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ABSTRACT OF DISSERTATION 

 

Since their discoveries, carbon nanotubes have been widely studied, but mostly in the 

forms of 1D individual carbon nanotube (CNT). From practical application point of view, 

it is highly desirable to produce carbon nanotubes in large scales. This has resulted in a 

new class of carbon nanotube material, called the vertically aligned carbon nanotube 

arrays (VA-CNTs). To date, our ability to design and model this complex material is still 

limited.  The classical molecular mechanics methods used to model individual CNTs are 

not applicable to the modeling of VA-CNT structures due to the significant 

computational efforts required.  This research is to develop efficient structural mechanics 

approaches to design, model and characterize the mechanical responses of the VA-CNTs.  

The structural beam and shell mechanics are generally applicable to the well aligned VA-

CNTs prepared by template synthesis while the structural solid elements are more 

applicable to much complex, super-long VA-CNTs from template-free synthesis. VA-

CNTs are also highly “tunable” from the structure standpoint. The architectures and 

geometric parameters of the VA-CNTs have been thoroughly examined, including tube 

configuration, tube diameter, tube height, nanotube array density, tube distribution 

pattern, among many other factors. Overall, the structural mechanics approaches are 

simple and robust methods for design and characterization of these novel carbon 

nanomaterials. 
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Chapter 1 

1. Introduction 
 

1.1 Overview of vertically aligned carbon nanotube arrays 
 

1.1.1 Individual carbon nanotube (CNT) 

 

Carbon nanotube (CNT) is a new class of material that was discovered during the late 

90’s by Iijima (Iijima 1991). Like diamond, graphene and graphite, carbon nanotube is an 

allotrope of carbon. One of the notable features of carbon nanotube is its enormous aspect 

ratio which can go up to 1.32e8:1.0. It has been realized that carbon nanotube has 

tremendous potential owing to its exceptional mechanical, electrical, magnetic, optical 

and thermal properties. From a mechanical stand point carbon nanotube has high tensile 

strength (of the order of 11 – 63 GPa) and very high Young’s modulus (around 1TPa). 

From electrical viewpoint carbon nanotube has very high current carrying capacity (4e9 

A/cm2) which is 1000 times greater than that of copper (Lu 1997), high electron mobility 

(100,000 cm2/V/s) as compared to silicon (1400 cm2 /V/s) (Lu 1997) resulting in high  

electrical conductivity and also high thermal conductivity (3500 w/m/k, as against 385 

w/m/k for copper) (Lu 1997) .  

 

In its simplest form a carbon nanotube structure may be understood as a molecule with 

atoms connected by bonds in a hexagonal ring structure pattern. An individual CNT may 

be visualized as having formed from a graphene sheet with atoms that are interconnected 

by bonds in hexagonal chains and upon rolling this sheet forms into a tube structure as 

seen in Figure 1.1 below. The CNT can be single walled or multiwalled. The latter one 

can be either of the “Russian Doll” model type with several concentric layers or 

“Parchment” (scroll) model type with single unending layer rolled into spiral 

configuration. 
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Figure 1.1. Graphene sheet rolled into nanotube, single walled, double walled and multi 

walled tubes (Shen et al. 2011) 

 

CNTs are classified into three types based on their direction of rolling vector: (i) arm 

chair, (ii) zigzag, and (iii) chiral. Each of the three configurations of the nanotube may be 

realized by rolling the nanotube along the vectors as shown in Figure 1.2. Here n, m are 

the number of unit vectors along unit vectors a1 and a2 and Ch is the resultant vector. 

 
 

 

Figure 1.2. Graphene sheet with unit vectors a1, a2 showing the three CNT 

configurations.(Choudhary and Gupta 2011) 

 

Resultant vector is given by "𝐶ℎ =  𝑛𝑎1����⃗ +  𝑚𝑎2����⃗ " and T is the nanotube axis. With m = 

0, the nanotube configuration realized is “zigzag”. With n = m, the nanotube 

configuration realized is “armchair”. With n ≠ m, the nanotube configuration realized is 

“chiral”. Carbon nanotubes can be either of metallic or semiconducting types. 

Specifically all armchair nanotubes (n, n) are metallic, (n, m) nanotubes with n-m = 3j 
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where j is an integer are again metallic and (n, m) nanotubes with n-m ≠ 3j are 

semiconductors. This classification is pictorially depicted in the Figure 1.3 below.  

 

 
Figure 1.3. Figure showing metallic and semiconducting nanotube configurations  

(Kreupl et al. 2002)        

 

Metallic nanotubes are used as ballistic nano-scale conductors while semiconducting 

nanotubes form the material for devices filling the main needs in the microelectronic 

industry for use in cooling elements, super capacitors, lithium-ion batteries, solar cells, 

nano-electromechanical systems (NEMS), sensors etc. In medicine, nanotechnology is 

used for improved drug delivery, new drugs and therapies, the developing of new 

biomaterials and active implants, imaging and diagnostics of diseases, etc. (Ismach 

2008). Further it has been reported that MWCNTs almost always show metallic behavior 

making it highly suitable for use in interconnect applications  in view of its strong  

metallic behavior(Kreupl et al. 2002) 
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1.1.2 Vertically aligned carbon nanotube arrays (VA-CNTs) 

 

From practical application point of view, it is highly desirable to produce carbon 

nanotubes in large scales and on various substrates. This has resulted in a new class of 

carbon nanotube material, called the vertically aligned carbon nanotube arrays (VA-

CNTs). Within literature, VA-CNTs is also referred as vertically aligned carbon nanotube 

forests, vertically aligned carbon nanotube turfs, vertically aligned carbon nanotube mats, 

vertically aligned carbon nanotube brushes, etc. The vertically aligned carbon nanotube 

arrays usually consists of a dense packing of individual CNT with densities as high as 1 x 

108 tubes /cm2 through 1x 1013 tubes /cm2 (Figure 1.4). 

 

 
Figure 1.4. (A) Picture of a single-walled VA-CNT arrays. (B) SEM image of VA-CNT 

cylindrical pillars with 150 µm radius, 250 µm pitch, and 1mm height. The inset  shows 

an SEM image of a root of a pillar, scale bar 50 µm (Ismach 2008). 

 

The VA-CNTs materials can be mass produced through various new synthesis 

techniques, including  (1) carbon arc discharge, (2) electric arc discharge, (3) laser 

ablation, and (4) chemical vapor deposition, etc. The VA-CNTs can also be grown on 

different substrates for a variety of applications as seen in in Figure 1.5. VA-CNTs grown 

on planar substrates, as shown in Figure 1.5(a) and have found widespread applications in 

areas such as the electrical interconnects (Kreupl et al. 2002), thermal interface 

materials(Xu and Fisher 2006, Dai 2010)  , energy dissipation devices (Kreupl et al. 

2002, Dai 2010) and microelectronic devices and micro-electromechanical systems 

(Treacy et al. 1996). VA-CNTs grown on rounded carbon fibers, as shown in Figure 

1.5.(b), can be used for improving the fiber-matrix interfaces in composites (Ruoff and 

Lorents 1995, Kreupl et al. 2002, Cola et al. 2009, Chen et al. 2010), and as flow or 
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pressure sensors used on micro air vehicles (MAVs) (Wendy et al. 1995, Goze et al. 

1999). VA-CNTs reinforced with matrix composites forms anisotropic conductive 

materials, while VA-CNTs grown on patterned substrates find applications in triode-type 

field emitters. In view of their  large surface area and high thermal conductivity both of 

which ensure rapid heat transfer to the surroundings, VA-CNTs are important materials 

in the construction of solar cells. VA-CNTs are used in hydrogen storage in view of the 

interior and interstitial surfaces of open-ended CNTs possessing strong binding energy 

for adsorbing hydrogen gas molecules. Since VA-CNTs possess larger surface area and 

higher electrical conductivity over entangled CNTs they form an ideal electrode material 

for DNA biosensor, sensors for glucose, pH and NO2. Super –aligned CNTs which has a 

greater nucleation density, lower CNT diameter distribution and better alignment 

compared to VA-CNT arrays in view of their excellent mechanical (strength > 460MPa) 

and electrical properties are further developed into a touch panel, liquid crystal display 

and transparent loudspeaker while still retaining their properties while being exposed to 

very high or low temperature. VA-CNTs are also used to draw transparent sheets which 

can further be employed to make organic light emitting diodes (LED). VA-CNTs are 

used in complementary metal oxide semiconductor (CMOS) IC that can overcome 

device-to-device variation when normal CNTs are used. VA-CNTs are also grown on 

spherical substrates. In view of their super compressible foam like behavior 

demonstrating quick recovery properties, the VA-CNT array is used in energy absorbing 

coatings. 

 

   
Figure 1.5. Vertically aligned carbon nanotube arrays grown on (a) Planar substrate and 

(b) Circular substrate (c) Spherical substrate (Ismach 2008) 

 

Si wafer Carbon fiber 

(b)(a) (c) 
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1.2 Synthesis of vertically aligned carbon nanotube arrays 
 

The vertically aligned carbon nanotube arrays are generally produced through the 

methods of (1) template synthesis and (2) template-free synthesis. 

 

1.2.1 Growth of VA-CNTs by template synthesis  

 

The commonly used template synthesis techniques include arc discharge and laser 

ablation. In one of the works by De-Heer et al (De Heer et al. 1995) , an ethanol 

dispersion of arc-produced nanotubes was passed through an aluminum oxide micropore 

filter. This in turn leads to perpendicular alignment of nanotubes on the filter surface. 

This was further transferred to a cathode substrate inside a field emitting device. In a 

similar way other porous membranes such as mesoporous silica and aluminium 

nanoholes have been used as templates for the template synthesis of VA-CNTs (Terrones 

et al. 1997). Terrones et al (Terrones et al. 1997) reported growth of aligned CNTs on 

cobalt coated silica plate by way of laser ablation and etching of cobalt on the silica plate 

generated the linear tracks in which there is no catalyst (cobalt) which upon subjecting to 

two stage pyrolysis lead to growth of well aligned CNTs with no growth observed in the 

linear tracks.  
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1.2.1.1 VA-CNT synthesis by arc discharge method 

 

 
 

Figure 1.6. Schematic of  plasma arc discharge method (Kingston and Simard 2003). 

 

 

Carbon nanotubes were first observed as a byproduct during the fabrication of fullerenes 

using electric arc discharge between the graphite electrodes. MWCNTS were first 

reported following which it was discovered that addition of a catalyst to one of the 

electrodes produced deposits that were rich in SWCNTs. Arc discharge method is a high 

temperature (>1700°C) CNT synthesis method causing the CNT growth with fewer 

structural defects (Prasek et al. 2011). Both MWCNTs and SWCNTs are grown using 

this technique.  

 

A schematic of the arc discharge method in its simplest form is as shown in figure above. 

In this method, a DC arc discharge between a pair of water cooled graphite electrodes (6 

mm anode and 12 mm cathode in diameter) is created by applying a potential difference 

of 10V-35V in a chamber filled with an inert gas such as helium at sub atmospheric 

pressure .Hydrogen and Methane are also used in this process. Thin and long MWNTs 

have been synthesized  under a CH4 gas pressure of 50 - 500 Torr and an arc current of 

20A-100A for the anode (Kingston and Simard 2003, Prasek et al. 2011). The high 
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temperature arc discharge between the electrodes leads to sublimation of material from 

the anode which is transferred to the cathode and surrounding walls of the apparatus. In 

the arc discharge method under controlled conditions of pressure and related parameters, 

pure nanotubes with high yield may be obtained. Yield of 20-100 mg/min have been 

reported. Since the consumption of the anode is faster than the growth of MWCNTs, the 

gap between the graphite electrodes is always maintained at 1 mm by way of constant 

feeding of one electrode leading to stable arc discharge between the electrodes and a high 

yield. Synthesis of MWCNTs with an outer diameter of 10-20nm having 5-15 walls and 

lengths up to 3µm are produced using this method. When the process is carried without 

the use of a catalyst, MWCNTS are formed as against using a catalyst in which case 

SWCNTs are produced. SWCNT growth in arc discharge makes use of  a composite 

anode consisting of graphite and a metal such as Ni, Fe, Co, Pd, Ag, Pt or mixtures of 

elements such as Co, Fe, Ni, Cu, Ti etc.  In the case of a metal catalyst and graphite, 

when introduced into a hole that is drilled in the carbon anode, the so formed nanotubes 

are found in the soot that is deposited in the chamber wall (Choudhary and Gupta 2011).  

 

1.2.1.2 VA-CNT synthesis by laser ablation method 

 

 
 

Figure 1.7. Schematic of CNT growth by laser ablation (Kingston and Simard 2003, 

Choudhary and Gupta 2011). 
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The laser ablation technique used for the growth of CNT is as shown in the figure above. 

In its simplest form the setup consists of a furnace, quartz reactor tube and a laser beam 

source. An intense laser pulse is focused onto the graphite rod target located inside the 

reactor tube which in turn vaporizes a carbon target containing small amounts of metals 

such as nickel and cobalt. The target is vaporized in a high temperature argon buffer gas. 

The entire setup is placed in a tube furnace that is maintained at a temperature of 1200°C. 

Upon ablation of the target by the laser and with the passage of an inert gas through the 

chamber, the grown nanotubes are carried to the copper collector that is cooled with 

water from where the nanotubes are collected. The deposit consists of both MWCNTs 

and SWCNTs. The main advantage of this method is the production of high quality 

SWCNT with minimal defects and contaminants such as amorphous carbon and catalytic 

metals. The diameter of the SWCNT produced can be controlled by changing the furnace 

temperature, catalytic metals and the flow rate. It has been observed that raising the 

furnace temperature results in SWCNTs with larger diameter (Koziol et al. 2010, 

Choudhary and Gupta 2011).   Production rates observed in this method is around 80 

mg/day up to 1g/24h (Kingston and Simard 2003). It has been observed that the 

properties of the CNTs so produced is largely dependent on the laser properties, the 

structural and chemical composition of the target material being ablated, the chamber 

pressure maintained, the chemical composition, flow as well as the pressure of the buffer 

gas, the substrate properties, ambient temperature and the distance between the target and 

the substrate.  
 

In general, the template synthesis allows producing highly ordered VA-CNT structures.  

By controlling the design of the template, the resultant VA-CNTs can have various 

architectures and geometric parameters, including the tube height, tube diameter, tube 

array density, tube distribution pattern, inter-tube distance, and among many other factors 

as shown in figure below.  
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(b) 

 

Figure 1.8. (a) Schematic showing the process of template synthesis for producing 

vertically aligned carbon nanotubes structure. (b) SEM image of aligned carbon 

nanotubes structure (Waters et al. 2005).  

 

1.2.2 Growth of VA-CNT by template free synthesis 

 

Unlike in the template synthesis method, the template free synthesis is a one step process 

in which there is no preparation of the catalyst nanoparticles on the substrate used for the 

nanotube growth. Further, there is no need for the use of template pores in the substrate 

as reported by several research groups. Among the several available methods, Chemical 

Vapor Deposition (CVD) has been recognized as the most promising as well as the most 

popular method for producing VA-CNT arrays. In this process thermal decomposition of 

a hydrocarbon vapor is achieved in the presence of a metal catalyst. Hence, it is also 

known as thermal CVD or catalytic CVD. Various types of CVD have been developed 

such as thermal CVD (T-CVD), plasma-enhanced CVD (PE-CVD) and floating catalyst 

CVD (FC-CVD). In comparison with electric arc-discharge and laser-ablation techniques, 
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CVD is the simplest and most economic technique for synthesizing CNTs at low 

temperatures and ambient pressure conditions. However in terms of crystallinity, arc 

discharge- and laser-grown CNTs are much superior to those grown by CVD. It may be 

noted that the crystallinity of SWCNTs grown by CVD is comparable to those grown by 

arc-discharge and laser ablation methods while slightly reduced crystallinity is observed 

in MWCNTs grown by CVD. CNTs grown by CVD have better yield, purity, structure 

control and architecture as compared to other techniques. The CVD technique is versatile 

with regards to harnessing several hydrocarbons in solid, liquid and gaseous states, makes 

use of substrates from varieties of materials allowing the CNT growth to take place in 

several forms as powder, thin or thick films, aligned, entangled, straight, coiled 

nanotubes or of a desired architecture on predefined sites of a patterned substrate. Further 

CVD technique offers better control of growth parameters (Kumar and Ando 2010). 
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1.2.2.1 VA-CNT synthesis by CVD  

 

 

 
 

Figure 1.9. Schematic showing the process of template-free synthesis for producing 

vertically aligned carbon nanotubes structure (Choudhary and Gupta 2011) 

 

Figure 1.9 shows the experimental setup for growth of CNTs by CVD technique in its 

simplest forms. Hydrocarbon vapor is passed through a tubular reactor /reaction chamber 

in which a catalyst material has been introduced on a substrate material and maintained at 

high temperatures of 600°C -1200°C. During this process decomposition of hydrocarbon 

takes place leading to formation /growth of nanotubes that are collected upon cooling the 

reactor to room temperature. The diameter of the nanotubes grown greatly depends on the 

size of the catalyst clusters and under carefully monitored conditions a closely uniform 

diameter with a very narrow band of diameter distribution may be obtained. Further high 

temperatures (900°C-1200°C) maintained in the reactor leads to coalescence of catalyst 

clusters resulting in higher diameter nanotubes as compared to small diameter nanotubes 

grown at slightly lesser temperatures (600°C – 900°C). Also, high temperature leads to 
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growth of SWCNTs (900°C -1200°C) as against MWCNTs that grow at lower 

temperatures (600°C -900°C). It has been observed that higher growth temperatures 

ensures straight and well aligned growth of VA-CNTs along with a greater degree of 

crystalline perfection and the VA-CNT yield is greatly dependent on the catalyst 

concentrations. A higher catalyst to hydrocarbon gas ratio results in a higher VA-CNT 

yield (Seah et al. 2011). Further, the growth of nanotubes is based on two models namely 

(i) Tip growth model and (ii) Base growth model. These growth models are as shown in 

the Figure 1.10 below. 

 
 

Figure 1.10. CNT growth models by CVD technique (Kumar and Ando 2010). 

 

In the tip growth model the catalyst particles stay at the tip of the growing nanotube as 

the nanotube grows while in the base growth model the catalyst particles remain at the 

base of the nanotube and relies on the adhesion between the catalyst particle and the 

substrate. 

 

The most commonly used CNT precursors are methane, ethylene, acetylene, benzene, 

xylene and carbon monoxide, while commonly used catalyst metals are Fe, Co, Ni, in 
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view of high solubility of carbon in these metals at high temperatures as well as high 

diffusion rate. In recent developments tree products such as turpentine and camphor are 

being used as sources of carbon for synthesizing VA-CNTs (Seah et al. 2011).The most 

commonly used substrates for CVD process are graphite, quartz, silicon, silicon carbide, 

silica, alumina, alumina-silicate (zeolite), CaCO3, magnesium oxide, etc. The CVD 

technique offers greater control over the length and structure of the grown nanotubes in 

comparison with arc discharge and laser ablation methods. Further it is also observed that 

CVD technique is well suited to produce nanotubes in large quantities(Kumar and Ando 

2010, Choudhary and Gupta 2011). Plasma enhanced hot filament CVD was first used by 

Ren and Huang (Ren et al. 1999) to obtain CNT growth at low temperatures (< 666°C). 

They used an electric field as an external force to ensure alignment of nanotubes. Position 

controlled growth of VA-CNT on porous and plain silicon substrates was introduced by 

Fan et al (Fan et al. 1999). The growth of Aligned Carbon Nanotubes (VA-CNTs) was 

first reported by Thess et al (Thess et al. 1996) in 1996. During the same year the Chinese 

Academy of Science reported the successful growth of a 50 mm thick film of highly 

aligned nanotubes by CVD method.  

 

1.2.3 Super-long VA-CNT synthesis by CVD  

 

In view of several recent advancements in CVD techniques, it has become possible to 

grow nanotubes having lengths in the ranges of millimeters or even centimeters. 

Compared to the VA-CNTs produced by template synthesis, the super-long VA-CNTs 

typically have much complex structure. Figure 1.11 shows the morphology of the super-

long VA-CNT specimen examined by the scanning electron microscope (SEM). At lower 

magnifications, the nanotubes are seen to well-align perpendicularly to the substrate. At 

higher magnification, the individual nanotubes are somewhat zigzag-like along the 

nanotube length with some entanglements between the nanotubes. All those features are 

the direct result of the template-free growth process. The areal density of the VA-CNT 

arrays can be estimated as: ρ=1010~1011 tubes/cm2 by counting the numbers of the carbon 

nanotubes on the substrate. The lengths of these super-long VA-CNTs are typically in the 
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range of a few hundred to several thousand microns, as achieved by controlling the 

deposition time and pressure.  

 

 

 

 
Figure 1.11. SEM images showing the morphology of the super-long vertically-aligned 

carbon nanotube arrays. The order of magnification increases from (a) to (c). 

 

(c) 

(b) 

(a) 
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1.3 Experimental or physical characterization of vertically aligned carbon 

nanotube arrays 
 

1.3.1 Characterizations of individual carbon nanotube  

 

The diameter of a single CNT is usually in the range of a few nanometers while the 

length of CNT ranges anywhere from few micrometer to a few millimeters. This very 

unique nature of the CNTs wherein the aspect ratio, i.e., the ratio of length to diameter 

being the order of 1.32e8:1.0 or more, poses a difficulty in handling the CNTs for 

experimentation. Several experimental studies have been conducted in order to evaluate 

the elastic moduli of the single carbon nanotube. Treacy et al (Treacy et al. 1996) have 

reported Young’s modulus values of 0.4 - 4.15 TPa from transmission electron 

microscopy by way of thermal vibrations of multiwalled CNT. Krishnan et al. (Krishnan 

et al. 1998)  have conducted similar experiments on multiwalled CNT at room 

temperature and reported Young’s modulus in the range 0.9 - 1.7 TPa. Wong et al., 

(Wong et al. 1997) have reported for multiwalled CNTs Young’s Modulus values of 0.69 

- 1.87 TPa by using an AFM to bend the CNT. Similar approach in the work by Salvet et 

al. (Salvetat et al. 1999) applied to ropes of SWCNT resulted in Young’s Modulus value 

of around 0.6 TPa while with the work by Tombler et al. (Tombler et al. 2000) conducted 

on a single multiwalled CNT, the Young’s Modulus observed is 1.2 TPa. Yu et al.(Yu et 

al. 2000, Yu et al. 2000) conducted nanoscale tensile test of a CNT by pulling the tip with 

an AFM and observing it under SEM and reported Young’s modulus in the range 0.27 - 

0.95 TPa. Studies by Pan et al., (Pan et al. 1999) involving direct measurement of 

Young’s modulus from tensile tests of ropes of very long and aligned CNTs have 

recorded values between 0.22 – 0.68 TPa. 

 

The experimental investigations of mechanical properties of individual CNTs are 

summarized in Table 1.1(Sears and Batra 2004). It is noticed that only the Young’s 

modulus of the CNT has been reported. Other mechanical properties such as the shear 

modulus and Poisson’s ratio have not been obtained through experimental means due to 

the limitations of the testing apparatus.  In addition, there is a large scattering in the 
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Young’s modulus values, ranging from 0.27 TPa to 3.6 TPa. This is because most tests 

used are not conventional mechanical tests, and there exist large variations in terms of 

testing procedures, data interpretations, etc.   

 

Table 1.1. Material property of individual CNT obtained from experimental 

measurements (Sears and Batra 2004). 

 
 

1.3.2 Characterizations of vertically aligned carbon nanotube arrays  

 

The mechanical properties of these VA-CNTs have been investigated lately, mostly 

through the nanoindentation technique (McCarter et al. 2006, Mesarovic et al. 2007, 

Pathak et al. 2009, Patton et al. 2009, Zhang et al. 2010). The indenter used was either 

three-face pyramidal shape (Berkovich indenter), parabolic shape (spherical indenter), or 

flat shape (flat indenter). By driving the indenter into the specimen and then withdrawn 

from it, the indentation load-depth curves are obtained and then analyzed by following 

the standard Oliver-Pharr method (Oliver and Pharr 1992, Goze et al. 1999), from which 

the modulus and hardness of the VA-CNT arrays can be estimated .  

 

The modulus of the VA-CNT structures determined from the experiments have been 

found to vary greatly, ranging from several Megapascals to several hundred of 

Gigapascals (Table 1.2).  The reason for the lower modulus is primarily due to the high 
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porosity in the VA-CNT structures, since the interstitial space between nanotubes is only 

occupied by air.  In a typical VA-CNT structure, the individual nanotubes are either 

completely separated from neighboring tubes or in weak contact with neighboring tubes 

through van der Waals attractions.    

 

Table 1.2. Summary of Elastic modulus of VA-CNT structures determined through 

various nanoindentation experiments. 

 

Indenter 
Shapes Used 

in Indentation 
Experiments 

CNT 
Height 

CNT 
Diameter 

Elastic 
Modulus References 

Flat Indenter 35−650 µm 10-20 nm 20-35 MPa (Maschmann et al. 2011, 
Lu et al. 2012) 

Spherical 
Indenter 

20µm, 
500 µm 

1-3 nm, 
10 nm 

18 GPa, 
58 MPa 

(Misra et al. 2009, Zhang 
et al. 2010) 

3-Sided 
Pyramid 
Indenter 

~600nm, 
20µm ~50nm 

0.9-1.2 TPa, 
40-600 MPa, 
0.1-0.8 GPa 

(Mesarovic et al. 2007, 
Tong et al. 2008) 

 

 

The deformation mechanisms of the VA-CNTs have also been examined. .Guduru and 

Waters (Waters et al. 2006) have used a flat indenter to perform compression tests on a 

VA-CNT arrays, from which the critical buckling load of the nanotube arrays are 

obtained (Figure 1.12). Cao et al (Cao et al. 2005) have conducted uniaxial compressive 

tests on CNT arrays up to a strain of 80%. The CNT array was found to behave as an 

open-cell foam-like material. The stress-strain curve displays three distinct stages: a short 

elastic region, followed by a prolonged plateau region, and finally a densification region 

as seen in Figure 1.12. Under compression, the CNT arrays folded themselves in 

wavelike pattern. It is needless to mention that the magnitude of values on the load-

displacement curve for CNT array is much greater than that of the foams, by an order of 

6.  
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Figure 1.12. Deformation of VA-CNT array examined by a flat indenter(Waters et al. 

2006) . 

 

 

 

 
 

Figure 1.13. Deformation of VA-CNT array examined by uniaxial compression(Fan et al. 

1999, Cao et al. 2005). 
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1.4 Analytical or theoretical modeling of vertically aligned carbon nanotube 

arrays 
 

1.4.1 Overview of analytical / theoretical techniques 

 

The class of nanotube materials belong to the group of materials that make use of 

multiscale modeling in which the modeling of materials, systems and phenomenon 

largely differ by many orders in time and length scales. In view of their nanometer level 

dimensions and the importance of their responses at this level when combined with other 

materials such as polymers or composites involving predictions at the macro level having 

close to 10 orders of size difference, methods that can bridge the gap between model and 

size scales are needed. To this direction a new research paradigm focusing on the 

research of materials at nanometer level and using multiscale modeling employing 

powerful computing resources is currently made available and is referred to as 

“Integrated Computational Materials Engineering” - ICME / “Computational Materials” 

(Gates et al. 2005, Sears 2006). With regards to the increasing level of magnification in 

both length and time scales for multiscale simulation, the available techniques may be 

grouped in the following order starting from Quantum Mechanics (dealing with atoms. 

nuclei and electrons), Molecular mechanics / Nano mechanics(dealing with molecular 

fragments, bond angles, force fields), Mesomechanics (dealing with surface interactions, 

orientation, crystal packing), Micromechanics(dealing with constituents, interphase, 

damage), macro and structural mechanics /continuum mechanics (Gates et al. 2005). 

 

1.4.2 Modeling of individual carbon nanotube  

 

The most commonly used analytical method for modeling the individual CNT has been 

the atomistic approach. The atomistic approaches include classical quantum mechanics, 

molecular dynamics, tight binding molecular dynamics and density functional theory.  
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1.4.2.1 Quantum mechanics: Density functional theory  

 

The Density functional theory (DFT) is one of the quantum mechanics (other methods 

being molecular orbitals, ab initio and semi empirical) techniques also referred to as the 

first principles method that is applied in order to obtain all the chemical information and 

changes such as bond breaking of any nanostructure or to understand the physics of a 

system and provides the most detailed results as compared to any other techniques by 

way of solving the Schrödinger wave equation for all electrons in the system. The DFT 

method does not calculate the full wave function instead it calculates the electron density. 

This technique is computationally expensive and is mainly used when experimental data 

is unavailable due to difficulties in conducting experiments. An example application is 

the characterization of electronic properties of CNTs (Garg 2005, Maiti 2008). In 

principle the state of a particle is defined by a wave function to which the energy 

associated with each electron in an atom of the CNT system is added. This is followed by 

applying either the Hartree-Fock or Local density (LD) approximation or Tight-Binding 

(Semi-empirical) methods in order to obtain an approximate solution to the Schrödinger 

equation.  

 

𝐻𝛹 = 𝐸𝛹                                             (1.1) 

where , 

𝐻 = Hamiltonian operator of the quantum mechanical system 

𝛹= Energy Eigen function corresponding to energy eigen value  

 

Density Functional theory is based on the theorem developed by Hohenberg and Kohn 

(Hohenberg 1964)according to which all ground state properties are functions of the total 

electronic charge density ρ(r). In view of its better scaling options with the number of 

electrons, the density functional theory is becoming the first principle technique of choice 

for advanced and complicated problem solving. 

 
  

21 
 



1.4.2.2 Molecular dynamics (MD)  

 

The MD analyses techniques is one of the most widely used in the theoretical studies 

applied in order to understand the physical behavior of the nanotubes. The MD 

techniques is computationally more efficient than the ab initio methods in that it can 

handle models with atoms up to 1x109 atoms (Wang and Wang 2004) and with time step 

interval of 1x10-15 s (Lau et al. 2004). The MD technique treats the group of atoms as a 

single large molecule comprised of carbon atoms. In theory, Newton’s second law of 

motion is applied for the solution of the governing equations with the law applied to each 

atom in the system. Referring to an arbitrary atom ‘𝑖 ’ the equation of motion is written as 

 

𝑚𝑖𝑎𝑖 = 𝑚𝑖
𝑑2𝑟𝑖
𝑑𝑡2

=  𝐹𝑖 , ∀𝑖 = 1 … …𝑁𝑎𝑡        (1.2) 

 

where, 

𝑚𝑖 = mass of atom 𝑖  

𝑎𝑖 = acceleration of atom 𝑖 

 𝐹𝑖  = Force applied on the 𝑖th atom that is created by all other atoms in the system and 

defined by interatomic potentials. 

 

In MD technique, each atom having a predefined velocity and position, the acceleration is 

derived from the interatomic energy potentials. The MD techniques allow for a large 

range of structures to be analyzed as the system moves and vibrates. Also, temperatures 

may be prescribed for MD relating to the system’s momenta. In general, MD simulations 

will tend to converge around a potential energy for the system as compared to its initial 

state. The structure will continue to move and vibrate past local minima thereby 

potentially sampling a large range of structures. 

 

The various methods using which the interatomic potentials may be evaluated are broadly 

termed under Molecular Mechanics and are classified as below. 

a) Force Field Methods 

b) Bond order method 
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 Force field method 1.4.2.2.1

In the force field method that provides a simple and effective approach for describing the 

atomic potential of interacting atoms in a system, the force field is calculated by 

summing the individual energy contributions from each degree of freedom (bond 

stretching, bond angle bending, bond torsion, and non-bonded interactions) of the 

individual carbon atoms in a CNT. The commonly used molecular mechanics force field 

potentials are MM2 and MM3 and can be used for both organic and inorganic systems 

involving polypeptides, proteins and DNA. The MM2 potential is based on bond 

stretching and bond angle bending while the MM3 potential has higher-order expansions 

consisting of quartic terms and cross-terms and is primarily used to model proteins. In 

view of similarities between carbon bonding in nanotube and aromatic protein structures 

the MM3 potential is very appropriate for CNTs. The MM3 potential is given by the 

following set of equations consisting of energy terms due to bond stretching (𝑈𝑠), bond 

bending (𝑈𝜃), bond angle torsion (𝑈𝜑) constituting the primary bond deformation terms, 

non-bonded Vander Waals energy term (𝑈𝑣𝑑𝑤) and terms representing cross interactions 

between the variables (𝑈𝑠𝜃,𝑈𝜑𝑠,𝑈𝜃𝜃′) (Sears and Batra 2004, Garg 2005). The Figure 

1.14 below shows the various variables involved in the MM3 potential. 

 

 
Figure 1.14. Variables used in MM3 potential (Sears and Batra 2004). 
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The total energy of the system 𝑈 is given by 

 

𝑈 =  ∑ ∑ �𝑈𝑠 + 𝑈𝜃 + 𝑈𝜑 + 𝑈𝑠𝜃 + 𝑈𝜑𝑠 + 𝑈𝜃𝜃′�𝑗𝑖 + ∑ ∑ 𝑈𝑣𝑑𝑤𝑗𝑖                                   (1.3) 

 

where, 

 

𝑈𝑠 = 71.94𝐾𝑠(𝑟 − 𝑟0)2 �1 − 2.55(𝑟 − 𝑟0) + (
7

12
)2.55(𝑟 − 𝑟0)2� 

𝑈𝜃 = 0.02191𝐾𝜃(𝜃 − 𝜃0)2 𝑋  

[1 − (𝜃 − 𝜃0) + 5.6(10−5)(𝜃 − 𝜃0)2 − 7.0(10−7)(𝜃 − 𝜃0)3 + 9.0(10−10)(𝜃 − 𝜃0)4] 

𝑈𝜑 = �
𝑉1
2
� (1 + 𝑐𝑜𝑠𝜑) +  �

𝑉2
2
� (1 − 𝑐𝑜𝑠2𝜑) +  �

𝑉3
2
� (1 + 𝑐𝑜𝑠3𝜑) 

𝑈𝑣𝑑𝑤 = 𝜀0 �−2.25 �
𝑟𝑣
𝑟
�
6

+ 1.84(10)5𝑒�−12( 𝑟𝑟𝑣
)�� 

𝑈𝑠𝜃 = 2.511𝐾𝑠𝑏[(𝑟 − 𝑟0) +  (𝑟′ − 𝑟0′)](𝜃 − 𝜃0) 

𝑈𝜑𝑠 = 11.995(
𝐾𝜑𝑠

2
)(𝑟 − 𝑟0)(1 + 𝑐𝑜𝑠3𝜑) 

𝑈𝜃𝜃′ =  −0.021914𝐾𝜃𝜃′(𝜃 − 𝜃0)(𝜃′ − 𝜃0′)(Sears and Batra 2004). 

 

The constants 𝐾𝑠,𝐾𝜃,𝑉1,𝑉2,𝑉3, 𝜀, 𝛾𝑣,𝐾𝑠𝑏 ,𝐾𝜑𝑠 and 𝐾𝜃𝜃′ are as per (Zhou et al. 2000).One 

of the works by Aaron & Sears have used this technique to study the torsion and bending 

behavior of (16, 0) SWCNT and torsion behavior of a (16, 0) (25, 0) DWNT shown in 

Figure 1.15. 
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Figure 1.15. Deformation of SWCNT and DWCNT due to torsion and bending based on 

MM3 potential (Sears 2006). 

 

 Bond order method 1.4.2.2.2

 

Tersoff Brenner (TB) potential is an empirical bond-order potential that is specifically 

designed for diamond and graphite structures. In this method the bond strength is a pair-

wise potential function of the atomic separation, angle and the number of neighboring 

bonds. TB potential uses exponential functions rather than using a polynomial function to 

define the bond strength.  

 

The TB potential in its reduced form for purely c-c bonds is given below. The number of 

neighboring atoms within a prescribed distance determines the number of bonds for an 

atom and the number of bonds /bond order defines the bond strength of the pairwise bond 
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potential. The Tersoff-Brenner interatomic potential for carbon is given by the following 

equation (Zhang et al. 2002, Sears 2006). 

 

𝑈 =  ∑ ∑ 𝑉𝑅(𝑗(>𝑖)𝑖 𝑟𝑖𝑗) −  𝐵𝚤𝚥����𝑉𝐴�𝑟𝑖𝑗�            (1.4) 

 

The above equation sums the energies between atoms 𝑖 and 𝑗, where 𝑟𝑖𝑗 is the distance 

between atoms 𝑖 and𝑗, 𝑉𝑅 and 𝑉𝐴 are attractive and repulsive terms and 𝐵𝑖𝑗 is the bond 

order and are given as below 

 

𝑉𝑅(𝑟𝑖𝑗) =
𝐷𝑖𝑗𝑒

𝑆𝑖𝑗 − 1
𝑒−�2𝑠𝑖𝑗𝛽𝑖𝑗�𝑟𝑖𝑗−𝑅𝑖𝑗

𝑒 �𝑓𝑖𝑗(𝑟𝑖𝑗) 

𝑉𝐴(𝑟𝑖𝑗) =
𝐷𝑖𝑗𝑒 𝑆𝑖𝑗
𝑆𝑖𝑗 − 1

𝑒−�2𝑠𝑖𝑗𝛽𝑖𝑗�𝑟𝑖𝑗−𝑅𝑖𝑗
𝑒 �𝑓𝑖𝑗(𝑟𝑖𝑗) 

𝐵𝑖𝑗 = �1 + � 𝐺(𝜃𝑖𝑗𝑘)𝑓𝑖𝑘(𝑟𝑖𝑘)
𝑘(≠𝑖𝑗)

�

−𝛿

 

 

 𝐺�𝜃𝑖𝑗𝑘� = 𝑎0 �1 +
𝑐02

𝑑02
−  

𝑐02

𝑑02 + (1 + cos 𝜃𝑖𝑗𝑘)2
� 

 

where 𝜃𝑖𝑗𝑘 is the angle between the lines joining atoms 𝑖, 𝑗and 𝑘. 𝐺�𝜃𝑖𝑗𝑘� is the angle 

bond energy and functions 𝑓𝑖𝑗(𝑟𝑖𝑗) and 𝑓𝑖𝑘(𝑟𝑖𝑘) are linear cutoff functions ranging from 1 

to 0.The values of other constants are as discussed by Brenner (Brenner 1990). One of the 

works by Liew et al (Liew et al. 2004) is based on the above potential and the 

morphological changes as observed for a (8, 0) SWCNT showing high strains 

concentrated at the kinks at strains of 0.13 ,0.15 and 0.17 is as shown in the Figure 1.16 

below. 
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Figure 1.16. Deformation of a SWCNT based on TB potential(Liew et al. 2004) . 

 

 

A number of researchers have used the molecular dynamics method to model the 

individual CNTs. Robertson et al (Robertson et al. 1992) reported a single walled CNT 

Young’s modulus value of 1.02 TPa, Yakobson et al (Yakobson et al. 1996)  reported a 

Young’s modulus of 1.07TPa for single walled CNTs, Cornwell and Willie (Cornwell 

and Wille 1997) reported 0.8TPa for Young’s Modulus of single walled CNT, Halicioglu 

(Halicioglu 1998) reported for single walled CNTs a Young’s Modulus in the range 

between 0.44 - 0.50 TPa . All these work employed Tersoff Brenner (TB) Potential 

(Tersoff 1988, Brenner 1990). The other potentials stated above are used in the work by 

Overney et al (Overney et al. 1993) who reported a Young’s modulus value of 1.5 TPa, 

Lu (Lu 1997) who reported a Young’s modulus of 0.97 TPa and Prylutskyy et al 

(Prylutskyy et al. 2000) who reported Young’s modulus between 1.1 – 1.2 TPa 

respectively for single walled CNTs. Lu (Lu 1997) obtained a slightly larger value of 

Young’s modulus in the range between 0.97-1.11 TPa for multiwalled CNTs, while 

Popov et.al (Popov and Van Doren 2000) reported 1 TPa as the elastic modulus of single 

walled CNT. 
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The Tight Binding method is employed by Hernandez et al. (Hernandez et al. 1998, 

1999) who reported Young’s modulus value of 1.26 TPa for single walled CNT and 0.67 

TPa in the work reported by Molina et al. (Molina 1996). Sanchez-Portal et al. (Sanchez-

Portal et al. 1999) based their work on density functional theory and reported that the 

Young’s Moduli of single walled CNT varied in the range between 0.95 - 1.1 TPa. Van 

Lier et al. (Van Lier et al. 2000) based their work on ab initio multiplicative integral 

approach and reported Young’s modulus values for single walled CNT in the range of 

0.75 – 1.18 TPa. Zhou et al. (Zhou et al. 2001) in their work have reported a Young’s 

modulus value of 0.76 TPa for single walled CNT. 

 

In addition to having several advantages, one of the main disadvantages of atomistic 

modeling is the need for huge computational resources for handling large sized models 

having enormous number of atoms & molecules. Hence this approach is limited to 

analysis of single walled CNT with considerably less number of atoms.  Recently, the 

continuum mechanics approach has been used to model the individual CNTs. The 

continuum mechanics or the structural mechanics approach considers analyzing the CNT 

as geometrical space frame structures. Stiffness matrix calculation approach is followed 

to evaluate the Young’s modulus of CNT using either truss or beam elements. 

 

Among the fewer works based on continuum modeling, Liu et al (Liu et al. 2001)  have 

used beam elements while truss elements have been used in the work by Odegard 

(Odegard et al. 2001). In both work critical buckling strains and buckling modes are 

evaluated which are in close agreements with the work based on molecular dynamics by 

Iijima et al. (Iijima et al. 1996) and Yakobson et al.(Yakobson et al. 1996) . Yakobson et 

al (Yakobson et al. 1996) and  Ru et al. (Ru 2000a, 2000b, 2001) have further modeled  

nanotube using cylindrical shell elements.  

 

Li and Chou (Li and Chou 2003) have used this approach in order to evaluate the 

Young’s modulus and shear modulus of CNT for Armchair, Zigzag and Chiral 

configurations. The carbon nanotube is modeled considering it to be a geometrical space 

frame structure with primary bonds acting as load carrying beam members while the 
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individual atom acts as joints for these beam members. The sectional property parameters 

for these beam elements are evaluated by establishing a linkage between structural 

mechanics & molecular mechanics approach. Further, they have verified the results of 

their method by applying similar technique to graphite sheet and comparing with the 

results since CNTs belong to the family of graphene. From their findings they have 

concluded that the Young’s moduli of CNT are affected by the tube diameter and their 

helicity. Accordingly, the Young’s moduli of both armchair & zigzag carbon nanotube 

increase monotonically and approach the value of Young’s modulus of graphite. 

 

To (To 2006) has conducted a closely similar work as above, wherein he has modified the 

method presented by Li and Chou so as to include the effect of Poisson’s ratio for 

evaluation of Young’s modulus and shear modulus of single walled carbon nanotubes. To 

concluded that within linear regime the Young’s and Shear modulus are estimated to be 

constant. The stresses used for evaluation of Young’s and shear modulus in this work is 

based on Cauchy or true stress as against second Piola Kirchhoff’s stress used by Li and 

Chou (Li and Chou 2003). 

 

Tserpes & Papanikos (Tserpes and Papanikos 2005) have modeled a SWCNT with all 

three configurations Armchair, Zigzag & Chiral having varying thickness and diameter. 

They have modeled nanotube considering it as a geometrical space frame structure with 

the bonds being modeled as beam members and connected by joints which are the atoms. 

Equivalence of energies between molecular and structural mechanics has been used to 

obtain the sectional properties of the beam which further is used to set up the FE model 

of the CNT structure. They have conducted tensile and torsion tests to obtain the Young’s 

& Shear modulus of the nanotube  

 

In the continuum shell modeling approach the CNT walls are modeled using shell 

elements. In either of the methods the inclusion and consideration of the atomic 

interaction forces is questionable. However the computational time with handling of large 

sized CNT array using discrete modeling approach becomes a matter of concern. The 
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following table summarizes the modulus and thickness of the carbon nanotube as 

reported by several researchers using atomistic /molecular simulation techniques. 

 

Table 1.3. CNT Young’s modulus and thickness predictions based on molecular methods 

(Sears and Batra 2004, Sears 2006). 

 

 
 

1.4.2.3 Modeling of vertically aligned carbon nanotube arrays  

 

While major research work in the characterization of carbon nanotubes lie in the 

modeling of individual carbon nanotube (CNT), the modeling of nanotubes in the form of 

a dense vertically aligned array (VA-CNTs) have been relatively scarce in the literature 

(Goze et al. 1999, Hutchens et al. 2011, Wang et al. 2011). 

 

Wang et al (Wang et al. 2011) has conducted discrete modeling of VA-CNT arrays by 

treating each individual CNT in the array as a solid beam. The distribution patterns of the 

tube arrays (square pattern and random pattern) have been analyzed. The effects of tube 

density, tube height, and tube tilt angle on elastic modulus have been investigated.  

Hutchens et al (Hutchens et al. 2011) and Lu et al (Lu et al. 2012) have modeled the VA-

CNTs as continuum solid. The VA-CNTs were treated as a dense foam materials and the 

deformation under uniaxial compression (Hutchens et al. 2011) and indentation (Lu et al. 

2012) analyzed.     
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1.5 Research objectives and methodologies 
 

Since their discoveries, carbon nanotubes have been widely studied, but mostly in the 

forms of 1D “individual carbon nanotube (CNT)”. To date, work on the complex 

vertically aligned carbon nanotube arrays (VA-CNTs) is still limited. The actual 

fabrications of such materials seems still facing many technical difficulties.  Therefore, 

new material development models are needed to accelerate the realization of such novel 

and important materials. Unlike traditional materials (metals, ceramics and polymers) 

whose microstructures are relatively “fixed”, vertically aligned carbon nanotube array 

materials are highly “tunable” from the structure standpoint. The optimal performance of 

the VA-CNTs highly depends upon their architectures and geometric parameters, 

including: tube height, tube diameter, tube array density, tube distribution pattern, inter-

tube distance, among many other factors. Thus, it is crucial to have a rational strategy to 

design and evaluate the architectures and geometric factors to help process the optimal 

materials.  

 

The overall objective of this research project is to develop effective numerical modeling 

procedures to design, model and characterize the mechanical responses of the VA-CNTs.  

The work in this research has been organized into three stages of analysis: 

 

1) Structural Beam Modeling of Vertically Aligned Carbon Nanotube Arrays 

 

2) Continuum Shell Modeling of Vertically Aligned Carbon Nanotube Arrays 

 

3) Continuum Solid Modeling of Vertically Aligned Carbon Nanotube Arrays 
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Figure 1.17 below depicts these stages of work. 

 

 
 

          

Figure 1.17. Development of numerical modeling frame work for vertically aligned 

carbon nanotube arrays (VA-CNTs): (a) Structural beam modeling of VA- CNT arrays, 

(b) Continuum shell modeling of VA-CNT arrays, and (c) Continuum solid modeling of 

VA-CNT arrays. 

 

The first stage of analysis, as presented in Chapter 2 and Chapter 3, is to evaluate the 

elastic moduli of an individual CNT and VA-CNTs by way of FE modeling and analysis 

of the nanotube as a space frame structure using beam elements. The approach in this 

stage is based on Classical / Structural Mechanics principles. Carbon nanotube may be 

understood as geometrical space frame structures with primary bonds between any two 

neighboring atoms acting as load bearing members and the atoms may be visualized as 

joints for these load bearing members. Suitable section properties are obtained by 

establishing appropriate linkage between structural mechanics & the constant force field 

in the atomic system. In this stage, the effect of nanotube thickness, diameter, length, 

number of walls on the elastic modulus and stiffness is studied.    

 

This is followed, as presented in Chapter 4 and Chapter 5, by FE modeling and analysis 

of individual CNT (SW-CNT, MW-CNT) and VA-CNT array using continuum shell 

modeling. In both the stages above, the VA-CNT array is modeled and analyzed to 
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understand the effects of several design parameters on the Young’s modulus and stiffness 

of the arrays. These are: (1) Density of nanotube packing .i.e. aerial density which is the 

number of tubes per unit cross sectional area, (2) Type of nanotube packing 

configuration: FCC and SQUARE  packed configuration, and (3) Length / height of 

carbon nanotubes in the array. Additionally, VA-CNT arrays modeled using shell 

elements as in stage 2 above allows studying the effect of additional parameters on the 

Young’s modulus and stiffness as: (1) Effect of nanotube diameter and (2) Effect of 

number of walls in a MW VA-CNT. 

 

The third stage of analysis, as presented in Chapter 6, covers the FE modeling and 

analysis of a VA-CNT array based on continuum solid modeling approach. Several works 

in the VA-CNT arrays have reported that the behavior of VA-CNT array resembles close 

to that of low density foam. Proceeding with this understanding, the VA-CNTs are 

modeled using Hyperelastic and Crushable foam material models having a low density 

that are available in ABAQUS FE software. The behavior of VA-CNTs is analyzed with 

regards to several parameters (including axisymmetric model). Parameters such as critical 

buckling load, plastic deformation etc. are studied.  
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Chapter 2 

2. Design and Modeling of Vertically Aligned Carbon Nanotubes Using 

Structural Beam Modeling: Individual Carbon Nanotubes 
 

2.1 Introduction 
Carbon nanomaterials such as vertically aligned carbon nanotubes arrays are emerging 

new materials that have demonstrated superior mechanical, thermal, and electrical 

properties. The carbon nanomaterials have the huge potential for a wide range of 

vehicular applications, including lightweight and multifunctional composites, high-

efficiency batteries and ultra-capacitors, durable thermal coatings, etc. In order to design 

the carbon nanomaterials for various applications, it is very important to develop 

effective computational methods to model such materials and structures. In contrast with 

traditional materials whose microstructures are relatively “fixed”, the aligned carbon 

nanotube materials have highly “tunable” structures. Therefore, it is crucial to have a 

rational strategy to design and evaluate the architectures and geometric factors to help 

process the optimal nanotube materials. A structural mechanics based computational 

modeling is used for designing the aligned carbon nanotubes structures. The present work 

presents a structural mechanics approach to effectively model the mechanical behavior of 

vertically aligned carbon nanotube arrays. As the fundamental building block of the 

aligned nanotube structures, the variations of geometric parameters of the individual 

nanotube on its mechanical properties are thoroughly examined.  

 

The carbon nanotube may be viewed as a geometrical space frame structure with primary 

bonds between any two neighboring atoms and thus can be modeled using three-

dimensional beam elements. Effects of tube geometric factors (wall thickness and tube 

diameter) and material properties (Poisson’s ratio) on mechanical properties of the 

nanotube structure were examined. Results show that the Young’s modulus is inversely 

proportional to the nanotube wall thickness and Poisson’s ratio.  On the other hand, the 

Young’s modulus and shear modulus exhibit nonlinear relationships with the nanotube 
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diameter, i.e., both moduli increase rapidly at smaller diameters but become stabilized at 

larger diameters. Compression test conducted on VA-CNT array shows linear behavior 

for the values of applied strains in the present case. 

 

Since its discovery in the early 90’s by Iijima (1991, 1993), carbon nanotube (CNT) has 

continued to attract great interest due to its superior structure and properties. An 

individual single-walled CNT may be visualized as originating from a single layer sheet 

of graphene rolled up to form a tube structure. Depending on the directions of rolling 

vectors, the CNT can be in different configurations, i.e., arm chair, zigzag, and chiral.  

Carbon nanotube can also be in multi-walled structure, which consists of a group of 

coaxial single-walled carbon nanotubes. Like diamond, carbon nanotube is also allotrope 

of carbon. A carbon atom in a CNT has six electrons with two of them filling the 1s 

orbital and the other four filling the sp2 orbital. The rolled structure of CNT causes σ-π 

rehybridization in which the three σ bonds are slightly out of plane, which makes the π 

orbital more delocalized outside the nanotube. This has resulted in extremely strong 

carbon nanotubes, with possibly the highest Young's modulus and tensile strength. There 

have been numerous theoretical studies on the mechanical properties of an individual 

carbon nanotube (Lu 1997, Wong et al. 1997, Krishnan et al. 1998, Popov and Van Doren 

2000, Qi et al. 2003) and the Young’s modulus and shear modulus of a CNT have been 

predicted to be as high as 1.25 TPa and 0.45 TPa, respectively. Due to the small 

dimensions, the actual measurements on the properties of an individual CNT has proven 

to be difficult. Treacy et al. have carried out the first successful measurement of the 

Young’s modulus of individual CNT.  By thermally inducing a vibration on a CNT 

cantilever inside a transmission electron microscope, they have reported the Young’s 

modulus of a multi-walled CNT as 1.8 TPa (Treacy et al. 1996). Wong et al. (1997) have 

reported for multiwalled CNTs Young’s Modulus values of 0.69 - 1.87 TPa by using an 

AFM to bend the CNT. Yu et al. (2000) have conducted nanoscale tensile test of a CNT 

by pulling the tip with an AFM and observing it under SEM and reported Young’s 

modulus in the range 0.27 - 0.95 TPa. 
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Due to its small sizes (the tube diameter is only a few nanometers), a single carbon 

nanotube has very limited applications. Most devices would require that the carbon 

nanotube be produced in large scales and at oriented forms. This has resulted in a new 

form of carbon nanotubes: the aligned carbon nanotubes (VA-CNTs) structures. As 

sketched in Figure 2.1(a), a VA-CNT structure is consisted of numerous individual CNTs 

adhered vertically to a flat substrate. The aligned CNTs was first grown by Terrones. 

(Terrones et al. 1997) through the method of laser ablation. Latest technologies such as 

the chemical vapor deposition (CVD) method have made it possible to produce the 

aligned CNTs at large scales. The vertically aligned CNTs have found a wide range of 

applications in areas such as electrical interconnects (Kreupl et al. 2002), thermal 

interfaces (Cola et al. 2009), energy dissipation devices (Liu et al. 2008), and 

microelectronic devices (Fan et al. 1999), and flow sensors on micro air vehicles (Zhang 

et al. 2010), etc. 

  

Unlike traditional materials (metals, ceramics and polymers) whose microstructures are 

relatively “fixed”, the aligned carbon nanotube materials have highly “tunable” 

structures. The optimal performance (thermal, electrical and mechanical) of the VA-

CNTs highly depend upon their architectures and geometric parameters, including the 

tube height, tube diameter, tube array density, tube distribution pattern, inter-tube 

distance, tube-tube junction structure, and among many other factors. Therefore, it is 

crucial to have a rational strategy to design and evaluate the architectures and geometric 

factors to help process the optimal nanotube materials. A review of literature on carbon 

nanotubes has revealed that extensive works available so far are on modeling and 

characterization of individual CNT as against fewer works available / published on 

modeling and characterization of the VA-CNT structures. The most commonly used 

method for modeling the individual CNT is the atomistic approach, which includes the 

classical molecular dynamics, tight binding molecular dynamics and density functional 

theory. Although the atomistic approach is successful for handling an individual 

nanotube, it is too computational expensive for modeling an aligned CNT structure that is 

consisted of millions of individual tubes. Here we present a frame work for designing and 

modeling the aligned carbon nanotubes structures by using the structural beam modeling. 
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In specific, Chapter 2 presents the theory and the modeling of an individual nanotube, the 

fundamental building block of the aligned nanotube structures while Chapter 3 presents 

the detailed design and modeling of the aligned carbon nanotube structures. 

 

2.2 Modeling procedures for individual carbon nanotubes 
 

2.2.1 Finite element formulation 

 

The approach in this work is based on the principle of structural mechanics (finite 

element method (FEM)). As illustrated in Figure 2.1(a), an aligned carbon nanotubes 

structure is consisted of numerous individual nanotubes that are packed vertically on flat 

substrates. Each individual carbon nanotube may be understood as geometrical space 

frame structure with primary bonds between any two neighboring atoms acting as load 

bearing members and the atoms may be visualized as joints for these load bearing 

members (Figure 2.1 (b)). Therefore, the 3D space beam elements were deemed to be 

appropriate and effective for modeling these bonds and hence the carbon nanotube 

structures (Figure 2.1 (c)). Suitable section properties are obtained by establishing 

appropriate linkage between structural mechanics and the constant force field in the 

atomic system. 
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Figure 2.1. (a) A sketch for aligned carbon nanotube array structure (not to scale) (b) A 

sketch for an individual carbon nanotube; and (c) a 3D beam element in space. 

 

The general idea of finite element formulation of a structural problem lies in obtaining 

the solution for a system of simultaneous algebraic equations. This is different from the 

solution obtained to differential equations while solving analytical mathematical 

equations that pose difficulty with increasing complexities of geometry, material & 

loading. Thus, the numerical methods yield very close approximations of the values of 

the unknowns at discrete number of points in the continuum. The process involves 

modeling the structure by dividing it into equivalent system of smaller bodies referred to 

as finite elements and interconnected at points that are common to two or more elements 
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referred to as discretization. The essence of the finite element method lies in that instead 

of solving the problem for the entire body in one operation the equations for each of the 

finite element is formulated and then is combined to obtain the solution to the whole 

body. In general, the solution for structural problems involves determining displacement 

at each node and the stress within each element of the structure subject to applied loads. 

 

The general purpose finite element programs are often based on displacement or stiffness 

based finite element formulation, wherein the governing equations are expressed in terms 

of nodal displacements using equations of equilibrium describing the behavior of an 

element in matrix form and represented as below (Logan 2004). 

. 

{𝐟}𝐞 =  [𝐤]𝐞 {𝐪}𝐞             (2.1) 
 

where  [𝑘]𝑒 = Element stiffness matrix 

 {𝑞}𝑒  = Element displacement vector 

 {𝑓}𝑒  = Element force vector 

 

The system of simultaneous linear equations can then be solved by applying boundary 

conditions to obtain the nodal displacements. 

 

2.2.2 Finite element formulation of beam element  

 

 

Figure 2.2. 3D beam element in space. 
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For a beam element that is arbitrarily oriented in space as shown in Figure 2.2 the 

stiffness matrices considering bending about two axes viz. 𝑦� (for bending in 𝑥� − �̂� plane ) 

and �̂� (for bending in 𝑥� − 𝑦� plane ), upon direct superposition with the axial stiffness 

matrix & the torsional stiffness matrix yields the element stiffness matrix  [𝑘]𝑒  for the 

beam element in 3-D space as below.  

 

[𝐤]𝐞 = �
𝐤𝐢𝐢 𝐤𝐢𝐣
𝐤𝐣𝐢 𝐤𝐣𝐣

�                                                                                                           (2.2) 

 

where,  
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𝑘𝑖𝑗 =
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and kji = kij
T 

 

The corresponding element displacement and force vectors are  

 

{𝐪}𝐞 = � 𝐮𝐢,  𝐯𝐢,  𝐰𝐢,  ɵ𝐱𝐢,  ɵ𝐲𝐢,  ɵ𝐳𝐢,  𝐮𝐣,  𝐯𝐣,  𝐰𝐣,  ɵ𝐱𝐣,  ɵ𝐲𝐣,  ɵ𝐳𝐣 �
𝐓

 

 

{𝐟}𝐞 = � 𝐟𝐱𝐢,  𝐟𝐲𝐢,  𝐟𝐳𝐢,  𝐦𝐱𝐢,  𝐦𝐲𝐢,  𝐦𝐳𝐢,  𝐟𝐱𝐣,  𝐟𝐲𝐣,  𝐟𝐳𝐣,  𝐦𝐱𝐣,  𝐦𝐲𝐣,  𝐦𝐳𝐣 �
𝐓

 

 

The element stiffness equation is established for each of the beam element in the space 

frame followed by appropriate transformation of reference frame from local to global 

coordinate system and solution to nodal displacement. The individual element equations 

are then added together using a method of superposition referred to as direct stiffness 

method in order to obtain the global equations for the whole VA-CNT structure with the 

final assembled / global equation written in the form as below 

 

{𝐅} =  [𝐊] {𝐐}              (2.3) 

 

where, [K] = Structure global stiffness matrix 

{Q} = Vector of generalized displacements 

{F} = Vector of global nodal forces 
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The system of simultaneous linear equations can then be solved by applying boundary 

conditions to obtain the nodal displacements, element strains, element stresses and nodal 

forces. 

 

In the above equations, the tensile resistance𝐸𝐴, flexural rigidity 𝐸𝐼𝑦𝑦 and 𝐸𝐼𝑧𝑧, torsional 

rigidity 𝐺𝐽 are related to the bond axial stretching force constant, bond bending constant 

& torsional resistance of the bond as described in the following sections. 

 

 

2.2.3 Estimation of total potential energy from molecular mechanics 

 

Considering molecular mechanics approach, a carbon nanotube may be regarded as a 

large molecule comprising of carbon atoms with material points at the atomic nuclei. The 

force fields causing the motion and generated by electron-nucleus & nucleus-nucleus 

interaction (Machida 1999) is expressed in the form of steric potential energy. At stable 

equilibrium state the total potential energy resulting from the valence or bonded & non-

bonded interactions may be expressed as (Rappe et al. 1992). 

 

𝐔 = ∑ � 𝐔𝐚𝐫 +   𝐔𝛉𝐫 +   𝐔𝛗 
𝐫 +   𝐔𝛚𝐫 +  𝐔𝛝𝐫 +   𝐔𝐞𝐫 �𝐫                                                         (2.4) 

 

where, 

Ua
r : Energy due to bond axial stretching 

Uθ
r : Energy due to bond angle bending 

Uφ 
r : Energy due to dihedral angle torsion 

Uω
r : Energy due to out of plane torsion 

Uϑ
r : Energy due to nonbonded Vander Waals interaction 

Ue
r : Energy due to electrostatic interaction and r is the bond number. 

 

In general for covalent systems the main contribution to the total potential energy arises 

from the first four terms. Under the assumptions of small deformations and for simplicity, 
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upon merging the dihedral angle torsion and out of plane torsion we can represent each of 

the above energy terms in harmonic approximation as below. 

  

 Ua
r = 1

2ka (∆u)2           (2.5) 

 Uθ
r = 1

2kθ (∆θ)2           (2.6) 

 Uτ
r  =  �Uφ

r +   Uω
r � = 1

2kτ (∆φ)2           (2.7) 

 

where, 

ka : Bond Stretching force constant 

kθ : Bond Bending force constant 

kτ : Bond torsional resistance constant 

 

 

2.2.4 Relationship between molecular mechanics and structural mechanics 

parameters 

 

As described earlier, a nanotube may be considered as a space frame structure, which 

upon subject to external forces the displacement of individual atoms are constrained by 

bonds between these atoms. A very close analogy between molecular & structural 

mechanics may be established by considering the bonds at the molecular level as 

equivalent beams forming space frame structures.  

 

 
Figure 2.3. Beam under (a) pure tension, (b) bending and (c) torsion. 

 

As considered by several researchers in their work (Li and Chou 2003) and from theory 

of structural mechanics, equivalence may be established between the structural stiffness 
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parameters and molecular force constants shown above. It is assumed that the C-C bonds 

are circular in cross section. From structural mechanics principles, the expression for 

strain energy of a uniform beam subjected to a pure axial force ‘𝑁’ as shown in Figure 

2.3(a) above is given by 

 

UN      =      
1
2
� σxεx dV       =      

1
2

 ��
N2

EA
�  dx

L

0

     =       
1
2

 �
N2L
EA

� 

          =  𝟏
𝟐

 �𝐄𝐀
𝐋
�  (∆𝐋)𝟐             (2.8) 

 

where ‘∆L’ is the axial deformation due to stretching. 

 

Similarly, the strain energy of a beam subject to pure bending moment ‘M’ as shown in 

Figure 2.3 (b) above is given by 

 

UM     =      
1
2
� σbεb dV      =       

1
2

 ��
M2

EI
�  dx

L

0

     =       2 �
EI
L

α2� 

           =  𝟏
𝟐

 �𝐄𝐈
𝐋
�  (𝟐𝛂)𝟐             (2.9) 

 

where ‘𝛼 ’ is the rotation due to bending. 

 

Further, the strain energy of a beam subject to pure torsional moment ‘𝑇‘as shown in 

Figure 2.3 (c) above, developing circumferential shear stress ‘𝜏’ and corresponding shear 

strain ‘𝛾’ is given by 

 

UT      =       
1
2
� τ γ dV       =       

1
2

 ��
T2

GJ
�  dx

L

0

     =       
1
2

 �
T2L
GJ

�      

          =  𝟏
𝟐

 �𝐆𝐉
𝐋
�  (∆𝛃)𝟐          (2.10) 

 

where, ‘∆𝛽’ is the torsional rotation. 
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A close observation of the above two sets of equations (2.5, 2.6, 2.7, 2.8, 2.9, 2.10) shows 

that  

 

∆𝐮 =  ∆𝐋 ;   ∆𝛉 =  𝟐𝛂 ;   ∆𝛗 =  ∆𝛃         (2.11) 

And the molecular force constants may be related to structural stiffness parameters as 

below 

 

𝐤𝐚 =  𝐄𝐀
𝐋

    ;    𝐤𝛉 =  𝐄𝐈
𝐋

     ;    𝐤𝛕 =  𝐆𝐉
𝐋

.         (2.12) 

 

The force constants values selected are ka  = 938 Kcal mol-1 Å-2, kθ = 126 Kcal mol-1rad-2 

and kτ  = 40 Kcal mol-1rad-2 (Jorgensen 1990, Wendy et al. 1995)  

 

 

2.2.5 FE modeling of individual carbon nanotubes  

 

The CNTs are classified into three types: (i) arm chair, (ii) zigzag, and (iii) chiral. It is 

noticed that when the chiral angles become 0o and 30o, the chiral CNT essentially 

becomes the zigzag and armchair tubes, respectively. Therefore, the CNTs with zigzag 

and arm chair configurations were the primary concern in the present study. First, 

individual carbon nanotube in zigzag and arm chair configurations were geometrically 

modeled using the modeling capability of ANSYS FEA software. The nanotube model is 

imported into ABAQUS FEA software where the nanotube geometric model is then taken 

through the stages of FE modeling. FE mesh is generated using the 3D Beam element. 

Both linear (B31) and quadratic (B32) formulation beam elements are used in several 

analysis trials to ensure mesh convergence along with mesh refinement. Suitable loading 

and boundary conditions are applied leading to complete FEA model set up. All nodes at 

the bottom edge of the nanotube are fixed with a displacement applied to the top end. 

Appropriate beam section orientation, geometric sectional properties (L=0.1421 nm), and 

material properties (E=1.02 TPa, ν=0.16) obtained from the molecular-structural 

correlation were implemented. Based on literature review several values of nanotube 
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thickness are identified in the range from 0.066nm (Ci et al. 2008) to 0.69 nm (Odegard 

et al. 2002). These values are used as thickness values based on which several trials of 

analysis are conducted. Among these, a thickness value of 0.34nm which is the 

interspatial distance between layers of graphite sheet is chosen for further analysis in this 

work. The combination of modulus and thickness chosen agrees very well with the in-

plane stiffness value of 360 J/m2 for graphene. The beam element is modeled assuming a 

circular cross section for which the diameter is assigned equivalent to the values of the 

above thickness identified. The diameter of the nanotube was varied between 0.5 nm - 2.5 

nm for both armchair and zigzag configuration nanotubes. The Figure 2.4 below shows 

the geometric model of one of the armchair nanotube (8, 8) with diameter of 1.086 nm 

that is modeled for the analysis. 

 

 
Figure 2.4. FE model of armchair (8, 8) CNT. 

 

A linear elastic analysis with NLGEOM = OFF is conducted with several trials of 

analysis runs by varying the mesh size i.e. by varying the number of elements and the 

order of the elements used in the nanotube FE model. Thus a convergence study is 

conducted before arriving at the final results. The nanotube is subjected to tensile loading 

by way of imposing a displacement at the free end and with the other end of the nanotube 

constrained in all the six degrees of freedom. The application of load & boundary 

conditions for both zigzag and armchair nanotube configurations is shown in Figure 2.5 

below. 
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        (a)                                              (b) 

 

Figure 2.5. FE models for (a) CNT zigzag (14, 0) configuration and (b) CNT armchair  

(8, 8) configuration model showing loads and boundary conditions. 

 

The model setup and analysis runs are conducted using 3D beam elements having six 

degrees of freedom Ux, Uy, Uz, Rx, Ry, Rz.. In all these analyses a poisson’s ratio of 0.16 

is implemented based on the work by Chang and Gao (Chang and Gao 2003).. 
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2.3 Results and discussion 
 

2.3.1 Variation of nanotube Young’s modulus with nanotube thickness 

 

The individual nanotube is the fundamental building block of the aligned nanotube 

structures, therefore, the structure and properties of the individual nanotube were first 

analyzed.  The complete FE model for the individual nanotube was setup in the FE 

software ABAQUS with appropriately calculated beam properties for the C-C bonds of 

the nanotubes. Studies such as effect of variation of nanotube thickness, nanotube 

diameter, nanotube Poisson’s ratio and nanotube aspect ratio on the Young’s modulus ‘E’ 

,stiffness and Shear modulus ‘G’ of nanotubes are conducted. Resulting Poisson’s ratio 

assuming linear behavior of nanotube are computed as functions of nanotube diameter.    

 

 
Figure 2.6. Displacement contour of a (14, 0) nanotube subject to tensile loading 

 

A convergence study is made using linear beam elements B31 having linear displacement 

function as well as using quadratic beam elements B32 having 3 nodes having quadratic 

displacement function and by varying the mesh size. Figure 2.6 above shows the 

displacement contour of a (14, 0) nanotube subject to tensile loading. Figure 2.7 below 

shows the plot of convergence of “E’ for a (14, 0) nanotube with increase in number of 

nodes. 
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Figure 2.7. Convergence of Young’s modulus of  nanotube with number of nodes. The 

nanotube used is the zigzag (14, 0) structure. 

 

Following this, the nanotube is modeled with a quadratic 3D beam element B32 having 

quadratic displacement function in order to ensure the accuracy of the results obtained. 

The following sections discuss the various studies carried out. 

 

Several values of nanotube thickness have been reported in the literature that are 

evaluated experimentally and have been widely accepted (Iijima 1991, Iijima et al. 1996, 

Lu 1997, Hernandez et al. 1998, 1999, Popov and Van Doren 2000, Prylutskyy et al. 

2000). In this analysis, the commonly reported values of thickness viz. 0.066 nm 

(Yakobson et al. 1996), 0.075 nm, (Tu and Ou-Yang 2002)0.147 nm (Tserpes and 

Papanikos 2005), 0.154 nm (which is the diameter of carbon atom), and 0.34 nm (which 

is the inter-wall spacing of graphite) have been used for modeling the nanotube.  

 

Table 2.1 below summarizes the different analysis trials conducted for evaluation of 

Young’s Modulus ‘E’ of CNT with varying thickness and element order. Two CNT 

models viz. zigzag (14, 0) with diameter of 1.097 nm and armchair (8, 8) with diameter 
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of 1.086  are modeled and analyzed to study the effect of increasing the CNT thickness 

on the CNT Young’s Modulus in stages. Resulting stress-strain plots are obtained by 

considering the force resisting area which is equal to π*dt*t where ‘dt’ is the nanotube 

diameter and ‘t’ is the diameter of the beam element (bond). The resulting value of 

Young’s modulus of the nanotube structure was then evaluated using the relation. 

 

E = PL
Aδ

                                                                                                                           (2.13) 

 

where P = Applied load / Reaction force developed 

 δ = Elongation of the nanotube 

 L = Length of the nanotube 

 A = Cross sectional area of the nanotube 

 

Since a quadratic approximation is always more appropriate than a linear approximation, 

the nanotube model meshed with quadratic beam elements B32 yields values of Young’s 

modulus closer to those modeled with linear beam elements B31 with higher number of 

elements as again seen from Table 2.1 in the following page. 
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Table 2.1. Table showing dependency of ‘E’ on CNT wall thickness 

CNT FE Model Details CNT Zigzag 

(14, 0) 

CNT Armchair 

(8, 8) 

 nu=0.16 

Thickness 

(nm) 

Beam Element # Elements per 

hex arm 

Computed E  N/m2 

  B31(Linear) 1 2.22299E+12 2.35609E+12 

  2 1.92E+12 2.04035E+12 

0.066 4 1.85746E+12 1.97294E+12 

  B32(Quadratic) 2 1.83728E+12 1.95164E+12 

  B31(Linear) 1 2.17038E+12 2.29182E+12 

  2 1.91876E+12 2.02273E+12 

0.075 4 1.86393E+12 1.96415E+12 

  B32(Quadratic) 2 1.84602E+12 1.94549E+12 

  B31(Linear) 1 1.55563E+12 1.5974E+12 

  2 1.48641E+12 1.52387E+12 

0.147 4 1.46912E+12 1.50649E+12 

  B32(Quadratic) 2 1.46336E+12 1.50079E+12 

  B31(Linear) 1 1.50264E+12 1.54251E+12 

  2 1.44099E+12 1.47679E+12 

0.154 4 1.42542E+12 1.46118E+12 

  B32(Quadratic) 2 1.42023E+12 1.45604E+12 

  B31(Linear) 1 7.65632E+11 7.72471E+11 

  2 7.55887E+11 7.64684E+11 

0.34 4 7.53653E+11 7.6276E+11 

  B32(Quadratic) 2 7.52912E+11 7.62124E+11 

 

 

It is observed from the above results that an increase in the CNT thickness leads to a 

decrease in the value of the Young’s modulus of CNT. The Young’s modulus of armchair 
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CNT is slightly higher than that of zigzag CNT. This trend is in close agreement with 

results that are already reported in several works seen from literature and the values of 

the Young’s modulus obtained here are within the published range of values from the 

literature. The plot below in Figure 2.8 show the dependency of the nanotube Young’s 

modulus for both (14, 0) zigzag and (8, 8) armchair nanotube configurations on the 

nanotube thickness while the number of elements per hexagonal arm are varied to 

observe the effect of mesh convergence on the Young’s Modulus.
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Figure 2.8. Variation of Young’s modulus as a function of nanotube wall thickness  for 

(a) zigzag (14, 0) CNT and (b) armchair (8, 8) CNT. 

 

Further, Figure 2.9 shows the comparison of Young’s modulus variation with nanotube 

thickness for the two nanotube configurations. Upon observation it may be concluded 
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that the Young’s Modulus of armchair nanotubes is slightly higher than that of zigzag 

nanotubes for small values of thickness and converge as the thickness of nanotube 

approaches 0.34 nm.  

 

 
Figure 2.9. Comparison of Young’s modulus from two different CNT configurations. 

Results are obtained by using 3-node, quadratic beam elements (B32). 

 

Thus it can be concluded that the Young’s modulus of the nanotube is sensitive to the 

wall thickness, consistent with the works reported in the literature (Lu 1997, Hernandez 

et al. 1998, 1999, Popov and Van Doren 2000, Prylutskyy et al. 2000, Chang and Gao 

2003) 

 

 

2.3.2 Variation of ‘E’ of nanotube with Poisson’s ratio 

The effect of variation of Poisson’s ratio on the Young’s Modulus of the nanotube was 

further studied. The plots below show the effect of variation of Poisson’s ratio on the 

Young’s modulus of the nanotube. 

0.00E+00

5.00E+11

1.00E+12

1.50E+12

2.00E+12

2.50E+12

0 0.1 0.2 0.3 0.4

Yo
un

g'
s M

od
ul

us
 E

 (N
/m

2 )
 

CNT Wall thickness (nm) 

Zigzag (14,0)
Armchair (8,8)

54 
 



 
Figure 2.10. Variation of Young’s modulus as a function of nanotube Poisson’s ratio for 

(14, 0) zigzag and (8, 8) armchair CNT. 

 

Similar to the several values of thickness reported in the literature an equally good 

number of values of Poisson’s ratio have been reported as well (Lu 1997, Chang and Gao 

2003). Values of Poisson’s ratio viz. 0.16, 0.19, 0.22, 0.30 and 0.49 have been commonly 

observed. For the same (14, 0) zigzag and (8, 8) armchair nanotube modeled as above and 

with Poisson’s ratio values listed as above the nanotube Young’s modulus E is evaluated. 

The thickness of the nanotube is fixed at 0.34 nm which is most widely accepted as seen 

from the literature, while the Poisson’s ratio is varied. The resulting graph for both the 

(14, 0) zigzag and (8, 8) armchair configuration are as shown in above Figure 2.10 above 

wherein the ‘E’ of nanotube decreases with increasing values of Poisson’s ratio. 

 

 

2.3.3 Variation of ‘E’ of nanotube with nanotube diameter  
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with the nanotube diameter.  The thickness of these nanotubes is fixed at 0.34nm which is 

one of the widely accepted values in the literature. It may be noted that the value of this 

thickness assigned to small diameter nanotubes is contradictory since the thickness is 

close to the diameter as already has been pointed out by several researchers in the 

nanotube community. However this scenario is still included for the analyses in this 

work. The zigzag CNT FE models with diameter variation from 0.392 nm until 2.351 nm 

are set up for tensile loading experiment in ABAQUS. The material properties for the 

beam material simulating the bond is based on the initial evaluated values that is obtained 

upon equivalence of molecular and structural mechanics parameters. Appropriate 

boundary conditions are imposed and mesh convergence is ensured with several trials of 

mesh refinement as well as use of higher order elements. As earlier, beam element B32 

with quadratic interpolation having three displacement and three rotation degrees of 

freedom at each node is used. The nanotube is subjected to an axial displacement and a 

linear static analysis with NLGEOM= OFF is conducted and the resulting reaction forces 

are evaluated. Figure 2.11(a) below shows the displacement contour along the length for 

a zigzag (14, 0) nanotube upon subjecting it to an axial displacement. The evaluated 

values of Young’s modulus of several zigzag nanotubes are plotted as seen Figure 

2.11(b). The Young’s modulus of the beam is based on the bond’s axial stiffness (Ka) that 

is computed from the equivalences of molecular mechanics and structural mechanics 

parameters. Poisson’s ratio value of 0.16 is applied as in previous analysis. This is 

applied to all of the zigzag configuration nanotubes that are evaluated.  
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Figure 2.11. (a) Deformation contour of a zigzag CNT under tension; (b) Variation of 

Young’s modulus as a function of nanotube diameter for a zigzag CNT. 

 

As seen in Figure 2.11(b) above, the ‘E’ values of the armchair nanotube is slightly 

higher than those of the zigzag nanotubes up to around a nanotube diameter of 1.3 nm 

beyond which the trend is seen to reverse. This is observed in several results reported in 

the literature and is attributed to orientation of the nanotube bonds within a small radius 

of curvature for small diameter. The bonds oriented are perpendicular (90°) to and are at 

an angle of ± 60° and ± 120° to the nanotube axis in the armchair configuration which 

displays higher stiffness than those oriented parallel (0°) to and at an angle of ± 30° and 
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±150° to the nanotube axis in the zigzag configuration nanotubes. With increasing radius 

of curvature the number of bonds that are parallel to (0°) and oriented at angles of  ± 30° 

and  ± 150° to the nanotube axis in the zigzag configuration increase that add more 

resistance to deformation and resulting in ‘E’ values higher than those of armchair 

nanotube configuration. A drop in the ‘E’ value of armchair nanotube between (8, 8) of 

diameter 1.086 nm and (12, 12) of diameter 1.629 nm seen in the graph plotted in the 

figure above. This may attributed to a decrease in the stiffness of the arm chair CNT 

models with increase in radius of curvature. Further, it may be observed that the ‘E’ 

values of most of the nanotubes that are modeled above with both armchair & zigzag 

configurations vary between 0.74 TPa and 0.76 TPa for a thickness value of 0.34nm. 

These values are in good agreement with earlier research findings that are reported based 

on experimental & theoretical methods by several researchers. In all of the analyses 

reported here the most widely accepted nanotube thickness value of 0.34 nm has been 

used. 

 

2.3.4 Variation of ‘G’ of nanotube with nanotube diameter  

 

Continuing with a similar analysis as above, the shear modulus ‘G’ of carbon nanotube 

for zigzag and armchair nanotube configurations is evaluated. Zigzag CNT FE models 

with diameters from 0.392 nm – (5, 0) until 2.351 nm – (30, 0) as well as armchair CNT 

with diameters from 0.543 nm – (4, 4)  until 2.443 (18, 18) are set up for torsion 

experiment in ABAQUS CAE virtual environment. The material properties for the beam 

material simulating the bond is based on the initial evaluated values that is obtained upon 

equivalence of molecular and structural mechanics parameters. The thickness of the 

nanotubes considered here is 0.34 nm which is the interspatial thickness of graphite. 

Appropriate boundary conditions are imposed and mesh convergence is ensured with 

several trials of element refinement as well as use of higher order elements. 3D beam 

element B32 with quadratic interpolation function having three displacements and three 

rotation dof at each node is used. The nanotube is subject to a torsional moment and the 

resulting twist angle parameter is evaluated. Figure 2.12 below shows the contour plot of 

torsional displacement.  
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Figure 2.12. Displacement contour of a (14, 0) nanotube subject to torsional load. 

 

A linear static analysis is conducted and shear modulus ‘G’ of the nanotube is evaluated 

as per the equation  

 

G = TL
Jθ

                                                                                                                           (2.14) 

 

where T = Torque applied to the nanotube 

L =  Length of the nanotube 

J =  Polar Moment of Inertia of nanotube 

θ =  Angle of twist of the Nanotube 

 

A plot of variation of ‘G’ with diameter of nanotube for both Armchair and Zigzag 

nanotube is as shown in Figure 2.13 below.  
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Figure 2.13. Variation of CNT 'G' with varying nanotube diameter –armchair and zigzag 

for t = 0.34nm. 

 

The evaluated values of shear modulus of several zigzag nanotubes are plotted as seen in 

Figure 2.13. The shear modulus of the beam is based on bond’s axial stiffness (Ka) that is 

computed from the equivalences of molecular mechanics and structural mechanics 

parameters. Poisson’s ratio of 0.16 as earlier is applied. As may be observed from the 

graph, the shear modulus starts with 0.267 TPa for the (5, 0) zigzag, 0.273 TPa for the       

(4, 4) configuration and increases almost linearly until 0.304 TPa for the (14, 0) zigzag, 

0.290 TPa for the (7, 7) configuration beyond which the value of shear modulus almost 

stabilizes at around 0.30 TPa for nanotube diameters up to 2.5 nm for both the armchair 

and zigzag CNT configurations , approaching close to that of shear modulus of graphite.  

It may be observed that the shear modulus for both the zigzag and armchair configuration 

nanotubes increases with diameter for small diameter nanotubes and tends to become 

constant for large diameter nanotubes. The shear modulus of zigzag configuration is 

slightly higher than that of the armchair due to bonds parallel to the axis offering greater 

resistance to shear/torsion compared to armchair configuration that has bonds non 
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parallel to the nanotube axis This trend has been observed in several of the works 

reported earlier (Hernandez et al. 1998, Goze et al. 1999, Hernandez et al. 1999, Popov 

and Van Doren 2000, Wang et al. 2011). 

 . 

2.3.5 Variation of the computed nanotube Poisson’s ratio with nanotube diameter. 

 

Considering the behavior of the nanotube to be linear elastic, the Poisson’s ratio of the 

nanotube is computed using the computed values of Young’s modulus and Shear 

modulus of the nanotubes. It is to be noted here that this computed Poisson’s ratio is 

different from the Poisson’s ratio (ʋ=0.16 as per (Chang and Gao 2003)) that is used for 

modeling the bonds of the carbon nanotube using the beam element which are the 

building blocks of the nanotube structure. The computed values of the Poisson’s ratio 

falls in the range between 0.39 and 0.28 as shown in the plot in Figure 2.14. Initially for 

small diameters though the values appear to drastically drop (within a small range) with 

increase in the nanotube diameter the values of the Poisson’s ratio stabilizes at around 

0.28. Also it may be seen that the Poisson’s ratio of the armchair nanotube is slightly 

higher than that of the zigzag nanotube. This may be attributed to the nanotube 

configurations whereby the bonds that are parallel to the nanotube axis in zigzag 

configuration have greater resistance to lateral deformation and hence a lesser values of 

Poisson’s ratio compared to armchair configuration in which case there is lesser 

resistance to lateral deformation. It is clear that the Poisson’s ratio of both zigzag and 

armchair nanotubes are very sensitive for small nanotube diameters up to 1.6nm. For 

higher diameter nanotubes the effect on Poisson’s ratio is weak. This trend has been 

observed in several of the works from literature (Hernandez et al. 1998, Goze et al. 1999, 

Hernandez et al. 1999, Popov and Van Doren 2000, Wang et al. 2011) whereby the 

Poisson’s ratio of both achiral (armchair, zigzag) and chiral nanotubes have been reported 

using experimental as well as molecular dynamics approach using Tersoff-brenner 

potential. Hence there is a very good agreement between the results. 

61 
 



 
Figure 2.14. Calculated values of Poisson's ratio from E and G of nanotubes. 

 

2.3.6 Variation of ‘E’ of nanotube with varying aspect ratio 

 

A key parameter in designing a carbon nanotube is its length or height. Experimentally, 

the length of the carbon nanotubes can be adjusted by controlling the growth conditions 

such as temperature, time, and pressure. It is interesting to know the effect of nanotube 

length on the resultant properties of the nanotube structures. In this study, the FE models 

for nanotubes with various lengths (heights) were constructed and the elastic moduli were 

evaluated.  The nanotubes used were in zigzag configuration with a fixed wall thickness 

of 0.34 nm. 

 

In order to study the effect of nanotube aspect ratio on the young’s modulus and on the 

stiffness, a (14, 0) zigzag model nanotube that is modeled as earlier is considered. 

Nanotube models with varying aspect ratio varying from 4 to 11 are considered. The 

nanotube is meshed with B32 beam elements having quadratic displacement function and 

a thickness of 0.34nm consistent with previous analyses is used. The lower end of the 

nanotube is fixed in all 6 degrees of freedom while the top end of the nanotube is subject 

to an axial displacement. Strain up to 5% is applied for each of the nanotube model. The 

nanotube is subject to both tensile and compression tests and is observed that the results 
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obtained are identical from both the tests cases. Plots of nanotube Young’s modulus and 

stiffness against the nanotube aspect ratio are obtained. 

 

Figure 2.15 below shows variation of nanotube Young’s modulus with aspect ratio. 

Values are plotted for two cases (i) Considering nanotube wall thickness area, as in 

individual nanotube, (ii) Considering nanotube as part of an array in which case the 

nanotube’s diametrically enclosed area is considered. The Young’s modulus value in case 

(ii) is lower than that of case (i) as seen in the plot in Figure 2.15 below. Computation of 

Young’s Modulus in the above two ways gives an understanding of the magnitude by 

which one differs the other. It is seen that the nanotube Young’s modulus considered as 

part of an array is 0.72 (ratio between Young’s modulus between two cases) times the 

Young’s modulus considered as individual tube. The plot shows that the nanotube 

Young’s modulus remains constant and is unaffected by the variation in the aspect ratio. 

 

 
Figure 2.15. Variation of (14, 0) nanotube young's modulus with aspect ratio. 
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Figure 2.16 below shows the variation of nanotube stiffness with varying nanotube aspect 

ratio. A gradual drop in the stiffness of the nanotube with increasing aspect ratio is 

observed. This behavior of the nanotubes was as expected. 

 

 
 

Figure 2.16. Variation of (14, 0) nanotube stiffness with aspect ratio. 

2.4 Conclusions 
 

The structural mechanics based computational modeling has been used to design and 

characterize the individual carbon nanotubes, which are the fundamental building block 

of aligned carbon nanotubes structures.  Based on an understanding of carbon nanotubes 

at the atomic/molecular level, the equivalent truss structure models of the CNTs were 

constructed by using space beam elements. The geometric parameters of the individual 

nanotube on its mechanical properties are thoroughly examined. The modulus of the 

nanotubes is largely affected by the overall tube diameter. It is observed that the Young’s 

modulus and shear modulus of the nanotube are sensitive to the atomic structure of the 

tubes, whereby the CNTs in armchair configuration exhibit higher young’s modulus than 

the CNTs in zigzag one with increasing diameter whereas for the shear modulus the 
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zigzag configuration exhibits higher than that of the armchair with increasing nanotube 

diameter. Both Young’s modulus and Shear modulus generally increases at a much 

steeper rate with diameter for small diameter nanotubes and then becomes stabilized for 

large diameter nanotubes. The Poisson’s ratio computed from the values of Young’s and 

shear moduli show that the Poisson’s ratio of armchair nanotubes is higher than that of 

the zigzag and is sensitive for small diameters of nanotubes. This trend is seen in the 

work by Popov (Popov and Van Doren 2000) and others. The strength of the CNTs 

further depends upon the diameter of the C-C bonds (tube wall thickness). As the wall 

thickness increases, the Young’s modulus of the nanotubes decreases. Also the Young’s 

Modulus is sensitive to the value of the Poisson’s ratio chosen for the C-C bond whereby 

a decreasing trend of modulus with increasing Poisson’s ratio is seen.  Finally, the 

modulus of the nanotubes is unaffected by the tube length whereas the stiffness is 

inversely proportional to the tube length.  
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Chapter 3 

3. Design and Modeling of Aligned Carbon Nanotubes Using 

Structural Beam Modeling - Aligned Carbon Nanotubes Structures  

3.1 Introduction 
 

The aligned carbon nanotube (VA-CNT) structure is composed of arrays of individual 

CNTs grown vertically on a flat substrate. The overall structure and properties of VA-

CNTs are highly dependent upon the designs of various architectures and geometric 

parameters. In Part 2, the detailed designs and modeling of various aligned carbon 

nanotube structures is presented. It is found the VA-CNT structures generally have much 

lower modulus than an individual CNT. The reason is due to the high porosity and low 

density of the VA-CNT structures, since the interstitial space between nanotubes is 

mostly occupied by air.  Increasing the nanotube array density is seen to have 

significantly improved the modulus of VA-CNT structures. The mechanical property of 

the VA-CNT structure can be affected by the individual nanotube atomic structure, but 

only at small wall thickness. As a material, the elastic modulus of the VA-CNT is not 

affected by the size (height) of testing specimen. 

 

Practical applications often require that the carbon nanotubes be produced in large scales 

and at oriented forms. These have resulted in a novel carbon nanotube material: the 

aligned carbon nanotube (VA-CNTs) structures. The VA-CNTs was first grown by 

Terrones et al. (Terrones et al. 1997) through the method of laser ablation.   In this 

experiment, a thin film of cobalt (~10–100 nm) was deposited on a silica plate. The 

coated plate was subsequently etched with a laser pulse to create linear tracks.  Through 

the use of a patterned catalyst the aligned carbon nanotubes were formed. The aligned 

CNTs produced can have a length up to about 50 µm and a fairly uniform diameter of 

30–50 nm. Since then, various techniques have been used to synthesize this novel 

material.  Li et al.(Li et al. 1999) have reported the growth of aligned carbon nanotubes 

by the pyrolysis of acetylene on an alumina template. In this method, the cobalt or nickel 
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catalyst particles were pre-deposited at the bottom of the alumina membrane pores, 

followed by deposition of carbon nanotubes in the pores. The diameter, packing density, 

and length of carbon nanotube arrays could be tuned by altering the designs of the 

alumina templates. Recently, the chemical vapor deposition (CVD) method has been used 

to produce aligned CNTs. Dai and co-workers (Dai et al. 2003)have prepared large-scale, 

aligned carbon nanotubes on the substrate surfaces by the pyrolysis of iron 

phthalocyanine (FePc). Rao et al.(C. N. R. Rao 1998) and Wei et al (Wei et al. 2003) 

have synthesized well-aligned CNTs from ferrocene in xylene solution.(Qu et al. 2008)) 

have successfully produced aligned, single-walled carbon nanotube arrays by using the 

combined plasma-enhanced CVD and fast heating method  (Qu et al. 2008). The single-

walled VA-CNTs are much lighter and more efficient than the multi-walled VA-CNTs. A 

typical growth process for aligned carbon nanotube structures is shown in Figure 3.1. 

 

 
Figure 3.1. (a) Schematic showing the process of growing aligned carbon nanotubes 

structure. (b) SEM image of aligned carbon nanotubes structure (Li et al. 1999) 
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As illustrated in Figure 3.1, a VA-CNT structure is composed of arrays of individual 

CNTs grown vertically on a flat substrate. The overall structure of an VA-CNTs highly 

depend upon the designs of various architectures and geometric parameters, including the 

tube height, tube diameter, tube array density, tube distribution pattern, inter-tube 

distance, tube-tube junction structure, and among many other factors. A small variation in 

each parameter would have great impact on the optimal performance of the VA-CNT 

structure.  Therefore, it is crucial to have a rational strategy to design and evaluate the 

architectures and geometric factors to help process the optimal nanotube materials. The 

traditional material development has relied on the experimental “trial-and-error” method, 

thus is a very slow and expensive process. The National Materials Advisory Board of the 

National Academy has recently recommended a brand new material development model 

to the entire material science community, i.e., the “Integrated Computational Materials 

Engineering (ICME)” (National Research Council, 2008). The objective of the ICME 

approach is to integrate computational materials science tools into a holistic system that 

can accelerate materials development process. The most commonly used computational 

method for designing nanomaterials has been the atomistic approach, i.e., the classical 

molecular dynamics (MD), which has been very successful for modeling an individual 

nanotube. However, for a VA-CNT structure that consists of millions or even billions of 

individual nanotubes, the atomistic approach is simply too computationally expensive.  

We propose to use the structural beam mechanics for designing and modeling the aligned 

carbon nanotubes structures. In chapter2, the fundamentals of the structural mechanics 

method are presented and modeling of the individual nanotube - the fundamental building 

block of the aligned nanotube structures has been covered.  In chapter 3, the detailed 

design and modeling of the aligned carbon nanotubes structures will be presented. 
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3.2 Modeling of VA-CNT array with (14, 0) zigzag SWCNT using beam 

elements 
 

3.2.1 VA-CNT array layout design for Square and FCC patterns 

 

VA-CNT arrays are grown with square, FCC, HCP, Square and random distribution 

patterns of the nanotubes. In this analysis, square and FCC distribution patterns are 

designed and modeled in order to study the effect of nanotube distribution pattern, 

nanotube density on the Young’s Modulus ‘E’ and stiffness of the VA-CNT material. The 

VA-CNTs are grown with several different packing densities commonly referred to as 

areal densities. The most commonly grown areal densities being 1x108 tubes/cm2, 1x109 

tubes /cm2, 1x1010tubes/cm2, 1x1011 tubes /cm2, 1x1012 tubes /cm2 and 1x1013 tubes /cm2. 

 

The layout and the modeling details of Square and FCC distribution pattern for the VA-

CNT array considered are shown in Figure 3.2 below. 

 

 
 

Figure 3.2. Layout of Square and FCC distributions of nanotubes. 
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The area occupied by an individual nanotube for square and FCC distribution of 

nanotubes is highlighted. The final design parameters which are the nanotube 

interspacing distance and the maximum diameter of the nanotube that can be 

accommodated for a given areal density without nanotube overlap/interference as 

observed in a grown VA-CNT and with well aligned nanotubes for both square and FCC 

configurations with reference to Figure 3.3 is given in Table 3.1 and Table 3.2 as below. 

 
Figure 3.3. Unit cell layout for SQUARE and FCC design. 

 

With L1
2 as the area per nanotube in a square configuration and L2*2*L2 as the area per 

nanotube in a FCC configuration, for identical unit cell area in both configurations we 

obtain L2 = 0.707 L1. It is to be noted here that L1 ≠2L2.  Table 3.1 and Table 3.2 shows 

the intertube distances L1 and L2 for both Square and FCC distribution and the maximum 

diameter of the nanotubes that could be accommodated for each density distribution. 
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Table 3.1. L1 and nanotube diameter values for different areal densities-Square 

configuration. 

Areal 

Density 

(tubes/cm2) L1 (m) 

CNTs with 

diameter < 

than (nm) 

  

 

  

1.00E+08 1.00E-06     1000 

  

 

  

1.00E+09 3.16E-07     316.2 

  

 

  

1.00E+10 1.00E-07      100 

  

 

  

1.00E+11 3.16E-08      31.62 

  

 

  

1.00E+12 1.00E-08      10 

  

 

  

1.00E+13 3.16E-09     3.162 
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Table 3.2. L2 and nanotube diameter values for different areal densities-FCC 

configuration. 

Areal 

Density 

(tubes/cm2) L2 (m) 

CNTs with 

diameter < 

than (nm) 

  

 

  

1.00E+08 7.07E-07    999  

  

 

  

1.00E+09 2.24E-07   316 

  

 

  

1.00E+10 7.07E-08   99.9 

  

 

  

1.00E+11 2.24E-08   31.62  

  

 

  

1.00E+12 7.07E-09   9.899  

  

 

  

1.00E+13 2.24E-09   3.15 

 

 

A representative comparison of VA-CNT distribution for different densities and a fixed 

number of tubes for Square distribution of nanotubes modeled in ABAQUS is shown in 

Figure 3.5 below. Also Figure 3.6 shows the FCC distribution pattern for an areal density 

of 1e13 tubes/cm2. The square and FCC distribution VA-CNT arrays are designed such 

that the area occupied by a predefined number of tubes (16, 36, 64, 100) in square 

configuration for a given aerial density is maintained the same in FCC configuration for 

the corresponding areal density by way of calculation of a new set of number of tubes 

(13, 32, 61, 98) in view of the difference in the tube distribution patterns. Hence the 

design is for a “Fixed number” of tubes. This implies that for a predefined number of 

tubes (for example 100) the total area occupied by this predefined number of tubes 

diminishes with increasing areal density. Greater areal density indicating close packing of 
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nanotubes as compared to smaller areal densities indicating loose packing of the 

nanotubes. The tube-tube distance varies accordingly. Figure 3.4 below shows this 

diminishing trend of VA-CNT area for a fixed number of nanotubes and with increasing 

tube areal/ packing density. The calculated intertube distances for each of the areal 

densities and for both Square and FCC configurations is as given in Table 3.1 and Table 

3.2. Figure 3.5 shows pictorially the actual area occupied by each of the areal densities 

for a fixed number of tubes-100 tubes in this case for square configuration.  This design 

approach will help to compare the characteristics of VA-CNT for both Square and FCC 

distribution for various densities.  The VA-CNT area for an areal density of 1X1013 

tubes/cm2 for 98 tubes and FCC configuration is shown in Figure 3.6. 

 

 
 

Figure 3.4. Diminishing trend of the VA-CNT area with increasing packing density for a 

fixed number of tubes. 
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Figure 3.5. Overview of VA-CNT area for different areal densities for a fixed no. of 

tubes- 100 tubes for square configuration. 

 

 

 
 

Figure 3.6. FCC distribution of nanotubes for 1X1013 tubes/cm2 for 98 tubes 
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3.2.2 Modeling procedure for VA-CNT structures 

 

The aligned carbon nanotubes structures are consisted of individual nanotubes that are 

packed vertically on flat substrates. The overall structures depend upon numerous 

geometric parameters, including tube array density, tube distribution pattern, inter-tube 

distance, tube-tube junction structure, among many others. To construct the VA-CNT 

structures, the solid models for individual carbon nanotubes in zigzag and arm chair 

configurations were geometrically modeled using the modeling capability of ANSYS 

software and then imported into ABAQUS CAE for FE modeling. The 3-node beam 

elements (B32) with a quadratic displacement function were used. Appropriate beam 

section orientation, geometric sectional properties, and material properties were assigned 

following the procedures described in chapter 2.  

 

The VA-CNT structures at various densities were constructed, ranging from 1x1010 

tubes/cm2 to 1x1013 tubes/cm2. FE models of various sizes, from 16-tube structure to 100 

tube structure, were constructed for both Square and FCC configurations. The heights of 

the VA-CNT structures were varied, from 4.54 nm to 8.67 nm. To conduct compression 

experiments, the compression heads (as represented by analytical rigid surfaces) were 

subjected to a displacement in the downward direction. The bottom ends of the nanotubes 

were constrained in all directions to simulate the fixity of the nanotubes to the substrate 

material. Suitable contact interactions were defined between the nanotube top surfaces 

and the compression head surfaces with an assumed coefficient of friction of 0.1. 

Examples of the FE models for the vertically aligned carbon nanotubes structures are 

shown in Figure 3.7 and Figure 3.8 below. 
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Figure 3.7. FE models of aligned carbon nanotubes structures at various tube densities; 

(a)1x1010 tubes/cm2,  (b) 1x1011 tubes/cm2, (c) 1x1012 tubes/cm2, (d) 1x1013.The number of 

tubes in the structure is 100 and height is 4.54nm 

 

(c) 

(d) 
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 (e)

 
 (f) 

Figure 3.8. FE models of vertically aligned carbon nanotube arrays containing different 

number of tubes: (a) 1 tube, (b) 16 tubes, (c) 36 tube,  (d) 49 tubes, and (e) 64 tubes 

(f)100 tubes. The height of the tube is 4.54 nm –Square configuration. 
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3.3 Results and discussion  
 

3.3.1 Modulus of the VA-CNT structures 

 

An individual carbon nanotube is believed to possess exceptionally high modulus and 

strength, with a Young’s modulus as high as 1 TPa and a strength over 100 times of a 

steel (Lu 1997, Wong et al. 1997, Krishnan et al. 1998, Popov et al. 2000). However, the 

aligned nanotube array structures have been found to exhibit rather weak properties. The 

mechanical properties of the VA-CNT structures have been experimentally investigated, 

mostly through the nanoindentation technique (McCarter et al. 2006, Mesarovic et al. 

2007, Pathak et al. 2009, Patton et al. 2009, Zhang et al. 2010). The indenter used was 

either three-face pyramidal shape (Berkovich indenter), parabolic shape (spherical 

indenter), or flat shape (flat indenter). By driving the indenter into the specimen and then 

withdrawn from it, the indentation load-depth curves are obtained and then analyzed by 

following the standard Oliver-Pharr method (Oliver and Pharr 1992). The modulus of the 

VA-CNT structures so determined have been found to vary greatly, ranging from several 

Megapascals to several hundred of Gigapascals (Table 3.3).  The reason for the lower 

modulus is primarily due to the high porosity in the VA-CNT structures, since the 

interstitial space between nanotubes is only occupied by air.  In a typical VA-CNT 

structure, the individual nanotubes are either completely separated from neighboring 

tubes or in weak contact with neighboring tubes through van der Waals attractions.    
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Table 3.3. Summary of Elastic modulus of VA-CNT structures determined through 

various nanoindentation experiments. 

Indenter 
Shapes Used 

in Indentation 
Experiments 

CNT 
Height 

CNT 
Diameter 

Elastic 
Modulus References 

Flat Indenter 35−650 µm 10-20 nm 20-35 MPa (Maschmann et al. 
2011, Lu et al. 2012) 

Spherical 
Indenter 

20µm,  
500 µm 

1-3 nm,  
10 nm 

18 GPa;  
58 MPa 

(Misra et al. 2009, 
Zhang et al. 2010) 

3-Sided 
Pyramid 
Indenter 

~600nm, 
20µm ~50nm 

0.9-1.2 TPa; 
40-600 
MPa; 

0.1-0.8 GPa 

(Mesarovic et al. 
2007, Tong et al. 
2008) 

 
 

In this study, the moduli of the VA-CNT structures are evaluated through computational 

method. The construction and modeling of individual CNT have been discussed in detail 

in Part 1 of the paper. Assuming the same geometry and properties, those individual 

CNTs were arranged in various patterns and densities to construct the aligned carbon 

nanotube structures. Figure 3.9 shows the deformation of a VA-CNT structure, in which 

the individual CNTs were arranged in an ordered square distribution in a small 

representative area (8.6E-4µm2). The structure has an areal density of 1013 tubes/cm2.  

Figure 3.10 shows the stress-strain response of this VA-CNT structure. For comparison, 

the stress-strain response of a single CNT is also included.  It is seen that the VA-CNT 

array has a noticeably lower stress-strain response, due to the open space between the 

tubes.  The Young’s modulus of the VA-CNT structure is evaluated using Equation (3.1). 

The resulting Young’s modulus of the VA-CNT array is approximately 0.103 TPa, which 

is about 12% of the modulus of a single CNT (0.79 TPa). 

 

E = PL
Aδ

              (3.1) 

 

where 𝑃 = Total applied load  

 𝛿 = Elongation of the VA-CNT structure 

 𝐿 = Length of the VA-CNT structure 
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 𝐴 = Cross sectional area of the VA-CNT structure 

 

 

 

 

 
 

 

 

 
 

Figure 3.9. Deformation Contour of an aligned nanotube structure under compressions.  
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Figure 3.10. Stress-strain response of the vertically aligned nanotube arrays and single 

CNT under compression. 

 

 

The effect of tube atomic structure on modulus of the VA-CNT structures was further 

examined. Figure 3.11shows the stress-strain responses of the VA-CNT structures with 

zigzag and armchair configurations.  It is observed that at thinner tube wall thickness 

(t=0.066 nm), there exists a noticeable difference in stress-strain curves between the two 

VA-CNTs. The VA-CNT in armchair configuration is much stiffer and has 

approximately 13% higher modulus than the VA-CNT in zigzag configuration. When the 

tube wall thickness become larger (t=0.35 nm), the stress-strain curves of the two 

structures are almost indistinguishable and the Young’s moduli of the two structures are 

essentially the same. The dependence of modulus on tube wall thickness is consistent 

with results observed earlier on single CNTs (Figure 2.9 in chapter 2). 
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Figure 3.11. Comparison of stress-strain responses of two VA-CNT structures with 

different atomic configurations. (a) The wall thickness of all individual tubes in the 

structure is 0.066 nm, and (b) The wall thickness of all individual tubes in the structure is 

0.34nm. 
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3.3.2 Effect of FE model size on stiffness and modulus of VA-CNT array 

 

An aligned CNT structure is comprised of millions of individual tubes per one square 

centimeter; therefore it is computationally impractical to consider all the tubes in the 

structure. Here the CNT structure with different tube number was constructed and 

studied, from 16 tubes to 100 tubes. Figure 3.12 shows the variations of stiffness and 

elastic modulus of the VA-CNT structures as a function of the number of nanotubes.  As 

expected, as the number of tubes increases the stiffness increases. That is because there 

are more load-carrying members in the array. However, the modulus of the structures is 

seen to remain relatively constant as number of tubes increases. Thus, from design point 

of view, a modest size FE model (>36 and 32 tubes for Square and FCC) is sufficient for 

achieving accurate results while maintaining good computational efficiency. 
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Figure 3.12. Effect of FE model size on properties of the VA-CNT structure. 

3.3.3 Effect of tube / array density on stiffness and modulus of VA-CNT array 

 

The VA-CNT array may be conceptually viewed as a complex structure consisted of 

nominally aligned tubes; between the tubes are unfilled open spaces that have no load-

carrying capability. Therefore, the mechanical behaviors of the VA-CNT structure are 

highly dependent upon the “density” of the nanotube arrays. A more densely packed 

nanotube array would have more load-carrying capability and fewer geometric freedoms 

for tube movements Recent experimental study has shown that there exists a linear 

relationship between the elastic modulus of the VA-CNT structure and its density. When 

the density of the VA-CNT array is doubled, the modulus can be increased by 50% 

(Wardle et al. 2008). 

 

In the present study, the VA-CNT structures at various densities were constructed, 

ranging from 1x1010 tubes/cm2 through 1x1013 tubes/cm2. Figure 3.13 and Figure 3.14  
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show the results of these VA-CNT arrays obtained with FE models containing 16 tubes to 

100 tubes for SQ and 13tubes to 98tubes for FCC distribution. In each model, it is seen 

that as the density increases, the stiffness remains relatively constant. This is because the 

overall number of the load-carrying structural members (tubes) remains the same in each 

array model (16 tubes, 32 tubes, 64 tubes or 100 tubes). However, the modulus is seen to 

increase linearly with the increase of the array density.  

 

 

 
 

Figure 3.13. Effect of nanotube areal density on stiffness of the VA-CNT structure with 
Square configuration 
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Figure 3.14. Effect of nanotube areal density on modulus of the VA-CNT structure with 

Square configuration 
 

3.3.4 Effect of VA-CNT height on modulus and stiffness 

 

Although the aligned carbon nanotube arrays are initially grown on various substrates, 

they are able to retain their structural integrities after their removal from the substrates. 

Therefore, it has been widely accepted that an aligned carbon nanotube array is indeed a 

type of material (McCarter et al. 2006, Mesarovic et al. 2007). As a material, the VA-

CNT will have its unique mechanical property (modulus), which should be independent 

upon the geometries of the testing specimens. Several researchers have examined the 

influence of nanotube length (height) on mechanical properties of the aligned carbon 

nanotube arrays, and have found that the elastic modulus remains relatively unchanged 

when the tube height varies (Tong et al. 2008, Maschmann et al. 2010).  
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Figure 3.15. Load-displacement responses of the VA-CNT structures at different heights. 

Results are obtained from the 36-tube VA-CNT structure. 

 
Figure 3.16. Stress-strain responses of the VA-CNT structures at different heights. 
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In this study, the VA-CNTs with various lengths (heights) were modeled and the elastic 

moduli were evaluated. The nanotubes were all assumed in zigzag configuration with a 

fixed wall thickness of 0.34 nm. Figure 3.15 displays the resulting load-displacement 

curves for these VA-CNT materials. As expected, the load-displacement responses 

clearly depend upon the specimen geometries. As the length of the VA-CNT material is 

increased (from 4.54 nm to 8.67nm), the stiffness of the material has been reduced, from 

7.1 N/mm to 3.5 N/mm. 

 

The stress-strain curves of these VA-CNT materials are shown in Figure 3.16. It is seen 

that the stress-strain responses of these materials are essentially indistinguishable. The 

modulus are computed, ranging from 110 GPa to 113 GPa, a merely 3% difference. 

  

In an another trial of VA-CNT array with 100 tubes and square configuration  for heights 

of 4.54nm, 6.25nm and 8.81 nm, the VA-CNT modulus and stiffness  variation is plotted 

as shown in Figure 3.17 and Figure 3.18 below. It may be observed that for a given fixed 

number of nanotubes, the Young’s modulus of the VA-CNT array is independent of the 

array height however the VA-CNT modulus increases with increasing areal density. 

Further, for a fixed given number of tubes, the stiffness of the VA-CNT array greatly 

depends on the VA-CNT height and is independent of the VA-CNT areal density since 

the number of load carrying members are the same for every areal density. The VA-CNT 

stiffness is inversely proportional to the VA-CNT height. The results are very consistent 

with those previously observed and from the literature.  
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Figure 3.17. Variation of array modulus with areal density for different heights for fixed 

100 tubes –square configuration. 
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Figure 3.18. Variation of array stiffness with areal density for different heights for fixed 

100 tubes-square configuration. 

3.3.5 Effect of tube distribution pattern on stiffness and Young’s modulus of VA-

CNT 

 

In another trial, the effect of tube distribution pattern /configuration on the modulus and 

stiffness of the VA-CNT array is studied. For this, a fixed number of tubes that occupy 

nearly identical area for both Square and FCC configurations is modeled. It is seen that 

the area occupied by 100 tubes in the VA-CNT array with Square configuration is closely 

identical to the area occupied by 98 tubes in FCC configuration with around 5% variation 

between the two areas; the area occupied by FCC configuration leading the area occupied 

by the Square configuration. This behavior may be also seen from Figure 3.19 seen 

earlier. The modulus of the VA-CNT array is closely identical for both Square and FCC 

configurations and increases with areal density as may be seen in the figure below. The 

minute variation in modulus between the two configurations is due to the small variation 
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in area discussed above and the modulus of VA-CNT with Square configuration leads 

that of the FCC configuration by a very small magnitude and is almost unnoticeable.  

 

  

 
 

Figure 3.19. Effect of VA-CNT configuration on modulus. 

 

 

The stiffness of the VA-CNT array as seen earlier is unaffected by the areal density for a 

given number of tubes. The stiffness of VA-CNT with Square configuration is slightly 

higher than that of the FCC configuration as seen in Figure 3.20. This is because the 

number of load carrying members i.e. nanotubes in Square configuration (100) is slightly 

higher than that of FCC configuration (98) occupying identically same area in both 

configurations  
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Figure 3.20. Effect of A-CNT configuration on stiffness. 

3.4 Conclusions 
 

An attempt is made in this work to design and characterize the material properties of 

aligned carbon nanotube arrays by using structural-based finite element method. VA-

CNT structures with various densities and configurations have been constructed.  Overall, 

the VA-CNT structures exhibit much lower modulus than the individual CNT, due to 

their high porosities and low densities.  By increasing the nanotube array density, the 

modulus of VA-CNT structures are significantly improved. The individual nanotube 

atomic structure, i.e., zigzag versus armchair, can affect the mechanical property of the 

VA-CNT structure, but only at small wall thickness.  The elastic modulus of the VA-

CNT is not affected by the size (height) of testing specimen. The modeling approach 

serves as a computational tool to design and evaluate the architectures and geometric 

factors of the VA-CNTs for further widespread applications in the automotive, aerospace, 

space and related industries and thus help process the optimal nanotube materials. 
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Chapter 4 

4. Design and Modeling of Aligned Carbon Nanotubes Structure Using 

Structural Shell Modeling: Single-walled VA-CNTs. 
 

 

4.1 Introduction 
 

An individual single-walled CNT may be visualized as originating from a single layer 

(Lu 1997) sheet of graphene rolled up to form a tube structure. Depending on the 

directions of rolling vectors, the CNT can be in different structures, i.e., armchair, zigzag, 

and chiral.  The structures and resultant mechanical properties of an individual CNT have 

been extensively studied. However, practical applications often require that the carbon 

nanotube be produced in large scales and at oriented forms. These have resulted in a 

novel carbon nanotube material: the aligned carbon nanotube (VA-CNTs) structures.  

 

A VA-CNT structure is composed of arrays of individual CNTs grown vertically through 

the use of a template (Figure 4.1). By controlling the design of the template, the resultant 

VA-CNTs can have various architectures and geometric parameters, including the tube 

height, tube diameter, tube array density, tube distribution pattern, inter-tube distance, 

and among many other factors. Any variation in each parameter may have great impact 

on the optimal performance of the VA-CNT structure.  Therefore, it is crucial to have a 

rational strategy to design and evaluate the architectures and geometric factors to help 

process the optimal nanotube materials. The traditional material development has relied 

on the experimental “trial-and-error” method, thus is a very slow and expensive process. 

The National Materials Advisory Board of the National Academy has recently 

recommended a brand new material development model to the entire material science 

community, i.e., the “Integrated Computational Materials Engineering (ICME)” (National 

Research Council, 2008). The objective of the ICME approach is to integrate 

computational materials science tools into a holistic system that can accelerate materials 

development process.   
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Figure 4.1. SEM micrographs of aligned carbon nanotubes(Li et al. 1999)  

 

 

The most commonly used computational method for designing nanomaterials has been 

the atomistic approach, i.e., the classical molecular dynamics and ab initio techniques.  

The molecular simulations often require huge computational resources and are limited to 

simulating 106–108 atoms for a few nanoseconds (Qian et al., 2002, Wang et al., 2004). 

Therefore, although the atomistic method has been very successful for modeling an 

individual nanotube, it would not be a suitable feasible approach for modeling the aligned 

nanotube arrays.    

 

Continuum mechanics techniques have gained great popularity recently due to their 

abilities to handle larger size carbon nanotube models.  The previous chapter has 

presented the use of discrete beam elements for the aligned carbon nanotubes structures.  

The structural beam elements are more computational efficient in comparison with the 

traditional molecular simulations. However, for a VA-CNT structure that consists of 

millions or even billions of individual nanotubes, the preparations of a beam based finite 

element model is still quite an effort. In addition, the discrete beam elements would not 

be able to handle the contact between the interior walls in a multi-walled nanotube or the 

contacts between neighboring tubes in a nanotube arrays.  In this chapter, we will attempt 

to use the continuum shell elements to design and model the aligned carbon nanotubes 

structures. 
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4.2 Modeling procedures 
 

4.2.1 Finite element formulation 

The approach in this work is based on the principle of structural mechanics (finite 

element method (FEM)).  As illustrated in Figure 4.2(a), an aligned carbon nanotubes 

structure is composed of numerous individual nanotubes that are packed vertically on a 

flat substrate. Each individual single-walled carbon nanotube may be thought of as one 

graphene layer of a hexagonal lattice structure that has been wrapped into a seamless 

cylinder as seen in Figure 4.2(b), therefore, the continuum shell seems to be a natural 

representation of the nanotube structure. The force and moment diagram of a plate 

element further extended to shell element is shown in Figure 4.2(c). 
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Figure 4.2. (a) A sketch for align carbon nanotubes structure (not to scale); (b) A sketch 

for an individual carbon nanotube; and (c) Forces and moments in a plate element. 
 

According to Yakobson (Yakobson et al. 1996), there exists a close resemblance between 

the fullerenes (molecules of carbon in hollow structures such as tubes, spheres and 

ellipsoids) with densely packed atoms along a closed surface and the macroscopic objects 

of continuum, i.e. shells. Although a single-wall carbon nanotube (SWCNT) may be 
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treated as thin shells, the thickness and Young’s modulus of the shell will have to be 

established.  

 

It is shown that based on simulation of axial compression of nanotube that is modeled 

using Tersoff-Brenner potential at small strains, the total energy grows as 𝐸(𝑒) = 1
2
𝐸"𝑒2, 

where 𝐸"=59ev/atom. Further noting that the intrinsic symmetry of a graphite sheet is 

hexagonal with the elastic properties of a two-dimensional hexagonal structure being 

isotropic, the properties can be approximated by a uniform shell with only two elastic 

parameters, flexural rigidity D, and the shell’s resistance to an in plane stretching, the in-

plane stiffness C (Yakobson et al. 1996) .  Also, it is seen that the energy of a shell is 

given by a surface integral of quadratic form and is derived as below.  

 

Referring to Figure 4.2(c), above, the strain energy stored in a plate element is the sum of 

the strain energy due to bending moment and the strain energy due to twisting moment: 

 

Strain energy = workdone by edge moments in bending and in twisting i.e workdone by 

�𝑀𝑥𝑑𝑦 +  𝑀𝑦𝑑𝑥� + ( 𝑀𝑥𝑦𝑑𝑦 + 𝑀𝑦𝑥𝑑𝑥)                                                         (4.1) 

 

It is seen that the equation (4.1) above neglects the work done by the shearing forces and 

by stretching of the middle plane of the plate and is similar to beam theory, i.e., strain 

energy due to compression or tension along the axis or due to shear distortion is normally 

ignored.  

 

Therefore work done by bending moments is 1
2
 x moment x angle between sides of the 

element after bending. The energy stored due to bending is given by 

 

𝑑𝑢𝑏 =  −1
2
 (𝑀𝑥

𝜕2𝑤
𝜕𝑥2

 +𝑀𝑦
𝜕2𝑤
𝜕𝑦2

) 𝑑𝑥𝑑𝑦                       (4.2) 
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With the relative rotations of the element faces due to twist as  𝜕
2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥  &  𝜕

2𝑤
𝜕𝑥𝜕𝑦

𝑑𝑦 , 

𝑀𝑥𝑦𝑑𝑦 and 𝑀𝑦𝑥𝑑𝑥 the twisting moments and with 𝑀𝑥𝑦 = 𝑀𝑦𝑥, the total energy due to 

twisting is given by 

 

𝑑𝑢𝑡 =  𝑀𝑥𝑦
𝜕2𝑤
𝜕𝑥𝜕𝑦

𝑑𝑥𝑑𝑦                                                 (4.3) 

 

Further, using 𝑀𝑥 = −𝐷 �𝜕
2𝑤
𝜕𝑥2

+ 𝜗 𝜕2𝑤
𝜕𝑦2

�& 𝑀𝑦 = −𝐷 �𝜕
2𝑤
𝜕𝑦2

+ 𝜗 𝜕2𝑤
𝜕𝑥2

�                  (4.4) 

 

where,  𝐷 =  �𝐸𝑡
3

12
(1 − 𝜗2)� the flexural rigidity and adding Equations (4.2) and (4.3) 

gives 

 

𝑑𝑢𝑏 +  𝑑𝑢𝑡 =  1
2
𝐷 ��𝜕

2𝑤
𝜕𝑥2

+ 𝜕2𝑤
𝜕𝑦2

�
2
− 2(1 − 𝜗) �𝜕

2𝑤
𝜕𝑥2

𝜕2𝑤
𝜕𝑦2

− � 𝜕
2𝑤

𝜕𝑥𝜕𝑦
�
2
�� 𝑑𝑥𝑑𝑦                 (4.5) 

 

The strain energy stored in the complete plate is given by integrating the above equation 

over the entire surface, i.e.  

 

 𝑢 =  1
2
𝐷 ∬��𝜕

2𝑤
𝜕𝑥2

+ 𝜕2𝑤
𝜕𝑦2

�
2
− 2(1 − 𝜗) �𝜕

2𝑤
𝜕𝑥2

𝜕2𝑤
𝜕𝑦2

− � 𝜕
2𝑤

𝜕𝑥𝜕𝑦
�
2
�� 𝑑𝑥𝑑𝑦                 (4.6) 

 

Extending the above to thin shells as in Figure 4.3, the strain energy due to bending only 

with no middle surface stretching is given by Equation (4.6) above. 
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Figure 4.3. Shell Element (Allen and Bulson.P.S. 1980). 
 

The strains in the x and y directions for a lamina in the shell element, as seen in Figure 

4.3,  at a distance ‘z’ from the middle surface in terms of middle surface strains and 

curvatures is given by  

 

𝜀𝑥 = 𝜀1 − 𝑧 𝜕
2𝑤
𝜕𝑥2

  and 𝜀𝑦 = 𝜀2 − 𝑧 𝜕
2𝑤
𝜕𝑦2

                                                     (4.7) 

 

The components of stress are then given by  

 

 𝜎𝑥 = 𝐸𝑧
(1−𝜗2)

[𝜀1 − 𝑧𝛽𝑥 + 𝜗�𝜀2 − 𝑧𝛽𝑦�]                                                  (4.8a) 

  𝜎𝑦 = 𝐸𝑧
(1−𝜗2)

[𝜀2 − 𝑧𝛽𝑦 + 𝜗(𝜀1 − 𝑧𝛽𝑥)                     (4.8b) 

 

where 𝛽𝑥 = 
𝜕2𝑤
𝜕𝑥2

  and are the change of curvatures  
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Components of edge forces are then given by 

 

𝑁𝑥 = ∫ 𝜎𝑥𝑑𝑧 = 𝐸𝑡
(1−𝜗2)

(𝜀1 + 𝜗𝜀2
+𝑡/2
−𝑡/2 )                   (4.9a) 

𝑁𝑦 = ∫ 𝜎𝑦𝑑𝑧 = 𝐸𝑡
(1−𝜗2)

(𝜀2 + 𝜗𝜀1
+𝑡/2
−𝑡/2 )                   (4.9b) 

𝑁𝑥𝑦 = ∫ 𝜏𝑥𝑦𝑑𝑧 = 𝐸𝑡
2(1+𝜗)

+𝑡/2
−𝑡/2 𝛾𝑥𝑦                    (4.9c) 

 

where 𝛾𝑥𝑦 is the component of shear strain in the middle surface of the shell. The energy 

due to stretching of the middle surface Us, is given by, 

 

𝑈𝑠 = ∬1
2

 �𝑁𝑥𝜀1 + 𝑁𝑦𝜀2 + 𝑁𝑥𝑦𝛾𝑥𝑦�𝑑𝐴 , which can be written as 

𝑼𝒔 = 𝑪
𝟐(𝟏−𝝑𝟐)∬�(𝜺𝟏 + 𝜺𝟐) 𝟐 − 𝟐(𝟏 − 𝝑)(𝜺𝟏𝜺𝟐 −

𝜸𝒙𝒚𝟐

𝟒
)� 𝒅𝑨                       (4.10) 

 

where 𝐶 = 𝐸𝑡 is the shell in-plane stiffness.  

 

The total energy of a shell combining the above two strain energies namely strain energy 

due to bending (Equation (4.6)) and strain energy due to stretching (Equation (4.10)) are 

defined as (Yakobson et al. 1996) 

 

𝑢 =  1
2∬ �𝐷 ��𝜕

2𝑤
𝜕𝑥2

+ 𝜕2𝑤
𝜕𝑦2

�
2
− 2(1 − 𝜗) �𝜕

2𝑤
𝜕𝑥2

𝜕2𝑤
𝜕𝑦2

− � 𝜕
2𝑤

𝜕𝑥𝜕𝑦
�
2
��     +    𝐶

(1−𝜗2)∬�(𝜀1 +

𝜀2) 2 − 2(1 − 𝜗)(𝜀1𝜀2 −
𝛾𝑥𝑦2

4
)� 𝑑𝑥𝑑𝑦�                          (4.11) 

 

The bending/flexural rigidity ‘D’ and the in-plane stiffness ‘C’ from the preceding 

continuum mechanics approach are compared with detailed ab initio and semi-empirical 

studies. The magnitudes of these properties are determined as: C = 59eV/atom = 360 J/m2 

and D=0.85eV (Yakobson et al. 1996). Using the standard relations from classical theory 

of elasticity (Yakobson et al. 1996) the thickness (h) and the modulus of elasticity (E) of 

the shell can be extracted. 
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𝐷 = 𝐸ℎ3

12(1−𝜗2)
          (4.12) 

       

𝐶 = 𝐸ℎ         (4.13) 

 

The thickness of shell is determined as, h=0.066 nm and the modulus of elasticity of the 

shell, E= 5.5 TPa. These values are used in the subsequent finite element models for the 

analysis of nanotubes. 

 

 

 

4.2.2 Modeling of VACNT array with SWCNT using shell elements 

 

 
 

4.2.2.1 VA-CNT array layout designs for Square and FCC patterns 
 

VA-CNT arrays are grown with square, FCC, HCP, Square and random distribution 

patterns of the nanotubes. In this analysis, square and FCC distribution patterns are 

designed and modeled in order to study the effect of nanotube distribution pattern, 

nanotube density on the Young’s Modulus ‘E’ and stiffness of the VA-CNT material. The 

VA-CNTs are grown with several different packing densities commonly referred to as 

areal densities. The most commonly grown areal densities being 1x108 tubes/cm2, 1 x109 

tubes /cm2, 1 x1010 tubes/cm2, 1 x1011 tubes /cm2, 1 x1012 tubes /cm2, 1 x1013 tubes /cm2. 

The layout and the modeling details of Square and FCC distribution pattern for the VA-

CNT array considered are shown in Figure 4.4 below. 
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Figure 4.4. Layout of Square and FCC distribution of nanotubes. 

 

The area occupied by an individual nanotube for square and FCC distribution of 

nanotubes is highlighted. The final design parameters which are the nanotube 

interspacing distance and the maximum diameter of the nanotube that can be 

accommodated for a given areal density without nanotube overlap/interference as 

observed in a grown VA-CNT and with well aligned nanotubes for both square and FCC 

configurations with reference to Figure 4.5 is given in Table 4.1 and Table 4.2 as below 

 

 
Figure 4.5. Unit cell layout for SQUARE and FCC design. 

 

With (L1)2 as the area per nanotube in a square configuration and (L2*2*L2) as the area 

per nanotube in a FCC configuration, for identical unit cell area in both configurations we 

104 
 



obtain L2 = 0.707 L1. It is to be noted here that L1 ≠2L2.  Table 4.1 and Table 4.2 shows 

intertube distances L1 and L2 for both Square and FCC distribution and the maximum 

diameter of the nanotubes that could be accommodated for each density distribution. 

 

Table 4.1. L1 and nanotube diameter values for different areal densities-Square 

configuration. 

Areal 

Density 

(tubes/cm2) 

L1 (m) 

CNTs with 

diameter < 

than (nm) 

  

 

  

1.00E+08 1.00E-06     1000 

  

 

  

1.00E+09 3.16E-07     316.2 

  

 

  

1.00E+10 1.00E-07      100 

  

 

  

1.00E+11 3.16E-08      31.62 

  

 

  

1.00E+12 1.00E-08      10 

  

 

  

1.00E+13 3.16E-09     3.162 
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Table 4.2. L2 and nanotube diameter values for different areal densities-FCC 

configuration. 

Areal 

Density 

(tubes/cm2) 

L2 (m) 

CNTs with 

diameter < 

than (nm) 

  

 

  

1.00E+08 7.07E-07    999  

  

 

  

1.00E+09 2.24E-07   316 

  

 

  

1.00E+10 7.07E-08   99.9 

  

 

  

1.00E+11 2.24E-08   31.62  

  

 

  

1.00E+12 7.07E-09   9.899  

  

 

  

1.00E+13 2.24E-09   3.15 

 

 

A representative comparison of VA-CNT distribution for different densities and a fixed 

number of tubes for Square distribution of nanotubes modeled in ABAQUS is shown in 

Figure 4.7 below. Also Figure 4.8 shows the FCC distribution pattern for an areal density 

of 1x1010 tubes/cm2. The square and FCC distribution VA-CNT arrays are designed such 

that the area occupied by a predefined number of tubes (49) in square configuration for a 

given areal density is maintained the same in FCC configuration for the corresponding 

areal density by way of calculation of a new set of number of tubes (50) in view of the 

difference in the tube distribution patterns.. Hence the design is for a “Fixed number” of 

tubes. This implies that for a predefined numbers of tubes (for example, 50) the total area 

occupied by this predefined number of tubes diminishes with increasing areal density. 

Greater areal density indicating close packing of nanotubes as compared to smaller areal 
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densities indicating loose packing of the nanotubes. The tube-tube distance varies 

accordingly. Figure 4.6 below show this diminishing trend of VA-CNT area for a fixed 

number of nanotubes and with increasing tube areal/ packing density. The calculated 

intertube distances for each of the areal densities and for both Square and FCC 

configurations is as given in Table 4.1 and Table 4.2. Figure 4.7 shows pictorially the 

actual area occupied by each of the areal densities for a fixed number of tubes-100 tubes 

in this case for square configuration.  This design approach will help to compare the 

characteristics of VA-CNT for both Square and FCC distribution for various densities.  

The VA-CNT area for an areal density of 1x1010 tubes/cm2 for 50 tubes and FCC 

configuration is shown in Figure 4.8. 

 

 
 

Figure 4.6. Diminishing trend of the VA-CNT area with increasing packing density for a 

fixed number of tubes. 
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Figure 4.7. Overview of VA-CNT area for different areal densities for a fixed no. of 

tubes- 49 tubes for square configuration. 

 

 
 

Figure 4.8. FCC distribution of nanotubes for 1x1010 tubes/cm2 for 50 tubes. 
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4.2.2.2 Modeling procedure for VA-CNT structures 

 

The aligned carbon nanotubes structures are consisted of individual nanotubes that are 

packed vertically on flat substrates. The overall structures depend upon numerous 

geometric parameters, including tube array density, tube distribution pattern, inter-tube 

distance, tube-tube junction structure, among many others. To construct the VA-CNT 

structures, the solid models for individual carbon nanotubes. 8 noded shell elements 

(S8R) with a quadratic displacement function were used. Appropriate geometric sectional 

properties (0.066nm thick), and material properties (E=5.5 TPa, υ= 0.19) were assigned 

following the procedures described in Chapter2.  

 

The VA-CNT structures at various densities were constructed, ranging from 1x108 

tubes/cm2 to 1x1011 tubes/cm2.For the present case the number of tubes is fixed at 49 

tubes for Square configuration and 50 tubes for FCC configuration for various VA-CNT-

array areal densities. The array area decreases as the density increases due to decreasing 

intertube distance as shown in Figure 4.6 above The heights of the VA-CNT structures 

were varied, from 100 nm to 1000 nm having aspect ratios 5, 10 and 50. To conduct 

compression experiments, the compression heads (as represented by analytical rigid 

surfaces) were subjected to a displacement in the downward direction. The bottom ends 

of the nanotubes were constrained in all directions to simulate the fixity of the nanotubes 

to the substrate material. Suitable contact interactions were defined between the nanotube 

top surfaces and the compression head surfaces with an assumed coefficient of friction of 

0.1. Examples of the FE models for the vertically aligned carbon nanotubes structures are 

shown in Figure 4.9 below. 
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4.2.3 FE models of carbon nanotubes 
 

 

The aligned carbon nanotube arrays were modeled using ABAQUS CAE where the 

individual nanotube was meshed using shell elements (Figure 4.9). Both linear (S4R, 

S8R) and quadratic (S4R) formulation shell elements were used in the analyses. The 

diameter of the individual nanotube was varied between 10-100 nm and the length of the 

nanotube varied between 100-1000 nm. The nanotubes were subjected to compressive 

loading by way of imposing displacements at the free ends and with the other ends of the 

nanotubes constrained in all the degrees of freedom (Figure 4.10). The compression 

loading were applied for strains of up to 2.5%. Analyses were run by varying the mesh 

size, i.e., by varying the number of elements in the nanotube FE models. The nanotubes 

are studied using an element size starting from 10.472 nm until 2.5133 nm. An aspect 

ratio equal to 1 is maintained with the total number of elements varying from 60 to 1000 

for the S4R element with linear formulation. The nanotube is then modeled with S8R 

element with quadratic formulation and the numbers of elements are varied from 60 to 

228 for the same element size. Figure 4.9 below shows the models of nanotube with shell 

element modeled from coarse to fine mesh with decreasing mesh size. Hence a 

convergence study was conducted before arriving at the final results.  

 

The aligned carbon nanotubes (VA-CNT) structures are consisted of individual nanotubes 

that are packed vertically on flat substrates. In this study, the VA-CNT arrays with a 

dimension of 2020 nm x 2020 nm were constructed. The diameter of the nanotube was 

fixed as 20 nm and the length was varied. The resultant length/diameter aspect ratios are 

5 to 50.  The distribution of the nanotubes in the arrays was arranged in square and face-

centered cube (FCC) modes. To conduct compression experiments, the compression 

heads (as represented by analytical rigid surfaces) were subjected to various 

displacements in the downward direction. The bottom ends of the nanotubes were 

constrained in all directions to simulate the fixity of the nanotubes to the substrate 

material. Suitable contact interactions were defined between the nanotube top surfaces 

and the compression head surfaces with an assumed coefficient of friction of 0.1. 
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Examples of the FE models for the vertically aligned carbon nanotubes structures with 

SQUARE and FCC distributions are shown in Figure 4.11 and Figure 4.12. 

 

 
 

Figure 4.9. FE models showing mesh refinement of nanotube from coarse mesh model to 

fine mesh model for convergence studies. 

 

 
 

Figure 4.10. The load and boundary condition applied in an individual nanotube shell 

model. 
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Figure 4.11. FE models showing the aligned carbon nanotube arrays: (a) Square 

configuration and (b) FCC configurations. 

 

 
 

Figure 4.12. The load and boundary condition applied in the aligned carbon nanotube 

arrays models: (a) FCC configuration and (b) Square configuration.  
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4.3 Results and discussion 
 

4.3.1 Convergences of FE models (effect of number of nodes, effect of element 

sizes) 

 

In finite element simulations, the size and type of the element chosen in the model plays 

an important role in determining the accuracy of the results. A convergence study was 

first conducted by using shell elements (S4R, S8R) having linear displacement 

function(S4R) as well as using quadratic shell elements (S8R) having quadratic 

displacement function and by varying the mesh size (Figure 4.9 above). The Young’s 

modulus of the nanotube structure is evaluated using the relation 

 

E = PL
Aδ

                               (4.14) 

 

where 𝑃 = Applied load  

 𝛿 = Elongation of the nanotube 

 𝐿 = Length of the nanotube 

 𝐴 = Cross sectional area of the nanotube 

 

Figure 4.13 and Figure 4.14 show the plots of convergence of Young’s modulus with the 

increases in numbers of nodes and elements, respectively. It is seen that there are 

significant variations in E when the 4-node elements were used (linear and nonlinear 

analysis). The coarse FE models (fewer nodes and elements) would yield very inaccurate 

results. In contrast, the results obtained from the 8-node element (S8R) are found to be 

consistent and a linear analysis using S8R elements converges very well with fewer 

numbers of nodes and elements. Hence convergence with a second order element results 

in smaller size of the model and more close approximation of the results. The plots below 

in Figure 4.13, Figure 4.14 and Figure 4.15 shows the results of mesh convergence for a 

nanotube model that is considered individual as well as for nanotube considered as part of 

an array. The Young’s modulus of the nanotube calculated by considering it as a stand-

alone entity is 5.48 TPa  while it is 0.73 TPa or 730GPa considering it as part of an array 

113 
 



as seen in Figure 4.14 and Figure 4.15.  The deformation contours of nanotubes from 

coarse mesh model to fine mesh for this study are as shown in Figure 4.16 below. It may 

be seen that the displacement contour plot is a smooth distribution contour plot for fine 

mesh as compared to that of coarse mesh. 

 

 
 

Figure 4.13. Convergence of Young’s modulus of the nanotube with the number of 

nodes. ‘E’ is for nanotube. 
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Figure 4.14. Convergence of Young’s modulus of the nanotube with the number of 

elements. ‘E’ is for nanotube. 

 
 

Figure 4.15. Convergence of Young’s modulus of the nanotube with the number of 

elements. ‘E’ for nanotube considered as part of an array. 
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Figure 4.16. Deformation contours of nanotubes from coarse mesh model to fine mesh 

model for convergence studies. 

 

 

4.3.2 Modeling of individual nanotubes  
 

4.3.2.1 Variation of nanotube Young’s modulus with nanotube diameter 

 

Some key parameters in designing a carbon nanotube are the tube diameter and the tube 

height.  Experimentally, the diameter and height of the carbon nanotubes can be adjusted 

by controlling the growth conditions such as temperature, time, and pressure. It is 

interesting to know these geometric parameters would affect the mechanical properties of 

the nanotubes. In present study, nanotubes in the diameter range from 10 nm to 100 nm 

were first considered in order to evaluate the variation of elastic modulus with the 

nanotube diameter.  In those models, the height of these nanotubes was fixed at 200 nm.  

Secondly, the FE models for nanotubes were constructed at varying heights, from 100 to 

1000 nm to evaluate the variation of elastic modulus with the nanotube height. In those 

models, the diameter of the tubes was fixed at 20 nm. In all cases, the nanotubes were 
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subjected to an axial displacement and linear static analyses with NLGEOM= OFF were 

conducted. The resulting reaction forces were evaluated, from which the Young’s 

modulus (E) of the nanotubes at various nanotube diameters and heights were evaluated 

by using Equation 4.14. 

 

Figure 4.17 shows the von Mises stress contours of the nanotubes upon subjecting to 

axial compressions. It may be observed from the contour plots that for a given amount of 

applied axial compression and hence for a given applied axial strain, the stress magnitude 

and the stress distribution is identically same for all of the tubes with increasing 

diameters as per the equation 4.14 above. The stiffness and Young’s modulus of the 

nanotubes for a fixed nanotube length (L=200) are calculated and plotted in Figure 4.18 

and Figure 4.19 respectively. As may be observed from the graph, the stiffness increases 

linearly with the increase of tube diameter.  The Young’s modulus is seen to remain 

relatively constant with the tube diameters.  The variation of Young’s Modulus of 

nanotube considering it as part of an array is plotted in Figure 4.20. The magnitude of ‘E’ 

of the nanotube in this case drops exponentially with increasing diameter values as may 

be seen which is a representation of higher modulus for smaller diameter nanotubes and 

lower modulus for larger diameter nanotubes. This is consistent with open cell foam 

behavior wherein foams with larger cells have a lesser modulus compared to foams with 

smaller cells having larger modulus (Kuncir et al. 1990). 

  

Further, results for variation of Young’s Modulus of nanotube with diameter for a fixed 

aspect ratio (L/D =10) wherein the diameter of the nanotube is varied from 10 to 100 in 

combination with length variation revealed identical behavior as that obtained for the 

fixed nanotube length L=200 case (Figure 4.22 and Figure 4.23). The variation of 

stiffness of nanotube with nanotube diameter for the fixed aspect ratio(L/D = 10) shows 

an initial rise followed by almost stagnation at around a particular value of stiffness 

indicating unlimited possibilities of tailoring / customizing the nanotube stiffness values 

by varying the combinations of nanotube diameter and length. This forms a very 

important /crucial understanding that guides the design of components and devices based 
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on VA-CNT arrays. In all of these cases the nanotubes strains were limited for linear 

range with strains upto around 0.8%  

 

 
 

Figure 4.17. von Mises stress contours for all 6 tubes. 

 
 

Figure 4.18. Variation of stiffness as a function of nanotube diameter. The length of 

nanotube was 200 nm. 
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Figure 4.19. Variation of Young’s modulus as a function of nanotube diameter. The 

length of nanotube was 200 nm. 
 

 
 

Figure 4.20. Variation of Young’s modulus as a function of nanotube diameter 

considering the nanotube as part of an array. The length of nanotube was 200 nm. 

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

6

0 20 40 60 80 100 120

E 
 (T

Pa
) 

Nanotube diameter (nm) 

0

20

40

60

80

100

120

140

160

0 20 40 60 80 100 120

'E
' (

in
 G

Pa
) 

Nanotube diameter (nm) 

119 
 



 
 

Figure 4.21. Variation of stiffness as a function of nanotube diameter. The nanotube 

aspect ratio is fixed at 10 with the nanotube diameter being varied. 
 

 

4.3.2.2 Variation of nanotube Young’s modulus with nanotube heights  

 

The effects of nanotube height on stiffness and Young’s modulus for a fixed nanotube 

diameter (d=20 nm) are depicted in Figure 4.22 and Figure 4.23. The stiffness is seen to 

decrease with the increase of tube height or aspect ratio. The modulus again is seen to 

remain relatively constant with the increase of tube height or aspect ratio. This again 

agrees with the equation 4.14 above, wherein with increasing nanotube height and for a 

constant applied displacement the applied strain decreases with increasing height and 

hence the stresses decrease linearly while the young’s modulus remains relatively 

constant. The results are plotted for the linear range strains of the nanotubes recorded for 

strains for up to around 0.8%.  
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Figure 4.22. Variation of nanotube stiffness as a function of nanotube aspect ratio. 

 

 
 

Figure 4.23. Variation of Young’s modulus as a function of nanotube aspect ratio. 
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4.3.3 Modeling of vertically aligned, single-walled carbon nanotube arrays 
 

4.3.3.1 Effect of tube aspect ratio 
 

In this study, the mechanical performances of the VA-CNT structures are evaluated 

through computational method. Assuming the same geometry and properties, those 

individual CNTs were arranged in various patterns and densities to construct the aligned 

carbon nanotube structures. Mainly square and FCC configurations for areal densities 

ranging from 1X108 tubes/cm2 to 1X1010 tubes/cm2. Nanotube of diameter 20 nm and 

with varying height/aspect ratios from 5 through 50 is considered. Figure 4.24, Figure 

4.25, Figure 4.26 and Figure 4.27, Figure 4.28 and Figure 4.29 shows the displacement 

contour plots and von-mises stress plots for VA-CNT with areal density 1E8tubes/cm2 

and with aspect ratios varying through 5, 10 and 50 for VA-CNT with square 

configuration. The contour plots shown below correspond to an applied compressive 

strains of 0.1%. From Figure 4.27 it may be seen that the von-mises stress for VA-CNT 

with smaller aspect ratio (L/D = 5) is high (1.926e-7 N/nm2) as compared to that of VA-

CNT with higher aspect ratios shown in Figure 4.29 (L/D = 10 and 50) that are slightly 

lesser (1.018 N/nm2 and 1.052 N/nm2) for the same amount of strain indicating greater 

load carrying capacities for VA-CNTs with short lengths as compared to VA-CNTs that 

are taller. Hence a decreasing trend is observed in the VA-CNT stiffness with increasing 

aspect ratio as seen in Figure 4.30. 
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Figure 4.24. Deformation contours of aligned carbon nanotube structure under identical 

strains for L/D=5. 

 

 

 

 

 
 

Figure 4.25. Deformation contours of aligned carbon nanotube structure under identical 

strains for L/D=10. 
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Figure 4.26. Deformation contours of aligned carbon nanotube structure under identical 

strains for L/D=50. 

 

 

 

 

 
 

Figure 4.27. Mises stress contours of aligned carbon nanotube structure under 

compressions for L/D=5. 
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Figure 4.28. Mises stress contours of aligned carbon nanotube structure under 

compressions for L/D=10. 

 

 
Figure 4.29. Mises stress contours of aligned carbon nanotube structure under 

compressions for  L/D=50. 

 

Figure 4.30 and Figure 4.31 show the stiffness and modulus of the VA-CNT structures at 

various aspect ratios, L/D=5, 10, 50.  The stiffness is seen to decrease with the increase of 

tube height or aspect ratio, the same trend as seen from individual CNTs. It may be notice 

d that since the number of tubes is fixed at 49 for the square structure and 50 for the FCC 

structure, the array stiffness remains the same for all densities while the modulus increase 
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with density due to reducing array area with increasing density. The modulus again is 

seen to remain relatively constant with the increase of tube height or aspect ratio.  

 

 
 

Figure 4.30. Variation of stiffness of VA-CNT structure as a function of nanotube aspect 

ratio. 

 
Figure 4.31. Variation of Young’s modulus of VA-CNT structure as a function of 

nanotube aspect ratio. 
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4.3.3.2 Effect of VACNT array / tube areal density 
 

The VA-CNTs may be conceptually viewed as a complex structure consisting of 

nominally aligned tubes; between the tubes are unfilled open spaces that have no load-

carrying capability. Therefore, the mechanical behaviors of the VA-CNT structure are 

highly dependent upon the “density” of the nanotube arrays. A more densely packed 

nanotube array would have more load-carrying capability and fewer geometric freedoms 

for tube movements.  Recent experimental study has shown that there exists a linear 

relationship between the elastic modulus of the VA-CNT structure and its density. When 

the density of the VA-CNT array is doubled, the modulus can be increased by 50% 

(Wardle et al. 2008).     

 

In present study, the VA-CNT structures at various densities were constructed, ranging 

from 1x108 tubes/cm2 to 1x1010 tubes/cm2. Figures 16 and 17 show the results of these 

VA-CNT arrays obtained with FE models constructed with fixed number of tubes (50 for 

FCC and 49 for square)) in a 36 µm2 for 1x108 tubes/cm2 to 0.384 µm2 for 1x1010 

tubes/cm2 areal density for square configuration array and 0.4µm2 to 41.3µm2 for FCC 

array for densities of 1x108 tubes/cm2 to 1x1010 tubes/cm2 areal density. In each model, it 

is seen that as the tube density increases, the stiffness remains relatively constant. This is 

because the overall number of the load-carrying structural members (tubes) remains the 

same in each array model. However, the modulus is seen to increase linearly with the 

increase of the array density. The same observations have been seen earlier through the 

beam modeling for VA-CNT structures. 
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Figure 4.32. Effect of nanotube areal density on stiffness of the square patterned VA-

CNT structures.  

 

 
Figure 4.33. Effect of nanotube areal density on modulus of the square patterned VA-

CNT structures. 
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4.3.3.3 Effect of tube / array distribution pattern 

 

Figure 4.34 and Figure 4.35 show the effect of nanotube distribution patterns on 

mechanical properties of the arrays. In this study, the nanotubes in the arrays were 

arranged in the configurations of square and face centered cube (FCC). The stiffness of 

VA-CNT array with FCC configuration is higher than that of Square due to greater 

number of load carrying members in FCC (50 tubes) than in square configuration (49 

tubes). The modulus of the square shaped arrays is slightly higher than that of the FCC 

shaped one. This trend is also seen in VA-CNT array with beam modeling. 

 

 
 

Figure 4.34. Effect of nanotube array configuration on modulus of the VA-CNT 

structures. 
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Figure 4.35. Effect of nanotube array configuration on stiffness of the VA-CNT 

structures. 

 

4.4 Conclusions 
 

The structural shell modeling has been used to design and characterize the individual 

carbon nanotubes and aligned carbon nanotube arrays. Based on an understanding of 

carbon nanotubes at the atomic/molecular level, the equivalent shell thickness and 

modulus in a single walled CNTs were estimated. The geometric parameters of the 

individual nanotube on its mechanical properties are thoroughly examined. The Young’s 

modulus generally increases at a much steeper rate with diameter for small diameter 

nanotubes and then becomes stabilized for large diameter nanotubes. Finally, the 

modulus of the nanotubes is inversely proportional to the tube length. In the aligned 

nanotube arrays, the modulus is strongly dependent upon the tube areal density. The 

higher the density, the higher the modulus. In addition, the mechanical performance is 

also sensitive to the tube pattern in an array. The modulus from a square packed array has 

a slightly higher than that from a FCC packed one. 

 

  

22000

22500

23000

1.00E+08 5.10E+09 1.01E+10 1.51E+10

St
iff

ne
ss

 N
/m

 

Areal Density tubes/cm2 

Square config

FCC Config

130 
 



Chapter 5 

5. Design and Modeling of Aligned Carbon Nanotubes Structures 

Using Structural Shell Modeling: Multi-walled VA-CNTs 
 

5.1 Introduction 
 

An individual CNT may be visualized a tube structure that is rolled up from a 2-

dimensional graphene sheet.  The actual wall structure of the tube can be either single 

layered, the single-walled carbon nanotube (SWCNT), or multi-layered, the multi-walled 

carbon nanotube (SWCNT).  Figure 5.1 and Figure 5.2 show examples of SWCNT and 

MWCNT obtained from atomic simulation and physical experiment, respectively.  The 

SWNTs are exactly one atom thick while the MWNTs are essentially concentrically 

nested SWNTs. The walls of individual tubes in a MWCNT only interact through the 

weak non-bonded van der Waals forces. Since they are not bonded together, the walls 

remain free to slide and rotate independently with only small resistive forces. 

  
Figure 5.1. Atomic simulation of  single walled, double walled and multi walled carbon 

nanotubes(Shen et al. 2011) . 

 

Figure 5.2. TEM images of  single walled, double walled and multi walled carbon 

nanotubes (Hayashia and Endo 2011) 
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Although discovered first, multi-walled carbon nanotubes (MWNTs) have not been 

studied as thoroughly as single-walled carbon nanotubes (SWNTs).  This could partly be 

due to the limitations in current atomic computations in a MWNT. It is seen that the 

solver computational time needed to run a multi-walled nanotube is higher than the time 

taken for a single-walled nanotube mainly due to huge size of the finite element model. 

Further, in order to solve the problem involving arrays, huge and expensive 

computational resources are needed. A 20nm diameter 15 walled MWCNT has an FE 

model size of 12427 shell elements of second order and 37855 nodes as against an 

equivalent SWCNT that has 360 shell elements and 1110 nodes   array. Hence, in order to 

keep the computational cost lower and be able to solve the MWCNT, it became essential 

to reduce the size of the model by way of arriving at an equivalent SWCNT nanotube 

model that will have identical geometric properties viz. mean nanotube diameter, moment 

of inertia and cross sectional area . Continuum mechanics techniques have gained great 

popularity recently due to their abilities to handle larger size carbon nanotube models.  

The previous chapter has presented the use of discrete beam elements for the aligned 

carbon nanotubes structures made of single-walled CNTs.  In this chapter, we will 

attempt to use the continuum shell elements to design and model the aligned carbon 

nanotubes structures made of multi-walled CNTs 

 

5.2 Modeling procedures  
 

5.2.1 Modeling of VACNT array with MWCNT using several shell elements and 

an equivalent SWCNT  

 

The approach in this work is based on the principle of structural mechanics (finite 

element method (FEM)). As illustrated in Figure 5.3(a), an aligned carbon nanotubes 

structure is composed of numerous multi-walled nanotubes that are packed vertically on a 

flat substrate. Each individual multi-walled carbon nanotube may be thought of as a 

multi-layered cylinder (Figure 5.3(b)). To effectively and efficiently model the 

MWCNTs,  an equivalent thickness SWCNT nanotube model is arrived at(Figure 5.3(c)), 
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which would have identical geometric properties viz. mean nanotube diameter, moment 

of inertia and cross sectional area. The use of equivalent SWCNT would become more 

efficient especially while solving VACNT arrays. 

 

 
 

                                                   
 

       
 

 

Figure 5.3. (a) A sketch for vertically aligned carbon nanotubes structure (not to scale); 

(b) A sketch for an individual multi-walled carbon nanotube; and (c) A sketch for the 

equivalent thickness, single-walled carbon nanotube. 

(a) 

(c) 

(b) 
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For the MWCNTs, the wall thickness for each of the walls is assumed as 0.067 nm and 

the inter-wall distance as 0.34 nm. A schematic of a MWCNT with 3 walls showing the 

geometrical details is as in Figure 5.4(a) below. The outer diameter, inner diameter and 

wall thickness of the MWCNT are denoted as ‘do’ and ‘di ‘, and ‘t’ respectively (Figure 

5.4(a)).  A MWCNT with 5 walls and its equivalent SWCNT model having identical 

mean diameter, moment of inertia and cross sectional area of the tubes is as shown in 

Figure 5.4(b). 

             
 

 
 

Figure 5.4. Schematic of a MWCNT and its SWCNT equivalent nanotube. 

(a) 

(b) 
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The geometric properties of the equivalent SWCNT that is identical to the MWCNT is 

calculated as below. 

 

The total moment of inertia of a MWCNT is given by 

 

𝐼𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑖𝑗𝑛
𝑗=1                     (5.1) 

 

where 𝑖𝑗is the moment of inertia of the 𝑗 th nanotube.  

 

The total cross-sectional area of the MWCNT is given by 

 

𝐴𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑎𝑗𝑛
𝑗=1                    (5.2) 

 

where 𝑎𝑗is the cross sectional area of the 𝑗 th nanotube. 

 

Assuming the mean diameter as ‘𝑑𝑚𝑒𝑎𝑛’ and thickness as ‘𝑡𝑛𝑒𝑤’of the ‘to be computed’ 

equivalent SWCNT and keeping the mean diameter, cross sectional area and moment of 

inertia of the ‘to be computed’ equivalent SWCNT, identical to the mean diameter, cross 

sectional area and moment of inertia of the MWCNT, the thickness ‘𝑡𝑛𝑒𝑤’ of the 

equivalent SWCNT is computed using  𝐼𝑡𝑜𝑡𝑎𝑙 and 𝐴𝑡𝑜𝑡𝑎𝑙 of MWCNT as below. 

 

Moment of inertia of the equivalent SWCNT nanotube is given by  

 

𝐼𝑛𝑒𝑤 = 𝐼𝑡𝑜𝑡𝑎𝑙 =  𝜋
64

 {(𝑑𝑚𝑒𝑎𝑛 + 𝑡𝑛𝑒𝑤)4 + (𝑑𝑚𝑒𝑎𝑛 − 𝑡𝑛𝑒𝑤)4 }                           (5.3) 

 

Cross sectional area of the equivalent SWCNT nanotube is given by 

  

𝐴𝑛𝑒𝑤 = 𝐴𝑡𝑜𝑡𝑎𝑙 =   𝜋 ∗ 𝑑𝑚𝑒𝑎𝑛 ∗ 𝑡𝑛𝑒𝑤                                  (5.4) 
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And with (𝑑𝑚𝑒𝑎𝑛)MWCNT  =  (𝑑𝑚𝑒𝑎𝑛)EQ. SWCNT  results in value of the thickness, 𝑡𝑛𝑒𝑤.for 

the equivalent SWCNT. 

 

Table 5.1 below shows the mean diameter value for each of the walls of MWCNT for 

MWCNT with 2 and 5 walls for nanotube diameters of 10nm through 100nm in 

increments of 10 nm. The wall thickness for each of the wall is 0.067nm with an interwall 

spacing of 0.34nm. 

 

 

Table 5.1.Mean diameter for each wall of MWCNT 
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Table 5.2 below shows the inner diameter, overall mean diameter ‘𝑑𝑚𝑒𝑎𝑛’ and moment of 

inertia of the multi-walled carbon nanotubes for 1, 2, 5, 10 and 15 walls. 

 

Table 5.2. Geometric properties of the multi-walled carbon nanotubes (MWCNTs). 

 

  Number of walls 
  1 2 5 

Outer Inner Mean  Moment Inner Mean  Moment Inner Mean  Moment 
Dia. Dia.  Dia.   Dia.  Dia.   Dia.  Dia.   

(nm) 
 

(nm) (nm) (nm^4) 
 

(nm) (nm) (nm^4) 
 

(nm) (nm) (nm^4) 
10 9.9 9.9 25.8 9.2 9.6 46.6 7.1 8.6 86.0 
20 19.9 19.9 208.4 19.2 19.6 396.2 17.1 18.6 849.6 
30 29.9 29.9 705.6 29.2 29.6 1364.3 27.1 28.6 3079.3 
40 39.9 39.9 1675.5 39.2 39.6 3266.8 37.1 38.6 7564.2 
50 49.9 49.9 3275.7 49.2 49.6 6419.3 47.1 48.6 15093.9 
60 59.9 59.9 5664.1 59.2 59.6 11137.6 57.1 58.6 26457.5 
70 69.9 69.9 8998.7 69.2 69.6 17737.5 67.1 68.6 42444.4 
80 79.9 79.9 13437.3 79.2 79.6 26534.7 77.1 78.6 63844.0 
90 89.9 89.9 19137.8 89.2 89.6 37844.8 87.1 88.6 91445.5 

100 99.9 99.9 26258.0 99.2 99.6 51983.6 97.1 98.6 126038.4 
 

 

  Number of walls 
  10 15 

Outer Inner Mean  Moment Inner Mean  Moment 
Dia. Dia.  Dia.   Dia.  Dia.   

(nm) 
 

(nm) (nm) (nm^4) 
 

(nm) (nm) (nm^4) 
10 3.7 6.9 106.1 0.3 5.2 107.5 
20 13.7 16.9 1314.7 10.3 15.2 1533.7 
30 23.7 26.9 5187.0 20.3 25.2 6552.8 
40 33.7 36.9 13301.5 30.3 35.2 17532.8 
50 43.7 46.9 27237.1 40.3 45.2 36841.7 
60 53.7 56.9 48572.2 50.3 55.2 66847.5 
70 63.7 66.9 78885.6 60.3 65.2 109918.1 
80 73.7 76.9 119755.9 70.3 75.2 168421.5 
90 83.7 86.9 172761.7 80.3 85.2 244725.6 

100 93.7 96.9 239481.8 90.3 95.2 341198.6 
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Table 5.3 below shows the equivalent thickness’ 𝑡𝑛𝑒𝑤’ ,mean diameter ‘𝑑𝑚𝑒𝑎𝑛’ moment 

of inertia and cross sectional area for equivalent single-walled carbon nanotubes for 

nanotube diameters of 10nm through 100nm in increments of 10nm.  

 

Table 5.3. Geometric properties of the equivalent single-walled carbon nanotubes 

(SWCNTs). 
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Table 5.3 (Continued) 

 
 

Individual multi-walled carbon nanotubes were first modeled in the forms of (1) multi-

layer walls and (2) single-layer equivalent SWCNT. Quadratic (S4R) formulation shell 

elements were used in the analyses. The nanotubes were subjected to compressive 

loading by way of imposing displacements at the free ends and with the other ends of the 

nanotubes constrained in all the degrees of freedom. Figure 5.5 below shows the multi-

walled carbon nanotube models with 1, 2, 5, 10 and 15 walls.  
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(a) 

(c) 

(b) 
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Figure 5.5. Individual multi-walled carbon nanotube : (a) 1-walled CNT, (b) 2-walled 

CNT, (c) 5-walled CNT, (d) 10-walled CNT, and (e) 15-walled CNT. 

 

 

Secondly, the aligned carbon nanotubes (VA-CNT) structures made of individual multi-

walled nanotubes were modeled by using the calculated equivalent SWCNT having 

single wall. The VA-CNT arrays with a dimension of 2020 nm x 2020 nm (4.13µm2.) 

were constructed.  The numbers of nanotubes in the arrays were varied from 9 to 4096 for 

square configuration and 8 to 4141 for FCC configuration, constructed with areal 

densities ranging from 1x108 tubes/cm2 to 1x1011 tubes/cm2. Hence the number of tubes 

were different for different areal densities for a given area. i.e., the number of tubes 

increased as the areal density increased as shown in the plot in Figure 5.6 below.  

 

(d) 

(e) 
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Figure 5.6. Variation of VACNT array area with areal density - Fixed area. 

 

 

For modeling and analysis, identical VA-CNT array area was constructed for both FCC 

and Square configuration for various densities. Figure 5.7 through Figure 5.10 below 

shows the VA-CNT array modeled for square configuration for different areal densities. 

The VA-CNT array layout design for square and FCC configurations is the same as 

discussed in chapter 4. 
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Figure 5.7. VA-CNT array with 9 tubes at an areal density of 1x108 tubes/cm2 for a fixed 

array area and square configuration 

 

 

 

 
 

Figure 5.8. VA-CNT array with 49 tubes at an areal density of 1x109 tubes/cm2 for a 

fixed array area and square configuration  
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Figure 5.9. VA-CNT array with 441 tubes at an areal density of 1x1010 tubes/cm2 for a 

fixed array area and square configuration 

 

 

 

 
 

Figure 5.10. VA-CNT array with 4096 tubes at an areal density of 1x1011 tubes/cm2 for a 

fixed array area and square configuration 
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VA-CNT arrays were modeled for a fixed area of the array for densities of 1x108 

tubes/cm2, 1 x109 tubes/cm2, 1 x1010 tubes/cm2, 1 x1011 tubes/cm2. The diameter of the 

nanotube was chosen as 20 nm and the length was varied. The resultant length/diameter 

aspect ratios are 5 to 50.  The distributions of the nanotubes in the arrays were arranged 

in square and face-centered cube (FCC) modes. To conduct compression experiments, the 

compression heads (as represented by analytical rigid surfaces) were subjected to various 

displacements in the downward direction. The bottom ends of the nanotubes were 

constrained in all directions to simulate the fixity of the nanotubes to the substrate 

material. Suitable contact interactions were defined between the nanotube top surfaces 

and the compression head surfaces with an assumed coefficient of friction of 0.1. FE 

models constructed for the vertically aligned carbon nanotubes structures are shown in 

Figure 5.11 below.  
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Figure 5.11. FE models showing the aligned carbon nanotube arrays made of multi-

walled CNTs: (a) Square configuration and (b) FCC Configurations.  

146 
 



5.3 Results and discussion 
 

5.3.1 Comparisons of multi-walled approach and equivalent thickness single-

walled approach 

 

The multi-walled carbon nanotubes have been modeled as multi-walled structures and 

also as equivalent thickness single-walled structure. Figure 5.12 through Figure 5.16 

show the deformation contours of these CNTs under compression. It is seen that both 

methods have predicted identical results.   

 

 

 
 

   
 

Figure 5.12. Deformation contours of 1-walled carbon nanotube structure under 

compressions. 
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Figure 5.13. Deformation contours of 2-walled carbon nanotube structure under 

compressions. (1) multiple walls and (2) equivalent thickness single wall. 
 

 

 

 

 

(1) 

(2) 
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Figure 5.14. Deformation contours of 5-walled carbon nanotube structure under 

compressions. (1) multiple walls and (2) equivalent thickness single wall. 

 

 

(1) 

(2) 
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Figure 5.15. Deformation contours of 10-walled carbon nanotube structure under 

compressions. (1) multiple walls and (2) equivalent thickness single wall. 
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Figure 5.16. Deformation contours of 15-walled carbon nanotube structure under 

compressions. (1) multiple walls and (2) equivalent thickness single wall. 

 

Figure 5.17 and Figure 5.18 show the mechanical properties of the multi-walled, 

individual carbon nanotubes modeled with the two different methods. It is seen that the 

results (stiffness and modulus) obtained from the two methods are identical, indicating 

(1) 

(2) 
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that the equivalent thickness approach have the same accuracy as the multiple wall 

approach and yet is much more efficient in terms of computational efforts (model 

construction, computational time, etc.).  From the same plots, it can also be inferred that 

the number of walls in a nanotube has a significant effect on the mechanical properties. 

As the number of walls increases, the stiffness and modulus of the nanotube increase 

linearly.  

 

 

 
 

Figure 5.17. Comparison of multiple wall method and equivalent thickness method based 

on the modeling of individual CNT: stiffness results. 
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Figure 5.18. Comparison of multiple wall method and equivalent thickness method based 

on the modeling of individual CNT: modulus results. 

 

5.3.2 Modeling of vertically aligned, multi-walled carbon nanotube arrays 

 

5.3.2.1 Effect of number of walls and VACNT array / tube areal density 

 

The aligned carbon nanotube arrays made of multi-walled nanotube using equivalent 

thickness have been modeled, and the results are depicted in Figure 5.19 and Figure 5.20.  

It is seen that as the number of walls increases, both the stiffness and modulus of the 

structures have increased.  This is because the VA-CNT structures are constructed for a 

fixed area for different areal densities hence the number of tubes increases with 

increasing densities for a given area. Since the number of load carrying members are 

increasing the stiffness of the structure increases unlike in previous cases-i.e. fixed 

number of tubes case where the stiffness remains constant .Also, the Young’s modulus 

increases with increasing densities which is the same as seen in Fixed number of tubes 

cases in Chapters 3 and 4. Both stiffness and modulus further increase with increase in 

number of walls as also seen in previous section. 
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Figure 5.19. Effect of number of walls on stiffness of the VA-CNT structures. 

 

 
 

Figure 5.20. Effect of number of walls on modulus of the VA-CNT structures. 
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5.3.2.2 Effect of tube distribution pattern 

 

Figure 5.21 and Figure 5.22 below show the effect of nanotube distribution patterns on 

mechanical properties of the arrays. In this study, the nanotubes in the arrays were 

arranged in the configurations of square and face centered cube (FCC) as earlier. The 

stiffness and modulus of the VA-CNT array display increasing trend with increasing 

array areal densities. The stiffness of VA-CNT array with square configuration leads that 

of FCC configuration in proportion to the number of load carrying members. The number 

of tubes in square configuration is 9, 49, 441 and 4096 and 8, 50, 421 and 4141 for FCC 

configuration for array densities 1x108 tubes/cm2, 1x109 tubes/cm2, 1x1010 tubes/cm2, 

1x1011 tubes/cm2 for a fixed area. These trends have also been observed in VA-CNT 

array with beam modeling. 

 

 
 

Figure 5.21. Effect of nanotube array configuration on modulus of the VA-CNT 

structures 
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Figure 5.22. Effect of nanotube array configuration on stiffness of the VA-CNT 

structures 

 

5.4 Conclusions 
 

The structural shell modeling has been used to design and characterize the individual 

carbon nanotubes and aligned carbon nanotube arrays that are consisted of multi-walled 

CNTs. The equivalent thickness method has been used to model multi-walled CNTs. The 

stiffness and Young’s modulus obtained from the equivalent thickness method are 

comparable to those obtained from the modeling of actual multi-wall structures, but at 

much efficient computational efforts. The VA-CNT array is constructed for a fixed area 

hence varying number of tubes for different densities. It is evident that the array stiffness 

and modulus can be tuned /customized as required by the intended application. In the 

aligned nanotube arrays, the modulus and stiffness are strongly dependent upon the 

number of walls in individual CNTs. In addition, the mechanical performance is also 

sensitive to the tube density.    
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Chapter 6. 

6. Characterization and Modeling of Super-long Vertically Aligned 

Carbon Nanotube Arrays 

6.1 Introduction 
 

The fabrications of vertically aligned carbon nanotube arrays (VA-CNTs) are generally 

made by two methods: template synthesis and template-free synthesis. Terrones et al. 

have grown the first VA-CNTs by depositing the carbon sources in linear tracks in a 

silica template (Terrones et al. 1997). De Heer et al have made the carbon nanotubes 

through the use of an aluminum oxide micropore filter, a template used to align the 

nanotubes (De Heer et al. 1995) Recently, template-free synthesis has been used to 

produce the VA-CNTs (Bajpai et al. 2004, Ishigami et al. 2008, Chen et al. 2010). 

Compared to the template synthesis, the template-free synthesis is more effective in 

producing larger scale and taller nanotubes, so called super-long VA-CNTs.  The VA-

CNTs so grown can have the size as large as several square centimeters and the height as 

tall as several millimeters. Since the VA-CNTs can be readily integrated (grown) onto 

various substrates and devices, they have found a wide range of applications in areas such 

as the electrical interconnects (Kreupl et al. 2002), thermal interfaces (Cola et al. 2009), 

energy dissipation devices (Liu et al. 2008), and microelectronic devices (Fan et al. 

1999). VA-CNTs can also be grown on non-planar substrates, i.e., the rounded carbon 

fibers.  VA-CNTs on carbon fibers have had significant potentials in aerospace and space 

applications. They have added multi-functionality to traditional composites (Baur and 

Silverman 2007, Ci et al. 2008, Zhang et al. 2009), improved the fiber-matrix interface 

strength (Patton et al. 2009, Sager et al. 2009), and used as flow or pressure sensors on 

micro air vehicles (MAVs) (Zhang et al. 2010).  

 

Compared to the VA-CNTS produced by template synthesis, the super-long VACNTs 

typically have much complex structure. Figure 6.1 shows the morphology of the super-

long VACNT specimen examined by the scanning electron microscope (SEM).  
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At lower magnifications, the nanotubes are seen to well-align perpendicularly to the 

substrate. At higher magnification, the individual nanotubes are somewhat zigzag-like 

along the nanotube length with some entanglements between the nanotubes. All those 

features are the direct result of the template-free growth process. Results also reveal that 

the VA-CNTs are multiwalled (2-3 walls) carbon nanotubes and have a narrow uniform 

diameter distribution between 10 and 20 nm. The areal density of the VA-CNT arrays can 

be estimated as: ρ=1010~1011 tubes/cm2 by counting the numbers of the carbon nanotubes 

on the substrate. The lengths of these super-long VA-CNTs are typically in the range of a 

few hundred to several thousand microns, as achieved by controlling the deposition time 

and pressure.  

  

158 
 



 

 

 
 

Figure 6.1. SEM images showing the morphology of the super-long vertically-aligned 

carbon nanotube arrays. The order of magnification increases from (a) to (c). 

 

(b) 

(c) 
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The mechanical properties and deformation behaviors of the super-long VA-CNTs have 

been investigated experimentally, mostly through the use of nanoindentation test  (Qi et 

al. 2003, McCarter et al. 2006, Mesarovic et al. 2007, Pathak et al. 2009, Patton et al. 

2009, Zhang et al. 2010). The conventional nanoindentation test is a technique for 

measuring mechanical properties of materials and structures in small dimensions. The 

depth of the indentation is typically small (a few nanometers or microns) and therefore 

the test is primarily used for measuring the elastic properties of materials and structures. 

To measure the elastic response of the VA-CNTs, an indenter of either three-face 

pyramidal shape (Berkovich indenter) or parabolic shape (spherical indenter) has been 

used to compress the specimen and then withdrawn from it. The indentation load-depth 

curves are obtained and then analyzed following the standard Oliver-Pharr method 

(Oliver and Pharr 1992). The modulus and hardness of the VA-CNT arrays have been 

obtained. In contrast with the extensive experimental work, little analytical or 

computational effort has been given towards the study of such super-long VA-CNTs, 

partially due to their complex microstructures.  

 

 

This chapter presents the characterization and modeling of super-long VA-CNTs through 

experimental testing and numerical simulation.  Large-displacement indentation test was 

developed and used to measure the elastic-plastic properties of the VA-CNT arrays. The 

present large displacement experiments are conducted with an in-situ nanoindenter 

equipped inside the chamber of a scanning electronic microscope (SEM). The technique 

can thus reveal both quantitative information (load-displacement) and phenomenological 

behaviors of the CNT arrays. A cylindrical, flat tip geometry is chosen for the indenter 

since the stress analysis under a tip of this form has been well established (Sneddon , 

Barquins and Maugis 1982).Compared to indenters of three-face pyramidal and parabolic 

shapes, the contact area of a cylindrical flat indenter does not change with displacement, 

and the extent of the stress field scales with the diameter of the indenter.   
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6.2 Fabrications of super-long VA-CNTs  
 

The present VA-CNTs were synthesized by low pressure chemical vapor deposition of 

acetylene on planar substrates (SiO2/Si wafers). A 10-nm thick Al layer was first coated 

on the wafers before the deposition of 3-nm Fe film in order to enhance the attachment of 

grown nanotubes on the silicon substrates. The catalyst coated substrate was then inserted 

into the quartz tube furnace and remained at 750oC in air for 10 min, followed by 

pumping the furnace chamber to a pressure less than 10 mTorr. Thereafter, the growth of 

the CNT arrays was achieved by flowing a mixture gases of 48% Ar, 28% H2, 24% C2H2 

at 750oC under 10~100 Torr for 10-20 min.  

 

 

6.3 Principle of large-displacement indentation test 
 

The large-displacement indentation test can be schematically described as shown in 

Figure 6.2. As an indenter is pushed into the material, a deformation zone is developed 

surrounding the indenter. The overall process resembles to the opening of a cavity in a 

solid and the stress required to open such a cavity can be estimated. 
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Figure 6.2. Schematic diagram showing the large-displacement indentation test. (a) Front 

view, (b) Top view 

 

For blunt indenters (as opposed to sharp indenters), the cavity is typically assumed to be 

in cylindrical shape. The cavity starts with an initial radius ao, and opens to a final radius 

a, equal to the radius of the indenter.  The opening of such a cavity also expands a 

surrounding plastic zone from an initial radius ro to a final radius c.  The radial strain in 

the cylindrical polar coordinates (z, r, θ) is 
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Let σr, σθ be the radial and tangential stresses in the cylindrical polar coordinates.  For a 

general elastic-plastic solid, the constitutive relationship between true stress σ and true 

strain ε in rectangular coordinates can be described by 

 

)(f/ y ε=σσ                                      (6.2) 

 

where σy is the yield stress of the material. So, the stress-strain relation becomes 
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Integrating the condition of the equilibrium, namely 
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throughout the plastic region from a to r, we obtain for the pressure P on the boundary of 

the hollow cylinder (the value of (-σr) at that point) 
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The above equation indicates that there exists a cavitation limit Pm as a/ao→∞. An 

example solution of Equation (6.5) is shown in Figure 6.3, as calculated by using a 

typical yield strain of εy = 0.1 and a typical strain hardening coefficient n = 1.2 for a 

general elastic-plastic solid. It is seen that the ratio of Pm/σy reaches a constant once the 

indenter is fully compressed into the material. The magnitude of the ratio is bounded 

between 1 and 3, varying with the type of the materials.  
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Figure 6.3. Prediction of the critical indentation stress from the cavity model. The 

calculation is obtained by using a typical yield strain of εy=0.1 and a typical strain harden 

coefficient n = 1.2 for a general elastic-plastic solid. 

 

Clearly, the above equation is similar to the broadly applicable empirical relationship 

suggested by Tabor (Tabor 1996) 
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y
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                  (6.6) 

 

where C is called the constraint factor.  
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Both theoretical analysis (Equation 6.5) and empirical analysis (Equation 6.6) show that 

the critical indentation stress (Pm) is proportional to the uniaxial yield stress (σy) for an 

elastic-plastic material. In general, the critical indentation stress beneath an indenter is 

greater than the uniaxial compressive yield stress of the material because of the confining 

pressure generated by the surrounding elastically strained material in the indentation 

stress field. For ductile metals, a value of C ≈ 3 is generally considered to be appropriate 

(Johnson 1985, Tabor 1996). For soft polymers, the value of C becomes smaller (Wright 

et al. 1992, Lu and Shinozaki 1998, Lu et al. 2008);(Lu and Shinozaki 2008). For foam-

like materials, the value of C generally approaches to unity, i.e., C ≈1 (Wilsea et al. 1975, 

Olurin et al. 2000, Flores-Johnson and Li 2010). This is because the foam-like CNT 

arrays has a nearly zero plastic Poisson’s ratio (the ratio of transverse to longitudinal 

plastic strain under compression). Therefore, the large indentation has resulted in very 

little lateral spreading of the CNT fibers under the indenter and the constraint factor 

becomes unity.  

 

The critical indentation stress (Pm) can be determined experimentally through the large-

displacement indentation test. As illustrated in Figure 6.2, when a cylindrical indenter of 

radius a is pressed onto a specimen, the total load (Ltotal) applied to the indenter is 

 

Ltotal = La + Lf              (6.7) 

 

where La is the axial load acting on the indenter end face and Lf the frictional load acting 

on the indenter side wall. The mean indentation pressure (Pm) acting on the indenter end 

is simply expressed as 

 

Pm = La/πa2             (6.8a) 

 

The frictional load (Lf ) on the indenter side wall is defined by 

 

 Lf = 2πahcτ           (6.8b) 
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where τ is the frictional shear stress and hc the contact depth. Assume that the frictional 

stress is constant on the indenter wall, then the frictional load (Lf ) should increase 

linearly with indentation depth, since the lateral surface area in contact with the material 

(2πa hc) increases almost linearly.  

 

Substituting Equations (6.8a) and (6.8b) into Equation 6.7 yields 

  

τ+=
π a

d2P
a

L
m2

total
            (6.9) 

 

The above equation shows that there exists a linear relationship between indentation 

stress and normalized displacement at large displacements. The critical indentation 

stress, Pm, can be determined simply by extrapolating the indentation stress-displacement 

curve back to zero displacement (d=0), where the frictional load (Lf) vanishes.  

 

6.4 Experimental procedures 
 

The large-displacement indentation tests were conducted with a custom designed in-situ 

nanoindenter equipped inside the SEM (FEI Sirion). The indenter used was a 100 µm 

diameter flat-faced cylinder, with a polished contact face.  The cylindrical indenter was 

attached to a strain-gage based load cell, which was connected in series to a piezoelectric 

actuator. The piezoelectric actuator provided displacement control with sub-nanometer 

resolution. Resultant forces were measured through the load cell. The VA-CNT array 

samples were positioned on a piezoelectric positioning stage, which provided x-y-z 

movements with nanometer-scale resolution and with zero back-lash. The entire 

nanoindenter device is measured as 50 mm (width) x 50 mm (height) x 150 mm (length) 

and thus fits well inside the SEM chamber without disturbing the SEM’s function. 

Instrumentation control and data acquisition were achieved by using the Labview 

software from National Instrument (NI).  
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During the test, specimens were incrementally loaded at a rate of 100 nm/sec and high 

resolution SEM images were acquired between displacement intervals. Load and 

displacement data were recorded and used to compute the indentation stress and strain. 

The scan images can be analyzed individually and further stitched together to produce 

videos and synchronized to correlate load and displacement data to the observed 

deformation phenomena. 

 

6.5 Finite element modeling procedure 
 

The deformation process of the super-long VA-CNTs was simulated using the finite 

element method, in which the VA-CNTs were treated as continuum solids.  The 

commercial nonlinear finite element (FE) code ABAQUS was used (ABAQUS, 2010 -

2012). The specimen was modeled with second order, 8-node axisymmetric elements and 

the indenter modeled with rigid surface. For most analyses, the contact between specimen 

and indenter was treated as frictionless. The base of the specimen was completely 

constrained while the nodes along the center line constrained in the horizontal direction.   

A vertical described displacement was applied to the rigid surface through a reference 

node and the reactant force was calculated.  
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Figure 6.4. Schematic diagrams show that a 3-D indentation problem can be solved using 

a 2-D axisymmetric model. (Left) 3-dimensional indentation, (right) 2-dimensional 

axisymmetric model. 

 

 

 

           
 

Figure 6.5. FE model setup for 3-D indentation problem showing (Left) 3-dimensional 

indentation model, (right) 2-dimensional axisymmetric model. 
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For comparative purpose, the indentation process of a dense solid was also modeled. The 

solid was treated as a power-law work-hardening, elastic-plastic solid, as described in 

detail elsewhere (Lu and Shinozaki 2008). The constitutive behavior of the power-law 

work-hardening, elastic-plastic solid were modeled as a piecewise linear / power-law 

hardening relation   
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where “σ” and “ε” were the applied stress and strain; “σy” and “εy” the material yield 

stress and strain (assuming the material was linear elastic to the yield point);  “E” the 

Young’s modulus; and “n” the strain hardening exponent describing the post-yield 

material behavior as a power law relation.  The plasticity was modeled by a standard von 

Mises (J2) flow criterion. The constitutive parameters in Equation (6.10) were obtained 

from experimental uniaxial stress-strain tests on the various materials.  

 

 

The VACNT arrays were treated as open-cell, foam-like materials and the crushable 

foam plasticity model developed by Deshpande and Fleck (Deshpande and Fleck 2000) 

was used. The elastic part of the response is specified as linear elastic behavior, same as 

the dense solid (Equation (6.10)). For the plastic part of the behavior, the isotropic 

hardening model originally developed for metallic foams by Deshpande and Fleck (2000) 

was used. This model was implemented in ABAQUS as the crushable foam model, in 

which the yield surface is defined as  
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where σMises is von Mises effective stress and P is the pressure stress. α is the shape factor 

of the yield surface which can be computed using the initial yield stress in uniaxial 

compression and the initial yield stress in hydrostatic compression. 

 

The Arbitrary Lagrangian-Eulerian (ALE) adaptive meshing technique was used to deal 

with the severe distortion of elements which occurred in the large displacement 

indentation. The ALE method was used to allow the mesh to move independently of the 

underlying material during the simulated penetration, and thus prevent the analysis from 

terminating as a result of severe mesh distortion.  These adaptive meshing procedures 

have been used for simulations of superplastic metal forming processes such as forging, 

extrusion, deep drawing, etc., which involve large amount of non-recoverable 

deformation (Voyiadjis and Foroozesh 1991, D. Peric 1999)  
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6.6 Results and discussion 
 

6.6.1 Deformation of super-long VA-CNTs 

 

6.6.1.1 Experimental  

 

The indentation test is performed on an in-situ nanoindenter that is equipped inside the 

chamber of a SEM, and thus allows for real-time observation and video recording of the 

deformation process while the CNT arrays are compressed. To view the deformation 

process, the in-situ nanoindentation was performed at the edge of the CNT array 

specimen. Figure 6.6 in the following page shows the large displacement phenomenology 

of a CNT arrays (t ≈ 1100 µm) at various indentation stages.   

171 
 



 

 

 
 

Figure 6.6. SEM images showing the development of plastic deformation in the vertically 

aligned carbon nanotube arrays (height ≈1100 um) under a cylindrical flat indenter. 
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The early stage of penetration is dominated by the elastic deformation, as revealed later 

by larger slopes in the load – displacement curves (Figure 6.11 and Figure 6.12). Larger 

slopes indicate that the CNT materials have greater stiffness initially. Further penetration 

of the indenter results in the plastic collapse of the carbon nanotubes beneath the indenter 

head (Figure 6.6). The measured stiffness thus decreases with increasing depth of 

indentation. Observations show that the plastic collapse of the nanotube arrays is limited 

in extent to the zone directly underneath the indenter face where the shear stress is large. 

The size of this collapsing zone is much smaller as compared to the larger, hemispherical 

shaped plastic zones occurred on dense, solid materials, such as polycarbonate (Wright et 

al. 1992) and polyethylene (Lu and Shinozaki 1998). The nanotubes outside the 

collapsing zone are seen to exhibit no fracture or tearing.  

 

The series of load-drops in the stress-displacement curves are results of continuous 

collapsing of nanotubes as the indenter tip moves. The force required for crushing 

additional nanotubes is relatively small (because its volume is a small fraction of the 

material under load), so the measurement of the stress associated with the buckling 

movement are small. Therefore, the total stress at the large strain region has stayed 

relatively constant.  

 

6.6.1.2 Simulation  

 

The deformation process of the VA-CNTs was also analyzed by using the finite element 

method. Figure 6.7 and Figure 6.8 show the contours of the 1st principle stress (σ1) for 

foam-like VA-CNTs and dense polymer, respectively. σ1 is defined by 
2/1
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1 22 
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= rz
zrzr τσσσσσ and σr, σz, and τrz are the radial, normal and shear 

stresses in the cylindrical polar coordinates. Figure 6.9 and Figure 6.10 show the contours 

of the equivalent plastic strain (εeq) for foam-like VA-CNTs and dense polymer, 
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respectively. εeq is defined by )(
3
2 2

3
2
2

2
1

eq ε+ε+ε=ε and ε1, ε2, ε3, are the principal 

strains.  For εeq > 0, the material has plastically deformed.   

 

It is observed that the stress field and deformation process of VA-CNT arrays under 

compression are distinctly different from those of solid polymers. For a dense, solid 

polymer, the distribution of the stress (σ1) under the flat indenter is in a hemispherical 

shape. The size (elastic-plastic boundary) of the stress field approximates the diameter of 

the indenter (2a, ‘a’ being the radius of the indenter), as illustrated by the cavity model 

described earlier. In contrast, the stress field (σ1) for the foam-like VA-CNT arrays under 

the flat indenter is much smaller. The stress is primarily concentrated right beneath the 

indenter face and does not get extended to far field.  

 

The large-displacement indentation process can be understood by the progressive 

developments of equivalent plastic strain (εeq). For a dense, solid polymer, the initial 

inelastic deformation starts near the corners of the indenter. As the depth of indentation 

increases, the deformed zone increases in size. After a depth of approximately half to one 

indenter diameter, the deformation zone becomes fully developed surrounding the 

indenter and then remains relatively constant in size. The diameter of the deformed zone 

is about twice the diameter of the indenter, again in consistence with the cavitation 

model. It is also seen that a conical zone directly ahead of the flat indenter tip shows little 

deformation.  However, for the foam-like VA-CNT arrays, the equivalent plastic strain 

(εeq) is distributed right beneath the indenter face. The shape of this plastic zone is much 

narrower, as opposed to a larger, hemispherical zone occurred in the dense, solid 

polymers. The simulated deformation is consistent with the experimental observations 

(Figure 6.6). Overall results confirm that the VA-CNTs behave like low-density foams 

and the crushable foam plasticity model is appropriate for modeling such materials.  
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Figure 6.7. Contour of 1st principle stress in the vertically aligned carbon nanotube arrays 

under a flat indenter. The material is treated as an open-cell foam-like material. 

 

 

 
 

Figure 6.8. Contour of 1st principle stress in a dense, solid material under a flat indenter. 

The material is treated as a power-law work hardening, elastic-plastic solid.  
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Figure 6.9. Contour of equivalent plastic strain in vertically aligned carbon nanotube 

arrays during large-displacement indentation. The material is treated as an open-cell 

foam-like material. 
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Figure 6.10. Contour of equivalent plastic strain in a dense, solid polymer during large-

displacement indentation. The material is treated as a power-law work-hardening, elastic-

plastic solid. 
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6.6.2 Stress-strain responses of VA-CNT arrays 

 

6.6.2.1 Experimental 

 

Figure 6.11 shows the indentation stress-displacement curves of two vertically aligned 

carbon nanotube arrays, with height equal to approximately 1100 µm. Results reveal that 

the material initially deforms elastically with the applied load on the indenter, and yields 

at some point as the applied load is increased. The plastic deformation field and 

consequently the stress field progressively change with displacement, until some steady 

state is achieved. The indentation of elastic-plastic solids has gained considerable 

attention recently, with the purpose of determining the plastic characteristics of the 

materials such as yield strength, work hardening rate, etc. Most of the work involves the 

uses of indenters of parabolic shapes, i.e., spherical and conical indenters  (Mesarovic 

and Fleck 1999, Park and Pharr 2004). The present test has chosen a cylindrical, flat 

indenter. The chief advantage of this type of indenter is that the contact area remains 

constant during indentation, therefore the applied stress measured by the indenter at the 

steady state is constant. This allows the measurement of steady state deformation under 

the indenter, as indicated by the linear stress-displacement response at large 

displacements.  

 

The plateau region indicates the plastic collapses of carbon nanotubes beneath the 

indenter face. Such collapse allows the strain increase while the stress stays 

approximately constant.  A series of “load-drops” in the plateau regions is observed, 

which corresponds to the folding of additional carbon nanotubes. If further penetration is 

permitted until all folding is completed, a third region would appear: the densification 

region. In that region, the folding of all nanotubes under the indenter face has been 

completed and the compression of the folded/collapsed materials has started. As a result, 

the stress would start to rise sharply. Alternatively, the densification response can be 

observed by indenting a shorter specimen. Overall, the stress-displacement response of 

the VA-CNT arrays is identical to those reported on open-cell, low-density foams 

(Wilsea et al. 1975; Olurin et al. 2000; Flores-Johnson and Li 2010). 
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Following Equation 6.9, the critical indentation stress, Pm, is determined by extrapolating 

the large-strain indentation stress-displacement curve back to zero displacement (d=0), 

where Pm is the intercept. The magnitude of Pm so obtained for the present CNT arrays is 

approximately 6.2 MPa, from Figure 10. 

 

For the present CNT arrays, the slopes of stress-displacement at large displacements are 

almost zero (Figure 6.11 and Figure 6.12), indicating that the friction shear stress (τ) 

acting on the indenter wall due to the elastic compression from surrounding nanotubes is 

negligible. Therefore, the interfacial friction between the CNT and the indenter side-wall 

is very small, which is constant with the finding reported by Tu et al. (Tu et al. 2003, Tu 

et al. 2004).  

 

 

 
 

Figure 6.11. Indentation stress-strain curve of a vertically aligned carbon nanotube arrays 

(height ≈ 1100 μm) with cylindrical, flat-faced indenter. 
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6.6.2.2 Simulation 

 

Figure 6.12 shows the indentation stress-strain response of the vertically aligned carbon 

nanotube arrays by using the finite element method. The calculated stress-strain curve is 

similar to the one measured in experiments.  The bilinearity of the plots, characteristic of 

the measured data is seen in the finite element modeling, and is consistent with the 

interpretation of a largely elastic deformation field becoming largely plastic at greater 

penetration depths.  

 

 

 
Figure 6.12. Indentation stress-strain response of the vertically aligned carbon nanotube 

arrays (height ≈ 1100 µm) obtained from the finite element method. 

 

6.6.3 Effect of areal density of VA-CNT arrays 

 

The effect of density of mechanical responses of the VACNTs is investigated. The CNT 

arrays were treated as open-cell foam materials. According to Gibson and Ashby(Gibson 
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and Ashby 1997), the relevant elastic modulus (E) and plastic yield strength (σy) scale 

with the density (ρ) for the open-cell foams: 

 

 )(E
0ρ
ρ

α=           (6.12a) 

)(
0

y ρ
ρ

β=σ           (6.12b) 

 

where  ρ0 is the reference density and α and β are scaling coefficients.  

 

In present study, the effect of density was examined by varying the elastic modulus and 

yield strength of the VACNTs as: E/ E0=1, 0.8, 0.6, 0.4 and σy/ σy0=1, 0.8, 0.6, 0.4, 

where E0 and σy0 are the elastic modulus and yield strength of the original VACNTs. The 

stress-strain responses of the VACNTs from are shown in Figure 6.13. As the density 

decreases, the VACNTs become more compliance. Figure 6.14 through Figure 6.17 show 

von-Mises stress distribution beneath the indenter in the VA-CNT material for density 

ratios 0.4 (less denser), 0.6, 0.8 and 1.0(most dense). The contour plots are for identical 

indentation depth measured in terms of normalized strains. The results are for a 

normalized strain of 0.45. From these plots it may be observed that with increasing 

density of the material, the load carrying ability of the VA-CNT array for identical strains 

increases as the stress levels shown in the plot are in an increasing trend. The stresses are 

shown in units of in N/µm2. Figure 6.18 through Figure 6.21 show the equivalent plastic 

strain distribution beneath the indenter in the VA-CNT material for density ratios 0.4, 

0.6, 0.8 and 1.0 for the same identical normalized strains of 0.45. 
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Figure 6.13. Indentation stress-strain response of the vertically aligned carbon nanotube 

arrays with varying densities obtained from the finite element method. 
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Figure 6.14. von Mises Stress for VA-CNT array corresponding to density ratio = 0.4 

 

 
 

Figure 6.15. von Mises Stress for VA-CNT array corresponding to density ratio = 0.6 
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Figure 6.16. von Mises Stress for VA-CNT array corresponding to density ratio = 0.8 

 

 

 
 

Figure 6.17. von Mises Stress for VA-CNT array corresponding to density ratio = 1.0 
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Figure 6.18. Equivalent plastic strain for VA-CNT array corresponding to density ratio = 

0.4 

 

 
 

Figure 6.19. Equivalent Plastic strain for VA-CNT array corresponding to density ratio = 

0.6 
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Figure 6.20. Equivalent Plastic strain for VA-CNT array corresponding to density ratio = 

0.8 

 

 
 

Figure 6.21.Equivalent Plastic strain for VA-CNT array corresponding to density ratio = 

1.0 

186 
 



6.7 Conclusions 
 

The mechanical behaviors of the vertically aligned carbon nanotube arrays (VA-CNTs) 

have been characterized using indentation test and finite element modeling. The large-

displacement indentation test is an effective tool for measuring the elastic-plastic 

properties of the vertically aligned carbon nanotube arrays (VA-CNTs).  Due to no lateral 

constraint in VACNT structures, the stress-strain responses from indentation test are 

identical to those from conventional axial compressive test. Both experimental and FE 

results show that the VA-CNTs exhibit a transient elastic deformation at small 

displacement and then steady sate plastic deformation at large displacement. The critical 

indentation stress (Pm) can be extrapolated from the indentation stress-displacement 

curves.  The magnitude of Pm is a measure of the yield stress or collapsing stress of CNT 

arrays.  Experiment results and finite element simulations have shown that the sizes of 

stress/strain zones are much smaller in foam-like VA-CNTs, as opposed to much larger, 

hemispherical stress/strain zones observed in the dense solid. Under the cylindrical, flat 

indenter, the nanotube cells collapsed plastically immediately beneath the indenter, a 

region of the highest stress/strain. The stress-strain responses of the VACNTs are 

sensitive to the densities of the materials.  
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Chapter 7 

7. General Conclusions 
 

 

Since their discoveries, carbon nanotubes have been widely studied, but mostly in the 

forms of 1D “individual carbon nanotube (CNT)”. To date, work on the complex 

vertically aligned carbon nanotube arrays (VA-CNTs) is still limited.  From design point 

of view, the existing analytical methods used to model 1D individual CNT, i.e., the 

classical quantum mechanics, molecular dynamics, tight binding molecular dynamics and 

density functional theory, would not be applicable to the modeling of VA-CNT structures 

due to the significant computational efforts.  The overall objective of this research is to 

develop effective numerical modeling procedures that can be used to design, model and 

characterize the mechanical responses of the VA-CNTs.  To achieve such goal, the 

Structural Mechanics approaches (beam mechanics, shell mechanics, and solid 

mechanics) have been used to model the VA-CNT structures. 

 

The beam and shell mechanics are generally applicable to the VA-CNTs prepared by 

template synthesis methods. VA-CNTs synthesized by the use of templates are very well 

aligned and organized. Such materials are also highly “tunable” from the structure 

standpoint. The optimal performance of the VA-CNTs highly depends upon their 

architectures and geometric parameters, including tube height, tube diameter, nanotube 

array density, tube distribution pattern, among many other factors.  

 

The structural beam elements have been first used to study the geometric parameters of 

the individual carbon nanotube for its mechanical properties.  It is observed that the 

Young’s modulus and shear modulus of the nanotube are sensitive to the atomic structure 

of the tubes, whereby the CNTs in armchair configuration exhibit higher young’s 

modulus than the CNTs in zigzag one with increasing diameter whereas for the shear 

modulus the zigzag configuration exhibits higher than that of the armchair with 

increasing nanotube diameter. Both Young’s modulus and Shear modulus generally 
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increase at a much steeper rate with diameter for small diameter nanotubes and then 

becomes stabilized for large diameter nanotubes. The Poisson’s ratio computed from the 

values of Young’s and shear moduli show that the Poisson’s ratio of armchair nanotubes 

is higher than that of the zigzag and is sensitive for small diameters of nanotubes. The 

strength of the CNTs further depends upon the diameter of the C-C bonds (tube wall 

thickness). As the wall thickness increases, the Young’s modulus of the nanotubes 

decreases. The modulus of the nanotubes is negligibly affected by the tube length 

whereas the stiffness is inversely proportional to the tube length.  

 

The structural beam elements are further used to design and characterize the properties of 

aligned carbon nanotube arrays. VA-CNT structures with various densities and 

configurations have been constructed.  Overall, the VA-CNT structures exhibit much 

lower modulus than the individual CNT, due to their high porosities and low densities.  

By increasing the nanotube array density, the modulus of VA-CNT structures are 

significantly improved. The individual nanotube atomic structure, i.e., zigzag versus 

armchair, can affect the mechanical property of the VA-CNT structure, but only at small 

wall thickness.  The elastic modulus of the VA-CNT is again negligibly affected by the 

height of VA-CNTs.  

 

In addition to the discrete beam elements, the continuum shell elements are also used to 

design and model the aligned carbon nanotubes structures. Based on an understanding of 

carbon nanotubes at the atomic/molecular level, the equivalent shell thickness and 

modulus in a single walled CNTs were estimated. The geometric parameters of the VA-

CNT structures on its mechanical properties are thoroughly examined. For individual 

CNTs, the Young’s modulus generally increases at a much steeper rate with diameter for 

small diameter nanotubes and then becomes stabilized for large diameter nanotubes.  For 

the VA-CNTs, the modulus is strongly dependent upon the tube areal density. The higher 

the density, the higher the modulus. In addition, the mechanical performance is also 

sensitive to the tube pattern in an array. The modulus from a square packed array has a 

slightly higher value than that from a FCC packed one.  

189 
 



The structural shell modeling method is further used to design and characterize the VA-

CNTs that are consisted of multi-walled CNTs. The multi-walled CNTs have been 

approximated as the equivalent thickness single-walled CNTs. The stiffness and Young’s 

modulus obtained from the equivalent thickness method are comparable to those obtained 

from the modeling of actual multi-wall structures, but at much efficient computational 

efforts. The VA-CNT arrays are constructed for a fixed area hence varying number of 

tubes for different densities. It is evident that the array stiffness and modulus can be tuned 

/customized as required by the intended applications. The modulus and stiffness are 

strongly dependent upon the number of walls in individual CNTs. The mechanical 

performance is also sensitive to the VA-CNT areal density.   

 

Another type of VA-CNTs is the so-called Super-Long VA-CNTs. Such VA-CNTs are 

prepared by template-free synthesis and can have the sizes as large as several square 

centimeters and the height as tall as several millimeters. Compared to the VA-CNTS 

produced by template synthesis, the super-long VACNTs typically have much complex 

structures, where the individual nanotubes are somewhat zigzag-like along the nanotube 

length with some entanglements between the nanotubes.  Because of the structural 

complexity, these VA-CNTs have been treated as foam-like solids and modeled with 

solid elements.  

 

First, the mechanical properties of such VA-CNTs are characterized by using indentation 

test. Due to no lateral constraint in VACNT structures, the stress-strain responses from 

indentation test are identical to those from conventional axial compressive test, from 

which the elastic and plastic properties are obtained and fed into the finite element 

programs. Results have shown that the sizes of stress/strain zones are much smaller in 

foam-like VA-CNTs, as opposed to much larger, hemispherical stress/strain zones 

observed in the dense solid. The deformation and stress-strain responses of the VA-CNTs 

are sensitive to the densities of the materials.   
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