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THE EXISTENCE OF SOLUTIONS FOR A NONLINEAR, FRACTIONAL
SELF-ADJOINT DIFFERENCE EQUATION

Kevin Ahrendt, Ph.D.

University of Nebraska, 2017

Adviser: Allan Peterson

In this work we will explore a fractional self-adjoint difference equation which involves
a Caputo fractional difference. In particular, we will develop a Cauchy function for
initial value problems and Green’s functions for several different types of boundary
value problems. We will use the properties of those Green’s functions and the Con-
traction Mapping Theorem to find sufficient conditions for when a nonlinear boundary
value problem has a unique solution. We will also investigate the existence of non-
negative solutions for a nonlinear self-adjoint difference that have particular long run

behavior.
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PREFACE

The history of fractional calculus extends back to 1695 when LL’Hopital asked Leibniz
about the nature of a one-half derivative. In the 1800s, Liouville gave a strong
theoretical foundation for studying fractional derivatives leading to the development
of the Riemann-Liouville Definition of a fractional derivative. Caputo later defined
the Caputo fractional derivative, which a form of is studied in this work. See [25] for
a brief history on fractional calculus.

There are many real world applications for the fractional derivative. In the typical
continuous case, fractional calculus can model containment flow in heterogeneous
porous media [11] [12], waves in viscoelastic media [1], and waves in complex media
like biological tissue [29]. In the discrete case, Atici and Sengul [8] use fractional
difference equations to model tumor growth.

The discrete fractional calculus has a domain of a specific time scale. See [13]
and [14] for more results on time scales in the general setting. Whole order difference
equations are studied in detail in [27]. Work in the discrete fractional calculus was
heavily advanced for the delta case in [9] [22] [23]. A broad overview of Discrete
Fractional Calculus is given in [17].

The results in Chapter 1 are mostly well known background material. Section 1.4
contains some new results that will be useful in later proofs. Results in Chapter 2 and
Section 3.1 contain results where the basic problem has been adjusted to fix mistakes
by Ahrendt, et al in [3]. Section 3.2 cites results from [16]. Section 3.3 contains new

work. Finally, Chapter 4’s results are all new.
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Chapter 1

Introduction to Nabla Fractional Calculus

We will first look at the nabla discrete calculus before going into detail about the
fractional case. A full treatment of the nabla discrete calculus is given in [17, Chapter
3]. Closely related is the delta discrete calculus, which appears heavily in ordinary
difference equations. For more information on ordinary difference equations, see [27].

For the following results we will let @ € R be a fixed constant. We will also follow
the convention that b € R such that b — a is a natural number. Then we define the

form of two domains we will be dealing with:

N, :={a,a+1,a+2,...} and N°:={a,a+1,...,b—1,b}.

1.1 Basic Results for the Nabla Whole-Order Calculus

1.1.1 Nabla Difference

Definition 1. [17] The backwards jump operator p : N, — N, is defined by

p(t) := max{a,t — 1}.

The backwards jump operator can be loosely thought of as the previous point in



the domain.

The analog to the derivative in ordinary real-valued calculus is the nabla difference.

Definition 2. [17] Let f: N, — R. Then the nabla difference of f is defined by

(V@) = f(t) = f(E—1),

for t € N,y1. For convenience, we will use the notation Vf(t) := (Vf)(t). For

N € N, we have that the Nth order fractional difference is recursively defined as

VY(t) = VVITH (1),

for t € Na+N~

Remark 3. We can reformulate the previous definition in terms of the backwards

jump operator. If f: N, — R, then (Vf)(t) := f(t) — f(p(t)) for t € Nyyq.

Remark 4. We treat the difference operator of order 0 as the identity operator, i.e.

VOf(t) = f(1).
With the difference operator in hand, the next theorem shows that the expected
results of derivatives in the typical real case have analogs to the nabla discrete case.

Theorem 5 (Properties of the Nabla Difference). [17] Assume f,g : N, — R and
a,B € R. Then fort € Nyiq,

1. Va=0;

2. Vaf(t) =aVf(t);



3. V(1) +9(t) = V() + Vg(t);

4.V (ft)g(t)) = f(p(t))Va(t) +Vf(t)g(t);

5. VIY = AT TWTI0 - if g(t) # 0 for all t € Ny

We also desire a power rule that matches what we would expect in the typical real

case. To do so, we will next define the rising function.

Definition 6. [17] For t € N, and n € Ny, the rising function t" is defined as follows:
=tt+D)(E+2) - (t+n—1).

We read t" as t to the n rising.

Remark 7. We can reformulate this definition of the rising function using factorial
functions when our domain is based at a = 1. This form will be useful when we

generalize the rising function in the next section. So for t € N; and n € N;

7 (t+n—1)
t _W

The rising function as defined gives us a power rule that behaves as expected from

the real-valued calculus case.

Theorem 8 (Nabla Power Rule). [17] Forn € Ny and a € R,
Vilt+a)" =n(t+a)" "

fort e R.



1.1.2 Nabla Integral

Just as we have a derivative operator for the nabla calculus, we have an integral

operator.

Definition 9. [17] Let f : N, — R and let ¢,d € N,. Then the definite nabla integral

of f from ¢ to d is defined by

/df(S)Vs - Yot f(8), e <d,
C " d<c

Remark 10. We can think of the nabla integral as a right-hand Riemann sum from
real-valued calculus. Note that fab f(s)Vs does not depend on the value of the function
at t = a. Since the nabla integral is defined as a sum, we may say nabla sum in place

of the term nabla integral.

Remark 11. We often use a shorthand notation to represent the nabla integral in a

similar manner as notating the nabla difference. We say

b
V)= [ £

Here the ‘a’ in V! f(t) represents the lower limit of the above integral, in which case
we say the integral is based at a. The ‘—1’ represents taking the nabla integral, where
the negative sign indicates we are doing the opposite operation of a nabla difference.

We can extend this to other integer values where

t T1 T2 Tn—1
V. () = / / / / f(r)VT,VT 1 - V1 V.

This notation will be used for integration and differentiation of fractional orders.



The next theorem gives properties of the nabla integral, all of which have an

analogous result in the real-valued calculus.

Theorem 12 (Properties of the Nabla Integral). [17] Assume f,g : Nyy1 — R,

b,c,d € N, such that b < c<d, and o € R. Then
1 [Faf®)Vt=af f(t)Vt

2. [L(f() +9@)VEt= [ fO)VE+ [ g(

3. [LF)VE= [ FOVE+ [CF()
4| FOVO] < [ IOV
5. If F(t) fb s)Vs, fort € Ny, then VF(t) = f(t), t € N ;;

6. If f(t) > g(t) fort € Nj,,, then fb HVt > fb

Definition 13 (Nabla Antidifference). [17] Assume f: N, , — R. We say F : N’ —

R is a nabla antidifference of f(t) on N’ provided

fort e No

Theorem 14 (Fundamental Theorem of Nabla Calculus). [17] Assume the function
f:Nb = R and let F be a nabla antidifference of f on N°, then

The following Leibniz rules are very useful.



Theorem 15 (Leibniz Formulas). [17] Assume f : N, x Noyy — R. Then, for

t e Na—i—l;

v (/:f(t,f)vf) _ /: Vo f (6, )V + f(p(1), 1), (1.1)

and

v (/:f@,T)vT) _ /:1 Vi (7)Y + f(t1). (12)

In the case where the limits of integration are constant, we can interchange the

order of the nabla operator and integration operator.

Theorem 16 (Leibniz Formula with Constant Limits of Integration). Assume f :

N, X Ngy1 — R. Then, fort € Ny,

\Y (/abf(t,T)VT) = /ab V. f(t,T)VT.

1.2 Extending Results to Fractional Values

We want to extend some of the previous results to the fractional case. For example,
we can consider a nabla integral of order 1.2 or a nabla difference of order 7. To do

so, we need to define the Gamma function.

Definition 17. [30] The gamma function is defined by the integral

['(z2) :/ e 't
0

for € C\{...,—2,—1,0}.

One of the most useful results of the gamma function that we will frequently use
is that it behaves like the factorial function, i.e. I'(t 4+ 1) = ¢I'(¢). Furthermore, if

n € Ny, then I'(n) = (n—1)!, following the convention that 0! = 1. For this reason, we



say that the Gamma function generalizes the factorial function beyond nonnegative
integers.

Since the Gamma function extends the factorial function to values in
C\{...,—2,—1,0}, it is natural to extend the definition of the rising function as

follows, using the form from Remark 7.

Definition 18. [17] Let ¢ € R and let n € N;y. Then the rising function is defined by

I'(t+n)

=)t +1)--(t+n—1)= T

where I' is the gamma function. For v € R, the generalized rising function is then

defined by
7 I'(t+v)
- T()
for t and v such that t +v ¢ {...,—2,—1,0}. If ¢ is a non-positive integer and ¢ + v

is not a non-positive integer then we take by convention t¥ = 0.
The power rule still holds in this more generalized case.

Theorem 19 (Generalized Power Rules). [17] For values of t, r, and « so that the

values in the following equations make sense as per Definition 18, we have that

V(t+a) =rt+a)

and

Via—t)" = —r(a—p(t)) "

We can also take integrals of the rising functions, getting a generalized power rule

for integrals.



Theorem 20 (Power Rules for the Nabla Integral). [17]
L [(t—a)Vt="1(t—a)™ +C r#—1;

2. [(a—p(t) 'Vt = —N%l(a—t)m+0, r#—1.

1.3 Nabla Taylor Monomials

In this section we will state the definition of the Nabla Taylor monomials in both the

whole order case along with several properties.

Definition 21. For n € Ny, we define the nabla Taylor monomials by Hy(t,a) := 1

for t € N, and

t— n
H,(t,a) = (t—a) , forteN, ,y1, whenn € Nj.

Theorem 22 (Properties of Taylor Monomials). [17] The nabla Taylor monomials

satisfy the following properties:
1. Hy(t,a) =0, forteNi_, ., andn € Ny;
2. VH,1(t,a) = H,(t,a), forte N, 11 andn € Ny;
3. VsH,1(t,s) = —H,(t,p(s)), forte Ng;
4. f; H,(7,a)VT = H,1(t,a), forteN, andn € Ny;
5. [LHu(t,p(s))Vs = Hyyi(t,a), fort €N, and n € Ny.

Theorem 23 (Discrete Whole-Order Taylor’s Formula). /5] Fiz N € N; and let
f i Ny_ny1 = R. Then

f(t) = V¥ f(a)Hy(t,a) + /t Hy_1(t,p(s))VY f(5)Vs,



fort e N,.

1.4 Fractional Taylor monomials

In this section, we will extend the definition of Taylor monomials to fractional values
using the Gamma function. We will also state and prove some properties of the

fractional Taylor monomial that will prove useful in later chapters.

Definition 24. [17] Let p # —1,—2,—-3,---. Then we define the p-th order nabla

fractional Taylor monomoial H,(t,a) by

_ (t=a)”
Hu(tva) T ma

for values of t € R such that the right hand side makes sense. By convention, if t —a

is a non-positive integer, but ¢t —a+ p is not a non-positive integer, then H,(t,a) := 0.

Theorem 25 (Properties of Fractional Taylor Monomials). [17] The following hold:
1. H,(a,a) =0,

2. VH,(t,a) = H,_1(t,a),

3. VH,(t,s) = —H,_1(t, p(s)),

4. f; H,(s,a)Vs = H,(t, a),

5. [y Hu(t,p(s))Vs = Hy(t,a),

6. H (t,a) =0, for k € Ny and t € N,

provided the expressions used are well defined.

Lemma 26. For —1 < p < 0, we have that lim;_,o, t* = 0.
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Proof. We will first consider lim; .o, =—— F( . Then, for t € Ny,
tH I(t+ p)
C(p+1)  TOT(k + 1)
_ e+t
I'(t)
_ e+ D)p+2)--(pt+i—1)

1)

() (1)

So we then have that lim, I‘(;—Zl) =1L, (1 + %) Note here that —1 < £ < 0 for

all n € Ny, so this infinite product is well defined. But we then have

o

I+ )—exp(Zln(l+ ))

n=1

We claim Y~ In (1 + £) diverges to —oo. To see this, we will show Y77 | —In (1 + £)

diverges to oo by applying the integral test, i.e. we consider the limit

lim b—ln (1 + %) dx.

b—oo Jq

Note that —In (1 + f) >0 for all x € [1,00), —In (1 + ‘;‘) is decreasing with respect

to z on [1,00), and —In (1 + %) is continuous with respect to x on [1,00), thus we



can apply the integral test. We will integrate flb —1In (1 + g) dzx by parts

/1b—ln< >dx—<—ln< +“> 2) Iy - /16 HY g

x wr + x?

@It
N—

b+In(1+p) — (ulnfp+ =) 5,

( H)b—i—lnl—i—,u —pln(p+b) + pln(p + 1).

S

Counsider then

—In(1+£ b b
lim —In (1 + 5) b= lim Gk ) lim 25— iy - 2
b—o0 b b—ro0 % b—ro0 —lz b—oo 14+ b

after applying L’Hopital’s rule.

Also,
blgglo —pIn(p+0) =
as pu < 0.
Thus

lim —In (14 5) do
b—ro0 x
= blgglo [—ln (1 + %) b+In(l+pu)—pln(pu+06) + pln(p + 1)|] = 00.

Therefore, by the integral test, > -, —In (1 + %) diverges to oo, thus

S0 In(1+£) diverges to —oo. Hence

th

tliwf(u —exp (Zln <1+ )) 0.

11
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Finally, since lim;_,oo = F( =0, we get that lim,_, o t* = 0, hence

Tt +1
lim t* = 0.

t—o00

Lemma 27. Fort € N,, s € N’ and u > —1, we have
H,(t,s) > 0.

Proof. First note if ¢t = s, then by convention H,(¢,s) = 0. So consider ¢t € N, and

s € N'=1. Then
- (t—S)E_ I'(t—s4p)
Hu(t78> T F(,u + 1) o F(t — S)F(,u + 1>.

By our assumption on ¢ and s, we have that t —s € N;. Sot—s+pu > 0andt—s >0
implying I'(t — s+ p) > 0 and I'(t — s) > 0. Finally, © > —1, so p+ 1 > 0, which

implies I'(px + 1) > 0. Hence for ¢t € N4y and s € No1H (¢, s) > 0. O

Lemma 28. For —1 < 1 <0, t € Noyo, and s € N!,_,, we have that

Vs Hy(t,p(s)) = 0.
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Proof. For s € N ,,, consider

Vs(t — p(s))"
C(p+1)
Vit +1—-s)F
 T(p+1)
(Wt +1=p(s) !
I'(p+1)
(WLt+1—s+1+p—1)
I(t+1—s+1)(w(n)
T(t—s+p+1)
[t —s+2) ()

VH,(t, p(s)) =

Since s € N!_,, we have that I'(t — s+ p+ 1) > 0 and I'(t — s +2) > 0. Since
—1<pu<0,I'(p) <0. Thus VoH,(t, p(s)) > 0. O

Lemma 29. For p € R such that s not a non-positive integer, s € N, andt € Ngyq,
we have

(o)) = (427 ) Hyalt.5).

Proof. Consider

Hts) = P

Det. 18 L'(t—s+ 1+ p)
C T(t—-s+DI(p+1)
I'(t—s+(p+1)) .<u+1)
t—s)F(t—sF(u—i—l) w41

B (u+1) P(t—s+(p+1))
)

t—s) T({t—s)'(p+2)

w+1
t—s

H“_i_l t S
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1.5 Basic Results for the Nabla Fractional Calculus

A full discussion of the nabla discrete fractional calculus is in [17, Chapter 3]. Some
of the originating results are from [21]. These results have analogs to results in the
study of the real fractional calculus. For more information about fractional calculus

in the real case, see [30].

Definition 30. [21] Let f: N,,; — R, v > 0. The v*® order nabla fractional sum of

f is defined by
Vi f(t) = / H, (1, p(s)) /() Vs,

for t € N,.

We define the Riemann-Liouville nabla fractional difference in terms of a whole

order nabla difference and a nabla fractional sum.

Definition 31. [21] Let f : N, = R, v > 0, and N := [v]. Then v'* order Riemann-

Liouwville nabla fractional difference of f is defined as
VL) == VYV £,

for t € Noyn.

While we will mostly focus on the Caputo fractional difference given in the up-
coming Definition 35, the Riemann-Liouville difference is useful for intermediate steps

in certain proofs. In particular, the following composition rules will be useful.

Theorem 32 (Composition Rules). [2, Theorem 6.1] Let u > 0, v > 0, and let
f:N, = R. Define N := [v]. Then

VN Ef(t) =V, "1 f(t), teN,,
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and

VeV f(t) = Ve f(t), te€Nan.

The following specific composition rule is also useful; it enables us to effectively

cancel out Riemann-Liouville differences and sums through composition.

Theorem 33. [17, Corollary 3.122] For 0 < u < 1 and f : Nyy1 — R, we have that

VIVE) = f(1),

fort e Nyy.

It will prove useful later to consider nabla fractional sums consisting of an integral

of a function with two variables with constant limits of integration.

Lemma 34. Let c € N,, d € N, and p > 0 be given. Assume f : N, x Noo1 — R.
Then, fort € N,

voH ( / ' f(t,T)vT) - / Vo)V

Proof. For t € N,, consider

Vo ( / ’ f(t,r)Vr) _ / CH At p(s)) / s ) VeV

= Z Z Hu—l(t7p(8))f(577_>

s=a+1 17=c+1

=3 > Haaltpls)f(s.7)

T=c+1 s=a+1

_ / ’ / CHy At p(5) f (5, 7)Y T

d
:/ V. Ef(t, T)VT.
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The following definition has been adapted from Anastassiou in [4].
Definition 35. Let f : N,_y,1 — R, v >0, v € R, and N := [v]. The v** order
Caputo nabla fractional difference is defined as

Vi f(t) = V(T (1)),

for t € N,.1. Note that the Caputo difference operator is a linear operator.

Remark 36. Note the difference between the Caputo fractional difference and the
Riemann-Liouville fractional difference is the order of the composition of the fractional

sum and whole order difference.

The following lemma shows Caputo fractional difference has some particularly

nice behavior as a consequence of the order discussed in Remark 36.

Lemma 37. [3, Lemma 15] Let 0 < v < 1 and let x : N, — R. Then
Vix(a+1)=Vaz(a+1).

It will be useful later to consider Caputo fractional sums of an integral of a function

with two variables with constant limits of integration.

Lemma 38. Letc € N,, d € N, and v > 0 be given. Assume f: N, nyy1 XNeig — R

and take N = [v]|. Then fort € Ny,

A (/Cdf(t,T)VT) = /Cd VY. f(t, T)VT.
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Proof. For t € Ny,

\% ( / ’ f(t,T)VT) e i val ( / ' f(t,T)vT)

d
=V, ( / Vivf(t,T)VT>

d
:/ v, NIV f(t, )V, (by Theorem 16)

C

d
= / v f(t,T)VT, (by Lemma 34).
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Chapter 2

Fractional Self-Adjoint Difference Equations

In the continuous setting, let D := {z : z and pz’ are continuously differentiable on R}.

Then the second-order formally self-adjoint operator on I is given by

(Lz)(t) == [p(t)2" (1)) + q()x(t),

where p : R — (0,00) and ¢ : R — R. This operator has importance in functional
analysis (see [24, Chapter 10]) for more details. It also has applications in theoretical
physics [6]. Many equivalent results to this chapter in the continuous setting is given
in [26, Chapter 5.

The self-adjoint operator studied here for the discrete fractional case follows. Let

D, :={x:N, — R} and let the fractional self-adjoint operator L, be defined by

(Lox)(t) == Vp(t)Vi.x(t)] + q(t)z(t — 1), t € Nyyo,

pla+1)

(i) for some

where z € D,, 0 < v < 1, p: Nyy; — (0,00) such that p(t) #

t € Nyy1, and ¢ : Nyio — R. Note that L, is a linear operator.

Remark 39 (Domain of z, p, and ¢ in the self-adjoint operator). The operator is

defined for ¢t € N, o, but x(t) is defined for t € N,. This is a result of the Caputo
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fractional derivative only being defined on N, 1, (see Definition 35), and so then the
whole order nabla difference of the Caputo fractional derivative is only defined on
Nyi2 (see Definition 2).

For the domains of p and ¢, consider the following expansion of the self-adjoint

operator

(Laz)(t) = Vp() V- (t)] + q(t)x(t — 1)

=V [p(O)V; V()] + ()t — 1)
[ /H_th §) — (s — 1)) Vs| +q(t)a(t — 1)
= p(t) / H_,(t,p(s))[z(s) —x(s —1)] Vs
(e =) [ H(E = 1p(9) [o(s) — (s = D] T+ g(Opalt = 1)
— PO H-(t, p(1)) [a(t) — 2(t — 1))
/tlH (t,p(s s)—x(s—1)] Vs
p(t—1) / Hoy(t =1, p(s)) [a(s) — 2(s — )] Vs + q(t)a(t — 1)
— p(t) [o(t) — a(t — 1)
/tlH_l,tp s) —xz(s—1)] Vs
—pt—1) / oot = 1,p(5)) [o(s) — a(s — 1)] Vs + q(0)a(t — 1)
— p(t)a(t) + [a(t) — p(®)] a(t — 1)
/ 1H_,,zfp s)—x(s—1)] Vs

—p(t—1) / H_,(t—1,p(s))[x(s) — z(s — 1)] Vs.

Since the operator is defined for ¢t € N, o, the above expansion shows that p(¢) only
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needs to be defined for ¢ € N,y; and ¢(t) only needs to be defined for ¢ € N, .

Remark 40. The restriction that p(t) # ;E‘i&li) for some ¢ € N,4; will guarantee

unique solutions to initial value problems involving the self-adjoint operator (see

Theorem 43).

The fractional self-adjoint difference equation behaves similar to a second order
difference equation. For instance, a general solution to the homogeneous equation
is given by a linear combination of two linearly independent solutions. Note the
following theorem relies on the existence and uniqueness of self-adjoint initial value

problems, which is given in Theorem 43 in the next section.

Theorem 41 (General Solution of the Homogeneous Equation). Suppose x1, x5 :
N, — R are linearly independent solutions to L,x(t) = 0. Then a general solution to
L,z(t) = 0 is given by

x(t) = c1z1(t) + cawa(t),
fort € Ny, where ¢y, co € R are arbitrary constants.

Proof. Let z1(t) and z5(t) be two linearly independent solutions to L,z(t) = 0, and
let ¢; and ¢y be arbitrary constants. Then define x(t) := c;x1(t) + coxo(t). Since L,

is a linear operator, we have that

Lox(t) = c1Lax1(t) + caLlgza(t) =1 - 0+ ¢ - 0 =0,

hence z(t) = c1x1(t) + cox(t) solves L,z (t) = 0 for any constants ¢; and co.
We now claim that any solution z(¢) to L,x(t) = 0 can be written uniquely in the

form of z(t) = c1x1(t) + cozo(t) for suitable constants ¢; and ¢y. Since z7 : N, — R
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and =5 : N, = R, we have that there exists constants a, 3, v, and § € R such that
z1(a) = a, Vry(a+ 1) = B, xe(a) =7, and Vaa(a+ 1) = 6.

Let z : N, — R be any arbitrary function that solves L,z(t) = 0. As before, there
exists constants A and B such that z(a) = A and Vz(a + 1) = B. Hence z(t) solves

the initial value problem
Lax(t) = O, te Na+2,
z(a) = A, Vz(a+1)=B.

Consider the vector equation

z1(a) xo(a) c1 A
Vzi(a+1) Vay(a+1) o

Note this is equivalent to

a c1 A
ﬁ ) Co B

We claim that there exists unique c;, ¢, € R that satisfy the above matrix equation.
By way of contradiction, suppose not. Then

a
= 0.

g o
Then, without lost of generality, there exists a constant k£ € R such that a = kv
and 8 = ko. Relabelling, we get that z1(a) = a = ky = kas(a) and Vzi(a + 1) =

B =ko = kVzy(a+1). But kao(t) solve L,x(t) = 0, as L, is a linear operator, and
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from before L,z1(t) = 0. Hence kxo(t) and x,(t) satisfy the same difference equation
and the same initial conditions, hence by the uniqueness of solutions initial value
problems (see Theorem 43) z(t) = kaxo(t) for t € N,. This implies z1(¢) and x»(¢)
are linearly dependent on N,, which is a contradiction. Hence the vector equation
(2.1) has a unique solution, so z(t) and c;x;(t) + cox2(t) solve the same initial value
problem, hence every solution to L,x(t) = 0 can be expressed uniquely as a linear

combination of z(t) and xo(t). O
The proof of the following result is straight forward.

Corollary 42 (General Solution of the Nonhomogeneous Equation). Suppose x1, x5 :
N, — R are linearly independent solutions of L,x(t) = 0 and x, : N, = R is a
particular solution to L,x(t) = h(t) for some h: Nyio — R. Then a general solution

of Lax(t) = h(t) is given by

z(t) = 11 (t) + coxa(t) + xp(t),

fort € N,, and where ¢y, co € R are arbitrary constants.

2.1 Self-Adjoint Initial Value Problems

Theorem 43 (Existence and Uniqueness for Self-Adjoint IVPs). Let A, B € R, and

p(a+1)
H_,(t,a)

h : Ngpo = R and assume p(t) # for all t € Nyyo. Then the initial value
problem

Lox(t) = h(t), t€ Nojo, (2.2)

z(a) =A, Vz(a+1) =B,

has a unique solution x : N, — R.
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Proof. Define z(t) to satisfy the initial conditions in (2.2). It follows that

z(a) =A, z(a+1)=A+ B,

and then for ¢t € N, o, define

2(t) = —— | n(t) — [ la(t) — p(&)] 2t — 1) + pt) ZH_th ) [a(s) — (s — 1)
p(t) s=a+1
t—1) > H ))[x(s)—x(s—l)])]

For any fixed ¢ € N,,o, we have that the coefficient of the xz(a) term in (2.3) is given
by — [p(t)H_,(t,a) —p(t — 1)H_,(t — 1,a)] = =V [p(t)H_,(t,a)]. For z(t), with t €
N2, to be uniquely determined by the initial conditions, we need that the coefficient
of z(a) is nonzero for some t € N, 5. So to avoid the situation of V [p(t)H_,(t,a)] = 0,
we must have p(t) # 7= ok where C' € R is an arbitrary constant. In particular,
we can define C':= p(a + 1), so then we must have p(t) # #4(;1@ for some ¢t € Nyyo,
which is one of our assumptions. Therefore there exists some t € N, 5 such that z(t)
depends on the initial condition z(a) = A. See Remark 44 for why there is no issue
regarding the coefficient of x(a + 1).

Note that when ¢t = a+2, x(a+2) depends only on the known functions p(t), q(t),
and h(t), as well as z(a) and x(a+1). Hence x(a+2) is uniquely determined from the
known functions and the initial conditions. Then for t = a 4 3, we have that z(a + 3)
depends only on the known functions p(t), ¢(t), and h(t), as well as z(a), x(a + 1),
and z(a + 2). Hence x(a + 3) is uniquely determined by the known functions and

the previous values of x. Continuing on in this fashion, we get that x(¢) is uniquely
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determined by p(t), q(t), h(t), and z(s) for s = a,a+ 1,...,t — 1. Thus for t € N,
x(t) is uniquely defined by the initial conditions and the recursion equation. (2.3).
Consider the following rearrangement of (2.3) using integral notation instead of

summation notation,

Here the left hand side of the above equation is simply the expanded form of the
self-adjoint operator given in Remark 39, hence x(t) as defined above satisfies the

initial conditions and the self-adjoint equation
Lax(t) = VIp(t)Vg.x(t)] + q(t)x(t) = h(t).

Therefore z(t) uniquely solves (2.2). O

Remark 44. For t € N, 3, we have that the coefficient of x(a + 1) is given by

p(t) [Ho(t,a) — Hoy(t,a+1)] = p(t = 1) [H_,(t = 1,a) = H_(t — 1, a+ 1)]
=V [p(t) (H_,(t,a) — H_,(t,a +1))]
=V [p(t) (H_,(t,a) — H_,(t — 1,a))]

— V [p(t) Ho s (2, a)]

The coefficient of x(a 4+ 1) needs to be nonzero for some ¢ € N, 3, which requires

p(t) # #l(ta) for all ¢ € N, 3 and for some constant C' € R. In particular, if
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we take C' = p(a + 1), we require p(t) # Hp(aH for all ¢ € Nyi3. Recall that
p: Ngy1 — (0,00), so p(a+ 1) > 0. However, H_,_(t,a) < 0 for t € N,;o, thus the
condition that p is a positive valued function already avoids the possible issue of the

coefficient of z(a + 1) being zero for all ¢ € N, .

Definition 45. The Cauchy function for L,xz(t) = 0 is the function z(t, s), where

x: Ny X Nyyo — R, which for any fixed s € N, o, satisfies the initial value problem

LP(S)ZL‘(t, S) =0, teNgy

z(p(s),s) =0, (2.5)
\V$(s, s) [ﬁ

Theorem 46 (Variation of Constants). Let h : N,yo — R. Then the solution to the

1matial value problem

Lox(t) = h(t), t€ Nyso,

z(a) =0 (2.6)

15 given by

x(t):/ x(t, s)h(s)Vs,

a+1

where x(t, s) is the Cauchy function for the homogeneous equation.

Proof. Define x(t) := f+1 x(t,s)h(s)Vs, where z(t,s) is the Cauchy function for
Lax(t) = 0. Note that z(a) = [* = h(s)Vs = 0 by convention and z(a + 1) =
faajll z(a+1,s)h(s)Vs = 0. Hence Va:(a +1) =xz(a+ 1) — x(a) = 0, thus the initial

conditions are satisfied.
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Now consider

Il
<

V [p(t) V- (t, 5)] :p(t)V;((Sl)_V)Vtx(t, s)}
=V [0V, (@t 5) = w(t = 1,9))] (27)

_ (5)
_ v ) /( {1 p(0)) (a7, 9) (7~ 19) vT} .

Using Leibniz’s Formula (1.1), we have

V p(t)Vi.z(t)] = V [pt)V, I Va(t)]

=V :p(t)Va(l”)V /a; x(t, s)h(s)Vs}

=V -p(t)V;(l_”) ( Vixz(t, s)h(s)Vs + z(p(t), t)h(t))]

a+1

=V :p(t)V;(l_”) / t vtx(t,s)h(s)vs] :

a+1

where we used the first initial condition in the definition of the Cauchy function.

Continuing this expansion, we get

Vipt)Vi.x(t)] =V _p(t)V;(I’”) :1 Vtx(t,s)h(s)Vs}

v [piy v / (a9~ (e - 1.5) h(s)Vs]
=V -p(t)/ H_,(t,p(1)) /; (x(1,8) —z(t —1,5)) h(s)VSVT]

=V Ip(t) > Y Holt,p(r)) (w(r,s) — w(r - 178)>h(5)] )

T=a+1 s=a+2

using the sum definition of the nabla integral. By interchanging the order of summa-

tion, applying Leibniz’s formula (1.2), using both initial conditions in the definition
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of the Cauchy function, and using (2.7), we get

Vip()Ve-a(t)] =V

p(t) Y h(s) Y Ho(t, p(r)) (a(7,) — (7 — 1,5))]

<h(3)Vt

p(t) Y Hoo(t, p(7)) (a(r,8) — (7 — 1, 8))] )

1
s=a+2

+h(®)pt)H- (¢, p(t)) (z(t, 1) — 2t = 1,1))

_ / (ns)

Vi {p(t)

t

H_,(t, p(r)) (x(r,8) — x(r — 1, 8)) VTD Vs

p(s)

+ R)p(L) (ﬁ _ 0)

— ht) + / +_1 h(s) (V [p(t) V- 2(t, 5)]) Vs.
So finally,

Lox(t) =V [p(t)Vi.x(t)] + q(t)x(t — 1)

= h(t) + /+_1 h(s) (V [p(t)vz(s)*x(t, s)]) Vs +q(t) /+1 z(t —1,5)h(s)Vs

= h(t) + /+_1 h(s) (V [p(t)vz(s)*x(t, )] +q(t)z(t —1,5)) Vs

t—1
= h(t) + / h(s)Lys)x(t,s)Vs
a+1

= h(t).

Hence z(t) = f(fﬂ x(t, s)h(s) solves the initial value problem (2.6). O

Theorem 47 (Variation of Constants with Non-Zero Initial Conditions). Let h :



Nyio — R. Then the solution to the initial value problem

;

\

L,x(t) = h(t), t€ Ngyo,
z(a) = A,

Vz(a+1) =B,

where A, B € R are arbitrary constants, is given by

t

x(t) = xo(t) +/ x(t, s)h(s)Vs,

where zo(t) solves the initial

Proof. This proof follows from the linearity of the self-adjoint operator.

a+1

value problem

.

LaIO(t) = 07 le Na+27

zo(a) = A,

VZL'()(CL + 1) = B.
\

2.1.1 Cauchy Function Examples

Example 48. Find the Cauchy function for V [p(t)V~.z(t)] = 0.

For fixed s € Ny, 1, we consider the initial value problem

(

\

Vp@)Vyga(t,s)| =0, €Ny,
z(p(s),s) =0,
V(s,s) = zﬁ’

28

Integrating the above difference equation on both sides from s to ¢t and using the
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Fundamental Theorem of Nabla Calculus yields
p(O)Vyx(t,s) = p(s)Vyg.2(s,s) = 0.

By Lemma 37 and the second initial condition in the definition of the Cauchy function,

this is equivalent to

POVt ) = p(s)Var(s, s) = p(t) Vi a(t, s) — p@ﬁ 0,

hence

1
VA v—(l—u)v
* t pumy t = —_—.
p(s) I‘( 75) o(s) $( ’S) p(t)

By composing both sides with the operator V;@? , we get that

1
Va(t,s) = V})(s)m.

Using Theorem 32, we get
1 ! 1
Va(t,s) =VV i — =V Hy (L, p(1)) == VT,
P
and so by integrating from p(s) to t and using the Fundamental Theorem of Nabla

Calculus,

t 1 p(s) 1
£(t, 5) — 2(p(s), s) = / | Heat) o - / | Hesp(0), (7)) 59

Then by the first initial condition in the definition of the Cauchy function and by
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convention on nabla integrals, we get

t
1
x(t, s —/ H, _(t,p(1))——=V7r=V_"
(9= [ Hoalt o) 59 =9,

p(t)’
Example 49. Find the Cauchy function for VV¥. z(t) = 0. Note this is a specific
case of Example 48 where p(t) = 1. Hence

x(t,s) =V 1

(s)
t
- / Hy 1 (t, p(r))Vr
p(s)

=—H,(t, 1)

T=p(s)

= Hl/(t7 IO<S))
Hence the Cauchy function for VV¥%.z(t) = 0 is given by z(t,s) = H,(t, p(s)).

2.2 Self-Adjoint Boundary Value Problems

In this section we develop techniques to solve boundary value problems for the frac-
tional self-adjoint operator involving the Caputo difference. See Brackins [15] for a
similar development using the Riemann-Liouville definition of a fractional difference.
In the continuous setting, [28] has some work on boundary value problems involv-
ing fractional derivatives. Some work in the delta case on fractional boundary value

problems is given in [19]. In [7], they develop Green’s functions in the delta case.
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We are interested in the homogeneous self-adjoint boundary value problem

¢

Lax(t) = 07 te Nlt)z+27
az(a) — fVz(a+1) =0, (2.8)

yx(b) + 0Vz(b) = 0,

\

and the corresponding nonhomogeneous self-adjoint boundary value problem

;

Lx(t) = h(t), teN:,,,

ax(a) — fVz(a+1) = A, (2.9)

vz(b) + 6Va(b) = B,

\

where 0 <v < 1;b—a € Ny; a, 3,7, 6, A, and B are real-valued constants such that
a?+ 4% > 0and >4+ 6% > 0; and h : N2, — R. Note that the difference equation

is satisfied only for t € N° 49, but solutions to these boundary value problems are

defined on N°.

Theorem 50. Assume (2.8) has only the trivial solution. Then (2.9) has a unique

solution.

Proof. Let 1,25 : N, — R be two linearly independent solutions of L,z(t) = 0.
Then by Theorem 41, a general solution is given by x(t) = c¢i21(t) + cox2(t), where
c1,c2 € R are arbitrary constants. Note that x(t) satisfies the boundary conditions

in (2.8) if it satisfies the following system of equations

acrzi(a) + caxe(a)] — BV [crzi(a + 1) + coza(a + 1) =0,

v [e121(b) 4 coza(b)] + 0V [c121(D) + caxa(b)] = 0,
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if and only if it satisfies the following equivalent system of equations

c1 lazi(a) — fVz(a + 1)] + ¢ [axa(a) — BVas(a+ 1)] =0,

c1 [yz1(b) + 0Vz1(b)] + co [yx2(b) + dVao(b)] = 0,

which is equivalent to the following vector equation

azi(a) — fVxi(a+1) axs(a) — fVay(a+ 1) 1 0
yz1(b) + dVw1(b) yx2(b) + Vo (b) 2 0

But z(t) is the trivial solution if and only if ¢; = ¢o = 0 if and only if

D azi(a) — fVri(a+1) axs(a) — fVry(a+ 1) L0,

vx1(b) + V(D) vx2(b) + Vo (b)

Hence if (2.8) has only the trivial solution, then D # 0.

Now consider (2.9). By Corollary 42, a general solution to L,z(t) = h(t) is given
by z(t) = a1z1(t) + agz2(t) + x,(t), where aj,a2 € R are arbitrary constants and
zp(t) : N, = R is a particular solution to L,z(t) = h(t). To satisfy the boundary

conditions in (2.9), x(t) must satisfy the following system of equations

(

alayzy(a) + asxs(a)] — BV [arz1(a + 1) + aswe(a + 1)]
=A—az,(a) + fVz,(a+1),
v a121(b) + asx2(b)] + 0V [a121(b) + asxa(b)]

= B — yx,(b) — 0Vx,(b),
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if and only if it satisfies the following equivalent system of equations

/

a1 oz (a) — fVzi(a+ 1)] + az [axa(a) — BVze(a + 1)
=A—ax,(a) + fVay(a+ 1),
a1 [yz1(b) + 0Vx1 ()] + ag [y (b) + dVo(b)]

= B — yx,(b) — 6Vz,(b),

\

which is equivalent to the following vector equation

azi(a) — fVri(a+ 1) axs(a) — fVary(a + 1) a
ya1(b) + 6V (b) y2(b) + IVo(b) as

A —azy(a) + fVay(a+1)
B — yx,(b) — §Vx,(b)

But from before, D # 0, hence there exists unique ai,as € R such that the above
matrix equation is satisfied. Hence z(t) = ayz1(t) + aga2(t) + x,(t) uniquely solves

the nonhomogeneous boundary value problem (2.9). O]

Theorem 51. Let r := avy (V v ) li=p + ad (Vl v )|t p + (a+1) Then the
boundary value problem
Vipt)Vea(t)] =0, t €N,
ax(a) — fVz(a+1) =0, (2.10)
vz(b) + 6V (b) =

\

has only the trivial solution if and only if r # 0.

Proof. Note that 21 (t) = 1 and 25(t) = V"7 are two linearly independent solutions
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to V [p(t)VZ.x(t)] = 0, so by Theorem 41 a general solution to V [p(t)V4.z(t)] = 0
is given by z(t) = ¢1 + oV, ¥—=, where ¢, co € R are arbitrary constants. Consider

the left boundary condition

1 1
az(a) — fVz(a+1) =« {cl + oV, —} lt=a — 5 {01V1 + 6 VV, ' —
1

0 P | e

= cra — ¢33 (Vl Vp(t) lt=at1

1
=l — czﬁ/a H, s(a+ l,p(s))@Vs

- aer CQp(a +1)
= 0.
Hence ¢; and ¢y satisfy c;a— @ﬁ = 0. Now consider the right boundary condition
(b) + 6Vx(b) + oV, " ! lizp + 0 |1 V1 4+ V'V, ! |
= c — | |= c c — | =
yr x 7 |C1 2V, p(t) t=b 1 2 a p(t) t=b
+ V., 1 li=p + €20 vi-v ! |
== _— _ C _— _
C17y T €Y a p(t) t=b 2 a p(t) t=b
= 0.

Hence ¢; and ¢y satisfy ¢y + ¢ [ (V ”%) li=p + 0 <V1 v ) |i= b} =0.
Using these boundary conditions, ¢; and ¢y must satisfy the following vector equa-

tion

B
(0] —m C1 0

gl 7(%”%) = b+5(V1 ”%) =] \ 2 0
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Note then the determinant of the previous matrix is given by

B8

Q - 1 1
pla+1) _ ( —v ) 1—v
=ay (V" —= | li=p +ad (Va —> li=b
—v —v t t
v 7 (Ve ) e+ 6 (V52 ) b p(t) p(t)
By
+ pla+1)
= 7"7

thus the boundary value problem (2.10) has only the trivial solution if and only if
r # 0. O]

Example 52 (Non-unique BVP Solution). The following boundary value problem
does not have a unique solution.

.

VIViat)] =h(t), teNg,,

Vz(a+1) = A,

Vz(b) = B.

To see this, note this BVP is a specific case of (2.10) where « =0, § = —1, v =0,
d =1, and p(t) = 1. Then

R —VL l—ui & _
T (V“ p<t>> e=s + 0 (Va p<t>> =t e =

Hence the above boundary value problem does not have a unique solution by Theorem

o1.

Definition 53 (Green’s Function). Assume that (2.8) has only the trivial solution.

We define the Green’s function G(¢, s) where G : N2 x N, — R for the homogeneous
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boundary value problem (2.8) by

u(t,s), teN1tandse anax{t+1,a+2}’

G(t,s) ==

v(t,s), teNl,  andse Nji‘;{t“’b},

where, for each fixed s € N’ ,. u(¢, s) solves the boundary value problem

(

Lou(t,s) =0, teN,,
aula,s) — B (Viu(t,s)) |i=ar1 =0,

vul(by ) +0 (Veult, s)) [i=p = — (b, 8) + 0 (Vi(t, 5)) =],

\
and v(t, s) := u(t,s) + x(t, s), where z(t, s) is the Cauchy function for L,x(t) = 0.

Remark 54. Note some care is needed when specifying domains for u(¢, s) and v(t, s)
while respecting the domains for the ¢ and s components of the Green’s function. For
example, in the case of u(t,s), if t =a, thent+1=a+1,but t+1=a+1¢ N ,,
which is the domain for s. Hence we use max{t+1,a+ 2} for the lower bound on the
domain of s. Also for the case of u(t,s), when ¢ = b, we would have s € N}, which
is an impossible situation. Hence we restrict the domain of ¢ to be in Nb=1. Similarly,
the upper bound for the domain of s in the definition of v(¢, s) is min{t + 1,b} and

the lower bound for the domain of ¢ is a + 1.

Remark 55. When dealing with the Green’s function defined piecewise, there is an
overlap of the domains for u(t, s) and v(¢,s) when s =t + 1. The Green’s function is

still well defined, as u(t,s) = v(t,s) when s =t + 1. To see this, note

v(t,t+ 1) :=u(t,t+ 1) +x(t,t+1) =u(t,t+1)+0=u(t,t + 1),
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where z(t, s) is the Cauchy function for L,z(t) = 0.

Theorem 56 (Green’s Function Theorem). Assume (2.8) has only the trivial solu-
tion. Then the solution to the nonhomogeneous boundary value problem (2.9), with
A= B =0, is given by

x(t) = /b G(t,s)h(s)Vs,

a+1
where G(t,s) is the Green’s function for the homogeneous boundary value problem

(2.8).

Proof. Assume (2.8) has only the trivial solution and consider, for t € N?_ |,

s)Vs—+ [ u(t,s)h(s)Vs
/t (2.11)

[
/a ) ult, s) + x(t 3)]h(5)V8+/tbu(t,s)h(5)v3

t
/ u(t s)Vs + / x(t, s)h(s)Vs.
atl +1

When t = a, we have

z(a) = G(a, s)h(s)Vs

+1
b

J
/a u(a, s)h(s)Vs+0
J
(

. . (2.12)
u(a, s)h(s )V3+/ z(a, s)h(s)Vs
a+1

+1
b

ult, s)h(s)Vs + /

a+1

x(t, s)h(s)Vs) o

a+1
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Hence for t € N,

t

2(t) = / u(t, $)h(s)Vs + / 2(t, $)h(s)Vs.

+1 a+1

Note that by the variation of constants formula given in Theorem 46,

z(t) = f;rl x(t, s)h(s)Vs solves the initial value problem

Loz(t) = h(t), t€ Naps

Vz(a+1)=0.

\

Thus z(t) = f:+1 u(t, s)h(s)Vs+ z(t). Using Theorem 16 and Lemma 38, composing

both sides of the previous equation with the operator L, gives

Lox(t) = L, / ot $)h(s)Vs + Loz (t)

1, / "t s)h(s)Vs + L, / "l 5)h(5) Vs + h)

+1

= /b Lou(t, s)h(s)Vs + h(t)

Hence x(t) satisfies the difference equation in the nonhomogeneous boundary value

problem (2.9).



Now consider the left boundary condition

b

az(a) — BVz(a+1) = a UaH
3 (v [ / "t )h(s)Vs + z(t>D limata

+1

u(a, s)h(s)Vs + Z(a)}

b
= /+1 au(a, s)h(s)Vs + az(a)
b
- B (Veu(t, s)) li=at1h(s)Vs = B (Vz(t)) [i=a+1

a+1

_ / | [ou(@.) = B (Tult,5)) lara) h(5) V'
+ [az(a) — BVz(a + 1)]
_/b 0-h(s)Vs+a-0-03-0

=0.

Hence the left boundary condition in (2.9) is satisfied.

39
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For the right boundary condition, consider

b

7x@)+5Vx@)—7[Z;l
+0 <V [/@b u(t, s)h(s)Vs + z(t)D li=b

+1

u(b, s)h(s)Vs + z(b)}

b
:/)qma$M$V&Fww)

+1

b
+ / O (Tt ) lah(5)Vs + 6 (95(0)) s

= [ brulbs) + 6 (aatt. ), )V

+1

+72(b) + 0 (V2(t)) li=b

— / [yu(b, s) + 0 (Vyu(t, s)) |i=p) h(s)Vs

+1

+ v /ail z(b, s)h(s)Vs+ 6 <Vt /aj_l x(t, s)h(s)Vs) =t

— [ bulbs) + 3 (Viau(t,9) i) )V

+1

+ / vz (b, s) + 0 (Vix(t, s)) |i=p) h(s)Vs

+1

_/‘_ww@ﬁy+uvﬂmgﬂﬁgmﬁvs

+1

+ / vz (b, s) + 0 (Vix(t,s)) |i=p) h(s)Vs

+1

=0.

Thus the right boundary condition in (2.9) is satisfied. Therefore

solves the nonhomogeneous boundary value problem (2.9) with A = B = 0. O
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Remark 57. If at the start of the proof we instead consider t € N>~ we would split
the Green’s function into two integrals at the point ¢ + 1 instead of ¢ as in (2.11) and
considered the ¢ = b case separately in place of (2.12). This would result in the same

end result as a consequence of Remark 55.

Corollary 58. Assume that (2.8) has only the trivial solution. Then the solution to
the nonhomogeneous boundary value problem (2.9), with arbitrary A, B € R, is given
by
b
z(t) = w(t) +/ G(t,s)h(s)Vs,
a+1

where G(t,s) is the Green’s function for the homogeneous boundary value problem

(2.8), and w(t) solves the boundary value problem

/

Law<t) - 07 N2+27
aw(a) — fVw(a+1) = A,

yw(b) + 0Vw(b) = B.

\

Proof. The proof follows immediately from Theorem 56 and the linearity of the op-

erator L,. N
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Green’s Functions for Specific Boundary Value Problems
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In this chapter, we will continue to look at the fractional self-adjoint difference equa-

tion

Vip(t)Ve.z(t)] + q(t)z(t — 1) = h(?),

with various boundary conditions.

3.1 A Conjugate Boundary Value Problem

In this section, we investigate the Green’s function for a conjugate boundary value

problem, called as such because the boundary conditions only depend on x at a

and b. Similar results hold in the continuous setting (see [26]). Also, Brackins [15]

investigates a conjugate, fractional, self-adjoint boundary value problem involving the

Riemann-Liouville fractional difference.

In particular, we consider the Green’s function for the conjugate, fractional, self-

adjoint boundary value problem

.
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3.1.1 Conjugate Green’s Function

Here we determine the Green’s function for the conjugate, fractional, self-adjoint
boundary value problem (3.1).

Note here that this is a specific case of the general homogeneous boundary value
problem (2.8) where ¢(t) = 0 and p(t) = 1, witha =1, =0,y =1, and 6 = 0.

Since

ri=ay (V Vp(l)) = + @0 (vl Vp(lt)) |tb+]%

=(Vi1D)|i=p+0+0
/ H, 1(b,p(s)) - 1Vs
H,(b,a)

#0,

by Theorem 51, (3.1) has only the trivial solution, thus we apply Definition 53, i.e.

we want to, for each fixed s € N2 42, solve the boundary value problem

"

VVZu(t,s) =0, teNt,

u(a,s) =0, (3.2)

ku(b> 8) = —$(b, S) = _HV(b’ p(s))v

where x(t, s) = H,(t, p(s)) is the Cauchy function for VV”.z(¢) = 0 found in Example
49.

As in the proof of Theorem 51, z1(t) = 1 and 25(t) = V_ "1 are two linearly
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independent solutions to L,z(t) = 0. Hence a general solution to (3.2) is given by

u(t,s) = c1(s) + c2(s)V, "1

Since (V,;¥1) (t) = H,(t,a), we have that u(t,s) = c¢i1(s) + c2(s)H,(t,a). Applying

the first boundary condition, we get that

u(a, s) = c1(s) + ca(s)Hy(a,a) = ¢1(s) = 0.

Thus u(t, s) = ca(s)H,(t,a). Applying the second boundary condition gives

u(b, s) = ca(s)H,(b,a) = —H, (b, p(s)).

Hy (b,p(s))

Folba) and therefore

Hence c5(s) = —

__H)b,p(s)H,(t,a)
u(t,s) = — H,(b, ) ;

which from Definition 53 implies

H,(b,p(s))H,(t, a)
v(t,s) = — H,(b.a)

+ H,y(t, p(s)).
Therefore the Green’s function for (3.1) is given by

Hy (bp(s)) H (t.a) - b
- Ey(bﬂ) ) teN, Land s € Nmax{t+17a+2},

G(t,s) =

H,(b,p(s))H,(t,a min{t+1,b
_% + H,(t,p(s)), t €N, and s € Na—i—Q{ )
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3.1.2 Conjugate Green’s Function Properties
Lemma 59. The Green’s function for the boundary value problem (3.6) satisfies
V.G(t,s) <0, (3.3)
fort € N°11 and s € Nb, and

V.G(t,s) > 0, (3.4)

fort e Nb_, and s € N!_,.

Proof of (3.3): Let t € N’} and s € N?,;. Then G(¢,s) = u(t, s). Thus consider

V.G(t,s) = Vul(t,s)
o [ Hu(bp(s)Hy(t, a)
v ()
Hy (b, p(s))Hy-1(t, )
H,(b,a) '

Since 0 < v < 1, we have v > —1 and v — 1 > —1. So by Lemma 27, we have
H,(b,p(s)) >0, H,_y(t,a) >0, and H,(b,a) > 0. Hence, for t € N’.} and s € N2,
VtG(t, 8) S 0. ]

Proof of (3.4): Let t € N’ , and s € Nt ,. Then G(t, s) = v(t, s), so

V.G(t,s) = Vu(t,s)

H, (b, p(s))H,(t, a)
H,(b,a)

Hu(b? p(s))HV—l(t7 a)

- = Hu(b7 CL) + HV—l(t7 IO<S))

— v, + Vi H,(t, p(s))
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This is nonnegative if and only if

H, (b, p(s)) Hy-1(t, )

i (ba) < Hy(t p(s)). (3:5)

Since s € N/, and 0 < v < 1, we have that t — p(s) > 0 implying H,_+(t, p(s)) >

0, so (3.5) is equivalent to

H,(b,p(s))H,_1(t,a)
Ho(b, a)Hy 1 (£ p(5)) =

Breaking this down, consider

H,(b,p(s)) _ (b—p(s))” T(v+1)
Hy(b,a) — Tw+1) (b—a)
I'(b—p(s)+v) T(b—a)
L=p(s)) Tl—-a+v)
Cb—p(s)+v) T(b—a)

~ Th—a+v) T(b-p(s)
Using the property that I'(z + 1) = 2I'(z), we can rewrite the previous equality as

I'(b—p(s)+v) I'(b—a)
F'b—a+v) T(b—p(s))

_ ['(b—p(s)+v) (b= (a+1))P(b— (a+1))
b—(a+1)+v)I'(b—(a+1)+v) L'(b— p(s))
_ L'(b—p(s)+v)
b—(a+1)+v)b—(a+2)+)(b—-(a+2)+v)
(b—(a+1))(b—(a+2)l'(b— (a+2))
L'(b—p(s))

_ L'(b—p(s)+v)

(b—(a+1)+v)b—(a+2)+v) - (b—p(s)+v)I'(b—p(s) + V)
b—(a+1))(b—(a+2))---(b—p(s)L(b = p(s))
(b= p(s))

_ (b—(a+D)(b—(a+2))---(b—p(s))

b—(a+1)+v)b—(a+2)+v) --(b—p(s

)+v)
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Note that this is shown in general using the --- notation for multiplication of de-
creasing factors, but may not make sense for small s. However this is not an issue,
because s € N/,_,, the above Gamma property expansions will have at least one term,

i.e. if, at its worst, s = a + 2, then

Hy(b,p(s)) (b= (a+1))

H,(b,a) (b—(a+1)+v)

For large s in the domain, the above expansions using shorthand for decreasing factors
will make sense as written.

. b—(a+1) b—(a+2) b—p(s)
Since 0 < v < l,Wegetthat m S ]_, m S ]_, ey bfp(ﬁ;)+l/ S 1,hence
Ho(opls) < 1

Hy,(ba) —

By a similar expansion with the same notation issue noted, we get

H, (t,a) (t—a—l—y)(t—a+u+1)---(t—p(s)+1/—1)'

Hy(t, p(s)) (t—a+ Dt —a+2)---(t=p(s))

o - —atv+l t—p(s)+v—1
Again, since 0 < v < 1, we have that =007 < 1, 5402 <1, .., % <1,

H,,,l(t,a)
thus T ) <1.

.. Hu(b7 (5))HV— (tva) 3 ]
Combining these two results, we get that HV(b,Z)HV_l(t’lp(s)) < 1, i.e. (3.5) is true.

Hence V,G(t,s) >0 for t € N?,, and s € N . O

Remark 60. For Lemma 59, we note that again care must be taken when specifying
the domain of ¢ and s.

Ift e No~!and s € Nlrjnax{t+1,a+2}7 then G(t,s) = u(t,s). But consider V,u(t, s) =

u(t,s)—u(t—1,s). The term u(t—1, s) is defined for t € N}, and s € N;M{t7a+2}. So

for u(t, s) and u(t—1, s) to be both well defined, we must have t € N.-' NN°, | = N2}

a

and s € N?nax{t-l—l,a-i—?}ﬂNlr)nax{t,a-‘:Q} = Nlr)llax{t+1,a+2}' Since t € NZIID max{t—i—l, CL+2} =

t + 1. Hence the domain for Vu(t,s) is t € N’7} and s € N?, ;.

a
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In the other case, if t € N2, and s € Nﬁg{tﬂ’b}, then G(t,s) = v(t,s). But
Vi(t,s) = v(t,s) —v(t — 1,s). The term v(t — 1,s) is defined for ¢t € N°,, and
s € NI Therefore, for v(t,s) and v(t — 1, ) to be both well defined, we must
have t € N°, N N2, =NV, and s € Nﬁ‘;{t“”’} N Nﬁ‘;{“’} = lef;{t’b}. But since

t € Nb_,, min{¢,b} = t. Therefore the domain for V,v(t,s) ist € N°,, and s € N!,.

Theorem 61. The Green’s function for the boundary value problem

(

va*x(t) = 07 le Ng-{-?a

z(a) =0, (3.6)

where b —a € Ny and 0 < v < 1, given by

Hy (b,p(s))Hy (t,a) b— b
- ﬁy(bﬂ) ) teN, Land s € Nmax{t+1,a+2}7

G(t,s) =

H, (b, H,(t, min 1,b
_% +H,(t,p(s), teN;, andse Na+2{tJr )

satisfies the inequalities
1. G(t,s) <0, forteN: andse N ,,
2. G(t,s) > R ) Y A= Nb and s € NV,

4(b—a)?’T'(v+1)°

b —a)2
J. fa—i—l |G(t,5)|Vs < %, fort e NZ,

First we prove a lemma that will simplify the proof of Theorem 61.

Lemma 62. Lett € Ny and 0 <v < 1. Then

tr < t.
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Proof. Since t € Ny, we have that by properties of the Gamma function

s Dlt+v) _T+1) @)
T T T
[
Proof of Theorem 61 part (1): Let t € N>=1 and s € anax{tJrLaJrZ}. Then G(t,s) =

u(t, s). From (3.3), we know that u(¢, s) is nonincreasing in ¢. thus the maximum of

u(t, s) will occur when t = a. So

H,(b,p(s))H,(a,a)
H,(b,a)

u(a,s) = — =0,

hence u(t, s) <0 when t € N™"and s € NJ | o)), o0
Let t € Nt and s € N g0 then G(t,s) = u(t,s). By (3.4), v(t,s) is
a nondecreasing function in ¢. Thus the maximum of v(t, s) will occur when ¢ = b.

Consider

v(b,s) = — + H, (b, p(s)) = —H, (b, p(s)) + H, (b, p(s)) = 0.

Thus v(t,s) < 0 for all t € N’ and s € NS thus showing G(t,s) < 0 for

teNb and s e Nb . ]

Proof of Theorem 61 part (2): By Lemma 59, we have that the minimum of the
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Green’s function occurs when ¢t = p(s). So

But s € N2, s0 b— p(s) € Ny and p(s) — a € Ny, thus by Lemma 62, we have

b—p(s)(pls) —a) _ (b=s+1)(s—1~qa)
(b—a)T'(v+1) (b—a)’T'(v+1)

G(t,s) > —

But —(b— s+ 1)(s — 1 — a) is a parabola opening upwards with roots of s = a + 1

and s = b+ 1 which has its minimum value at s = w = %’ +1,s0

C-(+D)+1) (P +1) —1-a)
Glt,s) 2 = b—a)"T(v+1)
__B-9G-9)
~ (b—a)T(v+1)
B (b—a)?
T 4(b—a)T(v+1)



Proof of Theorem 61 part (3): Part (1) shows that G(t,s) < 0, hence

/b |G(t,s)|Vs =— ’ G(t,s)Vs

a+1 a+1

¢ b
= —/ v(t,s)Vs —/ u(t,s)Vs
a+1 t

- _ /t [u(t,s) +x(t,s)| Vs — /tb u(t, s)Vs

a+1
b t
= —/ u(t,s)Vs—/ x(t,s)Vs
a+1 a+1
s )t
7 Vs — H,(t,p(s)Vs.
a+1 Hy(b,a) a+1 (t.2(s)

Applying Theorem 25 to integrate yields

G(t,s)|Vs =
o O H,(5.a)

b—a—1)""Tw+1) (t—a—1)"*
Tw+2) (-aF  T¥+2)
H,(t,a)Tb—a—-1+v+1) I'(b—a)

v+l r'b—a-—1) L'b—a+v)
F(t—a—1+1/+1)

b H 1)H,
/ _ Hnb o+ DA, (¢ a) —H,1(t,a+1)

= H,(t,a)

H,(t,a) I't—a+v)(t—a—1)
y+1<b_a_1y_ra a)(v+1)T(r+1)

(t—a)” (t —a)”
N S AR oy vy v AU
(t—a)”
(t—a)’(b—1)

I'(v+2)

o1

When ¢ = a we get that f+1|Gts)|Vs—0 solet t € N, . Then, since 0 < v < 1

and t —a € Ny, we have that by Lemma 62 (t —a)” < (t —a). Thus fa+1 |G(t,s)|Vs <

Ealb) g1 ¢ € N . Note that the numerator is a parabola opening downwards

T(v+2)
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-05F °

-1.0-

=15

Figure 3.1: Conjugate Green’s Function as a function of ¢t where b = 15, a = 0,
v =0.4 and fixed s = 7.

a+b

with its maximum value at t = 5 Hence

(t—a)(b—1) < (S —a)(b—%)  (b—a)?
Fv+2) — I'(v+2) AT (v +2)

Therefore f 2 1G(t,8)|Vs < for all ¢t € Nb. O

4F 1/+2

3.1.3 Graph of Conjugate Green’s Function

Example 63. Consider the Green’s function for (3.1) where b = 15, a = 0, and
v = 0.4. Fixing s = 7, the graph of the Green’s function is given in Figure 3.1.

Figure 3.1 illustrates the properties of the Green’s function previously proven.
First we see that G(¢,7) < 0 for ¢ € Nj° and that the minimum occurs when ¢ =
p(s) = 6 as per Theorem 61. Also, if ¢ < p(s) = 6, then V,G(£,7) < 0 as in (3.3),
and if t > s, then V,G(¢,7) > 0 as in (3.4).
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3.2 A Right Focal Boundary Value Problem

The results in this short section are from St. Goar in [16]. The results are included
because it represents a specific and important case for the more general three point
boundary value problem given in Section 3.3. Note similar results for the delta case
is given in [18].

We consider the fractional, homogeneous, self-adjoint, right focal boundary value

problem

z(a) =0, (3.7)

and the corresponding fractional, nonhomogeneous, self-adjoint, right focal boundary

value problem

where 0 < v < 1,b—a € Ny, and h(t) : Nyjo — R.

3.2.1 Right Focal Green’s Function

Definition 64. [16, Theorem 5.10] The Green’s function for (3.7) is given by

Hy—1(b,p(s))Hy (t,a) b— b
B 1Hufl(b,a) ) te Na "and s € Nmax{t+1,a+2}7

G(t,s) =

H,_1(b,p(s))H.(t,a min{t+1,b
— 1;1:(1(),))7@) ©a) 4 H,(t,p(s)), teN, andse Na+2{ )
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3.2.2 Right Focal Green’s Function Properties

Theorem 65. [16, Theorem 5.11] The Green’s function for the boundary value prob-

lem (3.7) given by

Hufl b>p(s))HV(tva) b—1 b
— e , te N and s € Nmax{t+1,a+2}7

G(t,s) =

H,_1(b,p(s))H,(t,a min{t+1,b
- 1H,£(1()b),a) Ca 1+ Hy(t,p(s)), teN, andse Na+2{ g

satisfies the inequalities
1. G(t,s) <0, forteN, andseN:,,,
2. G(t,s) > —t=etr=l = fort € Nb and s e NY,,

8. [1, 16t 8)|Vs < el - por g e N,

3.2.3 Graph of Right Focal Green’s Function
Example 66. Consider the Green’s function for (3.7) where b = 15, a = 0, and

v = 0.4. Fixing s = 7, the graph of the Green’s function is given in Figure 3.2.

3.3 A Three Point Boundary Value Problem

In this section we consider a particular self-adjoint, three point boundary value prob-
lem. See Goodrich [20] for similar work using the delta fractional difference.

In particular, we want to consider the fractional, homogeneous, self-adjoint, three



G(t,7)
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—0.57
—1.07
—1.57
—2.07
—2.57

-3.0

Figure 3.2: Right Focal Green’s Function as a function of ¢ where b = 15,

v =0.4 and fixed s = 7.

10 12 14

point boundary value problem

(

vVvra(t) =0, teN’,,,

z(b) — az(a+ k) =0,

\

and the corresponding fractional, nonhomogeneous, self-adjoint, three point boundary

value problem

\

(3.10)

z(b) —ax(a+ k) =0,

where 0 < v <1,b—a €Ny h: N, , 5 R 0<a <1 andkeNP "

Note when a = 0, this corresponds to the fractional self-adjoint boundary value
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problem studied in Section 3.1, and when @ = 1 and k = b — a — 1, this corresponds

to the fractional self-adjoint boundary value problem studied in Section 3.2.

3.3.1 Three Point Green’s Function

We are concerned with finding a Green’s function for (3.9)
Using the Cauchy function from Example 49, we have a general solution to (3.10)
is given by
x(t) =1+ cH,(t,a) + 11 H,(t,p(s))h(s)Vs,

where ¢, co € R are arbitrary constants.

The first boundary condition yields

r(a) =0=c +cH,(a,a) + Hy(a, p(s))h(s)Vs = c1,
a+1

e x(t) = coH,(t,a) +fat+1 H,(t, p(s))h(s)Vs, for some c; € R. Note that the second

boundary condition is equivalent to ax(a + k) — z(b) = 0, so we consider

azx(a+k)—z(b) =« [CQHV(a +k,a)+ /aik H,(a+F, p(s))h(s)Vs]

— |:02Hy<b, a) + /+1 H,,(b,p(s))h(s)Vs]
=cylaH,(a+ k,a) — H,(b,a)]
-/ @+ b, pDA)Vs = [ H p)h(s) Vs

=0,
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so we get that

S0 Hy (b, p(s))h(s)Vs — [“HF aH,(a+k, p()h(s)Vs.

OéH,,((l + ka a) - Hu(b7 a)

Cy =

For convenience, define Q2 := aH,(a + k,a) — H,(b,a). Thus the solution to (3.10) is

given by

b PN, o / 0ty fa t k() Bl a) oo

x(t) =
i 5 - a

(3.11)

From this, we can deduce the Green’s function for (3.9). Consider the case where we

let ¢ € N? such that @ + k < t. Then (3.11) is equivalent to

o(t) = < ot 11, (b, p(sg))) (t,a )h( Vs + a:k H, (b, p(sg)z)H,,(t, a)h(s)Vs

/H (bupleD At >h()w)

Hy(a+k, p(s))H,(t, a)
- /+1 q h(s)Vs

# [ T+ [T

/ (m(b, p<s(>2>Hy<t,a> _aH(a+ ka(f;(s))Hv“’“) + Hy(t,ﬂ(s))> h(s)Vs

+ /a; (H,,(b, P(ss)l)Hy(t,a) + H,,(t,p(s))> h(s)Vs

o[ (B

Q
(3.12)
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Now let ¢ € N2 such that ¢t < a + k. Then (3.11) is equivalent to

ath Hl/(bv p(s)>HV(t7 CL)
. Q h(s)Vs + t Q

b H,(b,p(s)H,(t,a) h(s)Vs)

h(s)Vs

) - ([ Belbsteto

(3.13)

Using the convention that fj f(s)Vs =0 for t < a, we can combine the two cases for
t e Nb as

b

MO:/)G@@MQV&
a+1

where

gi1(t,s), te NZH and s € Nglir;{mrk,t}’

g2(t,s), te€N1andseNF
G(t,s) = <

93(t7 5)7 le NZ—H and s € Nfz—i-k—&-l?

g4(t7 S)? te Nz_l and s € anax{a-&-k’,t}—&-l?
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where
a(ts) = H, (b, p(sé)Hy(t,a) B aH,(a+ k,g(s))Hl,(t,a) CH(E pls))
_ Hb () Hfta)  aH,(a+ k,p(s) Ho(t,0)
g2(t,s) == O q
gult.s) = DLLVID | gy o)
galt.s) = H,(b, p(sg)z)H,,(t,a)’

recalling Q := aH,(a + k,a) — H,(b,a). Therefore, G(t,s), given by (3.14), is the
Green’s function for the homogeneous, self-adjoint, three point boundary value prob-

lem (3.9).
Remark 67. Note that when t = p(s) = s — 1, we have that

H,(b,t)H,(t,a)  H,(a+k,t)H,(t a)

g1t p(s)) = gu(t,t +1) = 0 — 3 + H,(t,1)
H, (b, H,(t,a)  H,(a+k,t)H,(t a)
= -«
Q Q

Hence g1(t,s) = g2(t,s) when t = p(s).

Further, in the case where t = p(s) = s — 1, we have that
H,(b,t)H,(t,a
gs(t,t+1) = ( )Q (t,a)

 H,(b,t)H,(t,a)
- QO

= g4(t,t+ 1)

+ H,(t,1)

Hence g3(t, s) = g4(t, s) when t = p(s). Thus in our piecewise definition of the Green’s

function, the pieces agree on the boundary line t = p(s).
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Remark 68. We now consider the case where s = a + k + 1. Then we have

H +kVH H,(a+ +k)H,

altatk+1) y(b,a+ k)H,(t,a) va+k,a+k)H,(t a) (a+ k)
H +kH
y(b,a+k)H,(t,a) St at k)

=gs(t,a+k+1).

Hence ¢1(t,s) = gs(t,s) when s = a + k + 1. Still in the case where s = a + k + 1,

consider
H, b, k H, t, H, k’ k H, t,
pta+k+1)= (b,a+F) (a)_a (a+ k,a+k)H,(t,a)
Q 9
o Hv(b7a+]€)Hl,(t’ a)
Q

=g(t,a+k+1).

Hence go(t, s) = ga(t,s) when s = a+ k + 1. So we have in the piecewise definition of

the Green’s function, the pieces agree on the boundary line s = a + k + 1.

With Remark 67 and Remark 68 in hand, we can rewrite the Green’s function for

(3.9).

Definition 69 (Three Point BVP Green’s Function). The Green’s function for the

three point homogeneous boundary value problem (3.9) is given by

,
qilt,s), teNs, and s e NI

a a+k
92(t7 S)? te Na+k and s € Nmtx?a1+2,t+1}’

G(t,s) = (3.14)
gs(t,s), teN’,, and s € NP

kg4(t’ S): te Ng_l and s € N?nax{a—i—k,t}—&-l'
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3.3.2 Special Cases of the Three Point Boundary Value Problem

Recall from Section 3.1, the Green’s function for the conjugate boundary value prob-

lem )

VVZiz(t)=0, teN .,

z(a) =0,

z(b) =0

\
is given by

HV(bv (S))Hu(tva) b—1 b
_ fly(b,a) , te N, and s € Nmax{t+1,a+2}7

C(t,s) =

v(b,p(s v(t,a min 1,b
_% + H,(t,p(s)), t€N,, ands € Na+2{t+ )

Remark 70 (Conjugate BVP Special Case). Let a = 0, and note that in this case

the three point boundary value problem reduces to the conjugate boundary value

problem. So consider the Green’s function (3.14) with o = 0. We have that ¢, (¢, s) =
H,(b,a)

gs(t,s) and ga(t,s) = gu(t,s). Further, gi(t,s) = —ZLLLEILD 4 pr (¢ p(5)) and
)

ga(t,s) = —W. Thus when a = 0, we see that C(t,s) = G(t, s).

Recall from Section 3.2, the Green’s function for the right focal boundary value

problem
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is given by

_ Hy_1(b,p(s))Hy (t,a) t e Ng_l and s € anax{t-‘rl,a'i‘Q}’

R(t,s) =

H,_1(b,p(s))H.(t,a min{t+1,b
— llguﬁ(l()b),a) o) 4 B, (t,p(s), te€ Nb,, and s € Na+2{ 5

Remark 71 (Right Focal BVP Special Case). When o« = 1 and k =b—a — 1, we
have that the three point boundary value problem (3.10) is equivalent to the right
focal boundary value problem. To verify that the Green’s functions match in this

case, first consider, with o =1and k=b—a — 1,
Q=H,(b—1,a) — H,(b,a) = =V:H,(t,a)|i=p = —H,_1(b,a).

When a = 1 and k = b — a — 1, the domain for g,(t,s) is t € N>7! and s €

Nb

b—1 b .
max{at2, i1} Let t € N7 and s € Nmax{a+27t+1} and consider

Hzx(ba IO(S))HV<t7a) Hu<b_ 17:0<S))H1/<t7 CL)
gebis) ===yt H, 1(b,a)
= N [0, p(0)) ~ H 0 1.p(5)]
_ _Hu—l(bv p(s))H,,(t,a)
]’Iy_l(b7 (l) ’

which matches the appropriate piecewise portion of the Green’s function for the right
focal boundary value problem with domain ¢ € N®~! and s € anax (02,441}
Similarly, when & = 1 and k = b — a — 1, the domain for ¢;(¢,s) is t € N2, | and

s € NI g6 Jet t € NE | and s € N™5 1 and consider

9i(t,s) = g2(t,s) + H,(t, p(s))
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which again matches the appropriate piecewise portion of the Green’s function with
domain t € N’ | and s € NS,

Since k = b—a—1 in this special case, we have the g3(¢, s) and g4(t, s) components
of the Green’s function occur when s = b. But by Remark 68 we have ¢ (¢, s) = g3(t, s)
and ¢o(t,s) = ga(t,s) when s=b=a+k+1

Therefore in the case of @« =1 and k = b —a — 1, we have G(t,s) = R(t, s).

3.3.3 Three Point Green’s Function Properties

In this subsection we explore some properties of the Green’s function for the boundary
value problem (3.9). The general strategy for the proofs of these results is to eliminate
the terms with a by considering continuous derivatives with respect to a and then
use results already proven for the conjugate boundary value problem case. To start,

we show the constant term (2 is negative.

Lemma 72. For k € N§b_a)_1 and 0 < o < 1,
Q:=Qo)=aH,(a+k,a) — H,(b,a) <0.

Proof. Consider

b _(a+k—a)” T(k+v)
V(a)=H,(a+k,a) = ) =TT

Since k € NY™ 7! and v > 0, we have that I'(k + v) >0, I'(k) > 0, and I'(v) > 0.

Hence ' (a) > 0, i.e. © is an increasing function in «. Therefore

max Q(a) =Q(1)=1-H,(a+ k,a) — H,(b,a).

a€(0,1]
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Therefore, Q2 < 0, for « € [0, 1], if and only if

H,(a+k,a) < H,(b,a),

if and only if

K < (b—a)”,
which is true because k € Nﬁb‘“)‘l. Therefore 2 < 0 as claimed. O
Lemma 73. If
fm%:fL@m@DHALM—aHxa+km®Dth®7
aH,(a+k,a) — H,(b,a)
then

f'(e) <0,
for ke N7t e NP and s € No.,.
Proof. By the quotient rule,

(aH,(a+k,a) — H,(b,a)] (—H,(a + k, p(s))H,(t,a))
(aH,(a+ k,a) — H,(b,a))’
_ [Hy(b,p(s))H,(t,a) — aH,(a+k, p(s))H,(t,a)] Hy(a + K, a)
(aH,(a +F, a) H,(b,a))?
Hy(b,a)H,(a+k, p(s))H,(t,a) — Hy(b, p(s))H,(t,a)Hy(a + k, a)
(oHy,(a+ k,a) — H,(b, )) '

f'(a) =

Then f'(a) <0 if and only if

H,(b,a)H,(a+ k,p(s))H,(t,a) < H,(b,p(s))H,(a + k,a)H,(t,a). (3.15)

Note if ¢ = a then (3.15) holds trivially, so we only need to consider ¢t € N? . If
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t € Nb_,, then H,(t,a) > 0, so (3.15) is equivalent to
H,(b,a)H,(a+ k,p(s)) < H,(b,p(s))H,(a + k,a). (3.16)

Since k € N and s € Nb . ,, we have that H,(a + k,a) > 0 and H,(b, p(s)) > 0

respectively. Hence H, (b, p(s))H,(a + k,a) > 0. But if k = 1 and s € N’ then

H,(a+ k,p(s)) = 0 by convention, so (3.16) holds. Hence we only need to consider

ke Ngb_a)_l. Again, by convention, H,(a + k,p(s)) = 0 for s € N°_, . Hence if
atk

s € Nb_ .1, we have that (3.16) holds. Hence we only need to consider s € N215.

So for k € NY™ ™" and s € N“t&, (3.16) is true if and only if

H,(b,a)H,(a+k,p(s))
H,(b,p(s))H,(a+ k,a)

<1. (3.17)

Consider

H,(a+k,p(s)) _ (a+k—p(s))”
H,(a+Ek,a) (a+k—a)”
Fa+k—p(s)+v) Tla+k—a)
Fla+k—p(s) Tla+k—a+v)
_Tla+k—p(s)+v) I'(a+k—a)
- T(a+k—a+v) T(a+k—p(s))
_ ( I'(a+Fk—p(s)+v) ) (F(a+k—p(s)+p(s)—a))
L(a+k—p(s)+v+p(s) —a) L(a+k — p(s))
_ 1 4tk — ps))PO
(a+k3—p(s)+y)m< k= ls)
_ (a+k—p(s) - (k=2)(k—1)
(a+k—p(s)+v) - (k=2+v)(k—1+v)

- (aiﬁ&gi) (kf;i) <kﬁ1iu>

Note that there are exactly p(s) — a decreasing factors. Since s € N“ig and k €

N(zb_a)_l, there will always be at least one factor in this expansion.
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In a similar manner, we can expand

i~ (ot ) () (e )

where there are exactly p(s) — a factors. Again, since s € N*T5 and k € Ngb_a)_l, we

have there will always be at least one factor in this expansion.

Therefore

H,(b,a)H, (a+k’ p(s))
H, (b, p(s) (a—i—ka)

(aizkpp )(zﬁﬁﬂ(ﬂ]iy)
550 (e ) ()

[ () o
1(55) (5]
| [(kf - 1iu) (bla(ﬁ)s V)] =
where there are p(s) — a grouped factors in square brackets.
Note
()i o

if and only if

k=1b—(a+1)+v)<(k=1+)(b—(a+1))

if and only if

(k=D —(a+1)+v(k-1) < (k=10 -(a+1))+vb-(a+1))
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if and only if

but k € NS’*“H, hence (3.19) holds. We can similarly show the other p(s) —a — 1
grouped factors in (3.18) are less than or equal to 1. Hence (3.17) holds, so we have

f'(a) <0. O

Theorem 74. The Green’s function for (3.9) given by (3.14) satisfies
G(t,s) <0,

fort € Nb and s e Nt .

Proof. We will start with the easier cases. First, let t € N°~! and s € anax{a D

B H, (b, p(5)) F 1, 0)

Glt,s) = galt,s) = .

By the domain on s and ¢, we have that H,(b, p(s)) > 0 and H,(t,a) > 0. Also, by

Lemma 72, < 0. Hence g4(t,s) <0 for t € N>t and s € anax{wk’t}ﬂ.

Now let ¢ € No+k and s € NEFH e,

H,(b,p(s))H,(t,a)  aHy(a+k p(s)H,(t,a)

Glt.5) = t,s) = Q - £

Then go(t,s) < 0 if and only if

Hy (b, p(s) Hy(t,a) _ aty(a+Fk, p(s))Hy(t,a)
Q - Q '

This inequality is immediately true when ¢ = @ and s = a + k + 1, so consider

t € Net¥ and s € N¢/F. Then for this new domain, we have H,(t,a) > 0 and
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H,(a+ k,p(s)) > 0. Also, note that if @ = 0, we have by the previous case that
g2(t,s) <0, hence we consider o € (0,1]. Since 2 < 0 by Lemma 72, ¢5(¢,s) < 0 if

and only if

H,(b, p(s))

aH,(atk,p(3) ~

Since a € (0, 1], hence

1, (b, p(s)) H,(b,p(s)  (b—p(s))”
aHy(a+k,p(s) = Hyla+ ko p(s) — (a+h—p(s)" (3.20)

but a + k € N°2} and s € N{{F, so inequality (3.20) is true. Therefore gs(t,s) < 0.

. 41 .
Consider the case when t € N;,, and s € N/E e

H, (b, p(s))Hy(t, a)
Q

G(t,s) = gs(t,s) = + H,(t, p(s)).

In the proof of Lemma 72 we see {2 is an increasing function in «, hence

Q=

decreasing function in a. So

ult,5) = PALEDEALD) )
T st i e R AE)

H( OAS
< g L pls))

v

But by the proof of Theorem 61 part 1, we see that W + H,(t, p(s) <0,

hence gs(t,s) < 0.

Finally we consider the case when ¢ € N, | and s € NI3eHH+ o

Gt.5) = y(t.5) = LLLDID _0flet b ploDI) | gy ),




69

Note that ¢;(¢,s) <0 if and only if

H, (b, p(sg)z)Hy(tya) _aH,(a+ k,g(s))Hl,(t,a) < —H,(t, p(s)). (3.21)

By Lemma 73, we have the left hand side of (3.21) is decreasing in «, hence

Ay, p(s) Hy(ta) _ aby(atk p(s)Hu(ta) o Hylb p(s) Hy(t a)

Q Q —H,(b,a)

We have in the proof of Theorem 61 part (1) that

_Hu(bv p(S))HV(t, CL)
H,(b,a)

S _HV(tv p(s)%

so (3.21) holds, hence ¢, (t,s) < 0. O

Definition 75. Define the function F : [0,1] x N7 x Nt x Nb., = R as

/

fila,k,t,s), teN.  and s € Nzlj:;{a—&-k,t}—&-l,

a a+k
f2(a> k7t7 3)7 te Na+k and s € Nm—;x?a1+2,t+1}7

F(a,k,t,s):=

f3(a,k,t,s), teN , andse Njf}jff“},

\f4(057 k7t7 3)7 te NZ_I and s € N?nax{a—i—k,t}—i—l’
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where
o) = SGELE)  SRA IR (o)
 H,(b,p(s)H,(t,a) aH,(a+k, p(s)H,(t a)
Jalas k.t 5) = Q(a, k) - Q(a, k)
fa(a, k,t,s) == Hy(b,g((z)g,,(t,a) + H,(t, p(s))
fila, k,t,s) = H"(b’g((j?gy(t’ a),

Lemma 76. The function F(«,k,t,s) satisfies

a%F(a,k,t, s) <0,

for all k e NV e N, and s e NY,,.

Proof. We will show each component of F(a, k,t,s) is non-increasing in . Let k €
Nﬁb‘“)‘l be fixed but arbitrary.
Suppose t € N2, , and s € NI Then F(a,kt,s) = fi(a, k,t,s) =

Hu(b,p(s))Hu(t,a)_aHV(a+k,p(s))Hu(t,a)+Hy(t7 p(s)). Note from Lemma 73, %fl(a, kt,s) <

Q(a,k) Q(a,k)
0.
Suppose t € Ni** and s € N?nti?al—i-lt—&-l}' Then F(a,k,t,s) = fo(a, k,t,s) =
H”(b’g(:;?g”(t’a) - O‘H”(aJrg’(Z(;)))H”(t’“). Again by Lemma 73, %fz(a, k,t,s) <O0.
Suppose ¢ € Nb., and s € Nzlf,ﬁfﬂ}. Then F(a,k,t,s) = fs(o, k,t,s) =

%W + H,(t,p(s)). By the proof Lemma 72, we have that Q(«, k) is a

non-decreasing function in «, hence is a non-increasing function in «. This

1
Q(a,k)

implies %fg(&, k,t,s) <O0.

Finally, suppose t € Ne~!and s € Nlbnax{ﬁk’t}ﬂ. Then F(a, k,t,s) = fala, k,t,s) =
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Hy (b.p(s) o (10)

k) Again, by the proof Lemma 72, we have that Q(«, k) is a non-

decreasing function in «, hence ﬁ

o) is a non-increasing function in . This implies

a%f4(a, k.t s) <O. -
Lemma 77. For fivzed t € N} and s € Nb_,, the function F(1,k,t,s) satisfies

1. Vi.F(1,k,t,s) <0, forke Ng’(s)*“,

2. VeF(1,k,t,s) >0, forke Nﬁ‘i;“)‘l
Proof. Fixt € N} and s e N2 ,. For k € Ng(s)_a, consider

v, Helbp(s)Hy(ta) o Hy(b,p(s))H,(t a)
g Q(1, k) “H,(a + k, a) H,(b,a)

B Hy (b, p(s))H,(t,a)Hyr(a + &, a)
(H,(a+ k,a) — H,(b,a)) (H,(a +k —1,a) — H,(b,a))’

Since t € N2, s e Nb,, k € NA®™ > 1, and v — 1 > —1, we have by Lemma
27 that H,(b,p(s)) > 0, H,(t,a) > 0, and H,_1(a + k,a) > 0. Also, by Lemma 72,
H,(a+k,a)—H,(b,a) <0and H,(a+k —1,a) — H,(b,a) < 0. Therefore

H,0.p() Hfta) _

e S0

for k € NS¢ Since Vifa(1,k,t,8) = Vifa(1,k,t,5) = Vi 2L2DELD e have
that Vifs(1,k,t,s) < 0 and Vifa(1,k,t,s) < 0 for k € Ng’(s"“. But note when
ke N’f(s)_“, F(1,k,t,s) = f3(1,k,t,s) or F(1,k,t,s) = fs(1,k,t,s), hence we have
shown V,F(1,k,t,s) <0 for k € N5®&™,

If b—a > 2, then consider the case where we fix t € N2 and s € NZ;IQ For
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ke Ng:a)_l, consider

Hy(b,p(s))Hy(t,a)  Hy(a+k, p(s)H,(t,a)
Q(L, k) Q(1, k)

Vi

(t
H,(a+k,a) — H,(b,a)
,a)] (=Hy-1(a+ k, p(s))H, (1, a))
)_ 7a)) (Hu(a+k_1’a)_HV(b’a))
_[Hy(b,p(s))Ho(t,a) — Hy(a+ K, p(s))Hy (¢, a)] Hy-1(a + k, a)
(H,(a + k,a) — H,(b,a)) (H,(a +k —1,a) — H,(b,a))

(3.22)

Note then that (3.22) is nonnegative if and only if

H,(t,a)
O, QL k— 1)

[Hy1 (a+k, p(s)) (Hy (b,a) = Hy (a+ k,a))

“H,_i (a+ka)(H, (b,p(s) — H,(a+k p(s)))] (3:23)

> 0.

By Lemma 27 and Lemma 72, we have that % > 0. Hence (3.23) is true if

and only if

Hy—i(a+k,p(s))[Hy(b,a) — Hy(a+ k,a)]

> Hl/fl(a + ka CL) [Hl/(ba IO(S)) - H,/(Cl + k,p(S))] )
which is true if and only if

H,(b,a) = H(a+k,a) _ H,(b,p(s)) = H(a+k,p(s))

Hy—l(a/ + k?, a) - Hy_l((l + k,p(s)) ’ (324)

as H,_1(a + k,a) > 0 and H,_1(a + k,p(s)) > 0 since s € N’ is fixed and k €
N9

Note that (3.24) holds if we can show the right hand side is non-increasing in s,
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- Hy(b,p(s) = Hy(a+ k. p(s)) _ (3.25)

Ve at hops)

Using the quotient rule, we get

H, (b, p(s)) = Hola+ k, p(s))
Hys(a+ k. p(9))
_ Hya(a+ by p(s)) [=Hyoa(b,p(s) = 1) + Hya(a+ b, pls) = 1]
oo+ p() Hoca (a4 o) =
[y (b, p(s)) = Hola+ k, p(s))] (—H,a(a+ k. pls) — 1))
H,1(a+ k. p()) Hyr(a + &, pls) — 1)

Vi

<0

if and only if
Hyy(a+k,p(s)) [=Hya(b, p(s) = 1) + Hya(a + K, p(s) = 1)]

— [H, (b, p(s)) = Hy(a +k, p(s))] (=Hy—2(a + k, p(s) — 1))

(3.26)

Applying Lemma 29 to all the monomials with p(s) —1 in the second variable, we get
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(3.26) holds if and only

H,_1(a+k,p(s)) {— (

) o)+ () Bt kgt
,p(s)) — Hy(a+ k, p(s))]

Since H,_1(a + k, p(s)) > 0 by Lemma 27, we have this is true if and only if

[_ (b _”p(s)> H,(b, p(s)) + (ﬁ) Hy(a+Fk,p(s))
+ (a +Vk:_—1p(s)) H,(b, p(s))
(e menn




5

Since I'(v 4 1) > 0, this is true if and only if

[_ <b —Vp<s>> R (H{?;—p()) (a+k = p(s))”

(3.27)
() b= slor
p— a/ p—
a+k—p(s) P
<0
Define ¢ := b — p(s) and r := a + k — p(s). Then (3.27) is equivalent to
_ _ —1 _ —1 _
ey (o)
q r r r
v\ 1\ v—1\ 4
e )
q r r
<0,
which is true if and only
—vrq” +qr’ +q(v —1)¢" <0,
if and only if
—vrg” +qr” < q(1 —v)q”,
if and only if
i+l <1 (3.28)
qa g

To show (3.28), we will find the maximum of the left hand side. We want to show

v v—1 v—1 1
v, (—uf+r—):”r —5=u<r ——> <0, forreNg.  (3.29)
g
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As v > 0, this is true if and only if

if and only if

—T f_l“(q+u)_1“(q+1+l/—1)_ —
TS T Twe | T+ =l

But note V,r*" ! = (v — 1)M < 0 for r € Ngyo. Hence for r € Ny,
Tﬁ < (q+ 1)ﬁ’

i.e. (3.29) holds.

We now want to show

iz v—1 1
v, (—yf + T—) —v (r _ —> >0, forre N (3.30)

Again, as v > 0, this is true if and only if
P (g )7

but still V,.r*~t <0 for r € N, hence

> g+ 1)

i.e. (3.30) holds.

Since (3.29) and (3.30) hold, we have that maxen,{—v{ + Z—Z} = —vl+ =

g

1 — v, therefore (3.28) is true. Thus it is shown that (3.22) is nonnegative. Fur-
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ther, Vi fi(1,k,t,s) and Vi fao(1,k,t,s) are equivalent to (3.22). Finally, note that
for k € NJ Ut F(Lkts) = fi(lk,t,s) or F(Lkts) = fa(l,kts), hence

ViF(1,k,t,s) > 0 for ke N7, O

Theorem 78. The Green’s function for (3.9) given by (3.14) satisfies

2 2
b <b+@—a>
<
/a+l|G<t,s)|vS_ T

fort e NI

Proof. By Theorem 74, we have that G(¢,s) < 0. Combining this with Lemma 76, we
have F(1,k,t,s) < G(t,s) < 0. Finally, note Lemma 77 implies F(1, p(s) — a,t,s) <
F(1,k,t,s). Hence

F(1,p(s) —a,t,s) < G(t,s) <0,

implying
|G(t7 S)| < |F(1ap(5) —a,t, 8)‘

Note when o = 1 and k = p(s) — a, we have that

filo ke t,s) = f1(1, p(s) — a,t, s) == H,(b,p(s))H,(t,a)

Q1 p(s) - a)
_ Hy(a+p(s) = a,p(s)) Ho(t, )
Q(1,p(s) — a)

+ Hy(t, p(s))
H, (b, p(s))H,(t, a)

- DL 1)

= f3(1,p(s) — a,t,s).

Similarly,

fola, k,t,s) = fa(1, p(s) — a,t,s) = fi(1, p(s) — a,t,s).
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Therefore,

Hy (b.p(5)) Ho (t0) teNt-!and s € N

Q(1,p(s)—a) max{t+1,a+2}

F(]'?p(‘s)_a’at?S): )
Hy(b,p(s))H,(t,a min{t+1
—é(f(p())) ()t )+ H, (t,p(s)), teNb,  andse Na+2{ FLb}

Thus

/ |G(t,s)|Vs§/ F(1, p(s) — a,t, 5)|V's

a+1 a+1

b
_ _/ F(1,p(s) — a,t,5)Vs

+1

_ /+ (Hy(b(, P(Z))Hy(t), o)
/ A0 2(5) V(a) >Vs
/ H _(C;) )Vs - a; H,(t,p(s))Vs.

Note that —(1, p(s) —a) = H,(b,a) — H,(a+ p(s) — a,a) is a decreasing function in

(b—a)—1

s by Lemma 27 and since s € N , we have

—Q(1,p(s) —a) := H,(b,a) — H,(a + p(s) — a,a)
> H,(b,a) — H,(b—a—1,a)

= V_1<b, CL).

Therefore,

/ D e vs < [ Blp It a G [T )

a+1 a+1 HV—l(b7 (l) a+1
H,1(bja+1)H,(t,a)
HV_1<b, CL)

- Hy+1(t, a + 1)
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Consider

Hyp(ba+1) Th—a—1+v+1) T(b—a)l(v)

H, 1(b,a) F'b—a—DI'v+2)T(b—a+v—1)
b—a+v—-1DI'b—a+v—-1)(b—a—-1)IT'(b—a—-1)I(v)

F'b—a—-1)(v+1)¥)I'(v) 'b—a+v-—1)
(b=atv—-1)(b—a—1)
(v+1)v

hence

Hy i1 (b,a+ 1)H,(t,a)

— Hy(ta+1

b—a+v—1)(b—a—1)
(v+1)v
b—a+v—-1)b—-—a-1) T(t—a+v)
(v+1)v Ft—a)l'(v+1)
I't—a—1+v+1)
I't—a—1)I(+2)
b—a+v—-1)(b—-—a—-1) T(t—a+v)
v I'(t—a)l(v+2)
MNt—a+v)(t—a—1)
I(t—a)l'(v+2)
(t—a)Y ((b—a+v—-1)(b—a—1)
:F(V+2)< v —t—a—1>.

H,(t,a) — H,41(t,a+ 1)

Since 0 < v < 1, by Lemma 62, we have that

Hl/+1(b7 a+ 1)Hl/(t7 CL)
H,,,1<b, CL)

- Hl/+1 (ta a + 1)

(t—a) (b—a+v—-1)(b—a—-1)
SF(V—}-2)( v —t—a—l)
_ (t—a) ((b—a—1)2+l/(b—a—1) I/(t—a—l))

['(v+2) v a v

Note that this is a parabola in ¢ opening downwards with roots of ¢ = a and ¢t =
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. . . b, (b—a+1)?
, hence it attains its maximum value at ¢ = 5 + ~——

14

(b—a+1)2
14

b+ + 5. Therefore

(t—a)) ((b—a—l)Q_l_b_t) . (§+W—%) (9+(b—a+1>2 9>

T(v+2 v T(v+2) 2 2 2

AT (v +2)

Hence

) 2
b (b+@—a>
< .
/aH]G(t, s)|Vs < T2

3.3.4 Graphs of Three Point Green’s Functions

Example 79. Consider the Green’s function for (3.10) where b = 15, a = 0, and
v = 0.4. Fixing s = 7, graphs of the Green’s function for various a and k values are

given in Figures 3.3, 3.4, 3.5, and 3.6.
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G(t,7)
| | | | L | | | t
2 4 6 8 10 12 14
—05? l ® [ ] L
L [ ]
L [ )
L [ ]
10 ° °
° [ ]
15
L [ ]
[ ]
2.0 L
| °

Figure 3.3: Right Focal Green’s Function as a function of ¢ where b = 15, a = 0,
v=04, a=0.25 k=4, and fixed s = 7.

G(t,7)

Figure 3.4: Right Focal Green’s Function as a function of ¢ where b = 15, a = 0,
v=204, a=0.75 k=4, and fixed s = T.
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G(t,7)

-05)
-1.0}- .

-1.5-

Figure 3.5: Right Focal Green’s Function as a function of ¢ where b = 15, a = 0,
v=04,a=0.25 k=12, and fixed s = 7.

G(t,7)
| | | | I | | | t
2 4 6 8 10 12 14
_0_5; o ° ®
L [ ]
L [ ]
[ ]
: °
-10- ° .
° [ ]
-1.5-
L o
[ ]
2.0 .
[ )

Figure 3.6: Right Focal Green’s Function as a function of ¢ where b = 15, a = 0,
v=04,a=0.75 k=12, and fixed s = 7.
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Chapter 4

Applications of the Contraction Mapping Theorem to

Fractional Self-Adjoint Difference Equations

Definition 80 (Contraction Mapping). Let (X, d) be a metric space. Then a map
T : X — X is called a contraction mapping on X if there exists g € [0, 1) such that
d(T(z), T(y)) < qd(x,y) for all z,y in X.

Theorem 81. [24] Let (X,d) be a non-empty complete metric space with a con-

traction mapping T : X — X. Then T admits a unique fized-point xo in X (i.e.

T(ZL’Q) = ZL'Q).

4.1 Long Run Behavior of Equations with Generalized Forcing Terms

Here we will focus on the long run behavior of solutions to the self-adjoint nonlinear

fractional difference equation

Vip(t)Vi.x(t)] = F(t,x(t — 1)), fort € Nyyo, (4.1)

where p: Ny1; — (0,00), 0 <v < 1,and F : Nyio X R — [0,00).

Remark 82. In a similar methodology of the proof for Theorem 43, we can prove
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that that the initial value problem

;

Vip)Ve.x(t)] = F(t,z(t = 1)), ¢ € Noys,

Vz(a+1) =0,

has a unique solution. Note that in this section, we specify only one initial condition,
Vz(a+ 1) = 0. These results however also specify a boundary condition at infinity,

namely the long run behavior of a solution.

4.1.1 Long Run Behavior Theorem

This subsection’s main result is Theorem 87. In order to prove it, we build up an
equivalence of solutions between the forced fractional difference equation (4.1) and an
integral equation in Theorem 83. Using Theorem 83 and a Lipschitz condition on the
nonlinear forcing term, the Contraction Mapping Theorem is applied in Theorem 87 to
guarantee the existence of a unique solution with long run behavior approaching any
nonnegative real number. See [10] for a similar result in the delta discrete fractional

setting.

Theorem 83. Let p: N,y — (0,00), 0 <v <1, and F : Nyyo xR — [0,00). Define
¢ :={z : N, — [0,00)|z(t) is bounded on N, and Vz(a + 1) = 0}. Furthermore,
assume for all x € (,

r

“Hal0) [ pe 0| vk < oo
/a - / F(r, (1 — 1))V7Vs| Vk < oc. (4.2)

+1
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Then, x(t) is a solution to the integral equation

/ / Hu 2( /HF(T,;C(T_l))vTvsw, (4.3)

if and only if the forced fractional self-adjoint difference equation
Vip(t)Viz(t)] = F(t,z(t — 1)), t€ Nyjo (4.4)

has solution x € ¢ with lim;_,,, x(t) = L.

Before this result is proven, we need two lemmas to simplify the proof. This first

lemma gives us a way to rewrite the integral equation given in Theorem 83.

Lemma 84. Let p : Nyyy — (0,00), 0 < v < 1, F : Nyios x R — [0,00), and
x: N, = R. Assume (4.2) holds. then

/ / H,,Qkp / F(r,z(t —1))V1VsVk

/ H” 1 t p s) / F(r, 2(r — 1))VrVs.

Proof. Assume (4.2) and define z(s) := S) J>. F(r,2(r —1))V7. Then consider

/ / H" 2( / F(r, 2(r — 1))VrVsVk
:/ / H, ok, p(s))z(s)VsVEk

S Z H, (k. p(s))z(s)

k=t+1 s=a+1

k=t+1 s=a+1 k=t+1 s=t+1

(4.5)
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Since this summation is absolutely convergent by assumption, we can interchange the

order of summation to get

ZZHVQkp ZZHu2kP ()

k=t+1 s=a+1 k=t+1 s=t+1

ZZH,,Qkp ZZHV2I€0 z(s).

s=a+1 k=t+1 s=t+1 k=s

Rewriting some of the inner summations in integral form gives

ZZHZ,QI{Z/) ZZHy2kp ()

s=a+1 k=t+1 s=t+1 k=s

Hygkp (S)Vk‘%—io: Hygk‘p ))z(s)VEk.

S‘H‘lt s=t+170(s

Evaluating these integrals using Theorem 25 and applying Lemma 26, we get that

/tHl,gk‘p Vk+Z/H,,2kp)()Vk

s—atl s=t+1
_ Z (Hyor(k, p())2()E22) + 3 (Hyoa (K, pls))2(5) 5222
s=a+1 s=t4+1
= > (0= Hyat,p(s)) 2(s) + Y (0—0)=(s)
s=a+1 s=t+1
S Z H, 1(t,p(s))z(s)
s=a+1

/ H” i t ” / F(r, 2(r — 1))VrVs.

+1
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Therefore

/ / Hy-2(k, pls)) 2 F(T,:L‘(T—l))VTVSVk’

a+1

/Hv 1, (s)) /HF(T,;C(T—l))VTVS-

O

This next lemma helps show that the integral equation in Theorem 83 is nonneg-

ative.

Lemma 85. Let p : Nyyy — (0,00), 0 < v < 1, F : Nypos x R — [0,00), and
z:N, =- R. Then

Hya(tls) [ T
/GT/QHF(T,x(T 1))VrVs > 0,

forallt € N,.

Proof. Note that by our assumptions on p(t) and F(t,z(t)) being nonnegative, we

have that

1 / F(r,z(r — 1))V >0, (4.6)

P(s) Japr
for all s € N,yo. Note for s = a + 1, we have that ﬁf;l F(r,z(t — 1))Vt = 0,
hence (4.6) holds for s € N,,;.
Since v — 1 > —1, we have by Lemma 27 that H, (¢, p(s)) > 0 for t € N,,; and

s € N' ;. Finally, if t = a, we have f B 1(tp )fa+1 (1,2(1—1))V7Vs = 0. Hence

H S
/ v t p / F(r,z(t —1))VTVs > 0,

+1

for all t € N,,. O
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Proof of Theorem 83: Assume that x satisfies (4.3) and that (4.2) holds. Then, taking

the nabla difference of (4.3), we get that

a+1

= t—Hyﬂ(t’p(S)) ) T 2x(T — TVs
V:U(t)—/a o / Fr, 2(r — 1))VrV
1 t

= V};V@ /a+1 F(r,z(t —1))Vr.

Note here that Vx(a 4+ 1) = 0. Composing both sides of the previous equation with

the operator Vg '™ vields

V,UIVa(t) = Via(t) = Z% /+1 F(r,z(t — 1))V

Rearranging and taking the nabla difference, we get that
Vipt)Ve.z@)] = F(t, z(t — 1)),

hence z(t) satisfies (4.4).

Since by assumption (4.2) holds, we get that there exists N € N, such that

/too /kW/ F(r,2(t = 1))V7VsVk| < 1

+1

for all ¢ € Ny. Thus |z(t)| < max{|z(a)|,|x(a + 1)|,...,|z(N — 1)], L + 1}, hence
x(t) is bounded on N,. Also, by Lemma 84 and Lemma 85 we have that x(t) > 0.
Therefore z € (. Finally, since (4.2) holds, lim; o, x(t) = L. Hence the forward
direction is proven.

Now assume = € ¢ where lim;_,, z(t) = L is a solution to (4.4). Then

Vp(t)Vi.x(t)] = F(t,z(t — 1)).
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By integrating from a + 1 to t, we get

p(t)Vix(t) —pla+ 1)Vix(a+1) = /t F(r,z(t —1))VT.

a+1

By Lemma 37 and since z € ¢, we have that VZ.xz(a + 1) = Vz(a+ 1) = 0. Hence

p(t)Vi.x(t) = / F(r,z(t —1))VT.

a+1

Rearranging and rewriting yields

Vea(t) = V,1Va(t) = ]%/ F(r,z(t — 1))V

Now composing both sides with the operator V1™ gives

Vivw- g (t) = Va(t) = Vi 1) /t F(r,x(r —1))VT

/ Hu 2 f ﬂ /+1 F(r,2(r = 1))V7Vs.

Finally, by integrating from ¢ to infinity, we get that

H,
lim z(b / / Hyalk, pls)) / F(r,z(t —1))V1VsVk.
b—oo a+1

But limy_,o, #(b) = L by assumption, hence

/ / HV o /HF(T:JU(T —1))VrVsVE,

i.e. x(t) satisfies (4.3). O
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Lemma 86. For 0 < v <1 and for any fired t € N,, we have that

max [H,_1(¢, p(s))| = 1.

LIS\

Proof. First note that when ¢t = a, we have by convention that H,_(t, p(s)) = 0 for
s € Ngi1, so let t € N,iq be fixed but arbitrary. Since v — 1 > —1, we have by
Lemma 27 that H,_;(t, p(s)) > 0. Thus |H,_1(t, p(s))| = H,_1(t, p(s)), for s € N!,_;.

By Lemma 28, we have that V H,_1(t, p(s)) > 0. Therefore

max [H, (L, p(s))| = Hy-1(L, p(t)) = 1.

sEN 4y

]

Theorem 87. Assume p: Nyyp — (0,00), 0 < v <1, and F : Nyyo x R — [0, 00)
satisfies a Lipschitz condition with respect to its second variable in Nyio X R, i.e.

there exists M > 0 such that, if u,v € R, then for each fived t € N, o,
|F(t,u) — F(t,v)] < M|u—v|.

Let ¢ == {x : N, — [0,00) : x(t) is bounded on N,, and Vz(a + 1) = 0} and ||| be

the supremum norm, noting that (C, ||-||) is a complete metric space. If

1. the series Y . .,

fk %ﬁ;p(s)) [ F(r,2(r = 1))V7Vs| converges for all & €

a p

¢, and
2. =M [y, <1,

then there exists a unique nonnegative solution of the fractional difference equation

(4.4) with limy_,oo x(t) = L for any L > 0.
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Proof. Let (C,]|-]]) be the complete metric space noted above, L > 0 be fixed but

arbitrary, and define the operator T" as

P =L — /too /k % /+1 F(r,a(r — 1))VrVsVk.

We want to show that T is a contraction mapping in (, so first we show T : { — (.

Note that in summation notation, Tz is equivalent to

=L - Z / H” 2( /+1 F(r,z(t —1))V7Vs,

k=t+1

and so by the convergence given in Condition 1, we have that Tz () is well defined for
t € N,. Also by the absolute convergence given in Condition 1, there exists N € N,
such that

<1,

Z/a H” 2 /HF(T,Q;(T—H)VTVS

k=t+1

for all ¢ € Ny. This implies
Tz(t)] < max{|Tz(a)|,|Tz(a+1)|,...,|Tx(N —1)|,L+ 1},

for all ¢ € N, hence Tz is bounded for all ¢ € N,. We also have by Lemma 84 and

Lemma 85 that T'z(t) > 0 for all t € N,. Finally,

VTa(t / H” 2 t p / F(r,2(r —1))V1Vs,

+1
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SO

VTz(a+1) = " Hys(at 1, p(5)) /8 F(r,xz(tr —1))V1Vs

a p(s) a+1

- v2a+1p< ”/s F(r,a(r —1))Vr
s=a+1 a+l

_ Hv]—;(ia:ll)va) /+1 F(r,2(r — 1))Vr

—0.

Hence Tx € ¢, thus T": ¢ — (.
We now show that Tz is contraction mapping. To see this, let x,y € (and t € N,

be fixed but arbitrary. By Lemma 84

Tx(t) — Ty(t)| = ‘(L + /t sl p($) [* p iy - 1))v7vs)

p(s) a+1
)

(L+/ w/a;ﬂw(f—mwvs)

v 1“) / (F(r,2(r — 1)) — F(r.y(r — 1)) VVs

/IHyltp I/+1 (roa(r — 1)) = F(r,y(r — 1))| V7 Vs.

Using the Lipschitz condition assumption, we get that

Ta(t) — Ty(t)] < / W /+1 Mla(r —1) — y(r — 1)| VrVs

“1Hya(t p(s)] [
<u | T/M”H"WS

=M ||z — yH/ ’—HV_;(§;;)(S))| (s—(a+1))Vs.



93

By Lemma 86,

[Ta(t) = Ty(t)| < M [z — yl| (s —(a+1)) Vs

L
o p(s)
< Moyl | #v

< Bllz =yl

using Condition 2 to simplify. Since T'x and Ty are bounded and the previous in-

equality is true for all ¢ € N, we have that
[Tz =Tyl < Bllz —yll,

but 8 < 1 by assumption, therefore T is a contraction mapping on (. Thus there

exists a unique fixed point xg € (, i.e. xg = T'xy. This implies

/ / HV o /+1 F(1,20(1 — 1))VTVsVE,

so by Theorem 83, x(t) solves the forced fractional self-adjoint difference equation
Vpt)Vix(t) = F(t,x(t — 1)), t € Nyya,
with limy_, zo(t) = L. O

4.1.2 Example

Example 88. Let a = 0, v = 0.6, and p(t) := 3. Let M € R such that 0 < M <
— ) ~ 2.258, where ( is the Riemann zeta function. Finally, define F(t,z) :=
=2

M(1 + sin(z)). We will apply the previous theorem. To show that F' is uniformly
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Lipschitz with respect to its second variable, consider the known identity for u,v € R

and fixed t € N,

|F(t,u)—F(t,v)| = [(M+M sin(u))—(M+M sin(v))| = M|sin(u)—sin(v)| < M|u—v].

To show the first hypothesis holds, consider

/ H” 2 / F(r,z(r —1))V7Vs

+1

k=a-+1

’“M/SM(H@@(T—D»WVS

<Z/ 14/“)
§2MZ/

S =

k=1 s=1

‘/ 1+ sin(z(r — 1))| V7V

k,p3s>><s ~U5,

14k, p(s))] .

Interchanging the summations, we get

M3 Y bty _2MZ

k=1 s=1

Z]H,Mkp )|

Note H_j4(k,p(s)) = 1 when k = s and H_;4(k,p(s)) < 0 when k& € NI, hence
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eliminating the absolute value yields

2MZ Z|H—14 (K, p(s 1 - Z H_1.4(k, p(s))
L k=s+1
ZQMZSS‘; 1—/OOH_1.4(k,p(s))Vk}
:2MZSS_31 1 (1im H_oa(k, o)1)

By Lemma 26, limy_,o, H_¢4(b,s) = 0 for fixed s € N3°. Therefore

/ H” 2( /HF(T,x(r— 1))VrVs

)

§4Mi38_3
s=1

k=a+1

hence the first hypothesis of Theorem 87 holds.

Finally, we show the second hypothesis holds, i.e. we consider

8= M/ il Gt 1:M(%2—§(3)><1

Thus Theorem 87 applies, so for any fixed L > 0, there exists a unique nonnegative

x(t) that solves the nonlinear self-adjoint difference equation

V [PVela(t)] = M (1+sin (2 (t — 1)),

where lim;_,o z(t) = L.

4.2 Unique Solutions to Nonlinear Boundary Value Problems

In this section, we will look at a theorem that uses the Contraction Mapping Theorem

which give sufficient conditions for unique solutions to the specific boundary value
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problems studied in Chapter 3.

We will consider the nonlinear conjugate boundary value problem

va*x(t) = F<t7$(t - 1))v te NZ—FZ’

the nonlinear right-focal boundary value problem

.

VVLa(t) = F(ta(t— 1), ¢ €Ny,

and the nonlinear three point boundary value problem

(

VVia(t) = F(t,z(t— 1), teN,,

z(b) — az(a+ k) =0,

\

where 0 < v <1, b—a €Ny, ABER F:N_, xR >R, 0<a<1,and

ke NP
4.2.1 Unique Solutions to a Nonlinear Conjugate BVP

We will consider the following nonlinear, self-adjoint, conjugate boundary value prob-

lem given in (4.7)

Theorem 89. Assume F : N)_, x R — R satisfies a Lipschitz condition with respect

to its second variable in N, x R, i.e. there exists a constant K > 0 such that, if
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b
u,v € R andt € N, ,,

|F(t,u) — F(t,v)| < K |u—v].

Ifb—a< 2\ \F/(;rz), then the nonlinear self-adjoint boundary value problem (4.7) has

a unique solution.

Proof. If x is a solution to (4.7), then it is a solution to the linear self-adjoint boundary

value problem

VVLa(t) =h(t) = F(t,z(t—1)), teN:,,

z(a) = A, (4.10)

By Corollary 58, the boundary value problem (4.10) has solution z(¢) if and only

if z(t) is a solution to the integral equation

b b

G(t,s)h(s)Vs = w(t) +/ G(t,s)f(s,z(s —1))Vs, (4.11)

a+1

x(t) = w(t) + /

a+1

where w : N® — R is the unique solution to

(

VVZuw(t) =0, teN,,,
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and G(t, s) is the Green’s function for

Define ¢ := {2 : N} — R} and ||z| := max,ey |2(t)], noting that (¢, | - ) is a

complete metric space. Define the operator T on (¢, || - ||) as

Tx(t) :=w(t) + G(t,s)f(s,z(s — 1)) Vs,

a+1

where w(t) and G(t, s) are given as above. Note that 7" : ( — (. We claim T is a

contraction mapping, so for a fixed t € N, consider for arbitrary =,y € ¢

|Tx(t) — Ty(t)| = o G(t,s)f(s,z(s —1))Vs — » G(t,s)f(s,y(s—1))Vs
b
=[Gt s ats = ) - Fots = 1) Vs

b
s/ G(t 8)||f (s, 2(s — 1)) — F(s,9(s — 1))|Vs.

+1
Using the Lipschitz condition,

b
Fﬂﬂ—ﬂﬁﬂé/ G(t, )| Kx(s — 1) — y(s — 1)|Vs

a+1

b
SK/ G(t,9)] llz — gl Vs
a+1

b
SKW—W/ G(t, )|Vs.
a+1



99

Then, by the bound on the Green’s function given in Theorem 61, we get

Ta(t) ~ Ty(t)] < K o — vl o —aje— (4.12)

I'(v+2)

(b—a)®

where o« ;= Km

Note that this is true for all t € N, so

[Tz =Tyl < alle—yll,

. 24/T(v+2)
but, by assumption, b — a < % 50

K (2Tw+2\
T ) VK
K <4r(y+2)>

K

hence 7' is a contraction mapping on (. So by the Contraction Mapping Theorem,

there exists a unique fixed point xy € ¢ such that

wo(t) = Txo(t) = w(t) + | G(t,5)f(s,20(s)) Vs,

a+1

hence x¢(t) is the unique solution to the nonlinear self-adjoint boundary value problem

(4.7). O
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4.2.1.1 Nonlinear Conjugate BVP Example

Example 90. Consider the following boundary value problem.

VVila(t) = Ky/2*(t — 1) + 5+ h(t), teN;,

where K is a constant such that 0 < K < :T'(2.6) ~ 0.22874 and h : Nj — R.

Note that this is a specific case of (4.7) where a = 0, b = 5, v = 0.6, and

F(t,x) = Kv/x2 4+ 5+ h(t). Then note F,(t,z) = \/% < K for all x € R, hence our

Lipschitz constant for F(t,z) with respect to the second variable is K. But now we

have

2yT(r+2) _2/T(06+2)  2yT(26)

=5=0b—a.
VK VK AT(2.6)

Hence, by Theorem 89, we have that the above boundary value problem has a unique

solution.

4.2.2 Unique Solutions to a Nonlinear Right Focal BVP

We will consider the following nonlinear, self-adjoint, conjugate boundary value prob-

lem given in (4.8)

Theorem 91. Assume F : N2, x R — R satisfies a Lipschitz condition with respect
to its second variable in NZ+2 X R, i.e. there exists a constant K > 0 such that, if

b
uw,v e R andt € N, ,,
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If (b—a)(b—a—1) < %, then the nonlinear self-adjoint boundary value problem

(4.8) has a unique solution.
Proof. The proof will follow nearly identically to Theorem 89. In this case, we have
that w : N® — R will solve the boundary value problem

p

In place of (4.12), we would have, as a result of Theorem 65, that

(b—a)(b—a—1)

[at) = Tyle) < K o =yl C= 2GS —alle—)
where o := K%. But by assumption (b—a)(b—a—1) < ”F(?”), SO
—a)(b—a— r
N ::K(b a)(b—a—1) K (2+4v)

< =
(2 +v) KuT'(2+v) ’
hence we get T is a contraction mapping on (, and the proof finishes in similar manner
to Theorem 89. O

4.2.2.1 Nonlinear Right Focal BVP Example

Example 92. Consider the following boundary value problem.

(

VVSz(t) = K\/22(t — 1) + 5+ h(t), te€ N,
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where K is a constant such that 0 < K < %&2'6) ~ 0.04289 and h : Nj — R.

Note that this is a specific case of (4.8) where a = 0, b = 5, v = 0.6, and

F(t,z) = Kvx? + 54 h(t). Then note F,(t,z) = \/% < K for all x € R, hence our

Lipschitz constant for F'(t,z) with respect to the second variable is K. But now we
have
vI'(2+v)  0.6I(2.6)
K K

>5-4=(b—-a)b—a—1).

Hence, by Theorem 91, we have that the above boundary value problem has a unique

solution.

4.2.3 Unique Solutions to a Nonlinear Three-Point BVP

We will consider the following nonlinear, self-adjoint, conjugate boundary value prob-

lem given in (4.9)

Theorem 93. Assume F : N2+2 x R — R satisfies a Lipschitz condition with respect
to its second variable in Ni_, x R, i.e. there exists a constant K > 0 such that, if

u,v €R andt e Nb_,,
|F(t,u) — F(t,v)| < K |u—v].

If (b—{—w —a) < 2—V\F(F[Z+2), then the nonlinear self-adjoint boundary value problem

(4.9) has a unique solution.

Proof. The proof will follow nearly identically to Theorem 89. In this case, we have
that w = 0.

In place of (4.12), we would have, as a result of Theorem 78, that

(b + (b,a+1)2 o a)Q

| 4

aI'(v + 2)

[T(t) = Ty(t)] < Klx -yl = allz =yl
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2
(b+ (b—ay-‘rl) —a)?
AT (v +2)

batl)? oy 2Tty

— ; (
where a := K . But by assumption (b4 == T

o AT t2)
T 4T (v +2) KAr(v+2) 7

hence we get T is a contraction mapping on (, and the proof finishes in similar manner

to Theorem &9. O

4.2.3.1 Nonlinear Right Focal BVP Example

Example 94. Consider the following boundary value problem.

;

VVela(t) = Ky/2*(t — 1) + 5+ h(t), teN;,

where K is a constant such that 0 < K < £5I'(2.6) ~ 0.00135, 0 < o < 1, and

h:NS = R.

Note that this is a specific case of (4.9) where a =0, k =3, b =5, v = 0.6, and

F(t,z) = Kv/2%2 4+ 5+ h(t). Then note F,(t,x) = \/% < K for all x € R, hence our

Lipschitz constant for F'(t,z) with respect to the second variable is K. But now we

have

2T+ VIO _, VIZS
VK VK 1 1(2.6)

652
2 2 2 2
— 1
0.6 v

Hence, by Theorem 93, we have that the above boundary value problem has a unique

solution.
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