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CALCULUS ON DISCRETE TIME SCALES
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Advisers: Lynn Erbe and Allan Peterson

The purpose of this dissertation is to develop and apply results of both discrete cal-
culus and discrete fractional calculus to further develop results on various discrete
time scales. Two main goals of discrete and fractional discrete calculus are to extend
results from traditional calculus and to unify results on the real line with those on a
variety of subsets of the real line. Of particular interest is introducing and analyz-
ing results related to a generalized fractional boundary value problem with Lidstone
boundary conditions on a standard discrete domain N,. We also introduce new re-
sults regarding exponential order for functions on quantum time scales, along with
extending previously discovered results. Finally, we conclude by introducing and an-
alyzing a boundary value problem, again with Lidstone boundary conditions, on a
mixed time scale, which may be thought of as a generalization of the other time scales

in this work.
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Chapter 1

Introduction

The study of both discrete calculus and discrete fractional calculus provides perhaps
a more complete, beautiful, and general view of calculus than most get from a tradi-
tional study of calculus. It provides much added insight into the ideas of derivatives
and integrals as it shows the orders of derivatives and integrals need not be restricted
to whole numbers but can, in fact, be sensibly, consistently, and continuously defined
for any positive number (see [5], [38], and [39] for some insight). In this work, we
focus on analogues of calculus and of fractional calculus on discrete time scales, i.e.,
discrete calculus and discrete fractional calculus.

Discrete fractional calculus is a relatively young field of study that begins with
the analysis of calculus restricted to any generic closed subset of the real line. An
attractive feature of discrete fractional calculus is how many of the results can be
seen simply as generalizations of familiar results from calculus on the entire real line.
A small set of definitions opens the door to many different statements and theorems
that apply widely across various closed subsets. While many of these results are
similar across these various, chosen domains, many of the results interestingly prove

to look and behave quite differently with a simple domain change. Often, one must



keep close track of the specified domains involved, as certain operators serve to shift
or otherwise alter the domain of a given problem—an issue that does not arise in tra-
ditional calculus. Two main features of calculus on time scales are the unification of
results from continuous and discrete domains and the extension of those results. Time
scales calculus itself can be used to model insect (or other) populations which have a
continuous growing season and then a dying out or dormancy season [19]. Fractional
calculus has been shown to be suitable in the descriptions and applications of prop-
erties of real materials such as polymers and rocks. Fractal theory and dynamical
systems also make use of fractional derivatives as do some biological applications.
Some other areas which make use of fractional calculus are rheology, viscoelasticity,
electrochemistry, and electromagnetism (see [2], [11], [36], and [39] for more about
these aforementioned applications). Where calculus concepts from the entire real line
show up, discrete calculus concepts and applications are not far behind.

We restrict ourselves here to analyzing results with respect to the delta difference,
though much of the work can carry over similarly when working with the nabla
difference (see [4], [8], and [30] for work with the nabla operator, while [28] and [29]
highlight some results with the delta-nabla operator). Outside of this introductory
chapter and any preliminary sections in other chapters, all work can be considered
to have been developed originally unless otherwise indicated (however, most of the
results in Section 3.2 are not new and can be found in sources such as [33], but
these results were developed independently of outside sources and later compared
and contrasted). In this chapter, we provide many well-known results that provide a
foundation for the results and applications in the following chapters. While much of
the general necessary background material for this work is presented in this chapter,
other, more specific, foundational material will be presented in later chapters. Much

of this can be found in [7], [19], [27], and [32], while other background, foundational,



and related material can be found in [23] and [34].
Definition 1.1. A time scale, T, is any closed, nonempty subset of R.
Example 1.2. Some examples of time scales are as follows:

(i) R;

(ii) [0,1] U [5,6];

(iii) the set of integers Z;

(iv) the Cantor set;

(v) Ny:={a,a+1,a+2,... |a e R};

(vi) N’ :={a,a+1,a+2,... bla,b € Rs.t.b—a € N},

(vii) ag™ :={a,aq,aq?, ...} for a fixed a > 0,q > 1;
(viii) {1/n|n € N} U {0}.
We may note that Q, R\ Q, C, and (0, 1) are not time scales [19].

Definition 1.3. For a time scale T, the forward jump operator, o, is defined as

o(t) :=inf{s € T|s > t}.

If o(t) =t (and o(t) # supT), we say that ¢ is right-dense. Otherwise ¢ is right-

scattered. We also define 0™(t), for n € Ny, as



Definition 1.4. For a time scale T, the backward jump operator, p, is defined as

p(t) :==sup{s € T|s < t}.

If p(t) =t (and p(t) # inf T), we say that ¢ is left-dense. Otherwise ¢ is left-scattered.

We also define p"(t), for n € Ny, as

Remark 1.5. R is a time scale such that for every t € R, t is dense, i.e., both

right-dense and left-dense.

Definition 1.6. For a time scale T, we define the graininess function pu(t) : T — [0, 00)
by

p(t) =o(t) —t.

Remark 1.7. The time scales considered throughout this work will be ones in which
all elements are isolated points. In other words, for any time scale T here and for all

t € T, we have pu(t) > 0.

Since in the chapters that follow, we will only deal with time scales whose elements
are all isolated points, i.e., points which are neither left nor right dense, we now define
the delta difference on a time scale of a function at an isolated point. This operation
can be thought of as an analogue to differentiation on R. In fact, if a point in a
time scale is right dense, the delta difference of a function at that point is defined to

coincide with the traditional definition of derivative at that point [19].



Definition 1.8. Consider a function f: T — R. We define the delta difference of f

at a point t € T as

Remark 1.9. Note that on the time scale N,, the focus of the following chapter, we

arrive at the definition

afy =T =IO gy = p,

Since we have a notion of a delta difference which serves as an analogue to differ-
entiation, we now define the delta definite integral, an analogue to definite Riemann
integration on R. Here, we will define the definite integral on N,. The definite integral

on other time scales in this work will be defined in the appropriate chapter.

Definition 1.10. For f : N, — R and ¢,d € N,, we make the definition

S=C

[ s S fnls). d>e

0, d<ec.

Remark 1.11. Note that the definite integral here is really just a left-hand Riemann
sum. The definite integral in future chapters will be defined similarly to give a left-

hand sum evaluated at points from the time scale.



Remark 1.12. The definite integral above helps define an antidifference of f on Ny,
namely fj f(s) As. For

A/ f(s)As = Aif(s)

t t—1
=D fls) =D fs)
= f(t).
As it will show up repeatedly in the next chapter, we present Euler’s Gamma

Function along with some of its properties.

Definition 1.13. For z € C such that Re z > 0, Euler’s Gamma Function is defined

by the improper integral on R

['(z) ::/ e t*hdt.,
0

Remark 1.14. As can be found readily in many sources, the following are useful
properties of Euler’s Gamma Function which will be used extensively in the next
chapter. The improper integral in the definition above converges for all z € C such
that Re z > 0. Using property (ii) below, we extend the definition of Euler’s Gamma

Function to all z € C\ {0, —1,-2,...}.
(i) For 0 < z € R, I'(2) > 0;
(i) I'(z 4+ 1) = 2['(2);

(iii) for n € Ny, I'(n + 1) = nl.

The following figure presents a graph of the Gamma function:
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Figure 1.1: The Real Gamma Function on (—5, 4]

A common application of the Gamma function in discrete calculus is the use of

“falling” notation.

Definition 1.15. For t € R, t%, read as “t to the v falling,” is defined as

L, T@t+1)
I't—v+1)

for any v € R such that the right-hand side makes sense. By convention, when t—v+1

is a nonpositive integer and ¢ + 1 is not,

since for n € Ny,

lim [[(t)] = oo.

t——n

Remark 1.16. We may make the following notes regarding the falling function above:



(i) when t,v € N,

(i) v ==L =T (v +1);

(iii) for a € R, A(t — a)% = v(t — a)=L;
(iv) for a € R, A(a —t)% = —v(a — o(t))=L;
(v) 4 = (¢t —v)tz

Properties (iii) and (iv) above constitute the power rule for the delta difference oper-

ator.

We now turn our attention to defining a fractional sum. Before we can define
that, however, we define the n*-order sum on N,. First, though, we note that on R,

the unique solution to the n'’-order initial value problem

where ¢ =0,1,2,...,n — 1 is given by n repeated definite integrals of f, i.e.,

/ / / / fT1 dTldTg dTn 1

t—Tn 1
:/a Wf(% 1) dTn—1

1

- / (=70 )" f(rr) dTos.



Similarly, on N,, the unique solution to the n*’-order initial value problem

where 1 = 0,1,2,...,n — 1 is given by n repeated finite sums of f, i.e., for t € N,

o= [ [ erman s

Tpn—1—17p—2—1 To—1
Y Y Y S
Th—1=—Qa Tnh—2=a Tn—-3=a T1=a

T (t—o(r, )=t
2. ( (n(— 1)>!) f(Ta-)

Tn—1—a

Z t_UTnl f(Tn 1)

which we will call the n'"-order sum of f and denote as A" f(t).
The n'"-order sum above serves to motivate the definition of a v**-order fractional
sum. Despite use of the word “fractional,” v may be any nonnegative real number

here.

Definition 1.17. For f : N, — R and v > 0, the v*"-order fractional sum of f (based

at a € R) is given by

(A1) = A F10) 1= s 3t - 7)),

where ¢t € N, y,. Additionally, we define A Y f(t) := f(t) for t € N,.

Remark 1.18. Notice that the domain of the fractional sum of f above is shifted by
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v from the domain of f. We will also see that the domain of the fractional difference
of f will be similarly shifted. For more on discrete fractional initial value problems,

see [9].

We are now able to define a v*-order fractional difference. Though it is originally
defined in terms of a fractional sum, we can also arrive at a formula similar to, but

independent of, a fractional sum.

Definition 1.19. For f : N, - R, v >0, and N € N such that N —1 < v < N, the

vh-order fractional difference of f (based at a € R) is given by

(ALF)(E) = ALf(t) == ANAL NI f (1),

where t € Nyyn_ .

Remark 1.20. If v € Ny, we see that the definition above coincides with the definition

of a whole-order difference from Definition 1.8 as, for t € N,

AL f(t) = ANV f () = AVALOf(1) = AV (1),

Additionally, we note that whereas whole-order differences are not based at any cer-
tain point a, fractional-order differences do. However, as demonstrated in [32], this
dependence on the base a vanishes as v —+ N € Ny. Other domain issues, concerns,
and consequences of the definitions above which are not immediately important to

this work may be found in [32].

Remark 1.21. When analyzing v*"-order fractional difference equations, we should

be aware of N € Ny such that N —1 < v < N, since a well-posed v*"-order fractional
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difference equation requires N initial conditions, e.g., the equation A®2 y(t) = f(t)

needs 6 initial conditions to determine y(?).

We have a version of Leibniz’ Rule in the following theorem (whose short proof will
be shown here) which is used in [32] to prove a theorem which unifies the definitions

of fractional sums and differences.

Theorem 1.22. Forg:N,., x N, = R,

t—v t—v
A (Zg@, s>) = Auglt,s) +glt+ 1Lt +1-w),

noting that the subscript in “A;” is simply there to signify that the difference is being

taken with respect to t.

Proof. By direct computation,

s (Eea) s S
:i[g(t+1,s) —g(t, )] +gt+1,t+1—v)
:iAtQ(t,S)+g(t+1,t+1—V)'

]

The following well-known result unifies the definition of a fractional difference

with that of a fractional sum.

Theorem 1.23. For f: N, - R, v >0, and N € N such that N —1 <v < N, the
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v-order fractional difference of f (based at a € R) is given by

1 t+v
— Y (t—o(s)™=f(s), N—1<v<N,
AZf(t) - v s=a

AN f(t), v=N.

We now present some fractional power rules involving both a fractional sum and

difference, which may also be found in [27].

Theorem 1.24. Fora € R, p € R\{0,-1,-2,...}, v > 0, and N € N such that
N —1 < v <N, the following hold:

(Z) A(;-‘Zu (t - a)ﬁ = ]"(Fu(fﬁlj_)y) (t - a)/.H—V; fO’F te Na+u+u;'

.. v I 1 —v
(i) Ay, (t—a)t= %(t — )Y, fort € Noyin—v.

This completes the necessary background material needed to provide a foundation
for the following chapters in which we will analyze the Green’s Function of fractional
boundary value problems with Lidstone boundary conditions on both N, and a mixed

time scale and investigate many of these previous results and others on g-time scales.
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Chapter 2

Green’s Functions on N, with

Lidstone Boundary Conditions

In this chapter, we wish to develop a fractional discrete analogue to an ordinary

boundary value differential equation with Lidstone boundary conditions, which has

the form
(—=1)"y®" (1) = n(t),
(2.0.1)
y(Qz) (O) — 0= y(21)<1)’
where i = 0,1,2,...,n— 1 and t € [a,b]. In [1] and [3], we may find some properties

and numerical applications of differential equations with Lidstone boundary condi-

tions. This particular boundary value problem can be shown to have the solution

1,1 1
y(t) = / / . / G(t, 7,)G(Tn, Ta1) - - G(1o,71) (1) dTy dToy - - - dTp)
o Jo 0
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where G is a Green’s function given by

as can be found in [21]. For more on determining Green’s functions for fractional

boundary value problems, see [10], [27], and [32].

2.1 Preliminaries

In the last section of this chapter (and in the last chapter), we will make use of the
following two theorems: a fixed point theorem attributed to Krasnosel’skii, which
may be found in [27] and [32], and the Banach contraction mapping theorem, which
may be found in [27], [32], and [35]. First, we define a cone as a subset of a Banach

space.

Definition 2.1. If B is a real Banach space and IC C B, then K is a cone if I satisfies

both of the following conditions:
1. if x € K and XA > 0, then Az € I, and
2. ifx € K and —x € IC, then z = 0.

Theorem 2.2. Let B be a Banach space, and let K C B be a cone. Suppose that {4
and Qs are bounded open sets contained in B such that 0 € Q; and Q; C Qy. Then a

completely continuous operator T : K N (Qy \ Q1) — K has at least one fived point in
KN (Q\ Q) if either

LTyl < llyll fory € KOO and [[Ty[| = |ly|| fory € KNy, or

2. [Tyl = llyll fory € KN O and |Ty|| < lyl| fory € KN Oy,
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Theorem 2.3. Let (X,d) be a complete metric space. If f : X — X is a contraction

mapping, where a € [0,1) is a constant such that for all v,y € X,

d(f(x), f(y)) < ad(z,y),

then the following hold:
(i) f has a unique fized point xy € X;

(11) lim,, o f™(x) = o for allx € X;

(iti) d(f"(z),z0) < 2=d(f(x),z) for allz € X and n € N.

2.2 Derivation of the Green’s Function

In the following theorem, we show how to develop and define the Green’s function for
a boundary value problem with Lidstone boundary conditions on N,. This problem
serves as an analogue to the BVP (2.0.1) from above. In [17] and [37], we may gain
insight into related higher-order equations on time scales, while here we discuss the

solutions to higher-order fractional equations on time scales.

Theorem 2.4. Let the domains

_ b+j(v—2) b+(i—1)(v—2)
S;=A{(t,s) € Nj(yj_Q) X N(j—]l)(u—2) |s <t—v},

and

L b+35(v—2) b+(j—1)(v—2)
Ty = {(t,s) e NJ 57 x Nty [t —v+1<s},
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and let the functions

1 (b—o(s)+j(v—2))—

- P(V) (b—|—  — Q)E (t - (j - 1)(V - 2))57

and

1 v—1
x(t,s) == m(t —o(s))—.
Then if v € (1,2] and y : NZJ{:_(;)_Q) — R (ory : Ny_2) — R), the solution for the

fractional boundary value problem

;

(_1)HAZ—2AZV—4 e AZ(V—Q)y<t) = h(t)7 le N87 ne N7
y(n(v—2))=0=y(b+nr-2)),

Al(/n—(i—l))(V—Q)A,(/n—(i—Q))(V—Z) T A(Vn—n(u—z)AZ(u_g)y (n—i)(v—2)) =0,

Al(/nf(ifl))(qu)Al(jnf(ifQ))(uf2) T Al(/nfl)(l/72)AZ(u72)y (b+(n—i)(v—2)) =0,

where 1 =1,2,3,...,n — 1, has solution
b+(n—1)(rv—2) b+(n—2)(v—2) b
y(t) = Z Z e Z Gn(ta Tn>Gn—1(Tn7 Tn—l) e G1(7—2) Tl)h(Tl)a

Tn=(n—1)(r—2) Th_1=(n—2)(v—2) 71=0

for
Gt ) = u;(t,s) — x(t,s), (t,s)€S;,
u;(t, s), (t,s) €T,

Proof. Consider n = 1. Then the problem is reduced to the following:

A7 2y(t) = h(t),

yv—2)=0=y(b+v—2),
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noting the domain of y is N, _s. From [32], the general solution of the problem is then

y(t) = ap(t — a)’ =2 + oy (t — a)= — A Vh(t),

where t € N,,,_5. Since the domain of y here is N, _5, we have that a = 0.
Note now that

(v—2)—v

o0 Z (v—2—0(s)“Lh(s) =0

s=0

by our convention on sums. Now, using the first boundary condition, we have

0=ylv—2)

=ap(v —2)22+ a (v — 2)L — AyVh(v — 2)

_ I'v—-1) I'(v—1) _
= F(l) + oy F(O) _AO h(l/—?)

—al(r—1)+0-0

= ag = 0.

Using the second boundary condition, we have

0=ylb+v—2)

=a;(b+v -2~ Ay"h(b+ v —2)

Ay"h(b+v —2)
(b+v—2)=L "

:>041:

Now, since the maximum ¢-value on our considered domain is b+ v —2, this implies

that t —v+1<b+v—2—v+1=>b—1 for all t that we are considering. Now when



18

s = b —1, note that

= (v —2)¥2
_T(v—-1)
~ T(0)
= 07
and, similarly, when s = b, we have (b—o(s) + (v —2))==t = (v —3)=L = FF(E’__S) = 0.

So when s = b — 1,b, we have s > ¢t — v + 1, which implies G;(¢,s) = 0 for these
s-values for any t-value in consideration here.

So now we have

Ay h(b+v—2)

y(t) = (b—|— U 2)& =1 A(;Vh(t)
tﬂ 1 (b+v—2)—v -
=0Ty eI ; (b4+v —2—0(s))“=h(s)
1 t—v o
) & (t —o(s))=h(s)
1 R Jtv—2—o(s)=t e=1re
T () & [ vzt o) ] le)
1o [rv—2—o(s))L,
D) i [ = ] ")
-y Gi(t,s)h(s) = > Ga(t, s)h(s)

So the theorem holds for n = 1.

To add some more insight into the specifics of this theorem, consider the case
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n = 2, which results in the following fractional boundary value problem:

(

Ay A5, 4y(t) = h(t),

y2v —4) =0=y(b+2v —4),

\ Ay, (v —=2)=0=A5 ,yb+v—2),

noting the domain of y is Ny, 4. Let w(t) = —AY, ,y(t). Then we may consider the

problem
—A7 yw(t) = h(t),

wv—2)=0=w(b+v—2).

From the case n = 1, we have that

w(t) = =43, 4y()

Noting that we still have boundary conditions y(2v — 4) = 0 and y(b+ 2v —4) = 0,

we can solve for y in terms of w. As in the n = 1 case, our general solution is given

y(t) = ap(t — a) =2 + oy (t — a)L — A w(t)

=ap(t —v+2)72+ay(t —v+2)7 — ALY w(t),

where t € N2y_4.



20

Note now that

Ayw(2y —4) = 5 D (v —4—o(s)w(s)

by the convention on sums. Using the first boundary condition, we have

0=y2v—4) =ap(v —2)*2 + ar(v — 2)"~ — AV w(2v — 4)

=ap(v—2)Y24+0-0

= g = 0.

Using the second boundary condition, we have

0=yb+2v—4)=a;(b+v—2)"L— A Y w(b+2v —4)
AV w(b+ 2v — 4)
(b+v—2)v=L

:>a1:

Since the maximum ¢-value on our considered domain is b + 2v — 4, this implies
that t —v+1<b+2v—4—v+1=>b+v—3 for all ¢ that we are considering. Now

when s = b+ v — 3, note that

(b—o(s) + 20 — )1 = (b—b— v+ 2+ 2 — 4=

=(v—2)¥1 =0,

and, similarly, when s = b+ v — 2, we have (b—o(s) +2(v —2))=L = (v — 3)*=L = 0.
Thus, when s = b+v —3,b+v — 2, we have s > t — v+ 1, which implies Ga(t,s) =0

for these s-values for any t-value in consideration here.
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Therefore, we have

AV w(b+ 2v —4)

W) = =G, g (P A
S = P NCERRLREE
F(ll/) i (t = o(s))=w(s)
- F(1V) i {(bJr(ier_u _2()283) (t—v+2) (t—o(s))” 1} w(s)
1 b+v—4 bt 2w —4— ofs 1
+ﬂs:;+1 {( (b+v—2)1 3) (t_”+2)} (s)

- f G2 t S —i G2 f} S
= 2 Galt, S)ZGl(S 7)h(T)

e s

So the theorem holds for n = 2, and we have additional insight as to how the general
case comes about.
We know finish proving the result by induction. Suppose the result holds for some

n € N. We then consider the problem for n + 1:

(

(_1)n+1A572AgV74 T Al(/nJrl)(VfZ)y(t) = h<t)7 te Ng7 n e Nu
y((n+1)(r=2)=0=y 0+ (n+1)F-2),

Al(/n+1f(i71))(1/72)Al(jn+1f(i72))(zzf2) T Al(/n+1)(uf2)y (n+1-1d)(v—-2))=0,

\ Als1—(—1) -2 Dls1-—2)w-2) * Dlrnyw-2)¥ (0 + (R +1 =) (v —2)) =0,

fori=1,2,3,...,n
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Let w(t) = —Af,,1),_2¥(t). Then we may consider the problem
( b

(=D)"Ay A5,y A _pw(t) = h(t), t €Ny, neN,
wn(v—2)=0=wb+n(v-2))

Ali1—(i-1) -2 Dlnt1—(i—2))—2) * Dnp—ayw ((n + 1 —i) (v —2)) =0,

| Al - 1) -2 Dl 1—(—2)w-2) " Anp—yw (b + (n+ 1 —d)(v — 2)) =0,

for e = 2,3,4,...,n, which is equivalent to

((—1)"Ar LAY, o A%y w(t) =h(t), tEN), neN,
wn(v—2)=0=wb+n(v—2))

(n— (- 1) -2 Dn—-2)-2) " Dy ((n =) (¥ = 2)) =0,

AL _w (bt (n— i) (v —2)) =0,

Al (i-1)) (r—2) Dn—(i-2)) (v—2)

fori=1,2,3,...,n—1.

By assumption, we then have that

w(t) = _A(Vn+1)(y—2)y(t)
b+(n—1)(r—2) b+(n—2)(r—2) b

= Z Z ZGn<taTn)Gn71<Tn7Tn71)"'G1(7-2>T1>h<7-1>-
Tn=(n—1)(r—2) Th—1=(n—2)(v—2) 71=0

Noting still that we have y((n+1)(r —2)) = 0 and y (b+ (n+ 1)(r —2)) = 0 as

boundary conditions, all that remains to be shown is that

y(t) = U7 G (t, s)w(s).



As earlier, and from the fact that w(t) = A{, ,),_oy(t), we have

y(t) = ap(t — a) =2+ oy (t — a)= — A w(t)

=ao(t —n(v —2)"2+ o (t —n(v —2))*= — ALl _pyw(t),

where t € N(n_H)(V_Q).

Note now that

(n+1)(v—2)—v

ALt _pw((n+1)(v—2)) = P(ly) Y (4 1)(r—2) = a(s)w(s)
s=n(r—2)
= F(ly) S:;;n((n + 1) (v —2) — o(s)) < Lw(s)

again using the convention on sums. Using the first boundary condition, we have

0=y((n+1)(¥-2)

=ap((n+1)(v—2)—nlv—2) 24+ a((n+1)(v—2) —n(v —2))~=2

— AL ywl(n+1(v —2))

= (v —2) =2+ a; (v — 2)“= = (v — 2)=2

= ag = 0.

23
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Using the second boundary condition, we have

0=y((n+1)(v—2)+0)

=a((n+1)(v—2)+b—n(v—2))~ - ALt _pw((n+1)(v —2)+b)

=a;(b+v -2t~ ALt _pw((n+1)(r—2)+0b)

ALl —gyw((n+1)(v —2) +b)
(b+v—2)=L

:>a1:

Now, since b+ (n + 1)(v — 2) is the maximum ¢-value considered on our domain,
this implies that t — v+ 1< b+ (n+1)(r—2)—v+1=>b+n(r—2)—1forall ¢

that we are considering. Now when s = b+ n(rv — 2) — 1, note that

b-—o(s)+(n+1)v—-2)2=b-b—nv—2)+n+1)(v—2)2L

=(v—-2¥1=0,

and, similarly, when s = b + n(v — 2), we have

(b—o(s)+(n+1)(v—2)~L=(-3)r"L=0.

So when s = b+ n(v —2) — 1,b+ n(v — 2) we have s > ¢t — v + 1, which implies

Gn1(t,s) = 0 for these s-values for any t-value in consideration here.
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So now we have

At _yw((n+1) (v —2) +b
o S VD
_(t—nlv- 2))= 1 S n v — —o(s))“ w(s
- (b—i—y— )1/ (V) 57;2 (( +1)< 2)+b ()) ()
1 t—v
_ N0 527%;_2)@ —o(s))“=—w(s)
1 t—v 1 (n+1)(v—2)+b—v
= F(l/) Z [un+1(t7 8) - I(t 5)] (8) + F(V) Z un—i—l(tvS)w(S)
s=n(v—2) s=t—v+1
(n+1)(v—2)+b—v b+n(v—2)—2
= ) Gualbsjuwis)= Y Guult,s)uw(s)
s=n(v—2) s=n(v—2)
b+n(v—2)
= Y Gualt,s)u(s)
s=n(v—2)

O

Remark 2.5. Note that G;(j(r —2),s) =0 and G;(b+j(v —2),s) = 0 for all s such

that (¢, s) is in the domain of G;:

(
(b+v—2)=L (v — 2L
(

)+ il — 2T —1)
b+v—2)=L I'(0)
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and

Gj (b+j(V — 2), S)

1 {(b —o(s) +jlv—2)="

(b+v— 21 b+ (v —2) = (j — 1)(v — 2))2=L

—w+ﬂu—m—UQW'ﬂ

_ L e R0 =) ety —2) — a(s))

- TW) { (b+v—2)v1 (b+v—2) (b+j(v—2) —a(s)) ]
! ) v—1 . vo17

— o) [(b—a(s) +j(v=2)=—(b+j¥v—-2) —0(3))—] —0

2.3 Properties of the Green’s Function

In this section, we highlight some of the important properties of the Green’s function

which help us prove further results.

Theorem 2.6. For G(t,s) defined above, we have G;(t,s) > 0 on its domain for all

jEN.

Proof. First, to add some insight into our method, let us look at the case when j = 1.
Note that when s = b — 1,b, we have G(t,s) = 0 from the previous proof. Thus

f0<t—v+1<s<b-—2, then

F'b—s+v—2) >0

(b= ols) +v =2t = (b= (s + 1) v = 2=t = === >

since bothb—s+v—2>v>1landb—s—12>1. Also, sincet — v+ 1 > 0, then

=1 — F{;(—t—lj-)Q) > 0. Therefore, when 0 <t — v+ 1 < s < b, we have G;(t,s) > 0.

We only need now to consider the case when 0 < s <t —rv < b— 2. We wish to



show

(b+v—2—o0(s))—=L
(b+v—2)=L
(b+v—2—o0(s)=t =L

(b+v—2=L  (t—o(s))=L

= — (t—o(s)Lt >0

> 1.

Thus, we consider, keeping in mind that t <b+v —2and s <t —v,

b+v—2—0(s)=L =L
(b+v—=2)=L  (t—o(s)*=
_(b+v—-s—-3)1 =L
(b+v—2=Lt (t—s—1)=L
b +v—s5-2) ['(b) rt+1) TI't—v—-—s+1)
- T(b—-s—1) Tb+v—-1)I{t—-v+2) T(t—s)
['(b) F'b+v—s—2)I't+1)I't—v—s+1)
'b-—s—1) I'lb+v—-1) I'(t—s) I't—v+2)
b-—1)b—=2)-(b—s—1)T(b—-s—1)
I'b—s—1)
F'b+v—s—2)
b+v—-2)b+v—-3)---(b+v—s—-2)I'(b+v—s5—2)
O =1)--- (=)t =)
L(t—ys)
MNt—v—s+1)
t—v+)(t—v)--(t—v—s+ I (t—v—s+1)

(b—1)b—2)---(b—s—1) O —1)--(t —5)

b+v—-2)b+v—=3)---(b+v—s=2)t—v+1)({t—v)--(t—v—s+1)

=: A.

27

We wish to show A > 1. To this end, consider y as some function of v defined as

Yn(v) = w”@iﬁiﬁéi:; =) where n € N§. Then lim, 1+ y,(v) =

and

b2 +24n+t+l-n t—(b+rv—-2)-v+1

(s s gy

SONY
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since n € N§ and s <t—v < b—2 (and noting v € (1, 2]). Therefore, y,, is decreasing

(b—1—n)(t—n)
(b+v—2—n)(t—v+1—n)

for v € (1, 2], which implies ynl(y) = is increasing for v € (1, 2] and

lim, 1+ W(S:;L&(:Z)kn) = 1. Then A =[[’_, ynl(y) > 1 since every factor in the

finite product is greater than or equal to 1. So

bav—2-o()t,
(b+v—2)=L

and, therefore, G (t,s) > 0 on its domain.
Now let us look at the case for arbitrary 7 € N. From the previous proof, when
s=b+(G—-1)r—-2)—1b+(j —1)(v —2), we have G;(t,s) = 0, and when

G—Drv—-2)<t—v+1<s<b+(j—1)(v—2)—2, we have

L'b—s+jv—2)) >0

(b_a<8)+j<y_2)>%1:F(b—5+j(1/—2)—v+1) -

since bothb—s+j(r—-2)>b—-(b—-2+ (G —-1)(r-2))+jlr—2)=v >1and
b—s+jlv—2)—v+1>2b—(b—2+(—-1)(r—2))+j(r—2)—v+1=1. So when
G—-1Dr—-2)<t—-v+1<s<b+(j—1)(v—2), we have G;(t,s) > 0.
We only need now to consider the case when (¢, s) € S}, or, in other words, when
J—-Dwv-2)<s<t—v<b—2+(j—1)(r—2). We wish to show
(b—o(s) +j(v —2))—

(b—v—2)=L

(b—o(s) +jlv=2))=L(t - —1(r—2)~L
(b—v—2)=L (t — o(s))=L

(t= (- D =2))" = (t—0o(s)* >0




29
Therefore, consider

(b—o(s)+jlv=2)=L0—-(-1)(v—-2)L

(b—v—2)L (t — o(s))=L
Cb—s—14jwv—-2)=(t—(—-1)(v—2)
(b—v—2)= (t—s— 1)1t
I'b—s+jr—2)) r'(b)

F'b—s+jv-2)—v+1)T'(b+v—-1)
rt—G-1Hr—-2)+1) TI't—s—-—v+1)
Frt—G—-1)v—2)—v+2) L'(t—s)

_ I'(b) I'(b—s+jv—2))
r'b—s+jlv—-2)—v+1) TI'(b+v-1)
TE-(G-Dr-2)+1) It—s—v+1)
I'(t—s) Ft—G -1y —-2)—v+2)
r'(b) Frb—s+(G—-Hr—-2)+v-—2)
CTh—-s+(G-1)r-2)—-1) r'b+v-—1)
Tt-(G-Dr-2)+1) I't—s—v+1)
L(t—s) Ft—G-1)v—-2)—v+2)
B I'(b) Frb+v—-2-k)I(t—s+k+1) I'(t—s—v+1)
S T(b—k—-1) TO+v—1) It—s) T{t—s—v+k+2)

where k =s — (j — 1)(v — 2). Note k € Ny for all s here.

Keeping in mind that t <b—2+ (j —1)(r —2)+v=>b+j(r—2) and s <t — v,
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we have

r'(b) rb+v—-2-kKI't—-s+k+1) TI't—s—v+1)

rb—k—1) T'(b+v—1) Nt—s) T(t—s—v+k+2)
-0 -2)--(b—k—1)I(b—k—1)
B Lb—k—1)

F'b+v—2—k)

b+v—-2)b+v—-3)---(b+v—-2—-k)I(b+v—2—-k)
t—s+k)(t—s+k—1)(t—s)T(t—s)
L(t—s)
MNt—s—v+1)
(t—s—v+k+1)(t—s—v+k)---(t—s—v+)I(t—s—v+1)
b-—1)b-2)---(b—k-1)
b+v—-2)b+v—-3)---(b+v—2—k)
(t—s+k)(t—s+k—1)---(t—29)

t—s—v+k+1)t—s—v+k)--(t—s—v+1)

Again, we wish to show A > 1. As before, let us define y,,(v) := (bw(ﬁzz()t (;:_'ﬁ:z)l -

(b—1—n)(t—s+k—n) — 1. and

for n € N§. Then lim,_,;+ y(v) (b—1—n)(t—st+k—n)

, —b—2v4+2+n+t—s+k+1—-n t—(b+v—-2+s—k)—v+1
Yn(v) = =

(b_l_”)(t—s—l—k—n) N (b—l—n)(t_3+k_n) Soa

sincen € Nfand s <t —v <b—-2+4(j—1)(r—2) =b—2+s—k (and still

noting v € (1,2]). We can also note that both factors of the denominator in the
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above inequality are positive since

b—1-n>b—1—k
—b—1-s+(-1r—2)

2b-1-(0-2+0-Dr-2)+(G-Dr-2)=1,

and t > s and k > n. Thus, for v € (1, 2], y, is decreasing, which implies both that

1 (b—1—n)(t—s+k—n) .. . . (b—1—n)(t—s+k—n) _
) (b+1/—2—n)(t—s—u+k+1— y is increasing and lim, 1+ Gy = 1
Then A = Hn 07 ) > 1 since every factor in the finite product is greater than or

equal to 1. Also, we may note that all factors are positive ast—s >t—s—v+1>10
(since s <t—v)andb+v—-2—-k>b—k—1=b—s+(j—1)(r—2)—1 >0 (since
s<b—2+4(j—1)(rv—2)). So

(b—o(s)+j(v—2))—

(b+v— 2L (t=o(s)= 20,

(t= (- Dy -2+~

and, therefore, G,(t,s) > 0 on its domain. Since j € N was arbitrary, the result holds

for all 7 € N. m

We can note that in previous results, we have shown that G;(t,s) = 0 when we
have t = j(v —2),b+ j(v —2) or when s = b+ (j — 1)(r —2) = 1,b+ j(v — 2). We
now show that G; is positive everywhere else on its domain, and we will also find the

maximum of G on its domain.

Theorem 2.7. For each s € NI();L Jl 11/)(;) 272 we have G,(t, s) is strictly increasing for

te st/” 21 and strictly decreasing for t € Nzi{,@*z)fl, and

max Gj(t,s) =Gi(s+v—1,s).
teNz’;’j(’;) 2 7 ’
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Proof. We will assume b > 2 to keep the domains from being trivial. Let t—v+1 < s.
We will show A,Gj(t,s) > 0. Now, I'(b — s + j(v — 2)) > 0 since I'(z) > 0 on (0, 00)

and
b—s+jv—=2)>2b—-0b+(G-1)wv—-2)—-2)+jr—2)=ve(l,2]
Also, b—s—14+(-1)¥—-2)>2b-0b+(U-1)r—-2)-2)-1+(G-1)(vr—2) =1,

sol'(b—s—1+(j—1)(vr—2)) >0.

v—1

Lot € i (ootbi-2)

(AT = Then note

F'b—s—1+jr—2)+1) F'b+v—-1—-v+1)

CTTo—s 14— +1-v+D) Tbrr—1)
T(b—s+j(v—2)) I'(b)
TT(b—s—1+(G-Dr—-2)Cb+v—1)
> 0.

We may now consider

(b—o(s) +j(v—2))*=
(b+v—2)=L

= A [C(t = (G = 1)(v = 2)™]

L) AG(t, s) = Ay t—(—1Dv—2)—L

— Cw—1)(t— (- D —2)*2 >0

since C,v — 1> 0 and

Ft—(G-1Dr-2)+1)
Ft—0G-Dr=2)+1-(r-2)
-G -Hr-2)+1)

T(t—j(v—2)+1)

(t— (-1 —2)=*=

> 0,
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keeping in mind that

t=>jv—=2)
—=t-—v—-2)>{-1)(rv—2)
—t-—(-1)rv—-2)>v-—2
=t (- -2 +1>v—1>0.
Therefore, A,G(t,s) >0 fort —v+1<s.

Now let s <t —v. We will show that A,G,(¢,s) < 0. We want to show

v—2

PW)AG;(ts) = Clv = 1)t = (G = D(v = 2) (v=1)(t—o(s)**<0
<(t—s—1)2

= Ct—(j - 1)(v—2))=

(t— (=1 —2)=
—C (1= s— 1) < 1.

Note that the inequality’s direction is preserved in the last step since

t>s+v

—t>s+1

It —s) _ v—2
Ti—s_vig ‘s D=>0
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We can see the inequality above holds by the following argument:

)

(t—s—1)=2
:(b—S—l—i‘j(l/—Q))ﬂ(t_(j_l)( ))l/—2
(b+v—2)=* (t—s—1)=2

T =s+jv-2)'0+v—1—v+1)It-G-Dr-2)+ It —-s5—-v+2)
CTb—s+jv—=2)—v+1D)Ib+v—1D)It—G-Dr—-2)+1—v+2I(t—s)
_ I'b—s+jv—2)) r'(b)
Frb—s+(G-Hr-2)—-Hrb+v-1)
Frt—G-1w—-2)+1)T(t—s—v+2)
Tt —jr—2)+1) Lt—s)

Now let k:=s— (j — 1)(v — 2), and note that k£ € Ny. So we have

)
(t—s—1)=2
-k +v—-2) I'(b) I't+k—s+1) I't—s—v+2)
r'o—k—-1) I'b+v—-1)T{t+k—s—v+3) ['(t—s)
B To—k+v—2)]0b-1)b-2)---(b—k—-1T0b—-k—-1)
P —-k-1D)b+v—-2)b+v—3)---(b+tv—k—-2T(b+v—k—2)
(t—s+k)t—s+k—-1)---(t—s)(t—s)
(t—s—v+k+2)(t—s—v4k+1)--(t—s—v+2T(t—s—v+2)
It —s—v+2)]
INGE)
 (b-Db-2)- k-1
b+ —=2)b+v—=3)--(b+v—k—2)
(t—s+k)(t—s+k—=1)---(t—2s)
(t—s—v+k+2(t—s—v+k+1)-(t—s—v+2)

< 1.

The final inequality above holds since we have b — 1 < b+ v — 2 <= 1 < v and
t—s+k<t—s—v+k+2<+= 0<2—v. Thus, each fraction in the product
is composed of k£ + 1 factors in both the numerator and denominator such that each

factor in the numerator of the first fraction can be shown to be less than a distinct
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factor in the denominator, and each factor in the numerator of the second fraction can

be shown to be less than or equal to a distinct factor in the denominator. Therefore,

G,(t, s) is strictly increasing for ¢ — v 4+ 1 < s and strictly decreasing for s <t —v.
Now, this means the maximum of G, (¢, s) must be either at t = s+v ort = s+v—1.

In the following, we will see that the maximum actually occurs at t = s+ v — 1:

F'(v)(Gij(s+v—1,s) — Gj(s +v,s))

=C((s+v—1-( -1 -2))"*=(s+v— (- ¥ -2))

+(s+v—s—1)¥1

2)) == (s+v—(— D -2 +I@)
(s+r—-(U-Dr=2) DIis+r-(U-DHr-2)+1)

e e i B ek v e B
(=G0~ = =)

s 2 (- Dl 2)

Fs+v—(G—-1)¥—2)+1)
) T

C . :

—(s+v—(G-Dw=-2)(s+v—(G-1)¥-2)] +I(v)
I's+v—(j—1)(v—2))
IFs+2—-(G—1)(v—2)

=C((s+v—-1—-(—-1)(v—

I
Q

=C [s+1-(—-1)(r-2)

—(s+u—(j—1)(y—2)}+F(y)

= ( — UV 1%
v D=z VT
Tk +v)

= Ofrag (=) +I0)
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which is equivalent to

r(v) > %(V _1)
I(V)L(k +2)
= T —1
I'(v— 1I(k+2)
= Tty
PN Fv—1)I'k+2)TO0-s+(G-1)(r—-2)-DI'(b+v—1)
I'(k+v) I'(b—s+j(v—2)1I(b)
=Dk +2)T(b—k—1)I(b+v—1)
B L(k+v) L(b—k+v—2)I(b)

Lk+2)0(r-1)
(k+v—1k+v—-2)--- () v—1)I¥-1)
roe—k-0)b+v—-2)(b+v—-3)---(b+v—k—-2)'b+v—k—2)
To—k+v—-2)]b-1)b-=2)---(b—k—-1)T0b—-k—-1)
(k+1)(k)---(1) b+v—-2)b+v—-3)---(b+v—Fk—2)
(k+v—-1)(k+v—-=2)---(v—1) b-—1)b—=2)---(b—k—1)

> 1,

since the first fraction in the product is greater than 1 if v < 2 and the second fraction

b+(j—1)(v—2)

is greater than 1 if v > 1. Therefore, for each s € N(jfl)(y72) ,

B O =G 1)
Jv—

O

To help condense and notationally simplify some future expressions, we make the

following definition.



Definition 2.8. Let

b+(n—2)(v—2) b+(n—3)(v—2)

Gn(t, 1) = Gp(t, ) Z Z

Tn—1=(n—=2)(¥—=2) Tn—2=(n-3)(v-2)

b
Z Gnq(Tn’ Tnfl)Gn72(Tn71> Tnf2> Tt 01(7'2; 7'1)-

T71=0

Corollary 2.9. For any 7, € Nb“” (i)(’;) 2)

max G,(t, 1) = Gu(mm +v—1,7,)
ten, 2

b+ (n—2) (v—2)

= Gn(Tn +v— 1a Tn) Z Gn—1<7_n7 Tn—l) Z Gl 7—2a 7_1

Tn—1=(n—2)(r—2) 71=0

Proof. For each s € Nb+ i 1)(;) ) we have, from Theorem 2.7,

O =G 1)
Jj(v—

b+n (v— 2)
n(

and from Theorem 2.6, G;(t,s) > 0 on its domain. So for all t € N

Gn(t, )
b+(n—2)(v—2) b+(n—3)(r—2)
= Gn<t7 Tn) Z anl(Tnv Tnfl) Z an2(7—n717 Tn72)
Tn—1=(n—2)(r—2) Tn—2=(n—3)(r—2)
b
o Z G1(7'2, 71)
71=0
b+(n—2)(r—2) b+(n—3)(r—2)
= Gn<t77_n) Z Gn—l(Tny Tn—l) Z gn—Z(Tn—lan—2>
Tn—1=(n—2)(v—2) Tn—2=(n—3)(¥—2)
b+(n—2)(v—2) b+(n—3)(r—2)
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, we have

S Gn(Tn +v— 17 Tn) Z anl(Tna 7-nfl) Z gan(Tnfla Tnf2>7

Tn1=(n—2)(v—2) Tn—2=(n—3)(v—2)
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and

gn<7—n +v— 177-11)

b+(n—2)(v—2) b+(n—3)(r—2)
= Gn(Tn +v— 17 Tn) Z Gn—l(Tna 7_n—1> Z gn—Z(Tn—b Tn—2)~
Tr—1=(n—2)(v—2) Tn—2=(n—3)(v—2)
Thus, we have our result. O

2.4 Existence and Uniqueness Theorems

We can find results related to the existence of solutions of fractional differential equa-
tions in [13], [14], [15], [16], and [22]. Here, we will discuss the existence and unique-
ness of positive solutions of nonlinear fractional difference equations.

While nearly all of the results in this work would be either trivial or undefined for
b= 0 or b =1, perhaps it should be said that we are really only considering b-values
that one could use to gather interesting or well-defined results, i.e., those values of
b € Ny. In anticipation of our existence and uniqueness results, let us define the

following domain:

Definition 2.10. For j € Ny,
Dj = [b/A+j(v —2),3b/4+ j(v = 2)] NN;(-a),
unless b = 2, in which case let D; := {j(r —2)}.

Lemma 2.11. There exists v € (0,1) such that for any T,

teDy, btn(v—2)
S N

min G, (¢, 7,) > 7 < max gn(t,Tn)> =G, (T + v —1,7,).
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Proof. For any t € D,,, a set of a finite number of points, we have

L (t, Th, n(ts Tn

Inlbm) ___ GullT) )
max gn(t, Tn) gn(Tn +v— 17 TTL)

teNlT’Iff;;Q)

since max, pinw-2) Gn(t, 1) > Gu(t,7,) for any t € NZJ{:_(’;)”) and G, (t,7,) # 0 for

n(v—2)

teD, C N?(ff_(l;)fifl as a result of Theorem 2.7. Since ¢ (and 7,) comes from a

domain with a finite number of points, we can find v such that

ntan
0 < v < min Gnlt, )

< 1.
teDn G (Th +v — 1, 73,)

Therefore, we have v € (0,1) such that

i ntanz ntan = n\Tn _Ln-
p Onlt. ) ”(mg<>> Gulm +v = 1,7)

n(v—2)

We consider a fractional boundary value problem of the form

(

(—1)"AY A, 4 Afgy(t) = fty(t+n(v = 2)),  teN; neN,
y(n(v—=2)) =0=y(b+n-2),

Al(/nf(ifl))(vfmAl(/nf(i72))(1/72) T Al(/nq)(ufz)ﬁlﬁ(yfz)y (n—1i)(v—2)) =0,

Al -1 -2 A= (-2))—2) Dl w-2)Dnw—2yy (b + (n — i) (¥ — 2)) = 0,
(2.4.1)

where i =1,2,3,...,n—1,and f:Nj x R — R (and, still, v € (1,2]).

We can note that y solves this fractional boundary value problem if and only if y



40

is a fixed point of the operator T': B — B defined by

(v
Ty = Z Qn(t, ) f (T, (11 + (v — 2)))
(

=(n—1)(v—2)
b+(n 1)(v—2) b+(n—2)(r—2)
= Z Gn<t7 Tn) Z anl(Tna Tnfl) T
Tn=(n—1)(r—2) Tnflz(n*Q)(V*Q)
Z Gl 7—27 7—1 Tla (7_1 + ’]7,(]/ - 2)))7
T1=0
and where
={y: NZX l;) 2 5 R | the boundary conditions of (2.4.1) hold} (2.4.2)
along with the supremum norm, ||-||, which, as in [27], is a Banach space. Let us define

the following constants (again, where b > 2) which will appear in the next proof:

b+(n—1)(v—2) -1
n = ( Z gn(7n+u—1,7n)> )

Tn=(n—1)(rv—2)
bH(n—1)(v~2) bHn D -2)
A= ( > G- +Lm) D> Gualm o)

Tn=(n—1)(v—2) Tn—1=(n—2)(v—2)

Zf Go(3,m) > G1(72,71)> ,

To=v—2 T1 GDQ

Since G is nonzero and positive at least at some points in a nontrivial domain, both
n and A will be positive real numbers. Also, consider two conditions regarding f that
will be used in the next theorem:
(C1) There exists a number r > 0 such that f(¢,y) < nr whenever 0 <y < r.
(C2) There exists a number r > 0 such that f(¢,y) > Ar whenever t € Dy and

vr <y < r, where 7 is as in Lemma 2.11.
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Remark 2.12. We may note that in what follows, we will be supposing that the
conditions above hold for different r-values. A function f may satisfy (C1) for r = rq,
and f might also satisfy (C2) at r = ry such that r; < yry. Thus, (C1) indicates that
f is bounded above on one region while (C2) indicates that f is bounded below on
a second disjoint region. Thus, there are easily functions f which satisfy the above
conditions at distinct values of r. Also, it is important to note that a positive solution,

as referred to below, may take on the value of 0 but only at the endpoints.

Theorem 2.13. Suppose there exist positive and distinct vy and ro such that (C1)
holds atr = 1y and (C2) holds at r = ry. Suppose also that f(t,y) > 0 and continuous.
Then the fractional boundary value problem (2.4.1) has at least one positive solution,

Yo, such that ||yol| lies between ry and 1.

Proof. Without loss of generality, suppose 0 < r; < r5. We will now consider the
set K :={y € Bly(t) > 0,minep, y(t) > v||yll} C B, where v is as in Lemma 2.11.
Note that IC is a cone: given y € K, any positive scalar multiple of y is also in K,
and, since for y € KC we have y(t) > 0, if —y € K, then y = 0. Now whenever y € K,

we have (Ty)(t) > 0, and

bt+(n—1)(v—2)

min(Ty)(t) = min ) 21:)( , G (t, 70) f (11, y(1 + (v — 2)))

b+(n—1)(r—2)
> Z Gt +v—1,7)f(m,y(m1 + n(v — 2)))
n=(n—1)(v-2)
b+(n—1)(v—2)

=7 max Z Gn(t, 7) f(11, y(11 + (v — 2)))

b+n(r—2)
tEN -2y 7 r=(n—1)(v—2)

= [Tyl

ie, Ty e K. SoT : K — K. We can also note that T is a completely continuous
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operator.
Now let Q := {y € B : ||y|| < m}. Fory € 09, we have |y|| = ry; therefore,
condition (C1) holds for all y € 9€2;. Thus, for y € K N 0§y, we have

b+(n—1)(v—2)

||Ty||=1t max Yo Galtym) f(ry(n 4 (v - 2)))

b+n(vr—2)
Now-2) 7 m=(n—1)(v—2)

b+(n—1)(r—2)

S Z gn<7—n+l/_ 1,Tn)f(7'1,y(7'1+n(1/—2)))
Tn=(n—1)(r—2)

b+(n—1)(v—2)

S nrl Z gn(Tn+V_1aTn>

Th=(n—1)(v—2)

= lyll-

Therefore, [|[Ty| < |ly|| whenever y € K N 0§, which implies that 7" is a cone
compression on C N 0€);.

Now let Qy := {y € B : ||y|| < r2}. For y € 09, we have ||y|| = ro; therefore,
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condition (C2) holds for all y € 0€2. Thus, for y € K N 0§, we have

1Ty

> (Ty) (n(v —2) +1)
b+(n—1)(v—2)

- Z Gn (n(v —2) + 1,7) f(r1,y(11 + n(v — 2)))

Tm=(n—1)(v—2)

b+(n—1)(v—2) b+(n=2)(v—2)
= Z Go(n(v—=2)+1,7,) Z Grn1(Tn, Tn1) -+
Tn=(n—1)(r—2) Tn—1=(n—2)(r—2)
b
Z G1<7—27 T1>f<7—17 y(Tl + n<V - 2)))
71=0
b+(n—1)(v—2) b+(n=2)(v—2)
Z Z Gn(’n(l/ - 2) + 17 Tn) Z Gn—l(Tna Tn—l) e
Tn=(n—1)(r—2) Tn—1=(n—2)(r—2)
Z Gi(me, 1) f(m1,y(71 + n(v = 2)))
T1E€Dg
b+(n—1)(r—2) b+(n—2)(r—2)
2 /\TQ Z Gn(n(u - 2) + ]-7 Tn) Z Gn—l(Tny Tn—l) e
Tn=(n—1)(r—2) Tn_1=(n—2)(v—2)
Z G1(72> 71)
T1E€Do
= 7’2
= [lyll.

Therefore, ||Ty|| > |ly|| whenever y € K N 0y, which implies that 7" is a cone
expansion on K N 9€,. So now, by Theorem 2.2 we have that T has a fixed point,
which implies that our fractional boundary value problem has a positive solution yq

such that r; < ||yl < 2. O

Now we introduce a Lemma that will help show uniqueness under a Lipschitz

condition.
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Lemma 2.14. For G, (t,7,) defined previously, we have

b+(n—1)(r—2)

max Y Galt,m) < {(

b+n(r—2)
tEN, o2y 7 i =(n—1)(v—2)

b+n—2)T0b+v)]"
br'(v+1) '

Proof. We have

)= (b—o(rj) +j(v—2))=L
I'(v) (b+v—2)=L
R O R S ) | -
T Groozpr mtrol-(0-D-2)

_ L T-nti-2) r(v)
ST =7+ =2)—v+1)T(b+v—1)

(+v—1-(-1-2)=

(+v—1-(-1-2)—

b+(j—1)(v—2)

Now 7; € N(j—l)(V—Q)

,sowhen 7; =b+ (j —1)(r —2) — 1,
b—1i+jv—2)—v+1=b-b—-(G—-1)v-2)+1+jv—-2)—v+1=0,
and when 7, =b+ (j — 1)(v — 2),

b4 i —2) — vt 1=b— (b~ D —2) + i —2) — v+ 1= L

Thus, for these two values of 7;

Lo—7+jlv—-2)
Frb—m+jlv—2)—v+1)

=0,

noting that b — 7; + j(v — 2) will not be an integer except in the case that v = 2, in

which case our work would be simplified from the beginning. Also note that when



7, =b+(j —1)(vr —2) — 2, we have

Lb—m+jv=2) T _
-7 -2 vl T W=t

Now for 7; € Nl(’j_({)_(,lj)_(;)_m_i; we have

b—1i+jv—=2)>2b—-0b+(G-1)wv—-2)-3)+jv—2)=v+1>2,

and
b—1i+j(v—2) <b—1;
<b— (- 1) —2)
=b+(j—1)(2—-v)
<b+(-1(1)=b+j-1,
while

b—1,+jv—-2)—v+1>2b-(0b+(U-1)wv—-2)-3)—v+1
=—(G-Dr—-2)—v+3+1

=—jlv—2)+2>2.

c Nb+(j71)(1/72)73

(—1)(v—2) , we have

Thus, for 7;

Fb—7+jv-2) _TIb-m)

To—r -2 —viD) = 1@ SLeriml=0ri=2k
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b(j—1) (v—2)
so for all 7; € Nij ) 2o ™

Lo -7 +jv=2)
rb—m+jlv—2—v+1)

<(b+j-2)L
Therefore,

Gj(Tj + v — 1,7'j>
1 Lb—m1+jv—2)) ['(b)

:F(V)F(b—Tj+j(V—2)_V+1)F(b+l/_1)(7—j+y_1_(j_1)(1/_2))”;

1 (b+j—2)I0(b) , -
F(V) F(b—f— y — 1) (Tj +v—1- (] 1)(V 2))
O 1 - -

1 (b+j—2)0b—1)
T T(v) (b—2)!
(b—1)(b+j—2)!
['(v)

IN

IN

(r+v—1- (= D -2t

(j+v—1-(-1¥-2)—
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Now

b+(j—1)(v—2)

G,(t,T;
teNIBr?g”(*?) Z (t:73)
i(v—2) Tj:(j—l)(V—Q)
b+(i—1)(v—2)

< Z b—1)(0b+j—2)!

(+v—1-(-1r-2)=

, I'(v)
7={-1)(v-2)
b-—1)0b+7—2)! 1 . b+(j—1) (v—2)+1
= (v —=1=(—1)(v—2))~
D G-nw-2p

_ - |
_ o 1>y(1li(+yj] b+ — -1
b-Dbi-2
= T Tern S
(b—1)(b+j—2I0(b+v+1)

T(v+ 10(b + 1)

(b+j—2)T(b+v+1)

T(v + 1)b(b — 2)!
< b+n—-2)T'(b+v)
= v+ )(b-2)
(b+n—2)20(b+v)

bl'(v+1) ‘

Therefore,

bt+(n—1)(v—2) b+(n—1)(v—2) b+ (n—2) (v—2)

Yoo Gt = > Galtm) > Gt Ty T1)

Fa=(n—1)(v—2) Ta=(n—1)(v—2) Tn-1=(n-2)(v-2)

b
'--ZG1(TQ,T1)

71=0

. {(b+ r;r—(i)irlgm y)]”7

giving us our result. O]

Here we prove a uniqueness theorem when f satisfies a Lipschitz condition.
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Theorem 2.15. Suppose f(t,y) satisfies a Lipschitz condition in y with Lipschitz

constant «, i'e'7 ’f(ty?) - f(t7 yl)‘ < a|y2 - yl| fOT all (t7y1>7(t7y2)' Then Zf

[% < i, the fractional BVP (2.4.1) has a unique solution.

Proof. Let y1,ys € B, where B is the Banach space from (2.4.2). Then

| Ty2 — Ty ||
bt (n—1)(v—2)

<  max Z |G (t, 70)| | £ (71, 92 (11 + (v — 2)))

b+n(v—2)
tEN, =2y 7 m=(n—1)(v—2)

— flr, 1 (m +n(v — 2)))|
b+(n—1)(v—2)
<« Z Qn(Tn—i—u—1,Tn)‘y2(7'1—|—n(1/—2))—y1(71+n(u—2))|
Tn=(n—1)(r—2)
bt (n—1)(v—2)
<allp—wl Y, Gumt+v—1L7)
Tn=(n—1)(r—2)

< allyz — {(b - 721:(5)—?1()6 : V)] ’

which implies, by Theorem 2.3 (the Banach Contraction Theorem), we have a unique

solution since « [W] <1

bI'(v+1)

O

Example 2.16. In the case n = 2, v = 1.3, and a = 0.01, if f in 2.4.1 is Lipschitz
continuous with Lipschitz constant a, then Theorem 2.15 guarantees we will have a

unique solution if

b(b— 1)I(b+1.3)\?
( e ) < 100.

Solving for b (numerically) implies that b,,q, =~ 4.011, where b,,,, is the largest value
of b such that the hypotheses of Theorem 2.15 are satisfied. If instead we have
o = 0.001, then by, &~ 5.182.
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Chapter 3

Discrete ¢g-Calculus

This chapter is largely the result of joint collaboration to produce a paper that in-
corporates and extends some results regarding calculus on a g-time scale [12]. In this
chapter, we introduce the g-calculus, highlight definitions and properties of important

functions and operators on a ¢-time scale, and solve initial value problems.

3.1 Preliminaries

The functions that we are considering are defined on sets of the form
agho = {a, aq,aq?, .. } )
where a,qg € R, a > 0 and ¢ > 1. We will also consider sets of the form

ag™® = {a,aq,aq’, ..., aq"},

where n € N.
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Definition 3.1. We define the forward jump operator o by
o(t):=qt

for t € angil.

3.2 The ¢-Difference and ¢-Integral

The derivative is the rate of change from one point to the next. For our domain, ag"°,
the horizontal change is o(t) — ¢, and the vertical change is f(o(t)) — f(t). Thus, we

have the following definition.

Definition 3.2. Let [ : a¢g"0 — R. We define the g-difference A, by

A f(t) ==
where pu(t) = o(t)—t =t(g—1) and t € ag™ . We also define AVf(t),n=1,23,..
recursively by Aq(Ag*1 f(t)) and Ag to be the identity operator.

Remark 3.3. We could suppress the subscript on A, since throughout this chapter,
the difference represented by A will always be the ¢-difference, but we will leave it
there as other works have shown the subscript throughout (both in places where A

would and would not be ambiguous).

Theorem 3.4. Assume f,g:aq"0 — R and o € R. Then fort € othg_1
(1) Ay =0;

(1)) Agaf(t) =al,f(t);

(i) Dg(f() +9(t) = Dy f (1) +Dqg(t);
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(i) Ag(f(1)g(1)) =F(a(8)Agg(t) + Aq(F(1))g(1);

£ gD F()—F(DAgg(t)
(v) Aggy =5 5o

where in (v) we assume that g(t) # 0 fort € ago.

Proof. The proofs of (i), (i), and (iii) follow easily from the definition of the g¢-

difference as

and

(1)
_ (fle(®) = (1) + (g(o(t) — 9(t))
u(t)
_ fle@®) = (1) | g(a(t) —g(t)
11(t) tq—1)

p(t)
_ fla(®)g(a(t) — fo(t)g(t) + f(a(t)g(t) — f()g(t)
(%)
_ fle®)lg(a(t)) —g(®)] + g(t)[f(a(t)) — f(2)]
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The proof of (v) employs a similar trick to that of (iv), for

Note that when n € N

Next we define the g-falling function. While we do not extend the definition to
fractional falling powers for ¢ € (1,00) here, one can do this similarly to previous
work in this thesis with respect to the time scale N, while using a Gamma function

as presented in [26], [33], or [40].
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Definition 3.6. On the time scale ag™°, and for n € N, the ¢-falling function, (8—a)2,

is defined to be

for B, € R.

Remark 3.7. Though the definition above only requires 5, a € R, in application, we

generally have 3, a € ag™.

Remark 3.8. We may note that earlier on N,, we defined
t—c)*=t—c)t—c—1)(t—c—=2)---(t—c—n+1).

We may view this definition as either

n—1

(i) (t—c)r= H(t —o*(c)), or as

() (t— o = [[ - o)

The definition above takes the view of case (i). It tends to imply that ¢,c¢ € ag™°
and is consistent with [33]; it is the definition that will be used in what follows in
this chapter. The view of case (ii) tends to imply ¢t — ¢ € ag¢™?; it is consistent with
the definition of the falling function on a mixed time scale, as seen in [25] and in
the following chapter. While this difference in views of definition is not of utmost
importance to this work overall, one might find that there are could be significant

differences in results by taking one view over the other.

Remark 3.9. When looking at the domain ag™°, there is interest in results for the

case when ¢ € (0,1) [6]. On a domain of this type, one can define a fractional ¢-falling
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function. To motivate the definition of the ¢-falling function where n is not a positive

integer, note the following:

(3-ap = T[(6 - ") = 5" [0 - 5

o 01— 9" T2, (1= 5q7)
ILZ.(1—5q7)

n 121 — %qk)

[Teo(I = 54

=p

Using this motivation, we define the fractional ¢-falling function for

g€ (0,1).
Definition 3.10. With respect to ag"°, the fractional ¢-falling function is defined as

[Tio(1 - %qk)
[Tio(X = 5¢*)

(8= a) = p"

for B, a,v € R.

Remark 3.11. Note that in the above definition, both products can be shown to

converge here for ¢ € (0,1): we have that [];2, (1 + <—%qk>> converges if and only

if ZZO:O <—%qk) converges, and Ziio <—%qk> = —% ZZOZO q" converges since it is a
geometric series with ratio ¢ € (0, 1).

The next two theorems highlight some results for such gq.

Theorem 3.12. The following are properties of the q-falling function forv,v,a, 5 € R
and g € (0,1):

(i) (B— )22 =(8—a)(8 - ¢"a);

(ii) (V8 —ya)* =" (8 — a)%;
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(iii) Fort,s € ag™® such thatt > s and v & Ny, (t — )% = 0.

Proof. (i) Given v,~,«a, and 8 as above,

[T (1 - %qk)
[[iZo(X = ")

[T —§a")  TIZe(t — ")
HZio(l - _qkwﬂ) [Iio(1 - _qk”)
HZio(l - ) 8 Hk ol — _qk)
[Tzl - _‘JHV) 11— —(]’HVH)

— (8- a)!(8 - ¢a)"

(5 o )u+’y BV+’Y

= gt

= p

(ii) Given v, 7, a, and (3 as above,

[0 = 524")
[Tio(1 = F2a5)
[T (1 — §4%)

[LiZo(1 = Gd++)

=7"(8 — a)~

(V8 — ya)* = (vB)”

=B

(iii) Let t = ag™ and s = ag™ such that n > m, and let v ¢ Ny.

(t —s)* = (ag" —aq™)*
— (aq") [12(1 - qu>
i1 — qun q*)
o o =g "gY)
[[(1 — gmngkt)

n—m—1 m—n k o) m—n .k
— (aqn)y(l . qunqnfm) k=0 (1 - qoo q )sz:n—m—l—l(l —dq q )
[Tizo(X — g™ "g")

= (aq")

=0
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]

Remark 3.13. Regarding part (iii) of the previous theorem, if v € Ny, then for
t = aq™ and s = aq™ such that n > m the result still holds if v > n — m + 1 for any

q > 0.

Theorem 3.14. For t € ag™ and a,v € R,n € N and ¢ € (0,1), the following

equalities hold.

(i) Dg(t — ) = ¢ [V]iyq(o(t) — @)=

(1)) Aj(a—t)% = —ql’—l[l/]l/q(a — )t

Proof. (i) By direct calculation,

101 — $d)
[1i2o(1 = $a*)
< > Hk 0(1_ I kH) _ Hi’io(l— %qk>
Hk:o(l - _QHVH) HZio(l - %QHV)
1(t)
<3>” [, — ") (1—%¢") o [Tiso(1 = %)
[[ioo(d— ") (1 —%¢) T — 761’””)

At — a) = At

p(t)
IR (s [(G) -8 - (1-9)
R VY (R 70 T oy
il (1= ) (1) -s-1+2
[T, (1= $gH+) %— 1

- () e =]

=" [P0 (t) — a)=
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(ii) Again, by direct calculation,

v v H;O:O(l - iqk)
Ayla—t)= A HZio(l _ équ)
I 0LV R | L T
IR =S¢k [1,(1— Zq")

- p(t)
g ezt = ™), Thse( = 3a") (- 2a)
- H?:o(l - éqkﬂ/*l) H;ozo(l - ﬁquV) (1— éq%l)
B u(t)
o (=2 |0 —ga ) —(1—2¢"")

ol — 2 ) (o)
o R —2d) ot [qH(l - q%>]

[Tt = éqkﬂ_l) o

v—1 Hzozo(l — éqk‘) .
Hzozo(l — éqk—l-u—l)( ¢ )] ]1/q

=

= —¢" hygla =)=

Definition 3.15. The n'® Taylor monomial, h,(t,a) , is defined as

(t—a)™

ho(t, ) == il

for t € ag™°, oo € R, and n € N.

Remark 3.16. We also define the Taylor monomials for a mixed time scale in the

following chapter, of which ag™e is a particular example. For other examples of Taylor

monomials calculated for different time scales, see [31].
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Theorem 3.17. Fort € a¢™° and o,v € R,n € N,
Ajhn(t, o) = hp_1(t, @).

Proof. Given t, a, v, and n as in the statement of the theorem,

(t—a)
[n]q!
(e
- [ ]l] [n]q'
(t — o)=L
[n — 1!

Aghy(t, ) = A,

= hn—l(t; Oé).

O

Remark 3.18. With regard to what follows, especially the next definition, any sum
or product should be understood to only consider elements of our domain, ag°. For

example,

D)= > fls)=fla)+ flag) + -+ f(t/a) + f(2).

log, £
q a
sanNa

At times, however, the operators will function normally. How the operator functions
will be clear from context. By observing the expression within the operator, one can
know how the operator itself is to be handled. If we let t = aqg™, then one can consider

the sum above given in the equivalent form

> flag®) = f(a)+ flag) + -+ flag"™") + f(aq").



29

One could also make use of an index function as seen in the next chapter.

Definition 3.19. Let f: a¢g"° — R and c,t € ag"°. We define the integral by

t Ya £ u(s c
/f(s)Aqs o f(s)uls), t> |

0, t<c

Note that the integral is simply a left-hand Riemann sum.
The following theorem gives some properties of the integral.

Theorem 3.20. Assume f,qg:ag™ — R and b,c,d € ag™o , with
b<c<d. Then, fora € R,

(i) Jy of (6) Dgt = o fy7 f(E) Agt;

(i) [y (F(t) +9() Agt = [y () Agt + [5 9(t) Agt;

(iii) [ f(t) Agt = 0;

(i) [} () Agt =[5 f() Agt+ [ f(2)

(v) | fy F(O) Agt] < [y [F(B)] Agt;

(vi) if f(t) > g(t) fort € {bbg,..., <}, then [, f(t) Agt > [, g(t) Agt;
(vii) if F(t) fb Ays, then AJF () = f(t),t € {b,bq,...,n}.

Proof. Recall that the integral is defined to be a sum. Thus, properties (i)-(vi)
regarding the integral hold since the corresponding properties for sums hold.

To prove (vii), consider

X fs)uls) — SV F(s)uls)  F()u(t)
Bl = () ()
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]

Using the product rules proved in Theorem 2.2, we can prove the following inte-

gration by parts theorem.

Theorem 3.21. (Integration By Parts) Given two functions

Ng

w,v : ag™ — R and b,c € ag"°,b < ¢, we have the following integration by parts

formulas:
(i) [ w(t)Ag(t) Agt = u(t)v(t) . Jy v(o(t)Aqu(t) Agt;
(ii) [ ul v()At:u(t)v(t)‘c— < u(t) Agu(t) At
Proof.

(i) Assume u,v : ag™® — R and b,c € ag™°,b < c¢. Using the product rule we can

obtain

Ag(u(t)o(t)) = Ag(u(t))v(o(t)) + u(t)Ago(t)

= u(t)Aqu(t) = Ag(u(t)v(t)) = Aq(u(t))v(a(t)).

Integrating both sides we obtain the following:

/C () A0(0) At_/ A t))Aqt—/CAqu(t)v(a(t))Aqt
:>/ 1) At = ult )—/ 1) Au(t) A,t.

(ii) Assume u,v : ag™ — R and b, c € ag™, b < c. Using a variation of the product
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rule we can obtain

Aq(utyo(t)) = Ag(u(t))v(t) + u(o(t))Aqu(t)

— u(o(t))Aqu(t) = Aq(u(t)u(t)) — Aq(u(t))o(t).
Integrating both sides we obtain the following;:

/C u(o(t))Agu(t) Ayt = /C A (u(t)v(t)) Ayt — /bc Agu(t)v(t) Ayt

b_/b v(t)Agu(t) Agt.

N bcuw(t)mqv(t) Agt = u(t)u(t)

]

Definition 3.22. Assume f : a¢g"o — R. F(t) is an antidifference of f(t) on ag™o

provided
AF ()= f(t), teagd™

Theorem 3.23. If f : ag"o — R and G(t) is an antidifference of f(t) on aq™o, then
F(t) = G(t) + C is a general antidifference of f(t).

Proof. Assume G(t) is an antidifference of f(¢) on ag™e.

Let F(t) = G(t) + C, where C is constant and t € ag"o. Then
AGE(t) = Ag(G(t) + C) = AG(H) + A,C = AG(H) + 0= f(t), teagd™

and so F(t) is an antidifference of f(t) on ag™o. Conversely, assume F(t) is an



62

antidifference of f(t) on ag"o. Then
Ag(F(t) = G(t) = AgF(t) — AG (1) = f(t) = f(E) = 0
for t € ago . This implies F(t) — G(t) = C, for t € ag™. Hence

F(t)=G{t)+C, te€agdh.

Theorem 3.24. (Fundemental Theorem of ¢-Calculus)

Assume f:ago — R and F(t) is any antidifference of f(t) on aq™o. Then

[ 7680 = [ 8,06 805 = F&

a

Proof. Assume F(t) is any antidifference of f(t) on ag™6. Let

G(t) = /tf(s) As, teagh.

By Theorem 2.13 (vii), G(t) is an antidifference of f(¢). Hence, by the previous

theorem, F(t) = G(t) + C, where C is a constant. Then
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By Theorem 2.13 (iii), G(a) =0

3.3 The ¢-Exponential

Recall from traditional calculus that z(t) = e* is the unique solution of the following

initial value problem

We will define our exponential function in this manner by finding the solution to the

following initial value problem

To see what the solution of the initial value problem will be, we will generate a pattern
recursively. We start at ¢t = a to find z(aq):
x(aq) — x(a
Anofa) — 209~ 2(a)

= T = p(a)z(a) = p(a)

= z(aq) = 1+ p(a)p(a).

Similarly, we find z(aq?):

z(aq®) — x(aq)
n(aq)

Agz(aq) = = plaq)z(aq) = p(aq)(1 + pu(a)p(a)),
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which implies

z(aq®) = 1+ p(a)p(a) + p(aq)p(aq)(1 + p(a)p(a))

= (1 + p(a)p(a))(1 + p(ag)p(ag)).

Solving for z(ag®) we obtain

z(ag®) = (1 + pla)p(a))(1 + plag)p(aq))(1 + plag®)p(ag®)).

Continuing inductively, the solution of the initial value problem can be written as

t/q

LT+ ulo)n(s).

S=a

This analysis leads to the definition of the exponential function on our domain. Later,

it will be shown this does satisfy the above initial value problem.
Definition 3.25. The g-exponential function e,(t,a) is defined to be

t/q

ep(t,a) = [ (1 + uls)p(s))-

s=a

Remark 3.26. If ¢ > d in [[’_, f(s), then we consider this an empty product. In
other words, []_, f(s) = 1.

Remark 3.27. It is worth noting that the definition above differs from the two ¢-
exponential function definitions given in [33]. For examples of exponential functions

on other time scales, see [20].

In order to develop analogues of certain familiar laws of exponents, we can define

circle operators which, in the discrete g-calculus, will behave similarly to the related



operators in real calculus.

Definition 3.28. We define & by

(p@7)(t) := p(t) +r(t) + p)pt)r(t).

Theorem 3.29. e,(t,a)e.(t,a) = epg(t, a).
Proof.

t/q t/q

ep(t,a)e,(t,a) = [0+ u(s)p(o)] [ [11 + m()r(0)]

s=a l=a
t/q

=TI+ p(s)p(s)) (1 + pu(s)r(s))]

t/q

=TT+ nls)r(s) + us)p(s) + 12(s)p(s)r(s)]

t/q

=[]0+ u(s)[p(s) + r(s) + p(s)p(s)r(s)]]
t/q

- H[l + u(s)[p(s) @ r(s)]]

sS=a

= epar(t, a).

Definition 3.30. We define the set of regressive functions, R, by

Ry = {p:ag" = C|1+ pu(t)p(t) # 0 Vt}.
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We also define the set of regressive constant functions in the following way.

.. _ ok
Ry =CNRy={acC:a# M) Vi,

where C is the set of all complex constant functions.

Theorem 3.31. R,, ® is an Abelian group.

Proof. Let p(t),£(t),r(t) € R, throughout. First we check for commutativity:

p(t) ©r(t) = p(t) +r(t) + p(t)p(t)r(t)
= (1) +p(t) + p(t)r()p(t)

=r(t) ©p(1).

Next we check for associativity:

(p(t) @ £(t)) @ r(t) = (p(t) + £(t) + p()p)L(t)) © r(t)
= (p(t) + €(t) + p(t)p(t)L(t)) + r ()
+u(@)[p(t) + €(t) + u(®)p(t)e)]r(t)
= p(t) + £(t) + r(t) + u(®)p(t)e()
+p(Op(t)r(t) + ) e(t)r(t) + p* (E)pE) et (t)
= p(t) + £(t) +r(t) + u(t)et)r(t)
+ U (t) + p()r()p(t) + 1 (Op(t)(t)r(t)
= p(t) + [€(t) + () + p@)e(t)rt)]
+p@E) + () + p(@)e)rt)]u(t)

=p(t) & (£(t) & r(t)).

66
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To check for closure, keep in mind that 1 + u(t)p(t) # 0 and 1 4 p(t)€(t) # 0 since

p(t),L(t) € R, We want to show that 1+ u(t)[p(t) @ €(t)] # 0:

L4 u(t)[p(t) @ £(0)] = 1+ p(t)[p(t) + (1) + u(t)p(t) (1))

= 1+ u(t)p(t) + p(t)e(t) + 12 ()p(t)L(t)

= (14 u®)p®)(1+ p(t)(1)
£0

= p(t) D L(t) € R,

Now we show that the zero function, 0, is the identity element in R,: we see that

0 € R, since 1+ u(t)(0) =1 # 0, and

0@ p(t) =p(t) 0 =0+p(t) + u(t)(0)p(t) = p(t).

To show that every element in R, has an additive inverse in R, let p(t) :=

We have that

—p)pt) 1
L+p()p(t) 1+ p(t)p(t)

L+ p(t)plt) =1+ £0.

Thus p(t) € R,, and

p(t) @ p(t) = p(t) © ﬁ&(t)
- —p(t) —n()p*(t)
=p(t) + 1 p(Hp(t) 1+ pu(t)p(t)

_ p) A+ p(t)p(t) — p(t) — p(t)p*(t)

N 1+ pu(t)p(t)

=0,
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showing that p(¢) is the additive inverse of p(¢). Thus, we have that R,, @ is an

Abelian group. O]

Definition 3.32. We define © by

—p(t)

) = T w0’

the additive inverse of p(t) in R,. As a binary operator, we define & by

p(t) © (1) == p(t) ® [SL(1)]

0(t) pu(t)p(t)L(t)

=) = T T 1 i)
pt) —L(1)
BEEIOEON

Theorem 3.33. Assume p(t),((t) € R, and t,s € ag°. Then
(1) eo(t,a) =1 and e,(t,t) =1;
(ii) ey(t,a) #0, for any t € ag™
(111) if 14 u(t)p(t) > 0, then e,(t,a) > 0;
(i) ep(a(t),a) =1+ u(t)p(t)ley(t, a);
(v) Agep(tsa) = pey(t, a);
(vi) ep(t, s)ep(s, a) = ep(t, a);
(vii) egp(t,a) = m;
(viii) % = epor(t, a);

(iz) forp, L € R and |p| < |€], lim;_,oc epoe(t, a) = 0.



69

Proof.

(i) eo(t,a) = JI72 (1 +0) = 1, and e,(t,t) = [T7%(1 + pu(s)p(s)) = 1 by our

s=a s=t

convention on products.

(ii) By way of contradiction, assume that there is a ¢ € ag"™ such that e,(¢,a) = 0.
Since, by definition, e,(t,a) = HZ/:qa(l + pu(s)p(s)), then there must be an s such
that 1+ p(s)p(s) = 0. However, this contradicts the fact that p(t) € R,. Thus

we have that e,(t,a) # 0.

(iii) Assume that 1+ p(t)p(t) > 0 for all ¢. Then,

Hi/:qa(l + (s)p(s)) > 0. Therefore, we conclude that e,(t,a) > 0.

(iv) By direct calculation,

t

ep(o(t),a) = [T (1 + u(s)p(s))

- t/q
= [1+ p(p®)] [ (1 + pu(s)p(s))

= [1+ u(t)p(t)]ey(t, a).

(v) By definition of the delta difference and property (iv) above,

Agey(t,a) = €p<0(t)’z)(t; ep(t, a)
_ (4 pu@)p))ep(t, a) — ep(t, a)
(1))
_ et o) +p)put) —1)
pu(t)
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(vi) By definition of our exponential function,

s/q t/q
ep(t, s)ep(s,a) = [ J(1 + nlr)p(r) [T (1 + n(k)p(k))
t/q
=]+ p(r)p(r)
= ep(t,a).

(vii) By definition of &,
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(viii) By direct calculation,

(ix) Assume p, £ € R such that [p| < [¢|. Then

T17%,.(1 + pu(s)p) ‘ _ ﬁ ‘ (1+ u(s)p) ‘
1791+ pu(s)e)) Sl A+ ps)0) T

lim |eyer(t,0)] = lim

Consider the limit

A+ p@)p)| Il
tirﬁ‘o‘(uﬂ(t)f)’ IR L

We can then assert that there is a ¢ty such that for all ¢ > ¢,

‘ (1+ p(®)p)

(1 +,u(t)€)‘ =



for some constant dg such that % <y < 1.

= 0 < lim [epe(t, a)

=m—§11’;§z§z§\nt—iii’;?;ii?it
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O

To define a circle dot multiplication, we consider using circle plus addition, @,

multiple times on an element from our set. From this, one can see a pattern that

motivates the definition for circle dot multiplication.

YT @5 () P (t)
1 << /n
- MZ <k )
_ i (et @pt () — 1
p(t)
_ (L4 p@®)pt)" —1
pu(t) '

Definition 3.34. We define a circle dot multiplication, ®, by

(1 + pu(t)p(t)* — 1
u(t) ’

a@©p:=

for o € R.
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Theorem 3.35. If a € R and p(t) € R,, then

e, (t,a) = eaop(t; a).

Proof. Assume that o € R and p(t) € R,.

t/q

e, (t,a) = H(l + u(s)p(s))

S=a
t/q

= [+ u(s)p(s))”

t/q

B 0t a(s)p(s) 1
‘EO*M) u(s) )

t/q

~ I+ ns)@ep)

= eqep(t,a).

Lemma 3.36. If p(t),((t) € R, and ey(t,a) = ei(t,a), then p(t) = £(t).

Proof. We assume that p(t),£(t) € R, and e,(t,a) = es(t,a). Thus, we have that
Agep(t,a) = Ayer(t,a), which implies that p(t)e,(t,a) = €(t)e,(t,a). Dividing by

ep(t,a) = et,a), we get that p(t) = ((t). O

Definition 3.37. The set of positively regressive functions, R;, is defined by

Ry = {p(t) : 1+ p(t)p(t) > 0}.

Notice that R; is a sub-group of R,. The details of this proof are left to the reader.
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Theorem 3.38. The set R} with © and © is a vector space.

Proof. Since we have already proved that R} with @ is an Abelian group, it only
remains to show the following, where o, 8 € R and p(t) € R

First, we show associativity of scalar multiplication.

€ae(8op) (tv CL) = [eﬁ(Dp(t? a’)]a
= [ep(t,0)"]?
= [ep(t,a)]*”

= eapop(t, a).

Therefore, by the previous lemma, a ® (6 ® p) = (af) © p.

Next, we show the distributivity of scalar sums.

eraop(t; a) = lep(t,a)]"™

= [ey(t, a)]"[ep(t, @)]
= €rop (t, (l>€s®p(t7 CL)

= C(rop)®(sOp) (ta (l) .

Therefore, by the previous lemma, (r+s) ©@ p(t) = (r © p(t)) & (s © p(t)).
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Now, we show a distributive property involving @. Let r € R and p(t), {(t) € R,.

eropan (1, @) = [epa(t, )]’
= [ep(t, a)ec(t, a)]"
= [ep(t, a)]"[eq(t; a)]"
= erop(t,a)e au(t, a)

= C(rep)®(roL) (ta CL).
Therefore, by the previous lemma,
r© (p(t) & L(t) = (r©p(t)) & (rol(t)).

Finally, we show that we have a scalar multiplicative identity.

L+ p@p) =1 _ p(t)p(t)

tor=—""1 ()

= p(1).

Thus, we have that the constant function 1 is our multiplicative identity. O

Definition 3.39. For +p(t) € R, ,the generalized hyperbolic sine and cosine func-

tions are defined as follows:

t _p(t
COShp(t,CL) = ep( ,(I) _’_26 p( 7(1)7

ep(tv a) — e—p(t7 a)
7 .

sinh,(t,a) :=

Following these definitions, we arrive at the following theorem concerning some

properties of the generalized hyperbolic sine and cosine functions on ag.

Theorem 3.40. Assume +p(t) € Ry, t € ag™™®. Then



(i) coshy(t,a) = sinhy(t, a) = [T, (1 — i (s)p?(s));
(11) A, cosh,(t,a) = p(t)sinh,(t, a);
(111) Agsinh,(t, a) = p(t) cosh,(t, a);

Proof. We can see that (i) holds by direct calculation:

(ep(t, a) +e_p(t, a))Q — (ep(t,a) — e (¢, a))2

Coshf)(t7 a) — sinhf,(t, a) =

4

= ep(t, a)e_p(t,a)
= epa—p(t, a)

=e_,2(t,a)
t/q

=01+ pu(s)(—pu(s)p*(s))]

S=a

Similarly, (ii) holds by direct calculation:

1 1
A, cosh,(t,a) = §Aqep(t, a) + iAqe_p(t, a)

= Sp(1)ey(t,a) — sp(t)e y(t,0)

— e,(t,a) —26_p(t, a)

= p(t) sinh, (¢, a).

The proof of (iii) is similar.

Next, we define the generalized sine and cosine functions.
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Definition 3.41. For +ip(t) € R,,t € ag™°,

6ip<t7 a) + e—ip(t7 a)
9 )

eip(t7 a) — e—ip<t’ a’)
21 '

cosy(t, a) =

sin,(t,a) =
The following theorem relates the generalized hyperbolic trigonometric functions
and the generalized trigonometric functions.
Theorem 3.42. Assume +p(t) € Ry, t € ag™™®. Then
(1) sing,(t,a) = isinh,(t, a);
(11) cos;y(t,a) = cosh,(t,a,).
Proof.
(i) By definition,

1
sing,(t,a) = 2_2'(6i2p(t’ a) —e_py(t,a))

et @) = ey(ta))
2
= isinh, (¢, a).

(ii) Again by definition,

e2p(t,a) +e_p2p(t, a)
2
_e_p(t,a) +ey(t,a)
2
= cosh,(t,a).

cos;p(t,a) =
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The following theorem gives various properties of the generalized sine and cosine

functions.

Theorem 3.43. Assume u(t)p(t) # +i. Then, fort € ag™°,
(i) cost(t,a) + sin(t, ) = [T/%(1 + w2 (5)5%(5)):

(it) A, cosy(t,a) = —p(t)sin,(t, a);

(111) Agsing(t,a) = p(t) cos,(t,a);

Proof. By direct calculation, (i) holds:

COSZ(t, a) + Sin;(t, a) = (eip(t,a) +e_ip(t,a))® — (ep(t,a) — eyt a))

4
= ez-p(t, Cl)e—ip(ta CZ)
= eip@*ip(u CL)
= €yp2 (t, CL)
t/q
=TT+ r(s)(u(s)p*(s))]
t/q
=[]+ #2(s)p°(s)]

Again, by direct calculation, (ii) holds:

1 1
A, cosy(t,a) = iAqeip(t, a) + §Aqe_ip(t, a)

1

= éip(t)ep(t, a) — %ip(t)e_p(t, a)

S eip(t, a) ;ie_ip(t, a)

The proof of (iii) is similar. O
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3.4 The ¢g-Laplace Transform

Recall that the traditional Laplace transform is

LU = [ e a
0
We define the g-Laplace transform in a similar manner using our definition of the

exponential.

Definition 3.44. Assume f : ag"° — R and ¢y € ag™°. Then the g-Laplace transform
of f is defined by

Lol = Fuls) = | " eon(o(t).a) £ (1) Agt

to

forseC\{—

converges.

—n € No} such that this improper integral
p(ag)

If we suppose ty = aq™ for some m € Ny, we can also write the ¢-Laplace transform

as a sum, using the definition of the integral

aq”)

Lt 135) anolwaq))

For more on whole-ordered and fractional-ordered Laplace transforms on discrete
domains, see [7] and [19]. To help identify functions whose Laplace transforms exist,

we introduce the next definition.

Definition 3.45. A function f : ag"° — R is of exponential order r > 0,7 € R, if for

some constant A > 0

n—1

|f(ag™)| < A(u(a)g = )"r"



80

for all sufficiently large n € Nj.

Theorem 3.46. (Ezistence of q-Laplace Tranform) If f : ag™° — R is of exponential
order r > 0, then L, {f} (s) exists for |s| > r.

Proof. Assume f(t) is of exponential order r. Then there is a constant A > 0 and a
to = ag™ € ag™ such that |f(t)| < A(u(a)g™= )"r™ for all t € ag™~. We now show

that

L.{f}(s) I/:oees@’(t) Z]‘[k o 1+u jq>) )

converges for |s| > r. Since

Z i a)g"z ) r"u(agq")
Hk +uaq Hk o1+ ulagh)s|
and noting u(aq™™t) = aq" (¢ — 1) = p(a)g™*, consider

Alp(@)q? )" pag™ )

L3 L+ plag')s T
i = p(a)r lim —
no A(u( 2)g"7 )" u{ag") nooo [1+ pa)gtls|
[Tizo 11 + 1(ag®)s|
1
= p(a)r lim ——
n=o0 | + pu(a)s|
pla)r 7
pla)ls|  Is|
Therefore, by the ratio test, for |s| > r,
o0 2=l\n n n
3 A(pla)q =" )"r" p(ag")
converges. It follows that £, {f} (s) converges absolutely for |s| > r. O
Remark 3.47. Notice from above that for ¢t = aq", > - %“q))) converges

n=0 [Ty_o(1+n(ag"
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for |s| > r, which implies that >~ ess(0(ag™), a) f(ag™)u(ag™) converges for |s| > r.

Therefore,

Jim cc.(o(1).) f(Du(t) =0

by the n'* term test. Since u(t) =t(qg — 1) > 1 for large ¢, we have that

lim egs(a(t), a) f(t) = 0.

t—00

Theorem 3.48. (Linearity) Assume f, g : ag™® — R are of exponential order r > 0.

Then for |s| > r and a, f € C,

Lo{af + By} (s) = ala {f}(s) + BLi{g} (s).

Proof. Let f,g : ag"® — R be of exponential order r > 0. Then for |s| > r and

a, B € C we have

o)

Lo{af + By} (s eas(0(t),a)(af + Bg) A

6@5 a)af +eqs(o(t ),a)ﬁg) Agt

o0

\\8\

ees OéfA t+ /Oo ees( ( ) )ﬁg Aqt
:a/ ecs(o(t),a fAt+B/ eas(0(t), a)g Agt
=al,{f}(s)+ BL.{g} (5).

[]

Remark 3.49. Clearly £,{0}(s) = 0, and, according to [18], if L,{f}(s) = 0, then
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f = 0. Therefore, by the linearity of the g-Laplace transform, we can show that the

g-Laplace transform is unique. To see this, suppose we have functions f, g such that

Lo{f}(s) = La{g}(s). Then

0=La{f}(s) = Lafg}(s) = La{f = g}(s) = La{0}(s)

= f=g.

Theorem 3.50. Let m € Ny be given, and suppose f : ag™® — R is of exponential

order r > 0. Then for |s| > r,

Lo AFH5) = LaATH5) an 7)

+an))

Proof. Assume m € Ny and f is of exponential order r > 0. Then for |s| > r,

o0

Lar 1)) = [ ealolna)f®
)
Z Hk 0 1+N aq*)s)

aq™)

an01+ﬂaq anol‘f'MGQ))

)
= Lotf}(s) ZHM +uaq))

]

Theorem 3.51. The function f(t) = e,(t,a) for p € R is of exponential order

r=|p|+¢ for all e > 0.
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Proof. For t = aq™,n € Ny, we have

lep(t. )] = [eplag™, )] = | [[(1 + ulag")p)| = [] 11 + (")l
k=0 k=0

By applying the triangle inequality to each term in the product we obtain

n—1

lep(t,a)| < TJ(L+ p(ag")Ipl).

k=0

Let € > 0 be given. Then there exists N such that for all n > N we have u(ag™)e > 1,

which implies
pulag™)(|pl+e) > pulag®)|pl +1
for all K < N, and

1(aq®)(|pl+€) > plag®)|p| + 1

for all £ € Ny. So, for n sufficiently large, we have

ep(t,a)| < [0+ ulag™lpl) = [T + ulag™p) T] (1 + plag”)lol)
< (ulag™)(lpl + ) T lag’)(l + <)

n(n—=1) _ N(N+1)

< (alg = Dg"(Ipl + )" Halg = D(lpl + )" "¢ 7 ¢z

= a"(q—1)"(|p| +e)q T g" T

N(N+1)

=q = (u(a)g"T)"(|p| + )"

Since this holds for an arbitrary ¢ > 0, it holds for any € > 0. Since N is a finite
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number, we have the exponential order of e,(t,a) as r = |p| + ¢ for all € > 0. O
Theorem 3.52. For p € R and |s| > [p|,

1
s—p

Lo{ep(t,a)} (s) =

Proof. We previously defined the ¢g-exponential function e,(¢,a) to be

t/q

ep(t.a) = [ (1 + u(s)p(s)).

S=a

Let € > 0 be given. Since, for any € > 0, e,(t,a) is of exponential order |p| + ¢, we

have for |s| > |p| + ¢

Colen(t,a)}(s) = / " eon(o(t),a)ey(t )
/ ep t a At
GETGS

:/ ey(t,a) A
o (14 p(®)s) T4+ ulr)s) "

_ /°° ess(t,a)ey(t, a) At
o Ltpt)s 0

* epos(t, a
:/ p@( >Aqt
o 14 p(t)s

1

— [0 gulta) A
1

= p— / Agepes(t,a) Agt

1
- ——celta)

o0

a

=-—(0-1
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Hence, for |s| > [p| + ¢,
1

s—p

Lafep(t,a)}(s) =

Since £ > 0 is arbitrary, then this holds for all |s| > |p|. O

Remark 3.53. Since e,(t,a) = 1 when p = 0, the ¢-Laplace transform of a constant

function follows from the above theorem and the linearity of the ¢-Laplace transform:

Lo{e} (s) = eLufeo(t.0)} =~

where |s| > 0.

Theorem 3.54. The function f(t) = h,(t,a) for m € Ny is of exponential order

r=c¢ foralle > 0.

Proof. For t = ag" € aqg"™,

For any fixed § > 0 and any constant v > 1
n2
lim a2z " =00
n—oo
which implies that there exists N such that for all n > N we have

Q™o > 1.

Let ¢ > 0 be given and take 6 = (ag~2(q — 1)e¢™™) and a = ¢. Then for all n > N
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such that the above inequality holds, we have

2 1 (n=1)(n)
2

¢ (ag~2(q— 1)eq™™)" = u"(a)q

(n=1)(n)
2

(eg7™)" > 1

= [t"] < a™(q")"u"(a)q e"(q™™)" = a™(pla)g = )"

Since € > 0 is arbitrary, then for all € > 0, h,,(t, a) is of exponential order r = & with
A=am. O
Theorem 3.55. For |s| >0

Lafhalt. )} (s) = -

Proof. For the n'* order Taylor monomial, h,(t,a), for |s| > ¢ for all € > 0 we have,

using integration by parts,

Lo{hn(t,a)}(s) = /00 hy(t, a)eas(o(t), a) Ayt

= éhn(t,a)ees(a(t);@ : - /oo LI a)e@S( GIOJITIPN

_ _/Ooh (t ) 1 1+,u (t))s
o _SHT (14 u(r)s)

:_lw“1@®(ZHTmiﬂw>>%t

_1 / 1 @)ens(0(t), @) Agt,

S

qt

where the 0 in the third line of the equation results from an earlier remark. Repeating
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the integration steps above we can obtain for any £ > 0 and |s| > ¢

Laltn(t.0)}5) = 5 [ eculolt).o) g

= L1} ()
-(5)¢)
o

Since ¢ is an arbitrarily small constant greater than 0, we can thus say that this holds

for |s| > 0. O

Lemma 3.56. Fort € ag™ and p € R,,

lep(t,a) £ e_p(t,a)| < 2 (t, a).

Proof. Since

lep(t; a) £ ep(ts a)] < lep(t, a)| + |ep(t; ).

We can apply the triangle inequality to each exponential in a similar way done in the

proof of Theorem 3.51 (|e,(t,a)| < ep(t,a)) to obtain

lep(t,a) £e_,(t,a)| < ep(t,a) + ep(t,a) = 2ep(t, a).

]

Theorem 3.57. For t € aq"°, the exponential order of the following functions is

Ip| + ¢ for any e > 0:

(1) cosh,(t,a);
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(11) sinhy,(t,a);
(111) cosy(t,a);

(iv) siny(t,a).

Proof. (i) Consider

|ep(t,a) + e_p(t,a)|
h,(t = .
coshy (1, a) s

By the previous lemma,

2€\P| (tv a)

| coshy,(t,a)] < =ep|(t,a)

By steps similar to those in Theorem 4.7, we can conclude
| coshy, (£, a)| < ey(t,a) < A(p(a)g™= )"(|p| + )"

for any fixed € > 0 and A defined in the same way as in the proof of Theorem

4.7. Therefore, cosh,(t,a) is of exponential order |p| + .

(ii) Similar to that above,

| sinh, (¢, a)| = lep(t, a) —26_p(t, a)|'

By the previous lemma,

26|P\ (tv a)

|sinh, (¢, a)| < = ejp| (t,a)

By steps similar to those in Theorem 4.7, we can conclude

| sinhy (t,a)| < ep(t,a) < A(u(a)g™= )"(|p| +¢)"
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for any fixed € > 0 and A defined in the same way as in the proof of Theorem

4.7 . Therefore, sinh, (¢, a) is of exponential order |p| + €.

(iii) Using an earlier theorem
| cos,(t, a)| = | coshyy(t, a)l.
By part (i) of this theorem, cos,(t,a) must be of exponential order |ip| +¢ =

Ip| + € for any fixed € > 0.

(iv) Also using an earlier theorem

sinh;, (¢, a)

; = | sinh,, (¢, a)|.

| siny(t, a)| =

By part (ii) of this theorem, we know that sin,(¢,a) must be of exponential

order |ip| + ¢ = |p| + € for any fixed € > 0.

Theorem 3.58. Fort € ag™ and |s| > |p],

(1) L.{cosh,(t,a)}(s) = 7 for +p(t) € R;
(1) Lo{sinh,(t,a)}(s) = FE5z, for £p(t) € R;
(iii) Lo{cosp(t,a)}(s) = s, for £ip(t) € RY;
(iv) La{siny(t,a)}(s) = ztm, for £ip(t) € Ry.

Proof.



(i) For |s| > [pl,

Lofcoshy(t,a)}(s) = L] &(t,a) ze—p(t’ @) bs)
= 5 (Luleplt @} + Lofey(a) 1))

_%<Sip+8—t—p)>

2s

(ii) For |s| > |p],

Lofsinby(t,a)}(s) = Lf &(t,a) ;e—p(t’ %) Ls)

= 5 (eutent M) — Lafep(t. ) 0)
1, 1 1
:g(s—p_ 8—(_5.0))
~ 2(s—p)(s+p)
p

90
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(iii) For |s| > |p|,

Lo{cosy(t,a)}(s) = Ea{eip(t,a) n;e_ip(t,a) }(S)

= 2 (Lafenlt, )} (s) + Lafeyplt )} (5) )
B %((s —12p) i <3 — (1—2p)>>
- %(s—lip+ sjip)
B 2s
22— 2p?)
T 24p
(iv) For |s| > Ipl,
Cofsing(t, a)} (s) :ca{ew (t,a) = it “)}(s)
= - (Laten(ta)Hs) — Lafe(t,)}5))
_ i( 1 _ 1 )
2i\(s —ip) (s = (—ip))
1 21
- 2_z(s2 —|—pp2>
_ D
5?2 + p?

]

Lemma 3.59. If f : ag™> — R and f(t) is of exponential order r > 0, then A,f is

also of exponential order r > 0.

Proof. Since f is of exponential order r > 0, then we know for all sufficiently large n,

|f(ag™)| < |A(u(a)q"771)"r”u(aq”)] for some constant A. Thus, for sufficiently large
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n € N, we have

wy _ | flag™™h) — flag™)| _ | flag"™") — flag")| _ | flag"*!) — f(ag")
1Baflad")] = p(ag) B ' ag™tt —agqn | ‘ ag"(q —1)
< [flag™ D) + |f(ag")]
- aq"(¢ —1)
_ Alp(a)g?)" 4 Au(a)g™ )"
- aq"(q — 1)
 Ap(a)" g™ 4 Au(a)g
ag"(q —1)

_ Ap(a)"g " u(a)g"r + 1]

aq"(q — 1)

) wt o [ pa)r 1
= A(u(a)g 2 )"r [a(q —1) + aq™(q — 1)]

where B := A [% + 1]. So by definition, A, f is of exponential order » > 0. [

Remark 3.60. By inductively applying the previous lemma, one can conclude that if

[ is of exponential order r > 0, then A7 f is of exponential order > 0 for all n € N.

Theorem 3.61. If f : ag™ — R and f(t) is of exponential order r > 0, then for

|s| >r
n—1
LAALS}(s) = s"Fuls) = > " FAk f(a),
k=0
where n € N.

Proof. If n =1 then we get the following for |s| > r.

LAALFY(s) = / T ean(o (D). ) A (1) Ayt
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Using integration by parts (ii) (and an earlier remark) we can rewrite the integral as

[e.9]

L{Agf}(s) = ecs(t, a)f(t)

_ /oo Oseas(t, a) f(t) Agt
——fa) s [ enlo.a)f) A
= sF,(s) — f(a).

a

Now assume that the theorem is true for some £ € N. By the previous lemma,

note that A’; f is of exponential order r > 0. So consider

LA () = Lo{AAE ()
= sL{ALfH(s) — Al f(a)
k—1
=) SITAf(a) — Al f(a)

k—1

= " F,(s) = Y s" AT f(a) — Al f(a)

r=0
k:+1F Z Sk ’I”AT‘
Therefore, inductively, the theorem holds for any n € N.

Theorem 3.62. Assume o, 3 € Ry, + 1+a Trep® € Ry. Then, for
|s| > max{|o+ B[, [a — B},

(i) ‘Ca{ea(t,G)COShL(t’a)}(s):( s—a

1+oap(t) 8—0[)2—/32 ?

(i) Lofealt.a)sioh s (1) }(s) = sl

1+op(t)

Proof.



(i) For o and f3 as above,

1111111

For |s| > max{|a + |, |a — B[},

Ea{ea(t,a)COShm(t,a)}(S) :%<S—(Olé+5) +3_<015— ))
Epy— )
2\(s—a) =B (s—a)+p
1/ 2(s—a)
:§<(5—o¢)2—ﬁ2)
T (s—ap -

(ii) For o and S as above,

La{ea(t, a)sinh__s (t,a) } (s)

B
14+ap(t

D
Q

IR N ~RN~ DN
)

D
S

D
= =
Q)
Q
[S)
=)
—~ +
S+ —
S g
N—— =
|
o |
D
—
)
Q
(3]
AE
VA
~
IS
SN—
——

94
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For |s| > max{|a + 3|, |a — 5]},

Ea{ea(t,a)sinh ; (t,a)}(s)

1 1 1
<3—(a+ﬁ)_s—(a—5)>

T an(t) 2
1 1 1
:§<(s—a)—ﬁ_ (s—oz)—i—ﬂ)
1 2
5((8—04)62—62)
_ g
C(s—a)2-pY

Similarly to Theorem 3.62, one can prove the following theorem.

Theorem 3.63. Assume a(t) € R, iHaL#(t) # 1. Then, for

|s| > max{|a +if], |« —ifl},

(i) Lafealt,a)cos s (ta) }(s) = =58

1+oap(t)

(i) Lofealt.a)sin s (ta) b(s) = =

1+oap(t)

Proof.

(i) For a and j as above,

Ea{ea(t,a)cos 8 (t,a)}(s)

1+ap(t)
1

zﬁa{ea(t,a)<§<e s (t,a) +e_—is (t,a)))}(s)

1+ap(t) 1+ap(t)

1£ {ea(t,a)em(t,a)}—l—%ﬁa{ea(t,a)e —ip (t,a)}

o 2 1+opu(t) 1+opu(t)
1
2

{ea@ ip (t,a)}—i—%ﬁa{ea@ —ip (t,a)}

T+ap(t) T+ap(t)

a
a

L

= %Ea{eww(t, a)} + %Ea{ea-w(t,a)}-



For |s| > max{|a + 10|, |a — i},

1 1 1
Ea{ea(t, @) S (t a)}(s) T2 <s — (a+1ip) * s— (a— zﬁ)>
1 1 1
B §<(S—Q>—iﬂ+ (s—a)—l—iﬁ)
1y 2(s—a)
B §<(s —)? —|—62>
B s —
o
(ii) For a and f as above,
Ea{ea(t, a) sianM(t) (t,a) } (s)
1
= Ll et 0) (G5 (s (1) — €t () ) 0
1 1
= Z—iﬁa{ea(t,a)e#%(t,a)} — 2—i£a{€a)<t,a)€1+;if(t> (t,a)}

1 1
N Q_iﬁa{ea@ 1+zii(t) (t’ a)} B Q_iﬁa{ea@1+_aif(t) (t’ a)}

= %ﬁa{€a+iﬂ(ta a)} - %ﬁa{eaw(t’ a)}-

For [s| > max{|a +if], [ — ifl},

. 1 1 1
Ea{ea(t, @) Mt (t a)}(s) - Z(s —(a+if) s—(a— @ﬂ))

1 1 1 )
2i\(s—a)—if (s—a)+i8
1 2i3 >
20 \ (s — a)? + B2

_ s
(s —a)?+p%

96
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Next, we provide an example of solving an initial value problem using the g-Laplace

transform.

Example 3.64. Use the ¢-Laplace transform to solve the following initial value prob-

lem:
AZF(t) = 20,f(t) —8f(t) =0
Agf(a) =0, f(a)=-3/2

Taking the Laplace transform of both sides, we have

<32Fa(s) ~ A f(a) —s f(a)) . 2<3Fa(s) . f(a)> _8F,(s) = 0.

Plugging in the initial conditions, we have

3
2 F,(s) + ES—QsFa(s) —3—8F,(s)=0
3
— (52— 25— 8)Fy(s) = 3 — ES
-3 12 1

Fi(s) = _
=R = 5 s 521 542

— f(t) = —%64@, a) —e_o(t,a).

Remark 3.65. Note that in the second to last line above, we could have split the

fraction as follows to find a different, but equivalent, form of the solution.

R = m s~ 3 (ms) 3 (pors)

1
= f(t) = —gel(t,a) cosh_ (t,a) + §el(t,a) sinh_s (¢, a).

Fu(t) 1+p(t)

The following Leibniz formula will be useful for later theorems.

Lemma 3.66. (Leibniz formula) Assume t € ag™", n € Z, and
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f:ag™ x agho — R. Then

Z f(t,8) ZA F(t,s)u(s) + f(tg, tg ™ g

Proof.

n+1 n

Z Fsus) | = Zea g uts) — Lt 5)als)

n

_ YL (f(tg,s) = f(t,9)n(s)] L St )t
p(t) p(t)

= ZAqf (t,s)u(s) + fltg, tg " g "+,

We will now use the Leibniz formula to prove the following theorem.

Theorem 3.67. (Variation of Constants Formula) Assumen > 1 is an integer. Then

the solution to the initial value problem

AJy(t) = f(t)
Aly(a) =0, i=0,1,...,n—1

15 given by
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Proof. First note that if n = 1, then

)= [ ot o(s)(5) By

Then y(a) = 0 and

X fs)nls) = S, F(s)nls)

fu(t)

Agy(t)

So the result holds for n = 1. If now n > 1,

y@z/mH@dWﬂ@%s

t/q

= 3 bt o () (s)ls).

Taking the g-difference of this summation and applying the Leibniz formula, we have

t/q

Dgy(t) =D Dghnr(t,0(5)) f(s)ia(s) + b1 (tq, tq) f(£)p(?)

t/q

— Z Aghn_1(t,0(8))f(s)u(s).

Continuing inductively, we find for : = 0,1,2,...,n — 1,

t/q

Ay(t) = Abhua(t,a(s)) f(s)ls),



which implies

a/q
Aly(a) = Zﬁzhn—l(a, a(s))f(s)u(s)
_ / " A (a,0(5) () Ags

=0

by definition of the integral. Thus, the initial conditions hold.

From above, we have for:=0,1,2,...,n — 1,

t/q

Apy(t) =Y Ajhna(t,o(s)) f(s)nls),

which implies

t/q

AFly(t) =Y AT ot 0 () f(s)p(s)

S=a
t/q

=Y f(s)u(s),

and y
Ay Y f(s)u(s) = f(D).
Thus,

t/q

Apy(t) =0+ f(t) = f(1).

100

[]

Example 3.68. Use the variation of constants formula to solve the initial value
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problem

Agy(t) = ep(t’ 1)

y(1) = Agy(1) = 0.

From the Variation of Constants formula, the solution of this initial value problem is
given by

y(t) = /1 It o())ey (5, 1) Ays.

Integrating by parts, we have

y(t) = / It 0(5))ep(s, 1) Ags

t

t
[ =2 [ el 0ah(ts) Ay
pJ1

1
— ];[iu(t, s)ep(s, 1) s=1

1 1 [t
= Z;(hl(t, t)ep(t, 1) — hi(t, 1)ey(s,s)) — 5/1 ep(s,1) Ays

1 t
s:l]

1
— _< — hy(t, 1)) + ] [ep(s, 1)
1 1 1
= —5h1(t, 1)+ E%(’f’ 1) — ]?ep(l’ 1)

p

1 1 1
== —]—)hl(t, 1) + ]?€p<t, 1) — ?
We can verify the initial conditions:
1 1 1
y(l) = _5h1(17 1) + _er(lv 1) - ]?
1 1
IR
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and

1 1
Agy(1) = A - (e, 1) 4 et 1) - E) .
1 1

===+ =¢,(t,1) =0

( + et 1) ) .

1 1
— eP(L 1) - 5
11

p p
= 0.

Thus, the initial conditions hold, and we can also verify that we have a solution by

finding A2%y(t):

1 1 1
Njy(t) = 83— (1) + e(r1) - )
1 1
_ Aq< ot e ) - 0)
=e,(t, 1)

Thus,

1 1 1
y(t) = =Mt 1) + et 1) - 75

is the solution to the given initial value problem.
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Chapter 4

Green’s Functions on Mixed Time
Scales with Lidstone Boundary

Conditions

This chapter focuses on finding a Green’s function and its properties for a boundary
value problem on a mixed time scale, i.e., a time scale whose elements may be thought
of as being recursively defined according to a linear function. A mixed time scale
“mixes” together our previous two experiences with time scales in this thesis. Whereas
earlier, our forward jumps in a time scale were determined either by strictly adding
or strictly multiplying, our forward jumps here will be determined by a combination

of both multiplying and adding.

4.1 Preliminaries

In this section, we introduce some fundamental concepts and properties of a mixed

time scale. Rather than determining a formula for the jump operators after one
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has defined a particular time scale, we might think of mixed time scales as being

recursively defined through the following jump operators.

Definition 4.1. For a,b € R with a > 1,0 > 0, and a + b > 1, we define the forward
jump operator by

Oap(t) == at +b.

Throughout this chapter, and anytime there is no ambiguity, we can refer to o,
simply as o. Additionally, any reference to a and b will refer to these constants from
the definition of . As any case in which a = 1 results in a time scale that is simply
an analogue of the traditional discrete time scale N,, we will generally be interested
here in the case when a > 1. The g-time scale discussed in the previous chapter is

simply a particular mixed time scale in which a here is equivalent to ¢ and b = 0.

Definition 4.2. The n'* forward jump operator is recursively defined for n € N; as

a(a" (1), n=1,
o™ (t) =
1, n=0.

We can also similarly define a backward jump operator as follows.

Definition 4.3. Given o = 0,;, we can define the backward jump operator as

Ct—b

pa,b(t) = p(t) : a

and, for n € Ny,

where the subscript on p will be suppressed in this chapter as there is no ambiguity.
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We now define our time scale T, based on our jump operators.

Definition 4.4. Given a € R such that o > 7% (where a > 1), we define the mixed

time scale

T, := {a,0(a),0*(a),...}.

Remark 4.5. In [25], for a > 1 and a > 1Tbav

Note that this is not technically a time scale. This can be remedied by defining

T, = {opla) pla).aofa),a¥a) u f 2]

1—a

or by considering Definition 4.4 above. This is a minor point since in any uses of
the time scale that follow, we only consider T, as in Definition 4.4, though one could

easily consider

for some k € Ng.

We may note that T, in either the definition or remark above is bounded below by
1Tba (though in the remark, we are actually dealing with the infimum instead of just
a lower bound), a proof of which may be found in [25]. This property does not hold
if a = 1. Additionally, if o = ﬁ, then T, = {a}, and if o < ﬁ, then o as defined
earlier would function as a backward jump operator (and p as the forward jump

operator) while T, will be bounded above by % For simplicity, we will consider

a20>&.
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Definition 4.6. For ¢, d € T, such that d > ¢, we define
T[c,d] =TaN [Ca d] = {C7 U<C)7 U2<C)7 s 7p(d>7 d}

We define T gy, T(cq, and T}y similarly. Additionally, we may use the notation Ti
where

d .

T¢, = T[a,d}.
Definition 4.7. As before, we define a graininess function (or, as in [25], a forward
distance operator)

pu(t) =o(t) —t=(at+b) —t=(a—1)t+0b.

Below are some properties of y, as found in [25].
Theorem 4.8. Fort € T, and n € Ny, the following hold:
(i) p(t) > 0;
(i) u(o™ (1)) = a"u(t);
(i) p(p (1)) = =" ().

We now define an index function, whose value gives the number of forward jumps

in T, between two elements of the time scale.

Definition 4.9. We define the index function K : T, x T, — Z by

K(t.5)i= o, (413,

For simplicity, we will use the notation K(t) := K(t, a).
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As presented in [25], some properties of the index function are below.
Theorem 4.10. Fort,s,r € T, such that t = o%(s), the following hold:
(i) K(t,t) =0;
(1)) K(t,s) =k,
(11i) K(s,t)=—K(t,s);
(iv) K(t,s)=K(t,r)+ K(r,s).

We define the difference operator here exactly as before. Thus, all relevant prop-

erties from before hold since they are simply based on the following definition.

Definition 4.11. For f : T, — R, the forward difference operator (or delta differ-

ence) is defined as

ANapf(t) = Af(t) =

Here, again, we will suppress the subscript on A throughout this chapter.

We also define a definite integral on T,. As before, it is essentially a left-hand

Riemann sum associated with T¢ C T,,.

Definition 4.12. For f: T, — R and ¢,d € T,,

K(d,e)—1
o] X TP, <
) 0, c>d.

Remark 4.13. As we are considering a time scale T, that can be considered a
generalization of the time scale ag) from the previous chapter, we can note that the

properties in Theorem 3.20 similarly hold for this definition of a definite integral.
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As in the previous two chapters, it is important to have functions that are factorial

in nature with respect to our time scale. We also define bracket and brace functions.

Definition 4.14. For n € N and t € T,, we define the rising function by

n—1
t" = H ol (t).
=0

Additionally, we define

We also define
=T/, =1

Definition 4.15. For n € Z, we define the a-bracket function by

1], == (‘f_‘f)

and the a-brace function by

Remark 4.16. We may note from the definitions above that [0], = 0, [1], = 1,

{0}, =0, and {1}, = 1. Also, in [25], we can see that the following hold:

(i) AT = [nla(a()"
(i) A2 = {n} =L,

In anticipation of defining Taylor monomials, we also define the following factorial

functions.
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Definition 4.17. For n € Ny we recursively define the a-bracket factorial and a-brace

factorial functions, respectively, by

and

{0}, :=1, {n}!:={n}. - {n—1}..

We now define the Taylor monomials on T,,.

Definition 4.18. For s € T, we define the Taylor monomials h(-,s) : T, — R by

ha(t, ) = 3 DS

— [i]o!{n —i}s!

From [25] we have the following two theorems regarding some properties and an

application of Taylor monomials.

Theorem 4.19. Forn € N and t,s € T, we have
(i) ho(t,s) = 1;

(i1) hy(s,s) =0;

(113) Ah,(t,s) = h,_1(t,s);

(iv) hi(t,s) =t —s;
(1) ha(t,s) =TT, =5

Theorem 4.20. (Taylor’s Formula) Let f : T, — R and s € T,. Then for any

n € Ny we have for allt € T,

f(t) = pn(tv S) + Rn(tv 3)7
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where p, (-, 8) : To = R is given by

pu(t, s) = ZAkf(s)hk(t, s),
and R,(-,s) : T, — R is given by

R, (t,s) :—/ ho(t, o (7)) A" f(1) AT

4.2 Green’s Function on a Mixed Time Scale

In this section, we will find a Green’s function on a mixed time scale where a > 1
and investigate some of its properties. We will first provide a theorem regarding the
existence of nontrivial solutions for a certain boundary value problem. Many of the
results in this section can be viewed as analogues to Green’s function results in [34].

Some other results on mixed time scales can also be found in [24].

Theorem 4.21. Given thaty : T, - R, 3 € T,, and A, B,C, D € R, the homoge-

neous boundary value problem

(

—A*%(t)=0, teT,
Ay(a) - BAy(a) =0

Cy(B) + DAy(B) =0

\

has only the trivial solution if and only if

v:=AC(B —a)+ BC+ AD #0.
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Proof. Given that —A?y(t) = —AAy(t) = 0, we have
Ay(t) = coho(t, o) = co.

Summing both sides from « to t — 1 gives
t—1

iA?J(t) = Z Co

= y(t) —y(a) = co(t — a)

= y(t) = y(@) + ot — a)

and letting y(a) = ¢; gives

y(t) =c1 + oot — ).

Using our boundary conditions, we have
Ay(a) — BAy(a) = Acy — Bey =0,

and
Cy(B) + DAy(B) = C(c1 + co(8 — @) + Deg = 0.
Thus, we have the following sytem of equations

Co(—B) + ClA = O,

co(CB—Ca+D)+cC=0,
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which has only the trivial solution if and only if the determinant

- B A
—y = # 0.
Cg—-Ca+D C

From above, we can see

v = —[(~B)C — A(CB — C — Ca + D)
— BC + ACB — ACa + AD

=AC(B —a)+ BC + AD.

O

Lemma 4.22. Fory: T, = R, € T,, and Ay, Ay € R, the boundary value problem

—A%(t) =0, teT,,

yla) = Ay, y(B) = Az

has the solution
Ay — Ay
b — «

Proof. The general solution to the difference equation is

y(t) = A +

(t— ).

y(t) =1+ ot — ).

Using the first boundary condition,

yla) =c1+0=c¢,
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and, using the second boundary condition,

y(B) = A1+ co(B — ) = Ay
Ay — Ay
B—a

:,>CO:

So then

y(t) = A +

]

Remark 4.23. We might notice that the solution to the boundary value problem
above is essentially just a line connecting the points («, A;) and (3, Ag) (though, of

course, the solution y(t) only exists at t € T,,).

Theorem 4.24. Forvy, f: T, — R and g € T, such that B > «, the boundary value

problem
— A%y(t) = f(t), teT,
(4.2.1)
y(a) =0=y(B)
has solution
8 K(B)-1 A .
y(t) = / G(t,7)f(T) AT = Z G(t, 0/ (a)) f(o! (@) (o’ (),

where G : T2 x 5P 5 R s defined by

Mhl(t,a) —hy(t,o(1), 0<K(T)<K()—-1<K(B) -1,
61~ 5,00
Whl(t,a), 0<K(t) < K(r) < K(B) - 1.

Proof. We may note that the related homogeneous boundary value problem, i.e., the
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case when f(t) = 0, does not have only the trivial solution as v (defined in Theorem

4.21) is not equal to O:
v=AC(B —a)+ BC+ AD = (8 —a) #0.

By an application of Taylor’s theorem from [31] the general solution to (4.2.1) is given

by

y(t) = coho(t,0) + crhy(t, ) — / ha(t,0(r) f(r) A
K(t)—1

=co+ahi(t a) Z hi(t, o0’ (a))) f (o7 (a))u(o” ()
Using the first boundary condition,

y(@) = co + erha(a, a) — / Cha(t.o(r)f(r) Ar
=co+ 0—-0=0

:>C():0,

and using the second boundary condition,

y(B) = crh (B Z 7 (8,09 () f (07 () (o’ () = 0

2,:&?) "ha (8,071 (@) f (o7 () (0 ()
hl(ﬁ7a) '

:01:
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Thus,

KT R (8,09 () £ (0 () (o7 (@)
y(t) = "5 o) It )

K(B)-1
=Y o @) (o ()l ()
K(t)-1

=uen | 3 (M it e) — (e )

K(B)-1 hl(ﬂ;(fjﬂ(a)) ;
+ e, (o)

for G(t,7) defined in the statement of the theorem. O

Remark 4.25. We can also simplify the Green’s function above as

hlh(ﬁ(g(T)))hl(t,a) —hi(t,o(7)), 0< K(r) < K(t) -1 < K(8) - L,
G(t,7):= L Do
1(8,0(7)) -
mn(Bra) ) 0 < K(t) < K(r) < K(B) -1,
(ﬁﬁ__g?(t—a)—(t—o(f)), 0 < K(r) <K(t) -1 < K(p) -1,
B Bﬁ—_ag)(t_ ) 0< K(t) < K(r) < K(B)—1
'(5—02(j;0(7)), 0<K(T)<K{t)—-1<K(p) -1

(B—o(n)t—a)
\ 8-« ’
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This is symmetric in ¢ and o(7) and closely resembles

as can be seen in [35].

Theorem 4.26. For G(t,7) defined in Theorem 4.24, G(t,7) > 0 on its domain and

max G(t,7) = G(o(1), 7).

teT?

Proof. First, note that

Glo) = Sy ) = g e ) =0
and
6(0.7) = T Dby (5,0) = hi(5. (7)) =0,

To prove our result, we will show that AG(t,7) > 0 for t < 7, AG(t,7) < 0 for 7 < t,

and G(o(7),7) > G(7,7) (which then shows AG(¢,7) > 0 for ¢t < 7). First consider
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the domain 0 < K (t) < K(7) < K(8) — 1:

AG(t,7) = %Ahl(t, o)

— p- Ug) ho(t, @)

Now consider the domain 0 < K(7) < K(t) — 1 < K(p) — 1:

AG(t,7) = %Ahl(t,a) — Ahy(t,o(T))
_ %%U(Oj)ho(t,a) ~ ho(t, (7))
_ %‘_"EXT) —1
<0

Y

as f —o(1) < 8 — a. Since G is increasing for t < 7 and decreasing for 7 < ¢, we

need to see which is larger: G(o(7),7) or G(7,7). We can observe

which implies that max, s G(t,7) = G(o(7),7). Also, since AG(t,7) > 0 for

t € T, AG(t,7) < 0fort € T(rp), and G(a,7) = 0= G(B,7), we have G(t,7) > 0
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on its domain. O

Remark 4.27. Note that in the above proof, we have AG(t,7) > 0 for t < 7 < p(f),

AG(t, 7)< 0fora< Tt <t

Corollary 4.28. For G(t,7) defined in Theorem 4.24, we have

0.
~A2G(t,T) = —=,
D=

on its domain, where s is the Kronecker delta, i.e., 0,y = 1 fort = 7 and 6, = 0

fort #£T.

Proof. We will show this by direct computation. First, for ¢t < 7,

~A’G(t,7) = —AAG(t, )

- (S i)

-2 (57

=0.
Now, for t > T,

~A*G(t,7) = —AAG(t,T)

— M o) — o\T
— A( h(B.0) ho(t, ) — ho(t, ()))

()

=0.
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Finally now for ¢t = 7,

— A’G(t,T)
= —-AAG(t, 1)
o G(o(t), ) — G(t,7)
=-a (T )
G(o2(t) 1) ~Clo(t).r) _ Glo(t).r)~C(t.r)
_ (o) 0]
1(t)
1 20 (02(t) — a) — (02(t) — o (7)) = S (0 (t) — @) + (o(t) — o(7))
() (o (t))
B 20 (o(t) — a) = (o(t) — o(7)) = FZE(t - a)
p(t)
1 20 (0%(r) —a — o(r) + @) — 0*(7) + o(7) + o(7) — o(7)
() p(a(7))
- G o) —a =1+ a) —a(r) + a(7)
()
1 20 (o (7)) — ulo(r))  H2u(r)
o u(r) (o (7)) p(7)
1 {5—0(7) L 6—0(7)}
wr) | B—a B—a
1
-
Therefore,
2 _ 5t7’
—A“G(t,T) = )

[]

Remark 4.29. As a result of the above corollary, we can verify the solution to the
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difference equation of Theorem 4.24 (where i = K (t)):

ANyt = Y (AG(t 07 () f(o7 (@) p(o? ()

Corollary 4.30. As defined in Theorem 4.24, G(t,T) is the unique function defined

on T? x T2 such that G(a,7) =0=G(B,7) and —A*G(t,7) = 2=

w(r) "

Proof. 1f there exists another such function, say H(t,7), then fix 7 € T2 and let

Then

But then

and

—A%*y(t) = —A*G(t,7) + A’H(t,7) =0

— y(t) = co + ahu(t, ).

y(B) = G(B,7) — H(B,7) =0,
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y(t)=G(t,7)— H(t,7) = 0.

As 7 € T2 was arbitrary, we have G(t,7) = H(t,7) on T? x T4

Theorem 4.31. The unique solution of

— A1) = (1), teT.,

yla) = A1, y(B) = A,

s given by

where u(t) solves

—A%(t)=0, teT,,

y(a) = A, y(ﬁ) = Ay

and G(t, ) is the Green’s function as defined in Theorem 4.24.
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Proof. Let us first verify that the solution satisfies the initial conditions. At ¢t = «

we have

B
y(a) = u(a) + / G(a,7)f(1) AT

B
:u(a)—l—/ 0-f(r)Ar

=u(a) = Ay,
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and, similarly, at ¢ = [, we have

B
ywy_mm+/)ﬂﬁﬂﬂﬂA7_A}

Now

B
~A%y(t) = —A2 [u(t)+/ G(t,7)f(r) AT]

«

B
_A2u(t) - A2 / G(t,7)f(7) Ar

«

=0+ f(1) = f(0).
Since G(t, ) is the unique Green’s function with the properties from Corollary 4.30,

we have our result. O

We now prove a comparison theorem for solutions of boundary value problems

like that in Theorem 4.31.

Theorem 4.32. If u(t) and v(t) satisfy

Au(t) < A%u(t), teT?,

then u(t) > v(t) on TZ.

Proof. Let w(t) := u(t) — v(t). Then for t € T?

ft) == =A%w(t) = —A%u(t) + A%v(t) > 0.
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If Ay :=u(a) —v(a) >0 and Ay := u(f) — v(8) > 0, then w(t) solves the boundary

value problem

— A%u(t) = f(1),

Thus, by Theorem 4.31

where G(t,7) is the Green’s function defined in Theorem 4.24 and y(t) is the solution

of
— A*(t) =0, teT,,

yla) = A1, y(B) = A

Since —A%y(t) = 0 has solution
y(t) =co+ crhi(t, o) = co+ 1 (t — ),

and both y(«a),y(8) > 0, then we have y(t) > 0. By Theorem 4.26 G(t,7) > 0, and,

thus, we have

4.3 Even-Ordered Boundary Value Problems
with Even-Ordered Boundary Conditions

We will now focus our attention on problems similar to those from Chapter 2, of which

the second-order boundary value problems in Section 4.2 are a special case. A minor
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difference here is that we will make the problem a little more general by allowing the
boundary conditions to be nonzero. Note that in the iterated integrals that follow,
many Green’s functions will only take into account a domain of T2 x T2 but this

only neglects domain elements where the Green’s function’s value is zero.

Theorem 4.33. For y : ']I‘Z%(’B) — R, f: T - R, and n € N, the boundary value

problem )
(=1)"A™y(t) = f(t),
(=1 A%y(a) = Ay,
| (=D A"y(8) = By,
where k =0,1,2,...,n — 1, has the unique solution

y(t) _uo(t)+i/j/j...AﬁG(t,rn)G(rn7Tn_l)...

G(Tn—tr2, Tnkt 1)Uk (Tnokt1) ATn ki1 ATy gy - ATy,
where u,(t) = f(t) and ux(t) is the solution to

- AQy(t) = 07
y(a) = Ay, y(B) = By.
Proof. By Theorem 4.31, we already have the result for the case n = 1. Before we

do the inductive step, let us see what happens in the case n = 2, which results in the

boundary value problem
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Let w(t) := —A%y(t). We may then turn our attention to the problem

— A%w(t) = f(t),
U)(CY) = A17 U)(ﬁ) = Bla

which, from the case n = 1 has solution

B
U)(t) = ul(t) + / G(t,Tl)f(T1> ATl.
We also have

B
— AZy(t) =w(t) = uy(t) +/ G(t,m)w(m) A
y(a) = Ao,  y(B) = By,
which has solution

B

y(t) = up(t) + G(t, m)w(me) ATy

ISy

B
G(t,72)[u1(m2) —I—/ G(12, 1) f(11) AT ATy

«

= up(t) +

B

~ )+ [ 6 mnim) + G |

B

G (1o, 71)f(11) Aﬁ} ATy

B

B
)+ [ Gt ) (m) AT + / / Gt ) G730, 7) f (1) ATy A

B

=

g\g\g\mg\g\

B
G(t,TQ)ul(TQ)ATQ + / / G(t,TQ)G(TQ,Tl)UQ(Tl) ATl ATQ,

thus showing the result holds when n = 2.

Now suppose the result holds for some n € N. We will then consider the boundary
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where 1 =10,1,2,...,

value problem

where 1 =0,1,2,...,n

+n§j/j/j--LBG(t,Tn)G(Tn,Tn_l)---

y(t) =

\
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—1)" AR Dy (1) = (1),
_1)22A21y(a) — 147:7
~1)*A%y() = B;,

(—1)*y(t). We may then consider the boundary

—1)"Ay(t) = w(t),
(-1
(_

— 1, which, by the inductive step, has solution

PNy (a) = Ay

1A%y (B) = B

Tn k+25 Tn— k-l—l)uk(Tn k—i—l) ATn k+1 ATn k+2° ATn

/ / / G(t,7)G (T, Tn1) - - G(12, 7)w(m) ATy AT - - - AT,

ot)+;/a /a /a G(t, )G (T Tr) -+ -

Tn k42, Tn— k+1)uk(Tn k—l—l) ATn k+1 ATn k+2° ATn

/ / / (t, 1) G(Toa1, Tn) - - - G(13, To)w(m2) Ao ATz -+ ATy4q

t+Z::/a /a /a G(t, Toi1)G(Tosr, Tn) - -

Tn k+35 Tn— k+2)uk(Tn k+2) ATn k+2 A7—n k+3° A7_n+1

// /GtTnJrl Tn+177-n)"'G(7—377—2>w<7—2)A7—2AT3‘"ATn+1~



Now, as

we have

w(t) = un (1) + / Gt ) f(r) Am

B
:Un(t)+/ G(t, T1)uns1(11) AT1,

127
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where u, 1 = f. Therefore,

y(t)
n-l .3 .8 B
+Z/ / / G(taTn—l—l)G(Tn—i—l;Tn)"'
k:1 o « (7
Tn k435 Tn— k+2>uk(Tn k+2) AT, k+2 AV k+3 " A7'n+1
/ / / (t, Tns1)G(Tra1, Tn) - - - G(13, T2)w(m2) Ao ATz -+ ATyuq
t)—I—Z/ / / G(t, Tn+1)G(Tns1, Tn) - - -
=1 Yo Ja a
G (Tn—k+3 Tn—k+2) Uk (Tn—kt2) ATp_kr2 ATp_pyz - - ATppn
/ / / G t Tn+1 Tn+17 Tn) ’
B
G(73,T2) [un(Tg) + / G(72, 71 )tni1(11) ATI} ATy AT3 -+ ATy
n-l .3 .8 B
t) + Z/ / T / G(ta Tn-}—l)G(Tn—f—la Tn) e
k:1 o « (07
G(Th—k+3s Tn—kt2) Wk (Tn—kt2) ATy_gya ATp_jrs - - ATypg
B8 rB B
+ / / / G t Tn+1)G<Tn+17 Tn) T G(7-37 Tz)un(7'2) ATy ATg- - ATn+1
B rB B
+ / / / G t Tn+1)G<Tn+17 Tn) T
B
G(Tg,’?’g)/ G(TQ,Tl)Un_H(Tl) ATl ATQ ATg"'ATn+1
n+1 8 8 8
—|—Z/ / / G(t, Tont1)G(Tnat1, Tn) - -
kzl o « (07
G(Tn—kt2 Tkt 1)Uk (Tn—tt1) ATpkg1 ATp_pgo - ATpy1,
which gives the result. O

Remark 4.34. If, as in Chapter 2, we focus on Lidstone boundary conditions, we
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have that, according to Theorem 4.33,

;

(=1)"A*y(t) = f(t),

A%y(a) =0,
| A% =0,
where £k =0,1,2,...,n — 1, has solution

y(t) = /j /j : --/j G(t, )G (Tn, Tne1) - - - G(m2, 1) f(11) ATy Ao - - - AT,

since ug(t) =0 for all k =0,1,2,...,n— 1.
As in Chapter 2, we may find it convenient to make the following definition.

Definition 4.35. Let

K(B)—-1 K(B)-1
Gult,70) = G(t,70) Y G(r, 0 (@) > Glo (), 0/ (a))- -
Jn—1=0 Jn—2=0
K(B)-1

Y G (@), o (@)u(o” (@)u(o” () - - - (e’ (a)).

71=0

Remark 4.36. We can note that

B B B
Golt ) = G(t, 72) / Gy 1) / Gl 1,7 a) - / G m1) Ary Ary - A,

[0}

but in the results that follow, we will typically use the summation form from the

definition above.
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Corollary 4.37. For any 7, € T2

max Gn(t, 1) = Gn(0(Tn), Tn)-

teTq

Proof. For each 7 € T4”), we have, from Theorem 4.26

max G(t,7) = G(o(1),7),

teT?

and G(t,7) > 0 on its domain. So for all t € T?, we have

Gn(t, )
K(8)-1 A K@®-1 .
= G(t, ) 'Z G(7, 091 () 'Z G0/ (), 072 (@) - - -
]n_l_K(ﬂ)—l o ‘
Z G(o”(a), 0" (a))p(o” (@) p(o”(a)) - - - p(o” " (@)
K(ﬂ)fljl_ A ‘
= G(t,7) 'Z Gn-1(Tn, 07 (@) (0 (@)
]n_l_K(b’)—l ' '
< G(o(7a), ) .Z Gn1(Tn; 0771 (@) ) (0?7 (@)

and
K(B)-1 4 4
Gn(0(T0), ) = G(0(Tn), ) Z Gn1(Tn, 0" (@) u(0? H(a)) = Gulo(Tn), Tn)-

Thus, we have our result. O]
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4.4 Existence and Uniqueness Theorems

Similar to earlier work in this thesis, we will define the following domain and present

a lemma which will be used to help us provide some existence and uniqueness results.

Definition 4.38. Given the domain T?, let
D = [o! KB/ (o), oBEB/A (0)] N T,

Remark 4.39. Note that we have @ # D C T? if K(3) > 2.

Lemma 4.40. Given that D # &, there exists v € (0,1) such that for any 1, € VLR

min G, (t,7,) > v (maX gn(t,Tn)) =G (0(Tn), Tn)-

teD teTs

Proof. Note that this is trivially true if 7, is chosen such that G, (¢, 7,,) = 0. Otherwise,

for any t € D, a set of finite points, we have

Gn(t, 7n) Gn(t, 7n)

max, s Gn(t, ) - Gn(o (1), Tn)

€ (0,1],

since max, g8 G(t, ) > Gu(t, 7,) for any t € TS and G, (t,7,) # 0 for t € D as a
result of Remark 4.27. Since ¢ (and 7,,) comes from a domain with a finite number of

points, we can find ~ such that

ntj’l’b
0 <~ < min Gn(t,72)

B Golo () r)

Therefore, we have v € (0,1) such that

rt%%l gn(tv Tn) > (maX gn(ta Tn)) = r}/gn(o-@-n)? Tn)'

teT?



Throughout this section, we will consider a problem of the form

.

\

where 1 =0,1,2,...,n

(—1)"A%y(t) = f(t,y(t), teTineN
A%y(a) = 0,

A%y(B) =0,

—1,and f: T? x R — R.
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(4.4.1)

We can note that y solves this boundary value problem if and only if y is a fixed

point of the operator T : B — B defined by

K(8)-1
Ty:= ) Gult.o"(a))f(o" (@), y(o" (a)))p(o” (),

Jjn=0

and where B is the Banach space

B :={y: T, — R |the boundary conditions of (4.4.1) hold},

equipped with the supremum norm || - ||.

(4.4.2)
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As in Chapter 2, we will define two constants:

K@)l . . . -
?7:=( > gn(aj”“(a),0‘“(()4))#(0“(04))

A:=< . Glola), o (@) 35 Gl (a),0"(a)
];((B)fl A ‘ " [3K(8)/4] . .
Y Glo*(a),o™(@) Y G(U”( ), 0 (@) p(o” (@) (07 (a)) - -
Jj2=0 n=[K(B)/4

plo (a)))

As in Chapter 2, since G is nonzero and positive at least at some points in a non-
trivial domain, both n and A will be positive real numbers. Also, let us consider two
conditions regarding f that will be used in the following theorem:
(C1) There exists a number r > 0 such that f(¢,y) < nr whenever 0 <y <r.
(C2) There exists a number r > 0 such that f(¢,y) > Ar whenever ¢t € D and

vr <y < r, where 7 is as in Lemma 4.40.

Remark 4.41. As in Chapter 2, there would be many such functions f that satisfy
the above conditions since f is free to satisfy (C1) and (C2) at distinct values of r.

Also note a characterization of positive solutions mentioned in Remark 2.12.

Theorem 4.42. Suppose there exist positive and distinct 1 and ro such that (C1)
holds at r =1y and (C2) holds atr = ry. Suppose also that f(t,y) > 0 and continuous.
Then the boundary value problem (4.4.1) has at least one positive solution yo such that

llvol| lies between ry and ry.

Proof. Without loss of generality, suppose 0 < r; < ry. We will consider the cone

K :={y € B|y(t) > 0,minepy(t) > 7[lyl|} € B. Now whenever y € K, we have
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(Ty)(t) > 0, and

K(B)-1
min(Ty)(t) = min Y Ga(t, 07 () f(07 (@), y(o” () (0™ ()

teD teD
Jn=0

K(8)-1
>y | D Gulo™ (@), 07 () f(o7 (@) y (o7 (@) a(0? ()

Jn=0

=7 (max Gul(t, 07 (a)) f(o” (ar), y (0™ (&)))M(Uj”(a)))

teT?

=Tyl

ie, Ty € K. SoT : K — K. We can also note that 7" is a completely continuous

operator.
Now let y :={y € K : ||y|| < r}. For y € 0Q, we have ||y|| = r1, so condition

(C1) applies for all y € 0€;. Thus, for y € K N 0Qy, we have

K(B)—-1

ITy|| = max Z Gu(t, 07 (a)) (07 (a), y(o7 (@) u(o” (ar))

K(B)—-1
Z Go(07 (@), 07 () f (07 (@), y(07 () ) (07" ()

7K(5)—1
<nre Y Galo (@), 07 (@) (o (@)

Jn=0

:1”1

= lyll.

Therefore, [|[Ty| < ||y|| whenever y € I N 08, which implies that 7" is a cone

compression on K M 9€).

Now let 5 :={y € K : ||y|| < r2}. For y € 0Qy, we have ||y|| = r2, so condition
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(C2) applies for all y € 9Qy. Thus, for y € K N 0y, we have

|7y
> (Ty)(o(a))
K(B)—1 ' ' ' '
= Y Gulola) (@) (7 (@), (o7 (@)l (@)
Kj(nﬁ)*l ‘ K(B)-1 ‘
= Y Go@).0"(@) Y Gl (a),0" )
]:((B)—l " '
S Glo*(@).0" (@) 0 (@), y(o” (@) u(e” (@)u(07 (@) -+ o (@)
K(ﬂj)lfl K(B)-1 A A
> Y Glola).o(@) Y Gl (a).0% ()
]nL3K(ﬂ)/4J | ]Tf—l , , ‘ , .
S Glo%(a), 07 (a))f (07 (), y(07 (a))) (0" (@) (0™ (@) --- w0 (@)
n=[K(B)/4]
K(B)—-1 ‘ K(B)—-1 ‘ ‘
> A Y] Glola),o™(@) Y Glo™(a). 07 (@)
sitay | | " | | |
S Glo7(a), 0% (@)u(o” (@) u(0™(a)) - - (o™ (@)
n=[K(B)/4]
= |yl

Therefore, ||Ty|| > |ly|| whenever y € K N 0y, which implies that 7" is a cone
expansion on I N d€y. So now, by Theorem 2.2 we have that 7" has a fixed point,
which implies that our boundary value problem has a positive solution g, such that

1 < lyol| < 7o L

Now we introduce a Lemma that will help show uniqueness under a Lipschitz



condition.

Lemma 4.43. For G,(t,7,) defined previously, we have

Glo(r),7) = 2 5 _foﬂ (o(7) = @) = (o(7) = (7))
- 2270 (r) - a)
5;‘1704_6(m+b—a).
Now
% %(arﬂa—o@ :ﬁ__aa(&T—i-b—Ct)—i-%(a)
_ 6ia[—cﬂr—abJranraﬁ—aQT—ab]
=3 i a[—2a27 — 2ab + aa + af]
=0
e aa+;aﬁ2—2ab _ a+2ﬁa—2b’
and
d? ﬁ—aT—b<aT+b_a) - [—24%] < 0,
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which implies

o ze(r (2242) 224
B —a

a+5—2b o
_ (5 )+b(a<—a+5 2b>+b—a)

B —a 2a
:B_§<O‘;_B;Qb)+b(%(a+ﬁ—2b)+b—a>
5-a) (1
= 3—a <§(5—04))
T
Thus,
K@-1
Z G(o7 " a),d% (a))u(o? (@)
" K(B)_lﬂ—a
< Z (e (@)
B B;a[(g(a)—04)+(U2(Oé)—0(04))+ + (0" (@) = X ()]
_(B—a)?
4

fori=1,2,3,...,n.
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Therefore,
K(B)-1 ‘
max Z Gn(t, ) (0’ (o))
tETg n=0
K(B)-1 K(B)-1
= mmax G(t, 0 (@))p(o™ (@) Y Go?(a), 0 () u(o™ (o) ---
e j,=0 Jn—1=0
K(B)-1 .
Y Glo(a), 0% () (0’ (@)
j1=0

IN

e

4

Finally, we prove a uniqueness theorem when f satisfies a Lipschitz condition.

Theorem 4.44. Suppose f(t,y) satisfies a Lipschitz condition in y with Lipschitz

constant &, i.e., [f(t,y2) — f(t,y1)| < Ely2 —yal for all (t,y1), (¢,y2). Then if we have
[@r < %, the BVP (4.4.1) has a unique solution.

Proof. Let y1,ys € B, where B is the Banach space from (4.4.2). Then

K(B)-1
T~ Tl < max 3 (Gt o (@170 @) 120 @) = £l @) 1 (o @)
K(B)iz ' ' ' '
SE Y Gulo™ @), 0 @) (o” ) 1 (07 (@)
T ke | |
el -l Y Gl (@), " )
<l -l [P0
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which implies, by Theorem 2.3 (the Banach Contraction Theorem), since & [W] < 1,

we have a unique solution. O

Example 4.45. If we consider the time scale T,, = Ty such that o(t) = 2t + 1, i.e.,

Ty :={0,1,3,7,15,31,63,...},

1

then by the preceding theorem, if we let { = 55

and n = 2, the boundary value

problem (4.4.1) has a unique solution if

2

{M < 250

4

— 3% < 4000

- Bmax = 77

where (,,., is the largest value of § € Ty such that the hypotheses of Theorem 4.44

are satisfied since 7* = 2401 whereas 15* = 50625.
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