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ABSTRACT

Motivated by the management of sales representatives who visit customers to

develop customer relationships, we present a stochastic orienteering problem on a

network of queues, in which a hard time window is associated with each customer

and the representative may experience uncertain wait time resulting from a queueing

process at the customer.

In general, given a list of potential customers and a time horizon consisting

of several periods, the sales representative needs to decide which customers to visit

in each period and how to visit customers within the period, with an objective to

maximize the total reward collected by the end of the horizon. We start our study

with a daily orienteering problem, which is a subproblem of the general problem. We

focus on developing a priori and dynamic routing strategies for the salesperson to

implement during a day.

In the a priori routing case, the salesperson visits customers in a pre-planned

order, and we seek to construct a static sequence of customers that maximizes the

expected value collected. We consider two types of recourse actions. One is to skip

a customer specified by an a priori route if the representative will arrive late in the

customer’s time window. The other type is to leave a customer immediately after

arriving if observing a sufficiently long queue (balking) or to leave after waiting in

queue for a period of time without meeting with the customer (reneging). We propose

customer-specific decision rules to facilitate the execution of recourse actions and
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derive an analytical formula to compute the expected sales from the a priori route.

We tailor a variable neighborhood search (VNS) heuristic to find a priori routes.

In the dynamic routing case, the salesperson decides which customer to visit

and how long to wait at each customer based on realized events. To seek dynamic

routing policies, we propose an approximate dynamic programming approach based

on rollout algorithms. The method introduces a two-stage heuristic estimation that

we refer to as compound rollout. In the first stage, the algorithm decides whether

to stay at the current customer or go to another customer. If departing the current

customer, it chooses the customer to whom to go in the second stage. We demonstrate

the value of our modeling and solution approaches by comparing the dynamic policies

to a priori solutions with recourse actions.

Finally, we address the multi-period orienteering problem. We consider that

each customer’s likelihood of adopting the representative’s product stochastically

evolves over time and is not fully observed by the representative. The representa-

tive can only estimate the adoption likelihood by meeting with the customer and

the estimation may not be accurate. We model the problem as a partially observed

Markov decision process with an objective to maximize the expected sales at the end

of the horizon. We propose a heuristic that decomposes the problem into an assign-

ment problem to schedule customers for a period and a routing problem to decide

how to visit the scheduled customers within the period.

v



PUBLIC ABSTRACT

We study a problem motivated by routing sales representatives to visit cus-

tomers for developing customer relationships. We consider that each customer can

only be accessed during a time window and the representative may experience un-

certain wait time resulting from a queue of others at the customer. We first address

a daily routing problem where the representative needs to decide which customers

to visit and how to visit the customers within a day. We develop two type of solu-

tion approaches for the daily problem. One is an a priori routing strategy, in which

the salesperson visits customers in a pre-planned order, and we seek to construct a

sequence of customers that maximizes the expected value collected. The other is a

dynamic routing strategy, in which the salesperson decides which customer to visit

and whether to wait at a customer based on realized information, such as the arrival

time and the observed queue length at the customer. We then present a multi-period

routing problem, where each customer’s likelihood of adopting the representative’s

product may change over time and is not fully observed by the representative. The

representative can only estimate the adoption likelihood by meeting with the customer

but the estimation may not be accurate.
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CHAPTER 1
INTRODUCTION

1.1 Research Overview

From manufacturers’ perspective, the challenges of higher costs, shrinking margins,

and increased customer expectations require them to adopt service-based competi-

tive strategies that could provide a differentiated source of value to customers (Neely,

2014). As a result, service operations are incorporated as a larger component in prod-

uct offerings than in the past, with businesses shifting from providing just products

to product-service bundles (Falk et al., 2012). One way that manufacturers provide

service is through a knowledgable sales force who helps match customers with the

right products and train customers in the products’ use. With this model, manufac-

turers rely heavily on sales representatives in developing customer relationships, and

sales force management becomes very important.

One key aspect in managing sales force is the routing of sales representatives.

The market has recognized the value of efficient and effective sales representative rout-

ing, as multiple companies supply solutions (e.g., Portatour, Route4Me, TourSolver,

eRouteLogistics) to the market. The route planners are able to design daily or weekly

schedules for representatives with the consideration of time windows at customers.

However, the existing software does not account for the uncertainty that is inherent

in the execution of a route plan. For instance, the representative may not be able to

meet a customer after arriving within the time window due to waiting. In designing a
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tour, however, the software assumes no uncertainty. The software handles unexpected

events, such as a customer becoming unavailable due to the representative needing

to wait to see the customer, by redesigning the route.

In contrast to the existing software, we explicitly model the uncertainty in

developing tours. In doing so, we can anticipate that there will be cases in which

representatives will not be able to meet with customers as planned and resultantly

build better routes. Specifically, we consider two situations. One is that the repre-

sentative may have to wait before meeting the customer, even if the representative

arrives within the customer’s specified time window. Such waiting occurs when the

customer is conducting other business (meetings, paperwork, etc.) in addition to talk-

ing with the representative. The other is that each customer’s likelihood of adopting

the product is uncertain and may evolve stochastically over time. Without the rep-

resentative’s visits, each customer’s adoption likelihood may be influenced by peers

and/or marketing efforts from the representative’s competitors. The representative’s

visits to a customer may increase the customer’s adoption likelihood by increasing

the customer’s awareness and knowledge of the product.

In this thesis, we introduce a stochastic orienteering problem on a network of

queues, where the traveler visits customers at several locations to collect rewards and

each customer is available only during a pre-determined time window. After arrival,

the traveler may need to wait in a queue to meet the customer. The queue length is

unknown before the traveler’s arrival and the wait time is uncertain while the traveler

is in a queue. We study the problem in the context of routing pharmaceutical and
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textbook sales representatives in this thesis. However, this problem is applicable

to several other operations, such as designing trips for tourists who may experience

queueing at attractions (Vansteenwegen and Souffriau (2010)) and routing taxis to

taxi stands in metropolitan area where there may be queues of competitors (Cheng

and Qu (2009)).

In this study, we consider three variants of the problem described above. In §2,

we study a daily orienteering problem in the context of routing pharmaceutical sales

representatives and develop a priori solutions. The pharmaceutical sales force has

experienced a sizable reduction in recent years that is likely to continue. By the end

of 2011, the number of pharmaceutical sales jobs in the U.S. dropped to 72,000 from its

peak of 105,000 in 2006 (Rockoff, 2012). In 2012, Britain’s second largest drugmaker,

AstraZeneca, is cutting 1,150 sales representatives in its U.S. organizations, which

is 24% of its sales force in the U.S. (Arnold, 2012). Pharmaceutical companies have

tried to compensate for the reduced sales force through the use of digital tools like

websites and smartphone apps that allow doctors to directly query the company.

However, sales representatives are not totally replaceable as they provide the means

to develop relationships with customers that may otherwise go unreached. Dealing

with a reduced number of sales representatives, pharmaceutical companies face the

challenge of better managing their reduced sales forces to maximize their benefit to

the company.

On a daily basis, pharmaceutical sales representatives needs to sequence a set

of doctors to visit. In general, a doctor will meet representatives in between other
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work obligations (seeing patients, paperwork, etc.) during a specified time window.

In the problem, we assume a first-come-first-served protocol for the doctor meeting

with all sales representatives. The waiting experienced by the representative after

arriving at a doctor’s office results from a queue of competing sales representatives.

We focus on designing an a priori route for the representative that maximizes the

expected value collected on a given day. We develop an analytical formula that

computes the expected reward from an a priori tour and propose customer-specific

recourse action corresponding to the queueing notions of balking and reneging. We

solve the problem with a variable neighborhood search heuristic and demonstrate

the value of modeling uncertainty by comparing the solutions to our model to that

of a deterministic version using expected values of the associated random variables.

We also compute an empirical upper bound on our solutions by solving deterministic

instances corresponding to perfect information.

In §3, we study the daily orienteering problem in the context of routing text-

book sales representatives who plan on visiting professors on campus to promote text-

books. The U.S. college textbook market consists of about 22 million college students

(Hussar and Bailey, 2013), each spending an average of $655 per year on textbooks

(Atkins, 2013). Because professors are the key factor driving textbook purchase,

publishers employ salespeople to develop relationships with them. A textbook sales-

person visits professors on campus multiple times during a semester, especially during

the weeks preceding the textbook adoption decision for the following semester. By

making professors aware of pedagogical product and service offerings, the salesperson
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hopes to influence professors’ decisions and gain adoptions.

Similar to the pharmaceutical sales routing, professors’ availability to textbook

sales representatives is in general restricted to time windows (office hours). However,

unlike the first-come-first-served queues composed of competing representatives in

pharmaceutical sales routing, there is a priority queue at a professor’s office consisting

of students who have priority in meeting the professor during office hours. That is,

the representative must wait as long as there are students waiting at the professor’s

office, which may mean that the representative’s best option is to leave a professor

immediately after arriving if observing a long queue and revisit the professor later.

The ability of the salesperson to skip and revisit a professor suggests the devel-

opment of dynamic solutions that accounts for the realized random events. We model

the problem as a Markov decision process (MDP). The state consists of information

on the representative’s status as well as the status of each professor. To overcome

the challenges posed by the curse of dimensionality, we first seek to characterize the

structure of the optimal policy. We prove the existence of a control limit on the

queue length for a given arrival time under the assumption that the queue length

distribution has the increasing failure rate property. We present counter-examples to

demonstrate that a control limit policy does not exist on the arrival time for a given

queue length. For a given state, we identify conditions under which the representative

would not choose to visit certain professors, thus reducing the computational burden

in action selection.

Given the restrictive assumptions required to characterize the optimal policy,
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we focus on developing an approximate dynamic programming scheme to obtain dy-

namic routing policies to maximize the total expected sales. We propose a two-stage

heuristic that we refer to as compound rollout for this problem. In the first stage, the

algorithm decides whether to stay at the current professor or go to another profes-

sor. If departing the current professor, it chooses the professor to whom to go in the

second stage. We demonstrate the value of our modeling and solution approaches by

comparing the dynamic policies to a priori solutions with recourse actions.

In §4, we introduce the multi-period orienteering problem where each cus-

tomer’s likelihood of adopting the product is uncertain. The representative visits

customers over a multi-period horizon to observe and potentially increase the chance

of customer adoption. However, when meeting with a customer, the representative

may not be able to fully observe the customer’s adoption likelihood. Instead, she

estimates the underlying likelihood based on the information obtained via communi-

cating with the customer, but the estimation may not be accurate. We consider a

time window and a queueing process associated with each customer. The decisions

faced by the representative are which customers to schedule in each period and in

which order to visit them, knowing that due to time windows and uncertain wait

times the representative may not be able to meet customers even if they are on the

schedule. We propose two models for the problem. The first is a Markov decision

process (MDP) in which we assume that the representative can obtain perfect infor-

mation of the customers’ adoption likelihood by meeting with the customers. The

other is a partially observed Markov decision process (POMDP) which accounts for
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the partial observable nature of customers’ adoption likelihood. The objective of both

the MDP and POMDP is to maximize the expected sales by the end of the horizon.

We propose a heuristic approach to solve the problem. The heuristic iteratively solves

an assignment problem and a routing problem to determine which customers to visit

in a period and how to visit the scheduled customers within the period, respectively.

We conclude the thesis by summarizing the contributions in §5.

1.2 Literature Review

In this section, we review related literature to position our contributions. In

§1.2.1, we investigate the literature of traveling salesman problem (TSP) with profits,

specifically the stochastic TSP with profits and the team orienteering problem. In

§1.2.2, we relate our work to the queueing literature in which queueing decision rules

are investigated. In §1.2.3, we examine the literature that use approximate dynamic

programming to solve routing problems, which is similar to our work in §3.

1.2.1 Orienteering Problem

Our study is rooted in the TSP with profits. The notion of profit or value

can be incorporated in a TSP in several ways and the problem titling typically varies

depending on the treatment of profit. One way to model profit is to minimize the

overall travel costs in the objective function while using a constraint to ensure that a

certain amount of profit is collected (prize collecting TSP). Another way is to max-

imize the overall profit collected, while limiting the total travel cost to a specific

upper bound (orienteering problem or selective TSP). The third way minimizes the
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travel costs minus collected profit in the objective function (profitable tour problem).

Two extensions of the orienteering problem, usually referred to as the team orien-

teering problem and the selective vehicle routing problem, plan more than one tour

and each tour collects rewards during the same period of time. Feillet et al. (2005)

provides a survey of the deterministic TSPs with profits and Vansteenwegen et al.

(2011) conducts a survey of the orienteering problem.

Stochastic elements have been incorporated in TSPs with profits in several

ways. Teng et al. (2004) study a time-constrained TSP with uncertain travel and

service time whose objective is to maximize the total profit collected on a tour. A

limit is set to the total travel and service time of a route. They formulate the problem

as a two-stage stochastic problem with recourse, where in the first stage a subset of

customers are sequenced before the travel and service time are realized and in the

second stage an expected penalty is imposed on the objective function for the viola-

tion of the limit time. Tang and Miller-Hooks (2005) propose a selective TSP with

stochastic service times, travel times and travel costs. They formulate the problem

as a chance-constrained stochastic integer program with an objective to maximize

the total profit collected from an a priori tour while restricting the probability that

the tour length exceeds a certain threshold to a given value. Campbell et al. (2011)

address an orienteering problem with stochastic travel and service times where a cus-

tomer specific penalty is incurred for each scheduled customer not reached before a

given known deadline. They investigate special versions of the problem that can be

solved optimally and present variable neighborhood search heuristics to solve general
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versions of the problem. Similar to Campbell et al. (2011), Papapanagiotou et al.

(2013) investigate an orienteering problem with stochastic travel and service times

and a given deadline. They focus on developing a Monte Carlo sampling procedure

to approximate the objective function. They demonstrate the effectiveness of the

objective approximation by comparing it with the exact objective evaluation. Evers

et al. (2014) study an orienteering problem with a stochastic weight on each arc and

a hard constraint on the total weight of a tour. They introduce a two-stage recourse

model where a recourse action of aborting the tour (returning to the depot) is taken

in the second stage. They propose a sample average approximation (SAA) proce-

dure to solve the problem, in which the objective function is approximated via Monte

Carlo sampling. Verbeeck et al. (2015) study a stochastic time-dependent orienteer-

ing problem with time windows where the travel time between vertices is stochastic

and depends on the departure time at the first vertex. They propose an ant colony

system to develop a priori solutions.

The stochastic elements in the studies we describe in the preceding paragraph

are similar to our stochastic orienteering problem in that the arrival time at a cus-

tomer is uncertain (in our problem the arrival time at a customer is uncertain due

to the uncertain waiting time at previous customers). However, only Verbeeck et al.

(2015) addresses the stochastic orienteering problem with hard time windows. Voccia

et al. (2013) conduct a study of a probabilistic traveling salesman problem with time

windows (PTSPTW). Though inducing uncertain arrival time via uncertain presence

of customers, this PTSPTW is not comparative to our problem as the former’s ob-
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jective is to minimize the expected traveling costs and does not consider any measure

of profit. As far as we are aware, no previous studies on orienteering has considered

the uncertainty in adoption likelihood as we do in §4.

The multi-period orienteering problem we consider is related to the team ori-

enteering problem with time windows (TOPTW). In the TOPTW, time windows are

associated with each point and a score can only be collected if the competitor arrives

before the closure of the time window. The deterministic team orienteering problem

(TOP) is first introduced by Chao et al. (1996), where a team of competitors are

routed to visit several points to collect scores within a prescribed time limit. The

score associated with each point can only be collected once. The objective is to de-

sign multiple routes, each for a team member, such that the total score collected can

be maximized. Recent studies in the TOP consider time windows at customers (Souf-

friau et al. (2013), Hu and Lim (2014), Labadie et al. (2011), Labadie et al. (2012),

and Montemanni and Gambardella (2009)).

Similar to the TOPTW, we design several routes in the problem presented

in §4. However, rather than developing one route for each competitor in the same

period, we design one route for each period over the multi-period time horizon. Our

problem can be categorized as a multi-period orienteering problem with time windows

(MuPOPTW). Tricoire et al. (2010) study a deterministic multi-period orienteering

problem with multiple time windows, where each customer may have up to two time

windows on each day and can only be visited once during the horizon. Different

from the above TOPTWs and the MuPOPTW that are deterministic, the problem
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we consider is a stochastic MuPOPTW, where the stochasticity is induced by the

uncertain adoption likelihood associated with customers and the uncertain wait time

at customers. In addition, existing literature on the TOPTW and MuPOPTW does

not consider multiple visits to a customer in different periods.

1.2.2 Queueing Theory

Our work is also related to the queueing literature investigating the decision

rules in queueing systems. Yechiali (1971) and Yechiali (1972) investigate the optimal

balking/joining rules in a G1/M/1 and a G1/M/s system, respectively. They demon-

strate that for both systems, a non-randomized control limit optimizing a customer’s

long-run average reward exists. D’Auria and Kanta (2011) study a network of two

tandem queues where customers decide whether or not to join the system upon their

arrivals. They investigate the threshold strategies that optimize each customer’s net

benefit, when the state of the system is fully observable, fully unobservable, or par-

tially observable. Burnetas (2013) examine a system consisting of a series of M/M/m

queues, in which a customer receives a reward by completing service at a queue and

incurs a delay cost per unit of time in queue. The customer needs to decide whether

to balk or to enter a queue, with an objective to maximize the total net benefit. Once

balking, the customer leaves the system permanently. Honnappa and Jain (2015)

study the arrival process in a network of queues, where travelers choose when to ar-

rive at a parallel queuing network and which queue to join upon arrival. They focus

on deriving the equilibrium arrival and routing profiles. Similar to the above studies,
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we investigate whether or not the salesperson should join the queue when arriving

at a customer. However, in our problem, the traveler is routing through a network

of queues, where queueing decisions of balking and reneging are made and revisiting

queues is allowed. As far as we are aware, there are no studies in literature considering

queueing mechanism in a routing problem as we do.

1.2.3 Approximate Dynamic Programming

In §3 of the thesis, we propose a approximate dynamic programming approach

to solve the stochastic orienteering problem on a network of queues. While literature

on the stochastic TSP with profits and time constraints mainly focuses on developing

a priori routes, dynamic solutions have been extensively developed for vehicle rout-

ing problems (VRPs). Our work is similar to the literature in using approximate

dynamic programming (ADP) to solve routing problems, especially in developing

heuristic routing policies via rollout procedures (Toriello et al. (2014), Secomandi

(2000, 2001), Novoa and Storer (2009), Goodson et al. (2013), and Goodson et al.

(2015)). To approximate the cost-to-go of future states, Secomandi (2000, 2001),

Novoa and Storer (2009), and Goodson et al. (2013) use a priori routes as heuris-

tic policies, while Toriello et al. (2014) apply the approximate linear programming

(ALP). Secomandi (2000, 2001) develops a one-step rollout, and Novoa and Storer

(2009) develop a two-step rollout algorithm for the single-vehicle routing problem with

stochastic demand. Secomandi (2000) compares the value function approximation via

a heuristic policy based on a priori routes to a parametric function and concludes that
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the former generates higher quality solutions. For the multi-vehicle routing problem

with stochastic demand and route duration limits, Goodson et al. (2013) develop a

family of rollout policies, and Goodson et al. (2015) develop restocking-based rollout

policies that explicitly consider preemptive capacity replenishment. The compound

rollout algorithm we propose for the problem in §3 involves executing rollout policies

as in the above studies. However, our study is distinct in explicitly partitioning the

action space and implementing different mechanisms to approximate reward-to-go

based on the partition.
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CHAPTER 2
A PRIORI ORIENTEERING WITH TIME WINDOWS AND

STOCHASTIC WAIT TIMES AT CUSTOMERS

2.1 Introduction

In this chapter, we study a variant of the problem motivated by the routing of pharma-

ceutical sales representatives. On a daily basis, pharmaceutical sales representatives

must determine a daily schedule specifying which doctors to visit and the order to

visit them in order to maximize potential sales. In general, a doctor’s accessibility

to a sales representative is limited. Typically, the doctor specifies a time window

during which she will meet representatives in between other work obligations (seeing

patients, paperwork, etc.). We assume that the doctor meets with the representatives

following a first-come-first-served protocol within the time window. To talk with a

doctor, a representative must arrive at the doctor’s office before the closure of the

doctor’s time window. However, after arriving, the representative may have to wait

while the doctor attends to work obligations or meets with another representative.

The time that doctors spend in with other work obligations is uncertain, while the

duration of a meeting between a doctor and a representative is typically limited. In

fact, representatives develop well-rehearsed sales pitches that fit within their brief

time allocation. Thus, we assume that the meeting duration is known and constant,

while the time that a representative spends waiting to meet with a doctor is uncertain.

This daily decision-making problem faced by pharmaceutical sales representatives is

shared by other industries such as the textbook industry. Therefore, we more gen-
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erally refer to this problem as a stochastic orienteering problem with time windows

(SOPTW), in which a time window is associated with each customer and a uncertain

wait time occurs at each customer.

We model the wait time faced by the representative as a random variable

dependent on the arrival time and the queue length (of other representatives) upon

arrival. In turn, we model queue length as a random variable dependent on the

arrival time at the doctor’s office. We note that the queue at each doctor is a non-

priority queue where each representative has the same priority in the queue and a

first-come-first-served rule applies. We associate a deterministic economic value with

each doctor representing the expected sales to the doctor if the representative meets

with the doctor that day. In this study, our objective is to construct an a priori route

for the representative that maximizes the expected value collected on a given day. An

a priori route is a pre-planned order of visits to customers (see Campbell and Thomas

(2008a) for an overview). That is, we seek to construct a static sequence of customers

(doctors) that maximizes the expected value collected. A priori tours are usually

used as subproblems in dynamic solution approaches (see Goodson et al. (2013)). In

a dynamic solution, decisions are made based on realized random information. We

discuss dynamic solution strategies in §3.

During the execution of an a priori route, after a random event is realized, a

corrective action, often called a recourse action, may be required. In our treatment

of the SOPTW, we consider two types of recourse actions, both of which preserve the

route’s ordering of the visited customers. The first recourse action is motivated by
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the observation that a representative should skip a customer specified by an a priori

route if she will not arrive within the customer’s time window. With the assumption

of deterministic travel times, the representative can determine whether or not she can

arrive at the next customer on the route within the respective time window given the

departure time from the current customer. That is, the next customer visited by the

representative will be the first customer in the remaining sequence of customers that

can be visited within the time window. In §2.2, we generalize this recourse action to

allow skipping if a representative will not arrive by any specified time.

The second recourse action operationalizes the notions of balking and reneging

from queueing theory. The basic premise is that the representative may leave the

queue immediately after arriving at a customer if observing a sufficiently long queue

(balking) or she may leave after waiting in queue for a period of time without meeting

with the customer (reneging). We propose a decision rule that takes as input the

observed queue length upon the representative’s arrival to a customer to determine

the latest time she will wait there. We elaborate on this second recourse action in

§2.2.

This study makes four primary contributions to the literature. First is the

formulation of a routing model that explicitly accounts for the stochastic wait times

resulting from queues of competing salespeople. Second, the customer-specific re-

course action corresponding to the queueing notions of balking and reneging is a

novel addition to routing models. We also derive an analytical formula to compute

the expected reward from an a priori tour. Finally, our computational results demon-
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strate the value of incorporating stochastic information into the routing model for

sales representatives.

In §2.2 and §2.3, we provide a formal model of the problem and derive a

closed-form computation of the objective. We discuss our solution approach to the

SOPTW in §2.4. In §2.5, we discuss the generation of input data, notably the data

for the transient queueing, for our SOPTW instances. §2.6 presents a deterministic

version of the SOPTW in which waiting time distributions are replaced with expected

wait times, resulting in an elementary longest path problem solvable via an exact

solution method. §2.7 provides a computational comparison and §2.8 concludes with

a summary and discussion of future work.

2.2 Problem Description

We define the SOPTW on a complete graph G = (V,E). The set V consists of n+ 1

nodes corresponding to a depot and n potential customers that a pharmaceutical

representative may visit. The set E denotes the set of edges that is associated with

each pair of vertices. A deterministic travel time, denoted cij, is associated with each

edge (i, j). A profit ri and a time window [ei, li] are associated with each customer

i ∈ V . Let Ai be a random variable representing the arrival time at customer i. Let

Qi be a random variable representing the queue length at customer i observed upon

the representative’s arrival and qi be a realization of Qi. We assume the distribution

of Qi to be a function of ai, denoted with the probability mass function g(qi|ai),

where ai is a realization of Ai. Let Wi be a random variable representing the wait
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time at customer i and wi be a realization of Wi. We assume the distribution of Wi

to be a function of qi and ai, denoted with the probability mass function f(wi|qi, ai).

We note that the possible values of Wi range from max {ei − ai, 0} to li − ai. Let

Si be a random variable with a known distribution representing the duration of the

meeting between the sales representative and the customer. While our model can

easily incorporate an uncertain amount of meeting time (as our analytical derivation

in §2.3 shows), in our computational results of §2.7.2 we assume Si = s where s is a

known and constant value. This assumption is based on the observation that meeting

durations for pharmaceutical sales representatives are often short and pre-determined

by the doctor.

As stated in the introduction, we consider two types of recourse actions in the

model for the SOPTW, both of which incorporate the value of customers. The first

recourse action is to skip a planned customer j on the a priori tour if the representative

cannot arrive before a specified time τj. That is, if aj > τj then the representative

will skip customer j and consider the next customer on the a priori tour. Let Di be a

random variable representing the departure time from customer i. Suppose customer

i is followed by customer j on the a priori tour. Once we know the realization of Di,

di, the arrival time at j can be computed as aj = di + cij. The representative will

skip customer j if aj = di + cij > τj, where τj ∈ [0, lj].

The value of τi for customer i is determined by the value of the parameter

r̃, the minimum expected reward for which the representative is willing to travel to
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customer i, where r̃ ∈
[
0,mini{ri}

]
. We compute τi as follows:

τi = max {t ≥ 0 : P (Wi < li − t|ai = t)× ri ≥ r̃, t ∈ support(W )}, (2.1)

where we obtain the probability measure from g(qi|ai) and f(wi|qi, ai) via the law of

total probability. Intuitively, τi corresponds to a threshold value after which time the

likelihood that the representative will meet with the customer i is deemed too low.

The second recourse action enables the representative either to leave the queue

immediately after arriving and observing a sufficiently long queue (balking) or to

leave after waiting in the queue for a period of time without having met the doctor

(reneging). In the following, we establish a static decision rule to determine how long

the representative should wait at a customer upon arriving.

Let the random variable ∆i represent the longest amount of time that the

representative will wait at customer i. Let ř be a parameter indicating the minimum

expected reward for which the representative is willing to wait at customer i, where

ř ∈
[
0,mini{ri}

]
. We then specify ∆i such that the realized value of ∆i, denoted by

δi, is known with certainty given ř, the arrival time ai at customer i, and the observed

queue length qi at customer i. Specifically,

δi = max {t ≥ 0 : P (Wi < li − ai|qi, wi ≥ t)× ri ≥ ř, t ∈ support(W )}, (2.2)

where the probability measure is based on f(wi|qi, ai) and support(W ) denotes the

support of W . Intuitively, δi establishes a threshold value after which the probability

of meeting with the customer is considered too low to be valuable. If no value of t

satisfies Equation (2.2), we define δi = 0; this case corresponds to the representative
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balking and immediately leaving customer i upon arrival.

Let Γi = Ai+∆i be the latest time that the representative will stay at customer

i without having started a conversation with the customer. Let γi be the realization

of Γi. Given the arrival time and observed queue length at customer i, the value of Γi

is fully specified, γi = ai+δi. If there is no possibility of visiting a future customer for

the representative who is supposed to leave customer i at γi, then the representative

will stay at customer i until the end of customer i’s time window, i.e., γi = li if

customer i is the last unskipped customer in the sequence.

As an example, consider a case in which the representative arrives at customer

i at time 10 and observes a queue length of four. Let customer i’s time window be

[ei = 8, li = 28] and economic value be 30. Further, suppose the distribution of

f(wi|qi = 4, ai = 10) is defined by the values 8, 12, 16, 18 with probabilities 0.2, 0.3,

0.4, 0.1, respectively. Then, define the distribution f(wi|qi = 4, ai = 10, wi ≥ 12) by

the values of 12, 16 and 18 with probability 0.375, 0.5, 0.125, respectively. Define the

distribution f(wi|qi = 4, ai = 10, wi ≥ 16) by the values of 16 and 18 with probabilities

0.8 and 0.2, respectively. The distribution of f(wi|qi = 4, ai = 10, wi ≥ 18) is defined

by the value of 18 with probability 1. For a minimum expected reward ř = 15, δi = 16

from Equation (2.2), and consequently γi = 26.

Our objective is to find an a priori tour that, armed with the two recourse

actions described above, maximizes the expected revenue. To express this objective,

let Bi be a random variable denoting the time that the representative starts a meeting

with customer i. Due to the uncertainties in this problem, it is unlikely to be able
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to visit all customers; we let Bi =∞ denote that customer i was not visited. Let Zi

be a random variable representing the reward collected from customer i. We assume

that a deterministic reward of ri > 0 is collected from customer i if and only if

a representative starts a meeting with customer i no later than γi. In other words,

Zi = ri if bi ≤ γi and 0 otherwise, where bi is a realization of Bi. The expected revenue

for a priori tour v is Ω(v) =
∑

i∈v riP [Bi ≤ Γi]. The objective of this problem is to

find an a priori tour v∗ such that Ω(v∗) ≥ Ω(v) for every v.

2.3 Objective Computation

To compute the expected revenue of an a priori tour, we must compute P [Bi ≤ Γi]

for each customer i. In the following derivation, the index i refers to the ith customer

in tour v. To develop a recursion for computing these values of P [Bi ≤ Γi], we begin

with the observation that

P [Bi ≤ Γi] = P [Ai +Wi ≤ Γi]

=
∑
ai

∑
qi

∑
wi

P [Wi ≤ Γi − ai|Ai = ai, Qi = qi,Wi = wi]

× P [Wi = wi|Qi = qi, Ai = ai]P [Qi = qi|Ai = ai]P [Ai = ai]

=
∑
ai

∑
qi

∑
wi≤γi−ai

Λ(i, γi)f(wi|qi, ai)g(qi|ai)P [Ai = ai]. (2.3)

where the first equality follows from the definition of Bi and the second equality

results from conditioning on the arrival time, queue length and wait time. The third

equality results from several observations. First, the values for P [Qi = qi|Ai = ai] and

P [Wi = wi|Qi = qi, Ai = ai] are provided by the known probability mass distributions

g(qi|ai) and f(wi|qi, ai), respectively. Second, once the realizations of Ai and Qi are
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known, the realization of Γi is determined, so P [Wi ≤ Γi − ai|Ai = ai, Qi = qi,Wi =

wi] = Λ(i, γi), where Λ(i, t) is an indicator function such that

Λ(i, t) =

{
1, if ai + wi ≤ t
0, otherwise.

Third, because for a particular arrival time ai and arrival queue length qi, the rep-

resentative will leave customer i at time γi if she cannot start a meeting with the

customer before γi, we know that the wait time wi for the representative at the

customer cannot exceed γi − ai.

In Equation (2.3), we need to determine P [Ai = ai]. Define the random

variable

Xi =

{
1, if customer i is not skipped
0, if customer i is skipped.

Because customer i will be skipped if the arrival time at the customer will be τi or

later, we have P [Xi = 1] = P [Ai ≤ τi] and P [Xi = 0] = P [Ai > τi]. We express the
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arrival time at customer i as:

P [Ai = ai] =
i−1∑
j=0

P [Ai = ai|Xj = 1, Dj = ai − cji]P [Xj = 1, Dj = ai − cji]

=
i−1∑
j=0

P [Ai = ai|Xj = 1, Dj = ai − cji]P [Dj = ai − cji|Xj = 1]P [Xj = 1]

=
i−2∑
j=0

P [Ai = ai|Xj = 1, Dj = ai − cji, Xj+1 = 0, . . . , Xi−1 = 0]

× P [Xj+1 = 0, . . . , Xi−1 = 0|Xj = 1, Dj = ai − cji]

× P [Dj = ai − cji|Xj = 1]P [Xj = 1]

+ (P [Ai = ai|Xi−1 = 1, Di−1 = ai − ci−1,i]

×P [Di−1 = ai − ci−1,i|Xi−1 = 1]P [Xi−1 = 1]) . (2.4)

The first equality holds because the arrival time at customer i depends on the depar-

ture time from the customer that is visited before customer i. The second equality

follows from the definition of joint probability. The third equality follows from the

observation that arc (j, i) appears on the tour only if customers j + 1, j + 2, . . . , i− 1

are skipped.

Notably, P [Ai = ai|Xj = 1, Dj = ai − cji, Xj+1 = 0, . . . , Xi−1 = 0] = 1 if

ai ≤ τi as we would not skip customer i and P [Ai = ai|Xj = 1, Dj = ai − cji, Xj+1 =

0, . . . , Xi−1 = 0] = 0 if ai > τi as we would skip customer i. By defining the indicator

function

Ψ(i, t) =

{
0, if t > τi
1, otherwise,

we express P [Ai = ai|Xj = 1, Dj = ai − cji, Xj+1 = 0, . . . , Xi−1 = 0] = Ψ(i, ai).

Hence, to determine P [Ai = ai] via Equation (2.4) it remains to compute P [Xj+1 =
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0, . . . , Xi−1 = 0|Xj = 1, Dj = ai − cji], P [Dj = ai − cji|Xj = 1], and P [Xj = 1] for

j = 0, . . . i− 1.

For notational convenience, let R(j, i − 1, ai − cji) = P [Xj+1 = 0, . . . , Xi−1 =

0|Xj = 1, Dj = ai − cji] for j = 0, . . . i − 2. By consecutively conditioning on

Xj+1, Xj+2, . . . , Xi−1, we obtain

R(j, i− 1, ai − cji) = P [Xj+2 = 0, . . . , Xi−1 = 0|Xj = 1, Dj = ai − cji, Xj+1 = 0]

× P [Xj+1 = 0|Xj = 1, Dj = ai − cji]

= P [Xj+2 = 0, . . . , Xi−1 = 0|Xj = 1, Dj = ai − cji, Xj+1 = 0]

× [1−Ψ(j + 1, ai − cji + cj,j+1)]

= . . .

=
i−1∏

k=j+1

(1−Ψ(k, ai − cji + cjk)). (2.5)

From Equation (2.5), we see that given possible realizations of Ai, we can compute

R(j, i− 1, ai − cji) iteratively.
Next, we calculate P [Dj = ai − cji|Xj = 1] via conditioning:

P [Dj = ai − cji|Xj = 1]

=
∑
aj

∑
qj

(P [Dj = ai − cji|Xj = 1, Aj = aj , Qj = qj ]× P [Qj = qj |Aj = aj , Xj = 1]

×P [Aj = aj |Xj = 1])

=
∑
aj

∑
qj

∑
wj≤γj−aj

∑
sj

P [Aj +Wj + Sj = ai − cji|Xj = 1, Aj = aj , Qj = qj ,Wj = wj , Sj = sj ]

× P [Sj = sj |Xj = 1, Aj = aj , Qj = qj ,Wj = wj ]P [Wj = wj |Xj = 1, Qj = qj , Aj = aj ]

× P [Qj = qj |Xj = 1, Aj = aj ]P [Aj = aj |Xj = 1]

+
∑
aj

∑
qj

∑
wj>γj−aj

P [Γj = ai − cji|Xj = 1, Aj = aj , Qj = qj ,Wj = wj ]

× P [Wj = wj |Xj = 1, Qj = qj , Aj = aj ]P [Qj = qj |Xj = 1, Aj = aj ]P [Aj = aj |Xj = 1].
(2.6)
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The first inequality follows from conditioning on the arrival time and queue length.

To achieve the second equality results, we condition on the wait time Wj and service

time Sj for wj ≤ γj − aj (representative meets with the customer), and we condition

on just the wait time Wj for wj > γj−aj (representative departs the customer without

meeting).

In Equation (2.6), P [Aj + Wj + Sj = ai − cji|Xj = 1, Aj = aj, Qj = qj,Wj =

wj, Sj = sj] is either 0 or 1. We assume random variable Si is independent of random

variables Ai, Qi, Wi, and Xi, and thus P [Sj = sj|Xj = 1, Aj = aj,Wj = wj, Qj =

qj] = P [Sj = sj]; this quantity is specified by the known distribution of Sj. The

known distributions f(wi|qi, ai) and g(qj|aj) specify the probabilities P [Wj = wj|Xj =

1, Qj = qj, Aj = aj] and P [Qj = qj|Xj = 1, Aj = aj], respectively. Because the value

of Γj is known given realizations of arrival time and queue length, the probabilities

P [Γj = ai − cji|Xj = 1, Aj = aj, Qj = qj,Wj = wj] are 0 or 1. Finally,

P [Aj = aj|Xj = 1] =
P [Xj = 1|Aj = aj]P [Aj = aj]

P [Xj = 1]
=

Ψ(j, aj)P [Aj = aj]

P [Xj = 1]
. (2.7)

Let Θ(j, ai − cji) = P [Dj = ai − cji|Xj = 1]P [Xj = 1]. Equations (2.6) and

(2.7) imply

Θ(j, ai − cji)

=
∑
aj

∑
qj

∑
wj≤γj−aj

∑
sj

I{aj+wj+sj=ai−cji}P [Sj = sj]f(wj|qj, aj)g(qj|aj)Ψ(j, aj)

× P [Aj = aj]

+
∑
aj

∑
qj

∑
wj>γj−aj

I{γj=ai−cji}f(wj|qj, aj)g(qj|aj)Ψ(j, aj)P [Aj = aj], (2.8)
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where I{x} = 1 if condition x is true and 0 otherwise.

Using Equations (2.5), (2.6) and (2.8), we restate Equation (2.4) as

P [Ai = ai] = Ψ(i, ai)

(
i−2∑
j=0

R(j, i− 1, ai − cji)Θ(j, ai − cji) + Θ(i− 1, ai − ci−1,i)

)
.

(2.9)

Using Equations (2.3) and (2.9), we express the expected revenue of an priori tour

with n customers as

n∑
i=1

riP [Bi ≤ Γi] =
n∑
i=1

∑
ai

∑
qi

γi−ai∑
wi

riΛ(i, γi)f(wi|qi, ai)g(qi|ai)Ψ(i, ai)

×

(
i−2∑
j=0

R(j, i− 1, ai − cji)Θ(j, ai − cji) + Θ(i− 1, ai − ci−1,i)

)
.

(2.10)

To determine the computational complexity of Equation (2.10), we first define

the cardinality of the sets involved. Because customer i is skipped if ai > τi, there

are at most τi possible arrival time realizations and we define na = maxi{τi}. Let

nsi be the number of possible service time realizations at customer i based on si’s

distribution, and define ns = maxi{nsi}. Let nqi|ai be the number of possible queue

length realizations given the arrival time ai at customer i based on g(qi|ai) and define

nq = maxi{maxai{nqi|ai}}. As the value γi is known given ai and qi, we let nwi|ai,qi

be the number of possible wait time realizations satisfying wi ≤ γi − ai, given the

arrival time ai and queue length qi. Then, we define nw = maxi{maxqi,ai{nwi|ai,qi}}.

Similarly, we let n
′

wi|ai,qi be the number of possible wait time realizations satisfying

wi > γi − ai, given the arrival time ai and queue length qi. Then, we define n
′
w =

maxi{maxqi,ai{n
′

wi|ai,qi}} and nws = max{nwns, n
′
w}.
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The complexity of computing Θ(j, ai− cji) with Equation (2.8) is O(nanqnws).

The complexity of computing R(j, i− 1, ai− cji) with Equation (2.5) is O(n). There-

fore, the complexity of computing the expected revenue of an a priori tour by Equa-

tion (2.10) is O(n2n2
an

2
qnwnws), assuming n < nanqnws (which would be typical in a

stochastic problem). In our computational study, we demonstrate the computational

cost of exact evaluation of a an priori tour via Equation (2.10). Further, we show

that we can reduce the computational burden of repeatedly evaluating the objective

function in our search algorithm by utilizing sampled wait time and queue lengths to

estimated the expected revenue of an a priori tour (with little loss of accuracy versus

the exact evaluation).

2.4 Solution Approach for the SOPTW

We apply a variable neighborhood search (VNS) heuristic to solve the SOPTW. For

an overview of the VNS, see Hansen and Mladenovic (2003). Algorithm 2.1 outlines

our VNS implementation, which is a variant of the algorithm used by Campbell

et al. (2011) to solve an orienteering problem with stochastic travel and service times.

Though having a different problem in terms of constraints and recourse actions, we

are seeking a permutation of customers as is done in Campbell et al. (2011). The

feasibility of tours in our problem is maintained by not allowing the salesperson to

visit a customer outside the customer’s time window. VNS has been proven to be

effective in finding near-optimal a priori tours in other routing problems (Campbell

et al. (2011) and Voccia et al. (2013)).



28

Algorithm 2.1 Variable Neighborhood Search (VNS) for the SOPTW

1: Input: Data for an SOPTW instance, an ordered set of neighborhoods N

2: Output: A SOPTW solution v

3: v ← initialize()

4: i← 0, k ← 1, level ← 0

5: while i < iterationMax or level < levelMax do

6: v′ ← Shake(v, k)

7: v′′ ← V ND(v′)

8: if f(v′′) > f(v) then

9: v ← v′′, level← 0

10: else if k = |N | then
11: k ← 1, level← level + 1

12: else

13: k ← k + 1, level ← level + 1

14: end if

15: i← i+ 1

16: end while

Line 3 of Algorithm 2.1 initializes the search with a randomly-generated SOPTW

solution. Line 5 states the termination criteria for the VNS. In addition to an iter-

ation limit, the variable level is used to ensure that the algorithm performs at least

levelMax iterations after finding an improved solution. We determine that setting

iterationMax = 200 and levelMax = 20 results in robust performance. The Shake

procedure in Line 6 returns v′, a randomly selected neighbor of solution v from a

neighborhood k ∈ N . Line 7 then applies a variable neighborhood descent (VND)

procedure to this “shaken” solution v′ to obtain a locally-optimal solution v′′. Line 8

compares the newly-found local optimal solution to the incumbent solution using the

function f , which evaluates a solution using Equation (2.10) in §2.3 to determine the
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expected reward of a SOPTW solution. Lines 9 - 15 manage the updating of the

current solution, the active neighborhood, and the iteration counters.

For the Shake procedure, we consider a set N that consists of three neighbor-

hoods. The first and the second are 1-shift and 2-opt neighborhoods, respectively.

The third neighborhood is based on the ruin-and-recreate principle (Schrimpf et al.,

2000). As Campbell et al. (2011), we implement ruin and recreate by removing

min{n, bni/10c} customers from a tour and randomly inserting them back into the

tour, where n is the number of customers in the tour and i is the current iteration in

the VNS algorithm.

Algorithm 2.2 describes the VND procedure we apply in Line 7 of Algo-

rithm 2.1. The VND finds a locally-optimal solution relative to a set of specified

neighborhoods N ′. The 1-shift and 2-opt neighborhoods compose N ′ in our study.

The BestNeighbor procedure in Line 8 returns the best solution in the neighbor-

hood j of the current solution v. For computational efficiency, instead of evaluating

solutions using Equation (2.10) in §2.3 (as function f does in the Algorithm 2.1),

Line 6 of Algorithm 2.2 evaluates solutions by sampling queue lengths and wait times

to estimate the economic value collected from a tour (Papapanagiotou et al. (2013),

Evers et al. (2014)). Lines 9 - 13 manage the updating of the locally optimal solution,

the active neighborhood, and the variable count which ensures that all neighborhoods

are explored from the current local optimum before terminating.



30

Algorithm 2.2 Variable Neighborhood Descent (VND) for the SOPTW

1: Input: A SOPTW solution v, an ordered set of neighborhoods N ′

2: Output: A locally optimal solution SOPTW v

3: j ← 1, count← 1, improving ← true

4: while improving do

5: v′ ← BestNeighbor(v, j)

6: if g(v′) > g(v) then

7: v ← v′, count← 1

8: else if j = |N ′| and count < |N ′| then
9: j ← 1, count← count+ 1

10: else if j < |N ′| and count < |N ′| then
11: j ← j + 1, count← count+ 1

12: else

13: improving ← false

14: end if

15: end while

2.5 Data Generation

In this section, we discuss the generation of our data sets. In the absence of detailed

industry data, we use a discrete-event simulation to generate queue length and wait

time distributions. We also describe how we modify existing benchmark problems to

suit our SOPTW.

2.5.1 Distribution Generation through Simulation

We develop a discrete-event simulation using the Arena 14.00.00 software package to

generate data to construct the transient queue length and wait time distributions.

Because of the relatively short interval of time in which representatives work, steady-

state distributions are not applicable. While we were unable to identify an industry
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partner who collected the detailed data required by our model, interviews with an

anonymous industry expert guided our choice of parameters.

In the simulation, salespeople arrive at a doctor with exponentially distributed

inter-arrival times with a mean of 15 minutes. Sales representatives are aware that

the effectiveness of their visit may degrade if it occurs at the end of a long sequence

of sales calls as the doctor experiences “representative fatigue”. Consequently, in our

data generation we assume that a competing salesperson will balk after arriving if

there are five or more other salespeople already waiting in the queue. Otherwise, the

competing salesperson will join the queue. As is mentioned by our industry partner, a

representative usually considers reneging after she has been waiting for 30 minutes but

meet the doctor. To capture this behavior, we assume that a competing salesperson

j will renege if she has waited uj minutes and is not first in the queue, where uj is a

uniformly distributed random variable between 30 and 40. Our sales representative,

the decision-maker in our model, does not follow these industry-based rules-of-thumb,

but rather implements the recourse actions discussed in §2.2 to improve performance.

We set the service time to a constant of 10 minutes as salespeople tend to have brief,

rehearsed sales pitches. Based on our interviews with an industry expert, we set the

amount of time between a doctor finishing a meeting with one representative and

starting with another salesperson as uniformly distributed between 0 and 60 minutes.

This period accounts for the time that the doctor spends with other job-related tasks

in between meetings with sales representatives.

We execute the discrete-event simulation over five hours of simulated time.
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Salespeople arrive throughout the five-hour run, but the doctor does not begin pro-

cessing arrivals until after the first hour. This structure mimics the situation in which

salespeople arrive early (often waiting in the clinic parking lot or lobby). The four-

hour block during which the doctor meets with salespeople corresponds to the widest

time window we consider in our data sets and is based on the observation that doctors

often allow sales visits in either a four-hour block in the morning or afternoon.

For each arrival, we record the arrival time and the queue length observed

upon arrival. For each salesperson meets with the doctor, we record the wait time

that preceded the meeting. To generate the distribution of queue length, we compute

the relative frequencies of queue lengths corresponding to each five-minute arrival

time interval over the simulation run. The queue length distribution is used together

with each doctor’s time window information to construct empirical queue length dis-

tributions given arrival time, g(qi|ai).

Similarly, we compute the relative frequency of wait times (expressed in five-

minute intervals) corresponding to each possible queue length to generate the distri-

bution of wait times. We use the wait time distribution with customers’ time window

information to construct the empirical wait time distributions given queue length and

arrival time, f(wi|qi, ai) for each doctor.

The data for these queue length and wait time distributions are available via

the University of Iowa’s digital repository at http://ir.uiowa.edu/tippie pubs/61/.
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2.5.2 Dataset Generation

We derive our SOPTW data sets from Solomon’s VRPTW instances (Solomon, 1987).

We modify Solomon’s R, C and RC benchmark instances, which correspond to ran-

domly located customers, clustered customers, and a mix of random and clustered

customers, respectively. According to the interviews with pharmaceutical sales rep-

resentatives, in an urban area, a representative could spend a whole morning meeting

five to six physicians at a hospital, while in rural area, the representative on average

visits five doctors/physicians during a day. We select the first 20 customers from

Solomon’s instances as this corresponds to the largest number of doctors that a sales

representative would consider when devising her daily schedule. We maintain each

customer’s location and demand information while modifying each customer’s time

window. Our first step in modifying the time windows was to scale time from the

1000 time-unit day to a 540-minute day, [0, 540], which corresponds to an 8 A.M. to

5 P.M. work day. If the resulting time window is less than 240 minutes wide, then

it is complete. If the resulting time window exceeded 240 minutes, it was truncated

to 240 minutes and re-positioned to either [0, 240] or [300, 540] (choice made ran-

domly). Thus, the maximum time window width is 240 minutes, and 240-minute time

windows correspond to cases in which doctors have set aside a morning or afternoon

during which they may meet with representatives in between handling other work

obligations (seeing patients, paperwork, and other tasks). Our SOPTW data sets are

as well available at http://ir.uiowa.edu/tippie pubs/61/.
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2.6 Lower and Upper Bounds

In this section we describe a deterministic orienteering problem with time windows

which we use to help determine the value of explicitly modeling stochasticity in the

SOPTW. We describe a dynamic programming approach to solve this deterministic

problem. By solving the deterministic problem with appropriate sets of input data,

we obtain lower and upper bounds for the SOPTW.

In a deterministic instance of an orienteering problem with time windows, we

assume that given the arrival time at customer i, a queue length qi, wait time wi, and

service time si are known with certainty. Let Nv denote the set of customers visited

in a tour. The objective of the problem can be represented as
∑

i∈Nv
riI(Bi), where

I(Bi) equals 1 if Bi ≤ li and 0 otherwise.

We modify the dynamic programming solution approach proposed by Feillet

et al. (2004) to solve this deterministic problem as an elementary longest path problem

with resource constraints. The dynamic program is formulated as follows. Let N

represent the set of vertices visited prior to node i and including node i. Let R be the

sum of the rewards collected from all nodes k ∈ N . Use L to denote the departure

time from node i. We represent a state as (i, N,R, L). For a state (i, N,R, L), we

can either travel from node i to a node j (j ∈ {V \ N}) or end the tour. Traveling

from node i to node j results in a transition from a state (i, N,R, L) to a state

(j,N ∪ j, R + rj, L + cij + wj + sj). The reward rj collected from customer j equals

0 if the representative cannot start a meeting with customer j before his/her time

window ends (i.e. aj +wj > lj). Therefore, in our problem, we do not update a state
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(i, N,R, L) to a state (j,N ∪ j, R + rj, L+ cij + wj + sj) if rj = 0.

Let Ξi denote the set of states associated with node i, where each state corre-

sponds to a path from the depot to node i. For each state (i, N,R, L) ∈ Ξi, consider

each of its successors (j,N ∪ j, R + rj, L + cij + wj + sj). If j ∈ {V \ N} and

rj > 0, the path from the depot to node i can be extended to node j, thus the state

(j,N ∪ j, R+rj, L+ cij +wj +sj) is added to the states set Ξj. The dynamic program

begins with the state (0, 0, 0, 0), where node 0 is the depot, and ends when all states

in each set Ξi have been examined.

A dominance relation can be defined for two states if they differ in only depar-

ture time and the sum of rewards. Consider two states (i, N,R, L) and (i, N ′, R′, L′)

associated with node i. The state (i, N,R, L) dominates the state (i, N ′, R′, L′) if

L ≤ L′ while N = N ′ and R = R′. The state (i, N,R, L) dominates the state

(i, N ′, R′, L′) if R > R′ when N = N ′ and L = L′. For each state set Ξi, we consider

only non-dominated states. The dominance relation improves the computational ef-

ficiency of the dynamic program by discarding dominated states. Also, as discussed

earlier, our dynamic program never extends a path to a node if no reward can be

collected from that node.

To establish a lower bound on an instance of the SOPTW with random vari-

ables Qi and Wi, we consider a corresponding deterministic instance in which, given

the arrival time at customer i, the queue length and wait time are set equal to the the

expectations, E[Qi|ai] and E[Wi|qi, ai], respectively. As was discussed in the distribu-

tion generation, the service time is set to be 10 minutes. The deterministic dynamic
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program generates a sequence of customers which, based on the expected wait times,

can be visited within the respective time windows. We refer to this sequence as the

original tour. We append the original tour with the set of unvisited customers in order

of ascending time window closures and refer to the resulting tour as the deterministic

tour. Evaluating the deterministic tour using Equation (2.10) provides a lower bound

for the SOPTW instance under consideration.

We establish an empirical upper bound on an instance of the SOPTW with

random variables Qi and Wi by treating each of the 1000 samples used by the VND

(Algorithm 2.2) as deterministic input to the dynamic programming algorithm of

§2.6. The reported upper bound is the average of the perfect information solutions

over 1000 samples.

2.7 Computational Experiments

We discuss the implementation of computational experiments in §2.7.1 and present

corresponding results in §2.7.2. We describe setting values of r̃ and ř to execute

the recourse actions. As discussed in §2.2, r̃ and ř indicate the minimum expected

reward for which the representative is willing to travel to a customer and to wait at

a customer, respectively. We then test the quality of VNS by comparing heuristic

solutions to optimal solutions of instances with 10 customers, which are the largest

instances for which we could obtain optimal solutions (via enumeration). We also

use these 10-customer instances to evaluate the quality of the lower bounds and

empirical upper bounds described in §2.6. We examine the effectiveness of using
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sampling in approximating the objective evaluation versus analytical evaluation via

Equation (2.10). Finally we compare the SOPTW solutions to the lower and upper

bounds described in §2.6.

2.7.1 Implementation

The VNS and the deterministic dynamic programming approach from §2.6 are pro-

grammed in C++ and implemented on a Intel Core i7 processor with 3.4 GHz and

16 GB of RAM. We execute the VNS 10 times for each instance and evaluate the

expected objective using Equation (2.10) derived in §2.3. For each SOPTW solution,

we report the average expected objective of the 10 runs. In the execution of an a

priori tour, we assume that the sales representative can arrive at the first customer

as early as she wants. That is, the tour effectively starts at the first customer rather

than at a depot. In our data sets, this implies the representative arrives at the first

customer one hour before the customer’s time window opens.

To investigate the setting of r̃ and ř, we first run the VNS with different pairs

of (r̃,ř) on the R, C and RC instances described in §2.5.2. We test with both r̃ and

ř values ranging from 0 to mini{ri} and consider an increment in each parameter as

small as 0.25 (i.e., we consider the values of 0, 0.25, 0.5, ..., mini{ri} for r̃ and ř,

respectively). For various values of (r̃,ř), we compare the expected reward collected

by the best-found tour (averaged over 10 VNS runs per instance). The results in

Table 2.1 through 2.3 demonstrate that it is challenging to find a universal value of

the (r̃,ř) pair. There is no single pair of (r̃, ř) that dominates all others for each
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Table 2.1: Results on (r̃, ř) for R Instances with 20 Customers

Dataset (0,0) (0,1) (0,2) (0.1,0.1) (0.25,0.75) (0.25,1) (0.5,0.5)

R101 55.9 55.9 55.6 55.8 55.7 55.7 55.7
R102 84.2 85.8 85.0 85.9 85.9 85.9 86.0
R103 97.9 97.9 97.8 97.9 97.9 97.8 97.8
R104 101.5 101.7 102.2 101.7 101.7 101.9 101.9
R105 69.5 69.4 69.1 69.5 69.3 69.2 69.1
R106 91.6 91.4 91.4 91.5 91.4 91.5 91.4
R107 94.0 94.1 94.1 94.1 94.1 94.1 94.1
R108 104.8 105.1 105.1 105.1 105.2 105.2 105.1
R109 89.4 89.6 90.0 89.7 89.6 89.6 89.5
R110 93.8 94.4 94.4 94.2 94.4 94.5 94.4
R111 101.6 101.5 101.5 101.6 101.5 101.5 101.5
R112 114.2 114.3 114.7 114.4 114.5 114.6 114.6
R201 73.6 74.2 73.8 73.9 74.1 74.1 74.3
R202 94.4 94.3 94.0 94.4 94.4 94.3 94.3
R203 102.8 103.6 103.7 103.5 103.6 103.7 103.3
R204 107.6 107.6 108.2 107.6 107.8 107.9 107.6
R205 91.4 91.6 92.6 91.6 92.1 92.2 91.9
R206 102.6 103.0 103.0 102.8 103.0 103.0 102.9
R207 111.2 111.3 111.2 111.2 111.3 111.3 111.2
R208 107.8 107.9 107.6 107.7 107.9 107.9 107.9
R209 102.4 102.0 101.9 102.2 102.1 102.0 102.0
R210 106.0 106.1 106.1 106.1 105.9 106.0 106.1
R211 114.3 114.6 115.0 114.8 115.0 115.1 115.1

Average 96.2 96.4 96.4 96.4 96.4 96.5 96.4

instance. However, (0.25, 1), (2,6) and (0.5,0.5) give the best average over all R, C

and RC instances, respectively. Therefore, we use them in the following experiments

for SOPTW solutions. For the lower bound, the deterministic solutions are evaluated

using the same value of (r̃, ř) as are used in obtaining the corresponding SOPTW

solutions.
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Table 2.2: Results on (r̃, ř) for C Instances with 20 Customers

Dataset (0,0) (0,2) (0.1,0.1) (0.25,0.25) (0.25,10) (2,2) (2,6)

C101 88.4 90.9 89.0 97.0 100.2 98.5 98.8
C102 89.7 89.8 89.2 89.3 89.9 91.1 92.2
C103 134.4 135.7 136.1 136.1 130.4 135.3 135.9
C104 145.7 146.4 146.3 146.3 145.4 147.0 149.6
C105 100.5 99.7 100.5 100.4 101.4 102.5 100.0
C106 81.7 91.2 87.0 87.0 96.4 94.6 97.8
C107 125.7 123.4 123.9 123.9 124.6 126.6 128.1
C108 130.4 130.1 130.1 130.1 130.0 129.4 129.3
C109 156.8 157.6 157.1 157.1 154.7 157.1 155.8
C201 89.6 92.3 89.1 91.0 94.9 92.1 94.1
C202 107.9 109.6 108.5 109.1 110.4 110.7 114.1
C203 136.1 136.8 136.6 137.1 131.8 137.1 137.4
C204 130.7 131.1 131.0 130.9 124.2 129.9 131.6
C205 108.3 107.7 108.2 108.3 108.1 106.9 107.5
C206 124.5 125.7 125.4 125.6 120.5 123.5 122.1
C207 142.1 143.1 142.4 142.5 137.1 143.1 142.8
C208 142.2 142.3 142.1 142.2 140.1 142.2 141.9

Average 119.7 120.8 120.1 120.8 120.0 121.6 122.3
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Table 2.3: Results on (r̃, ř) for RC Instances with 20 Customers

Dataset (0,0) (0,2) (0.25,0.25) (0.5,0.5) (0,4) (1,1) (4,4)

RC101 90.6 91.8 90.7 91.8 91.0 91.8 90.5
RC102 130.8 132.0 130.8 130.7 132.6 130.7 132.4
RC103 161.4 161.2 161.5 161.4 160.4 161.1 159.4
RC104 166.4 165.8 166.5 165.9 166.5 165.0 165.6
RC105 134.2 134.1 135.0 135.1 133.8 135.1 134.6
RC106 116.5 116.4 116.5 116.5 116.3 116.4 116.0
RC107 180.4 180.3 180.5 180.5 179.4 180.2 178.8
RC108 179.5 180.1 180.2 180.3 179.9 179.8 178.9
RC201 107.5 106.5 107.1 108.0 104.6 107.9 108.0
RC202 149.0 148.9 149.1 148.9 147.7 148.7 146.8
RC203 153.3 154.3 154.0 154.2 153.2 154.2 152.9
RC204 159.6 159.4 159.7 159.7 158.7 159.3 157.4
RC205 132.1 133.0 132.1 133.0 133.9 132.8 133.6
RC206 131.9 132.0 131.9 131.8 131.8 131.8 132.2
RC207 160.9 162.1 161.4 161.6 162.0 162.2 162.3
RC208 173.3 173.9 173.7 173.4 173.7 173.5 173.1

Average 145.5 145.7 145.7 145.8 145.3 145.7 145.2
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As a preliminary test of the quality of the VNS heuristic, we execute it on

10-customer R, C and RC instances, which are the largest instances we could solve

optimally via enumeration. The VNS heuristic (using sampling) obtains the optimal

solution in 42 of the 56 instances, with average optimality gaps for R, C and RC

instances of 0.2%, 0.01% and 0.02%, respectively. We note that these small gaps are

typically due to the sampling and executing the VNS heuristic with the analytical

objective evaluation in Equation 2.10 eliminates the gap. We also use these 10-

customer instances to compare the lower bounds and empirical upper bounds to the

optimal solutions. We observe that the lower bounds are on average 5.6%, 8.0%, and

7.2% less than the optimal solutions and the upper bounds are on average 11.8%,

13.2%, and 11.6% greater than the optimal solutions for R, C and RC instances,

respectively. We provide the detailed results in Tables 2.4 through 2.6.

To demonstrate the effectiveness of approximating objective function via sam-

pling, we compare the performance of sample-based VNS to VNS using Equation

(2.10) in evaluating objective. We first run the VNS using sampling to evaluate the

objective function. Then, for the same instance, we run the VNS evaluating the objec-

tive function exactly. The corresponding results are presented in Tables 2.7 through

2.9. On average, the objectives obtained using exact objective function evaluation

are only 0.05%, 0.06%, and 0.14% better than those obtained with sampling for the

20-customer R, C and RC instances, respectively. However, the computational time

increases dramatically from an average of around 12 minutes for using sampling to

an average of around 6 hours for using exact objective function. Thus, we focus the
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Table 2.4: Results for R Instances with 10 Customers

Dataset R Rbest δR Opt. LB UB Gapopt Gaplb Gapub

R101 49.37 49.37 0.00 49.37 49.37 61 0.0% 0.0% 19.1%
R102 60.81 60.81 0.00 61.43 60.39 71 1.0% 1.7% 13.5%
R103 73.66 73.67 0.01 73.67 69.73 84 0.0% 5.3% 12.3%
R104 71.30 71.30 0.00 71.30 69.96 84 0.0% 1.9% 15.1%
R105 58.74 58.74 0.00 58.74 54.35 68 0.0% 7.5% 13.6%
R106 71.66 71.66 0.00 71.79 67.41 78 0.2% 6.1% 8.0%
R107 66.37 66.37 0.00 66.37 62.28 75 0.0% 6.2% 11.5%
R108 76.92 76.92 0.00 76.92 74.61 88 0.0% 3.0% 12.6%
R109 68.63 68.63 0.00 68.63 65.03 77 0.0% 5.3% 10.9%
R110 73.34 73.34 0.00 73.34 72.75 87 0.0% 0.8% 15.7%
R111 71.73 71.73 0.00 71.73 66.87 88 0.0% 6.8% 18.5%
R112 81.32 81.32 0.00 81.45 77.41 90 0.2% 5.0% 9.5%
R201 59.82 59.82 0.00 59.91 57.95 68 0.2% 3.3% 11.9%
R202 75.23 75.23 0.00 75.23 66.07 83 0.0% 12.2% 9.4%
R203 74.91 74.91 0.00 74.91 65.30 86 0.0% 12.8% 12.9%
R204 82.72 82.72 0.00 82.72 82.71 90 0.0% 0.0% 8.1%
R205 73.02 73.02 0.00 73.02 71.48 81 0.0% 2.1% 9.8%
R206 74.74 74.74 0.00 75.06 71.11 84 0.4% 5.3% 10.6%
R207 83.51 83.51 0.00 83.51 72.98 86 0.0% 12.6% 2.9%
R208 81.18 81.18 0.00 81.18 68.82 91 0.0% 15.2% 10.8%
R209 80.94 80.94 0.00 80.94 77.65 90 0.0% 4.1% 10.1%
R210 62.26 62.26 0.00 62.40 60.19 73 0.2% 3.5% 14.5%
R211 83.31 83.49 0.00 83.49 77.28 94 0.2% 7.4% 11.2%

Average 0.1% 5.6% 11.8%

R, δR: the average objective and standard deviation of the best solution over 10 VNS runs;
Rbest: the best objective found over 10 VNS runs;
Opt.: the optimal solution;
LB: the lower bound;
UB: the empirical upper bound;

Gapopt.: the gap between R and the optimal solution, Gapopt. = Opt.−R
Opt. .

Gaplb: the difference between the optimal solution and the lower bound, Gaplb = Opt.−LB
Opt.

Gapub: the difference between the optimal solution and the empirical upper bound, Gapub =
UB−Opt.

UB
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Table 2.5: Results for C Instances with 10 Customers

Dataset R Rbest δR Opt. LB UB Gapopt Gaplb Gapub

C101 68.06 68.06 0.00 68.06 60.34 80 0.0% 11.3% 17.5%
C102 85.03 85.03 0.00 85.03 79.92 100 0.0% 6.0% 17.6%
C103 97.78 97.78 0.00 97.85 95.49 120 0.1% 2.4% 22.6%
C104 102.07 102.07 0.00 102.08 92.64 110 0.0% 9.2% 7.8%
C105 72.30 72.30 0.00 72.30 69.90 80 0.0% 3.3% 10.7%
C106 73.73 73.73 0.00 73.73 67.96 80 0.0% 7.8% 8.5%
C107 86.04 86.04 0.00 86.04 84.60 100 0.0% 1.7% 16.2%
C108 88.70 88.70 0.00 88.71 86.76 100 0.0% 2.2% 12.7%
C109 99.87 99.87 0.00 99.91 96.41 120 0.0% 3.5% 20.1%
C201 54.80 54.80 0.00 54.80 52.26 70 0.0% 4.6% 27.7%
C202 84.12 84.12 0.00 84.12 79.68 90 0.0% 5.3% 7.0%
C203 87.78 87.78 0.00 87.78 80.39 90 0.0% 8.4% 2.5%
C204 94.38 94.38 0.00 94.38 78.12 100 0.0% 17.2% 6.0%
C205 63.64 63.64 0.00 63.64 63.34 70 0.0% 0.5% 10.0%
C206 73.65 73.65 0.00 73.65 62.21 80 0.0% 15.5% 8.6%
C207 74.78 74.78 0.00 74.81 67.31 90 0.0% 10.0% 20.3%
C208 83.08 83.08 0.00 83.08 61.43 90 0.0% 26.1% 8.3%

Average 0.01% 7.95% 13.2%
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Table 2.6: Results for RC Instances with 10 Customers

Dataset R Rbest δR Opt. LB UB Gapopt Gaplb Gapub

RC101 91.01 91.01 0.00 91.01 83.6013 100 0.0% 8.1% 9.0%
RC102 125.90 125.90 0.00 125.90 125.766 150 0.0% 0.1% 16.1%
RC103 133.80 133.80 0.00 133.80 133.555 150 0.0% 0.2% 10.8%
RC104 156.58 156.58 0.00 156.58 144.02 160 0.0% 8.0% 2.1%
RC105 120.00 120.00 0.00 120.11 106.124 130 0.1% 11.6% 7.6%
RC106 109.55 109.55 0.00 109.55 98.8467 120 0.0% 9.8% 8.7%
RC107 144.58 144.58 0.00 144.58 137.141 160 0.0% 5.1% 9.6%
RC108 138.93 138.93 0.00 138.93 127.221 160 0.0% 8.4% 13.2%
RC201 102.43 102.43 0.00 102.43 88.9562 120 0.0% 13.2% 14.6%
RC202 119.81 119.81 0.00 119.81 115.422 140 0.0% 3.7% 14.4%
RC203 138.30 138.30 0.00 138.30 122.392 160 0.0% 11.5% 13.6%
RC204 137.96 137.96 0.00 138.24 124.32 160 0.2% 10.1% 13.6%
RC205 119.25 119.25 0.00 119.25 118.777 140 0.0% 0.4% 14.8%
RC206 123.64 123.64 0.00 123.65 121.028 150 0.0% 2.1% 17.6%
RC207 134.25 134.25 0.00 134.25 128.405 160 0.0% 4.4% 16.1%
RC208 153.67 153.67 0.00 153.67 126.276 160 0.0% 17.8% 4.0%

Average 0.02% 7.16% 11.6%



45

rest of our presentation on the results from runs using sampling.

2.7.2 Results

Tables 2.10 through 2.12 compare the expected reward collected by the a priori tours

obtained by the VNS heuristic to the bounds. The upper and lower bounds are

obtained in the manner discussed in §2.6. In each of the three tables, the second,

third and fourth columns report the lower bounds, the averaged expected objectives

of SOPTW over parameter sets discussed above, and the upper bounds, respectively.

The fifth column shows the gap between the lower bound and the SOPTW (Gap L =

SOPTW−LB
LB

×100%) and the sixth column shows the gap between the upper bound and

the SOPTW (Gap U = UB−SOPTW
UB

× 100%). The runtime for solving a deterministic

version of the problem is trivial, less than one second in most cases. The average

runtime over the 10 VNS runs for each instance is reported in the last column of the

tables, where parameters in the VNS are set as discussed in §2.4.

On average, the stochastic solutions are around 9.2% better than the lower

bound for all datasets. Specifically, the average gap between the stochastic solutions

and the lower bounds of Solomon’s C instances is 10.2%, which is slightly larger than

that of the RC (8.9%) and R instances (8.4%). In some cases, the improvement is

significant, with the largest improvement in R-instances being 22.7%, 20.8% for the

C-instances, and 21.5% for the RC-instances.

For instances R105, R209, C105, C108 and C205 the gaps between SOPTW

solutions and lower bounds are quite small. There does not seem to be a clear factor
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Table 2.7: Approx. v.s. Exact Eval. for R Instances

Dataset Rs ts Re te Gap

R101 55.74 194 55.75 298 0.02%
R102 85.91 292 85.91 5931 0.00%
R103 97.79 360 97.90 20517 0.11%
R104 101.88 421 102.14 22115 0.25%
R105 69.23 264 69.23 3290 0.00%
R106 91.52 379 91.53 14666 0.01%
R107 94.07 349 94.15 30763 0.08%
R108 105.18 458 105.18 25909 0.00%
R109 89.57 310 89.70 11972 0.14%
R110 94.47 478 94.47 39375 0.00%
R111 101.47 439 101.51 32517 0.04%
R112 114.64 506 114.69 54025 0.04%
R201 74.05 218 74.15 2732 0.13%
R202 94.31 329 94.31 7911 0.00%
R203 103.72 394 103.76 13489 0.04%
R204 107.92 350 107.93 15052 0.01%
R205 92.19 243 92.25 17140 0.07%
R206 102.99 251 102.99 19012 0.00%
R207 111.28 229 111.32 40315 0.04%
R208 107.89 277 107.89 31202 0.00%
R209 102.01 281 102.07 34747 0.06%
R210 106.04 250 106.13 17517 0.08%
R211 115.05 250 115.14 44082 0.08%

Average 0.05%

Rs: the average objective over 10 VNS runs obtained via using sampling in objective
evaluation;
Re: the best objective over 10 VNS runs obtained via using exact objective function;
ts: the average CPU in seconds for using sampling;
te: the average CPU in seconds for using exact objective function;

Gap: the gap between Rs and Re, Gap = Re−Rs

Re
.
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Table 2.8: Approx. v.s. Exact Eval. for C Instances

Dataset Rs ts Re te Gap

C101 98.81 347 98.83 788 0.02%
C102 92.16 373 92.26 6052 0.11%
C103 135.87 638 135.88 37627 0.01%
C104 149.60 553 149.60 24918 0.00%
C105 100.04 195 100.05 1353 0.01%
C106 97.77 247 97.77 1888 0.00%
C107 128.13 272 128.13 4357 0.00%
C108 129.26 289 129.54 9231 0.22%
C109 155.85 563 156.28 46365 0.28%
C201 94.07 295 94.07 1282 0.00%
C202 114.09 529 114.09 21872 0.00%
C203 137.44 534 137.44 15256 0.00%
C204 131.61 675 132.03 53336 0.32%
C205 107.53 320 107.55 2274 0.02%
C206 122.12 335 122.14 6622 0.02%
C207 142.81 499 142.85 16681 0.03%
C208 141.90 338 141.90 13017 0.00%

Average 0.06%
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Table 2.9: Approx. v.s. Exact Eval. for RC Instances

Dataset Rs ts Re te Gap

RC101 91.76 209 91.76 3754 0.00%
RC102 130.67 286 130.76 3618 0.07%
RC103 161.42 429 161.42 9833 0.00%
RC104 165.87 470 166.68 13560 0.49%
RC105 135.11 404 135.11 10167 0.00%
RC106 116.53 297 116.71 13525 0.15%
RC107 180.47 675 180.47 76762 0.00%
RC108 180.25 503 180.25 37345 0.00%
RC201 107.96 258 108.66 4246 0.64%
RC202 148.89 365 148.89 9524 0.00%
RC203 154.19 453 154.32 14594 0.08%
RC204 159.65 482 159.65 22749 0.00%
RC205 133.02 437 133.02 16487 0.00%
RC206 131.85 424 132.31 8965 0.35%
RC207 161.57 557 162.00 58098 0.27%
RC208 173.35 436 173.80 78743 0.26%

Average 0.14%
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underlying the differences. For example, we find that instances R105, C105, C108

and C205 have narrow time windows, while this is not the case for R209. Admittedly,

factors such as a customer’s location, expected economic value, and traveling distances

between customers also has impact on the structure of a solution.

The advantage of a SOPTW solution over the deterministic solution using

expected values is that a SOPTW solution inserts customers early in the sequence

that, while unlikely to be visited, can be considered with a favorable realization of

queue lengths and waiting times at preceding customers. In contrast, the determin-

istic solution using expected values will only sequence the customers guaranteed to

be visited using the expected wait times (the remaining customers are appended in

increasing order of li).

To see this, we examine the structure of both the deterministic (lower bound)

and the stochastic solutions for instances R202 and R209 in Tables 2.13 and 2.14. The

first column in both tables presents the deterministic solution, the second column is

the time window for each customer and the third column shows the probability of

collecting a reward from a customer, which is computed via Equation (2.10) in §2.3.

Similarly, the fourth, fifth and sixth columns in both tables present the SOPTW

solution, the time window and the probability of collecting a reward from a customer,

respectively. We note that 0† denotes a nonzero number less than 10−3).

For instance R202, the original deterministic tour is (0, 5, 14, 18, 10, 13, 12).

The deterministic solution presented in the table consists of both the original tour

and the appended customers. We can see that, in the deterministic solution, a reward
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is more likely to be collected from customers 5, 14, 18, 10, 13, and 12 than from others.

Using the average queue lengths and wait times, these customers will be visited with

certainty. In the stochastic solution, customers 5 and 14 are still visited early in the

sequence (although in reversed order), but customer 10 is moved to the end of the

sequence. Furthermore, customers 13 and 12 have been moved later in the sequence

as well, but actually have a larger probability of being visited than they do in the

sequence from the deterministic solution. This occurs because customers 3, 9, 8,

1, and 6 have been inserted earlier in the tour (and each of these customers has a

relatively low probability of being visited implying that they will often be skipped

or balked at, but having the option to visit them is beneficial if there is a favorable

realization of queue length and wait time).

For instance R209, the situation is similar. The original deterministic tour is

(0, 5, 13, 14, 10, 1, 4). As demonstrated in Table 2.14, for both the deterministic and

stochastic solutions, customers 5, 13, 14, 10, 1 and 4 have greater chances to provide

a reward than other customers. In the stochastic tour, however, customers 16, 19, 12,

17 and 11, which are less likely to provide a reward, are inserted earlier in the tour

to take advantage of favorable realizations in which they can be visited.

The average gaps between the SOPTW solutions and the upper bounds for the

R, C and RC instances are 25.6%, 25.5% and 27.8%, respectively. The upper bound

gaps are large in general, which suggests the looseness of the perfect information

bounds. There does not exist a discernible cause for the magnitude of any particular

gap. Among the R instances, the largest upper bound gap is 29.6% from instance
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R107 and the smallest is 17.4% from instance R101. R101 has the smallest average

time window width over all R instances while R107’s is neither the smallest or the

largest. Among the C instances, the largest upper bound gap is 31% from instance

C102 and the smallest is 14.8% from instance C101. Instance C101 has the second

smallest average time window width over all C instances while C102 has neither the

smallest or the largest. For the RC instances, the largest upper bound gap is 32.6%

from RC208, the instance with the largest average time window width. The smallest

upper bound gap is 23.2% from RC103, whose average time window width is neither

the largest nor the smallest.

Recall that we motivate consideration of 20-customer data sets as this size

of problem corresponds to an upper bound on the number of doctors that a sales

representative would be able to visit in a day. That is, we assume that the sales

representative identifies a set of 20 customers on which to base her a priori itinerary.

For sake of comparison, we also consider 40-customer R, C, and RC instances and

present the detailed results in Table 2.15. To construct the instances, we select the

first 40 customers from Solomon’s instances and modify the original time windows

following the procedure discussed in §2.5.2. We use the same settings of (r̃, ř) as in

the 20-customer instances. The objectives presented in the second and sixth column

of Table 2.15 are the expected reward averaged over the 10 VNS runs. In the third

and seventh columns, we provide the average runtime in seconds for each instance.

The fourth and eighth columns present the average number of customers (over the

10 VNS runs) in an a priori route whose chance of being visited is no less than 0.01
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Table 2.10: Results for R Instances with 20 Customers

Dataset LB SOPTW UB Gap L Gap U Runtime

R101 50.86 55.74 67.45 9.6% 17.4% 194
R102 78.01 85.91 109.60 10.1% 21.6% 292
R103 89.19 97.79 128.42 9.6% 23.9% 360
R104 97.90 101.88 137.82 4.1% 26.1% 421
R105 68.15 69.23 90.29 1.6% 23.3% 264
R106 79.74 91.52 121.34 14.8% 24.6% 379
R107 91.31 94.07 133.58 3.0% 29.6% 349
R108 96.49 105.18 147.01 9.0% 28.5% 458
R109 86.73 89.57 118.32 3.3% 24.3% 310
R110 86.21 94.47 129.50 9.6% 27.0% 478
R111 87.30 101.47 143.46 16.2% 29.3% 439
R112 107.49 114.64 159.25 6.6% 28.0% 506
R201 60.36 74.05 95.22 22.7% 22.2% 218
R202 83.85 94.31 123.85 12.5% 23.8% 329
R203 97.00 103.72 147.03 6.9% 29.5% 394
R204 104.08 107.92 143.35 3.7% 24.7% 350
R205 85.76 92.19 125.24 7.5% 26.4% 243
R206 95.64 102.99 141.30 7.7% 27.1% 251
R207 95.64 111.28 149.01 16.3% 25.3% 229
R208 100.12 107.89 153.01 7.8% 29.5% 277
R209 100.21 102.01 138.46 1.8% 26.3% 281
R210 99.64 106.04 140.52 6.4% 24.5% 250
R211 111.25 115.05 157.51 3.4% 27.0% 250
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Table 2.11: Results for C Instances with 20 Customers

Dataset LB SOPTW UB Gap L Gap U Runtime

C101 86.81 98.81 116.0 13.8% 14.8% 347
C102 82.04 92.16 133.6 12.3% 31.0% 373
C103 130.21 135.87 194.0 4.4% 29.9% 638
C104 128.16 149.60 210.0 16.7% 28.8% 553
C105 100.01 100.04 134.9 0.02% 25.8% 195
C106 89.19 97.77 119.5 9.6% 18.1% 247
C107 124.60 128.13 165.3 2.8% 22.5% 272
C108 126.89 129.26 182.4 1.9% 29.1% 289
C109 152.12 155.85 219.9 2.4% 29.1% 563
C201 80.20 94.07 115.3 17.3% 18.4% 295
C202 96.42 114.09 151.9 18.3% 24.9% 529
C203 119.71 137.44 183.8 14.8% 25.2% 534
C204 108.99 131.61 188.1 20.8% 30.0% 675
C205 107.39 107.53 141.7 0.1% 24.1% 320
C206 114.45 122.12 165.8 6.7% 26.3% 335
C207 127.62 142.81 200.7 11.9% 28.8% 499
C208 119.14 141.90 193.5 19.1% 26.7% 338
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Table 2.12: Results for RC Instances with 20 Customers

Dataset LB SOPTW UB Gap L Gap U Runtime

RC101 88.98 91.76 124.70 3.1% 26.4% 209
RC102 122.36 130.67 180.67 6.8% 27.7% 286
RC103 144.26 161.42 210.20 11.9% 23.2% 429
RC104 136.55 165.87 244.27 21.5% 32.1% 470
RC105 116.38 135.11 179.04 16.1% 24.5% 404
RC106 107.54 116.53 169.59 8.4% 31.3% 297
RC107 173.35 180.47 236.53 4.1% 23.7% 675
RC108 169.29 180.25 255.24 6.5% 29.4% 503
RC201 102.28 107.96 142.42 5.6% 24.2% 258
RC202 141.10 148.89 200.90 5.5% 25.9% 365
RC203 137.16 154.19 209.01 12.4% 26.2% 453
RC204 144.13 159.65 224.50 10.8% 28.9% 482
RC205 127.62 133.02 191.97 4.2% 30.7% 437
RC206 126.04 131.85 192.20 4.6% 31.4% 424
RC207 152.24 161.57 220.12 6.1% 26.6% 557
RC208 150.97 173.35 257.12 14.8% 32.6% 436
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Table 2.13: Deterministic v.s. SOPTW for R202

Det. Sol. Time Window Prob. SOPTW Sol. Time Window Prob.

0 [0,540] 1 0 [0,540] 1
5 [0,240] 1 14 [17,131] 1
14 [17,131] 0.542 5 [0,240] 0.928
18 [203,234] 0.586 3 [0,240] 0.541
10 [311,341] 0.750 9 [216,268] 0.127
13 [372,446] 0.516 18 [203,234] 1.684E-03
12 [300,540] 0.762 8 [218,259] 2.115E-03
15 [94,162] 0 1 [0,240] 1.885E-03
11 [111,175] 0 6 [224,277] 1.687E-03
16 [146,201] 0 13 [372,446] 0.983
19 [145,204] 0 12 [300,540] 0.868
1 [0,240] 0 15 [94,162] 0
3 [0,240] 0 16 [146,201] 0
8 [218,259] 0 17 [395,469] 0
9 [216,268] 0 2 [300,540] 0.272
6 [224,277] 0 7 [300,540] 8.924E-03
20 [313,359] 0 11 [111,175] 0
4 [366,432] 0† 4 [366,432] 0
17 [395,469] 0 20 [313,359] 0
2 [300,540] 0.221 19 [145,204] 0
7 [300,540] 0.015 10 [311,341] 0
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Table 2.14: Deterministic v.s. SOPTW for R209

Det. Sol. Time Window Prob. SOPTW Sol. Time Window Prob.

0 [0,540] 1 0 [0,540] 1
5 [10,199] 1 5 [10,199] 1
13 [0,240] 0.912 13 [0,240] 0.912
14 [17,245] 0.813 14 [17,245] 0.813
10 [267,385] 0.799 16 [119,228] 0.174
1 [343,496] 0.843 19 [116,233] 0.016
4 [300,540] 0.749 12 [91,217] 0†

2 [39,189] 0 17 [0,240] 0†

12 [91,217] 0 11 [0,240] 2.996E-03
16 [119,228] 0 10 [267,385] 0.742
19 [116,233] 0 1 [343,496] 0.821
11 [0,240] 0 9 [137,347] 0†

17 [0,240] 0 6 [143,358] 0
7 [157,242] 0 4 [300,540] 0.718
18 [188,249] 0 20 [290,382] 0
8 [155,322] 0 8 [155,322] 0
3 [268,331] 0 18 [188,249] 0
9 [137,347] 0 3 [268,331] 0
6 [143,358] 0 15 [300,540] 0.181
20 [290,382] 0 7 [157,242] 0
15 [300,540] 0.192 2 [39,189] 0
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(via evaluating the a priori route using the exact objective function). We find that

although they consider twice as many customers, the a priori routes with 40 customers

do not visit more customers than in the 20-customer solutions. On average, the

numbers of customers having at least 0.01 probability of being visited are 10, 12 and

9 for the 40-customer R, C and RC sets and are 9, 11 and 10 for the 20-customer

R, C and RC instances, respectively. Note that we cannot provide lower and upper

bounds for these solutions (the deterministic dynamic program is unable to solve

instances with 40 customers). This demonstrates that considering larger data sets

only potentially impacts which customers are visited and not the number of customers

visited.

2.8 Summary and Future Work

Motivated by the daily routing problem faced by a pharmaceutical representative, we

introduce a stochastic orienteering problem with time windows (SOPTW) character-

ized by stochastic wait times as well as a time window for each customer. Specifically,

the wait time a representative encounters depends on the queue lengths observed when

the representative arrives at a doctor’s office. In the development of a priori tours, we

consider two types of recourse actions. The first recourse action determines whether

or not to skip a customer on an a priori tour based on the arrival time at that cus-

tomer. The second recourse action determines how long a representative should wait

at a customer after arriving and observing a queue. These recourse actions are ad-

dressed in the analytical formula that we derive to compute the expected reward for
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Table 2.15: Results on Modified Solomon Instances with 40 Customers

Dataset Obj. Runtime Visited Dataset Obj. Runtime Visited

R101 58.5 2044 5 R201 93.9 2811 7
R102 105.7 5912 11 R202 110.4 4034 9
R103 122.1 6700 11 R203 130.2 4763 11
R104 138.2 5465 11 R204 130.7 5724 12
R105 81.4 3019 8 R205 111.6 4785 10
R106 117.2 4020 9 R206 135.6 4797 10
R107 120.8 4858 10 R207 127.4 6035 10
R108 134.2 5043 11 R208 139.6 6163 11
R109 103.4 4266 9 R209 136.0 6058 10
R110 137.8 5830 10 R210 136.8 5173 9
R111 135.7 5534 12 R211 148.0 6587 12
R112 139.8 5965 10

C101 104.1 2629 14 C201 131.9 4642 13
C102 130.6 6999 16 C202 146.3 5552 14
C103 159.9 6596 12 C203 155.1 6079 13
C104 172.3 6742 14 C204 168.3 7390 13
C105 107.2 2532 8 C205 121.0 4552 9
C106 114.7 4099 11 C206 144.1 3645 9
C107 133.2 2730 8 C207 180.9 5272 10
C108 136.8 3763 9 C208 161.6 4071 11
C109 173.9 6518 12

RC101 106.5 2473 7 RC201 126.2 2549 9
RC102 152.2 2920 8 RC202 164.2 4262 9
RC103 161.5 4063 9 RC203 156.7 3774 10
RC104 181.9 5161 11 RC204 183.1 4802 12
RC105 138.4 3965 9 RC205 154.0 4101 8
RC106 122.8 3096 8 RC206 150.1 3942 9
RC107 194.8 4940 11 RC207 175.1 4591 10
RC108 203.7 5509 12 RC208 182.0 5051 9
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an a priori tour.

We solve the SOPTW via a VNS heuristic and compute lower and upper

bounds on the solution. We obtain the lower bound by solving a deterministic version

in which wait times and queue lengths are set to their expectations. We also obtain

an upper bound for an a priori tour expected rewards by solving the deterministic

problem with perfect information. From our computational results, we find that the

SOPTW solutions perform about 9.2% better than the lower bound and about 26.3%

worse than the upper bound. The SOPTW solution’s 9.2% average improvement over

the deterministic approach using expected queue lengths and wait times as well as

the difference in the tour sequences suggest the merit in considering uncertainty in

this problem.

One future research direction is to investigate dynamic policies for the SOPTW.

For the first recourse action proposed in the study, we allow skipping of a customer,

but never allow resequencing of customers. A dynamic routing policy would allow

resequencing based on realized events. For the second recourse action, we employ an

action that determines the longest amount of time a representative will wait based on

the queue length upon arrival. A dynamic policy would allow the sales representative

to consider the “stay in queue or depart for next customer” decision at each time

epoch based on the current queue length. Our results motivate the investigation of

dynamic policies in two ways. First, the gaps between our a priori results and the

upper bounds suggest that there may be potential to improve the rewards by taking

explicit advantage of realizations. Second, there does not seem to be universal set-
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tings of r̃ and ř for the recourse actions that result in effective static rules. Thus,

dynamically determining when to leave a customer and adapting the tour based on

the observed realizations may result in improved performance.

Secondly, this study is limited to a one-day planning horizon. A routing strat-

egy of a longer planning horizon is applicable in real-world situations where the phar-

maceutical sales representative needs to develop a weekly or monthly schedule of

doctor visits. Finally, in this study, we focus on application to the pharmaceutical

industry. We leave as future work the consideration of other domains in which the

logistics of managing customer relationships is important. For example, in the text-

book industry, representatives can leave and return to a customer depending on the

observed line length, adding further complexity to the routing problem.
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CHAPTER 3
DYNAMIC ORIENTEERING ON A NETWORK OF QUEUES

3.1 Introduction

In this chapter, we study the daily orienteering problem in the context of routing a

textbook salesperson who visits professors located in one or more buildings on campus.

Similar to the pharmaceutical case discussed in §2, each professor is associated with

a deterministic reward representing an increase in expected sales volume, which is

determined by the size of class taught by the professor and the influence of the

salesperson’s visit. A meeting between the salesperson and the professor may lead to

an increase in the adoption chance, resulting in the increase in expected sales volume.

Professors are either accessible during specific time windows (scheduled office hours)

or via appointments. According to interviews with our textbook industry partners,

approximately 60% to 75% of textbook salesperson’s visits occur during office hours

(personal communication, Kent Peterson, Vice President of National Sales Region at

McGraw-Hill Higher Education, April 6, 2012). In this study, we consider how the

salesperson should visit the professors during their office hours and treat appointment

scheduling as an exogenous process.

Given a list of professors who have the potential to adopt a product, the text-

book salesperson needs to decide which professors to visit and the order in which to

visit them to maximize the total expected reward. However, unlike in §2 where we

consider a non-priority queue of other sales representatives, in this study, we consider
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a queue of students at each professor and assume that the salesperson has the lowest

priority in the queue. Thus, when seeking to visit a professor, the salesperson must

wait at a professor as long as there is a queue of students, regardless of whether the

students arrive earlier or later than the salesperson. The wait time is uncertain due to

the uncertainty in the time the professor spends with each student and in the arrivals

of additional students. Upon arrival, the salesperson needs to decide whether to join

the queue and wait or to depart immediately to visit another professor. Deciding to

queue at a professor, the salesperson must periodically determine whether to renege

and go to another professor. When choosing who to visit next, the salesperson con-

siders professors who she has not visited and professors who she visited but did not

meet. We refer to this problem as the dynamic orienteering problem on a network of

queues with time windows (DOPTW).

We model the problem as a Markov decision process (MDP). To reflect the

uncertain meeting duration between a professor and students, we model the wait

time faced by the salesperson as a random variable. In the MDP, a decision epoch

is triggered either by the arrival of the salesperson at a professor, observing queue

event(s) (a student arrival and/or departure at the professor), or reaching a specified

amount of time with no queueing event. That is, if no queue event has occurred after

a specified amount of time, the salesperson “checks her watch” and reconsiders her

decision of whether to continue to stay at the current professor or to go to another

one. To overcome significant runtime challenges, we develop an approximate dynamic

programming approach based on rollout algorithms to solve the problem, in which the



63

value of the decision of whether to stay and where to go is evaluated hierarchically

by different approximations. We refer to this approach as compound rollout. In

compound rollout, decisions are made in two stages. In the first stage, the compound

rollout decides whether to stay at the current professor or go to another professor. If

the first-stage decision is to go, in the second stage it decides to which professor to

go.

This study makes the following contributions to the literature. First, we in-

troduce a new dynamic orienteering problem motivated by textbook sales, but gener-

alizable to other settings in which a routed entity may experience queues at a series

of locations. Second, we identify conditions under which certain actions can be elim-

inated from the action set of a given state. Third, we investigate the existence of

optimal control limits and identify the limited existence of optimal control limit poli-

cies. Fourth, we propose a novel compound rollout heuristic to facilitate decision

making. The compound rollout is distinct in implementing different mechanisms for

reward-to-go approximation based on explicitly partitioning the action space. Fi-

nally, our computational results demonstrate the capability of compound rollout in

making high quality decisions with reasonable computational efforts by comparing

our dynamic policies to benchmark a priori routing solutions.

In §3.2, we provide a MDP model for the problem. We investigate the existence

of optimal control limit policies and present the corresponding results in §3.3. We

describe our rollout algorithms in §3.4 and present computational results of our rollout

methodology in §3.5. In §3.6, we conclude the study and discuss future work.
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3.2 Problem Formulation

We model the DOPTW as a Markov decision process (MDP). We refer the

readers to Puterman (2005) for an introduction to MDPs. We define the problem

on a complete graph G = (V,E). The set V of n nodes corresponds to n potential

customers that a textbook salesperson may visit. We note that while the DOPTW

is generalizable to other problem settings of orienteering on a network of queues, in

this discussion we use “professor” instead of “customer” as the study is motivated

by routing a textbook salesperson to visit professors on campus. The set E consists

of edges associated with each pair of vertices. We assume a deterministic travel

time on edge (i, j), denoted as cij. We set cij = 0 for i = j. A time window [ei, li] is

associated with each professor i ∈ V . We use ri to represent the expected value gained

by a meeting with professor i. In this study, we assume the salesperson departs as

early as necessary to arrive at the first professor in her tour before the time window

begins. Let Ψi be the random variable representing the salesperson’s arrival time

at professor i and ψi be a realization of Ψi. Queues of students may form at each

professor over time. We assume that there is a maximum possible queue length,

denoted by L. The evolution of the queue length is governed by student arrivals

and student departures upon completing a meeting with the professor. Let Xi be

the random variable representing the students’ inter-arrival time at professor i and

xi be a realization of Xi. Let Yi be the random variable representing the duration

of a meeting between a student and professor i and yi be a realization of Yi. We

consider a discrete-time Markov model and therefore assume Xi and Yi are geometric



65

random variables with parameters pxi and pyi , respectively. Further, we assume the

distributions of Xi and Yi are independent.

3.2.1 Decision Epochs

We consider a discrete-time planning horizon 0, 1, . . . , T , where T = maxi∈V li

is the time after which no more decisions are made. Let Ξk be a random variable

representing the time of the kth decision epoch and ξk be the realization of Ξk. In

the MDP, decision epochs are triggered by one of the following conditions:

• if the salesperson is en route towards professor i, the next decision epoch is

triggered by the arrival of the salesperson, i.e., ξk = ψi;

• if the salesperson is waiting at a professor, the next decision epoch is triggered

by observing the first queueing event(s) or reaching a specified amount of time δ,

whichever comes first, where δ is the longest time that the salesperson will wait

before making a decision while at professor i. Thus, ξk = ξk−1 + min{xi, yi, δ}.

3.2.2 States

The state of the system represents the sufficient information for the salesperson

to execute a decision of whether to stay and wait at the current professor or to leave

and go to another professor. The state consists of information on the salesperson’s

status as well as the status of each professor. The status of the salesperson is captured

by the triple (t, d, q), where q ∈ {{?} ∪ [0, L]} is the queue length at the professor

d ∈ V at the current system time t. Note that q =? indicates the queue length is

currently unknown.
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We represent the status of professors by partitioning V into three sets, H, U ,

and W . The set H ⊆ V represents the set of professors who the salesperson has

met, thereby collecting a reward. The set U ⊆ V represents the set of professors

whom the salesperson has not yet visited. The set W ⊆ V represents the set of

professors whom the salesperson has visited, but from whom the salesperson has

departed before initiating a meeting. For each professor w ∈ W , the state includes

information (t̆w, q̆w) representing the queue length q̆w observed at the time t̆w that

the salesperson departed professor w. The salesperson can then use this information

to evaluate a decision to revisit a professor w ∈ W . Let (t̆, q̆) = (t̆w, q̆w)w∈W denote

the vector of information regarding the time and queue length at previously-visited

but unmet professors.

Thus, we represent the complete state of the system with the tuple (t, d, q,H,

U,W, (t̆, q̆)) consisting of the information on the salesperson’s status as well as the

status of the set of professors. The state space S is defined on [0, T ] × V × {{?} ∪

[0, L]}×V ×V ×V ×{([0, T ], [0, L])}V . The initial state is s0 = (0, 0, 0, ∅, V, ∅, (∅, ∅)).

An absorbing state must meet one of the following conditions:

(i) the salesperson has met with all professors;

(ii) it is infeasible for the salesperson to arrive at any unmet professor within his/her

time window.

Thus, the set of absorbing states is defined as SK =
{

(t, d, q,H, U,W, (t̆, q̆)) : H = V

or t+ cdi ≥ li,∀i ∈ {V \H}
}

.
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Figure 3.1: State Transition

3.2.3 Actions

At each decision epoch, the salesperson selects an action that determines the

salesperson’s location at the next decision epoch. At a professor d at time t, a

salesperson can either stay at professor d if she has not yet met professor d or go

to another unmet professor i with li ≥ t + cdi. Thus, the action space for state s is

A(s) =
{
a ∈ V : t+ cda ≤ la, a ∈ {U ∪W}

}
.

3.2.4 State Transition

Figure 3.1 depicts the state transition that occurs upon action selection. At

decision epoch k with state sk = (t, d, q,H, U,W, (t̆, q̆)), an action a ∈ A(sk) is se-

lected, initiating a transition from state sk to state sk+1 = (t′, d′, q′, H ′, U ′,W ′, (t̆′, q̆′)).

The location at sk+1 is the selected action, d′ = a. Let P{sk+1|sk, a} be the transition
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probability from state sk to sk+1 when selecting action a in sk. At each epoch, the

transition probability is defined by one of two action cases: (i) the salesperson decides

to depart from the current location and go to another professor, or (ii) the salesperson

decides to stay at the current professor and wait in line.

If the selected action in state sk is to go to another professor a, P{sk+1|sk, a} is

specified by the queue length distribution at professor a at the arrival time, t+cda. In

§3.2.5, we derive a parameterized distribution of the queue length at a professor given

the arrival time. If the observed queue length is q′ > 0 when the salesperson arrives

at professor a, then the salesperson is unable to immediately meet with the professor

and no reward is collected at time t′ = t+ cda. If the observed queue length is q′ = 0,

the salesperson meets with professor and collects reward ra. We assume that the

reward is collected as long as the salesperson meets with the professor, regardless of

the length of the meeting. Let Sa be the random variable with a known distribution

representing the duration of the meeting between the salesperson and professor a.

Thus, when the selected action is to go to professor a, we update the current time as

t′ =

{
t+ cda, if q′ > 0,
t+ cda + sa, if q′ = 0,

where sa is a realization of Sa.

In the second case, if the selected action in state sk is to stay at the current

professor d, the current time of state sk+1, t + min{Xd, Yd, δ}, is either the time of

the first queueing event(s) or that of reaching the specified decision-making interval

δ. The first queueing event may be a student arrival that increases the queue length

by one, a student departure that decreases the queue length by one, or both an
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arrival and a departure where the queue length remains the same as in state sk. If no

queueing events occur before or at the decision-making interval t+δ, the queue length

remains the same. If q′ = 0 at time t + min{Xd, Yd, δ}, the salesperson meets with

professor d for a duration of sd time units and a reward of rd is collected. Otherwise,

no reward is collected. Finally, when the selected action is to stay at the current

professor, the current time is updated as

t′ =

{
t+ min{Xd, Yd, δ}, q′ > 0,
t+ min{Xd, Yd, δ}+ sd, q′ = 0,

where 0 < κ ≤ δ. We present the state transition probability P{sk+1|sk, a} for the

action of staying at the current professor in §3.2.5.

Regardless of whether the selected action is “to go” or “to stay,” we update

the set of met professors by

H ′ =

{
H, if q′ > 0,
H ∪ {a}, if q′ = 0.

If q′ > 0, the set of met professors remain the same as in state sk. If q′ = 0, professor

a is added to set H. We update the set of unvisited professors by

U ′ =

{
U, if a = d,
U \ {a}, if a 6= d.

If a = d, the set of unvisited professors remains the same as in state sk. If a 6= d and

a was previously unvisited, professor a is removed from the set U . We update the set

of visited but unmet professors by

W ′ =


W, if a = d, q′ > 0 or a 6= d, q′ = 0,
W \ {a}, if a = d, q′ = 0,
W ∪ {a}, if a 6= d, q′ > 0.
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If the salesperson stays at the current location and does not meet with the professor

(a = d, q′ > 0), or if the salesperson goes to another professor a and meets with this

professor (a 6= d, q′ = 0), the set of visited but unmet professors remains the same as

in sk. If the salesperson stays and meets with the current professor (a = d, q′ = 0),

this professor is removed from set W . If the salesperson goes to another professor

a and observes a queue (a 6= d, q′ > 0), professor a is added to set W . Finally,

we update information (t̆′, q̆′) by adding (ta, qa) = (t′, q′) to (t̆, q̆) if q′ > 0 and by

removing (ta, qa) from (t̆, q̆) if q′ = 0.

3.2.5 Transition Probabilities

We derive the state transition probabilities, P{sk+1|sk, a}, for the various state-action

pairs. Let Qit be the random variable representing the queue length observed at

professor i at time t and qit be the realization of Qit. We model the evolution of

queue at professor i as a discrete-time Markov Chain (DTMC) {Qit, t = 0, 1, 2, ..., T}.

We assume that {Qit, t = 0, 1, 2 ..., T} and {Qjt, t = 0, 1, 2, ..., T} are independent

Markov chains for i 6= j.

Given 0 < qit < L, the possible realizations of qi,t+1 are:

• qi,t+1 = qit + 1 with probability pxi(1− pyi) if there is only a student arrival and

no student departure occurring at time t+ 1;

• qi,t+1 = qit − 1 with probability pyi(1− pxi) if there is only a student departure

and no student arrival at time t+ 1;

• qi,t+1 = qit with probability (1 − pxi)(1 − pyi) + pxipyi if there are no queueing
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events or both a student arrival and a departure at time t+ 1.

If qit = 0, then qi,t+1 = 1 or qi,t+1 = 0 with probabilities pxi and 1− pxi , respectively.

If qit = L, then qi,t+1 = L − 1 with probability pyi and qi,t+1 = L with probability

1 − pyi . Consequently, the DTMC on state space {0, 1, 2, ...L} is described by the

following time-homogeneous one-step transition matrix:

Ri =


1− pxi pxi 0 · · · 0 0 0

(1− pxi)pyi pi (1− pyi)pxi · · · 0 0 0
...

...
. . .

...
...

...
...

0 0 0 · · · (1− pxi)pyi pi (1− pyi)pxi
0 0 0 · · · 0 pyi 1− pyi

 ,

where pi = (1− pyi)(1− pxi) + pxipyi .

From a state sk = (t, d, q,H, U,W, (t̆, q̆)), consider the transition to a state

sk+1 when deciding to leave the current professor d and go to another professor z. As

mentioned in §3.2, the only uncertain element of this transition is the queue length

observed at professor z at time t + cdz. Therefore, the stochastic transition from sk

to sk+1 is governed by the queue length distribution.

If z ∈ U , the distribution of queue lengths observed at time t + cdz is defined

over [0, L], by φ0R
(max{t+cdz ,ez}−oz)
z , where φk is a vector with a one in the position

corresponding to queue length k (≥ 0), R
(n)
z is the n-step transition matrix, and oz

(≤ ez) is the earliest time that a queue (of students) begins to form at professor z.

If z ∈ W , the distribution of queue lengths observed at time t + cdz is defined over

[0, L], by φq̆zR
(max{t+cdz ,ez}−max{t̆z ,oz})
z . Note that t̆z is the time of the most recent visit

to professor z and q̆z is the queue length observed at time t̆z.

Now consider the transition to a state sk+1 from a state sk = (t, d, q, H,U,W, (t̆, q̆))
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when deciding to stay at the current professor d. As mentioned in §3.2, the next de-

cision epoch that is triggered by a queueing event or δ, the maximum amount of

time between epochs, occurs at time t+ min{Xd, Yd, δ}. Thus, both the queue length

and the system time of the next epoch is uncertain. The state transition probability

P{sk+1|sk, d} is defined over 3δ possible states characterized by q′ ∈ {q + 1, q, q − 1}

and t′ ∈ {t + 1, t + 2, ..., t + δ}. Let κ be the realization of min{Xd, Yd, δ}. When

deciding to stay at the current professor, the time of next decision epoch is t + κ

(0 < κ ≤ δ). For κ < δ, the event triggering the epoch at t+ κ is:

(i) a student arrival increasing queue length by one with probability pxd(1−pxd)κ−1(1−

pyd)κ;

(ii) a student departure decreasing queue length by one with probability pyd(1 −

pyd)κ−1(1− pxd)κ;

(iii) the concurrent arrival and departure so that queue length remains the same as

in state sak with probability pxdpyd [(1− pxd)(1− pyd)]κ−1;

For κ = δ, events (i), (ii), and (iii) can occur with the associated probabilities.

Additionally, with probability (1 − pxd)δ(1 − pyd)δ, no queueing events may occur

before or at time t+ δ so that the queue length remains the same as in state sk.

3.2.6 Criterion and Objective

Let Π be the set of all Markovian decision policies for the problem. A policy

π ∈ Π is a sequence of decision rules: π = (ρπ0 (s0), ρπ1 (s1), ..., ρπk(sk)), where ρπk(sk) :

sk 7→ A(sk) is a function specifying the action to select at decision epoch k while
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following policy π. For notational simplicity, we denote ρπk(sk) using ρπk . Let Rπ
k(sk)

be the expected reward collected at decision epoch k if following policy π. Our

objective is to seek a policy π that maximizes the total expected reward over all

decision epochs:
∑K

k=1R
π
k(sk), where K is the final decision epoch. Let V (sk) be the

expected reward-to-go from decision epoch k through K. Then an optimal policy can

be obtained by solving V (sk) = maxa∈A(sk)

{
Rk(sk, a) + E[V (sk+1)|sk, a]

}
for each

decision epoch k and the corresponding state sk.

3.3 Structural Results

As the salesperson is routing on a network of queues, it is logical to investigate the

presence of optimal control limit policies. In this section, we first prove that by fixing

the sequence of professors, at any given time, there exists a control limit in queue

length for each professor. That is, there exists a threshold queue length such that if it

is optimal to stay at a professor when observing this queue length, it is also optimal

to stay when observing a shorter queue at the same time. Unfortunately, there does

not exist a control limit with respect to the salesperson’s arrival time at a professor.

Thus, even if it is optimal to stay at a professor when the salesperson arrives and

observes a queue length, it is not necessarily optimal to stay if she arrives earlier and

observes the same queue length. The reason for the lack of control limit structure

with respect to arrival time is because the salesperson may be more likely to collect

rewards from professors later in the visit sequence if she leaves the current professor

at an earlier time. We demonstrate this via a counter example.
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We denote by gi(q
′|q, t) the distribution of the current queue length at professor

i given the queue length q observed t time units ago. According to the transient queue

length distribution presented in §3.2.5, the distribution gi(q
′|q, t) is given by the qth

row of the t-step transition matrix R
(t)
i . Let Stay(i, t, q) be the expected reward of

staying and waiting at professor i with queue length q at time t. Let Leave(i, t, q)

be the onward expected reward of leaving and going to the next available professor

i + 1 in the sequence when there is a queue length q at professor i at time t. The

formulations of Stay(i, t, q) and Leave(i, t, q) are:

Stay(i, t, q) =
∑
q′

gi(q
′|q, 1)v(i, t+ 1, q′),

Leave(i, t, q) =
∑
q′

P (Qi+1,t+ci,i+1
= q′)v(i+ 1, t+ ci,i+1, q

′). (3.1)

Note that the queue length at professor i + 1 at time t + ci,i+1 is independent with

that at professor i at time t. Let v(i, t, q) be the expected reward from professor i

and the onward reward from other professors on the route if the salesperson observes

queue q at professor i at time t. By definition, v(i, t, q) can be represented as:

v(i, t, q) = max
{
Stay(i, t, q), Leave(i, t, q)

}
. (3.2)

Before proving Theorem 1, we state and prove a series of Lemmas.

Lemma 1. The distribution of the queue length has the Increasing Failure Rate (IFR)

property, i.e.,
∑L

q=k gi(q|q̃, t) ≤
∑L

q=k gi(q|q′, t) for all i, k, t, and q′ > q̃.
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Proof. Proof of Lemma 1 We prove this lemma by induction. First, by the definition

of Ri in §3.2.5, there is
∑L

q=k gi(q|q̃, 1) ≤
∑L

q=k gi(q|q′, 1) for all k and q′ > q̃ (q̃, q′ ∈

[0, L]). Assuming
∑L

q=k gi(q|q̃, n) ≤
∑L

q=k gi(q|q′, n) for all k and q′ > q̃, now we show∑L
q=k gi(q|q̃, n+ 1) ≤

∑L
q=k gi(q|q′, n+ 1) for all k and q′ > q̃. Then,

L∑
q=k

gi(q|q̃, n+ 1) =
L∑
q=k

L∑
r=0

gi(q|r, n)gi(r|q̃, 1) (3.3)

≤
L∑
q=k

L∑
r=0

gi(q|r, n)gi(r|q′, 1) (3.4)

=
L∑
q=k

gi(q|q′, n+ 1), (3.5)

Equalities (3.3) and (3.5) follow the definition of n-step transition probability. In-

equality (3.4) results from the induction hypothesis.

Lemma 2. For each professor i, v(i, t, q̃) ≥ v(i, t, q′), for all i, t and q′ > q̃.

Proof. Proof of Lemma 2 We prove the lemma by induction. First, we show that, with

T = maxi∈V li, v(i, T, q̃) ≥ v(i, T, q′) for all i and q′ > q̃. By definition, when there is

a queue at time T , Stay(i, T, q) = 0 and Leave(i, T, q) = 0. Therefore, Stay(i, T, q)

and Leave(i, T, q) are non-increasing in q. As the the maximum of non-increasing

functions is non-increasing, v(i, T, q̃) ≥ v(i, T, q′) for q̃ < q′.

Assuming v(i, t + 1, q̃) ≥ v(i, t + 1, q′) for all i and q′ > q̃, we next show that
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v(i, t, q̃) ≥ v(i, t, q′) for all i and q′ > q̃. We have:

Stay(i, t, q̃)− Stay(i, t, q′)

=
∑
q

gi(q|q̃, 1)v(i, t+ 1, q)−
∑
q

gi(q|q′, 1)v(i, t+ 1, q) (3.6)

≥0. (3.7)

Equality (3.6) follows by definition. By the induction hypothesis, v(i, t + 1, q) is

non-increasing in q. By Lemma 1,
∑L

q=k gi(q|q′, 1) is a non-decreasing function of q′

for all k. Thus,
∑L

q=k gi(q|q′, 1)v(i, t + 1, q) is non-increasing in q′, thereby imply-

ing Inequality(3.7). By definition, Leave(i, t, q̃) = Leave(i, t, q′) because the queue

length at professor i has no bearing on the queue length at professor i + 1. So both

Stay(i, t, q) and Leave(i, t, q) are non-increasing on q for all i and t. Thus v(i, t, q) is

non-increasing on q for all i and t, i.e., v(i, t, q̃) ≥ v(i, t, q′) for all i, t and q′ > q̃.

Theorem 1. For each professor i and a given time t, there exists a threshold q̃ such

that for all q′ ≥ q̃, it is optimal to leave and for all q′ < q̃, it is optimal to stay.

Proof. Proof of Theorem 1 We prove the result by showing that if it is optimal to

leave at time t while observing queue length q̃, it is also optimal to leave at time t

while observing queue length q′ > q̃. Suppose it is optimal to leave at time t with

queue length q̃, then

Leave(i, t, q̃)− Stay(i, t, q̃)

=
∑
q

P (Qi+1,t+ci,i+1
= q)v(i+ 1, t+ ci,i+1, q)−

∑
q

gi(q|q̃, 1)v(i, t+ 1, q)

≥0.

(3.8)
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Now we show that it is also optimal to leave at t with q′ > q̃. We have:

Leave(i, t, q′)− Stay(i, t, q′)

=
∑
q

P (Qi+1,t+ci,i+1
= q)v(i+ 1, t+ ci,i+1, q)−

∑
q

gi(q|q′, 1)v(i, t+ 1, q) (3.9)

≥
∑
q

P (Qi+1,t+ci,i+1
= q)v(i+ 1, t+ ci,i+1, q)−

∑
q

gi(q|q̃, 1)v(i, t+ 1, q) (3.10)

≥0. (3.11)

Equality (3.9) follows by definition. Inequality (3.10) results from Lemma 2, and

Inequality (3.11) follows from the assumption. Therefore, it is also optimal to leave

professor i at t when q′ > q̃.

We next provide an example showing that, given a queue, there does not exist a

control limit with respect to the salesperson’s arrival time at a professor. We consider

a case with two professors. The first professor is available during time window [0,40]

and associated with a reward of 30, while the second professor is available during

time window [0,60] and with a reward of 50. Assuming the queue length observed at

professor 1 upon arrival is 2, we show that although it is optimal for the salesperson

to join the queue at professor 1 when she arrives at time 25, it is not optimal to join

when she arrives at an earlier time 10.

Table 3.1 and 3.2 detail the counter-example. Let Ai be the random variable

representing the arrival time at professor i and Si represent the meeting duration

between professor i and the salesperson. Let Ωit be the random variables representing

the wait time at professor i. Let Ri be the reward collected at professor i. In Table
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3.1, the first column presents the two arrival times considered at professor 1. The

second column reports the wait time distribution with respect to each arrival time

and the given queue length of 2. We use “>” to denote the situations in which the

salesperson will not be able to meet with the professor even if she waits till the end

of the time window. We assume the travel time between the two professors to be 20

and the meeting duration with the professor 1 is 10. The third and fourth columns

report whether the salesperson can meet with professor 1 and the reward collected

from professor 1. The fifth through the seventh columns correspond to the time the

salesperson spends in meeting with professor 1, the arrival time at professor 2, and

the expected reward from professor 2 if the salesperson stays in queue at professor

1. The ninth and tenth columns present the arrival time at professor 2 and the

expected rewards from professor 2 if balking at professor 1. Note that the expected

rewards from professor 2 in the seventh and tenth columns are computed in Table 3.2.

The eighth and eleventh columns present the overall expected rewards from the two

professors for the action of staying in queue and balking at professor 1, respectively.

Similarly, in Table 3.2, the first column includes the arrival times reported in the

sixth and ninth columns of Table 3.1. The second and third columns present the

queue length and wait time distributions, respectively. The fourth column indicates

whether the salesperson can meet with professor 2 and the fifth column report the

reward collected at professor 2. The sixth column presents the expected reward from

professor 2 according to the queue length and wait time distributions.

When the salesperson arrives at professor 1 at the time of 10, with professor 2
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Table 3.1: Professor 1 with time window [0, 40]

Arrive Time Wait Time Dist. Stay at Professor 1 Leave Professor 1
A1 ω1t, P (ω1t) Meet R1 S1 A2 E[R2] E[Stay at 1] A2 E[R2] E[Balk at 1]

10
(10, 0.4) Yes 30 10 50 0

30 30 34 34(20, 0.6) Yes 30 10 60 0

25
(10, 0.2) Yes 30 10 65 0

6 45 2 2(>15, 0.8) No 0 0 60 0

having greater value, by leaving professor 1 earlier she may be more likely to collect

reward from professor 2 and thereby maximize the total expected reward from the

tour. If arriving at professor 1 at the later time of 25, however, the salesperson may be

less likely to collect reward from professor 2, even if leaving professor 1 immediately

upon arrival. Thus, it is better for her to stay in line at professor 1. As shown in

Table 3.1, for an arrival time of 10, it is optimal to balk and go to professor 2 because

E[Stay at 1] = 30 < E[Leave 1]= 34. For an arrival time of 25, with E[Stay at

1] = 6 > E[Leave 1] = 2, it is optimal to stay in queue at professor 1.

In the remainder of this section, we investigate conditions under which actions

are guaranteed to be suboptimal. By eliminating these actions, we reduce the action

space and improve the computational efficiency of our approximate dynamic pro-

gramming approach. In the following, we first prove that given that the salesperson

has the lowest priority in the queue, there is no value for her to arrive at a professor

before the time when students start arriving at the professor.

Proposition 1. Let oi(≤ ei) be the earliest time that students may start arriving at

professor i. Given a priority queue at professor i, there is no value in the salesperson
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Table 3.2: Professor 2 with time window [0, 60]

Arrive Time Queue Dist. Wait Time Dist.
Meet R2 E[R2]A2 q2t, P (q2t) ω2t, P (ω2t)

30
(1, 0.6)

(10, 0.3) Yes 50

34
(15,0.7) Yes 50

(2, 0.4)
(20, 0.2) Yes 50

(>30, 0.8) No 0

45
(2, 0.4)

(10, 0.1) Yes 50

2(>15, 0.9) No 0
(3, 0.6) (>15, 1) No 0

50
(3, 0.2) (>10, 1) No 0

0(4, 0.8) (>10, 1) No 0

arriving at a professor earlier than oi.

Proof. Proof of Proposition 1 We prove this proposition by contradiction. Let sk be

the state resulting from arriving at professor i at time t (t < oi ≤ ei) and s′k be the

state resulting from arriving at professor i at time t′(≥ oi). Suppose there is value

in the salesperson arriving at professor i at time t(< oi), i.e., V (sk) > V (s′k). By

definition, state sk includes no information on queue length as students have not yet

began to arrive, while state s′k includes (t′, qi) ∈ (t̆, q̆) as the salesperson will observe

a queue length of qi at time t′. Also, the salesperson cannot commence meeting the

professor as the time window has not opened. Further, because the salesperson has

a lower priority than the students, even if the salesperson arrives at time t and waits

until t′, any student that arrives between oi and t′ will queue before the salesperson.

Thus, the salesperson receives no information nor gains queue position by arriving at

time t, i.e., V (sk) ≤ V (s′k), which contradicts the assumption.
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Based on Proposition 1, Theorem 2 states that there is also no value in de-

parting early from a professor and going to another professor before a certain time.

Theorem 2. Assuming qi > 0 at time t, there is no value in the salesperson leaving

professor i and going to a professor j ∈ {U ∪W} (j 6= i) until time oj − cij.

Proof. Proof of Theorem 2 We prove this theorem by contradiction. Suppose there is

value in the salesperson leaving professor i for a professor j ∈ {U ∪W} at time t such

that t < oj − cij. Then the salesperson will arrive at professor j at time t+ cij < oj.

According to Proposition 1, there is no value in arriving at a professor j before oj,

which contradicts the assumption.

As a consequence of Theorem 2, the actions corresponding to leaving the

current professor and going to another professor before certain time can be eliminated.

Corollary 1. If the salesperson leaves professor i at time t, the action of going to a

professor j ∈ {U ∪W} at time t can be eliminated if oj ≥ max
k∈{U∪W}

k 6=j

{t+ cik + sk + ckj}.

Proof. Proof of Corollary 1 If oj ≥ max
k∈{U∪W}

k 6=j

{t+cik+sk+ckj}, the salesperson can still

arrive at professor j before oj by going to another professor k ∈ {U ∪W} first and

then to professor j. According to Proposition 1, there is no value for the salesperson

to arrive at professor j before oj. Therefore, not going to professor j at time t would

not affect the value collected by the salesperson and the action of going to professor

j at time t can be eliminated.
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3.4 Rollout Policies

To find an optimal policy for the salesperson, we must solve the optimality equa-

tion V (sk) = maxa∈A(sk)

{
Rk(sk, a) + E[V (sk+1)|sk, a]

}
for state sk at each decision

epoch k. However, given the curses of dimensionality present in the model and the

limits of our structural results, it is not practical to exactly determine optimal poli-

cies. Instead, we turn to rollout algorithms to develop rollout policies. A form of

approximate dynamic programming (see Powell (2007) for a general introduction to

approximate dynamic programming), rollout algorithms construct rollout policies by

employing a forward dynamic programming approach and iteratively using heuristic

policies to approximate the reward-to-go at each decision epoch. Specifically, from a

current state sk at decision epoch k, rollout algorithms select an action a based on

V̂ (sk) = maxa∈A(sk)

{
Rk(sk, a) + E[V̂ (sk+1)|sk, a]

}
, where V̂ (sk+1) is approximated

by the value of heuristic policies. For an in-depth discussion on rollout algorithms,

we refer the readers to Bertsekas et al. (1997), Bertsekas (2005), and Goodson et al.

(2014).

In §3.4.1, we present a heuristic a-priori-route policy for estimating the reward-

to-go. In §3.4.2, we briefly summarize existing rollout algorithm methodology from

the literature. In §3.4.3, we propose a compound rollout algorithm that is based on

a partitioned action space and hierarchal application of heuristic policies.



83

3.4.1 A-Priori-Route Policy

To estimate the reward-to-go at a decision epoch, a rollout algorithm requires a

heuristic policy to apply along the possible sample paths, where a heuristic policy

is a suboptimal policy for all future states. For the DOPTW, we use a class of a-

priori-route heuristic policies to approximate the reward-to-go. Given a state sk,

the corresponding a-priori-route policy π(ν) is characterized by an a priori route

ν = (ν1, ν2, ..., νm), which specifies a pre-planned order of visits to m professors for the

salesperson (see Campbell and Thomas (2008b) for an overview on a priori routing).

The a priori route starts at the current location d at time t of state sk (i.e., ν1 = d),

followed by a sequence of m − 1 professors in set
{
{U ∪ W} \ {d}

}
. The realized

queue information at the current location d is given by the value of q in state sk.

To account for the random information realized during the execution of an

a priori route, we implement the two types of recourse actions proposed by Zhang

et al. (2014). The first recourse action, skipping the next professor in the sequence,

is motivated by the notion that if the salesperson arrives late in a professor’s time

window, she may be unlikely to meet the professor due to the length of the queue.

Zhang et al. (2014) establish a static rule stating that the salesperson will skip a

professor i if the salesperson cannot arrive by a specified time τi ≤ li. The second

recourse action corresponds to the queueing behaviors of balking and reneging. Zhang

et al. (2014) utilize the queue length observed upon arrival to establish a static rule

setting the longest amount of time γi that the salesperson will wait at professor i.

With the wait time distribution presented in §3.4.1.1, we implement the static decision
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rules established by Zhang et al. (2014) to determine the value of τi and γi for each

professor i in an a priori route.

We execute a variable neighborhood descent (VND) procedure to search for

an a-priori-route from the space of all possible a priori routes associated with state s.

We outline the VND in Algorithm 3.1. Line 3 of Algorithm 2.2 initializes the search

with an a-priori-route policy from state s with randomly ordered professors. Line 5

states the termination criteria for the VND. As mentioned in §3.5.2, the minimum

time increment in our discrete Markov process is one minute, so we restrict the heuris-

tic search time for an a-priori-route policy to 59 seconds in Line 5. Within the time

limit, we use the variable iter and level to ensure that the algorithm performs at least

iterationMax iterations in total and levelMax iterations after finding an improved

solution. We determine that setting iterationMax = 35 and levelMax = 15 bal-

ances the tradeoff between computational efficiency and heuristic performance. The

Shake procedure in Line 6 randomly re-sequences professors in policy π(ν). Line 7

through Line 18 find a locally-optimal policy relative to a set of specified neighbor-

hoods N , which is composed of 1-shift and 2-opt neighborhoods in our study. The

BestNeighbor function in Line 8 returns the best policy in the neighborhood k of

the current policy π′(ν). Line 9 through Line 16 manage the updating of the lo-

cally optimal policy, the active neighborhood, and the variable count that ensures all

neighborhoods are explored before terminating. Line 19 through Line 23 update the

current solution and the value of level. Line 25 advances the interaction counters.

We denote by V π(ν)(s) the expected value of following a-priori-route policy
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Algorithm 3.1 Variable Neighborhood Descent (VND) for the DOPTW

1: Input: A pre- or post-decision state s, an ordered set of neighborhoods N

2: Output: An a priori routing policy π(ν)

3: π(ν)← initialize()

4: iter ← 0, k ← 1, level ← 1, count← 1, improving ← true

5: while runtime < 59 seconds and iter < iterationMax or level < levelMax do

6: π′(ν)← Shake
(
π(ν)

)
7: while improving and runtime < 59 seconds do

8: π′′(ν)← BestNeighbor
(
π′(ν), k

)
9: if V π′′(ν)(s) > V π′(ν)(s) then

10: π′(ν)← π′′(ν), count← 1

11: else if k = |N | and count < |N | then
12: k ← 1, count← count+ 1

13: else if k < |N | and count < |N | then
14: k ← k + 1, count← count+ 1

15: else

16: improving ← false

17: end if

18: end while

19: if V π′′(ν)(s) > V π(ν)(s) then

20: π(ν)← π′′(ν)

21: level← 1

22: else

23: level← level + 1

24: end if

25: iter ← iter + 1

26: end while



86

π(ν) from state s. The objective is to find an a priori route ν∗ that induces the

optimal a-priori-route policy π(ν∗) such that V π(ν∗)(s) > V π(ν)(s) for every π(ν). To

reduce the computational burden of exactly evaluating the objective of V π(ν)(s), we

use Monte Carlo simulation to estimate V π(ν)(s) collected from every neighbor policy.

3.4.1.1 Distribution of Wait Time

In this section, we derive the distribution of wait time Ωit at professor i if

observing queue length qit at time t. As the salesperson has the lowest priority, Ωit

is the time it takes the observed queue qit to diminish to zero. Thus, the wait time

for qit at professor i is the first passage time from state qit to state 0 for the DTMC

described by the one-step transition matrix Ri in §3.2.5. Let f iq0(n) be the probability

that the first passage from state q (0 ≤ q ≤ L) to state 0 occurs after n periods at

professor i. Let P i
qj(n) be the probability that starting from state q, the DTMC is in

state j after n periods at professor i. As presented in Scholtes (2001), based on the

Bayes’ formula, we have

P i
q0(n) = P i

00(n− 1)f iq0(1) + . . .+ P i
00(1)f iq0(n− 1) + f iq0(n). (3.12)

Then f iq0(n) can be computed recursively via:

f iq0(1) =P i
q0(1)

...

f iq0(n) =P i
q0(n)− f iq0(1)P i

00(n− 1)− . . .− f iq0(n− 1)P i
00(1). (3.13)

For queue length qit observed at time t at professor i, the distribution of Ωit

is defined over
[

max{ei − t, 0}, li − t
]
, by the qith row of the following matrix
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f i00(1) f i00(2) · · · f i00(li − t− 1) f

i

00

f i10(1) f i10(2) · · · f i10(li − t− 1) f
i

10
...

...
. . .

...
...

f iL−1,0(1) f iL−1,0(2) · · · f iL−1,0(li − t− 1) f
i

L−1,0

f iL0(1) f iL0(2) · · · f iL0(li − t− 1) f
i

L0

 ,

where f
i

q0 = 1−
∑li−t−1

k=1 fq0(k) for q = 0, . . . , L.

3.4.2 Rollout Algorithms

In general, a rollout algorithm develops rollout policies by looking ahead at each

decision epoch and approximating reward-to-go through heuristic policies, such as

the a-priori-route policy presented in §3.4.1. Depending on how many steps the

rollout procedure looks ahead before applying the heuristic, rollout algorithms can

be categorized as one-step or multi-step rollout (Bertsekas (2005), Secomandi (2001),

Novoa and Storer (2009)). More recently, Goodson et al. (2014) characterize pre-

and post-decision rollout which can be viewed as zero-step and half-step look-ahead

procedures based on the pre-decision and post-decision states of stochastic dynamic

programming. In the remainder of this section, we focus on describing one-step and

pre-decision rollout decision rules, which we incorporate in our compound rollout

algorithm.

When occupying state sk and evaluating action a, the one-step rollout transi-

tions to all possible states at the next decision epoch sk+1 ∈ S(sk, a), where S(sk, a) =

{sk+1 : P{sk+1|sk, a} > 0}. For each of these possible future states sk+1, we obtain

an a-priori-route policy π(ν, sk+1) by executing the VND heuristic presented in Algo-

rithm 3.1 in §3.4.1. The estimated reward-to-go for selecting action a in sk is given
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by the expected value of a-priori-route policies obtained in all possible state sk+1:

E
[
V π(ν,sk+1)(sk+1)|sk, a

]
=

∑
sk+1∈S(sk,a)

P{sk+1|sk, a} × V π(ν,sk+1)(sk+1), (3.14)

where V π(ν,sk+1)(sk+1) is the expected value of an a-priori-route policy π(ν) originat-

ing from state sk+1. When the process occupies state sk at decision epoch k, it selects

an action a ∈ A(sk) such that the value of Rk(sk, a) + E
[
V π(ν,sk+1)(sk+1)

)
|sk, a

]
is

maximized. Figure 3.2a provides a visual representation of the one-step rollout pro-

cedure.

For a state sk and each feasible action a ∈ A(sk), one-step rollout executes

the search heuristic |S(sk, a)| times to find an a-priori-route policy, which results in

applying the heuristic a total of
∑

a∈A(sk) |S(sk, a)| times to select an action at sk.

As an example, consider the case in which the salesperson needs to decide between

staying at the current professor and going to one of the five other professors. If a

decision epoch occurs every minute (δ = 1) while waiting at the current professor

and there are four possible queue lengths at the professors, then the heuristic will be

executed 23 times to select an action (3 of these correspond to the “stay” decision

and 5 x 4 = 20 correspond to the “go” decision). Notably, for the action of staying,

the value of |S(sk, a)| is affected by the choice of δ. For the same example as above, if

δ = 5, then there are 35 executions of the heuristic. While the problem size and the

value of δ increase, |A(sk)| and
∑

a∈A(sk) |S(sk, a)| increase, so selecting an action by

evaluating Rk(sk, a)+E
[
V π(ν,sk+1)(sk+1)

)
|sk, a

]
becomes computationally challenging

even when determining the heuristic policy using local search and approximating

V π(ν,sk+1)(sk+1) using Monte Carlo sampling.
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Figure 3.2: Rollout Decision Rule

The formalization of the pre-decision rollout is motivated by the computational

issues associated with one-step rollout (Goodson et al. (2014)). As shown in Figure

3.2b, the pre-decision state decision rule does not look ahead at all, but instead

selects the action to take in state sk via an a-priori-route policy π(ν, sk) starting at

the current location dk and time tk of state sk. Specifically, the threshold value γd

calculated for the current location d in the a priori route indicates how long to stay

at this professor. If γd 6= 0, the action selected in sk is to stay at professor d for a

duration of γd. If γd = 0, then the action is to go to the first professor specified in

the a priori route π(ν, sk) after leaving professor d at time t. In this case, the VND

heuristic is executed only once in each state sk.

3.4.3 Compound Rollout

Because of the large state and action spaces induced by the waiting process, using

one-step rollout to solve realistically sized instances is not computationally tractable,
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Figure 3.3: Compound Rollout

even when limiting per action evaluation run time to one minute. Thus, we propose a

compound rollout algorithm to reduce the computational burden of one-step rollout

and improve the policy quality of pre-decision rollout. As discussed in §3.2, if the

salesperson has not met a professor after arrival, she can either stay at the professor

or go to another unmet professor. Compound rollout considers the stay-or-go decision

in two stages. In the first stage, the salesperson decides whether or not to stay at the

current professor. If the decision made in the first stage is to no longer stay at the

current professor, compound rollout then enters the second stage to determine which

professor to visit next. That is, we partition the action space A(sk) into two sets.

One set is the singleton {d} (if d ∈ A(sk)), corresponding to staying and waiting at

the current professor. The other set is
{
A(sk) \ {d}

}
, composed of actions of leaving

and going to another professor.

In the first stage of compound rollout, the salesperson will stay at the current
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professor if the expected total reward collected by staying at time t is greater than

the expected total reward collected if the salesperson departs at time t. Specifically,

the salesperson will stay at the current professor at time t if

P (Ωdt < ld − t|q, t)× rd +
∑

ωdt≤ld−t

P (Ωdt = ωdt)Vgo(t+ ωdt) > Vgo(t), (3.15)

where Ωdt is the random variable representing the wait time at professor d given

the queue length q observed at time t and Vgo(t) denotes the expected reward-to-

go if departing professor d at time t and going to another professor. We derive

the distribution of Ωdt in §3.4.1.1. The comparison in Inequality (3.15) requires

the computing estimates of Vgo(·) over the entire support of Ωdt, which may be too

computationally expensive for a real-time algorithm. Therefore, we replace Inequality

(3.15) with

P (Ωdt < ld − t|q, t)× rd + Vgo(t+ E[Ωdt|q, t]) > Vgo(t). (3.16)

We denote by E[Ωdt|q, t] the expected wait time for observing queue length q at

time t. We use E[Ωdt|q, t] to estimate the actual wait time for the salesperson. To

approximate the value of Vgo(t) and Vgo(t+E[Wdt|q, t]), we execute the VND heuristic

onward from state sk to find a-priori-route policies π(ν, sk) and π(ν̄, sk) with expected

value V π(ν,sk)(sk+1) and V π(ν̄,sk)(sk+1), respectively. Notably, though both policies

start at professor d, the time to leave professor d in policy π(ν, sk) is t, and in policy

π(ν̄, sk), it is t+ E[Wdt|q, t].

As Figure 3.3 shows, the salesperson will stay and wait at professor d while

Inequality (3.16) is true. If deciding to stay, she will wait for one time unit and
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re-evaluate the criteria. To do so, we advance the current time t by one, generate

a realization of the queue length at time t + 1 (from the queue length distribution

derived in §3.2.5), and re-evaluate Inequality (3.16) with the updated information.

The salesperson will leave professor d once Inequality (3.16) does not hold. Then

compound rollout enters the second stage to decide which professor to go to next.

Note that, if q = 0 at time t, the salesperson will meet with the professor and then

leave. In this case, the next professor to visit is determined similarly to the second

stage of our compound rollout.

As the lower-right hand corner of Figure 3.3 shows, in the second stage, com-

pound rollout employs one-step rollout or pre-decision rollout to approximate the

reward-to-go associated with candidates in the set {A(sk) \ {d}}. In Algorithm 3.2,

we formalize the action-selection logic used by the compound rollout algorithm. Line

1 and Line 2 indicate the criteria to stay at the current professor d or to go to another

professor. If Inequality (3.16) indicates “go” rather than “stay”, compound rollout

implements one-step rollout (Line 5) or pre-decision rollout (Line 6) to select the next

professor to visit after leaving professor d. We note that while applying pre-decision

rollout from state sk to make “go” decision, the salesperson will visit the first profes-

sor specified in the a priori route π(ν, sk) after d, i.e., ν2 from ν = (ν1, ν2, ..., νm) with

ν1 = d.
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Algorithm 3.2 Compound Rollout

1: if d ∈ A(sk) and Inequality (3.16) is true then

2: a∗ ← d

3: else

4: Implement (i) one-step rollout or (ii) pre-decision rollout:

5: (i) a∗ ← arg maxa∈{A(sk)\{d}}
{
Rk(sk, a) + E

[
V π(ν,sk+1)(sk+1)|sk, a

]}
6: (ii) a∗ ← ν2, where ν2 ∈ π(ν, sk)

7: end if

3.5 Computational Experiments

In this section, we present computational results from applying the compound rollout

procedure of §3.4.3. In §3.5.1, we detail the generation of problem instances for the

DOPTW from existing benchmark problems. In §3.5.2, we provide implementation

details, and in §4.4.2 and §3.5.4, we present and discuss our computational results.

3.5.1 Problem Instances

We derive our datasets from Solomon’s VRPTW instances (Solomon, 1987). We

modify benchmark instances corresponding to randomly-located professors (R sets),

clustered professors (C sets), and a mix of random and clustered professors (RC sets).

A textbook salesperson typically visits between 10 and 20 professors depending on

the professors’ locations and office hours, i.e., fewer visits correspond to more widely

scattered professors and/or more overlapping time windows (personal communication,

Tracy Ward, Senior Learning Technology Representative at McGraw-Hill Education,

September 18, 2014). Accordingly, we select the first 20 professors from Solomon’s

instances. For each instance, we maintain each professor’s location and demand
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information as in Solomon (1987). However, we consider an eight-hour working day

for professors and assume the length of a professor’s office hours to be either 60

minutes, 90 minutes or 120 minutes. To create a 480-minute working day, we first

scale time from the original time horizon in Solomon’s instances to a 480-minute day,

[0, 480]. If the resulting time window is either 60 minutes, 90 minutes, or 120 minutes

wide, then it is complete. If the resulting time window for professor i is less than

60 minutes, we modify it to 60 minutes by setting li = ei + 60. If the resulting time

window for professor i is between 60 minutes and 90 minutes wide, we modify it to

90 minutes by setting li = ei + 90. If the resulting time window width for professor i

exceeds 90 minutes, we set it to 120 minutes by setting li = ei + 120. These DOPTW

data sets are available at http://ir.uiowa.edu/tippie pubs/63.

3.5.2 Implementation and Details

We code our algorithms in C++ and execute the experiments on 2.6-GHz Intel Xeon

processors with 64-512 GB of RAM. As mentioned in §3.4.1, we use a VND procedure

to find the a-priori-route policies whose expected rewards are used to approximate

the reward-to-go. In the VND, we estimate the expected value of heuristic policies

using Monte Carlo sampling with 1000 samples. In this study, we consider one minute

as the minimum time increment in the discrete-time Markov process. Thus, we use

the best a-priori-route policy returned by the VND within a minute to approximate

the reward-to-go. We determine the first professor to visit by employing the VNS

from Zhang et al. (2014) as this first decision does not need to be solved within one
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minute. We implement the action elimination procedures presented in §3.3. For each

problem instance, we randomly generate 1000 sample paths based on the transient

queue length distribution presented in §3.2.5. For the geometric distributions of

student arrivals and departures, we respectively set pxi = 0.125 and pyi = 0.1 for all

professors i ∈ V .

3.5.3 Computational Results

To benchmark the performance of our rollout policies, we generate lower and

upper bounds on the reward collected for each instance. To obtain a lower bound, we

execute the a priori routes produced by the approach of Zhang et al. (2014). We estab-

lish an upper bound on each instance by solving it with the best-case assumption that

the salesperson experiences zero wait time at each professor. As we already assume

deterministic travel times between professors, the problem then becomes a determin-

istic orienteering problem. We employ the dynamic programming solution approach

modified by Zhang et al. (2014) from Feillet et al. (2004) to solve this deterministic

problem as an elementary longest path problem with resource constraints.

In our computational experiments, we solve the DOPTW with compound roll-

out using one-step rollout in the second stage. Tables 3.3 through 3.5 compare the

compound rollout policies to the bounds. In each of the three tables, the second and

sixth columns report the lower and upper bounds obtained in the manner discussed

in the previous paragraph. The third column reports the average objectives over 1000

sample paths from the compound rollout policies obtained by using one-step rollout
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Table 3.3: DOPTW Results for R Instances with 20 Professors

Dataset A Priori Dynamic CI Gap UB

R101 114.85 115.27 [114.32, 116.23] 0.37% 175
R102 131.11 133.65 [132.90, 134.39] 1.94% 203
R103 112.81 116.01 [114.69, 117.34] 2.84% 195
R104 104.71 110.10 [108.71, 111.48] 5.14% 189
R105 113.60 116.96 [115.80, 118.13] 2.96% 200
R106 125.82 130.59 [129.70, 131.48] 3.79% 221
R107 110.35 115.89 [114.89, 116.88] 5.02% 197
R108 101.65 106.76 [105.69, 107.83] 5.03% 189
R109 122.68 125.57 [124.73, 126.42] 2.36% 219
R110 110.06 117.65 [116.75, 118.55] 6.90% 189
R111 122.62 128.92 [127.99, 129.85] 5.14% 208
R112 92.23 95.60 [94.56, 96.63] 3.65% 177
R201 126.40 128.46 [127.63, 129.29] 1.63% 203
R202 124.46 132.32 [131.37, 133.26] 6.31% 215
R203 110.56 117.72 [116.58, 118.85] 6.47% 196
R204 98.95 107.66 [106.44, 108.88] 8.80% 189
R205 130.70 132.29 [131.36, 133.22] 1.22% 229
R206 126.64 135.16 [134.10, 136.22] 6.73% 230
R207 110.99 116.67 [115.67, 117.66] 5.11% 199
R208 99.57 106.50 [105.38, 107.61] 6.95% 189
R209 118.06 122.02 [121.06, 122.97] 3.35% 202
R210 127.64 132.19 [131.20, 133.18] 3.56% 228
R211 106.77 111.87 [110.78, 112.95] 4.77% 204

to make the “go” decision. The fourth column present the 95% confidence intervals

on the dynamic objective values. The fifth column shows the gap between the a priori

and the dynamic solutions (Gap = Dynamic−A Priori
A Priori

× 100%).

Overall, the average objectives of compound rollout policies are 3.47% better

than the a priori solutions. The average gap between the dynamic and a priori

solutions for C instances is 2.56%, 4.35% for the R instances, and 3.15% for the RC
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Table 3.4: DOPTW Results for C Instances with 20 Professors

Dataset A Priori Dynamic CI Gap UB

C101 249.56 253.20 [252.22, 254.18] 1.46% 340
C102 212.69 216.94 [215.64, 218.24] 2.00% 330
C103 198.02 204.81 [203.46, 206.16] 3.43% 310
C104 168.00 176.84 [175.32, 178.36] 5.26% 280
C105 251.06 255.20 [254.30, 256.10] 1.65% 340
C106 248.74 255.11 [254.10, 256.12] 2.56% 340
C107 237.06 241.63 [240.70, 242.56] 1.93% 350
C108 235.37 238.86 [237.57, 240.15] 1.48% 360
C109 219.41 224.89 [223.71, 226.07] 2.50% 360
C201 288.25 291.08 [289.85, 292.31] 0.98% 360
C202 262.76 264.69 [263.76, 265.62] 0.74% 330
C203 208.85 212.62 [211.38, 213.86] 1.81% 300
C204 192.48 201.27 [199.91, 202.63] 4.57% 280
C205 290.80 295.58 [294.30, 296.86] 1.64% 350
C206 272.27 278.48 [277.02, 279.94] 2.28% 360
C207 233.21 247.59 [246.01, 249.17] 6.17% 360
C208 271.12 279.52 [278.52, 280.52] 3.10% 360
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Table 3.5: DOPTW Results for RC Instances with 20 Professors

Dataset A Priori Dynamic CI Gap UB

RC101 170.46 177.14 [175.56, 178.72] 3.92% 260
RC102 207.8 214.13 [212.25, 216.01] 3.05% 330
RC103 191.07 199.24 [197.42, 201.06] 4.28% 320
RC104 174.4 183.64 [182.07, 185.21] 5.30% 300
RC105 203.71 207.42 [206.20, 208.64] 1.82% 300
RC106 180.07 188.60 [186.74, 190.46] 4.74% 320
RC107 165.37 173.61 [171.89, 175.33] 4.98% 290
RC108 175.6 177.05 [176.13, 177.97] 0.83% 300
RC201 215.48 219.63 [218.37, 220.89] 1.93% 300
RC202 218.13 223.24 [221.71, 224.77] 2.34% 340
RC203 205.2 207.44 [205.73, 209.15] 1.09% 330
RC204 168.84 176.52 [174.97, 178.07] 4.55% 300
RC205 210.95 220.65 [219.05, 222.25] 4.60% 350
RC206 213.18 219.65 [217.79, 221.51] 3.03% 370
RC207 196.41 195.49 [193.92, 197.06] -0.47% 350
RC208 189.07 197.56 [195.86, 199.26] 4.49% 330



99

instances. As shown in the fourth columns of the tables, for 54 out of 56 instances,

the compound rollout policies are statistically better than the a priori solutions based

on a 95% confidence level. For the remaining 2 instances (R101 and RC207), the

compound rollout policies are not significantly different from the a priori solutions.

In part, the lack of difference is due to the constraints imposed by these instances.

In instance R101, every professor has 60-minute time window, and because of this

limited availability, no revisits occur in the compound rollout policies, which reduces

the possible advantage of the dynamic solution over an a priori solution.

As mentioned in §3.5.2, we employ VNS to search for the a priori solutions. On

average, the search time taken by VNS is around 23 minutes. In the dynamic com-

pound rollout approach, we only allow a VND heuristic one minute of search time per

epoch according to the minimum time increment considered in our model. Running

the VND within this restricted time may lead to inferior a-priori-route policies and

thereby imprecise estimates of reward-to-go. In general, the rollout procedure helps

overcome the minimal runtime afforded to the search heuristic as noted in Chang

et al. (2013, p. 197) “... what we are really interested in is the ranking of actions, not

the degree of approximation. Therefore, as long as the rollout policy preserves the

true ranking of actions well, the resulting policy will perform fairly well.” However,

for some instances, the values of the a priori route policies affect the choice of the

next professor to visit, thereby the quality of dynamic policies. For C instances, with

clustered professors and overlapping time windows, the values of the a priori route

policies used by the rollout approach to select the next professor to visit are close
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together, and it is difficult to distinguish one from the other within the one-minute

search time. We test instances C102 and C104 by approximating the reward-to-go

with a-priori-route policies obtained via executing VND for up to five minutes. The

average objective of C102 improves from 216.94 to 219.4 or by 1.13% and that of

C104 improves from 176.84 to 178.57 or by 0.98%. In the case of instance RC207,

in which there is a mixture of random and clustered professors, substantial runtime

was required to distinguish one choice from another due to significant overlap in the

time windows within a cluster. We test instance RC207 by obtaining a-priori-route

policies via running VNS for up to 20 minutes and the average objective improves

from 195.49 to 200.62, with a confidence interval of [198.96, 202.29], in which case

the dynamic solution is statistically better than the a priori solution.

The upper bound obtained by solving the DOPTW with the assumption of

zero wait time at professors is weak in all problem instances. The average gap between

dynamic solutions and upper bounds is 56.58%, suggesting that the queueing effects

at the professors is the complicating feature in this problem. However, even for small

size problems, it is computationally intractable to solve the DOPTW optimally to

obtain an accurate upper bound.

To demonstrate the value of looking ahead and observing the queue length

information at the next decision epoch while making the “go” decision, we compare

our compound rollout policies using one-step rollout in making the “go” decision with

those using pre-decision rollout. Specifically, line 5 in Algorithm 3.2 is implemented

when using one-step rollout in the second stage, and line 6 is implemented when using
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Table 3.6: Comparison between Compound and Pre-Decision Rollout

Dataset C.I. on Improv. Dataset C.I. on Improv. Dataset C.I. on Improv.

R101 [2.46%, 4.77%] R109 [0.13%, 2.30%] R205 [3.06%, 5.21%]
R102 [2.44%, 4.08%] R110 [2.69%, 4.94%] R206 [4.25%, 6.37%]
R103 [-1.95%, 1.28%] R111 [2.40%, 4.60%] R207 [2.60%, 4.94%]
R104 [-1.20%, 2.41%] R112 [0.31%, 3.50%] R208 [4.80%, 7.78%]
R105 [2.63%, 5.24%] R201 [0.48%, 2.37%] R209 [2.70%, 4.92%]
R106 [3.07%, 5.04%] R202 [0.87%, 2.87%] R210 [1.58%, 3.68%]
R107 [0.36%, 2.83%] R203 [0.07%, 2.74%] R211 [4.05%, 6.65%]
R108 [-0.56%, 2.30%] R204 [4.01%, 7.30%]

C101 [-0.54%, 0.57%] C107 [0.39%, 1.52%] C204 [1.07%, 3.10%]
C102 [-1.06%, 0.63%] C108 [-1.04%, 0.51%] C205 [0.12%, 1.39%]
C103 [-1.24%, 0.65%] C109 [-0.56%, 0.88%] C206 [2.70%, 4.13%]
C104 [-1.65%, 0.86%] C201 [0.50%, 1.63%] C207 [-0.34%, 1.48%]
C105 [-0.52%, 0.54%] C202 [-0.41%, 0.60%] C208 [-0.35%, 0.69%]
C106 [-0.25%, 0.87%] C203 [-0.22%, 1.44%]

RC101 [-0.28%, 2.24%] RC107 [5.02%, 8.02%] RC205 [0.01%, 2.06%]
RC102 [3.81%, 6.35%] RC108 [2.04%, 3.64%] RC206 [-0.75%, 1.74%]
RC103 [4.22%, 6.92%] RC201 [-0.14%, 1.51%] RC207 [1.49%, 3.86%]
RC104 [-1.27%, 1.21%] RC202 [0.28%, 2.35%] RC208 [-1.08%, 1.36%]
RC105 [0.59%, 2.19%] RC203 [-1.35%, 0.88%]
RC106 [-0.12%, 2.64%] RC204 [1.29%, 3.81%]
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pre-decision rollout. In the following discussion, we name the compound rollout pro-

cedure using one-step rollout in making “go” decision the compound-one-step rollout

and that using pre-decision rollout the compound-pre-decision rollout. In Table 3.6, we

provide detailed comparisons between the two types of policies. The second, fourth,

and sixth columns present the 95% confidence intervals on the percentage of improve-

ment that compound-one-step rollout policies have over compound-pre-decision roll-

out policies. While, on average, the compound-pre-decision rollout policies are 1.48%

better than the a priori solutions, they are 1.98% worse than compound-one-step

rollout policies. As shown in the table, out of 56 instances, there are 34 instances

for which the compound-one-step rollout policies are statistically better than the

compound-pre-decision rollout policies. Out of these 34 instances, compound-one-

step rollout has more than 2% of average improvement over compound-pre-decision

rollout.

3.5.4 Policy Analysis

To illustrate the differences between a priori solutions and our compound roll-

out policies, we provide a detailed comparison of select instances. In the comparison,

the compound rollout policies are obtained by using one-step rollout in making the

“go” decision. Overall, the advantage of dynamic solutions over a priori solutions

is that dynamic solutions select actions based on the realized random information,

which may enable the salesperson to adapt to the observed queues, e.g., visiting more

or different professors by taking advantage of favorable realizations or revisiting a
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professor. In contrast, a priori solutions specify a fixed sequence of professors that

maximizes the collected reward averaged over all possible scenarios. Further, it is

difficult to construct a fixed sequence to facilitate revisiting professors as this action

comes as a reaction to a specific queue length observations.

We compare a priori solutions and compound rollout policies for instances

R107 and C204 in Figures 3.4 and 3.5. In each figure, the professor indices are

ordered according to the a priori route. For each professor, the left bar corresponds

to the a priori solution and the right bar represents data from the compound rollout

policy. However, we note that the sequence of professors in a dynamic solution does

not necessarily correspond to the a priori sequence as the dynamic approach adjusts

the sequence based on realized observations. The overall height of each bar shows the

probability of visiting a professor. For a priori solutions, we compute the probability

of the salesperson visiting but not meeting a professor and the probability of meeting

a professor via the analytical formulation of Zhang et al. (2014). For dynamic policies,

the probabilities of visiting but not meeting a professor, meeting a professor on the

first visit, and meeting a professor by revisiting are computed via simulation with

1000 sample paths.

For instance R107 with 20 professors, the a priori route is (5, 19, 11, 9, 16, 14,

18, 20, 2, 15, 1, 7, 10, 4, 13, 17). Note that professors not visited by the salesperson

in the a priori or dynamic solutions are not listed here. From Figure 3.4, we can see

that when professors are randomly located, the a priori solution is only able to visit 8

out of 20 professors, while dynamic solution is likely to visit 15 professors. Both the a
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Figure 3.4: Compound Rollout vs. A Priori for Dataset R107

priori and dynamic solutions are able to meet professors 5, 11, 9, and 10 with certainty

or near certainty. The a priori solution is more likely to visit and meet professors 19

and 4, and has around 45% of likelihood of visiting and 15% of likelihood of meeting

professor 17, who is skipped in the dynamic solution. However, the dynamic solution

is more likely to meet with professor 13, who has the second largest reward of all

professors, and has a positive probability of visiting professors 16, 14, 18, 20, 2, 15,

1, 7, who are always skipped by the a priori solution. By allowing revisiting, the

dynamic solution increases the likelihood of collecting rewards at several professors.

For instance, revisiting leads to around a 10% of increase in the likelihood of meeting

professor 7, a more than 5% for professor 18, and around a 3% of increase for professor

16.

Similarly, for instance C204, the a priori route is (16, 14, 12, 19, 18, 17, 10,

5, 2, 1, 7, 3, 4, 15, 13, 9, 11, 8), where professors skipped in both the a priori and
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dynamic tours are not listed. We note that the salesperson is able to visit and meet

more professors when professors are clustered than randomly located as in the R

instances. As Figure 3.5 shows, professors 16, 4, 15, 13, 9, and 8 are always visited

and met by the salesperson in both the a priori and dynamic solutions. Both a priori

and dynamic solutions always visit professor 12 and a priori solution is more likely

to visit professors 10, 5, and 2, but both solutions have similar likelihoods of meeting

professors 12, 10, 5, and 2. The a priori solution is more likely to visit and meet

professors 1, 7, and 3. However, the overall performance of the dynamic solution is

better because it has a higher probability of meeting with professors 14, 19, 18, 17,

and 11, which together provide more reward compared to professors 10, 5, and 2.

Revisits enable the dynamic solution to increase the likelihood of collecting rewards

from professors 14, 12, 19, 18, 17, and 11. Specifically, revisits to professors 14,

19, and 18 in the dynamic solution lead to over 10% of increase in the likelihood of

meeting these professors, while increasing the likelihood of meeting professors 12, 17,

and 11 by up to 8%. The likelihood of meeting professor 12 by the first visit in the

dynamic solution is lower than that of the a priori solution. However, revisits make

the overall probability of meeting professor 12 from the dynamic solution greater than

that of the a priori solution.

3.6 Summary and Future Work

Motivated by the daily routing problem faced by a textbook salesperson, we

introduce a dynamic orienteering problem with time windows (DOPTW) character-



106

Figure 3.5: Compound Rollout vs. A Priori for Dataset C204

ized by a queueing process and a time window at each professor. Specifically, the

queueing process induces uncertain wait times at professors. To generate dynamic

policies that govern routing and queueing decisions, we propose a novel compound

rollout algorithm that explicitly partitions the action space and executes rollout poli-

cies based on the partitioning. Our dynamic policies perform favorably in comparison

to the a priori routing solutions with recourse actions. We demonstrate the value of

incorporating queueing information in making “where to go” decision by comparing

the compound rollout using one-step rollout to make the “go” decision to that using

pre-decision rollout which does not look ahead when selecting a professor to go next.

On average, our compound-one-step rollout policies perform about 3.47% bet-

ter than the a priori solutions, which suggests the merit in solving the DOPTW

dynamically. By looking ahead and involving future queue information in approxi-

mating reward-to-go when making “where to go” decision, our compound-one-step



107

rollout policies are preferable to the compound-pre-decision rollout policies by hav-

ing an average improvement of 1.98% on objective values. However, compound-pre-

decision rollout is a viable alternative if computation becomes a concern.

An important direction for future work is to extend from the one-day routing

problem to a multi-period problem. As mentioned in §4.1, the textbook salesperson

visits professors multiple times during the weeks preceding the textbook adoption

decision. To maximize the overall likelihood of gaining adoptions, a dynamic rolling

plan needs to be developed so that the salesperson can incorporate a priori daily

routing results in planning campus visits for the following periods.
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CHAPTER 4
MULTI-PERIOD ORIENTEERING WITH UNCERTAIN ADOPTION

LIKELIHOOD AND WAITING AT CUSTOMERS

4.1 Introduction

In this chapter, we introduce a multi-period orienteering problem where a

salesperson visits customers over a multi-period horizon to observe and influence the

chance of customer adoption. Each customer’s likelihood of adopting the product is

uncertain and evolves stochastically over the multi-period horizon. The salesperson’s

visits to a customer serve two primary purposes: (i) to potentially increase the adop-

tion likelihood by increasing the customer’s awareness and knowledge of the product,

and (ii) to gauge the customer’s adoption likelihood. Thus, the salesperson may re-

visit a customer after a previous meeting, trying to develop a stronger relationship

that leads to greater chance for adoption (personal communication, Tracy Ward, Se-

nior Learning Technology Representative at McGraw-Hill Education, April 20, 2015).

Further, the customers’ adoption probabilities evolve over time, influenced by other

peers or the efforts of the salesperson’s competitors, whether or not the customer is

visited by the salesperson. When meeting with a customer, the salesperson may not

be able to fully observe the customer’s adoption likelihood. Instead, she estimates

the underlying likelihood based on the information obtained via communicating with

the customer, but the estimation may not be accurate.

In each period, we consider that customers have limited availability and can

only be accessed in pre-determined time windows (e.g., office hours of professors).
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To meet with a customer, the salesperson must arrive within the customer’s time

windows. However, arriving within a customer’s time windows does not guarantee

that the salesperson will meet with the customer. Upon arrival, the salesperson

may find a queue of others waiting or meeting with the customer, in which case the

salesperson has to wait in the queue if she wants to meet the customer. If observing a

queue after arrival, the salesperson needs to decide whether to join the queue or balk

(leave immediately after arrival). While waiting in the queue, the salesperson needs

to decide whether to stay in the queue or renege (leave the queue after waiting for a

while). We assume that the queue length is unknown to the salesperson before her

arrival at a customer and the wait time the salesperson needs to spend in the queue

is uncertain.

Due to the stochastically-evolving adoption likelihood and uncertain ability

to visit customers as a result of the wait times induced by queues, in general, this

situation can be viewed as a multi-period orienteering problem with uncertain reward

collection. Each period, the salesperson must decide which customers to schedule

and in which order to visit them, knowing that, due to uncertain wait times, the

salesperson may not be able to meet customers even if they are on the schedule. We

propose two models for the problem. First, we model the problem as a Markov deci-

sion process (MDP), assuming that each customer’s adoption likelihood is perfectly

known by the salesperson at all epochs. We then model the problem as a partially

observed Markov decision process (POMDP), which accounts for the fact that the

salesperson can only estimate the adoption likelihood and the accuracy of the esti-
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mation is uncertain. The objective of both models is to maximize the expected sales

accrued from product adoptions at the end of the horizon.

This study makes the following contributions to the literature. First, we in-

troduce a new multi-period orienteering problem motivated by salespeople visiting

customers. The salespeople may experience queues at customers and the likelihood

that each customer will adopt the product is uncertain and not fully observed by

the salesperson. Second, the formulation explicitly accounts for the stochastic evo-

lution of each customer’s adoption likelihood resulting from the salesperson and her

competitors’ marketing efforts as well as the influence from peers of the customer.

Third, we propose a heuristic approach to facilitate decision making. The approach

iteratively solves an assignment problem to determine which customers to visit in a

period and a routing problem to visit the selected customers within the period.

In §4.2, we present the MDP model (§4.2.1) and the POMDP model (§4.2.2).

We provide an example of the POMDP to illustrate the computational complexity in

obtaining an optimal solution. In §4.3, we propose the heuristic solution approach,

and in §4.4, we demonstrate the effectiveness of the heuristic approach via computa-

tional results.

4.2 Problem Formulation

We define the problem on a complete graph (N,E), where the node set N

consists of n potential customers that the salesperson may visit over T time periods,

and the set E consists of edges associated with each pair of nodes. We consider
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deterministic travel time on edge (i, j), denoted as cij. For i = j, we set cij = 0. A

time window [eti, l
t
i] is associated with each customer i ∈ N in period t. We denote

by ri the reward collected by the salesperson if customer i ∈ N adopts the product.

In this section, we present two models for the problem. In §4.2.1, we first model the

problem as a Markov decision process (MDP) assuming that each customer’s adoption

likelihood is perfectly known by the salesperson at all epochs. In §4.2.2, we present

a partially observed Markov decision process (POMDP) that models the situation in

which the salesperson may not perfectly gauge the customer’s adoption likelihood.

4.2.1 Markov Decision Process

In this section, we present a model for the problem in which we assume that

the salesperson can fully observe each customer’s adoption likelihood when meet-

ing with the customer. We consider a discrete-time planning horizon 0, 1, . . . , T .

In the MDP, a decision epoch occurs at each period t ∈ [0, T ]. Let X i
t be the

discrete random variable whose finite set of ordered states represents the chance

at the beginning of period t that customer i will adopt the product in period T .

We denote a realization of X i
t as xit and assume that xit takes on a value from

the finite set P of categories which can be mapped to an ordered set of probabil-

ities {αk}, where 0 ≤ αk ≤ 1 and αk < αk+1 for k = 1, . . . , |P|. For example,

P = {certainly not, unlikely,maybe, very likely, certainly will} could be mapped to

likelihoods {α1, α2, α3, α4, α5} = {0, 0.25, 0.5, 0.75, 1}.

The state of the system includes information needed for the salesperson to
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decide which customers to schedule in the current period. Let [xit]i∈N be a vector of

customers’ adoption likelihood in period t. We represent the system state st by [xit]i∈N .

The state space S is defined on [α1, α2, . . . , α|P|]
N . The initial state is s0 = [xi0]i∈N ,

where xi0 is the original adoption likelihood associated with customer i before the

salesperson’s marketing efforts.

At each decision epoch t, an action at taken by the salesperson indicates which

customers to visit in the period, the order to visit them, and the queueing strategy

(whether to wait and how long to wait) at the visited customers. Thus, the action

space for state st, A(st), includes all the policies for scheduling and routing customers

in period t. In this study, we consider a restricted policy class in which the sequencing

and queueing strategies are determined a priori given a set of scheduled customers

to visit. We refer the readers to §2 for discussions about the a priori routing and

queueing strategies. This restricted policy class allows us to characterize an action at

by the set {v1
t , v

2
t , . . . , v

N
t }, where vit is a binary variable such that vit = 1 if customer

i is selected for a visit in period t and vit = 0 otherwise.

The system evolves in the following manner. At decision epoch t with state

st = [xit]i∈N , an action at is selected to visit customers in period t, initiating the

stochastic transition from state st to state st+1 = [xit+1]i∈N . Due to the uncertain

wait time and the limited availability associated with each customer, the salesperson

may not be able to meet with all the selected customers. Let W i
t be a random

variable indicating whether the salesperson met with customer i in period t and wit

be a realization of W i
t . If the salesperson meets with customer i in period t, wit = 1,
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otherwise wit = 0. The distribution of W i
t depends on the action (routing policy) at

taken in period t, denoted as Pr{W i
t = wit|at}. In this study, we assume that the

routing policy taken by the salesperson in each decision epoch is an a priori routing

policy, which specifies an a priori route (a pre-planned order of visits to customers)

and the decision rules for executing recourse actions in the a priori route. We refer

the readers to §3.4.1 for a detailed discussion about a priori route policies.

Let Pr{st+1|st, at} be the transition probability from state st to st+1 when

taking action at in st. The distribution of Pr{st+1|st, at} is defined over PN possible

states and is specified by
∏

i∈N Pr{X i
t+1 = xit+1|X i

t = xit, at} for all [x1
t+1, . . . , x

i
t+1] ∈

PN . Specifically,

Pr{X i
t+1 = β|X i

t = α, at}

=
∑

wi
t∈{0,1}

Pr{X i
t+1 = β|X i

t = α,wit}Pr{W i
t = wit|at}, (4.1)

where we assume Pr{X i
t+1 = β|X i

t = α,wit} is known and Pr{W i
t = wit|at} is given

by the likelihood that customer i is met by the salesperson when the a priori route

policy at is executed in period t.

We represent by Rt(st, at) the reward collected in period t given state st and

action at. Because the salesperson can only collect reward from customers at the end

of the horizon T , we have Rt(st, at) = 0 for any t < T . The expected reward at

period T , RT (sT , aT ), is given by
∑

i∈N riα
i
k, where αik(1 ≤ k ≤ P) is the adoption

probability of customer i after taking action aT at state sT .

We denote by π a policy for the problem, which is a sequence of decision

rules at each epoch t: π = (ρπ0 (s0), ρπ1 (s1), . . . , ρπT (sT )), where ρπt (st) : st 7→ A(st) is
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a function specifying the action to select at decision epoch t while following policy

π. The objective is to find a Markovian decision policy π that maximizes V π
0 =

Eπ
[∑T

t=0 Rt(st, ρ
π
t (st))|s0

]
= Eπ

[
RT (sT , ρ

π
T (sT ))|s0

]
.

We note that even though a restricted policy class is considered in the MDP,

the action space is still intractably large, because besides sequencing customers,

queueing strategy has to be developed explicitly for each customer in an a priori

policy. As such, the state space will explode and obtaining an optimal solution for

the MDP becomes computationally challenging.

4.2.2 Partially Observed Markov Decision Process

Unlike in §4.2.1 where we assume that the state information is fully observable,

in this section, we consider the case that the adoption probability is partially observed.

We model the problem as a partially observed markov decision process (POMDP).

The POMDP has been widely used to model problems where only partial knowledge

of a system state is available. A POMDP is a generalization of the fully observed

Markov decision process (MDP). It allows imperfect information about the state of

the system. Instead of observing the state s perfectly as in the MDP, the salesperson

now perceives an observation of s. The observations that the salesperson receives

depend on the state s and the action a taken at the state, and is drawn according to

a function Q that specifies the distribution of observations given the action a taken at

state s. For a detailed discussion of POMDP, we refer the readers to Bertsekas (2005)

and Spaan (2012). For surveys on the POMDP, see Monahan (1982) and Lovejoy
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(1991).

The core process of our POMDP is the evolution of the true adoption likelihood

at each customer i ∈ N , i.e., the MDP presented in §4.2.1. However, we now assume

that the salesperson can only estimate the customer’s adoption probability. Following

the notation in §4.2.1, we use X i
t to represent the true adoption likelihood of customer

i. We denote the salesperson’s estimation of X i
t by a random variable Y i

t and let yit

be a realization of Y i
t . We consider that there is a probabilistic relationship between

X i
t and Y i

t , which depends on the action at−1 taken in period t− 1 that induces the

transition from X i
t−1 to X i

t . We denoted the probabilistic relationship by a matrix

Qit
(
at−1

)
= [qitαβ(at−1)], where qitαβ(at−1) ≡ Pr{Y i

t = β|X i
t = α, at−1}.

The support of the conditional distribution of Y i
t is given by {P∪{?}}, where

yit =? denotes that the salesperson has not met with customer i in period t− 1. The

probabilistic relationship qitαβ
(
at−1

)
is derived as

Pr{Y i
t = β|X i

t = α, at−1}

=
∑

wi
t−1∈{0,1}

Pr{Y i
t = β|X i

t = α,wit−1}Pr{W i
t−1 = wit−1|at−1}, (4.2)

where we assume that Pr{Y i
t = β|X i

t = α,wit−1} is known and Pr{W i
t−1 = wit−1|at−1}

is given by the likelihood of meeting customer i when taking action at−1 in period

t− 1. We note that Pr{Y i
t =?|X i

t = α,wit−1 = 0} = 1, for all α ∈ P.

As noted in Bertsekas (2005), the problems with imperfect state information

can be reduced to ones with perfect state information and thereby solved by dynamic

programming algorithms. In the following discussion, we provide two different for-

mulations for the POMDP. In §4.2.2.1, we reduce the POMDP to a MDP in which
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the system maintains memory of all past observations and actions. In §4.2.2.2, we

formulate the POMDP by taking advantage of the fact that the conditional proba-

bility of being in each possible state at a decision epoch is a sufficient statistic of the

past observations and actions.

4.2.2.1 Formulation I

In this section, we formulate the POMDP as a MDP in which the system

state stores the history of all previous observations and actions. Let dit ≡ (yi1, . . . , y
i
t,

a1, . . . , at−1

)
be the vector that consists of all past actions taken and observations

made at customer i before period t. By definition, dit+1 = dit ∪ {at, yit+1} for all

t ∈ [1, T − 1]. We define Dt ≡ [dit]i∈N as the information vector of the system at

period t. The state of the system is given by Dt, which represents all the informa-

tion available for decision making at period t. By taking action a at state Dt, a

set of realizations [yit]i∈N is observed and the system transitions to the next state

Dt+1. The state transition probability, Pr{Dt+1|Dt, at}, is given by the joint distri-

bution of observations yit+1 given the action at and history information dit, denoted as∏N
i=1 Pr{yit+1|dit, at}. The probability Pr{yit+1|dit, at} is computed as

Pr{yit+1|dit, at} =
∑
γ∈P

qi,t+1

γ,yit+1
(at) ·

∑
κ∈P

pi,t+1
κγ (at)Pr{X i

t = κ|dit}, (4.3)

where pi,t+1
κγ (at) ≡ Pr{X i

t+1 = γ|X i
t = κ, at} and Pr{X i

t = κ|dit} is the posterior distri-

bution of customer i’s true adoption likelihood given the information dit. According
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to the Bayes’ rule, we derive Pr{X i
t = κ|dit} as

Pr{X i
t = α|dit} = Pr{X i

t = α|dit−1, at−1, y
i
t}

=
qi,t
α,yit

(at−1)
∑

κ∈P p
i,t
κα(at−1)Pr{X i

t−1 = κ|dit−1}∑
γ∈P q

i,t

γ,yit
(at−1) ·

∑
κ∈P p

i,t
κγ(at−1)Pr{X i

t−1 = κ|dit−1}
,∀i ∈ N,α ∈ P. (4.4)

For t = 0, we assume that Pr{X i
0 = κ|di0} is given by Pr{X i

0 = κ}.

Let RT (DT , sT ) represent the reward collected at the end of the horizon given

the state DT and underlying adoption probabilities sT = [xiT ]i∈N . The expected

reward collected at the end of the horizon is then given by EsT [RT (DT , sT )]. We note

that Pr{sT |DT} =
∏N

i=1 Pr{xiT |diT}. The objective is seek a policy π that maximizes

Eπ
[
EsT [Rπ

T (DT , sT )]
]
.

An Example

We consider an example with two customers and two periods. For illustrative

purposes, we define P = {L,H}, where L represents a low chance (α1 = 0.3) that

the customer will adopt and H stands for a high chance (α2 = 0.7). Customer 1

is associated with value 10 and customer 2 is associated with value 15. We assume

that in each period, the salesperson can only visit one customer. The probability

distribution Pr{X i
t+1 = β|X i

t = α,wit} for i = 1, 2 is given in Table 4.1.

For t = 1, 2, we assume that the conditional probability of meeting a customer

is given in Table 4.2. According to Equation (4.1), we derive the transition distri-

bution of the core process Pr{X i
t+1 = β|X i

t = α, at}, which is presented in Table

4.3.

In Table 4.4, we define the conditional distribution of Pr{Y i
t = β|X i

t = α,wit−1}
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Table 4.1: Distribution of Pr{Xi
t+1 = β|Xi

t = α,wit}

Xi
t+1 Xi

t wit Prob. Xi
t+1 Xi

t wit Prob.

L L 0 0.7 H L 0 0.3
L L 1 0.6 H L 1 0.4
H H 0 0.6 L H 0 0.4
H H 1 0.7 L H 1 0.3

Table 4.2: Distribution of Pr{W i
t = wit|at}

v1
t v2

t w1
t Pr{W 1

t = w1
t |at} v1

t v2
t w2

t Pr{W 2
t = w2

t |at}
1 0 1 0.75 0 1 1 0.75
1 0 0 0.25 0 1 0 0.25
0 1 1 0 1 0 1 0
0 1 0 1 1 0 0 1

Table 4.3: Distribution of Pr{X i
t+1 = β|X i

t = α, at}

i Xi
t+1 Xi

t v1
t , v

2
t Prob. i Xi

t+1 Xi
t v1

t , v
2
t Prob.

1 L L 0, 1 0.7 1 H L 0, 1 0.3
1 L L 1, 0 0.625 1 H L 1, 0 0.375
1 H H 0, 1 0.6 1 L H 0, 1 0.4
1 H H 1, 0 0.675 1 L H 1, 0 0.325
2 L L 1, 0 0.7 1 H L 1, 0 0.3
2 L L 0, 1 0.625 1 H L 0, 1 0.375
2 H H 1, 0 0.6 1 L H 1, 0 0.4
2 H H 0, 1 0.675 1 L H 0, 1 0.325
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Table 4.4: Distribution of Pr{Y i
t = β|X i

t = α,wit−1}

Y i
1 Xi

1 wi
0 Prob. Y i

1 Xi
1 wi

0 Prob. Y i
1 Xi

1 wi
0 Prob.

? H 0 1 H H 0 0 L H 0 0
? L 0 1 H L 0 0 L L 0 0
? H 1 0 H H 1 0.7 L H 1 0.3
? L 1 0 L L 1 0.6 H L 1 0.4

Y i
2 Xi

2 wi
1 Prob. Y i

2 Xi
2 wi

1 Prob. Y i
2 Xi

2 wi
1 Prob.

? H 0 1 H H 0 0 L H 0 0
? L 0 1 H L 0 0 L L 0 0
? H 1 0 H H 1 0.75 L H 1 0.25
? L 1 0 H L 1 0.55 L L 1 0.45

Table 4.5: Distribution of Pr{Y i
t = β|X i

t = α, at−1}

i Y i
1 Xi

1 v10 , v
2
0 Prob. i Y i

1 Xi
1 v10 , v

2
0 Prob. i Y i

1 Xi
1 v10 , v

2
0 Prob.

1 ? H 0, 1 1 1 H H 0, 1 0 1 L H 0, 1 0
1 ? L 0, 1 1 1 H L 0, 1 0 1 L L 0, 1 0
1 ? H 1, 0 0.25 1 H H 1, 0 0.525 1 L H 1, 0 0.225
1 ? L 1, 0 0.25 1 H L 1, 0 0.45 1 L L 1, 0 0.3
2 ? H 1, 0 1 2 H H 1, 0 0 2 L H 1, 0 0
2 ? L 1, 0 1 2 H L 1, 0 0 2 L L 1, 0 0
2 ? H 0, 1 0.25 2 H H 0, 1 0.525 2 L H 0, 1 0.225
2 ? L 0, 1 0.25 2 H L 0, 1 0.45 2 L L 0, 1 0.3

i Y i
2 Xi

2 v11 , v
2
1 Prob. i Y i

2 Xi
2 v11 , v

2
1 Prob. i Y i

2 Xi
2 v11 , v

2
1 Prob.

1 ? H 0, 1 1 1 H H 0, 1 0 1 L H 0, 1 0
1 ? L 0, 1 1 1 H L 0, 1 0 1 L L 0, 1 0
1 ? H 1, 0 0.25 1 H H 1, 0 0.562 1 L H 1, 0 0.188
1 ? L 1, 0 0.25 1 H L 1, 0 0.412 1 L L 1, 0 0.338
2 ? H 1, 0 1 2 H H 1, 0 0 2 L H 1, 0 0
2 ? L 1, 0 1 2 H L 1, 0 0 2 L L 1, 0 0
2 ? H 0, 1 0.25 2 H H 0, 1 0.562 2 L H 0, 1 0.188
2 ? L 0, 1 0.25 2 H L 0, 1 0.412 2 L L 0, 1 0.338

for i = 1, 2. According to Equation (4.2), the probabilistic relationship between the

estimation of chance of adoption Y i
t and the true underlying chance X i

t given the

actions taken in period t− 1, Pr{Y i
t = β|X i

t = α, at−1}, is derived in Table 4.5.
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For illustrative purposes, we consider a scenario as depicted in Figure 4.1. We

assume that the initial adoption likelihood for each customers is L. If the salesperson

visits customer 1 in period 0, we assume that she will meet the customer and estimate

the customer’s adoption likelihood in period 1 as L. She will either visit customer 2

or revisit customer 1 in period 1. If she revisits customer 1 in period 1, we assume

that she estimates customer 1’s adoption likelihood in period 2 as H. If she visits

customer 2 in period 1 after visiting customer 1 in period 0, we assume that she

estimates customer 2’s adoption likelihood in period 2 as H.

If the salesperson visits customer 2 in period 0, we assume that she will meet

with customer 2 and estimate customer 2’s adoption likelihood in period 1 as L. She

will either visit customer 1 or revisit customer 2 in period 1. If she visits customer 1

in period 1, we assume that she estimates customer 1’s adoption likelihood in period

2 as L. If she revisits customer 2 in period 1, we assume that she estimates customer

2’s adoption likelihood in period 2 as L. According to Equation (4.4), we compute

the transition probability of the core process in Table 4.6 and Table 4.7 and compute

Pr{Xt = xt|Dt} in Table 4.8.

Given that r1 = 10, r2 = 15, α1 = 0.3 and α2 = 0.7, for any d1
2, d

2
2, we have

R̄(X1
2 = L,X2

2 = L, d1
2, d

2
2) = 10× 0.3 + 15× 0.3 = 7.5, R̄(X1

2 = H,X2
2 = L, d1

2, d
2
2) =

10 × 0.7 + 15 × 0.3 = 11.5, R̄(X1
2 = L,X2

2 = H, d1
2, d

2
2) = 10 × 0.3 + 15 × 0.7 = 14.5

and R̄(X1
2 = H,X2

2 = H, d1
2, d

2
2) = 10×0.7+15×0.7 = 17.5. Then we compute R̄(st)

for t = 1, 2 as,
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Table 4.6: Distribution of Pr{Xi
1 = α|di1}

i α di1 Pr{Xi
1 = α|di1}

1 L Y 1
1 = L, v1

0 = 1, v2
0 = 0 0.69

1 H Y 1
1 = L, v1

0 = 1, v2
0 = 0 0.31

1 L Y 1
1 =?, v1

0 = 0, v2
0 = 1 0.7

1 H Y 1
1 =?, v1

0 = 0, v2
0 = 1 0.3

2 L Y 2
1 =?, v1

0 = 1, v2
0 = 0 0.7

2 H Y 2
1 =?, v1

0 = 1, v2
0 = 0 0.3

2 L Y 2
1 = L, v1

0 = 0, v2
0 = 1 0.69

2 H Y 2
1 = L, v1

0 = 0, v2
0 = 1 0.31

Table 4.7: Distribution of Pr{X i
2 = α|di2}

i α di2 Pr{Xi
2 = α|di2}

1 L Y 1
2 = H,Y 1

1 = L, v1
0 = 1, v2

0 = 0, v1
1 = 1, v2

1 = 0 0.454
1 H Y 1

2 = H,Y 1
1 = L, v1

0 = 1, v2
0 = 0, v1

1 = 1, v2
1 = 0 0.546

1 L Y 1
2 =?, Y 1

1 = L, v1
0 = 1, v2

0 = 0, v1
1 = 0, v2

1 = 1 0.607
1 H Y 1

2 =?, Y 1
1 = L, v1

0 = 1, v2
0 = 0, v1

1 = 0, v2
1 = 1 0.393

1 L Y 1
2 = L, Y 1

1 =?, v1
0 = 0, v2

0 = 1, v1
1 = 1, v2

1 = 0 0.605
1 H Y 1

2 = L, Y 1
1 =?, v1

0 = 0, v2
0 = 1, v1

1 = 1, v2
1 = 0 0.395

1 L Y 1
2 =?, Y 1

1 =?, v1
0 = 0, v2

0 = 1, v1
1 = 0, v2

1 = 1 0.61
1 H Y 1

2 =?, Y 1
1 =?, v1

0 = 0, v2
0 = 1, v1

1 = 0, v2
1 = 1 0.39

2 L Y 2
2 =?, Y 2

1 =?, v1
0 = 1, v2

0 = 0, v1
1 = 1, v2

1 = 0 0.61
2 H Y 2

2 =?, Y 2
1 =?, v1

0 = 1, v2
0 = 0, v1

1 = 1, v2
1 = 0 0.39

2 L Y 2
2 = H,Y 2

1 =?, v1
0 = 1, v2

0 = 0, v1
1 = 0, v2

1 = 1 0.561
2 H Y 2

2 = H,Y 2
1 =?, v1

0 = 1, v2
0 = 0, v1

1 = 0, v2
1 = 1 0.439

2 L Y 2
2 =?, Y 2

1 = L, v1
0 = 0, v2

0 = 1, v1
1 = 1, v2

1 = 0 0.607
2 H Y 2

2 =?, Y 2
1 = L, v1

0 = 0, v2
0 = 1, v1

1 = 1, v2
1 = 0 0.393

2 L Y 2
2 = L, Y 2

1 = L, v1
0 = 0, v2

0 = 1, v1
1 = 0, v2

1 = 1 0.632
2 H Y 2

2 = L, Y 2
1 = L, v1

0 = 0, v2
0 = 1, v1

1 = 0, v2
1 = 1 0.368
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Table 4.8: Distribution of Pr{Xt = xt|Dt}

t X1
t X2

t d1t , d
2
t Pr{Xt = xt|Dt}

1 L L
d11 = {Y 1

1 = L, v10 = 1, v20 = 0}
0.483d21 = {Y 2

1 =?, v10 = 1, v20 = 0}

1 H L
d11 = {Y 1

1 = L, v10 = 1, v20 = 0}
0.217d21 = {Y 2

1 =?, v10 = 1, v20 = 0}

1 L H
d11 = {Y 1

1 = L, v10 = 1, v20 = 0}
0.207d21 = {Y 2

1 =?, v10 = 1, v20 = 0}

1 H H
d11 = {Y 1

1 = L, v10 = 1, v20 = 0}
0.093d21 = {Y 2

1 =?, v10 = 1, v20 = 0}

1 L L
d11 = {Y 1

1 =?, v10 = 0, v20 = 1}
0.483d21 = {Y 2

1 = L, v10 = 0, v20 = 1}

1 L H
d11 = {Y 1

1 =?, v10 = 0, v20 = 1}
0.217d21 = {Y 2

1 = L, v10 = 0, v20 = 1}

1 H L
d11 = {Y 1

1 =?, v10 = 0, v20 = 1}
0.207d21 = {Y 2

1 = L, v10 = 0, v20 = 1}

1 H H
d11 = {Y 1

1 =?, v10 = 0, v20 = 1}
0.093d21 = {Y 2

1 = L, v10 = 0, v20 = 1}

2 L L
d12 = {Y 1

2 = H,Y 1
1 = L, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

0.277d22 = {Y 2
2 =?, Y 2

1 =?, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

2 H L
d12 = {Y 1

2 = H,Y 1
1 = L, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

0.333d22 = {Y 2
2 =?, Y 2

1 =?, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

2 L H
d12 = {Y 1

2 = H,Y 1
1 = L, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

0.177d22 = {Y 2
2 =?, Y 2

1 =?, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

2 H H
d12 = {Y 1

2 = H,Y 1
1 = L, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

0.213d22 = {Y 2
2 =?, Y 2

1 =?, v10 = 1, v20 = 0, v11 = 1, v21 = 0}

2 L L
d12 = {Y 1

2 =?, Y 1
1 = L, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

0.341d22 = {Y 2
2 = H,Y 2

1 =?, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

2 H L
d12 = {Y 1

2 =?, Y 1
1 = L, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

0.220d22 = {Y 2
2 = H,Y 2

1 =?, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

2 L H
d12 = {Y 1

2 =?, Y 1
1 = L, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

0.266d22 = {Y 2
2 = H,Y 2

1 =?, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

2 H H
d12 = {Y 1

2 =?, Y 1
1 = L, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

0.173d22 = {Y 2
2 = H,Y 2

1 =?, v10 = 1, v20 = 0, v11 = 0, v21 = 1}

2 L L
d12 = {Y 1

2 = L, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

0.367d22 = {Y 2
2 =?, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

2 H L
d12 = {Y 1

2 = L, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

0.240d22 = {Y 2
2 =?, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

2 L H
d12 = {Y 1

2 = L, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

0.238d22 = {Y 2
2 =?, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

2 H H
d12 = {Y 1

2 = L, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

0.155d22 = {Y 2
2 =?, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 1, v21 = 0}

2 L L
d12 = {Y 1

2 =?, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

0.386d22 = {Y 2
2 = L, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

2 H L
d12 = {Y 1

2 =?, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

0.246d22 = {Y 2
2 = L, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

2 L H
d12 = {Y 1

2 =?, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

0.224d22 = {Y 2
2 = L, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

2 H H
d12 = {Y 1

2 =?, Y 1
1 =?, v10 = 0, v20 = 1, v11 = 0, v21 = 1}

0.144d22 = {Y 2
2 = L, Y 2

1 = L, v10 = 0, v20 = 1, v11 = 0, v21 = 1}
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R̄(X1
1 = L,X2

1 = L, d11 = (Y 1
1 = L, v10 = 1, v20 = 0), d21 = (Y 2

1 =?, v10 = 1, v20 = 0))

= R̄(X1
1 = L,X2

1 = H, d11 = (Y 1
1 = L, v10 = 1, v20 = 0), d21 = (Y 2

1 =?, v10 = 1, v20 = 0))

= R̄(X1
1 = H,X2

1 = L, d11 = (Y 1
1 = L, v10 = 1, v20 = 0), d21 = (Y 2

1 =?, v10 = 1, v20 = 0))

= R̄(X1
1 = H,X2

1 = H, d11 = (Y 1
1 = L, v10 = 1, v20 = 0), d21 = (Y 2

1 =?, v10 = 1, v20 = 0))

= max{7.5× 0.277 + 11.5× 0.333 + 14.5× 0.177 + 17.5× 0.213, 7.5× 0.341 + 11.5× 0.220 + 14.5× 0.266 + 17.5× 0.173}

= max{12.201, 11.972} = 11.972

R̄(X1
1 = L,X2

1 = L, d11 = (Y 1
1 =?, v10 = 0, v20 = 1), d21 = (Y 2

1 = L, v10 = 0, v20 = 1)})

= R̄(X1
1 = L,X2

1 = H, d11 = (Y 1
1 =?, v10 = 0, v20 = 1), d21 = (Y 2

1 = L, v10 = 0, v20 = 1))

= R̄(X1
1 = H,X2

1 = L, d11 = (Y 1
1 =?, v10 = 0, v20 = 1), d21 = (Y 2

1 = L, v10 = 0, v20 = 1))

= R̄(X1
1 = H,X2

1 = H, d11 = (Y 1
1 =?, v10 = 0, v20 = 1), d21 = (Y 2

1 = L, v10 = 0, v20 = 1)})

= max{7.5× 0.367 + 11.5× 0.240 + 14.5× 0.238 + 17.5× 0.155, 7.5× 0.386 + 11.5× 0.246 + 14.5× 0.224 + 17.5× 0.144}

= max{11.676, 11.492} = 11.676

R̄(X1
0 = L,X2

0 = L) = max{11.972, 11.676} = 11.972.

Therefore, the salesperson should visit customer 1 in both period 0 and period 1.

4.2.2.2 Formulation II

The example in the previous section illustrates the expanding dimension of

the state space if each state stores all history information of observations and actions.

In this section, we provide a formulation in which rather than storing all history

information in state Dt, we summarize the past information using a function of Dt,

denoted as Bt(Dt). In general, Bt(Dt) is a probability distribution over Dt. We call

Bt(Dt) the belief state and treat the POMDP as a random process of evolving belief

states (Chong et al. (2009)).

Let Bi
t(d

i
t) be a function the information dit for customer i in period t. We



125

define Bi
t(d

i
t) as the posterior distribution of the underlying true adoption probability

associated with customer i in period t given the information vector dit, i.e.,

Bi
t(d

i
t) =

[
Pr{X i

t = α|dit}
]
α∈P, (4.5)

where the distribution of Pr{X i
t = α|dit} for α ∈ P is given in Equation 4.4. Assuming

{X i
t , t = 0, 1, . . . , T} and {Xj

t , t = 0, 1, . . . , T} are independent Markov chains for

i 6= j, we have

Bt(Dt) = Bt(d
1
t , d

2
t , . . . , d

N
t ) =

N∏
i=1

Bi
t(d

i
t). (4.6)

The support of distribution Bt(Dt) is given by the Cartesian product of the set P,

i.e., PN . It is well established that the sequence of conditional probabilities, {Bt, t ∈

[0, T ]}, is a Markov process (Bertsekas (2005), Monahan (1982)). Thus, Bt(Dt) is

a sufficient statistic of the information vector Dt. That is, the salesperson can not

make better decision by having information Dt than having Bt(Dt). The POMDP is

then converted to a continuous-space “belief MDP”, where the salesperson’s beliefs

about the underlying true states are encoded through a set of belief states.

Given a state Bt(Dt) in period t, after taking an action at and making ob-

servations [yit]i∈N , we set dit+1 = dit ∪ {at, yit+1} for all i ∈ N and update the belief

state Bt+1(Dt+1) through Equations 4.5 and 4.6. For notational simplicity, we denote

Bt(Dt) by Bt in the following discussion. Let Rt(Dt, at) be the reward earned in pe-

riod t given the information vector Dt and action at. As no reward will be collected

until the end of the horizon, we have Rt(Dt, at) = 0 for all t < T . A policy π(B) of the

POMDP maps the beliefs into actions. We note that in the POMDP, the policy π(B)
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is a function over a continuous set of probability distributions as there are uncount-

ably number of belief states. The policy π(B) is characterized by the expected value

function V π(B0) = Eπ
[
Rπ
T (BT , aT )|B0

]
, where RT (BT , aT ) =

∑
Dt
RT (DT , aT )BT is

the expected reward that can be collected at the end of the horizon. The optimal

policy π∗(B) is a policy that maximizes the value function V π(B0). The Bellman

equation for the POMDP is

Vt
(
Bt

)
= max

at∈A(Bt)

{∑
Dt

Rt(Dt, at)Bt +
∑
Dt+1

Pr{Dt+1|Dt, at}Vt+1

(
Bt+1

)}
. (4.7)

4.3 Solution Approach: A Heuristic

Due to the well-known curses of dimensionality (Powell, 2007), it is not computation-

ally tractable to solve the MDP and POMDP optimally. In this section, we propose a

heuristic approach to develop heuristic solutions. In the heuristic, for each period, we

decompose the problem into an assignment problem and a routing problem to deter-

mine which customers to visit in each period and how to visit the selected customers

within the period, respectively. We provide an overview of the heuristic in §4.3.1 and

present the model for the assignment problem in §4.3.2.

4.3.1 Heuristic Approach

In developing the heuristic, we assume that the representative can observe a

customer’s adoption likelihood by meeting the customer. We assume that Pr{X i
t+1 =

β|X i
t = α,wit} is known for i ∈ N , and

∑|P|
m=k Pr{X i

t+1 = αm|X i
t = α,wit = 0} ≤∑|P|

m=k Pr{X i
t+1 = αm|X i

t = α,wit = 1}, for all i, t, k, α ∈ P, αm ∈ P.

The heuristic is presented in Algorithm 4.1. Following discussion in §4.2.2.2,



127

Algorithm 4.1 Heuristic Approach

1: Input: A set of customers N , B0 and T

2: Output: A scheduling and routing policy Π = (π1, . . . , πT ), BT , and RT

3: for t = 1 to T do

4: Ta ← T − t+ 1

5: { #»v1, . . . ,
#»v Ta} ← Assign(N,Bt, Ta)

6: a1 ← A-Priori-Routing( #»v1)

7: for i ∈ N do

8: if vi1 = 1 and wi1 = 1 then

9: Bi
t ← Bi

t ×Ψi
m

10: else

11: Bi
t ← Bi

t ×Ψi
u

12: end if

13: end for

14: πt ← a1

15: end for

16: RT ←
∑N

i=1 ri
∑|P|

k=1 αkPr{X i
T = αk}

we denote by Bt = (B1
t , . . . , B

N
t ) with Bi

t ≡ [Pr{X i
t = α}] the distribution of adoption

likelihood at customers in period t. We denote by Π = (π1, . . . , πT ) the scheduling

and routing policy over horizon T , where πt is a policy for selecting and visiting

customers in period t ∈ [1, T ]. We assume that the initial distribution of adoption

likelihood B0 = [Pr{X i
0 = α}] is known for all α ∈ P and i ∈ N . We denote by RT

the expected reward from all customers at the end of horizon T , which is also the

value of the heuristic policy Π.

In Line 5, we solve an assignment problem Assign(N,Bt, Ta) for each t ∈ [1, T ],

to determine the customers to schedule in period t, where Ta is the time horizon

considered in the assignment problem and N is the set of customers available for

assigning to Ta periods. As depicted in Line 4, we start with Ta = T and update Ta in
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each iteration of assignment and routing. We discuss the assignment problem in more

detail in the following section. The solution to Assign(N,Bt, Ta) is { #»v1, . . . ,
#»v Ta},

where #»vk (k ∈ [1, Ta]) represents the set of customers scheduled for period k. The

customers to visit in the current period, is then given by set #»v1.

In Line 6, we develop an a priori route to visit customers i ∈ #»v1. We con-

sider recourse actions of skipping customers, balking and reneging at customers in

the a priori routing and implement the static rules proposed by Zhang et al. (2014)

to execute the recourse actions. We implement the variable neighborhood search

(VNS) heuristic presented in Zhang et al. (2014) to find an a priori route. In

Line 7 through Line 13, we update the distribution of adoption likelihood. We define

Ψi
m = [Pr{X i

t+1 = β|X i
t = α,wit = 1}] and Ψi

u = [Pr{X i
t+1 = β|X i

t = α,wit = 0}],

corresponding to the one-step transition matrix given that the salesperson has and

has not met customer i, respectively. If customer i is scheduled to visit and met

by the salesperson in period t, we update the distribution of adoption likelihood for

the next period by Bi
t × Ψi

m. Otherwise, we update the distribution by Bi
t × Ψi

u. In

Line 14, we set the scheduling and routing policy in period t as a1. We compute the

value RT of the heuristic policy Π in Line 16.

4.3.2 Assignment Problem

In this section, we present the integer programming model for the assignment problem.

As discussed above, in each iteration of the heuristic, the input to the assignment

model is the horizon Ta, the set of customers N considered for visit over horizon Ta,
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and the distribution of adoption likelihood in period t, Bt. We note that Ta may be

different from the problem horizon T and Ta is specified in Line 4 of Algorithm 4.1.

For notational simplicity, in the following discussion, we use Bo(= Bt) to denote the

distribution of adoption likelihood that is given as input to each assignment problem,

where Bo = (B1
o , . . . , B

N
o ).

Let (u1, u2, . . . , uTa) be a vector representing the assignment to a customer,

where ut(t ∈ [1, Ta]) is a binary variable with ut = 1 denotes that the customer

is visited in period t and ut = 0 otherwise. For example, considering a five-period

horizon, (0, 1, 1, 0, 1) represents that the customer is visited in periods 2, 3, and 5. We

note that there are 2Ta realizations of (u1, u2, . . . , uTa). Let zij be a binary variable

indicating the visiting plan j ≡ (u1, u2, . . . , uTa) ∈ {0, 1}Ta for customer i. Specially,

zij = 1 indicates that the visiting plan to customer i is j and zij = 0 otherwise. Letmij

be the expected value associated with zij. An important assumption in the assignment

model is that the salesperson will meet with each customers scheduled in her trip.

Thus, we ignore the possibility that the salesperson may not meet with a customer who

was scheduled and compute mij as mij = riB
i
o(Ψ

i
m)u1(Ψi

u)
u1 · . . . · (Ψi

m)uTa (Ψi
u)
uTaα,

where α = {αk}, k = 1, . . . , |P| is the vector of adoption probabilities defined in

§4.2.1. We assume that the salesperson can visit at most θt customers in period t.

We also assume that the N customers are divided into K geographical regions, each

denoted as Nk(1 ≤ k ≤ K), such that during each period only customers from the

same region can be visited. We define the binary variable ytk to indicate whether the

region Nk is assigned in period t. The integer programming model is as follows:



130

max
∑
i∈N

∑
j∈{0,1}Ta

mijzij

s.t.
∑

j∈{0,1}Ta

zij = 1, ∀i ∈ N, (4.8)

∑
i∈N

∑
j|ut=1∈{0,1}Ta−1

zij ≤ θt, ∀t ∈ [1, Ta], (4.9)

zij ≤ ykt, ∀k ∈ [1, K]; i ∈ Nk; t ∈ [1, Ta]; j|ut = 1 ∈ {0, 1}Ta−1, (4.10)

ykt ≤
∑

j|ut=1∈{0,1}Ta−1

zij, ∀k ∈ [1, K]; i ∈ Nk; t ∈ [1, Ta], (4.11)

K∑
k=1

ykt = 1, ∀t ∈ [1, Ta], (4.12)

zij ∈ {0, 1} , ∀i ∈ N ; t ∈ [1, Ta]; j ∈ {0, 1}Ta , (4.13)

ykt ∈ {0, 1} , ∀t ∈ [1, Ta]; k ∈ [1, K]. (4.14)

The objective of the model is to maximize the expected rewards collected from all

customers at the end of the horizon Ta. Constraints (4.8) ensures that only one

visiting plan is selected for each customer i. Constraints (4.9) bound the total number

of customers visited in period t by θt. Constraints (4.10) and (4.11) ensure the

consistency of customers selection and region assignment. Constraints (4.12) illustrate

that in each period the salesperson can only visit customers within the same region.

Constraints (4.13) and (4.14) specify the domains of the decision variables.

4.4 Computational Experiments

In this section, we discuss computational experiments for the problem. In

§4.4.1, we present the problem instances generated from existing benchmark datasets
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and provide the implementation details. In §4.4.2, we present benchmark solutions

to compare with our heuristic solutions and provide computational results.

4.4.1 Problem Instances and Implementation

In the experiments, we consider the application of the multi-period orienteering

to the case of routing a salesperson who visits customers on campus. We generate

our datasets from Solomon’s VRPTW instances (Solomon, 1987). As we assume

that customers are located in several geographical regions in the problem, we modify

Solomon’s C sets with clustered customers. We maintain each customer’s location

and demand information as in Solomon’s instances. We use the method presented in

§3.5.1 to modify the time windows to either 60 minutes, 90 minutes or 120 minutes

to reflect the durations of customers’ time windows. We divide the 100 customers

in each of Solomon’s instances into three groups, each representing a geographical

region and with 35, 30, and 35 customers, respectively. As mentioned in §4.3.2, we

assume that the sales representative can only visit customers within the same region

in each period.

We program Algorithm 4.1 in C++ and execute the experiments on 2.6-GHz

Intel Xeon processor with 64-512 GB of RAM. We obtain an a priori route via the

VNS presented in Zhang et al. (2014) and set the parameters based on the discussion

in §2.7.1. For each problem instance, we report the average expected objective of 500

runs. We set P = {0, 0.25, 0.5, 0.75, 1} and Ψi
0 = [0, 0, 1, 0, 0] for each i ∈ N . We set

Ψi
m and Ψi

u as
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Table 4.9: Heuristic Results for Instances with 100 customers

Dataset Heuristic CIh Greedy CIlb Gap
C101 1089.20 [1088.06, 1090.34] 1081.57 [1080.58, 1082.55] 0.71%
C102 1045.33 [1043.88, 1046.78] 1044.34 [1042.85, 1045.83] 0.10%
C103 989.65 [988.06, 991.24] 990.44 [988.81, 992.06] -0.08%
C104 932.92 [931.24, 934.60] 930.83 [929.07, 932.59] 0.22%
C105 1070.33 [1068.85, 1071.81] 1069.71 [1068.36, 1071.05] 0.06%
C106 1062.95 [1060.46, 1065.44] 1061.78 [1059.09, 1064.46] 0.11%
C107 1048.23 [1046.79, 1049.68] 1045.57 [1044.29, 1046.84] 0.25%
C108 1036.34 [1034.01, 1038.66] 1034.35 [1032.25, 1036.46] 0.19%
C109 1010.16 [1008.25, 1012.07] 1009.21 [1007.19, 1011.24] 0.09%

Ψi
m =


1 0 0 0 0

0.5 0.3 0.2 0 0
0.1 0.4 0.3 0.2 0
0 0.1 0.4 0.4 0.1
0 0 0 0 1

 Ψi
u =


1 0 0 0 0
0 0.1 0.2 0.3 0.4
0 0 0.1 0.5 0.4
0 0 0 0.2 0.8
0 0 0 0 1


for customer i, and let θt = 20 for each t ∈ [0, T ].

4.4.2 Computational Results

To benchmark our heuristic approach, we consider a greedy approach to select

the customers to visit in each period, where instead of solving an assignment problem

as in Line 5 of Algorithm 4.1, we select customers based on the marginal values

achieved by meeting with them. Specifically, for each customer i, we compute the

marginal value, denoted by M i
t , via M i

t = riB
i
tΨ

i
mα − riB

i
tΨ

i
uα, and select the θt

customers with the greatest marginal values. We note that the θt customers can only

be selected from the same geographical region.
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Table 4.9 presents the computational results. The second and the fourth

columns report the average expected objectives over 500 sample paths from the

heuristic approach and the greedy method, respectively. The third and fifth columns

present the 95% confidence intervals for the two methods, respectively. The sixth

column shows the gap between average expected objectives of the heuristic and the

greedy methods (Gap = Heuristic−LB
LB

× 100%).

Overall, the heuristic method performs similar to the greedy approach in most

instances except instance C101. For C101, the heuristic solution is statistically better

than the greedy solution based on a 95% confidence interval, and the gap between

the heuristic and greedy solutions is 0.71%. In all the other instances, however,

the heuristic approach is not statistically better than the greedy method based on

a 95% confidence interval. In part, the lack of difference between results from the

two approaches is due to the constraint that the representative can only visit cus-

tomers within the same geographical regions in a period. This prevents the heuristic

approach from taking advantage of considering the evolution of customers’ adoption

probabilities ahead when scheduling customers, which may results in greater expected

reward at the end of the horizon.

4.5 Conclusion and Future Research

This work introduces a multi-period orienteering problem motivated by sales

representatives visiting customers to observe and influence the likelihood that the

customers will adopt the product. Each customer’s adoption probability is uncertain
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and may evolve over time. By meeting with the customer, however, the representative

may not be able to fully observe the likelihood. Instead, she has to estimate the

adoption probability and make decisions based on the estimations, which may not be

accurate. We propose two models for the problem, one is a Markov decision process

(MDP), in which we assume that in which we assume that the representative can

obtain perfect information of the customers’ adoption likelihood by meeting with

the customers. The other is a partially observed Markov decision process (POMDP)

which accounts for the inaccurate estimation of customers’ adoption likelihood. Due

to the fact that it is computational intractable to solve neither the MDP nor the

POMDP via dynamic programming exactly, we propose a heuristic approach for the

problem. In the heuristic, we first solve an assignment problem to select customers

to visit for a period and then solve a routing problem to visit the selected customers

within the period.

One future research avenue is to develop approximate dynamic programming

(ADP) approach for the problem. Instead of computing exactly the reward associated

with each state as in the exact dynamic programming, we approximate the reward-

to-go at each decision epoch via heuristic methods in the ADP. Our future research

will be focused on investigating heuristic methods for reward-to-go approximation.

Another research avenue is to transform the dynamic programming models

into equivalent integer programs, where the latter can be solved by readily available

solvers. However, directly converting the current MDP and POMDP models may

results in integer programs that is not practically solvable via commonly available
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solution engines. Thus, we will investigate additional assumptions and restrictions

that can be introduced to the original dynamic programming models to make the

transformation validated.
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CHAPTER 5
CONCLUSIONS

In this thesis, we introduce a new variety of orienteering problems motivated by

routing sales representatives, but generalizable to other setting in which a routed

entity may experience queues at a series of locations and the reward collectable from

each location may evolve over time. We present models that explicitly accounts for the

stochasticity induced by uncertain wait times at customers and uncertain adoption

likelihood associated with customers. We focus on developing solution approaches

that provide good quality solutions within reasonable computational efforts.

In §2, we propose customer-specific recourse actions corresponding to the

queueing notions of balking and reneging, which is a novel addition to routing models.

We establish decision rules to execute the recourse actions and derive an analytical

formula to compute the expected sales from an a priori tour with recourse. Via com-

putational results, we demonstrate the value of incorporating stochastic information

into the routing model.

Considering a priority queue at each customer, in §3 we propose the dynamic

orienteering problem on a network of queues. We model the problem as a MDP and

focus on developing dynamic policies that enable the salesperson to decide which

customer to visit and whether to stay in queue at a customer based on realized in-

formation at each decision epoch. We investigate the existence of optimal control

limits and identify the limited existence of optimal control limit policies. To facili-

tate decision making, we propose a novel compound rollout heuristic, which differs
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from existing approximate dynamic programming approaches in implementing differ-

ent mechanisms for reward-to-go approximation based on explicitly partitioning the

action space. We demonstrate the capability of our compound rollout in making high

quality decisions with reasonable computation efforts by the computational experi-

ments that comparing our dynamic policies to benchmark a priori routing solutions.

As an extension from the daily orienteering, in §4, we introduce a multi-period

orienteering problem in which a traveler visits customers over a multi-period horizon

to influence and observe the chance of customer adoption. We consider that each

customer’s likelihood of adopting the product is uncertain and may evolve over time.

The representative is not able to fully observe a customer’s adoption likelihood by

meeting with the customer. We assume that the representative can only estimate

each customer’s adoption likelihood and the accuracy of estimation is uncertain. We

model the problem as a partially observed Markov decision process (POMDP) with

an objective to maximize the expected sales at the end of the horizon. Our model

explicitly accounts for partially observable nature of customers’ adoption likelihood.

We propose a heuristic approach to facilitate decision making, which iteratively solves

an assignment problem to determine which customers to visit in a period and a routing

problem to visit the selected customers within the period.
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