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ABSTRACT OF THESIS

DECENTRALIZED ADAPTIVE CONTROL FOR
UNCERTAIN LINEAR SYSTEMS:
TECHNIQUES WITH LOCAL FULL-STATE FEEDBACK OR LOCAL
RELATIVE-DEGREE-ONE OUTPUT FEEDBACK

This thesis presents decentralized model reference adaptive control techniques for
systems with full-state feedback and systems with output feedback. The controllers
are strictly decentralized, that is, each local controller uses feedback from only local
subsystems and no information is shared between local controllers.

The full-state feedback decentralized controller is effective for multi-input systems,
where the dynamics matrix and control-input matrix are unknown. The decentralized
controller achieves asymptotic stabilization and command following in the presence of
sinusoidal disturbances with known spectrum. We present a construction technique
of the reference-model dynamics such that the decentralized controller is effective for
systems with arbitrarily large subsystem interconnections.

The output-feedback decentralized controller is effective for single-input single-
output subsystems that are minimum phase and relative degree one. The decen-
tralized controller achieves asymptotic stabilization and disturbance rejection in the
presence of an unknown disturbance, which is generated by an unknown Lyapunov-
stable linear system.

KEYWORDS: Adaptive control, Decentralized control, Large-scale systems, Distur-
bance rejection, Command following
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Chapter 1 Introduction

1.1 Overview of Model Reference Adaptive Control

The objective of model reference adaptive control (MRAC) is to force an uncertain
system to asymptotically follow the trajectory of a known reference model [1-16].
Classical MRAC techniques are divided into two categories: (i) systems with full-
state feedback and (ii) systems with output feedback.

(Classical full-state-feedback MRAC applies to multi-input linear time-invariant sys-
tems, where the dynamics and input matrices are unknown [1-8]. The goal of full-
state-feedback MRAC is to design a control such that all closed-loop signals are
bounded and the state of the plant asymptotically follows the state of a reference
model. Full-state-feedback MRAC operates under the assumption of matched uncer-
tainty, that is, the plant and reference-model matrices satisfy matching conditions.
Full-state-feedback MRAC has been extended to address systems with nonlineari-
ties [9,10].

Classical output-feedback MRAC applies to single-input single-output (SISO) linear
time-invariant systems that are minimum phase [1-8,11-16]. The goal of output-
feedback MRAC is to design a control such that all closed-loop signals are bounded
and the output of the plant asymptotically follows the output of a reference model.
Output-feedback MRAC operates under the assumptions that the plant is minimum
phase, the sign of the high-frequency gain is known, an upper bound on the order
of the plant is known, and the relative degree is known. While output-feedback

MRAC techniques apply to systems with arbitrary-but-known relative degree, this



thesis focuses on output-feedback MRAC for relative-degree-one systems.

1.2 Background and Motivation for Decentralized Adaptive Control

Decentralized control systems are composed of interconnected subsystems, where
each local controller has access to information from only the local subsystem. The goal
of decentralized control is to design local controllers such that each local subsystem
behaves in a desired manner, while no information is exchanged between the local
controllers. The performance of each local subsystem is affected by the local control
as well as the nonlocal dynamics and nonlocal controls.

The need for decentralized control arises in large-scale complex systems such as
interconnected power networks, large flexible structures, and water systems. Decen-
tralized control techniques divide the complex control problem into subproblems, and
generally reduce the computational power required for control. Figure 1.1 shows a
decentralized control architecture, where each subsystem contains a local sensor, local
controller, and local actuator. Each local controller has access to local sensors but
does not have access to nonlocal sensors and does not have knowledge of the nonlocal
control objectives. See [17-21] for more details on decentralized control.

Classical full-state-feedback MRAC has been extended to address decentralized
control with local full-state feedback [22-27]. The controllers in [22], [23] are strictly
decentralized, that is, each local controller requires only local full-state measurement
and no information is shared between the local controllers. However, the controllers
in [22], [23] do not yield asymptotically perfect command following. Furthermore,
the errors in [22], [23] converge to residual sets that depend on the interconnection
matrices and the controller design parameters. In contrast, asymptotically perfect
command following is achieved in [24-27], but these controllers are not strictly de-
centralized. More specifically, the controllers in [24-27] rely on centralized reference

models, meaning that each local controller has access to all reference-model states.
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Figure 1.1: Schematic diagram of a decentralized control architecture for a large-scale
complex system.

Thus, each local subsystem has knowledge of the control objectives of all nonlocal
subsystems.

The controllers in [24-27] require some knowledge of the subsystem-interconnection
matrices. For example, [24-26] assumes that an upper bound on the maximum singu-
lar value of each subsystem-interconnection matrix is known. In [27], the maximum
singular value of each subsystem-interconnection matrix must be less than a fixed
bound, which is no larger than 1. Thus, the controller in [27] requires weak subsys-
tem interconnection.

While the adaptive controllers in [24-27] address command following, none of these
techniques address disturbance rejection. Furthermore, the approaches of [24-27]
are restricted to local subsystems that are single-input, and require that the local
control-input matrices are known.

Classical output-feedback MRAC has been extended to address decentralized con-
trol for SISO subsystems with local output feedback [28-30]. The approaches of
[28-30] address stabilization and command following provided that each local sub-

system is minimum phase. The controllers in [28-30] guarantee bounded tracking



errors, but do not drive the tracking errors to zero. In particular, each local tracking
error converges to a residual set that depends on the interconnection matrices and
the local controller design parameters. The results in [28] are limited to local subsys-
tems that are exactly proper, that is, subsystems with nonzero direct feedthrough.
The results in [29] address local subsystems that are relative degree one or two, and
the results in [30] address local subsystems that are relative degree greater than two.
Decentralized adaptive control using neural networks is addressed in [31-33].

In this thesis, we present decentralized adaptive control techniques for local subsys-
tems with full-state feedback and local subsystems with relative-degree-one output
feedback. In Chapter 3, we present a strictly decentralized adaptive controller that
uses local full-state feedback and does not require a centralized reference model or
sharing of nonlocal reference-model signals. This decentralized adaptive controller
allows for multi-input local subsystems, where the local control-input matrices are
uncertain. The controller yields asymptotic stabilization and command following in
the presence of sinusoidal disturbances with known spectrum. The technique is ef-
fective for arbitrarily large subsystem interconnections, provided that a bounding
matrix, related to the subsystem-interconnection matrices, is known and that the
reference-model dynamics matrix is designed to admit a positive-definite solution to
a bounded-real Riccati equation. We provide a construction of the reference-model
dynamics matrix, which does admit a positive-definite solution to the Riccati equa-
tion.

In Chapter 5, we present an output-feedback decentralized adaptive controller for
subsystems that are minimum phase and relative degree one. This controller is strictly
decentralized and yields asymptotic stabilization and disturbance rejection, where the
disturbance is unknown but generated from a Lyapunov-stable linear system. The
technique relies on the assumption that the magnitudes of the subsystem intercon-

nections satisfy a bounding condition.



1.3 Summary of Chapters

Summary of Chapter 2

Chapter 2 presents the classical full-state feedback MRAC technique for linear time-
invariant systems. Full-state-feedback MRAC allows for multi-input systems, where
the dynamics and control-input matrices are unknown. Full-state feedback MRAC
operates under the assumption of matched uncertainty, where three matching as-
sumptions are invoked. The goal of full-state-feedback MRAC is to design a control
such that all closed-loop signals are bounded and the state of the plant asymptotically
follows the state of a reference model.
Summary of Chapter 3

Chapter 3 presents a decentralized MRAC technique for linear time-invariant sys-
tems, where each local controller uses full-state feedback from the local subsys-
tem. The controller is strictly decentralized, meaning that no information (includ-
ing reference-model dynamics) is shared between local controllers. This decentralized
adaptive controller achieves asymptotically perfect stabilization and command follow-
ing in the presence of sinusoidal disturbances with known spectrum. Furthermore, the
controller is effective for systems with arbitrarily large subsystem interconnections.

Summary of Chapter 4

Chapter 4 presents classical output-feedback MRAC for SISO linear time-invariant
systems that are minimum phase and relative degree one. Classical MRAC is effective
for stabilization and command following. In this thesis, we extended classical MRAC
to address disturbance rejection, where the disturbance is unknown but generated
from a Lyapunov-stable linear system.

Summary of Chapter 5

Chapter 5 presents a decentralized MRAC method for SISO linear time-invariant

subsystems that are minimum phase and relative degree one. The decentralized adap-



tive controller is strictly decentralized, that is, no information is shared between lo-
cal controllers. This decentralized adaptive controller is effective for stabilization
and disturbance rejection, where the disturbance is unknown but generated from a

Lyapunov-stable linear system.

All notation is introduced in the chapter where the notation is used. Furthermore,
notation may change between chapters. Thus, notation is specific to the chapter in

which it appears.



Chapter 2 Full-State-Feedback Model Reference Adaptive Control

This chapter presents classical model reference adaptive control (MRAC), where
all states of the system are available for feedback. The controller is effective for

stabilization and command following.

2.1 Introduction

In this chapter, we present the classical full-state-feedback MRAC technique for
linear time-invariant systems. Full-state-feedback MRAC allows for multi-input sys-
tems, where the dynamics matrix and control-input matrix are unknown. Full-state-
feedback MRAC operates under the assumption of matched uncertainty, where three
matching assumptions are invoked. The goal of classical MRAC is to design a control
such that all closed-loop signals are bounded and the state asymptotically follows
the state of a reference model. The classical full-state-feedback adaptive controller
can be used for stabilization and asymptotic command following. Full-state-feedback
MRAC techniques are described in [1-8§].

In Section 2.2, we introduce the full-state-feedback MRAC problem. We present
a controller for adaptive stabilization in Section 2.3, and extend the controller to
address command following in Section 2.4. Examples are given in Section 2.5, and

conclusions are given in Section 2.6.



2.2 Problem Formulation

For t > 0, consider the system

t(t) = Az(t) + Bu(t), (2.1)

where z(t) € R™ is the state, x(0) € R™ is the initial condition, and u(t) € R™ is the
control input.

Next, consider the reference model

Im(t) = Apaw(t) + Bur(t), (2.2)

where z,(t) € R" is the reference-model state, 2,,(0) € R™ is the initial condition,
r(t) € R? is the bounded reference-model command, A,, € R"*" is the reference-
model dynamics matrix, and B, € R"*? is the reference-model input matrix. We
assume that A,, is asymptotically stable, that is, the eigenvalues of A,, are contained
in the open-left-half complex plane. Our goal is to develop an adaptive controller
that generates u(t) such that x(t) asymptotically follows x,(¢). Thus, our goal is to

drive the performance

w(t) — xw(t)

to zero.
We make the following assumptions regarding the system (2.1) and the reference

model (2.2):

(A2.1) There exists a positive-definite matrix F' € R™*™ which need not be known,

such that B = BF is known.

(A2.2) There exists K, € R™" such that A, = A+ BK,.

8



(A2.3) There exists L, € R™*? such that B,, = BL,.

The system (2.1) is otherwise unknown. Specifically, A, B, and z(0) are otherwise
unknown. Assumptions (A2.1)—(A2.3) are the standard full-state-feedback MRAC
matching conditions. See [1-8] for more details. Note that (A2.2) does not require

that K, be known.

2.3 Adaptive Stabilization

In this section, we address adaptive stabilization, where the reference-model com-

mand is zero (i.e., r(t) = 0). Consider the controller

u(t) = K(t)a(t), (2.3)

where K : [0, 00) — R"™*" is given by

K(t) = =B Pz(t)z" (1)T, (2.4)

where I[' € R™*" is positive definite, and P € R™*" is the positive-definite solution to

AP+ PAL+Q =0, (2.5)

where () € R™™" is positive definite. The adaptive stabilization architecture is shown
in Figure 2.1.

Next, define

K(t) - K., (2.6)



Plant T

Tz = Az + Bu

Pk
Adaptive Contfoller

u = T

Adaptation

K = —BTPxs™T

Figure 2.1: Schematic diagram of adaptive stabilization architecture given by (2.1),
(2.3), and (2.4).

and it follows from (2.1) and (2.3) that
i(t) = Apx(t) + BK (t)x(t). (2.7)
The following theorem is the main result on full-state-feedback adaptive stabiliza-

tion.

Theorem 2.1. Consider the closed-loop system (2.4) and (2.7), where the open-loop
system (2.1) satisfies (A2.1)-(A2.2), and r(t) = 0. Then, the equilibrium (z, K) =0
is Lyapunov stable. Furthermore, for all initial conditions x(0) € R™ and K(0) €

R™*™ the following statements hold:
(i) z(t), u(t), and K(t) are bounded.

(77) limy_,o z(t) = 0.

10



Proof. Define the Lyapunov function

Ve, K) 2 2" Py + tr FAKT K7,

where P € R™" is the positive-definite solution to (2.5). Evaluating the derivative

of V along the trajectory of (2.4) and (2.7), and using (A2.1) yields

V(z,K)=i"Pr+2"Pi +2tr F' KT 'KT
= 2T (AP + PA)x + 22" K "B "Px + 2tr F ' KT ' KT
= —27Qu 4 2tr (B"Pza" K" + F'KT'K™)

- _xTQx7

where Q € R™ " is positive definite. Therefore, the equilibrium (z, K) = 0 is Lya-
punov stable, and for all initial conditions, z and K are bounded. Since z and K are
bounded, it follows from (2.3) and (2.6) that K and u are bounded, which confirms
(i).

Next, since V is positive definite and radially unbounded, and V(x, K ) = —a2'Qx,
it follows from LaSalle’s invariance principle [34, Theorem 4.4] that for all initial

conditions, limy;_, z(t) — 0, which confirms (7). O

2.4 Adaptive Command Following

In this section, we address adaptive command following. Consider the controller
u(t) = K(t)z(t) + L(t)r(t), (2.8)
where K : [0,00) = R™" and L : [0,00) — R™*7 are given by

K(t) = =B Pe(t)z" ()T, (2.9)

11



L(t) = =BT Pe(t)r™ (t)A, (2.10)

where I' € R™"™ and A € R?? are positive definite, and P € R™*" is the positive-

definite solution to (2.5). The MRAC architecture is shown in Figure 2.2.

Plant T
- = Ax + Bu .
U ol
Adaptive Contfoller |«
w= K@+ Lr <
. : Reference Model | M
I"m = Amxm + BmT
e
Adaptation -
K = —BTPex™T <

L =—BTPerTA N

Figure 2.2: Schematic diagram of adaptive command following architecture given by
(2.1) and (2.8)—(2.10).

The following theorem is the main result on adaptive command following.

Theorem 2.2. Consider the closed-loop system (2.1) and (2.8)—-(2.10), where the
open-loop system (2.1) satisfies (A2.1)-(A2.3). Then, for all initial conditions x(0) €
R™, K(0) € R™*", and L(0) € R™*4, the following statements hold:

(i) x(t), u(t), K(t), and L(t) are bounded.

12



(71) limy_, e(t) = 0.

Proof. Define

and it follows from (2.1) and (2.8) that

i(t) = Apz(t) + BK (t)z(t) + BL(t)r(t). (2.11)

Next, subtracting (2.2) from (2.11), and using (A2.3) yields

é(t) = Ame(t) + BK (t)z(t) + BL(t)r(t). (2.12)

Define the Lyapunov-like function

Vie,K,L)=e"Pe+tr F'KT'K" + tr F'LAT'LT,

where P € R"*" is the positive-definite solution to (2.5). Evaluating the derivative

of V along the trajectory of (2.9), (2.10), and (2.12), and using (A2.1) yields

Vie,K,L)=¢é¢"Pe+ et Pe+ 2tr FYKT 'K 4 2tr FLLATILT
= eT(ALP + PAL)e + 20" KT BT Pe 4+ 2rT LY BT Pe
+2tr FART KT - 2tr FULATMLY
= —eTQe + 2tr (BT Pez" K™ + BT PerT LT
+ F'KT'KY + FALALLT)

= —"Qe, (2.13)

13



where Q € R™™ is positive definite. Thus, 0 < eTQe = —V(e, K, L). Moreover,

integrating from 0 to oo yields

< V(e(0), K(0), L(0)), (2.14)

where the upper and lower bounds imply that [~ €™ (t)Qe(t) dt exists. Thus, it follows
from (2.14) that V is bounded, which implies that e, K, and L are bounded. Since
r is bounded and A,, is asymptotically stable, (2.2) implies that z,, is bounded.
Moreover, since e, zm, K, and L are bounded, it follows that z, u, K, and L are
bounded, which confirms (7).

To show (ii), it follows from (2.14) that [;* e (¢)Qe(t) dt exists. Next, since e, x,
r, K, and L are bounded, (2.12) implies that é is bounded. Next, since e and é are

bounded, it follows that

d

= [eT(t)Qe(t)] = 26" (t)Qe(?)

is bounded. Thus, f() 2 T (t)Qe(t) is uniformly continuous. Since [;° f(¢) d¢ exists
and f(t) is uniformly continuous, Barbalat’s Lemma implies that lim, .. f(t) = 0.

Thus, lim;_, e(t) = 0, which confirms (7). O

2.5 Numerical Examples

We now present examples to demonstrate adaptive stabilization and command fol-

lowing with full-state-feedback MRAC.

14



Example 2.1. Adaptive stabilization. Consider the system (2.1), where

2 0 -5 2 0 0
A=| -1 -5 -1|, B=]010]|- (2.15)
3 2 1 00 3

Note that A in (2.15) is unstable with eigenvalues at —4.55 and 1.28 + j3.74. We let

~

B = I3, which satisfies (A2.1). Next, let

-5 0 0
0 0 =8

where A, is asymptotically stable, and it follows that (A2.2) is satisfied. Next, let
@ = I3, and let P be the positive-definite solution to (2.5).

The adaptive controller (2.3) and (2.4) is implemented in feedback with the system
(2.1) and (2.15), where ' = 10%[3. Figure 2.3 shows a time history of z(t) and
u(t), where the initial condition is z(t) = [ —2 2 —1 |]*. The state z(t) converges

asymptotically to zero. A

Example 2.2. Adaptive command following for a mass-spring-dashpot system.
Consider the serially connected structure shown in Figure 2.4, where u; and u, are
control forces, and ¢; and g9 are the positions of the first and second masses, respec-

tively. The equations of motion for the system are given by (2.1), where

__ citca kitks c2 ko ] _L 0 ]
mi mi mi mi mi
1 0 0 0 0 O
o ko _cate3 _ kotks 0 1
mo mo mo mo m2
0 0 1 0 0 0
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First Component Second Component Third Component

L - 5

o o5 1 16 20 05 1 15 20 05 1 15 2
Time (s) Time (s) Time (s)

-15

Figure 2.3: Adaptive stabilization. The adaptive controller (2.3) and (2.4) is im-
plemented in feedback with the system (2.1) and (2.15). The state x(t) converges
asymptotically to zero.

T
= [(]'1 @ G %} : (2.18)

The masses are m; = 0.2 kg and ms = 0.4 kg; the damping coefficients are ¢; = 5
kg/s, c; = 2 kg/s, and c3 = 3 kg/s; and the spring constants are k; = 8 kg/s?, ko = 9
kg/s?, and ks = 14 kg/s*.

We let

oS
Il

(2.19)
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=

A~

mq Ug —> mo
1] 1] 1]
1] 1] 1]
c1 Co C3

=

Figure 2.4: A serially connected, two-mass structure used in Example 2.2.

which satisfies (A2.1). Next, let

30 0

-20 =30 O 0
1 0 0 0 0 0
An = , Bn= , (2.20)
0 0 =20 =30 0 30
0 0 1 0 0 0

which satisfy (A2.2) and (A2.3), respectively. Next, let @ = I, and let P be the
positive-definite solution to (2.5).

The reference-model command is 7(t) = [ 7, (£) ro(¢) ]*, wherery () = 0.1sin0.257¢
and r9(t) = 0.2cos0.1257t. The adaptive controller (2.8)—(2.10) is implemented in
feedback with the two-mass system (2.1), (2.17), and (2.18), where I' = 10*I; and
A = 10*I,. Figure 2.5 provides a time history of x(t), x.,(t), e(t), and u(t), where the
initial conditions are ¢;(0) = ¢2(0) = 0 m and ¢;,(0) = ¢2(0) = 0 m/s. The two-mass
system is allowed to run open-loop for 10 seconds, then the adaptive controller is

A

turned on. Figure 2.5 shows lim;_,., e(t) = 0.
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¢m,i (dashed)
gi(solid) (cm)

(m,; (dashed)
g (solid) (cm/s)

4i — Gm,; (dashed)
¢i — Gm (solid)

0 40 80 120 160 0 40 80 120 160
Time (s) Time (s)

Figure 2.5: Adaptive command following for a mass-spring-dashpot system. The
adaptive controller (2.8)—(2.10) is implemented in feedback with the two-mass system
(2.1), (2.17), and (2.18). The error e(t) converges asymptotically to zero.
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2.6 Conclusions

This chapter reviewed the classical full-state feedback MRAC technique for multi-
input linear time-invariant systems. The adaptive controller operates under the as-
sumption of matched uncertainty. The controller yields stabilization and asymptotic

command following.
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Chapter 3 Decentralized Adaptive Control with Local Full-State Feed-
back

This chapter presents a decentralized model reference adaptive control method,
where each local controller uses full-state feedback from the local subsystem. The
controller is strictly decentralized, meaning that no information (including reference-
model dynamics) is shared between local controllers. This decentralized controller
achieves asymptotically perfect stabilization and command following in the presence
of sinusoidal disturbances with known spectrum. Furthermore, the controller is effec-
tive for systems with arbitrarily large subsystem interconnections. We provide con-
troller and reference-model design examples to demonstrate the decentralized adap-

tive controller. The results from this chapter have been submitted for publication

in [35].

3.1 Introduction

In this chapter, we present a strictly decentralized adaptive controller that uses
local full-state feedback and does not require a centralized reference model or sharing
of nonlocal reference-model signals. This decentralized adaptive controller allows for
multi-input local subsystems, where the local control-input matrices are uncertain.
The controller yields asymptotic stabilization and command following in the presence
of sinusoidal disturbances with known spectrum. The technique is effective for ar-
bitrarily large subsystem interconnections, provided that a bounding matrix on the

subsystem-interconnection matrices is known and that the reference-model dynam-
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ics matrix is designed to admit a positive-definite solution to a bounded-real Riccati
equation. We provide a construction of the reference-model dynamics matrix, which
does admit a positive-definite solution to the Riccati equation.

In Section 3.2, we introduce the decentralized adaptive control problem. We present
a controller for decentralized adaptive stabilization in Section 3.3, and extend the
controller to address command following and disturbance rejection in Section 3.4.

Examples are given in Section 3.5, and conclusions are given in Section 3.6.

3.2 Problem Formulation

For t > 0, consider the system

iy (t) :ZAijj(t) + Byus(t) + Dywy (t), (3.1)
do(t) =Y Agjai(t) + Beu(t) + Dowy(t), (3.2)

where 7 £ {1,2,...,0}, for all i € I, x;(t) € R™ is the state, x;(0) € R™ is the
initial condition, u;(t) € R™ is the control input, and w;(t) € R% is the exogenous
disturbance.

For each 7 € J, x; is the local state, and wu; is the local control. Moreover, for each
i € J, the local control w;(t) uses feedback of the local state z;(t), but does not use
feedback of the nonlocal states {x;(t)};en iy. Unless otherwise stated, all statements
in this chapter that involve the subscript i are for all ¢ € J.

Next, consider the reference model

x.mﬂ' (t) = Am7ixm7i (t) + Bm,iri (t), (33)
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where xp,,;(t) € R™ is the state, z,,,(0) € R™ is the initial condition, r;(f) € R% is
the reference-model command, A,,; € R"*™ is the reference-model dynamics matrix,
and B,,; € R"*% is the reference-model input matrix. We assume that A,,; is
asymptotically stable, that is, the eigenvalues of A,,; are contained in the open-left-
half complex plane. Our goal is to develop a series of local adaptive controllers that
generate u;(t) such that z;(¢) asymptotically follows x,,;(f) in the presence of the

disturbance w;(t). Thus, our goal is to drive the performance

1>

to zero.

In Section 3.3, we develop a controller for decentralized adaptive stabilization.
Specifically, we focus on the case where w;(t) = 0, r;(t) = 0, and the goal is to
stabilize the origin of (3.1)—(3.2). In Section 3.4, we address command following and
disturbance rejection.

We make the following assumptions regarding the system (3.1)—(3.2) and the ref-

erence model (3.3):

(A3.1) There exists a positive-definite matrix F; € R™>™i  which need not be

known, such that BZ = B, F; is known.

(A3.2) There exists K,,; € R™*" such that

Api=Ai;i + BK,,. (3.4)

(A3.3) There exists a known positive-semidefinite matrix §2; € R™*™ such that

0> ) AAT (3.5)
JENi)
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(A3.4) There exists a positive-definite matrix P, € R™*™ such that
AL P+ PAy; + Q; + PP <0, (3.6)

where ); € R™*" is positive definite and satisfies @); > (I,,..

The system (3.1)-(3.2) is otherwise unknown. Specifically, Ay 1,..., A1, ..., Apg,
By, ..., By, and x1(0),...,2,(0) are otherwise unknown.

Assumptions (A3.1) and (A3.2) are standard full-state-feedback MRAC matching
conditions [1-8]. For example, if (A4;;, B;) is in controllable canonical form, then
(A3.2) is satisfied by a reference-model dynamics matrix A, ; that is also in control-
lable canonical form. Note that (A3.2) does not require that K, ; be known.

Assumption (A3.3) is satisfied if upper bounds on the maximum singular values of
{Aij}jen iy are known. Specifically, Q; > 37 g iy Timax (A j) In,, Where opa( ) is the
maximum singular value, satisfies (A3.3). However, €); appears in the Riccati expres-
sion (3.6), which may not have a positive-definite solution for all €;. Furthermore,
the existence of a positive-definite solution P; to (3.6) depends on the reference-model
dynamics matrix A,, ;. Thus, assumptions (A3.2)-(A3.4) are coupled. In order to sat-
isfy (A3.2)-(A3.4), the known reference-model dynamics matrix A,,; and the known
uncertainty bound 2; must satisfy (3.4) and (3.5), respectively, and admit a positive-
definite solution P; to (3.6). Note that the solutions P, ..., P, are used to construct
the decentralized adaptive controller.

Define X 2 {(i,j) |i€3,j €3,i+# j}. The following result considers the system
(3.1)—(3.2), where m; = 1, (A;;, B;) is in controllable canonical form, and for all
(i,7) € K, A;; has matched uncertainty. This result provides constructions of Ay, ;,

Q;, and B; such that (A3.1)-(A3.4) are satisfied. The proof is in Appendix A.
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Proposition 3.1. Consider the system (3.1)-(3.2), where m; = 1. Assume that

—Qip—1 0 —Qi1 A0 b;
1 0 0 0

Azz = s Bz = 5 (3 7)
0 1 0 0

and for all (i,5) € K, A;; = BiAL;, where A;; € R q;0,...,a;,-1 € R; and

z?]’

bi € R. Let a;(s) = qip18" 1+ -+ ;15 + i be asymptotically stable, where

QG- .., 01 are positive. Let
—MNi%p-1 o TG 104G Bi
1 0 0 . 0
Am,i - ) BZ - ) (38)
0 1 0 0

where n; > 0 and b;3; > 0. Furthermore, let QQ; > (1,,,, and let v; > 0 satisfy

b;
vz Y HALA (3.9)
JEN{} !

Then, the following statements hold:

(i) There exists F; > 0 such that B; = B,F.,.

(ii) For all n; > 0, there exists K, ; € RV that satisfies (3.4).
(iii) Q; £ 7, B;BY satisfies (3.5).

(i) For sufficiently large n; > 0, Aw,; is asymptotically stable, and there exists a

positive-definite matriz P; € R™*™ that satisfies (3.6).
Proposition 3.1 provides sufficient conditions under which (A3.1)-(A3.4) are satis-
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fied. Specifically, if the reference-model dynamics matrix Ay, ; is given by (3.8) and
n; > 0 is sufficiently large, then (i)-(iv) of Proposition 3.1 imply that (A3.1)—(A3.4)
are satisfied. Note that there is no restriction on the magnitude of the subsystem-
interconnection matrices { A4; ; }jeg\{i}. The parameter 7; > 0 can be designed using the
known bound §2;. Specifically, n; > 0 can be increased until (3.6) admits a positive-
definite solution. Note that the conditions of Proposition 3.1 are not necessary to

satisfy (A3.1)-(A3.4).

3.3 Decentralized Adaptive Stabilization

In this section, we address decentralized adaptive stabilization, where the distur-
bances and reference-model commands are zero (i.e., 7;(t) = 0 and w;(¢) = 0). Con-

sider the controller
w;(t) = K;(t)x;(t), (3.10)
where K : [0,00) — R™*™ is given by
Ki(t) = =Bl Pa;(t)zF ()T, (3.11)

where ['; € R"*" is positive definite, and P; € R™*™ is the positive-definite solution
to (3.6). The decentralized adaptive stabilization architecture is shown in Figure 3.1.

Next, define

(1) 2

K;(t) = K;(t) — K., (3.12)

and it follows from (3.1)—(3.2) and (3.10) that

JeN{i}

25



Local control 2
Ug = KQ[EQ

A

KQ = —BQTPQ.TQZ';FQ

Local control 1
up = Kyay

A

U2 X2

Kl == —élTplfL'lSUrlrFl
Uy T
Plant
j,’l = Zjej Ale‘j + Blul

\

YV

\

Y
\

T =) eg ArjTj + Boug

Uy Ty
Local control ¢

up = Koy
Kg = —BEPgl‘g{L‘grg

A

Figure 3.1: Schematic diagram of decentralized adaptive stabilization architecture
given by (3.1)-(3.2), (3.10), and (3.11).

The following theorem is the main result on decentralized adaptive stabilization.

Theorem 3.1. Consider the closed-loop system (3.11) and (3.13), where the open-
loop system (3.1)—(3.2) satisfies assumptions (A3.1)-(A8.4), w;(t) =0, and r;(t) = 0.
Then, the equilibrium (x4, .. o K, .. f(g) = 0 1s Lyapunov stable. Furthermore,
for all initial conditions z;(0) € R™ and K;(0) € R™*" the following statements

hold:
(i) x;(t), wi(t), and K;(t) are bounded.
(7)) limy oo z;(t) = 0.

Proof. For all © € J, define the partial Lyapunov function

Vi(zi, K;) £ 2T Py + v F KD AKT, (3.14)
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where P; € R™*™ is the positive-definite solution to (3.6). Evaluating the derivative

of V; along the trajectory of (3.11) and (3.13), and using (A3.1) yields

Vi(x, ) = o] (AL Py + PiAw)x; + 22, K B Py + 2t0 ' KT KT

+ 2 Z x;rIDiAZ”j.CEj
JjeN{i}
=] (AL P+ P A )z + 2tr (B Paal K + F KGR
+ 2 Z :C;FR;AMLI:J-
jendit

JeN{s}

Next, note that

Jen{i}
— Z m;erAl,]AE]Ple + ZL']TQS']' — 2$;~I‘P7;Ai7jl'j,
JEN{i}

which combined with (A3.3), implies that

2 Z ) PiA; jo; < Z wi PiAijAjy P + @
JEN(i} JEN(i}
<af PP+ Y xjw; (3.16)
Jendi}

Using (3.16) and (A3.4), it follows from (3.15) that

Vz(%, f(z) < xiT(AELi]Di + PiAn; + PG P)x; + Z %ij
JjeN{i}

< —2,7Q,x; + Z x;Fa:] (3.17)
JeN{}
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Next, define the Lyapunov function

~ ~ A ~
V(xb <oy Ty, Kb s e 7Kf) - Z ‘/;(LU“ Kz)7
=
and it follows from (3.17) that the derivative of V' along the trajectory of (3.11) and

(3.13) is

V(l’l, e ,.’Ij'g,f(i, . ,Kg) = Z ‘/;<Z’Z,KZ)

1€
<D | Qi >
i€ JeN{i}

= Z —x} Qi + (0 — D)

1€

= Z —z} Rix;,
i€J

where R; £ Qi — (¢ — 1)I,, is positive definite because @); > ¢I,,. Therefore, the
equilibrium (21, ..., xy, Ki,...,K ¢) = 0 is Lyapunov stable, and for all initial condi-
tions, x; and [N(Z are bounded. Since z; and f(z are bounded, it follows from (3.10)
and (3.12) that K; and wu; are bounded, which confirms (7).

Finally, since V is positive definite and radially unbounded, and V' < > ieg —xi Riy,
it follows from LaSalle’s invariance principle [34, Theorem 4.4] that for all initial

conditions, limy;_,, ;(t) = 0, which confirms (). O

Example 3.1. Decentralized adaptive stabilization with local scalar dynamics. Con-

sider the system (3.1)—(3.2), where ¢ = 3,

A171 ALZ A173 25 05 —05
Asy Asp Asy | = | —15 =05 -1 |, (3.18)
Asy Aszoe Aszg 3 2 1.5
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and By = 2, By = 1.5, and B3 = 2.5. Note that (3.18) is unstable with eigenvalues
at 1 and 1.25 £ 71.39. We assume that for all 7,5 € J, A;; is unknown. However,
we assume that for all (z,7) € K, an upper bound on the absolute value of A, ; is
known. Specifically, for all (¢, j) € X, |A4; ;| < 10, and the upper bound 10 is known.
We also assume that sgn(B;) is known. Our goal is to stabilize the origin of (3.1)—
(3.2) using the decentralized adaptive control (3.10) and (3.11). In this example, the
disturbances are zero. We consider nonzero disturbances in the next section.

We let B; = sgn(B;) = 1, which satisfies (A3.1). Since B; # 0, it follows that
(A3.2) is satisfied. Since for all (¢, j) € X, |4;;| < 10, and the bound 10 is known,
we let ); = 200, which satisfies (A3.3). Next, let (); = 4, which satisfies ¢); > (. If
Api < —V/Q; = —20v/2, then it follows from the quadratic equation that there
exists P, > 0 that satisfies (3.6), which implies that (A3.4) is satisfied. In this
example, we let A, ; = —30.

The adaptive controller (3.10) and (3.11) is implemented in feedback with the
system (3.1)-(3.2) and (3.18), where I'; = 10°. Figure 3.2 shows a time history
of x;(t) and wu,(t), where the initial conditions are x1(0) = 0.5, x2(0) = 0.25, and
x3(0) = —0.5. Moreover, Figure 3.2 shows lim; . z;(t) = 0, which agrees with

Theorem 3.1. AN

Example 3.2. Decentralized adaptive stabilization with local vector dynamics. Con-

sider the system (3.1)—(3.2), where ¢ = 3, and

9 —2 —6 —3 4 -3 2 4 6
Aii=11 0 0|, Awa=]1 0 0|, Ass=|100], (319
0 1 0 0 1 0 010
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N

-10
0 0.1 0.2 030 0.1 0.2 0.30 0.1 0.2 0.3

Time (s) Time (s) Time (s)

Figure 3.2: Decentralized adaptive stabilization with local scalar dynamics. The adap-
tive controller (3.10) and (3.11) is implemented in feedback with the system (3.1)—
(3.2) and (3.18). The state z;(t) converges asymptotically to zero.

Furthermore, for all (7, ) € X,

where
- T T
Ajpg=15 -2 —2 ] ;o Az = [ —6 4 -2 1 ) (3.22)
_ T T
Npi=1| -1 6 —3} , Agy = { —5 4 2 ] : (3.23)
- T T
Asi=|5 -3 1 } , Ago = { 3 -1 -8 ] : (3.24)

Note that the dynamics matrix associated with (3.1)—(3.2) and (3.19)—(3.24) is un-
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stable with eigenvalues at —3.75, —0.26 £ 70.36, 0.20 4= 71.57, 0.65, 1.38 + j6.57, and
1.47. For all 4,5 € J, A, ; is unknown. However, we assume that for all (7, j) € K, an
upper bound on AT;A;; is known. Specifically, for all (i,7) € X, AT;A; ; < 300, and
the upper bound 300 is known. Furthermore, we assume the sign and an upper bound
on the magnitude of b; is known, where b; denotes the first entry in B;. Specifically,
|b;] < 10, and the upper bound 10 is known.

We let By = (1 0 o], By = [—1 0 0] and Bs = By, which satisfy (A3.1).
We let ; = v, B;BY, where v; = 6 x 10%. Since 7; > D e i) 100A}; A 5, it follows
from Proposition 3.1 that €2; satisfies (3.5), which implies that (A3.3) is satisfied. We

let ); = 413, which satisfies (); > ¢1,,,. Next, let

—n;  —5n;  —6m;
Ami= | 1 0 0 | (3.25)
0 1 0

where n; > 0. It follows from Proposition 3.1 that for sufficiently large 1, > 0, A, ;
is asymptotically stable and there exists a positive-definite matrix P; that satisfies
(3.6), which implies that (A3.4) is satisfied. In this example, for all n; > 492, there
exists a positive-definite matrix P; that satisfies (3.6). We let n; = 600.

The adaptive controller (3.10) and (3.11) is implemented in feedback with the
system (3.1)-(3.2) and (3.19)-(3.24), where I'; = 10°[;. Figure 3.3 shows a time
history of x;(t) and w;(t), where the initial conditions are z1(0) =[ 0.2 —0.5 0.2 %,
25(0) = [04 —0.2 04]", and 23(0) = [ —0.2 —0.5 —0.2]". The state x(t)

converges asymptotically to zero. A
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Figure 3.3: Decentralized adaptive stabilization with local vector dynamics. The adap-
tive controller (3.10)—(3.11) is implemented in feedback with the system (3.1)—(3.2)
and (3.19)-(3.24). The state z; = [ z;1(t) x:2(t) x;3(t) |* converges asymptoti-
cally to zero.
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3.4 Decentralized Adaptive Command Following and Disturbance Rejec-

tion

In this section, we extend the decentralized adaptive stabilization controller pre-
sented in Section 3.3 to address command following and disturbance rejection.
We make the following assumptions regarding the reference-model input matrix

By,; and the disturbance input matrix D;:

(A3.5) There exists L,; € R™*% such that By,; = B;L. .

(A3.6) There exists T.; € R™*% such that D; = B;T. .

Assumptions (A3.5) and (A3.6) are standard full-state-feedback MRAC matching
conditions [1-5]. If the control and disturbance are collocated (i.e., B; = D;), then
(A3.6) is satisfied by T\.; = I,

Next, we make the following assumptions regarding the reference-model command

r;(t) and the disturbance w;(t):

(A3.7) There exists G; € R%*% and H; € R%*? such that r;(t) = G;¥(t) and
w;(t) = H;V(t), where

T

1>

W(t) sinwit ... sinwyt coswit ... coswyt | €R¥, (3.26)

and wy, ..., w, are nonnegative and known.

(A3.8) There exists Ny € R™>*? . N, € R™*? guch that for all 7 € J,

2

/ BiN;U(t)+ > Agjwn(t)| dt (3.27)
0 jEN{i}

exists, where || - || denotes the Euclidean norm.
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Assumption (A3.7) implies that 7;(¢) and w;(t) consist of sinusoids with known
frequencies. However, the amplitudes and phases are unknown. Note that constant
signals are achieved in (3.26) if the frequency is zero.

Assumption (A3.8) is a condition on the trajectories ¥ and w,,; as well as the
structure of B; and A;;. Nevertheless, (A3.8) can be verified by matrix matching
conditions alone. We now present two results that provide sufficient conditions under

which (A3.8) is satisfied. Proofs of these results are in Appendix A.

Proposition 3.2. Assume thatr(t),...,r(t) satisfy (AS3.7). Furthermore, assume
that for all Wy € Rm>*2p . W, € R™*? there exists N € Rmx2p N, € Rmex2p

such that for all 1 € J,
BiN;+ > AW =0. (3.28)
Jen{i}

Then, there exists N; € R™>*2P N, € R™>*? gsych that for all i € J, (3.27) is

satisfied.

Proposition 3.2 provides matrix matching conditions under which (A3.8) is satisfied.
However, the condition (3.28) in Proposition 3.2 cannot be verified without knowledge
of B; and A; ;. The next result provides a sufficient condition on the structure of A; ;

under which (A3.8) is satisfied.

Proposition 3.3. Assume that r(t),...,r(t) satisfies (A3.7). Furthermore, as-

sume that for all (i,j) € K,

Ai; = BA} (3.29)

2,97

where A; ; € R™*™i Then, there exists Ny € R™*?* .. N, € R™>*? gych that for

alli €3, (3.27) is satisfied.
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Next, consider the controller

wi(t) = Ki(t)z;(t) + Li(t)r;(t) + M;(¢)¥(1), (3.30)

where K : [0,00) — R™>" L, : [0,00) — R™*% and M; : [0,00) — R™*? are

given by
Ki(t) = =B Pe;(t)a] (1)1, (3.31)
Li(t) = =BF Pes(t)r] (t)A,, (3.32)
M;(t) = =B Pe; ()T (8) Y, (3.33)

where I'; € R%>*" A; € R%*4% and T; € R?*? are positive definite, and P; €
R™*™ ig the positive-definite solution to (3.6). The decentralized adaptive command
following and disturbance rejection architecture is shown in Figure 3.4.

The following theorem is the main result on decentralized adaptive command fol-

lowing and disturbance rejection.

Theorem 3.2. Consider the closed-loop system (3.1)-(3.2) and (5.30)-(3.33),
where the open-loop system (3.1)-(5.2) satisfies assumptions (A3.1)-(A3.8). Then,
for all initial conditions z;(0) € R™, K;(0) € R™>™ [,(0) € R™*% and M;(0) €

R™i%2P the following statements hold:
(i) z;(t), uw;i(t), K;(t), Li(t), and M;(t) are bounded.
(i1) limy_, e;(t) = 0.

Proof. Define



Ty 1 Local reference model 1 re
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. . 1 _
L1 = —B?Plelr?Al +:‘:‘
M1 = —B?PleleTl <
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Figure 3.4: Schematic diagram of decentralized adaptive command following and
disturbance rejection control architecture given by (3.1)—(3.3) and (3.30)—(3.33).
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M;(t) — N; + T.. i H;,
where N; is given by (A3.8). Thus, it follows from (3.1)—(3.2) and (3.30) that

(1) = Apai(t) + BiKy(O)ai(t) + BiLi(t)ri(t) + BiM ()T (t)

+ Dawi(t) + Y Aijay(t) (3.34)
FENG

Next, subtracting (3.3) from (3.34), and using (A3.5) yields

éi(t) = Amyei(t) + BiKy(O)ai(t) + BiLi(t)ri(t) + BiM ()T (t)

+ Dawi(t) + Y Aijay(t)
JENG

which implies that

+ BiNiU(t) — BT, ;H;U(t) + Daw(t) + Y Ajjej(t) + Ay jwny(t). (3.35)
jeNi)

Then, using (A3.6) and (A3.7), it follows from (3.35) that

+BINU(t) + Y Aije(t) + Aijam(t). (3.36)
JEN{i}

Next, for all ¢ € J, define the partial Lyapunov-like function

Vi(es, Ki, Li, M) 2 X Pe; + tr F UKD KT + tv F LA LT + to B AN YT

where P; € R™*™ is the positive-definite solution to (3.6). Evaluating the derivative
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of V; along the trajectory of (3.31)—(3.33) and (3.36), and using (A3.1) yields

Vi(es, K, Li, M) = X Pe; + el Piéy 4 2tr F UKDV KY + 2t BV LA ALY
+2tr MO MT

+2 Y [ef BAje; + ef PiA; jon ]
FEN{i}

+22," KB Pie; + 2r;," L B Pre; + 2U" M} Bf Pie;
+2tr F KT K 4 26w B LA LT+ 2t B V0T MY
= e;r<AEI7iP7; + PiAn e + 2e} Py B;N; U

+ 2 Z [e;I‘P,L'AiJej + e;rPiAi,jxm,j]
FEN{i}

+ 2tr [B? Pt KT + B PeirTLT + BY Pie, U N
— F7 Y (EBI P} 1) UK — FH (FiBT Per T A) ALY
— F7Y(FBIPe, U™ T;lME]

=¢; (AL P + PAn;)e; + 2¢] PB;N;¥

+ Z [QG?PZ'AZ‘JGJ' + 26iTPZ‘Ai,jZEm7j} . (337)
JeNi}

Next, note that

0 S Z (AEJPzel — ej)T(Angiei — ej)
Jen{i}

= Z €?PiAi’jAiji€i + e;-rej — 26;-1‘P1'A1'7j€j,
JEN{i}

which combined with (A3.3), implies that

Z 2€Z~TPZ'AZ‘7]'6]' S Z €;PPiAi,jAEjPi€i+€jTej
JENi} JEnti}
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< el PO Pe; + Z e]Tej. (3.38)
JjeN{}

Using (3.6) and (3.38), it follows from (3.37) that

Vi(ei, K, Li, M;) < ef (AL, P, + Py An + PQuP)e; + 2¢] P,B;N; ¥
+ Z [e;-rej + QB;PBALJ'I'HIJ]
JeN{i}
S — e?Qiei + 2€ZTPZB7JN1\I/ + Z [6}‘6]' + 26?3147;73'1’111’]} s
JeN{i}

=—efQiei +2e] P&+ Y eley, (3.39)
Jend{i}

where

A
JEN{i}
Then, note that
0 <lle; — P&l = efe; + |1P&I° — 2¢f P&,
which implies that

2eX P& < efe; + || P& < eXe + Amax(P)%€1 6, (3.40)

where Apax(P;) is the maximum eigenvalue of P;.

Using (3.40), it follows from (3.39) that

Vi(ei, Ki) ZJi, Mz) S —eiT(Qi — ]nl)e, + Amax(-Pi)Qg;rgi —I— Z GJTG]‘. (341)
JeN{i}
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Next, define the Lyapunov-like function
V(el, e ,eg,Rl,. . .,f(g,zl,. . .,.Zg,Ml,. . .,Mg) é Z%(ei,K’i,L,Mi),
i€d

and it follows from (3.41) that the derivative of V' along the trajectory of (3.31)—(3.33)
and (3.36) is given by

V = Z Vi(eia f(u fm Mz)

i€]

< _e;r(@z - [nb)ez + )\max 5 gz Z 6 €;

i€J JeNi}
= Z _e?(Qz - Inl)ez + )\max( ) é. gl ( )eTeZ
1€

= —G;I‘Riei + )\maX(Pi)gg;rgi’

1€

where R; 2 Q; — (I,,, which is positive definite from (A3.4). Thus,

0<> efRiei < =V + > A PTG (3.42)

i€J €]

Moreover, integrating (3.42) from 0 to oo yields

0</ > el () Ries(t) dt < V(0 /ZAW )€ (1)&i(t) dt

€] €]

0) + > Amax(P)? /0 e ()& () dt, (3.43)

1€]

which exists because (A3.8) implies that [;° &' (£)&;(t) dt exists. Thus, it follows from
(3.43) that V is bounded, which implies that e;, K;, L;, and M; are bounded. Since
r; is bounded and A,,; is asymptotically stable, (3.3) implies that x,,; is bounded.

Moreover, since €;, Tmi, K;, L;, and M, are bounded, it follows that x;, u;, K;, L;,
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and M; are bounded, which confirms (7).
To show (ii), it follows from (3.43) that [ >, el (t)Rie;(t) dt exists. Next, since
€iy Tiy T3y, VU, Ty, K;, L;, and M; are bounded, (3.36) implies that ¢; is bounded.

Next, since e; and é; are bounded, it follows that

1€]

d T
pn [Z el () Rie;(t)

1€

is bounded. Thus, f(t) 2 > s € (t) Rie;(t) is uniformly continuous. Since [;° f(t) dt

i

exists and f(¢) is uniformly continuous, Barbalat’s lemma implies that limy ., f(¢)

U

0. Thus, lim;_, €;(t) = 0, which confirms ().

3.5 Numerical Examples

We now present examples that demonstrate the decentralized adaptive controller.
Example 3.3 shows perfect command following and disturbance rejection for a sys-
tem with local scalar dynamics. Example 3.4 demonstrates asymptotically perfect
command following for a mass-spring-dashpot system. This result is extended to ad-
dress disturbance rejection in Example 3.5 and a mass-spring-dashpot system with
ten masses in Example 3.6. Finally, Example 3.7 examines the behavior of a nonlinear

planar double pendulum.

Example 3.3. Decentralized adaptive command following and disturbance rejection
with local scalar dynamics. Reconsider the unstable system in Example 3.1, but
consider nonzero reference-model commands and nonzero disturbances. The plant,
reference model, and control parameters satisfying (A3.1)-(A3.4) are the same as in
Example 3.1.

The reference-model input constants are By, ; = B2 = B3 = 30, which satisfy
(A3.5). The reference-model commands are 7 (t) = 2sin 1.57t, ro(t) = 1.5 coswt and

r3(t) = sin 0.57t. The disturbance input constants are D; = 0.5, Dy = 1, and D3 =
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1.5, which satisfy (A3.6). The disturbances are wq(t) = 2sin 1.57t, wy(t) = 3.5sin 7t

and ws(t) = 10. We let

T
U(t) = | sin0.57t sinwt sin1.57t sin2nt cos0.5nt cosnt cos1.bmt cos2mt 1|

(3.44)

and it follows that 7;(t) and w;(t) satisty (A3.7). Since A, ; has the form given by
(3.29), Proposition 3.3 implies that (A3.8) is satisfied.

The adaptive controller (3.30)—(3.33) is implemented in feedback with the system
(3.1)-(3.2) and (3.18), where T'; = 10%, A; = 10* and T; = 10*[y. Figure 3.5 shows a
time history of z;(t), xwm (), €;(t), and w;(t), where the initial conditions are x;(0) =
0.5, 22(0) = 0.25, and 23(0) = —0.5. The state z;(t) converges asymptotically to

ZTmi(t), and thus, lim; , e;(t) = 0, which agrees with Theorem 3.2. A

Example 3.4. Decentralized adaptive command following for a mass-spring-dashpot
system. Consider the serially connected structure shown in Figure 3.6, where ¢ = 3;
u1, us and us are control forces; and wy, wo and ws are disturbance forces. Further-
more, qi, ¢2 and g3 are the positions of the first, second and third masses, respectively.

The equations of motion for the system are given by (3.1)—(3.2), where for all i € J,

—(c; + ¢ m; — kl—Fkl my;
4= ( +1)/ ( +1)/ | (3.45)
1 0
B; = , (3.46)
0
D; = B, (3.47)
w=| " (3.48)
qi
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Figure 3.5: Decentralized adaptive command following and disturbance rejection with
local scalar dynamics. The adaptive controller (3.30)—(3.33) is implemented in feed-

back with the system (3.1)—(3.2) and (3.18). The error e;(t) converges asymptotically
to zero.
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and for all (i,7) € K,

Bi Cmax {i,j kmaxi‘ ’ lf‘Z—j’:L
A = {i.5} {i.d} (3.49)

O2x2, otherwise.

The masses are m; = 0.5 kg, my = 0.2 kg and m3 = 0.3 kg; the damping coefficients
are ¢; = 3 kg/s, co = 3 kg/s, c3 = 4 kg/s, and ¢y = 5 kg/s; and the spring constants
are ky = 10 kg/s?, ko = 12 kg/s?, k3 = 8 kg/s?, and ky = 11 kg/s%.

The decentralized adaptive controller in (3.30)—(3.33) is implemented using limited
information of the dynamics of the system (3.1)—(3.2). Specifically, the masses my,
meo and mg; damping coefficients ¢y, co, c3, and ¢4; and spring constants ky, ko, k3, and
k, are unknown. However, we assume bounds on the parameter values are known.
For all i € J, m; > 0.1 kg; and for all i = 1,...,4, ¢; < 10 kg/s and k; < 15 kg/s?,
and we assume that the bounds 0.1 kg, 10 kg/s, and 15 kg/s? are known.

For alli € J, we let B; = [ 1 0 |7, which satisfies (A3.1). We let ; = v;B; B[,
where v, = 73 = 3.25 x 10* and 7, = 6.5 x 10%. Note that v; is determined from
the bounds on m;, ¢; and k;. Since 7; satisfies (3.9), it follows from Proposition 3.1
that €; satisfies (3.5), which implies that (A3.3) is satisfied. We let @; = 415, which

satisfies (); > ¢1,,. Next, let
—2n; —22n; 22n;

Ay = . Buni= , (3.50)
1 0 0

where n; > 0. It follows from Proposition 3.1 that for sufficiently large 1, > 0, Ay, ;
is asymptotically stable and there exists a positive-definite matrix P; that satisfies
(3.6). In this example, for all n; > 255, there exists a positive-definite matrix P; that
satisfies (3.6). We let n; = 400. Furthermore, A, ; satisfies (A3.2), and B,,; satisfies
(A3.5).
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The reference model commands are r1(¢) = 0.1sin 0.57t, 75(t) = 0.02 and r3(t) =
0.1sin7t. In this example, the disturbances are zero. We let W(t) be the same as in
Example 3.3, and it follows that r;(t) satisfies (A3.7). Since A;; has the form given
by (3.29), Proposition 3.3 implies that (A3.8) is satisfied.

The adaptive controller (3.30)—(3.33) is implemented in feedback with the system
(3.1)-(3.2) and (3.45)-(3.49), where 'y = 'y = '3 = 101y, A; = Ay = A3 = 105,
T, = 1031y, Ty = 10*Iy and Y3 = 10*Iy. Figure 3.7 provides a time history of ;(¢),
Tmi(t), ei(t), and u;(t), where the initial conditions are ¢;(0) = ¢2(0) = ¢3(0) = 0 m
and ¢1(0) = ¢2(0) = ¢3(0) = 0 m/s. The three-mass system is allowed to run open-

loop for 5 seconds, then the decentralized adaptive controller is turned on. Figure 3.7

shows limy_,, e;(t) = 0. A
Ky ko ks ke ey
W1 —> Wo — Wy —>
Uy — i Uy —> mz Uy —> me
1] 1] 1] 1] 1]
(&) C2 C3 Cy Cot1
Q1 q2 qe

Figure 3.6: The serially connected, /-mass structure used in Examples 3.4-3.6.

Example 3.5. Decentralized command following and disturbance rejection for a
mass-spring-dashpot system. Reconsider the three-mass structure in Example 3.4,
but consider nonzero disturbances. The plant, reference model, and control parame-
ters satisfying (A3.1)—(A3.8) are the same as in Example 3.4. The disturbances are
wy(t) = 0.1sin 1.57t, we(t) = 0.005 and ws(t) = 0.05sin 0.57t, which satisfy (A3.7),
where U(t) is the same as in Example 3.4.

The adaptive controller (3.30)—(3.33) is implemented in feedback with the system
(3.1)-(3.2) and (3.45)(3.49). Figure 3.8 provides a time history of ;(t), zm (1), €;(t),

and u;(t). The three-mass system is allowed to run open-loop for 5 seconds, then the
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Figure 3.7: Decentralized adaptive command following for a mass-spring-dashpot sys-
tem. The adaptive controller (3.30)—(3.33) is implemented in feedback with the three-
mass system (3.1)—(3.2) and (3.45)—(3.49). The error e;(t) converges asymptotically
to zero.
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decentralized adaptive control is turned on. The error e;(t) converges asymptotically

to zero. A

Example 3.6. Decentralized command following and disturbance rejection for a
mass-spring-dashpot system with ten masses. Consider the serially connected shown
in Figure 3.6, where ¢ = 10. The equations of motion for the system are given
by (3.1)-(3.2), where my = -+ = myo = 0.5 kg, ¢y = --- = ¢1; = 5 kg/s, and
ky = -+ = kiy = 10 kg/s? and for all i € I, A;;, B;, D;, z;, and A;; are given by
(3.45)—(3.49), respectively. We assume bounds on the parameter values are known.
For all i € J, m; > 0.1 kg; and for all i = 1,...,11, ¢; < 10 kg/s, and k; < 15 kg/s?,
and we assume that the bounds 0.1 kg, 10 kg/s, and 15 kg/s* are known.

For alli € J, we let B; = [ 1 0|7, which satisfies (A3.1). We let ; = v;B; B[,
where v; = 3.25 x 10%. Note that ~; is determined from the bounds on m;, ¢;, and k;.
Since ~; satisfies (3.9), it follows from Proposition 3.1 that ; satisfies (3.5), which

implies that (A3.3) is satisfied. We let @); = 1115, which satisfies Q); > ¢1I,,,. Next, let

—2n; —8n; 8n;
Am,i - 9 Brn,i - ) (351)

1 0 0

where n; > 0. It follows from Proposition 3.1 that for sufficiently large n; > 0, Ay,
is asymptotically stable and there exists a positive-definite matrix P; that satisfies
(3.6). In this example, for all n; > 423, there exists a positive-definite matrix P; that
satisfies (3.6). We let n; = 600. Furthermore, A,,; satisfies (A3.2) and B,,; satisfies
(A3.5).

The reference model commands are r(t) = r3(t) = r5(t) = 1r7(t) = 19(t) =
0.1sin0.57t and ro(t) = r4(t) = re(t) = rs(t) = r1o(t) = —0.1sin0.57¢t. The distur-
bance input matrix D; satisfies (A3.6). The disturbances are wy(t) = -+ = wyo(t) =
0.05sin7t. We let W(t) be given by (3.44), and it follows that r;(¢) and w;(t) satisfy

(A3.7). Since A;; has the form given by (3.29), Proposition 3.3 implies that (A3.8)
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Figure 3.8: Decentralized adaptive command following and disturbance rejection for
a mass-spring-dashpot system. The adaptive controller (3.30)—(3.33) is implemented
in feedback with the three-mass system (3.1)—(3.2) and (3.45)—(3.49). The error e;(?)
converges asymptotically to zero.
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is satisfied.

The adaptive control (3.30)—(3.33) is implemented in feedback with the system
(3.1)-(3.2) and (3.45)—(3.49), where for all i € J, I'; = 10°Iy, A; = 10*, and T; =
10*I5. Figure 3.9 provides a time history of ¢;(t), qm(t), and u;(t), where the initial
conditions are ¢;(0) = 0 m and ¢;(0) = 0 m/s. The ten-mass system is allowed to run
open-loop for 5 seconds, then the decentralized adaptive control is turned on. Figure

3.9 shows that ¢;(f) converges asymptotically to ¢y ;(%). JAN

Example 3.7. Decentralized disturbance rejection for a planar double pendulum.
Consider the planar double pendulum shown in Figure 3.10. The nonlinear equations

of motion for the planar double pendulum are

. 0, A o Uy + wy
N(01,0,) | | + F(6y,04,06,,0) = , (3.52)
92 U + Wo
where
. Im 12 + myl? imylily cos(0; — 0
N 2 | TR gkt =0) (3.53)
%mglllg COS(91 — 92) %mglg
. o Lmglilysin(0; — 02)03 4 (c1 + )01 — cafly + (ky + k)01 — ko
F(817927¢91702)é o 11620102 (1 2)2 (1. 2) 1. 22. (1 2)1 2V2 7
—%mglllg Sin(Ql — 92)0% — 0201 + 62(92 — k291 + ]{?2(92

(3.54)

and for i = 1,2, m; is the mass of the i*" link, [; is the length of the i*" link, ¢; is
the damping at the *® joint, k; is the stiffness at the ™" joint, and 6; is the angle
from the ¢* link to the horizontal plane. Furthermore, u; and w; are the control and
disturbance, respectively, at the i*! joint. See [36] for more details on the equations

of motion.

49



7 = 0dd 7 = Even

30

15

(¢m,i (dashed)
gi(solid) (cm)

-15

20

10

¢i — Gm,i(cm)

-10

20

10

Usj
o
|

-10

20 40 60 O 20 40 60
Time (s) Time (s)

Figure 3.9: Decentralized adaptive command following and disturbance rejection for
a mass-spring-dashpot system with ten masses. The adaptive controller (3.30)—(3.33)
is implemented in feedback with the ten-mass system (3.1)—(3.2) and (3.45)—(3.49).
The position ¢;(¢) converges asymptotically to the reference-model position gy, ().
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Figure 3.10: All motion of the planar double pendulum is in the horizontal plane.

Let z; = [ 6, 0, ]" and

where 1; > 0. In this example, we let 17; = 500. Note that (3.52)—(3.54) can be

expressed in state-space form, with the state x; and where all uncertainty is matched.

Let mi =2kg, mo=3kg, [; =2m, I =1m, ¢ =10 kgr;ng, cp = 8 kgr;ng, ky =7
1\:—5“, and ko =5 %.

We let Q; = 3L, B, = [1 0]%, and ¥(t) = [ sinnt sinl.5rt |T. Next, let
O = ylézéf , where v; = 5 x 10*. The disturbances are w;(t) = sinnt and ws(t) =
2sin 1.57t. The adaptive control is implemented in feedback with the system (3.52)—
(3.54), where I'; = 10715 and T; = 10*Ig. Figure 3.11 provides a time history of 6;(t)
and u;(t), where the initial conditions are 6;(0) = 65(0) = 0 rad and 6;(0) = 6,(0) = 0

rad/s. The nonlinear system is run open-loop and closed-loop, with the decentralized

adaptive controller (3.30)-(3.33) implemented in feedback. A

3.6 Conclusions

This chapter presented a decentralized adaptive controller for multi-input subsys-

tems with local full-state feedback. This controller is strictly decentralized, that is,
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Figure 3.11: Decentralized adaptive stabilization and disturbance rejection for a planar
double pendulum. The adaptive controller (3.30)—(3.33) is implemented in feedback
with the nonlinear system (3.52)—(3.54).

the controller requires only local full-state measurement and no information (includ-
ing reference-model dynamics) is shared between the local controllers. The controller
is effective for stabilization, command following, and disturbance rejection, where
the command and disturbance spectrum is known. Furthermore, the controller is
effective for systems with arbitrarily large subsystem interconnections provided that
the reference-model dynamics matrix A,,; admit a positive-definite solution to the
bounded-real Riccati equation (3.6). We presented sufficient conditions on A,,; such
that (3.6) is satisfied. In this case, the controller yields asymptotically perfect stabi-

lization, command following, and disturbance rejection.
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Chapter 4 Relative-Degree-One Output-Feedback Model Reference Adap-

tive Control with Exogenous Disturbance

This chapter presents classical model reference adaptive control (MRAC) for single-
input single-output (SISO) linear time-invariant systems that are minimum phase and
relative degree one. Classical MRAC is effective for stabilization and command fol-
lowing. In this chapter, we extend classical MRAC to address disturbance rejection,
where the disturbance is unknown, but generated from a Lyapunov-stable linear sys-

tem.

4.1 Introduction

In this chapter, we present the classical output-feedback MRAC technique for SISO
linear time-invariant systems that are minimum phase and relative degree one [1-6].
The goal of output-feedback MRAC is to design a control such that the output of
the plant asymptotically follows the output of a reference model. Relative-degree-one
output-feedback MRAC operates under the assumptions that the plant is minimum
phase, the sign of the high-frequency gain is known, and an upper bound on the order
of the plant is known. The classical output-feedback adaptive controller can be used
for stabilization and asymptotic command following. In this chapter, classical MRAC
is extended to address disturbance rejection. Specifically, the controller presented
in this chapter is effective for command following in the presence of an unknown
disturbance, provided that the disturbance is generated from a Lyapunov-stable linear

system (i.e., the disturbance is a sum of sinusoids).
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In Section 4.2, we introduce the output-feedback MRAC problem. We present an
ideal fixed-gain controller in Section 4.3, and address command following and distur-
bance rejection in Section 4.4. Examples are given in Section 4.5, and conclusions are

given in Section 4.6.

4.2 Problem Formulation

For t > 0, consider the system

o(t) = Ax(t) + Bu(t) + w(t), (4.1)

y(t) = Cx(t), (4.2)

where z(t) € R" is the state, (0) € R™ is the initial condition, u(t) € R is the control
input, w(t) € R™ is the exogenous disturbance, y(t) € R is the output, and (A, B, C)
is controllable and observable.

We make the following assumptions regarding the system (4.1) and (4.2):

M, —A B
(A4.1) If A € C and det =0, then Re A < 0.

C 0
(A42) h £ C'B is nonzero and the sign of h is known.
(A4.3) There exists a known integer n such that n < n.

The system (4.1) and (4.2) is otherwise unknown. Specifically, A, B, C, and z(0)
are otherwise unknown. Assumption (A4.1) states that the system (4.1) and (4.2)
is minimum phase, that is, the zeros of the transfer function from u to y lie in the
open-left-half complex plane. Assumption (A4.2) implies that the transfer function
from wu to y is relative degree one.

Let p = % denote the differential operator. We make the following assumptions

regarding the exogenous disturbance w(t):
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(A4.4) For all t > 0, w(t) is bounded and satisfies
aw(p)w(t) = 0, (4.3)
where a,,(s) is a nonzero monic polynomial with distinct roots that lie on
the imaginary axis.
(A4.5) There exists a known integer n,, such that n,, = deg ay,(s) < iy

Assumption (A4.4) implies that w(t) consists of a sum of sinusoids; however, the
disturbance w(t) and its spectrum are not assumed to be known.

Next, consider the reference model

A (P)Ym(t) = hun B (P)r (1), (4.4)

where ¢t > 0; 7(t) € R is the bounded reference-model command; y,(t) € R is the
reference-model output; ay,(s) is a monic Hurwitz polynomial with degree n.,; i (s)
is a monic Hurwitz polynomial with degree n,, —1; ay,(s) and Sy, (s) are coprime; and

h,, is nonzero. Define

hin

Gu(s) (4.5)

am(s)

We now define a strictly positive real transfer function and review the Meyer-

Kalman-Yakubovich lemma.

Definition 4.1. /3] A real rational function G(s), with relative degree one, is

strictly positive real if
(i) G(s) is asymptotically stable.

(ii) For all w € R, Re(G(jw)) > 0.
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(iii) lim,_,o w? Re(G(jw)) > 0.

Lemma 4.1. [/, 87] Let Ae R?x7 Be R™1 " and C e R>7, [f/l 15 asymptoti-

cally stable and

N

G(s)=C(sI — A)'B (4.6)

18 strictly positive real, then there exist positive-definite matrices P e R™ gnd Q €

R™ ™ such that

We make the following assumption regarding the reference model (4.4):
(A4.6) Gy(s) is strictly positive real.

Our goal is to develop an adaptive controller that generates u(t) such that y(t)
asymptotically follows y,(t) in the presence of the disturbance w(t). Thus, our goal

is to drive the performance

to zero.

4.3 Ideal Controller

In this section, we develop the ideal fixed-gain controller. To construct this con-
troller, we assume that the plant (4.1) and (4.2) is known. In the following sections,

we relax this condition, but first we consider the ideal fixed-gain controller.
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Let n. be an integer that satisfies

ne > max {ny, — 1,7 + iy }, (4.10)

define

ne—1 Snc72 e S 1 3 (4.].1)

and let p(s) be a monic Hurwitz polynomial with degree n. — (n,, — 1), which is non-

negative. Next, the matrix transfer function m/&(s) has the minimal realization

(Ag, By, I,,.), where

_anc_l .« e —al —ao 1
1 0 0 0

A 2 c R™Xme B = eR™, (4.12)
0 1 0 0

and ag, . .., a,,_1 € R. Note that By, (s)p(s) = 8™ + a,, 18"+ + a8 + ag.
For ¢ > 0, consider the system (4.1) and (4.2) with u(t) = w.(t), where u,(t) is
the ideal control generated by an ideal fixed-gain controller. Specifically, for ¢ > 0,

consider the system

T.(t) = Az, (1) + Bu,(t) +w(t), (4.13)
y«(t) = Cx, (1), (4.14)

where
u.(t) = 0, ¢.(1), (4.15)
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and

&=
=
=

1>

=
>

€ R¥™ 1 4.(1) Yi(t) | € R¥H, (4.16)

=
<
—~
~
~—

where L, € R", M, € R", and N, € R; and U,(t) € R™ and Y,(t) € R" satisfy

U.(t) = AU.(t) + Bru.(t), (4.17)

Y.(t) = AYa(t) + Bey(0), (4.18)

where U,(0) € R and Y,(0) € R™.

Therefore, the ideal closed-loop system, which consists of (4.13)—(4.18), is given by

Z.(t) = Az, (t) + Br(t) + Duw(t), (4.19)
where
x4 (1)
F.(t) £ U.(t) | e R"?"e, (4.21)
Yi(t)
A BLT  BMT B I
A = A ~ A
A= 0 A+BLY BMr |, B=N.| B |. D=|o0], (422
B:C 0 Ag 0 0
CElc ool (4.23)

The following lemma guarantees the existence of an ideal fixed-gain controller with

certain properties that are used to develop the adaptive controller in the following
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section.

Lemma 4.2. Let n. satisfy (4.10), and let N, = hy,/h. Then, there exists L, € R™

and M, € R" such that the following statements hold regarding the ideal closed-loop
system (4.19)-(4.23):

(i) A is asymptotically stable.

(ii) For all initial conditions .(0) and all t > 0,
n(P)P(P)Y«(t) = o (P)p(P)7(1). (4.24)

(iii) C(sI — A)™'B = G (s).
(i) For all initial conditions T.(0), im0 [y« () — ym(t)] = 0.

(v) There exists T.(0) € R"™" such that for all t > 0, y.(t) = yu(t).

Proof. To show (1), define G,(s) 2 C(sI—A)"'B, and it follows from (A4.2) that

Gyu(s) can be written as

(4.25)

where «a(s) is a monic polynomial with degree n, and £(s) is a monic polynomial with

degree n — 1. Moreover, it follows from (A4.1) that §(s) is Hurwitz. Next, define

Gyu(s) = C(sI — A)~'I, and it follows that Gy, (s) can be written as

Gyu(s) = ——=0a(s), (4.26)

where o(s) is a 1 x n matrix polynomial with degree at most n — 1. Thus, it follows

from (4.13), (4.14), (4.25), and (4.26) that for all ¢ > 0,

a(p)y«(t) = hB(p)u.(t) + o(p)w(t). (4.27)
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Next, it follows from (4.15)—(4.18) that wu.(t) satisfies

Bn(P)p(P) 1 (t) = LIA(D)u(£) + MIA(P)ys(t) + N.fw(p)p(0)r (),

which implies that

Co(P)us(t) = m.(p)y«(t) + NuBu(p)p(p)r(t), (4.28)

where £,(s) £ Bu(s)p(s) — LTA(s) and m.(s) 2 MTA(s). Since Bu(s)p(s) is a monic
polynomial with degree n., it follows that the choice of L, € R" uniquely determines
(. (s) and admits all possible monic polynomials with degree n.. Therefore, it suffices
to show that there exists /,(s) and m,(s) such that (4.24) is satisfied.

Next, let £,(s) = £.(s)a,(s)3(s), where £,(s) is a monic polynomial with degree
Ne — Ny —n + 1. Now, it suffices to show that there exists /,(s) and m.(s) such that
(4.24) is satisfied.

Multiplying (4.27) by £, (p)a,(p) yields

C(p)ov (P)a(p)ys(t) = htu(p)u(t) + L.(p)aw(p)o(p)w(t).

Since (A4.4) implies that £, (p)ay,(p)o(p)w(t) = 0, it follows that

L(p)aw (P)a(p)ys(t) = hl.(p)u.(t). (4.29)

Next, combining (4.28) and (4.29) yields

C.(P)aw(pP)a(p)ys(t) = hm.(p)y«(t) + hN.Bu(pP)p(P)r (1),
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which implies that

2 (P)avu(p)ax(p) — ()] u.(1) = hN. G ()p(R)r ().

Since N, = hy,/h, it follows that

l«(p)ow(p)a(p) — hm.(p)|ys(t) = huBu(P)p(P)r(t). (4.30)

Next, we show that there exist polynomials 7, (s) and m.(s) such that £, (s)au,(s)a(s)
— hm.(s) = am(s)p(s). First, note that deg ,(s)a,(s)a(s) = ne + 1 = deg am(s)p(s)
and degm.(s) = n. — 1. Thus, since /,(s) is a monic polynomial with degree
ne — Ny —n+ 1 and m,(s) is a polynomial with degree n. — 1, it follows from [2, The-
orem 2.3.1] that the roots of £, (s)a,(s)a(s) — hm.(s) can be assigned arbitrarily by
choice of /,(s) and m,(s). Therefore, there exists polynomials /,(s) and m.(s) such

that

Co(8)an(s)a(s) — hm.(s) = am(s)p(s). (4.31)

For all ¢t > 0, (4.24) follows from (4.30) and (4.31). Thus, we have confirmed (ii).
To show (7ii), note that Gy, (S) = hmPm(s)/am(s). Next, it follows from (4.19),
(4.20), and (4.24) that C(sI — A)™'B = Gy (s), which confirms (7).

To show (iv), it follows from (4.4) that y,,(t) satisfies

m (P)p(P)Ym(t) = "B (P) p(P) 7 (2). (4.32)

Subtracting (4.32) from (4.24) implies that

am(P)p(P)[Y«(t) — ym(t)] = 0. (4.33)
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Since o (s)p(s) is Hurwitz, (4.33) implies that limy o[y« (t) — ym(t)] = 0, which
confirms (iv).

To show (i), it follows from (4.24) and (iii) that the roots of o, (s)p(s) are eigenval-
ues of A. Furthermore, since £,(s) = £,(s)ou,(s)3(s), it follows from (4.28) and (4.29)
that the roots of 5(s) are eigenvalues of A. Thus, n+n. eigenvalues of A coincide with
the n 4 ne roots of am(s)B(s)p(s). The remaining n. eigenvalues of A coincide with
the eigenvalues of A¢, which are the roots of S (s)p(s). It follows from (A4.1) that
B(s) is Hurwitz, and it follows from (A4.6) that ay,(s) and Gy (s) are Hurwitz. Since,
in addition, the eigenvalues of A coincide with the roots of au(s) 5w (s)B(s)p?(s) and
p(s) is Hurwitz, it follows that A is asymptotically stable, which confirms (i).

To show (v), it follows from (7ii) that (4.4) has the realization

T (t) = Az (t) + Br(t), (4.34)

Y = Oy (1), (4.35)

where 7, (0) € R 2,

Subtracting (4.34) and (4.35) from (4.19) and (4.20), respectively, yields

é.(t) =Ae,(t) + Duw(t), (4.36)

z(t) =Ce. (1), (4.37)

where e, (t) 2 #,(t) — Zm(t), .(0) = 7,(0) — Fm(0), and 2,(t) 2 4, (t) — ym(t).

Next, note that (4.3) has the realization

Fu(t) = Apau(t), (4.38)

w(t) = Coyau(t), (4.30)

where A, € R (C, € R"™™ and z,(0) € R™. Thus, it follows from (4.36)-
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(4.39) that

where
ex(t A
es(t) £ ) . A=
Ty (t) 0
.2 é o

(4.40)

(4.41)

(4.42)

(4.43)

It follows from (iv) that lim,_. z.(t) = 0. Since limy_ 2,(t) = 0 and A is asymp-

totically stable, [38, Lemma 3.1] implies that there exists S € R("2n<)xmw guch that

AS — SA, = DC,,

CS = 0.
Define
I -5
A
Q= :
0 I

es(t) £ Q ley(t),
A A —AS+DC, + SA,
As - QilAsQ =
0 A,
= A ~ ~ ~
c2ca-[c os]-[e ]

63

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)



Thus, using the change of basis (4.46)—(4.48), it follows from (4.40) and (4.41) that

és(t) = Aseq(t), (4.49)
2(t) = Ces(t), (4.50)

which implies that
2. (t) = Cye™'e,(0) = Ce e, (0) + Sz, (0)]. (4.51)

Next, let 7,(0) = #,,(0) — Sxz,,(0), which implies that e,(0) = —Sz,,(0). Thus, it
follows from (4.51) that there exists Z,.(0) such that for all ¢ > 0, z.(t) = 0, which

confirms (v). O

4.4 Relative-Degree-One Model Reference Adaptive Control with Distur-

bance Rejection
Let U(t) € R™ and Y (t) € R" satisfy

U(t) = AfU(t) + Bfu(t), (4.52)

Y(t) = AsY (t) + Bey(t), (4.53)

where U(0) € R"™ and Y (0) € R, and A; and By are given by (4.12). Define

U(t)
ot) = | v(b) | € R, (4.54)
r(t)
and consider the controller
u(t) = 0% (t)o(t), (4.55)



where 6 : [0, 00) — R?"*! is given by

0(t) = —sgn (h)z(H)Tp(t), (4.56)

and I' € REetDx@netl) s positive definite. The MRAC architecture is shown in

Figure 4.1.
w . Plant
& = Az + Bu+w / S
> y="Cux
u
U =AU+ B [*
Y = AfY + ny <
0
‘ Adaptation =
0 =—sgn(h)zl'¢p |«
z
- Y Reference Model . r
+ Oém(p)ym - hmﬁm(p>r

Figure 4.1: Schematic diagram of MRAC architecture given by (4.1), (4.2), and
(4.52)~(4.56).

Theorem 4.1. Consider the closed-loop system (4.1), (4.2), and (4.52)-(4.56),
where n. satisfies (4.10) and the open-loop system (4.1) and (4.2) satisfies assump-
tions (A4.1)-(A4.6). Then, for all initial conditions x(0) € R", U(0) € R, Y(0) €

R", and 0(0) € R**L the following statements hold:
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(i) x(t), u(t), 6(t), U(t), and Y (t) are bounded.
(71) limy o 2z(t) = 0.

Proof. Let 6, € R?+1 be given by (4.16), where N, £ hu/h, and L, € R"
and M, € R" are the ideal controller parameters given by Lemma 4.2. Define

0(t) 2 0(t) — 0., and it follows that the closed-loop system (4.1), (4.2), and (4.52)—
(4.55) is given by

BOY(t)p(t) + Br(t) + Dw(t), (4.57)

y(t) = Cx(1), (4.58)

Next, consider the ideal closed-loop system (4.19)-(4.23), where N, = hy,/h; L,
and M, are given by Lemma 4.2; and 7,(0) is the initial condition given by part (v)
of Lemma 4.2.

Define e(t) 2 Z(t) — Z4(t), and subtracting (4.19) and (4.20) from (4.57) and (4.58),

respectively, yields

BOT(t)p(t), (4.59)

2(t) = Ce(t), (4.60)

where part (v) of Lemma 4.2 implies that y(t) — y.(t) = y(t) — ym(t) = 2(t).
Assumption (A4.6) and part (i) of Lemma 4.2 imply that Gy, (s) = C(s] — A)~'B
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is strictly positive real. Since, in addition, part (i) of Lemma 4.2 implies that A s
asymptotically stable, it follows from Lemma 4.1 that there exist positive-definite

matrices P € R(+2ne)x(n42ne) and @ e R(H2ne)x(n+2ne) quch that

ATP+PA+Q =0, (4.61)
PB=C". (4.62)
Next, define the Lyapunov-like function

1
| V.|

Vie,0) 2 e"Pe + —07T14, (4.63)

where P € R(+2ne)x(n+2ne) ig the positive-definite solution to (4.61).
Evaluating the derivative of V' along the trajectory of (4.56) and (4.59), and using
(4.61) and (4.62) yields

N R R . 1 - :
_ T T T Tpr—1
Ve, 0)=e P(Ae+—N*BH ¢> + <Ae+—N*Be d)) P€+2|N*]9 r—o

1 . 1 - -
= —¢" 2(—)e'PBIT g +2—06"T""0
e Qe+ (N*>e ¢+ A
1 I 1 - :
=—e' 2(—)e'CT9 g +2—0'T"0 4.64
e Qe+ N e C 0 ¢+ A (4.64)
~ 1 sgn(h)
_ T T B
— —¢TQe +2:0% (N* N ) (4.65)
Next, it follows from (4.62) that
hy = CB = BTPBT > 0. (4.66)

Since N, = hy,/h, it follows from (4.66) that sgn (h) = sgn (hy/h) = sgn (N,). Then,
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it follows from (4.65) that V(e,d) = —eTQe, which implies that
0 < eT(t)Qe(t) = =V (e(t), H(t)). (4.67)

Integrating (4.67) from 0 to oo yields

t—00

0< /OOO eT()Qe(t) dt = V(e(0),6(0)) — lim V(e(t),8(t)) < V(e(0),0(0)), (4.68)

where the upper and lower bounds imply that [ e (£)Qe(t) exists. Thus, it follows
from (4.68) that V is bounded, which implies that e and # are bounded. Since r and
w are bounded and A is asymptotically stable, (4.19) implies that Z, is bounded.
Since e and 7, are bounded, it follows that Z is bounded, which implies that z, U,
and Y are bounded. Then, (4.54) and (4.55) imply that u is bounded. Thus, z, u, 0,
U, and Y are bounded, which confirms ().

To show (i), it follows from (4.68) that [, eT(#)Qe(t) dt exists. Next, since e, 0,
and ¢ are bounded, (4.59) implies that é is bounded. Next, since e and é are bounded,

it follows that

d

3 [F(0Qe(t)] = 26T (1)Qe(t)

is bounded. Thus, f(t) = T (t)Qe(t) is uniformly continuous. Since [;° f(¢) dt exists
and f(t) is uniformly continuous, Barbalat’s Lemma implies that lim, ., f(t) = 0.

Thus, lim; o e(t) = 0, and it follows from (4.60) that lim;_,~, 2(¢) = 0, which confirms
(i1). O
4.5 Numerical Examples

We now present examples to demonstrate adaptive command following for SISO

systems that are relative degree one and minimum phase.
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Example 4.1. Adaptive command following for an asymptotically stable SISO

relative-degree-one system. Consider the system (4.1) and (4.2), where

-3 -2 1
: (4.69)

C=|1 8], (4.70)

which satisfies (A4.1) and (A4.2). Note that A in (4.69) is asymptotically stable with
eigenvalues at —2 and —1. We let n = n = 2, which satisfies (A4.3). For this example,
we let w(t) = 0, and consider the command following problem without disturbance.

Next, consider the reference model (4.5), where

2(s+9)

Gm - S——
(5) s24+T7s+6

(4.71)

which satisfies (A4.6). The reference-model command is r(¢) = 0.4 sin 27t + 0.1 sin 7t.
Next, let n. = 2, which satisfies (4.10), and consider (4.52) and (4.53), where

—14 —45
(4.72)

=

1 0

which has eigenvalues at —9 and —5. Note that Ay has an eigenvalue equal to the
zero of Gy, (s), which is —9.

The adaptive controller (4.52)—(4.56) is implemented in feedback with the system
(4.1), (4.2), (4.69), (4.70), and (4.72), where ' = 10°I5. Figure 4.2 provides a time
history of y(t), ym(t), 2(t), and u(t), where the initial conditions are zero. The system
is allowed to run open-loop for 5 seconds, then the adaptive controller is turned on.

The performance z(t) converges asymptotically to zero. A
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Figure 4.2: Adaptive command following for an asymptotically stable SISO relative-
degree-one system. The adaptive controller (4.52)—(4.56) is implemented in feedback
with the system (4.1), (4.2), (4.69), (4.70), and (4.72). The performance z(t) con-
verges asymptotically to zero.

Example 4.2. Adaptive command following and disturbance rejection for an asymp-
totically stable SISO relative-degree-one system. Reconsider the system in Exam-
ple 4.1, but consider nonzero disturbance. The plant and reference-model param-
eters, satisfying (A4.1)—(A4.3) and (A4.6), are the same as in Example 4.1. The
disturbance is w(t) 2 [ wi(t) ws(t) ]", where we let wy(t) = 0.02sin0.57¢ and
wy(t) = 0.04sin27t, which satisfies (A4.4). Note that the disturbance spectrum

is unknown and the disturbance is unmeasured. We let n,, = n,, = 4, which satisfies

70



(A4.5). Next, let n. = 6, which satisfies (4.10), and consider (4.52) and (4.53), where

—18 —107 —-268 =327 —194 —45
1 0 0 0 0 0

1 0 0 0 0
, (4.73)

o o o O
(e
—
@]
(e
o

which has eigenvalues at —9, —5, and four at —1.

The adaptive controller (4.52)—(4.56) is implemented in feedback with the system
(4.1), (4.2), (4.69), and (4.70), where I' = 10°I;3. Figure 4.3 provides a time history
of y(t), ym(t), 2(t), and u(t), where the initial conditions are zero. The system is
allowed to run open-loop for 5 seconds, then the adaptive controller is turned on.
The performance z(t) converges asymptotically to zero. Thus, y(t) follows yy, (%),

while rejecting the disturbance w(t). A

Example 4.3. Adaptive command following for an unstable SISO relative degree-

one-system. Consider the system (4.1) and (4.2), where

A= , B= , (4.74)

C=116]. (4.75)

which satisfies (A4.1) and (A4.2). Note that A in (4.74) is unstable with eigenvalues
at —2 and 1. We let i = n = 2, which satisfies (A4.3). For this example, we let

w(t) = 0, and consider the command following problem without disturbance. Next,
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Figure 4.3: Adaptive command following and disturbance rejection for an asymptoti-
cally stable SISO relative-degree-one system. The adaptive controller (4.52)—(4.56) is
implemented in feedback with the system (4.1), (4.2), (4.69), (4.70), and (4.73). The
performance z(t) converges asymptotically to zero.

consider the reference model (4.5), where

2(s +4)

Gu(s) = P71 6

(4.76)

which satisfies (A4.6). The reference-model command is r(t) = 4 sin 27t + 3 sin 1.57¢.

Next, let n. = 2, which satisfies (4.10), and consider (4.52) and (4.53), where

Ap = , (4.77)
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which has eigenvalues at —5 and —4. Note that Ay has an eigenvalue equal to the
zero of G, (s), which is —4.

The adaptive controller (4.52)—(4.56) is implemented in feedback with the system
(4.1), (4.2), (4.74), (4.75), and (4.77), where I' = 10?[5. Figure 4.4 provides a time
history of y(t), ym(t), 2(t), and u(t), where the initial conditions are zero. The

performance z(t) converges asymptotically to zero. A

ym (dashed) y(solid)
o

_50 -

-100 | | | | |
0 10 20 30 40 50 60

Time (s)

Figure 4.4: Adaptive command following for an unstable SISO relative-degree-one
system. The adaptive controller (4.52)—(4.56) is implemented in feedback with the
system (4.1), (4.2), (4.74), (4.75), and (4.77). The performance z(t) converges asymp-
totically to zero.
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4.6 Conclusions

This chapter presented an adaptive controller for SISO linear time-invariant systems
that are minimum phase and relative degree one. This controller is effective for
command following and disturbance rejection, where the disturbance spectrum is

unknown.
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Chapter 5 Decentralized Relative-Degree-One Output-Feedback Adaptive

Control with Exogenous Disturbance

This chapter presents a strictly decentralized model reference adaptive controller
for single-input single-output (SISO) linear time-invariant subsystems that are min-
imum phase and relative degree one. This decentralized adaptive controller requires
only local output measurement and no information is shared between the local con-
trollers. The controller is effective for stabilization and disturbance rejection, where

the disturbance is unknown, but generated from a Lyapunov-stable linear system.

5.1 Introduction

In this chapter, we present an output-feedback decentralized model reference adap-
tive control (MRAC) technique for SISO linear time-invariant subsystems that are
minimum phase and relative degree one. The decentralized adaptive controller is
strictly decentralized, meaning that no information is shared between local controllers.
Moreover, the decentralized adaptive controller presented in this chapter is effective
for stabilization and disturbance rejection in the presence of an unknown disturbance,
provided that the disturbance is generated from a Lyapunov-stable linear system (i.e.,
the disturbance is a sum of sinusoids). The decentralized adaptive controller operates
under the assumption that the magnitude of the subsystem interconnections satisfy
a bounding condition.

In Section 5.2, we introduce the output-feedback decentralized MRAC problem.

We present an ideal decentralized controller in Section 5.3. We address adaptive
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stabilization and disturbance rejection in Section 5.4. Examples are given in Section

5.5, and conclusions are given in Section 5.6.

5.2 Problem Formulation

For t > 0, consider the system

1(t) =Arz1 () + Biug(t) + By Y 01y5(t) + Diw(t), (5.1)
jen{1}

Zi?g(t) :Agl‘g(t) + BgUZ(ﬂ + Bg Z 5g7jyj(t) + DgUJ(t), (52)
Jen{e}

yi(t) = Craa (1), (5.3)

Ye(t) = Comy(2), (5.4)

where 7 2 {1,2,...,¢}, for all i € I, z;(t) € R™ is the state, x;(0) € R™ is the initial
condition, w;(t) € R is the control input, w(t) € R™ is the exogenous disturbance,
y;(t) € R is the output, and (A;, B;, C;) is controllable and observable.

For each 7 € J, x; is the local state, u; is the local control, and y; is the local output.
Moreover, for each ¢ € J, the local control u; uses feedback of the local output y;, but
does not use feedback of the nonlocal outputs {y;};en ;3. Unless otherwise stated, all
statements in this chapter that involve the subscript ¢ are for all ¢ € J.

We make the following assumptions regarding the system (5.1)—(5.4):

A, — A, B
(A5.1) If A € C and det =0, then Re X < 0.

C; 0
(A5.2) h; 2 C;B; is nonzero and the sign of h; is known.

(A5.3) There exists a known integer n; such that n; < n;.
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The system (5.1)—(5.4) is otherwise unknown. Specifically, Ay,..., Ay, By,..., By,
Ci,....Cp, D1,.... Dy, 011,...,010,...,000, and z1(0),...,2,(0) are otherwise un-
known. Assumption (A5.1) states that each local subsystem of (5.1)—(5.4) is minimum
phase, that is, the zeros of the transfer function from wu; to y; lie in the open-left-half
complex plane. Assumption (A5.2) implies that the transfer function from w; to y; is
relative degree one.

Let p = % denote the differential operator. We make the following assumptions

regarding the exogenous disturbance w(t):

(A5.4) For all t > 0, w(t) is bounded and satisfies

ay(p)w(t) =0, (5.5)
where a,,(s) is a nonzero monic polynomial with distinct roots that lie on
the imaginary axis.

(A5.5) There exists a known integer n,, such that n,, = deg ay,(s) < 7y

Assumption (A5.4) implies that w(t) consists of a sum of sinusoids; however, the
disturbance w(t) and its spectrum are not assumed to be known.

Next, consider the reference model

Ui (P)Ym,i(t) = P i Buni(P)7i(2), (5.6)

where t > 0; 7;(t) € R is the bounded reference-model command; yp,;(t) € R is
the reference-model output; o, ;(s) is a monic Hurwitz polynomial with degree ny, ;;
Bm,i(s) is a monic Hurwitz polynomial with degree ny,; — 1; am(s) and Bn(s) are

coprime; and Ay, ; is nonzero. Define

(5.7)



let v; > 0, and define

A GH17i(3) . hm,iﬁm,i(s)
1 - ViGm,i(S> anl,i(s) - 'Vihm,iﬁm,i<5) .

Fi(s)
We make the following assumption regarding the reference model (5.7):

(A5.6) Fj(s) is strictly positive real.

Note that F;(s) depends on the parameter 7; > 0, which is discussed in the following
section.

Our goal is to develop an adaptive controller that generates the control u;(t) such
that y;(¢) asymptotically follows yy, ;(f) in the presence of the disturbance w(t). Thus,

our goal is to drive the performance
A
zi(t) = 4i(t) — ym.i(t)
to zero.

5.3 Ideal Decentralized Controller

In this section, we develop the ideal decentralized controller. To construct this
controller, we assume the plant (5.1)—(5.4) is known. In the following sections, we
relax this assumption, but first we consider the ideal decentralized controller.

Let n.; be an integer that satisfies
N 2 max{nm,i - ]-a ﬁi + ﬁw}7 (59)
define

Snc,i_l SnC,i_2 N S 1 5 (510)
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and let p;(s) be a monic Hurwitz polynomial with degree n.; — (nm; — 1), which
is nonnegative. Next, the matrix transfer function m/\i(s) has the minimal
realization (A, By, I, ), where

_—Gnc,iq R (5 W) —ao,i_ i 1 ]
Ap; 2 ! ! "l e Rreixnei B, 2 0 € R (5.11)
I 0 1 0 | I 0 |
and ag;;, . .

< Qp,,—1 € Rsuch that 8,,(s)pi(s) = s +anc’i_1s”°»i_1 +-Fa1;5+ag,.
For ¢ > 0, consider the system (5.1)—(5.4) with w;(t) = wu.;(t), where u, ;(t) is the

ideal control generated by an ideal decentralized controller. Specifically, for ¢ > 0,

consider the system

(5.12)
JEN{}
Ysi(t) = Ciwii(), (5.13)
where
Uei(t) = 0, ;04,(1), (5.14)
and
L*,i U*yl(t)
0.0 | M., | €R*HL 612 | v ) | € R (5.15)
N*,i ’T’Z(t)

where L,; € R"¢ M,; € R"™* and N,,; € R; and U, ;(t) € R"¢ and Y, ;(t) € R"*
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satisfy

U,i(t) = Ag U, i(t) + Bpiui(t), (5.16)

Y;z(t) = As;Y.i(t) + Briyai(t), (5.17)

where U, ;(0) € R" and Y, ;(0) € R,

Therefore, the ideal closed-loop system, which consists of (5.12)—(5.17), is given by

JjeN{d}
Yui(t) = Cilti(1), (5.19)
where
- A "2
Toi(t) = | U (1) | € RWH2re, (5.20)
Y. a(t)
A; BiLEi BlM*TZ B;
~ A ~ A
Ai=| 0  Ay+BLY, ByME |, Bi=Ne| By |, (5:21)
By, C; 0 Asi 0
~ A
Ci=|C; 00/, (5.22)
Bz Dz
E=|o |, D= o | (5.23)
0 0

The following result provides properties of the ideal closed-loop system (5.18)—
(5.23).

Lemma 5.1. Let n.; satisfy (5.9), and let N.; = hyi/h;. Then, there exists
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L.; € R and M,; € R" such that the following statements hold regarding the
ideal closed-loop system (5.18)-(5.23):

(i) A; is asymptotically stable.

(i1) For all initial conditions Z,1(0),...,Z.,(0), allt >0, and all i € J,

i (P) i (P)Ys,i(t) = Pani B (P) pi(P)7i(t) 4 hillu s (P { > bigyes t], (5.24)
jen{i}

where £, ;(s) 2 Br,i(8)pi(s) — L*T,Z'Az‘(s)'
(ZZZ) OZ(SI — /L‘)iléi = Gm7i(8).

Proof. To show (i), define G, ;(s) 2 Ci(sI — A;)7'B;, and it follows from (A5.2)

that G,.i(s) can be written as

, (5.25)

where «;(s) is a monic polynomial with degree n;, and §;(s) is a monic polynomial

with degree n; — 1. Moreover, it follows from (A5.1) that f;(s) is Hurwitz. Next,

define Gy, i(s) 2 Ci(sI — A;)7'D;, and it follows that G, ;(s) can be written as
Gyu,i(s) = ——=0i(s), (5.26)

where 0;(s) is a 1 x m matrix polynomial with degree at most n; — 1. Thus, it follows

from (5.12), (5.13), (5.25), and (5.26) that for all ¢ > 0,

i (P)Ysi(t) = hifi(P)usi(t) + hifi(p {Z 8i. Y i (t ]+az(p) (t). (5.27)
JEN{}
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Next, it follows from (5.14)—(5.17) that w, ;(t) satisfies

Bini(P)pi(P)usi(t) = Ly i Ni(P)usi () + M A:(P)ysi(t) + Neifmi(P)pi(p)ri(t),

which implies that

Cei(P)Usi(t) = M i(P)Yi(t) + NiiBmi(P)pi(P)7:i(1), (5.28)

where m, ;(s) = MIAi(s). Since B ;(s)pi(s) is a monic polynomial with degree n;,
it follows that the choice of L,; € R" uniquely determines /,;(s) and admits all
possible monic polynomials with degree n.;. Therefore, it suffices to show that there
exists . ;(s) and m. ;(s) such that (5.24) is satisfied.

Next, let £, ;(s) = £, ;(8)aw(s)Bi(s), where £, ;(s) is a monic polynomial with degree
Nei — N — ni + 1. Now, it suffices to show that there exists £, ;(s) and m, ;(s) such
that (5.24) is satisfied.

Multiplying (5.27) by £, ;(p)a.(p) yields

£ (D) ()0 (D)o () = il (D)1tes(£) + hils(p [Z Byt ]
JEN{}

+ L.i(P)aw(P)oi(P)w(t). (5.29)

Since (A5.4) implies that £, ;(p)aw, (p)oi(p)w(t) = 0, it follows from (5.29) that

7. (P) 0w (P)u(P)yst) = hils(Ptes(t) + hilos(p {Z 5 ] (5.30)
jeN{i}

Next, combining (5.28) and (5.30) yields

Cei(P)w(P)i(P)Yui(t) = himai(P)si(t) + hilNwiBuni(P)pi(P)7i(t)
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+h¢€*,z‘(P){ > 5z‘,jy*,j(t)}

JeN{i}
which implies that

i i(P)ony(P)ai(pP) — himi(P) | Ysi(t) = hilNyiBri(P) pi(P)7i ()

Flites()| 3 B8]

Jen{i}

Since N, ; = hy,;/hi, it follows that

[ll,i(p)aw(p)az’(p) - him*,i(p)]y*,i(t) = huniBini(P)pi(P)ri(t)

]I S HNC) RN

JeN{i}

Next, we show that there exist polynomials /,;(s) and m,;(s) such that
Coi(8)a(8)ai(s) — himai(s) = am,(s)pi(s). First, note that deg /. ;(s)a,(s)a;(s) =
Nei + 1 = deg an,i(s)pi(s) and degm, ;(s) = n.; — 1. Thus, since £, ,(s) is a monic
polynomial with degree n.; —n,—n;+1 and m, ;(s) is a polynomial with degree n.;—1,
it follows from [2, Theorem 2.3.1] that the roots of £, ;(s)av,(s)a;(s) — him. i(s) can be
assigned arbitrarily by choice of /, ;(s) and m. ;(s). Therefore, there exist polynomials

l,i(s) and m, ;(s) such that

Cri(S)u(8)ai(s) — himui(s) = ami(s)pi(s). (5.32)

For all t > 0, (5.24) follows from (5.31) and (5.32). Thus, we have confirmed (7).
To show (1), note that Gu, () = Amifm.i(S)/am(s). Next, it follows from (5.18),
(5.19), and (5.24) that Ci(sI — A;)"'B; = Gu.i(s), which confirms (iii).
To show (1), it follows from (5.24) and (444) that the roots of ay, ;(s)pi(s) are eigen-

values of A;. Furthermore, since £, ;(s) = 0, ;(s)ay,(s)B:(s), it follows from (5.28) and
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(5.30) that the roots of f5;(s) are eigenvalues of A;. Thus, n; + ne; eigenvalues of A,
coincide with the n; + n.; roots of au,:(s)Bi(s)pi(s). The remaining n.; eigenvalues
of A; coincide with the eigenvalues of Ag;, which are the roots of Sy, :(s)pi(s). It
follows from (A5.1) that f;(s) is Hurwitz, and it follows from (A5.6) that oy, ;(s) and
Pm,i(s) are Hurwitz. Since, in addition, the eigenvalues of A; coincide with the roots
of Qi (5)Buni(5)Bi(s)p2(s) and ps(s) is Hurwitz, it follows that A; is asymptotically

stable, which confirms (7). O

Let N.; = hmi/h;, and let L,; € R™ and M,,; € R™ be the ideal controller
parameters given by Lemma 5.1. Part (i7) of Lemma 5.1 implies that G (s) =
Cyi(sI — A;)™'B;, and thus, it follows from (5.8) that

Moreover, since (A5.6) states that Fj(s) is strictly positive real, and part (i) of Lemma
5.1 states that A; is asymptotically stable, it follows from Lemma 4.1 that there exist

positive-definite matrices P, € R i+2mea)x(mit2nei) and Q; € R+2nei)x(nit2nes) gych

that
(A; + 7 B:Ci) Py + Pi(Ai + vBiCy) + Qi = 0, (5.34)
P,B; =CY. (5.35)
Next, we invoke an assumption regarding the interconnections dy 4, ..., dz;:

(A5.7) ForallieJ,

)\min (Q] )

62, < 2 (min — ) (5.36)
P D

Assumption (A5.7) limits the magnitude of the interconnections. Note that the
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upper bound given by (5.36) depends on 7;, which can be arbitrarily large provided
that (A5.6) is satisfied. However, (A5.6) also involves the reference model (5.7), which
affects @; and P;, which also appear in the upper bound given by (5.36).

The next result provides additional properties of the ideal closed-loop system (5.18)—
(5.23) with r;(t) = 0.

Lemma 5.2. Consider the ideal closed-loop system (5.18)—(5.23), which satisfies
assumptions (A5.1)-(A5.7). Let N.; = hw;/hi, and let L,; € R and M, ; € R

be given by Lemma 5.1. Assume that r;(t) = 0. Then, the following statements hold:

(1) If w(t) = 0, then the equilibrium (T.y,...,T.0) =0 of (5.18) is asymptotically

stable.

(ii) For all initial conditions T 1(0),..., % (0) € R 2 limy o yuq(t) = -+ =

lirnt‘—>c>o ?J*,z(t) = 0.

(iii) There exists T.1(0),...,T.0(0) € R T2t such that for all t > 0, y.1(t) =

=yt = 0.

Proof. To show (i), define the partial Lyapunov function

VilFes) = B P, (5.37)

where P; is the positive-definite solution to (5.34). Evaluating the derivative of V;

along the trajectory of (5.18) with 7;(¢) = 0 and w(t) = 0 yields

Vi(@ai) = 3L(AT P+ PA)E +2 Y 0iil  BEC)E. ;. (5.38)
Jen{i}
Next, define
)\min %
e 2 (@) (5.39)
g)\max (-PZ ZEZTR>
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and note that

> {@E?Pﬁf*,i — —=01,Cja ;r |:\/€_iE?Pi‘%*7i - %%éﬁ*,j
je{i} '

= ({—Vedl,REE Pi. i+ ) 5@;] 0. — 201 ;3L BEC)i.

Jendi }
G it (@) 7r Eit Y L2 51 67¢,, — 25,35 PEC)i. .
jengiy
which implies that
> 25,,#L PECE, ; < (£= DA ;““ (@) 2 R Z o2&t .CTC)i..
IENG: o jents

(5.40)

Next, using (5.40), it follows from (5.38) that

. ~ It ‘-1 )\min i ~ 1 ~ =,
‘/z(j*z) < i";rz (A;TPL + PA; + ( ) 7 @ )[> Tyt = Z 5,2] *T]CTC'QS*J-
" jeN{i}

(5.41)

Next, define the Lyapunov function

V(@atyeo ) £ Y Vil@nn),

1€

and it follows from (5.41) that the derivative of V' along the trajectory of (5.18) is

given by

V(Eag, B = > Vilde)

€7
<y [ (ATP + PA; + (£= 1>>mi“ <Qi)1):z*,i
i€J

86



1
+ = Z 53];]0}0@7]}

% jeniy
= > il (21? PP+ m;i“ (Qi)f) Tui
i€]
+Z Z 52 N*J ch*J
j€I ieN{j} S

i€J
+Z:i*TZCZTO.T*z( > 5155)

icJ jen{iy 7

<N il (ATP+PZ-/L»+ £ 6'

€]

+ 135“0?035“( > 5]2.71.), (5.42)

jeN{i}

< 2v;¢, it follows from

where ¢ 2 min;es£;. Since (A5.7) implies that Z]ej\{} G S

(5.34), (5.35), and (5.42) that

1 1 é -1 )\min % T A ~

€]
(-1 >\min 7 ~
:Zi'*Tz(—QH‘( >£ (Q)[)x*z
€]
<Z mln Qz :L‘ x*,i)
€]

which is negative definite. Therefore, it follows from Lyapunov’s direct method that

the equilibrium (Z1 4, ..., %) = 0 is asymptotically stable, which confirms (7).

To show (1), it follows from (5.18) and (5.19) that

i 3 D (5.43)

> (5.44)
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where

T a1 (1)
7.t 2 € R™,
Tup(t)
Yu1 (1) r1(t)
MOE eR, r(t) 2
Yt (1) ro(t)
1211 51,2E102 51,€E~léﬁ
A é 52,1E26~Yl AQ 52,5E2OZ
| 1 ECy G0 By A,
By 0
B é c Rﬁ* ><f’ é
0 By
C, 0
o= € RO
0 C,

and 7, = > icg i + 2ne;. It follows from (i) that A is asymptotically stable.

Next, it follows from part (%) of Lemma 5.1 that

a(p)y.(t) = B(p)r(t),
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€ R¥X7,

c Rﬁ* xXm

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)



where

Oém,1(8)P1(3) —51,27113*,1(8) _51,€h1€*,1(3)
R A —52,1h2€*,2(8) Oém,z(é’)pz(s) —52,21125*,2(8)
a(s) =
i —01helip(s)  —0p2hilie(s) Ot e (5)pe(s) |
hm,l/Bm,l(s)p1<S) O
~ A
B(s) =
I 0 P, 0B e (8) pe(5)

(5.51)

(5.52)

Note that (5.43)-(5.52) imply that C(sI — A)"'B = a'(s)5(s). Then, since A is

asymptotically stable, it follows that det @(s) is Hurwitz. Next, since r(t) = 0, it

follows that a(p)y.(t) = 0. Since det &(s) is Hurwitz, it follows that for all ini-

tial conditions Z,(0), lim; o ¥«(f) = 0, which implies that for all initial conditions

Zu1(0), ..., Zup(0), imyyoo a1 (t) = - -+ = limy— 00 Yur(t) = 0, which confirms (7).

To show (i), note that (5.5) has the realization

Tw(t) = Apxw(t),

w(t) = Cuy(t),

where A,, € R*>" (', € R™™ and z,(0) € R™.

Since r(t) = 0, it follows from (5.43)—(5.49), (5.53), and (5.54) that

xs(t) = AsxS(t)a

Ys (t) = Cyxs (t)’
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where

i (t ) DC,
zs(t) 2 W Ris+me A 2 , (5.57)
Ty (1) 0 A,
Csé[@ o] (5.58)

Next, it follows from (i) that lim; . y.(t) = 0. Since limy_,o y«(t) = 0 and A is

asymptotically stable, [38, Lemma 3.1] implies that there exists S € R™*™ such that

AS — SA, = DC,, (5.59)

CS=0. (5.60)

Define

e R(ﬁ* +nw) X (’FL* +nw)

Y

and it follows from (5.57)—(5.60) that

() 2 R 1a,(t), (5.61)
N A —AS+ DC, + SA, A 0
A, 2 RTAR= = : (5.62)
0 Ay 0 A,
éséos@:[é —és}:{é o]. (5.63)

T4(t) = Azs(t), (5.64)

y*(t) = CsZs (t), (565)
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which implies that

Y (1) = Cyetz,(0) = Ce™[7,(0) + Szu(0)]. (5.66)

Next, let 7,(0) = —Sz,,(0). Thus, it follows from (5.66) that there exists Z,(0) such

that for all t > 0, y.(t) = 0, which confirms (7). O

5.4 Relative-Degree-One Decentralized Adaptive Stabilization and Dis-

turbance Rejection

In this section, we address decentralized adaptive stabilization and disturbance
rejection for relative-degree-one subsystems. Let U;(t) € R™ and Y;(t) € R

satisfy

Uz(t) = Af’iUz(t) + Bf,iui(t), (567)

Yi(t) = Ag;Y;(t) + Brayi(t), (5.68)

where U;(0) € R and Y;(0) € R, and A¢; and By, are given by (5.11). Define

Ui(t)
&) = | vi(t) | € R¥, (5.69)
7i(t)
and consider the controller
ui(t) = 07 (t)i(t), (5.70)

where 6; : [0, 00) — R?*"i"! is given by
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where T'; € Rreit)x(neitl) s positive definite. The relative-degree-one decentral-
ized adaptive architecture is shown in Figure 5.1.
Let 0,; € R2i*1 be given by (5.15), where N,; 2 hu,/hi, and L,; € R and

M, ; € R" are the ideal controller parameters given by Lemma 5.1. Define

J.(4) 2

0,(t) 2 0,(t) — 0. (5.72)

Thus, it follows from (5.1)—(5.4) and (5.67)—(5.70) that the closed-loop system is given

1

=0
S
—~
~
S—
I
D
il
&
N
—~
~
S—
-

Bib! (1)¢i(t) + Birs(t) + Ei Y 6;;C;%,(t) + Diw(t), (5.73)
JEN{i}

yi(t) = Gizi(t), (5.74)

=

N3

where A;, B;, Cy, E;, and D; are given by (5.21)-(5.23), and

21 Ui) | e Rt (5.75)

Yi(t)
The following theorem is the main result on decentralized adaptive stabilization,

where the reference-model commands and the disturbances are zero (i.e., r;(t) = 0

and w(t) = 0).

Theorem 5.1. Consider the closed-loop system (5.71) and (5.73), where n.; sat-
isfies (5.9), the open-loop system (5.1)-(5.4) satisfies assumptions (A5.1)-(A5.7),
w(t) =0, andr;(t) = 0. Then, the equilibrium (&1, . .., Ty, 01,...,0,) =0 is Lyapunov
stable. Furthermore, for all initial conditions z;(0) € R™, U;(0) € R, Y;(0) € R",

and 0;(0) € R?"eit1 the following statements hold:
(1) x;(t), ui(t), 0;(t), Ui(t), and Y;(t) are bounded.
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Ym,1
. Z1 -
Local adaptation 1 é

A

+
0, 01 = —sgn (h)z1l1¢ [«
1
Loca] adaptive ) o )
contiller 1 ‘7 Y, Y1 = A1 Yi+Beay
) :
w =6 ' ~ Uy = AU+ Br
U1 i
\ ‘_‘
U1 w
Plant
" g : A1$1+Blu1 + By Zjeﬂ\{l} 51,jyj+D1w m >
u | y1=Cimy " .
yo = Cyy
Uy /
Local adapytve U=
Z < U = AsoUp+ By puy
controler /¢ O
Yo -
D Yo = A oY +Be oy [
T
0,
‘Local adaptation (|« .
0y = —sgn (hy)zlpy |< = ?
Yme

Figure 5.1: Schematic diagram of relative-degree-one decentralized adaptive architec-

ture given by (5.1), (5.4), and (5.67)—(5.71).
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(71) limy_,o T;(t) = 0.
Proof. Define the partial Lyapunov function

~ 1
Vi(Zi, 0;) 2 i; Pi; + m

0IT10;, (5.76)
where P; € R(mi+2nei)x(ni+2nei) ig the positive-definite solution to (5.34).
Evaluating the derivative of V; along the trajectory of (5.71) and (5.73) with w(t) =

0 and 7;(¢) = 0, and using (5.35) and (5.74) yields

) - - - 9 . 2 .
Vi@, 0:) = 51 (AT P+ BANE: + & PBif; ¢ + N 0;T;'0;
+2 Y 6i PEC;E;
jeNi}
N N 2 S 2 . )
~T T ~, ~T ~T T Tprh—1
— 21 (ATP, + PA)T; 'CTor g, + ——0IT'6;
xl( 1 + )x + N*J:I’L 1 1 (b + |N*7Z| K2 7
+2 Y 6ii) BECsE,
e}
—FTAT 4 P A + 2t (<~ o S TR R
7 7 7 141 7 1Yy 7 N*J‘ |N*77,| Aej\{‘} 2,7 1=~ g g
7 i

(5.77)

Next, it follows from (5.35) that hy,; = C;B; = BYP,B; > 0. Since N, ; = hu./hs,
it follows that sgn(h;) = sgn(hm,;/h;) = sgn(N.;). Then, it follows from (5.77) that

FISURE

Next, define

)\min 7
e 2 @) (5.79)
Cmax (P E;ET P)
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and note that

T
~ ~ 1 ~
Z \/_ETPSL’z (SIJCJL%]'] |:\/8_1E;TP23~71 - _5i,j0j3~jj
Jen{i} { Ve Ve
(6 - 1)61 TPE ETP i+ Z 5223 NJTCTC (L’] 2(5%]53?PZE10]‘%]
JEJ\{Z}
< U= ) min (1) Bt Y —53;}0%* i — 26, ;i) PE; Gy,
jentiy

which implies that

20, TP E,Cii: < (€ = 1) Amin () il + - 57,81 CTCyi; 5.80
s 77 J-

/ ijv;
Jen{z} JGU\{ }

Next, using (5.80), it follows from (5.78) that

i~ N ~ 1 1 (6 - 1))\min (Qz ~T AT
Vi(&i,05) Sm;r(ATPi"‘PiAi"’ xz+— > 6rarCr Gy,
" jENi}

(5.81)

Next, define the Lyapunov function

V(@1 d00n,...,00 2 Vi@, 0

i€]

and it follows from (5.81) that the derivative of V' along the trajectory of (5.71) and

(5.73) is given by

V(&1 &0 00,. ., 00) = Y Vil#:,0;)

€]
<Y [ (ATP + PA; + (- 1>>mi“ (Qi)l) ;
ied

1 2 ~T T
I
R
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- Z it (ATP 1 pA, 4 LD A (Qi>1> Zi

]
+> ) —53j 71 CTCa;

J€J ie\{j}

=Yl (/LTPi 1 P+ U D (Q")I) 7

. I
ied
+Z:i;fc~*?c~’ifi< 3 _52)
i€d jenty
<> & (21?1% + PA; + (- m;““ (Qi)f) i
i€d
1
+ - ilc Tcxz< > o ) (5.82)
JeN{i}

where ¢ 2 minjege;. Since (A5.7) implies that ) < 27¢e, it follows from

j€3{i} J i

(5.34), (5.35), and (5.82) that

. _ y _ 3 D (O o
Vit 50b,...0) < ZfE(A;fPiwAﬁ (= D (QZ)HMO?OZ»)@

: l
1€J
E -1 )\min i ~
St ( - e,
i€d
1
S Z _z)\min (Qz)j?jla
€]
which is nonpositive. Therefore, the equilibrium (Z1, ..., Zy, 0y, ... ,ég) = 0 is Lya-

punov stable, and for all initial conditions, ; and 6; are bounded. Since 7; is bounded,
it follows from (5.75) that x;, U;, and Y; are bounded. Moreover, since 91, U;, and
Y; are bounded, it follows from (5.70) and (5.72) that 6; and w; are bounded, which
confirms (i).

Finally, since V is positive definite and radially unbounded, and

V< - Z “Amin Qi) &4,

€]
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it follows from LaSalle’s invariance principle [34, Theorem 4.4] that for all initial
conditions, lim; .., Z;(¢) = 0. Thus, it follows from (5.74) that lim, . y;(t) = 0,

which confirms (7). O

Next, we extend the analysis for the relative-degree-one decentralized adaptive con-
troller to address disturbance rejection. The following theorem is the main result
on decentralized adaptive disturbance rejection for SISO relative-degree-one subsys-

tems that are minimum phase, where the reference-model commands are zero (i.e.,

0).

Theorem 5.2. Consider the closed-loop system (5.1)-(5.4), and (5.67)-(5.71),
where ne; satisfies (5.9), the open-loop system (5.1)-(5.4) satisfies assumptions
(A5.1)-(A5.7), and r;(t) = 0. Then, for all initial conditions z;(0) € R™, U;(0) €
R"i Y;(0) € R, and 0;(0) € R*i*1 the following statements hold:

(i) x;(t), wi(t), 0;(t), Ui(t), and Y;(t) are bounded.
(1) limy o0 yi(t) = 0.

Proof. Consider the closed-loop system (5.73) and (5.74) with r;(¢) = 0, which is

given by

1
N*,i

§z

=
Il
P
N

i(t) + ——Bib] ()i(t) + E; > 6:;C5d5(t) + Daw(t), (5.83)

FEN{i}
yi(t) = Cyx;(t). (5.84)

Next, consider the ideal closed-loop system (5.18) and (5.19) with r;(¢) = 0, which

is given by

Ei(t) = Asy i(t) + B Z 0,;C;7. ;(t) + Dyw(t), (5.85)
JEN{i}

Yui(t) = Cif (1), (5.86)
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where N, ; = hy;/hi; L.; € R and M, ; € R™ are the ideal controller parameters
given by Lemma 5.1; and 7, ;(0) is the initial condition given by part (i) of Lemma
5.2.

2

Define ¢;(t) = Z;(t) — Z.,:(t), and subtracting (5.85) and (5.86) from (5.83) and

(5.84), respectively, yields

B} (6)git) + B Y 6:;Ce5(t), (5.87)

’ JeN{i}

vi(t) = Ciei(t), (5.88)

where part (7i) of Lemma 5.2 implies that y;(t) — y.,(t) = vi(t).

Define the partial Lyapunov-like function

1

Vi(ei, 0;) = e; Pie; + N

orr;16;, (5.89)

where P; € R(mi+2nei)x(ni+2nei) jg the positive-definite solution to (5.34).
Evaluating the derivative of V; along the trajectory of (5.71) and (5.87) with r;(t) =

0, and using (5.35) and (5.88) yields

2

. ~ ~ ~ 2 o~ ~ .
+ 2 Z 5z‘7j€iT.PiE~iC~1j€j
JEN{d}
. . 9 9 .
=e; (AP, + PA;)e; TOTor ¢, oI 1,
ez( i + )G—I—N*,iez i Z¢+‘N*7’L| i
+2 Z 5i,j€?PiEiéj€j
JEN{i}
1 A o 1 hl ~ ~
= ¢ (Al P+ PiA;)e; + 2y,6] ¢ (N - Siri[( y )) +2 Z Sije; PBiECje;.

JEN()
(5.90)
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Next, it follows from (5.35) that hy,; = C,B; = BiTRBZ- > 0. Since N,; = hpi/hi,
it follows that sgn(h;) = sgn(hm,;/h;) = sgn(V.;). Then, it follows from (5.90) that

jen{i}
Next, define
)\min 7
g 2 Q) (5.92)
g)\max (PzE'LEZTP'L)

and note that

1 ~
ﬁémcjej

= (f — ].)szelTREzEZTR@Z + Z 5—(52 CTC j€5 — 26i,j€iT-PiE~'iéjej

. 1 .17 .

JeN{i}

1,57
JeN{i}
(f - 1))\mln i ~ o~
< ; efeit —53J el CTCje; — 28, el BECe;,
jentiy
which implies that
(6— ) min (Qz
> 20l PECje; < ; el—i-— > 67efClCre;. (5.93)
jen{i} b jen{iy

Next, using (5.93), it follows from (5.91) that

) _ _ . R .
Vi(es, 0;) < eiT (A;rPi + PA; + (¢ w;mm (@) )Q + — Z 5” J CTC ej. (5.94)

JGJ\{l

Next, define the Lyapunov-like function

V(ela <. 7€f79~17 s 7é€) é Z%(ehél))

i€
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and it follows from (5.94) that the derivative of V' along the trajectory of (5.71) and

(5.87) is given by

V(Gl, .. .,eg,él, e ,ég) = ZM(&/,Hz)

i€]
<y [ (ATP Y s 1)2"““ (Q‘)I>e,
i€
+— > 6 jCTCe]}
et
= (/L-TR» Ny I)A;i“ Q) 1) 2
i€

+> ) —53j el CTChe,

jel ieng}

=D e (A?Pi I ) ¢

, l
€]
= 1
+Y elCt Cz-ez( > faj?’i)
ieJ jen{i} <
e e E -1 >\min 7
SZG?(A@'TPi‘i‘-P'iAi_'_( )g (Q)I>ei
€]
1 T AT A
+ e G C’iei( > ”), (5.95)
JeN{i}

where ¢ 2 minjege;. Since (A5.7) implies that Z]EJ{Z} . < 2ve, it follows from

(5.34), (5.35), and (5.95) that

y Y Py e It -1 >\min i ~T A
v<€177ef791776€)§Ze?<AzTPZ+HAz+(£ )g (Q)]+2’YZC;TCZ>62
€]
€]
S Z _%)\min (Qz)e;rez

1€

- Z _gieiTe’h

1€
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where & = %)\min (Q;), which is positive. Therefore, V is nonpositive and V <

- Ziej 5@'3?61’ implies that

0<) Gele; <=V (5.96)

i€]

Moreover, integrating (5.96) from 0 to oo yields

0< h &el (Hei(t) < V(0) — lim V() < V(0), (5.97)
/>

- t—»00
€]

where the upper and lower bounds imply that [~ >, &el (t)e;(t) exists. Thus, it
follows from (5.97) that V' is bounded, which implies that e; and 6; are bounded. Since
w is bounded, it follows from part (ii) of Lemma 5.2 that Z, ; is bounded. Since e; and
Z.,; are bounded, it follows that Z; is bounded. Since Z; is bounded, it follows from
(5.75) that z;, U;, and Y; are bounded. Moreover, since 6;, U;, and Y; are bounded, it
follows from (5.70) and (5.72) that 6; and u; are bounded, which confirms (7).

To show (i), it follows from (5.97) that [ >, 5 &el (t)e;(t) exists. Next, since e;,
01», and ¢; are bounded, (5.87) implies that é; is bounded. Next, since e; and é; are

bounded, it follows that

d )
& | e ten)| 2 e e (5.99
icd i€
is bounded. Thus, f(t) 2 > s &iei (t)e;(t) is uniformly continuous. Since [J° f(£) dt
exists and f(¢) is uniformly continuous, Barbalat’s Lemma implies that lim; ., f(¢) =
0. Thus, lim;_, €;(t) = 0, and it follows from (5.88) that lim; . y;(t) = 0, which

confirms (7i). O
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5.5 Numerical Examples

We now present examples that demonstrate the decentralized adaptive controller
for SISO subsystems that are relative degree one and minimum phase. FExamples
5.1 and 5.3 show stabilization for second-order subsystems, where ¢ = 2 and ¢ = 4,
respectively. Examples 5.2 and 5.4 show asymptotic disturbance rejection for second-
order subsystems, where ¢ = 2 and ¢ = 4, respectively. Example 5.5 examines the

command following problem for second-order subsystems, where ¢ = 2.

Example 5.1. Decentralized adaptive stabilization for an unstable system with { =

2. Consider the system (5.1)—(5.4), where ¢ = 2,

-1 6 -1 2
A= , Ay = : (5.99)
1 0 1 0
1
By = By = , (5.100)
0
01:022[1 2}, (5.101)
2 010 0200
Dy = , Dy = : (5.102)
0010 0001

which satisfies (A5.1) and (A5.2). The interconnections are given by ;o = 2 and

021 = 1. Moreover, the complete dynamics matrix

i -1 6 2 4 ]
LAl A BeBG | |10 00
02,1 B2C' As 1 2 -1 2

I 0 0 1 0 |

is unstable. We let n; = n; = 2, which satisfies (A5.3). For this example, we let
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w(t) =0 and r;(t) = 0, and consider the stabilization problem.

Next, we consider the reference model

s+7

Gmi = 5 an. . =0
)= F 505 17

and let v; = 10. Thus, F;(s), given by (5.8), satisfies (A5.6). Next, let n.; = 2, which
satisfies (5.9), and consider (5.67) and (5.68), where

-8 -7

which has eigenvalues at —7 and —1. Note that A;; has an eigenvalue equal to the
zero of Gy, ;(s), which is —7.

The adaptive controller (5.67)—(5.71) is implemented in feedback with the system
(5.1)—(5.4) and (5.99)—(5.102), where T'; = 103I5, w(t) = 0, and r;(t) = 0. Figure 5.2
provides a time history of z;(¢) and u;(t), where the initial conditions are x;(0) =
[1 01" 22(0)=[ -1 0]", and U1(0) = U2(0) = ¥1(0) = Y2(0) = [0 0 ]". The

state x;(t) converges asymptotically to zero. A

Example 5.2. Decentralized adaptive disturbance rejection for an unstable system
with ¢ = 2. Reconsider the system in Example 5.1, but consider nonzero disturbance.
The plant and reference-model parameters, satisfying (A5.1)—(A5.3) and (A5.6), are

the same as in Example 5.1. The disturbance is

w(t) = | sin0.257t sin0.57t sin0.757t sinwt |

which satisfies (A5.4). Note that the disturbance spectrum is unknown and the

disturbance is unmeasured. We let n,, = n,, = 8, which satisfies (A5.5). Next, let
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Figure 5.2: Decentralized adaptive stabilization for an unstable system with { = 2.

The adaptive controller (5.67)-(5.71) is implemented in feedback with the system
(5.1)—(5.4) and (5.99)—(5.102). The state z;(t) converges asymptotically to zero.

104



n.; = 10, which satisfies (5.9), and consider (5.67) and (5.68), where

_—16 -99 —-336 —-714 -1008 —966 —624 —261 —64 —7-
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
Aps = 0 0 0 1 0 0 0 0 0 0 |
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
I 0 0 0 0 0 0 0 0 1 0 |

which has one eigenvalue at —7 and nine at —1.

The adaptive controller (5.67)—(5.71) is implemented in feedback with the system
(5.1)~(5.4), and (5.99)—(5.102), where I'; = 10" I5; and 7;(t) = 0. Figure 5.3 provides
x2(0) =
[0 0]" and U1(0) = U(0) = Y1(0) = Y2(0) =[0 0 0 0 0 0 0 0 0 0]"
The output y;(t) converges asymptotically to zero while rejecting the disturbance

w(t). A

a time history of y;(¢t) and u;(t), where the initial conditions are z,(0) =

Example 5.3. Decentralized adaptive stabilization for an unstable system with { =

4. Consider the system (5.1)—(5.4), where ¢ = 4,

—5 14 —4 5
A=Ay = L Ay = Ay = , (5.103)
1 0 1 0
1
By=-=DBy= , (5.104)
0
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Figure 5.3: Decentralized adaptive disturbance rejection for an unstable system with
¢ = 2. The adaptive controller (5.67)-(5.71) is implemented in feedback with the

system (5.1)—(5.4) and (5.99)—(5.102). The output y;(t) converges asymptotically to
zero while rejecting the disturbance w(t).

01:...204:{1 2}, (5.105)
2 010 0101

Dy = Dy = , Dy=D,= : (5.106)
0010 0000

which satisfies (A5.1) and (A5.2). The interconnections are given by 619 = 021 =

0o3 = 024 = 034 = 2, 032 = 042 = 043 = 1, and 013 = 014 = 31 = 041 = 0.
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Moreover, the complete dynamics matrix

A 0BGy 013BiCs 51.B.Cy |
42 021 B2CY Ay 023B82C5  094B85C)y
03183C1 039850 As 03.485Cy
| GLBICy 0aBiCy 0i3BiCs A |
514 2 40 0 0 0]
1 0O 0 0O 0 0 o0 o0
2 4 —4 5 2 4 2 4
0O O 1 0 0 0 0 O
N 0O O 1 2 -5 14 2 4
O 0 o0 o 1 0 0 o0
0 0 1 2 1 2 —4 5
00 000 0 1 0]

is unstable. We let n; = n; = 2, which satisfies (A5.3). For this example, we let
w(t) =0 and r;(t) = 0, and consider the stabilization problem.

Next, we consider the reference model

s+ 7

Gmi = 5 . a1 . oo’
i) = 3o 188

and let v; = 10. Thus, F;(s), given by (5.8), satisfies (A5.6). Next, let n.; = 2, which
satisfies (5.9), and consider (5.67) and (5.68), where

-8 =7
1 0

which has eigenvalues at —7 and —1. Note that A¢; has an eigenvalue equal to the

zero of Gy, ;(s), which is —7.
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The adaptive controller (5.67)—(5.71) is implemented in feedback with the system
(5.1)—(5.4) and (5.103)—(5.106), where T'; = 10*I5, w(t) = 0, and r;(t) = 0. Figure
5.4 provides a time history of ;(¢) and u;(t), where the initial conditions are x1(0) =
23(0) = [1 0] 22(0) = 24(0) = [ -1 0 ]", and U1(0) = --- = Us(0) = ¥1(0) =

~-=Y,(0)=[0 0]" The state z;(t) converges asymptotically to zero. A

Example 5.4. Decentralized adaptive disturbance rejection for an asymptotically
stable system with ¢ = 4. Consider the system (5.1)—(5.4), where ¢ = 4,
—10 -21 —12 =27

A=Ay = L Ay= A= , (5.107)
1 0 10

and By, ..., By, and Cy,...,Cy are given by (5.104)—(5.105), respectively, and

Dy = Dy = , Dy=D,= , (5.108)

which satisfies (A5.1) and (A5.2). The interconnections dy1,...,014,...,044 are the
same as in Example 5.3. Moreover, the complete dynamics matrix

Ay 01281Cy 61358105 614B,Cy
02,1820 A 02382C3  024B>Cy

1>

53,13301 53,23302 A3 53,43304

_54,13401 049B4Cy  043B,C} Ay
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Figure 5.4: Decentralized adaptive stabilization for an unstable system with { = 4.
The adaptive controller (5.67)-(5.71) is implemented in feedback with the system
(5.1)=(5.4) and (5.103)—(5.106). The state z;(t) converges asymptotically to zero.
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10 =21 2 4 0 0 0 0 ]
1 0 0 0 0 0 0 0
0 4 12 —27 2 4 2 4
o 0o 1 0 0o 0 o0 o0
o 0 1 2 —10-a o2 4
o 0 o0 0 1 0 0 0
0 0 1 2 1 2 —12 -7
0o 0 0o 0 0 0 1 0 |

is asymptotically stable. We let 7; = n; = 2, which satisfies (A5.3). For this example,
we let 7;(t) = 0, and consider the disturbance rejection problem. The reference-model
parameters satisfying (A5.6) are the same as in Example 5.3. The disturbance is given
by w(t) = [ sin0.257¢ sin0.57¢ |*, which satisfies (A5.4). Note that the disturbance
spectrum is unknown and the disturbance is unmeasured. We let n,, = n, = 4,
which satisfies (A5.5). Next, let n.; = 6, which satisfies (5.9), and consider (5.67)

and (5.68), where Ag; is given by

-12 —-45 -80 —-75 —-36 -7
1 0 0 0 0 0

0 1 0 0 0 0
Af,i - )
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

which has one eigenvalue at —7 and five at —1.
The adaptive controller (5.67)—(5.71) is implemented in feedback with the system
(5.1)-(5.4), (5.104)(5.106), and (5.107), where I'; = 10°I;3 and r;(t) = 0. Figure 5.5

provides a time history of y;(¢) and w;(t), where the initial conditions are z1(0) =
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23(0) =[1 0]", 22(0) = 24(0) = [ =1 0", and Uy(0) = --- = U4(0) = ¥1(0) =

- =Y30)=[0 0 0 0 0 0]" The system is allowed to run open-loop for
10 seconds, then the decentralized adaptive control is turned on. The output v;(t)

converges asymptotically to zero while rejecting the disturbance w(t). A

Example 5.5. Decentralized adaptive command following for an asymptotically

stable system with ¢ = 2. Consider the system (5.1)—(5.4), where ¢ = 2,

—10 -16
Al - )
1 0 1 0

—11 -28

(5.109)

and B; and By, C; and Cy, and D; and Dy are given by (5.100)—(5.102), respectively,
which satisfies (A5.1) and (A5.2). Furthermore, the interconnections are given by

012 =2 and d3; = 1. Moreover, the complete dynamics matrix

10 —16 2 4 |

48 A GeBiC | |10 00
521BC1 Ay 1 2 11 —-28
00 1 0

is asymptotically stable. We let n; = n; = 2, which satisfies (A5.3). For this example,
we let w(t) = 0, and consider the command following problem. Although Theorems
5.1 and 5.2 do not address command following, we use this example to explore the
command following properties of the decentralized adaptive controller. The reference-
model parameters, satisfying (A5.6), are the same as in Example 5.1. The reference-

model commands are 71 (¢) = 0.5sin 0.257¢ and r5(t) = 0.4sin 0.57t. Next, let n.; = 2,
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Figure 5.5: Decentralized adaptive disturbance rejection for an asymptotically stable
system with ¢ = 4. The adaptive controller (5.67)—(5.71) is implemented in feedback
with the system (5.1)—(5.4), (5.104)—(5.106), and (5.107). The output y;(t) converges
asymptotically to zero while rejecting the disturbance w(t).
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which satisfies (5.9), and consider (5.67) and (5.68), where

-8 =7
1 0

which has eigenvalues at —7 and —1. Note that A¢; has an eigenvalue equal to the
zero of Gy, ;(s), which is —7.

The adaptive controller (5.67)—(5.71) is implemented in feedback with the system
(5.1)-(5.4), (5.100)-(5.102), and (5.109), where I'; = 102I5 and w(t) = 0. Figure 5.6
provides a time history of y;(t), ym.i(t), z:(t), and w;(t), where the initial conditions
are zero. The system is allowed to run open-loop for 5 seconds, then the decentralized
adaptive control is turned on. The performance z;(t) does not converge to zero, but

does remain bounded. A

5.6 Conclusion

This chapter presented a decentralized adaptive controller for SISO subsystems that
are minimum phase and relative degree one. This controller is strictly decentralized,
that is, the controller requires only local output measurement and no information
is shared between the local controllers. The controller is effective for stabilization
and disturbance rejection, where the disturbance is unknown but generated from a
Lyapunov-stable linear system. The decentralized adaptive controller requires that
the magnitude of the subsystem interconnections satisfy a bounding condition. In a

command following example, the controller yields bounded-but-nonzero performance.
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Figure 5.6: Decentralized adaptive command following for an asymptotically stable
system with ¢ = 2. The adaptive controller (5.67)—(5.71) is implemented in feedback
with the system (5.1)—(5.4), (5.100)—(5.102), and (5.109). The performance z;(t) does
not converge to zero, but does remain bounded.
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Chapter 6 Conclusions and Future Work

This thesis presented decentralized adaptive control techniques for subsystems with
local full-state feedback and local output feedback with relative degree one. In Chap-
ter 2, we introduced classical full-state-feedback model reference adaptive control
(MRAC) for multi-input linear time-invariant systems. We presented three matching
conditions for the dynamics matrix and control-input matrix. Classical MRAC yields
asymptotic stabilization and command following.

In Chapter 3, we presented a strictly decentralized adaptive controller for linear
time-invariant systems that use local full-state measurements and do not share in-
formation between local controllers. The controller does not require a centralized
reference model, meaning that nonlocal reference-model signals are unknown to each
local controller. The controller yields asymptotic stabilization and command follow-
ing in the presence of sinusoidal disturbance with known spectrum. The technique
is effective for arbitrarily large subsystem interconnection matrices, provided that a
bounding matrix on the subsystem interconnection matrices is known and that the
reference-model dynamics matrix is designed to admit a positive-definite solution to a
bounded-real Riccati equation. We presented a construction for the reference-model
dynamics matrix, which guarantees that a positive-definite solution to the Riccati
equation exists. Future work for the decentralized controller in Chapter 3 includes
extensions to unmatched uncertainties and unknown nonlinearities.

Chapter 4 presented classical output-feedback MRAC for SISO linear time-invariant

systems that are relative degree one. The output-feedback adaptive controller oper-
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ates under the assumptions that the plant is minimum phase, the sign of the high-
frequency gain is known, and an upper bound on the order of the plant is known. In
this chapter, classical MRAC was extended to address disturbance rejection, where
the disturbance is unknown but generated from a Lyapunov-stable linear system. The
adaptive controller yields asymptotic command following in the presence of unknown
sinusoidal disturbances.

In Chapter 5, we presented a strictly decentralized adaptive controller for SISO
linear time-invariant systems that are relative degree one and minimum phase. This
decentralized adaptive controller requires only local output measurements and does
not share information between the local controllers. The controller is effective for
stabilization in the presence of unknown sinusoidal disturbances. The decentralized
adaptive controller operates under the assumption that the magnitudes of the subsys-
tem interconnections satisfy a bounding condition. However, this bounding condition
relies on information that is not assumed to be known. Developing a method for
verifying this bounding condition with the assumed model information is an open
problem. Moreover, an extension to address asymptotically perfect command follow-

ing is an open problem.
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Appendices

A Proofs of Propositions 3.1 , 3.2, and 3.3

Proof of Proposition 3.1. To show (i), let F; 2 Bi/b;, which is positive because
b3 > 0. It follows from (3.7) and (3.8) that B; = B;F,, which confirms ().

To show (1), let

A
K. i= (—mitip—1+@in—1)/b;i -+ (—miao+ai0)/b;
Next, it follows from (3.7) and (3.8) that for all n; > 0, A,,; = A;; + B; K, ;, which
confirms (7).

To show (7i4), let ; = %B BT. Next, it follows from (3.9) that
b\
i\ AAT AT T T _
Q> Y (E) BATABY = > BALA BN = Y A AT (A1)
jen(ir jEN} JENi}

which confirms (7).

To show (iv), let €; > 0 and let Q; € R™*™ be positive definite and satisfy Q; > ¢1,,..
It follows from [39, part (ii) of Lemma A.2] that there exists 7s; > 0 such that for all
n; > Ns., there exists positive definite ﬁ’z € R™*" guch that

AT P+ PAmi +Q; +¢:l,, =0. (A.2)

III’L

Next, [39, part (iii) of Lemma A.2] implies that there exists 7. ; > ns; such that for
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all m; > 1.4,

BI'P?B; < =, (A.3)

Combining (A.2) and (A.4) yields for all n; > .,
AP+ PAni + Qi+ PP <0 (A.5)

Thus, for all n; > n; ., A, is asymptotically stable and P, = P satisfies (3.6), which
confirms (iv). O

Proof of Proposition 3.2. Note that x,,;(t) is the solution to the asymptotically
stable linear time-invariant system (3.3), where the input is 7;(¢). Since, in addition,
ri(t) satisfies (A3.7), it follows that there exists W; € R™*? and f; : [0, 00) — R™

such that
() = WU(E) + fi(t), (A.6)

where [J|] fi(t)|I” dt exists. Next, it follows from the assumptions of Proposition 3.2

that there exists N € Rmix2p N, € R™*2 guch that for all i € J,

BN+ Y AiW;=0. (A7)
FENG!
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Therefore, it follows from (A.6) and (A.7) that

/ HBN\I! > A ()

JeN{i}

dt:/ H{Bﬂ%—i— > A,-,jwj]xp(t)
0 jeﬂ\{z‘}
+ ) A

JeN{i}
> Ayl (t)

o

jeN{i}
<ot Y / 1 Aus (0|2t
JeN{i}
<2 Y Apn(ATAL) / 1%t
FEN{4} 0

exists because fOoonj(t)H2 dt exists. Thus, Ny = Ny,..., Ny = Ny satisfies (3.27). O
Proof of Proposition 3.3. Let W, € R W, € R™*?_ Define
N2 - 3 A
Jen{i}
and it follows that
B:N;+ > BALW;=0.
JEN{i}
Since A; ; = BiAgj, it follows that
B,Nl + Z AL]'W]' - O
JeN{i}

Thus, it follows from Proposition 3.2 that there exists N; € R™>*? N, € R™x2P

such that for all ¢« € J, (3.27) is satisfied. O
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