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Abstract

Graph signal processing analyzes signals supported on the nodes of a network with respect to
a shift operator matrix that conforms to the graph structure. For shift-invariant graph filters,
which are polynomial functions of the shift matrix, the filter response is defined by the value
of the filter polynomial at the shift matrix eigenvalues. Thus, information regarding the
spectral decomposition of the shift matrix plays an important role in filter design. However,
under stochastic conditions leading to uncertain network structure, the eigenvalues of the
shift matrix become random, complicating the filter design task. In such case, empirical
distribution functions built from the random matrix eigenvalues may exhibit deterministic
limiting behavior that can be exploited for problems on large-scale random networks.
Acceleration filters for distributed average consensus dynamics on random networks pro-
vide the application covered in this thesis work. The thesis discusses methods from random
matrix theory appropriate for analyzing adjacency matrix spectral asymptotics for both
directed and undirected random networks, introducing relevant theorems. Network distri-
bution properties that allow computational simplification of these methods are developed,
and the methods are applied to important classes of random network distributions. Subse-
quently, the thesis presents the main contributions, which consist of optimization problems
for consensus acceleration filters based on the obtained asymptotic spectral density infor-
mation. The presented methods cover several cases for the random network distribution,
including both undirected and directed networks as well as both constant and switching ran-
dom networks. These methods also cover two related optimization objectives, asymptotic

convergence rate and graph total variation.
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CHAPTER ONE

Introduction

1.1 Research Motivation

Networks feature prominently in signal processing problems that arise from increasingly inter-
related people, devices, and systems of the modern connected world. Practical applications
often come with challenging aspects that can include large-scale size, uncertain structure,
and changing conditions. Graph signal processing extends methods from classical signal
processing to address data with underlying relationships described by a graph, whether re-
sulting from a physical network or some intangible connection |1]. The associated methods
perform analysis on signals defined as functions on the nodes of a graph with respect to a
shift operator defined as a matrix that conforms to the graph structure. Typically, the shift
matrix is the adjacency matrix, the Laplacian matrix, or a normalized variant thereof [1-5].
Analogies to classical signal processing concepts are drawn in terms of the shift matrix.
Importantly, decomposition of the signal vector in terms of the basis of shift matrix eigen-
vectors (for diagonalizable shift matrices) provides the Graph Fourier Transform [2,|3], where
the eigenvectors are pure-frequency signals |4]. Because of their connection to graph total
variation [5], the eigenvalues of the shift matrix can be interpreted as frequencies [4]. Poly-
nomial functions of the graph shift matrix perform shift-invariant filtering 2|, and the filter
polynomial value at each shift matrix eigenvalue provides the filter response in the graph
frequency domain [4]. Consequently, filter design optimization problems for graph signal
processing require knowledge regarding the eigendecomposition of the shift matrix. Random
graphs with random shift matrix eigenvalues must deal with uncertainty by accounting for

the eigenvalue statistics, a significantly more complicated task.



Large-scale network size can be exploited to deal with uncertainty in network structure
for suitable random network models. While the random matrices that respect the structure
of random networks have random eigenvalues with typically intractable joint statistics, the
empirical distribution built from the set of eigenvalues sometimes approaches a deterministic
function that can be used as an approximation for large-scale networks. Many such limiting
theorems appear in random matrix theory literature. Well known examples that cover simple,
unstructured cases include the Wigner semicircular law [6], the Marchenko-Pastur law (78],
and the Girko circular law [9]. For use with complex networks, results are required that
allow for non-identically distributed random matrices with some entries explicitly zero. This
thesis discusses several results by Girko [9] that are useful for this reason.

Distributed average consensus provides an example application considered in this thesis
for which graph filters can be designed that result in accelerated convergence. In distributed
average consensus, network nodes compute the mean of data initially distributed among the
nodes over several iterations in which they communicate with neighboring nodes [10]. Each
node incorporates the data received from neighbor nodes according to a consensus iteration
matrix W (G) that respects the network structure G and that describes the dynamics of
the consensus process, producing convergence under appropriate conditions [11]. There are
several filtering schemes available in the literature that accelerate convergence [12-28], and
one particular approach updates the state with a linear combination of the past d states [16].
For constant network topology, this can be interpreted as a shift-invariant graph filter. Well
designed filters minimize the graph filter response magnitude at all eigenvalues of W (G) ex-
cept for the one that preserves the averaging eigenspace [16]. Thus, the spectral asymptotics
of large-scale random networks provides relevant information for consensus acceleration filter
design, as described in this work.

This thesis focuses on connecting the deterministic spectral asymptotics of random ma-
trices to optimal graph filter design for large-scale random networks, specifically developing
methods for consensus acceleration filter design and related graph signal processing prob-
lems. The main contributions of the thesis are summarized in Section [L2L The overall

structure of the thesis is described with previews of each chapter in Section [1.3|
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1.2 Main Contributions

The main contributions of this thesis are a series of optimization problems for graph filter
design for several categories of large-scale random network distributions. The developed
methods are specifically applied to consensus acceleration filters and related design objec-
tives. These optimization problems each follow a common thread by leveraging the pre-
dictable limiting spectral asymptotics of large-scale network consensus iteration matrices to
approximate optimal filter design, substituting this information for true knowledge of the
consensus iteration matrix eigenvalues. Broadly, the novel contributions of the thesis can
be divided into two categories: results for constant (fixed with respect to time) random
networks presented in Chapter 4| and results for switching (varying with respect to time)
random networks presented in Chapter

For suitable large-scale constant random networks, the support of the approximate spec-
tral densities derived through the methods presented in Chapter 3| provide a good approxima-
tion of the true set of eigenvalues for the random consensus iteration matrix. The following

associated novel contributions appear in Chapter [4]

e Periodic consensus acceleration filters are designed to minimize the convergence rate
through proposed optimization problems that bound the filter response over the sup-
port of the approximate empirical spectral distribution. For undirected networks (with
consensus iteration matrices that have real eigenvalues), this results in a linear pro-
gram (LP). For directed networks (with consensus iteration matrices that have real

eigenvalues), this results in a quadratically constrained linear program (QCLP).

e Motivated by two related filter design objectives, weighted variants of the above con-
sensus acceleration linear program and quadratically constrained linear program are
proposed for undirected and directed networks, respectively. This generalization en-
ables filter design with respect to worst case graph total variation and expected case

graph total variation for both undirected networks and for directed networks.



For large-scale constant switching random networks, approximate spectral densities de-
rived through the methods presented in Chapter [3| provide a good approximation for the
moments of the true empirical spectral distributions for the random consensus iteration

matrix. The following associated novel contributions appear in Chapter

e An optimization problem to minimize the expected consensus error norm after one
filter application is posed as a linearly constrained quadratic program (LCQP). The
objective function matrix is the expected Gram matrix of consensus error vectors from

the filtering terms with respect to the sequence of matrices and the input error vector.

e An approximation for the expected Gram matrix in the above quadratic program is
derived based on stated simplifying assumptions regarding the random eigenvectors.
The resulting approximation depends only on the switching probability and on the
approximate spectral distribution moments. When possible, the approximate is derived
via the methods in Chapter [3] When not possible, a slightly different formulation based

on the simulated expected spectral distribution is employed.

1.3 Thesis Overview

This section describes the overall organization of the thesis and briefly describes the topics

contained in each remaining chapter. The content of this thesis is organized as follows:

e Chapter 2| provides background context and notation referenced throughout the the-
sis. Essential terminology regarding graphs and networks are introduced in Section [2.2]
Random matrix theory concepts, definitions, and classic results appear in Section [2.3]
which Chapter [3| further supplements with discussion of Girko’s methods and their
application to networks. The motivating application for this work, distributed aver-
age consensus on networks, is described in Section 2.4 The graph signal processing
framework provides an essential perspective for the work in this thesis, as introduced

in Section In particular, consensus acceleration filters designed to produce faster



convergence of distributed average consensus dynamics can be viewed as graph filters,
as discussed in Section 2.6 Several filter design tasks in this thesis are Chebyshev

approximation problems, with background described in Section

Chapter [3| introduces detailed background on Girko’s stochastic canonical equation
methods [9] for approximating the spectral distribution of large-scale matrices. The
chapter additionally provides an in-depth tutorial describing the application of these
methods to the adjacency matrices of random networks. The discussion covers three
theorems relevant to random matrices associated with random networks: Girko’s K1
theorem, Girko’s K27 theorem, and Girko’s K25 theorem. Girko’s K1 theorem ap-
pears as Theorem in Section [3.2] and pertains to random symmetric matrices with
independent entries (except as related by symmetry) and thus to undirected link-
percolation networks. Girko’s K27 theorem appears as Theorem in Section |3.3| and
pertains to random symmetric matrices with independent block submatrices (except as
related by symmetry) and thus to undirected link-percolation networks with localized
link dependencies. Girko’s K25 theorem appears as Theorem in Section and
pertains to random potentially non-Hermitian matrices with independent entries and

thus to directed link-percolation networks.

Chapter [4| addresses filter design problems for constant (not time-varying) large-scale
random networks using spectral asymptotics. Filter design methods for accelerated
consensus on large-scale undirected random network models appear in Section [.2]
which poses a linear program (LP) to minimize the worst case filter response. Filter
design methods for accelerated consensus on large-scale directed random network mod-
els appear in Section , which poses a linearly constrained quadratic program (LCQP)
to minimize the worst case filter response. Both sections provides supporting simula-
tion results. Filter design methods for closely related objectives (worst case graph total
variation and expected graph total variation) on large-scale random network models

(both directed and undirected) appear in Section [4.4] which poses weighted variants



of the LP (for the undirected case) and the LCQP (for the directed case). For the

weighted cases, supporting simulation results appear in Section [4.5]

Chapter [5| addresses filter design problems for constant (not time-varying) large-scale
undirected random networks using spectral asymptotics. Specifically, the filters design
method presented in this chapter approximately minimize the expected consensus error
with respect to the input consensus error and with respect to the consensus iteration
matrix sequence. The resulting optimization problem for the expected norm squared
of the consensus error becomes a linearly constrained quadratic program (LCQP), in
which the matrix in the objective function can be approximated in terms of approxi-
mate spectral density moments. For the unnormalized Laplacian-based iteration ma-
trix W = I —aL, Section accomplishes this approximation in terms of the expected
spectral density as described in Proposition 5.1} For the row-normalized Laplacian-
based iteration matrix W = I — aLp, Section [5.2| accomplishes this approximation
in terms of the approximate spectral density (computed using Girko’s methods from
Section and Section of Chapter [3]) as described in Proposition . Supporting

simulation results appear in each section.

Chapter [6] concludes the thesis by summarizing the work presented in the preceding
chapters, reiterating the main contributions of the thesis. Potential topics for contin-

uations of this work are described to guide future efforts.



CHAPTER TwoO

Background and Notation

2.1 Introduction

Before proceeding to present spectral distribution approximation methods for random net-
work consensus iteration matrices and the proposed consensus acceleration filter design
methods, this chapter provides background context. Section defines graph concepts
and notation used throughout the thesis, including basic definitions, random graph models,
and useful notions of symmetry. Section considers tools from random matrix theory
to describe the spectral behavior of large-scale random matrices along with classic example
results, which will be furthered by discussion of Girko’s methods in Chapter [3| Section
introduces distributed average consensus, for which accelerated convergence of the state dy-
namics motivates this work. Section discusses graph signal processing terminology so
that consensus acceleration filters can be understood from the graph signal processing per-
spective. Section describes the consensus acceleration filter design problem, including
analysis of related literature and existing approaches. Finally, Section discusses Cheby-
shev filter design methods, of which the filter design methods presented in this thesis are

modified versions. Finally, Section summarizes the presented background concepts.

2.2 Graphs and Networks

This thesis studies spectral distribution approximation and graph filter design problems for
networks described by graphs that can be undirected or directed, deterministic or random,
constant or time-varying, and with distribution having or lacking various types of symme-
tries. This section introduces basic concepts, definitions, and notation regarding graphs and

networks that will be used throughout the document.
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An undirected graph (undirected network) consists of a pair G = (V,€) in which V
denotes a set of nodes (vertices) and £ denotes a set of undirected links (undirected edges)
that are unordered pairs {v;,v;} = {v;, v;} of nodes v;,v; € V. Defined similarly, a directed
graph (directed network) consists of a pair G = (V, ) in which V again denotes a set of nodes
(vertices) and & instead denotes a set of directed links (directed edges) that are ordered pairs
(vi,v;) of nodes v;,v; € V, with v; as the tail node and v; as the head node. Note that self-
loops, links formed as (v;,v;) for i = j, are typically excluded from these definitions. A
subgraph Gy, of graph G is a graph (Viup, Esup) With Ve, € V and Eg, € €, and G is said
to be a supergraph of Ggp,.

For undirected graphs, the degree of a node d(v) is the number of undirected links
incident to that node. For directed graph nodes, the in-degree d;, (v) of a node is the
number of directed links with that node as head and the out-degree doy (v) of a node is the
number of links with the node as tail. Let D (G) be the diagonal matrix of node degrees for
undirected graphs. Let Dy, (G) and D,y (G) be the diagonal matrices of node in-degrees and
out-degrees, respectively, for directed graphs.

For both undirected and directed graphs, the graph adjacency matrix A (G) encapsulates
the graph information with A (G),; = 1if (v;,v;) € € and A(G),; = 01if (vj,v;) ¢ €. For undi-
rected graphs, normalized versions of the adjacency matrix can variously be defined, such
as the row-normalized adjacency matrix Az (G) = D(G)" A(G), the column-normalized
adjacency matrix A¢ (G) = A(Q)D(g)_l, the symmetrically-normalized adjacency ma-
trix Ag(G) = D(G) > A(G)D(G)"/*, and the spectrally normalized adjacency matrix
Ag (G) = A(G) /p(A(G)) where p is the spectral radius. For directed graphs, the defini-
tions for these normalized adjacency matrices must be adjusted in terms of the in-degrees
and out-degrees, with the row-normalized adjacency matrix Ag (G) = Di (G) " A(G), the
column-normalized adjacency matrix Ac (G) = A (G) Dout (G)~ ', and the spectrally normal-
ized adjacency matrix Ag (G) = A(G) /p(A(G)) where p is the spectral radius.

For undirected graphs, the Laplacian matrix closely relates to the adjacency matrix and

degree matrix by £(G) = D(G) — A(G). The Laplacian matrix has the vector of ones 1



as both a left and right eigenvector of £ (G) with eigenvalue 0. For this reason consensus
iteration matrices for undirected networks are sometimes defined from the Laplacian by
W (G) = I — aL(G) for some a because W (G)1 = 1 and 1"W (G) = 17, an important
property for consensus iteration matrices. For directed graphs, directed versions of the
Laplacian matrix are sometimes defined using the in degrees L, (G) = Dy, (G) — A(G) or
using the out-degrees Loyt (G) = Dout (G) — A(G). These each have 1 as either a left-
eigenvector or a right-eigenvector. As with the adjacency matrix, normalized versions of
the Laplacian can be defined, with the row-normalized Laplacian especially important to
this thesis work. For undirected graphs these are given by the row-normalized Laplacian
matrix Lz (G) =1 — Ar(G) =1 —D(G) " A(G), the column-normalized Laplacian matrix
Lo(G)=T—Ac(G)=1-A(G)D(G)™", the symmetrically-normalized Laplacian matrix
Ls(G)=1—As(G)=1-D(G)* A(G)D (G)2. For directed graphs, the definitions for
these normalized Laplacian matrices must be adjusted in terms of the in-degrees and out-
degrees, with the row-normalized Laplacian matrix Lz (G) = I—Ag (G) = I-Dy, (G) "' A(G)
and the column-normalized Laplacian matrix L¢ (G) = I — A (G) = I — A(G) Dowt (G) ™.

For random networks, the associated graph has uncertain structure described by a graph-
valued random variable. When the network exists over several time iterations, it may either
remain constant or vary over time. In addition to constant (non-time-varying) random
networks, this thesis also considers independently switching networks, a simple time-varying
network model. In such switching models, the network can change at each iteration according
to the result of an independent Bernoulli trial, with the new network formed as a new sample
from the random network distribution independent from the previous network value.

An example class of random network models, Bernoulli link-percolation models include
links from a supergraph that describes all potential connections according to independent
random variables for each supergraph link. The simplest of these, the Erdos-Rényi model,
consists of a network with N nodes in which links between each pair of nodes are included
according to independent trials with some probability 6 [29]. Because all links are possible,

this represents a Bernoulli percolation model with a complete supergraph [30]. The adja-



cency matrices of Erdds-Rényi networks are closely associated with Wigner matrices and are
well studied in random matrix theory [31]. They also have important asymptotic connect-
edness properties [32]. Stochastic block models represent a generalization of Erdés-Rényi
networks. In random networks described by stochastic block models, each node belongs to
a population, and links between each pair of nodes are included according to independent
trial with some probability that depends on the two node populations |33]. Due to the avail-
ability of compatible random matrix theory results [9], stochastic block models with various
properties will provide the example distribution for many of the simulations included later
in the thesis.

For the analysis of random matrices arising from random graphs, symmetry properties of
the random graph distribution will be important for computational simplification. A graph
automorphism is a permutation ¢ of the graph nodes that preserves the graph links, such
that (v;,v;) € € if and only if (¢(v;), ¢(v;)) € £. A graph is said to be node-transitive if for
every pair of nodes v;,v; € V there is a graph automorphism ¢ such that ¢(v;) = v;. Auto-
morphisms and node-transitivity can be naturally extended to random graph distributions,
with an automorphism defined as a permutation of the random graph nodes that preserves
the random graph distribution. Define a random graph distribution to be node-transitive if
for every pair of nodes v;, v; € V there is an automorphism of the random graph distribution
such that ¢(v;) = v;. For directed graphs, node-transitive symmetry of a random graph
distribution must be distinguished from link-reversability-symmetry of a random graph dis-
tribution, which corresponds to transpose-symmetry of the associated random adjacency
matrix distribution. Of course, all undirected random graph distributions are automatically

transpose-symmetric.

2.3 Random Matrix Theory

Because graph signal processing on random networks requires a random shift matrix respect-
ing the random network topology, results from the mathematical theory of random matrices

have relevance for the filter design work in this thesis. This section introduces background
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context for random matrix theory definitions, transforms, and examples in a general sense,
without examining methods specifically applicable to matrices arising form random net-
works. Chapter |3| discusses random matrix theory results by Girko that this thesis applies
to random network models, relying on the notation discussed in this section.

While the joint distribution of eigenvalues would be useful, it is unobtainable in practice
for most random matrix distributions. An exception, the Gaussian ensembles, which are
among the simplest random matrices, provide models for which the joint distribution of the
eigenvalues may be explicitly found [34]. However, the joint distribution of the eigenvalues is
inaccessible for most other random matrix models. Nevertheless, for suitable random matrix
distributions, the asymptotic behavior of the eigenvalues as the matrix size increases may
be described through the empirical distribution and empirical density functions built from
the set of random matrix eigenvalues.

For a N x N matrix =y with real eigenvalues (e.g., Hermitian), the empirical spectral

distribution Fz, and corresponding empirical spectral density f=, are defined as

1 i=N _
Fzy (2)=5 2 _x(@<Xi(EN)) (2.1)
i=1
1 i=N
fEN(:U>:NZ(S(-T_)\i<:N>> (2.2)
=1
where y is the indicator function and ¢ is the Dirac delta function. For a N x N ma-
trix =y with potentially complex eigenvalues, the empirical spectral distribution Fz, and
corresponding empirical spectral density fz, are defined as
1 =N _
Fay (2y)=5 D _x(z<Re{Xi(Zn) by <Im{A:(En)}) (2.3)
=1
1 i=N _ _
fax (@y)=5>_0(z=Re{Ai(En) by —Im{Ai(En)}) (2.4)

i=1

where y is the indicator function and 0 is the two-dimensional Dirac delta function. Al-
though the empirical spectral distribution and density are random functions depending on

the random eigenvalues, for large-scale random matrices these functions may approach a
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Figure 2.1: The above figures show example random matrix asymptotic ESD laws. Fach
plot shows the deterministic law (black curve/contour) and the empirical eigenvalue density
histogram for a single sample of the random matrix (blue shaded).

deterministic limit. Well known examples that cover simple, unstructured cases include the
Wigner semicircular law [6], the Marchenko-Pastur law [7,8], and the Girko circular law [9].
Each of these cases will be briefly described below to provide context.

The Wigner semicircular law describes the limiting spectral distribution of Wigner ma-
trices, Hermitian matrices =y such that the entries Zy;; for i« < j are independent and
identically distributed with mean E [Zy,;] = 0 and variance E[|Ey,;]*] = 1/N [6]. Asymp-
totically as N increases, the sequence of empirical spectral distributions Fz, for a sequence
of Wigner matrices almost surely converges in measure to a deterministic distribution with
density function |6]

V4 —12? zeR[-22
0 x ¢ R[—2,2]

fx) = (2.5)

For a Wigner matrix with independent, identically distributed entries selected with equal
probability from points :I:\/l/_N , Figure shows the Wigner semicircular law density
(black curve) along with the binned empirical spectral density of a simulated matrix of size
N = 10* (blue shaded).

The Marchenko-Pastur law describes the limiting spectral distribution of certain N x N
Gram matrices =y = XN,M(N)X;LM(N) where the dimensions N x M(N) of Xy () satisfy

. N
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and where the entries Xy a(n); are independent and identically distributed with mean
E [XN,M(N),ij} = 0 and variance E [‘XN,M(N),U‘Q} = 1/M(N) [8]. Asymptotically as N
increases, the sequence of empirical spectral distributions Fz, for a sequence of these matrices

almost surely converges in measure to a deterministic distribution with density function

/

(I=ch)d(z)+... c>1,...
eV (@—a)(b—z) =z € Rlab]
t) = c<1,. 97
A R = = 27
x € Rla,b]
0 v ¢ Rlo)

\

where a = (1 —+/¢)* and b = (1++/¢)° [8]. For a Gram matrix with N/M(N) = 0.3
and where the independent, identically distributed entries of Xy i(n) are selected with
equal probability from points j:\/l/_M , F igure shows the Marchenko-Pastur law density
(black curve) along with the empirical spectral density of a simulated matrix =y formed from
Xn vy of size N =3 x 10°, M = 10* (blue shaded).

The Girko circular law describes the limiting spectral distribution of non-Hermitian ma-
trices =y such that the entries Zy;; for all ¢, are independent and identically distributed
with mean E [2y;] = 0 and variance E[|Zy;|°] = 1/N [8]. Asymptotically as N increases,
the sequence of empirical spectral distributions Fx, for a sequence of the above matrices

almost surely converges in measure to a deterministic distribution with density function

|$R—|—ZL‘ﬂ| S 1

f(rr 1) = (2.8)

S A=

ler + xri] > 1

which is a uniform distribution on the unit disk. For a matrix with independent, identically
distributed entries selected with equal probability from points ++/1/N, Figure shows
the outline of the Girko circular law disk (black closed curve) along with the binned empirical

spectral density of a simulated matrix of size N = 10* (blue shaded).
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The preceding limiting spectral distribution laws all describe random matrices with in-
dependent, identically distributed entries, which do not describe random network adjacency
matrices apart from the Erdés-Rényi case. Two methods suitable for analysis of adjacency
matrices of large-scale random undirected networks are presented in Chapter [3] namely
Girko’s K1 equation for symmetric matrices with independent entries (except as related by
symmetry), which is introduced in Section , and Girko’s K27 equation for symmetric
matrices with independent block submatrices (except as related by symmetry), which is in-
troduced in Section [3.3] A method suitable for analysis of adjacency matrices of large-scale
random directed networks is also introduced in Chapter [3] namely Girko’s K25 equation
for non-Hermitian matrices with independent entries in Section 3.4, Each of these methods
requires solving a potentially large system of non-linear equations involving the matrix dis-
tribution parameters. Chapter [3[also enhances this background by discussing computational
simplifications that enable faster numerical computation of approximate empirical spectral
distributions and providing detailed application to example random network models.

Analysis of the empirical spectral distribution for Hermitian matrices often involves the

Stieltjes transform [§]

SF(Z)Z/_OO L ar(z), s} £0. (2.9)

o T —Z

The Stieltjes transform can be inverted to obtain the corresponding distribution and density

by computing the following expressions [§].

F(z)= lim % " Im Sk (A + €i)} dA (2.10)
() = lim, %Im{SF (2 + €i)} (2.11)

For the empirical spectral distribution Fz, of an N x N Hermitian matrix =y, the Stieltjes

function computes to

S (2) = %tr((EN—zIN)_l), Im{z} # 0, (2.12)
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the normalized trace of the resolvent (Ey — zIy)~" [8]. Girko’s methods for symmetric
matrices compute the Stieltjes transform of a deterministic approximation to the empirical
spectral distribution, and the inversion formula in (2.10)-(2.11)) must be used to obtain the

approximate distribution and density functions.

2.4 Distributed Average Consensus

Distributed average consensus refers to a network agreement task in which each network
node has an initial scalar data element and must compute the average of these data elements
through a distributed process [10]. Through several network iterations, the nodes update
their data according to a linear combination of their local data and data received by com-
municating with neighboring nodes [11]. Thus, for constant networks, this process can be

described by the linear dynamics
X, = W(G)Xp-1 (2.13)

where the node states at iteration n are collected in vector x,,, the initial node data elements
are collected in vector X¢, and the network iteration matrix W (G) respects the local structure
of the network as described by graph G. The state vector asymptotically converges to the
average consensus value

lim x, = Jyxo = (M> 1 (2.14)

n—00 71

if the consensus iteration matrix satisfies the conditions
W(G)1=1, LW (G)=L", p(W(G)—Jo) <1, (2.15)

where £ is the left eigenvector of W (G) corresponding to eigenvalue A = 1, J, = 1£7 /£'1
is the £-weighted average consensus matrix, and p is the spectral radius. That is, the state
at each node approaches the average of the initial data elements weighted according to the

corresponding entries of £. The ability to reach distributed average consensus has practi-
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cal relevance in applications such as processor load balancing [35], sensor data fusion [36],
coordination of multi-agent systems [37], and distributed inference |11].

Faster convergence of the system implies that a given level of accuracy can be
achieved in fewer iterations, thereby reducing communication cost, or that improved accuracy
can be achieved in a given number of iterations. Under the conditions , the system
converges exponentially at a rate governed by In [p (W (G) — J¢)] as can be seen by applying

Gelfand’s formula to the asymptotic per-iteration convergence rate.

1/k

v —pW(©G) - ) (2.16)

lim HW(g)’“ s

k—0

— Tim H(W Q) — o)

k—0

Therefore, methods to achieve fast convergence focus on minimizing this spectral radius. For
a given network topology G, [38] designs the optimal iteration matrix for fast convergence.
For a given iteration matrix scheme, W () and some constraints on the network topology, |39]
designs the optimal topology. In contrast, the main results of this thesis (related to the
published works [22-28]) design consensus acceleration filters that can be applied at each

node to achieve faster convergence, as will be described with greater depth in Section

2.5 Graph Signal Processing

Much of the increasingly vast amount of data available in the modern day exhibits nontriv-
ial underlying structure that does not fit within classical notions of signal processing. The
theory of graph signal processing has been proposed for treating data with relationships and
interactions best described by complex networks. While the consensus acceleration filter
design work presented in this thesis could be described without the language of graph signal
processing, the periodic consensus acceleration filters designed in this thesis have a natural
interpretation as shift invariant graph filters, with the consensus iteration matrix as shift
matrix. Furthermore, much of the research on consensus acceleration filters is done by mem-
bers of the graph signal processing research community. Therefore, this section introduces

concepts from graph signal processing useful for interpreting the results of this thesis.
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Within the graph signal processing framework, signals manifest as functions on the nodes
of a network. The shift operator used to analyze these signals is provided by a matrix related
to the network structure, such as the adjacency matrix, Laplacian matrix, or normalized
versions thereof [1-5]. Decomposition of a signal according to a basis of eigenvectors of
the shift operator serves a role similar to that of the Fourier Transform in classical signal
processing [3]. In this context, multiplication by polynomial functions of the chosen shift
operator matrix performs shift invariant filtering [2].

The eigenvalues of the shift operator matrix play the role of graph frequencies and are
important in the design and analysis of graph signals and graph filters. If W is a diagonal-
izable graph shift operator matrix with eigenvalue A for eigenvector v such that Wv = A\v
and, for example, if a filter is implemented on the network as p (W) where p is a polynomial,
then p (W) has corresponding eigenvalue p(\) for v by simultaneous diagonalizability of
powers of W [13]. The framework of graph signal processing regards p () as the frequency
response of the filter [4]. Hence, knowledge of the eigenvalues of W informs the design of
the filter p when the eigenvalues of p (W) should satisfy desired properties. Furthermore,
the eigenvalues relate to a notion of signal complexity known as the signal total variation,
which has several slightly different definitions depending on context [1},13H5]. For purposes of
motivation, taking the shift operator to be the row-normalized adjacency matrix Ag, define

the [, total variation of the signal x as
TVg (x) = [|({ — Agr) x[[; = [|Lrx]], (2.17)

which sums over all network nodes the pth power of the absolute difference between the value
of the signal x at each node and the average of the value of x at neighboring nodes [4,5].
Thus, if v is a normalized eigenvector of the row-normalized Laplacian Lr with eigenvalue
A, v has total variation |[A|[P. The eigenvectors that have higher total variation can be viewed
as more complex signal components in much the same way that classical signal processing

views higher frequency complex exponentials.
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As an application, consider a connected, undirected network on N nodes with row-
normalized Laplacian Lz with the goal of achieving distributed average consensus via a
graph filter. For such a network, there is a simple Laplacian eigenvalue A\;(Lg) = 0 cor-
responding to the averaging eigenvector vi = 1 and other eigenvalues 0 < \;(Lg) < 2 for
2 < i < N. Any filter p such that p(0) = 1 and |[p(N(Lg))] < 1 for 2 < ¢ < N will
asymptotically transform an initial signal x, to a weighted average consensus signal upon
iterative application [16]. If the eigenvalues A\;(Lg) for 2 <i < N are known, consensus can
be achieved in finite time by selecting p to be the unique polynomial of degree N — 1 with
p(0) =1 and p(Ni(Lgr)) = 0 [13]. Note that the averaging eigenvector has total variation 0
by the above definition and that all other, more complex eigenvectors are completely
removed by the filter. Thus, a finite time consensus filter represents the most extreme version
of a non-trivial lowpass filter. With polynomial filters of smaller fixed degree d, knowledge
of the eigenvalues can be used to design filters of a given length for optimal consensus con-
vergence rate, as will be discussed further in Section This can also be attempted for
situations in which the graph is a random variable leading to uncertainty in the eigenvalues,

which represents the main focus of this thesis.

2.6 Consensus Acceleration Filters

This section describes background information and literature pertaining to consensus accel-
eration filters, which can be applied to the record of states at each node in order to achieve
faster convergence. Omne such approach periodically applies a filter to the states every d
iterations, where d is the filter degree, in addition to the typical consensus dynamics.
k=d
Xp 1= > OkXn—dtk; n =0 (mod d) (2.18)
k=0
For constant network topologies, this can be understood as a graph filter since the resultant

transformation is the polynomial

p(W(9)) = kiakw (G)" (2.19)
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in the iteration matrix. Note that p(1) = 1 to satisfy the modified consensus convergence
conditions.

p(W(G)1=1, £'p(W(G))=L. p(p(W(G))~Je)<1 (2.20)

The convergence rate of the modified system is governed by

. 1/k 1/k
fin o (0)") ], =t iptw )= @21
which equals p (p (W) — Jg) by Gelfand’s formula [40]. Hence,
S o (p (W (G)) = J2) (2:22)

gives the per-iteration exponential convergence rate. By the spectral mapping theorem [41],
the eigenvalues of p (W (G)) are p (\) for every eigenvalue A of W (G). Subtracting J, elim-
inates the A = 1 eigenvector, so the spectral radius is the maximum response magnitude of
the polynomial at the eigenvalues of W (G).

Exact finite time consensus provides the most extreme example of a consensus accelera-
tion filter when the graph G and iteration matrix W (G) are known by achieving this exactly
with a degree K — 1 filter where K is the number of distinct eigenvalues of W [19].
course, this method designs very large degree filters when K is large, which is likely undesir-
able. Furthermore, it depends on exact knowledge of the eigenvalues, making it unsuitable
for network models with probabilistic uncertainty. Similarly, given a known graph G and
consensus iteration matrix W (G), the optimal acceleration filter of fixed degree d < K — 1
can be found. This problem was posed in |16], which provides the following semidefinite
program to minimize the spectral radius (where < and = denote Loewner ordering [42]).

min 7
7.p

st. p(W)—=J=<x nl (2.23)
J



This approach thoroughly and adequately addresses the case in which W is deterministic
and constant. Additionally, |[16] also attempts to address optimal filter design for network
stochastic processes. The paper proposes two methods, one based on Newton’s interpolating
polynomial and one based on the above semidefinite program applied to the mean matrix.
However, it can be shown that both of these methods can produce undesirable results in
some network model cases.

The first method designs a Newton interpolating polynomial that is zero valued and is as
smooth as possible at a selected point A*, typically a lower bound for the least eigenvalue but
possibly some other spectrum point. While satisfying the constraint p (1) = 1, this method
determines the polynomial of degree d that has a zero at \* and that has d — 1 derivatives
that are zero at A\*. This tends to produce polynomials with all zeros closely concentrated
around the selected point A*, and, therefore, produces results with negligible improvement
over increasing degree. The paper [16] claims this method shows good robustness to changing
network topologies. However, this is likely due to the fact that it behaves similarly to fixed
iteration consensus because all roots are near \*.

The second method applies the above semidefinite program to the mean of the network
stochastic process, which is assumed to be mean stationary. Noting that minimizing the
expected spectral radius would be a convex problem, the paper [16] also notes that this
would require extensive simulation. Using Jensen’s inequality, [16] provides intuition as to
why the mean matrix is used to approximate the true matrix in the semidefinite program.
This method takes into account more information regarding the random graph distribution
than the Newton polynomial method and, thus, sometimes achieves better results. By using
the mean to approximate the iteration matrix W in the semidefinite program, the method
essentially approximates the eigenvalues of the matrices by the eigenvalues of the mean
matrix E [W].

However, there are problems with this method, some of which are noted in [16]. The
paper |16] observes that the filter can lead to results that diverge in switching networks

with high switching rate. However, it can also be shown that anomalous and suboptimal

20



Distributed Average Consensus Filter (W = I — L Based)
Bound for Worst Case Convergence Rate Comparison

et

[V

St
1

—o— Filter: Newton Interp. Poly.
—A— Filter:  Mean Matrix SDP

g

=}

=]
T

et

V]

S
T

o
=
T

L
q
q
<
q
q
L

Convergence Rate Bound
1/d n (p (pa (W) — J))

=)
~
=

6 8 10
Filter Degree d

o
&)
'S

Figure 2.2: The plot shows the expected convergence rate (on a per iteration basis) for
filters of varying degree based on the Newton interpolating polynomial with A* = 0 [16]
(black circle) and based on the semidefinite program |16] (purple triangle) in for a 3-D
lattice stochastic block model network with 3 x 3 x 3 populations and percolation probabilities
(0.10,0.60,0.70,0.80). This network model allows nodes to connect if the lattice coordinates
of their populations differ by at most one symbol. The results show flat behavior with
increasing filter degree for the Newton polynomial method and slowing convergence rate with
increasing filter degree for the semidefinite program method, displaying poor performance.

behavior can be produced in static random networks. In reality, the true eigenvalues spread
from those of E [IV], leading to poor results for some network models, especially for high
filter degrees relative to the number of distinct eigenvalues of E [I¥]. For instance, Figure
shows a case in which the convergence rate actually slows with increasing filter degree for a
constant, random network model. For additional examples, see Figures |4.16H4.23|

Finally, it is only possible to apply the mean matrix semidefinite program method when
designing filters up to degree K — 1 where K is the number of distinct mean matrix eigen-
values. To show this, consider the following argument. There is a unique polynomial pj,_,
of degree K — 1 with pj,_, (1) = 1 and pj_, (\) = 0 for each distinct eigenvalue A # 1 of the

mean iteration matrix E [W], such that
P (E[W]) = J. (2.24)

When designing filters of degree d > K — 1, there are multiple solutions to the semidefinite

program with the same objective function value. Namely, for any polynomial ¢ (\) of degree
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at most d — (K — 1) with ¢ (1) = 1, the polynomial

Pa(A) = qA) pk_1 (A) (2.25)

is a solution for which 7 = 0 because the linear matrix inequalities in become zero
on the left when applied to E[W]. However, the performance of these filters will vary
significantly when applied to the true random iteration matrices, in which the eigenvalues
spread from the mean matrix eigenvalues. The mean matrix semidefinite program method
does not specify how to select within this class, so any results from a solver for degree
d > K — 1 would be unpredictable. Therefore, this work does not consider it in comparisons
beyond degree d < K — 1. This can be very restrictive when the mean matrix has few
distinct eigenvalues. For instance, this method could only produce a first degree filter for an
Erdés-Rényi model or for a random geographic network model, which only have two mean
matrix eigenvalues due to network distribution symmetries.

The mean matrix semidefinite program method of [16] provides a reasonable approach to
the problem that can be accomplished with relatively little computation. However, the mean
iteration matrix eigenvalues are a coarse approximation of the potential true eigenvalue set,
especially when the mean matrix has relatively few eigenvalues. Noting this, our method
is inspired by [16] to optimize with respect to a notion of width or spread about each of
the mean eigenvalues to better approximate the support intervals. Hence, a more complete
characterization of random graph matrix eigenvalues should inform the filter design process.
The requisite information may sometimes be obtained through the methods of random matrix
theory, which describes asymptotic behavior of the empirical distribution of the eigenvalues
for suitable random graph models [6,[8,9,/43,44]. The methods presented in this thesis
for constant random network topologies, both undirected and directed, then employ this
characterization of the empirical distribution of the eigenvalues in the optimal design of
consensus acceleration filters of given degree d.

Before concluding this section, some additional related literature regarding accelerated

consensus algorithms will be explored. An alternative approach to filtering in which random
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link rewiring in small world graphs was shown to improve the convergence rate was devel-
oped in [45]. A Chebyshev polynomial based filtering scheme was detailed in [17], in which a
sequence of iteration matrix polynomials are computed through the Chebyshev recurrence to
produce a polynomial of increased degree at each iteration. The parameters of this algorithm
define an elliptical convergence region for the iteration matrix eigenvalues, govern the conver-
gence rate, and have optimal values determined by the largest and smallest eigenvalues. The
autoregressive moving average filters designed in [12]| perform filtering of graph signals by
approximating specified filter responses, although the target responses are formed separately
from information about the graph. More recently, some additional information regarding
the eigenvalue support has been incorporated, such as in [20] where two spectral clusters are
formed from knowledge of the smallest and second largest eigenvalue modulus and then used
to design the filter response. Also some contemporary works also use asymptotic results for
random matrices, such as [1§] which approaches design for Erdés-Rényi networks by different

tools than used in this thesis work.

2.7 Chebyshev Approximation

Function approximation by a polynomial of given degree on some interval of interest fre-
quently appears in signal processing filter design problems. When the worst case absolute
error gives the criterion for choosing the approximating function, the solution is known
as the minimax polynomial approximation [46]. For space of polynomials P; of degree d
approximating target function f over the real interval X, the problem may be expressed as

minmax |f (z) —p ()] (2.26)

Furthermore, with the additional consideration of a positive, continuous weight function w,

a weighted version of the problem may be posed as

min max |w (x) (f () — p(x))]. (2.27)

peEP; xzeX
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The work presented in this thesis employs this optimal polynomial problem to design filters
for graph signal processing, specifically for consensus.

Minimax polynomial approximations to continuous functions on an interval exhibit an im-
portant property that allows the optimal solution to be identified. The Chebyshev equioscil-
lation theorem states that p € P; provides the minimax approximation of degree d to con-
tinuous function f on interval X if and only if there are d + 2 points xg,..., 2411 € X
ordered such that o < ... < x441 where the approximation errors f (x,) — p(z,) are equal
in magnitude and alternating in sign [46]. Furthermore, given an approximating polynomial
q € P; and set of d + 2 points g, ..., 2411 € X ordered such that o < ... < x4y where
the approximation errors f (z,) — ¢ (z,) alternate in sign, the De la Vallée-Poussin theorem
establishes that min, |f (x,) — ¢ (x,)| provides a lower bound for the minimax error [46].

Based on these theorems, the Remez exchange algorithm iteratively finds the minimax
optimal polynomial approximating a continuous function on an interval [46]. More generally,
the above two theorems apply not only to polynomial approximation using the monomial
basis but also to approximation over any space with a basis that satisfies the Haar condi-
tion, known as a Chebyshev system. This allows the Remez algorithms to apply to other
approximation schemes, such as those using Chebyshev polynomials and those using ratio-
nal functions [46], which are useful for IIR filters. The algorithm begins with a set of d 4 2
ordered reference points on the interval of interest and iterates over two steps. The first
of these steps computes the coefficients of the degree d polynomial with minimum absolute
error at the set of reference points such that the sign of the error alternates, which is the
solution to a linear system of equations. The second step selects a new set of reference points
by selecting the d + 2 local extrema of the approximation error. If the error values at these
local maxima are alternating in sign and, within tolerance, equal in value, the algorithm
terminates with the minimax polynomial solution [46]. With careful attention to numerics,
very large degree filters can be designed, such as done in [46] with the barycentric Remez
algorithm. Figure [2.3] shows the resulting polynomial approximation to a function, with
oscillating error function demonstrating equal local extrema.

Alternatively, linear programming may be employed to solve minimax polynomial ap-
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Figure 2.3: The plot in Figure (left) shows the unweighted minimax polynomial ap-
proximation of degree d = 6 (red dash) to f(x) = x + cos (2mz) (blue solid) on the interval
R[—1,1]. The approximation error (black solid) in Figure (right) demonstrates the
equiripple property, with the d + 2 = 8 error local maxima equal in value and alternating
in sign.

proximation problems. Linear program formulations are sometimes preferable as they permit
additional constraints to be applied to the optimization problem [46]. Given a region X on
which the function f should be approximated and a subset of points Xg C X, the follow-
ing linear program computes the coefficients {az}zziv corresponding to the basis functions
{Qﬁl}zi\[ that provide the minimax approximation to f on the sample points Xg.

min €

fan}e

s.t. flz;) — Z aj¢; (x;) < e
7=1 (2.28)

— fla) + ) a0 (m) <e

j=1

for all x; € Xg

For the constant random network filter design problems in this thesis, this approach will be
applied at filtering regions defined by the support of deterministic approximations to the

empirical spectral distribution.
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2.8 Summary

In summary, this chapter presented background concepts to provide context and notation
necessary to discuss graph filter design for accelerated convergence of distributed average con-
sensus dynamics. The terms, definitions, and random matrix models introduced for graphs
and networks will appear throughout the thesis. The random matrix theory definitions will
also be referenced throughout the document, especially in Chapter [3| which will introduce
methods that can handle random matrix models that are more complex and relevant to
networks than the classic examples displayed in this chapter. The material discussed for dis-
tributed average consensus, graph signal processing, and consensus acceleration filters, and
Chebyshev filter design directly ties into the filter design methods for consensus acceleration

on large-scale random networks that are presented in Chapter [l and Chapter

26



CHAPTER THREE

Spectral Asymptotics:
Girko’s Methods

3.1 Introduction

For graph filter design on large-scale random networks, methods suitable for approximating
the empirical spectral distribution of random symmetric matrices that respect the network
structure provide useful information. This chapter introduces random matrix theory results
by Girko that provide suitable methods to derive deterministic approximations for the empir-
ical spectral distributions of certain random graph adjacency matrices, discussing properties
of random networks that allow computational simplification. These methods are then ap-
plied to the adjacency matrices of example network models, which will later be used in the
numerical simulations for consensus acceleration filter design in Chapter [d] and Chapter [}

Specifically, this chapter discusses two results by Girko [9] that handle symmetric random
matrix cases, Girko’s K1 equation for random symmetric matrices with independent entries in
Theorem of Section and Girko’s K27 equation for random symmetric matrices with
independent block submatrices in Theorem of Section [3.3] Additionally, this chapter
discusses a result, Girko’s K25 equation, that handles random, potentially non-Hermitian
matrices with independent entries in Theorem [3.3] of Section [3.4] Unlike the symmetric case,
there is not an analogous result contained in [9] for matrices organized into independent
block submatrices. Finally, Section summarizes the chapter in conclusion.

Importantly, unlike many random matrix theory methods, these theorems place few con-
ditions on the entries of the matrix, allowing non-identically distributed entries and explicitly

zero entries (with some justification necessary for Girko’s K25 equation), which are both im-
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portant for random networks. These theorems are applicable to scaled adjacency matrices
of suitable undirected link-percolation networks, random networks in with links are chosen
from a supergraph according to some random variables. Note that the presentation of Theo-

rem [3.1] Theorem and Theorem [3.3]in this thesis differs from Girko’s presentation in [9]

to improve clarity and avoid notation conflicts.

3.2 Symmetric Matrices: Girko’s K1 Method

For random symmetric matrices with independent entries except as related by symmetry,
Girko’s K1 equation, presented below as Theorem [3.1) computes an approximate empirical
spectral distribution with approximation error to the empirical spectral distribution converg-
ing to zero for large-scale matrices almost surely at almost all points [9]. The result applies to
a family =y of random matrices indexed by size N, provided the total absolute mean in (3.1))
and total variance in along any row or column have finite supremum and provided that
the Lindberg-like condition in that prevents the variance from concentrating in too few
entries is satisfied. Under such conditions, the Stieltjes transform of a deterministic equiv-
alent distribution can be found by solving the system of equations in . The theorem
guarantees existence of a unique solution to this system of equations where the solution
function has imaginary component of the function value matches the imaginary component

of the input parameter. Under the additional condition (3.8)), the supremum converges [9).

Theorem 3.1 (Girko’s K1 Equation [9]) Let =y be a family of symmetric, real-valued
N x N random matrices indexed by size N with expectation By = E[Zy], centralization
Hy = Zn — By, and entry variance 0% ;; = E[(HN)ZQJ] Furthermore, let =y have indepen-

dent entries, except as related by symmetry, that satisfy the following regularity conditions.

j=N
supmaxz ‘(BN)ij < 00 (3.1)
N i 4
7=1
j=N
sup m_axz E [(HN)?].] < 00 (3.2)
N i 4
7j=1
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lim max » E [(HN)Z X (‘(HN)U

> 7')} =0 forallT>0 (3.3)

Then for almost all x,

lim ‘FEN (x) — F=, (x)‘ —0 (3.4)

N—o0

almost surely, where ﬁEN is the distribution with Stieltjes transform

ol

sﬁEN(z):% " Coe(2), Tm {2} £ 0 (3.5)
k=1

and the functions Cyy, (z) satisfy the system of equations

s=N =N\
2
Crr(2)= (BN_ZIN_ (5@2 Cys(2)E |:(HN>js:|) (3.6)
s=1 =1 kk
for k = 1,...,N. The notation ()ﬁ;jv indicates a matrix built from the parameterized
contents of the parentheses, such that M = (Mg])%j}, and 6p; Is the Kronecker delta
function. There exists a unique solution Cyi(z) for k = 1,..., N to the system of equations
(B:8) among
L={X(2)eC|X(z) analytic, Im{z}Im{X (z)}>0}. (3.7)
Furthermore, if
inf N E [H] > c¢>0, (3.8)
then
lim sup |Fs, (z) — Fs, (w)‘ =0 (3.9)
N—oo 4

almost surely, where F\EN is defined as above.

For every point x at which the value J/”\EN (x) is required, the solution to (3.6) must be
found at z = x + ei for a small € > 0, such that the density can be approximately computed

by approximately inverting the Stieltjes transform according to (2.11). For clarity, define
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C'(z) as the full-matrix solution to (3.6|) of which Cy (z) is the kth diagonal entry.

o 0j=N
C(z)= BN—sz—(@jz]:vcss(z)E[(HN)?sD (3.10)
s=1 £,j=1
For any random matrix model satisfying the conditions, the solution C'(z) can be found
through brute force by performing an iterative fixed point search for the unique solu-
tion guaranteed to exist by Theorem from an initial candidate values for the entries
Crr (2), k=1,... N. However, this involves repetitively inverting N X N matrices for large
N, a computationally costly step.

The computational cost can be considerably reduced if the symmetry group of the ran-
dom matrix model with respect to equal row and column permutations acts transitively
on {1,...,N}. Under this condition, it is clear that Cix (z) = Cw(z) := c¢(z) and that
SUENE[HE] = =N E[HZ) for all k, 0 = 1,..., N by symmetry. Therefore, the last term

s=1

in (3.10) becomes a scalar matrix ¢ (z) (Eziv 0]2-5) In. Note that ¢(z) = + tr C (z). By ap-
plying the trace function to each part of (3.10)) and writing the trace of the right expression as
the sum of eigenvalues, for such matrices the Stieltjes transform of the approximate empirical

spectral distribution can be found via iterative search using the following modified equation.

o

=N 1

— M\ (By) — 2z —c(2) Y507 02

1
c(z) = ~ (3.11)
For random network models that are node-transitive in distribution, the associated random
adjacency matrices will have this property and can be analyzed through (if they
satisfy the conditions of Theorem . That is, no node is statistically distinguishable from
any other node in the random network. (Note that the actual networks sampled from the
distribution need not be node-transitive.) The iterative process for finding the solution to
this system of equations does not depend on the matrix size but only on the number of
distinct mean matrix eigenvalues, as equal terms in the sum can be grouped and multiplied

by algebraic multiplicity.
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For use in the filter design problems for undirected networks in Section the empirical
spectral distribution of the row-normalized adjacency matrix must be approximated. In or-
der to apply Girko’s method, a random matrix with independent entries must be defined such
that the spectral density will be a good approximation. For this purpose, initial work [22-2§]
used the scaled adjacency matrix = = %A (Gn) where 71 = Apax (E[A(G)]), which is also
the expected row sum if all rows have equal expected sum like in node-transitive distributions.
However, this introduces a bias in the expected largest eigenvalue if E[Apax (A (Gn))] >
Ao (B LA (GN)]) (e, B [ (A(Gn) /1)) = Elp (A (Gx))] /p (E[A(Gx)]) = 1), which should

be exactly Apax = 1 for the row-normalized Laplacian. This must be true for node-transitive

distributions since Apax (A (GN)) > davg (A (Gn)) where dyyg (A (Gn)) is the average de-

gree [47], so it follows that E [Apax (A (GN))] > E [dave (A (GN))] = Amax (E[(A(Gn))]). (Note
that previous results are not invalidated as for large matrices this bias is observed to be
asymptotically eliminated. However, it is problematic for large but finite network size.) To

partially correct this bias without affecting the variance, define

By = 7i (A(Gy) — E[A(Gx)]) + % E[A(Gy) (3.12)

where 71 = Amax (E[A(Gn)]) and 72 = E [Anax (A(Gn))]. That this reduces the bias is

unproven, but the results match significantly better in practice.

Example 3.1: Undirected SBM with Transitive Population Structure

Stochastic block models (SBMs) are random network models that generalize Erd6s-Rényi
networks and are used to describe networks with a population structure [33]. Each pair of
nodes potentially form a link according to an independent Bernouli trial with link probability
©,; that depends on the populations containing the two nodes [33]. Note that a stochas-
tic block model is a node-transitive random network distribution if the population graph
(showing populations where nodes connect with non-zero probability), with nodes labeled
with intra-population link probabilities and edges labeled by inter-population link probabil-
ities, is a node-transitive labeled graph and the populations are all equal size. Large-scale

stochastic block models can be grown by increasing the node population sizes. Therefore,
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the adjacency matrices of such networks provide convenient examples for which to derive
spectral density approximations.

Consider an undirected stochastic block model with M; x M, node populations each of size
S with N = M;M,S nodes in total, and label each population by an ordered pair (my, ms).
Suppose that two populations are adjacent, allowing their nodes to randomly connect, if they
differ by at most one in each symbol, with the last symbol considered adjacent to the first
symbol. Suppose that random intra-population links occur independently with probability
On,0. Also suppose that random inter-population links occur independently with probability
On 1 if the populations differ by one in the first symbol with equal second symbol, 0y o if the
populations differ by one in the second symbol with equal first symbol, 0y 3 if the populations
differ by one in both symbols.

Clearly, this example random network model is node-transitive. The link probability
between nodes (i,j) are described by the entries of the following matrix where C, is the

adjacency matrix of a length n directed cycle and 1,5, is the n X n matrix of ones.

On =0On,0 (In, ) @ (Lny ) ® (Lsxs — Is)
+0n,1 (Cony +Cap,) ® (sz ) © (loxs ) (313)
+0n2 (Ing, ) ® (Car, +Cip,) @ (Lsxs )
+0n3 (Cor, +Cap,) ® (Cory +CM2) ® (Isxs )
Therefore, E[A(G)] = Oy and the eigenvalues of the mean adjacency matrix are easily

computed from the eigenvalues of undirected cycles and Kronecker product relationships.
The variance of each entry is described by Oy o (1yxy — On).

The approximate empirical spectral distribution for =5 can be computed through the
reduced equation for Girko’s K1 method based on its mean eigenvalues and total row
variance, which can be found though appropriate transformation of the adjacency matrix
mean eigenvalues and total row variance. Because the approximation will be numerically
computed at a large fixed value of N and fixed probability parameters, the conditions —
are not verifiable without making assumptions about how the model would change
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with increasing N. For a percolation model, such as this example, where each probability
paramter scales asymptotically with N in the same way (i.e., maintain a ratio) and where
each parameter governs a number of entries in each row proportional to N, the conditions
are satisfied for =5 if N0y — oo. Then the first condition is automatically satisfied.
The second condition is satisfied if each parameter N6y - 0. The third condition (3.3])
is satisfied if additionally N0y — oo.

Assume that the network model of interest is a particular point in a larger family of
network models indexed by N such that the conditions are satisfied by this family of models.
The resulting density will be used to approximate the empirical spectral distribution of the
row-normalized adjacency matrix. Simulation results comparing the expected spectral den-
sity and approximate spectral density (of a transformation of the row-normalized adjacency
matrix) appear in Figure Filter design results using the approximate empirical spectral
distribution for this model can be found in Figures [4.1 of Section in Chapter [ for

this model with specific numerical parameters.

Expected and Approximate Empirical Spectral Densities

3.00 -

Expected ESD E [f4,]
——Approx. ESD  Jfz,

I

o

S
T

g
1=
S
T

Spectral Density f (\)
T T

b
o

S
T

0.00 L A L A |
-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25

Eigenvalue A

Figure 3.1: Expected empirical spectral distribution E [ f AR(g)] of the normalized adjacency
matrix (simulated over 1000 Monte-Carlo trials) compared agains the deterministic approx-
imation ]?EN computed using Girko’s K1 method (e = 107°) for the model in Example
with M1 = 3, M2 = 4, S = 1007 60 = 010, 6)1 = 007, 92 = 006, 03 = 0.02
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3.3 Symmetric Matrices: Girko’s K27 Method

For random symmetric matrices with independent block submatrices except as related by
symmetry (but with potentially correlated entries within block submatrices), Girko’s K27
equation, presented below as Theorem [3.2] computes an approximate empirical spectral
distribution with approximation error to the empirical spectral distribution converging to
zero for large-scale matrices almost surely at almost all points [9]. The result applies to
a family Zy of random matrices indexed by size N, provided the total 2-norm of mean
blocks in and Frobenius norm squared of centralized blocks (total entry variance)
in along any block row or block column have finite supremum and provided that the
Lindberg-like condition in that prevents the variance from concentrating in too few
block submatrices is satisfied. Under such conditions, the Stieltjes transform of a deter-
ministic equivalent distribution can be found by solving the system of equations in .
The theorem guarantees existence of a unique solution to this system of equations where
the solution function has imaginary component of the function value matches the imaginary

component of the input parameter.

Theorem 3.2 (Girko’s K27 Equation [9]) Let =y be a family of symmetric, real-valued
N x N random matrices indexed by size N with expectation By = E [Zy] and centralization
Hy = Zx — By. Let =y have a block structure with Ny blocks of size Ny x Ny such

that N = NiN, and denote the block in position (i,j) by (En);;. Furthermore, let Ey

ij]’
have independent random matrix blocks, except as related by symmetry, that satisfy the
following regularity conditions. Note that the random matrix blocks may have internal

statistical dependencies.

Jj=N1
SupmaXZH(BN)[ij] , <00 (3.14)
N i
j=1
j=N1 9
supmaXZEM(HN)W] F] <00 (3.15)
N i
7j=1
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=N
]\}grloomzax > E [H (Hn)j <H N)jij) 7‘)} =0 for all 7>0 (3.16)
=
Then for almost all z,
lim ‘FEN (x) — F=, @)‘ —0 (3.17)

N—oo

almost surely, where ﬁEN is the distribution with Stieltjes transform

k=Ny
SﬁaN (z) = % Z tr (Ceg(2)), Im{z} #0 (3.18)

k=1

and the Ny x Ny matrix functions Cpy (2) satisfy the system of equations
s=N1 £,j=N1
Cig (=)= | | B—21n— (% >~ E[(Hy) g Clos (2) (H)) s}]> (3.19)
s=1 ty=1 k]

for k = 1,...,N;. The notation ()%jlv indicates a matrix built from the parameterized

contents of the parentheses, such that M = (M[fa])“ . » and g Is the Kronecker delta

function. There exists a unique solution Cpy(2) for k =1,..., Ny to the system of equations
B8) among
Lnyxny={ X (2)€C>*?| X (2) analytic, Im{z}Im{X (2)}>0}. (3.20)

As before, for every point x at which the value ]/“\E v (z) is required, the solution to (3.19)
must be found at z = x + ei for a small € > 0, such that the density can be approximately
computed by approximately inverting the Stieltjes transform according to . For clarity,
define C (z) as the full-matrix solution to of which Ciyy (2) is the kth diagonal block.

C(2)=| Bn—zIx— (5@ i E[(HN)US]O[SS](z)(HN)ESJ) (3.21)

s=1 £j=1

For any random matrix model satisfying the conditions, the solution C'(z) can be found
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through brute force by performing an iterative fixed point search for the unique solution
guaranteed to exist by Theorem from an initial candidate values for the block matrix
entries Cpy (2), k=1,... N. However, this involves repetitively inverting N x N matrices
for large N, a computationally costly step.

Computational simplification conditions are more complicated in this scenario. The com-
putational cost can be considerably reduced if the symmetry group of the random matrix
model with respect to equal block-row and block-column permutations acts transitively on
{1,..., Ni}. Under this condition, it is clear by symmetry that Cjuy (2) = Cleg (2) 1= Chix (2)
and that 3"V E [HyCon (2) HY] = S2Y E [HysCri (2) HYY] i= X [Cuie (2)] for all k, ¢ =
1,..., N. Therefore, the last term in becomes the block-scalar matrix Iy, ® X [Cpik (2)].
Suppose that By is block-diagonalizable with diagonal blocks (ABN)[kk] for k =1,...,NN.
Suppose that this block diagonalization preserves Iy, ® X [Chi (2)] and, furthermore, that
each (Apy ), is simultaneously diagonalizable with X [Cyi (2)]. Then all terms of
are simultaneously diagonalizable.

Suppose that the form of C' (z) is known (inferred from symmetries) with eigenvalues com-
puted from its parameters. Finally, suppose that the eigenvalue of X [Chy (2)] that matches
to Ay (Bn) and A\g (C (2)) can be determined as a function gy <{)\g (C(2)) gjf> of the eigen-
values of C'(z), through the parameters inherited by the diagonal blocks Chy (). Then the

eigenvalues of C' (z) can be written as the solution to the following system of equations.

1
Ne(B) =z=gi ({A(CD VT (3.22)

for k=1,...N

M (C(2))=

As before, the solution to this system of equations describing the eigenvalues can be found
through an iterative fixed point search. The iterative process for finding the solution to this
system of equations would appear to depend on the matrix size N, but only depends on the
number of distinct equations, which may be much fewer. Note that the sum of these eigenval-

ues computes the trace in (3.18]), providing the Stieltjes transform of the approximate empiri-
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cal spectral distribution. While the above conditions are complicated and must be verified on
a case-by-case basis, they allow analysis of adjacency matrices for some node-block-transitive
random network models with intra-block correlations as shown in Example (3.2

For use in the filter design problems for undirected networks in Section the empirical
spectral distribution of the row-normalized adjacency matrix must be approximated. In or-
der to apply Girko’s method, a random matrix with independent entries must be defined such
that the spectral density will be a good approximation. For this purpose, initial work [22/-2§]
used the scaled adjacency matrix = = %A (Gn) where 71 = Apax (E[A(G)]), which is also
the expected row sum if all rows have equal expected sum like in node-transitive distributions.
However, this introduces a bias in the expected largest eigenvalue if E[Apax (A (Gn))] >
Amax (E[A(GN)]) (e, Elp (A(Gn) /)] = Elp (A(Gn))]/p(E[A(GN)]) = 1), which should
be exactly Apax = 1 for the row-normalized Laplacian. This must be true for node-transitive

distributions since Apax (A (Gn)) > davg (A (Gn)) where davg (A (Gn)) is the average de-

gree [47], so it follows that E [Apax (A (Gn))] > E [dave (A (GN))] = Amax (E[(A(Gn))]). (Note
that previous results are not invalidated as for large matrices this bias is observed to be
asymptotically eliminated. However, it is problematic for large but finite network size.) To

partially correct this bias without affecting the variance, define

s vi (A(Gx) — E[A(Gx)]) + % E A (Gy) (3.23)

where 71 = Amax (E[A(Gn)]) and 72 = E [Amax (A(Gn))]. That this reduces the bias is

unproven, but the results match significantly better in practice.

Example 3.2: Modified Undirected SBM with Transitive Population
Structure and Dependent Block Submatrices
Consider a modified undirected stochastic block model with M populations for which
each population is composed of S; sub-populations of Sy nodes, such that each population
has S = 5195 nodes and such that the network has N = M % .S nodes. Dependencies
between random links will be permitted if those potential links join the same unordered pair

of sub-populations, such that the resulting random adjacency matrix has independent block

37



structure (except as related by symmetry) with Ny = M % S} and Ny = Sy in Girko’s K27
theorem. Specifically, for each unordered pair of sub-populations {7, j} with 1< 4, j < Ny,
links will be random variables that are conditionally independent given another random
variable (specific to that sub-population pair and independent of the random variable for
any other sub-population pair) that controls the common link probability for that sub-
population pair. If the two sub-populations are the same (i.e., i = j), let the possible
link probabilities {fn,x} each be chosen with probabilities {¢nox} (Note: >, dnor = 1).
If the two sub-populations are different but part of the same population (i.e., i # j but
mSy < i,j < (m+1)S; for some integer m = 0, ..., M — 1), let the possible link probabilities
{On1} each be chosen with probabilities {¢n14} (Note: >, én1x = 1). If the two sub-
populations are in different populations entirely, let the possible link probabilities {6y}
each be chosen with probabilities {¢n2x} (Note: >, dn2xr = 1). In order to achieve good
results from Girko’s K27 method, note that S; in particular must be large so there are a
large number of blocks of the intra-sub-population type.

Clearly, this example random network model is node-transitive and node-block-transitive.

The mean matrix has the following form.

1

By =—E[A(Gn)]
V2
1
:7 Z¢N,D,k9N,0,k> (Im ) ® (Is, ) ® (Lsyxs, — Is,)
2
k
X (3.24)
+7— Z¢N,1,k91v,o,k> (Ins ) @ (Lsy;xs — Is;) ® (1s,xs, )
2
K
1
+7 Z¢N,2,k9N,o,k> (Larxar = Tar) @ (1sy xs, ) @ (1s,x5, )
2
k

The eigenvalues of By are easily computed from Kronecker relationships. Collect these

eigenvalues in a vector Ap. (Note that there are at most 8 distinct eigenvalues, so we can
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assume Ap is 8 X 1.) By symmetry, it can be inferred that C'(z) is of the form
)
)
)
)
(3.25)
)
)
)
)

for some parameters ¢y (2),...cg(2) collected into vector c(z). The eigenvalues of C'(z),

collected into a vector A¢ (z) and be written as
Ao (2) =Tec(2) (3.26)

for appropriate transformation Tz computed from (3.25). (Note that there are at most 8
distinct eigenvalues, so we can assume A¢ (2) is 8 X 1 and T is 8 x 8. Also, note that T¢ is

invertible.) The diagonal blocks arise from the first two terms such that

Chix (2) =¢1 (2) (Is, ) (3.27)
+¢2 (2) (Lsyxs, — Isy)
To compute X [Cpi (2)] note that
Xie =1 (2) S;Z: ;Z_j b [ <<HN)[js}>kr <(HN)US]>4J
s:_N1 r,j::_Jth (3.28)
ez (2) ; MZ_ B [ <<HN)US}>M ((HN)[jS]>et]
)
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There are many cases for E [((HN)[jS]> <(HN)US])Z] where Hy = % (A(G) —E[A(G)]).
kr t

These depend on whether k =t or k # t, whether r = s or r # s, and whether j = s, j # s

but j,s are in the same population, or j, s are in different populations. Thus, there are a

total of 12 cases, which will not be listed here, but are easily computed. Hence,

X [Coi (2)] = (@11 (2) + azez (2)) (Is, )

+ (aze (2) + asca (2)) (Lsyxs, — Is,)

(3.29)

and the eigenvalues of Iy, ® X [Cpi (2)], collected into a vector Ajgx (z) can be computed as
>\[®X (Z) = T)(C (Z) . (330)

All terms are simultaneously diagonalizable. Because of the Kronecker form, it is easy to
match corresponding eigenvalues of each term. Assume this has been done properly in the
vectors A¢ (2), Argx (2), and A and the matrices T and Tx. Then the functions g relating

the eigenvalues in (3.22)), collected into a vector function g, are
g (Ao (2) =TxT "X (2) = Ajex (2). (3.31)

The approximate empirical spectral distribution for =y can be computed through the
reduced system of equations for Girko’s K27 method based on the above derivations.
Because the approximation will be numerically computed at a large fixed value of N and
fixed probability parameters, the conditions — are not verifiable without making
assumptions about how the model would change with increasing N. For a percolation model,
such as this example, where each probability paramter scales asymptotically with N in the
same way (i.e., maintain a ratio) and where each parameter governs a number of entries in
each row proportional to IV, the conditions are satisfied for =y if N6y — oo. Then the first
condition is automatically satisfied. The second condition is satisfied if each
parameter N€y - 0. The third condition is satisfied if additionally N0y — oo.
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Assume that the network model of interest is a particular point in a larger family of
network models indexed by N such that the conditions are satisfied by this family of models.
The resulting density will be used to approximate the empirical spectral distribution of the
row-normalized adjacency matrix. Simulation results comparing the expected spectral den-
sity and approximate spectral density (of a transformation of the row-normalized adjacency
matrix) appear in Figure Filter design results using the approximate empirical spectral
distribution for this model can be found in Figures of Section [4.2] in Chapter [4] for

this model with specific numerical parameters.

Expected and Approximate Empirical Spectral Densities
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Figure 3.2: Expected empirical spectral distribution E [ f AR(g)] of the normalized adjacency
matrix (simulated over 1000 Monte-Carlo trials) compared agains the deterministic approx-

imation J/C\EN computed using Girko’s K27 method (e = 107°) for the model in Example
with M = 5, S; = 30, and Sy = 10 and with probabilities {¢gx} = {0.333,0.333,0.334},
{60} = {0.300,0.600, 1.000}, {¢1 4} = {0.333,0.333,0.334}, {01} = {0.030,0.060,0.100},
{ds} = {0.333,0.333,0.334}, {0} = {0.003,0.006,0.010}

3.4 Non-Symmetric Matrices: Girko’s K25 Method

For random non-Hermitian matrices with independent entries, Girko’s K25 equation, pre-
sented below as Theorem computes an approximate empirical spectral distribution with
approximation error to the empirical spectral distribution converging to zero for large-scale

matrices almost surely [9]. The result applies to a family =y of random matrices indexed
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by size N, provided the total absolute mean in and total variance in (3.33) along
any row or column have finite supremum and provided other conditions — hold.
Note that while it would appear that the condition in (3.34]) would prevent application of
this theorem to network adjacency matrices, this objection can be dismissed for reasons dis-
cussed later. Under these conditions, a deterministic equivalent distribution can be found
by solving the system of equations in — and then computing the density function
through —. The theorem guarantees existence of a unique solution to this system
of equations where the solution function has imaginary component of the function value

matches the imaginary component of the input parameter.

Theorem 3.3 (Girko’s K25 Equation [9]) Let =y be a family of complex-valued N x N
random matrices indexed by size N with expectation By=E [Ey]|, centralization Hy=Z=nxBy,
and entry variance oy, ;; = E[| (Hy),; |’]. Furthermore, let Zy have independent entries that

satisfy the following regularity conditions.

j=N i=N
s%pm?x;‘(BN)ij <00, s%pm]ax;‘(BN)ij <00 (3.32)
j=N i=N
sup mZaxZE [(HN)H <00, Sup m]axZE [(HN)Z} <00 (3.33)
j=1 i=1
Also let = satisfy
2
E “(HN)U } > ¢/N (3.34)
for some ¢ > 0 and
24K
max F U(Hmij } < ¢/ N2 (3.35)
0rJ

for some k > 0,c < oco. Also suppose that the densities of the real or imaginary part of

V' N Hy,. exist and are integrable when raised to T for some 7 > 1. Then

lim lim ‘FEN (x,y) — ﬁENﬁ (, y)H =0 (3.36)

B—01t N—oo
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almost surely, where

02F=,, 4(t,s) —ﬁf;o(g—;—k%i)m]v(u,t,s)du (t,8)¢G
CA TSI (3.37)
90y 0 (t,5)€G
(with the region G defined below) and
my (u,t,8)==tr [(C) (u,s,t) + ...
vl (3.38)

(Bx = (t+is)Iy) Cs (u,5,0) " (By = (t+is)[n)") |

for w > 0. The matrices Cy (u,s,t) and Cs (u, s,t) are diagonal matrices with entries that

satisfy the system of equations

(C gk (uy 8,t) =u+ _Z ON ks [(CQ (u,s,t)+ ...
j=1 (3.39)
(By — (t+ si)In)* Cy (u,5,8) " (By — (t + si)IN))le
(Co)ee (u,s,t) =1+ Z ot [(C’l (u,s,t)+ ...
j=1 (3.40)

(Bx — (t+ 8i) ) Ca (1w, 5,8) " (By = (t+ i) Iy)") |

77

for k,¢ = 1,...N. There exists a unique solution to this system of equations among real

positive analytic functions in u > 0. The region G is given by

lim sup lim sup
B—0t N—oo

G= {(t,s)

0

%mN (B,t,8)] < oo} . (3.41)
For every point z = x4y at which the value j/’\g v (z,y) is required, the solution to (3.39)-

(3.40) must be found at (u,z,y) for a range of u values such that the density can be ap-

proximately computed by the numerical integration in (3.37). These u values should range

from a small value of 8 > 0 (107 used for simulations) to a large upper limit (10? used

for simulations). Because the function m,, (u,s,t) changes quickly for small 5 within the
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complement of the region G, logarithmically spaced integration points over the integration
interval are recommended. For any random matrix model satisfying the conditions, the
solution Cf (u, s,t),Cs (u,s,t) can be found through brute force by performing an itera-
tive fixed point search for the unique solution guaranteed to exist by Theorem [3.3] from
an initial candidate values for the entries (Ch),, (u,s,t),(Cs),,. (u,s,t) for & = 1,...,N.
However, this involves repetitively multiplying and inverting N x N matrices for large N,
computationally costly steps.

The computational cost can be considerably reduced if the symmetry group of the ran-
dom matrix model with respect to equal row and column permutations acts transitively
on {1,...,N} and if the mean matrix By is normal. Note that such transitivity does
not guarantee normal matrices [48], so normality must be verified for each model with
transpose-asymmetric distribution. By transitive symmetry of the distribution with re-
spect to row and column permutations, the diagonal solution matrices must be scalar
matrices Cy (u,s,t) = ¢ (u,s,t) In, Cy(u,s,t) = ¢z (u,s,t) Iy. Furthermore, note that

],zjlv OXhi = Zziv oxgy for all 1 <4,j < N. By summing each expression of with
respect to k and each expression of with respect to ¢ the variance terms no longer
depend on j and can be factored from the sum with respect to j. Recognizing the resulting
traces and writing them as the eigenvalue sums, this results in the following simplified system
of equations where z =t + si.

= r=N
c1 (u,8,t) = u+ (N a?vm-) (co(u,s,t)+ ...

1 (=N r=N
co (u,8,t) =1+ (N ZUJQWJ) Z (c1 (u,s,t)+ ...

r=1 (343)

1/cs (u,5,8) A [(Bo — 2Iy) (By — 2Iy)*]) "

Thus, the original system of 2N equations ({3.39)-(3.40)) reduces to the system of 2 equa-
tions (3.42))-(3.43]) under the transitive symmetry group condition. However, because the

eigenvalues of (By — 2I) (By — zI)" are required for every z = t + si of interest, the prob-
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lem can still be computationally costly due to the large number of eigenvalue computations
required. For random matrix distributions in which the mean matrix By is not a normal
matrix, these eigenvalues must be recomputed for each z. For random matrix distributions
in which the mean matrix By is a normal matrix, the eigenvalues can be quickly computed

from the eigenvalues of By as follows [49].
A (By — 2I) (By — 2zI)*)) = |\ (By) — 2]*. (3.44)

Therefore, it is only necessary to compute the eigenvalues of By once and then determine
the eigenvalues of (By — zI) (By — zI)" through simple arithmetic. Note that this automat-
ically includes all transpose-symmetric distributions and need only be verified for transpose-
asymmetric distributions. To simplify — further, eigenvalues can be grouped
according to algebraic multiplicity such that the computation only depends on the number
of distinct eigenvalues.

For use in the filter design problems for undirected networks in Section the empirical
spectral distribution of the row-normalized adjacency matrix must be approximated. In order
to apply Girko’s method, a random matrix with independent entries must be defined such
that the spectral density will be a good approximation. For this purpose, initial work [22}-
28] used the scaled adjacency matrix = = %A (Gn) where 71 = Apax (E[A(G)]), which
is also the expected row sum if all rows have equal expected sum like in node-transitive
distributions. However, this introduces a bias in the expected largest eigenvalue (though
much less prominent than in the undirected case) if E [Apax (A(GN))] > Amax (E[A(GN)])
(ie, E[p(A(Gn) /M) =E[p(A(GN))] /p(E[A(GN)]) > 1), which should be exactly Apax =
1 for the row-normalized Laplacian. This must be true for node-transitive distributions since
Amax (A (GN)) > davg (A (Gn)) where dayg (A (Gn)) is the average degree [47], so it follows
that E [Amax (A (GN))] > E [davg (A (GN))] = Amax (E[(A(GN))]). (Note that previous results
are not invalidated as for large matrices this bias is observed to be asymptotically eliminated.

However, it is problematic for large but finite network size.) To partially correct this bias
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without affecting the variance, define

Sy = % (A(Gn) — A Gx)]) + % E[A(Gy) (3.45)

where 71 = Amax (E[A(Gn)]) and 72 = E [Anax (A(Gn))]. That this reduces the bias is
unproven, but the results match significantly better in practice.

Before applying this method to example percolation network models, the objection
that would prevent analysis of random matrices arising from structured networks,
where some entries must be dismissed. (Indeed, with the scaling used by =y, the variance of
individual entries falls as approximately 1/ (N 2 (On); j>, making this problematic regardless
of sparsity.) However, Girko also provides an alternate form of this theorem (see Corollary
25.1 on page 379 of [9]) that does not suppose the condition but does suppose doubly
stochastic variance (which is suitable for node-transitive distributions). Furthermore, the
proof is closely related to the theorem for Girko’s K7 equation, which does not assume the
condition . Instead, random matrices analyzed through the alternate form of Girko’s
K25 equation and through Girko’s K7 equation must satisfy a Lindberg-like condition. How-
ever, statement of the problem according to the alternate version of Girko’s K25 equation is
significantly more cumbersome than the main formulation of Girko’s K25 equation presented
in [9]. Therefore, this thesis references the main version of Girko’s K25 equation for these

problems while dismissing the condition ([3.34]).

Example 3.3: Directed SBM with Symmetric, Transitive Population Structure

Consider a directed stochastic block model with M node populations each of size S with
N = M S nodes in total. Suppose that the populations are arranged in a cycle and that two
nodes from the same population or from adjacent populations can potentially connect, with
probability that does not depend on cycle direction. Suppose that random intra-population
links occur independently with probability 6y . Also suppose that random inter-population
links occur independently with probability 6y, between adjacent populations.

Clearly, this example random network model is node-transitive, and the associated ran-

dom adjacency matrix distribution is transpose-symmetric. This implies that its mean adja-
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cency matrix is symmetric and, thus, normal. The link probability between nodes (i, j) are
described by the entries of the following matrix where C, is the adjacency matrix of a length

n directed cycle and 1,,, is the n x n matrix of ones.

@Z@N,() (]M ) ®(1S><S_IS>

+0n.1 (Car +Cjp) @ (Lsxs )

(3.46)

Therefore, E'[A(G)] = © and the eigenvalues of the mean adjacency matrix are easily com-
puted from the eigenvalues of directed cycles and Kronecker product relationships. Further-
more, the mean matrix is normal. The variance of each entry is described by ©o(1yxy — O).

The approximate empirical spectral distribution for =y can be computed through the re-
duced equations - for Girko’s K25 method based on its mean eigenvalues and total
row variance, which can be found though appropriate transformation of the adjacency matrix
mean eigenvalues and total row variance. Because the approximation will be numerically
computed at a large fixed value of N and fixed probability parameters, the conditions (3.32])-
are not verifiable without making assumptions about how the model would change
with increasing N. For a percolation model, such as this example, where each probability
paramter scales asymptotically with N in the same way (i.e., maintain a ratio) and where
each parameter governs a number of entries in each row proportional to N, the conditions are
satisfied for =y if N0y — o0o. Then the first condition is automatically satisfied. The
second condition (3.2)) is satisfied if each parameter Ny + 0. The Lindberg-like condition
of the modified formulation is satisfied if additionally N0y — oo.

Assume that the network model is a particular point in a larger family of network models
indexed by N such that the conditions are satisfied by this family of models (except con-
dition (3.34]) as previously noted). The resulting density will be used to approximate the
empirical spectral distribution of the row-normalized adjacency matrix. Simulation results
comparing the expected spectral density and approximate spectral density (of a transfor-
mation of the row-normalized adjacency matrix) appear in Figure Filter design results
using the approximate empirical spectral distribution for this model can be found in Fig-

ures [4.7 of Section [4.3]in Chapter [ for this model with specific numerical parameters.
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Figure 3.3: Expected empirical spectral distribution E [ f AR(g)] of the normalized adjacency
matrix (simulated over 1000 Monte-Carlo trials) compared agains the deterministic approx-
imation J?EN computed using Girko’s K25 method (8 = 1075, upa, = 102, 200 logarith-
mically spaced integration points) for the model in Example with M = 6, S = 200,
6o = 0.05, 6; = 0.01

Example 3.4: Directed SBM with Asymmetric, Transitive Population Structure

Consider a directed stochastic block model with M node populations each of size S with
N = M S nodes in total. Suppose that the populations are arranged in a cycle and that two
nodes from the same population or from adjacent populations can potentially connect, with

probability permitted to depend on cycle direction. Suppose that random intra-population
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links occur independently with probability 6y o. Also suppose that random inter-population
links occur independently with probability 6y ; along one population graph cycle direction
and with 0y, along the other population graph cycle direction.

Clearly, this example random network model is node-transitive, but the associated ran-
dom adjacency matrix distribution is not transpose-symmetric. The link probability between
nodes (i, j) are described by the entries of the following matrix where C, is the adjacency

matrix of a length n directed cycle and 1,,«,, is the n X n matrix of ones.

On =0n0 (In) @ (lsxs — Is)
+0n,1 (Cr) ® (Lsxs ) (3.47)
+0n2 (Chy) @ (Lsxs )
Therefore, E'[A(Gy)] = Oy and the eigenvalues of the mean adjacency matrix are easily
computed from the eigenvalues of directed cycles and Kronecker product relationships. Fur-
thermore, the mean matrix is circulant and, thus, normal. The variance of each entry is
described by O o (1yxny — On).

The approximate empirical spectral distribution for =y can be computed through the re-
duced equations — for Girko’s K25 method based on its mean eigenvalues and total
row variance, which can be found though appropriate transformation of the adjacency matrix
mean eigenvalues and total row variance. Because the approximation will be numerically
computed at a large fixed value of N and fixed probability parameters, the conditions —
(3.35) are not verifiable without making assumptions about how the model would change
with increasing N. For a percolation model, such as this example, where each probability
paramter scales asymptotically with N in the same way (i.e., maintain a ratio) and where
each parameter governs a number of entries in each row proportional to N, the conditions are
satisfied for Zy if NOy — co. Then the first condition (3.1)) is automatically satisfied. The
second condition is satisfied if each parameter N0y /4 0. The Lindberg-like condition
of the modified formulation is satisfied if additionally N0y — oco.

Assume that the network model is a particular point in a larger family of network models

indexed by N such that the conditions are satisfied by this family of models (except con-
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dition as previously noted). The resulting density will be used to approximate the
empirical spectral distribution of the row-normalized adjacency matrix. Simulation results
comparing the expected spectral density and approximate spectral density (of a transfor-
mation of the row-normalized adjacency matrix) appear in Figure Filter design results
using the approximate empirical spectral distribution for this model can be found in Fig-

ures [4.11 of Section [4.3]in Chapter [4] for this model with specific numerical parameters.
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Figure 3.4: Expected empirical spectral distribution E [ f AR(g)] of the normalized adjacency
matrix (simulated over 1000 Monte-Carlo trials) compared agains the deterministic approxi-
mation J?EN computed using Girko’s K25 method (8 = 1075, ., = 10%, 200 logarithmically
spaced integration points) for the model in Example with M = 6, S = 200, 6, = 0.05,
61 = 0.01, 65 = 0.00
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3.5 Summary

In summary, this chapter introduced random matrix theory methods suitable for analysis of
the spectral asymptotics of large-scale random network row-normalized adjacency matrices.
Two methods for symmetric random matrices were introduced, namely Girko’s K1 equation,
which describes the spectral asymptotics of matrices with independent entries (except as re-
lated by symmetry), and Girko’s K27 equation, which describes the spectral asymptotics of
matrices with independent block submatrices (except as related by symmetry). One method
for potentially non-Hermitian random matrices was introduced, namely Girko’s K25 equa-
tion, which describes the spectral asymptotics of matrices with independent entries. For
each method, conditions on the network distribution that enable computational simplifi-
cation were discussed, and the reduced systems of equations to provide the approximate
density were derived. For Girko’s K1 equation, node-transitivity yields significant computa-
tional reduction. For Girko’s K27 equation, node-transitivity with additional simultaneous
diagonalizability properties and known eigenvalue relationships yields significant computa-
tional reduction. For Girko’s K25 equation, node-transitivity with a normal mean matrix
yields significant computational reduction. The random matrix =y with independent entries
(except as related by symmetry for the undirected network case) used to approximate the
row normalized adjacency matrix was posed as a transformation of the adjacency matrix.
For each case, application to one or more example random network distribution was demon-
strated. Approximate spectral densities obtained using the methods in this chapter inform
filter design problems for constant random network models in Chapter [4] as well as filter

design problems for switching random network models in Section [5.3] of Chapter [5
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CHAPTER FOUR

Consensus Filter Design:

Constant Networks

4.1 Introduction

Distributed average consensus refers to the network agreement task in which network nodes
each begin with state set to an initial data element and must compute the average of all net-
work data through local communications and iterative linear updates to the local state |10].
Under the correct conditions, the resulting dynamic system has each state converge to the
(potentially weighted) mean of the initial state values at a rate governed by the spectral
radius of the difference between the iteration matrix and the averaging matrix, which de-
scribes the convergence of the worst case error vector |11]. Section describes distributed
average consensus in greater detail. For constant networks, the convergence rate can be ac-
celerated by periodically updating the state value at each node every d iterations by applying
a degree d filter to previous state values at that node. This filter design problem can be
understood in terms of graph signal processing, where the response magnitude of the filter to
the eigenvalues of the consensus iteration matrix W (G) (other than A (W (G)) = 1) should
be minimized. Section 2.6 describes consensus acceleration filters and related literature more
fully. For random matrices, uncertainty in the eigenvalues complicates the design process.
One existing method [16] attempts to handle the random network case through the mean it-
eration matrix, but this can produce poor or even diverging results when the true eigenvalues
differ significantly from the mean eigenvalues. A more complete understanding of the eigen-
value spread should therefore inform the filter design process, which this thesis obtains for

large-scale random matrices from the spectral density approximation methods in Chapter 3]
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This chapter presents the proposed optimization methods for periodic consensus accel-
eration filter design and other related graph filtering problems on large-scale constant (not
time-varying) random networks along with supporting simulation results. Section exam-
ines undirected random network models, posing a linear program for consensus acceleration
filter design based on the real empirical spectral density approximations obtained using
the methods in Section and Section for symmetric matrices. Simulation results for
the large-scale constant, undirected random network case are also provided. Section
examines directed random network models, posing a quadratically constrained linear pro-
gram for consensus acceleration filter design based on the complex empirical spectral density
approximations obtained using the methods in Section for non-Hermitian matrices. Sim-
ulation results for the large-scale constant, directed random network case are also provided.
Section presents filter design methods for worst case and expected total variation mini-
mization for both the undirected case and directed case. These optimization problems are
variants of those presented in Section |4.2| and Section |4.3| with weighted filter response. Sec-
tion provides simulations for these weighted problems. Finally, Section summarizes

the chapter in conclusion.

4.2 Constant, Undirected Random Networks

For large-scale constant (not time-varying) undirected random networks, this section in-
troduces an optimization problem for consensus acceleration filter design based on spectral
asymptotics. Let Gy be the random graph with N nodes describing the random network,
where A (Gy) is the unnormalized adjacency matrix, D (Gy) is the diagonal matrix of node
degrees, and £ (Gy) = D (Gn) — A (Gy) is the unnormalized Laplacian matrix. Additionally,
let Ar (Gn) = D (Gy) ' A(Gy) be the row-normalized adjacency matrix and L (Gy) =
I —D(Gn)" A(Gx) be the row-normalized Laplacian matrix. One common choice for con-
sensus iteration matrix is the Laplacian weights W (G) = I — oL (G) which produces an un-

weighted average consensus for suitable values of . However, for this filter design problem,
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the consensus iteration matrix will be derived from the row-normalized Laplacian matrix.
WN =W (QN) =1 - O./[,R (QN) (41)

While this selection typically results in a weighted average, advantages include the ability
to approximate the spectral density using Girko’s methods (as discussed in Section and
Section of Chapter [3) and good spectral density localization properties for many large-
scale percolation matrices. Furthermore, the left eigenvector of W (Gy) dictating the weights
is £, = dy, (Gn) where di (Gy) is the degree of the kth node. Note that if each node knows

the average degree

d(Gy)'1
davs = =777 (42)
of the network, the weighted average can be corrected through pre-multiplication of the

initial data xo by dayg (Gn) D (Gn) ™' producing an unweighted average. That, is
J1 = J¢ (davg(Gn) D (Gn) 7). (4.3)

In order to analyze the spectral asymptotics of Wy, consider the random matrix

. % (A(Gy) — ELAGN)]) + $ E[A(Gy)] (4.4)

where v = p(E[A(Gn)]) and v = E[p(A(Gn))]. A deterministic approximation for the
empirical spectral distribution of =y can be used to approximate the empirical spectral
distribution of Ag (Gy). Note that

LGy -1 +1 (4.5)

«

Ar (GN)

relates W (Gy) to Ag (Gy). Therefore, an approximate empirical spectral density fWN for

W relates to an approximate empirical spectral density ]?5 y for =x via the following expression.

fwy (z) = éfeN (= Ly 1) (4.6)

«
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The approximate density fEN may be obtained through methods such as from Section
and Section for suitable random network distributions. To optimize the convergence rate
of the filtered consensus process, the following optimization minimizes the filter response
magnitude over regions where the approximate density is nonzero.

min max |p (\)]

pEPd AGAK),T

st. p(l)=1 (4.7)

A, = {AeR‘l—)\>/<;,fWN \) >T}

where P; is the space of polynomials of degree at most d. The set A, ; C R defines the filtering
regions, where x and 7 are small constants (e.g., 7 = 1073, k = 1072 for the first simulation in
this section). The constant k serves as a transition distance designed to exclude the region
containing A\ = 1 where the equality constrain must be satisfied, since the approximate
density generally does not perfectly localize the density at A = 1. The constant 7 serves
as a threshold for detecting non-zero density content, as numerically evaluated approximate
densities arising from Girko’s equations are small nonzero in the excluded regions.

While it would be possible to apply methods like the Remez algorithm to optimize over
this set, optimizing the response at a suitable discretization can provide a good approxima-
tion. A set of sample points Ag C A, ; can be selected to capture the structure of A, -, for
instance through intersection with a sufficiently fine grid of points. Introducing a variable n
to bound the response magnitude at the sample points (i.e., |[p (\)| < 1), the problem in

can be approximately solved through the following optimization.

neky
PEPy
s.t p(l)=1
4.8
p(A) <n (48)
—p(A) <n

for all A € Ag
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Collecting the coefficients {az }i—s of p into the column vector a = [ag, . . . ,ag]", this can be
rewritten as the linearly constrained linear program (LP)
min
neR4 1
acRdt!

s.t. 1Ta=1

4.
v(iN)a<ng (4.9)
—v(\)a<ny
for all A € Ag
where v () is the (d 4+ 1) x 1 Vandermode column vector
0 ar
v(A) =A% A (4.10)

such that p(\) =v (\)' a.

To evaluate the presented filter design method, this section provides simulation results for
two undirected random network models, one with independent links and one with indepen-
dent block structure. For the first simulation results that appear in Figures [4.1H4.3] consider
a stochastic block model that follows the structure described in Example [3.1] of Section
in Chapter 3] The specific parameters used for this simulation are M; = 4, My = 5, S = 100,
6y = 0.05, 8; = 0.03, 0, = 0.03, 65 = 0.01. This random network model can be analyzed
through Girko’s K1 method in Theorem [3.1] as described by Example [3.1}

For the second group of simulation results that appear in Figures consider a mod-
ified stochastic block model with dependencies within node blocks that follows the structure
described in Example [3.2] of Section in Chapter The specific parameters used for
this simulation are M = 10, S; = 20, Sy = 5, {¢ox} = {0.50,0.50}, {6y} = {0.50,1.00},
{1} = {0.50,0.50}, {61} = {0.05,0.10}, {¢2x} = {0.50,0.50}, {f2;} = {0.01,0.02}.
This random network model can be analyzed through Girko’s K27 method in Theorem
as described by Example [3.2]
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For each of these random network models, a deterministic approximation ng to the
empirical spectral distribution of =y was computed (first simulation: € = 1075 second
simulation: € = 107°) to approximate the empirical spectral distribution of Ag. This was
transformed to form an approximation fWN to the empirical spectral distribution fyy, of the
consensus iteration matrix through (where @ = 1). Figure and Figure show
both the approximate spectral density f/\WN (black curve) and expected spectral density (blue
shaded) as simulated through 1000 Monte-Carlo trials with 500 histogram bins. As expected,
these plots closely correspond, suggesting the approximation should be useful.

Consensus acceleration filters of degrees d = 1,...,10 were designed according to the
method proposed in this section (first simulation: x = 1072, 7 = 1073, second simulation:
k = 1071, 7 = 107?) as the optimization problem (4.9). For purpose of comparison, filters
of degrees d = 1,... K — 1 were designed using only the mean iteration matrix eigenvalues
(equivalent to the mean matrix semi-definite program (SDP) method proposed in [16]), where
K is the number of distinct mean iteration matrix eigenvalues (K = 10 for the first model,
K = 4 for the second model). Note that optimal mean matrix SDP method filters cannot be
uniquely defined for d > K — 1. Hence, results are only shown for d < K — 1 for the mean
matrix SDP filters.

For the two simulations, Figure and Figure display the expected convergence rates
per iteration on a logarithmic scale to compare the performance of the proposed filter (blue
square curve) and the mean matrix SDP filter (purple triangle curve) along with the trivial
filter (black circle curve, no filter applied) and the optimal filter designed with the exact
matrix known for each matrix drawn from the distributions (green diamond curve). Note
that a smaller value of this plot indicates faster convergence and that the proposed filters
perform nearly as well as the optimal filters, which improve significantly over no filtering.
Furthermore, the convergence rates achieved using only the mean matrix eigenvalues do not
compare well for this model (and can fail to produce convergence in other models), indicating
a need to properly model the spread of the eigenvalues under these conditions. For each filter

type and degree, the empirical distribution of convergence rate results over the Monte-Carlo
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sample is plotted as a vertical histogram with the extreme results marked by bars. The

results have small spread, so these are somewhat difficult to see. Finally, filter responses

for each filter type are visualized in Figure [1.3] at degree d = 4 for the first simulation

and in Figure [4.6] at degree d = 4 for the second simulation, with the blue shaded region

showing the filtering region A, ;. The figures show that the response for the proposed filter

is nearly identical to the response for the optimal filter for an example matrix drawn from

the distribution.

The filter design method proposed in this section for undirected random networks is

subject to some practical limitations that should be noted.

e First, the method may only be applied to random network models for which an asymp-

totic spectral approximation can be derived for the random network description, for

instance by using Girko’s methods. Pragmatic solution to Girko’s equations relies on

the computational reduction justified by node-transitivity. This favors random net-

o8



work distributions with many permutation symmetries such that no two nodes are

statistically distinguishable, requiring costly brute force for more general models.

Second, numerical precision and tolerances of the optimization software limit the degree
of filters that can be accurately designed. Further increase in the filter degree may not
improve the convergence rate of the filters output from the optimization once the
convergence rate has been reduced close to these tolerances and may produce results

that cannot be trusted.

Third, the method relies on the support of the approximate spectral distribution cap-
turing the full set of eigenvalues of the actual consensus iteration matrix. The presence
of outlier eigenvalues could lead to reduced worst-case performance or, if the outliers are
far from the filtering regions, even possible loss of convergence. However, this problem
is much more pronounced when only the eigenvalues of the mean consensus iteration
matrix are known. As evident from the small spread of convergence rates in the simu-
lations, this is not a severe problem and only occurs with low probability. Furthermore,
it would be possible to add constraints to force convergence robustness by limiting the
response magnitude over all possible eigenvalues (i.e, for W = I — aLg the interval

[1—2q, 1) contains all eigenvalues apart from A = 1) at the cost of reducing optimality.

4.3 Constant, Directed Random Networks

For large-scale constant (not time-varying) directed random networks, this section intro-

duces an optimization problem for consensus acceleration filter design based on spectral

asymptotics. This section adopts the convention that each node in the directed network

receives data from its in-neighbors and sends data to its out-neighbors. Let Gy be the

random graph with N nodes describing the random network, where A (Gy) is the unnor-

malized adjacency matrix such that A;; (Gy) = 1 if node j is an in-neighbor of node i

and such that A;; = 0 otherwise. Also let Dy, (Gn) be the diagonal matrix of node in-

degrees and L, (Gn) = Dy, — A(Gn) be the in-degree directed Laplacian matrix. Finally,
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let Ar (Gn) = Din (Gn) " A(Gy) be the row-normalized adjacency matrix and Lz (Gy) =
I—Di, (Gn) " A (Gn) be the row-normalized directed Laplacian matrix. For this filter design
problem, the consensus iteration matrix will be derived from the row-normalized directed

Laplacian matrix via

WN = W(g]v) =1 - O./,CR (QN) (411)

for suitable values of a. As with the undirected case, while this selection typically results
in a weighted average, advantages include the ability to approximate the spectral density
using Girko’s methods (as discussed in Chapter [3) and good spectral density localization
properties for many large-scale percolation matrices. Unlike the undirected case, it is not
simple to compute and adjust for the left eigenvector inducing the weighted average.

In order to analyze the spectral asymptotics of Wy, consider the random matrix

s % (A(Gy) — ELAGN)]) + % EA(Gy)] (4.12)

where v, = p(E[A(Gn)]) and v = E[p(A(Gn))]. A deterministic approximation for the
empirical spectral distribution of =y can be used to approximate the empirical spectral

distribution of Ag (Gn). Note that

LW (Gy) = 1)+ T (4.13)

(&%

Ar (GN)

relates W (Gy) to Ag (Gy). Therefore, an approximate empirical spectral density ‘]/C\WN for
W relates to an approximate empirical spectral density J/C\EN for Zy via the following ex-

pression.

n 1 - x—1 Y
fWN76 (x7 y) - ?fEN,,B < N + ]-7 a) (414)

The approximate density J?EN may be obtained through methods such as from Section .
For suitable random network distributions. To optimize the convergence rate of the filtered

consensus process, the following optimization minimizes the filter response magnitude over
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regions where the approximate density is nonzero.
min max [p(\)]

peEP, )\EAK,T

st p(A)=1 (4.15)

A, = {AE(C‘H—)\\ > 6, fwy.s (Re{A}, Im{\}) >T}

The set A,, C C defines the filtering regions, where £ and 7 are small constants (e.g.,
7 = 1073, k = 1072 in the simulations for this section). The constants xk and 7 serve the
same purposes as in the formulation for undirected networks in Section [4.2] respectively
representing a transition distance and a non-zero density numerical threshold.

As before, a set of sample points Ag C A, ; can be selected to capture the structure of
A, -, for instance through intersection with a sufficiently fine grid of points. Introducing a
variable 7 to bound the squared response magnitude at the sample points (i.e., |p (A)|* < 7),

the problem in (4.15)) can be approximately solved through the following optimization.

nery
pEPy
PN <n

for all A € Ag

Collecting the coefficients {ak}izg of p into the column vector a = |ay, . .. ,ad]T, this can be

rewritten as the quadratically constrained linear program (QCLP)

neRy
aERd+l
s.t. 1Ta =1 (417)
a'Q(Na<

for all A € Ag
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where @) (A\) is the (d + 1) x (d + 1) real, positive semi-definite matrix

(v MV +v () v (X)*) (4.18)

N | —

Q(A) =
and v (A) is the (d 4+ 1) x 1 Vandermode column vector
0 T

v(A) =A%\ (4.19)

such that [p(\)]* = : <|p (N + p (X)|2> = a'Q(\)a. The matrices @ ()\) in the con-
straints are positive semidefinite, making this a convex optimization problem [50].

To evaluate the presented filter design method, this section provides simulation results for
two directed random network models, one with transpose-symmetric structure and one with
transpose-asymmetric structure but normal mean matrix. For the first simulation results
that appear in Figures |4.7h4.10| consider a stochastic block model that follows the structure
described in Example [3.3] of Section in Chapter [3] The specific parameters used for this
simulation are M = 6, S = 200, 6y = 0.05, #; = 0.01. This random network model can be
analyzed through Girko’s K25 method in Theorem as described by Example |3.3|

For the second group of simulation results that appear in Figures [4.11H4.14] consider a
stochastic block model with that follows the structure described in Example [3.4]of Section
in Chapter[3] The specific parameters used for this simulation are M = 8, .S = 200, 6, = 0.05,
01 = 0.03, 5 = 0.00. This random network model can be analyzed through Girko’s K25
method in Theorem [3.3| as described by Example |3.4, Because the mean matrix is normal,
the transpose-asymmetry of the distribution does not incur additional computational cost.

For each of these random network models, a deterministic approximation J/C\EN to the em-
pirical spectral distribution of =y was computed (8 = 107%, uya = 102, 200 logarithmically
spaced integration points) to approximate the empirical spectral distribution of Ag. This was
transformed to form an approximation ]/C\WN to the empirical spectral distribution fy, of the
consensus iteration matrix through (where a = 1). Figure[t.7)and Figure[d.11]show the
expected spectral densities E [ fiy, | for each model as simulated through 1000 Monte-Carlo trials
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with 300 real histogram bins and 100 imaginary histogram bins. Figure.§and Figure[d.12]show
the approximate spectral densities fWN as computed. For each of these plots, the boundary of
the filtering region A, , is encircled by closed black curves (k = 1072, 7 = 107%). As expected,
these plots closely correspond, suggesting the approximation should be useful.

Consensus acceleration filtersof degreesd = 1, . .., 10 were designed according to the method
proposed in this section as the optimization problem . For purpose of comparison, filters
of degrees d = 1,... K — 1 were designed using only the mean iteration matrix eigenvalues
(equivalent to the mean matrix semi-definite program (SDP) method proposed in [16]), where
K is the number of distinct mean iteration matrix eigenvalues (K = 5 for the first model, K =9
for the second model). Note that optimal mean matrix SDP method filters cannot be uniquely
defined for d> K —1. Hence, results are only shown for d</K —1 for the mean matrix SDP filters.

For the two simulations, Figure[4.9/and Figure display the expected convergence rates
per iteration on a logarithmic scale to compare the performance of the proposed filter (blue
square curve) and the mean matrix SDP filter (purple triangle curve) along with the trivial
filter (black circle curve, no filter applied) and the optimal filter designed with the exact matrix
known for each matrix drawn from the distributions (green diamond curve). Note that a smaller
value of this plot indicates faster convergence and that the proposed filters perform nearly as
well as the optimal filters, which improve significantly over no filtering. Furthermore, the
convergence rates achieved using only the mean matrix eigenvalues do not compare well for this
model and can fail to produce convergence, indicating aneed to properly model the spread of the
eigenvalues under these conditions. For each filter type and degree, the empirical distribution
of convergence rate results over the Monte-Carlo sample is plotted as a vertical histogram with
the extreme results marked by bars. The results have small spread, so these are somewhat
difficult to see. Finally, filter responses for each filter type are visualized in Figure
at degree d = 4 for the first simulation and in Figure[d.14al[4.14d]at degree d = 6 for the second
simulation, with the boundary of the filtering region A, , indicated with closed black curves.
The figures show that the response for the proposed filter is nearly identical to the response for

the optimal filter for an example matrix drawn from the distribution.
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The filter design method proposed in this section for directed random networks is subject
to some practical limitations that should be noted. Many of these are shared by the method for
undirected networks in Section[4.2] but are more pronounced for the directed networks case as

will be described.

e First, the method may only be applied to random network models for which an asymptotic
spectral approximation can be derived for the random network description, for instance
by using Girko’s methods. Pragmatic solution to Girko’s equations relies on the computa-
tional reduction justified by node-transitivity. This favors random network distributions
with many permutation symmetries such that no two nodes are statistically distinguish-
able, requiring costly brute force for more general models. Note that compared to Girko’s
K1 system of equations for undirected graphs, the reduced form of Girko’s K25 system of

equations has twice as many equations.

e Second, numerical precision and tolerances of the optimization software limit the degree
of filters that can be accurately designed. Further increase in the filter degree may not
improve the convergence rate of the filters output from the optimization once the conver-
gence rate has been reduced close to these tolerances and may produce results that cannot
be trusted. Because the quadratic constraints for the directed case are on the magnitude
squared, which falls more quickly than the magnitude in the linear constraints for the
undirected case, this may become problematic more quickly for the optimization problem

proposed in this section.

e Third, the method relies on the support of the approximate spectral distribution capturing
the full set of eigenvalues of the actual consensus iteration matrix. The presence of outlier
eigenvalues could lead to reduced worst-case performance or, if the outliers are far from the
filtering regions, even possible loss of convergence. However, this problem is much more
pronounced when only the eigenvalues of the mean consensus iteration matrix are known.
Asevident from the small spread of convergence rates in the simulations, thisisnot asevere

problem and only occurs with low probability. The results for the directed case experience

65



more variability due to outlying eigenvalues, and these outlying are somewhat more likely
to be real due to a phenomenon of the circular law (and related laws) sometimes called the
“Saturn effect”, in which eigenvalues concentrate on the real line for finite matrix size [51].
This effect disappears asymptotically as the matrix size increases. At the cost of some
optimality, the optimization problem could compensate for this effect by considering the
set A, r as alower bound for the filtering region, which can be slightly expanded to capture
close outlying eigenvalues, especially on the real axis. Furthermore, it would be possible
to add constraints to force convergence robustness by limiting the response magnitude

over all possible eigenvalues at the cost of reducing optimality.

4.4 Weighted Filter Response Optimization

More generally, the filter design problem can be modified by applying penalties dependent on

A that weight the frequency response. This leads to the more general problems

i A p (N
min max lg(A)p (M)

st.  p(l)=1 (4.20)

A, = {)\ = R‘l N> K fry (V) > r}
for undirected networks and

i ) p (A
min max lg(A)p(N)]

st. p(A)=1 (4.21)

Aps = {)\ e C\Il “ Al > 8, fves (Re{A}, Im {A}) > T}

for directed networks where g is a nonnegative weight function. For undirected networks, the

following linear program results from inclusion of the weights
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min i
neRy
acRIt!

s.t. 1Ta=1
gV a<y
—gNv(N) a<y
forall A € Ag

where v (M) is the (d + 1) x 1 Vandermode column vector

vy =[O 2"

(4.22)

(4.23)

such that p () = v (A) " a. For directed networks, the following linear objective with quadratic

constraints results from inclusion of the weights

min n
neRy
acRa+1

st. 1la=1
(g())*a'Q@(Na <y
forall A € Ag
where @) () is the (d 4 1) x (d + 1) real, positive semi-definite matrix

1

Q) =5 (Vv +v () v (V)

and v (\) is the (d 4+ 1) x 1 Vandermode column vector

such that [p (V)] =a’Q (\) a.

(4.24)

(4.25)

(4.26)

When optimizing worst case distributed consensus convergence rate as in (4.9)) and (4.17)),

the proper weight function is simply
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This choice for g minimizes the error for the worst eigenvector to produce fastest asymptotic
convergence. Alternatively, the £ graph total variation of the states after a single application
of the filter may be considered. Intuitively, signals of low total variation have node values close
to the average of neighboring node values. In terms of the row-normalized Laplacian, the total

variation TVg(x) = [|Lr (G) x||, of the filter output corresponding to normalized eigenvector

v, of W (G) = I — aLgr (G) with eigenvalue \; (W (G)) is
TVg (p (W (9))vi) = |5 (1= X (W (G)p (A (W (9)))] (4.28)

penalizing high |\; (g (G))| = |+ (1 — X; (W (G)))|. The worst case total variation of the filter

output normalized by the magnitude of the initial error relates to the spectral radius by

p(Lr(G)p(W(G)) —Je) < ...
LR (G D (W () = Tell, < ... (4.29)
VIV, e (LR (G)p (W (G)) — Je)

where V' diagonalizes W (G) and Ly (G). Hence, the proper weight function for this problem is
g2 (V) =2 (1 =N)]. (4.30)

If the filter was, instead, designed to minimize expected total variation, the frequency response
magnitude should be minimized for values of A for which the empirical spectral distribution is
more dense as well as large values of ‘ é (1—=2X) ‘ . Hence, areasonable weight function to optimize

expected total variation would be

gs(N) = |5 (1=N)]fv (\). (4.31)

Note that the factor of é could be removed from g, and g3 without changing the optimization
problem but is included to more clearly show the relationship to the total variation. Simu-
lated results for the undirected case of each of these design problems appear in Section for

several random network models.
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4.5 Simulations for Weighted Problems

To demonstrate the efficacy of the filter design methods proposed in the previous section, this
section provides extensive simulations establishing performance improvement over existing
methods for several random network models and filter design objectives. First, this section
introduces each network model considered and briefly discusses derivation of deterministic
equivalents for the iteration matrix empirical spectral distribution, which is primarily in the
scope of [22]23]. Subsequently, it describes the simulation procedure for each design objective
and interprets results that appear in Figures

Several practical random network models lead to random graph matrices with eigenvalues
that are amenable to analysis through the methods of random matrix theory. The Erdés-Rényi
model and stochastic block models have already been introduced. The simulations in this
section will make use of stochastic block models with the following structure. (This serves to
introduce a new example, but it requires no new analysis beyond those already presented in
Chapter[3]) Consider a D-dimensional lattice structured stochastic block model in which node
populations correspond to D-tuples and in which nodes can connect only if their populations
differ by at most one tuple symbol. Thus, the populations form a lattice in the sense of [52].
Nodes connect through a link with a fixed probability that depends on the tuple symbol, if any,
that differs between populations. Hence, nodes in the same population connect with probability
6y and nodes in different populations differing in the kth tuple connect with probability 8. For
instance, this could arise if the populations were organized by responses to D categorical random
variables and nodes only communicate with sufficiently similar nodes. For the D = 2 case, this
percolation model leads to supergraph and different percolation probabilities like those shown
in Figure[4.15¢ The adjacency matrix spectral statistics of this model were analyzed in [22,[23],
using Girko’s K1 method (see Section7 simplifying the problem using model symmetry and
simultaneous diagonalizability. Transforming the computed deterministic equivalents for the
adjacency matrix empirical spectral distribution to approximate the row-normalized Laplacian
empirical spectral distribution, simulations using each of these random network models test the

proposed filter design methods.
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(a) An Erdds-Rényi network model supergraph  (b) A simple stochastic block model (1-D lat-

is illustrated above for N = 7. It has com- tice) supergraph is illustrated above for 5 pop-

plete supergraph with links included acording ulations with 4 members. Different colors cor-

to some percolation probability 6. respond to different percolation probabilities
0, 01.

(c) A 2-D lattice stochastic block model super- (d) A random geographic location model is illus-
graph is illustrated above for 3 x 4 populations trated above. Nodes are independently placed
with 4 members. Different colors correspond to  at random in a unit area and connected through
different percolation probabilities 0g, 01, 5. a link if within the communication radius r.

Figure 4.15: Mlustrations for example random network models

Additionally, the paper [16] examines a random geographic location model [53] when test-
ing the filter design methods it introduces. Therefore, the simulations in this section will
include a slight generalization of this model to enable more direct comparison. Under this
model, nodes are randomly placed in a unit area and connected by a link if the distance is
less than communication radius r = c\/m [16]. An illustration depicting this appears
in Figure [4.15d] Because this network distribution is not amenable to analysis using Girko’s
methods, the eigenvalues will be characterized by simulating the expected histogram over 10*

Monte-Carlo samples for test purposes. Similarly the mean row-normalized Laplacian is com-
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puted by simulation for this model. For comparison, the Monte-Carlo approximation of the
expected empirical spectral density requires several minutes (/55.1 minutes on a 2014 Mac-
book Pro laptop computer in the simulations), depending linearly on the number of samples and
scaling rapidly with the number of network nodes, while the analytic computation for the other
graph models require a few seconds (/5.0 seconds on a 2014 Macbook Pro laptop computer in
the simulations), depending on the number of computation points and required accuracy but
not scaling with the number of network nodes.

In the first group of simulations, filters of varying degree were designed to improve the con-
vergence rate of the distributed average consensus process using iteration matrix W (Gy) =
I — aLlgr(Gy) for @« = 1. For each network model, a deterministic equivalent for the adja-
cency matrix empirical spectral distribution was computed (or simulated) as described above
[22,123,33]. After transformation, this information was used to approximate the empirical spec-
tral distributions of Ag (Gn) and, thus, W (Gy) [22,23]. Using this information, filters of degree

= 1,...,10 were designed to minimize the convergence rate bound using with weight
function g;. The resulting convergence rates are compared against those of the Newton inter-
polating polynomial (with critical point at A* = 0) and mean matrix SDP method from [16].
Note that the maximum degree for the mean matrix SDP methods is limited by the number of
distinct mean matrix eigenvalues. Thus, for the Erdés-Rényi and random geographic location
models, which have highly symmetric distributions, only first order filters are available for that
method. Additionally, the results are compared against filters designed with full knowledge of
the iteration matrix eigenvalues after the network is realized.

Figures[.16H4.22]show results for an Erdds-Rényi model, 2-D lattice stochastic block model,
3-D lattice stochastic block model, and random location network, respectively, with model
parameters listed in the corresponding caption. Figures show the computed de-
terministic approximation and the simulated expected empirical spectral distribution of W.
Figures{4.16bH4.22b|show filter responses for degree d = 4 filters. Figures compare
the expected convergence rate bounds for the filter design methods. That is, the plotted curves

show the filter response for the worst eigenvalue averaged over 1000 simulation trials. The
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outlying maximum and minimum over the 1000 trials for the proposed method are plotted as
whiskers to show the extent of the extremes (whiskers for other methods omitted for clarity).
Note that the minimum is often too close to the mean to be easily visible, but the maximum
outliers are sometimes substantial. However, most results are extremely close to the mean,
resulting in a sample standard deviation size too small to effectively include in the plot. Note
that the proposed method (blue square) performs almost exactly as well as when full knowl-
edge of the eigenvalues is available (green diamond) and outperforms the Newton polynomial
method (black circle) and mean matrix SDP method (purple triangle) from [16] in all cases.

Figures [£.16dH4.22d], [£.16¢l{4.22¢, and show the consensus convergence error over
time for filter lengths d = 2, d = 4, and d = 6.

In the second group of simulations, filters of varying degree were designed to improve the
worst case /5 graph total variation of the data after a single filter application for iteration matrix
W (Gn) =1 — alr(Gy) with @ = 1. Using the previously computed deterministic empirical
spectral distribution approximations, filters of degree d = 1, ..., 10 were designed to minimize
the worst case total variation bound using with weight function gs. The results are
compared against those of the Newton interpolating polynomial (with critical point at A* = 0)
and mean matrix SDP method from [16] as well as filters designed with full knowledge of the
iteration matrix eigenvalues after the network is realized.

Figures[d.17al{4.23alcompare the expected worst case total variation after asingle application
ofeach filter type for varying filter degrees, each averaged over 1000 simulation trails. Again, note
that the proposed method (blue square) performs almost exactly as well as having full knowledge
of the eigenvalues (green diamond) and outperforms the Newton polynomial method [16] (black
circle) and mean matrix SDP method [16] (purple triangle) in all cases. This simulation was
also repeated for filters designed to improve the expected ¢, graph total variation of the data
after a single filter application for iteration matrix W (Gy) = I — aLg (Gy) with a = 1. For
this problem, filters of degree d = 1, ..., 10 were designed using with weight function g3.
The results, averaged over 1000 simulation trials, appear in Figures and display the

same performance patterns among the filter types.
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(a) Expected empirical spectral density (blue
shaded) and analytically computed determinis-
tic equivalent distribution (black) for Lz of an
Erdés-Rényi model with NV = 1500 nodes and
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(b) Frequency response plot for filters designed
according to the listed methods. The shaded
blue region shows A, r. Dotted lines indicate
each worst eigenvalue response for a sample ma-
trix. Note that the blue and green curves are

percolation probability 8 = 0.03

nearly indistinguishable.
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(c) Consensus convergence rate comparison (average over 1000 trials) for filter design
methods including Newton (with critical point \*= 0) (black circle), SDP (purple
triangle), gi-optimal with deterministic equivalent (blue square, min/max bars), and g;-
optimal with eig. oracle (green diamond). Note that the mean iteration matrix has K = 2
eigenvalues, so the SDP is defined for d < 1. Also note that the green curve is near (but
slightly below) the blue curve.

‘Worst Case Consensus Convergence Error
over Time Using Filters of Degree d = 2
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Figure 4.16: Consensus filter design for Erdds-Rényi network
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(a) Worst case total variation comparison for filter design methods in-
cluding Newton (with critical point \* = 0) [16] (black circle), SDP [16]
(purple triangle), gs-optimal with deterministic equivalent (blue square),
and gs-optimal with eig. oracle (green diamond)
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(b) Expected total variation comparison for filter design methods including
Newton (with critical point \* = 0) [16] (black circle), SDP [16] (purple
triangle), gs-optimal with deterministic equivalent (blue square), and g¢3-
optimal with eig. oracle (green diamond)

Figure 4.17: Worst case and expected total variation filter design for Erdos-Rényi
network (parameters from Figure [4.16). Note that K = 2 so the mean iteration
matrix SDP method is only defined for d < 1. (Results are averaged over 1000 trials.)
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a 2-D Lattice SBM with 4 x 5 populations
each of 100 nodes and percolation probabilities
6 = (0.15,0.10,0.10)

Filter Response Magnitude Comparison for
Several Design Methods Using Degree d = 3
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(b) Frequency response plot for filters designed
according to the listed methods. The shaded
blue region shows A, r. Dotted lines indicate
each worst eigenvalue response for a sample ma-
trix. Note that the blue and green curves are
nearly indistinguishable.
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(c) Consensus convergence rate comparison (average over 1000 trials) for filter design
methods including Newton (with critical point \*= 0) (black circle), SDP (purple
triangle), gi-optimal with deterministic equivalent (blue square, min/max bars), and g;-
optimal with eig. oracle (green diamond). Note that the mean iteration matrix has K =5
eigenvalues, so the SDP is defined for d < 4. Also note that the green curve is near (but

slightly below) the blue curve.
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Figure 4.18: Consensus filter design for 2-D Lattice SBM network
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Worst Case Graph Total Variation Filter Comparison
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(a) Worst case total variation comparison for filter design methods in-
cluding Newton (with critical point \* = 0) [16] (black circle), SDP [16]
(purple triangle), gs-optimal with deterministic equivalent (blue square),
and gs-optimal with eig. oracle (green diamond)
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(b) Expected total variation comparison for filter design methods including
Newton (with critical point \* = 0) [16] (black circle), SDP [16] (purple
triangle), gs-optimal with deterministic equivalent (blue square), and g¢3-
optimal with eig. oracle (green diamond)

Figure 4.19: Worst case and expected total variation filter design for 2-D Lattice SBM
network (parameters from Figure(4.18)). Note that K’ = 5 so the mean iteration matrix
SDP method is only defined for d < 4. (Results are averaged over 1000 trials.)
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Expected Empirical Spectral Density
and Computed Deterministic Density
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(a) Expected empirical spectral density (blue
shaded) and analytically computed determinis-
tic equivalent distribution (black) for L of a
3-D Lattice SBM with 2 x 2 x 3 populations
each of 100 nodes and percolation probabilities
6 = (0.20,0.14,0.10,0.06)
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(b) Frequency response plot for filters designed
according to the listed methods. The shaded
blue region shows A, r. Dotted lines indicate
each worst eigenvalue response for a sample ma-
trix. Note that the blue and green curves are
nearly indistinguishable.
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(c) Consensus convergence rate comparison (average over 1000 trials) for filter design
methods including Newton (with critical point \*= 0) (black circle), SDP (purple
triangle), gi-optimal with deterministic equivalent (blue square, min/max bars), and g;-
optimal with eig. oracle (green diamond). Note that the mean iteration matrix has K = 9
eigenvalues, so the SDP is defined for d < 8. Also note that the green curve is near (but

slightly below) the blue curve.

Worst Case Consensus Convergence Error
over Time Using Filters of Degree d = 2

‘Worst Case Consensus Convergence Error
over Time Using Filters of Degree d = 4

Worst Case Consensus Convergence Error
over Time Using Filters of Degree d = 6

Filter: e ES
o e
N S S
‘8;.‘1\"‘ . :\\r\:\
e
iy
e

2 18 2 30
Tteration n

Iteration n

6 12 18 21 30
Iteration n

18 24 30

(d) Example worst case con-
Sensus convergence error over
time using degree d = 2 fil-
ter for design methods listed in

Figure

(e) Example worst case con-
Sensus convergence error over
time using degree d = 4 fil-
ter for design methods listed in

Figure

(f) Example worst case con-
Sensus convergence error over
time using degree d = 6 fil-
ter for design methods listed in

Figure

Figure 4.20: Consensus filter design for 3-D Lattice SBM network
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Worst Case Graph Total Variation Filter Comparison
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(a) Worst case total variation comparison for filter design methods in-
cluding Newton (with critical point \* = 0) [16] (black circle), SDP
(purple triangle), gs-optimal with deterministic equivalent (blue square),
and gs-optimal with eig. oracle (green diamond)
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(b) Expected total variation comparison for filter design methods including
Newton (with critical point A* = 0) [16] (black circle), SDP (purple
triangle), gs-optimal with deterministic equivalent (blue square), and g¢3-
optimal with eig. oracle (green diamond)

Figure 4.21: Worst case and expected total variation filter design for 3-D Lattice SBM
network (parameters from Figure(4.20)). Note that K’ = 9 so the mean iteration matrix
SDP method is only defined for d < 8. (Results are averaged over 1000 trials.)
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(a) Expected empirical spectral density (blue
shaded) for Lpr (analytic computations not
available for this network model) of a random
geographic network with N = 1000 nodes and
c=14
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(b) Frequency response plot for filters designed
according to the listed methods. The shaded
blue region shows A, r. Dotted lines indicate
each worst eigenvalue response for a sample ma-
trix. Note that the blue and green curves are

quite similar.

Distributed Average Consensus Filter (W = I — I Based)
Bound for Worst Case Convergence Rate Comparison
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(c) Consensus convergence rate comparison (average over 1000 trials) for filter design
methods including Newton (with critical point A*= 0) [16] (black circle), SDP (purple
triangle), gi-optimal with deterministic equivalent (blue square, min/max bars), and g¢;-
optimal with eig. oracle (green diamond). Note that the mean iteration matrix has K = 2
eigenvalues, so the SDP is defined for d < 1.
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Figure 4.22: Consensus filter design for random geographic network
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(a) Worst case total variation comparison for filter design methods in-
cluding Newton (with critical point \* = 0) [16] (black circle), SDP [16]
(purple triangle), gs-optimal with deterministic equivalent (blue square),
and gs-optimal with eig. oracle (green diamond)
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(b) Expected total variation comparison for filter design methods including
Newton (with critical point A* = 0) [16] (black circle), SDP |16] (purple
triangle), gs-optimal with deterministic equivalent (blue square), and g3-
optimal with eig. oracle (green diamond)

Figure 4.23: Worst case and expected total variation filter design for random ge-
ographic network (parameters from Figure . Note that K = 2 so the mean
iteration matrix SDP method is only defined for d < 1. (Results are averaged over
1000 trials.)
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4.6 Summary

In summary, this chapter presented filter design methods for periodic consensus acceleration fil-
ters and other closely related graph filtering problems on constant large-scale random networks.
These methods rely on the limiting behavior that can emerge in the eigenvalues of large-scale
matrices, using the support of the approximate spectral densities for the row-normalized adja-
cency matrix obtained using the methods in Chapter[3|to define filtering regions with respect to
the consensusiteration matrix. For undirected networks, minimizing the convergence rate leads
to alinear program that minimizes a bound on the filter response magnitude over the support of
the approximate density function. Similarly, for directed networks, minimizing the convergence
rate leads to a quadratically constrained linear program that minimizes a bound on the squared
filter response magnitude over the support of the approximate density function. Significant
improvements for the filters designed with the proposed method over the filterless convergence
rate and over the convergence rate of the mean SDP filter were observed in simulations for each
of these design problems. Furthermore, the performance of the proposed filter methods is near
that of the optimal filters designed with exact knowledge of the iteration matrix after the net-
work is drawn from its distribution. Practical limitations of this filtering approach, including
computational requirements, possible loss of robustness, and numerical issues. Subsequently,
these optimization problems were generalized to minimize worst case weighted filter response
magnitude, which handles optimization objectives such as the worst case total variance and the
expected total variation. Simulation results for the undirected case of these related problems
were also provided. For each filter design problem, the filters derived using the proposed method
and the approximate spectral density obtained via Girko’s methods perform nearly as well as
the optimal solution designed with exact knowledge of the iteration matrix after the network is

drawn from its distribution.
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CHAPTER FIVE

Consensus Filter Design:

Switching Networks

5.1 Introduction

For networks that change over time, the concept of a shift-invariant graph filter breaks down
because the graph shift operator changes along with the network. This significantly complicates
the graph filter design process for consensus acceleration, as the same notion of filter response
does not apply. However, for some random network models analysis is still possible with respect
to the sequence of graph shift matrix eigendecompositions, just as graph signal processing for
constant network analyzes data with respect to the eigendecomposition of the constant graph
shift operator. For instance, this chapter considers switching random networks, a time-varying
random network model. In the switching random network models considered in this thesis, the
marginal distribution of the network model at each iteration has some known distribution. At
eachiteration, the network either remains unchanged or potentially changes to an independently
drawn sample from the distribution according to the result of a Bernoulli random variable with
switching probability O, .

This chapter presents optimization methods for consensus filtering on large-scale random
undirected switching networks. These optimization methods are designed with the objective to
approximately minimize the consensus error norm after a single filter application. Section
focuses on filter design for unnormalized Laplacian-based consensus iteration matrices of undi-
rected graphs based on simulated expected empirical spectral distribution data. The filter
design optimization problem to minimize the expected consensus error vector norm squared

results in a quadratic program, where the matrix in the quadratic objective function can be
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approximated from the empirical spectral distribution moments given certain assumptions on
the eigenvectors. Section |5.3|focuses on filter design for row-normalized Laplacian-based con-
sensus iteration matrices of undirected switching networks based on the approximate spectral
density obtained through Girko’s methods as described in Chapter (3| The filter design opti-
mization problem to minimize the expected consensus error vector norm squared results in a
quadratic program nearly identical to that for the unnormalized Laplacian-based consensus
iteration matrix case in Section[5.2], with the exception of employing the approximate spectral
density. However, the derivation must be modified to account for the asymmetry of the iteration
matrices and resulting non-orthogonal bases of eigenvectors. Finally, Section summarizes

the chapter in conclusion.

5.2 Switching, Undirected Random Networks:
Symmetric Iteration Matrix Case (W=I—aL)

This section proposes design criteria for consensus acceleration filters on random switching
networks, a relatively simple class of time-varying network models, for certain large-scale ran-
dom network distributions using the unnormalized Laplacian based consensus iteration matrix
W (G) = I —aL (G). Each network is drawn from some specified random network distribution.
At each time iteration, the network either remains constant or switches to a new, independent
sample from the random network distribution according to a Bernoulli trial with fixed probabil-
ity. The proposed quadratic optimization objective involves an approximation of the expected
Gram matrix of error in the state vectors over a filtering window. The derived approximation
depends only on the moments of the expected empirical spectral distribution (obtainable via
Monte-Carlo simulation) of the iteration matrices and on the switching probability.

Consider distributed average consensus with respect to a time-varying sequence of iteration
matrices {W (Gy )} arising from a random switching network with N nodes and switching

probability fs,,. To compute an unweighted mean of the initial data x¢, the network implements
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a dynamic system with state x,, at time iteration n described by
Xp = W (gN,n) Xp—1 (51)

Provided the iteration matrices satisfy the consensus conditions

W(Gn,)1=1,1"W (Gn,)=1",

p(W(Gnn) = 1) <1

(5.2)

where J; = 117/171, the agreement error in the state vector is asymptotically eliminated,
converging to the unweighted mean. This section examines undirected graphs and employs the
iteration matrix scheme

WN,n =W (gN,n) =1—-al (gN,n) s (53)

which satisfies the properties in (5.2)) when the network graphs {Gy ,,} are connected and « is
chosen suitably. To improve the convergence rate, a degree d filter with coefficients {%}Zig will
be periodically applied to previous state values to update the current state vector according to

the following equation.

k=d
X, 1= Zakxn_d+k, n =0 (mod d) (5.4)
k=0
for k = 0,...,d. Thus, for initial vector x, the state vector terms used for filtering (written

for the first filtering operation only to simplify notation) are given by x; = ¢ <{WNn}Zj> X0

where

Ok <{WNn}Zj> =Wni.. - Wna
Po (‘{WN,n}Zif) = Iy

Because each iteration matrix has eigenvalue A = 1 corresponding to the consensus eigen-

(5.5)

vector 1, the filter coefficients must have unit sum to preserve this eigenvalue in the filtered

transformation. Collecting the filter coefficients into a vector
a=[ag,...,aq (5.6)

this constraint can be expressed as1'a = 1.
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Attempting to directly optimize the expected norm of the filter output error for the worst
case input proves challenging. Instead of directly optimizing the convergence rate, the filters
designed in thissection approximately minimize the expected norm of the filter output consensus
error vector with respect to the random iteration matrix sequence and with respect to the initial
error vector. Let xg = Xy1 + X, where x, is orthogonal to 1, and assume for simplicity that x, is
uniformly distributed on unit norm vectors orthogonal to 1. By Jensen’s inequality, the square
root of the expected norm squared provides a lower bound for the expected norm. Thus, rather

than minimizing the expected norm of the filter error directly, the expected norm squared will

be minimized as follows, where x, is uniformly distributed on { Xe € RN |x. L1, [|x.]| = 1 }
k=d 2
min B wea || =) S ardy <{WNn}”fd> Xe
1 Xe,d WN n MIn=1
acRd+ { N, }n=1 =0 9 (57)
st. 1Ta=1

The objective function in the above equation can be written in terms of the Gram matrix

of consensus error vectors corresponding to each filtering term. The entries of this matrix are

given by
(Qerr)ij - <(I - Jl) Qbi—l ({WN,n}Z:f> Xe, ( )
5.8
(] - Jl) ¢j—1 ({WN,n}Zicll> Xe> .
Thus, the optimization problem can be rewritten in the following quadratic form.
. T
aé%ildr}tl a EXea{WN,n}:icli [Qerr] N (59)
st. 1Ta=1

Denote by s the network switching sequence where s; = 1 and, foralln > 1, s, = 1if
Wnn = Wnn-1,and s, = 0 otherwise. That is, s,, determines whether Wy ,, is a new iteration

matrix (within the filtering window), with Wy always counted. The space of all possible
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switching sequences are the d-tuples
Sqa={1} x{0,1} x---x{0,1}, (5.10)

and the total number of independent networks is

k=d
#Hs=) s,  sESy (5.11)
k=1

with #s — 1 total switching events. For a switching process governed by independent Bernoulli

trials with switching probability 6,,,, switching sequence s € Sy has probability mass given by

Fs(8) = (Bu) =70 (1 = f,) D770 (5.12)

Thedistribution of theiteration matrix sequence { Wy ,, }Z:f can befactored into the distribution
of the switching sequence s and distribution of {Wy,, (s) }Zj given the switching sequence.
The Gram matrix of filter term consensus error vectors can also be conditioned on the switching

sequence as follows.

(Qenr ()55 = (1 = 1) 611 (W ()12 xe.

(5.13)
(1 = 1) di1 (W (9177 x.)

In terms of the factored distributions, the optimization problem in ([5.9)) can be reformulated as

follows.

. T
Juin - a’E [EX& (Wan(e}"™" [Qerr (S)ls]} a

(5.14)
st. 1Ta=1

The above optimization problem could be used for filter design by computing the values

of E [Wan(s)} v (@ (s) |s] through simulation. However, the intent of this section is to connect

information regarding the empirical spectral distribution of the iteration matrices to filter

design for large-scale random switching networks, as done for constant random networks in
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Chapter . Therefore, an analytical approximation (under suitable conditions) based on the
expected empirical spectral distribution will be described below.
Before proceeding, some notation must first be introduced. Note that each switching se-

quence s corresponds to an integer composition of d with #s partitions, namely

c(s)=(c1(s),...,cus(s)) (5.15)

where each ¢, (s) is the number of iterations the mth network is used before switching. Let
¢ (s,n) be the number of iterations the mth network is used up to (and including) iteration

n > 1with ¢, (s,0) = 0. More explicitly,

0 n< S e (s)
'm (8) = Cm () n> 3 (s) (5.16)
— e (s) otherwise

Let{u, (s) ]Zj\[_lu{un,]v (s) = 1/v/N}beaorthonormal basis of eigenvectors for Wiy, (s)
with {v; }i=) " U {vy = 1/v/N} an orthonormal basis of eigenvectors for I — .J;. Note that if
the network does not switch, the basis of eigenvectors remains the same. This motivates redefin-
ing some terms with respect to the number of independent networks to avoid duplication. Let
Wy (8) be the mth independently drawn network for m = 1,..., #s. Let the corresponding
orthonormal bases of eigenvectors be {u], , (s) :jlvfl U{u,n(s) = 1/\/N} Let the basis
change coordinates for this sequence of eigenvector bases be wgmm 1) i which gives the

coordinate of u;,, ,. - corresponding to u; for 1 < m < #s. Furthermore, let the coordi-

mA1,rm 1
nate of x, in u’ljr1 be w(O,l),m' Finally, let the coordinate of v, in u%ésvr#s be ¢E#s,#s+1)r#sé' Note
that because all bases are orthogonal, these are all inner products.

These basis change coordinates are random (except for the ones corresponding to the consen-
sus eigenvector, which remains constant ), and assumptions must be made regarding their nature

to enable computation. The results will vary in quality depending on how well these simplifying

assumptions hold. Assume that the basis change coordinates have the following properties
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(divided into four sets). While it may look like there are many cases, they are generated from

simple intuitions.

Assumption 1: First, note that the consensus eigenvector is always present and does not

change. This will give the following conditions

wéo,l),N =0
wém7m+1),NN =1,
¢Em,m+1),Nrm+1 =0,
¢Em,m+1),rmN =0,

1

/
w(#s,#sﬂ)r#w =5
/
Vitts st rgay = O

¢E#s,#s+1)N€ =0,

ot
—_
oo

m=1,...,#s—1
m=1,....,#s—1, rp1 #N

m=1,...,#s—1,r, # N

ot
—
=

e e e e e e T
ot
DO
(=]

— — ~— Y — N ~—

s = N 5.21
Tus 7 N 5.22
(+N 5.23

The remaining assumptions deal with the coordinates corresponding to the other eigenvectors.

Assumption 2: Second, assume that basis change coordinates (other than the ones that

remain constant) for different switching events are statistically independent.

Assumption 3: Third, assume that pairs of basis change coordinates for the same switching

event are uncorrelated.

E [¢EO,1)T1¢EO,1)t1:| =0,

E [wzmym‘i’l)'rmrnl-l»lwém,m+1)tmtm+1:| = 07

E [¢E#s,#s+1)r#sel@Z’f#s,#sﬂ)t#sez] =0,

T1 7é tl, Tl,tl 7é N (524)
Tm 7 tm and/or g # tmya,

(5.25)
m = 1,...7#8— 17 Tm,rm+1,tm,tm+1 #N
Tus # tus and/or {y # lo,

T#Sa t#sa gla 62 7é N

(5.26)

Assumption 4: Fourth, assume the following second moments for each basis change coor-

dinate. This is motivated by assumption of even distribution of the signal energy among the

eigenvectors.
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2] 1

b [(@%JM) = N7 " 7 N (5.27)
T 1

E |:(¢Em,m+1)rmrm+1)2 “N_1 TonsTma1 = N, m=1,...#s—1 (5.28)
2] 1

b [@E#s,#sﬂ)r#se) =w_p TlFN (5.29)

Then Eqw,, s)1,v [@ (s) |s] can be approximated as follows.

Proposition 5.1 (Approximate Gram Matrix)
Given a random switching network that satisfies the listed assumptions and the expected
empirical spectral density E[fw,], the following expression approximates the entries of the

expected Gram matrix of consensus error in the filter terms conditioned on the switching

sequence.
m=d#s
~ _ ~ i (8,i=1)+¢ m(s,5—1)
(Qerr <S)>ij 71_:[1 B, [ ] (030
N N g ) xzH#1
firy(@)=q M wn(z)] =7 (5.31)
0 =1

The approximation depends only on the moments of the transformed approximate empirical
spectral distribution and on the number of independent networks in the sequence. The

unconditional expected Gram matrix of consensus error in the filter terms is then as follows.
Qere = Fs | Qere (5)] (5.32)

The matrix @m (s) is positive semidefinite for any switching sequence s and spectral distri-

bution f;‘vN. Thus, the matrix @m is also positive semidefinite.

Proof
For the proof of this theorem, refer to the proof of Proposition[5.2)in Section[5.3] Proposition[5.2

provides the statement of the analogous result using the row-normalized Laplacian, which has
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non-orthogonal right-eigenvector bases. The proof of this theorem is nearly identical to that
for Proposition[5.2] Note that the only difference is the use of the expected empirical spectral
distribution in place of an approximation derived form Girko’s methods. Additionally, for this

case the basis change coordinates are inner products due to orthogonality. [ |

Substitution of the computed value of Q (s) for Eqw,(s),v [@ (s) |s] in equation (5.14]) results
in the final form of the optimization problem.
. TA
min = a Qera
a2 € (5.33)
st. 1Ta=1

This formulation is a positive semidefinite linearly constrained quadratic program (LCQP).
Because the expected norm squared is the sum of the squared expected norm and the variance
of the norm, this formulation tends to reduce both mean and variance.

In order to evaluate the proposed Gram matrix approximation and filter design method, this
section also provides simulation results. Figure[5.I]demonstrates the results on an Erdds-Rényi
model. Figure[5.2)demonstrates the results on a stochastic block model. The precise details of
each network model are listed in the figure captions. For each respective group of simulations,
Figure and Figure shows the expected empirical spectral distributions. Figure[5.1b
and Figure show the approximation error (matrix 2-norm) between the sample mean
% z],i’f Qerr i of simulated consensus error Gram matrices and the estimate for the expected
consensus error Gram matrix @err over increasing sample size n. Figure and Figure m
show the expected consensus error norm achieved with the proposed filter against the results
with no filter applied (simulated over 1000 Monte-Carlo trials). Figure and Figure m
show the expected consensus error for worst case input (expected consensus error matrix 2-
norm) achieved with the proposed filtered system against the results with no filter applied
(simulated over 1000 Monte-Carlo trials). To show the behavior of the filtering results as the
switching probability is varied, Figure5.3|repeats the results for an Erdds-Rényi network model
at three different switching probabilities. Note that it is not possible to claim that this improves
the asymptotic convergence rate, but only the worst case response (in expectation with respect

to the network) over the first filtering window.
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While the presented method represents an interesting result, it is subject to several lim-
itations that must be acknowledged here. The choice of iteration matrix weights based on
the row-normalized Laplacian, chosen to enable analysis using Girko’s methods, produces a
weighted average consensus. Furthermore, the method can only be applied to models for which
the empirical spectral distribution can be approximated (or simulated as done in the preceding
section). Furthermore, the assumptions of Proposition must approximately hold, making
it mostly applicable to random network models with a high degree of symmetry. As shown in
Figure[5.3the reduction in the expected consensus error norm provided by filters designed with
the proposed method rapidly diminishes with increasing switching probability.
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Figure 5.1: The plots show results for an Erdés-Rényi model with N = 1200 nodes and per-
colation probability 6 = 0.02. The network switching probability is s, = 0.10. The iteration
matrix W = I — aL is used with parameter o = 1/, where y; = (N — 1).
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Figure 5.2: The plots show results for a stochastic block model with M = 10 populations each
of size S' = 100 nodes and percolation probabilities 8, = 0.50 within populations and ; = 0.02
between different populations. The network switching probability is s, = 0.20. The iteration
matrix W = I — aL is used with parameter & = 1/, where y; = 6o(S — 1) + 6, (M — 1)S.
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(f) Expected worst case con-
sensus error of the filtered
transform with respect to the
network (computed over 1000
Monte-Carlo trials) for the
trivial filter (no filtering, red)
and the proposed filter (blue)
at fsw = 0.30

Figure 5.3: The plots show results for an Erdés-Rényi model with N = 1000 nodes and percola-
tion probability # = 0.03. Three network switching probability values 6, = {0.10,0.20,0.30}
are tested to show the changing degree of benefit as the switching probability increases. The
iteration matrix W = I — aL is used with parameter & = 1/+; wherey; = (N — 1).
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5.3 Switching, Undirected Random Networks:

Asymmetric Iteration Matrix Case (W=I—aLpg)

This section proposes design criteria for consensus acceleration filters on random switching net-
works, a relatively simple class of time-varying network models, for certain large-scale random
network distributions using the row-normalized Laplacian based consensus iteration matrix
W(G) =1— alr(G). Each network is drawn from some specified random network distri-
bution. At each time iteration, the network either remains constant or switches to a new,
independent sample from the random network distribution according to a Bernoulli trial with
fixed probability. The proposed quadratic optimization objective involves an approximation
of the expected Gram matrix of error in the state vectors over a filtering window. The derived
approximation depends only on the moments of the approximate empirical spectral distribution
of the iteration matrices (obtainable via Girko’s methods) and on the switching probability.
Consider distributed average consensus with respect to a time-varying sequence of iteration
matrices {W (Gy )} arising from a random switching network with N nodes and switching
probability 6y,. To compute a weighted mean of the initial data x¢, the network implements a

dynamic system with state x,, at time iteration n described by
Xpn = w (gN,n> Xn—1 (534)

Provided the iteration matrices satisfy the consensus conditions

W (Gnn)1 =1, W (Gnn) = £,

pW(Gnn) = Je,) <1

(5.35)

where J,, = 1£, /£ 1, the agreement error in the state vector is asymptotically eliminated.

This section examines undirected graphs and employs the iteration matrix scheme

Wyn =W (Gnn)=1—alr(Gnn), (5.36)
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which satisfies the properties in ((5.35)) when the network graphs {Gn,,} are connected and « is
chosen suitably. To improve the convergence rate, a degree d filter with coefficients {ak}zzg will
be periodically applied to previous state values to update the current state vector according to

the following equation.

k=d
X, 1= Zakxn_dJrk, n =0 (mod d) (5.37)
k=0
for k = 0,...,d. Thus, for initial vector xo the state vector terms used for filtering (written

for the first filtering operation only to simplify notation) are given by x; = ¢, ({WNn}ZZl> X0

where

b ({WN,H}Zj) — W ... W

b0 ({WNn}Zj> = Iy

Because each iteration matrix has eigenvalue A = 1 corresponding to the consensus eigen-

(5.38)

vector 1, the filter coefficients must have unit sum to preserve this eigenvalue in the filtered

transformation. Collecting the filter coefficients into a vector

a=ag,...,aq (5.39)

this constraint can be expressed as 17a = 1.

Attempting to directly optimize the expected norm of the filter output error for the worst
case input proves challenging. Instead of directly optimizing the convergence rate, the filters
designed in this section approximately minimize the expected norm of the filter output consensus
error vector with respect to the random iteration matrix sequence and with respect to the initial
error vector. Let xg = Xo1 + x, where X, is orthogonal to 1, and assume for simplicity that x, is
uniformly distributed on unit norm vectors orthogonal to 1. By Jensen’s inequality, the square
root of the expected norm squared provides a lower bound for the expected norm. Thus, rather

than minimizing the expected norm of the filter error directly, the expected norm squared will
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be minimized as follows, where X, is uniformly distributed on {x, € R¥[x.L1, || = 1}.

2

k=d
min ~ E et | ||(I =T a (Wn”fd>xe
aeRd+1 Xe7{WN,n}n:il ( 1) kZ:O k¢k { N7 }nil 2 (5.40)
st. 1Ta=1

The objective function in the above equation can be written in terms of the Gram matrix

of consensus error vectors corresponding to each filtering term. The entries of this matrix are

given by
(Qerr)ij = <(I - Jl) (bifl ({WN,n}Zif> Xe;
(5.41)
(1= J) é51 ((Wradist) % ).
Thus, the optimization problem can be rewritten in the following quadratic form.
min a' E n=d [Qerr| @
acRd+1 xe,{WNm}n:1 (5'42)

st. 1'a=1

Denote by s the network switching sequence where s; = 1 and, foralln > 1, s, = 1if
Wxn = Wnn-1,and s, = 0 otherwise. That is, s,, determines whether Wy ,, is a new iteration
matrix (within the filtering window), with Wy, always counted. The space of all possible

switching sequences are the d-tuples
Sqa={1} x{0,1} x --- x{0,1}, (5.43)
and the total number of independent networks is
k=d
#s = Zsk, s €Sy (5.44)
k=1

with #s — 1 total switching events. For a switching process governed by independent Bernoulli
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trials with switching probability 6,,,, switching sequence s € Sy has probability mass given by
fs(8) = (Bs)#*V (1 — ) 14707570 (5.45)

Thedistribution of theiteration matrix sequence { Wy ,, }Zi‘f can befactored into the distribution
of the switching sequence s and distribution of {Wy,, (s) }Zj given the switching sequence.
The Gram matrix of filter term consensus error vectors can also be conditioned on the switching

sequence as follows.

(Qere () = (I = 1) &t (W ()11 ) e

(5.46)
(1= 205 (W 9170 )

In terms of the factored distributions, the optimization problem in ([5.42)) can be reformulated

as follows.

. T
_min - a’ B [Ex% (Wan(} ™ [Qerr (S)ISJ} a

(5.47)
st. 1la=1

The above optimization problem could be used for filter design by computing the values
of E (Wan(e)}v (@ (s) |s] through simulation. However, the intent of this section is to connect
information regarding the empirical spectral distribution of the iteration matrices to filter design
for large-scale random switching networks, as done for constant random networks in Chapter[4]
Therefore, an analytical approximation (under suitable conditions) based on a deterministic
approximation of the empirical spectral distribution will be described below.

Before proceeding, some notation must first be introduced. Note that each switching se-

quence s corresponds to an integer composition of d with #s partitions, namely

c(s)=(c1(s),...,cus(s)) (5.48)

where each ¢, (s) is the number of iterations the mth network is used before switching. Let

¢ (s,n) be the number of iterations the mth network is used up to (and including) iteration

98



n > 1with ¢, (s,0) = 0. More explicitly,

0 <Yl
=1 e n>Ya (5.49
n—S1 e (s) otherwise

Let {u, (s) szlvq U {u, v (s) = 1/v/N} be a basis of unit norm (not necessarily orthog-
onal) right-eigenvectors for Wy, (s) with {vi}= ' U {vy = 1/v/N} an orthonormal basis
of eigenvectors for I — J;. Note that if the network does not switch, the basis of eigenvectors
remains the same. This motivates redefining some terms with respect to the number of indepen-

dent networks to avoid duplication. Let Wy . (s) be the mth independently drawn network for

m = 1,...,#s. Let the corresponding bases of unit norm (not necessarily orthogonal) right-
eigenvectors be {u/, , (s) Zjlv*l U{ul, v (s) =1/VN}. Let the basis change coordinates for

this sequence of eigenvector bases be wé which gives the coordinate of u’mﬂﬂm cor-

m,m—+1),rmrm41’

!/

responding to w,, .

for 1 < m < #s. Furthermore, let the coordinate of x, in uj ,, be
¢EO71)7T1' Finally, let the coordinate of v, in u;ﬁsm#s be w(#s,#s—i—l)r#sé'

These basis change coordinates are random (except for the ones corresponding to the consen-
sus eigenvector, which remains constant ), and assumptions must be made regarding their nature
to enable computation. The results will vary in quality depending on how well these simplifying
assumptions hold. Assume that the basis change coordinates have the following properties

(divided into four sets). While it may look like there are many cases, they are generated from

simple intuitions.

Assumption 1: First, note that the consensus eigenvector is always present and does not

change. This will give the following conditions

Yo.n =0 (5.50)
77Z)Em,m+l),NN = ]-7 m = 17 BRI #S —1 (551)
wgm,m—kl),NrmH - 0’ m = 17 LR #S - 17 T'm+1 ?é N (552)
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/
7ﬂ(m,m—i—l),rmN =
/
¢(#S,#S+1)7‘#SN =
/
7’Z)(#S,#S+1)T#5N

wz#s,#sﬂ)m =0,

0, m=1,....,#s—1,r, #N (5.53)
1, rus=N (5.54)
=0, ru#N (5.55)
(4N (5.56)

The remaining assumptions deal with the coordinates that do not correspond to the consensus

eigenvector.

Assumption 2: Second, assume that basis change coordinates (other than the ones that

remain constant) for different switching events are statistically independent.

Assumption 3: Third, assume that pairs of basis change coordinates for the same switching

event are uncorrelated.

E [wEO,l)anO,l)tJ = 07

/ /
E [w(m7m+1)7’7n7'm+1 w(mam+1)t7ntm+lj|

E |:¢E#s,#s+1)r#sllwz#s,#s—kl)t#s@] = 07

T # tl, Tl,tl % N (557)

Tm 7 tm and/or o1 # tya,

=0,

m

(5.58)
= 1,...,#S— 1, ’f’m,rm+1,tm,tm+1 7£N

rus # tus and/or by # lo,

(5.59)

T#Sa z('-#57 617 62 3& N

Assumption 4: Fourth, assume the following second moments for each basis change coordi-

nate. Thisis motivated by assumption of even distribution of the signal energy if the eigenvectors

were orthogonal.

E|(Yonn)’]

E [(¢Em,m+1)rm7‘m+1 ) 2_

2
E |: <¢E#s,#s+1)r#sé>

—_

ri# N (5.60)
TosTma1 7 N, m=1,...#s—1 (5.61)
rus, L # N (5.62)

Then Eqw,, (s)},v [@ (s) [s] can be approximated as follows.
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Proposition 5.2 (Approximate Gram Matrix)

Given a random switching network that satisfies the listed assumptions, an approximate
empirical spectral density fWN, and small constant k used to isolate the eigenvalue A =1 so
it can be removed, the following expression approximates the entries of the expected Gram

matrix of consensus error in the filter terms conditioned on the switching sequence.

m=#s

<©err (S)>l‘j B H Bz [/\CIm(SVZ‘_l)-i—c,M(s,j_l) (563)
m=1

%
fWN,n

%fWN(x) r<1l—k

Frvyw(@) = (5.64)

0 r>1—k

The approximation depends only on the moments of the transformed approximate empirical
spectral distribution and on the number of independent networks in the sequence. The

unconditional expected Gram matrix of consensus error in the filter terms is then as follows.

Qerr = By [@ (s)] (5.65)

The matrix @\m (s) is positive semidefinite for any switching sequence s and spectral distri-

bution f;‘VNﬁ. Thus, the matrix @m is also positive semidefinite.

Proof

n=d
n=1

In order to prove the result, first express (I — Jy) ¢y ({WN,n (s)} > X, in terms of the

sequence of bases for each independent matrix given the switching sequence. That is, ex-

press (I — Jq) ¢y ({WNn (s)}Zj) X, in terms of the normalized (but not necessarily orthog-
rm=N

rm=1

m=#s m=#s
onal) right-eigenvector bases {{u;n o (s)} } for {Wh .} _Tﬁ and the orthonormal
m m:1 ? m=

eigenvector basis {v, (s)}s—1 for I — .J; using the basis change coordinates W for

m,m~+1),rmTm+1
m=1,...#s—1land r,,r,1 = 1,..., N. (Recall that {1#(071)7”} are the coordinates of x,
in {uf,, (s) }::iv Additionally, recall that {¢E#s,#s+1),r#sz} are the coordinates of the vectors

{u’#sm#s } in {v,},=1".) Note that the mth independent matrix is used for the network iteration
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c (s, k) times before switching up to (and including) the kth iteration, implying its eigenvalues
are raised to exponent ¢/, (s, k) in that portion of the product. Thus, the following expression
emerges. Note that the first and last sums range from 1 to N — 1 because x. is orthogonal to

u N = 1/\/N by hypothesis and because (I — J;) annihilates vy .

(1 = 1) 6 ({Win (s)}z:;’) x, =

Z Vot M (W)

ri=1

= L(5H)
: ( Z wEI,Z),Tl’I”Q |:)\T'l (W]/V,2)]02 >

ro=1

rus=N
s (8,k)
( Z ¢(#S 1,#s),rus—174s [)\T#s (WN#S)] #

Tys=1

{=N-1
( Z ¢#S,#S+l r#sf K)) >

- T#S_N f=a ch (s,k)
Z Z < H wszl,m),rm_lrm [)\rm (W]/V,m)} me ) ce

m=1

(=N-1
. Z wZ#S,#sﬁ-l)m#sZV@
=1
(5.66)
Next, approximate the value of E e W (S)} |:(Qerr (s))s

s} through computing the ex-

pected inner product

B (0 =) oy (Wi OV %0 (1= B) 6 (1Wwn 10 %) (5.67)

using the stated assumptions regarding the basis change coordinates. (Note: Several simplifying
steps will be made at once due to the size of the equations.) First, observe that because the basis
{v,} is orthonormal, only like terms with respect to £ need be considered in the inner product.

By independence of the basis change coordinates at different time iterations, expectations of
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like terms with respect to time can be factored from other time iterations. Finally, by the
assumption that E [¢Emm ) kf¢£m,m +1)rt} = 0 for different basis change coordinates (k # r or
r # t) at the same time iteration, many terms can be removed. The remaining terms in the

approximation are as follows.

(@err (S)> =

”M'%

=N rus=N m=%#s )
I ST SN (1 | (AR I8
o=1 Tus=1 m=1

c (s,i— (55— 2
. |:)\7«m (W],\77m):| m( 1) |:>\T’m (W]/V,m)} ( J 1)> E [(w(#s #s+1 T#s :|
(=1
(5.68)

Applying the assumptions that @DEmm )N =

= Oforr,, < N,thatE {(

m ;m+1 rmrm+1>

2
ﬁ form < #sand r,,, 7,11 < N, and that E [<¢E#S7#S+1)T#S£) } = ﬁ for all 745, 0 < N,
the following is derived. (Note: Because of the first assumption for this step, some of the upper

ranges of the sum could be reduced.)

ri=N—-1ry=N-1 rus=N—1 [/ m=#s
@), - X X (T

rus=1 m=1
# s (5.69)
N 1

/ C (8,i=1)4cp, (s,5—1)
Do (73] ) ——

(=1

The last term simply sums to one. Finally, observe that within this equation, moments of the
empirical spectral distribution (modified to exclude A = 1) are hidden. These moments with
respect to the true empirical spectral distribution will be approximated by the moments of the

approximate empirical spectral distribution J/C\WN (after suitably modified). Thus, the following

expression
(Qerr ) mﬁsEfWNnm [ (W],V7m>)cin(s,ifl)Jrc;n(s,jfl) (5.70)
is derived where R
Fopo @) = § T Wml®) w1 (5:71)
0 r>1—-~k
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and k is a small constant to exclude the 1/N of the density near A = 1. (Assume it excludes
exactly 1/N of the density such that the above is a valid probability density function.) Finally,

noting that each of the matrices are identically distributed, the final form

m=%#s

(0w (®) =TI B i) 512

K m=1

is derived where
%fWN(x) r<1—k

fivg.s(T) =
0 r>1—k

(5.73)

and k is as small constant as before. Thus the result is derived given the approximating assump-
tions.

It remains to be proven that each matrix @err (s) is positive semidefinite. This will be
accomplished by showing it is an expected Gram matrix (not just an approximation of one). Let
A1, ..., Ags be independent, identically distributed random variables with distribution ]?ITVNJ{.

And consider the column vector A with

m==#s
A= [ Ay, (5.74)
m=1
Note that
CTjerr (S) =E [ATA] (575)

making it an expectation of a Gram matrix and, therefore, positive semidefinite. Consequently,

@err = Eq [@m (s)} is also positive semidefinite. [ |

Substitution of the computed value of Q (s) for Eqw,(s)1,v [@ (s) |s] in equation (5.47) results

in the final form of the optimization problem.

midn aT@err a
acke (5.76)

This formulation is a positive semidefinite linearly constrained quadratic program (LCQP).
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Because the expected norm squared is the sum of the squared expected norm and the variance
of the norm, this formulation tends to reduce both mean and variance.

In order to evaluate the proposed Gram matrix approximation and filter design method,
this section also provides simulation results. Figure[5.4]demonstrates the results on an Erdés-
Rényi model. Figure demonstrates the results on a stochastic block model. The precise
details of each network model are listed in the figure captions. For each respective group
of simulations, Figure and Figure |5.5al shows the expected and approximate empirical
spectral distributions. Figure and Figure show the approximation error (matrix 2-
norm) between the sample mean % Zij Qerr e Of simulated consensus error Gram matrices
and the estimate for the expected consensus error Gram matrix @err over increasing sample
size n. Figure and Figure [5.5¢ show the expected consensus error norm achieved with
the proposed filter against the results with no filter applied (simulated over 1000 Monte-Carlo
trials). Figure and Figure show the expected consensus error for worst case input
(expected consensus error matrix 2-norm) achieved with the proposed filtered system against
theresults with no filter applied (simulated over 1000 Monte-Carlo trials). To show the behavior
of the filtering results as the switching probability is varied, Figure |[5.6|repeats the results for
an Erdds-Rényi network model at three different switching probabilities. Note that it is not
possible to claim that this improves the asymptotic convergence rate, but only the worst case
response (in expectation with respect to the network) over the first filtering window.

While the presented method represents an interesting result, it is subject to several lim-
itations that must be acknowledged here. The choice of iteration matrix weights based on
the row-normalized Laplacian, chosen to enable analysis using Girko’s methods, produces a
weighted average consensus. Furthermore, the method can only be applied to models for which
the empirical spectral distribution can be approximated (or simulated as done in the preceding
section). Furthermore, the assumptions of Proposition must approximately hold, making
it mostly applicable to random network models with a high degree of symmetry. As shown in

Figure[5.6)the reduction in the expected consensus error norm provided by filters designed with
the proposed method rapidly diminishes with increasing switching probability.
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Figure 5.4: The plots show results for an Erdos-Rényi model with N = 1200 nodes and per-
colation probability 6 = 0.02. The network switching probability is s, = 0.10. The iteration
matrix W = [ — aLp is used with parameter a = 1.
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Figure 5.5: The plots show results for a stochastic block model with M = 10 populations each
of size S' = 100 nodes and percolation probabilities 8, = 0.50 within populations and ; = 0.02
between different populations. The network switching probability is s, = 0.20. The iteration
matrix W = [ — aLp is used with parameter a = 1.
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the network and the input
(computed over 1000 Monte-
Carlo trials) for the triv-
ial filter (no filtering, red)
and the proposed filter (blue)
at Osw = 0.30

Expected Worst Case Consensus Error Norm
2.50

g -10.00
0 1 2 3 1 5 6
Filter Degree d

(f) Expected worst case con-
sensus error norm of the fil-
tered transform with respect
to the network (computed over
1000 Monte-Carlo trials) for
the trivial filter (no filtering,
red) and the proposed filter
(blue) at s, = 0.30

Figure 5.6: The plots show results for an Erdés-Rényi model with N = 1000 nodes and percola-
tion probability # = 0.03. Three network switching probability values g, = {0.10,0.20,0.30}
are tested to show the changing degree of benefit as the switching probability increases. The
iteration matrix W = I — aLg is used with parameter o = 1.
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5.4 Summary

In summary, this chapter presented filter design methods for minimizing the expected consen-
sus error norm squared for large-scale random switching networks, a particular time-varying
random network model. This problem formulation leads to an optimization problem in the form
of a quadratic program where the positive semidefinite matrix in the objective function is the
expected Gram matrix of consensus error in each filtering term. The expected Gram matrix
can be approximated by conditioning the expectation on the switching sequence and making
some simplified. The expected Gram matrix given each switching sequence can be approxi-
mated in terms of the consensus iteration matrix empirical spectral distribution moments, as
shown by Proposition[5.IJand Proposition[5.2] This was first accomplished for Laplacian-based
consensus iteration matrices of the form W (G) = I — oL (G) using the expected empirical
spectral distribution as computed through simulation. Subsequently, this was extended to row-
normalized Laplacian-based consensus iteration matrices of the form W (G) = I — aLr (G)
using the approximate expected empirical spectral distributions computed through Girko’s
methods (in Section or Sectionof Chapter . Simulation results support the proposed
filter optimization method for both cases. The filters designed using the proposed method tend
to reduce both the mean and the variance of the consensus error norm. While consistently
observed in the simulation, the reductions in the mean error norm compared to the results with
no filtering quickly diminish with increasing switching probability, limiting the applicability of
this method. It is possible that models with greater correlation between adjacent random ma-
trices in the sequence would have greater alignment between sequential eigenvector bases and
thus admit more substantial filtering results. However, these models are much more difficult to

analyze and are, therefore, reserved for future work along with extension to directed models.
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CHAPTER SIX

Conclusion

6.1 Thesis Summary

The uncertain conditions of random networks represent a significant challenge for graph signal
processing applications. Graph signal processing techniques rely on the eigendecomposition
of graph shift matrices that conform to the graph structure. For instance, the graph shift
matrix eigenvalues define the domain for the filter response of shift-invariant graph filters.
Consequently, graph filter design methods that operate with respect to the random network
distribution must account for the induced spectral uncertainty. However, statistical knowledge
regarding the eigendecomposition is difficult to obtain in a stochastic setting for most random
network distributions.

This thesis leverages the predictability that emerges from large-scale random networks for
suitable network models to enable such analysis. Specifically, the empirical distribution built
from the eigenvalues of a large-scale random matrix may admit a deterministic limit obtainable
through methods from random matrix theory literature. For graph shift matrices that conform
to the random network structure, random matrix theory methods that accommodate non-
identically distributed matrix entries and deterministic explicitly zero matrix entries provide
the most relevance. In particular, methods published by Girko |9] provide results suitable for
analysis of the adjacency matrix spectral asymptotics for random link-percolation networks
subject to mild regularity conditions. Several such results are available covering cases relevant
to both directed networks and undirected networks.

After Chapter [2| detailing basic background concepts and definitions used throughout the
thesis, Chapter |3|introduced and discussed these spectral asymptotics theorems, focusing on

three specific results: Girko’s K1 method, Girko’s K27 method, and Girko’s K25 method.
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Girko’s K1 method handles symmetric random matrices with independent entries (except as
related by symmetry), and thus undirected Bernoulli link-percolation networks. Girko’s K27
method handles symmetric random matrices with independent block submatrices (except as
related by symmetry), and thus link-percolation networks with some localized correlations.
Girko’s K25 method handles potentially non-Hermitian random matrices with independent
entries, and thus directed Bernoulli link-percolation networks. Each of these methods involves
solving a system of nonlinear equations, the solution to which yields the approximate spectral
distribution. Introduction of each result was supplemented by providing a detailed tutorial ex-
plaining the application of each method to approximate spectral densities for row-normalized
network adjacency matrices. For each case, this included describing computational simplifica-
tion conditions that reduce the system of equations. Node-transitivity of the random network
model represents the most important of these. Each method was applied to an example random
network model, with simulation visually demonstrating the quality of the approximation.

For shift-invariant filter design with respect to constant random networks, the graph shift
matrix spectral asymptotics informed the filter design approach proposed in this thesis. Given
a target filter response specification, the methods proposed design a filter to optimally approx-
imate the target filter response on the support of the approximate spectral distribution. Use
of the approximate spectral density support represents the critical intuition of this work (for
constant networks), from which the results are derived. This enables filter design with respect
to the random network distribution, such that the network nodes can be preprogrammed with
the filter before deployment.

The particular graph filter application considered in this thesis is filter design for accelerated
convergence of distributed average consensus state dynamics. Such filters produce more rapid
or more accurate results in a variety of practical network agreement scenarios. For a constant
network topology, the rate of convergence is governed by the largest eigenvalue modulus, apart
from the consensus eigenvalue A = 1. Therefore, the target graph filter response for consensus
acceleration maps all eigenvalues to zero and filter optimality is defined in the minimax sense,

resulting in a Chebyshev filter design problem. Related problems such at worst case graph total
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variation minimization and expected graph total variation minimization were approached by
generalizing to formulations of the optimization problems with weighted filter response error.

Chapter 4| posed periodic shift-invariant graph filter design optimization problems for con-
sensus acceleration (and closely related problems) informed by the spectral asymptotics of
large-scale networks (both undirected and directed). Included simulation results for each case
support the proposed filter design methods. The main contributions of this thesis that appear
in Chapter [ are as follows:

e For undirected networks, Section |4.2{posed a linear program (LP) to minimize the worst
case filter response magnitude over the filtering region defined by the approximate spec-
tral density (obtained by the methods in Section or Section. Simulation results
for several random network models demonstrated convergence rates nearly equal to the
optimal filter designed with exactly known consensus iteration matrix. Furthermore, the
improvement over results obtained for filters designed to minimize response at only the

mean eigenvalues is substantial.

e For directed networks, Section [4.3| posed a quadratically constrained linear program
(QCLP) to minimize the worst case filter response magnitude squared over the filtering re-
gion defined by the approximate spectral density (obtained by the methodsin Section .
Simulation results for several random network models demonstrated convergence rates
nearly equal to the optimal filter designed with exactly known consensus iteration ma-
trix. Furthermore, the improvement over results obtained for filters designed to minimize

response at only the mean eigenvalues is substantial.

e Variants of the above optimization problems with weighted error minimization were posed
in Section [£.4] including both a linear program (LP) for undirected networks and a
quadratically constrained linear program (QCLP) for directed networks. This allows
filter design for minimized graph total variation and expected total variation on large-
scale random graphs. Simulation results for the undirected network case are provided and

support the proposed method by demonstrating increased filter performance.
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For filter design with respect to time-varying networks, many intuitions from shift-invariant
graph signal processing break down. This scenario results in a sequence of graph shift operators
with a sequence of eigendecompositions that should be used to perform graph signal processing
analysis. For random networks, assumptions must be made regarding how the eigenvector
bases relate to each other to enable analysis. To that end, this thesis examined switching
networks, in which the network changes randomly to an independently drawn random network.
The critical intuition of this work (for switching networks) consists of eigenvector assumptions
proposed for switching networks and use of the approximate spectral density, specifically its
moments. The particular graph filter application for switching again relates to accelerated
consensus but differs slightly in objective. More precisely, the problem seeks to minimize the
consensus error vector norm in expectation with respect to both the input consensus error vector
and the network sequence.

Chapter[f|posed the graph filter design optimization problems for expected consensus error
norm minimization (after a single filter application) informed by the spectral asymptotics of
large-scale undirected switching networks . Included simulation results for each case support the
proposed filter design methods. The main contributions of this thesis that appear in Chapter/5]

are as follows:

e Forlarge-scale switching undirected random networks, the norm squared of the consensus
error was expressed as aquadraticobjective function. Thematrixin thisobjective function
is the expected (with respect to the network sequence and input error vector) Gram
matrix of consensus error in the filter terms. This led to posing a linearly constrained

quadratic program (LCQP) for approximate expected consensus error norm minimization

on switching networks (in both Section[5.2)and Section|[5.3).

e An approximation of the expected Gram matrix of consensus error in each term was de-
rived (Propositionand Proposition|5.2)) based on assumptions regarding the sequence
of eigenvector bases and the moments of the approximate spectral distribution. This was

done for unnormalized Laplacian-based weights W (G) = I — aL (G) in Section [5.2| us-
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ing the simulated expected empirical spectral distribution and done for row-normalized

Laplacian-based weights W (G) = I — aLg (G) in Section[5.3]

In conclusion, this thesis examined graph signal processing on large-scale random networks,
performing filter design optimization with respect to the spectral distribution asymptotics as
obtained through random matrix theory results. For constant random network models, shift in-
variant graph filters for accelerated distributed average consensus convergence were designed to
minimize the filter response over the support of the approximate spectral density. For switching
random network models, graph filters were designed to minimize the expected consensus error
using assumptions on the sequence of consensus iteration matrix eigenvectors and the approx-
imate spectral distribution moments. Simulation results for each case demonstrate the utility
of asymptotic spectral methods for graph signal processing on large-scale random networks.
This suggests similar approaches would benefit other graph filtering applications on large-scale

random networks.

6.2 Future Work

This thesis closes by presenting several possible directions for continuing research efforts on
graph signal processing using the methods described in this thesis as a point of departure.
The suggested topics can be divided into the following three groups: expansion of asymptotic
spectral analysis of networks, further analysis of filter design for constant random networks, and
further analysis of filter design for time-varying random networks. This section briefly discusses
potential continuations within each category.

To apply the methods presented in this thesis to broader classes of large-scale random
networks, further search random matrix theory literature for applicable methods. The three
methods for empirical spectral distribution approximation from Girko that were employed in
this thesis pertain to networks in which a directed link and the reverse of the link are either
completely dependent (bidirectional) or completely independent. However, partial correlation

between these links represents a well motivated but unhandled case. The conditions imposed
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by Girko’s methods that pertain to matrices with such partial correlations are too severely
limiting to allow application to network adjacency matrices. However, the existence of these
nearly applicable theorems suggests extensive search through more recently published literature
could reveal suitable methods. Additionally, Girko’s methods apply to large-scale matrices,
but the results do not specify convergence error bounds for the spectral approximation. Such
information, if found, would important in more precisely quantifying the meaning of “large-
scale” networks. Furthermore, it could potentially extend the practical relevance of the filter
design methods in this thesis to networks of smaller size.

For large-scale constant random networks continuing efforts could focus on connecting spec-
tral asymptotics with non-minimax filter design objectives. It is possible to combine ¢, and
(5 (least-squares), and /., (minimax) constraints and objectives in various ways to produce
several different linear program (LP), linearly constrained quadratic program (LCQP), and
quadratically constrained quadratic program (QCQP) formulations, some of which may be
more suitable for given problems. For instance, filter response approximation with respect to
least squares optimization has particular relevance to minimizing norm squared objectives in
expectation with respect to random inputs. Finally, because the presented optimization meth-
ods for large-scale constant random networks can be used to approximate any specified target
filter response, the methods in this thesis could find use in additional graph signal processing
applications beyond consensus acceleration.

For large-scale time-varying random networks, the results provided in this thesis demon-
strate that the improvement in consensus error minimization derived from the designed filters
rapidly diminishes with increasing switching probability. However, network models character-
ized by more gradual change (compared to abrupt switches to an independently drawn network)
may maintain greater alignment between eigenvector bases at consecutive network changes and
produce more significant improvements using graph filters. For instance, percolation networks
with links governed by independent Markov processes, which are well motivated in terms of link
failure and recovery processes, may experience more gradual change and represents a potential

opportunity for continuing research.
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