Path Integrals and Anomalies in Curved Space

Fiorenzo Bastianelli !
Dipartimento di Fisica, Universita di Bologna
and INFN;, sezione di Bologna
via Irnerio 46, Bologna, Italy

and
Peter van Nieuwenhuizen 2
C.N. Yang Institute for Theoretical Physics
State University of New York at Stony Brook
Stony Brook, New York, 11794-3840, USA

! email: bastianelli@bo.infn.it
2 email: vannieu@insti.physics.sunysb.edu



Abstract

In this book we study quantum mechanical path integrals in curved
and flat target space (nonlinear and linear sigma models), and use the
results to compute the anomalies of n-dimensional quantum field theories
coupled to external gravity and gauge fields. Even though the quantum
field theories need not be supersymmetric, the corresponding quantum
mechanical models are often supersymmetric. Calculating anomalies us-
ing quantum mechanics is much simpler than using the full machinery of
quantum field theory.

In the first part of this book we give a complete derivation of the path
integrals for supersymmetric and non-supersymmetric nonlinear sigma
models describing bosonic and fermionic point particles (commuting co-
ordinates z'(t) and anticommuting variables ¥%(t) = e%(z(t))y!(t)) in
a curved target space with metric g;;(z) = eg‘(ac)eé2 (2)dgp- All our cal-
culations are performed in Euclidean space. We consider a finite time
interval because this is what is needed for the applications to anomalies.
As these models contain double-derivative interactions, they are diver-
gent according to power counting, but ghost loops cancel the divergences.
Only the one- and two-loop graphs are power counting divergent, hence in
general the action may contain extra finite local one- and two-loop coun-
terterms whose coefficients should be fixed. They are fixed by imposing
suitable renormalization conditions. To regularize individual diagrams we
use three different regularization schemes:

(1) time slicing (TS), known from the work of Dirac and Feynman

(ii) mode regularization (MR), known from instanton and soliton physics
(iii) dimensional regularization on a finite time interval (DR), discussed
in this book.

The renormalization conditions relate a given quantum Hamiltonian H
to a corresponding quantum action S, which is the action which appears
in the exponent of the path integral. The particular finite one- and two-
loop counterterms in S thus obtained are different for each regularization
scheme. In principle, any H with a definite ordering of the operators can
be taken as the starting point, and gives a corresponding path integral,
but for our physical applications we shall fix these ambiguities in H by re-
quiring that it maintains reparametrization and local Lorentz invariance
in target space (commutes with the quantum generators of these symme-
tries). Then there are no one-loop counterterms in the three schemes, but
only two-loop counterterms. Having defined the regulated path integrals,
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3 Actually, the mode expansion was already used by Feynman and Hibbs to compute
the path integral for the harmonic oscillator.
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the continuum limit can be taken and reveals the correct “Feynman rules”
(the rules how to evaluate the integrals over products of distributions and
equal-time contractions) for each regularization scheme. All three regu-
larization schemes give the same final answer for the transition amplitude,
although the Feynman rules are different.

In the second part of this book we apply our methods to the evalua-
tion of anomalies in n-dimensional relativistic quantum field theories with
bosons and fermions in the loops (spin 0,1/2,1,3/2 and selfdual antisym-
metric tensor fields) coupled to external gauge fields and/or gravity. We
regulate the field-theoretical Jacobian for the symmetries whose anoma-
lies we want to compute with a factor exp(—(3R), where R is a covariant
regulator which is fixed by the symmetries of the quantum field theory,
and [ tends to zero only at the end of the calculation. Next we intro-
duce a quantum-mechanical representation of the operators which enter in
the field-theoretical calculation. The regulator R yields a corresponding
quantum mechanical Hamiltonian H. We rewrite the quantum mechani-
cal operator expression for the anomalies as a path integral on the finite
time interval —3 < t < 0 for a linear or nonlinear sigma model with action
S. For given spacetime dimension n, in the limit § — 0 only graphs with
a finite number of loops on the worldline contribute. In this way the cal-
culation of the anomalies is transformed from a field-theoretical problem
to a problem in quantum mechanics. We give details of the derivation
of the chiral and gravitational anomalies as first given by Alvarez-Gaumé
and Witten, and discuss our own work on trace anomalies. For the for-
mer one only needs to evaluate one-loop graphs on the worldline, but for
the trace anomalies in 2 dimensions we need two-loop graphs, and for
the trace anomalies in 4 dimensions we compute three-loop graphs. We
obtain complete agreement with the results for these anomalies obtained
from other methods. We conclude with a detailed analysis of the gravita-
tional anomalies in 10 dimensional supergravities, both for classical and
for exceptional gauge groups.
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Preface

In 1983, L. Alvarez-Gaumé and E. Witten (AGW) wrote a fundamen-
tal article in which they calculated the one-loop gravitational anoma-
lies (anomalies in the local Lorentz symmetry of 4k 4+ 2 dimensional
Minkowskian quantum field theories coupled to external gravity) of com-
plex chiral spin 1/2 and spin 3/2 fields and real selfdual antisymmetric
tensor fields' [1]. They used two methods: a straightforward Feynman
graph calculation in 4k 4 2 dimensions with Pauli-Villars regularization,
and a quantum mechanical (QM) path integral method in which corre-
sponding nonlinear sigma models appeared. The former has been dis-
cussed in detail in an earlier book [3]. The latter method is the subject
of this book. AGW applied their formulas to N = 2B supergravity in
10 dimensions, which contains precisely one field of each kind, and found
that the sum of the gravitational anomalies cancels. Soon afterwards,
M.B. Green and J.H. Schwarz [4] calculated the gravitational anomalies
in one-loop string amplitudes, and concluded that these anomalies cancel
in string theory, and therefore should also cancel in N = 1 supergravity
with suitable gauge groups for the N = 1 matter couplings. Using the
formulas of AGW, one can indeed show that the sum of anomalies in
N = 1 supergravity coupled to super Yang-Mills theory with gauge group
SO(32) or Eg x Eg, though nonvanishing, is in the technical sense exact:
it can be removed by adding a local counterterm to the action. These two
papers led to an explosion of interest in string theory.

We discussed these two papers in a series of internal seminars for ad-
vanced graduate students and faculty at Stony Brook (the “Friday semi-
nars”). Whereas the basic philosophy and methods of the paper by AGW
were clear, we stumbled on numerous technical problems and details.
Some of these became clearer upon closer reading, some became more
baffling. In a desire to clarify these issues we decided to embark on a
research project: the AGW program for trace anomalies. Since gravi-
tational and chiral anomalies only contribute at the one-worldline-loop
level in the QM method, one need not be careful with definitions of the
measure for the path integral, choice of regulators, regularization of diver-
gent graphs etc. However, we soon noticed that for the trace anomalies
the opposite is true: if the field theory is defined in n = 2k dimensions,

! Just as one can shift the axial anomaly from the axial-vector current to the vector
current, one can also shift the gravitational anomaly from the general coordinate
symmetry to the local Lorentz symmetry [2]. Conventionally one chooses to preserve
general coordinate invariance. However, AGW chose the symmetric vielbein gauge,
so that the symmetry whose anomalies they computed was a linear combination of
Einstein symmetry and a compensating local Lorentz symmetry.
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one needs (k + 1)-loop graphs on the worldline in the QM method. As
a consequence, every detail in the calculation matters. Our program of
calculating trace anomalies turned into a program of studying path inte-
grals for nonlinear sigma models in phase space and configuration space,
a notoriously difficult and controversial subject. As already pointed out
by AGW, the QM nonlinear sigma models needed for spacetime fermions
(or selfdual antisymmetric tensor fields in spacetime) have N = 1 (or
N = 2) worldline supersymmetry, even though the original field theories
were not spacetime supersymmetric. Thus we had also to wrestle with
the role of susy in the careful definitions and calculations of these QM
path integrals.

Although it only gradually dawned upon us, we have come to recognize
the problems with these susy and nonsusy QM path integrals as prob-
lems one should expect to encounter in any quantum field theory (QFT),
the only difference being that these particular field theories have a one-
dimensional (finite) spacetime, as a result of which infinities in the sum of
Feynman graphs for a given process cancel. However, individual Feynman
graphs are power-counting divergent (because these models contain dou-
ble derivative interactions just like quantum gravity). This cancellation
of infinities in the sum of graphs is perhaps the psychological reason why
there is almost no discussion of regularization issues in the early literature
on the subject (in the 1950 and 1960’s). With the advent of the renor-
malization of gauge theories in the 1970’s also issues of regularization of
nonlinear sigma models were studied. It was found that most of the regu-
larization schemes used at that time (the time-slicing method of Dirac and
Feynman, and the mode regularization method used in instanton and soli-
ton calculations of nonabelian gauge theories) broke general coordinate
invariance at intermediate stages, but that by adding noncovariant coun-
terterms, the final physical results were still general coordinate invariant
(we shall use the shorter term Einstein invariance for this symmetry in
this book). The question thus arose how to determine those counterterms,
and understand the relation between the counterterms of one regulariza-
tion scheme and those of other schemes. Once again, the answer to this
question could be found in the general literature on QFT: the imposition
of suitable renormalization conditions.

As we tackled more and more difficult problems (4-loop graphs for trace
anomalies in six dimensions) it became clear to us that a scheme which
needed only covariant counterterms would be very welcome. Dimensional
regularization (DR) is such a scheme. It had been used by Kleinert and
Chervyakov [5] for the QM of a one dimensional target space on an infi-
nite worldline time interval (with a mass term added to regulate infrared
divergences). We have developed instead a version of dimensional regu-
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larization on a compact space; because the space is compact we do not
need to add by hand a mass term to regulate the infrared divergences
due to massless fields. The counterterms needed in such an approach are
indeed covariant (both Einstein and locally Lorentz invariant).

The quantum mechanical path integral formalism can be used to com-
pute anomalies in quantum field theories. This application forms the
second part of this book. The anomalies are first written in the quantum
field theory as traces of a Jacobian with a regulator, TrJe %R, and then
the limit § — 0 is taken. Chiral spin 1/2 and spin 3/2 fields and selfdual
antisymmetric tensor (AT) fields can produce anomalies in loop graphs
with external gravitons or external gauge (Yang-Mills) fields. The treat-
ment of the spin 3/2 and AT fields formed a major obstacle. In the article
by AGW the AT fields are described by a bispinor .3, and the vector
index of the spin 3/2 field and the [ index of 1,3 are treated differently
from the spinor index of the spin 1/2 and spin 3/2 fields and the « index
of 9ap. In [1] one finds the following transformation rule for the spin 3/2
field (in their notation)

—8ya = n'Ditha + Danp(T™) ap¥s (0.0.1)

where 7°(z) yields an infinitesimal coordinate transformation ! — x% +
n'(z), and A = 1,2,..n is the vector index of the spin 3/2 (gravitino)
field, while (T%)ap = —i(6%0% — 6%0%) is the generator of the Eu-
clidean Lorentz group SO(n) in the vector representation. One would
expect that this transformation rule is a linear combination of an Ein-
stein transformation §p1p4 = %014 (the index A of 14 is flat) and a local
Lorentz rotation 65140 = iniwiAB(’yAvB)aﬁwAg +n'wiaBYpa. However
in (0.0.1) the term n'w; s ®1) B, is lacking, and instead one finds the second
term in (0.0.1) which describes a local Lorentz rotation with parameter
2(Dany — Dpn,) and this local Lorentz transformation only acts on the
vector index of the gravitino. We shall derive (0.0.1) from first principles,
and show that it is correct provided one uses a particular regulator R.

The regulator for the spin 1/2 field A, for the gravitino 14, and for
the blbpanl“ ap is in all cases the square of the field operator for A,
Y4 and wa[g, where X, ¥4 and wag are obtained from A, 14 and v,g
by multiplication by gl/ 1 = (dete, m)1/2 " These “twiddled fields” were
used by Fujikawa, who pioneered the path integral approach to anomahes
[6]. An ordinary Einstein transformation of X is given by 6\ = (10, +

uf“))\, where the second derivative 9, can also act on )\, and if one
evaluates the corresponding anomaly Ang = Tri (€49, + 0,*)e PR for
[ tending to zero by inserting a complete set of eigenfunctions ¢, of R
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with eigenvalues A, one finds
1
Anp = lim / 4o 37 (2) 5 (60 + 08" )e ™G (z) (0.0.2)

Thus the Einstein anomaly vanishes (partially integrate the second 0,,)
as long as the regulator is hermitian with respect to the inner product
(A1, A2) = [dz Aj(x)A2(x) (so that the ¢, form a complete set), and
as long as both ¢,(x) and @} (z) belong to the same complete set of
ikx

)

eigenstates (as in the case of plane waves gie . One can always make

a unitary transformation from the @, to the set gie“”, and this allows
explicit calculation of anomalies in the framework of quantum field theory.
We shall use the regulator R discussed above, and twiddled fields, but
then cast the calculation of anomalies in terms of quantum mechanics.
Twenty year have passed since AGW wrote their renowned article. We
believe we have solved all major and minor problems we initially ran
into. The quantum mechanical approach to quantum field theory can be
applied to more problems than only anomalies. If future work on such
problems will profit from the detailed account given in this book, our
scientific and geographical Odyssey has come to a good ending.
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Brief summary of the three regularization schemes

For experts who want a quick review of the main technical issues cov-
ered in this book, we give here a brief summary of the three regularization
schemes described in the main text, namely: time slicing (TS), mode reg-
ularization (MR), and dimensional regularization (DR). After this sum-
mary we start this book with a general introduction to the subject of path
integrals in curved space.

Time Slicing

We begin with bosonic systems with an arbitrary Hamiltonian H quadratic
in momenta. Starting from the matrix element (z| exp(—%f[ )|y) (which
we call the transition amplitude or transition element) with arbitrary but
a priori fixed operator ordering in H, we insert complete sets of position
and momentum eigenstates, and obtain the discretized propagators and
vertices in closed form. These results tell us how to evaluate equal-time
contractions in the corresponding continuum Euclidean path integrals, as
well as products of distributions which are present in Feynman graphs,
such as

I= /01 /01 (o —T1)0(c —7)0(T — 0) dodT .

It is found that (o — 7) should be viewed as a Kronecker delta function,
even in the continuum limit, and the step functions as functions with
0(0) = % (yielding I = %) Kronecker delta function here means that
[é6(c —7)f(o)do = f(7), even when f(o) is a product of distributions.

We show that the kernel (zj1] eXp(—%I:[)]a:k) with € = /N may be
approximated by (xp41|(1— %I:I )|zx). For linear sigma models this result
is well-known and can be rigorously proven (“the Trotter formula”). For
nonlinear sigma models, the Hamiltonian H is rewritten in Weyl ordered
form (which leads to extra terms in the action for the path integral of order
h and /2), and the midpoint rule follows automatically (so not because we
require gauge invariance). The continuum path integrals thus obtained
are phase-space path integrals. By integrating out the momenta we obtain
configuration-space path integrals. We discuss the relation between both
of them (Matthews’ theorem), both for our quantum mechanical nonlinear
sigma models and also for 4-dimensional Yang-Mills theories.

The configuration space path integrals contain new ghosts (anticom-
muting b'(7), ¢’(7) and commuting a’(7)), obtained by exponentiating
the factors (det g;;(2(7)))"/? which result when one integrates out the
momenta. At the one-loop level these ghosts merely remove the overall
0(0 — 7) singularity in the & propagator, but at higher loops they are
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as useful as in QCD and electroweak gauge theories. In QCD one can
choose a unitary gauge without ghosts, but calculations become horren-
dous. Similarly one could start without ghosts and try to renormalize
the theory in a consistent manner, but this is far more complicated than
working with ghosts. Since the ghosts arise when we integrate out the
momenta, it is natural to keep them. We stress that at any stage all
expressions are finite and unambiguous once the operator H has been
specified. As a result we do not have to fix normalization constants at the
end by physical arguments, but “the measure” is unambiguously derived
in explicit form. Several two-loop and three-loop examples are worked
out, and confirm our path integral formalism in the sense that the results
agree with a direct evaluation using operator methods for the canonical
variables p and z.

We then extend our results to fermionic systems. We define and use
coherent states, define Weyl ordering and derive a fermionic midpoint
rule, and obtain also the fermionic discretized propagators and vertices in
closed form, with similar conclusions as for the continuum path integral
for the bosonic case.

Particular attention is paid to the operator treatment of Majorana
fermions. It is shown that “fermion-doubling” (by adding a full set of
noninteracting Majorana fermions) and “fermion halving” (by combining
pairs of Majorana fermions into Dirac fermions) yield different propaga-
tors and vertices but the same physical results such as anomalies.

Mode Regularization

As quantum mechanics can be viewed as a one-dimensional quantum
field theory (QFT), we can follow the same approach in quantum me-
chanics as familiar from four-dimensional quantum field theories. One
way to formulate quantum field theory is to expand fields into a complete
set of functions, and integrate in the path integral over the coefficients of
these functions. One could try to derive this approach from first princi-
ples, starting for example from canonical methods for operators, but we
shall follow a different approach for mode regularization. Namely we first
write down formal rules for the path integral in mode regularization with-
out derivation, and a posteriori fix all ambiguities and free coefficients by
consistency conditions.

We start from the formal sum over paths weighted by the phase fac-
tor containing the classical action (which is like the Boltzmann factor of
statistical mechanics in our Euclidean treatment), and next we suitably
define the space of paths. We parametrize all paths as a background
trajectory, which takes into account the boundary conditions, and quan-
tum fluctuations, which vanish at the time boundaries. Quantum fluc-
tuations are expanded into a complete set of functions (the sines) and
path integration is generated by integration over all Fourier coefficients
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appearing in the mode expansion of the quantum fields. General covari-
ance demands a nontrivial measure Dz = [], y/det g;;(x(t)) d"x(t). This
measure is formally a scalar, but it is not translationally invariant un-
der x%(t) — 2%(t) + €(t). To derive propagators it is more convenient
to exponentiate the nontrivial part of the measure by using ghost fields
[T, \/det g;j(x(t)) ~ [ DaDbDc exp(— [ dt 3 gij(z)(a’a’ + bic?)). At this
stage the construction is still formal, and one regulates it by integrating
over only a finite number of modes, i.e. by cutting off the Fourier sums
at a large mode number M. This makes all expressions well-defined and
finite. For example in a perturbative expansion all Feynman diagrams
are unambiguous and give finite results. This regularization is in spirit
equivalent to a standard momentum cut-off in QFT. The continuum limit
is achieved by sending M to infinity. Thanks to the presence of the ghost
fields (i.e. of the nontrivial measure) there is no need to cancel infinities
(i.e. to perform infinite renormalization). This procedure defines a con-
sistent way of doing path integration, but it cannot determine the overall
normalization of the path integral (in QFT it is generically infinite). More
generally one would like to know how MR is related to other regulariza-
tion schemes. As is well-known, in QFT different regularization schemes
are related to each other by local counterterms. Defining the necessary
renormalization conditions introduces a specific set of counterterms of or-
der 7 and A2, and fixes all of these ambiguities. We do this last step
by requiring that the transition amplitude computed in the MR scheme
satisfies the Schrodinger equation with an a priori fixed Hamiltonian H
(the same as for time slicing). The fact that one-dimensional nonlinear
sigma models are super-renormalizable guarantees that the counterterms
needed to match MR with other regularization schemes (and also needed
to recover general coordinate invariance, which is broken by the TS and
MR regularizations) are not generated beyond two loops.

Dimensional Regularization

The dimensionally regulated path integral can be defined following steps
similar to those used in the definition of the MR scheme, but the regular-
ization of the ambiguous Feynman diagrams is achieved differently. One
extends the one dimensional compact time coordinate —(G < ¢t < 0 by
adding D extra non-compact flat dimensions. The propagators on the
worldline are now a combined sum-integral, where the integral is a mo-
mentum integral as usual in dimensional regularization. At this stage
these momentum space integrals define expressions where the variable D
can be analytically continued into the complex plane. We are not able
to perform explicitly these momentum integrals, but we assume that for
arbitrary D all expressions are regulated and define analytic functions,
possibly with poles only at integer dimensions, as in usual dimensional reg-
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ularization. Feynman diagrams are written in coordinate space (t-space),
with propagators which contain momentum integrals. Time derivatives
d/dt become derivatives 9/0t*, but how the indices u get contracted fol-
lows directly from writing the action in D + 1 dimensions. We perform
operations which are valid at the regulated level (like partial integration
with absence of boundary terms) to cast the integrals in alternative forms.
Dropping the boundary terms in partial integration is always allowed in
the extra D dimension, as in ordinary dimensional regularization, but it
is only allowed in the original compact time dimension when the bound-
ary term explicitly vanishes because of the boundary conditions. Using
partial integrations one rewrites the integrands such that undifferentiated
D + 1 dimensional delta functions §°+1(¢,s) appear, and these allow to
reduce the original integrals to integrals over fewer loops which are finite
and unambiguous, and can by computed even after removing the regu-
lator, i.e. in the limit D = 0. This procedure makes calculations quite
easy, and at the same time frees us from the task of computing the ana-
lytical continuation of the momentum integrals at arbitrary D. This way
one can compute all Feynman diagrams. As in MR one determines all
remaining finite ambiguities by imposing suitable renormalization con-
ditions, namely requiring that the transition amplitude computed with
dimensional regularization satisfies the Schrodinger equation with an a
priori given ordering for the Hamiltonian operator H , the same as used in
mode regularization and time slicing. There are only covariant finite coun-
terterms. Thus dimensional regularization preserves general coordinate
invariance also at intermediate steps, and is the most convenient scheme
for higher loop calculations. When extended to N = 1 susy sigma-models,
dimensional regularization also preserves worldline supersymmetry, as we
show explicitly.
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Part 1

Path Integrals for Quantum Mechanics
in Curved Space






1

Introduction to path integrals

Path integrals play an important role in modern quantum field theory.
One usually first encounters them as useful formal devices to derive Feyn-
man rules. For gauge theories they yield straightforwardly the Ward iden-
tities. Namely, if BRST symmetry (“quantum gauge invariance”) holds
at the quantum level, certain relations between Green’s functions can be
derived from path integrals, but details of the path integral (for example,
the precise form of the measure) are not needed for this purpose!. Once
the BRST Ward identities for gauge theories have been derived, unitarity
and renormalizability can be proven, and at this point one may forget
about path integrals if one is only interested in perturbative aspects of
quantum field theories. One can compute higher-loop Feynman graphs
or make applications to phenomenology without having to deal with path
integrals.

However, for nonperturbative aspects, path integrals are essential. The
first place where one encounters path integrals in the study of nonper-
turbative aspects of quantum field theory is in the study of instantons
and solitons. Here advanced methods based on path integrals have been
developed. The correct measure for instantons, for example, is needed for
the integration over collective coordinates. In particular, for supersym-
metric nonabelian gauge theories, there are only contributions from the
zero modes which depend on the measure for the zero modes, while the
contributions from the nonzero modes cancel between boson and fermions.

! To prove that the BRST symmetry is free from anomalies, one may either use
regularization-free cohomological methods, or one may perform explicit loop graph
calculations using a particular regularization scheme. When there are no anomalies
but the regularization scheme does not preserve the BRST symmetry, one can in
general add local counterterms to the action at each loop level to restore the BRST
symmetry. In these manipulations the path integral measure is usually not taken
into account.



Another area where the path integral measure is important is quantum
gravity. In modern studies of quantum gravity based on string theory, the
measure is crucial to obtain the correct correlation functions. Finally, in
lattice simulations the Euclidean version of the path integral is used to
define the theory at the nonperturbative level.

In this book we study a class of simple models which lead to path
integrals in which no infinite renormalization is needed, but some indi-
vidual diagrams are divergent and need be regulated, and subtle issues
of regularization and measures can be studied explicitly. These models
are the quantum mechanical (one-dimensional) nonlinear sigma models.
The one-loop and two-loop diagrams in these models are power-counting
divergent, but the infinities cancel in the sum of diagrams for a given
process at a given loop-level.

Quantum mechanical nonlinear sigma models are toy models for realis-
tic path integrals in four dimensions because they describe curved target
spaces and contain double-derivative interactions (quantum gravity has
also double-derivative interactions). The formalism for path integrals in
curved space has been discussed in great generality in several books and
reviews [7, 8, 9, 10, 11, 12, 13, 14, 15]. In the first half of this book we
define the path integrals for these models and discuss various subtleties.
However, quantum mechanical nonlinear sigma models can also be used to
compute anomalies of realistic four-dimensional and higher-dimensional
quantum field theories, and this application is thoroughly discussed in
the second half of this report. Quantum mechanical path integrals can
also be used to compute correlation functions and effective actions, but
for these applications we refer to the literature [16, 17, 18].

1.1 Quantum mechanical path integrals in curved space
require regularization

The path integrals for quantum mechanical systems we shall discuss have
a Hamiltonian H (p, ) which is more general than T'(p) 4+ V (2). We shall
typically be discussing models with a Euclidean Lagrangian of the form
L = %gij(ax)%% + Z'Ai(:n)% + V(x) where i,5 = 1,..,n. These sys-
tems are one-dimensional quantum field theories with double-derivative
interactions, and hence they are not ultraviolet finite by power counting;
rather, the one-loop and two-loop diagrams are divergent as we shall dis-
cuss in detail in the next section. The ultraviolet infinities cancel in the
sum of diagrams, but one needs to regularize individual diagrams which
are divergent. The results of individual diagrams are then regularization-
scheme dependent, and also the results for the sum of diagrams are finite
but scheme dependent. One must then add finite counterterms which
are also scheme dependent, and which must be chosen such that cer-
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tain physical requirements are satisfied (renormalization conditions). Of
course, the final physical answers should be the same, no matter which
scheme one uses. Since we shall be working with actions defined on the
compact time-interval [—/3, 0], there are no infrared divergences. We shall
also discuss nonlinear sigma models with fermionic point particles 1)%(t)
with again a = 1,..,n. Also loops containing fermions can be divergent.
For applications to chiral and gravitational anomalies the most important
cases are the rigidly supersymmetric models, in particular the models with
N =1 and N = 2 supersymmetry, but non-supersymmetric models with
or without fermions will also be used as they are needed for application
to trace anomalies.

In the first part of this book, we will present three different regulariza-
tion schemes, each with its own merit, which will produce different but
equivalent ways of computing path integrals in curved space, at least per-
turbatively. The final answers for the transition elements and anomalies
all agree.

Quantum mechanical path integrals can be used to compute anoma-
lies of n-dimensional quantum field theories. This was first shown by
Alvarez-Gaumé and Witten [1, 19, 20], who studied various chiral and
gravitational anomalies (see also [21, 22]). Subsequently, Bastianelli and
van Nieuwenhuizen [23, 24] extended their approach to trace anomalies.
We shall in the second part of this book discuss these applications. With
the formalism developed below one can now compute any anomaly, and
not only chiral anomalies. In the work of Alvarez-Gaumé and Witten,
the chiral anomalies themselves were directly written as a path integral
in which the fermions have periodic boundary conditions. Similarly, the
trace anomalies lead to path integrals with antiperiodic boundary condi-
tions for the fermions. These are, however, only special cases, which we
shall recover from our general formalism.

Because chiral anomalies have a topological character, one would ex-
pect that details of the path integral are unimportant and only one-loop
graphs on the worldline contribute. In fact, in the approach of AGW this
is indeed the case 2. On the other hand, for trace anomalies, which have no
topological interpretation, the details of the path integral do matter and
higher loops on the worldline contribute. In fact, it was precisely because
3-loop calculations of the trace anomaly based on quantum mechanical
path integrals did initially not agree with results known from other meth-
ods, that we started a detailed study of path integrals for nonlinear sigma
models. These discrepancies have been resolved in the meantime, and the

2 Their approach combines general coordinate and local Lorentz transformations, but
if one directly computes the anomaly of the Lorentz operator v*" s one needs higher
loops.



resulting formalism is presented in this book.

The reason that we do not encounter infinities in loop calculations for
QM nonlinear sigma models is different from a corresponding statement
for QM linear sigma models. For a linear sigma model with a kinetic term
%iiii, the propagator behaves as 1/k? for large momenta, and vertices
from V' (z) do not contain derivatives, hence loops [ dk|...] will always be
finite. For nonlinear sigma models with L = % gij(w)i'd’, propagators still
behave like k72 but vertices now behave like k? (as in ordinary quantum
gravity) hence single loops are linearly divergent by power counting, and
double loops are logarithmically divergent. It is clear by inspection of

(e @A) = [ @ Ol 'y (1LY

that no infinities should be present: the matrix element (z|exp(— gﬁ )|y)
is finite and unambiguous. Indeed, we could in principle insert a complete
set of momentum eigenstates and then expand the exponent and move all
p operators to the right and all Z operators to the left, taking commutators
into account. The integral over d"p is a Gaussian and converges. To any
given order in 8 we would then find a finite and well-defined expression®.
Hence, also the path integrals should be finite.

The mechanism by which loops based on the path integrals in (1.1.8)
are finite, is different in phase space and configuration space path inte-
grals. In the phase space path integrals the momenta are independent
variables and the vertices contained in H(p,x) are without derivatives.
(The only derivatives are due to the term pd:, whereas the term %pQ is free
from derivatives). The propagators and vertices are nonsingular functions
(containing at most step functions but no delta functions) which are in-
tegrated over the finite domain [—(3, 0], hence no infinities arise. In the
configuration space path integrals, on the other hand, there are diver-
gences in individual loops, as we mentioned. The reason is that although
one still integrates over the finite domain [—/3, 0], single derivatives of the
propagators are discontinuous and double derivatives are divergent (they
contain delta functions).

However, since the results of configuration space path integrals should
be the same as the results of phase space path integrals, these infinities
should not be there in the first place. The resolution of this paradox
is that configuration space path integrals contain a new kind of ghosts.
These ghosts are needed to exponentiate the factors (detg;;)!/? which
are produced when one integrates out the momenta. Historically, the
cancellation of divergences at the one-loop level was first found by Lee

3 This program is executed in section 2.5 to order 3. For reasons explained there, we
count the difference (z — y) as being of order B2,
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and Yang [25] who studied nonlinear deformations of harmonic oscillators,
and who wrote these determinants as new terms in the action of the form

% 3 n det g (#(0) = % 5(0) /tr In gi; (1)) dt . (1.1.2)

To obtain the right hand side one may multiply the left hand side by
% and replace ﬁ by 4(0) in the continuum limit. For higher loops, it
is inconvenient to work with §(0); rather, we shall use the new ghosts
in precisely the same manner as one uses the Faddeev-Popov ghosts in
gauge theories: they occur in all possible manners in Feynman diagrams
and have their own Feynman rules. These ghosts for quantum mechanical
path integrals were first introduced by Bastianelli [23].

In configuration space, loops with ghost particles cancel thus diver-
gences of loops in corresponding graphs without ghost particles. Generi-
cally one has

+ — — = finite .

However, the fact that the infinities cancel does not mean that the re-
maining finite parts are unambiguous. One must regularize the divergent
graphs, and different regularization schemes can lead to different finite
parts, as is well-known from field theory. Since our actions are of the
form [° gL dt, we are dealing with one-dimensional quantum field theo-
ries in a finite “spacetime”, hence translational invariance is broken, and
propagators depend on t and s, not only on t — s. In coordinate space
the propagators contain singularities. For example, the propagator for
a free quantum particle ¢(t) corresponding to L = %qﬂ with boundary
conditions g(—3) = ¢(0) = 0 is proportional to A(o,7) where o0 = s/
and 7 =t/0 with =3 < s,t <0

(q(o)q(1)) = Ao, 1) =0c(t+1)0(c —7)+7(c + 1)0(T —0) . (1.1.3)

It is easy to check that 02A(o,7) = §(0 —7) and A(o,7) =0 at 0 = —1,0
and 7 = —1,0 (use 0,A(0,7) =7+ 60(c — 7)).

It is clear that Wick contractions of (o) with ¢(7) will contain a factor
of (0 — 1), and (o) with ¢(7) a factor (o — 7). Also the propagators for
the ghosts contain factors 6(c — 7). Thus one needs a consistent, unam-
biguous and workable regularization scheme for products of the distribu-
tions d(0 — 1) and #(o — 7). In mathematics the products of distributions
are ill-defined [26]. Thus it comes as no surprise that in physics different
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regularization schemes give different answers for such integrals. For exam-
ple, consider the following two familiar ways of evaluating the product of
distributions: smoothing of distributions, and using Fourier transforms.
Suppose one is required to evaluate

0 [0
I:/A [1 (o —T1)0(c —T)0(0c — T) dodr . (1.1.4)

Smoothing of distribution can be achieved by approximating §(o —7) and
0(c — 7) by some smooth functions and requiring that at the regulated
level one still has the relation (o — 7) = %0(0 — 7). One obtains then
%ff’l fBl %(9(0 —7))3dodr = % On the other hand, if one would in-
terpret the delta function (0 — 7) to mean that one should evaluate the
function 6(c — 7)? at o = 7 one obtains i. One could also decide to use
the representations

o .
do—1) = / dA eAe=T)

oo 2T

0 A\ eiA(U—T)
0(c — = —_— ith . 1.1.
(o —71) /_0027”, P with € >0 (1.1.5)

Formally 0,0(c —7) = 6(c — 7) — €60(0 — 7), and upon taking the limit
€ tending to zero one would again expect the value % for I. However, if
one first integrates over ¢ and 7, one finds

_ °°dy(2—2(305y)>(/°°d)\ 1 )2_1
I'= </_OO or Y2 oo 2miN—ide) 4 (1.1.6)

where we applied contour integration to [ d\ 1

oo e e = % Clearly using
different methods to evaluate I leads to different answers. Without further
specifications integrals such as I are ambiguous and make no sense.

In the applications we are going to discuss, we sometimes choose a reg-
ularization scheme that reduces the path integral to a finite-dimensional
integral. For example for time slicing one chooses a finite set of interme-
diate points, and for mode regularization one begins with a finite number
of modes for each one-dimensional field. Another scheme we use is dimen-
sional regularization: here one regulates the various Feynman diagrams
by moving away from d = 1 dimensions, and performing partial integra-
tions which make the integral manifestly finite at d = 1. Afterwards one
returns to d = 1 and computes the values of these finite integrals. One
omits boundary terms in the extra dimensions; this can be justified by
noting that there are factors e’(t=%) in the propagators due to transla-
tion invariance in the extra D dimensions. They yield the Dirac delta
functions 67 (ky +ka +- - -+ ky) upon integration over the extra space co-
ordinates. A derivative with respect to the extra space coordinate which
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yields, for example, a factor ky can be replaced by —ks —kg—---—ky due
to the presence of the delta function, and this replacement is equivalent
to a partial integration without boundary terms.

In time slicing we find the value I = i for (1.1.4): in fact, as we shall
see, the delta function is in this case a Kronecker delta which gives the
product of the 8 functions at the point ¢ = 7. In mode regularization, one
finds I = % because now §(c—7) is indeed d,6(c—7) at the regulated level.
In dimensional regularization one must first decide which derivatives are
contracted with which derivatives (for example (,A,) (,A) (Ay)), but
one does not directly encounter I in the applications®.

As we have seen, different procedures (regularization schemes) lead to
finite well-defined results for a given diagram which are in general dif-
ferent in different regularization schemes, but there are also ambiguities
in the vertices: the finite one- and two-loop counterterms have not been
fixed. The physical requirement that the theory be based on a given quan-
tum Hamiltonian removes the ambiguities in the counterterms: for time
slicing Weyl ordering of H directly produces the counterterms, while for
the other schemes the requirement that the transition element satisfies
the Schrodinger equation with a given Hamiltonian H fixes the countert-
erms. Thus in all these schemes the regularization condition is that the
transition element be derived from the same particular Hamiltonian H.

The first scheme, time slicing (TS), has the advantage that one can
deduce it directly from the operatorial formalism of quantum mechanics.
This regularization can be considered to be equivalent to lattice regular-
ization of standard quantum field theories. It is the approach followed
by Dirac and Feynman. One must specify the Hamiltonian H with an
a priori fixed operator ordering; this ordering corresponds to the renor-
malization conditions in this approach. All further steps are finite and
unambiguous. This approach breaks general coordinate invariance in tar-
get space which is then recovered by the introduction of a specific finite
counterterm AVrg in the action of the path integral. This counterterm
also follows unambiguously from the initial Hamiltonian and is itself not
coordinate invariant either. However, if the initial Hamiltonian is general

4 For an example of an integral where dimensional regularization is applied, consider

- [y

= / /do 1—6(c—7)][r+6(c —7)][c+6(r—0)]. (1.1.7)

One finds J = —¢ for TS, see (2.6.35). Further J = —& for MR, see (3.3.9). In
dimensional regularization one rewrites the integrand as (,A,) (,A) (A,) and one
finds J = —5 , see (4.1.24).
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coordinate invariant (as an operator, see section 2.5) then also the final
result (the transition element) will be in general coordinate invariant.

The second scheme, mode regularization (MR), will be constructed di-
rectly without referring to the operatorial formalism. It can be thought
of as the equivalent of momentum cut-off in QFT, and it is close in spirit
to a Wilsonian approach®. It is also close to the intuitive notion of path
integrals, that are meant to give a global picture of the quantum phe-
nomena (while one may view the time discretization method closer to
the local picture of the differential Schrédinger equation, since one imag-
ines the particle propagating by small time steps). Mode regularization
gives in principle a non-perturbative definition of path integrals in that
one does not have to expand the exponential of the interaction part of the
action. However, also this regularization breaks general coordinate invari-
ance, and one needs a different finite noncovariant counterterm AV, g to
recover it.

Finally, the third regularization scheme, dimensional regularization (DR),
is the one based on the dimensional continuation of the ambiguous inte-
grals appearing in the loop expansion. It is inherently a perturbative
regularization, but it is the optimal one for perturbative computations in
the following sense. It does not break general coordinate invariance at in-
termediate stages and the counterterm AVppg relating it to other schemes
is Einstein and local Lorentz invariant.

All these different regularization schemes will be presented in separate
chapters. Since our derivation of the path integrals contains several steps
which each require a detailed discussion, we have decided to put all these
special discussions in separate sections after the main derivation. This
has the advantage that one can read each section for its own sake. The
structure of our discussions can be summarized by the flow chart in figure
1.

We shall first discuss time slicing, the lower part of the flow chart. This
discussion is first given for bosonic systems with x?(¢), and afterwards for
systems with fermions. In the bosonic case, we first construct discretized
phase-space path integrals, then derive the continuous configuration-space
path integrals, and finally the continuous phase-space path integrals. We
show that after Weyl ordering of the Hamiltonian operator H (Z,p) one
obtains a path integral with a midpoint rule (Berezin’s theorem). Then
we repeat the analysis for fermions.

® In more complicated cases, such as path integrals in spaces with a topological vac-
uum (for example the kink background in Euclidean quantum mechanics), the mode
regularization scheme and the momentum regularization scheme with a sharp cut-off
are not equivalent (they give for example different answers for the quantum mass
of the kink). However, if one replaces the sharp energy cut-off by a smooth cut-off,
those schemes become equivalent [27].
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No products of distributions

Figure 1: Flow chart.

Next we consider mode number regularization (the upper part of the
flow chart). Here we define the path integrals ab initio in configuration
space with the naive classical action and a counterterm AL which is at first
left unspecified. We then proceed to fix AL by imposing the requirement
that the Schrédinger equation be satisfied with a specific Hamiltonian H.
Having fixed AL, one can proceed to compute loops at any desired order.

Finally we present dimensional regularization along similar lines. Each
section can be read independently of the previous ones.

In all three cases we define the theory by the Hamiltonian H and then
construct the path integrals and Feynman rules which correspond to H.
The choice of H defines the physical theory. One may be prejudiced
about which H makes physical sense (for example many physicists re-
quire that H preserves general coordinate invariance) but in our work
one does not have to restrict oneself to these particular Hs. Any H, no
matter how unphysical, leads to a corresponding path integral and corre-
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sponding Feynman rules. The path integral and Feynman rules depend
on the regularization scheme chosen but the final result for the transitions
element and correlation functions are the same in each scheme.

In the time slicing (T'S) approach we shall solve some of the follow-
ing basic problems: given a Hamiltonian operator H (p, &) with arbitrary
but a-priori fixed operator ordering, find a path integral expression for the
matrix element <z|exp(—§f[)\y> 6. (The bra (z| and ket |y) are eigen-
states of the position operator z* with eigenvalues z* and y*, respectively.
For fermions we shall use coherent states as bra and ket). One way to
obtain such a path integral representation is to insert complete sets of
x- and p-eigenstates (namely N sets of p-eigenstates and N — 1 sets of
z-eigenstates), in the manner first studied by Dirac [28] and Feynman
[29, 30], and leads to the following result

gy [ TT dai TTdpy e 0/W 0 s
(z]e ly) ~ H €L H pi € (1.1.8)

where L = —ipi(t)% + H(p, z) in our Euclidean phase space approach .
However, several questions arise if one studies (1.1.8):

(i) Which is the precise relation between H(p,#) and H(p,z)? Different
operator orderings of H are expected to lead to different functions H (p, x).
Are there special orderings of H (for example, orderings such that H is
invariant under general coordinate transformations at the operator level)
for which H(p,x) is particularly simple?

(ii) What is the precise meaning of the measures I1[dz*][dp;] in phase space
and II[dx!] in configuration space? Is there a normalization constant in
front of the path integral? Does the measure depend on the metric? The
Liouville measure IT[dz*][dp;] is not a canonical invariant measure because
there is one more dp than dz. Does this have implications?

(i4i) Which are the boundary conditions one must impose on the paths
over which one sums? One expects that all paths must satisfy the Dirichlet
boundary conditions x'(—3) = 3’ and 2°(0) = 2, but are there also
boundary conditions on p;(¢)? Is it possible to consider classical paths
in phase space which satisfy boundary conditions both at ¢t = —3 and at
t=07

5 The results are for Euclidean path integrals. All our results hold equally well
in Minkowskian time, at least at the level of perturbation theory, with operators
exp(—%ﬁt) and path integrals with exp % fLMdt, where L) is the Lagrangian in
Minkowskian time, related to the Euclidean Lagrangian L by a Wick rotation.

" In classical mechanics Lys = pg — H(p,q) but we prefer to work in Euclidean time
with actions which contain a positive definite term +35 14%, and thus we define L =
—ipq + H(p, q) in Euclidean time.
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(iv) How does one compute in practice such path integrals? Performing
the integrations over dx* and dp; for finite N and then taking the limit
N — oo is in practice hardly possible. Is there a simpler scheme by which
one can compute the path integral loop-by-loop, and what are the precise
Feynman rules for such an approach? Does the measure contribute to the
Feynman rules?

(v) Tt is often advantageous to use a background formalism and to de-
compose bosonic fields x(t) into background fields x44(t) and quantum
fluctuations ¢(t). One can then require that x,(t) satisfies the boundary
conditions so that ¢(t) vanishes at the endpoints. However, inspired by
string theory, one can also compactify the interval [—03, 0] to a circle, and
then decompose z(t) into a center of mass coordinate x, and quantum
fluctuations about it. What is the relation between both approaches?
(vi) When one is dealing with N = 1 supersymmetric systems, one has
real (Majorana) particles 1*(t). How does one define the Hilbert space
in which H is supposed to act? Must one also impose an initial and a
final condition on ¥%(t), even though the Dirac equation is only linear in
(time) derivatives? We shall introduce operators ¢/ and ¢ and construct
coherent states by contracting them with Grassmann variables 7, and n®.
If 1&2 is the hermitian conjugate of @Z“, then is 7, the complex conjugate
of n®?

(vii) In certain applications, for example the calculation of trace anoma-
lies, one must evaluate path integrals over fermions with antiperiodic
boundary conditions. In the work of AGW the chiral anomalies came
from the zero mode of the fermions. For antiperiodic boundary conditions
there are no zero modes. How then should one compute trace anomalies
form quantum mechanics?

These are some of the questions which come to mind if one contemplates
(1.1.8) for some time. One can find in the literature discussions of some of
these questions, but we have made an effort to give a consistent discussion
of all of them. Answers to these questions can be found in chapter 8. New
is an exact evaluation of all discretized expressions in the TS scheme as
well as the derivation of the MR and DR schemes in curved space.

1.2 Power counting and divergences

Let us now give some examples of divergent graphs. The precise form of
the vertices is given later, in (2.1.82), but for the discussion in this section
we only need the qualitative features of the action. The propagators we
are going to use later in this book are not of the simple form k—l{z for a scalar,
rather, they have the form » >, # sin(7n7) sin(mno) due to boundary
conditions. (Even the propagator for time slicing can be cast into this
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form by Fourier transformation). However for ultraviolet divergences, the
sum of nl—Q is equivalent to an integral over k1—2, and in this section we
analyze Feynman graphs with k% propagators. The physical justification
is that ultraviolet divergences should not feel the boundaries.

Consider first the self energy. At the one loop level the self energy
without external derivatives receives contributions from the following two

graphs

We used the vertices from 3(gij(z) — ¢ij(2))(¢'¢ + a’a’ + bic?). Dots
indicate derivatives and dashed lines ghost particles. The two divergences
are proportional to 62(c — 7) and cancel, but there are ambiguities in
the finite part which must be fixed by suitable conditions. (In quantum
field theories with divergences we call these conditions renormalization
conditions). In momentum space both graphs are linearly divergent, but
the linear divergence [ dk cancels in the sums of the graphs, and the two
remaining logarithmic divergences [ % cancel by symmetric integration
leaving in general a finite but ambiguous result.

Another example is the self-energy with one external derivative

This graph is logarithmically divergent, but using symmetric integration
it leaves again a finite but ambiguous part.

All three regularization schemes give the same answer for all one-loop
graphs, so the one-loop counterterms are the same; in fact, there are no
one-loop counterterms at all in any of the schemes if one starts with an
Einstein invariant Hamiltonian 8.

At the two-loop level, there are similar cancellations and ambiguities.
Consider the following vacuum graphs (vacuum graphs will play an im-

portant role in the applications to anomalies)

® If one would use the Einstein-noninvariant Hamiltonian g'/*~*p;,/gg" p;g"/***, one
would obtain in the TS scheme a one-loop counterterm proportional to Ap;g*9;ln g
in phase space, or Az‘9;Iln g in configuration space. See appendix B.

14



Again the infinities in the upper loop of the first two graphs cancel, but
the finite part is ambiguous. The last graph is logarithmically divergent
by power counting, and also the two subdivergences are logarithmically
divergent by power counting, but actual calculation shows that it is fi-
nite but ambiguous (the leading singularities are of the form [ % and
cancel due to symmetric integration). The sum of the first two graphs
yield (%, %, %) in TS, MR and DR, respectively, while the last graph yields
(—%, —%, —i). This explicitly proves that the results for power-counting
logarithmically divergent graphs are ambiguous, even though the diver-
gences cancel.

It is possible to use standard power counting methods as used in ordi-
nary quantum field theory to determine all possibly ultraviolet divergent
graphs. Let us interpret our quantum mechanical nonlinear sigma model
as a particular QFT in one Fuclidean time dimension. We consider a toy

model of the type

5= [ (%g(@éq’s + A(9)¢ + V(¢)> (1.2.1)

where the functions g(¢), A(¢) and V(¢) describe the various couplings.
For simplicity we omit the indices ¢ and j.

The choice g(¢) = 1, A(¢) = 0, V() = %m2¢2 reproduces a free
massive theory, namely an harmonic oscillator of “mass” (frequency) m.
From this one deduces that the field ¢ has mass dimension M -3, Next,
let us consider general interactions and expand them in Taylor series

V() =D Vad" A(d) =D Ans16", 9(¢) = gni2¢" . (1.2.2)
n=0 n=0 n=0

These expansions identify the coupling constants V,,, 4, g, whose sub-
script indicates how many fields a given vertex contains. We easily deduce
the following mass dimensions for such couplings

Vi =M3T1, [A))=M2; [go)=M>"1. (1.2.3)

The interactions correspond to the terms with n > 3, so all coupling
constants have positive mass dimensions. This implies that the theory
is super-renormalizable. This means that from a certain loop level on,
there are no more superficial divergences by power counting. We can
work this out in more detail. Given a Feynman diagram, let us indicate
by L the number of loops, I the number of internal lines, V,,, A4, and g,
the numbers of the corresponding vertices present in the diagram. One
can associate to the diagram a superficial degree of divergence D by

D=L-21+) (A, +2gn) (1.2.4)
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reflecting the fact that each loop gives a momentum integration [ dk, the
propagators give factors of k=2, and the A,, and g, vertices bring in at
worst one and two momenta, respectively. Also, the number of loops is
given by

L=T- (Va+An+gn)+1. (1.2.5)
n

Combining these two equations we find that the degree of divergence D
is given by

D=2-L-) (2Vh+4,) . (1.2.6)

Let us analyze the consequences of this formula by considering first the
case with nontrivial V(¢) couplings only (linear sigma models). Then
(1.2.6) shows that no divergences can ever arise. As a consequence, no
ambiguities are expected either in the path integral quantization of the
model. This is the class of models with H = T(p) + V(z) which is
extensively discussed in many textbooks [30, 11, 12, 13, 14, 15, 31, 32, 33,
34, 35].

Next, let us consider a nontrivial A(¢). From (1.2.6) we see that there
is now a possible logarithmic superficial divergence in the one loop graphs
with a single vertex A,, (n can be arbitrary, since the extra fields that are
not needed to construct the loop can be taken as external)

The logarithmic singularity actually cancels by symmetric integration,
but the leftover finite part must be fixed unambiguously by specifying a
renormalization condition. If A corresponds to an electromagnetic field,
gauge invariance can be used as renormalization condition which fixes
completely the ambiguity. In the continuum theory, the action [ Ajy'cj dt
is invariant under the gauge transformation 0A; = 0;A(z). Feynman
[29] found that with TS one must take A; at the midpoints & (zg41 +
x) in order to obtain the Schrédinger equation with gauge invariant
e

Hamiltonian H = ﬁ(ﬁ - EA)Q + V. 9 For further discussion, see for

9 To avoid confusion we mention already at this point that in our treatment of path in-
tegrals there are no ambiguities. If one takes a Hamiltonian which is gauge invariant
(commutes with the generator of gauge transformations at the operator level), then
the corresponding path integral uses the midpoint rule, but using another Hamilto-
nian, the midpoint rule does not hold.
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example ref. [11], chapter 4 and 5. If the regularization scheme chosen to
define the above graphs does not respect gauge invariance, one must add
a local finite counterterms by hand to restore gauge invariance.

Finally, consider the most general case with g(¢). There can be linear
and logarithmic divergences in one-loop graphs as in

and logarithmic divergences at two loops

Notice that (1.2.6) is independent of g,. This implies that at the one-
and two-loop level one can construct an infinity of divergent graphs form
a given divergent graph by inserting g, vertices. The following diagrams
illustrate this fact

As we shall see, the nontrivial path integral measure cancels the leading
divergences, but we repeat that finite ambiguities remain which must
be fixed by renormalization conditions. Of course, general coordinate
invariance must also be imposed, but this symmetry requirement is not
enough to fix all the renormalization conditions. One can understand
this from the following observation. In the canonical approach different
ordering of the Hamiltonian gijpipj lead to ambiguities proportional to
(Bigjk)2 and 0;0;gx; and from them one can form the scalar curvature R.
So one can always add to the Hamiltonian a term proportional to R and
still maintain general coordinate invariance in target space. In fagt, we
should distinguish between an explicit R term in the Hamiltonian H, and
an explicit R term in the action which appears in the path integrals. In
all three schemes we shall discuss, one always produces a term %R in the

action as one proceed from H to the path integral. So for a free scalar
particle with H without an R term the path integral contains a term %R

in the potential. However, in susy theories H is obtained by evaluating
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the susy anticommutator {Q, Q}, one finds that H contains a term —%R,
and then in the corresponding path integral one does not obtain an R
term.

1.3 A brief history of path integrals

Path integrals yield a third approach to quantum physics, in addition
to Heisenberg’s operator approach and Schrédinger’s wave function ap-
proach. They are due to Feynman [29], who developed in the 1940’s an
approach Dirac had briefly considered in 1932 [28]. In this section we
discuss the motivations which led Dirac and Feynman to associate path
integrals (with % times the action in the exponent) with quantum me-
chanics. In mathematics Wiener had already studied path integrals in the
1920’s but these path integrals contained (—1) times the free action for
a point particle in the exponent. Wiener’s path integrals were Euclidean
path integrals which are mathematically well-defined but Feynman’s path
integrals do not have a similarly solid mathematical foundation. Never-
theless, path integrals have been successfully used in almost all branches
of physics: particle physics, atomic and nuclear physics, optics, and sta-
tistical mechanics [11].

In many applications one uses path integrals for perturbation theory, in
particular for semiclassical approximations, and in these cases there are no
serious mathematical problems. In other applications one uses Euclidean
path integrals, and in these cases they coincide with Wiener’s path inte-
grals. However, for the nonperturbative evaluations of path integrals in
Minkowski space a completely rigorous mathematical foundation is lack-
ing. The problems increase in dimensions higher than four. Feynman was
well aware of this problem, but the physical ideas which stem from path
integrals are so convincing that he (and other researchers) considered this
not worrisome.

Our brief history begins with Dirac who wrote in 1932 an article in a
USSR physics journal [28] in which he tried to find a description of quan-
tum mechanics which was based on the Lagrangian instead of the Hamil-
tonian approach. Dirac was making with Heisenberg a trip around the
world, and took the trans-Siberian railway to arrive in Moscow. In those
days all work in quantum mechanics (including the work on quantum
field theory) started with the Schrodinger equation or operator methods
in both of which the Hamiltonian played a central role. For quantum me-
chanics this was fine, but for relativistic field theories an approach based
on the Hamiltonian had the drawback that manifest Lorentz invariance
was lost (although for QED it had been shown that physical results were
nevertheless relativistically invariant). Dirac considered the transition
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element

(9, to| w1, t1) = K (g, ta|z1, 1) = (wa|e” #2710 |1)) (1.3.1)

(for time independent H), and asked whether one could find an expres-
sion for this matrix element in which the action was used instead of the
Hamiltonian. (The notation (z9,ts|x1,t1) is due to Dirac who called this
element a transformation function. Feynman introduced the notation
K (x9,ta|z1,t1) because he used it as the kernel in an integral equation
which solved the Schrodinger equation.) Dirac knew that in classical me-
chanics the time evolution of a system could be written as a canonical
transformation, with Hamilton’s principal function S(xs,t2|x1,t1) as gen-
erating functional. This function S(xg,t2|x1,t1) is the classical action
evaluated along the classical path that begins at the point z1 at time #;
and ends at the point x9 at time to. In his 1932 article Dirac wrote that
(x2,ta|x1,t1) corresponds to exp %S(xg, to|x1,t1). He used the words “cor-
responds to” to express that at the quantum level there were presumably
corrections so that the exact result for (xo,ts|z1,t1) was different from
exp %S(azg,tﬂml,tl). Although Dirac wrote these ideas down in 1932,
they were largely ignored until Feynman started his studies on the role of
the action in quantum mechanics.

End 1930’s Feynman started studying how to formulate an approach to
quantum mechanics based on the action. The reason he tackled this prob-
lem was that with Wheeler he had developed a theory of quantum elec-
trodynamics from which the electromagnetic field had been eliminated.
In this way they hoped to avoid the problems of the self-acceleration and
infinite self-energy of an electron which are due to the interactions of
an electron with the electromagnetic field and which Lienard, Wiechert,
Abraham and Lorentz had in vain tried to solve. The resulting “Wheeler-
Feynman theory” arrived at a description of the interactions between two
electrons in which no reference was made to any field. It is a so-called
action-at-a-distance theory, in which it took a finite nonzero time to travel
the distance from one electron to the others. These theories were nonlo-
cal in space and time. (In modern terminology one might say that the
fields A, had been integrated out from the path integral by completing
squares). Fokker and Tetrode had found a classical action for such a
system, given by

dxt dzv. 1
(3) ()
5= _Zm(i)/(ds(z’) ds i) nu'j)QdS(i) (1.3.2)

1 2 dxfi) dxt(yi)
- 2; e / / OMaley = 25 T 35 ) Tog e 090 -
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Here the sum over (i) denotes a sum over different electrons. So, two
electrons only interact when the relativistic four-distance vanishes, and
by taking ¢ # j in the second sum, the problem of infinite selfenergy was
eliminated. Wheeler and Feynman set out to quantize this system, but
Feynman noticed that a Hamiltonian treatment was hopelessly compli-
cated!?. Thus Feynman was looking for an approach to quantum me-
chanics in which he could avoid the Hamiltonian. The natural object to
use was the action.

At this moment in time, an interesting discussion helped him further.
A physicist from Europe, Herbert Jehle, who was visiting Princeton, men-
tioned to Feynman (spring 1941) that Dirac had already in 1932 studied
the problem how to use the action in quantum mechanics. Together they
looked up Dirac’s paper, and of course Feynman was puzzled by the am-
biguous phrase “corresponds to” in it. He asked Jehle whether Dirac
meant that they were equal or not. Jehle did not know, and Feynman de-
cided to take a very simple example and to check. He considered the case
ty — t1 = € very small, and wrote the time evolution of the Schrodinger
wave function v (z,t) as follows

1 ,
Ut = 1 [ep(pelot+ay0)edy.  (133)
With L = fmi® — V() one obtains, as we now know very well, the
Schrodinger equation, provided the constant A is given by
1
2mihe\ 2
N:( i 6>2 (1.3.4)
m

(nowadays we call dNy the Feynman measure). Thus, as Dirac correctly
guessed, (xo,to|r1,t1) was analogous to exp %eL for small € = t9 — 1
however they were not equal but rather proportional.

There is an amusing continuation of this story [36]. In the fall of 1946
Dirac was giving a lecture at Princeton, and Feynman was asked to in-
troduce Dirac and comment on his lecture afterwards. Feynman decided
to simplify Dirac’s rather technical lecture for the benefit of the audi-
ence, but senior physicists such as Bohr and Weisskopf did not appreciate
much this watering down of the work of the great Dirac by the young and
relatively unknown Feynman. Afterwards people were discussing Dirac’s

10 By expanding expressions such as —s in a power series in 0¢, and using Os-

trogradsky’s approach to a canonical formulation of systems with higher order 0
derivatives, one can give a Hamiltonian treatment, but one must introduce infinitely
many auxiliary fields B, C, ... of the form 0;A = B,0;B = C, .... All these auxiliary

fields are, of course, equivalent to the oscillators of the original electromagnetic field.
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lecture and Feynman who (in his own words) felt a bit let down hap-
pened to look out of the window and saw Dirac laying on his back on a
lawn and looking at the sky. So Feynman went outside and sitting down
near Dirac asked him whether he could ask him a question concerning
his 1932 paper. Dirac consented. Feynman said “Did you know that the
two functions do not just ‘correspond to’ each other, but are actually pro-
portional?” Dirac said “Oh, that’s interesting”. And that was the whole
reaction that Feynman got from Dirac.

Feynman then asked himself how to treat the case that to — ¢1 is not
small. This Dirac had already discussed in his paper: by inserting com-
plete set of z-eigenstates one obtains

(wg, te|zi, i) = /<33f7tf|xN—17tN—1><xN—17tN—l|xN—27tN—2> e
. <l‘1,t1|£ﬂi,ti>d$N,1 e d:Cl . (135)

Taking ¢; —t;-1 small and using that for small ¢{; — ¢;_1 one can use
N~texp h(t — tj—1)L for the transformation function, Feynman arrived
at

. N-1
] da;N_l...dxl
(xg, te|mi, ti) = /exp[ Z tjt1 — $J+17t3+17xj7tj)]7NN )

7=0
(1.3.6)

At this point Feynman recognized that one obtains the action in the
exponent and that by first summing over j and then integrating over x
one is summing over paths. Hence (x, t¢|xi, t;) is equal to a sum over all
paths of exp S with each path beginning at i, ¢; and ending at x, t.
Of course one of these paths is the classical path, but by summing over
all other paths (arbitrary paths not satisfying the classical equation of
motion) quantum mechanical corrections are introduced. The tremendous
result was that all quantum corrections were included if one summed
the action over all paths. Dirac had entertained the possibility that in
addition to summing over paths one would have to replace the action S
by a generalization which contained terms with higher powers in A.
Reviewing this development more than half a century later, when path
integrals have largely superseded operators methods and the Schrodinger
equation for relativistic field theories, one notices how close Dirac came to
the solution of using the action in quantum mechanics, and how different
Feynman’s approach was to solving the problem. Dirac anticipated that
the action had to play a role, and by inserting complete set of states he did
obtain (1.3.6). However, he did not pursue the observation that the sum of
terms in (1.3.6) is the action because he anticipated for large t2 —¢; a more
complicated expression. Feynman, on the other hand, started by working
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out a few simple examples, curious to see whether Dirac was correct that
the complete result would need a more complicated expression than the
action, and found in this way that the truth lies in between: Dirac’s
transformation functions (Feynman’s transition kernel K) is equal to the
exponent of the action up to a constant. This constant diverges as € tends
to zero, but for N — oo the result for K (and other quantities) is finite.

Feynman initially believed that in his path integral approach to quan-
tum mechanics ordering ambiguities of the p and x operators of the op-
erator approach would be absent (as he wrote in his PhD thesis of may
1942). However, later in his fundamental 1948 paper in Review of Mod-
ern Physics [29], he realized that the same ambiguities would be present.
For our work the existence of these ambiguities is very important and we
shall discuss in great detail how to remove them. Schrédinger [37] had
already noticed that ordering ambiguities occur if one tries to promote a
classical function F(p,z) to an operator F'(p, ). Furthermore, one can in
principle add further terms linear and of higher order in A to such oper-
ators F'. These are further ambiguities which have to be fixed before one
can make definite predictions.

Feynman evaluated the kernels K(x;41,tj11|z;,t;) for small ¢ —¢t;
by inserting complete sets of momentum eigenstates |p;) in addition to
position eigenstates |z;). In this way he constructed phase space path
integrals. We shall follow the same approach for the nonlinear sigma

models we consider. It has been claimed in [11] that “... phase space
path integrals have more troubles than merely missing details. On this
basis they should have been left out [from the book] ....”. We have come

to a different conclusion: they are well-defined and can be used to de-
rive the usual configuration space path integrals from the operatorial
approach by adding integrations over intermediate momenta. A continu-
ous source of confusion is the notation dx(t) dp(t) for these phase space
path integrals. Many authors, who attribute more meaning to the symbol
than dxq...dzy_1dp1...dpy, assume that this measure is invariant un-
der canonical transformations, and apply the powerful methods developed
in classical mechanics for the Liouville measure. However, the measure
dx(t) dp(t) in path integrals is not invariant under canonical transforma-
tions of the z’s and the p’s because there is one more p integration then
x integrations in [] dx; [] dp;.

Another source of confusion for phase space path integrals arise if one
tries to interpret them as integrals over paths around classical solutions
in phase space. Consider Feynman’s expression

H(t;—t

K(zj,tjlzj-1,tj-1) = (wjle"n |z 1)

dp; (s —ts
= /2—7:<.’17]|6 # H(t; t]*l)‘p]><p]’xj_1> (137)
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For <xj]e_%ﬁ(tj_tj*1)|xj_1) one can substitute exp £S5(z;,t;|vj-1,tj-1)

where in S one uses the classical path from z;, t; to x;_1, tj—1. In a sim-
ilar way some authors have tried to give meaning to (x;]e”#H 5 —ti-1)|p,)
by considering a classical path in phase space. For example in [11] the
author considers two possibilities: (i) a classical path from x;_1,%;_1 to
xj,t; during which p is a constant and equal to pj;, or (ii) a classical path
from z;_1 at t;_1 top = Pl at the midpoint tj_% =t;j1+ %(tj —tj_1),
and then another classical path in phase space from p = Py 1 at the mid-
2
point ¢ = tj 11 to x4y at tiyg. The first interpretation is inconsistent
2

because once z;_1 and x; are specified, one cannot specify also p for solu-
tions of the Hamiltonian equations of motion. The second interpretation
is not inconsistent, but impractical. On the interval ¢ i1 <t <tj_1 one
may use pj—1(z;_1 — Zj-1) — (ﬁp?_l — V(z;)) in the exponent for the
2
transition element where the symbol z; 1 denotes then the value of z(t)
2
_1. On the next interval t; <t < t. 1
2 2
/ 1,2
one may use pj,%(%' - :cjié) - (%pjié
value of x(t) for this classical solution with x = T 1 at t = tj,; and
2 2

for this classical trajectory at t =t ;

— V(x;-1)) where now z7 is the

p=Dp1 at ¢t =t 1 Thus one must solve equations of motion, and

put the result into the path integral. We shall not try to interpret the
transition elements in phase space in terms of classical paths, but only do
what we are supposed to do: integrate over the p; and z;.

Yet another source of confusion has to do with path integrals over
fermions for which one needs Grassmann numbers and Berezin integration

[38]
/dezo, /d09:1. (1.3.8)

Some authors claim that the notion of anticommuting classical fields
makes no sense, and that only quantized fermionic fields are consistent.
However, the notion of Grassmann variables is completely consistent if one
uses it only at the intermediate stages to construct for example coherent
states: all one does is making use of mathematical identities. We begin
with fermionic harmonic oscillator operators 1 and 9! and construct co-
herent bra and kets states |n) and (77| in Hilbert space. In applications one
takes traces over these coherent states using Berezin integration rules for
the integrations over n and 7. One ends up with physical results which are
independent from Grassmann variables, and since all intermediary steps
are mathematical identities, defined by Berezin in [38, 9], there are at no
point conceptual problems in the treatment of path integrals for fermions.
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2

Time slicing

In this chapter we discuss quantum mechanical path integrals defined by
time slicing. Our starting point is an arbitrary but fixed Hamiltonian
operator H. We obtain the Feynman rules for nonlinear sigma models,
first for bosonic point particles z*(t) with curved indices i = 1,..,n and
then for fermionic point particles *(t) with flat indices a = 1,..,n. In
the bosonic case we first discuss in detail the configuration space path
integrals, and then return to the corresponding phase space integrals. In
the fermionic case we use coherent states to define bras and kets, and we
discuss the proper treatment of Majorana fermions, both in the operato-
rial and in the path integral approach. Finally we compute directly the
transition element (z|e~(3/MH |y} to order B (two-loop order) using oper-
ator methods, and compare with the results of a similar calculation based
on the perturbative evaluation of the path integral with time slicing reg-
ularization. Complete agreement is found. These results were obtained
in [39, 40, 41]. Additional discussions are found in [42, 43, 44, 45, 46, 47].

The quantum action, i.e. the action to be used in the path integral,
is obtained from the quantum Hamiltonian by mathematical identities,
and the quantum Hamiltonian is fixed by the quantum field theory whose
anomalies we study in part II of the book. Hence, there is no ambiguity
in the quantum action. It contains local finite counterterms of order
h?. They were first obtained by Gervais and Jevicki [48]. Even earlier
Schwinger [49] and later Christ and T.D. Lee [50] found by the same
method that four-dimensional Yang—Mills theory in the Coulomb gauge
has such counterterms.
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2.1 Configuration space path integrals for bosons from time
slicing
Consider a quantum Hamiltonian H (z,p) with a definite ordering of the
operators p; and 7. We will mostly focus on the operator

1
59 higg g (2.1.1)

H(#, ) =
where g = det g;j(«) and we omitted hats on & in the metric for nota-
tional simplicity. This Hamiltonian is Einstein invariant (it commutes
with the generator of general coordinate transformations, see section 2.5,
in particular (2.5.9)) but our methods apply also to other Hamiltonians,
for example H = %]ﬁigij p;j or the nonhermitian operator % g pipj. The
reason we focus on (2.1.1) is that it leads to the regulators which we
use in the second part of this book to compute anomalies by quantum
mechanical methods.

The essential object from which all other quantities can be calculated,
is the transition element (also sometime scalled transition amplitude)

T(z,y; 8) = (zle”C/MHy) (2.1.2)

where |y) and (z| are eigenstates of the position operator !
Flyy =y'ly), (22" = (2|2’ (2.1.3)

with 3* and 2’ real numbers. We normalize the = and p eigenstates as
follows

/ 2)g(2) (x| de =1 —  (zfy) =g(x) V26 (@ —y) (2.1.4)
where [ is the identity operator and
[welar=1 = @) =6"e-p). (215

The delta function 60 (z — y) is defined by [0 (z —y)f(y)d™y = f(z).
Since ¢ and p; are diagonal and real on these complete sets of orthonor-
mal states, they are both hermitian. The Hamiltonian in (2.1.1) is then
also hermitian, but we could in principle also allow nonhermitian Hamil-
tonians. However, we stress that & and p; are always hermitian.

We have chosen the normalization in (2.1.4) in order that T'(z, y; ) will
be a bi-scalar (a scalar under general coordinate transformations of z and
y separately). There is no need to choose the normalization in (2.1.4) and
one could also use for example [ |z)(xz|d"x = I. However, (2.1.4) leads
to simpler formulas. For example the inner product of two states (p|¢)

25



takes the familiar form [ +/g(z)p*(z)(x)d™z. As a consequence wave
functions ¢ (z) = (x|¢) are scalar functions under a change of coordinates.

The inner product between z- and p-eigenstates yields plane waves with
an extra factor g—1/4

e(i/h)pj zJ

= Gy g i)

(2.1.6)

As a check note that [(p|z)g(z)"/?(z|p’) d"xz = 6™(p — p'), in agreement
with the completeness relations.

We now insert N complete sets of momentum eigenstates and N — 1
complete sets of position eigenstates into the transition element. Defining
(B = Ne we obtain

i\ N
T(z,y38) = (2l (™M) ly)
= <2\€7(€/E)H|PN>/anN <pN’«TN—1>/Q(33N71)1/2 d"zN_1

<$N—1|6_(E/ﬁ)ﬁ|pN—1>/dnpN—l (pN—1|$N—2>/g($N—2)1/2 d"rn_2

ale= M py) [ 1 (prly) (2.1.7)

We have written the integration symbols between the bras and kets to
which they belong in order to simplify the notation. It is natural to
denote z by xx and y by xo. The order in which x; and p; appear can be
indicated as follows

Z=IN ITN-1 IN-2 « s e s X1 Y=o

A

Although the p’s occur between z’s, we do not imply that a kind of mid-
point rule holds. Only the ordering of the p’s and x’s matters.

We now rewrite the operators exp(—%lfl (z,p)) in Weyl-ordered form.
This means that after the rewriting this operator is symmetric in all
Z and p it contains. Weyl ordering is discussed in appendix B. As an
example of such a rewriting consider the operator zp. We rewrite it as
S(@p+p3) + 2(&p — pi) = L(&p+ p) + 3ih, and we denote the result by
(Zp)w. So in this example &p = (Zp)w + %ih. In more general cases, one
has the formula O(z,p) = O(&,p)w + more, where “more” may contain
further operators which depends on & and p, and which we again rewrite

in a symmetrical way.
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The reason we rewrite operators in Weyl-ordered form is that Weyl
ordering leads to the midpoint rule in the following way

[ Gl (e ) Ipi) (pilas) "
_/ xk|pkz e~ (e/MH (3 (zpt+ap_1), pk))W<pk|1’k—1>dnpk- (2.1.8)

This formula is also proven in appendix B. The meaning of this equation is
that one may extract the Weyl ordered operator from the matrix element
and replace it by a function by replacing each p; by py; and each &' by
$(zi + 2% _,). A more precise notation for the function in the second line
would have been

(e—<€/h>ﬁ)w (x - %(mk Fap1), p— pk> : (2.1.9)

We should first Weyl order the whole operator exp(—%I:I ), and not only
H, and then replace 2% by %(zzc}€ + 2% _) and p; by pi;. For simplicity we
use the notation in (2.1.8).

In general, we cannot write down a closed expression for (exp(— %f] Nw -
However, for path integrals one may replace (exp(— %lﬁl ))w by exp(— %f[ w),
because the difference cancels in the path integral, as we discuss below
(2.1.15). So it is sufficient to Weyl order the Hamiltonian itself. The
result for the particular Hamiltonian in (2.1.1) reads as follows

2 NN 1 ija A h? i
H(z,p) = (59 jpz‘pj>w 3 (R+gjf F 5) - (2.1.10)

The definition of the scalar curvature R is given in appendix A and the
Weyl ordered operator (% g" ﬁiﬁj)w is according to appendix B given by

1 T
SPibig” - (2.1.11)

1 .. 1 .. 1. ..
(y”mm)w = 9" Pib; + (Pig”p; +
Note that (2.1.10) is an identity: the same operator H of (2.1.1) appears
on both sides, but subsequently the right hand side is converted into a
function according to (2.1.8).
In the discretized path integral we then encounter the functions
hQ

exp {_% [%gij(l’)pk,ipk,j +5 (R(aé) +97(z) ﬁ(m)Fém(m))] }

(2.1.12)
where T = %(wk + zx—1). Note that the term with the scalar curvature
R and its coefficient % as well as the I'T" term are a mathematical con-

sequence of rewriting the particular Hamiltonian in (2.1.1). If we would
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have started from another Hamiltonian (in particular another operator or-
dering) we would have found different coefficients in (2.1.12). We choose
this Hamiltonian with this precise ordering since in the applications to
anomalies we wish to preserve general coordinate invariance.

Up to this point we have presented the standard approach to path in-
tegrals. In the rest of this chapter we evaluate the transition element
without making any of the usual approximations. We must do this be-
cause for nonlinear sigma models we need propagators of the quantum
fields ¢(t) with double time derivatives, (¢(t1)qd(t2)). As a result, in the
evaluation of the transition element in terms of Feynman graphs we shall
encounter expressions which contain products of distributions, for ex-
ample 6(t; — t2)0(t1 — t2)0(t2 — t1), and equal-time contractions. Such
expressions are ambiguous, one can get different answers depending on
how one regulates the distributions. We could at this point introduce
further physical requirements which fix the ambiguities. This procedure
has been used before for linear sigma models, namely if one tries to define
the path integral for L = 3(i%)? + #°4;(z) + V(z). It makes a differ-
ence whether one discretizes to (v —xp_1)Ai(xy) or (g — zk—1)Ai(TK—1)
[30, 11]. One way to fix this ambiguity is to require that the transition
element be gauge-invariant, and one discovers that this is achieved by
using the midpoint rule (zp — xk,l)Ai(%(xk + 2x—1)). One could also
have started with a Hamiltonian operator H whose operator ordering
of #'A;(x) is gauge-invariant, namely commutes with the operator G of
gauge transformations. Using this particular H, the time slicing method
— with complete p and z eigenstates — produces automatically the mid-
point rule, and thus gauge invariance. Similarly, by taking the particular
H in (2.1.1) which is invariant under general coordinate transformations,
all ambiguities are fixed, and the time slicing method — with complete
p and x eigenstates — leads to well-defined and unambiguous expressions
for the products of distributions. Taking at the very end the limit ¢ — 0,
N — oo, Ne = f3, one derives the rules how to evaluate integrals over
products of distributions in the continuum theory.

Since the following discussions in this chapter must be precise and there-
fore technical in order not to miss subtleties in the product of distribu-
tions, it may help the reader if we first give a short non-technical summary
of the results to be obtained. Such a summary follows in the next three
paragraphs.

We begin by integrating over the N momenta p1, .., pn. This leads to a
product of N determinants (det gl-j(:ckH/Q))% Were Tj.y /9 = %(ask +Tki1)-
We exponentiate these determinants using ghost fields a1/, bp41/2 and
Cr+1/2- This yields discretized configuration path integrals for the transi-
tion element. We decompose xy, into background fields x4, and quantum
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fields qx, and decompose the discretized action into a part S quadratic
in ¢, and an interaction part S, We require that the Tpg i satisfy the
field equation of S(® and the boundary conditions that Tpg be equal to
z or y at the boundaries. Because the xy, ) satisfy the field equation of
S and not of the full action S, there will be terms in S linear in
q. We introduce external sources F' and GG which couple to %(:L’k + xk_1)
and (xx — xx—1), and extract St from the path integral, as usual in
quantum field theory. Then we want to integrate over g but the action
SO is not diagonal in ¢. In order to diagonalize S®) we make an or-
thogonal change of integration variables with unit Jacobian. The actual
integration over ¢ can then be performed in closed form, but it requires a
few relatively unknown identities for products involving sines and cosines.
The final result is given in (2.1.48 — 2.1.50). By differentiation with re-
spect to the sources F' and G and similar external sources A, B, C for the
ghosts, we find the discretized propagators in closed form. The results
are given in (2.1.53) for (¢q), in (2.1.69) for (¢q), in (2.1.75) for (¢q), and
in (2.1.78) and (2.1.79) for the ghosts. These result can also be written
in the continuum limit, see (2.1.81), but if one computes diagrams in
the continuum limit, one should use the rules which we derive from the
discretized approach how to treat products of distributions.

For fermionic models with operators 1[1“ and 1212 we begin by introduc-
ing bras (7| and kets |n) in terms of coherent states which depend on
Grassmann variables 7, and n®*. We treat n and 7 as independent vari-
ables. This is the approach to be used for complex (Dirac) fermions, so
for N = 2 models. We could equally well have defined 7 to be the complex
conjugate of 1 because the only property we need is the integration over
the Grassmann variables, and this integration is the same whether 7 is
an independent variable or the complex conjugate of 1. The transition
element we wish to compute is <77|6ng |n) and we insert again complete
sets |xk)(Xk| of coherent states to arrive at a discretized path integral.
After defining Weyl ordering for anticommuting operators 1&“ and 1/;2, we
obtain again a midpoint rule for the variables x¢. We decompose again
the variables x{ and X, into background parts &;; and &re and quantum
parts ¢ and Ura. We decompose S into a part S©) that is quadratic in
Yy and Vka, and the rest S We require that £ and € satisfy the field
equation of S(© and the boundary conditions that & = 7 at the right and
€ = 7 at the left. We treat also ¢ and &, ¢ and v, as independent Grass-
mann variables; again it makes no difference whether they are related by
complex conjugation or not. We couple ] and e to external sources
K}, and K}, complete squares and integrate over ¢ and Yrq. For the
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propagators of 1 and 1) we find the following exact discretized result

w o [ k>
Wit ={ o ezl - (2.1.13)

(Time ordering is always understood, so the case k < [ refers to —(1p1e)).
Due to the midpoint rule, we rather need the propagator for t1j2 =

%(T/Jg +9f_). It reads

ot if k>
(Vo) =4 508 ifk=1 . (2.1.14)
0 ifk<l

It becomes (¢t — t') in the continuum limit, but (0) is now equal to 1/2.

Finally we consider Majorana fermions z/AJ‘f We add another set of
free Majorana fermions 1%, and define operator )% = %(1/}‘1‘ +ip¢) and
1[)2 = %(d}‘f — mﬁg) . We can then apply the results for Dirac spinors.

We consider again the transition element <77|67§FI |n). The Hamiltonian
operator H depends on ¢ and 9T, and after a Weyl ordering the midpoint
rule yields the function H()Zka,xﬁfl/z) where XZ71/2 = %(xz + Xx5_q)-
Because initially H depended only on v, the action in the final path
integral contains H which depends on (x¢_, Phs X2)/V2 where x¢_, /2=
n* + wl?:—l/2 and Yiga = 7Na + Yra. The propagator for Y = (@bg_l +
_ _ 2
Vra)/V'2 follows from the propagator (1%y) for the Dirac spinors and
reads

. 1 if k>
(Wih) = 508 0 k=1 . (2.1.15)
-1 ifk <l

In the continuum limit this becomes (1(t)y8(t')) = 15%[0(t —t') — O(t' —
t)]. With this propagator we can compute the transition element in a loop
expansion, and the transition element will be used to compute anomalies.
We now return to the detailed derivation of these results.

We present the proof that one may replace (exp(— 5 H))w by exp(—5 Hy)
in the path integral. In general Weyl ordering and exponentiation do
not commute, (exp(—zH))w # exp(— Hw) and whereas Hyy was easy
to write down, a closed expression for (exp(—fH))w cannot be written
down. One expects, however, that a suitable approximation of the ker-
nels, containing only terms of order ¢, suffices. It might seem that p is
of order ¢~ 1/2 due to the term exp(—3ep®) in the action, see (2.1.12).
Expansion of exp(—# Hy/) would contain terms of the form €*p” f(x) for
which s > 2 and such terms could still be of order € if r is sufficiently
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large. We are now going to give an argument that p is actually of order
unity, and therefore only the terms with one explicit € need be retained.
Hence, we may use as kernel eXp(—%Hw(%(iL‘k + xk_1),pk))- In other
words, the Trotter-like approximation

€

(elexp(— 7 H)lp) = (2l (1= 5 H)lp) = (1 - 2 H) (alp)

h
€
~ exp(—ﬁH) (z|p) (2.1.16)
is still correct if used inside (2.1.8), but we repeat that H is not simply
(x|H|p) as in the usual models with H = T'(p)+V (z), but rather it equals
Hyy at the midpoints.

To prove this claim, we note that the kernels are exactly equal to

n P Az_1s (o= £ H(Zk—1)2,Dk) 21.1
/d D €h <e h )W ( 7)

Awkq/z =Tk — Tk-1
1

Tp1/2 = Q(xk + xp_1) -

The difference between (exp(—f£H))w and exp(—z Hy ) consists of two
kinds of terms

(i) terms without a p. These are certainly of higher order in € and can be
omitted.

(ii) terms with at least one p.

In order to evaluate (2.1.17) one has to proceed as follows, as will be
discussed in detail below. One extracts the interaction part of H from the
path integral, while the terms quadratic in p and x yields the propagators.
One then constructs Feynman graphs with H (int) (p, %) as vertices and
phase-space propagators for p and z. The crucial observation is now that
the phase space propagators (py ;p; ;) and <pk:,z'i‘{71/2> are both of order

unity, and not of order ¢! and ¢ /2, respectively!. An explicit proof

is given later when we construct the discretized propagators for (pp) and
(px), see eq. (2.2.6). However, already at this point one might note that
the pp propagator is not only determined by the term —§gpp contained
in H but also by ipAxz. Completing squares, it is p’ = (p — iAx/e)
which is of order e /2. In the pp propagator the singularities of the
p'p’ and AzAz propagators cancel each other. (The origin of the more
singular nature of the 2 propagator can be understood from canonical
formalism: the xx propagator contains a time-ordering step function 6(t —
t'), and differentiation yields a 6(¢t —t')). As a consequence, the pp and pq

! We shall actually decompose z(t) = zpq(t) + g(t), and then we obtain propagators
PrGi—1/2 instead of prZ;_1/2.
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propagators are of order one, and this proves the Trotter formula also for
nonlinear sigma models. (Already for linear sigma models with H = T+V
a completely rigorous proof of the Trotter formula uses Banach spaces [11],
so for our nonlinear sigma models a completely rigorous proof is probably
very complicated. However, we have identified the essential reason why
p can be treated as being of order unity, and this is enough to justify
(2.1.16)).

Using Weyl ordering and the midpoint rule to replace the operators
exp(— %ﬁ ) by functions, we substitute the value of the various inner prod-
ucts. We arrive at

5) = / /e[(z/hm (z—en-1)~F Hw (5 (z+en—1).pn)] ( s
z _
U 27h)g(2) P ig(zn_1)1/A 9EN-1

eli/Mpn—1-(zn_1—eN—2)—F Hw (5(@n-1+2N—2).pN-1)]

@) glan 1) glen—a) /A glon-2

)1/2

elt/M)p1-(x1—y)— 5 Hw (5 (#14y).p1)] n
j=1

1
2 . . . .
@r i) a(e) ig(g) /A Hdp{...dpgvdx{...dxgvl) (2.1.18)

We note that all factors g cancel except an overall factor

l9(2)g(y)] /" . (2.1.19)

Furthermore we find in the exponents either coordinate differences x; —
Zrp_1 or coordinate averages %(xk + x_1), but the integration measure is

"y dry_y...dr]. In the continuum limit the exponent becomes of the
form % [ (ipz — H(x,p))dt, but we shall not yet take the continuum limit.

We shall now go from phase space to configuration space by integrating
over the momenta. We therefore assume that the terms in the Hamilto-
nian contain at most two momenta. Without loss of generality we put

S99 @pin; + V(@) (2:1.20)

(We can also allow terms linear in p, but terms quartic or cubic in p we
shall not consider). We find N Gaussian integrals (for k =1, N)

€ i Tkt Tp—1
/eXP {—%g” (T) Dk,iPk,j + th,J( 9% 1 } H dpy.j
7=1

(2.1.21)

f{(jviﬁ =

which yield N determinants upon completing squares

27h n - _
(Z2)" et gi@) (2.1.22)



where we recall the notation
1 . )

T

1
1
k=3

The discretized configuration space path integral then becomes

— 99 )] [ daydvan

=

D
S

=
|

det 9ij (fk_1/2)1/2]

2

S| o -
exp {— > 59T 1) (fﬂ% - wi_l) (xi - mi_l) - %V(Ek_;)} .
(2.1.24)

We recall the definitions xxy = z and zg = y.

Before we introduce external sources to compute discretized propaga-
tors, we remove the factors det g'/2 () from the measure by exponentiat-
ing them with new ghost fields. If there would have been factors g~'/2(%)
instead of ¢'/2(z) we could replace them by [ daexpa’g;ja’ with com-
muting ghosts. However, we have ¢'/2 instead of ¢—'/2. By writing this
as /2 = g71/2g, we can still exponentiate if we introduce two anticom-
muting real ghosts b® and ¢ and one commuting real ghost a'.> Then
the Berezin integral over b and c yields det g;; and the ordinary Gaussian
integral over a yields (det gij)_l/ 2. Altogether one finds the following
result

- 1/2 n . . .
[det gz‘j(l‘k—l/Q)] = 04/ H dai_1/2dbi—1/2dci—1/2
j=1

€ B ; ) . A
exp [—‘252h'9ij($k1/2) (bk_1/20’;7€_1/2 + ak—1/2ai:—1/2)} (2.1.25)

We define the normalization constant « such that the integral precisely
yields gl/z(f:k,l/g); since we shall later do the integral over a,b,c, see
(2.1.41), the normalization constant « will cancel, and for that reason
we shall not bother to determine its value. The reason we have inserted
the coefficients —e(23%h)~! is that we obtain then in the continuum limit
the same normalization for the ghost action as for the nonghost part, see
(2.1.80). (The factor 5 becomes d7 and the overall factor becomes M%h)

2 One might think that one could simply use one real anticommuting ghost o to obtain
a result like fH;L:1 doejef‘*kgklo‘l ~ (det gkl)H/Z. However, since akgklal vanishes
for symmetric gx; and anticommuting o*; one must use the slightly more complicated
approach with a,b and ¢ ghosts.
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We have given the ghosts a’,b’ and ¢* which belong to g(Zj;_, /2) the
subscripts k — 1/2. This brings out clearly that the ghosts are defined by
integrating out the momenta which were located between the coordinates.
Similarly, we could have written the momenta as p{c_l /2 instead of pi to

indicate that they occur between x?{ and xiil.
To proceed, we decompose the action for the x; and the ghosts into a
free and an interacting part

S =80 4 glnt) (2.1.26)

The results should not depend on how one makes this split, but for prac-
tical purposes we take S(© as simple as possible. Since we obtain the
answer for T'(z,y; ) defined in (2.1.2) as an expansion about z (in sec-
tion 2.5 we perform this calculation), we find it convenient for purposes
of comparison to take the metric in S also at the point z. We could
also have taken the metric in S(© at for example the midpoint F(z+vy),
or perhaps at geodesic midpoints.
Nexp we decompose xj, into a background part :):f)gyk, and a quantum
part g,
Ty =Tpor+q, (B=0,.,N). (2.1.27)
For k = 0 we define z} = y' and for k = N one has zl = 2. We
shall assume that the background ng,k satisfy the boundary conditions

avf,g’o = ¢’ and x,ég’N = 2, hence ¢! vanishes for k = 0 and k = N.
Furthermore we assume that :Ué%k is a solution of the N — 1 equations of

motion of S(¥)
05 () (#hy — 20 + 2 4) =0, (k=1,.,N-1).  (21.28)
In the continuum limit one obtains
zh(t) = 2" + %(z’ —y) =2+ 12—y (2.1.29)

where 7 =t/ and 7 runs from —1 to 0. At this point the time coordinate

t appears. We take it to run from —0 to O in order that the point z

corresponds to ¢ = 0, but other definitions are of course also possible.
We thus define

N
1 i i j ’
k=1

€ ; , ; ,
+2—ﬂ29ij(z)(bk—1/2cijg—1/2 + ak_l/Qai_l/Q) . (2.1.30)
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By definition then, S = §—S§©) Note that S(") contains terms linear
in g, see (2.1.82). As already mentioned, this is due to the fact that z4(t)
is a solution of the field equations of S(¥), and not of the field equation of
S. Also note that S(©) does not depend on V so that the propagators we
obtain are model independent (V' independent).

We should comment on why we require z*(¢) to satisfy the equations of
motion of S(©). The reason is that the complete solution of the equations
of motion of S cannot be given in closed form, so we settle for S(©. This
has the drawback that terms linear in ¢ will be produced if we expand
S(nt) in terms of ¢ about xpy and these give rise to tadpole diagrams.
However, as we shall discuss, these tadpole diagrams are of order 3/2, so
to a given order in @, only a few tadpoles contribute.

The decomposition of S into S + S is standard in perturbation
theory, but in most cases one puts all terms proportional to ¢2 into S,
and not only the ¢? term with g;;(z). For example, in instanton physics
SO contains the ¢2 term in the background of the full instanton, and not
for example the instanton at a particular point. Because one is dealing
then with a particular background (the instanton) instead of an arbitrary
metric g;;(), one can determine the propagator in that background, and
with this choice of S(© there are no tadpoles. In our case it is impossible
to determine explicitly the exact propagator in an arbitrary background,
hence we settle for S(©) in which we use g;;(z) at point z = 2.

To obtain discretized propagators, we could couple the q,i to external
sources. However, since the discretized action only depends on q,i_l /2 =

%(q}g +qi_,)) and %(q}€ —q!_4), we couple these combinations to indepen-
dent real discretized external sources
N J J
1 9 — k-1 j
_ﬁS(sources7 nonghost) — Z <Fjlc—1/2,j6 + Gk—l/Q,jQi,1/2 .

k=1
(2.1.31)
We should now complete squares in S(© + S(sources, nonghost) and then
integrate over d:l:fC = dq,i. However, the action S is not diagonal in q,i.
Tg()arefore we first make an orthogonal transformation which diagonalizes
SW®).
We introduce modes for the quantum fluctuations by the orthogonal
transformation

N-1
| [Tk
7= > vhy/ 5 sin (%) k=1,.,N—1. (2.1.32)
m=1

The orthogonality of the real (N —1) x (N — 1) matrix O = /2 sin 2%
follows from the trigonometric formula 2 sin asin § = cos(a— ) — cos(a+
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B3). One finds

Nz_:l pmm 1 N_l( Zp;fwr i 71'1]3Vm7r) 1 % Zp]’r\;lfﬂ' ( )p
cos = - e e = e —1— (-
m=1 N 2 m=1 2 N+1
1 & w11 11
=52 N 5y (=N — 5 = (=) (2.1.34)
m=1
Using this result in (2.1.33) we find
N-1
07O = 8, (2.1.35)
m=1

since (—)7I=F equals of course (—)7**
replace HkN:_ll dgj, by HN 1 dri..

The orthogonality of O}" implies that S () is diagonal in 7J,. To demon-

. Because OF" is orthogonal, we can

strate this we just evaluate S©)
1 Y S
50
= ng (@ — dh-1) (@ — @i 1)

N N-1
g7,] Z Z (O = Oty (O?— k—1)T3
k=1m,n=1
N-1 o N-1 N-1
Qm Z 27y, T, — O (OF 1 + Opy )il | -
m=1 k=1 mn=1

(2.1.36)

(We shifted £ — k+1 in the last term which is allowed since O} Vanishes
for k =0 and k = N). Usmg81noz+s1nﬁ—2s1n (a+ﬁ)cos (o — B)
we obtain O} _; + O, = 20} cos . Using again the orthogonahty of
O7" we find

-1
mm

gij ()il <1—cos W) . (2.1.37)

m=1
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The path integral with S(© and the external sources then becomes in
the non-ghost sector

n N-—
ZO(F,G) = (factor in (2.1.24)) /(H H )expE

1 N-1 . ma
E=-— > 9 ()i (1 — cos W) (2.1.38)

m=1

1
+ Z { (Fr—1/2, — Frt1/2,5) + §(Gk—1/2,j + Gk+1/2,j)}

[2 k
X { Z Nrfn sin Zﬂ-} .
m=1

By (factor in (2.1.24)) we mean both factors in front of the exponential.
Summations over i, j = 1,n are always understood. For vanishing F' and
G one recovers the transition element 7T'(z, y; ().

Completing squares is now straightforward and performing the integra-
tion over dr!, yields

N-1 Teh)™/?
Z8)(P.G) = (factor in (2.1.20)) s mé T )”/2>
N-1 :
eXp{m 14 1—COS N)

2 /2 mm 1\ mnm
|:E SID—N COS{(k —+ 5) W}Fk+l/2’j

2 mr N . 1\ mm 2
+ N COS ﬁ g S1n k’ =+ 5 N Gk+1/2,] . (2139)

The square denoted by [..]2 is taken with ¢ (z), so written out in full it

reads g (2)[..]i[..];- ' ‘ ‘
We similarly couple the ghosts aj /20 bjs1 /2 and ¢, /o toO external

(commuting or anticommuting) sources as follows

N—-1
1 ) ) )
_ﬁS(sources, ghosts) — Z (Ak+1/2,ia§g+1/2+b2+1/2Bk+1/2,i+Ck+1/2,icz;+1/2) :
k=0

(2.1.40)
Completing squares and integrating over a, b, ¢ we find, using (2.1.25),

ZO(A,B,C) = g(2)V? exp Z
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1
20k+1/27in+1/27i + §Ak+1/2,i‘4k+1/2,j . (2141)

The factor g(z)N/ 2 is due to integration over a,b,c and corresponds to
the N factors g(:ck_l/g)l/Q which we exponentiated in (2.1.25). The inte-
gration over a, b, ¢ cancels then the normalization constant « in (2.1.25)
which we never computed for this reason.

The complete discretized transition element becomes now

T nN/2
T(2,y: 8) = lg(2)g ()4 2nh) Y [(ﬁ) g(z)N/ﬂ

€

N—-1 ma\ /2

[(mh)n(N—l)/Qg(z)_N/2+1/2 H (1 — coS W) ]
m=1

[e_u/n)smt6—(1/n>S(F,G,A,B,C)} ‘ (2.1.42)

0

where the symbol |y indicates that all sources (F,G, A, B,C) are set to
zero after differentiation. The first line is due to the factor in (2.1.24)
and the various inner products and the integration over momenta and a, b
and ¢, the second line is due to the second factor in (2.1.39) and accounts
for the integration over rJ , while —%S [F,G, A, B,C| denotes the terms
bilinear in external sources. In the interaction term St the quantum
fields ¢, — g1, 444 /2, @, b and ¢ should be replaced by derivatives with

respect to the corresponding sources F’ 1571 /20 G A, B,C as usual in

k—1/2
quantum field theory

38



Using the identity?®

N-1

I1 2 (1 ~ cos %) =N (2.1.47)

m=1

we find

1/4 ,
z 1 _ M _
T(z,y: 8) = [9( )] ( (e (1/msmt, (1/h)S[F,G,A,B,C})‘

9(y) 2nh3)n/? 0
(2.1.48)
where we recall for completeness
1 Nl eh
—=S[F,G,A,B,C| =
h [F,G, 4, B,C] m:14(1—008%)
N-1
2 /2 s 1\ mm
E NSIDQkZOCOS{<k+2> N}Fk+1/2,j
2
E mr N {(k+ 1) mﬂ}G
— COS —— sin — | — ;
N 72N =~ 2) N J k12
3 To prove this identity, consider the function
2N -1 i N-1 A 2
™ ™
flz) = ,H) (m—cos W) =(z*-1) [}E (a:—cosﬁ>‘| . (2.1.43)

The function p(z) = —1 + (z + iv/1 — 22)?" has zeros at the roots of unity, hence
at x = cos %“ for k = 0,1,...,2N — 1. In particular, its real part vanishes there.
Since Re p(z) is a polynomial in z of degree z*"¥, we see that f(z) and Re p(x) are
proportional. Since Re p(x) = aanz®™ + ... with

an =Y (2]]:) = lim (%(1 + )+ %(1 - x)2N) =Nt (2.1.44)
k even
we find f(z) = 2! Re p(z). Furthermore, near = 1 we have

2N

Re p(z) = 2N — < 9 )J:QN_Q(l -2+ 001 -2%)?% -1

= (z* - 1) {(:g” -1/ —1)+ <2N> xQN‘Q} +0(1—2%)?. (2.1.45)

2
Hence
2N71N_1 km 2 Rep(x) $2N71 2N 2N 2
? kHl(wCOSN) _$2—1Hm2—1+(2>_N+<2>_2N

(2.1.46)
as x — 1. This proves the identity.
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Z

) 12Ck41/2,iBra12,5 + Ak+1/2 iAkt1/2,5

(2.1.49)
The interactions are given by
Lt = S L ) — a2k — ) — ] y)
7 P 9¢h, i 1/2 9ij k k—1)\T% k—1

— 579 ()@ — z_) (@), — ) — (a4 — g—1)(q — aqh_)]

. ) i . ) .
_Qﬂ—gh[gij<xk—l/2) = 95 ()(ap_1/205,_ 1 jo + bp_1/2G._1 /o)
—%V(ik)} . (2.1.50)

where V(Z},) is the order h? counterterm given in (2 1.12). As already
discussed, the quantum fields qu ak 1/2) bk 1/2 and ¢, /2 in S should
be replaced by the corresponding differential operators with respect to
the external sources; this is, of course, standard practice in quantum field
theory.

The expression for T'(z,y; ) in (2.1.48) is an exact expression to order
€. It was derived with much labor but the final result is very simple.
It contains the Feynman measure, and the factor [g(2)/g(y)] 1 is due to
expanding the metric in S about z. If we had expanded about the
midpoint this factor would even have been absent. Using this exact ex-
pression we can now find unambiguous Feynman rules at the discretized
level.

We obtain the discretized propagators by twice differentiating the ex-
pression exp(—%S[F, G, A, B,(C]) with respect to F,G, A, B,C and then
putting external sources to zero. An easy case is the ¢¢ propagator, by
which we mean

<<q]i<;+1_q]’i‘> (qi/+1—qi/>> . 0<k k<N (2151)
: - <kk < . 1.

According to (2.1.31) it is given by

) . 0 0 1
i . _ exp( — =S[F,G,A,B,C
(Ges128 417! aFk+1/2i OF 11725 Y ( h | ]) ‘0
N—-1 2
- 2 /2 mm
=92 g” z —4/ —sin —
y (k+1/2)— (k,+1/2)m7r (2.1.52)
cos N cos N o
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Twice the square of the sine cancels the factor 1 —cos in the denominator,
and using 2 cos a cos f = cos(a + [3) + cos(a — 3) one finds from (2.1.34)

. ) 5., N1 mi i
-1 .j/ — _ qY l{ k/ 1) —= k'—k/ _)
<Qk+1/2qk +1/2> Neg (2) mz::1 (cos( + K + )N + cos( )N
h ..
= —g" —1+ Nbpy) - 2.1.53
N9 (2)(=1+ Nég i) ( )

Since in the continuum limit %5,%/ becomes 0(t —t'), we find in the con-
tinuum limit with ¢ = ke — 8

. . . 1
(@) () = hg"(2) <_5 +d(t — t’)) : (2.1.54)
Let us compare this with the result we would have obtained naively (i.e.

disregarding all subtleties involving discretizations). The naive continuum
propagator is obtained from

1 0 o 0
- il iy
exp[ 57 /ﬂgwqq dt—l—/ﬁq Jldt] (2.1.55)
by the usual steps
. . ) ) AN 0 1
2 J(4+ — _ (¥ (4! (4! n
@O = 557w o0 (5) 976 [ A gt
. 1
= — v R — /
hg <Z)82/8t25(t t') . (2.1.56)

Differentiating with respect to t and ' yields only the delta function: one
misses the terms with —X in (2.1.54). However, this is due to not hav-
ing taken into account the boundary conditions. Imposing the boundary
condition ¢(0) = ¢(—3) = 0 one must add suitable terms linear in ¢ and
t' to (2.1.56) so that the propagator vanishes at t =0, —(3 and t' = 0,—0
while still 9%/0t2(¢*(t)¢’ (t')) = —hg" (2)d(t —t'). The naive result, as one
may check, is

(@O () = _hng)%[t(tf L BBt — )+t + BB — 1) . (2.1.57)
It follows that naively
@B () = —hg¥(2) [% ~a(e-t) . (2.1.58)

This agrees with our discretized expression in (2.1.53), but note that the
symbol §(t —t’) is proportional to a Kronecker delta function in
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the discretized case. Thus when one evaluates Feynman graphs, this
Kronecker §(t —t') instructs one to set everywhere in the integrand ¢ = ¢’,
and not to replace §(t —t’') by some smooth function. This will be crucial
when we evaluate Feynman graphs with equal-time contractions.

Next we evaluate the g¢ propagator. By this we mean <%(Qk+1 +
ar) 2 (qw 41 — qw)), of course. It is given by

0 0
OGri1/2i OF11)25

<Qk+1/2qi/+1/2> = exp(— %S[Fa G7A7B7C})’0

N—1 y
ehg¥ (2) 4 mm  mmw

-9 _ IV 2 gin s
2 (1 cos %) Ne M oN SN

X sin{(k+ ;)T\;T}cos{(k/ + 1/2)77]?}

N-1 i 1) mn
o1 mm s1n<k+2) N mm
=hg¥(z)— — | ———— E+1/2)— .
g (Z)Nm:1cos 2N ( sin 7% cos(k" +1/2) 75
(2.1.59)
To evaluate this series, we introduce the notation
and find then
1 = , :
4 Z Cm_’_g <2km+c(2k72) C 2km)(<(2k +1 +C 2k +1)m) )
m=1
(2.1.61)

In the ratio (¢(k+m _¢=@k+1)m) /(¢m _c=m) only powers of (2 remain).
( yp
There are then four series to sum, which we write in the following four
lines
C (2k+2k'+2)m m C(2k+2k’)m 4o+ <(72k+2k’+2)m+
1 N1 C (2k+2K")m C(2k+2k’— mog oy C(—2k+2k’)m+
4 Z ¢ (2k+2K")Ym +C (2k—242K")m N C—(—2k+2k’)m+
m=1 (k2R A2m | o~ (k2K )m | e—(-2k42K 4 2)m
(2.1.62)
We have written the terms in the last two lines with increasing expo-

nents, since this allows us to combine in the same column the terms in
the first and fourth row, or the second and third row. Using (2.1.34)

N-1
ST 4 TP = -1 — (<)P + 2N6,0 (2.1.63)

m=1
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we find for (2.1.62)

1 k+k'+1
N Z (=1 —(=)"+2Ndpo)
p=—k+k'+1
1 k+k'
+ov > (1= (=)"+2Ndy0) . (2.1.64)
p=—k+k'

The terms with (—)? cancel. In the remainder we distinguish the cases
k>Fk,k<k and k = k'. We get then

( (2k + 1 —|— 2N5k>k’ - (2k + 1) + 2N5k2k’)

k+1/2

where .~/ equals unity if £ > &’ and zero otherwise. Therefore

0 ifk<k
S y k+1/2 :
<%Hﬁ%qm>_MW&ﬂ_L—NLl+ 1/2 ﬁk:k’].@L%)
1 ifk>Fk

In the continuum limit this becomes

(f@M%ﬁ)—th@{—i%§+eu—tﬂ (2.1.67)

which agrees with the naive continuum result obtained by differentiating
(2.1.57)

<qi<t>q'f<t'>>=<—hg“<z>>; [t0(t— 1) + (t+ B0 — )] . (2.1.68)

The discretized approach tells us that 6(t—t') = 1/2 at t = ¢. However,
at the point ¢ = ¢/ = 0, the naive continuum propagator in (2.1.68) does
not vanish and thus violates the boundary conditions. In the discretized
approach one should write g; as qy_1/2 + %(qk — qi—1) and then there
are no problems at the boundary. One finds by combining (2.1.66) and
(2.1.53) the following result

L ’ k+1) 1
2 J — 1 _( - , ,
(ki1 1) =g (2) N T g0kt Ok (2.1.69)

which vanishes for £k +1 = N. The extra term %5k7k/ saves the day.
The reason that the continuum approach fails to give zero while the dis-
cretized approach yields the correct result is that ¢*(t) should be defined
at midpoints, and thus never really reaches the endpoints.
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Finally, we consider the qq propagators. This is the most complicated
propagator. It is given by

? 0 exp(—%S[G,F,A,B,C,O])‘O

i J =
q Q! -
(Gt 1/2h11/2) 9Gr11/2: 0Grr11/2;

= 4(1—cos T N 2N
1
X sin(k+§)wsm(k’ 1/2)%
N ! mm\ 2 Sln(kJr%)% sin (K +1/2) =7
2N g <COS —) sin 24T sin 24T ’
m:l 2N 2N

(2.1.70)

Again we write the ratios of sines as polynomials in (2, with 2k+ 1 and
2k’ 4+ 1 terms, respectively. This leads to the series

1 N= 1 - . .
m:l
(CQk/ + C (2K'—2)m + ... <72km’)
k/
:1 2: S (Ra+2B+2m | or(2028)m  ~(2a+26-2m)
4

m=1a=—k f=—Fk
(2.1.71)

Replacing @« — —a and  — —f in half of the terms (which yields the
same result), we obtain cosines

N-1 k k'
} (2.1.72)

%Z Z [cosa+ﬁ+1)—+cos(a+ﬁ)

m=1a=—k B=—k' N

and using the formula in (2.1.34) for summing cosines we obtain

k
1 11
=32 2 [- 5~ 3 () Noarsing
a=—Fk f=—F'
1 1
57 5(—)a+ﬁ + N5a+6,0}
1 k
) > Z —14+ N(a+p+1,0 + da+p,0)] - (2.1.73)
a=—Fk B=—Fk'
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It is again easiest to consider the cases k > k', k < k' and k = k/

separately. We find

i 1 Gh 07
<qk+1/2Qi/+1/2> = mgj(z)

2N(2k' +1) for k>Fk
—(2k+1)(2K' +1)+{ N(4k+1) for k=F

" 2N(2k+1) for k<k
(2.1.74)
The last term contains a discretized theta function
<qz+1/2qi/+l/2> — ehg'i(2) { (b 1/2)]5714 +1/2)
(W 3 )80 )+ (i /20K ) — 6
(2.1.75)
In the continuum limit this becomes
@O0 (0) = —phg'i(z) [T LD
-fﬁ;ﬂhu—ﬂ)—g%;ﬁmﬂ—n (2.1.76)

which agrees with the naive continuum propagator —hg% (z) % [t(t'+53)0(t—
t) +t'(t+ B)0(t' —t)] except that the value 6(0) = 1/2 is now justified.
As a check we may combine the propagators for ¢¢ and qq, and check
that (q; 1q;,) indeed vanishes for " = 0 or ¥’ = N. One finds by using
2
- - . :
Q' +1 = Qg 1+ 50001 1 and combining (2.1.75) and (2.1.66) the following
result
(ahyy o) = chg(2)
(k+3)(K +1) 1

1
A\ )\ T ) / / + / 4+ ,
N + (K + )0k, K) + (k + 5)0(K k) = 20

(2.1.77)

This expression indeed vanishes at k' +1 = N, while the naive contin-
uum limit does not vanish at ¢/ = 0. Similar results hold for the other
endpoint. One could try to improve the naive continuum results by ex-
tending the integration region beyond [—(3,0], and require that also for
t > 0 and t < —f3 the propagator satisfies 9?(q(t)q(t')) ~ §(t — t') while
still ¢(0) = g(—) = 0. This is possible, but the resulting function is quite
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complicated. Rather, we shall derive rules for products of continuum
distributions which follow directly from the corresponding discretized ex-
pressions.

Finally we determine the propagators of the ghosts. We find from
(2.1.49) and (2.1.40)

; ‘ 0 0 1
b _ o~ LSIFG.ABC
Ok s1/2Ckr41/2) 9Brr12s 901120 ‘o
2
:—256 P (o — —28%hgi ()t —)  (2.1.78)
. . 8 a 1
a o oal, _ o~ LSIFG.ABC
\ht1/2%11/2) 0Art1y20 OAwy1y2j ‘0
2
= ﬁ—ehgij(z)%,kf —  B*hg(2)6(t -t . (2.1.79)

Again we note that the (¢ — ¢’) in the continuum limit should be inter-
preted as Kronecker delta function; moreover, in the discretized approach
the ghosts are only defined on midpoints.

We now summarize our results for the path integral representation of
(z] exp(—%f])]y) for bosonic systems in configuration space. It can be

written in terms of propagators and vertices from S as follows
(<l eXp(_gﬁ Jlw) = [ZEZH : (27r61h)n/2 (e7n)
gt =85O
—%s - —% _01 %gij(@ @%% + () () + a (7)a? (T)> dr
[ (R + g @ @) dr
— 50 = —% 01 J95(2) (fli% b'(r)e (r) + ai( )am)) dr

P(r) = wly(r) + 47
.T}ég(’l') = 2+ T(Zi — yZ)

(¢'(0)d (7)) = —Bhg (2)A(a,7)
(¢"(0)d’ (1)) = —Bhg”(2)(c +0(r —0)))
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(o) (7)) = —28hg" ()52A(0,7)
(¢"(0)¢’ (1)) = —Bhg"(2)(1—d(T —0)))
(a'(0)d’ (1)) = ﬁhgij(z)é?gA(a,T) (2.1.81)

Alo,7) = o(t+1)0(c —7)+7(0c +1)0(1 — 0)
O2A(o,7) = 6(o — 7).

Since only the combination 8% occurs, 8 counts the number of loops. To
obtain a uniform overall factor (8h)~! in the action we normalized the
ghost actions as in (2.1.25). By expanding exp(— & #S") and using these

propagators, we can evaluate (z| exp(——H )|y) to any order in loops. The
transition element T'(z,y; 3) is due to the vacuum expectation value of

exp(—2 7S int): loops with internal quantum fields but no external quantum
fields.
The interactions are more explicitly given by

—h = 571/ { 9ij(@)[(z" — ") (& =) +2(z" — "))
—l—%(gij(x) — gij(z))(q'lq'] + 0+ aiaj)} dr

B ﬁlh O {1%( )2 =y =)+ gi; (2) (2" — )@
+§8kgij(z)(zz — ) —y) (= — 91+ ")

+0kgij(2)(2 — y" ) ((&F — yF) T + ")

2000195 () — )7 + ) — 97 + )

x[(2' =y (7 — o) +2(z" — )]

e+ (@) — gy () (EF + b + aiaj)} dr

2
_bh

s |, [ By +a)+ 97 ong + T ieeng + )i + )] dr

(2.1.82)

We now briefly discuss and check some of the terms in the action. We
do this because all our later calculations will be based on this action, so
we should be absolutely sure it is correct. The classical terms (the terms
without ¢’s or ghosts) yield in the path integral a factor

—— <+ >
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= exp{ ! ngg(z)(le - yz)(zj - Z/j)

L
1 = 4 ()~ )7 — o)
+%a,€algij(z)(zi C ) — ) — ) =)+ } } .

(2.1.83)

These terms are not equal to an expansion of the classical action about
z because p4(7) is only a solution of S Rather, tree graphs with

vertices which are linear in ¢ from S contribute as well to the order
1/8h terms. Let us study this further. The term with ¢/ in the first line
of —%Smt vanishes due to the boundary conditions, but the vertices

y—z q 1 /01 A -
} = —% . §a/c!]ij{(zZ -y —v')q

y—z
—2(z' — )" —yM)) far
1 i 0
= %I’Zj;k(z—y) (z —y)? /_1q dr (2.1.84)

do contribute. (We partially integrated to obtain the second term). Two
of these vertices produce a tree graph which contributes a term

11 . 3 ‘ Lo
= —@grmkri']";k'(z — )iz =y (z—y)(z—y) g*

(2.1.85)

where we used that [©, [°, dodr Ao —7) = — . This indeed completes
the classical action to this order in 3 (see (2.5.32)). Tree graphs with two
g-propagators contribute at the 3%/2 level, and so on. Hence, the tree
graph part is in good shape.

Sel Y
y—2z y—z y—2 y—z
/ _ y2+<yz+”+ >—<
z
. v .

Figure 2: The expansion of the classical action evaluated for a geodesic
from y to z, expanded in terms of y — z. The internal propagators come
from the quantum fields ¢, and external lines denote factors y — z.
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Next consider the one-loop part (the part independent of /). Expanding
the measure [g(2)/g(y)]"/* one finds a factor 1 + 199 (2 — y)*Okgij(2)
multiplying exp(—%Scl [z,y;0]). This factor is canceled by the one-loop
equal-time contractions from the vertices in the last line of —%Smt

1 1 0 o o o
—ﬁ(zk - yk)iakgij(z) / ) 7(q'¢’ +b'¢! +a'a’)dr (2.1.86)
and from the vertex in the third line
1 i i [° Gk
5O =) [ (e (2.8

The latter does not contribute since

; 1
(") ~ (T +1)0(0 —7) +70(T —0) =7 + 3 at o =71 (2.1.88)
which integrates to zero. In the former all §(c — 7) cancel, as the dis-
cretized approach rigorously shows, and with

({7 + ' +d'al)gmr = —hBg" (2) (2.1.89)

it yields —1/4(z% — y*)0kgij(2)g (2), canceling the factor from the mea-
sure.

Figure 3: At the one-loop level the contributions of the measure, denoted
by a black box, cancel loops with ¢ and ghost loops. External lines denote
again factors y — z.

There are many other one- and two-loop graphs, and the contribu-
tion from each corresponds to a particular term in the expansion of
<z|exp(—§H)|y) about z. In particular, the two loop graph with one
qq, one ¢q and one ¢ propagator agrees with the transition element only
if

0 0 1
/ / (o —T1)0(c —T1)0(T — 0)dodT = 1 (2.1.90)
-1J-1
This result immediately follows from the discretized approach, where
d(c — 7) is a Kronecker delta and 6(c — 7) = 1/2 at ¢ = 7. We shall
give a complete analysis of all two-loop graphs in section 2.6.
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2.2 The phase space path integral and Matthews’ theorem

To obtain the phase space path integral and phase space Feynman dia-
grams for the transition element, we go back to the discretized expression
for T'(z, y; #) in (2.1.18) with the momenta not yet integrated out, and add
external sources for q;_1/9 = %(Qk; + qx—1) and py because these are the
variables on which H depends. Since the free equation of motion for py

reads g”( 2)prj = i(q —qi_1)/€ (see below), we denote the sources for py,

_J
k1

qJ
by —iF} 1/2 where Fk 12 = (Z)Fk_1/27i. By replacing Fj,_; /9 j~—
by —ipy Fk_1 /o We can compare later the results of the phase space and
the configuration space approach. Hence

n N N-1 )
Z(F,G, 2y, 8) = [g(z)g(y)] " *@nh) N ] (H dpr; I dx?)
j=1 \k=1 =1

N

{ €
exp [Z {ﬁpk . (xkz — wk—l) — ﬁH(pk, xk—l/Q)
k=1
_iFlz—l/2pk7j + qu/z,ﬂi_l/g}} . (2.2.1)

Next we decompose H into H© + H() where

N
HO = > =47 (2)pkivr (2.2.2)
k=1

DO | =

and we decompose again x = x4 + ¢, but we add the term %pk’j(ng P

; . , i
Thy k1) tO —£H(™) The term %pw% is part of S(©.

We then complete squares in the terms depending on p in the sum of
ipk(qr — qe—1) — €eH© and the source terms, and perform the p-integrals.
This yields

Z(F,G, 2,y 0) = [9(2)g(y)]/*(2xh) "N

()™ et ] [ [T

oxp { —~HED | p, 48 = - T ’
i @Fé 1/27 ko bok—3 OGi-1/2,5

h
N 2
€ .
exp {Z o [——FJ 1/2 + - ( - qk 1)] + Gk—l/Qajqilﬂ} .

(2.2.3)
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The square in the last line of (2.2.3) is again taken with g;;(2); expand-
ing this square we find back the terms of the configuration space path
integral, multiplied by the factor

exp{—— (Zgw 2)Fi 128 Y 1/2>} . (2.2.4)

The propagators are again obtained by differentiation with respect to the
sources in (2.2.1). It follows that the discrete gq propagators are the same,
while the pg propagator in the phase-space approach is equal to ¢ times
the gq propagator in the conﬁguratlon space approach, in agreement with
the linearized field equations g“py ; = i(ql, — ¢i._;)/e. However, the pp
propagator is not equal to minus the ¢g propagator; rather, there is an
extra term proportional to dj ;s which comes from the term with F’ 2

.3 .5’ h
<pk,ipl,j> = _gii/(z)gjj/(z) <qk71/2q{_1/2> + ;gij(z)ék,l . (2.2.5)

The last term cancels the singularity %gij (2)dk, in the term with <q,§_1/2q'{71/2>,
see (2.1.53). Hence, as well-known, the phase-space propagator is nonsin-
gular for short distances. The continuum limit reads

i@y () = Sha(2)
(¢'(0)pj(7)) = —ihdj(o + (T — 0)) = (p;(7)q'(0))
(¢'(0)¢ (1)) = —Bhg" (2)A(, 7) . (2.2.6)
Using
N ..
HMD =% { Nwp_1y2) — 97 (2)]k,iDr,j
. k=1

+ﬁpk7j(xig,k - xig,kfl) - 6%(R + gijFik’Fﬂk) (2.2.7)

we can again compute the transition element loop-by-loop. In the contin-
uum limit we find

1 0 ) B (01 . -
_Z g g — 2 (Y () — g D
h/_ﬁ n | 5097 @) = g7 ()pipdr
R ph ° G ko
+%/1pj(z -V )dT— 3 /1(R+g Ty ij )dT . (228)

The tree graph with two p(z — y) vertices now yields the leading term
—Qﬁ%gij(z)(z’ —y")(27 — ¢?) in the classical action, see section 2.5, in
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particular (2.5.30), and the reader can check a few other graphs. Of
course, the propagators as well as the vertices differ in the phase space
approach (the latter contain ¢*(z) instead of g;j(z) and there are no
ghosts), but the result for (z|exp(—# H)|y) should be the same according
to Matthews’ theorem.* We shall later check this in a few examples.

In the phase space approach, we have trajectories z7(t) and p;(t), but
we imposed only boundary conditions on z7(t), namely z7(0) = 2/ and
27(—p) = y. This is the correct number of boundary conditions, both
in configuration and phase space, and we need only boundary conditions
on x because we consider T'(z,y; ). One could also consider transition
elements with a p-eigenstate at t = 0 and/or ¢t = —f3, and then one would
need boundary conditions for the trajectories p;(t). (One could also ob-
tain these transition elements by Fourier transform of (z|exp(—GH)|y)).
For T(z,y;3) no boundary condition on p;(t) are needed to make the
p integrals convergent because p;(t) has no zero modes. (A zero mode
is a mode which drops out of the action). There are no zero modes for
p;(t) because it appears without derivatives in the action, with a leading
term p?. For ¢/(t), only differences g, — ¢/, appear in the discretized
expressions of T(z,y;3), hence we must fix the zero mode of ¢’(t) by
suitable boundary conditions. The complete sets of p; states were in-
serted between z-eigenstates, so one can view them as being defined at
midpoints, not at the endpoints, and this suggests that for the compu-
tation of T'(z,y; ) one should not impose boundary conditions on the
momenta as well. The most compelling reason is that there are no clas-
sical trajectories in phase space which connect two arbitrary points in
phase space. (In the so-called holomorphic approach [32], one introduces
variables z ~ x 4+ ip and Z ~ x — ip, and then one does impose separate
boundary conditions at both endpoints but the classical z, and z. are
then not each others complex conjugates.)

It is instructive to see how in the continuum approach the p-propagators
are obtained. The kinetic terms in the phase space approach are given by

1 i [0
—55(0)25/ il di — = / (2)pip; dt . (2.2.9)

The kinetic matrix for (p;, ¢/) is thus (replacing g%/ (z) and A by unity for

4 The original Matthews’ theorem only applied to meson field theories with at most
one time-derivative in the interaction [51]. It was extended to quantum mechanical
models with ¢¢ interactions and higher-time derivatives by Nambu [52]. Provided
one adds the new ghosts as we have done, the equivalence between the Lagrangian
and Hamiltonian approach also holds for nonlinear sigma models. For a general proof
of Matthews’ theorem based on path integrals see [53].
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notational simplicity)

1 i,
K_(Z.at ' ) (2.2.10)

and the Feynman (translationally invariant) propagator is its inverse

_ 0 —Le(t—t")
“= ( et — ) —L(E— )0 — )+ (o 1) ) - (2210

It satisfies KG = §(t — t'). To satisfy the boundary condition ¢(0) =
q(—p) = 0, while still satisfying KG = §(t—t'), we add to G a polynomial
in ¢,t’ which is annihilated by K

n_ pi(t') p2(t')
P, ¢) = ( Citp(E) — iar () —itpa(t) — iaa(t) ) - (2212

We then require that (G + P)i2 vanishes at ' = 0, —3, and (G + P)9; at
t=0,—0, and (G+ P)y at all t =0, —f and ¢’ = 0, —3. (These entries
correspond to (pq), (gp) and (qq), respectively). The solution is

P(tﬂf’)=<_i(t% ) ;,ZE%JF%) ) : (2.2.13)

F+3) % —5t+t)

Adding P to G, it is clear that the naive continuum results in (2.2.6)
agree with the discretized propagators, again except when both ¢ and t’
lie on the boundaries. For these values one must again use the discretized
propagators.

The Feynman propagator in (2.2.11) is given in position space, but for
an analysis of the divergences in loops it is more convenient to give it
in momentum space. The Fourier transform of (2.2.11) may not seem
obvious, but it helps to first add a small mass term %quz to SO, The
kinetic operator now becomes

1 —io
K= ( 9, m? ) ) (2.2.14)
and the Feynman propagator becomes
m —ml|t—t/| —16(75 _ t/)e—m\t—t’\
Git—tym¥) =, 2° N2 , . (2.2.15
( ;m ) ( %€(t _ t/)efm\tft | ﬁefm\tft \ ( )

For small m one recovers (2.2.11), except that one finds in the ggq prop-
agator the constant ﬁ It cancels in K G, but if one were to evaluate
Feynman graphs for a massive theory (with for example V' = %m2q2+)\q4)
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in the infinite t-interval one would need to include the contributions from
this ﬁ term. The limit m — 0 would then lead to infrared divergences
which makes the theory ill-defined. On a finite t-interval one must spec-
ify boundary conditions, similarly to what we did in the massless theory
with the matrix P in (2.2.13), and the mass singularity is removed by
the boundary conditions. The Fourier transform of G(t — t';m?) is easily
found

m> —ko

G(t_t,;mz):/” o gikoe—t) | Brm? Frm® ) (9916)

__r0o_ L
—oo 2T k3+m?  kZ+m?

By decomposing m? into (k3 +m?) — k% we see once again how the delta
function singularity in the ¢¢ propagator is canceled in the pp propagator:
the propagator in (2.2.16) is clearly nonsingular as ¢’ — ¢, but the ¢q
propagator corresponds to the numerator k¢ and is singular as ¢ — t. We
can now study divergences in phase space.

All loops computed with phase space Feynman diagrams are finite be-
cause in t-space all propagators are bounded and all integration regions
are finite. One can also explain by power counting methods (which are
formulated in momentum space) why phase-space path integrals are con-
vergent, while configuration space path integrals are only convergent after
taking the ghosts into account. The kinetic matrix has entries unity (from
the p? term) and k (from the pg term). Disregarding P(t,t'), on an infi-
nite interval the pp propagators vanish, while the gq propagators behave
like 1%2 for large k but the pg propagators go only like [ dkk/k? and would
seem to lead to a ultraviolet divergence. However, the integral over k/k?
vanishes since it is odd in k. These results do not change if there is a
mass term of the form %qu2 present.

To illustrate the calculations in phase space by another example, con-
sider the following Hamiltonian

~ 1 .. 1
H= §go‘pigl/2g”pjg 27 (2.2.17)

For a = —1/4, this is just (2.1.1), but for « # —1/4 there are extra terms
proportional to a + 1/4

H=H(a=-1/4) + H(a+ 1/4) ;
fulh W Nt dp O,
H(a+4)— 2(a+4)zh{pl,g ajlng}
—%(a—#—i)Qthij(@i Ing)(9;Ing) . (2.2.18)

Since the extra terms are Weyl-ordered, we can at once go to the phase-
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space path integral. Suppose we were to compute

Tra(a:)e_%H = /da:m/g(xo)a(aro)<x0|e_§H\a:0> . (2.2.19)

(These kinds of expressions are found when one evaluates trace anomalies,
but these interpretations do not concern us at this point). The path
integral leads to

0 in n
<e’§f71H( Ddr 3 [ H “lat1/4)dry (2.2.20)

with H0™) given by (2.2.8) and

; 1 . 1 id
TR (04 1) = ~ifo+ 1)(0p)g 05 g
580 e+ )90 g)(@;ng) (2221)

Since the trace is cyclic, the result for the path integral should be «
independent. To order (a + i) there are no contributions since p; is
a quantum field whose vacuum expectation value vanishes.” However,
to order (a + %)2 there are two contributions: a tree graph with two
(a+ i) vertices and a pp propagator, and further the vertex proportional
to (o + i)Q. Using the pp propagators from (2.2.6), the sum of both
contributions clearly cancels, as it should.

Upon eliminating the momenta p;, the phase space path integral be-
comes a configuration space path integral, and infinities are introduced
which are canceled by new ghosts, as we have discussed. The phase-space
approach should yield the same finite answers as the configuration space
approach. That this indeed happens is called Matthews’ theorem. We
illustrate it with a few examples, although a formal path integral proof
can also be given, see [53].

The interaction part of the action for the phase space path integral
differs from that for the configuration space path integral by the following
terms

1 0 int int
_ﬁ /ﬁ {Hz()has)e(pv q) - Hc(on}(q)} dt =

B 0L
nlo2

—i—i /O 1{g(:):) —gij(2)} (qi(jj +b'cd + aiaj) dr
gh ), 2 9 ij

{97(@) = g (2) } pimsr

® There is also a term linear in p in H(a = —1), namely the term —i ffl p; (27 —y?)dr
in (2.2.7), but it does not contribute to the trace in (2.2.19) because z = y = z¢ in
the trace.
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i [0 , , 1 /91 s .
i [mle =+ o [ ey -y~ yar
1 /0 S
—i-%/ gij(z)(z' —y*)¢’dr  where z=z+7(z—y)+q.
-1
(2.2.22)

Inserting the complete field equation for p, namely p; = é gij(w)i", into
the complete action for p, which reads —% g% (x)pip; + ipd, one obtains, of
course, the complete action in configuration space, namely —% gij(x)a‘ciabj
plus ghosts. However, if one calculates in perturbation theory, one de-
composes p and ¢ into a free part (in-and-out fields) and the rest. These
free parts satisfy free field equations which differ, of course, from the full
field equations and for p they read p(.o) = %gij (2)¢’. Substituting these

(3
free field equations into the kinetic part of the phase space action (of the
form ipg — %pQ) one finds the free part of the configuration space action
(—%QQ), but the interaction parts of the phase-space and config-
uration space actions differ after substituting the free p field

equations. The difference is easily calculated in our case
585 = 2 [ S {0 @) + (o) = 200(2)} ' dr
1 01 . L
—l-% [1 B {gij(l') _gij(z)} (b'dd + a'a?) dr

b [ o) — g 7 o)

0

+% . %gij(m)(zl —y") (& —y)dr . (2.2.23)
Clearly, for linear sigma models with g;; = 0;; and no background fields
(z = y), the actions are the same, AS = 0. The claim of Matthews’
theorem is now that the effects of the extra term hg%(2)6(c — 7) in the
¢*¢? propagator cancel the effects due to AS. In other words the phase
space approach and the configuration space approach should give the same
result.

To avoid confusion, we spell out the procedure in detail. In the phase

;i,:ﬁe (p,q). The interactions in the

(int) (¢, q). The statement that

conf

these interactions are different means that L%ﬁ (P, q) # L((:Z:f} (¢, q) where

p should be eliminated using the field equations of motion of S(». This
(int)
phase

space approach one has an interaction L

configuration space approach are given by L

field equation reads p; = gij(z)q'j. If one changes the notation in L

and writes LS}ZQ .(id,q), then one may use the same propagators for (qq)
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and (¢¢) as in configuration space approach, but for (¢q¢) the propagators
in the phase space approach and the configuration space approach are
different. The claim of Matthews’ theorem is then that one may either

work with LI()Z,ZZ . ((;Zt}
but with singular propagators for (¢¢). Green functions (with p identified
with 4G on external lines) should be the same.

To bring out the essentials, we consider a simplified model, in which

z =y and g;;(z) = d;; and g;j(x) —d;; = A;;(¢) and we choose an ordering

and the nonsingular propagator for (4q), or with L

of H such that there are no extra terms of order A%. Furthermore, the
model is one-dimensional, so i, 7 = 1. This leads to L = %(j(l + A)g with
A = A(q). We define H in the Euclidean case by igp — H = —L. This
yields H = §p1+LAp. Then the interaction Hamiltonian and Lagrangian
read, respectively,

Lo B A 1, 1
__glnt) — = _Zplnt) _ CAd A Aa) .
5 wPira? © h —Qﬁh(q G+ bAc+ ada)
(2.2.24)

The free field equation for p reads Bp = ig, and substitution into H*
produces a result which differs from —L" because instead of A one finds
A/(1 + A) at vertices (and because there are no ghosts in H"). How-
ever, also the (¢¢) and (pp) propagators are different. In the phase space
approach the qq one-loop selfenergy receives contributions from a p-loop
and a seagull graph with a pp loop

p

The external lines denote A(q). In the configuration space approach there
are ¢q loops and ghost loops but no seagull graph

q a b

q a c

Matthews’ theorem claims that both results are equal. Comparing both
results, we see that in the configuration space approach one is left with
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the integrand

1 1

;i {(2)2 - (n)?} = L1200 -7} . (2.2.25)
The factor 1 agrees with the result one obtains in the Hamiltonian ap-
proach from the p-loop, whereas the factor $(—2)d(c — 7) agrees with re-
sult one obtains in the Hamiltonian approach from the the seagull graph.
(To write the integration [ dr of the seagull graph also as a double in-
tegral [dr [do we added the factor 6(7 — o). The d(c — 7) contracts
the selfenergy graph to a seagull graph.) Hence, the extra term in the ¢4
propagator (the d(c — 7)) gives the same contribution as the extra vertex
(ppAA).

The reader may verify that also other Green’s functions give the same
results. For example the p — p selfenergy gives the same result as minus
the ¢q selfenergy (the minus sign comes from the factor i in p = iq)
because the mixed loops (with Ap and pA propagators or with A¢ and
GA propagators) agree, whereas in the phase-space case the loop with an
AA and a pp propagator plus the seagull graph with an AA propagator
gives the same result as in the configuration case the loop with an AA
and a ¢q propagator. There are no ghost contributions to the 1-loop pp
selfenergy.

The difference between the Hamiltonian and Lagrangian approach to
quantum field theories with derivative interactions historically first be-
came a source of confusion in the 1940’s when “mesotron theories” (theo-
ries with scalar fields) were studied with gradient couplings. (QED was in
this respect simpler because it had no derivatives interactions, but scalar
QED with L = —|9,¢ —ieA,p|? was studied and it has the same difficul-
ties). Matthews’ theorem [51] clarified the situation for these theories, and
a general analysis for quantum mechanical models with double-derivatives
interactions was given by Nambu [52], and later by Lee and Yang [25].
By the 1970’s it had become clear that one could use the action itself
to obtain the interaction vertices, and the propagators were “covariant”,
by which is meant that propagators of derivatives fields were equal to
derivatives of propagators of the fields

0o 0

(0udu(@)0p Ao (v)) = 5 255

(A (2) A5 (1)) - (2.2.26)
To retain part of the canonical methods so that one could work out the
radiative corrections to current algebra, one introduced the notion of a
T* product, so one wrote (B(z)C(y)) = (QT*B(z)C(y)|2), where |£2)
denotes the vacuum. This T* operator commutes with derivatives, and is
thus different from the usual time ordering symbol T" which involves theta
functions 6(z% — ¢°) and 0(y° — 2°) and thus does not commute with 8%0
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and 8%0 In fact, for one time derivative the results of using T* or T are
still the same because

SHOIT A ()4, (1))
= (QIT0 Ap(2) Au (9)[) + 8(2” — y°)[Au(2), Au(y)]
= (2T Ay () Ay (y)[2)
—(QUT* DA () A (1)1 (2.2.27)
since [A,(x), Ay(y)] = 0. But for two time derivatives the Hamiltonian

(canonical) propagator with 7" and the Lagrangian (covariant) propagator
with T* differ. For example, for QED

520 5o AT A AW = 55 (AT A DA W)
= (0T AL (£)00 A ()12) + 52 — 1) [4,(2), D0, )]

— (QUT* DA (@) Ay (1)|2) + i (@ — Y (2.2.28)

where we used that dpA, = P(A,) +....

As we have already seen in the case of nonlinear sigma models, in
the canonical approach there are extra vertices and extra terms in the
propagators, but all these extra effects cancels if one computes Green’s
functions. In the 1960’s “current algebra” was developed as a tool to
deal with the strong interactions in a nonperturbative way. This was an
operator formalism, which therefore used T products, but complicated
noncovariant extra terms (“Schwinger terms”) were found to be present
in the commutation relations of (in particular the space components of)
currents. To simplify the current algebras, the T product was introduced,
and relations between the current algebra with T ordering and with T*
ordering were developed. Here, of course, the theorems by Matthews
and Nambu were of some use. We shall not enter a discussion of current
algebras, but instead we now study the same problems in nonabelian
gauge theory. We do this for a change in Minkowski space.

Consider the nonghost sector. After adding the gauge fixing term
Lfiz) = —%(8“14“)2 the Lagrange density reads

L) = ﬁ@AM)? - L 1 1
= 5(501%‘)2 - 5(30140)2 + 5(3#10)2 - 5(@'1‘1]‘)2
+ A Ao A A, — 0, AgAg A A; — i(p@)m + %(Ao A A;)?
(2.2.29)
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where (F%)mt — (0iA; — 9;4;)* and A A B denotes f%¢A°B¢. The
conjugate momenta are

pJEp(A) 8014 —|—A0/\A —DoA —D()A]

P’ =p(Ag) = —9pAg = A7 | (2.2.30)
The Hamiltonian density ‘H = Aup“ — L becomes
Hipa) = 50 +p7 451 o= S0 = 5(040)?
+ 0jAgAg A Aj+ - (aA 2+ i(Ffj)i”t : (2.2.31)
The Lagrangian density in the phase space approach is then
L(p.q) =9’ A; + " Ao — H(p,q) . (2.2.32)

We define £© to be the terms quadratic in fields. The interactions in
phase space are given by

Lim)(p.a) = =H") (p,q) = —p Aj A Ag = ;Ao Ao A A; = 7(FE)™ .
(2.2.33)

On the other hand, in configuration space the interactions follow from
(2.2.29)

(int) _ 1 2 yint __ int 2 \int
‘Cconf( ) - _Z(F ) Q(FO]) 4(F) .
= [(a]Ao — aoA )A ANAg — (F2 )mt} 5(140 VAN Aj)Q

(2.2.34)

The reason for grouping these terms in this way will become clear.
If one first eliminates p* = 95/ dA,, from the actlon J L(p,q) by using
the full nonlinear field equation p? = DOAJ and p° = —0p Ay, one recovers,

of course £(q). One may check this by replacing p’ in Eg}?;ge(p, q) by

Dy A7, and further by substituting p/ = Ay A A; into the terms of L(p, q)
which are bilinear in p and ¢. One finds then

ES}ZZ@ _‘Cgio?:zt})” = _AO/\A'A' /\AO+AO/\A A]’
— [040Aon A + 5 (Ao/\A 2| - %(AoAAj)2 =0
(2.2.35)

Suppose one performs perturbation theory, using the interaction pic-
ture, both with the Hamiltonian theory in phase space and with the La-
grangian theory in configuration space. One has then the vertices from
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L;Zﬁ . and ££fo}, and the propagators as they are found from the terms
bilinear in p and ¢, and linear in g, respectively

The propagators (p’A,,) and (p°4,,) in phase space are the same as the
propagators (9pA7A,) and (0gA°A,) in configurations space. Thus one
may substitute, as far as the propagators are concerned, the linear field
equation of p* into the propagators. However, as we already discussed,
the (ptp") propagators are not equal to the (Jyp A*JyA") propagators (they
differ by contact terms with 64(x —5)). To facilitate comparison, we may
therefore replace everywhere (both in the phase space action and in the
phase space propagators) p* by dypA*, but then there are two sources of
extra terms in the phase space approach:

(i) the vertices £t (pt — JpAH) differ from those in £ by extra

phase conf

terms ‘Cg(;ifzgeez”a (pa Q) = _%(AJ A A0)27
(ii) the propagators (0gpA* 0y A" ) phase it the phase space theory differ from
the propagators (0gA*99A")con s of the covariant Lagrangian by the extra

contact terms
(B0 AP A ) phase — (B0 A D9 A Yeony = —ihd* (x — y)nH” . (2.2.36)

The content of Matthews’ theorem is that all extra contributions cancels.
We now check this in a few instructive examples.

Consider first the AgA( self-energy in the phase-space approach at the
one loop level. There is one extra diagram

Q N /(_%)AO(AZ-AZ-)AO (2.2.37)

where the cross denotes that this is an extra vertex. To find the extra
contributions from the propagators one first determine all interaction with
one time derivative. These are given by £ = —00AjA; NAy. These are
ordinary vertices (vertices in the covariant theory), so there are no cross
contributions where both extra vertices and extra propagators contribute.
Two such vertices yield the following extra contribution

= (%)2%//140(14#11')(—@'554@ —4))Ao
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/) 1
- = / S Ao(AiAi) Ay (2.2.38)

The cross denotes the extra term in the propagator. Clearly the extra
contributions indeed exactly cancel

Q.

/\

The same cancellation follows for the A;A; one-loop selfenergy.
Let us now see if the ghost sector gives extra contributions. The ghost
action is

L= —0"b(duc+ Ay Ac) =b(ée+ Ag Ac) — d;bDjc . (2.2.39)
The conjugate momenta (using left-differentiation, so p(b) = %S) are
p(b) = (¢4+ AgAc)=Doc, plc)=—b. (2.2.40)

The Lagrangian in phase space (for left-differentiation) is
Lphase = ¢p(c) + bp(b) — (p(b) — [Aog, ¢])p(c) — ;bDc . (2.2.41)
The interactions in phase space are

£ — _p(e)Ag Ae— 0;b(A; x ¢) . (2.2.42)

phase

The interactions in configuration space are

£ = 9gbAg A e — ;b(A; x ¢) . (2.2.43)

conf —

Substituting the linearized field equation for p(c) we find that there are
no extra vertices

£ ey =b) — £~ . (2.2.44)

phase conf

There are also no contributions with an extra propagator term since these
would have to come from (JpbJyc) but there are no interactions with Jyc.
Thus in the ghost sector there are no subtleties.
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2.3 Path integrals for Dirac fermions

We shall now discuss the extension of the time slicing approach to fermions.
We distinguish between complex (Dirac) fermions and real (Majorana)
fermions. The latter have some special problems, so we begin with Dirac
fermions ¢ for which the conjugate momentum (9¢\0S = —itpt when we
remove 1 from the left) is not proportional to ¥. In order to integrate in
the path integral over fermions fields v, one must introduce Grassmann
variables. It is sometimes said that path integrals with Grassmann vari-
ables are mathematically not well founded. We have two answers to such
criticisms:

(i) In our approach we begin with operators (such as @Z; and Jf) with-
out any Grassmann variables. Then when we convert expressions such as
Tr J exp(—(H) into discretized path integrals we introduce Grassmann
variables by means of mathematical identities. So the discretized path-
integrals are mathematically well-defined.

(ii) The question whether the continuum limit of the path integrals exists
is easier to prove for fermions than bosons because there are no conver-
gence problems with Berezinian integration: [df6# = 1. In particular, in
our applications to anomalies we need only graphs with a given number of
loops. We are then working at the level of perturbation theory, and at this
level path integrals with fermions are manifestly finite and well-defined
(as they are also when bosons are presents).

For fermions the problem is to evaluate again expressions such as Tr J exp(—(H),
where H contains now also fermions. This Hamiltonian is constructed
from the Minkowskian action as H = ¢p— L, but once it is constructed, it
is a well-defined operator which acts in a well-defined Hilbert space. Her-
miticity, general coordinate invariance of H and positivity of the energy
define H uniquely up to corrections proportional to i?R. Supersymme-
try even determines the coefficient of R. In particular, there is no Wick
rotation needed: all fermionic operators 1 and 91 in J and H are oper-
ators of the Minkowski theory, and 1T is equal the hermitian conjugate
of 9». When we insert complete sets of states in exp(—%H ) we will be
led to a Euclidean path integral, but we arrive at this path integral by a
series of identities, and not by a Wick rotation of the fermionic fields ¢
and ¢T. The Minkowskian action for a free complex (Dirac) fermion in n
dimensions is

0 0
S= /|- T'O(O— ’“—) ]d" 02 =_-1. (231
/[(wwwatﬂamkw z, (v) (2.3.1)
For one-component spinors 1 in quantum mechanics this reduces to
S = /ww} dt . (2.3.2)
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The conjugate momentum of v is —ib’ and the equal-time anticommu-
tation relations yield {1, 1} = {¢T,4} = 0 and further

, h
{mwhey=7 — {pvf}=h. (2.3.3)
If there are more than one pair of ¢ and ¢! we denote them by an index
a=1,..,n,as in ¥Y® and 1[12. Then

[0, 0f} = hop . (2.3.4)

In curved space this index a is a flat index, related to a curved index ¢ by
the vielbein fields e%;(x) as usual in general relativity

V() = ei(x(t) ¥'(t) - (2.3.5)

It is convenient to work with flat indices for fermions and curved indices
for bosons. Thus we shall be using z?(t) and ¥“(t) where in both cases i
and a run form 1 to n.

Having defined the basic operators ¢ and T,ZJZ we shall be using, we
rewrite the trace as a path integral by inserting a complete set of states
constructed from ® and wg. In this way we shall arrive at a path integral
representation of Tr J exp(—FH). This path integral has the appearance
of a FEuclidean path integral (no % in front of the action). One might
then, out of curiosity, wonder whether this Euclidean path integral could
also have been obtained from a Minkowskian path integral by making a
Wick rotation on the spinor fields ¥% and wg (and of course rotating the
Minkowskian time ¢,; to —itp where tg is the Euclidean time). This is a
tricky question which we do not need to answer because we are using well-
defined operators with given (anti) commutation relations, which were
derived from the Minkowski theory but which in our applications lead to
Euclidean path integrals. We repeat that we do not need to make any
Wick rotation on the fermionic fields. The Wick rotation on fermionic
fields has been discussed in [54].

One could try to parallel the bosonic treatment, and introduce eigen-
states of ¢, namely bras and kets, as well as also introduce a complete set
of “momentum” eigenstates, i.e. eigenstates of Jf which are again bras
and kets. These eigenstates are coherent states as we shall see, so this
approach would lead to four kinds of coherent states, with several inner
products to be specified. This is one of the approaches in the literature
[55], but we shall follow a simpler approach which for bosons has already
been discussed in textbooks [32, 33]. Namely we shall only need one kind
of coherent bras and one kind of coherent kets, and thus need only one
inner product.
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We begin with Dirac fermions Qﬁa and 1&2 with the usual equal-time
canonical anticommutation relations

{9y = ey {490 = (L, dfr =0 (2.3.6)

For N = 1 supersymmetric system with Majorana fermions the conjugate
momentum is proportional to ¥ itself, and for certain purposes one can
use Dirac brackets without having to distinguish between annihilation
and creation operators. For our purposes, however, we need to be able
to distinguish between ) and ¥, and we shall later show how to do this
for N = 1 models. (We shall either add another set of free Majorana
fermions and then construct a larger Hilbert space, or combine pairs of
Majorana spinors into ¢ and v and construct a smaller Hilbert space.
Both approaches yield the same final results for physical quantities as we
shall see). We repeat that in this section we restrict our attention to Dirac
fermions. This is enough for N = 2 models.

To define fermionic coherent states without having to write factors of
AEL/2 all the time, it is useful to introduce rescaled variables 1&“ — pY/ 21]}“
and 12)2 — pY 21&2, satisfying

{00} = o7 . (2.3.7)

Later we shall scale back to reintroduce the factors of A. The coherent
states we need are then defined by (dropping hats from now on)

) = ¥4 [0) 5 4%]0) =0 (2.3.8)

(7l = (0le™¥" s (0wl =0 (2.3.9)
We choose the n* and 7, as independent complex (i.e., without reality
conditions) Grassmann variables even though 1/); = (¢?)t. Therefore we
write 7, instead of n{. (We could equally well have chosen 7, to be given
by (n®)! because this does not change the result of the Grassmann inte-
gration). The state |0) is the Fock vacuum for the ¢’s, and by definition it
commutes with the Grassmann numbers: |0)n® = n*|0) and |0)77, = 74]0).
The same property holds by definition for (0|.

It is clear that these coherent states satisfy the following relations

) =0l 5 (Al = (717 - (2.3.10)

To prove this one may expand the exponent. There are then only a finite
number of terms because 74,74, = 0 when a; = as.
The inner product is given by

(film) = ™" . (2.3.11)
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This relation follows from e?e? = ePedeldBl with A = 7,0 and B =
Yin®. Since [A, B] commutes with A and B there are no further terms in
the Baker-Campbell-Hausdorff formula.

Grassmann integration is defined by

/dnanb =%, /dﬁaﬁb = ab , /dn“ =0, /dﬁa =0. (23.12)

So, for example,

/ 11 dﬁadna(l +> nbﬁb) =0n1 - (2.3.13)
a=1 b=1

Identities for one fermion are easily extended to the case of several
fermions by observing that one can factorize into spaces with different a,
for example

Da 1%” = H e¥an® — ez/’I "led’; " ew’t e (2.3.14)
The completeness relation reads
L —
= [ (TL dnadn) e i (23.15)
a=1

For one pair of 7 and 1 the completeness relation is easily checked by
expanding the exponent

/dﬁdn(l +49)[0) (1 = 7m)(0|(L + 7¢) = |0)(0] + ¢ T[0) {0y . (2.3.16)

The right hand side is the identity operator in Fock space. Note the
opposite sign in the exponent of the inner product and decomposition of
unity. From now on we shall mean by d€d¢ the product

dédé = [[ (d€ad€®) = dérdg" ... dénd€™ = dé,, ... déyde" ... dE™ .
a=1
(2.3.17)
‘We consider now the transition element between two coherent states

(mle” " ) . (2.3.18)

We assume that H depends on @ZA)“, @ZA)}; (and on &%, p; which we suppress
writing) with again an arbitrary but definite a priori operator ordering.
In order to compute traces like Tr.J exp(—%H ), we shall use the com-
pleteness relation for coherent states to define the trace, and then all
Grassmann variables are integrated over and disappear.
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We begin by inserting N — 1 complete sets of coherent states and obtain
then (for clarity writing the integral signs between the coherent states to
which they belong)

q

B

(mle™ =" {m)

= <77\€_%H|77N71>/dﬁN71d77N716_ﬁN’mN’l<77N71|€_%H|77N72>
e )y i=dn . n=m, e=B/N . (2.3.19)

This is analogous to the insertion of N — 1 sets of x eigenstates by Dirac.
Next we introduce N other complete sets of coherent states which are
analogous to the N complete sets of p eigenstates of Feynman. We do
this to obtain a fermionic midpoint rule. We consider thus

(T ]e” 7 |my) = /d)‘(k:ka(ﬁkH|€_%H|Xk>€_’_<m (Xklmk) - (2.3.20)

Weyl ordering of fermionic operators 1[1“ and z/}l is defined by expanding
(a0 + 01N and retaining all terms with a given number of operators
in the order they come. For one fermion one has

(m+n)! (")) = <aaﬁ>m <§n)n G+ N =m+n (2.3.21)

where m and n can only take the value 0 and 1. For several fermions one
has for example

@ dw = 5@ - 919°)
(@ 9Phw = St Gl + B9t + 29800
= SR+ P19 (2322
where in the last line we kept )%’ together. Weyl ordering of fermions
is further explained and worked out in appendix C.

Given a Weyl ordered operator B (@T,l/;), the following midpoint rule
holds

@Bl = [ axaxe ™ B(x 5 0c+ ) (K
1

= [ dxdxe X0 B(5 0+ 0. ) (W) - (23.23)

Both formulas are true, but we shall only use the first one. The proof
of this fermionic midpoint rule can either be given by following the same
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steps as in the bosonic case, or by starting with an operator (1) (or (¥)¥)
for which (2.3.23) is obvious, and then using the property that if A is Weyl
ordered then also %@A + fhﬁ) is Weyl ordered. Repeated application of
this property to A= (@T)k then proves the fermionic midpoint rule for
any operator B which is a polynomial in z[; and 1/AJT.

Next we use again the linear approximation. That is, we replace the
Weyl-ordered operators (exp(—%fi’ ))w by eXp(—%f:fw). In matrix ele-
ments (in particular the kernels of the path integral) these two expressions
differ by terms which are of order €2 and higher, and in the path integral
these extra terms do not contribute. For example, if H = @Lz[}“ then
(H ) (@Tzﬁa ¢94pT) +n and the €2 terms in (exp(—% 7)) are given
by o <wwawbwb>w while exp(—£ Hyw) yields <3 (1)) w (4] w. The
2
7
€2 do not contribute for ¢ — 0. In the bosonic case one had two terms

pAq and ep? in the exponent and whereas p’ = p — —Aq is of order e /2,
the phase space variable p itself is of order €. For fermlons there are not
two terms in the exponent, but only one term yAy. Thus for fermions
there are no subtleties.

After rewriting the Hamiltonian in Weyl ordered form and applying the
linear approximation we arrive at

N-1 N-1
<77|6Xp(_* >|7]> /(H dﬁkdnke—ﬁknk> (H dxkdxke—mxzc>
k=1

difference is see appendix C, equation (C.14). These terms of order

k=0
N-1 c 1
T b exe (~ 52 (0 50m+x0) ) ) (2324)
k=0

where (| = (7| and |n9) = |n). Substituting the inner products for
coherent states, and using the lemma

/dﬁkdnkefﬁk(nkfxchl)f(nk) = f(xk-1) (2.3.25)

we arrive at the following suggestive result
(nlexp(~ 5 H ) In) = / ( 11 d>‘<kd><k>
k=0
_ N (xe= k1) L Ly (o Xkt Xk
NXN-1 — € Z {Xk (f) + ﬁH (Xk; f)}

k=0

exp

where y_1 =1n.
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In the continuum limit one obtains the action S = [ xx dtg for x in the

exponent of ¢~#5. This action could have been obtained by starting form
the Minkowski action S = %fXX dtps and then continuing ty, — —itp
to Euclidean time tp. However, we started from the Minkowski action
which we only used to derive the anticommutation relation of the ¥* and
¥l then we took the Hamiltonian (the usual Hamiltonian of Minkowski

space) and started computing (ﬁ\e‘gH |n) using well-defined rules. The
outcome is (2.3.26), with the action S = [ yx dtg for x. We shall refer to
this as the Euclidean action for .

The term 7y ny—_1 is the extra term which one encounters already in
path integrals with bosonic coherent states [32, 33]. It comes from the
inner product (77|xn—1). It is needed in the continuum theory with 7y (0)—
ff’ﬂ X(t)x(t)dt in order that the field equation for x(¢) be given by %)‘((t) =
0 without extra boundary terms. (Note that x(t = —f) = n and x(t =
0) = 77 hence dx(t) vanishes at ¢ = — but not at ¢t = 0). However, we
shall go on with the discretized approach and not yet make this (or any
other further) approximations.

Since Ny y—1 is at most linear in quantum deviations we get rid of this
term by introducing again the background formalism. We decompose x
and Yy, into a background part &, and &, and a quantum part 10, and 1y,

Xp =& +vp withk=—1,.,N—1, Xke =Eka+¥Vka withk=0,..,N .

(2.3.27)
Again &} and ke are independent complex Grassmann variables, and
idem for ¢} and tp,. For k = —1 we already defined x_1 = 1. The
background fermions are supposed to satisfy the boundary conditions,
hence y_1 = &1 =n and ¢_; = 0. Similarly Yy = &y = 7 and ¢y = 0.
Of course dxiqdxf = dd_)kachbg, since Berezin integration is translationally
invariant.

Next we split off a free part H(® from H. In our applications, we always
shall choose H(® = 0 for the fermions, so we concentrate on this case.
However, nonvanishing H(® can also be handled by our methods. (All
our applications are to massless fermions; had there been a mass term
present, we would have put it into H(®).

To be able to extract the interaction part of the action from the path
integral, we introduce external sources Ky, and K} which couple to vy
and vy,, and study the quadratic part of the path integral first

Ok R T ai due 1 o)
720K, K) = / [T diadvi | exp(—5@)
k=0

1 N-1 N-1 B
—5 80 == 3" dra (W = Uf0) + 3 (Kratft + YraK7)
k=0 k=0

69



(2.3.28)

where we recall that ¢*; = 0. All remaining parts of yx and fxny_1 in
(2.3.26) combine with H into what we shall call H@)  Just as in the
bosonic case, the kinetic terms are not diagonal. In the bosonic case we
made therefore first an orthogonal transformation on the ¢j, which diago-
nalized the kinetic terms, but the fermionic kinetic terms are sufficiently
simple that we need not first diagonalize them. By completing squares
one finds

~Dka Al + Krahf + Vpa Kf = — (ke — Ko Aph) A (U8 — AL KE)
+Kpo(A ) K7 (2.3.29)

where A is the lower triangular matrix

10 0 0
-1 1 0 0
Aklzékl—émﬂ ; k,JI=0,N—-1; A= 0 -1 1 .
. 0
0 0 -1 1
(2.3.30)
The inverse of the matrix A is given by
1 00 0
_ . 110 .0
At =0 if k<l 1
; =1 1 1 . . 3.
A =1if k>1 " 4 0 (2.3.31)
11 . 11

(hence A~1 is also lower triangular). The integration over 1y, and ¥¢ in
ZO)(K, K) yields unity since det Az = 1. Hence

N—-1
ZY(K,K) =exp Y KiaAplKf . (2.3.32)
k,l=0

The propagators follow by twice differentiating Z(©). We find

_ o 0
L) = —— ———20) = A7lop . 2.3.
(Vrtw) ST 0 gy 00 (2.3.33)

Since H depends on X and %(Xk + Xk—1), we rather need the propagators
for the ty_y/o where

1
Vp—1/2 = 5(% +r-1) - (2.3.34)
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One clearly has

1ifk>1

- 1, _ .
(Vh_1)2%m) = 5(A,C,l1 + A )Oh =14 1/2if k=1 308h.  (2.3.3)
0if k <

The right-hand side contains the same discretized theta function as en-
countered in the bosonic case. The 1) and ¥ propagators clearly vanish.
In the continuum limit

(W () Bo(t))) = B(t — ') (2.3.36)

but when in doubt we shall go back to the discretized propagators with
the discretized theta function.

The correlation function obtained from the path integral formalism
are always time-ordered, an automatic consequence of the time-slicing in
which the factors exp(—eH /h) move one from one time to the next. Thus
the fermion propagator in (2.3.36) should be interpreted as

W)ty =68 if t>1
- 1
W) = 30 i b=t
(o)) =0 if "> (2.3.37)
The equal-time propagator is now well-defined.

The fermionic path integral for the transition element in the discretized
formulation reads

a

¥
0

1 . _
T(n,m;8) = {eXp <—5H(mt)) exp KkaAkllKla] _ (2.3.38)
K=K=0

where H™) follows from (2.3.26) and (2.3.27)
1

_ T grint
hH
N-1
€ - 9 1, .. 1( 0 0
——hlgz%H(%bka—’—m?(%‘ka—ﬁ B <8Kka+akk1,a>>
N-1
a1 — Y Eralf —E0_y) - (2.3.39)
k=0

We have suppressed the dependence of H on &, and %(fg + &) for
notational simplicity. All terms linear in quantum fields except those in
H cancel if we require that the background fermions ¢ and ¢ satisfy the
(discretized) equations of motion of S ©), In particular, the term 7j1)(0)
cancels against the term [ Y1) coming form the last term in (2.3.39). The
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background fermions fields are then all constant because H(®) = 0. Hence
€0 =n? forall k = —1,0,1,..,N — 1 and &, = 7, for all k = 0,1,..,N. It
is instructive to check that all terms linear in the quantum variables 1
and vy , cancel.

The path integral can now formally be written in the continuum limit
as

_ 0 i g0 . L0 climten
<77’eiﬁH‘77>:/d¢d¢e Jog b di=g [~ Hdt+ian :<e 7 45 tdt+77a77>

(2.3.40)
with propagators (2(t)yp(t')) = 0(t — t')6¢, and SU™) = H because we
took H(®) = 0. The Hamiltonian H depends on 7, + 4 (t) and n® + % (t)
and ¢ (t) vanishes at t = —3 while (¢) vanishes at ¢ = 0. The extra term
een” will play an important role in the computation of anomalies. It is

equal to the inner product (7|n) = eMam”,

2.4 Path integrals for Majorana fermions

In the previous section we developed a path integral formalism for Dirac
spinors 9% and wg satisfying {wa,wg} = hét. However, for many ap-
plications one needs Majorana spinors. The Dirac bracket for Majorana
spinors ¢® reads {¥%, v} = A6, but one cannot directly construct a path
integral formalism for Majorana spinors because we need separate opera-
tors ¥* and ¢Z in order to construct coherent states. There are two ways
to achieve this objective: either by adding an extra set of free Majorana
fermions, or by combining pairs of Majorana spinors into complex spinors
1 and ¢t. We discuss these constructions separately. When one is dealing
with one Majorana spinor (or an odd number of Majorana spinors), only
the former procedure can be used.

Doubling of Majorana spinors. One way to construct separate
operators ¥ and 9! is to extend the set of interacting Majorana spinors
Y with @ = 1,..,n by adding another set of free Majorana spinors g
with again a = 1,..,n. The Hamiltonian depends only on { but not on
5. We then combine 9§ and 1§ into creation and annihilation operators
as follows

U= (i) o] = () (24.1)
- \/5 1 2/ a — \/Q 1 2) S
For convenience we rescale the fermions such that there are no A in the
brackets

{vf ) =% (W0} =4 (242)
Further, of course, {1%, ¢’} = {1/}2,1/};} = 0.
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Given these operators 1) and ¥ we can now construct the path integral.
The transition element is according to (2.3.26)

N-1
(e 10 ) = [T diude™ =
k=0
N—-1 c
eXp(—ﬁ > XXk — Xk—1)/€ — gHW(Xm (xk + Xk:—l)/2))
k=0

(2.4.3)

where the operators &f in H are first written as (@Z“ + &l) /v/2, and again
x—1 = n. After Weyl reordering with respect to ¢ and 1! one then
finds Hy as a function of yj and (xx + xx-1)/2 according to Berezin’s
theorem. In fact, because H originally only depended on { but not on
1§, it depends only on the sum of y; and %(Xk + Xk—1).- One may then
introduce a background/quantum split of x and y and H then depends
only on 1 g + 11 qu- One constructs propagators for ¢ 4y, and the path
integral becomes an integral over 11 pq.

In applications one begins by considering a trace TrJexp(—FH) in
a quantum field theory, and then converts this trace to a problem in
quantum mechanics by representing the Dirac matrices v* by Majorana
spinors v/2 1&% with the same anticommutation relations. One then adds
free fermions @ZS as explained above. Since J and H depend on 77131, one

combines 11 and ¢y into ¢ = (1 + ih)/v/2 and T = (1 — ia)/V/2.
The matrix elements of 1/31 are the same as the matrix element of 7.
Thus the trace is still well-defined: the Hilbert space on which ; acts is
obtained by acting with ¢! on the vacuum annihilated by 1. Adding a
free set of fermions implies that one is considering a larger Hilbert space.
One must then afterwards divide by the dimension of the subspace which
is due to 5. For an application where this construction is explained in
great detail, see section 6.1.

Halving of Majorana spinors. The other way of constructing path
integrals for Majorana spinors 9% is to combine pairs of Majorana spinors
into complex Dirac spinors. This evidently is only possible if one has an
even number of Majorana spinors. One defines then

1 _ . 1
A:_(q’/)QA 1+Z¢2A); XTA:_

ARV V2

where A = 1,..,n/2 and {x4, XJJFB} = 6. The inverse relations are given
by

WA i) (244)

1 . .
Pt = E(X(aﬂ)/2 + Xza+1)/2) if a is odd
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1
W = E( 2 4 ZXa/z) if a is even . (2.4.5)

We define then again bras |n) and kets (7| by using the operators x' and
X, respectively, to construct coherent states. The Hamiltonian depends on
1?, so we should first express ¥® in terms of x4 and Xip then Weyl-order
this expression, and then go over to the path integral. Once again, we
may then introduce a background/quantum split for the fermions and end
up with a path integral for the transition element (7| exp(—GH )|n) where
one integrates over 7 and 7, see (6.2.47). Then one changes integration
variables from the n/2+ n/2 variables 77 and 7 to new variables 1§ where
a =1,..,n, and one ends up with a path integral over these ¢{. For an
application where all details are discussed see section 6.2 below (6.2.5).
We conclude this section with a discussion of how antiperiodic boundary
conditions (APB) and periodic boundary conditions (PBC) arise in the
continuum path integrals. We will derive these results straightforwardly
from our discretized path integrals. When we compute anomalies in the
second part of this report we shall explicitly perform the integrals over
Grassmann variables at the discretized level, and then we shall not need
to know whether in the continuum limit fermionic fields are periodic or
antiperiodic. However, in the approach of Alvarez-Gaumé and Witten
the continuum limit is first taken, and then one must evaluate one-loop
determinants with certain boundary conditions for the quantum fields.
Let us first go back to Dirac fermions and the transition element (77| exp(—GH)|n).
Recall the expression in (2.4.3). We want to take the trace of this transi-
tion element, so first we discuss how to take the trace of an operator.
The trace of an operator A is given by

TrA= /\/ (x0) Hd:c H dx“dxa) XX (X, xo| Al X, o) (2.4.6)

where []7_; (dx®d¥Xa) can be written as dx!...dx"d¥Xy ...dx1. The states
|x,x0) and (x,xo| contain the fermionic coherent states. The factor
V(o) comes from the completeness relation [ |z)\/g(z)(zx|dx = I. We
take here the Grassmann variables y and x as independent and not re-
lated by complex conjugation. The only property they satisfy is Berezin
integration [d¥,Xe = 1 and [dx®x® = 1 for fixed a. Note that the
order of dyxdy and the sign in the exponent exp(xy) are different in
the trace formula from the completeness relation in (2.3.15). To check
this trace formula, consider one pair x, x. Then [dxdy (1 + xx) (0/(1 +
)AL+ 61)[0) is equal to (0]4]0) + (0jAYT0) = (0]AJ0) + (1]4]1),
where [1) = 1T|0). We assume here that x commutes with A4, so A must
have even statistics (we sometimes use the not quite correct terminology
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that A is commuting). This is indeed equal to TrA.5
We now return to the trace of the transition element

Tee M — [y di, ™ (| exp(~BH) ) (24.7)

The transition element contains the expected path integral over dxdy with
action — f_oﬁ xdt—3 fEﬁ Hdt, plus the extra term 7x(0). Performing the
integration over dn of

e ex(0) (2.4.8)

leads to a factor (n+ x(0)) which is a fermionic delta function §(n+ x(0))
because [dn(n+ x(0))f(n) = f(—x(0)). Subsequent integration over n
leads then to

x(0) = —n (ABC) . (2.4.9)

Recalling that x(—/3) = 7, this means that the path integral is over paths
x(t) with ABC.

On the other hand, consider the trace with a matrix v°, Tr~%e #H,
As we show in section 6.1, the QM operator corresponding to v° is (—)F
where F' is the fermion number operator. The path integral is as before,
except that 7°|n) = | — n) 7. The extra terms are now

e™ M () (2.4.10)

Integration over d7n now yields a factor (—n+ x(0)). Thus one obtains the
same path integral as before, but now with periodic boundary conditions

x(0) =17 (PBC) . (2.4.11)

6 At the risk of confusing the non-expert reader, let us mention that one can actu-
ally distinguish between a trace and a supertrace, where by supertrace we mean the
usual trace but with a minus sign for the fermionic states. The Jacobian in quan-
tum field theory leads to a superdeterminant and a supertrace; this is not a choice
but can be proven [56]. In the quantum mechanical model one can also distinguish
between an ordinary trace and a supertrace. Both traces are mathematically consis-
tent operations, and only physics can decide which one to choose. In the quantum
mechanical case one needs the ordinary trace since one is taking the trace in spinor
space. The 2"/ states in spinor space split into two sets, one set with even num-
bers of ! operator and the other set with an odd number. For two states |0) and
|1) = 41|0), the trace of an operator A is (0] A|0)+ (1|A|1) while the supertrace would
be (0]A|0) — (1|A|1). We need a trace in the QM case because in the original formu-
lation in terms of quantum field theory we needed a trace. The issue whether one
should use a trace or a supertrace in finite temperature physics arose in the 1980’s.
In [57] a trace had been used, but in [58] it was argued that one needs a supertrace.
It was finally settled that one needs a trace [59].

" The proof is as follows. Consider for simplicity 2 dimensions. Then 7% = —iy!'y? =
Yl — Ty with ¢ = L(y' +i7?) and " = 3(y' —i9®). Acting with this 4° on

n) = e*"10) = (1 4 ¥Tn)|0) yields | — 7).
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2.5 Direct evaluation of the transition element to order (.

In this section we shall determine the transition element (z| exp(— %ﬁ )|y)
to order § for the Hamiltonian

~ 1 _ ~ o
H = 59 1/4p,-gl/2g”pj 1/4 (2.5.1)

We shall not use path integrals but operatorial methods. We shall insert
a complete set of p eigenstates, expand the exponent, move p operators
to the p eigenstate and % to the = eigenstate, and in this way one gets an
answer that is completely unambiguous. We shall determine the order
corrections to the flat space transition element. The operator H corre-
sponds to the regulator of scalar field theories which preserves Einstein
invariance. Because the leading term in the transition element is propor-
tional to exp(—(z — y)2/26h) we take z — y to be of order /3. At no
stage in the calculation is there any ambiguity: we move operators p next
to eigenstates |p) or (p| where they become c-numbers p, and operator
Z next to eigenstates |z) or (z| where they become c-numbers x, taking
carefully commutators into account. The path integral should exactly re-
produce these results, and this is verified through two-loop orders in the
next section.

We expand the exponent and take all terms in the expansion into ac-
count which contain none, one or two commutators. The final result will
factorize into a classical part, a one-loop part which is given by the Van
Vleck-Morette determinant, and a two-loop part proportional to the scalar
curvature. As expected the final result preserves Einstein invariance: it
is a biscalar as we shall explain.

We first prove that the operator H in (2.5.1) is Einstein invariant. We
follow here DeWitt [9]. To demonstrate this, we note that infinitesimal
general coordinate transformations ! — 2/t = 2% + () are generated
by the antihermitian operator

R 1 . . o
Gp = %(pkfk@) + &8 (@)pr) - (2.5.2)
Coordinates transforms then as
010 = [27,Gg) = €9 (a) . (2.5.3)

The momenta transform as follows

- 1 (. 9k @)  ogk(a)
op; = [pj,Gegl=—=|D : 2 2.5.4
pj = [Pj, Gr] = =3 (pk S T apr Pk (2.5.4)
which agrees with the symmetrized tensor law p} = % {g;,]; , pk} for 27 =

27 + &, (There is, of course, no transport term —¢ kf)kpj because p; does
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not depend on xk) To simplify the notation we shall from now on omit
the hats on operators. For what follows, it is useful to rewrite this result

in factored form as pj; = ‘9’3 (pl + more). To this purpose we write
P} = (.?j/ljpz - % [gjljapz] (2.5.5)
and rewrite the last term as follows [7, 9]
laa o ’p’] - %a;f ax({')fja; 7 = i Indet 8873:';
= g (i[5 )

Hence under a finite general coordinate transformation the momenta
transform as follows

, Ox(l 1h318x

Pi = 9477 2" ox o

) . (2.5.6)

Consider now the operator g'/4p;g=/4 where g = det gij- Using ¢'(2') =
2
oz 8

57| g(x), it is seen to transform as follows

( /)1/4 ((g/)71/4

1/2 ~1/2
1/4| 0% /? 02 pj——zhil Oz |\ |9z / ~1/4
ox'| 0z 2 Oz ox'|) |ox’
ord oI -
:91/4 Dig 1/4 _ (g1/4p'g 1/4) ‘ (2.5.7)
oz’ oz’
Similarly ‘
_ _ Ox?
(&) (g = (g7 Apyg) S (2.5.8)

® The transformation rule g'(z') = | 2% 2 (z), if of course well-known from the ten-

sor calculus of classical general relativity, but we should really derive this result
by evaluating the commutator of Gp with g(Z). One can achieve this by writ-
ing Gp as the sum of the orbital part given in (2.5.2) and the following spin
part GPI"(¢) = fd":v (E0nguw + (0u€M)grw + (ayfk)gu;)%. The structure of
a generator as a sum of an orbital part and a spin part is well-known from the
case of Lorentz symmetry. The orbital and spin generator always commute. The
spin generator must therefore satisfy the same algebra as the orbital generator,
[Gr(€1),Gr(&)] = Gr(d,6.65 — £/8,6), and this fixes the spin generator [60]. In
the commutator of G the transport term from the orbital part cancels the transport
term of the spin part (so that a scalar field ¢(%) actually commutes with GE) It is
then straightforward to check that H commutes with G E.
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Returning to the Hamiltonian, we obtain

R R AR W A g Ox' i\ g
=3 (9 PRI 0271 ) \ 0am 9an? ) \ 0 -
(2.5.9)

Hence, we demonstrated that H is Einstein invariant, [H,Gg] = 0. In a

similar manner one can demonstrate that H is Lorentz invariant when
fermions are present, provided one replaces p; by a Lorentz covariant
derivatives m;. (For N = 2 models the Lorentz generator is given by J=
%Aab(a:)ngwg = Aap(2)YT% with o = 1,2 and d¢° = [wc,j] = \%b.
It leaves the coordinates z° inert but transforms the momenta p;). It is
defined by m; = p; — %www}gﬂ)g and it is Lorentz invariant if one also
adds a spin term with 9/0w;qp to J which transforms Wiab , Similar to the
spin term in G E7. For N =1 models a = 1, and using Dirac brackets the
same results are obtained.
We turn now to the task of evaluating

(x| exp (—%ﬁ) Ip) (2.5.10)
with 1
H = 59 —1/4p, 91/29”]) g (2.5.11)

Expanding the exponent in (2.5.10) we define
(x| H"|p) = ZA’“ (2.5.12)

where Af (x) is a c-number function and p! denotes a homogeneous poly-
nomial of order [ in the momenta.

In order to compute the transition amplitude (z|exp (——H ) ly) to or-
der B compared to the leading terms, it will turn out that we only need
the terms on the right-hand side of (2.5.12) with [ = 2k, 2k—1, and 2k —2.
The proof will be given in (2.5.16). We find, defining p? = g% (z)p;p;,

1

k
AL (2)p*k = <§p2> : (2.5.13)

Since this is the term containing the maximal number of p’s, it can be
easily computed because all p operators are just replaced by the corre-
sponding c-numbers when acting on |p).

The next term is

ARy ()p® (2.5.14)
1 F1l WAL

78



In this expression one of the p’s acts as a derivative, whereas the other
2k — 1 are replaced by the corresponding c-numbers. The first term in
(2.5.14) comes about when the derivative acts within the same factor H
in which it appears, and is multiplied by k since there are k factors of
H. The second term arises if this derivative acts on a different factor of
H. For this to occur there are (g) possible combinations, and taking into
account that there are two p’s in H we get an extra factor 2. Notice that
in both cases the terms involving a derivative acting on g cancel.

The last term we have to calculate is obtained when two of the p’s act
as derivatives

Agk—Q(fL‘)p%_Q =

1 k=1rq 1 ..
wk (507) | 5507 @ilogg)@;losg) + £9(0:0; 108 )

1 L
+5 (01973 log )|
E\ /1 \F2r11 . 1 g
Y -2 - ij(9. kl = (9.4 kl
h <2> (219) [29 (0i0kg )+4(3zg )(Okg™)

1 o ,
+Z(8ig’k)(0kg”) + Zg’k((?i(?kgﬂ)} pipI

oK\ (1 N\F3T71 4, jl mny | 3 img ki n
re(h <§p> [59 7 (0:0:9™) + 9™ (919" (99°")

1. .
+§gﬂ(8jg““ )(9ig™") + ;9" (0;g™ )(8jgm”)] PRDIDmDn

k—4
—1? (i) (%pQ) Eg” gm"(f?igkl)(ﬁng”q)] PiPkPIPmPpPg - (2.5.15)
The first set of terms appears when both derivatives act within the same
factor H; again there are k terms of this kind.

The next set of terms arises when only two of the factors H play a role.
There are four possibilities: (i) one p from the left factor acts on the right
factor, while another p from the right factor acts within the right factor,
(i) the first p acts within the first H, while the second p acts within the
second H, (iii) both p’s come from the left H, but one of them acts inside
the left H while the other acts on the right H, and (iv) both p’s from
the left H act on the right H. In all cases it is easy to see that again the
derivatives on g cancel.

The following set of terms in (2.5.15) comes from combinations using
three factors H, hence its overall factor is (g) There are again four cases:

(i) a p from the first H and p from the second H hit the third H, (i) one
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p acts inside the factor H in which it appears whereas a p from another
H hits the remaining H (there are 3 terms of this klnd) (iii) a p from the
first H hits the second H and a p from the second H hits the third H
and (iv) of the two p’s from the first H one acts on the second, and one
on the third H.

Finally, the term with (Z) in (2.5.15) involves four factors H, such
that one p from one H hits another H , and the other p from one of the
remaining factors H hits the last H.

The reason further terms do not contribute can be most easily seen if

we rescale g = \/gp. Then the transition amplitude becomes

(2] exp <§H) ly) = /d"p<2|exp (%H) Ip)(ply)

n/2 (2 —y)*
_ g_1/4(z)g_1/4(y)(27rh)_n (%) /dnqexp (’L%)

k= 1)’“( )kiijk (ﬁ>_l/2 (2.5.16)

k=0

where the first factor is due to the values of (z|p) and (p|y). If we consider
z —y of order \/f3, the ¢’s are of order 3°. Then only the Agkfl and Agkfz
terms contribute through order 8 compared to the leading term A’;k.

The sum over k in (2.5.16) can be performed for fixed [. All terms
n (2.5.13)-(2.5.15) have a prefactor (p?)*=*/(k — s)! with s = 0,1,2,3,4
which leads to a factor exp(—p?/28k) after summing over k. Integration
over p is then straightforward and one obtains

(clexp (<21 1) =

g—1/4( ) 1/4( )(47T27:L,3 n/2/dn gexp (_%g ( )qu]—FZ%)

{1 +iv/Bh {5(3z'gij)qg' - igij(aigkl)QijQZ}

+Bh { [—3%9 '(9;log g)(9; log g)—%g '(8;0510g g)
~5(0:99)(0; 10g 9)

- |39 @iong "+

1 Z‘ N
+39 ’“(&akgﬂ)} a5

1. . 1, .
5 (9ig")(Bkg™) + g(@gl’“)(akgﬂ)
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—_

1 . . A ,
+ |18 0039 + o™ (0ig ) @397

(0¢)

1
ﬂgw (az‘gkl)(ajgmn)} k9 9mn

1 .
~ | 5399 @90, | ratngya } + OG)] . (2517)

The terms from (2.5.13) only give the leading exponential, but the terms
from (2.5.14) give the two terms with \/h, while the four sets of terms
in (2.5.15) give the terms proportional to Sh. We have boldfaced the
terms which are present if one does not take any commutators between
different factors H into account. The last boldfaced term is clearly due to
expanding the exponent of the first boldfaced term. The remaining terms,
also of order 3, are crucial to obtain the correct result for (z| exp(— %H )y)
to order 8. To avoid confusion: if one uses Weyl ordering to evaluate the
path integral rather than directly evaluating the transition element, one
need not take these commutators into account, but only those which follow
from Weyl ordering H itself.

We can now complete the square in the exponent and integrate out the
momenta ¢;, since the integral becomes just a sum of Gaussian integrals
which can easily be evaluated. The problem is then to factorize the result
such that it is manifestly a scalar both in z and y (a ‘bi-scalar’) under
general coordinate transformations. We expect, of course, to find at least
the classical action integrated along a geodesic. In the expansion of this
functional around z(0) = z, one finds many of the terms in (2.5.17).
However, there are terms left over. They combine into R or R;;, while
expansion of g(y) yields terms with dlogg or derivatives thereof. With
this in mind, we write the result in a factorized form, where in one factor
we put all terms which possibly can come from expanding some power of
9(y), while into another factor we put the expanded action and curvature
terms. It is quite nontrivial, and an excellent check on the results obtained
so far, that this factorization is at all possible. The resulting expression
is

1 . .
57 (0397 (0ig™) +

Glexp (=21 ) 19) = g~/ o) 2rns) /2
19'2(2) + ¢4 @)y = 2)'(9:9(2))

494G — 2y — 2V (8039 ()]
exp (—Qﬂ%gzj(z}(y —2)'(y—=2) )

% [1 B i%(akgij(z))(y —2)(y—2Y(y—2)"
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2
+3 (3 @)y~ 2 P - 2

x(y—2)'(y—2) (y —2)"(y - 2)'

- B ~ Ry - 2 - 2+ 0] (25.18)
where the Ricci tensor is defined in Appendix A. For example, the term
proportional to (y—z)%0; ¢%/* in the first pair of square brackets comes from
the terms with (9;¢9%)q; and ¢ (9;")q;qrqr in (2.5.17) after integration
over q.

Note that since the difference (y—=z) is of order /3, all terms are of order
(B or less. The terms within the first pair of square brackets are, through
order 3, equal to ¢g'/*(2)g"/*(y) and cancel the factors g~ /4(2)g=*(y)
in front of the whole expression. The terms with 0yg;; and its square are
clearly the first two terms in an expansion of an exponent. This suggests
to exponentiate all terms, yielding

1

lexp (=2 ly) = Cang) 2 exp {5 [ 302

1
+13k9z‘j(2)(y —z)F

+% <8k819ij(2) - ;gmn(Z)Fg‘(z)le(z)) (y — 2)*(y — Z)l]
(y—2)" (y — 2)
6 6

_%ﬁhR(Z) — %Ri]’(z)(y —2)i(y —2)7 + 0(53/2)} . (2.5.19)

X

We shall now show that all terms in the exponent except the last two
just correspond to an expansion around z of the classical action, which is
equal to the integral along the geodesic joining z and y of the invariant
line element.

The classical action Sz, y; 8] is given by

°1 daryy (1) day (1)

Salz,y; 8] = /—B §gij[xcl(t)} o7 gt

dt (2.5.20)

where x; satisfies the equation of motion obtained from the Euler-Lagrange
variational principle

Dydya’ = &' + Tydd i = 0 (2.5.21)
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together with the boundary conditions
P(=B) =y, 2(0)=2". (2.5.22)

(To avoid confusion about the notation we consider functions 7'(t) and
endpoints y* and z'). Expanding z?;(¢) into a Taylor series

i — "
2l (t) = Z ﬁa z,(0) (2.5.23)
n=0 """
2l (0) = 2*, &,(0) = —T(2)3,(0)25(0) | ete. (2.5.24)

we see that we can express z(¢) into 2°(0) and 3*(0). The value of #%(0)

follows from the boundary condition at ¢ = —3. Namely, equation (2.5.23)
at t = —( yields

yz =z"— B:Ecl(o) + 562$cl(0) - 6/83 Ll (0) +.

#(0) = (21— )/ + L (0) — £ 57 (E(0)) 4.

1 P N DR Lood i k.
= B(Z —y)' - 5/8ij(z)xf;l(0)xcl(0) + 6625( WTade) + ...
(2.5.25)
Solving iteratively for %,(0) to order (z — y) yields
.q 1 i 1 i j k
e (0) = E(z —y)' - 35 ik(z—y)(z—y) (2.5.26)
1 . , .
+@(81F§k +TLT G-y (=) -y + ... . (2.5.27)

From these results we can obtain an expansion of the classical action
in terms of z* and (z — y)" by Taylor expanding the Lagrangian L(t)

Sulz,y; ] = /_ ; (L(O) +t%L(O) + ) it . (2.5.28)

However, L(t) is conserved

d (1 .. i1 K i

E (59@'33155]) — gi]szJ + §akgijxkxll’3

= gij (i + Ti,a%i"ad =0 for 2 =z (2.5.29)
hence only L(0) contributes in (2.5.28). We find then

1

Salz,y; 8] = BL(0) = ggz'j(Z)ﬂbiz(O)i"iz(O) = %gij(Z)
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(c =9 = 5Thz =)'~ o)

1 , ‘
45Ol + TTE)z — 0)F (e~ ) = )"

r 1
(2 =y)" = SThg(z =) (= — y)*
1 , 4
g O + T = 0 — )1 )| + .. (25.30)
The terms quartic in (z — y) have as coefficient

1 1
[ggijFiann + ggsn(akrfm + F?krllfm):| : (2'5'31)

The last two terms in (2.5.31) yield actually —% times the first gI'T" plus
a 00g term. Hence one finally arrives at

Salzyi ) = | 59520 =)'z~ o)

_%akgij(z)(z )z =y (z—y"

1 1 o
+ (352009 (2) = 59Tk (2))
x(z=y)"(z =y (z —y)"(z - y)”] +0(z—y)° . (2.5.32)
These terms agree perfectly with the first four terms in (2.5.19).
The transition amplitude can then be written as

(z]e’§ﬂ|y> - Wllﬁ)me%scz[z’y;ﬁl
1~ 2 BR(R(:) + R())
_i(Rij(Z) + Ri;j()(z —v)i(z —y) + O] . (2.5.33)

We have replaced R(z) by £(R(z) + R(y)) which is allowed to order §,
to show that the result is symmetric under exchange of z and y. These
results were obtained in [41]. The transition amplitude up to order 3°/2
(3 loops) can be found in [61].

Of course, the composition rule for path integrals should hold

[le )o@ ale F ) do = (e ) . (2530
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A quick way to check this is to use normal coordinates around x since then
only the leading term in the classical action survives (for normal coordi-
nates 9;g;r() = 0(;0jg)(x) = 0 while g;;(2) = gi;(x) — %Riklj(l“)(:c)(z -
z)*(z — )" through order ). Taking the opposite point of view, we can
impose the composition rule and find then that this fixes the coefficient
of the Ricci tensor, but not that of the scalar curvature. The latter terms
yield the trace anomaly in d = 2 dimensions, and its coefficient should not
be fixed by requiring the composition rule to hold because we can view
h?R as a potential term in the action, and the composition rule should
hold for any potential.

The terms with R;; can be expressed in terms of the classical action.
One should expect this: they are one loop terms and hence should be
proportional to the determinant of the double derivative of the classical
action (see for example the textbook by Schulman [11]). One may check
that (2.5.32) yields

o 0 1

*%a—yjscl [Za Y; B] =5 [Qij(z) - ij:;i(z - y)k

3
—Zaia(kglj)(z — ) (z— )’

1
+ {8(18jgmn) — §gstF‘€”ann)} (z — y)m(z — y)n:| . (2535)

Hence, using the notation D;; = %[gij — Ag;j], we have

det D = 87"g(2) {1 — 97 Agij — %g” Agirg" Agii + %(gij Agir)? + .. }

(2.5.36)
Since the first term in —g% Ag;; is equal to —gijl“jk;i(z—y)k = —%gijakgij (z—
y)F ~ g=12(2)¢g"?(y)—1, we can remove the term proportional to (z—y)T’
from det D by replacing g(z) by ¢*/%(2)g/?(y)

det D = 37 "g(2) 2" 2 (y)[1 + ..] . (2.5.37)

This parametrization makes sense because g(z) /2 [det 821. %S} g Y% (y)

is a biscalar. If we now work out the remaining terms in (2.5.37) denoted
by ..., one finds a nice surprise

T 3 1 1
9" {—4&8(;@91]') + 0959k1) — Qgstffz‘jriz) + 2ij7n9nmrml,i}

<(z— )z —y) = —éRkl(z — )z — p) (2.5.38)

Hence the R;; terms in (2.5.33) can be written as
1 , ,
(1- 53Rt - )G — o) =
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0 o
0zt OyJ

1/2 .
s (- 2 ) =59 o5

The final result for the transition element becomes

_Bqh _ b s kws B2
(zle7""|y) = (27rh6)”/2€ n D

x [1 - %ﬁh (R(2) + R(y)) + O(8%?)| . (2.5.40)

The Einstein invariance is manifest: the transition element is a biscalar
(it does not depend on the coordinates one chooses around z and y, nor
on the choice of coordinates anywhere else).

The Van Vleck determinant D is h-independent and thus it yields the
one-loop corrections. In the next section we shall directly calculate the
one-loop and two-loop Feynman diagrams, and indeed obtain the Van
Vleck determinant as part of the one-loop corrections. In flat space,
it reduces to unity in our normalization. The factor (2rh3)~"/? is the
Feynman measure. (Since %Sd [z,y; 8] = —p;j where p; is the momentum

conjugate to y’, one could interpret det D as the Jacobian for the change
of variable p(y) — z.)

We have thus obtained the order ( corrections to the transition ele-
ment (z| exp(—%ﬁ )|y) by direct evaluation. Another way to obtain these
corrections is to use the Schrédinger equation,

g el exp(~ Dl = [ Gl a(o) ] exp(— )l s
= HE) el exp(-5 Dly) = H)elexp(-D il . (2541

In the last step we used that the left-hand side of this equation is sym-
metric in z,y. This follows either from general arguments, or by look-
ing at the explicit expression we obtained for <z|exp(—%fl )|y). Since
(z] exp(—%f] )|y) is given by an expansion about z, it is evidently much
easier to evaluate the action of H(y) than that of H(z).

The operator H(z) is given by

2
H(z) = —%g_l/Qaigl/Qgijﬁj . (2.5.42)

Let us show in some detail how this asymmetric looking expression arises.
Define #%(t) = exp (%ﬁt) 2% exp (—%ﬁt), and |z,t) = en*|z) (“moving

frames”) as eigenstates of 2¢(¢). Similarly we introduce |p,t) = eth|p>.
As before (x,t|z’,t) = g~ /2(2)6™ (z — z) and (p,t|p/,t) = 6 (p — p').
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Given a state |¢) in the Hilbert space, ¥ (z,t) = (z, t|1) is the Schrodinger
wave function. In this z-representation, p;(t) is represented when acting

on 1(z,t) by
h 0 1

(Pz); zg‘l/‘*(a:)iaxj (z) (2.5.43)

as follows from
(.t (O, 8) = [ (.t 1) (0,5, ()’ ) " =

expi(z—a')-p
(x, tp, t)(p, t|a’, t) d” :/ ; h d"
/pj<x Ip, t)(p, t|a’, t) d"p pj(27rh)”gl/4(x)gl/4(x') p

= g @) )T 56w — )

=g Y 2)g V(@)= 59
h o

_ —1/4
g () i OxJ

g (@) (x, t T (2.5.44)
The Dirac delta function is defined by [ 60 (z — 2/)f(z')d"2’ = f(z). In
the last step we moved g~'/4(z’) past % and then converted g—/4(2/)6(™ (z—
2') to g~ V4 (x)6( (z —2’). A quick argument to justify (2.5.43) is to note
that with the /g in the inner product in z-space the operator (p;); is
hermitian. Similarly one may derive

0 i

tpi ,,t — /4 ‘
(. tlpsla,t) = —g /(@)= 5=

(') (z, t|2' L) . (2.5.45)
It then follows that

. T NPT
(z,t|H(t)|z',t) = (|59 VA (@)pig" (2)g" (£)pig~ H (&)]2)

= 597w (57T g @) ) 4@ @) el @)
= H(z)(x|2') . (2.5.46)

From (2.5.45) one finds that this expression is also equal to H(z)(z|z'),
and this proves the last step of (2.5.41). One may now check that the
transition element given in (2.5.33) satisfies

[H(y) + h;ﬁ} (zle" " H]y) =0 . (2.5.47)

Already at the level of the terms of the form (z —y)0dg this is quite a good
check.
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2.6 Two-loop path integral evaluation of the transition
element to order S.

In this section we shall explicitly verify through two loops that the path

mtegral corresponding to the Hamﬂtoman H= 1/ 4p

1/2gszjgi—1/4 for
path z(t) satisfying z¢(—3) = ¢, 2¢(0) = 2 reproduces to order (3 the
results of the previous section for the matrix elements (z| exp (—%H ) ly).

We recall that from (2.1.80)

z 1/4 1 gint
Cleso(~ ) = 2wl = 23] Gmste 57) @2o)

where the brackets (..) indicate that all quantum fields g (1), b (1), c(7)
and a'(7) are to be contracted using the propagators

(q (o) ()) = ~Bhg () Ao —7)

(4 () (7)) = ~hg" (2)(0 +0(r — o)
(i (o) ()) = ~fhg" (2)(1 ~ 6(o — 7))
(b (0)¢? (7)) = ~2hg¥ (2)(0 —7)

<

a'(o)a (r)) = Bhg” (2)d(0 — 7)
Alo,7)=0c(t+1)0(c—7)+7(c+1)0(T—0). (2.6.2)

We also recall the definition of the interactions

A 1 /91 i g i J i J
gint E » §gij(x)(x'.lx‘,]_|_blc] +ala])d7'
1 /91 Y i j 1.7
ﬁ QU( )(qq _|_bc7—|—aa)d7'
2
P T dr
8 J-1
() = 2+ (z—y)r+g(r), T=t/8. (2:63)

We shall encounter at various points ill-defined expressions to which
we shall give meaning by going back to the discretized approach. Since
each Feynman graph corresponds in a 1-1 fashion to terms in the answer
for (z| exp(——H )|y), derived in the previous section without any ambigu-
ities, this procedure will in a very direct way produce a list of continuum
integrals for products of distributions. At the end of this section we shall
check that our discretized Feynman rules produce these continuum inte-
grals.

We shall organize the calculation as follows: first we compute all tree
graphs (first from one vertex S then from two vertices S), then all
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one-loop graphs (first from one S then from two S*), and finally all
two loop graphs (first those from one S“*, then the one-particle reducible
ones from two S and finally the one-particle irreducible ones from two
Sint). There will be no contributions from three S vertices to order 3.

Tree graphs. They consist of the classical vertices themselves and tree
graphs with ¢-propagators. The former are given by

_ int _ 1 g@]( ) — l(Z - y)kak;gij(z) i j
= hS = Qﬂh ( (Z—y)%(z—y)lakalgij(z) ) (z—y)'(z—y) .
(2.6.4)
These terms are part of the classical action Sy[z,y; 5] in (2.5.32); the
terms with two and three factors (z — y) are already correct, while those
with four (z —y) and 9,0,9;; are also correct, but the dgdg(z — y)* terms

are lacking. They come from the tree graph with one propagator and two
St Tt yields

0 1 , -1
<ﬁh> 2‘/ / gU 2gmn(1:):tm:/v”> dodr (terms with one A)

852h2/ / d"dT (akgl])(algmn)( hBg* Y A(o, T)

x(z =)' (z =) (z = )" (z — )"
409152 + (2 = 9)0) (=BG 2 (0.7) g (= + (= — 1)7)
quad x (z = y)'(z —y)’ (z — )"
g5 (2 + (2 = 1)) gmn (= + (= = 9)7)
quad x (=™ ()2 (0,7)(= = y)' (= = )"} . (26.5)

We used the notation X (o, 7) = %A(a, 7) and A(o,7) = %A(a, 7) and
D0, 7) = 55 BTA(J 7). There are terms with three and four factors of
(z—y) in (2.6.5). Since the former were already accounted for, the (z —y)3
terms above should vanish. This leads to a first condition on continuum
integrals

0 0 0 0
/ / X(o,7)dodr + 2/ / o ®(o,7)dodr =0 . (2.6.6)
—1J-1 -1J-1

Since the terms of the form 0;0;gx (2 — y)* were also already recovered
n (2.6.4), also the terms from the last line in (2.6.5), with g;; or gmn
expanded to second order, or the terms from the second line expanded to
first order, should vanish. This leads to another condition

// 29 (0, 7) dad7‘+//UA0'7')d0'd7'_0 (2.6.7)
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The 0gdg(z — y)* terms from (2.6.5) are given by

( SBHang]algmn) (2 — y)j(z —y)"

<oy [ a

+(z—y)'(z—y)'g""4 /_01 /_01 T

+(z =) (z—y)g™4 /01 /01 oT 'A‘} (2.6.8)

where we introduced the obvious notation [ [ 728 = [©, [*, & A(o,7) dodr.
We get the correct terms of the form dgdg(z —y)* which occur in the clas-
sical action in (2.5.32) provided the following integrals are correct

1
A = ——
/ / (o,7)dodr 2

1
Ay( )dodr = +—
//7’ 07' odt +12

/ / ot N(o,7)dodr = —% (2.6.9)

If the integrals in (2.6.7 — 2.6.9) have the values indicated, the tree graph
contributions correctly reproduce the classical action to order 3. We first
consider all other graphs and integrals, and then we shall discuss these
integrals.

We considered only the connected tree graphs because we compared the
result with S, instead of exp(—S./h). The reader may have wondered
why we did not consider connected tree graphs with 3 or more vertices.
The reason is that these graphs do not contribute at order 3. The vertices
at the end of such a tree graph contain at least two factors z —y (use that
fEl gdo = 0 since ¢(o) vanishes at the boundaries). Any vertex which is
not a vertex at the ends contains at least one factor z —y. Thus the total
number of factors z —y is 5 or more, which leads to contributions of order
(332 or higher.

One-loop graphs. From the vertex S one finds, by expanding gij once,
the following equal time contractions

—O =
0 g
=———(z— y)kakgij(z) /71 T (D + X% y—r d7(—Lhg" (2))
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1 0 @ j 2
—ﬁakgij(z) /_1(A)U:T dr(z —y) (—Bhg™*(2)) . (2.6.10)
Since we already know from the previous section that the sum of all
one-loop graphs is given by —%Rij (2)(z — y)"(z — y)?, these equal-time
contractions with d¢ should cancel the contribution from the measure
[9(2)/g(y)]"/*. This yields the conditions

0 1
/ (4 ), dr = ——
_1 2
0
/ (£8)oerdr = 0. (2.6.11)
—1

These equal-time contractions are a priori ill-defined in field theory, but
we deduce their value unambiguously as the limit from the discretized
expressions.

By expanding g;; to second order in one vertex S one finds further
equal-time one-loop contractions with 0dg

PR
\
+ >
|
\
/
\ L/

_ 0 N
= (n) 200102) [ ar [ et = )'7 (34 8% g2
+4(z — y)kT(z —‘y)i(ﬂ)a:Tglj(z)
+(z—y)'(z— y)]gkl(z) (A)g=7 | dT(—ph) . (2.6.12)

There is also a term of the form (9;0,9:;)(z — y)*(z — y)!g¥ coming from
the measure factor [g(z)/g(y)]'/*. Its coefficient is —1/8.
To obtain the linearized contribution

I VIR IR Y
15 Bz = 9)" (2 —y)'g
1 -
ﬂ(—aiajgkl - 8k8lg,~j + 28¢8;gkj)g” (Z — y)k(z — y)l (2.6.13)

we need the following equal-time contractions

0 1
/ (W + A% dr = 2
1 3

’ JAy d L
/_T o=T T_E

1

0 1

/ Ageydr = —= . (2.6.14)
1 6
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Next we consider the contributions with dgdg. They come from one-
loop graphs with two vertices H*. They can either consist of two unequal-
time propagators, or one tree-graph propagator times an equal time loop.
We first consider the one-loop graphs with two equal-time propagators.
The contractions of two factors (¢¢ + bec + aa) yield (dots denote deriva-

tives)
O+ -

—1\21 /O | 1
— < ) —/1da/_1 d758k9¢j§8lgmn(z—y)ka(z—y)lT

sn) 21 )
29" g7 {8 (0, 7) (0, 7) — *U(0,7) &%(0,7)}(~BR)?)
= i@kgijalgmngimgj”(z - y)k(z - y)lI (2.6.15)

where [ is fixed by requiring that these terms complete the Ricci tensor

5
I= /(m W NN ordodr =~ . (2.6.16)

In addition there are contributions with g¢ propagators (indicated by
putting a dot above them) and gq propagators (without dot). Namely

—1\21 /1 1 o
O = (52) & (390) (m) e

0 [0
[ [ o®@nBen e - e - (- dodr
-1.J-1
(2.6.17)
This should vanish, hence

0 0
[1 [10 % (0,7) N(o,7) dodr = 0 . (2.6.18)

Further,

_ -1 2 11 1 km il 7 n
“Oﬁ = (ﬁ) iiakgm ialgmng 9"z —y) (= —y)
0 /0
/ / N(o,7) (0, 7)(—Bh)dodr . (2.6.19)
We need 0 0 )
/ / Ao, 7)X(0,7)dodr = —— . (2.6.20)
-1J-1 12
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Finally

—1)\? 11 1 KL im
“@ = (%) ggakgijgalgmng g
0 0 .
4/ / Ao, 7) % (0, 7) dodr(z — y)i (= — y)" (2.6.21)
1/

We need 0 0 )
/ / Alo,7) % (0, 7) dodr — — . (2.6.22)
-1J-1 12

We now record the one-particle reducible one-loop graphs with one
equal-time propagator and one tree propagator. We need one vertex with
one ¢, and the other vertex with three ¢’s, or one ¢ and two ghosts. In
all cases we consider terms proportional 0ygi; O1gmn. We then find the
following results provided the integrals have the values indicated (the
symbol a denotes 0xgi;jO1gmn )

>+ > = ey —u

0 1 1
I= (X (0,0) + *A(0,0)] Ao, 7) dodT = 13 (2.6.23)
—1J-1
>_O * >’~ — Lagigh(z — )z - y)"I
S 24
0 r0 1
I= (X (0,0) + *A(0,0)] X(o,7) T dodr = 13 (2.6.24)
—-1J-1
>—© = og Pz — )™ - y)T
24
0 r0 1
:/ X(o,0)A(o,7)dodr = — , (2.6.25)
—1J-1 12
() =~ Lagtgmiz -y -yt
12
0 ,0 1
I :/ / K(0,0) N (0, 7)rdodr = —— . (2.6.26)
-1J-1 12

If all the integrals in (2.6.10 — 2.6.26) have the values indicated, the
one-loop contributions correctly reproduce the Van Vleck-Morette deter-
minant in (2.5.37).
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Two loop contributions. The two loop graphs should reproduce the
terms of order Bh in the transition element. These were found to be
given by

—@R( ) (2.6.27)

We quote again the various graphs and below them the values which the
corresponding integrals should have.
First there is the figure 8 graph due to one vertex

OO+ O

= ﬁh 48kazgu<q ¢'(§'¢ +b'd + a'a’))dr(—ph)?

= ﬁﬁhakalgij(z)(gklgijh — g% ¢’ I,)

0
= [ Amn) () + B dr = ~=
0
I = /_1 R(r,7) B(7,7)dr = 11—2 . (2.6.28)

Next there are the products of two equal-time loops connected by an

unequal-time propagator
//-§\“ //-§\\‘ //-~\\‘
+ + N )

= 55 Oégklgwgm" (Okgim) (Orgjn) 1

AN

I:/_l /_1[m(au‘7)+£.(0,0)]A(0,7) [*A(7,7) + 2°(7,7)| dodr

1
=—— 2.6.2
= (2.6.29)

z—ﬂh 10979 9" (Om3i5) (Ongra) 1
1_/ / (%(0,0) + *A(0, 0)} 8 (0, 7) 8 (7, 7)dordr
- E : (2.6.30)
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% =Phoy Oégzkg]mgln (Omij) (Ongri) I

1
I —/ / (0,0) (0, 7)X(T,7)dodT = BT (2.6.31)

Finally there are the two-loop graphs with the form of a setting sun. They
come from all possible contractions of (GG + bc+ aa) times q(¢g+ bc+ aa)

@ ) = _O‘gklgmg (Okgi) (Drgmn) T
= /71 /4 Ao, 1) [B(0,7)R(0,7) — *A(0, 7)X%(0, T)] dodr

- (2.6.32)

@ = Bhe; ozg’“mgmgﬂ (0k9i5) (Orgmn) I

0 Ooo @ ® __1
I:/—1 /_1 N(o,7)X(o,7) Ao, T) dodT = X (2.6.33)

The sum of all these two-loop contributions plus the contribution from
the counterterm should be equal to —ﬁh%R. Different regularization
schemes lead to different counterterms, and thereby the one- and two-loop
graphs give different results if one uses different regularization methods.

In time slicing the counterterm is —8n (R + Fk It kg” ) Hence, the sum
of all two-loop graphs evaluated above should be equal to QZR + B2 (IT ).
Expanding the I'T" term one finds two structures of the form 0989, while

R contains three more structures with dgdg, and two structures of the
form 00g. All these terms match:

1
—l = &

—6(8aggv)2 + 8001957059&7)

1 1 1 3 2
<8 — 12) R = 21 —(dg — 0%ga + aagﬁwaﬁga’}’ 4(80495“/)

(8a93°‘g 49099" + 49ag”

1
+Zf‘3ag(9ag — 0a99% + gag®)

1 1/1 1 )

Contraction are performed with the metric g%, for example (8;g;x)* =
9" 97 9" (igjn) (Ow gjin).-
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We now discuss the integrals we encountered. We first make a list.

Trees

//~A'(O',T) —|—2//0%A°(J,7-) =0

[+ [ [ =0

//A(U,T) = —% , //TA’(U,T) = % , //U’A’(U,T)TZ -
One-loop

//AA—AA aT_—— //UAA 0
ol

[ren s armm)=—3, [P6n) + arm) =
[aen=—¢. [sen=0, [2enr=1
Two-loop

[[se0)+ 80 DA, ) = 5

[[exe UT)T_%

[ @@ ormem =g

//Aaa aw_—%

[AEnE )+ 1) = é /A’(T,T)x(m):%
[0 2)A (o, ) (7, 7) + A7, 7)) =
?f (0,0) + *A(0,0)) 2o, )?< )= 112

N(o,0)%8 (0, 7) 8 7, 7) =

/ Ao, 7)( (0. 7) — *A(o, )8 (“’T”:% (with TS)
//Am (0,7)A (0, 7) :—é (with TS) . (2.6.35)
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Only if all these integrals have the values indicated is there complete
agreement between the Feynman diagram result and the operator ap-
proach result.

Using the naive continuum limits

Alo,7)=0c(t+1)0(c —7)+7(c + 1)0(7 — 0)
R(o,7)=0c+0(r—0), X(1r,7)=7+1/2
N(o,7)=1=8(c—1), *A(o,7)=6(c —7)
N(o,0)=1—-6(c —0), *A(c,0)=0(c—0) (2.6.36)

we find complete agreement for the transition element provided we in-
terpret 6(c — 7) as a Kronecker delta. The expressions §(c — o) cancel
always since they only appear in the combination 2 (o, 0) — *A(0,0). In
the next chapters we discuss two other regularization schemes; these also
lead to complete agreement.
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3

Mode regularization

In this section we discuss path integrals defined by mode regularization
(MR). Ideally, one would like to derive mode regularization from first
principles, namely starting from the transition amplitude defined as the
matrix element of the evolution operator (zf|exp(—GH)|zF), as done in
the time slicing regularization of the previous section (we set 7 = 1 in this
chapter). However, a derivation along those lines seems quite laborious
and will not be attempted. We find it easier to take a more pragmatic
approach, and present a quick construction of the mode-regulated path
integral. This can be done by recalling general properties of quantum
field theories (QFT) in d dimensions as a guideline, and specializing those
properties to the simpler context of one dimension.

General theorems for quantum field theories with local Lagrangians
guarantee the possibility of constructing a consistent perturbative ex-
pansion by renormalizing the infinities away. Renormalization is usually
achieved by adding local counterterms with infinite coefficients to the
original Lagrangian. At the same time finite local counterterms relate
different regularization schemes to each other. More precisely, the finite
counterterms, left undetermined after the removal of divergences, are fixed
by imposing a sufficient number of renormalization conditions. All reg-
ularization schemes should then produce the same physical results. The
renormalization program through counterterms is performed iteratively,
loop by loop.

Let us consider the simple case of a scalar QFT, which is enough for our
purposes. One can classify the interactions as non-renormalizable, renor-
malizable, and super-renormalizable according to the mass dimension of
the corresponding coupling constant being negative, zero, and positive,
respectively. Coupling constants with negative mass dimensions render
the theory non-renormalizable, since one is forced to introduce an infi-
nite number of counterterms (of a structure not contained in the original
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Lagrangian) to cancel the divergences of the Feynman graphs. These
theories are generically considered to be effective field theories, like the
Fermi theory of the weak interactions, gravity, and supergravity. Renor-
malizable interactions allow instead for infinities to be removed with the
use of a finite number of counterterms, though at each loop the coefhi-
cients of the counterterms receive additional infinite contributions, as in
QED and in the Standard Model. Finally, super-renormalizable interac-
tions generate a perturbative expansion which can be made finite at any
loop by counterterms that can appear only up to a finite loop order, like
perturbative A¢? theory in four dimensions.

Our one-dimensional nonlinear sigma model is super-renormalizable
(recall the explicit power counting exercise presented in the introduction).
Thus the QFT theorems guarantee that one needs to consider countert-
erms only up to a finite loop order. In addition, we will see that there is
no need to cancel infinities thanks to the inclusion of the extra vertices
coming form the measure. Therefore only finite counterterms can appear.
We will show that they appear only up to 2 loops. As described above
they are needed to satisfy the renormalization conditions. The precise
renormalization conditions that we impose are contained in the following
requirement: the transition amplitude computed with the regulated path
integral must satisfy the Schrodinger equation with a given Hamiltonian
operator. Without loss of generality, we choose this operator to be the
one containing the covariant Laplacian without any additional coupling to
the scalar curvature (if desired, extra couplings can always be introduced
by including them into the potentials V' and A;). This renormalization
condition fixes completely the counterterm Vj;p as well as the overall
normalization of the path integral. In this way, also the MR scheme is
fully specified and can be used in applications.

Mode regularization for one dimensional nonlinear sigma models was
introduced in [23, 24, 60]. The latter reference contain the correct coun-
terterm Visg. This regularization was used in [61] to compute the transi-
tion amplitude at three loops. Related references are [62, 63]. A previous
use of mode regularization for quantizing nonlinear sigma models was
attempted in [64].

3.1 Mode regularization in configuration space
We start from a general classical action in Euclidean time for the fields

P withi=1,.,n

te 1 dzt da? dxt
S = dt | =g;i(x)——— + 1A4; \%4 3.1.1
[ a5 G G+ i@ G+ V@) (3.1.1)
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and try to define directly the transition amplitude as a path integral

<1"§¢tf|l‘£€>ti> = / Dx e_S (312)
BC
Dz =[] /detg(z(t) d"x(t) (3.1.3)
t<t<ts

where BC indicates the boundary conditions at initial and final time
z*(t;) = 2F and 2%(t;) = 2F. The measure Dz is formally a scalar since
it is the product of scalar measures. The action is also a scalar and the
transition element should therefore be a scalar when properly defined.

Usually one considers in QFT the path integral representation for the
transition amplitude from the in-vacuum to the out-vacuum, which cor-
responds to an infinite propagation time. In quantum mechanics one can
afford to be more general, and ask for the transition amplitude between
an arbitrary initial state |¥;) at time ¢; and an arbitrary final state |U) at
time t¢. For simplicity we consider initial and final states as eigenstates of
the position operator, since a general transition amplitude is then given
by

(W, 4] W3, 1) = /d"mf Jo(er) /d"xi Jo(@) W) (o, b, ) Wi (as) -

(3.1.4)

Note again that the transition amplitude on the right hand side, given in
(3.1.2), is formally a scalar since the measure factors for integrating over
the initial and final points are not included into (3.1.3). Therefore they
appear in (3.1.4).

The nontrivial measure in (3.1.3) is not translationally invariant under
z'(t) — x%(t) + €'(t). This makes it difficult to generate the perturbative
expansion: one cannot complete squares and shift integration variables
to derive the propagators as usual. A standard trick to obtain a trans-
lationally invariant measure is to introduce ghost fields and exponentiate
the nontrivial factor appearing in (3.1.3)

H \/det gij(x(t)) = /DanDc e Jon (3.1.5)
ti<t<t¢

t ] S
S S9ii(@)(a'al +bie!) (3.1.6)
t

i

where the translationally invariant measures for the ghosts are given by

Da= [ d'a(t), Db= [] d"b(t), Dc= [[ d"c(t). (3.1.7)

ti<t<ts ti<t<ts ti<t<ts
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The ghosts a’ are commuting while the ghosts b’ and ¢’ are anticommut-
ing, so they reproduce the same measure factor that is also obtained by
integrating out the momenta in phase space.

Up to this point the whole construction is completely formal and we
should try to give it a concrete meaning. Thus, we must introduce a reg-
ularization scheme to define the path integral and evaluate it unambigu-
ously. The regularization will bring along a corresponding counterterm
AV which will be used to satisfy the renormalization conditions men-
tioned before. In particular, the counterterm will restore the symmetries
which may be accidentally broken by the regularization (one may recall
that no anomalies are expected in quantum mechanics). The regulariza-
tion that we choose to present in this chapter is equivalent to a cut-off in
the loop momenta. Since the momenta on a compact space are discrete
this scheme is called mode regularization.

To get started it is convenient to shift and rescale the time parameter in
order to extract the total propagation time 8 out of the action S = %S’.
We do this by defining t = t; + G7 with 8 =ty — ¢, so that —1 < 7 < 0.
The full rescaled action reads

5 — /_ 01 dr Bgﬁ(m)fc%ﬂguwfli(x)iw ,32(V(JU)+VMR($))] (3.1.8)

where &' = %. We have denoted by Visr the counterterm required by
mode regularization. Note that exp(—%S’ ) is now the weight factor for
the sum over paths, so that the total propagation time § plays here a role
similar to the Planck constant & (which we have set to one) and can be
used to count the number of loops. In the loop expansion generated by
the potentials V' and Vj g start contributing only at two loops, while A;
starts at one loop!. From now on we drop the prime on S.

For an arbitrary metric g;;(«) one is only able to calculate the path inte-
gral in a perturbative expansion in 8 and in the coordinate displacements
¢ =g — x}. Thus we start by parametrizing

(1) = x}‘;g(T) +¢'(7) (3.1.9)

where a:f)g(T) is a background trajectory and ¢‘(7) the quantum fluctua-
tions. After choosing a coordinate system in which one carries out the
computations, the background trajectory is most conveniently taken to
satisfy the free equations of motion in the chosen reference frame. It is a

! Reintroducing % one can see that the classical potentials V and A; are of order A°,
while the counterterm Vjsgr will turn out to contribute only at the two-loop level
(order h?). Thus if one uses A to count loops, V appears at the tree level, but if
one uses 3 then V starts contributing at two loops. In Feynman graphs one might
represent V by a cross to indicate that it is a term of order 2.
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function linear in 7 connecting the initial point a;f to the final point x%,
enforcing the correct boundary conditions

xf,g(T) =zt —¢&r, with & =af—al (3.1.10)
where xy = z and z; = y was the notation used in the previous chapter.
Note that by free equations of motion we mean those arising from (3.1.8)
by neglecting the potentials V +Vi;r (which are explicitly of order 52) and
A; (which is explicitly of order (3), and by keeping the constant leading
term in the expansion of the metric g;;(z) around the final point x} (thus
making the space effectively flat). Of course one could have taken any
other point to expand about. Also, one could use the exact solution of
the classical equations of motion as the background trajectory, but this
cannot change the result of the computation. It would just correspond to
a different parametrization of the space of paths.

The quantum fields ¢*(7) in (3.1.9) should vanish at the time boundaries
since the boundary conditions are already included in xig(T). Therefore
they can be expanded in a sine series. For the ghosts we use the same
Fourier expansion. This cannot be justified with the same rigor as for the
fields x, but we can give the following arguments. First of all, in (3.1.3)
there are no factors (det gij)l/ 2 at the end points; they do not appear be-
cause we want to introduce them explicitly later in (3.1.4) in order that
the transition amplitude be a biscalar. Since the factors (det g;;)'/? were
exponentiated with ghosts, we do not need ghosts at the end points, and
the way to achieve this is to impose as boundary conditions that they
vanish at the end points. Another argument is that with these bound-
ary condition, the expansion into modes defines a well-defined functional
space, at least as well defined as for the . Of course, any choice of func-
tional space is a priori equally acceptable, since the role of the ghost is to
remove ambiguities in the 4 propagators: one might even prefer to use
cosines instead of sines in the expansion of the ghosts, but one would get
the same answers. To conclude: we expand all ghosts into a series with
sines?.

Hence

o0
¢'(1) = ¢l sin(rm7) (3.1.11)

m=1
where ¢’ stands for all the quantum fields ¢*,a’,b?,¢!. The functional
space of paths is now concretely defined by the space of all Fourier co-

2 A suggestive way to interpret this is by considering a background /quantum split,
where the background carries the boundary conditions implied by the classical equa-
tion of motion, while the quantum part is required to vanish at the time boundaries
so not to modify the boundary conditions of the background. In our case the classical
solutions of the ghost field equations are a’ = b* = ¢' = 0.
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efficients ¢!, = (¢’,,al,,b.,,c.,). Similarly, the path integral measure is

properly defined in terms of integration over the Fourier coefficients ¢,

as follows
H \/det gij(x(t)) Dz = Dq/DanDc e ~55
t<t<te
DgDaDbDe = lim A H I mdd,,dai,avi, dc,, ,  (3.1.12)

m=1i=1

where A is a constant, and the ghosts have been rescaled (a,b,c) —
%(a, b, ¢) to normalize the ghost action as Sgp, = fEl dr $gij(z)(a'a? +b'ch).
Note that we have used Dx = [[,d"z(7) = ], d"q(7) = Dq which is
formally justified by the translational invariance of these free measures.
In any case the second line in (3.1.12) defines precisely what we mean by
path integration. Note also that with this definition the path integral for
a free particle in Cartesian coordinates reduces to

/DCL‘ exp Sfree) =A exp(—;ﬁézjgfj) (3.1.13)

where 0 1
Stree = / dr 551-]-(50%3' +ala? +bid) . (3.1.14)
-1

(We used that the set v/2sin(mm7) is orthonormal and that Grassmann
integration yields [dbdcbe = —1). It is well-known that A = (273)7 2,
however this value can also be deduced from the consistency requirement
of satisfying the “renormalization conditions”, as will be shown later on.
Note that any other constant metric in (3.1.13) and (3.1.14), as for exam-
ple the choice g;;(z¢) we are going to use, does not change the normaliza-
tion of the measure in (3.1.12): the Jacobian for the change of variables of
the commuting fields ¢°, a’ is exactly canceled by the corresponding Jaco-
bian for the anticommuting fields b, ¢! (i.e., this linear change of variables
has unit super-Jacobian).

The way to implement mode regularization is now quite clear and al-
ready suggested by (3.1.12): limiting the integration for each field up to a
finite mode number M gives a natural regularization of the path integral.
One computes all quantities of interest at finite M. This necessarily gives
a finite and unambiguous result. Then one sends M — oo to reach the
continuum limit. This regularization is enough to resolve all ambiguities
in the product of distributions, as we shall see.

We now start to describe in detail the perturbative expansion and give
the formulas for the propagators in mode regularization. The perturbative
expansion is generated by splitting the action into a quadratic part Ss,
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which defines the propagators, and an interacting part .S;,:, which gives
the Vertlces We do this splitting by expanding the action about the final
point xf. Recalling that

vi(r) = af - Eir 4 qir), (€ =af i)

(1) = ¢'(1) =& (3.1.15)
we obtain
S =Sy + Sint (3.1.16)
where
0 1 . . o o
Sy = / dr S gig(ae) (€61 + ' +a'al +b¢) (3.1.17)

Sint = /_1 dr [1 (9ij(x) — gij () (&'d7 4 a'a? + b'c?)
+i A ()i + B2V () + VMR(:[:))] . (3.1.18)

Note that also a term linear in ¢* appears in S5, but due to the bound-
ary conditions on ¢* its integral vanishes, and thus has been dropped.
Inserting the mode expansions (3.1.11) into S2 one obtains

1 | M o o o
Sy = Y (x)E'¢ + Zgz'j(l'f) Z (7r2m2qﬁnq£n +ay,al + bfncjm>(3.1.19)
m=1
The propagators are easily obtained by using this S5 in the path integral,
adding sources, and completing squares as usual. As an example, let’s see
in detail the derivation for the mode regulated propagator (¢*(7)¢’(0)).
Using the mode expansion (3.1.11) we obtain

M
(N (o)) = Z q,, sin(mmt an51n(7m0)>

P

m=1 n=1
M M
= Z Z (¢}, ¢2) sin(mm7) sin(mno) . (3.1.20)
m=1n=1

Adding sources for the ¢, modes, completing squares and shifting inte-
gration variables produces the correlator

o y 2
(man) = B9" (€1)0mn—5 (3.1.21)

3 In the previous chapter the quadratic part was called the free part and denoted by
S©.
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which is just the inverse of the quadratic form @) appearing in the exponent
(exp[—% ¢ Q ¢]). Using (3.1.21) into (3.1.20) one gets

. . g M 5
(" (T)¢ (o)) = Bg" (x¢) Z 5,3 sin(mmr)sin(mrmo) . (3.1.22)

m=1

To check the normalization, note that acting with the field operator
—% gki(l’f)aa—fg produces the Dirac delta function in the space of functions
that vanish at the boundaries, §(7,0) = >_ 2 sin(mm7)sin(mmo). Simi-
larly one obtains the ghost propagators. Thus we get the following list of
propagators

(d' ()¢’ (0)) = =B g"(xt) Alr,0)
(a'(T)d’ (o)) = B g"(x¢) Agn(T,0) (3.1.23)
B'(1)d (o)) = —2 g7 (ar) Agn(r,0)

where A and Ay, are regulated by the mode cut-off

a 2
Alr,0) = Y [—m sin(7mmT) sin(mmo) (3.1.24)
m=1
M
Agp(r,0) = Z 2 sin(mmr) sin(mmo) . (3.1.25)
m=1

Note that at the regulated level (M big, but fixed) one has the relation
Agn(1,0) = *A(1,0) = X°(7,0), where as usual left and right dots indi-
cate derivatives with respect to left and right variables. These functions
have the following limiting value for M — oo

A(r,0) — 1(c+1)0(1—0)+o(t+1)8(c —7) (3.1.26)
Agp(1,0) — (1 —0). (3.1.27)
Conversely, the Fourier transform of these relations yields back (3.1.24)
and (3.1.25).
More generally, in loop computations one needs also the propagators for
(G (1)g? (o)), (¢"(T)¢’ (0)) and (¢*(T)¢’ (¢)), so that it is useful to explicitly
record the corresponding formulas

M2

A(r,0) = Z — cos(mmr) sin(wma)} (3.1.28)
m=1"
M2

X(r,0) = Z - sin(mmr) cos(wma)} (3.1.29)
m=1"
M -

N (r,0) = Z _—2 cos(mmT) cos(ﬁma)} (3.1.30)

3
Il
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whose limiting values for M — oo can be computed as

A(r,0) — o+6(t—o0) (3.1.31)
XR(r,0) — T7+60(c—7) (3.1.32)
N(r,0) — 1—0(r—o0). (3.1.33)

In addition, at coinciding times o = 7 one has

A(r,7) — 7(T+1) (3.1.34)
A7) — 7+ % (3.1.35)
R(r,7) — T+ % . (3.1.36)

These limiting values, and in fact all formal expressions in the limit
M — o0, are the same as in time-slicing. However at finite M these regu-
larized propagators have different properties from the propagators which
are regularized by time-slicing. Consider as an example the expression

:/01/01(17'(10 A(r,0) D(1,0) X(T,0) .

With time-slicing the result is I(7'S) = —1/6. However, with mode num-
ber regularization one obtains a different answer I(MR) = —1/12. To
derive this result we use that at the regulated level boundary terms in
partial integration are well-defined

/ / drdo A(r,0) R(7,0) X(1,0) / / drdo a (A(1,0))2 2(1,0) .

We can partially integrate with 0, without encountering boundary terms
because A(7, o) vanish at the boundary points 0 = 0 and 0 = —1. We
obtain then —1(A(7,0))2A*(7, o) in the integrand. Next we may replace
X (7,0) by *A(7, 0) because this relation is clearly satisfied at the regu-
lated level. Finally we combine —3(A(7,0))?*A(1,0) = =30, (A(1,0))3.
The integration over 7 can be performed, and at this point one may take
the continuum limit because the integrand is finite and well-behaved. This
yields

—0 1

0 - 0
rum) =5 [do [ =5 [ do (41 ot =

3.2 The two loop amplitude and the counterterm Vj;pr

We now compute the transition amplitude at the two-loop level, using
mode regularization. We count the coordinate displacement ¢¢ = — x}
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as order /3. More precisely, we evaluate all graphs which contribute to
order 3; these are not only the two-loop graphs but also one-loop graphs
with vertices of order 3 and tree graphs with vertices of order 32. We
take &' of order /B because at the end we will use the resulting transition
amplitude to evolve wave functions, and a Gaussian integral over the
displacements &' will make them effectively of order /3. Taking this into
account we can Taylor expand the interaction potentials in S;,; given in
(3.1.18) around the final point zt. We classify the vertices as

Sint = S5+ 81 + ... (3.2.1)
with
S = [ar [5ohos(d —EnEE — 260+ +a'al + 1] —inag
(3.2.2)
50 = [ar [[0a(dd + it 24
X(£¢ =260 +d'¢ +a'al + ')
+iB0; A — &7)(¢ — &) | + B (V + V) - (3.2.3)

In this expansion all geometrical quantities, like g;; and Org;j, as well as
A;, V., Virr, and derivatives thereof, are constants since they are evalu-
ated at the final point x%, but for notational simplicity we do not exhibit
explicitly this dependence, as no confusion can arise. Each term %Sn

contributes effectively as 3 2~1. For example, Ss is of order 3 3 because 19
is of order (3 > and each q is also of order 3 3 because the q propagator is
of order . Similarly for the ghost fields and their propagator. Note also
that a term originating from the expansion of the velocity & = ¢* — ¢' in
the A; term of (3.2.2) integrates to zero and has been canceled. To obtain
all corrections to the amplitude of a free particle to order 3% we need at
most the vertex Sy. (Two loops come from terms with 3/~! with L = 2).
Thus, the perturbative quantum expansion reads:

1 _ A piegj _lag.
(o telaf ) = [ D exp[- 58] = A4 o9 o755
BC B

Ao (g _Lg lg 1
— A e 25 (<1 ﬂsg 5S4+2ﬂ2

— A o 28958 exp ( -

s5)+0(sh))

—;@D+£ﬂ%%+mﬁ

Njw

(S3)

)

(3.2.4)

1
B
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where the brackets (---) denote the averaging with the free action S,
and amount to using the propagators given in (3.1.23). In fact, we have
extracted the coefficient A together with the exponential of the quadratic
action So evaluated on the background trajectory so that the normaliza-
tion of the remaining path integral is such that (1) = 1. In the last line
only connected graphs appear in the exponent; this is indicated by the
subscript ¢ where it is needed.
Using standard Wick contractions one gets

~ 580 = ;;akgm B T + 206 VT + SEEEN| +idg
= —@akgijgigjgumigi. (3.2.5)

On the right hand side there are terms without quantum fields and terms
due to the contraction of two quantum fields. The latter contributions are
denoted by Iy and I3, and correspond to the Feynman diagrams in (3.2.8)
and (3.2.9). For example I; is due to ffl dr 7(4q + aa + bc). Similarly

1 11
5080 = =5 1000 | P (9" Ta + 2™ gL

~BlgIEE Ts + Ty + 49T ) + SgE

~i0;A4s(~8g7 Ts — JEF) — BV + Vi)

= g [2’1(9”9 - g% + 21—4(2gj’“§i€l — g7ghe — gMee)
gt O] £ J0AEE BV Vi) . (326)

Now in the expression for the connected graphs with two S3 vertices one
does not need terms corresponding to &5 because they could only come
from squaring the classical contributions in S3, and would correspond to
disconnected graphs. Thus we find

L(s8).

232 8kgz]algmn[ 3 (29“ mgin Ig + 4" gt g7 T4

1
232 4
+g" g g™ Iy1 + 4gF g7 g™ Tyg + 4gF g g I13)
+07 (466 (M " Taa + 97" Tus) + 267! T
+8¢REM g g Tyr 4 2677 (gM g™ Tig + 29" g'" T1g)
+4€RE (g7 g™ a0 + 20 g™ Tax) ) — B(£1€7EmE"gM T
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HEEEE g Tan + 46" 9" o )|

B h km_il KL _ij

im n_4 m i _ 1) gmn
9% (69 9""gtg" — gMgVg
1 . . .
+4gk1 ]l mn 4gkz Ilm jn) + 7<2§z§m(gklg]n_gkngjl)
+§k£lgimgjn 55]( kl mn 2gk’mgln)
+2£k£i( jl mn 29gm ln))
(3.2.7)

= OkGijO19mn [

96ﬂ

These results inserted into (3.2.4) give the transition amplitude at the
two-loop approximation. The integrals needed for computing the various
Feynman diagrams are evaluated using mode regularization, namely first
they are computed at finite M (and so without ambiguities) and then the
M — oo limit is taken. We first list them here, and then explain in the
next section how the computations in mode regularization are most easily
performed.

0
n= () + ) = [ arresen =0 62y
o -1
0
I — @ :/ dr Al =0 (3.2.9)
-1
1
- X )+ (X - / dr Al (2 +"0)|, = —= (3:2.10)
(O = [are =
_ :[1d7 = (3.2.11)
I — >O + > ,; / drr? (18 40|, =~ (3:2.12)
0 1
>O :/ dr Al = —= (3.2.13)
= 6
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I drrn, =
1= () = [ o= g
0
18:@ :/1dTmT:o
@ ------ / / drdo A (% —*n2) =
0 0
Lo — @ :/l/ldfda‘A‘A'A':——
e GO G O

_/ / drdo (%8 *0)] A (% 4 *)], =

0 0 1
:/ / drdo Al D (2 + "), =
1/

0 0 1
ILis = OHOZ/ / drdo Al B X, = ——
1J-1 12

" drdonea— k
ha = ‘—Of_/—l/—l e T 12
0 0
115: ‘Oizfl/ldeU.AA.:——
o= (= -
0 0
:/ / deUT(%A'2—"A2)0:—
-1J-1
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(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)

(3.2.23)



0 0
Iz = —@ :/1/1deJTK.A:0 (3.2.24)

0 0
:/_1/_1drdaA('A'+"A)]J:——
(3.2.25)

0 0 1
>—© :/ / drdo 8 Xy = — (3.2.26)
) 12

0 0 1
:/ / drdo ™D (28 +*0)], = —
_1J-1 12

(3.2.27)

Iy, = >~—© / / drdoT D R, = ——  (3.2.28)
Ip= >—< = / / drdo A = — — (3.2.29)

0 0 " 1
Iy = >—< = /_1 /_ldeaT == (3.2.30)
Inq = >’—‘< / / drdot® o = —E . (3.2.31)

These are the tree, one- and two-loop graphs which contribute to the
transition amplitude to order 3 or less. Dots denote derivatives, and the
cross on Ig denotes 9;A;. Dotted lines denote ghosts, solid internal lines
denote g-propagators, and external lines denote factors of £&. Note how
ghost graphs combine with divergent graphs without ghosts to yield finite
results. This aspect will be discussed at length in the next section.
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Now we come to the task of imposing the “renormalization conditions”
which fix the overall normalization of the path integrals as well as the
counterterm Visr. We require that the transition amplitude (3.2.4)
should yield the correct time evolution of an arbitrary wave function
U(z,t)

U, b) = / A" [g(as) (i |2 ) (a3, 1) (3.2.32)

and verify whether W(x¢, ) solves the Schrodinger equation with a given
Hamiltonian. We consider the Hamiltonian in the coordinate representa-
tion with the covariant Laplacian V¥ = g% (V;+4;)(9;+A;) and without
any coupling to the scalar curvature

1
H= —§v?4 +V. (3.2.33)

This Hamiltonian can arise as a possible quantization of the classical
model in (3.1.1) and thus is a consistent requirement. It is the z-space
representation of the abstract operator in (2.1.1) with A; and V terms
added.

Since the transition amplitude is given in terms of an expansion around
the final point (x¢,t¢), we Taylor expand the wave function W(z;,t;) and
the measure \/¢(zi) in eq. (3.2.32) about that point, perform the integra-
tion over d"x;, and match the various terms. Thus we insert

U(xi, t;) = W(xg, te) — B0V (xg, ts) + {iaﬂl(:cf,tf)
+5EE000 (1) + O(5%)
Vo) = Vo) (14 €Tak + JE€@L" + TalTi) + 0|,
(3.2.34)

as well as (3.2.4) into (3.2.32). In the last expansion we have used that
ﬁ&-\/g = %gmnﬁigmn = I';;*. All quantities are now evaluated at the

point (x, tf). For notational simplicity we do not indicate this dependence

from now on, as no confusion can arise. The integrals over d"z; = d"*§
give Gaussian averages since the transition amplitude (3.2.4) contains the
1 . ¢igg
9i58"€

exponential factor e 27 . These averages are easily carried out using
“Wick contractions” with the basic “propagator” (£°¢7) = B3¢*. This also
explains why we counted &' ~ /7 in the expansion of the wave functions
in (3.2.34).

From the various terms in the expansion of (3.2.32) we find the follow-
ing. The leading term (order 3°) fixes A

U=A02r3)20 — A= (2r8)"2. (3.2.35)
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This yields the Feynman measure, as expected.

The terms of order 8 involve the counterterm Vjs;r. We fix it by re-
quiring that (3.2.32) yields the prescribed Schrodinger equation for ¥. At
order 3 one finds

1 2 1 1 ij mn k l
Bl -0 + SVAY — (V + Varr — gl 57979 gulin* T Jul=o0.
(3.2.36)
For example, V + Visr comes from (3.2.6), and the A% term in %Vi\:[!

comes from expanding exp(—%(Sg,)) in (3.2.4). Thus fixing

VMR = ‘R igijgﬂmgklFimkfjnl (3.2.37)
8 24
gives the correct Schrodinger equation with the Hamiltonian in (3.2.33).

Higher order terms in 3 yield equations which must be automatically
satisfied, since we have completely fixed all the “free” parameters entering
mode regularization. This can be explicitly checked. A closely related
check is that applying MR to evaluate trace anomalies in 4 dimensions (a
three-loop calculation) produces the correct results.

We see here a difference with the T'S method: in TS we first determined
the counterterm from Weyl ordering, and then we did loop calculations.
In MR we needed first to do loop calculations to order ( to fix the coun-
terterm, but then one can go ahead and do further loop calculations.

To summarize, we have described the mode regularization scheme for
computing the path integral and have derived the corresponding countert-
erm Vysr. With precisely this counterterm the path integrals will produce
a solution of the Schrédinger equation with Hamiltonian H = — %Vi +V.
Any Hamiltonian for the Schrédinger equation can always be cast in the
form (3.2.33) with suitable A; and V. In particular, the mode regulated
path integral with Vg gives a general coordinate invariant results for the
transition element. We stress that given an arbitrary but fixed Hamilto-
nian H we obtain always the same Vi in the action for the path integral,
but of course the action which corresponds to H will look different for dif-
ferent H’s. The total action for the path integral is the sum of:

(i) the sigma model action in (3.1.1),

(7i) the counterterm Virg ((i) + (i) produce now the covariant Hamilto-
nian in (3.2.33)),

(iii) the extra terms present when the Hamiltonian is noncovariant (or
contains an additional coupling to the scalar curvature). These are given
by the extra terms in V' and A; by which the noncovariant Hamiltonian
differs from the covariant Hamiltonian.

Thus, the mode regularization method can handle any Hamiltonian
which is at most quadratic in the momenta.
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3.3 Calculation of Feynman graphs in mode regularization

In this section we analyze in detail mode regularization, and explain how
to efficiently evaluate Feynman diagrams.

First of all, all possible divergences are canceled by the ghost contribu-
tions. This is seen in diagrams like those in egs. (3.2.8) or (3.2.10). Let’s
consider for example the case of I3 in (3.2.10)

I = Q@ + Q } :/ dr Al (2 +°0)],  (3.3.1)
\‘__,' _1

where we must insert for the A’s on the right-hand side the discretized
propagator as given in (3.1.24). At finite M each of the two diagrams
produce a finite result since each one corresponds to a finite sum of finite
integrals. However, only the sum of the two diagrams has a finite limit
for M — oo. To compute this final value one can evaluate both terms at
finite M, combine them, and then take the limit M — oco. This way of
proceeding, though correct, is extremely laborious.

An easier way to proceed is to use partial integration to cast the integral
into a form which can be computed directly and without ambiguities by
taking the M — oo limit inside the integral. Along the way one may use
simple identities valid at the regulated level, like the following one

M
(X +°*A)|, = {—2 cos®(mmT) + 2 sin2(7rm7)}

m=1

|
(o))

M2
B Z [—% sin(mmr) COS(ﬂ'mT)}
m=1

(D) . (3.3.2)

|
(o))

Thus we compute
0 0
I :/ dTA|T('A'+”A)|T:/ dr A, 8-(A))
—1 -1
0
_ _/ dr 0. (Al) Al . (3.3.3)
-1

In the partial integration no boundary terms are picked up since both A|,
and A|; vanish at 7 = —1,0. In fact, notice that at the regulated level |,
always vanishes at those boundaries, even though its limit for M — oo is
discontinuous at those points, see eq. (3.1.35) (continued along the whole
line —0o < 7 < 00, the function A|; limits to the periodic triangular “saw-
tooth”). Finally, the last integral in (3.3.3) can be computed directly in
the continuum limit, since only step functions and no delta functions arise
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in single derivatives acting on A. Thus for M — oo one can use the limits
(3.1.34)—(3.1.36) directly inside the integral to obtain

/ dr [0,(7? +7')} T—|— :—2/ dT 7'+ é-(3-3~4)

Let us next discuss the computations of the diagrams in (3.2.16) and
(3.2.17), whose values differ in all three different regularization schemes
discussed in this book. First we look at

@ ------ / / drdo A (W% —*A?) . (3.3.5)

The minus sign is due to the closed ghost loop. Using partial integration
we compute

b= [[aese -y
— [[nxxoaxmwinnmianey). (36

There are no boundary contributions because A vanishes at the bound-
aries. Now we notice that the second and forth term cancel because at
the regulated level we can exchange two left derivatives with two right
ones (i.e. *A = A see eq. (3.1.24)). Once again we see how the ghosts
cancel a potential divergence. The first term in (3.3.6) equals —Iy while
the remaining third term gives

//'A'A"A://’A'AA“:—2//‘A"AA’:—2110. (3.3.7)

The boundary terms cancel because A(7,0) vanish at o = 0, —1. Thus
Iy = —3I19. So let us look at

0 (0
Lo = @ :/ / drdo AW A (3.3.8)
—1J-1
By using partial integration we obtain
oA OA® A® 1 @ /o 2 ° 1 o0 o 2
110://AAA:—//A(A :——//A (n2)
= ——//“A'Az_——/ / dr do *(N?) :——/ do 3|

= —f/ do ((c +1)* = o) =

=0

T=-—1

13 (3.3.9)
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Again we first used *A = A and then used that A(0,0) = 0 + 1 and
A(—1,0) = o, see (3.1.31). In this last step one should be careful in
checking that the discretized functions really limit to the above values
(up to sets of points of zero measure). Indeed one can verify that

M2

A(0,0) = Z{—%Sin(ﬂma)] — o+1 (3.3.10)
m=1
M2

A(-1,0) = Z[—%(—l)msin(wma)} — o. (3.3.11)
m=1

Thus we obtained I1g = —1/12 and Iy = 1/4.

To summarize, in computing mode-regulated integrals it is convenient
to use partial integration together with the following identities valid at
finite M

*A(r,0) = X%(1,0) ( )

W (r,7)+ *A(7,7) = 0-(A(7,7)) ( )

0-(A(7, 7)) =28(7,T) (3.3.14)

X(r,7)=0 at 7=-1,0 ( )

and the following limits for M — oo

A(r,0) — 1o+ 1)0(r—0)+o(r+1)0(c—71) ( )

A(r,0) — o+06(r—0) ( )

X(r,0) — T74+60(c —7) (3.3.18)

A(T,7) — 1247 ( )

( )

1
X(r,7)=NA(1,7) — T+§ :
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4

Dimensional regularization

In this chapter we discuss path integrals defined by dimensional regular-
ization (DR). In contrast to the previous TS and MR schemes, this type
of regularization seems to have no meaning outside perturbation theory.
However it leads to the simplest set up for perturbative calculations. In
fact the associated counterterm Vpg turns out to be covariant, and the
additional vertices obtained by expanding Vpgr, needed at higher loops,
can be obtained with relative easiness (using for example Riemann normal
coordinates).

Dimensional regularization is based on the analytic continuation in the
number of dimensions of the momentum integrals corresponding to Feyn-
man graphs (1 — D+ 1 with arbitrary complex D, in our case). At com-
plex D we assume that the regularization of UV divergences is achieved by
the analytic continuation as usual. The limit D — 0 is taken at the end.
Again one does not expect divergences to arise in quantum mechanics
when the regulator is removed (D — 0), and thus no infinite countert-
erms are necessary to renormalize the theory: potential divergences are
canceled by the ghosts.

To derive the dimensional regularization scheme, one can employ a set
up quite similar to the one described in the previous chapter for mode
regularization. The only difference will be the prescriptions to regulate
ambiguous diagrams.

One novelty of the dimensional regularization described in this chapter
is that it addresses UV regularization on a compact space, namely on a
one-dimensional segment corresponding to the finite time 8 =t — ¢;. On
such a space there cannot be infrared divergences, so that occasional mix-
ing between IR and UV divergences (which sometimes occurs in infinite
space) does not arise. On a compact space the momenta are discrete, and
the Feynman graphs contain discrete sums )~ [..] rather then continu-
ous integrals [ dk[..]. The latter are easily extended to arbitrary D and
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computed, but the former are more difficult to treat. In general we have
not been able to compute explicitly the combined sum and integrals in
complex D + 1 dimensions, and test if poles arise only at some integer
value of D. However, assuming that to be the case, we will show how one
can compute the regulated graphs directly at D — 0 and with relative
easiness.

Dimensional regularization for bosonic nonlinear sigma models with fi-
nite propagation time and with the correct counterterm Vpp which we
present in the following section was developed in [65]. It was extended to
fermions and to supersymmetric nonlinear sigma models in [18]. In the
infinite propagation time limit, dimensional regularization was previously
employed in [5] and the corresponding covariant counterterm was identi-
fied in [66]. An extended use of DR for computing trace anomalies in 6
dimensions is described in [67, 68]. Moreover DR has been employed in
[17, 18] to describe quantum field theories in a gravitational background
within the worldline formalism. Additional discussions have been pre-
sented in [69].

For pedagogical purposes it is useful to first read the chapter on mode
regularization, but the expert reader interested in learning directly the
DR scheme can start here.

4.1 Dimensional regularization in configuration space

We start from the classical action in Euclidean time for the fields z* with
1=1,..,n
te 1 dz® da? dzt
= dt |=g;i(x)——— +14;(x)— 411
S /ti {293(3:) FTRT +i4;(x) i -I-V(:c)} ( )

and aim to quantize the theory by defining directly the transition ampli-
tude as a path integral

(@k te|ak ) = | Dxe™ (4.1.2)
BC
Dr= [] y/detgi(x(t) d"(t) (4.1.3)
i <t<tys

where BC indicates the boundary conditions at initial and final time,
z*(t;) = zF and 2F(tf) = zF. Since this quantum theory is super-
renormalizable, we first proceed formally and derive the Feynman graphs,
then we introduce the dimensional regularization procedure to give a
meaning to the ambiguous integrals and compute them, and finally we cal-
culate the transition amplitude at two loops. Imposing the same “renor-
malization conditions” as used in the TS and MR schemes will determine
the counterterm Vpp and the overall normalization of the path integral.
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The measure Dz in (4.1.3) is formally a scalar under general coordinate

transformations, but the factor [], \/det g;;(x(t)) is field dependent and
makes the measure unsuitable to generate the perturbative expansion.
Thus it is useful to introduce ghost fields a,b?, ¢’ (with a’ commuting
and b%, ¢’ anticommuting) to exponentiate this field dependent factor.
No boundary conditions should be imposed on the path integral for the
ghosts as they are auxiliary algebraic fields (by this we mean that no
initial or final point value for these fields can be specified in the transition
amplitude (4.1.2)).

It is also convenient to shift and rescale the time parameter ¢, so that
the total propagation time (8 can be extracted from the action S — %S .
Defining t = t¢ + 87 with 8 = ty — t;, so that —1 < 7 < 0, and rescaling
suitably the ghost fields one obtains the following complete action

S = /01 dT[%gzj(l‘)(jﬁii‘j +a'al +b')
iBA @) + 8 (V(2) + VDR(:U))] (4.1.4)

where &% = %. We have denoted by Vppr the counterterm which is needed
for dimensional regularization. Note that since exp(—%S) is the weight
factor for the sum over paths, the time ( plays a role analogous to the
Planck constant i (which is set to one in this chapter) and can be used
to count the number of loops.

For an arbitrary metric g;;(z) one can calculate the path integral in a
perturbative expansion in 3 and the coordinate displacements ¢! = z? —xé.
We perform a background/quantum split and parametrize

x’(T) = xig(T) + qi(T) (4.1.5)

where :Eég(T) is a background trajectory and ¢*(7) the quantum fluctua-
tions. After choosing the coordinate system to be employed for carrying
out the computations, the background trajectory is taken to satisfy the
free equations of motion g;;(z¢)9%27(7) = 0. It incorporates the correct
boundary conditions

ﬁ;g(T) = ﬁ — &7, with ¢ = mf - x% . (4.1.6)

Note that by free equations of motion we mean the ones arising from
(4.1.4) by neglecting the potentials V' + Vpg (which are explicitly of order
(%) and A; (which is explicitly of order 3), and by keeping the constant
leading term in the expansion of the metric g;;(x) around the final point
2t (thus making the space effectively flat). Of course one could as well
take any other point to linearize the metric. For the ghost fields one can
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as well perform a background/quantum split. However the background
ghost fields vanish as a consequence of their algebraic equation of motion.

The quantum fields are all taken to vanish at the time boundaries since
the boundary conditions are already included in the background configu-
rations. Therefore they can be expanded in a Fourier sine series

o0
(1) = Z ¢!, sin(mmr) (4.1.7)
m=1
where ¢’ stands for all the quantum fields ¢*,a’,b?,c¢!. The functional
space of paths is now defined as the space of all Fourier coefficients
¢t = (qi,,al, bt ci ). Similarly, the path integral measure is defined
in terms of integration over the Fourier coefficients ¢¢,. Thus we obtain
the following path integral

(xf, te|aF t) = /BC DgqDaDbDc e 55 (4.1.8)

0 1 o
S = / dr [591-3'(:6)(;%%7 +a'a? + ')
-1

FiBAR)E + V() + Vo) (419)
2'(1) = hy(7) + ¢'(7) (4.1.10)
DgDaDbDc = A ﬁ ﬁ mdgqt da’ dbi dct ., (4.1.11)

m=1i=1
where A is a constant which will fixed later on (we will find again the
Feynman measure A = (213)72).

The perturbative expansion is generated by splitting the action into a
quadratic part Sy which defines the propagators, and an interacting part
Sint which gives the vertices. If the theory is free and S;,; vanishes, there
would not be any real reason to introduce a regularization. However,
when the theory is interacting with a nontrivial field dependent metric,
one must regulate the ambiguous Feynman graphs. In dimensional regu-
larization these graphs are extended to D + 1 dimensions. To recognize
how to uniquely do this extension in each Feynman graph, we introduce D
extra infinite regulating dimensions t = (¢!,...,t”) and extend directly
the action. After having obtained from this action the corresponding
Feynman diagrams, and in principle computed them at arbitrary D, one
takes the limit D — 0. Introducing t* = (7,t) with . = 0,1,..., D and
dPH1t = drdPt, the action in D + 1 dimensions reads

1 o
S = / dP+1¢ [5 Gij (Qﬁ’@lm] +a'al + bch)
Q
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+iBA;00z" + B*(V + Vpr) (4.1.12)

where Q = I x RP is the region of integration containing the finite in-
terval I = [—1,0]. Note that the contraction of the indices p in the term
quadratic in derivatives tells us how momenta get contracted in higher
dimensions. Note also that the coupling to the abelian gauge field A; is
not modified in higher dimensions (9px® = 0,2° = i*). In addition, in
D + 1 dimensions the background solution (4.1.6) is left unchanged, so
that the split S = So + S is given by

1 o 1 . ) o o
S = 59ij (2r)€'¢ + /Q d"t 5 9i3(21) (0uq'Ouq’ + a’a’ + ')
(4.1.13)
Sint = / dD—Ht [% (gij (f) — Gij (xf)) (auxiﬁuxj + aiaj + blC])
Q
+iBA;(2)0px’ + B2V (x) + Virr(x))| . (4.1.14)

A term linear in dyq* appearing in S, integrates to zero and thus has been
dropped.
The regulated propagators are given by

(@' (W)l (s)) = —Bg"(xs) Alt, s) (4.1.15)
(a'(t)a’ (s)) = Bg”(xyr)Agn(t,s) (4.1.16)
B () = ~2067(xp) Agnlt, 5) (4.1.17)
where
Alt,s) = / a7k i 2 sin(rmT) sin(rmo) ¢’ (¢=5)
’ (2m)P == (7m)? + k2
(4.1.18)
At s) — dk & 9 i . ik-(t—s)
gh(t,s) = szz:l sin(7mm) sin(mmo) e
= §(r,0) 0P (t —s) = 6P FL(t, ) . (4.1.19)
Here
d(r,0) = Z 2sin(mmT)sin(rmo) (4.1.20)
m=1
is the Dirac delta on the space of functions vanishing at 7,0 = —1,0.
Note that the function A(t, s) satisfies the relation (Green’s equation)
2A(t,s) = Agp(t,s) =671 (s,1) . (4.1.21)
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Formally, the D — 0 limits of these propagators are the usual ones

A(r,0) = T(c+1)0(1 —0)+o(r+1)0(c —7) (4.1.22)
Agp(t,0) = *A(1,0) =6(T,0) (4.1.23)

where dots on the left/right side denote derivatives with respect to the
first /second variable, respectively. However, such limits can be used only
after one has defined the integrands in an unambiguous form by mak-
ing use of the manipulations allowed by the regularization scheme. It
is difficult to compute the integrals in Feynman graphs for arbitrary D.
However, this is not strictly necessary. We can use various manipula-
tions which are identities at the regulated level (and thus can be safely
performed) to cast the integrals in alternative forms. This way one tries
to reach a form which can be unambiguously computed by removing the
regulator D — 0. This is the same strategy we used in MR to compute
quickly the various regulated integrals.

In particular, in DR one can often use partial integration without the
need of including boundary terms: this is always allowed in the extra D
dimension because of momentum conservation, while it can be achieved
along the finite time interval direction whenever there is an explicit func-
tion vanishing at the boundary 7 = —1,0 (for example the propagator
of the coordinates A(t,s)). Along the way one may find terms of the
form OzA(t, s) which according to eq. (4.1.21) give Dirac delta functions.
The latter can be safely used only at the regulated level, i.e. in D + 1
dimensions. By performing such partial integrations one tries to arrive at
a form of the integrals which are unambiguous even in the limit D — 0.
At this point they can be safely and easily calculated in this limit.

We will give more details on how to compute integrals in DR in section
4.3. For the moment an explicit example will suffice to describe how the
above rules are concretely used:

fo= [ [0 () (20) (20) ~ [ [P0 () () ()
_ /dD+1t/dD+13 (uA) u(%(Au)2>

1
_ _é/dDJrlt/dDJrls (MNA) (AV)Z
1 1
_ _§/dD+1t/dD+1S SOt 5) (A,)? = _§/dD+1t (A2
1/°d (2)? 1 (4.1.24)
_ — — = - . .
2 )07 T2

where the symbol | means that one should set ¢ = 7. We have extended
the notation to ,A and A, to indicate derivatives with respect to the
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first or second variable. Thus I19(DR) = —;. In MR this integral was
equal to I1o(MR) = —%. The difference between both schemes occurred
when we obtained (,,A) (A,)% In both schemes we can still replace
upD by Ay, but in DR we then set A,, equal to the delta function
(a distribution), while in MR A,, = A is still regulated and yields
200 (0)? = %87(3)3.

Thus, we see that the rules of computing in DR are quite similar to
those used in MR, except for the different options allowed for partial
integrations. In DR the rule for contracting which index with which index
follows directly from the extended action in (4.1.12). Thus only certain
partial integrations lead to the Green equation 83A(t,s) = 6P+ (s,t)
in D + 1 dimensions. At the same time the complex number D is the
regulator, so that the discrete mode sums in (4.1.7) and (4.1.11) are really
summed up to infinity. Instead in MR one regulates by cutting off all mode
sums at a large mode number M and then performs partial integrations:
now all derivatives are of the same nature and different options of partial
integrations arise. This explains the origin of the differences between
these two regularizations.

4.2 Two loop transition amplitude and the counterterm Vpp

We now compute the transition amplitude in dimensional regularization
at the two-loop level (to order [3), treating the coordinate displacement
£ as being of order 8 3. The perturbative expansions is precisely of the
same form as given in section 3.2 to which we refer. The only difference
is in the calculation of the integrals Iy, .., Is4, which must be evaluated
with the rules of dimensional regularization just described.

Proceeding to this task, one notices that all these integrals computed
in DR acquire the same value as in MR, except Iy and I19. We already
described in (4.1.24) how to compute I1o(DR) = —2—14. As for Iy we obtain
Iy(DR) = —3I10(DR) = ;. We will discuss these integrals in the next
section.

Thus, it is straightforward to compute the difference between the DR
and MR transition amplitude without counterterms

A<x§7tf‘xik? ti) = <‘T?vtf‘xikvti>(DR) - <x?7tf|${€7ti>(MR)
_Lcigi 11 o

= A e B 0010 0ma (=) 26" " [T9(DR) — To(MR)]

+49"™ g g Lo (DR) — T1o(MR)]| . (4.2.1)

After integration over &' one finds

[ e Aattilat ) =
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1t oim I
= ﬁ(ﬁgklgzmgjnakgijazgmn - 4—8gkm91’g]”8kg¢j3zgmn)

G .
= 57979 g lim Ty (4.2.2)

Recalling egs. (3.2.36) and (3.2.37), this implies that the complete coun-
terterm necessary to satisfy the renormalization conditions in dimensional
regularization is covariant and equals

1
Vbr = gR (4.2.3)

while the value of the constant A is again fixed to be A = (273)~ 2. This
result shows that general covariance as well as gauge invariance are auto-
matically preserved by dimensional regularization on the finite interval.

4.3 Calculation of Feynman graphs in dimensional
regularization

In this section we analyze in some detail the principles to be followed in the
application of dimensional regularization and explain through examples
how to evaluate efficiently all Feynman diagrams.

First of all, all possible divergences are canceled by ghost contributions.
This is seen in diagrams like those in eqgs. (3.2.8) or (3.2.10). Let’s
consider for example the case of I3 in (3.2.10) which is regulated in DR
as follows

om0+ O [0,

(4.3.1)

Note that we use here Ay, = ,,A for the ghost propagator, i.e. the
Green equation (4.1.21). Because there is a A with two derivatives, we
shall use various allowed manipulations to arrive at an expression where
all A carry at most one derivative, and then we can take the limit D — 0
without encountering ambiguities or divergences. Recall that we denote
by a subscript 0 the derivative along the original compact time direc-
tion. By inspecting formulas (4.1.18) and (4.1.19), one gets the following
identity for A(t, s)

(W + D)l = 0(0Alr) - (4.3.2)

Inserting this identity into (4.3.1), one can partially integrate the dy with-
out picking up boundary terms and obtains

0
I(DR) = —/dD“t(‘)O(A\t)oNt - —[1d78T(A|T)ﬁ|T
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(4.3.3)

= —/_01d787(72—|—7') (T—f—%) :—%.

Let’s now discuss the integral

In dimensional regularization
0 0 2 2
I,(DR) = /_1dT/_1da A (2272 —

. / A+ / AP s (A WAy — i W A) =
- [/ (—(#A) (A) (uA) = A (A)) ()
+(1uA) (A) (A) + A (LA) ()
— [ (-68) () (80) + (8) (2) ()

— _Lo(DR) + / P+ / dP+s (,A)260H (¢, 5)

— ~1o(DR) + [ a7+t (AP,
— _310(DR) . (4.3.5)

We used the identity ,,A, = A,,,, obvious from (4.1.18), and recog-
nized that the second and fourth term in the second line cancel. Fi-
nally we used the last-but-one line of (4.1.24) which tells that I;o(DR) =
—1 [dP*Lt (,A)?|,. Thus, I(DR) = —3I19(DR) which is the same re-
lation as in MR. The value of I1o(DR) was already obtained in (4.1.24)
and differs from I1o(MR).

Finally, we study the integral Ig which is related to gauge invariance

Is = @ :/_OldTmT. (4.3.6)

where the cross indicates the location of the vertex and denotes the factor
0jA; in (3.2.3) (there are no ¢! factors, so no external lines according to
our graphical notation). Computationally this diagram is rather simple.
By power counting it is logarithmically divergent, and one could get any
value for this diagram by using different prescriptions. Symmetric integra-
tion gives zero, but asymmetric integration schemes may easily produce a
nonvanishing answer. All three schemes, DR, MR and TS, gives the same
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answer which preserves gauge invariance. In DR one can write it as
0
Is(DR) = /dD“t A — / dr A, =0 (4.3.7)
-1

which is directly computed in the D = 0 limit.

4.4 Path integrals for fermions

In this section we describe the dimensional regularization of fermionic
path integrals. We shall discuss explicitly path integrals for Majorana
fermions on a circle with periodic (PBC) or antiperiodic boundary con-
ditions (ABC), as these are the only boundary conditions that will be
directly needed in the applications to anomalies. First we consider the
path integral with ABC and describe how to extend dimensional regular-
ization to fermions. The requirement that a two-loop computation with
DR reproduces known results (namely those obtained by time slicing)
fixes once for all the two loop counterterm due to fermions. As we shall
see this counterterm vanishes in DR. Since counterterms are due to ul-
traviolet effects, the infrared vacuum structure and the related boundary
conditions on the fields should not matter in their evaluation. Therefore
the same counterterm should apply to the fermionic path integral with
PBC as well. No higher-loop contributions to the counterterm are ex-
pected as the model is super-renormalizable, just like the purely bosonic
case. We end the section by presenting the essential formulas for the
fermionic path integral with PBC.

Let us consider the N = 1 supersymmetric model written in terms of
fermions with flat target-space indices

S = /0 afr[1 (@) (@37 + a'a? + b)) + 11/1 (1) + itw;%y(2)YP)
1 29@] 2 a i b

+8(V(@) + Ver(w) + VéT(ﬂs)>] (4.4.1)

where V/p(x) denotes the additional counterterm which may arise from
the fermions ¢® in the chosen regularization scheme. This N = 1 model
is described in detail in appendix D. It is classically supersymmetric if
all the potential terms which are multiplied by 32 are set to zero (note
also that the ghosts are set to zero by their algebraic equations of motion
and can be eliminated). Supersymmetry may be broken by boundary
conditions, e.g. periodic for the bosons and antiperiodic for the fermions.
To start with we assume antiperiodic boundary conditions (ABC) for the
Majorana fermions 1%(0) = —¢%(—1). Majorana fermions realize the
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Dirac gamma matrices in a path integral context, and ABC compute the
trace over the Dirac matrices!.

Now we may explicitly compute by time slicing the transition amplitude
for going from the background point = at time t = 0 back to the same
point x at a later time ¢ = 8 using ABC for the Majorana fermions. In

the two loop approximation this computation gives

R 2% 8
Z = tr (zle P |z) = =(1- =R+0(p 4.4.2
rlele o) = ooy (1- g RH0(7) (44
where the trace on the left-hand side is only over the Dirac matrices and
where

A A9 1 B 1 in. 1
H=0 _—gzpzp_—§(p Dl+4R) (4.4.3)

is the supersymmetric Hamiltonian of the N = 1 model. This Hamilto-
nian is the square of the supercharge @, realized by the Dirac operator

A i i

RV
with wjqp the spin connection (see appendix A). Note that there is an
explicit coupling to the scalar curvature arising in (4.4.3). Thus one needs
touse V = —%R in the action together with the time slicing counterterms
Vrs = 2(R+ giijlFé-k) and V]g = £¢7w;%jq, (see eq. ... ). For
convenience we will later rederive this value of V..

Now we want to reproduce eq. (4.4.2) with a path integral over Ma-
jorana fermions in dimensional regularization. This will unambiguously
fix the additional counterterm V},p(z) due to the fermions. Note that
in dimensional regularization the potential V' = —%R cancels exactly the
counterterm Vpr = %R due to the bosons.

We focus directly on the regularization of the Feynman graphs arising
in perturbation theory. To recognize how to dimensionally continue the
various Feynman graphs we extend the action to D dimensions as follows

S = /dD+1t 1
Q

= ij(0,5'0,27 + a'd? + V')
1- ‘
+5%a7" (0" + Duxtwi ) + B2Vhn (4.4.5)

; 1
’YaealDi , D; = 0; + zwmwavb (4.4.4)

2

! One may avoid the path integral over Majorana fermions by explicitly using a matrix
valued action: one drops the kinetic term for fermions and replaces the potential term
'wiepp®® by the matrix %obiwiabvafyb. The path integral then requires an explicit
time ordering prescription to evaluate the exponential of the matrix valued action

1
and maintain gauge invariance (Te” 7°) [24].
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where Q = I x RP is the region of integration containing the finite in-
terval I = [—1,0] and y* are the gamma matrices in D + 1 dimensions
({~+*,4"} = 26"). As before t* = (1,t) with p = 0,1,...,D. Here we
assume that we can continue to those Euclidean integer dimensions where
Majorana fermions can be defined. The Majorana conjugate is defined
by 1, = ¥ Cy with a suitable charge conjugation matrix C such that
Prytahb = —¢bfy”¢“ This can be achieved for example in 2 dimensions?.
This requirement guarantees that the coupling w;gpt)®1? = —w;gp?¥® in
(4.4.1) is nonvanishing when extended to D + 1. The actual details how
to represent C1 and the gamma matrices in D + 1 dimensions are not
important. These gamma matrices only serve as a book-keeping device
to keep track how derivatives are going to be contracted in higher dimen-
sions. Apart from the above requirements, no additional Dirac algebra
for v# in D + 1 dimensions is needed.

The bosonic and ghost propagators are as in the previous sections.
The fermionic fields with ABC on the worldline, ¢*(0) = —¢*(—1), can
be expanded in half-integer modes

Z wa 2imrT (446)

TEZ+2

and have the following unregulated propagator
(WU (T} (o)) = B8 Aap(T — o)
1
App(T—0) = Z

_— 2imr(r—o) ) 4.4.7
27r7"ze ( )
T‘EZ+2

Note that the Fourier sum defining A 4 is conditionally convergent for

T # o and yields
1
App(T—0) = 56(7’ —0) (4.4.8)
where €(z) = 0(x) — 0(—x) is the sign function (with the value €(0) = 0
obtained by symmetrically summing the Fourier series). The function
A AF satisfies

O-AAp(T —0) =04p(T —0) (4.4.9)

where §op (7 — o) is the Dirac’s delta function on functions with antiperi-
odic boundary conditions

Sap(r—o)= > =), (4.4.10)
T€Z+—

2 In Euclidean 2d one can choose v' = ¢®, 4> = ¢ and C} = 1. Recall that Cx is
defined by C’iv“Cgl =4+ T,
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The dimensionally regulated propagator obtained by adding the extra
coordinates reads

(W ()P (s)) = B Aar(t,s) (4.4.11)
where the function
dPk 27r7"’yo+*7~k y )
A — _q Bl inr(T—0o) Lik-(t—s)
Ar(t,s) z/ L e e
T‘EZ+§
(4.4.12)

satisfies

_aiv Aap(t, )y = 0ap(t —o)6P(t —s) . (4.4.13)
These are the essential relations needed to extend DR to fermions. They
keep track of which derivative is contracted to which vertex to produce
the D + 1 delta function. The delta function is only to be used in D + 1
dimensions, as we assume that the regularization due to the extra dimen-
sions is taking place3. By using partial integration one casts the various
loop integrals in a form which can be computed by sending first D — 0.
Then one can use v* = 1 and no extra factors arise from the Dirac algebra
in D + 1 dimensions.

We are now ready to perform the two-loop calculation in the N = 1
nonlinear sigma model using DR. The bosonic vertices together with the
ghosts, V and Vpp give the same contribution calculated in section 3.2.
The overall normalization of the fermionic path integral gives the extra
factor 22 which equals the number of components of a Dirac fermion in
n (even) dimensions. This already produces the full expected result in
(4.4.2).

Thus the sum of the additional fermion graphs arising from the cubic
vertex contained in AS = ffl dT%;tiwmb@/Jal/)b and the extra countert-
erm V},p must vanish at two loops. The cubic vertex arise by evalu-
ating the spin connection at the background point x and reads AS3 =
%wmb fi’l dr ¢ip®p®. Using Wick contractions we identify the following

0
’}/M%AAF(L S) =

contribution to <e—%si"t>
1 1 . )
(890" = (-2 () (-3

3 Again, we are not able to show this in full generality, and at this stage this rule is
taken as an assumption which has turned out to be consistent in all the examples
we have been dealing with. One way to prove it explicitly would be to compute all
integrals arising in perturbation theory at arbitrary D and then check the location
of the poles.
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x /_ 01 /_ 01 drdo (1, 0)[Aap(r, o)) . (4.4.14)

Using DR this graph is regulated by

0 40
//deUm(T,U)[AAF(T,J)]2—>
—1J-1
oo / / JA(E8) tr [P Aap(t, )7 Aap(s, )] (4.4.15)

(note the minus sign obtained in exchanging ¢ and s in the last propagator;
it is the usual minus sign arising for fermionic loops). We can partially
integrate 0,, without picking boundary terms and obtain

2 / / A (t,8) tr (V0D ar(t, 5)7" Aar(s, 1)
—9 / / Ay(t, s) tr [P (L, $)7" Aar(s, 1)]
_ 9 / Ayt 1) tr [y Aap(t, 0]

- 2/0 dr 8(7,7)Aar(0)] = 0 (4.4.16)
~1

because Agp(0) = 1€(0) = 0 (and 4° = 1 at D = 0). As this example
shows, the Dirac gamma matrices in D +1 are just a book-keeping device
to keep track where one can use the Green equation (4.4.13).

Thus no contribution arises from the fermions at this order, and this
implies that the extra counterterm must vanish

Vhr=0. (4.4.17)

This is what one expects to preserve supersymmetry: the counterterm
Vpr is exactly canceled by the tree level potential V = —%R needed
to have the correct coupling to the scalar curvature in the Hamilto-
nian (4.4.3) while no extra contribution to the counterterm arises from
fermions. Thus dimensional regularization without any counterterm
and without extra order (32 tree level potential preserves the super-
symmetry of the classical N = 1 action

0 1 1 . )
S= [ dr [ou@i's 4w+ dut@et)] - (@a1s)
-1
In fact the amount of curvature coupling in the Hamiltonian H brought in

by DR is of the exact amount to render it supersymmetric at the quantum
level.
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To compare with TS, we can compute the graph (4.4.14) using the TS
rules. Now we must use that ®(7,0) = 1 — §(7,0). The Dirac delta
functions is ineffective as €(0) = 0, but the rest gives

2ﬁ2<(AS3) >(TS) = 2;2( )( wzab 2 ,63 / / deO’—
= %(%‘ab)z (4.4.19)

This is canceled by using an extra counterterm VT/S = ’f—;(wmb)2 which at
this order contributes with a term —%st (evaluated at the background
point x).

Let us conclude this section by considering briefly the case of Majorana
fermions with PBC. Now the mode expansion of ¢ *(7) requires integer
modes

= e ™ (4.4.20)

nez

The zero modes 9§ of the kinetic operator (9;) are treated separately, and
the unregulated propagator in the sector of periodic functions orthogonal
to the zero mode reads

@ (1) (0)) = B6”App(T — o) (4.4.21)
App(r—o) = %ﬁe%’m(“’) (4.4.22)

where the function App satisfies
OrApp(T —0) =dpp(T —0) — 1 (4.4.23)

with dpp(7 — o) the Dirac’s delta on periodic functions. Its continuum
limit can be obtained by summing up the series and reads (for (7 — o) €

[—1,1]) )
App(T—0) = 56(7’ —0)—(r—0). (4.4.24)

Curved indices

It is interesting to consider the case of fermions with curved target-space
indices. This is equivalent to the case of fermions with flat target-space
indices: it is just a change of integration variables in the path integral.
However it is an useful exercise to work out since some formulas will
become simpler. The classical N = 1 supersymmetric sigma model is
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written as
0 1 o . .
5= / dr 2 gij (@) [#87 + (Y + T (@)h)] . (4.4.25)
12

The fermionic term could also be written more compactly in terms of the
covariant derivative %wj = I 4 @'Ty7 (x)y*. Note that the action is
written in terms of the metric and Christoffel connection and there is no
need of introducing the vielbein and spin connection. Writing out the
Christoffel connection in terms of the metric shows also that the coupling
to the metric g;; is linear (see appendix D, eq. (D.7)).

The bosonic part of the path integral has been already described and
goes on unchanged. For the fermionic part we can now derive the correct
path integral measure by taking into account the jacobian from the change
of variable from the free measure with flat indices

Dy* = D(e%(x)y') = Det ™' (es(x)) Dy’

]_ .
_ ISV (4.4.26)
(—11<1<0 det gz’j(fc(T)))

Note the inverse determinant which is due to the Grassmann nature of
the integration variables. The extra factor appearing in the measure can
be exponentiated using bosonic ghosts a’(7) with the same boundary
condition of the fermions (ABC or PBC) and it leads to the extra term
in the ghost action

0o 1 o
Sgh™ = /_ 7 5 gij(x)a’e’ . (4.4.27)
One can check that the counterterms of dimensional regularization are

left unchanged. The full quantum action for the N = 1 supersymmetric
sigma model reads

01 o . o
S = / dTigij(:E) [i"i‘] +a'dd + 0 + (Y + 2Ty (x)F) + o/oﬂ]
-1
(4.4.28)
and appears in the path integral as

7= / DzDaDbDeDyDa ¢ 55 . (4.4.29)

Supersymmetry is not broken by boundary conditions if one uses peri-
odic boundary conditions for both bosons and fermions. Then the effect
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of the ghosts cancels by themselves (they have the same boundary condi-
tions) and can be eliminated altogether

( 11 \/detgij(w(f))>( I1 1(())) =1. (4.4.30)

—1<7<0 —1<r<0 y/det g;;

One can now recognize that the potential divergence arising in the bosonic
& contractions are canceled by the fermionic Y1) contractions. The
remaining UV ambiguities are treated by dimensional regularization as
usual. This scheme seems to be the best one to test, for example, that
the Witten index (i.e. the gravitational contribution to the abelian chi-
ral anomaly for a spin 1/2 field) does not get higher order corrections in
worldline loops, and is thus 3 independent.

If one used ABC, the ghosts have different boundary conditions, their
cancellation is not complete and they should be kept.
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Part 2

Applications to Anomalies






5

Introduction to anomalies

We now start the second part of this book, namely the computation of
anomalies in higher dimensional quantum field theories by using quantum
mechanical (QM) path integrals. As we shall see, the ordinary Dirac
action for a chiral fermion in n dimensions has anomalies which can be
computed by using an N = 1 supersymmetric (susy) nonlinear sigma
model in one (timelike) dimension. Although this relation between a
nonsusy quantum field theory (QFT) and a susy QM system may seem
surprising at first sight, it becomes plausible if one notices that the Dirac
operator v*D,, contains Dirac matrices 4™ (where v# = y™e, " with e,,*
the inverse vielbein field) satisfying the same Clifford algebra {y!, ™} =
26 with I,m = 1,..,n flat indices as the equal-time anticommutation
rules of a fermionic quantum mechanical point particle %(¢) with a =
1,..,n, namely {¢%(t),%"(t)} = hé®. ! This suggests a representation
of operators which appear in the QFT (7™) in terms of QM operators

(1(t)), namely
A \/%z/;“(t). (5.0.1)

It is also natural to represent the coordinates z* in the QFT by a corre-
sponding point particle z*(¢) in QM. Hence one is led to suspect that the
expression for the anomaly in terms of the operators 6%’ ~™ ete. of the
quantum field theory can be rewritten as an expression in terms of the
operators of a corresponding QM model with bosonic #%(¢) and fermionic
?®(t). These QM models are often supersymmetric. Of course, it had
been known long before the 1980’s that many calculations in field theory

! To distinguish objects in quantum field theory from objects in quantum mechanics,
we use vectors indices p (curved) and m (flat) in field theory, and vector indices i
(curved) and a (flat) for the point particle in quantum mechanics. We are always
in Euclidean space with metric dmn = (1,...,1) in tangent space, unless stated
otherwise.
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can be simplified by just using first quantization (with point particles) in-
stead of second quantization [70, 71], and thus one might expect that also
the calculation of anomalies may drastically simplify if one uses quantum
mechanics. This is indeed the case.

The anomalies we shall compute are chiral anomalies for n-dimensional
chiral fermions and selfdual antisymmetric tensor fields (AT) coupled to
external gravitational and gauge fields, and trace anomalies for various
fields coupled to gravity in 2 and 4 dimensions. These anomalies are
anomalies in the local Lorentz, chiral and scale symmetry of the fields.
(As we shall discuss, we only use regularization schemes that maintain
Einstein (general coordinate) invariance so there are no separate Einstein
anomalies). Before analyzing the formalism of quantum mechanics to cal-
culate anomalies, it is useful to demonstrate that such anomalies really
exist. We therefore start this chapter in section 5.1 with an explicit com-
putation of anomalies in the simplest case: two dimensional field theories
(one space and one time dimension). In this case we use a regularization
scheme that is special for 2 dimensions: analytic regularization. To use
this scheme we must use Minkowski space, so in this subsection we are in
Minkowski space. First we calculate the chiral anomaly for a complex one-
component fermion coupled to an external Maxwell or Yang-Mills field.
Then we compute the gravitational anomaly for a real one-component chi-
ral fermion coupled to an external gravitational field. Finally we compute
the trace anomaly for a real nonchiral (two-component) fermion coupled
to external gravity. These calculations will confirm the existence of chiral,
gravitational and trace anomalies in 2 dimensions, and in the rest of the
book we calculate similar anomalies in higher dimensions, using quantum
mechanics.

In section 5.2 we discuss general aspects of the approach of calculating
anomalies in field theories by using quantum mechanics. Field theories
coupled to external gravitational fields will lead to quantum mechanical
nonlinear sigma models, while field theories coupled to gauge fields will
lead to linear sigma models. As we already observed, Dirac matrices
correspond to fermionic point particle operators 1¥%(t). To describe the
anomalies in terms of quantum mechanical operators, we shall use Fu-
jikawa’s approach [6]. In this approach the anomaly for a QFT is given
by the trace of the regulated Jacobian associated with a given symme-
try, and this Jacobian is an expression which depends on 8%“ external
fields Afj(z) and e}}'(x), Lie-algebra matrices T, and Dirac matrices y™.
First we shall construct an explicit expression for the anomaly in terms
of quantum mechanical operators, and then we switch to quantum me-
chanical path integrals. At that point we take over all results of the first
part of the book on the construction of properties of path integrals for
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nonlinear sigma models.
In section 5.3 we give a brief history of anomalies.

5.1 The simplest case: anomalies in 2 dimensions

In this section we present an explicit calculation of chiral, gravitational
and trace anomalies in a toy model: the theory of massless fermions cou-
pled to external gauge and gravitational fields in 2 dimensions. In this
model the full effective action can be computed explicitly and its response
to gauge and gravitational transformations can be easily studied.

a. The chiral anomaly

We start discussing the classical Lagrangian of Dirac and Weyl fermions
coupled to a gauge field. Then we proceed to analyze three typical cases.
In (i) we present the calculation of the chiral anomaly due to a Weyl
fermion. This is an example of a gauge anomaly, i.e. an anomaly in a
current which is coupled to a gauge field. The corresponding effective
action is not gauge invariant, and there is no local counterterm that can
be added to the effective action to restore gauge invariance. The anomaly
is thus a genuine anomaly. It satisfies certain consistency conditions, and
thus it is called a “consistent anomaly”. One particular consequence of
the consistency conditions is that the anomaly cannot be gauge invariant.
Nevertheless, it can be related to a “covariant anomaly”, which is gauge
invariant but cannot be interpreted as the gauge variation of an effective
action. (7) Then we add the contribution of another Weyl fermion, but
with opposite chirality. The two Weyl fermions with opposite chiralities
make up a Dirac fermion. The vector current of the Dirac fermion is cou-
pled to a U(1) gauge field A,. The action has a local vector symmetry
Uy (1) and a rigid chiral symmetry U4 (1). 2 The total anomaly cancels
in the Uy (1) symmetry and the full effective action is Uy (1) gauge invari-
ant. (i) However, the Uy (1) symmetry is anomalous and we compute
the corresponding anomaly. It is invariant under transformations of the
gauge group Uy (1) and it is an example of a rigid anomaly since the
corresponding current is not coupled to gauge fields (although we could
couple it to an external axial vector field, see previous footnote.) It is
again a genuine anomaly and it satisfies again consistency conditions.

Let us start describing the classical Lagrangian of a massless Dirac field

2 Actually, in 2 dimensions, the gauge field A, can be decomposed into light-cone com-
ponents Ay and A_ which couple to left-moving and right-moving massless fermions.
Then this model has even a local U4 (1) symmetry, but in our discussion we consider
the Ua(1) symmetry only as a rigid symmetry.
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A coupled to a Uy (1) gauge field A,
L=-2AyM0, —iA N, A=ATin® (5.1.1)

where the Dirac matrices satisfy {7*,7"} = 2n**, with (7°)?2 = —1. The
classical symmetries are the Uy (1) gauge transformations with infinitesi-
mal local parameter a(x)

63\(ac) = ia(x)/\(:fv)
oAx) = —ia(z)\(z)
0A,(z) = Jya(x) (5.1.2)

and the axial U4 (1) transformations with infinitesimal constant parameter

g

oA(z) = iBysA(2)
SA(x) = iBA(x)vs
§A(z) = 0. (5.1.3)

The chiral matrix «5 is chosen to satisfy 42 = 1 and {v3,7*} = 0. This
model exists in any even spacetime dimension n, since then one can con-
struct a matrix 5 with the required properties. In this section we re-
strict our attention to n = 2 by taking n'' = —n% =1 and 5 = 4.
We will also use the antisymmetric tensor €,,, which we normalize to
€"' = —¢p; = 1. With this normalization one can verify that the following
identity is satisfied by the gamma matrices: v#v5 = €*¥v,. We choose
the following representation of the gamma matrices

o_ _.2_(0 -1 11 (0 1 (1 0

and represent the Dirac spinor as

A=2"1 (i;) (5.1.5)

where the Weyl components Ay, and Ap are eigenstates of 5 with eigen-
values +1 and —1, respectively. It is useful to eliminate completely the
gamma matrices from the Lagrangian (5.1.1). Using light-cone coordi-

nates zt = \%(:BO + 2') one obtains

L£=i) (8 —iA) L +idL(0- —iA )R . (5.1.6)

It is evident that one can consider a model with a single Weyl fermion,
for example the left moving fermion Ay, by setting the other chirality to
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zero. In this case the two classical symmetries discussed above are not
independent.

i) Now let us consider the path integral quantization of the left moving
fermion Ay,

SIAL AL, A] = /de iNL(0y — AL
/ DALDAL SPLALAl — o WelA] (5.1.7)

The one-loop effective action Wi[A] is a functional of the gauge field A,
and is formally given by the logarithm of a functional determinant

Wi[A] = —ilogDet (i04 + A4) . (5.1.8)

For our purposes it is simpler to view the effective action perturbatively,
namely as the sum of all one loop graphs with external gauge fields

Wi[A] = ©+ ‘ZLO+ oy p +--- (5.1.9)

The first graph is a constant. It can be removed by a suitable normal-
ization of the path integral. The second graph vanishes by symmetric
integration. Thus let us take a closer look at the third graph. Expanding
(5.1.7) to second order in A, we obtain

WA = L (i5m)’) (5.1.10)
= =5 [ ey A, @M@ MG )

(5.1.11)

where we have split S = So+Sins, with So = [ d?z MEELL)\L the free action
which yields the propagator, and S;,; = [ d*x A+)\TL)\L which describes
the interaction with the gauge field A,,.

The propagator is readily obtained

d2p

D@L () = %52@ —y) = / O oir-(a—y) _21P—

5.1.12
p? — e ( )
where p-x =pyat +p a7, p? = pupt = —2pp_ with pi = %(po +p1)
and —ie is the Feynman prescription that enforces the correct boundary
conditions. It is easier to Fourier transform to momentum space by setting
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Ai(z)= [ (37252 e~T A, (p). We obtain 3

WU = [0 oA (5.113)
L 2) (2n)2
with
Up) = [ dae ™ (@A) ALOALO)
p+k
B /d% 2Ap_ + k) 2k
B (p+k)? —ie k? —ie
- /dkd’fj L L (5.1.14)
(27m)% pi+ ke + o h) R+t oo

We now perform analytic regularization [72]. This scheme is suitable
for a chiral theory. One can first perform the integral over k; by using a
contour in the complex k;-plane. To get a nonvanishing result, the two
poles at ‘ .
de e
2% ) + = —DP+ 2(p_ +k_)
must be on opposite sides of the real k-axis, otherwise one could close
the contour on the side without poles, obtaining a vanishing result. Let
us first assume p_ > 0. Then the two poles are on opposite sides if k_ < 0
and k_ +p_ >0, and

ky =— (5.1.15)

1 0 1 ip
= — _ 2 — = —— . 1.1
V) = o L dkomi =gt (5.1.16)

Similarly, when p_ < 0, the two poles are on opposite sides if k_ > 0 and
k_ 4+ p_ < 0, and the same final result is obtained

Up) = — /_p_dk (—2mi) = = L P= (5.1.17)
= _ (—2mi . 1.
PP ez Jo p+  2mpy
The effective action to this order is thus
2
@)A1 — _i/ d’p A (mP=A. (— 1.1
WA = - [ A A (5.1.18)

3 The notation A4 (z) for the function and A (p) for its Fourier transform should not
cause confusion, as we indicate the arguments explicitly.
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One may check that for abelian gauge fields higher order contributions to
the effective action vanish, so this result is exact. For nonabelian gauge
fields one finds nonlocal terms with 3,4,5 ... external A,’s, but only the
term with two A, fields contributes to the anomaly [73].

Let us now analyze the gauge invariance. Under a gauge transformation

6Au(x) = Opo(x)  —  6Au(p) = —ipua(p) (5.1.19)
the effective action is not gauge invariant

’L. 2
swild] = 5 [ (;lT’;Qa@)pAA—p)

2

_ % /dea(:p) 0_A,(z) . (5.1.20)

Thus, it seems that the gauge symmetry has an anomaly. However, before
deciding that this is a true anomaly, one must make sure that there does
not exists a local counterterm whose variation cancels the anomaly. Since
the anomaly is Lorentz invariant, we consider the most general Lorentz-
invariant local counterterm with the correct dimension

WieelA] = 3 / P A, (2)AF(z) = —28 / Px A (2)A, (x)
2
- 28 [ A ) (5.1.21)

where (§ is an arbitrary parameter. Its gauge variation is easily computed

2
Wil d) = 28 [ 55 0(0) (p-Ac(=p) +pA-(-0) - (122

Clearly, no value of 3 can make the effective action Wp,[A]+ Wi,.[A] gauge
invariant. Thus the final conclusion is that there is an anomaly in the
gauge symmetry.

Let us pause for a moment and make various comments.

e To compute the effective action we have used analytic regularization
which regulates the logarithmic divergent graph in (5.1.14) and auto-
matically removes the divergence. This is one possible renormalization
condition. For other renormalization conditions we may need to add the
local counterterm in (5.1.21) with a particular value of 3.

e One-loop effective actions which are computed with different regu-
larization schemes can only differ by local counterterms. The addition
of the most general local counterterm allows one to scan all possible reg-
ularizations at once. If the anomaly does not vanish for any possible
counterterm, it means that the anomaly is not an artefact of the chosen
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regularization scheme. It is a genuine effect appearing in the quantum
theory.

e One can write the gauge variation of the effective action also as follows
SWIA] _
54, (@)

where JH(z) = SSXZ[(I;}) is sometimes called the induced current. (It corre-

SWIA] = / 2 6A,(2) / e a(2)0,J"z)  (5.1.23)

sponds to the expectation value of the current coupled to the gauge field,
g* = idy* A, namely J* = (j*)). The gauge anomaly then reads

0,7 () = —%a_m(:g) . (5.1.24)

One may note that this expression is not gauge invariant.

e The consistency conditions are integrability conditions which follow
from applying the commutator algebra of the symmetries to the effective
action. The algebra of the gauge symmetry in eq. (5.1.2) is abelian and
reads

[0(a1),0(a2)] =0 (5.1.25)

while the anomaly can be denoted by
S(a)W[A] = Alo, 4] . (5.1.26)

Combining these two equations gives the consistency condition for the
anomaly of a chiral fermion

d(ar)Alag, Al = 6(ag)Alaa, A] . (5.1.27)

The anomaly is given by
1
Ao A] = / P ()0 A, (z) (5.1.28)
T

and clearly satisfies (5.1.27).

e A consequence of the consistency conditions is that the consistent
gauge anomaly cannot be gauge invariant. This is immediately obvious
by inspection of (5.1.24). More generally one can prove this property as
follows. Let us introduce the shift transformation

0sAu = sy (5.1.29)

as a trick to study the gauge current J#, since then §sW[A] = [ d?x s, J"
(recall eq. (5.1.23)). It is clear that

[0s,0(a)] A, =0 (5.1.30)
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if one defines 6(«)s, = 0. However, evaluating this commutator on the
effective action produces

16,,6()]W[A] = 5, Ala, A] — / % (6(a)J")s, = 0 (5.1.31)

which shows that the current J* must transform nontrivially under a
gauge transformation and thus cannot be gauge invariant (unless the
anomaly A vanishes or is A, independent).

e One can introduce another anomaly, called the covariant anomaly,
which is not obtained by varying the effective action, but which is gauge
covariant (or rather gauge invariant in our case). It is by definition the
divergence of a “covariant current” obtained by adding a suitable local
(in general noncovariant) term J* to the consistent current J#. For J_ =

%g—;AJF it is clear that J_ = —%A_ yields a gauge-invariant current
J+J—ii(aA — 0, A) (5.1.32)
B T 2wy T o
whose anomaly is covariant
~ 1
8+(J7 + Jf) — %(87A+ — 8+A7) . (5133)

We stress that this “covariant anomaly” cannot be obtained as the gauge
variation of the effective action, as it does not satisfy the consistency
conditions.

i1) Let us now add the contribution of a right handed fermion to the
previous model. The total action is the sum of the chiral actions and
the path integral factorizes. So we only need to consider the extra terms
coming from

S[AR, Ay, A] = /d% i (O —iA)\g
/ DARDA}, ¢SPrARAl = ¢ iWrlA] (5.1.34)

The calculation is quite similar to the one described above and produces
the following contribution to the effective action

2
Weld =~ [ G542 A (). (5.1.35)

The sum W [A] 4+ Wgr[A] is still not gauge invariant, but adding the local

counterterm Wi, in (5.1.21) with § = —ﬁ makes the final effective action
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gauge invariant

WIA] = WL[A] + Wg[A] + Wip[A]

2
= —ﬁ/(;iTp;Q(mA—(p) —p—A+(p))]i
x(p+A-(=p) = p-A+(-D))
_ i / Lo, 8+18_F+ . (5.1.36)

Equivalently, the induced gauge current is conserved: d,J*(x) = 0. This
is an example of anomaly cancellation. One may notice that our simple
model turned out to have just vectorial couplings. A manifestly gauge
invariant regularization can be used in similar models, and it is enough
to guarantee absence of anomalies. For example, in the case above a
Pauli-Villars regularization maintains gauge invariance and would have
produced automatically the correct local counterterm in the effective ac-
tion. In models with chiral coupling, where a manifest gauge invariant
regularization is lacking, cancellation of anomalies must be checked by
hand, as in the Standard Model of particle physics.

ii1) Finally, let us discuss the anomaly in a global current. The model
above with a Dirac fermion enjoys at the classical level the axial symmetry
given in eq. (5.1.3). It is quite simple to see that this symmetry is
anomalous. The Noether current associated to this symmetry is j£ =
iAMy"ysA. Thanks to the reducibility of the Lorentz group in 2 dimensions,
we can actually use a trick to reinterpret A, also as the gauge field (or
source) coupled to j&. In fact, we can substitute 4, = B”¢,, (so Ay = By
but A_ = —B_) and use €,,7" = V.75

PA M = iBY €, AY'N = i B Ay s\ (5.1.37)
The transformation
6(8)Bu(x) = 9uB(x) (5.1.38)
gauges the symmetry in (5.1_.3) and can be used to test the conservation
of the axial current j£ = iMy#q5X. On one hand we can compute the
variation of the effective action W[A] as
SWIA(B)]

S(BYWIA] = /d% (39)B,(x)) 3B, (z)

_ / 2z B(x), () - (5.1.39)

On the other hand the explicit form of W[A] computed in (5.1.36) yields,
using 0(B)A4 = 040 but §(B)A_ = —0_0,

S(B)WA] = —% / e Ba)Fy(x) (5.1.40)
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Thus ) .

Oulit) = ~Fi(z) = —5 " Fyu(a) (5.1.41)
This is the anomaly in the global axial U4 (1) current which is manifestly
invariant under the Uy (1) gauge group, as expected since the Uy (1) gauge
symmetry is not anomalous. Since the only local counterterm which de-
pends on A, and A_ and is Lorentz invariant is L = BALA_, and
since its coefficient was already fixed by requiring cancellation of the vec-
tor anomaly, one cannot remove the chiral (or better the axial vector)
anomaly by a local counterterm: the axial anomaly is a genuine anomaly.
The 4-dimensional analogue of this anomaly is the original ABJ anomaly
which is gauge invariant and related to pion decay.

b. The gravitational anomaly
We follow [1] and construct the gravitational anomaly for a real chiral

spin 1/2 field coupled to gravity in 141 dimensions.
The classical Lagrangian reads

1 _ _
L= —56/\ Yemt N, A=Ay (5.1.42)

and is invariant under general coordinate transformations given by

oA = HouA
de, " = £"0pe," +0,8"e,™
de = 0Ou(&le) . (5.1.43)

It is also invariant under local Lorentz transformations given by

1 1
oA = )\ mn)\ s mn = | Ym> Yn
TR ¥ 2['7 Yn
Se,™ = AMye,"
Se = 0. (5.1.44)

To prove the last statement, note that the Lorentz variation
5L = —EeAymenb L (@470 5.1.45
—_ie’)’@m Z(u )Y (5.1.45)
vanishes since a Majorana spinor satisfies the identity Ay,,A = 0 while
Y™ Vg = 0 Vg — 04 Vp- In higher dimensions, or for a complex (=Dirac)
spinor in 2 dimensions, one needs a term with the spin connection

_ 1 _
L=—e\y"ent <8u + Zwﬂpqqu>)\ . A=Ay (5.1.46)

147



but in 2 dimensions this term vanishes for real A, as we explained before.
Consider now a chiral fermion satisfying (1 — y5)\ = 0. Since 5 =

A0 = <é 01>, this field has only an upper component which we

denote by A_, so A = ()\0_ > The action for A_ = A\p, reduces to
L = 1 )\T L 0Am, u 9.\
= —56 (7" em" )0y

= %6)\%(60“ + 61“)8M)\L
i 1
= —ed_(e "I )N, e+t = —(ep" £ er?) . (5.1.47
\/§ ( + H) =+ \/5( 0 1 ) ( )
There follow now a few typical two-dimensional manipulations which al-
low us to write the action such that it only depends on one component of
the gravitational field [74]. First we write e;#,, as e; "0, +e4~0_ where

0+ = %(80 + 01) and hence e, * = %(emo +e,!). Then we extract the

field e+ and redefine A_ such that it absorbs e, T

L = \;é( eerTA)( Oy +hy 0 )(A\JeerT)  (5.1.48)

where

hiy = (5.1.49)
e+

Clearly, h4y is Lorentz invariant, and also

A =Jeel TA_ (5.1.50)

is Lorentz invariant because vielbeins rotate twice as fast as spinors under
Lorentz rotations. 4 R

One can find a simpler expressions for the spinor A_ by using the ex-
plicit form of the inverse vielbein

e-~  —ei” ext ei”
eem”:<_e_~+ e;} ) , eum:<ef+ ef_) . (5.1.51)

4 The Lorentz invariance is manifest from the matching of 4+ and — indices. Some
people write +# and = for the indices of vector fields, and other /4 and /— for
the indices of spinor fields. We use only indices + and — but the reader need to
remember that vectors and spinors transforms differently.
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Then

= Je-=A_, hay = —Zf_ (5.1.52)

and the Lagrangian reads

T < 1 ~ ~
L= 7= 0+ —7=h T _, T _ =4iA_0_-X_. (5.1.53
NG + 2 ++ t ( )

The A_ are left moving fields which transforms as follows under general
coordinate transformations

A = ErON +2ragaea— _

= PO+ = (8 £ =0 hy A . (5.1.54)

In particular, under transformations with €=, A_ transforms as a “half-
vector” (due to the factor %), and this forms the starting point for con-
formal field theory where A_ has conformal spin %

The field hy transforms as follows under general coordinate transfor-
mations

1 _ er” o —
Ohiy = %0ahiy — ——(04€%a") + e jr_)g (0-&%a™)
= £%0ahyy + (01 )y — 01E + (0-ET)RE L — (0 )hyy .
(5.1.55)
So, to lowest order in h, ,, we have hy = =0, = 0,.&, (since n™™ =

—1).
A similar treatment of right-moving fermions satisfying (1 + vy5)A = 0
shows that they couple only to

ho=—— . (5.1.56)
+

As the third field which parametrizes the space of symmetric vielbeins we
take

hy_ = h_y= eq_me;"nmn = —e_;_"'e;_ — eq_—e;"'

Shy = 04 +0_Ep+... . (5.1.57)

All 3 fields hy4, h—_ and hy_ are Lorentz invariant.
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Let us now compute the effective action for the theory with A_. To
one-loop order it is given by the sums of graphs

The anomaly resides only in the first graph, so we only evaluate this graph.
Afterwards we will comment on the graphs with 3 and more h-fields. The
A propagator is of course unchanged

0_ d’k 2ik_
— 8z —y) = 3z —y) = / — ik(z=y)  (5.1.
a. (x —y) 9.0 (. —y) OrE R — e (5.1.59)

Hence

p+k
*’pV“Q’F N/ Pad?y by (@)(T-—(2)T-—(y))h1+(y)
—k

~ [ [y s @) () A @03 (2) A-()0-A-(9)
o [ah@henn) [ ek sy

PP (2m)2 b= (k+p)? —iek? —ie
~ /dQP hit (p) g+ (—p)

dky dk_ 1 1

x/ 2k +p)? — . (5.1.60)
(2m) ki +py + 2(h_+p_) ki + ok

We use again contour integration for the integral over k., which is non-

vanishing (for py > 0) when —p_ < k_ < 0. We are then left with an

integral of the form

0 2 3
/ g Ch=tp-)” pe (5.1.61)
—p- b+ P+

~—

Hence the effective action is proportional to

3
=
Seff ™~ /dzp h++(p)h++(—19)p— : (5.1.62)
J’_
We are now in a position to check whether the effective action is still
gauge (Einstein) invariant. Using the linearized transformation rules
Ohyt(p) = 04&4 + -+ = —ip1&i(p) + -+ (5.1.63)
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we find
OSeff ~ / & (p)p hii(—p) - (5.1.64)

The result is rigidly Lorentz invariant (+ and — indices match; rigid
Lorentz transformations act on curved indices).

So the effective action is not gauge invariant, but one should still check
that its variation cannot be canceled by the variation of a suitable local
counterterm in the action. The most general counterterm whose variation
has the same number of fields as S¢fs and is Lorentz invariant reads

AS = / &p [Ahy 4 (p)p—p_hy—(—p)

+Bhyy (p)p+p—h——(—p)
+Chy—(p)p+p-hs—(—p)
+Dhy(p)p1pih-—(-p)] . (5.1.65)

One may check that for no value of the constants A, B, C, D the varia-
tion of AS can cancel §S.7r. Hence there exists a genuine gravitational
anomaly in 141 dimensions for chiral spinors.

One expects that for nonchiral spinors, there is no genuine gravitational
anomaly. Consider the sum of the actions for Ay and Ar. The effective
action action is now a sum of an effective action for A_ depending on h 4,
and another effective action for AL depending on h__. The variation of
this sum of effective actions is proportional to

8Sers = 0(Skp+ Skp)
~ [l b (<) + @ —(-p)] (51660

Now however there is a local counterterm whose variation cancels 65y,
namely

AS ~ /de [—4hyy (p)p—p—hy (—p)

+2h4 1 (p)p+p-h——(—p)
+4hy—(p)pyp—hy—(—p)
~4hy(p)prpsh——(-p)] - (5.1.67)

In fact, using appendix A, one may show that the effective action Scyy +
AS is given by
2 R 2
Serp+ AS ~ /d /d veR(x)SR(z)  (5.068)
P+p-
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where R(p) ~ prh__(p)+p? hit(p)—2p+p—hi—(p) is the linearized form
of the scalar curvature.
c. The trace anomaly

Finally we demonstrate also the presence of a trace anomaly in 2 di-
mensions. We consider a real nonchiral fermion. The classical action is in-
dependent of h_ so that the classical stress tensor is traceless: T _ = 0.
(We obtain T’y _ by varying h_ in the classical action). At the quantum
level, Seyy is still independent of h_, so T _ still vanishes at the one-
loop level. However, if we make the effective action Einstein invariant by
adding the local counterterm AS, the effective action starts depending
on h_, and thus there is a trace anomaly. From the expression for AS,
and 6R ~ 2pyp_0hy_ + --- we see that the trace anomaly is given by

T,/ ~R in 1+ 1 dimensions. (5.1.69)

We have seen in concrete two dimensional models the various aspects
of anomalies: anomalies in gauge and gravitational currents, anomalies
in rigid currents, and cancellation of anomalies. In higher dimensions the
full effective action is not explicitly calculable in closed form, but one can
still study the anomalous behavior of the various Feynman graphs. In
the remaining part of the book we will use the general method based on
(susy) quantum mechanics to compute the anomalies.

5.2 How to calculate anomalies using quantum mechanics

Anomalies arise when a classical action has a symmetry but the corre-
sponding effective action is no longer invariant under this symmetry. The
anomaly is then by definition the variation of the effective action under
the symmetry. At the one-loop level the anomaly is a local polynomial
in the fields and derivatives of the fields with finite coefficients. In the
path integral for quantum field theories the anomaly appears if one makes
an infinitesimal change of integration variables which amounts to a sym-
metry transformation. The action in the path integral is invariant under
this change of variables, but if there is an anomaly the Jacobian 1 + Tr J
for an infinitesimal change of integration variables is not unity. This is a
true anomaly only if it cannot be removed by adding local counterterms
to the action without spoiling other symmetries. The infinitesimal part of
the Jacobian, Tr J, is the trace of an operator summed over all points in
spacetime (i.e. the trace of an infinite dimensional matrix) which must be
properly defined by regularization. Thus the expression for the anomaly
in terms of the operators of the QFT is

An = lim Tr Je PR (5.2.1)
30

152



where R is the regulator (also an operator) [6]. The trace is over a
complete set of states, for which we can take for example the set of plane
waves, or the set of eigenfunctions of the regulator R. (In the latter
case one would prefer to use a positive-definite self-adjoint regulator R
because then the eigenfunctions form a complete orthonormal set with
positive eigenvalues).

Consider first the case that the integration variable in the path integral
which we use to describe the spinor field in the quantum field theory is
an Einstein scalar A(z) (and of course a Lorentz spinor). Then a natural
choice as regulator R for the Jacobian of the n-dimensional Dirac action is
the square of the Dirac operator, R ~ [ Jp. Using standard manipulations
with Dirac matrices, one can simplify D] to PP = D*D, + 1R, where
the second D, on the right hand side is given by D,, = 0,, + %wum”%ﬂn
while the first D* on the right hand side contains an extra term with a
Christoffel connection which acts on the index p of the second D,,. One
can remove this Christoffel term by rewriting D*D,, as ﬁDM\/ﬁg’“’DV

where both D,, and D, now only contain the spin connection®

1 1 1
R ~ %Duﬁg’”Dy + ZR ., D,=0,+ Zw#mn'ym’y" (5.2.2)

Replacing v by \/% 1® and making also the usual identification®
h 9
1 OxJ
we interpret the regulator R as (% times) the Hamiltonian of a system
with bosonic point particles x*(¢) and fermionic point particles ¥%(t). We
multiply R in (5.2.2) by (%)2 to replace 0, by p;, and by a factor 1/2

— gtpjgt/ (5.2.3)

® The expansion proceeds as follows: PP = i{y*,4"}D.D, + i[v*,4*|D,D, =
D*Dy + 1[v*,~4"][Dy, D,] where all derivatives D,, are fully gravitationally covari-
ant, so for example [D,,v”] = 0 and D,e,™ = 0. The second term yields a cur-
vature %fy”’y”RWm"(w)'ymn. Since we always take for w,™™ the usual spin con-
nection w,™"(e) which corresponds to the Christoffel connection via the vielbein
postulate, see appendix A, then R,,™"(w) satisfies the cyclic identity R, mn) = 0
and the Ricci tensor is symmetric. It follows that v'vymnRu™" = 2y Ru ™"
since ¥ mnRu™™ = 0 due to the cyclic identity. Further, v (e, ynRu ™" (w)) =
emen Ry, (w) = R because the Ricci tensor is symmetric. The final result is the
term 1R in JDJD. Moreover in general relativity one proves that the covariant diver-
gence of a contravariant vector density ,/gv" is equal to the ordinary derivative, i.e.
D,.(\/gv") = 0.(y/gv"). This yields (5.2.2).

We derived this relation in (2.5.43); we recall that it follows from hermitic-
ity of p; and the hermiticity of g~/42_2-g1/4 with the inner product (|p) =

i 9279
[ V3 ¥ (@)p(@) da. ’

=]
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to obtain the conventional normalization H = %pQ 4+ ---. This leads to
the following Hamiltonian for the bosonic point particle z?(t) and the
fermionic point particle ¥®(t)

1 i, i _ h?
H =g/ (p; - Swi "pathn)9"/2" (py — swi“Meta) g™ — R

2 2
(5.2.4)

Note that z,p and ¥ are all operators in this expression. To avoid confu-
sion we mention that we shall later Weyl-order this Hamiltonian, which
will produce another term with R.

We now ask the crucial question: which quantum-mechanical nonlinear
sigma model leads to this Hamiltonian? The answer is the N = 1 su-
persymmetric nonlinear sigma model which in Minkowskian time is given

by

1 g . .
L = 59id"# + Stba(v" + iTw ;%) (5.2.5)
In this expression x and v are of course classical functions of ¢, not
operators. We discuss this model in appendix D, where it is shown
that the classical action S = [ Ldt is supersymmetric. For this model
pj(x) = %L = gjkd" + Lw;"Pa1h, and the conjugate momentum of the

fermion is given by m,(¢) = &Eza = —%wa. The classical Hamiltonian is
given by
Hy = i'p; + 41, — L . (5.2.6)

The terms with ¢ cancel in this expression and elimination of & yields the
following result

He = %(pi - %wi“bwawb)g” (s - %wfdwcwd) : (5.2.7)
The term —%2R is absent in this expression because it is a quantum effect,
as it is clear from the h? in (5.2.4).

To write this classical Hamiltonian at the quantum level as an opera-
tor which is general coordinate and local Lorentz invariant (meaning it
should commute with the operators which generate infinitesimal general
coordinate and local Lorentz transformations), one must add the factors
with ¢='/4 and ¢'/? as in (5.2.4). We discussed this in the beginning of
section 2.5. The scalar curvature is Einstein and locally Lorentz invari-
ant by itself, so its coeflicient is not fixed by requiring Einstein and local
Lorentz invariance only. However the term —Fg—QR in (5.2.4) with this pre-
cise coefficient is fixed by susy (on the worldline). The argument goes as
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follows. The quantum susy generator’ is given by
. , _ i
Q = 1?662(91/41%9 14— §wiab¢a¢b)

- ) ,
= (974 pig"* = Swiwan)vce. (5.2.8)
It commutes with the generator

Gg pilf () + §k(m)pk) + terms acting on e’ and wiq,  (5.2.9)

B 2ih(
of general coordinate transformations in (2.5.2), (2.5.7) [9]. This fixes
the factors ¢%/* and ¢~ /% in Q. It also commutes with the generator
of local Lorentz rotations, J = {%)\ab(:c)wawb—&— terms acting on e’ and

wiap} because 1% and (g'/4p;g~1/* — %wi“bzbaz/;b) are separately locally
Lorentz invariant, see below eq. (2.5.9). Defining H = %{Q,Q} one

finds (5.2.4) including the term —%QR. Thus whereas Einstein and local
Lorentz symmetry do not fix the coefficient of the R term in the quantum
Hamiltonian, rigid susy of the QM model does.

Once the action for the quantum field theory in n dimensions is given,
the consistent regulator for the Jacobian can be constructed. By a consis-
tent regulator we mean a regulator which produces consistent anomalies,
namely anomalies which satisfy the consistency conditions which follow
from the fact that the anomalies are the gauge variation of the one-
loop effective action I'. If there are no anomalies, the effective action
(due to fermion loops with external Yang-Mills or gravitational fields) is
gauge invariant, but if there are anomalies, the gauge variation with pa-
rameter A\?(z) of the effective action I' leads to the consistent anomaly:
d(gauge, \*(x)) I' = A%(x)Ang(z). No ambiguities about the coefficient
of the term with the scalar curvature R in the regulator exist: it follows
straightforwardly from working out D) as we showed. However, the ac-
tion of the quantum field theory itself may contain nonminimal terms
with scalar or other curvatures. In that case the regulator will inherit the
same terms. In [75] consistent regulators for quantum field theories are
constructed using Pauli-Villars regularization of the action.

However, it is not necessary to use consistent regulators for the purpose
of calculating anomalies; one may also use for example covariant regula-
tors. When anomalies cancel with one regulator, they also cancel for

"In general a generator of a symmetry is the space integral of the time component
of the corresponding Noether current. For quantum mechanics there are no space
coordinates, so the charge is the current. The susy Noether current is most easily
obtained by making a susy variation with a local (time-dependent) susy parameter
€(t), and collecting all terms proportional to €. This yields the expression for ) in the

text. The order of the factors with ¢g=*/* in Q is determined by the transformation

rule (g"*pig='/*) = 82 (g *p;g~/*).
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another regulator (possibly after adding local counterterms to the action)
and working with covariant regulators has the advantage that calculations
are simpler. For this reason we shall use covariant regulators to evalu-
ate the anomalies in the local Lorentz symmetry and gauge symmetry of
loops with chiral fermions and selfdual antisymmetric tensors.

The anomaly in the field theory is proportional to Tr Je #® where 1+.J
is the infinitesimal Jacobian for the symmetry whose anomaly we want
to compute. For example, for the rigid chiral symmetry §1 ~ 7% of
massless Dirac actions the Jacobian is proportional to v° and we shall
construct a quantum mechanical representation for 4°. One is then led
to the expression

An = éin%Trfy%_%H (5.2.10)

as an operator expression in the quantum mechanical model. This ex-
pression can now be rewritten as a quantum mechanical path integral by
inserting complete sets of states as explained in the first part of this book.
In this way we see how the problem of evaluating a functional trace in n
dimensions gets mapped into a problem in susy quantum mechanics. We
shall systematically calculate the following anomalies

1. The usual abelian 7% anomaly for complex (Dirac) spin 1/2 fields
coupled to external gravity (the gravitational contribution to the
chiral anomaly). The transformation rules for this rigid symmetry
multiply fermions by iay®. The Feynman graphs which yield this
anomaly are fermion loops with external gravitons at all vertices,
except one vertex where the axial vector current is present. Taking
the divergence of this axial vector current (contracting the vertex
with the momentum which flows in or out at this vertex) produces
the anomaly. This anomaly will be shown to be present only in 4k
dimensions. The calculation of this anomaly is very simple, but for
didactical reasons we shall spell out each step in detail. As a curious
technical point we already mention that only loops with scalar point
particles 2° contribute, but no loops with fermions or ghosts.

2. Next we compute the same v anomaly for spin 1/2 fields, but now
coupled to external Yang-Mills fields instead of external gravitons
fields. We call this the abelian chiral anomaly, to distinguish it
from the gauge anomaly for chiral fermions coupled to Yang—Mills
fields which corresponds to Tr v° T, in Fujikawa’s approach. The
latter is called the nonabelian chiral anomaly. In that case the
gauge fields are also transformed under symmetry transformations.
To deal with the internal symmetry generators Ty, in the quantum
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mechanical model we introduce new ghosts ¢* and ¢. The corre-
sponding nonlinear sigma model is discussed in appendix E. A few
technical problems are encountered and solved: one must take traces
only over one-particle states, and to achieve this we construct a suit-
able projection operator [40]. We can then give a full path integral
treatment of these anomalies. (In the work by Alvarez-Gaumé and
Witten [1], and also earlier work by us [24], the internal sector was
still treated with operatorial methods).

. Then we consider “Einstein-Lorentz anomalies” for chiral spin 1/2
fields. These are also called gravitational anomalies and are anoma-
lies in either Einstein or local Lorentz symmetry. The Feynman
graphs which yield the effective action are polygons with fermions
in the loop and gravitons sticking out. Just as with vector and ax-
ial vector symmetry in gauge theories, one can push the anomaly
from the Einstein to the Lorentz sector or back [2]. We shall find it
advantageous to consider a suitable linear combination of these two
local symmetries to compute its anomaly. The Jacobian becomes
then covariant: it can be written in terms of covariant derivatives
J = 1(D,&" + ¢#D,,) in which, as we shall see, the Christoffel con-
nections cancel. It will turn out that gravitational anomalies only
exist in 4k + 2 dimensions.

. Next we consider mixed gravitational and nonabelian chiral Yang-
Mills anomalies, corresponding to loops with chiral spin 1/2 fields
coupled to external gravitational and gauge fields. The Jacobians
are proportional to %(DMS“ +&#D,,) and in®T,~y°, respectively. As
a particular case they contain the purely gravitational anomaly as
well as the purely nonabelian chiral anomaly. These anomalies cor-
respond to a breakdown of the reparametrization and gauge invari-
ances of the effective action for chiral fermions coupled to gravity
and nonabelian gauge fields. These anomalies are fatal: in four
dimensions they imply a breakdown of renormalizability and uni-
tarity of the QFT, and one should try to find a collection of fields
for which the anomalies cancel each other. In higher dimensions
both gauge and gravitational quantum field theories are not renor-
malizable, but it is believed that anomalies should still cancel in
order that the theory still makes sense.

. After these studies of anomalies for spin 1/2 fields we turn to spin
3/2 fields. For readers unfamiliar with supergravity we give a short
self-contained discussion of the quantization and the ghost structure
of supergravity. We then compute the gravitational contribution to
the abelian v° anomaly for spin 3/2 in 4k dimensions. The corre-
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sponding Feynman graphs consist of a spin 3/2 loop with gravitons
sticking out, and at one vertex the axial current is present. From a
technical point of view this calculation is amusing because it com-
bines the results in 1 and 2.

6. Next we calculate the gravitational anomaly for spin 3/2 fields, cor-
responding to loops of chiral 3/2 fields coupled to external gravity.
Now we are dealing with spin 3/2 loops with gravitons at all ver-
tices. So this section is the spin 3/2 counterpart of the discussion
in section 3. Again there is an anomaly only in 4k + 2 dimensions.
Spin 3/2 fields do not couple in supergravity to Yang—Mills fields,
hence there is no discussion of mixed anomalies for loops with spin

3/2 fields.

7. Finally we discuss gravitational anomalies due to loops with selfdual
antisymmetric tensor fields coupled to external gravity. Again cou-
plings to an arbitrary Yang—Mills group does not exist. The problem
that there is no covariantly gauge fixed action for selfdual antisym-
metric tensor fields was circumvented by Alvarez-Gaumé and Wit-
ten [1] by using ordinary (unconstrained, namely non-selfdual) fields
in loops, and coupling only one vertex to the selfdual part of the
stress tensor. It seems not well-known that there exist local actions
for selfdual antisymmetric tensor fields in even dimensions. These
actions can be found in [76, 77, 78], and one can use them to cal-
culate the selfdual tensor anomalies in 4k + 2 dimensions in exactly
the same way as the other anomalies®. One obtains the same result
as AGW [78].

After these chiral anomalies we turn to trace anomalies. Here the situa-
tion is much more delicate: one needs to evaluate higher-loop graphs and
the calculations depend very much on the precise definition of the mea-
sure, Hamiltonian, and Feynman rules. Let us once again state that by
Feynman rules we mean not only certain formal expressions for the prop-
agators and vertices, but also the precise rules how to compute integrals
over products of these. The precise rules were in great details derived in
part I, and we shall now reap the fruits of that labor. We consider

1. trace anomalies for scalar and spin 1/2 fields in 2 dimensions,

2. trace anomalies for spin 0, spin 1/2, and spin 1 fields in 4 dimensions.
For spin 1 fields we need to include the contributions to the spin 1
trace anomaly which come from the Faddeev-Popov ghosts.

8 Covariant actions for selfdual antisymmetric fields can be formulated at the classical
level [79] but their covariant quantization remains problematic. When quantized
noncovariantly they reduce to the actions in [76, 77, 78] and thus lead to the same
anomaly computation [80].
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Before turning to the calculation of these anomalies, we want to test
the QM approach in a case where we know beforehand that there should
be no anomalies. This case is Einstein symmetry. Consider the Ein-
stein transformation of a scalar field ¢, given by drpp = &*(z)0up(x).
It simplifies the analysis if one takes instead the variable » = g'/%¢ as
fundamental variable The inner product in the space of variables ¢ is

(P1,p2) = [&i(x r) dr without extra factors of /g (the usual fac-
tor of /g has been absorbed into the definition of ¢). Then dgp =
E19up + 3(9,8")@ because @ is a scalar half-density, and we can write
this as 6p@p = 3(£"0, + 9,&")@. The Jacobian is now

1
= 5(€"0u +9u8") (5.2.11)
where the derivative J,, can act past £&#. The anomaly is then

An = éin% TrJe PR (5.2.12)
We now show that this symmetry has no anomaly. As regulator we con-
sider an arbitrary operator R with complete set of eigenfunctions ¢y with
eigenvalues /\?V. One finds then

An(E) = JTH(E 0, + Due)e "
- /Z (69, + Bu&M)e P gy d'a
_ 5/% (X guerone ) (5.2.13)
N

as long as the complete set contains both ¢ and ¢} (plane waves are
an example). In general the )\?V increase fast enough with increasing N
so that the sum over N converges, and assuming that £#(z) vanishes for
large = one finds that Einstein symmetry indeed has no anomaly.

In practice one can calculate anomalies by using a complete set of plane
waves, as shown by Fujikawa for chiral anomalies [6]. For Einstein sym-
metries a two parameter class of regulators has been considered in [81]

R = —g_aﬁug“”gﬁ&,g_a . (5.2.14)

This operator is hermitian in the space of fields ¢ with inner product
(@) = [ dx @*(x)h(z). Hence it can be diagonalized and e~ #® becomes
then e %% when acting on ¢N The explicit calculation of the Einstein
anomaly with this regulator using a complete set of plane waves is te-
dious but straightforward (one has to use the Baker-Campbell-Hausdorff
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theorem), and the result is that the Einstein anomaly given by (5.2.12)
indeed vanishes for arbitrary o and .

So let us now repeat this calculation using the QM model, and check
that the Kinstein anomaly still vanishes. This provides a test of the
method. We start from the field ¢ and represent? Oy by %pi (we recall our
notation that u, v - - - denote indices in the QFT, and ¢, j - - - corresponding
indices in the QM model). The operator %(éﬂaﬂ + 0,&") turns into

T = 5 (€ @i+ pigi(2) (52.15)

which is Weyl ordered. We can then rewrite the trace as a path integral,
as explained in part I of this book. We recall that we replace x by xg + ¢
where the quantum fluctuations ¢ vanish at the endpoints ¢t = —3 and
t = 0. It further simplifies the analysis if we write J as exp(J) and
later take the term linear in £. It is then convenient to integrate out
the momenta and obtain a path integral in configuration space'®. The
Einstein anomaly (if nonvanishing) is then obtained by expanding

i St (RS b [ R @i ) G
— h BJ—pBh vy d
An %13%/ 4 g(x")(zﬂgh)n/2<e ’ )
(5.2.16)

and keeping the terms linear in ¢?. The factor 1/ in front of the second
term in the exponent is important, so let us explain in detail its origin.
We write J as N times %J where 8 = Ne. Then we exponentiate. The

sum over the N terms with e turns into an integral % fEB dt, and this
yields the result.
The interactions were discussed in part I of this book and read

L qin 101 i pi g i
—ﬁS t— —% _li[gij(w(ﬁ—q)—gij(wo)](q qj+bcj+aa])d7'
H 0 .
—% _1(R+glfrﬁkr§l)d7. (5.2.17)

(Because in the trace the initial and final point coincide, the classi-
cal trajectory x¢(t) is simply xg.) Expanding g;;(xo + q) — gij(z0) we
find in normal coordinates (in which 0g;;j(z9) = 0) terms of the form
%qquRiklj(qi(jj +b'c? + a'a’) and higher order terms. The term with &

 With the Fujikawa variables @ the scalar product is given by (@|¢) = f d"z &* (2)Y(x)
and the hermitian operator p; is simply represented by %81
10 Details are as follows. The phase space action contains % fig(zpiq - %g Tpip;) dt +

Blﬁ ffﬁ pi€®dt. Completing squares and integrating over p; yields (5.2.16).
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can be rewritten as

1 0o .j
Vi = —— / & (xo+ q)gij(zo + q)¢’ dr
Bh J -1

0
= 7 [, PO @iy o) + € 0)giy o) dr 4
0

= i ([0 ) g (@) DigiGa) +

= 1( " ¢ dr)D (o) + -+ - 5.2.18)

__ﬁ_h/_qu T) k&5 (o) + (5.2.
where the terms denoted by --- contain more ¢ fields. We rescaled t =
(87, but this did not change the prefactor % because ¢/ (t) dt = ¢’ (1) dr.
Because ¢ vanishes at the endpoints (7 = 0 and 7 = —1) the integral
ff’l ¢"¢’ dr is antisymmetric in k and j.

The Einstein anomaly is given by the 8 independent terms, hence the
factor (8h)~"/? in the Feynman measure should be compensated by fac-
tors Bh produced by loops. Since we expect no anomaly in the Einstein
transformations, the terms in the final expression of order (37)° should
vanish. We need Feynman graphs with precisely one vertex V¢ and any

number of other vertices. All vertices are proportional to ﬁlh (or Bh, see

the last term in S%) and the ¢ propagators to h.

In n = 2 dimensions there is a factor (3h)~! in the measure, hence the
sum of all Feynman graphs with one factor Sk should vanish'!. There is
one graph which could possibly contribute

O

where the dot denotes the vertex V¢. The vertex in the middle contains
Riyj. It is of order Bh, and if it would be nonvanishing, there would be
an Einstein anomaly. However, the result must be of the form of D,,§,
times a curvature, and this product always vanishes since the curvature
can have at most two indices, hence it is either Ricci curvature R,,, or
gmn R, and in both cases the contraction with the antisymmetric D,,&,
vanishes.

We could go on to check that also in n = 4 dimensions the QM ap-
proach yields vanishing Einstein anomaly. Now the sums of all graphs

' There is even a graph of zeroth order in 8k, namely O . If nonvanishing this

would yield a divergent contribution proportional to % to the anomaly. Fortunately

its contribution vanishes due to [ (7, 7)dr = 0, see section 2.5.
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proportional to (3h)? should vanish. The graphs to be analyzed are the
irreducible graphs

OO © O & OO

and the product of graphs

OO~ OO

The cross in the fourth graph indicates the counterterm, and all vertices
on the far left come from V.. We shall encounter similar graphs in the
chiral and trace anomalies, and since we are mostly interested in nonvan-
ishing anomalies we leave the analysis that there is no Einstein anomaly
in d = 4 as an exercise.

We close this section by briefly reviewing the algorithm of refs. [75]
for determining those regulators R which produce consistent anomalies.
The regulators we shall use in the next sections are covariant regulators,
not consistent regulator, so for this reason the discussion of how to con-
struct a consistent regulator is not needed: we include it for the sake of
interest. (To be precise, we will actually employ consistent regulators in
the computation of the anomalies in the nongauged U (1) axial symmetry
and in the the trace anomalies). The basic idea is to regulate the quan-
tum theory by the Pauli-Villars (PV) method. In a path integral context
one introduces PV fields which are designed to keep the measure of the
path integral invariant. Then one computes the anomalies which are now
only due to the noninvariance of the PV mass term. From this compu-
tation one reads off the regulators and quantum integration variables to
be used in Fujikawa’s scheme in order to reproduce the same anomalies.
Since the PV method yields consistent anomalies, being a Feynman graph
computation, one obtains “consistent” regulators. The method goes as
follows. Let us denote by ¢ the original fields and by v the PV fields.
The regulated action has the generic form

L= %¢TT0¢ + %wTTow + %Mme (5.2.19)
where M is the regulating mass of the Pauli-Villars fields. For reasons to
become clear we denote the kinetic term by T'O instead of 0. The mass
term should only be quadratic in the quantum fields, but 7" may depend
on background fields (on the metric, for example). The invariance of
the original action under d¢ = K¢ is extended to an invariance of the
massless part of the PV action by d1) = K1), so that only the PV mass
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term breaks the symmetry (if one can find a symmetrical mass term, then
the symmetry will be anomaly free. We assume for simplicity that the
transformation rules are linear in ¢). We refer to TO as the kinetic matrix
and to T as the mass matrix, and they both may depend on background
fields which may get transformed under the symmetry variation. The
anomalous response of the path integral Z to a symmetry variation is
now due to the mass term only, since the measure of the PV fields is
defined in such a way that at the one loop level its Jacobian cancels the
Jacobian from the fields ¢. One obtains!?

-1
67 ~ Tr[% (TK+KTT+5T>M<TM+T(’)> } =

= TrKK + %T‘15T> (1 + %)T . (5.2.20)

We replaced KTT by TK, since T and TO are symmetric, and we used
the ¢ propagator from (5.2.19). In the limit M to infinity the function

(1+ %)71 of the regulator O leads to same anomaly as e%, hence one
identifies the regulator R as well as the infinitesimal Jacobian J

1
R=0, J=K+ 5T—15T . (5.2.21)

The variables ¢ (and A for fermions) have a mass term m@@ for which the
mass matrix 7" is constant, so that the infinitesimal Jacobian simplifies to
the naive one, namely J = K.

For many cases the regulator O is enough, while in other cases (typically
when O is a first order differential operator, as for fermions) one has to
improve it. One way to do this is achieved by inserting the identity
1=(1- %)_1(1 - %) into (5.2.20), and using the invariance of the
massless part of the action (5.2.19) which implies

1 1
TO + J6TO + ST60 =0. (5.2.22)

The product (K + 3T716T)(1 — %) can be simplified, and one obtains
-1
57 ~ T&"[(K + 177167 + ;50M1> ( — g) }

- R=-0%, J=K+1iT7%T+350M1. (5.2.23)

12 Pirgt vary the mass term, then integrate out all ¢ fields, and write the resulting
determinants as a product of the determinant of (IO +TM) and a determinant with
0T and K, finally re-exponentiate the first determinant to yield back the original
action for .
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The regulator is now O2? but the Jacobian has acquired an extra term
%5(9M —1. For many applications this last term can be omitted when M
tends to infinity. 3

For the variables ¢ and the spinors A, the operator T'O is given by
g_iﬁu\/gg‘“’aug_% and g%ng_%, respectively, and T = 1 in both cases.
Then one obtains the regulator for ¢ we have used. For A the regulator
becomes instead —gilDngfé, and this regulator will be used in the next
section. Furthermore in the basis with ¢ one has %au = p,, without extra

factors gi .

5.3 A brief history of anomalies

When physicists tried to compute radiative corrections to processes in
QED in the 1930’s, they of course stumbled on divergences and other
inconsistencies. Even the simplest loop diagrams presented enormous
difficulties, and some physicists (Heisenberg and Pauli at one time or
another, and also Dirac and Oppenheimer) blamed QED itself for these
difficulties. In the 1940’s the problems became more focused. A diagram
which exhibited very clearly some difficulties was the photon selfenergy
diagram due to an electron loop (we use of course modern terminology)

(0 [ T (x)jem(y) [0) =07 (5.3.1)

Gauge invariance required that this diagram be transversal, and on-shell it
should vanish because the photon should remain massless, but Tomonaga
and collaborators found it to be infinite, as well as not gauge invariant
[82]. They studied the e? corrections to the Klein-Nishina formula for
Compton scattering and reported that “there is an infinity containing
[the] electromagnetic potential bilinearly ... in the ... the vacuum po-
larization effect. [It] cannot be subtracted by amalgamation [removal by
renormalization] as in the case of mass-type and charge-type infinities”.
This divergence could be identified as a photon mass, but unlike the mass
divergence of the electron which could be “amalgamated” into an already
existing electron mass, the photon mass divergence could not be dealt
with in the same way because there is no photon mass in Maxwell’s equa-
tions [83]. Oppenheimer commented in a note attached to this article:
“As ... Schwinger and others have shown, the very greatest care must be
taken in evaluating such selfenergies lest, instead of the zero value they
should have, they give non-gauge covariant, noncovariant, in general in-
finite results ... . I would conclude ... [that] ... the difficulties ... result
from ... an inadequate identification, of light quantum self-energies.” [83]
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Motivated by this problem, two of Tomonaga’s collaborators, Fukuda
and Miyamoto [84], examined the next simplest diagram, namely the
triangle diagram.

v

It was supposed to describe the decay m — pp — v + . They consid-
ered the cases that the neutral meson (70, Yukawa’s U particle) was a
scalar, pseudoscalar or pseudovector, with couplings fU1), fU1)y5t) and
(f/2m)ysy*pU,, respectively, where m is the proton mass. They found
two problems

1) the results were not gauge covariant since bare A, appeared in the
result

2) the results for the decay into two photons of a pseudovector U, and
a pseudoscalar U particle were not the same if they set U, = 0,U, even
though the interactions were the same after partial integration and using
the Dirac equation of motion.

They concluded: “Evidently these inconsistent results arise from the
mathematical difficulty of obtaining [a] definite expression using the singu-
lar function of Jordan and Pauli. At present we know [of] no appropriate
prescription which makes one free from ambiguities of this kind”. The

singular function in question was D(z) = [ (gil)%, %w_wt) which appears

in the equal-time canonical commutation relations.

Steinberger [85], then a theorist at Princeton, heard from Yukawa (who
was visiting Princeton) about the work of Fukuda and Miyamoto (see
footnote 11 of his article) and he applied the brand new Pauli-Villars
regularization scheme [86] to the triangle graph and an array of other
problems. Tomonaga was of course also quite interested in these con-
sistency problems, and with coworkers he also applied the Pauli-Villars
regularization scheme to the calculation of the triangle graph [87]. The
conclusion of these studies was a partial success: the scheme did maintain
gauge invariance and Lorentz invariance, and it led to a finite result for
the triangle graph, but the actual value for this finite result seemed to
depend on how the calculations were performed, and the relation between
pseudovector and pseudoscalar couplings was still not satisfied [85, 87].
In modern terms: there was a chiral anomaly! However, this was not yet
fully understood at that time. Rather, it seemed to lead to the perplexing
conclusion that the lifetime of the neutral pion was ambiguous: “We see
that there remains still some ambiguity how to use the regulator, and this
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ambiguity would be solved only by some experiment which could detect
the ~- decay of [the] neutretto” [87]. (Neutretto was another name for
70).

Schwinger made in 1951 a fresh attack on the problem of gauge invari-
ance of the photon selfenergy and the triangle diagrams. He introduced a
regularization scheme (point splitting) which preserves gauge invariance
at all intermediate stages. As he wrote in “On gauge invariance and vac-
uum polarization” [71]: “This paper is based on the elementary remark
that the extraction of gauge invariant results from a formally gauge invari-
ant theory is ensured if one employs methods of solution that involve only
gauge covariant quantities”. He then proceeded to solve the equations of
motion of an electron in an electromagnetic field

dxt dm, 1, 0F\

= 2m, ; - = e(Fum” +7"F,,) + i

where 7, = p, —eA,, and s is the proper time. He found that the photon
selfenergy did vanish on-shell, so gauge invariance was preserved. How-
ever, he also concluded that the pseudovector coupling gave the same
result for the triangle graph describing 7% decay as the pseudoscalar cou-
pling, namely

(5.3.2)

Lof = %%TOE H . (5.3.3)

Although this was the result which seemed to solve the earlier problems,
we now know that the pseudovector and pseudoscalar couplings should
not be the same: there is an axial anomaly! It has been argued that he
moved the anomaly from the right-hand side of the anomaly equation to
the left-hand side [88] 3.

In the 1950’s and 1960’s field theory fell from favor, and alternative
physical theories took the limelight: Regge theory, the S-matrix program
of Chew, and current algebra. Although the first two alternatives were

13 1n section 5 of ref. [71] he used “point splitting”, a regularization scheme in z-
space that is completely equivalent to the Pauli-Villars scheme in momentum space.
According to this scheme the axial current is written as

. 1 =tie 1

w(:r + 56) V5 YVu ( exp ie/ ) Aud:c”)w(x - 56) (5.3.4)

x*§€

and the exponential factor (later called a Wilson line) is added to keep electromag-
netic gauge invariance. Schwinger defined 9, [trvsv*G(z, )] by limg: . —o[(0], —
ieAu(2")) + (8, +ieAu(z”))]tr 57" G(a', ") because “[this] structure is dictated by
the requirement that only gauge covariant quantities be employed”. However if one
adds a Wilson line, one should use ordinary instead of covariant derivatives. If one
would have required in the Pauli-Villars scheme that the U(1) vector gauge invari-
ance is maintained, the ambiguities in this scheme would also have been fixed, and
one would have obtained the same result as point splitting.
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meant to replace field theory, it was natural to try to build field theoret-
ical models which gave a representation of current algebra and in which
the consistency of current algebra could be tested. In fact, many of the
physicists who worked on current algebra in those days later helped to
create modern quantum gauge field theory.

One such attempt was a beautiful little article in 1960 by Gell-Mann
and Levy on the linear sigma model [89], in which PCAC (the partially
conserved axial-vector current relation) was satisfied: 9,5t = frm2Zn(x)
where fr is the m-decay constant (93 MeV). The model contained, in ad-
dition to the nucleons, the three pions 7+, 7% and a scalar meson o, with
an SO(4) symmetry which was spontaneously broken, giving the nucle-
ons a mass. If a term linear in ¢ was added to the action, this explicit
symmetry breaking also gave the pions a mass. This model became oblig-
atory reading for graduate students at Utrecht University (where one of
us obtained his PhD). In Stony Brook B. Lee started studying the renor-
malization program of spontaneously broken field theories and wrote an
influential small book [90] on the renormalization of this model.!* G. 't
Hooft heard B. Lee at the Cargése summer school lecture on this topic,
and upon returning to Utrecht, he decided to start applying these ideas
to gauge theories, with well-known consequences.

In 1969 two important articles were submitted for publication within
two weeks from each other, one by Bell and Jackiw [92], and the other by
Adler [93]. Bell and Jackiw noted that the amplitude for 7° — v could
be parametrized as follows

T (p, q) = ¢ **pagsT (k?) (5.3.5)

where p and ¢ were the on-shell photon momenta, and k£ = p + ¢ was the
pion momentum. They used the linear sigma model and considered both
the case with k2 off-shell as well as the case with k2 +m? = 0 for an
on-shell pion. Their amplitude satisfied gauge invariance (p,T""(p,q) =
@ T* (p,q) = 0) as well as Bose symmetry (T*"(p,q) = T""(q,p)). They
noted that Steinberger had calculated T'(k?) using the same graphs that
occur in the linear sigma model and had found a nonzero result (7°(0) =
g4m?/m). On the other hand Veltman and Sutherland [94] had found that
T(0) = 0 if one used an off-mass-shell pion field that was equal to the
divergence of the axial current (PCAC). The puzzle that 7'(0) should on
the one hand be nonvanishing and on the other hand be vanishing was the
problem Bell and Jackiw decided to tackle. They noted that the problem

14 Because there were no direct axial-vector couplings in this model, no problems with
the chiral anomaly were encountered. (However, the chiral symmetry between pions
and o meson allowed one to define an axial vector current, and its renormalization
was also studied [91]).
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was “in the same tradition as that of the photon mass, noncanonical terms
in commutators — Schwinger terms — and violations of the Jacobi identity.”
They claimed that this “demonstrates in a very simple example [the linear
o model] the unreliability of the formal manipulations common to current-
algebra calculations”, but then they went on to “develop a variation which
respects PCAC, as well as Lorentz and gauge invariance, and find that
indeed the explicit perturbation calculation also then yields 7°(0) = 07.1°
In their appendix they noted the hallmark of an anomaly: “Since the
integral is linearly divergent a shift of variable picks up a surface term”.
(The procedure which yielded T'(0) = 0 amounted to adding a nonlocal
counter term to the action [95], but this violates renormalizability).

Adler just studied the AVV triangle graph in spinor QED, and took the
results as they came: “ ... we demonstrate the uniqueness of the triangle
diagrams [by imposing vector gauge invariance] ... and discuss a possible
connection between our results and the 7% — 2v and 1 — 27 decays ...
[The] partial conservation of the axial-vector current ... must be modified
in a well-defined manner, which completely alters the PCAC predictions
for the 7° and the 7 two-photon decays”. Here is the axial anomaly in
all its glory: it could not be clearer. He used an explicit expression for
the triangle graph which Rosenberg had obtained already in 1963 [96].
Rosenberg considered electromagnetic properties of neutrinos in the V-
A theory, and expanded the amplitude for the triangle graph coupled
to two photons and a neutrino current in form factors, some of which
were divergent and others which were finite. Then he imposed vector
gauge invariance, and this expressed the divergent form factors in terms
of convergent ones. However, Rosenberg did not study whether the (naive)
axial vector Ward identity failed in the case of the triangle graphs; that
was done by Bell and Jackiw, and Adler.

With the demonstration of 't Hooft in 1971 that nonabelian pure gauge
theories are renormalizable, it was realized that anomalies would spoil
renormalizability and unitarity [97]. Thus one had to make sure that
anomalies (more precisely anomalies in the gauge transformations of chi-
ral spin 1/2 fields, the quarks and leptons) would cancel. In the Standard
Model the gauge group SU(3) has no anomalies because it does not couple
to chiral quarks, while SU(2) has no anomalies because all of its repre-
sentations are pseudoreal. Only the U(1) hypercharge gauge symmetry is
potentially anomalous, but its anomalies cancel because the sum of elec-
tric charges of all quarks and leptons in a given family cancels'®. Thus

!5 This variation was the old Pauli-Villars regularization scheme, applied to the
Steinberger calculation, but with mass-dependent coupling constants for the extra
regulator-fermions.

6 Triangle graphs with one U (1) gauge field and two SU(2) gauge fields are proportional
to the sum of the hypercharges of the left-handed doublets. This sum clearly vanishes:
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the threat of anomalies in the Standard Model was averted.

Having settled the issue of the chiral anomalies in nongravitational the-
ories, it was realized first by Kimura, and later by Delbourgo and Salam,
and then by Eguchi and Freund (who corrected a factor two in the paper
by Delbourgo and Salam) that one could also encounter anomalies if one
couples fermions to external gravity instead of external electromagnetism
[98]. These authors considered triangle graphs in four dimensions with
nonchiral (Dirac) fermions in the loop, with one vertex given by the axial
current @Z_wg,%ﬂj} and the other two vertices given by h*T},, where T}, is
the stress tensor for fermions. They found indeed anomalies of the form
GMVPURuumano'mn-

This in turn lead to a related problem: if one couples chiral fermions to
external gravity, are there anomalies in the conservation of the stress ten-
sor which are the counterpart of the anomalies in the gauge invariance of
chiral gauge theories? It was soon realized that the nonconservation of the
stress tensor is closely related to the presence of local Lorentz anomalies
and the symmetry of the stress tensor; in fact we discuss the precise rela-
tion in section 6.3. It was then found that gravitational contributions to
the chiral anomaly do cancel in the Standard Model'”, while local Lorentz
anomalies can only occur in 4k +2 dimensions, and thus yield no potential
problems for the Standard Model. Also in the minimally supersymmet-
ric Standard Model all non gravitational and gravitational contribution
to the chiral anomalies cancel, because the two Higgsinos have opposite
electric charge. However, one can also write down models in which the
nongravitational anomalies cancel, but the gravitational anomalies do not
cancel. Thus (external) gravity fits remarkably well with the Standard
Model and its minimal supersymmetric extension. All these anomalies
were treated in a uniform way, and for all dimensions at once, in the fun-
damental paper by Alvarez-Gaumé and Witten [1], on which part of this
book is based.

In addition to anomalies in chiral models there are also trace anomalies
which occur when (rigid or local) scale invariance of the classical action is
broken at the quantum level. For rigid scale transformations this was first
shown by Coleman and Jackiw in 1971 [99], while the breakdown of local

1 x3x2+(—3)x2 = 0. Furthermore, triangle graphs with three U (1) gauge fields are
proportional to the sum of the cubes of the hypercharges of all left-handed fermions
(rewriting right handed fermions as charge conjugates of left handed fermions), which
also vanishes: (£)° x 6+ (—2)® x 3+ (3)* x 3+ (=3)* x 24 (1)® =0.

17 These triangle graphs with one U (1) gauge field and two gravitons are proportional
to the sum of the hypercharges of all left-handed fermions (rewriting right handed
fermions as charge conjugates of left handed fermions), which is also the sum of
their electric charges because the hypercharge is the average electric charge for each
multiplet. Again this sum vanishes.
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(Weyl) scale invariance for massless vectors and spinors in 4 dimensions
coupled to gravity was first observed by Capper and Duff [100]. In the
latter case the most general form of the trace anomaly was found to be
given by [101]

T,* = aR (d=2)
T,/ = aR*+bR., +cR.,,, +dOR+e(Fl)?  (d=4). (5.3.6)

The term COR could be removed by a local counterterm AL ~ R2, but
the other terms were genuine anomalies. The coefficients in the d = 4
trace anomaly are not all independent, but rather, as required by the
consistency conditions, they combine as follows [102]

T, = ofC +§DR) + B(ceRR) +y(Fg,)? (5.3.7)

urpo
where C’ZV o = wap(, — 2wa + %RQ is the square of the Weyl tensor, and
(eeRR) = Rﬁl,pa - 4wa + R? yields the Euler invariant.

The constants a in d = 2 and «, 3,7 in d = 4 also parametrize the one
loop divergences due to matter loops with external gravity [103].

For scalars an improvement term ~ Rp? can be added to the ac-
tion which then becomes classically Weyl invariant, but a genuine trace
anomaly develops at the quantum level. In a theory with Ng real scalars,
Np spin 1/2 Dirac fermions, and Ny real vectors fields the d = 4 trace
anomaly is given by

1

— ——_(Ng+6Ny + 12N
“ 120(471')2( s+ 6Ny +12N7)
1
— —— _(Ng+ 11Ny +62N5) . 3.
& 360(47r)2( s+ 11Ny + 62N (5.3.8)

It follows from unitarity that all coefficients in & must be positive, so that
trace anomalies cannot cancel in rigidly susy d = 4 models. In models
where the scale invariance is already explicitly broken at the classical
level, one can nevertheless define a trace anomaly by

An(Weyl) = ¢""(Tpw)reg — (9" Tyv)reg - (5.3.9)

For example, using dimensional regularization, one uses v v, = g""g,, =
n in the first term, but v#v, = ¢*”g,, = 4 in the second term. Moreover
it was found in [104] that one can write a scalar in d = 4 either as ¢
or a rank two antisymmetric gauge field ¢,,, but the trace anomalies
are different. A rank 3 antisymmetric gauge field is dual to nothing, but
it nevertheless yields a nonvanishing trace anomaly. If one reduces by
trivial Kaluza-Klein reduction d = 10 type IIB supergravity one finds
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in d = 4 not the usual 70 scalars, but rather 63 scalars, 7 fields ¢,
and one field ¢,,,. One can use index theorems to compute the axial
and conformal anomalies for arbitrary spin in gravity and supergravity
[105]. By considering background fields with R, = 0 the trace anomaly
becomes proportional to (a + B)RZWW. The combined trace anomaly for
391

these spin 2, 5,1, 5,0 fields then cancels in N = 8 d = 4 supergravity.
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6

Chiral anomalies from susy quantum
mechanics

6.1 The abelian chiral anomaly for spin 1/2 fields coupled to
gravity in 4k dimensions

As a first application of the formalism we have developed, we shall com-
pute the anomaly in the chiral symmetry dA = iays A for a massless Dirac
fermion A in n dimensions coupled to external gravity (n is even) [98].
The real parameter « is an infinitesimal constant and -5 is proportional
to the product 4! ...+™ and hermitian (hence (;5)? = 1). This anomaly is
sometimes called the gravitational chiral anomaly, although a more pre-
cise name would be the gravitational contribution to the abelian chiral
anomaly. If there is an anomaly, the axial vector current is no longer
conserved at the quantum level.
The Lagrangian of the field theory in n Minkowski dimensions is given
by
L=—eXe!Ay"DA, A=A ("2 =-1 (6.1.1)

where e = (det €}!), e}, is the inverse of the vielbein field e}}', and D)\ =
A + Lwpmn(€)y™y™ with wymn(e) the spin connection of appendix A.
In Minkowski space the chiral transformation law 0\ = iays A implies
that X = ialys because A = Ai70, but in Euclidean space A and X are
independent complex spinors and then S\ = ia\ys follows from requiring
chiral invariance of the action!.

If in the path integral

Zlem) = /DADX e Jd"eL (6.1.2)

! In the Euclidean case, o can even be complex, but since only @ and not o™ appears in
the transformation laws of A and A, the fact that o may be complex does not enlarge
the symmetry group.
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one makes a chiral change of integration variables A = (1 + iay5)\ and
N = A1 + iays) with local a(x), one obtains the Jacobian we shall
compute, and a term [ (9, dz in the action, where the Noether current
j& is the axial-vector current. Since the path integral does of course
not change under a change of integration variables, the Jacobian yields
the expectation value of the divergence of the axial-vector current. The
corresponding Feynman graphs are single loops with A in the loops, and
gravitons sticking out from all vertices, except at one vertex where one has
(0,0) 75 . One could have gauged the axial U(1) symmetry by introducing
a gauge field with coupling —A,,j% at this vertex. Then the chiral anomaly
causes a breakdown of the gauge invariance of the effective action under
0A, = 0 a.

The infinitesimal chiral transformations of A and A are equal: they are
given for both A and A by the matrix

J =iavys . (6.1.3)

Its trace yields the Jacobian, but one should regulate this trace. Of course,
one can compute Feynman diagrams with the spin 1/2 field in the loop,
with at one vertex the axial-vector current, while at the other vertices
external gravitons couple to the fermion. There are vertices with one,
two, or more gravitons. Clearly, a background field formalism is called
for, which takes the sum of all vertices into account at once. Such a back-
ground field formalism has been developed by Fujikawa [6], who showed
that in path integrals the anomaly is given by the regulated Jacobian

An = éii% TrJe PR (6.1.4)

As regulator we use a covariant regulator which is obtained as follows.
As spin 1/2 fields we take A\ = giX and X = g1\ (recall that if one
takes these fields as integration variables in the path integral, the Einstein
anomalies are immediately seen to be absent for any selfadjoint regulator).
The field operator for A and ) is g%ng_%. The covariant regulator is
proportional to the square of this Dirac operator. Hence

1
R = _igigﬁg—i (6.1.5)

and this regulator is the same for X and ) because the Dirac operator

stands between A and . (The factor 1/2 is conventional and could have
been absorbed into (). One could now directly calculate the trace in
(6.1.4) using this regulator. However, for higher dimensions 7, the calcu-
lations become progressively more complicated due to the algebra of the
many Dirac matrices, and a simpler method than the Fujikawa method is
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needed. This is the method of supersymmetric quantum mechanics (susy
QM). As we discussed in chapter 5, one uses a representation of the oper-
ators x#, 0, and 4™ (which are the only ingredients entering in J and R)
in terms of quantum mechanical operators &%, p; and @ZAJ“, with the same
(anti)-commutation relations in a Hilbert space with the same dimension
and with the same hermiticity properties. The regulator becomes in the
QM model the Hamiltonian of a simple susy QM model, the so-called
N = 1 model. As we shall see, the presence of fermions in the QM model
will remove all factors of 3 from the measure, and as a consequence, in
the limit § tending to zero, only one-loop graphs need be computed. For
this particular anomaly, loops with QM ghosts or QM fermions do not
even contribute, but this is in general not the case.

Underlying this approach is the fact that all different representations of
the canonical (anti) commutation relations which preserve the hermiticity
of the operators are unitarily equivalent?. Since the anomaly we are going
to calculate is proportional to a trace in a Hilbert space, and traces are
invariant under similarity transformations, the anomaly does not depend
on the representation chosen. The representation in terms of QM leads to
particularly simple calculations, and this is the reason why we transform
the quantum field theory problem into a problem in quantum mechanics.

We choose to work in Euclidean space because in this case the Gaussian
integrals we need to evaluate are well-defined. One could have started in
Minkowski space, but then one would need at some point to make a Wick
rotation to evaluate these Gaussian integrals, so it is easier to start from
the beginning in Euclidean space.

The matrix 5 denotes the product of all Dirac matrices, and in order
that (75)? = +1 we normalize it as follows

v5 = (=)t AT (6.1.6)

where {y™,7¥} = 26™* and all 4’s are hermitian (including ~s). For
n = 2, with 4! = ¢! and v? = 02, 75 equals the Pauli matrix o3, while
in n = 4 we have 75 = —y'42434%. The anomaly can be written as
Tr 5 exp(—BR), where the regulator R which preserves Einstein (general
coordinate) and local Lorentz invariance is given by

11 _1
R = —59iPPg s

2 For the quantum mechanical variables p and g this is a theorem due to von Neumann
[106]. For the fermionic extension with ¢* ~ ~™ one can use finite group theory to
prove that there is only one faithful irreducible representation of the Clifford algebra
in even dimensions [56, 107], hence the dimension of the fermionic part of the Hilbert
space is fixed and is equal to 2™/2.
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1,1, 1 1
- __(949M D/(JW’F)DVQ 4 +7m7nZRmnpq(w)7p7q>

2
1 1 v 1 1
= —59 *Duv9g" Dyg i — R (6.1.7)
. 1
(with P =~"D,,, Y =ely™, D, =0,+ Zwumn(e)’ym'y") )
(w,I)

In the second line we have written D), for the first derivative because
it contains in addition to the spin connection a Christoffel symbol that
acts in the index v of the derivative D,. To obtain the third line, we
used that in general relativity the covariant derivative of a contravariant
vector density equals the ordinary derivative. Hence, no Christoffel con-
nections are present in D, but D,, contains of course terms with the spin
connection.

We represent R in terms of quantum mechanical operators 2°, p; and 1&“

and denote the result by H. Of course, [p;, 27] = %53 However this does

not fix the z-representation of p; completely, namely (p;); = ga%% g~

is still possible for arbitrary . Hermiticity of (p,); fixes the factors of g©.

o

The relation is then %(‘9“ = p, without extra factors of gi because we use

)\ as basic fields, and %% is hermitian if [ M2 d"x is the inner product.
We find then the Hamiltonian discussed in appendix B, eq. (B.25).

The Dirac matrices 7" (m = 1,..,n) can be viewed as operators in
a 27/2 dimensional linear vector space, with anticommutation relations
{y™,4*} = 26™k. Of course, we must take n to be an even number if we
want to define a matrix 5. In the QM model, we introduce corresponding
operators ¥§(a = 1,..,n) satisfying {1§,1?} = 6%. The reason for the
subscript 1 will become clear shortly. Hence v « /2¢¢. Flat vector
indices m, n... in quantum field theory correspond to indices a,b... in the
QM model. In a given dimension of spacetime there may or may not
exist a Majorana representation of the Dirac matrices, but we always use
a hermitian representation of the Dirac matrices in Euclidean space, and
hence the 9§ are hermitian.

In our formalism, we need operators 9] and 1’ satisfying {u], ¢*} = 6,°
(and {y® ¢t} = {@bi,wg} = 0). We therefore introduce new operators
Y4(a = 1,..,n) which are free (i.e., the Hamiltonian H (to be constructed)
will be independent of ¥$) and satisfy {1¢,5} = 6%® and {¢, ¢4} = 0.
We then define

W= (i) /V2 Pl = (W — i) /V2 . (6.1.8)

In particular, ¥™ « (1% +1)1). The operators ) and wg then indeed have
the desired anticommutation relations. (At this point, ¥{ and ¥§ have
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been introduced without any considerations involving canonical quanti-
zation. Hence, in {w“,wg} = 0%, there are no factors h. This simplifies
the notation. One could rescale the 1), and ! with factors V' to revert
to the usual normalization of fermion fields).

The space in which 1§ acts has also dimension 27/2 just like the space
for ¢f. So we take as Hilbert space the direct product of the spaces for
Y§ an ¢§. In the Hamiltonian 15 is absent but when we convert the
operator expression to a path integral, we will find terms — ffl 1/;a1/}“d7
in the action, so that effectively terms with 1§ are present in the action
which appears in the path integrals. The linear vector space obtained by
acting with ¢} on the ¢-vacuum, has dimension 2". (The t-vacuum is
defined by 1*|0) = 0). In traces over the direct product of both spaces we
therefore divide by hand by 2"/2, since the original problem only involved
the space of 9{.

There is a more minimal but also more cumbersome way of deriving
the results without extra 1§. We can begin with operators 1[1‘11 satisfying
{1/3?,1&’1’} = 6% but then we can combine pairs of them into ¢ and 7.
For example (¢} + i1h?)/v/2 = ¢! and (¢} — ip?) /2 = 1/J;r The Hilbert
space has now dimension 2"/2. The final Feynman rules for the approach
with extra 1§ and the approach in which one combines Majorana spinors
differ, but physical results (such as the transition element) are the same.
We shall discuss and use both approaches. The approach in which one
combines spinors is purely deductive and uses only the original Hilbert
space, but the approach with 1§ is algebraically somewhat simpler.

The ~5 anomaly for the field A\ in the QFT can now be written in the
QM model as the trace in (6.1.4) with J = 5 in (6.1.6)

n

— T \n/2 7 PRANg—-Y
An = lim 2n/2(—l)”/ Tral;[l(WJrl/}a)@ g
2
i — %gfl/%i\/ggijﬂjgfm_%]%
in -
Ti = i = 5 wia(e)PTY (6.1.9)

where ¢{ and wll’ are to be written in terms of ¥ and @ZJ:Q using (6.1.8).
We have redefined (8 such that it has the dimensions of a time. We shall
first compute (6.1.9) which is proportional to the anomaly for the field
Ain (6.1.1), but at the end we must add to this result the contribution
from M. Since these two contributions are equal (because the Jacobians
and the regulators are equal), we shall just multiply the final result by a
factor —2icv to obtain the correct normalization. (The minus sign is due
to the fact that the traces over fermions acquire a minus sign. This in
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turn is due to the fact that the Jacobian for bosonic and fermionic fields
in quantum field theory is a super-determinant, see the appendix of [56]).
Using the trace formula in (2.4.6)

Tr A= / \/Q(TO)H da?é H(anan) eXx (X, zo| Al X, zo) (6.1.10)
i=1 a=1
and the completeness relation in (2.3.15)
- /(H dﬁadn“)lme‘ﬁ“”a@l (6.1.11)
a=1

we obtain for the chiral anomaly (omitting the overall factor —2i« for the
time being, and not yet taking the limit of vanishing f3)

n/2 n
An = (zn/z / (H dl"O) V9(wo) [T (dnadn®dx"dxa)
a=1

e (X H D+ 1) m) e (i, wole” 7 |y, x0) . (6.1.12)

Since H(@Z;“ + 1/32) is already Weyl ordered (each factor is separately Weyl
ordered, and different factors anticommute), we can at once evaluate the

first matrix element. For the matrix element (7, zgle™ 7 Hiy, x0) we sub-
stitute the result derived in chapter 2. We recall that this involves a Dirac
action with fields ¢ and v, together with an extra term 7y, see (2.3.40).
We found that

S(int)d o X
(1, wole™ " |X,£U0> W< f X > (6.1.13)

where in general S depends on both 7, + 1a(t) and x® 4 %(t), with
propagator (% (t)y(t")) = O(t — t')5%,

In chapter 2 we discussed all aspects of the path integral at the dis-
cretized level, but we shall now use a continuum notation, and only go
back to discretized expressions when this is necessary to resolve ambi-
guities. This simplifies the notation, but it should be stressed that all
our continuum expressions stand for more complicated but well-defined
discretized expressions.

Since in our case the Hamiltonian depends only on 9{, the expectation

value of exp (— %S i”t) will only depend on xg and (x®+1,)/v/2, but not on

X® — 17, (except for the boundary term exp(7y)). Hence, three of the four
Grassmann integrations over 7, 7, x and y will be very simple. Finally,
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the measure factor [g(z)/g(y)]"/* in the transition element in (2.1.80)
becomes unity since z = y = xg. After integrating out the p’s, we obtain

1 3 oo
An = W/dﬁox/g(wo) didndxdy eXX e~ "X

[(—z’)"/%xn T10° + %)

a=1

1 gin n+
s s,

1
(27 3h)"/2 (e
(6.1.14)

The factor in square brackets comes form the matrix element of 5 and the

. o _ _B
rest of the second line comes from the transition element (7, zole™ 5% |y, zo).

We take a closer look at the action. Rewriting the quantum Hamilto-
nian in (6.1.9) in Weyl-ordered form yields

1 .. K2 . 1
Hy = (ggwﬂﬂj) +597 <T§k1ﬂ?z + §wiabwjab> (6.1.15)
S

because the scalar curvature R from Weyl ordering the bosonic sector,
see (B.25), cancels the scalar curvature R in (6.1.9). In appendix C we
show that Weyl ordering of the fermions in the N = 2 Hamiltonian gives
a contribution %ww. The result in (6.1.15) refers to an N = 1 model, see
appendix D, and for that reason a factor 1/2 appears in front of the ww
term.

Having integrated over p;, one finds in the path integral the following
action

1 1 01 o o o
__ - .. 2 sd 7 .7 A
=5 ) 593 (%0 + A)(d'¢ + '’ + a'a’) dr +7(0)
o _ . 01 r b
= [ dairdr = [ Sutde(ao+ ks
0
O e g Ly ar (6.1.16)
8 J_1 2

where 1 = (¢ +)/+/2. This is the N = 1 model in appendix D, eq.
(D.7), but in Euclidean space, and with the order h? counterterms and
the extra term 71(0) whose presence we derived in (2.3.26) and whose
role is to cancel boundary terms in the v field equation. Substituting
Vg = Mo + r&qu,a and ¥ = x* + 1y, with constant background fermions
x® and 74, one finds

1 1 01
el S iy
h ah ), 29
0 _ .
+ﬁX_[1 @Z)qu,aqj}gudT

o + q)(q'iq'j + v + aiaj) dr
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1 /0 y u .
-3 /_1 q'wiab(zo + @) (V] py + ¢1,qu)(¢i),bg + 1/,117’%) dr
h [0 1
[t ey dr (6.1.17)
8 J-1 2

where wl ,bg (77(1 + X )/\/Q and wl qu ( (C]Lu) + wgu)/\/? ‘3 Note that
the term anu( ) (with undetermined 4,(0)) has canceled. The terms
—ﬁl—h fﬁ’l %gij (20)(¢'¢" +b'c! +a'a’) dr — j;Ol Q;qu,a¢gu dr yield the propaga-
tors, and the rest yields the vertices. These results were derived in chapter
2, and the reader may look there for more details on the derivation.

After doing the loop integrations, the result for <exp(—%5’mt)> will only
depend on ¢f,, = (X* + 7)/v/2. Hence we can first do the Y and 7,
integrals, while the x — 7 integral will effectively remove 9§ from the
trace. We shall then be left with an integral over ¢{,, = (x* + Ma)/ V2.
There follows now an orgy of Grassmann integrations. Readers who are
only interested in the final result may jump to (6.1.24).

In the x,7n sector we find the following integral (use [ dfidndxdy =

J dndxdxdn)
/dxdne T XX X H N + Xa) - (6.1.18)

a=1

The last factor is a fermionic delta function 6(n + Y), hence exp(yn) can
be replaced by unity. For the same reason we can make the following
rewriting in the exponent

_ _ 1 B N
—m7+x><=—§(n—x)(x—77)- (6.1.19)
Using
dydn = dx™...dx'dn*. .. dn" i (6.1.20)
= 2"d(x" +1")...d(x* +n")d(n' — xb)...d(n" — x")

(not with a factor 27" because we need the super Jacobian) and pulling
[1(n+ x) to the left past d(n — x), we obtain a factor (—)" times [ d(y +
n) [1(n+ x) = 1. Then we get

o [an-x)(e V0D [ —a) . (6121
a=1

3 More precisely, in the discretized approach the interactions depend on ¢ _, 2 =
(Yf+17_1)/2 and Py o, and then this leads to ¥{ , = (f_, o +1k.a)/V2 and P 4, =
(Ygu k-1 2t ¥k.a)/V2. From these discretized results we derived the propagators in
chapter 2.
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Hence we end up with another fermionic delta function, which again will
make the corresponding Grassmann integral trivial.
At this point we have obtained

n/2
An = W/dxm/g x dndxH X —17)e™x

1 01
<eXP{ 2(9zg(1‘0+Q) 9ij(20))(¢"¢’ +b'¢! +a'd’)dr

ﬂh
1 /0, . . , ,
-5 [1 G'wiab(T0 + Q) (VS g + VT gu) (V1 4y + U1 gu) dT
_% _OI(FF + %ww) dT:| > . (6122)

We combined the bosonic measure (27 4h) ™2 with the factor 27™/2 which
accounted for the dimension of the space in which ¥§ acts. The “extra
term” e7X in the action is annihilated by the fermionic delta
function [[(x® — 7,), and we proceed to do the (y — 77) integrals.

We perform once more the transition from the variables i and x to
x + 7 and 77 — x. For any function F of X7 one has

V2
[ dnaxToc- ﬁ)F(’%ﬁ)

- /2”d(77 +x)dx — 1) [J(x - ﬁ)F(XTJ;ﬁ)

= /Q”d X-HI)F X+77 /Qnd V20U ) F (45 4y)
= [ T det sy P08, (6.1.23)
a=1

We used that d(7j+x)d(x—17) = d(G+x)" . .. d(f+x) d(x—n)' ... d(x—7)"
equals d(x+7)d(=7+x) = d(x+0)" ... d(x+7)"d(=7+x)" . .. d(=7j+x)"
to do the integral over [[(x — %) = (x —7)' ... (x — 7)™

Next we rescale 4, and 915, by a factor (v/B#h)~'. The rescal-
ing of wibg removes the (i dependence of the measure (use
dy = d(¢'/v/Bh) = /Bhdy') and will have enormous consequences. The
rescaling of ¢; adds a factor 1/5h to the vertices with fermions and a
factor Bh to the propagators of the fermions. Dropping the primes on 1)’
we arrive at

n/2

) o /deo\/gTOHdzpl b {exp(~ sZnt)>
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hS = /Bh _12(91]($O+Q) gzy(ﬁo))(gq +bc]+aa )ClT
1 /01
“an ) 2q "Wiab(®0 + @) (V] g + V5 gu) (W g + U8 g )dT
1
8 J-1 2

The expectation value (...) indicates that all quantum fields (¢', ¢, and
a,b,c ghosts) must be contracted using the propagators of chapter 2.
However, in the end we must take the limit 8 — 0, and since all propa-
gators are proportional to Sh and all vertices to ﬁ (or even [h for the

I'T + fww term), we conclude:

1) only one-loop graphs survive the Sh — 0 limit. (At higher loops
there are more propagators than vertices).

2) the a,b,c ghosts do not contribute at the one-loop level because
their vertices involve at least 3 quantum fields.

3) the I'T + %ww term can be discarded as it is of higher order in 3.

4) there are no terms linear in quantum fields, so no tadpoles, because
the integral of ¢'wjqp(20)9f bgwl{ b vanishes due to the boundary
conditions on ¢.

5) we can for convenience choose a frame with w;e(xg) = 0. Then
wiab(To+¢q) is at least linear in quantum fields. Expanding w;qp(xo+
q) to first order, one can set Yf qu = 0 in the one-but-last line of
(6.1.24).

6) the only remaining vertex is

1 int 1 0 1
_ﬁS = /) *q "¢’ 0jwiap(T0) 1S bg1/11 bgdT

11

= —%r3 _1qi(p‘Rijab(w(:co))zp‘fﬁbgw’f,bgm (6.1.25)

where Rjjqp(w)(20) = Oiwjan(e(T0)) + wiaew;% — (i < j) and we used that
[ q'¢’dr is antisymmetric in i and j. (Since ¢* vanishes at the endpoints
we are allowed to partially integrate).

Hence, we need only compute closed g-loops, with g-propagators and
R;j(z0) = Rijab(w(xo))z/)ibgwlibg sticking out of each vertex. Then

n/2

g .
An: n/z/dxox/g o) dip g (€ PR 1T ste0) 2 d'ivd Y. (6.1.26)
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This formula contains the chiral anomaly for any dimension, and the
explicit evaluation of the expression (...) is far simpler than the corre-
sponding Feynman graph calculation. Expanding the exponent, one ob-
tains disconnected graphs: sums of products of closed ¢ loops are found,
which yield terms like (trR?)? and trR*, for example. If one writes the
result for (...) as exp[—#W (loops)], then W (loops) contains only single
closed loops (because exp[—#W (loops)] is the generating functional for
connected graphs). To obtain the final formula for the anomaly one must
expand the exponent, and one finds then back the products of closed
loops.

The evaluation of the sum of connected closed loops in W (loops) yields
a sum of graphs, each with k vertices and k propagators. The propagators
read

(¢'(0)¢’ (1)) = —Bhg" (x0)A(0, ) (6.1.27)

where A(c,7) was defined (1.1.3). The g% (z) contract the first two
indices of the curvatures to a trace over k curvature tensors. Hence

A(71,72) A(72,73) .. A1), 71) - (6.1.28)

The factor (k — 1)! states that one can contract the k vertices in (k — 1)!
ways, while the symmetry of each vertex in both ¢’s yields a factor 251
(partial integration is allowed since q'(c) = 0 at the end points). There
remains an overall factor 1/2. Because tr R = 0 we started the summation
at k= 2.

The integrals

0 0
Ik = / d7‘1"-/ di(TQ+9(Tl—TQ))
-1 -1
(t3+0(m0—713)) ... (11 +6(7 — 1)) (6.1.29)
are most easily evaluated by first computing the generating function

POy %Ik. In fact, the expression for the anomaly has precisely this

structure, with y = g. The first few [ are easily evaluated. One finds

Ilzo, and
0 0
IQ = /_1d7'1/_1d7'2 (T2+(9(T1—7‘2))(7’1+9(7‘2—7‘1))
1 0 0 1
= 1+2/1d71[_1 TQdTQZ*E (6130)
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etc. Using induction (see appendix A.4 of [40]), the general result is found

y* Cy/2 1yne
Z—I I hy7a ~ 3!(2) TR (6.1.31)

Using this result, we find for the gravitational contribution to the chiral
anomaly of a Dirac fermion in n dimensions due to the transformation
law 6\ = iay° X and X\ = ia\y®

(=2 R/4
An = (—2@04) (27r n/2 /dzm/g o) i)y by €xp { trln <m>}
R = Rij = Rijaptf p 07 4y - (6.1.32)

The factor —2i« is of course due to the Jacobian in (6.1.3), and the factor
1/2 in the exponent is the overall factor 1/2 mentioned below (6.1.28).
Furthermore, the factor (—i)™? is due to the definition of 75, and the
factor (2m)~"/2 is due to the Feynman measure. Since only the term with
precisely n factors 11 4 can contribute to the Grassmann integral (so only
the terms proportional to R™/ 2), we can absorb the overall normalization
factor into the trace

An = (—2ia) (/ﬁdmévg(:m))
i=1

Yo 1 —iR /S
X (/al_[ldwl,bg> €xXp 5131‘ In {m} (6133)

The matrix _Z.Rjkabwibgwllj,bg is real, so the anomaly is purely imaginary.
In the path integral in Euclidean space, we find ((9,a)j5) — (2iays) = 0,
but j& has no definite reality properties in Euclidean space. In Minkowski
space one has i times the action in the path integral: now ((d,)jt) is
antihermitian. The anomaly we have computed is imaginary, both in
Euclidean and in Minkowski space. (Making a Wick rotation the factor
i from the e symbol cancels the factor i from d"z.) Only traces with
an even number of Riemann tensors are present (because x~!sinhz is
even in x. As a consequence, no factors of ¢ survive in the expansion of
the exponent.) Since each R;; contains two s, this means that there is
only a gravitational contribution to the chiral anomaly in n = 4k
dimensions. In particular there is a gravitational contribution to the
chiral anomaly in d = 4 but not in d = 2 or d = 10. For n = 4, the terms
with four ¢{ yields e“deRijabRijcd times a factor % @ % = Wl%)g,
times (—2ia), which is the correct result for Dirac spinors [98].

This result contains the complete dependence on all gravitational fields
(not only the leading term) since we used the spin connections wjqp(€)
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as external fields. Although we put w;q at the point xy equal to zero,
the complete v5 anomaly does not contain further terms with bare w’s.
This follows either from a direct calculation, or from the fact that chiral
transformations and local Lorentz transformations commute. Since we
used a regulator which preserves Einstein and local Lorentz symmetry,
the anomaly must be locally Lorentz invariant:

011, An(chiral) =0 . (6.1.34)

The same holds for the Einstein symmetry. Hence, (6.1.33) is the complete
answer.

Note also that one obtains in the exponent a sum of terms, so that the
anomaly corresponds to sums of products of traces over Riemann ten-
sors. For example, in d = 8 one finds two terms with four curvatures,
proportional to trR* and (trR?)2. This is different from the Yang-Mills
contribution to the abelian chiral anomaly which always has the form
Tr(F”/ 2). 4 In Feynman diagram language this means that disconnected
graphs contribute to the gravitational chiral anomaly. The group theoret-
ical reason is that the Lorentz generators do not commute with the Dirac
matrices, whereas the Yang-Mills generators of course commute with the
Dirac matrices.

One might worry that our procedure of introducing free ¥ at the begin-
ning violates local Lorentz invariance. Since we started with a regulator
which is locally Lorentz invariant, and all other steps were mathemat-
ical identities, local Lorentz invariance cannot be lost. As a check one
might repeat the calculations with wj.p(x0) not vanishing. One should
find that terms with bare w’s cancel. In fact, if one defines that the 1§
are inert under local Lorentz transformations, the action preserves local
Lorentz symmetry because the 1§ do not couple, and then local Lorentz
invariance should remain preserved at all stages.

In the next anomaly we use an alternative approach in which one does
not add free 1§ (“doubling”) but combines pairs of spinors into ¢ and
¥ (“halving”). One could repeat the calculations of this section using
halving instead of doubling; the answer should be the same.

A comment on supersymmetry. Starting from the non-susy Dirac action
in n dimensional space, we found an action for the QM path integral
which turns out to be the N = 1 susy QM model for spinors ¢{ plus

4 Jumping ahead, we shall see that for spin 1/2 the Yang-Mills contributions to the
abelian chiral anomaly are due to the factor Tr esF , whereas the gravitational contri-
butions are due to the factor exp[$tr ln(%)]. Because in the latter case the trace

occurs in the exponent, one obtains an expression of the form exp[a trR2+btrR*+- - 1.

Expanding one obtains products of traces. From Tre2” one obtains of course only
a single trace.
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terms of order i due to Weyl ordering. This classical N = 1 action (with
Euclidean time) is given by

1 ... 1 . y
L = 5gija"a? + SY (4] + #'wiap(€)1)) (6.1.35)

and is invariant under
oxt = —ieyle,t,  OUf =ietite — 5:ijjabd}l1’ ) (6.1.36)

(In one-dimensional worldspace there are Euclidean Majorana spinors).
In flat space L = £(i%)% + ¢4 is clearly invariant under da’ = —iey!
and dyi = id'e (because 0L = —i'(iey)t) + (id'e))i = 0), while in curved
space one just covariantizes these rules (6¢§ + dziw;%y? is covariant
under local Lorentz transformations, see (D.54)). We refer to appendix
D for more details. The I'T' + ww/2 terms we found in the regulator
were quantum effects due to regularization by time slicing. They did
not contribute to the gravitational 5 anomaly, but they do contribute to
the trace anomaly. Using dimensional regularization these noncovariant
terms are absent. Another way of obtaining the regulator R would have
been to first construct the supersymmetry generator ) at the quantum
level, whose operator ordering is fixed by requiring that it be Einstein and
local Lorentz invariant. We discussed this in chapter 5. Then H = QQ is
clearly a supersymmetric, Einstein and locally Lorentz invariant regula-
tor. This reproduces the regulator in (6.1.9); in particular the coefficient
of the curvature in that expression is fixed by supersymmetry. We did
not impose supersymmetry from the beginning, but rather we chose a
regulator which was the square of the field operator of the fermions. So
we took the action of the quantum field theory as our starting point, and
this fixed the R term in the quantum action.

Let us now discuss the relation between our calculations and those of [1].
One can either evaluate the Feynman graphs with [ external sources R;;
and then summing over [, or directly evaluate the propagator in a gravita-
tional background and using that the sum of one-loop graphs corresponds
to the determinant of the field operator. The former approach is the most
natural at this point, since we have already determined the propagators
and interaction vertices. However, it needs some special tricks [40]. The
latter approach is used in [1] and we sketch in this footnote the connec-
tion. If one goes back to the discretized path integral with z = y = z¢ and
adds a final integration with dzg to the N — 1 integrations dzx;...drxy_1,
one obtains for N — oo a continuous path integral over Dx(7) with pe-
riodic boundary conditions (PBC). The part quadratic in quantum fields
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q yields then the one-loop determinant

11 0 i B det(—gi-(xo)af + lR@'(l’o)&—)
<exp (—%ZRij(l'O) /71 qq d7)> = [ (iet(—gij(x(?)agj)
(6.1.37)

Transforming g;;(zo) to d;; and diagonalizing the hermitian n x n matrix
Rijappfpt with eigenvalues (y1,..,yn), one obtains for the ratio of the
two determinants

H H (14 i ) = kli[l 10_0[1 (1+ ) f[ szk%p . (6.1.38)

2
e eo 2m™n 47r n Pl

—-1/2

The prime indicates that one should omit the zero mode with n = 0 (one
can regularize the infrared divergence corresponding to n = 0 by giving
the quantum field a small mass. Then for n = 0 there is a nonvanishing
contribution to both determinants which cancels in the ratio). This can

i

R
be rewritten as exptrln (sng 1 > Bringing this to power — 1/2 yields

4
indeed the expected result.

6.2 The abelian chiral anomaly for spin 1/2 fields coupled to
Yang-Mills fields in 2k dimensions

The next anomaly we consider is the abelian chiral (75) anomaly in loops
with Dirac fermions, coupled to external Yang-Mills fields instead of ex-
ternal gravitational fields. This is the same calculation as in the previous
section, but with gravity replaced by Yang-Mills fields. We can again
make a local chiral transformation of the integration variables of the path
integral, and find then that the anomaly is equal to the divergence of the
abelian axial-vector current Aysy*\. There is now no metric gij(x), so in
the QM approach we are now dealing with linear sigma models, and no
a, b, c ghosts will be present. The regulator for the quantum field theory
will contain new objects, namely the matrices for the generators in the
representation of the gauge group for the fermions. These matrices will
be denoted by (T,,)M n, and in the QM model new internal ghosts must
be introduced. These ghosts will be denoted by éM and ¢*); and satisfy
the anticommutation relations {¢M, ¢*y} = 6™ . We shall omit the hats
most of the time.

As we shall explain, the ghosts ¢ and ¢* act only in the one-particle
subspace of the whole Fock space obtained by acting with one ¢* on
the c-vacuum, and the matrices T, are represented in this subspace by
cu(T)MyeN. (It is also possible to represent T, with ghosts satisfy-
ing commutation relations, as d*y;(Tn)M yd™ where [dM,d*N] = My,
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but this has the disadvantage that the Fock space becomes infinite di-
mensional. Incidentally, note that one can not represent the Dirac matri-
ces (y"™)*g with either commuting or anticommuting ghosts as dty™d or
cty™e, since they satisfy anticommutation relations). In their pioneering
article, Alvarez-Gaumé and Witten [1] used an operator (Hamiltonian)
approach for the internal ghost sector, but we shall treat the ghosts on
equal footing with the nonghost sector, namely by a path integral ap-
proach.
The action of the quantum field theory we consider is given by

L=-M"DX; DX =09 \M 4+ gA,>(T)M AV (6.2.1)

with [T, T3] = fag?Ty and [D,, D,| = gF,,,*T,. The regulator in the
quantum field theory, as obtained in the previous section, or from the
construction of [75], is R ~ PP = D, D" + 344" (gF,,). The massless
Dirac action has the rigid chiral symmetry

SN =idavys\, O =ialys (6.2.2)
and in quantum field theory the anomaly is given by

An = ~2ior lim Tros eiR (6.2.3)

We shall omit for the time being the overall prefactor —2i«. The operators
75 and R depend on z#, d,, v* (in flat space we do not distinguish between
flat and curved indices) and (7, )™y, and the trace is over the internal
indices M, N as well as over the spinor indices, and, of course, over all
points in spacetime.

To construct the corresponding QM model, we represent again z* by
#%, the hermitian operator %(’L by p;, and 4" by the hermitian operators
V2U¢, with [#%,p;] = ihd'; and {1,498} = §%. This yields again the
regulator in (6.1.7), but now in flat space and coupled to Yang-Mills
fields. The matrices (T, )™ y are represented by operators

To = & 0 (To)™M yeV (6.2.4)
which act in the sector of the one-particle states |N) (omitting hats)
IN) =c*n|0), M[0)=0. (6.2.5)

There are, of course, also two-particle etc. states ¢*prc*n|0) ete., but if
we start with a one-particle state, the operators T, will never bring us
outside this subspace. The action of T, on |N) is just like the matrix
(T,)M n acts on vectors in the carrier space of the representation R, and
products of the operators T lead to matrix multiplication.
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To construct operators ¢! and 1® from the 9§, we could again add a
set of free fermions 1§ and proceed as in the previous section. The reader
may follow this approach as an exercise; the answer for the anomaly will
be the same. Here we follow an alternative approach: we combine pairs
of hermitian fermions into Dirac spinors. Namely, we define

1 1
A A1 24 A-1 .
X :%(f Pt XL:E(% Pt
a 1 a
P = E(X( +1)/2+X(a+1)/2) for a odd
—1

(x*/? — X};/2) for a even . (6.2.6)

In order to define a matrix 5, we need an even number of dimensions
n = 2k. The indices a run from 1 to n as always but A =1,...n/2, and

Aabr=0"s5 AN =0dagr=0. (6.2.7)

Weyl ordering will be defined with respect to the operators y and .
We first must write v5 as an operator constructed from the x and xT.
Recalling the definition 5 = (—4)"/24192 .- 4" and v™ ~ v/20* we get

v o= (=) D (=)0 = xD) -
O+ ) (DO = X 0)

n/2
= ()" T A+ o = X0
A=1
n/2 n/
= [T oM = o) H 1— 2y (6.2.8)

A=1 =

where we used XAXJI4 =1- XTqXA- Since X]LL‘XA for fixed A is a projection

operator, we can also write this as

n/2 w2t
H et = e EI it = ()F (6.2.9)
where F' = ZZ/ 21 X AX is the fermion number operator. Indeed, the

operator exp(—mxgx ) for fixed A is equal to

. —im)? .
1+ (m+( S ) ...)XQXA = 1+(e ™ 1)xIx* = 1-2x"x* . (6.2.10)
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Hence the Jacobian can be written in two ways
n/2
J=Tla-2xh =" (6.2.11)
A=1

In ref. [1] (—)* is used; we shall also use this expression®.

Next we consider the regulator R. The Hamiltonian of the QM model
is obtained from the Euclidean regulator R ~ D, D* + %'y“’y”(gFM,,) of
the quantum field theory by replacing all operators of the quantum field
theory by corresponding operators in the QM model, and reads, after
multiplication by 3(%/i)?,

~

1. .. h%. . O
H = 5771-7?]-5” -3 w?wll’gFaba(A(x))c T.¢
Dy = 0, +gAS Ty — i =pi—ihgA, (2) Tac . (6.2.12)

The operator Hisan operator constructed from the action of the quantum
field theory in Euclidean space. The operators 1{ are hermitian, and if
one defines that ¢}, is the hermitian conjugate of eM then H is formally
hermitian. Since we are in flat (Euclidean) space, the indices of 7; and =;
are contracted with 6", so we are dealing with linear sigma models, and
there is no difference between curved indices ¢, j and flat indices a,b. The
1&% in (6.2.12) are understood to be expressed in terms of ¥ and ¥' by
(6.2.6). Note that there are no counterterms generated if we rewrite the
fermions 1&% in H into Weyl ordered form because Fy; is antisymmetric
whereas Weyl ordering produces only an extra term with 6?°. The ghosts
¢ and ¢* should not be rewritten in Weyl ordered form for reasons soon
to be explained. We drop again hats.
The anomaly is now given by
An = lim T e~ X ¢~ 7

p—0

(6.2.13)

where the prime indicates that we are evaluating the trace only over the
one-particle ghost sector (the states |[N) = ¢*n[0)). To write the trace
as an unconstrained trace, we introduce the one-particle ghost projection
operator Py,. We claim that [40]

Py =:xe ™, x=cpyc” (6.2.14)

where : : indicates normal ordering with respect to ¢*3; and ¢V. Indeed,
on the vacuum P,;,|0) = 0, while on the one-particle states

PpNy=:2—a’+...:|N)=:2:|N)=|N) (6.2.15)

® In string theory, the operator (—)* is part of the so-called GSO projection operator.
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Of course : x? : vanishes on |N) because it contains two annihilation

operators which stand to the right of the two creation operators. On
two-particle states
|M,N) = c*pre” n0) (6.2.16)

P,p, vanishes

1
Pyp|M,N) = :xfx2+§x3+...:|M,N>

=z —a%:|M,N)
= (2—:22)|M,N) =0 (6.2.17)

since : #2 1 |M, N) = ¢* pc*gc?cl e prc* n|0) = 2|M, N). The reader may
check that P, also vanishes on 3-particle states. (Only : x — 2% + %xS :

contributes, and yields 3 — 3.2 + %3! = 0). For a proof that P, vanishes
on all ghost states, see section 12 of [40].
The anomaly can thus be written as the following unconstrained trace

. it LA _x N _B
An = lim Tre”™XaX" . ¢*yMemene™ s omr (6.2.18)

p—0

To write out the trace on a basis of fermionic coherent states we introduce
decompositions of unity in the internal (Yang-Mills ghost) space and in
the fermionic (x, x) space

Ign = /dﬁghdngh‘ngh>€7ﬁghngh<ﬁgh’
Iy = /dﬁfdnf\nﬂe_ﬁf"f@f\ (6.2.19)

as we discussed in section (2.4). The coherent states denoted by a sub-
script gh (for ghosts) are constructed from the operators ¢™ and c*y,
and the coherent states with a subscript f (for fermion) are constructed

from the operators x* and Xi;- The trace over internal ghost states and
fermionic states of a bosonic operator A is given by, respectively,

tl"gh A = /ngthgh eXonXoh <>_(gh|‘4‘Xgh>
try A = [ dygdis e (3l Ag) (6.2.20)

as we discussed in the previous section. Whenever we write a multiple
integral such as dn, it is ordered as dn'..dn", while the integrals over
barred fermions such as dfj are ordered in the opposite order dn™..dn'.
Recall that x s consists of X}? with A =1,...,n/2, while x4, contains XS/;[,,
with M = 1,...dim R, where dim R is the dimension of the Yang-Mills
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representation of the fermions in the original QFT. Hence (omitting the
symbol limg_,y for the time being)

e _8
An = trggtry trgn (20, Xohs Xple ™™ PopIgnIre™ 7™ |X £, Xghs o)
(6.2.21)
where trzg = [ [/, dof. This trace factorizes into a ghost trace and a

fermionic trace.
The ghost part yields

_ ~ _ _5 _ _ _B
/dxghdxgh eXahXah dpgpdngn €919 (X o] Pyn|ngn) (fign e hH’Xgh> .
(6.2.22)

Since Py, = : xe™ : projects the coherent state |1y,) onto its one-particle

part, Pyp|ngn) = c}‘\/m% |0), the first matrix element is easily computed
and yields

(Xgh|Pgnlngn) = Xgnngn - (6.2.23)
Note that in this case we did not use Weyl ordering to evaluate this matrix
element. We begin with the integral over Y4,

/d>_(gh exghxgthhngh -

= /digh,dimR---ngh,l(Z Xgh,Mn%)eXQhXQh . (6.2.24)
M

For given M, each Y, v integral yields Xév;” except the integral which
contains )Zgh,Mﬁth in the integrand, which yields nth. Hence the g4,
integrals yield

dim R )
D X X g Xgn e X' (6.2.25)
M=1

Next we perform the 7, integrations
/ dnly ... / dngi Fre=nomon S (CTT i )nan( T xn) - (6:2:26)
M N>M N<M

Again each dngy, integral yields a factor 7y, except in one case where the
175% in the integrand yields unity. The result will be called P;;’f;c and reads

dim R

Pf?,};c = Mz—l (ﬁgh,lxgl;h) . (ﬁgh,Mfl X%_l)

(ﬁgh,M+1Xth+1) (ﬁgh,dimR X;l}lm R) . (6.2.27)
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Clearly this operator deletes in an arbitrary function of 74, and x4, all
terms with two or more 74;’s and x45’s. It is thus a kind of projection
operator onto terms which are linear in (or independent of ) 77 and x. We
denote it by P,:;Jg(. We interrupt the discussion of the ghost sector at this
point and first perform the trace in the fermionic sector.

In the fermionic sector we must first evaluate the matrix element of 5.

We find

n/2
_ iy VA _
(ple ™aX ng) = (gl TT (1 = 2T ™) Ing)
A=1
n/2
= exfnf H (1 —_ 2)2]“,1477?) = e_Xf"]f . (6228)
A=1

To obtain this result, we used the definition of coherent states and the
identity
- A
1 — 2% anf = e AT (6.2.29)

The Grassmann integral over Y and 7y can now be done, yielding
/dxfd)_(f eXFXf dnydny e~ Nf e XfNS
- /dedﬁf (/ dnydy eXr(xg—ny) e??fﬁf)
= /dxfdﬁf (/ dny (X;/2 — n?ﬂ) e (X}c - n})eﬁf”f>
= / dijpdx e X (6.2.30)

In the last line we used that [J(x; — n¢) is a fermionic delta function,
and replaced exp(—7sny¢) by exp(—nsxs). We also canceled a sign factor
(—=)™? by interchanging dx s and dny. This yields

An = / (H dxz')) (dxondiign P ) (diipdxse 1)

_ _, _B
<$U07779h777f|e FLH|Xf>Xgh>$0> . (6231)
The regulated trace of 4° contains the transition element

1 _lsint
)

_ _ ., By
<‘T0a779h777f|6 h ’Xqugha$O>:W<€ R (6.2.32)

where in the exponent the extra terms X414, (0) and x r1)£(0) are present.
The action S is obtained by inserting complete sets of states. For the
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fermions we use coherent states depending on @/}?k, Qﬁﬁh 4 and ¢th s

@gh,k, »m- Then the operators 1[11 and ¢* and ¢ are replaced by ¥ =
(Y + T/;f)/ﬁ and g, and g,. The momenta are integrated out from

0 ¢ ~J ’6 1 . @, 2
/_1 7 Pi®" = 31 5 (i = thg A" YgnTatgn)
W2
—7¢1¢19Fab YonTathg ¢ | dT . (6.2.33)

Then the terms quadratic in A% cancel and only the familiar @J AY inter-
aCtiOI} is left. In Fhe path integral the integration variables are w;‘, zﬁﬁ A,
1/}%, Ygn,m and ¢*. We make a decomposition into background fields and

quantum fields as follows

Vi =P+t dpa=npa+Ya

v =xb+ M g = Ngnar + e (6.2.34)
and find then along the same lines as in (6.1.16)%

1 1 (071 .
BRI B L gy _ _
= 5r ), 201 T+ (TghXgh + TFXS)

—/0 ($ad +cneM) dr

-1

0
_ / WA, w0+ @)(Tu) dr

01
1 [ SUtUheF @0+ a)(To) dr (6:2.35)
where
(Ta) = Yght (Ta) M NN, = (ghnr + ) (Ta) N OO, + ) (6.2.36)

and v is expressed in terms of ¢}4’1Zf A as in (6.2.6), which themselves
are further decomposed as in (6.2.34). Thus ¢’, A, 14, M and &, are the
quantum variables, and xg, X?> nf,A, x%, Ngn,m the background variables.
The coupling —GA%(T,,) came from integrating out the momenta, and
the éc terms in (7,,) combine with the kinetic term ¢y;¢™ to a covariant

derivative
DM =M 4 g A% (wo + @) (To) M N (6.2.37)

5 Recall that except in the vertices, all terms linear in quantum fields cancel. In
particular exp[fjipf(0) — f Yy dT] becomes equal to exp[fx — f Y dr].
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but note that there are also background fields in the interaction term.
The anomaly now reduces to

1

An = W/dmodxghdﬁghpgg( 6ﬁgthh d'r_]def

(exp (= [ @940 + @) + ITalign + ) dr)

01
exp (81 [ SUTUR9Fw gn + )T (xgn + ) dr) ) (6.2.38)

The term exp(7gn Xgn) in the ghost sector of this expression is the “extra
term” in the action which remains after substitution of (6.2.34), but the
corresponding term exp(7¢x ) in the fermionic sector has canceled with
the factor exp(—7sxys) in (6.2.31). We rescale the fermionic variables

ure X?; YA and 14, but not the ghost variables, by a factor (8h)~/? (so

one sets X’;‘ = ? /+/h( and then drops the prime). Then the measure
becomes SR independent

1 _

(exp (= [ @940 + @) + ITalign + ) )

1 0
exp (5 /_1 P8 gF o (w0 4 @) (Tigh + &) T (Xgh + €) d¢)> .
(6.2.39)

After this rescaling the fermion and boson propagators (¢445) and (¢'¢?)
are proportional to 8k, but the ghost propagators (¢Méy) are B3h inde-
pendent”. All vertices are i3 independent. It follows that in the limit of
vanishing B, only graphs with ghost propagators or without any propaga-
tors contribute. Hence we may set the quantum fields ¢, ¢ and 14 equal
to zero, and replace ¢ and ¥} by their background values, which we de-
note by ¢j, and wé’g. Then only the vertex with %wggwé’ggF (o) (Ngn +
¢)To(xgn + ¢) will contribute, but the vertex with with ¢'gA%(xo)(7gn +
¢)Ta(xgn + ¢) does not contribute since we set g = 0.

The propagator due to f_ol éucMdr is the same as for f_ol Vo, AT/.JéL‘udT

" More precisely, having introduced external sources K and K which couple to the
fermionic quantum integration variables 1) and 1, completed squares, and integrated

. . . int ) I}
out the fermionic quantum variables, S*"* depends on x + ;57 and n — K- By
rescaling % and 5% the same way as 7] and x, we must also rescale K and K in the
source term K AK. This produces the 8f dependence of the 91 propagator, and the

[h independence of the vertices.
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given by (2.3.36), namely
(M(o)en(r)) = M Nb(o —7) . (6.2.40)

It follows that closed ghost loops do not contribute (a closed loop always
moves somewhere backwards in time.) Only tree graphs with ghosts can
contribute, with at one end a field 7y, and at the other end a field xgp.
In fact, only terms with precisely one 7, and one x4, contribute due to
the operator ng(.

The ghost tree graphs are obtained by expanding

1 o
exp(5 Uiy 9Fn (@) [ (gn+OTalxgn +e)dr (6241
and contracting the vertices with ghost propagators. If one has k vertices
one obtains

1 (1\F (0 0 o _
Hk‘ <§> /_1.../_1d0'1...dO’kT]ghFlc_C,F...gFXgh (6.2.42)

where F' = wl‘}gwg ) 9Fu®(x0)T, is a matrix in the internal symmetry space,
and where the factor k! in the numerator is due to the fact that one can
order the k vertices into a tree in precisely k! ways. The integral over the
o yields

0 0 1
/ doy .. / doy 0(o1 — 02) ...0(0k—1 — 0f) = R (6.2.43)
-1 1 !

Hence, the ghost trees yield

_ 1
Tgh exp(§F>Xgh . (6.2.44)

The term without any F' vertices is provided by expanding the factor
exp(NgnXgn) in (6.2.39). Due to the Pg’};{,
Tgh,m and X%, with the same M will contribute, and they yield a trace in
the space of the representation of the fermions

only terms with precisely one

1 1
/nghdﬁgh (Z H ﬁgh,NXé\;z) ﬁgheQFXgh = TreQF . (6'2'45)
M N#M

All ghost variables are now gone.
The anomaly becomes

1 - 1., X
An = @ /da:odﬁdefTrexp <§¢bgwgggFab (:co)Ta) (6.2.46)
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where ¢y, is expressed in term of the constant background fields X}? and
nf.4 (introduced in (6.2.34)) as in (6.2.6). Finally we transform integra-
tion variables from d7jy, Adxj‘i‘ to dyy,. We find®

gy - - dilgadxt .. xf? = (=) Ayl ... Ay, . (6.2.47)

The final result for the abelian chiral anomaly for complex spin 1/2
fields coupled to external Yang-Mills gauge fields in n = 2k dimensions is
given by

n/2
An = (_27’&)( n/2 /dx0d¢bg d’l[)bg TI‘GXp( wbgwbggFab)

(—2ia) i
= (27T)n/2 (_) /TI' aias * an 1an)dx0 (6248)

where we reinstated the factor (—2ia) mentioned before (6.2.3). A fac-
tor (—)™? has been canceled by another factor (—)"/? arising from the
formula

[ ity vy vy gy = (e (6.2.49)

Thus we obtain the familiar result that the divergence of the axial-
vector current is proportional to eF..F', but the great advantage of this
expression is that it yields the result for all n in a simple compact for-
mula. The anomaly is proportional to the totally symmetrized trace of
the generators of the gauge group in the representation of the spin 1/2
fields, a d-symbol, and if for a particular group the d-symbol vanishes,
there is no corresponding anomaly. Again the anomaly is imaginary. For
example, in 2 dimensions, there is only a U(1) anomaly because tr T, = 0
for the representations of simple Lie algebras, and the factor T, = i of
the U(1) group cancels the factor (—i)™/2, leaving only the i in —2ic.

On the other hand, when the symmetrized trace over a product of gen-
erators in a particular representation of the gauge group is nonvanishing,
there is an abelian chiral Yang-Mills anomaly in that representation . For
certain groups and representations the trace over an odd number of gen-
erators vanishes (for example for real representation of SO(N)) and in
these cases there are only anomalies possible in 4k dimensions.

We obtained the Hamiltonian H in (6.2.12) from the regulator R = P
of the QFT by replacing the operators of the QFT by corresponding

8 As a check note that for n = 2 one finds
dipgdibny = d((x +7)/V2)d((—i)(x — 7)/V2) = 2id(x + )d(x — 7) -
Furthermore d(x + 7)d(x — 77) = dijdx (and not 2didy).
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operators in the QM model. When we followed these steps for the case
that D; = 0; + iwim"'ym% we found the N=1 susy model. This suggest
that also for D; = 0; + gA§'T, there is a corresponding susy model. There
is indeed such a model and this model is discussed in appendix E. The
interaction term in (6.2.35) with the Yang-Mills curvature is needed to
supersymmetrize the interaction with #A. It is interesting to note that
once again an ordinary non-supersymmetric quantum gauge field theory
has produced a supersymmetric QM model that yields its anomalies.

6.3 Lorentz anomalies for chiral spin 1/2 fields coupled to
gravity in 4k + 2 dimensions

Another important anomaly concerns the violation of the conservation
of the stress tensor at the quantum level. Actually, there are two local
symmetries which can be violated at the quantum level: Einstein (gen-
eral coordinate) invariance and local Lorentz symmetry. The anomalies
in Einstein and local Lorentz symmetry can be moved from one to the
other, just like anomalies in the vector or axial-vector gauge invariance
[2]. In principle, one should consider at the quantum level the Noether
current for the rigid BRST symmetry which gets contributions from all
local symmetries in the classical action: Einstein symmetry, local Lorentz
symmetry (and local supersymmetry if spin 3/2 fields are present). We
consider, however, external gravitational fields, and then the quantum
actions still have classical Einstein and local Lorentz symmetries. Even
when we consider spin 3/2 fields and add a gauge fixing term for the
local supersymmetry (which is needed to be able to construct propaga-
tors for the spin 3/2 fields), we still preserve Einstein and local Lorentz
gauge symmetry in the quantum action if the gauge fixing term for local
supersymmetry preserves these spacetime symmetries.

The gravitational anomalies we shall obtain are covariant anomalies:
they depend only on Riemann curvatures and do not contain terms with
bare w;qp. We achieve this by using regulators which are both Einstein
and locally Lorentz invariant, and which are vector-like (treat left-handed
and right-handed spinors the same way), but in the Jacobian an extra
factor v5 appears to take into account that we compute the anomalies
for chiral complex Dirac fermions. (Chiral fermions satisfy A = 1(1 +
75)5\, but the term with %5\ does not contribute, leaving only the term
with %755\). As a result, these anomalies will not satisfy the consistency
conditions which are present if the anomaly is the response of the effective
action under a gauge transformation. One could construct a consistent
regulator to be sure that the anomalies satisfy the consistency conditions.
However, proceeding this way is extremely tedious, because the regulator
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is not manifestly Lorentz invariant. It is much simpler to use instead
regulators which are also Lorentz invariant, since then the anomaly will
be also Lorentz covariant. This can be done, but these regulators are not
“consistent” and the anomaly will not satisfy the consistency conditions.
This is not a problem because there is a well-defined procedure to obtain
the consistent anomaly from the covariant one. As to the Jacobian, we
shall consider a particular combination of general coordinate and local
Lorentz transformations which leads to covariant transformation laws,
and then we shall prove that if one uses also our covariant regulator, one
obtains in this way (twice) the local Lorentz anomaly.

We shall now first define the covariant transformation law. Then we
shall determine the regulator by requiring that a certain identity involving
the Jacobian and the regulator holds. These are issues which are not
explicitly discussed in [1] and which have confused us for a very long
time, but through the work of Endo [132, 109] we finally clarified these
issues.

We begin with the concept of a covariant Einstein transformation, de-
noted by dcop. This is a combination of an ordinary Einstein ( = gen-
eral coordinate) transformation with the usual parameter £# and a local
Lorentz transformation with composite parameter A, = §*wumn

5001}(6) = 5E(£) + 5lL(§'uwumn) (631)

where the ordinary Einstein and local Lorentz transformation on the viel-
bein are given as usual by

5E(€)eum = gyal/eum + (augy)el/m
r(Amn)e,™ = ANMpe," . (6.3.2)

The covariant Einstein transformation on the vielbein is then

deov (f)eum = gyaVeHm + (auéy)evm + fywl/mneun
= fVDV(w)eum + (8M§V)el/m
= {’(Dy(w)e,™ — Dy(w)e,™) + & Dy(w)e,™ + (9,8 )e,™
— Du)(Ee,™) = Dy(w)e™ | (6.3.3)

We used the vielbein postulate D, (w)e,™ — D,(w)e,™ = 0. The notation
D, (w) indicates that this derivative contains spin connections but no
Christoffel symbols, and £™ = Ve, ™.

Another symmetry which plays a role in the computation of the anoma-
lies is a symmetrized version of §.0,. This symmetrized covariant Einstein
transformation of the vielbein field is defined by

1

Sym(©)en™ = 5 (Du@)e™ + D™ (ID)E, ) - (6.3.4)
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It is a combination of a covariant Einstein transformation and a lo-
cal Lorentz transformation with parameter A, = %(Dmén — Dpén) =
Dy, Namely,

1
Ssym(§)en™ = D™ — §(Du§m —D™¢,)

1
= Ocov (§)€um + §(Dmfnez — CZDngm)
= 6001) (5)6,/" + (s[L(D[mgn})e,um . (635)

Its physical meaning is clear: if one begins with symmetric vielbein fields,
then the particular combination of Einstein and local Lorentz transfor-
mations which constitutes gy, preserves the symmetry of the vielbein
fields.

The anomaly due to d.., is the response of the effective action I'" under
a covariant Einstein transformation. Using the chain rule we find

Ao (€) = Bunn(E / 42 (Seon(€)e,™ (¥)) 5 5r( .

= /dweDufm Tt = —/dxefm(DuTm“) (6.3.6)

where we defined the stress tensor T,,* by

u 1 oo
Tnt = ¢ 3o, (a) (6.3.7)
For L=—% g”“@ugo&,ap this definition yields the usual normalization

T = émgoal,(p + .. Hence the covariant divergence of the stress tensor
D, T,," is the covariant Einstein anomaly.

The local Lorentz anomaly is the response of the effective action under

a local Lorentz transformation

6T
Anign) = SO )le™] = [ do X" e, (@) 50— o
o

= /da:e)\mneM"Tm” = /da;e)\mnTm"

= /dwe/\mnTgm (6.3.8)

where 79" = 2(T™" — T™™") indicates the antisymmetric part of 7™".
Hence the antisymmetric part of the stress tensor of the effective action
is the local Lorentz anomaly.

We can also define an anomaly due to a symmetric Einstein transfor-
mation

or
Ansym(&) = 6sym /dx sym e,u (x))

de,™(x))
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= /dxe S (Du(@)e™ + D™(1)g, ) T
— _/d:ceéy(DuT“”) (6.3.9)

where T4" = $(TH + T"").
By applying (6.3.5) to the effective action we obtain the following rela-
tion between the anomalies

Ancov(g) = Ansym(g) - AnlL(D[mgn}) : (6310)

We can restate the results we have obtained for anomalies as two theo-
rems.
Theorem I: the stress tensor is covariantly conserved if and only if the
effective action is invariant under a covariant Einstein transformation (see
(6.3.6).
Theorem II: the stress tensor is symmetric if and only if the effective
action is locally Lorentz invariant (see (6.3.8).
When there are matter fields ¢ on which I" also depends, so I' =T [e/’f, v,
these two theorems remain true “on-shell”, namely when the matter field
equations g—g = 0 are satisfied. Again, covariant Einstein and local
Lorentz anomalies break these symmetries. The anomaly (nonconser-
vation) of T(’fg”) = (T*“’ + T¥#) is sometimes called the “general coordi-
nate anomaly” [108], but note that is really a combination of a covariant
Einstein anomaly (which itself is a combination of an ordinary Einstein
anomaly and a local Lorentz anomaly) and the local Lorentz anomaly
itself.

In the path integral formalism, the transformation of the fields in the
measure yields the Jacobian, which in turn yields the anomaly. So we
now study how spin 1/2 field transforms under these symmetries. For a

spinor half-density A = gb\, the covariant translation is given by
1 1 ~
=+ = ( uEr N+ = (§”wum")fymn)\ . (6.3.11)
The dot in (9,£".) indicates that the derivative 0, does not act to the

right of the dot. For later purposes we write the expression for .o, in
terms of the following derivative

-

Du(w) = giD,(w)g" 7 . (6.3.12)

IS

It is straightforward to verify that

Sand = 3(E" D) + D))
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= J(€"Du(w.1) + Dyl T, )

_ %(g#f)ﬂ(w) + Dy, TIEMA . (6.3.13)

In the second line the notation D, (w,I') indicates that this derivative
contains one Christoffel symbol (for the density character of 5\), and
D, (w,T',T') contains two Christoffel symbols (one for the density char-
acter of X\ and another for the index p on £"). These I' terms cancel as
one easily verifies using 9, Ing = IV, and Dy(w, T)A = Dy (w)A— %FZVA
In the third line the T in D, (w,T) acts on & and the tilde on D,, takes
care of the density character of X. This proves that the third line is equal
to the second line.

We shall use covariant Einstein transformations to compute anomalies
for the following reason. The first line in (6.3.13) contains the same
operator D, (w) in the first term and in the second term. The Jacobian
is thus Weyl-ordered, and it may be replaced by a function in the path
integral formalism according to Berezin’s theorem. However, we use the
third line in (6.3.13) to derive a property of the regulator we are going to
use.

Consider the regulator

R =DP/M?> . (6.3.14)

The operator b is the field operator for A\. This regulator satisfies a
crucial identity

Identity : Tr s (§P(w) + P(w)§) X =0 . (6.3.15)

We stress that all operators D“ (w) in this expression are the same, and
given by

7 1 1 1
P = 937" O+ Jwu"" mn)g " - (6.3.16)

The proof of (6.3.15) is trivial: use in the second term V5 P (w) = N—[D(w)%,

then use cyclicity to move J)(w) to the right, and finally pull D(w) past

R (which is possible because R only depends on JP(w)). One obtains
then minus the first term.
Next we expand the identity in (6.3.15) as follows

0 = Trys(§P(w) + Pw)g) €*

= Try57"9" (§uD(w) + Dy, T)5))

= Trys | (6" Duw) + Dylw, T )nwmu Dwmw]
T35 | (6" D) + Dulw, D)) + 4 (D
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Again the dot in (D,(I")§,.) indicates that (D,(I")§,) is a function and
that D, (T) does not act beyond &,. The T in D,,(T") acts on the index of
&,. The first term is just twice the Jacobian for d.o,A (see the third line
in (6.3.13)), while the second term is four times the Jacobian for a local
Lorentz transformation with parameter D,&,. Hence we have found
another relation between the gravitational anomalies of spin 1/2 fields

Ank (&) + 240" (D}, &) =0 . (6.3.18)
However, this relation only holds if one uses fﬁ@ as regulator for
the spin 1/2 field.

Finally, we return to our original question: what anomaly are we going
to calculate, and what regulator must we use to compute the covariant
anomaly the easiest way? The answer follows from (6.3.18). The regulator
is R = fle /M?, and we compute the covariant Einstein anomaly. For
this particular regulator the covariant Einstein anomaly is equal to —2
times the local Lorentz anomaly.

We shall now construct the quantum mechanical model for this anomaly.
On the basis with inner product <5\1, 5\2> =/ A\ d"z the operator %a%
is hermitian. Hence in the corresponding QM model %% is replaced
by p;. The Jacobian J = $(£"Dy(w) 4+ Dy(w)€”) from the first line
of (6.3.13) corresponds then to o=(¢'(z)m; + m&'(z)). The regulator
R=DP= g Y4D,(w),/9g" Dy, (w)g~/* + L R becomes then the Hamil-
tonian derived before.

An(grav) = Aney,, = —2Tr %<Du§“ +€4D,) (1 + 75) iR

2
2% 1, . 1
= hZTr2(7Ti§l+§Z7Ti)< _;75>e_§H
ih
T = Di— sz'abw?wlf
1 1/4 1] 1/4 h2
H = g Mri/ggimig V4 - <R (6.3.19)

The factor —2 in front takes into account that X and ) are independent
fields in Euclidean space. The operator R should act in the space of chiral
spinors, and in the space of nonchiral spinors one needs the projection
operator %(1 + 75) to project on the chiral subspace. The term with

—%QR is due to expanding —PJP/2. Note that the operator J) does not
map the space of chiral spinors into itself, rather it maps chiral spinor
into antichiral spinors and vice-versa. However R maps chiral spinors
into chiral spinors and antichiral spinors into antichiral spinors. Note
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that m;&% + &'m; is already Weyl ordered. Thus, in the path integral we
will obtain simply the function ;&' +&im; = 2m;&%. This is one reason why
we chose ) as basic field variable. Another reason is that the J acobian for
Einstein transformations becomes a total derivative on a basis with A, see
chapter 5. Only the term with ~5 will contribute (for nonchiral spinors
there is no gravitational anomaly). So we must evaluate

An (grav) = T1rfy5(7rlfZ +&m)e —%H (6.3.20)

- 2n

We would like to bring the operator m;&% 4 &'; into the exponent, as
a term which is added to H. At the end we then expand in terms of
¢ and take the term linear in ¢°. To achieve this we decompose the
operator 3 (m;£ 4+ &im;) into N times O = 5(7@51 +&im;) where Ne = 3,
and making use of the cyclicity of the trace and the fact that v5 and H
commute, we write the trace as

Trs (Oef%H + e 7 HOe~WN-D7H

_WN-Dey o ep _ﬁ
+oten Hoei ), c=1 - (6321)

Instead of O we write exp O and obtain then a path integral with modified
Hamiltonian H + #(m{l + &'my). (Strictly speaking one should use the

Baker-Campbell-Hausdorff theorem to combine e~ #e®, but the terms
involving commutators are of higher order in € or £ and can be neglected).
Inserting complete sets of z,p eigenstates and coherent states for the
fermions ¥, 1§ (with a free set 12 added as explained in section 6.1), one
obtains the phase space path integral.

The next step is to integrate out the momenta from

€

2h9 (xk)ﬁkﬂk,a ﬁpk,i(xk—mkq) ﬁh sz (xk) (6.3.22)

where T = (x + xr_1)/2. This yields, as before, the interaction term
in the covariant derivative in —% ffl w‘f%wi‘dﬂ while the gravitational
Jacobian £'mr; is replaced by 5—1h [0, €gii(x)i? dr . Similarly to (6.1.24) we
arrive at

n/2
An(grav) = (2( EDRE /Hd%\/g (o) H A1 by
<6Xp < - %% /_1(9ij($0 +q) — gij(0))(§'¢’ + b’ + aiaj)dT)
01 .
exp (= [ Swian(ro+ D0+ V) 0y, + vhIT )
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exp < - % /_01 (I'T + 1ww)ah')
exp <ﬂh / 4" (w0 + q)gij(zo + q)d7>> ) (6.3.23)

The last exponent does not contain a term linear in ¢ since [ ¢dr = 0.
Expanding &7 and g;; to first order in ¢, the last term can be written

as ﬁ f_ol i'q" Dy&;(20)dr, where f_ol ¢*¢"dr is antisymmetric in ¢ and k.
Rescaling the 1§ as before, the factors % in the measure cancel, while the
vertex with qw111 acquires a factor % If we also choose a local Lorentz
frame in which w;qp(79) = 0, there is only the vertex with ¢'¢’ Rijab@bf@b’lf
which we encountered before, and a new vertex of the form (D;§;)q"¢’.
They combine into the vertex

_lg(int): 171

o
7 8h Rwab(fvo)%% Dz’fj] /_1 q'¢dr . (6.3.24)

Hence, the gravitational anomaly is obtained from the abelian chiral
anomaly in (6.1.33) by adding —Dy&;) to ;Rijapt{e}, where D&, =
3(Di&j — Dj&).

We conclude that the gravitational anomaly of a complex chiral spinor
in n dimensions is given by

An(grav, spin 1/2) =

—zR/STr
— dr x d ex tI‘ In
/ 0\/70 1/}1 ,bg p <s1nh(—1R/87T)> term linear in §

R = Rijapb{} — 4D . (6.3.25)

This anomaly is (—2) times the local Lorentz anomaly as we showed in
(6.3.18). We absorbed the factors (—i)™? into the exponent because then
—iR is hermitian. One factor ¢ is left in front because one must expand
the exponent to first order in &, hence, once again, the anomaly is purely
imaginary. Expanding the term in the exponent, and retaining the terms
linear in &, one is now left with an odd number of R terms. Hence there
are only gravitational anomalies in n = 4k + 2 dimensions (there
were only gravitational chiral anomalies in n = 4k dimensions). So, when
one discusses gravitational anomalies for chiral spinors in string models
in 10 dimensions, one means local Lorentz anomalies (anomalies in the
conservation of the stress tensor if it has been made symmetric by a
suitable Lorentz transformation) but not gravitational contributions to
the rigid abelian chiral anomaly.
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6.4 Mixed Lorentz and non-abelian gauge anomalies for chiral
spin 1/2 fields coupled to gravity and Yang-Mills fields in
2k dimensions

We consider a complex chiral (Weyl) spin 1/2 field in n = 2k dimen-
sions, coupled to both external gravitational fields and to external Yang-
Mills fields with gauge group G with antihermitian generators T,. Mixed
anomalies can occur, namely anomalies in the Einstein-Lorentz symmetry
and in the Yang-Mills symmetry of one loop graphs coupled both to gravi-
tons and to gauge bosons. We determine them in this section. We shall
again switch to nonchiral complex Dirac fermions on the basis A= g%)\,
and use a projection operator %(1 +~°) in the Jacobian. As before only
the term with %75 contributes.

The first time anomalies can appear is in (k + 1)-polygon graphs; for
example in triangle graphs in 4 dimensions. There can then be graphs
with (k+1) external gravitons, or with k gravitons and one external gauge
field, or with (k—1) gravitons and two gauge fields, up to (k+ 1) external
gauge fields. Given a graph with r external gauge fields, the trace over
the generators T, of the gauge fields yields a factor

Trg(To, Ty - - - Ta,) (6.4.1)

where the subscript .S indicates that one should totally symmetrize with
respect to the indices a1, as . . . a.. If and only if this trace does not vanish
there can be an anomaly in this graph. However, even if the symmetrized
trace is nonvanishing, there need not be an anomaly. For example, for
r = 0, we already saw that purely gravitational anomalies can only occur
in n = 4k+2 dimensions. Graphs with only external gauge fields (the case
r = k+1) are anomalous whenever the symmetrized trace with r = n/2+1
matrices is nonvanishing. In 4 dimensions this occurs whenever there is
a cubic Casimir operator (the dng, symbol) in the gauge group, and in
n dimensions whenever there is a rank (k + 1) Casimir operator. The
general case is most easily explained if one has the explicit result in hand,
so we first derive the general formulas for mixed gravitational and gauge
anomalies.
The Dirac operator in the n-dimensional field theory is given by

1
PD=eiy"D,, D,=0,+ Zwumn(e)vm’y” +gATo . (6.4.2)
The corresponding nonlinear sigma model is a combination of the N =1
nonlinear sigma model of section 6.1 and appendix D, and the linear sigma
model with extra ghosts of appendix E. It reads in Minkowski time

1

Ly = Qgij(l“)ﬂl‘] + 5% <7/1a + kakab@bb)
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+ick ¢ + i AQ (1) (To) A 5P
1 . . .
+ QWWE';'&CA(TQ)ABCB : (6.4.3)

The sum of the first three terms and the sum of the last three terms are
separately supersymmetric. In Euclidean space we obtain

1 i L ; .
Le = 59ii(2)3'%" + ¢ (w“ + kak“b@bb)
+calet + i AR (2)(Ta) B

1. . .
- §¢l¢]FijaCA(Ta)ABCB : (6.4.4)

The regulator for the n-dimensional spinor A= g4\ of the quantum
field theory is given by

R = —g"/*ppgt/*
1.1

= —g7 ' Dug' P9 Dyg T = TR = S F T (64.5)
where D,, and D, contain spin and gauge connections but no Christoffel
symbol. We derived this regulator in section 6.1, see (6.1.7).

The Jacobian for Einstein—Lorentz transformations and for separate
Yang—Mills transformations of A and its conjugate field is given by com-
bining (6.3.13) and a gauge transformation with parameter n

1+
5

where we repeat that the derivative D), contains a spin connection and a
gauge connection. The mixed anomalies in the QFT are then

7= (5(€* Dy + D) — T, (6.4.6)

An(mixed) = (—2) éin%) Tr Je 7R . (6.4.7)

In the corresponding QM approach the anomalies are given by
. b . i o * by
An(mixed) = Tr [(75%(7@5 +&'m) +vsn“c Tac>e Z } (6.4.8)

where m; was defined in (6.3.19).

We exponentiate the Jacobian as in section 6.3. After integrating out
the momenta, we find then in the action the nonlinear sigma model of
appendix E, together with the term % fEl ¢'€7(z0+q)gij(x0+ q)dr which
we already found in section 6.3 and the term

0
/ X n* (2o + @) (Ngh + Cgn)Ta(Xgh + cgn)dT (6.4.9)
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which is new. Inspection of (6.2.39) shows then that only the combination

1= 1 _ _
§F = (§¢%,bg7/)llj,bgng% + na) (Mgh + €gn)Ta(Xgh + cgn) (6.4.10)
appears. From (6.3.24) we also find that only the combination
Rij = Rijant pgt} oy — 2(Di&; — D;&) (6.4.11)
occurs. The mixed anomaly is then given by the same formulas as derived
in sections 6.2 and 6.3 but with F and R instead of F and R, where now

1 -~
oL = §¢(1l,bg¢llj,bggF&Ta + naTa (6412)

according to (6.2.48) and R is given in (6.4.11)

n/2

An(mixed, spin 1/2) = 27T n/2 /dazm/ (z0)dy] b,

3 1 4
(Tr e%F) exp —tr In R;/N . (6.4.13)
2 sinh R/4

The trace tr is over matrices R~ij but the trace Tr is in the space of the
representation of the fermion (the space with matrices (T,)ar"). The
anomalies are obtained by expanding both factors and extracting the
terms linear in £&™ or n®. A given anomaly depends in general both on F
and R.

At this point we can make a consistency check between the abelian
chiral anomaly of section 6.2 and the gauge anomaly of this section. Con-
sider a local chiral U(1) gauge transformation (for example the U(1) of
the Standard Model). We can view it as an abelian chiral transformation
(with T, = —i) and evaluate Tr e2?. We can also treat it as a gauge
anomaly in which case we introduce ghosts to construct c*T,c with Ty
a constant, and then must evaluate Trez” by taking the term linear in
n. The answer should be the same?, and it is the same because Tr (F{L_?)”
(F/2)m+

(n+1)! -

Consider now a one-loop graph with a complex chiral spin 1/2 field
in the loop and with p external gravitons and ¢ external gauge fields.
The integration over w;‘,bg requires p + q = %n + 1, so the first time

equals the term linear in n in Tr

anomalies are possible in n dimensions is in polygon graphs with %n +1

9 The abelian chiral anomaly we computed in section 6.2 referred to a nonchiral fermion
with Jacobian —2ia-ys. In this section we have used a chiral fermion by inserting the
projection operator %(1 + 75) in the trace. Hence for comparison one should take
times the abelian chiral anomaly of a nonchiral fermion.

2
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sides. The gauge variation of a graviton yields a factor D|;,&,], while the
gauge variation of a Yang—Mills field yields a factor n®T, in (6.4.13). Since
the second factor in (6.4.13) is even in R, there are only anomalies
(both gravitational or gauge anomalies) if there are an even
number of external gravitons (p even).

In 10 dimensions, the first time anomalies appear is in hexagon graphs.
There is a purely gravitational anomaly with 6 external gravitons, because
10 is in the set 4k + 2. There is a mixed anomaly with 4 external gauge
fields and 2 gravitons if the gauge group is such that TrF* is nonvanishing
in the representation of the fermions. There is always a mixed anomaly
with 2 external gauge fields and 4 gravitons, because every gauge group
has a quadratic Casimir operator, but a purely gauge anomaly only exists
if TrF% is nonvanishing.

In 4 dimensions the first time anomalies appear is in triangle graphs.
There is no purely gravitational anomaly, only a mixed anomaly if G =
U(1) (the abelian chiral gravitational anomaly of section 6.1), and only
a pure gauge anomaly if G’ has a nonvanishing d,g, symbol in the repre-
sentation of the fermions.

6.5 The abelian chiral anomaly for spin 3/2 fields coupled to
gravity in 4k dimensions.

In this section we extend the calculation of the gravitational corrections
to the abelian chiral anomaly (“the 75 anomaly”) from the case of the
spin 1/2 field to the case of spin 3/2. This introduces supergravity, be-
cause the only consistent interactions for spin 3/2 with other fields are
the interactions of supergravity models. Earlier models, with spin 3/2
only coupled to spin 1, turned out to be inconsistent or trivial, while the
couplings of spin 3/2 fields to spin 2 are consistent if they are given by
N = 1 supergravity. One can also couple spin 3/2 fields to spin 1 and spin
0 fields, but only if at the same time one couples the spin 3/2 to gravity
and these interactions are given by a supergravity model with N > 1 (N
is the number of real spin 3/2 fields). In this section we consider only
loops with spin 3/2 fields in the loop and external gravity fields. The spin
2 and 3/2 interactions may be part of a more complicated supergravity
model, but that does not make a difference for the computation of the
one-loop anomalies. Only the minimal gravitational couplings of gravity
to spin 3/2 contribute, so torsion due to gravitinos may be ignored. We
assume that the reader has no knowledge of supergravity, and start from
the beginning.

In 3 + 1 dimensional Minkowski spacetime, the real spin 3/2 field
Y, (with p = 0,.,3 the vector index and o = 1,..,4 the correspond-
ing 4-component spinor index) is the gauge field for local supersymmetry
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(=supergravity). The classical action for the spin 3/2 field in 3 4+ 1 di-
mensional Minkowski spacetime coupled to external gravitational fields
reads

1 -
Ly = —5eduy™ Dyths (6.5.1)
e = dete,” ; A" =ept'y™
1
Dp@bo = api/)oJrprmn(E)va”%

P =yTc; Cyrot = ()T

where v#P? equals the totally antisymmetrized product of v#, v* and ~°
(so yHP7 = %(7“%7"4—5 other terms)), and v™ are constant 4 x4 matrices.
The form of the action for the spin 3/2 gauge field is fixed by requiring
invariance of the free spin 3/2 action in flat spacetime under §v), = 0,€;
in fact, it already follows from requiring that the residue of the free field
propagator be without ghosts [56]. Thus, also for local supersymmetry,
gauge invariance follows from unitarity. (When one does not treat gravity
as external, one needs also, of course, the Einstein action, and all the other
paraphernalia of supergravity. In particular, the spin connection wpmny
contains then torsion terms bilinear in gravitinos. For the calculation
of anomalies with spin 3/2 loops, we can restrict ourselves to external
gravitational fields and use the spin connection wmn(€e) of appendix A
which only depends on the external vielbein field e,™). In principle one
should add a Christoffel connection in the definition of D 1), but it cancels
in L35 because D,1, appears in the action only as antisymmetric in p
and o.

This classical spin 3/2 action is gauge invariant by itself provided the
background fields are Ricci-flat (Einstein spaces with R,, = 0): it is
locally supersymmetric. Under dv, = D,¢,0e,™ = 0 one obtains, using
that the commutator of two covariant derivatives is a curvature,

1 - 1.1
5£3/2 = __edjufyupa_(_RpamanmfynQ
2 2°4
1
—§e(D#E)’yW"7Dp¢U . (6.5.2)
After partial integration (using that D, commutes with e and v* because
we have omitted the torsion terms in the spin connection) one finds

1 - 1
0Lyjn = —1ee¥u?™ 7"V eRpomn + 1€V Rypmny™ 7" Yo
1 _
= —I—GeRpomnw#{W””ymwn + AP e (6.5.3)
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(We used eyHPoymyp, = —1hyy"y™~7Ple; this relation follows from
€ = ¢/'C and the property Cy™T = —~™(C). In the anticommutator
{y#P7 ,~™"} there are only terms with a totally antisymmetric product of
five Dirac matrices or terms with one Dirac matrix. The terms with a
totally antisymmetric product of three Dirac matrices cancel in the anti-
commutator. (They survive in the commutator). Those with five Dirac
matrices do not contribute in 341 dimensions because a tensor with 5
indices which is totally antisymmetric vanishes in less then 5 dimensions,
and also because of the cyclic identity of the Riemann tensor. In higher
dimensions, these terms still vanish due to the cyclic identity of the Rie-
mann tensor. The variations with one Dirac matrix can only contract
with a Ricci tensor R,,,. In fact, this could have been anticipated because
there are not enough free indices to contract with a full Riemann tensor.
One finds 6L3/y = 2e(Ru — 39w R)(¥"y"€). When R, = 0, one calls
the gravitational field Ricci flat. Hence: for Ricci flat backgrounds the
gravitino action is gauge invariant (locally supersymmetric).

If one treats the gravitational field dynamically, there is no longer a re-
striction to Ricci-flatness, provided one also transforms the gravitational
field (the vielbein field e,,) under local supersymmetry. It transforms as
de,™ = éy™,, and also this variation is multiplied by the Einstein tensor
Guv = Ry — 59 R; in fact, the sum of all local supersymmetry variations
cancel. From now on we continue with arbitrary gravitational fields; for
spin 3/2 loops coupled to gravity the spacetime symmetries (general coor-
dinate and local Lorentz transformations) of the fields (vielbein e, and
gravitino v,,) are as usual, and the classical action is also invariant under
local supersymmetry if one transforms e, as we discussed. The previ-
ous derivation with external gravitational fields was given for readers who
are not familiar with supergravity. Readers who want an introduction to
supergravity are referred to [56].

Because there is a local supersymmetry one must add a gauge fixing
term and a ghost action. Without gauge fixing term the kinetic opera-
tor cannot be inverted, and no graphs with spin 3/2 in the loop can be
constructed. With gauge-fixing term the local supersymmetry gets bro-
ken, but we shall choose the local supersymmetry gauge-fixing term such
that the classical spacetime symmetries remain unbroken. As gauge fixing
term the most convenient choice is v#4,, = 0 leading to

L(fix) = iezmﬂmwy (6.5.4)

which preserves general coordinate invariance and local Lorentz symme-
try but breaks local supersymmetry. The corresponding Faddeev-Popov
ghost action follows then from applying 61, = D€ to v#1),, and contract-
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ing with the antighost of supersymmetry
L(FP ghost) = —ebg,(c)* (6.5.5)

where b, and ¢* are real commuting ghosts (the spinor index « will be
dropped below). (One should also vary the vielbein in v# = e 4™, but
this yields a term (by™1,)(¢¥m7y*c) in the ghost action which does not
contribute at the one-loop level. It is used, however, to fix the chiral
symmetry transformation rules, see below).

To obtain (6.5.4) in the exponent of the path integral, one starts from
the gauge fixing term d[y - ¢ — F|] with F' an independent anticommut-
ing Majorana spinor, and then one inserts unity into the path integral
as follows: I = [[dF)exp(FPF)(det lD)fé . Integration over F yields
(det J0)'/? which cancels the factor (det J))~*/2 . The normalization fac-
tor (det J0)~'/2 can be exponentiated to give another ghost, the so-called
Nielsen-Kallosh ghost. It is really a commuting complex ghost (a pair
B, C of real ghosts!®) and an anticommuting real ghost A, as we now
explain, just like the a, b, ¢ ghosts of the QM model. Because the Dirac
action for one real commuting ghost vanishes, one writes (det 0)~1/2 as
(det [0)'/2/(det D) and then exponentiation of (det J0)*/? gives a real an-
ticommuting A ghost while det D~! yields commuting B,C ghosts. The
total Nielsen-Kallosh ghost action reads

L(NK ghosts) = —%A;DA - gBch . (6.5.6)

The classical action together with its gauge fixing term can be written
in a very simple form

L£(3/2) = %Zw"lﬁv“wo : (6.5.7)

This result follows from the identity —%7“"" + i'y“v"v” = iv”’y"’y“. This
action is clearly invariant under rigid chiral transformations

0y = tarysty, &LM = iaq/?u% (6.5.8)

with real constant «, because the field operator contains an odd number
of Dirac matrices. Each ghost action in (6.5.5) and (6.5.6) is by itself chi-
rally invariant, for arbitrary chiral weights. One may fix these weights by
considering the full quantum supergravity action (with Einstein action
and various couplings between ghosts and gravitinos). Requiring that
the whole ghost sector (b, ¢, A, B,C) be also invariant under 75 transfor-
mations fixes then the relative chiral weights of the various ghost fields,

10 A pair of real ghosts can, of course, be replaced with one complex (Dirac) ghost.
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and the net result is that, as far as 75 transformations are concerned,
the ghost sector acts as if it contained only one anticommut-
ing complex chiral spin 1/2 field with opposite chiral weight as
the gravitino'!. So the final result for the anomaly will be the result
of Tr~s for ¢, minus the result of Tr~s for one chiral Dirac fermion (a
chiral Dirac fermion is equivalent to a nonchiral real (Majorana) fermion;
one can rewrite one in terms of the other in four dimensions).

We now consider the gravitational contribution to the abelian chiral (vys)
anomaly. Since the gravitino in NV = 1 supergravity has no Yang-Mills
index, it can only couple to gravity. Hence we can only consider the chiral
anomaly, due to a spin 3/2 loop with (infinitely many) external gravitons
at the vertices, and the abelian chiral current as one of its vertices. In the
path integral approach, the anomaly in the conservation of this current
is, up to an overall constant —2ic,

An = Trys P2 (6.5.9)

In addition there is a trace for the ghost which we add later. We must
now discuss the regulator for the spin 3/2 field.

A mass term for the gravitino which preserves both Einstein invariance

and local Lorentz symmetry is given by £(m) = —%md_)md)m where ¥, =

em1,, has flat indices. It follows that Um = €/24),, is the field whose
mass term is proportional to the unit matrix. One could then use its
field operator to yield the regulator. Namely, if R;," is the full kinetic
operator for ,,, then its square is the regulator which preserves general
coordinate and local Lorentz symmetry

R = Ru’R,"
Ry = g%y Dyg ™/

1
D, = 650, + 1&g (YY) 07, + Wm0 . (6.5.10)

"1 The details are as follows. Variation of the vielbein in the gauge fixing term v*1),,, and
contracting the result with the antighost to obtain the ghost action as usual, produces
a term (by™,,)(¢my*c) in the ghost action. Chiral invariance requires then that the
Faddeev-Popov ghosts b and ¢ have the same chiral weight as the gravitino. The
operator (ﬂ)_% is exponentiated by means of Nielsen—Kallosh ghosts; since it acts in
the space which contains - %, the spinors in this space have opposite chirality of the
gravitino. We find then for the total effective chiral weight in ghost space (defining
the chiral weight as the weight one chiral complex anticommuting spinor should have
in order to reproduce the same anomaly): —1(b) — 1(c) — 1(A) + 1(B) + 1(C) = —1.
Physically the role of the ghosts is as follows: the Faddeev—Popov ghosts b and
c remove as usual the unphysical longitudinal and time components of the vector-
spinor field ;. This corresponds to the gauge symmetry §¢;; = 9,€“+.... On-shell a
physical massless spin 3/2 particle should have two polarizations with helicity £3/2.
This is indeed achieved because on-shell v#1,, = 0. The Nielsen—Kallosh ghosts
remove the ~ - 1 part from the gravitino.
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Actually the mass term which does not lead to tachyons is not 1,20, but
rather 1,,7™",,. The corresponding regulator would then be the square
of (T71),,*Rs™ where T~! is the inverse of y™". These operators are all
difficult to work with.

A much simpler regulator which yields the same chiral anomalies is the
Dirac operator (see Alvarez-Gaumé and Witten [1])

R3/2(D) ~ g/ ppgt/
_ (g_l/4Dm/§g“”D,,g_l/4) 50"

1,1 a
+ 5 (Z’YMVVRMqu (w)7p7q> B 5mn

+ %('Y“v”)%me"(w) : (6.5.11)
The term with four Dirac matrices can be simplified to %R.u It acts still
in the combined vector-spinor space, and D, contains again a spinor and
a vector connection, as in (6.5.10). Hence, the anomaly becomes (up to
a factor —2iq)

An = Trys eRs2(P) _ gp g eR1/2(D) (6.5.12)
where the first trace Tr is over vector and spinor indices of the gravitino,
while the second trace tr is only over spinor indices of the ghost. We have
added the subscripts 3/2 and 1/2 to R(D) to stress that Rs/(D) has
an extra term w,™" with respect to Ry/o(D). The trace with Rg/o(D)
has a minus sign because it is due to an anticommuting ghost field, as we
explained above.

Alvarez-Gaumé and Witten give a general proof that one may use DD
for the 5 anomaly of spin 3/2 fields. We present here a direct proof, see
also [109]. We do this for general dimensions. The spin 3/2 action in n
dimensions reads

e —
Lo = —5%7[“7”7%’] Db, . (6.5.13)

Again, this results follows from the fact that in flat space this is the only
action that is invariant under 61, = O,e. After adding a gauge fixing
term
n—2
8

Lax = ey Dty (6.5.14)

12 Write 4772 as 4" PI4-e"Py1nPly” —e”14P. Then v*P? does not contribute due to the
cyclic identity. There remain only Ricci tensors R, and since these are symmetric
WAV

(recall that we dropped the torsion terms), the remaining two Dirac matrices y*vy
can be replaced by g"”.
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and choosing a new basis for the spin 3/2 fields

= — %’Y Vo= Y= Xe T WYX (6.5.15)
the action becomes a sum of Dirac actions
1 1
Lo+ Lax = —§6XN$XM = —§e)zm$xm . (6.5.16)

The field x,, transforms of course in the same way as ¥,,, under spacetime
transformations and 5 transformations, and the regulator for the spin 3/2
field x,, is thus g'/4Jpg=1/*, for the same reasons as for the spin 1/2
field.!3

We are now ready to compute the gravitational contribution to the v°
anomaly. We do this in n dimensions for one complex nonchiral gravitino.
This is the procedure we have also followed for the spin 1/2 case. (In 3+1
dimensions, a chiral gravitino is complex and can be rewritten as a real
nonchiral gravitino, but in other dimensions this is not always true). We
repeat the steps taken in the case of the 5 anomalies for spin 1/2. We
continue to write the term with the spin 1/2 Lorentz generator in terms
of ¥, but the term with the spin 1 generator we treat like the internal
generator of a Yang-Mills group!®. Hence, the internal matrix AT,
with T,, now the Lorentz generators, is represented by ¢*,w;%c? (just like
A;*T, was represented by A;*c*T,c). The spin 1/2 term lwumnv A"
becomes %wmbwfwll’. Note that although in (6.5.10) the spin connection
terms which act on the flat spinor and flat vector index of the gravitinos
appear on equal footing, we treat them differently in the QM model.
Hence the QM treatment for spin 3/2 combines the gravitational and
Yang-Mills treatment for spin 1/2 .

The ghosts require again a one-particle projection operator, and this
yields upon combining (6.1.24) and (6.2.39)

n/2

h
An = 27r n/2 /da:m/g (o) dwlbg/dxang e

0 . o o
(exp(—55 [, 5000 +0) = a0 'd? + el + o) ar)

13 One can write down an Einstein and locally Lorentz invariant mass term for xm,
namely eXm,»X"'. This is not the mass term which is without ghosts and tachyons,
but it serves our purposes to construct a regulator [75].

14 The deeper reason these separate treatments of the vector part and the spinor part of
the generators make sense is that the trace of a direct product is the product of the
traces. In group theory one uses this simple fact to compute traces over products of

generators in a given representation R (such as the d;bc) symbols) which are built from

direct products of the fundamental representation F (yielding a relation between dfj:c)
and d'f)).

abc
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0
exp % [1 ch R%ed(w(xo + Q) Ysud dT)
exp(—% /01 (I'T + %ww) d7)> (6.5.17)

where as in (6.1.24) 1y stands for ¢ g + ¢1,qu, and as in (6.2.39) ¢ (c*)
stands for x+cgy (ﬁ+02u)' Recall that we only rescaled the ¢{ but not the

ghosts; this removed the Gh from the measure. The term ih'y“’y" R,m" in

the regulator —%(—%ZR) becomes a term Sh ffl %C*RC’(/)llf}l in the action
and becomes /3 independent after the rescaling of ¢{, see the one-but-last
line. The term with I'T'+ %ww does not contribute, since it is proportional
to hB3, and also the terms with ¢'¢/ + b'c/ + a’a’ and §'w;%cic® do not
contribute for the same reason as before. The vertex with h—lﬁqiwmb@b‘ﬁ/)i’
yields the vertex [ dr {'q’ Rijabd}‘f@bll’ upon expanding wj.p, but the vertex
with [dr G'wigrc*®c® does not contribute because the propagator for ¢
brings in a factor 8 whereas this vertex is f-independent.

In fact, only closed ¢-loops with R, at the vertices, or ghost
trees with Ri11; at the vertices contribute. As we have seen, the
latter give a factor tr eXP(%R..abQ/)ibgwlf,bg), and the former give the factor

with exp 1trIn[£/sinh(£)]. The final result is
. . —1 % i 7 & a
An(vs, spin3/2) = (—2ia) EQW;% / (H d:zm/g(xo)> <H d(ﬁl’bg)
i=1 a=1

iR 1 R/4 )
—1 —trln { ————
[(trez ) } exp 2tr n (sinh( 1y
R = Rmnabwibgd}}ibg (6518)

where the factor —2ia mentioned above (6.5.9) has been reinserted. The
first trace corresponds to the result in (6.2.48) and contains the contribu-
tions due to the vector index m of the gravitino ,,“; the exponent with
the second trace corresponds to the result in (6.1.32) and takes care of
the contributions due to the spinor index « of the gravitino ,,%, and the
factor —1 accounts for the contributions of the supersymmetry ghosts.
In the Yang-Mills case the trace could be over any representation of the
gauge group, and we denoted this trace by Tr. Because both traces in
(6.5.18) are over the indices m and n of R,,,, we denote both by the same
symbol tr.
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As an application we compute the 5 anomaly for spin 3/2 loops in 4
dimensions. The answer is known to be —21 times the same anomaly for a

spin 1/2 loop [110]. Expanding the factor (tr e%R) —1 gives a contribution

%trRz. The second exponent gives the contribution of a spin 1/2 loop,

2
which is —%tr(%) % = —ﬁtng. This second contribution is multiplied

by (trl) — 1 = 3 (after gauge fixing the field 1, represents 4 spin 1/2
spinors, but the ghosts remove one spin 1/2 spinor). Then one finds for
n =4

an2 | 18 19

2i 21
- 4’—;2‘/ [@tr}ﬂ = —21An(7s, spin 1/2 in n = 4) . (6.5.19)

where trR? is equal to PP R, Rpgmn. This is indeed the correct
result.!?

29 1 1
An(vs, spin 3/2inn=4) = @ / {ftrR2 - 3—2trR2]

6.6 Lorentz anomalies for chiral spin 3/2 fields coupled to
gravity in 4k + 2 dimensions

We now discuss the anomaly in the combined Einstein and local Lorentz
symmetries when a chiral spin 3/2 field in a loop couples to an external
gravitational field. We take the spin 3/2 field to be complex. In certain
dimensions, chiral spinors can be real (Majorana-Weyl spinors) and for
these cases one must divide the result for a complex chiral gravitino by a
factor 2.

It is preferable to have a covariant expression for the spin 3/2 transfor-
mation rule under spacetime transformations, and a covariant expression
for the corresponding Jacobian, because then the answer for the anomaly
will be a relatively simple expression involving only curvatures. This can
be achieved by taking certain linear combinations of Einstein transforma-
tions and local Lorentz transformations. For spin 1/2 fields, we already
explained this before. The case of spin 3/2 is more complicated. To wet
the appetite of the reader for this problem, we first quote the transfor-
mation rules'® used by Alvarez-Gaumé and Witten [1]

Sawtm = (€D + Do + (D™ = (D"t

5 In [1] one finds the result Hj:/f % instead of exp[4tr ln(%)] where R

denotes the matrix R,," = Rmnabwibg'l/)ll), »g Which is made block diagonal with blocks

of the type ( v x‘) along the diagonal. These formulas agree and the factor 1/2 in

—x; 0
the exponent is correct, as one may check. For example, Z:Z(%)2 = %tr(ZR)Q.
16 1t took us many years to find a clear rigorous derivation of these rules. We thank R.

Endo whose help was essential.
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D" = en(0u€" +wu"p€") . & =e ¢!

Dby = Bt + W™+ pomP i)l - (661)
The spin 3/2 field 9y, the so-called gravitino, is a Lorentz vector-spinor.
This explains the term w9, in the last line. The spin 3/2 trans-
formation rule contains thus both a covariant translation and an extra
covariant local Lorentz transformation acting only on the vector
index of the gravitino. Its meaning is at first sight rather mysterious.
We now proceed to derive this transformation rule. Several steps in
the derivation are identical to the steps taken in the spin 1/2 case, but
there are new aspects due to the spin one index of the gravitino, and in
order not to have to refer back all the time to the spin 1/2 case, we give
a complete derivation of the spin 3/2 case from scratch.
An Einstein transformation of a spin 3/2 gravitino with a flat index,
Ym = emty,, is given by

6E(£)wm = f“a;ﬂﬁm . (6.6.2)

We aim at covariant transformation rules and covariant regulators for rea-
sons explained before. Hence we prefer to consider the following transfor-
mation rule

Ocov(§)Vm = ' Dy = 5”3u¢m+if“wwsv’"vsmerﬁ“wum%n . (6.6.3)

This is a linear combination of Einstein transformations {#0,,1),, and local
Lorentz transformation with parameter £#w,;my, namely %f“wwsvws@bm—k
§'wum™n. We called this contribution a covariant Einstein transforma-
tion in section 6.3. So D, is completely covariant and includes the
spin connection for both (vector and spinor) indices of ,,,. When we use
path integral techniques to convert the trace TrJe™ into a path integral,
the corresponding operator becomes a corresponding function provided it
is Weyl ordered. This is Berezin’s theorem which we discussed in part
I of this book. Thus, rather then 0v,, = £ D, 1, we would like to use
the transformation rule 8¢, = 2 (6#D,(w) 4+ D, (w)&")hm. Note that the
same operator D, (w) should appear in the term £#D,(w) as in the term
D, (w)&*. This is not a covariant expression, of course, because for it to

be covariant would also need a Christoffel symbol I'}, to take care of the

index of {#. However, if we take 1[1m = g%, as basic variable, the
transformation rule 8, = 3(¢"D,(w) + D, (w)*) ¢y, is covariant.
Let us prove this.

Consider a covariant Einstein transformation, a combination of an Ein-
stein transformation with parameter £# and a local Lorentz transforma-
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tion with composite parameter A™" = £ w,™". Then the field 1/~Jm trans-
forms as follows

5001}(5)1/}771 = f“auwm + %(%f“)%z + ifuwum'yr')’swm + fuwumnwn .
(6.6.4)
The term %(8#5“)1[)7,1 is needed in the transformation rule of a half-density
according to the rules of tensor calculus in general relativity. We can
rewrite this results as follows

Seon(E)m = %(fl‘D“(w) D)€ (6.6.5)

where both the derivatives can act on @Z;m This is indeed a covariant
transformation law in Weyl ordered form and we used it in the spin 1/2
case, but it does not lead to the easiest way to compute the anomaly for
spin 3/2. The easiest way to derive the anomaly is to use the law used in
[1], and we now proceed to derive it.

The crux to the derivation of the transformation law in (6.6.1) is an
identity satisfied by the regulator R where

R=—iPP.  D=g"FDuwy M (660)

and D, (w) is the derivative which also appears in (5001,1;7,1. The operator
) is the field operator for v, in the Dirac action £ = V"GP =
@Eml})z/;m One obtains the second form of £ by changing variables from

U 0 Uy, = g4, We can write deoptm in terms of derivatives D, (w)

as follows

~ 1 - - -
Ocov(&)m = §(quu(w) + Du(w, L)ER)m (6.6.7)
where the T' in D,(w,T) acts on the index &* as usual. It is easy to
show that this expression is the same as (6.6.5), because the two terms
%5“91/4(%9_1/4 cancel the term %FW“G’. We showed this already for the
spin 1/2 case in (6.3.13) We are now ready to derive the identity we need.
It reads

Lemma : Angoy (") = =240, (D) - (6.6.8)

In other words, the anomaly An = Tr.Je™® with R given by (6.6.6) and
J the Jacobian for d.,, is the same as minus twice the anomaly with the
same R but J due to a local Lorentz transformation which only acts on
the spin 1/2 index of the gravitino.

The proof of this lemma is the same as in the spin 1/2 case, see (6.3.15),
but since there are now also terms acting on the vector index of the
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gravitino, we shall present the complete proof for spin 3/2 case. Consider

the expression
~ (20) ~ (2w)

Tens (6™ + P*g) ¥ ¥ (6.6.9)

~ (2 ~
where we repeat that JD( ) y“Dgw) has no I'-term, but two w-terms,

one acting on the spin 1/2 index and the other acting on the spin 1 index.
~ (2

We pull the second lD( “) to the left past the matrix 75 (this yields a

)

~ (2
minus sign), and then, using cyclicity of the trace, and commuting lD( .
~(2w) ~,(2w)
past e¢ 475 one obtains zero

- (20) ~ (20)
Tr s (glp(%) + @(2‘“)3) A
- (20) ~ (20)

= Tros (9P — gp<2w>)€¢ P —0.  (6.6.10)

Next we rewrite (6.6.9). We pull the two Dirac matrices to the left, and
taking symmetric and antisymmetric parts, we obtain

0 = (3¢(2w) + ﬁ(%)ﬂ) = iy <€MD£2w) + Dl(fw,r)&/)

= (¢DZ) + DE=Degr) 4 (,DF) — DPVg,) . (6.6.11)

The I'-term in the last 1352“” derivative acts on the vector index of §,.
Note now that in

&DP) — D g, = — (DM, ) (6.6.12)

the derivative no longer acts past £,,. The I'-term cancels after contracting
with v#¥. Thus, inside the regulated trace one has the identity

<§HD£L2w) + D&Zw,l“)gu) — ’Y'W(ayfu) —-0. (6.6.13)
The last term can be written with flat indices as follows
Y (Dy€) = ™™ (D €) (6.6.14)

where D%w)fm = e (Ou&m +wum™€n). In the first term we can replace Du

by D,, and drop the I'-term in D,(,Qw’r) because these three I'-term cancel

each other. So finally
(8" D@ + DRIeH) — 4™ (D em) = 0. (6.6.15)
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Recalling the definition of d.sy in (6.6.5), we have found

@e @
D &n = Dn 5’”)}673:0. (6.6.16)

Tr [ Seon (€7) + 261}/ 2)( .

This concludes the proof of the lemma in (6.6.8).

To calculate the gravitational anomalies, Alvarez-Gaumé and Witten
did not use d.oy to obtain the Jacobian, but rather 20,y,,, where gy, is
the same combinations of symmetries as in the spin 1/2 case

Dmgn - anm

258ym(§) = 25COU(€) + 25IL( 9 ) : (6617)

For the spin 3/2 field a local Lorentz transformation contains a part which
acts on the spin 1/2 index and also a part which acts on the vector index

25sym72m = 26cov7/~}m + 2511[{2@27;1 + 2511L1/;m . (6.6.18)

Using (6.6.16) this can also be written as
Saw = 265ym = 0con(€") + 26 (D, ) (spin 3/2) . (6.6.19)

This is precisely the mysterious transformation law in (6.6.1)!
We now turn to the calculation of the gravitational anomaly for complex
chiral spin 3/2 fields in n dimensions using

Saw Um = %(f“Du + Db + [(Dn€™) — (D) |thn . (6.6.20)

There is, of course, one question left. Are the transformations laws in
the spin 1/2 and spin 3/2 case the same combinations of Einstein and
local Lorentz transformations? Obviously they should be the same if
one wants to study cancellation of anomalies in theories with different
spin contents. The spin 1/2 transformation law we used to compute the
gravitational anomaly was

Sl = 5(E D+ DA (6.6.21)
We proved the identity
Seov(E)A + 26, (Dp&)A = 0 (6.6.22)
We also encountered another combination of symmetries
Osym ()X = deon (€)X + 201 (Dpmén)) X - (6.6.23)
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Hence, for spin 1/2, Seon\ is twice (5Sym5\

Beon (E)A = 204ym(E)A . (6.6.24)

For spin 3/2 fields, we have just derived that the AWG law is twice dsym

6AW1;m = 25sym(£)lﬁm . (6'6'25)

Hence, if one uses 5001,5\ to compute anomalies in the spin 1/2 case, we
should use AWy, to compute the same anomalies in the spin 3/2 case.

The calculation is similar to the calculation for the spin 1/2 case in
section 6.3, except that we treat the last term in (6.6.20) as a Yang-Mills
symmetry, so with extra ghosts according to the methods of section 6.2.
As in (6.4.6) the covariant derivative D,, contains both a spin connection
acting on the spinor index and a spin connection acting on the vector
index of the gravitino; the whole D, becomes the covariant conjugate
momentum 7;, see (6.4.8). After integrating out the momenta one obtains
a term G'w;qp$ep? which yields qiqul-jabz/J‘fz/Jll’, as in (6.5.17).

The contribution from 0.0, (€) combines with a term Rijk.lwiz/zj i*¢' in
the action into the combination

1 . .
(G Rum - D& )it (6.6.26)

We encountered this combination in the spin 1/2 case. The contribution
from 26&)(D[m§n]) combines with a term wiijijklc*kcl into

1 o
(zRijkﬂﬁz@Z)j — D[k&OC*kcl . (6.6.27)

So, thanks to the extra spin 1 Lorentz transformation in (6.6.1), the final
answer only depends on the combination (iRijle@N - Dy, 5”), both in

the spin 1/2 sector and in the spin 1 sector. This is closely related to the
descent equations from two dimensions higher [111, 2].

We can then directly write down the result for the gravitational anomaly
for a complex chiral gravitino in n dimensions

An(grav, spin 3/2) = E;;é / (d"x%ﬂg(w@) (ﬁ d@ﬁ,bg)
a=1

Ktr e%f%) — 1} exp %tr In (%) (6.6.28)

where everywhere R stands for Rabcd@bibg@blf,bg — 2(Dg&y — Dp&,). Thus
the relative normalizations of the two terms in (6.6.20) is just so that the
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Einstein-Lorentz anomaly in 4k +2 dimensions is obtained from the chiral
anomaly (more precisely for the gravitational contribution to the chiral
U(1) anomaly in 4k 44 dimensions) by the uniform shift R — R— iDﬁ.”

The last factor comes from the spin 1/2 sector, see (6.3.25), and takes
into account the transformation law v, = %(gnDn + Dp&") . The
first factor takes into account the vector index of @/ij, see (6.2.48), and
gets its contributions from §v¢y, = (D" — D"&,)1Yy. The Yang-Mills
curvature F of (6.2.46) is replaced by R. Finally the term —1 is due to
the ghost sector; as we have discussed, we need to subtract one chiral
complex ghost. If one is dealing with real chiral spin 3/2 fields, one needs
to divide the result by 2.

6.7 Lorentz anomalies for selfdual antisymmetric tensor fields
coupled to gravity in 4k + 2 dimensions

In addition to chiral fermions, also selfdual (or antiselfdual) antisymmet-
ric tensor gauge fields in 4k + 2 dimensions can produce gravitational
(Lorentz) anomalies. From string theory one already knows an exam-
ple: a chiral boson in 2 dimensions is a selfdual antisymmetric tensor
(Oup = €,0"p implies (0g + 01)¢ = 0), and in string theory such a field
has a gravitational anomaly. To discuss the higher dimensional case, we
first need some formalism for antisymmetric tensor (AT) gauge fields.
The field strength and the Lagrangian for an arbitrary antisymmetric
tensor gauge field with p indices (a p-form) in Minkowski space are defined
by
F#1~~~up+1 = 8#114

L = —

=+ p cyclic permutations

v gt (6.7.1)

K2 pp41
€

mFM"'MP“F”L"%H g

with e = detey’. For a scalar and a vector field these definitions yield
the Klein-Gordon and Maxwell actions, respectively. The stress tensor
follows from the coupling to gravity

L= %h’“’T,W(F) + O(h?) (6.7.2)

'"The D,’s in (¢*Dy + Du&") lead again to a term with ¢*¢’ (zo + ¢)gij(zo + ¢) in
the action which can be written in the form ¢'¢* Dy&;, see the last term in (6.3.23).
Together with the term with R;jat{1} due to expanding the ¢'wiqp term in the

action, these two contributions yield the term with exp %trln (Smf(%) On the

other hand the term ¢} (R%cat{1%)c® coming from the commutator y*v"” [Du, D] in
the regulator and the last term in (6.6.20) together produce tre2? asin (6.5.17) and
(6.5.18).
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and reads in flat space

1 1

2
T, (F) = P F by mnwwm_.uw) (6.7.3)

where g, = 7 + hyy. With these normalizations the kinetic term has
the standard form £ = ﬁ(@tAm,,,up)er... and the stress tensor for a field
strength with 2k+1 indices in 4k + 2 dimensions is traceless. Generalizing
the Lorentz gauge for a vector field, we add a gravitationally covariant
gauge fixing term for the abelian gauge symmetry

e

Lz = —m(QWIDHAm..M)Q (6.7.4)
and find then a diagonal kinetic term
e
L+ Lfiz = —W(DpAul...#p)z : (6.7.5)

We shall use tensors with flat indices, and in that case the covariant
derivatives will contain spin connections instead of Christoffel connec-
tions. Faddeev-Popov ghosts will also be needed in general, but they will
not contribute to the chiral anomalies (they do contribute to the trace
anomalies).

Consider a one-loop graph with an antisymmetric tensor field in the
loop coupled to external gravity. Let the field strength be selfdual; we
shall denote such fields by selfdual AT. In Minkowski spacetime this is
only possible in 4k + 2 dimensions

7 e

M2kl T meul---M2k+1V1---V2k+1FV2k+1.”Vl : (6'7'6)

(On the other hand, in Euclidean space this is only possible in 4k dimen-
sions, instantons being an example with & = 1 !¥). We shall consider
real selfdual AT in Minkowski space; if A, . ,,, is complex, the anomaly
is twice as large. In general no covariant action is known for a selfdual
antisymmetric tensor field with which one can easily compute!® although
actions which are not (manifestly) covariant exist [76, 77, 78] whose field
equations are the duality conditions (which, together with the Bianchi
identity 0, F), . jgp.,) = 0 imply the field equation VA Fy, ., ., = 0).
They yield the correct gravitational anomalies [78], but because they are
not covariant they look unusual.

" In BEuclidean space Seuvape®””” = +(6707 + ---), but also in Minkowski space
%ewpameaﬂwm = +(3,,6,0, + ---) because interchanging a7y and otk yields a
minus sign that compensates the minus sign in €p12345 = — 012345

19 A classical covariant action with scalar fields in the denominator does exist [79], but
it is not clear how to covariantly gauge fix it.
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The first question that one would like to be answered is: are there
really anomalies in the conservation of the stress tensor for selfdual anti-
symmetric tensor fields? We already mentioned an example: chiral bosons
in two dimensions. In 1+1 dimensions a selfdual scalar satisfies the equa-
tion 0, = e€,,0”¢, which in flat space light cone coordinates becomes
0—p = (0 — 0,)p = 0. This defines what is known as a chiral boson. In
conformal field theory a real chiral boson can be fermionized to a complex
chiral fermion, and since chiral fermions do have gravitational (Lorentz)
anomalies in 4k + 2 dimensions, as we saw in section 6.3, we have ob-
tained an example of a selfdual antisymmetric tensor with a gravitational
anomaly. One can also directly compute the diagram which contains the
anomaly, similar to the calculation of the anomaly of a spin 1/2 field
in 2 dimensions which we performed in section 5.2. The corresponding
diagram for a scalar in the loop reads

V)= A = [@r T @T @) . (677

If 0_¢ = 0, on-shell the coupling to gravity reduces to %h**T 4+ where
T+ = 0+904p, and we can compute V(p) using either z-space methods
of conformal field theory or momentum space methods [1].

A non-manifestly covariant action describing a chiral boson in two di-
mensions has been introduced by Floreanini and Jackiw in [76] and cou-
pled to gravity in [77, 135]. It can be used to prove explicitly the existence
of a gravitational anomaly for this bosonic system, as we shall briefly re-
view now. The action describing a chiral boson coupled to gravity is

L=pp —Fo'y (6.7.8)

where dot and prime indicate derivatives with respect to time 2° = 7 and
1

space ' = o, and F = 2‘1)—1 = —%. It is convenient for the moment to

denote by E,* the inverse of the vielbein e,%. The equation of motion
reads 5

e (¢-F¢') =0 (6.7.9)

and with suitable spacelike boundary conditions it gives the correct chiral
equation in curved space

p—Fg =0 —  E "9,0=0. (6.7.10)

The Lagrangian is not manifestly covariant. Nevertheless it is invariant
under the following general coordinate transformations

sp = (&' + Fe)y
Se® = £0ye,® + (Bu6")e, (6.7.11)
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from which it follows
OF = €70, F + 0o&' + F(00€” — 01¢") — F20,8° . (6.7.12)

Note that on-shell the transformation rule of the chiral boson ¢ coincides
with the usual transformation rule of a scalar field.
To compute the gravitational anomaly it is convenient to express F' in

terms of the variable h__ = ¢ —e® _ —ef—:, already used in section 5.1,
ert+eg™ er
see eq. (5.1.56). One then finds F' = % It is now easy to extract

from the Lagrangian the linearized coupling to h__
L=Lo+ Lint=(pp — ') +2h__p'¢ +--- . (6.7.13)

The free propagator is given by

(e@)ol)) = (20— ) a—)

p . i p 1
_ ip(z—y) °_IF 6.7.14
o e 6T

where p - @ = pra® +p_x”, p? = pup’ = —2pip-, pr = J5(po £ p1)
and —ie is the Feynman prescription giving the correct causal boundary
conditions. The leading term of the effective action is then

7
WOR = £(S%,)

— %//dede 2h——($)<(,0/($)(p/(x) <P'(2/)<p’(y)>2h__(y)

7 2
= 5/(37];2 h——(p)U(p)h——(-p) (6.7.15)
where
p+k
U() = 4 [ de v () (2) £ 0)6'0)) = 7&
—k

- _4/ (;ljr’; (P14 K1) (py +Ey) Faky (6.7.16)

(p+k)2—ie k%2 —ie

Analytic regularization can be employed as in section 5.2 to obtain

.3
_ Y (P g2
Up) = 5, <p, 3p1) . (6.7.17)
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Up to the local term —3p3_, which can be canceled by a counterterm, the
resulting effective action

1 d2 3
WS =g [ et s )hp 61y
produces the expected gravitational anomaly, as in (5.1.62) for the chiral
fermion (there we looked at the opposite chirality). These calculations
confirm that there is a genuine gravitational anomaly for this selfdual
antisymmetric tensor field. This construction can be extended to 4k + 2
dimensions to calculate the correct gravitational anomalies for selfdual
AT fields using the Feynman rules obtained from an action [78].

Let us now sketch how we are going to compute the gravitational
anomaly of the real selfdual AT in n = 4k + 2 dimensions, using quan-
tum mechanics and following [1]. First we add a whole array of other
real AT which are not selfdual and Which therefore have no anomalies:
F=0,F,=0,AF, =0,A,—0,A,,..., Fju,..u, = 0. The reason we add

these AT is based on a simple but useful fact: one can use bispinors?®
Yap to describe their field strengths all at once
" 1
Fi, = L@b ( )Pe (6.7.19)
1...my on/a af\Ymy..m;

For example in 2 dimensions we have 1,5 = P .0up. Chirality of

758
Yo, defined by (75)a0‘/¢a/3 = 1043, implies selfduality of the AT. Since
the AT only couple to gravity by means of their field strength F,, m,
we can build Feynman graphs if we know the vertices for the interaction
of Fy,,..m, with gravity, and the propagators of F},, ,,,. Knowing the
vertices and propagators of F},, ., we can construct those for ¢,3. The
calculation of Feynman graphs along these lines was performed in [1], and
discussed in a textbook [3]. Here we are interested in the QM approach to
these problems We shall write down a covariant transformation law for

@Daﬂ = 941/1a,8, compute the corresponding Jacobian, and use a regulator
exp(—AR) with R = JID in the trace, just as for the chiral spin 1/2
and 3/2 fields. Here ] is a Dirac operator for the bispinor which will be

20 Bispinors are also called Dirac-Kéhler fermions. They were introduced by Kahler in
1960 [112] and discussed by Banks et al. [113]. Actually, already in 1929 C. Lanczos,
nowdays best known for his work in classical mechanics, had studied a modification
of the Dirac equation of 1928 with quaternions [114]. He found that this modified
theory described an antisymmetric tensor. Quaternions can be represented by the
four Pauli matrices (I, &) as the bispinor o*a4.
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described below (see eq. (6.7.36)). For the Jacobian the two indices av and
B of 1, are treated differently, just as the spinor and vector indices of the
gravitino. We call the corresponding spaces the a space and the § space.
We find again a covariant translation in both the « space and 3 space,
while in the 8 space we find an additional Lorentz transformation which
acts on the spinor index. As in the spin 3/2 case, one needs this extra
term in the tranformation law in order that the action of the nonlinear
sigma model only contains the combination Rij = R;j — 2(Di§; — D;&).
Hence, the only difference from the spin 3/2 case is that the extra Lorentz
transformation acts on a spinor index instead of a vector index. We use
ghosts ¢* and ¢ in 3 space, and fermions ¢{ in « space, again as in the
case of spin 3/2. 2! Finally we reduce the trace to Feynman graphs in
quantum mechanics and find again the anomaly as a product of a factor
for the «a trace and a factor for the 3 trace.

We now give the details. First we discuss the properties of the gamma
matrices v, in 4k + 2 dimensions. We consider n = 4k + 2 dimensional
Fuclidean spaces because the regulator regulates in all directions in mo-
mentum space only if we use Euclidean space. In the space with 2,10,18,...
dimensions a symmetric Majorana representation exists [107]: all Dirac
matrices v, can be chosen as real and symmetric 2/2 x 27/2 matrices sat-
isfying {Vm, Yn} = Omn With dpmn = (+1, ..., +1).22 In all even dimensions
there is a charge conjugation matrix C, satisfying nymC;l = 1L,
which is related to the usual charge conjugation matrix C_ satisfying
C_ymC~t = —L by C, = C_~5 as one easily checks. This matrix
C. is the unit matrix in our case, and we will use it to raise and lower
spinor indices. Hence we need not be careful whether the spinor indices
are up or down. Furthermore, it is now clear that 1,3 in (6.7.19) is real
for real F,,. m, (actually, as explained below, we use in Euclidean space
complex field strengths). The chirality matrix denoted by ~5 is given

2l In [1] the extra spinor index (3 is treated on equal footing with the spinor index «,
by introducing a second set of Grassmann variables 15 in addition to the Grassmann
variables ¥{ in a space, rather then treating (3 space as an internal space and using
ghosts ¢, and ¢”. In the susy model underlying the approach of [1], the ¢ and
15 appear symmetrically, and this yields an N = 2 model. It can be obtained by
dimensional reduction from the N = (1,1) model in 1 4 1 dimensions, see appendix
D.

22 From supergravity or string theory one knows that there exists a Majorana represen-
tation in ten-dimensional Minkowski space with a real matrix s [133]. Interchanging
the matrix vo and s, one obtains a Majorana representation in Euclidean space. The
chirality matrix in Euclidean space is equal to i, hence purely imaginary and anti-
symmetric. The same results hold in two dimensions with o1 and ¢3. In six Euclidean
dimensions, an example of a purely imaginary antisymmetric representation is given
by the set of matrices yr ® o2, 7172773 ® 01, i717273 ® 03, and s ® I, where the v,
form a Majorana representation in four Minkowski dimensions.
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by 75 = (=1)"/?1...7n (where 5, = —i7y such that 42 = 1) so that s
is purely imaginary and antisymmetric with square unity. In the oppo-
site case, Euclidean spaces with 6,14,22,... dimensions, one can choose
an antisymmetric purely imaginary representation of the Dirac matrices.
Then C_ equals the unit matrix. We shall continue below with the case
of 2,10,18,... dimensions, but there is a parallel treatment for the cases
n=6,14,22 ...
We define

TYmi..mp =

1

o <7m1...7mp +(p!'—-1) permutations) . (6.7.20)
SO Ymy...m, 18 the totally antisymmetric part of the product of p Dirac
matrices with strength one. Two formulas one needs are

(’le‘..mp = Tmyp..m1 (6721)
Tr Yy .omp Ynp.ng = 2”/2(5m1m...5mpnp + (p! — 1)perms of (nq...ny)) .

)T

For example for n = 2 and p = 2 one has (712)? = 721 and
Tr TYmnVrs = 2(6ms6m" - 6mr(5ns> . (6722)
The propagator of an arbitrary AT in Euclidean space is

A"k pim_n 1
iy @y 00) = [ (e

X (8pyvy Oy, £ (P! — 1) perms of (v1...1)) . (6.7.23)

(and (p(z)p(y)) = [ (g:fn etk(@=y) k% for a scalar). Our metric is such that

k* = k? +--- + k2 in n-dimensional Euclidean space. For our purposes
we need the propagator of two field strengths in momentum space

1
<F#1~~~#p+1 (k)FV1~"Vp+l (_k» = ﬁ(kﬂlkl/l 5#2V2"'5up+11/p+1 (6'7'24)

+ all permutations of p; and all cyclic permutations of v;) .

This propagator has (p + 1)(p + 1)! terms.
The propagator of the tensors Fj,, , ., determines the propagator of
the bispinor. We claim that the latter is given by

1
(Yap(k)bss (k) = 55 | (5K)ar (v5K)gs + K0ardss] . (6.7.25)
To prove this formula we insert the definition of the bispinors in (6.7.19)
into the left-hand side

1 & o 11
2 ) Fo () G Jas (0 Do 1
=0 o
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L1 vy
= 5u72 ;E(kulkylaf;;..,(sg;)(mw)aﬁ(vl O]
1 1 HEY Hi-e- 2 1
- 2n/2? Zk k (’yﬂl~~~#2#)0¢ﬂ(7 1/)76 (6726)
1=0

(-1

On the other hand, a Fierz rearrangement of the first term on the right-
hand side of (6.7.25) yields 23

53 5B (5K)55 = 3 (058 ()

1
= onj2 952 Z lj(Vul..-uz)aﬂ(k’YsV“l"'m’YE)k)év
=0 "

=1
- 2”/2 k; z:l_(’)/}/«1...,[”)o(,glf2(/'>/l"l"'/»‘1)5’y

1 -1 —1)!
T on 952 Z (z( - i)!21‘3#1(7u1..-uz)aﬁ(%’)’“l"'w)&y . (6.7.27)

The first term is a Fierz rearrangement of —#k%mé(sg and the second
term become equal to (6.7.26) after using

(), = (=)' )5 = () (7245 (6.7.25)

This proves the expression for the 1,3 propagator.
The sum of the stress tensors of the AT fields in terms of bispinors is
given by

T (¥) = i?ﬂw%&(%%)m(%%)m +(pev). (6.7.29)

Note that the two types of indices o and § are propagated independently
in (6.7.25) and do not get mixed by the interactions in (6.7.29).

We shall again calculate the anomaly in Euclidean space, but here we
run into the problem that tensors which are selfdual in Minkowski space,
no longer are selfdual in Euclidean space because the square of the duality
operator ' — *F equals —1 in Euclidean space. To still be able to
use Euclidean space we therefore complexify the AT in Minkowski space,
and divide the final answer for the anomaly by a factor 2 to undo the
complexification.

23 The general formula reads Mq,Nsg = # Yoo (Vs )ap (N #1 M) 5, and
can be proven by taking the trace with (y"”"!)s, using 2",%Trfym,”M'y”l”"’l =
§pt...6;0 £ (I — 1) permutations.
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The duality operation from one field strength to the dual of another
becomes F' — i*F in Euclidean space. It corresponds to multiplication
of one of the indices of 1,3 by 75, for example

waﬁ - (75)aalwa’ﬁ . (6.7.30)

(Recall that 75 is purely imaginary in Euclidean space). In particular the
field strength with 2k + 1 indices is mapped into ¢ times its own dual.
Hence the matrix %(1 + 75)a® projects this field strength onto to its
selfdual part. Consider a Feynman graph with gravitational couplings to
T, (F) at all vertices, except at one vertex where one couples to a selfdual

AT as %h’“’TW (%(F +i*F )) It corresponds in the bispinor approach to
a loop with couplings to T}, (1) at all vertices, except at one vertex where

one projects onto a chiral bispinor (which we denote by ). The stress
tensor at this vertex reads

1

1 / 1 /
TWWL) = Z( _;75)@& ¢a’ﬁ( —;75)77 Qb'y’&(')’;f%)av(%/%)ﬁa
+pu = v). (6.7.31)

The transformation rule 0y, of the AT is, as in the spin 3/2 case, a
sum of a covariant translation and a Lorentz transformation; the latter
acts on the flat vector indices of the AT

Ssym (&) Fimy..mp = E(Dﬂgﬂ +&"Dy) +51L(D[m€n})}ﬁm1mmn . (6.7.32)

In the bispinor approach this corresponds to

5Sym(€)@zaﬁ = %(Duéu‘}‘quu)@Zaﬁ (6.7.33)
1 ;o 1 ;-
+1D[m€n] (,ymn)aa wa’ﬁ + ZD[mfn} (an)ﬁﬂ waﬁ’

where the Lorentz transformation now acts both on the a and § in-
dices. The last term can also be written as —%D[mfn]waﬂ/ (v 5 be-
cause spinor indices are raised and lowered by the charge conjugation
matrix which is the unit matrix. Now we would like to compute the grav-
itational anomaly due to 2d,y,(§), which is precisely the transformation
used both in the spin 1/2 and 3/2 cases. To rewrite this transformation
in a useful form which will make the calculation easy, we derive again
a lemma, this time applied to the bispinor instead of the spin 3/2 field.
The lemma uses the regulator R = I, where the Dirac matrices v
which contract D, act in « space (i.e. as matrix multiplication from the
left). The lemma states that for the anomaly calculation d..,(§) equals

—25l(gfspace)(D[m§n]), where the Lorentz transformation 5l(gfspace) acts in
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a-space and is analogous to the 6&/ 2) acting in the spinor space of the

gravitino. Thus with this regulator one finds the relation

2Waym(€) = Geon(€) + 201, T (Dipu) (6.7.34)

Then the transformation law of the bispinor density which produces the
Jacobian can be written as

SawPap = [0con(€) +26() P (D)) (6.7.35)

1 1l ~ /1 ; ~
= (D" + " Dy)ap™” vy +200% D) (V™™)g” barpr -

The covariant derivative (D,,)a5% " contains spin connection terms which
act on both spinor indices of 1o3. (The Lorentz transformations can be
transferred from Fy,,  m, to 1.3 because the Dirac matrices are Lorentz

invariant tensors). The regulator is proportional to fDﬁ where
- 1" 1 1"
D = g ) [0 0455 + Jwima (™) o 65

1 mn " _
e () 85 | g7 (6.7.36)

The connection in the § sector can be treated as a Yang—Mills field, so
adding anticommuting ghosts we write

" = c/’é('ym”)ﬁﬁ/cﬁ/ , {cﬂ,cfy} = (55 (3 sector) (6.7.37)

This is analogous to the replacement of the internal symmetry generators
(T,)! ; which we discussed before.

The term in the « sector is treated as for the spin 1/2 case, hence in
the «a sector we set

A = 2%‘1&1{ ) {wi‘,wll’} = 5o (a sector) . (6.7.38)

The regulator DD leads to a term with D, D" and a term with v**[D,,, D, |.
The latter contains curvatures in the « sector and curvatures in the 3 sec-
tor

~ ~ 1 1
PP = g iDu/99" Dyg 4
1 1 .
+¢?¢11)(§Rabcdwf¢il + ZRabmnC ,Ymnc) .
(6.7.39)

The operator D,, is given by the expression inside the square brackets in
(6.7.36).

231



The covariant translation in (6.7.35) yields a term D[ifj]qiqj in the
sector, while the extra Lorentz transformation of the [ indices (whose
parameter was D&y ) produces a term D&nc*y™"c in the (B sector.

In both the « sector and the (§ sector we again encounter the combination
1

1 Brmnab 11 — D) - (6.7.40)
The trace in the « sector leads to gq loops which produce a factor
1 R/4
exp =trln | ——=— /~ . (6.7.41)
2 sinh R/4

where the trace tr is over the vector indices of Rij = Rz‘jab@b?@b%- This was
discussed in section 6.3. The trace in the 3 sector produces a trace

1
Tref/2 = Tr exp gwfl/)ll’Rabmn’ym" (6.7.42)

where the trace Tr is over the spinor indices of v™". This was discussed
in section 6.2 (the antihermitian matrices $4™" (m < n) correspond to
the antihermitian Yang—Mills generators Tj,).

Putting these factors together, we find for the gravitational anomaly

due to a selfdual real antisymmetric tensor field in n dimensions
—i)2 . n
An(grav, AT) = 527‘3% /(dnxéq/g(xo)) (H dwtll,bg>
a=1
1 1 a,bp mn
_Z Tr €xp g% wlRabmnV
1 R/4
exp —trln <7/> (6.7.43)

2 sinh(R/4)

The minus sign in the factor —% is due to the fact that we are now comput-
ing a loop with bosonic bispinors instead of fermionic fields. The factor i
is due to the factor % from the chiral projection operator %(1 + 5) which
appears in the Jacobian, and the factor % one needs to undo the complex-
ification of the AT which was needed to be able to go to Euclidean space.
Since the symmetrized trace of an odd number of Lorentz generators van-
ishes?* the first factor only yields products of an even number of R terms,

24 From group theory we know that SO(2n) has Casimir operators of rank 2,4, ...,2n —
2,n. However the trace over n generators in the spinor representation vanishes. In
10 dimensions the first factor yields a contributions with six R factors (a hexagon
graph), but not a contribution with five R factors; for example, the product of five
Lorentz generators with all indices different from each other is proportional to the
trace of the chirality matrix s, which vanishes.
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and so does the second factor because Sin’im is even in z. It follows that

there is only a gravitational anomaly in n = 4k 4+ 2 dimensions, as
in the case of spin 1/2 and 3/2 fields.

The trace over the spinor indices in Tr exp (%}?mn'ym”) with Rmn =

Rmnab@b?wlf — 4D[m§n] can be rewritten as a trace over the vector indices

of Rynn as follows. We can skew diagonalize the real antisymmetric matrix
R,,» so that it attains the 2 x 2 block form

(a1
—x
Z2

Ry = 2 (6.7.44)

with real z;. We then decompose the 22k+1 dimensional spinor space as a
direct product of 2k +1 two-dimensional spinor spaces, and we can choose
™" such that ' acts nontrivially only in the first two-dimensional sub-
space, 734 in the second two-dimensional subspace, etc. Then the expo-
nent of the direct sum becomes the direct product of the exponents

n/2

Rt™ = Qesp &

=1

1~
Rgl 121’)/2l 121 (6.7.45)

OOl’—‘

In each subspace the trace yields 2 cosh ];?21_1721 since the square of 72l_1’21

equals minus unity and R%m has —sz- along the diagonal. Except for

the factor 22**1 which is the dimension of the spinor space, this is the
same result as one obtains from exp trlncosh R. Hence we can make the
following replacement in the expression for the anomaly

Tre(sfmny™) = g2k+1 exptrincosh R/4 . (6.7.46)
In the end, we need 2k + 2 factors R because we need one factor with
D[mfn] and 2k + 1 factors Rmmbw%wl{ to saturate the integral over the
fermionic zero modes. We can then absorb a factor 22512 into f?,mn, which

leads to another overall factor % The overall factor is then —%.

Our final answer for the gravitational anomaly of a real selfdual AT is
given by

An(grav, AT) = (2 i) /(d”xo\/gTo) (H dif bg>

)2

(
1 R/2
( ) exp — trl <m> (6.7.47)
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where R = Rynapl§9 — 2(Diné&pn — Dpém). We need in+1 factors of R
in n dimensions to saturate the Grassmann integral (one of the R should
yield the DE). The « index has yielded the usual result for spin 1/2
with the sinh, while the § index has yielded a similar result but with
cosh. Together they yield the tanh. The prefactor —% comes form the
$in 2(14 v5), from the fact that we consider real AT fields, and from
the conversion of the trace over (3 spinor space into a trace over vector
indices.

The reason 3 space gives a different result from « space can be traced
to the fact that we acted with the operator %(1 + v5) only in the « space
to project out the selfdual part of the AT fields. In the approach of ref.
[1] this means that the fermions v¢{ have periodic boundary conditions
whereas the fermions 1§ are antiperiodic (see (2.4.7) and (2.4.9) and
footnote 21).

6.8 Cancellation of gravitational anomalies in IIB supergravity

The gravitational anomaly for a complex chiral spin 1/2 field, a complex
chiral spin 3/2 field, and a real selfdual antisymmetric tensor field are
given by

An(grav, spin 1/2) = /exp ltrln <R/4>

2 sinh(R/4)
An(grav, spin 3/2) = / [(tr eR/Z) — 1} exp %trln (%)
11 R/2
An(grav, AT) = /_é exp itrln (tanh(R/2)> . (6.8.1)

where we recall that R = Rz‘jabﬂ}ibgWibQ —4Dp;€j1. The symbol [ denotes

\n/2 .

the measure % ST dzgv/g(@o) TTisa dvf by

As a first application we check that in 141 dimensions the gravitational
anomaly for a complex chiral spin 1/2 field is equal to the gravitational
anomaly of a real selfdual antisymmetric tensor (chiral boson?®). This
result is well-known in string theory where it is used in the calculation of
the central charge [133]. For this purpose we need the term quadratic in
R (one of these R yields the contribution proportional to D};{;)). We find

25 A selfdual antisymmetric tensor in 2 dimensions satisfies 0, = €.,0"¢ or (9o +
01)p = 0, and thus describes a left-moving (chiral) boson.
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for a complex chiral spin 1/2 field
1 R/4 1 1o~
exp=trln| ———=——] = exp| — ztrln(1+4+ =(R/4)" + ...
Py <sinh(R/4)> p| - girin (14 (R4 +..)|

1
= - (/4 + (6.8.2)

while for the chiral boson we obtain, using tanhz =z — %x‘% 4+

1 1 R/2 1 1 1, -
—g exp itrln (m) = —g exp |:— §trln (1 — g(R/z)Q + )i|
1
= .. - 4—8tr(R/2)2 + ... (6.8.3)

Clearly the anomalies are equal.

A less obvious case is I11B supergravity. This theory contains: a com-
plex chiral spin 3/2 field, a complex antichiral spin 1/2 field, and a real
five-index selfdual antisymmetric field strength. To check that the sum of
these anomalies cancels, too, we must expand the formulas for the anoma-
lies to sixth order in R. Let us simplify the notation and denote R/ 4 by
y and try” by t,.

The spin 1/2 field yields

N 1, 1, 1,
An(1/2) = exp _—§trln <1+§y —i-gy —l-ﬁy —i—)}

1,1, L, }
= exp |—— —ty — ——
PIm15"2 T 3507 ~ 5701

. 1 t] { Ly L 2}
- 122 360 1 288
1 1 1,
- - - . 8.4
+{ 56700~ 432072 10368t2} + (6.8.4)

The spin 3/2 field yields

An(3/2)

[tr (1 + 2y + §y4 - 4%3,/6 + > - 1] An(1/2)

3 45

(n—1)+ {(2— (n1_21)>t2}
+K— n3g01) <“+ nggsl))t%}
1 S0t (a0 i)
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+<L ("_1)>t3} +
144 10368 ) 2| T 7

(6.8.5)
The selfdual AT field yields
An(AT) = —% exp {—%tr In (1 - %43;2 + %163;4 - %64y6 + ﬂ
1 2 28 1984
- e [itz PG ]
= —l—l—{—im] {7t4—it]
8 12 90 * 362
+ {—ﬁtﬁ + —t2t4 — LIf :| + ..
2835 135 162 2
(6.8.6)

One may check that for n = 10 all terms of sixth order in R (the terms
with tg, tat4 and ¢3) cancel in the following combination

An(3/2) — An(1/2) + An(AT) =0 . (6.8.7)
Indeed

4 9 1 248
(E_ 5670) 5670 2835

1 9 1 7
(‘%‘M)*MH—%—O

1 9 1 1
(m B 10368) * 1036 162 O (6.8.8)

This corresponds to the cancellation of gravitational anomalies in type
I1B supergravity [1].

6.9 Cancellation of anomalies in N = 1 supergravity

As we mentioned in the introduction, Alvarez-Gaumé and Witten derived
compact expressions for chiral and gravitational anomalies in any dimen-
sions in 1983 [1]. Then they applied these formulas to IIB supergravity
in 94 1 dimensions where gravitational anomalies are present, and found
that they cancel. We discussed this in the preceding section. They also
applied these formulas to N = 1 supergravity in 9+ 1 dimensions coupled
to Yang-Mills theory, but in this case the sum of all anomalies did not can-
cel, and they concluded that the N = 1 theory is anomalous. Green and
Schwarz [4] noted that even if anomalies do not seem to cancel, it is some-
times still possible to construct a local counterterm in the action whose
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variation cancels the anomalies. In such cases one has candidate anoma-
lies which are not genuine anomalies. They indeed were able to construct
such counterterms, but only for certain choices of the gauge group of the
Yang-Mills theory, namely SO(32) and Eg x Eg. Thus this constituted
a double success: N = 1 supergravity was also non-anomalous, and in
addition the gauge groups were determined. In this section we show that
anomalies in N = 1 supergravity can indeed be canceled; this is straight-
forward and only the expressions of the gravitational anomalies which we
obtained before are needed. It should be noted that Green and Schwarz
also showed that in string theory the anomalies in the Yang-Mills sector
(the open string sector) cancel. They considered the NSR string. There
are in this case three sets of string loop diagrams to be computed: a planar
graph, nonorientable graphs (graphs with an odd number of twists) and
nonplanar graphs (graphs with an even number of twists). The last graphs
do not produce anomalies, while the first two graphs contain anomalies
which sum up to a complicated expression multiplied by a factor (14 3—2”),
where n = —1 for SO(n), n = +1 for Usp(n) and n = 0 for U(n) [115].
Thus also in string theory the anomalies of the open string cancel, but
only for SO(32). The cancellation of the Yang-Mills anomalies in N =1
supergravity for the group Fg x Fg corresponds in string theory to can-
cellation of anomalies of the heterotic string. The analysis of the closed
string, which should lead to cancellations of anomalies involving external
gravitons has never been worked out. (TRUE??7)

The anomaly cancellation in the dual version of N = 1 supergravity
(with a 6-form instead of a 2-form field B) was given in [116].

After this work on 941 dimensional supergravity, similar work was done
in other models. For example, in 6 dimensions the authors of [117] studied
cancellation of gravitational anomalies for supergravity coupled to several
matter multiplets, and found several solutions. There are again BARAR
counterterms [116]. There exist auxiliary fields for N = 2 supergravity
in 6 dimensions [118], so one could in principle construct supergravity
actions with Chern-Simons terms (using tensor calculus supergravity).
More recently, anomaly cancellation on K3 x S7/Zs has been discussed
[119].

The field content of N = 1 supergravity coupled to N = 1 supersym-
metric Yang—Mills theory is given by

(eum,d}uLaXRaBuuaSo) and (AZ,)\%) (6.9.1)

where 9,1, is a Majorana-Weyl (real chiral) gravitino, x g a real antichiral
“dilatino”, and e, is the real vielbein, B,,, is a real antisymmetric tensor,
while ¢ is the real dilaton. Further Aj is the Yang-Mills field with gauge
group G, and A\ are real chiral “gauginos” (partners of the gauge fields).
Note that the gauginos are in the same representation of G as the gauge
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fields, namely the adjoint representation. This is due to supersymmetry
which requires that the fermionic partner of the gauge field be in the same
representation of the gauge group G as the gauge field. The chirality of
the gaugino is the same as that of the gravitino but opposite to that of
the dilatino. Furthermore, all fermionic fields are real fields in Minkowski
space, so we should add an extra factor % to our formulas for anomalies
because they were given for complex chiral fermions. However, since
we shall require that anomalies cancel, we shall not keep these overall
factors % Ahead of time we mention that the antisymmetric tensor field
B,,,, though not selfdual nor antiselfdual, will play a crucial role in the
construction of counterterms, and precisely because the representation
of the gauginos is the adjoint representation, it is possible to cancel the
Yang-Mills anomalies.

For readers not familiar with supersymmetry and supergravity, we men-
tion that the N =1 in “N = 1 supergravity” refers to the fact that there
is only one real chiral gravitino and one real chiral supersymmetry pa-
rameter. The IIB theory has two real chiral gravitinos which one often
combines into one complex gravitino (as we did in the previous section).
There is also a ITA supergravity theory with one real chiral and one real
antichiral gravitino; this is a “vector theory” with one real nonchiral grav-
itino, which is free from anomalies. (One might call this theory N = (1, 1)
supergravity, and the previous one N = (2,0) supergravity, but this ter-
minology is not common). The number of bosonic states matches the
number of fermionic states, both for the N = 1 Yang-Mills theory and
for the N = 1 supergravity theory: 8 = 8 for the Yang-Mills theory and
(%8 x9—1)+ %8 XT7T4+1= %(8 —1)x 16+ %16 = 64 for the supergravity
theory.

There are three sets of anomalies to be dealt with, which we now first
briefly introduce:

I) Purely Yang-Mills anomalies. These are due to a hexagon loop
with the gaugino A in the loop coupled to external Yang-Mills fields.

Wiggly lines denote external Yang-Mills gauge fields. There are no loops
with a dilatino or gravitino because these fields have no minimal couplings
to the Yang-Mills fields. (There are nonminimal couplings of the form
@Z”’y”)\FW but these do not lead to anomalies). We shall see that the
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counterterm which cancels these anomalies in the case of G = SO(32)
has the form

ALY L BtrF* 4+ Wy WYy (6.9.2)

For Eg x Eg the counterterm is different, and we shall construct it in
appendix F. The counterterm is a ten-form which is integrated over ten-
dimensional space. The symbols wg denote Chern-Simons k-forms, and
the subscript Y stands for Yang-Mills. The reasons that Chern-Simons
actions appear has to do with the fact that the anomalies we derived be-
fore are covariant anomalies, whereas the counterterm which we shall
construct cancel consistent anomalies. The latter are obtained by us-
ing the descent equations as we shall discuss, and the descent equations
produce Chern-Simons terms. If the covariant anomalies cancel, then
also the consistent anomalies cancel, and vice-versa. This is discussed in
general articles on anomalies [2] and we refer to these articles for proofs.
However, the fundamental anomalies are the consistent anomalies because
they yield the variation of the effective action. The consistent anomalies
can be constructed in two steps: first the general form is given by the
descent equations, and then the coefficients are fixed by matching the
leading term of the consistent and covariant anomalies (up to an overall
constant [2]). Thus we shall cancel consistent anomalies by counterterms,
while the covariant anomalies are merely a technical tool.

The hexagon graph is the first graph which can be anomalous (just like
the triangle graph is the first graph which is anomalous in four space-
time dimensions). There are also polygon graphs with 7 vertices, 8 ver-
tices, etc., but these graphs merely complete the leading expression from
the hexagon graph. The complete consistent anomaly must satisfy the
so-called consistency conditions which are so strong that if one knows
the leading term of the consistent anomaly (corresponding to hexagon
graphs), the other terms are completely fixed. (Because the transforma-
tion law 64, = 9,A + [A,, A] is nonlinear in A,, one obtains relations
between terms with different numbers of A fields). The leading term
in the consistent anomaly is equal to the leading term in the covariant
anomaly up to an overall factor (g + 1)71, but since we are concerned
with the question when anomalies cancel, we shall not keep track of this
overall constant. Thus, if the leading terms in the one-loop anomaly can-
cel, all nonleading terms also cancel. We shall actually obtain directly the
complete formulas for the consistent anomalies and the complete coun-
terterms, so we shall not restrict ourselves to only the leading terms.

IT) Purely gravitational anomalies. The counterpart of the purely
Yang-Mills anomalies are the one-loop graphs with only external gravi-
tons. Since all fields couple minimally to gravity, but only chiral fermions
yield anomalies (there are no selfdual antisymmetric tensor fieldsin N = 1
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supergravity), the graphs to be studied are the following

Curly lines denote gravitons. The counterterm which cancels these anoma-
lies will be derived below and has the generic form

AL ~ B(trR* + (trR?)?) + Wl w9 . (6.9.3)

The subscript L stands for Lorentz. This counterterm is of course inde-
pendent of the gauge group G, so it is the same for the SO(32) theory
and the Eg x Fg theory. Its structure is very similar to the counterterm in
the pure Yang-Mills case, but note that the we now need Lorentz Chern-
Simons terms, instead of Yang-Mills Chern-Simons terms. In the N =1
supergravity theory one encounters Yang-Mills Chern-Simons terms in
the action and in the transformation rules, but no Lorentz Chern-Simons
terms [120]. Thus in order to cancel anomalies one has to go beyond the
minimal N = 1 supergravity theory. It is not known whether one can
construct an extended supergravity theory with a finite number of fields
which contains Lorentz Chern-Simons terms in the action. Most experts
believe that this is not possible, and that by adding a Lorentz Chern-
Simons term to minimal N = 1 supergravity, and adding further terms
to obtain local supersymmetry, the answer is the full string effective ac-
tion (whatever that means). Formally, Lorentz Chern-Simons terms are
similar to Yang-Mills Chern-Simons terms. The only difference is that
the Lorentz group SO(9,1) is noncompact, whereas we shall only con-
sider compact Lie groups for the gauge fields. The anomaly cancellation
is a local phenomenon (local in spacetime) at the perturbative (one-loop)
level, so issues of compactness or noncompactness do not matter as far
as anomaly cancellation is concerned. (We shall, however, sometimes
perform partial integrations, so to be precise we should state that we
restrict ourselves to manifolds without boundaries, such as compactified
R0 space).

IIT) Mixed anomalies. The third and last class of anomalies are the
mixed anomalies: hexagon graphs with at least one graviton and at least

240



one gauge field.

We may distinguish the case with r gauge fields where r = 1,2,3,4,5.
(The case r = 0 and r = 6 correspond to purely gravitational and purely
Yang-Mills anomalies, and for given r the gravitons and the gauge fields
may appear in any order). The structure of the counterterm which cancels
these anomalies is of a form which we might expect in view of the coun-
terterms previously given. For SO(32) the counterterm has the following
form

AEmi:ced,SO(32) ~ B(tI‘FZtI'RZ + W:(a%) Wi(%())} (trF2 + tI“R2)
0 0 0 0
D 4 650

The counterterm for the Eg X Eg case is again different. There are no

counterterms of the form w:g%) wé%) (trF? + trR?) or wég/) w:(,g) (trF? + trR?)

because they vanish. (The 6-forms ng) wé%) and wég)) w:(g,) vanish since

interchanging two 3-forms yields one overall minus sign). Actually, we
shall not separately construct the counterterm for the mixed anomalies
but rather construct the whole counterterm at one fell swoop. The reason
is that the field B, transforms simultaneously into gauge fields and into
gravitational fields; as we shall discuss

Sgauge B = wit) —wll) . (6.9.5)
(1 (1

Here wyy- and wy; are 2-forms which are constructed from the variation
of wég/) and wé(i) as we shall discuss. It is clear that substituting dgqugeB
in the counterterms AL and ALYM yields variations which contain
simultaneously gravitational fields and gauge fields (“mixed variations”).
Rather than first constructing ALYM and AL97*, and then using their
mixed variations in the construction of AL™%¢d it is easier to construct
the complete AL at once.

However, to isolate the salient points where one finds the restrictions on
the gauge group, we shall first construct ALY and ALY M separately.
Then, as we already said, we shall construct ALt

The covariant gauge anomalies for a complex spin 1/2 field were derived
earlier

Anyy = /Tre%F
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1- 1
SF = EFC?,,Taqpibgwbl,bg + 0T, . (6.9.6)

The symbol [ was defined below (6.8.1). In 10 dimensions we need the
terms with six I (recall that we need terms linear in 7%, so in one curva-
ture we must take the term n®T,; we are then left with five curvatures,
i.e. a ten-from). Thus the anomaly is proportional to

Anypr ~ Tr FC . (6.9.7)

(The precise coefficient in front does not concern us here; later when we
construct AL we shall be careful with coefficients). There are now
two issues we must deal with:
(i) the relation between traces of expressions in the adjoint representation
(in particular Tr F©) and traces in the vector representation (which we
shall denote by the symbol tr).
(ii) the construction of consistent anomalies from the descent equations.
We now briefly discuss these issues, and then return to the construction
of counterterms.

Traces in group theory

Consider the adjoint representation of SO(n). (We begin with SO(n)
because this is the simplest example, but we shall also discuss the other
groups). The carrier space (the space o which the group acts) is given by

a “vector” vy = —vy where k,l = 1,...,n. The group SO(n) acts on vy,
as follows
Vi — Vg = () 5 () = Z Q™ U (6.9.8)
m<n
Thus the pair of indices I = (k,l) with k < [ runs over N = 3n(n — 1)

values, and we can also write
v — v = Qv I,J=1,.,N. (6.9.9)

On the other hand, the adjoint transformation can also be written in
terms of the defining representation of SO(n) (the n x n real orthogonal
matrices denoted by O,,” ). Namely

Q)= Q) = OO vy =23 OO v . (6.9.10)
KU k<l

Note that we discuss here group elements for finite transformations, thus
OT = O~ ! and O itself is not antisymmetric, however vy is antisymmet-
ric. We can then write the following relation between the adjoint and
vector representation of SO(n)

Q™ = 0,0 — O,"O™ (6.9.11)
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where k£ < [ and m < n. Readers who are not sure whether one should
add a factor 1/2 or not, may check this relation for the case of SO(3).

We need relations between traces of products of generators in the ad-
joint representation, and similar traces in the defining representation.
They can all be derived by taking the trace of the group elements in
(6.9.11). Namely, set m = k and n = [, and sum over k and [ from 1 to
n. This yields

Q= ZQI]:ZQkalzleklkl
i k<l 251

i > (0ol - ook

k=11=1

[(r0)? =t (0%)] . (6.9.12)

N = N

To find expressions for traces over elements in the enveloping Lie algebra
(products of elements in the Lie algebra such as Tr F'9), we write Q = e
and O = e where A lies in the adjoint representation and A lies in the
vector representation of the Lie algebra of SO(n). From (6.9.12) one finds
(after multiplying by 2 to simplify the notation)

1

3!
= [ra+at a2+ %(A)?’ +-9)]

24+ 247 4] (6.9.13)

IMred — 2Tr(1+A+%(A)2+ (A +---)

2

Comparing terms with the same number of factors yields a hierarchy of
relations for SO(n)

2Trl = (tr1)? —trl=n(n—1)
TTA =0 (because tr A = 0)

TrA? = (n—2)tr A?
( )
TrA* = (n—8)tr A 4 3(tr A%)?
TrAS = (n—32)tr A® + 15(tr A?)(tr A?) . (6.9.14)

The first line gives the dimension of the adjoint representation.

For Sp(n) one finds the same formulas, but with + signs instead of —
signs because the adjoint representation for Sp(n) is given by a tensor
v which is symmetric?6 (ki = vi). As we shall see, anomalies which
are factorized (such as trF%trF%) can be canceled by counterterms, but

26 The group Sp(n) leaves the bilinear form z‘Q;;y? (i,5 = 1,...,n) invariant, where Q;;
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non-factorized expressions (such as trF®) can never be canceled. This
immediately rules out the Sp(n) groups, and of the SO(n) groups only
SO(32) needs to be kept.

What about SU(n), or the exceptional groups? For SU(n) the carrier
space for the adjoint representation in terms of the vector (= defining)

representation is given by vectors v;’
(Uv)? = UZ* vt = w®(w*) vt (6.9.15)

This adjoint representation is obtained by taking the direct product of
the n and n* of SU(n) and removing the trace?’, hence v is traceless,
vi*¥ = 0. Thus the dimension of the adjoint representation of SU(n) is
n? — 1. We have then

U = w(u*)?) — %555{“ (6.9.16)
and taking the trace we obtain
TrU = (tru)(tru®) — 1. (6.9.17)
Setting U = e and u = e, with A in the adjoint representation of the
Lie algebra of SU(n), and A in the vector representation, leads to

'H(L+A+%ﬁAF+§ﬂAﬁ+.”>:

tr(1+A+5(A) +---)tr(1+A+a(A) +o) =1, (6.9.18)
Equating terms with the same number of generators yields

Tr1 = n?—-1

A =0 (because tr A = 0)

Tr A% = n(tr A% + tr A*?)

TrA® = n(tr A3 +tr A™)

Tr A = n(tr A* 4 tr A*) + 6(tr A?)(tr A*?)

TrA® = n(tr A + tr A*0) + 15(tr A?)(tr A*)
+15(tr A% (tr A*2) +20(tr A3)(tr A*3) . (6.9.19)

is non-degenerate and antisymmetric 2;; = —€;;. Then for infinitesimal transforma-
tions 2 — Mz one obtains M7 + QM = 0. The matrices QM are symmetric, and
define Sp(n) (they are the generators of Sp(n) in the defining representation). They
act on vy just as in (6.9.10), but now (6.9.11) obtains a + sign instead of a — sign.
Actually in supergravity and string theory one uses the group Usp(n) which is the
intersection of U(n) and Sp(n,C). It has the same symmetry properties as Sp(n).

2T One may identify each v;” with an n x n matrix with only an entry in the i-th row and
j-th column; if the sum of these matrices v;? is a matrix v which is antihermitian then
the transformation rule for v correspond to a commutator of v with the generators
in the fundamental representation. Clearly the carrier space define by v is n? — 1
dimensional.
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The first line gives the dimension of the adjoint representation. Because
the generators A of SU(n) in the fundamental representation are anti-
hermitian n x n matrices and the trace is invariant under transposition,
we may replace tr(A*)* by (—)*trA*. Hence, all SU(n) groups must be
rejected because the coefficient of the leading term (2n) never vanishes.
Also U(n) must be rejected because the only difference with SU(n) is the
relation Tr I = n? — 1 which becomes Tr I = n? for U(n).

Finally we consider the exceptional groups. Here the coefficient of
the leading term sometimes vanishes identically, due to properties of the
Casimir invariants C%. Let us first list these Casimir invariants for the
simple Lie groups

SU(n) : Cy,Cs3,--+,Cyp,
SO2n+1) : Cy,Cy,---,Cop
Sp(2n) : Cq,Cy,---,Cop
SO(2n) : Co,Cy,--+,Cop 2,0y,

Gy : C9,Cs

Fy : C3,C4,C3,Cho

Eg @ Cq,C5,C6,Cs, Cy, Cra

E7 1 Cy,Cg,Cs, Crg, C12,Cr4,C13

Eg : Cy,Cs, Cia, Cia, Cug, Coo, Co, Cag - (6.9.20)

The Casimir operators C}, for a representation R are obtained by contract-
ing a totally symmetric irreducible tensor in the adjoint representation
d™ % with the generators in the representation R

Ci(R) = d™ (0 ... () (6.9.21)

By irreducible we mean that “traces” (contractions with lower-order in-
variant tensors) have been removed. The usual Casimir operator corre-
sponds to the quadratic Casimir operator, with d® equal to the inverse of
the Killing metric gop = fpa?f@?. (According to the definition of semisim-
ple groups, these groups have an invertible Killing metric). For example,
for SU(3) one has Cy(R) = gabTéR)Tb(R) and C3(R) = d“bcTéR)Tb(R)TC(R),
with d®¢ the “d-symbols” which yield the chiral triangle anomalies in 4
dimensions?®. For SO(6) one has Cy = ¢*T, T}, C3 = eijklm”Tikalen
(where T;; with i < j corresponds to T,) and Cy = T;;T*T), T".

One can construct invariant tensors by taking traces over products of

generators, tr(Téf) : --Téf)) = Téf) ap- These Tél )ak are invariant ten-

28 For SU(n) we define the d symbols by {TE(F>,Tb(F>} = 19w+ idabcgc‘iTéF), where
(F) denotes the fundamental representation. One usually normalizes the generators
such that guy = —dap. In that case trTéF)Tb(F) = —%6(11,.
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sors. Again we may restrict our attention to Téﬁ,),ak which are totally
symmetric and irreducible. Since for given k there is only at most one

such invariant tensor, we have T, CEF)% = Ty (R)dq, ..q,- For the quadratic

Casimir operators one has Tii ) = To(R)gap where To(R) are called the
Dynkin labels. There is a simple relation between Co(R) and T2(R), ob-
tained by tracing Co(R)

dim G Ty(R) = dim R Cy(R) (6.9.22)

where dim G denotes the number of generators of the gauge group, and
dim R denotes the dimension of the representation R.

For certain representations of certain groups it may happen that for
certain k the trace trF’* does not contain only a term with the irreducible
dg,..q;, but also products of terms with lower dimensional dg,.. q,. Sup-
pose this happens for two representations Ry and Re. Then one finds
a relation of the form tr1 F¥ = atroF* + b (trg F¥=™)(trg F™) + ---. In
particular, for our purposes it will be crucial that the trace of F¢ in the
adjoint representation, denoted by TrF®, does not contain a term with
the maximal Casimir invariant dg, . 4. As we now discuss in more detail,
this means that TrF® factorizes, and factorization will permit the con-
struction of counterterms which cancel anomalies. The trace TrF® can
be written in terms Casimir invariants which are irreducible and totally
symmetric invariant tensors in the adjoint representation. For example,
for SO(n) one should symmetrize TrT,, - - - T, and remove traces to ob-
tain Cg. (The Kronecker symbol 6% is an invariant tensor of SO(n)). For
other groups one should subtract contractions with all invariant tensors
if they exists. Then TrF% becomes a polynomial in the invariant tensors
dq,...q, contracted with curvatures F'** ... F'% . Next note that TrF k con-
tains a term with d,,..q, if the latter exists, but the coefficient of this
term may vanish.

Consider now FEg. Since it has no Casimir invariants of rank less than 8
except the quadratic Casimir invariant, it follows that TrF® must factorize
into a constant times (TrF?)3. For E7 one will still be left with a term
involving Cg and for Fg, Fy and G9 the same situation holds. We analyze
these groups in appendix F, but we mention here that their anomalies
cannot be canceled: these groups must be rejected. So, only Fg has a
chance to be anomaly free. At this point we mention ahead of time that
from an analysis of anomalies in the purely gravitational sector it will
follow that the number of generators should be 496. Miraculously, this is
the number of generators of Fg x Eg and of SO(32). So, our analysis of
traces in the fundamental representation of the gauge groups has narrowed
the choice of the gauge groups down to Eg x Eg and SO(32).

Actually there are two further solutions. One possibility is [U(1)]4%;
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here anomalies can be canceled but since it not known how to construct a
string theory which has this gauge group and also produces the Standard
Model group SU(3) x SU(2) x U(1) by some other mechanism, this case
has received little attention. Another possibility is Eg x [U(1)]**8, but
again no string theory is known which can accommodate this group, and
we shall not pursue this possibility further.

Descent equations

We summarize here the construction of the consistent Yang-Mills and
gravitational anomalies in n dimensions from invariant polynomials in
n + 2 dimensions by means of the descent equations. For proofs see [2]
or [134]. The construction proceeds in 5 steps. Afterwards we shall give
examples.

1. One starts from an invariant (n + 2)-form 49 with n even, for
example trFz ) or trR%H, or tngfltrRz, or trF'2~trR2, etc. The
curvatures are defined by F' = dA + AA and R = dw + ww. Any repre-
sentation of the Yang-Mills generators can be used.

2. Since dI,+2 = 0 (easy to prove, using dF = [F, A] and dR = [R,w]
and cyclicity of the trace), I,+2 is closed and therefore exact, I, =

dwglzl (closure implies exactness, at least locally in n + 2 dimensions).

The (n + 1)-form wfloll is the Chern-Simons term.

3. The gauge variation of the Chern-Simons term is an exact form

dgauge wfgzl = dwM where  w(M) = trAd(...) . (6.9.23)

The proof of this relation can be found in [2]. This shows that the Chern-
Simons term is invariant under rigid (constant A) gauge transformations,
and the Chern-Simons action (the integrated Chern-Simons term) is in-
variant under infinitesimal gauge transformations (if there are no bound-
aries).

4. The consistent anomaly G is given by

G(A) = (n+2) /w,(}) . (6.9.24)

Note that G is linear in the local gauge parameter A(z). To indicate
this we write G(A). Because we can choose A(x) nonvanishing only in
a small region, the integral is always well defined. If one begins with a
compact n + 1 dimensional manifold B whose boundary is n-dimensional
spacetime X, then the gauge variation of the Chern-Simons term in B is
the consistent anomaly in X

5gauge/ WT(LOJZl :/C%(ll) . (6925)
B by
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5. The consistent anomaly G(A) must satisfy the consistency condi-
tions??

Bgange(A)G(A2) — pauge(A2) (A1) = G(ALAL)) . (6.9.26)

The reason is that the consistent anomaly is the response of the effective
action I' under a gauge variation:

G(A) = dgauge(A)T = / dx (5gauge(A)A;‘;(x)) M%(x)r . (6.9.27)
nw

The consistency conditions state that two ordinary derivatives 5% of the
m

effective action I' commute. Let us prove that G in (6.9.25) indeed satisfies
the consistency conditions in (6.9.26). Imagine that the n-dimensional
space ¥ over which G = [y, ¢ is integrated is the boundary of a (n + 1)-

dimensional ball B. Then, using that dg = d4quge wgﬁl, we obtain

G(A) = /B dg(A) = Sgauge () /B WO, (6.9.28)

Since [0gauge(A1); Ogauge(A2)] = Ogauge([A1,A2]), the consistency condi-
tions are satisfied.

Let us now give two examples; these examples will be used in the con-
struction of the counterterms.

Example 1: d = 2.
In this case one begins with Iy = trF? (or TrF?; it does not matter
which representation one uses for the descent equations). Then the Chern-
Simons form is

Wi = tr(FA - %A?’) . (6.9.29)

Since dgquge wéo) = d(trAdA), as one readily verifies by using dgquged =
DA = dA + [A,A] and Sgauge F = [F, A], we find

Wit = trAdA . (6.9.30)
So the consistent anomaly in 2 dimensions is
G(A) = 4 / %z trAdA | (6.9.31)
The consistency conditions reduce to

/ @ (tr(AadDA) — tr(Ar1dDA)) = / P tr([Ar, AodA)  (6.9.32)

29 In the BRST formalism one replaces A by a ghost ¢. Then the BRST variation
removes the terms G([A1,A2]) on the right hand side and the consistency condi-
tions reduce to the statement that the consistent anomaly must be BRST invariant:

QG(c) =0.
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which is clearly true since dd = 0, and

tI‘AQd[A, Al] — tI‘Ald[A, AQ]
= 2131"[/\1, Az]dA - tI‘Ad[Al, AQ]
= tI‘[Al, AQ]CZA + d(tr[Al, AQ}A) . (6933)

Example 2: d = 6.
We start from Ig = trF™*. Then the Chern-Simons term is

4 4
Wi = tr[(dA)*A + g(dA)2A3 + 2 dAATAAA + 20A4° + ?Aq
1

2 1 1
— tr [F3A _ 2R3 _ gFAQFA + gFA5 ~

- AT (6.9.34)

One may check that dwgo) = trF*. To compute the gauge variation of this
expression, all terms due to dgquge A = [A, A] and dgquge F' = [F, A] cancel
in the trace due to cyclicity, and one only needs to use dgquge A = dA.
One finds that

Sgauge W) = tr[F3dA + -] = dtr[AdAdAdA + - -] . (6.9.35)

(1)

0 = dwg one obtains

Since dgquge Wy

wi = trAd(dAdAA + - -+ (6.9.36)

and the consistent anomaly is now
G(A) =8 / & trAd(dAdAA + ) . (6.9.37)

The reader may complete the terms denoted by ellipses, but we shall not
need the explicit form of these terms.

Cancellation of pure gravitational anomalies

The covariant purely gravitational anomalies due to spin 3/2 gravitinos
and spin 1/2 gauginos and a spin 1/2 dilatino were given in (6.8.4) —
(6.8.6). The gaugino consists of dim G spin 1/2 fields, because gauginos
are in the adjoint representation. The hexagon graphs correspond to
terms with six curvatures, and extracting an overall minus sign we get

Angrgy = (dimG —1)An(1/2) + An(3/2)

1 1 1
= (dimG —1 t tot 13
(dim ) {5670 6+ 132072 T 10368 2]

+[(—i+i)t +(i+—9 )tt
45 5670/ ¢ T \20 4320/ *
+ (—L + 9 > tﬂ
144 ' 10368/ 2
dim G — 496 dim G + 224 dimG — 64 4

— ' totg + —— 2743 (6.9.38
5670 6T 1390 244 % 0368 2 ( )
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where t, = try™ and y = R/4w. (All fields are real, so we should add
an overall factor 1/2, but at this point we are not interested in overall
factors). As we explained before, products of traces have a chance of being
canceled. Hence, since trRS is nonvanishing (it is easy to write down a
10 x 10 antisymmetric matrix A for which trA® is nonvanishing), we must
restrict the number of generators dim G of the gauge group G by

dim G = 496 . (6.9.39)

The remaining terms then simplify considerably
- - 1 -
Angray = ctrR2[trR* + Z(trR?)ﬂ (6.9.40)

where the constant ¢ (¢ = 1/6) does not interest us at this point. We want
now to apply the descent equations to find the consistent anomaly and the
counterterm, but for this we must first find the invariant 12-form I from
which to start. One obtains I12 by replacing R by R in Ang.qy; indeed,
it will reproduce the leading terms in Ang.q, as we shall see. Thus,

Iy = ctrR? [trR4 + i(trRQ)Q] . (6.9.41)

Since dl15 = 0, I itself is dwgtl))L where

1
w%?)L = acwé? [trR4 + Z(tng)ﬂ
1
+ (1 - a)ctrR? [wgoL) + Zwé(i)trRQ} . (6.9.42)

As a check note that dwéOL) = trR* and d(w%) + iwéOL)trRQ) equals trR* +
(0)

i(trRz)Q, so we have a free parameter o in w;;7. We now show that as
far as cancellation of anomalies by counterterms is concerned, any value
of a can be taken.

Since the terms proportional to « are annihilated by d, they are d-exact.
(They are given by ad(—wé‘?w%)). Since any term d.X in wﬁ))L =..+dX
will lead to a term dyquge X in the anomaly which can be removed by a
counterterm AL = — X, any choice of o will be allowed. We shall impose
Bose symmetry (o = 4/12) because this will yield an expression for the
consistent anomaly whose leading term agrees with the leading term of
the covariant anomaly

1 1
wﬁ)L = % {4%(,,02 (trR4+ 2 (trRQ)Q) +8trR? (wgoL) + ZwéoL)trRQH . (6.9.43)
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The gauge variation of this Chern-Simons term is then the following
exact form
0 1
Ogauge W§I)L = dw%o)L
4c 1 1
= ﬁdng) (trR4 + Z(trR2)2)
8¢ 1 1 1
+Ed(wéL)trR2 + ngL)(trR2)2> . (6.9.44)
Hence the consistent anomaly (with all subleading terms included) reads
1 1
Geons = c’/dx {wélL) (trR4 + Z(trR2)2) + 2(w&) + ng—jtrRQ)trRQ} .
(6.9.45)

Let us now compare this result with the covariant anomaly in (6.9.40)
by expanding R;; = Ri; — 2(D;&; — D;&;) and taking the terms linear in
(Di&; — D;&i)

Geop = ¢’ / d:c[(tngR)(trR4 + z(trR2)2) + z(trD5R3)trRﬂ . (6.9.46)

Since the leading term in wélL) and (trDER) are AdA and DEdw, respec-
tively, they agree if we note that A = w for the Lorentz group, and identify
A with DE. Similarly, wéIL) and trDER3 agree as far as the leading terms
are concerned. Hence the consistent and covariant anomalies agree, and
this was done by fixing « according to Bose symmetry.

The counterterm whose variation is equal to minus the consistent anomaly,
is given by

[ 8Lgraw = [laBOR + 5 +owul)]  (6.0.47)

where the constants a, 0 and  are still to be determined. To construct
the gauge variation of this counterterm, one must first discuss how the
2-form B transforms.

In the N = 1 supergravity theory coupled to Yang-Mills theory, the

action contains the modified field strength H = dB + w:(g/). Supersym-
metry requires this combination [120, 133], but we can rescue Yang-Mills

gauge invariance by defining that d44uge B = —wg/). We now extend the

definition of dgquge B to include a term wélL) because then we shall be able
to cancel anomalies

Sgauge B = wit) — W) . (6.9.48)
Although we shall not need it, let us mention that this suggests also to
introduce a modified field strength

H=dB+w) —uwl) (6.9.49)
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It is invariant both under gauge transformations and under local Lorentz
transformations. One then finds from [dH = 0 over a compact space
that [(trR? —trF?) = 0. This is used for Kaluza-Klein compactifications
to Calabi-Yau manifolds.

With the gauge variation of B fixed, we can now construct the varia-
tion of the counterterm. It varies into the following purely gravitational
expression

SAL graw = ¢ [awly) (trR* + B(trR%)?) + vdwlY ') + 10D dw}] (6.9.50)
where we used that dyquge B = wglL) + ---. Partially integrating to make
curvatures out of the Chern-Simons terms yields

OAL graw = c'[awélg (trR* + B(trR*)?) — 'y(wélL)trR4 - wélL)trR2)] (6.9.51)

Let us now compare this expression with the consistent anomaly in (6.9.46).
Choosing —a+v =1, v = —2 and aff = —3/4, the variation of the coun-
terterm cancels the gravitational consistent anomaly. Hence, the purely
gravitational anomalies can always be canceled by a suitable counterterm,
as long as the gauge group G has 496 generators.

Cancellation of pure Yang-Mills anomalies

We now consider the opposite case, namely the pure Yang-Mills anoma-
lies (anomalies due to Yang-Mills gauge transformations which only de-
pend on Yang-Mills fields). The covariant Yang-Mills anomalies due to
hexagon graphs with a gaugino in the loop are proportional to rJ‘:1VF6. We
already discussed that for SO(32) the anomaly factorizes into (tr F'2)(tr F'4)
where the trace tr is now over the defining (vector) representation. Hence,
we start from I = trF2trF* and obtain the Chern-Simons term in 11
dimensions by extracting d

Wity = awPtrFt + (1 - a)wiPtrF? | (6.9.52)
Bose symmetry sets o = 14—2 and (1 —a) = %, but this time we keep « to

see where it ends up. The consistent anomaly is then
Greons = / de[awirFt 4 (1 - a)wierF?] (6.9.53)
The counterterm is now of the form
ALy = aB(trF* + b(trF?)?) + cwz(g)wg/) . (6.9.54)
where the constants a, b and ¢ are to be determined. Variation yields
dgauge ALy v = [—awg,)(t]rF4 + b(trF?)?) + c(dwé%/) wg) + wgf) dwéy)}
= [—awM (trF* + b(trF2)?) — cwlDtrF* + cwtrF?) . (6.9.55)
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(1)

where we have used dgquge B = —wsyy-. Hence, for a+c=a,c=a—1and
b = 0, the Yang-Mills anomalies are also canceled. These equations have
a solution for any «. Hence, the purely gauge (Yang-Mills) anomalies
can be canceled for SO(32). In appendix F we obtain the same result for
Eg X Eg.

Cancellation of mixed anomalies: the complete counterterm

Finally, we consider mixed anomalies. In fact, as explained before,
we consider all anomalies together. The covariant anomalies come from
Ang o(Pu), Angj(x) and Angja(A), but only Ang/s(A) depends on F.
The purely gravitational anomalies are recorded in (6.8.4), (6.8.5) and
(6.8.6). We need to multiply the result for An;/, in (6.8.4) by Tref' — 1

where the —1 refers to the dilatino. We absorb a factor —% into each R

and F. The total result for the terms which contribute to the anomaly in
10 dimensions reads

Ang o () + A”1/2(X) + Anyjp(N) =
= /dm - — + i)tr(R/SW)

9670
+(20 + %)tr(}{/&r) tr(R/8m)
+( - ﬁ + ﬁ)(tr(ﬁ/&r)%g
i+ %tr(R/&r) + 3%()&(3/8@ + fig(tr(}z/sm 2
- 6170tr(fz/87r)6 ¥ potr(R8m) (R )
+ To3es (*(R/8)°) ’]
x[(dim G —1) - 5Tr(ﬁ/47r)2 + iﬁ(ﬁ/@)‘*
—%Tr(ﬁ/élw)ﬂ} . (6.9.56)

The —1 in (dimG — 1) accounts for Anj/s(x). The mixed anomalies

involve TrE? and TrF*. Substituting dim G = 496, but not yet using any
other properties of the gauge group, yields for the total covariant anomaly
in ten dimensions

An(total) = /dm { trR*trR* + 32(trR2)3
—(—trR4 L i) )TeF?
240 192
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1 H2 4 1 6
—trRPTyF* — —TrFS| . 9.
37t R = (6.9.57)

In order that the total set of anomalies can be canceled by a counterterm
involving the field B, the anomaly must factorize as follows

An(total) = R? + atrF2) X (6.9.58)

where a is a constant, and X is a polynomial in R and F. This is only
possible if TrF® factorizes: it should be possible to write it as a linear
combination of TrF* TrF? and (TrF?)3

TrF® = b Tr FATrEF? + ¢ (TrF?)? . (6.9.59)

Note that so far we have only been dealing with traces Tr over the ad-
joint representation. Later we shall express the traces TrEF'4 and TrF? for
SO(32) in terms of the traces trF* and trF? over the defining represen-
tation. For Fg x Ejg all results will be given in the adjoint representation
because in that case the adjoint representation is equal to the defining
representation.

The purely gravitational and purely Yang-Mills terms can always be
factorized when (6.9.59) holds, and then the anomaly must be of the
form

~ ~ 1 = 1 ~ ~ ~
An ~ (trR* + aTvrF?) [gtrR“ + o5 (R + dwRP TR

b - c ~
——TrF* — —(TrF?)?| . 6.9.60
5 THF" = 15g (TtF°’] (6.9.60)
Note that there appears a new constant in X, namely d.
In order that this formula also correctly reproduces the cross terms, the

following conditions should be satisfied

1 a 1
R*F? terms : —214—02§b = (1:—3—(i
R%*F* terms : —%:—ﬁ = b:E
(R?)%F? terms : —@:%—1—11 = d:—ﬁ
R*(F*? terms: 0= _Fca +ad = c¢=-— (1210)2 . (6.9.61)
Hence, anomaly cancellation is only possible if
TrFS = 8TrF4TrF2 — W(T&"FQ) (6.9.62)
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If this relation holds, factorization of the anomaly is possible, and the
anomaly is given by

1

_ r2 Lo o\ (L 5 212
An = W/dx (trR — %TrF )[gtrR + 32(trR )
L memme Lo e 1 F212
——trRIrF° + —Tr "™ — ——(TrF . (6.9.63
it T 4 g I — o (WEYY] . (69.63)
We now specialize to the case SO(32) for which
TrF? = 30trF™
TrF* = 24tr F4 4 3(trF?)?
TrF® = 15tr F 4 F? (6.9.64)

Expressing TrF in terms of TrF* and TrF?, one finds that (6.9.59) is sat-
isfied. In terms of the traces over the fundamental representation (6.9.63)
reduces to

1 1 ~ 5
Iy = —(47T)6/dx [E(UR —trF)

- e - 1 - 1 -
(trF4 - %trF2trR2 + gtrR4 + ﬁ(m#)?)} . (6.9.65)

Note that no term with ((trF2)3 is present. The consistent anomaly is
thus

1 1 1
G ~ /dm {ﬁ(w%} — wg—})(trF4 — étrFZtrR2 + —trR* + —(trRQ)z)

8 32
1—
+(1 = B)(trF? — trR?) (wé;) — %wg/)trRQ - %trﬁﬂwé?
1 1
+§wglg + ﬁw&)trRQH (6.9.66)

where a and 3 are free parameters.

We can now construct the counterterm. We have a two-parameter

solution, depending on « and 3, but using Bose symmetry we set a = %

and § = % Then the counterterm is given by

ALsotar ~ 5B [trF4 + gl R? gtrR4 + 3—2(trR2)2}

2
+§(w3y — w3r) X7 (6.9.67)

where dX7; = Xg with Xg the coefficient of %B

1 1 1 1
X7 = wry — Ecugyter2 — EtrF%ugL + §W7L + 3—2w3LtrR2 . (6.9.68)
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Variation of this counterterm indeed cancels the consistent anomaly. Note
that the transformation rule of B is fixed by requiring that anomalies
cancel; it reads 6B = wélL) — w%}, and for example 0B = wglL) +wg), would

have made anomaly cancellation impossible.

6.10 The SO(16) x SO(16) string

As a last example of anomaly cancellation in a field theory we consider
the SO(16) x SO(16) heterotic string theory. The massless sector leads
to a field theory in 10 dimensions with gauge group SO(16) x SO(16) and
chiral spin 1/2 fermions in the 16 x 16 vector representation of SO(16) x
SO(16), and further antichiral spin 1/2 fermions in the 128 x 1 and the
1 x 128 spinor representations of SO(16) x SO(16). Hence there are again
Yang-Mills anomalies and gravitational anomalies, and we shall apply the
general formulas to check whether these anomalies cancel. The anomalies
are contained in the expressions

—iF /A —iF /A —iﬁ/47r)

— triggx1 e —trixisse

X eXp Etr log (Sm;(zié%)] (6.10.1)

(tl"lﬁ x16 €

Denoting trigx16 — triogx1 — trixiss by Tr, the relevant terms are

1

Angorar = (TI“I)Anl/2 — (%Trﬁ‘z) (E) (%TYRLI + %(Trf#y)
+(iTrF4) (%TYRQ) - %OT”% : (6.10.2)

First of all we note that TrI = 256 — 128 — 128 = 0, hence the purely
gravitational anomalies cancel: —32 = 16(—2). Also TrF? = 0 but to
prove this relation, and deduce other relations for TrF* and TrFS, we
must first express TrF? into trigFP where by trigF? we mean the trace
over the defining vector representation of SO(16). We shall now first
derive expressions for TrF'2, TrF* and TrF%, and then return to the issue
whether one can find a counterterm to cancel anomalies.

To begin with, consider the spinor representation of SO(16), denoted
by its dimension 128. We claim that

tI‘128F2 == 16t1‘16F2 . (6103)
To show this, we consider the generator A for a rotation in the x-y plane,
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corresponding to A = %’}/1"}/2 in the spinor representation

0 1 0
-1 0 O
0 0

1
0 Apgg = 7' . (6.10.4)

Arg = 5

16x16

Since chiral spinors of SO(16) have 3256 = 128 component, while trA%; =
—2, and trd%,; = —1128, we see that (6.10.3) holds: —32 = 16(—2).
Consider next TrF2. It contains trigx16F> = 16(tri6F? + trigFy) and
t1"128><1F2 = 16tr16F12 and tI‘1><128F2 == 16t1‘16F22. Thus indeed TI'F2 =0.

We turn to the expression TrF*. It contains the following contributions

trigx16Ft = 16tr16F} 4 16tr16Fy + 6trigFtrigFs (6.10.5)
note that F = | ® Iy + I; ® Fy, hence F* contains cross terms)
tr128X1F4 = 16t1"128F14 s tl"1><128F4 = 16’51‘128}724 . (6106)

To proceed we must express triogF* into trigF*. We do this as follows:
we assume
tr128F4 = atr16F4 + b(tr16F2)2 (6107)

and evaluate these expression for two suitable generators. The first choice
is obviously given by (6.10.4). The second choice of a suitable generator
is the simultaneous rotation in the xz-y and z-z plane

0 1 1 1 1

w=|-1 00 Algs = =mr2+577° . (6.10.8)

2 2
=10 0/ 16x16

The first generator in (6.10.4) satisfies

1

16 (A1e)> = =1, (Aw)'=1 (6.10.9)

(A128)* =

and (6.10.7) yields 5128 = 2a + 4b. The second generator satisfies
( ’128)2 = —%, hence

1 -2 0 0
( ,128)4 = 7 ( /16)2 = 0 -1 -1
0 -1 -1 16x16

0
0) . (6.10.10)
0



Then (6.10.7) yields 1128 = 8a + 16b. From these relations one finds a
and b

tr128F4 = —8tr16F4 + 6(tI‘16F2)2 . (6.10.11)

From here it is easy to obtain TrF? in terms of trigF* and trigF>2.
Namely

T‘I"F4 = tI'16><16F4 — tI‘128F14 — tr128F24
= 24trigF} + 24tr16Fy — 6(trigF2)? — 6(tr1F5)?
+6trig FPtriFy . (6.10.12)

The last expression we need is the relation between TrF° and trFS, trF*
and trF2. We claim that

TrF® = CLtI‘lGFG + btr16F4tr16F2 + C(tI‘lﬁF2)3 (61013)

with @ = 16, b = —15 and ¢ = 14—5. This relation follows again by pos-
tulating this expression and then evaluating it for 3 suitable generators.
As such we take the rotation in the z-y plane in (6.10.4), the simultane-
ous rotation in the z-y and z-z planes given in (6.10.8), and finally the
simultaneous rotation in the z-y, x-z and y-z planes

0 1 -1 -2 1 -1
h=(-1 0 1 =1 2 1
1 -1 0 16x16 1 1 —2 16x16

6 -3 -3
Ayt = -3 6 -3
-3 -3 6 16x16

Algg = %71’72 + %’Yl’}’s + %V2’73 ( /1/28)4 = —% . (6.10.14)
One finds then the following 3 equations for a, b, ¢
(—%)3128 = a(—2) + b(—4) + ¢(-8)
(—%)3128 — a(—16) + b(—32) + c(—64)
(—%)3128 = a(—54) + b(—108) + ¢(—216) . (6.10.15)

This yields indeed
6 6 4 2 15 2\3
triog F° = 16trigF"> — 15trigF trigEF™” + Z(tl‘wF ) . (61016)
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From here it is straightforward to evaluate TrF®
TrF6 = trigx 16F6 — tr128F16 — tI‘lggFQG
{16tl‘16F16 + 15t1‘16F14tI‘16F22 + 15tr16F12tr16F24 + 16131‘16F26}

15
—{16t1‘16F16 - 15t1‘16F14tI‘16F12 + Z(trlﬁFf)S

15
—|—16t1‘16F26 — 15t1‘16F24t1“16F22 + I(trlgFg)g}

= 15(t1“16F14 + tI‘16F24)(t1“16F12 + tr16F22)

15
- (116 FD) + (tr16F3)°?] (6.10.17)

Note that the dangerous non-factorized terms tr16F16 and tr16F26 have
canceled.
Finally we add up all contributions to the anomalies

1 =y 1 1 -
— T FH(—TrR?) — — TrF% . 10.1
5 T )(48 rR?) 50 r (6.10.18)

We expect this expression factorizes. Indeed does factorize

Antotal - (

1 52 2 2 4
24 % 48 [TI‘R - tI’16F1 - trlgFQ}trlﬁF . (61019)
From here on, we follow the same path as before: we omit the twiddles
in Ansuq to obtain I9, extract an exterior derivative d to obtain the 11
dimensional Chern-Simons term, and vary it to obtain the integrand for
the consistent anomaly. One expression for the latter is

Antotal =

= —c/dm wé? 21) wé%)TrFA‘

Yy

—|—§c / da [trR? — try6F2 — trigF2Jwy  (6.10.20)

where TrF* = dX; and 6X; = dw( ) . The last term is rewritten as
(0)

gc [ dx wi(,’%) wg% — w3y, 0X7. The counterterm whose variation cancel
G is then given by

ALyl = BTrF* — 3( W) — Wi — W)X (6.10.21)

Thus the gravitational, Yang-Mills and mixed anomalies of the Majorana-
Weyl fermions in the SO(16) x SO(16) string can be canceled by a suit-
able counterterm. This is a nontrivial result because the string is not
finite (there are infrared divergences due to dilaton tadpoles). However,
it is modular invariant (large-diffeomorphism anomalies on the worldsheet
cancel).
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7

Trace anomalies from ordinary and susy
quantum mechanics

We now turn to a second class of anomalies, namely the trace anoma-
lies. These are anomalies in the local scale invariance of actions for scalar
fields, spin 1/2 fields and certain vector and antisymmetric tensor fields
(vectors in n = 4, antisymmetric tensors with two indices in n = 6, etc.).
From a technical point of view, these anomalies are very interesting, be-
cause one needs higher loop graphs on the worldline to compute them.
In fact, due to the 8 dependence of the measure of the quantum mechan-
ical path integrals, A = (27h8)” %, one needs (5 + 1)-loop calculations
in quantum mechanics for the one-loop trace anomalies of n dimensional
quantum field theories. Already in 2 dimensions one needs 2-loop graphs,
and in 4 dimensions 3-loop graphs. Another interesting technical point
regards the fermions. In the path integral they now have antiperiodic
boundary conditions. Originally we devised a path integral approach in
which fermions were still treated by an operator formalism, and in which
actions are operator valued [24]. We shall instead present here a complete
path integral approach, with ordinary actions, in which the fermions are
described in the path integral by Grassmann fields. The results we get
agree with the results in the literature for trace anomalies obtained by
different methods (see [121], for example).

We shall separately discuss the anomalies for spin 0, spin 1/2 and spin
1 fields.

7.1 Trace anomalies for scalar fields in 2 and 4 dimensions

The classical action of a massless real scalar field ¢ in n dimensions, which
we take for definiteness with Euclidean signature, is Weyl invariant after
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one adds a so-called improvement term to the action

1 (n—2)
— dn - uv L — 2 —
1
Swe =12 . Swou = o(x)gu (7.1.1)
The proof of the Weyl invariance is easy if one uses d;yR = —oR + (n —

1)D*D,0, see appendix A. In the QFT path integral we integrate over
¢ = g'/*p and then one obtains a functional Z of the metric

Zlgu) = [ldgletStPad (7.1.2)

The field ¢ transform under Weyl rescaling as dywp = %Ugb in any di-
mension. Under an infinitesimal local scale transformation of the met-
ric, combined with a compensating change of the integration variable
@ — @+ Sy such that the action remains invariant, one obtains the
following Jacobian

) 1
A i = [ d"z Swag"” Zlgl = — | d"* M
mv(spin0) = [ d'wowg ozl = oo [ dve oy (L)
Sy & 1
= lim Tralfpefﬁ73 = lim Tr —~ge % . (7.1.3)
£B—0 8@ £B—0 2

We defined the stress tensor by 71, = %(;g%s. Classically S[g +
oW v, @ + 0w = Slgu, @], hence on-shell the trace of the classical
stress tensor vanishes, 25W9Wﬁ5 = /goT,} = 0. At the quantum
level, there is an anomaly, proportional to the regulated trace of the unit
operator. The regulator R is fixed by requiring that it preserves Einstein
invariance and reads

R =—g "0u/59" 0y /" — €R . (7.1.4)

This regulator can be derived from the algorithm of [75]: one adds a
mass term \/§m24p2 to the Weyl invariant action which preserves Einstein
symmetry but breaks Weyl invariance, and one constructs R from the
terms quadratic in quantum fields. The fact that one cannot write down
a mass term which is simultaneously Einstein and Weyl invariant implies
that there may be an anomaly in these symmetries. In fact, we shall see
that an anomaly appears in even dimensions. We choose again to preserve
the Einstein symmetry, thus locating the anomaly in the Weyl symmetry.

To evaluate the anomaly we shall use the same quantum mechanical
approach as for the chiral anomalies, and consider

Anyy (spin 0) = éin%] Tr Js(:r)e*gH
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H = %9_1/4101‘\/59”]9]’9_1/4 - %ﬁgéR (7.1.5)
where og(x) = %cr(x) is the product of the Weyl weight of ¢ and the Weyl
rescaling parameter.
Trace anomalies for scalars in 2 dimensions

To evaluate the trace (local scale) anomaly for a real scalar field in n
dimensions, we use the transition element discussed in part one of this
book. In terms of og = %0 we obtain

Anyy (spin 0,n = 2) = Tr Us(x)e_%H

— [ Tl dziy/staoyos(eo) wole 7 z0)
=1
= [ dzoy/g(ao)ors(ao) W (e +5™), (7.16)

_Lgint _1/0 w0+ 0) — 9iy(20) } (@ + 6 + a'ad)
5 ﬁh _12 G5 \ L0 1j\<0

0 1 1 .. 1
—Bh /_1 (§R+ gg”riklrﬂ’f — 5gR)dT . (7.1.7)

One can use any regularization discussed in the first part of this book
and for definiteness we have chosen time slicing, so that we have included
the corresponding counterterm in the action. In n = 2 dimensions the
action for a scalar is Weyl invariant by itself, £ = 0, which has enormous
implications for string theory. We must extract the term proportional
to Bh from (exp(—£S™)) to cancel the factor (8h)~! in the measure.
Since propagators are proportional to Sh while vertices are proportional
to (BRh)~! or Bh, we need tree graphs with one vertex proportional to 37,
or graphs with one more propagator than vertices.

To facilitate the computation, we introduce normal coordinates in which
the symmetrized derivatives 0(;0;. .0, I'y,,)P at = x¢ vanish. Then

9ij(xo +q) = gij(wo) — %Riklj(xo)qkql - éDmRiklj(xO)qmqkql
— Rkt (0)q"¢"¢" ¢ + - - (7.1.8)
where ) )
Rnnintj = 55 DmDnBikj + ERikmplenp : (7.1.9)

All Riemann curvatures in this chapter are curvatures in terms of Christof-
fel symbols, and not spin connections. We refer to appendix A for defini-
tions.
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Only the 2-loop graph with the topology of the number 8, and the
tree graph with the R and I'T' vertex (but with F]k(:co) = 0 in normal
coordinates) contribute. We find

Anw (spin 0,n = 2) = /d2$0\/m05(350)(27715h)
/0 {( B ;ﬁl>< _ %Rikqukql(qiqj + b +az’aj)> + (_ﬁh)éR] dr

-1

£t
<[ Ban [ @@ 60 +aair - tR]. (710
EDEAENE N

The propagators (¢'(0)¢’ (7)) = —Bhg¥(2)A(o,7) with A(o,7) = o(T +
D0(c—7)+7(0+1)0(7—0c) and (a’(0)a’ (1)) +(b* (o) (1)) = —Bhg" (2)*A (o, T)
with *A(o, 7) = 2A(0, 7) help in canceling the factor (3h) 2

The two-loop graph yields, using Ry, g = —R;;, the following integral
over equal-time propagators

QQZlR/O[—A(%A‘Jr“AH'A'A]dT
fR/ ( (t+1) +(7’—|—;)2> dT:iR. (7.1.11)

We used here time slicing, according to which (o, 7) =1 — (o, 7) and
*A(o,7) = d(o,7) where (o, 7) is a Kronecker delta at equal times o =
7. Furthermore, the 6(o,7) in N(o,7) = 7 — 6(0,7) equals 3 at equal
time contractions. One obtains then the nonsingular integrals in (7.1.11).
Other schemes give the same result. For example in mode regularization
the I'T term, though different, again does not contribute since I';;*(xo) =
0 in normal coordinates, and using the properties of A(c,7) in mode
regularization to partially integrate, see (3.3.3), one finds the same result.

Altogether one finds in terms of og = %a

Anyy (spin 0,n = 2) = /%\/g(xo)ag(xo) (I—Zl) R. (7.1.12)

Trace anomalies for scalars in 4 dimensions
For a real scalar field we now must evaluate

1
Anmw(spin 0.n = 4) = [ d'afolao)os (m0) g
110 1 g1 1L m k1
<8XP [_ﬂhz o (— gRiklj(xO)q q — EDmRiklj(l‘o)q qq
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— Runnit; (0)q™q" ¢ " + .. .)(qiqﬂ' + b +aldd)dr
0 /1 1 .. 1
- “R+ —g"Ty'T" — ) } 1.1
ﬁh/,l <8R+ 89 ik L4l 2£R dr > (7 3)

where ¢ = 1/6. Clearly we now need the terms proportional to (3h)?
from <exp(—%5’mt)>. In particular, one finds a contribution from the I'T
vertices, due to expanding both I'(zo+¢q) into ¢™0,,I'(z() and contracting
with an equal-time loop. One must also expand the counterterm with the
scalar curvature terms to order ¢2, and contract the two ¢ fields to a
loop. Since there are no 3-point vertices in normal coordinates (because
in normal coordinates I';;*(xo) = 0), we do not need the 5-point vertices.
However, one needs the 6-point vertices which yield “clover-leaf graphs”,
and 4-point vertices which yield “3-bubble graphs” and “eye-graphs”.
Finally, there are also disconnected diagrams: one-half of the square of
the n = 2 result; however with £ = % in n = 4 their contribution cancels,
as one may easily check from (7.1.7) and (7.1.11)

2
21!<<X>+.> ~ 0. (7.1.14)

The other contributions, together with the graphs from which they are
obtained, follow. First there are the contributions from two Rqq(qq+ bc+
aa) vertices. These yield “three-bubble graphs”

1 1
= —(—ph)?|—= 24] 1.1
QOQ PAE { 6 (7119
and “eye-graphs”

1

= %(—ﬁh)g [—4R§jkl] : (7.1.16)

Then there are the contributions from one Rg*(¢d+bc+aa) vertex. They
yield various “clover-leaf graphs”

1 3 1 1
72( Gh) 50 R+ 10lekl+ 15RU (7.1.17)
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The propagators in these graphs denote ¢ or a, b, ¢ ghost propagators.
Finally there are the one-loop graph contributions from the R and I'T’
vertices; using & = 1/6 they yield

_ _@ 12 _@mnij - k}
0
x(—ﬁh){/ A(T,T)dr} . (7.1.18)
-1
Since in Riemann normal coordinates

1
OmTir! = g(amrikl + 0Tk’ + Ok Toni’)

1 1
+§(amrikl — 0. Ti!) + g(amrikl — L))
1 1
= =Rt + = Rk’ 7.1.19
5 tmik T g fmk ( )

we obtain for (7.1.18), using ffl A(r,7)dT = _%,

1 1 1 ) .
<_6> (Bh)? [EDQR + E(Rmikl + Ryt (R™ 4 Rm”k)] . (7.1.20)

Using the cyclic identity for the Riemann curvatures to obtain R, R™* =
$(Rimak)?, the R;ji” terms acquire a factor (—1—1/2—1/241/2) = —3/2
and the one-loop graphs yield

— i 2 _1 2 1 2
Q - 72(ﬂh) { 4D R+4Rijkl] : (7.1.21)

Adding all terms, the contributions from the eye-graphs cancel those
from the I'T" term, and the Riijl terms only come from the clover-leaf
graphs. We obtain

. d*z
Anw (spin 0,n = 4) = / 2?2 g(x)os(z) [aR?jkl + bRZZj + cR* + dDzR}
(7.1.22)
with og = 0/2 and
1 1 1
Y Y — =0 = ——. 7.1.23
“T 00 7200 C T 720 (7.1.23)

This is the correct result.
Let us now compare this calculation based on time slicing with the
equivalent one in dimensional regularization (DR). In DR the counterterm
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is covariant, Vpr = %R, so that we should drop the I'T" term the in last
line of (7.1.13), but of course the Feynman graphs should be evaluated in
DR. The counterterm graph needs no regularization and dropping the I'T"

term we get
1 1
Q = ﬁ(gh)Q [—ZDQR} : (7.1.24)

All the other graphs give in DR the same contribution as in TS, except
for the “eye-graph” which yield

1
= 5(&71)2 3R K (7.1.25)

where
K= /OdT/Oda {A2[(29)2— (AX*)2) -2 A A 28 W (D)X(2)?} . (7.1.26)
i [ (7.

This graph should vanish because the I'T" term is absent, and the “eye-
graph” canceled the I'T" in time slicing. Clearly the first three terms in
K need regularization (also recall that in the sum of the first two terms
divergences cancel). Using DR we get for the first three terms

/ P+l / AP s {A](AL)7 = (M) (D)l = 2AGA)A) (WA}
:// (2A(80)% () — 4AA)(A) (A}
_ / / (AA (A)2(uA) +2 (WA)2 (ML)

0 0 0
—>4/_1dTA(A)2]T+2/_1dr/_{ia(A)2(A)2. (7.1.27)

We have twice integrated by parts in the first term of the first line so
that the second term due to the ghosts is canceled. In the second line
we have integrated by parts the derivative p in (A,)(,A,) = 1 ,(A2).
Finally in the third line we have used that ,,A(t,s) = 6PT1(t,s), used
the Dirac delta function in D 4 1 dimensions, and then removed the
regulating parameter D — 0. The final expression in the fourth line
is then evaluated at D = 0. In fact the limiting values of the various
functions (like (&)|;) given as Fourier series have no ambiguities when
multiplied together and can be safely used inside integrals. Adding to
this result the last term in (7.1.26) and using (3.3.16 — 3.3.20) we get

1 1

— 4o =0. (7.1.28

e
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Thus the “eye diagrams” vanish and the total result for the anomaly is
the same as obtained before in time slicing. We see that DR is computa-
tionally simpler, since one does not have to expand the noncovariant I'T’
counterterm in normal coordinates (which is rather laborious in higher
dimensions). This simplification turns out to be quite useful for the cal-
culation at the forth-loop order, needed to calculate the trace anomaly
for a scalar in 6 dimensions. The QM path integral method [67, 68], again
produces the expected result [122].

7.2 Trace anomalies for spin 1/2 fields in 2 and 4 dimensions

For complex spin 1/2 fields (Dirac fields) in n dimensions, the action
- 1
S= [ Vah et Dbd's; Db = 9+ fa ™ s (1:2.1)

is locally scale invariant in any dimension under!

1 1

oW = Z(l —n)o(z)y, Owent = —§U(x)em“ . (7.2.2)
We use again an Euclidean signature so that ¢ and v are independent
complex Grassmann variables. So for fermions there is no improvement

term. ~ _ ~
We use ¢ = gl/4w and ¢ = g1/4¢ as integration variables in the path
integral. In any dimension dyv) = ia(x)w. We introduce the parameter

1 1
opF = —210 =-37 (7.2.3)
which contains the Weyl weight of 1 and 1 and the minus sign for the
fermionic Jacobian. One finds then

Any (Dirac) = éir% Trop(z)e PR . (7.2.4)

The regular R is now the square of the Dirac operator as in (6.1.7). Hence

X 1 . 1
H = 59 1/47ri\/§gj7rjg 1/4—§h2R

th
T = Pi— gwiabw?wlf . (7.2.5)

To evaluate this anomaly, we will have to use fermions with antiperi-
odic boundary conditions.They yield the propagators obtained in previous

! The proof is easy: for constant o the weights clearly cancel, while for local o(x) the
terms with 9,0 produced by D, cancel if one uses (A.19).
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chapters. The general formula for the spin 1/2 trace anomaly is

n/2 1 gint
Anyw (Dirac) = /dnxm/g(ﬂ:o)ap(mo)(zfﬂw (e w9 (7.2.6)
with

1 qin L0 1 i pid L g
—5 b= —%/16172[gij($0+@—gij(xo)}(q ¢ +0'd +a'a’)

_i/od lzw Pl

6h _17-2(] iab¥1 W1
O L/ iim ip kL 4 ab

—ﬁh/ dT*(ngik L + 29" wiapw; ) (7.2.7)
-1 8 2

where the ¢ are Majorana spinors with propagator (§(o)y(r)) =
$Bh%e(c — 7). We have normalized the expectation value such that
it yields unity when there are no interactions, (1) = 1. The factor 2"/
in the measure is needed since the trace over the fermionic states should
yield 2"/2 (we consider here even n dimensions).

There is no term with the scalar curvature in the last line in (7.2.7)
because the Riemann term from the Weyl reordering of the bosonic part
of the Hamiltonian cancels with the R term from expanding PP, while
for fermions there is no improvement term.

Trace anomalies for fermions in 2 dimensions
The trace anomaly for complex spin 1/2 fields is thus given by

Anyy (Dirac,n = 2) = /d2$0\/g($0)UF($0)2ﬂ2ﬁh

1 01
<exp[—% _1§{gij($0+q)_gij($0)} (q q3+bc7+aa7)d7

0 0

_ﬁlh 5 %qzwiab¢?¢lfd7 — Bh [1 %(IT + %ww) dTD (7.2.8)
The terms with 11 do not contribute if one uses normal coordinates in
which w;gp(x9) = 0, because the graph with the topology of the number
8 with one ¢ loop and one v loop vanishes (w;qp is traceless). So, also
the spin 1/2 anomaly in n = 2 dimensions comes only from the purely
bosonic sector, namely from the two-loop graph in (7.1.11) which yielded
=R
24

2
Any (Diracn = 2) = 2/ C7;—7r\/g(nt:)ap(ac)il:{ : (7.2.9)

Hence, as well known from string theory, the trace anomaly for real spin
0 fields and complex spin 1/2 fields in two dimensions are equal (recall
that op = —0og).
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Trace anomalies for fermions in 4 dimensions
Next we consider the trace anomaly for Dirac fermions in n = 4 dimen-
sions. The expression for the anomaly to be evaluated is given by

2 1 qint
Anyw (Diracn =4) = /d4x0\/g(xo)ap(mo)(2:7)2<e 79" (7.2.10)

where as before the expectation value is unity if S vanishes, while the
factor 22 yields the dimensions of the fermionic part of the Hilbert space.
Using normal coordinates, in which 9;jw;)qs(70) = 0, St reduces to
Logme _ L7 1 k1L m k|
_ﬁ = —% <— gRikzqu q — gDmRikqu q4q
Rmmkzquq"qkql +. )@ + b+ alad)dr

11 /0, .
“46h ), (dzq]ijb (w(wo)) 1b1%br® + .. ) dr

46h
h 0, 1 ..
—% 1(g”rik’rﬂ’w§glﬂwmbwﬁb)d7. (7.2.11)

Curvatures depending on I';;! are denoted with indices 4, j, k, I, while cur-
vatures depending on w;,, are denoted by R;jqp. Since only squares of
each appear below and they only differ by a sign, one needs not be careful
about the sign difference, but using a different notation helps to identify
the corresponding Feynman grall)hs.

Sint

The total contribution to (¢”#” ) is a sum of the following terms:

(i) the contributions from the first two lines in (7.2.11). They are the
sum of (7.1.15), (7.1.16) and (7.1.17)

ooo@é%

D) 3

720 {_R”’” Rij +

DQR} (7.2.12)

(ii) the contributions from the I'T' and ww terms; they yield

O = —% [%(—g)R?jkl"‘éRwab] —ph) / Ar, 7 dT)
_(éz)QR?jkz( B %> (7.2.13)
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(iii) disconnected graphs: one-half of the square of the 2-loop graphs in

(7.1.14) ,
2
2 (CO) =5 o 2w

(iv) the contribution from the graphs with fermions
1 1
0
1

o .
<( [ @7 RatoD)@)o [ (@ Bucativt)(r)dr)

h)? 0 0 1
= _ (7) RiZjab/ / (A — AR (0 — 7)dodr .
16 _1J-1 4

Solid lines lines indicate scalars and dotted lines denote fermions.
Other contractions vanish since R;jqp, is traceless in ij and in ab.
However, this graph vanishes, since A2 = A and with time slicing
N =1-0(0c —7), Hence

NBA-AR =RA-A=—0(c —7)A(0,T) (7.2.16)

and §(0 — 7)e?(0 — 7) vanishes according to our rule that §(c — 7)
is a Kronecker delta. Hence, again no fermion loops contribute in
time slicing.

The final result is

Anyy (Dirac,n = 4) = / (;l:; Map(x)4[ (%62 + %) Rfjkl

1 1 1 \2 1
R + (——R) +—D2R]

7200 T2\ 24 480
diz T 1, 1 5 1
= [ 2= ' R2._ -~ R2.4 D
/ oz VI@or (x)[ 1240 ik~ 7307+ 35 T 13 R]
(7.2.17)

This is the correct result.

Let us check once more this final result by employing dimensional reg-
ularization (DR) instead of time slicing (TS). In DR the fermions do not
modify the counterterm which came form the bosonic sector, and thus
the last line of the action in (7.2.11) is now absent. As we have seen from
the previous computation in TS, apart form the coefficient 22 (which is
due to the normalization of the fermionic path integral) only the coun-

terterm %ww gave an additional contribution with respect to the anomaly
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of a scalar field with the coupling & = }1. In DR the %ww counterterm
is absent and thus the extra contribution can only come from a nonvan-
ishing fermionic loop. This fermionic loop is the one in (7.2.16) that was
vanishing in TS

. —(5 R2,, / / do [ A — NN AL, (7.2.18)

where we recall that all functions A and Asp are functions of 7 and
o (recall that Ayp is antisymmetric, Agp(7,0) = —Aap(o,7), in fact
Aap(t,0) = 3€(1 — o) where €(z) is the sign function e(z) = é—l)

We regulate the first term in (7.2.18) with DR. The second contribution
in (7.2.18) does not need regularization and could be directly computed
integrating the sums of the Fourier mode expansions defining the prop-
agators, but we carry it along anyway. In order to apply DR we must
generalize propagators and interactions as discussed in chapter 4. We
obtain

/dT/da (A - AX|AY, —

- / P+ / s {(uA A =y AN [ Aap(t, s)7" Aar(s, 1)

0
Vs Bar () 7 Bar(s, )

5D+1( )
9 / P+ / dPs LA Ay tr[—APAap(t s Aap(s, )]
= —2/dD+1t/dD+1s pA A e[ Aur(t, s)Y Aar(s,t)]

:/dDHt/dDHs A, Atr[2 (y#

0 0
- —2/ dT/ do ARA%, — & (7.2.19)
1 J 24

where in the second line we integrated by parts the p derivative in ,A,,
which when acting on fermions produces a delta functions (“equation of
motion terms”). The delta function is integrated in D + 1 dimensions and
gives a vanishing contribution as A4p(0) = 0. The remaining terms are
then computed at D — 0, where AX = A and A%, = %

This gives the same contribution as the ww term in (7.2.13), and thus
one obtains the correct answer for the trace anomaly also in dimensional
regularization.
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7.3 Trace anomalies for a vector field in 4 dimensions

The Maxwell action is Weyl invariant in 4 dimensions if one does not
transform A, but only the metric. However, to quantize one must add a
gauge fixing term and a ghost action, which themselves are not Weyl

invariant. We compute the trace anomaly from the general formula
3 8 .
An = Tr(oy e #™V) + Tr (o4 e 7 <9*) where the second term yields

the contribution from the ghosts. The sum of the contributions from
the Maxwell field and its ghosts will satisfy the Wess—Zumino consistency
conditions, justifying to some extent this procedure of adding the contri-
butions from Weyl noninvariant actions to compute the Weyl anomaly of
a classically Weyl invariant system. The sum of the gauge fixing term and
the ghost action is BRST exact, and as the vacuum is BRST invariant,
one could rigorously justify our procedure?. This approach has been used
before [121, 123], and we follow it here. We take as path integral variables
A = gt/ 4em”AN and represent again the vector indices by ghosts, just
as in the case of the Yang—Mills anomalies of section 7.2.
The classical Maxwell action

1 vo
L= —Zﬁg“pg FoFys (7.3.1)

is Weyl invariant under oy g,, = o(z)gu, and dw A, = 0. For definite-
ness we use again an Euclidean signature. The field 4,, = ¢*/ 4em“Au
transforms as

- 1 -
owApy, = 50Am in n=4. (7.3.2)
As gauge fixing term we use the Fermi-Feynman term in curved space

L= _% g(D*A,)? with DFA, = ¢"(0,A, — TP A,). The gauge fixed
action then becomes

1 1
L = =5 Vi(DuAN)(DyAg)g" " + S AR Ay (7.33)

where R, is defined in appendix A. As regulator in the space with A,
we obtain

(Rv)™n = (g7 "/*Dy/gg" Dyg™ /") + R™,, (7.3.4)
where both D), and D, only contain a spin connection for the vector index
of A,

(D) n = 00y 4+ w ™ (7.3.5)

2 This situation reminds one of the quantization of susy Yang-Mills theories, where
in z-space gauge-fixing and ghost terms break susy. One can use an extension of
the Batalin-Vilkovisky method to derive Ward identities which treat susy and gauge
symmetry on a par [124].
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The Hamiltonian for the corresponding quantum mechanical model is
given by
] 1 —1/4 ij —1/4 n? x pm o on
Hy = 29 Tin/ 997 ;g —?cmR nC
mi = pi — ih(cp, wi"nc") (7.3.6)

where the vector ghosts satisfy the equal-time canonical commutation re-
lations {c", ¢}, } = 7. We continue to denote the indices for the internal
vector space by m,n,p,q, ... and the indices for the coordinates and mo-
menta in the QM model by 4,4, k,I,.... This is useful for keeping track
of the various contributions, but there is of course no intrinsic difference
between both kinds of indices.

In the path integral we need the Hamiltonian in Weyl ordered form.
However, as explained in section 7.2 where we evaluated the traces over
the ghosts, one should not Weyl order the ghosts, rather products
of c*we correspond to products of matrices. One obtains

1ijAA h2 ij k1l hQ*mn
Hy = 29" i +§(R—I—g Filrjk)_?(CmR nc) . (7.3.7)
w

The first three terms are the same as for a scalar, except that 7 con-
tains c*wc terms. We repeat that one should not Weyl order the terms
proportional to (¢*we) and (c*wc)(c*we). .

The anomaly comes from a trace over the space of A, and a trace over
the space of the ghosts. We first discuss the former. The contribution to
the anomaly from A, reads

An(An) = Trov e F5Y = [ atagoeo)ov o) s (e HV)

(7.3.8)
where oy = %o— and
L Gint 1 /01 i i g i
V= T _ 5loi(@o+ @) = gij(20)(¢'¢ + Ve +a'al)dr
0 . B0
— / q*(cy, wi™nc") dr + B— / e R™ e dr
_1 2 /1
Ho0 3
f% » [R + gwr,-klrﬂﬂ r . (7.3.9)

We need all graphs of order (8h)? to cancel the factor (8h)~2 in the
Feynman measure. The ¢ and a, b, ¢ propagators are of order Sh, but the
(c™ct) ghost propagator is Sh-independent

(q'(0)d (7)) = —Bhg”(x0)A(0,T)

(™(o)ep (1)) = 6)'0(c—T) . (7.3.10)
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As already explained in section (7.2) we only get trees for the ghosts,
and integration over the Grassmann variables at the front and at the back
of the tree leads to a trace over the indices at the ends of the tree.

Using Riemann normal coordinates, the expansion of g;;(xo+q)—g:j(x0)
contains terms with 2,3,4... g-fields, leading to 4,5,6... point functions for
the g fields and a, b, ¢ ghosts. The contributions from this term alone were
already determined when we calculated the trace anomaly of a scalar
in 4 dimensions. There are no contributions from the product of this
vertex and the second vertex to order (3h)? because the Riemann tensor
is traceless, but products of the first and last vertex lead to disconnected
graphs whose contribution is proportional to the product of the two-loop
graph for a scalar in n = 2 with the scalar curvature.

The next vertex is the ¢(c*wc) vertex. In a frame were w;"y,(z9) = 0,
and Jjwy™n(zo) = 0, it becomes

0 1
—/ ¢ (c mg fij" ") dr (7.3.11)

The square of this vertex yields an men term. To order (8h)? there are
no contributions from the product of this vertex with the vertices in the
last line of (7.3.9).

Finally, in the last line of S™ the (c*Rc) vertex can either be squared
to yield an RZ, term, or the R,,, inside (c*Rec) can be expanded to
second order in ¢ to yield a D?R term, or it can be multiplied with the
——(R +1IT) terms to yield a R? term. The ——(R + I'T) terms can be
squared to to yield an R? term, or the R and I'T' terms can be expanded
to second order to yield a DQR and an RZQJ i term.

The contributions proportional to (23)? are as follows®

2 2 2
Lo g
COO+ @ &) ~ a0 R~ 707 T g0

(Q@)( _______ A ')Z(%RX%R—%R)ZO

3 Recall that one obtains an integral f dxghdﬁghP,-ff;( while the transition element con-
tains a factor e79"X*" . For the interactions which are independent of the ghost fields

the factor fjynx9", obtained by expanding eﬁghxgh, saturates the integral over dxgn
and dfjgn, and one obtains a factor TrI = 4.
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1 1
Q =4 {—%DQRJr @Rfjkl] (7.3.12)

Dotted lines indicate ghosts, and external ghosts are traced over. To eval-

uate the fourth diagram we used that [ [ dodr (WA-AX)0 = — [ [ dodT 6(0—

A —7)0(0c—7)=—3 [drr(t+1) = .
The QFT Faddeev-Popov ghosts, denoted by B and C, contribute, too.

Their action reads
L(ghosts) = /g Bg""D,D,C . (7.3.13)

The regulator which follows from this action is the same as for scalar fields
but without improvement term. Under rigid scale transformation one has
in 4 dimensions dyy B = —%JB and idem for C. Defining B= g'*B and
C = ¢g"/*C one has éy B = %O‘B and oy C = %O’CN'. Defining a parameter
ogn which takes into account the minus sign in the Jacobian for both
ghosts

1
Ogh = (—2)50 (7.3.14)
we obtain

5
An(ghosts) = Trog, e h'e

- / d*z0\/g(0)ogn (o) m;m? (e 75 (7.3.15)

where
L Gint 1 /01 i pig o i
—75h = — 5 _li[gij(xﬂ‘f‘Q)_gij(xO)qu +0'c +-a'd’) dr
Ho0 3
- ﬂg/1 R+ g0y dr . (7.3.16)
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The contributions of the ghosts are not multiplied by a factor 4 because
there is no integration over internal symmetry ghosts (but since oy, =

(—2)i0, the ghosts still subtract two degrees of freedom from A,,). One
finds to order (8h)? the following contributions from the Faddeev-Popov
ghosts to the trace anomaly

2 2
—D
m @ & 480 wkl 720R +480 R
1 /1 1 9
(CO+ > = 5 (47 8R) = 55t

1
- lppy g 7.3.17
Q 96 T 288 M (7.3.17)
Adding the contributions of the ghosts to the contributions of the vec-
tor, not forgetting the factor —2 from oy, (x9) = —20v(x0), one obtains

the total result

Any (Maxwell,n = 4) = (7.3.18)
[ 2T -2 R4+-D
/ (27)2 g(x)a"(x)[ 720R”“ R 144R w?E

This is the correct result. The coefficient of D?R is scheme dependent
(a counterterm R? can change it) but we find agreement with DeWitt
(second reference in [8]), while Duff finds a coefficient — g5

7.4 String inspired approach to trace anomalies
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Conclusions and Summary
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Appendix A

Riemann curvatures

To define the Riemann curvatures in terms of a connection Fijk or spin
connection w;%,, we begin with the “vielbein postulate”

Dieja = @'eja — Fijkeka + wi“bebj =0. (A.l)

This equation has a geometrical meaning. Consider a vector field v(x)
with curved indices, and use the vielbein field e;%(z) to construct a cor-
responding vector field v%(z) = v'(z)e;%(x) with flat indices. Parallel
transport of v'(x) along a distance Ax’/ with an arbitrary connection
field T;;*(z) leads to a vector field ¢(z + Az) at z + Ax defined by
o'(z + Az) = vi(z) — vF(2)A2IT . (z). Similarly parallel transport of
v?(x) along the distance Az’ with an arbitrary connection field w;%(z)
yields a vector field 9*(z + Az) at  + Az defined by 0% (x + Ax) =
v4(x) — Azdw;%(z)v’(z). The vielbein postulate in (A.1) states that
?*(z) and 9%(z) are related to each other the same way as v*(z) and v*(z)
are related, 9%(x + Ax) = 9%(z + Ax)e;%(x + Azx). Indeed, expansion to
first order in Ax reproduces (A.1). Thus there is only one vector field
which one can write as v’(z) or as v%(z), and only one connection, which
is given by I';;*(x) if one writes the vector field as vi(z), or given by
w;%(x) if one uses v*(z) to represent the vector field. In other words, the
operations of parallel transport and conversion from curved to flat indices
(or vice-versa) commute.

We next require that length is preserved by parallel transport. The
square of the length of a vector v® is by definition v*d,,0v® in Euclidean
space (or v in Minkowski space). Length is preserved if and only if
Wigh = w;%pdeq is antisymmetric in ab. This we shall always assume to be
the case. For a vector v* we define the square of the length by v’ gijvj where
the metric is related to the vielbein by g;; = eiaejbéab in Euclidean space
(and g¢;; = eiaejbnab in Minkowski space). The connection Fijk preserves
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length if it satisfies T';;.5 + Dij — 0igje = O (with T = Iy;'gik), which
is equivalent to the antisymmetry of wj, if the vielbein postulate holds.

The covariant derivatives of vectors are proportional to the difference
of the original vector field and the parallel transported vector field

v'(z + Az) — ¥ (z + Az) = Ax? Djv'(z)
= Dj?./i = 8jUi + ijivk
v (z + Azr) — 7%(x + Ax) = Az/ Djv*(x)
= Djv® = 9jv" + w; %" . (A.2)
By requiring that D;(w;v’) = 9;(w;v®) = D;(w,v*) one also derives that
Djwi = 8jwi — F]’ik’wk and Djwa = ajwa + wjabwb.

From (A.1) we can express w;%, in terms of Fijk and e;%. If Fijk has an
antisymmetric piece %(Fijk —T';;*) = Ti;*, this piece is called the torsion
tensor. If there is no torsion, Fijk is the usual Christoffel symbol

k 1
{1} = 50" @+ 000~ a1g) (A3)
as one easily shows by using D;g;;, = 0. Torsion preserves length if T};; =
Ejkgkl is totally antisymmetric. However, until (A.13) we do not make

the assumption that torsion is absent.
From [D;, Djlef = 0 one finds

[Di, Dj]ez = —Rijkl(l—‘)eil + Rijab(w)ekb =0 (A4)

where evidently

Rip!(T) = 0T + Tin/Tj™ — (i = §) (A.5)
Rij%(w) = Oiw;% + wi®ew;% — (i < j) - (A.6)

Hence
Rijp (') = Rij“k(w) - (A7)

The variation of a curvature is the covariant derivative of the variation
of the corresponding connection

SR (T) = DT ! — DTy
0R;j“p(w) = Didw;y — Djdw;% (A.8)
where
DidT it = 90T jit — Ty ™00 ! — D™ 0T ! 4 T 0T 31,
Didw;®y = 00wy — L'y 6wm ™y + wi® 0wy + wip“ow; . (A.9)
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From (A.6) it follows that R;j.(w) is antisymmetric in its last two
indices. Then (A.7) can also be written as

Rijia(T) = —Rijka(w) (A.10)
The Ricci tensor is defined by
Rij = Ry" (D) = Ry j(w) (A.11)
and the scalar curvature is given by
R=g"R;; . (A.12)

From now on in this appendix we assume that Fijk is the Christoffel
symbol. At the linearized level g;; ~ 1;; + h;j, and

Ryﬁcl(r) = %(@'(%hjl + 0;01hir, — 90k ha — 9;01hk,) (A.13)
Rin = %<_aihj — 0;h; + 0:0;h + Dhiy) (A.14)
where h; = &7hij, h = 0"/ hi; while O = 7 9;0;. Clearly
R = —9h; +Oh = (—8° + 0%0n)hsj . (A.15)
In section 2.6 we need the full nonlinear expression of R in terms of

Og = g7g" k0195, 07 g; = 9™ 9" OxD1gij, Org = 9" 0kgij, 9" = 9" 9" Ongj,
and g = g 0;g;i. Straightforward evaluation yields
1.,
R = §9m9ﬂ(3iak9ﬂ — 0;019;k — 0;0kgi1 + 0j01gix) + (0g)(0g) terms
= 09— &gj = 7 (Ok9i3)" + 5 (Bigjne) Ojgin + 7 (0;9)" = (9;9) 9’ + g5 -
(A.16)

In the section 2.6 we also need the full nonlinear expression for the Rie-
mann curvature in the form R;yj(T') = 1(0;0;gr+3 terms)+(9g)? terms.
Straightforward evaluation yields

1
Ripj(I) = §(aiajgkl — 0;019k; — Ok0;i1 + O0rO19ij)
—i—(Fiijkl" — I‘kjml“il”)gmn . (Al?)

As a check we note that the expression on the right-hand side has all the
symmetries of the left-hand side: antisymmetry in each pair, symmetry
under pair exchange, and the cyclic identity.
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For the calculations of trace anomalies we need to know how the scalar
curvature transforms under local Weyl rescalings

ow gij = o(x)gi

S ei® = %o(w)ei“ . (A.18)

Using the vielbein postulate and (A.3), one finds

. 1
Swwi% = ow (" ere’) — 56{}&0

1 . .
= §(eia€b] — €ibe]a)aj0 . (A.19)

Substitution into (A.8) yields then in n dimensions

SwR=—0R+ (n—1)D'D;o . (A.20)
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Appendix B

Weyl ordering of bosonic operators

In this appendix we discuss the concept of Weyl ordering. For a detailed
account, see for example [34].

To evaluate matrix elements of the form M = (z|Oly) with (z| and |y)
eigenstates of the position operator &' and O(ﬁc, p) an arbitrary operator,
we first insert a complete set of momentum eigenstates I = [ |p)(p|d"p

M = [C0l) ply) d'p (B.1)

It is then very convenient to rewrite O as a Weyl-ordered operator OW,
because, as we shall prove, one can then replace in Ow(i, p) the operators
2" and pj by the c-number values %(zl +y%) and pj, respectively. If we de-
note the corresponding function of %(zZ +y%) and p; by Ow ((z +1v)/2,p),
we can prove the following

Theorem: M = [ (:lp)Ow (= + y)/2.p) (bly) d"p . (B.2)

We must clearly first define what the Weyl ordering is, and in particular
how to construct the operator Ow from a given operator O. In this
construction we shall also need the notion of a symmetrized operator Os.
We shall show that in general an operator O can be rewritten as a sum
of the corresponding symmetrized operator OS and more terms

O = Og + more = Oy . (B.3)

As the notation indicates, the operator Ow is equal to the original opera-
tor O, but it is written in such a way that & and p appear symmetrically.

Let us first give a few examples. The operator Zp can clearly be written
as the sum of %(iﬁ%—]ﬁi) and %(ﬁ:ﬁ —pz). The latter term is equal to %ih.

282



The former term is the symmetrized form of &p, so (Zp)s = %(Aﬁ + pi).
We then have

fA (A 1. o L L 1. L
D= (Zp)s + 517’1 = (Zp)w , pE = (pz)s — §Zh = (p2)w . (B.4)

Clearly (2p)s is equal to (pZ)g, but (Zp)w is not equal to (pZ)w. As a
second example consider the operator zzpp. Its symmetrized form, as we
shall discuss below, can be written as

(&2pp)s = J2EPP + SPTEP + 1 PPEE - (B.5)
One may then check that
kipp — (ad0P)s = 20h(ip)s — 3h° (B.6)
So in this example we have

zapp = (2app)s + 2ih(2p)s — ~h* = (PLip)w - (B.7)
The term 2ih(Zp)s — —h2 corresponds to the term denoted by more in
(B.3). So, as an operator (Z&pp)w is equal to ZZpp, but for our purposes
it is useful to use the fundamental commutation relations to write ZZpp
in such a way that all £ and p appear symmetrically, and if this is the
case we call this expression the Weyl ordered form.

In general, we call an operator fl(:fc, p) symmetrized, if all operator &'
and p; appear in all possible orderings with equal weights. The sym-
metrized form of monomials are produced by the formula

(a'pi + Ba")" = 3 N! Hm< CHRN(ORCIE)D

mg,n;

Y omi+Y nj=N (B.8)
or, equivalently,
Am 0 \mi 0 ng oo s
TG @5 = (ge) ™ (55)" 0 80"

Zmi—i—an:N. (B.9)

We shall discuss this result by first considering one pair of variables & and

A~

p-
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For one set of operators p and & one has (omitting hats for notational
simplicity)

1

(zp)s = §(xp+pa?) = (pz)s
1

(x2p)5 = §(x2p + xpx + p:):2)

1
= ;(@"p + 2zpz + pa?)

1
= §(x2p—|—px2) . (B.lO)

To derive the last two relations from the first one, one may repeatedly
use the basic identity 2zpx = 2%p + pa?. More generally

1 n
(@p)s = — 3 amipad
n+1l:0
L &K (n\ ner
= Q—ng L
1 n n
= —(z"p+px") . (B.11)

To prove these relations one may combine the terms with " !pa! and
ztpaz™~! and move the p’s past the z! (or past the x"*l). The commutators
then cancel again. (As is clear from (B.11), when n is even, there is a
term for which n — [ = [ which one should first split into two terms.
For example, for n = 2 one first rewrites 2zpx as rpr + zpr and then
the commutators [z, p]z + x[p, x| cancel again). Of course, by the same
argument one also has

1 1 1
(zp?)s = 5(?6192 + prp + pz) = Z(xp2 + 2pap + p’z) = 5(93192 +p’z) .

The next term with two p’s in this series is (B.12)
(@2p?)s = }( z2p® + xprp + xpzx + pa? )
6 + papr + pxip
st
- %(372]?2 + 2pa®p + pa?) . (B.13)

Note that in the second line, the p? are kept together, while in the third
line the z? are kept together. We shall achieve this for all cases which
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follow below. To obtain this result, we wrote the second term in the first
line as %(x@p + zprp) and used the [z, p] commutation relations for the

underlined operators; similarly for the term %pa:px. Then we used that in
the remainder —zp?z + pr?p = —z[p?, 2] + [p, 2%p = 0.
In a similar manner one shows that

—1
(23p?)s = <2> [23p* +...] (10 terms)

1
= g(xgpz + 32%p%x + 3zp®z® 4+ p?23)  (keeping p® together)

1
= Z(:zc?’p2 + 2p2®p + p®2?)  (keeping 2® together) . (B.14)
(We obtained the last line by writing the term 3x2p?z as % times 3(p?z3 +

[22,p*]z) plus % times 3(23p? 4+ z%[p?, z]), and similarly for 3zp?z?, since
in this way the commutators cancel).

In general
2 2 - I !
(2"p%)s = " T px pr™

(n+1)(n+2) 17;0

_ ii Y n—i,2 1

T\t T

=0

1 n, 2 n 2..n

= Z( P~ + 2px"p +p ") . (B.15)

The most general formula for one pair of canonical variables is then
m,r 1 & (m m—l,r, .1 : r
(x™p")s = om N (keeping p" together)
=0

1 T
= o (;)pr_k:vmp’“ (keeping ™ together) . (B.16)
k=0

Consider now the matrix element M = (z|(2"p")s|y) where we re-
instated the hats. Inserting a complete set of p-states and using the
symmetrized expression with p” kept together one finds

M = /<Z\2Lmz <T>fm‘lﬁr\p><plilly> d"p
= [ege > (?) Uy ) '
=0
= /<Z\p> (Z hs y>mp’“<ply> d"p . (B.17)




This is enough to prove the theorem in (B.2) because any Weyl ordered
operator is a sum of symmetrized terms (see for example (B.7)). In par-
ticular, for any Weyl-ordered hamiltonian operator Hyy (z,p) we find the
midpoint rule

L 1
Gl @Dl = [GElpHw (36+00) G . (B9
Consider now as a particular case the operator
~ 1
H = g~ pig"?g"pjg~ V" . (B.19)

To write it in Weyl-ordered form we first simplify this expression by mov-
ing p; to the left and p; to the right. The result is

A 1 1 1
H = - (pi — Zihé),- lng) —L/Agl/2g0 g 1/4 (pj + ij 1ng>

2
1 .. B2 - B2
= 5Pig”pi + 50 (9705 mg) + 339" (0ilng)(9;Ing) . (B.20)

The first term is not yet Weyl-ordered, hence we rewrite it using its sym-
metrized form, keeping the x operators in g* () together. The sym-
metrized form of %pig” pj is

1 ij 1 /j ij

5(Pi97p))s = S (pipsg” + 2pig”p; + 9 pip;) (B.21)

The difference between %pigij pj and its symmetrized form is given by

1 - 1 - 1 - 1 .
5 (Pig”ps) = 5(pig“pi)s = gpila” ps] + g[pi,g”]pj

2 8
1 i h? ij
= g[pi,[g ,pj]]=§(’3¢8jg . (B.22)

Hence, H reads in Weyl-ordered form

. 1 g h2 »
H = §(p¢g”pj)s+§ 9;0;9" + 9;(¢" 9; 1ng)+ g 1(9;In g)(9;In g)
1 ij hQ ij 1/4 1/4 ij
= 5Pig”ps)s + 5 (0@9 +9 /709797 0;Ing)) . (B.23)

The last two terms can be written in terms of Christoffel symbols and
the scalar curvature. To find the coefficient of R we evaluate the leading
terms of the form 0;0;gy; and find with (A.15)

2 2 2

B2 CoR2 A
—gglk(aiajgkz)gﬂ + gg”gkl@i@jgkl to= g Ry (B2Y)
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The final result reads

2
H = %(pig”pj)s + %(R + ¢TI = Hy . (B.25)
An easy way to check the coefficient of the Christoffel term is to consider
the one-dimensional case where R vanishes. On the other hand, an easy
way to check the coefficient of the term with R is to go to a frame where
0;g;j1 vanishes at a given point. However, the fact that H is of the form
given in (B.25) only follows from an explicit computation.
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Appendix C

Weyl ordering of fermionic operators

In this appendix we extend the Weyl ordering of bosonic canonical vari-
ables discussed in the previous appendix to the case of fermionic canonical
variables. o

Consider operators O(wa,sz) depending on fermionic canonical vari-

ables 1% and 1212 (a,b =1,n) which satisfy

[y =05 gy =no s @ldy=0.  (C
We define the antisymmetric ordering, which we still denote by a subscript

S, as the ordering which results if one expands (aazﬁa + Bbq,[AJZ)N where aq
and (3 are Grassmann variables. Hence

ha\Ma (T \ne ) O \™ (0 \™ ha P
I (i) =TT (5,;)  (g) (et + 840" (€2

a,b

where N = ¥m, + ¥n; and the order in which the 1[1“ and 1[1}; appear

on the left-hand side is the same as the order in which the 8%“ and a%b
appear on the right-hand side. For example
a7, 1 a7, oa
(b)) = 5 () — ) (C3)

and
(@ 3dh)s = @Gl - §hndt - 9P + gt
gt — g
= S (P - PR 4 Lk + gl



(UL — I + PRI + Lty L (C4)

|

As in the bosonic case one has for any function f(v))

Wl f@))s = 3 (Wl F0) £ F@)] Fwrwpsd + Fapst)
(C.5)

where the upper (lower) signs apply when f(v) is commuting (anticom-
muting). For any function g(+)T) one has the equivalent results

(W rg(vh))s = i(z&%bg@*) + g (010" F D) + g(uT)iy?).
(C.6)

Let us now write the N = 2 supersymmetric Hamiltonian in Weyl-
ordered form. The action in Minkowski time reads (see appendix D)

1 . . ¥ 1
L= 50" + Sug (VG + #'wisig) + S Ravea(@)VGuoufvG  (C7)
where summation over a« = 1,2 and 3 = 1,2 is understood, a = 1,...,n,
and i = 1,...,n, and w;%(x) is the spin connection. The curvature

Raped(w) is defined in appendix A.
The momentum p; conjugate to z* is given by

1

2wiabwgwg . (CS)

pi = giji +
Further, one has for a fixed value of a the relation %1/;3@@3 = P +

total derivative, with ¢ = (¢ + ih2)/V2 and ¥q = (1 — ith2)/V2.
Then, using left derivatives to define anticommuting canonically conjugate
momenta

.
e

p(¥)a S=—iy = {9’} =hs,. (C.9)

The classical Hamiltonian then reads
H = &'p; + ¢0*p(¥)a — L
g i .
= g"pi (pj - 5wjabwng) + it
1 ij i a,b i c,d s Ta,a
=597 (pi — swiab¥ata ) (D5 — §wg'cd¢g¢g — %y

2 2
Y /) 1
*59” (pj - §wjab¢g¢g) wica b5V — gRade¢Z¢g¢§¢g
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1 .. ) 1
= 59" (pi - Ewmbwgwf;) (pj - ijcw%?ﬂg)
1
— 3 Rabeatl 5000505 - (C.10)

In terms of 1 and 1® this becomes
1, ‘ — . -
H = 59” (pi — iwiap ") (pj — iwjeadd?)

5 Rasea D (€11)

We now define the corresponding Hamiltonian operator. We fix the
operator ordering by requiring that H be general coordinate (Einstein)
invariant and locally Lorentz invariant, namely it should commute with
the generators of general coordinate and local Lorentz transformations.
To achieve this, the same factors g1/ as in the bosonic case are needed.
The N = 2 Hamiltonian operator thus becomes

-1 o Gl
H = Sg7* (pi = iwad®e?) 927 (pj — iwjeat ) g7/

_%Rabcdr&awbﬁzcwd (012)

where {9, 1y} = hég.

To write this operator in Weyl-ordered form, i.e. to rewrite it such that
all canonical variables appear symmetrized or antisymmetrized, we note
that the two-fermion terms are already antisymmetrized, since {1, "}
is proportional to 53 and w;qp is traceless. For the same reason we can
write the four-fermion term in H as follows

Hy') = —%(gij WiahWied + Rabed(w)) 1 9 4

1

- _E(gijwiabchd+Rabcd(w)){[¢3a7¢b], [0, v} (C.13)

We now first prove the following

_ _ _ _ h2
Lemmas {0,001, (6% 0 )} - (Goutieytys = Jomise . (C.19)

Proof: (Y*p*cp?)s = —(pMpcpPrpd)s. Next rewrite this term, once
keeping %% together and once keeping 1%)¢ together

@adjcwbwd)s _ 1 djayjcybwd + Q)Z_)awb}bd}z)c _ Q,Z_)C’bey)d@a + wbqbdd_}a}[_}67
] _i_q/}awcwbwd 4 ¢b¢awcwd _ ¢dwawc¢b 4 ¢bwd¢a¢c
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Adding this to
1 7.a 7.C
g{[?/) ,d}b]v [T/} ’d)d]}
_ 1 +@a¢b@0¢d - ¢b@a@c¢d o @albbd)d@c + ¢b1/2awd1§c
] _i_wcwdwawb _ wdwcwawb _ wcwdwbwa 4 wdwcwbwa
one finds by combining corresponding pairs of terms
h - - . h?
g(waébcwd +04+04+ wbéadwc + ¢05ad¢b +04+0+ wdébcwa) — Z(Sadébc )
It follows that

R . 72 y
H(¢4) = H(TPA‘)S - g(sadébc(g”wiabchd + Rabcd(w))
2

= H@W"Ys + g(gwwiabwﬁb - R). (C.15)

The terms in H without fermions yield back the Hamiltonian of the
bosonic model obtained in (B.25)

. 1, K2 .
H(no ¢) = 5(g Ipip;)s + §(R + g TyTY,) (C.16)

The two-fermion terms are also Weyl-ordered in the sector with x and p

T _ . i T
=9 pig g wieat i — 9" wiaivag T pig
= —Z{Pi,g”chd%wg} : (C.17)

We therefore conclude that rewriting (C.12) in Weyl-ordered form yields

H(N=2) = <lgij77'i77j - lRabcd(w)@alﬂb&cﬂ}d)S

2 2
hQ il Tk b
—l—gg” (Ll + wiapw;™) (C.18)

b
T = Pi — twigpP Y’ .

We note that the terms with R from the bosonic sector and the (1)
sector cancel.

One can even achieve a formulation of the N = 2 model where the I'T’
and ww terms cancel. Although the choice of ¥ as basic variable is very
suitable (since it yields as kinetic term simply i1%%) one can make a
different choice, namely 1® with curved index 4. Since 1* = ey’ the
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action becomes % gij 0 (U3, + :'Ukl“iliﬁfx). We used the “vielbein postulate”
die§ — [iked + wi“beg’- = 0 of (A.1). The momentum conjugate to 1* =

(¥} + d)/V2 is then p(v); = —ith] = —igy; (] — iv])/V2 and the

canonical commutation relations become
D
(Wi, 01} = oin. (C.19)

(Note that the Jacobi identity for (p;(¥), Y aly,) is still satisfied because
the bracket of ¢" and ¢, is a constant). The conjugate momentum of z*
becomes p; = gi;i’ + 5T il;k@/}(’;wla. The Hamiltonian now reads

1 i y i _
=g (pz' —~ fﬂ;klﬁﬁ%) gg'? <pj - §Tjn;m¢f¥¢§> g1

o Rateal(0) 50 5 (C.20)

and the four-fermi terms now read
9 g Lil:kl jnym klmn\W . .

The antisymmetrization of i2y*1pt ™" yields a factor i g g!™ and this
produces a term
2
—g(gwrgrgk +R). (C.22)
Adding (C.16) and (C.22), all h? terms now cancel.

For practical calculations, the choice of 1® as basis variable is preferred,
even at the expense of the extra i? terms.
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Appendix D

Nonlinear susy sigma models and d =1
superspace

As explained in the introduction, for the computation of anomalies in
d-dimensional quantum field theories which themselves need not be su-
persymmetric field theories, supersymmetric d = 1 nonlinear o-models
(a particular class of supersymmetric quantum mechanical models) are
needed. One can write down these models in “t space”, beginning with a
kinetic terms g;;(¢)0yp'dpp? for the bosonic fields ¢*(¢) and finding fur-
ther terms with fermionic 1¢(t), by using the so-called Noether method.
This is instructive if one is interested in the structure of the theory, in
particular the leading terms of the action and transformation rules. To
obtain the complete answer, the Noether method is somewhat cumber-
some (although it always yields the complete answer if such a complete
answer exists). We shall begin by using this Noether method for the mod-
els we are interested in; the procedure becomes clear along the way, and
has pedagogical value. Then, however, we shall follow the superspace ap-
proach, and obtain the complete answer at once. The superspace method
is less intuitive, but once one has understood the overall structure of a the-
ory, the superspace approach gives complete answers while avoiding the
tedious labour of the Noether approach. The Noether method and the
superspace method are complementary. We end by deriving the N = 1
and N = 2 models.

The Noether method. In the Noether method we start with a bosonic
and fermionic kinetic term

) 1 o L
LF" = S gij(9)[¢'¢7 + i) . (D.1)

By a dot we indicate a d/dt derivative (we are in Minkowskian time), and
©'(t) is a real function. The anticommuting "(t) are by definition real
under hermitian conjugation, and we added the factor ¢ in order that the
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action be hermitian
(')l = —iy' = iy . (D-2)

For superspace applications it is natural that ¢’ and 9" have the same
index i, because then one can construct a superfield ° + i61*. However,
one can use either ¢ or ¢® = efwi, where ef(y) are the vielbein fields
which are square roots of the metric, g;; = 6?62%1) (in target space). At
the end of this appendix we shall mention the changes which occur if one
uses 1%, but for now we use v".

Under supersymmetry transformations, ¢’ should transform into ),
and vice-versa. From the action we see that the dimension of ¢, denoted
by [¢!], differs from that of ¥' by one-half the dimension of ¢ (which has
by definition minus one, [t] = —1). Namely: 2[p] — 2[t] = 2[¢)] — [t].
Since the action is dimensionless (if &~ = 1), we find [p] = —1/2 and
[¢] = 0. It follows that if 6’ ~ €y’, then [¢] = —1/2. Consequently, in
01t ~ €p' we need a derivative to make the dimensions come out right:
5’ ~ ep'. We do not consider terms with ¢ because we consider at this
point rigid susy models which have by definition a constant e. Since 1)’
and ¢ are real, also ¢ must be real or purely imaginary. Choosing € to
be real we need a factor i in d¢’ ~ iep’. To obtain 6’ = —ie)?, one
can scale € appropriately. Then §¢" = B¢, and the value 8 = 1 will be
shown to follow by requiring invariance of the action, or closure of the
supersymmetry algebra. Hence, we assume the following transformation
rules

S = —ieyl , oy = Bgle,  (B=1). (D.3)

The parameter € is constant. We could study locally supersymmetric
theories (supergravity theories!) with a local parameter €(t) and a gauge
field for supersymmetry, but we shall only need rigidly supersymmetric
theories with constant e.

We now begin the Noether procedure. We vary L using d¢° and d¢)'
given above, and find

SE(kin) = 3 (Bhgig)(—iew®) (67 + i)
d . L 4.
+ 39|26 (— iew) + B +ipv L(F)] . (D)

In the action, this expression is integrated over ¢, and if we partially
integrate the last term to remove double derivatives, all (1) terms cancel

! A discussion of supergravity in quantum mechanics is given in [125]. One can couple
¢ and 7 to the supergravity gauge fields (the vielbein and the gravitino), but no
gauge action for supergravity itself exists in d = 1 dimensions.
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if 8 =1. We are left with the variation
SL(ldn) = (= SOy Je(vFe'? +ivtyid — o) (D)

where we used that 8 = 1 and € and v* anticommute: ey = —i’e. There
are no terms with € because e is constant.

We now observe that the combination —ie)® can be written as d¢* and
so one might be tempted to write the first term in 6 L(kin) as [%akgij]égokcpigbj.
However, this is just how we found this term, so we would go backwards.
We can also consider another combination, for example ¢’e, and replace it
by d1'. We shall choose the latter alternative for reasons to become clear.
Our aim is to find a new term in the action, L(extra), such that §L (extra)
= —0L(kin). Then, obviously, the ¢t-integral of L = L(kin) 4+ L(extra) is
invariant. We claim that a solution is

L (extra) = L (Dhgiy) (6'¢uk) (D.6)

To verify this claim, note that we need not vary 0ygj(¢), because it

would yield (9,0kgi;) (—iey') and since !9 is antisymmetric in I, k, this

variation would vanish. The variation of ¥ cancels the YEGipI in (D.5).

The variation of ¢/ in L (extra) cancels the ¥ term in 6L (kin). Finally,

the variations of ¢* in L (extra) cancel the ¢*1)'¢J term in §L (kin).
Hence, I = [ Ldt with

L= %giijZSb] + %W(giﬂﬁ] + Ongij V) (D.7)
is invariant under the transformation laws in (D.3). We can rewrite the
action in a way which has a geometrical meaning

(g1 + Orgiy @ V") = g () + Tyt = Wgz'j%W (D.8)
where I'y;’ is the Christoffel symbol. The derivative D%wj transforms as
a contravariant vector under general diffeomorphisms z’ — ¢ + £/(z), as
we shall shortly discuss.

To obtain the Noether current for supersymmetry, we let ¢ become a
local parameter, and repeat the evaluation of § L. The terms proportional
to € then yield the Noether current [56]. From (D.4) we obtain one such
term, namely when the % in the first term inside the square brackets hits
the e. The last term in (D.4) was partially integrated, so it does not yield a
¢ term. Another term with ¢ might seem to come from varying ¢ in (D.6),
but this contribution vanishes as it is proportional to 8kgij¢i¢j. Hence,
we find that the Noether current for supersymmetry is proportional to

iN = gijp' (D.9)
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It is now clear that the other way to proceed mentioned under (D.5),
namely replacing —ieyp* by d¢* in §L(kin), would not have worked. It
would have led to an L (extra) = %0kgijg0k¢igbj but whereas variation
of ©* would have canceled the first term in 6Ly, (by construction), the
other variations would not have been canceled. One might have expected
this, since a coordinate " is not a tensor in general relativity (in contrast
to @F or 6¢¥), so that the action should not contain undifferentiated s
(except in gi;())-

The difficult step was to find the correct L (extra). One might have
guessed this result by noting that the terms in parentheses in (D.7) form
a covariant derivative

(g7 + Ohgi P UT) = 1y EW , Y = gji

D . .. . 1

EW =0 + GFT It Tyl = 59] OkGim + O1Gkm — mgkl} :
(D.10)

The covariant derivative D%wj is indeed a contravariant vector under in-
finitesimal general coordinate transformation in spacetime (because I'j?
is a connection: 0l'y? = OO + .. .)

i i i i i Bﬁi ]

o' — P +E&(p), w—>¢+8—(pj¢]

D . D . 8¢ D ,

o s i 25 ) )
th Dt +8g0k th (D-11)

A less insightful, but still correct way to obtain the result in (D.7)

would have been to write down all possible candidates for L (extra), with
arbitrary coefficients, and then fixing these coefficients by requiring that,
up to partial integrations, dL (extra) = —dL (kin). However, one would
like to have a method which guarantees success even if one is not clever
enough to use such tricks or patient enough to do much algebra, and such
a method is the superspace method.
The superspace method. In d = 1 N = 1 superspace, one has one
bosonic coordinate which we call ¢ (because d = 1), and one fermionic
coordinate 6 (because N = 1). The 0’s are Grassmann variables, {0,0} =
200 = 0, and by definition 6 is real, (#)" = 6. In this superspace, we
consider superfields, i.e., fields depending on ¢ and 6.

We consider superfields with an index, ¢‘(t,6). Expanding in powers
of 6, there are only two terms since 2 = 0, and we define

¢'(t,0) = ' (t) +iB0V' (1) (D.12)
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where [ is a real constant to be fixed later. The factor ¢ is again needed
in order that ¢'(¢,0) be real, and we require that ¢'(¢,#) be real because
@ (t) is real.

We shall now obtain the transformation law of ¢(t,6) under super-
symmetry and construct an invariant action involving superfields ¢! by
using an approach called the “coset method” which is also used in more
complicated cases (the d =4, N =1 or N = 2 cases in particular). This
approach starts from a superalgebra which is at the basis of the whole
approach. In our case we shall use the superalgebra of supersymmetric
quantum mechanics, with Hamiltonian H and supersymmetry generator

Q
{Q,Q}=2H, [Q,H]=0. (D.13)

In fact, [Q, H] = 0 follows from {Q,Q} = 2Q% = 2H. We shall assume
that H and @Q are hermitian, (H)! = H and (Q)" = Q. Given any superal-
gebra, one first deduces how supercoordinates transform under supersym-
metry. Then one finds how superfields transform under supersymmetry.

To deduce how the supercoordinates z and € transform, one takes a
group element of the form

g(t,0) = 00 (D.14)

where gt = g71 (at least formally because (Q)T = Q76T = Q6 = —0Q).
We multiply from the left by a group element

h(a, €) = glall+<d (D.15)

and we work to linear order in o and e (“h near the origin”). Since the
product can again be written as an exponent, with multiple commutators
of eH and €@ in the exponent, we have

h(a,€)g(t,0) = g(t + ot,0 + 60) (D.16)

where 6t and d6 are linear in o and e. Using the Baker-Campbell-
Hausdorff formula for the bosonic objects iaH, €@, itH and Q) we get

ploH+eQ LitH+0Q _ ei(t+a)H+(0+s)Q+§[eQ,0Q] ' (D.17)

No further commutators are needed, since

[€Q,0Q] = —e0{Q,Q} = —2e0H (D.18)
which commutes with all generators (H and (). Hence

0t = a + i€l | 00 =e€. (D.19)
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To check that this forms indeed a representation of the superalgebra, we
rewrite this as

0t = [t,iaH + Q)] , 30 = [0,iaH + Q)] (D.20)

and by equating (D.19) and (D.20) we find the generators H and @ in
the supercoordinate representation

0 g 0

As one may check, one indeed has a representation of the superalgebra in
terms of differential operators. For example

{Q,Q} =2H . (D.22)

We now declare ¢'(t,0) to be scalar superfields. By this we mean the
same as, for example, in ordinary quantum mechanics: the transformation
of the fields is induced by the transformation of the (super) coordinates

&, 0) = ¢'(t,0) . (D.23)
Putting ¢' = ¢ + d¢ and (¢',0") = (t,0) + (dt, 60), we obtain
0 0
0 0 0
= [iaH + €Q, ¢] . (D.24)

From (D.20) and (D.24) we see that coordinates and fields transform
contragradiently, again a well-known result from ordinary quantum me-
chanics (and just a consequence of the definition ¢'(¢',6") = ¢(t,0)).

We have now obtained the supersymmetry generator

Q=— (;0 + iegt) . (D.25)

Let us check whether the components '(t) and %(t) transform as in

(D.3).

Qo = —e( g5+ i0a) (') +iB0v' 1)
= 0p'(t) +1iB06Y(t) . (D.26)
Equating terms with and without 6 yields
Sp'(t) = —eiBy'(t) .
1OV (t) = —eifP'(t) = 10ep® . (D.27)
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It is clear that for 8 = 1 we retrieve the transformation rules of ©'(t) and
Y"(t) which we obtained in (D.3). Hence, we have obtained so far the
following results

@' = @' (t) +ibp'(t)
eQ = —e(%—i—i@%)
59" = [eQ, ¢'] . (D.28)

For the construction of invariant actions it is useful to have an operator
which anticommutes with ). Such an operator is given by

0 90 (D.29)

D=5 %

It is formally obtained by the same steps as (), but using right mul-
tiplication for h and g. Since left and right multiplication commute,
(h19)h2 = hi1(ghs), it follows that Q and D anticommute. Let us check
explicitly that {D,Q} = 0. This follows by writing out all terms as

o 0 o0 .0

o 90 L, 010
Z{%aze}a%-{—l@?%}a—o‘ (D.30)

We can now at once write down a set of invariant actions for ¢f. We
claim that for any m and n the following action is invariant under (D.28)

I= / dtd@(D%i) (D%j) 9i () - (D.31)

To see why 61 = 0, note that dg;;(¢) = [€Q, gij(¢)], because of (D.28),
and

§(D™¢') = D™5¢ = D™ (qubi) = <€Q(Dm¢i)) (D.32)
where we used in the last step that eQQD = De(). Hence
o(D"¢' D" gi5(6)) = (eQID™ ¢ D" ¢ gi5(0)]) - (D.33)

(We write 5ot = (eQg') to indicate that the differential operator @ acts
on ¢' but not beyond ¢'. We could equivalently write d¢' = [eQ, ¢']).
Now

/ dtd cQL = 0 (D.34)
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for any L, because the % in @ yields zero (assuming, as we always do,
that all functions vanish at ¢ = £o00), while the 9/96 in @ also gives zero

due to the following property.
Theorem : /d& % f(@) =0 forany f(0) . (D.35)

The proof of this theorem is trivial: f(0) = fo + 6f1 and [dff = 1 but
Jdo=0,s0 [dOZ f(0) = [dbfy=0.

We now use the superspace formalism to construct the N = 1 and

N = 2 nonlinear sigma models which play a central role in the second
part of this book.
The N = 1 model. This model is used for the calculation of chiral
anomalies of spin 1/2 fields. We have seen that for any m and n the
action I = [ dtdf (D™¢")(D"¢?)gi;(¢) is a supersymmetric action. Which
m and n should we take? We want an action which contains, to begin
with, the kinetic term £g;;(¢)¢'¢7. Since D = 9/06 — i00/0t satisfies

D? = —zgt L D%t = @ + i)
D¢’ = (‘9 — '98) ( E 4 'W) = i)t — 0y (D.36)
= 59 7 It © 1 =1 W .

we see that for m =1, n =2 (or m = 2, n = 1) we obtain this kinetic
term. So we take as action

I = a [ atds(D4)(D*6)gii(9)
. / dedf i — i05') | — ig? + 607
(9:5() + i00* Ohgij ()] (D.37)

where « is a constant we shall soon fix. To obtain a nonzero result for
the 6 integral, we need only the terms proportional to . There are only
three such terms, and we find

L = —a¢'@lgij — iap™ gi; — ianp T pF 045 () - (D.38)
(In obtaining this result, we moved 6 to the left of all ¢ functions, which
causes some minus signs). For v = —3, this is indeed the action of (D.7)
obtained from the Noether method, but now the last term comes out
automatically. In Euclidean space, we find, putting ¢t = —itg
Lo L i gk
L = 959" + 59935 (47 + @'Tiut) . (D-39)
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Another way to see that one needs the combination D?¢!D¢’ in the

action is to use dimensional arguments. Since [dt] = —1,[df] = +1/2
(note that [0] = —1/2 but [d#f = 1),[D] = [0/0¢] = 1/2 and [¢'] =
[¢'] = —1/2 (because [ dty'p’ should be dimensionless), we see that the

action in (D.31) is dimensionless provided —1+1/2+(m+n)3+2(—1/2) =
0, hence m +n = 3. For m = 0 and m = 3 one obtains (D3¢l)¢3g](
which is not a tensor in target space, hence only (D?¢")(D¢’)g;;(4) i
allowed.

One can write down a supersymmetric extension of the A;(z)#! cou-
pling, namely [ dfA;(¢)(Dg¢’). One can also try to add a potential term
V(¢) to the action. Then

¢)

/ dtdd V(¢ / dtde +191/)k8kV / dt ip*(£)oRV () . (D.40)

It follows that the resulting potential is fermionic, so not very interesting
for most applications. However, the next model allows useful potentials.
The N = 2 model. This model is used for the calculation of chiral
anomalies of selfdual antisymmetric tensor fields. If oneusesad =1, N =
2 superspace approach with coordinates ¢,6,0 = (H)T, where of course
{6,6} = 0, then a suitable action is

I = / dtdodd(De') (D )gi; (6)

o 0 _ o 0
0 0 ~ 0 0
Q = (ae—l—wat), Q__<60+Z06t) (D.41)

The susy of this action follows immediately from the observation that D
and D anticommute with @ and (. One could also choose a real basis,
with Dy = 5% — 079, and D_ = 0/00~ — i6~0; where 6% +i6~ = v/20
and 0+ — i~ = v/20. Then v2D = D, +iD_ and V2D = D, —iD_,
and the action is written as
/ dtdg*dd~ gi;D-¢'D_¢ . (D.42)
The underlying superalgebra is now
{Q,Q} = —{D,D} =2H
{Q,Q}={Q,Q}={D, D} ={D, D} =0. (D.43)

In the coordinate representation, H = i gt Again [H,D] = [H,D] =
[H,Q] = [H,Q] = 0 follows from the definition 2H = {Q,Q}. Most
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importantly, D and D anticommute with @ and Q. The reader may

apply the coset formalism discussed above to derive (D.41). ~
Dimensional arguments reveal that one needs one D and one D in the
action (two D’s would yield zero as D¢’ and D¢’ anticommute). Putting
¢ = @' + 0 4 iyt + OF" (D.44)

one finds after integration over 6 and 6
L = 9@ + FU) gy (- +9 20
—(OkOrgiy) (WP PP — 20 Tyl By (D.45)
The transformation rules ¢ = [€Q, @] + [€Q, ¢] preserve the reality of ¢
and yield
8ot = —ie)t —ie)t | OF' = —e)’ + E@Z_;i
St = ple+iF St = —ple+ iFe . (D.46)
Substituting the algebraic field equation Fi =i ij%k, the fields ¢ and
" transform as follows
()Y + () Ty’ = gle
5@ +6(e)p' Tyt = e (D.47)
The left-hand sides transform covariantly (as contravariant vectors) under
general coordinate transformation ¢* — @' + £'(¢). The left-hand side
defines a covariant variation, similar to a covariant derivative, see (D.10).
The terms with Okgp,, covariantize the 1 derivatives. Eliminating F"

one obtains in the action (1)T'%)? terms which covariantize 99,g;; to a full
Riemann tensor (see appendix A). This yields, adding an overall factor

1/2, and decomposing 1 = (¢1 + its)/v/2 and ¢ = (11 — ith2)/V/2,

L = -gij¢"¢’ + _gz‘jw& (1% + wkrfﬁﬂﬂé)

2
8 zgkl( )W ¢] wﬁwﬁ (D48)
with R,/ (T) = i + Tlmf’;r}{ (i <> j). To cast the 4-fermion term

in this form, one may use the cyclic identity for the Riemann tensor.
Note that RU;C () = RZ] k(w). In Euclidean space Lp = %ngW +

297,]1/]05 thj + Rabcd¢a¢a¢5¢5
The potentlal term which we write as (—i)IW(¢) to make it real now

yields

/ dtd0dd W (¢) = / dt [F’“@kW(gp) - zpiz/?jaiajW(go)} . (D.49)
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Eliminating F* by its field equation
FF = gMow (D.50)

yields in t-space a positive definite bosonic potential
1 ..
V=590 W (0)0;W(y) . (D.51)

Finally, we come back to our promise to discuss the changes that occur
if one uses ¢* instead of ¢)*. We begin with the NV =1 model. We recall
that ¥* = ef(p)y". The transformation rule of ) becomes

5P = el St + (Jef )Y’ = efple + 0l D’ (D.52)
Next we use the vielbein postulate
83'6? = —wj“bef + Fjikez . (D53)

Because §p’ contains 1)/, the Christoffel term cancels when inserted into
(D.52), and we find

5P+ 5plw; %l = edgle (D.54)

The left hand side looks like a covariant derivative (with % replaced by
9) and is indeed locally Lorentz covariant, just as the right-hand side. For
curved indices one would expect

St 4 3 Ttk = @le (D.55)

but the term with Christoffel symbol cancels, see (D.3).
In the action for the N = 1 model we have found the covariant deriva-
tive, see (D.8),

giﬂl}i( %W) = gij¢’ (W + sblf‘lkj@bk) : (D.56)

It is straightforward to check that if one replaces the curved ¢* by flat )¢
one finds the corresponding covariant derivatives

0o (D) = e (i + gt (D.57)

For the N = 2 model one finds covariant derivatives of ) and v (both
for curved or flat indices), and in the transformation rules one finds now
pullback terms both in the flat and curved case. The reason one finds

now also for curved indices a covariantizing term in 91 is that this term
now is of the form Iy instead of ¥I't.
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Appendix E

Nonlinear susy sigma models for internal
symmetries

In the main text, we were led to conjecture the existence of an exten-
sion of the usual N = 1 nonlinear supersymmetric o-model for quantum
mechanics which contains a term proportional to

iy (Tr) s P A (p) . (E.1)

Here the antihermitian matrices 17 generate a Lie algebra in the same rep-
resentation as the spin 1/2 fields of the original spacetime quantum field
theory, while ¢% (¢) and ¢P(¢) are now anticommuting functions, which we
call antighost and ghost, respectively. In this section we shall construct
this extension.

The usual N = 1 susy nonlinear o-model in 041 dimensional Minkowski
time is given by

L_lu i 2] ia a k. a b
= 59i3(P)¢" P + S (1/1 + ¢ w ) : (E.2)

We introduced vielbein fields e;%(¢) satisfying ei“ejbnab = ¢;; and defined
Y? = e;%)'. Then (E.2) follows from (D.6) and (D.7) by using “the
vielbein postulate” as in (D.57)

&;ej“ — Fijkeka + wiabebj =0. (E.3)

Hermiticity requires the factor i. If we had chosen 9" instead of ¥ to
work with, there would have also been a metric g;; in front of the fermionic
terms.

We now require that the quantum mechanical Hamiltonian H should
be a representation of the regulator ()() with D = y%,'(p)D; and

1
D; = (ai + Z“’"“”a”b + 4;7 TI> . (E.4)
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We have absorbed the Yang-Mills coupling constant in A;’. In the main
text we have seen that the covariant derivative is proportional to gija'cj .
Here we denote &* by ¢, hence we anticipate that the conjugate momen-
tum for ¢ should be given by

pi = gij P’ + §wiabwawb + zAZ-I (c TIC) (E.5)

where the ghost field ¢* is the hermitian conjugate of ¢, so ¢* = (¢)*.
Inverting this relation we obtain

¢t = g" (pj - §wjab¢a¢b —iAfc TIC>

e 1 .
= —ig¥ (ha—(pj + §wjabwa’¢b + A]I.c T[c> . <E6)

To obtain the correct anticommutator for ¢* and c¢ after canonical quan-

tization, {c?, ¢} = hég, we add the kinetic term ic¢?. The normal-

ization of this kinetic term is such that ps = %L satisfies the quantum

anticommutator {pa,c®} = —hid4®. Furthermore from (E.2) we find
{42(t),*(t)} = hé®. Hence we must construct an action which leads to
(E.5).

These considerations lead us to consider the following action

2
+ ichet + i AL (o) (e Tye) . (E.7)

1 i ara . a
L = —(gw &+ i (P + Gy bwb>)

Since the T are antihermitian and ¢* = (¢)*, the action is hermitian. As
it turns out, this action is not yet supersymmetric. To find the terms
which complete it, we shall analyze how it transforms. We already know
that the c-independent part is invariant, so we study the c-dependent
terms.

We begin by varying the ¢ fields in L(c), using the known susy rule for

dep
gt = —ie)’, oy =gle
P = Ylei(p),  ei%eOu = gij - (E.8)

We find for this variation

SL(c) = {i%(—ied)k)Akl(@) +ig* (A" (—iewl)}(c*ch) . (E.9)

Partially integrating the first term, we produce an ordinary curl of the
vector field Aj!, plus a t-derivative of ¢*Tc. The latter we can cancel
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by suitable susy laws for ¢*4 and ¢, such that they combine also to a
t-derivative of ¢*Tc. Clearly

st = +i6¢kAkI(T[)ABCB

5C*A = —Z'ﬁ’lbkAkIC*B(T[)BA (E.lO)
does the job since, using a partial integration, we obtain
4
dt

d

_ k I ([ x
= ey Ag 7 (C T]C) (E.11)

5(ic*c') — ic* (iewk AkIch>+i<—iekakIc*T1)c'

which indeed cancels the terms in (E.9) proportional to %(C*T]C) obtained
by partially integrating the first term in (E.9).
The remainder reads

SL(c) = prey! (alA,J — A ) (C*T[C) . (E.12)

Substituting the rules for 6¢* 4 and §c? into the last term of (E.7) yields a
commutator of two T matrices and completes the ordinary curl in (E.12)
to a nonabelian curl. Hence, at this point we have

d0L(c) = gbk(ewl)FlkI(c*T]c)
Fi! = 0A — o A + Lo A AR (E.13)

To cancel this 6L (c), we observe that the combination (*e is equal to §i)*.
(As in appendix D, we could also consider the combination ei)! as coming
from &', but this would lead to bare ¢! in the new term in the action,
which we already saw does not work). Hence, we add the following extra
term to the action.

L(extra) = %wkwlFMI(c*ch> . (E.14)

(We need the factor 1/2 since the variation of ¥* and ¢! both give a €
term).

We have at this point canceled all variations of L(c), but we still have to
vary F' and ¢*Tc in L(extra). These variations cancel by themselves, due
to the Bianchi identity for Fj;! as we now demonstrate. The variations
of the ¢ fields in Fjy! produce (9;Fy’)(—iey?). Variation of c¢*Tyc yields
iel' Ay’ ¢* [Ty, Ty)e. These two variations combine into

SL(extra) = %wwl(—iapi) {(%FMK 1 K AT EyT (C*TKC)]
_ _%(wwwl) (DiFle) (C*TKc) (E.15)
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where DlF]k = 81ij + [Al,F’Jk] for Fz’j = FijIT[. This indeed vanishes
since 1ipFe! is totally antisymmetric, while D; Fj; + 2 cyclic terms = 0
due to the Bianchi identity.

We conclude that

. 1 . .
L(ghost) = ic% ¢t + (icﬁAil + inWFZ-jI) (C*A(TI)ABCB) (E.16)
is supersymmetric by itself under
ot = e AT (T pc? bt a = —iep' Al p(Tr)P 4
5ot = —iet ot = Qe . (E.17)

The susy Noether charge @ for the model consisting of the sum of (E.2)
and (E.16) is unchanged. To see this, we repeat the analysis of varying
L(ghost) in (E.16), this time with local € = €(t). Nowhere do we pick up
an ¢ term, and hence L(ghost) is even locally supersymmetric. Therefore
§L(total) = —iég;j¢"y’ as before, and

Q = gij 9"V = ¢ eqi’ . (E.18)

We can write the ghost part of the action in a more covariant form as

L(ghost) = |ic*yj—c + §W¢]C*Fz‘jc

Dt
D d ¥
ECA = acf‘ + o (Aie)t, A=Al Ty (E.19)
In this form, the local Yang-Mills (gauge) invariance of the action under
0
AT =N + fL e A7 NE with 9\ = 5 M () (E.20)
2
and 6cd = —)\I(TI)ABCB,dc"‘A = ¢*5(T7)P 4\ becomes manifest. For
example, the ¢* F'c term varies into
N = (1, TleF? + f P e The) (E.21)
which clearly vanishes. Furthermore, the covariant derivative %CA trans-

forms indeed like ¢ itself.

The Yang-Mills symmetry could have been used to anticipate the term
with A; in the ghost action, but the term with Fj; (a so-called Pauli term)
is typical for supersymmetry and is not required by Yang-Mills symmetry.
In a similar way, it follows that the action is invariant under general
coordinate transformations and local Lorentz transformations in target
space, with 0l = £1(ip), 05 = (9€1()/0T) 7, 6% = A%y(i2)?, dgiy —
0¥ gk + (i = j).

307



Appendix F

Gauge anomalies for exceptional groups

In the main text we showed that gravitational and gauge anomalies cancel
in 10 dimensions for N = 1 supergravity coupled to Yang-Mills theory if
the gauge group G is either SO(32) or Eg x Eg. None of the other “clas-
sical groups” (SO(n), SU(n) and Sp(n)) was allowed. We now complete
this analysis by discussing the exceptional groups, namely Gs, Fy, Eg,
E;, and Eg. As we have shown in the main text, cancellation of grav-
itational anomalies allows only Lie groups with 496 generators. There
are clearly many products of simple Lie algebras with this number of
generators. In particular there are semisimple Lie algebras with one or
more exceptional groups as simple factors. However, we can at once rule
out these exceptional groups if we study one-loop hexagon graphs with 6
gauge fields all belonging to the same exceptional Lie group, and if fac-
torization of the kind discussed in the main text does not occur. In 4
dimensions gauge anomalies are proportional to the symmetrized trace of
3 generators, dgpe(R) = tr(T,{Ty, T.}) where T, are the generators of the
gauge group in a representation R, and thus real or pseudoreal represen-
tations do not carry anomalies [126]. A representation R can only carry
an anomaly if dg.(R) is nonvanishing, and this is only possible if there
exists a cubic Casimir operator for the group. In 10 dimensions gauge
anomalies are proportional to the symmetrized trace of 6 generators, and
then real or pseudoreal representations can carry anomalies. Now anoma-
lies can only be present if there exists a sixth-order Casimir operator for
the group, and even if it exists, it may still happen that for a particular
representation the value of the sixth-order Casimir operator is zero, or
factorizes into a product of lower-dimensional Casimir operators.

What follows is amusing group theory. Readers who are somewhat rusty
in their Gy or Fy may brush up their knowledge of exceptional groups by
working their way through the discussions below.
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Go

Do anomalies cancel for G527 This group has 14 generators, and the
fundamental representation (at the same time the defining representation)
is the 7. 1 We consider the maximal subgroup SU(3). The 14 of Gs
decomposes under SU(3) into 8 + 3 + 3*. In fact, the 7 of G2 is most
easily defined by first decomposing it under SU(3) as 7 — 3+ 3"+ 1
and then defining the action of SU(3) (with parameters A*g) and the
extra generators (with parameters 6, and 0%) on the 7 = {z% Z,,y} in
manifestly SU(3) covariant form [127]

1
ox® = /\O‘gwﬁ + ﬁ eam&giv + %y

- 1
0Za = MTg+ —=€apy0’1) + 50y

V2

by = —a(dax® +0%%Z,) (a =1 see below) . (F.1)

We defined Z, = (2%)*, \o® = (A\%3)*, and G, = (0%)*, and y is real. By
rescaling of y and 0% we can achieve that only a has to be fixed. The
dimensions of representations and the number of parameters always refer
to real quantities. For example, the 7 has seven real dimensions (z + Z,
—i(z — Z), and the real y), and there are 14 real parameters (A + ),
—i(A = A), 0 + &, and —i(c — &)). The anti-hermiticity of the SU(3)
generators \“g requires that A be equal to — T, namely M, = =\,?, and
furthermore they are traceless, A%, = 0.
These transformations form a closed algebra. For the SU(3) commu-
tators one has
15022, 6(A)] = 8([Ar, Aa)) (F.2)

while 2
[6(N),8(0)] = d(c" = =No) . (F.3)

Finally,

[6(02),0(01)] = 5(N ) + (0™ = V2eM15155, )

3 . 1., _
Ney = 5(0?025—03015)—555((01~02—02-01)) . (F.4)

! For any group the defining representation is the representation one uses to define the
group, whereas the fundamental representation has by definition the property that
its tensor products yield all other representations. Thus for SO(n) with odd n the
vector representation is the defining representation, but the spinor representation is
the fundamental representation.

2 To prove (F.3) one needs the “Schouten identity” A*ge®7® = \75e¢*%% 4+ X 56%7% and
the anti-hermiticity relation A*5 = —Ag®. The former follows by antisymmetrizing
the 4 contravariant indices «, 3,7, 6.
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Closure of the (o, o) commutator fixes a = 1, and this defines then the
group GG9 as well as the defining representation 7.

The decomposition of the generators of Go into the 8 of SU(3) and
the remaining 6 is not a symmetric decomposition (because of the term
with §(¢’®) in (F.4)). A maximally noncompact version of an algebra
always yields a symmetric decomposition, and has the property that the
number of noncompact generators minus the number of compact gener-
ators is equal to its rank (8 — 6 = 2 for G3). Such a decomposition is
also called a Cartan decomposition [128]. The decomposition into the
subgroup SU(3) and six coset generators is not a Cartan decomposition
because the subgroup SU(3) does not have 6 generators. For G a Cartan
decomposition is for example into the generators of SU(2) x SU(2) and
the (2, 4) coset generators. The 7 decomposes under SU(2) x SU(2) into
(1,3) +(2,2) [129]. One can find the maximal regular subalgebras of G
from its extended Dynkin diagram [130]

¢-@O 0  G-@D) (F.5)

Deleting one dot, one finds the maximal (rank 2) regular subalgebras
SU(3), SU(2) x SU(2) and of course G itself.
Since G5 has only two Casimir operators, Cs and Cg, we know that

TrF® = atr F + B(trF?)? (F.6)

with a and § to be computed. The trace Tr is over the adjoint represen-
tation 14, while the trace tr is over the fundamental 7. If it would turn
out that « vanishes, anomaly cancellation is possible. To compute « and
[ we choose two particular generators of the subgroup SU(3), namely A3
and Ag, and evaluate the trace relation (F.6) on each of them. We specify
SU(3) by the following generators \; normalized to trAgzA; = —%5/%1

S(0 10 S(0 =i 0
M=-2{10 0 N=-2(i 0 0

00 0 0 0 0

S(1 0 0 S(0 01
=20 =1 o) Ax=-2{0 0 0

0 0 0 10 0

S(0 0 i (00 0
M= (0 0 0] N=-[0 0 1

i 0 0 01 0

Z.OOO) Z.(100)
M=o 0 —i| xn=—""J o1 o). ®7

2\o0 i o0 2V3\o 0 -2



The first three generators A1, A2 and A3 define an SU(2) subgroup of
SU(3), while (A4, A5) and (A7, Ag) form doublets under this SU(2). 3

1
[/\3’)\1] =A2; [/\37)\2] =—A1; [)\3, /\4] = 5)\5
1 1 1
(A3, A5] = oM (A3, Ae] = —5A7; A3, A7] = 5
V3 V3 V3
[)‘87)‘4] = 7)‘5 ; [)‘87)\5] = *7)\4 ) [)‘83>\6] = 7)\7
V3
P\Sy)\?] - _7/\6 . (FS)

We now evaluate the trace Tr on the 8 + 3+ 3", and the trace tr on the
3 +3*+1. We find for the generator A3 that \3 is diagonal on all states.
It is then easy to obtain

Tr()° = (-2 o)+ (D) =2 — (F.9)
tr(\3)8 = —% tr(A3)? = -1 (F.10)

where we used that (A3)? vanishes on y and equals —%I on two of the

three states in 3 and 3*. As a check one may rederive these relations using

(6.9.19) for SU(3). Hence from A3 we learn that —if = a(—7%) + B(—1).
Similarly we find for the generator Ag

Tr(4s)® = (=) — (55)*(66 + 66)
r(3)° = (—1)°(66+66)  tr(As) =~ (64+6) . (P.11)

Hence As tells us that —27 — L = o(— L)+ B(—1). There is no solution
of both equations with o = 0, and since « is nonzero, TrF® does not fac-
torize for G5. Hence, this group produces gauge anomalies which cannot
be canceled by a counterterm.

Fy

Next we consider the group Fjy. It has 52 generators, the defining
representation is the 26, and SO(9) is a maximal regular subalgebra. (A
regular subalgebra H of G has roots which are a subset of the roots of
G, and Cartan generators which are a linear combination of the Cartan
generators of G. If it is maximal, the rank of H is equal to the rank of G).

3 An SO(3) subgroup of SU(3) is generated by A4, A5 and %/\3 + %\/3/\8.
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Spinors % of SO(9) have 16 components, and SO(9) has 36 generators,
so we expect that under SO(9) the 26 and the 52 decompose as follows

26 —9+16+1
52 — 36 + 16 . (F.12)

So the 26 consists of a vector v*, a spinor 1)® and a scalar s, all real. We
define F by its action on the 26 [127]. Manifest SO(9) covariance allows
only

vt = Aol + XOTY g0
1 . .
e = ZA”(FZ-j)O‘gwﬁ + 0 (T) %M\ + 502
0s = a\*Y, (a =3, see below) . (F.13)

Orthogonal groups leave y'6;;27 invariant, hence 5Z-kAkj + Akiékj = 0.
Then A;j = —Aj; where A;j = 5ikAkj are the 36 real parameters of SO(9),
and A\ are the 16 extra real parameters. Again only a has to be fixed.
Since the Dirac matrices (with {I';,I';} = 26;;) in 9 Euclidean dimensions
can be taken to be real and symmetric 16 x 16 matrices [56, 107], the
26 is real. In fact, the charge conjugation matrix is the unit matrix since
CT? =T%TC for C = 1. (In odd dimensions one has either CT* = —T*TC
or CT% = +T%TC, but not both possibilities. Here, clearly one has the
+ sign). Because C = 1, the matrices Fgﬁ and (I')%g in (F.13) are the
same.

To show that (F.13) defines a Lie algebra, we must show that the com-
mutators close. Of course the subalgebra of SO(9) closes, [§(Az2),d(A1)] =
S([A1,As]). Also [6(A),8(N)] is, as expected, equal to §(X = —2AIFTj\).
The crucial question is whether [§(A2),6(\1)] closes. On s and v* one eas-
ily establishes that this commutator is equal to an SO(9) rotation with
composite parameter A;j = 2\I';jA2. On 9 a Fierz rearrangement yields

5(A), 60 )b = 1—165()\2Fi011“i)\1 +axO A0 — (1 2) . (F.14)

Only O ~ T9% and O ~ T7* contribute (the rest, I and I'* and Tk,
are symmetric matrices); the contribution of the former cancels if one
chooses a = 3, and then the contribution of the latter yield the correctly
normalized SO(9) rotation. Hence, (F.13) defines a Lie algebra, namely
Fy.

The decomposition of the generators of Fj into generators of SO(9)
and coset generators is not a Cartan decomposition because that would
require 24 subgroup generators and 28 coset generators; however, it still
is a symmetric decomposition (because two A transformations only pro-
duce an SO(9) rotation). Hence, not every symmetric decomposition is
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a Cartan decomposition. (The reverse is, however, true: every Cartan
decomposition is a symmetric decomposition). Of course, 24 is the num-
ber of generator of SU(5), but 28 is not the sum of the dimensions of a
set of irreducible representations of SU(5) (except if one has many SU(5)
singlets). In fact, we may use a so-called extended Dynkin diagram [130]
to find all maximal regular subalgebra of Fy

r-0@ 0 r-@@( (I
Deleting any point gives the following set of maximal regular subalgebras
of F4 4

SO(9); SU(2) x SU(4); SU(3) x SU(3); Sp(6) x SU(2) . (F.16)

The last one yields the Cartan decomposition Fy/Sp(6) x SU(2), and
the 28 dimensional coset is indeed a representation of Sp(6) x SU(2),
namely 28 = (14, 2) (where 14 is the antisymmetric symplectic-traceless
representation ¢ = —t/¢ of Sp(6)).

The group Fy has 4 Casimir operators (because it has rank 4), namely
Cy, Cg, Cs, C12. So, as in the case of G9, we know that

TrF% = atrF® + 3 (trF?)3 (F.17)

and the issue is whether a = 0.

We need two particular generators of SO(9) to be able to fix « and 3.
As such, we take a rotation in the 1-2 plane of R?, and a simultaneous
rotation in the 1-2 plane and the 1-3 plane. These generators have the
following form in the defining representation of SO(9)

0 10 . 0 1 1
100 . 10 0 .
=19 00 Tir=1_19 0 . - (P18
9%x9 o/ 9x9

In the spinor representation of SO(9) they are given by %7172 and %7172—1—

%7173, respectively.
We evaluate the trace Tr on the 36 and 16 of SO(9), and the trace tr
on the 9, 16 and 1 of SO(9). One obtains, using (6.9.14) for the 36 of

SO(9)

16
Tr(T7) = —14— —
x(T1) 64

16 9 16
tr(77)% = —2— —=-2, () =-2—-—"=-6. (F.1
r(T7) 6 1w 1 6. (F.19)

4 Actually, it is known [129] that for the exceptional groups there are 5 regular subal-
gebras obtained this way which are not maximal, and one of these exceptions is for
F, where SU(2) x SU(4) is contained in SO(9).
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Hence the first equation for o and 3 is —54—7 = a(—9) + B(-216).
The computation of the traces with 77 is snnphﬁed by noting that for
the vector representation

-2 0 0
2o | 0 =1 0
T = 0 0 -1 (F.20)
0 9x9
while for the spinor representation TI = — 1[ 16x16- Now one finds, again
using (6.9.14) to compute TrT¥, on the adJomt representation 36,
Tr(Ty7)° = —23(—10) + 15(—4)6 — 5= —132
16 16
tr(Tyr)® = —10 — < - 12 tr(Tyr)* = —4 — 5 - (F21)

Hence the second equation for o and f§ is —132 = «(—12) + 5(—12).
Again, there is no solution to (F.17) with a = 0, hence also for F; gauge
anomalies do not cancel.

Eg
The group Eg has 78 generators, and the fundamental representation
is the 27. Suitable subgroups and the corresponding decompositions are
[129]
SO(10) x U(1) : 78 — 45(0) + 16(—3) + 16"(3) + 1(0)
27 — 16(1) +10(—2) + 1(4)
Usp(8): 78 — 36+ 42
27 — 27

Fy: 78 —52+26
27 — 26+ 1 (F.22)

None of these is a maximal regular subalgebra, as one may deduce from
the extended Dynkin diagram for Ejg

oSS rocgoe

In the literature the coset Eg/Usp(8) has been studied in detail [137,
138], so let us choose Usp(8) as the subgroup of Eg. The corresponding
decomposition of Eg is a Cartan decomposition. The group Eg acts on
the 27 as

62°0 = A%, 27 + AP 227 ¢ Zaﬁwgzﬁ‘s (F.24)
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where 28 = —28 with o, 8 = 1,8 and zo"gQag = 0 with Q,3 the metric
of Sp(8). The generators of Usp(n) in the defining representation are the
antihermitian matrices A% preserving 2%Q,5y°. Hence A%g = —(A5,)*
and A7,Q,5 = Aga = —QayA73 = Agg. This shows that there are 36
generators. For n = 2 one easily checks that Usp(2) = SU(2), but for
higher n the dimension of SU(n) is larger then that of Usp(n). Fur-
thermore, X,g.5 = Za/ﬂ/m;Qa/anrg is totally antisymmetric, traceless
with respect to Q% and satisfies the reality condition (3%79)* = Yasys
where £,/ Qsy = Sarpry with Q9053 = 62 The %5 are the
42 generators of the coset Eg/Usp(8).

There are 3 Casimir operators with rank < 6, namely C9, C5 and Cg,
but only Cy and Cg play a role in the decomposition of TrF®

TrF® = atrFS + b (trF?)3 . (F.25)

We leave the proof that a is nonvanishing as an exercise. (Hint: two
suitable 8 x 8 matrices in the defining representation of Usp(8) are the
matrices with iog or ioq in the first 2 x 2 block, and for TrT® over the 36
one may use (6.9.14) with + signs instead of — signs).

E

T}Ze group FE7; has 133 generators, and SU(8) is a maximal subgroup.
The fundamental representation is the 56, spanned by antisymmetric 2%
and z;; = (z%)* with i, j = 1,8. E7 is defined by its action on the 56 as
follows [131]

oY = Alkl‘kj + A]kﬂflk + Eez]klmnopzmnopi,kl

55@']’ = /_\ikfkj + /_\jkif‘ik + Zijkll‘kl . (F.26)
As before Z;; = (2)* and A;® = (A%)*. The A% yield the 63 real
parameters of SU(8), hence they are antihermitian and traceless, AR =
—A¥;, and A%; = 0, while tthijkl are totally ant'i'symmetric and satisfy
the selfduality relation (*X)U* = ()% = %e”klmmpmep, yielding
the remaining 70 real parameters of F7. Thus under SU(8) the adjoint
representation of E7 decomposes as follows: 133 — 63+70. Furthermore,
the 56 of E7 decomposes into the 28+28* of SU(8) as is clear from (F.26).
(If we only allow real group parameters, the 56 remains irreducibe under
SU(8)). This definition of E; in terms of SU(8) resembles the definition
of G in terms of SU(3), but E;/SU(8) yields a Cartan decomposition.

The relevant Casimir operators are in this case Cy and C, so

TeF® = atrF® 4 b (trF?)3 . (F.27)

where the trace “Ir” is over the adjoint representation of £7 and the trace
“tr” is over the fundamental representation of E7.
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Decomposing the adjoint and fundamental representation of F; with
respect to SU(8), and denoting the resulting SU(8) representations by
their dimensionality we find from (F.27)

TI‘63F6 + tI‘70F6 = 2atr28F6 + 8b(tr28F2)3 . (F28)

We choose again suitable generators for F, namely any linear combina-
tion A of the 7 independent generators which are diagonal (and imaginary)
in the fundamental representation 8 of SU(8). We denote these entries
by a; with ¢ = 1,8, and have then the constraint > a; = 0.

The trace of A® in the adjoint representation of SU(8) follows from
(6.9.19)

TresA® =16 > af +300>_a7)(D_aj) —200> ad)* . (F.29)

All sums run over 1 <i<8and 1 < j <8.

For the trace of A% in the 70 of SU(8) we use that states are labeled by
i < j <k <I5and A is represented on these states by (a; + a; + ay + a;).
We rewrite the restricted sum as a combination of unrestricted sums

1
Z (ai+aj+ak+al)6:ﬂ[ Z(ai+aj+ak+al)6

i<j<k<l ikl
—6 Z (2a; + a +a;)® + 3 Z (2a; + 2az,)8
=4k, i=j,k=l
+8 Y Bat+a)-6 Y (4%-)6} . (F.30)
i=j=k,L i=j=k=l

As a check one may verify that the number of terms on the left hand side
is equal to that on the right hand side. This expression can be expanded
into terms with > al, (3 a})(2 ajz) and (3 a?)3. Since A depends on

5 As the 70 independent components of ¥;ji; we can take the real parts R;jrn and
the imaginary parts I;;x with 4, 7, k,{ running from 1 to 7. The selfduality relation
expresses Rijrs and I;;xs in terms of these 70 components. The matrix A maps Riju
into —(Ozi + aj + ag + Ozl)li]'kl, and L;jkl into (Oéi + a; + ag + Oél)Rijkl, where the
diagonal entries ai,..,as of A, satisfying a; + --- + as = 0, have been written as
aj = i with real ;. Then A? is separately diagonal on the 35 states Ri;x; and the
35 states I;jr;. The trace of A?P becomes

trro A% = (-2) Z (i +aj + ok + o)™
1<i<j<k<I<T
= Z (ai + aj + ax +a)*
1<i<j<k<I<8

because the terms with an index as gives the same contribution as the terms without
an index as.
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7 arbitrary parameters, there is enough resolving power to treat these
invariants as independent.
For the traces of A% and A2 over 28 of SU(8) one finds easily

tI‘28A6 = %[Z(al + aj)ﬁ - 2(201)6]
trag A2 = %[Z(a )t = Y a)] (F.31)

Finally we collect all terms with 3" a. There are no terms of this kind
proportional to b, and our aim is to show that a is nonvanishing. Thus
we assume that a vanishes, and show that this leads to a contradiction,
namely we show that the sum of all terms in Trq33A% which are propor-
tional to 3" a does not vanish. From the 63 we find a coefficient 16, while
the 70 yields the following coefficient

% [4 —6(2°+2) +3(2°+20) +8(3% + 1) — 6(46)]

1

:ﬂ[—3-27+3-27+23-36—3-213} =35 210 (F.32)

Clearly a is nonvanishing, and hence also the group E» leads to gauge
anomalies in ten dimensions.

E 8 X E 8

We mentioned in the main text that also for the gauge group Fg x Fg
all anomalies in 10-dimensional simple supergravity coupled to Yang-Mills
theory can be canceled by a counterterm. We give here the details.

From (6.9.57) we see that we must factorize TrES in order to have a
chance to cancel the anomalies. As we already discussed in the main
text, for Eg TrE® factorizes. In facts, also TrF? factorizes. Consequently,
also for Fg x Eg these traces factorize. This guarantees that the anomaly
factorizes. We first prove this factorization and then explicitly construct
the counterterm. Hence Eg x Eg is as good a candidate as SO(32).

For Eg we have the following relations

1
TrF® = ——(TrF?)?
g 7200 ()
1
TrF* = —(Tr F?)?. F.
T 100(r ) (F.33)

To derive these relations, we consider a particular generator A of Eg and
compute TrA% TrA* and TrA? separately. To find a suitable generator of
Eg, we note that SO(16) is a maximal regular subalgebra of Eg, and the
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adjoint representation 248 of Fg decomposes under this SO(16) into the
adjoint 120 of SO(16) and the spinor representation 128 of SO(16). We
then act with A separately onto the 120 part and the 128 part of 248.
Let the SO(16) generator be a rotation in the 2-y plane of R'6; then the
spinor representation® is given by the 128 x 128 matrix %7172. So the
generator A lies in the SO(16) subgroup of Ejg, and its representation in
the vector representation and in the spinor representation is given by

0 1 0

~1 0 0 1172

Avector = 0 0 0 Aspinor = (2"}/ (F34)

) 128x128
16x16

From applying (6.9.14) to SO(16) we find TrA4%? = (n — 2)trA2

14(—2) on the 120, and from (1+'4?)2 = —1I one obtains TrA%}ZZOO: =
—%128 on the 128. Together TrA? = —60 for Eg. For TrA* one finds in
the same way TrA% = 14(+2) + {£128 = 36. Finally, TrA® = 14(-2) —
4;128 = —30. With these results one obtains (F.33).

For Eg x Eg one has Tr F* = dim Eg (Tr; F™ + Tryp F™) where TriF™
refers to the trace in the first Fg, and Tri F™ to the second Eg. Further-
more, dim Fg equal 248. Then

dimEg
Tr FS = Try F2)3 + (Tryp F2)3] . F.
r 7500 {( 1 F*)° + (Trn )] (F.35)
This can be factorized using z2 + y3 = (z + y) (2% — 2y + y?)
dim F
6 _ 8 2 2
TF = o [TrIF +Trg F ]

X |(Try F2)? — (Tay F2)(Trg F2) + (Tra F2)?] . (F.36)
For TrF* one finds
Tr F4 = dim By (m F4 4 Trg F4)

- dim Eg
100

[(Ter F2)2 4 (Teyg F2)2] (F.37)
Finally, one has of course

Tr F? = dim Eg (TrI F2 4+ Ty F2) . (F.38)

5 The Dirac matrices in 16 dimensions are 256 x 256 matrices, which can be chosen
to be block off-diagonal. Then %7172 is block diagonal with one 128 x 128 block for
chiral spinors and the other 128 x 128 block for antichiral spinors. These two spinor
representations are inequivalent, just as in the case of SO(8). In the text we mean
by %'yl'yz one of these 128 x 128 blocks.
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The first question to be settled is whether the factorization in (6.9.62)
holds for Eg x Eg. Substitution of (F.35), (F.37) and (F.38) into (6.9.62)
shows that it does hold. The counterterm is now constructed the same
way as for SO(32), see section 6.9. The 12-form from which the descent
equation start is given by (6.9.63). Note that the traces TrF™ in this
formula refer to traces over Eg X Fg. The counterterm is then given by

1
AL = BXg+ (trR? - %TrF2)X7 (F.39)
where dX7 = Xg and

1 1
Xg = —trR* + —

1 1 1
5 3 (trR?)? — —trR*TrF? + —TrF* — ——(TvF?)? .

240 24 7200
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