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This thesis introduces a framework aimed at developing an aid for physicians to diagnose 

and manage failing aortic valves using finite element (FE) simulations.  The bicuspid aortic valve 

(BAV) is the most commonly observed valvular defect (Sievers et al. 2007) and therefore used to 

investigate the clinical utility of FE-based mechanical simulations.  For the analysis, patient data 

was collected using real-time 3D echocardiography (rt3DE) of five normal valves and three 

pathological.  The valve geometries were reconstructed  into 3D models including the sinus and 

leaflet structures.  An FE analysis was completed on the models, and the results were critically 

analyzed and validated with experimental data.  Results indicate that human patient aortic 

valves can be successfully reconstructed  and when simulated, realistic deformation is observed.   

This thesis focused on severity assessment of BAV morphologies 

through comparison to that of normal aortic valves. 
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CHAPTER ONE: INTRODUCTION 
 

 

1.1 Background 
 
 
 
 

Recent innovations with computational methods provide new tools for physicians to continue 

simulation-based medical planning [1-2]. Current understanding of anatomical and 

physiological disease pathology is limited to physician-reported data, which varies greatly from 

patient to patient.  As computational costs decrease and computational methods improve in 

accuracy, the use of computational simulations becomes a more viable route in developing 

treatment strategies for individual patients [3-4]. This thesis introduces a framework for the 

analysis of individual patient-specific aortic valves, more specifically, the morphological variants 

engendered by the presence of a congenitally bicuspid aortic valve (BAV), shown in Figure 1. 

 

 
 
 
 
 
 
 

 
 

 
Figure 1. Illustration of normal TAV (top) and pathological BAV.  The BAV pictured shows the 

most common variant, fusion of the left and right leaflets. 
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BAV is prevalent in 1%–2% of the population, making it the most prominent congenital heart 

valve defect [5]. Generally, BAV occurs twice as often in males, but in families with more than 

one occurrence of a BAV, no gender bias exists [6]. BAV is often associated with other vascular 

complications, including aortic regurgitation (AR), infective endocarditis (IE), coarcation of the 

aorta (COA), aortic dissection, and ascending aortic dilation [5]. Nearly 33% of all patients with 

a BAV will experience major cardiac complications and will require surgical intervention during 

their lifetime [5]. BAV is the most prevalent heart valve defect and carries the highest risk of 

morbidity and mortality [5-8].   It was first identified as a pathological anomaly by Paget in 

1844 and associated with severe calcific stenosis by Peacock in 1866 [9]. Osler, in 1886, 

identified the likelihood of infective endocarditis with the presence of a BAV [9]. 

In the biomedical field, FE analysis techniques have been implemented for the 

identification of stress pattern distribution and mechanics of the aortic valve, the purpose being 

to elucidate failure mechanisms and also aid in replacement heart valve development.  The 

aortic valve is a good candidate for FE analysis due to its inaccessible location and complex 

function.  Grande et al. published a FE study of the aortic valve in the end diastole configuration 

based on MRI patient data of nine subjects.  The resulting study pointed out asymmetries 

inherent in the valve as well as in the orifices for the left and right coronary arteries [9-10]. 

Gnyaneshwar et al. presented  a dynamic analysis of an aortic root and leaflet complex, 

beginning in the mid-systole configuration for a full cardiac cycle simulation [11]. Kim et al. 

employed a valve geometry similar to that of a typical bioprosthetic heart valve (BHV), shown in 
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Figure 2, and presented  a dynamic FE analysis of the BHV aimed at investigating sources of 

calcification and tissue degeneration [12-14]. 

 
 
 
 
 
 
 
 
 
 

 

 
 

 

Figure 2. Carpentier-Edwards perimount BHV. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Recently, Conti et al. have developed a model of the normal aortic valve, and in a later 

publication a similar technique was employed to generate a BAV model. Valve dimensions were 

obtained through averaging dimensions extracted from patient MRI data.  This process was 

extended to eight normotensive patients with functioning bicuspid aortic valves [15-16]. To 

further expand on the study of BAV, the analysis presented  in this thesis employs eight 

individual patient-specific geometries, five normal TAV and three BAV. 



4  

 
 

Previous studies have conducted simulations of aortic valves with the intent of 

investigating causes of valvular failure and improving future prosthetic valve designs [11-14, 17- 

26]. A few studies relevant to the trileaflet analysis section of this thesis include computational 

and experimental normal aortic valve studies and bicuspid aortic valves. Gnyaneshwar et al. 

(2002), De Hart et al. (2003), Sun et al. (2005), and Kim et al. (2007) have conducted 

computational simulations of normal aortic heart valves comparable to the trileaflet 

simulations conducted in this thesis.    Gnyaneshwar et al. (2002) conducted a dynamic 

simulation of the entire cardiac cycle using ABAQUS/Explicit, employing an isotropic linear 

material model.  The objective of the study was to investigate the effect of leaflet and aortic 

root interaction on valve function.  The analysis employed shell elements, linear elastic material 

properties, and proper contact controls, and it simulated the entire cardiac cycle. The aortic 

root had an elastic modulus twice that of the valve leaflet, 2 MPa. It was found that expansion 

of the aortic root is most important during the beginning of systole.  The maximum von Mises 

stresses during opening and closing were 30kPa and 800kPa, respectively.  These maxima were 

located in the leaflet attachment regions, which is clinically relevant because those regions are 

commonly associated with tearing, calcification, and valvular failure [11]. De Hart et al. (2003) 

conducted a fluid structure interaction (FSI) analysis on an aortic valve. The material model 

employed was isotropic Neo-Hookean. The FSI analysis provides leaflet mechanical and blood 

flow data, including their interactions.  The maximum von Mises stresses computed during the 

cardiac cycle were 12kPa and 60kPa in the opening and closing phases, respectively.  However, 

due to limitations of the FSI capabilities, the maximum Reynolds number was 900, which is 

much less than the 4500 expected physiologically [20]. 



5  

 
 

Much of the current study is built upon research from Michael Sack’s group at the 

University of Pittsburgh and Hyunggun Kim at the University of Iowa.  Sacks et al. and Kim et 

al., have reported on the experimental measurements of Fung material model constants for in- 

plane deformation of bioprosthetic aortic valve tissue as well as geometrical characterization of 

BHV from Edward Lifesciences [12-14, 17-18, 23-25, 27]. Sacks et al. reported on a quasi-static 

FE analysis of the BHV valve closure employing the experimentally measured material 

properties for the valve leaflet.  Kim et al. (2007) extended the study by conducting a dynamic 

simulation of the full cardiac cycle, including a non-coupled bending model experimentally 

derived to describe the flexural response.  It was found that the major in-plane principal strains 

during full closure agreed well with the corresponding results from experimental results from 

Sun et al. (2005) [12-14, 18, 27]. Based on the previously mentioned studies, Jermihov et al. 

conducted a TAV simulation employing geometry similar to that of Kim et al., the primary 

difference being the use of a Fung material model derived from fresh porcine aortic valve tissue 

versus glutaraldehyde-treated bovine pericardium.  Peak stress during the simulated valve 

closure was computed to be 202 kPa [28]. This simulation was then extended to the idealized 

BAV geometries.  It was found that the stresses and strains of TAV are more sensitive to 

alterations in geometry such as BAV than they are to varied material parameters.  More 

specifically, it was found that the geometry that most closely modeled the most common 

morphology of BAV (Type IV in Jermihov et al.) had the largest sensitivity to stress increase with 

material variation than did the other geometries.  The other simulated BAV geometries yielded 

stress sensitivities closer to that of the normal TAV.  In a more patient-specific analysis, Conti et 

al. employed patient MRI data from 10 healthy human subjects to create a model of the aortic 
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valve root and leaflet structures.  To increase the realism of the finite element analysis, a 

transversely isotropic and incompressible hyperelastic material model was employed for the 

leaflets.  The root structures were assigned linear material properties of 2 MPa and 1MPa for 

the sinus and interleaflet triangles, respectively.  A time-varying uniform pressure was applied 

to the leaflets and sinus structures equal to the difference between normal aortic and 

ventricular pressures during the human cardiac cycle. The reported peak in-plane principal 

stress was 759 kPa [15]. 

Robicsek et al. (2004) conducted an experimental analysis of BAV geometries along with 

a computational fluid dynamic (CFD) analysis [29]. The experimental setup consisted of three 

silicone molds of various BAVs excised from human cadavers.  One of the molds tested was 

similar to that of the BAV geometry in the current study, possessing a raphe and fusion of two 

leaflets.  The CFD analysis of that study employed the mid-systole geometry of the BAV 

mentioned into an aortic root and aorta domain.  The resulting hemodynamics was evaluated. 

Grande et al. published a finite element study focusing on asymmetrical effects of the root and 

leaflet geometry of normal aortic valves.  Using data from 9 healthy subjects, a single aortic 

root model was made that maintained the asymmetries of the valve in vivo as much as possible. 

The constitutive material models employed in this study were of the linear type, with Young’s 

modulus of 334 kPa and 6885 kPa for the leaflets and root, respectively.  Thickness of the 

tissues was assigned physiologically similar values taken from literature.  It was found that peak 

stress values were located in the noncoronary leaflet and lowest in the left leaflet, 538 kPa and 

410 kPa, respectively.  Investigating the pathological condition of BAV, Weinberg et al. 

proposed a multiscale model for BAV and TAV.  The BAV model was similar to the TAV model, 
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but leaflets of two equal sizes were generated along with three length scales, organ-tissue- 

cellular [30]. Jermihov et al. created geometrically idealized models of the most commonly 

observed BAV morphologies and conducted a corresponding finite element analysis [28]. The 

resulting idealized geometries are shown in Figure 3. Conti el al. have also published results 

and FE simulation of BAV.  The geometry of the BAV model was constructed from 2D MRI data 

of 8 normotensive patients.  This study yielded a peak in-plane principal stress of 2.9 MPa. In 

an FE analysis of idealized BAV geometry, Jermihov et al. found a maximum in-plane principal 

stress of 519 kPa [28]. 

 
 
 
 
 
 
 

 

 
 

 

Figure 3. Idealized geometries of the normal aortic valve (leftmost) and three pathological BAV. 
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1.2 Motivation 
 

 

In vivo and ex vivo experimentation to quantify the mechanical effects of BAV has been limited; 

treatment strategy development for BAV is challenging, because the morphology of the valves 

can vary greatly [6-10, 29, 31-33]. Current studies have assessed symptomatic leaflet 

geometries associated with higher risks of failure, but there have been relatively few 

investigations into the mechanical effects of unique root-leaflet BAV geometry [16, 29-30]. This 

study, employing patient-specific TAV and BAV geometry, is aimed at further understanding 

failure mechanisms present in the BAV that engender early failure.  The long-term goal of such 

an analysis is to determine the ability of mechanical analysis of BAV to stratify patients who 

may be at risk of developing valvular pathology as an aid for better patient management by 

physicians. 

1.3 Specific Aims 
 

 

This analysis aims to utilize real-time 3-D echocardiography (rt3DE) of patient-specific 

data to create geometries of trileaflet (TAV) and bicuspid aortic valves (BAV), including the root, 

with non-uniform rational B-splines (NURBS), and then generate a finite element mesh. 

Employing NURBS as a basis for the geometry is useful for implementation in isogeometric- 

based finite element solvers because it simplifies the contact resolution and is better able to 

accurately capture the smooth continuous geometry of the valve structures [3-4]. The second 

aim is to conduct a dynamic FE analysis of the patient geometries in order to critically compare 

TAV and BAV dynamics and identify a potential relationship between leaflet stress and valve 

pathology. 
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Challenges associated with this FE analysis include NURBS surface generation, leaflet 

contact, anisotropic tissue properties, short duration of the cardiac cycle, complex patient 

geometry, and large deformations.  The FE analysis software package used was 

ABAQUS/Explicit because of its efficacy in solving dynamic contact problems involving large 

deformations. 
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CHAPTER TWO: ANATOMY AND PHYSIOLOGY 
 

 

2.1 Tri-Leaflet Valve 
 

 

During systole, the aortic valve allows blood to flow from the left ventricle to the aorta 

and prevents backflow during diastole.  It is a passive structure that consists of three leaflets or 

semilunar cusps attached to a connective tissue sleeve or aortic root, which is secured to a 

fibrous ring [1]. Normal aortic valve tissue is composed of three layers: fibrosa, spongiosa, and 

ventricularis [1]. The fibrosa, on the aortic side of the leaflet, provides a thick, fibrous scaffold 

[1]. The central layer of the leaflet is the spongiosa, consisting of loose connective tissue, 

proteins, and glycosaminoglycans (GAGs) [1]. The ventricularis, similar to the fibrosa but 

relatively thin, adds another fibrous layer composed of collagen and elastin on the ventricular 

side of the leaflet [1]. The collagen cords are aligned so that the preferred fiber direction of the 

valve tissue is circumferential [1]. The radius of the leaflets is larger than the radius of the valve 

ring, creating a region of coaptation during closure; this region of overlap is important in 

evaluating healthy valve function and is known as the lunula [1]. The lunula aids in sealing the 

valve shut, preventing regurgitation [1]. 

2.2 Bicuspid Valve 
 

 

BAV is an aortic valve pathology in which the leaflets are malformed during valvular 

genesis, resulting in leaflet geometry different from that of the normal trileaflet valve [6-7, 34]. 

The most prevalent form of a BAV is fusion of the left and right valve cusps with a single raphe 

at the site of fusion [31]. A common feature of the BAV is raphe.  The raphe is a tissue mass 

that forms on the leaflet surface originating at the cusp base.  It is not native valve tissue but a 

thin and fibrous tissue.  Raphe exists in several different morphologies, ranging from fractions 
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to the entire length of the fusion.  Calcium deposition often initiates on or near the raphe itself 

[6, 8, 29, 35-36]. The molecular process of calcium deposition in the BAV is known to be 

analogous to that of the tricuspid valve [6, 8]. This prevalent BAV form effectively reduces the 

number of leaflets by one, hence bicuspid. In practice, fusion of cusps and presence of raphe is 

difficult to identify, because they exist in various morphologies, some of which arise from non- 

congenital conditions.  Often it is even difficult to differentiate between a congenitally bicuspid 

valve and one that has become bicuspid [31]. Bicuspid valve symptoms may occur in a trileaflet 

valve from severe calcification, endocarditis, or other diseases [32]. Various valve 

morphologies have been documented and labeled as congenitally bicuspid, ranging from two 

evenly sized leaflets to a five-cusp valve, albeit infrequently [31]. This study is concerned with 

the most common form of BAV.  A normal trileaflet valve and a malformed BAV are pictured in 

Figure 1. 

Major health risks associated with BAV have changed over the course of time.  As 

effective treatments for rheumatic fever became more prevalent, there was been a decline in 

mortality associated with post-inflammatory aortic stenosis [32]. Increased life span has made 

progressive valve degeneration, such as calcification, more prevalent [37]. Accompanying this 

degenerative calcification is severe stenosis, which occurs in patients 50–60 years of age with 

BAV versus 70–80 years of age with a normal trileaflet aortic valve [29]. Stenosis essentially 

reduces the effective orifice area, EOA.  The effective orifice area is a planar area that 

encompasses the peak valvular constricted area.  This area alone cannot be used to compare 

valves well, but in combination with the area of the channel pre-valve or geometric orifice area, 

GOA, the contraction coefficient can be calculated [38]. 



12
12 

 

 
 

2.3 Valvular and Ascending Aortic Complications 
 

 

The cause of BAV development is unknown, but it has been attributed to deficiencies of 

microfibrillar proteins and a reduction in fibrillin-1 production during valvular genesis [5]. A 

reduction of fibrillin-1 in the aortic tissue triggers MMP production that degrades the medial 

matrix components of the valvular tissue commonly seen in BAV patients [5]. This degradation 

coincides with complications associated with BAV, including aortic dilation, aneurysms, and 

aortic dissection [5]. 

Stenosis is inherent in BAVs; the unequally sized cusps open to form an oval-type shape 

compared to the trileaflet valve that opens to a circular shape.  Half of all adults with severe 

aortic stenosis have a BAV [6, 31, 35, 39]. Calcification that occurs in the elderly population is 

degenerative and will eventually lead to stenosis.  Patients with a BAV will experience this 

calcification more rapidly, endangering the patient with severe aortic valve stenosis at an 

earlier age [6-7, 35]. A study of 374 patients undergoing aortic valve replacement for aortic 

stenosis reported 46% having a BAV; 35% of those patients had infective endocarditis, and 10% 

showed signs of degenerative calcification [32]. 
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CHAPTER THREE: GEOMETRY CONSTRUCTION 
 

 

3.1 Motivation 
 

 

Finite element analysis coupled with engineering and design began as early as the 1950s 

and 1960s with its first major applications in the field of aerospace engineering [4]. Although 

geometry is at the core of finite element analysis, refinement in geometry definition did not 

emerge until the 1970s and 1980s. Separate from work being done in the FE field, deemed 

computer-aided engineering (CAE), computational modeling or computer-aided design (CAD) 

began to develop into its own industry.  Current studies have shown that even small changes in 

geometry can have a large impact on mechanics.  For a standard FE analysis, one needs to 

discretize the desired geometry into several elements.  Any change in geometry will require a 

revised mesh.  It is estimated that about 80% of computational analysis time is devoted to mesh 

generation across the board of applications [4]. With respect to the biomedical engineering 

field, CAD and CAE have been evolving rapidly.  Generally, biological tissue possesses smooth 

undulating geometry composed of highly elastic fibers and low compressibility [1]. Recreation 

of these smooth geometries provides added difficulty with mesh generation, as well as analysis 

difficulties due to the difference between the mesh and the underlying geometry.   Some 

recent studies have begun employing sophisticated geometry construction techniques for FE 

applications, from patient heart valve diagnostic tools to the design of replacement valves such 

as the bioprosthetic heart valve (BHV) . 

3.2 Model Geometries 
 

 

Model geometries were constructed using the commercial software package Rhino3D 

(v4.0 SR8 Seattle, WA) in combination with PointCloud (SYNCODE v1.0). The data has been 
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segmented into primary valve structures: sinus, individual leaflets, contact area and annulus.  It 

is critical for the imaged data to accurately capture the contact area between each of the 

leaflets such that the digitally reconstructed  leaflets are appropriately dimensioned.  Using the 

contact surface data, two additional separate surfaces are generated by copying the surface +/- 

five degrees using the commissural height as the axis of rotation.  An example of this is shown 

in Figure 4. Along with the leaflet and annulus data, the contact areas are integrated into the 

leaflets using  NURBS surfaces patches.  To create the sinus, two parallel planes defined just 

above the sino tubular junction (STJ) and just below the annulus are created; these define the 

location of the top and bottom of the model.  They then act as the planes encompassing the 

end points of the NURBS surfaces constructed with the corresponding patient data set.  This 

process was repeated  for five TAV and three BAV models.  A more detailed description of how 

the valve geometry was created can be found in the Appendix.  The resulting trileaflet 

geometries TAV1, TAV2, TAV3, TAV4, and TAV5 are shown in Figure 5. The bicuspid geometries 

BAV1, BAV2, and BAV3 are shown in Figure 6. The color code adopted for quickly identifying 

sinus location is as follows: gold = left coronary; green = right coronary; and purple = 

noncoronary leaflets.  In the BAV models the color is the same for the non-conjoint cusp, but 

the fused leaflet is shown in blue.  Geometric surface areas corresponding to the leaflets of 

each valve are summarized in Table 1. 
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Figure 4. To capture the contact area from the patient imaged data in each of the contacting 

leaflets the single surface provided was duplicated by a rotation about the axis made by the 

commissure.  The newly created contact surfaces are integrated to the bellies of the 

corresponding leaflets. 
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Figure 5. Leaflet and sinus views of TAV1. 
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Figure 6. Leaflet and sinus views of BAV1.  The noncoronary and right leaflet form the conjoint 

cusp in this patient. 
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Table 1. Geometric areas of the leaflets for each valve. The fused leaflet of the BAV is indicated 

by the sections that have been connected. 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The size trend of the geometric leaflet surface area is left < right < noncoronary in TAV1. 

This trend matches those expected to be observed in normal human aortic valves [9-10]. The 

other valves pose trends as follows: TAV2 and TAV5 left < noncoronary < right, TAV3 

noncoronary < right < left, TAV4 right < noncoronary < left.  In all the BAV cases the fused 

leaflet is larger than the single. BAV1 represents  a morphology that is known to occur with a 

frequency near 5% [31]. The morphology of BAV1 can be described as a fusion of the right and 

noncoronary leaflets, which in this thesis will be referred to as Type 2. The left coronary leaflet 

is fully formed but may be pathological in size.  BAV2 and BAV3 represent  a more common 

morphology and occur with a frequency in nearly 39% of patients who have a bicuspid valve 

[31]. This morphology results in fusion of the left and right coronary leaflet, and for this 
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analysis will be referred to as BAV Type 1.  On average, the coaptation percentages of all the 

valves are greater than 30%, which clinically is considered the minimum [9-10, 40]. Medical 

records of the patient data received indicated all TAV(1-5) had some sort of other complication; 

the patients of BAV(1-3) were under supervision due to bicuspid valve presence.  This 

information can be found in Table 1. 

3.3 Geometrical Validation 
 

 

After model generation, an analysis of the final TAV1 and BAV2 valve dimensions was 

completed by comparing the data from the reconstructed  geometry with those directly 

obtained from rt3DE images.   Results of this comparison are shown in Table 2 and Table 3, 

respectively.  On average, the variation of the reconstructed  geometry versus the image data 

shows good agreement.  A maximum variation of 20% was measured in TAV1. For BAV1, the 

maximum variation was 18%. The overall accuracy of the model can be qualitatively assessed 

by superimposing the original data on the final data, as shown in Figure 7. Looking at the 

surfaces relative to the surrounding point cloud, there is good agreement. 

 
 
 
 
 
 
 

 
Table 2. Measurements (mm) used to validate relevant dimensions of patient TAV1. 
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Table 3. Measurements (mm) used to validate relevant dimensions of patient BAV1. 
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Figure 7. To compare the completed geometry and the initial patient point cloud data, the 

two are shown superimposed on one another (TAV1 above and BAV1 below). 
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CHAPTER FOUR: MECHANICAL ANALYSIS FORMULATION 

4.1 Continuum Mechanics 

Continuum mechanics is the theory behind a FE analysis.  This section will briefly review 

basic theories of deformation of solids and kinematics of motion. 

4.1.1 Finite Deformation of Solids 

In the theory of solid deformation, an arbitrary material body can be viewed as a 

collection of “particles” that are defined in a region, ℬ, of Euclidean space ℝ3
.  The original, or 

reference, coordinate points are denoted by vector Xj.  The three components of the reference, 

or local, coordinates are commonly defined in a Cartesian coordinate system {E1, E2, E3,} 

existing in ℬ.    Uppercase lettering will assume reference configuration and lowercase the 

current configuration.  Therefore, any particle of the material body defined in ℬ is: 

X= X1E1+X2E2+X2E2   (4.1) 

A given particle that has displaced in time is represented by its current coordinates, xj. The 

notation for this displacement as a function of time is: 

x=�(�, t)    (4.2) 

The function   simply transfers the reference coordinates Xj to a new position xj, with respect to 

time.  The new, or current coordinates, can be defined in a separate coordinate system {e1, e2, 

e3,} existing in ℬ and is described by: 

x= x1e1+x2e2+x2e2   (4.3) 
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It is important to note that there is a one-to-one correspondence  between the mapped and 

reference coordinates, denoted by  �:ℬ → ℝ3
.  This condition implies that there are no cracks 

or singularities in the problem.  By taking two particles in a reference coordinate system 

defined as A and A’ that are an  infinitesimally small distance apart, ∆X, are transformed to 

current coordinates by the line image: 

Δx = �(X + ΔX) − �(X)    (4.4) 

written in differential form:      

�� = ��(�,�)

��
dX    (4.5) 

 

The tangent tensor denoted by F  represents  the deformation gradient shown in equation (4.6). 

� = ��
��

= ��(�,�)

��
   (4.6) 

 

The gradient   transforms vectors defined in the reference configuration to that of the current 

configuration [41]. 

4.1.2 Stress and Strain Definition 

To properly quantify the strains present in the leaflet during the full cycle, a finite 

definition of strain is needed.  Green’s strain tensor will link the kinematic analysis and the 

constitutive model.  Green’s strain tensor does not require calculation of principal directions; it 

can instead be obtained directly from the deformation gradient,  , making it attractive for rapid 

computation [41]. The right Cauchy-Green tensor is defined as: 

 

� = ���    (4.7) 
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Thus, Green’s strain tensor is defined as:  

�� = �
�
(� −  )  (4.8) 

is identity tensor in equation 4.8 [41].  The strain measure used in this study is logarithmic 

strain defined as: 

� = �
�
log �   (4.9)  

Logarithmic strain is used as measure for its accuracy in large deformation problems; it is also 

generally accepted as an effective means to evaluate strain magnitudes in the valve leaflet [19, 

41-42]. 

The stress used for numerical calculation is the Cauchy stress, which is a representation of true 

stress because it is defined by the force per unit area in the current configuration rather than 

the reference configuration.  The Cauchy stress is related to the 2
nd 

Piola-Kirchhoff stress. 

$ = 	 �
&
�'��   (4.10) 

J is the determinant of deformation gradient. In finite strain elasticity    is derived from a strain 

energy function. 

4.2 Balance Equations 

Newton’s second law is followed in the motion of an arbitrary body in current 

coordinates.  The material body has volume, ( which is bound by surface '. The balance 

equation is simply the sum of traction vector forces, )* acting on the surface bounding the 

volume and body forces +* acting on the volume shown in equation 4.11. 

 

)* = $*,-*   (4.11) 
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The integral of the traction vector forces summed with the integral of the body forces times the 

mass density,  ., equals the integral of total mass density times acceleration, /0 *. This is an 

acceleration component.  A weak form can be derived through multiplication of the local form 

of the balance of linear momentum by an arbitrary weighting function 1* and carrying out the 

integration.  For the final form, the traction boundary condition (4.11) needs to be substituted. 

These steps result in the fol lowing equation 

 

2 .1*/0 *3 �( + 2 1*,,$*,3 �( = 2 1*)*4 �' + 2 1*.+*3 �(   (4.12) 

 

This formulation of the balance equation is known as the weak form. The weak form is also 

known as the principle of virtual power [41]. It is important to note the distinct advantage 

associated with the principle of virtual power formulation.  There only exists the first derivative 

of  /* implying the solution may be more general so long as the integrals work mathematically 

[41].  The enforcement of boundary conditions also changes with the weak formulation.  The 

traction boundary conditions are satisfied weakly, and the essential boundary condition are 

satisfied strongly. 

4.3 Finite Element Formulation 

This section will introduce the FE formulations used to solve the complex problems 

required of this analysis. The software package used for this study is ABAQUS/Explicit, which 

will mainly be solving the complex differential equation.  The goal of the FE equations is to 

discretize the kinematic quantities for use in the principle of virtual power  [41].To begin with, 

displacement, /, is interpolated by: 
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/ = 5�   (4.13) 

Where 0 is the element nodal shape functions and �  is the element nodal displacement vector. 

Using the assumed displacements, elemental strain can be derived using the nodal strain- 

displacement matrix 1 4.14. For transient problems: 

/0 = 5�0    (4.14) 

�0 is the vector of nodal accelerations,   6	contains shape function derivatives.  In accordance 

with the Galerkin method of weak form derivation, at the element level the following 

relationships are derived: 

 

7*89 = 2 6�$�:
Ω;

  (4.15) 

< = 2 .5�5�:
Ω;

  (4.16) 

7=>9 = 2 5�.+�: + 2 5�)̅�@AΩB
C

Ω;
  (4.17) 

Ω=  is the domain of a single element [41]. With these derived terms, the elemental equations 

can be written: 

<�0 + 7*89 − 7=>9 = 0   (4.18) 

 

The global equation is obtained by assembling element equations. 

4.4 Explicit vs. Implicit Solution Method 

ABAQUS is able to form FE solutions via implicit (ABAQUS Standard), or explicit 

(ABAQUS/Explicit) numerical methods.  Solution method selection depends on the specifics of 

the problem.  Generally, implicit formulation is the preferred method, because equilibrium of 
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the balance equation is enforced at every time step.  This is not the case with explicit 

formulation, which approximates the displacement of the next time step using the acceleration 

of the current time step.  This approximation may introduce inaccuracies and stability issues, 

whereas implicit formulation yields results of high accuracy and no stability issues [43]. 

Steep pressure gradients, short duration of the cardiac cycle, and large deformations make 

explicit formulation attractive for this analysis. When conditions such as these are present, 

choosing an explicit analysis is favorable.  The explicit formulation is conditionally stable 

dependent on time step size [43]. ABAQUS/Explicit uses a central-difference integration rule to 

solve the equation of motion, previously defined.  In an ABAQUS/Explicit analysis the 

mass matrix, <, is diagonalized or “lumped.”  This diagonal “lumped” mass matrix is easier to 

invert and can be applied directly to the equation of motion to solve for acceleration 	/0 . 

/0 (*) = <F� ∙ (7=>9
(*) − 7*89

(*))   (4.20) 

The acceleration is used to compute the velocity at the next time step.  With the velocity 

computed, the displacement, /, can be found.  It is important to note the existence of the 

current velocity term  /H (*F
I
J
)
 in the equation 4.21. This value is computed through a separate 

equation set incorporating prescribed initial boundary conditions [43]. 

/H (*K
I
J
) = /H (*F

I
J
) + L9(MNI)KL9M

�
/0 (*)   (4.21) 

The displacement equation in 4.22 results.  With displacement known, strain 

 /*K� = /* + ∆)*K�/H *K
I
J    

(4.22)
 

increments, element stresses, and internal forces can be computed.  The time step sizes were 

automatically calculated by ABAQUS/Explicit.  During an explicit analysis the time step size is 

computed for each step based on stability criteria (4.23). 



28 

 

 

   Δ) ≤ �
QRST

(U1 + W� − W)    (4.23) 

 

XYZ> is the highest frequency of the system, and W is the highest mode fraction of critical 

damping [43]. ABAQUS uses built-in algorithms to compute these values prior to each step to 

generate a stable time increment [43]. 
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CHAPTER FIVE: FE ANALYSIS 

 
5.1 Material Properties 

 
 

FE simulations of biological tissue are continuously evolving. A particular path of this 

evolution can be seen in the modeling of heart valves. One of the first FE heart valve 

simulations was conducted by Catalogue et al. (1977), implementing a linear isotropic 

material model [44]. This initial study precipitated FE methods applied to heart valve 

research.  Major advances in this field involve proper material model establishment and 

implementation. Experimental studies have revealed anisotropic and nonlinear material 

behavior in the biological tissues that comprise the heart valve leaflet [1, 12-14, 18, 23-26]. 

These properties arise from the complex microstructure inherent in biological tissue [18, 23-

26]. Valve tissue is composed of several layers, including an assortment of collagen and 

elastin fibers oriented circumferentially.  In a resting unloaded state, some of the fibers will 

be irregular; as tension is applied the fibers will reorient and elastic fibers will unfold, all 

dependent upon loading [1-2, 23-26]. The fiber orientation and corresponding direction on 

the leaflet used for this analysis is shown in Figure 8. 
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Figure 8. Fiber directions assigned to the leaflets.  Circumferential and radial, red and 

blue, respectively. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Gnyaneshwar et al. (2002) have conducted a dynamic FE analysis including full 

leaflet contact and the aortic root, presenting a vast improvement over initial simulations 

such as that of Catalogue et al. (1977). Accuracy of FE simulations employing biological tissue 

models has increased, thus increasing the efficacy of the results. 

Several forms of material anisotropy for soft and biologic tissue in computational 

analysis have been developed, including transverse isotropy, orthotropy, and structural 

constitutive models [25-26]. A widely accepted energy model is the Fung exponential 

model, developed by Fung et al. (1979) [19, 42, 45]. The fully anisotropic 3D strain energy 

function of the Fung model is defined by equations 5.1 and 5.2 [19, 42] 

� �
�

2
��� � 1
				� � E ∙ DE (5.1) 
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� + �������� + �������� + ��������+�����

�

+ �����
� +�����

� + ��������� + ��������� + ���������
+ ��������� + ��������� + ��������� + ���������
+ ��������� + ��������� + ��������� + ���������
+ ��������� 

(5.2) 

 
 

In the current study, an extension of the original Fung model was implemented and 

defined by strain energy function N of equation 5.1. The six in-plane material parameters 

experimentally derived by Sacks et al. (1998) have been used; the remaining 15 material 

 
parameters  involving out-of-plane deformation were approximated similar as in-plane, 

however, some of the parameters  have been reduced . This approximation is based on the 

assumption that out-of-plane deformation will have minimal effect on in-plane deformation. 

There is no experimental verification available for the approximate parameters.  The constants 

used to define the fully anisotropic model in equation 5.2 are listed in the equations of 5.3. In 

equation 5.2, ��are the material constants associated with the material directions ���  . Q is a 

function of strain composed of the Green-Lagrange strain tensor E and material anisotropy 

tensor D. Constant c is the stiffness parameter  that  has been previously determined 

experimentally by Sacks et al. (1998). The thickness assigned to the shell elements of the 

leaflets was 0.6 mm, which represents  an average for normal human aortic valve leaflet tissue 
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b1= 49.558 b9= 8.02 b17= -0.002 

b2= 5.2871 b10= -0.004 b18= -0.01 

b3= 24.779 b11= -0.02 b19= -0.002 

b4= -3.124 b12= -0.002 b20= -0.002 

b5= 24.779 b13= 24.779 b21= -0.002 

b6= -1.56 b14= -0.01 c= 9700 

b7= 16.031 b15= 24.779 d= 1e-6 

b8= 24.779 b16= -0.002   

 
 

[9-10]. The tissue was approximated as incompressible, an assumption that arises from the 

high water content and low permeability of biological tissue, d. The compressibility constant is 

assumed small enough to maintain this approximation [23-26]. These constants were derived 

from biaxial testing of fresh porcine aortic valve leaflet tissue, the closest known analog to 

normal human valve tissue. 
 

 
 
 
 
 
 
 
 

(5.3) 
 
 
 
 
 
 
 
 
 

The aortic valve leaflets move through a blood medium that is of similar density to the 

leaflet itself; however, damping exists during this motion due to the viscous forces. Previous 

studies, including that of Kim et al. (2007), have applied a clinically verifiable damping constant 

with success in producing proper valve motion [12-14]. However, ABAQUS currently lacks 

support for damping application to fully anisotropic materials.  To circumvent this issue, the 

current study has applied a skin layer of St. Venant  isotropic material specification of shell 

elements type S3R.  Also included in this skin layer was a damping coefficient.   This skin was 

applied to the aortic side of the leaflet surfaces.  A visual  schematic of how the skin is applied to 

the surface is shown in Figure 9. The skin uses the same underlying mesh of the leaflet surface, 

and there is no relative motion between layers. 
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Figure 9. Illustration of skin application used for mass proportional damping 

coefficient implementation to account for the viscous force dissipation by the blood. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

The purpose of the skin in this study was to introduce damping.  The skin has a 

thickness of 0.06 mm and is defined with St. Venant-Kirchoff isotropic  material properties 

with parameters E = 1000Pa, � = 0.3, ρ = 1100 
kg

m3
 and a mass proportional damping constant 

alpha of 90000 s
-1

.  Damping in ABAQUS/Explicit is defined by [C] = α[M] + β[K].  [C] is the 

damping matrix, [M] the diagonalized mass matrix, and [K] the stiffness matrix.  Alpha is the 

mass proportional damping constant of the damping matrix used by ABAQUS/Explicit.  This 

equation yields a damping matrix of units  !⁄  .  This constant does not have an experimental 

comparison; instead, it was established through qualitative motion analysis of the leaflet in 
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which proper opening and closing times were observed.  This resulted in a peak open orifice 

near 0.14 seconds, and fully closed configuration at 0.3 seconds.  These values are similar to 

previously computed opening and closing times of Kim et al., which opened at 0.09 seconds 

and closed at 0.3 seconds, respectively [12-14].  Previous studies have concluded that a small 

variation of leaflet thickness will have a minor effect on stress [14]. The sinus and annulus 

structures were assigned the same density as the leaflet tissue, but a linearized isotropic 

material model was utilized due to lack of mechanical testing data.  The Young’s modulus 

used for the sinus and annulus was equal to 2 MPa, but the shell thickness was assigned 

averaged human physiological values of 2.31 mm and 2 mm, respectively [9-10]. 

 

5.2 Boundary Conditions 
 

 

To most effectively capture the in vivo conditions of the aortic root, the uppermost 

boundary of the root along with the lower boundary were fixed from moving longitudinally. 

To eliminate rigid body rotation, a single node at the top of the sinus was fixed in all degrees 

freedom.  To prevent excessive translation/rotation of the valve within the root, two 

additional nodes at the top and bottom were fixed in only a single in-plane direction. The free 

edges of the leaflets are unrestricted.  An illustration of these boundary conditions on a TAV 

model is shown in Figure 10. 



35 

 

 

 

 

 
 

 

 
Figure 10. Illustration of applied boundary conditions.  Pressure loading applied to the leaflet 

and root structures.  The top and bottom are fixed from axial translation along with additional 

nodes, preventing rigid body rotation as well as excessive rotation of the valve within the root. 
 
 
 
 
 
 
 
 

 
The pressure difference versus time curve shown in Figure 117 is an approximation of 

the full cardiac cycle, representing the difference between left ventricular and aortic pressure. 

This pressure difference was applied to the leaflets and the sinus.  The leaflets open under a 

pressure of 4 mmHg, which reduces to 0 mmHg at 0.2 seconds at end systole.  A large negative 

pressure pulls the leaflets toward closure.  Both the fixation of degrees freedom and pressure 



36 

 

 

 

 

loads are depicted in Figure 10. Penalty contact method was employed in a general contact 

scheme where all surfaces make rigid contact.  It was also specified that the leaflets were free 

to separate after the contact.  The coefficient of friction was specified as 0.05, similar to that of 

Conti et al. [15-16] and employed using the Penalty technique.  “Normal behavior constraint 

method” was left as default and pressure-over closure was “Hard contact.” The resulting 

geometries were each meshed in ABAQUS/CAE using triangular shell elements; nodal spacing 

was held constant at 0.8 nodes per millimeter, and the resulting meshes are shown in 

Figure 12. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11.  Time varying pressure load applied to the leaflets and root structures. Representative 

of the pressure differential experienced by the root and leaflets during the cardiac cycle. Green 

highlighting indicates mid-systole or when the valve is fully open, and red indicates full closure. 
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Figure 12. All geometries were meshed using triangular shell elements on nodes generated with 

a spacing of 8 nodes per 10 millimeters. 

5.3 Results 
 
 
 
 
 
 

 
Figures 13-16 summarize the images captured from each patient and show the motion 

undergone by the leaflets.  The initial frame in Figure 13 shows the leaflets in the fully closed 

configuration from the previous cardiac cycle. When the pressure in the ventricle exceeds that 

of the aortic, the leaflets begin to open, as shown in Figure 14, corresponding to 0.01 seconds 

into the simulation.  At 0.07 seconds, shown in Figure 15, the leaflets are approximately 

halfway to reaching the fully open configuration.  The leaflets move slightly more and reveal the 

fully open configuration at 0.14 seconds into the simulation, shown in Figure 16. The EOA of 

each valve was computed by first identifying the proper plane for extraction.  For each valve, a 

plane parallel to the annular area was extracted at the peak of the free edge.  An example of 
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these areas is shown in Figure 17. The GOA of each valve was identified as the annular area. 

Each of these planar areas was extracted using ImageJ (U. S. National Institutes of Health, 

Bethesda, Maryland, USA, 1997–2012). The resulting areas are shown in Figure 18. 

 

 
 
 
 
 
 
 
 
 
 
 

 
 

 

Figure 13. The valve begins in the fully closed position from the preceding cycle (end diastole). 
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Figure 14. Transvalvular pressure begins to open the valve; time point shown is 0.001 seconds 

into the current analysis pressure load. 
 
 
 
 
 
 
 

 

 
 

 

Figure 15. The valve is approximately halfway open; time point shown is 0.07 seconds into the 

current analysis pressure load. 
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Figure 16. At this point, 0.14 seconds into the current simulation, the valves reach the fully 

open configuration (mid-systole). 
 
 
 
 
 
 
 
 
 
 

 

 

 
Figure 17. Illustration of EOA and GOA outlined in red and green, respectively.  Shown for TAV5. 
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Figure 18. Planar extraction of EOA of each valve in the fully open configuration. 

 

 
 
 
 
 
 
 
 

The primary function of the aortic valve is to allow blood passage from the left ventricle 

to the aorta, and hence the size of the opening created by the valve is critical.  For this reason, 

the results concerning the opening phase are focused on orifice area in the fully open position 

of the leaflets.  The EOA of each valve is reported in Table 2, and the corresponding contraction 

coefficients are shown in Table 2. However, in the fully closed configuration, the leaflets are 

subjected to a relatively large pressure load and are more susceptible to damage; therefore, 

mechanical stress is relevant. 

 

5.3.1 Opening Phase 
 

 

During the opening phase the average contraction coefficient for the TAV geometries 

was 0.82. To qualitatively compare the open areas of each valve, a top-down image was 
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captured from an aortic perspective with the leaflets in the fully open configuration, as seen in 

Figure 19. The TAV openings are roughly triangular.  In this image the “free edge” is actually 

the leaflet belly as the actual free edge continues to move back towards the sinus.  TAV2 

displayed excessive folding of the noncoronary and right leaflets.   With the BAV, two types of 

open area were identified:  a crescent shape and elliptical. BAV1, which  was of Type 2, and 

BAV3, which is Type 1, both revealed a crescent-shaped orifice. Despite being different 

morphologies, the crescent shape forms as the fused leaflet free edge draws back into the false 

commissure and the free edge of the un-fused leaflets undergoes a similar motion, though 

lesser.  The elliptical orifice of BAV2 was formed in a similar manner, though the single leaflet 

displaced further back toward the sinus to form a larger opening.  Comparing the contraction 

coefficients of the averaged TAV to BAV1 results in a drop of 30%, BAV2 32% and BAV3 67%. 
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Figure 19. Top-down perspective of each valve in the fully open configuration. 

 

 
 
 
 
 
 
 
 
 
 
 

It can be assumed that a more restricted orifice shape will result in abnormal flow 

development, which may contribute to aortic pathology. 

 

5.3.2 Closing Phase 
 

 

To ensure blood does not leak back into the ventricle during diastole, the leaflets overlap 

near the center.  The area over which the leaflets contact each other is known as the coaptation 

area.  An illustration of this area on TAV5 and BAV2 is shown in Figure 20, which also shows the 

rendered thickness.   The coaptation area that was computed at full closure during the FE 

simulation was compared to the coaptation areas initially extracted from the patient- 
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specific data, as shown in Figure 21. The predicted and imaged values agree well, but TAV5 and 

BAV2 are outliers with a difference of 18% and 23%, correspondingly.  The difference is 

attributed to the accuracy of the imaged data as well as how the contact area is integrated into 

the leaflet bellies, as previously described.  Looking at the FE-predicted coaptation data, the 

average of all the TAV was compared against each BAV.  Coaptation area was reduced by 26% 

in the case of BAV1, increased by 15% in BAV2, and decreased by 39% in BAV3. On average, 

BAV presence reduces coaptation area, although individually it may not. 

 

 
 
 
 
 
 
 
 
 
 
 

 

 
Figure 20. Leaflet coaptation at time of full closure. TAV in blue on the left, and BAV in red on 

the right. 
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Figure 21. Results showing the computed maximum of amount of coaptation versus the area 

extracted from the imaged data. 
 

 
 
 
 
 
 
 
 

The principal in-plane stress contours of the valve in the fully closed position can be 

found in Figure 22. Qualitatively, the BAVs analyzed in this study exhibit larger regions of high 

stress.  BAV1 and BAV3 show stress concentration areas at the site of false commissure or 

fusion; the other peak stresses occur along the leaflet boundary.   To more precisely understand 

the stress distribution of the BAV, the average, median, 95
th

, and 99
th 

percentile stresses were 

compared as percent increases in similar values for averaged TAV.  The results of the 

comparison are shown in Table 5. The 99
th 

percentile shows a large increase with BAV 
 

 

presence. These values are directly compared with the TAV average in Figure 23. The second 

most common morphology, BAV1 Type 2, yielded the highest stress increase of 54%, while 

BAV2 and BAV3 of BAV Type 1 yielded increases of only 29% and 27%, respectively. 
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Figure 22. Maximum in-plane principal stress contours.  Peak shown represents  the 99th 

percentile stress. 
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Figure 23. Maximum in-plane stress of BAV(1-3) compared to the TAV average. 
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Table 4. Percent increase of BAV stress from similar averaged TAV values. 
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CHAPTER SIX: DISCUSSION AND CONCLUSION 
 

 

6.1 Significance of the Study 
 

 

For the current study to possess clinical relevance, validation of the results is necessary. 

The quantitative assessment of the open orifice values are used for comparison between the 

simulated models.  However, image echo data pertaining to TAV5 and BAV2 were available.  To 

compare the imaged results to that of the simulated images, time points corresponding to 

similar times in the cardiac cycle are compared.  A few frames showing the majority of the free 

edge motion are shown in Figure 24. In this figure, the computed valve is contrasted to more 

clearly show similar structures to that of the image.  The imaged, and predicted fully open 

configuration for TAV5, is shown in the top row of Figure 25. What is clear is that the belly of 

the leaflet in the computed configuration does not appear to coincide with the belly in the 

imaged configuration.  However, the limited contrast of the images makes the belly region of 

the leaflet difficult to accurately define.  The free edges are more pronounced, and a 

comparison can be made.  For BAV2, the fully open configurations of FE predicted and echo 

imaged are shown in the bottom row of Figure 25. In this case the free edge is more difficult to 

identify, but the roughly elliptical shape can be seen.  Comparing bicuspid computed and 

imaged data, it would appear that the predicted free edge of the leaflets does show good 

agreement to the same valve imaged in vivo. 
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Figure 24. Side-by-side comparison of TAV5 (left) and BAV2 (right). The FE results are shown 

contrasted to reveal the free edge enough to compare with the echo images.  The fully open 

configuration identified for comparison is shown in the bottom row. The orifice identified is 

highlighted in blue for the TAV and red for the BAV. 
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Figure 25. Full open orifice of TAV and BAV compared with the FE-predicted results (left 

column) and echo image of the same valve (right column). 
 

 
 
 
 
 
 
 
 
 
 
 

Calcification occurs in all valves but is known to occur more rapidly in BAVs, more 

specifically, in the region of fusion [46]. The mechanism behind calcification has been 

extensively studied but not completely understood.  It is generally accepted that calcification is 

engendered by high in-plane tensile stresses [1, 6, 13, 22, 29, 35, 47-49]. Peak stress occurs at 

time of full closure.  As the leaflets are coapted, the back pressure from the aorta pushes the 

leaflets into the annulus. The  99
th 

percentile maximum in-plane principal stresses measured 

corresponding to TAV(1-5) and BAV(1-3) are 1.2, 1.9, 1.3, 1.2, 1.0, 1.8, 1.5, and 1.6 MPa, 
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respectively.  The study by Jermihov et al. reported peak in-plane principal stresses in TAV and 

BAV as 0.2 and 0.52 MPa, respectively.  In a study employing similar leaflet and sinus material 

properties, Conti et al. reported peak in-plane principal stresses for TAV and BAV as 0.76 and 

2.9 MPa, respectively [15-16]. Considering the inherent differences between the FE 

simulations, the stress magnitudes obtained in the current simulation are similar for both TAV 

and BAV. 

Given the normal size relationship for human aortic valve leaflets, noncoronary > right > 

left, it can be hypothesized that the ratio of the leaflet areas plays an important role in stress 

distribution in the leaflets and sinus structures.  This relationship becomes disturbed with the 

presence of BAV, which will alter the stress handling capability of the structures.  This analysis 

may help further explain the normal and pathological states of the aortic valve by identifying 

leaflet size ratios in TAV and BAV geometries.  For this analysis, the ratio is the smallest 

geometric leaflet divided by the total valvular area.  The resulting ratios are shown in Figure 26. 

The patient-specific TAV average to an area fraction of 28%, which is close to what would be 

expected in an ideal trileaflet valve, which is 33%. The peak in-plane principal stress of each 

valve was plotted against its ratio, and the results are shown in Figure 27. 
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Figure 26. Smallest leaflet to total valvular surface area ratio shown in comparison to averaged 

patient-specific values (dotted line) and idealized fraction (solid line). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

Figure 27. Plot of peak in-plane principal stress against leaflet area ratio. 
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Peak values of maximum in-plane stress were found in different leaflets; they 

consistently occurred near the leaflet attachment boundary, and more specifically, near the 

commissure of the adjacent leaflet.  Three groups were established to describe the locations. 

The most common location was in the left leaflet near the commissure in common with the 

right leaflet, a trend shared by TAV1, TAV2, TAV4, and BAV2.  It should be noted that the stress 

concentration in BAV2 is near the “false” commissure that would have split the fused leaflet 

into two.  The second is on the left leaflet, near the noncoronary commissure shared by BAV1 

and TAV3.  In TAV5 and BAV3, the stress concentration was in the noncoronary leaflet near the 

commissure shared with the left leaflet. 

The regions of elevated stress are more numerous and prominent in BAV. The 

mechanism underlying this effect could be due to abnormal leaflet stress-sharing characteristics 

that may manifest in the TAV but are more prominent in combination with congenital BAV. 

Given the asymmetry of the resulting stress along the leaflet attachment boundary, further 

complications may result from the skewed environment.  Clinically, it may be of use to digitally 

reconstruct the aortic valve and assess the leaflet fraction for treatment implications prior to 

any computational simulations.  Given the results presented  in this thesis, it may be surmised 

that patient-specific BAV can negatively impact the surrounding physiology through altered 

mechanical stress during closure and/or altered hemodynamics as a result of a pathological 

open orifice. It should be emphasized that a trend of increased stress and restricted orifice 

area is present in BAV. 
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6.2 Limitations 
 

 

The current analysis offers a unique look into the function of the aortic valve, both in 

normal and pathological states.  The patient data collected did not provide sufficient data, so 

new surfaces needed to be approximated to best fit the understood geometry of the valve. 

This introduced areas that are artificial, such as the generation of the contact surfaces based on 

a single zero-thickness surface.  The portion of the annulus supporting the valve was also 

approximated, because the provided data was limited to the base of the sinus structures.  B- 

splines and NURBS surface patch generation varies depending on the resolution of the imaged 

patient valve. However, the protocol outlined in the Appendix will yield surface patches of 

more uniform size. 

The continuity of NURBS surfaces for this analysis needs to be evaluated and 
 

 

constrained for a future isogeometric solid analysis.   A patch stitch of 2 mm is applied when the 

NURBS-patches are imported into ABAQUS.  The finite element simulation presented  employs a 

Saint Venant-Kirchoff material property for the annulus and sinus when it has been shown that 

the tissues exhibit non-linear deformation in response to stress [50]. The leaflets and root 

structures were assigned separate but uniformly distributed thicknesses, when reality indicates 

that thickness varies greatly with region [9-10]. The cross section of the structures was 

assumed to be homogeneous, but histological examination of the tissue reveals it is truly 

heterogeneous. This is of primary importance when analyzing the bending stress in the valve, 

because the bending stiffness in the actual valve tissue includes leaflet structures such as the 

spongiosa, which introduces a complex bending response.  The material model for BAV and TAV 

is the same in this analysis. However, BAV presence is known to have an impact on valvular 
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tissue development, and therefore it is reasonable to assume BAV will possess different 

material parameters  [6]. 

The physiological time-varying pressure load applied to the valve structures has been 

shown to introduce closing geometry and stress patterns in mitral valve models when 

compared to that of an FSI boundary condition, because when a fluid boundary condition is 

employed the pressure distribution is non-uniform near the center of the valve axis [51]. The 

open orifice of TAV1 being 225 mm
2 

is closer to the patient image of the same valve in mid- 

systole with an open orifice of 277 mm
2
. This orifice size maybe misleading because it depends 

 

 

on the perspective.  Thus, a qualitative analysis was done comparing the motion of the imaged 

valve to the FE predicted.   The assumptions of uniform thickness may be the cause of reduced 

leaflet motion.   Grande et al. have reported that the thickness of the valve in the belly towards 

the nodulus of Aranti (center of free margin) can vary from 0.18 mm to 2.06 mm [9].     The 

assumption of uniform thickness carries over to the BAV model because there is little 

information regarding BAV-specific thickness data.  Physiologically there is going to be a 

gradient blending one surface to another, but accurately capturing this detail may not be 

possible at this time.  A consequence of this assumption may be responsible for the undulations 

near the attachment edge, but little data is accessible to verify this effect. 

6.3 Future Work 
 

 

The geometries were generated with a future “mesh free” or NURBS-based solid 

simulation.  While still in development, there has been much evidence to support the 

usefulness of the NURBS modeling [3-4]. Currently there is work in developing an in-house FSI 

algorithm that utilizes the NURBS-based solid solver.  Before the current models are ready for a 
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NURBS-based solid simulation two objectives need to be complete.  The first is to establish 

consistent continuity between patches, and the second is to establish the method that the code 

uses to read in these values.  Thubrikar et al. found the median age of surgery for 96 diseased 

valves (48% bicuspid) was 45–80 years, with an average of 56 [29, 47]. Therefore, it is 

reasonable to assume that during childhood the aortic valve poses compensatory mechanisms 

to prevent failure.  One such mechanism is physical remodeling of the tissue, including changes 

in thickness and microstructure.  These compensatory mechanisms, in response to congenital 

abnormalities, may contribute to premature  valve failure.  In a more patient-based health care 

framework, anticipation of surgical intervention is key to developing effective treatment 

strategies. 

Future work should focus on the validation of experimental data, which could be 

improved by utilizing a more accurate approach for boundary extraction from the echo images. 

Methods of employing a more physiologically realistic thickness to the leaflets will need to be 

developed so that it can be carried over to a corresponding BAV analysis.  With enhanced data 

corresponding to thickness and valve tissue constituents (TAV and BAV), a more accurate fiber- 

reinforced model could be developed.  Future modeling of soft tissue fibers could be utilized in 

a more multiscale analysis. Seen in the stress contour plots, there is a region of increased 

stress. The location of this increased stress coincides with locations known to include raphe. 

In the future, changes to the material property due to the raphe could be simulated. 
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APPENDIX 
 

 

AORTIC VALVE RECONSTRUCTION PROTOCOL 
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Section 1 
 

 

Contact surface construction 
 

 

Section 2 
 

 

Leaflet construction 
 

 

Section 3 
 

 

Annulus construction 
 

 

Section 4 
 

 

Sinus construction 
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Section 1: Contact Surface Construction 
 

 

The data provided for the contact area of the leaflets is a single zero-thickness surface. 

For an FE valve analysis, there must be some initial gap introduced between the leaflets to 

prevent initial contact numerical problems.  For this purpose, each imported contact area is 

rotated +/- 7 degrees to create surfaces for adjacent leaflets.  The rotation is about the “height 

of commissure” axis to ensure continuity of the root (created later).  An example of completed 

contact surfaces generated as mentioned are shown in Figure 4. 

Section 2: Leaflet Construction 
 

 

The second structure to be constructed should be the leaflets.  To accurately capture 
 

 

the leaflet area, it is important to identify the leaflet attachment boundary, or LAB.  The LAB is a 

single curve that bounds the outer edge of the leaflet, the top of the annulus, and the base of 

the sinus. 

Group the generated contact surfaces individually and hide them from view. Import the 

point cloud data corresponding to each leaflet and make sure to group each leaflet separately 

for easy manipulation later.  Show all of the point cloud data.  Locate the single vertex 

corresponding to the “height of commissure” at each leaflet junction (usually the uppermost 

vertex of the rotation axis used for contact surface generation) and connect them using b- 

splines in order to capture the most probable LAB.  In this step, use a control point curve to 

smooth the change of curvature from the vertical contact surface to the near orthogonal leaflet 

belly.  An LAB that has been identified but not smoothed is shown in 

Figure A1. 
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Once smooth LAB b-splines have been identified, remove the vertices that were used to 

generate them and create new vertices on the LAB so that there exists 18 equally sized sections 

to each leaflet.  Group the vertices and b-spline that defines the LAB.  Next, un-hide (show) a 

point cloud group corresponding to a single leaflet belly and contact surface, including the LAB. 

Create the free edge of the leaflet by using control-point and interpolated b-splines from the 

uppermost portion of the annulus and the contact surfaces.  Given the approximate height of 

coaptation of each leaflet, start a b-spline from the third point down from the height of 

commissure to bound the lower portion of the contact area to the LAB.  This step will require a 

combination of control point and interpolated b-splines to achieve the most realistic 

interpretation of the actual geometry.  In a similar fashion, connect left and right sides of the 

LAB with interpolated b-splines, utilizing all vertices of the leaflet belly. The result should be 8 

horizontal b-splines defining a single leaflet, merged with the LAB.  Remove all vertices of the 

leaflet, less the ones defining the 18 sections of the LAB.  Place vertices on the free edge to 

create 12 equally spaced sections.  Do the same for two lines below.  The b-spline that begins 

with the fifth vertex below the height of commissure generates 10 equally spaced sections, for 

the sixth, 8 sections; seventh, 6 sections; eighth, 4 sections; ninth, 2 sections.  Starting at the 

fifth vertex from the top of the commissure, create a “vertical” b-spline that uses the nearest 

points in succession to the free edge.  Repeat this to generate 12 vertical sections.  Next, 

remove the previously made horizontal b-splines and vertices less the free edge.  Create four 

equally spaced sections on the two outermost  vertical b-splines (not removed in the previous 

step), and then create 5 equally spaced sections on the second outermost  b-splines.  Continue 

this to the central b-spline, which should have 9 total sections.  Create horizontal b-splines 
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similar to the free edge, but utilize the vertices made in the vertical b-splines.  Repeat this 

process for all leaflets.  For easy future steps, group the LAB curve and vertices.  The final 

product should be similar to the leaflets shown in Figure A2. 

 

 
 
 
 
 
 
 
 
 
 
 

 

 
Figure A2. completed annulus and leaflet structure. 
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Figure A1. Leaflet attachment boundary identified for TAV.  Inter-commissural distances shown 

in red for visualization purposes. 
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Section 3: Annulus Construction 
 

 

Create a circle using the lowest portion of the LAB curves. Create another circle using 

the uppermost vertices of the leaflet commissures (top of annulus).  Create a vertex in the 

center of each circle created (in-plane). Linearly connecting these should create a “central” axis 

for the valve. Extend the central axis to 5 mm below the lowest portion of the LAB, and move 

the lower circle to this point.  Generate a surface from the circle that lies 5 mm below the base 

of the LAB.  An example of this operation is shown in Figure A3. Increase the size of the circular 

area by a factor of two.  Using a pull/project tool, select the vertices of the LAB and project 

them on the circular area generated below.  Hide the projection target.  Create the lower 

portion of the annulus using the projected points.  Connect the vertices of the LAB to the 

project points, linearly.   If this is a problem of leaflet-annulus intersection, scale the size of the 

lower annular points (retaining the distribution) to create a base that allows for more leaflet 

clearance without geometrical intersection.  A maximum of 20% increase in lower annular area 

was needed. 
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Figure A3. Circular planes generated for annulus and sinus construction. 
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Section 4: Sinus Construction 
 

 

Hide all surfaces generated less the central axis, LAB curve, lower circular “target area,” 

and vertices corresponding to the LAB.  Import data corresponding to the root.  Visualize where 

the root data intersects the LAB data.  Typically they should be in good agreement and overlap. 

Remove the vertices that are assigned to the root but are near redundant with the LAB vertices. 

Create vertical b-splines beginning with the lowest vertex of the root (after removing the point 

closest to the LAB).  Move the target area along the central axis so that the area is just above 

the sinotubular junction region identified in the data.  Use the target surface to cut the b- 

splines that extend past it and project the points that lie below it to create an upper boundary 

for the root.  Remove all vertices less the bounding points of the vertical b-splines made from 

the patient data.  Generate 15 equal sections on each.  Horizontally connect the rows of 

vertices created on the vertical b-splines.  Delete the vertical lines and reveal the LAB and 

associated points.  Generate vertical b-splines originating from the LAB to just above the STJ. 

Generate 4 evenly spaced sections along the b-splines that extend from the top of the height of 

commissure to the uppermost portion of the sinus.  Generate vertices to connect the heights of 

commissures of each valve using the sinus points.  Split the b-splines vertically where the 

heights of commissures are connected horizontally.  Above the split, create 4 sections.  Below 

the split, create sections so that they can be equally connected.  Connect the vertices 

horizontally.  The root assembly and process is shown in Figure A4.  The final assembly needs to 

be reoriented to be parallel to the desired plane.  Finally, the vertices and b-splines are 

removed.  The model is then exported into an ASCII file format. 
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Figure A4. Sinus generation from point cloud data. 
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