = b}, where b € Fy. Thus |Ry| = w. Let v, € V' \ {0, v}
Since vy # vy, we have vy + vy # 0. Thus wt(v; + vg) = w. Recall that given I C [n],

we define 77 (v) to be the projection of v onto the coordinates I. We have

w = wt(v; + ve)
= |Ri| — wt(mp, (v2)) + wt(mR, (v2))

= w— wt(mg, (v2)) + wt(mg, (v2)).

Thus wt(mg, (v2)) = wt(mg, (v2)). We also have wt(mg, (v9))+wt(mr, (v2)) = Wt(vg) =

w. Thus wt(mg, (v2)) = wt(7g, (v2)) = w/2. Set

W:ﬂ'RO(V>.
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Given v € V| we have

0 if v € {0,v,};

wt(mr, (v)) = ﬁ
w/2 ifveV\{0,v}.

Thus ker mg, = {0, v;}, which has dimension 1. Since k = dimker 7g, + dim W, we
have that dim W = k — 1. Furthermore, W is a constant weight code of weight w/2.
By induction, w/2 = #2%=2 for some t € N. Hence w = t2¥~1. Also by induction, the
length of W (which equals | Rg|) is at least 2(w/2)—t. Thusn > w+2(w/2)—t = 2w—t,
as desired.

]

Suppose that m(n,k,w) = 2¥ — 1. We will see that the extremal subspace is
unique up to permutation of entries. That is, up to permutation of entries, there is
a unique k-dimensional subspace V < F% with A, (V) = 2¥ — 1. This is a corollary
of the MacWilliams Extension Theorem (Theorem 4.1.2). It is a special case of a

theorem of Bonisoli [12].

Corollary 4.2.3 (Corollary of the MacWilliams Extension Theorem). Suppose

m(n, kw) =28 -1

and V < F% is a k-dimensional subspace with A,(V) = 2871 If we set t = w/2"!

then up to monomial equivalence, we have

V =8(k,t,n).

Proof. Since any two codes of dimension k over Fy have a linear bijection between

them, there is such a map ¢ : V. — S(k,t,n). The weight of any nonzero vector of
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V is w, as is the weight of any nonzero vector of S(k,t,n). Thus ¢ preserves weight.

By the MacWilliams Extension Theorem, ¢ is a monomial equivalence. Il

4.3 The Case Where w is Odd and m(n, k, w) = 281

Let C < F3. The map p : C — Fy defined by

p(e) = > mle)

is the function which takes a vector ¢ to the parity of its weight. Notice that p is a
group homomorphism. Thus p~'(1) is either empty or a coset of p~1(0). In particular,
lp~1(0)| is either |C| or |C|/2. Thus if w is odd, we have A,(C) < [p~*(1)| < |C|/2.
Therefore, if w is odd the natural first thing to determine is the parameters for which

m(n, k,w) = 2871 The following proposition from [3] gives those parameters.

Proposition 4.3.1. Let w be odd and let k > 1. There is a k-dimensional subspace

V < F3 with A, (V) =21 if and only if k <w+1 andn > w+k — 1.

Proof. For the forward direction, suppose that w is odd, k¥ > 1, and that there exists
a k-dimensional subspace V < Fy with A, (V) = 281 If & = 1, then certainly
kEk<w+1l,andn>w=w+1—-1=w+k— 1.

Suppose k > 1. Since 2¥~! > 0, there is at least one vector of weight w. Permuting
entries, we may assume without loss of generality that there is a vector v € V' of the

form

v=1...10...0,
S N~
Ri  Ro

where |R;| = w. Now consider £ < V, the subspace of even weight vectors. Notice
that because there is an odd weight vector, we have dim& = k — 1. Let e € £.

Consider wt(mg, (€)), the number of 1’s in the first w coordinates of e. Note that e+v
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has weight w because e + v has odd weight and all odd weight vectors have weight
w. Thus by an argument similar to the one from Proposition 4.2.1, the function

TR, : € — Y has the property that

0 if e =0;
wi(mr, (€)) =
w/2 if e # 0.
Thus kermgr, = {0}. Hence, mp, is injective as a function of £. In particular,

dim7g, (£) = dim€ = k — 1. Since |R;| = w, this gives us that k£ — 1 < w and
hence,

E<w+1,

as desired.

By a similar argument, g, (€) has dimension k& — 1. Thus

n > |supp(mg, (V)| + [supp(mg,(V))|
> w + |supp(mg, (£))]

>w+k—1.

For the reverse direction, suppose wisodd, 1 < k <w+1,andn > w+k—1. We
want to show that there is V' < F} of dimension k with A, (V) = 2*~1. We essentially

follow the model established above. First, set

then set

E={u00...00u00...00 : ue€F5 '},
N e e
w+1—k n—w—k+1
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and finally let

V=&+w.

Every odd weight vector in V' has the form

x = u00...00u00...00,

w

but

w(z) =w — wt(u) + wt(u) = w.

4.4 A Bound on m(n,k,w)

Let fo(w) denote the largest integer e such that 2¢ divides w. In this section we
establish that

m(n, k,w) < 2F — gk=f2(w)=1, (4.4.1)

We also characterize the parameters n, k, and w for which the bound is met. This
will show that among all upper bounds on m(n, k, w) that are functions of only k£ and
fo(w), (4.4.1) is the best possible. Propositions 4.2.1 and 4.3.1 are special cases of
this characterization. The bound will be established by proving that if you throw out
sufficiently few nonzero vectors from a subspace V' < F7, then you can find a large
subspace inside of what remains. In particular, if there are few non-weight-w vectors
in V', then V contains a large constant weight code. By Proposition 4.2.1, this implies

that w is divisible by a large power of two. We now make this argument precise.

Lemma 4.4.1. Let V be an Fy-vector space of dimension k > 1. Let S C V '\ {0}.

Ifb>1 and |S| < |V|/2b" — 1 then V' \ S contains a subspace, W, of dimension b.
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Proof. We establish the claim by induction on b. If b = 1 the claim says that if 0 ¢ S,
and |S| <|V|—2, then V' \ S contains a subspace of dimension 1. This is true, since
V '\ S contains at least two vectors, one of which is 0.

Now suppose b > 1. Let S C V \ {0} with |S| < [V]/2""' — 1. Then |S| <
[V]/2¢=1D=1 — 1. By induction, V \ S contains a subspace, W’, of dimension b — 1.
Consider all extensions of W’ to a b-dimensional subspace of V. If one of these
extensions does not contain an element of S, we are done. Suppose for the sake
of contradiction that every extension contains an element of S. There are a total
of (|[V|—2°71) /2" = |V|/2"=1 — 1 extensions. Notice that if By and E, are two
distinct b-dimensional extensions of W', then Ey N Ey = W’. That is, (£, \ V') is
disjoint from (Es \ V’). Thus |S| is at least as large as the number of extensions.

That is |S| > |V|/2°1 — 1. This is a contradiction. O
Proposition 4.4.2. m(n, k,w) < 28 — 2(:-=D=fa(w),

Proof. Suppose not. Then there are three positive integers n,k, and w for which there
is V < F} of dimension & so that V has more than 2F — 2(:=1)=/2(") weight-w vectors.

Let S be the set of non-zero, non-weight-w vectors in V. Let b = fo(w) 4+ 2. We have

S| < (28— 1) — (28 — 2=l
_ oh-D-fa(w) _

2k
ofa(w)+1
Wi
2b71

By Lemma 4.4.1, there is a subspace C < V' \ S with dimension b, all of whose

nonzero vectors have weight w. Proposition 4.2.1 (the characterization of constant
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weight codes) implies that 2°~! divides w. That is, 2/2(*)*! divides w. By the defini-

tion of fy(w), this is a contradiction. O

One way to meet the bound in Proposition 4.4.2 would be to construct a space
where the non-weight-w vectors form a subspace of dimension k — 1 — fy(w). We use

the following lemma to characterize the parameters for which there is such a space.

Lemma 4.4.3. There is a k-dimensional code V' < Fy n which the non-weight-w
vectors are contained in a subspace of dimension | < k if and only if there is an

integer t > 1 such that w = t27="Y and n > 2w — t + 1.

Proof. Let V' < FZ be a space for which the non-weight-w vectors are contained in
a subspace of dimension [ < k. We wish to show that there exists t > [ such that
w = t2¥"""Y and n > 2w —t+ 1. Let B be an [-dimensional subspace of V' containing
the non-weight-w vectors of V' (the bad vectors of V). Let {by,bs,...,b} be a basis

for B. Given s € F}, denote
Ry={ien] : m(b;) =m;(s) forall j € [l]}.

For example, if we take [ = 3, with b, = 1111110, b, = 1111000, and by = 1111110,

then we have the following.

Ri11 Rio1 Rooo
~ =

Here R111 = {1,2,3,4}, R101 = {5,6}, and Ro()() = {7} AISO, ROOl = ROlO = R()11 =
Rioo = R0 = 0. Notice that for any v € span(B) and any s € F}, 7p, (v) is either

all 1’s or all 0’s.
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Let v € Fy, and ¢q, o, . .., ¢, € N. Define v(ey, ¢a, ..., ¢,) to be the vector formed

by repeating the i*" bit of v a total of ¢; times, for i = 1,2,...,n. That is

v(er, ez, onycn) =T (v) o m (U)o (V) () e T (V) T (V)
c1 t‘i'mes co t‘i'mes cn t‘irmes

For example

1010(4,2,3,0) = 111100111.

We extend this definition to vector spaces: given V < FZ, define
Ve, eoy.ooyen) =Hv(er, 0,0 056) s v €V

Recall that Sy is the binary simplex of dimension k. Define Sp = {s0 : s € S}
Then the space spanned by the vectors by, bs, b3 in the example above is equal to
SY(|Riul, |Ritol, [Riol, | Ruool , [Rontl, [ Rowol s [Roor| , [Ri1o]). Let any B be given and

define R, as above. Up to permutation we have
B =S8(|Rii.ul, R0l - |Roo..ot] | Roo...o0])- (4.4.2)

Let r € F,. We claim that there is a weight w, € N such that for all v € V' \ B,
we have wt(7g, (v)) = w,. Fix v € V'\ B. For all r € F, define w.. = wt (7g, (v)).
We wish to show that w! is independent of our choice of v. If b € B then v+ b ¢ B.

Thus wt(v + b) = w. Therefore

Z w;, + Z (|R,| — wy). (4.4.3)

reF} refy
TR, (b)zﬁ TR, (b):T

If we consider each w] to be a variable then (4.4.3) is a real equation with 2! variables.
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This equation is true for any b € B. Since | B| = 2!, we have a system of 2! equations,

with 2! unknowns. By (4.4.2), the coefficients in this system of equations are related

to the elements of SP. In particular, define o : F, — R! by

1 if m;(r)=0;
mi (o (r)) = o
-1 ifm(r)=1.

If we denote

- / / / /
W= (W 11, Wit 015+ Woo..01> Woo...00)

then we have the system of equations

o(s) - W=w- > |R|:s€S
TEFé
ﬂ'RT(S):T

For example, if [ = 2, we have the following system of equations.

-1 -1 1 1 |wy w— Ry — Ry

—1 1 -1 1| |w) w— Riy — Roy
I -1 -1 1| |wy - w— Rig — Ro1

111 1] _wgo_ I w |

(4.4.4)

Let A be the coeflicient matrix for system (4.4.4). We now prove that A is invertible.

Given two vectors u = (uq,us, ..., u,) and v = (vy,v9,...,v,) € R" define u* v to

be the componentwise product. That is,

ux v = (Uv1, UV, . . ., UpVp).
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Then o is a homomorphism. That is, given a,b € cs), we have
ola+b) =oc(a)*o(b).

Let u and v be distinct rows of A. We have u = o(a) and v = o(b) where a and b are

distinct elements of SP. But then

u-v:Zm(u*v)

i=1

The last equality is true because a + b € S\ {0}, every element of which has 2/~
ones and 2! zeroes. Furthermore, u - u = 2 for all rows u of A. Thus AAT = 2'1,,,
so A is invertible. In fact, A is a Hadamard matrix (see [13],[24], or [29] for more
about Hadamard matrices). Thus w’, is independent of our choice of v, as desired.
Let s € F, be such that |R,| # 0. We aim to show that 2*~'~1 divides w,. We’ll

first consider the case s # 0. Pick b € B with 7, (b) = 1, and let v € V \ B. Then

g, (v) #0, (4.4.5)

since otherwise 7, (b +v) = 1, contradicting wt(mg, (v)) = w, = wt(mg, (b +v)). In

particular, (4.4.5) tells us that dimker g,

v (the dimension of the kernel of g, as
a function of V') is equal to dimker g |p (the dimension of the kernel of 7g, as a
function of B). But 7p, (B) = {0,1}. Therefore ker mg, |p contains |B| /2 vectors,
and consists of the vectors of B that are zero on Rs. Thus dimker g |p =1 —1, and

therefore g, (V') has dimension k—ker g, |y = k—1+1. The set of vectors in 7g, (V)
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whose weight is not w, is {0,1}. Therefore 75, (V) contains a (k — I)-dimensional
space that does not contain 1. This is a constant weight code of weight w,. By
Proposition 4.2.1 (the characterization of constant weight codes), 2¢~!=1 divides ws,
as desired.

Now consider s = 0. Either wy is 0 or it is not. If it is 0, then 2¢~'~1 divides ws,,
and we're done. If w, # 0 then there is no v in V'\ B such thatS 7z, (v) = 0. Thus,
ker mg, = B, which has dimension [. Therefore, g (V') is a constant weight code of
dimension k — [. By Proposition 4.2.1, 28~/ divides wj.

We have

w=Y " w, (4.4.6)

so w = t2¥71=1 for some t € N, as desired.
Now we argue that ¢ > [. If s € F,\ {0} and | R,| # 0 then by equation (4.4.5) we

have w, # 0. By equation (4.4.6), we have

2>

{s e P\ (0} : IRJ £ 0}|.

But for any s € Fy' and b € B, we have that 7, (b) is either 0 or 1. Since dim B = I,
at least [ of the regions R, must have |R| # 0.

Finally, we establish the bound on n. Let s € F4\ {0} with |R,| # 0. Let v € V\ B
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and b € B such that 75, (b) = 1. Since v+ b € V' \ B, we have

|Rs| = |Rs| — ws + wy
= |R.| - wh(rr, (v)) + w,
= wt(7g, (v + b)) + ws
= Wy + Wy

= 2ws.

Now, w; = t62k_l_1 for some t; € N. By the characterization of constant weight

codes, |Rg| > 2wz — tz. Thus

n= Z|RS|

sEIFlQ

= Z 2wg + ‘R6|
s£0

> 2w, + 2wy — £y
s#0

= 2w — t6

> 2w — (t—1).

The last inequality holds since, as we showed above, at least [ of the ¢ multiples of
2k=I=1 comprising w come from an R, with s # 0.

Now we show the other direction. That is, suppose there is ¢ > [ such that
w = 2" and n > 2w —t + 1. We want to show that there is a vector space

V < F% such that the span of the non-weight-w vectors has dimension < /. Consider

the vector space V' whose generator matrix is given below.
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11---1
11---1
11---1
i My, 0 M,;0 --- M, ;0 M,_M.;--- My, 6Z_l6£_l"'6£_l6£_l
— [ blocks — «— t—1Iblocks - «n—_Q2w—-t+10)—

The length of this matrix is

Rt -DER T D) - Qu—t+ )=t — - +n—(2w—t+1)
=Qu—t+l)+n—Q2w—-t+1)

= n.

The dimension of V' is | + (k —[) = k. Suppose v € V is the sum of a subset of the
rows of the matrix above, at least one of which is is among the bottom k& — [ rows.

There is 5 € S \ {0} such that v is of the form

v =50s0...5050s0s0...s0s0ss...s5s00...00.

But wt(s) = 28771 and wt(s0) = 287171 so the total weight of v is

wt(v) = (I + (t = 1))2""! = w.

Thus all non-weight-w vectors are in the span of the first [ rows, and we have found

the desired vector space. Il
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Given n,k,w € N, and a k-dimensional code V' < Fy with A, (V) = m(n, k,w),
Lemma 4.4.2 implies that the rank of the non-weight-w vectors of V is at least
(k — 1) — fo(w). If the rank is (k — 1) — fo(w) then by the previous lemma, w =
kb=l =fow)]=1 — $2£2(w) where t > (k — 1) — fo(w), and n > 2w —t + (k — 1) —
fa(w). These restrictions turn out to characterize the integers n, k,w € N for which

m(n, k,w) = 2F — 2(k=1)=f2(w),

Proposition 4.4.4. m(n, k,w) = 2F — 2*=D=£2(0) 4f and only if (k—1) — fo(w) >0

w = 122 where t > (k — 1) — fa(w), and n > 2w —t + (k — 1) — fo(w).

Proof. Suppose (k — 1) — fo(w) > 0, w = 22" where t > (k — 1) — fo(w), and
n>2w—t+(k—1)— fo(w). Set | = (k—1) — fo(w). Then t > 1, w = t2F"=1 and
n > 2w —t + 1. Thus by Lemma 4.4.3, there is a space V < F} whose non-weight-w
vectors have rank at most [. Thus m(n, k,w) > 2% —2! = 2k —2(k=1=f2(w) By [emma
4.4.2, we have m(n, k,w) = 2F — 20k=D=f2(w),

Now we prove the other direction. Suppose m(n, k,w) = 2F — 2*=D=f2w) Gince

m(n, k,w) is an integer, we have

(k—1)— fa(w) >0
For some t € N, we have
w = 22,

Let V < F} be a k-dimensional code with A, (V) = 2F — 2k=D=£) et S be the

set of non-zero non-weight-w vectors in V. Notice that

2k:
— 9k=1)—fa(w) _ k—folw) 1 o =
5] =2 2 1 < 2k = S~ L

Thus by Lemma 4.4.1, there is a subspace C C V' \ S of dimension fo(w) + 1. This is
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a constant weight code whose nonzero vectors have weight w.
Choose U < V to have dimU =k — fo(w) =1 and C+ U = V. Let u € U \ {0}.
Consider

Cu=C+{0,u}.

By the characterization of constant weight codes, this code cannot be constant weight,
since it has dimension fy(w) + 2. This means that C, has at least one nonzero non-
weight-w vector. We now show that it cannot have two nonzero non-weight-w vectors.
Let T C F%, and define B, (T) to be the number of non-weight-w vectors in T'. Let
C + u be the coset of C containing u. By our choice of U we have that for all u,v € U

where u # v it is the case that (C +v) N (C + u) = (). Thus,

B,(V) =) B,(C+u).

uelU

Thus, if some coset has more than one non-weight-w vector then
B, (V) > |U] = 2D,

a contradiction.

Now, we consider dim g, () (U), the dimension of the projection of U onto the
zero-valued coordinates of C. We claim that mg,, () is injective on U. If not, then
there is some u € U\ {0} such that Tr,, () (u) = 0. But consider C,. It contains one

nonzero non-weight-w vector. Call this vector b. Then C, = C,. Recall that supp(b)
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is the set of coordinates where b is nonzero. Given any vector ¢ € C, we have

W (Tsupp(e) (€)) + WH(T[\supp(v) (€))
— wt(c)
= w
= wt(b+ ¢)

= wt(b) — Wt(ﬂsur)p(b) (c) + Wt(”[n]\sur)p(b) ().

Thus

W (Tt (€)) = 5 W)

In particular, mepp) (C) is a constant weight code of dimension dimC = fo(w) + 1.

By Corollary 4.2.3 we have that, up to permutation of entries,

Taunpit) (€) = S(folw) + 1, wt(b), wt(b).

2 f2(w)+1

In particular, the number of zero coordinates of Tgpp@) (C) is

wt(b)

ST Wt(b)(sz(w)+1 . 1)

This is a contradiction, since by our choice of u, no element of C, (including b)
has support where C does not. We have established that mg,, () is injective on
U, and hence mpy, () (U) has dimension equal to dimU = k — fo(w) — 1. Thus

}SUPP(WROOMO(C) (U))‘ > k — fo(w) — 1. By Proposition 4.2.1 (the characterization of



68

constant weight codes), supp(C) = (2/2(")*+1 — 1)w2=2W) = 2y —¢. Thus

n > |supp(V)]

= |supp(C)| + [supp (7o, o(c) (U))]

>2w—t+k— folw)—1.

Now, suppose T' < F7 has dimension /. Then 7" has some codeword of weight at

least [. To see this, just consider that T is permutation equivalent to a code with a

ala]

where A is an [ X (n — [) matrix. The sum of the first | rows has weight at least .

generator matrix of the form

In particular, gy, ) (U) has a vector v/ with wt(u') > k — fy(w) — 1. Consider
the corresponding vector, u € U. Then C + u contains a non-zero, non-weight-w
vector u.

We established above that the number of zero coordinates of mgpp() (C) is

wt (u)2 2=

Therefore, by our choice of u, we have

wt(u)27 27 >t ()

Zk-fg(ﬂ))—]_,

and so

wt(u) > (k — fo(w) — 1)2720)+1
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Let ¢ € C\ {0} and recall that above we established

Wt(ﬁsupp(U) (c) = %Wt(u)7

and so we have

t2f2(w) — w,

Vv
=
+
—~
|
)
=}
=}
=8
£
—
o
~—
~—

Therefore

t>k— folw) -1,

as desired. O

4.5 Killers

4.5.1 Introduction

To answer some questions about m(n, k, w), one can study linear maps that decrease
the weight of a nonzero vector by a fixed constant, ¢. We call such a map a c-killer.
The problem of determining the structure of c-killers is interesting in its own right.
In this section we give and prove a structure theorem for c-killers. We first prove it
for Fy vector spaces. Using this proof as a model, we then prove it for general finite

fields.
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Our characterization is a generalization of Theorem 4.1.2, the MacWilliams Ex-
tension Theorem. That theorem characterizes weight-preserving linear maps (i.e.
0-killers). Though our proof uses the MacWilliams Extension Theorem, we are able
to use the machinery of our proof to give a new elementary proof of the MacWilliams
Extension Theorem.

We will use the c-killer characterization to classify the small set of parameters for

which w is odd and m(n, k,w) = 281 — 1.

4.5.2 Binary c-killers

Let V,W < 7 and let ¢ € N. We say a linear map ¢ : V. — W is a c-killer if for all
veV\ {0},
wt(p(v)) = wt(v) — c.

We have the following theorem.

Theorem 4.5.1. Let V.W < 3. If ¢ : V. — W s a c-killer, then ¢ is a coordinate

permutation followed by a coordinate projection.

Before we prove the theorem, we need to establish some supporting facts. We
use a formula for the size of the symmetric difference of a collection of sets. Let
S1,S9, ..., Sk be subsets of [n]. The symmetric difference of Sy, Ss, ..., Sy is the set

of elements of [n] that occur in an odd number of S;. We denote this

@Si: {ien]: {jelk] :ie€S;} =1(mod2)}.

i€[k]

Given I C [k], denote

S(I) =S

il



and exclusion.

Theorem 4.5.2.

P s =D (=2 s)).
i€[k]

IC[K]
140

Proof. We'll prove the statement by induction. The case k = 1 is trivial.

71

We have the following fact, which is roughly analogous to the principle of inclusion

Assume k > 1. Let A, B C [n]. Then |A® B| (the size of the symmetric difference

of A and B) is |A| + |B| — 2|A N B|. In particular,

Bl = || P si|eos
1€[k]

i€lk—1]

= @Si—2 @Si N Sk| + | Skl

i€lk—1] i€lk—1]

By induction,

P s|= 3 2" = Y-S

i€lk—1] IC[k—1] IC[k]
I£0 I#0)
kg1

(4.5.1)

Now we consider the second term in (4.5.1). Let ¢ € [n|. Define S! = S; N Sj.

Similarly, for I C [n], S'(I) = S(I) N Sk = S(I U{k}). Then

P si|ns.= P s

i€lk—1] 1€lk—1]
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Thus, by induction

=2/ P S| ns| = -2 > (-2 s

i€k—1] IC[k—1]
I#£0

= > (2"

ICk—1]
140

= > (=2Ys)).

IC[K]
11>2
kel

Putting this all together, expression (4.5.1) becomes

EB Si| —2 @ Si | NSkl + 1Sk = Z(_2)|I‘_1|S(l>|

i€[k—1] i€[k—1] ICk]
I#0
k¢l

+ ) (=2 S(1)]

IC[K]
[1]>2
kel

+[ Skl

= > (=2s)).

IC[K]
0

]

Let S C Fy. We define O(S) to be the size of the set of bit positions where all of

the vectors of S overlap. More precisely,
OS)=Hien]: m@)=1Vve S}.

As the next lemma shows, we can determine the effect of a c-killer on the sizes of

overlaps.
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Lemma 4.5.3. Let VW < F% be subspaces. Let ¢ : V. — W be a c-killer. If B is a

set of k linearly independent vectors from V' then
O(é(B)) = O(B) — ¢/2"7".

Proof. We proceed by induction on k. The case when k& = 1 is clear by the definition
of a c-killer.

Say k > 1. Let B be a set of k linearly independent vectors in F}. By noting that
the sum of vectors in Fi corresponds to the symmetric difference of the associated

sets, and by applying Lemma 4.5.2, we see that

wt (Z v) => (=2"o(1) (4.5.2)

veB ICB
120

and similarly

wt <Z ¢<v>> = (=2"0(4(1)). (4.5.3)

vEB ICB
I#£0
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By induction,

wt (Z M) =3~ (-2)"o(n)

vEB ICB
120

= (=2)P70(¢(B)) + Y (-2)"'O(e(1))

On the other hand,

vGB

Thus we have

wt (Z v) —c=(=2)"710(¢(B)) + c[-1 - (=1)""]

veB
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therefore

e = ~(=2)P0((B)) + e[-1 — (~1)/"]) + (-2)"10(B)

and so

(-2)#10(B) = (-2)#-10(6(B) - (1) .

Finally,

O(B) = ¢/21771 = O(¢(B)).

]

Lemma 4.5.4. Suppose ¢ > 1 is an integer. If ¢ : V. — W is a c-killer then there
is a constant weight code C < F3¢ of dimension dim V', where the weight of a nonzero

vector 1s c.

Proof. Let B be a basis for V. By Lemma 4.5.3,

O(B) = ¢/2P171 = O(¢(B)).

In particular, ¢/2/PI=! is an integer. The lemma then follows from Proposition 4.2.1

(the characterization of constant weight codes). O
We are now ready to prove our characterization of c-killers.

Proof of Theorem 4.5.1. Let V,WW be subspaces of [}, where dim V' = k, and suppose
that ¢ : V. — W is a c-killer. If ¢ = 0, then we are done by Theorem 4.1.2, the

MacWilliams Extension Theorem. Thus we assume that ¢ > 1.
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By Lemma 4.5.4, there is a k-dimensional constant weight code, C < F2¢, whose
nonzero weight is ¢. Since V and C are both k-dimensional vector spaces over Fs,

there is a linear bijection

vV —C.

Define W x C < Fyt% by

WxC={wv:weWwvel},

where ww is the vector formed by concatenating w and v. Consider ¢ x¢) : V. — W xC,

defined by
(¢ x¢) (v) = d(v)Y(v).

Notice that wt((¢ x 1) (0)) = 0 = wt(0). Moreover, given v € V' \ {0}, we have

wi((¢ x 9) (v)) = wt(d(v)) + wt((v)) = wi(v) — ¢+ ¢ = wi(v).

Thus ¢ x 1 preserves weight. By the MacWilliams Extension Theorem, ¢ X 9 is a

coordinate permutation. But

¢ = Ty o (¢ X V).

Thus ¢ is a coordinate permutation followed by a coordinate projection. Il

4.5.3 General c-killers

We now prove the c-killer classification theorem for spaces over general finite fields.
Let ¢ be a prime power and define [F, to be the field with ¢ elements. Let n,c € N

be positive integers and let V, W < . We say a linear map ¢ : V. — W is a c-killer
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if for all v € V' \ {0} we have

wt(p(v)) = wt(v) — c.

We have the following theorem.

Theorem 4.5.5. Let n,c € N, and let V,W < Fy be subspaces. If ¢ : V — W is a

c-killer, then ¢ is a monomial equivalence followed by a coordinate projection.

Recall that we introduced the concept of monomial equivalence in Section 4.1.2.
The theorem above says that ¢ is equivalent to matrix multiplication by a square
matrix, every row and column of which has at most 1 nonzero entry. The proof
technique will be a more careful version of the proof for the binary case; by deter-
mining the (integer) size of a particular object, we will see that given a basis B of V,
the expression ¢ ((q¢ — 1)/q)‘8|71 is an integer. In particular, ¢ is divisible by ¢/8I=1.
We will see that this implies that there is a |B|-dimensional constant weight code of
weight c¢. We then “stitch” this code onto W, making ¢ a 0-killer. We then apply
the MacWilliams Extension Theorem to determine that this new map is a monomial
equivalence. This implies that the original map has the desired structure.

We will define the analogue for the overlap sizes that appear in Lemma 4.5.2 (the
symmetric difference formula). Given I, a multiset consisting of vectors from Iy, we

define the common support of I to be
cs(l)={x€n]: m (v) #0forallvel}.

Given J, a multiset consisting of vectors from Fy, we define the zero sum set of J to

zs(J) = {xe n] @ 7, (Zv) = }

be
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Further, we define

O;(I) = Jes(I)Nzs(J)

In words, O;(I) is the number of coordinates in the common support of I where the
sum of the vectors in J is 0. In particular, if S = {s} then Oy (S) = wt(s) and
Os (5) =0.

Given S C FJ, we may express the weight of the sum of the elements in S in terms
of these O;(I). In order to facilitate the proof we introduce some notation. Given a
multiset S C F} and a coordinate x € [n], we define nz(z) to be the set of vectors in

S which are nonzero at coordinate x. That is,
nz(z) ={s €S : m(s) #0}.

Lemma 4.5.6. Let S be a multiset of vectors in Fy. Then

" (Z ) = > ()IHVHO,).

ses ICS JCI
I#£0)



Proof. We have

2.2 (1)

ICS JCI
I#£0

\II+\J\+10J(]> _
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SO (Y

ICS JCI z€(n)

I#0 ICnz(x)

zezs(J)

20D RIS
ICS JCI z€[n]
I#0 ICnz(x)
z€zs(J)

|IH—|J|+1

2.2 2 |

z€[n] JCnz(z) ICS
zezs(J) JCICnz(x)
I#£0

If J # nz(x), then the number of odd size subsets, I, with J C I C nz(x) is equal to

the number of such subsets with even size. Thus, if nz(z) # () we have

Z (_1)|I\+|J|+l _

1 if J=0;
—1 if J = nz(x);

0 otherwise.

Z (_1)\I|+\J\+1 —0.

ICS
JCICnz(x)
I£0
If nz(z) = 0, then
ICS
JCICnz(x)
I#£0
Thus
|I|+|J|+1

2.2 2 |

z€[n] JCnz(x) ICS
x€zs(J) JCICnz(x)
I#£0

Notice, that the term corresponding to J =

|I|+|J\+1

)DEED DD B

z€[n] Je{Dmz(x)} ~ICS
nz(x)#0 ac€zs(J) JCICnz(z)
I#0

nz(z) is only added to this sum if
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x € zs(J). That is, only if « ¢ supp(>_, ). Now define

1, if x € supp (ZSES s) :
x(z) =
0, otherwise.

Then we have

SN RO,y = YT (1- (1 - x(@))

ICS JCI z€[n]
70 nz(z)£0

= > xl

z€[n|
nz(z)#£0

= > Xl

z€[n]

()

We may now prove the following.

Lemma 4.5.7. Let ¢,n,q € N, where q is a prime power, and let V,W < Fy be

subspaces. If S CV is linearly independent and ¢ : V. — W s a c-killer then

> (=D)Y10,(8) =D (=D)Y104)(8(S)) + ¢ (4.5.4)

JCS JCS

Proof. We proceed by induction on |S|. We first consider |S| = 1. Suppose S = {s},
where s € V. We want to verify that Oy(S) — O (S) = Op(d(S)) — Oye(s)3 (0(S)) +c.
Notice that Oy(S) = wt(s), Og(¢(5)) = wt(e(s)), and O4(S) = Oy (0(S)) = 0.

Thus, we are trying to show that wt(s) = wt(4(s))+ ¢, which is true by the definition
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of c-killer.
Now suppose |S| > 1 and assume that the lemma is true for all smaller linearly

independent sets. Since S is linearly independent, we have ) _¢s # 0 and so

"{g) o)

= c+wt (Z¢(s>>

ses

=c+ Z Z(—1)|IH|J|HO¢(J)(¢([))

I1CS JCI
I#£0

= c+ Y (=)0, (6(9))

JCS

+) N (=)0, (1))

ICS JCI
I#£0
I#£S

e S0, (6(5)

JCS

+ Y (DY (=)0 (0(1))-
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By induction, this is

e+ Y (=)0, (6(9))

JCS
+Z( it C+Z DO,(1)
ICS JCI
I#£0
1#8
=c+ Z(—l)lslﬂjHlOmJ)(¢(S))
JCS
30+ 30 S (=),
ICS ICS JCI
10 [0
I#8 I8
=c+ Y (=)0, 5 (6(S))
JCS
+ (=) — ¢ 4 wt (Z 3) =) (BRI ().
seS JCS

Therefore, by adding Y- ;c4(—1)SHH0,(S) — wt (32,cg5) to both sides and can-

celing the ¢’s, we get

SO (D0, (8) = ST (=1)SHI0,)(9(8) + (~1) e,

JCS JCS

Dividing by (—1)**! we have

D (=DM0s(8) =Y (=104 (6(5)) + ¢,

JCS JCsS

as desired. ]

Notice that we may multiply the vectors in S by nonzero scalars to arrive at
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a different independent set in V. We may then apply Lemma 4.5.7 to this new

independent set. In this way, the lemma gives us (¢ — 1)l equations. As we will see,

adding these equations together allows us to express Oy(.S) in terms of Oy(¢(5)). In

order to facilitate the discussion we introduce some notation. Let S C F7?, and let

q’

a = (0),eq € (]FqX)S (recall that FX = F, — {0}, and (IF;)S is the set of functions

from S to F). Given J C S, we define
aJ ={av :veJ},

and
a-J= Zavv.

We are now ready to prove the following lemma.

Lemma 4.5.8. With the setup in Lemma 4.5.7, we have

B |S|-1
O(S) = Oy(6(S)) + ¢ (%) .

Proof. Let j ={vy,...,v;} CS. For a fixed o € (F;)j\{vj}, we have

Y Ot i () = oo

Qy; €Fy aw; €Fy z€cs(S)

T ((a,avj )-J)=O

= E 1.
z€cs(S) o €F;

7TI<(OL,O(Uj)-J)=0

Notice that for z in the common support of S, 7, (v;) # 0 and hence if 7, (v

0 then there is exactly one nonzero solution to

Ty ((a,avj) . J) = 0.

(I \A{y;}) #
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Otherwise there is no nonzero solution. Thus

> Oaps(S) = Hzees(S) : m(a- (J\{v;})) # 0}

OéjE]F;

= 0p(S) = Oa(\ju, 1 ()

Hence

Y 0u(8) = Y Y Owai(S)

ae(@) Mt au €FF

= > [00(8) = Ot o, (5)]

ae(my)” N

= (@=17'0s(S) = D Oanun(9).

ac(F) )J\{Uj}

Notice that the rightmost sum is in exactly the same form as the leftmost sum. Thus,

by induction, we have

[J]
D 0as(S) = D (=1 (g—1)"10y(S)
ac(®rY =2

(¢—1)

= = =0 M ons).



85

Summing the left hand side of equation 4.5.4 over all a € (IF;)S, we have

:Z D Z ZOW

JCS BE(IF‘X S\J ve(

= 1)V - 1)'5-‘”@ [t D"+ ()] 0u(s)

JCS
-1
=17 204(5) ST (=D)Yg= 1)+ 3 (g 1S
q JCS JCS
q—1

— %0@(5) [0+ ¢*1]

= (¢—1)g"*1"0y(9).

Thus, summing equation (4.5.4) over all v € (F)¥!, we get

(a = 1)g"1710p(8) = (a — 1)1 0p(6(8)) + (¢ = DF¥le

and hence

]

The lemma above establishes that if ¢ : V' — W is a c-killer and S'is a basis for V'
then c is divisible by ¢/*/=!. The following result of Bonisoli [12] implies the existence

of an |S|-dimensional constant weight code of weight c.

Theorem 4.5.9. There erists a k-dimensional subspace C < Ty, all of whose nonzero



86

vectors have weight w, if and only if there exists t € N such that

w = tg"!
and
k1
n>td "2
qg—1

We may now prove the main theorem of this section, which characterizes c-killers.

Proof of Theorem 4.5.5. Let ¢,n,q € N, where ¢ is a prime power. Let V.1V < Fy
and suppose that ¢ : V — W is a c-killer. We want to establish that ¢ is a monomial
equivalence followed by a coordinate projection. By Lemma 4.5.8 and Theorem 4.5.9,
there is a constant weight code, C < Fgc, with nonzero weight ¢ and with dimC =

dim V. We may form the code

W xC={uc:ueW,ceCl}.

Since dim C = dim V/, there is a linear bijection ¢ : V' — C. We define
oxy V. — WxC
by vo= o p(0)Y(v).
We show that ¢ x 1 preserves weight. Any linear map preserves the weight of 0,
so consider v € V '\ {0}. We have

wit((¢ X ¥)(v)) = wi(p(v)¥(v)) = wt((v)) + wt(¥(v)) = wi(v) — ¢+ ¢ = wi(v).

By the MacWilliams Extension Theorem, ¢ X 1 is a monomial equivalence. Now

define the coordinate projection
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T : WxC — W

by uc = U

Clearly ¢ = mo (¢ x ), so the map has the desired form. O]

4.5.4 Proof of the MacWilliams Extension Theorem

Notice that we do not use the MacWilliams Extension Theorem until the proof of
Theorem 4.5.5. In particular, we do not use it to prove Lemma 4.5.8. In that Lemma,

the assumption that the elements in S are linearly independent is only used to ensure

")) ()

For ¢ = 0, this fact is true even if }  _os = 0. Therefore we have the following

that ) o5 # 0 so that

lemma.

Lemma 4.5.10. Suppose V,W < F} and ¢ : V. — W is a weight preserving linear

map. Given S CV, we have

Ou(S) = Op(¢(S5)).

]

As it turns out, this lemma is enough to prove the MacWilliams Extension The-
orem without much trouble. First we need some notation. Let £ € N and let ¢ be a

prime power. Given « € F’; , define

la] ={ya : vyeF)}.
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We also define
PFr = {[o] : a € Fs}.

Let n € N and suppose V' < Iy is vector space with an ordered spanning set

k
G = (vi)jzs-
Thinking of v; as a row vector, let
U1
Vg
M = Mg = ;
Uk

a k x n matrix. Given i € [n], define ¢; to be the i"* column of M. Given [a] € PF%,

we define

Riayg ={i €n] : [ei] = [a]}.

We want to show that ’R[a]g‘ can be determined if you know the size of Oy(.S) for all
S C V. From this the MacWilliams Extension Theorem will easily follow. We make

this idea precise below. Define
k
NQ(FQ) — {f . Q(F};) — N} )

k
That is, N2<Fq) is the collection of functions from the powerset of ’; to N. Finally,
k
define fg € NQ(Fq) by

f(S) = Oy(SM) for all S C Fr,
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where

SM ={aM : a € S}.

Notice that for o € IF’; we have, by the definition of M,
alM = QU1 + QoUg + -+ + QL Ug.

We have the following lemma.

Lemma 4.5.11. Given n,k € N, and [a] € PF}, there is a function

k
T[a],n,k : N2<Fq) — N

such that, given an ordered spanning set G = (vi)le for some V < Fy

(with dim V' < k), we have

Tk (fg) = |R[a}19} .

In other words, if we known Oy(.S) for all S C ]F’;, then we can determine ‘R[a],g{

for all [a] € PFY.

Proof. We proceed by induction on n. If n = 1, then M has only one column, and
hence there is exactly one [o] € PF} with |Rjaj,g| = 1. If we can determine [a] from

fg, then given [3] € PFF, we can set

Tigmk(fg) =
0 otherwise.

As it turns out, we can determine [a] from fg. For each i € [k], we have that
v; = 0 = 0 if and only if Oy({v;}) = 0. That is, v; = 0 if and only if fg({e;}) = 0,

where e; is the vector with a one in the i** entry and zeroes everywhere else. Thus
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we can determine the first coordinate i € [k] where m; (o) # 0. We are now ready to
determine all of [a]. If there is no nonzero coordinate, then [a] = 0. Otherwise, for

all j # 1, there is exactly one 7; € F, such that

i (@) = 7y (@)

In other words, there is one v, € F, such that fg({e;,e; —vje;}) = 0. Thus, we can

determine v; from fg. If we define v; = 1, then

[a] = [(71,725 - - Ye)]-

We now handle the case n > 1. First suppose that for all v € V' we have wt(v) €
{0,n}. This fact is encoded in fg; for all @ € FF \ {0}, we have fg(a) € {0,n}.
We claim that dimV' < 1. This is true because an [-dimensional vector space is

monomially equivalent to a space with a generator matrix of the form

ala]

where [; is the [ x [ identity matrix. In particular, if v is the top row of this matrix,

then 1 < wt(v) < n— (I —1). If I > 1 then wt(v) ¢ {0,n}. Hence dimV < 1.
Therefore, every nonzero vector of V' is a constant multiple of any other nonzero

vector of V. Thus, there exists a vector a € F’; such that

[c;] = [a] for all i € [n].

We may use essentially the same reasoning given for the case n = 1 to reconstruct
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[a] from fg, so we are able to define

Tigni(fo) =
0 otherwise.

Thus, we may assume that n > 1 and that there exists a nonzero vector v € V
with

1 <wt(v) < n.

Of course, there exists a nonzero oy € IF’; with v = ay M. Extend {a;} to a basis,
B={ay,as,...,a},

of JF’; . Now set

G = (v, = a;Mg)"_, .

Notice that G’ is an ordered spanning set for V. Moreover, fg: can be determined

from fg. To see this, let C' be the k£ x k matrix

651

%)

693
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Given S C IF]; , we have

fa'(S) = Op(SMg)
= Oy(S(CMg))
= Op((SC)Mg)

= fg(5C).
Now set A = supp(v) and define
G = (ma (V)i

an ordered spanning set for m4 (V). Notice that given a € IF]; with m () # 0, we

have

| Ry | = |Biaror| -

Furthermore, fg, is determined by fg: given S C IE";, we have

fa,(S) = Op(SMygy,)
= O@(U U SMg/)
= Op((S U {e1})Mg)

= fg/(S U {61}). (455)

By our choice of v, we have that |A| < n. By induction we have that, for all « € ]F’;,

there exists

rk

Tojjars : N** — N



93

such that for any sequence H of k£ vectors from IFLS|, we have
Do anke(fre) = | Rpag ] -
Let v € F} with 7 (o) # 0. From (4.5.5), the following is well-defined:

Loy (for) = Thay jaiu(far,)-

Moreover, we have

Doy (for) = Tray a1 (far,)
= |Ria g, |

= | Ria)r| -

By setting U = [n] \ supp(v) and considering my; (V'), we may use reasoning very

similar to that above to determine that for o € F} with m; (a) = 0, we have that

| Ria)or

is a function of fg/. Thus for all a € FZ, the following is well-defined:

ﬂa],n,k(fg’) = |R[a},g'

All that is left to show is that we can use this information to determine ‘R[a],g|

for all a € IF’; . We claim that

Riag = Rica)gr-

To see this, first recall that Mg = CMg. Now let i € Rjy,g. We have that ¢; (the

i" column of Mg) satisfies [¢;] = [a]. But the i'® column of Mg is Ce¢;. We have
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[Ce;] = [Cla]]. Thus, i € Reja),gr- Thus,
|Ria.6| < |Ricalor] -

But since C' is invertible, Mg = C~'Myg/. By symmetry,

|Ricaor| < |Riaj o] -

We are now ready to prove the MacWilliams Extension Theorem.

Proof of the MacWilliams Extension Theorem. Letn,q € N, where ¢ is a prime power.
Suppose that V,WW < F are k-dimensional subspaces and that ¢ : V. — W is a

weight-preserving linear map. Suppose V' has dimension k. Let

B = (v);

i=1
be an ordered basis for V. Define
k
C = (0(vi))iy -
Then C is a basis for W. By Lemma 4.5.10, we have that for all S C V|

Op(S) = Op(4(5))-
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Thus, given T' C ]F’;, we have that

f5(T) = Og(T M)
= O0p(TMc)

= fC(T)a
and so
fs = Jc

Thus we may apply Lemma 4.5.11 to establish that for all a € IE";,

|Ria).8] = Tiaj i (f5)
= ﬂa},n,k(f(f)

= [Rpajcl-
But then there is a permutation o : [n] — [n] such that for every j € [n], we have
[ei] = o)

where ¢; is the j™ column of My, and ;) is the o(j)™ column of M. But this
means there is vector of nonzero coefficients (y1,71,...,7,) € Fyy such that for all
j & [nl,

6 = C’a(jr

Now let v; € B. We have that for all j € [n],

T (@(vi)) = VjTo-15) (Vi) -
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Thus ¢ is a monomial equivalence. O]

4.5.5 An Application of c-Killers

We will now apply the characterization of binary c-killers to determine the parameters
for which w is odd and m(n,k,w) = 21 — 1. We've already determined when

m(n, k,w) = 2871 so this is a next natural question.

Proposition 4.5.12. Let k,n,w € N where w is odd, k > 1, and n > 1. There is
a k-dimensional subspace V < T3 with A,(V) = 2871 — 1 if and only if one of the

following properties holds.

w=1 and either a) k=1 andn >2 orb) k=23 andn >3 (4.5.6)
w>3and k=1 (4.5.7)
w>3and 2 <k < |logyw]| + 2 andn >w+ 282 -1 (4.5.8)
w>3 and 2 < k < [logy (w+1)] +2 and n > w + 272, (4.5.9)

Proof. Suppose w is odd and there is a k-dimensional subspace V < F% with 281 —1
weight w vectors. When k£ > 2, we define v to be the single odd weight vector of V'
that does not have weight w. We further define [ = wt(v). Without loss of generality,

Ry Ro
et Pt
v=1...10...0e V.
N——"

Let £ be the subspace of even weight vectors from V.
Case 1: w = 1.

In this case V has 2¥~! — 1 weight one vectors in V. But the dimension of V is
at least as big as the number of weight one vectors in V. Thus 2¥~! — 1 < k. This

equation implies that £ < 3.
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e If k =1 then V has 2'"! — 1 = 0 weight one vectors. Thus the nonzero vector

in V' has weight at least 2, and hence n > 2, so (4.5.6) is satisfied.

o If k = 2 then V has 227! — 1 = 1 weight one vector. Since k = 2, n > 2. If
n = 2, then V = F2, which has 2 weight one vectors. Thus n > 3, so (4.5.6) is

satisfied.
o If k = 3 then certainly n > 3, so (4.5.6) is satisified.

Case 2: w>3and k=1.
In this case (4.5.7) is satisfied.
Case 3: w>3,k>2,and w > [.

Let e € £\ {0} and notice that

w = wt(e + v)
= wt(mg, (e +v)) + wt(mg, (e + v))

=1 — wt(mg, (€)) + wt(mg, (€)),

and thus

wt(mg, (e)) = wt(mg, (€)) — (w —1). (4.5.10)

Furthermore, 7z, is injective on &; if e € £\ {0}, has mp, (¢) = 0, then wt(7g, (¢)) =
wt(mg, (€)) — (w — 1) = —(w — ) < 0, which is absurd. Thus we may define
¢ TRy (5) — TRy (5> by

—1
¢ = TR, OTR, -

(¢ simply assigns the right hand side of e € & to its left hand side). By equation

(4.5.10), ¢ is a (w — I)-killer. By Theorem 4.5.1 (the characterization of c-killers),
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there is a set of coordinates S C Ry such that 7g (€) is a constant weight code with
nonzero weight w — [ and dimension equal to dim7g, (£) = dim& = k — 1. Thus, by

Proposition 4.2.1,

k—1< folw—1)+1
< [logy(w —1)] +1

< |logy(w) | + 1.

Thus

k < |logy(w)| + 2.

Also by Proposition 4.2.1,

|Ro| > 2(w — 1) — (w —1)/2F2. (4.5.11)

Since 2¥=2 divides (w — [), we have

k=2 <y — 1.

Thus

| <w— 282 (4.5.12)
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Combining (4.5.11) and (4.5.12), we have

n=|R|+ [Rol
=1+ [Ro|
> 142w —1) — (w—1)/282
= 2w —w/2F% — (1 — 1/2872%)
> 2w — w/28 7% — (w — 2" (1 — 1/2F72)

—w+ 282 1.

Thus (4.5.8) is satisfied.
Case 4: w >3, k> 2, and w < [.

By applying arguments similar to those above, 7, is injective on £, and we may
construct ¢ : mg, () — g, (£) which assigns the left hand side of e € £ to its right
hand side. Again by using similar arguments to those above, ¢ is an (I — w)-killer.
Thus there is some set of coordinates S C R; such that 75 (£) is a (k—1)-dimensional
constant weight code with nonzero weight (I — w). This implies that 2*=2 divides

(I —w). Thus

l—w> 2k_2,

and so

[ >w+ 282

Notice that
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Furthermore,

I =|R|

>2(l —w) — (I —w)/2"2

and therefore

0> —1+20—2w—1/2"2 4 w/2"2
=1—1/2"7 = 2w+ w/2*
=1(1-1/2"7%) — 2w + w /2"
> (w4 282)(1 — 1/28°2) — 2w + w/2F 2

=-—w+2"2-1

thus

w1 >2F2

and so

llogo(w+1)| +2> k.

Thus (4.5.9) is satisfied.

Now we handle the other direction. Suppose that one of the clauses (4.5.6) -
(4.5.9) is satisfied. We need to show that there is a k-dimensional subspace V < F%
with 28=1 — 1 weight w vectors.

Case 1: w =1 and either a) k=1and n>2 or b) £k =2,3 and n > 3.
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e In the case k = 1 and n > 2, we let V < F% be {0,v}, where v is any vector

with wt(v) = 2. This has 0 = 2!~ — 1 weight one vectors.

e In the case k = 2 and n > 3 we take V to be the space

V' = {0000...0000, 1000...0000,1110...0000,0110...0000} .

This has 1 = 22~! — 1 weight one vector.

e In the case k =3 and n > 3, we let

V = {v000...000 : v € F3}

This has 3 = 237! — 1 weight one vectors.

Case 2: w>3and k=1and n > 1.

In this case, we are looking for a subspace V < FJ with no vectors of weight w.
We are assuming that w > 3, so we may take any subspace whose single nonzero
vector has weight 1.

Case 3: w>3 and 2 <k < |log,w]| +2 and n > w + 22 — 1.

If £ = 2 then set

V = {111...111000...000,

N

' '
w n—w

100...000,000. .. 000,

v~
w

n—w

011...111000...000,

'
n—w

g 4

000....000000...000 }.

v~
n—w

S
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If £ > 3 then set

[ =w—2F2

)

and define
v=111...111000...000.

g R

l n—l

1

This is possible, since [ < w — 1 < w < n. Recall that S§,_1 < F%k_l’ is a constant

weight code of dimension k& — 1 and nonzero weight 2¥=2. Now set

€=14000...0005000...000 : s € Sy_1
7 n—l—%*l—f—l

Notice that this is possible because n — [ —2*"1 +1 = n— (w+2%"2 —1) > 0. Finally,
let

V =&+ {0,v}.

Notice that the set of odd weight vectors in V' is

O={111...1115000...000 : s € Sy,

g

l n—l—2k—141

When s = 6, we have that the corresponding vector in O has weight [, which is not
w. If s € S_1 \ {0}, then the weight of the corresponding vector in O is [ + 22 =
w— 2872 4 2R2 — g,
Case 4: w >3 and 2 <k < |logy (w+1)| +2 and n > w + 282

First notice that if £ = 2 then the conditions for Case 3 are met, and we have

already handled Case 3. Thus we can assume k > 3. Define

[ =w+ 282
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Notice that k& < |log, (w + 1)| + 2 implies
w>27 -1

and hence

l:w+2k7222k72_1+2k72:2k71_1.

In particular, there exists S(k — 1,1,1) < F,, a constant weight code of dimension

k — 1, and nonzero weight 2¥=2. Set

V=¢s0...0:se€Sk-1,1,1) puU<50...0: se S(k—1,1,1)

n—I n—I

Notice that V is a k-dimensional subspace of F2. Let s € S(k—1,1,1). If s = 0 then

wt(30...0) =1 # w.

n—l

On the other hand, if s # 0, we have

Q) =1 —wt(s) =w+ 282 -2k =g,

n—I

Thus exactly one of the odd weight vectors does not have weight w, and we are

done. O

As it turns out, the bounds on n and k in Proposition 4.5.12 are very restrictive.
In particular, it is usually the case that if these bounds are met then we also have
k<w+1land n > w+k — 1 and so by Proposition 4.3.1, we have m(n, k, w) =
2F=1 " The following proposition establishes the small set of parameters for which

m(n, k,w) =281 — 1.
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Proposition 4.5.13. Let n,k,w € N where 1 < kw < n and w is odd. If

m(n, k,w) =281 — 1, then k < 3. Furthermore, we have
o m(n,1,w) = 2"t —1=0 is impossible.
e m(n,2,w)=2*1—1=1 if and only if n = w.
e m(n,3,w)=21—1=3ifand only if w=1orn=w+ 1.

Proof. Suppose that m(n, k,w) = 2*~1 — 1. First we show that k¥ < 3. Suppose to
the contrary that £ > 3. Since one of the clauses (4.5.6)-(4.5.9) must be satisfied and
clauses (4.5.6) and (4.5.7) specify k < 3, it must be that (4.5.8) or (4.5.9) is satisfied.

We have m(n, k,w) # 2¥71. Thus by Proposition 4.3.1, either k& > w + 1 or
n < w4+ k — 1. First consider & > w + 1. Since one of (4.5.8) or (4.5.9) is true, it

must be the case that
k < max {|log,w| + 2, |log, (w+ 1)] + 2} = |log, (w +1)| + 2,
and hence

w4+ 1<k <|logy (w+1)]+2.

As it turns out, w = 2 is the largest w for which w + 1 < |log, (w + 1)] + 2. Thus

k<llog,(2+1)] +2=3.

On the other hand, suppose n < w + k — 1. Since one of (4.5.8) or (4.5.9) is true,
we have

> min {0 +27 < L+ 277 — w22 1)

Thus,

w+2 2 1<n<w+k-—1.
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Therefore

k=2 < k.

As it turns out, the largest k for which this is true is k£ = 3.

We have established that & < 3. If m(n,1,w) = 0 then n is not large enough to
accommodate a single weight w vector. Thus n < w. This violates the assumption
that w < n, so it is impossible to have m(n,1,w) = 0.

If m(n,2,w) = 1, then n is large enough to accommodate a weight w vector, but
not two of them. Thus n = w. If n = w, then there is exactly one weight w vector in
F%. Any two dimensional subspace containing that vector establishes m(n,2,w) = 1.

If m(n,3,w) = 3 then by Proposition 4.3.1, either k > w+1orn < w+k— 1.
In the first case we have 3 > w + 1, and hence w < 2. Since w is odd, this implies
w=1In<w+k—1thenn <w+2 son <w+1. But m(n,3,w) > 1 implies
n>w. Thus n =w + 1.

On the other hand, if w = 1, then we may take
V = {v000...000 : v € F3}.

If n =w+ 1, we may take the code, V', generated by the following 3 x n matrix.

111 --- 1110
111 --- 1101
1 11--- 1011

The odd weight vectors in V' are the three rows of this matrix, which have weight w,

and the sum of these rows, which has weight w — 2. O]
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4.6 Conjectures

4.6.1 The Behavior of m(n, k,w) as k — o

From empirical evidence, we have the following conjecture.

Conjecture 4.6.1. Forn > k and k > 2w, we have

(k+1

M ) if wis even;

m(n, k,w) =

(Z) if w is odd.

]

We will establish this in the case n = k& + 1. We will also establish it for w odd

and n = k + 2. First we need the following lemma.

Lemma 4.6.2. If 0 < w < n and V < F} is the space generated by the weight w
vectors of I then

_ n—1 weven;
dimV =

n w odd.

Proof. The collection of even-weight vectors is a subspace of F5. Call this set £. We
have that dim & = n — 1. We claim that £ < V. To prove this, we establish that all
weight 2 vectors are in V. Clearly, the collection of weight 2 vectors spans £.

Let p; and py be two bit positions. We demonstrate that the vector with ones

exactly at p; and ps is in V. WLOG, p; and p, are the first two bit positions. Then

v=101...10...0
——
w—1 n—w-1
and

u=011...10...0
——

w—1 n—w-—1
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are weight w vectors, and

u+v=110...0.

The claim is proved.

Now, if w is even then clearly V' < £. By the claim, we have V = £. Therefore

dimV =dim€& =n — 1, when w is even.

If w is odd then V' contains odd weight vectors, and so V' # £. By the claim, V' = £.
Therefore

dimV = dimFj = n, when w is odd.
O

Recall that, given V' < F | we defined A,,(V') to be the number of weight w vectors
in V. If V is k-dimensional and m(n, k,w) = A, (V) then the following lemma tells

us that (usually) V' has a basis of weight w vectors.

Lemma 4.6.3. Let n,k,w € N, with w,k < n and let V < F} be a k-dimensional
subspace with A, (V) = m(n, k,w). There is a basis B for V consisting of Hamming

weight w vectors if and only if w is odd or k < n.

Proof. We first prove the contrapositive of the forward direction. Suppose w is even
and n = k. Then V = FJ, which has dimension n. By Lemma 4.6.2, the space
spanned by the weight w vectors of F} has dimension n — 1. Therefore, at least one
vector in a basis for V' has weight not equal to w.

Suppose that w is odd or n > k. We want to show that there exists a basis B C V
consisting of weight w vectors. Suppose not. Let V' be the span of the weight w
vectors of V. It has dimension dim V' < k < n. If w is odd then by Lemma 4.6.2,

there is v € F4\ V' with wt(v) = w. If n > k, then dim V' < k < n—1, and again there
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is v € F\ V' with wt(v) = w. But V' contains all of the weight w vectors of V', so we
have that V' + {0, v} has more weight w vectors than V. But dim(V’ + {0,v}) < k.
Thus we may extend V' + {0, v} to a dimension k subspace of F? with more weight

w vectors than V. This contradicts our choice of V. O
We are now ready to show that Conjecture 4.6.1 is true for n = k + 1.

Lemma 4.6.4. If k,w € N and k > 2w then

k+1) w even
m(k+1,k,w) = v
(fj) w odd

Proof. Suppose w is even. By Lemma 4.6.2, the span of all of the weight-w vectors
in F4*1 (there are (kjvl) of them in total) has dimension &, so we're done. Thus we
may assume that w is odd.

Let V < F¥™ have A,(V) = m(k + 1,k,w). Since V has dimension k, it is

monomially equivalent to a vector space having a generator matrix of the form

)

Here c is a column vector. By permuting rows and columns of G we may assume that

G:{]k

¢ is of the form

¢=(0,0,0,...,0,0,0,1,1,1,...,1,1,1).

b

Notice that a + b = k.
If we drop ¢ from G, how many weight-w vectors are lost, and how many are

gained? That is, are there more weight-w vectors in V or in V' = F} x {0}, the code

5}?

with generator matrix

G’:{Ik
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Let L be the lost vectors. That is,

L={veV  :v¢V'}.

Let F' be the found vectors. That is,

F={/ eV : v ¢V}.

We will construct an injective function f : L — F. This will establish that |L| < |F|
and thus,

A,(V) = A, (V) = |L| + |F| = Ap(V).

Set

B={a+1la+2,....,a+b=Fk}.

Notice that for v € V', we have

wt(mBugk+13 (v)) = 0(mod 2).

In particular, b # k, since this would imply that every vector in V' has even weight.

This is a contradiction, since w is odd, and A,,(V') = m(n, k,w) > 0. Note that

L={veV :wi(ry () =w-1and wt(rp (v)) = 1(mod 2)}

and

F={veV :wi(rp (V) =w and wt(rp (v)) = 1(mod 2)} . (4.6.1)

We will now define f. The definition will depend (slightly) on the parity of a.
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Case 1: a is odd.
Given [ € L, define

and set

In words: we scan across [ from left to right, inverting bits one at a time. We stop
when the weight on [k] is w, and we change the last bit to 0. We have three things to
show: that g(I) < oo (so that f is well-defined), that f(I) € F, and that f is injective.

First we show that g(I) < co. In fact, g(I) < k. Notice that

we (W (l)> =k —wt(mp (1))
=k—(w—-1)
> 2w — (w—1)

=w+ 1.

We have that wt (7 (1)) = w — 1, and wt (W) > w+ 1. Since inverting a single
bit in a vector changes its weight by one, one of the intermediate inversions considered
in the definition of g must have weight w. Hence ¢g() < k.

Now we show that f(I) € F'. By Equation (4.6.1), we need only show that f(l) €
V', that wt(mpy (f(1))) = w, and wt(7p (f(1))) = 1(mod 2). The only requirement for
f(1) € V"isthat mp1q (f(1)) = 0. This is true by definition of f. By definition of g, it is

clearly true that wt(m (f(1))) = w. It is left to show that wt(7g (f(1))) = 1(mod 2).
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Either g(I) < a or ¢g(I) > a. In the first case,

wt(mg (f(1))) = wt(mg (1)) = 1 mod 2.

Consider g(I) > a. Inversion of a single bit changes the parity of the weight of a vector.
Since wt(7 (1)) = w — 1 and wt(mp (f(1))) = w (they have different parities), g(l)
must be odd. Since a is odd and f inverts all bits on [a], f(I) inverts an even number

of bits on B. Thus

wt(mg (f(1))) = wt(np (1)) =1 mod 2.

Finally, we show that f is injective. Let [ € L. We show how to construct [ from

f(1). Given m € F, define

g'(m) = min {@ W (Wm (M) i1, k) (m)> - 1} ’

and set

Now, it is not necessarily the case that ¢’(m) < oco. On the other hand, it is certainly

the case that ¢'(f(l)) < g(l), since

wt (Taan T8, (F0)) = wt (Tar Doy, (1)

=wt (W[k] (l))

=w—1.
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In fact, ¢’(f(1)) = g(1). If ¢'(f(1)) were less than g(1), then

wt (11 sy (F(D)) + wt (T (s1,..0 (D))

= wt (mp (F(1)))

=(w-1)+1
=wt (f'(f(1))) +1

Thus

wt (g ra) (1)) = wt (W[g/(f(zm (f (l))) +1.

But this implies

= wt (W) + wt (W{g/(f(l))—i-l ..... k} (l))

|
=
—
/N
=
Q\
=
[y
—
=
=
—~
~
~—~
o~
S~—
S~—
N——
_|_
—
+
=
—
—
N
)
LD\
~
—
—
=
=
+
—_
Ed
—
—~
~
N—
SN—

-----

This contradicts the minimality of g(l). We have established that ¢'(f(l)) = g(I).
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Thus

=
Q
~
=
—~
o~
S~—
=
~
K=}
~
=
+
=
-
—
—~
o~
N—
—

77777

Case 2: a is even.
This case is very similar to the case where a is odd, but we do not invert the first

bit of [a]. That is, given [ € L we define

and

Notice that

Hence ¢(I) < k. The rest is very similar to the proof for a odd. O

We extend this a bit further.
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Lemma 4.6.5. If k,w € N where w s odd, and k > 2w then

e+ 2.k = (1),

w

Proof. Let V < F5™ have A, (V) = m(k + 2, k,w). Up to permutation of entries, V'

has a generator matrix of the form

1 0 0

1 0 0

1 0 1

1 0 1

G = 1 1 0
1 1 0

1 1 1

111 1

The spirit of the proof is very similar to that of Lemma 4.6.4. First let us assume
that at least one of |A|,|B|,|C|, or |D] is even. Remove the last two columns of G
to yield G’, the generator matrix for a code V’. We compare the vectors lost to the
vectors gained via an injective map that depends (slightly) on the parities of |A|, | B|,
|C|, and |D|, and that inverts bits one at a time until the proper weight is achieved.

We now make this precise.
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Let L be the set of lost weight w vectors in V', and let F' be the set of found
weight w vectors in V’. We now construct an injective map f : L — F. Let [ € L.
Notice that wt w4142y (1) > 0 or else [ € V'. We define f differently depending on
whether this weight is 1 or 2.

Case 1: wt(mypq1eq2) (1) = 1.

Notice that since w is odd, there are some odd weight vectors in V. Hence

|AU D] > 0.

Invert each bit of 7 (1) 00 in succession, starting with the coordinates of A then the
coordinates of D. If |AU D] is even, do not invert the last bit of AU D. Proceed to
invert the bits of B, and then those of C'. Stop when the resulting vector has weight
w. Do not invert either of the last two bits (as we’ll see, inverting these bits is not
necessary). Define f(l) to be the vector obtained from the process above.

Let h(l) be the vector resulting from the process above if we do not stop when

the weight becomes w. Then

wt (h(1)) = wt(ma (h(1))) + wt(ms (h(1))) + wi(mc (h(1))) + wt(mp (h(1)))
> |Al+ D] = 1 = (T aup\max(aup) (1))
+|B| = wt(mp (1))
+ 10| = wit(me (1))
=k =1 = wt(Taup\max(aup) (1)) — wt(mp (1)) — wt(me (1))
> 2w — 1 —wt(mp (1))
=2w—1—(w—1)

= w.



116

Thus the process will terminate, and wt(f(l)) = w. Let

v = (f(1) G

Notice that v € V' is the unique vector in V' with 7y (v) = 7y (f(1)). Thus to show
that f(l) is a found vector, we need only show that v # f(I). To show this, we
need only point out that w41 k49 (V) # Trtrke42y (f(1)) = 00. Since w — 1 and w
have opposite parity, an odd number of bits must have been inverted in the process
described above. But then we have guaranteed that the number of inverted bits in
AUD is odd, and the number of inverted bits in BUC'is even. Therefore 741 k12) (v)
iS 7Tkt k+2) (1) plus an odd number of even weight vectors (00 or 11) plus an even
number of odd weight vectors (01 or 10). Thus wt (711,423 (v)) has the same parity
as Wt(7gx41,k+2) (1)), which is odd. Hence w1 k423 (v) # 00, as desired.

By reasoning similar to that given in the proof of Lemma 4.6.4, f is injective when

restricted to the set

Ll = {l el : Wt(’ﬂ'{k+17k+2} (l)) B 2} .

Case 2: Wt(mpq1,e42) (1) =2

We are assuming that one of |A[,|B|,|C|, or |D] is even. Suppose it is |A|. Define

l, = W[k] (l) 00,

the vector derived from [ by replacing the last two digits with zeroes. We produce
f(1) by inverting the bits of I’ one at time: first in A, then in B, skipping the last bit
of B if |B] is odd. We then invert the bits of C, skipping the last bit of C' if |C| is

odd. Finally, we invert the bits of D one at a time, possibly inverting the last bit of
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D. We stop when the weight of the vector is w. We do not invert either of the last
two bits (we will see that inverting the last two bits is not necessary). Define f(I) to
be the vector resulting from this process. To see that the inversion eventually stops,
define h(l) to be vector produced by this process if we do not stop when the weight

reaches w. Then

wt(h(1)) = wt(ma (h(1)) + wt(mp (h(1)) + wt(mo (h(1))) + wt(mp (h(1)))
> Al — wt(ma (1))
+|B] = 1 = Wt(Tpymax 5 (1))
+|C| =1 = wh(mermaxc (1))
+ |D| — wt(mp (1))
> |A] — wt(ma (1))
+|B| =1 —wt(rg (1))
+]C] = 1= wt(me (1))
+ |D| — wt(7p (1))
=k — 2 — wt(mp (1))
=k—2—(w—2)
> 2w —2— (w—2)

= w.

Thus at some point, the weight of our vector is w. To prove that f(I) is in F', we use
an argument similar to the one used in the previous case. We need only show that
f(1) does not equal

v = (f{)G.
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Notice that v the vector in V' with the same first k digits as f(I). Further Notice that
T{k+1,k+2) (V) is the sum of Ty 41 k40y (I) = 11 and an even number of each of 00,10,
and 01. Thus 74140} (v) = 11 # 00 = T(ry1442y (1), and so f(I) # v and f(I) € F.

By arguments similar to one already given, f is injective when restricted to

L2 = {l S Wt'ﬂ’{k.’_Lk.’.Q} (l) = 2} .

We’ve defined f : L — F', and we’ve shown that it is injective when restricted to

Ly or Ly. On the other hand, given [; € Ly, we've seen that if we set

v = (f(h)) G,

then

W(Trq1, k02 (V1)) = 1.

On the other hand, if we let [, € Ly then we’ve seen that if we set

vy = (f(l2)) G,

then

Wt (Tt 1,042 (V2)) = 2.

Thus f(l1) # f(l2), and so f is injective.

We must now handle the case where |A|,|B|,|C|, and |D| are all odd. This time
we will delete only the last column of G to produce G’, a generator matrix for V.
Since the support of this vector space is at most k + 1, we may apply Lemma 4.6.4
to establish that A, (V') < (:Z) Thus if we establish that A,,(V') > A,(V), we are

done. Let L be the collection of lost vectors and let F be the collection of found
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vectors. We will construct an injective function f: L — F.

Let [ € L. Define

I'= T [k+1] (l) 0,

the vector derived from [ by replacing the last bit with a zero. Invert the bits of I’
one at a time starting in A, then C, then the bit in position k + 1, then D skipping
its last bit, then B. Do not invert the bit in position k& + 2. Stop when the weight
becomes w. To see that this weight does eventually become w, define h(l) to be the

vector produced by this process if we do not stop when the weight becomes w. Then

wt(h(l)) = wt(ma (h(D))) + wt(mp (A(1)) + Wt(Tougsn (1)) + wt(rp (h(1)))
> | Al — wt(ma (1))
+ |B| — wt(mg (1))
+]C U {k + 1} — wt(meugpy (1)
+ D] =1 = Wt(Tp\maxp (1))
> |A| — wt(ma (1))
+|B| — wt(rs (1)
+|C U {k + 1} — wh(meugeeny (1)
+|D| = 1 = wt(mp (1)
= (k+1) — 1 — wt(mp (1))
=k—(w—1)
> 2w — (w—1)

=w+ 1.

As with the other proofs, f is injective. We need only show that f(l) € F. There
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are two things we must establish: f(I) € V' and f(I) ¢ V. To see that f(I) € V",
notice that V' is exactly the collection of vectors in F5™ that are 0 at bit position
k+2 and have even weight on CUDU{k + 1}. By construction, 7o (f(1)) = 0. The
process described above inverts an even number of bits in C'U DU {k + 2}. But since
[ € V, we have that wt(mTcupugr+2y (1)) is even, and thus so is wt(mcupugrray (f(1)))-
To show that f(l) ¢ V, we need only point out that in V, k + 2 is a parity-check
bit for BU D. Since [ € L, we have that 7,5 ({) = 1. But an even number of bits
were inverted in B and in D. Thus the unique vector v = 7 (f(1)) G € V' that has

T (v) = 7y (f(v)) has 7o (v) = 1, and so v # f(v), and f(v) & V' O

4.6.2 A Complete Conjecture for the Case Where w is Odd

From empirical evidence, we have the following conjecture.

Conjecture 4.6.6. If n,k,w € N and w is odd then

m(n, k,w) = M(n, k,w).

]

Notice that by Theorem 4.1.1 (the formula for M(n,k, w)), whenever we have
been able to establish exact values for m(n,k,w), they agree with M(n,k,w). In
particular, suppose k < w + 1 and n > w + k — 1 (the conditions given in Lemma
4.3.1 that imply m(n, k,w) = 2¥1). Either w < n/2 and (by the first condition
above) k — 1 < w, or w > n/2, in which case n —w < n/2, and since n > w + k — 1,

we have k —1 < n —w. Thus by Theorem 4.1.1,

m(n, k,w) =251 = M(n, k,w).
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Furthermore, for k,w € N with £ > 2w and w odd, we have

m(k, k,w) =m(k + 1,k,w) = m(k + 2, k,w)

~(u)

= M(k,k,w) = M(k+ 1, k,w) = M(k + 2, k,w).

If w is odd and n is even then n — w is odd. If Conjecture 4.6.6 is true then we

would have
m(n, k,w) = M(n,k,w) = M(n,k,n —w) =m(n, k,n—w).

In fact, m(n, k, w) does have this symmetry.

Proposition 4.6.7. If n,k,w € N where n is even and w is odd then
m(n, k,w) =m(n,k,n—w).

Proof. Let V < Fj be a k-dimensional subspace with A, (V) = m(n,k,w). There
exists B = {by, by, ..., b}, a basis for V' consisting of odd weight vectors (in fact, by

Lemma 4.6.3 there is a basis of weight-w vectors). Consider the set of vectors
B = {l_) beB } ,

and let V' be the vector space generated by this collection. Let v € V have wt(v) = w.

There is a unique sequence A, Ao, ..., A\ € [F5 such that

V= )\1b1+)\2b2—|—"'+)\kbk.



122

Since v has odd weight and b; has odd weight for each i € [k], the number of coefficients

b1,b9,...,b, that are 1 is odd. Hence

Aby 4 Aoby + -+ + My = 7,

which has weight n — w. Thus A, (V') > A, (V) = m(n, k,w). Furthermore, since

V' is generated by k vectors, dim V/ < k. Thus

m(n,k,n—w) > m(n,dim V' n—w) >m(n,k,w).

By symmetry, m(n, k,w) = m(n,k,n —w) as desired. ]

Besides the theoretical similarity of these objects, we have tested the conjecture

for n < 14 by brute force.
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