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ABSTRACT OF THESIS 

 

DETERMINATION OF ISOLATOR TRANSFER MATRIX AND INSERTION LOSS 
WITH APPLICATION TO SPRING MOUNTS 

 
Transmissibility is the most common metric used for isolator characterization. However, 
engineers are becoming increasingly concerned about energy transmission through an 
isolator at high frequencies and how the compliance of the machine and foundation factor 
into the performance. In this study, the transfer matrix approach for isolator 
characterization is first reviewed. Two methods are detailed for determining the transfer 
matrix of an isolator using finite element simulation. This is accomplished by 
determining either the mobility or impedance matrix for the isolator and then converting 
to a transfer matrix. One of the more useful metrics to characterize the high frequency 
performance of an isolator is insertion loss. Insertion loss is defined as the difference in 
transmitted vibration in decibels between the unisolated and isolated cases. Insertion loss 
takes into account the compliance on the source and receiver sides.  Accordingly, it has 
some advantages over transmissibility which is a function of the damping and mounted 
resonant frequency. A static analysis is to preload the isolator so that stress stiffening is 
accounted for. This is followed by modal and forced response analyses to identify the 
transfer matrix of the isolator. In this paper, the insertion loss of spring isolators is 
examined as a function of several geometric parameters including the spring diameter, 
wire diameter, number of active coils, and height. Results demonstrate how modifications 
to these parameters affect the insertion loss and the first surge frequency. 
 
KEYWORDS: Vibration Isolation, Four Pole Parameters, Insertion Loss, Spring Isolator, 
Finite Element Simulation 
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CHAPTER 1 INTRODUCTION 
1.1 Introduction 

Noise is undesirable in vehicles and machines. High noise levels have adverse 

health consequences and are an annoyance. Accordingly, noise and vibration 

levels must often be minimized to meet consumer expectations or legal 

requirements and measures are taken to reduce or attenuate the noise.  Noise is 

primarily classified according to its path. The vibro-acoustic path refers to noise 

that is produced by vibration. Structural vibration drives the contiguous air 

producing sound waves. Alternatively, noise is often produced by flow or 

combustion which is commonly referred to as aero-acoustic. Common aero-

acoustic sources include fan and wind noise. Frequently, measures must be 

taken to reduce both paths, vibro- and aero-acoustic, for a given vehicle or 

machine. 

The focus of this thesis is on the vibro-acoustic path. In general, vibro-acoustic 

energy propagation can be considered using a source-path-receiver concept as 

illustrated in Figure 1.1. Sources include prime movers, including engines, 

motors, compressors, pumps, and fans, produce vibrations which propagate 

through connected structures. Paths are structureborne and airborne energy 

pathways from the source to a receiver point and are sometimes represented as 

transfer functions between the source and the receiver. Frequently, vibrations 

travel from the prime mover to connected components and panels. Hence, noise 

will be radiated from the prime movers but also from the connected panels. 

Connected panels often represent the major pathway for noise propagation due 

to their large area. 

Noise resulting from vibration can be minimized by reducing the area of the 

vibrating surface. Accordingly, noise issues frequently develop when a prime 

mover is attached to a panel or other component with large surface area. In that 

case, the panel acts as a sound board increasing the generated noise. Though it 

is recommended to minimize vibration levels at the source, it is often unfeasible 

to sufficiently reduce the vibration level to an acceptable level. In that case, it is 
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recommended to introduce an impedance mismatch into the path so that 

vibrational energy does not propagate from the source to other components. This 

is commonly achieved by positioning isolators or mounts between the sources 

and neighboring components. 

 

 Figure 1.1 The general model used to characterize the noise control or vibration 
problem.  

Vibration isolators are widely used for vehicles, heavy equipment, climate control 

equipment in buildings, and other applications. Typical vibration isolators (as 

shown in Figure 1.2) employ a helical spring to provide stiffness, and an 

elastomeric layer (such as rubber or neoprene) to provide additional damping. 

Other types use a solid elastomeric element which is not so stiff and provides 

damping. 

The effectiveness of a vibration isolator is determined by its dynamic properties 

and the properties of the dynamic system. Often, the mass of the isolator is 

neglected and the isolator is modeled as a frequency dependent spring and 

damper termed a dynamic stiffness. 

As overall noise levels in vehicles and machinery are reduced, higher frequency 

noise which had been masked in the past by other sources of noise is becoming 

increasingly important. Specifically, surge frequencies or modes arise in the 

isolator itself. In that case, a dynamic stiffness model is insufficient because the 

mass of the isolator is neglected and associated modal behavior is ignored.   

The metric that has been most commonly used to assess isolator performance is 

known as the transmissibility or transmissibility ratio (Inman, 2001). It is defined 

as the ratio between magnitudes for the forces or displacements on the input and 

output sides of an isolator. While worthwhile, transmissibility is a property of the 

isolator, and source or receiver mass. However, transmissibility does not take 
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into account the compliance of source or receiver sides. In addition, 

transmissibility has usually, though not exclusively, been used with the dynamic 

stiffness model for an isolator. 

 

Figure 1.2 Typical commercially available vibration isolators. 
Noise and vibration engineers are now moving towards more complete 

descriptions of the isolator performance where isolators are modeled using a 

state variable matrix termed a transfer matrix. The transfer matrix is frequency 

dependent and relates the forces and vibrations on one side of the isolator to 

those on the other side (Dickens, 1994, Dickens, 1995, Dickens, 1998, Dickens, 

2000, Norwood, 1998, Snowdon, 1971 and Snowdon, 1979). The transfer matrix 

terms, which are sometimes called four-pole parameters, incorporate the modal 

behavior of the isolator. 

The metric that is commonly used with the transfer matrix approach is isolator 

effectiveness. Isolator effectiveness is the ratio of the vibration on the receiver 

side with a rigid attachment to that with the isolator installed. When expressed in 

decibels, isolator effectiveness is termed an insertion loss which is analogous to 

the case for mufflers and silencers. Isolator effectiveness has the added of 

advantage of being able to incorporate the compliance of the source and the 

foundation along with modal interactions between the isolator and connected 

structures.  
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This thesis will focus on the transfer matrix approach. This will be further detailed 

and discussed in the later chapter. One advantage of the transfer matrix 

approach is that more representative metrics can be used to assess 

effectiveness of an isolator. On the other hand, the transfer matrix of an isolator 

is primarily a property of the isolator alone. 

 

1.2 Objective 

The objective of this thesis is to show how simulation can be used to determine 

the transfer matrix of an isolator. It is shown that isolator transfer matrices can be 

determined using finite element analysis by first determining either the 

impedance or mobility matrix. It is shown that both approaches are comparable. 

The transfer matrix method is then used to determine isolator insertion loss.  

Results are compared to direct calculation using frequency based substructuring 

with good agreement. As an example, the approach is used to determine the 

insertion loss of a spring isolator placed between two plates. The approach is 

also illustrated for a construction cab and it is shown that insertion loss has 

limited value for the multi-isolator case.  

The research then focuses on coiled spring isolators. Specifically, the geometric 

parameters which determine the stiffness and mass of the isolator including the 

spring diameter, wire diameter, number of active coils, and spring height are 

varied. It is demonstrated how these factors affect the insertion loss and the first 

surge frequency.  

 

1.3 Organization 

This thesis is organized in to five chapters. The first chapter serves to introduce 

the research topic and provide an overview of the research provided herein. 

Chapter 2 provides some general background reviewing the traditional 

characterization of vibration isolators as well as methods of measurement. It 

includes detailed definitions for the transmissibility, dynamic stiffness and isolator 
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effectiveness. In addition, it looks at transfer matrix theory and how the various 

elements like masses, springs, and dampers may be modeled. 

In Chapter 3, the impedance and mobility methods for determining the transfer 

matrix of an isolator using finite element simulation are described. Use of the 

results to find the isolator insertion loss is demonstrated for a coiled spring 

isolator between two plates. The effect of making changes to the structural 

impedance on the machine side of isolator by adding or removing ribs is then 

examined.  

In Chapter 4, the transfer matrix of a spring isolator is determined using finite 

element simulation and the insertion loss is then determined using assumed 

values for the compliance on the source and receiver sides. The effect of 

different geometric parameters on insertion loss and the first surge frequency for 

steel coil springs is then examined. 

Chapter 5 summarizes the current work and includes recommendations for future 

research. 
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CHAPTER 2 BACKGROUND 

The most obvious way to reduce vibration is at the source. However, it is 

normally not possible to reduce the vibration to an acceptable level. In that case, 

the typical means of noise and vibration control is to isolate the vibration source 

from the system. This is most easily achieved by using vibration isolation 

between the vibrating components and neighboring components. There are 

several different ways to characterize the properties of isolators which are 

described in this chapter. 

2.1 Dynamic Stiffness 

The most common way to characterize an isolator is to model it as a dynamic 

stiffness. The dynamic stiffness (𝑘𝑘𝑑𝑑) can be expressed as 

 𝑘𝑘𝑑𝑑 =
𝑗𝑗𝑗𝑗𝑗𝑗

𝑣𝑣1 − 𝑣𝑣2
 (2.1) 

where 𝑗𝑗 is the dynamic force, 𝑣𝑣1 and 𝑣𝑣2 are the vibration on either side of the 

isolator, and 𝑗𝑗 is the angular frequency in rad/sec. The dynamic force (𝑗𝑗) is 

assumed to be equal and opposite on each side of the isolator so inertial effects 

of the isolator are not considered. For simplicity, the dynamic stiffness is often 

assumed to be independent of frequency. However, the dynamic stiffness can be 

complex, including both stiffness and damping terms, and frequency dependent 

for the general case. The measurement for dynamic stiffness is generally divided 

into direct and indirect methods (ISO, 1997 and ISO, 2002). 

 

2.2 Transmissibility 

Transmissibility or transmissibility ratio is the metric that is most commonly used 

for assessing isolator performance (Dickens, 1998). It is defined as the ratio 

between magnitude of either the displacements or forces on the input and output 

sides of an isolator, and may be defined in terms of either displacements or 

forces. The traditionally used description of transmissibility is that it is usually 
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measured by supporting a mass on the vibration isolator, which is in turn 

supported on a rigid foundation, to form a single degree of freedom system.  

Inman (2001) summarizes these concepts well. There are two commonly used 

descriptions of vibration transmissibility. In the first, the foundation is isolated 

from the vibrating source as illustrated in Figure 2.1. The mass is forced and the 

foundation is blocked. Alternatively, the component can be isolated from a 

moving foundation as shown in Figure 2.2. In this case, an enforced 

displacement is applied to the foundation and the component is considered as a 

receiver mass. Inman shows that the equations are the same for reducing the 

force or vibration transmission though they represent different isolation problems.  

 

Figure 2.1 Schematic illustrating force transmissibility problem (Inman, 2001). 

 

Figure 2.2 Schematic illustrating displacement transmissibility problem (Inman, 
2001). 

For the single degree of freedom system shown in Figures 2.1 and 2.2, 𝑚𝑚, 𝑘𝑘, and 

𝑐𝑐 are the mass, stiffness, and damping respectively. It is assumed that these 
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quantities are constant. The transmissibility ratio (𝑇𝑇.𝑅𝑅.), by either the force or 

vibration definition, can be expressed as 

 
𝑇𝑇.𝑅𝑅. =

𝑗𝑗𝑇𝑇
𝑗𝑗0

=
𝑋𝑋
𝑌𝑌

= �
1 + (2𝜉𝜉𝜉𝜉)2

(1 − 𝜉𝜉2)2 + (2𝜉𝜉𝜉𝜉)2 
(2.2) 

Where 𝜉𝜉  is the damping ratio and 𝜉𝜉  is the frequency ratio. These can be 

expressed as 

 𝜉𝜉 =
𝑐𝑐

2𝑚𝑚𝑗𝑗𝑛𝑛
 (2.3) 

 𝜉𝜉 =
𝑗𝑗
𝑗𝑗𝑛𝑛

 (2.4) 

where 𝑗𝑗𝑛𝑛 = �𝑘𝑘 𝑚𝑚⁄  is the natural frequency of the system. 

Figure 2.3 shows the relationship of transmissibility ratio 𝑇𝑇.𝑅𝑅. and the frequency 

ratio 𝜉𝜉 for different damping ratios (𝜉𝜉). When the frequency ratio 𝜉𝜉 is greater than 

√2 , the magnitude of response is smaller than the input disturbance which 

implies that vibration isolation occurs. If 𝜉𝜉 is less than √2, then the response is 

larger than the input disturbance and the isolator amplifies the force or vibration. 

The damping ratio significantly affects the amplitude of vibration. Near the 

resonant frequency of the isolator, large damping ratios decrease the amount of 

amplification. However, vibration isolation systems should be designed to be 

used for frequency ratios (𝜉𝜉) greater than √2. Figure 2.4 shows a close up on the 

region for 𝜉𝜉 exceeding √2.  In this region, the transmissibility ratio is reduced for 

small damping ratios (𝜉𝜉). 

According to Figure 2.4, 𝜉𝜉 is increased for a fixed 𝑗𝑗, the value of 𝑇𝑇.𝑅𝑅. decreases. 

This corresponds to increasing the mass or decreasing the stiffness of the 

isolator, as shown previously. As damping is increased for a fixed 𝜉𝜉, the value of 

𝑇𝑇.𝑅𝑅. increases, so that low damping is often used. Figure 2.4 illustrates that for 
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frequency ratios (𝜉𝜉) exceeding 3 with small damping ratios (𝜉𝜉) below 0.02, 𝑇𝑇.𝑅𝑅. is 

not significantly affected by decreasing damping further.   

Because the internal damping of most springs is less than 0.01, (2𝜉𝜉𝜉𝜉)2 is small 

and can be neglected in Equation (2.2) for preliminary vibration isolator design. 

Then Equation (2.2) can be simplified as 

 𝑇𝑇.𝑅𝑅. =
1

𝜉𝜉2 − 1
 (2.5) 

where it is assumed that 𝜉𝜉 > 3.  

 

Figure 2.3 Plot of the transmissibility ratio for different damping ratios and the 
frequency ratios (Inman, 2001). 

 

Figure 2.4 Force or displacement transmissibility for a viscously damped single 
degree of freedom system, focusing on the vibration isolation region (Inman, 

2001). 
Inman (2001) details a procedure for selecting isolators based upon the constant 

dynamic stiffness model. The static deflection of a spring can be expressed as  
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 ∆𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡=
𝑚𝑚𝑚𝑚
𝑘𝑘

 (2.6) 

where 𝑚𝑚 is the mass of the machine and 𝑚𝑚 is the acceleration due to gravity. In 

order to quantify the performance of the vibration isolator, the reduction in 

transmissibility (𝑅𝑅) is introduced and defined as  

 𝑅𝑅 = 1 − 𝑇𝑇.𝑅𝑅. (2.7) 

Assuming that the excitation is harmonic and given in revolutions per minute (𝑛𝑛), 

the input rpm (𝑛𝑛) can be expressed in terms of the reduction in transmissibility (𝑅𝑅) 

and static deflection as 

 
𝑛𝑛 =

30
𝜋𝜋
�

𝑚𝑚(2 − 𝑅𝑅)
∆𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(1 − 𝑅𝑅) = 29.9093�

2 − 𝑅𝑅
∆𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(1 − 𝑅𝑅) 

(2.8) 

by combining Equations (2.5, 2.6, and 2.7). Equation (2.8) can be used to 

generate design curves for isolators. Taking the logarithm of Equation (2.8) yields 

 
log10 𝑛𝑛 =

1
2

log10 ∆𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + log10 �29.9093�
2 − 𝑅𝑅
1 − 𝑅𝑅

� 
(2.9) 

which is a straight line on a log-log plot as a function of 𝑅𝑅. Design curves are 

plotted in Figure 2.5. 
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Figure 2.5 Design curves consisting of plots of speed in rpm versus static 
deflection for various values of percent reduction in transmitted force (Inman, 

2011). 
As an example, suppose that a 3 kg motor operates at 5000 rpm and it is desired 

that the force be reduced by 95% at the base. Using Figure 2.5, it can be seen 

that a static deflection of 0.003 in (or 0.762 mm) is desired. The spring stiffness 

can then be found via  

 
𝑘𝑘 =

𝑚𝑚𝑚𝑚
∆𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

=
(3 𝑘𝑘𝑚𝑚)(9.8 𝑚𝑚 𝑠𝑠2⁄ )

0.000762 𝑚𝑚
= 38,582𝑁𝑁 𝑚𝑚⁄  

(2.10) 

Inman (2001) recommends that the choice of clearance should be more than 

twice the static deflection so that the spring has enough space to extend and 

compress and provide the requisite vibration isolation. 

This analysis is based on using the simplified relationship for transmissibility ratio 

(𝑇𝑇.𝑅𝑅.) given in Equation (2.5) which assumes a single degree of freedom system 

and small damping. At higher frequencies, a coil spring will have additional 

internal resonances at which the isolator will effectively transmit vibration.  

Sometimes an elastomer layer is placed between the spring and its support to 

add higher frequency damping in commercial isolators. In order to simulate these 

higher frequency effects, a more complete model of an isolator is desired.  

Several authors have suggested using a transfer matrix model of an isolator 

which includes the modal behavior of the isolator (Dickens, 2000, Forrest, 2006, 
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Gardonio, 2000, Norwood, 1998, Snowdon, 1965, Snowdon, 1968 and Soliman, 

1968). 

 

2.3 Transfer Matrix Model of Isolator 

Molloy (1957) appears to have originally suggested developing a two-port 

network for mechanical systems. The theory is virtually identical to that described 

by Munjal (1987) for acoustical systems, with the variables being acoustical 

pressure and volume velocity. After which, Snowdon (1971) further developed 

the theory and applied it to vibration isolation. Snowdon (1971) proposed and 

developed a testing apparatus to measure the four-pole parameters of vibration 

isolators. Snowdon basically used the Schloss’ (1965) test rig, which is shown in 

Figure 2.6. Schloss used the test rig to measure the blocked transfer impedance 

and blocked driving point impedance of vibration isolators under static load. 

Dickens and Norwood (1998) proposed a two-mass method to measure the four-

pole parameters of a vibration isolator, by using two different floating masses. 

The approach was general and applicable to asymmetric isolators under a static 

pre-load. 

 

Figure 2.6 Proposed test rig of Snowdon, after Schloss. (Dickens and Norwood, 
1998). 
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Kim and Singh (2001, 2003) have researched elastometric isolators using a more 

sophisticated mobility matrix approach. In their efforts, a multi-axial model was 

used for the isolator and analytical results were compared with measurement. In 

addition, they developed an approach for estimating the mobility matrix via 

measurement. However, the approach used did not take into account the preload 

on the isolator. 

Transfer matrix theory is reviewed in the discussion which follows. A vibration 

isolator is modeled as a linear system, where the dynamic force and velocity at 

its input side are denoted by 𝑗𝑗1 and 𝑣𝑣1 respectively, and at its output side by 𝑗𝑗2 

and 𝑣𝑣2 respectively. Figure 2.7 shows a schematic of an isolator with forces (𝑗𝑗1 

and 𝑗𝑗2) and velocities (𝑣𝑣1 and 𝑣𝑣2) identified along with the sign convention. The 

input and output sides are denoted by the indices 1  and 2  respectively. The 

forces and vibration on either side can be related to one another using the 

expression 

 �
𝑗𝑗1
𝑣𝑣1
� = �

𝑎𝑎11
𝑎𝑎21

𝑎𝑎12
𝑎𝑎22

� �
𝑗𝑗2
𝑣𝑣2
�  (2.11) 

where 𝑎𝑎11,𝑎𝑎12,𝑎𝑎21, and 𝑎𝑎22 are the transfer matrix terms or four-pole parameters. 

These transfer matrix terms are complex and frequency dependent.   

 

Figure 2.7 Schematic illustrating mount with force and velocity variables. 
If 𝑗𝑗2 and 𝑣𝑣2 are considered as the input port and 𝑗𝑗1 and 𝑣𝑣1 as the output port, 𝑗𝑗2 

and 𝑣𝑣2 can be solved with respect to 𝑗𝑗1 and 𝑣𝑣1. 𝑗𝑗2 and 𝑣𝑣2 can be expressed as 
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 �
𝑗𝑗2
𝑣𝑣2
� =

1
∆
�
𝑎𝑎22
−𝑎𝑎21

−𝑎𝑎12
𝑎𝑎11

� �
𝑗𝑗1
𝑣𝑣1
�  (2.12) 

where ∆ is the determinant of the transfer matrix and can be expressed as 

 ∆= 𝑎𝑎11𝑎𝑎22 − 𝑎𝑎12𝑎𝑎21  (2.13) 

Assuming that the Rayleigh reciprocity theorem in the form of Maxwell’s law of 

reciprocal deflections applies to the system (Dickens and Norwood, 1998), it 

follows that the transfer impedance or mobility between any two ports is 

independent of which port is treated as the input or output. Accordingly, the two 

blocked transfer mobilities are equal which gives rise to the relationship  

 𝑣𝑣1
𝑗𝑗2
�
𝑣𝑣2=0

=
𝑣𝑣2
𝑗𝑗1
�
𝑣𝑣1=0

  (2.14) 

By combining Equations (2.11, 2.12, and 2.14), it can be shown that the 

determinant is equal to unity.  This can be expressed mathematically as 

 Δ = 𝑎𝑎11𝑎𝑎22 − 𝑎𝑎12𝑎𝑎21 = 1 (2.15) 

A symmetric isolator is bidirectional meaning that either side can be used as 

input or output. Secondly, the isolator properties remain unchanged if the input 

and output sides are interchanged. By inserting Equation (2.15) into Equation 

(2.12), it can be shown that 

 �
𝑗𝑗2
𝑣𝑣2
� = �

𝑎𝑎22
𝑎𝑎21

𝑎𝑎12
𝑎𝑎11

� �
𝑗𝑗1
𝑣𝑣1
� (2.16) 

The four-pole parameters provided by Equations (2.11) and (2.16) should be 

identical. Accordingly, it can be seen that  

 𝑎𝑎11 = 𝑎𝑎22 (2.17) 

Given Equations (2.15) and (2.17), it is evident that there are only two 

independent transfer matrix terms for a symmetric isolator.  
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If the output is blocked (i.e., 𝑣𝑣2 = 0), 𝑎𝑎11 and 𝑎𝑎21 can be expressed as 

 𝑎𝑎11 =
𝑗𝑗1
𝑗𝑗2
�
𝑣𝑣2=0

 (2.18) 

and 

 𝑎𝑎21 =
𝑣𝑣1
𝑗𝑗2
�
𝑉𝑉2=0

 (2.19) 

respectively. 

Alternatively, if the output side is unrestrained and is free to vibrate (i.e. 𝑗𝑗2 = 0), 

𝑎𝑎12 and 𝑎𝑎22 can be written as 

 𝑎𝑎12 =
𝑗𝑗1
𝑣𝑣2
�
𝐹𝐹2=0

 (2.20) 

and  

 𝑎𝑎22 =
𝑣𝑣1
𝑣𝑣2
�
𝐹𝐹2=0

 (2.21) 

respectively. 

Equations (2.18) through (2.21) were posited by Snowdon (1979). Using either 

the blocked (Equations 2.18 and 2.19) or unforced (Equations 2.20 and 2.21) 

assumptions, Equations (2.15) and (2.17) can be used to solve for the remaining 

two transfer matrix terms for a symmetric isolator. While the second case is 

experimentally convenient, it is not allowable for the determination of the 

vibration isolator under static load, and therefore the properties measured in this 

way will not be representative of those for the installed vibration isolator.  

Accordingly, the approach for measuring the transfer matrix terms of a pre-

loaded symmetric isolator depends on a blocked output arrangement that 

measures 𝑗𝑗1, 𝑣𝑣1 and 𝑗𝑗2 with 𝑣𝑣2 = 0.  
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Asymmetric vibration isolators do not have the same behavior if the input and 

output sides are interchanged. For asymmetric vibration isolators, Equation 

(2.17) is no longer appropriate and additional information is required. Snowdon 

(1979) proposed reversing the vibration isolator in the test rig so that the input 

and output ends are interchanged. Hence, the vibration isolator is tested in both 

the normal and reversed positions. A schematic of the testing setup is shown in 

Figure 2.8. 

 

Figure 2.8 The test layout of a linear asymmetric isolator. 
The input force and velocity for the reversed configuration are denoted by 𝑗𝑗1𝑟𝑟 

and 𝑣𝑣1𝑟𝑟  on the input side, and 𝑗𝑗2𝑟𝑟  and 𝑣𝑣2𝑟𝑟  on the output side. The reversed 

configuration transfer matrix can be expressed as  

 �
𝑗𝑗1𝑟𝑟
𝑣𝑣1𝑟𝑟

� = �
𝑎𝑎22
𝑎𝑎21

𝑎𝑎12
𝑎𝑎11

� �
𝑗𝑗2𝑟𝑟
𝑣𝑣2𝑟𝑟

� (2.22) 

For the blocked situation, 𝑣𝑣2𝑟𝑟 = 0 yielding  

 𝑎𝑎22 =
𝑗𝑗1𝑟𝑟
𝑗𝑗2𝑟𝑟

�
𝑣𝑣2𝑟𝑟=0

 (2.23) 

and 
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 𝑎𝑎21 =
𝑣𝑣1𝑟𝑟
𝑗𝑗2𝑟𝑟

�
𝑣𝑣2𝑟𝑟=0

 (2.24) 

Equation (2.23) provides the additional relationship needed to determine 𝑎𝑎22 and 

equation (2.24) can be used to experimentally check the value of 𝑎𝑎21 . This 

method has been termed the blocked reversal method (Snowdon, 1979). 

In a similar manner, the reversing the isolator may be applied to the unblocked 

situation as well. In that case, Equations (2.10), (2.15) and (2.22) are combined 

together and the transfer matrix terms are written as 

  𝑎𝑎12 =
𝑗𝑗1𝑗𝑗1𝑅𝑅−𝑗𝑗2𝑗𝑗2𝑅𝑅
𝑣𝑣1𝑗𝑗2𝑅𝑅+𝑣𝑣2𝑅𝑅𝑗𝑗1

 (2.25) 

 𝑎𝑎11 =
𝑗𝑗1 − 𝑎𝑎12𝑣𝑣2

𝑗𝑗2
 (2.26) 

 𝑎𝑎22 =
𝑗𝑗2 + 𝑎𝑎12𝑣𝑣1

𝑗𝑗1
 (2.27) 

 𝑎𝑎21 =
𝑣𝑣1−𝑎𝑎22𝑣𝑣2

𝑗𝑗2
 (2.28) 

This method is called the unblocked reversal method (Snowdon, 1979), and 

requires measurement of the input and output forces and velocities in normal and 

reversed configurations. 

The blocked reversal method is generally preferred because it does not require 

the measurement of the output velocity. Both methods of reversing the vibration 

isolator in the test rig assume that the vibration isolator is bi-directional and it 

may be operated with its input and output sides interchanged. If the isolator 

operates in only a single direction and is irreversible, the above approach is not 

applicable.  

Dickens and Norwood (2001) proposed and developed a two-mass method for 

measuring the four-pole parameters of uni-directional asymmetric vibration 
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isolators under static load. The two-mass method may be applied to uni-

directional asymmetric isolators as well as the other isolators mentioned above.  

Consider a uni-directional asymmetric isolator being tested under static load in 

the vibration isolator test facility and suppose that it is tested with two blocking 

masses of different mass. The test configurations are identical except for the 

blocking masses. Let the two blocking masses be denoted as 𝑚𝑚21 and 𝑚𝑚22, and 

let the corresponding forces and velocities be respectively denoted by the 

second subscripts 1 and 2. The four-pole parameters are assumed to be the 

same for both sets of data, and therefore the two matrix equations corresponding 

to equation (2.11) are 

 �
𝑗𝑗11
𝑣𝑣11

� = �
𝑎𝑎11
𝑎𝑎21

𝑎𝑎12
𝑎𝑎22

� �
𝑗𝑗21
𝑣𝑣21

�  (2.29) 

and 

 �
𝑗𝑗12
𝑣𝑣12

� = �
𝑎𝑎11
𝑎𝑎21

𝑎𝑎12
𝑎𝑎22

� �
𝑗𝑗22
𝑣𝑣22

�  (2.30) 

Combining the above two equation (2.29 and 2.30) yields 

 

�

𝑗𝑗11
𝑣𝑣11
𝑗𝑗12
𝑣𝑣12

� = �

𝑗𝑗21 𝑣𝑣21
0 0

0 0
𝑗𝑗21 𝑣𝑣21

𝑗𝑗22 𝑣𝑣22
0 0

0 0
𝑗𝑗22 𝑣𝑣22

� �

𝑎𝑎11
𝑎𝑎12
𝑎𝑎21
𝑎𝑎22

�  

(2.31) 

Solving for the four-pole parameters yields 

 

�

𝑎𝑎11
𝑎𝑎12
𝑎𝑎21
𝑎𝑎22

� =
1

𝑗𝑗22𝑣𝑣21 − 𝑗𝑗21𝑣𝑣22
�

−𝑣𝑣22 0
𝑗𝑗22 0

𝑣𝑣21 0
−𝑗𝑗21 0

0 −𝑣𝑣22
0 𝑗𝑗22

0 𝑣𝑣21
0 −𝑗𝑗21

� �

𝑗𝑗11
𝑣𝑣11
𝑗𝑗12
𝑣𝑣12

�  

(2.32) 

Equation (2.32) is only valid if  

 𝑗𝑗22𝑣𝑣21 ≠ 𝑗𝑗21𝑣𝑣22  (2.33) 
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Additional equations for the force on the output sides can be expressed as 

 𝑗𝑗21 = 𝑗𝑗𝑗𝑗𝑚𝑚21𝑣𝑣21 (2.34) 

and 

 𝑗𝑗22 = 𝑗𝑗𝑗𝑗𝑚𝑚22𝑣𝑣22 (2.35) 

Then using equations (2.32, 2.34 and 2.35), the four-pole parameters are 

determined to be 

 𝑎𝑎11 =
1

𝑚𝑚21−𝑚𝑚22
�
𝑚𝑚21𝑗𝑗11
𝑗𝑗21

−
𝑚𝑚22𝑗𝑗12
𝑗𝑗22

� (2.36) 

 𝑎𝑎12 =
𝑗𝑗𝑗𝑗𝑚𝑚21𝑚𝑚22

𝑚𝑚21−𝑚𝑚22
�
𝑗𝑗12
𝑗𝑗22

−
𝑗𝑗11
𝑗𝑗21

� (2.37) 

 𝑎𝑎21 =
1

𝑚𝑚21−𝑚𝑚22
�
𝑚𝑚21𝑣𝑣11
𝑗𝑗21

−
𝑚𝑚22𝑣𝑣12
𝑗𝑗22

� (2.38) 

 𝑎𝑎22 =
𝑗𝑗𝑗𝑗𝑚𝑚21𝑚𝑚22

𝑚𝑚21−𝑚𝑚22
�
𝑣𝑣12
𝑗𝑗22

−
𝑣𝑣11
𝑗𝑗21

� (2.39) 

The two blocking masses should be sufficiently different masses to provide 

different sets of data for substitution into Equation (2.32). The only assumption is 

that the four-pole parameters remain unchanged for the two blocking masses. 

 

2.4 Isolator Effectiveness / Isolator Insertion Loss 

Ungar and Dietrich (1966) recommended the use of isolator effectiveness (𝐸𝐸) as 

a metric to assess the performance of a vibration isolator installed in a system. 

Effectiveness is defined as the ratio of the receiver amplitude for the rigidly 

attached and isolated cases and can be expressed as 

 
𝐸𝐸 =

𝑣𝑣𝑓𝑓�𝑟𝑟𝑡𝑡𝑟𝑟𝑡𝑡𝑑𝑑
𝑣𝑣𝑓𝑓�𝑡𝑡𝑠𝑠𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑖𝑖𝑑𝑑

 
(2.40) 
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where 𝑣𝑣𝑓𝑓�𝑟𝑟𝑡𝑡𝑟𝑟𝑡𝑡𝑑𝑑  and 𝑣𝑣𝑓𝑓�𝑡𝑡𝑠𝑠𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑖𝑖𝑑𝑑  are the unisolated and isolated vibrations 

respectively. Figure 2.9 shows a schematic of the two situations. If the isolator 

effectiveness is in decibels, it is referred to an isolator insertion loss and can be 

expressed as 

  𝐼𝐼𝐼𝐼 = 20 ∙ log10|𝐸𝐸| (2.41) 

 

Figure 2.9 Schematic illustrating isolator insertion loss. 
Let the driving point mobilities of the source and the foundation measured at the 

source and foundation connection points with vibration isolation, be 𝐻𝐻1 and 𝐻𝐻2 

respectively as shown in Figure 2.10. The velocities at the source/vibration 

isolator and vibration isolator/foundation interfaces are 𝑣𝑣1 and 𝑣𝑣2 respectively. Let 

𝑣𝑣0  be the free velocity of the source at the connection point, i.e. the velocity 

without the vibration isolator connected to the source (Dickens, 1998). With the 

vibration isolator connected, the velocity changes to 𝑣𝑣1, and by the principle of 

superposition, 𝑣𝑣1  is the sum of the free velocity and the motion due to the 

resisting force of the vibration isolator, and therefore 

 𝑣𝑣1 = 𝑣𝑣0 − 𝑌𝑌1𝑗𝑗1 (2.42) 

Assuming that the free velocity of the foundation is zero, yields 

 𝑣𝑣2 = 𝑌𝑌2𝑗𝑗2 (2.43) 
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Solving Equations (2.11), (2.42) and (2.43) to obtain 𝑣𝑣2  in terms of 𝑌𝑌1  and 𝑌𝑌2 

gives 

 𝑣𝑣2 =
𝑣𝑣0𝑌𝑌2

𝑎𝑎11𝑌𝑌1+𝑎𝑎12𝑌𝑌1𝑌𝑌2 + 𝑎𝑎21 + 𝑎𝑎22𝑌𝑌2
 (2.44) 

Consider the situation where the source and foundation are directly connected as 

shown in Figure 2.9.  

 

Figure 2.10 Schematic illustrating the driving point mobilities of the source and 
the foundation. 

Let the velocities be denoted as above but primed and with a similar analysis it 

may be shown that 

 𝑣𝑣2′ =
𝑣𝑣0𝑌𝑌2
𝑌𝑌1 + 𝑌𝑌2

 (2.45) 

From Equations (2.44), (2.45) and (2.40), it can also be expressed in terms of the 

four-pole parameters and the source and foundation mobilities as 

 𝐸𝐸 =
𝑎𝑎11𝑌𝑌1 + 𝑎𝑎12𝑌𝑌1𝑌𝑌2 + 𝑎𝑎21 + 𝑎𝑎22𝑌𝑌2

𝑌𝑌1 + 𝑌𝑌2
 (2.46) 

where 𝑌𝑌1 and 𝑌𝑌2 are the driving point mobilities of the source and the foundation 

measured at the source and foundation connection points respectively. This can 

also be expressed in terms of the source and foundation impedances as 

 𝐼𝐼𝐼𝐼 = 20 ∙ log10 �
𝑎𝑎11𝑍𝑍𝑆𝑆 + 𝑎𝑎12 + 𝑎𝑎21𝑍𝑍𝑆𝑆𝑍𝑍𝑅𝑅 + 𝑍𝑍𝑅𝑅

𝑍𝑍𝑠𝑠 + 𝑍𝑍𝑅𝑅
� (2.47) 
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where 𝑍𝑍𝑆𝑆 and 𝑍𝑍𝑅𝑅 are the mechanical impedances at the isolator mounting points 

on source and receiver sides, respectively. 

The mechanical impedances of the source and foundation ( 𝑍𝑍𝑆𝑆  and 𝑍𝑍𝑅𝑅 

respectively) can be determined by exciting the respective structure at the 

isolator attachment point and determining the response as illustrated in Figure 

2.11. Accordingly,  

 𝑍𝑍𝑡𝑡 =
𝑗𝑗𝑡𝑡
𝑣𝑣𝑡𝑡

 (2.48) 

Where 𝑖𝑖 refers to the appropriate attachment point on the source or receiver side. 

This impedance is easily determined using a structural finite element model or 

via measurement.  

 

Figure 2.11 Schematic illustrating determination of impedances. 
The concept of mobility will be introduced. The mobility of a system component is 

a complex, frequency dependent quantity, and is defined as the ratio of the 

velocity of response to force input (reciprocal of mechanical impedance), which 

can be expressed as   

 𝑌𝑌 = 𝑣𝑣 𝑗𝑗⁄  (2.49) 

The dynamic characteristics of the isolator then be presented in terms of its 

mobility parameters (Norwood, 1987 and Norwood, 1998). The effectiveness of 

an isolator is related to the relative mobilities of the isolated mass, the isolators 

themselves and the foundation or attached structures. If the isolator can be 

assumed to be massless, the isolator effectiveness can be expressed as 
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 𝐸𝐸 = �1 +
𝑌𝑌𝐼𝐼

𝑌𝑌𝑆𝑆+𝑌𝑌𝑅𝑅
� (2.50) 

Where 𝑀𝑀𝐼𝐼 ,𝑀𝑀𝑆𝑆,  and 𝑀𝑀𝑅𝑅  are the isolator, source, and receiver mobilities, 

respectively (Ungar and Dietrich, 1966). For effective isolation, the mobility 𝑀𝑀𝐼𝐼 

must exceed the sum 𝑌𝑌𝑠𝑠 + 𝑌𝑌𝑟𝑟  considerably,|𝑌𝑌𝐼𝐼| ≫ |𝑌𝑌𝑆𝑆 + 𝑌𝑌𝑅𝑅| . Hence, to increase 

isolation effectiveness, one must either increase the isolator mobility or decrease 

the source and receiver mobilities. 

For a symmetric vibration isolator, Norwood and Dickens (1998) showed that the 

isolator insertion loss can be expressed as  

 𝐼𝐼𝐼𝐼 = 20 ∙ log10 �𝑎𝑎11 +
𝑎𝑎12𝑌𝑌1𝐻𝐻2
𝑌𝑌1 + 𝑌𝑌2

+
𝑎𝑎21

𝑌𝑌1 + 𝑌𝑌2
� (2.51) 

by combining Equations (2.17 and 2.46). 

A simplified vibration isolation case is provided to demonstrate the characteristic 

properties of insertion loss. Figure 2.12 shows the insertion loss results for a rigid 

body mounted to a rigid foundation via a simple spring-damper isolator (indicated 

as “Rigid Foundation”). For comparison, the results with a compliant foundation 

(indicated as “Compliant Foundation”) are also shown. Notice that a compliant 

foundation reduces the insertion loss at higher frequencies. Wave propagation is 

included in the isolator in the third curve. Notice that there are a number of sharp 

troughs occurring at isolator resonances. 
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Figure 2.12 Insertion loss results illustrating the effect of wave propagation in 
isolator (Wallin et al., 2012). 

 

2.5 Summary 

The different models for isolators and associated metrics have been surveyed in 

this chapter. Isolators have traditionally been defined in terms of their dynamic 

stiffness which does not include inertial effects in the isolator. In that case, the 

metric that is most commonly used is the transmissibility which is defined as the 

ratio of the transmitted dynamic forces to the source dynamic force. Alternatively, 

transmissibility can be described in terms of the vibration. The primary drawback 

of using transmissibility is that the compliance on either side of the isolator is not 

included. 

A more complete model of an isolator may be defined using the transfer matrix 

approach. This approach will included inertial effects and includes surge 

frequencies. When transfer matrices are used, isolator effectiveness or insertion 

loss is typically used to assess the isolator. Isolator effectiveness is defined as 

the ratio of the unisolated to isolated vibrations. 
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The next chapter will detail how the transfer matrix can be identified using 

structural finite element analysis. After which, the insertion loss calculation is 

demonstrated for a representative structure. 
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CHAPTER 3 DETERMINATION OF THE TRANSFER MATRIX FOR 
ISOLATORS USING SIMULATION WITH APPLICATION TO 

DETERMINING INSERTION LOSS 
3.1 Introduction 

Molloy (1957) first suggested using the transfer matrix approach to characterize 

isolators. Snowdon (1971) further developed the idea and derived a number of 

expressions for typical mass-spring-damper combinations. Dickens and Norwood 

(2001) developed an experimental approach for determining the transfer matrix 

or four-pole parameters of an isolator. 

The work in this chapter focuses on developing the approaches to determine the 

transfer matrix of an isolator using finite element analysis. A static analysis is 

initially performed in order to include stress stiffening effects due to the static 

preload for the dynamic analysis that follows. After which, the structural modes of 

the isolator are determined by modal analysis which includes the effect of the 

pre-load. The transfer matrix can then be found by finding either the mobility or 

impedance matrix from two successive forced response analyses with different 

loading conditions.  

This chapter will demonstrate the methodology which is applied to a spring 

isolator connecting two plates. One plate represents the machine side and the 

other massive plate can be considered as the foundation side. After which, the 

effect on insertion loss of adding ribs to the machine or source side is illustrated. 

In order to investigate the usefulness of the isolator insertion loss for multiple 

isolator cases, multiple isolators were applied between a construction cab and 

base foundation for a numerical simulation study.  

 

3.2 Determination of the Four-Pole Parameters 

The procedure for determining the four-pole parameters is summarized in Figure 

3.1. First, a static finite element analysis is conducted to deal with the static pre-

load.  This analysis can be linear or nonlinear. The purpose of the analysis is to 
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update the stiffness matrix to include the pre-load (i.e., stress stiffening effects).  

If the pre-load does not significantly affect the structural modes of the isolator, 

the static analysis will be unnecessary. 

This is followed by a second analysis to determine the structural modes 

(including the updated stiffness matrix). After which, two successive modal 

superposition forced response analyses are used to determine the four-pole 

parameters. All dynamic analyses assume that the loaded isolator behaves in a 

linear fashion and that displacements are small. All analyses were performed 

using ANSYS Workbench (ANSYS, 2014). 

 

Figure 3.1 Flow chart illustrating analysis progression. 
 

3.2.1 Mobility Matrix Approach 

There are two convenient approaches for determining the transfer matrix. The 

first is a mobility matrix approach where the transfer matrix in Equation (2.11) is 

reconfigured as 

 �
𝑣𝑣1
𝑣𝑣2� = �𝑏𝑏11 𝑏𝑏12

𝑏𝑏21 𝑏𝑏22
� �𝑗𝑗1𝑗𝑗2

� (3.1) 

where 𝑏𝑏11, 𝑏𝑏12, 𝑏𝑏21,  and 𝑏𝑏22  are mobility matrix terms. Two successive forced 

response analyses can be performed to determine the mobility matrix terms. The 

boundary conditions for the first and second analysis are 

 𝑗𝑗1 = 1;𝑗𝑗2 = 0 (3.2) 

and 

 𝑗𝑗1 = 0;𝑗𝑗2 = 1 (3.3) 
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respectively. The mobility matrix terms (𝑏𝑏11, 𝑏𝑏12, 𝑏𝑏21, and 𝑏𝑏22) can be determined 

from 

 𝑏𝑏11 =
𝑣𝑣1
𝑗𝑗1
�
𝐹𝐹1=1; 𝐹𝐹2=0

 (3.4) 

 𝑏𝑏12 =
𝑣𝑣1
𝑗𝑗2
�
𝐹𝐹1=0; 𝐹𝐹2=1

 (3.5) 

 𝑏𝑏21 =
𝑣𝑣2
𝑗𝑗1
�
𝐹𝐹1=1; 𝐹𝐹2=0

 (3.6) 

 𝑏𝑏22 =
𝑣𝑣2
𝑗𝑗2
�
𝐹𝐹1=0; 𝐹𝐹2=1

 (3.7) 

where 𝑣𝑣1, 𝑣𝑣2,𝑗𝑗1,  and 𝑗𝑗2 are determined from analyses with the respective 

boundary conditions indicated. 

The four-pole parameters can then be determined from the mobility matrix terms.  

This is expressed as 

 
𝑎𝑎11 = −

𝑏𝑏22
𝑏𝑏21

 
(3.8) 

 
𝑎𝑎12 =

1
𝑏𝑏21

 (3.9) 

 
𝑎𝑎21 = 𝑏𝑏12 −

𝑏𝑏11𝑏𝑏22
𝑏𝑏21

 
(3.10) 

 
𝑎𝑎22 =

𝑏𝑏22
𝑏𝑏21

 
(3.11) 

 

3.2.2 Impedance Matrix Approach 

In a similar manner, the transfer matrix terms can be determined using an 

impedance matrix approach. In that case, Equation (2.11) can be rearranged as 

 �𝑗𝑗1𝑗𝑗2
� = �

𝑐𝑐11 𝑐𝑐12
𝑐𝑐21 𝑐𝑐22� �

𝑣𝑣1
𝑣𝑣2� 

(3.12) 
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where 𝑐𝑐11, 𝑐𝑐12, 𝑐𝑐21,  and 𝑐𝑐22 are the respective impedance matrix terms. Once 

again, two successive forced response analyses are conducted to determine the 

impedance matrix terms. The boundary conditions for the first and second 

analyses are 

  𝑗𝑗1 = 1; 𝑣𝑣2 = 0 (3.13) 

and 

 𝑗𝑗2 = 1; 𝑣𝑣1 = 0 (3.14) 

respectively. The impedance matrix terms ( 𝑐𝑐11, 𝑐𝑐12, 𝑐𝑐21,  and 𝑐𝑐22 ) can be 

determined from 

  𝑐𝑐11 =
𝑗𝑗1
𝑣𝑣1
�
𝐹𝐹1=1; 𝑣𝑣2=0

 (3.15) 

 𝑐𝑐12 =
𝑗𝑗1
𝑣𝑣2
�
𝑣𝑣1=0; 𝐹𝐹2=1

 (3.16) 

 𝑐𝑐21 =
𝑗𝑗2
𝑣𝑣1
�
𝐹𝐹1=1; 𝑣𝑣2=0

 (3.17) 

 𝑐𝑐22 =
𝑗𝑗2
𝑣𝑣2
�
𝑣𝑣1=0; 𝐹𝐹2=1

 (3.18) 

where 𝑣𝑣1, 𝑣𝑣2,𝑗𝑗1,  and 𝑗𝑗2  are determined from analyses with the respective 

boundary conditions indicated. 

The four-pole parameters can then be determined from the impedance matrix via  

    𝑎𝑎11 =
𝑐𝑐11
𝑐𝑐21

 (3.19) 

 𝑎𝑎12 = 𝑐𝑐12 −
𝑐𝑐11𝑐𝑐22
𝑐𝑐21

 (3.20) 

 
𝑎𝑎21 =

1
𝑐𝑐21

 (3.21) 
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 𝑎𝑎22 = −
𝑐𝑐22
𝑐𝑐21

 (3.22) 

The primary difference between the two approaches is that the isolator is 

unconstrained if the mobility matrix approach is used, and alternately fixed on 

one side or the other if the impedance matrix approach is used. 

 

3.3 Frequency Based Substructuring Approach 

This thesis will focus on the transfer matrix approach. The transfer matrix 

approach can also be linked to frequency based substructuring (FBS) sometimes 

referred to as transfer path analysis (TPA) (W. Hendricx and D. Vandenbroeck, 

1992, M. H. A. Janssens et al., 1999, T. C. Lim and G. C. Steyer, 1992, P.J. G. 

van der Linden and J. Fun, 1993, D. de Vis et al., 1992 and K. Wyckaert and H. 

Van der Auweraer, 1995). 

In the case of FBS, isolators are commonly modeled as a dynamic stiffness if 

inertia effects can be neglected. However, the isolator is more properly defined 

as a separate dynamic system defined by the transfer functions between different 

isolator sides. The transfer functions can be expressed in terms of the transfer 

matrix term (four-pole parameters).  

The transfer functions can be expressed in terms of the transfer matrix terms as 

 𝑣𝑣1
𝑗𝑗1

=
𝑎𝑎22
𝑎𝑎12

 (3.23) 

  
𝑣𝑣1
𝑗𝑗2

= 𝑎𝑎21 − 𝑎𝑎22
𝑎𝑎11
𝑎𝑎12

 (3.24) 

 𝑣𝑣2
𝑗𝑗1

= −
𝑎𝑎11
𝑎𝑎12

 (3.25) 

 𝑣𝑣2
𝑗𝑗2

= −
𝑎𝑎22
𝑎𝑎21

 (3.26) 

All FBS analyses were performed using LMS Virtual.Lab in this chapter (LMS 

Virtual.Lab, 2014).  
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3.4 Example Case – Simple Spring Isolator 

The procedures described above were used to determine the transfer matrix for a 

simple spring isolator. The diameter of the isolator and spring wire were 70 mm 

and 5 mm respectively, and the shear modulus was 76.9 GPa. There were 

approximately 4 active turns. The spring stiffness can be determined from 

 
 𝑘𝑘 =

𝐺𝐺𝑑𝑑4

8𝑛𝑛𝐷𝐷3 
(3.27) 

where 𝐺𝐺  is the shear modulus, 𝑑𝑑  is the diameter of the spring wire, 𝐷𝐷  is the 

diameter of the spring, and 𝑛𝑛 is the number of active turns. The static stiffness 

determined using finite element analysis was 4460 N/m, which compared well 

(within 2%) with 4380 N/m determined using Equation (3.27). 

An 85 N pre-load was applied to the spring and the loaded natural frequencies 

were determined. For comparison, the unloaded natural frequencies were also 

found. The natural frequencies are compared in Table 3-1. For this particular 

example, the pre-load does not significantly alter the natural frequencies.  

Though this may be the case for a steel spring, this likely will not be the case for 

other types of mounts and materials. 

The four-pole parameters were then found for the spring isolator using both the 

mobility and impedance matrix approaches. The lateral displacement was fixed 

along the center axis of the mount. The magnitudes of 𝑎𝑎11,𝑎𝑎12,𝑎𝑎21 and 𝑎𝑎22 are 

illustrated in Figure 3.2 to Figure 3.5. 
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Table 3-1 Comparison of unloaded and loaded natural frequencies. 

Mode No Pre-

Load 

Pre-

Loaded 

1 18.8 18.5 

2 90.6 89.0 

3 96.4 95.2 

4 122.8 123.7 

5 124.1 124.9 

6 157.5 145.6 

7 164.5 149.6 

8 168.8 165.4 

9 184.2 182.0 

10 214.2 208.6 
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Figure 3.2 Magnitude of four-pole parameter a11 as a function of frequency. 

 
Figure 3.3 Magnitude of four-pole parameter a12 as a function of frequency. 
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Figure 3.4 Magnitude of four-pole parameter a21 as a function of frequency. 

 

Figure 3.5 Magnitude of four-pole parameter a22 as a function of frequency. 
Notice that there are some differences at higher frequencies. Though the transfer 

matrix parameters should be equal in theory, the difference in boundary 

conditions between the two approaches leads to some minor differences 

especially at higher frequencies. This is because the isolator end is constrained 

in the vertical direction when the impedance matrix approach is used which 

affects the rotational motion of the spring as it is compressed. 
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Having said that, the difference in the four pole parameters only have a minor 

impact on the insertion loss determined using these transfer matrices. To 

illustrate this point, the transfer matrices were then used to compute the insertion 

loss of the isolated spring placed between two plate structures. Details of the 

plate structures will be discussed later. 

 

Figure 3.6 Insertion loss comparison between mobility and impedance matrix 
approaches with an ideal spring. 

The insertion loss computed using the mobility and impedance matrix 

approaches are compared in Figure 3.6. The mounting frequency for the isolation 

system is below 10 Hz and is not shown. For the ideal spring, resonances are 

limited to the support structures. It is apparent that the insertion loss computed 

using the mobility and impedance matrix approaches captures several spring 

resonance frequencies that will be important if the structure is strongly excited at 

that particular frequency. Results compare well between the mobility and 

impedance matrix approaches with only minor differences at high frequencies. 

These differences at high frequencies are unimportant because that level of the 

insertion loss is unlikely to be attained in practice. 

For validation purposes, the insertion loss was also compared to an FBS 

subtructuring calculation using LMS Virtual.Lab. The structural modes were 

imported from ANSYS and the system response was calculated first with an 
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unisolated or rigid attachment and then with the isolated connection. The isolator 

was modeled as a separate subsystem with transfer functions determined using 

finite element analysis. Insertion loss is compared in Figure 3.7 with good 

agreement. 

 

Figure 3.7 Insertion loss comparison of transfer matrix approach to frequency 
based substructuring. 

 

3.5 Effect of Source and Receiver Structures 

The insertion loss analysis was repeated for several different upper plate 

configurations. The geometry of the upper plate is shown in Figure 3.8. The 

upper and lower plates were assumed to be 1 cm and 5 cm thick steel 

respectively. The ribs shown in Figure 3.9 for the upper plate were all 1 cm thick 

as well. The isolator is positioned at the center of both the upper and lower 

plates. The source ( 𝑍𝑍𝑆𝑆) and receiver (𝑍𝑍𝑅𝑅) impedances were determined using 

finite element analysis according to equation (2.25). 

Four different tests were simulated and are summarized as follows. Refer to 

Figure 3.9 which indicates the different configurations. 
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Case 2 – all ribs included 

Case 3 – center (orange) rib removed  

Case 4 – 3 center (orange and red) ribs removed 

The insertion loss is compared between the four cases in Figure 3.10. The 

results demonstrate the isolator insertion loss is strongly affected by the upper 

plate structure. In this particular case, stiffening the upper plate significantly 

improves the insertion loss at higher frequencies. 

 

Figure 3.8 Front and top views of upper plate. All plates and ribs are 1 cm thick. 

 

Figure 3.9 Isometric view of upper plate illustrating rib configurations. 
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Figure 3.10 Insertion loss for different upper plate configurations. 
 

3.6 Usefulness of Isolator Insertion Loss for Multiple Isolator Systems 

The metric of isolator insertion loss seems useful for systems having a single 

isolator. Its suitability for systems consisting of multiple isolators is debatable. In 

order to investigate this question, the isolator considered in the preceding 

sections was used between a construction cab and base foundation in a 

numerical simulation study. The base foundation was a 5 cm thick baseplate, 

which was comparatively stiffer than the construction cab. 

The construction cab was approximately 2.8 m x 1.4 m x 1.3 m. The finite 

element model, shown in Figure 3.11, consisted of 13,425 nodes and 11,135 

elements. The model is a combination of quadrilateral and triangular shell 

elements, solid element, and beams. Several different materials were used for 

the construction cab and these materials are accordingly included in the model. 
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Figure 3.11 Finite element model of construction cab. 
Identical isolators were assumed at each of the four corners of the construction 

cab in the model. For simplicity, the isolators were assumed to be the steel 

springs used in the earlier analyses. The source and receiver side impedances 

were determined using the respective finite element models and isolator insertion 

loss was determined using the techniques previously described. 

A separate analysis was then performed to determine an insertion loss for the 

construction cab which includes flanking paths. In this context, flanking paths are 

defined as energy transmitted through the other 3 isolators. Accordingly, a finite 

element analysis was performed for the construction cab on four isolators with a 

unit force applied at the center of the base. The isolators were positioned at each 

of the four corners of the cab. The response was determined on the receiver or 

construction cab side of one of the isolators. The analysis was repeated with a 

rigid connection in place of the isolated connection using the same applied force. 

An insertion loss was determined by comparing the isolated case with that for a 

rigid connection. The unisolated and isolated cases are illustrated in Figure 3.12. 
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Figure 3.12 Schematic showing isolated and unisolated cases including flanking 
paths. 

A comparison between the insertion loss determined using the transfer matrix 

approach and frequency based substructuring approach, which includes flanking 

paths, is shown in Figure 3.13. There are significant differences in the results. 

The results suggest that insertion loss is a questionable metric for the multiple 

isolator case. With that in mind, it can be seen that the isolator insertion loss 

approximates the average insertion loss with flanking paths included. 

 

Figure 3.13 Insertion loss with and without flanking included. 
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3.7 Summary and Conclusions 

The objective of this chapter was to review isolator transfer matrix theory and the 

determination of isolator effectiveness or insertion loss. It was demonstrated that 

the isolator transfer matrix could be determined using either mobility or 

impedance matrix approaches and the results were comparable between the 

two. The transfer matrix method for determining insertion loss was compared to 

direct calculation of the insertion loss using frequency based substructuring with 

good agreement. 

It was also illustrated that insertion loss could be used to examine the effect of 

the attached structures. In the case examined, a spring isolator was placed 

between two plates. The lower plate was more massive than the upper plate. 

Stiffening the upper plate by adding ribs significantly improved the isolator 

insertion loss. 

Following this, a simulation study was conducted using a construction cab 

attached to a flexible base through four isolation mounts. The results suggested 

that isolator insertion loss could be of value above the first isolator surge 

frequency. 

This paper demonstrates a number of important concerns that noise and 

vibration engineers should take into consideration. It has been shown that: 

• Isolator resonances will compromise the isolator performance at higher 

frequencies. 

• Isolator performance can be predicted using finite element analysis and that 

results obtained using an impedance or mobility matrix approach are 

comparable. 

• Modifications to the impedance of the connected structures at the isolator 

attachment points can significantly decrease the transmitted energy. 

• Insertion loss is suspect as a metric particularly at lower frequencies if there 

are flanking paths. 
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CHAPTER 4 THE EFFECT OF SPRING PARAMETERS ON 
ISOLATOR INSERTION LOSS 

4.1 Introduction 

Unwanted vibration is most straightforwardly eliminated by modifications to the 

source. Though source vibration should be attenuated, it can rarely be altogether 

eliminated. In that case, it is best to introduce an impedance mismatch between 

the source and the structure it is mounted upon. This impedance mismatch 

typically takes the form of an isolator. 

Isolators are typically selected based on their force or vibratory transmissibility.  

Transmissibility is defined as the ratio of the transmitted (𝑗𝑗𝑇𝑇) to the input force 

(𝑗𝑗0) or vibration. Though force and vibration applications are very different, the 

transmissibility ratio (𝑇𝑇.𝑅𝑅.) is identical for either case. The force transmissibility 

can be expressed as 

 
𝑇𝑇.𝑅𝑅. =

𝑗𝑗𝑇𝑇
𝑗𝑗0

= �
1 + (2𝜁𝜁𝜉𝜉)2

(1 − 𝜉𝜉2)2 + (2𝜁𝜁𝜉𝜉)2 
(4.1) 

Where 𝜁𝜁 is the viscous damping ratio. 𝜉𝜉 is the ratio 𝑗𝑗 𝑗𝑗𝑛𝑛⁄  where 𝑗𝑗 is the forcing 

frequency and 𝑗𝑗𝑛𝑛 is the mounted resonance frequency which typically falls quite 

low in frequency (below 10 Hz). Notice that Equation (4.1) depends on the 

damping and mounted or first resonant frequency of the isolator system. 

Inman (2001) ably describes a process for selecting isolators. After noting the 

input frequency and desired reduction in force at that particular frequency, the 

designer can select an appropriate static deflection. The spring stiffness (𝑘𝑘) is 

then determined from the static deflection and the mass of the isolated machine.  

This selection process is commonly abetted by use of design curves. For engines 

and heavy equipment, coiled springs have been preferred since they permit the 

necessarily large static deflection and are relatively small in size (Inman, 2001). 
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The methodology introduced so far does not take into account the compliance of 

the machine or foundation which reduces the isolator effectiveness. Of greater 

importance, the isolator itself will have resonant frequencies sometimes referred 

to as surge frequencies which further compromise the performance of the isolator 

(Wallin et al., 2011). 

At higher frequencies, the metric most commonly used to assess isolator 

performance is insertion loss. Insertion loss is defined as the difference in dB 

between the vibration if the machine and foundation are rigidly attached 

compared to the isolated case. Insertion loss takes into account the compliance 

on the machine and foundation sides of the isolator. Figure 4.1 illustrates the 

effect of wave propagation in the isolator (compliance of the machine and 

foundation are included). The insertion loss of an isolator is decreased 

significantly particularly at the first surge frequency (around 90 Hz) and at 

subsequent resonant frequencies. 

 

Figure 4.1 Insertion loss of spring isolator neglecting and including wave 
propagation in the isolator. 

Determination of insertion loss depends on first identifying the transfer matrix of 

the isolator and knowing the impedance on both the source and receiver sides of 
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the isolator. In the current work, the transfer matrix of an isolator is determined 

using finite element analysis. A static analysis is first performed to establish the 

isolator preload. This is followed by a modal and then a modal superposition 

forced response analysis. 

The current chapter is focused on spring isolators like those commonly used in 

heavy equipment, automotive, and HVAC applications. The effect of different 

spring parameters on the insertion loss and first surge frequency of a spring 

isolator is examined. The objective of the chapter is to give the reader some 

confidence in using predictive tools to examine the high frequency performance 

of isolators as well as providing some intuition on how modifications to a spring 

isolator impact high frequency performance. 

 

4.2 Determination of the Insertion Loss 

When determining the insertion loss of an isolator, it is first expedient to identify 

the transfer matrix, suggested by Molloy (1957) and Snowdon (1971), which 

relates forces and velocities on the source and foundation sides of the isolator. 

The force and vibration on the machine or source (𝑗𝑗1 and 𝑣𝑣1) and foundation or 

receiving (𝑗𝑗2  and 𝑣𝑣2 ) sides can be expressed via the matrix Equation (2.11), 

where 𝑎𝑎11, 𝑎𝑎12, 𝑎𝑎21, and 𝑎𝑎22 are complex and frequency dependent. 

Dickens and Norwood (1994, 1995, 2001) determined the transfer matrix terms 

𝑎𝑎11, 𝑎𝑎12, 𝑎𝑎21, and 𝑎𝑎22 via measurement. However, the transfer matrix terms are 

most easily determined using analysis. In Chapter 3, the transfer matrix was 

determined using mobility and impedance matrix approaches. The latter is 

adopted here. 

The impedance matrix can be expressed as Equation (3.12), where 𝑐𝑐11, 𝑐𝑐12, 𝑐𝑐21, 

and 𝑐𝑐22  are the respective impedance matrix terms. Two successive forced 

response analyses are required to determine matrix terms. The boundary 
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conditions for the first and second analysis are shown in Equations (3.13) and 

(3.14) respectively. Once the impedance matrix terms (𝑐𝑐11, 𝑐𝑐12, 𝑐𝑐21, and 𝑐𝑐22) are 

determined, the transfer matrix can be expressed as 

 �
𝑎𝑎11 𝑎𝑎12
𝑎𝑎21 𝑎𝑎22� = �𝑐𝑐11 𝑐𝑐21⁄ 𝑐𝑐12 − 𝑐𝑐11𝑐𝑐22 𝑐𝑐21⁄

1 𝑐𝑐21⁄ − 𝑐𝑐22 𝑐𝑐21⁄ � (4.2) 

Isolator insertion loss compares the dB difference between unisolated and 

isolated responses and is mathematically expressed as 

 𝐼𝐼𝐼𝐼 = 20 log10 �
�𝑣𝑣𝑓𝑓
rigid�

�𝑣𝑣𝑓𝑓
isolated�

� (4.3) 

where 𝑣𝑣𝑓𝑓
rigidand 𝑣𝑣𝑓𝑓isolated are the unisolated and isolated responses respectively. 

The insertion loss can be written as Equation (2.47), where 𝑍𝑍𝑆𝑆 and 𝑍𝑍𝑅𝑅  are the 

mechanical impedances on the machine and foundation sides respectively. 

 

4.3 Finite Element Analysis Approach 

All analyses were performed using ANSYS Workbench. The analysis process 

was comprised of 3 steps. 1) A static finite element analysis was performed to 

pre-load the isolator and account for stress stiffening effects. In Chapter 3, it was 

demonstrated that stress stiffening effects only have a minimal influence on the 

determined structural modes (Sun, 2015). 2) This is followed by a structural 

modal analysis to determine the structural modes of the isolator. 3) Afterwards, 

modal superposition forced response analyses are performed to determine the 

transfer matrix of the isolator as described in the prior section. A steel spring is 

assumed for all analyses. Hence, the elastic modulus, mass density and 

Poisson’s ratio are 200 GPa, 7800 kg/m3, and 0.3 respectively. 
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4.4 Parametric Sensitivity Study 

A sensitivity study was performed to examine the effect of changing various 

geometric quantities for a steel spring. A schematic of a typical steel coiled spring 

is illustrated in Figure 4.2. The variables of interest are the wire diameter (𝑑𝑑), the 

spring diameter (𝐷𝐷), the height of the spring (𝐻𝐻) and the number of active coils 

(𝑛𝑛). 

 

Figure 4.2 Schematic showing geometric variables of interest for a steel spring. 
In any spring, some portion of the end coils will probably be inactive. The number 

of the inactive coils varies depending on the spring end configuration and mating 

component geometry.  

Springs can be coiled with a variety of end configurations. If the space between 

the coils is reduced to the point where the wire at the tip makes contact with the 

next coil, the end is said to be “closed”. If there is no reduction in pitch at the end 

coils, the end is referred to as “open”. Between these two extremes is an end 

type known as “semi-closed” in which the space between coils is reduced, but 

there is a gap between the tip and next coil. The most common configuration in 

industrial springs is closed ends. Four end types are illustrated in Figure 4.3, 

from left to right, it is (a) plain; (b) plain and ground; (c) squared; (d) square and 

ground. Table 4-1 shows the equations used to define the ends coils and active 

coil turns for those four different end types (Schmid, 2013). Where 𝑁𝑁𝑡𝑡 is the total 
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number of coil turns. It should be noted that for the simulation cases performed in 

this work, all the spring ends is the plain and ground type. 

 

 

 

Figure 4.3 Four end types commonly used in compression springs (Schmid, 
2013). 

 

Table 4-1 Compression spring coil equations. 

 Type of spring end 

Term Plain Plain and 

ground 

Squared or 

closed 

Squared and 

ground 

Number of end 

coils, 𝑛𝑛𝑒𝑒 

0 1 2 2 

Total number of 

active coil turns, 𝑛𝑛 

𝑁𝑁𝑡𝑡 𝑁𝑁𝑡𝑡 − 1 𝑁𝑁𝑡𝑡 − 2 𝑁𝑁𝑡𝑡 − 2 

The stiffness of a spring can be estimated (Ungar, 2007) using Equation (3.27), 

where 𝐺𝐺 is the shear modulus, 𝑑𝑑 is the spring wire diameter, 𝐷𝐷 is the diameter of 
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the spring, and 𝑛𝑛 is the number of active turns. The mass of the spring can be 

estimated via 

 
𝑚𝑚 =

𝜌𝜌𝜋𝜋𝑑𝑑2

4
�(𝑛𝑛𝜋𝜋𝐷𝐷)2 + 𝐻𝐻2 

(4.4) 

where 𝜌𝜌 is the mass density of the spring.  

If it is assumed that 1) the mass of the isolator is much smaller than that of the 

machine and foundation and 2) the damping is low, the spring stiffness largely 

determine the insertion loss at low frequencies and at non-resonant frequencies.  

From Equations (2.47) and (3.27), it can be shown that 

 
𝐼𝐼𝐼𝐼 ∝ 20 log10 �

𝑗𝑗8𝑛𝑛𝐷𝐷3

𝐺𝐺𝑑𝑑4
� 

(4.5) 

From examining the mode shapes, it was observed that the first surge mode of 

the isolator is a longitudinal mode where the center of the spring oscillates back 

and forth. In a very approximate sense, the mode can be considered as a mass 

in between two springs. Accordingly, the mode can be approximated as the 

�𝑘𝑘 𝑚𝑚⁄  where 𝑘𝑘 and 𝑚𝑚 are defined in Equations (3.27) and (4.4) respectively. In 

that case, a proportionality relationship for the first surge frequency (𝑓𝑓1) can be 

expressed as 

 
𝑓𝑓1 ∝

𝑑𝑑
𝑛𝑛𝐷𝐷2 �

𝐺𝐺
2𝜋𝜋𝜌𝜌

 
(4.6) 
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4.4.1 Effect of Spring Diameter 

The effect of spring diameter (𝐷𝐷) was examined. The wire diameter (𝑑𝑑) was 5 

mm, height (𝐻𝐻) is 7.5 cm, and the number of active turns (𝑛𝑛) was approximately 

3.5. The isolator was placed in between masses of 10 and 100 kg respectively 

and the insertion loss was determined using Equation (2.47). The damping of the 

isolator was assumed to be 0.001 which is unreasonably low. This allowed for 

the first surge frequency to be identified easily from the plots. 

The spring diameter was varied and results are shown in Figure 4.4. If results are 

examined at 20 Hz, the increase in insertion loss gained by increasing the spring 

diameter from 3 cm to 5 cm and 7 cm is 11 and 19 dB respectively. Using the 

proportionality relationship in Equation (4.5), the predicted increase in insertion 

loss is 13 and 22 dB respectively. It can be seen that the proportionality 

relationship provides a rough estimate of the increase in insertion loss. 

Based on the proportionality relationship in Equation (4.6), the ratio of the surge 

frequencies between 9 cm and 7 cm, 7 cm and 5 cm, and 5 cm and 3 cm is 

anticipated to be 1.7, 2.0, and 2.8 respectively. The finite element analysis shows 

that the actual ratios are 1.8, 2.1, and 2.5 respectively. It can be seen that the 

proportionality relationship reliably estimates the change in the surge frequency. 
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Figure 4.4 Insertion loss of steel spring with varying spring diameter. 

 

4.4.2 Effect of Wire Diameter 

The effect of spring diameter was examined next. The spring diameter (𝐷𝐷) was 7 

cm, height (𝐻𝐻) is 7.5 cm, and the number of active turns (𝑛𝑛) was approximately 

3.5. Insertion loss results are shown in Figure 4.5. The insertion loss was again 

compared at 20 Hz. Based on Equation (4.5), the increase in insertion loss due 

to reducing the wire diameter from 1.5 cm to 1 cm and from 1 cm to 0.4 cm is 

predicted to be 14.1 dB and 31.8 dB respectively. This compares well with the 

finite element simulation predictions of 11.0 dB and 40.6 dB. 

Based on Equation (4.6), the ratios of the surge frequencies between 1.0 cm and 

0.4 cm and 1.5 cm and 1.0 cm is anticipated to be 2.5 and 1.5 respectively.  

Finite element simulation predicts the ratios to be 2.9 and 1.7 respectively.  

Though there is some difference, the proportionality relationship provides a rough 

estimate of the change in the surge frequency.  
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Figure 4.5 Insertion loss of steel spring with varying wire diameter. 

 

4.4.3 Effect of Number of Active Turns 

The number of active turns is subjective. For the cases considered, the first turn 

on each side of the isolator was assumed inactive, and hence, neglected. Figure 

4.6 shows the insertion loss for 3.5 and 7 active turns. The wire diameter (𝑑𝑑) is 5 

mm, spring diameter (𝐷𝐷) is 7 cm, and height (𝐻𝐻) is 7.5 cm. According to Equation 

(4.5), the insertion loss is expected to increase by 6 dB for a doubling of the 

number of turns. The finite element simulation indicates a 4.2 dB increase at 10 

Hz. The ratio of the surge frequency is anticipated to be 2.0 whereas the analysis 

reveals it to be 1.8. 
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Figure 4.6 Insertion loss of steel spring with varying number of active turns. 

 

4.4.4 Effect of Source and Foundation Compliance 

The isolator was then positioned between compliant machine and foundation 

plates. The finite element models for the machine and foundation plates are 

shown in Figure 4.7. The machine and foundation plates were assumed to be 1 

cm and 5 cm thick steel respectively. The upper plate is ribbed and is shown in 

Figure 4.7. The ribs are all 1 cm thick. The isolator is positioned at the center of 

both the upper and lower plates. The machine ( 𝑍𝑍𝑆𝑆 ) and foundation ( 𝑍𝑍𝑅𝑅 ) 

impedances were determined using finite element analysis. 
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Figure 4.7 Finite element models of the machine and foundation sides. 

 

Figure 4.8 Insertion loss with compliant machine and foundation for varying 
spring diameter. 

In Figures 4.8 and 4.9, the insertion loss for varying spring and wire diameters 

are plotted respectively. It can be observed that the trends are very similar to 

those that were observed in Figures 4.4 and 4.5 where the machine and 

foundation sides were modeled as simple masses. Notice that the effect on 

insertion loss and surge frequency is nearly the same. The primary differences 

are that there are some additional resonances due to the machine and 

foundation. Otherwise, insertion loss and surge frequencies are similar. 
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Figure 4.9 Insertion loss with compliant machine and foundation for varying wire 
diameter. 

 

4.5 Summary 

Insertion loss is commonly used as a metric to characterize the high frequency 

performance of a spring isolator. A simple sensitivity study was performed to 

examine the effect of varying geometric parameters on the insertion loss and the 

first surge frequency for a simple coiled spring isolator. The results were shown 

to correlate well with some expected proportionality relationships which correlate 

insertion loss and the first surge frequency to the spring diameter, wire diameter, 

and number of active turns. The results were shown to be extendable to the case 

of a spring isolator with compliant source and foundation. 
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CHAPTER 5 SUMMARY AND RECOMMENDATION 
5.1 Summary 

When a wave propagating in an elastic medium meets an abrupt change in 

impedance, only part of the wave passes through the discontinuity. The 

remaining portion of the wave is reflected back towards the direction from which 

the incident wave arrives. In the case of vibration isolation, one seeks to hinder 

the propagation of the wave by introducing such discontinuities in properties 

along the propagation path. The most common way is to incorporate an element 

that is considerably more compliant, i.e., has a lower stiffness than that of the 

surrounding medium. Such an element is usually called a vibration isolator.  

Since common materials used in machines and vehicles are relatively stiff, it is 

often simpler to obtain significant discontinuities in the properties by using a 

compliant element. 

Several different rules of thumb should be followed when using isolation. First of 

all, the mounting positions should generally be as stiff as possible since 

compliance at the attachment points generally compromises isolator 

performance. Secondly, the isolator’s stiffness should be selected so that that the 

mounted frequency is well below the lowest excitation frequency of concern.  

Thirdly, the operating speed of the machinery should be controlled so it will pass 

through the lowest excitation frequency quickly. Fourthly, the total system 

resonances should be determined and avoided if possible. Adding stiffening ribs 

can increase component resonances. After all these measures are taken, it is 

often found that wave propagation within the isolator will compromise the isolator 

performance at higher frequencies. 

The metric most often used to assess the performance of an isolator at high 

frequencies is the insertion loss. Insertion loss is defined as the difference in 

decibels between the vibration on the receiver side for the rigidly attached and 

the isolated cases. The research presented in this thesis looks at the 

development of a simulation approach to determine the insertion loss of an 

isolator installed between two components. The first step in doing so is to 

55 
 



determine the transfer matrix for the isolator. The isolator transfer matrix was 

determined using both mobility and impedance matrix approaches and insertion 

loss results were shown to be comparable between the two approaches. For 

further verification, the transfer matrix method for determining insertion loss was 

compared to direct calculation using frequency based substructuring with good 

agreement. 

It was also illustrated that the effect of the mounted impedances could be 

assessed and incorporated in the model. An example was considered where a 

spring isolator was placed between two plate structures. The lower plate, 

considered the receiver, was more massive than the upper plate. Stiffening the 

upper plate by adding ribs improved the isolator insertion loss at high 

frequencies. 

Further simulation work examined the case of a construction cab attached to a 

flexible base through four isolation mounts. When flanking paths are included, 

insertion loss was shown to have limited value. Accordingly, insertion loss is 

most appropriate for the single isolator case and likely has limited value when 

several isolators are used. 

Following this, the research looked at the insertion loss of spring isolators. The 

geometric parameters which effect the insertion loss and first surge frequency 

are the spring diameter, wire diameter and number of active turns.  Simple 

proportionality relationships were developed to explain the effect of each of the 

aforementioned geometric parameters on both the insertion loss and the first 

surge frequency. These relationships should prove useful for diagnostic purposes 

when changes need to be made to modify the first surge frequency without 

adversely affecting the insertion loss. 

 

5.2 Recommendations 

Several recommendations for future work can be made based on the research 

presented in this thesis. These include the following. 
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1. An insertion loss test rig should be developed to validate the 
proportionality relationships developed for spring isolators. 

2. Models should be developed for more realistic isolators which include 
elastomer layers, and embedded masses. 

3. The mobility and impedance matrix approach should be further developed 
and validated for multi-dimensional characterization of vibration isolators. 

4. The applicability of extending the transfer matrix approach to continuous 
vibration systems should be examined 

5. The cases of multiple mount systems should be examined with a goal 
towards establishing appropriate metrics. 

6. Rubber mount stiffness and damping should be investigated and 
evaluated. 
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Appendix 

This section is to show the complete and detailed equations for isolator 

parametric sensitivity used in the Chapter 4. 

The spring mass 𝑚𝑚 can be found by the spring volume and its material density, 

which is expressed as  

 
𝑚𝑚 = 𝜌𝜌 ∙ 𝑉𝑉𝑉𝑉𝑉𝑉 = 𝜌𝜌 ∙ �

𝑑𝑑
2
�
2

𝜋𝜋 ∙ 𝐼𝐼𝑤𝑤𝑡𝑡𝑟𝑟𝑖𝑖 
(A.1) 

where 𝜌𝜌 is the density of the material, 𝑑𝑑 is the spring wire diameter and 𝐼𝐼𝑤𝑤𝑡𝑡𝑟𝑟𝑖𝑖 is 

the wire length, and can be calculated from the length of coils of the spring and 

the height of the spring, which is given as 

 𝐼𝐼𝑤𝑤𝑡𝑡𝑟𝑟𝑖𝑖 = �(𝑛𝑛𝜋𝜋𝐷𝐷)2 + 𝐻𝐻2 (A.2) 

where 𝐷𝐷 is the spring diameter, 𝐻𝐻 is the height of the spring, and 𝑛𝑛 is the number 

of active turns. Then substitute equation (A.2) to equation (A.1), the mass of the 

spring can be estimated via 

 
𝑚𝑚 =

𝜌𝜌𝜋𝜋𝑑𝑑2

4
�(𝑛𝑛𝜋𝜋𝐷𝐷)2 + 𝐻𝐻2 

(A.3) 

If it is assumed that 1) the mass of the isolator is much smaller than that of the 

machine and foundation and 2) the damping is low, the spring stiffness largely 

determines the insertion loss at low frequencies and at non-resonant 

frequencies. From Equations (2.47) and (3.27), it can be shown that 

 
𝐼𝐼𝐼𝐼 ∝ 20 log10 �𝑗𝑗

𝑗𝑗
𝑘𝑘
� = 20 log10 �

𝑗𝑗8𝑛𝑛𝐷𝐷3

𝐺𝐺𝑑𝑑4
� 

(A.4) 

From examining the mode shapes, it was observed that the first surge mode of 

the isolator is a longitudinal mode where the center of the spring oscillates back 

and forth. In a very approximate sense, the mode can be considered as a mass 

in between two springs. Accordingly, the mode can be approximated as the 
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�𝑘𝑘 𝑚𝑚⁄  where 𝑘𝑘 and 𝑚𝑚 are defined in Equations (3.27) and (4.4) respectively. In 

terms of the mass, if the magnitude of spring diameter and spring height are on 

the same order, (normally the wire length will be relatively long compared to the 

spring height) then the terms (𝑛𝑛𝜋𝜋𝐷𝐷)2will be very large compared to the term 𝐻𝐻2 

and it will be dominant.  In that case, a proportionality relationship for the first 

surge frequency (𝑓𝑓1) can be expressed as 

 
𝑓𝑓1 ∝

𝑑𝑑
𝑛𝑛𝐷𝐷2 �

𝐺𝐺
2𝜋𝜋𝜌𝜌

 
(A.5) 
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