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“True Laws of Nature cannot be linear.”
“The search for truth is more precious than its possession.”

“Everything should be made as simple as possible, but not a bit sim-
pler.”

Albert Einstein

“No human investigation can be called real science if it cannot be demon-
strated mathematically.”

Leonardo Da Vinci

“First causes are not known to us, but they are subjected to simple
and constant laws that can be studied by observation and whose study is
the goal of Natural Philosophy ... Heat penetrates, as does gravity, all the
substances of the universe; its rays occupy all regions of space. The aim of
our work is to expose the mathematical laws that this element follows ... The
differential equations for the propagation of heat express the most general
conditions and reduce physical questions to problems in pure Analysis that
is properly the object of the theory.”

James Clerk Maxwell

“One of the properties inherent in mathematics is that any real progress
is accompanied by the discovery and development of new methods and sim-
plifications of previous procedures ... The unified character of mathematics
lies in its very nature; indeed, mathematics is the foundation of all exact
natural sciences.”

David Hilbert

“ ... partial differential equations are the basis of all physical theorems.
In the theory of sound in gases, liquid and solids, in the investigations
of elasticity, in optics, everywhere partial differential equations formulate
basic laws of nature which can be checked against experiments.”

Bernhard Riemann
“The effective numerical treatment of partial differential equations is
not a handicraft, but an art.”

Folklore

“The advantage of the principle of least action is that in one and the
same equation it relates the quantities that are immediately relevant not
only to mechanics but also to electrodynamics and thermodynamics; these
quantities are space, time and potential.”

Max Planck



“The thorough study of nature is the most ground for mathematical
discoveries.”

“The equations for the flow of heat as well as those for the oscillations of
acoustic bodies and of fluids belong to an area of analysis which has recently
been opened, and which is worth examining in the greatest detail.”

Joseph Fourier

“Of all the mathematical disciplines, the theory of differential equation
is the most important. All branches of physics pose problems which can be
reduced to the integration of differential equations. More generally, the way
of explaining all natural phenomena which depend on time is given by the
theory of differential equations.”

Sophus Lie

“Differential equations form the basis for the scientific view of the
world.”

V.I. Arnold

“What we know is not much. What we do not know is immense.”

“The algebraic analysis soon makes us forget the main object [of our
research| by focusing our attention on abstract combinations and it is only
at the end that we return to the original objective. But in abandoning one-
self to the operations of analysis, one is led to the generality of this method
and the inestimable advantage of transforming the reasoning by mechanical
procedures to results often inaccessible by geometry ... No other language
has the capacity for the elegance that arises from a long sequence of ex-
pressions linked one to the other and all stemming from one fundamental
idea.”

“It is India that gave us the ingenious method of expressing all numbers
by ten symbols, each symbol receiving a value of position, as well as an
absolute value. We shall appreciate the grandeur of the achievement when
we remember that it escaped the genius of Archimedes and Appolonius.”

P.S. Laplace
“The mathematician’s best work is art, a high perfect art, as daring

as the most secret dreams of imagination, clear and limpid. Mathematical
genius and artistic genius touch one another.”

Gosta Mittag-Leffler
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Preface to the Fourth Edition

“A teacher can never truly teach unless he is still learning himself. A lamp
can never light another lamp unless it continues to burn its own flame. The
teacher who has come to the end of his subject, who has no living traffic
with his knowledge but merely repeats his lessons to his students, can only
load their minds; he cannot quicken them.”

Rabindranath Tagore
An Indian Poet
1913 Nobel Prize Winner for Literature

The previous three editions of our book were very well received and used
as a senior undergraduate or graduate-level text and research reference in
the United States and abroad for many years. We received many comments
and suggestions from many students, faculty and researchers around the
world. These comments and criticisms have been very helpful, beneficial,
and encouraging. This fourth edition is the result of the input.

Another reason for adding this fourth edition to the literature is the fact
that there have been major discoveries of new ideas, results and methods
for the solution of linear and nonlinear partial differential equations in the
second half of the twentieth century. It is becoming even more desirable for
mathematicians, scientists and engineers to pursue study and research on
these topics. So what has changed, and will continue to change is the nature
of the topics that are of interest in mathematics, applied mathematics,
physics and engineering, the evolution of books such is this one is a history
of these shifting concerns.

This new and revised edition preserves the basic content and style of the
third edition published in 1989. As with the previous editions, this book has
been revised primarily as a comprehensive text for senior undergraduates
or beginning graduate students and a research reference for professionals in
mathematics, science and engineering, and other applied sciences. The main
goal of the book is to develop required analytical skills on the part of the
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reader, rather than to focus on the importance of more abstract formulation,
with full mathematical rigor. Indeed, our major emphasis is to provide
an accessible working knowledge of the analytical and numerical methods
with proofs required in mathematics, applied mathematics, physics, and
engineering. The revised edition was greatly influenced by the statements
that Lord Rayleigh and Richard Feynman made as follows:

“In the mathematical investigation I have usually employed such meth-
ods as present themselves naturally to a physicist. The pure mathematician
will complain, and (it must be confessed) sometimes with justice, of defi-
cient rigor. But to this question there are two sides. For, however important
it may be to maintain a uniformly high standard in pure mathematics, the
physicist may occasionally do well to rest content with arguments, which
are fairly satisfactory and conclusive from his point of view. To his mind,
exercised in a different order of ideas, the more severe procedure of the pure
mathematician may appear not more but less demonstrative. And further,
in many cases of difficulty to insist upon highest standard would mean
the exclusion of the subject altogether in view of the space that would be
required.”

Lord Rayleigh

“... However, the emphasis should be somewhat more on how to do the
mathematics quickly and easily, and what formulas are true, rather than
the mathematicians’ interest in methods of rigorous proof.”

Richard P. Feynman

We have made many additions and changes in order to modernize the
contents and to improve the clarity of the previous edition. We have also
taken advantage of this new edition to correct typographical errors, and to
update the bibliography, to include additional topics, examples of applica-
tions, exercises, comments and observations, and in some cases, to entirely
rewrite and reorganize many sections. This is plenty of material in the book
for a year-long course. Some of the material need not be covered in a course
work and can be left for the readers to study on their own in order to prepare
them for further study and research. This edition contains a collection of
over 900 worked examples and exercises with answers and hints to selected
exercises. Some of the major changes and additions include the following;:

1. Chapter 1 on Introduction has been completely revised and a new sec-
tion on historical comments was added to provide information about
the historical developments of the subject. These changes have been
made to provide the reader to see the direction in which the subject
has developed and find those contributed to its developments.

2. A new Chapter 2 on first-order, quasi-linear, and linear partial differ-
ential equations, and method of characteristics has been added with
many new examples and exercises.
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Two sections on conservation laws, Burgers’ equation, the Schrodinger
and the Korteweg-de Vries equations have been included in Chapter 3.
Chapter 6 on Fourier series and integrals with applications has been
completely revised and new material added, including a proof of the
pointwise convergence theorem.

A new section on fractional partial differential equations has been added
to Chapter 12 with many new examples of applications.

A new section on the Lax pair and the Zakharov and Shabat Scheme
has been added to Chapter 13 to modernize its contents.

Some sections of Chapter 14 have been revised and a new short section
on the finite element method has been added to this chapter.

A new Chapter 15 on tables of integral transforms has been added in
order to make the book self-contained.

The whole section on Answers and Hints to Selected Exercises has been
expanded to provide additional help to students. All figures have been
redrawn and many new figures have been added for a clear understand-
ing of physical explanations.

An Appendix on special functions and their properties has been ex-
panded.

Some of the highlights in this edition include the following:

The book offers a detailed and clear explanation of every concept and
method that is introduced, accompanied by carefully selected worked
examples, with special emphasis given to those topics in which students
experience difficulty.

A wide variety of modern examples of applications has been selected
from areas of integral and ordinary differential equations, generalized
functions and partial differential equations, quantum mechanics, fluid
dynamics and solid mechanics, calculus of variations, linear and nonlin-
ear stability analysis.

The book is organized with sufficient flexibility to enable instructors to
select chapters appropriate for courses of differing lengths, emphases,
and levels of difficulty.

A wide spectrum of exercises has been carefully chosen and included at
the end of each chapter so the reader may further develop both rigorous
skills in the theory and applications of partial differential equations and
a deeper insight into the subject.

Many new research papers and standard books have been added to the
bibliography to stimulate new interest in future study and research.
Index of the book has also been completely revised in order to include
a wide variety of topics.

The book provides information that puts the reader at the forefront of
current research.

With the improvements and many challenging worked-out problems and
exercises, we hope this edition will continue to be a useful textbook for
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students as well as a research reference for professionals in mathematics,
applied mathematics, physics and engineering.

It is our pleasure to express our grateful thanks to many friends, col-
leagues, and students around the world who offered their suggestions and
help at various stages of the preparation of the book. We offer special
thanks to Dr. Andras Balogh, Mr. Kanadpriya Basu, and Dr. Dambaru
Bhatta for drawing all figures, and to Mrs. Veronica Martinez for typing
the manuscript with constant changes and revisions. In spite of the best
efforts of everyone involved, some typographical errors doubtless remain.
Finally, we wish to express our special thanks to Tom Grasso and the staff
of Birkh&user Boston for their help and cooperation.

Tyn Myint-U
Lokenath Debnath



Preface to the Third Edition

The theory of partial differential equations has long been one of the most
important fields in mathematics. This is essentially due to the frequent
occurrence and the wide range of applications of partial differential equa-
tions in many branches of physics, engineering, and other sciences. With
much interest and great demand for theory and applications in diverse ar-
eas of science and engineering, several excellent books on PDEs have been
published. This book is written to present an approach based mainly on
the mathematics, physics, and engineering problems and their solutions,
and also to construct a course appropriate for all students of mathemati-
cal, physical, and engineering sciences. Our primary objective, therefore, is
not concerned with an elegant exposition of general theory, but rather to
provide students with the fundamental concepts, the underlying principles,
a wide range of applications, and various methods of solution of partial
differential equations.

This book, a revised and expanded version of the second edition pub-
lished in 1980, was written for a one-semester course in the theory and appli-
cations of partial differential equations. It has been used by advanced under-
graduate or beginning graduate students in applied mathematics, physics,
engineering, and other applied sciences. The prerequisite for its study is a
standard calculus sequence with elementary ordinary differential equations.
This revised edition is in part based on lectures given by Tyn Myint-U at
Manhattan College and by Lokenath Debnath at the University of Central
Florida. This revision preserves the basic content and style of the earlier
editions, which were written by Tyn Myint-U alone. However, the authors
have made some major additions and changes in this third edition in order
to modernize the contents and to improve clarity. Two new chapters added
are on nonlinear PDEs, and on numerical and approximation methods. New
material emphasizing applications has been inserted. New examples and ex-
ercises have been provided. Many physical interpretations of mathematical
solutions have been added. Also, the authors have improved the exposition
by reorganizing some material and by making examples, exercises, and ap-
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plications more prominent in the text. These additions and changes have
been made with the student uppermost in mind.

The first chapter gives an introduction to partial differential equations.
The second chapter deals with the mathematical models representing phys-
ical and engineering problems that yield the three basic types of PDEs.
Included are only important equations of most common interest in physics
and engineering. The third chapter constitutes an account of the classifi-
cation of linear PDEs of second order in two independent variables into
hyperbolic, parabolic, and elliptic types and, in addition, illustrates the de-
termination of the general solution for a class of relatively simple equations.

Cauchy’s problem, the Goursat problem, and the initial boundary-value
problems involving hyperbolic equations of the second order are presented in
Chapter 4. Special attention is given to the physical significance of solutions
and the methods of solution of the wave equation in Cartesian, spherical
polar, and cylindrical polar coordinates. The fifth chapter contains a fuller
treatment of Fourier series and integrals essential for the study of PDEs.
Also included are proofs of several important theorems concerning Fourier
series and integrals.

Separation of variables is one of the simplest methods, and the most
widely used method, for solving PDEs. The basic concept and separability
conditions necessary for its application are discussed in the sixth chap-
ter. This is followed by some well-known problems of applied mathematics,
mathematical physics, and engineering sciences along with a detailed anal-
ysis of each problem. Special emphasis is also given to the existence and
uniqueness of the solutions and to the fundamental similarities and differ-
ences in the properties of the solutions to the various PDEs. In Chapter
7, self-adjoint eigenvalue problems are treated in depth, building on their
introduction in the preceding chapter. In addition, Green’s function and its
applications to eigenvalue problems and boundary-value problems for or-
dinary differential equations are presented. Following the general theory of
eigenvalues and eigenfunctions, the most common special functions, includ-
ing the Bessel, Legendre, and Hermite functions, are discussed as exam-
ples of the major role of special functions in the physical and engineering
sciences. Applications to heat conduction problems and the Schrédinger
equation for the linear harmonic oscillator are also included.

Boundary-value problems and the maximum principle are described in
Chapter 8, and emphasis is placed on the existence, uniqueness, and well-
posedness of solutions. Higher-dimensional boundary-value problems and
the method of eigenfunction expansion are treated in the ninth chapter,
which also includes several applications to the vibrating membrane, waves
in three dimensions, heat conduction in a rectangular volume, the three-
dimensional Schrodinger equation in a central field of force, and the hydro-
gen atom. Chapter 10 deals with the basic concepts and construction of
Green’s function and its application to boundary-value problems.
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Chapter 11 provides an introduction to the use of integral transform
methods and their applications to numerous problems in applied mathe-
matics, mathematical physics, and engineering sciences. The fundamental
properties and the techniques of Fourier, Laplace, Hankel, and Mellin trans-
forms are discussed in some detail. Applications to problems concerning
heat flows, fluid flows, elastic waves, current and potential electric trans-
mission lines are included in this chapter.

Chapters 12 and 13 are entirely new. First-order and second-order non-
linear PDEs are covered in Chapter 12. Most of the contents of this chapter
have been developed during the last twenty-five years. Several new nonlinear
PDEs including the one-dimensional nonlinear wave equation, Whitham’s
equation, Burgers’ equation, the Korteweg—de Vries equation, and the non-
linear Schrédinger equation are solved. The solutions of these equations are
then discussed with physical significance. Special emphasis is given to the
fundamental similarities and differences in the properties of the solutions
to the corresponding linear and nonlinear equations under consideration.

The final chapter is devoted to the major numerical and approximation
methods for finding solutions of PDEs. A fairly detailed treatment of ex-
plicit and implicit finite difference methods is given with applications The
variational method and the Euler-Lagrange equations are described with
many applications. Also included are the Rayleigh—Ritz, the Galerkin, and
the Kantorovich methods of approximation with many illustrations and
applications.

This new edition contains almost four hundred examples and exercises,
which are either directly associated with applications or phrased in terms
of the physical and engineering contexts in which they arise. The exercises
truly complement the text, and answers to most exercises are provided at
the end of the book. The Appendix has been expanded to include some basic
properties of the Gamma function and the tables of Fourier, Laplace, and
Hankel transforms. For students wishing to know more about the subject
or to have further insight into the subject matter, important references are
listed in the Bibliography.

The chapters on mathematical models, Fourier series and integrals, and
eigenvalue problems are self-contained, so these chapters can be omitted for
those students who have prior knowledge of the subject.

An attempt has been made to present a clear and concise exposition
of the mathematics used in analyzing a variety of problems. With this in
mind, the chapters are carefully organized to enable students to view the
material in an orderly perspective. For example, the results and theorems
in the chapters on Fourier series and integrals and on eigenvalue problems
are explicitly mentioned, whenever necessary, to avoid confusion with their
use in the development of PDEs. A wide range of problems subject to
various boundary conditions has been included to improve the student’s
understanding.

In this third edition, specific changes and additions include the following:



xxii

1.

Preface to the Third Edition

Chapter 2 on mathematical models has been revised by adding a list of
the most common linear PDEs in applied mathematics, mathematical
physics, and engineering science.

The chapter on the Cauchy problem has been expanded by including the
wave equations in spherical and cylindrical polar coordinates. Examples
and exercises on these wave equations and the energy equation have
been added.

Eigenvalue problems have been revised with an emphasis on Green’s
functions and applications. A section on the Schrodinger equation
for the linear harmonic oscillator has been added. Higher-dimensional
boundary-value problems with an emphasis on applications, and a sec-
tion on the hydrogen atom and on the three-dimensional Schrédinger
equation in a central field of force have been added to Chapter 9.
Chapter 11 has been extensively reorganized and revised in order to
include Hankel and Mellin transforms and their applications, and has
new sections on the asymptotic approximation method and the finite
Hankel transform with applications. Many new examples and exercises,
some new material with applications, and physical interpretations of
mathematical solutions have also been included.

A new chapter on nonlinear PDEs of current interest and their applica-
tions has been added with considerable emphasis on the fundamental
similarities and the distinguishing differences in the properties of the
solutions to the nonlinear and corresponding linear equations.
Chapter 13 is also new. It contains a fairly detailed treatment of explicit
and implicit finite difference methods with their stability analysis. A
large section on the variational methods and the Euler—Lagrange equa-
tions has been included with many applications. Also included are the
Rayleigh—Ritz, the Galerkin, and the Kantorovich methods of approxi-
mation with illustrations and applications.

Many new applications, examples, and exercises have been added to
deepen the reader’s understanding. Expanded versions of the tables of
Fourier, Laplace, and Hankel transforms are included. The bibliography
has been updated with more recent and important references.

As a text on partial differential equations for students in applied mathe-
matics, physics, engineering, and applied sciences, this edition provides the
student with the art of combining mathematics with intuitive and physical
thinking to develop the most effective approach to solving problems.

In preparing this edition, the authors wish to express their sincere

thanks to those who have read the manuscript and offered many valuable
suggestions and comments. The authors also wish to express their thanks
to the editor and the staff of Elsevier—North Holland, Inc. for their kind
help and cooperation.

Tyn Myint-U
Lokenath Debnath
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Introduction

“If you wish to foresee the future of mathematics, our proper course is to
study the history and present condition of the science.”

Henri Poincaré

“However varied may be the imagination of man, nature is a thousand times
richer, ... Each of the theories of physics ... presents (partial differential)
equations under a new aspect ... without the theories, we should not know
partial differential equations.”

Henri Poincaré

1.1 Brief Historical Comments

Historically, partial differential equations originated from the study of sur-
faces in geometry and a wide variety of problems in mechanics. During the
second half of the nineteenth century, a large number of famous mathe-
maticians became actively involved in the investigation of numerous prob-
lems presented by partial differential equations. The primary reason for this
research was that partial differential equations both express many funda-
mental laws of nature and frequently arise in the mathematical analysis of
diverse problems in science and engineering.

The next phase of the development of linear partial differential equa-
tions was characterized by efforts to develop the general theory and various
methods of solution of linear equations. In fact, partial differential equa-
tions have been found to be essential to the theory of surfaces on the one
hand and to the solution of physical problems on the other. These two ar-
eas of mathematics can be seen as linked by the bridge of the calculus of
variations. With the discovery of the basic concepts and properties of dis-
tributions, the modern theory of linear partial differential equations is now
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well established. The subject plays a central role in modern mathematics,
especially in physics, geometry, and analysis.

Almost all physical phenomena obey mathematical laws that can be
formulated by differential equations. This striking fact was first discovered
by Isaac Newton (1642-1727) when he formulated the laws of mechanics
and applied them to describe the motion of the planets. During the three
centuries since Newton’s fundamental discoveries, many partial differential
equations that govern physical, chemical, and biological phenomena have
been found and successfully solved by numerous methods. These equations
include Euler’s equations for the dynamics of rigid bodies and for the mo-
tion of an ideal fluid, Lagrange’s equations of motion, Hamilton’s equations
of motion in analytical mechanics, Fourier’s equation for the diffusion of
heat, Cauchy’s equation of motion and Navier’s equation of motion in elas-
ticity, the Navier—Stokes equations for the motion of viscous fluids, the
Cauchy—Riemann equations in complex function theory, the Cauchy—Green
equations for the static and dynamic behavior of elastic solids, Kirchhoff’s
equations for electrical circuits, Maxwell’s equations for electromagnetic
fields, and the Schrodinger equation and the Dirac equation in quantum
mechanics. This is only a sampling, and the recent mathematical and sci-
entific literature reveals an almost unlimited number of differential equa-
tions that have been discovered to model physical, chemical and biological
systems and processes.

From the very beginning of the study, considerable attention has been
given to the geometric approach to the solution of differential equations.
The fact that families of curves and surfaces can be defined by a differ-
ential equation means that the equation can be studied geometrically in
terms of these curves and surfaces. The curves involved, known as charac-
teristic curves, are very useful in determining whether it is or is not possible
to find a surface containing a given curve and satisfying a given differen-
tial equation. This geometric approach to differential equations was begun
by Joseph-Louis Lagrange (1736-1813) and Gaspard Monge (1746-1818).
Indeed, Monge first introduced the ideas of characteristic surfaces and char-
acteristic cones (or Monge cones). He also did some work on second-order
linear, homogeneous partial differential equations.

The study of first-order partial differential equations began to receive
some serious attention as early as 1739, when Alex-Claude Clairaut (1713—
1765) encountered these equations in his work on the shape of the earth.
On the other hand, in the 1770s Lagrange first initiated a systematic study
of the first-order nonlinear partial differential equations in the form

fz,y,u, ug, uy) =0, (1.1.1)

where u = u (z,y) is a function of two independent variables.

Motivated by research on gravitational effects on bodies of different
shapes and mass distributions, another major impetus for work in partial
differential equations originated from potential theory. Perhaps the most
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important partial differential equation in applied mathematics is the poten-
tial equation, also known as the Laplace equation u,q +uy, = 0, where sub-
scripts denote partial derivatives. This equation arose in steady state heat
conduction problems involving homogeneous solids. James Clerk Maxwell
(1831-1879) also gave a new initiative to potential theory through his fa-
mous equations, known as Mazwell’s equations for electromagnetic fields.

Lagrange developed analytical mechanics as the application of partial
differential equations to the motion of rigid bodies. He also described the
geometrical content of a first-order partial differential equation and de-
veloped the method of characteristics for finding the general solution of
quasi-linear equations. At the same time, the specific solution of physical
interest was obtained by formulating an initial-value problem (or a Cauchy
Problem) that satisfies certain supplementary conditions. The solution of an
initial-value problem still plays an important role in applied mathematics,
science and engineering. The fundamental role of characteristics was soon
recognized in the study of quasi-linear and nonlinear partial differential
equations. Physically, the first-order, quasi-linear equations often represent
conservation laws which describe the conservation of some physical quanti-
ties of a system.

In its early stages of development, the theory of second-order linear par-
tial differential equations was concentrated on applications to mechanics
and physics. All such equations can be classified into three basic categories:
the wave equation, the heat equation, and the Laplace equation (or po-
tential equation). Thus, a study of these three different kinds of equations
yields much information about more general second-order linear partial
differential equations. Jean d’Alembert (1717-1783) first derived the one-
dimensional wave equation for vibration of an elastic string and solved this
equation in 1746. His solution is now known as the d’Alembert solution. The
wave equation is one of the oldest equations in mathematical physics. Some
form of this equation, or its various generalizations, almost inevitably arises
in any mathematical analysis of phenomena involving the propagation of
waves in a continuous medium. In fact, the studies of water waves, acoustic
waves, elastic waves in solids, and electromagnetic waves are all based on
this equation. A technique known as the method of separation of variables is
perhaps one of the oldest systematic methods for solving partial differential
equations including the wave equation. The wave equation and its meth-
ods of solution attracted the attention of many famous mathematicians in-
cluding Leonhard Euler (1707-1783), James Bernoulli (1667-1748), Daniel
Bernoulli (1700-1782), J.L. Lagrange (1736-1813), and Jacques Hadamard
(1865-1963). They discovered solutions in several different forms, and the
merit of their solutions and relations among these solutions were argued in a
series of papers extending over more than twenty-five years; most concerned
the nature of the kinds of functions that can be represented by trigonomet-
ric (or Fourier) series. These controversial problems were finally resolved
during the nineteenth century.
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It was Joseph Fourier (1768-1830) who made the first major step to-
ward developing a general method of solutions of the equation describing
the conduction of heat in a solid body in the early 1800s. Although Fourier
is most celebrated for his work on the conduction of heat, the mathemati-
cal methods involved, particularly trigonometric series, are important and
very useful in many other situations. He created a coherent mathematical
method by which the different components of an equation and its solution
in series were neatly identified with the different aspects of the physical
solution being analyzed. In spite of the striking success of Fourier analysis
as one of the most useful mathematical methods, J.L. Lagrange and S.D.
Poisson (1781-1840) hardly recognized Fourier’s work because of its lack
of rigor. Nonetheless, Fourier was eventually recognized for his pioneering
work after publication of his monumental treatise entitled La Théorie Au-
atytique de la Chaleur in 1822.

It is generally believed that the concept of an integral transform origi-
nated from the Integral Theorem as stated by Fourier in his 1822 treatise.
It was the work of Augustin Cauchy (1789-1857) that contained the expo-
nential form of the Fourier Integral Theorem as

f(x) 1 /Oo ethe UOO e ke £ (€) df} dk. (1.1.2)
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This theorem has been expressed in several slightly different forms to better
adapt it for particular applications. It has been recognized, almost from the
start, however, that the form which best combines mathematical simplicity
and complete generality makes use of the exponential oscillating function
exp (ikz). Indeed, the Fourier integral formula (1.1.2) is regarded as one
of the most fundamental results of modern mathematical analysis, and it
has widespread physical and engineering applications. The generality and
importance of the theorem is well expressed by Kelvin and Tait who said:
“ ... Fourier’s Theorem, which is not only one of the most beautiful results
of modern analysis, but may be said to furnish an indispensable instrument
in the treatment of nearly every recondite question in modern physics.
To mention only sonorous vibrations, the propagation of electric signals
along a telegraph wire, and the conduction of heat by the earth’s crust, as
subjects in their generality intractable without it, is to give but a feeble
idea of its importance.” This integral formula (1.1.2) is usually used to
define the classical Fourier transform of a function and the inverse Fourier
transform. No doubt, the scientific achievements of Joseph Fourier have not
only provided the fundamental basis for the study of heat equation, Fourier
series, and Fourier integrals, but for the modern developments of the theory
and applications of the partial differential equations.

One of the most important of all the partial differential equations in-
volved in applied mathematics and mathematical physics is that associated
with the name of Pierre-Simon Laplace (1749-1827). This equation was
first discovered by Laplace while he was involved in an extensive study of
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gravitational attraction of arbitrary bodies in space. Although the main
field of Laplace’s research was celestial mechanics, he also made important
contributions to the theory of probability and its applications. This work
introduced the method known later as the Laplace transform, a simple and
elegant method of solving differential and integral equations. Laplace first
introduced the concept of potential, which is invaluable in a wide range of
subjects, such as gravitation, electromagnetism, hydrodynamics, and acous-
tics. Consequently, the Laplace equation is often referred to as the potential
equation. This equation is also an important special case of both the wave
equation and the heat equation in two or three dimensions. It arises in the
study of many physical phenomena including electrostatic or gravitational
potential, the velocity potential for an imcompossible fluid flows, the steady
state heat equation, and the equilibrium (time independent) displacement
field of a two- or three-dimensional elastic membrane. The Laplace equa-
tion also occurs in other branches of applied mathematics and mathematical
physics.

Since there is no time dependence in any of the mathematical problems
stated above, there are no initial data to be satisfied by the solutions of
the Laplace equation. They must, however, satisfy certain boundary con-
ditions on the boundary curve or surface of a region in which the Laplace
equation is to be solved. The problem of finding a solution of Laplace’s
equation that takes on the given boundary values is known as the Dirichlet
boundary-value problem, after Peter Gustav Lejeune Dirichlet (1805-1859).
On the other hand, if the values of the normal derivative are prescribed
on the boundary, the problem is known as Neumann boundary-value prob-
lem, in honor of Karl Gottfried Neumann (1832-1925). Despite great efforts
by many mathematicians including Gaspard Monge (1746-1818), Adrien-
Marie Legendre (1752-1833), Carl Friedrich Gauss (1777-1855), Simeon-
Denis Poisson (1781-1840), and Jean Victor Poncelet (1788-1867), very
little was known about the general properties of the solutions of Laplace’s
equation until 1828, when George Green (1793-1841) and Mikhail Ostro-
gradsky (1801-1861) independently investigated properties of a class of so-
lutions known as harmonic functions. On the other hand, Augustin Cauchy
(1789-1857) and Bernhard Riemann (1826-1866) derived a set of first-order
partial differential equations, known as the Cauchy—Riemann equations, in
their independent work on functions of complex variables. These equations
led to the Laplace equation, and functions satisfying this equation in a
domain are called harmonic functions in that domain. Both Cauchy and
Riemann occupy a special place in the history of mathematics. Riemann
made enormous contributions to almost all areas of pure and applied math-
ematics. His extraordinary achievements stimulated further developments,
not only in mathematics, but also in mechanics, physics, and the natural
sciences as a whole.

Augustin Cauchy is universally recognized for his fundamental contribu-
tions to complex analysis. He also provided the first systematic and rigorous
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investigation of differential equations and gave a rigorous proof for the exis-
tence of power series solutions of a differential equation in the 1820s. In 1841
Cauchy developed what is known as the method of majorants for proving
that a solution of a partial differential equation exists in the form of a power
series in the independent variables. The method of majorants was also in-
troduced independently by Karl Weierstrass (1815-1896) in that same year
in application to a system of differential equations. Subsequently, Weier-
strass’s student Sophie Kowalewskaya (1850-1891) used the method of ma-
jorants and a normalization theorem of Carl Gustav Jacobi (1804-1851) to
prove an exceedingly elegant theorem, known as the Cauchy—Kowalewskaya
theorem. This theorem quite generally asserts the local existence of solu-
tions of a system of partial differential equations with initial conditions on
a noncharacteristic surface. This theorem seems to have little practical im-
portance because it does not distinguish between well-posed and ill-posed
problems; it covers situations where a small change in the initial data leads
to a large change in the solution. Historically, however, it is the first exis-
tence theorem for a general class of partial differential equations.

The general theory of partial differential equations was initiated by A.R.
Forsyth (1858-1942) in the fifth and sixth volumes of his Theory of Differ-
ential Equations and by E.J.B. Goursat (1858-1936) in his book entitled
Cours d’ analyse mathematiques (1918) and his Lecons sur I’ integration
des equations auz dérivées, volume 1 (1891) and volume 2 (1896). Another
notable contribution to this subject was made by E. Cartan’s book, Lecons
sur les invariants intégraux, published in 1922. Joseph Liouville (1809—
1882) formulated a more tractable partial differential equation in the form

Uzg + Uyy = kexp (au), (1.1.3)

and obtained a general solution of it. This equation has a large number of
applications. It is a special case of the equation derived by J.L. Lagrange for
the stream function ¢ in the case of two-dimensional steady vortex motion
in an incompossible fluid, that is,

Vo +¢yy =F (1/J) , (1.1.4)

where F (¢) is an arbitrary function of ). When ¢ = w and F (u) = ke,
equation (1.1.4) reduces to the Liouville equation (1.1.3). In view of the
special mathematical interest in the nonhomogeneous nonlinear equation
of the type (1.1.4), a number of famous mathematicians including Henri
Poincaré, E. Picard (1856-1941), Cauchy (1789-1857), Sophus Lie (1842-
1899), L.M.H. Navier (1785-1836), and G.G. Stokes (1819-1903) made
many major contributions to partial differential equations.

Historically, Euler first solved the eigenvalue problem when he devel-
oped a simple mathematical model for describing the the ‘buckling’ modes
of a vertical elastic beam. The general theory of eigenvalue problems for
second-order differential equations, now known as the Sturm—Liouville The-
ory, originated from the study of a class of boundary-value problems due to
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Charles Sturm (1803-1855) and Joseph Liouville (1809-1882). They showed
that, in general, there is an infinite set of eigenvalues satisfying the given
equation and the associated boundary conditions, and that these eigen-
values increase to infinity. Corresponding to these eigenvalues, there is an
infinite set of orthogonal eigenfunctions so that the linear superposition
principle can be applied to find the convergent infinite series solution of
the given problem. Indeed, the Sturm-Liouville theory is a natural gener-
alization of the theory of Fourier series that greatly extends the scope of
the method of separation of variables. In 1926, the WKB approximation
method was developed by Gregor Wentzel, Hendrik Kramers, and Marcel-
Louis Brillouin for finding the approximate eigenvalues and eigenfunctions
of the one-dimensional Schrodinger equation in quantum mechanics. This
method is now known as the short-wave approximation or the geometrical
optics approrimation in wave propagation theory.

At the end of the seventeenth century, many important questions and
problems in geometry and mechanics involved minimizing or maximiz-
ing of certain integrals for two reasons. The first of these were several
existence problems, such as, Newton’s problem of missile of least resis-
tance, Bernoulli’s isoperimetric problem, Bernoulli’s problem of the brachis-
tochrone (brachistos means shortest, chronos means time), the problem of
minimal surfaces due to Joseph Plateau (1801-1883), and Fermat’s principle
of least time. Indeed, the variational principle as applied to the propaga-
tion and reflection of light in a medium was first enunciated in 1662 by one
of the greatest mathematicians of the seventeenth century, Pierre Fermat
(1601-1665). According to his principle, a ray of light travels in a homoge-
neous medium from one point to another along a path in a minimum time.
The second reason is somewhat philosophical, that is, how to discover a
minimizing principle in nature. The following 1744 statement of Euler is
characteristic of the philosophical origin of what is known as the principle
of least action: “As the construction of the universe is the most perfect
possible, being the handiwork of all-wise Maker, nothing can be met with
in the world in which some maximal or minimal property is not displayed.
There is, consequently, no doubt but all the effects of the world can be
derived by the method of maxima and minima from their final causes as
well as from their efficient ones.” In the middle of the eighteenth century,
Pierre de Maupertius (1698-1759) stated a fundamental principle, known
as the principle of least action, as a guide to the nature of the universe.
A still more precise and general formulation of Maupertius’ principle of
least action was given by Lagrange in his Analytical Mechanics published
in 1788. He formulated it as

ta
55 — 5/ (2T) dt = 0, (1.1.5)
ty

where T is the kinematic energy of a dynamical system with the constraint
that the total energy, (T'+ V'), is constant along the trajectories, and V is



8 1 Introduction

the potential energy of the system. He also derived the celebrated equation
of motion for a holonomic dynamical system

d (0T oT
— — = Qy, 1.1.6
7 () ~ 70 (16
where ¢; are the generalized coordinates, ¢; is the velocity, and @Q; is the
force. For a conservative dynamical system, Q; = —g—};, V=V (g), g—; =0,
then (1.1.6) can be expressed in terms of the Lagrangian, L =T — V, as
d (0L oL
— — = 0. 1.1.7
dt <5Qi> 9q; (LL17)

This principle was then reformulated by Euler in a way that made it useful
in mathematics and physics.

The work of Lagrange remained unchanged for about half a century until
William R. Hamilton (1805-1865) published his research on the general
method in analytical dynamics which gave a new and very appealing form to
the Lagrange equations. Hamilton’s work also included his own variational
principle. In his work on optics during 1834-1835, Hamilton elaborated a
new principle of mechanics, known as Hamilton’s principle, describing the
stationary action for a conservative dynamical system in the form

t1 ty
6A:6/ (T—V)dtz&/ Ldt = 0. (1.1.8)
to to

Hamilton’s principle (1.1.8) readily led to the Lagrange equation (1.1.6). In
terms of time t, the generalized coordinates ¢;, and the generalized momenta
p; = (OL/¢;) which characterize the state of a dynamical system, Hamilton
introduced the function

and then used it to represent the equation of motion (1.1.6) as a system of
first order partial differential equations
. 0H . 0H

i = = ——. 1.1.10
= P 9, ( )

These equations are known as the celebrated Hamilton canonical equa-
tions of motion, and the function H (g;,p;,t) is referred to as the Hamilto-
nian which is equal to the total energy of the system. Following the work
of Hamilton, Karl Jacobi, Mikhail Ostrogradsky (1801-1862), and Henri
Poincaré (1854-1912) put forth new modifications of the variational princi-
ple. Indeed, the action integral S can be regarded as a function of general-
ized coordinates and time provided the terminal point is not fixed. In 1842,
Jacobi showed that S satisfies the first-order partial differential equation
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which is known as the Hamilton—Jacobi equation. In 1892, Poincaré defined
the action integral on the trajectories in phase space of the variable ¢; and
p; as

t1
5=/ [pidi — H (pi, ¢:)] dt, (1.1.12)
t

0

and then formulated another modification of the Hamilton variational prin-
ciple which also yields the Hamilton canonical equations (1.1.10). From
(1.1.12) also follows the celebrated Poincaré—Cartan invariant

I Z% (p,-(;qi —H(St), (1113)
C

where C' is an arbitrary closed contour in the phase space.

Indeed, the discovery of the calculus of variations in a modern sense
began with the independent work of Euler and Lagrange. The first neces-
sary condition for the existence of an extremum of a functional in a domain
leads to the celebrated FEuler—Lagrange equation. This equation in its var-
ious forms now assumes primary importance, and more emphasis is given
to the first variation, mainly due to its power to produce significant equa-
tions, than to the second variation, which is of fundamental importance
in answering the question of whether or not an extremal actually provides
a minimum (or a maximum). Thus, the fundamental concepts of the cal-
culus of variations were developed in the eighteenth century in order to
obtain the differential equations of applied mathematics and mathemati-
cal physics. During its early development, the problems of the calculus of
variations were reduced to questions of the existence of differential equa-
tions problems until David Hilbert developed a new method in which the
existence of a minimizing function was established directly as the limit of
a sequence of approximations.

Considerable attention has been given to the problem of finding a neces-
sary and sufficient condition for the existence of a function which extremized
the given functional. Although the problem of finding a sufficient condition
is a difficult one, Legendre and C.G.J. Jacobi (1804-1851) discovered a
second necessary condition and a third necessary condition respectively.
Finally, it was Weierstrass who first provided a satisfactory foundation to
the theory of calculus of variations in his lectures at Berlin between 1856
and 1870. His lectures were essentially concerned with a complete review
of the work of Legendre and Jacobi. At the same time, he reexamined
the concepts of the first and second variations and looked for a sufficient
condition associated with the problem. In contrast to the work of his pre-
decessors, Weierstrass introduced the ideas of ‘strong variations’ and ‘the
excess function’ which led him to discover a fourth necessary condition
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and a satisfactory sufficient condition. Some of his outstanding discoveries
announced in his lectures were published in his collected work. At the con-
clusion of his famous lecture on ‘Mathematical Problems’ at the Paris Inter-
national Congress of Mathematicians in 1900, David Hilbert (1862-1943),
perhaps the most brilliant mathematician of the late nineteenth century,
gave a new method for the discussion of the minimum value of a functional.
He obtained another derivation of Weierstrass’s excess function and a new
approach to Jacobi’s problem of determining necessary and sufficient con-
ditions for the existence of a minimum of a functional; all this without the
use of the second variation. Finally, the calculus of variations entered the
new and wider field of ‘global’ problems with the original work of George
D. Birkhoff (1884-1944) and his associates. They succeeded in liberating
the theory of calculus of variations from the limitations imposed by the
restriction to ‘small variations’, and gave a general treatment of the global
theory of the subject with large variations.

In 1880, George Fitzgerald (1851-1901) probably first employed the vari-
ational principle in electromagnetic theory to derive Maxwell’s equations
for an electromagnetic field in a vacuum. Moreover, the variational principle
received considerable attention in electromagnetic theory after the work of
Karl Schwarzchild in 1903 as well as the work of Max Born (1882-1970)
who formulated the principle of stationary action in electrodynamics in
a symmetric four-dimensional form. On the other hand, Poincaré showed
in 1905 that the action integral is invariant under the Lorentz transfor-
mations. With the development of the special theory of relativity and the
relativistic theory of gravitation in the beginning of the twentieth century,
the variational principles received tremendous attention from many great
mathematicians and physicists including Albert Einstein (1879-1955), Hen-
drix Lorentz (1853-1928), Hermann Weyl (1885-1955), Felix Klein (1849-
1925), Amalie Noether (1882-1935), and David Hilbert. Even before the
use of variational principles in electrodynamics, Lord Rayleigh (1842-1919)
employed variational methods in his famous book, The Theory of Sound,
for the derivation of equations for oscillations in plates and rods in order to
calculate frequencies of natural oscillations of elastic systems. In his pioneer-
ing work in the 1960’s, Gerald Whitham first developed a general approach
to linear and nonlinear dispersive waves using a Lagrangian. He success-
fully formulated the averaged variational principle, which is now known as
the Whitham averaged variational principle, which was employed to derive
the basic equations for linear and nonlinear dispersive wave propagation
problems. In 1967, Luke first explicitly formulated a variational principle
for nonlinear water waves. In 1968, Bretherton and Garret generalized the
Whitham averaged variational principle to describe the conservation law for
the wave action in a moving medium. Subsequently, Ostrovsky and Peli-
novsky (1972) also generalized the Whitham averaged variational principle
to nonconservative systems.
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With the rapid development of the theory and applications of differen-
tial equations, the closed form analytical solutions of many different types
of equations were hardly possible. However, it is extremely important and
absolutely necessary to provide some insight into the qualitative and quan-
titative nature of solutions subject to initial and boundary conditions. This
insight usually takes the form of numerical and graphical representatives of
the solutions. It was E. Picard (1856-1941) who first developed the method
of successive approximations for the solutions of differential equations in
most general form and later made it an essential part of his treatment of
differential equations in the second volume of his Traité d’Analyse published
in 1896. During the last two centuries, the calculus of finite differences in
various forms played a significant role in finding the numerical solutions of
differential equations. Historically, many well known integration formulas
and numerical methods including the Euler—-Maclaurin formula, Gregory
integration formula, the Gregory—Newton formula, Simpson’s rule, Adam—
Bashforth’s method, the Jacobi iteration, the Gauss—Seidel method, and the
Runge-Kutta method have been developed and then generalized in various
forms.

With the development of modern calculators and high-speed electronic
computers, there has been an increasing trend in research toward the numer-
ical solution of ordinary and partial differential equations during the twen-
tieth century. Special attention has also given to in depth studies of conver-
gence, stability, error analysis, and accuracy of numerical solutions. Many
well-known numerical methods including the Crank—Nicolson methods, the
Lax—Wendroff method, Richtmyer’s method, and Stone’s implicit iterative
technique have been developed in the second half of the twentieth century.
All finite difference methods reduce differential equations to discrete forms.
In recent years, more modern and powerful computational methods such
as the finite element method and the boundary element method have been
developed in order to handle curved or irregularly shaped domains. These
methods are distinguished by their more general character, which makes
them more capable of dealing with complex geometries, allows them to
use non-structured grid systems, and allows more natural imposition of the
boundary conditions.

During the second half of the nineteenth century, considerable attention
was given to problems concerning the existence, uniqueness, and stability
of solutions of partial differential equations. These studies involved not
only the Laplace equation, but the wave and diffusion equations as well,
and were eventually extended to partial differential equations with variable
coeflicients. Through the years, tremendous progress has been made on
the general theory of ordinary and partial differential equations. With the
advent of new ideas and methods, new results and applications, both an-
alytical and numerical studies are continually being added to this subject.
Partial differential equations have been the subject of vigorous mathemat-
ical research for over three centuries and remain so today. This is an active
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area of research for mathematicians and scientists. In part, this is moti-
vated by the large number of problems in partial differential equations that
mathematicians, scientists, and engineers are faced with that are seemingly
intractable. Many of these equations are nonlinear and come from such
areas of applications as fluid mechanics, plasma physics, nonlinear optics,
solid mechanics, biomathematics, and quantum field theory. Owing to the
ever increasing need in mathematics, science, and engineering to solve more
and more complicated real world problems, it seems quite likely that partial
differential equations will remain a major area of research for many years
to come.

1.2 Basic Concepts and Definitions

A differential equation that contains, in addition to the dependent variable
and the independent variables, one or more partial derivatives of the de-
pendent variable is called a partial differential equation. In general, it may
be written in the form

Fzy, o U Uy Uy, e ey U, Uy - <) = 0, (1.2.1)
involving several independent variables z, y, ..., an unknown function u of
these variables, and the partial derivatives uz, uy, ..., Uzg, Ugy, - .., Of the

function. Subscripts on dependent variables denote differentiations, e.g.,
uy = Ou/0w, Uyy = 0 /Oy Ox.

Here equation (1.2.1) is considered in a suitable domain D of the n-
dimensional space R™ in the independent variables z, y, . ... We seek func-
tions u = u (x,y,...) which satisfy equation (1.2.1) identically in D. Such
functions, if they exist, are called solutions of equation (1.2.1). From these
many possible solutions we attempt to select a particular one by introducing
suitable additional conditions.

For instance,

Ulgy + uy =y,
Uga + 2YUgy + 30Uy, = 4sinz, (1.2.2)
2 2
(uz) + (uy> =1,
Ugy — Uyy = 0,
are partial differential equations. The functions
3

u(z,y) = (z+y)",

u(x,y) =sin(z —y),

are solutions of the last equation of (1.2.2), as can easily be verified.
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The order of a partial differential equation is the order of the highest-
ordered partial derivative appearing in the equation. For example

Ugg + 2TUgy + Uyy = €Y
is a second-order partial differential equation, and
Ugzy + TUyy + B8u =Ty

is a third-order partial differential equation.

A partial differential equation is said to be linear if it is linear in the
unknown function and all its derivatives with coefficients depending only
on the independent variables; it is said to be quasi-linear if it is linear in
the highest-ordered derivative of the unknown function. For example, the
equation

Ylzg + 2TYUyy +u =1
is a second-order linear partial differential equation, whereas
UgUgy + TUU, = SiDY

is a second-order quasi-linear partial differential equation. The equation
which is not linear is called a nonlinear equation.

We shall be primarily concerned with linear second-order partial dif-
ferential equations, which frequently arise in problems of mathematical
physics. The most general second-order linear partial differential equation
in n independent variables has the form

i Al-jumim]. + i Biumi + Fu = G, (123)
i=1

i,j=1

where we assume without loss of generality that A;; = A;;. We also assume
that B;, F', and G are functions of the n independent variables x;.

If G is identically zero, the equation is said to be homogeneous; otherwise
it is nonhomogeneous.

The general solution of a linear ordinary differential equation of nth or-
der is a family of functions depending on n independent arbitrary constants.
In the case of partial differential equations, the general solution depends on
arbitrary functions rather than on arbitrary constants. To illustrate this,
consider the equation

Ugy = 0.
If we integrate this equation with respect to y, we obtain

ug (2,y) = f(2) .
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A second integration with respect to z yields

u(z,y) =g(x)+h(y),

where ¢ (x) and h (y) are arbitrary functions.
Suppose u is a function of three variables, x, y, and z. Then, for the
equation
=2

Uyy = 4

one finds the general solution

u (2,9, 2) :y2+yf(x,z)+g(a:,z),

where f and g are arbitrary functions of two variables x and z.

We recall that in the case of ordinary differential equations, the first task
is to find the general solution, and then a particular solution is determined
by finding the values of arbitrary constants from the prescribed conditions.
But, for partial differential equations, selecting a particular solution satis-
fying the supplementary conditions from the general solution of a partial
differential equation may be as difficult as, or even more difficult than, the
problem of finding the general solution itself. This is so because the gen-
eral solution of a partial differential equation involves arbitrary functions;
the specialization of such a solution to the particular form which satis-
fies supplementary conditions requires the determination of these arbitrary
functions, rather than merely the determination of constants.

For linear homogeneous ordinary differential equations of order n, a
linear combination of n linearly independent solutions is a solution. Unfor-
tunately, this is not true, in general, in the case of partial differential equa-
tions. This is due to the fact that the solution space of every homogeneous
linear partial differential equation is infinite dimensional. For example, the
partial differential equation

Uy — Uy = 0 (1.2.4)
can be transformed into the equation
2u, =0
by the transformation of variables
E=z+y, n=z—y.
The general solution is
u(z,y) = f(z+y),

where f(x+y) is an arbitrary function. Thus, we see that each of the
functions
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(z+y)",
sinn (x +y),
cosn(x+y),
expn(z+y), n=1,2,3,...

is a solution of equation (1.2.4). The fact that a simple equation such as
(1.2.4) yields infinitely many solutions is an indication of an added difficulty
which must be overcome in the study of partial differential equations. Thus,
we generally prefer to directly determine the particular solution of a partial
differential equation satisfying prescribed supplementary conditions.

1.3 Mathematical Problems

A problem consists of finding an unknown function of a partial differential
equation satisfying appropriate supplementary conditions. These conditions
may be initial conditions (I1.C.) and/or boundary conditions (B.C.). For ex-
ample, the partial differential equation (PDE)

Up — Ugy = 0, O<z<l, t>0,

with LC. wu(z,0)=sinz, 0<z<I, t>0,
B.C. w(0,t) =0, >0,

B.C. wu(l,t)=0, t>0,

constitutes a problem which consists of a partial differential equation and
three supplementary conditions. The equation describes the heat conduc-
tion in a rod of length [. The last two conditions are called the boundary
conditions which describe the function at two prescribed boundary points.
The first condition is known as the initial condition which prescribes the
unknown function u (z,t) throughout the given region at some initial time
t, in this case t = 0. This problem is known as the initial boundary-value
problem. Mathematically speaking, the time and the space coordinates are
regarded as independent variables. In this respect, the initial condition is
merely a point prescribed on the t-axis and the boundary conditions are
prescribed, in this case, as two points on the x-axis. Initial conditions are
usually prescribed at a certain time ¢t = tg or ¢ = 0, but it is not customary
to consider the other end point of a given time interval.

In many cases, in addition to prescribing the unknown function, other
conditions such as their derivatives are specified on the boundary and/or
at time tg.

In considering the problem of unbounded domain, the solution can be
determined uniquely by prescribing initial conditions only. The correspond-
ing problem is called the initial-value problem or the Cauchy problem. The
mathematical definition is given in Chapter 5. The solution of such a prob-



16 1 Introduction

lem may be interpreted physically as the solution unaffected by the bound-
ary conditions at infinity. For problems affected by the boundary at infinity,
boundedness conditions on the behavior of solutions at infinity must be pre-
scribed.

A mathematical problem is said to be well-posed if it satisfies the fol-
lowing requirements:

1. Existence: There is at least one solution.
2. Uniqueness: There is at most one solution.
3. Continuity: The solution depends continuously on the data.

The first requirement is an obvious logical condition, but we must keep in
mind that we cannot simply state that the mathematical problem has a
solution just because the physical problem has a solution. We may well be
erroneously developing a mathematical model, say, consisting of a partial
differential equation whose solution may not exist at all. The same can be
said about the uniqueness requirement. In order to really reflect the physical
problem that has a unique solution, the mathematical problem must have
a unique solution.

For physical problems, it is not sufficient to know that the problem has
a unique solution. Hence the last requirement is not only useful but also
essential. If the solution is to have physical significance, a small change in
the initial data must produce a small change in the solution. The data in a
physical problem are normally obtained from experiment, and are approxi-
mated in order to solve the problem by numerical or approximate methods.
It is essential to know that the process of making an approximation to the
data produces only a small change in the solution.

1.4 Linear Operators

An operator is a mathematical rule which, when applied to a function,
produces another function. For example, in the expressions

0%u  O%u
Llul = 522 * 52

2
M[u]:au_au ou

92 ax "oy’
L = (0?/02® + 9%/0y?) and M = (0?/02? — 0/0x) + x (9/dy) are called

the differential operators.
An operator is said to be linear if it satisfies the following:

1. A constant ¢ may be taken outside the operator:

Lcu] = cL[u]. (1.4.1)
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2. The operator operating on the sum of two functions gives the sum of
the operator operating on the individual functions:

Luy +us] = L{ug] + L[us]. (1.4.2)
We may combine (1.4.1) and (1.4.2) as
L [clul —+ CQUQ] = ClL [Ul] + CQL [UQ] 5 (143)

where ¢; and ¢y are any constants. This can be extended to a finite
number of functions. If uy, ug, ..., uy are k functions and ¢y, co, ..., &
are k constants, then by repeated application of equation (1.4.3)

k

L Z Ciuj| = Z CjL [u]} . (144)

j=1 j=1

We may now define the sum of two linear differential operators formally.
If L and M are two linear operators, then the sum of L and M is defined
as

(L+M)[u] =L+ M lu, (1.4.5)

where v is a sufficiently differentiable function. It can be readily shown
that L + M is also a linear operator.

The product of two linear differential operators L and M is the operator
which produces the same result as is obtained by the successive operations
of the operators L and M on u, that is,

LM [u] = L (M [u]), (1.4.6)

in which we assume that M [u] and L (M [u]) are defined. It can be readily
shown that LM is also a linear operator.
In general, linear differential operators satisfy the following:

1. L+M=M+L (commutative) (1.4.7)
2. (L+ M)+ N=L+(M+ N) (associative) (1.4.8)
3. (LM)N =L(MN) (associative) (1.4.9)
4. L(ciM + caN) =1 LM + co LN (distributive) . (1.4.10)
For linear differential operators with constant coefficients,
5. LM =ML (commutative). (1.4.11)

FExample 1.4.1. Let L = 86722 era% and M = 88722 — ya%.
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BE o\ [(0%u  Ou
LM =z
] = (3 2 +x5y) (f)y y8y>

T PR
© 0x20y? yax2ay oy’ yayQ’

0?2 0 0% ou
ML) = <3y yay) (WJF%:L/)

O i P3u u - 0%u
-~ 0y20x2 Ay3 y8y8x2 y8y2’
which shows that LM # ML.

Now let us consider a linear second-order partial differential equation.
In the case of two independent variables, such an equation takes the form

A(@,y) tax + B (2,y) tay + C (,y) uyy

where A, B, C, D, E, and F are the coefficients, and G is the nonhomoge-
neous term.
If we denote

02 02 02 0 0
L=Ags+ By g+ Cynt Dy + Eg 4 F,

then equation (1.4.12) may be written in the form
L] =G. (1.4.13)
Very often the square bracket is omitted and we simply write
Lu=G.
Let vy, vg, ..., v, be n functions which satisfy
L [vj] = Gy, j=12,...,n
and let wy, ws, ..., w, be n functions which satisfy
L [w;] =0, i=12....n

If we let
Uj = ’Uj + wj

then, the function



1.4 Linear Operators 19

satisfies the equation

This is called the principle of linear superposition.

In particular, if v is a particular solution of equation (1.4.13), that is,
L [v] = G, and w is a solution of the associated homogeneous equation, that
is, L [w] = 0, then u = v + w is a solution of L [u] = G.

The principle of linear superposition is of fundamental importance in
the study of partial differential equations. This principle is used extensively
in solving linear partial differential equations by the method of separation
of variables.

Suppose that there are infinitely many solutions u; (z,y), ua (z,y), ...
U (z,y), ... of a linear homogeneous partial differential equation Lu = 0.
Can we say that every infinite linear combination cyuq +cous + -+ -+, +

- of these solutions, where ¢y, co, ..., ¢y, ... are any constants, is again
a solution of the equation? Of course, by an infinite linear combination, we
mean an infinite series and we must require that the infinite series

Z CL UL = nh_)néo Z C U, (1.4.14)
k=0 k=0

must be convergent to u. In general, we state that the infinite series is a
solution of the homogeneous equation.

There is another kind of infinite linear combination which is also used
to find the solution of a given linear equation. This is concerned with a
family of solutions u (x,y; k) of the linear equation, where k is any real
number, not just the values 1,2,3,.... If ¢, = ¢ (k) is any function of the
real parameter k such that

b oo
/ c(k) u(z,y; k) dk  or /_ c(k) u(z,y; k) dk  (1.4.15)

is convergent, then, under suitable conditions, the integral (1.4.15), again,
is a solution. This may be called the linear integral superposition principle.
To illustrate these ideas, we consider the equation

Lu = uy + 2u, = 0. (1.4.16)
It is easy to verify that, for every real k, the function
u(z,y; k) = ey (1.4.17)

is a solution of (1.4.16).
Multiplying (1.4.17) by e~* and integrating with respect to k over —1 <
k <1 gives
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- k(2x—1) e?r—v—t
= refErTY dk = ———— 1.4.18
u@w) = [ e e (1418)

It is easy to verify that u (z, y) given by (1.4.18) is also a solution of (1.4.16).
It is also easy to verify that w(z,y; k) = e " cos(kx), k € R is a
one-parameter family of solutions of the Laplace equation

VU = Ugy + Uy = 0 (1.4.19)

It is also easy to check that

v(z,y; k) = o-u(z,y; k) (1.4.20)

9
ok
is also a one-parameter family of solutions of (1.4.19), k € R. Further, for
any (z,y) in the upper half-plane y > 0, the integral

v(:v,y)E/ u(z,y, k) dk:/ e cos (kx) dk, (1.4.21)
0 0

is convergent, and v (z,y) is a solution of (1.4.19) for z € R and y > 0.
This follows from direct computation of v, and vy,. The solution (1.4.21)
is another example of the linear integral superposition principle.

1.5 Superposition Principle

We may express supplementary conditions using the operator notation. For
instance, the initial boundary-value problem

Ugp — gy = G (2,8)  0<z <, t>0,
u(z,0) =g () 0<z<l,
w (2,0) = g2 (x) 0<z<l, (1.5.1)
u(0,t) = g3 (t) t>0,
u(l,t) =ga (1) >0,

may be written in the form

Lu] =G,
M [u] = g1,
M [u] = go, (1.5.2)
Mj [u] = g3,
My [u] = g4,

where g; are the prescribed functions and the subscripts on operators are
assigned arbitrarily.



1.5 Superposition Principle 21

Now let us consider the problem

Lu] =G,
M [u] = g1,
M [u] = g2, (1.5.3)
My, [u] = gp.

By virtue of the linearity of the equation and the supplementary condi-
tions, we may divide problem (1.5.3) into a series of problems as follows:

Lu] =G,
M1 [Ul] = 0,
M2 [ul] = O, (154)
Mn [Ul] = 0,

L [’U,g} = O7
My [ug] = g1,
My [ug] = 0, (1.5.5)
Mn [UQ} - 07

Lu,] =0,
Ml [un] = 07
Ms [un] =0, (1.5.6)
M, [Un] = Jgn-

Then the solution of problem (1.5.3) is given by

u = z”: Uj. (1.5.7)
i=1

Let us consider one of the subproblems, say, (1.5.5). Suppose we find a
sequence of functions ¢1,¢9, ..., which may be finite or infinite, satisfying
the homogeneous system
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L{¢:] =0,
Ms [¢;] = 0, (1.5.8)
M, [¢;] =0, i=1,2,3,...
and suppose we can express g1 in terms of the series
g1 = 1My [¢1] + oMy [Pa] + .. .. (1.5.9)
Then the linear combination
Up = c1¢01 + cadpa + ..., (1.5.10)

is the solution of problem (1.5.5). In the case of an infinite number of terms
in the linear combination (1.5.10), we require that the infinite series be
uniformly convergent and sufficiently differentiable, and that all the series
Ny (u;) where No = L, N; = M, for j =1, 2, ..., n convergence uniformly.

1.6 Exercises
1. For each of the following, state whether the partial differential equa-

tion is linear, quasi-linear or nonlinear. If it is linear, state whether it
is homogeneous or nonhomogeneous, and gives its order.

(a) Ugy + zUYy =¥, (b) uuy — 2zyu, =0,

(¢) uf +uuy =1, (d) Uazaa + 2Uaayy + Uyyyy =0,
(€) Ugy + 2Ugy + uyy =sinz, (f) Ugze + Ugyy +logu =0,

(g) u2, +u2 +sinu = eY, (h) ws + uuy + Ugze = 0.

2. Verify that the functions

u(z,y) =a? —y?
u(z,y) = e siny
u(z,y) = 2xy

are the solutions of the equation
Ugg + Uyy = 0.

3. Show that u = f (zy), where f is an arbitrary differentiable function
satisfies
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11.
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TUy — YUy = 0

and verify that the functions sin (zy), cos (xy), log (zy), ¥, and (my)?’
are solutions.

Show that w = f (x) g (y) where f and g are arbitrary twice differen-
tiable functions satisfies

Ulgy — Ugly = 0.

Determine the general solution of the differential equation

Uyy +u = 0.
Find the general solution of

Upy + Uy = 0,
by setting u, = v.
Find the general solution of

Uy — Mgy + 3Uyy = 0,

by assuming the solution to be in the form u (x,y) = f (Ax + y), where
A is an unknown parameter.

Find the general solution of
Ugy — Uyy = 0.
Show that the general solution of

Pu 0%

w2 Carm "

is u(x,t) = f(z—ct) + g(x+ct), where f and g are arbitrary twice
differentiable functions.

Verify that the function

)
w=o(ay) +av (2),
is the general solution of the equation
x2um — y2uyy =0.

If uy = vy and v, = —uy, show that both u and v satisfy the Laplace
equations

V2u=0 and VZv=0.
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12.

13.

14.

15.

16.
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If u (z,y) is a homogeneous function of degree n, show that u satisfies

the first-order equation
LUy + YUy = NU.

Verify that

u(z,y,t) = Acos (kz) cos (ly) cos (nct) + B sin (kx) sin (ly) sin (nct) ,

where k2 4 1% = n?2, is a solution of the equation
gy = ¢ (Ugg + Uyy) -
Show that
w(x,y k) =e ®sin(kxr), zeR, y>0,
is a solution of the equation
ViU = ugy + Uyy =0

for any real parameter k. Verify that

u(z,y) = /OOO c(k) e sin (kx) dk

is also a solution of the above equation.
Show, by differentiation that,

u(x,t) =

1‘2
exp (_4kt>7 J)ER, t>0,

1
Varkt

is a solution of the diffusion equation
Uty = kuxmy

where k is a constant.

(a) Verify that

u(z,y) = log (vx2 + y2) ;
satisfies the equation
Uggy + Uyy = 0

for all (z,y) # (0,0).
(b) Show that
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u(z,y,2) = (22 +9y° + 22)_%
is a solution of the Laplace equation
Uggy + Uyy + Uz, =0
except at the origin.
(c) Show that
u(r)=ar"”
satisfies the equation
r?u’ +2rd —n(n+1)u=0.
Show that
Uy (r,0) = 1" cos (nd) and wuy, (r,0) =r"sin(nf), n=0,1,2,3,---
are solutions of the Laplace equation
Viu= Upy + lur+ %ueg =0.
r r
Verify by differentiation that u (x,y) = cos  cosh y satisfies the Laplace
equation
Ugg + Uyy = 0.

Show that u (z,y) = f (2y +2?) 4+ g (2y — 2?) is a general solution of
the equation

1 2
um—guw—m Uyy = 0.

If u satisfies the Laplace equation V2u = gy +u,, = 0, show that both
zu and yu satisfy the biharmonic equation

Tu

\% =0,

Yyu
but zu and yu will not satisfy the Laplace equation.
Show that

u(z,y,t) = f(z+iky —iwt) + g (x — iky — iwt)
is a general solution of the wave equation
Ut = € (Ugg + Uyy) »

where f and g are arbitrary twice differentiable functions, and w? =
¢® (k* = 1), k, w, ¢ are constants.
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22.

23.

24.

25.
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Verify that

u(x,y) = x® + y? + €* (cos x sin y cosh y — sin 2 cos y sinh )

is a classical solution of the Poisson equation

Uy + Uyy = (62 +2).
Show that

(o) = exp (~2) f ez — )
satisfies the equation
buy +auy +u=0.

Show that

Ut — gy + 2bug = 0
has solutions of the form

u(x,t) = (Acoskx + Bsinkx) V (t),

where ¢, b, A and B are constants.

Show that
(e 5)
|\ Upr + —Up | —uy =0
T

has solutions of the form

Vi(r)

u(r,t) =

Find a differential equation for V (r).

cos (nct) n=0,1,2,....
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First-Order, Quasi-Linear Equations and
Method of Characteristics

“As long as a branch of knowledge offers an abundance of problems, it is
full of vitality.”

David Hilbert

“Since a general solution must be judged impossible from want of analysis,
we must be content with the knowledge of some special cases, and that all
the more, since the development of various cases seems to be the only way
to bringing us at last to a more perfect knowledge.”

Leonhard Euler

2.1 Introduction

Many problems in mathematical, physical, and engineering sciences deal
with the formulation and the solution of first-order partial differential equa-
tions. From a mathematical point of view, first-order equations have the
advantage of providing a conceptual basis that can be utilized for second-,
third-, and higher-order equations.

This chapter is concerned with first-order, quasi-linear and linear partial
differential equations and their solution by using the Lagrange method of
characteristics and its generalizations.

2.2 Classification of First-Order Equations

The most general, first-order, partial differential equation in two indepen-
dent variables z and y is of the form
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F(z,y,u,ug, uy) =0, (r,y) € D C R?, (2.2.1)

where F is a given function of its arguments, and u = u (x, y) is an unknown
function of the independent variables z and y which lie in some given do-
main D in R?, u, = g—; and u, = g—;. Equation (2.2.1) is often written in
terms of standard notation p = u, and ¢ = u, so that (2.2.1) takes the
form

Similarly, the most general, first-order, partial differential equation in
three independent variables x, y, z can be written as

F(;v,y,z,u7uz7uy,uz) =0. (223)

Equation (2.2.1) or (2.2.2) is called a quasi-linear partial differential
equation if it is linear in first-partial derivatives of the unknown function
u (z,y). So, the most general quasi-linear equation must be of the form

a (xvyvu) Uy + b (.13, Z/7U) Uy = C(.TJ, yvu)v (224)

where its coefficients a, b, and ¢ are functions of z, y, and u.
The following are examples of quasi-linear equations:

z(y® +u)uy —y (2® +u)uy = (22 —y?) v, (2.2.5)
Uty + up + nu* =0, (2.2.6)
(y2 — u2) Uy — TY Uy = TU. (2.2.7)

Equation (2.2.4) is called a semilinear partial differential equation if its
coefficients a and b are independent of u, and hence, the semilinear equation
can be expressed in the form

a(a:,y) Uy +b(3§,y) Uy = C(xay7u)' (228)

Examples of semilinear equations are

TUg + YUy = u? 4 22, (2.2.9)
@+ 1% up + (y— 1) uy = (2 + )’ (2.2.10)
g + aug +u? =0, (2.2.11)

where @ is a constant.

Equation (2.2.1) is said to be linear if F' is linear in each of the variables
U, Uy, and u,, and the coefficients of these variables are functions only of the
independent variables x and y. The most general, first-order, linear partial
differential equation has the form

a(z,y)ug +b(z,y)uy +c(z,y)u=d(z,y), (2.2.12)
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where the coefficients a, b, and ¢, in general, are functions of z and y and
d(x,y) is a given function. Unless stated otherwise, these functions are
assumed to be continuously differentiable. Equations of the form (2.2.12)
are called homogeneous if d (x,y) = 0 or nonhomogeneous if d (x,y) # 0.

Obviously, linear equations are a special kind of the quasi-linear equa-
tion (2.2.4) if a, b are independent of u and c is a linear function in wu.
Similarly, semilinear equation (2.2.8) reduces to a linear equation if ¢ is
linear in w.

Examples of linear equations are

LUz + Yyuy —nu = 0, (2.2.13)

nug + (. +y) uy —u = e*, (2.2.14)

YUy + TUy = TY, (2.2.15)

(y—2)us + (2 —2z)uy + (. —y)u, = 0. (2.2.16)

An equation which is not linear is often called a nonlinear equation. So,
first-order equations are often classified as linear and nonlinear.

2.3 Construction of a First-Order Equation

We consider a system of geometrical surfaces described by the equation
f(z,y,2,a,b) =0, (2.3.1)

where a and b are arbitrary parameters. We differentiate (2.3.1) with respect
to x and y to obtain

fotpf-=0,  fy+af:=0, (2.32)

where p = % and ¢ = g—;.
The set of three equations (2.3.1) and (2.3.2) involves two arbitrary
parameters a and b. In general, these two parameters can be eliminated

from this set to obtain a first-order equation of the form
F(z,y,2p,q) = 0. (2.3.3)

Thus the system of surfaces (2.3.1) gives rise to a first-order partial dif-
ferential equation (2.3.3). In other words, an equation of the form (2.3.1)
containing two arbitrary parameters is called a complete solution or a com-
plete integral of equation (2.3.3). Its role is somewhat similar to that of a
general solution for the case of an ordinary differential equation.

On the other hand, any relationship of the form

f(6,4) =0, (2.3.4)
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which involves an arbitrary function f of two known functions ¢ = ¢ (z, y, 2)
and ¥ = ¢ (x,y, z) and provides a solution of a first-order partial differential
equation is called a general solution or general integral of this equation.
Clearly, the general solution of a first-order partial differential equation
depends on an arbitrary function. This is in striking contrast to the situation
for ordinary differential equations where the general solution of a first-
order ordinary differential equation depends on one arbitrary constant. The
general solution of a partial differential equation can be obtained from
its complete integral. We obtain the general solution of (2.3.3) from its
complete integral (2.3.1) as follows.

First, we prescribe the second parameter b as an arbitrary function of
the first parameter a in the complete solution (2.3.1) of (2.3.3), that is,
b = b(a). We then consider the envelope of the one-parameter family of
solutions so defined. This envelope is represented by the two simultaneous
equations

f(x’ y’ Z’ a7b(a))
Jfa (xvya Z, a, b(a)) + /o (.CE, Y, %, b(a)) v (a) =

0, (2.3.5)

, (2.3.6)
where the second equation (2.3.6) is obtained from the first equation (2.3.5)
by partial differentiation with respect to a. In principle, equation (2.3.5) can

be solved for a = a (x,y, z) as a function of z, y, and z. We substitute this
result back in (2.3.5) to obtain

fz,y,z,a(z,y,2), bla(x,y,2))} =0, (2.3.7)

where b is an arbitrary function. Indeed, the two equations (2.3.5) and
(2.3.6) together define the general solution of (2.3.3). When a definite b (a)
is prescribed, we obtain a particular solution from the general solution.
Since the general solution depends on an arbitrary function, there are in-
finitely many solutions. In practice, only one solution satisfying prescribed
conditions is required for a physical problem. Such a solution may be called
a particular solution.

In addition to the general and particular solutions of (2.3.3), if the enve-
lope of the two-parameter system (2.3.1) of surfaces exists, it also represents
a solution of the given equation (2.3.3); the envelope is called the singular
solution of equation (2.3.3). The singular solution can easily be constructed
from the complete solution (2.3.1) representing a two-parameter family of
surfaces. The envelope of this family is given by the system of three equa-
tions

f (x7y7z7aa b) = 07 fa ($7yazva”b) = 07 fb (x7yazaa?b) =0. (238)

In general, it is possible to eliminate a and b from (2.3.8) to obtain
the equation of the envelope which gives the singular solution. It may be
pointed out that the singular solution cannot be obtained from the general
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solution. Its nature is similar to that of the singular solution of a first-order
ordinary differential equation.

Finally, it is important to note that solutions of a partial differential
equation are expected to be represented by smooth functions. A function
is called smooth if all of its derivatives exist and are continuous. However,
in general, solutions are not always smooth. A solution which is not ev-
erywhere differentiable is called a weak solution. The most common weak
solution is the one that has discontinuities in its first partial derivatives
across a curve, so that the solution can be represented by shock waves as
surfaces of discontinuity. In the case of a first-order partial differential equa-
tion, there are discontinuous solutions where z itself and not merely p = %
and ¢ = g—; are discontinuous. In fact, this kind of discontinuity is usually
known as a shock wave. An important feature of quasi-linear and nonlinear
partial differential equations is that their solutions may develop disconti-
nuities as they move away from the initial state. We close this section by
considering some examples.

Example 2.3.1. Show that a family of spheres
P4+ (z—c) =12 (2.3.9)
satisfies the first-order linear partial differential equation
yp —xq = 0. (2.3.10)
Differentiating the equation (2.3.9) with respect to z and y gives
x+p(z—c)=0 and y+q(z—c)=0.

Eliminating the arbitrary constant ¢ from these equations, we obtain the
first-order, partial differential equation

yp —xq = 0.
Example 2.3.2. Show that the family of spheres
(z—a)’ +(@y—0b)>+22=r? (2.3.11)
satisfies the first-order, nonlinear, partial differential equation
2P+ +1) =r% (2.3.12)

We differentiate the equation of the family of spheres with respect to x
and y to obtain

(x—a)+zp=0, (y—>b)+zq=0.

Eliminating the two arbitrary constants a and b, we find the nonlinear
partial differential equation
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52 (p2+q2 + 1) — 2

All surfaces of revolution with the z-axis as the axis of symmetry satisfy
the equation

z=f(2®+y?), (2.3.13)

where f is an arbitrary function. Writing v = 22 + y? and differentiating
(2.3.13) with respect to  and y, respectively, we obtain

p=2xf (u), q=2yf" (u).

Eliminating the arbitrary function f (u) from these results, we find the
equation

yp —xq = 0.

Theorem 2.3.1. If ¢ = ¢ (x,y,2) and ¥ = ¢ (x,y, z) are two given func-
tions of z, y, and z and if f (¢, 1) = 0, where f is an arbitrary function of ¢
and 1, then z = z (x,y) satisfies a first-order, partial differential equation

d(¢,) (o, 0)  9(9,0)
P a2 1oz 9@y (2.3.14)
where
(d,0) | bu ¢y
d(x,y) |z ty| (2.3.15)

Proof. We differentiate f (¢, 1) = 0 with respect to x and y respectively
to obtain the following equations:

af (0¢ ¢ of (oY o\
9 (ax +paz> o (a *paz) =0 (2:3.16)
af (0¢ o of (oY o\
9 <ay * qaz> * 90 (ay * qaz> =0 (2:3.17)

Nontrivial solutions for % and g—jj) can be found if the determinant of

the coefficients of these equations vanishes, that is,

Gz + 0Pz Yo + P2
¢y +qo. % + qi,

Expanding this determinant gives the first-order, quasi-linear equation
(2.3.14).

= 0. (2.3.18)
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2.4 Geometrical Interpretation of a First-Order
Equation

To investigate the geometrical content of a first-order, partial differential
equation, we begin with a general, quasi-linear equation

a(z,y,u)us +b(x,y,u)uy —c(z,y,u) =0. (2.4.1)

We assume that the possible solution of (2.4.1) in the form u = u (z,y)
or in an implicit form

fr,y,u)=u(z,y) —u=0 (2.4.2)

represents a possible solution surface in (z,y,u) space. This is often called
an integral surface of the equation (2.4.1). At any point (z,y,u) on the
solution surface, the gradient vector Vf = (fy, fy, fu) = (ug,uy,—1) is
normal to the solution surface. Clearly, equation (2.4.1) can be written as
the dot product of two vectors

aty +buy, —c=(a,b,¢c) - (ug,uy —1) =0. (2.4.3)

This clearly shows that the vector (a,b, ) must be a tangent vector of
the integral surface (2.4.2) at the point (x,y,u), and hence, it determines
a direction field called the the characteristic direction or Monge azis. This
direction is of fundamental importance in determining a solution of equation
(2.4.1). To summarize, we have shown that f (z,y,u) = u(z,y) —u = 0,
as a surface in the (z,y,u)-space, is a solution of (2.4.1) if and only if the
direction vector field (a, b, ¢) lies in the tangent plane of the integral surface
f(z,y,u) = 0 at each point (z,y,u), where V[ # 0, as shown in Figure
2.4.1.

A curve in (z,y, u)-space, whose tangent at every point coincides with
the characteristic direction field (a,b,c), is called a characteristic curve. If
the parametric equations of this characteristic curve are

r=xz(), y=y@t), u=u(), (2.4.4)

de dy du
dt?’ dt’ dt

to (a, b, c). Therefore, the system of ordinary differential equations of the
characteristic curve is given by

then the tangent vector to this curve is ( ) which must be equal

d d d

T=alwyu), =blyw), T=c@yu).  (245)
These are called the characteristic equations of the quasi-linear equation
(2.4.1).
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u

(a,b,¢)

X

Figure 2.4.1 Tangent and normal vector fields of solution surface at a point
(z,y,u).

In fact, there are only two independent ordinary differential equations
in the system (2.4.5); therefore, its solutions consist of a two-parameter
family of curves in (z,y, u)-space.

The projection on u = 0 of a characteristic curve on the (z,t)-plane is
called a characteristic base curve or simply characteristic.

Equivalently, the characteristic equations (2.4.5) in the nonparametric
form are

ar _dy _ au (2.4.6)

The typical problem of solving equation (2.4.1) with a prescribed u on
a given plane curve C is equivalent to finding an integral surface in (z,y, u)
space, satisfying the equation (2.4.1) and containing the three-dimensional
space curve I defined by the values of u on C, which is the projection on
u=0of I

Remark 1. The above geometrical interpretation can be generalized for
higher-order partial differential equations. However, it is not easy to visu-
alize geometrical arguments that have been described for the case of three
space dimensions.

Remark 2. The geometrical interpretation is more complicated for the case
of nonlinear partial differential equations, because the normals to possible
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solution surfaces through a point do not lie in a plane. The tangent planes
no longer intersect along one straight line, but instead, they envelope along
a curved surface known as the Monge cone. Any further discussion is beyond
the scope of this book.

We conclude this section by adding an important observation regarding
the nature of the characteristics in the (x,t)-plane. For a quasi-linear equa-
tion, characteristics are determined by the first two equations in (2.4.5)
with their slopes

dy _ blwyu) (2.4.7)
de  a(z,y,u)
If (2.4.1) is a linear equation, then a and b are independent of u, and the
characteristics of (2.4.1) are plane curves with slopes

dy _ b(z,y)
dr  a(z,y)

(2.4.8)

By integrating this equation, we can determine the characteristics which
represent a one-parameter family of curves in the (x,t)-plane. However, if
a and b are constant, the characteristics of equation (2.4.1) are straight
lines.

2.5 Method of Characteristics and General Solutions

We can use the geometrical interpretation of first-order, partial differential
equations and the properties of characteristic curves to develop a method
for finding the general solution of quasi-linear equations. This is usually
referred to as the method of characteristics due to Lagrange. This method
of solution of quasi-linear equations can be described by the following result.

Theorem 2.5.1. The general solution of a first-order, quasi-linear partial
differential equation

a(z,y,u)uy +b(x,y,u)uy, = c(z,y,u) (2.5.1)
is
f(¢,4) =0, (2.5.2)

where f is an arbitrary function of ¢ (z,y,u) and ¢ (z,y,u), and ¢ =
constant = ¢; and ¥ = constant = ¢, are solution curves of the charac-
teristic equations

dr dy du

= =2 =, 2.5.3

a b c ( )

The solution curves defined by ¢ (z,y,u) = ¢; and ¢ (x,y,u) = ¢ are

called the families of characteristic curves of equation (2.5.1).
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Proof. Since ¢ (z,y,u) = ¢; and ¢ (x, y, u) = ¢ satisfy equations (2.5.3),
these equations must be compatible with the equation

dp = ¢ppdx + ¢ydy + ¢,du = 0. (2.5.4)
This is equivalent to the equation
a gy +boy +cp, =0. (2.5.5)
Similarly, equation (2.5.3) is also compatible with
ay + by +cip, = 0. (2.5.6)

We now solve (2.5.5), (2.5.6) for a, b, and ¢ to obtain

a b c
3w) . b)) | 0ed) (2.5.7)
I(y,u) 3 (u,x) a(z,y)

It has been shown earlier that f (¢,1) = 0 satisfies an equation similar to
(2.3.14), that is,

(6.0) ,  0(00) _ 9(6.0) (2.58)

(yu) 7 O(w,z)  O(w,y)

Substituting, (2.5.7) in (2.5.8), we find that f(¢,%) = 0 is a solution of
(2.5.1). This completes the proof.

Note that an analytical method has been used to prove Theorem 2.5.1.
Alternatively, a geometrical argument can be used to prove this theorem.
The geometrical method of proof is left to the reader as an exercise.

Many problems in applied mathematics, science, and engineering involve
partial differential equations. We seldom try to find or discuss the properties
of a solution to these equations in its most general form. In most cases of
interest, we deal with those solutions of partial differential equations which
satisfy certain supplementary conditions. In the case of a first-order partial
differential equation, we determine the specific solution by formulating an
initial-value problem or a Cauchy problem.

P
)

Theorem 2.5.2. (The Cauchy Problem for a First-Order Partial Differen-
tial Equation). Suppose that C' is a given curve in the (x,y)-plane with its
parametric equations

z=w0(t), y=yol(t), (2.5.9)

where t belongs to an interval I C R, and the derivatives z( (t) and y; (t) are
piecewise continuous functions, such that (m6)2 + (y6)2 = 0. Also, suppose
that w = wg (¢) is a given function on the curve C. Then, there exists a
solution u = u (x,y) of the equation
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F (2,9, u, ug, uy) = 0 (2.5.10)

in a domain D of R? containing the curve C for all ¢ € I, and the solution
u (xz,y) satisfies the given initial data, that is,

w(zo (), 90 (t)) = ugp (t) (2.5.11)

for all values of t € I.

In short, the Cauchy problem is to determine a solution of equation
(2.5.10) in a neighborhood of C, such that the solution u = u (z,y) takes a
prescribed value ug (¢) on C. The curve C is called the initial curve of the
problem, and g (¢) is called the initial data. Equation (2.5.11) is called the
initial condition of the problem.

The solution of the Cauchy problem also deals with such questions as
the conditions on the functions F, zq (t), yo (t), and ug (¢) under which a
solution exists and is unique.

We next discuss a method for solving a Cauchy problem for the first-
order, quasi-linear equation (2.5.1). We first observe that geometrically
x = zo(t), y = yo(t), and u = wug () represent an initial curve I" in
(z,y,u)-space. The curve C, on which the Cauchy data is prescribed, is
the projection of I" on the (x,y)-plane. We now present a precise formula-
tion of the Cauchy problem for the first-order, quasi-linear equation (2.5.1).

Theorem 2.5.3. (The Cauchy Problem for a Quasi-linear Equation). Sup-
pose that g (t), yo (t), and ug () are continuously differentiable functions
of t in a closed interval, 0 < ¢t < 1, and that a, b, and ¢ are functions of
x, y, and u with continuous first-order partial derivatives with respect to
their arguments in some domain D of (z,y, u)-space containing the initial
curve

I':z=x0(t), y=wyo(t), u=uo(t), (2.5.12)
where 0 <t < 1, and satisfying the condition
Yo () a(zo (t) ;9o () ,uo (1) — 24 (8) b (20 (), yo0 () ,uo (1)) # 0. (2.5.13)

Then there exists a unique solution u = u (x, y) of the quasi-linear equation
(2.5.1) in the neighborhood of C': & = x¢ (t), y = yo (t), and the solution
satisfies the initial condition

uo (t) =u(xo(t),yo (), for 0<t<1. (2.5.14)

Note: The condition (2.5.13) excludes the possibility that C' could be a
characteristic.

FEzample 2.5.1. Find the general solution of the first-order linear partial
differential equation.
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T Uy + YUy = U (2.5.15)

The characteristic curves of this equation are the solutions of the char-
acteristic equations

d d d
oot (2.5.16)
x Y U
This system of equations gives the integral surfaces
p=2=0Cy and ¢ =>=0Cy,
x x

where C7 and Cy are arbitrary constants. Thus, the general solution of
(2.5.15) is

f (g’ g) —0, (2.5.17)
x x

where f is an arbitrary function. This general solution can also be written

as

u(z,y)=xg (g) , (2.5.18)
x

where ¢ is an arbitrary function.

Ezample 2.5.2. Obtain the general solution of the linear Euler equation

T Uy + YUy = NU. (2.5.19)

The integral surfaces are the solutions of the characteristic equations

de _dy _ du

2.5.20
x y nu ( )

From these equations, we get
U
g = Cla — = 023
T zm

where C; and Cy are arbitrary constants. Hence, the general solution of
(2.5.19) is

f (9, %) ~0. (2.5.21)
z’ T
This can also be written as
u Yy
2=
T T
or
_on (Y
u(z,y) =2"g (;) . (2.5.22)

This shows that the solution u (z,y) is a homogeneous function of z and y
of degree n.
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Example 2.5.3. Find the general solution of the linear equation
2?uy +y*uy = (v +y)u. (2.5.23)
The characteristic equations associated with (2.5.23) are

dx_@_ du

— =—. 2.5.24
>y (wty)u ( )
From the first two of these equations, we find
et -yl =, (2.5.25)
where (] is an arbitrary constant.
It follows from (2.5.24) that
dr —dy du
o @iy
or
d(x—y) du
r—y  u
This gives
TV _ o, (2.5.26)
u

where Cj is a constant. Furthermore, (2.5.25) and (2.5.26) also give

% = (s, (2.5.27)

where Cj3 is a constant.
Thus, the general solution (2.5.23) is given by

f (my x_y> -0, (2.5.28)

u u

where f is an arbitrary function. This general solution representing the
integral surface can also be written as

u(z,y)=ayg (x;y> (2.5.29)

where g is an arbitrary function, or, equivalently,

u(z,y) =y h (xxyy) : (2.5.30)

where h is an arbitrary function.
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FEzample 2.5.4. Show that the general solution of the linear equation
(Yy—2)uz+(z—2)uy+(x—y)u, =0 (2.5.31)
is
u(z,y,2) = flz+y+z 2> +y°+2%), (2.5.32)

where f is an arbitrary function.
The characteristic curves satisfy the characteristic equations

dx dy dz 7d7u
y—z z—x x—vy 0

(2.5.33)

or
du=0, dr+dy+dz=0, xdx+ydy-+ zdz=0.
Integration of these equations gives
u=Cy, xt4+y+z=0Cy and z2+y?+22=0Cs,

where C7, Cy and C3 are arbitrary constants.
Thus, the general solution can be written in terms of an arbitrary func-
tion f in the form

u(z,y,2) = f(z+y+z2°+y*+27).

We next verify that this is a general solution by introducing three inde-
pendent variables &, n, ¢ defined in terms of x, y, and z as

E=x4y+z,n=2>+1y*+2% and (=y+2z, (2.5.34)

where ( is an arbitrary combination of y and z. Clearly the general solution
becomes

u=f(mn),

and hence,

oz

0z

ue = o (2.5.35)

oy
+ Uy 754_ + U,
It follows from (2.5.34) that

dxr Oy 0z 0_2< Ox Ay 82) dy Oz

0:87C+67C+87<’ — 4+ 22— a—c—ka—cz

It follows from the first and the third results that g—"g = —1 and, therefore,

ooy 02 v, 0e Oy 02
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Clearly, it follows by subtracting that

0z dy
soy=G-D G voi= -2 g
Using the values for 62, gz, and ay in (2.5.35), we obtain
ou ou ou ou
) =y —2) et (z—a) 4 (z—y) = (25,
-G ==+ oD G ) g (2530)

If u = u (&, n) satisfies (2.5.31), then %Z = 0 and, hence, (2.5.36) reduces
0 (2.5.31). This shows that the general solution (2.5.32) satisfies equation
(2.5.31).

Ezample 2.5.5. Find the solution of the equation
w (@ +y)up +u (@ —y)uy, =2 + 4%, (2.5.37)

with the Cauchy data « =0 on y = 2z.
The characteristic equations are

dx B dy _du ydr+xdy —udu  zdr —ydy —udu
u(z+y) u(@-—y) a2+y? 0 B 0 '
Consequently,

d[(my—;u )]_o and d{ (2 —y* —u?)| =0. (2.5.38)

These give two integrals
u? -2 +y? =01 and 2zy —u® = Co, (2.5.39)
where C] and C5 are constants. Hence, the general solution is

f(x2 —y? —u?, 2acy—u2) =0,

where f is an arbitrary function.
Using the Cauchy data in (2.5.39), we obtain 4C; = 3C5. Therefore

4 (u® — 2 +y%) = 3 (2zy —u?).
Thus, the solution of equation (2.5.37) is given by
Tu® = 6zy + 4 (2° — y?). (2.5.40)
Ezxample 2.5.6. Obtain the solution of the linear equation

Uy — Uy = 1, (2.5.41)
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with the Cauchy data
u (z,0) = 22

The characteristic equations are

der d du

T = jyl =T (2.5.42)
Obviously,

Z—Z =—1 and j— =1
Clearly,
x4y = constant = C; and wu — x = constant = Cj.
Thus, the general solution is given by
u—xz=f(zx+y), (2.5.43)

where f is an arbitrary function.
We now use the Cauchy data to find f (z) = 22 — x, and hence, the
solution is

u(e,y) = (@+y)* —y. (2.5.44)

The characteristics * + y = C; are drawn in Figure 2.5.1. The value of u
must be given at one point on each characteristic which intersects the line
y = 0 only at one point, as shown in Figure 2.5.1.

yl\

S
N

O > X

Figure 2.5.1 Characteristics of equation (2.5.41).
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FEzample 2.5.7. Obtain the solution of the equation
(y—wus+u—2)uy=2—y, (2.5.45)

with the condition v =0 on zy = 1.

The characteristic equations for equation (2.5.45) are

dx dy du

= = . (2.5.46)
y—u u—x T—y
The parametric forms of these equations are
dx dy du
— =y—u — =u-—-x — =z —y.
at YT dt ’ dt Y
These lead to the following equations:
t+y+4=0 and xi+yy+ut=0, (2.5.47)

where the dot denotes the derivative with respect to t.
Integrating (2.5.47), we obtain

z+y+u=const. =C; and z?+y?+u?® =const. = Cy. (2.5.48)

These equations represent circles.
Using the Cauchy data, we find that

C?=(x+y)’=a®+1>+2zy=Cr+2.
Thus, the integral surface is described by
(z+y+u)? =2>+1>+u>+2.

Hence, the solution is given by

u(z,y) = 196;33; (2.5.49)
Ezxzample 2.5.8. Solve the linear equation
YUy + T Uy = u, (2.5.50)
with the Cauchy data
u(z,0) =2 and wu(0,y) =y (2.5.51)

The characteristic equations are

di dy du
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or

du dr—dy dr+dy
u y—x N y+x '
Solving these equations, we obtain

Cy

or

C
u=Cy(z+y), xz—yzzc—lzconstant:a
2

So the characteristics are rectangular hyperbolas for C > 0 or C' < 0.
Thus, the general solution is given by

u 2 2
9 - :O
f(x+yx y)

u(z,y) = (x+y)g(z* —y?). (2.5.52)

Using the Cauchy data, we find that g (gcQ) =22, that is, g (z) = .
Consequently, the solution becomes

or, equivalently,

u(z,y)=(x+y) (2> —y*) on 2°—y*=C>0.
Similarly,
u(z,y)=(x+y) (y>*—2°) on y*—2>=C>0.

It follows from these results that w — 0 in all regions, as * — *y
(or y — +x), and hence, u is continuous across y = 4 which represent
asymptotes of the rectangular hyperbolas 2 — y?> = C. However, u, and
uy are not continuous, as y — . For 22—y =C >0,

Uy =322 + 22y — 9 = (x+y) Bz —y) -0, as y— —x.
uy, = =3y —2zxy+2° = (r+y)(r—3y) =0, as y— —m.

Hence, both u, and u, are continuous as y — —z. On the other hand,
2 2
Uy — 427, uy — —4x° as y — x.

This implies that u, and u, are discontinuous across y = x.

Combining all these results, we conclude that u (z,y) is continuous ev-
erywhere in the (z,t)-plane, and u,, u, are continuous everywhere in the
(x,t)-plane except on the line y = z. Hence, the partial derivatives u,, u,
are discontinuous on y = x. Thus, the development of discontinuities across
characteristics is a significant feature of the solutions of partial differential
equations.
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FEzample 2.5.9. Determine the integral surfaces of the equation
x (y2 +u) uy — y (332 +u)uy, = (2% — y2) u, (2.5.53)

with the data

z+y =0, u=1.
The characteristic equations are
e R el e o (2559
or
W +u)  —@?+u) (22 —y?) 0
Consequently,
log (zyu) = log Cy
or
xyu = Cy.
From (2.5.54), we obtain
xdx B ydy B du _ zdr +ydy — du
2 (y? +u)  —y?(@?+u) (@2 -yHu 0 ’

whence we find that

3:2+y2 —2u = (.
Using the given data, we obtain

C,=—-2> and Cp=22>-2,

so that

Cy=-2(C1+1).
Thus the integral surface is given by

22 +y? —2u= -2 — 2zyu

or

2eyu + x° +y* —2u+2=0. (2.5.55)
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FEzample 2.5.10. Obtain the solution of the equation
T Uy + YUy = Texp (—u) (2.5.56)
with the data
2

u=0 on y==z".

The characteristic equations are

d d d
=Y (2.5.57)
x y  xexp(—u)
or
Y-an
x

We also obtain from (2.5.57) that dz = e“du which can be integrated to
find

e =z + C,.
Thus, the general solution is given by

ferent) -

or, equivalently,
et =x+yg (%) . (2.5.58)

Applying the Cauchy data, we obtain g () = 1 — x. Thus, the solution of
(2.5.56) is given by

et=g+1-7
x
or
_ Y
u = log (m vl E) . (2.5.59)
Ezxample 2.5.11. Solve the initial-value problem

U+ Uty =, u(z,0) = f(x), (2.5.60)

where (a) f(z) =1 and (b) f(x) = z.
The characteristic equations are
dt dx du d(x+u)

= — = —"7, 2.5.61
1 Uu x T+ u ( )
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Integration gives
t =log (z +u) —log Cy
or
(u+z)e ' =Ch.

Similarly, we get

For case (a), we obtain
l142=C, and 1—2?=0C5 andhence Csy=2C; — 012.

Thus,

or
u—x=2""—(u+tx)e .
A simple manipulation gives the solution
u(x,t) = xtanht + secht. (2.5.62)
Case (b) is left to the reader as an exercise.
Example 2.5.12. Find the integral surface of the equation
Ulg +Uuy = 1, (2.5.63)

so that the surface passes through an initial curve represented parametri-
cally by

xr=x0(8), y=uyo(s), u=mwup(s), (2.5.64)

where s is a parameter.
The characteristic equations for the given equations are

de _ dy _ du
w 117

which are, in the parametric form,

dx dy du
— -~ =1 — =1 2.5.
ar " dr 7’ ’ (2.5.65)
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where 7 is a parameter. Thus the solutions of this parametric system in
general depend on two parameters s and 7. We solve this system (2.5.65)
with the initial data

z(s,O):xo(s), 9(570)290(5% U(S,O):Uo(s).

The solutions of (2.5.65) with the given initial data are

z(s,7) = L; + Tup (s) + o (s)
Yy (s,7) =T+ yo(s) : (2.5.66)
u(s,7) =7+ uo(s)

We choose a particular set of values for the initial data as
z(s,0) =2s% y(s5,0)=2s, u(s,00=0, s>0.

Therefore, the solutions are given by

1
T = §T2+282, y:’r+25, u=r. (2567)

Eliminating 7 and s from (2.5.67) gives the integral surface

2 =92

(w—y)” +u
or
1
2u=y+ (dz—y*)=. (2.5.68)

The solution surface satisfying the data u = 0 on y? = 2z is given by

N|=

2u =y — (4o — y?) (2.5.69)
This represents the solution surface only when y? < 4z. Thus, the solution
does not exist for y? > 4z and is not differentiable when 3? = 4. We verify
that y? = 4x represents the envelope of the family of characteristics in the
(z,t)-plane given by the 7-eliminant of the first two equations in (2.5.67),
that is,

F(2,y,5) = 2x — (y — 25)° —4s” = 0. (2.5.70)

This represents a family of parabolas for different values of the parameter
s. Thus, the envelope is obtained by eliminating s from equations %—f =0

and F = 0. This gives y? = 4x, which is the envelope of the characteristics
for different s, as shown in Figure 2.5.2.
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y s

yr=dy o

s=0

Figure 2.5.2 Dotted curve is the envelope of the characteristics.

2.6 Canonical Forms of First-Order Linear Equations

It is often convenient to transform the more general first-order linear partial
differential equation (2.2.12)

a(z,y) ug +b(z,y) uy+c(z,y) u=d(z,y), (2.6.1)

into a canonical (or standard) form which can be easily integrated to find
the general solution of (2.6.1). We use the characteristics of this equation
(2.6.1) to introduce the new transformation by equations

§:£($,y), 77:77(33710)’ (2'6'2)

where & and 7 are once continuously differentiable and their Jacobian
J(x,y) = &ny — &Ne is nonzero in a domain of interest so that x and
y can be determined uniquely from the system of equations (2.6.2). Thus,
by chain rule,

Ug = U + Uplla, Uy = U8y + UnTy, (2.6.3)

we substitute these partial derivatives (2.6.3) into (2.6.1) to obtain the
equation
Aue +Bu, +cu=d, (2.6.4)

where
A = u&, + bEy, B = an, + bn,. (2.6.5)

From (2.6.5) we see that B = 0 if 7 is a solution of the first-order equation
ang + bny = 0. (2.6.6)

This equation has infinitely many solutions. We can obtain one of them
by assigning initial condition on a non-characteristic initial curve and solv-
ing the resulting initial-value problem according to the method described
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earlier. Since n(z,y) satisfies equation (2.6.6), the level curves 7 (x,y) =
constant are always characteristic curves of equation (2.6.1). Thus, one set
of the new transformations are the characteristic curves of (2.6.1). The sec-
ond set, ¢ (z,y) = constant, can be chosen to be any one parameter family
of smooth curves which are nowhere tangent to the family of the character-
istic curves. We next assert that A # 0 in a neighborhood of some point in
the domain D in which 7 (z,y) is defined and J # 0. For, if A = 0 at some
point of D, then B = 0 at the same point. Consequently, equations (2.6.5)
would form a system of linear homogeneous equations in a and b, where the
Jacobian J is the determinant of its coefficient matrix. Since J # 0, both a
and b must be zero at that point which contradicts the original assumption
that a and b do not vanish simultaneously. Finally, since B =0 and A # 0
in D, we can divide (2.6.4) by A to obtain the canonical form

ug +a (&) u=pg(Emn), (2.6.7)

where « (§,1) = § and 8 (£,n) = §.

Equation (2.6.7) represents an ordinary differential equation with £ as
the independent variable and 1 as a parameter which may be treated as
constant. This equation (2.6.7) is called the canonical form of equation
(2.6.1) in terms of the coordinates (£, 7). Generally, the canonical equation
(2.6.7) can easily be integrated and the general solution of (2.6.1) can be
obtained after replacing £ and n by the original variables x and y.

We close this section by considering some examples that illustrate this
procedure. In practice, it is convenient to choose £ = £ (z,y) and n (z,y) =y
or { =x and n =7 (x,y) so that J # 0.

FEzample 2.6.1. Reduce each of the following equations

—~
N
D

Uy — Uy = U,

Yuz +uy =, (2.6.9
to canonical form, and obtain the general solution.

In (2.6.8),a=1,b= —1,¢c = —1 and d = 0. The characteristic equations
are

dv dy du
TS T
The characteristic curves are £ = x + y = ¢1, and we choose 1 = y = co
where ¢; and cp are constants. Consequently, u, = ug and uy = ug + uy),
and hence, equation (2.6.8) becomes

Uy = u.

Integrating this equation gives
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Inu(é,n)=-n+1In f(§),

where f (£) is an arbitrary function of £ only.
Equivalently,

u(&mn) = f(&e "

In terms of the original variables x and y, the general solution of equa-
tion (2.6.8) is

u(z,y)=f(z+y)e™, (2.6.10)

where f is an arbitrary function.
The characteristic equations of (2.6.9) are

dr. dy du

y 1 oz
It follows from the first two equations that & (z,y) = = — % = ¢1; we choose
n(z,y) =y = co. Consequently, u, = u¢ and uy, = —yue + u,; and hence,
equation (2.6.9) reduces to

L,
Uy = —n-.
n=8&+5m
Integrating this equation gives the general solution

1
u(&m) = &n+ e’ + £(9),
where f is an arbitrary function.
Thus, the general solution of (2.6.9) in terms of x and y is

1 2
U(x,y)=wy—3y3+f(w—y2>-

2.7 Method of Separation of Variables

During the last two centuries several methods have been developed for solv-
ing partial differential equations. Among these, a technique known as the
method of separation of variables is perhaps the oldest systematic method
for solving partial differential equations. Its essential feature is to transform
the partial differential equations by a set of ordinary differential equations.
The required solution of the partial differential equations is then exposed as
a product u (z,y) = X (z)Y (y) # 0, or as a sum u (z,y) = X (z) + Y (y),
where X (z) and Y (y) are functions of = and y, respectively. Many signifi-
cant problems in partial differential equations can be solved by the method
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of separation of variables. This method has been considerably refined and
generalized over the last two centuries and is one of the classical techniques
of applied mathematics, mathematical physics and engineering science.

Usually, the first-order partial differential equation can be solved by sep-
aration of variables without the need for Fourier series. The main purpose
of this section is to illustrate the method by examples.

Ezample 2.7.1. Solve the initial-value problem
Uy + 2u, = 0, u(0,y) =4e %Y, (2.7.1ab)

We seek a separable solution v (z,y) = X (z) Y (y) # 0 and substitute
into the equation to obtain

X' ()Y (y)+2X ()Y (y) = 0.
This can also be expressed in the form

X'(z) _ Y'(y)
X = Yo (2.7.2)

Since the left-hand side of this equation is a function of x only and the
right-hand is a function of y only, it follows that (2.7.2) can be true if both
sides are equal to the same constant value A which is called an arbitrary
separation constant. Consequently, (2.7.2) gives two ordinary differential
equations

X' (z) = 2)AX (z) =0, Y' (y) + \Y (y) = 0. (2.7.3)
These equations have solutions given, respectively, by
X () =Ae*® and Y (y) = Be Y, (2.7.4)

where A and B are arbitrary integrating constants.
Consequently, the general solution is given by

u(z,y) = ABexp (2 x — A\y) = C'exp (2\x — \y), (2.7.5)

where C' = AB is an arbitrary constant.
Using the condition (2.7.1b), we find

4e % =u(0,y) = Ce™,

and hence, we deduce that C' = 4 and A = 2. Therefore, the final solution
is

u(x,y) =4dexp (4o — 2y). (2.7.6)
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FEzample 2.7.2. Solve the equation
yPu + xzuz = (ayu)®. (2.7.7)

We assume v (z,y) = f(z)g(y) # 0 is a separable solution of (2.7.7),
and substitute into the equation. Consequently, we obtain

VA (@) g W) + 22 {f (@) ()} = 2% {f (x) g (v)}°,

or, equivalently,

or

1{fuq211{wwrv
a? | f(x) y> Lg(y) ’
where A2 is a separation constant. Thus,

1/@ g 90 - e
- f(x)*’\ d 170 V1-2A2. (2.7.8)

Solving these ordinary differential equations, we find

f(a:)erxp(/Q\gﬂ) and g(y):Bexp(;y 1_)\2>7

where A and B are arbitrary constant. Thus, the general solution is

u(z,y) = Cexp (; z? + %y2\/1 - /\2) : (2.7.9)

where C' = AB is an arbitrary constant.

Using the condition u (z,0) = 3exp (2?/4), we can determine both C
and A in (2.7.9). It turns out that C' = 3 and A = (1/2), and the solution
becomes

u(z,y) = 3exp E (:172 + y2\/§)] . (2.7.10)

Ezxample 2.7.3. Use the separation of variables u (z,y) = f(x) + g (y) to
solve the equation

u? +u? = 1. (2.7.11)

Obviously,
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{f (@) =1-1{¢ ()} =X,

where A? is a separation constant. Thus, we obtain

ff(x)y=X and g¢'(y)=+v1-)\2.

Solving these ordinary differential equations, we find

fl@)=Xx+A and g(y)=yV1-—A+B,

where A and B are constants of integration. Finally, the solution of (2.7.11)

is given by
u(z,y) = )\J;—i—ym +C,
where C' = A + B is an arbitrary constant.
Ezample 2.7.4. Use u(z,y) = f () + g (y) to solve the equation
u? + Uy + 2 =0.
Obviously, equation (2.7.13) has the separable form
(/' @) +a° = —¢' (v) = X,

where A2 is a separation constant.
Consequently,

fl(x)=vX—22 and ¢ (y) = -\
These can be integrated to obtain
f(z) = / VA2 —22dz + A

:A2/cos29d9+A, (x = Asin#)

= 1/\2 [sin_1 (E) —|—§ 1 v + A

2 A a2

and
9(y) =Ny + B.

Finally, the general solution is given by

1
u(z,y) = §>\2 sin™* (;) + g\/m Ay +C,

where C' = A + B is an arbitrary constant.

(2.7.12)

(2.7.13)

(2.7.14)
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Ezample 2.7.5. Use v = lnw and v = f (z) 4+ ¢ (y) to solve the equation
r?u2 + y2u§ = u?. (2.7.15)

In view of v = Inu, v, = %u, and v, = %uy, and hence, equation (2.7.15)
becomes

2?0l +yPvl = 1. (2.7.16)
Substitute v (z,y) = f (z) + ¢ (y) into (2.7.16) to obtain
2 @)+ g W)} =1
or
2{f (@)} =1-1*{g ()} =\,

where \? is a separation constant. Thus, we obtain
, A , 1
f (1’):5 and g (y)zg\/l*)\Q-
Integrating these equations gives

f@)=Alnz+A and ¢g(y)=+v1—-AIlny+ B,

where A and B are integrating constants. Therefore, the general solution
of (2.7.16) is given by

v(z,y) =Alnz++v/1 - X2 Iny+InC
= In (x)‘ -y\/l_/\2~C), (2.7.17)

where In C' = A + B. The final solution is
u(z,y) =e’ =Cat -y, (2.7.18)

where C is an integrating constant.

2.8 Exercises

1. (a) Show that the family of right circular cones whose axes coincide
with the z-axis

2+ 19> = (2 —¢)’ tan® o

satisfies the first-order, partial differential equation
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yp —xq = 0.

(b) Show that all the surfaces of revolution, z = f (2 + y?) with the
z-axis as the axis of symmetry, where f is an arbitrary function, satisfy
the partial differential equation

yp —xq = 0.

(c) Show that the two-parameter family of curves u —ax — by —ab =0
satisfies the nonlinear equation

zp +yq +pq = u.

. Find the partial differential equation arising from each of the following

surfaces:
(a) z =z +y+ f (zy), (b) z=f(z —y),
(¢) z=ay+ [ (+* +9?), (d) 22 = (az +y)* + 6.

Find the general solution of each of the following equations:

(a) uy =0, (b) aug +buy = 0; a, b, are constant,
(€) uz +yuy =0, (d) (1+2%) ug +uy =0,

(€) 2zyuy + (2 +9?) uy =0, (F) (y+u)us +yuy, =z —y,

(8) v*uy — zyu, =z (u—2y), (h) yu, —zu, =1,

(i) y?up +urq = —ay?, () (y—azu)p+ (z+yu)g=2*+y>
Find the general solution of the equation

Uy + 2xy2uy =0.
Find the solution of the following Cauchy problems:
(a) 3uy + 2uy =0, with u (x,0) =sinz,
(b) yus + zuy =0, with u (0,y) = exp (—y?),
(¢) Tuy + yu, = 2zy, with u =2 ony = 22,
(d) ug +zuy =0, with « (0,y) = siny,

(e) yuy +zuy =y, >0, y >0, with « (0,y) = exp (—y2)

for y > 0, and u (z,0) = exp (—z?) for x > 0,
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(f) ug +zruy = (y — %:172)2, with u (0,y) = exp (y),
(8) Tuy + yuy, =u+ 1, with u(z,y) = 22 on y = 22,
(h) vug —uwuy, =u+ (z+y)°, withu=1ony=0,
(i) zuy + (x+y)uy =u+1, with u(z,y) = 2% on y = 0.
() VTug +uuy +u? =0, u(z,0)=1,0<x < oco.
(k) uzPuy + e Vuy +u> =0, u(z,0)=1,0<z < oc0.
. Solve the initial-value problem

U +utUy =0
with the initial curve

r= -7 t=T,u=".

. Find the solution of the Cauchy problem

2ry ug + (1'2 +y2) Uy = 0, with u = exp (l‘) onz+y=1.
r—y

. Solve the following equations:

(a) Tuz +yuy +zu, =0,

() 2% uy + y? uy + 2 (x +y)u, =0,

() z(y—2)us+y(z—a)uy +2(x—y)u, =0,

(d) yzuy — xzuy + Y (a:2 + y2) u, =0,

(&) z(y* — 2 up +y (22 —y*) uy + 2 (22 — y?*) u. = 0.
. Solve the equation

Uy T+ T Uy =Y

with the Cauchy data

(a) U(O,y) = y2> (b) ’U,(Ly) = 2y.

57
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10.

11.

12.

13.

14.
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Show that u; = e® and us = e~ ¥ are solutions of the nonlinear equation

(ux +uy)2 —u?=0

but that their sum (e* + e~Y) is not a solution of the equation.

Solve the Cauchy problem

(y+uw us +yuy, =(r—y), with u=14+2z on y=1

Find the integral surfaces of the equation u u, 4+ u, = 1 for each of the

following initial data:
(a) Z (570) =5Y (870) = 2s, U(S,O) =5

(b) 2 (s,0) = 52, y(s,0) = 2s, u(s,0) = s,

2

(c) (5,0) = %5, y(s,0) =5, u(s,0) = s.

Draw characteristics in each case.
Show that the solution of the equation

YUy — T Uy =0

2

containing the curve z2 + y? = a2, u = ¥, does not exist.

Solve the following Cauchy problems:

(a) 2%uy — y*uy =0, u — € as y — oo,

(b) yuy + Tuy =0, u =sinz on 2? + y? =1,

(¢) —zuy +yuy, =1for 0 <z <y, u=2zony=3z,

(d) 2zug + (z+1uy=yforz>0,u=2yonz=1,

(e) zuy —2yuy =2> +y*forz >0,y >0, u=2>ony=1,

(f) ug +2uy =14+u, u(z,y) =sinz on y = 3z + 1,
(g) ug +3uy =u, u(z,y) =cosx on y =z,

(h) ug + 22wy = 2zu, u (x,0) = 22,

(i) vug +uy =u, u(z,0)=2z,1 <z <2,

(j) us +uy = u?, u(z,0) = tanhw.
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16.

17.

18.

19.

20.
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Show that the solution of (j) is unbounded on the critical curve
ytanh (x —y) = 1.

Find the solution surface of the equation

<u27y2)u$+xyuy+:cu:(), with u=y=u=z, z>0.

(a) Solve the Cauchy problem
uz +uuy =1, w(0,y) =ay,

where a is a constant.
(b) Find the solution of the equation in (a) with the data

z(s,0)=2s, y(s,0)=5> u(0,5°)=s.
Solve the following equations:
(&) (y +w)ue + (x+u)uy =z +y,

(b) zu (u? + zy) uy — yu (u? + zy) uy = z*,
(c) (@ +y)us + (z —y)uy =0,

(d) yug + xuy =2y (x2 — y2),
(e) (cy —bz) zg + (az — cx) 2y = bxr — ay.
Solve the equation

T2 +Y2y =2,

59

and find the curves which satisfy the associated characteristic equations

and intersect the helix z + y2 = a2, 2 =0 tan™! (%)

Obtain the family of curves which represent the general solution of the

partial differential equation

(2x — 4y + 3u) uy + (z — 2y — 3u) uy = =3 (z — 2y) .

Determine the particular member of the family which contains the line

u=2x and y = 0.
Find the solution of the equation
YUy — 2TY Uy = 27U

with the condition u (0,y) = 3>.
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22.

23.

24.

25.

26.
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Obtain the general solution of the equation

(x+y+dz)p+dzq+(x+y+2) =0 (p=24 q¢=2),
and find the particular solution which passes through the circle

2=0, 2>+y*>=ad>
Obtain the general solution of the equation
(2* =2z =y’ )pra(y+2)a=a(y—2) (p=2, q=2).

Find the integral surfaces of this equation passing through
(a) the z-axis, (b) the y-axis, and (c) the z-axis.

Solve the Cauchy problem

(+y)ug + (r—y)uy, =1, u(l,y)zi.

>

Solve the following Cauchy problems:

(a) 3uz +2uy =0, u(z,0) = f (),

(b) aug +buy = cu, u(x,0) = f (x), where a, b, ¢ are constants,
(¢) zug +yuy =cu, u(z,0) = f(x),

(d) vug +uy =1, u(s,0) =as, z(s,0) =s, y(s,0) =0.

Apply the method of separation of variables u (z,y) = f(x)g(y) to
solve the following equations:

(a) up +u=1uy, u(z,0)=4e3" (b) uzuy = u?,
(¢) uy +2uy, =0, w(0,y) =3e"2, (d) y?us + 2*ul = (zyu)?
(e) 2%ugzy + 9y*u =0, wu(z,0)=exp (%), (f) yuy —zuy =0,

(8) ur = 2 (Uugg + Uyy), (h) Ugs + uyy = 0.

Use a separable solution u (z,y) = f () + g (y) to solve the following
equations:

(a) u2 +uy =1, (b) u2 +u2 = u,
c) uZ +u, +22=0, d) 2%u2 + y?u? =1,
x Y x Yy

(€) yuz +zuy =0, u(0,y) = 2.
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32.

2.8 Exercises 61

Apply v = Inw and then v (z,y) = f (z) + g (y) to solve the following
equations:

(a) a2 + Pl = o,

2
(b) z2u + y*ul = (zyu)”.
Apply vu =v and v (z,y) = f (x) + g (y) to solve the equation

4,2 2.2 _
ziuy +yuy, = du.

Using v = Inu and v = f(x) + ¢ (y), show that the solution of the
Cauchy problem
2

yPuZ + x2u§ = (zyu)®, u(z,0)=e"

is
3
u(x,y) = exp <x2 —|—i§ y2> .

Reduce each of the following equations into canonical form and find the
general solution:

(a) uy +uy = u, (b) ug +zuy =y,
(€) ug + 22y uy =z, (d) ug —yuy —u=1.

Find the solution of each of the following equations by the method of
separation of variables:

(a) ug —uy =0, u(0,y) = 2€%,
(b) ug —uy =u, u(z,0) = de™37,
(¢) augy +buy, =0, u(x,0) = el
where a, b, « and ( are constants.
Find the solution of the following initial-value systems
(a) ug + 3uu, =v —x, vy — cvy = 0 with u (z,0) = z and v (z,0) = z.

(b) ut + 2uu, =v —x, v4 — cv, = 0 with u (z,0) = z and v (z,0) = z.
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33.

34.

2 First-Order, Quasi-Linear Equations and Method of Characteristics
Solve the following initial-value systems
(a) ur + uuy = e %v, vy — avy = 0 with w (2,0) =z and v (z,0) = €*.
(b) uy — 2uu, = v — x, vy + cv, = 0 with u (x,0) = z and v (2,0) = x.

Consider the Fokker—Planck equation (See Reif (1965)) in statistical me-
chanics to describe the evolution of the probability distribution function
in the form

U = Uze + (T 0), ,

u(z,0) = f(z).
Neglecting the term w,,, solve the first-order linear equation

u—xuy =u with wu(z,0)=f(x).
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Mathematical Models

“Physics can’t exist without mathematics which provides it with the only
language in which it can speak. Thus, services are continuously exchanged
between pure mathematical analysis and physics. It is really remarkable
that among works of analysis most useful for physics were those cultivated
for their own beauty. In exchange, physics, exposing new problems, is as
useful for mathematics as it is a model for an artist.”

Henri Poincaré

“It is no paradox to say in our most theoretical models we may be nearest
to our most practical applications.”

A. N. Whitehead

“... builds models based on data from all levels: gene expression, protein
location in the cell, models of cell function, and computer representations
of organs and organisms.”

E. Pennisi

3.1 Classical Equations

Partial differential equations arise frequently in formulating fundamental
laws of nature and in the study of a wide variety of physical, chemical,
and biological models. We start with a special type of second-order linear
partial differential equation for the following reasons. First, second-order
linear equations arise more frequently in a wide variety of applications.
Second, their mathematical treatment is simpler and easier to understand
than that of first-order equations in general. Usually, in almost all physical
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phenomena (or physical processes), the dependent variable u = u (x,y, 2, t)
is a function of three space variables, z, y, z and time variable t.
The three basic types of second-order partial differential equations are:
(a) The wave equation

Ugp — €2 (Uge + Uyy + Uzz) = 0. (3.1.1)
(b) The heat equation
U — k (Ugg + Uyy + Uszz) = 0. (3.1.2)
(¢) The Laplace equation
Ugz + Uyy + Uz = 0. (3.1.3)

In this section, we list a few more common linear partial differential equa-
tions of importance in applied mathematics, mathematical physics, and en-
gineering science. Such a list naturally cannot ever be complete. Included
are only equations of most common interest:

(d) The Poisson equation

Viu = f(x,y,2). (3.1.4)
(e) The Helmholtz equation
VZiu+ M = 0. (3.1.5)
(f) The biharmonic equation
Viu = V? (Vu) = 0. (3.1.6)
(g) The biharmonic wave equation
uge + V4 = 0. (3.1.7)
(h) The telegraph equation
wst 4+ auy + bu = gy (3.1.8)

(i) The Schrodinger equations in quantum physics

2
iy = {(;) V?+ V(x,y,z)] Y, (3.1.9)
v2w+2h—zl[E—V(x,y,z)m:0. (3.1.10)

(j) The Klein-Gordon equation

Ou + \2u = 0, (3.1.11)
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where

P2
2 _ Y -~ -~
V =02 TaE T (8.1.12)

is the Laplace operator in rectangular Cartesian coordinates (x,y, 2),
1 02
c? o2’

is the d’Alembertian, and in all equations A, a, b, ¢, m, E are constants
and h = 2xh is the Planck constant.
(k) For a compressible fluid flow, Euler’s equations

O=vVv? (3.1.13)

1
u+ (u-Viu= f;Vp, pt + div (pu) =0, (3.1.14)

where u = (u, v, w) is the fluid velocity vector, p is the fluid density,

and p = p(p) is the pressure that relates p and p (the constitutive

equation or equation of state).

Many problems in mathematical physics reduce to the solving of partial
differential equations, in particular, the partial differential equations listed
above. We will begin our study of these equations by first examining in
detail the mathematical models representing physical problems.

3.2 The Vibrating String

One of the most important problems in mathematical physics is the vi-
bration of a stretched string. Simplicity and frequent occurrence in many
branches of mathematical physics make it a classic example in the theory
of partial differential equations.

Let us consider a stretched string of length [ fixed at the end points. The
problem here is to determine the equation of motion which characterizes
the position u (z,t) of the string at time ¢ after an initial disturbance is
given.

In order to obtain a simple equation, we make the following assumptions:

1. The string is flexible and elastic, that is the string cannot resist bending
moment and thus the tension in the string is always in the direction of
the tangent to the existing profile of the string.

2. There is no elongation of a single segment of the string and hence, by
Hooke’s law, the tension is constant.

3. The weight of the string is small compared with the tension in the
string.

4. The deflection is small compared with the length of the string.

5. The slope of the displaced string at any point is small compared with
unity.
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6. There is only pure transverse vibration.

We consider a differential element of the string. Let T" be the tension at the
end points as shown in Figure 3.2.1. The forces acting on the element of
the string in the vertical direction are

TsinfB — Tsina.
By Newton’s second law of motion, the resultant force is equal to the
mass times the acceleration. Hence,
Tsinff—Tsina = pdsuy (3.2.1)

where p is the line density and ds is the smaller arc length of the string.
Since the slope of the displaced string is small, we have

0s ~ .

Since the angles a and 3 are small

sin o ~ tan o, sin 8 ~ tan (3.
LY
a b
0 >
[ X
UA
0

=y

Figure 3.2.1 An Element of a vertically displaced string.
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Thus, equation (3.2.1) becomes

]
tan f —tana = PTIUH. (3.2.2)

But, from calculus we know that tan o and tan 3 are the slopes of the string
at x and = + dx:

tana = u, (z,t)
and
tan 8 = uy (z + dz,t)

at time ¢. Equation (3.2.2) may thus be written as

1 p 1 p
o [(ur>w+6z — (ur)L] = ?utt, o [ug (z + 0z, t) — uy (z,1)] = ?utt.

In the limit as dx approaches zero, we find
Ut = gy (3.2.3)

where ¢ = T'/p. This is called the one-dimensional wave equation.
If there is an external force f per unit length acting on the string.
Equation (3.2.3) assumes the form

g = Cuge + F, F = f/p, (3.2.4)

where f may be pressure, gravitation, resistance, and so on.

3.3 The Vibrating Membrane

The equation of the vibrating membrane occurs in a large number of prob-
lems in applied mathematics and mathematical physics. Before we derive
the equation for the vibrating membrane we make certain simplifying as-
sumptions as in the case of the vibrating string:

1. The membrane is flexible and elastic, that is, the membrane cannot
resist bending moment and the tension in the membrane is always in
the direction of the tangent to the existing profile of the membrane.

2. There is no elongation of a single segment of the membrane and hence,
by Hooke’s law, the tension is constant.

3. The weight of the membrane is small compared with the tension in the
membrane.

4. The deflection is small compared with the minimal diameter of the
membrane.
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5. The slope of the displayed membrane at any point is small compared
with unity.
6. There is only pure transverse vibration.

We consider a small element of the membrane. Since the deflection and
slope are small, the area of the element is approximately equal to dzdy. If
T is the tensile force per unit length, then the forces acting on the sides of
the element are T dx and T dy, as shown in Figure 3.3.1.
The forces acting on the element of the membrane in the vertical direc-
tion are
Toxsin—Todxsina+ T oy sind — T dy sin~y.

Since the slopes are small, sines of the angles are approximately equal to
their tangents. Thus, the resultant force becomes

Tox (tan B —tana) + T dy (tand — tan-y) .

By Newton’s second law of motion, the resultant force is equal to the
mass times the acceleration. Hence,

Tz (tan B — tana) + T dy (tand — tany) = p A uy (3.3.1)

where p is the mass per unit area, 0 A ~ Jxdy is the area of this element,
and us; is computed at some point in the region under consideration. But
from calculus, we have

Figure 3.3.1 An element of vertically displaced membrane.
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1,Y)
T2,y + 0Y)
T, Y1)
x + 0z, yo)

tan a = uy,
tan 8 = u,

tany = ug

tand = uy

where x1 and z9 are the values of x between x and z+dx, and y; and y, are
the values of y between y and y + dy. Substituting these values in (3.3.1),
we obtain

T bx [uy (z2,y + 0y) — uy (z1,y)] + T 0y [ux (z 4 62, y2) — ta (z,51)]
= poxdy usy.

Division by p dzdy yields

Z Uy($27y+5y)_uy(331>y)+Ux($+5$7y2)_uz($»yl)
p oy ox

= Utt-
(3.3.2)

In the limit as dx approaches zero and dy approaches zero, we obtain
Uty = € (Ugy + Uyy) (3.3.3)

where ¢? = T'/p. This equation is called the two-dimensional wave equation.
If there is an external force f per unit area acting on the membrane.
Equation (3.3.3) takes the form

Ut = C2 (uzz + Uyy) + F, (334)

where F' = f/p.

3.4 Waves in an Elastic Medium

If a small disturbance is originated at a point in an elastic medium, neigh-
boring particles are set into motion, and the medium is put under a state
of strain. We consider such states of motion to extend in all directions. We
assume that the displacements of the medium are small and that we are
not concerned with translation or rotation of the medium as a whole.

Let the body under investigation be homogeneous and isotropic. Let 6V
be a differential volume of the body, and let the stresses acting on the faces
of the volume be Ty, Tyy, Tazs Tay, Taz, Tyas Tyz> Tza> Tzy- Lhe first three
stresses are called the normal stresses and the rest are called the shear
stresses. (See Figure 3.4.1).

We shall assume that the stress tensor 7;; is symmetric describing the
condition of the rotational equilibrium of the volume element, that is,
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ZA
AT,
I
sz/ Tyz
Txz ryy
|
Txy Tyx |
Txx |
0 ! ! ! >
I I I | ')}
< _ —_ e o e —_— =
_:- / _: /
/
| | Ax
| ~ | ~
X Ay

Figure 3.4.1 Volume element of an elastic body.

Tij = Tji, 1FJ 5] =292 (3.4.1)

Neglecting the body forces, the sum of all the forces acting on the volume
element in the z-direction is

[(Tm)“"sw o (Tm)ﬂc] dydz + |:(T$y)y+6y - (Txy)y:| 020x
+ [(Tzz)z+§z - (Tzz)z} 51’53,/

By Newton’s law of motion this resultant force is equal to the mass times
the acceleration. Thus, we obtain

(o) s = (Tea)] 993% + | (Fan)y 5y = (7), | 9202
+ [(Tm)z”z — (Twz)z] dxdy = p dxdydz Uy (3.4.2)

where p is the density of the body and w is the displacement component in
the z-direction. Hence, in the limit as §V approaches zero, we obtain

Oow | OTuy | OTuz @
or | oy | a8z P

(3.4.3)

Similarly, the following two equations corresponding to y and z directions
are obtained:
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OTye  OTyy  OTy. 0?%v
: = == p—F, 3.4.4
or dy 0z P ot? ( )
0Ty  OTyy  OT.. 0w
! = , 3.4.5
ar oy | 9z oe (34.5)

where v and w are the displacement components in the y and z directions

respectively.

We may now define linear strains [see Sokolnikoff (1956)] as

o 1w o
o) Y 2\ gy 0z2)]
ov 1 /0u Ow
w1
2= gy T o\ o oy )’

in which €., €yy, €., Tepresent unit elongations and €., €.4, €2y represent

unit shearing strains.

In the case of an isotropic body, generalized Hooke’s law takes the form

Tyx = A0+ 2M5zma
Tyy = M+ 2peyy,
Tee = AN+ 2ue .,

Tyz = 2,U/€yz7
Tzx = 2,“45zz7

Tey = 2U5xya

(3.4.7)

where 0 = €., + €y + €, is called the dilatation, and X and p are Lame’s

constants.

Expressing stresses in terms of displacements, we obtain

Ju
T — A0+ 2 a
g + oy
ov  Ou
Y T 4.
Ty u<8m+8y) (3.4.8)
(v, o
Tez =M\ 9r T8, )
By differentiating equations (3.4.8), we obtain
OTps o0 0%u
B~ or T o
OTyy 0% 0?u
= — 3.4.9
o0~ "oway Mo (3.4.9)
0Tz 0w . @
9. HMora: T Hanz

Substituting equation (3.4.9) into equation (3.4.3) yields
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00 0%u 9%v 9w 0%u  0%u  O%u 0%u
I + p

Aor TP\ a2 t Geay T oz o "o T a2) TP
(3.4.10)

‘We note that

827u+82v+82w_£ du v @ _@
0x2  0xdy 0Oxdz Oz - Oz’

oz oy 02
and introduce the notation

0? 0? 0?
A=V= —— 4+ —— 4 —.
v ox?  Oy? * 072
The symbol A or V2 is called the Laplace operator. Hence, equation (3.4.10)
becomes
00 0u
A — U= p——s. 4.11
(At p) 5o +uViu = pon (3.4.11)

In a similar manner, we obtain the other two equations which are

00 0%v

A+ u) % + uV3o = PoE (3.4.12)
o7} 0w

(A +p) 5T uViw = TR (3.4.13)

The set of equations (3.4.11)—(3.4.13) is called the Navier equations of mo-
tion. In vector form, the Navier equations of motion assume the form

(A + ) grad divu + pVu = puy, (3.4.14)

where u = ui + vj + wk and 6 = divu.
(i) If divu = 0, the general equation becomes

puV2u = puy,
or

uy = cViu, (3.4.15)
where cr is called the transverse wave velocity given by

cr =/ 1/p.

This is the case of an equivoluminal wave propagation, since the volume
expansion 6 is zero for waves moving with this velocity. Sometimes these
waves are called waves of distortion because the velocity of propagation
depends on p and p; the shear modulus i characterizes the distortion and
rotation of the volume element.
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(ii) When curl u = 0, the vector identity
curl curlu = grad divu — V?u,
gives
grad divu = V?u,
Then the general equation becomes
(A +2p) Vu = puy,

or

uy; = 2V, (3.4.16)

where cy, is called the longitudinal wave velocity given by

A2
Cr, = .
p

This is the case of irrotational or dilatational wave propagation, since
curlu = 0 describes irrotational motion. Equations (3.4.15) and (3.4.16)
are called the three-dimensional wave equations.

In general, the wave equation may be written as

g = V3, (3.4.17)

where the Laplace operator may be one, two, or three dimensional. The
importance of the wave equation stems from the facts that this type of
equation arises in many physical problems; for example, sound waves in
space, electrical vibration in a conductor, torsional oscillation of a rod,
shallow water waves, linearized supersonic flow in a gas, waves in an elec-
tric transmission line, waves in magnetohydrodynamics, and longitudinal
vibrations of a bar.

To give a more general method of decomposing elastic waves into trans-
verse and longitudinal wave forms, we write the Navier equations of motion
in the form

GV + (¢} — cf) grad (div u) = ug. (3.4.18)

We now decompose this equation into two vector equations by defining
u = ur + uy, where ur and uy, satisfy the equations

divur =0 and curlug =0. (3.4.19ab)

Since ur is defined by (3.4.19a) that is divergenceless, it follows from vector
analysis that there exists a rotation vector % such that
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uy = curl ¥, (3.4.20)

where 9 is called the vector potential.
On the other hand, uy, is irrotational as given by (3.4.19b), so there
exists a scalar function ¢ (x,t), called the scalar potential such that

ur, = grad ¢. (3.4.21)
Using (3.4.20) and (3.4.21), we can write
u = curl ¥ + grad ¢. (3.4.22)

This means that the displacement vector field is decomposed into a diver-
genceless vector and irrotational vector.

Inserting u = ur + uy, into (3.4.18), taking the divergence of each term
of the resulting equation, and then using (3.4.19a) gives

div [¢} V?ur, — (ug),] = 0. (3.4.23)

It is noted that the curl of the square bracket in (3.4.23) is also zero.
Clearly, any vector whose divergence and curl both vanish is identically a
zero vector. Consequently,

c;V2ur = (ur),, . (3.4.24)

This shows that uy, satisfies the vector wave equation with the wave velocity
cr,. Since uy, = grad ¢, it is clear that the scalar potential ¢ also satisfies the
wave equation with the same wave speed. All solutions of (3.4.24) represent
longitudinal waves that are irrotational (since ¥ = 0).

Similarly, we substitute u = uy, + ur into (3.4.18), take the curl of the
resulting equation, and use the fact that curl uy, = 0 to obtain

curl [¢3V*ur — (ur),] = 0. (3.4.25)

Since the divergence of the expression inside the square bracket is also zero,
it follows that

4Vur = (ur),, . (3.4.26)

This is a vector wave equation for ur whose solutions represent transverse
waves that are irrotational but are accompanied by no change in volume
(equivoluminal, transverse, rotational waves). These waves propagate with
a wave velocity cr.

We close this section by seeking time-harmonic solutions of (3.4.18) in
the form

u=Re[U(z,y,2)e""]. (3.4.27)
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Invoking (3.4.27) into equation (3.4.18) gives the following equation for
the function U

crV2U + (cr, — er) grad (div U) + w?U = 0. (3.4.28)

Inserting, u = uy + uy, and using the above method of taking the
divergence and curl of (3.4.28) respectively leads to equation for Uy and
Ur as follows

VUL + k2 V2UL =0, V2Ur+k3Ur =0, (3.4.29)
where
2 2
k2 = ‘:—2 and k2 = ‘:—2 (3.4.30)
L T

Equations (3.4.29) are called the reduced wave equations (or the Helmholtz
equations) for Uy, and Ug. Obviously, equations (3.4.29) can also be de-
rived by assuming time-harmonic solutions for uy, and ur in the form

uy, . UL
=t , (3.4.31)
ur UT

and substituting these results into (3.4.24) and (3.4.26) respectively.

3.5 Conduction of Heat in Solids

We consider a domain D* bounded by a closed surface B*. Let u (z,y, z,t)
be the temperature at a point (z,y, z) at time ¢. If the temperature is not
constant, heat flows from places of higher temperature to places of lower
temperature. Fourier’s law states that the rate of flow is proportional to
the gradient of the temperature. Thus the velocity of the heat flow in an
isotropic body is

v = —Kgradu, (3.5.1)

where K is a constant, called the thermal conductivity of the body.
Let D be an arbitrary domain bounded by a closed surface B in D*.
Then the amount of heat leaving D per unit time is

// Unds,
B

where v,, = v - n is the component of v in the direction of the outer unit
normal n of B. Thus, by Gauss’ theorem (Divergence theorem)
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//B Unds = ///D div (—Kgradu) dx dy dz
- ///D Viudz dy dz. (3.5.2)

But the amount of heat in D is given by

///D opudz dydz, (3.5.3)

where p is the density of the material of the body and o is its specific heat.
Assuming that integration and differentiation are interchangeable, the rate
of decrease of heat in D is

Oou
—///D Tpoy dr dydz. (3.5.4)

Since the rate of decrease of heat in D must be equal to the amount of heat
leaving D per unit time, we have

—/// aputdacdydz:—K/// Vudx dydz,
D D

7///13 [opuy — KV?u| dxdydz = 0, (3.5.5)

for an arbitrary D in D*. We assume that the integrand is continuous. If we
suppose that the integrand is not zero at a point (zo, yo, 20) in D, then, by
continuity, the integrand is not zero in a small region surrounding the point
(0, Y0, 2z0). Continuing in this fashion we extend the region encompassing
D. Hence the integral must be nonzero. This contradicts (3.5.5). Thus, the
integrand is zero everywhere, that is,

or

uy = kV?u, (3.5.6)

where k = K/op. This is known as the heat equation.

This type of equation appears in a great variety of problems in math-
ematical physics, for example the concentration of diffusing material, the
motion of a tidal wave in a long channel, transmission in electrical cables,
and unsteady boundary layers in viscous fluid flows.

3.6 The Gravitational Potential

In this section, we shall derive one of the most well-known equations in the
theory of partial differential equations, the Laplace equation.
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%6

3

Figure 3.6.1 Two particles at P and Q.

We consider two particles of masses m and M, at P and @ as shown
in Figure 3.6.1. Let r be the distance between them. Then, according to
Newton’s law of gravitation, a force proportional to the product of their
masses, and inversely proportional to the square of the distance between
them, is given in the form

(3.6.1)

where G is the gravitational constant.
It is customary in potential theory to choose the unit of force so that
G = 1. Thus, F becomes

(3.6.2)

If r represents the vector P(Q), the force per unit mass at @) due to the mass
at P may be written as

F — _:;r —v (%) , (3.6.3)

which is called the intensity of the gravitational field of force.

We suppose that a particle of unit mass moves under the attraction of
the particle of mass m at P from infinity up to ). The work done by the
force F is
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/r Fdr = /Tv (%) dr = . (3.6.4)

oo oo

This is called the potential at @) due to the particle at P. We denote this
by

m
V=—— 3.6.5
- (36.5)
so that the intensity of force at P is
m
F=V (—) — V. (3.6.6)
r
We shall now consider a number of masses mi, mso, ..., m,, whose
distances from @) are rq, 79, .. ., ry, respectively. Then the force of attraction
per unit mass at @) due to the system is
" _m " m
k k
F= V— =V —. 3.6.7
S gy 367)
k=1 k=1
The work done by the forces acting on a particle of unit mass is
T n m
/ F-dr=Y —=_V. (3.6.8)
oo k=1 'k

Then the potential satisfies the equation

n

21, o2 %:_n 2 (M _
ViV = vzm ;v (m) 0, s 20.  (3.6.9)

k=1

In the case of a continuous distribution of mass in some volume R, we have,

as in Figure 3.6.2.
Vi(z,y,z2) = ///R Md}%, (3.6.10)

where r = \/(a: &’ +(y—n)’+(2—¢)° and Q is outside the body. It
immediately follows that

V2V =0. (3.6.11)

This equation is called the Laplace equation, also known as the potential
equation. It appears in many physical problems, such as those of electro-
static potentials, potentials in hydrodynamics, and harmonic potentials in
the theory of elasticity. We observe that the Laplace equation can be viewed
as the special case of the heat and the wave equations when the dependent
variables involved are independent of time.
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T

Figure 3.6.2 Continuous Mass Distribution.

3.7 Conservation Laws and The Burgers Equation

A conservation law states that the rate of change of the total amount of
material contained in a fixed domain of volume V' is equal to the flux of
that material across the closed bounding surface S of the domain. If we
denote the density of the material by p (x,t) and the flux vector by q (x,t),
then the conservation law is given by

4 pdV = 7/ (q-n)ds, (3.7.1)
where dV is the volume element and dS is the surface element of the bound-
ary surface S, n denotes the outward unit normal vector to S as shown in
Figure 3.7.1, and the right-hand side measures the outward flux — hence,
the minus sign is used.

Applying the Gauss divergence theorem and taking % inside the integral
sign, we obtain

/ <8p + divq> dv =0. (3.7.2)
v \ Ot

This result is true for any arbitrary volume V', and, if the integrand is
continuous, it must vanish everywhere in the domain. Thus, we obtain the
differential form of the conservation law

pt +divg = 0. (3.7.3)
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A X3

n
q (x, 1)

;x1

X2

Figure 3.7.1 Volume V of a closed domain bounded by a surface S with surface
element dS and outward normal vector n.

The one-dimensional version of the conservation law (3.7.3) is

% 90 _
ot Ox

To investigate the nature of the discontinuous solution or shock waves,
we assume a functional relation ¢ = @ (p) and allow a jump discontinuity
for p and ¢. In many physical problems of interest, it would be a better
approximation to assume that ¢ is a function of the density gradient p, as
well as p. A simple model is to take

q=Q(p) —vpa, (3.7.5)

where v is a positive constant. Substituting (3.7.5) into (3.7.4), we obtain
the nonlinear diffusion equation

0. (3.7.4)

pi+c(p) pe = Vpax, (3.7.6)

where ¢(p) = Q' (p)
We multiply (3.7.6) by ¢ (p) to obtain

ci+cce = v (p) prss
=v{c—" (p)p2}. (3.7.7)

If Q (p) is a quadratic function in p, then ¢ (p) is linear in p, and ¢’ (p) = 0.
Consequently, (3.7.7) becomes

Ct+CCp = VCgy. (3.7.8)
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As a simple model of turbulence, ¢ is replaced by the fluid velocity field
u (z,t) to obtain the well-known Burgers equation

Up + U Uy = VUgy, (3.7.9)

where v is the kinematic viscosity.

Thus the Burgers equation is a balance between time evolution, non-
linearity, and diffusion. This is the simplest nonlinear model equation for
diffusive waves in fluid dynamics. Burgers (1948) first developed this equa-
tion primarily to shed light on the study of turbulence described by the
interaction of the two opposite effects of convection and diffusion. However,
turbulence is more complex in the sense that it is both three dimensional
and statistically random in nature. Equation (3.7.9) arises in many phys-
ical problems including one-dimensional turbulence (where this equation
had its origin), sound waves in a viscous medium, shock waves in a viscous
medium, waves in fluid-filled viscous elastic tubes, and magnetohydrody-
namic waves in a medium with finite electrical conductivity. We note that
(3.7.9) is parabolic provided the coefficient of u, is constant, whereas the
resulting (3.7.9) with » = 0 is hyperbolic. More importantly, the proper-
ties of the solution of the parabolic equation are significantly different from
those of the hyperbolic equation.

3.8 The Schrodinger and the Korteweg—de Vries
Equations

We consider the following Fourier integral representation of a quasi-mono-
chromatic plane wave solution

w (z,t) :/OO F (k) exp i ke — w (k) )] dk, (3.8.1)

—00

where the spectrum function F (k) is determined from the given ini-
tial or boundary conditions and has the property F (—k) = F* (k), and
w = w (k) is the dispersion relation. We assume that the initial wave is
slowly modulated as it propagates in a dispersive medium. For such a quasi-
monochromatic wave, most of the energy is confined in a neighborhood of
a specified wave number k = ko, so that spectrum function F (k) has a
sharp peak around the point k = ky with a narrow wave number width
k — ko = 6k = O (e), and the dispersion relation w (k) can be expanded
about kg in the form

1

— Wl (6K +---,  (3.82)

1
w = wo + wj (k) + o wi (k)% + 27 0

2!

where wy = w (ko), w) = ' (ko), wj = w” (ko), and wf’ = w"’ (ko).
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Substituting (3.8.2) into (3.8.1) gives a new form
u(z,t) = A(z,t)exp[i (kox — wot)] + c.c., (3.8.3)
where c.c. stands for the complex conjugate and A (z,t) is the complex

wave amplitude given by

Wil (8k)*t

A(z,t) = /OOO F (ko + 0k) exp [i{(x—wét) (5k) _%

_%wg/ (51@%}] d(5k), (3.8.4)

where it has been assumed that w (—k) = — w (k). Since (3.8.4) depends on
(x — wit) Ok, (6k)?t, (6k)> t where 6k = O (¢) is small, the wave amplitude
A (x,t) is a slowly varying function of 2* = (z — w{t) and time ¢.

We keep only the term with (dk) in (3.8.4) and neglect all terms with
(0k)", n =2,3,---, so that (3.8.4) becomes

Az, t) = /OOO F (ko + 0k) exp [i {(z — wit)} (6k)] d (5k) .  (3.8.5)

A simple calculation reveals that A (z,t) satisfies the evolution equation

0A 0A

E + Cg% = O7 (386)

where ¢, = wy is the group velocity.
In the next step, we retain only terms with (6k) and (5k)” in (3.8.4) to
obtain

Az t) = /0 P (ko + 0k) exp [z {(x — wht) (5k) — %w(')l (51@)2” d (o).
(3.8.7)

A simple calculation shows that A (x,t) satisfies the linear Schrdédinger
equation

(OA ., 0A\ 1 ,0*A

Using the slow variables
E=ce(x—wit), T = €%t (3.8.9)

the modulated wave amplitude A (£, 7) satisfies the linear Schrédinger equa-
tion

1
1A + iwé/Agg = 0. (3810)
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On the other hand, for the frequencies at which the group velocity wy
reaches an extremum, wj = 0. In this case, the cubic term in the dispersion
relation (3.7.2) plays an important role. Consequently, equation (3.8.4) re-
duces to a form similar to (3.8.7) with w{ = 0 in the exponential factor.
Once again, a simple calculation from the resulting integral (3.8.4) reveals
that A (z,t) satisfies the linearized Korteweg—de Vries (KdV) equation

0A , 04 1,034
ot 0 TN g T
By transferring to the new variables £ = x —w(t and 7 = ¢ which correspond
to a reference system moving with the group velocity w(, we obtain the
linearized KdV equation

(3.8.11)

oA 1 ,,0%A
— 4= — =0. 3.8.12
or 6“0 o (3812)
This describes waves in a dispersive medium with a weak high frequency
dispersion.

One of the remarkable nonlinear model equations is the Korteweg—de
Vries (KdV) equation in the form

U + auty + Pugee = 0, —o<x<oo, t>0. (3.8.13)

This equation arises in many physical problems including water waves, ion
acoustic waves in a plasma, and longitudinal dispersive waves in elastic rods.
The exact solution of this equation is called the soliton which is remarkably
stable. We shall discuss the soliton solution in Chapter 13.

Another remarkable nonlinear model equation describing solitary waves
is known as the nonlinear Schrédinger (NLS) equation written in the stan-
dard form

1
iut+§w()’um+7|u|2u=0, —oo <z <oo, t>0.(3.8.14)

This equation admits a solution called the solitary waves and describes the
evolution of the water waves; it arises in many other physical systems that
include nonlinear optics, hydromagnetic and plasma waves, propagation of
heat pulse in a solid, and nonlinear instability problems. The solution of
this equation will be discussed in Chapter 13.

3.9 Exercises
1. Show that the equation of motion of a long string is

_ 2
Uty = C Ugy — G,

where g is the gravitational acceleration.
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Derive the damped wave equation of a string
_ 2
Utt + QU = C Usgg,

where the damping force is proportional to the velocity and a is a
constant. Considering a restoring force proportional to the displacement
of a string, show that the resulting equation is

Ug + aug + bu = gy,
where b is a constant. This equation is called the telegraph equation.

Consider the transverse vibration of a uniform beam. Adopting FEuler’s
beam theory, the moment M at a point can be written as

M = —ET ugy,

where FI is called the flexural rigidity, F is the elastic modulus, and
I is the moment of inertia of the cross section of the beam. Show that
the transverse motion of the beam may be described by

2 —
Ut +c Uggze = 03

where ¢ = EI/pA, p is the density, and A is the cross-sectional area
of the beam.

Derive the deflection equation of a thin elastic plate
Viu =q/D,

where ¢ is the uniform load per unit area, D is the flexural rigidity of
the plate, and

4
VU = Uggar + 2Ugzyy + Uyyyy-
Derive the one-dimensional heat equation
Uy = KUz, Where k is a constant.

Assuming that heat is also lost by radioactive exponential decay of the
material in the bar, show that the above equation becomes

Up = Klgy + he™ 7,
where h and « are constants.

Starting from Mazwell’s equations in electrodynamics, show that in
a conducting medium electric intensity E, magnetic intensity H, and
current density J satisfy

V2X = ngxtt + ,LLO'Xt,

where X represents E, H, and J, p is the magnetic inductive capacity,
€ is the electric inductive capacity, and o is the electrical conductivity.
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11.
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Derive the continuity equation
pt +div (pu) = 0,
and Euler’s equation of motion
plus + (u-grad)u] 4+ gradp = 0,
in fluid dynamics.

In the derivation of the Laplace equation (3.6.11), the potential at @
which is outside the body is ascertained. Now determine the potential
at () when it is inside the body, and show that it satisfies the Poisson
equation

V2u = —4mp,
where p is the density of the body.

Setging U = ey in the wave equation Uy = V2U and setting U =
e %%y in the heat equation U; = V2U, show that u (z,y, 2) satisfies
the Helmholtz equation

V2u + k?u = 0.
The Maxwell equations in vacuum are

0B OE
VXxE=—-—— B=pe—
% g VBT reGs
V-E=0, V-B=0,
where 1 and ¢ are universal constants. Show that the magnetic field
B = (0, By (z,t),0) and the electric field E = (0,0, E, (z,t)) satisfy
the wave equation
Pu_ 0
o2 ox?’

where u = B, or E, and ¢ = (,U,S)_% is the speed of light.

The equations of gas dynamics are linearized for small perturbations
about a constant state u = 0, p = pg, and pg = p (po) with ¢ = p’ (po).
In terms of velocity potential ¢ defined by u = V¢, the perturbation
equations are

pt + podivu = 0,
p—po=—pod =i (p—po),

p—po=—23 o0
0
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Show that f and u satisfy the three dimensional wave equations
fie = cAV2f, and uy = ¢ Vu,
where f = p, p, or ¢ and

, 07 0? 0?

V= Ox2 + Oy? * 022
Consider a slender body moving in a gas with arbitrary constant ve-
locity U, and suppose (21, xs,x3) represents the frame of reference in
which the motion of the gas is small and described by the equations of
problem 11. The body moves in the negative x; direction, and (z,y, 2)
denotes the coordinates fixed with respect to the body so that the co-
ordinate transformation is (x,y,z) = (1 + Ut, 22, x3). Show that the
wave equation ¢y = c2V2¢ reduces to the form

(M2 - 1) Dpp = éyy + ¢zza

where M = U/cy is the Mach number and @ is the potential in the new
frame of reference (z,y, 2).

Consider the motion of a gas in a taper tube of cross section A (z).
Show that the equation of continuity and the equation of motion are

p=po<1—8§—€a‘;1>=po [1—18(%)],

or A A Oz
and
¢ op
TR

where x is the distance along the length of the tube, £ (z) is the dis-
placement function, p = p (p) is the pressure-density relation, pg is the
average density, and p is the local density of the gas.

Hence derive the equation of motion

o1 0 dp

= 2 —_— —_— A 2 = —.

= o [ ( 5)} C T,
Find the equation of motion when A is constant. If A (x) = ag exp (2ax)

where ag and « are constants, show that the above equation takes the
form

€ =c? (€xx + 20&,) .

Consider the current I (z,t) and the potential V (z,t) at a point x
and time ¢t of a uniform electric transmission line with resistance R,
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inductance L, capacity C, and leakage conductance G per unit length.
(a) Show that both I and V satisfy the system of equations

LI+ RI = -V,
CVi+ GV = —1,.

Derive the telegraph equation
Uy — € 2uy —aug —bu=0, for u=I or V,
where ¢2 = (LC) ™", a = RC + LG and b = RG.
(b) Show that the telegraph equation can be written in the form
U — gy + (p+ q) ug + pgu =0,
where p = & and ¢ = £.

(¢) Apply the transformation

U = vexp [—;(p—i-q)t}

to transform the above equation into the form

1
1 (p— Q)QU-

2
Vit — C Vgg =

(d) When p = ¢, show that there exists an undisturbed wave solution
in the form

u(x,t) =e P f(vtct),

which propagates in either direction, where f is an arbitrary twice dif-
ferentiable function of its argument.
If w(x,t) = Aexp i (kx — wt)] is a solution of the telegraph equation

Uy — Cllgy —auy — Pu=0, a=p+q, B=pg,
show that the dispersion relation holds
w? +iaw — (02k2 + ﬁQ) =0.

Solve the dispersion relation to show that

u(z,t) = exp <—;pt> exp {z <I<:x - g\/402k2 + (4q — p?) )] .

When p? = 4q, show that the solution represents attenuated nondisper-
sive waves.



88

15.

16.

3 Mathematical Models

(e) Find the equations for I and V' in the following cases:

(i) Lossless transmission line (R = G = 0),

(ii) Ideal submarine cable (L = G = 0),

(iii) Heaviside’s distortionless line (R/L = G/C = constant = k).

The Fermi—Pasta—Ulam model is used to describe waves in an anhar-
monic lattice of length [ consisting of a row of n identical masses m,
each connected to the next by nonlinear springs of constant k. The
masses are at a distance h = [/n apart, and the springs when extended
or compressed by an amount d exert a force F' = k (d + ad2) where «
measures the strength of nonlinearity. The equation of motion of the
1th mass is

mi; = K |:(yz'+1 —yi) — (¥ —yi—1) +« {(yz’-H — i) — (yi — yi—l)QH )

where ¢ = 1,2,3...n, y; is the displacement of the ith mass from its
equilibrium position, and «, a are constants with yg =y, = 0.
Assume a continuum approximation of this discrete system so that the
Taylor expansions

h2 3 4 5
2 h3 h4
e . — _ o _ 5

can be used to derive the nonlinear differential equation

Yt = 62 [1 + 2ahyw] Yxx +o0 <h4) 5
212

Yt = 02 [1 + 2ahyw] Yz + ?yxa:ww +o (hs) ’

where

2

rkh

A==
m

Using a change of variables £ = = — ct, 7 = caht, show that u = y¢
satisfies the Korteweg—de Vries (KdV) equation

h

Ur 4+ utg + Pugee = o (€2), € = ah, ﬁ:%.

The one-dimensional isentropic fluid flow is obtained from Euler’s equa-
tions (3.1.14) in the form

1
Uy + Uy = P pi+ (pu), =0, p=p(p).
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(a) Show that u and p satisfy the one-dimensional wave equation

<u> ‘ <u‘>
tt TT
2 __ dp

where ¢ 2 is the velocity of sound.
p

(b) For a compressible adiabatic gas, the equation of state is p = Ap?,
where A and v are constants; show that
2_ P

p

(a) Obtain the two-dimensional unsteady fluid flow equations from
(3.1.14).

C

(b) Find the two-dimensional steady fluid flow equations from (3.1.14).
Hence or otherwise, show that

(= u?) up —uv (uy + vz) + (¢ = v*) vy, =0,
where
¢ =p'(p).

(c) Show that, for an irrotational fluid flow (u = V¢), the above equa-
tion reduces to the quasi-linear partial differential equations

(02 - ¢i) Duaw — 2¢w¢y¢azy + (C2 - ¢g2/) ¢yy =0.
(d) Show that the slope of the characteristic C satisfies the quadratic

equation
2 2 dy ? dy 2,2\ _
(c U ) (dac) + 2uv e + (c v ) = 0.

Hence or otherwise derive

(¢ —o?) (flz)z ~2up (32) (@ —u?) =0,

For an inviscid incompressible fluid flow under the body force, F =
—V&, the Euler equations are
ou

1
— +u-Vu=-V®—--Vp, divu=0.
ot p

(a) Show that the vorticity w = V x u satisfies the vorticity equation

Dw  Ow
— =—+u- Vw=w-Vu
Dt ot "
(b) Give the interpretation of this vorticity equation.
D

(c) In two dimensions, show that 57 = 0 (conservation of vorticity).
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19.

20.

21.
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The evolution of the probability distribution function u (x, ¢) in nonequi-
librium statistical mechanics is described by the Fokker—Planck equa-

tion (See Reif (1965))
oo (m
ot oz \ ot '

(a) Use the change of variables

t t

E=xe" and v=wue"

to show that the Fokker—Planck equation assumes the form with
u(z,t)=e'v(¢T)

Ve = €2t Vgg-

(b) Make a suitable change of variable ¢ to 7 (t), and transform the
above equation into the standard diffusion equation

Vg = Vge.-

The electric field E (x) and the electromagnetic field H (x) in free
space (a vacuum) satisfy the Maxwell equations E; = ¢ curl H, H; =
—c curl H, divE = 0 = divH, where c is the constant speed of light in a
vacuum. Show that both E and H the three-dimensional wave equations

E; = 2V?E and Hy = ?V’H,
where x = (2,7, 2) and V? is the three-dimensional Laplacian.

Consider longitudinal vibrations of a free elastic rod with a variable
cross section A (z) with z measured along the axis of the rod from
the origin. Assuming that the material of the rod satisfies Hooke’s law,
show that the displacement function u (x,t) satisfies the generalized

wave equation
Uy = C> Uy + i % U
tt — TT A (l’) dr x>

where ¢ = (\/p), A is a constant that describes the elastic nature of the
material, and p is the line density of the rod. When A (x) is constant,
the above equation reduces to one-dimensional wave equation.
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Classification of Second-Order Linear
Equations

“When we have a good understanding of the problem, we are able to clear
it of all auxiliary notions and to reduce it to simplest element.”

René Descartes

“The first process ... in the effectual study of sciences must be one of sim-
plification and reduction of the results of previous investigations to a form
in which the mind can grasp them.”

James Clerk Maxwell

4.1 Second-Order Equations in Two Independent
Variables

The general linear second-order partial differential equation in one depen-
dent variable © may be written as

n n
Z Aijuxix]. + Z Biuxi + Fu= G, (411)
i,j=1 i=1
in which we assume A;; = Aj;; and A;;, B;, F, and G are real-valued
functions defined in some region of the space (z1,2,...,Tp).

Here we shall be concerned with second-order equations in the depen-
dent variable u and the independent variables z, y. Hence equation (4.1.1)
can be put in the form

Augy + Bugy + Cuyy + Dug + Euy + Fu = G, (4.1.2)

where the coefficients are functions of x and y and do not vanish simulta-
neously. We shall assume that the function u and the coefficients are twice
continuously differentiable in some domain in R2.
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The classification of partial differential equations is suggested by the
classification of the quadratic equation of conic sections in analytic geom-
etry. The equation

Az? + Bry +Cy?> + Dz + Ey+ F =0,

represents hyperbola, parabola, or ellipse accordingly as B? — 4AC is pos-
itive, zero, or negative.

The classification of second-order equations is based upon the possibility
of reducing equation (4.1.2) by coordinate transformation to canonical or
standard form at a point. An equation is said to be hyperbolic, parabolic,
or elliptic at a point (xg,yo) accordingly as

B2 (0,10) — 44 (0,10) C (20, 0) (4.1.3)

is positive, zero, or negative. If this is true at all points, then the equation
is said to be hyperbolic, parabolic, or elliptic in a domain. In the case of
two independent variables, a transformation can always be found to reduce
the given equation to canonical form in a given domain. However, in the
case of several independent variables, it is not, in general, possible to find
such a transformation.

To transform equation (4.1.2) to a canonical form we make a change of
independent variables. Let the new variables be

§=&(xy), n=nxy). (4.1.4)

Assuming that £ and n are twice continuously differentiable and that the
Jacobian

€ &y
J = , (4.1.5)
Ne Ty
is nonzero in the region under consideration, then x and y can be deter-

mined uniquely from the system (4.1.4). Let 2 and y be twice continuously
differentiable functions of £ and 7. Then we have

Ug = Uely + Uya, Uy = ugly + uyly,
Ugy = uggfi + 2ugn&anz + um]nch + uebpe + UMz, (4.1.6)
Uzy = Uge&aby + Ugy (&ﬂ?y + funx) + Uny Ny + Uelay + UnNay,
Uyy = u&&@? + 2ugn&yny + unnnz + uelyy + untyy-

Substituting these values in equation (4.1.2) we obtain
A*uge + B*ugy + C*upy + D*ug + E*uy + Fru= G*,  (4.1.7)

where
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A* = A€ + BE,E, + CE,
B* =2A¢m, + B (fwnu + &;nz) + 205@/771/’
C* = An2 + Bunan, + C’ni,

D* = A,y + B&yy + C&yy + DE + EEy, (4.1.8)
E* = Ang, + Bngy + Cnyy + Dy + Eny,
F* =F, G*=G.

The resulting equation (4.1.7) is in the same form as the original equation
(4.1.2) under the general transformation (4.1.4). The nature of the equation
remains invariant under such a transformation if the Jacobian does not
vanish. This can be seen from the fact that the sign of the discriminant
does not alter under the transformation, that is,

B*? —4A*C* = J* (B*> - 4AC) , (4.1.9)

which can be easily verified. It should be noted here that the equation can
be of a different type at different points of the domain, but for our purpose
we shall assume that the equation under consideration is of the single type
in a given domain.

The classification of equation (4.1.2) depends on the coefficients A (z, y),
B (z,y), and C (z,y) at a given point (z,y). We shall, therefore, rewrite
equation (4.1.2) as

Augy + Bugy + Cuyy = H (z,y, 4, ug, uy) , (4.1.10)
and equation (4.1.7) as

A*uge + B ugy + Cuyy = H* (&, 1, u, ug, uy) . (4.1.11)

4.2 Canonical Forms

In this section we shall consider the problem of reducing equation (4.1.10)
to canonical form.

We suppose first that none of A, B, C, is zero. Let £ and 1 be new
variables such that the coefficients A* and C* in equation (4.1.11) vanish.
Thus, from (4.1.8), we have

A* = AL + B&&, + CE =0,
C* = An? + Bngny + Cni, = 0.

These two equations are of the same type and hence we may write them in
the form

ACZ 4 B(o(y + CC =0, (4.2.1)
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in which ¢ stand for either of the functions £ or 5. Dividing through by Cg,
equation (4.2.1) becomes

A (QE>2 +B (C‘T> +C=0. (4.2.2)
Gy Cy
Along the curve ¢ = constant, we have
d¢ = (zdz + (ydy = 0.
Thus,

dy_ G

it (4.2.3)

and therefore, equation (4.2.2) may be written in the form

dy 2 dy

the roots of which are
Z—i = (B +vVB2 - 4AC> /24, (4.2.5)
= (B —VB2- 4AC> J2A. (4.2.6)

dy

dx
These equations, which are known as the characteristic equations, are or-
dinary differential equations for families of curves in the zy-plane along
which & = constant and 7 = constant. The integrals of equations (4.2.5)
and (4.2.6) are called the characteristic curves. Since the equations are
first-order ordinary differential equations, the solutions may be written as

o1 (537 y) = c1, c¢1 = constant,

®2 (x, y) = C2, co = constant.

Hence the transformations

€=¢1($7y), 77:¢2($7y),

will transform equation (4.1.10) to a canonical form.

(A) Hyperbolic Type

If B2 —4AC > 0, then integration of equations (4.2.5) and (4.2.6) yield
two real and distinct families of characteristics. Equation (4.1.11) reduces
to

ue, = Hy, (4.2.7)
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where H; = H*/B*. It can be easily shown that B* # 0. This form is called
the first canonical form of the hyperbolic equation.
Now if new independent variables

a={+n,  B=E(-n, (4.2.8)
are introduced, then equation (4.2.7) is transformed into
Uaa — Ugg = Ha (o, B, u, uq, ug) . (4.2.9)

This form is called the second canonical form of the hyperbolic equation.

(B) Parabolic Type
In this case, we have B2 — 4AC = 0, and equations (4.2.5) and (4.2.6)
coincide. Thus, there exists one real family of characteristics, and we obtain

only a single integral £ = constant (or 1 = constant).
Since B? = 4AC and A* = 0, we find that

2
A" = A + Bty + 0 = (VAL +VTg,) =0
From this it follows that

A* = 2A&m; + B (&any + &) +2C&n,
=2 (\/ng + \@Ey) (ﬂnz + \@ny) =0,

for arbitrary values of 1 (x,y) which is functionally independent of £ (x, y);
for instance, if n = y, the Jacobian does not vanish in the domain of parabol-
icity.

Division of equation (4.1.11) by C* yields

Upy = H3 (§,1,u,ug, uy) , C* #0. (4.2.10)

This is called the canonical form of the parabolic equation.
Equation (4.1.11) may also assume the form

uge = Hi (&,1,u,ue,uy) , (4.2.11)

if we choose ) = constant as the integral of equation (4.2.5).
(C) Elliptic Type

For an equation of elliptic type, we have B? — 4AC < 0. Consequently,
the quadratic equation (4.2.4) has no real solutions, but it has two complex
conjugate solutions which are continuous complex-valued functions of the
real variables x and y. Thus, in this case, there are no real characteristic
curves. However, if the coefficients A, B, and C are analytic functions of
2 and y, then one can consider equation (4.2.4) for complex x and y. A
function of two real variables x and y is said to be analytic in a certain
domain if in some neighborhood of every point (zg,yo) of this domain, the
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function can be represented as a Taylor series in the variables (z — z¢) and

(Y — vo)-
Since £ and 7 are complex, we introduce new real variables

a=g €+, B=a ), (1212)
so that
E=a+1if, n=aoa—1if. (4.2.13)
First, we transform equations (4.1.10). We then have

A" (aaﬁ) U + B** (Oé,ﬁ) Uap + C** (Oé,ﬁ) Upp = H4 (a7ﬁ7uaua7uﬁ) 5
(4.2.14)

in which the coefficients assume the same form as the coefficients in equation
(4.1.11). With the use of (4.2.13), the equations A* = C* = 0 become

(402 + Bagay + Ca?) — (AB2 + BB.B, + CB2)
+i 24028, + B (2B + ayfa) + 20, 8,] = 0,

(Aai + Bagay, + CaZ) — (Aﬂ% + BB.08y + Cﬂi)
—i [2Aa$ﬁr +B (O‘xﬂy + ayﬁx) + QCO‘yﬂy] =0,

or,
(A™ = C™) 4+ iB*™ =0, (A™ = C*™) —iB™ =0.
These equations are satisfied if and only if
A™ =C" and B™ =0.
Hence, equation (4.2.14) transforms into the form
A uge + A" ugg = Hy (o, B, U, Ug, ug) .
Dividing through by A**, we obtain
Uaa +ugs = Hs (o, B, u, ua, ug) , (4.2.15)

where Hs = (Hy/A*™). This is called the canonical form of the elliptic
equation.

We close this discussion of canonical forms by adding an important
comment. From mathematical and physical points of view, characteristics
or characteristic coordinates play a very important physical role in hyper-
bolic equations. However, they do not play a particularly physical role in
parabolic and elliptic equations, but their role is somewhat mathematical
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in solving these equations. In general, first-order partial differential equa-
tions such as advection-reaction equations are regarded as hyperbolic be-
cause they describe propagation of waves like the wave equation. On the
other hand, second-order linear partial differential equations with constant
coefficients are sometimes classified by the associated dispersion relation
w = w (k) as defined in Section 13.3. In one-dimensional case, w = w (k).
If w (k) is real and w” (k) # 0, the equation is called dispersive. The word
dispersive simply means that the phase velocity ¢, = (w/k) of a plane wave
solution, u (x,t) = Aexp [i (kx — wt)] depends on the wavenumber k. This
means that waves of different wavelength propagate with different phase ve-
locities and hence, disperse in the medium. If w = w (k) = o (k) +ip (k) is
complex, the associated partial differential equation is called diffusive. From
a physical point of view, such a classification of equations is particularly
useful. Both dispersive and diffusive equations are physically important,
and such equations will be discussed in Chapter 13.

Ezample 4.2.1. Consider the equation
y2um — xQuyy =0.

Here

Thus,
B? — 4AC = 42%y* > 0.

The equation is hyperbolic everywhere except on the coordinate axes x = 0
and y = 0. From the characteristic equations (4.2.5) and (4.2.6), we have

dy @ dy _

x
de vy’ de  y’

After integration of these equations, we obtain

1 1 1 1
§y2 — 5302 =cy, §y2 + §x2 = Ca.

The first of these curves is a family of hyperbolas

and the second is a family of circles

1
gy —|—§x = Ca.

To transform the given equation to canonical form, we consider
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1y 1, 1y 1,
=3y — 3%, =3y 37
From the relations (4.1.6), we have
Up = Uy + UpNy = —TUe + TUy,

Uy = Uy + upny = Yug + Yuy,
2 2
Uy = uﬁﬁgw + 2u€n§a:77:v + Uyyny + ufgww + Uy
TPuge — 20 ugy + Uy — U + .
2 2
Uyy = Uge&y + 2uenSyny + Unyny + uelyy + Unyy
= yQUgg + 2y2u§17 + yQunn + U + Uy

Thus, the given equation assumes the canonical form

_ 1 £
T aE - T e

Ezxample 4.2.2. Consider the partial differential equation

Uy

xQuM + 22y Ugy + y2uyy =0.
In this case, the discriminant is
B? —4AC = 4x*y® — 42%y* = 0.
The equation is therefore parabolic everywhere. The characteristic equation
is

dy _y

der 2’

and hence, the characteristics are

vy _
LA,
x

which is the equation of a family of straight lines.
Consider the transformation

y
£==, n=y,
x

where 7 is chosen arbitrarily. The given equation is then reduced to the
canonical form

y2um, =0.
Thus,

Upy =0 for y#0.
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FEzxzample 4.2.3. The equation
2 —
Ugy + T Uyy = 0,
is elliptic everywhere except on the coordinate axis x = 0 because
B? —4AC = —422 <0, x#0.

The characteristic equations are

dy _ . dy ‘
— =z, — = —iz.
dx dx
Integration yields
2y —ix? = ¢, 2y + iz? = co.

Thus, if we write
£=2y—ia®,  n=2y+ia?

and hence,

a=%(€+n)=2y7 6=%(§—n)=—x2,

we obtain the canonical form

1
Uga T UBE = — 7 UG-
ao BB 20 8
It should be remarked here that a given partial differential equation may
be of a different type in a different domain. Thus, for example, Tricomi’s
equation

Upg + TUyy = 0, (4.2.16)

is elliptic for 2 > 0 and hyperbolic for = < 0, since B? — 4AC = —4x. For
a detailed treatment, see Hellwig (1964).

4.3 Equations with Constant Coefficients

In this case of an equation with real constant coefficients, the equation is of
a single type at all points in the domain. This is because the discriminant
B? — 4AC is a constant.

From the characteristic equations

di; = (B +VB2 - 4Ac) /24, (4.3.1)

d
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we can see that the characteristics

B+ VB2 —-4AC B — VB2 - 4AC
Yy = 24 r+ce, Y= 94 x4+ co, (4.3.2)

are two families of straight lines. Consequently, the characteristic coordi-
nates take the form

§=y— Az, n =y — X, (4.3.3)

where

B+VB? —4AC

Az = 24

(4.3.4)

The linear second-order partial differential equation with constant coeffi-
cients may be written in the general form as

Aty + Bugy + Cuyy + Duy + Euy + Fu = G (z,y) . (4.3.5)
In particular, the equation
Aty + Buyy + Cuyy =0, (4.3.6)

is called the Euler equation.

(A) Hyperbolic Type

If B2 — 4AC > 0, the equation is of hyperbolic type, in which case the
characteristics form two distinct families.

Using (4.3.3), equation (4.3.5) becomes

Ugy = D1’LL§ + E1un + Fiu+ Gy (f, ’17) R (437)

where D1, Eq, and F are constants. Here, since the coefficients are con-
stants, the lower order terms are expressed explicitly.

When A = 0, equation (4.3.1) does not hold. In this case, the charac-
teristic equation may be put in the form

—B (dz/dy) + C (dz/dy)* = 0,
which may again be rewritten as
dx/dy =0, and — B+ C(dz/dy)=0.
Integration gives
T =cy, x=(B/C)y+ cq,

where ¢; and co are integration constants. Thus, the characteristic coordi-
nates are
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£ =ux, n=z—(B/C)y. (4.3.8)

Under this transformation, equation (4.3.5) reduces to the canonical form
ugy = Diue + Efuy + Fiu+G1 (§,1), (4.3.9)

where D7, E7, and Fy* are constants.
The canonical form of the Euler equation (4.3.6) is

gy = 0. (4.3.10)
Integrating this equation gives the general solution

where ¢ and 1) are arbitrary functions, and A; and A, are given by (4.3.3).

(B) Parabolic Type

When B? — 4AC = 0, the equation is of parabolic type, in which case
only one real family of characteristics exists. From equation (4.3.4), we find
that

A1 = A2 = (B/24),
so that the single family of characteristics is given by
y=(B/2A)x + ¢,
where ¢; is an integration constant. Thus, we have
E=y—(B/2A)z, n = hy + kz, (4.3.12)

where 7 is chosen arbitrarily such that the Jacobian of the transformation
is not zero, and h and k are constants.

With the proper choice of the constants h and k in the transformation
(4.3.12), equation (4.3.5) reduces to

Upy = Doue + Eyuy + Fou+ G2 (€,1), (4.3.13)

where D5, Es, and F5 are constants.
If B =0, we can see at once from the relation

B? —4AC =0,

that C or A vanishes. The given equation is then already in the canonical
form. Similarly, in the other cases when A or C' vanishes, B vanishes. The
given equation is is then also in canonical form.

The canonical form of the Euler equation (4.3.6) is

Uy = 0. (4.3.14)
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Integrating twice gives the general solution

u=¢ () +ny (&), (4.3.15)

where £ and 7 are given by (4.3.12). Choosing h =1, k = 0 and A = (&)
for simplicity, the general solution of the Euler equation in the parabolic
case is

u=a¢(y—Ax)+yv(y—Azr). (4.3.16)

(C) Elliptic Type

When B? — 4AC < 0, the equation is of elliptic type. In this case, the
characteristics are complex conjugates.

The characteristic equations yield

Yy =Mz +c, Yy = Ao + C3, (4.3.17)

where \; and Ao are complex numbers. Accordingly, ¢; and ¢y are allowed
to take on complex values. Thus,

E=y— (a+1b)wz, n=y— (a—1b)wx, (4.3.18)

where A1 2 = a+1b in which a and b are real constants, and

and b:i\/4ACfB2.

_B
247 24

Introduce the new variables

a=g(E+m=y—az, f=o(E-n)=—br (4319)

a

Application of this transformation readily reduces equation (4.3.5) to the
canonical form

Uaa + Usg = Dsug + Esug + Fau + Gs (o, ), (4.3.20)

where D3, E3, F3 are constants.

We note that B? — AC < 0, so neither A nor C is zero.

In this elliptic case, the Euler equation (4.3.6) gives the complex char-
acteristics (4.3.18) which are

¢ = (y — ax) — ibx, n=(y—ax)+ibx = £ (4.3.21)
Consequently, the Euler equation becomes
Uee = 0, (4.3.22)
with the general solution
u=6(€)+v@. (43.23)

The appearance of complex arguments in the general solution (4.3.23) is a
general feature of elliptic equations.
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FEzxzample 4.3.1. Consider the equation
dtlgy + 5 Uzy + Uyy + Uy +uy = 2.

Since A = 4, B =5, C = 1, and B? — 4AC = 9 > 0, the equation is
hyperbolic. Thus, the characteristic equations take the form

d d 1
dy _, dy _

dx ’ de 4’
and hence, the characteristics are
y=rte,  y=(e/0)+e
The linear transformation
E=y—2, n=y—(z/4),

therefore reduces the given equation to the canonical form

Ugnzgun—g.

This is the first canonical form.
The second canonical form may be obtained by the transformation

a:£+na 525*77,
in the form

Uga — UBE = T U —lu 28
aa TS = g e T g8 T g

FEzxzample 4.3.2. The equation
Upz — dUgy + duyy = €Y,

is parabolic since A = 1, B = —4, C = 4, and B? — 4AC = 0. Thus, we
have from equation (4.3.12)
§=y+2r, n=y,

in which 7 is chosen arbitrarily. By means of this mapping, the equation
transforms into

1
— Zen
Upy = — €.

Example 4.3.3. Consider the equation

Ugy + Ugy + Uyy + Uy = 0.
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Since A =1, B=1,C =1, and B? — 4AC = -3 < 0, the equation is

elliptic.
We have
B++vVB2—-4AC 1 /3
Alg = —= = *ili,
2A 2 2
and hence,

1, V3 1 V3
5219—(2‘“2)1‘, 77=y—<2—12>$

Introducing the new variables

V3

a:§(€+n):y_§xv 622@_77):_73%

the given equation is then transformed into canonical form

2 2
Uqo T UGE = guaJr %U[}.
Example 4.3.4. Consider the wave equation

Upp — cgum =0, c is constant.

Since A = —c?, B =0, C = 1, and B? — 4AC = 4c¢®> > 0, the wave
equation is hyperbolic everywhere. According to (4.2.4), the equation of

characteristics is
dt\?
2
— — 1=0
c ( dx) + )

dz? — Adi? = 0.

or

Therefore,
x + ct = & = constant, T —ct =n = constant.

Thus, the characteristics are straight lines, which are shown in Figure 4.3.1.
The characteristics form a natural set of coordinates for the hyperbolic
equation.

In terms of new coordinates ¢ and 7 defined above, we obtain

Ugy = Ugg + 2Ugy + Unpy,

ui = ¢ (uge — 2ugy + Uny)

so that the wave equation becomes
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t

N
%
\ N
\ 00
y
QA

Figure 4.3.1 Characteristics for the wave equation.

—402u5,7 =0.
Since ¢ # 0, we have
ugy = 0.
Integrating with respect to &, we obtain
uy =11 ().

where 17 is the arbitrary function of 7. Integrating with respect to 7, we
obtain

u(f,m:/wl(n)dnw(s).

If we set ¢ (n) = [ 91 (1) dn, the general solution becomes
u(&n) =) +v 1),

which is, in terms of the original variables x and t,
w(a,t) = ¢ (a+ct) + 0 (x—ct),

provided ¢ and v are arbitrary but twice differentiable functions.
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Note that ¢ is constant on “wavefronts” x = —ct + £ that travel toward
decreasing x as t increases, whereas 1 is constant on wavefronts x = ct +n
that travel toward increasing x as t increases. Thus, any general solution
can be expressed as the sum of two waves, one traveling to the right with
constant velocity ¢ and the other traveling to the left with the same velocity
c.

FEzxzample 4.3.5. Find the characteristic equations and characteristics, and
then reduce the equations

Upz F (sech®z) uy, =0, (4.3.24ab)

to the canonical forms.
In equation (4.3.24a), A =1, B =0 and C = —sech®z. Hence,

B? — 4AC = 4sech?z > 0.

Hence, the equation is hyperbolic. The characteristic equations are

dy B++vB? - 4AC
dz 2A

= + sech’z.

Integration gives
y + tanhz = constant.
Hence,
§ =y+tanhz, n =1y — tanh .

Using these characteristic coordinates, the given equation can be trans-
formed into the canonical form

(n—2%)
Ugy = —————= (ug — uyy) . (4.3.25)
T e

In equation (4.3.24b), A =1, B =0 and C' = sech®z. Hence,
B? — 4AC = + isech®z.
Integrating gives
y + 4 tanh x = constant.
Thus,
§ =y +itanhuz, n =y —itanhz.

The new real variables o and 3 are
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az%(f—i-n):y, Bzé(f—n)Ztanhw-

In terms of these new variables, equation (4.3.24b) can be transformed into
the canonical form

2
FEzample 4.3.6. Consider the equation
Uy + (2 cosecy) gy, + (cosec®y) gy, = 0. (4.3.27)

In this case, A = 1, B = 2cosecy and C = cosec?y. Hence, B2 — 4AC = 0,
and
dy _ B
dr  2A

The characteristic curves are therefore given by

= cosecy.

E=x+4+cosy and n=y.
Using these variables, the canonical form of (4.3.27) is

Uy = (Sin2 n cosn) ug. (4.3.28)

4.4 General Solutions

In general, it is not so simple to determine the general solution of a given
equation. Sometimes further simplification of the canonical form of an equa-
tion may yield the general solution. If the canonical form of the equation
is simple, then the general solution can be immediately ascertained.

FEzample 4.4.1. Find the general solution of
a:2um + 22y Ugy + yguyy = 0.

In Example 4.2.2; using the transformation { = y/x, n = y, this equation
was reduced to the canonical form

Ugy =0, for y#0.
Integrating twice with respect to 7, we obtain

u(&,n) =nf€)+g(8),

where f(£) and g () are arbitrary functions. In terms of the independent
variables  and y, we have

u(z,y) =yf(%> +g(y)-

T
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Ezample 4.4.2. Determine the general solution of
Ay + D Ugy + Uyy + Ugp + Uy = 2.

Using the transformation £ = y — z, n = y — (x/4), the canonical form of
this equation is (see Example 4.3.1)

UETI = § ’Uﬂ,7 — §
By means of the substitution v = u,, the preceding equation reduces to

1 8
U§:§U—§.

This can be easily integrated by separating the variables. Integrating with
respect to £, we have

8 1
— 24 —EBp
v 3—|—3e (n).

Integrating with respect to 7, we obtain

w(em =5n+ 39 eER+1(9),

where f(£) and g (n) are arbitrary functions. The general solution of the
given equation becomes

u(z,y) = 2 (y—D +ég(y—§) e 4 f(y—2).

Example 4.4.3. Obtain the general solution of
SuUgy + 10Uz + 3uy, = 0.

Since B2 —4AC = 64 > 0, the equation is hyperbolic. Thus, from equation
(4.3.2), the characteristics are

1
y =3z +cy, y:§x+02.

Using the transformations

1
§=y— 3z, n=y- 3

the given equation can be reduced to the form

64
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Hence, we obtain
Uuep = 0.
Integration yields

w(&m) =f(&)+gn).

In terms of the original variables, the general solution is

w(e,y)=fy=30)+9(y—73).

FEzample 4.4.4. Find the general solution of the following equations

YUz + 3YUgy + 3Uz = 0, y #0, (4.4.1)
Ugz + 2Ugy + Uyy = 0, (4.4.2)
Ugy + 2Ugy + D Uyy + uy = 0. (4.4.3)

In equation (4.4.1), A=y, B=3y,C=0,D=3, E=F =G =0.
Hence B? — 4AC = 9y? > 0 and the equation is hyperbolic for all points
(z,y) with y # 0. Consequently, the characteristic equations are

dy B++VB? -4AC  3y+3y

dx 24 2y 3 0

Integrating gives
y=c1 and y=3x+co.
The characteristic curves are
E=y and n=y— 3.
In terms of these variables, the canonical form of (4.4.1) is
Eugy +uy = 0.

Writing v = u,, and using the integrating factor gives

V== O,

where C (n) is an arbitrary function.
Integrating again with respect to n gives

w(En) = %/om)dmg(a: %f(n)+g(€),

where f and g are arbitrary functions. Finally, in terms of the original
variables, the general solution is
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u(z,y) = if (y—32) + g (1) (4.4.4)

Equation (4.4.2) has coefficients A =1, B=2,C =1, D =FE =F =
G = 0. Hence, B2 — 4AC = 0, the equation is parabolic. The characteristic
equation is

dy
==
dx ’

and the characteristics are
E=y—xr=c; and n=y.
Using these variables, equation (4.4.2) takes the canonical form
Upy = 0.
Integrating twice gives the general solution
w(&n) =nf&)+g(&),

where f and g are arbitrary functions.
In terms of z and y, this solution becomes

u(r,y)=yfly—2)+g(y—mx). (4.4.5)

The coefficients of equation (4.4.3) are A =1, B =2, C =5, E =1,
F = G = 0 and hence B2 — 4AC = —16 < 0, equation (4.4.3) is elliptic.
The characteristic equations are

Z—i = (1+24).
The characteristics are
y=(1-2i)x+cy, y=(142i)z+ co,
and hence,
{=y-(1-2)z, n=y—(1+2)x,

and new real variables o and (§ are

1 1
a=gE+n=y-z n=g5E-n=2
The canonical form is given by
1

4

It is not easy to find a general solution of (4.4.6).
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Ezample 4.4.5. Use u = f (£), £ = \/% to solve the parabolic system

Up = KlUge, —00<x<00, t>0, (4.4.7)
u(z,0)=0, x<0; u(z,0)=uy, z>0, (4.4.8)

where x and ug are constant.
We use the given transformations to obtain

!/ _ 71 x !
0 0
e = 3o () = 2= (£ () &) = 7 17 (©).

Consequently, equation (4.4.7) becomes

1@ +28f (6 =0.

The solution of this equation is
f1(&) = Aexp (—€%),
where A is a constant of integration. Integrating again gives
5 2
& :A/ e “da+ B,
0

where B is an integrating constant.
Using the given conditions yields

O:A/ e_a2da—i—B7 uozA/ e_o‘2da—|—B,
0 0
which give
1
A= % and B = iuo.

Thus, the final solution is

1 \/th 2 1
t) = — “Yda+ -
u(z,t) = ug lﬁ/o e a+2

4.5 Summary and Further Simplification

We summarize the classification of linear second-order partial differential
equations with constant coefficients in two independent variables.
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4.5.1

hyperbolic: Ups = a1Uyr + agus + azu+ f1,  (

Uppr — Uss = aJUr + adus + aju+ 7, (4.5.2
(
(

parabolic: Ups

b1u, + boug + byu + fo, 4.5.3
elliptic: Uppr + Uss = C1UF + CoUs + Cc3u + f3, 4.5.4

)
)
)
)

where r and s represent the new independent variables in the linear trans-
formations

r=r(xz,y), s=s(z,y), (4.5.5)

and the Jacobian J # 0.
To simplify equation (4.5.1) further, we introduce the new dependent
variable

v =ue (97H05), (4.5.6)
where a and b are undetermined coefficients. Finding the derivatives, we
obtain

u, = (v, + av) e¥ 105
us = (vs + bv) e 0,
= (Vpr + 2av, + azv) e ths,
Urs = (Vps + avs + bv, + abv) e TS,

Uss = (Vg + 2bvg + bQU) e s,

Uy

Substitution of these equation (4.5.1) yields

Ups + (b —a1) v + (@ — a2) vs + (ab — a1a — azb — az) v = f1 e~ (artbs)
In order that the first derivatives vanish, we set
b=a; and a=as.
Thus, the above equation becomes
vps = (araz +az) v + g1,
where g; = f, e (@27+a15) Ip a similar manner, we can transform equa-

tions (4.5.2)—(4.5.4). Thus, we have the following transformed equations
corresponding to equations (4.5.1)—(4.5.4).

hyperbolic: vrs = h1v + g1,
Urp — Vss = iV + g7, (4.5.7)

parabolic: Vss = hav + g2,

elliptic: Upp + Vs = h3v + g3.

In the case of partial differential equations in several independent vari-
ables or in higher order, the classification is considerably more complex.
For further reading, see Courant and Hilbert (1953, 1962).
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4.6 Exercises

1. Determine the region in which the given equation is hyperbolic, parabolic,
or elliptic, and transform the equation in the respective region to canon-

ical form.

(a) TUag + uyy = 27, (b) tas + y2uyy =y,

(€) Ugz + TYUy, =0, (d) 22z — 2xyugy + yzuyy =",
(€) Ugz + Ugy — TUyy = 0, (f) e"uge + eYuyy = u,

(8) Uzx — /Y Uzy + (%) Uyy + 2% Uy — 3Y Uy + 2u = exp (;v2 —2y),
y =0,

(h) Uge — /Y Usy + Tuyy = cos (22 — 2y), y >0,
(1) Ugy — YUgy + TUL + YUy +u =0,
(j) sin® 2 ugy + sin 22wy, + cos® ru,, =,

2. Obtain the general solution of the following equations:
(1) 2%Ugy + 20YUgy + Y2 uyy + TYUL + YUy = 0,
(i)  rug — Arup, — 2c?u, = 0, ¢ = constant,

(itl) dugy + 12uypy + Quyy — 9u =19,

(iv) Upa + Upy — 2Uyy — 3uz — 6uy =9 (22 —y),
(V) yus + 3y ugy + 3uy =0, y # 0.

(Vi) Ugg + Uyy =0,

(vil) 4uze + uyy =0,

(Vill) Upy — 2Ugy + Uyy = 0,

(ix) 2ugy + uyy =0,

(X)  Ugy +4ugy +4uy, =0,

(xi) BUgs +dugy — 2 uy, = 0.
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Find the characteristics and characteristic coordinates, and reduce the
following equations to canonical form:

(8) Ugy + 2Ugy + Buyy + duy + Suy +u = €7,

(b) 2ugy — 4Ugy + 2uyy + 3u =0,

(€) Ugy + BUgy + duyy + Tuy =sinz, (d) gy + Uyy + 20, + 8uy +u =10,
(€) Ugy + 2uyy + Juy + uy =2, (f) Buze — Upy +u = y2,

(8) gy + Uy + uy = 3z, (h) wyy — Yuy + Tuy = cosy,

(1) T%Upy — Y2 uyy — Uz = 1+ 297 () Upe + YUyy + %uy + 4yu, =0,
(k) 22y Uy + 22YUzy + Uyy = 0, (1) Upe + Yuyy = 0.

Determine the general solutions of the following equations:

(i) Upw — & uyy =0, ¢ = constant, (ii) ugs + uyy =0,
(V) Uggy + Ugy = 0, (Vi) Ugpr + IOumy + Quyy =y.

. Transform the following equations to the form vg, = cv, ¢ = constant,

(i) Upe — Uyy + Buy — 2uy +u =0,
(i) Bupy + Tuzy + 2uyy +uy +u =0,

by introducing the new variables v = we~ (@0 where a and b are
undetermined coefficients.

. Given the parabolic equation

Upy = aly + bugy + cu+ f,

where the coefficients are constants, by the substitution u = v e%bw, for
the case ¢ = — (1)2/4)7 show that the given equation is reduced to the
heat equation

Ver = ave g, g=fe 2

. Reduce the Tricomi equation

Ugy + Tlyy = 0,
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to the canonical form
(i) uen—1[6(&— m] ! (ug —uy) =0, for z <0,
(i) taa +uss + 33 =0, >0,

Show that the characteristic curves for < 0 are cubic parabolas.

Use the polar coordinates r and 0 (z = rcosf, y = rsinf) to transform
the Laplace equation ;g + uyy = 0 into the polar form

1 1
ViU = upp + — up + — Ugg = 0.
r r

(a) Using the cylindrical polar coordinates x = r cos 6,y = rsinf, z = z,
transform the three-dimensional Laplace equation ug, + uyy + 1., =0
into the form

1 1
urr+fur+—2ueg+uzz=0.
T T

(b) Use the spherical polar coordinates (7,6, ¢) so that x = r sin ¢ cos 6,
y =rsin¢sinf, z = r cos ¢ to transform the three-dimensional Laplace
equation Uzy + Uyy + Uz, = 0 into the form

2

Upp + - Uy + (Sin¢u¢)¢ + ugp = 0.

r2sin ¢ r2 sin? 10)
(¢) Transform the diffusion equation

U = K (Ugg + Uyy) ,

into the axisymmetric form

1
utn<uw+ur>.
r

(a) Apply a linear transformation £ = ax + by and n = cx + dy, to
transform the Euler equation

Augy + 2B ugy + Cuyy =0

into canonical form, where a, b, ¢, d, A, B and C are constants .
(b) Show that the same transformation as in (a) can be used to trans-
form the nonhomogeneous Euler equation

Atgy + 2B ugy + Cuyy = F (2, y,u, Uz, Uy)

into canonical form.
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11.

12.

13.

14.

4 Classification of Second-Order Linear Equations
Obtain the solution of the Cauchy problem

Ugy + Uyy = 0,
u(z,0) = f(xr) and wuy(z,0)=g(z).

Classify each of the following equations and reduce it to canonical form:
() YUuge — Uy =0, >0, y>0; (b) ug + (sech’s)uyy =0,
(¢) Y*ugy + 22Uy, =0, (d) Uge — (sech®@) uy, =0,
(€) Uzy + 6Uszy + Yuyy + 3y u, =0,
(£) YPugs + 22y Ugy + 202Uy, + zu, =0,
(8) Uge — (2008 2) Ugy + (1 + cos? ) uyy +u =0,
(h) uge + (2 cosec y) ugy + (cosec?y) u,, = 0.
(1) Ugy — 2Ugy + Uyy +3uy —u+1=0,
() uge — yzuyy +uy, —u+z2=0,
(k) Ugz +yuyy —zuy +y =0.
Transform the equation
Ugy + Y Uyy +sin (z+y) =0

into the canonical form. Use the canonical form to find the general
solution.

Classify each of the following equations for u (x, t):

(a) ug = (pug),, (b) ugt — gy + au =0,

(c) (aug), + (aus), =0, (d) uzr —aug =0,

where p(x), c(x,t), a(z,t), and «(z) are given functions that take

only positive values in the (z,t) plane. Find the general solution of the
equation in (d).
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The Cauchy Problem and Wave Equations

“Since a general solution must be judged impossible from want of analysis,
we must be content with the knowledge of some special cases, and that all
the more, since the development of various cases seems to be the only way
to bringing us at last to a more perfect knowledge.”

Leonhard Euler

“What would geometry be without Gauss, mathematical logic without
Boole, algebra without Hamilton, analysis without Cauchy?”

George Temple

5.1 The Cauchy Problem

In the theory of ordinary differential equations, by the initial-value problem
we mean the problem of finding the solutions of a given differential equation
with the appropriate number of initial conditions prescribed at an initial
point. For example, the second-order ordinary differential equation

Pu_ (e
a2 i

and the initial conditions
du
w)=a, (G ) =5

constitute an initial-value problem.

An analogous problem can be defined in the case of partial differential
equations. Here we shall state the problem involving second-order partial
differential equations in two independent variables.
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We consider a second-order partial differential equation for the function
u in the independent variables x and y, and suppose that this equation can
be solved explicitly for u,,, and hence, can be represented in the from

Uyy = F (2, Y, U, Ug, Uy, Uzz, Uzy) - (5.1.1)

For some value y = yg, we prescribe the initial values of the unknown
function and of the derivative with respect to y

u(@,yo) = f(x),  uy(z,90) =9 (). (5.1.2)

The problem of determining the solution of equation (5.1.1) satisfying
the initial conditions (5.1.2) is known as the initial-value problem. For in-
stance, the initial-value problem of a vibrating string is the problem of
finding the solution of the wave equation

Uy = CUga,
satisfying the initial conditions
u(xz,tg) = ug (x), ug (x,t0) = vo (),

where ug () is the initial displacement and wvg (z) is the initial velocity.

In initial-value problems, the initial values usually refer to the data
assigned at y = ygo. It is not essential that these values be given along
the line y = yo; they may very well be prescribed along some curve Ly in
the xy plane. In such a context, the problem is called the Cauchy problem
instead of the initial-value problem, although the two names are actually
Synonymous.

We consider the Euler equation

Augy + Bugy + Cuyy = F (2, y, U, Uy, Uy) (5.1.3)

where A, B, C are functions of z and y. Let (zp,y0) denote points on a
smooth curve Lg in the xy plane. Also let the parametric equations of this
curve Lg be

o = X0 ()\) s Yo = Yo ()\) s (514)

where X is a parameter.

We suppose that two functions f(A\) and g (\) are prescribed along
the curve Lg. The Cauchy problem is now one of determining the solution
u (z,y) of equation (5.1.3) in the neighborhood of the curve Ly satisfying
the Cauchy conditions

u=f(\), (5.1.5a)

=gV, (5.1.5b)
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on the curve Ly where n is the direction of the normal to Ly which lies
to the left of Ly in the counterclockwise direction of increasing arc length.
The function f (A) and g (A) are called the Cauchy data.

For every point on Ly, the value of u is specified by equation (5.1.5a).
Thus, the curve Lo represented by equation (5.1.4) with the condition
(5.1.5a) yields a twisted curve L in (z,y,u) space whose projection on
the zy plane is the curve Ly. Thus, the solution of the Cauchy problem is a
surface, called an integral surface, in the (z,y,u) space passing through L
and satisfying the condition (5.1.5b), which represents a tangent plane to
the integral surface along L.

If the function f (A) is differentiable, then along the curve Ly, we have

du Oudx Oudy df

b _ = = 1.
d\  Ox d\ Oy dx dX\ (5.1.6)
and
ou Oudx Oudy
gu _onar  guey _ 1.
On Oz dn + Oy dn 5 (5.1.7)
but
dx dy dy dx
— = d = = —. 1.
dn ds an dn ds (5.18)
Equation (5.1.7) may be written as
ou Oudy Ou dx
an Or ds Oy ds g (5.1.9)
Since
& 8| (@
z)” + (ay
) Ty, 5.1.10
“dy da ds d\ 7 ( )
ds ds

it is possible to find u, and u, on Ly from the system of equations (5.1.6)
and (5.1.9). Since u, and u,, are known on Ly, we find the higher derivatives
by first differentiating v, and w, with respect to A\. Thus, we have

0%u dx 0%u dy d (JOu

97 dx T dwdy A D (w) (5.1.11)
2 2
Ou dr | Oudy  d (Ou (5.1.12)
Oxdy dA  0y? d\  dX \ Oy
From equation (5.1.3), we have
2 2 2
W g O 0 (5.1.13)

ox? Oz Oy dy?
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where F' is known since u, and u, have been found. The system of equations
can be solved for uzg, Ugzy, and uy,, if

dr dy
dx dx
dz\? dx dy dy 2
dr dy | — =) - o I (o4 29
g |- (B) () (B) e a () 40 Grry
A B C

The equation

dy 2 dy
A(=2) =B(Z)+Cc=0, 5.1.15
(dm) (dz) + ( )
is called the characteristic equation. It is then evident that the necessary
condition for obtaining the second derivatives is that the curve Ly must not
be a characteristic curve.
If the coefficients of equation (5.1.3) and the function (5.1.5) are ana-
lytic, then all the derivatives of higher orders can be computed by the above
process. The solution can then be represented in the form of a Taylor series:

wl@wy) =3 > o (nl_ 5 0%t )* (y — yo)™™* , (5.1.16)

| k 9, n—k
n=0 k=0 ! O Oy

which can be shown to converge in the neighborhood of the curve Lg. Thus,
we may state the famous Cauchy—Kowalewskaya theorem.

5.2 The Cauchy—Kowalewskaya Theorem

Let the partial differential equation be given in the form

Uyy = F(yaxhx%'-~7znauauyvum17ux2 ceey U,
Ugyys Uzoys - - - s Uz, ys Uzizy ) Uzgway -+ - 5 Uz"wn) y (521)
and let the initial conditions

u=f(r1,22,...,Tn), (5.2.2)

uy :g(.’Eh.’L'Q,...,ZCn),

—
o

be given on the noncharacteristic manifold y = yq.

If the function F' is analytic in some neighborhood of the point
(yo,x%xg, . ,x27u0,u87 .. ) and if the functions f and g are analytic in
some neighborhood of the point (:r(f,:vg, e ,:c%), then the Cauchy prob-

lem has a unique analytic solution in some neighborhood of the point

(yo,x?,xg, . ,x%).
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For the proof, see Petrovsky (1954).

The preceding statement seems equally applicable to hyperbolic, parabolic,
or elliptic equations. However, we shall see that difficulties arise in formulat-
ing the Cauchy problem for nonhyperbolic equations. Consider, for instance,
the famous Hadamard (1952) example.

The problem consists of the elliptic (or Laplace) equation

Ugy + Uyy = 0,
and the initial conditions on y = 0
u(z,0) =0, uy (,0) = n~ ' sin nz.
The solution of this problem is
u(x,y) = n~?sinh ny sin nz,

which can be easily verified.

It can be seen that, when n tends to infinity, the function n~" sin nx
tends uniformly to zero. But the solution n =2 sinh ny sin nx does not be-
come small, as n increases for any nonzero y. Physically, the solution rep-
resents an oscillation with unbounded amplitude (n_2 sinh ny) as y — 00
for any fixed z. Even if n is a fixed number, this solution is unstable in the
sense that u — oo as y — oo for any fixed x for which sinnx # 0. It is
obvious then that the solution does not depend continuously on the data.
Thus, it is not a properly posed problem.

In addition to existence and uniqueness, the question of continuous de-
pendence of the solution on the initial data arises in connection with the
Cauchy—Kowalewskaya theorem. It is well known that any continuous func-
tion can accurately be approximated by polynomials. We can apply the
Cauchy—Kowalewskaya theorem with continuous data by using polynomial
approximations only if a small variation in the initial data leads to a small
change in the solution.

1

5.3 Homogeneous Wave Equations

To study Cauchy problems for hyperbolic partial differential equations, it
is quite natural to begin investigating the simplest and yet most important
equation, the one-dimensional wave equation, by the method of characteris-
tics. The essential characteristic of the solution of the general wave equation
is preserved in this simplified case.

We shall consider the following Cauchy problem of an infinite string
with the initial condition



122 5 The Cauchy Problem and Wave Equations

U — gy = 0, zeR, t>0, (5.3.1)
u(z,0) = f (), z € R, (5.3.2)
ug (2,0) = g (x), x € R (5.3.3)

By the method of characteristics described in Chapter 4, the characteristic
equation according to equation (4.2.4) is

dz? — Adt> =0,
which reduces to
dr+cdt =0, dx —cdt =0.
The integrals are the straight lines
T+ ct =cy, xr — ct = co.
Introducing the characteristic coordinates
&=z +ct, n=ux—ct,
we obtain
Uge = Uge + 2 Ugy + Uy, up = ¢ (uge — 2ugy + ) -
Substitution of these in equation (5.3.1) yields
—40211577 =0.
Since ¢ # 0, we have
ue, = 0.
Integrating with respect to &, we obtain
uy =" (n),

where * (n) is an arbitrary function of 7. Integrating again with respect
to n, we obtain

U(S,n):/z/f*(n)dn+¢(£)-

If we set ¢ (n) = [¢* (n) dn, we have

u(&n) = o) +v¢ 1),

where ¢ and ¢ are arbitrary functions. Transforming to the original vari-
ables z and ¢, we find the general solution of the wave equation
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u(z,t) =¢(x+ct)+ ¢ (x—ct), (5.3.4)

provided ¢ and v are twice differentiable functions.
Now applying the initial conditions (5.3.2) and (5.3.3), we obtain

u(xz,0) = f(z) =¢(z) +¢(z), (5.3.5)

u (2,0) = g(z) =cd (z) — ct' (z). (5.3.6)
Integration of equation (5.3.6) gives

b(2) — 9 (2) = %/zg(T) dr + K, (5.3.7)

where 2y and K are arbitrary constants. Solving for ¢ and % from equations
(5.3.5) and (5.3.7), we obtain

6@) =31+ [ gmar+ 5,
@) =5 @) -0 [ gmar-1.

The solution is thus given by

w (1) :%[f(x+ct)+f(z—ct)]+% {/::+Ctg(7')d7'—/rjdg(7)d7'}
1

1 x+ct
=-[fle+ct)+ fx—ct)]+ — / g (1)dr. (5.3.8)
2 20 xr—ct
This is called the celebrated d’Alembert solution of the Cauchy problem for
the one-dimensional wave equation.

It is easy to verify by direct substitution that u (x,t), represented by
(5.3.8), is the unique solution of the wave equation (5.3.1) provided f (z)
is twice continuously differentiable and g (z) is continuously differentiable.
This essentially proves the existence of the d’Alembert solution. By direct
substitution, it can also be shown that the solution (5.3.8) is uniquely de-
termined by the initial conditions (5.3.2) and (5.3.3). It is important to note
that the solution u (x,t) depends only on the initial values of f at points
x — ct and = + ct and values of g between these two points. In other words,
the solution does not depend at all on initial values outside this interval,
x —ct < x < x4 ct. This interval is called the domain of dependence of the
variables (z,1).

Moreover, the solution depends continuously on the initial data, that
is, the problem is well posed. In other words, a small change in either
f or g results in a correspondingly small change in the solution wu (z,t).
Mathematically, this can be stated as follows:

For every ¢ > 0 and for each time interval 0 < t < ty, there exists a
number ¢ (g, t) such that
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|u(z,t) —u” (z,1)] <e,
whenever

If(x) = (@) <6,  lg(x)—g" (z)] <o

The proof follows immediately from equation (5.3.8). We have
1
u(z,t) —u” (2,0 < S [f (2 +ct) = f7 (2 + ct)]

31 = et) = (2 )
1 x+ct

o

lg(T) —g" (7)dr <e,
r—ct
where e = § (1 + tp).
For any finite time interval 0 < ¢ < tp, a small change in the initial data
only produces a small change in the solution. This shows that the problem
is well posed.

Ezxample 5.3.1. Find the solution of the initial-value problem

Uy = Cugy, TER, t>0,

u(z,0) =sin z, wu(z,0) = cos z.

From (5.3.8), we have
1 x+ct
u(z,t) = f[sin(x+ct)+sin(:rfct)]+—/ cos Tdr
2 2C xr—ct
1
= sin x cos ct + % [sin (z + ¢t) — sin (x — ct)]
c
1
= sin z cos ¢t + — cos x sin ct.
c

It follows from the d’Alembert solution that, if an initial displacement or
an initial velocity is located in a small neighborhood of some point (g, o),
it can influence only the area t > ¢ty bounded by two characteristics x —ct =
constant and x+ct = constant with slope + (1/¢) passing through the point
(z0,t0), as shown in Figure 5.3.1. This means that the initial displacement
propagates with the speed C(li—f = ¢, whereas the effect of the initial velocity
propagates at all speeds up to c. This infinite sector R in this figure is called
the range of influence of the point (xo,to).

According to (5.3.8), the value of u (xg, tg) depends on the initial data f
and ¢ in the interval [zg — cto, x¢ + ctp] which is cut out of the initial line
by the two characteristics x —ct = constant and x+ct = constant with slope
+ (1/c) passing through the point (xg, o). The interval [z¢ — cto, 2o + cto)
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(o, 7o)

Figure 5.3.1 Range of influence

on the line t = 0 is called the domain of dependence of the solution at the
point (zg,to), as shown in Figure 5.3.2.

(xg, 79)

>
>

(XO_Cto, O) X0 (X0+Cl0, O) X

Figure 5.3.2 Domain of dependence
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Since the solution u (z, t) at every point (z, t) inside the triangular region
D in this figure is completely determined by the Cauchy data on the interval
[zo — cto, xo + cto], the region D is called the region of determinancy of the
solution.

We will now investigate the physical significance of the d’Alembert so-
lution (5.3.8) in greater detail. We rewrite the solution in the form

x—+ct r—ct
u(a:,t):%f(x+ct)+2ic/0 g(T)dTJr%f(x—ct)f%C/o g (7)dr.
(5.3.9)
Or, equivalently,
u(x,t) =¢(x+ect)+v(x—ct), (5.3.10)
where
§
6© =3O+ [ a(an (53.11)
1 1 ("
v =5fn -5 [ g (5312)

Evidently, ¢ (z + ct) represents a progressive wave traveling in the negative
a-direction with speed ¢ without change of shape. Similarly, ¢ (z — ct) is
also a progressive wave propagating in the positive x-direction with the
same speed ¢ without change of shape. We shall examine this point in
greater detail. Treat ¢ (z — ct) as a function of z for a sequence of times
t. At t = 0, the shape of this function of u = ¢ (x). At a subsequent time,
its shape is given by u = ¥ (z —ct) or u = ¥ (§), where £ = © — ct is
the new coordinate obtained by translating the origin a distance ct to the
right. Thus, the shape of the curve remains the same as time progresses,
but moves to the right with velocity ¢ as shown in Figure 5.3.3. This shows
that v (x — ct) represents a progressive wave traveling in the positive a-
direction with velocity ¢ without change of shape. Similarly, ¢ (z + ct) is
also a progressive wave propagating in the negative z-direction with the
same speed ¢ without change of shape. For instance,

u(x,t) = sin (v + ct) (5.3.13)

represent, sinusoidal waves traveling with speed ¢ in the positive and neg-
ative directions respectively without change of shape. The propagation of
waves without change of shape is common to all linear wave equations.

To interpret the d’Alembert formula we consider two cases:

Case 1. We first consider the case when the initial velocity is zero, that
is,

g(z)=0.
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u
x+ 2ct
u=y(x—ct)
x+ct -
u=1(x)
0 X X

Figure 5.3.3 Progressive Waves.

Then, the d’Alembert solution has the form
1
w(a,t) = 3 f (@ +et) 4 f (x—ct)].

Now suppose that the initial displacement f (x) is different from zero in an
interval (—b,b). Then, in this case the forward and the backward waves are
represented by

1
uzif(x).

The waves are initially superimposed, and then they separate and travel in
opposite directions.

We consider f (x) which has the form of a triangle. We draw a triangle
with the ordinate x = 0 one-half that of the given function at that point,
as shown in Figure 5.3.4. If we displace these graphs and then take the sum
of the ordinates of the displaced graphs, we obtain the shape of the string
at any time t.

As can be seen from the figure, the waves travel in opposite directions
away from each other. After both waves have passed the region of initial
disturbance, the string returns to its rest position.

Case 2. We consider the case when the initial displacement is zero, that
is,
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u
t=0
1 | | ~ - T ~ N\ | | |
I 1 1 I 1 1 1 1
-b b *
u
NV t=>b/2¢
/1IN
f f f f f f f I
—b b *
u
t=bl/c
f f f —ib }) f f T i
u
/\ /\ t>blc
f f f f f f f !
_b b X
Figure 5.3.4 Triangular Waves.
and the d’Alembert solution assumes the form
1 x+ct 1
u(m,t):f/ g(r)dr = - [G(x+ct) —G(x—ct)],
2 x—ct 2

where

If we take for the initial velocity

0 |z|>b
g(z) =
9o |$| S b7

then, the function G (z) is equal to zero for values of z in the interval
r < —b, and

%/ godr = 2 (z + ) for —b < 2 <b,
b

G(z) =
%/bgodT:%% for x>b.
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u
o ____1=0
: : : J;::lxi__J__J__f
o t=ble
f f f f = f f f [
—b T a

u
t=blc
—t V/jf/‘t;t?__i_f
N
—— _—
-b b - _ "

Figure 5.3.5 Graph of u (z,t) at time ¢.

As in the previous case, the two waves which differ in sign travel in opposite
directions on the z-axis. After some time ¢ the two functions (1/2) G (x)
and — (1/2) G (z) move a distance ct. Thus, the graph of w at time ¢ is
obtained by summing the ordinates of the displaced graphs as shown in
Figure 5.3.5. As t approaches infinity, the string will reach a state of rest,
but it will not, in general, assume its original position. This displacement
is known as the residual displacement.

In the preceding examples, we note that f(x) is continuous, but not
continuously differentiable and ¢ (x) is discontinuous. To these initial data,
there corresponds a generalized solution. By a generalized solution we mean
the following:

Let us suppose that the function u (x,t) satisfies the initial conditions
(5.3.2) and (5.3.3). Let u(x,t) be the limit of a uniformly convergent se-
quence of solutions u, (x,?) which satisfy the wave equation (5.3.1) and the
initial conditions

w0 = f@ (G @0 =),

Let f, (x) be a continuously differentiable function, and let the sequence
converge uniformly to f (z); let g, (x) be a continuously differentiable func-
tion, and f;o gn (7) d7 approach uniformly to f;o g (1) dr. Then, the func-
tion w (z,t) is called the generalized solution of the problem (5.3.1)—(5.3.3).

In general, it is interesting to discuss the effect of discontinuity of the
function f (z) at a point z = x(, assuming that g (x) is a smooth function.
Clearly, it follows from (5.3.8) that u (z,¢) will be discontinuous at each
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point (x,t) such that z+ ¢t = z or z —ct = xg, that is, at each point of the
two characteristic lines intersecting at the point (zp,0). This means that
discontinuities are propagated along the characteristic lines. At each point
of the characteristic lines, the partial derivatives of the function u (x, ) fail
to exist, and hence, u can no longer be a solution of the Cauchy problem
in the usual sense. However, such a function may be called a generalized
solution of the Cauchy problem. Similarly, if f (x) is continuous, but either
f'(x) or f”(z) has a discontinuity at some point & = =z, the first- or
second-order partial derivatives of the solution u (z,t) will be discontinuous
along the characteristic lines through (zg,0). Finally, a discontinuity in
g (x) at © = zo would lead to a discontinuity in the first- or second-order
partial derivatives of u along the characteristic lines through (x¢,0), and a
discontinuity in ¢’ (x) at zp will imply a discontinuity in the second-order
partial derivatives of u along the characteristic lines through (zo,0). The
solution given by (5.3.8) with f, f’, f”, g, and ¢’ piecewise continuous on
—00 < z < oo is usually called the generalized solution of the Cauchy
problem.

5.4 Initial Boundary-Value Problems

We have just determined the solution of the initial-value problem for the
infinite vibrating string. We will now study the effect of a boundary on the
solution.

(A) Semi-infinite String with a Fixed End

Let us first consider a semi-infinite vibrating string with a fixed end,
that is,

Uy = c2um, 0<z<oo, t>0,
u(z,0) = f(z), 0<z< o0, (5.4.1)
u (z,0) = g (x), 0 <z < oo,
u(0,t) =0, 0<t< o0

It is evident here that the boundary condition at x = 0 produces a wave
moving to the right with the velocity c¢. Thus, for > ct, the solution is
the same as that of the infinite string, and the displacement is influenced
only by the initial data on the interval [x — ct, x + ct], as shown in Figure
5.4.1.

When z < ct, the interval [z — ct, x + ct] extends onto the negative
x-axis where f and g are not prescribed.

But from the d’Alembert formula

u(x,t) =¢(x+ct)+v(x—ct), (5.4.2)

where
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x<ct

(X0, o)

x>ct

(XO - Clo, O) (XO + Cto, 0)
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Figure 5.4.1 Displacement influenced by the initial data on [z — ct, x + ct].

€
60 =550 +35 [ 9+,

we see that
u(0,t) = ¢ (ct) + ¢ (—ct) = 0.

Hence,

P (—ct) = = (ct).
If we let a = —ct, then

P(a) = —¢(-a).
Replacing a by = — ct, we obtain for x < ct,

¥z —ct) = —¢(ct — ),

and hence,

ct—x
w(m—ct):—%f(ct—x)—%c/o g(T)dT—%.

(5.4.3)

(5.4.4)

The solution of the initial boundary-value problem, therefore, is given by
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1 x+ct
u(z,t) = 5 [f(x+ct)+ f(z—ct)] + 2—0/ g(1T)dr forx > ct, (5.4.5)
r—ct
1 1 xr+ct
u(x,t) = 3 [f (x+ct) = f(ct —2)]+ 2—0/ g(T)dr forx < ct. (5.4.6)

In order for this solution to exist, f must be twice continuously differ-
entiable and g must be continuously differentiable, and in addition

£(0)=f"(0)=g(0)=0.

Solution (5.4.6) has an interesting physical interpretation. If we draw
the characteristics through the point (zo,to) in the region x > ct, we see,
as pointed out earlier, that the displacement at (xo,%o) is determined by
the initial values on [z — ctg, 2o + cto].

If the point (zg,%o) lies in the region = > ct as shown in Figure 5.4.1,
we see that the characteristic x + ¢t = xg + cty intersects the z-axis at
(zo + cto,0). However, the characteristic  — ¢t = xg — ctp intersects the
t-axis at (0,ty — zo/c), and the characteristic x + ¢t = cty — xo intersects
the z-axis at (cto — o,0). Thus, the disturbance at (cto — zo,0) travels
along the backward characteristic x + ¢t = ctg — xg, and is reflected at
(0,tp — xo/c) as a forward moving wave represented by —¢ (ctg — o).

Ezample 5.4.1. Determine the solution of the initial boundary-value prob-
lem

Upp = 4 Ugy, x>0, t >0,
u(z,0) = [sinz|, x>0,
ug (2,0) =0, x>0,
u(z,0) =0, t>0.

For x > 2t,

u(z,t) == [f (& +2¢t)+ f (z — 2t)]

N =N =

[|sin (z + 2t)| — |sin (z — 2t)]],
and for z < 2t,

u(z,t) == [f (& +2t) — (2t — z)]

N = N =

[Isin (z + 2t)| — |sin (2t — 2)]] .

Notice that u (0,t) = 0 is satisfied by u (x,t) for x < 2t (that is, t > 0).
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(B) Semi-infinite String with a Free End
We consider a semi-infinite string with a free end at x = 0. We will
determine the solution of

Uy = 02um, 0<a<oo, t>0,
u(x,0) = f(x), 0 <2z < oo, (5.4.7)
ug (x,0) = g (z), 0<z< o0,
ug (0,t) =0, 0<t<o0.

As in the case of the fixed end, for x > ct the solution is the same as
that of the infinite string. For z < ct, from the d’Alembert solution (5.4.2)

u(z,t) =¢(x+ct)+¢(z—ct),
we have
ug (z,t) = ¢’ (x +ct) + 9" (x —ct).
Thus,
ug (0,8) = ¢’ (ct) + ' (—ct) = 0.
Integration yields
¢ (ct) =9 (—ct) = K,
where K is a constant. Now, if we let a« = —ct, we obtain
¥(a) =¢(-a) - K.
Replacing o by x — ct, we have
Yz —ct)=¢(ct—z)- K,

and hence,

ct—x
ve—et)=5f—a+g [ -7

The solution of the initial boundary-value problem, therefore, is given by

x+ct
[f (x4 ct)+ f(z—ct)] + —/ g(T)dr forx > ct. (5.4.8)

t) =
u(z,1) 5 )

u(x,t) =

N = DN

faren+re-a+g [ ot [T o]
forz < ct. (5.4.9)

We note that for this solution to exist, f must be twice continuously
differentiable and g must be continuously differentiable, and in addition,

f1(0) =g (0) =0.
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FEzample 5.4.2. Find the solution of the initial boundary-value problem

Upt = Ugy, 0<a<oo, t>0,
T
u(gc,O):cos(?)7 0<z< o0,
ug (z,0) =0, 0<z< o0,
uy (2,0) =0, t>0.
For x >t
1
u(x,t)zi{cosg(:ﬂth)Jrcosg(:rft)}
= cos (5) oos (5)
= cos (52| cos (5t),
and for z < ¢t

u(z,t) = % {cosg(x+t)+cosg(t—a:)}

= Cos (gx) cos (gt) .
5.5 Equations with Nonhomogeneous Boundary

Conditions

In the case of the initial boundary-value problems with nonhomogeneous
boundary conditions, such as

Upp = CQum, x>0, t>0,
u(z,0) = f(x), x >0, (5.5.1)
ug (2,0) = g (x), x>0,
U(O,t):p(t), t>0,

we proceed in a manner similar to the case of homogeneous boundary con-
ditions. Using equation (5.4.2), we apply the boundary condition to obtain

u(0,t) = ¢ (ct) + ¢ (—ct) = p(t).
If we let a = —ct, we have

o

(@) =p(-2) -6(-a).

Replacing a by x — ct, the preceding relation becomes

w(xfct):p(tf%>f¢(ctfx).
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Thus, for 0 < z < ct,

u(z,t)—p<tx)+;[f(z+ct)f(ct:l:)]Jrl/HCtg(T)dT

c 2¢ ct—x

p(t—%)+¢(w+ct)—z/)(ct—m)7 (5.5.2)

where ¢ (xz + ¢t = &) is given by (5.3.11), and % (n) is given by

v =570+ 5 [ alrdn (553)

The solution for 2 > ct is given by the solution (5.4.5) of the infinite string.
In this case, in addition to the differentiability conditions satisfied by

f and g, as in the case of the problem with the homogeneous boundary

conditions, p must be twice continuously differentiable in ¢ and

p(O)=f(0), P 0)=g(0), p"(0)=c*f"(0).

We next consider the initial boundary-value problem

U = c2um, x>0, t>0,
u(z,0) = f(z), x>0,
ut (2,0) = g (x), x>0,
ug (0,8) = q(t), t>0.

Using (5.4.2), we apply the boundary condition to obtain
ug (0,1) = ¢ (ct) + 1’ (—ct) = q (1)
Then, integrating yields
t
6 (ct) — o (—ct) = c/ ¢(r)dr + K.
0

If we let a = —ct, then

Replacing o by x — ct, we obtain

t—z/c
¢(x—ct)=¢(ct—at)—c/0 qg(r)dr — K.

The solution of the initial boundary-value problem for z < ct, therefore, is
given by
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1 1 x+ct ct—x
wet) =gt e+ fla—al+ o | [ g@ars [T atmar]
0 0

t—z/c
fc/ q(r)dr. (5.5.4)
0

Here f and g must satisfy the differentiability conditions, as in the case of
the problem with the homogeneous boundary conditions. In addition

f(0)=q(0), ¢'(0)=4¢(0).

The solution for the initial boundary-value problem involving the bound-
ary condition

ug (0,¢) + hu(0,t) =0, h = constant

can also be constructed in a similar manner from the d’Alembert solution.

5.6 Vibration of Finite String with Fixed Ends

The problem of the finite string is more complicated than that of the infinite
string due to the repeated reflection of waves from the boundaries

We first consider the vibration of the string of length [ fixed at both
ends. The problem is that of finding the solution of

U = gy, O<z<l, t>0,
u(z,0) = f(z), 0<z<l,
ug (2,0) = g (x), 0<z<l, (5.6.1)
u (0,t) =0, u(l,t) =0, t>0,

From the previous results, we know that the solution of the wave equa-
tion is

u(z,t) =¢(x+ct)+¢(x—ct).

Applying the initial conditions, we have

u(x,0) =¢(z)+¢(z) = f(z), <z <l
w (2,0) = ¢’ (x) — v/ (1) = g(x), O<z<l
Solving for ¢ and v, we find
1 1/t
¢(&) =5/ (& %Og Jar+ 5, 0<E6<l, (562)
n K
V)= 5f ) %09 yir— 5. 0<u<i (563)



5.6 Vibration of Finite String with Fixed Ends 137

Hence,

u(a,t) = [f (z+et) + f(z —ct)] + -

xr+ct
20/£ g(T)dr, (5.6.4)

—ct

N =

for 0 < x+ct <land 0 < z — ¢t < [. The solution is thus uniquely
determined by the initial data in the region

l—x

t<=,  t<

) t>0.

ol8

c

For larger times, the solution depends on the boundary conditions. Applying
the boundary conditions, we obtain

u(0,t) = ¢ (ct) + ¢ (—ct) =0, t>0, (5.6.5)
u(l,t)=¢(l+ct)+¢(I—ct)=0, t>0. (5.6.6)

If we set o« = —ct, equation (5.6.5) becomes
Y(a)=—-¢(-a), a<0, (5.6.7)

and if we set a = [ + ¢t, equation (5.6.6) takes the form
pla)=—v@2-a), axl (5.6.8)

With £ = —n, we may write equation (5.6.2) as

. %
bm=gf g [ e 0<-n<i (569)
Thus, from (5.6.7) and (5.6.9), we have
1 1 [ K
b () =—5f(=n) - %/0 g(rydr——,  ~l<n<0. (56.10)

We see that the range of ¢ (1) is extended to — < n <.

If we put a = £ in equation (5.6.8), we obtain

P& =-v@-¢, (=1L (5.6.11)

Then, by putting n = 2] — £ in equation (5.6.3), we obtain

21—¢
w(2l—§)=%f(21—£)—%/0 g(T)dT—g, 0<2-¢<lL.
(5.6.12)

Substitution of this in equation (5.6.11) yields
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21—¢ K
¢(£):f%f(2lf£)+2ic/0 g(r)dr+ . 1<E€<2 (5.6.13)

The range of ¢ (£) is thus extended to 0 < ¢ < 2[. Continuing in this
manner, we obtain ¢ (£) for all £ > 0 and ¢ (n) for all n < [. Hence, the
solution is determined for all 0 <z <[l and t > 0.

In order to observe the effect of the boundaries on the propagation of
waves, the characteristics are drawn through the end point until they meet
the boundaries and then continue inward as shown in Figure 5.6.1. It can be
seen from the figure that only direct waves propagate in region 1. In regions
2 and 3, both direct and reflected waves propagate. In regions, 4,5,6, ... ,
several waves propagate along the characteristics reflected from both of the
boundaries x = 0 and = [.

Example 5.6.1. Determine the solution of the following problem

Upp = czum, 0<z<l, t>0,
u (xz,0) = sin (rz/l), 0<z<lI,
ug (2,0) =0, 0<z<l,

u(0,t) =0, u(l,t) =0, t>0.

From equations (5.6.2) and (5.6.3), we have

t
7
5 6
4
2 3
1

Figure 5.6.1 Regions of wave propagation.
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6 (€) n<”§>+K 0<e<l,

= 5 S1 l

1 K
w(n)=§sin(?)—? 0<n<li
Using equation (5.6.10), we obtain

w(n)z—%sin(—g)—g, —1<n<0
()

From equation (5.6.13), we find

1 K

0 =—3sin{T@-9}+5, 1<e<a

2 l 2

Again by equation (5.6.7) and from the preceding ¢ (£), we have
1 K
o) =gsin () -, —A<n<-L

Proceeding in this manner, we determine the solution

u(z,t) =9 (&) +¢ 1)
1r. =« .
—§[Sln7(x+ct)+sm7(x—ct)
for all 2 in (0,1) and for all ¢ > 0.

Similarly, the solution of the finite initial boundary-value problem

Ut = C Ugpy, O<ax<l, t>0,
u(z,0) = f(2), 0<z<
ug (2,0) = g (x), 0<x <,
u(0,t) =p(t), u(l,t) =q(t), t>0,

can be determined by the same method.

5.7 Nonhomogeneous Wave Equations

We shall consider next the Cauchy problem for the nonhomogeneous wave
equation

Upy = gy + h* (2,1), (5.7.1)
with the initial conditions

u(z,0) = f(x), ug (2,0) = g* (x). (5.7.2)
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By the coordinate transformation

y = ct,
the problem is reduced to

Ugy — Uyy = h(:c,y),
u(z,0) = f(z),
uy (x,0) =g (x),

where h (x,y) = —h*/c? and g (x) = g*/c.

(5.7.3)

(5.7.4)
(5.7.5)
(5.7.6)

Let Py (xo,yo) be a point of the plane, and let Q¢ be the point (z(,0)
on the initial line y = 0. Then the characteristics,  +y = constant, of
equation (5.7.4) are two straight lines drawn through the point Py with
slopes + 1. Obviously, they intersect the x-axis at the points Py (xo — 9o, 0)
and Ps (xg + yo0,0), as shown in Figure 5.7.1. Let the sides of the triangle
Py Py P, be designated by Bg, By, and Bs, and let D be the region repre-
senting the interior of the triangle and its boundaries B. Integrating both

sides of equation (5.7.4), we obtain

//R(um—uyy)dR://Rh(a:,y)dR.

Now we apply Green’s theorem to obtain

t )

Py

By

Py Qo Py

Figure 5.7.1 Triangular Region.

(5.7.7)
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/ /R (taz — uyy) dR = ji (uzdy + uydz) . (5.7.8)

Since B is composed of By, By, and By, we note that

Zo+yo
/ (ug dy + uy dx) / uy dz,
By Zo—Yo

/ (ug dy + uy dz) / —ug dr — uy, dy) ,
By

B1

U($0+y07 ) U(xoﬁllo)»
/ (ug dy + uy dz) = (ug dx + uy dy) ,
Bg BZ

= U((EO _y070) —U(.’Eo,yo) .

Hence,

j{ (ug dy + uy dz) = —2u (x0,%0) + u (o — Yo,0)
B

zo+yo
“+u (o + Yo,0) +/ uydz. (5.7.9)

Zo—Yo

Combining equations (5.7.7), (5.7.8) and (5.7.9), we obtain
[u (2o + Y0,0) + u (zo — Yo, 0)]

1 [Totvo
+*/ Uy de — - // (z,y)dR. (5.7.10)
2 Zo—Yo

We have chosen x, yo arbitrarily, and as a consequence, we replace xy by
x and yo by y. Equation (5.7.10) thus becomes

z+y
[f(w+y)+f(w—y)]+%/__ g(T)dT—%//Rh(w,y)dR

In terms of the original variables

N | =

u (zo,y0) =

N

’U,(l‘,y) =

x+ct
u(x,t) = [f(x—l—ct)—l—f(sr:—ct)]—i—%/ g*(T)dT—%//Rh@?,t)dR.

—ct

N | =

(5.7.11)
Example 5.7.1. Determine the solution of

Uy — Uyy = 1,
u (x,0) = sinz,

Uy (2,0) = 2.
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y
(x0, ¥0)
e
/%Q X
2,
N A\}
f Zx
/ 2
& Z,
(xo — 0, 0) (xo +y0,0) x

Figure 5.7.2 Triangular Region.

It is easy to see that the characteristics are x + y = constant = xg + yo and
x — y = constant = xy — yo, as shown in Figure 5.7.2. Thus,

1
u (o, yo) = 5 [sin (20 + yo) + sin (o — yo)]

1 zo+Yo —y+zo+yo
+= / Tdr — = / / dx dy
2 To—Yo y+xo—yo

1.
=3 [sin (zg + yo) + sin (o — yo)] + Toyo — 3 yg.

Now dropping the subscript zero, we obtain the solution

L. : 1
u(z,y) = 5 [sin (@ +y) +sin (@ — )] + oy - 5 v*

5.8 The Riemann Method

We shall discuss Riemann’s method of integrating the linear hyperbolic
equation

L [u] = Ugy + auy + buy +cu = f(z,y), (5.8.1)
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where L denotes the linear operator, and a(x,y), b(z,y), c¢(z,y), and
f (z,y) are differentiable functions in some domain D*. The method con-
sists essentially of the derivation of an integral formula which represents
the solution of the Cauchy problem.

Let v (x,y) be a function having continuous second-order partial deriva-
tives. Then, we may write

Vlgy — Wy = (VUz), — (VUy), ,
vaug = (avu), —u(av), , (5.8.2)
vbuy = (bvu), —u(bv), ,

so that
oL [u] —ubM [v] = Uy +V,, (5.8.3)
where M is the operator represented by
M o] = vgy — (av), — (bv), + cv, (5.8.4)
and
U = auwv — uvy, V = buv + vu,. (5.8.5)

The operator M is called the adjoint operator of L. If M = L, then the
operator L is said to be self-adjoint. Now applying Green’s theorem, we
have

//D (U + V) dady = ]{C (Udy -V dz), (5.8.6)

where C' is the closed curve bounding the region of integration D which is
in D*.

Let A be a smooth initial curve which is continuous, as shown in Figure
5.8.1. Since equation (5.8.1) is in first canonical form, z and y are the
characteristic coordinates. We assume that the tangent to A is nowhere
parallel to the = or y axis. Let P («, 3) be a point at which the solution to
the Cauchy problem is sought. Line PQ parallel to the = axis intersects the
initial curve A at @, and line PR parallel to the y axis intersects the curve
A at R. We suppose that v and u, or u, are prescribed along A.

Let C be the closed contour PQRP bounding D. Since dy = 0 on PQ
and dx = 0 on PR, it follows immediately from equations (5.8.3) and (5.8.6)
that

//D(vL[u]—uM[v])dzdy—/QR(Udy—de)+/RPUdy—/PQVdI,
(5.8.7)
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\ Pa, )

Figure 5.8.1 Smooth initial curve.

From equation (5.8.5), we find

Q Q Q
/ Vidz = / bvu dx + / VU dx.
P P P

Integrating by parts, we obtain

Q Q
/ vudr = [uv]g —/ uvde.

P P

Hence, we may write

Q Q
/ Vdr = [uv]g +/ u (bv — vy) da.
P P

Substitution of this integral in equation (5.8.7) yields

Q P

u(bv—vw)dx—/ u(av—vy)dy—/R(Udy—Vda:)

R

wlp = furlg + [

P

Q
+//D (vL [u] — uM [v]) dz dy. (5.8.8)

Suppose we can choose the function v (z,y; «, 3) to be the solution of
the adjoint equation
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M [v] =0, (5.8.9)
satisfying the conditions

vy =bv when y=2,,
vy =av when z=a, (5.8.10)

v=1 when z=a and y=7.

The function v (z,y; o, 8) is called the Riemann function. Since L [u] = f,
equation (5.8.8) reduces to,

R

[u]P:[uv]Q—/QRuv(ady—bdx)—&-/Q (uvydy-i-vuggdm)—l—//vadxdy.

(5.8.11)

This gives us the value of u at the point P when u and w, are prescribed
along the curve A. When v and u,, are prescribed, the identity

R

[w]p — [uv]g = / {(uv)x dz + (uv), dy} ,

Q

may be used to put equation (5.8.8) in the form

R R
[u]p = [uv]p — /Q wv (ady — bdx) — /Q (wvgdx + vuydy)

+// vfdedy.  (5.8.12)
D
By adding equations (5.8.11) and (5.8.12), the value of u at P is given by

1 R R

[u]p = 3 ([uv]Q + [uv]R> —/Q wo (ady — bdx) — ;/Q u (vgpdx — vydy)

1 R
+§/ v (ugdx — uydy) +// vfdxdy(5.8.13)
D

Q

which is the solution of the Cauchy problem in terms of the Cauchy data
given along the curve A. It is easy to see that the solution at the point
(a, B) depends only on the Cauchy data along the arc QR on A. If the
initial data were to change outside this arc QR, the solution would change
only outside the triangle PQR. Thus, from Figure 5.8.2, we can see that
each characteristic separates the region in which the solution remains un-
changed from the region in which it varies. Because of this fact, the unique
continuation of the solution across any characteristic is not possible. This
is evident from Figure 5.8.2. The solution on the right of the characteristic
P, Ry is determined by the initial data given in Q1 Ro, whereas the solution
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y\
) P
Ql\ Pi
Rl Ry,

X

Figure 5.8.2 Solution on the right and left of the characteristic.

on the left is determined by the initial data given on Q1 R;. If the initial
data on R; Ry were changed, the solution on the right of P; Ry only will be
affected.

It should be remarked here that the initial curve can intersect each
characteristic at only one point. Suppose, for example, the initial curve A
intersects the characteristic at two points, as shown in Figure 5.8.3. Then,
the solution at P obtained from the initial data on QR will be different
from the solution obtained from the initial data on RS. Hence, the Cauchy
problem, in this case, is not solvable.

YA

4

Figure 5.8.3 Initial curve intersects the characteristic at two points.
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Ezample 5.8.1. The telegraph equation

Wi + a*wy + 0w = wyy,
may be transformed into canonical form

Lu] = ugy + ku=0,
by the successive transformations
w=ue 2

and

E=x+ct, n=z—ct,

where k = (a*? — 4b*) /16¢2.
We apply Riemann’s method to determine the solution satisfying the
initial conditions

u(w,O):f(x), ut(x70)=g(m).
Since
t= %(5—77),

the line ¢ = 0 corresponds to the straight line £ = 7 in the £ —n plane. The
initial conditions may thus be transformed into

[ule—, = [ (&), (5.8.14)
[ug — uple_, = ¢ 1 (€). (5.8.15)

We next determine the Riemann function v (£, n; a, 3) which satisfies

Ven + kv =0, (5.8.16)
ve (€, 850, 8) =0, (5.8.17)
vT] (047775 Ol,ﬂ) = 07 (5818)
v (o, 5, B) = 1. (5.8.19)

The differential equation (5.8.16) is self-adjoint, that is,
Lv] = M [v] = vey + kv.
We assume that the Riemann function is of the form
v (& ma, B) = F(s),

with the argument s = (§ — «) (n — ). Substituting this value in equation
(5.8.16), we obtain
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sFgs + Fs + kF = 0.

If we let A = v/4ks, the above equation becomes

F"(\) + %F’ MN+F)=0.

This is the Bessel equation of order zero, and the solution is

disregarding Y; (A) which is unbounded at A = 0. Thus, the Riemann func-
tion is

v(&maB) = o (VIRE—a) (1= 9))

which satisfies equation (5.8.16) and is equal to one on the characteristics
¢ = a and n = (. Since Jj(0) = 0, equations (5.8.17) and (5.8.18) are
satisfied. From this, it immediately follows that

VE(E—B)

[”f]g:n = E—a) -0 [/ (/\)]5217 )
) _ \/E(f — a) !
lewn = e aror o M
Thus, we have
VE@-5) .,
[ve — uple, = G _(a) (f_) o) [T (N)]e—, - (5.8.20)

From the initial condition

uw(@) =f(8) and u(R)=f(a), (5.8.21)

and substituting equations (5.8.15), (5.8.19), and (5.8.20) into equation
(5.8.13), we obtain

u (e, f) = % [f (@) + £ (B)]
Lt VE(@-p)
2Js J(r—a)(r—p)
1 «
+2¢/ﬁ Jo (VARG =a) (7= 5)) g () dr. (58.22)

Jo (VIR =a)(r=B)) f (r)dr

Replacing a and 3 by € and 7, and substituting the original variables x and
t, we obtain
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x+ct
u(z,t) == [f(x+ct)+ f(z —ct)] + 3 / G (x,t,7)dr, (5.8.23)
x—ct

where

G (x,t,7)

= {—2\/%015]” (1) Jo <\/4kz [(T —z)? - c%ﬂ) } /\/ (r —2)° — 22
+ el () Jo <\/4k [(T —2)? - c%ﬂ) .

If we set k = 0, we arrive at the d’Alembert solution for the wave equation

|~

xr+ct
u(z,t) = [f(x+ct)+f(xfct)}+2—c/ g (7)dr.

—ct

5.9 Solution of the Goursat Problem

The Goursat problem is that of finding the solution of a linear hyperbolic
equation

Ugy = a1 (2,Y) uy + az (2, y) uy + a3 (x,y) u+h(r,y), (5.9.1)
satisfying the prescribed conditions
u(z,y) = f(x), (5.9.2)
on a characteristic, say, y = 0, and
u(z,y) =g (x) (5.9.3)

on a monotonic increasing curve y = y () which, for simplicity, is assumed
to intersect the characteristic at the origin.

The solution in the region between the x-axis and the monotonic curve
in the first quadrant can be determined by the method of successive ap-
proximations. The proof is given in Garabedian (1964).

Ezample 5.9.1. Determine the solution of the Goursat problem

U = gy, (5.9.4)
u(z,t) = f(x), on z—ct=0, (5.9.5)
u(z,t)=g(x), on t=t(z), (5.9.6)

where f(0) = g (0).
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The general solution of the wave equation is
u(z,t) =¢(x+ct)+¢(z—ct).
Applying the prescribed conditions, we obtain

f(z) = ¢ (22) +4(0), (5.9.7)
g(x)=¢(@+ct(zx))+¢(x—ct(z)). (5.9.8)

It is evident that
f(0)=¢(0)+(0)=g(0).

Now, if s = x — ¢t (x), the inverse of it is = a (s). Thus, equation (5.9.8)
may be written as

gla(s)) =¢(x+ct(@)+v(s). (5.9.9)
Replacing = by (z + ¢t (z)) /2 in equation (5.9.7), we obtain
f (“;“””) — 6 (z +ct (z)) + ¢ (0). (5.9.10)
Thus, using (5.9.10), equation (5.9.9) becomes
v =gla(e) - 1 (L) 4y ).
Replacing s by @ — cf , we have
W(x—ct) = g(a@—c) — f <O‘(m_0t)+§t<a(x_”))> +1(0).

Hence, the solution is given by

u(m7t):f(x+ct) _f(a(x—ct)+ct(a(x—ct))> olale—ct)).

2 2
(5.9.11)

Let us consider a special case when the curve ¢t = ¢ (z) is a straight line
represented by t — kx = 0 with a constant £ > 0. Then s = ¢ — ckx and
hence = = s/ (1 — ck). Using these values in (5.9.11), we obtain

L fxtct (I1+ck)(z—ct) x—ct
u(m)—f( 5 ) f( 20— k) ol ) (3912
When the values of u are prescribed on both characteristics, the problem

of finding w of a linear hyperbolic equation is called a characteristic initial-
value problem. This is a degenerate case of the Goursat problem.
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Consider the characteristic initial-value problem

Uy = h(2,9), (5.9.13)
u(z,0) = f (), (5.9.14)
u(0,y) =9 (v), (5.9.15)

where f and g are continuously differentiable, and f (0) = g (0).
Integrating equation (5.9.13), we obtain

u(x,y>—/Oz/oyh@,n)dndgw(x)+w<y>, (5.9.16)

where ¢ and v are arbitrary functions. Applying the prescribed conditions
(5.9.14) and (5.9.15), we have

u(z,0) = ¢(z) +¢(0) = f (), (5.9.17)
u(0,y) =@ (0)+ ¢ (y) =9 (y). (5.9.18)
Thus,
¢ (@) + v (y) = f(@)+9(y) —¢(0) —¢(0). (5.9.19)
But from (5.9.17), we have
B(0)+ ¢ (0) = £(0). (5.9.20)

Hence, from (5.9.16), (5.9.19) and (5.9.20), we obtain

w(z,y) = f (@) + 9y // (€ mydnde.  (5.9.21)

Ezxzample 5.9.2. Determine the solution of the characteristic initial-value
problem

st = iy,
u(z,t)=f(x) on z+ct=0,
u(z,t) =g(x) on xz—ct=0,

where f(0) = g (0).
Here it is not necessary to reduce the given equation to canonical form.
The general solution of the wave equation is

u(z,t) =¢(x+ct)+v(x—ct).
The characteristics are

z+ct =0, xz—ct=0.
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Applying the prescribed conditions, we have

u(z,t)=¢(2x)+¢¥(0)=f(z) on z+ct=0, (5.9.22)
u(z,t)=¢0)+9(2z)=g(x) on z—ct=0. (5.9.23)
We observe that these equations are compatible, since f (0) = ¢ (0).

Now, replacing x by (z + ct) /2 in equation (5.9.22) and replacing x by
(x — ct) /2 in equation (5.9.23), we have

slo+e) = 1 (T52) w00,

xr —ct

¢u—vw:g( . )—¢my

Hence, the solution is given by

w(z,t) = f <I;Ct> +g (I2Ct) — £(0). (5.9.24)

We note that this solution can be obtained by substituting kK = —1/¢ into
(5.9.12).

Example 5.9.3. Find the solution of the characteristic initial-value problem

Y Ugy — YUyy + uy = 0, (5.9.25)

2
u(z,y) = f(z) on x+%:4 for 2 <z <4,
2

u(z,y) =g(x) on m—%zo for 0<2<2,

with f(2) =g (2).
Since the equation is hyperbolic except for y = 0, we reduce it to the
canonical form

’U,gn = 0,

where £ =z + (y2/2) and n =z — (y2/2). Thus, the general solution is

u(z,y) = ¢ (33 + y;) + (x - y22> . (5.9.26)

Applying the prescribed conditions, we have
f@)=04)+¢Y(2x—4), (5.9.27)
g(z) = ¢ (2z) + 1 (0). (5.9.28)

Now, if we replace (2z — 4) by (z — y*/2) in (5.9.27) and (2z) by (z + y*/2)
in (5.9.28), we obtain
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o(o-L) =1 (5-%+2) -0,
¢(x+y;> =g<;€+yj)—w(0)

Thus,
ueg) =1 (2L o)+ (L4 L) —o@-v0)
W=\ I\2" 1 ‘
But from (5.9.27) and (5.9.28), we see that

f2)=04)+¢(0)=9(2).

Hence,

u(sv,y):f(;c—y2+2>+g(§+y:>—f(2)~

5.10 Spherical Wave Equation

In spherical polar coordinates (r, 0, ¢), the wave equation (3.1.1) takes the
form

1 9 ( 50u 1 o (.  Ou 1 Pu 1 J%u
ey O (g0t} y L Ou_LOug,,,
2 oy <T 8r)+7"25in9 20 (Sm 89)+r2sin29 92~ @ oz 010D

Solutions of this equation are called spherical symmetric waves if u
depends on 7 and ¢ only. Thus, the solution u = u (r,t) which satisfies the
wave equation with spherical symmetry in three-dimensional space is

10 (,0u\ 1 0%

Introducing a new dependent variable U = ru (r,t), this equation re-
duces to a simple form

Uy = U, (5.10.3)

This is identical with the one-dimensional wave equation (5.3.1) and has
the general solution in the form

U(r,t)y=¢(r+ct)+(r—ct), (5.10.4)

or, equivalently,

w(r,t) = % (6 (r + ct) + 1 (r — ct)]. (5.10.5)
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This solution consists of two progressive spherical waves traveling with
constant velocity c. The terms involving ¢ and 1 represent the incoming
waves to the origin and the outgoing waves from the origin respectively.

Physically, the solution for only outgoing waves generated by a source
is of most interest, and has the form

u(r,t) = %w(rfct), (5.10.6)

where the explicit form of v is to be determined from the properties of the
source. In the context of fluid flows, u represents the velocity potential so
that the limiting total flux through a sphere of center at the origin and
radius r is

Q (t) = lim 4mriu, (r,t) = —dmwap (—ct). (5.10.7)
In physical terms, we say that there is a simple (or monopole) point source
of strength @ (t) located at the origin. Thus, the solution (5.10.6) can be
expressed in terms of ) as

u(rt) = —ﬁ Q (t - 2) . (5.10.8)

This represents the velocity potential of the point source, and wu, is called
the radial velocity. In fluid flows, the difference between the pressure at any
time ¢ and the equilibrium value is given by

o =pup= -0 (t— 2 5.10.9
p—DPo=pu ym—_ <) ( )

where p is the density of the fluid.
Following an analysis similar to Section 5.3, the solution of the initial-
value problem with the initial data

u(r,0) = f(r), u(r,0)=g(r), >0, (5.10.10)

where f and g are continuously differentiable, is given by

r+ct
u(r,t) = 2i (r+ct)f(r+ct)+(r—ct)f(r—ct)—|—%/ Tg(T)dT:| ,

r —ct

(5.10.11)

provided r > ct. However, when r < ct, this solution fails because f and g
are not defined for r < 0. This initial data at ¢t = 0, r > 0 determine the
solution u (r, t) only up to the characteristic r = ¢t in the r-t plane. To find
u for r < ct, we require u to be finite at » = 0 for all ¢ > 0, that is, U =0
at r = 0. Thus, the solution for U (r,t) is
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1 1 r+ct
U(rt) == (r+ct)f(r+ct)+(r—ct)f(r—ct)+f/ Tg(’T)dT:| ,
2 C Jr—ct
(5.10.12)
provided r > ¢t > 0, and
U(rt) = %[d)(ct—i—r)—f—l/)(ct—T)], ct>r>0, (5.10.13)
where
¢ (ct)+ ¢ (ct) =0, for ct>0. (5.10.14)

In view of the fact that U, + %Ut is constant on each characteristic
r 4+ ¢t = constant, it turns out that

¢ (ct+71) = (T+ct)f’(r+ct)+f(r+ct)+%(r+ct)g(r+ct),
§ (ct) = ctf (ct) + f (ct) + g (ct).

Integration gives

so that
v =110 - [ra@ir—o().

Substituting these values into (5.10.13) and using U (r,t) = ru (r,t), we
obtain, for ct > r,

ct+r

u(r,t):i (ct—i—r)f(ct—i—r)—(ct—r)f(ct—r)—i—%/

o . 7g (7) dT:| .

(5.10.15)

5.11 Cylindrical Wave Equation

In cylindrical polar coordinates (R, 0, z), the wave equation (3.1.1) assumes

the form
1 1 1
’LLRR+EUR+?U90+UZZ = gutt- (5111)

If u depends only on R and t, this equation becomes
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1 1
URR+EUR: C—zutt. (5.11.2)

Solutions of (5.11.2) are called cylindrical waves.

In general, it is not easy to find the solution of (5.11.1). However, we
shall solve this equation by using the method of separation of variables in
Chapter 7. Here we derive the solution for outgoing cylindrical waves from
the spherical wave solution (5.10.8). We assume that sources of constant
strength @ (¢) per unit length are distributed uniformly on the z-axis. The
solution for the cylindrical waves produced by the line source is given by
the total disturbance

R,t L[l t d d 5.11.3
wr=-1 [ rQ(t-D)a=-p [10(i- 1) a1y
where R is the distance from the z-axis so that R? = (7’2 - 22).
Substitution of z = Rsinh¢ and » = Rcosh¢ in (5.11.3) gives

u(R,t) = ——/ (t - coshg) de. (5.11.4)

This is usually considered as the cylindrical wave function due to a source
of strength @ (¢) at R = 0. It follows from (5.11.4) that

1 o0
Ug = ——/ Q" (t _B cosh§> dg, (5.11.5)
2T 0 C
1 [ , R
= — coshé Q' |t — — cosh& ) dg, (5.11.6)
2me Jo c
_ 1 > 2 " R
URR = —=——= cosh“ £ Q" [t — — cosh & | dE, (5.11.7)
2rc? Jo c
which give
1 1 [*d e R .
2 (URR + RuR> — Uy = % z {R Q' <t - cosh§> smhf} d¢

= lim {Q (t—Rcosh§> sinhf} =0
£—o0 C

provided the differentiation under the sign of integration is justified and the
above limit is zero. This means that u (R,t) satisfies the cylindrical wave
equation (5.11.2).

In order to find the asymptotic behavior of the solution as R — 0, we
substitute cosh & = C(tigo into (5.11.4) and (5.11.6) to obtain

_ LR QQ)d¢
2”/ (-0 - 2]

t—R/c _ ’
un =5 <tRC> Q f) di - (5.11.9)
(-0 - 2]

, (5.11.8)

— 00
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which, in the limit R — 0, give

g~ —/ Q( %R Q). (5.11.10)
This leads to the result
lim 2w Rup = Q (1), (5.11.11)
or
u (R, t) ~ %Q(t) logR as R—0. (5.11.12)

We next investigate the nature of the cylindrical wave solution near the
waterfront (R = ct) and in the far field (R — o0). We assume Q (¢) = 0 for
t < 0 so that the lower limit of integration in (5.11.8) may be taken to be
zero, and the solution is non-zero for 7 =t — % > 0, where 7 is the time
passed after the arrival of the wavefront. Consequently, (5.11.8) becomes

1 (7 d
u(R,t):—Q—/ PAGKN S CRIRE)
. 1
O [t-Q(=C+2H)]"
Since0< (<7, 225 E 5757 ¢ > 0, so that the second factor under
the radical is approx1mately equal to 22 when R > cr, and hence,
1 /cN\s [T Q(C) d¢ c\3
t ~N —— [ — —_ " = — | —
wlh) e~ 5 <2R) /0 (t—O)F (QR) a(7)
c\z R ct
__(c _ & 11.14
(ZR) q<t c>’ B>5 (5 )

where

_ 1 meQdc
) = 27T/0 T (5.11.15)

Evidently, the amplitude involved in the solution (5.11.14) decays like
R~ for large R (R — oo).

Ezample 5.11.1. Determine the asymptotic form of the solution (5.11.4) for
a harmonically oscillating source of frequency w.

We take the source in the form @ (t) = g exp [—i (w + ig) t], where ¢ is
positive and small so that @ (t) — 0 as t — —oo. The small imaginary part
e of w will make insignificant contributions to the solution at finite time as
¢ — 0. Thus, the solution (5.11.4) becomes

u(R,t) = — (;J—Z_) e_i‘”t/o exp (WCR coshf) d&
_ (0 ety (VB (5.11.16)
1 o \"¢ ) o
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where Hél) (z) is the Hankel function given by

HO(I) (2) = 2 Ooexp (iz cosh &) d€. (5.11.17)

In view of the asymptotic expansion of Hél) (2) in the form

4

Hél) (z) ~ <2> : exp [2 (z — %)} , z — 00, (5.11.18)

wi
c

() () o -2 )

This represents the cylindrical wave propagating with constant velocity c.
1
The amplitude of the wave decays like R™2 as R — o0.

the asymptotic solution for u (R,t) in the limit (“£) — oo is

Ezample 5.11.2. For a supersonic flow (M > 1) past a solid body of revo-
lution, the perturbation potential @ satisfies the cylindrical wave equation

1
Prr + - dr = N*®,,, N2 =M? -1,

where R is the distance from the path of the moving body and x is the
distance from the nose of the body.
It follows from problem 12 in 3.9 Exercises that @ satisfies the equation

Dy + P, = N2 D,y
This represents a two-dimensional wave equation with z < t and N2 «

£ For a body of revolution with (y, z) < (R, 6), % = 0, the above equation
reduces to the cylindrical wave equation

1 1
d — P = 5 Dy.
RR+R R= 5%u

5.12 Exercises
1. Determine the solution of each of the following initial-value problems:
(a) up — uge =0, u(x,0)=0, ug (2,0) = 1.
() uy — Auge =0, u(x,0)=sinz, wy(z,0) =2z

(€) uy — uze =0, u(x,0) =23, ut (¢,0) = x.
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(d) ugt — Puge =0,  u(x,0) = cosz, ug (1,0) = e~ L.
(e) ugy — uge =0, u(x,0)=log (1 + x2)7 ug (x,0) = 2.

(f) ug — Puge =0, u(x,0) =2, ug (2,0) = sin z.

. Determine the solution of each of the following initial-value problems:

(a) uy — Pug, =z, u(z,0) =0, ug (z,0) = 3.

(b)  uy — gy =x+ct, u(x,0) =z, ug (z,0) = sinx.
(€)  uy — gy = €%, u(z,0) =5, ug (x,0) = 22
(d)  ug — gy = sinw, u(z,0) =cosz, wui(x,0)=1+uz.
(e)  wuy — ug, = et u(x,0) =sinz, w (x,0)=0.

(f)  up — gy =2, u(z,0) = 22, ug (z,0) = cosx.

. A gas which is contained in a sphere of radius R is at rest initially, and
the initial condensation is given by sq inside the sphere and zero outside
the sphere. The condensation is related to the velocity potential by

s(t) = (1/c?) uy,
at all times, and the velocity potential satisfies the wave equation
u = VZu.
Determine the condensation s (t) for all ¢ > 0.
. Solve the initial-value problem

Ugg + 2Uzy — 3Uyy = 0,

u(x,0) =sinz, Uy (2,0) = .
. Find the longitudinal oscillation of a rod subject to the initial conditions

u(z,0) = sinx,

ug (2,0) = z.
. By using the Riemann method, solve the following problems:
(a) sin? p gy — cos® Dyy — (/\2 sin? p cos? p) ¢ =0,

$(0,9) = f1(y), ¢ (2,0) = g1 (),
b: (0,y) = f2(y), ¢y (2,0) = g2 ().
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(b) $2’U,xx — tZUtt = 07
u(x,tl):f(x), Ut (l’,tQ):g(l’)

7. Determine the solution of the initial boundary-value problem

Ut = 4 Ugy, O0<x<oo, t>0,
u(x,0) =z, 0 <z < oo,
ug (2,0) =0, 0<z< oo,
u(0,) =0, t>0.

8. Determine the solution of the initial boundary-value problem

Ut = YUy, O<zr<oo, t>0,
u(z,0) =0, 0<zx< o0,
uy (z,0) = 23, 0<z<oo0,
ug (0,1) = 0, t>0.

9. Determine the solution of the initial boundary-value problem

utt:16um, 0<1’<OO, t>0,

u (z,0 :sinx, 0 <z < o0,

u (z,0) = 0 <z < o0,
u (0, ): t>0.

10. In the initial boundary-value problem

utt:cgum, O<ax<l, t>0,

u(z,0) = f(2), 0<z<lI,

ut (2,0) = g (), 0<z<l,
u(0,t) =0, t >0,

if f and g are extended as odd functions, show that u (z,t) is given by
the solution (5.4.5) for z > ¢t and solution (5.4.6) for z < ct.

11. In the initial boundary-value problem

Ut = gy, O<z<l, t>0,
(x,O):f(:c), 0<z <,
ug (2,0) = g (x), 0<z<lI,

ug (0,t) = 0, t>0,

if f and g are extended as even functions, show that u (x, ) is given by
solution (5.4.8) for z > ct, and solution (5.4.9) for = < ct.



12.

13.

14.

15.

16.

17.

5.12 Exercises

Determine the solution of the initial boundary-value problem

utt:c2um, O<ax<oo, t>0,
u(x,0) = f(z), 0 <z < oo,
ug (x,0) =0, 0 <z < oo,
ug (0,1) + hu(0,t) =0, t >0, h = constant.

State the compatibility condition of f.

Find the solution of the problem

Ut = C Uy, at <x <oo, t>0,
u(x,0) = ()7 0<z<oo
ug (2,0) = 0 << oo,

u (at,t) = t>0,

where f(0) =0 and a is constant.

Find the solution of the initial boundary-value problem

Ut = Ugy, 0<£C<2, t>0,
u(x,0) = sin (7z/2), 0<z<2,
ug (z,0) =0, 0<z<2,

u(0,t) =0, u(2,¢) =0, ¢>0.

Find the solution of the initial boundary-value problem

Ut = 4 Uy, O<x<l, t>0,
u(z,0) =0, 0<z<1,
ue (2,0) =z (1 —x), 0<z<1,

w(0,t) =0, u(l,¢) =0, t>0.

Determine the solution of the initial boundary-value problem

utt:(22um, O<ax<l, t>0,
u (z,0) = g (x), 0<z <,

ug (0,8) =0, ug, (I,t) =0, t >0,

by extending f and g as even functions about x =0 and =z = I.

Determine the solution of the initial boundary-value problem

U = gy, O<z<l, t>0,
u(z,0) = f(z), 0<z <],
ut (z,0) = g (x), 0<z<l,
w(0,t) =p(t), u(l,t)=q(t), t >0.
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18. Determine the solution of the initial boundary-value problem

U = gy, 0<z<lI, t>0,
u(z,0) = f(z), 0<z<l,
ug (2,0) = g (z), 0<x<I,
ug (0,8) = p(t), us (I,t) = q(t), t > 0.

19. Solve the characteristic initial-value problem

Y Uge — 2y Uyy — yiug + x3uy =0,
u(r,y)=f(x) on y>—2°=8 for 0<z<2,
u(r,y) =g(x) on y*+2>=16 for 2<x <4,

with f(2) =g (2).
20. Solve the Goursat problem
2y Uy, — 23y Uy — yPu, + a:?’uy =0,
w(z,y)=f(x) on y*4+22=16 for 0<z <4,
u(z,y) =g(y) on xz=0 for 0<y<A4,
where f (0) = g (4).
21. Solve
Ut = C2uzz7
u(z,t)=f(zr) on t=t(x),
u(z,t)=g(x) on x+ct=0,
where f (0) = ¢(0).
22. Solve the characteristic initial-value problem

Blgy — 22Uy —up =0, T F#0,
2
u(z,y) = f(y) on yf%zo for 0<y<2,

2
u(z,y) =¢g(y) on y+% =4 for 2<y<4,
where f(2) = g (2).
23. Solve
Ugz + 10Uzy + Yy, = 0,

u(z,0) = f(z),
Uy (2,0) = g ().



24.

25.

26.

27.

28.
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Solve
4 tgy + B Upy + Uyy + Uy + Uy = 2,
u(z,0) = f(z),
uy (2,0) =g ().
Solve
3Ugz + 10Uzy + 3uy, = 0,
u(z,0)=f(z), uy(z,0) =g().
Solve
Ugz — 3Ugy + 2Uyy = 0,
u(z,0) = f(z), wuy(z,0)=g().
Solve

T Upy —Puy =0 >0, t>0,
u(x,l) :f(.’lf),

Consider the initial boundary-value problem for a string of length [
under the action of an external force g (z,t) per unit length. The dis-
placement u (z,t) satisfies the wave equation

p Uit = Tuza: +PQ($at)a

where p is the line density of the string and T is the constant tension
of the string. The initial and boundary conditions of the problem are

u(z,0) = f(z), ut (2,0) = g (), 0<uz<lI,
u(0,t) =u(l,t) =0, t>0.
Show that the energy equation is

dE !
o= [Tumut]lo +/ pqugdx,
0

where E represents the energy integral

1 l
E(t) = 5/0 (pui +Tu2) da.

Explain the physical significance of the energy equation.

Hence or otherwise, derive the principle of conservation of energy, that
is, that the total energy is constant for all ¢ > 0 provided that the string
has free or fixed ends and there are no external forces.
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29. Show that the solution of the signaling problem governed by the wave
equation

U = c2um, x>0, t>0,
u(x,0) = u (z,0) =0, x>0,
u(0,t) =U (¢), t>0,

is

u(x,t)zU(t—%)H(t*E)»

c

where H is the Heaviside unit step function.

30. Obtain the solution of the initial-value problem of the homogeneous
wave equation

Upp — gy = SIN (kx — wt), —00 < x < 00, t>0,
u(z,0) =0=u (x,0), forall zeR,

where ¢, k and w are constants.
Discuss the non-resonance case, w # ck and the resonance case, w = ck.

31. In each of the following Cauchy problems, obtain the solution of the
system

Uy — CUpy =0, zE€R, t>0,
u(z,0) = f(x) and wu:(x,0)=g(x) for z€R,

for the given ¢, f (z) and g (z):
(a) ¢=3, f(x)=cosz, g¢g(z)=sin2z.
(b) ¢=1, f(x)=sin3z, g¢g(x)=cos3z.
() ¢e=17, f(x)=cosdz, g(z)=uz.
(d) ¢=2, f(z)=coshz, g¢g(x)=2z.
(e) ¢=3, f(z)=a3, g(xz) =xzcosx.
(f) c¢=4, f(x)=cosz, g(x)=xze "
32. If u (x,t) is the solution of the nonhomogeneous Cauchy problem

U — CUgy = p(2,t), for z€R, t>0,
u(x,0) =0=wu (z,0), for z€eR,



33.

34.

35.
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and if v (x, ¢, 7) is the solution of the nonhomogeneous Cauchy problem

Uy — gy =0, for zeR, t>0,
v(x,0;7) =0, v (z,0;7)=p(z,7), z€R,

show that

u(z,t) = /Ot v(x,t;7)dT.

This is known as the Duhamel principle for the wave equation.

Show that the solution of the nonhomogeneous diffusion equation with
homogeneous boundary and initial data

Up = Rlge +p(x,t), O<z<l, t>0,
u(0,t) =0=wu(lt), t>0,
u(z,0) =0, 0<x<l,

is
t
u(m,t):/ v (z,t;7) dr,
0

where v = v (z,t; 7) satisfies the homogeneous diffusion equation with
nonhomogeneous boundary and initial data

Vgt = KUze + D (2,1), O<z<l, t>0,
v(0,;7)=0=v(l,t;71), t>0,

v(z,7;7) =p(x,7).
This is known as the Duhamel principle for the diffusion equation.

Use the Duhamel principle to solve the nonhomogeneous diffusion equa-
tion

Up = Klgy + € 'sinma, O<zxz<l, t>0,
with the homogeneous boundary and initial data

w(0,t) =0, w(l,t)=0, t >0,
u (z,0) =0, 0<z<1.

(a) Verify that
un, (z,y) = exp (ny — v/n) sinnz,

is the solution of the Laplace equation
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Ugy +Uyy = 0, = €R, y >0,
u(z,0) =0, uy (z,0) = nexp (—v/n) sinnz,

where n is a positive integer.
(b) Show that this Cauchy problem is not well posed.

36. Show that the following Cauchy problems are not well posed:
(a) Ut = Ugg, S R7 t> Oa
u(0,t) = (2)sin (2n?t), ug (0,t) =0, t>0.

(b) gy + uyy = 0, z eR, t>0,

Un (2,0) = 0, (un), (#,0) =0, as n— oo.
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Fourier Series and Integrals with Applications

“The thorough study of nature is the most ground for mathematical dis-
coveries.”

Joseph Fourier

“Nearly fifty years had passed without any progress on the question of an-
alytic representation of an arbitrary function, when an assertion of Fourier
threw new light on the subject. Thus a new era began for the development
of this part of Mathematics and this was heralded in a stunning way by
major developments in mathematical Physics.”

Bernhard Riemann

“Fourier created a coherent method by which the different components of
an equation and its solution in series were neatly identified with different
aspects of physical solution being analyzed. He also had a uniquely sure
instinct for interpreting the asymptotic properties of the solutions of his
equations for their physical meaning. So powerful was his approach that
a full century passed before non-linear equations regained prominence in
mathematical physics.”

JToan James

6.1 Introduction

This chapter is devoted to the theory of Fourier series and integrals. Al-
though the treatment can be extensive, the exposition of the theory here
will be concise, but sufficient for its application to many problems of applied
mathematics and mathematical physics.
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The Fourier theory of trigonometric series is of great practical impor-
tance because certain types of discontinuous functions which cannot be ex-
panded in power series can be expanded in Fourier series. More importantly,
a wide class of problems in physics and engineering possesses periodic phe-
nomena and, as a consequence, Fourier’s trigonometric series become an
indispensable tool in the analysis of these problems.

We shall begin our study with the basic concepts and definitions of some
properties of real-valued functions.

6.2 Piecewise Continuous Functions and Periodic
Functions

A single-valued function f is said to be piecewise continuous in an interval
[a, b] if there exist finitely many points a = 21 < 9 < ... < x, = b, such
that f is continuous in the intervals x; < x < x;41 and the one-sided limits
fzj+) and f(zj11—) exist forall j =1,2,3,...,n—1.

A piecewise continuous function is shown in Figure 6.2.1. Functions such
as 1/x and sin (1/x) fail to be piecewise continuous in the closed interval
[0, 1] because the one-sided limit f (0+) does not exist in either case.

If f is piecewise continuous in an interval [a,b], then it is necessarily
bounded and integrable over that interval. Also, it follows immediately that
the product of two piecewise continuous functions is piecewise continuous
on a common interval.

If f is piecewise continuous in an interval [a,b] and if, in addition, the
first derivative f’ is continuous in each of the intervals z; < = < xj;41,
and the limits f’ (z;+) and f’ (z,—) exist, then f is said to be piecewise
smooth; if, in addition, the second derivative f” is continuous in each of

J)

— /
Y

Figure 6.2.1 Graph of a Piecewise Continuous Function.
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the intervals z; < & < z;41, and the limits f” (z;+) and f” (z;—) exist,
then f is said to be piecewise very smooth.

A piecewise continuous function f (x) in an interval [a,b] is said to be
periodic if there exists a real positive number p such that

fle+p)=f(x), (6.2.1)

for all z, p is called the period of f, and the smallest value of p is termed
the fundamental period. A sample graph of a periodic function is given in
Figure 6.2.2.

If f is periodic with period p, then

),

r+p+p)=f(z+p),
r+2p+p)=f(zr+2p),
z+m—-p+p)=f@+n-1)p) =f(z),

for any integer n. Hence, for all integral values of n
f(@+np) = f (). (6.2:2)

It can be readily shown that if fi, f2, ..., fx have the period p and cg
are the constants, then

fl@+p
flx+2p
fxz+3p
f(@+np

)= f(
)= f(
)= f(
)= f(

f=cafit+efot+.. . +ecrfr, (6.2.3)

has the period p.

Well known examples of periodic functions are the sine and cosine func-
tions. As a special case, a constant function is also a periodic function with
arbitrary period p. Thus, by the relation (6.2.3), the series

ag 4+ aycosx + agcos2x + ...+ bysinx 4+ bysin2z + ...

if it converges, obviously has the period 27. Such types of series, which occur
frequently in problems of applied mathematics and mathematical physics,
will be treated later.

ﬂ
//\ /\—\ / o
b T S

P

=)

Figure 6.2.2 Periodic Function.
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6.3 Systems of Orthogonal Functions

A sequence of functions {¢, (z)} is said to be orthogonal with respect to
the weight function ¢ (x) on the interval [a, b] if

b
/ Om (x) Pp (x) ¢ (x) dx = 0, m #n. (6.3.1)

If m = n, then we have

2

b
léall = [ / 62 (2) q (2) dx] (63.2)

which is called the norm of the orthogonal system {¢, (x)}.

Ezample 6.3.1. The sequence of functions {sinmaz}, m = 1,2,..., form an
orthogonal system on the interval [—7, 7], because

n 0, m # n,
/ sinmax sinnx dx =
- T, M ="n.

In this example we notice that the weight function is equal to unity, and
the value of the norm is /7.
An orthogonal system ¢1, ¢2, ..., ¢, where n may be finite or infinite,
which satisfies the relations
b 0’ m 7é n,
[ (@) 6n(2)a(e)dn = (6:3.3)
a

1, m=n,

is called an orthonormal system of functions on [a,b]. It is evident that an
orthonormal system can be obtained from an orthogonal system by dividing
each function by its norm on [a, b].

Example 6.3.2. The sequence of functions
1,cosz,sinz, ..., cosnx,sinne

forms an orthogonal system on [—7, 7] since

= 0, m #n,
/ sinmax sinnx dr =
- T, m=mn,
/ sinmax cosnx dr = 0, for all m,n, (6.3.4)
0, m #n,

T
/ cosmx cosnx dr =
- T, Mm=n,
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for positive integers m and n. To normalize this system, we divide the
elements of the original orthogonal system by their norms. Hence,

1 cosx sinzx cosnx sinnr

forms an orthogonal system.

6.4 Fourier Series

The functions
1,cosz,sinx,...,cos2z,sin 2z, . ..

are mutually orthogonal to each other in the interval [—7, 7] and are linearly
independent. Thus, we formally associate a trigonometric series with any
piecewise continuous periodic function f (z) of period 27 and write

fz)~ % + Z (ay, cos kx + by sin kx) , (6.4.1)
k=1

where the symbol ~ indicates an association of ag, a, and by to f in some
unique manner. The coefficients ag, ar and by will be determined soon. The
coefficient (ag/2) instead of ag is used for convenience in the representation.
However, it is not easy to say that the series on the right hand side of (6.4.1)
itself converges and also represents the function f (z). Indeed, the series may
converge or diverge.

Let f(x) be a Riemann integrable function defined on the interval
[—7, 7]. Suppose that we define the nth partial sum

n

sn(x) = G?O + Z (ay coskx + by sinkzx) (6.4.2)
k=1

to represent f () on [—m, 7). We shall seek the coefficients ag, aj, and by
such that s, (x) represents the best approximation to f (z) in the sense of
least squares, that is, we seek to minimize the integral

s

I (ao, ap, by) = / [ (2) — 5, ()] da. (6.4.3)

—T

This is an extremal problem. A necessary condition for ag, ag, bg, so that
I be minimum, that is the first partial derivatives of I with respect to
these coefficients vanish. Thus, substituting equation (6.4.2) into (6.4.3)
and differentiating with respect to ag, ax, and by, we obtain
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% = _/_7T f(x)— % —;(aj cos jx + b;sin jz) | de. (6.4.4)
ﬂ——?/Tr f(:r)—@—znz(a-cos jo + bjsin jz) | coskx dz.(6.4.5)
dan . B) < J J 5 SIJ .(6.4.
ﬂ——?/Tr f(x)—@—zn:(a-cos jx + bjsinjz) | sinkx dz. (6.4.6)
Do » 5 ;€O J j sin j .(6.4.

Jj=1

Using the orthogonality relations of the trigonometric functions (6.3.4) and
noting that

/ cos mx dx :/ sinmax dx = 0, (6.4.7)

where m and n are positive integers, equations (6.4.4), (6.4.5), and (6.4.6)
become

ol 4
Pag Tay — » f (z)dz, (6.4.8)
ol B
— = 2may, — 2 f(x)coskx dz, (6.4.9)
8ak -
ol T .
— = 2mwby, — 2 f(z) sin kx du, (6.4.10)
Oby, o
which must vanish for I to have an extremal value. Thus, we have
1 T
ag = — f(x)dz, (6.4.11)
™ —T
1 ™
ap = — f (x) cos kx dz, (6.4.12)
™ —T
1 [7 .
by = — f (x) sinkx dz. (6.4.13)
T

—T

Note that ag is the special case of a; which is the reason for writing (ay/2)
rather than ap in equation (6.4.1). It immediately follows from equations
(6.4.8), (6.4.9), and (6.4.10) that

0’1

— = 6.4.14
= (6.4.14)
0’1 0%I
5 == =2, (6.4.15)
dai  Ob?
and all mixed second order and all remaining higher order derivatives van-
ish. Now if we expand I in a Taylor series about (ag, a1, ..., an,b1,...,by),

we have
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I (ao + Aao7 e 7bn + Abn) = I(ao, ce ,bn) + AI, (6416)

where Al stands for the remaining terms. Since the first derivatives, all
mixed second derivatives, and all remaining higher derivatives vanish, we
obtain

10T , 5 ~= (0% ,, O .,
k=1

By virtue of equations (6.4.14) and (6.4.15), AT is positive. Hence, for I to
have a minimum value, the coefficients aq, ax, by must be given by equations
(6.4.11), (6.4.12), and (6.4.13) respectively. These coefficients are called the
Fourier coefficients of f (x) and the series in (6.4.1) is said to be the Fourier
series corresponding to f (z), where its coefficients ag, ar and by are given
by (6.4.11), (6.4.12), and (6.4.13) respectively. Thus, the correspondence
(6.4.1) asserts nothing about the convergence or divergence of the formally
constructed Fourier series. The question arises whether it is possible to
represent all continuous functions by Fourier series. The investigation of
the sufficient conditions for such a representation to be possible turns out
to be a difficult problem.

We remark that the possibility of representing the given function f (z)
by a Fourier series does not imply that the Fourier series converges to
the function f (x). If the Fourier series of a continuous function converges
uniformly, then it represents the function. As a matter of fact, there exist
Fourier series which diverge. A convergent trigonometric series need not be
a Fourier series. For instance, the trigonometric series

which is convergent for all values of x, is not a Fourier series, for there is
no integrable function corresponding to this series.

6.5 Convergence of Fourier Series

We introduce three kinds of convergence of a Fouriers Series: (i) Point-
wise Convergence, (ii) Uniform Convergence, and (iii) Mean-Square Con-
vergence.

Definition 6.5.1. (Pointwise Convergence). An infinite series Y .. | fn (2)
is called pointwise convergent in a < x < b to f(x) if it converges to f (x)
for each x in a < x < b. In other words, for each x in a < x < b, we have

[f (@) =sn(x)] =0 as n— oo,

where s, (x) is the nth partial sum defined by s, (z) = > . _, fr (z).
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Definition 6.5.2. (Uniform Convergence). The series Y-, fy (z) is said
to converge uniformly to f(z) ina <x <b if

max |f (z) — s, ()] — 0 as n — oo.

a<z<b
Evidently, uniform convergence implies pointwise convergence, but the con-
verse is not necessarily true.

Definition 6.5.3. (Mean-Square Convergence). The series y .- | fn ()
converges in the mean-square (or L?) sense to f (z) ina <x <b if

b
/ |f($)—5n($)|2d$—>0 as m — 00.

It is noted that uniform convergence is stronger than both pointwise
convergence and mean-square convergence.

The study of convergence of Fourier series has a long and complex his-
tory. The fundamental question is whether the Fourier series of a periodic
function f converge to f. The answer is certainly not obvious. If f (x) is 27-
periodic continuous function, then the Fourier series (6.4.1) may converge
to f for a given z in —7 < x < m, but not for all z in —7 < z < 7. This
leads to the questions of local convergence or the behavior of f near a given
point x, and of global convergence or the overall behavior of a function f
over the entire interval [—m,7].

There is another question that deals with the mean-square convergence
of the Fourier series to f (z) in (—m, ), that is, if f(z) is integrable on
(—m, ), then

1 U

by 7W|f(x)_5n($)|2d$—>0 as n — oo.

This is known as the mean-square convergence theorem which does not
provide any insight into the problem of pointwise convergence. Indeed, the
mean-square convergence theorem does not guarantee the convergence of
the Fourier series for any x. On the other hand, if f (x) is 27-periodic and
piecewise smooth on R, then the Fourier series (6.4.1) of the function f con-
verges for every x in —m < z < . It has been known since 1876 that there
are periodic continuous functions whose Fourier series diverge at certain
points. It was an open question for a period of a century whether a Fourier
series of a continuous function converges at any point. In 1966, Lennart
Carleson (1966) provided an affirmative answer with a deep theorem which
states that the Fourier series of any square integrable function f converges
to f at almost every point.

Let f(z) be piecewise continuous and periodic with period 27. It is
obvious that
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[ r@ s @R o (651

—T

Expanding (6.5.1) gives

/ " (2) = n (@) do = / C@Pde—2 [ f (@) (@)de

—T —T —T

+ / ’ [sn ()] da.

—T

But, by the definitions of the Fourier coefficients (6.4.11), (6.4.12), and
(6.4.13) and by the orthogonal relations for the trigonometric series (6.3.4),
we have

s @i [ 1w

—T

a " .
?0 + ; (ay, cos kx + by sin kx)} dx

mag - 2 2
=5 +7Y) (a7 +b7), (6.5.2)
k=1
and
s s n 2
/ 82 (x)dr = / % + ) (agcoskx + by sin kx)} dx
- k=1
2 n
a
=0 tmy (ak +07). (6.5.3)
k=1
Consequently,
" 2 e map 5
/ [f (z) — sp ()] dx = 14 (z)dx 7+ﬂ2(ak+bk) > 0.
- - k=1
(6.5.4)
It follows from (6.5.4) that
ag - 2 1 "2

for all values of n. Since the right hand of equation (6.5.5) is independent
of n, we obtain

2 > T
ag 1

—T

This is known as Bessel’s inequality.
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We see that the left side is nondecreasing and is bounded above, and
therefore, the series

2 o0
Q,
50 + kz_l ai +b3), (6.5.7)

converges. Thus, the necessary condition for the convergence of series (6.5.7)
is that

hm ax =0, klim b, = 0. (6.5.8)

k—oo
The Fourier series is said to converge in the mean to f (x) when

s

n 2
lim lf (x) — <a20 + Z ay, cos kx + by, sin ka:)] dx =0. (6.5.9)
k=1

n—oo
—T

If the Fourier series converges in the mean to f (x), then

2 e T
2 4 > (ag +b3) = 1 12 (x)dz. (6.5.10)
2 T J_x
k=1

This is called Parseval’s relation and is one of the central results in the
theory of Fourier series. This relation is frequently used to derive the sum
of many important numerical infinite series. Furthermore, if the relation
(6.5.9) holds true, the set of trigonometric functions 1, cosz, sinz, cos 2z,
sin 2z, ... is said to be complete.

The Parseval relation (6.5.10) can formally be derived from the conver-
gence of Fourier series to f () in [—m, 7]. In other words, if

fz)=zap+ Z (a cos kx + by sin kzx) , (6.5.11)
k=1

where ag, ar, and by, are given by (6.4.11), (6.4.12) and (6.4.13) respectively,
we multiply ( 6.4.11) by % f () and integrate the resulting expression from
—7 to 7 to obtain

71T/ki1f = / f(z dz+2{ak x) cos kx dx

+ b?k f(z)sinkx d:c} .(6.5.12)

—T

Replacing all integrals on the right hand side of (6.5.12) by the Fourier
coefficients gives the Parseval relation (6.5.10).
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6.6 Examples and Applications of Fourier Series

The Fourier coeflicients (6.4.11), (6.4.12), and (6.4.13) of Section 6.4 may
be obtained in a different way. Suppose the function f (x) of period 27 has
the Fourier series expansion

f(x)= % + Z (ay cos kx + by sin kx) . (6.6.1)
k=1

If we assume that the infinite series is term-by-term integrable (we will
see later that uniform convergence of the series is a sufficient condition for
this), then

f(z)dx = / [a; + Z (ay, cos kx + by sin kx)] dx = mayg.
- - k=1

Hence,

agp = — i f(x)dz. (6.6.2)

™

—Tr

Again, we multiply both sides of equations (6.6.1) by cosnz and integrate
the resulting expression from —7 to 7. We obtain

f(z)cosnzdx = / % + (ay, cos kx + by sin kx) | cosnx dx = way.
- - k=1
Thus,
1 U
ar = — / f(x) coskx dz. (6.6.3)
T —T

In a similar manner, we find that

by, = 1 f(z)sinkx dz. (6.6.4)
™ —T

The coefficients ag, ax, by just found are exactly the same as those obtained
in Section 6.4.

Example 6.6.1. Find the Fourier series expansion for the function shown in
Figure 6.6.1.

f(x)=a+2? -1 <x <.

Here
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SAx)

-3 - 0 T 3

1 [" 1 (" 272
ap = — f(x)d:c:f/ (x+x2)dxzi,
- T
and

ap = — f (z) cos kx dx

T™J—x

— %/ (z+x2) cos kx dx

—T

1 rsinkz|” 7rsmk‘ac

o k o
l x” sin kx smk:lc / 2:csml€x
T

_ 2 _:JscoslmTr +/’T coska:dx

T kw k . . k

4 4
= —coskm = —(fl)k fork=1,2,3,....

Similarly,



6.6 Examples and Applications of Fourier Series 179

3=

b, f () sinkax dx

x + 22) sin kz dx
(

3=

—T

2 2
—Ecoslmr: —E(—l)k, fork=1,2,3,....

Therefore, the Fourier series expansion for f is

f () 7 +i 4 ( l)kcos kx 2 ( 1)1C sin kz
== — (= — —(=1)"si
3 =k k
2
:?—4cosx—|—2$inx+0052x—sin2:c—.... (6.6.5)

Ezample 6.6.2. Consider the periodic function shown in Figure 6.6.2.
-7, —m <z <0,
f(z) =

z, O<z<m.

In this case,

Y

-2

Figure 6.6.2 Graph of f ().
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and
1 ™
ap = — f (z) coskx dx
Tr —T
1 0 ™
:{/ —7TCOS]€(Ed!L‘+/ xcoskxdac]
™ - 0
1 1 k
=12 (coskm —1) = o [(—1) — 1} :
Also
1 [" .
b, = — f(z)sinkx dz
T J_n

0 T
:1{/ —ﬂ'sinkxdx—i-/ xsinkxdx}
’/T - 0

:%(kzcoslm) = % [1-2(-1"].

Hence, the Fourier series is

o0

f(x) = f% + Z {k‘217'(' {(fl)k - 1] cos kx + % {1 -2 (fl)k} sinkx} .

k=1
(6.6.6)

Ezample 6.6.3. Consider the sawtooth wave function f (r) = x in the in-
terval —m <z <, f(z) = f(r+2kr) for k=1,2,....

This is a periodic function with period 27 and represents a sawtooth
wave function as shown in Figure 6.6.3 and it is piecewise continuous.

J)

<———————————
o
B
S

Figure 6.6.3 The sawtooth wave function.
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We can readily find that
ap =0, k=0,1,2,....
The coefficients by are given by

1 ™
— f () sin kz dz

b

™

1 (7 2
= f/ wsinkzdr = = (—1)F".
m k

—T

Hence, the Fourier series is

> sin kx sinx sin2x sin3xr sindx
=2 1)kt =2 - ).
; 1 2 + 3 4 +

(6.6.7)

This Fourier series does not agree with the function at every point in [—, 7].
At the endpoints x = + 7, the series is equal to zero, but the function does
not vanish at either endpoint. However, the Fourier series (6.6.7) converges
to the value x at each point z in —7m < = < 7, but it converges to 0 =
L[f(m=0)+ f(r+0)] = (7 —n) which is the mean value of the two
limits as * — + . Thus, the convergence is not uniform. The partial sum
of the series is

= 1
Z (= 1) sin ka. (6.6.8)

In the neighborhood of = +, the difference between f (z)and s, (z)
seems not to become smaller as n increases, but the size of the region where
this occurs decreases indicating nonuniform convergence. This nonuni-
form oscillatory nature close to discontinuities is known as the Gibbs phe-
nomenon.

It is important to point out that the sawtooth wave function f is not
continuous in each point in [—m, 7]. What happens in the neighborhood of
r=+4mn?

We consider the partial sum s, (x) given by (6.6.8), and put x,, = 71— T
to approximate the value s, (x). We have

sn(xn):iz(_i)kﬂsink(w—) ii( )

k=1 k=1

which can be rewritten in the form

_ stmfgf) (). (6.6.9)
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This sum can be identified with a Riemann sum of the definite integral

2/7r (sinx) i
0 X

which is obtained by dividing the interval [0, 7] into the n subintervals
(k—1)m kr

n 'n |’
we evaluate the function in each such subinterval at the right-hand endpoint
kn—’r, 1 < k < n. Consequently,

1 < k < n. Obviously, each subinterval is of length (%), and

n— 00 €T

lim s, (z) = 2/ ST g~ 1187
0

The point z,, as n — oo, approaches x = 7 from the left. Hence, f (z,,)
tends to the value . The jump at the point x = 7 is f (7—) — f (7+) = 2,
and, therefore, for sufficiently large n,

sn (¥n) = f(2n) 1187 —m
f(m=) = f(7+) 21

We next draw the graphs of s7 (z) and s1¢ (z) which exhibit oscillations over
the graph of f as shown in Figures 6.6.4 (a) and (b). These graphs show
the so-called overshooting in a neighborhood of x = + 7 and x = + 37, and
hence, the Gibbs phenomenon.

We next derive the sum of several numerical series from Example 6.6.3.

Substituting = 7 in (6.6.7) gives

™ 2 (=D ik 1 1 1
JER— 2 — _— = 2 1 —_ = - — = ceef o
5 ; A sin 5 3 + 5T +

= 0.09.

This gives the well-known slowly convergent numerical series

1 1 1 T
l—-4=-——+...=—. 6.6.10
3 + 5 7 + 4 ( )
On the other hand, putting x = 7 in (6.6.7) gives another numerical series
f_1 1.1 1 1 1 1 1.1 1
8 V2 2 3v2 52 6 7v2 9v2 10 11v2  13V?2
1
+ﬁ — ...

14+ —--_Z N gy 6.6.11
+3 5 7+9+11 2V/2 ( )
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y = 57(x)
y=x

Y

(a)

Ly = s10(x)

(b)

Figure 6.6.4 Graphs of s7 (z) in (a) and s10 (z) in (b).

6.7 Examples and Applications of Cosine and Sine
Fourier Series

Let f (z) be an even function defined on the interval [—m,7]. Since cos kz
is an even function, and sin kz an odd function, the function f (z)coskx is
an even function and the function f (z)sinkz an odd function. Thus, we
find that the Fourier coefficients of f (x) are

1 (7 2 [T
ayp = — f(g:)coskxdzzi/ f(x)COSk.’L’dl’, k:0,1727~"7
™) _, ™ Jo
(6.7.1)
1 ™
bsz f(l’)SiIlkadl':O, k:1;2,37""

™

—T
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Hence, the Fourier series of an even function can be written as

a o0
fz)~ ?O + ’;ak cos kz, (6.7.2)

where the coefficients ay, are given by formula (6.7.1).

In a similar manner, if f (z) is an odd function, the function f (z) cos kx
is an odd function and the function f (z)sinkz is an even function. As a
consequence, the Fourier coefficients of f (), in this case, are

1 s

ap = — f(x)coskxdr =0, k=0,1,2,..., (6.7.3)
T™J
1 (7 . 2 [T .

by = — f(ac)smkxdx:f/ f (z) sin kzx dx, k=1,2,....(6.7.4)
™) _x ™ Jo

Therefore, the Fourier series of an odd function can be written as
f@)=> bysinka, (6.7.5)
k=1

where the coefficients by, are given by formula (6.7.4).
Ezxample 6.7.1. Obtain the Fourier series of the function

-1, —m<x <0,
f(z)=sgnzx =< 0, x =0, and f (z+2km) = f(x).
+1, O0<z<m,

In this case, f is an odd function with period 27 and represents square
wave function as shown in Figure 6.7.1. Clearly, ax = 0 for k =0,1,2,3, ...
and

2 T
bk:f/ f(x)sinkx dz
T Jo
_2 [ _ 2 k
—;/0 smkzxdw—a[l—(—l) }

Thus, bar, = 0 and bog—1 = [(4/7) (2k — 1)]. Therefore, the Fourier series of
the function f (z) is

F@) = % yosm@ko s (6.7.6)

This Fourier series consists of only odd harmonics. The loss of even
harmonics is due to the fact that sgn (% + :r) = sgn (% — z)
Putting 2 = 7 in (6.7.6) gives (6.6.10).

The nth partial sum of the series (6.7.6) is
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Sx)

___|_____
[\
B
___|_____
R
(e}
___;‘_____
[\
B
=

Figure 6.7.1 The square wave function.

n

sn () = % ; W (6.7.7)

We now examine the manner in which the first n terms of the series (6.7.7)
tend to f(z) as n — oo. The graphs of s, (z) for n = 1,3,5 is shown in
Figure 6.7.2. To investigate the oscillations as n — oo, we locate the first
peak to the right of the origin and calculate its height as n — oo.

Sp(x)

-1

Figure 6.7.2 The Gibbs phenomenon.
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The peak overshoot occurs at a local maximum of the partial sum s, (z)
so that

4 n
0=s, (x)=— E cos (2k — 1) x
™
k=1

2 n
= — ZQsinmcos(Zk:—l)x
msina
k=1
n

2
= — Z [sin 2k2 — sin (2k — 2) 2]
msing

_ 2sinnx' (6.7.8)

wsinx

This leads to the points of maximum at = = 5-, g—z, <oy (2n—1) 5= s0

that the first peak to the right of the origin occurs at z = 7. So, the value
of s, (z) at this point is

Sn(l) :g_ﬁisin@kfl)%.
2n T n (2k—1) 5~
In the limit as n — oo, this becomes

7 2 T o= sin (2k — 1) =
lim s, (7 () fm ISR o
oo Zn) (7‘(‘) oo 71 kzzjl (2k—1)

s
2n

2 [™si 2
= f/ ST g = 2 (1.852) = 1.179.
)y = ™

Instead of a maximum value 1, it turns out to be 1.179 approximately.
If the overshoot is compared to the jump in the function it is about
1(1.179 — 1) x 100% ~ 9%. The onset of the Gibbs phenomenon is shown
in the Figure 6.7.3.

Historically, this phenomenon was first observed by a physicist A.
Michelson (1852-1931) at the end of the nineteenth century. In order to
calculate some Fourier coefficients of a function graphically, he developed
equipment that is called a harmonic analyser and synthesizer. He calcu-
lated some partial sums, s,, of a given function f graphically. Michelson
also observed from this graphical representation that, for some functions,
the graphs of s, were very close to the function. However, for the sgn
function, the graphs of the partial sums exhibit a large error in the neigh-
borhood of the origin, x = 0 and © = + 7 (the jump discontinuities of
the function) independent of the number of terms in the partial sums. It
was J.W. Gibbs (1839-1903) who first provided the explanation for this
strikingly new phenomenon and showed that these large errors were not as-
sociated with numerical computations. Indeed, he further showed that the
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S

Figure 6.7.3 The Gibbs phenomenon.

large errors occur at every jump discontinuity for every piecewise continu-
ous function f in [—m, 7] with certain derivative properties near the jump
discontinuity.

Ezample 6.7.2. Expand |sin x| in Fourier series. Since |sin z| is an even func-
tion, as shown in Figure 6.7.4, by =0 for k =1,2,... and

2 ™
ap = 7/ f (z) cos kx dx
T Jo

2 T
= 7/ sin z cos kx dx
0

T
1 U
:—/ [sin (1 + k) x +sin (1 — k) z] dzx
™ Jo
2[1+(—1)’“}
= fi k=0,2,3,....
71_(17k:2) Or b ) )
For k =1,
2 (™.
alzf/ sinx cos x dx = 0.
™ Jo

Hence, the Fourier series of f (z) is

Example 6.7.3. Find the Fourier series of the triangular wave function which
is defined by
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Sx)

f (@)= |z| = - (6.7.9)
and f(z) = f(x+2n7),n=1,2,3,....

This is an even periodic function with period 27 as shown in Figure 6.7.5.

This function gives a Fourier cosine series with b,, = 0 for all n and

Ax) 4

Figure 6.7.5 Triangular wave function.
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1 /™ 2 (7
aozf/ |x|dx:f/ xdr=m
T - v 0

1 [ 2 ["
a, = 7/ |z| cos nx do = —/ || cos na dx
77 ™ Jo

—T

2 [T 2 ([zsinnz]”™ T sinnz
= — rcosnrdr = — — dx |,
s 0 Vs n 0 0 n

integrating by parts

9 0, ifn iseven,
cosnz|y = — [(-1)" — 1] =

™2 [ ™2

——4_ if nis odd.

2

Thus, the Fourier cosine series is given by

1 o0
f(x) 540 + Z Gy, COSNT

m 4 (cosx cosdxr cosbx
p + +...].

2 1z T 52

(6.7.10)

Substituting « = 0 in (6.7.10) yields the following numerical series

2

T 1 1 >
— =4 = 6.7.11
8 12 + 32 Z:: 2n — 1) ( )

This series can be used to derive the sum of reciprocals of squares of all
positive integers,

i % = W— (6.7.12)

and vise versa.

We have
- o 122 Z* Z 2
n=1 277’71 nzln n=1 (271
1ex 1 1
IR PR b

This gives (6.7.12).
The series (6.7.12) is just the value of s = 2 of the Riemann zeta function
defined by

()= = (6.7.13)
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where s may be complex. This definition of ¢ (s) can be extended in a nat-
ural way and this extension is called the analytic continuation of { (s) to
include all complex numbers s except for s = 1. This function was intro-
duced by Bernhard Riemann in 1841. He proved many properties of this
function and made several conjectures, some of which are still open prob-
lems in mathematics. It is well known that ¢ (s) has zeros on the real axis
only at the even negative integers. Riemann conjectured that all complex
zeros of ( (s) lie on the line Re (s) = 3. This is called the Riemann Hypoth-
ests; it is still an unsolved problem in mathematics. However, it is proved
that there are an infinite number of zeros on the line. Indeed, by the fall of
2002, fifty billion complex zeros have been found — all of them lie on the
stated line.

Ezample 6.7.4. Obtain the Fourier series of f (z) = 22, -7 < x < 7, with
f@)=f(z+2nm), forn=1,2,....

Obviously, this is an even function, and its periodic extensions are shown
in Figure 6.7.6.
Since f (z) is an even function, b,, = 0 for all n > 1. It turns out that

AL

-2 -7 0 T 2n X

Figure 6.7.6 Periodic extension of 2.
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1 [ 2 [T 212
aozf/ xde:f/ xdm:i,
T J) 7 Jo 3

1 /7 2 (7
ap = f/ 22 cosnx dr = f/ 22 cos nzx dz
™ 0

o T
2 ([ T [
:({sinnz] —f/ xsinnxdx),
T n 0 ™ Jo
4 xr
= —— zsinnx dx
nm 0

I
|
3
ﬂ‘*“
~
|
\
o
o}
|95}
S
Iil
3
_|_
EN
o\:‘
o
o}
0
S
8
jSH
5
~__

Consequently, the Fourier cosine series for 22 is given by

2 772 — 1 n
x ?—&—4;?(—1) cos nx

2 cosT  cos2r  cos3x
=——-4 — — ... 6.7.14
(T ) e
Putting z = 0 in (6.7.14) gives the following numerical series
1 1 1 1 2
o= Z (6.7.15)

T et et T
Substituting = 7 in (6.7.14) yields (6.7.12) which can also be obtained
from (6.7.15) and vice versa. Thus, we have

1 1 1 1 1 1 1
S=2a=ptetptetetet
n=1

(1 1 1 1 1 1 1
“\om et et ) P etete Tt

_7T2+2 1+1+1+ _7T2+1S
T12 0 4\12 22 0 32 o ’

which gives the value of S = %2. Adding (6.7.12) and (6.7.15) gives

11 1 m
ot 1t T 6.7.16
TRt 8’ (6.7.16)
and then, subtracting (6.7.15) from (6.7.12) yields
1 1 1 1 2
bbbt = (6.7.17)
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)]

Figure 6.7.7 Periodic extension of f ().

In the preceding sections, we have prescribed the function f (x) in the
interval (—m,7) and assumed f (x) to be periodic with period 27 in the
entire interval (—oo,00). In practice, we frequently encounter problems in
which a function is defined only in the interval (—m, 7). In such a case, we
simply extend the function periodically with period 27, as in Figure 6.7.7.
In this way, we are able to represent the function f (x) by the Fourier series
expansion, although we are interested only in the expansion on (—, 7).

If the function f is defined only in the interval (0, 7), we may extend f
in two ways. The first is the even extension of f, denoted and defined by
(see Figure 6.7.8)

f(z), O0<z<m,
F.(z)=
f(=z), -7 <z <0,

while the second is the odd extension of f, denoted and defined by (see
Figure 6.7.9)

fl@), O0<z<m,
Fy (2) =
—f(-x), —m<x<O.
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f@1

Figure 6.7.8 Even extension of f ().

193

Since F, (x) and Fy (z) are even and odd functions with period 27 respec-

tively, the Fourier series expansions of F, (z) and Fj (x) are

where

and

(oo}
F,.(z) = % + Zak cos kx,
k=1

™

ap = f/ f (z) cos kx dx,
0

J®1

Figure 6.7.9 Odd extension of f (z).
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o0
Fy (z) = Z by sin kz,
k=1

where

bk:g/ f (z)sinkz dz.
T Jo

6.8 Complex Fourier Series

It is sometimes convenient to represent a function by an expansion in com-
plex form. This expansion can easily be derived from the Fourier series

f(z :@—i— ay cos kx + b sinkx) .
2
k=1

Using Euler’s formulas

cosx = emre ™ sinx = Toe”
N 2 ’ N 2
we write
o0 ikx —ikx ikx —ikx
ag e +e e —e
f(m):2+2[ak (2 >+bk <2i )]
k=1
_ap s ap — iby, ik ay + iby, ik
e
k=1
=co+ Z (ck: eikz +e g e—ikx) ,
k=1
where
agp 1 T
= — = — d
Co 5 o _ﬂf(x) £
— 1by, 1 (7
cp = BTk _ (x) (cos kx —isinkz) dz
2 2 J_,
-1 i f(z)e *dy
2 J_,
.b 1 s
k= w =5 . (2) (cos kx + isin kx) dx
1

L/ f (z)e*da.

T o o

Thus, we obtain the Fourier series expansion for f (x) in complex form
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f@)= > ae*  —r<z<m, (6.8.1)
k=—oc0
where
1 " —ikx
Ch =5 » (z) e~ dx. (6.8.2)

We derive the following Parseval formula

;ﬁ/:ﬁ (@)de = Y el (6.8.3)

k=—o0

from formulas (6.8.1)—(6.8.2).
Multiplying (6.8.1) by 5= f (z) and integrating from —7 < z < 7 yields

1 [7 = 1 [7 -
o ). f? () dz = k_z_ k5o - f(x) ™ dx
o0 o0 o0
=Y aen= Y an= Y lal
k=—oc0 k=—oc0 k=—oc0

Ezample 6.8.1. Obtain the complex Fourier series expansion for the func-
tion

f(x)=¢€", —T<z<m.
We find
1 4 .
Ch =5 . f(x)e *dy
1 [ .
=5 eCe R dy
™ —T
. k
_ AR (D7
m(1+k2)
and hence, the Fourier series is
- (L+ik) (<) ik
f(x)= kzz_:oo BN sinh 7 e***. (6.8.4)

We apply the Parseval formula (6.8.3) to this example and obtain

>, |1+ ik|? sinh? 1 1
yo Lriksbir 1 eroamy = Lo on,
Mt 2 (1 + k2) 47 21
Simplifying this result gives

oo

1
Y —— =mcothm. (6.8.5)
et (1+k2)
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Ezample 6.8.2. Show that, for —1 <a < 1,

= 1—acosz
n = 6.8.6
nz::oa SN = T 2acosz + a2’ ( )
> asinx
" si = . 6.8.7
ga S = T Sacosa + a2 ( )

We denote the cosine series by C' and sine series by S so that

o0 oo
C+iS = Za” (cosnz + isinnx) = Z (ae”)n
n=0 n=0
= ﬁ, since |a ei"’”’ <1

1 (1 —acosz) +iasinx

. . - 2 .
1—acosxz —tasinx (1—@(3051') —|—a231n2x
(1 —acoszx) + iasinx

T 1—2acosz+aZ (6.8.8)

Equating the real and imaginary part gives the desired results.

6.9 Fourier Series on an Arbitrary Interval

So far we have been concerned with functions defined on the interval [—7, 7.
In many applications, however, this interval is restrictive, and the interval
of interest may be arbitrary, say [a, b].

If we introduce the new variable ¢ by the transformation

(b—a)
2w

1
v=5(b+a)+ t, (6.9.1)

then, the interval a < x < b becomes —7 < t < w. Thus, the function
flb+a)/2+ ((b—a)/2m)t] = F (t) obviously has period 27. Expanding
this function in a Fourier series, we obtain

F(t) = % + i (ay cos kt + by sin kt) , (6.9.2)
where
ak:%/ﬂF(t)coskztdt, k=0,1,2,...,
and

1 ™
f/ F(t)sinktdt, k=1,2,3,....
™

o
ES
I

—T
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On changing ¢ into z, we find the expansion for f (z) in [a, ]

—b-— km(2x — b —
20 Z [ak co§ ——— - 2u @) + by, sin M (6.9.3)

—a) (b—a)
where
b —b—a
ak:bia/ f(x)cos[km(z(z_s))}dx, k=0,1,2,..., (6.9.4)

b—a

/f i [ (( _2)_6’)]41:5, k=1,2,3,.... (6.9.5)

It is sometimes convenient to take the interval in which the function f is
defined as [—1,1]. It follows at once from the result just obtained that by
letting @ = —I and b = [, the Fourier expansion for f in [—[,]] takes the
form

_ 50 n f:l {ak cos ( ) + by sin (lmlmﬂ . (6.9.6)

where
l
k
ap = 1 (l’) COS <7lr:17> dl', k: 0a1727"'5 (697)
. knx
b = = f(x) sin de, k=1,2,3,.... (6.9.8)

If f is an even function of period 2I, then, from equation (6.9.6), we can
readily determine the Fourier cosine expansion in the form

f(z) = % + i a, cos (lmlm‘) ) (6.9.9)
k=1

where

! k
—%/ £ () cos (}”’) de,  k=0,12.... (69.10)
0

If f is an odd function of period 2!, then, from equation (6.9.6), the Fourier
sine expansion for f is

= bysin (]“lm) : (6.9.11)
k=1

where
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l
by = %/ F () cos (T) da. (6.9.12)
0

Finally, we make a change of variable to obtain the complex Fourier series
of f(x) on the interval — < x < [. Suppose f (z) is a periodic function
with period 2I. We put a = —[ and b = [ so that the change of variable
formula becomes x = % and

f@)=f <“> =F(t). (6.9.13)

™

Clearly, F'(t) is periodic with period 27. If it is piecewise smooth, it can be
expanded in a complex Fourier series in the form

00 . 1 - .
Ft)= Y ac® o= [ Fe™d (69.14)
k=—o0 -7

Substituting ¢ = 5% into (6.9.14) gives the complex Fourier series expansion
of the original function f in the form

00 . 1 .
f(x)= Z C exp (m;‘k‘) , Cl = %/ f(x)exp <— zx;rk) dx.(6.9.15)
—1

k=—o0

In particular, if f (¢) is a periodic function of time variable ¢ with period
T= %" and w (z 2% = %) is the frequency, then

iy ="2

=5+ i [an, cos (nwt) + by, sin (nwt)], (6.9.16)

n=1

where anand b,, are given by (6.9.7) and (6.9.8) with T replaced by w and
k = n. The terms (aj coswt + by sinwt), (az cos 2wt + be sin 2wt), .. .,

(an cosnwt + by, sinnwt), ... are called the first, the second, and the nth
harmonic respectively.

FEzample 6.9.1. Consider the odd periodic function
f(z) ==, —2<zr <2,

as shown in Figure 6.9.1. Here [ = 2. Since f is odd, ax = 0, and

!
by = 2 (z) sin <Im) dz,
U Jo l

2 [? k 4
:7/ wsin 28 de = —— (—=1)F for k=1,2,3,....
2 Jo 2 km

Therefore, the Fourier sine series of f is

F ) = g e (57).
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S

N
N

Figure 6.9.1 Odd periodic function of f (z) =z in -2 <z < 2.

Example 6.9.2. Consider the function

1, 0<33<%

flx) =

0, L<a<l.

72

In this case, the period is 2l = 2 or [ = 1. Extend f as shown in Figure
6.9.2. Since the extension is even, we have by = 0 and

! 3
aoz%/f(x)dm:g/ de =1
ap = - /f cos(lmm>d
:I/o cos (kmx) dx—(é) sin (T)

Hence,
_1 —&—i (1) cos (2k — 1) ma
2 k:l 2k— I0Fs

Ezample 6.9.5. Find the Fourier series of f(x) = 2% in (—[,l) from the
corresponding Fourier series in (—, ).
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S

— —  ——

=32 =12 0 12 3/2 X

Figure 6.9.2 Even extension of f (z) in Example 6.9.2.

It directly follows from (6.7.14) and (6.9.9) as

o0

w2 1 wkx
f(ZC)— —? k7_ COS(Z), —l<x<l.

Ezample 6.9.4. Find the sine and cosine Fourier series of f () = « in (0,1)
from the corresponding Fourier series in (0, 7).
We know the Fourier sine series for z in (0,7)

o] 1 k+1
:QZTsinkx, O<z<m.

—

Using the transformation z = (5t), we obtain

2S¢ 1)kt Tkt
— ——sin| — |, O<z<l
™= l

We have the Fourier cosine series for z in (0, )
T 4w 1
fle)=o=-—— ————cos(2k—-1)z, O0<z<m.
@) =a=5- 1) e k-

Similarly, using the transformation x = ”Tt gives

A& 1 t
tl=-—-—— 2cos[(2k—1)7r], O<a <l
2 0w k=1(2k_1) l
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Ezample 6.9.5. From the solution to problem 25 in 6.14 Exercises, we obtain
the complex Fourier series of f (¢) in — <¢ <.

We use the transformation x = l;t in Exercise 25 so that

—3(m+ %) 1 1 (inlt)
= *‘Zfexp T .

6.10 The Riemann—Lebesgue Lemma and Pointwise
Convergence Theorem

We have stated earlier that if f (z) is piecewise continuous on the interval
[—7, 7], then there exists a Fourier series expansion which converges in the
mean to f (x).

In this section, we shall discuss the Pointwise Convergence Theorem
with a proof using the Riemann-Lebesgue Lemma.

Lemma 6.10.1. (Riemann—Lebesgue Lemma) If g (x) is piecewise con-
tinuous on the interval [a,b], then

b
lim g (z)sin Az dx = 0. (6.10.1)

A—oo [,

Proof. Consider the integral

I\ = /bg(x)sin Az dx. (6.10.2)

With the change of variable

x=t+m/\,
we have
sin \x = sin A (t + /) = —sin A¢,
and
b—m /A
)= - / g (t+7/\) sin A dt. (6.10.3)
a—7/A

Since t is a dummy variable, we write the above integral as
b—m/\
I\ =- / g (x + 7/A\)sin Az dz. (6.10.4)
a—m/X\

Addition of equations (6.10.2) and (6.10.4) yields
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b—m /A

b
/ g(m)sin)\:vdx—/ g (z + 7/A\)sin Az dz
a a—7/X\

21 (\)

b

—/ g(:r—i—w/)\)sin)\xdx—i—/ g (x)sin Az dz
a—m/X b—m/A

b—m/A
+ / [g(z) — g (x +7/N)]sin Az dz. (6.10.5)

First, let g (x) be a continuous function in [a,b]. Then g (z) is necessarily
bounded, that is, there exists an M such that |g (x)| < M. Hence,

a a+7/X\ M
/ g(x 4+ m/A)sin \xdx| = / g (x)sin Az dx ST’
a—7/X\ a
and
b M
/ g (x)sin Az dr| < —.
b—m /A A
Consequently,
M b—m /A
[T (M) < T+ lg () — g(x+7/N\)|dx. (6.10.6)

a

Since g (x) is a continuous function on a closed interval [a, b], it is uniformly
continuous on [a,b] so that

lg(z) —g(x+7m/N)| <e/(b—a), (6.10.7)

for all A > A and all x in [a,b]. We now choose A such that 7M/\ < g/2,
whenever A > A. Then
e €
I(A —+-=c
o)< S+5=¢
If g (z) is piecewise continuous in [a,b], then the proof consists of a

repeated application of the preceding argument to every subinterval of [a, b]
in which g () is continuous.

Theorem 6.10.1. (Pointwise Convergence Theorem). If f (x) is piece-
wise smooth and periodic function with period 2w in [—m, 7], then for any
x

i 1
do Z (ag coskx + by sinkz) = = [f (x+) + f (x—)], (6.10.8)
2 k=1 2
where
1 T
ap = — f (t) cos kt dt, k=0,1,2,..., (6.10.9)
T J—x

1 T
Tr —T
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Proof. The nth partial sum s, () of the series (6.10.8) is

3

ag + (ay cos kx + by sin kx) . (6.10.11)

We use integrals in (6.10.9)—(6.10.10) to replace aj, and by, in (6.10.11)
so that

sp(x) = Py 1+2 Z (cos kt cos kx + sin kt sin kx)] f@)dt
T k=1
1 (" g
=5 B 1+2;cosk(x—t)1f(t)dt
1 ™
= | Dula—tf (vt (6.10.12)
™ —T

where D,, (0) is called the Dirichlet kernel defined by

D, (0) =142 coskf. (6.10.13)
k=1

The next step is to study the properties of this kernel D,, (6) which is
an even function with period 27 and satisfies the condition

1 ™
— | D,(0)d) =14+040+...+0=1. (6.10.14)

2 J_,

We find the value of the sum in (6.10.13) by Euler’s formula so that

n

Da(B) =1+ (¢ 4 emih0) = 3 (k0

k=1 k=—n
=e ™ 41 el
This is a finite geometric series with the first term e =Y, the ratio €*, and
the last term e, and hence, its sum is given by
e—ind _ i(n+1)
1— et

exp [ (n+ 1) 6] — exp [(n + 3) 8

exp (—%i@) — exp (—i—%i&)
sin (n + %) 0

== (6.10.15)
sin %9

D, (9) =

The graph of D, (f) is shown in Figure 6.10.1. It looks similar to that of
the diffusion kernel as drawn in Figure 12.4.1 in Chapter 12 except for its
symmetric oscillatory trail.
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D,(0)

©
Figure 6.10.1 Graph of D, () against 6.
We next put ¢t —z = 6 in (6.10.12) to obtain
1 T+
sy (z) = %/ D, (0) f (x +0)db. (6.10.16)

Since both D,, and f have period 27, the limits of the integral can be taken
from —7 to 7, and hence, (6.10.16) assumes the form
1 T
Sn (z) = Py D, (6) f (x +6)d6. (6.10.17)
T J -7
We next use (6.10.14) to express the difference of s,, (z) and § [f (z+) + f (z—)]
in the form

5 (@) — 2 [f (@) + f (2]

2
0
_ % [ DLO)f @ +6)~ f(a))do

tgm | DuO)1f @t 0) = f )0
which is, by (6.10.15),

10 . 1 I _ 1
=5 _ﬂg(9)81n(n+2)9d6‘+27r/0 g+(9)51n<n+2>9d9,
(6.10.18)
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where

A
s ®=(sn3) F@+0-fex). (G101

Since the denominators of the functions g (f) vanish at 6 = 0, inte-
grals in (6.10.18) may diverge at this point. However, by assumption, f is
piecewise smooth, and hence,

ooy 92 0 = o1,

0
f(x—i-@g—f(ﬂc) ) ( -29) — 2/ (x4).(6.10.20)
5 sin §

Evidently, the above limits exist, and g, (¢) are piecewise continuous else-
where in the interval (—7, 7). Therefore, by the Riemann-Lebesgue Lemma
6.10.1, both integrals in (6.10.18) vanish as n — oo. Thus,

[f (a+) + f (z=)].

N |

lim s, (z) =

n—oo
This proves that the Fourier series converges for each z in (—m, ).

Remark 3. At a point of continuity the series converges to the function

f ().

Remark 4. At a point of discontinuity, the series is equal to the arithmetic
mean of the limits of the function on both sides of the discontinuity.

Remark 5. The condition of piecewise smoothness under which the Fourier
series converges pointwise is a sufficient condition. A large number of ex-
amples of applications is covered by this case. However, the pointwise con-
vergence Theorem 6.10.1 can be proved under weaker conditions.

Fxample 6.10.1. In Example 6.6.1, we obtained that the Fourier series ex-
pansion for (a: + .IQ) in [—m, 7], as shown in Figure 6.10.2, is

F@~ 5+ |5

2 e |:4
k=1

. 2
(—1)k coskx — z (—1)" sin Im} .

Since f (z) = x + 2 is piecewise smooth, the series converges, and hence,
we write

IR 0 ) EE TR |
3 k=1 k2 k

at points of continuity. At points of discontinuity, such as x = m, by virtue
of the Pointwise Convergence Theorem,
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AN

S(=+) ()

Figure 6.10.2 Graph of f (z).

[(77+7T2)+(—7T+7T2)] 2%2-1- 2

e (=1)" cos kmr, (6.10.21)

NGRS
AL

1

since
f(r=)=n+n* and f(n4)=f(—7+)=—7+7°

Simplification of equation (6.10.21) gives

or

The series can be used to obtain the sum of reciprocals of squares of odd
positive integers, that is,




6.10 The Riemann—Lebesgue Lemma and Pointwise Convergence Theorem 207

or,

i 71'2 1 1y 2
— (2n — 1 6 4) 8"
Conversely, this series can be used to find the sum of reciprocals of squares
of all positive integers.
Ezxample 6.10.2. Find the Fourier series of the following function
0, —-2<zx<0
f(x) =

2—z, 0<x<2

This function is defined over the interval —2 < x < 2, where it is piecewise
smooth with a finite discontinuity at = 0. We use (6.9.7) and (6.9.8) to
calculate the Fourier coefficients

1 72
ao:f/ (2—2z)de=1
2Jo
1 [? wkx 2 k
=g [, @ (T )ar= g -0 k=2

1 [? k 2
b, 2/()(2—w)sin<7r2x)d:c:m, E=1,2,3,....

Consequently, the Fourier series (6.9.6) becomes

=t 2 [0 (i) 1 ()]

k=1

The function f (z) is continuous at x = 1 where f (1) = 1, so that the
Fourier series (6.10.22) gives

LIS [ e () Lo ()]

Since the factor 1 — (—1)" = 0 for even n, and cos %* = 0 when n is
odd, every term of the cosine series vanishes for all n. Consequently,

l\DM—l

n

T x=1onmy - (-1
= ;gbm (7) _;m. (6.10.23)

On the other hand, f (z) is discontinuous at x = 0 and the Fourier series
must converge to 3 (0 + 2) = 1. Thus,
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2

001,7" oo
72 z::n—l

n=1
or

e 2

™

= 6.10.24
EIETC: ( )

n:l

6.11 Uniform Convergence, Differentiation, and
Integration

In the preceding section, we have proved the pointwise convergence of the
Fourier series for a piecewise smooth function. Here, we shall consider sev-
eral theorems without proof concerning uniform convergence, term-by-term
differentiation, and integration of Fourier series.

Theorem 6.11.1. (Uniform and Absolute Convergence Theorem)
Let f (z) be a continuous function with period 2w, and let f' (z) be piecewise
continuous in the interval [—m, «|. If, in addition, f (—m) = f (7), then the
Fourier series expansion for f (x) is uniformly and absolutely convergent.

In the preceding theorem, we have assumed that f (x) is continuous
and f’ (x) is piecewise continuous. With less stringent conditions on f, the
following theorem can be proved.

Theorem 6.11.2. Let f (z) be piecewise smooth in the interval [—m, w]. If
f (z) is periodic with period 2w, then the Fourier series for f converges
uniformly to f in every closed interval containing no discontinuity.

We note that the partial sums s,, (x) of a Fourier series cannot approach
the function f (z) uniformly over any interval containing a point of discon-
tinuity of f. The behavior of the deviation of s, (z) from f (z) in such an
interval is known as the Gibbs phenomenon. For instance, in the Example
6.7.1, the Fourier series of the function is given by

4 o sin (2k — 1)

”Zl RSV (6.11.1)
From graphs of the partial sums s, (z) against the z-axis, as shown in
Figures 6.7.2 and 6.7.3, we find that s, (z) oscillate above and below the
value of f. It can be observed that, near the discontinuous points z = 0
and x = 7, s, deviate from the function rather significantly. Although
the magnitude of oscillation decreases at all points in the interval for large
n, very near the points of discontinuity the amplitude remains practically
independent of n as n increases. This illustrates the fact that the Fourier
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series of a function f does not converge uniformly on any interval which
contains a discontinuity.

Termwise differentiation of Fourier series is, in general, not permissible.
From Example 6.6.3, the Fourier series for f () = x is given by

sin 2x sin3x_”. (6.11.2)

x sinx 5 + 3 R

which converges for all x, whereas the series after formal term-by-term
differentiation,

1~ 2[cosz — cos2z + cos3z —...].

This series is not the Fourier series of f’ () = 1, since the Fourier series of
f'(z) = 11is the function 1. In fact, this series is not a Fourier series of any
piecewise continuous function defined in [—m, 7] as the coefficients do not
tend to zero which contradicts the Riemann—Lebesque lemma.

In fact, the series of f’(x) = 1 diverges for all x since the nth term,
cos nx does not tend to zero as n — oco. The difficulty arises from the fact
that the given function f(x) = x in [—7, 7] when extended periodically
is discontinuous at the points +m, + 37, .... We shall see below that the
continuity of the periodic function is one of the conditions that must be
met for the termwise differentiation of a Fourier series.

Theorem 6.11.3. (Differentiation Theorem) Let f (z) be a continuous
function in the interval [—m, 7] with f (—m) = f (7), and let f' (z) be piece-
wise smooth in that interval. Then Fourier series for f' can be obtained
by termwise differentiation of the series for f, and the differentiated series
converges pointwise to f' at points of continuity and to [f' (z) + f' (—x)] /2
at discontinuous points.

The termwise integration of Fourier series is possible under more general
conditions than termwise differentiation. We recall that in calculus, the
series of functions to be integrated must converge uniformly in order to
assure the convergence of a termwise integrated series. However, in the case
of Fourier series, this condition is not necessary.

Theorem 6.11.4. (Integration Theorem) Let f (x) be piecewise contin-
uwous in [—m, x|, and periodic with period 2w. Then the Fourier series of

f(x)
a .
50 + ,;,1 (ag cos kx + by sin kx) |

whether convergent or not, can be integrated term by term between any
limats.
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Ezample 6.11.1. In Example 6.7.2, we have found that f(z) = |sinz]| is
represented by the Fourier series

2 4 X cos (2kx)
i =—+— — — . 6.11.3
sin x 7r+7rz( T<r<m ( )

Since f (z) = [sin x| is continuous in the interval [—m, 7] and f (—7) = f (7),
we differentiate the series term by term, obtaining

8 = ksin (2kx)
=—— _— 114
CoS T W; a— a2 (6.11.4)

by use of Theorem 6.11.3, since f’(z) is piecewise smooth in [—m,7]|. In
this way, we obtain the Fourier sine series expansion of the cosine function
n (—m, 7). Note that the reverse process is not permissible.

Ezample 6.11.2. Consider the function f (x) = z in the interval —7 < x <
7. As shown in Example 6.6.3, the Fourier series of f (z) =z is

sin 2x n sin 3x _
2 3 h

r=2 {sinx—

By Theorem 6.11.4, we can integrate the series term by term from a to x
to obtain

1, ., 9 cos2x  cos3z
5({5 —a):2|:—(cosx—22+33—)
cos2a  cos3a )}

+<COSG—22+33_

To determine the sum of the series of constants, we write
St cos kx
1
=C =3 (0 =
k=1

where C is a constant. Since the series on the right is the Fourier series
which converges uniformly, we can integrate the series term by term from
—m to 7 to obtain

s 2
/_W%dx:2

T fe%e] (_1)k+1 T
Cdm—zT/ cosk:xdx},

- k=1

or,

% =2(2rC).

Hence,
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7T2

C=—.
12
Therefore, by integrating the Fourier series of f(z) = z in (—7,7), we

obtain the Fourier series expansion for the function f (z) = 22 as

N 1)+ coskz | 4 2 (—1)* i 11
= Efz;(f) 2 7§+ 2 2 Coska. (6.11.5)
Obviously,
2 4(-1)"
% = % and ap = %
Substituting these results into the Parseval relation (6.5.10) gives
27 1 1 /7 2
S 416) == Ydx = 7t
9 * I; [ - /, rar=gT

This leads to another well-known numerical series

=1 4
Zﬁ =5 (6.11.6)
k=1

FEzample 6.11.3. (Parseval’s relation for the cosine Fourier series) If
f (x) is continuous with continuous derivatives in 0 < z < 7 with f/ (0) =
0 = f' (), and its cosine Fourier series

1 o0
f (@) ~ 200+ ;ak cos kx (6.11.7)

converges uniformly in 0 < z < 7, and ¢ (x) is piecewise continuous on
[0, 7] with its Fourier cosine series given by

1 oo
~ = 1.
g (z) 2bo + ; by, cos kx, (6.11.8)

then the following Parseval relation holds

1

@@= fah s g Yan  @19)

It follows from the assumptions that term-by-term integration holds. Thus,

| r@e@a= [0
_ ;ao/owg(x)d:cJrgak/oﬂg(z)coskxdx

oo
™ ™
4ao o0 + 2371% k

2

1 o0
—ap + Z aj Cos kx] g(x)dz
k=1
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This gives the desired relation (6.11.9). An argument similar to this example
yields the Parseval relation for the Fourier sine seriesin 0 <z <7

1 s 1 oo
] r@e@ =53 b (6.11.10)
TJo 2

where b and (3 are the Fourier coeflicients involved in the Fourier sine
series of f (z) and g () respectively with f/(0) =0 = f' (n).

6.12 Double Fourier Series

The theory of Fourier series expansions for functions of two variables is
analogous to that of Fourier series expansions for functions of one variable.
Here we shall present a short description of double Fourier series.

We have seen earlier that, if f (x) is piecewise continuous and periodic
with period 27, then the Fourier series

f(x) ~ % + Z (@, cosmx + by, sinma) ,

m=1

converges in the mean to f (x). If f is continuously differentiable, then its
Fourier series converges uniformly.

For the sake of simplicity and convenience, let us consider the func-
tion f (z,y) which is continuously differentiable (a stronger condition than
necessary). Let f (x,y) be periodic with period 27, that is,

f(aj+27r7y) Zf(m,y+27r)=f(l‘,y)-

Then, if we hold y fixed, we can expand f (z,y) in a uniformly convergent
Fourier series

flzy) = a02(y) + Z [am (y) cosmx + by, (y) sinmax]  (6.12.1)

m=1

in which the coefficients are functions of y, namely,

1 s

am (y) = - f (x,y) cosmaz dz,
1 ™

b (y) = - f (z,y) sinmaz dz.

—T

These coefficients are continuously differentiable in y, and therefore, we can
expand them in uniformly convergent series



6.12 Double Fourier Series 213

A

o0
0 .
am (y) = 9 + Z (Amn COSNY + by sinny) ,
n=1

(6.12.2)
b (y) = 67;0 + Z (Crmn cOSNY + dppp sinny)
n=1
where
1 s ™
mn = —3 f (x,y) cosma cos ny dz dy,
1 s s )
bnn = =5 f (z,y) cos ma sin ny dz dy,
™ —Tr —T
(6.12.3)

1 s ™
Crn = —2/ f (z,y) sin ma cos ny dx dy,
T —mJ—7
1 s ™ . .
7 — —2/ f (z,y) sinmz sin ny dx dy.
T —mJ -7
Substitution of a,, and by, into equation (6.12.1) yields

1 o0
f(zy) = % + 3 Z (agn cos ny + bo, sin ny)

n=1

1 o
+§ Z (amo cOs M + ¢y Sin mar)

m=1
oo oo
+ Z Z (amn cos mx cos Ny + by,p COSMT Sin NY
1
+ Cmn Sinmx cos ny + dpyy, sinma sinny) . (6.12.4)
This is called the double Fourier series for f (x,y).

(a) When f(—z,y) = f(x,y) and f (z,—y) = f (z,y), all the coefficients
vanish except a,,,, and the double Fourier series reduces to

oo oo

flz,y) = Z Z Ump, COS T COS NY, (6.12.5)

m=1n=1

where
4 s s
amn:—Q/ / f (z,y) cosmax cos ny dz dy.
™ Jo Jo

(b) When f(—z,y) = f (z,y) and f (z,~y) = —f (z,y), we have
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f(zy) ) Z bon, sinny + Z Z bpmn cos ma sinny, (6.12.6)

n=1 m=1n=1

where

4 ™ ™
Dynm, = 72/ / f (z,y) cos mx sinny dz dy.
™ Jo Jo

(¢) When f(—z,y) =—f(x,y) and f (z,—y) = f (x,y), we have

f(z,y) Z Cmo SiInmax + Z Zcmn sin ma cosny, (6.12.7)
m=1 m=1n=1

4 T T
= j/ / f (z,y) sin mx cos ny dz dy.
™ Jo Jo

(d) When f (*x,y) = 7f (I,y) and f (I, 7y) = 7f (‘Tay)7 we have

flz,y) = Z Z Ay Sin ma sin ny, (6.12.8)

m=1n=1

where

dimn / / f (z,y) sin ma sin ny dx dy.

Ezample 6.12.1. Expand the function f (x,y) = zy into double Fourier se-
ries in the interval —7 < x <7, T <y < 7.

Since f <_x’y) =-—xy=—f (x,y) and f (‘7:7 _y) =-—xy=—f (m,y), we

find
4 s s 4
Amn = —2/ / zy sinmaz sinny dr dy = (,1)(m+n) () '
™ Jo Jo mn

Thus, the double Fourier series for fin — 7 <z <7, 7 <y<mis

oo oo . .
Z Z +n Sinma sinny

m=1n=1

6.13 Fourier Integrals

In earlier sections of this chapter, we have described Fourier series for func-
tions which are periodic with period 27 in the interval (—oo, 00). However,
functions which are not periodic cannot be represented by Fourier series.
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In many problems of physical interest, it is desirable to develop an integral
representation for such a function that is analogous to a Fourier series.

We have seen in Section 6.9 that the Fourier series for f(z) in the
interval [, 1] is represented by

+Z[akcos< )+bksm<k7;x>}, (6.13.1)

where

=7 / ft cos( )dt k=0,1,2,..., (6.13.2)
= 7/ f(t)sin (klm) dt, k=1,2,3,.... (6.13.3)
-1

Substituting (6.13.2) and (6.13.3) into (6.13.1), we have
1 /! 1 & ! kmt krx
- — dt + = LKL KIS I
f(x) 2l/4f(t) t—i—l;[/lf(t)cos(l) cos(l) t]
!
+ [ () sin (T) - sin (T) dt]

/f dt+lZ/ f(t cos{ (t—x)]dt. (6.13.4)

Suppose that f (z) is absolutely integrable, that is,

/fo f ()] dz
<y [ ol

which approaches zero as [ — oo. Thus, holding = fixed, as | approaches
infinity, equation (6.13.4) becomes

_zlirﬁlolz/ f(t)cos {l(t—x)} dt.

converges. Then,

Now let

kmw T
A = —, 604:(0%—}-1*0%):7

l
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Then, the function f (z) can be written as

o0

fx)= llim F (o) da,

k=1

where
1 l
Fla) = ;[lf(t)COb[a(t—x)]dt.

If we plot F (o) against «, we can clearly see that the sum

i F (o) o

k=1

is an approximation to the area under the curve y = F (a) (see Figure
6.13.1). As I — oo and da — 0 the infinite sum formally approaches the
definite integral. We therefore have

Fla) = /0 h Ijr [ O; F)cosla(t—a)dt| da  (6.13.5)

which is the Fourier integral representation for the function f (z). Its con-
vergence to f () is suggested, but by no means established by the preceding
arguments. We shall now prove that this representation is indeed valid if
f (z) satisfies certain conditions.

F(a)

|
|
|
|
|
! a
124
|
|

I
I
I
I
I
0 I
I
I

0 a ay a3 ay a

Figure 6.13.1 Area under the curve F'(a).
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Lemma 6.13.1. If f is piecewise smooth in the interval [0,b], then for
b>0,

b .
lim / f () Sm;\xd;v: g F(0+).

A—00 0

Proof.

b . b . b
/ f(x) smx)\x dx = / f(04) de —l—/ M sin Az dx
0 0

:f(0+)/ ﬂdt /f )bln)\xdx.

Since f is piecewise smooth, the integrand of the last integral is bounded
as A — oo, and thus, by the Riemann-Lebesgue lemma 6.10.1, the last
integral tends to zero as A — oco. Hence,

b .
lim / f () Sm:\xdxz g F(0+), (6.13.6)

A—o0 0
t
/ sin g —

Theorem 6.13.1. (Fourier Integral Theorem) If f is piecewise smooth
in every finite interval, and absolutely integrable on (—oo,0), then

since

i/ooo [/_D:of(t)cosk(t—x)dt} dk;:%[f(x—i—)—i—f(x—)].

Proof. Noting that |cosk (¢t — x)| < 1 and that by hypothesis

/_O:Of(t)dt<oo,

we see that the integral

/Oof(t)cosk(t—x)dt

converges independently of k and z. It therefore follows that in the double

integral
A 00
1:/ U F(t)cosk (t — z) dt| dk,
0 —00

the order of integration may be interchanged. We then have
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/ V cosk(t—x)dk] dt
Lot
L

If we substitute u =t — x, we have

/f Slm ))dt /OM_xf(qux)(Sinu)‘“)du

which is equal to 7 f (a:+) /2 in the limit A — oo, by Lemma 6.13.1. Simi-
larly, the second integral tends to 7 f (z—) /2 when A — oco. If we make M
sufficiently large, the absolute values of the first and the last integrals are
each less than £/2. Consequently, as A — oo

sm/\ (t— )

——=dt.
(t—x)

/OO [/m F(t)cosk (t — ) dt} dk = 2 [f (o4) + f ()] - (6137)
0 —o0
If f is continuous at the point z, then

flat) =flz—)=[(z)
so that integral (6.13.7) reduces to the Fourier integral representation for

f as
fx)= 71r/000 {/C: f () cosk (t —x) dt} dk. (6.13.8)

We may express the Fourier integral representation (6.13.8) in complex
form. In this case, we substitute

1 . .
cosk(t—xz) =cosk(x—t)= 3 {elk(m_t) + e_lk(z_t)}

into equation (6.13.8) and write it as the sum of two integrals

= / / f () e*@=Dat dk + — //f e * =N gt .
Y3

Changing the integration variable from k£ to —k in the second integral, we

obtain

flo) =5 UO /_Oof )ei’f(w—ﬂdtdk—/O_Oo/_if(t)e“f(w—t)dtdk}
iﬁ [ /0 - /_ Z I () e*@EDardk + /_ OOO /_ o; f ) e““(’”‘t)dtdk}

SN

t) e* @Dt dk. (6.13.9)

M‘b—l [\
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Or, equivalently,

0= [ [ v

1 [ ,
= F (k) e™*®dk, 6.13.10
Nr A (k) ( )

where

F(k e Ff () dt (6.13.11)

=L

Either (6.13.9) or (6.13.10) with coefficient F' (k) is called the complex form
of the Fourier integral representation for f (x).

Now we assume that f (z) is either an even or an odd function. Any
function that is not even or odd can be expressed as a sum of two such
functions. Expanding the cosine function in (6.13.8), we obtain the Fourier
cosine formula

2 o0 o0
f(z)=f(-z)= 7/0 cos kx dk/0 coskt f (t)dt. (6.13.12)

™

Similarly, for an odd function, we obtain the Fourier sine formula

2 [ <.
fl@)==f(-x)= —/0 smkxdk/o sinkt f (t)dt. (6.13.13)

™

FEzample 6.13.1. The rectangular pulse can be expressed as a sum of Heav-
iside functions

flx)=H(x+1)—H(z-1).

Find its Fourier integral representation.
From (6.13.5) we find

f(2) 71T/0<>0 [/llcos[k(tx)]dt]dk

fe%e] 1 1
l / [cos kx / cos ktdt + sin kx / sin kt dt} dk
™ Jo -1 -1

Il
R
S—
3
A/~
2
> =
-~
~__
o
o
wn
x>
53
W
Bl

Ezxample 6.13.2. Find the Fourier cosine integral representation of the func-
tion
1, 0<z <1,

fla) =

0, x> 1.
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We have, from (6.13.12),

2 [ ! 2 [ (sink
f(z)= 7/ coskmdk/ cosktdt = f/ (sm )coskxdk,
™ Jo 0 ™ Jo k

6.14 Exercises

1. Find the Fourier series of the following functions:

T —nrT<z<0
(a) f(x) = h is a constant
h O<z<m,
1 —rT<z<0
(b) f(x) =
x? 0<z<m,

() f(x)=z+sinz -m<z<m
(d) fz)=1+a —r<z<m,
(e) f(z) =e® —r<z<m,
) f@)=14+z+22 —T<z<T

2. Determine the Fourier sine series of the following functions:

(a) f(z)=mm—2 0<x<m,
1 O<z<m/2
(b) f(x) =
2 T/2 <z <,
() f(z) =a? 0<z<m,
(d) f(x) =cosz 0<z<m,
(e) f(x) =2° 0<z<m,

) f(z)=¢€" O<x<m.
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3. Obtain the Fourier cosine series representation for the following func-

tions:

(@) fz) =7 +x 0<z<m,
(b) f(z) == 0<z<m,
(c) f(z) =2a? 0<z<m,
(d) f (z) = sin 3z O<z<m,
(e) f(z) =e" 0<z<m,
(f) f(z) = cosha O<z<m.

4. Expand the following functions in a Fourier series:

(a) f(x) =2 +x -l<az<1,

1 0<z<3
(b) f(x) =

0 3 <z <6,
(¢) f(z) =sin(7x/l) 0<x <,
(d) f(x) =23 —2<x <2,
(e) f(z)=e"" 0<z<l,
(f) f(x) =sinhz -l<z<l1.

5. Expand the following functions in a complex Fourier series:

(a) f(z) =e*® - <z<m,
(b) f (x) = coshz - <z <,
1 -1 <x<0

(©) f(x) =
cosx O<ax<m,
d) f(x)== -l<z<1,
(e) f(z) =22 —T<z<m,

(f) f(x) = sinh (7z/2) —2<x <2
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6. (a) Find the Fourier series expansion of the function

0, —m<z<0

fle) =

z/2, 0<z<m.
(b) With the use of the Fourier series of f (z) in 6(a), show that

w2 1 1 1
— =1+ “1‘5*2“!‘5

3 32 + ..

7. (a) Determine the Fourier series of the function
f(z) =22 —l<z <l
(b) With the use of the Fourier series of f (z) in 7(a), show that

2 _1 1 n 1 1 n
12 22 32 420 T
8. Determine the Fourier series expansion of each of the following functions
by performing the differentiation of the appropriate Fourier series:

(a) sin®z 0<z<m,
(b) cos®z 0<z<m,
(c) sinx cosx 0<z<m,
(d) cosz + cos 2z 0<z<m,
(e) cosx + cos2x O<z<m.

9. Find the functions represented by the new series which are obtained by
termwise integration of the following series from 0 to x:

(a) Z(_ll):ﬂ sinkz = z/2 —T<zx<m,
k=1
) 1 —T<z<0
3, 1N I=(=DF —
(b) 2+WZ —— sinkx =
k=1 2 O<z<m,
(c) Z (_1)k+1 sk — In (2 cos £) —-T<x<m,
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oo
@ tafte — stacas o<z <om
k=1
00 ( ) -1 —nr<x<0
4 in(2k—1)x
(e (7) Zblrch—l) ==
k=1 1 O<x<m.

10. Determine the double Fourier series of the following functions:

(a) f(z,y)=1 O<zxz<m O<y<m,
(b) f(z,y) = zy* O<z<m O<y<m,
() f(z,y) = 22y? O<z<m 0<y<m,
(d) f(z,y) =2* +y —T<r<T - <y<m,
(e) f(z,y) =xsiny —T<r<T —T<y<m,
(f) f(z,y) =e*t¥ —r<z<m r<y<m,
(8) f(z,y) =2y 0<z<l1 0<y<?2,
(h) f(z,y) =1 O<zr<a 0<y<b,
(i) f(z,y) = zcosy -l<z<l1 —2<y <2,
() f(z,y) = 2y® —T<x<T - <y<m,
(k) f (z,y) = 2%y << —T<y<m.

11. Deduce the general double Fourier series expansion formula for the func-
tion f (x,y) in the rectangle —a < z < a, —b <y < b.

12. Prove the Weierstrass Approximation Theorem: If f is a continuous
function on the interval —7 < z < 7 and if f(—7) = f («), then, for
any € > 0, there exists a trigonometric polynomial

T (v) = % + Z (ay, cos kx + by, sin kx)
=1

such that
|f(2) =T (z)] <e

for all  in [—m,7].
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13. Use the Fourier cosine or sine integral formula to show that

14.

15.

16.

17.

18.

o0
(a) e=07 = 2/ %Wcosﬂxdﬁ, x>0, a >0,
0

s

(b) e““zg/ %@sinﬁxdﬂ, x>0, a > 0.
0

T

Show that the Fourier integral representation of the function

2, 0<zr<a

0, z>a

2 [ 2 2 k
f(x) = ;/0 [(aZ - k:2) sin ak + ?a cosak:} COZ T dk.

Apply the Parseval relation (6.5.10) to Example 6.7.3 or Example 6.7.4
to show that

is

4

o0 o0 1
g n—l 79LG and 2—4:1

(a) Obtain the Fourier series for the 2m-periodic odd function f (z) =
x (m —x) on [0, 7].

b) Use the Parseval relation (6.5.10) to show that

i#,i and ii,i
— (2n—1)° 960 n=1n6 945

If the 2m-periodic even function is given by f (z) = |z| for -7 < x <,
show that

os 2n—1

4
™ 2n—1

Mg

_T_
2 n=1

Consider the sawtooth function defined by f () =7 —z, 0 < 2 < 2,
and f (z+2nm) = f (x) with f(0) =

(a) Show that the Fourier series for this function is
oo
2
Z 7 sinkz,
k=0

and f has a jump discontinuity at the origin with



19.

20.
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JOH) =35 J0)=-F, ad f0+)-f0-)=m.

(b) Show that |y o () — ™ :/ Smed&— T
0<z<Z™ 2 o 0 2

(c) The result (b) is a manifestation of the Gibbs phenomenon, that
is, near a jump discontinuity, the Fourier series of f overshoots (or
undershoots) it by approximately 9% of the jump.

(d) If dy, () = sp (x) — f(x) in 0 < z < 27, show that
d), (z) = 27 D,, (),
where D,, (z) is given by (6.10.15).
(e) Using D,, (z) = Z e’* show that the first critical point of d,, ()

k=—n

to the right of the origin occurs at z,, = 7/ (n + %), and that

lim dy, (z,) = 2/ L
0

n—o0 0

(f) Draw the graph of the fortieth partial sum

40

2sink
sa0 (z) = Z SIZ x7 —27 <z < 2m,
k=1

and then examine the Gibbs phenomenon for the function f ().

Consider the characteristic function of the interval [a,b] C [—m, 7] de-
fined by

1, a<z<b

(%) = Xap (x) =

0, otherwise.

Show that the Fourier series in a < x < b is given by

1 exp (—ika) — exp (—ikb) 1.
f(g[:)w27T(b—a)+§0 i etk

(a) Obtain the Fourier series of f (z) =z (7 —x), 0 <z <.

(b) Derive the following the numerical series

1 1 1. s

305 71
1 1 1 1 1 3v2r?
14+ = - = — = + — + - .= \fﬁ.

33 5 7393 113 128
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21. (a) Show that the Fourier series of the triangular function with vertices
at (0,0), (w/2,1) and (m,0) defined by

2z 0<z<

s

NIE

fla) =

2(m—z), /2<z<T
is

8 (sinx sindz sinbx sinTz
f(x) B 2 + = = +...0.
(b) Show that
2

> ™
zz: m—1° 8

22. Obtain the Fourier sine series and the Fourier cosine series of the fol-
lowing functions:

(a) f(x) =1, 0<z<a,
(b) f(x) ==, 0<z<a,
(c) f(z) =22, 0<z<a.

23. Find the full Fourier series of the following functions
(a) f(x)=u=, 0<z<a,
—1—-z -1<z<0,
+1—z, O0<zx<l.
0, 0<x<m,
1, m <x < 2m.
24. Obtain the Fourier cosine series for the function
cosz, 0 <z <7,

0, <z <

NIE]
3

25. Show that %Z%eim is the complex Fourier series of the 27-periodic
n#0
sawtooth function defined by f (0) = 0, and
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—i(n+z), —T<z<0,

fla) =

t(r—z), O<z<m.

26. Suppose f (z) and g (x) have the following Fourier series expansion in
—r<x<m:

1 > _
f(x) ~ §ao + Z (ar cos kx + by sin k) ,

k=1
1 b _
g(x) ~ 50 + ’; (g cos kx + By sinkx)

where f (2) and g (z) together with their first two derivatives are con-
tinuous on —7 < x < 7, and f(—7w) = f(m), f'(—7m) = f'(nm),
g(=m) =g (m), ¢’ (—m) =g (x) hold.

Prove that the following general Parseval relation holds:

1

- f(x)g(z)dr = %aoao + kz::l (aroy + brOk) -

When f (z) = g (z), then the Parseval relation (6.5.10) is a special case
of the above result.

27. Obtain the Fourier integral representation for the following functions:

—_

, lzl<a
(a) f(z)=H(a—|z|) =
0, |z| > a,
sinz, |z|<w
(b) f(z)=
0, |z|>m.
28. If f(z), z € R, is defined by
-1, —a<x <0,
flx)=¢+1, 0<z<a,

0, otherwise,

show that f (x) has the Fourier sine integral representation

flz)= %/0 %(1 — cos ka) sin kx dk.
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29. If f(x) =e™®, 0<uz<oo, show that

(a) the Fourier sine integral representation is
2 (% ksinkx
= - —-dk
fay == [ S
(b) the Fourier cosine integral representation is
2 [ coskx
= - —dk.
f @) /0 1+ k2
30. If f (x) is defined by

show that
(a) the Fourier integral representation of f (x) is

1 [% (coskx + ksinkx)

™

dk,
(b) the Fourier cosine integral representation of f () is

1 [ (1—ik\
f(x)—%/oo<l+k2>e dk.

31. (a) Obtain both the complex Fourier series and the usual Fourier series
of f(x) =exp[z (1 + 2mi)] on the interval [—1,1].

(b) Find the sum of each of the series

L Y
R 8l e
14 m2k?) — (14 72k?)

NE

(

32. Use Example 6.7.2 to calculate the value of the following series:

>
Il
—

1 (D"
(a) ; k2 — 1)’ (b) ; k2 —1)
oo 1 o0
©) ,;1 (4k2 — 1)% and (&) (42— 1)

33. Show that the complex Fourier series of f (x) = x is given by

— 0 k

=1 k=-1

8
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34. (a) Show that the Fourier series for f () is defined by

sin2z, 0<z< 73

is
1 1 . 2\ <~ cosdkz
(b) Show that

> 1

1 2

(¢) Find the sum of the infinite series

sin (4z) = sin(2.4z) = sin(3.4x)

., 0z <
123 3.45 5.6.7 T
35. (a) Obtain the complex Fourier series of
f (z) = cos (ax), —r<z<m,

where a is real but not an integer.
(b) Hence, show that

I 2z
meotmr = — —; (k2

(c) Derive the product formula

smm—mH <1—>.

n=1

8]

(d) Show that

ity w6969 () (

36. Obtain the Fourier series of the following functions:
(a) f@)=e",  O0<w<2m f(e+2m)=]f(a).

+1, << -%

5, 0<z <3,

(b) f(x)=< -1, =5 <x<0, §T<z<m,

0, =0 n=0,+1,4+2,...

229
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and draw the graph of this function.
(c) f(z)==—[z],

where [z] is the greatest integer not exceeding .

37. Find the Fourier series for each of the functions f (z) in — <z <[ and
f (z) is defined outside this interval so that f (z + 21) = f (x) for all z:

0, -l<z<0, —z, =l <zx<0,
(a) f(z)= (b) f(z)=

I, O0<x<l. r, 0<zxz<l

4z, —1<zxz<0, 0, —l<zx<0,
(c) f(z)= (d) f(z)=

l—z, 0<x<l x2, 0<z<l.

Examine the Gibbs phenomenon at the points of discontinuity at x = 0
and x = [ for the function in (a).

38. Prove the following identities:

1 " _sin(n+%)x
(a) 5—'—’; coskr = ——=—.

: T
2s1n§

sin (n+ %){
2sin 3¢

) s =2 [ fe+) i,

where s, (z) is the nth partial sum of a Fourier series of f (z) in (—m, 7).
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Method of Separation of Variables

“However, the emphasis should be somewhat more on how to do the math-
ematics quickly and easily, and what formulas are true, rather than the
mathematicians’ interest in methods of rigorous proof.”

Richard Feynman

“As a science, mathematics has been adapted to the description of
natural phenomena, and the great practitioners in this field, such as von
Karmén, Taylor and Lighthill, have never concerned themselves with the
logical foundations of mathematics, but have boldly taken a pragmatic view
of mathematics as an intellectual machine which works successfully. De-
scription has been verified by further observation, still more strikingly by
prediction, .... 7

George Temple

7.1 Introduction

The method of separation of variables combined with the principle of super-
position is widely used to solve initial boundary-value problems involving
linear partial differential equations. Usually, the dependent variable u (z,y)
is expressed in the separable form v (z,y) = X (2)Y (y), where X and Y
are functions of x and y respectively. In many cases, the partial differen-
tial equation reduces to two ordinary differential equations for X and Y.
A similar treatment can be applied to equations in three or more indepen-
dent variables. However, the question of separability of a partial differential
equation into two or more ordinary differential equations is by no means a
trivial one. In spite of this question, the method is widely used in finding
solutions of a large class of initial boundary-value problems. This method



232 7 Method of Separation of Variables

of solution is also known as the Fourier method (or the method of eigenfunc-
tion expansion). Thus, the procedure outlined above leads to the important
ideas of eigenvalues, eigenfunctions, and orthogonality, all of which are very
general and powerful for dealing with linear problems. The following exam-
ples illustrate the general nature of this method of solution.

7.2 Separation of Variables

In this section, we shall introduce one of the most common and elementary
methods, called the method of separation of variables, for solving initial
boundary-value problems. The class of problems for which this method
is applicable contains a wide range of problems of mathematical physics,
applied mathematics, and engineering science.

We now describe the method of separation of variables and examine
the conditions of applicability of the method to problems which involve
second-order partial differential equations in two independent variables.

We consider the second-order homogeneous partial differential equation

A Ugr g+ b Ugryr + T Uyryr + A Upe + e Uy + ffu=0 (7.2.1)

where a*, b*, ¢*, d*, e* and f* are functions of z* and y*.
We have stated in Chapter 4 that by the transformation

r=x("y"), y=y@"y), (7.2.2)
where
0 (x,y)
7~ 70,
3y

we can always transform equation (7.2.1) into canonical form
a(x,y) Uge + (2, y) uyy +d (z,y) ug +e(x,y) uy + f (x,y) u=0,(7.2.3)
which when

(i) a = —c is hyperbolic,
(ii) a =0 or ¢ = 0 is parabolic,
(iii) a = ¢ is elliptic.

We assume a separable solution of (7.2.3) in the form
u(z,y) =X (2)Y (y) #0, (7.2.4)

where X and Y are, respectively, functions of x and of y alone, and are
twice continuously differentiable. Substituting equations (7.2.4) into equa-
tion (7.2.3), we obtain
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aX"Y +cXY"+dX'Y +eXY' + fXY =0, (7.2.5)

where the primes denote differentiation with respect to the appropriate
variables. Let there exist a function p (z,y), such that, if we divide equation
(7.2.5) by p(x,y), we obtain

ar () X"Y + b1 (y) XY" +ag (2) X'Y +be (y) XY’
+[as () + b3 ()] XY =0. (7.2.6)

Dividing equation (7.2.6) again by XY, we obtain

b X/ Y" Y’
[a1X+a2X+a3] = - {bly+b2y+b3:| : (7.2.7)

The left side of equation (7.2.7) is a function of z only. The right side
of equation (7.2.7) depends only upon y. Thus, we differentiate equation
(7.2.7) with respect to x to obtain

d X X'
— — — =0. 2.
dr |:Cl1 X + as X + a3:| 0 (7 8)

Integration of equation (7.2.8) yields

" !

aly + agy + a3 = )\, (729)

where A is a separation constant. From equations (7.2.7) and (7.2.9), we
have

" !

bigr + b2§ + by = —A. (7.2.10)
We may rewrite equations (7.2.9) and (7.2.10) in the form
a1 X" 4+ a2 X'+ (a3 — \) X =0, (7.2.11)
and
biY" +bY' 4+ (b3 +N)Y = 0. (7.2.12)

Thus, u(z,y) is the solution of equation (7.2.3) if X (z) and Y (y) are
the solutions of the ordinary differential equations (7.2.11) and (7.2.12)
respectively.

If the coefficients in equation (7.2.1) are constant, then the reduction of
equation (7.2.1) to canonical form is no longer necessary. To illustrate this,
we consider the second-order equation

Ay, + Bugy + Cuyy + Duy + Euy + Fu = 0, (7.2.13)
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where A, B, C, D, E, and F are constants which are not all zero.
As before, we assume a separable solution in the form

w(o,y) = X (2) Y (y) #0.
Substituting this in equation (7.2.13), we obtain

AX"Y + BX'Y'+ CXY" + DX'Y + EXY'+ FXY = 0. (7.2.14)
Division of this equation by AXY yields

N BXYLCYT DX BV E Ly
We differentiate this equation with respect to x to obtain

x"\" B(Xx\'Y D/x"

(Y BEVE DY Ly g
Thus, we have

D Y
YEGY tH =y (7.2.17)
ANX

This equation is obviously separable, so that both sides must be equal to a
constant \. Therefore, we obtain

Y +\Y =0, (7.2.18)
X"\ (D B /X"
Integrating equation (7.2.19) with respect to x, we obtain

X D B /X'

where (3 is a constant to be determined. Substituting equation (7.2.18) into
the original equation (7.2.15), we obtain

i (PN B (e En BV O
X+<B NG+ (V- ) X =0

Comparing equations (7.2.20) and (7.2.21), we clearly find

E. F\C
_ 2 _ i
ﬁ()\ CA+C> .

(7.2.21)

Therefore, u (z,y) is a solution of equations (7.2.13) if X () and Y (y)
satisfy the ordinary differential equations (7.2.21) and (7.2.18) respectively.
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We have just described the conditions on the separability of a given
partial differential equation. Now, we shall take a look at the boundary
conditions involved. There are several types of boundary conditions. The
ones that appear most frequently in problems of applied mathematics and
mathematical physics include

(i) Dirichlet condition: u is prescribed on a boundary

(ii) Neumann condition: (Qu/dn) is prescribed on a boundary

(iii) Mixed condition: (Qu/dn) + hu is prescribed on a boundary, where
(Ou/0n) is the directional derivative of u along the outward normal to
the boundary, and h is a given continuous function on the boundary.
For details, see Chapter 9 on boundary-value problems.

Besides these three boundary conditions, also known as, the first, second,
and third boundary conditions, there are other conditions, such as the Robin
condition; one condition is prescribed on one portion of a boundary and
another is given on the remainder of the boundary. We shall consider a
variety of boundary conditions as we treat problems later.

To separate boundary conditions, such as the ones listed above, it is
best to choose a coordinate system suitable to a boundary. For instance,
we choose the Cartesian coordinate system (x,y) for a rectangular region
such that the boundary is described by the coordinate lines x = constant
and y = constant, and the polar coordinate system (r,68) for a circular
region so that the b