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ALGEBRAIC PROPERTIES OF EXT-MODULES OVER COMPLETE
INTERSECTIONS

Jason A. Hardin, Ph.D.

University of Nebraska, 2014
Adviser: Mark E. Walker

We investigate two algebraic properties of Ext-modules over a complete intersection R =
Q/(f1,..., fe) of codimension ¢. Given an R-module M, ExtL(M, k) can be viewed as a
graded module over a polynomial ring in ¢ variables with an action given by the Eisenbud
operators. We provide an upper bound on the degrees of the generators of this graded module
in terms of the regularities of two associated coherent sheaves. In the codimension two case,
our bound recovers a bound of Avramov and Buchweitz in terms of the Betti numbers of M.
We also provide a description of the differential graded (DG) R-module R Hom% (M, N) in
terms of well-known DG @-modules. When M = N, this has the structure of a differential
graded algebra (DGA) over Q. In the case where M = /I with I generated by a Q-regular
sequence, we provide explicit generators and relations for the DGA REndC]ég(M ) using the
theory of Clifford algebras. This description generalizes a result of Dyckerhoff, who obtains
a similar result in a special case. In the case where M = k, our result implies a classical

result of Sjédin on the algebraic structure of Ext}(k, k) over complete intersections.
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Chapter 1

Introduction

This dissertation concerns algebraic properties of the cohomology modules Exty, (M, N) over
a complete intersection R. There are two primary foci. Viewing Extj (M, k) as a cohomolog-
ically graded k[T, ..., T.]-module via the Eisenbud operators, we produce an upper bound
on the degrees of the generators which generalizes a result of Avramov and Buchweitz [2]
in the codimension two case. We also give explicit descriptions of the differential graded R-
module R Hom% (M, N) and the differential graded R-algebra R End (M), with the latter
recovering a result of Sjodin [18] in the case where M = k.

Over any commutative ring the modules Exty (M, N) provide a measure of how far the left
exact functor Hompg(—, IV) is from being exact. They are a fundamental tool in homological
algebra — one needs only to page through any text on the subject to see the myriad appli-
cations in which they are used. For example, they provide a characterization of projective
and injective modules as well as a classification of extensions of modules.

There are various ways to define Ext, (M, N). One approach is to consider a projective
resolution P of M, apply the functor Homg(—, N) to P, and take cohomology; namely,
Exty(M, N) := H*(Hompg(P, N)). If Q is a projective resolution of N, then one can also

define Exty (M, N) = H*(Hompg(P, @)). This latter approach is the one we will usually take.



We work almost exclusively over complete intersection rings. Due to their importance
throughout this thesis, we describe them here. A commutative Noetherian ring () is a local
ring if it has a unique maximal ideal. We usually denote this by (Q,m, k), where m is the
maximal ideal of @ and k = Q/m is the residue field of ). A Noetherian commutative ring
@ is a regular local ring if the minimal number of generators of m equals the Krull dimension
of Q. A Q-regular sequence is a sequence fi, ..., f. € @ such that (fi,..., f.) # Q and f; is
a non-zero divisor on Q/(f1,..., fj—1) for 1 < j <ec. Aring R is a complete intersection of
codimension c if it has the form R = Q/(f1, ..., f.) for some regular local ring (Q, m, k) and
some ()-regular sequence fi,..., f.. A simple example of a complete intersection is the ring
R =k[lxy,...,z,)]/ (2], ..., x%), where k[[zq, ..., x,]] is the regular local ring consisting of
formal power series in n variables over a field k and a4, ..., a, are positive integers.

In chapter 2 we view Exty (M, k) as a graded module over the polynomial ring k[T, ..., T¢|
with |T};| = 2 and with the action induced by the Eisenbud operators. It is natural to ask if
there is an upper bound on the degrees of the generators of this graded module. For complete
intersections of codimension ¢ = 2, Avramov and Buchweitz [2] answered this question in
the affirmative and gave a bound in terms of the Betti numbers of M. We produce an upper
bound which works for any codimension in terms of the Mumford-Castelnuovo regularities of
two coherent sheaves on ¢! associated to the module M. Section 2.1 presents the necessary
background information for stating the bound. Section 2.2 states and proves the bound, the
main result being Theorem 2.11. Section 2.3 shows that in the codimension ¢ = 2 case, the
regularity bound recovers the bound of Avramov and Buchweitz.

In chapter 3, we consider a result of Sjodin (Theorem 3.1) in [18] which provides gener-
ators and relations for the algebra Ext}(k, k) over a complete intersection. We extend this
result to the level of differential graded algebras; namely, we find descriptions of the dif-
ferential graded R-module R Hom{ (M, N) and differential graded R-algebra R End¥ (M).

Section 3.1 provides the relevant background information of differential graded modules and



algebras and sets notation which will be used throughout the chapter. Section 3.2 clarifies our
definitions of R Hom% (M, N) and REnd¥ (M) and shows that they are well-defined up to
appropriate equivalences. Section 3.3 gives our most general descriptions of RHom}ég(M ,N)
and REndjlf(M ) for any finitely generated R-modules M and N. The main results are The-
orem 3.19 and Corollary 3.20. In order to give a more explicit description of REndng(M ) for
M = @Q/I with I generated by a Q-regular sequence, we utilize the theory of Clifford alge-
bras. The background on this topic is presented in section 3.4, and this is used in section 3.5
to describe REnd;l%g(M ) as a (Q-algebra in terms of generators and relations and to describe
a differential that makes it a DG module over the Koszul algebra of R. The main results are
Theorems 3.29 and 3.32. Section 3.6 provides examples and applications of these descrip-
tions in a few special cases. In particular, we recover a (Z/2Z)-graded differential graded
algebra used by Dyckerhoff [11] over hypersurfaces, verify that REndif’(]\/[ ) is formal in the
quadratic hypersurface case, and describe the Hochschild cohomology of the localization of

a polynomial ring with respect to the maximal ideal generated by the variables.

1.1 Conventions

We make a few remarks about notation and conventions that we will follow.
When used to describe rings or modules, the word “graded” will always mean Z-graded.
On occasion we will consider (Z/2Z)-graded objects as well, and this will be stated explicitly.
Unless otherwise stated, all graded modules and complexes will be graded cohomologically
using superscripts. For example, L = @ L. When the use of homological indexing with
subscripts is warranted, we will follow t}fezstandard convention L' = L_; fori € Z. If x € L,

then we denote the degree of the homogeneous element x by |z| =i. If L is a complex, then

L[j] is the complex with L[j]" = L’*/ and differential 9} ; = (—1)V 90+



Chapter 2

Bounding the Degrees of Generators
of Ext,(M, k) over Complete

Intersections

We consider the following theorem of Avramov and Buchweitz from [2]:

Theorem 2.1. Let (QQ,m, k) be a reqular local ring, fi, fo a Q-reqular sequence, and R =
Q/(f1, f2) a complete intersection of codimension 2. Let M be a finitely generated R-module
and set g := depth(R) — depthr(M). Let k[T\, T3] with |T;| = 2 act on Ezth(M, k) via the
Eisenbud operators. Then the graded k[T, Ts|-module Exty(M, k) is generated in degrees less
than or equal to

maX{Qﬁgv 2/89+1 + 1} + g + 17
where B; denotes the i Betti number of M over R.

This proof does not generalize to higher codimensions as it utilizes a decomposition
result for graded modules over exterior algebras in two variables. Our goal in this chapter

is to find an upper bound for the degrees of the generators of Exty,(M, k) over a complete



intersection R = Q/(f1,..., f.) of codimension ¢ in terms of the regularities of two coherent
sheaves on ]P’z_l associated to M. In the codimension ¢ = 2 case, our bound recovers the

Avramov-Buchweitz bound in Theorem 2.1.

2.1 Twisted Periodic Complexes and Regularity

Throughout this chapter, let R be a complete intersection of codimension c¢; namely, R =
Q/(f1,-.., f.) with (Q, m, k) a regular local ring and fi, ..., f. a Q-regular sequence. Let M
and N be finitely generated R-modules. We will consider Extj (M, N) := @ Exth (M, N)
as a graded module over R[Ty,...,T,] with an action induced by the Eiserﬁ?ud operators.
These operators are described in [12], but we briefly recall them here.

Let (F, Q) be a complex of free R-modules. Choose a sequence, not necessarily a complex,
of free )-modules (F, 5) such that F =~ F ®o R and 0 = 5®Q R. Note that such a sequence
always exists: viewing 8’ as a matrix with entries in R, choose & by lifting each entry of this
matrix to an element of Q. Since F = F ®q R, there exists maps f;? . F'n — F2 guch that

5721 = Zf?f] Define 7 := f;‘ ®g R : F™ — F"*2 the Eisenbud operators on F. Eisenbud
j=1

proves Tchese maps have the following properties:
(1) The collection of maps t; := {t}} is a morphism of complexes t; : F' — F/[2].
(2) The t;’s are independent of choice of F and t;”, up to homotopy.

(3) The t;’s are natural up to homotopy, i.e., if p : F' — F’ is a morphism of complexes of
free R-modules and {t;} and {t;} are Eisenbud operators for I and I, respectively,

then pt; ~ tip.

4) The t;’s commute up to homotopy.
J



By considering a free resolution F' of M over R, we get induced maps

T; := H(Homg(t;, N)) : Exth(M, N) — Ext} (M, N)

that make Ext} (M, N) a graded module over the graded ring R[T,...,T,] with |T;| = 2.
We call this the action induced by the Eisenbud operators. Whenever we discuss Exty (M, k)
as a graded module, it will be via this action.

Gulliksen [13] described a graded R[T7,...,T.]-module structure on Exty (M, N), which
is shown to agree with the Eisenbud operators up to sign in [3]. With this action Gulliksen

was able to prove the following key property of Ext}, (M, N).

Theorem 2.2 (Gulliksen). Let R be a complete intersection of codimension ¢ and M, N be
finitely generated R-modules. Then Extyp(M,N) is a finitely generated graded R[T}, ..., T.|-

module with |T;| = 2 and action induced by the Eisenbud operators.

In order to find an upper bound for the degrees of generators of Exty (M, k), we will
consider a related object, the stable Ext-modules, which we describe now. The following

definitions appear in [10].

Definition 2.3. Given a complete intersection R and any R-module M, a complete resolution
of M is a morphism of complexes Y — P with Y,, projective over R for all n and P an R-

projective resolution of M, satisfying
(1) H(Y)=0for alli € Z, i.e., Y is acyclic,
(2) H'(Homg(Y,W)) = 0 for all projective R-modules W and all i € Z,

(3) Y, = P, for n > 0.



If Y is a complete resolution of M, then define the stable Fxt-modules by
Exty(M, N) := H(Homg(Y, N)).

For the remainder of the chapter we restrict to the case where N = k, so that Exty,(M, k)
is a finitely generated graded k[7},...,T.]-module with the action induced by the Eisenbud
operators.

From condition (3) in the definition of a complete resolution, we see that there is a natural
map Exty,(M, k) — Ex\t;(M , k) that is an isomorphism in sufficiently large cohomological
degrees. If M is a maximal Cohen-Macaulay (MCM) R-module, then we can say a bit more
about this natural map. (Recall that an R-module M is MCM if depth M = dim R. See [16]
and [5] for more information.)

To do so, we will need a few well known facts about MCM modules over complete
intersections; see [15, Theorem 11.5] for proofs. (In fact, these properties hold for any
Gorenstein ring, though we will not need this generality.) If M is an MCM R-module, then
so is its dual M* = Hompg(M, R). Also, M** = M and Ext(M, R) = 0 for all i > 0.

Let P be a free resolution of an MCM R-module M and let F' be a free resolution of M*.
Taking the dual of FF — M* and setting P; := F_; | for 1 < —1, the above facts applied to
the MCM module M* give an exact sequence M** = M — P-_;. We splice together the
sequences P — M and M — P-_; using the composition ) = M — P_; to get an acyclic
complex

Y= ---—>P P —>F—>P1—>Py—---

This Y is a complete resolution of M with Y,, = P, for all n > 1. Thus, when M is MCM,
the natural map Exty (M, k) — Ey:\t;(]\/[ , k) is an isomorphism in all positive degrees and is
surjective in degree 0 with kernel consisting of maps that factor through free R-modules.

The upshot of this natural map is that in order to find an upper bound on the degrees of



generators of Exty (M, k), it will suffice to find an upper bound of the degrees of generators
of E;c;(M , k). To do this, we use theory developed by Burke and Walker in [8].

Let P{! = Proj k[T, ..., T.]. If F is a coherent sheaf on P{ !, set F(1) := F® Ope-1(1).

Definition 2.4. A twisted periodic complex of locally free coherent sheaves E over P{
consists of a pair of locally free coherent sheaves £71, £° on Pz_l along with morphisms
el &1 = E%and ¥ : €Y — £71(1) such that the compositions €® o e™! and e™(1) 0 € are

both 0. Equivalently, E = (£, ) is a pair consisting of a chain complex
E=(—=E?=E&t 28—

of locally free coherent sheaves on P! along with a specified isomorphism 7 : £(1) 2 £[2],

using the convention that £[2]" = &2

Let E be a twisted periodic complex and let {Uy,...,U.} denote the standard affine
cover of IP’;’l. Let C** denote the bicomplex formed by applying the Cech construction to E

degreewise:

ro,n---nU,E)




We define the hypercohomology of E by
H'(P$ ' E) := H (Tot(C**)).

Lemma 2.5. If E is a twisted periodic complex, then H*(P{ ' E) := @Hi(P?l,E) is a
graded k[T, ..., T.]-module with |T;| = 2. <

Proof. In general, given a Noetherian scheme X and a coherent sheaf F on X, one has
H°(X,F) = Homp, (Ox, F). In our context, any ¢ € H(P; ' O(1)) = kT1 @ --- @ kT,
gives a map ¢ : Ope-1 — (’)szl(l), and hence a map of complexes E — E(1) = E[2]. In
particular, each pair of variables T; and 1} give maps T}, 7; : E — E[2] causing the following

square to commute:

E T E[2]
El2 — 1 E[4

These induce maps (1})., (1), : H/(PS ' E) — HY(PS ! E[2]) 2 H*2(P{ !, E) in hypercoho-
mology causing the following square to commute:

H (P!, E) zi).

H (P )

7).
B2 (P )

Hi (P )

Thus, H*(P{',E) is a graded k[T, ..., T.]-module. O
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We need one last bit of notation. We define even Ext and odd Ezt to be Exty (M, k) :=
@ ExtZ(M, k) and Ext%(M, k) = @ Ext? ™ (M, k), respectively. These are graded
lie[%, ..., T;]-modules with |T;| =1 via tilelé action induced by the Eisenbud operators. Note
that we are considering these as graded modules with degree i components Ext% (M, k) and
ExtZ (M, k), respectively. Gulliksen [13] showed that Ext$' (M, k) and Ext%4(M, k) are
both finitely generated.

The following theorem of Burke and Walker shows that to study E}?c;(M , k) it is enough

to consider the hypercohomology of a particular twisted periodic complex associated to the

R-module M, which they construct in [§].

Theorem 2.6 (Burke-Walker). Let R be a complete intersection of codimension ¢ and let M
be an R-module. There exists a twisted periodic complex E = E(M, k) of locally free coherent

sheaves on Pz_l with the following properties:
(1) For all i, there is an isomorphism @t}(M, k) 2 H (P E).

(2) The isomorphisms in (1) give an isomorphism of graded k[Ty,...,T.]-modules, with
T3] = 2,
Exty(M, k) = H*(PS! E),

where the action on H* ([P’Z_l, E) given by T; in Lemma 2.5 coincides with the action of

the Eisenbud operators on @t;(M, k).

(8) We have H*(E) = Extsy (M, k) and H'(R) = Ext?(M, k), where H'(E) denotes the it

cohomology of the underlying complex of E and (—) denotes the coherent sheaf on IP’Z_1

associated to the graded module over the standard graded polynomial ring.

For the remainder of this chapter, E will always denote the twisted periodic complex

which arises from the R-module M and residue field k& via Theorem 2.6.



11

We may now define the necessary invariant which we use to produce our desired upper

bound.

Definition 2.7. Let F be a coherent sheaf on IP’Z_I. Then F is r-regular if
H'(PS Y Flr—i) =0
for all ¢ > 0. The (Castelnuovo-Mumford) reqularity of F is defined to be
Reg(F) = inf{r | H'(P{ ', F(r —i)) = 0 for all i > 0}.

Notice that Reg(F) = —oo is possible. For example, if k is infinite and F is supported
on a finite set of points, then F = F(1). Hence H'(P{ ', F(r —i)) = H{(PS!, F) = 0 for all
r € Z and all ¢ > 0, so Reg(F) = —o0.

We will need the following basic facts about r-regularity. Proofs can be found in [17].
Lemma 2.8. Let F be an r-reqular coherent sheaf on Pz_l.
1. Fori> 0, H(P{ ', F(j) =0 for all j > r —i.

2. If 5 > r, then F(j) is generated by its global sections.

2.2 An Upper Bound in Codimension c

We want to find an upper bound for the degrees of generators of the graded k[T, ..., T.-
module E}?c;(M , k). For notational simplicity, we adopt the following notation. For any

(possibly non-finitely generated) graded k[T7,...,T.]-module N, we define

a(N) :=inf{q | N is generated by N=9}.
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Notice that a(N) = —oo when N can be generated in arbitrarily negative degrees. For exam-
ple, suppose char(k) = 0 and consider the graded k[T7,...,T.]-module N := k[X,..., X/]
with |X;| = —2 and action given by partial differentiation: T; - (X7, ..., X.) := aa—)i Then
N is generated by N=¢ for all ¢ € Z. Thus, a(N) = —cc.

This « invariant is well behaved with short exact sequences in the sense of the following

lemma.

Lemma 2.9. Let 0 - N' - N — N” — 0 be a short exact sequence of graded k[T, ..., T.]-
modules. Then a(N) < max{a(N'),a(N")}.

Proof. Observe that N can be generated by the image of a generating set of N’ and a lift
of a generating set of N”. If max{a(N’), a(N")} = —oo, then taking generating sets for N’
and N” of arbitrarily negative degree produces a generating set for N of arbitrarily negative
degree, so that a(N) = —oco = max{a(N'),a(N")}. Otherwise, if max{a(N’),a(N")} € Z,

then elements in the generating set for N will have degree at most max{a(N’),a(N")}. O

Recall that H°(E) = Ext% (M, k) and H'(E) = Ext%(M, k) by Theorem 2.6. For the
remainder of the chapter, set 7o := Reg(H°(E)) and r; := Reg(H'(E)). These are the

invariants of M which will be used to form our desired bound. We need the following

technical lemma. Set H° = H°(E) and H' = H'(E).

Lemma 2.10. Set r®’ := max{2rq—2,2r,} and r°* := max{2ry—1,2r; —1}. Then we have

@D Butg(M.k) = @ H® H@) and @ Bty (Mb)= @ HOP L H'()
ZZ% 22% iz’rOd;—l inOd:—l

as graded k[Ty, ..., T.]-modules.

Proof. Let E be the twisted periodic complex associated to M via Theorem 2.6. Let

1,...,Uq; be the standard afline cover o ~ and consider the bicomplex
U U.} be th dard affi fIP’zld ider the bi 1
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I(UN---NU,E)

& rwinU;.E)

1<i<j<c
C

Prwi k)

=1

given by the Cech construction, where the lowest nonzero row is in cohomological degree 0.
Consider the spectral sequence in which horizontal cohomology is computed first. Consider
the edge map H*(P{",E) — H°(P; ', %°(i)) from this spectral sequence. When i > -,

Lemma 2.8(1) shows that everything lying above H°(P{ ™', H°(i)) in the spectral sequence

dd—l
2

,’.O

will be 0, so that the edge map is an isomorphism. Similarly, when ¢ >

, the edge map
H%“(IP’Z’I,E) N HO(]pzfl,?-[l(i)) is an isomorphism.

The isomorphism E}E;;(M k) =2 H* (P!, E) from Theorem 2.6 completes the proof. [
We now present our main result of the chapter.

Theorem 2.11. Let R=Q/(f1,..., f.) be a complete intersection of codimension ¢ and let
M be a finitely generated R-module. Consider the graded k[T, ...,T.]-module EEt;(M, k)
with action given by the FEisenbud operators. Let E denote the twisted periodic complex

associated to M and k in Theorem 2.6 and set ro = Reg(H°(E)) and ry = Reg(H'(E)). Then
a <E§t;(]\/[, k)) < max{2rg,2r; + 1}.

Proof. Set H° = H°(E) and H' = H'(E).
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First suppose that at least one of ¢ or r; is an integer. For any even ¢ > max{2ro—2, 2r1},

there is a short exact sequence of k[T1, ..., T.]-modules

0— @ HOB HO()) — Exty (M, k) — @D Extn(M, k) =0

-~ 9 < 4q
Jjz3 i<d-1

by Lemma 2.10. Clearly « EB IT];tZ(M, k)| < g—l. Since ry = Reg(H'), Lemma 2.8(2)

i<i-1

gives us that a @HO(PE_I,HOU)) = g as long as g > 1. So for ¢ = max{2rg,2r},
>3
Lemma 2.9 gives that

a<E>RZ(M,k)> < max{a [@@HEHG) | o | @ Extp(M, k)

q i<
Jz3 1<5-—1

1
= 3 max{2rg, 21 }.

Note that if ro = 7 = —o0, the above argument shows that « <E}R:)(M, k:)) < = for all

[\ et

even ¢, hence « (E}R;}(M, k)) = —o0.
Again, we first suppose that at least one of the regularities r( or r; is an integer. For any

odd g > max{2rq — 1,2r; — 1}, there is a short exact sequence of k[T, ..., T.]-modules

—2¢+1

0— @ HP H(j)) — Bxty (M, k) —» @) Exty (Mk) =0

. g—1 =1
245 ist5—1

2 —1
by Lemma 2.10. Clearly « @ Ext;H(M, k)| < qT — 1. Since r; = Reg(H'),
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as long as q >ry. So

Lemma 2.8(2) gives us that « @ H'PTLHY () | = a
i>45t

for ¢ = max{2r¢o — 1,2r; + 1} 4+ 1, Lemma 2.9 gives that

a(E}R?d(M,k)) < max{ « @HO(P?I,’HIU)) , o GB E}R?H(M,k)

o g—1 ._~q—1
Jjz" 5 isty-1

I
B
&)
"
—N
Q
|
—_
(=)
‘I
—_
|
—_
—

1
=3 max{2ro — 1,2r; +1}.
Since max{2ro — 1,2r; + 1} is an odd integer, we see that

a <Exthd(M, k)) < ) max{2ro — 2, 2r }.

——odd -1
Note that if rg = r{ = —o0, the above argument shows that « (ExtR (M, k:)) < qT
——odd
for all odd ¢, hence a (ExtR (M, k:)) = 0.

—x ——ev ——odd —2i
Since Extp(M, k) = Exty (M, k) @ Exty (M, k) such that Exty (M, k) lies in degree 2i

241
and Ext R+ (M, k) lies in degree 2i 4+ 1, combining the above inequalities yields

o (E}E*R(M, k)) < max {2& (E}R:(M, k;)> 20 <E}R0Rfid(M, k‘)) + 1}

< max{2rg, 2ry,2ro — 1,2r; + 1}

max{2rg, 2r; + 1}

]

If M is an MCM R-module, then the natural map Exty(M, k) — E}R;(M, k) is an
isomorphism in all positive degrees and a surjection in degree 0. This map and Theorem

2.11 allow us to obtain an upper bound for the degrees of generators of Exty, (M, k) when M
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is an MCM R-module.

Corollary 2.12. Let R = Q/(fi,..., f.) be a complete intersection of codimension ¢ and let
M be an MCM R-module. Then

a(Ertp(M, k) < max{2rg,2r +1,1}.

The additional 1 in the bound in Corollary 2.12 ensures that the bound is positive, which

is necessary since Ext’ (M, k) = 0 for all i < 0.

2.3 Recovering the Avramov-Buchweitz Bound

In this section we specialize to the codimension ¢ = 2 case; that is, R = Q/(f1, f2). We use
Theorem 2.11 to recover the bound obtained by Avramov and Buchweitz in Theorem 2.1.

We use the fact that every coherent sheaf F over P; decomposes as
F=Po)oT.
i=1

where e; € Z and T is a torsion sheaf, i.e., a coherent sheaf whose support consists of a finite
number of points. If 7 is a torsion sheaf, then there is a polynomial P € k[T7, T] of degree
d such that multiplication by P induces an isomorphism 7 = T (d). If k is an infinite field,
then one can find such a P with degree d = 1. The above decomposition is useful as we can

readily compute the regularities of the various summands.

Lemma 2.13. Let e € Z and let T be a torsion sheaf on Pi. Then Reg(O(e)) = —e and
Reg(T) = —o0.
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Proof. For any coherent sheaf F on P}, we have H'(P;, F) = 0 for i > 1. Thus,

Reg(F) = min{r | H'(Py, F(r — 1)) = 0}.

For F = O(e), Serre duality gives

H'(Py,O(e+7 — 1)) = H'(P, O(—e —r — 1))",

and this is 0 whenever —e —r — 1 < —1, i.e., whenever r > —e. So

Reg(O(e)) = min{r | r > —e} = —e.

For F =T, taking r < 0 of the form r = Id + 1 yields

HY(Py, T(r — 1)) = H'(Py, T(ld)) = H'(P,,, T) =0,

thus Reg(7T) = —ooc. O

We now apply Theorem 2.11 to the codimension ¢ = 2 and recover the Avramov-

Buchweitz bound.

Corollary 2.14. Let R = Q/(f1, f2) be a complete intersection of codimension ¢ = 2 and
let M be a finitely generated R-module. Set g := depth(R) — depthr(M). Then the graded
k[T, Ty]-module Extyn(M, k) satisfies

a(Baty(M, k) < max{28y, 28441 + 1} + g+ 1,

where B; denotes the i Betti number of M over R.
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Proof. As in the original proof in [2], by considering the ¢ syzygy of M we may assume
that ¢ = 0. This means that M is an MCM R-module and that we need to show that

a(Exth(M, k) < max{26, + 1,24, + 2}. By Theorem 2.11, it suffices to show that
max{2rg, 2r; + 1} < max{26y + 1,206; + 2},

where 79 = Reg(H°) and r; = Reg(H'). Note that if 1o = —oo = ry, the result is trivial. If
rog = —00 # r1, then our bound is exactly 2r; + 1 and applying the first argument below will
yield the result. Similarly, if rg # —oo = ry, then apply only the second argument below.
So we may assume that ro, 7, # —o0.

Write H? = @ O(e;) @ To and H' = @ O(f;) ® Ti. By Lemma 2.13, we must have
e; = —19 and f; = —r; for some ¢, j. From the spectral sequence arising from the Cech

complex of [E, we obtain the short exact sequence
1l 41 =0 0(ml 40
0— H (P, H (1)) = Extp(M, k) — H (P, H")) — 0.
Since O(—ry) is a direct summand of H*!, we have

Bo = dimy Exty(M,k) > dimy, H'(PL, H(~1))
> dim, H' (P}, O(—r; — 1)) = dimy H(P;, O(r; — 1))

= max{ry,0},

SO Bo >ry.

Similarly, we have the short exact sequence

0 — HY(PL, H) — Extp(M, k) — HO(PLHY)) — 0.



19

Since O(—ry) is a direct summand of H°, we have

B = dimy Exty(M, k) > dimy H'(BL, H°)
> dimy H' (P}, O(—r)) = dimy H*(P;, O(ro — 2))

= max{ry — 1,0},

SO Bl Z ro — 1.
The above inequalities yield max{2ro, 2r; + 1} < max{26, + 1,26, + 2}. Recall that the
map Extn(M, k) — E}R;(M , k) is an isomorphism in positive degrees and a surjection in

degree 0. Thus, Bl = (4, and Bg < B, and the result follows. n

Corollary 2.14 suggests a natural question regarding the existence of a module M in the
codimension ¢ = 2 case where the regularity bound from Theorem 2.11 is strictly smaller

than the Avramov-Buchweitz bound. This is the subject of future pursuit.
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Chapter 3

A DG Approach to Ext(M, N) Over

Complete Intersections

Let (Q,m, k) be a regular local ring and let R = Q/(f1,..., f.) be a complete intersection.
Define the differential graded R-module R Hom% (M, N) := Hompg(F,G) and differential
graded R-algebra R End% (M) := Homp(F, F), where F and G are R-free resolutions of the
finitely generated R-modules M and N, respectively. The goal of this chapter is to describe
these objects as explicitly as possible. To do this, we use a correspondence between R-
modules and differential graded modules over the Koszul algebra of R over (). We obtain a
description of RHodeg(M , N) in terms of well-known differential graded @-modules, which
has the structure of a differential graded algebra over () when M = N. In the special case
where M = @Q/I with I generated by a Q-regular sequence, we obtain explicit generators
and relations for the DGA REndng(M ) over ). In particular, if M = k is the residue field
of R, this description allows us to compute cohomology and recover the following result of

Sjodin from [18]:

Theorem 3.1 (Sjodin). Let (Q,m, k) be a reqular local ring and let R = Q/(f1,..., f.) be

a complete intersection with f; € m? for 1 < j < n. Suppose m is minimally generated as
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m = (z1,...,x,) and write

fi= Z whijzpr;  (mod m?)

1<h<i<n

for wpi; € Q. Then Exty(k, k) is generated as a k-algebra by elements Zy, ..., Z, of degree

1 and Ty, ..., T, of degree 2 subject to the relations

Zf+i

J=1

W1}, [ZmZi]‘i‘thijTja [Zn, T3}, [Th, T}]
j=1

where Wy;; s the image of wpi; n k.

3.1 Differential Graded Algebras and Modules

This section provides a review of the basic concepts and terminology of differential graded
algebras and modules found in [1]. We also describe a few basic examples and fix notation

which will be used throughout the rest of the chapter.

Definition 3.2. Let @) be a commutative ring. A differential graded algebra (DGA) over @
is a graded (Q-algebra A equipped with an endomorphism d : A — A of degree 1 satisfying

d% = 0 and the Leibniz rule
da(ab) = da(a)b + (—1)"ad(b)

for all homogeneous elements a,b € A. We say A is (graded) commutative if ab = (—1)!9"*lpg
for all homogeneous a,b € A and a* = 0 whenever |a| is odd. A differential graded (DG)

module M over A is a graded A-module with an endomorphism d; : M — M of degree 1
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satisfying d3, = 0 and the Leibniz rule
dy(am) = da(a)m + (=1)1ady (m)

for all homogeneous a € A and m € M.

We denote the underlying graded algebra of a DGA A by A" Similarly, given a DG
A-module M, we denote the underlying graded A%-module by M?®.

Any commutative ring () concentrated in degree 0 is trivially a DGA with differential
dg = 0. In this case, a DG @Q-module is simply a complex of )-modules. A less trivial
example of a DGA is the Koszul algebra K = Kos(qi,...,q,; Q) over a commutative ring

@, with AZ'QQ’“ in cohomological degree —i and differential dx defined by

n

dK<C,‘1 A A Cin) = Z(_l)j_l%jcil N A Cij_1 A Cij+1 A A Cips

j=1
where ¢y, ..., ¢, is the canonical basis for ). In this case, a DG K-module can be realized
as a complex F of ()-modules equipped with endomorphisms s;,...,s, : E — E of degree

—1 which satisfy the following properties:
(1) dis;i+ sidg = ¢q; forall 1 <i<r
(2) sisj+sjs;,=0foral 1 <i,j<r
(3) s2=0forall 1 <i<r
We will frequently use the following constructions, so we consider them carefully here.

Example 3.3. Let A be a commutative DGA over  and let M and N be DG A-modules.
We can define DG A-modules M ®4 N and Hom4 (M, N).
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We start by letting (M ®4 N)? be the quotient of M ®g N by the submodule spanned
by elements of the form (am) ® n — (=1)l*"™m @ (an). Then M ®4 N is a DG A-module

with A-action defined by

a(m®@n) = (am) @n = (=1)14""m @ (an)

and differential defined by

dyen(m @ n) = dy(m) @n + (=1)™m @ dy(n).

Moreover, if M and N are DGAs over A, then M ®4 N has the structure of a DGA over A

with multiplication defined on homogeneous elements by

(m1 @ n1)(mg @ ng) == (=DMl (mymy) @ (nyny).

To define the DG A-module Hom4(M, N), we start by defining Hom4(M, N)* as the
collection of Q-linear maps ¢ of graded modules such that ¢(am) = (—=1)I¥I%ap(m) for all
homogeneous a € A and m € M. Then Homy(M,N) is a DG A-module with A-action
defined by

(ap)(m) := ap(m) = (=1)" o (am)

and differential defined by

diom (@) == dn o p — (—1)"”(,0 odyy.

If M = N, then Hom (M, M) has the structure of a DGA over A with multiplication given
by function composition. We will often denote this DGA by End4 (M) and its differential

by dgng-
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We will frequently use quasi-isomorphisms of DGAs and DG modules. We recall these
fundamental notions here. Note that we will discuss a more general notion of quasi-isomorphic

DGAs in section 3.2. The following formulation is sufficient for our current needs.

Definition 3.4. Let A and B be DGAs over a commutative ring ¢ and let M and N be
DG A-modules. A map ¢ : A — B is a quasi-isomorphism of DGAs if it is a homomorphism
of DGAs which induces an isomorphism in cohomology. A map € : M — N is a quasi-
isomorphism of DG A-modules if it is a homomorphism of DG A-modules which induces an

isomorphism in cohomology.
We also recall the following definition given in [1]:

Definition 3.5. Let A be a commutative DGA and M a bounded below DG A-module, i.e.,

M* =0 for i > 0. Then M is semi-free if M is a free A%-module.

Semi-free DG A-modules are not free modules in the category of DG A-modules. However,
they have the following basic properties, which are sufficient for our needs. Proofs of these

properties can be found in [1].

Lemma 3.6. Let A be a commutative DGA, M a DG A-module, and ¢ : N — N’ a quasi-

isomorphism of DG A-modules.

1. If N and N’ are semi-free DG A-modules, then the map M &€ : M @4 N — M ® 4 N’

18 a quasi-isomorphism.

2. If M is a semi-free DG A-module, then Hom (M, e€) : Hom (M, N) — Homy4 (M, N')

18 a quasi-isomorphism.

We now set forth notation which will be used throughout the remainder of the chapter.
Let R=Q/(f1,-.., f.) with (Q, m, k) a regular local ring and fi, ..., f. a Q-regular sequence

contained in m?. Set V := Q¢ with canonical basis ej,...,e.. Let K denote the Koszul
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algebra K := Kos(f1,...,f;; @), which is a DGA over @ with differential dyx described
above. Since fi,..., f. is a regular sequence, the canonical surjection K — R is a quasi-
isomorphism of DGAs over Q.

Given a graded QQ-module N, set N* := @HomQ(N’i, @) to be the graded dual. Let
T1,...,T. denote the basis of V* which is duzﬁzto the basis ej,...,e. of V, ie., T;(e;) = d;;.

We will consider the following three DG ()-modules throughout the chapter:

o A= A (V), the exterior algebra on V/, with |e;| = —1 and trivial differential

e S := Symg,(V*), the symmetric algebra on V*, with |T;| = 2 and trivial differential
o [':= 5™ with trivial differential

We make the following observations about these DG ()-modules and will frequently use
them without explicitly stating so.

First, K% = A%. Nonzero homogeneous elements of S and I' always have even degree.
Thus, these elements commute in the usual sense. Since S is graded commutative, for every
DG S-module M, the dual M* has a canonical DG S-module structure. Thus, I' is a DG
S-module as it is the dual of the DG S-module S.

Definition 3.7. Let M be a finitely generated R-module. Then P is a Koszul resolution of
M if it is a degree-wise finitely generated (Q-projective resolution of M equipped with the

structure of a DG K-module.

Koszul resolutions exist for any finitely generated R-module M and a construction can
be found in [2, Section 2.1].

For a Koszul resolution P of M, set X" = X]hg = AT ®o ' ®@g P* and observe that X*
is a graded K%module with K®-action defined by multiplication on A% Note that there is a

second K®-action defined by the action of P, but we will only need the action on the leftmost
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factor. We wish to equip X? with a differential dx under which X is quasi-isomorphic to P
as DG K-modules. We need the following result of Avramov and Buchweitz from [2], based

on the work of Cartan [9].
Proposition 3.8 (Avramov-Buchweitz). Consider the graded K -module L* := A"®@oT @0 Af
with K -action defined by multiplication on the leftmost factor of A%. Define dy, : L* — LF by

(A @7 @A) i=d (M) ©7 @ A+ (=)MIN @ 7 @ dic(Aa) — 6.(M © 7@ Ay),

where §p,(A\ @7 Ag) = Z e QT;y R Ay — (—1)"\1|)\1 ®@T;y®e; a. Then L equipped with
j=1

dr, 1s a DG K-module whi_ch s quasi-isomorphic to K via the map € : L — K defined by
(A1 ® 7 ® Ag) := Aimo(y) Ae,

where my denotes projection onto the degree 0 component of I.
To obtain the desired differential on X?, we tensor L with the Koszul resolution P.

Lemma 3.9. For X" = A' ®g I ®¢g P*, define an endomorphism dx : Xt X5 by

dx(A®7@p) i=d(\) @70p+ (1)@ @ dp(p) — 6x(A©7 @ p),
where Ox (A ® vy ®p) = Zej)\(X)ij@p — (—1)"\|/\®ij®ejp. Then X' equipped with dx

j=1
is a DG K-module which is quasi-isomorphic to P via the map n: X — P defined by

NA® vy ®p) := Amo(7)p,

where my denotes projection onto the degree 0 component of T'.
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Proof. We consider L @ P% as a K'-module via the action on L. There is a canonical

isomorphism of K%modules p1 : Lf @ P* — X' given by
A @7 @A ®p) = A ®7® Agp.
Observe that L? ® s P? has an induced differential as in Example 3.3, given by
drgep(M @7 @ A ®@p) = dr(M ® 7 ® Ao) @p+ (—1)MHRIN @y @ A @ dp(p).

We will show that dxpu = pdrg, p, i-e., that dx corresponds with the canonical differential
on L ®p P under the isomorphism pu.

To this end, we observe that

e, pM ®YRA®p) = dr(A) ® 7@ dop+ (—1)MA @ 7 @ dic(A2)p
- Z eiM @ Tyy ® Aop — (=1)MIN @ Tjy © e;Aop
j=1
+ (1Ml @y @ Aodp(p)
= dr(\) @7 @ \p + (1) @ v @ dp(Aap)
- zc:ejM ® Ty @ dop — (—1)MIN @ Tiy @ e hap
j=1
= dx(M ®7® A\p)

= dxp(M ®7® A Qp)

This verifies that dy is a differential on X? and that X =2 L ® P as DG K-modules.
The DG K-module L = A ®g ' ®g A is a semi-free DG K-module, as T'¥ and A% are
both bounded below free Q-modules, so that L = A" ®g ' ®g A" is a bounded below

free K%-module. Since € : L — K is a quasi-isomorphism of semi-free DG K-modules by
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Proposition 3.8,

X2Lox P KPP

is also a quasi-isomorphism of DG K-modules, by Lemma 3.6(1). Using the definition of e

in Proposition 3.8, we see that n = e ® P. ]

Let M and N be finitely generated R-modules with Koszul resolutions P and P’, respec-
tively. Define X := A* ®g ' ®g P* and (X')! := A* ®g ' ®¢ (P')% and equip them with
differentials dy and dy/ as defined in Lemma 3.9. Note that X and X’ are semi-free DG

K-modules, since I'¥ and P? are both bounded below free Q-modules.

3.2 Defining RHodeg(M, N) and REnd%g(M)

In this section we let (@, m,k) be a regular local ring and let R = Q/(f1,..., f.) be a
complete intersection. Let M and N be finitely generated R-modules. At the beginning
of the chapter we informally introduced R Hom® (M, N) and R End%(M). We recall these

definitions here.

Definition 3.10. Let R be a complete intersection and let M and N be finitely generated
R-modules. Let F' and G be free resolutions of M and N, respectively, over R. Define
R Hom{ (M, N) := Homg(F,G) and REnd¥ (M) := Homg(F, F).

Observe that R Homﬁl%g(M ,N)is a DG R-module, or equivalently a complex of R-modules,
and that REnd¥(M) is a DGA over R. The goal of this section is to show that these
definitions of R Hom% (M, N) and R End% (M) are independent of choices of free resolutions
up to homotopy equivalence and quasi-isomorphisms of DGAs over R, respectively. This is
well-known but worth mentioning explicitly. We also describe a correspondence between

R-modules and DG K-modules, where K is the Koszul algebra K = Kos(f1,..., fs; Q).
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The definition of R Homég(M , ) requires choices of free resolutions M and N. The next

Lemma shows that our definition is independent of these choices up to homotopy equivalence.

Lemma 3.11. The DG R-module RHomjég(M7 N) is well-defined up to homotopy equiva-

lence.

Proof. Let F, F' be R-free resolutions of M and G, G’ be R-free resolutions of N. Since
any two free resolutions are homotopy equivalent, there exists chain maps o« : F© — F’
and o/ : F' — F such that &’a ~ idp and aa’ ~ idg. Similarly, there are chain maps
B:G — G and ' : G — G such that /6 ~ idg and 5 ~ idg. We define maps
g : Hompg(F,G) — Hompg(F',G') and h : Homg(F',G") — Homg(F,G) by g(0) = pd’
and h(y) := p'ia, respectively. Since hg(0) = p'S0a’a with '8 ~ idg and &/ ~ idpg,
we have that hg ~ idgom,(rq). Similarly, since gh(vy) = BfvYaa’ with 83" ~ ide and
aa’ ~ idp, we have that gh ~ iduomgr,cr)- Thus, Homg(F,G) and Hompg(F',G') are

homotopy equivalent. O

We now turn our attention to R End% (M). Unlike R Hom (M, N), this has the structure
of a DGA over R. The definition still involves the choice of free resolution, but we show that
it is independent of this choice up to quasi-isomorphism of DGAs over R. We now need the

more general notion alluded to in the comment preceding Definition 3.4.

Definition 3.12. Let A and B be DGAs over R. Then A and B are quasi-isomorphic (as

DGAs) if there exists a diagram
A=Ay =% A A 2% P54, ¥ A, =B

such that each A; is a DGA over R and each «; is a homomorphism of DGAs over R which

induces an isomorphism on cohomology.
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Note that ag or a,,_; could be the identity map, so similar diagrams with the maps on

the ends reversed would also yield valid quasi-isomorphisms of DGAs.

Lemma 3.13. The DGA REnd%](M) is well defined up to quasi-isomorphisms of DGAs

over R.

Proof. Let F and F’ be any R-free resolutions of M and let G be the minimal free resolution
of M. By minimality of G, there are chain maps a : ¥ — G and # : G — F such that
aff = idg. Define g : Homg(G, G) — Hompg(F, F') by g(0) := S0a. The proof of Lemma 3.11
shows that ¢ is a homotopy equivalence, and hence a quasi-isomorphism of DG R-modules.

For any 6,60 € Homg(G, G), observe that

9(00") = p00' o = Bl o = g(0)g(0),

since aff = idg. Thus, g is a quasi-isomorphism of DGAs. Applying the above argument to
F’ results in a quasi-isomorphism of DGAs h : Homg(G, G) — Hompg(F’, F'). This produces
a diagram

Hompg(F, F) +% Hompg(G, G) - Hompg(F', F").
So Homp(F, F') and Homp(F’, F') are quasi-isomorphic as DGAs. O

We now explore the correspondence between R-modules and DG K-modules up to quasi-
isomorphism. Any R-module becomes a DG K-module by restriction of scalars along the
quasi-isomorphism K — R. Conversely, given a DG K-module E we obtain an R-module
E @Y% R.

Let P and P’ be Koszul resolutions for M and N, respectively, and let X = Xp and
X' = Xp be the semi-free DG K-modules defined in Lemma 3.9. Since K — R and X’ is

semi-free, we get a quasi-isomorphism X’ — X' @y R of DG K-modules by Lemma 3.6(1).
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By Lemma 3.6(2) and hom-tensor adjointness, we get a quasi-isomorphism
¢ : Homg (X, X') — Homg (X, X' @ R) = Homg(X @k R, X' @k R)
of DG K-modules. For 7 € Homg (X, X'), we see that ¢(7)(z @ r) = 7(z) @ r. Note that
Xk R=A®ql'®g PRx R=T ®q P ®q R,

which is a free resolution of M over R by [2, Theorem 2.4]. Thus, X ®x R and X' ®x R
are R-free resolutions of M and N, respectively, so we have a quasi-isomorphism of DG
K-modules

¢ : Homg (X, X') =5 RHomY (M, N).

When M = N, we may choose P = P’ and hence X = X’. Thus, we have a quasi-

isomorphism of DG K-modules
¢ : Homg (X, X) = Homgp(X @k R, X @k R) = REnd¥(M).
For 7,7 € Homg (X, X), we have

(rr)(x@r) = (r7'(x) @r) = (7)(7'(x) @ 1) = ¢(7)d(7)(z @ 1),

so ¢ preserves compositions and thus is a quasi-isomorphism of DGAs over ). In par-
ticular, H*(Homg (X, X')) = Exth(M, N) and H*(Homg (X, X)) = Extj(M, M). Hence-
forth, we will set out to explicitly describe the DG K-module Homg (X, X’) and the DGA

Homg (X, X) over @, up to quasi-isomorphism.
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3.3 The DG Module for Exty(M, N)

Fix finitely generated R-modules M and N with Koszul resolutions P and P’, respectively.
Let X = Xp and X' = Xp be the DG K-modules defined in Lemma 3.9.

The goal of this section is to define a DG K-module structure on the graded @)-module
S®oHomg(P, P') and define a quasi-isomorphism ¥ : S®,Homg (P, P') — Homg (X, X') of
DG K-modules. This will give an explicit model of RHom%’(M , N') up to quasi-isomorphism
of DG K-modules.

We first show that S®gHomg (P, P’) is isomorphic to Homg (X, P’) as graded @-modules.

To do this, we need the following canonical isomorphisms of modules.

Remark 3.14. 1. Let A be a commutative ring and let L, M, and N be graded A-modules.
If L and M are projective and L is degree-wise finitely generated, then there is a

canonical isomorphism of graded A-modules
¥ L ®aHomy(M,N) — Homa(L* @4 M, N)

defined by ¥(I ® x)(§ ® m) := 1(§)x(m), where [(£) is the natural action of [ € L on
Eelr= @HomA(L*i,A).

i€Z
2. If A and B are graded commutative rings, A — B a graded ring homomorphism, M a

graded A-module, and N a graded B-module, then there is a canonical isomorphism

of graded modules Homy4 (M, N) — Hompg(B ®4 M, N) defined by ¢ — gz~5, where

S(b®m) = (—1)P b (m).

To avoid being pedantic and simplify notation, we omit the f notation in the statements

and proofs of the following three lemmas.



33

Lemma 3.15. There is an isomorphism of graded QQ-modules

v:S 0290%) HOIIIQ(P, P/) — HOIIlK(X, Pl)

gwen by the following: for each a ® B € S ®g Homg(P, P’), we define

U(a®B) Ay ®p) = (-1 a(y)B(p).

Proof. Since S and P are Q)-projective, S is degree-wise finitely generated, and I' = S*,

Remark 3.14(1) gives an isomorphism of graded ()-modules

\Ill : S@Q HomQ(P, P/) — HOIHQ(F ®Q P7 Pl)

defined by

Ui(a® B)(y @ p) = aly)B(p).

Since K% = A% Remark 3.14(2) gives an isomorphism of graded Q-modules

Uy : Homg(I' ®¢g P, P') — Homg (X, P')

defined by

s (p) (A @y @ p) = (—1)PNp(y @ p).

Notice that |¥;(a ® B)| = |a| + |8] = |B] (mod 2) since |a| is even. Thus, (—1)¥1@®@A) =

(—1)!8l. Therefore, ¥ = Wy, and is an isomorphism of graded Q-modules. O

We now define a K-action and differential on S ®g Homg(P, P) under which V¥ is an

isomorphism of DG K-modules. We use ¥ and the canonical DG K-module structure on

Hom (X, P’) to define these.
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Lemma 3.16. The graded Q-module S ®qg Homg (P, P') has a K-module structure with
K-action defined by

ej(a®pf) =a® (),

where (e;5)(p) := e;8(p) is given by the K-action on P'. Under this action,

U : S ®g Homg(P, P') — Homg (X, P')

s an isomorphism of graded K-modules.

Proof. By Lemma 3.15, the @-module S ®g Homg(P, P') is isomorphic to Homg (X, P’),

which has a K-module structure given by the action

(e;0) A @7 ®p) i=e;d(A@7®p) = (—1)g(e;A @ v @ p).

We will show that the desired K-action on S®¢gHomg (P, P') corresponds with this K-action
on Hompg (X, P') under the isomorphism U; that is, ¢;U(a ® 8) = ¥(e;(a ® 3)). We have

that

(e¥(a@B)A@rep) = (=D NAa(v)5(p)
= (=DPFNN(y)e;8(p)
= (=D)PFIPra(y)e; B(p)
= Y(a® (e;8)(A®7y®p)

= U(ej(a®B))(A@7®Dp)

Thus, V¥ is an isomorphism of K-modules. O]
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Lemma 3.17. Define an endomorphism d on the graded K-module S ®qg Homg(P, P') by
d(Oé & B) =a dHom(ﬁ) + Z Oéirj ® [eja 6]7
j=1

where [e;, B] = e;8— (=1)P1Be;. Then S ®@qHomg(P, P') equipped with d is a DG K -module
and

U : S ®qg Homg(P, P') — Homg (X, P')
1s an isomorphism of DG K -modules.

Remark 3.18. We are abusing the notation [e;, 5] here. In the term e;3 the e; denotes the
K-action on the DG K-module P, whereas in the term fe; the e; denotes the K-action on

the DG K-module P. If P = P’, then [e;, 3] would be the genuine commutator.

Proof. The canonical differential on Homg (X, P’) is given by

drtom (6) = dprd — (—=1)?lpdx.

It suffices to compute dyom(¥(a ® 3)) and show that this corresponds with d(« ® ) under
the isomorphism W.

To this end, we have

dp/‘lf(a (9 B)(/\ X Y ® p) - dP’ ((_1)|m|>\‘)‘a<7)6(p>)
= (=D (A (Na(y)B(p) + (=) Aa(y)de (5(p)))

= (=) d (N a)B8(p) + ()PP (y)dp (B(p))
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and

U(a®B)dx(A®@y®p)=V(a®B) (dx(\) ®@v®@p)+ (-1 (a® B) (A® v dp(p))

~U(a®p) (Z eA@ Ty @p—(-)MAe T e 6jp>

j=1

= (=) dg (Na(7)8(p) + (~D)PH A (v)(dp(p))

YDA a(T)8() — ()M a(Ty)Be)

= (D) (Na(y) - B(p) + (<D a() - B(dr(p)

[

= S G (T ey 8(p) — (~1)PHN Aa(T)Blesp)

j=1

Combining these, we have

o (¥ (0 @ B))A® 7@ p) = dpV(a @ B)(ARy®p) — (-1)W(a® B)dx (A @7 ®p)
= (=) ag(Na@)8(p) — (=) dk (N a(y)B(p)+

(=) N (y)dp (B(p)) — (—1)PHAHPIN NG (y) B(dp (p))+

[

S ()P (T ) (p) — (1) AN A (T;7) (e p)

Jj=1

= (=) ha(y)dp (B(p)) — (1) Aa(7)B(dp(p))]

+ ()RS AT B(p) — (<) Aa(T)(esn)

= (=D RNa(y) [dp(B(p)) — (=1)" Aa(v) - B(dp(p))]

+ (=D D 2a(T) [es8(p) - (=17 Blesp)]
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=VU (04 X dHom(ﬁ) + ZO‘TY] ® [6j’6])

J=1

= V(d(a® p))

Thus dpem V(o ® B) = V(d(a ® B)), and so d is indeed a differential on S ®g Homg (P, P')

which makes ¥ an isomorphism of DG K-modules. O

Lemma 3.9 gives us a quasi-isomorphism n’ : X’ — P’ given by

TA®y@p) = Am(7)p'.
Since X = A ®qg ' ®¢g P is a semi-free DG K-module, the induced map

7 := Homg(X,n') : Homg (X, X") — Homg (X, P')

defined by 77/ (¢) := 1/¢ is a quasi-isomorphism by Lemma 3.6(2).
Define a K-module map ¥ : S ®q Homg (P, P') — Homg (X, X') by

V(a®B)A®y®p) = (1) o ay e 6p),
where ary is the natural action of S on its dual I' = S*. Since

TV aep)A@y@p) = (DI ay® B(p)
= (=1 (ar)5(p)
= (=1)"Mxa(y)B(p)

= Y(a®pf),

we see that the following triangle of graded K-modules commutes:
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S ®qg Homg (P, P')

Homg (X, X7) Homg (X, P')

o)

Ui

Our last step is to show that the differential d on S ®g Homg (P, P') defined in Lemma

3.17 corresponds to the canonical differential dijom on Homg (X, X') under W.

Theorem 3.19. Let R = Q/(f1,..., f.) be a complete intersection, M and N be finitely
generated R-modules, and P and P’ be Koszul resolutions of M and N, respectively. If X
and X' are the DG K-modules defined in Lemma 3.9, then the map

U : S ®q Homg (P, P') — Homg (X, X')
1s a quasi-isomorphism of DG K -modules. Hence, there is a quasi-isomorphism
S ®g Homg (P, P') — RHom (M, N)

of DG K-modules and an isomorphism of R-modules H*(S ®qHomg (P, P')) = Exty(M, N).

Proof. It remains to verify that diom¥ (o ® 8) = U(d(a ® 8)). Recall that the canonical

differential on Homg (X, X’) is given by

ditom(9) = dxr¢ — (1)1l x.
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We have that

dX/E/(Oé ® 6)()\ &y ®p) - (_1>|6H)\|dX’<)‘ ®ay® B(p))
= (=) (N ®@ ay @ B(p) + (=1)ITPHIN @ ay @ dp (B(p))

— ()TN " e @ Tyay @ B(p) — (—1)MA @ Tyay @ ¢;8(p)

j=1

= (=) (N) @ ay @ B(p) + (=1)IPHN® ay @ dp/(B(p))

— (=P Z eA @ aTyy @ B(p) — (~1)MA @ aTyy @ ¢;8(p)
j=1

and

U(a®B)dx(A\@y®p) = T(a® B)(dg(N) @y ®p) + (- T(a® B)(N @7 @ dp(p))

> W(a@B) (A Tiy®p) — ()M (a @ B) AR Tjy @ e;p)

J=1

= (-G (V) ® ay @ Bp) + (1) @ ay @ B(dp(p))

[

= ()PP @ aTiy @ B(p) — (~)NTPRIN ® aTjy © Ble;p)

J=1

Combining these and observing that |¥(a ® 8)| = |a| + || = 8] (mod 2), we get
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o V(0 ® B)(A @7 @ p) = dxP(a @ B) A @y ®p) — (-1) W (a® B)dx(A\®7 @ p)
= (=) dr(N) ®@ ay @ B(p) — (—1)P M dk(N) ® ay ® B(p)

+ (=DIIHNN © ay @ dp(B(p)) — (~1)TFRFIIRIN @ ay @ B(dp(p))

— ()N e @ aTyy @ Blp) + (—1)/Me;x @ aTyy @ B(p)

J=1

+ (—1) B+ Z A @ Ty @ e;B(p) — (—1)BHRAHBIR ) @ Ty ® B(e;p)

J=1

— (—1)BBHIRIN @ 0y @ [dp 8 — (=1)718dp] (p)

DN SN @ Ty @ ey - (<1756 ()

j=1

= (=1) PN @ oy @ diom (8) + (—1)1PI=DIN Z A @ aTyy @ [e;, B](p)

j=1

. (a ® diom () + iOsz ® [ej,ﬁ]> (A®vy®p)

=U(da®p))( A2y p)

Thus dpom¥(a ® B) = U(d(a ® B8)) and ¥ is a map of DG K-modules.

Since 7/ U = U with ¥ and 7 an isomorphism and quasi-isomorphism of DG K-modules,
respectively, we have that U is also a quasi-isomorphism of DG K-modules.

The last claim follows from the quasi-isomorphism Homg (X, X’) —~+ R Hom® (M, N)

from section 3.2. O]

We now specialize to the case when M = N. We may choose P = P’ and hence X = X'.
In this case both S®gHomg (P, P) and Homg (X, X)) have canonical multiplicative structures

under which they are DGAs over Q).
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Corollary 3.20. If, in addition to the hypotheses of Theorem 3.19, M = N and P = P,
then S ®@q Endg(P) is a DGA over Q) and the map

U : S ® Endg(P) — Homg (X, X)
18 a quasi-isomorphism of DGAs. Moreover, there is a quasi-isomorphism
S ®¢ Endg(P) — REnd¥ (M)

of DGAs over Q) and an isomorphism of graded R-algebras H*(S®oEndg(P)) = Extyp(M, M).

Proof. To see that S®gEndg(P) is a DGA over ), we must show that the differential defined
in Lemma 3.17 satisfies the Leibniz rule. Note that since |« is even for all homogeneous

a € S, multiplication on S ®g Endg(P) is given by
(1 ® B) (02 ® Ba) = (=1)17M1%2l(a105) @ (B 0 B2) = (12) ® (B 0 Ba).

Thus, we have

donae @ Brofa) = aras ® dena(Pr1 o f2) + Z a1 & [ej, By o Ba]

=1

= a0z ® (dppa(Br) 0 Be + (—=1)71B, 0 dpna(Ba))

+> 10Ty @ ([eg, 8] 0 Ba + (—1)P1By o [e;, Ba])

=1

= a10n ® dgna(f1) 0 P2 + Z a1y @ lej, f1] o Bo

Jj=1

+(—1)‘Bl‘ (OqOZQ ® (1 o dgna(Ba2) + ZOZIOQTJ‘ ® Pro [€j>62]>

Jj=1

= d(a1 @ fr)(az @ B2) + (—1)" (a1 ® Br)d(az @ Ba).
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So d satisfies the Leibniz rule and S ®¢ Endg(P) is a DGA over Q.
To see that W is a quasi-isomorphism of DGAs, we need to check that v preserves

multiplication. Thus, we have

(T ® Br) o U(a ® ) A@y@p) = (1) T (a1 @ B1)(A @ sy @ Ba(p))
= (=D )PIN © 010y @ Bi (Ba(p))
= (=1)PHEIRIN G (ar00)y @ (Br © Ba)(p)
= U((maz) @ (Br 0 B))(A @7 @)

= V(o ® Br)(as ® f2))(A®7®p)

The corollary then follows immediately from Theorem 3.19. O]

Suppose M is a finitely generated R-module which, when viewed as a ()-module, has the
form M = /I with I generated by a regular sequence. For the Koszul resolution of M, we
may choose P so that P = A% (Q™). The remainder of this chapter focuses on obtaining a
more explicit description of S®qEndg (A& (Q™)). We will do this by realizing Endg (A% (Q™))?

as a Clifford algebra.

3.4 Clifford Algebras

In this section we present an abbreviated exposition of the theory of Clifford algebras; a more
thorough treatment can be found in [14]. Throughout this section let ) be any commutative

ring and let M be a (Q-module.
Definition 3.21. A quadratic form on M is a map ¢ : M — () such that
(1) g(am) = a*q(m) for all a € Q, m € M,

(2) by(m,n) :=q(m+n) —q(m) — g(n) is Q-bilinear.
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The main example we will need is that of the hyperbolic space of a projective module.

Example 3.22. Let W be a finitely generated projective (Q-module and define a ()-module
H(W) =W & W*. Define a map qg : HW) — Q by qu((w,p)) = p(w) for w € W and

p € W*. Then qg is a quadratic form on H(W). This is called the hyperbolic space of W.

We will define the Clifford algebra as a quotient of the tensor algebra. Recall that the

tensor algebra of M over () is

To(M) =QaT (M) ®T*(M)® - T (M) & ---

where T'(M) = M ®q M ®q---®qg M (i factors), with multiplication given by concatenation.

Definition 3.23. Let ¢ be a quadratic form on a )-module M. The Clifford algebra asso-

ciated to the pair (M, q) is defined as

Cqo(M, q) :=To(M)/1(q),

where Tp(M) is the tensor algebra of M over @ and I(q) is the two-sided ideal of Ti (M)

generated by all elements of the form m ® m — ¢(m) for m € M.

Note that I(q) has the property that every term of every generator has even degree. Thus,
the decomposition To(M) = T (M)®T(M), where T (M) := QOT*(M)DT*{(M)®- - -
and T°Y (M) :=TH (M) @ T3*(M) @ - - -, induces a canonical (Z/27Z)-grading on the Clifford
algebra C(M, q). In general, a Clifford algebra is not Z-graded. An important exception is

illustrated in the following example.

Example 3.24. Let W be a finitely generated projective @)-module. Then the Clifford

algebra of the hyperbolic space H (W) has a canonical Z-grading. Set |w| = —1 and |¢| =1
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for all w € W and ¢ € W*. Since qu(w, ) = p(w), I(q) is generated by elements of the

form

(w,p) ® (w,p) — p(w) =w P+ p@w — p(w),

which are all homogeneous of degree 0. Thus I(g¢) is a homogeneous ideal of T (H (W)), and
hence Co(H (W), qu) is Z-graded.

We end this section with two classical results involving Clifford algebras. Theorem 3.25
states that the Clifford algebra associated to a free module is itself a free module. We will
need this fact in the next section. Theorem 3.26 allows us to realize Endg(Ag(W)) as the
Clifford algebra of the pair (H (W), qy) from Example 3.22. (Recall that the goal is to

describe Endg (A (Q™)) more explicitly.) Proofs of both theorems can be found in [14].

Theorem 3.25 (Poincaré-Birkhoff-Witt). If M is a free Q-module with basis {by,...,b.}
and q is a quadratic form on M, then Cq(M,q) is also a free Q-module with basis given
by {bibi, -+ biy, | 1 <idy <y <--- <4 <r, | >0} In particular, if rankgM = r, then

rankgCq(M, q) = 2".

Theorem 3.26. For any commutative ring () and finitely generated projective (Q-module
W, consider the (Z/2Z)-grading on Endq(Ag(W)) which is induced by the decomposition

AL (W) = Ag (W) @ AG4 W) into even and odd components. Then there is an isomorphism

p: Co(H(W),qn) — Endg(A5 (W)

of (Z)2Z)-graded QQ-modules given by p((w, p)) = Ay + ¢, where A, denotes left multiplica-
tion by w € W and c, denotes contraction by o € W*, extending the map ¢ : W — @ to all
of Ay (W) wia the Leibniz rule.
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Remark 3.27. Since Endg(Ag(W)) is a Z-graded @Q-module with |A,| = =1 and |c,| = 1,
we make Cq(H (W), qu) into a Z-graded @)-module by setting |w| = —1 and |¢| = 1 for all
w € W and ¢ € W*. Note that this agrees with the Z-grading from example 3.24. This

makes p an isomorphism of Z-graded @)-modules, and hence we have an isomorphism
S®@p:S®qCo(HW),qr) — S ®q Endg(Ag(W))

of graded ()-modules.

3.5 Modules Defined by Regular Sequences

In this section we return to the situation where (Q,m,k) is a regular local ring, R =
Q/(f1,..., fe) is a complete intersection of codimension ¢, and K = Kos(f,..., f; Q) is
the Koszul algebra. Let I = (z1,...,z,) be an ideal of ) generated by a @Q)-regular sequence
T1,...,x, with f; € I for 1 < j < c. Let M := @Q/I regarded as an R-module. In this
case, we will obtain explicit generators and relations for the DG K-module S ®¢ Endg(P)
by viewing Endg(P) as a Clifford algebra.

We remark here that Tate first introduced the idea of killing cycles in arbitrary DGAs
to commutative algebra in [19]. These ideas permeate throughout this chapter.

Since f; € I = (z1,...,2,), we can choose v;; € @ with f; = sz’sz’- We define

i=1

(%Y

v;:=| : | € Q" We choose a Koszul resolution P of M over Q such that P* = AH(W),
Unj

where W := Q™ has canonical basis yi, .. .,y, with |y;| = —1. The K-action on P is given

77777

With this explicit DG K-module structure on P, the differential on S ®¢q Endg(Ag(W))
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defined in Lemma 3.17 can be written as
da®B)=a® e, B+ al; @[\, Al.
j=1

Lemmas 3.16 and 3.17 give a DG K-module structure for S ®@q Endg(Ag(W)). We use
this structure along with the graded (-module isomorphism S® p from Remark 3.27 to make
S ®q Co(H(W),qu) a DG K-module.

Lemma 3.28. Let a®(w, p) € S®qCo(H(W),qu). Define a K -action on S@qCqo(H (W), qn)

by ej(a® (w,)) == a® (v;(w,¢)) and an endomorphism de of S @qg Co(H(W), qu) by

de(a® (w,9)) = a @ [z,w] + Y aT; @ v, ¢].

j=1

Then S ®¢q Co(H(W),qn) equipped with de is a DG K-module and
S®@p:S®qCo(HW),qrn) — S ®q Endg(AgH(W))

s an isomorphism of DG K-modules. Moreover, S & p is an isomorphism of DGAs over ().

Proof. The given K-action corresponds with the one in Lemma 3.16 under S ® p. Indeed,

(S@p)(ejla® (w,9) = (S p)la®vj(w,p))
= a® A\, (A +¢p)
= ej(a® (A +¢y))

= ;(S®p)(a® (w,¢)).

To see that S ® p is an isomorphism of DG K-modules, it remains to show that d¢

corresponds with the differential d defined in Lemma 3.17. We show that (S®p)dc = d(S®p).
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Indeed,

(S®@p)de(a® (w,p)) = (S®p) (a ® [z, w] + Y Ta® v, w])

j=1
= a®e ]+ Ta® ¢l
j=1

= da® (A +¢y))

= dS®p)(a® (w,p))

To see that S ® p is an isomorphism of DGAs over ), we show that S ® p preserves

multiplication. Note that in S ®¢ Co(H (W), gx), multiplication is defined by the rule

(1 @ (wr, 1)) (a2 @ (wa, p2)) 1= ar1ag @ (wr, 1) (w2, P2)

since || is even. To this end, we have

(S @ p)((a1 @ (w1, 1)) (2 @ (w2,02))) = (S @ p)(rag @ (wy, p1) (w2, 2))
= 0102 & ()‘w1 + 0901)(/\1112 + CSOQ)
= (1 @ (Aw; + ) (2 @ (Aw, +Cpy))

= (S @ p)(ar @ (w1, 92)))((S @ p) (@2 @ (w3, p2)))

[]

We now view S ®q Co(H(W),qu) as Cs(H(Ws), qn) via extension of scalars, where
Ws =W ®qS = S™. Note that Cs(H(Ws),qn) is a DG K-module with differential defined
by

d(w, p) = [z, w] + Z[Uj’ )T}
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where (w, @) € H(Ws).
Note that ¥4, ..., y, is a basis for Wg. Let Yi,...,Y,, be the basis of W¢ dual to y1, . .., yn;
that is, Yi(y;) = 0;;. Then H(Wy) is a free S-module with basis yi,...,yn, Y1,..., Ys.

Observe that

d(y;) = [Lyi]JrZ[vj,yi]Tj = z(y;) =

Vi) = Y]+ ) [ YTy = 3 Vi)l = ) vyl

=1

We now use this Clifford algebra with differential to define an explicit DGA over () which

is quasi-isomorphic to REndng(M ). Let A be the DGA over @) with:
o generators 11, ..., Tc, Y1, ..., Yn, Y1,..., Y, with |T;| = 2, |y;| = —1, and |Y;| =1,

e relations yz2a Y27 [Thaﬂ}a [yhayiL [Yha}/;]a [Thvyi]a [Th7}/;']a and [yha}/;] - 5hi7 where

7

[a,b] = ab — (—1)1*"pg and 6, is the Kronecker delta,

e a differential defined on the generators by d4(7}) =0, da(y;) = z;, da(Y;) = Z v 15,
j=1

extended to all of A via the Leibnitz rule.

Theorem 3.29. Let R = Q/(f1,..., f.) be a complete intersection and let I = (x1,...,x,)
be an ideal of Q) generated by a Q-regqular sequence x1,...,x, with f; € I for 1 < j < ec.
Let M = Q/I regarded as an R-module. Then A is quasi-isomorphic to REndég(M) as
DGAs over Q. Moreover, if we define a K-action on A by ejly := En:vijyi, then A is
quasi-isomorphic to REnd® (M) as DG K-modules as well. -

Remark 3.30. Note that A can be viewed as a DG S-module, in which case the above

generating set and list of relations can be reduced. We will not take this viewpoint as our

goal is to realize REnd?{g (M) as a DGA over @, up to quasi-isomorphism.
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Proof. First note that there is a quasi-isomorphism Cs(H (W), i) — R End¥ (M) of DGAs
over ) by Lemma 3.28 and Corollary 3.20. It suffices to show that the DGA Cs(H(Ws), qr)
is precisely A.

The fact that Cs(H (Ws), gm) has the same generating set and differential as A has been
established in the previous discussion. It remains to verify the relations. Since |1;| = 2 for
1 < j < ¢, we get the relations [T}, T;], [Th, yi], and [T}, Y;]. For the remaining relations,
recall that the quadratic form gy applied to a pair (w, ) € H(Wy) is qu(w, p) = ¢(w). In
particular, g (w) = 0 = qg(p). Thus, w? = qy(w) = 0 and ¢? = qy(p) = 0 for all w € W
and ¢ € W3 by the defining condition of a Clifford algebra. Since y; € Wy and Y; € W§,
we immediately obtain the relations y? and Y;>. For any y;,y; € Ws and Y}, Y; € W, we
obtain the relations [ys, 4] = (yn + vi)? = 0 and [V}, ;] = (Y, + Y;)? = 0. Lastly, we have
lyn, Yi] = (yn + Y2)* = Yi(yn) = 9

The claim that A and REndﬁl%g(M ) are quasi-isomorphic as DG K-modules then follows

n

from Lemma 3.28, Corollary 3.20, and the observation that v; = Z Vi Y- m
i=1

The generators and relations for A are not ideal for computing cohomology, and in
particular for recovering Sjodin’s Theorem in the case where M = k. In order to obtain
more useful generators and relations for this purpose, we make an additional assumption. In
addition to M being an R-module of the form M = @/I with I generated by a Q-regular
sequence, we now assume that f; € 1 2 for each 1 < j < c. Note that M = k is such a module
by our assumption that f; € m?2.

2

In this case, since f; € I? = (1, ...,x,)% we can choose v;; € I and wy;; € @ such that

n

n
fj: E Uijxi and Uij: E whijxh.
h=1

i=1
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Observe that we have

fj: E Whij TpLs

1<h,i<n
for each 1 < j < ¢. By starting with this linear combination of the x,x;’s, we see that the

v3;’s and wy,;’s can be chosen so that wy;; = 0 whenever h > 4. Thus, we can write

fj = Z whija:hxi (331)
1<h<i<n
W15
for each 1 < j <. Define w;; := : e Q"
Wnij

Recall that H(Wy) is a free S-module with a basis y1,...,yn, Y1,...,Y,. For 1 <i <n,
define elements

Xi =Y, - > wyT; € HWs).

j=1
C
Since ZwijTj € Ws, the set yi,...,Yn, X1,..., X, is also a basis for H(Ws). Viewing

j=1

X; € Cs(H(Ws),qy), we have

d(X;) = dY;)—d (Z wijTj> =) uT-z (Z wz’jTj>
=1 j=1 j=1
= > opTy =Y w(wyTy) = > vpTy— Y o7y
j=1 j=1 j=1 j=1

= 0

SO Y1, .-+ Yn, X1,..., X, 18 a basis for the free S-module H(Wj) and the differential on
Cs(H(Ws), qu) is defined by d(y;) = ; and d(X;) =0 for 1 <i < n.
Let A’ be the DGA over () with:



o1
o generators 11, ..., Tc, Y1, ., Yn, X1,..., Xy with T3] =2, |y;| = —1, and | X;| = 1,

o relations y2, X2+ wi Ty, [Tn, T, [yn, vl (X, Xil + > wnig Ty, [T il [Th, X3,
i=1 i=1
and [yn, X;] — 6pi, where [a,b] = ab — (—1)l4Plpa, &, is the Kronecker delta, the Whi;'s

are chosen as in equation 3.31, and h < ¢ in the relation for [X}, X|]

o a differential defined on the generators by du (7}) = 0, da(yi) = =i, da(X;) = 0,

extended to all of A’ via the Leibnitz rule.

Theorem 3.32. Let R = Q/(f1,..., f.) be a complete intersection and let I = (x1,...,x,)
be an ideal of Q generated by a Q-reqular sequence w1, ...,x, with f; € I* for 1 < j < c.
Let M = Q/I regarded as an R-module. Then A’ is quasi-isomorphic to REnd¥ (M) as
DGAs over Q. Moreover, with the K-action on A" defined by e;la := Zn:vijyi, A s

quasi-isomorphic to REnd¥ (M) as DG K -modules as well.

Proof. Everything follows as in Theorem 3.29 except for the relations involving the X;’s,

which we verify here:

& & & 2 C
XP o= YP-Yi) wyTy =y wiTYi— (Z wijj> = - [Z wi Ty, Y,
j=1 j=1 j=1 j=1
= =Y Z wi Ty = — Z wii; T
Y, wa > wn Ty, > wn Ty Y wyT;
j=1 j=1 j=1
= _(Yhzqu‘j +Ezwh37}) = _Z(whz] +w7,h] thw

Yh, Z wzy

[X}in] - Yh7 Z -

[yh;Xi] = yh, z -
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Taking M = k, this description of A" recovers Sjodin’s description of Ext}(k, k) upon
taking cohomology. In fact, we get a bit more than this, as illustrated in the following

corollary.

Corollary 3.33. Let R = Q/(f1,.-., f.) be a complete intersection and let I = (xq,...,2,)
be an ideal of Q@ generated by a Q-reqular sequence w1, ...,x, with f; € I* for 1 < j < c.
Let wy;j € Q be as in equation 3.31. Then Extyp(Q/1,Q/I) is generated as a (Q/I)-algebra

by elements Zy, ..., Z, of degree 1 and Ty, ..., T, of degree 2 subject to the relations

Zf+zm7}7 [Zhvzz] +thlj7—_}7 [Zh7ﬂ]7 [Th,j—”,
j=1 j=1
where Wy;; is the image of wy; in Q/I. In particular, when I = m, we obtain Sjédin’s

description of Exty(k, k) as a k-algebra (Theorem 3.1).

Proof. Since H(Wg) = S?" with basis yi,...,Yn, X1,...,X,, the Poincaré-Birkhoff-Witt
theorem (Theorem 3.25) says that A’ = Cs(H(W5), qx) is a free S-module of rank 22" with
basis consisting of elements of the form y;, ---v;, X;, --- X, with 1 <43 < --- <4 < n,
1< <+ <751<n,0 <kl <n. Thus, there is an isomorphism of free S-modules, and
hence of ()-modules,

A" = AS(H(Ws))

which maps v;, -y, Xj, - - X, to yiy Ao Ay, A Xy Ao AN X, We make AY(H(Ws))
into a DG K-module by setting |y;| = —1, | Xi| = 1, d(y;) = x;, and d(X;) = 0. Then the
above ()-module isomorphism is an isomorphism of DG K-modules by Theorem 3.32. We
define W¢ := Span(Xy,..., X,), so that H(Wg) = Wg & W. This decomposition gives an
isomorphism

A5(H(Ws)) = A5(Ws) @5 A5(W)
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which maps y;, A - - Ay AXj, A AXj, to (Y, A Ay, )@ (X, A+ - -AXj,). This is an isomor-
phism of DG K-modules by carrying the grading and differential from A%(H (Wys)) through
the map. Observe that AY(Ws) = Kos(zy,...,7,;S) — S/(z1,...,2,) 2 (Q/I)[Ty,...,T,]

while AL(WY) has trivial differential. So we have a quasi-isomorphism

where (Q/I)™ has basis X1, ..., X, with X; the image of X; in Q/I. Composing the above
maps gives a quasi-isomorphism € : A" — Ao,/ ((Q/I)")[T1,...,T.]. By tracking the gen-
erators T1,..., T, y1, ..oy Yn, X1,..., X, of A" from Theorem 3.32 through e, we see that
e(T;) =Ty, e(y;) = 0, and €(X;) = X;. Set Z; = X; for 1 <4 < n. Hence,

Extr(Q/1,Q/1) = H'(A') = Agu((Q/D)")[Th, ..., T.]

is generated as a (Q)/I)-algebra by elements 7, ..., Z, of degree 1 and T7,...,T, of degree

2 subject to the relations from Theorem 3.32; namely,

ZiszZmTj’ [Zthi]+thijTj> [Zn, T3], [Th,T3).
=1

j=1

3.6 Examples

We now look at Theorems 3.29 and 3.32 in a few special cases and use this to recover some
known results related to the work of Dyckerhoff. We also use Theorem 3.29 to compute

Hochschild cohomology of the localization of a polynomial ring.
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3.6.1 Hypersurface Case

A hypersurface is a complete intersection of codimension ¢ = 1; specifically, R = Q/(f),
with f a non-zero divisor in a regular local ring ). The notation in Theorems 3.29 and 3.32
can be simplified in the hypersurface case. Since hypersurfaces are an important class of
complete intersections, we present the results of these theorems in this special case.

As in the setup of Theorem 3.29, let I = (x1,...,z,) be an ideal of @) generated by a Q-
regular sequence x1, ..., z, with f € I. Let M = Q/I regarded as an R-module. Then there

exist v; € Q with f = Z vix;. If f € I? asin Theorem 3.32, then as in equation 3.31 we have
i=1
elements wy; € ) such that f = Z wpirpx;. We then define X; =Y; —w;T € H(Wy).
1<h<i<n
We now state the theorems in the hypersurface case as a formal remark.

Remark 3.34. Let R = Q/(f) be a hypersurface and let I and M be as above.
(1) Let A be the DGA over @ with:

e generators T,yy, ..., Yn, Y1, .., Y, with |T| =2, |y;| = —1, and |Y;| =1,
e relations yz2a Y?a [yhayi]a [Y}HY;]? [Tv yz]a [T7 Y;]a [?/h,Yz] _5hi7

e a differential defined on the generators by d4(T) =0, da(y;) = x;, da(Y;) =0T,

extended to all of A via the Leibnitz rule.

Then A is quasi-isomorphic to REndCIl%g(M ) as DGAs over (). Moreover, if we define a
K-action on A by el 4 := Z v;y;, then A is quasi-isomorphic to REndng(M) as DG

i=1
K-modules as well.

(2) Suppose f € I%. Let A’ be the DGA over @ with:

e generators T,y1, ..., Yn, X1, ..., X, with |T| =2, |y;| = —1, and |X;| =1,

e relations 31127 X12 + wiiTa [yha yl]a [thxz] + 'U)hiT, [Tu yl]7 [T7 XZ]7 [ylez] - 6hi7



5}

e a differential defined on the generators by d(T) =0, da (y;) = x;, da(X;) =0,

extended to all of A’ via the Leibnitz rule.

Then A’ is quasi-isomorphic to REndf%g(M ) as DGAs over ). Moreover, with the
K-action on A’ defined by el 4 := Zn: vy, A’ is quasi-isomorphic to REndng(M ) as
DG K-modules as well. -

This hypersurface version can recover a result of Dyckerhoff [11], who is interested in
computing the DGA of endomorphisms of a certain (Z/2Z)-graded module which we now
define. To do so, we consider two categories associated to the hypersurface R = Q/(f),
namely the homotopy category of matrix factorizations of (@, f) and the singularity category
of R.

A matriz factorization for (Q, f) is a free (Z/2Z)-graded @Q-module E = Ey @ E; of finite
rank equipped with a Q-linear endomorphism d of E of degree 1 (i.e., d(F;) C E;;1 with
subscripts taken modulo 2) satisfying d* = f-idg. A homomorphism of matrix factorizations
from E to F'is a (Z/27Z)-graded @-linear map o : E — F of degree 0 such that dpoa = avodp.
Two homomorphisms «, 8 : E — F are homotopic if there exists a homomorphism h : £ — F
of degree 1 such that dp o h+ hodg = a — 3. Note that this is an equivalence relation
and is preserved by composition. The homotopy category of matrix factorizations, denoted
[MF(Q, f)], is the category whose objects are matrix factorizations of (@, f) and whose
morphisms are the equivalence classes of homomorphisms from E to F' formed by identifying
homotopic homomorphisms.

Let D°(R) denote the bounded derived category of finitely generated R-modules. A
complex in D°(R) is perfect if it is isomorphic in D’(R) to a bounded complex of finitely
generated free R-modules. Let Perf(R) denote the full subcategory of perfect complexes in
DP(R), which is known to form a thick subcategory. So we can define the Verdier quotient

Dy (R) := D°(R)/Perf(R), called the singularity category of R. Observe that a finitely
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generated R-module M can be viewed as an object in Dy, (R) by considering it as a complex
concentrated in degree 0.

Buchweitz [6] and Eisenbud [12] proved that there is an equivalence of categories
[MFE(Q, f)] = Ds(R)

given by (E,d) — coker <E1 N E0>. This equivalence allows us to associate to every
finitely generated R-module M a matrix factorization Ms%P.

Dyckerhoff gives a description for End(k%%*P), the (Z/2Z)-graded DGA of endomorphisms
of k5% 'We recover this algebra using the description of A in Remark 3.34(1) by setting

T = 1. Note that since |T'| = 2, this action does indeed produce a (Z/27Z)-graded module.

Proposition 3.35. Let R = Q/(f) be a hypersurface and let A be the DGA described in
Remark 3.84(1). The (Z/2Z)-graded DGA End (k") is recovered by setting T = 1 and

viewing the resulting object as a (7./27)-graded module in the natural way. In other words,
End(k"*") = A @o QT1/(T — 1).

Proof. Using the generators and relations of A given in Remark 3.34(1), setting 7' = 1 yields

the (Z/27)-graded algebra generated by elements

{yly"'vyna}/lv"'?Yn}

of degree 1 subject to the relations

{y?a Y;'Qa [yhayi]a [Yh>Y;]7 [Yhayi] _5hi}-

and equipped with the differential d defined by d(y;) = x; and d(Y;) = v;. These are precisely
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the generators, relations and differential for End(ks**") given by Dyckerhoff in [11, Section
4.1]. O

3.6.2 Homogeneous Quadratic Case

In this section we return to the general codimension ¢ case, though we only consider homo-

geneous quadratic complete intersections. We begin with the definition.

Definition 3.36. A (homogeneous) quadratic complete intersection is a complete intersec-

tion R = Q/(f1,..., fe) such that

(1) (Q,m, k) is a regular local k-algebra for which the composition £ C Q - Q/m = k is

an isomorphism,
(2) m is generated by a Q-regular sequence 1, ..., x,, and

(3) there exist elements wy;; € k C @ such that, for all 1 < j <,

fj = Z Whij L.
1<h<i<n
The key point in (3) is that the wy,;;’s are actually in k. For example, we may take @

to be either k[z1,..., 20,2, OF k[[T1,. .., 2,]] with each f; a nonzero quadratic form in

klxy, ..., ).

Our goal in this section is to show that the DGA A’ described in Theorem 3.32 is formal
when R is a homogeneous quadratic complete intersection. Recall that a DGA is formal if
it is quasi-isomorphic to its cohomology viewed as a DGA with trivial differential. This is
a special case of a result of Beilinson, Ginzburg, and Soergel for Koszul algebras in [4]. It

was also shown by Dyckerhoff [11, Section 5.5] in the case of a hypersurface R = Q/(f) with

Q = k[[z1,...,x,]] and f a nonzero quadratic form.
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Proposition 3.37. Let R = Q/(f1,..., f.) be a quadratic complete intersection and let M
be a finitely generated R-module. Let A’ be the DGA described in Theorem 3.32. Then A’

s formal.

Proof. We define a DGA B over k with generators
{Th,....,Te, Xq,..., X}

with |Tj| = 2 and |X;| = 1, subject to the relations

{X%Zwmn, [Th, T, [Xn, Xl + > wnif T, [Th,Xi]}
j=1

j=1

with wy;; € k chosen via equation 3.31, and with trivial differential. Since £ C (@), we see that
B C A’. In fact, this containment is a quasi-isomorphism. Recalling that S = Q[T1,...,T.],
observe that

B Ag(S™) 22 Ap(K") [T, ..., To] = H*(A),

where S™ and k™ each have the basis Xi,...,X,,. Thus, A’ is formal. O

3.6.3 Hochschild Cohomology

We now look at the Hochschild cohomology of the localization of a polynomial ring with
respect to the maximal ideal generated by the variables. This is an application of Theorem
3.29 involving a module M = Q/I # k. A related computation is given by Buchweitz and
Roberts in [7].

Before considering the example, we recall the notion of Hochschild cohomology.

Definition 3.38. Let A be a commutative ring and let B be a flat commutative A-algebra.
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Then the Hochschild cohomology of B over A is defined by

HH*(B/A) = Extiys, (B, B),

where B is viewed as a (B ®4 B)-module via multiplication.

Consider the local ring B = k[z1,..., 2n)mpz, Wwhere mp = (z1,...,2,). Let g1,..., 9.

be a B-regular sequence contained in mp and set A = klui, ..., Uc)(u,,...u.)- We show that

there is a flat k-algebra homomorphism ¢ : A — B defined by ¢(u;) = g;. Indeed, consider
the k-algebra homomorphism ¢ : k[uy,...,u.] — B defined by @(u;) = g¢;. If we have
h(uy,...,u.) € kluy,...,u.] with h(0,...,0) # 0, then @(h) = h(f1,...,f.) € mp. Thus

@(h) is invertible, so that ¢ is a well-defined k-algebra homomorphism. Viewing B as an

A-algebra via ¢, we see that B is flat, since for i > 0 we have

Tor'y(k, B) = H'(Kos(uy, . .., us; A) ®4 B) = H' (Kos(gi, ..., 9. B)) =0

as gi,...,g. form a B-regular sequence.

Note that HH*(B/A) = Extyy , 5(B, B) is a (B ®4 B)-module. If 4 : B®4 B — B
denotes the canonical multiplication map on B ® 4 B, then observe that ker 1 acts trivially
on B, and so HH*(B/A) is actually a B-module via p.

When considering B ® 4 B, we will let z1,..., 2z, denote the variables for the first factor
of B and let wy, ..., w, denote the variables for the second factor of B. Though B ®4 B is
not a local ring, m := (2q,..., 2p, W1, ..., w,) is a maximal ideal with residue field k. Since
pwt(mp) = m, if @« € B®a B with a ¢ m, then pu(a) ¢ mp and is therefore invertible.

Hence, localizing the Hochschild cohomology modules does not change the modules, i.e.,
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HH*(B/A),, = HH*(B/A). In particular, we have

HH*(B/A) = Ext{p, 5. (B, B).

Define @ := (B ®k B)m = kl[21,. .., 20, W1y - -, Wo (21, 2. n), WheTe we now view
m = (21,..., 2, W1,...,w,) as a maximal ideal of B ®; B. For each 1 < j < ¢, set
fi = gi(z1,...,20) — gi(wy,...,w,) € Q and R := Q/(f1,...,f.). Observe that @ is
a regular local ring, fi,..., f. is a Q-regular sequence, and R is a complete intersection.
Furthermore, we see that (B®4 B),, = R by realizing it as a quotient of Q) = (B ®; B)n, by

identifying the actions of u; through ¢ on each factor of B. Thus,

(BRA4B)m 2 (B B)/(1®@1-10¢g1,...,9.01—-1®g.)=Q/(f1,...,f.) = R.

Set z; == z; —w; € Q and [ := (xy,...,x,) € Q. Observe that zy,...x, form a Q-regular
sequence. For each 1 < j < ¢, we have f; € I. Note that we can realize the (B ®4 B)m-
module M := B as a quotient of @) = (B ®; B),, by identifying the actions of z; on the first

factor of () with the action of w; on the second factor. So

M =B=(B®; B)n/(z1 —wi,...,20 —wn) = Q/I.

Therefore, HH*(B/A) = Ext{gg ,p), (B, B) = Extz(M, M) where R = Q/(f1,..., f) is a
complete intersection, M = (/I with each f; € I, and I is generated by the regular sequence

x1,...,T,. We may now apply Theorem 3.29 to obtain the following Proposition.

Proposition 3.39. Let B = k[z1, ..., 2)(s,...20) and let g1, ..., g. be a B-reqular sequence.

77777

Let A = kluy, ..., uc(ui,..u) and consider B as a flat A-algebra via ¢ : A — B defined by

,,,,,

o(u;) = g;. Choose elements vij € Q = (B ®p B)(zy,....2nw1,...wn) Which satisfy the equation
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9i(21, .., 2n) — gi(we, ..., wy) = Zvij(zi —w;). Then HH*(B/A) is quasi-isomorphic to

the cohomology of the DGA over éziuith generators
{11, ..., Ty, Yy Y1, -, Yo }
with |T;| = 2, || = —1, and |Y;| = 1, subject to the relations
v, Y2, [T T, Ty vl (Y Yl, [Toowils [T Yi)s [y, Y] — Oil,

with differential given by d(1;) =0, d(y;) = z; — w;, and d(Y;) = Z v 1.
j=1

To give an explicit description of HH*(B/A), we need to find v;; € @ which satisfy

fi= Z v;;x;. Such v;;’s must satisfy a nice property which we now illustrate.
FoirZInotational simplicity, we let Z := (z1,...,2,) and W := (wy,...,w,). Given any
h(ZW) € Q =Fklz1,..., 2n W15 -, Wn|(z1, e wr,oown) 10T h(Z) denote the rational function
-,) Obtained by setting w; = 2z;. We claim the v;;’s satisfy v;; = agaj—iz)
Recall that f;(Z,W) = g;(Z) — g;(W) and x; = z; —w;. Sofor 1 <h <nand1l<j SZ ¢,

in klz, ..., 200

there exist vp,;(Z, W) € () with

F(ZW) = oni(Z, W) (2 — w,).

h=1

Taking the partial derivative with respect to z; on both sides, we obtain

(2 — wp) +vi(Z,W).

0(2) _ OB(AW) _ 5~ O (Z1)
8zi (?zi he1 (921»
9g;(Z)

Zi

Setting w; = z;, we obtain =7;(2).

We end by verifying this calculation with an explicit example when ¢ = 1. Let B =
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k[21, 22)(21,2) and let g = 2§ + 225, We then have Q = k[z1, 22, W1, W2 (21, 29.w1,w0) 85 Well as
f =22 +225 —w? — 2ws. We need to write f = vi(z; — wy) + va(29 — wy) (where vy = vy
and vy = vy1). We may choose v; = z; +w; and vy = 2(22 + z9ws + w3). Note that

T =2z = and 1)_2:6z§:

822’

0z

so these satisfy the above property.
Our choices for v; and vy are not unique. For example, we could have also chosen

v1 = 21 +wy + (22 — we) and vy = 2(23 + 2wy + w3) — (21 — wy). These satisfy our defining

dg
Zi

equation as well as 7; = fori=1,2.
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