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ABSTRACT 

 

Cardiovascular disease is the number one reason for emergency room visits in the United 

States. Understanding the different pathologies of the cardiovascular system is crucial 

when trying to prescribe proper treatment or intervention. In order best understand these 

issues proper computer simulations would be necessary. Due to the fact that every patient 

is different. Being able to analysis and properly simulate each patients data individually to 

better understanding their specific case is necessary for patient specific interventions. In 

order to achieve such requirement we propose a new method of mesh generation to better 

map patient specific geometries. This new framework takes a set of points in a 3D space 

and generates a 2D NURBS mesh. Insuring a smooth and accurate representation of the 

patient specific geometry will allow for more specific incite to possible medical issues that 

may arise. This NURBS based mesh can be then used to run either finite element analysis, 

computational fluid dynamics, or even fluid solid interactions. Running these patient-

specific valve simulations using isogementric modeling is what will allow us to have 

patient specific treatments and intervention. 
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PUBLIC ABSTRACT 

 

Cardiovascular disease is the number one reason for emergency room visits in the United 

States. Understanding the different pathologies of the cardiovascular system is crucial 

when trying to prescribe proper treatment or intervention. In order best understand these 

issues proper computer simulations would be necessary. Due to the fact that every patient 

is different. Being able to analysis and properly simulate each patients data individually to 

better understanding their specific case is necessary for patient specific interventions. In 

order to achieve such requirement we propose a new method of mesh generation to better 

map patient specific geometries. This new framework takes a set of points in a 3D space 

and generates a 2D NURBS mesh. Insuring a smooth and accurate representation of the 

patient specific geometry will allow for more specific incite to possible medical issues that 

may arise. This NURBS based mesh can be then used to run either finite element analysis, 

computational fluid dynamics, or even fluid solid interactions. Running these patient-

specific valve simulations using isogementric modeling is what will allow us to have 

patient specific treatments and intervention. 
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CHAPTER 1: INTRODUCTION 

 

1.1 Overview 

 

Heart disease is the leading cause of death in the United States. According to the 

American Heart Association in 2012 about 1 in of 3 adults aged 18 and over reported being 

diagnosed at least cardiovascular disease [1]. Cardiovascular disease may be characterized 

by, but not limited to, thrombi formation, valvular stenosis, and genetic mutations [2]. 

Furthermore, there are various complications that may occur when treating cardiovascular 

disease. Some of the listed conditions can be further studied to help decrease any future 

complications in the clinical setting. Many studies on cardiovascular diseases are 

conducted by computer simulations [3]. For example, studying Abdominal Aortic 

Aneurysms (AAA), looking into the blood flow dynamics can give solid incite to possible 

rupture points and conditions [4]. 

There have been many studies showing the role of computational fluid dynamics 

(CFD) simulations in prescribing treatments of vascular pathologies [5]. However, there 

are a number of challenges involved when using computational simulations. One main 

challenge is maintaining an accurate representation of the geometry while minimizing the 

computational cost. Future clinical issues can be predicted when there is high coaptation 

between the generated mesh and the object surface [3]. 

1.2 Aim 

 

Common types of generated mesh elements use triangular or quadrilateral 

algorithms. These methods may be advantageous when meshing geometries with straight 
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edges, representing straight edges with a series of segmented lines may seem trivial. 

However, when trying to mesh irregularly shaped biological tissue, such as heart valves, 

veins or arteries, it may not be an optimal method. The research work to be presented uses 

an automated method of a Non-Uniform Rational B-Spline (NURBS) mesh generation. 

The power of NURBS allows us to generate mesh elements using b-splines. This allows us 

to better represent irregular objects commonly seen in cardiovascular tissue. In this work, 

the process about generating a NURBS-based mesh from a point cloud is shown. The end-

goal is to evaluate this method and its potential application to the cardiovascular system. 
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CHAPTER 2: BACKGROUND 

 

2.1 Valve Anatomy and Pathologies 

 

The heart contains four valves which divide four spatial chambers: the mitral, 

tricuspid, aortic and pulmonary valve. The mitral valve, also known as the bicuspid valve, 

separates the left atrium (LA) and the left ventricle (LV). The tricuspid valve separates the 

right ventricle (RV) and the right atrium (RA). The pulmonary valve is attached to the RV. 

Finally, the aortic valve is located between the LV and the aorta. The main job for any 

valve in the circulatory system is to establish a unidirectional flow. Due to the very thin 

and flexible tissue, these valves undergo quick deformations during their opening and 

closing phases. 

 

Figure 1: Sagittal plan segmentation of the heart exposing the left and right cavities (left), 

axial plan segmentation of the heart reveling all four heart valves (right). 

 

The cardiac cycle consist of two phases, systole and diastole. The systolic phase is 

when the left and right ventricles contract. During this phase, blood flows from the RV out 

to the lungs through the pulmonary valve. Simultaneously, blood flows out of the LV past 
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the aortic valve, to disperse blood throughout the body. This is also known as the ejection 

phase. During this contraction, the aortic and pulmonary valves are forced open due to an 

induced pressure difference [6].  At the end of the ejection phase, the aortic and pulmonary 

valves close, and the bilateral atrial compartments contract. This phase is known as diastole 

or the filling phase, due to the refilling of the LV and RV compartments. 

In order for the circulatory process to work, the arteries and valves must be 

completely healthy and functioning normally. Some pathologies may be induced due to 

poor diet or unhealthy life styles. Also, due to how often these valves open and close, they 

can be prone to mechanical damage. However, valves may also be damaged due to genetic 

anomalies, causing there to be a defect at birth. For example, the aortic valve normally has 

three leaflets, however some infants are born with two leaflets fused together, known as 

bicuspid aortic valves [7]. Atherosclerotic lesions can also lead to abnormal blood flow. 

There are many other complex cardiovascular conditions, and therefore, it may be difficult 

to determine an optimal medical treatment among a general patient population. Therefore, 

studying each patient case individually is very crucial. 

2.1.1 Geometry of Mitral and Aortic Valves 

 

The mitral valve is a bicuspid valve that separates the LV and LA. The mitral valve 

consists of two leaflets (posterior and anterior), an annulus, and the chordae tendineae. The 

thickness of the two leaflets in the mid-section usually measure to be approximately 0.97 

±3 mm [8]. This thin membrane allows for quick and smooth deformation. Under normal 

conditions, there is complete coaptation, which assures that, while in the fully closed 

position, there will not be any blood flowing back into the LA[9]. The mitral valve operates 

to guide blood flow to be unidirectional. Encompassing these two leaflets is the annulus, 
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which is a circular band that provides an attachment point for the leaflets. This band is 

made out of collagen and elastin fibers to allow it to easily deform throughout the cardiac 

cycle. On average, the annulus can stretch between 5-10mm [8]. The elastic fibers that are 

attached to the backside of these leaflets are known as the chordae tendineae. The chordae 

tendineae are string-like tissues that prevent the leaflets from relapsing. The chordae 

tendineae is attached to the papillary muscles in the LV, which aid to assure the leaflets are 

not inverted into the LA when fully closed [10]. 

 

Figure 2: A vertical dissection of the mitral valve, here the mitral valve leaflets are 

attached to the interior of the left ventricle through the cord like structures called chordea 

tendinea. 

 

The aortic valves is a tricuspid valve which ensures unidirectional blood flow out 

of the LV and into the systemic circulation. This valve consists of three leaflets. Similarly 

to the mitral valve, the aortic valves also contains an annulus that surrounds the leaflets. 

The aortic valve goes through various pressure changes which increases the risk to 

mechanical damage [11]. 
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Figure 3: Aortic Valve in the open and closed position. 

  

2.1.2 Congenital Heart Defects and Disease 

 

There are many possible different types of valve defects and diseases. Some 

diseases may develop over time, while others may occur at birth. Stenotic tissue, for 

example, is a condition which develops over time. A very common place for this type of 

tissue to form is on the valve leaflet which causes stiffness of the tissues [12]. When the 

leaflets reach a particular level of stenosis, they can no longer completely close. 

 

Figure 4: Healthy aortic valve (left), a stenotic valve (right). 
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  One of the most common valvular conditions is regurgitation. Regurgitation, or 

“backflow”, is when blood starts seeping through a gap in the valve. This may prevent the 

blood from moving forward in the cardiac cycle. Regurgitation may be induced by a 

stenotic valve, and may also manifest to thrombus formation [12]. 

Coaptation of the leaflets are vital in order to prevent regurgitation [13]. Coaptation 

is the overlapping tissue of the leaflets when they come together in the closed position.  

However a mismatch in coaptation may sometimes occur leading again to some amount of 

regurgitation. 

In mitral valve the weakness of the chordea tenednea can also cause a loss of 

structural integrity which then may lead to the leaflets not closing properly. This process 

of the leaflets ‘flopping” or not closing properly is also known as mitral valve prolapse. An 

oversized leaflet can also cause there to be prolapses.  

 

Figure 5: Healthy Mitral valve in the fully closed position (Left), Mitral valve with prolapse in 
the closed position (Right). 
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Another condition is when there are fused leaflets, typically seen as a congenital 

defect. This heart defect has been commonly observed in males, and affects the aortic 

valve. In most cases, the fusion is between the right and left cusps [14]. Those that 

demonstrate the congenital defect may also have a slight dilatation of the coronary 

arteries[13]. 

 

 

Figure 6: Fused aortic valve. 

 With such defect there has been a set of different interventions developed. These 

interventions are to try to insure that blood flow within the heart takes a normal path. 

Depending on the type of defect and which valve has been effected there are different 

potential approaches.  

 

2.1.3 Treatment and Interventions 
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One potential intervention, or treatment, is having a heart valve replacement. 

Replacement heart valves can be either mechanical or bioprosthetic. In some cases, a 

surgical procedure can also be performed to manually repair the heart valve, thus avoiding 

valve replacement [15]. 

Repairing the mitral valve common procedure that has been developed. However 

not every mitral valve can be repaired. Mitral valve repairs have been shown to be 

advantageous in many ways, such as the success rates are much higher than valve 

replacements. Mitral valve repairs are also done minimally invasive which also reduces the 

chance of infections. 

Currently, there are many existing designs of mechanical heart valves. The common 

designs include the ball and cage, tri-leaflet hinge or bi-leaflet hinge valves [16]. Each 

design has its advantages and disadvantages. Anticoagulants need to be prescribed to any 

patients undergoing a mechanical valve replacement procedure. This is because the 

replacement valve is detected as a foreign material being placed into the body, and the [17]. 

Furthermore, a molecular reaction may occur due to poor mismatch material compliance. 

Another complication is blood damage that can result from the high velocity blood flow 

through small gaps between leaflets or between the hinge and leaflet. When platelets are 

activated, there is an increased risk of thrombus formation. However, currently existing 

mechanical heart valves are extremely durable, and can last a patient’s lifetime [17]. 
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Figure 7: Bi-leaflet heart valve (left), Tri-leaflet heart valve (center), and ball and cage 

heart valve (right). 

 

Another replacement method uses bioprosthetic heart valves. These valves are 

made from either bovine pericardial or porcine aortic valve tissue. The leaflet portion of 

these valves would be made of the biological tissue while the annulus is often made of a 

prosthetic support stent. This stent is designed to provide structural support and allow for 

tissue ingrowth. Bioprosthetic valves do not require the patient to take prescribed 

anticoagulants. However, these valves are much less durable, and often calcify, typically 

requiring replacement within 15 years of implantation [11]. Mitral valve repair is a very 

common form of treatment to treat cardiovascular disease. However, this intervention 

option is not ideal or even possible for all cases. 

 

Figure 8: Bioprosthetic heart valve, made usually from porcine or bovine tissue and a 

mesh like annulus ring. 



- 11 - 
 

2.2 Computational Modeling 

  

When trying to better understand how certain diseases effects the valves structural 

integrity or how the blood flow through these valves. The methods that are being used for 

such studies are finite element analysis (FEA), computational fluid dynamics (CFD), or 

fluid solid interaction (FSI). Each method delivers a set of insight, choosing what method 

to best use would depend on what is being studied.    

 2.2.1 Finite Element Modeling  

 

 With current standard FEA solvers the main focus is to look at the solid structure 

and see how it deform under different loads. Running a finite element simulation requires 

a either a shell element or a solid element. These element type are depending on a specific 

set of parameters there one can make a choice between a solid element and a shell element. 

Each element type has its advantages and setbacks with a shell element computational 

time is significantly lower however the depth of detail is also lost. In either case most 

common FEA programs and solvers can handle triangular and quadrilateral mesh 

elements. These are element types in which represent a surface or solid using a set number 

of triangular and quadrilateral  for surface meshes and tetrahedral or brick elements for a 

solid mesh. 

2.2.2 Computational Fluid Dynamic Modeling  

  

The second type of simulations that are done would be computational fluid 

dynamics (CFD). With such analysis the main concern is the fluid flow. As in with FEM 

the mesh structure that is commonly used in most commercial CFD software  have 
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triangular and quadrilateral  for surface meshes and tetrahedral or brick elements for a 

solid mesh as there element types. CFD simulations are frequently used when studying 

blood flow with the cardiovascular system. When designing new implant the study of the 

fluid flow can and in some case is done experimentally however most commonly a CFD 

simulation are done. This allows for a more detailed study and understanding of how the 

blood dynamics would be. 

 

2.2.3 Fluid Solid Interaction Modeling  

  

Finally we come to a new method that has recently surfaced, fluid solid interaction 

(FSI). With FSI the solver looks at both solid structure and how it interacts with the fluid. 

These simulations are the most insightful yet also the most costly. The mesh structure for 

most FSI solvers are that of the FEM as well. With fluid structure interaction simulations 

the kinematics that are observed on not only one do to the initial boundary conditions 

however they are influenced by how the solid changes. For example when studying the 

fluid movement through a valve throughout a cardiac cycle, the valve deformation will 

affect the fluid moves [18].  

2.2.4 Motivation   

  

Studying physiological conditions on a computer simulation allow there to be large 

set of cases that be looked at. Understand with some level of detail what types of stress 

and deformations biological tissues undergo will help with diagnosing specific diseases. 

Being able to study and diagnose these diseases would lead into understanding and 

working on preventive care measure that might be taken.  
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2.3 NURBS Background and Overview 

 

2.3.1 B-Spline Basis Function  

 

The formulation of a Non-Uniform Rational B-Spline (NURBS) surface consists of a 

piece-wise function that is primarily B-Spline curves[19]. In order to formulate a NURBS 

surface a Knot vectors is needed. This also serves as the notation in parametric space (along 

the curve). A knot vector is a vector that is consist of a set of non-decreasing sequence of 

real numbers 𝑈 = (𝑢0, 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑚);. Each value within this vector is referred to as a 

knot (ui). The number of knots in a knot vector is determined by the relationship in Equation 

1 below. Where p is the power of the NURBS curve and k is the number of control points 

being used. In order to ensure the surface to be smooth and continues the only repeated 

values are the ‘end caps’ of the vector. Having repeating values at the ‘end caps’ also 

clamps down the first and last point. A representation of this can be seen in the Figure 8 

below.  

𝑚 = 𝑘 + 𝑝 + 1                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1 

 

Figure 9: B-spline with four control points. 
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For practical purpose the example of the NURBS curve above being a 2nd order 

curve would have a knot vector similar to this 𝑈 = (0,0,0,1,2,2,2). The knot vectors are 

the basis of which the basis functions are generated. 

The generation of the basis functions which when pieced together generated the 

NURBS curve or surface are generated using the knot values. The basis functions are a set 

of piecewise functions that are generated based on the desired degree (power). The basis 

function is generated in a way to smoothly fit through a set of points. Each basis function 

can be represented by Ni,p, where i is associated with the particular point and p represents 

the power. Because each basis function is associated with a specific knot points the 

notations becomes Ni,p(u). This term is defined in the Equations below[19]: 

𝑁𝑖,0(𝑢) =  {
1 𝑢𝑖 ≤ 𝑢 < 𝑢𝑖

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

𝑁𝑖,𝑝(𝑢) =  
𝑢 − 𝑈𝑖

𝑈𝑖+𝑝 − 𝑈𝑖
𝑁𝑖,𝑝−1 +

𝑈𝑖+𝑝+1 − 𝑢

𝑈𝑖+𝑝+1 − 𝑈𝑖+1
𝑁𝑖,𝑝−1                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2 

For degrees greater than zero the basis function is simply an addition of two basis 

function with one lower degree. The basis functions have a triangular dependence this can 

be more visually seen in the Figure 9 below. 
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Figure 10: Basis function triangular dependency each higher order basis function is 

dependent on two basis function of the one lesser order. 

 

2.3.2 NURBS Curves and Surfaces 

 

In order to generate a NURBS curve, it is important to make sure there are points 

in Cartesian space that can depict the position and direction the NURBS needs to take. 

These points are referred to them as control points. The control points are used as guidance 

for the basis function when generating a NUBRS curve. The NURBS curve may or may 

not actually lie on a control point. The connectivity between the control points form what 

is known as the control point polygon, an example of this can be seen in the Figure 10 

below. 
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Figure 11: 1D NURBS representation. 

In order to be able to completely generate a NURBS curve an addition parameter 

is needed which allow more control over the curve. The parameter that is needed are called 

weights. There should be a weight value for every control point. The weight value can be 

any real number greater than 0. Having higher weight value increases the control the 

associated control point has on the curve formation[20]. A NURBS curve with p-th degree 

is represent by C(u) in the Equation 3.  

𝐶(𝑢) =
∑ 𝑁𝑖,𝑝(𝑢) ∙ 𝑤𝑖  𝑷𝑖

𝑛
𝑖=0

∑ 𝑁𝑖,𝑝(𝑢)  ∙ 𝑤𝑖  
𝑛
𝑖=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3 

𝑤 = (𝑤0, 𝑤1, 𝑤2, 𝑤3, … .𝑤𝑘) 

Where wi are the weight value, Pi refers to the control point, and Ni,p(u) are the basis 

function. An alternative way to represent this NURBS curve can be seen in the Equation 

4, below. Looking at the formulation below Ri,p(u), represents the weighted shape functions 

for each control point.  

𝑅𝑖,𝑝(𝑢) =
𝑁𝑖,𝑝(𝑢)  ∙ 𝑤𝑖

∑ 𝑁𝑗,𝑝(𝑢)  ∙ 𝑤𝑗  
𝑛
𝑗=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 4 
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𝐶(𝑢) = ∑𝑅𝑖,𝑝(𝑢) ∙  𝑷𝑖

𝑛

𝑖=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 5 

Expanding this concept an additional parametric dimension allows us to generate 

NURBS surfaces. Similarly to the generation of the NURBS curve the NURBS surface has 

a u-direction and an additional direction v. A NURBS surface of degree p in the u-direction 

and q in the v-direction would have the following knot vectors: 

𝑈 = (𝑢0, 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑚)                    𝑚 = 𝑘 + 𝑝 + 1 

𝑉 = (𝑣0, 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛)                    𝑛 = 𝑟 + 𝑞 + 1 

Where here k is the number of control points in the u-direction and n is the number 

of control points in the v-direction. Expanding the NURBS representation to the second 

parametric dimension would have the following formulation as expressed by S(u,v) 

Equation 6, below.   

𝑆(𝑢, 𝑣) =
∑ ∑ 𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗 ∙  𝑷𝑖,𝑗

𝑚
𝑗=0  𝑛

𝑖=0

∑ ∑ 𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗  
𝑚
𝑗=0

𝑛
𝑖=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 6 

 

𝑤𝑘,𝑟 =

[
 
 
 
 
𝑤0,0

𝑤1,0 𝑤2,0 … 𝑤𝑘,0

𝑤0,1

𝑤0,2

⋮
⋱ ⋮

𝑤0,𝑟 … 𝑤𝑘,𝑟]
 
 
 
 

 

In the NURBS surface representation above, S(u,v), Pi,j represents the control points 

in the u-direction and in the v-directions. Also as in the single dimension there is a specific 

weight value for each control point. A more effective way to represent a NURBS surface 
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can be seen in the Equation 7 and 8, below. Looking at the formulation below Ri,j(u,v), 

represents the weighted shape functions for each control point  

𝑅𝑖,𝑗(𝑢, 𝑣) =
𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗

∑ ∑ 𝑁𝑘,𝑝(𝑢) ∙  𝑁𝑙,𝑞(𝑣) ∙ 𝑤𝑘,𝑙  
𝑚
𝑙=0

𝑛
𝑘=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 7 

𝑆(𝑢, 𝑣) = ∑ ∑𝑅𝑖,𝑗(𝑢, 𝑣) ∙  𝑷𝑖,𝑗

𝑚

𝑗=0

𝑛

𝑖=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 8 

 

2.3.3 Motivation  

 

The use of NUBRS to properly represent the surface of biological tissues is superior 

to just using a typical triangular or quadrilateral mesh elements, due to the series of splines 

that can be generated to capture the surface compared to a series of lines. When working 

with an ordered point cloud the complications increase. Generating a smooth surface from 

a point cloud without the use of NURBS is an issue because refining the mesh will not 

change how smooth the mesh is. However, when generating a NURBS surface which in 

turn generates a series of B-splines a smooth and continuous surface can be generated with 

smoother interpolations. 
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CHAPTER 3: AUTOMATED NURBS MESH GENERATOR 

 

3.1 Introduction 

 

Before initializing a computational simulation, the type of mesh should be carefully 

considered. The purpose of the mesh is to accurately represent the geometry that the 

simulation is being performed on. When describing a surface, there are two main types of 

element that are used: triangular and quadrilateral [21]. Each element type has its own 

advantages and disadvantages. However, it is still important to know that representing a 

highly curved surface with either element type requires a dense mesh since the curve is 

represented by a series of straight lines (or curved surface is represented by a series of 

triangular/quad planes). Alternatively, NURBS allows us to represent a surface using 

various lines instead of simple, straight lines. This allows us to reduce the mesh density 

while producing an accurate representation of the object geometry. 

This chapter focuses on the algorithms used to develop the automated NURBS 

mesh generator. The NURBS mesh generator allows us to take in an ordered point cloud, 

and return a surface mesh with minimal user input. 

 

3.2 Main Framework 

 

The inputs required are the point cloud and an a text imput file, which includes the 

number of points in the point cloud, the number of nodes in both parametric directions, the 

degree of NURBS that is desired, and whether or not it is an open or closed mesh. Using 

the specified inputs, the code generates a NURBS surface mesh. 
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 The systematic approach used to generate the NURBS mesh can be seen in Figure 

11 below. The first step, after reading in the information from the input file, is to assign 

values for the knot vectors, weight vectors, and mesh indices. Next, the initial mesh is 

generated using the read surface points as the initial position for control points. The steepest 

descent is an optimization method used to reduce the cost function. In this case, the function 

would represent the overall difference between the generated NURBS surface and the point 

cloud. When the convergence criteria is met, the final mesh generation is done. Finally, an 

Initial Graphics Exchange Specification (IGES) file is generated which is used to visually 

represent the final product. 
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Figure 12: Overview flow of Automated NURBS Generator. 
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The NURBS generation algorithms, used to encapsulate the point cloud geometry, 

can be broken down to three main components: NURBS basis functions, surface 

smoothing, and moving control points. 

3.2.1 NURBS Basis Functions 

 

In order to generate the NURBS curve, some parameters need to be set. Initially the 

point cloud that is read in is initialized as the positions for the control points. After reading 

in the control points and the input file the domain is defined. The basis functions require a 

knot vector and weight values. To insure a smooth and continuous curve the knot vector 

that is to be used needs to be an increasing sequence. In the example of generating a 2nd 

degree NURBS curve with 9 control points the generated knot vector would be as follows: 

 

𝑈 = (0,0,0,1,2,3,4,5,6,7,7,7) 
 

After assigning the knot vector the generation process may begin. A single ‘patch’ 

is generated first. This patch uses the first 3 control points, which are initially the first 3 

point cloud points. Following, the NURBS patch moves first along the U direction until it 

reaches the end, this can be seen for this example in the Figure 12 below.  

 

 

Figure 13: The selection of the control points being selected to generate individual 

patches. 
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Figure 14: Initial generation of 1D NURBS curve before control points are moved. 

 

Expanding the same concept to generate a 2D NURBS surface is not much 

different. However due to the fact that there are now two different parametric directions, 

two knot vectors need to be generated. Similarly to how the knot vector for the u-direction 

was generated another is generated for the v-direction. 

Again in order to generate the NURBS surface, a single patch is generated this time 

with 3 control points along the u-direction by 3 control points along the v-direction. 

Following, the NURBS patch moves first along the U direction until it reaches the end. 

The patch then moves up a single node in the V direction, and goes through the U direction 

once more. The generation of a single patch is consisted of using the basis functions that 

are generated using the knot vector values along with the weights for that patch.  
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Figure 15: 2D NURBS surface generated. 

 

When the final mesh is generated, IGES and DAT files are generated as outputs. 

The IGES file can be opened in Rhino to inspect mesh quality. The generated DAT file 

contains control point values, surface point values, the knot vectors, and the weight vectors 

for both parametric directions. 

 

3.2.2 Surface Smoothing  

 

To create a smoother seam, an additional, necessary step is used. With more sparse 

point clouds, the seam tends to be sharp and can be smoothed. This issue can be resolved 

by the user turning on the switch in the user input file. When this option is turned on, there 
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are two additional points that are added to each “ring”.  

Using this method, the algorithm first searches and separates the point cloud into 

rings. After they have been separated into rings, the points that lay on the seam and their 

neighbors are also identified. Two interpolations are done one between the seam point and 

the leading neighbor and the other is between the seam and trailing neighbor. To assure a 

smoother curvature at the seam, the first radius is calculated between the seam point and 

the center of the ring. This is labeled in the example Figure 15 below as R2. Similarly, the 

radii are calculated from the center to the leading point, and from the center point to the 

trailing points, named as R1 and R3 respectively. An average the magnitudes of the radius 

is calculated between |R2| and |R1| that will serve as the interpolation magnitude for the 

point between the seam and the leading point |Rleading|. The magnitude used for the 

interpolation for the point between the seam point and the trailing point, |Rtrailing|, uses the 

average between |R2| and |R3|.  
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Figure 16: Selecting appropriate points for interpolation between the leading point and 

the seam and the trailing point and the seam for a 1 D case. 

 

Following calculating the magnitudes for the leading and trailing supporting control 

points, the normal of the original vectors are calculated. Taking the average of the 

normalized R2 ( �̂�2) and R1 ( �̂�1) to get R*leading. Likewise with when trying to calculate 

R*trailing, the average of the normalized R2 ( �̂�2) and R3 ( �̂�3) is taken. However taking the 

average of two normalized vectors yields a vector that is no longer a unit vector, so the 

resulting vectors are normalized once more. The new resulting unit vectors  �̂�𝑙𝑒𝑎𝑑𝑖𝑛𝑔and 

 �̂�𝑡𝑟𝑎𝑖𝑙𝑛𝑔  will serve as our directional vectors. The final step in generating the two additional 

points would be to take the magnitude of both the leading and trailing averages and 

multiply it by the unit vector in the appropriate direction. The final result for the example 

shown in Figure 16 below.  
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Figure 17: The addition of two new point cloud points can be seen in red. 

  

3.2.3 Moving Control Points 

 

Having the initial guess for the control points be the position of the point cloud 

points is an adequate starting point. After generating the initial mesh with the read in point 

cloud as the starting point. Moving these control points so the finial geometry lands on the 

point cloud is what is seek to be archived. The steepest decent optimization method can be 

used to determine which direction to move the control points in order for the surface points 

to land on the desired position. 
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Before actually moving the control points being able to properly calculate how off 

the generated surface is to the ideal surface is crucial. When a NURBS surface is generated, 

it is generated based on mathematical expressions. The initial mesh was generated using a 

full knot spacing. However when the point cloud is sparse evaluating the surface at a full 

knot spacing might give a false distance. Reverting to the circle example where there were 

only 8 distinct surface points a portion of it can be seen in the Figure 17 below how a full 

knot spacing might be misleading.  

 

 
Figure 18: Initial evaluation points when marching a full knot spacing. 

 

 

Therefore, the NURBS curve may need to analyze more frequently to assure higher 

accuracy. In doing so, an incremental process is done to find out how many times each 

segment needs to be evaluated. In this algorithm initially each segment is divided into two. 

Then the shortest distances are calculated between the point cloud and the generated 

surface using a nearest distance search algorithm. Theses distances are then compared to 

that of surface that was evaluated 3 times per segment. This iterative process continues 
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until there is less than a 5% change between the new number of evaluation and the previous 

iteration. Figure 18 below shows two segments split 10 times each. This approach 

estimated more accurate values closer to the desired positions.  

 

 
Figure 19: Ten evaluations are done per line segment and the closest surface point are 

detected. 

 

3.3 Steepest Descent Algorithm  

 

The next step is to move the nearest detected points to the location of the read 

surface points. The method used to assure the control points move in the right direction is 

an optimization method known as the steepest descent method. The steepest descent 

method uses an incremental process and a stopping criteria to insure a convergence of the 

design variables. The steepest descent algorithm does not have a limit on the number of 

variables used. An overview look at the iterative process is presented in Figure 19 below. 
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Figure 20: Flow chart representing iterative process of the Steepest Decent 

 

The steepest descent method used is a one-dimensional method. This means there 

is a single parameter being optimized per design variable. Therefore, each point cloud in 
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the three-dimensional space is broken down into its X, Y, and Z components and set as 

individual design variables. 

 

There is a set maximum number of iteration that this process may take this is set 

there will not be an incident where an infinite loop is created. After every iteration the 

summation of the norm of the gradient used in the cost function is calculated. This will 

serve as our stopping criteria. The default convergence criteria is set to be 0.005 in the 

work presented here. Before using the steepest descent algorithm, the input (i.e. “the initial 

guess”) needs to be known. A NURBS surface mesh is generated using the initial reading 

surface point as the initial position for the control points. 

 

3.3.1 Cost Function  

 

The steepest descent algorithm uses a function to minimize the output, known as 

the cost. The algorithm, or cost function, should be written in terms of the design variables. 

As mentioned in the above chapter the formulation of the NURBS surface can be seen in 

Equation below.  The design variables that are being optimized here are the control points 

Pi,j in Equation 8.  

 

𝑆(𝑢, 𝑣) =
∑ ∑ 𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗 ∙  𝑷𝑖,𝑗

𝑚
𝑗=0  𝑛

𝑖=0

∑ ∑ 𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗  
𝑚
𝑗=0

𝑛
𝑖=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 8 

 

Equation 9 below demonstrates how the control points and design variables are 

incorporated into the cost function. Sideal represents the read surface points that we would 

like to have our final surface fit too. This cost function takes in consideration the entire 

geometry at once, where n represents the number of surface points in the data structure.  
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𝑐𝑜𝑠𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 =  𝑓 =
1

2
∑[(𝑆(𝑢, 𝑣)𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑)

𝑖
− (𝑆𝑖𝑑𝑒𝑎𝑙)𝑖]

2
𝑛

𝑖=1

                       𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 9 

 

3.3.2 Gradient  

 

The stopping criteria uses the norm of the pre-determined function gradient. The 

norm of the gradient is calculated at the end of every iteration to confirm if it has been met. 

Calculation of the gradient needs to be in terms of the design variables in the cost function. 

Having the control points, Pi,j, be the design variables the formulation of the gradient can 

be seen in Equation 10 below:  

𝛻𝑓 = ∑[(𝑆(𝑢, 𝑣)𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑)
𝑖
− (𝑆𝑖𝑑𝑒𝑎𝑙)𝑖 ∙  𝑆′(𝑢, 𝑣)𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑]

𝑛

𝑖=1

                        𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 10 

𝑆(𝑢, 𝑣) =
∑ ∑ 𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗 ∙  𝑷𝑖,𝑗

𝑚
𝑗=0  𝑛

𝑖=0

∑ ∑ 𝑁𝑖,𝑝(𝑢) ∙  𝑁𝑗,𝑞(𝑣) ∙ 𝑤𝑖,𝑗  
𝑚
𝑗=0

𝑛
𝑖=0

= ∑∑ 𝑅𝑖,𝑗(𝑢, 𝑣) ∙  𝑷𝑖,𝑗

𝑚

𝑗=0

𝑛

𝑖=0

 

The formulation shows S’(u,v)generated which is the derivative of the NURBS 

formulation with respect to Pi,j. Below the NURBS formulation can be rewritten as seen in 

the Equation  above. Taking the derivative with respect to control points leaves us with the 

shape functions Ai,a in Equation 11 below.  

  

 

 

𝑆′(𝑢, 𝑣) = ∑∑𝐴𝑖,𝑗 ∙ 𝑷𝑖,𝑗

𝑚

𝑗=0

𝑛

𝑖=0

                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 11 
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3.3.3 Golden Section Method 

 

Golden section method is a gradient based search algorithm that finds the minimum 

value of a one dimensional function. In order to do so, any multi-dimensional function 

should be converted into a one dimensional one. This is why it is called a line search 

algorithm that finds a minimum α value. The parameter α is the maximum step length that 

could be taken in a certain iteration in the algorithm [22]. This is required to reach the 

minimum value of the aforementioned one dimensional function. This is done at each 

single iteration within the steepest decent optimization algorithm. Equations 12, 13, and 14 

are used in the steps shown below to calculated α 

 

𝛼𝑞 = ∑𝛿(1.681)𝑗

𝑞

𝑗=0

; 𝑞 = 0,1,2,…                                                  𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 12 

𝑓(𝛼𝑞−1) < 𝑓(𝛼𝑞−2) 𝑎𝑛𝑑 𝑓(𝛼𝑞−1) < 𝑓(𝛼𝑞)                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 13 

𝛼𝑢 = 𝛼𝑞 = ∑𝛿(1.681)𝑗

𝑞

𝑗=0

;  𝛼𝑙 = 𝛼𝑞−2 = ∑ 𝛿(1.681)𝑗

𝑞−2

𝑗=0

        𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 14 

 

Find α to minimize 𝑓(𝛼). 

Step 1- Phase I: Initialize δ to a small value (ex. 0.001), then calculate 

𝑓(0), 𝑓(𝛼0), 𝑓(𝛼1),…, where 𝛼𝑖 are given by Equation 12. Let q be the smallest 

integer to satisfy Equation 13, where 𝛼𝑞 , 𝛼𝑞−1, and 𝛼𝑞−2 are calculated from 

Equation 12. The upper and lower bounds (𝛼𝑙 and 𝛼𝑢) on α* (optimum value for 

α) are given by Equation 14. The interval of uncertainty is given as 𝐼 = 𝛼𝑢 − 𝛼𝑙. 
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Step 2- Phase II: Compute 𝑓(𝛼𝑏), where 𝛼𝑏 = 𝛼𝑙 + 0.618𝐼. First iteration, 

                              𝛼𝑎 = 𝛼𝑙 + 0.382𝐼 = 𝛼𝑞−1 and so 𝑓(𝛼𝑎) is already known. 

 

Step 3- Compare 𝑓(𝛼𝑎) and 𝑓(𝛼𝑏), and go to (a), (b), or (c). 

 

a. If 𝑓(𝛼𝑎)  <  𝑓(𝛼𝑏), then minimum point α* lies between 𝛼𝑙and 𝛼𝑏, that is, 

 𝛼𝑙  ≤  𝛼 ∗ ≤  𝛼𝑏. The new limits for the reduced interval of uncertainty 

are 𝛼′𝑙 = 𝛼𝑙  and 𝛼′𝑢 = 𝛼𝑏. Also, 𝛼′𝑏 = 𝛼𝑎. Compute 𝑓(𝛼′𝑎), where 𝛼′𝑎 =

𝛼′𝑙 + 0.382(𝛼′𝑢 − 𝛼′𝑙) and go to Step 4. 

 

b.  If 𝑓(𝛼𝑎)  >  𝑓(𝛼𝑏), then minimum point α* lies between 𝛼𝑎and αu, that 

is,  

𝛼𝑎 ≤  𝛼 ∗ ≤ 𝛼𝑢. Similar to the procedure in Step 3(a), let 𝛼′𝑙 =

𝛼𝑎and 𝛼′𝑢 = 𝛼𝑢, so that α′a=αb. Compute 𝑓(𝛼′𝑏), where 𝛼′𝑏 = 𝛼′𝑙 +

0.618(𝛼′𝑢 − 𝛼′𝑙) and go to Step 4. 

 

c. If 𝑓(𝛼𝑎) = 𝑓(𝛼𝑏), let 𝛼𝑙 = 𝛼𝑎and 𝛼𝑢 = 𝛼𝑏and return to Step 2. 

 

 If the new interval of uncertainty 𝐼′ = 𝛼′𝑢 − 𝛼′𝑙 is small enough to satisfy a stopping 

criterion (i.e., I′ < ε), let 𝛼 ∗= (𝛼′𝑢 + 𝛼′𝑙)/2 and stop. Otherwise, delete the primes on 

𝛼′𝑙 , 𝛼′𝑎, and 𝛼′𝑏 and return to Step 3[22] 
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Figure 21: Golden section search representation. 

 

The steepest decent method applies the constant, α, to properly change the design 

variables. Equation 15, below, describes the iteration technique used to optimize and reach 

the convergence criteria of the steepest descent.  

�̅�𝑛𝑒𝑤 = �̅�𝑜𝑙𝑑 + 𝛼𝑑̅                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 15 
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CHAPTER 4: RESULTS AND DISCUSSION 

 

4.1 Introduction 

 

To verify the automated NURBS mesh generator previously discussed, three 

different geometries were simulated and tested, including a cylinder, sphere and a cone. 

The geometries were resembled using ordered point cloud files. In addition, two different 

patient-specific mitral valves and three coronary arteries were also generated. These 

patient-specific geometries were used to demonstrate the capability of the NURBS 

generator. 

4.2 Analytical Geometries 

 

4.2.1 Cylinder 

 

The cylinder input file includes four circular rings with a radius of 1, centered at 

the origin on the X-Y plane. The generated point cloud for the cylinder contains a total of 

36 points - 9 in the radial direction forming a slice, and 4 slices along the Z direction. Figure 

21 below is a visual representation of the point cloud.  
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Figure 22: Generated cylindrical point cloud that is centered on the z-axis with a radius of 

1 and a height of 2. 

 

A NURBS surface was generated using a point cloud file and a specification file. 

A specification file includes total number of control points, number of nodes in each 

parametric direction, the degree of the generated NURBS surface, and whether it is an 

opened/closed (i.e. end-to-end) surface. The NURBS surface was then optimized to fit the 

point cloud within the tolerance limit, as seen in Figure 22 below. 
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4.2.2 Cone 

 

The generated cone had a base radius of 1 and a height of 5. The generated surface 

points included 17 points in the X-Y plane forming a slice and 26 slices in the Z-direction 

this can be seen in Figure 23 below.  

 

Figure 23: Optimized NURBS generation of Cylindrical Point cloud. 
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Figure 24: Generated Cone point cloud  

A NURBS surface was generated using a point cloud file and a specification file. The 

NURBS surface was then optimized to fit the point cloud within the tolerance limit, as seen 

in Figure 24 below. 

Figure 25: Optimized NURBS surface generated by cone point 

cloud 
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4.2.3 Sphere 

 

The point cloud for a sphere was generated while centering it along the X-Y plane. 

The radius of the generated sphere was 1. The point cloud included 153 points - 17 points 

in the radial direction forming a slice and 9 slices where generated in the Z-direction as 

seen in Figure 25 below    

 

Figure 26: Generated Spherical point cloud with a radius 1. 

 

A NURBS surface was generated using a point cloud file and a specification file. 

The NURBS surface was then optimized to fit the point cloud within the tolerance limit, 

as seen in Figure 26 below. 
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Figure 27: Optimized NURBS surface generated from spherical point cloud 

 

 

After simulating these geometries from their respective point clouds, a survey of 

points were collected from the generated surfaces. The points that were selected to compare 

were found by using the ‘nearest point’ search algorithm. Differences between the 

generated surface and the point cloud points were then calculated, in terms of percent error. 

This was used as an overall summary measure to validate the NURBS generator. Figure 27 

and Table 1 below shows the percent errors plotted for each geometry. 
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Figure 28: Scattered plot of percent error between NURBS generated surface and 

analytical solutions for: Sphere, Cone and Cylinder. 

 

 

 

Table 1:  RMS values for percent error for all three analytical shapes. 

 

 

The results demonstrate a low percent error among the three geometries. With the 

average error ranging from 0.02% - 0.08%, it can be seen the NURBS-generated surfaces 

accurately represent the actual geometries. 
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4.3 Patient Specific Point clouds 

 

After validating the automated NURBS generator a set of patient-specific point 

clouds were used to generate NURBS based surfaces. These surfaces represent are what 

can be used to further study patient specific anomalies. Two different sets of biological 

measured point clouds where tested to show flexibility of the NURBS generator.    

 

4.3.1 Patient-Specific Mitral valve Point clouds 

 

The mitral valve point clouds are an ordered point cloud that are consist of 37 points 

along the radial direction, to form a slice. There are 10 slices in each mitral valve. The 

point clouds for these patient specific mitral valve were taken using a Three-Dimensional 

Transesophageal Echocardiography.  

 

 

 
Figure 29: Optimized NURBS surface of Patient 1 mitral valve from point cloud. 
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Figure 30: Optimized NURBS surface of Patient 2 mitral valve from point cloud. 

 

4.3.2 Patient-Specific Coronary Artery Point clouds 

 

 The patient specific coronary artery point clouds were formed using angiography 

to capture the curvature and intravascular ultra sound to be able to capture the cross 

sections. These three patient specific point clouds contained 37 point along the radial 

direction. The number of slices differed from each patient. Table 2 below shows the 

number of sampled point in each direction for each patient.  

 

Table 2: Patient specific coronary artery point cloud specifications. 
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Figure 31: Optimized NURBS surface of Patient 1 coronary artery from point cloud. 

 
Figure 32: Optimized NURBS surface of Patient 2 coronary artery from point cloud. 
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Figure 33: Optimized NURBS surface of Patient 3 coronary artery from point cloud. 

 

4.4 Future Work 

 

 The current NURBS generator presented here has a few limitations that can be 

worked on. One of these limitations is that it requires a set of ordered points. Having such 

constrictions is not ideal. Moving forward being able to take in any set of points and fit a 

NURBS surface is the desired path. Also finding a way to minimize the number of control 

points being used would also be of interest to reduce computational cost.  

 

 

4.5 Summary 

 

When setting up computational simulations using cardiovascular tissue it is 

necessary to have smooth surfaces. With current methods of mesh generation the solution 

has been to increase the mesh density. The results of this study demonstrate that the 

NURBS generator is more capable of using patient-specific point clouds than traditional 



- 47 - 
 

methods. Using a NURBS surface to represent biological tissue removes the need to 

increase mesh densities just to avoid sharp edges. These results can be used to advance the 

medical knowledge regarding the complications of cardiovascular diseases. 
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