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ABSTRACT

The last buy problem is a stochastic inventory management problem that
occurs at the end of a product’s life cycle. When production of a given product
ceases, it may become necessary to shut down manufacture of all parts of the product.
However, there will likely still be demand for spare parts of the product, due to part
failure from the product still in use. To meet this demand, a one-time order of spare
parts - a last buy - is made to satisfy the demand for all spare parts going forward.
Thus, the last buy problem seeks to maximize a company’s profits with respect to
the number of spare parts manufactured.

Several different forms of the last buy problem exist, depending on the rela-
tionship between the manufacturer and the customer and the type of cost that occurs
once the inventory has been depleted. In some cases, law or contract defines and
limits the costs and revenues the manufacturer incurs due to the last buy order; in
other cases, a manufacturer’s own policies dictate the costs and revenues involved. As
a result, we explore three main types of last buy problem, and the different methods
used to solve for each.

In the last buy problem with incremental replenishment, individual parts de-
manded beyond the last buy are fabricated individually at significantly greater cost;
as the total profit is concave with respect to the order amount, the optimal order
amount can be found by analysis of the rate of change of the profit. The last buy

problem with no replenishment occurs when there is no effective way to replenish part



inventory beyond the last buy; as the total profit is not concave, an upper bound on
the optimal order amount is determined, thus limiting the candidate solutions. Dif-
ficulties exist in calculating the optimal order amount in the last buy problem with
batch replenishment, as the size of the replenishment batch is itself a last buy prob-
lem; we solve for a special case of the problem using renewal theory. We also examine
the possibility of contract extensions in last buy problems, and their effect on the

optimal order amount calculations.
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ABSTRACT

The last buy problem is a stochastic inventory management problem that
occurs at the end of a product’s life cycle. When production of a given product
ceases, it may become necessary to shut down manufacture of all parts of the product.
However, there will likely still be demand for spare parts of the product, due to part
failure from the product still in use. To meet this demand, a one-time order of spare
parts - a last buy - is made to satisfy the demand for all spare parts going forward.
Thus, the last buy problem seeks to maximize a company’s profits with respect to
the number of spare parts manufactured.

Several different forms of the last buy problem exist, depending on the rela-
tionship between the manufacturer and the customer and the type of cost that occurs
once the inventory has been depleted. In some cases, law or contract defines and
limits the costs and revenues the manufacturer incurs due to the last buy order; in
other cases, a manufacturer’s own policies dictate the costs and revenues involved. As
a result, we explore three main types of last buy problem, and the different methods
used to solve for each.

In the last buy problem with incremental replenishment, individual parts de-
manded beyond the last buy are fabricated individually at significantly greater cost;
as the total profit is concave with respect to the order amount, the optimal order
amount can be found by analysis of the rate of change of the profit. The last buy
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inventory beyond the last buy; as the total profit is not concave, an upper bound on
the optimal order amount is determined, thus limiting the candidate solutions. Dif-
ficulties exist in calculating the optimal order amount in the last buy problem with
batch replenishment, as the size of the replenishment batch is itself a last buy prob-
lem; we solve for a special case of the problem using renewal theory. We also examine
the possibility of contract extensions in last buy problems, and their effect on the

optimal order amount calculations.
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CHAPTER 1
INTRODUCTION

1.1 Background

Consider the case of a company that has decided to stop the manufacture
of one of its products. Thus, the company will shut down the process used in the
product’s manufacture, and devote the labor and equipment used on that product
to manufacture other products. However, due to government regulation, contractual
obligations, and/or service considerations, the company will often keep spare parts
available for sale so that customers are able to repair the product in the case of a part
failure. As a result, the company will make one last order for parts before ceasing
production (the last buy order), and use this to satisfy demand for spare parts in the
future. Considering the various costs and revenues that come from manufacturing
the spare parts, storing the parts, and selling the parts, the company must determine
the optimal number of spare parts that should be manufactured.

At this point, the company faces questions that will determine the form of the
last buy problem. How long are we required to serve the customer? Once the part
manufacturing process has been shut down, can it be restarted at a reasonable cost?
Can the spare part be fabricated individually without using the original manufac-
turing process? Is the cost resulting from not being able to satisfy demand greater
than the cost of fabricating the part individually? All of these questions must be

considered when determining the nature of the problem that must be solved.



Due to the multiple forms of part replenishment available and the possible time
frames available, there is no single ”last buy” formula; rather, it is necessary to choose
the most appropriate last buy formulation based on the circumstances. As such, we
will provide multiple formulations to match the different possible circumstances of
the problem.

In the Last Buy Problem, parts are manufactured, and are then placed in
inventory until they are sold. If the spare part is still in inventory when the decision
is made to stop selling the part, the part will be salvaged. If the part on a working
assembly fails, a spare part will be demanded by the customer. If the manufacturer
is obligated to serve customer demand but no more spare parts are in inventory when
a demand occurs, either a new batch will be made, a spare part will be fabricated
individually at higher cost, or a penalty will be paid to the customer. These costs
and revenues occur at different times; manufacturing costs occur at the time of the
last buy order, while revenue, salvage, holding, and other costs occur over the time
horizon of the problem. Thus, any revenues and costs will need to be discounted over
time in order to maximize the net present value of the profit function.

The last buy problem can vary in two significant areas. These are:

e (Contract: The contract defines the business relationship between the manu-
facturer and the customer. If a formal contract exists between the customer
and the manufacturer, any penalties or replenishment costs will be limited to
the length of the contract, which we denote as t.. Also, it is assumed that

information regarding the status of any assemblies will be available to the man-



ufacturer. Thus, the manufacturer will have knowledge of the time at which the
last assembly fails, and will be able to salvage any remaining spare parts at that
time. On the other hand, if no formal contract exists between the customer and
the manufacturer, the time frame under which penalties and replenishment will
occur is assumed to be undefined. Moreover, because the manufacturer does
not have data in regards to the status of assemblies still in operation, salvage

will occur so far in the future as to be negligible.

Replenishment: Many of the unique characteristics of a last buy problem come

from the form of replenishment that occurs once the last-buy order has run out.

— Inincremental replenishment, items are fabricated individually as demanded.
A replenishment cost is incurred for each part manufactured through this
method, as the efficient processes used to manufacture the parts in the

last-buy order are no longer available.

— In batch replenishment, the same manufacturing process used for the last-
buy order is set up, and another last-buy order is manufactured. In this
case, the variable cost to manufacture the parts themselves is not materi-
ally higher; however, additional batch setup costs to restart the manufac-
turing process are incurred.

— In some contract cases, it is not feasible to manufacture the parts individ-
ually or to set up the manufacturing process for another batch. In these
cases, no replenishment is made. Existing customers are paid a penalty

due to the manufacturer’s inability to supply any more spare parts.



In the last buy problem with incremental replenishment, parts from the last
buy order are used to replace failed parts until the last buy order is depleted. Once
this occurs, demand will be met by manufactured parts built individually at a cost
materially higher than the cost of last-buy manufacture. This is analogous to ordering
a fabricated part from a machine shop to replace a failed part. Incremental replen-
ishment will most often occur in cases where the total number of parts demanded is
low, startup costs for the manufacturing process are high, and individual parts may
be feasibly manufactured at a cost higher than the unit cost at the last-buy point.

The last buy problem with batch replenishment differs from the last buy prob-
lem with incremental replenishment in what occurs once the last buy order is depleted.
Once this occurs, the manufacturing process by which the last buy was manufactured
will be set up, incurring a setup cost, and another batch manufactured. In essence,
another "last buy’ order is manufactured. Batch replenishment will most often occur
in cases involving large production runs, where the setup costs are small in comparison
to the value of the spare parts to be manufactured and sold.

The last buy problem with no replenishment also differs from the other forms
of the last buy problem in what occurs once the last buy order is depleted. Once
the order is depleted, no cost-efficient method exists to replenish the inventory; the
manufacturer has no way of supplying the part to customers. Thus, when the part
fails, the assembly fails as well, as the part cannot be replaced. The manufacturer
pays a penalty to the customer for its inability to meet the customer’s demand. This

occurs in cases where the setup costs for the manufacturing process are prohibitively



expensive, and where the part may not be fabricated individually at a reasonable
cost.

The Last Buy Problem is not a trivial problem. Moncrief, Schroder, and
Reynolds [7] have noted the cost of inventory of spare parts: they report that com-
panies waste more than $1 million a year per industrial plant on spare parts - and
roughly 30% of the spare parts in these plants are unnecessary. Most of the existing
literature on the last buy problem has focused on the problem within a finite time
frame and with time discretized into units. What we propose is a continuous-time op-
timization framework for the last buy problem in which the time frame of the problem
may be undefined. A contract may define the length of time for which replenishment
or penalty costs may be incurred, but it does not limit the length of time for which
the customer is served. Also, our research method applies to any general distribution

of the spare part demand over time.

1.2 Overview and Contribution
In this study, we look at the different forms of the last buy problem from a
continuous-time perspective. In Chapter 2, we discuss the relevant literature for the
problem, and indicate how our work fits into that literature. In Chapter 3, we define
the notation we use in our models. Chapter 4 demonstrates the Last Buy Problem
with Incremental Replenishment. We first separate the problem into parts according
to the type of cost or revenue, and find the properties of each of these parts. As these

properties demonstrate the concavity of the overall profit function with respect to the



order amount, this allows us to quickly find a solution to the optimal order amount.
Once we have presented our solution method, we present managerial insights based
on our results, and give our conclusions.

In Chapter 5, we explore the properties of the Last Buy Problem with No
Replenishment. As before, we separate the problem into parts according to the type
of cost or revenue, and find properties for each. Unlike with the Last Buy Problem
with Incremental Replenishment, the problem is nonconcave with respect to the order
amount. Therefore, we find an upper bound on the rate of change of the profit, one
we can prove decreases with increasing order amount. This in turn provides an upper
bound on the optimal order amount. Once we have significantly reduced the number
of potential solutions, we can find the optimal order amount from the remaining
potential solutions. We then present managerial insights based on our results, and
give our conclusions.

Due to the complexities inherent in the Last Buy Problem with Batch Re-
plenishment, we are unable to give continuous-time solutions for the general case.
The only case in which we might find solutions is in the exponential case, where the
distributions of both part and assembly lifetime are exponential. In such cases, it is
possible to use renewal theory [9] to find a solution. In Chapter 6, we demonstrate
a renewal theory method for the batch replenishment case. The main problem with
the batch replenishment case is that, if the last buy is ever depleted, the result is the
manufacture of another batch - in effect, another last buy problem. As such, iteration

is required to find the optimal order amount and value of each potential batch. By



finding the value of each potential batch, the optimal solution for the initial last buy
order may be found. We first present the parts of the revenue and costs in a renewal-
theory format, and demonstrate the properties of the overall profit. Once the formula
for the overall profit is presented, we then give three renewal-theory algorithms to
demonstrate various possible forms of the last buy problem with batch replenishment.

Finally, we explore a problem discovered from our discussions with Rockwell
Collins. Rockwell has encountered cases in which the customer had been served
through the life of the contract - then wished to extend the terms of the contract
once it was finished. As a result, in Chapter 7, we present the last buy problem with
contract extension. We separate the penalty portion of the profit function into two
parts: the penalty that occurs during the initial contract, and the potential penalties
that could occur during the contract extension. The first task is to examine all cases
and determine the cases in which the contract would be extended, and the cases where
it would not. Once this is done, the optimal order amount is determined.

After these cases are presented, the thesis concludes with a discussion of future

areas of research in Chapter 8.



CHAPTER 2
LITERATURE REVIEW

2.1 Early Research

One of the first treatments of the Last Buy problem was done by Fortuin [3].
In Fortuin, the spare part demand is assumed to have a nonstationary normal distri-
bution whose mean decreases over time, the time frame under consideration for the
post-manufacture period is finite and known, and the goal of the optimization method
is to maintain a desired service level. The mean and variance of the probability of
running out of parts is determined; based on this, the order amount is determined
by the service level on the resulting normal distribution. These results are extended
in a follow-up paper [4] to adjust for the observation that the results of [3] produced
excessive safety stocks; in the follow-up paper, the minimum service level requirement

is reduced to only the first few years of the post-manufacture period.

2.2 Discrete-Time Models
In a series of papers, Teunter, along with several colleagues, examined the Last
Buy problem from different angles. Teunter and Klein Haneveld [13] first looked at
the problem from a buyer’s perspective, in which an owner with a single assembly,
multiple parts per assembly, is seeking the optimal number of parts to stock up for the
life of the assembly. This version of the problem seeks to balance purchase, discounted
holding, and discounted 'out of order’ costs over a finite time frame; if the supply of

parts runs out before the time frame is completed, a cost is incurred for the remaining



time. A decomposition method by which time is separated into discrete units is then
used to determine approximate results for the optimal.

Teunter and Fortuin [12] extends these results to a case similar to the last
buy problem, where a producer must supply parts without cost for customers as
part of service contracts; in essence, the finite-time-frame final order problem with
multiple assemblies instead of a single assembly, with no revenue involved. A follow-
up paper|[11] provides a case study using the methods in [12].

Teunter and Klein Haneveld expand on these results in a subsequent paper
[14]. In this case, the model of service contracts is continued, in which a finite plan-
ning horizon is used, time is viewed continuously, demand follows a Poisson process,
additional parts may be ordered with a lead time, and all stock is removed at the end
of all service contracts. The goal is to minimize nondiscounted costs of replenishment,
holding, backorder, and disposal. The model is not a strict final order model in that
it is expected that multiple orders of parts will be given during the course of the
service contracts, but at a cost greater than that of the initial order.

In other papers, Cattani and Souza[l] examine the trade-off involved in delay-
ing the last buy order. In their model, they use a multivariate normal distribution
of demand, and discrete time periods. They measure the total discounted cost of
manufacturing, holding, and out-of-stock loss of sales, and compare these results to
determine the optimal delay. Hong et al[5] calculate the Last Buy amount by dis-

cretizing the post-production phase of the product life cycle.
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2.3 Renewal Theory Models
van Kooten and Tan [15] expand on the idea first presented by Ritchie and
Wilcox [9] of using renewal theory to model the last buy problem under condemnation.
In their model, an exponential distribution is used for the lifetime of each spare part
and assembly, as well as the sales lifetime of the spare part before it is considered

obsolete, and a transient Markov model used to find the optimal order amount.

2.4 Similar Problems

Feng et al[2] examines a problem similar to the Last Buy problem known
as the Lifetime Buy Problem. In this case, manufacture of the assembly is still
occurring; however, the manufacturer wishes to make an order of parts that will
satisfy both manufacturing demand and repair demand. A Monte Carlo analysis is
used to simulate both obsolescence date, forecasted demand, and associated costs
over time. These results are then used and applied to the model by Teunter and
Fortuin[12] to determine an approximate optimal-cost order amount.

Kim and Park[6] give another variation to the Last Buy problem by seeking
to determine all end-of-life decisions, including parts inventory and warranty length.
They set up a two-stage constrained nonlinear program involving both the manu-
facturing period and the post-manufacture period, and optimize for all variables,
including life cycle, warranty length, and cost parameters to manufacture parts at
given points in time.

Pourakbar et al [8] present a variation of the last buy problem for a specific ap-



11

plication - consumer electronics. In their model, the value of producing a replacement
spare part decreases over time, to the point that it would eventually be optimal to
salvage any remaining inventory and manufacture replacement spare parts as needed.
The purpose of Pourakbar’s research is to find the optimal point at which the salvage

should occur.

2.5 Our Research

Our work differs from the previous research in that it fills several gaps in the
literature. First, our problem has no finite and defined time frame; even in contract
cases in which penalties or replenishment costs are only incurred during the life of
the contract, customer service will continue indefinitely. This makes sense, as the
manufacturer is still likely to serve the customer even if not obligated by contract.
Second, the solution methods presented in existing literature tends to fall into one of
two categories: discrete-time models and renewal theory models. Our incremental-
replenishment and no-replenishment models are designed to have characteristics of
both discrete-time and renewal-theory models: our models allow for non-exponential
lifetime distributions like a discrete-time model while still allowing for a continuous-
time framework. Finally, we expand the existing knowledge base in the area by
supplying a renewal-theory model for the last buy problem with batch replenishment

and a model for the possibility of contract extension in the last buy problem.



12

CHAPTER 3
DEFINITIONS AND NOTATION

3.1 Definitions
In this thesis, the term ”assembly” or ”product” refers to the completed prod-
uct that has been sold to the customer and for which spare parts are demanded.
The term "part” or "spare part” refers to the part of the assembly that is under

examination by the last buy problem.

3.2 Notation
This set involves the models to be found in the last buy problem with incre-

mental replenishment and the last buy problem with batch replenishment.

e {: Time. For the problems we will be using, the time at which ¢ = 0 represents
the moment of the last-buy decision.

e ¢4 The time at which service for the customer ceases. For the last buy problem
with incremental replenishment, this occurs when the last assembly fails. For
the last buy problem with no replenishment, this occurs when the last assembly
fails or when the last buy order is depleted.

e t.: In last buy problems involving a contract, t. refers to the time at which
the contract expires, after which no replenishment costs or penalties will be

incurred.

e ¢: The number of parts manufactured in the last buy order.
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[, k: Variables used to represent the number of assemblies still in use at some
arbitrary time.

n: A variable used to represent the number of parts still in inventory at some
arbitrary time.

7: The number of assemblies functioning at the time of the last buy order.

Ay: The number of assemblies currently functioning at time t.

P{A; = [}: The probability that the number of working assemblies in operation

at time t is equal to [ units.
D;: The number of spare parts demanded from time 0 up to a given time t¢.

P{D; = n}: The probability that demand for spare parts from time 0 up to
time ¢ is equal to n units.

P{D;, = n|A;, = 1}: The conditional probability that demand for spare parts
from time 0 up to time t; is equal to n units, given that the number of assemblies
still in operation at another time t, is equal to [. In the case most commonly
used, P{D; = n|A;, = 1} represents the conditional probability that demand
from time 0 up to time ¢ is n, given that there is exactly 1 assembly remaining
at time 7.

R(q), R(l,n): R(q) represents the total expected discounted revenue (heretofore
known simply as the "revenue”), given a last-buy order amount of ¢. In the last
buy problem with batch replenishment, R(l,n) represents the future expected

discounted revenue given that [ assemblies remain in operation and n parts
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remain in inventory.
M (q): The total manufacturing cost for a last-buy order amount of q.

H(q), H(l,n): H(q) represents the total expected discounted holding cost
(heretofore known as the ”holding cost”), given a last-buy order amount of
g. This includes the cost to maintain and operate any buildings and equipment
used to store the items. The time value of money should not be included in
the holding cost, as all costs are discounted over time; thus, any costs resulting
from the time value of money are taken care of by the discount rate. In the last
buy problem with batch replenishment, H(l,n) represents the future expected
discounted holding costs given that [ assemblies remain in operation and n parts

remain in inventory.

Z(q), Z(l,n): Z(q) represents the total expected discounted cost due to the
last buy order running out, given a last-buy order amount of ¢. In the last buy
problem with incremental replenishment, this is known as the "replenishment
cost”; in the last buy problem with no replenishment, it is known as the ”penalty
cost”. In the last buy problem with batch replenishment, Z (I, n) represents the
future expected discounted batch replenishment costs given that [ assemblies
remain in operation and n parts remain in inventory.

S(q), S(I,n): S(q) represents the total expected discounted salvage cost or value
(heretofore known simply as the "salvage”), given a last-buy order amount of g.
In the last buy problem with batch replenishment, S(I, n) represents the future

expected discounted salvage given that [ assemblies remain in operation and n
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parts remain in inventory.

e 7(q), m(l,q): w(q) is the total expected discounted profit (heretofore known
simply as the "profit”) of the last buy decision, given a last buy order amount
of ¢. In the last buy problem with batch replenishment, 7(l,n) represents the
future expected discounted profit given that ¢ parts were manufactured with [
assemblies remaining in operation.

e r: The amount of revenue generated per spare part sold.

e m: The individual cost to manufacture a single spare part in the last-buy order.

e h: The amount of cost per unit per unit time to hold a single spare part in
inventory.

e p: The replenishment/penalty cost p has different definitions according to the
type of last buy problem. In the last buy problem with incremental replenish-
ment (Chapter 4), p represents the cost per part to fabricate a part to meet
demand after the last buy order has been depleted. In the last buy problem with
no replenishment (Chapter 5), p is the cost per assembly that the manufacturer
must pay a penalty to for failing to meet demand.

e s: The salvage per unit; if the salvage is a revenue, then s > 0; if the salvage is
a cost e.g. a disposal cost, then s < 0.

e (3. If the lifetime of the assembly is represented as either an exponential or

Weibull distribution, § represents the failure rate parameter of an assembly.

e w The Weibull exponential parameter of the lifetime distribution of an assembly.
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A: The exponential failure rate of the part.
p: If a Normal distribution is used, p represents the mean of the distribution.

o: If a Normal distribution is used, o represents the standard deviation of the

distribution.

«: The rate at which future costs and revenues are discounted over time.

3.3 Additional Notation: Chapter 5
mp(q): In the last buy problem with no replenishment, 7,(q) represents a portion
of the total expected discounted profit - specifically, the total profit without the

penalty cost subtracted. Thus, 7(q) + Z(q) = m,(q).

A In cases where the assemblies cannot be evaluated as a group, Ay, repre-
sents the status of assembly k& at time t. If Ay, = 1, then assembly k is still
functioning at time ¢; if Ay, = 0, then assembly £ has failed by time ¢.

Dy ;2 In cases where the assemblies cannot be evaluated as a group, Dy, repre-
sents the number of parts demanded by assembly k& up to time ¢.

K(l,tf): The expected standardized (p = 1) penalty, discounted to time ¢,
given that [ assemblies remain in operation at time ¢y and the last buy order
is depleted at time t;. K(l,t;) can be thought of as the expected number of
assemblies, discounted to time ¢;, that the manufacturer will have to pay a
penalty for given that the manufacturer is unable to meet customer demand

starting at time ¢;.

Amu(q): An upper bound on the rate of change of 7(q).
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3.4 Additional Notation: Chapter 6

e ¢;: The optimal order amount for a batch at some arbitrary time, given that [
assemblies are still in operation at that time.

e C(I,n): The expected discounted value of a part of the total profit function for
the remainder of the last buy period - specifically, the total profit without the
manufacturing costs - given that [ assemblies and n parts are still in operation.
For the last buy decision or any batch decision with [ assemblies remaining,
m(l,q) = C(l,q) — M(q)

e B(l): A Boolean variable that represents whether or not the optimal decision
with [ assemblies remaining and no parts remaining in inventory is to make
another batch or to pay a penalty to the remaining customers. If B(l) =
TRUEFE, then buying out the remaining customers is the optimal decision with
[ assemblies remaining. If B(l) = FALSE, manufacturing another batch is the
best option with [ assemblies remaining.

® Dpaien: The fixed batch replenishment cost per batch; the fixed cost to set up
and manufacture another batch. This does not include the variable cost per
unit to manufacture the parts.

® Duuyour: The penalty cost per assembly to refuse to continue serving the cus-

tomer.
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3.5 Additional Notation: Chapter 7
This set involves the models to be found in the last buy problem with optional

contract extension.

e t.: The time at which the initial contract expires, at which point the customer
and manufacturer both have the choice of extending the contract or letting it
expire. After the contract expires, no replenishment costs or penalties will be
incurred, unless the initial contract is extended.

e t.: The time at which the extended contract expires; t.o > ..

e T'(I,n): The probability that both the customer and the manufacturer will agree
to the contract extension, given the number of parts in inventory n and number
of assemblies still in operation [ at time %..

e V(l,n): The expected value of the penalty incurred during the contract exten-
sion period, given the number of parts in inventory n and number of assemblies
still in operation [ at time ¢.;. Note that V'(I,n) is discounted to time 0.

e X(q): The total expected discounted profit generated due to the contract ex-
tension (heretofore known simply as the "extension”), given a last-buy order
amount of ¢q. Note that X (q) is discounted to time 0.

e X, ..:: The maximum possible value of the extension. Note that X,,,, is dis-
counted to time 0.

e p.: The revenue paid per assembly to the manufacturer to extend the supply

contract from time t,; to time t.o.
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e po: The maximum amount that the customer would be willing to pay per
assembly to extend the supply contract from time ¢, to time t.,.

e py(¢g): The minimum amount that the manufacturer would be willing to accept
that could possibly cause the manufacturer to extend the supply contract from

time t. to time ..

e W (t): The customer’s amortized value for a single assembly at time ¢.
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CHAPTER 4
THE LAST BUY PROBLEM WITH INCREMENTAL
REPLENISHMENT

4.1 Introduction

In the last buy problem with incremental replenishment, parts from the last
buy order are used to replace failed parts until the last buy order is depleted. Once
this occurs, demand will be met by manufactured parts built individually at a cost
materially higher than the cost of last-buy manufacture. This is analogous to ordering
a fabricated part from a machine shop to replace a failed part. Incremental replen-
ishment will most often occur in cases where the total number of parts demanded is
low, startup costs for the manufacturing process are high, and individual parts may

be feasibly manufactured at a cost higher than the unit cost at the last-buy point.

4.2 Components of the Last Buy Problem
Using the notation presented in Chapter 3, the total expected profit, w(q), is

the value of the expected revenues minus the value of the expected costs:

m(¢) = R(q) + S(q) — M(q) — H(q) — Z(q). (4.1)

We now provide details on each of the terms in (4.1).
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4.2.1 Revenue
The expected revenue, discounted over time, is generated by finding the ex-
pected value of the revenue by time ¢ and determining the rate of change of this

expected value over time. Given a probability distribution of demand over time

P{D, = n}, we have

q—1

R(q) = —TZ /00 e’mwdt. (4.2)

n=0 7 t=0 dt

Lemma 4.1. The revenue function has the following properties with respect to q:

e (a) The revenue R(q) is nonnegative.
e (b) The revenue R(q) is nondecreasing as q increases.

e (c¢)The revenue R(q) is integer concave - that is, the rate of change of R(q) is

nonincreasing with increasing q.

All of these results are fairly intuitive. A greater amount manufactured in the
last buy order is not going to result in a decrease in sales revenue. At the same time,
each additional part manufactured is less likely to be sold than the last - and, thus,
will be more difficult to sell.

Proofs for all parts of Lemma 4.1 may be found in Appendix A.

4.2.2 Manufacturing Costs

The total manufacturing cost is simply the product of the last buy order

amount ¢ and the per-unit manufacturing cost m:
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M(q) = mg. (4.3)

4.2.3 Holding Costs
The holding costs are the associated labor, facility, and infrastructure costs
incurred by holding a part in inventory. This cost is designated to have a cost of h
per unit per unit time. Thus, if one spare part is held in inventory for one unit of
time, a cost of h would be incurred.
The total discounted holding cost used depends on the specifics of the problem.
In a non-contract problem where we would have no salvage, the expected value of the

holding cost becomes
q_l o0
H(q)=h)» (¢— n)/ e "*P{D; = n}dt. (4.4)
i

In a contract problem in which the salvage occurs when the last assembly fails,

the holding cost is

qg—1
© dP{A;,, =0} [U
H(q) = h (q—n)/ Py =0} dttf }/ e '“P{D, = n|A,, = 1}dtdt;.  (4.5)
t=0 f t=0

Lemma 4.2. The holding cost has the following properties, regardless of the form

used, assuming h > 0:
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e (a) The holding cost H(q) is nondecreasing with increasing values of q.

e (b) The holding cost H(q) is integer convex with respect to q - that is, the rate

of increase of the holding cost is nondecreasing with increasing values of q.

The addition of a part in the last buy order means that another part is going
to be in holding - which means more holding costs will be generated. At the same
time, that additional part will be less likely to sell than the last - which means it is
likely to remain in inventory longer, and thus will generate more holding costs.

Proofs for both parts of Lemma 4.2 may be found in Appendix A.

4.2.4 Replenishment Costs
The replenishment cost is the cost to order the fabrication of a replacement
part at significantly greater cost than the manufacturing cost. The formulation of
this replenishment cost, regardless of whether the replenishment period is defined by

contract (t. finite) or undefined (¢, = o0) is
dP{D; <n
=3 [, 19

Lemma 4.3. The properties of the incremental replenishment cost with respect to q
are:

e (a) The incremental replenishment cost Z(q) is nonnegative.

e (b) As q increases, the replenishment cost Z(q) decreases.

e (c¢) The replenishment cost Z(q) is integer convex with respect to q.
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With the last buy problem, a larger last buy order means a smaller likelihood
that the order will run out - and, thus, a smaller likelihood that replenishment costs
will be incurred. However, with each additional part ordered, it is less likely that
the part will be demanded - and, thus, each additional part manufactured prevents a
smaller expected replenishment cost than the one before.

Proofs for all parts of Lemma 4.3 may be found in Appendix A.

4.2.5 Salvage
The salvage differs from most other costs and revenues in that it does not
occur gradually over the course of the post-production phase; rather, it occurs when
the last assembly has failed at time t;. Once this occurs, the remaining inventory is
discarded at a revenue of s per unit. (If the financial event of scrapping each unit
generates a cost instead of a revenue, then s is a negative number.)

For the last buy problem, the salvage is.

-1

S(@)=s) (a—n)

n=0

=}

et d—tfP{th = n|A = 1}dt;. (4.7)

/oo ¢ adP{AthO}
t

=0

The reason for the A =1 in the P{D;, = n|A = 1} portion of the formula is
that, in order for the last assembly to fail, the system needs to have only one assembly
left - so that the next assembly failure is its last.

The properties of the salvage:

Lemma 4.4. The properties of the salvage with respect to the order amount q are:
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(a) If the salvage per unit s is greater than 0, the salvage S(q) increases with

mcereasing q

e (b) If the salvage per unit s is greater than 0, the salvage S(q) is integer convex
with respect to q.

e (c) While the salvage S(q) may be integer convez, the sum (S(q) + R(q)) is
integer concave, provided that s < r.

o (d) If s is sufficiently large, then the total expected discounted profit w(q) will

continue to increase with increasing q; thus, the solution is unbounded.

The goal of our model is to maximize the overall profit 7(q) in Equation (4.1).
Because of this, it is desirable that 7(q) - and each part of w(q) - be integer concave
with respect to ¢. Requiring that s < r to maintain the integer concavity of m(q) is
certainly reasonable since otherwise the manufacturer would have incentive to refuse
sale of a part in order to retain it for salvage. Thus henceforth we assume s < r, as
required by Lemma 4.4(c). Lemma 4.4(d) determines the conditions under which a
finite optimal solution for the order amount ¢ does not exist. Proofs for all parts of

Lemma 4.4 can be found in Appendix A.

4.2.6 Profit Function
Now that the components of the Last Buy Problem have been formulated, we
can now combine those components into full cost and revenue functions for the entire
problem. The goal is to take the components found in the previous section, take the

sum of these components as an overall profit function, then find the maximum of this
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function. The basic structure of the problem is given by (4.1):

m(¢) = R(q) + S(q) — H(q) — Z(q) — M(q)..

The goal will be to find the value of ¢ that maximizes 7(q).

Theorem 4.5. The profit function is concave with respect to the positive integers.

The theorem can be proven based on Lemmas 4.1 - 4.4. Each of the parts
of the profit function - (R(q) + S(q)), (—H(q)), (—Z(q)), and (=M (q)) - are integer
concave with respect to ¢; thus, the profit function is integer concave. As a result of
this property, we can find the global maximum by examining the rate of change of
the total cost and finding where it changes from positive to negative.

With ®(-) as a function defined in the nonnegative integers, letting A®(q) =

®(q¢+ 1) — @(g), in our problem we seek to find

q" =min{q > 0|AR(q) + AS(q) — AH(q) — AZ(q) — AM(q) < 0}. (4.8)

Below are two examples of the last buy problem:

4.2.6.1 Incremental Replenishment with No Contract
In the case presented here, no contract exists between the manufacturer and
the customer. However, the manufacturer still wants to supply spare parts to cus-

tomers, even if the last buy order is depleted. The manufacturer knows the number
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of assemblies still in operation at the last buy decision point, but will have no knowl-
edge of the number of assemblies in operation beyond that point. Because of this,
no salvage will take place, and all spare parts are assumed to be held until sale; as a
result, the salvage S(g) is not included in (4.1). This makes the rate of change of the

profit with respect to g

NI

dP{Dt = n}dt 1 7‘/ Z _ta dP{Dt = n}
0= q+1 (49)
—m —h / Z e~ P{D, = n}dt.

Since we seek the smallest value of ¢ such that Aw(q) < 0, equation (4.9) can

be rearranged to form the following inequality to find the optimal order amount, ¢*:

o dP{D; <
¢ = min{“— <1 +/ L = dt}. (4.10)
€zt pHr+ 2 =0 dt

This formula is the result of a newsvendor analysis with the following condi-

tions and modifications:

e The overage cost C, is equal to m + g

e The shortage cost C,, is equal top+1r —m

e Any costs or revenues are discounted to time 0 according to the time at which
they occur. The value of the holding cost per unit g is equivalent to the net
present value of a perpetuity of size h - which is what the manufacturer commits

to paying due to holding costs.
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A discussion of the newsvendor model as it applies to the last buy problem is
given in Appendix A.

Example: Ten assemblies (j = 10) are still in operation at the last-buy decision
point; the distribution of the lifetime of each of these assemblies is exponential with
a parameter § = 2. Each assembly has a single part for which we wish to stock
parts; the lifetime of each part is exponential with a parameter A = 1. Our applicable
discount rate is a = 0.2. The cost per unit manufactured m = 5; the revenue that
results from the sale of the part is » = 15. The holding cost per unit per unit time
is h = 0.5, and the replenishment cost incurred for each unit of demand not met is
p = 30. What is the optimal order amount for spare parts?

Based on our last buy formula, our critical ratio is

p+r—m  30+15-5
p+r+4 30415+ 53

= 0.842. (4.11)

Therefore, we need the smallest value of ¢ such that 1+ f;:o e_t"%dt >
0.842. We calculate the values of ftozoo e*m%dt for increasing values of ¢ until
our inequality is met.

Based on this, our optimal order amount should be 7 units, as it is the smallest
value of ¢ for which 1+ f;oo e*ta%dt is greater than our critical ratio of 0.842.
This bears out when we calculate results for each cost. Calculations of the last buy

profit 7w(q) for different values of ¢ gives us an optimal order amount of 7 units, with

a profit of 11.0.
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4.2.6.2 Incremental Replenishment with Contract

In this example, the manufacturer is bound by contract to serve the customer
up to a fixed time t.. As such, the manufacturer is aware of the number of assemblies
in operation at any given time. Should a part fail before time t., the manufacturer is
obligated to supply a replacement part; however, the manufacturer is not obligated
to supply a replacement part beyond time t.. Also, when the last assembly has failed
at time ¢y, any parts remaining in inventory will be salvaged.

The formula for the rate of change of the last buy profit An(q) is

te P{D, <

=0 dt
+zq: /oo dP{A,, = 0}
t

it (se™*P{D;, =n|A =1}

n=0“ts=0

(4.12)
ty
+h/ e_taP{Dt = n|Atf = 1}dt)dtf
t

=0
o P{D, <
—i—T’/ e—tO‘Mdt_
=0 dt

The solution method is to determine An(q) for increasing values of ¢ until
Am(q) < 0, which occurs at the optimal last buy order amount.

Example: Ten assemblies (7 = 10) are in operation at the last buy order
point; the lifetime of each assembly is normally distributed with a mean of y = 4 and
a standard deviation of o = 2. The lifetime of each part is exponentially distributed
with a mean of % = 3.33. The discount rate of any costs or revenues is a = 0.08.
Each part in the last buy order is manufactured at a cost of 12, and is sold for 25.

Should the last buy order run out before time ¢. = 10, a replacement part may be
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manufactured at a net cost of 25. Any parts remaining when the last assembly has
failed will be sold for scrap for 4. The holding cost is 1 per part per unit time. What
is the optimal order amount?

Again, we find the smallest value of ¢ such that 7(¢ + 1) — 7(q) < 0. Our

results can be found in Table 4.1:

Table 4.1: Rate of Change of Last Buy Components

Am(q) | 18.1 | 17.6 | 17.0 | 16.2 | 15.2 | 13.8 | 12.1 | 10.1 | 7.9 | 5.6

q 11 12 13 14 15 16 17 18 19 | 20
Am(q) | 34 | 1.4 | -04 | -1.7 | -28 | -3.6 | -4.1 | -4.5 | -4.7 | -4.8

We can stop our search at 13 units, as the rate of change of the total cost
begins to decrease at that point. We therefore find that 13 units is our optimal order
amount.

When we look at the overall costs given values of ¢, shown in Figure 4.1, we
find this to be the case. The optimal order amount occurs with a last buy order at
13 units; at this order amount, we incur a cost of 66.2 units, which is the best option

available.

4.3 Numerical Experiments
As an example of the effectiveness of our method in comparison to other rea-

sonable approaches, we present the following case: Ten assemblies are in operation
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Figure 4.1: Total Profit, Given Values of ¢, for the Last Buy Problem with Incremental
Replenishment

at the last-buy decision point. The lifetime of the assemblies is distributed exponen-
tially with a mean of % = 5; the lifetime of the spare part in question is distributed
exponentially with a mean of % = 4. For our purposes, the discount rate is v = 0.08.
There is no fixed time limit on the overall service time; we consider t. = o0.

Each assembly is manufactured at a cost of m = 4 units, and sold for r = 18
units of revenue. While each part is held in inventory, it will generate a holding cost
of h = 0.5 per unit per unit time. If the last buy order is depleted, any unit demanded
beyond that generates a cost of p = 5 units. If all the assemblies fail before the last
buy order is depleted, spare units will be salvaged, generating s = 1 units of revenue.

We calculate the optimal order amount using four methods - our optimal
method, as well as three other methods that a typical business manager might use

for the problem: (1) We calculate a solution using the overall expected cost with
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no discount. (2) We calculate a solution using a standard newsvendor formula (as
opposed to formula (4.10) presented earlier). (3) We calculate a solution by using the

average demand beyond the last buy order.

Table 4.2: Solution Results for Different Calculation Methods, Last Buy Problem
with Incremental Replenishment

Method Solution ¢ Profit 7(q) Difference in 7(q) % loss
Our method 10 24.52
No discount 12 21.78 -2.74 11.2
Average demand 12 21.78 -2.74 11.2
Newsvendor 13 18.69 -5.83 23.8

Our results, including the difference in expected discounted profits between our
method and the other methods, are shown in Table 4.2. As we see in this example,
other solution methods result in expected profit losses of between 11 and 24 percent.
It should be noted that the standard newsvendor method in the above table used a
value of % for the holding cost per unit, which matches the value of a perpetuity of
size h. A holding cost for a finite contract would have produced a smaller overage
cost and a higher critical ratio - and, thus, a result further away from the result of
our method.

In another experiment, we have found that unless the holding cost is unusually
large, the larger the discount rate «, the smaller the optimal ¢* The reason ¢* decreases
with increasing « stems from the effect of a on the net present value of the revenue,

the salvage, and the incremental replenishment cost. An increase in « decreases
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the net present value of any cost/revenue event that occurs beyond time 0. Thus,
the expected revenue, the expected salvage, and the expected replenishment cost are
all reduced. A decrease in either the revenue or the salvage decreases the incentive
to manufacture another spare part. A decrease in the replenishment cost, while
increasing the overall profit, decreases the incentive to avoid the replenishment cost
- and, thus, also decreases the incentive to manufacture another spare part. Thus, a
decrease in the revenue from sales, a decrease in the salvage, and a decrease in the
replenishment cost produce the same result with respect to ¢* - a decreased incentive
to manufacture more parts, and thus a lower ¢*. While the holding cost produces an
opposite effect - an increase in o produces a smaller overall holding cost, and thus a
greater incentive to manufacture - this effect is usually dominated by the effect from
the revenue, salvage, and replenishment. Thus, any action which would decrease the
revenue, the salvage, and the replenishment cost - such as an increase in the discount
rate o - would decrease the optimal g*.

To demonstrate the above, consider the following example. The distribution
of the lifetime of the assembly is a Weibull with rate parameter 3 = 0.2 and expo-
nential parameter of w = 1.25; the distribution of the lifetime of the spare part is an
exponential with mean % = 4. The holding cost is $0.5 per part per unit time, the
salvage is $1 per part, and the manufacturing cost is $4 per part. In the example,
an incremental replenishment cost of $6 per part demanded and sales revenue of $15

per part is used. The optimal order amount and optimal profit is calculated for both

cases at different values of «, from a = 0.05 to a = 0.2. In this case, 25 assemblies
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Figure 4.2: Change in Optimal Order Quantity with Discount Rate, Last Buy Problem
with Incremental Replenishment

are in operation at time ¢ = 0.

The results can be found in Figure 4.2. As we see, the optimal order amount
q* decreases steadily from 35 for o = 0.05 to 23 for a = 0.2.

Another numerical result: If both incremental and batch replenishment are
possible, incremental replenishment would be preferred for cases involving smaller
numbers of assemblies while batch replenishment would be preferred for cases involv-
ing large numbers of assemblies. This observation is the result of basic operations:
smaller fixed costs and larger variable costs are preferred if small amounts are to be
demanded, while larger fixed costs and smaller variable costs are preferred if large
amounts are to be demanded. Thus, the incremental replenishment cost would be
preferred for smaller numbers of assemblies remaining, while a batch setup cost would

be preferred for larger numbers of assemblies.
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Determining the distribution of demand for large numbers of assemblies may
produce computation difficulties not found in smaller problems. To illustrate this,
consider the use of factorials in the calculation of some members of the exponential
family of probability distributions; exact calculation of probabilities in binomial and
gamma distributions becomes difficult for large sample sizes. Because of this, it
becomes important to see if the demand may be approximated by determining the
solution for a smaller number of assemblies, then scaling the result for a larger number
of assemblies. The results of approximation to scaling are mixed. While scaling
produces reasonable approximations for the optimal solution, the problem is clearly
not perfectly linearly scalable, because not all of the components of the profit function
are related to the demand of the part over time.

We demonstrate this problem with an example designed to stretch the limits
of approximation through scaling for the problem. In our demonstration, both part
and assembly lifetime are exponentially distributed, with the mean assembly lifetime
% = 2.857 and the mean part lifetime % = 2.5. We use values of r = 15 and p = 6
for the revenue and the replenishment cost per unit demanded; manufacturing cost is
m = 4 per unit. We use unusually large values for holding cost (h = 3) and salvage
(s = 3) to emphasize costs that do not depend solely on spare part demand over time.
Based on this, we find the optimal order amount for j = 100 assemblies. We then
find the solution for 50, 25, 10, and 5 assemblies, then scale up the solutions of these

smaller problems to approximate the solution with 100 assemblies.

Our results can be found in Table 4.3. Note that the scaling is not perfect; a



36

Table 4.3: Solution Results from Scaling

Scale size | Solution  Aggregated Soln  Profit  Difference in 7(q) % loss
100 83 - 299.6 0 0
50 40 80 297.7 1.9 0.7
25 19 76 290.0 9.6 3.3
10 7 70 268.7 30.9 11.5
5 4 80 297.7 1.9 0.7

solution of 83 spare parts for 100 assemblies does not translate to a solution of 8 or
9 spare parts for 10 assemblies. The solutions found through scaling produced profit
losses of anywhere from 0.7% to 11.5%. Thus, while scaling can produce solutions
for problems that might otherwise be intractable, it needs to be used with the under-
standing that while the solution found may be close to the optimal, some loss in the
expected value of the profit may occur.

One last numerical result relates to the method of calculation used to solve
the last buy problem. Infinite-timeframe integrations in the last buy problem may

be approximated by integrating up to finite but sufficiently large values of ¢, and vice

dP{D;=n}

versa. One of the problems involved with the integration of P{D; = n} or =

as a solution method is that the integration of either term may prove intractable, de-
pending on the formulation of P{D, = n}. For instance, a polynomial formulation of
P{D; = n} may only provide a useable formula in finite-time integrations; conversely,
exponential-based formulations of P{D; = n} tend to work best with infinite-time
integrations. As such, it is useful to see the difference in the solution found between

finite-time and infinite-time formulations, to test whether or not one may be used as
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an approximation for the other.
We therefore present the following case. We have 10 assemblies still in opera-
tions at the last buy order. The lifetime of the assembly is represented as a normal

with mean p = 4, and standard deviation ¢ = 1. The lifetime of a spare part is

1
A

represented as an exponential with mean lifetime + = 2. The discount rate for all
costs and revenues is o = 0.1. Each part is manufactured at a cost of m = 4. The
revenue from each part sold is » = 15, while the replenishment cost is p = 6. The
holding cost per unit per unit time is h = 1; there is no salvage in this case. We
designate the value of ¢ that the formula will be integrated up to as t.,4. Given the

problem, we find the optimal order amount by integrating up to five values of t.,4: 4,

5, 6, 7, and oo.

Table 4.4: Solution Results from Integral Substitution

Time t.,q Solution ¢ Difference
4 18 2
5 19 1
6 20 0
7 20 0
00 20 0

The results are given in Table 4.4. The results are somewhat surprising, as it
appears that what would seem to be a partial examination of the part demand would

lead to results very close to the optimal order amount. However, it makes more sense
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when considered in the context of the lifetime of the assembly. By ¢t = 4, half of
the assemblies, on average, have already failed. The remaining assemblies are almost
certain to fail within one or two more units of time. Thus, by t = 4, most of the
demand for spare parts has already occurred.

As a result of this, it is possible to substitute infinite integration for finite
integration if the time period used in the finite integration is sufficiently large. Based
on the results in Table 4.4, it appears that we can safely replace finite integration with
infinite integration if the finite integration covers at least to two standard deviations

beyond the mean lifetime of the assembly.

4.4 Managerial Insights

The last buy problem with incremental replenishment has been shown to be
a useful tool for managers, in particular for problems in which batch replenishment
is too expensive to use effectively. It provides a more accurate representation of
the optimal order amount in comparison to many of the standard tools that are
currently used by managers, including average demand, no-discount, and newsvendor
calculations.

Also, we have determined some useful properties for the last buy formulation
that a manager should be aware of. The result determined through the continuous-
time formulation is sensitive to the discount rate « that is used in the calculation; in
general, a larger discount rate will mean a smaller optimal order amount. As such,

the discount rate used in calculating the optimal order amount should be chosen with
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care.

Another issue that should be considered in setting up the calculations for the
optimal order amount is if incremental replenishment is the best method available.
In cases where it is possible to set up another batch run rather than using incremen-
tal replenishment, it may be more economical to use batch replenishment in cases
involving large numbers of assemblies.

If the last buy problem involves a large number of assemblies, a reasonable
approximation to the solution may be found by solving the last buy problem for a
smaller number of assemblies, then scaling the result of the smaller problem to match
the larger problem. We found in our numerical results that solutions within roughly
10% of the optimal solution had expected profits that were reasonably close to the
optimal. As such, if scaling is required, scaling by a factor of 10 or less to find a
solution should produce satisfactory results for the optimal order amount.

Finally, if the formula for P{D, < n} or W is proving difficult to in-
tegrate, one solution may be to substitute an infinite-timeframe integration for a
sufficiently-large finite-timeframe integration, or vice versa. When substituting a
finite-timeframe integration for an infinite-timeframe integration, we found that the

finite time used should be greater than twice the mean lifetime of the assembly.

4.5 Conclusion
In this paper we have demonstrated a continuous-time method for calculating

the optimal last-buy order amount in cases where demand is satisfied with incremental
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replenishment should the last-buy order run out. We find the discounted expected
value of the total cost over time given a last buy order amount of ¢. We then measure
the rate of change of this expected value with respect to ¢ to find the minimum; as
each of the components of the total cost is concave with respect to the integers, any
local maximum found is a global maximum, and therefore the optimum. From there,
we demonstrated types of last buy problems that involve incremental replenishment.

Overall, the model as defined in this chapter takes the rate of change of demand
over time and uses it to determine the expected value of costs and revenues in the
last buy period - and, from this, the optimal order amount. The model is variable in
complexity - the model is as simple as a newsvendor equation for a manager seeking
a quick calculation, but can be made more complex if a manager wishes to take into
account additional details of the problem, such as salvage and time of service. As
a result, inventory managers have a more effective tool at their disposal, combining

accuracy and ease of use to make an effective last-buy decision.
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CHAPTER 5
THE LAST BUY PROBLEM WITH NO REPLENISHMENT

5.1 Introduction

In the last buy problem with no replenishment, parts from the last buy order
are used to replace failed parts until the last buy order is depleted. Once this occurs,
no future demand will be met; any part failure that occurs will not be repaired, the
corresponding assembly will be scrapped, and the manufacturer will pay a penalty to
the customer as recompense for the manufacturer’s inability to meet demand. These
cases occur when any replenishment method available - whether through setting up
the original manufacturing process or using some other form of fabrication - is either

infeasible to implement or is too expensive.

5.2 Components of the Last Buy Problem
As with the last buy problem with incremental replenishment, the total ex-
pected profit, 7(q), is the value of the expected revenues minus the value of the

expected costs:

m(q) = R(q) + S(q) — M(q) — H(q) — Z(q). (5.1)

We now provide details on each of the terms in (5.1). As this is one vari-
ation of the last buy problem, some components of the last buy problem with no

replenishment are identical to those used in the last buy problem with incremental
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replenishment. Thus, the properties for the revenue, the salvage, the holding costs,
and the manufacturing costs can be found in Chapter 4 of this thesis.
Before discussing the parts of the last buy problem with no replenishment, a

review of some notation specific to Chapter 5:

e 7,(q): In the last buy problem with no replenishment, m,(q) represents a portion
of the total expected discounted profit - specifically, the total profit without the

penalty cost subtracted. Thus, 7(q) + Z(q) = 7,(q).

o Aj .t In cases where the assemblies cannot be evaluated as a group, Ay, repre-
sents the status of assembly £ at time ¢. If Ay, = 1, then assembly £ is still

functioning at time ¢; if Ay, = 0, then assembly £ has failed by time ¢.

e Dy, In cases where the assemblies cannot be evaluated as a group, Dy repre-

sents the number of parts demanded by assembly k& up to time ¢.

o K(Il,tf): The expected standardized (p = 1) penalty, discounted to time ¢,
given that [ assemblies remain in operation at time ¢y and the last buy order
is depleted at time ¢;.K(l,tf) can be thought of as the expected number of
assemblies, discounted to time t;, that the manufacturer will have to pay a
penalty for given that the manufacturer is unable to meet customer demand

starting at time ¢;.

e Amy(q): An upper bound on the rate of change of 7(q).
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5.2.1 Revenue
The function for the expected revenue, discounted over time, is identical to the
function used for revenue in the last buy problem with incremental replenishment, as
presented in Subsection 4.2.1. Given a probability distribution of demand over time

P{D; = n}, our expected discounted revenue is

R(q) = —TZ/OO emwmf. (5.2)

The properties for the revenue can be found in Subsection 4.2.1.

5.2.2  Manufacturing Costs
The total manufacturing cost is simply the product of the last buy order

amount ¢ and the per-unit manufacturing cost m:

M(q) = mq. (5.3)

5.2.3 Holding Costs
The holding costs are the associated labor, facility, and infrastructure costs
incurred by holding a part in inventory. This cost is designated to have a cost of h
per unit per unit time. Thus, if one spare part is held in inventory for one unit of
time, a cost of h would be incurred.

The holding costs for the last buy problem with no replenishment are identical
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to the last buy problem with incremental replenishment. Also, the total discounted
holding cost used depends on the specifics of the problem. In a non-contract problem

where we would have no salvage, the expected value of the holding cost becomes

Hig) =Y (g—n) /t e pD, = nldt. (5.4)

n=0 =0

In a contract problem in which the salvage occurs when the last assembly fails,

the holding cost is

qg—1
© dP{A;, =0} [U
Hig) = hY (g - n)/ 0 %/ (D =l = 1ty (55)
= =

n=0

The properties of the holding costs can be found in Subsection 4.2.3.

5.2.4 Penalty Costs
The penalty cost is the amount paid to the customer that demands a spare
part after the last buy order has been depleted. The formulation of this replenishment
cost, regardless of whether the replenishment period is defined by contract (t. finite)

or undefined (¢, = 00), has the following form:

It dP{D,, <q|A, =1}
Z(q)=—p2/tf_oetf ! i, ! P{A;, = YK (I, t7)dt;. (5.6)
=1 -
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The K (I,tf) function in the penalty cost represents the expected penalty cost,
discounted to time ¢y and standardized to p = 1, given that [ assemblies remain in
operation at time ¢y, which is the time at which the (¢+ 1)th part is demanded. This

is multiplied by the penalty cost per assembly p to get the expected penalty cost,

discounted to t;, given | assemblies remain. The Y7_, P{A, ; =1} ai;

terms represent the rate of increase in the probability of the (¢ + 1)th part demand
occurring.
The structure of the term K (I,¢;) varies according to the type of problem. In

the contract case, the structure of K(I,ts) is

Lif tp <t

0 otherwise - (5.7)

K(ltr) =A{

The reason for this structure is that, once the manufacturer is unable to meet

the requirements of a contract, the manufacturer must immediately pay a contract

penalty proportional to the number of assemblies still under contract - that is, all
assemblies still operational at time ¢

The structure of the non-contract case is more difficult. Once the last buy

order is depleted, each assembly will fail with either a part failure event or assembly

failure event. If the assembly fails because of a part failure event, the manufacturer

must pay a penalty to the customer due to the failure of the manufacturer to meet

part demand. If the assembly fails for any other reason, no penalty will be paid for

that particular assembly. One assembly has already failed due to part failure - the
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assembly that demanded the (¢ + 1)th part. Thus, for each assembly that remains in
operation beyond time ¢¢, it becomes a question as to which fails first - the part or
the assembly.

Thus, for the non-contract case, the structure of K(I,ts) is

-1

K(l,t;) =1- / e P{ALy = 1| Ay, = 1}

k=1 "tr

dP{DkJ = 'I’L|Dk7tf = n}
dt

dt. (5.8)

This could be considered the long form of the K(l,t;) term. Because of the
possibility that the individual assembly and part lifetimes are not I1ID at this point,
each assembly is viewed individually. Fortunately, this is not too onerous a task,
as each assembly is reduced to a binary question: Which fails first, the part or the
assembly? If the assembly fails first, then no penalty will be incurred; if the part
fails first, then a penalty of p units will be assessed at some future time. The 1 at
the beginning of the term reflects the demand of the (¢ 4+ 1)th part; as it is this
demand that begins the penalty portion of the last buy period, the penalty occurs
immediately, and the assembly that demanded the part immediately fails.

If the lifetime of the parts follows a Poisson process with parameter A, the
structure of each part still in operation beyond time ¢; can be considered IID. As a

result, the structure of K(I, ;) for the non-contract case is

K(l,tf) =1+ (1~ 1)/ (els=0o — elbr=DeN P {4, = 1|4, = 1}dt.  (5.9)

ty
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The 1 in the formula is a result of being unable to satisfy the demand resulting
from the (¢+1)th part. The integral ftjo(e(tf*t)a—e(tf*t)(a“‘))P{ALt = 1Ay, = 1}dt
represents the expected penalty, discounted to time ¢; and standardized to p = 1,
from a single assembly remaining in operation beyond time ¢;. This integral is then
multiplied by [ — 1 - the number of assemblies that remain in operation beyond time
ts.

The properties of the penalty cost with respect to g are:

Lemma 5.1. The penalty cost has the following properties, assuming p > 0:
e (a) As ¢ increases, the penalty cost Z(q) decreases.
e (b) The convexity of the penalty cost Z(q) cannot be determined.
e (c) For any ¢ > 0, the negative of the rate of change of the penalty —(Z(q +

1) — Z(q)) is less than the penalty Z(q).

(d) As ¢ becomes large (¢ — o0), the penalty Z(q) — 0.

(e) The penalty cost Z(q) is non-negative.

The result for the penalty cost means that concavity properties alone are
insufficient for determining the optimal order amount. However, because the penalty
must remain positive and because it decreases with increasing ¢, an upper bound
on the rate of change of the penalty cost exists. By extension, this upper bound on
the rate of change of the penalty can be used to find an upper bound on the rate
of change of the profit 7(¢q) - an upper bound that can be demonstrated to decrease

with increasing q. The last part of the lemma is used to tie the upper bound of the
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penalty cost with the penalty itself; as ¢ becomes large, both the penalty cost Z(q)
and the rate of change of the penalty (Z(¢+ 1) — Z(q)) approach 0.

The proofs for Lemma 5.1 can be found in Appendix B.

5.2.5 Salvage

The salvage differs from most other costs and revenues in that it does not
occur gradually over the course of the post-production phase; rather, it occurs when
the last assembly has failed at time t;. Once this occurs, the remaining inventory is
discarded at a revenue of s per unit. (If the financial event of scrapping each unit
generates a cost instead of a revenue, then s is a negative number.) As with the
revenue, the manufacturing cost, and the holding cost, the formula for the salvage in
the last buy problem with no replenishment is the same as in the last buy problem
with incremental replenishment.

For the last buy problem with no replenishment, the salvage is.

q—1
> dP{A;, =0
S(q) = sZ(q — n)/ Oe_tf“%}P{th = n|Ay, = 1}dt;. (5.10)
ty=

As stated earlier, the properties for the salvage can be found in Subsec-

tion 4.2.5.

5.2.6 Profit Function
Now that the components of the Last Buy Problem have been formulated, we

can now combine those components into full cost and revenue functions for the entire
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problem. The goal is to take the components found in the previous section, take the
sum of these components as an overall profit function, then find the maximum of this

function. The basic structure of the problem is given by (5.1):

m(¢) = R(q) + S(q) — H(q) — M(q) — Z(q).-.

The goal will be to find the value of ¢ that maximizes 7(q).

Theorem 5.2. The concavity of the profit function cannot be determined.

The theorem comes as a result of Lemma 5.1. Because the penalty cost is

neither concave nor convex, we cannot use concavity alone to find the optimal.

Theorem 5.3. The portion of the profit function m,(q) = R(q)+S(q) — H(q) — M (q)
1s concave with respect to the positive integers - and therefore its rate of change of

this portion of the profit function decreases with increasing q.

The theorem can be proven based on Lemmas 4.1, 4.2, and 4.4. Each of the
parts of this portion of the profit function are integer concave with respect to ¢ - and,
thus, the sum of these parts of the profit function is integer concave. As a result
of this property and the properties of concave functions, the rate of change of this
portion of the profit function decreases with increasing q.

At this point, it is necessary to establish the formula of the rate of change of

the profit.
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With ®(-) as a function defined in the nonnegative integers, letting A®(q) =

®(q+ 1) — @(q), the rate of change of our profit function is

Ar(q) = AR(q) + AS(q) — AH(q) — AZ(q) — AM(q). (5.11)

This leads to our last theorems:

Theorem 5.4. The formula Amy(q) = AR(q) + AS(q) — AH(q) — AM(q) + Z(q)

is an upper bound on Am(q), and decreases over time.

Because Z(q) > —(Z(qg+ 1) — Z(q)) = —AZ(q), the value for Am,(q) must
be greater than or equal to Aw(q), making it an upper bound. Moreover, because
both Z(q) and the rate of change of the portion of the profit function Am,(q) =
AR(q)+AS(q)—AH(q)—AM/(q) are decreasing with increasing ¢, the sum Amy(q) =
AR(q)+ AS(q) — AH(q) — AM(q) + Z(q) must also be decreasing with increasing gq.

In other words, we have established an upper bound on the rate of change of

7(q) - one that decreases as ¢ increases.

Theorem 5.5. If, for any order amount q, Am,(q) < 0, then any order amount

gt > G cannot be the optimal order amount.

This comes as a result of Theorem 5.4. Because Am,;(q) is decreasing with
increasing ¢, once it becomes negative at any ¢, Amy(¢h) cannot be positive for any

q* > 4. Moreover, because Am,;(q) > Am(q), the rate of change of the profit function
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Am(q) cannot be positive for any ¢t > ¢. Thus, for any ¢* > ¢, 7(¢) > 7(¢") - and
any ¢© > ¢ cannot be an optimal order amount.

The result of this is the establishment of an upper bound on the optimal order
amount. Since any ¢t > ¢ cannot be an optimal order amount if Am,,(q) < 0, we

only need to search {¢q: ¢ < ¢} for an optimal solution.

Theorem 5.6. If a finite optimal order amount exists, an upper bound for the optimal

order amount ¢* can be found by using Am,,(q)

This can be found by looking at the limit of Am,(q) as ¢ — co. Because both
the penalty cost Z(¢q) and the rate of change of the penalty cost (Z(q+ 1) — Z(q))
approach 0 as ¢ becomes large, Am,(q) — Am(q) as ¢ — oo. Thus, the only case
in which A, (q) would not eventually become negative is if An(q) does not become
negative - which occurs only in cases where no finite optimal solution exists.

Thus, we have a solution method. We calculate An(q) and Am,(q) for in-
creasing values of q. Any potential solution ¢ will have two properties. If ¢ does not
meet all of these properties, then it cannot be an optimal solution, because another

g would have a greater value of 7(q).

1. An(¢) < 0: The value of any optimal solution 7(¢*) must be greater than or
equal to (g* 4 1); thus, the rate of change A7 (§) must be non-positive.

2. Am(¢ — 1) > 0: Similarly, the value of any optimal solution 7(¢*) must be
greater than or equal to 7(¢* — 1). Thus, the rate of change Am(§— 1) must be

non-negative for any potential solution.
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As a result, we can limit our search of solutions to only those values of ¢ that
have these properties. Moreover, once we find a ¢ such that Am,,(¢ — 1) < 0, we can
stop our search; whichever potential solution that fits the above criteria and provides
the highest profit is our optimal.

Thus, our solution method is developed. We find An(q) and Am,(q) for
increasing values of g. Any ¢ that meets our above criteria is given as a potential
solution. Once a given value of ¢ generates a value of Am,,(G) such that Amy,(q) < 0,
then we can stop our search for potential solutions, as ¢* < qg. We then evaluate any
potential solutions already identified; the optimal order amount ¢* is the potential
solution such that 7(¢*) > m(q) for all other potential solutions g.

We demonstrate this in the following examples:

5.2.6.1 No Replenishment with Contract

In this example, the manufacturer is bound by contract to serve the customer
up to a fixed time t.. As such, the manufacturer is aware of the number of assemblies
in operation at any given time. Should a part fail before time ¢., the manufacturer is
obligated to supply a replacement part; however, the manufacturer is not obligated
to supply a replacement part beyond time ¢.. Also, when the last assembly has failed
at time ¢y, any parts remaining in inventory will be salvaged.

The formula for the rate of change of the last buy profit Am(q) is
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I, [t dP{D;, = ¢+ 1|4, =1
artg)=mpY [ e D 2T 21
=1 tf:() f

Z /00 dP{A;; = }< 6_tf0‘P{th =n|d, =1}

dt;

P{A,, = I}K(1,t;)dt;

ty
+h/ eitaP{Dt = n|Atf = 1}dt>dtf
t=0

> P{D, <
—l—r/ e_to‘—d {0 < n}dt
t

—0 dt
(5.12)
The upper bound on the rate of change, Am,(q), is
It dP{D,, <q|A, =1}
Amyp(q) =m —p / e e ! 7 ! P{A;, = [}K(l,ty)dts
=1 tf=0 f
g © dP{A;, =0
—+ / %(Setfap{ptf :n’Atf = 1}
“— Jir=0 tr (5.13)

ty
+h/ e "*P{D, = n|A,;, = 1}dt)dt;
t=0

& dP{D, <
—l—r/ e*t"‘—{ ) dt
=0 dt

In a contract case, the penalty formula K (I, tf) is simply .

Example: An assembly for a part from time ¢ = 0 has an expected lifetime
represented as a Weibull distribution with rate parameter g = = and exponential pa-
rameter v = 1.5. The failure rate for each part is an exponential with rate parameter
A =0.5.

Ten assemblies are in operation at time ¢ = 0, with one part used per assembly.

What is the optimal order amount for spare parts in the last buy period?
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Solution: We find the values of An(q) and Amy(q) for increasing values of q.

The results are given in Table 5.1.

Table 5.1: Rate of Change and Upper Bound on the Rate of Change of Last Buy
Components, Contract Example

Last Buy ¢ 1 2 3 4 5t 6 7 8 9 10
Am(q) 253 | 25.7 | 254 | 245 | 232 | 21.6 | 19.6 | 17.3 | 14.7 | 11.9
A7up(q) 183.5 | 167.0 | 149.8 | 132.5 | 115.5 | 99.1 | 83.7 | 69.3 | 56.2 | 44.3
Last Buy ¢ | 11 12 13 14 15 16 17 18 19 20
Ar(q) 9.0 6.2 3.5 1.1 -1.0 | -2.7 | -4.0 | -5.0 | -5.6 | -6.1
Amy(q) 33.8 | 247 | 17.1 | 10.8 | 5.8 1.9 1-09|-30|-43|-53

As we see, the rate of change of the profit Ar(q) goes from positive to negative
only at ¢ = 15; our upper bound becomes negative at ¢ = 18. Thus, our optimal
order amount should be found at ¢ = 15. This is found to be the case, as our optimal
solution is at ¢ = 15, with a total profit 7* of 64.5. It is interesting to note the
behavior of Am(q) in this case. As our proofs of the penalty cost indicate, the profit
function is not concave; this is demonstrated by the increase in Ar(q) from ¢ =1 to

q=2.

5.2.6.2 No Replenishment with No Contract
In the case presented here, no contract exists between the manufacturer and
the customer. However, the manufacturer still wants to supply spare parts to cus-

tomers, even if the last buy order is depleted. We assume that the manufacturer
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knows the number of assemblies still in operation at the last buy decision point, but
will have no knowledge of the number of assemblies in operation beyond that point.
Because of this, no salvage will take place, and all spare parts are assumed to be held
until sale; as a result, the salvage S(q) is not included in (5.1).

Our formula for the rate of change of profit, Azn(q), is

Ar(q) =m+ hZ/ (g —n)e "*P{D; = n}dt

i oo dP{D,, = ¢+ 1|A,, =1}
§ : —tra f f
b /tOe f

7, P{A,, = I}K (1, ty)dt; (5.14)

=1 f=

©  4P{D, <
+7~/ ot @PAD: < 0} n}]dt.
=0 dt

Our upper bound on the rate of change, Am,(q), is

q—1 0o

Amy(q) =m + hZ/ (g —n)e "P{D, = n}dt

n=0 V=0

1, oo dP{D,, < qlA;, =1
—p / e~ lra { ty = Q| tr }P{Atf — l}K(l,tf)dtf (5.15)
tr=

=1 Ytr=0 dt

& dP{D, <
—i—r/ e*t“—{ — n}]dt.
t=0 dt

In this case, our multiplier K(I,s), from formula (5.9), is

K(l,t) =1+ (1~ 1)/ (eltr=ha — eltr=DN P {4, = 1|4, = 1}dt.

ty
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Example: An assembly for a part from time ¢ = 0 has an expected lifetime
represented as a Normal distribution with mean p = 6 and standard deviation o = 1.
The failure rate for each part is an exponential with rate parameter \ = 0.2.

Fifteen assemblies are in operation at time ¢ = 0, with one part used per
assembly. The part is manufactured at a cost of 3 units, and is sold for a cost 10
units. The cost of holding the part in inventory is 0.75 per part per unit time. If a
part is demanded by an assembly after the last buy order has been depleted, then the
assembly fails and a cost of 10 units is incurred. What is the optimal order amount

for spare parts in the last buy period?

Table 5.2: Rate of Change and Upper Bound on the Rate of Change of Last Buy
Components, Non-Contract Example

Last Buy ¢ 1 2 3 4 5 6 7 8 9 10
A7(q) 11.7 | 114 | 11.1 | 11.0 | 10.8 | 10.7 | 10.5 | 10.1 | 9.7 | 9.0
ATup(q) 113.0 | 107.1 | 101.1 | 95.0 | 88.7 | 82.1 | 75.3 | 68.3 | 61.0 | 53.6

Last Buy ¢ | 11 12 13 14 15 16 17 18 19 20
Am(q) 8.0 6.6 4.9 29 1 05 | -20|-461]-70]-94 | -114
A7u(q) 46.1 | 386 | 31.1 | 239|171 | 10.7| 5.0 | -0.1 | -44 | -8.0

The results of our calculations are found in Table 5.2. As An(q) goes from
positive to negative only at ¢ = 16, it is the only possible solution of the ones we have
searched; as Am,(q) becomes negative at ¢ = 18, we know that we do not need to
search any values of ¢ above that. Thus, our optimal solution can be found at ¢ = 16.

This proves to be the case, with a total profit at ¢* = 16 of An(¢*) = 28.5.
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5.3 Numerical Experiments
For our first numerical experiment to test the effectiveness of our solution
method, we first compare it to other methods that a manager could potentially use

to solve for the last buy problem with no replenishment. These methods include:

e Average demand.

e Newsvendor formula, with the penalty cost per assembly used in the shortage

cost.

e Newsvendor formula, in which the penalty used in the shortage cost is the
penalty cost divided by the expected number of parts demanded per assembly.
This is to attempt to represent a shortage cost per unit penalty closer to the

actual penalty shortage cost per spare part.

To that end, we consider the following example. Fifteen assemblies, each with
an exponential distribution (mean % = 4). Each part lifetime also has an exponential
distribution (mean % = 2). The holding cost is 1 per spare part per unit time, salvage
is 4 units per part, manufacturing cost is 12 units per part, and revenue is 25 units
per part. If inventory runs out, a penalty cost of 40 per assembly is incurred. All
revenues and costs occur with a discount rate of o = 0.08.

The results are found in Table 5.3. As we see, other estimation methods,
such as newsvendor and average demand, result in profit losses ranging from 3% to

28%. Thus, our solution method can provide significant savings over other forms of

estimation. We note that it appears that a scaled version of the newsvendor, one
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Table 5.3: Solution Results for Different Calculation Methods, Last Buy Problem
with No Replenishment

Method Solution ¢  Profit 7(¢)  Difference in 7(q) % loss
Our method 28 63.6
Average demand 30 61.6 -2.0 3.1
Newsvendor (unscaled) 33 45.5 -18.1 28.5
Newsvendor (scaled) 31 57.8 -5.8 9.1

where the penalty cost is closer to a representation of the actual cost of shortage,
seems to produce better results than an unscaled newsvendor.

In another experiment, we found that, unless the holding cost is unusually
large, an increase in the discount rate o used will result in a decrease in the optimal
order amount ¢*. The reason for this is that, with the exception of the holding cost, a
decrease in the present value of any costs and revenues that are incurred beyond time
t = 0 will result in a decrease in the optimal order amount. A decrease in revenue
or salvage will decrease the optimal order amount; a decrease in the penalty, while
increasing the overall profit, reduces the incentive on the part of the manufacturer
to supply more parts - and, thus, also reduces the optimal order amount. Thus, a
decrease in the revenue from sales, a decrease in the salvage, and a decrease in the
penalty costs will all result in a lower optimal order amount ¢*. As an increase in the
discount rate results in a decrease in the total revenue from sales, total salvage, and

total penalty cost, such an increase will cause a decrease in the optimal order amount

*

q .
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Figure 5.1: Change in Optimal Order Quantity with Discount Rate, Last Buy Problem
with No Replenishment

We demonstrate this with the following example. The distribution of the
lifetime of an assembly from time ¢ = 0 is represented as a Weibull distribution with
rate parameter 3 = 0.3 and exponent parameter v = 1.5. The distribution of the
lifetime of the spare part is represented as an exponential distribution with mean
% = 3.333. The penalty per assembly is p = 20, the revenue per unit sold is r = 20,
the salvage cost per unit is s = 3, the holding cost is h = 1 per part per unit time,
and the manufacturing cost per unit is m = 5.

We show the optimal order amounts for the example with varying values of «
ranging from a = 0.025 to @ = 0.2. The results for these are found in Figure 5.1. As
we see, the result decreases with increasing values of o, from ¢* = 23 at @ = 0.025 to

q¢ =17 at a =0.2.
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Determining the distribution of demand for large numbers of assemblies may
produce computation difficulties not found in smaller problems. To illustrate this,
consider the use of factorials in the calculation of some members of the exponential
family of probability distributions; exact calculation of probabilities in binomial and
gamma distributions becomes difficult for large sample sizes. Because of this, it
becomes important to see if the demand might be approximated by determining the
solution for a smaller number of assemblies, then scaling the result for a larger number
of assemblies.

What we found differed from our results for the last buy problem with incre-
mental replenishment. Unlike with incremental replenishment, scaled results for no
replenishment cases will tend to overestimate the optimal order amount for larger
numbers of assemblies. We use three cases to illustrate this, each with different types
of distributions for the lifetime of the assembly, and find the optimal order amount

for cases with 5, 10, 20, and 40 assemblies at time ¢t = 0:

e (lase 1: Exponential distribution for the assembly lifetime with mean time % =

3.333, exponential part lifetime with mean % = 3.333, discount rate v = 0.05.

Unit holding cost h = 1, penalty cost p = 50, salvage cost s = 4, manufacturing

cost m = 10, revenue r = 10.

e (ase 2: Weibull distribution for the assembly lifetime with rate parameter

B = 0.125 and exponent parameter v = 1.25, exponential part lifetime with

1

mean y = 6, discount rate a = 0.1. Unit holding cost & = 0.8, penalty cost

p = 50, salvage cost s = 2, manufacturing cost m = 5, revenue r = 20.
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e (ase 3: Normal distribution for the assembly lifetime with mean § = 0.125

and exponent parameter v = 1.25, exponential part lifetime with mean % = 0,
discount rate o = 0.1. Unit holding cost h = 0.8, penalty cost p = 50, salvage

cost s = 2, manufacturing cost m = 5, revenue r = 20.

The results of scaling all results to 40 assemblies is represented in Table 5.4.
Note the results for smaller numbers of assemblies as they are scaled to larger results.
In every case, linear scaling of the optimal results for small numbers of assemblies
produces an estimate greater than the optimal order amount for larger numbers of

assemblies.

Table 5.4: Solution Results from Scaling for Different Distributions

Distribution type | # of Assys | Solution | Soln Scaled to 40 Assys
Exponential 40 43 43
Exponential 20 23 46
Exponential 10 12 48
Exponential 5 7 56

Weibull 40 39 39
Weibull 20 21 42
Weibull 10 11 44
Weibull 5 6 48
Normal 40 34 34
Normal 20 19 38
Normal 10 10 40
Normal D 6 48

To further demonstrate the effect of the penalty cost on scaling, we produce an

additional experiment. We perform the scaling experiment for three cases, identical
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in every way except the value of the unit penalty cost p, by taking Case 3 (Normal
distribution of assembly lifetime) for different values of p.

The results of this can be found in Table 5.5. As we see, for cases with small
values of p (in this case, p = 10), linear scaling of results for smaller numbers of
assemblies produces results close to the optimal for larger numbers of assemblies. As
p increases, linear scaling of smaller numbers of assemblies tends to produce over-
estimation of the optimal order amount for larger numbers of assemblies. As such,
any solution method to the last buy problem with no replenishment that involves the

scaling of answers should be done with caution, especially if the penalty cost is high.

Table 5.5: Solution Results from Scaling for Different Values of p

Distribution type | # of Assys | Solution | Soln Scaled to 40 Assys
Normal, p = 10 40 30 30
Normal, p = 10 20 16 32
Normal, p = 10 10 8 32
Normal, p = 10 5) 4 32
Normal, p = 25 40 32 32
Normal, p = 25 20 17 34
Normal, p = 25 10 9 36
Normal, p = 25 ) ) 40
Normal, p = 50 40 34 34
Normal, p = 50 20 19 38
Normal, p = 50 10 10 40
Normal, p = 50 ) 6 48

This result is due to the effect of scaling on the standard deviation of summed

results, combined with the penalty cost pushing the optimal order amount to the
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extreme right end of the demand probability curve. In essence, if it is unlikely for
the demand of one assembly to reach ¢*, it is even more unlikely for the demand of
two identical assemblies to reach 2¢*. As a result, a linear scaling of the result for
one assembly will tend to be overly conservative for two assemblies in avoiding the
penalty cost.

One last numerical result relates to the method of calculation used to solve
the last buy problem. Infinite-timeframe integrations in the last buy problem may

be approximated by integrating up to finite but sufficiently large values of ¢, and vice

dP{D;=n}

versa. One of the problems involved with the integration of P{D; = n} or n

as a solution method is that the integration of either term may prove intractable, de-
pending on the formulation of P{D, = n}. For instance, a polynomial formulation of
P{D; = n} may only provide a useable formula in finite-time integrations; conversely,
exponential-based formulations of P{D; = n} tend to work best with infinite-time
integrations. As such, it is useful to see the difference in the solution found between
finite-time and infinite-time formulations, to test whether or not one may be used as
an approximation for the other.

As a result of this, we present the following case. The manufacturer is con-
tracted to supply spare parts for the customer for five years i.e. t. = 5. 25 assemblies
are still in operation at time ¢ = 0, with the distribution of the lifetime of the
assembly represented as a Weibull with rate parameter § = 0.2 and exponential pa-
rameter v = 1.25. The spare part is represented as an exponential with mean lifetime

% = 3.333. The discount rate is a = 0.05. The revenue generated per part supplied
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is 7 = 20, the penalty per assembly for being unable to supply the spare part during
the contract period is p = 40, the parts are manufactured at a cost of m = 10 per
part, and any parts remaining after all the assemblies have failed will be salvaged at a
revenue of s = 3 per part. Parts in inventory generate a holding cost of h = 1 per part
per year. Instead of integrating up to t = oo for the revenue, holding, and salvage,
we integrate only up to a finite time t.,4, and compare the results. The results are

found in Table 5.6.

Table 5.6: Solution Results from Finite-Time Integrations

Time tenq Solution ¢ Difference
7.5 30 2
10 29 1
20 28 0
40 28 0
%) 28 0

Given the results, it is apparent that the primary purpose of the integration
is to cover a feasible region during which assemblies could, within a reasonable prob-
ability, be operating. In this case, by time t.,q = 10, each assembly has only a 9.3%
chance of still operating; by t.,q = 20, each assembly only has a 0.4% chance of still
operating. Thus, most part demands will have occurred before time t.,q; = 10 - and
virtually all part demands will have occurred by time t.,; = 20. To compound the

matter, all costs and revenues are discounted over time; as a result, the value of each
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unit of revenue or cost at time t.,q = 20 will be worth only only 36.7% of the value
of any cost or revenue at time 0. Thus, we are able to find the optimal solution to
the problem while integrating over a finite horizon, provided that the finite horizon

is largely beyond the reach of the lifetimes of the assemblies.

5.4 Managerial Insights

Our solution for the last buy problem with no replenishment is a useful tool
for managers to use in cases where forms of replenishment are either infeasible or too
costly to be effective. It provides a more accurate representation of the optimal order
amount than other available calculation methods.

When calculating the optimal order amount, a manager should be aware of
the effect of the discount rate v on the optimal solution. The manufacture of spare
parts in the last buy is like any other investment; money is used to manufacture the
spare parts and to pay for its storage so that, later, the part can be sold to a customer
to avoid any significant penalties from running out. The effect of a larger oo on the
optimal solution is that the benefits from the sale and from avoiding the penalty costs
are reduced; therefore, the optimal order amount is also reduced with larger «.

One noted difference between the calculation methods for the last buy problem
with incremental replenishment and the last buy problem with no replenishment is
that solutions for the last buy problem with no replenishment do not scale linearly,
i.e. if the optimal order amount for j assemblies is ¢*, then the optimal order amount

for 25 assemblies is likely to be less than 2¢*. This is due to the nature of the
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penalty cost in the no-replenishment case, as it tends to increase at a slower rate than
the other costs with increasing numbers of assemblies. Thus, the last buy problem
with no replenishment does not lend itself to scaling, which would normally ease the
calculation of difficult problems with large numbers of assemblies.

Finally, if the integration of P{D; < n} or proves to be intractable,

dP{Di<n}
dt

it may be eased by possibly substituting a finite-timeframe integration for an infinite-

timeframe integration, if the timeframe is sufficiently large. When substituting a

finite-timeframe integration for an infinite-timeframe integration or vice versa, it ap-

pears from our limited numerical experiments that the finite time used should be at

least greater than twice the mean lifetime of the assembly:.

5.5 Conclusion

In this chapter we have demonstrated a continuous-time method for calculat-
ing the optimal last-buy order amount in cases where demand cannot be effectively
satisfied should the last-buy order run out. We find the discounted expected value of
the total profit over time given a last buy order amount of ¢q. Because the total profit
is neither concave nor convex with respect to the order amount ¢, we must limit the
possible solutions available, as a local maximum is not necessarily a global maximum.
We therefore find an upper bound on the rate of change of the total revenue for in-
creasing values of ¢; this gives us an upper bound on our optimal order amount g*.
We then examine the rate of change of the total revenue for values of ¢ < ¢*, and

check any potential solutions (defined as values of g where the rate of change goes
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from positive to negative). The maximum solution among any remaining candidates
is our optimal order amount ¢*.

Overall, the model for the last buy problem with no replenishment is somewhat
more difficult than the solution methods for the last buy problem with incremental
replenishment. For instance, linear scaling of solutions is not recommended for the last
buy problem with no replenishment. However, there are tools available to mitigate
some of these difficulties. For instance, as it is only necessary to integrate over the
feasible life of the assembly, in most cases solutions can be reasonably approximated
by integrating only over a limited lifetime. This allows for some tailoring of the

integrations, to ease overall calculation.
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CHAPTER 6
A RENEWAL-THEORY SOLUTION TO THE LAST BUY PROBLEM
WITH BATCH REPLENISHMENT

In the last buy problem with batch replenishment, parts from the last buy
order are used to replace failed parts until the last buy order is depleted. Once this
occurs, the manufacturing process by which the original last buy was manufactured
will be set up again, and a new batch manufactured. Setting up the new batch
requires an additional setup cost, as well as the cost to manufacture the spare parts.
This method of replenishment is most common in cases involving large numbers of
assemblies in operation at the last buy point, where the setup costs are small in
comparison to the variable cost of manufacture.

Unfortunately, determining the optimal order amount in such cases is difficult
because each batch is itself a last buy problem. As a result, it becomes impossible to
evaluate all possible outcomes, as the value and probability of each potential batch
references the value and probability of each subsequent potential batch. Because of

this, we must simplify the problem by making the following assumptions:
e The lifetime of each part and each assembly can be represented as an exponential
distribution.

e The lifetime of the contract (the time during which the manufacturer is expected
to serve the customer) is considered long enough that all assemblies are likely

to fail before the contract expires.

Both of these assumptions allow for the memoryless properties of exponential



69

distributions to come into play, effectively turning the problem into a Markov decision
process. Thus, time is no longer required to be a variable in the problem. This
simplifies calculations considerably, as the only variables remaining to determine the
state of the problem are the number of parts remaining in inventory and the number

of assemblies still in operation.

6.1 Renewal Theory
The mathematical basis behind renewal theory lies in the structure and prop-
erties of the exponential distribution. The exponential distribution is the only distri-

bution that has the following property:

F{t+t|t,} = F{t}Vt,t; > 0. (6.1)

This property, known as the memoryless property [10], means that the rate
of an event occurring does not change as the time ¢ advances. As a result, time no
longer becomes a determining factor in determining the expected future states of the
system - only the current state. Thus, the expected value of a current state can be
determined by representing the problem as a continuous-time Markov chain. We find
the total expected value by finding the expected value generated during the current
state plus the probability-weighted expected values of all of the future states that the

current state can transition into.
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G(i) = g(i) + > P(h[i)G(h). (6.2)

In our model, we will represent each of the revenues and costs of the current
state using a renewal theory setup. Thus, each revenue and cost for a given state
will consist of the expected value generated during that state plus the probability-
weighted expected values of all future states. However, additional calculations will be

needed for our problem, as some of the transition probabilities P(h|i) are unknown.

6.2 States in the Last Buy Problem
Given the memoryless property of the system, the state of the last buy problem

can be categorized by two variables:

e The number of assemblies still in operation.

e The number of spare parts remaining in inventory.

Thus, we will characterize the state of the system in the last buy problem with
variables (I,n), with [ indicating the number of assemblies still in operation and n
indicating the number of spare parts remaining in inventory. The variable j is used
to indicate the number of assemblies in operation at the beginning of the last buy
period, while some form of the variable ¢ is used to indicate the size of either the last
buy order or a subsequent batch.

A review of notation specific to Chapter 6:

e ¢: The optimal order amount for a batch at some arbitrary time, given that [
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assemblies are still in operation at that time.

e (C(I,n): The expected discounted value of a part of the total profit function for
the remainder of the last buy period - specifically, the total profit without the
manufacturing costs - given that [ assemblies and n parts are still in operation.
For the last buy decision or any batch decision with [ assemblies remaining,
m(l,q) = C(l,q) — M(q)

e B(l): A Boolean variable that represents whether or not the optimal decision
with [ assemblies remaining and no parts remaining in inventory is to make
another batch or to pay a penalty to the remaining customers. If B(l) =
TRUEFE, then buying out the remaining customers is the optimal decision with
[ assemblies remaining. If B(l) = FALSE, manufacturing another batch is the
best option with [ assemblies remaining.

® Dpaen: The fixed batch replenishment cost per batch; the fixed cost to set up
and manufacture another batch. This does not include the variable cost per
unit to manufacture the parts.

® Dyuyour: The penalty cost per assembly to refuse to continue serving the cus-

tomer.

6.3 Components of the Last Buy Problem
Given that j assemblies are in operation at the beginning of the last buy
period and ¢ spare parts are manufactured in the last buy order, we represent the

total expected profit, 7(j, q), as the value of the expected revenues minus the value
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of the expected costs:

m(j,q) = R(j,q) + S(j,q) — M(q) — H(j,q) — Z(j,q) (6.3)

For ease of calculation, we also define C(j,q) as the total expected profit

without the manufacturing cost factored in.

The rate transition of the process can be represented by Figure 6.1. The
process starts at state (j,¢q), once the last buy order is manufactured. From there,
either a part will fail, at which time the state will decay to (j,q — 1), or an assembly
will fail, at which time the state will decay to (j — 1,q). These states, in turn, will
decay to smaller numbers of assemblies and parts. Should the last part in inventory
be demanded, leaving the process in a state (/,0), a new batch would be manufactured
(as represented by the dashed arrows in Figure 6.1), bringing the state of the process
back to some state (I, q;). Thus, the value of C(j,¢q) (and, by extension, 7(j,¢q)) can
be found by examining the value of the states (7, q) decays into.

We now provide details on each of the terms in (6.3) and (6.4). The proofs of

any stated results are available in Appendix C.
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Figure 6.1: Rate Transition Diagram Between States in the Last Buy Problem with Batch
Replenishment

6.3.1 Revenue
The expected discounted revenue is generated through renewal theory to be

the following for any number of assemblies [ and any number of parts in inventory n:

1B+ N) A 3
Brntagral TREn=D)+zm=RI=1mn). (65)

R(l,n) = l

The parts of this revenue formulation can be viewed as follows:

1(B+X)

ryia: The effect of the discount rate on the expected future revenue from

any transition states.

o B_i/\: The probability of transitioning from state (I,n) to state (I,n — 1).
e (r+ R(l,n—1)): The expected revenue as a result of transitioning to ({,n —1):

the immediate revenue from selling a part, and the expected future revenue

from state (I,n — 1) to any future states.
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° %: The probability of transitioning from state (I,n) to state (I — 1,n).
e R(I—1,n): The expected revenue as a result of transitioning to (I —1,n), which

consist only of the expected future revenue from state (I — 1,n) to any future

states.

If the last assembly fails, leaving us at any state (0,n), no further revenue will

take place. Thus,

R(0,n) = 0. (6.6)

If we run out of spare parts, thus leaving us at a state ({,0), we set up another
batch order, and manufacture a batch size that maximizes our profit going forward.

Thus,

R(1,0) = R(l, q}). (6.7)

where ¢ is the optimal order amount for a batch in which [ assemblies are in
operation at the time the batch is manufactured.

It is this transition from state (I,0) to (I,q;) that causes the Markov process
to be insufficient by itself for solving the problem. At the start of the problem, ¢ is
unknown for all numbers of assemblies [. It is necessary to find g/ for all values of [
from 1 to j - the number of assemblies still in operation at the time of the last buy

- before a solution can be found. Except for the manufacturing cost, this transition
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is found in all of the costs and revenues involved in the last buy problem with batch

replenishment.

6.3.2 Manufacturing Costs
The total manufacturing cost is simply the product of a batch order amount

g and the per-unit manufacturing cost m:
M (q) = mq. (6.8)

The manufacturing cost is the only part of the profit function not determined
by renewal theory. Thus, it is necessary to find a numerical result for part of the

profit using renewal theory, then add the manufacturing cost in afterwards.

6.3.3 Holding Costs
The holding costs are the associated labor, facility, and infrastructure costs
incurred by holding a part in inventory. This cost is designated to have a cost of h
per unit per unit time. Thus, if one spare part is held in inventory for one unit of
time, a cost of h would be incurred.

The renewal-theory form of the holding cost is

nh 1(B+N) A 5

T ra i sa G H D)+ g S H= 1), (69)

H(l,n):l
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Unlike any of the other portions of the total cost, the holding cost actually

generates costs while in a given state. Thus represents the expected dis-

nh
' 1B+ N +a
counted holding cost generated while in state (I,n). The explanation for all other

parts of the holding cost match the explanations for the revenue function (6.5).

For the end state of H(0,n), the value of the holding cost is 0:

H(0,n) = 0. (6.10)

If the last buy is depleted and a state of (I,0) reached, another batch is man-

ufactured. Thus, for the state of (I,0), the holding cost H(l,0) is

H(1,0) = H(l,q}). (6.11)

6.3.4 Batch Replenishment Costs
The batch replenishment costs represent amount paid by the manufacturer to
replenish the inventory once it has depleted. Once the inventory is reduced to 0, a new
batch is set up, generating a fixed cost of ppatcn, and g assemblies are manufactured.
The expected batch replenishment cost, discounted over time, is generated
through renewal theory to be the following for any number of assemblies [ and any

number of parts in inventory n:
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Z(,n) = l(é(f ;Al -5 i (20— 1)) + %Z(z ~1.n)). (6.12)

If the last assembly has failed, the value of the batch replenishment cost is 0,

as no further replenishment is needed:

Z(0,n) = 0. (6.13)

If we run out of parts in inventory, however, we need to make a new batch.
Thus, we incur a batch setup cost of pygi, and manufacture a new batch of size ¢},

thus replenishing our inventory.

Z(1,0) = ppaten + M(q}) + Z(1, q}). (6.14)

6.3.5 Salvage
The salvage differs from most other costs and revenues in that it does not
occur gradually over the course of the post-production phase; rather, it occurs only
once when the last assembly has failed. Once this occurs, the remaining inventory is
discarded at a revenue of s per unit. (If the financial event of scrapping each unit
generates a cost instead of a revenue, then s is a negative number.)

For the last buy problem at a state with [ assemblies still in operation and n
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parts in inventory, the renewal-theory form of the salvage is

1B+ N) A 3
(ﬁ—i-)\)—l—oz(ﬂ—i-)\(S(l’n_l))—i_ms(l_ 1,n>). (6.15)

S(l,n) =73

If the last assembly has failed, then the value of the salvage S(0,n) at that
state is equal to the salvage per part s multiplied by the number of parts still in

inventory n:

S(0,n) = sn. (6.16)

If the inventory is depleted with [ assemblies remaining in operation, another

batch will be manufactured, thus replenishing the inventory:

S(1,0) = S(I, q7). (6.17)

6.4 Calculation of the Optimal Order Amount
Now that the components of the Last Buy Problem have been formulated, we
can now combine those components into full cost and revenue functions for the entire
problem. The goal is to take the components found in the previous section, take the
sum of these components as an overall profit function, then find the maximum of this

function. The basic structure of the problem is given by (6.3):
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m(j,q) = R(j,q) +S(j,q) — H(j,q) — M(q) — Z(j,q).

To simplify this, we combine most of the terms of this formula into C(j, q) so

that
m(j,q) = C(j,q) — M(q). (6.18)

Since C(j,q) = R(j,q) + S, ) — H(jrq) — Z(j. q), we take the sum of these

parts from (6.5), (6.9), (6.12), and (6.15) to get C'(I,n) for any [ > 0 and n > 0:

—nh N 1(B+N) ( A
B+AN)+a IB+N)+a f+A

C(l,n) = l

(r+R(I,n—1)+S(Un—1)—H(l,n-1)—Z(,n—1)) (6.19)

DRI —1m)+ S = 1n) = H(I = 1.n) — Z(1 — 1,n).

B+ A

We can combine the individual costs and revenues in formula (6.19) to find

—nh LB+ N) A 3
GBI N Ta T BN +a gl O g et= L),

(6.20)

Should the last assembly fail, leaving the process in a state (0,n), the parts

remaining in inventory would be salvaged:
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C(0,n) = ns. (6.21)

If the last part in inventory fails, a new batch would be set up at a cost of

Doatch, & new batch of size ¢ would be manufactured, and go to state (I, g}):

C(,0) = —pparen — M(q) + (R(L, q) + S q7) = H(l,q7) = Z(L,q7)).  (6.22)

Equation (6.22) can be restructured as:

C(l7 0) = —DPbatch — M(qgk) + C<l7 QEF) (623)

Another representation of equation (6.23) can be found by combining terms:

C(la O) = —Dbatch + 7T(l> QZ*) (624)

Given the structure of the problem as shown in Figure 6.1, the value of C'(I,n)
for any value of [ assemblies and n parts can be calculated from the value of the
states it decays into, C(l,n — 1) and C(l — 1,n). As time passes, a process in any
state (I, n) will decay into either state (I—1,n) or (I,n—1). These states, in turn, will
continue to decay to smaller numbers of assemblies and parts until either the last part

in inventory has been sold, in which case another batch of parts will be manufactured
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and the system will return to a state ([, ¢/), or the last assembly has failed, at which
point the part will no longer be sold and the remaining inventory will be salvaged.

Because of this, we can find the revenue value for each C'(I,n) up to C(j,q) by
working backwards. The value of C'(1, 1) can be solved using equation (6.19) and the
values of C(1,0) and C(0,1) given in (6.21) and (6.23). Once C(1,1) is solved, the
value for C'(1,2) may be solved by using C(1,1) and C(0,2). Similarly, the revenue
value for C(2,1) may be found by using C(1,1) and C(2,0). This will continue for
larger values of [ and n until a solution for C(j, q) is determined.

One problem exists for this method, however. At the beginning of the process,
we do not know the values for C'(l,0) for any value of [ from 1 to j because the batch
order amount ¢; is unknown. Because of this, we must add an additional iteration
step in the process.

For one assembly, we find the values of C'(1,n) for values of n from 1 to some

0i
e 28

1>, which is twice the expected demand for all j

large number - for our case we us

assemblies. We then use these values of C'(1,n) to find expected values of the profit

7(1,n) for all n from 1 to % These values of m(1,n) are then used to find a value
for C'(1,0):
C(1,0) = —praten + max{m(1,n)}. (6.25)

We then use this new value of C(1,0) to calculate new values of 7(1,n). We

repeat the process until C'(1,0) converges to a value. Once C(1,0) has converged, we
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acknowledge that the value of n that produces the maximum value for 7(1,n) is the
optimal order amount for one assembly. Once we have converged to an answer for
one assembly, the process is repeated for two assemblies, three assemblies, etc., until
an optimal order amount for all j assemblies is found.

Based on this, we have derived two algorithms to find the optimal order amount
for the last buy problem in cases where batch replenishment is an option. The first
of these is the case where batch replenishment is the only option - where, once the
inventory is depleted, a new batch will be manufactured and a setup cost incurred.
We will also explore a case in which the manufacturer may also buy the customer out

instead of manufacturing another batch.

6.4.1 The Optimal Order Amount for the Last Buy
Problem with Batch Replenishment

In the case where batch replenishment is the only option, demand will occur
until either the last assembly has failed or the inventory is depleted. If the inventory
has depleted, a new batch will be set up (incurring a cost of ppaen) and a new ’last
buy’ will be manufactured.

The method to solve this problem can be found in Algorithm 6.1. This algo-
rithm provides a decision strategy for all numbers of assemblies from 1 to j in the
form of ¢*([) - the optimal order amount with [ assemblies remaining. It also provides
a value of 7,4, (7) as the expected discounted value of the optimal order amount with
7 assemblies.

Because the optimal order amount and profit for [+ 1 assemblies is not likely to
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Algorithm 6.1 Calculation of Optimal Order Amount ¢* with Batch Replenishment

Requlre: jv «, 57 )‘7 S, Pbatch, M, T, h; €Emin

Nomaz @ {Establishes an upper limit on the number of parts}
n«—1
while n < n,,,, do
C(0,n) « sn {Sets values for C'(0,n)}
n—n-+1
end while
C(1,0) <~ —pratch
Tmaz(0) <= —JPbaten {Initializes value of m,,4.(0)}
for [ =1to j do
¢ < 1 {Initializes error value €}
Tmaz (1) < Tmaz(l — 1) {Initial value of 7,4, (l) pegged by Tpmas(l — 1)}
C(1,0) < Tpaz(l) — Doatcn
while € > ¢,,;, do
Told(l) “— Tmaz(l) {Copies current value of 7,,,.(l) for later comparison with
changed T4 (1)}
Tmaz (L) <= —JPvaten {Resets value of mpq. (1) to low value so that largest value
can be found}
q*(1) = 0 {Initializes value of order amount}

n<«—1

while n < n,,,, do
C(l,n) = l(ﬁf)lf)w+l(lﬁ(_€§)’\la(ﬁT’\/\(r+C(l,n—l))—l—%C(l—l,n)) {Calculates
profit without manufacturing costs for I assemblies and n parts}
if C(l,n) —mn > Tpe(l) then
Tmaz(l) < C(l,n) — mn {If profit from n parts is larger than for any
previous order amount, will make new profit 7., (l) from order amount
of n}
() =n
end if
n«—n+1
end while
€ — |Tmaz(l) — Toa(1)] {Change in 7,4, (1) from iteration}
end while

end for
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be very different than the result for [ assemblies, we reduce the number of iterations
required by taking the profit for [ assemblies and using it as a starting point in the
iteration for [ + 1 assemblies. Thus, the starting point for the values of C(I,0) for all
[ > 1 start close to its optimal result.

That said, while the algorithm produces the optimal order amount in the batch
replenishment case, batch replenishment may not be the best option. Because of this,

we find the following observation:

Observation 6.1. The value of the optimal solution for the last buy problem
with batch replenishment and a buyout option is greater than or equal to the value of

the optimal solution without a buyout option.

Consider what happens in the batch replenishment case when inventory is
depleted and very few assemblies remain. A large fixed batch setup cost is incurred,
while a small number of parts are produced. If other options exist to satisfy the
customer, it may be more economical to use those methods instead. For instance, a
manufacturer may simply pay off the customer (as in the no replenishment case) or
fabricate the parts individually at higher cost, without incurring the setup costs that
would come from the batch method.

The result of this is the addition of a max function for all states (I,0). In the
last buy problem with batch replenishment and no buyout option, the value of C(l,0)
is —ppaten — mq; + C(1, qf) - the cost of manufacturing another batch, as well as the

expected discounted costs of any future states. If a buyout option of cost ppuyour PEr
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assembly were instituted, the value of C(l,0) would become

C(l7 0) = maX[_lpbuyouta —DPbatch — mql* + C<l, ql*)] (626)

Thus, because of the addition of the max functions in (6.26), the optimal
solution for a last buy problem with batch replenishment and buyout option must be
greater than or equal to the optimal solution in a problem without the buyout option.

Because of this, we have developed one other algorithm to allow for options

on what to do when the last buy order is depleted.

6.4.2 The Optimal Order Amount for the Last Buy
Problem with Batch Replenishment and
Buyout Option
The buyout option allows for a much more realistic representation of what
would happen in a real-life situation. It is unlikely that a manufacturer would resort to
a costly batch setup if there are few assemblies remaining to demand parts. Therefore,
the manufacturer is likely to take an alternate method of satisfying the customer -
either by buying the customer off or by meeting the demand through other channels.
If a buyout option is allowed, then one of two events may take place when
inventory is depleted. Under normal conditions, a new batch will be set up and
manufactured. However, if it is cheaper to simply buy out the remaining customer
than to manufacture a new batch, then the manufacturer will buy out the customer

instead.
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Fortunately, calculation of the value of the buyout option is more straightfor-
ward than the value of an optimal batch. For [ surviving assemblies, the total buyout
cost is IPpuyout, Where pyuyoue is the buyout cost per assembly.

As a result, we present Algorithm 6.2. It is a modification to Algorithm 6.1
in that it provides for the buyout option.

Like Algorithm 6.1, the solutions for Algorithm 6.2 provide a decision scheme
for 1 to j assemblies. If the Boolean variable B(l) = TRUFE, then the optimal
decision if the inventory is depleted with [ assemblies remaining is to buy off the
customer. If B(l) = FALSE, then the optimal decision with [ assemblies remaining
is to manufacture another batch. In this second case, the algorithm provides a decision
strategy for all numbers of assemblies from 1 to j in the form of ¢*(I) - the optimal
batch order amount with [ assemblies remaining. It also provides a value of 7,4, (7)
as the expected discounted value of the optimal order amount with j assemblies.

The buyout option algorithm can also be used to find the optimal solution if

incremental replenishment is viewed as a possible alternative to batch replenishment.

In that case, the value of the buyout cost per assembly ppuyou is ﬁpi_)(\)z’ where p;
represents the incremental replenishment cost per unit. A proof demonstrating gj:x

as the expected discounted value of the incremental replenishment cost per assembly
can be found in Appendix C. Thus, the buyout option algorithm may be used to
provide either the no-replenishment option or the incremental-replenishment option

as a complement to the batch replenishment case.
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Algorithm 6.2 Calculation of Optimal Order Amount ¢* with Batch Replenishment
and Buyout Option
ReqUire: j) «, 57 /\7 S, Poatchs Pouyouts T, T hy Emin

Nomaz — 2775 {Establishes an upper limit on the number of parts}

n«—1
while n < n,,,, do
C(0,n) « sn {Sets values for C'(0,n)}
n—n-+1
end while
C(L O) — —Pouyout
Tmaz(0) <= —JPbaten {Initializes value of m,,4,(0)}
for [ =1to j do
B(l) < TRUE {Initializes buyout decision variable}
€ «— 1 {Initializes error value €}
Tmaz (1) <= Tmaz(l — 1) {Initial value of 7,4, (l) pegged by Tpmae(l — 1)}
C(1,0) = Tmaz(l) — Poaten
while € > €,,,, do
Totd(l) “— Tmaz () {Copies current value of 7,4, (1) for later comparison with
changed 7pq. (1)}
Tmaz (1) <= —Dbuyour {Resets value of 7,4, (1) to buyout value}
q*(1) = 0 {Initializes value of order amount}
n<«—1
while n < n,,,, do

C(l,n) = l(ﬂff)m+l(lﬁ(f§)’\la(ﬁ%/\(r+0(l,n—l))—l—%C’(l—l,n)) {Calculates
profit without manufacturing costs for I assemblies and n parts}
if C(l,n) —mn > me.(l) then

B(l) «— FALSE

Tmaz(l) — C(I,n) — mn {If profit from n parts is larger than for any

previous order amount, will make new profit m,,,(l) from order amount
of n}
¢ () =n
end if
n«—mn+1
end while
€ — |Tmaz (1) — To1a(1)| {Change in 7,4, (1) from iteration}
end while

end for




We start our numerical experiments to see if the sensitivity results found for
other forms of the last buy problem also apply to the last buy problem with batch

replenishment. The first is to see the effect of the discount rate o on the optimal

order amount.

Suppose we have 75 assemblies at our last buy order point; the lifetime of each

6.5 Numerical Experiments

assembly is distributed exponentially with a mean of % = 4. Each assembly contains

a spare part, the lifetime of which is distributed exponentially with a mean of % = 2.

The setup cost for each additional batch is pparer, = 100; each part is manufactured at

a cost of m = 4. If a part fails, a new one will be ordered from the manufacturer at a
cost of r = 15. The part will generate a holding cost per unit time of A = 0.5; if the

part fails to sell before all assemblies have failed, then it will be salvaged, generating

s = 1 unit of revenue. We find the optimal order amount for different discount rates,

ranging from o = 0.05 to a = 0.20.

Table 6.1: Effect of Discount Rate o on Optimal Order Amount

Discount Rate a 0.05 0.075 | 0.01 | 0.125 | 0.15 | 0.175 | 0.20
Order Amount ¢* 94 88 82 78 74 71 68
Value 7(q*) 1035.23 | 948.54 | 874.12 | 809.66 | 753.35 | 703.78 | 659.82

The results can be found in Table 6.1. As found in numerical experiments for

other types of last buy problems, increasing the discount rate o produced a noticeable
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decrease in the optimal order amount ¢*. As with the other types of last buy problem,
this is largely due to the fact that most revenues and costs that encourage higher order
amounts, such as revenues from sales and batch setup costs, occur beyond time ¢ = 0,
while the manufacturing costs, one of the main costs that discourage higher order
amounts, occurs at time ¢t = 0.

The first property to note from our numerical experiments is that the value of
the optimal solution in which a buyout option is available will always be larger than
the optimal solution for the case in which no buyout option exists. Thus, as long as
the buyout option exists, no matter the size, the manufacturer’s expected value will
always be at least as high as without. This makes sense as the no-buyout option is a
restriction of the buyout option problem.

We demonstrate this property with the following example. The lifetime of the
assembly is represented as an exponential with a mean lifetime of % = 4; the lifetime
of the part is represented as an exponential with a mean lifetime of % = 2. The
revenue generated by the sale of a spare part is r = 20; if the part doesn’t sell, the
salvage is s = 3; the setup cost of manufacturing another batch is ppee, = 200; if a
buyout option is available, the buyout cost is pyuyeur = 40. The holding cost for each
unit per unit time is A = 1, while the cost to manufacture each part is m = 5. All
costs and revenues are discounted at a rate of a = 0.05. We find the optimal order
amount for different numbers of assemblies for both the buyout and no-buyout cases.

As we see in Table 6.2, the results for the last buy problem with batch re-

plenishment and a buyout option invariably produces higher expected profits than an
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Number of Assemblies 5 10 25 50

No-buyout Order Amount ¢* 14 23 46 79
No-buyout Value 7(g*) 11.03 73.35 310.85 762.41

Buyout Order Amount ¢* 12 21 45 80
Buyout Value 7(g*) 35.25 98.29 334.19 801.69

identical last buy problem without a buyout option. The reason for this lies in the
structure of the problem under renewal theory, and is explained in Appendix C.

The second property relates to the situations under which the buyout would
be taken, rather than a new batch manufactured. A buyout would be taken for
smaller numbers of assemblies remaining, while the buyout would be refused for larger
numbers of assemblies. If a buyout is the best option for [ assemblies, then it is the best
option for any number of assemblies less than [. If a buyout is not the best option for
[ assemblies, then it will not be the best option for any number of assemblies greater
than [.

Because of this, it is of interest to find some form of mathematical relationship
for the crossover point - the number of assemblies required to make assembling another
batch the optimal decision, rather than buying the customer out. While we are
unlikely to find an easy formula that will give us an exact answer, an approximate
solution that brings us close to a solution would be beneficial.

As a result of this, we developed a tool which a manager may use to find the

crossover point, and thus be able to make decisions at a glance as to whether or not
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to make another batch. The batch-or-buyout decision may be represented graphically
in much the same way that complex chemical engineering concepts such as non-ideal
gas properties and the turbulence of fluid flow may be represented.

To demonstrate this, we give four graphs, showing the crossover point from
batch to buyout under different states. All of the lines in each graph are developed
for a given value of -, the markup ratio between the revenue from sales and the
manufacturing cost per part, and %, the ratio between the failure rates of the assembly
and part. Each of the different lines in the graph represent a different ratio of ppaten /7,
the ratio between the batch setup cost and the revenue per part demanded.

Each last buy problem for a manager will contain the following information:
r, the revenue per unit demanded; m, the manufacturing cost per unit of the part;
Doatch, the batch setup cost per batch; pyuyeus, the buyout cost per assembly; 3, the
assembly failure rate; and A, the part failure rate. Other parts of the formula, such
as the salvage, the holding cost, and the salvage, were not included in the formula
as they had little effect on the crossover point, but if a manager wishes to customize
their own chart with these, they may do so.

We make these charts by finding the crossover point for the following examples.
We remove the discount rate, holding cost, and salvage from the formula - thus, all
that remains is the manufacturing cost, the revenue from sales, the batch setup cost,
and the buyout cost. We set the revenue per unit sold at 1, and change the other
costs to match. As our discount rate is set at 0, only the ratio of part assembly

failure rate to assembly failure rate is important, rather than the absolute values for
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these failure rates. We then measure the crossover point for different values of pyaien
and ppyyour- These graphs are presented as Figures 6.2 through 6.5. The buyout
area is represented by the area underneath the curve; the batch replenishment area
is represented by the area above the curve.

What we find in our graphs is that, because the buyout cost and the setup

cost tend to be much larger than any other costs and revenues that can be generated,

the ratio of the setup cost to the buyout cost piza;jﬁt tends to provide a base value
for the crossover point. This is understandable given that the total buyout cost for
[ assemblies remaining is {ppuyout - the number of assemblies remaining multiplied by
the buyout cost per assembly. Thus, once the total buyout cost is greater than the
batch setup cost, it is likely that the preference will be to make another batch. If the
other costs and revenues, such as the manufacturing costs and revenue from the sale
of spare parts, are significantly smaller than the buyout and batch costs, then these
revenues and costs are not likely to provide much effect to the crossover point.

The charts provided also show some important properties in regards to the
crossover point. The first of these is that the larger the buyout and batch costs are
relative to the revenue, the more likely the crossover point will remain near the 1%
ratio. This makes sense, as the larger the buyout and batch costs are in comparison to
the manufacturing cost and revenue, the more these will dominate the calculation of

the crossover point. Also, the larger the markup ratio - and the larger the ratio of the

part failure rate to the assembly failure rate %, the smaller the crossover point, and

the more the crossover point deviated from the If”m“h ratio. This is understandable,

buyout
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as both the markup ratio and the part-assembly failure rate ratio favor the profit to
be made from manufacturing more spare parts - the greater markup ratio indicates a
greater profit from each part demanded, while a larger failure ratio indicates a greater
expected demand for parts per assembly.

The chart may be used by a manager as a quick reference to help determine
a batch-or-buyout decision by finding their location on the graph. Over time, a
particular spare part’s position on the graph will descend as more assemblies fail.
If the manager is on or above the crossover point line in terms of the number of
assemblies remaining once the inventory for that part has been depleted, then the
optimal decision is to make a new batch, and the manager can immediately begin
preparations to make a new batch. If the manager is below the line, then the optimal
decision is to buy out all remaining customers.

Because of the results regarding I%, it becomes important to find out what
happens when the buyout cost pyuyous = 0 - that is, no penalty occurs for ”buying”
the customer off - and the setup cost ppeen is large. Despite such a small buyout,
there will always be a finite number of assemblies [ for which the batch option is
the best choice, provided that there is any possibility of profit to be made from its
manufacture (that is, » > m).

The reason for this can be found by exploring what happens as the number of
assemblies [ becomes very large. The cumulative distribution before a single assembly

it

is demanded, given [ assemblies, is e "*. As [ becomes very large, e "** approaches 0

even for small values of ¢. In other words, the more assemblies there are that have a
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part to fail, the more likely that one of those parts will fail, and demand for that part
will occur. Thus, a large number of assemblies are likely to be demanded quickly.
Eventually, if we make [ large enough, we will find a case such that the revenue

generated from part sales would make it optimal for a batch to be made.

6.6 Managerial Insights

Our solution for the last buy problem with batch replenishment is a useful
tool for managers to use in cases where the expected method of replenishment is
to manufacture another batch, if the distributions of the lifetimes of the parts and
assemblies can be reasonably approximated by an exponential distribution, and the
length of any potential contract period is long enough that the contract’s termination
is not likely to affect the outcome.

While these assumptions may seem restrictive, the solution method is also an
easily-scalable solution that not only provides the optimal order amount for the initial
last buy decision, but also supplies the decision scheme for all potential states in which
the inventory has been depleted. For a strictly batch-replenishment case, this includes
the number of parts to make in the new batch; for a case in which a buyout option is
available, it also includes the situations under which the buyout should occur. This
solution method is such that it can effectively be used for large-scale problems, even
with thousands of assemblies in operation.

We also provide the manager with a fast method by which they can determine

the best course of action should they find themselves with a batch-or-buyout deci-
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sion. By using one of the graphs supplied here (or by developing one for their own
purposes), a manager has the solution at a glance whether or not a new batch should

be manufactured, given the conditions of the problem.

6.7 Conclusions

The last buy problem with batch replenishment is the most complex of the
standard forms of the last buy problem. Should inventory ever be depleted, the
response is to manufacture another batch - the size of which is itself another last buy
problem. As a result, it is necessary to look at a simplified form of the problem to find
a solution. We limit the problem to exponential distributions, and treat the problem
as a Markov decision process.

Unfortunately, because of the iterative nature of the problem, a Markov deci-
sion process by itself is insufficient to solve the problem, because the response once
the inventory is depleted is to manufacture another batch. Therefore, adding an it-
eration step is necessary to determine both the optimal order amount and the value
of the new batch.

While the iteration step adds a level of complexity to the problem, the problem
still solves reasonably quickly, even for large numbers of assemblies. Moreover, our
solution is more than just an order amount at the initial stage - our solution set is a
set of decisions to be made should the inventory be depleted.

We also looked at the possibility of a variant of the last buy problem, one

where the remaining customers could be bought out if the cost of buyout was less
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than the cost of making another batch. Our solutions in these cases involved not only
the optimal order amount, but whether or not it was optimal to even make another

batch as opposed to buying the customers out.
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CHAPTER 7
THE EFFECT OF OPTIONAL CONTRACT EXTENSIONS ON THE
LAST BUY PROBLEM

7.1 Problem Definition and Variants
In this chapter, we consider the possibility of contract extension - increasing
the amount of time of spare part coverage. For a fee, the manufacturer agrees to
extend its guarantee to supply parts to the customer, agreeing to pay a penalty if it
is unable to satisfy the customer’s demand for spare parts in the extension period.
This adds a level of complexity to the last buy problem. The possibility of contract

extension adds the following questions to the problem:

e Under what conditions will the contract be extended? For the cases we will
explore in this thesis, we assume that the contract will be extended if the
customer still has assemblies in operation at time t.;, if the manufacturer’s
expected value of extending the contract is positive, and if the cost per assembly
of the extension p, is less than the maximum amount that the customer is willing
to pay.

e What is the expected value of the possible contract extension, given a last-buy
order amount of ¢? In order to determine the expected value of the possible
extension, we need to find the probabilities of the number of assemblies still
in operation and the number of parts in inventory at time t., given that j

assemblies are in operation when a last buy order of ¢ units is manufactured.



102

e
Dec:smn
thirs ID It.:l Itcz -
Penalty/Contract + ————— _Z(®_{P____F%__K(®___|
Fevenue I Riq) - o
Salvage |------- S(q)- - - - - - - - - T tim
Holding I Hg) e Ly

g
Manufacturing [M(q)

Continmonus f pertodic revenues and costs
------- Dne-time revenes and costs

Figure 7.1: Timeline of Decisions, Costs, and Revenues in the Last Buy Problem with
Optional Contract Extension

Thus, our problem can be viewed as a two-stage stochastic problem. First,
we must find the expected value of the contract extension for each possible number
of assemblies in operation and parts in inventory at time t.;. Once these values
are determined, they are then used in the overall profit function to find the optimal
last-buy order amount.

The revenues, costs, and decisions in the last buy problem with optional con-
tract extension can be viewed as a timeline in Figure 7.1. At time 0, the manufacturer
has to decide how many spare parts to manufacture in the last buy. This order amount
is designated as ¢. The last buy order is manufactured, incurring a cost of M (q), after

which no more parts will be made. This begins the post-production phase of the last
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buy problem.

Starting at time 0, all parts in inventory generate a holding cost of h per part
per unit time, thus generating the overall holding cost H(q). When a part fails, a
replacement part will be taken out of inventory and sold to the customer for a price
of r, thus generating the overall revenue of R(q). Regardless of whether or not the
contract is extended, the manufacturer will continue to stock parts in inventory and
sell them to the customer until such time as either the inventory is depleted or the
last assembly has failed. Should the last assembly fail before the last spare part has
been sold, then the remaining inventory will be salvaged, generating revenue of s per
spare part remaining, thus generating the salvage S(q). As all of the revenue of S(q)
occurs once the last assembly fails, S(q) is viewed as a one-time revenue.

From time 0 to time ¢.1, the length of the initial contract, if the manufacturer
is ever unable to satisfy demand for the spare part before time t.;, a penalty cost of
p will be paid to the customer for each assembly still in operation, thus generating
the total expected discounted penalty cost of Z(q). The penalty Z(q) all occurs at
one time once the manufacturer is unable to meet the customer’s demand.

At time t.;, both the customer and the manufacturer have a second decision:
whether or not to extend the length of the contract from time t.; to time t.,. The
manufacturer, with information on the maximum value that the customer is willing
to pay, will use the expected value of the penalty in the contract extension period
to determine whether or not to make a contract extension offer to the customer. If

the manufacturer makes an offer and the customer accepts, the customer will pay p,
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units to the manufacturer for each assembly still in operation in order to extend the
contract. This revenue to the manufacturer is part of X (gq), the value of the extension
to the manufacturer.

If both the customer and the manufacturer have agreed to extend the con-
tract, the manufacturer will continue to pay a penalty cost of p per assembly if the
manufacturer is ever unable to satisfy demand for the spare part before time t.,. The
expected value of this penalty, represented by V' (I, n), is a part of the expected value
of the extension X(g). All of the penalty will occur at one time once the manufac-
turer is unable to meet the customer’s demand, assuming that the contract has been
extended.

However, if either the customer or the manufacturer decide not to extend the
contract, then the manufacturer will still continue to sell spare parts to the customer
beyond time t.;. Should the manufacturer be unable to supply any more spare parts
to the customer beyond time t.;, no penalty will be paid to the customer. Also, the
customer will not pay the manufacturer p, for each of [ assemblies still in operation
at time t.; to extend the contract.

In summary, two decisions must be made. The first decision, made solely by
the manufacturer at time 0, is the last buy order amount; how many parts should be
manufactured in the last buy? The second, made jointly by the manufacturer and the
customer at time t.;, involves the contract extension. Will the contract be extended
from time ¢ to time t.? In order to find the optimal order amount for the last buy,

it is necessary to first determine the conditions at t.; in which both the customer and
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manufacturer will agree to extend the contract.

7.2 Parts of the Last Buy Problem with

Optional Contract Extension

As this is a variant of the last buy problem, most of the parts used in this
chapter are identical to parts used in previous chapters of this thesis. The properties
for the revenue, the salvage, the holding costs, and the manufacturing costs can be
found in Chapter 4 of this thesis; the properties for the penalty cost can be found in
Chapter 5.

7.2.1 Revenue

The expected revenue, discounted over time, is generated by finding the ex-

pected value of the revenue by time t and determining the rate of change of this

expected value over time. Given a probability distribution of demand over time

P{D; =n}, we have

The properties for the revenue can be found in Subsection 4.2.1.

7.2.2  Manufacturing Costs

The total manufacturing cost is simply the product of the last buy order

amount ¢ and the per-unit manufacturing cost m:
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M(q) = mq (7.2)

7.2.3 Holding Costs
The holding costs are the associated labor, facility, and infrastructure costs
incurred by holding a part in inventory. This cost is designated to have a cost of h
per unit per unit time. Thus, if one spare part is held in inventory for one unit of
time, a cost of h would be incurred.
The total discounted holding cost used depends on the specifics of the problem.
In a non-contract problem where we would have no salvage, the expected value of the

holding cost becomes

H(q)=h 7 (g —n) /too e "“P{D; = n}dt (7.3)

n=0 =0

In a contract problem in which the salvage occurs when the last assembly fails,

the holding cost is

H(q)=hY (q—n)

n=0

q—1
< dP{A,, =0} [t
/ P, =0} / ¢ P{D, = n|Ay, = 1}dtdt;  (7.4)
t=0 dty t=0

The properties of the holding costs can be found in Subsection 4.2.3.
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7.2.4 Initial Penalty Costs
The penalty cost is the amount paid to the customer that demands a spare
part after the last buy order has been depleted, during the time of the initial contract.

The formulation of this penalty cost has the following form:

It dP{D,, < ql4,, =1}
20 =p3 ot [ e IR, — iy (1)
=1 =

The properties for the penalty costs during the initial contract period can be

found in Subsection 5.2.4.

7.2.5 Salvage
The salvage differs from most other costs and revenues in that it does not
occur gradually over the course of the post-production phase; rather, it occurs when
the last assembly has failed at time ;. Once this occurs, the remaining inventory is
discarded at a revenue of s per unit. (If the financial event of scrapping each unit
generates a cost instead of a revenue, then s is a negative number.)

For the last buy problem, the salvage is

-1

S(@)=s) (g—n)

n—=

[}

/oo LdP{A, =0}
t

-t
e
=0 dtf

P{D,, =n|A=1}dt;  (7.6)

As stated earlier, the properties for the salvage can be found in Subsec-

tion 4.2.5.
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7.2.6 Extension

The decision to extend the contract is partially based on the expected value
of any potential revenues and penalties that occur due to the decision to extend the
contract. If a contract has been extended, then the manufacturer will pay a penalty
if it is unable to satisfy customer demand during the extension period. However, the
renewal decision is dependent on the state of the system at the time of the decision.
If the customer has no assemblies remaining in operation or if the cost to extend the
contract is too high, the customer will not pay to extend the contract. At the same
time, if the manufacturer is likely to lose money from the contract extension, the
manufacturer is likely to refuse the extension. Thus, it becomes necessary to define
the conditions under which both the customer and the manufacturer both agree to
the extension.

To refresh, some notation specific to Chapter 7:

e t.: The time at which the initial contract expires, at which point the customer
and manufacturer both have the choice of extending the contract or letting it
expire. After the contract expires, no replenishment costs or penalties will be
incurred, unless the initial contract is extended.

e t.: The time at which the extended contract expires; t.o > ..

e T'(I,n): The probability that both the customer and the manufacturer will agree
to the contract extension, given the number of parts in inventory n and number

of assemblies still in operation [ at time 2.

e V(l,n): The expected value of the penalty incurred during the contract exten-
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sion period, given the number of parts in inventory n and number of assemblies
still in operation [ at time t.;. Note that V ([, n) is discounted to time 0.

e X (q): The total expected discounted profit generated due to the contract ex-
tension (heretofore known simply as the "extension”), given a last-buy order
amount of ¢. Note that X (q) is discounted to time 0.

e X,,.:: The maximum possible value of the extension. Note that X,,,, is dis-
counted to time 0.

e p,: The revenue paid per assembly to the manufacturer to extend the supply
contract from time t.; to time t.. This revenue is paid at time ¢.;.

e pco: The maximum amount per assembly that the customer would be willing to
pay per assembly to extend the supply contract from time t.; to time t..

e py(q): The minimum amount that the manufacturer would be willing to accept
that could possibly cause the manufacturer to extend the supply contract from
time t.; to time t.o.

e W(t): The customer’s amortized value for a single assembly at time ¢.

The value of the extension, in general form, is

X(@)=p) 2_: P{Ay, = l}P{Dy, = n|Ay, = 3T (I, n)[e”"**Ip, = V(I,n)] (7.7)

=1 n=0

where T'(I,n) represents the probability of both manufacturer and customer

agreeing to the extension, and V'(I,n) represents the expected value of the penalty
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incurred in the extension period given the number of parts and assemblies remaining
at the extension point.

Unfortunately, this formula is too general to be able to develop any useful
properties. Therefore, we will explore a special case of the problem and define T'(1,n)

as follows:

e T'(l,n) =1if V(I,n) < e '*p, (Expected profit from the contract extension
is nonnegative), [ > 1 (the customer has an assembly they want to protect),
Dy, < q (the manufacturer still has parts remaining to supply), and p, < pc
(the value of the contract extension per assembly is less than the customer’s
maximum allowed value).

e T'(l,n)=0if V(I,n) > e **p,, orl =0, or Dy, > q, or p, > pc

If we define T'(I,n) in this manner, as long as p, < p¢, the value of the

extension becomes:

X(g) =) 2_: P{A, = }P{Dy,, = n|Ay, = [} max[e”"**Ip, — V(I,n),0] (7.8)

=1 n=0

The parts of X (q) can be explained as follows:

e P{A,;, =1}: The probability that [ assemblies have survived to time ;.

e P{D,, =nl|A;, =1}: The probability that n spare parts have been demanded
up to time t., given that [ assemblies have survived to time t.;. Along with

P{A;,, = [}, these two probabilities together provide the probability that I
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assemblies are still functioning and ¢ — n parts are in inventory at time ¢.;.

e ¢ 1%y : The revenue, discounted to time 0, to extend the contract out to time
teo, given that [ assemblies remain at time t.;.

e V(l,n): The expected value, discounted to time 0, of any penalty or replen-
ishment costs incurred during the contract extension, under the conditions of [
assemblies remaining in operation and n parts remaining in inventory at time

tor.

Thus, X (q) represents the sum of all probabilities of the number of parts in
inventory and the number of assemblies still in operation at time t.;, multiplied by
the net expected discounted value of all revenues and costs, given the number of parts
in inventory and the number of assemblies in operation at time ¢.;.

In the no-replenishment case, V' (I, n) is

Lo pte gpID, < alA, — kA, —1.D, —
V(l,n):_ka/ e—oct { t_Q| t s LAt y Pt n}
te1

dt (7.9)

P{At = k|Atcl = l, Dtcl = n}dt

The V(I,n) equation is similar to the contract-case penalty cost Z(q) repre-
sented in (5.6). Once the (¢ + 1)th part is demanded, the contract is broken, and the
manufacturer must pay a penalty for all assemblies remaining in operation. It should
be noted that V'(I,n) is non-negative.

The structure of the contract extension revenue per assembly p, is a compro-

mise between the customer and the manufacturer. If p, is low, then the manufacturer
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is unlikely to agree to any extension; if p, is high, then the customer is unlikely to
agree. From the customer’s perspective, if p, is too high, then the optimal decision
for the customer may be to purchase a new assembly to replace the old should the
part fail, rather than agree to the contract extension. For instance, an upper bound
on p, may be found by finding the amortized value of a single assembly through the

contract extension period:

If the amortized value of a single assembly over time, weighted by the likelihood
of part failure, is less than the cost to the customer to extend the contract for that
assembly, then the customer is not going to extend the contract. Thus, if p, > pc, no
contract extension will take place. In our model, we assume that the manufacturer
as of time 0 has perfect information in regards to the customer’s upper bound, and,
if feasible, selects a maximal p, for which the customer will be certain to agree to the
extension at time ¢,

The decision from the manufacturer in regards to p, is more complicated. To
determine whether or not to extend the contract, the manufacturer uses the net ex-
pected discounted value of any penalties and revenues given the number of assemblies
still in operation and the number of parts still in inventory at time t.;. As long as
a case exists for which this expected value is positive, then the manufacturer has a

case in which the contract may be extended. As such, for an order amount of ¢, the
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Figure 7.2: Determination of the Contract Extension Revenue Per Assembly

minimal value of p, that will allow for any possibility of extension is

ez dP{D, < q|A,=1,A,, =1,D, =0}
= — 7a(t7t61) t = i ? te1 9 te1
pum(q) D /t } e o

(7.11)
P{A;, =1|A;,, = 1,D;,, = 0}dt.

This is the best-case scenario for the manufacturer in regards to contract
extension: no parts demanded up to time t.;, and only one assembly remaining. As
such, the expected value for the penalty is at its lowest with 1 assembly remaining
and ¢ parts in inventory. If the contract extension revenue per assembly p, is unable
to meet expected costs even in this best case scenario, then no combination of parts
and assemblies remaining will result in a contract extension. Thus, if p, < pa(q),
no contract extension will take place. Note that while Equation (7.11) provides an
absolute lower bound on p,, a larger value of p, will mean that the manufacturer is
more likely to accept the contract extension.

The value of p, in our model can be demonstrated by Figure 7.2. In this
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model, the manufacturer is assumed to have some knowledge of the customer’s de-
cision process in regards to contract extension. Thus, in negotiations, the resulting
value of p, will be close to the maximum value of p, allowed by the customer. This
is depicted in the first example: the likely value of p, is close to the upper bound p¢.
The second example depicted in Figure 7.2 shows the possibility of no solution for p,.
It is possible that the lower bound pys(q) may be greater than the upper bound p¢;
in such a case, no contract extension will take place.

The extension has the following properties with respect to the order amount

Lemma 7.1. The extension has the following properties:
e (a) As q increases, the extension X (q) increases.
o () 0<X(q) < e, P{Ay, =},

e (c) The extension X(q) is neither concave nor convet.

These properties are important for solving the problem, because they both
eliminate the possibility of using concavity to find the solution and allow for the
ability to find an upper bound on the profit function. The proofs for these properties

can be found in Appendix D.

7.3 Solution Method

The total profit can be represented as the sum of each of the costs and revenues:

m(q) = R(q) + S(q) + X(q) — M(q) — H(q) — Z(q) (7.12)
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With the exception of the extension, all of the other parts of the total profit
are identical to those used in (5.1), the total profit of the last buy problem with no
replenishment. In both cases, the penalty cost Z(q) only examines the possibility of
running out to to time t. (or ¢, as represented in Chapter 5). The manufacturing
cost occurs at the last buy point in either formula. Revenue and holding occur until
either the last part has sold or the last assembly has failed; the salvage occurs if the
last assembly has failed. Thus, other parts are not affected by the extension.

Because of the nature of the extension, it is necessary to solve for X (q) before
we solve for the other portions of the profit. More specifically, it is necessary to solve
for the parts of X (q), starting with equation (7.9) for V(I,n) for different values of

and n.

l te  dP{D, < glA, =k A, =1.D, =
t(‘l

P{At = k‘Atcl = l, Dtd = n}dt

Because of the properties of the extension are similar to the properties of the
penalty cost, it can be solved in a manner similar to the last buy problem with no
replenishment, with a few adjustments. The extension, given a value of [ assemblies
at time t., increases to Ip, as ¢ — oo. Thus, by separating the extension into parts
according to the number of assemblies remaining at time ¢., we can find an upper
bound on the rate of change of X(q).

Thus, we can establish an upper bound on the rate of change of the extension
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- an upper bound that decreases with increasing values of q.
J
AX(q) <) P{Ay, = e "lp, — X(q). (7.13)
=1

The reason this inequality exists can be found in Lemma 7.1 and in Appendix
D. As ¢ becomes large, the probability P{D; < ¢} not only starts off close to

1, but stays close to 1 for the entire extension time period. Thus, the derivative

dP{D¢<q|Ay=k,A¢,, =1,D;

o a=" for any reasonably possible value of n approaches 0 for all

t - and, thus, V(I,n) approaches 0. This leaves only the profit to be gained by ac-
cepting the contract - which is the expected value of the number of assemblies still
functioning at time t.; multiplied by the extension payoff p,. Thus, as a result, as
q gets large, X (q) increases, but cannot increase above S37_, P{A,, = l}e~*“Ip,.
Thus, we have an upper bound on both the extension X (q) and the rate of change of

the extension AX(q):
J
Xma:c = ZP{Atcl - l}e_tdalpz- (714)
=1

Once values for V(I,n) are found from equation (7.9), calculation of the ex-
pected value of the extension is simplified. In this case, the calculation is simplified by
the fact that, no matter the initial last buy order amount g, if there are [ assemblies
and g — n parts remaining at time t.;, the above equation (7.9) is unchanged. The

only thing that changes is the probability of ¢ — n parts and [ assemblies remaining.
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Thus, it becomes a relatively simple exercise to calculate X (¢) or the rate of change
AX(q) for increasing values of ¢.

From (7.10), the rate of change of the profit Am(q) is

Am(q) = AR(q) + AS(q) + AX(q) — AH(q) — AZ(q) — AM(q). (7.15)

However, because the formula is not concave, we cannot guarantee that any
local maximum found on the profit curve is a global maximum. Therefore, we find
an upper bound on the optimal solution to the problem in much the same way as the
last buy problem with no replenishment was solved: we find both the rates of change

Am(q), and an upper bound on the rate of change Am,(q):

Amw(q) = AR(q)+AS(q ZP{AM e ' lp,— X (q)|—AH(q)+Z(q)—AM(q).

(7.16)

Because all of the parts of Am,(q) decrease with increasing ¢ and because
Amy(q) > Am(q), we know that the smallest value of Am,,(q) such that Am,(q) <0
establishes an upper bound on the optimal order amount ¢*, because we know that
Am(q) < 0 for all higher values of q. Once we have this upper bound, we search the
values of ¢ less than this upper bound for the optimal, in the same way that we found
the solution to the standard last buy problem with no replenishment.

Example: We have a set of 10 assemblies still in operation at the last buy
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point. The lifetime of each assembly is represented as a Weibull with rate parameter
£ = 0.2 and exponential parameter w = 1.05. The lifetime of each part is represented
as an exponential with a mean lifetime of % = 3.33. The initial contract period is six
years so that t.; = 6; the extension would cause the contract to go out to t.o = 10.
To extend the contract, the customer will have to pay x = 3 units for each assembly
still in operation.

Beyond that, the cost to manufacture each spare part is m = 10; each part
sells for r = 20, and each part that doesn’t sell is salvaged for s = 3. The penalty,
whether it occurs in the initial contract or the extension, is p = 40 per assembly in
operation once the last buy runs out. All costs and revenues, including the extension
payments, are discounted at a rate of a = 0.05.

Our first step is to calculate the expected maximum value of the extension.

From (7.14):

Xaz = e, P{A;,, =1} = 8.94. (7.17)

J
1=0
Once this is finished, we can find both our rate of change and the upper bound
on our rate of change. This is presented in Table 7.1.
From the results presented in Table 7.1, the upper bound on the rate of change
becomes negative at ¢ = 15 units; therefore, our optimal order amount must be less
than or equal to 15. As the only point where our rate of change goes from positive

to negative occurs at ¢ = 13, this is our optimal order amount.
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Table 7.1: Calculation of the Optimal Order Amount

Order amount, ¢ 1 2 3 4 D 6 7 8
Rate of change Am(q) | 51.1 | 46.9 | 43.3 | 40.2 | 36.9 | 32.9 | 28.0 | 22.2
Upper Bound Amy(q) | 321.2 | 277.9 | 237.9 | 200.6 | 165.4 | 132.4 | 102.2 | 75.6

Order amount, ¢ 9 10 11 12 13 14 15 16
Rate of change A7w(q) | 16.1 | 10.3 | 5.1 09 | 24 | 48 | 6.6 | -7.9
Upper Bound Am,(q) | 53.3 | 35.5 | 22.1 | 124 | 55 0.7 | 2.7 | -5.1

This matches our optimal solution for the problem, as demonstrated in Figure
7.3. The optimal order amount for the problem occurs at ¢* = 13 units, with a value

of 39.5.

7.4 Numerical Experiments

The first thing to note in regards to the calculation of the extension is that its
calculation can be greatly simplified with very little loss of accuracy. While an ex-
haustive examination of all potential combinations of parts and assemblies remaining
at time t.; would produce an exact solution, it is possible to significantly reduce the
number of combinations used without significantly compromising the overall result.

To understand why, we present a simple scenario: Suppose the lifetime of each
assembly is identically and normally distributed, and the contract time t.; extends
to a point that is one standard deviation beyond the mean lifetime of an assembly.
Thus, each assembly has only a 15.9% chance of surviving to the end of the initial
contract. If there are ten such assemblies, the probability of the number of assemblies

surviving to the end of the initial contract are presented in Table 7.2.
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Figure 7.3: The Total Profit, Given Values of ¢, for the Last Buy Problem with Optional

Contract Extension

Clearly, we can exclude the extension calculations in cases where 6 or greater

assemblies survive to the end of the initial contract. As these comprise less than 0.3%

of our possibilities, we can ignore these cases without incurring significant errors in

our model.

Table 7.2: Probabilities of the Number of Assemblies Outlasting the Initial Contract

Number of Assys, [

7-10

P{Atcl - l}

0.177

0.335

0.285

0.144

0.047

0.011

0.002

0.000

This exclusion of calculations also applies to the number of parts n demanded
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during the initial contract, given that [ assemblies survived to the end of the con-
tract. If the number of parts demanded given the number of assemblies that survived,
P{D;,, = n|A;,, =1} is small, these events can be similarly removed from our calcu-
lations. The size of the probability P{D;,, = n|A;,, = [} that allows for its exclusion
varies from problem to problem; a manager might seek to include at least 98% of
the possible outcomes for each number of assemblies remaining in order to ensure an
accurate solution.

The second experiment to note in regards to the extension is the effect of the
discount rate o on the extension. If the manufacturer uses a larger discount rate, it
is more likely that the manufacturer will accept the contract extension.

To understand why, we need to understand the order in which events occur
in the last buy extension. The incentive for the manufacturer to accept the contract
extension occurs at time t.;, when the manufacturer accepts the customer’s payment
for accepting the contract. The penalties for accepting the contract occur during the
contract extension between times t.; and t., at which point the manufacturer may
be forced to pay a penalty to the customer for failing to meet demand if the extension
is accepted. Because the penalties associated with the contract extension occur later
than the payoff associated with the extension, a larger discount rate will decrease the
value of the penalty in relation to the payoff. Thus, the manufacturer will be more
likely to accept the contract extension if a larger discount rate is used.

We demonstrate this by finding the values of the extension to the manufacturer

for three cases; the results are given in Tables 7.3 through 7.5. In all three cases, the
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lifetime of the assembly is represented as a Weibull with rate parameter § = 0.1

and exponential parameter w = 1.1. The lifetime of the spare part is represented

1

5 = 4. The payout to the manufacturer for extending

as an exponential with mean
the contract is * = 3 per assembly still in operation at time ¢.;, the end of the
initial contract. If the manufacturer is unable to meet demand for spare parts while
under contract, either during the initial contract or during the contract extension,
the manufacturer must pay a cost of p = 50 for each assembly still in operation at
that point. Eight assemblies are in operation at time ¢ = 0. Given these conditions,
we find the value of the contract extension decision, max[e~***p, — V(I,n),0], for
different values of [, the number of assemblies still in operation at time t.;, and n, the
number of parts remaining in inventory at time ¢.;. These form the values presented
in Tables 7.3 through 7.5.

In the examples, we note the number of parts in inventory that would allow
for the manufacturer to accept the contract extension while still making a profit,
given the number of assemblies still in operation. For all numbers of assemblies,
the number of parts in inventory that would allow the manufacturer to accept the
extension decreases as the discount rate « increases. If 8 assemblies are in operation
at time t.; and a discount rate of only a = 0.1 is used, an inventory of 10 spare
parts is required for the manufacturer to accept the extension; with a discount rate
of @ = 0.3, only 7 parts are required in inventory. Thus, a manufacturer needs to
be conscious of the discount rate used in calculations, and its effect on the contract-

extension decision.



Table 7.3: Extension Values to Manufacturer, Given a = 0.1

Number of Spare Parts at t.; 1 2 3 4 5 6 7 8 9 10
1 assembly 0 0 .485 1.121 1.335 1.397 1.413 1.416 1.417 1.417
2 assemblies 0 0 0 0.809 2.057 2.568 2.752 2.811 2.828 2.833
3 assemblies 0 0 0 0 1.131 2.902 3.722 4.062 4.189 4.233
4 assemblies 0 0 0 0 0 1.502 3.710 4.824 5.334 5.546
5 assemblies 0 0 0 0 0 0 1.935 4.511 5.894 6.574
6 assemblies 0 0 0 0 0 0 0 2.434 5.319 6.946
7 assemblies 0 0 0 0 0 0 0 0 2.997 6.946
8 assemblies 0 0 0 0 0 0 0 0 0 3.622
Table 7.4: Extension Values to Manufacturer, Given o = 0.2
Number of Spare Parts at t.1 1 2 3 4 5 6 7 8 9 10
1 assembly 0 0 .402 0.588 0.648 0.664 0.668 0.669 0.669 0.669
2 assemblies 0 0 0 0.769 1.129 1.269 1.317 1.333 1.337 1.338
3 assemblies 0 0 0 0.122 1.145 1.648 1.871 1.960 1.993 2.004
4 assemblies 0 0 0 0 0.382 1.543 2.160 2.460 2.593 2.647
5 assemblies 0 0 0 0 0 0.702 1.962 2.672 3.041 3.218
6 assemblies 0 0 0 0 0 0 1.068 2.404 3.189 3.619
7 assemblies 0 0 0 0 0 0 0 1.471 2.862 3.712
8 assemblies 0 0 0 0 0 0 0 0 1.905 3.340
Table 7.5: Extension Values to Manufacturer, Given o = 0.3
Number of Spare Parts at t.1 1 2 3 4 5 6 7 8 9 10
1 assembly 0 .066 0.237 0.294 0.310 0.315 0.316 0.316 0.316 0.316
2 assemblies 0 0 0.206 0.468 0.575 0.614 0.627 0.631 0.632 0.632
3 assemblies 0 0 0 0.390 0.705 0.851 0.912 0.936 0.945 0.947
4 assemblies 0 0 0 0 0.601 0.950 1.126 1.208 1.243 1.257
5 assemblies 0 0 0 0 0.185 0.832 1.203 1.402 1.502 1.548
6 assemblies 0 0 0 0 0 0.440 1.076 1.462 1.680 1.795
7 assemblies 0 0 0 0 0 0 0.695 1.331 1.726 1.959
8 assemblies 0 0 0 0 0 0 0.035 0.966 1.594 1.996

123
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Our final numerical experiment notes the profitability of the contract extension
in the last buy. Given that the agreement with the customer has expired, is it in the
manufacturer’s best interest to continue serving the customer at all?

We present the following example. The lifetime of the assembly is represented

1

- and an exponential parameter of w = 1.08.

as a Weibull with a rate parameter of 3 =
The lifetime of each spare part is represented as an exponential with mean % = 3.33.
The discount rate used for all revenues and costs is o« = 0.1. Parts are manufactured
at a cost of m = 10 per part and sold at a value of » = 20 per part; any parts not
sold are salvaged at a value of s = 5 per part. If the inventory is depleted while the
manufacturer is under contract, the manufacturer must pay p = 50 for each assembly
still in operation. The holding cost per part per unit time is A = 1.5. The length of
the initial contract is t.; = 7.5; if the customer and the manufacturer agree to extend
the contract to time t.o, = 15, the customer will pay x = 4 for each assembly still in
operation.

Given these conditions, we run two different scenarios. In the first, the contract
is extended if the manufacturer is able to make a profit by extending the contract.
In the second, the manufacturer not only refuses to extend the contract, but salvages
all parts still in inventory and ceases any further service to the customer.

The results are in Table 7.6. As we see, if only optimal conditions are consid-
ered, the best option for the manufacturer is to cease selling the part to the customer

and to salvage what parts remain in inventory. Thus, provided that no loss of sales

or goodwill would occur from the salvage, the best move for a manufacturer to make
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Table 7.6: Comparison of Contract Extension and Salvage options

Optimal order amount ¢* | Value of optimal solution 7(g*)
Extension option 16 1.4
Salvage option 17 14.3

is to stop serving the customer once the contract expires. A manufacturer should
consider this salvage option, as well as any potential consequences, when weighing a

contract extension.

7.5 Managerial Insights

When a manager begins to calculate for the optimal last buy order in a case
where contract extensions are a possibility, the first quality to note about the problem
is that not every potential end-of-contract scenario needs to be calculated in order to
determine an optimal order amount. If the probability of a specific scenario occurring
is so small that the expected value of that scenario is reduced to near zero, then those
calculations can be effectively ignored. This is an effective method to reduce the
number of calculations required without seriously compromising the accuracy of the
solution. This is particularly useful for reducing calculations in cases where large
numbers of possible inventory-assembly combinations at time t.; are presented.

When a manager calculates for an optimal order amount, some consideration
should be given as to the effect of the discount rate on the contract extension decisions.

A higher discount rate will always result in a greater probability that the extension
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will be accepted, as the higher discount rate will reduce the value of the expected
penalty from extending the contract in comparison to the payoff to the manufacturer
for extending the contract.

Finally, a manager should keep in mind that extending the contract is not
necessarily a requirement - indeed, that continuing to serve the customer beyond the
contract period is not a requirement. In fact, the optimal choice for the manufacturer
may be to simply sell any remaining inventory off once the initial contract has expired.
A manager should weigh all costs, revenues, and options, both at the initial last buy
and the end of the initial contract, to determine the best course of action for the

manufacturing firm to take.

7.6 Conclusion

One of the issues that complicates the last buy problem is the possibility of
contract extensions. At the end of a manufacturer’s contract with a customer, it
is possible that a customer could request a contract extension to ensure that the
manufacturer will continue to serve the customer. In such a case, the manufacturer,
for a fee, ensures the customer that any demand for a particular spare part will be
met.

If a manufacturer believes that a customer is likely to ask for such a contract
extension, the manufacturer may use the expected value of the contract extension as
part of their calculations for the optimal order amount. In order to determine the

optimal order amount with the possibility of contract extensions, it is necessary to
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treat the value of the extension in the same manner as the penalty cost. Neither
the extension nor the penalty cost are concave with respect to the order amount q.
However, the value of both in the total profit function increases to a specific value
with increasing ¢ - in the case of the extension, up to S7_, e~ *1%lp(x) P{ A, = I}.
Thus, like with the penalty cost, we can use the value of the extension to establish an
upper bound on the rate of change of the total cost - an upper bound that decreases
with increasing q. The point at which this upper bound becomes negative establishes
an upper bound on the optimal order amount; we can then search the remaining
possible solutions to find the optimal order amount.

When a manager calculates the optimal solution to the last buy problem with
optional contract extension, the calculations can be greatly simplified by examining
the probability of each scenario at t.;, the end of the initial contract period. If a
scenario is so unlikely that its effect on the expected value is negligible, then it can be
ignored in calculations, thus simplifying the overall calculations. The manager should
also be aware not only of the costs and values of an optional contract extension, but
should evaluate other customer service levels and options as well, as our experiments
showed that, in some cases, the optimal move for a manufacturer may be to salvage

all remaining inventory and cease serving the customer altogether.



128

CHAPTER 8
FUTURE WORK

The research contained herein allows for several areas of future exploration.
In many cases, the last buy occurs with several mitigating circumstances that affect
how the problem should be addressed. As such, there are problems beyond the last

buy that should be addressed.

8.1 Contract Pooling

In many cases, a manufacturer will have multiple contracts with different cus-
tomers. Each of these contracts will have different requirements: different contract
lengths, different sales values for the spare part, and different penalties for failing to
meet customer demand.

All of the other models demonstrated here operate under a basic assumption:
If there is demand from a customer and a part sits in inventory, then that part will go
to the customer. In a case with pooled contracts, this is not necessarily the case. A
difference in contract length could cause meeting demand from a customer no longer
under contract to be suboptimal, as meeting that demand could result in paying a
penalty to another customer still under contract. If one customer pays less for a
spare part than another, it is possible that satisfying demand from the lesser-paying
customer would result in less revenue overall. Finally, if one customer negotiated a
higher penalty for failing to meet demand, it may be optimal to refuse demand from

other customers to ensure demand from that customer is met.
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8.2 Valuation and Principal-Agent Issues

In some cases, a manufacturer will sometimes wish to avoid dealing with the
problem of supplying spare parts by contracting another company to manufacture
and supply spare parts. This provides two problems that need to be addressed in
the business relationship between the outsourcing company and the part-supplying
company.

At a bare minimum, a solution to a last buy problem is not one number, but
two: the optimal order amount, and the expected discounted value of that solution.
That expected discounted value provides a value to a company to sell off the respon-
sibilities of supplying spare parts. Thus, the last buy problem can potentially be used
as a form of valuation.

The other problem occurs as a result of last buy problems with no form of
replenishment. The ”penalty cost” incurred in a last buy problem with no replenish-
ment may not simply be a dollar value. While some of it may be a material penalty
that can be transferred to the agent company, some of it could be represented as a
loss of goodwill. In such a case, a problem exists: What incentives and penalties
need to be put in the contract so that the contracted company orders what is, for the
manufacturer, an optimal order amount? These are problems that must be addressed

as the manufacturer and the contracted company work out an agreement.

8.3 Contract Extensions and Consumer
Behavior

In the model we used for our contract extension research, we simplified our
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calculations by providing a specific rule for acceptance of the contract extension. This
leaves unsaid what would occur if a different model regarding contract acceptance
were used. While some argument would be needed as to why a profit-based decision
model would not be used from the manufacturer’s perspective, the method used by the
customer - that the customer would agree as long as the extension cost was reasonable
and assemblies remained to be served - leaves room for potential improvement. One
possible change to the contract extension case involves the use of probabilities for
contract extension based on the number of assemblies remaining at the conclusion
of the initial contract. In other words, instead of being a simple yes/no decision
regarding whether or not the customer would desire a contract extension, an estimate
of the probability of the customer accepting a contract extension is used. Based on
past events, the manufacturer would estimate the probability that the customer would
seek a contract extension given the number of assemblies the customer still has in
operation. Such a method would be necessitated in any case where the manufacturer
has only imperfect information regarding the extension price that the customer would
be willing to accept. Another possibility in regards to contract extension lies in
the nature of the type of payment made from the customer to the manufacturer as
incentive to agree to the contract extension. In our model, we varied the cost from
customer to manufacturer based on the number of assemblies the contract extension
would serve. One possible alternative to this would be to dictate a flat rate for
the price of a contract extension, regardless of the number of assemblies remaining.

Overall, we intend to vary the behavior model used to represent the customer to
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determine its overall effect on the use of contract extensions.

8.4 Integrated Post-production Spare Part

Management

The research in this thesis focuses on one spare part of one product. Products
often contain multiple different types of spare parts, and in some cases certain spare
parts can be found on multiple different products. Therefore, what is ultimately
needed is an integrated spare part management system, one that is able to combine
the information from multiple potential last buy problems into a single system.

To understand the mechanism of how such a spare part management system
would operate, first consider that each customer faces choices in regards to the prod-
uct. The customer has a probability each day of deciding to replace the product with
a new model, thus taking the old product out of service. The customer also has a
choice with each mechanical failure that occurs to the product: replace the broken
part, thus generating demand for the spare part, or replacing the product with a new
model. Thus, the probability distribution of assembly failure for a given product over
time is the sum of these individual probabilities. Based on this probability distribu-
tion and the distribution of the lifetime of each spare part, a company may generate
a demand distribution for the spare part over time. This can be done for all of the
spare parts in the mechanism, provided that the product can be repaired by replacing

the part.
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APPENDIX A
PROOFS AND ANALYSES FOR THE LAST BUY PROBLEM WITH
INCREMENTAL REPLENISHMENT

Revenue Proofs
The proofs for the properties of the sales revenue:
Proof: The revenue R(q) is non-negative.

The equation for the revenue can be found from (4.2):

q—1
o dP{D, <
R(g)=—-r) / Oe_to‘%dt.
n=0"t=

By looking at the parts of (4.2) and determining if each part is non-negative or

non-positive, we can determine if (4.2) in its entirety is non-positive or non-negative.

e ¢ '™ This is an exponential; thus, it is positive for all values of t.

W: The probability P{D; < n} decreases as t increases, as we do not

allow for negative demand. Thus, once the demand up to a specific time D; > n,
the demand can never be less than or equal to n at any point in time beyond .

Thus, because the probability P{D; < n} can only decrease as t increases, the

dP{D;<n}

o is non-positive for all values of ¢.

rate of change

e r: The revenue per part sold r is non-negative, according to the requirements

of the problem.

f::oo e‘t“Wdt: All parts of this integral are non-negative for all values of
dP{Df Sn}

7~ which is non-positive for all values of . As a result, the

t except for
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entire integral must be non-positive.

—ta

o0 dP{D;< . - . : .
Because ftzo e %dt is non-positive and r is non-negative, the negative

of the product of these three parts must be non-negative. Thus,

Thus, R(q) is non-negative. |
Proof: The sales revenue R(q) is nondecreasing as ¢ increases.

The strategy used for this proof is to find the rate of change of the revenue
with respect to ¢, R(q¢ + 1) — R(q), and see if this rate of change is non-negative by
examining each of its parts. For the revenue model with a discount rate, the difference

in the revenue R(q) with a change in the order amount from ¢ to ¢ + 1 is

Rig+1) - Z/ dP{Dt <n},

(A-2)

dP{D, <

_Z/ e*tOL { t = n}dt]
n=0 V=0 dt
This can be restated as

e dP{D, <

R(g+1) — R(g) = — / e‘m%dt (A-3)
t=0
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From this, we need to look at each of the parts of the formula to determine
whether it is positive or negative. As r is always non-negative, (—r) is always non-

—ta

positive. The discount e™'* is always positive, as 0 < e~ < 1 for all ¢ > 0. Because

we assume that we will never have a negative net demand, the final part, %

is always non-positive, as P{D; < ¢} = 1 at t = 0, and gradually decreases as t
increases. Thus, as we have two negative terms in our formula, the overall formula
will not be negative. As a result, R(¢+1) — R(q) > 0 for all feasible solutions of ¢. I
Proof: The sales revenue function R(q) is concave with respect to ¢ - that is, the
rate of increase of R(q) is nonincreasing as ¢ increases.

In this case, our goal is to examine the convexity function R(¢+2)—2R(q+1)+
R(q). If this convexity function can be demonstrated to be non-positive by examining
its parts, then the revenue is concave.

The determination of concavity with respect to R(q¢+2) —2R(q¢+ 1)+ R(q) is
complicated by the fact that w may be either positive or negative at different

values of t. Thus, it becomes necessary to determine whether or not the integral

25 et D= gy g positive or negative. We determine that [ et 2PD=nh gy

is non-negative through an induction proof using the points at which %

goes from negative to positive. Once it is determined that f;oo e_m%dt > 0,
the concavity of R(q) can be proven.

The proof starts by stating R(q +2) — 2R(q + 1) + R(q):
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R(g+2)—2R(qg+ 1)+ R(q) =

(A-4)
°° P{D, < o0 P{D, < 1
’T‘/ e—tad { t_Q}dt—T/ e—tozd { t—(Q+ )}dt
t=0 dt t=0 dt
By combining the two terms, we simplify our result.
> d(P{D;=q+1
Rlg+2) = 2R+ 1)+ Rig) = —r [ oo @HPZ g W g 4
t=0

Thus, the convexity or concavity of the revenue is dependent on whether or

d(P{Di=q+1})
dt

not f::oo e*t"‘w& is positive or negative. Unfortunately, can be

either positive or negative at any given value of ¢ > 0. Fortunately, while there may

h d(P{D¢=q+1})

o is negative, for any ¢ > 0 and any

be possible values of t > 0 for whic

d(P{D¢=n})

n dt > 0, as any negative result would result in a negative

integer n > 0, [,

value for P{D, = n}, which is an impossibility.

d(P{D;=n})

o dt, n > 0, that it goes from positive to negative

We assume, for some
at points t,1, tz2, 23, ... and from negative to positive at points ,1, 22, ty3.... Note that
the last time in the set (t,1,t,2, ty3...) may approach infinity.

Thus, P{D; = n} goes from positive to negative at time ¢,;. Then, from the

above, ftzl Mdt—k ftyl Wdt >0, or

=tz1
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Since e~ t=1® > () for all «,

tzl — tyl g
/ oo PADe=n)) o / otuno APAD =) 4y (A-7)
t=0 dt t dt

=tz1

For 0 < t <t and for o > 0, e™™ > e7™1%  Also, for t,1 < t < ty,

e~ < e~te1® Therefore,

/tml efta d(P{Dt — n})dt - /tacl eftzlad(P{Dt == n})dt (A—8)

o dt t=0 dt

and

_ / Y ctaedP{Di=n) / e dPAD =), (A-9)
t=ta dt t=t;1 dt .

Equations (A-8) and (A-9) can be combined as

/tm e*ta d(P{Dt — n})dt N /tyl 6,1504 d(P{Dt = n})dt

_ dt . dt
o P{D o ap(D (A10)
xl — yl —
[ el [ D= D,
t=0 dt t=tq1 dt

This simplifies to
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=0 dt =0 dt

Since e~ %1% > 0 and ftyl %dt P, [D =n} >0, then

tyl —
G = (A-12)
it

d(P{Di=n})

The next step is to establish that [+ e—te AL

dt > 0 given that

,a (P{Dt TL}
) gmta dPAD=) gy > ),

As before, since f =(+1) Mdt + fty(”lljrl) Wcﬂt > 0, we start with

/ AP =) / o APD =) (A-13)
=0 dt - dt '

=lz(141)

We split up the left hand side of equation (A-13) to get

/ty(l) d(P{D, = n})dt . /tz<z+1> d(P{D; = n}>dt - /ty(z+1> d(P{D; = n})dt
t=0 dt t dt N t dt

=ty() =te(i+1)

(A-14)

Since e~ f=0+)® > () for all o, we can distribute this through (A-14) to get
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/tym e—tz(l+1)ad(P{Dt = n})dt n /t””““) e_tz(,+1)ad(P{Dt = n})dt
o dt t=ty ) dt (A-15)
ty(+1) d(P{D; = n})
_/ et ¢ dt.
t

>
. dt

=la(14+1)

Now that we have this, we need to look at each part of the formula and compare
[ e teanedPD=n) gy ity [ emte dPD=m) gy

First, because t,(41) > t,(), the exponential

eftm(z+1)a < e*tm(z)a_ (A-16)

Thus, because ff:”g’ Wc{t > 0, we multiply both exponents by this

integral:

t — by =
/ ) e*tz<z+1>ad(P{Dt — n})dt < / ) effza)ad(P{Dt — n})dt. (A-17)
=0 dt =0 at

Moreover, we assume the following as a result of the induction proof:

ty — ty —
/ ) e*tza)ad(P{Dt n})dt < / : e’ dP{D: n})dt. (A-18)
t=0 dt t=0 dt

We combine these two statements (A-17) and (A-18) to find



139

For t,q) <t < tyu41) and for a > 0, e > e e+ Also, for trqery <t <

tyatr), €% < e '1®. Therefore,

/ S e d(PADi=nY) / T e d(PAD =0)) (A-20)
. dt t= dt .

:ty(l) ty(l)

Also, for tx(lJrl) <t< ty(l+1),

ty(is _ ty+1) =
_/ (1+1) eftz(z+1)ad(P{Dt n})dt - _/ + ot d(P{Dt n})dt. (A-21)
. dt ¢ dt

=lz(141) =tz(141)

Or, to rephrase,

ty(1+1 — Ly+1) =
t t

=ty(i+1) dt =tr(i+1) dt
As has been shown before,
ty+1 _
e te(+1)@ / A = n})dt > 0. (A-23)
=0 dt -
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This integral can be divided into parts:

/w e dPID = 1)) /tx““’ o taena AP =0})
1=0 dt t=ty) at (A-24)

ty =
+/ (1+1) e—tz<l+1>0‘d(P{Dt n})dt > 0.
t

=tz (141)

However, based on the previous inequalities (A-18), (A-20), and (A-22),

/ty(l) e—tx(l+1)ad(P{Dt = n})dt + /tl‘(H’l) e—tx(l+1)04d(P{Dt — n})dt
t=0 dt t=ty 1) dt

by (1+1) — ty(1) =
S e d(PD=1}) [ PP =]
t t

. dt 0 dt
taqi+1) d(P{D, = ty+n) d(P{D; =
[ el PDZ A [ o dPD= )
=ty dt ot dt
Or, to simplify,
/ty(Hl) e—tz(Hl)ad(P{Dt = n})dt < /ty(lJrl) e—ta d<P{Dt = n})dt (A_26)
t=0 dt t=0 dt
Thus,
ty(i+1) =
[ e B (A-27)
t=0 dt

Therefore, as we have shown, to restate the results of (A-11) and (A-12),
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b1 P{D, = bt d(P{D, =
/ e—toc d( { t n})dt > e—tzla/ d( { t n})dt
t t

. dt . dt

and

ty1 —
[0 el B
=0 dt

Also, if we take the results of (A-11) and (A-12), then, to restate (A-26) and

(A_27)a

tyan . by(i+1 _
/ (1+1) e—tm<z+1>ad(P{Dt = n})dt _ / (14+1) ot d(P{D, = n})dt.
t=0 dt t=0 at

and

dt > 0.

[ (D=
t

As such, we prove by induction that for all ¢,

ty —
/ ptadPAD=n}) (A-28)
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—ta d(P{Di=q+1}

Since any Lioo e 0 Ldt > 0, the convexity of the revenue function is

negative:

R(g+2)—2R(q+ 1)+ R(q) = —r /t: e—md(P{Dtd:t a1y <0. (A-29)

Thus, the rate of change of R(q) does not increase as ¢ increases, thus proving

concavity of R(q) with respect to q. [

Holding Cost Proofs

The properties of the holding cost as ¢ increases are as follows:
Proof: The holding cost H(q) is nondecreasing with increasing values of ¢

To prove that the holding cost is nondecreasing with increasing values of g,
we must demonstrate that the rate of change of the holding cost H(q+ 1) — H(q) is
non-negative for any possible value of ¢q. If H(q+ 1) — H(q) is always greater than or
equal to 0, then the holding cost cannot decrease with increasing ¢, thus completing
our proof. As there are two forms of the holding cost formula (one for cases where
salvage occurs, and one for cases where salvage does not occur), we must prove the
formula for both cases. Thus, we separate our proof into two parts - one in which we
prove the holding cost H(q) is nondecreasing for the case without salvage, and one in

which we prove the holding cost H(q) is nondecreasing for the case with salvage.
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Holding cost without salvage
For the holding cost in the case where no salvage occurs, our strategy is to find
the formula for the rate of change H(q + 1) — H(q), separate the rate of change into
parts, and determine if each part is positive or negative. If each part is non-negative,
then the product of those parts must in turn be non-negative. The general statement

of the holding cost H(q) for a given value of ¢ is

H(q)=h z_:(q —n) /too e " P{D; = n}dt. (A-30)

n=0 =0

The change in H(q) from ¢q to ¢ + 1 is

H(qg+1)—H(q) = h/oo et i P{D; = n}dt. (A-31)

t=0 n=0

If we can demonstrate that (A-31) is never negative, then we have our proof

for the no-salvage case. We combine the summation statement in (A-31) to get

H(q+1)—H(q) = h/ e~ P{D, < ¢}dt. (A-32)

We separate the formula (A-32) into its component parts and determine whether
each part is positive or negative. If each of the parts is determined to be non-negative,

then the product of those parts - the rate of change - is also non-negative.
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e~'@: This is an exponential; thus, it is positive for all values of ¢.

P{D; < q}: This is a probability. By definition, a probability must be between

0 and 1. Therefore, P{D; < ¢} is non-negative for all values of ¢.

h: The holding cost per unit per unit time is non-negative, according to the

requirements of the problem.

LC:O e " P{D, < q}dt: Because e ' > 0 and P{D; < q} > 0 for all values of ¢,

then the integral [ e ™P{D, < q}dt must also be non-negative.

Because each of the parts of the formula are non-negative, the product of those

parts must also be non-negative. Thus,

H(qg+1)—H(q) = h/ e " *P{D, < q}dt > 0. (A-33)
t=0

Since the rate of change of H(q) with respect to ¢ is non-negative, then H(q)

is non-decreasing with increasing values of ¢q. Thus, we have proven that the holding

cost H(q) is nondecreasing with increasing values of ¢ for the non-salvage case.

Holding cost with salvage
The proof for the holding cost for the case where the last buy problem could
have a salvage is nearly identical, and follows the same pattern as the proof for the
holding cost without salvage. We take the rate of change H(q + 1) — H(q), separate
it into parts, and determine if the parts are non-positive.

The holding cost for the last buy problem in a case in which salvage occurs is
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qg—1
© dP{A;,, =0 ty
e LR e
n=0 t= t=

Thus, the rate of change of the holding cost H(q + 1) — H(q) is

9. [ dP{A,, =0} [is
WAy =0 [ o, ~ i, = tyiaty. (335
dty t=0

If we can demonstrate that (A-35) is never negative, then we have our proof

for the no-salvage case. We combine the summation statement in (A-35) to get

< dP{A;, =0} [U
H(g+1)—H(q) =h / dP{Ay, =0} / e "“P{D, < q|A;, = 1}dtdty. (A-36)
t =0

f:0 dtf t

As with the proof for the holding cost where no salvage occurs, we separate the
rate of change as presented in (A-36) into its component parts and determine if each
part is positive or negative. If each of the parts is determined to be non-negative,

then the product of those parts - the rate of change - is also non-negative.
e ¢! This is an exponential; thus, it is positive for all values of ¢.
o P{D, <q|A;, = 1}: This is a probability. By definition, a probability must be
between 0 and 1. Therefore, P{D; < q|A;, = 1} is non-negative for all values

of t.
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e h: The holding cost per unit per unit time is non-negative, according to the

requirements of the problem.

dP{A;,=0
%: The state A;, = 0 can be considered a trapping state. Once the

last assembly fails, the number of assemblies remaining in operation will be

0 and will remain at 0. Thus, the probability P{A;, = 0} is nondecreasing

dP{A;;=0}

dty is non-negative for all possible

with increasing t;. Thus, its derivative
values of t;.

o ftzo e ' *P{D, < q|A;, = 1}dt: Because e** > 0 and P{D, < q|A;, =1} > 0
for all values of ¢, then the integral J;Zo e ' “P{D, < q|A;, = 1}dt must also be

non-negative for all possible values of ¢y.

oo dP{A;,=0} o e
o Jilo i Jiloe " P{D: < q|Ay, = 1}dtdt;: Also, because [,7, e *P{D; <
dP{A;;=0}

dtf

q|A;;, = 1}dt and

are non-negative for all possible values of ¢;, the

dP{A;, =0} t;

rate of change integral ftjozo dtf t=0

e " P{D; < q|A;; = 1}dtdt; must
also be non-negative.

dP{AthO} ty

o
Because both ftfzo aty 0

e " “P{D; < q|A;; = 1}dtdty; and h are non-

negative, then the product of those parts must also be non-negative. Thus,

© dP{A;, =0} [l
H(g+1)— H(q) = h/ M/ e P{D; < q|A,, = 1}dtdt; > 0.
t

ty=0 dity =0

(A-37)

Thus, we have proven that the rate of change of the holding cost is non-negative

for the salvage case. As we have proven that the rate of change of the holding cost
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is non-negative for both the salvage and non-salvage cases, we have proven that the
holding cost H(q) is nondecreasing for increasing values of g. |
Proof: The holding cost H(q) is convex with respect to ¢ - that is, the rate of increase
of the holding cost is non-decreasing with increasing values of q.

Here, we consider the convexity of the holding cost with respect to ¢ by looking
at the convexity formula for the holding cost H(q + 2) — 2H(q + 1) + H(q). If the
formula is positive, the holding cost is convex with respect to ¢; if the formula is
negative, the holding cost is concave with respect to gq.

To prove that the holding cost is convex with respect to ¢, we must demonstrate
that the convexity of the holding cost H(q+2) —2H (¢+ 1)+ H(q) is non-negative for
any possible value of ¢. If H(¢+2)—2H (¢+1)+ H(q) is always greater than or equal
to 0, then the rate of change of the holding cost cannot decrease with increasing ¢,
thus completing our proof. As there are two forms of the holding cost formula (one
for cases where salvage occurs, and one for cases where salvage does not occur), we
must prove the formula for both cases. Thus, we separate our proof into two parts -
one in which we prove the holding cost H(q) is convex for the case without salvage,

and one in which we prove the holding cost H(q) is convex for the case with salvage.

Holding cost without salvage
For the holding cost in the case where no salvage occurs, our strategy is to find
the formula for the convexity H(q + 2) — 2H(q + 1) + H(q), separate the convexity

into parts, and determine if each part is positive or negative. If each part is non-
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negative, then the product of those parts must in turn be non-negative. By using
the formulation of the rate of change of the holding cost H(q+ 1) — H(q) for a given
value of ¢ given as (A-31), the convexity function H(q+2) —2H(¢+ 1) + H(q) for a

case without salvage is

H(qg+2)—2H(q+1)+ H(q) = h/ —mqZP{Dt = nldt
=0 (A-38)

—h/ ~ta Z P{D, = n}dt.

We subtract the two parts of (A-38) to get

H(q+2)—2H(g+1)+ H(q) =h / ) e P{D, = ¢+ 1}dt. (A-39)

=0

We then separate the convexity function (A-39) into parts. If all of its parts
are non-negative, then the product of those parts - the convexity function - is also
non-negative. Thus, we examine each part of the convexity function, then put the

parts back together once its sign is determined.
e ¢ '™ This is an exponential; thus, it is positive for all values of t.
e P{D; = q+ 1}: This is a probability. By definition, a probability must be
between 0 and 1. Therefore, P{D; = g + 1} is non-negative for all values of ¢.

e h: The holding cost per unit per unit time is non-negative, according to the

requirements of the problem.
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o [Z, e P{D; = q+1}di: Because e”™ > 0 and P{D, = q+1} > 0 for all values

of ¢, then the integral f::oo e " P{D; = q + 1}dt must also be non-negative.

Since ftozoo e "P{D, = q + 1}dt and h are both non-negative for all possible

values of £, we find that the product of these two parts must also be non-negative:

tr
H(qg+2)—2H(q+1)+ H(q) = h/ e "“P{D; = q+ 1}dt > 0. (A-40)
t=0

Thus, since H(q+2) — 2H(q+ 1) + H(q) > 0 for all possible values of ¢, the
convexity of the holding cost is non-negative with increasing values of ¢ - and, thus,
for the case in which no salvage occurs, our holding cost H(q) is convex with respect

to q.

Holding cost with salvage
For the holding cost in the case where salvage can occur, our strategy is to find
the formula for the convexity H(q + 2) —2H(q + 1) + H(q), separate the convexity
into parts, and determine if each part is positive or negative. If each part is non-
negative, then the product of those parts must in turn be non-negative. By using
the formulation of the rate of change of the holding cost H(q+ 1) — H(q) for a given
value of ¢ given as (A-35), the convexity function H(q+2) —2H(q+ 1) + H(q) for a

case in which salvage can occur is
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EL [~ dP{A;, = 0}

H(q+2)—2H(q+1)+ H(q) = h Z/ /tf e P{D, = n}dtdt,

dtf t=0

Z/ dP{"j;tff 0}/ e "“P{D, = n}dtdt;.

(A-41)

We subtract the two portions of equation (A-41) to get

> dP{Atf -

H(q+2) — 2H(g+ 1) + H(q) = h/ =0 /jf e P{D, = q + 1}dtdt;.

tf=0 dtf

(A-42)

Again, we separate the convexity function (A-42) into parts and determine
if each part is positive or negative. If all parts are non-negative, then the product
of those parts - our convexity formula - must also be non-negative, thus proving
convexity of the holding cost in the case in which salvage occurs. Thus, we examine
each part of the convexity function, then put the parts back together once its sign is

determined.

e ¢! This is an exponential; thus, it is positive for all values of ¢.

e P{D; = ¢+ 1}: This is a probability. By definition, a probability must be
between 0 and 1. Therefore, P{D; = g + 1} is non-negative for all values of ¢.

e h: The holding cost per unit per unit time is non-negative, according to the

requirements of the problem.

dP{A,=0}

i The state A;, = 0 can be considered a trapping state. Once the
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last assembly fails, the number of assemblies remaining in operation will be 0

and will remain at 0. Thus, the probability P{A;, = 0} is nondecreasing with

dP{A;,=0}

oy is non-negative for all possible

increasing ty. As a result, its derivative
values of ¢.

o ftt:fo e "*P{D; = q+ 1}dt: Because e > 0 and P{D, = ¢+ 1} > 0 for all
values of ¢, then the integral ftt:fo e ' P{D; = q+1}dt must also be non-negative

for all possible values of ;.

dP{A;,=0} e §o
¢ ftf =0 dt; = 0 ‘“P{D, = q+ 1}dtdty: Because [’ e ™P{D, = q+
1}dt and —dp{gtt; =0 are non-negative for all possible values of t¢, the integral
ftf 0 dP{,:Z;_o} Lo e ' “P{D; = q + 1}dtdt; must also be non-negative.
dP{A;, =0}

Since f;;ozo i ;ZO e " P{D; = q+1}dtdt; and h are both non-negative,

we find that the product of these two parts must also be non-negative:

H(g+2)—2H(g+ 1)+ H(q) =
(A-43)

< dP{A,, =0} [U
h/ M/ e P{D, = q+ 1}dtdt; > 0.
tr=0 dty t=0

Thus, since H(q+2) — 2H(q+ 1) + H(q) > 0 for all possible values of ¢, the
convexity of the holding cost is non-negative with increasing values of ¢ - and, thus,
for the case in which salvage can occur, our holding cost H(q) is convex with respect
to q.

Because the holding cost H(q) has been proven to be convex for both the case

in which salvage can occur and the case where salvage cannot occur, the holding cost
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H(q) is proven to be convex with respect to g. [

Incremental Replenishment Proofs
Proof: The incremental replenishment cost Z(I,n) is non-negative.

The equation for the revenue can be found from (4.6):

o AP{D; < n
:_pz/ {t<}

By looking at the parts of (4.6) and determining if each part is non-negative or

non-positive, we can determine if (4.6) in its entirety is non-positive or non-negative.

e ¢ '™ This is an exponential; thus, it is positive for all values of t.

dP{D;<n}

o+ The probability P{D, < n} decreases as t increases, as we do not

allow for negative demand. Thus, once the demand up to a specific time D; > n,
the demand can never be less than or equal to n at any point in time beyond .

Thus, because the probability P{D; < n} can only decrease as t increases, the

dP{D;<n}

o is non-positive for all values of ¢.

rate of change

e r: The revenue per part sold r is non-negative, according to the requirements

of the problem.

o |7 e‘t“@dt: All parts of this integral are non-negative for all values of

dP{D¢<n}

o which is non-positive for all values of ¢. As a result, the

t except for

entire integral must be non-positive.

00 _tadP{Di< " . .
Because ft:O to‘%dt is non-positive and rp is non-negative, the nega-
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tive of the product of these three parts must be non-negative. Thus,

_ _pz/ —dP{Dt =m0, (A-44)

Thus, Z(q) is non-negative. |
Proof: The incremental replenishment cost Z(q) is non-increasing with increasing gq.

To determine whether or not the incremental replenishment cost is nonincreas-
ing with increasing ¢, it is necessary to take the rate of change of the incremental
replenishment Z(q+ 1) — Z(q), separate the rate of change into parts, and determine
if each part is positive or negative. If the product of the parts is non-positive, then
the incremental replenishment cost is nonincreasing with increasing q. Thus, in order
to determine whether or not Z(q) increases or decreases with respect to ¢, we need

to look at the rate of change of Z(q) with respect to q.

Zas- 20 =3 [t Bz $ [ et

n=q+1" =0 di
(A-45)
We subtract these two parts to get
o P{D, <
Za+ 1) -2 =p [ D=y, (A-46)
t=0
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From here, we look at each part to determine whether it is positive or negative.

The incremental replenishment cost per unit p is always non-negative. The discount

—to d dP{D:<q}

o is always

factor e is always positive. The rate of change of deman
negative; the probability P{D; < ¢} starts at 1 at ¢ = 0, and slowly reduces as time
increases. Thus, because one part of the statement is non-positive and the other parts

of the statement are non-negative, the statement in its entirety is non-positive. Thus,

the rate of change of Z(q) is

Z(q+1) = Z(q) = p/oo i L | 9 <0. (A-47)

t=0 dt

Because Z(q + 1) — Z(q) < 0, the incremental replenishment cost Z(q) is
non-increasing as ¢ increases. |
Proof: The incremental replenishment cost Z(q) is convex with respect to g.

Similarly, in order to determine the convexity or concavity of Z(q), we look
at the convexity function Z(q + 2) — 2Z(q + 1) + Z(q) with respect to ¢. If the
concavity function Z(q + 2) —2Z(q + 1) + Z(gq) is non-negative for any value of g,
then the incremental replenishment cost Z(q) is convex; if the concavity function can
be proven to be non-positive for all possible values of ¢, then the incremental cost is
concave.

Thus, we take the concavity function Z(¢+2) —2Z(q¢+1)+ Z(q) and examine
each of its parts. If the parts are all non-negative, then Z(q+ 2) —2Z(¢+ 1) + Z(q)

must also be non-negative - and, thus, the incremental replenishment cost must be
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convex.

o dP{D; < o dP{D, <
Z(q+2)—2Z(q+ 1)+ Z(q) :p(/ e_m—{ L= Q}dt — / e‘ta—{ L= q}dt).
1=0 dt 1=0 dt
(A-48)
We subtract the two parts of the formula out to get
o dP{D;,=q+1
Z(q+2)—2Z(q+1)+Z(q):p/ et { tdtq }dt. (A-49)
t=0

As usual, we determine whether each part of the equation is positive or neg-
ative. The incremental replenishment cost p is positive. It was proven during the
proof for the revenue that fto:oo e’t“%dt > 0. Therefore, as all parts of the

formula are non-negative,

dt > 0. (A-50)

& dP{D, =qg+1
Z(q+2)—22(q+1)—|—Z(q):p/ e e { tdtq }
t=0

Since Z(q+2) —2Z(q+ 1) + Z(q) > 0, the incremental replenishment cost is

convex with respect to gq. [ |

Salvage Proofs

Proof: The salvage S(q) increases with increasing g



156

In order to determine whether or not S(q) increases or decreases as g increases,
we need to look at the rate of change of S(q) with respect to q. By examining the
parts of S(q¢ + 1) — S(q) to determine whether the parts are positive or negative,
we may determine whether S(qg + 1) — S(q) itself is positive or negative - and, thus,
determine whether the salvage S(q) increases or decreases.

We start with the formula for the rate of change of the salvage, S(g+1)—S(q):

I o o AP{A;, =0}

S(q+1)—S(q):sZ(q+1—n)/ in

n=0 ty=0

q—1
o dP{A;, =0
-5 E (q — n)/ etfa{+}P{th = n|A = 1}dt;.

(A-51)

We combine the two sides of the formula to find

LS dP{A;, =0
Slg+1)—5S(q) = 52/ Oetfa%zﬂ{ptf —n|A=1}dt;. (A-52)
ty=

As usual, we look at each part of the formula and determine if it is positive
or negative. The salvage cost per unit s is positive; the discount factor e /¢ is also
positive for all values of ;. The rate of increase of the probability of all assemblies

dP{A;,=0
% is non-negative, as P{A;, = 0} starts at 0 when ¢; = 0, and increases

failing
to 1 as t; increases. Finally, the probability P{D;, = n|A = 1} is also non-negative,

as it is a probability. As none of the parts of the rate of change of S(q) are negative,

the formula is non-negative - and, thus,
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K o dP{A;, =0
S(g+1)—S(q) = SZ/ e—tfa%zawtf —n|A=1}dt; >0. (A-53)
Since S(q¢+ 1) — S(q) > 0, S(q) increases as ¢ increases. |

Proof: The salvage S(q) is convex with respect to gq.

In order to determine whether or not the salvage cost is convex with respect
to g, we look at the convexity function S(q+2) —2S(qg+ 1) + S(¢q) with respect to gq.
If S(¢+2)—2S(¢+1)+S(¢g) can be proven to be non-negative for all possible values
of g, then the salvage S(q) is convex with respect to ¢. By examining the parts of
S(qg+2) —2S(qg+ 1) + S(q) to determine whether they are positive or negative, the
convexity function S(q + 2) —2S5(¢ + 1) + S(¢) may be determined to be positive or
negative - thus demonstrating whether or not the salvage is convex or concave.

Thus, we start with the convexity formula, S(q + 2) —2S(¢+ 1) + S(q):

Slg+2) - 25(g+ 1)+ 5(g) =53 /°° yaldP{A), =0}

P{D;,, =n|A=1}dt
G DDy = nla = 1)y

n=0

LIRS dP{A,, =0
—SZ/ e’tfaMP{th = n|A = 1}dt;.
t

n=0 Y ts=0 dtf

(A-54)

By combining the two sides of the formula, we get

o dP{A;, =0
S(g+2)—2S(q+1)+S(q) = 3/ e_tfa%P{th =q+ 1|A = 1}dty.
tf=0 f

(A-55)
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Again, we look at each part of the formula and determine if it is positive or

negative. The salvage cost per unit s is positive; the discount factor e %/¢ is also
. . oy . .1 dP{Atf:()} .
positive. The rate of increase of the probability of all assemblies failing |

non-negative. Finally, the probability P{D;, = ¢ + 1|A = 1} is also non-negative.
As none of the parts of the rate of change of S(q) are negative, the formula is non-

negative. Therefore,

ﬂq*%—Qﬂq+D+S@y:§/we4mﬁiéﬁiﬁ

P{D,, =q+1]A=1}dt; > 0.
thO dtf

(A-56)

As S(q+2)—2S(q+1)+S(q) > 0, the rate of change of S(g) is non-decreasing
over time - and, thus, the salvage cost S(q) is convex. |
Proof: If the unit salvage s is less than or equal to the unit revenue r generated from
the demand of a part, then (R(q) + S(g)) is concave.

In order to understand why, it is necessary to look at the properties of both the
salvage and the revenue functions. By summing the revenue and the salvage together,
we can then examine each part of the resulting equation, as well as its convexity, by
examining each part of the combined convexity function. Should the convexity of
(R(q) + S(q)) be nonpositive, then the combined function would be concave with
respect to q.

The salvage function S(¢) for the infinite-timeframe case is
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q—1
© dP{A,, =0
S(q)=s g (q— n)/ e_tfo‘—{ diff }P{th =n|A = 1}dt;. (A-57)
n=0 ty=0 !

The convexity function for the salvage S(q+ 2) —2S(¢+ 1) + S(q) is

Slg+2)—2S(¢g+1)+S(q) =s /tooo etf“%tf;zo}lﬂ{mf = q+ 1|A = 1}dty.
(A-58)
From (A-5) and (A-58), the convexity of (R(q) + S(q)) is
S(g+2)—2S(g+1)+S(q) + R(g+2) —2R(¢+ 1) + R(q) =
* d(P{D;=q+1})
—r /t:O e = dt (A-59)

o0 dP{A;, =0
+5/ e—tfaMP{th =q+ 1A= 1}dtf,
ty=0 dtf

Our first step is to split the revenue from demand into two parts. Since
r > s > 0 according to the conditions of the proof, we can split the unit revenue
r into two parts: the salvage revenue s > 0 and a ’profit’ revenue ' > 0. In other
words, » = r’ + s. The combination of both the total revenue and the salvage is

therefore
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S(g+2)—2S(g+1)+S(¢)+R(g+2) —2R(qg+ 1)+ R(q) =

o d(P{D; = 1 * d(P{D; = 1
o [P D )y [ PRy g
t=0 dt t=0 dt

& dP{A;, =0
—|—8/ e—tfaMP{th :q+1|A:1}dtf_
=0 dty

The concavity demonstrated by —r’ ftozoo e‘t“w& - and, by extension,

—ta d(P{Di=q+1}) dt

o - is identical to a

the convexity demonstrated its negative, r’ f::oo e
standard revenue function, and has already been determined for all " > 0. For

all ¥ >0, —r' [, *to‘d(P{Dzlt o) 4t < 0, and thus the function R(g) is concave.

Therefore, that portion of the formula may be treated as a standard revenue function.
We define the remainder of the convexity function - a modified salvage we designate

as CX(S(q)) - to be

_ ¥ wdP{Di=q+1})
CX(S(g) = —s/ e o dt

1=0 (A-61)

e dP{A;, =0
+s/ e—tfaL}P{th =q+ 1|A = 1}dt;.
=0 dtf

We rearrange this to form

CX(S() =s(— [ et d(P{Dt; a1
=0 (A-62)

o dP{A;, =0
+/ eftfa { iy }P{th =q + 1|A = 1}dtf)
=0 dty

The next step is to convert the revenue and the salvage portions of the formula

into a format by which they can be combined.
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In order to do this, it is important to understand what is going on within
%t:q“}). Any P{D; = g+ 1} may be considered dependent on the time of failure
of the last assembly, ¢;. For instance, once the last assembly fails, no additional
demand will take place; thus, any integration according to time only needs to go from
0 to ty, rather than from 0 to oco. Also, if it is determined that the last assembly
failed at time ¢¢, then the distribution of demand that occurs from time 0 to time ¢
is dependent on all but one assembly failing before ¢, and the last assembly failing
at time t;.

In other words, if we know at what time t; the last assembly failure occurs,
we must change the probability distribution used from P{D, = ¢ + 1} to P{D; =
q + 1|A;;, = 1}. Thus, by making the revenue portion of our convexity function

dependent on t; and integrating over all possible values of ¢;, we change the revenue

portion of the convexity function to

) /°° wd(PID =g+ 1))

0 dt
(A-63)
* dP{A, =0} 0} d(P{D; = q +1]4;, = 1})
=— dtdty.
tf =0 dtf dt
We can then substitute this into the convexity function to get
© dP{A;, =0} [ d(P{D;=q+ 1|A;, =1
CX(S(q) = s(—/ APiAy =0} [ o dPAD =g 1A, })dtdtf
ty=0 dty t=0 dt

*° dP{A;, =0
_,_/ e—tfa { lf })P{th =q + 1|A = ]_}dtf
=0 dty

(A-64)
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We then make one more substitution. As the conditional demand probability

t; d(P{Di=q+1]A;;=1})
t=0 dt

P{D;, = q+1|A =1} = dt, we can substitute this in our

formula to get

© dP{A;, =0 tf d(P{D;, =q+1|A;,, =1
e R
ty=0 dty t=0 dt
+/oo 67tf0£dP{Atf = 0} /tf d(P{Dt = q+ 1|Atf - 1})dtdt )
t=0 dtf t=0 dt 1
(A-65)
This can be combined to form
> dP{A,, =0
S'(qg+2) =25 (q+1)+ S (q) = 3(/ dPidi, =0
y=o (A-66)
ty d(P{D;=q+1|A;, =1
/ (e_tfa—e_to‘) (PAD, th | b }>dtdtf).
t=0

The proof from this point is similar to the proof used to determine convexity

or concavity for the standard revenue function. According to the assumptions of the

. . . . dP{A;,=0
problem, the unit salvage s > 0. The probability of all assemblies failing %
. . dP{Atf :0} . .
increases as t; increases; therefore, G > 0. Therefore, what remains is to

. d(P{Di=q+1|A;,=1 . . . .
determine if ftt:fo(e_tfCY —e ) (LD th Ay })dt is positive or negative to determine

of the modified salvage is convex or concave.

d(P{Di=q+1|A; , =1 :
The problem in this case is that (P q;; Ay =1) may be negative for some

values of t > 0. Fortunately, while there may be possible values of ¢, > 0 for which

d(Pyy [D=q+1|A¢ =1
(Pre th Ay =1D) is negative, for any ¢, > 0 and any integer n > 0, then the integral
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d(P{Dy=n|A; ,=1
f;’“o (PAD: dt' s })dt > 0, as any negative result would result in a negative value for

P, [D = n}, which is an impossibility.

The proof follows in an almost identical manner to the proof for the standard

d(P{Di=q+1|A;,=1})
dt

—ta

revenue function. The proof of ]:ZO e dt > 0 was proven in the

convexity proof for the standard revenue function; because e='® < e~ for all ¢ such

(P{Dt=q+1|Atf =1
dt

that 0 < ¢ < ts, the integral f;fo(e’tfo‘ — e’t"‘)d Dt < o. Thus, it is

proven by induction that

/ty e e_ta)d(P{Dt =n|A;, =1}) dt < 0. (A-67)

dt

Since any Lzo(e_tfo‘ — ') Dar < 0, the convexity function

CX(S(q)) is non-positive:

CX(S(q) =s(| ————
) /tfo dty (A-68)
/ e e_ta)d(P{Dt = q; 1A, = 1})dtdtf) <o.

Since we already determined during the proof for the revenue that the integral

—r! f::oo e*taw& < 0, the convexity for the sum of both the salvage and the

revenue from demand must also be negative:
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S(g+2)—25(q+1) + S(q) + R(qg+2) — 2R(g + 1) + R(q) =
Y /°° e_tad(P{Dt =q+ 1})dt+8(/°° dP{A,;, =0}

=0 dt =0 dtf
ty d(P{D; = 114;, =1
/ (et — et) (PAD: q; 1Ay, })dtdtf)P{th — g+ 1|A=1}dt; <0.
t=0
(A-69)
In other words,
S(g+2)—25(g+1)+ S(q) + R(g+2) — 2R(q + 1) + R(q) < 0. (A-70)

Thus, if s < r, the rate of change of (R(q) + S(¢)) does not increase as ¢
increases, thus proving concavity of (R(q) + S(q)) with respect to gq. |
Proof: If the salvage is sufficiently high, then the total profit will continue to increase
as ¢ increases.

The last buy problem with a non-terminating incremental penalty cost will,
under normal circumstances, increase for a time, reach an optimal point, then de-

crease. However, when s is high enough that

co  dAP{A=0} rtp .
o> m—i‘hﬁf:OT t:De dtdtf

= 00 4o dP{A;=0}
Jzg et =gt

(A-71)

the profit will continue to increase with increasing q.
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To prove the result, we need to look at the rate of change of the profit m(q)
with respect to q as q gets large.

At our optimal value of ¢, the rate of change w(q¢+1) — 7(q) goes from positive
to negative. As our total profit function 7(q) is concave, once the point at which
(g + 1) — m(q) becomes negative is found, we have found the value of ¢ that will
maximize our overall profit. Thus, we want to find the smallest value of ¢ such that
m(g+1)—7(q) <0.

Which leaves us with a question. Is there a case where the rate of change
7(q+ 1) — 7w(q) never reaches 0 - where the profit keeps increasing as ¢ increases? In
order to find such a case, we need to see what happens to the rate of change of each

of the costs and revenues as ¢ gets large.

Holding Costs

The holding cost with salvage is

q—1
© dP{A;, =0} [U
H(g)=h) (¢—n) / % / e P{D, = n|A,, = 1}dtdt;. (A-72)
n=0 ty=0 f t=0

This leaves the rate of the change of the holding cost with respect to g as

1. (> dP{A, =0} [Y
JL#}/ eftaP{Dt — n’Atf = 1}dtdtf
dtf t=0

(A-73)
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As ¢ — oo, the value of term ) ! P{D, = n|A;, = 1} approaches 1, as all
possible values of n from 0 to oo are represented. Thus, the rate of change of our

holding cost, at high values of ¢, becomes

© dP{A,, =0
lim (H(q + 1) — H(g)) = h / { = ) / el dbdt, (A-74)
=0 ty=0 ty t=

Penalty

The penalty cost is

pz / m (A7)

If no contract exists, then . = oco; otherwise, t. is positive and finite. The
value of ¢, has no bearing on the proof.

The rate of change of the penalty cost Z(q + 1) — Z(q) is

Z(q+1) = Z(q) = —p / et —— =14t (A-76)

As q grows large, M goes to 0. The probability P{Dy < ¢} = 1, and

as ¢ grows large, it stays at 1 as t increases because it becomes impossible for the

dP{D:<q}

demand D, to ever exceed ¢. Thus, since o

= 0 for all ¢ and large values of ¢,



lim (Z(q + 1) — Z(q)) = 0.

q—0o0

Revenue

The revenue from demand is

qg—1
o dP{D, <
R(q) :rZ/ Oe‘“‘%dt.
t—=

n=0

The resulting rate of change of the penalty cost R(q+ 1) — R(q) is

R<q+1>—R<q>:r/

t=0 dt

As —dp{gf‘ﬁ goes to 0 as ¢ grows large,

lim (R(q + 1) — R(q)) = 0.

q—00

Salvage

The salvage as represented in the finite-time case is

dt

n=0 =0

S(a) =53 (g - n) /tooet“mP{Dt:th:l}dt.

o° P{D, <
e_ta—d {0 < q}dt.
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(A-77)

(A-78)

(A-79)

(A-80)

(A-81)
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The rate of change of the salvage with respect to ¢ is

q
> dP{A;, =0
S(g+1)=S(g) =5 / e*ta{—t}.P{Dt — n|A, = 1}dL. (A-82)
n=0 7/ t=0 dt

As ¢ — oo, the value of term > ¢ P{D, = n|A; = 1} approaches 1, as all
possible values of n from 0 to oo are represented. Similarly, the sum > 7 _  P{D,_, =
nN A, =1} approaches P{A, , = [}, because all possible values of n from 0 to

oo are represented. Thus, the rate of change of our holding cost, at high values of ¢,

becomes

> dP{A; =
lim (S(¢+1) = S(q)) = s / oo dPAA =0} (A-83)
g—00 1=0 dt
Manufacturing Cost
The manufacturing cost M (q) is
M(q) = mq. (A-84)

Thus, the rate of change of M (q) with respect to ¢ is

M(q+1)— M(q) =m. (A-85)
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Total Profit

The total profit m(q) is

m(q) = S(q) + R(q) — Z(q) — M(q) — H(q). (A-86)

The rate of change of the total profit 7(q) with respect to ¢ is

m(qg+1)—m(q) = (S(g+1)—S(q) + (R¢+1) - R(q) — (Z(g+1) — Z(q))

—(M(qg+1) - M(q)) — (H(g+1) — H(q))-

(A-87)
Thus, as ¢ — oo, this rate of change becomes
o dP{A; =0
mnm@+n—ﬁ@»_s/ e —i—L—i
q—o0
A-88
>~ dP{A, dP{A,; =0} =0} L ( )
+O—O—m—h/ / “dtdty.
ty=0 dty
We take out any redundant features to get
> dP{A; =
g+ 1) —7(q) = s/ e Mdt
(A-89)

o dP{A, =0
—m—h / aP{d, =0} / e~ dtdt .
t=

ty=0 dtf
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This rate of change 7(q+ 1) —7(q) will normally be positive under small values
of ¢, then will start to decrease with higher values of . However, is there a case where
m(¢g+1) —7m(q) > 0 as ¢ — oo - where the total profit continues to increase?

As we see, this is potentially the case. This will occur if lim, .., 7(¢ + 1) —

m(q) >0, or

o = © dP{A;, =0
0<s / e*tamdt—m—h / b, =0} / e *dtdt;.  (A-90)
t

=0 dt ty=0 dtf

We move the holding and manufacturing terms to the left-hand side of the

formula to get

m + h/tend w /tf e 'dtdty < S/tend e_mwdt- (A-91)
ty=0 dtf t=0 - =0 “

to and

Since e~

% are non-negative for all values of t > 0, we can isolate

s to find:

oo dP{A; =0} ¢ _ta
m + hftf:O — JoeTtedtdt . (A92)
* o tadP{A=0} g =5
Jizoe dt
This simplifies to
oo dP{A;,=0} B
m+ h — L — (1 — e tr)dt
oo WP (A-93)

< 1o dP{A=0]
L:o et g dt
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Thus, if we have a case where s is so large that

o dP{A¢,=0} e
m—i—hftf:OT;(l — e tr)dty

X 1o dP{A=0}
ft:(]e ! gt

the rate of change of the profit 7(q + 1) — m(¢) will always be positive, and
the profit will always increase. Thus, our value of s should be less than the above

formula if we want a finite solution. [ |

Discounted Newsvendor Model
The structure of the solution is similar in nature to a newsvendor formula, with
the addition of a discount rate to take into account the time between manufacture
and demand. The goal of the classic newsvendor model is to find the lowest ¢ such

that

CoP{Dy < q} > C,P{Dw > q}. (A-94)

where

e (, - Overage cost: the cost of ordering one more unit than demanded.
e (U, - Shortage cost: the cost of ordering one unit fewer than demanded.

e P{D., > q} - Probability of shortage: the probability that the amount ordered

will be less than demanded. The probability of shortage will be high with low
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q, then decrease as ¢ increases.

e P{D., < q} - Probability of overage: the probability that the amount ordered
will not be less than demanded. The probability of overage will be low with low

¢, then increase as ¢ increases.

This formula can be rearranged as
Co(—P{Ds < q}) < Cu(P{Dc < g} — 1). (A-95)
The shortage-cost side of the formula can be converted to

Co(~P{Dw < g}) < C, / R G

A-96
=0 dl (A-96)

At this point, it’s important to take a couple of things into account.

dP{Di<q} _ _ dP{Di>q}

o 7 This is normal because, for any ¢ > 0 and positive integer

q, P{D; < ¢}+P{D; > q} = 1. As aresult, any derivative dp{gfﬂ—{—dp{gf‘” —

0.

aP{D¢<q} 9 : ”» 3 LY
o — =" < 0. Because there cannot be "negative demand” in our model, it is

impossible to go from D > ¢ to any D < ¢ as time goes forward. As a result,

dP{D:<q}
dt

P{D; < q} can never increase, and the rate of change can never be

positive.

The result of this is that % represents the negative of the incremental

rate of increase in the probability that the demand has exceeded the newsvendor
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amount ordered.

Suppose that, instead of C, being a constant, at least part of C, varied with
time - for instance, suppose that some of the components of C', were discounted by a
factor of a. Then, instead of having C,, we have C,(t). In this case, we would have

o dP{D, < q}dt

cz«f%DWSqu;/ C.(t)

A-97
- it (A-97)

At this point, some rearrangement of the overage cost portion of the formula

(A-97) is needed to match the shortage cost portion.

o dP{D; <
Cct1-Pesapn < [ anTPEDg ey
t=0
< dP{D; < e dP{D,; <
Cy(—1— / Mdt) < / Cu(t)Mdt. (A-99)
t=0 dt t=0 dt
By moving everything to one side, we get
*dP{D; < o0 dP{D; <
0<C,+C, / {—t—Q}dH / cu(t)Mdt. (A-100)
t=0 dt t=0 dt
By combining the integrals, we get
o dP{D; < q}
0<C, + (C, + C’u(t))Tdt. (A-101)
t=0
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Here, we must make one more assumption: that the term (C, + C,(¢)) can be
separated into (C, + C,,) f(t) - that is, a constant (C, + C,) multiplied by a function
f(t). In a discount-rate problem, this is not as restrictive as it may appear; it simply
means that all surviving terms in (C, + C,,) should be discounted. The resulting

formula becomes

o dP{D, <
0<C,+(C,+Cy) / f(t)%dt. (A-102)
t=0
By moving the overage and shortage costs to one side, we get
—C, o dP{D; < q}
—2 < t)————=dt. A-103
< | o (A-103)

By adding 1 to both sides, we come up with a discounted version of the

newsvendor problem:

c. ~ 4P{D, < ¢}
— <1 —— — = dt. A-104
Y +/t:of(t) e (A-104)

Thus, our goal is to find the smallest value of ¢ for which the inequality is true.
For the discounted newsvendor, f(t) = e ' where « is the discount rate. Thus, the

discounted newsvendor formula is



C,  _ dP{D,<q}
v taZ2 V7t = HT 1y
Co+Cy — * /to ‘ dt

For our model, the overage and shortage costs are as follows:
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(A-105)

e Querage cost: The cost of manufacturing one unit more than demanded includes

manufacturing one more part than needed (at a cost of m) and holding that

part in inventory long-term (in this case, incurring a perpetuity at cost h per

unit time, thus incurring a total discounted cost of g) Thus, the total overage

cost iIs m + %

e Shortage cost: The cost of manufacturing one unit less than demanded includes

the penalty cost p incurred and the loss of revenue r, but is reduced by the

initial cost of manufacture m. Thus, the total shortage cost is p+r —m

From this, our formulation becomes

Cu p+r—m p+r—m

CotCu (ptr—m)+(m+5) p+r+h

Thus, the general formulation of the last buy formula is

ptr—m > 7tadP{Dt§q}dt
—ﬁ_ + (& d— .
p+r—+, t=0 t

(A-106)

(A-107)

This is demonstrated when we consider the last buy problem without contract.

The rate of change of the total profit 7(g) with respect to the order amount ¢ is
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W(q+1)—7T(Q)=p/too > e —dP{Dt_n}dtJrr/tOZ% o—ta dP{Dt—n}

—0,57, dt
—m — h/ Z e " P{D; = n}dt.
t=0 =

(A-108)

Because Y ¢, dP{Dt n) T it dP{g;:”} = 0, equation (A-108) simplifies to

o0

o0 dP{D, <
—ta {t_Q}dt

e P{D; < q}dt — (p+ 7‘)/ e

g+ 1) = () =—m—h [ B 4

=0

(A-109)

Since [ e‘tawmf =a [~ e *P{D, < q}dt — 1, we can simplify the

formula further to

&0 <
h / e—tamdt (A-110)
t

wla+1) =) = —m ==t [ -

What we seek is the lowest integer value of ¢ at which (¢ + 1) — 7(q) < 0.
At this point, the formula will have ceased increasing with increasing ¢, and will only

decrease with increasing q. Thus, we move the terms to one side to find

—m -t 00 <
M7 / e—mmdt (A-111)
t

pHr+2 7 Ji dt
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We add 1 to both sides to get the newsvendor formulation for the optimal

order amount, as shown in equation (A-107):

p+7"—m<1 > —tadp{Dth}dt
e <14 | et
ptr+. =0 dt
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APPENDIX B
PROOFS FOR THE LAST BUY PROBLEM WITH NO
REPLENISHMENT

Penalty Proofs
Proof: The expected value of the penalty cost Z(q) is non-negative.

The equation for the expected value can be found from (5.6):

Tt dP{D,, < qlA, =1}
Z(Q):_pz/tf_oe tre ! z L p{a, = 3K ty)dt;.
=1 -

By looking at the parts of (5.6) and determining if each part is non-negative or
non-positive, we can determine if (5.6) in its entirety is non-positive or non-negative.

e ¢ 'r%: This is an exponential; thus, it is positive for all values of ¢.

dP{th S(I|Atf =i}

i : The probability P{D;, < q|A;, = I} decreases as t increases, as

we do not allow for negative demand. Thus, once the demand up to a specific
time DtAf > ¢, the demand can never be less than or equal to ¢ at any point in

time beyond ;. Thus, because the probability P{D; ; < qlAy, = 1} can only

dP{th§q|Atf:l}

i is non-positive for all

decrease as t increases, the rate of change

values of t.

e p: The penalty per assembly p is non-negative, according to the requirements

of the problem.

o K(l,ts): The expected discounted number of assemblies for which the manufac-
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turer must pay a penalty should the manufacturer be unable to meet demand

must be non-negative.

e P{A;, = l}: By definition, all probabilities must be between 0 and 1. Thus,
P{A;, = I} is non-negative.

o [Z e P{D; < q}dt: Because e > 0 and P{D, < q} > 0 for all values of ¢,
then the integral ftozoo e " P{D, < q}dt must also be non-negative for all values

of t.

o ftifzo e‘tfa%;w}?{/ltf = [}K(l,ty)dt;: All parts of this integral are

dP{Dy,<q|A;, =1}

non-negative for all values of ¢ except for it

, which is non-positive
for all values of t. As a result, the entire integral must be non-positive.

dP{Di; <q|A;, =

I
Because fttfczo et ai; }P{Atf = I} K (l,ty)dt; is non-positive and p

is non-negative, the negative of the product of these two parts must be non-negative.

Thus,

L te dP{D, <q|lA, =1}
Z(q) = —pZ/ elre ! — L= P{A, = 1}K(l,t;)dt; > 0. (B-1)
=1 tf:() f
Thus, Z(q) is non-negative. |
Proof: The penalty cost Z(q) is non-increasing with increasing q.
Due to the nature of the penalty cost - where the assembly failure rate changes

once penalties begin to occur - a slightly different tactic is used to determine if the

penalty cost is non-increasing. We show the effect of increasing the order amount from
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¢ units to g+ 1 units on the penalty cost. Because the contract and non-contract cases
have different penalties, each of these cases must be investigated separately. Thus,
we need to demonstrate the effect of increasing the order amount from ¢ to ¢ + 1 for
a given scenario.

Suppose that, for a given order amount ¢, the g + 1th unit is demanded at

time t¢. In such a case, the penalty becomes

Zy,(q) = pe 1Y P{A;, = }K (L, ty). (B-2)

The formula K (I, ;) represents the expected standardized (i.e. p=1) penalty,
discounted to time ¢;, given that the (¢+ 1)th unit failed at time ¢;. As the structure
of K(I,ty) is different for the contract case and the non-contract case, we will need

to determine whether or not Z;,(g) increases for both cases.

Non-Contract Case

With the value of K(I,ty) for the non-contract case, equation (B-2) becomes:

J
th (Q) - pe_tfa Z P{Atf = l}
=1

1 oo dP{D; = n|D ) (B-3)
=N =N
(1 _E :/ eltr=ap (A, = 114, =1} St pn i dt).
k=1 Y1tr

Consider what would happen if the manufacturer had ordered ¢ + 1 units

instead of ¢ units. The demand of the (¢ + 2)nd, (¢ + 3)rd, etc. part all occur at
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the same time and from the same assembly; for these parts of the formula, nothing
changes. What does change is that the (¢ + 1)th demand is satisfied by the last buy
order. Thus, the assembly that demanded the (¢ + 1)th part does not generate a
penalty cost at ¢y, but could possibly generate a penalty cost in the future, in the
same way that any other assemblies remaining may generate a penalty cost. As a

result, the value for 7, (¢ +1) is

J
th(q+ 1) :peftfaZP{Atf = l}
=1

B-4

( i/w (tr=hep{A; =1]A 1}dp’“{Dt = niD, :n}dt) o

J— 6 = = .
e tf k t tf dt

Thus, by taking the formulas of (B-3) and (B-4), the rate of change Z;,(q +

1) — Z;,(q) becomes

J
Zy(q+1) = Zi,(q) = pe Y P{A, =1}
=1

(B-5)
dPl{Dt = n|th = n}

dt

(- [ et trnga =i, - 1) g 1),

ty

If the rate of change Z;,(q+1) — Z;,(q) is non-positive for all values of ¢, then
the penalty cost is non-increasing with increasing ¢. In order to find this, we look at

the parts of Z; (¢ + 1) — Z,(q)-

e p: The unit penalty cost per assembly p is, by the conditions of the problem,

non-negative.
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o e lr* eltr=92. These are exponentials; as such, these are positive for all values
of t. Moreover, e/ < 1 for all values of t > t;.
o P{A,, = I}, P{A, = 1|A;, = 1}: These are probabilities. By definition, all

probabilities are between 0 and 1. As such, these are non-negative.

dP{Dy=n|D;,;=n}
dt .

This is non-positive for all values of t. The reason is that the
probability P{D; = n|D;, = n} is equal to 1 at time ¢y, then steadily decreases

as t increases beyond .

o0 dPl{Dt:n|th :n}
iy dt

dt: This is positive, but less than 1. The reason for this is

oo AP {Dy=n|D;,=n}
tf dt

that — dt <1, because P{D; = n|Dy, = n} is a probability

that decreases from 1 and, therefore, any integral of its rate of change over time

must be between 0 and -1. Thus, its integral must be between 0 and 1.

dP{Di=n|D;;=n}
dt

o —ftjo etr=bep{A, = 1|4, = 1} dt: This is also non-negative

and between 0 and 1. The reason for this is that, for all ¢ > t;, 0 < B{A; =

1]1A;, =1} <1 and 0 < elr=9* < 1. Thus, because P {4, = 1|A;, = 1} and

_ dPl{Dt:TL‘Dt ,:n} . .
olty—t)a pra— is negative

are both positive and less than 1 and because

dP{Dy=n|D;;=n}
dt

dt

for all ¢ > ¢y, the integral —f;;o etr=bep{A, = 1|4, = 1}

must be of less absolute value than the original, as well as be of the same sign.

:n\th =n}
dt

Thus, as — [ AR dt < 1, s0 must — [ el R{A, = 1|4, =

D= g <

dpl{Dt:n‘th:n}
dt

As aresult, the (— ftjo elr=Dop{A, = 1|A,, =1} dt—1) portion
of the rate of change must be non-positive. Thus, because p, e % and P{A, ;=1

are all non-negative, the product of all of these parts - the rate of change - must be



183

non-positive:

J
Zy(q+1) = Zi,(q) = pe > P{A, =1}
=1

- (B-6)
dPl{Dt = n|th = n}

dt

(—/ et p {4, = 1|4, = 1} dt —1) <0.

ty

As a result, for the non-contract case, the penalty cost Z(g) is non-increasing

with increasing q.

Contract Case
In the contract case, the result is a bit different. We install the value of K (1, )

to get

Zy,(q) = pe 1Y P{A, = I}l (B-7)

In this case, we need to find the result if our order amount goes from ¢ to

q+ 1. What we get is

d ©  ,dP{D,=q+1|D;, =q+1
th(q+1):pe—tfaZP{Atf:l}(_/ etr—t { i dt| ly }
=1 ty

l

> iP{A, =i|A,, = }dt).

i=1

(B-8)

We can separate this out to
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l

th(q +1) = pe ZP{Atf = l}(Zz
=1 i=1 (B—9)
P{A; = i|A; = [}dt)).

(= /OO etf—tdp{Dt —4a+ 1|th =q+1}
t dt

As demonstrated earlier,

o0 dP{D; = 11Dy, = 1
Og—/‘aft {De =g+ 1D, T%}g1. (B-10)
¢ dt
Also, we establish that, for any time ¢ > ¢y,
l
> iP{A =ilA, =1} <1 (B-11)

i=1

as [ is the maximum possible value of the number of assemblies after time
tr, and Y\ iP{A, = i|A;, = [} represents the expected value of the number of

assemblies for a time ¢t > t;. Thus, by taking equations (B-10) and (B-11), we find

that

o0 dP{D, =g+ 1|D, =qg+1}
OS(_/ elr—t { t=q+ | =4+ }ZiP{At:i|Atf:l}dt))
ty

dt ,
=1 (B-12)
S_l/ etffth{Dt:q—i_llth:q_Fl} Sl
. dt

Thus, we establish that, from the results of (B-12),
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o0 dP{D, = 11D, = 1
l Z (E Z(—/ etf—t { t q +dt‘ Ly q_'_ }P{At _ ilAtf _ l}dt)) (B—13)
i=1 ty

We put this into our penalty formulas of (B-7) and (B-9) and find that

J J l
pe e Z P{A;, =1}l > pe " ZP{Atf = l}(Z@
=1 ‘

=1 =1 (B-14)
P{A, = i|A,, = 1}dt)).

<_ /OO etffth{Dt =q+ 1|th =q+ 1}

Or, to summarize,

Zi,(q) > Zi, (g +1). (B-15)

Thus, since we have proven the lemma for both the non-contract and contract
case, the penalty cost is non-increasing with increasing q. [ |
Proof: The convexity of the penalty cost Z(q) is with respect to ¢ cannot be deter-
mined.

We demonstrate this by giving an example: a simplified version of the contract-

case penalty in which there is no discount rate (o = 0).

te dP{th S Q|Atf = l}

J
Z(q)=-pp_I /
; ty=0 dtf

P{A,, = l}dt;. (B-16)
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This can be edited to

I [t dP{D;, <qNA4, =1
Z(q)——le/ Dy <an Ay }dtf. (B-17)
=1 Jtr=0 dty

We solve for the integral to get

26) = —p S UPID. <qn Ay =1}~ PIDy < qndg=1)).  (B18)

=1

Since P{Dg < qgN Ay =j} =1and P{Dy < qgN Ay =1} = 0 for all other

values of [, equation (B-18) simplifies to

Z(q) =pj — ZJ:lP{DtC <qnNA, =1} (B-19)

=1

The rate of change of this statement with respect to ¢ is

Z(qg+1) — Z(q) = — i IP{D, =q+1NA, =1}. (B-20)

=1

When we seek the convexity, we find

Z(q+2)=2Z(q+1)+Z(q) = i:l(P{Dtc = q+1NA;, =1} =P{D; = q+2NA;, = 1}).
- (B-21)
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This illustrates the problem with convexity involved with this formula. In some
cases, (P{D;, = q+1NA;, =1} is going to be greater than P{D;, = q+2NA;, = 1});
in other cases, less. Thus, we cannot effectively determine convexity for the penalty
cost. [
Proof: For any ¢ > 0, the negative of the rate of change of the penalty —(Z(q+1) —
Z(q)) is less than the penalty Z(q).

This can be determined from two properties.

e The penalty cost is non-negative.
e The penalty cost is decreasing.
The decreasing nature of the penalty cost was demonstrated earlier in Ap-

pendix B. That the penalty cost is non-negative can be demonstrated as follows:

The expected discounted penalty cost is

I [te dP{D,, < q|A;, =1
Z(q)=—p) / et Dy dtfl : }P{Atf:l}K(latf)dtf' (B-22)
t

1=1 Ytr=0

By definition, p and [ are non-negative. Also by definition, K (,t7) > 0 for all
possible values of [ and t;. As P{A;, = I} is a probability, it is also non-negative.

Also, the exponential e~ > 0.

dP{th S‘”Atf =i}

The structure of o
f

is such that it will be negative for all values of

ty > 0. Since we cannot have negative demand, the probability that demand is less

than or equal to a given amount steadily decreases over time. Thus, it
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is non-positive.

The result of these properties is that

te dP{D, <qglA, =1
0 S _/ pe_tfa { b — q’ b }P{Atf == Z}K(l,tf)dtf. (B—23)
tf=0 dtf
Thus,
I, e dP{D, < qlA, =1
Z(q) = —pZ/ et D, :f' i }P{Atf =1}K(1l,t;)dt; > 0. (B-24)
(=1 Yt5=0 f

and the penalty cost Z(q) is non-negative for all values of ¢ > 0.

Because Z(q + 1) is non-negative, Z(q) — Z(q+ 1) < Z(q). Or,

—(Z(g+1) = Z(q)) < Z(9). (B-25)

Thus, the negative of the rate of change of Z(q) is always less than Z(¢). W

Proof: As g becomes large (¢ — o), the penalty Z(q) — 0

The formula for the penalty cost Z(q) is

TortedP{Dy, < qlAy, =1}
Z@:w2/<ﬂ“ ”ﬁf” P{A, = }K(l,t;)dt;.  (B-26)
tp=
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At very large values of ¢, the probability P{D;, < q|A;, = [} does not change
except for values of A;, > 0 and for very large values of ¢y. In other words, to get
large values of ¢ such that D;, > ¢ (and thus cause a change in P{D;, < q|A4;, =1}),

assemblies have to be operating for a very long time. Thus, if the assemblies are

operating at large values of ¢4, it is possible to have a nonzero value for i

However, as t; increases, P{A;, = [} — 0 for all [ > 0. Eventually, all assemblies will
fail. ¢ can be made sufficiently large that the value of t; at which P{D;, < q|A;, =1}

changes is so high that, for all | > 0, P{A;, = [} ~ 0. Thus, for all values of [ and t,

dP{th S q’Atf = l}
dt;

P{A, =1} ~0. (B-27)

Because of (B-27), the value of the integral in the penalty cost function

@ AP{Di;<q|A; =1}

et i P{A;, = }K(l,ts)dt; approaches 0 for all values of ¢;. Thus,
It dP{D;, < q|A;, =1
lim —pZ/ o-tra IPADy < dldy }P{Atf — }K (I, tp)dt; = 0.  (B-28)
T dt;
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APPENDIX C
PROOFS AND ANALYSES FOR THE LAST BUY PROBLEM WITH
BATCH REPLENISHMENT

Renewal Theory Formulation
A value for a state ¢ in a Renewal Theory formulation, discounted over time,

can be viewed as follows:

In this formulation, ¢;(¢) indicates the rate at which costs or revenues are
generated while in state i, P{S; = i} represents the probability that the system is

dP{i—j}
d

still in state ¢ given that it started in state ¢ at time 0, ;

represents the rate of
increase in the probability that the system has transitioned from state ¢ to state j by
time ¢, v (i, j) represents the cost or revenue generated from the transition from state
i to state j, and C(j) represents the value of state j.

Based on this, we need to come up with values for the various states and
transitions for each part of the Last Buy problem. We view the possible states for

the Last Buy problem as (I,n), where [ represents the number of assemblies still in

operation and n represents the number of parts in inventory.
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Formulation of the Revenue

For the revenue, we need to consider what happens at each possible value of
(I,n). For starters, no revenue is generated while the system stays in a given state;
thus, vqn)(t) = 0 for all (I,n). At any given (/,n) where both [ and n are positive,
the system can transition from (I,7n) to one of two possible states. If an assembly
fails in state (I,n), then the system transitions to state (I — 1,n). If a part fails in
state (I,n), then a part is taken out of inventory to replace it, generating a revenue
of r units and transitioning to state (I,n — 1). Thus, if both [ and n are positive, our

revenue formulation under renewal theory becomes

R, n) / e (P{D, = 0}P{A, < DR(I — 1,n)
=0 (C-2)

+P{D; > 0}P{A; = 1}(r+ R(l,n — 1))dt.

The case where [ = 0 is a trapping state, as this implies that all assemblies
have failed; thus, for all inventory levels n, R(0,n) = 0. If, however, the inventory
level is depleted and n = 0, then another batch will immediately be made. Thus, the
value of any R(l,0) = R(l,q;), where ¢ is the optimal order amount for a batch if [
assemblies remain.

When there are [ assemblies remaining, this implies that there are [ potential
parts and [ potential assemblies that could fail. Thus, the values of each of the

probabilities in R(I,n) are:

P{D; =0} = e, (C-3)
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P{A, =1} =", (C-4)
P{D;>0}=1-P{D;, =0} =1—e"" (C-5)
P{A <} =1-P{A, =1} =1—¢", (C-6)

By applying equations (C-3) through (C-6) into equation (C-2), we get

R(l,n) = /too e (e (1—e"R(I—1,n)+(1—e ™) e P (r+ R(I,n—1))dt. (C-7)

=0

By solving for the integral in (C-7), we get:

B B+ N
R(l,n) = 1(B+N) +a(

g
A+

R(—1,n)+ (r + R(l,n — 1)). (C-8)

A
A+

Thus, we summarize the revenue formulation as follows:

If ] >0 and n > 0, then

B+ N
B+N)+a

g
A+

(r+ R(l,n —1)). (C-9)

R(l,n) = l ( R(l—1,n) +

A
A+
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If [ =0, then
R(0,n) = 0. (C-10)

If n =0, then

R(1,0) = R(l,q). (C-11)

Formulation of the Holding Cost
The holding cost is unique in that it is the only one of the costs that generates a
revenue or cost for remaining in a given state (I,n). While there are n parts remaining
in inventory, each part generates a holding cost of A units for each unit of time it
remains in inventory. Thus, by adapting (C-1) to the holding cost, we must make
tan)(t) = hn. Other than this, there is no cost or revenue for any change of state.
Other than this, the rules and probabilities of the formulation are the same as with

the revenue:

H(l,n) = /00 e "(P{D; = 0}P{A; =} hn
=0 (C-12)

+P{D, = 0}P{A, < [YH(l —1,n) + P{D, > 0}P{A, = }H(I,n — 1))dt.
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By applying the values for the probabilities as presented in (C-3) through

(C-6) into the holding cost formula of (C-12) and integrating, we get

nh L(B+N)

5
(6+A)+a+l(5+A)+a

A
-5 HEn-D). (C13)

A+

H(l,n) = - (

The cases at the extremes - when [ = 0 or n = 0 - are the same as with the
revenue. Therefore, a summary of the values of the holding cost at each state are:

If I >0 and n > 0, then

H(l.m) = 115 ﬁl) —+ l([i(f I)Al (5 f SH(— L)+ ﬁ(H(l,n 1))t
(C-14)
If I = 0, then
H(0,n) = 0. (C-15)
If n = 0, then

H(1,0) = H(l, qb). (C-16)
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Formulation of the Batch Replenishment Cost
For the batch replenishment costs, no costs occur until the inventory is de-
pleted. Therefore, the cost generated while in any state (I,n) where n > 0 is 0, as is
any cost of transition from (I, n) to any other state. Thus, for any state where both

[ and n are positive,

Z(,n) = / e (P{D, = 0} P{A, < 1} Z( — 1,n)
=0 (C-17)

+P{D, > 0YP{A, = [} Z(I,n — 1))dt.

By applying the values for the probabilities as presented in (C-3) through

(C-6) into the batch replenishment formula of (C-17) and integrating, we get

B+ N
(B+ )N+«

g
A+

20— 1,n)+ ——Z(l,n—1)). (C-18)

( A+

Z(l,n):l

The states where [ = 0 are trapping states; at this point, no assemblies remain,
so no further costs will be generated. On the other hand, when the inventory n = 0,
a new batch will be immediately manufactured - and a batch setup cost of p units
generated. Thus, the batch replenishment cost, as represented within renewal theory,

becomes

Thus, if [ = 0, then

Z(0,n) = 0. (C-19)
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If n =0, then

Z(1,0) = peaten + M(q) + Z(1, q7). (C-20)

Formulation of the Salvage
The renewal theory formulation for the salvage is very similar to the formula-
tion for the penalty. In both cases, no costs are generated in the intermediate states
where both [ and n are positive - neither while remaining at state (/,n) nor in the

transition to another state. Thus, for positive [ and n,

sany:/we%ﬂpu%:quA,<usa—Ln)
=0 (C-21)

+P{D; > 0}P{A; =1}S(l,n — 1))dt.

By applying the values for the probabilities as presented in (C-3) through

(C-6) into the salvage formula of (C-21) and integrating, we get

B+ N
B+ )N+«

g
A+

S —1,n) + ——S(I,n—1)). (C-22)

Stm) =7 A+

(

Where the salvage differs from the penalty is that, instead of generating cost

or revenue when the inventory is depleted, the salvage occurs when the last assembly
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has failed. At that point, the remaining n parts are sold out of inventory, generating

a revenue of s per part. Thus, the value of the salvage at state (0,n) is

S(0,n) = sn. (C-23)

If the system runs out of parts, a new batch of parts is generated. Thus, once
the system reaches the state (I,0), another batch is made, and the state of the system
goes to (I, qf), where ¢ is the optimal order amount for a batch if | assemblies remain.

In summary, the value of the salvage at a given state ({,n) is:

If | = 0, then

S(0,n) = sn. (C-24)

If n =0, then

S(1,0) = S(I, q7). (C-25)

Proof: If using incremental replenishment as a form of buyout in the last buy prob-

lem with batch replenishment and buyout option, the value of the total discounted

DiA
B+a?

incremental replenishment per assembly is where p; represents the cost per part
to fabricate the parts individually at higher cost.

To demonstrate this, we use a simplified form of C'(/,n) formula as presented
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in (6.20). By using equation (6.20) to show what would happen to an incremental

replenishment case for a single assembly, we can show why the value of the incremental

replenishment per assembly is ;ﬁa . The ﬁpﬁ; is the result of a power series generated

from We start with (6.20) by making several alterations necessary to apply

A
ApB+ar

this formula to our example:

e [ = 1. We are looking at each assembly individually. As there is no longer any
inventory, as each part will be made to demand from that point, there is no

need to look at all of the assemblies as a group.

e h = 0. No items will be in inventory from this point; thus, the holding cost can

be removed from (6.20) for our example.

e r = —p;. Whenever a part is sold, instead of generating revenue, a cost of —p;

units is generated.
e (C(0,n) = 0. Because no items are in inventory, no salvage will occur.
e n — 00. We can make parts on demand; thus, any demand will be met. We

represent this by making n very large.

These changes cause our modified version of (6.20) to become

(B+A) ( A
B+AN)+a [+A

C(l,n) = (—pi + C(1,n —1))). (C-26)

Equation (C-26) can be simplified to



cm =5 Ta

Or, to distribute the ﬁ term throughout (C-27):

1,n) = .
¢Ln) B4+A+a [B+A+a

From (C-28), we get the distribution for C(1,n — 1):

(=pi + C(1,n —1)).

We insert (C-29) back into (C-28):

A
B+ A+a

_Ll)‘_.( A
T B+r+a B iata

C(1,n) 2+ (

"Bt ita Birta

2C(1,n —2).
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(C-27)

(C-28)

(C-29)

(C-30)

Thus we demonstrate the power series in development. By extending C(1,n)

through all possible values of n, (C-30) becomes

> A
C(l,n)=—p; Z(m)m~
m=1

The power series in (C-31) solves to

(C-31)



We use some algebraic manipulation of (C-32) to find

ftAita |

Cm) = - )

By subtracting the 1 from (C-33), we get

C(t,m) =~ z7)
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(C-32)

(C-33)

(C-34)

In short, the value of any future expected incremental replenishment from a

single assembly is —pz'(ﬁ%). Thus, if using incremental replenishment as a possible

alternative to batch replenishment, a value of ppuyour = pi(

value of the buyout cost.

A
7

should be used as the
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APPENDIX D
PROOFS FOR THE LAST BUY PROBLEM WITH OPTIONAL
CONTRACT EXTENSION

Proofs
Proof: The value of the extension X (q) satisfies 0 < X(¢) < S0, Ip.P{A,,, = 1}.
There are two inequalities in the proof, both of which need to be evaluated
separately. We start by examining the first half of this set of inequalities - that
0 < X(q).

The value of the extension is

—_

q—

X(q) =YY P{A,, =1}P{Dy, = n|A,, =} max[ip, — V(I,n),0].  (D-1)

where

: e P D < A = A o D —
V(l,n)= _pzk/ e—atd {D; < q|A; kc,it to =1, Dy, =n}
te1

P{At = klAtcl = l, ‘Dtcl = n}dt

V(l,n) is the expected value, discounted to time t.;, of the penalty costs that
are incurred during the contract extension period.

As all probabilities are such that 0 < P{-} <1 and max[lp, — V(l,n),0] > 0,
then the product of the max function and any probabilities must be non-negative.

Therefore,
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X(g) =) i: P{Ay, = [} P{D:,, = n|Ay, = I} max|lp, —V(I,n),0] = 0. (D-3)

=1 n=0

Thus, we have demonstrated that the extension X (g) is non-negative.

Once that’s done, we need to prove the other half of the inequality, that
X(q) <3, Ip.P{A,,, = 1}. Before we start, we first need to prove that V(I,n) > 0.
That way, we have an upper limit on the max[lp, — V(l,n), 0] term - which, in turn,
should provide an upper bound on the entirety of the X (q) equation.

To prove that V(I,n) > 0, we need to examine all of the parts of V(l,n), and
prove that they are non-negative for all values of t.

e ¢ “': This is an exponential, and thus is positive for all values of t.

dP{D:<q|At=k,A¢ ,=1,Dy  =n}
dt :

The state D; < ¢ can be viewed as the opposite
of a trapping state; once D; > ¢, the total demand can never go below ¢
again, because we cannot have negative demand. Therefore, the probability

P{D; < q|A; = k, A, = [,Dy,, = n} can never increase - and the rate of

dP{D;<q|At=k,A;_,=I,D;_,=n}
dt

change of that probability can never be positive for

dP{D:<q|At=k,At  =1,Dt_,=n}
dt

any value of . Thus, is non-positive.

o P{A; = k|A:, =1,D;,, = n}: This is a probability, and as such is between 0
and 1 for all values of t. Thus, P{A; = k|A;,, = [, D;,, = n} is non-negative for

all values of t.

teo e_at dP{Dt SqlAt:k,At
tel dt

a=bDig =n} P{A; = k|A,, =1,D,,, = n}dt: Of the parts
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dP{D:<q|A1=Fk,At =1,Dt_ =n}
dt

[

of this integral, e~ is non-negative for all values of t,
is non-positive for all values of t, and P{A; = k|A;, = [,D;, = n} is non-

negative for all values of £. Thus, the integral of the product of these parts

must be non-positive.

e —p: The penalty cost per assembly for failing to meet customer demand is non-
negative according to the requirements of the problem; thus, its negative must

be non-positive.

e k: The number of assemblies still in operation must always be non-negative.

: 2 —atdP{D;<q|Ar=k A, =Dy, =
Since fttfe ot APAD:<q A el el n}P{At = klA,, =1, Dy, = n}dt <0,

—p <0, and k& > 0, their product must also be greater than 0:

l ¢
= dP{D, <qglA; =k, A, =1,D;, =
V(l,n):—ka/ efat { t_Q| t s Lte y Mter n}
te1

dt (D-4)

P{At = k|AtC1 = l, Dtcl = n}dt Z 0.
Thus, we have demonstrated that V' (I,n) > 0. As a result, the maximum value
of max[lp, — V(l,n),0]

nllaux[max[lpgC —V(l,n),0]] <lp,. (D-5)

Now that we have our maximum value for max[lp, — V(I,n), 0], we can start
to find out the maximum possible value for X (g). Once we find this, we will have the

upper bound required to finish our proof. We insert this maximum back into formula
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(D-1) for X(q):

—

Xpar = max[X(0)] < 33 P{A,, = 1P{D,, = nlA,, = }ip).  (D6)

I=1n

I
o

Equation (D-6) can be simplified to

J -1

Xomar = max[X ()] <Y Y P{Dy, =nn A, =1}(p.). (D-7)

I=1n

=)

I
o

By combining the summation of the demand into the probabilities in equation

(D-7), we get
J
Ximao = max[X(q)] < ZP{Dtcl <qN A, =13}(ps). (D-8)
=1
As g becomes large, P{D;,, < q} — 1 for all A;, =[. Thus, from (D-8),
J
Ximaw = maz[X(q)] < ZP{Atcl = 1}(Ips)- (D-9)
=1
By combining our results from (D-3) and (D-9), we get
J
0< X(g) < IpP{A, =1}, (D-10)
=1

Thus, both inequalities are proven. [
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As an extension of this, it has become important to prove not only that X (¢q) <
{:1 Ip.P{A;,, = l}, but that, as ¢ becomes large, X(q) — {:1 lp. P{A;, =1}. In
order to demonstrate this, we take the limit of parts of X (¢q) as ¢ — oc.
Proof: The limit lim, .., X(q) = 327, Ip,P{A,,, =1}
In order to complete this proof, we must examine what happens to each part
of X(q) as ¢ becomes large. As it is the most complicated portion of X(q), we start

by examining the parts of V (I, n) shown in (D-2), as ¢ — oc:
e —p, k: As these are both stated by the problem, these are essentially constants.

e ¢ As all times are positive, 0 < e~ < 1 for all possible values of t.

dP{D:<q|At=k,At_,=1,D:

o 2= The state D; < q can be viewed as the opposite of

a trapping state; once D; > ¢, the total demand can never go below ¢ again,
because we cannot have negative demand. However, as ¢ — oo, the probability
that the demand somehow exceeds ¢ approaches 0, even at large values of ¢.

Thus, as ¢ — oo, P{D; < q|A; =k, Ay, =1, D;,, = n} stays at 1 and does not

dP{D:<q|At=k,A¢_,=l,Dt_, =n}

o approaches 0 for all values of ¢.

change. As a result,
o P{A; = k|A:, =1,D;,, = n}: This is a probability, and thus is between 0 and

1 for all values of t.

tcg _atdP{Dt§q|At:k,Atd:l,Dtcl:n} _ o . .
o [ Te = P{A;, = k|A,, = [,Dy, = n}dt: Because

dP{D:<q|At=k,As_,=I,Ds_,=n}
dt

approaches 0 for all values of ¢ and P{A; = k|A;, =

tcz 7atdP{DtSqlAt:k,Atcl:lyDt(:l:n} P{At —

l, Dy, = n} and e ** are finite, integral | Ce -

t

k|As,, =1, D;,, = n}dt approaches 0 as ¢ becomes large.
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Thus, as ¢ — oo, because the value of the integral approaches 0, V(I,n) also

approaches 0:

l

lim V(l,n) = —pz

g—00
k=1

k/tcz e—ath{Dt <qlAy =k Ay, =1,Dy, =n}
. dt (D-11)

P{At = k|Atc1 = l7Dtc1 = n}dt =0.

Thus, because V' (I, n) approaches 0 as g becomes large, the value of the formula

in (D-1) reduces to

J g1
lim X(q) =Y Y P{Ay, =1}P{D,, =n|A,, = }ip,. (D-12)
e =1 n=0

From here, we see what happens to the other parts of X(q) as ¢ — oco. We

start by combining the two probabilities in (D-12):

Jj g1
lim X(q) =Y _ Y P{D,, =nnA,, =}ip,. (D-13)
e =1 n=0

As ¢ — oo, the sum of probabilities >°%_y P{D,,, = n N A, = I} approaches
P{A,, =1}. The reason for this is that, as ¢ — oo, 391 P{D,, = n} approaches
1, as the summation takes up all possible values of D; . As a result of this, equation

(D-13) becomes

g—00

lim X(q) = Ej:P{Atd = I}p,. (D-14)
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Thus, we have established the value of X (g) as ¢ becomes large. [
Proof: The value of the extension X (g) is non-decreasing with increasing g.

The value of the extension is

qg—1

X(q) =) > P{Ai, =1P{Dy, =nl|A,, =} max[lp, = V(I,n),0].  (D-15)

=1 n=0

.

Thus, the rate of change of the extension with respect to ¢ is

AX(q) = X(q+1)-X(q) = > _ P{A,, = }P{D,, = q|lA,, = [} max[lp,—V(l,q),0].

(D-16)

As stated earlier, all probabilities 0 < P{-} < 1. Also, because of the definition
of amax function, 0 < max[lp,—V (I, ¢),0]. Thus, all parts of AX(q) are non-negative.

As a result,

AX(q) =X(g+1) - X(q)
j (D-17)
= Z P{Atcl = Z}P{Dtcl = Q|Atc1 = l} max[lpm - V(l7 Q)> O] > 0.

Thus, since the rate of change of the extension is non-negative with increasing

q, the value of the extension X(g) is non-decreasing with increasing q. |
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Proof: The expected value of the penalty in the contract extension period V (I, n) is
non-negative.

The equation for the expected value can be found from (7.9):

! ¢
° dP{D, < qglA, =k . A, =1.D, =
V(l,n):—ka[ e—at { t_Q| t s Aty , Dy n}
cl

dt

P{At = k|Atc1 = l7 Dtcl = n}dt

By looking at the parts of (7.9) and determining if each part is non-negative or

non-positive, we can determine if (7.9) in its entirety is non-positive or non-negative.

e ¢~ '@ This is an exponential; thus, it is positive for all values of ¢.

dP{Dy<q|As=k,A;_ =1,D;_, =n .
o PiDisalh el el Y. The probability P{D; < q|A; = k,As,, = |, Dy, =

n} decreases as t increases, as we do not allow for negative demand. Thus,
once the demand up to a specific time D; > ¢, the demand can never be less
than or equal to ¢ at any point in time beyond ¢. Thus, because the probability

P{D; < q|A; =k, Ay, =1,D;,, =n} can only decrease as t increases, the rate

dP{D¢<q|At=k,A¢,, =1,D;_, =n}

of change o

is non-positive for all values of ¢.

e k: According to the summation that determines the values of k used, k is
positive.

e p: The penalty per assembly p is non-negative, according to the requirements
of the problem.

o P{A, = k|A;, =1,D,,, = n}: By definition, all probabilities must be between

0 and 1. Thus, P{A; = k|A;,, =1, Dy, = n} is non-negative.
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o [Z, e P{D; < q}dt: Because e > 0 and P{D, < ¢} > 0 for all values of ¢,
then the integral ﬁioo e ' P{D, < q}dt must also be non-negative for all values

of t.

te2 oot dP{D;<q|Ai=Fk,As
tcl dt

a=bDua = pra, — kA, = 1,D,, = n}dt: All parts of

dP{D:<q|At=k,As_,=I,Ds_,=n}
dt )

this integral are non-negative for all values of ¢ except for
which is non-positive for all values of . As a result, the entire integral must be

non-positive.

ter ot dP{Di<q|lAi=k,A;  =1,Ds = :
Because [, e {De=gl 4, el el n}P{At = k|As, = |,Dy,, = n}dt is
c

non-positive, p is non-negative, and k is non-negative, the negative of the product of

these three parts must be non-negative. Thus,

te  gP{D, < qlA, = k. A, =1.D, =
V(l,n) = —ka/ e—ozt { t > Q| t (%t tel s Pty n}
- (D-18)

P{At = klAtcl == l, ‘Dtcl == n}dt Z 0.

Thus, V(I,n) is non-negative. |
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