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In this dissertation, we first focus on the generalized Laplace transform on time scales.
We prove several properties of the generalized exponential function which will allow
us to explore some of the fundamental properties of the Laplace transform. We then
give a description of the region in the complex plane for which the improper integral
in the definition of the Laplace transform converges, and how this region is affected
by the time scale in question. Conditions under which the Laplace transform of a
power series can be computed term-by-term are given. We develop a formula for the
Laplace transform for periodic functions on a periodic time scale. Regressivity and
its relationship to the Laplace transform is examined, and the Laplace transform for
several functions is explicitly computed. Finally, we explore some inversion formulas
for the Laplace transform via contour integration.

In Chapter 4, we develop two recursive representations for the unique solution of
the transport partial dynamic equation on an isolated time scale. We then use these
representations to explicitly find the solution of the transport equation in several
specific cases. Finally, we compare and contrast the behavior with that of the well-
known behavior of the solution to the transport partial difference equation in the case

where T = Z.
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Chapter 1

Introduction

In this dissertation we will use the tools of the time scales calculus to explore several
properties of the generalized exponential function, the generalized Laplace transform
on time scales, and the transport partial dynamic equation on time scales.

In 1988 Stefan Hilger introduced the concept of the time scale calculus in his
Ph.D. dissertation [16] as a means to unify continuous and discrete analysis. Many
results one encounters in the study of both differential and difference equations have
analogs in the time scale case. However, the time scale result encompasses both the
discrete and continuous results as special cases. In addition, the time scale calculus
is a rich source of interesting problems that do not have any natural equivalent in
either the continuous or discrete case.

While unification is certainly a goal in studying time scales, another focus is to
extend and explain the results of differential and difference equations. For example,
if we consider the second-order self-adjoint differential equation (px’)’(t) + q(t)x = 0,

it is well known that nonzero solutions to this equation correspond, via the so-called



Riccati substitution, to solutions of the differential Riccati equation,
, z
2 +q(t)+p— =0. (1.1)

In the difference equation case, the well-known second-order self-adjoint equation
A(pAz)(t) + q(t)z(t + 1) = 0 has nonzero solutions that correspond to the solutions

of the discrete Riccati equation,

Ax(t) +q(t) + - —0. (1.2)

It is through analysis using the techniques of time scales that we can not only unify
these two concepts, but also explain why the discrete Riccati equation has a different
form than the continuous Riccati equation. It turns out that nonzero solutions for
the dynamic equation (pz®)2(t) + q(t)2°(t) = 0 on a time scale T correspond to the

solutions of the time scale Riccati equation,

22 +q(t) + =0. (1.3)

Since 22(t) = 2/(t) if T = R, and 22(¢t) = Az(t) if T = Z, we find that the u(t) term
explains the differences between the continuous and discrete cases. If T = R, then
wu(t) = 0 and (1.3) reduces to the well-known continuous case (1.1); and if T = Z,
then p(t) =1 and (1.3) reduces to the well-known discrete case (1.2). (Note that in
Section 2.1 the notation used here will be introduced and explained.)

After a quick introduction to the time scale calculus, we will look at four new
results that deal with the generalized exponential function on time scales (see Section
2.2). These results will be fundamental in many of the proofs we give in Chapter 3.

The results pertaining to the generalized exponential function range from asymptotic



properties to determining the region of analyticity.

In Chapter 3, we will turn our attention to the generalized Laplace transform on
time scales. The definition of the Laplace transform that we will be concerned with
here was first given by Bohner and Peterson in the paper “Laplace transform and Z-
transform: Unification and extension,” (see [5]). Note that this definition differs from
that given by Stefan Hilger in [17]. A special case of this transform in the discrete
setting is given in Donahue’s honors thesis [11] written under the supervision of Paul
Eloe. A thorough introduction to the Laplace transform we will define and examine
here is also given in [4], and some further properties that we will make use of are
given in [3]. A generalization of the Laplace transform to so-called a-derivatives on
generalized time scales can be found in [2].

We will define the generalized Laplace transform in Section 3.1 and proceed to
examine its properties in the sections that follow. Specifically, we will examine the
region in the complex plane for which the Laplace transform converges with various
assumptions on the time scale in question. In this section, the conclusions of Theorems
3.2.2 and 3.2.5 are similar to those obtained in [10] by Davis, et al.; however, we have
extended and clarified these results by relaxing the assumptions necessary on the time
scale. Further, the proofs given here are substantially different than those in [10].

We then work through several results of the Laplace transform when applied to
power series and with respect to periodic time scales. We show that in situations
involving initial value problems in which the dynamic equation is not regressive on
certain time scales, we can still apply the Laplace transform in order to solve these
problems. We conclude our examination of some of the properties of the transform
by directly calculating several Laplace transforms. Finally, we develop two inversion
formulas which are markedly different from the one given by Davis, et al., in [10]

as we will use the techniques of contour integration to achieve the results in this



dissertation.

In Chapter 4, we change gears and focus on the transport partial dynamic equa-
tion. We will look at the specific case when the time scale is isolated. In this case, we
show that the solution to the transport partial dynamic equation with a given initial
condition is unique. Further, we develop two different recursive representations of this
solution. Then, using these representations, we find explicitly the unique solution for
several specific time scales. These particular examples prove to be quite interest-
ing since they depart significantly from the behavior observed in the continuous and

discrete cases.



Chapter 2

Time Scale Preliminaries

2.1 The Time Scale Calculus

A detailed introduction to the time scale calculus is given in [4] and [15]. In this

section we collect the definitions and theorems that will be most useful to us.

Definition 2.1.1. A time scale, denoted T, is a nonempty, closed subset of R. For

a,b € T such that a < b, we let [a,b]r denote the set [a,b] NT.

Definition 2.1.2. Let T be a time scale. For t € T, we define the forward jump

operator o : T — T by

o(t) :==inf{s € T:s > t},

and the backward jump operator p: T — T is defined by
p(t) :==sup{s € T : s < t}.

In these definition we use the convention that inf(()) = sup(T) and sup(@)) = inf(T).

For f: T — R, we frequently use the notation f?(t) for the composition f(o(t)).



Definition 2.1.3. The graininess function p: T — [0, 00) is defined by

p(t) :==o(t) —t.

The above definitions for the forward and backward jump operators lend to a

natural classification of the points in a time scale:

Definition 2.1.4. Let t € T. If o(t) =t and t # sup(T), then ¢ is right-dense. If
o(t) > t, then t is right-scattered. Similarly, if p(t) =t and ¢ # inf(T), then ¢ is left-
dense, and if p(t) < t, then t is left-scattered. If a point ¢t € T is both right-scattered

and left-scattered, we say that t is an isolated point.

Definition 2.1.5. If a time scale T is composed completely of isolated points, we say

that T is an isolated time scale.

Definition 2.1.6. If sup(T) = m such that m is left-scattered, then define T" :=
T\{m}; otherwise, define T* :=T.

Definition 2.1.7. A function f : T — R is rd-continuous provided it is continuous
at right-dense points in T and its left-sided limits exist and are finite at all left-dense
points in T.

A function p : T — R is regressive provided 1 + p(t)p(t) # 0 for all t € T*".
The set of all regressive and rd-continuous functions on a time scale T is denoted by
R = R(T). A function p: T — R is positively regressive provided 1+ p(t)p(t) > 0 for
all t € T*. The set of all positively regressive and rd-continuous functions is denoted

by R* = R*(T).

Throughout, we will use the following abuse of notation: we will write z € CN'R

tomean z € C and 1+ zu(t) # 0 for all t € T. In other words, when z is viewed as a



constant function from T to C, it is indeed an element of R. However, we will always
take CN'R C C.

We are now in a position to define the generalization of the classical derivative,
the so-called A-derivative, as well as the generalization of the classical integral, the

A-integral, for an arbitrary time scale.

Definition 2.1.8. Let f : T — R and t € T*. If ¢ is a right-scattered point, the

A-derivative of f is defined to be

provided this limit exists.

Definition 2.1.9. The Cauchy A-integral of a function f: T — R is defined as

/ F(H)AL = F(b) - F(a),

where F': T — R is an antiderivative of f.

Of course, defining the A-integral to be antidifferentiation as is done in Definition
2.1.9 is extremely restrictive. It turns out that the A-integral can be developed as a
Riemann integral (see, for example, [14]). In fact, this development is almost identical
to what one would encounter in an introductory analysis course for the classical
Riemann integral. Further, the A-integral can be developed as a Lebesgue integral.

Since this will prove useful to us in this dissertation, some of this development is given



below starting with Theorem 2.1.18. A thorough treatment of building the A-integral

as a Lebesgue integral can be found in [8] and [13].

Definition 2.1.10. The generalized Taylor monomials, hy : T X T — R for k € Ny,

are defined recursively as follows:

ho(t,s) =1, and

t
B (t, ) = / hi(r, ) A,

for all s,t € T, and k € Nj.

In the next definition, we define an important function on a time scale: the gen-
eralized exponential function, e,(t, ). Properties of this function will play a pivotal

role in obtaining many of the results found in Chapter 3.

Definition 2.1.11. For p € R, the generalized exponential function e, : T x T — R
is defined by

ot =eo ([ t 6un (M)A ),

for s,t € T, where the cylinder transformation, &, : C\ {—%} — C for h > 0, is given
by
1
&n(z) = % Log(1 + zh),
and &y(z) = 2.

The proofs of the following theorems can be found in [4].

Theorem 2.1.12. Let T be a time scale and to € T. If p € R™, then

t
1+/ p(T)AT < ey(t,ty) forall t € [tg,o0)r.

to



Definition 2.1.13. For p,q € R, we define circle plus addition, denoted @, and circle

minus, denoted &, as follows:

(p @ q)(t) = p(t) +q(t) + p(t)p(t)q(t) and (Sp)(t) :=

for all t € T*.

It should be noted that (R, ®) is an abelian group. With @ and & in hand, we are
able to obtain several basic properties of the generalized exponential function. The
proofs of the next two theorems are given in [4], Theorem 2.36 and Theorem 2.44,

respectively.
Theorem 2.1.14. If p,g € R and t,s,r € T, then
(a) eo(t,s) =1 and ey(t,t) =1,
(b) ep(a(t),s) = (1 + u(t)p(t))ep(t, s),
(©) epls.t) = s = ceplt,5)
(d) ey(t,s)ey(s,r) = ey(t,r), and
(e) ep(t,s)eq(t, s) = epag(t,s).
Note that (d) is often referred to as the semigroup property.
Theorem 2.1.15. Assume p € RT and ¢y € T. Then e,(t,%y) > 0 for all ¢t € T.

Definition 2.1.16. For p : T — R such that up? € R, we define the trigonometric

functions by

ot to) — ep (bt
and sinp(t,to)zep( 0)2,6 ol 0).
i

6ip(t, t(]) + €_Z'p(t, to)
2

cos,(t, ty) =
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Definition 2.1.17. For each t € [ty, 00)r, we define
Toa(t) :={s € [to,t)r : 0(s) = s}, and T,s(t) :={s € [to,t)r: o(s) > s}.

Note that if ¢, is right-scattered, we take T,s(to) = {to}, and similarly, if ¢ is right-

dense, we take T,q4(to) = {to}-

So, T,4(t) is the set of all right-dense points in [ty,00)r strictly less than ¢. For
consistency in notation, we will denote the set of all right-dense points in [ty, co)r by
T,4(00), and similarly, the set of all right-scattered points in [ty, co)r will be denoted
by T,.5(00).

As noted above, A-integration can be realized via the Lebesgue A-measure, a,
on T. This measure is briefly introduced in [6, Section 5.7] and fleshed out in detail
by Cabada and Vivero in [8]. Hence, we can apply general measure theory results
(such as the Dominated Convergence Theorem) to the A-integral.

Throughout this work, we would like to evaluate the A-integral over [to, )1 by
integrating over the sets T,4(t) and T,4(t), and then adding. This is only legal if T,.4(¢)

and T,4(t) are A-measurable.
Theorem 2.1.18. The set of all right-scattered points, T,.s(c0), is countable.

Proof. For each k € Z and n € N, define
1
An,k = {t € [to,OO)']I‘ N [l{i,/{? + 1) : ,u,(t) > E} .

Note that A,x C [k,k + 1) is bounded, and for any distinct s,t € A, , we have
|t —s| > % Therefore, A, ; has only finitely many elements. Hence, for any fixed

keZ, A, :=J,_, A, is countable. Further, by construction, Ay is precisely the set
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of all right-scattered points in [tg, co)r N [k, k + 1). Therefore, T,5(00) = U Ak,

which is the countable union of countable sets, and hence is countable. O

Note that in the proceeding theorem, we proved the set of all right-scattered points
in the unbounded set [tg, 00)r is countable. Cabada and Vivero prove an identical
result for a bounded time scale via a different method. They define a monotone
increasing function on a real interval that has jump discontinuities precisely at the
right-scattered points of T, and hence the set of right-scattered points is countable

(see [8, Lemma 3.1]).

Corollary 2.1.19. For any ¢ € [tg, 00)r, the sets T,4(t) and T,4(t) are A-measurable.

Further, the sets T,5(00) and T,4(00) are A-measurable.

Proof. Since for any t € [ty, 00)T, the singleton set {t} is A-measurable (see [6, Section
5.7]), it follows that T,s(c0), a countable union of singletons, is A-measurable. Since
Trq(00) = [to,00)r N [T;5(00)]¢, we have that T,4(c0) is A-measurable. Finally, fix
t € [tg,00)r. Since all intervals of the form [a,b)r for a,b € T are A-measurable,

Tra(t) = Tra(00) N [te, t)r and T,4(t) = T,5(00) N [to, )T are A-measurable. O

Theorem 2.1.20. Let £ C [ty,00)r be nonempty such that F is A-measurable and

contains no right-scattered points. Let f : E — R be a A-measurable function. Then,

[ 1®inao) = [ samo),

where m is the usual Lebesgue measure on R.

Proof. Let A C E be an arbitrary, A-measurable set. Since A is A-measurable, for
each k € Ny, we have that each Ay := AN [ty + k,to + k + 1) is also A-measurable.

Since each Ay is bounded, to+k+ 1 ¢ A, and A, contains no right-scattered points,
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by Proposition 3.1 in [8], it follows that pua(Ax) = m(Ax) for all k € Ny. Noting that
A;NA; =0 fori# j, we have

p1a(A) = pa (U Ak) = ua(Ar) = m(A) =m (U Ak) = m(A).

Therefore, since pa(A) = m(A) for all A-measurable A C E. it follows from standard

measure theory arguments that

/f Jdjua(t) /f dm(t

O

We conclude this section by stating a very useful result from Cabada and Vivero
(see [8, Theorem 5.2]). We have rephrased the statement slightly to match our nota-

tion.

Theorem 2.1.21. Let E C [tg,00)r be any bounded, A-measurable set, and f :
T — R be A-measurable. If sup(E) € E and is a right-scattered point, then take
E = E\{sup(E)}. Otherwise, take £ = E. Then,

/ F(t)dpa(t) / fdmt) + S feu().

te ENTy5(c0)

From this point forward, when writing integrals, we will stop explicitly mentioning
the measures in question. ie., [, f » f(t)At denotes integration with respect to the ua

measure, and [, f p f(t)dt denotes integration with respect to the Lebesgue measure.
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2.2 Properties of the Generalized Exponential

Function

In addition to the basic properties of the generalized exponential function outlined in
the previous section and in Chapter 2 of [4], we will utilize several other properties
throughout. The proofs of these four results first appeared in my paper [1].

In the first lemma, we compute the limit as ¢ goes to infinity of e,c.(t,%y) where
a,x € R such that x > « and 1 4+ apu(t) > 0 for all t € T. Of course, this result
is obvious when the time scale in question is T = R since, in this case, eqo.(t,tg) =
elo=2)(t=to) However, since the constant a—z generalizes to a function dependent on t,
namely («©x)(t), some care is required in obtaining the desired result on an arbitrary
time scale. This lemma and Lemma 2.2.2 (which relates a generalized exponential
involving a complex number z to a generalized exponential involving Re(z), the real
part of z) will be used in tandem to generalize several well-known results about the
classical Laplace transform on R. In Lemma 2.2.3, we will give a detailed proof that
the generalized exponential function is analytic on the domain Q := C\{z € R :
x < 0}. Finally, we show that complex conjugation behaves as expected with the

generalized exponential function; if p : T — R, then e;,(,t9) = e_;, (2, to)-

Lemma 2.2.1. Let T be unbounded above. Fix t; € T and let x > « such that

a € RT be given. Then,
tlim excalt, to) = +00, and tlim eacz(t,to) = 0.

Proof. We first consider the limit of e, (,t0) as t — 0.

Since T is unbounded above, at least one of the following must hold:
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(a) m(T4(00)) = +o0, or

(b) D iem, o0y H(E) = +00.

Here m is the classical Lebesgue measure on R.
Note that (z © a)(t) = Tian@ > 0, and hence 1+ (xoa)(t)u(t) >0forallt e T.

Thus, z © a € R*. By Theorem 2.1.12, we have

eroalt o) > 1 +/ (r© a)(T)AT

to

T —a T —a
— 1+ / T ary / T A
Toa) 1+ apu(r) Trot) 1+ ap(T)

=1+ (z— a)/T dr + (x — ) Z _ ) (by Theorem 2.1.21)

at) o L Hon(T)
= Tr—a)m r— o 7M(T)
=1+ (z — a)m(Tra(t)) + ( )Tgm:(t) T on (2.1)

In the above calculation, when applying Theorem 2.1.21 to the integral over T,.4(t),
we note that sup{T,,(t)} <t and t & T,,(t) by the definition of the set T,,(¢), and
hence the integral reduces to a sum over the entire set T,.4(t).

Case 1: Assume m(T,4(c0)) = +00 holds.

From (2.1), since every term is nonnegative, we have e,c4(t,t0) > (x—a)m(T4(t)).
Since m(7T,4(00)) = 00, it follows that T,4(t) — oo ast — oco. Therefore, e,cn(t, to) —
oo as t — oo.

Case 2: Assume Y, .p. .y H(t) = +00 holds.

Again from (2.1), since every term is nonnegative, we have that

€acalt to) > (x—a) > _pm) (2.2)

e 1+ au(r)

Because ), 7 (o) #(t) = 00, we can choose {t1,1s, -} C Tps(00) such that
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(@) ty <ty <,

(b) lim ¢, = oo, and

n—oo

oo

(©) D plta) = o0,

n=1

Note that for each t € T, T,.s(t) N {t1, o, - - } is a finite set as sup{7,4(¢)} <t and
lim,, .o t, = co. Hence, for each t € T where ¢ > t;, there exists ng = ng(t) € N
such that T,s(t) N {t1,te, -} = {t1,t2,- -+ ,tn, }. Further, by the definition of 7,4(¢),
the construction of {¢,}°°,, and our choice of ng, we have that as t — oo, ng — 0.

Therefore, from (2.2), for t > ¢4,

Cacaltito) > (x—a) > _ KT

e 1+ ap(r)

> -y ) 2.3)

—~ 1+ ap(te)

We aim to show that the series )7, < +“OEZ’“(1]€) diverges. We will consider two
subcases.
Subcase 1: Assume lim,, ., p(t,) = 0.

Note that in this case

lim ) ( L ): lim —— =10,
n—oo 1+ ap(ty) \ p(tn) n—oo 1+ apu(ty)

also di-

so by the Limit Comparison Test, since > | u(t,) diverges, > 7| 5 +“OEZEZH)
verges.
Subcase 2: Assume lim,, ., p(t,) # 0.

In this case, there exists a subsequence {t¢,, }3>, such that pu(t,,) > ¢ > 0, for

some €. Note that if we define f(z) := 7%, then f'(z) = m So, in particular,
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if &« > 0, then f'(z) > 0 for all x € (0,00), and if & < 0, then f'(z) > 0 for all
€ (0,—2).

If & >0, then 1+ ax # 0 for all x € [0,00) and f is continuous (and increasing)
on the entire interval (0, 00). Therefore, since u(t,,) > €, it follows that f(u(t,,)) >
(o).

If a <0, then f is continuous on (0, —é) and is increasing on this interval. Now,
o € RT implies 1+ au(t) > 0 which implies p(t) < =X for all ¢ € T since a < 0.
Therefore, pu(t) € [0,=) for all t € T. So again, we have that u(t,,) > € for all
k € N which implies f(p(tn,)) > f(€). So, regardless of the value of «, we have that

f(,u(tnk)) > f(eo).
Thus,

Fltn)) = ) > 0 f) >0,

for all k € N. Therefore, lim,, o 7 +at” #0andso ) >, < +aZZt diverges.

fu(ty)
1+au(tk)

As t — oo, we noted above that ng = ng(t) — oco. Therefore, > 7, — 00
as t — oo. It follows from (2.3) that e,oq(t,tg) — 00 as t — oo.

As for the lim; . €4c.(t, to), note that using Theorem 2.1.14(c),

hm Cacs(t, to) = hm N Co(rea) (t,t0) = thm ety = 0.
7 Croa

O

When working with the standard exponential function defined on the complex
numbers, a commonly used identity is |e*| = e® where z = = + iy. Unfortunately,
this does not necessarily hold for the generalized exponential function on an arbitrary
time scale. However, we are guaranteed the following inequality in the case where

Re(z) e R NR.
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Lemma 2.2.2. Let p: T — C such that p(t) = u(t) + iv(t) where u,v: T — R and

u € R*. Then,
(a) |ey(t,to)| > eu(t,to), and
(b) leep(t, to)] < ecult to),
for all t € [to, 00)r.

Proof. First note that p € R. To see this, consider for any t € T,

L+ p)u(t) =1+ [u(t) + iw(@)]p(t) = 1 +u(t)u(t)] + iv(t)ut) # 0,

since ©u € RT.

Now for any t € T,

2

Lo = (L uoum) + (etum) = (1+ubnm)

and hence |1 + p(t)u(t)| > 14+ u(t)u(t). Therefore, using the cylinder transform given
in Definition 2.1.11,

(

Re | Log(1 + p(O)u(®)] , () >0,

Re(p(?)), pu(t) =0

Re (&) (p(t))) = <

v
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2 Log(L+u(t)u(t), ult) >0,
u(t), w(t) =0

= ey (ult)),

where the second to last equality follows since u € R*; i.e., 1 + u(t)u(t) > 0 for all
t € T. Finally, note that by the definition of the generalized exponential function

(Definition 2.1.11), we have

exp (/t: Eu(r) (p(T))AT) ‘

oxp [ Betluntotar +1 [ i)

to to

— e ([ Reluorar) 2 e ( / G (u(r)AT ) = eult o).

to

lep(t, 10)| =

The second statement of the lemma follows immediately as u € R and eg,(t, tg) =

1 ]

eu(t,to)’
In practice, at least in this dissertation, we will apply Lemma 2.2.2 by taking

z € CN'R with z = x + iy and concluding that |e,(¢,to)| > e.(t, o).

Lemma 2.2.3. Let T be a time scale. Define 2 := C\{z € R : 2z < 0} and fix any

s,t € T. Then, e,(t, s) is analytic on the domain Q2. Further,

_ar
1+ zp(7)’

d t
- le.(t,s)] = e.(t, s)/s

z

for all z € Q.

Proof. Let s,t € T be arbitrary. First consider f(z) := f: §ur)(2)AT. We claim that

f is analytic on €.
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Fix zp € Q. Let zg = xg + 1yg. If g > 0, then take R := %‘ZO‘. If xg <0, then

take R =

N[

lyo|. Note that since zy € €, if zo < 0, then yy # 0. So, in either case,

R > 0. Since (2 is open, there exists 0 < r < R such that B,(z) C Q. Note that

TENAC R ICT IS [ / i (2) A7 — / t gw)(zo)m]

220 Z— 20 220 £ — 20
t AlZ) = Z
:nm/@“” §un (20)
=20 Jg Z— 20

We will apply the Dominated Convergence Theorem in order to interchange this
integral and limit.
Fix 7 € T. Since the principle logarithm is analytic on 2 and z €  implies

1+ zpu(7) € Q, by direct calculation,

Eg“(”@ -

L+ zp(r)’
for any z € ). Hence, for any fixed 7 € T,

1

. gu(T)(z> - 5#(7)(2()) - -
fim o=z L4 2ou(T)’

Z—Z0 Z— 20

d
= %Su(r)(z)

5/,1.(7—) (Z)_S/,L(T) (20

We will now show that — ) is dominated by a A-integrable function on
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[s,t]r. If u(7) = 0, we have that

Eur) (2) — uiry(20)

Z— 20

zZ— 20

=1. (2.4)

Z— 20

Assume p(7) > 0. In this case, note that

) (2) — &) (20)

zZ— 20

Log(1 + zu(7)) — Log(1 + zop(7)) ‘
(1) (2 — 2)

oI (11: 50%) ‘

— m Log <1 + %) ' : (2.5)

(z=20)u(7)

We claim that Trou(r)

< 1 for z € B.(2) and any 7 € T. To show this, we

define ¢ : [0,00) — R by

x x
L+ 2z V(1 +xx0)? + (z1y0)?

g(x):

where zg = x¢+iyo. Note that g is continuous on [0, 00) because 2z, € 2 which implies

1+zpx # 0 forall x € [0,00). Also, ¢'(x) = Ltaz =, and so, provided xg # 0,
0T # [ ) 9'(x) (14220)2+ (x30)?) & p 07
T = ;—01 is a possible critical point. We will now consider two cases.

Case: Assume o > 0.

It follows that g has no critical points in (0, 00). Further, zy > 0 implies ¢'(z) > 0

1
|20l

for z € [0,00); hence, g is increasing on [0,00). Also, note that lim, . g(z) = -
and ¢ is continuous on [0,00). Therefore, in this case, g(z) < |z_10\ for all € [0, 00).

Thus, for 2 € B,(z),

(z — z0)pu(7) 2=zl _ r _1

1+ zou(7)

= |z — 20| g(u(r)) < -,
|20l E
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by the choice of r.
Case: Assume xq < 0.
Since zg € , yg # 0. Then ;—01 is a critical point in (0, 00) which corresponds to

a local maximum. Note that

(Z)-%
g\ — | = —
Zo Zo

Therefore, in this case, g(x) < = for all z € [0,00). Thus, for z € B,(2),

= |yol

1

|y0\'

Zo
Yo

|z — zo| r 1
JR— < =,
Yol lyol 2

(z — z0)u(7)
1+ zou(T)

= |z — 20| g(pu(7)) <

again by the choice of 7.

Thus, we have shown for any 7 € T and 2z € B,(2),

(=) _1

14 zop(T) 2
Thus, for z € B,.(z), % is in the radius of convergence for the Taylor series
expansion of Log (1 + %)

So, from (2.5), we have for z € B, (),

) (2) — Eun) (20) 1 (2 — 20)p(7)
Z— 2 N 'M(T)(Z — Zp) Log (1 + 1+ zop(7) ) '
- 1 S (—DF (2= zo)u(r)
|z — 20| u(7) kz:% k+1 < 1+ 20p(7) )

1 <1 |z — zo| (1) k1
S ) 2 h (\1+20/~L(T)|)
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L & ()
= T an (] 2 F v 1 (o)
1 <1 /1"
= T0F zon(0)] kzzo ol (5)
1 = /1\" 2
< |1+zOu<f>|§<5) = T 2] 28)

From (2.4) and (2.6), we have shown that for z € B,(z) and any 7 € T,

2
=L+ zop(T)]

Eur) (2) — Euiry(20)

Z— 20

We will now show that szw is A-integrable on [s, t]r. Consider h : [0,00) — R

given by h(z) = 2 Since zp € Q, 1+ zpz € Q for all x € [0,00), which

[14+zox| "

implies 1 4 2oz # 0 for all x € [0,00). Therefore, h is continuous on [0,00). So, h
satisfies the following properties: (a) h is continuous on [0, 00), (b) h(0) = 2, and (c)
lim, . h(x) = 0.

Therefore, it must be the case that h(z) is bounded on [0,00). Thus, h(u(7)) =

I is bounded for 7 € T. In particular

|1++ is bounded on the interval
op(T )]

2
» i+ zonlr

[s,t]r. Since bounded functions on a finite interval are A-integrable (see [6, Theorem

5.20])  is A-integrable on (s, t]r.

2
» [14zop(T)

Applying the Dominated Convergence Theorem, we have

lim f(z) = f(=0) _ i /t ) (2) — 5u(r)(20)AT

2—20 Z— 20 Z— 20
[ty s
s 270 z— 2y s 1+ zou(T)
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Since zg € ) was arbitrary, we have that for any z € (2, the derivative exists and

d% [/gt@(T)(Z)AT] I/St%;(ﬂ-

Finally, since e is entire, by the chain rule,

dilz fea(t,5)] = di [exp ( / t mr)(z)“)]

for all z € Q. O
Lemma 2.2.4. Let T be any time scale. If p : T — R, then e;,(t,t9) = e_; (¢, to).

Proof. Since p(t) is real-valued, 1 +iu(t)p(t) # 0 for t € T, and hence +ip € R. Note

that for any t € T,

Log(1 —ip(t)p(t)) = n [T —ip(t)u(t)] + @ Arg(1 — ip(t)u(t))
= In [T +dp(t)p(t)| + i arctan(=p(t)p(t))
= In[1 +dp(t)u(t)| — iarctan(p(t)u(t))
= In [T +ap(t)p(t)| — ¢ Arg(1 +ip(t)u(t))

= Log(1 + ip(t)u(t)).
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We have used here the fact that arctan is an odd function. So,

(

\
(

o Log(1 — ip(t)u(t)),

o Log (1 +ip(t)u(t)),

ip(t),

= &uw (ip(t)),

which implies

/tgﬂ(T)(_ip(T»AT:/t gu(r)(ip(T))AT-

Since e = ¢, by using the definition of the generalized exponential function, we

have

eip(t, to) = exp (/t: Eur) (z’p(r))AT) = exp (/t: Euir) (ip(T))AT)

— e / 6un (=T )AT ) =yt o).
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Chapter 3

The Generalized Laplace

Transform

3.1 Introduction

Throughout, we let T be a time scale that is unbounded above with ¢y € T fixed.

Definition 3.1.1. Assume that f : T — R is a locally A-integrable function. Then

the generalized Laplace transform of f is defined by

L) = / et o)At for = € DS},

where D{ f} C C consists of all z € CNR for which the improper integral exists.

Recall that we are using the notation z € RNC to mean z € C and 1+ zu(t) # 0
for all £ € T. Thus, RN C C C (see the explanation after Definition 2.1.7).
In Section 3.2 we will discuss the set D{f} C C. We will show that for reasonable

assumptions on the function f, D{f} is nonempty regardless of the time scale in
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question. Further, if we put some restrictions on the time scale, we can say even

more about D{f}.

Definition 3.1.2. A function f : T — R is said to be of exponential order o provided
there exist constants M > 0, a € RT N R such that |f(t)] < Me,(t,t) for all

te [t(), OO)']T.

We will always assume that f : T — R is a locally A-integrable function, some-
times without explicit mention. By making this assumption, we are assured that the
only problem we must worry about in the definition of £{f}(z) is whether or not the

improper integral converges for a particular z € C.

3.2 Region of Convergence of the Laplace
Transform

The following theorem appears in [4, Example 3.91]. Here, Bohner and Peterson via

direct computation obtain the following result:

Theorem 3.2.1. Let T be any time scale that is unbounded above. Fix ¢y € T. Then

forze CNR and a € R,
1

z—

L{ea( 1) Hz) =
provided lim; ., €40 (t, o) = 0.

This limit defines precisely the set of z € CNR for which the improper integral in
the definition of the Laplace transform converges to ﬁ In other words, given any

time scale T that is unbounded above and a fixed ¢ty € T, we have that

D{ea(-t0)} = {z eCnRk: tllglo oo (t, to) = 0} ,
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Depending on the complexity of the time scale in question, computing the set in
the complex plane that this limit describes can be a difficult task. In fact, for a given
f: T — R and choice of «a, it may not be immediately clear that D{f} is nonempty.

In this section, we will show that with the standard assumption that f : T — R
is of exponential order «, the set D{f} is nonempty for any time scale; and further,
D{f} contains the right-half plane z € C such that Re(z) > «. If we restrict the
time scale in question such that the graininess is bounded below (away from 0), we
can say even more about D{f}. Finally, if we have a specific time scale in hand, we

will show via an example, that we can determine D{ f} even more explicitly.

Theorem 3.2.2. Let T be any time scale that is unbounded above. Fix ¢ty € T. If

f i [to,0)r — R is of exponential order o where @ € R N'R, then
{z € C:Re(z) > a} CD{f}.

Furthermore, the improper integral in the definition of the Laplace transform con-

verges absolutely for z in this region.

Proof. Fix z € C such that z = 2 + iy and x > «. Here z,y € R. Since « € R,
T+ axp(t) > 1+ au(t) >0 forany ¢t € T. Thus, 1+ zu(t) = 1+ zu(t) + iyu(t) # 0
and so z € R.

We aim to show that ftzo ‘f(t)e"ez(t,to)} At converges. Since z > « and o €
R*, by Lemma 2.2.1, lim;_.o €ace(t, to) = 0, which implies, by Theorem 3.2.1, that

L{ea(-,to)}(z) exists and equals —.
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For any L € [ty, 00)r, we have

L L
/ \f(t)egz(t,to)\Ath/ ea(t, to) |€2.(t, to)| At
to to

L
< M/ ea(t,to)ed,(t,to)At  (by Lemma 2.2.2)
to

IN

M / 6a(t, to)6éx (t, tO)At
to

= ML{ea(: o)} (2)

=

As L — oo, the real-valued function of L, ftf }f(t)e"ez(t, to)| At, is monotone increas-
ing and bounded above, and so it follows that lim,_, ., j;t(l)j | f(t)eZ.(t, to)| At converges.
i.e., the desired improper integral converges, and we have that £{f}(z) converges ab-

solutely. Hence, z € D{f}. O

Example 3.2.3. Consider the time scale T = R and f(t) = e,(t,0) = e** for some
a € R. In this case, the Laplace transform is simply the classical Laplace transform.
It is well-known that in the classical case, £{e®}(z) exists if and only if Re(z) > a.

i.e., we have found a function of exponential order v and a time scale such that

{z € C:Re(z) >a} =D{f}

Remark 3.2.4. In light of Example 3.2.3 and Theorem 3.2.2, for an arbitrary time
scale and an arbitrary function of exponential order, Theorem 3.2.2 is the “best” we
can do. The set {z € C: Re(z) > a} is the largest set (not depending on the time

scale T) for which we can say
{z € C:Re(z) > a} CD{f}.

So, for the generalized Laplace transform, if we restrict our attention to functions
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Figure 3.1: The region of convergence guaranteed by Theorem 3.2.2 for
an arbitrary time scale T.

of exponential order, the region of convergence is extremely similar to the classical
Laplace transform on R. However, we have shown that we have a half-plane of

convergence for any time scale T. This half-plane is shown in Figure 3.1.

We will now show that if we put some restrictions on the time scale, we can obtain
an even larger region in the complex plane (independent of T) for which the Laplace

transform of a function of exponential order converges.

Theorem 3.2.5. Let T be unbounded above such that 0 < pii, < u(t) for allt € T.

If f: [to,00)T — R is of exponential order a > 0, then

{z € C: |1+ zptmin| > 1+ apimin} € D{f}.
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Furthermore, the improper integral in the definition of the Laplace transform con-

verges absolutely for z in this region.
To prove this theorem, we use the following lemma.

Lemma 3.2.6. Let T be unbounded above such that 0 < pi, < p(t) for all ¢t € T.
Let a > 0 be given. Then, for z € C such that |1 + zgmin| > 1 + Qpimin, there exists

a constant d = §(«, 2, fmin) > 0 such that

1_I—Lﬂ(t)§5<1 for all t € T.
T+ 2u(t)

Proof. Fix z € C such that
11+ 2ptmin| > 1+ afimin- (3.1)

This implies % < 1. Let z = u+ iv and define f : [0,00) — R by
1+ ax 1+ ax

R T RV

Thus,

o) = a—u+ z(au — (u? + v?)) _ o Re(z) + z(aRe(z) — |z|2)‘
(1 + uz)? + (vz)?)2 11+ za|®

Note that it follows from assumption (3.1) that

1+ apimin < |1+ 2Zlmin| < 1+ 2] min = @ < |z]. (3.2)
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If a Re(z) — |2)* = 0, then using (3.2) we have
0= aRe(z) — |2]* < aRe(z) — a® = a(Re(z) —a) = Re(z) —a > 0,

where the final implication is obtained by dividing by « > 0. Thus, in this case,

, a — Re(z)
r)=——"—=<0,
@) 11+ zz|?
and hence f is strictly decreasing on (0, 00) and f(0) = 1.
We now assume a Re(z) — \z|2 # 0. Thus, the only possible critical point, xg, of

f is given by
Re(z) — «

" aRe(z) — 2] (3:3)

Zo

We will now consider two cases.
Case: Assume Re(z) > a.
Then
aRe(2) < [Re(2)]* < [Re(2)]* + [lm(2))* = |2/

and so aRe(z) — |2|° < 0. (We have strict inequality here since z # a which follows
from assumption (3.1).) Therefore, o < 0 and so f does not have a critical point
on the interval (0,00). Further, it is straightforward to see that f is continuous on
(0,00), f is strictly decreasing on (0,00), and f(0) = 1.
Thus, 0 < fiin implies f(pmin) < 1. Further, pi,, < wu(t) for all ¢ € T implies
f(fmin) = f(u(t)) for all t € T. Define 6 := f(tmin), and so, in this case we have
1+ au(t) 1+ apimin

fu(t)) = < = f(min) =0 <1 forallteT.
D) = T 20 0] < T 2] J Foin)

Case: Assume Re(z) < a.
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If Re(z) = 0, then Im(z) # 0 by assumption (3.1). Thus, aRe(z) — |z|° =
—[Im(2)]?> < 0. If Re(2) < 0, then @ Re(2) < 0 = aRe(z) — |z|> < 0. If Re(z) > 0,
then from (3.2) we have aRe(z) < Re(2) |z| < |2|° = aRe(z) — |z|* < 0.

So, for Re(z) < a, aRe(z) — |z|° < 0, and hence z, > 0 given by (3.3) is a
critical point for f in the interval (0, 00). Again, it is straightforward to see that f is
continuous on (0,00), f is strictly increasing on (0,x¢), and f is strictly decreasing
on (zg,00). Since f(0) =1, it follows that for z € [0, zo), f(x) > 1.

Further, lim, . f(z) = o <1by (3.2). By assumption (3.1), f(tmin) < 1, and
SO fmin € (o, 00). So, in particular, f is decreasing on the interval (fin, 00). Thus,

tmin < p(t) for all t € T implies f(min) > f(1(t)) for all t € T. Define § := f(ttmin),

and so again we have

flu(t)) = < = f(min) =0 <1 forallteT.
D) = 20 = T 2] 2 Hie)

O

Proof of Theorem 3.2.5. Since 0 < fiyin < p(t) for all t € T, the time scale T is an
isolated time scale. Let T = {to,t1, -} where ty < t; < ---. Fix z € C such that
114+ Zttmin| > 1+ ptmin-

Note that by the definition of the generalized exponential function, for any n € N,

|eaez(tna t0)| =

exp ( (@ z)(T)AT> ‘

to

— exp ( / " Rl ((a @ @(ﬂ]m)

to
AT)

- (e
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1+oz,u
1+ zu(t;

n—1
= exp (Zln

1+oz,u
1—i—z,u

) (by Theorem 2.1.21)

< H §  (by Lemma 3.2.6)
i=0

= 5”,

where § < 1.
In an argument that is very similar to that given in Lemma 3.2.6 (and also given
in the proof of Lemma 2.2.3), it follows that there exists a constant C' = C(z) > 0

such that ‘%‘ < C for all t € [tg,00)r. Thus, for any k € Ny, we have

/k | f(t)eZ,(t, to)| At < M/tkea(t,to) 2. (t, to)| At

to
173
< |
to
k—1

leae:(t, to)| At

1+ zu(t)
_ — p(ti)
B M; m leac:(tisto)]  (by Theorem 2.1.21)
k—1
MC’
< ? < 3
MC;(S MCZ5 .

As k — o0, the real-valued sequence sz | f(t)e2. (¢, to)} At is monotone increasing
and bounded above, thus limy_, f:o" | f(t)eZ.(t, to)| At converges. i.e., the desired
improper integral converges, and we have that £{f}(z) converges absolutely. Hence,

z € D{f}. O

Example 3.2.7. Let T = hZ, h > 0, and f(t) = e,(t,0) for some o > 0. On this

1+ah)%
1+zh

time scale, it is straightforward to see that e, (t,0) = ( . Using Theorem
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2.1.21, we have

Llea(-0)}(z) = /0 et 0)er (1, 0) At

h 1+ ah
Zl+ o5, cee(8,0) 1+zhz(1+zh)

1+ah
1+zh

Thus, the Laplace transform converges if and only if ‘ ‘ < 1 if and only if
1+ ah < |1+ zh|. Therefore, in conjunction with Theorem 3.2.5, we can conclude

{zeC:|1+2h| >1+ah} =D{f}.

Remark 3.2.8. Similar to what we saw before, because of Example 3.2.7 and The-
orem 3.2.5, for a time scale such that 0 < pi,,:, < p(t) for all ¢ € T and an arbitrary
function of exponential order «, Theorem 3.2.5 is the “best” we can do. The set
{z € C: |1+ zptmin| > 1+ Qpimin} is the largest set (not depending on the time scale

T) for which we can say
{z € C: |14 zpimin| > 14+ apimin} S D{f}.

So, for the generalized Laplace transform, if we restrict the graininess of our time
scale as indicated and only focus on functions of exponential order «, the region of
convergence is extremely similar to the classical Z-transform from difference equations
(see, for example, [12, Section 6.1]). This region of convergence for the generalized
Laplace transform is shown in Figure 3.2.

Note that this region is slightly different from what we expect for the Z-transform
from difference equations. For the Z-transform, the transform converges for all points
outside a ball centered at the origin. However here, we have convergence for all points

outside a ball centered at u_—l The reason for this is that the generalized Laplace

min
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Figure 3.2: The region of convergence guaranteed by Theorem 3.2.5 for a
time scale such that 0 < p:, < p(t) for all t € T.

transform on 7Z is a shift of the classical Z-transform. In other words,

(z+ DL{f}(2) = Z{f}(z+1).

So far we have shown that for any time scale, the region of convergence of the
generalized Laplace transform behaves very similar to that of the classical Laplace
transform on R. We have also shown that by bounding the graininess below away
from zero, the region of convergence of the generalized Laplace transform behaves
very similar to that of the classical Z-transform on Z. We conclude this section with
an interesting example that shows that when we take a time scale that is not either

of the classical cases R or Z, then we find that the region of convergence of the
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generalized Laplace transform behaves in a substantially different way than the two

classical cases.

Example 3.2.9. In this example we will consider the function f(t) = e,(t,to), for
some « > 0, on the time scale defined by T := {0,~, v+, 2v+ 0,27+ 29, - - - }, where

v >0 and 6 > 0. We will enumerate T = {to, ¢y, %2, - }.

° ° ° ° ° o -
0 g Y+ 249 27+ 20 3y + 26

It is straightforward to see that on this time scale pu(t,) =~y if n is even, u(t,) = ¢
if n is odd, and

1+ad\ 3 [ 1+oy 3
2
( 1+25) ( T+zv ) ’ n even
6a®z(tna tO) +1 n—1
1+ad\ =2 [ 1+ay 2
( 1+Z(5) ( 1+Z'y> y T odd

Thus,

L{ea(,t0)}(2)

ea(t7 tO)eoez (tv t(])At

I
5\8

[
WK

N(tn>
P (tn.to)  (by Theorem 2.1.21
1+z,u(tn)e ox(tn;to) ~ (by Theore )

Z y 1+ad\? 1+ ay 2
—~ 142z 1+26 142y
+i 5 <1+a5) <1+a7> =
1420 \1+20 1+ 2y
m?dd
() (EY) Y
1+z7 - I+2 1+ 2y
1+ ad\"! 14+ ay F
1420 1+ 2y

g L
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y d(1 4+ o) i 1+ ad 1+ ay g
1—|—z7 (1+ 20)? 1420 1+ 2y

k=0

Noting that we have ended up with a geometric series, it follows that the Laplace
14+ad 14+o
(=) (E2)| <1

This inequality defines the set of z € C for which the generalized Laplace transform

transform of e, (¢, o) converges on this time scale if and only if

converges, D{e,(t, 1)}, on this particular time scale. If we fix a = 1 and v = %,

4
Figures 3.3, 3.4, 3.5, and 3.6 show how the region of convergence varies as we modify

the time scale by adjusting the value of §.

3.3 Power Series on Time Scales

From the study of the classical Laplace transform on R, it is known that we are not
always able to expand a function via its power series representation, take the Laplace
transform term-by-term, and obtain a representation of the Laplace transform of the
original function (see, for example, [19, Example 1.17]).

The main objective of this section is to give conditions on when we can take the
generalized Laplace transform of a power series representation of a function f : T — R
term-by-term. As in Bohner and Guseinov’s paper [3], we will define F to be the set

of all functions f : [tg, 00)r — C of the form

F(£) = cahnlt,t), t € [to,00)r, (3.4)

where |c,| < Ka" for all n € Ng. Here K > 0, > 0 are constants independent of
n. Also note that h,(t,to) is the generalized monomial found in Definition 2.1.10.
Bohner and Guseinov prove in [3], that for f € F, the series in (3.4) converges

uniformly on any compact interval [a, b|r where b > a. They also show for z € CN'R,
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LK

Figure 3.3: The region of convergence Figure 3.5: The region of convergence

guaranteed by Example 3.2.9 with v = % guaranteed by Example 3.2.9 with v = %

and&z%. and 0 = 2.

Figure 3.4: The region of convergence rigure 3.6: The region of convergen(;tle

guaranteed by Example 3.2.9 with v = 1 guzrgntegd by Example 3.2.9 with v = 3
and § = 8.

and § = 6.

Note that Theorem 3.2.2 guarantees the half-plane of convergence to the right of the
vertical line in these figures. Similarly, since in all four cases, the time scale satisfies
0 < % < p(t), Theorem 3.2.5 guarantees convergence outside of a ball of radius %

centered at —2 indicated by the circle in these figures.
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the generalized exponential function is given by the expansion

[e.e]

ex(t,to) = Y 2"hn(t 1),

n=0

Further, Bohner and Guseinov define
D, = {z € COR : lim hy(t, to)ees(t, to) = 0} ,

and D := (\_,D,. This definition relies on the fact that, via direct calculation,
L{hy(t, t0)}(z) = —r provided limy_.o hy(t, to)ea.(t, to) = 0 (see [4, Theorem 3.90]).
Hence, D describes the set in the complex plane for which the Laplace transform
converges when applied to each term of the expansion of the function f.

In [3], it is assumed that D is nonempty. However, after the work done in Section
3.2, we merely need to show that for each n € Ny, h,(t,1) is of exponential order «
for some a > 0 in order to find some sets that are contained in D regardless of the

time scale.

Theorem 3.3.1. Let T be unbounded above, and fix ty € T. For any n € Ny and

any a > 0, the generalized monomial h,, (¢, ) is of exponential order a.

Proof. Fix n € Ny and o > 0. We first claim lim; ., h,(t, to)eca(t,to) = 0. To
see this, we will apply a version of L’Hopital’s Rule for time scales (see [4, Theorem
1.120]):
Assume f and g are A-differentiable on T with lim;_, g(t) = co. Suppose g(t) >
. A = . . .
0, g™(t) > 0 for all t € [ty,00)r. Then lim; . gA—(g =r € R implies lim,_ % =r.

Using the definition of h,(t,ty), note that h,(t,ty) > 0 for all ¢ € [ty, co)r. Also,

since a > 0, it follows that 1 + au(t) > 0 for all ¢t € [ty, 00)T, and so e, (t,ty) > 0 for
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all t € [ty,00)r by Theorem 2.1.15. Thus, for ¢ € [ty, c0)r,

h’n (ta tO)

0 < hn(t,t())e@a(t,to) = o (t to) .

(3.5)

Since o > 0, limy_ €4(t,t9) = 0o by Lemma 2.2.1. Further, since e, (t,ty) > 0,
we have €2 (t,ty) = aeq(t,tg) > 0. Continuing to take A-derivatives shows that for

every 0 < k < n, e2"(t,t0) = e (£, 1) = - - - = &Feq(t, to) > 0. Therefore,

-1

he'(tto) i (Bto) 1
eAm(t,to) el (tty) aleq(ttp)’

Hence, by n applications of L'Hopital’s Rule, we have

ho(t,to) . hA" (t, o) _ 1 . I 0

t—c0 eq(t, 1)  t—oo €A (L, tg)  ami—ooeq(t tg)

So, by (3.5), it follows that
thm hn(t, to)ﬁga(t, to) = 0.

In other words, there exists a 1" € [tg, 00)r such that for all ¢ € [T, 00)r, we have

hi(t,to)esa(t, to) < 1. Define

[to 7T]T

M = max{ sup  h,(t, to)esa(t, to), 1}.
te
Then, h,(t,to)eca(t,to) < M for all t € [ty, 00)r. Therefore, h,(t,ty) < Me,(t,ty) for
all t € [to, OO)']T. O

Using this theorem, we can now show that for any time scale, {z € C : Re(z) >

0} C D.
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Corollary 3.3.2. For any time scale T, if z € C such that Re(z) > 0, then z € D.

Proof. Let z € C be such that Re(z) > 0. Since Re(z) > 0, there exists a constant «
such that 0 < a < Re(z). So for any n € Ny, h,(t, o) is of exponential order «, and by

Theorem 3.2.2, z € D,,. This holds for any n € Ny; therefore, z € (\._, D, =D. O
We are now set to prove the main result of this section:

Theorem 3.3.3. Assume f : T — R is such that there exist constants K > 0, a > 0

with f(t) = 0 eahn(t, o) for all t € [ty, co)r where |c,| < Ka" for all n € Ny. ie.,

f € F. Then,
L) =D eal{ha(tt0)}(2) = Y 255,

for all z € C such that Re(z) > «.

Proof. By definition of the generalized monomial, for each n € Ny, h,(t,tg) > 0 for

all t € [ty,00)r. Let z € C such that z = z + iy and x > a. Let € > 0 be given. Since

x > «, we have that the geometric series %ZZO:O (a)n =1 ( L ) = L Hence,

T r \1-2 T—a
xT

there exists M € N such that for all N > M,

1 li(a>"<e
T-o i\ K

n=

Now, for N > M, we have

L{Hz) =D enl{ha(t,to)}(2)




(3
<K/
:K[i

:K/w

_K/

—KZ /

> Jeal hult. to)

n=N+1

t t() e@x t to)At
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) 2. (t, to)| At

anhn (tu tO)) 60@:(: (tv t(])At
N

) — Za"hn(t,to)> €2, (t,to) At
n=0

anhn(t7 tO)) eoem (tv tO)At

t to e@x t to)At

We have used Lemma 2.2.2 to obtain the second inequality above. Since x > a > 0,

and e, (t, ) is of exponential order a, it follows that x € D{e,(t,to)} by Theorem

3.2.2. Thus, L{ea(-,

to)}(z) exists and equals ——.

Similarly, since z > 0, and h,(t,ty) is of exponential order o for any n € Ny, it

follows that x € D by Corollary 3.3.2. Thus, L{h,(-,to

)}(x) exists and equals #

for each n € Ny by [4, Theorem 3.90]. So, continuing our calculation, we have

= KL{ea(,t0)}(x) —

=K

Therefore, since € > 0 was arbitrary, L{f}(z) =

r—«

N an
Z xn—l—l
n=0

[ 1 1 N (oz)"]
rT—a e

N
K a"L{ha(- to
n=0

)} (@)

Yoo g enL{hy(t,t0)}(2). Finally,
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by [4, Theorem 3.90], we have

LUFHE) = Y enl{nltto)}(2) = Y =

3.4 Basic Properties of the Laplace Transform

In this section, we collect some basic properties of the generalized Laplace transform
on time scales. From Theorem 3.2.2, if f : T — R is of exponential order «, the
Laplace transform L£{f}(z) converges absolutely for z € C such that Re(z) > «

where a € RT NR. In fact, the proof gives the bound

M
e(z) —a’

L@ [ 1. A< o

to
Thus, two immediate corollaries are as follows:

Corollary 3.4.1. Let f : T — R be of exponential order «, and take zqg > «
where &« € RT NR. Then, the Laplace transform £{f}(z) is uniformly bounded on
{z € C: Re(z) > x¢}.

Proof. For any z = x + iy such that > x5 > «, we have that |L{f}(z)] < 2L <

M

ro—a

O

Here, the bound %L_a is independent of z.

Corollary 3.4.2. Let f : T — R be of exponential order o where & € Rt NR. Then,

lim  L{f}(z) = 0.

Re(z)—o0
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It turns out that the Laplace transform satisfies an even stronger form of con-
vergence than absolute convergence. In the next theorem, we show that the Laplace

transform converges uniformly on a closed half-plane.

Theorem 3.4.3. Let f : T — R be of exponential order «, and take zo > a > 0.

Then, the Laplace transform £{f}(z) converges uniformly on {z € C: Re(z) > z0}.

Proof. First note that for z € (0,00), eqace(t,to) is decreasing with respect to x. To
see this, let x > 0 be given. Then = € Q2 as defined by Lemma 2.2.3. Thus, using this

lemma, we have

ea(t,to)}

€x (ta tO)

AT
= —ey(t,to)ens(t, t et
colt et o) | o0

= —¢ (tt)/ti
acz\bY L0 o 1+LU,LL(T)

% [eaex(t>t0)] = % {

Since
a—x L+ oapu(t)

O A s

1+ (aox)(t)ut) =1+

on [tg,00)r, by Theorem 2.1.15, eqeq(t,t9) > 0 for all ¢ € [ty, 00)r. Further, since

x> 0, ftz Hﬁi;:(ﬂ > ( for all ¢t € (g, 00)r. Therefore, % leaoz(t,to)] < O for all z > 0.

It follows that for any x > g, eacs(t, to) < €aow, (L, t0)-
Let € > 0 be given. Let z = x + iy such that x > zy be given. By Lemma 2.2.1,
limy o0 €aca (t, to) = 0. Hence, there exists T' € T, sufficiently large, such that for all

te [T, OO)’]I‘,
(o — a)e

€aog (t> tO) < Wi
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So, for any Ty € [T, 00)t, we have

e}

(e, (t, to)At' < M/ a(t, to) €2, (t, to)| At

T
<M ea(t, to)ed,(t,to)At  (by Lemma 2.2.2)
T
T (1 1) At
= 760{ z\b,
Ty 1+ xlu( ) © ’

M _
_ / a-7 eaex(t,to)At

1+ zu(t)

— (@ ©7)(t)eacs(t, to) At
o —X T

t—o0

= €acel(t,t
a—gz *© (t, to) t=T,

_ Meoa@:c(Tla tO) < Meoc@:co (T1> tO)
T —« - Tog— &

< €.

Since € > 0 was arbitrary, the Laplace transform converges uniformly on {z € C :

Re(z) > xo > a}. O

3.5 Periodic Time Scales

Definition 3.5.1. A time scale T is said to be periodic with period T provided t € T

implies t + 7 € T.

Let T be a periodic time scale with period T'. Note that necessarily, periodic time
scales are unbounded above. If we consider a function f : T — R that has period T,
we can write the Laplace transform of f in terms of f : T — R defined by f(t) = f(t)
for t € [to,to + T)r and f(t) = 0 elsewhere. In other words, in this case we can find
the Laplace transform merely by performing an appropriate integration over the first

period of the function f.

Theorem 3.5.2. Let T be a periodic time scale with period 7. Further, assume
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f: T — R is periodic with period T'. Then,

1
N 1 — €@Z(t0 + T, tO)

L{f}(2) L{f}2),

where L{f}(z) = ["*T f(t)e2.(t, o) At.

= Ji

Proof. Since T is a periodic time scale with period T, u(t +T) = u(t) for all t € T.

By Theorem 2.1.21, for any A-integrable g : T — R, we have

b
T)AT = T)dT T)p(T),
/ag<> /[a’bhgm - S g

T€[a,b)rNTrs(c0)

where the first integral is the classical Lebesgue integral and [a,b)r N 7T,s(c0) is the
set of right-scattered points in the interval [a,b)r. By the translation invariance of

the Lebesgue integral, and reindexing the sum we obtain

b
T)AT = T)dT T)p(T
/agm /[a,bhgm LY o)

T€la,b)TNTrs(00)

= /[_Tb_T] g(r +T)dr + > g(r +T)u(r +T)

T€la—T,b—T)rNTrs(c0)

- /[ g ST S g D)

T€la—T,b—T)rNTrs(c0)

b—-T
= / (T +T)AT,

=T

where we have applied Theorem 2.1.21 again to obtain the final equality.

Further, for any z € CN 'R, we have that the cylinder transformation satisfies
Euwy (2) = Euar)(2) for all t € T since pu(t) = p(t+1T). Using this, it is straightforward
to see that e, (t + T, tg + 1) = e,(t, o).

Now by the periodicity of f and u, as well as the semigroup property of the



generalized exponential function, we have

L) / F(1)e2 (1 to) A
to+T 00
/ Ft)el.(t, tO)AH—/ F0ez.(t, 1)
P o
:/ f(t)e"ez(t,to)At—i-/ flr+T)el (T + T, tg) AT
toto—i-T to
_ / F(t)er (1, to) At

+ /: £(7) (W) eon(r + T, 1) AT

to+T
- / F()es (t to) At

+ /:0 f(r) <¥) ec(T+ T to+ T)ea,(to+ T, to) AT

1+ zp(T)

to+T
- / F()es (t to) At

e (to + T to) /: £(7) ( !

1+ zp(T)

) eo. (T, to) AT
to+T [e%)

= / f(t)el, (t to) At + eq.(to + T, to) / f(T)ed (T, to) AT
to to

_ / FES (t 1) AL + ecs(to + T, 1) C{SH(2).

Solving for £{f}(z), we obtain

1
1— 6@Z(t0 + T to

LUz = ) / " R (4 t) A,

47
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3.6 Regressivity

In Theorem 3.2.1, direct calculation from the definition of the Laplace transform gives
us that if « € CNR, L{ea (-, t0)}(z) = =L for z € CNR such that lim;_. eqe.(t, to) =
0. When applying this formula, it is essential that o € R to ensure that the gen-
eralized exponential function e,(t, ) is well defined. So, this formula holds only on
specific time scales; namely, time scales such that o € R. The question we concern
ourselves with in this section is on a time scale T for which a@ € R, does there exist
f T — R such that £{f}(z) = —=-7 The answer is affirmative, and we will show by
example that we can use this to solve initial value problems.

Let T be a time scale that is unbounded above and fix ty € T. Let o & R([to, 00)T)
be given. Thus, there exists t; € [to,00)r such that 1 4+ au(t;) = 0 and for all
to <t <ty, 14+ au(t) # 0. In other words, ¢; is the first point in the time scale for
which 1+ au(ty) = 0.

Consider T := [ty, t1]r. Note that T is a bounded time scale such that a € R(T).
Hence, on "JT, the generalized exponential, e, (¢, o), is well defined. Note that there is
a subtle difference between the graininess functions for the time scales T and T. For
any t € [to, 1)1, p(t) = f(t). However, u(t;) = =* but f(t;) = 0, and then for any

t € T such that t > t1, fi(t1) is not even defined. Define f : T — R by

ealt,to), teT,
f(t) =
0, teT.

By construction, f is well defined on all of T.



Theorem 3.6.1. Let T, 'f[‘, a,t; € T,and f: T — R be as above. Then,

forallze CNR.

C{f}(e) = ——.

Z—

Proof. Using the definition of the Laplace transform, we have

[e.9]

EU?@%=Lif6k&@JwAt
(t1)

The fourth equality is obtained by applying Theorem 2.1.21 to the second integral.

a—z

/ 6a(t,t0)6gz(t,t0)At

to

t1 a(t1)
allt alt,t
:/ 76 ( 0) 6@Z(t,t0)At+/ 76 ( 0) €@Z(t,t0)At
to

1+ zp(t) n o L4zu()

f1(t1)

t1 1
— | et t)AE o (¢
/t;) 1+Zﬂ(t) © ( 0) 1—|—Z,U/(t1> © ( 1 0)

1 hg—z —1
= T e (Bt A+ —2 e (t,
[;1+zmw e EO)A (1, 1)

67

t1 1
/ (a0 © 2)(t)eqs:(t, to) At — - Zeaez(tth)

o —Zz tO -

t=t1

1
— —€ao2 (t1> tO)

—6062(1:’ tO) t=tg o — 2z

a—z

ea@z(tlv tO) - o — ZeaGZ(tOv tO) - o — ZeaGZ(tlv tO)

oa—z
1

z—a
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O

Example 3.6.2. Let T be the time scale {0,3,6,7} U T, where T, is any time scale

such that T, C [7,00). Note that, in particular, (0) = p(3) = 3 and p(6) = 1. Thus,

—1 ¢ R(T).
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Consider the initial value problem

Applying the Laplace transform, we have

SL{r}(:) + L{eH) = - = L{a}(e) = s =

1
— x(t)zﬁ_l{%}—[fl{szl}
— x(t)=1—£-1{zi1}.

Since —1 ¢ R(T), we must apply the previous theorem in order to find a function f

such that L{f}(z) = ﬁ on this particular time scale. In this case, T = {0, 3,6} and

on this time scale, it is straightforward to compute that e_y(¢,0) = (—2)3. Hence,

defining f(t) := (—2)3 for t € {0,3,6} and 0 otherwise, we have £{f}(z) = - by

z+1
Theorem 3.6.1. Therefore,
(-2)5, t€{0,3,6},
0, otherwise
1—(=2)3, te{0,3,6},
1, otherwise.

Direct calculation verifies that this is indeed a solution of the initial value problem

on T.
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3.7 Inversion Integrals

In this section we present two inversion theorems for the Laplace transform that make
use of contour integration. The result given in Theorem 3.7.1 is specific to time scales
that are unbounded above and such that 0 < fi, < w(t) for all ¢ € T. In this
particular case, the inversion integral appears very much like the classic inversion
integral in the case of the Z-transform on the integers.

In the second theorem given in this section (Theorem 3.7.3), we turn our attention
to an arbitrary time scale (i.e., we require no restriction on the graininess as needed

in Theorem 3.7.1).

Theorem 3.7.1. Assume T is unbounded above such that 0 < pi, < p(t) for all
t € T. Let f: T — R such that F(z) := L{f}(z) is analytic on {z € C : |z| > R}
for some R > 0, F(z) has only isolated singularities, and the Laplace transform of f

converges uniformly on Q := {z € C: |z| > r} where r > R. Then,

£(t) = - /C F(2)es(t, to)dz,

T om

where C' is a positively oriented, simple, closed path in €2 such that Indg (ﬁtl)) =1
for all t € [ty,00)r, and Inde(z) = 1 at each singularity of . Here, Indo(2) is the

index of z with respect to the path C, and is defined by Ind¢(z) := ﬁ c ;sz.

Proof. Note that since F' is analytic on {z € C : |z| > R} and has only isolated
singularities, it follows that F' has only a finite number of singularities. Further, since
0 < fimin < p(t) we have that u;ﬁ < ﬁtl) < 0 for all t € [ty,00)r. Hence, there exists
a positively oriented, simple, closed path in €2 that encircles the singularities of F
and the points —ﬁ, t € [to, 00)T.

Since 0 < fimin < p(t) for all t € T, it follows that T is an isolated time scale.
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Thus, let T = {tg,t1, -} where ty < t; < ---. Then, for any ¢, € T, by Theorem
2.1.21,

estaste) =0 ([ (07

= exp (ij Log(1 + zu(tk») =TT+ 2.

k=0

This implies eq, (t,,t) = Hk 0 1+zu %)

Again using Theorem 2.1.21, we have

n

F(2) = L{f} (2 /f eezttoAt—Zf HH%M(%)

Fix t,, € T. Then, using uniform convergence to interchange the sum and integral,

we have
% /C F(2)ex (b to)d>
L C(iof(tn)u( n>£[01+jﬂ<tk) §(1+2u(tk))dz
_ i (taultn) [% [ H e Zijou + Zu(tk))dZ]
:7: 1f 2m/ckH (14 zp( tk))dz+271m. C%dz
+nzmj+1f 2m/ H 1+zu % (36)

Note that for any 0 <n < m—1, [[}", ., (1+2zu(ty)) is entire and hence the contour

integral [, [T, .1 (1 + zu(ty))dz = 0 for such n. Therefore, the first summation in
(3.6) is 0.
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M
1+zpu(tm)

—1
p(tm)

As for the second term of (3.6), since

which is encircled by C', by the Cauchy Residue Theorem we have

Hnliltn), _ Slenlin) [ !

27 Jo 1+ 2alim) 2w Jo 1+ zp(tn)
1
= f(tm)p(tm) Z:I_%M (tm)
1
= Fltnlptn) 5 = 1)

We now aim to handle the third term of (3.6) by showing that

27rz/ H 1—|—zutk

for every n > m + 1. To do so, fix n > m + 1. Define f,(z) :==[[}_,, Tu() Note

I
o

that C' encircles all the poles of f,, and f, is analytic on {z € C: |z| > R}. Thus, we

can apply the so-called residue theorem at infinity (see, for example, [7, page 185]):
1 1 1
27TZ/fn —_Ijeg;fn (;) - _2];1_‘7[,1
R 1 ( z ) ( z ) ﬁ z
=0 22 \ 2+ pultm) ) \ 2+ pltmer) ) 20, 2 + pltn)

- ( T ;@m)) ( T uitmm) 1;[ ="

since (Z +u1(tm)> (Z +/J(1m+l)> [ A m does not have a singularity at z = 0. Since
n > m+ 1 was arbitrary, it follows that the third term of (3.6) is 0. Therefore, we

have shown that

for all m € Ny. O
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Turning our attention to the case of an arbitrary time scale, we first consider a
result from complex analysis. An extension of Cauchy’s integral formula given in [9,

Theorem 62.1] is as follows:

Theorem 3.7.2. Let f be analytic in the half-plane Re(z) > v > 0 such that there
exist constants M > 0, k > 0 such that |f(z)| < % for |z| > 1o in the half-plane for
some o > 0. If 29 € C with Re(z) > v, then

f(zo):__lfy S [T,

2T ) _ine 2 — 20 2T J_oo 2 — 20

where the integration is along the line x = ~; so z = v + 1y.

To get an idea of what the inversion integral should be, consider the following.
Suppose F(z) = L{f}(z). Assuming we can interchange the inverse Laplace trans-

form operator £~! and a certain integral, we would have

ft) = L7HL{f (=) }H(2)
= L7HF(2)}(t)
_ {;—;/im islds} )

1 Y+1i00

L F(s)c—l{ ! }(t)ds

270 )y —ino z—5

1 Y+ioco

= F(s)es(t,to)ds.

270 )y —ioo

Here we have used the fact that £{e,(,%o)}(2) = == on any time scale for an appro-
priate choice of s € C. Of course these are merely formal manipulations, but it does
give us an indication as to what the time scale equivalent of the Laplace inversion

formula should be.
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Theorem 3.7.3. Let F(z) be analytic in the half-plane Re(z) > a > 0 such that for

each fixed t € [ty, 00)T, there exist M > 0, k > 1, and v > « such that

M

F(y @ iy)| e (t10)| < == for all y >y > 0,

<

for some yo > 0. Further, assume F'(z) is real-valued whenever z € R and Re(z) > «.
Then, the following integral along the line x = v converges to some function, say
f:T—R. ie.,
1 Y+i00
f(t) = —/ e.(t,to)F(z)dz.
v

21 ) ino
Proof. Note 1+ zu(t) = 0 if and only if z = —ﬁ. Hence, for any z ¢ R, it must be
the case that z is on the negative real axis. Since we are working in the half-plane
Re(z) > a > 0, non-regressivity is not an issue.
Fix t € [to,00)r. Now, for any 3 > 0, we consider 5 f]ilﬁﬁF 2)e,(t, to)dz.

Consider the substitution:

Zz =7 . .
y=—— = z=7+tiy(l+yul)) =71y,
i(1+yu(t))
1

— mdz = dz = i(1 +~vyu(t))dy.

Also, the limits of integration with this substitution become

—p

2=y +if = y= e and 2=y =i = Y=

1+ yu(t)



o6

Thus,

L e en )
— F(z)e,(t, ty)dz
27 )i
(L) [

o eyaiy(t, to) F (v @ iy)dy

7@

(1L + yp(t)es (b o) [

= o /1+ i eiy(t, to) F (v @ iy)dy

o 6g(t, to)

T or /0ﬁ eiy(t, tO)F(’Y +iay(1+ ’Yu(t)))dy

1+yu(t)

+ /Omﬁ() eiy(t, to)F<7 +iy(1+ w(ﬂ))dy]

o 6: (t, to)
o or

1+$u(t) .
e_iy(t, to)F<”Y —ay(1l+ w(ﬂ))dy
0

+ /0%() eiy(t,to)F(v +iy(1 + w(t)))dy] :

Since F'(z) is real-valued whenever z € R and Re(z) > «, by the Schwarz Reflec-

tion Principle, it follows that F(Z) = F(z). Further, by Lemma 2.2.4, e;,(t,t)) =

e_iy(t, to). So, continuing the calculation we have

e (t, to) ETO) .
NG ANIAL / Re [e,-y(t, m)F(v +iy(1+ w(t))ﬂ dy
@ 0
€g(t, t(]

= SEL T .00+ () con 10

— Vi, y(1 + ya(t)) siny (¢, to) | dy,

where we have used Euler’s formula (see [4, Exercise 3.27]) and taken F(u + ) =
U(u,v) + iV (u,v).
So, if = J_JFZ.ZO F(z)e,(t,to)dz converges, it is real-valued. Finally, to see that

it does in fact converge, using the same substitution as above, note that for any
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sufficiently large (3,

1 y+iB
— / e, (t, to)F(z)dz

271

y—iB
B8
e?(t,to) | [Trum .
= S [ Refey b, t0) P @ ) dy
0
e (t,ty) [Tru®
5 L0 Tu(t .
< S8 [ P @iyt t)] dy
0
ltte) (<
<22 [T 1RG @ igen tito)l dy
0
eg(tato) vo . M
< Glhh) [ [ 1Pa e eyl + | —kdy]
™ 0 Yo Yy
e’ t,t M 1-k
< alth) [Cm+ k?fl]

since k > 1. Here the bound is independent of 3. Thus, as a real-valued function of

/67

Y

1 y+ip
/ e, (t,to)F(2)dz

271"& y—iB

is monotonically increasing, and bounded above, and hence converges as § — oo.

1 [ytico
2mi Jy—ioco

Thus, the contour integral e.(t, to)F'(z)dz converges. O

3.8 Some Calculations
Recall that in the case of the classical Laplace transform on R, for n € Ny we have

1 n ot 1
Eﬁ{t e Hz) = e o)

38

The question naturally arises: what is the time scale analog of :, in the context of

the Laplace transform?
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Definition 3.8.1. Fix a € CNR. For each k € Ny, we define the functions jj :

T x T — C recursively by taking jo(t, ) := 1, and

t
1
] t,ty) = —— (7, tg)AT.
]k+1( o) /to 1—|—oz,u(7')‘7k( o)

Theorem 3.8.2. Let « € CN'R, and n € Ny be given. Then

£ t0)eal 10} (2) = gz

provided
tlim Jr(t, to)eacs(t, tg) = 0 for each k =0,1,--- |n

Proof. For n =0, from Theorem 3.2.1, we have

1

z—

L{jo(,to)eal- o) }(2) = L{eal- o) }(2) =

Note that for any n € N,

Lo A 1
At t :(/7'n_ ,tA) i ()
jn( 0) o 1-'-0(/11(7')] I(T 0) T 1—|—oz,u(t)j 1( 0)

Proceeding by induction, assume L {j,—1(-,t0)ea(,t0)} (2) = (Z—a for some n > 1.

Now consider

L{gn(- to)eal- o) }(2)

/ ]n t to ea t t0)692(t to)At

(/mhtt01+ﬂux@@@»%@UJdAt
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_ 1 /Oojn(t,to) (ﬂ) eacs(t, to) At

a—2z Jy 1+ zu(t)

= 1 /OO ]n(t, to)(Oé S, Z)(t)6a®z(ta tO)At

o —Z t()

t—o00

1

= ntat €ac: (1,1
oz—z_]( 0)€ac:(t, o)

- / JE(t to) e (1 1) At

t=to to

(by integration by parts)

1 r o0
= 0— / jﬁ(t,to)ezext,to)m}

Oé—Z_ tO

_ 1 /OO G5t to) (14 () (@ © 2)(t)) eans(t, to) At

zZ—Q t()

= i i (—— Jn-1(t; t0) Lt aph) Cacs(t, to) At
z—a ), \1+au(t) 1+ zpu(t)

1 > 1
= — /to Jn—1(t, to)ea(t, to) (m) e (t, to) At
= [t tealt ) 1+ (O(E2) ) o )

1 i o
= / Jn-1(t, to)ea(t, to)ed, (t, to) At

Z — t()

= L teal )} () =

Z—

Theorem 3.8.3. Let a, 3 € C be regressive. Then

1

£{e e t0)eat to)} (2) = £esl o)z — @) = ——

for those z € R N C such that lim;_. €(a+p)0-(t,to) = 0.
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Proof. Note that for any t € T,

o o! aBu(t)
500 2 = T T T )
_a+ B+ 3u(t) + afu(t)

1+ afBu(t)
_ (a4 B)(A + Bu(?))

L+ Bpu(t)

=a+f.

Hence
1

z—(a+p)

_ 1
T z—(a+p)” U

£{e o (to)es(to) | (2) = £ {ears( o)} (2) =

On the other hand, L{es(-, to)}(z — a) = ;23

Z=zZ—Q

Theorem 3.8.4. For a # 0,

© {%} (1) = Snalbito) _ cosa(tsto) / Ar

2% + a? 2a3 202 o L+ a2u?(r)

_ sing (¢, ) /t w(T)AT
20 1 1+ a2p?(r)’

for those z € R N C such that
thl’Il jk(t, to)emgz(t, to) = 0 and thm jk(t, to)e_mez(t, to) = 0, ]{7 = 0, 1

Proof. Let o # 0 be given. Note that by partial fraction decomposition, we have

1 —1 1 1 1
(22+0a2)?  40%i(z+ia) 40%i(z +ia)? * 103i(z —ia)  4a?i(z —ia)?’

We now take the inverse Laplace transform and apply Theorem 3.2.1 and Theorem
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3.8.2, to obtain

-t {z jza} 0= gt {m} g
* 4;3¢£_1 {z —12a} (t) - 4olz2i£_1 {ﬁ} )
- %e_m(t,to) — ﬁ <e_m(t,to) /t: %O;(T))

—I—L-(tt)—i .(tt)/ti
43 e\ 0] T ey | Galhy o o 1+ iapu(r)
. —e . t :
_ 1 (eza(t7t0> €_m(t,t0)) - 1 (e_m(t,to)/ 1+ZQM(T> AT
¢

203 2% 402 o 14 a?p?(7)
b1 —dapu(T)
+eia(t, to) / 7AT)
to 1+ a?p?(7)
sina(t, t()) 1 e—ia(ta tO) + 6i0l(t> tO) /t AT
203 202 2 1 1+ a?u?(7)
1 (em(t, to) — e—ia(t, to>) /t w(T)AT
t

20 2i o 1+ a?u?(r)

_ sina(t,to)  cosa(t,to) /t AT _sing(?, to) /t wu(T)AT
t, 1

203 202 , L+ a?p?(7) 2 o L+ a?u?(r)

Similarly we can show for a # 0,

= z (t) sing (¢, to) /t AT ~cosa(t, to) /t wu(T)AT
(22 + a?)? 2 o 1+ a?u?(7) 2 1w 1+ a2p?(r)

Now, since

22 1 o? 23 z o’z

= — d = — ,
(22 +a2)2 22 —|—042 (22 +Oé2>2 an (22 +a2)2 22 —|—042 (22 +Oé2>2
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we can apply the above to obtain:

-1 {( 22 }(t) _ sing (¢, to) N cosa(t, to) /tt AT

2 2 , 1+ a?u?(r)

_asing(?, to) /t wu(T)AT
t

2 , L+ a?p?(r)’

3 . t
1 z B o« sing, (¢, to) / AT
L {7( } (t) = cosa(t, to) 5 T 1 a22(7)

a? cos, (1, tg) /t u(T)AT
2 to ]‘ + 042/./62(7_) .

These, and a few other similar calculations are collected in Tables 3.1 and 3.2.

Note that in these tables we have that £L{f}(z) = F(2).



F(z) f(t)

(Z Oé)n—’_l’ nec I\IO jn(t7t0)ea<t7t0)

af asing(t, tg) — Bsing(t, to)
CENDIEEYD —

z cosg(t, tg) — cosa(t, to)
(22 + a?) (22 + () — 3

2? asing(t, tg) — Bsing(t, to)
(22 + a?) (22 1 2 o — 32

2° a? cos,(t, tg) — 5% coss(t, to)
(22 + a?)(2* + () — 3

Table 3.1: Laplace Transform formulas for a # .

1 sing (t,t0) _ cosa(t,to) f B Slna ttO f (r)AT
(224+a2) 2a3 2a2 to 1—|—o¢2 2(7’ to 1—|—o¢2 w2 (1)

2 sma(t to) f _ cosq (o) f w(r)AT
Z2+a?) to 1+a2 2(7 2 to 1+a?u?(7)

22 sing (¢,%0) + COSq tto f AT __asing(tt0) ft w(r)AT
(224a2) 20 to 1+a2p2(7) , 2 to 1+a2p2(7)

23 asing (t,t0) Aq— a®cosa(t,to) t w(r)Ar
(z2+a?) COSa<t,t0) Lo 1+a2u2(r) 2 Lo 14+a2p2(1)

Table 3.2: Laplace Transform formulas for a # 0.

63
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Chapter 4

The Transport Equation

4.1 Introduction

In partial differential equations, the transport initial value problem

u(t, s) +us(t,s) =0, t>s>0,

u(t,0) = f(t), te€]0,00),

has a unique solution given by u(t,s) = f(t — s). If we would like to consider the
analog of the transport equation on time scales, we run into an immediate problem:
for an arbitrary time scale, we are not guaranteed that ¢ — s € T and hence f(t — s)
could be a nonsense statement on that particular time scale, and so f(¢ — s) has no
chance of being the solution of the transport equation in this case. In this chapter
we will investigate this problem in the special case that T is an isolated time scale.
In particular, we will develop two recursive representations for the unique solution of
the transport dynamic initial value problem, as well as give several examples.

In the examples considered here we will find closed-form solutions to the transport
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partial dynamic initial value problem on particular time scales; however, it should be
noted that the recursive representations developed in Section 4.2 are sufficient for
numerically finding the solution of the transport dynamic equation on any isolated
time scale.

Note that in the case of the transport equation on R or Z, we expect the initial
function to simply “shift” in time. In other words, we have a right traveling wave
solution and the wave is not distorted in any fashion, just shifted. However, as we
will see in Examples 4.3.2, 4.3.4, and 4.3.6, once we find a closed-form solution to the
transport dynamic equation and graph the solution, we will find that some distortion
occurs. Why? It turns out that when the graininess of the time scale is not constant,
as the solution progresses in time, it must compensate for this nonconstant graininess.
It does so by distorting the initial function in some fashion.

One final note in way of introduction: while studying this particular partial dy-
namic equation is interesting in its own right, it should be pointed out that it is
crucial in the development of the convolution theorem on time scales (see [3]).

Throughout, we will let T be an isolated time scale that is unbounded above with
to € T fixed. Since T is isolated, we can take T = {t¢,t1, -} wheretg < t; <ty <---.
The transport partial dynamic initial value problem that we will be considering is

given by

utt(t,o(s)) +ul(t,s) =0, t,s€T, t>s>t, (4.1)

ult,to) = f(t), t€ [ty,00)m (4.2)

where f : [tg, 00)r — C.
There is a useful result from Bohner and Guseinov’s paper on the convolution on

time scales (see [3, Lemma 2.4]) that we will make use of in this chapter:
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Lemma 4.1.1. Let T be any time scale. If u is a solution of the partial dynamic

initial value problem (4.1)—(4.2), then u(t,t) = f(t) for any t € [to, c0)7.

Throughout, we will use some notation that is in the spirit of difference equations.

For k € N, n € Ny such that 1 < k <n+ 1, define

)l =TT wlts) = plt)pttns) - plta i 2)it(tnsesn).

4.2 The Transport Equation on an Isolated Time
Scale

We will now examine the solution of the transport equation (4.1)—(4.2) in the case
that the time scale in question is isolated. First, in Theorem 4.2.1 we show that on an
isolated time scale, the solution of (4.1)—(4.2) is unique. In Theorems 4.2.2 and 4.2.3
we develop two representations of this unique solution, both of which use recursion.
This section is concluded by proving a quick result that has to do with the form of

the solution of the transport equation on an isolated time scale (see Theorem 4.2.6).

Theorem 4.2.1. Let T be an isolated time scale. Then the partial dynamic initial

value problem (4.1)—(4.2) has a unique solution.

Proof. Assume u is a solution to (4.1)—(4.2). First note that since u solves the partial

dynamic equation (4.1) and T is an isolated time scale, for ¢t > s > tq we have

u(o(t),o(s)) —u(t,o(s)) N u(t,o(s)) —u(t,s)
p(t) p(s)

0 =u(t,0(s)) +u(t,s) =
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Solving for u(o(t),o(s)), it follows that

u(o(t), o(s)) = u(t, o(s)) (1 - M) 1D s, (4.3)

pis) ) ls)

We need to show that u(t,s) is uniquely determined for any t > s > ¢;. Let
t,s € T such that t > s > ty be arbitrary but fixed. Since T is isolated, there exist
n,m € Ny such that ¢t =t, and s = t,,. So, for any n,m € Ny with n > m, we must
show that u(t,,t,,) is uniquely determined. We will do this in several cases. First,
consider the case when m = 0. Note that u(t,,ty) = f(t,) for any n > 0 by the initial
condition (4.2). i.e., u(t,, o) is uniquely determined from the initial data.

Case: Assume m = 1.

We claim that u(t,, t;) is uniquely determined for n > 1. We will prove this using
induction on n. For the base case note that by Lemma 4.1.1, u(t,%1) = f(to) (and

hence is uniquely determined), and from equation (4.3), it follows that

ulta, ) = o (tr), o(t)) = ult, 1) (1 _ %3) + Zg;;u(tl, o).

Since u(ty,t1) = f(to) and u(t1,tg) = f(t1), it follows that wu(ty,t1) is uniquely deter-
mined by the initial data.
Proceeding by induction, assume wu(t,,t;) for some n > m = 1 is uniquely deter-

mined from the initial data. Then, by equation (4.3),

wltyir ) = u(o(t), o (to)) = ultn, 1) (1 - Zgg) + Zii’giu(tn o).

Here u(t,,t;) is uniquely determined by the induction hypothesis, and u(t,,ty) =
f(t,) is given by the initial condition. Therefore, u(t,1,t1) is uniquely determined

from the initial data. Hence, it follows by induction that u(¢,,¢;) is uniquely deter-
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mined for any n > m = 1.

Case: Assume m = 2.

We now claim that u(t,,t2) is uniquely determined for n > m = 2. As above, we
will prove this using induction on n. For the base case note that by Lemma 4.1.1,
u(te,ta) = f(to) (and hence is uniquely determined).

Proceeding by induction, assume that for some n > m = 2, u(t,, t2) is uniquely

determined from the initial data. Then, by equation (4.3),

Ultyir ta) = u(o(t), (1)) = u(ty, ) (1 - ZEZ?) + ZEZiu(tn 1.

Here u(t,,ts) is uniquely determined by the induction hypothesis, and wu(t,,t;) is
uniquely determined by the previous case. Therefore, u(t, 1,t2) is uniquely deter-
mined. Hence, it follows by induction that u(t,,ts) is uniquely determined for any
n>m=2.

Continuing this process inductively, we find that for any n,m € Ny such that
n > m, u(ty,, t,) is uniquely determined which implies that for any ¢ > s > g, u(t, s)
is uniquely determined from the initial data. Therefore, u is the unique solution to

(4.1). O

Theorem 4.2.2. For an isolated time scale T = {to, 1, -} where tg < t; < ---, the

unique solution of (4.1)—(4.2) is given by

J
=0

U(tn+j,tn) = Z A],z(n)f(tz)a naj € N0>
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where
— )l P(tntj—1-k)
Z —n J (1 S S 24 ) Aj_u(n — ]{3), for 1 < j,
Aji(n) = g k=0 (tnjm1-k)l pltn-1-r)
Y g .
[M(tn—l—j—1>]l f g
i or i = j.
[u(ty—1))

Before we prove Theorem 4.2.2; it should be noted that the solution given here is a
linear combination of the initial data and that each A;;(n) is simply the coefficient of
the f(¢;) term in this linear combination. So, when presented with a specific isolated
time scale, in order to find the solution to (4.1)—(4.2), we simply need to resolve the

recursion in the definition of the A;;(n) coefficients for each 0 < ¢ < j.

Proof. Let t > s > t, be given. Then there exist n € N and j € Ny such that ¢t =+¢,,4;
and s = t,,. Define u(t,1;,%,) as in the statement of the theorem.

Note that

uAt (tv U(S)) uAt (tn+j7 tn-i—l)

1
S P S NI
n+j
1 [ J
p(tns) _; e Z Y ]
1 —
_ Aii(n+1)f(t) + in+1)—Aj1:(n+1))f(t)] -
p(tntj) i e zz:;< g " )

(4.4)
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Similarly,
—ut (t,s) = —u® (tntj, tn)
= @ [W(tnsj, tn) — w(tnys, tnit)]
— M(in) Z Ajin)f(t;) — Z Aj_1i(n+ 1) f(t)
- s + Z (Aja) — Ao+ 1)) 1 >] )

Hence, u?t(t,0(s)) = —u”:(t,s) (and so (4.1) is satisfied) if and only if (4.4)
equals (4.5). To see that this is in fact the case, we will show that for each 0 <17 < j,
the coefficients of f(t;) in (4.4) and (4.5) are equal.

First consider the coefficient of f(¢;) in (4.4). Note that

TR N ).
) ) = L S T
i

_ ,U(tn-i-J 1)
[:u(tj 1)]

1 M(tn—l—J _) N(tn+1),u(tn>
[

1
tn-i-l)

ti-1)l?
=i

:u()[( >]

Now fix 7 such that 0 < i < j — 1. We aim to show that the coefficient of f(¢;) in
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(4.4) matches the coefficient of f(¢;) in (4.5). To see this, first consider

n

Aj,i(n+ 1) — 1 [:u(tmi-])]l (1 :U(tn—i-j—k)

ptnss) = [(tarj—i) 2 ((tn—r)

1 - ( n+J)/~L( n+j— 1) N(tn—l—l)
M(tn—l—j) k=0 /J’(tn—i-J k) ( n—l—j—l—k) M(tn+1—k>
. . :u(tn—l—j k) n N
(1 —7——T>AJM(+1 k)
1 < N(tn+J 1) (n+1) (tn)
pltn) = pltngji)ptngj—1-k) - - p(tnsar)

(1 TL+] k)) jlzn_l_l_k)
l

iﬂwl]&(

n k—0 ,U n+j k

n—1
(tnsj2)l” (1 ftntj—1-#)
J
k:—l "‘f‘] 1- k)]_ :U’(tn—k—l)

1 [wnﬂ e (1_ )

[U(tn—w)]i N(tn>

L bl (1 Ml g

1(tn) = [(tntj—1-x)) p(tn_r—1)
1 1 1
- |:<,u(tn+]) a ,U(tn)> Aj—l,i(n + 1):| + MAJ’Z(TL)

Since i was arbitrary, for any 0 < i < j — 1, it follows that

p(tnss) ) Ai1in+1—k)

—_

- & J;) Ay n+1—k)

(reindexing) =

M

) Ai1i(n—k)

) st

1
,U(tn-i-j)

(Ajaln+1) = Ay 1in+1)) = —— (A4(0) = A; 140+ 1)),

u(tn)

Therefore, for each i = 0, -- -, j, the coefficients of f(t;) are equal in (4.4) and (4.5),
and so we can conclude that u?t(t,o(s)) = —u?:(t, s).
To see that the initial condition is satisfied, note that A;;(0) = 1 and for i # j,

A;;(0) = 0 by the convention that a sum from 0 to —1 is taken to be 0. Therefore,
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ulty,to) = S0, A;4(0)f(t:) = f(t;). So, we have shown that u(t, s) solves the partial
dynamic equation as well as satisfies the initial condition. Finally, by Theorem 4.2.1,

w is the unique solution of (4.1)—(4.2). O

In practice, when explicitly calculating the A;;(n) terms for a particular time
scale, the recursive definition given in Theorem 4.2.2 lends to some cancellation. For

example, noting that

- (n) = [:u(tn—l-j 1)]
) = T,

it follows that

_n . [(tntj—1) l (tn+j—1-k) Y
gt = S 22 (1= S ) =
8 )P (L ataan) ) [ [etaoan) P
_;M Vi (1 u(tn_l_w)( [ty )= )
|

_ [ilty )V S [ty kﬂ“( ~ u(tw_l_k))
tjo)= = [ultnrj—1-x) p(tn—1-k)

(
(
_ [p(tar—)l 1 _ i(tnj-1-k)
= i I 2 Wi (1 )
(
(

N(tn—l—k)

W
1 1 1
[n(tj—2) =L &= <:u(tn+j—1—k) u(tn_l_k)) ' (4.6)

Similarly, it can be shown that

D& 1 1
 [ut)i22 <M(tn+j—1—k1) - M(tn—l—k1)>

.n_ikl (M(tn+j—12—k1—k2) - M(tn—ll—kl—kz)) - @)

ko=0

The calculations (4.6) and (4.7) motivate the following representation for the

solution of (4.1)—(4.2).
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Theorem 4.2.3. The coefficients A;;(n) in Theorem 4.2.2 can be written as follows:

Ayaln) = [(tizy)]E Biaolm)
where
n—1 1 1 | |
wltnjn-1k)  ilta1-k) Bjiawn = k), forj—i<a,
nt+j—A—1— n—1—

Bj@A(ﬂ) = k=0
for j —i=A,

and 0 < A< j—i.

Of course, this representation still uses recursion for the B;;a(n) terms. Note
that in each step of the recursion, we add one to A and hence we will eventually
arrive at A = j — i and thus the recursion will terminate after a finite number
of steps. Therefore, when completely expanded out, B;;a(n) will consist of j — i
nested summations. Despite the use of recursion again here, this representation for
the solution is an improvement as the cancellation that occurs when expanding the
A, i(n) terms from Theorem 4.2.2 is already accounted for. Before proving Theorem

4.2.3, we need a technical lemma.

Lemma 4.2.4. For any 7, m,n € Ny, we have

Bi—l—m,i,o(n) = Bi+m+1,i,1(n)7

where Bj; a(n) is as defined in Theorem 4.2.3.

Proof. The overall idea of this proof is to expand out B;i,,;0(n) using the recursive
definition to obtain m nested summations. We will then rewrite the indices of the

points in the time scale in an appropriate way in order to collapse the expansion back
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down and ultimately end up with B;i,+141(n). While this idea is straightforward,

the details do become a little bit cumbersome.

Let i,n € Ny be arbitrary but fixed. If m = 0, then by definition of B;; (n),

Bi+m,i,0(n) = Bi,i,O(n) =1, and

Bitm+1i1(n) = Bit1,1(n) = 1.

So, in the base case where m = 0, we have Bjip,;0(n) = Bitmt1,1(n) as desired.

Assume m > 1. Then,

1
- Biymii(n —k
( (7 (i+m)— 0_1_k1) N(tn—l—kl)) +myit 1)

1
Z ( - ) Biyma(n — ki)
n+2+m 1— k1>

/’l’(tn_l_kl)

1
z:: ( n+z+m 1- k1) :u(tn—l—/ﬁ))
n—k1—1
1 1
: Z ( - ) Bi+m,i,2(n — k1 — k‘z)
p(t

fia—0 n+i+m—2—k1—k2) :u(tn—l—kl—k2>

MH

z—l—sz

3?r
’—‘o

3w
’—‘o

3

= (i )
k1=0 n+z+m 1- k1) :u(tn—l—/ﬁ)

n—k1—1 1 1
ng:O (M(tn+i+m—2—k1—k2) /"L(t”—l—kl—kZ))

n_k§2_l ( 1 B 1 )
o \Pntivm—stikabs)  Eno1-ki—kats)

: Bi+m,i,3(n — k1 — ko — k3)-
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Continuing this process, after m — 1 steps we have

B n—1 ( 1 1 )
k1=0 “(t”+i+m—1—k1) M(tn—1—k1)

S A
fia—0 U(tN+i+m—2—k1—k2) :u(tn—l—lﬁ—kz)

n—ky—--

"“’“22‘1 ( 1 - 1 )
JR—— I[’L(t”+i+m_(m_1)_k1_"'_kmfl) M(tn—l—kl—"'—kmq)
: Bi—l—m,i,m—l(n —ky == km—l)

=0 M(tn+i+m—1—k1) N(tn—l—kl)
1=

S
kia—0 U(tN+i+m—2—k1—k2) :u(tn—l—lﬁ—kz)

Nn—kp—---
—km_o—1

Z ( 1 B 1 )
ke, 1=0 I[’L(t”+i+m_(m_1)_k1_"'_kmfl) M(tn—l—kl—"'—kmq)

ok
et 1 1
k%::o (M(tn+i+m—m—k1—-~-—km) - M(tn—l—kl—---—km))
“Bitmim(n —ky — - —kp). (4.8)
By definition of Bj; a(n), it follows that both Bty ;m(n — ki —--- — k) = 1 and
Bitmi1im+1(n—ky—---—ky) = 1. Hence, we can replace B ymim(n—Fki—- - —ky,)
with Bitmi1im1(n—Fki—---—ky,) in (4.8). Further, in the innermost summation of

(4.8), we will rewrite the index of ¢ in an appropriate way. So continuing from (4.8),
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we have

_n_l( 1 1 )
k=0 (tngivm—1-k)  H(tn—1-k)

D
U(tN+i+m—2—k1—k2) :u(tn—l—lﬁ—kz)

ko=0

n—ky—---
—km_o—1

> 1 )
{(Ctitm—(m—1)—k1——br) W1k =k )

km—1=0

n—ki—--
—km—-1—1

> : : )
= N kb D rmt ) —met k) k1) 1)

: Bi+m+1,i,m+l (n - kl -t km) (49)
Looking at the innermost summation, we see that when compared to the definition
of Bj;a(n) given in the statement of Theorem 4.2.3, n in the definition is n — k; —
-+« — ky—1 here, 7 in the definition is ¢ +m + 1 here, and A in the definition is m

here. Therefore, the innermost sum in (4.9) reduces to
I
ko1 —1

1 1
k;o (“(t(n—kl—'“—km1)+(i+m+1)—m—1—km) ,U(t(n—kl —m—km,l)—l—km) )

“Bivmitimi1(n — k1 — - — kp)

= Bi-l—m—l—l,i,m(n - kl — km—l)-
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Therefore, substituting this in and continuing from (4.9), we obtain:

_"_1< 1 1 )
k=0 (tngivm—1-k)  H(tn—1-k)

o SR
M(tn+i+m—2—k1—k2) M(tn—l—kl—/m)

ko=0

n—ky—--
—kp—a—1

Z < 1 1 )
Ky 1=0 :U(tn+i+m—(m—1)—k1—"'—kmfl) /”L(tn_l_kl_"'_kmfl)

: Bi—i—m—l—l,i,m(n - kl - km—l)

e ( 1 1 )
k1 =0 “(t”+i+m—1—k1) M(tn—1—k1)

we
= \ltnrivm—akiks)  p(Enaki—ko)

n—ky—-
—kp—a—1

Z < 1 1 )
km71:0 :u(t(n—kl_"'_km72)+(i+m+1)—(m—l)—l_kmfl) lu(t(n_kl_"'_km72)_1_kmfl)

. Bi+m+1,i,m(n — k’l — = k’m_l). (410)

Again looking at the innermost summation, we see that when compared to the def-
inition of B;;a(n) given in the statement of Theorem 4.2.3, n in the definition is

n—ky—---—k,_o here, j in the definition is i +m + 1 here, and A in the definition



is m — 1 here. Therefore, the innermost sum in (4.10) reduces to

n—kq—-
T2t 1 1

>

o <N(t(n—k1—~~—km2)+(i+m+1)—(m—1)—1—km1) Lt =y = ——2)—1 =1
: Bi+m+1,i,m(n —ky == km—l)

= Bi—i—m—l—l,i,m—l(n —ky == k‘m—2)-

Substituting and continuing this iterative process from (4.10), it follows that

0 M(tn+i+m—1—k1) N(tn—l—kl)
1=

- "‘i‘l ( 1 - 1 )
P(tntitm—2-k1—ks) M1k k)

ko=0

: Bi—i—m—l—l,i,m—l(n —ky == k‘m—2)

fe1—=0 U(tn+i+m—1—k1) :u(tn—l—/ﬁ)

oy I
,U/(tn+i+m—2—k1—k2) :u(tn—l—kl—kz)

ko=0

: Bi+m+l,i,3(n —ky — k2)

)

78
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n—

-5 (i )
- n+2+m 1- k1) :u(tn—l—lﬂ)

T
= \ ek rmin-2-1-k) 1tk -1-k2)

: Bi+m+1i3(n —ky — kz)

1
1
N Biymyri2(n—k
Z< (tntitm—1-k1) ,u(tn_l_kl)) 1,02 1)

1 1
Z ( - ) Bi+m+1,i,2(n - kl)

n—l— (i+m+1)— 1—1—k1> ,U/(tn—l—kl)

3 W
’—‘o

= Bz’+m+1,i,1(n)-

Recall that this lengthy calculation began with B;i,,;0(n), and hence we have

shown for any 7, m,n € Ny,

Bi—l—m,i,o(n) = Bi+m+1,i,1(n)-

With this lemma in hand, we are now in a position to prove Theorem 4.2.3.

Proof of Theorem 4.2.3. Let 1,7 € Ny such that 7 > ¢ be arbitrary but fixed. We will
use induction on m := j —¢. Hence, j = i +m, and we aim to show that for any

i,n,m € Ny, we have

) = A () = [ (tnipm— 1)] ) = [M(tnﬂ‘—l)]l o (n
Am( ) Az—i-m,Z( ) [,U(tz 1)]£ Bz-l-m,Z,O( ) [M(ti—l)]i BJ,Z,O( ) (4'11)

The base case is m = 0 which implies : = j. In this case, starting with the right-hand
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side of (4.11), we have

[:U(tn-i-j—l)]l [ (n-i-J 1)] [ (n-i-J 1)]
2 Bjio(n) = o(n) = = A, (n),
i)t [(t-1) 12 Bia [a(t-1) 12 “
where we have used the definition of A; ;(n) given in the statement of Theorem 4.2.2.
Proceeding by induction, assume that for some m > 0, and any i,n € Ny, that

statement (4.11) holds. Now, from the definition of A;;(n), it follows that

—_

S [M(tn+(i+m+1)_1)]m
Aiyma1i(n) = ;
+e1i{) 0 [t (iem 1) —1 k) AL

Tt (s 1
) (1 _ :u( n+(i+m—+1)—1 k)) Ai—i—m,i(” N k’)
p(tn-1-k)

B
Il

n—

(by induction

n+2+m H—m—i-l ( _,U/(tn—l-i—l—m—k))

1[
z+m+1
hypothesis) k=0 [1(tntitm—r)] pitn—1-k)

. ([:u(t(n k)+i+m— 1)]i+m

] &“““”_“)

z m n—1 m
— [:u( n+2+m el [:u(t (n—k)+i+m— 1)] L
ti-1) P [t i) AL
ptnyitm—t) )
( Geienatd) ol =), (412)

Focusing our attention on the summation in (4.12), note that

n—1
t n—k)+i+m— 1)] i ,u(tn 7 m—k)
Z ( e (- Bitm,io(n —k)

=0 n+2+m k)] N(tn—l—k)

-1
_ Z bn—k+itm— 1)M(tn k+itm— 2) M(tn—k+i+m—1—(i+m)+1)
,u(tn k+2+m),u(tn k+i+m— 1) ,u(tn—k—l—i—l-m—(i—l—m—l—l)—i-l)

tnim—
.(1_M

,U(tn—l—k) ) + ,,0( )
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i
L

1 tn i+m—
= _ (1 — w) Bi—l—m,i,o(n o k)
k=0 :u(tn—k—l—i-i-m) :u(tn—l—k)
n—1
1 1
- - Bitmio(n —k
kZ:O <:u(tn—k+i+m) ,u(tn_l_k)) 1m0 )
n—1 1 1
B B Bitmi1,ia(n —k by Lemma 4.2.4
kZ:O <:u(tn—k+i+m) ,u(tn_l_k)) +ma1i ) ( )
n—1
1 1
<:u(tn+(i+m+1)—0—1—k) u(tn_l_k)) et ( )

e
Il
o

i0(n)-

o~
+
S
£
S

For the final equality, we have used the definition of B;; A(n) given in the statement
of Theorem 4.2.3: j in the definition is ¢ +m + 1 here, and A in the definition is 0

here. Therefore, from (4.12) we have

n—1 1
[M(tn+2+m z+m+1 (n—k)+i+m— 1)]z+m
Aitm 12(71) =
+m+ [,u P 1 e n+2+m k) z+m+1
,U(tn 7 m—k)
'Q‘iﬁuif)&mmm‘“

[ (i) |

Tty sl

o [:U(tn-i-z-i-(m-i-l )]H—(m-i-l)

Bi+(m+1),i,0 (n)

[(ti-a)lt

as desired. Hence, by induction, for any n, j,7 € Ny such that j > i, we have

AJZ( ) [N(‘%—l)]l BJJ,O( )

O

We conclude this section with one quick result about the coefficients of the f(¢;)

terms, 0 < ¢ < j, in the solution of (4.1)—(4.2) given in Theorem 4.2.2. It turns out,
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regardless of the initial function f(t), for any j,n € Ny, the coefficients A, ;(n) sum to
one when summing with respect to i. To prove this, we first need a straightforward

lemma.

Lemma 4.2.5. For any time scale T, the solution of the transport dynamic equation
(4.1) with a constant initial condition—i.e., in (4.2), f(¢) = ¢ for some constant ¢—is

u(t,s) = c.

Proof. Assume u(t,s) = c for all t,s € T such that ¢t > s. Then u**(t,s) = 0 and
since, u(t,0(s)) = c as well, we further have that u®t(¢t,0(s)) = 0. Therefore u

satisfies (4.1)—(4.2) when f(t) = c. O

Theorem 4.2.6. Let T be an isolated time scale such that T = {¢g,t1, -} where
to < t1 < ---. Then the coefficients of the f(t;) terms of the solution given in the

statement of Theorem 4.2.2 sum to one. In other words, for each j,n € Ny,

Proof. Let f(t) = 1. By Lemma 4.2.5, u(t,;,t,) = 1 for any j,n € Nyo. Thus, by
the uniqueness of the solution to (4.1)—(4.2) on an isolated time scale (see Theorem

4.2.1), it follows that

Since each A;;(n) is independent of f, we have proven the desired result. O
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4.3 Examples

In this section we collect several specific examples of solutions to the transport dy-

namic equation (4.1)—(4.2) that are obtained using Theorems 4.2.2 and 4.2.3.

Example 4.3.1. Let T = Nj. It is well known from the study of difference equations

that if f : Ny — R, then the unique solution of

Awu(t,s + 1)+ Agu(t,s) =0, t,seNy, t>s52>0,

u(t,0) = f(t), te€ Ny,

is given by u(t,s) = f(t — s). (Note that this partial difference equation is simply
(4.1)—(4.2) in which we have taken T = Ny and ¢, = 0.) In this example, we will show
that by using Theorem 4.2.3, we obtain this same solution as expected.

By the definition of Bj; a(n) given in Theorem 4.2.3, and since p(t) = 1 on this

time scale, for any j > i, it follows that

—_

n—

Bjio(n)

(u(tn—i—l—k) a ,u(t:l_k)) Bjii(n — k)

(1 — 1) BjJJ(?’L — k‘)

3 =

I
i
o = o

I
=

and for j = ¢, we have

Bj%(] (n) = 1.

Hence,

<
=
.
V
=~

oy W)
AJ,Z( ) [N(tz—l)]l BJ,Z,O( ) B]J,O( )
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Let t,s € T = Ny such that ¢ > s. Then there exist n, j € Ny such that ¢ = ¢,,; and

s =t,. So, by Theorem 4.2.2,

U(tprjstn) = ZAj,i(n)f(ti) = f(t;). (4.13)

Because T = {0,1,2,---} = {to,t1,t2,-- -}, we have that ¢, ; = n+ j and ¢, = n.
Thus,

t—s:tn+j—tn:n+j—n:j:tj
and so equation (4.13) reduces to u(t,s) = f(t — s).

Example 4.3.2. Let « > 0 and § > 0 be given. Consider the isolated time scale

T:{to,tl,tg,"'}:{0,0&,0&4‘6,20&4‘6,20&4—2/6,”'}-

° ° ° ° ° o -
0 Q@ a+8 2a+p 2c0 + 2(33a + 23

Note that for this particular time scale, for any n € Ny,

a, n even,
pu(tn) = (4.14)
B, n odd.

We will use Theorem 4.2.2 to show that the unique solution of (4.1)—(4.2) on this

particular time scale is given by

(1= 8) f(tjm1) + 2£(t;), Dbothn,j odd,

f(t)), otherwise,

where n, 7 € Nj.
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Proof. Let n,j € Ny be arbitrary but fixed. By Theorem 4.2.2, the unique solution
of (4.1)-(4.2) is given by

Thus, we need to determine A;;(n) for each 0 <17 < j. First we will consider the case

when ¢ = j. Note that

A ) = s )P g )il ) o 1ltn)

wtm) (i) p(ti—2) - - plto)

If n is even, then using (4.14) we have

n+j—1=j-1 mod2 = pu(tyj-1) = p(tj-1)

n4j—2=j-2 mod2 = ultur;2) = ult; o)
n+1=1 mod?2 = u(t,s1) = pu(ty)
n=0 mod2 = u(t,) = u(to).

Hence, if n is even,

A;i(n) = p(tngj—1) (i) - - pu(tn) _ [ty ) plti_s) - - - ulto)
35 p(ti—1)p(tj—e) - - - pu(to) (u(t; ) i(ty—a) - - pulto)
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Similarly, if n is odd, then

n+j—1=j mod2 = pu(tyj-1) = p(t;)

n+j—2=j-1 mod2 = u(tyj-2) = pu(tj-1)

n+1=2 mod?2 = pu(t,11) = p(tz)

n=1 mod?2 = u(t,) = u(t1).

So, in this case

A. (n) _ M(tn+j—1)ﬂ(tn+j_2) .. ',U(tn) B ,U(tj),u(tj_l) .. -,u(tl) B ,U(tj)
uti-u(t2) - nlte) — p(t—)ulti=2) - nlto) — plto)

It follows that if n is odd, then A;;(n) = 1 when j is even, and A; ;(n) = g when j
is odd. So in the case i = j, we have shown that

B jodd, n odd,

o’

Aji(n) = (4.16)
1, otherwise.

Now let 0 < i < j — 1 be given. By definition,

_ — [t p(tngj1-k)
AM(?’L) - Ty A\ (1 - m) Aj_l,i(n — k‘)
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Note that

(1 _ Altngj1-k)

p(tn_1-1) ) =0 = pltnyj1-r) = pltn-1-r)

<~ n+j—1—-k=n—-1—k mod 2

< 7=0 mod 2.

Thus, if j is even, <1 — %) = 0 for every 0 < k < n — 1. Hence, regardless of

the parity of n, if j is even, then A;;(n) =0 for any 0 <i < j — 1.

Now assume j is odd. If n is even, then

il ([ o) o
k=0 [1(tngj—1- k)] <1 (tn-1-k) )AJ_LZ( )
— [ (n+] 1)]1 (1 :U(tn-I-j—l—k)

=0 [1(tnrj1-n)t p(tn-1-k)

even

i Z [N( ntj—1— k) (1 :u(tn—l—k) )Aj—l,z( k‘)
kodd

) Aj1i(n — k)

B

n—1 n—1
s
= Z 1 <1 — %) Aj_l,i(n — k‘) + £ % (]. — a) Aj_lﬂ-(n — k‘)

k even k odd
n—1 O{ n—1 o
_ <1 - B) Ajiln—k)+ > (1) (1 - 5) Ajri(n = k)
k=0 k=0
k even k odd

— _1(_1)k (1 - %) Ay yi(n — k). (4.17)

In the case where n is odd, an almost identical calculation yields

= n_l(_1)'f (1 — g) Ajra(n — k). (4.18)

k=0

If i # j — 1, then, since j is odd, j — 1 is even and so A,_1,;(n) = 0 for any n
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from work done above. Hence, if i # j — 1, then using either equation (4.17) or (4.18)
depending on the parity of n, we have A;;(n) = 0 regardless of n.
So finally, the last case we must consider is when ¢ = j — 1 and j is odd. If n is

even, from (4.17), it follows that

) Ajrj-a(n—k)

=S (1) (1 - %) (by (4.16) since j — 1 is even)

since n is even and hence this summation has an even number of terms. If n is odd,

from (4.18) it follows that

n—1
Aji(n) = Ajja(n) =) (1) (1- g) Ajaj-1(n — k)
- ;
=) (—1)* (1 — a) (by (4.16) since j — 1 is even)
k=0
B
a

since n is odd and hence this summation has an odd number of terms.

So, in the case that 0 < ¢ < 7 — 1, putting everything together, we have

1—8 jodd, nodd, andi=j—1,

o’

Aji(n) = (4.19)

0, otherwise.
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Therefore, using (4.16) and (4.19), we can write the solution of (4.1)—(4.2) as

j 1—2) f(t;o1) + 2£(t;), bothn,j odd,
U(tntj tn) = ZAj,i(n)f(ti) = ( ) 1

=0 f(t;), otherwise.

O

We will now use this result to graph the solution of (4.1)—(4.2) for a specific time
scale. Let T ={0,1,3,4,6,---}. Hence T is of the form given in Example 4.3.2 with

a =1 and 3 = 2. Therefore, the solution is

2f(t;) — f(tj—1), both n,j odd,
U(tnsj tn) =
f(t;), otherwise.

If we take the initial function to be the identity function, f(¢) = t, we can graph the

solution of (4.1)—(4.2), u(t, s), on this particular time scale which we do in Figure 4.2.

Remark 4.3.3. As mentioned in the introduction, since the graininess on this time
scale is not constant, we see that we do not have a traveling wave solution as we would
expect in the case where T = 7Z. Instead, we have distortion of the initial function
as s increases. Since the graininess on this time scale only attains two values in a
periodic fashion, the distortion is not too significant and is quite predictable. In fact,
using the enumeration of the time scale T = {tg,t1,ts,- -}, if we fix s = t; where

k=0 mod 2, then we have the initial function only shifted.

Example 4.3.4. Let a > 0, 8 > 0, and v > 0 be given. Consider the isolated time

scale T = {tg,t1,t2,- -} = {0, a0, + B, + B+ 7,200 + B+ 7,200 + 26 + v+ -- }.

° ) ° ) ° ) ° -
0 ty to t3 ty ts le tr tg tg



°
12 o o
10 ° o o

o o o o
8_
o o o o o

S
6 o o o o o o
4 ° o o o o o o

o o o o o o o o
2
o o o o o o o o o
0 T Y \4 v T v Y v
0 2 4 6 8 10 12
!

Figure 4.2: The solution of (4.1)-(4.2) found in Example 4.3.2 on
{0,1,3,4,6,---} with the initial function given by f(t) = ¢.
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Note that for this particular time scale, for any n € Ny,

7

n=0 mod 3,
n=1 mod 3,
n =2 mod 3.
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(4.20)

In an argument very similar to that given in Example 4.3.2, we can show that:

If 7=0 mod 3,

u(tn+j> tn) -

If =1 mod 3,

f(t;) for all n € Ny.

wtnigitn) = § 2F(t)) + (1= 2) f(t;0), n=1

If j =2 mod 3,
(f(tj),
Lra)+ 2 (1-2) £t
U(tngjy tn) = + (1 _ g - g (1 — %)) f(tj—2>’
2rte)+ (1-3) 56500,

mod 3,
mod 3,

mod 3.

n=0 mod 3,

n=1 mod 3,

n =2 mod 3.

Let T =1{0,1,3,6,7,9,12,---}. Note that T is of the form given in Example 4.3.4

with o = 1, § = 2, and v = 3. Hence, we can use the solution that we explicitly

calculated above to graph the solution of (4.1)—(4.2) with the initial function being

the identity function, f(¢) =¢. We do this in Figure 4.4.
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Remark 4.3.5. In this figure (Figure 4.4), we notice that the behavior is similar
to that which we observed in Example 4.3.2. However here, since the time scale is
periodic with 3 points in its period, we find that if s = ¢, where £k =0 mod 3, then
we have the initial function only shifted.

Example 4.3.6. Let T be the so-called harmonic time scale: let to =1, ¢, = > ", %

for n € N, and define T = {t, : n € Ny}. Note that T is unbounded above and
N(tn) =tpy1 —th = %_,_1
We will use Theorem 4.2.3 to show that the unique solution of (4.1)—(4.2) on this

particular time scale is given by

j .
(n+j—i—1)=". it
n a tia
" Z{ (n+5)2(j —19)! F&)
where n, 7 € Nj.

Proof. Let n,j € Ny be given. If j = 0, then u(t,,t,) = f(to) by Lemma 4.1.1. So,

assume j > 1. Recall from Theorem 4.2.2 that

n—i—]a E Ajz

and by Theorem 4.2.3 we know that
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Figure 4.4: The solution of (4.1)-(4.2) found in Example 4.3.4 on T =
{0,1,3,6,7,9,12,-- -} with the initial function given by f(t) = t.
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where

—_

n—

1 1 . .
(M(t iencik) Pt k)) Biian(n—k), forj—i<Aa,
n+j—A-1— el

B
Il

Bj,i,A (n) = 0

—_

) for j —i=A.

We now aim to compute B;;(n) on this time scale. For j > 1, note that

n—1
1 1
o) (M(tn+j—1—k1) M(tn—l—kl)) sl =)
k1=0
n—1
= Z ((n "‘j — ]{71) — (n — ]fl)) Bj,i,l(n — ]{51)
k1=0
n—1
=7 Bjia(n — k). (4.21)
k1=0

If 141 <7, then

n—ky1—1
1 1
Bj,i,l(n — ]{31) = Z < — ) Bj,i,g(n — ]{71 — ]{72)

= \lnkiviaks)  p(Enakioko)
n—k1—1
= Z <(TL — k‘l +] —1- k’g) — (n — k’l — k’g))Bj,i,g(n — k’l — k’g)
k2=0
n—ky1—1

= (j — 1) Z Bjmg(ﬂ — ]{71 — ]{72)

ko=0

Hence, combining this with (4.21), it follows that

n—1 n—k1—1
Bjio(n) =340 —1) Z Z Bjia(n — ki — ko)
k1=0 ko=0
n—1 n—k1—1
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Continuing this process inductively, we obtain

n—1 n—ki1—1
BJZO(n):]g Z Bgz2(n—k‘1—k‘2)
k1=0 ko=0
n—=kq
n—1 n—ki1—1—ko—1
=’ Z Bjis(n— ki — ka — k3)

k1=0 ko=0 k3=0

(j — @ iterations)

n—ky—---
n—1 n—k1—1 —kj_i_1—1
—1 E
=J)— : B]zy z( kl k] z)
k1=0 ko=0 kj_;=0
n—ky—---
n—1 n—ki—1 —kj_i1—-1
k1=0 ko=0 kj_;=0
g
~
J—1 sums

i {(n+€j_—ii;! 1)ﬂ} ‘

The proof for the final equality is given below in Lemma 4.3.7.

Next note that

[ty 1)]l _ Pty p(tnrj—2) - p(tn)
[(tio1)]E pu(ti- )M( 2) -+ pu(to)

(n+J)(TL+] 1)-+(n+1)
1
(3)(i—1)---1
7!
(n+5)2

Therefore, by Theorem 4.2.3,

T T e

[p(ti-1)] (n+7) (=)t

B
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and so by Theorem 4.2.2,

f(ts),

j . . . o
in+j—i—1)=. =
u(tn-i-jatn) = [
0

(n+ )5 —)!

=

where n, j € Ng. We graph this solution of (4.1)—(4.2) for the harmonic time scale in

Figure 4.6. U

Lemma 4.3.7. For any n, M € N,

N—ki—- m—kp—-

n—1 n—ki1—1 —ky—2—1—kp—1—1
SRS DD DIEEE . e
M!
1=0 k2=0 ky—1=0 kar=0
A - ~~ -
M sums

Proof. Fix n € N. If M = 1, the result is obvious, so assume that M > 1.

Note that
O S n—ky—--
n—1 n—k1—1 —ky—2—1—kp—1-1 n—1 n—ki—1 —ky—2—1
S SREID S VT S5 DD SN I TES
=0 ko=0 ky—1=0 kyr=0 k1=0 ko= ky—1=0
Focusing on the innermost summation of (4.22), note that when kj_; = 0, the
summand n —k; —--- —ky 1 =n—ky — -+ — kp_o. Similarly, when kj;_; = 1, the

summand is n — ky — - -+ — kp_o — 1. We continue this process in the following table:
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Figure 4.6: The solution of (4.1)-(4.2) found in Example 4.3.6 on the so-called har-
monic time scale with the initial function given by f(¢) = t.



k-1 n—Fky—-—ky
0 n—=ky—-—ky_o
1 n—k —-—ky_o—1
2 n—=Fk — - —ky_o—2
n—Fk —- - —ky_1—2 2
n—Fk — - —ky-1—1 1

Hence, we can reindex the innermost summation of (4.22) as follows:

ey —--- ey —---
—knp—2—1 —kn—2
E (n—Fk—-—ky_1)= E J
kn—1=0 Jj=1
n—ky—--r
—knp—2

— Z L
j=1

12 j=n—ki——kp_o+1

_ )
2 lj=1
(n—k‘l—"'—k‘M_g—l-l)g

2

Here we have used standard results from the theory of summation from difference
equations (see, for example, [18, Section 2.2]). Note that when we evaluate the lower
limit in the second to last expression, we get 1—22 = 0. This will occur at every stage

of this calculation. So, continuing from (4.22) we have

n—ki—- n—ky—-
n—1 n—ki—1 —kn—3—1—kpo—1
= E E (n—Fky—-—ky_1)
k1=0 k2=0 kni—2=0 kp—1=0
S
1 n—1 n—k1—1 —ky—3—1
= 5 E (n - k‘l — k’M_Q + 1)2. (423)
k1=0 ko=0 kyr—o=0



Again we can reindex this innermost summation:

kar—o n—k —-—ky_o+1
0 n—ky—-—ky_s+1
1 n—=k —-—ky_s
2 n—ky — - —ky_sg—1
n—k—-—ky_o—2 3
n—k —--—ky_o—1 2

Thus, continuing from (4.23), we have

n—ki— n—ki—--
1 n—1 n—k1—1 —kn—a—1—kp—3-1
2 § E E 2
:5 e (n_kl_..._kM_2+1)—
k1=0 k2=0 kyi—3=0 kp—2=0
n—ki— n—ki—-
1 n—1 n—k1—1 —kpr—a—1 —kp—3+1
_ 9
= 5 e j
k1=0 ky=0 kn_s=0  j=2
n—ky—-
_ ke — —kn—4—1
1 n—1 n—k1—1 M—4 ]@ J=n—ky— k542
) PR 3 lj=2
k1=0 k2=0 kn—3=0 J
n—ki—
1 n—1 n—ki—1 —kap_g—1
25 E (n—k1—~-—/€M_3+2)
" k1=0 k2=0 kn—3=0
1 n—1 n—k;—1
M-—2
- ST S =k — ko M 3)M=2
(M —2)! — ( )
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