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Abstract

We explore theoretically the time-dependent rheological response of complex flu-

ids to step stress, shear startup and strain ramp deformations. We study soft glassy

materials and entangled polymeric materials above and below the glass transition

using the scalar fluidity, soft glassy rheology (SGR), rolie-poly (RP), Giesekus and

glassy polymer (GP) models. For each deformation we investigate fluid-universal,

deformation specific criteria for the onset of linear instability to shear banding.

In step stress, the shear rate response of the RP and Giesekus models is quali-

tatively similar to experiment, but only in the RP model does significant transient

shear banding arise. Motivated by experiments, we explore ‘creep’ and ‘fluidisation’

in the glass phase of the SGR model. Finally, we show the GP model has similar

behaviour in step shear stress as it does in extensional loading; we also explain why

strain hardening reduces the magnitude of transient shear banding.

In shear startup, we explore ‘elastic’ and ‘viscous’ contributions to linear insta-

bility to shear banding. We use this to explain: the range of shear rates for which

time-dependent shear banding arises in the RP model; why no significant time-

dependent shear banding arises associated with the stress overshoot in the Giesekus

model; the occurrence of age-dependent transient shear banding in the scalar fluidity

model; and also why strain hardening again decreases the magnitude of transient

shear banding in the GP model.

Finally, we investigate stress relaxation in the RP model after strain ramps with

rates that probe the chain stretch relaxation rate τ−1
R . We show that after ‘slow’

ramps (relative to this rate) linear instability to heterogeneity arises for strain ampli-

tudes γ & 1.7, and that ‘fast’ ramps of the same amplitude result in a delayed onset

of linear instability, provided convective constraint release is sufficiently inactive.
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1
Introduction

The term ‘complex fluid’ covers a vast range of materials, many of which are ubiq-

uitous in every day life and whose deformation and flow properties, that is, their

rheology, is essential to their use, e.g., non-drip paint, drilling muds, toothpaste,

foodstuffs, cosmetics and plastics. These materials usually have a mesoscopic sub-

structure that dominates their response to deformation. Such substructures may be:

concentrated colloidal particles in a disordered, metastable configuration; entangled

polymeric molecules — that is, many objects that form entanglements with each

other, resulting in topological constraints on their motion; bubbles in a foam that

deform elastically under deformation but rearrange plastically after a certain strain

or stress is met; or liquid crystalline materials containing long rod-like molecules

that undergo flow induced transitions between an isotropic or nematically aligned

state.

The subject of this thesis concerns a shear-induced phenomenon commonly seen

1



Chapter 1. Introduction 2

in complex fluids called ‘shear banding’, whereby an initially homogeneous mate-

rial separates into macroscopic ‘shear bands’ of differing viscosity that coexist at a

common shear stress under an applied shear flow [55, 98, 119, 125]. Shear banding

has been shown to occur in a vast range of materials, such as entangled polymer

solutions and melts [18,19,138,162], triblock copolymer solutions [12,99], wormlike

micellar solutions [16, 70, 71, 76, 89, 95–97, 110, 144], lyotropic lamellar phases [145],

emulsions [37, 126], carbopol microgels [45], colloidal glasses [141], and foams [140].

Most of these rheological studies investigated the steady state, i.e., the long time

behaviour in which the dynamics of the stress (or bands) no longer change as a

function of time. In this long time limit, shear banding is usually studied alongside

the steady state ‘flow curve’, the relation between the steady state shear stress and

the spatially averaged shear rate, of the material. It is thought the cause of steady

state shear banding is a negative slope in the underlying constitutive relation be-

tween shear stress and shear rate: this relation is that which would arise if the flow

were constrained to be homogeneous. This criterion for steady state shear banding

of a negative slope in the underlying constitutive relation is well known [160,172].

More recently though, there has been much research on the time-dependent

rheological response of complex fluids during the initial startup of deformation, be-

fore a steadily flowing state is established. It has been shown that time-dependent

shear banding can arise during this response, in a manner apparently independent

of the steady state criterion described above. In addition, such time-dependent

shear banding has been shown to arise in materials with different underlying struc-

ture provided certain common rheological signatures are seen in the time-dependent

flows of step stress [16, 19, 42, 64, 74–77, 161], shear startup [19, 43, 45, 77, 138] and

strain ramp [9, 16, 17, 52, 91, 135, 168] deformations. This is indicative of a generic

underlying cause for the onset of time-dependent shear banding. Clearly, criteria for

the onset of shear banding during these time-dependent flows that are independent

of the material in question are needed. Dr. Suzanne Fielding has recently derived

such criteria, separately for three time-dependent deformation protocols: step stress,

shear startup and strain ramp [117], which depend only on the experimentally mea-

sured rheological response functions, and are independent of the material type. In
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this thesis, we will examine the use of these criteria during an investigation of the

time-dependent rheological responses of models for three classes of material: soft

glassy materials, and entangled polymeric materials above and below the glass tran-

sition, in each deformation protocol. Our calculations pertain to the formation of

shear bands that arise during the time-dependent response of startup of shear flow

before a steadily flowing state is established. They therefore not only describe how

steady state shear bands are established from such a flow in systems that show

steady state banding, but also describe the formation of transient shear bands, and

the subsequent return to homogeneous shear, in systems that do not band at steady

state.

Our aim is to unify the understanding of time-dependent shear banding in these

different classes of material, whilst also providing new understanding of their time-

dependent stress or shear rate responses to these three deformation protocols.

In the material classes described above, the description: ‘entangled polymeric

materials above the glass transition’ includes polymer fluids such as entangled poly-

mer solutions and melts. However, it also includes entangled wormlike micelles

whose long, chain-like substructures undergo the same stress relaxation mechanisms

as polymers, with the additional mechanisms of chain breaking and reforming [27].

1.1 Layout of thesis

This thesis is organised as follows. In Chapter 2 we outline the three deformation

protocols: step stress, shear startup and strain ramp that we will investigate in

Chapters 4, 5 and 6, respectively. We then introduce the concept of shear banding,

and subsequently provide a literature review for each deformation protocol and class

of material, in order to provide a context for the rest of the thesis.

In Chapter 3 we outline the theoretical rheology required to model such materials,

and describe the models used in this thesis: the rolie-poly (RP) and Giesekus models

for entangled (non-glassy) polymeric materials; the ‘scalar fluidity’ and soft glassy

rheology (SGR) models for soft glassy materials; and the glassy polymer (GP) model.

We outline a ‘general framework’ within which the criteria described above will be
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derived, after which we describe the time-dependent linear stability analysis used in

these derivations and throughout this thesis. In the appendix of Chapter 3 we also

include details of our numerical methods.

In Chapters 4, 5 and 6 we investigate the rheological response of complex fluids

to the step stress, shear startup and strain ramp deformations, respectively. In each

of these chapters we will first derive the protocol-specific criteria described above,

which predict the onset of linear instability to shear banding independently of model

or material type; credit for these criteria is given to Dr. Suzanne Fielding. We will

then explore the use of these general criteria in the models noted above during an

investigation of their time-dependent responses to deformation.

In Chapter 4, we begin by exploring the rheological response of the rolie-poly and

Giesekus models to a step stress. We show the shear rate response of both models is

qualitatively similar to that found in experiments of entangled polymeric materials,

but only the RP model gives rise to significant transient shear banding. In the SGR

model we explore ‘creep’: the progressive decrease of the shear rate in time, and

subsequent ‘fluidisation’: the sudden increase of the shear rate over several orders

of magnitude in a short time, in response to an imposed shear stress exceeding the

yield stress. This research is motivated by recent experiments in soft glasses [42,64]

that show transient shear banding to arise during the fluidisation process, the onset

of which is reported to decrease with the imposed stress [11, 28, 42, 64, 66, 118, 150].

Recent simulations of the SGR model [117] also show shear banding to arise during

fluidisation. Here, we expand on that study with details of the creep and fluidisation

behaviour. We show that during creep the shear rate follows a power law in time

with an exponent dependent on the ‘noise temperature’ of the model. We also show

that the time at which ‘fluidisation’ occurs depends on the imposed shear stress via

a power law for stresses close to the yield stress, and exponentially for larger stresses.

Finally, in the GP model we show that qualitatively similar results are found in the

shear geometry in response to a step stress as those in the extensional load protocol

as studied previously in Ref. [58]. Using the criterion, we also explain how strain

hardening reduces the magnitude of transient shear banding.

In Chapter 5, we explore the ‘elastic’ and ‘viscous’ contributions to linear insta-
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bility to shear heterogeneity in the shear startup protocol. We use this to explain

the onset of age-dependent transient shear banding in the scalar fluidity model, and

the range of shear rates for which time-dependent shear banding arises in the RP

model. We also explain how ‘viscous’ and ‘cross’ terms in the general criterion in-

troduced above stabilise the Giesekus model against time-dependent shear banding,

so that shear bands are seen to arise only as the system nears steady state; these

results are contrary to experimental findings. As we found in step stress, we also

find in shear startup that strain hardening reduces the magnitude of transient shear

banding in the GP model.

In Chapter 6, we investigate the stress relaxation functions of the RP model

following strain ramps with rates that probe the chain stretch relaxation rate τ−1
R .

We use the general criterion introduced above to show that ‘slow’ ramps (relative

to this rate) result in linear instability to shear rate heterogeneity if the strain

amplitude exceeds γ ∼ 1.7. We also show that ‘fast’ ramps result in a delayed

onset of linear instability if convective constraint release is sufficiently inactive. We

compare qualitative features of our results with those of experiments in order to

defend the capability of the RP model to describe entangled polymeric materials.

Finally, we conclude our findings in Chapter 7.



2
Theoretical & Experimental Motivation

2.1 Rheology

Rheology is the study of the deformation and flow of materials. In this thesis we

will consider three experimental protocols that investigate the rheology of complex

fluids, which all involve a planar shear device consisting of a sample sandwiched

between (theoretically, infinitely long) parallel plates, as depicted in Figure 2.1.1.

This geometry is a theoretical idealisation of the experimentally used geometries of

a Couette cell with a narrow gap, or a cone-and-plate cell with a small cone angle.

We define the x̂, ŷ and ẑ directions as the flow direction, the flow-gradient direc-

tion, and the vorticity direction, respectively; throughout we assume translational

invariance in the x, z directions. The bottom (stationary) and top (moving in the x

direction) plates are located at y = 0, L, respectively; these define the ‘shearing cell’.

The sample can then be subjected to various types of deformation, for example, a

6



2.1. Rheology 7
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(a) Homogeneous velocity profile
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l

(b) ‘Shear banded’ profile

Figure 2.1.1: Velocity profile examples for (a) a homogeneous velocity field and (b)
a shear banded state. The cell is comprised of two parallel plates at y = 0, L; the top
plate is moved in the x direction with v = vx̂, spatial invariance in the x, z directions
is assumed. The local shear rate is the spatial gradient of the velocity: γ̇(y) = ∂yv(y),
the spatial average of which is the ‘global’ shear rate: γ̇ = 1

L

∫ L
0
γ̇(y)dy.

constant force could be applied to the top plate in the x direction (and a counter

force to the bottom plate), or the top plate could be moved with a constant velocity

v = vx̂.

From such protocols one can measure, for example, the shear component of the

total stress tensor: Σxy ≡ Σ; the ‘global’ shear rate γ̇, i.e., the spatial average

of the local shear rate γ̇(y) defined as the spatial gradient of the velocity field

within the shearing cell γ̇(y) = ∂yv(y) [see Figure 2.1.1 (a)]; or the (global) shear

strain: γ =
∫ t

0
γ̇ dt. If the fluid velocity varies linearly across the cell, i.e., the flow

is homogeneous, the local shear rate will be constant across the cell, as shown in

Figure 2.1.1 (a). Later, we will introduce the concept of ‘shear banding’ whereby

this homogeneous velocity field becomes unstable to heterogeneous perturbations

and (usually1) splits into high and low shear rate bands with γ̇h and γ̇l, respectively,

as shown in Figure 2.1.1 (b).

In this chapter, we will first define the three rheological protocols used in Chap-

ters 4, 5 and 6. In Section 2.1.2 we will define the ‘constitutive’ and ‘flow’ curves,

followed by an introduction to the concept of shear banding in Section 2.1.3. Fi-

nally, for each protocol we will provide a review of the literature of both experiment

and theory concerning the rheological responses of soft glassy materials and entan-

1More complex, (often time-dependent) heterogeneous profiles can sometimes be seen [89] in-
volving, for example, multiple bands of different shear rate coexisting in the cell.
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gled polymeric materials above and below the glass point, with a particular focus

on shear banding behaviour. These reviews form the motivation for the research

presented in Chapters 4, 5 and 6 of the thesis.

2.1.1 Rheological protocols

The deformation protocols considered in this thesis are the step stress, shear startup

and strain ramp protocols, which we now outline individually. For simplicity in this

section we will (for now) assume a homogeneous velocity profile so that γ̇ = γ̇(y).

However, the general descriptions of the shear rate γ̇, etc., below also remain valid

for the spatially averaged variables (e.g., of shear rate γ̇) of heterogeneous flows. The

protocols below assume the sample to be well rested before deformation is imposed.

Step stress

In the step stress protocol a constant shear stress Σ is applied to the material for

times t > 0, as shown in Figure 2.1.2 (a). In a Newtonian liquid where the shear

stress is proportional to the shear rate with a proportionality constant known as

the viscosity Σ = ηγ̇, the material would respond by flowing at a constant rate γ̇ =

Σ/η. In the non-Newtonian materials studied in this thesis, the intrinsic relaxation

mechanisms have much longer timescales so that the shear rate is not instantaneously

prescribed by the stress, and the experimentally measurable deformation rate is time

dependent. A typical example of such a time dependence γ̇(t) is sketched in Figure

2.1.2 (b).

0

t

Σ

(a) Protocol
log t

lo
g 

γ.

(b) Measurement

Figure 2.1.2: Step stress protocol: (a) impose a constant shear stress Σ at t = 0,
and (b) measure the shear rate, γ̇(t), as a function of time.
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Complex fluids typically reach a steady state under such a deformation whereby

∂t γ̇ = 0, as shown in the t → ∞ limit of Figure 2.1.2 (b). Note that we will also

refer to this protocol as the ‘imposed stress’ protocol.

Shear startup

In the shear startup protocol a constant shear rate γ̇ is applied for times t > 0 to

the material, and the resulting shear stress is measured as a function of time Σ(t).

Note that in this protocol the strain simply increases linearly in time: γ(t) = γ̇t. As

a result, all figures of the shear stress vs. time may be re-scaled by γ̇ to obtain the

shear stress vs. strain Σ(γ) relationship. Note that we will also refer to this protocol

as the ‘imposed shear rate’ protocol.

For a Newtonian liquid the shear stress is instantaneously prescribed by the

shear rate such that Σ = γ̇η, whereas the response of the shear stress for complex

fluids such as those considered in this thesis is again time dependent Σ(t). The

viscoelasticity inherent in these materials means that they initially respond in an

elastic-like manner with a linear increase of the shear stress with strain Σ ∼ Gγ

(where G is an elastic modulus), before flowing like a viscous liquid with a stress that

is constant in time ∂tΣ = 0. In fact, the elastic-like response can be so dramatic that

the stress undergoes an overshoot leading to a region in which the stress decreases

in strain ∂γΣ < 0 before finally reaching its steady state value, as demonstrated in

Figure 2.1.3 (b).

0

t

γ
.

(a) Protocol
t

Σ

(b) Measurement

Figure 2.1.3: Shear startup protocol: (a) impose a constant shear rate γ̇ at t = 0,
and (b) measure the shear stress, Σ(t), as a function of time. Scaling of the x axis
by γ̇ provides the shear stress as a function of strain: Σ(γ = γ̇t).
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Strain ramp

In this protocol a constant shear rate γ̇0 is applied to the sample for a time t0

until the desired strain amplitude γ0 = γ̇0t0 is met. The shear rate is subsequently

switched off γ̇ → 0 so that the strain γ(t) = γ0 remains fixed, and the resulting shear

stress relaxation function Σ(t′) is measured, where t′ ≡ t − t0 is the time elapsed

since the end of the step, see Figure 2.1.4. (We will often refer to t = t0 as the

time of shear cessation.) The limit t0 → 0 and γ̇0 → ∞ at fixed γ0 then provides

a theoretically ‘ideal’ step strain in which the strain is stepped up from γ = 0 to

γ = γ0 infinitely quickly. However, in experiment this limit is unachievable. We

will also show in Chapter 6 that the stress relaxation function following ramps of

different rates γ̇0 reveals important physics about the material in question. In that

chapter, we will consider a ‘fast ramp’ in which the rate is finite, but much faster

than the rate of the slowest relaxation mechanism in the system: γ̇0 � τ−1
d . Note

that in experiment a strain ramp is usually termed a step strain despite the finite

rate with which it is applied.

0

t

0

γ

γ
0

γ
.

0

t
0

(a) Protocol: strain

0

t

0

γ
.

t
0

γ
.

0

(b) Protocol: shear rate

log γ

lo
g
 Σ

log t-t
0

(c) Measurement

Figure 2.1.4: Strain ramp protocol: (a, b) impose a constant shear rate γ̇0 for a time
t0 until the desired strain γ0 = γ̇0t0 is achieved; an ‘ideal’ step strain is met in the
limits γ̇0 → ∞, t0 → 0 with fixed strain amplitude γ0. (c) measure the total shear
stress Σ during (vs. strain γ) and after the ramp (vs. time t′ = t− t0).

2.1.2 Steady state constitutive and flow curves

In the shear startup protocol described above, the steady state value of the shear

stress is obtained in the limit ∂tΣ(γ̇)→ 0. One can then plot the relation between

the steady state shear stress and the imposed shear rate: Σ(γ̇). We now consider
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a thought experiment in which the system is artificially constrained to remain ho-

mogeneous: we define the resulting steady state relation Σ(γ̇) as the ‘constitutive

curve’. (This theoretical curve can be obtained in numerics where it is possible to

artificially constrain the system to homogeneity, as we shall see in Chapter 3.) On

the other hand, if heterogeneity is allowed in the flow gradient direction (y) so that

shear bands could in principle arise, the resulting steady state relation of shear stress

vs. (global) shear rate Σ(γ̇) may in fact be different to that of the homogeneously

constrained system. We therefore define this relation Σ(γ̇) with heterogeneity al-

lowed in the flow gradient direction as the ‘flow curve’. (Clearly, this is the only

curve obtainable in experiment, where it is not possible to constrain the flow to be

homogeneous.)

Note that the constitutive and flow curves can also be obtained by imposing a

constant stress, i.e., via the steady state obtained from the step stress protocol ∂tγ̇ →

0. However, to avoid confusion we will use the definitions above as a default (i.e.,

the constitutive and flow curves are those obtained under an imposed shear rate),

and explicitly state when we are referring to the curves obtained under imposed

stress conditions.

Sweep tests

Note that the above constitutive and flow curves are found by imposing a constant

shear rate on a material initially at rest until the steady state is met, where this

protocol is repeated for many values of the shear rate. However, in experiment the

curves are often obtained by ‘sweeping’ up and down the flow curve. To do this,

the shear rate is increased in steps up to some maximum value (and then decreased

in steps for the downward sweep), pausing at each step for a ‘residence’ time to

allow the system to reach a steady state2 before taking the value of the stress at

that shear rate. These ‘sweeps’ often return different functions of Σ(γ̇) than those

obtained using the protocol for the flow curve described above, and often depend

on the residence time of each step. In glassy systems such a dependence on the

2Note that this condition of a sufficiently long residence time to allow a steady state to be met
is not always enforced in experiment.
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residence time is unavoidable in practice, however careful the experimentalist is.

2.1.3 Shear banding

Steady state shear banding

In Newtonian fluids, the velocity profile found using the planar shear geometry is

expected and indeed found to be homogeneous, so that the local fluid velocity at

any point y across the cell changes linearly across the gap, as depicted in Figure

2.1.1 (a). However, many complex fluids exhibit a shear induced phenomenon called

‘shear banding’ in which this homogeneous velocity gradient profile becomes unstable

to heterogeneous perturbations and splits into high and low shear rate bands that

coexist in the cell, so that the local shear rate varies spatially γ̇ = γ̇(y), as shown

in Figure 2.1.1 (b). Such a shear banded profile has been found in many types

of complex fluid, such as entangled polymer solutions and melts [18, 19, 138, 162],

triblock copolymer solutions [12,99], wormlike micellar solutions [16,70,71,76,89,95–

97,110,144], lyotropic lamellar phases [145], soft glassy materials [35,37,45,126,141],

and foams [140]. For several excellent reviews of shear banding see Refs. [55,98,119,

125]. At steady state, shear banding usually arises for imposed shear rates within a

characteristic stress plateau found in the flow curve, where the stress is constant over

a range of imposed shear rates. Note that a curved geometry causes a gradient of

stress across the shearing cell that leads to a slight positive slope of the stress plateau

region in the flow curve [120]. Concentration coupling (for example, between micelle

concentration and the flow rate) can also lead to a positive slope of the plateau region

in the flow curve [60]. An example of the stress plateau and associated shear banded

flow profiles from experiments on wormlike micelles [71] is shown in Figure 2.1.5.

The origin of the shear banding phenomenon at steady state is thought to be due

to an underlying negative slope in the constitutive curve (defined above): ∂γ̇Σ < 0

that renders homogeneous flow unstable to shear heterogeneity for shear rates in

the region of negative slope [160,172]. An example of such a constitutive curve with

a negative slope is shown in Figure 2.1.5 (a) in a dashed line, where results were

obtained by Helgeson et al. [71] using the Giesekus model [65]. The corresponding
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(a) (b)

Figure 2.1.5: (a) Flow curves obtained from experiments on wormlike micelles,
squares: from the steady state shear of the shear startup protocol, circles: from
the steady state of the step stress protocol, and a solid line shows results from nu-
merics of the Giesekus model. The constitutive curve for the Giesekus model is
shown in a dashed line. (b) Velocity profiles obtained from the steady state of the
shear startup protocol, at rates with corresponding symbols in the key (symbols: ex-
periment, line: predictions from Giesekus model). Reprinted with permission from
Ref. [71], copyright The Society of Rheology.

flow curve is found by removing the constraint of homogeneity from the flow gra-

dient direction3, and does indeed show the expected stress plateau (along with the

associated shear banding) in agreement with the experimental results; see the solid

lines in Figure 2.1.5 (a) and (b).

The results presented above are not specific to the Giesekus model, indeed any

model with a nonmonotonic constitutive curve is capable of showing the steady state

shear banding and associated stress plateau when the constraint of homogeneity is re-

moved from the flow gradient direction3. For example, such features have been shown

in the rolie-poly model for entangled polymeric materials [2, 33, 92]; a two species

elastic network model for wormlike micelles [174]; the Johnson Segalman model for-

mulated by considering the non-affine deformation of polymer chains [82, 120]; a

modified version of the soft glassy rheology model that includes coupling between

the effective noise temperature and the flow dynamics [57]; a kinetic elasto-plastic

model for soft glassy materials [103]; and a phenomenological fluidity model for yield

stress fluids [128].

3With the appropriate modification of the model by the inclusion of diffusive terms — see
Chapter 3.
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Figure 2.1.6: Schematic of a nonmonotonic constitutive curve (s shaped curve), the
unstable (negatively sloping) region is shown dashed. The resulting flow curve is
shown in a thick solid and a thin dotted line, which has a stress plateau at Σp.

Unique selection of the stress plateau Σp

In the above we explained that a homogeneous shear flow in the regime of negative

slope of a nonmonotonic constitutive curve is unstable — this is in the dashed re-

gion of the nonmonotonic constitutive curve shown in Figure 2.1.6. In experiment,

the flow curve (shown by the thick solid and dotted lines of the figure) has a stress

plateau (or weak increase of shear stress with shear rate due to concentration cou-

pling or device curvature, as discussed above) at a strain-history independent and

reproducible value of the shear stress Σp.

The thick, solid lines of Figure 2.1.6 are often referred to as the ‘stable’ branches

of the constitutive curve. Note that the thin, solid lines are in fact meta-stable [132]:

given a sufficiently large heterogeneous perturbation, steady state flow for (most4)

shear rates in this region will show shear banding with a shear stress value of the

plateau Σp.

4In fact, for models with diffusive nonlocal terms, this will occur for shear rates γ̇a < γ̇ < γ̇ b
where this range is contained within the plateau range: γ̇ l < γ̇a and γ̇ b < γ̇h, and depends on the
diffusion constant D; see Ref. [132].
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Time-dependent shear banding

So far, we have discussed shear banding in the steady state limit of the shear startup

protocol. However, recent results have shown that shear banding can actually arise

during the time-dependent response of shear startup, and is usually most pronounced

just after an overshoot in the shear stress [see Figure 2.1.3 (b) for an example of a

stress overshoot] during a decline of the shear stress in strain: ∂γΣ < 0. In fact,

this time-dependent shear banding associated with the stress overshoot in the shear

startup protocol has also been shown to occur in materials that do not show banding

at steady state. For example, it has been found during shear startup in yield stress

fluids such as carbopol gels [43, 45] and entangled polymeric materials [19, 77, 138]

that are less well entangled than those that shear band at steady state. That these

materials show transient shear banding but do not band at steady state implies that

their constitutive curve is in fact monotonic. It also implies that the steady state

condition for shear banding does not govern the time-dependent shear banding prop-

erties. However, the fact that time-dependent shear banding arises during the same

generic feature of negatively sloping shear stress in strain of completely different

materials suggests a generic, material independent cause of the instability.

Similar comments apply to the response to the step stress protocol: here, time-

dependent shear banding has been shown to arise during a sudden, rapid increase

of the shear rate γ̇(t) [similar to that shown in Figure 2.1.2 (b)] in both soft glassy

[42, 64] and entangled polymeric [16, 19, 74–77, 161] materials. Again, the fact that

time-dependent shear banding should arise during the same generic feature of the

shear rate response function γ̇(t) in different materials indicates a generic underlying

cause that is independent of the particular fluid in question.

Finally, it has also been shown that, during relaxation after a ramp strain, en-

tangled polymer solutions or melts [9,17,52,91,135,168] and wormlike micelles [16]

can split into two (or more) macroscopic bands that shear in opposite directions (so

that the spatially averaged shear rate remains zero). This was unexpected: such

flows are considered to be in the very low Reynolds number regime and are thus

effectively inertialess: after shear cessation the material should remain stationary at

all locations in the cell. The effect is usually seen for strain ramp amplitudes ex-
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ceeding γ0 ∼ 1.5 regardless of the polymeric material in question, again, suggestive

of a generic underlying cause.

The above results indicate generic underlying causes of instability to time depen-

dent shear banding that do not depend on the properties of the material in question,

and form the motivation for the results presented in this thesis. In each of Chapters

4, 5 and 6 we will consider the linear stability to shear heterogeneity of three classes

of complex fluids undergoing the step stress, shear startup and strain ramp proto-

cols, respectively. In each chapter, we will first derive protocol-specific criteria for

the onset of linear instability to shear heterogeneity that are independent of model

or fluid type, and depend only on the rheological response functions; credit for these

criteria is given to Dr. Suzanne Fielding. We will then demonstrate the use of these

criteria in models for soft glassy materials and entangled polymeric materials above

and below the glass transition during an investigation of the rheological responses of

each model to deformation. To provide a more detailed context for this research, we

will first briefly describe the three classes of material outlined above, after which we

review the experimental and theoretical literature in each class of material concern-

ing time-dependent shear banding, separately for each deformation protocol: step

stress, shear startup and strain ramp.

Classes of material

Soft glassy materials: the term ‘soft glassy material’ (SGM) covers a wide range

of materials from granular materials and foams to emulsions and physical gels [29].

These materials are characterised by disordered, meta-stable configurations of their

mesoscopic substructures (emulsion droplets, for example) and usually possess a

‘yield stress’ Σy: the material behaves like a solid and will not ‘flow’ until the

imposed stress exceeds this value. As a result they are often known as ‘yield stress

fluids’ (YSF). Their steady state flow curves often follow that of the Herschel-Bulkley

model [42, 72]:

Σ = Σy + ηγ̇n, (2.1.1)



2.2. Step stress 17

where n ∼ 0.2 − 1. These materials also show varying degrees of ageing and

thixotropic behaviour, whereby rheological responses to deformation show depen-

dence on the ‘waiting time’ tw (i.e., the ‘age’ of the material) elapsed since sample

preparation, and also on the strain history [38]. Their rheological response is usu-

ally a result of competition between ageing and deformation induced rejuvenation.

That is, at rest, the local dynamics slow down and the material’s response becomes

progressively more elastic in time (ageing). Under deformation this can be reversed

(rejuvenation) and the material can be ‘fluidised’.

Polymeric fluids: here, we consider any material whose substructure is charac-

terised by entanglements between long, chain-like objects. This includes, for exam-

ple: concentrated solutions or melts of high molecular weight polymers; concentrated

solutions of wormlike micelles, whose self-assembled structure results in long chains

that can reversibly break and reform, but also form entanglements; concentrated

solutions of DNA, for which the response to deformation is determined by its topol-

ogy rather than its chemistry. In these materials, entanglements between chains

form topological constraints on the chain’s motion. These constraints dominate the

material’s response to deformation.

Glassy polymeric materials: in the above we described polymeric fluids whose

entangled nature dominates their response to flow. Quenching these materials to

just below their glass transition temperature Tg leads to additional glassy dynamics,

such as ageing and deformation induced rejuvenation, described above. The response

to deformation is then characterised by a combination of polymer and soft glassy

dynamics.

2.2 Step stress

We first consider the step stress protocol (also known as the ‘creep’ protocol in

experiment) that involves imposing a constant total shear stress Σ and measuring

the shear rate γ̇(t) required to maintain this stress, see Figure 2.1.2.
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2.2.1 Polymeric fluids

As explained above, entangled polymeric materials often show a ‘stress plateau’ (or

region over which the shear stress weakly increases with shear rate) in their flow

curve. Step stress experiments on these materials have shown that, for values of

the imposed stress nearest that of the plateau (or on the weakly increasing portion

of the flow curve) Σ ∼ Σp, the shear rate response shows a sudden and dramatic

increase by several orders of magnitude (from a small initial value) over a short time

before reaching its steady state value [16,18,75,76,136,161]. It has also been shown

that during this rapid increase of the shear rate, time-dependent shear banding

arises [16, 18, 19, 74–77, 161] and in some cases a return to homogeneous shear is

seen as the steady state is neared [19]. Difficulty in obtaining this latter result in

experiment arises due to the occurrence of edge fracture that severely limits the

determination of the steady state shear rate and velocity profile [79, 136] under the

step stress protocol. It remains a formidable task to determine whether steady state

shear banding exists in these polymeric materials under the imposed stress protocol.

Relatively little research has been done concerning the time-dependent response

to the step stress protocol within models for entangled polymeric materials, though

steady state sweep tests under the step stress protocol were briefly investigated

in the Johnson Segalman model by Radulescu et al. in Ref. [132]. In Chapter 4

we will explore the time-dependent shear rate response to a step stress and any

resulting shear banding in the rolie-poly (RP) [92] and Giesekus [65] models. We

will show that while both models show qualitatively similar behaviour to that found

in experiment with respect to the shear rate response, only the RP model shows

qualitatively similar time-dependent shear banding behaviour.

2.2.2 Soft glassy materials

Experiment: yield stress and steady state flow curves

As explained previously, these materials usually have a ‘yield stress’ Σy. For imposed

stresses below this, the material does not flow: rather, it deforms slowly with a rate

that progressively decreases with time. It has recently been suggested that these
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(a) ‘Simple’ YSF (b) ‘Thixotropic’ YSF

Figure 2.2.1: (a) and (b): steady state flow curves obtained under imposed stress
(open squares) and imposed shear rate (filled circles) for a ‘simple’ YSF in (a) and a
‘thixotropic’ YSF in (b). Note that there is a critical shear rate that can be obtained
under imposed stress for the thixotropic YSF (γ̇C ∼ 1). Figures reproduced with
permission from Ref. [126].

materials should be categorised into two types [113]: that of ‘simple’ or ‘thixotropic’

yield stress fluids (YSF), depending on their steady state rheological behaviour.

‘Simple’ YSF are typically repulsive glasses (hard sphere glasses with little or

no inter-particle attractions), foams and emulsions; an archetypal material is a

carbopol gel [45]. Such materials are generally considered to be non-ageing and

non-thixotropic; however, rheological responses to deformation of such materials

have been shown to exhibit age dependence [43]. Simple YSF are usually char-

acterised by having little or no hysteresis in up/down sweeps on the flow curve5

[44, 45, 51, 113, 126], and show a continuous transition from solid-like to liquid-like

behaviour on increasing the imposed stress above Σy. Note that due to the con-

tinuous transition between solid/liquid-like behaviour, the steady state shear rate

obtained under imposed stress continuously decreases to zero as Σ → Σy — see

Figure 2.2.1 (a).

On the other hand, ‘thixotropic’ YSF are typically attractive emulsions and

colloidal suspensions. They are usually characterised by significant hysteresis in the

up/down sweeps on the flow curve [51,126], and also show a discontinuous transition

from solid-like to liquid-like behaviour on increasing the imposed stress above Σy,

see Figure 2.2.1 (b). This discontinuity is known as the ‘viscosity bifurcation’ [34,

5As previously explained, this involves consecutively stepping the shear rate up (or down on a
downward sweep) and waiting a ‘residence’ time at each step.
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35, 133]: below a critical imposed stress ΣC (where ΣC > Σy) the material stops

flowing abruptly, while above it the material flows like a liquid. This critical stress

corresponds to a critical shear rate γ̇C below which no steady state flow can be

found under imposed stress, see Figure 2.2.1 (b). This region of the flow curve

that is inaccessible under imposed stress may be accessed on imposing a shear rate

γ̇ < γ̇C ; in this range steady state shear banding has been reported [37, 126]. It

has been shown that an emulsion behaving as a simple YSF can be continuously

‘tuned’ towards thixotropic YSF behaviour by the addition of clay particles that

induce attractions between particles [51,126].

We remark that this classification system does not actually depend on whether

the material shows age dependence or thixotropy, but only on the steady state

behaviour; the names ‘simple’ and ‘thixotropic’ are perhaps misleading as age de-

pendence has been found in both classes of material.

Theory and modelling

Microscopic modelling of SGMs has been achieved through Mode Coupling The-

ory [21,22,63] where the specific interactions (e.g., repulsive or attractive) between

particles can be specified, though this approach is currently largely limited to homo-

geneous flows of monodisperse colloidal glasses. Phenomenological models that in-

volve a governing equation for the relaxation time [41,116,128] or a structural param-

eter [34, 35] have been successfully used to describe both ‘simple’ and ‘thixotropic’

YSF behaviour, though their ability to accurately represent the underlying physics

is limited.

Progress has been made in between these two scales through models [14,50,154]

that describe disordered, soft materials at the mesoscale. One such model is the ‘soft

glassy rheology’ (SGR) model [153,154] that we will fully describe in Chapter 3 and

use in Chapter 6. The model is based on that of Bouchaud’s ‘trap model’ [80] that

likens the disordered, meta-stable configurations of these systems to the descrip-

tion of particles that slowly hop between cages (effecting energy minima) formed by

neighbouring particles; such a description broadly captures the experimental phe-

nomenology [102,171]. The SGR model builds on this by allowing such particles to
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gain strain energy due to external deformation and undergo activated ‘hopping’ over

their local energy barrier (termed ‘yielding’ events). Here, the ‘activation’ describes

(in a mean field way) interactions with yielding events elsewhere in the system and

is governed by a (constant) effective ‘noise temperature’ x. The model has a glass

transition at x = xg resulting in ageing for x < xg [54, 62], whereby (with no exter-

nal deformation applied) particles evolve sequentially into deeper and deeper energy

minima and no equilibrium state is found. With deformation imposed this ageing

behaviour can be reversed via strain induced ‘rejuvenation’. The resulting steady

state rheological behaviour is that of ‘simple’ YSF according to the description

above: a continuous transition from solid- to liquid-like behaviour on the increase

of imposed stress above Σy, though the response is significantly dependent on the

sample’s age6 [54,62]. The constitutive curve is monotonic [153] and thus no steady

state shear banding is expected7. Variants of the model that allow for non-constant

x have also been considered [57,69]; specific forms of which can result in ‘thixotropic’

YSF behaviour and a decreasing branch of the constitutive curve that extends to

γ̇ → 0, leading to steady state shear banding for small imposed shear rates.

In Chapter 4 we will explore the response of the shear rate γ̇(t) to an imposed

stress slightly larger than the yield stress in the SGR model (with x constant).

Creep, fluidisation and shear banding

As mentioned, simple YSF continuously transform between solid- and liquid-like

behaviour on increasing the imposed stress above the yield stress. Following the

imposition of a stress close to (but larger than) the yield stress these materials

often display creep, i.e., slowly deform at a rate that continuously decreases in time,

usually with a power law8 γ̇(t) ∼ t−a, for a significant amount of time before suddenly

‘fluidising’ (characterised by a sudden increase of the shear rate) and flowing with

a shear rate on the flow curve, see Figure 2.2.2 for an example of such behaviour.

Creep: The power law creep described above is often referred to as ‘Andrade

6The ‘age’ is the time elapsed between sample preparation and the onset of deformation.
7Recall that the criterion for steady state shear banding is (usually) a negative slope of the

shear stress in shear rate in the constitutive curve.
8The value of a is material dependent, though generally 0 < a ≤ 1.
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Figure 2.2.2: ‘Creep’ and ‘fluidisation’ behaviour of the shear rate in time γ̇(t)
for a polycrystalline hexagonal columnar phase with imposed stresses: Σ =
12, 13, 15, 19, 21, 22, 50, 35 Pa (bottom to top). Figure reproduced with permission
from Ref. [11], copyright 2006 American Physical Society.

creep’ after E. Andrade who discovered it in metals drawn extensionally at a constant

stress [39]. It has subsequently been found in heterogeneous solids such as fibre

composite materials [118] and paper [143] under the extensional protocol, but has

also widely been reported in soft glassy materials under a step stress in the shear

geometry [11,28,42,150].

Fluidisation: For imposed stresses exceeding the yield stress, creep is usually

followed by a dramatic and sudden increase of the shear rate in time; this is of-

ten called ‘fluidisation’. The time at which this occurs (the ‘fluidisation time’) is

reported to decrease with increasing values of the imposed stress, becoming negli-

gibly small at very large stresses so that the creep regime is barely discernible (see

Figure 2.2.2). (At the other extreme, the fluidisation time diverges τf → ∞ as the

imposed stress is decreased towards the yield stress Σ → Σy.) Various relations

between the fluidisation time and the imposed stress have been attributed to this

behaviour [11, 28, 42, 64, 66, 118, 150], but no consensus as to the origin and correct

formula for it has yet been agreed.

Shear banding: It has also recently been reported that transient shear banding

arises during the rapid increase of the shear rate up until the inflection point of the

shear rate in time γ̇(t) [42,64]. In fact, it was shown that the time at which the sys-

tem returned to homogeneous shear following transient shear banding corresponded

directly to the inflection point in γ̇(t) [42], a result which has also been shown to

occur in simulations of the SGR model [117]. We will show in Chapter 4 that these

results are in direct agreement with the times up to which the system is predicted
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to be linearly unstable to shear banding by the criterion for the step stress protocol.

Motivated by the observation of shear banding in relation to the fluidisation

behaviour, we will investigate the power law creep and the relation between the

imposed stress and fluidisation time in the SGR model in Section 4.5. The author

thanks Dr. Thibaut Divoux for motivating this research.

2.2.3 Glassy polymeric materials

Linear polymers quenched to just below their glass transition temperature Tg show

many of the features of the above soft glassy systems, but have additional complexity

arising from polymeric contributions to the stress [158]. Various models have been

proposed that aim to combine the underlying polymer dynamics with the glassy

features of ageing and deformation induced rejuvenation [30–32,73,84,164].

A recent model [that we will for convenience throughout this thesis refer to as

the ‘glassy polymer’ (GP) model] [58, 59] begins its description of glassy polymers

by distinguishing between the ‘fast’ and ‘slow’ degrees of freedom in short and large

sections of a polymer chain, respectively. The short-scale, faster degrees of freedom

control the rate of rearrangement of local segments of the polymer chain. To include

the glassy dynamics of the polymer chains, the model considers the relaxation time

of the short-scale degrees of freedom, i.e., the segmental relaxation time τ(t), to

have its own time- and strain rate- dependent dynamics that describe ageing and

rejuvenation. The model has been shown to accurately describe the dynamics of

the segmental relaxation time τ(t) found in experiments using an extensional defor-

mation protocol [88]. These experiments show that the segmental relaxation time

initially decreases dramatically during the early stages of extensional deformation

under a constant load, after which it reaches a minimum concurrent with the onset

of strain hardening, and thereafter rises indefinitely [88]. Fielding et al. [58] demon-

strated that the GP model semi-quantitatively reproduces these results; see Figure

2.2.3.

The initial response to a constant extensional load of glassy polymers is similar

to that of simple soft glassy fluids under shear stress described above: the extension

rate (equivalently the shear rate in SGMs) first decreases during creep, followed by
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(a) (b)

Figure 2.2.3: Glassy polymers under a constant extensional force in the GP model
from Ref. [58] in (a) and in experiments of PMMA in the glass phase (T < Tg) from
Ref. [88] in (b). Note that the load is removed at t ∼ 9000s. Top: local strain in time
(solid/dashed line in (a) with ‘crinkle’ factor θ = 0.1, 1, respectively, see Ref. [58]).
Bottom: segmental relaxation time. Sub-figure (a) reproduced with permission from
Ref. [58] copyright 2012 American Physical Society, and (b) Ref. [88] reprinted with
permission from AAAS.

a sudden ‘fluidisation’ caused by shear induced rejuvenation whereby deformation

induces a decrease in the viscosity (in polymer glasses this is due to a shear induced

increase in the segmental mobility) and thus a faster extension rate resulting in

a feedback mechanism. However, during this fluidisation process ‘strain hardening’

occurs, curbing the growth of the extension rate and causing the system to ‘re-vitrify’

whereby the segmental mobility decreases [58,59,88].

The GP model is based on a similar formulation to that of the Eindhoven Glassy

Polymer (EGP) model [84, 164]. However, unlike the GP model, the EGP model

includes factorable effects of ageing and strain induced rejuvenation, resulting in

a rate of increase of the relaxation time τ̇ (i.e., rate of ageing) during rest that is

permanently affected by any strain induced rejuvenation; e.g., τ̇ is different before

and after a step strain [58]. This is contrary to results of phenomenological and

mesoscopic models for non-polymeric glassy systems, and was argued [58] to render

the EGP model incapable of reproducing the dramatic ‘dip’ of τ concurrent with

the onset of strain hardening seen in experiment in the extensional geometry, see
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Figure 2.2.3.

In Chapter 6 we will investigate analogous creep tests to those in Ref. [58] in

the shear geometry, where we will also investigate the possibility of transient shear

banding.

2.3 Shear startup

2.3.1 Polymeric fluids

Steady state and time-dependent shear banding in entangled polymer melts and

solutions have been intensively studied in the last seven years since banding was first

discovered to arise by Wang and co-workers in Ref. [168]. Actually, shear banding

has been thought possible in entangled polymer melts for over two decades [155],

following the prediction of a nonmonotonic constitutive curve for these materials in a

model by Doi and Edwards [47]. This model considers a test chain to be constrained

within a ‘tube’ of confinements provided by a mean field of entanglements with

other polymers; an idea which formed the basis for many subsequent ‘tube’ based

models [67, 78,92,105,108,109,127].

In contrast, steady state shear banding in wormlike micellar solutions has been

confirmed and studied experimentally for nearly two decades [16,70,71,76,89,95–97,

110,144], owing to a significantly smaller problem of edge fracture in these materials

compared to entangled polymer melts (apparently due to their much smaller elastic

moduli) [18,151]. These results followed predictions of a nonmonotonic constitutive

curve in a model by Cates [27, 155] that combined entangled polymer relaxation

mechanisms from Doi and Edwards’ theory with the additional mechanism of ‘tube

breaking’ specific to wormlike micelles, which can reversibly break and reform.

The most recent research on entangled polymer solutions or melts [17–20, 77,

136, 138, 161] and wormlike micelles [16, 76] shows that shear banding in startup is

not limited to steady state flow, but also arises during the time-dependent response

after the stress overshoot, i.e., during the negative slope of stress in strain ∂γΣ < 0.

(This stress overshoot commonly arises in these materials for imposed shear rates

that are faster than the rate at which stress is relaxed in the material.) Time-
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dependent shear banding of this form was not only found to arise in samples that do

shear band at steady state, where the magnitude of time-dependent shear banding

is generally much greater than that found at steady state [18, 19, 136, 138, 162], but

also found to occur in less well entangled polymer solutions that do not shear band

at steady state [19, 77, 138]. It has also been shown that time-dependent shear

banding can be so pronounced that elastic-like recoil with negative local velocities

can arise [18,19,138].

Similar results of time-dependent shear banding associated with the stress over-

shoot have been found in a two species elastic network model [174]; in molecular

dynamics simulations of polymer melts [26]; and in the rolie-poly (RP) model [2–4]

that can have either monotonic or nonmonotonic constitutive curves, depending on

the value of its parameter β. The last of these is a model for entangled polymer

melts based on the ‘tube’ theory of Doi and Edwards; we will fully describe the

RP model in Chapter 3 for use throughout this thesis. A detailed investigation

of time-dependent shear banding during shear startup in the rolie-poly model was

performed by Adams et al. in Refs. [2–4]. The authors showed that time-dependent

shear banding (including negative-velocity recoil) arose during the negative slope of

shear stress in strain for shear startup at a rate in the region of the least slope of

the constitutive curve, regardless of whether the curve was monotonic or not. They

showed that this shear banding persisted to steady state for values of the parameters

that gave nonmonotonic constitutive curves, and the magnitude of shear banding at

steady state was weaker than it had been during the negative slope of shear stress

in strain. The authors also showed that decreasing the entanglement number9 Z re-

sulted in a smaller range of shear rates for which a nonmonotonic constitutive curve

had a negative slope, so that for sufficiently small values of Z (at fixed β) the con-

stitutive curve could be rendered monotonic. All of these results are (qualitatively)

consistent with the experimental results described above.

In Chapter 5 we will derive a criterion for the onset of linear instability to shear

heterogeneity for shear startup that is independent of material type, and which shows

9In experiment this corresponds to decreasing the level of entanglement of the polymer sample;
above we described how less well entangled samples did not show steady state shear banding.
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that the negative slope of shear stress in strain does indeed contribute towards linear

instability (credit for this criterion is given to Dr. Suzanne Fielding). We will explore

the use of this criterion in the RP and Giesekus models in order to explain their

shear banding properties during shear startup. We will also show that the Giesekus

model does not show the time-dependent shear banding properties described above

for the RP model.

2.3.2 Soft glassy materials

In the Section 2.2.2 we outlined the generic rheological behaviour of soft glassy

materials (SGMs), focussing on the response to a step stress deformation. We now

build on that description of these materials with details of the response to the shear

startup protocol.

We briefly noted above that thixotropic YSF display steady state shear banding

for imposed shear rates below a critical value γ̇ < γ̇c [37,51,107,114,126,141], which

is thought to be due to an underlying negatively sloping branch of the constitutive

curve that extends to the zero shear rate limit γ̇ → 0 [34–36, 57, 103, 106, 112, 128,

141]. However, it has also been shown that thixotropic YSF show time-dependent

shear banding during the negative slope of shear stress in strain ∂γΣ < 0 after the

overshoot, which returns to a state of homogeneity at steady state for imposed shear

rates greater than this critical value γ̇ > γ̇c [107].

Transient shear banding that again arises during the negative slope of the shear

stress in strain ∂γΣ < 0 has also been found in simple YSF that do not show steady

state banding [43,45]. Similar results are found in numerics of a shear transformation

zone model [100] and also in the SGR model [116], where both have monotonic

constitutive curves. In the latter, the peak value of the shear stress at the overshoot

(and also the strain at which it occurs) was shown to increase with the age of the

sample10. This is consistent with experimental work on carbopol microgels that

found the peak shear stress and strain to both increase logarithmically with the age

of the sample and the imposed shear rate [43]. Similar results for the peak stress

10The age of the sample is the time elapsed between sample preparation and the onset of defor-
mation.



2.4. Strain ramp 28

dependence on the waiting time and shear rate have also been found in molecular

dynamics simulations of a Lennard-Jones glass [165].

In Chapter 5 we will investigate the response of a scalar fluidity model (that

has a monotonic constitutive curve) to shear startup, and show that similar age-

dependent transient shear bands to those found in experiments and simulations of

the SGR model arise.

2.3.3 Glassy polymeric materials

Under extensional deformation at a constant strain rate ε̇, polymer glasses show an

overshoot of the tensile stress as a function of strain similar to that of the shear

stress in strain of non-polymeric glasses in the shear geometry (described in Section

2.3.2). It has also been shown that the peak stress at the overshoot rises with the age

of the sample and the imposed strain rate [84,164], as found in the shear equivalent

in non-polymeric glasses described in Section 2.3.2. However, in polymer glasses

this tensile stress overshoot is followed by an indefinite rise of the stress due to

strain hardening. The glassy polymer model shows qualitatively similar behaviour

during extension at a constant strain rate ε̇ [58]. Startup in the shear geometry is

expected to give similar results of an overshoot and subsequent indefinite rise of the

shear stress. We will show this to be true in the GP model during shear startup

in Chapter 5, where we will also investigate the possibility of shear bands arising

during the negative slope of shear stress in strain.

2.4 Strain ramp

So far, we have described the experimental and theoretical literature regarding the

response of soft glassy materials and entangled polymeric materials above and below

the glass transition to both the step stress and shear startup protocols. We will now

describe the relevant experimental and theoretical literature regarding the response

of (non-glassy) entangled polymeric materials to a strain ramp deformation. Note

that in experiment the rate of a strain ramp is usually set by the inertial limitations
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of the rheometer, and the stress relaxation response to different ramp rates is not

commonly investigated. The protocol is usually referred to as a step strain protocol,

which we will also refer to it as in what follows.

We do not know of any reports of shear rate heterogeneity during stress relax-

ation after a strain ramp in soft glassy materials. This lack of experimental evidence

is consistent with our predictions in Chapter 6: there, we will use the general cri-

terion for the onset of linear instability to the growth of shear rate perturbations

specific to the strain ramp protocol to explain why we do not expect any shear rate

heterogeneity during stress relaxation in such materials.

2.4.1 Polymeric fluids

Stress relaxation function in experiment

The shear stress relaxation behaviour of polymeric materials after a step strain has

been studied for over four decades [47, 49, 85, 121–124, 142, 146, 166]. The general

form of the shear stress relaxation function11 Σ(t′, γ0) resulting from different step

strains of amplitude γ0 is shown in Figure 2.4.1 (a). Here, the shear stress has been

scaled by the strain amplitude, such that Σ(t′, γ0) = γ0G(t′, γ0), which defines the

nonlinear elastic modulus G(t′, γ0). For small strain amplitudes γ0 � 1 the response

is linear: the stress relaxation function depends linearly on γ0 and follows a single

exponential decay on a timescale τd; see e.g., the top curve of Figure 2.4.1 (a). One

can then define the ‘linear relaxation modulus’: G(t′) = limγ0→0G(t′, γ0) that is

independent of the strain amplitude.

For larger strain amplitudes γ0 > 1 the stress relaxation function becomes non-

linear in strain and develops a double exponential decay as a function of time. The

faster exponential decay has timescale τk and is nonlinearly dependent on time and

strain, while the slower has the same timescale as the linear modulus: τd, but is

time-strain separable. This is shown in Figure 2.4.1 (b), where the nonlinear relax-

ation modulus G(t′, γ0) is scaled by a shift factor to fit the linear relaxation modulus

G(t′) at a time t′ = τd, for several strain amplitudes. Figure 2.4.1 (c) shows this

11Recall from Section 2.1.1 that t′ = t − t0 is the time elapsed since the end of the step strain,
and γ0 is the strain amplitude.
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(a) (b) (c)

Figure 2.4.1: (a) Relaxation modulus G(t′, γ0) = Σ(t′, γ0)/γ0 as a function of
time following step strains of amplitude: γ0 < 0.57 (i.e., the linear response),
1.25, 3.04, 4.0, 5.3, 6.1 (top to bottom). (b) Data of (a) shifted vertically to super-
pose at time t′ = τd by a factor − log h(γ0). (c) The shift factor h(γ0) as a function
of strain amplitude; solid line: the Doi-Edwards damping function. Figure shows
data for Polystyrene solutions reprinted with permission from Ref. [123], copyright
1982 American Chemical Society.

shift factor, known as the damping function:

h(γ0) =
G(t′, γ0)

G(t′)
, for t′ � τk (2.4.1)

as a function of the strain amplitude. The damping function has been shown

to be independent of the polymer molecular weight or concentration over a wide

range [47, 122, 123], though discrepancies occur at higher molecular weight or con-

centration [8, 121,122]; we will discuss these later.

For later use, we now also introduce the Lodge-Meissner relation [93]:

N1(t′, γ0) = γ0 Σ(t′, γ0), (2.4.2)

where N1 = Σxx − Σyy is the first normal stress difference. This relation was first

derived for viscoelastic liquids by assuming that during a step strain the material

behaves as an elastic solid. In a homogeneous, elastic solid the principle axes of the

stress tensor remain parallel to those of the strain tensor during deformation [85].

From this, it can be shown that the ratio of the first normal stress difference N1 to

the shear stress Σ is a constant equal to the strain amplitude γ0. This continues
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to be true even as both N1 and Σ relax as a function of time after a step strain;

this result is the Lodge-Meissner relation. It is expected to hold in viscoelastic

materials, e.g., entangled polymeric materials, that have an elastic response during

the step. Indeed, the relation has been shown to hold for polymer solutions and

melts generally [85], except for very well entangled materials [87] in cases that we

will discuss later.

The Doi-Edwards damping function

The primary theory used to explain this double exponential stress relaxation be-

haviour and obtain a comparable damping function12 is the Doi-Edwards (DE)

theory [47], which considers polymers to be effectively trapped within a ‘tube’ of

confinements, as explained in Section 2.3.1. Within the theory, stress relaxation fol-

lowing a step strain is predicted to occur in two stages: first, chain retraction within

the tube of entanglements that is strain and time dependent occurs on a timescale

τR, called the ‘Rouse’ relaxation time. This is followed by ‘reptation’ that is time-

strain separable occurring on a (relatively much slower) timescale τd, whereby the

polymer undergoes one dimensional diffusion along its own length out of the tube

of constraints, see Figure 2.4.2 for a schematic of these mechanisms.

retraction

reptation

Figure 2.4.2: Schematic of chain retraction and reptation relaxation mechanisms
following a large step deformation.

12For a good review of other analytical damping functions used to describe experiment see
Ref. [142].
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The predictions of the model agreed well with experiment: it was shown in exper-

iment that the time at which time-strain separability occurs t′ ∼ τk is proportional

to the entanglement Rouse relaxation time of the material: τk ∝ τR [123, 159], in

agreement with the DE prediction of time-strain separability for t′ & τR. In addition,

the resulting ‘Doi-Edwards damping function’13 hDE(γ0), which has no adjustable

parameters, has been shown to agree well with experiments on polymeric materi-

als [46, 122, 123, 142, 146]; see Figure 2.4.1 (c). Note that the DE damping function

effectively describes the fraction of the total stress relaxation that occurs through

reptation only.

The damping function has been used extensively in both experiment and theory,

in particular, as we shall describe below, it has been used to categorise materials

depending on how closely their damping functions resemble that of Doi-Edwards’.

However, since the damping function uses only information about the shear stress

once time-strain separability occurs, no information about the stress relaxation func-

tion at times t′ < τk is retained. We will show in Chapter 6 that both the stress

response during the step, and the form of the stress relaxation function resulting

from step strains performed at different rates γ̇0 (particularly at times t′ < τR), re-

veals important physics of the underlying relaxation mechanisms in the RP model.

Therefore, we will not use the damping function in Chapter 6, but will comment on

its form where appropriate.

The effect of convective constraint release

The DE theory was later refined by the inclusion of chain stretch arising in flows

faster than the retraction rate γ̇ � τ−1
R , in models such as the GLAMM model

[67], for which the rolie-poly (RP) model [92] is a single mode approximation used

extensively in this thesis. The GLAMM and RP models also incorporated additional

relaxation mechanisms, notably that of convective constraint release (CCR), the

mechanism and effect of which on the stress relaxation function we will describe

below.

In the RP model and in the absence of the CCR mechanism, stress relaxation

13Defined as in Eqn 2.4.1.
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after a step strain applied sufficiently quickly to cause appreciable stretch to arise

during the step, γ̇0 � τ−1
R , follows a similar double exponential decay as in the DE

model described above. First, chain stretch relaxes via chain retraction on the Rouse

timescale τR, followed by reptation on the timescale τd. For step strains performed

at rates much slower than the stretch relaxation rate γ̇0 � τ−1
R appreciable stretch

does not arise, and stress relaxation occurs only via reptation, i.e., with a single

exponential decay that is time-strain separable.

Convective constraint release (CCR) is a mechanism through which entangle-

ments forming the tube of constraints on a ‘test’ chain can be lost. This occurs

when a polymer that forms an entanglement point (or constraint) on the test chain

itself reptates or relaxes its stretch sufficiently so that one of its ends passes through

the entanglement point, thus releasing the constraint on the test chain. The con-

sequence of CCR for a system relaxing after a fast step strain (‘fast’ with respect

to stretch relaxation: γ̇0 � τ−1
R ) is that stress relaxation is accelerated during the

stretch relaxation process, i.e., at times t′ < τR. As a result, the system begins its

time-strain separable (reptation) relaxation from a lower stress, leading to a weaker

prediction of the damping function h(γ0); this was noted by the authors of the

RP model [92]. We will demonstrate and quantify this effect in the RP model in

Chapter 6, where we will also investigate its effect on the linear stability to shear

heterogeneity during stress relaxation.

Categorisation into types A, B and C

As noted above, at high molecular weight or concentration the experimentally de-

termined damping function differed from that of Doi and Edwards’ [8, 87, 121, 122].

In fact, three types of behaviour relative to the Doi-Edwards’ damping function

were found, which lead to the categorisation of the responses into types A, B or

C [121,166], as shown in Figure 2.4.3. Type A was deemed ‘normal’ behaviour: the

same as that predicted by the DE damping function, and occurred most frequently

for moderately entangled polymeric materials. Type B classified those data with

a damping function that sat above the DE predicted function, and occurred most

often for very weakly entangled systems. Type C represented those data that lay
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Figure 2.4.3: Schematic of deviations from the DE damping function. Type A data
(thick line) agrees with the DE damping function, type B (dashed) data lies above
the DE damping function and type C (solid, thin) lies below it, often displaying a
‘kink’ as shown.

significantly below the DE damping function, often having a pronounced ‘kink’ as

shown in Figure 2.4.3. Type C behaviour occurred most often in very well entangled

fluids with entanglement numbers Z & 50 [122], where the entanglement number

Z = τd/3τR [47] is known as the number of entanglements per molecule. Results

reported as type C behaviour often showed failure of the Lodge-Meissner relation

(Eqn 2.4.2) [87, 134]. For excellent reviews classifying the experimental literature

into types A to C see Osaki [121], or a more recent review by Venerus [166]. The

latter found the occurrence of type B data to be much less than A or C, while the

remaining literature appeared equally shared between A and C. That is, the DE

damping function correctly described roughly half of the experimental literature for

entangled polymers at that time. Both reviews concluded that the most likely cause

of type C data is strain localisation (possibly in the form of wall slip) [87,166], which

we now turn our discussion towards.

Strain localisation

In experiment, strain localisation in the form of ‘macroscopic motions’, i.e. non-

zero, heterogeneous local velocities: v(y, t > t0) 6= 0, has recently been shown to

occur after a step strain for sufficiently large strain amplitudes γ0 & 1.5 in both

entangled polymer melts and solutions [9, 17, 52, 91, 135, 168] and wormlike micelles

[16]. An example is shown for an entangled polymer melt in Figure 2.4.4. As
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Figure 2.4.4: (left) Stress relaxation function following a step strain in experiment
[20]. (right) resulting ‘macroscopic motions’ showing a failure plane at y ∼ 0.4mm:
the figure shows the displacement of particles at different times after shear cessation,
relative to their position at shear cessation (no displacement occurs until t − t0 ∼
15s after shear cessation). The figure shows data for an entangled polymer melt,
reprinted with permission from Ref. [20], copyright 2009 American Chemical Society.

noted in Section 2.1.3, this result was originally surprising since these materials are

generally considered to be inertialess: a ‘pepper line’ drawn across a sample as the

step ends should remain in place indefinitely. Strain localisation is no longer such a

surprising result since it is now understood that such materials readily exhibit shear

heterogeneity, for example, in the form of shear banding during startup.

An instability that could lead to such strain localisation was shown to exist in

the DE model by Marrucci and Grizzuti [104]. The DE theory predicts a maximum

in the shear stress as a function of the strain amplitude Σ(t′, γ0) at γ0 ∼ 2 when this

function is plotted at a time instant t′ ∼ τk. This results in a negative slope for some

strain amplitudes: ∂γ0Σ(t′ ∼ τk, γ0) < 0; a result that also occurs in experiment,

but is not obvious when plotting the damping function h(γ0) alone. Marrucci and

Grizzuti used a free energy calculation to show that step strains with amplitudes in

the negative slope are unstable (to heterogeneity or some form of phase separation)

once chain retraction has occurred. In Chapter 6, we will confirm that such step

strain amplitudes result in linear instability to shear heterogeneity in the RP model

once chain stretch has relaxed after shear cessation, leading to a ‘delayed’ onset of

‘macroscopic motions’ similar to those observed in experiment [20]. However, we

will show that this delayed instability can be avoided if convective constraint release

is sufficiently active. We will also derive a material-independent criterion for the

onset of linear instability to shear heterogeneity, which predicts instability for step
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strains (performed at a rate much faster than any intrinsic relaxation rate) that end

as the shear stress is a decreasing function of strain14.

In order to clarify any relation between strain localisation and type C behaviour,

Wang and co-workers [135] used different solvents to affect the degree to which wall

slip may occur in an entangled polymer solution during relaxation after a fast step

strain, whilst preserving the entanglement number, Z. Their results showed that the

same polymer can undergo all three types of behaviour depending on the ability of

the material to undergo wall slip, but in all cases ‘macroscopic motions’ (as described

above) occurred: either at the sample interior leading to type A or B behaviour,

or at the sample/wall interface leading to type C behaviour where the stress also

underwent an accelerated stress relaxation, resulting in a damping function below

that of Doi-Edwards’, i.e., type C behaviour. They therefore concluded that the

categorisation into types A, B or C bears no real meaning with regard to whether a

sample undergoes strain localisation or not. However, it appears a greater magnitude

of heterogeneity occurs in samples that readily undergo wall slip, apparently leading

to an accelerated stress relaxation that results in a weakened damping function and

type C categorisation.

The Wang group also showed that there may be a significant ‘induction time’

(during which the material relaxes homogeneously) between the end of the step and

the onset of the ‘macroscopic motions’ that arise concurrently with the onset of an

accelerated stress relaxation [17, 20]. An example is shown in Figure 2.4.4. This

‘induction time’ was reported to be significantly larger than τR, leading the group

to claim the phenomenon was not related to stretch relaxation and thus could not

be described by the DE theory (or refinements of) [20]. This is in spite of the fact

their work showed the ‘induction time’ to scale with τR [20], and also contrasts with

earlier work that indicated a good agreement of the induction time with τR [9]. The

group set forward their own theories [169,170] to describe the macroscopic motions

(and also shear banding that arises during shear startup) that rely on the idea of

the entanglement network ‘yielding’. While the DE theory considers the tube of

constraints formed by a mean field of entanglements to be indefinitely present if no

14Credit for this criterion is given to Dr. Suzanne Fielding.
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relaxation mechanisms occur, the Wang theory [169] considers an entanglement point

as a particle in a finite potential well, which may escape the well depending on the

imposed deformation. In such a picture, the ‘entanglement network’ is considered

to ‘yield’ under strong deformations, and may do so inhomogeneously.

Despite the claims of the Wang group that the DE theory and models refined

from it are unable to describe the inhomogeneous deformations observed experi-

mentally after a step strain [169], such results have been shown to occur in a two

species elastic network model [174], and in the rolie-poly model by Olmsted and

co-workers [3, 4, 6, 7] (both are founded in the DE theory). Indeed, the latter also

performed a detailed investigation on the dependence of the macroscopic motions

on the initial state of the material [6, 7]. They reported that in extreme cases a

very large shear rate can develop across a stationary point in the cell (a so-called

‘fracture’ plane), so that the local velocity is very difficult to resolve. These results

are qualitatively similar to experimental findings of a ‘failure’ plane over which the

shear rate is extremely high and the local velocity difficult to resolve [20, 52], see

Figure 2.4.4.

In Chapter 6, we will investigate the stress relaxation and linear stability prop-

erties of the RP model following strain ramps performed at different rates, including

an exploration of the effect of the convective constraint release mechanism. We will

also briefly explore the heterogeneous dynamics of the local velocity during relax-

ation after the same strain ramps in the model. (However, we will avoid overlapping

with the work of Agimelen et al. [7] who focussed on the heterogeneous dynamics

following step strains performed at a fixed rate and strain amplitude, and without

the inclusion of the convective constraint release mechanism.) We will show that

the model exhibits ‘macroscopic motions’ during stress relaxation after a fast strain

ramp that results in both type A and C behaviours, where the latter occurs only

when very large shear rate heterogeneities arise. We will also show that a transition

from type A to type C behaviour is possible in the model when the entanglement

number Z is increased, and that type C behaviour results in failure of the LM

relation. Our results are consistent with the experimental literature.



3
Theory & Methods

3.1 Introduction

This thesis aims to explore the linear stability to shear heterogeneity in time depen-

dent shear deformation protocols of three classes of material: soft glassy materials,

and entangled polymeric materials above and below the glass transition tempera-

ture. We aim to do so in a manner that explores the many shared shear banding

features shown by these materials that appear to relate more to generic signatures

in the experimentally measured rheological response functions than the specific type

of material. To do this, in each chapter that follows, we will first derive a criterion

for the onset of linear instability to shear heterogeneity that is independent of fluid

or model type, and is specific to the deformation protocol studied in that chapter.

Credit for these criteria is given to Dr. Suzanne Fielding. We will then demonstrate

the use of these criteria during an investigation of the rheological response to defor-

38
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mation of models for each class of material: the rolie-poly (RP) and Giesekus models

for polymeric fluids; the soft glassy rheology (SGR) model and scalar fluidity model

for soft glassy materials; and the glassy polymer (GP) model. We therefore begin

this chapter with a brief overview of each of these models and provide an outline of

their associated constitutive equations.

In order for the criteria that we shall derive for the onset of banding to be fully

general (without the need for specifying a model or fluid type), we will outline in

Section 3.3 a ‘general framework’ into which all the above models fit, for a planar

shear flow. The subsequent investigation in each chapter of the stress or shear

rate response during deformation in each model will use this ‘general framework’

throughout to aid a clear presentation of the results, thereby avoiding the redefinition

of any variables. Within this general framework, we then outline in Section 3.4

the basic concept of a time-dependent linear stability analysis that will be used

extensively in Chapters 4, 5 and 6. We also explain the different ‘noise’ conditions

that seed the growth of heterogeneity in Section 3.5.

Finally, an explanation of the numerical methods required for solving such consti-

tutive equations with or without heterogeneity allowed in the flow gradient direction

are detailed in Appendix I, where we also detail the numerical methods for the SGR

model.

3.2 Models

We now outline the models used in this thesis: the rolie-poly and Giesekus models

for (non-glassy) polymeric fluids, the scalar fluidity and soft glassy rheology models

for SGMs, and the glassy polymer model. We have specifically chosen not to study

the Johnson-Segalman model [82] that has been widely used to model entangled

polymeric materials as it has recently been shown to exhibit unphysically large

shear stress oscillations at high shear rates [174].

We begin with an outline of the theoretical rheology required to employ the

models described in this section.
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Force balance, incompressibility and flow geometry

As described in Chapter 1, complex fluids contain mesoscopic substructures that

dominate their rheological response to deformation [86]. In this chapter we will

outline the basic features of a theoretical framework that can be used to address the

rheology of complex fluids. We begin by decomposing the total stress in any fluid

element into ‘viscoelastic’ and Newtonian solvent parts (plus an isotropic pressure):

Σ = G(σ − I) + 2ηD − pI. (3.2.1)

Here p is the pressure, determined by the incompressible flow condition∇·v = 0, σ is

the viscoelastic conformation tensor, η the Newtonian solvent viscosity, G an elastic

modulus for the viscoelastic substructure, and D = 1
2
(K + KT ) where Kαβ = ∂βvα

is the velocity gradient tensor. The ‘viscoelastic’ stress G(σ− I) is the contribution

to the total stress from the aforementioned substructure, e.g., from the polymeric

or soft glassy degrees of freedom, and will thus be specified by the constitutive

equations of the appropriate model, e.g., the rolie-poly model1. The ‘Newtonian

solvent’ contribution may actually be due to the presence of a solvent, or may simply

represent the viscous stresses arising from the extremely fast degrees of freedom of

the material not described by the model for the viscoelastic stress.

For most experimental regimes of the highly viscoelastic materials of interest

in this thesis, the viscous forces are usually much greater than the inertial ones,

resulting in a very small Reynolds number Re � 1. In this thesis we will use the

creeping flow limit Re→ 0 throughout, leading to the force balance equation:

∇ · Σ = ∇ ·
[
G(σ − I) + 2ηD − pI

]
= 0. (3.2.2)

As introduced in Section 2.1 above, we shall consider the shear flow of a sample

confined within two infinitely long parallel (to the x, z directions) plates situated at

1Note that we have defined the viscoelastic conformation tensor as that which relaxes to the
identity tensor at rest so that the ‘extra stress’ from the viscoelastic substructure G(σ − I) → 0.
We could equally define it as that which relaxes to the zero tensor at rest by substituting σ̂ = σ−I
in the above and all that follows, including the constitutive equations in each model below.
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y = {0, L}. The top plate is moved in the x direction, and translational invariance in

the x, z directions is assumed so that the flow inside the cell: v = v(y, t)x̂. We define

the local shear rate γ̇(y, t) = ∂yv(y, t) and also the spatially averaged (or ‘global’)

shear rate: γ̇(t) ≡ 1
L

∫ L
0
γ̇(y, t)dy. Eqn 3.2.2 then results in the condition of uniform

total shear stress across the cell ∂yΣxy = 0, rendering the decomposition of the total

stress into viscoelastic and Newtonian solvent parts Σxy = Gσxy(y)+ηγ̇(y) essential

for the description of shear banded flows in which the shear rate and viscoelastic

shear stress vary across the cell.

For clarity of presentation, and since we will usually be considering the dynamics

of the shear stress, where Σ, σ appear unembellished in this thesis we are referring

to the total shear stress Σxy ≡ Σ (or simply, ‘the stress’) and the viscoelastic shear

stress Gσxy ≡ Gσ. Unless otherwise specified, we shall use units in which the cell

width L = 1 and the elastic modulus G = 1 throughout (except within the derivation

of the criteria where we leave G variable for generality). Due to this choice of units

for G we may think of σ as the viscoelastic shear stress, even though it is (strictly

speaking) the viscoelastic shear conformational variable.

Choice of shearing protocol

In Section 2.1.1 we outlined three shearing protocols that we will use in Chapters 4,

5 and 6 respectively, these are: step stress, shear startup and strain ramp.

Step stress: in this protocol a constant shear stress Σ is imposed, and the dy-

namics of the shear rate vary in time via: γ̇(y, t) = 1
η

[Σ−Gσ(y, t)] (see Eqn 3.2.1,

note that by force balance Σ is spatially constant). Here, σ(y, t) is obtained from the

relevant constitutive equation in which γ̇(t) is now time-dependent. Recall that the

spatially averaged (or ‘global’) shear rate can be found by: γ̇(t) = 1
L

∫ L
0
γ̇(y, t) dy.

Shear startup: in this protocol a constant shear rate γ̇ is imposed and the dynam-

ics of the total shear stress vary in time via: Σ(t) = Gσ̄(t)+ηγ̇ (here bars denote spa-

tially averaged values). Again, note that Σ(t) is spatially constant by force balance.

Both σ and γ̇ vary spatially: σ(y, t) is found from the relevant constitutive equation

and the local shear rate found by force balance: γ̇(y, t) = G
η

[σ̄(t)− σ(y, t)] + γ̇.

Strain ramp: a strain ramp is simply a fast shear startup where the imposed
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shear rate γ̇ is set to zero after some strain γ0 = γ̇t0 has been met, and therefore

the above applies directly to this protocol with γ̇ = 0 for t > t0.

Models with age-dependence

So far, we have assumed the material’s response to deformation to be time transla-

tional invariant so that the choice of t at which deformation is applied is arbitrary.

However, soft glassy materials often show rheological responses that have depen-

dence on the ‘waiting time’ or ‘age’ of the sample, i.e., on the elapsed time between

sample preparation and the onset of deformation. The scalar fluidity, SGR and

glassy polymer models all have age-dependence, and as such we define the time

elapsed since the onset of deformation as ∆t = t− tw, where tw is the ‘waiting time’

and t the total time elapsed since sample preparation. The rheological protocol for

age-dependent materials is shown in Figure 3.2.1.
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Figure 3.2.1: A schematic for the rheological protocol for materials with age depen-
dence. A sample is prepared at t = 0 and left at rest until a time t = tw when
deformation is imposed (this schematic assumes the deformation to be either a step
stress or shear startup protocol). We define the time elapsed since the onset of
deformation as ∆t = t− tw.

3.2.1 Rolie-poly model

Entangled polymer melts are usually modelled by considering a test chain that

is constrained laterally to its local primitive path [solid line in Figure 3.2.2 (b)]
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by a mean field provided by entanglements2 with other polymers. Edwards [48]

proposed that this effectively creates a ‘tube’ of confinement around the chain, as

shown in Figure 3.2.2. It was further suggested by de Gennes [40] that the polymer

chain would undergo one dimensional diffusion along its own length and eventually

escape the tube of constraints; unoccupied tube segments are then forgotten as the

chain progressively recovers an isotropic distribution of entanglements. This process

was termed ‘reptation’ by its analogy with snake-like motion. The most popular

‘tube model’ to result from these initial steps was that of Doi and Edwards [47]

(which we term the ‘DE’ theory from here on) whose basic treatment of polymers

we briefly outlined in Chapter 2. The theory was an important step in modelling

entangled polymers. In particular, it gave good agreement with the experimentally

determined ‘damping function’ (as shown in Chapter 2). The theory also predicted

the timescale for reptation to be proportional to the cube of the molecular weight of

the chains: τd ∝ M3, which is very close to the experimental result τd ∝ M3.4 [47].

However, the theory did not incorporate the relaxation mechanism of convective

constraint release (CCR), which describes how constraints forming the tube can be

lost when the polymer forming the entanglement itself reptates or retracts through

that point; nor the mechanism by which contour length fluctuations (CLF) allow

constraints at the ends of the tube to be lost. The theory also did not allow for

chain stretch during strongly nonlinear flows with deformation rates approaching

the inverse Rouse time, e.g., during shear flow at rates γ̇ > τ−1
R . Many models based

on the original DE theory were developed in an attempt to include such mechanisms

[78, 105, 108, 109, 127] including the GLAMM model [67], that provides a stochastic

microscopic equation of motion for the chain and the surrounding tube. However, the

GLAMM model is computationally intensive; two of its authors therefore derived a

single mode approximation to the model for the description of the stress or flow rate

response to deformation, by removing the contour dependence from the full GLAMM

theory. This single mode approximation is the rolie-poly (ROuse LInear Entangled

POLYmers or ‘RP’) model [92], whose constitutive equation for the viscoelastic

2Such entanglements are considered to be dynamic (rather than static) entities.
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Figure 3.2.2: (a) Representation of the tube model: points represent the intersection
of surrounding polymers with the view plane — the entanglement points surround-
ing the test chain effect a ‘tube’ of constraints. (b) Schematic of stress relaxation
mechanisms in the RP model: 1) reptation, 2) constraint release, 3) stretch relax-
ation.

conformation tensor is given by:

∂tσ = K · σ + σ ·KT − 1

τd

(
σ − I

)
− 2(1− A)

τR

[
σ + βA−2δ

(
σ − I

)]
, (3.2.3)

where A ≡
√

3/T , T ≡ trσ denotes the magnitude of chain stretch in the system,

and K is the deformation tensor as defined previously. The timescale τd is the

‘reptation’ time: the timescale on which a test chain escapes its tube of constraints

by undergoing 1D diffusion along its own length. τR is the Rouse relaxation time:

the timescale on which chain stretch relaxes; these two relaxation times are related

by the number of entanglements on a chain: Z = τd
3τR

[47]. β is the convective

constraint release (CCR) parameter that describes the efficacy of constraint release

events3, and has range 0 ≤ β ≤ 1, see Figure 3.2.2 for a schematic of these three

mechanisms. δ is a parameter also related to convective constraint release that,

following Ref. [92], we set to δ = −1
2
throughout this thesis. Unfortunately, the

CCR parameter is difficult to directly relate to experiment and there is no consensus

on its correct value, though a small value β ∼ 0 was used by the authors to best

fit the experimental data [92]. In addition, a recent study using a diffusive form of

the model found ‘fracture-like’ velocity profiles after a step strain for similarly small

values of β, that are qualitatively similar to experiments on entangled polymeric

3More specifically, it is related to the number of constraint release events required to result in
a portion of the tube ‘hopping’ a distance of the tube diameter.
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materials [7]. In Chapter 6 we will investigate the effect of varying β on the stress

relaxation via the stretch and orientation relaxation mechanisms following a fast

ramp-strain, and its resulting effect on linear instability to shear banding. We will

also allow β to vary in Chapter 5 where its effect on the overall shear banding

properties will be investigated.

Componentwise, in a homogeneous shear flow at rate γ̇ the constitutive equations

reduce to4:

∂tT = 2γ̇σ − 1
τd

(T − 3) −2(1−A)
τR

[T + βA (T − 3)] ,

∂tσ = γ̇σyy − 1
τd
σ −2(1−A)

τR
(1 + βA)σ,

∂tσyy = − 1
τd

(σyy − 1) −2(1−A)
τR

[σyy + βA (σyy − 1)] ,

(3.2.4)

resulting in a system with three dynamical variables.

In the limit of fast stretch relaxation τR → 0 Eqn 3.2.3 reduces to: [92]:

∂tσ = K · σ − 1

τd

(
σ − I

)
− 2

3
tr
(
K · σ

) [
σ + β(σ − I)

]
, (3.2.5)

with constant chain stretch T → 3. We denote this the ‘non-stretching’ RP (nRP)

model and the former (Eqn 3.2.3) the ‘stretching’ RP (sRP) model in what follows.

We also chose units in which τd = 1 and consider small solvent viscosities η � Gτd.

Componentwise, the non-stretching RP model is given by:

∂tσ = γ̇
[
σyy − 2

3
(1 + β)σ2

]
− 1
τd
σ,

∂tσyy = 2
3
γ̇ [βσ − (1 + β)σyyσ] − 1

τd
(σyy − 1) ,

(3.2.6)

i.e., having only two dynamical variables.

Steady state behaviour

The original DE model results in a negative slope of shear stress in strain ∂γ̇Σ < 0

in the constitutive curve caused by the ‘over-alignment’ of the chains during flow at

rates γ̇ > τ−1
d . Originally this was considered a major failing of the DE model as

no evidence of steady state shear banding that would arise from such a constitutive

4Recall that we define σ ≡ σxy and T ≡ trσ.
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Figure 3.2.3: Steady state constitutive curves in the non-stretching RP model for
two values of β = 1, 0 in (a), (b), respectively. These are obtained by imposing
either a constant shear rate γ̇ and measuring the steady state total shear stress
response Σ(γ̇, t→∞) (solid line), or a constant total shear stress Σ and measuring
the steady state shear rate response Σ[γ̇(t → ∞)] (circle symbols). Convergence
of the constitutive curves from these two protocols is obtained only for monotonic
constitutive curves. Solvent viscosity: η = 10−3, and homogeneity is enforced in the
flow gradient direction.

instability existed for entangled polymeric materials at that time. The RP model

was then considered a successful step forwards from the DE model, since the action

of CCR can increase the total shear stress and remove the negative slope entirely.

This is possible because constraint release events cause the tube to make stochastic

‘hops’, so that the tube itself obeys Rouse dynamics. This small deviation from an

‘over-aligned’ state that caused the original constitutive instability can result in a

sufficient increase of the total shear stress to result in a monotonic constitutive curve

(for sufficiently large values of β; for small values of β a nonmonotonic curve persists

— see Figure 3.2.3). As described in Chapter 2, entangled polymeric materials have

recently been shown to undergo steady state shear banding for imposed shear rates

on the weakest slope of the flow curve, indicating that an underlying nonmonotonic

constitutive curve may actually be correct for these materials.

Figure 3.2.3 shows our numerical results for the steady state constitutive curve

for the non-stretching RP model obtained by imposing a constant shear rate γ̇ and

measuring the total shear stress response Σ(γ̇, t → ∞). Note that homogeneity is

enforced — this is the definition of the ‘constitutive curve’ that we defined earlier.

We also plot the constitutive curve obtained by imposing a constant total shear
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stress5 and measuring the steady state shear rate response γ̇(t→∞). The constitu-

tive curves obtained through each protocol differ only when the chosen parameters

result in a nonmonotonicity in the constant shear rate protocol. The response under

the step stress protocol then results in ‘top-jumping’ of the shear rate response when

the imposed stress exceeds that of the underlying maximum Σmax; we investigate

this later in Chapter 4.

In the full (sRP) model (Eqn 3.2.4) there are three regimes of the constitutive

curve depending on the imposed shear rate: i) γ̇ < τ−1
d : the linear regime where

the total shear stress increases linearly with shear rate; ii) τ−1
d < γ̇ < τ−1

R : a middle

regime whose slope depends on CCR (see next); and iii) γ̇ > τ−1
R : the high shear rate

regime in which CCR and chain stretch are the dominant relaxation mechanisms,

and the total shear stress again increases with the shear rate6 (note that here we

have assumed η � GτR). The second (ii) region is negatively sloping if τR � τd are

sufficiently well separated (i.e., at sufficiently high entanglement number Z) and β

and η are sufficiently small, see Figure 3 of [2].

3.2.2 Giesekus model

A constitutive equation for concentrated polymeric solutions or melts was derived

by Giesekus [65], who considered that dumbbells oriented due to flow would result

in anisotropic drag on the surrounding dumbbells. Giesekus began with the Upper

Convected Maxwell model for dilute solutions and assumed the viscoelastic stress

tensor would be proportional to an anisotropic mobility tensor, with a proportion-

ality constant α. The resulting constitutive equations have the form:

∂tσ = K · σ + σ ·KT − 1

λ

(
σ − I

)
− α

λ

(
σ − I

)2
, (3.2.7)

where λ is the relaxation time which we set to λ = 1 from here on, and α is the

anisotropy parameter with range 0 ≤ α ≤ 1. With α = 0 anisotropy does not

affect flow and the Upper Convected Maxwell (UCM) model is recovered, while the

5Recall from Chapter 2 that in the step stress protocol a constant Σ is imposed and the dynamics
of γ̇(t) are time dependent.

6For δ ≤ 0 the gradient of this increase follows: Gτd/(6Z + 1)2 + η [2].
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Figure 3.2.4: Steady state constitutive curves in the Giesekus model for two values
of α = 0.6, 0.8 in (a), (b), respectively. These are obtained by imposing either a
constant shear rate γ̇ and measuring the steady state total shear stress response
Σ(γ̇, t → ∞) (solid line), or a constant total shear stress Σ and measuring the
steady state shear rate response Σ[γ̇(t → ∞)] (circle symbols). Convergence of
the constitutive curves from these two protocols is obtained only for monotonic
constitutive curves. Solvent viscosity: η = 10−3, and homogeneity is enforced in the
flow gradient direction.

maximum anisotropic drag is achieved with α = 1. Componentwise, in shear flow

at rate γ̇ the constitutive equations reduce to:

∂tσxx = 2σγ̇ − 1
λ

(σxx − 1) −α
λ

[
σ2 + (σxx − 1)2] ,

∂tσ = γ̇σyy − 1
λ
σ −α

λ
σ [(σxx − 1) + (σyy − 1)] ,

∂tσyy = − 1
λ

(σyy − 1) −α
λ

[
σ2 + (σyy − 1)2] ,

(3.2.8)

resulting in a system with three dynamical variables.

Provided a spectrum of relaxation times λi is used7, the Giesekus model shows

good agreement with the experimentally measured steady shear viscosity [10,23,24,

131] and damping function [83] found in polymeric materials. The Giesekus model

is also considered useful in modelling entangled polymeric materials as it admits

both nonmonotonic and monotonic constitutive curves depending on the values of

α and η (see Figure 3.2.4). Indeed, it has been successful in modelling the steady

state shear banding properties of entangled wormlike micelles [70,71].

7This is called a multi-mode approach. It involves evolving N modes each with its own vis-
coelastic conformation tensor σ

i
and relaxation time λi using Eqn 3.2.7. The total stress is then

found by summing over all modes Σ =
∑N
i Giσi, where Gi are the elastic moduli of each mode.
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The steady state constitutive curve obtained under an imposed shear rate in the

Giesekus model is shown in Figure 3.2.4, where we also show the constitutive curve

obtained via an imposed stress. As we also found in the RP model, these curves

converge only for monotonic curves obtained through the former protocol.

3.2.3 Soft glassy rheology model

The ‘soft glassy rheology’ (SGR) model [154] describes disordered soft materials

such as emulsions, dense colloidal suspensions, and surfactant onion textures. Under

shear the system initially deforms elastically until the energy barrier for the rear-

rangement of particles is overcome and the particles rearrange in a plastic ‘yielding’

event. This situation may be represented by a ‘particle’ picture in which a particle

in an energy well or ‘trap’ can gain elastic strain energy due to deformation, but

given sufficient energy will ‘hop’ out of its trap.

To be more precise, the model captures this particle picture by defining meso-

scopic ‘elements’ that are large enough to define a local strain variable l associated

with the element, but small enough that the strain can be considered constant across

it. Each element is trapped in a potential energy well (or ‘trap’) of depth E. El-

ements gain elastic strain energy 1
2
kl 2 on the application of external deformation,

where the local strain rate follows the macroscopic (global) strain rate l̇ = γ̇, and

k is an elastic constant that we set to k = 1 throughout by rescaling all stress and

strain variables. (Before the onset of deformation the macroscopic strain is zero:

〈l〉 = 0; we follow Refs. [54, 62] and achieve this by setting all element strains l = 0

before deformation is applied.) If the element escapes the trap (called ‘yielding’) l

is returned to zero and a new trap of depth E is chosen from an exponential distri-

bution ρ(E) = e−E/xg for the element (where xg is a constant that we define below).

Yielding occurs via activated ‘hopping’ over the energy barrier E− 1
2
kl 2 with a rate8

Γ0 exp
[
−(E − 1

2
kl 2)/x

]
, see Figure 3.2.5 for a schematic of these processes. Here,

Γ0 is an attempt rate that we set to Γ0 = 1 throughout9, and x is the effective

noise ‘temperature’. Such ‘noise’ is expected to describe in a mean field way the

8This defines the hopping (or relaxation) time of an element: τ(E, l) = τ0 e
(E− 1

2kl
2)/x.

9Equivalent to setting the microscopic relaxation time τ0 = 1.
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Figure 3.2.5: Schematic of particle hopping in the SGR model. Under external
deformation particles gain elastic strain energy E = 1

2
kl2 at a rate governed by l̇ = γ̇.

However, with a rate depending on the noise temperature x, they undergo activated
‘hopping’: the particle escapes the energy well, its strain is reset l→ 0 and it enters
a new energy well of depth E ′ chosen from a prior distribution ρ(E ′) = e−E

′/xg

uncorrelated to the previous energy depth. Figure adapted from Ref. [153].

interaction with yielding events elsewhere in the system. Note that this ‘noise’ is

not thermal in origin — the magnitude of thermal fluctuations is considered to be

too small to activate yielding events in realistic soft glassy materials: E � kBT . In-

corporating all of the above, the time-dependent probability distribution of element

strains and trap energies P (l, E, t) obeys the governing equation:

∂tP = −γ̇ ∂P
∂l
− Γ0e

−(E− 1
2
kl2)/xP + Γ(t) ρ (E) δ(l). (3.2.9)

On the right-hand side of this equation, the first term describes the increase of

strain energy of particles in between hopping events due to external deformation.

The second describes activated hopping of particles out of their traps, and the third

chooses a new trap of energy depth E for the particle to enter after a yielding event,

and sets the particle strain to zero [δ(l) is the Dirac delta function]. In Eqn 3.2.9,

Γ is the total yielding rate:

Γ = Γ0

〈
e−(E− 1

2
kl 2)/x

〉
P

= Γ0

∫
e−(E− 1

2
kl 2)/x P (E, l, t) dE dl. (3.2.10)

The macroscopic shear stress is the average over all local element stresses Σ = kl:

Σ(t) = k 〈l〉P = k

∫
l P (E, l, t) dE dl. (3.2.11)
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(Note that the model is scalar in that it considers the shear stress to be uncou-

pled from all other stress tensor components.) In the absence of flow the model

corresponds to Bouchaud’s trap model [80, 81, 115] in which x = xg defines a glass

transition: for x > xg the particle energy distribution P (E, t) evolves towards a

Boltzmann distribution. For x < xg the equilibrium distribution of energies is not

normalisable and the average relaxation time 〈τ(E)〉 → ∞; the particles evolve se-

quentially into deeper and deeper traps, i.e., the system ages. Under steady shear

this process is halted as the strain of an element constantly increases via l̇ = γ̇ so

that even the deepest traps can be escaped. However, the transient stress response

to imposed shear is found to be strongly age-dependent [54, 62], with a more pro-

nounced stress overshoot for older systems before the stress relaxes onto its final

age-independent value in steady state [116]. Throughout we set xg = 1 so that

x = 1 defines the glass transition. The constitutive curve follows (in the small shear

rate limit that we are interested in γ̇ � 1) [153]:

Newtonian regime Σ ∝ γ̇ for x > 2,

Power law regime Σ ∝ γ̇x−1 for 1 < x < 2,

‘glass phase’ Σ− Σy ∝ γ̇1−x for x < 1.

(3.2.12)

Note that in the glass phase x < 1 the constitutive curve has a yield stress Σy(x).

The linear and nonlinear responses to shear startup, step strain and step stress

protocols have been studied in detail by Fielding and co-workers [54, 62]. In the

step stress protocol above the glass transition 1 < x < 2, they determined a creep

power law relation for the shear rate as a function of time10: γ̇ ∼ ∆tx−2 that is

valid as long as the response remains linear; the authors found this persists to times

∆tf ∼ Σ1/(1−x), at which crossover into the steady state flowing regime occurs.

In Chapter 4 we will show that this crossover time is indeed proportional to the

‘fluidisation time’ τf defined in Section 2.2.2.

In the ‘glass phase’ x < 1, the authors found logarithmic creep γ̇ ∼ ∆t−1 in the

linear regime at ‘long’ times, i.e., for Σ � 1 and times ∆t � tw, which apparently

10Recall that in models with age-dependence ∆t defines the time elapsed since the onset of
deformation, where ∆t = t− tw, and tw is the ‘waiting time’.
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Figure 3.2.6: Yield stress Σy(x) as a function of the noise temperature; data kindly
provided by Prof. Peter Sollich [153].

persists for larger Σ → Σy (approaching from below). However, no creep law was

found for ‘short’ times ∆t � tw for stresses far below the yield stress, nor did the

authors verify logarithmic creep for Σ > Σy at either long or short times. We explore

both of these creep regimes in Chapter 4, along with a relation for the fluidisation

time τf . This is relevant to the aim of this thesis as it has recently been shown that

transient shear banding arises in SGMs during the fluidisation process, onset at the

end of the creep regime [42, 64]. Note that the power law relations determined in

Chapter 4 use the yield stress Σy(x), values for which were kindly provided by Prof.

Peter Sollich, and are shown in Figure 3.2.6.

Finally, we note that the probability distribution P (E, l, t) can be cast into

infinitely many stress and fluidity-like moments, credit for which is given to Dr.

Suzanne Fielding [53]11:

Pm,n =

∫ ∞
−∞

dl

∫ ∞
0

dE
lm

τn
P (E, l, t), (3.2.13)

where:

∂tPm,n = γ̇ mPm−1,n +
γ̇n

x
Pm+1,n − Pm,n+1 +

1

1 + n/x
P0,1δm,0, (3.2.14)

for m,n = 0, 1, 2, . . .; in particular we note that the macroscopic shear stress Σ =

11see also Supp. Mat. of [117].
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P1,0. In the language of the next section, we also note the ‘fluidity’: 〈 1
τ
〉 = P0,1, i.e.,

the average inverse relaxation time.

3.2.4 Scalar fluidity model

The ‘scalar fluidity’ model [116] is a phenomenological model that defines a consti-

tutive equation for the structural relaxation time τ(t) coupled to a (scalar) shear

conformational variable, with the aim of incorporating the fundamental features

found in soft glassy materials of ageing and shear induced rejuvenation. This ap-

proach is similar to those of Refs. [34,35,41,128], where the dynamics of a structure

or fluidity-like variable is also coupled to the stress, though here the resulting con-

stitutive curve is monotonic. (In the language of the previous section, it effectively

consists of closing the infinitely many coupled equations for Pm,n at order P1,0 and

P0,1.) In shear flow at rate γ̇, the viscoelastic shear conformational variable σ(t) and

the relaxation time τ(t) are coupled via the constitutive equations:

∂t τ = 1− τ

τ0 + 1/|γ̇|
, (3.2.15)

∂tσ = γ̇ − σ

τ
, (3.2.16)

where τ0 is a microscopic relaxation time that we set to τ0 = 1 from here on.

Credit for the derivation this model is given to Dr. Suzanne Fielding and Prof. Mike

Cates12. Note that in intervals during which the sample is not being sheared the

relaxation time increases linearly: τ = t + τ0, where t is the time elapsed since

sample preparation. In experiment, this ‘preparation’ might involve a temperature

quench or an extremely large (usually oscillatory) strain deformation in order to

remove all prior strain history. Throughout, we shall consider large waiting times

tw � τ0 and shear rates much slower than the microscopic relaxation rate γ̇ � τ−1
0 .

The steady shear at rate γ̇ the relaxation time obeys τ(∆t→∞) = τ0 + 1/|γ̇|, and

12Note that the derivation of this model follows the lines of Refs. [34, 35,41,128].
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the constitutive curve is given by:

Σ = γ̇(η +Gτ0) +G, (3.2.17)

resulting in a yield stress Σy = G in the limit γ̇ → 0.

3.2.5 Glassy polymer model

As explained in Section 2.2.3, recent experimental findings for glassy polymers in

extensional loading show that the segmental relaxation time τ(t) initially drops until

a minimum is reached concurrent with the onset of strain hardening, from which

point ageing persists indefinitely. The glassy polymer (GP) model [58,59] has been

shown to semi-quantitatively reproduce these results. It considers the viscoelastic

stress due to polymeric dumbbells suspended in a glassy solvent:

Gσ = G p
(
σ p − I

)
+G s

(
σ s − I

)
, (3.2.18)

where σ p,s are conformation tensors for the contributions from polymeric (p) and

solvent (s) degrees of freedom, and G p,s the respective elastic moduli. The decompo-

sition of the viscoelastic stress into polymeric and solvent parts is taken to describe

separate contributions from: the slow degrees of freedom of large-scale sections of

the chain (p); and the short-scale, faster degrees of freedom that control the local

segmental dynamics (s).

Each conformation tensor is taken to obey an upper convected Maxwell model:

∂tσ
p = K · σ p + σ p ·KT − α

(
σ p − I

)
/τ, (3.2.19)

∂tσ
s = K · σ s + σ s ·KT −

(
σ s − I

)
/τ, (3.2.20)

where τ(t) is the segmental relaxation time, to which the polymeric relaxation time is

proportional τ p = τ/α. The proportionality constant α is expected to be extremely

small [58, 59] α ∼ 0, so that τ p � τ . As a result, the actual value of α has little

effect on the dynamics of σ p(t): the polymer effectively behaves elastically, with no

relaxation dynamics.



3.2. Models 55

The dynamics of τ(t) obeys a similar equation to that of the scalar fluidity model

described in Section 3.2.4:

∂t τ = 1− (τ − τ0)µ|γ̇|, (3.2.21)

where µ is a dimensionless variable of order O(1) that describes the efficacy of flow

to reduce ageing (or to ‘fluidise’ the material), and τ0 is a microscopic relaxation

time. In the limit G p → 0, µ → 1 (and for appropriately rescaled parameters)

the model reproduces the scalar fluidity model. Values of the parameters in the

model have been carefully fitted to those of experiment by Fielding et al. [58]. We

will use these values of the parameters to investigate the response to the step stress

and shear startup deformations in Chapters 4 and 5. This is the only model for

which we deviate from choosing dimensionless units in which G, τ0 = 1, we therefore

summarise the parameter values for this model in Table 3.1.

G p 6 MPa η 0.05G pτ0

G s 8.5G p µ 12.5
τ0 6 s α 10−12

tw 104τ0 Σs
y G s/µ

Table 3.1: Parameters from Ref. [58] used in Chapters 4 and 5 for the GP model,
unless otherwise stated.

Remark on the models

Our descriptions of each model above are intended to provide sufficient information

to perform the calculations that were used to obtain the results presented in Chap-

ters 4, 5 and 6. (Note that in addition to the above descriptions, diffusive terms

must be added to the constitutive equations for each model for a proper descrip-

tion of shear banded flows. We will discuss the reasoning and details of this in the

following section.) As is usually the case, each of these models contains unresolved

issues. For example, the value of the CCR parameter in the RP model has not

been matched to experiment via a microscopic interpretation; the constitutive equa-

tion for the polymer viscoelastic stress Σ p in the GP model is based on a simple
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dumbbell description, however a more detailed approach may be required; and the

effective ‘noise’ temperature x in the SGR model is kept constant, but for a better

approximation to ‘noise’ resulting from yielding events, its value should be coupled

to the flow dynamics. We do not attempt to justify the choices made by the authors

of each model in deriving them, as our aim in this thesis is to identify their rheo-

logical response to shear deformation (with the priority being upon shear banding

behaviour) as they stand. We hope that our results may aid the identification of

other issues that require attention, or provide indications of how they may be ame-

liorated. For example, we will show in Chapter 6 that the mechanism of convective

constraint release in the RP model provides a stabilising role that prevents shear het-

erogeneity arising after a fast strain ramp. This disagrees with experimental results

of entangled polymers that do show severe heterogeneity after a large step strain.

Similarly, we will show that the Giesekus model is not suitable for the description

of the time-dependent shear banding properties of entangled polymeric materials,

despite having success in modelling their steady state shear banding behaviour.

3.3 Outline of general framework

So far, we have outlined the theoretical rheology required to solve the shear flow

of materials at low Reynold’s number, in which we decompose the total stress into

viscoelastic and Newtonian solvent contributions. We also outlined the models that

provide this viscoelastic stress contribution to the total stress that results from

internal mesoscopic substructures such as entangled polymer chains or emulsion

droplets. In Chapters 4, 5 and 6 we aim to explore the linear stability to shear

heterogeneity, and the resulting shear banding behaviour of these models in the three

deformation protocols outlined in Chapter 2. In particular, we will derive a criterion

for the onset of linear instability to shear heterogeneity that is independent of any

model or fluid type, for each of the three deformation protocols. In order to allow

complete generality of these criteria, and for clarity of our presentation throughout

this thesis, we will now outline the ‘general framework’ in which all models described
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above fit. This will be used as a starting point for the linear stability analyses used

to derive each protocol-specific criterion for the onset of shear banding.

We begin by combining all dynamical variables relevant to any material in ques-

tion into a vector s = (σ, σxx, σyy, ...)
T . (Recall our notation σ = σxy.) In general,

this will include all components of the viscoelastic conformation tensor σ but may

also include any soft glassy degrees of freedom, e.g., the structural relaxation time

τ(t) in the scalar fluidity model. Table 3.2 outlines the vector s for each model con-

sidered in this thesis. Note that the SGR model fits into this general framework by

collecting all of the (infinitely many) moments Pm,n into the vector s and considering

the limit of small Newtonian viscosity η → 0.

Model s

non-stretching rolie-poly (σ, σyy)
T

stretching rolie-poly (σ, T, σyy)
T

Gieskus (σ, σxx, σyy)
T

soft glassy rheology (P1,0, P0,1, P1,1, . . .)
T

scalar fluidity (σ, τ)T

glassy polymer (σp, σs, τ)T

Table 3.2: A table outlining the dynamical variables for each model considered in
this thesis, and the resulting form of the vector s of the general framework.

Next, we define a projection vector13 p = (1, 0, 0, . . .) for the viscoelastic shear

stress Gσ(y, t) so that the total shear stress may be written Σ(t) = Gp · s(y, t) +

ηγ̇(y, t). The dynamics of s are determined by the constitutive equation:

∂t s = Q(s, γ̇), (3.3.1)

where Q is specified by the appropriate model. Crucially, we do not require the

particular form of Q to be specified to perform the linear stability analysis through

which the criteria are derived. In this way, our criteria are independent of the

particular constitutive model and fluid in question.

13Note that the projection vector chosen here p = (1, 0, 0, . . .) is correct for all models as they
are outlined in Table 3.2, except the glassy polymer model. To select the viscoelastic shear stress
with G pp · s we must have p = (1, G s/G p, 0) for this model. Nevertheless, this change in p does
not affect the criteria derived in Chapters 4, 5 and 6 as no assumption about the form of p is made.
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As explained in Section 3.2, depending on the chosen shearing protocol, either

the total shear stress Σ or the shear rate γ̇ vary as a function of time, and should

therefore be included as a variable in s. However, in the shear startup (or strain

ramp) protocols we note that the time dependence of Σ(t) is a direct result of

the time dependence of σ(y, t). This is because by force balance (Eqn 3.2.2) we

have Σ(t) = Gσ(y, t) + ηγ̇(y, t), where γ̇(y, t) = γ̇ + G
η

[σ̄(t)− σ(y, t)]. Hence,

we may explicitly rewrite Σ(t) in terms of σ(y, t) and therefore need not include

Σ(t) in s. Similarly, in the step stress protocol the shear rate may be written

γ̇(y, t) = 1
η

[Σ−Gσ(y, t)]. Then, for the same reason we need not include γ̇(y, t) in

s.

‘Diffusive’ term: D∇2s

As described in Chapter 2, homogeneous steady state shear flow at a shear rate in

the negative slope of a nonmonotonic constitutive curve is unstable to heterogeneous

perturbations in the flow gradient direction [160, 172]. With heterogeneity allowed

in this direction the material usually separates into two (or more) ‘bands’ flowing

at shear rates γ̇min, γ̇max. With any constitutive equation of the form as described

above in Eqn 3.3.1, the interface between these bands is unphysically sharp leading

to a discontinuity in γ̇(y). In addition, the steady state total shear stress is not

uniquely selected — rather, it depends on the shear history of the material and can

have a value anywhere between Σmin ≤ Σ ≤ Σmax of Figure 2.1.6 [120].

To avoid these problems a ‘diffusive’ term of the form D∇2s is usually included

in the constitutive equation:

∂t s = Q(s, γ̇) +D∇2s, (3.3.2)

which results in the unique selection of the total shear stress and a lengthscale

` =
√
Dτ0 for the interface between the bands [94,120,132] (where τ0 is a microscopic

timescale and D a diffusion constant). Therefore, whenever heterogeneity is allowed

in the flow gradient direction in this thesis we shall also include the diffusive term
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described above to the constitutive equations for s. We outline in Appendix I

the numerical methods required to find solutions s(t) to Eqn 3.3.1 for systems with

homogeneity (artificially) imposed, and also solutions s(y, t) to Eqn 3.3.2 for systems

with heterogeneity allowed in the flow gradient direction.

Throughout this thesis we shall consider no-slip conditions of the sample at the

sample-wall interface, which we achieve by using zero-gradient boundary conditions

(outlined in Appendix I). We discuss the validity of no-slip boundary conditions in

Chapter 7.

Constitutive and flow curves

We now define the ‘constitutive curve’ as the steady state relation between the total

shear stress and shear rate Σ(γ̇)|t→∞, obtained by imposing a constant shear rate γ̇

with homogeneity artificially enforced. We also define the ‘flow curve’ as the same

relation with heterogeneity in the flow gradient direction allowed Σ(γ̇)|t→∞, where

γ̇ = 1
L

∫ L
0
γ̇(y) dy is the ‘global’ or average shear rate that we impose14. Soft glassy

materials often possess a ‘yield stress’ that we denote Σy; this describes the shear

stress in the limit of zero shear Σy = lim
γ̇→0

Σ(γ̇) in the flow curve.

The ‘degree of banding’

As explained above, using numerical methods (outlined in Appendix I) we may find

solutions for the local shear rate γ̇(y, t). In solutions that give shear banded flows

[see Figure 2.1.1 (b)] a high shear rate γ̇max and low shear rate γ̇min coexist in the

cell, separated by an interface with width characterised by ` (above). In order to

determine the magnitude or the ‘degree’ to which this banding arises at any time,

we determine the difference between the maximum and minimum shear rates in the

cell, which we denote the ‘degree of banding’:

∆γ̇(t) = (γ̇max − γ̇min) |t . (3.3.3)

14Unless otherwise specified, each point on these curves is obtained from the steady state defor-
mation of a sample that was initially at rest.
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3.4 Linear stability analysis

In any shear protocol investigated in this thesis, we solve first the flow response to

deformation with homogeneity artificially enforced: ŝ(t) — we call this the homo-

geneous ‘background’ state. Our aim is then to examine the time-dependent linear

stability of this homogeneous background state to the growth of heterogeneous per-

turbations. To investigate this, we express the response to deformation as the sum

of the time-dependent homogeneous background state plus any (initially) small het-

erogeneous perturbations decomposed into Fourier modes15:

s(y, t) = ŝ(t) +
∑
k

δsk(t) cos(kπy/L). (3.4.1)

Here, the homogeneous background is represented by hats ŝ (that we later neglect

for clarity of presentation), and k = 1, 2, . . . is the mode number. Our aim is to

determine whether the magnitude of the heterogeneous perturbations δsk(t) at any

time t have a positive or negative growth rate (indicating instability or stability to

heterogeneity, respectively). To do this, we substitute this form of s(y, t) (Eqn 3.4.1)

into its constitutive equation: Eqn 3.3.2, and expand and linearise to the first order

terms in δsk [neglecting terms O(δs2
k) and higher]. Doing so, we find the governing

equation for the heterogeneous perturbations:

∂t δsk = P (t) · δsk, (3.4.2)

where we neglect contributions from the diffusive terms16 of Eqn 3.3.2 as the pertur-

bations of interest in this thesis have wavelength� l. Here, P is the time-dependent

‘stability matrix’:

P (t) = M(t)− G

η
q(t) p, (3.4.3)

15A similar time-dependent linear stability analysis has been done for the Johnson Segalman
model in Ref. [61], the rolie-poly model in Ref. [2] and a shear transformation zone model in
Ref. [101]. In this thesis we use use their methods to obtain more general rules for the time-
dependent linear stability to shear heterogeneity in complex fluids.

16Which would add a contribution to P of −(`2k2π2/τ0L)I in Eqn 3.4.2. This means that
diffusion terms provide a stabilising contribution to the system, i.e., they only act to decrease the
growth rate of heterogeneous perturbations. If this were not the case (for example, in models with
more complicated non-local terms), neglecting the diffusive terms in P might hide linear instability.
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with M = ∂sQ|ŝ,ˆ̇γ and q = ∂γ̇Q|ŝ,ˆ̇γ from the homogeneous background state that we

recall obeys:

∂t ŝ = Q,

Σ̂ = Gσ̂ + ηˆ̇γ. (3.4.4)

This separation of P (Eqn 3.4.3) into two terms with partial derivatives ∂s and ∂γ̇

of Q exists because force balance demands uniform total shear stress:

δΣk = Gp · δsk(t) + η δγ̇k(t) = 0. (3.4.5)

We may therefore replace all occurrences of δγ̇k(t) with δγ̇k(t) = −G
η
p · δsk(t).

The growth of heterogeneous perturbations δsk in this linearised system corre-

sponds to the growth of heterogeneity in the full nonlinear system as long as the

perturbations remain small. In this case, δγ̇k of the linear analysis is approximately

equal to δγ̇k ∼ ∆γ̇, where ∆γ̇ is the ‘degree of banding’ (Eqn 3.3.3) measured in

the nonlinear simulation. If ∆γ̇ becomes large, nonlinearities neglected in this linear

analysis become important and the relation δγ̇k ∼ ∆γ̇ no longer holds. This linear

analysis is therefore capable of capturing just the onset of instability to shear het-

erogeneity (rather than the return to stability), which is our aim.

Classical stability theory

A linear stability analysis of a dynamical system is usually performed for a time-

independent background state, so that the stability matrix P , which depends on

the background state, is time-independent [157]. Solutions to Eqn 3.4.2 then have

the form δs(t) =
∑

k δsk(0) exp(ωkt), where ωk is an eigenvalue of P . Thus a posi-

tive, real part17 of an eigenvalue of P leads to exponentially growing heterogeneous

17Note that the imaginary part of any complex eigenvalue results in oscillations in the per-
turbations [whose magnitude may be growing or decaying depending on Re(ωk)] with frequency
Im(ωk).
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perturbations, and the system is linearly unstable. Conversely, if all real parts of

all eigenvalues of P are negative, the system is linearly stable as all perturbations

decay exponentially18.

Now, how do we use the above classical stability theory with a time-dependent

background state, P (t)? One possibility is to ask whether the system is linearly

unstable to heterogeneity according to the eigenvalue analysis above at some time

instant t∗. To do this, we define ω(t) largest real part of any eigenvalue of P (t)

at time t∗, and ask whether ω(t∗) > 0. If so, the system is linearly unstable to

the growth of heterogeneous perturbations at that instant in time19, according to

classical stability theory.

Non-normal growth

There is one problem with the classical stability theory approach described above:

the assumption that ω describes the decay of perturbations is only valid if the eigen-

vectors of P are orthogonal [148]. We outline the reason for this and its implications

below, for further details we refer the reader to Schmid et al. [147–149]. To begin,

we note that the solution to the time-independent system has the form:

δsk(t) = exp(t P ) · δsk(0), (3.4.6)

where exp(t P ) is the matrix exponential. Classical stability theory uses the eigen

decomposition of P = H · Ω · H−1, where H is the matrix whose columns are the

eigenvectors of P , and Ω the matrix whose diagonals are the corresponding eigenval-

ues. We consider the norm ‖ exp(tP )‖2, which describes the growth of perturbation

energy from linear stability analysis, whose lower bound is given by the eigenvalue

18A simple example of instability involves a ball at the top of a hill: a small perturbation causes
it to move away from its original position. Similarly, if the ball were in a dip, after a small
perturbation is applied the ball simply rolls back to its original position, i.e, a stable system.

19In our ball-on-a-hill example the time-dependent background state could be represented by a
time-dependent landscape for the ball. This linear stability analysis then asks whether a configu-
ration at time t∗ of ball location and current landscape is stable.
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analysis from classical stability theory described above [148]:

exp(2ωt) ≤ ‖ exp(tP )‖2. (3.4.7)

This means that if ω > 0 the system is linearly unstable, regardless of the orthogo-

nality of the eigenvectors of P . The upper bound of the norm ‖ exp(tP )‖2 is obtained

by expanding P to find:

‖ exp
(
tP
)
‖2 = ‖ exp

(
H.Λ.H−1t

)
‖2 ≤ ‖H‖2 ‖H−1‖2 exp (2ωt) . (3.4.8)

For orthogonal eigenvectors: ‖H‖2 ‖H−1‖2 = 1 and the upper and lower bounds

agree, so that the eigenvalue analysis described above returns the growth rate of

perturbations in the linearised system. This is the case for perturbations of the

time-independent system [147–149].

For the time-dependent system the eigenvectors may not be orthogonal, resulting

in ‖H‖2 ‖H−1‖2 > 1. This means that the eigenvalue analysis described above only

provides a lower bound for stability: positive eigenvalues ω(t∗) > 0 result in linear

instability, but negative eigenvalues ω(t∗) < 0 do not guarantee stability. I.e., a

positive real part of an eigenvalue of P is sufficient but not necessary for the growth

of heterogeneous perturbations. This can lead to ‘transient’ or ‘non-normal’ growth

of perturbations at times for which all real parts of the eigenvalues of P are negative.

Indeed, we have seen such non-normal growth in the models described in Section

3.2. However, in general we find that any non-normal growth of perturbations is

small relative to the growth associated with an unstable eigenvalue ω(t∗) > 0, and

never results in ‘significant’ shear banding (that is, shear banding large enough to

be detected in experiment).

The above shows that caution must be used whenever considering the largest real

part of an eigenvalue from stability analysis alone. We therefore integrate Eqn 3.4.2

to directly determine the solutions δsk(t) whenever the eigenvalue analysis is used

in this thesis. This obviates the need for considering a time-dependent eigenvalue

and the danger associated with it described above. We note that neither criteria for

the step stress or strain ramp protocols depend on this eigenvalue — they directly
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use the condition for the growth of heterogeneous perturbations ∂t δsk > 0.

A remark on the eigenvalues of M

For the derivation of the shear startup criterion in Chapter 5 it will be useful to

understand the properties of the eigenvalues of M . Thus we now pause briefly to

consider these. We begin by considering the linear stability of the steady state

homogeneous system described by s(t → ∞) to homogeneous perturbations under

the constant shear rate protocol. This corresponds to the k = 0th mode perturbation

of the above analysis, with the constraint of δγ̇k=0 = 0 (due to the fixed shear rate

condition). That is, the full response is written as a sum of the background state

plus (initially) small homogeneous perturbations δΣk=0, δsk=0:

Σ = Σ̂ + δΣk=0, (3.4.9)

s = ŝ+ δsk=0, (3.4.10)

δΣk=0 = Gδσk=0 (due to force balance). (3.4.11)

Following the protocol of the above analysis, the perturbations then obey:

∂t δsk=0 = M
k=0
· δsk=0, (3.4.12)

withM = ∂sQ|ŝ,ˆ̇γ as before. In this thesis we shall consider models with constitutive

curves that have a unique value of the total shear stress for a given shear rate Σ(γ̇).

Such systems must be linearly stable to homogeneous perturbations (in the constant

shear rate protocol) if they are to be physically meaningful, as linear instability can

only result in divergence of the total shear stress Σ→ ±∞. Therefore, for physically

meaningful systems, all real parts of the eigenvalues of M must be negative. This

leads to the results: trM < 0 and20 (−1)n|M | > 0, which we will use in Chapter 5.

20Where |M | ≡ detM .
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3.5 Noise and initial conditions

In a system that is linearly unstable to heterogeneous perturbations, a small am-

plitude perturbation must be seeded in the system in order to allow the growth

of heterogeneity. In experiment, this ‘noise’ may arise from (for example) residual

stresses due to sample preparation, imperfect rheometer feedback (i.e., mechanical

noise), or a curved geometry for shear flow. We will explore the first two of these by

considering the growth of perturbations in a system with i) a small heterogeneous

perturbation added initially at t = 0 (or ∆t = 0 in models with age-dependence) to

all components of s, and ii) a small (random) heterogeneous perturbation added at

every timestep to all components of s.

Initial noise: to model i) in the linearised system above (Section 3.4) we add a

small random kick to all δsk before the onset of deformation: δsk(t = 0) = qXk,

where q is the magnitude of initial noise added and Xk an array of random numbers

chosen from a uniform distribution with mean 0 and width 1. In the nonlinear system

(i.e., that with heterogeneity allowed in the flow gradient direction, see Section

3.6) a small heterogeneity is added to all dynamical variables before the onset of

deformation: s(y, t = 0) = qX cos(πy/L). Note that here we seed only the lowest

Fourier mode k = 1, because in all models considered in this thesis this is the most

unstable mode.

Continuous noise: to model ii) in the nonlinear system, we add a small random

kick to the heterogeneity in the form of a cosine profile at every timestep, i.e.,

s(y, t + dt) = s(y, t) + q
√
dtX cos(πy/L). We evolve this system at rest until a

statistically steady state is reached, after which the chosen protocol (e.g., step stress)

is applied. In the linearised system, this equates to adding a source term νk(t) for

the continuous background noise to the governing equation for the heterogeneous

perturbations (Eqn 3.4.2), i.e., ∂t δsk(t) = P (t) · δsk(t) + νk(t), where P (t) is the

stability matrix defined in Section 3.4. It is possible to implicitly average over

infinitely many noise histories by evolving the variance of the perturbations given

by the (diagonals of the) structure factor: S(t) = 〈δsk(t) · δsTk (t)〉 [61], where:

∂tS = P · S + S · P T +N, (3.5.1)
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and N(t) = 〈νk(t) · νTk (t)〉 is the noise matrix. The off-diagonals of N are all zero

because the background noise is uncorrelated, and the diagonals contain the vari-

ance of the continuously added noise21: N = q2

12
I. As in the nonlinear system, we

evolve S to a steady state in the absence of shear before imposing deformation.

3.6 Appendix I: numerical methods

3.6.1 Homogeneously constrained systems

In all models described in Section 3.2 (apart from the SGR model, for which numer-

ical methods are provided in Section 3.6.3) the dynamical variables obey differential

constitutive equations that have derivatives with respect to time only. Therefore,

when considering the fluids modelled by these equations with homogeneity in the

flow gradient direction enforced, we assume all points in the y direction to evolve

identically from the same initial state s(t = 0). We first initialise the system at time

t = 0 (or ∆t = 0 in systems with age-dependence) by setting σ(t or ∆t = 0) = I,

etc. We discritise time into steps n = 0, 1, 2, . . . of size dt so that tn = n dt, and use

an explicit Euler time-stepping algorithm [130] to integrate the constitutive equa-

tions in time. To do this we use the fundamental theorem of calculus to write, in

the case of a single dynamical variable ∂t s = Q[s(t)]:

s(t+ dt)− s(t)
dt

= Q(t), (3.6.1)

then use the discritisation of time to rewrite this as:

sn+1 = dtQ(sn) + sn. (3.6.2)

This method is called ‘explicit’ (or ‘forwards’) Euler because the value of sn+1 at

the next time step n+ 1 (or time t+ dt) is written explicitly in terms of the system

21Where the random amplitude of fluctuations is chosen from a uniform distribution with mean
0 and width 1, and are all modulated by the noise magnitude, q.
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at step n (or time t). [An alternative ‘implicit’ (or ‘backwards’) Euler algorithm

implicitly determines the value of sn+1 using the gradient of s at that timestep, i.e.,

replacing Q(t) in Eqn 3.6.1 with Q(t+ dt).] Note that the extension of this method

to solving coupled ordinary differential equations ∂t s = Q(s) is trivial.

When using the Euler time-stepping algorithm above we must check for time-step

convergence of the integrated function s(t), i.e., check the function obtained s(t) is

independent of the size of the timestep dt. This is done by halving the timestep and

checking the integrated function s(t) obtained with dt and dt/2 for convergence.

3.6.2 Systems with heterogeneity allowed

As explained in Section 3.3, when heterogeneity is allowed in the flow gradient

direction, we add ‘diffusive’ terms of the form ∂2
y s (with translational invariance in

the x, z directions) to the constitutive equation for s:

∂t s = Q(s, γ̇) +D∂2
y s. (3.6.3)

To solve this numerically we use a Crank Nicolson algorithm [130], which we briefly

describe below for a single component of s with Q = 0. We relabel this component

s1(t, y) ≡ φ(t, y) to avoid confusion over vectors below, solving ∂tφ = D∂2
yφ.

The Crank Nicolson algorithm

Firstly, we discretise space and time into steps of size dy and dt, respectively, and

define the space step number j = 1, . . . , J and time step number n = 1, . . . as before,

so that yj = j dy and tn = n dt. We take a small spatial step either side of some

point y to y + dy and y − dy, and expand φ in a Taylor series about these points:

φ(y + dy) = φ(y) + φ′(y)dy +
1

2
φ′′(y)(dy)2 +O

[
(dy)3

]
, (3.6.4)

φ(y − dy) = φ(y)− φ′(y)dy +
1

2
φ′′(y)(dy)2 +O

[
(dy)3

]
. (3.6.5)
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Adding these and neglecting terms of O [(dy)4] or higher order, we rearrange to find:

φ′′(y) =
1

(dy)2
[φ(y + dy)− 2φ(y) + φ(y − dy)] . (3.6.6)

In principle, the explicit Euler time-stepping scheme described above could be im-

plemented to solve the equation — however, a more numerically stable scheme com-

bines both the implicit and explicit schemes, and is called the Crank Nicolson algo-

rithm [130]. Using this, ∂tφ = D∂2
y φ is written:

φn+1
j − φnj
dt

=
D

(dy)2

1

2

[(
φn+1
j+1 − 2φn+1

j + φn+1
j−1

)
+
(
φnj+1 − 2φnj + φnj−1

)]
, (3.6.7)

so that information about the point y at time t is obtained from points y, y± dy at

times t and t+ dt.

Recall that we consider a shearing cell comprised of parallel plates at y = 0, L.

Therefore, we must also specify boundary conditions for points j = 1, J . In principle,

according to Eqn 3.6.7 these require information from points on both sides (i.e., from

neighbours at j = 0, 2 for j = 1 and neighbours at j = J − 1, J + 1 for j = J),

but in fact only have a single neighbour each at j = 2, J − 1. This is resolved by

choosing zero gradient boundary conditions: ∂y φ = 0, so that the values of φ at

‘phantom’ points j = 0, J + 1 just outside the cell are the same as those at points

just inside the cell: j = 2, J − 1. Eqn 3.6.7 can then be written (with the vector

form of φnj = φn):
φn+1 − φn

dt
=

D

(dy)2
C ·

(φn+1 + φn)

2
, (3.6.8)

where:

C =



−2 2 · · · 0

1 −2 1 · · · 0
. . . . . . . . .

0 · · · 1 −2 1

0 · · · 2 −2


. (3.6.9)
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We rearrange Eqn 3.6.8 to find an equation for φ at the (n+ 1)th timestep:

φn+1 =

[
I − Ddt

2(dy)2
C

]−1 [
I +

Ddt

2(dy)2
C

]
φn. (3.6.10)

To invert the first bracketed function we use the Thomas algorithm for tridiagonal

matrices [129]. Note that the extension of the Crank Nicolson scheme above to cou-

pled partial differential equations ∂t s = D∇2s is trivial.

So far, we have outlined the numerical methods for solving equations with the

forms of ∂t s = Q(s) and ∂t s = D∂2
ys. We now combine these methods to find

solutions s(y, t) to general ∂t s = Q(s) +D∂2
y s. To do this, we employ the following

protocol at each timestep. First, for each spatial point j, we update all components

of the vector sj using Eqn 3.6.2 to account for the term ∂t s = Q(s). Second, we

update all spatial points j according to the ‘diffusive’ term using Eqn 3.6.10 to

account for the term ∂t s = D∂2
y s. Third, the force balance equation ∂yΣ = 0, where

Σ = Gp · s + γ̇η, is used to update the local shear rate γ̇(y) at each point in the

cell. Force balance dictates that the total shear stress is uniform across y: Σ̄ = Σj,

allowing the local shear rate to be updated at each spatial point j via:

γ̇j = γ̇ +
G

η
p ·
(
s̄− sj

)
. (3.6.11)

Note that the size of the time and space steps must obey:

√
2Ddt < dy � l� L, (3.6.12)

where l =
√
Dτ0 (τ0 the microscopic relaxation time of the system) defines a length-

scale for the width of the interface between shear bands. The first inequality is

required for stability of the Crank Nicolson algorithm [130]; the second ensures the

interface between the bands is resolved properly by the numerical grid; and the third

ensures the interface is narrow compared with the width of the cell. Guided by Eqn

3.6.12, we must also ensure time and space step convergence of solutions s(y, t). To

do this, we first converge with respect to the time step size dt at a fixed dy, using
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the method described in Section 3.6.1. We then halve the space step size dy/2,

re-converge with respect to time-step size at this new space step, and compare the

solution with that of the time-step converged solution at the previous space step

dy. If the solutions are not converged, we repeat this process until sufficiently small

time and space step sizes are found that provide convergent solutions s(y, t). Note

that all results presented in this thesis have been checked to ensure time and space

step convergence.

3.6.3 Numerical methods for the SGR model

Except for the SGR model, all models studied in this thesis involve integrating a

differential constitutive equation for the tensorial stress σ — methods for which we

provided above in Sections 3.6.1 and 3.6.2. We now outline the numerical methods

used to obtain the strain rate response to an imposed stress in the SGR model that

was used to produce the results presented in Chapter 4.

In the SGR model, elements ‘hop’ out of their traps22 of energy depth E with

a rate dependent on the trap depth and also on the local element strain. A con-

ventional Monte Carlo method is not suited this process in the SGR model due to

the extremely slow dynamics and long simulation times required: the acceptance of

a trial ‘hop’ has a very small probability, resulting in a high number of rejections

before a trial ‘hop’ is accepted. Rather, following Refs. [54,57], we use a waiting time

Monte Carlo (WTMC) method [15]. This is a ‘rejectionless’ Monte Carlo method as

it a priori assumes an element hops, but chooses which element to hop based on the

distribution of element hopping rates, and the time at which this hop occurs based

on the total hopping rate. That is, the WTCM is an event based algorithm.

Specifically, we model N SGR elements i = 1, ..., N with trap depths Ei and

strains li, resulting in the element hopping rate ri = exp
[
−(Ei − 1

2
l2i )/x

]
. The sum

of all hopping rates is R =
∑N

i ri, and the macroscopic strain rate is γ̇ = 1
N

∑N
i rili

[53, 54].

After a hopping event (or initialisation at t = 0) the time at which the next hop

22Note that here, in our terminology, a ‘hop’ out of a trap is equivalent to the ‘yielding’ events
described previously.
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occurs t + δt is chosen from a distribution P (δt) ∝ exp(−δtR) dependent on the

sum of all hopping rates. Having calculated the time of the next hopping event,

we then need to select which of the N elements will hop. We do so by noting

that the probability that any given element will be the one to hop is given by

P hop
i = ri/R, therefore the element that hops at t + δt is chosen by a search of all

the elements weighted by this probability. To perform the ‘hop’, the element strain

is set to zero lhopper = 0 and a new trap energy Ehopper is chosen for the element

from the distribution ρ(E) = e−E. In the SGR model the total stress is given by

the macroscopic strain minus the strain relaxed through hopping events (multiplied

by the elastic modulus) [54, 62]. Therefore, in order to maintain a constant total

stress in the step stress protocol, the macroscopic strain must be increased after

each hopping event: γ(t + δt) = γ(t) + lhopper(t)/N . Since l̇ = γ̇, all local element

strains li must also be updated by the same amount.

We note that all results presented in this thesis have been checked for convergence

with respect to the number of elements N ; a typical value required is N = 105 or

106.



4
Step stress protocol

4.1 Introduction

In this chapter we will investigate the rheological response to an imposed shear stress

of three classes of material: soft glassy materials and entangled polymeric materials

above and below the glass transition. In this experimental protocol a constant shear

stress Σ is imposed on the sample for time t > 0 and the shear rate γ̇(t) varies in time,

see Section 2.1.1. We will first derive a criterion for the onset of linear instability to

shear rate heterogeneity that is independent of fluid or model type. This depends

only on time derivatives of the homogeneous background state: we find growth of

shear rate perturbations whenever1 ∂2γ̇
∂t2
/∂γ̇
∂t
> 0 (where γ̇ is the shear rate from the

homogeneous background state). We will show that this criterion correctly predicts

the growth of heterogeneous perturbations during an investigation of the rheological

1Note that from here on we describe this criterion by using the notation ∂ 2
t γ̇/∂tγ̇ > 0.

72
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response to an imposed stress in four models for various classes of material:

Polymeric fluids : We will show that the rolie-poly (RP) and Giesekus models

show qualitatively similar responses of the shear rate γ̇(t) to a step stress: for

imposed stresses with values nearest those on the weakest slope (smallest ∂γ̇Σ) of the

constitutive curve the shear rate rises suddenly by several orders of magnitude over

a short time period. We find that, consistent with the general criterion, transient

shear banding occurs during the upwards curving, upwards sloping region of this

rise: i.e., where ∂ 2
t γ̇/∂tγ̇ > 0 in the homogeneous background state.

Soft glassy materials: As explained in Chapter 2, soft glassy materials (SGMs)

usually show an initial ‘creep’ regime in which the shear rate progressively decreases

in time in response to an imposed stress. For stresses that exceed the yield stress

Σ > Σy, this creep regime is usually followed by a sudden ‘fluidisation’ where the

shear rate dramatically rises (in a similar fashion to that of the polymer systems

described above) before reaching a steadily flowing state. Various features of the γ̇(t)

curve have been used to define the time at which the system ‘transitions’ between

this solid-like (creep) and liquid-like (steady flow) behaviour (often referred to as

the ‘fluidisation time’), such as the minimum of the shear rate in time [11,28] or the

inflection point where dγ̇/dt is maximal [42,64,156]. The general criterion derived in

Section 4.2 predicts linear instability to shear rate heterogeneity for times between

these two points, which we later refer to as the ‘dip’ and ‘fluidisation’ times, τdip and

τf , respectively. Recent experiments [42] and simulations of the SGR model [117]

have confirmed that shear banding does arise between these two times. These results

have motivated us to determine the relation of the fluidisation and dip times τf , τdip

to the imposed shear stress Σ in the SGR model, along with a relation for the

shear rate in time during creep. We will focus on two regimes of the effective noise

temperature: x < 1 (below the glass point) and 1 < x < 2 (above the glass point).

The author is grateful to Dr. Thibaut Divoux for motivating this research, and to

Prof. Peter Sollich for collaboration and yield stress data of the SGR model.

Glassy polymers: Finally, we will investigate the rheological response to an im-

posed stress in the glassy polymer (GP) model in order to compare results in the

shear geometry with recent results in the extensional geometry [58]. These exten-
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sional results show that the segmental relaxation time τ(t) (which governs the rate

of rearrangement of local segments of the polymer chain) initially decreases as the

system begins to fluidise in response to the imposed stress, before reaching a min-

imum and rising indefinitely. The authors found that this ‘dip’ in the segmental

relaxation time is concurrent with the onset of strain hardening; we will show that

these basic features are also found in the shear geometry. We will also explore how

shear banding arises during creep, and use the general criterion described above to

explain how strain hardening reduces the magnitude of transient shear banding for

increasing polymer contribution to the stress. The author is grateful to Prof. Mike

Cates and Prof. Ron Larson for collaboration during research on this model.

This chapter is ordered as follows. In Section 4.2 we derive a general criterion for

the onset of shear banding during the time-dependent response to a step stress. The

rheological response of the RP and Giesekus models are investigated in Sections 4.3

and 4.4, respectively. We explore the ‘creep’ and ‘fluidisation’ behaviour of the SGR

model in Section 4.5. Finally, we show the rheological response of the GP model

to an imposed shear stress in an analogy to recent extensional load experiments

and numerics in Section 4.6. The results of Sections 4.2 and 4.3 are published in

Ref. [117], and those of Section 4.6 published in Ref. [59].

4.2 Criterion for instability in step stress

We perform a linear stability analysis about a time-dependent homogeneous back-

ground state within a generalised framework, as outlined in Chapter 3, in order to

determine a criterion for the onset of linear instability to shear rate heterogeneity

for the step stress protocol. Credit for the derivation of this criterion is given to Dr.

Suzanne Fielding.

Recall that within this framework the total shear stress Σ is decomposed into

viscoelastic and Newtonian solvent contributions:

Σ = Gp · s+ η γ̇, (4.2.1)
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where

s = (σ, σxx, σyy, ...)
T (4.2.2)

is a vector containing all dynamical variables and p = (1, 0, 0, . . .) is a projection

vector for the viscoelastic shear conformation variable (σ ≡ σxy). We note that in

the step stress protocol the shear rate γ̇(t) is also a dynamical variable. However,

using the above relation for the total shear stress we may replace all occurrences of

the shear rate in the constitutive equation with:

γ̇(t) = [Σ−Gp · s(t)]/η; (4.2.3)

the constitutive equation then has form:

∂ts = Q(s,Σ), (4.2.4)

and is independent of the shear rate. Adding heterogeneous perturbations to the

homogeneous background state of the form2

s(t, y) = ŝ(t) +
∑
k

δsk(t)εk, (4.2.5)

and linearising about first order the size of the δsk terms leads to:

∂t δsk = M · δsk, (4.2.6)

where M(t) = ∂ŝQ |ŝ. By differentiating the constitutive equation with respect to

time we obtain:

∂ 2
t ŝ = M · ∂tŝ . (4.2.7)

We therefore find that the time derivative of the homogeneous background state ∂t ŝ

(Eqn 4.2.7) obeys the same dynamical equation as that of the perturbations δsk
(Eqn 4.2.6). Although δsk and ∂t ŝ are not guaranteed to evolve co-linearly (owing

2Where εk = cos(kπy/L) and the homogeneous background state is represented with hats, e.g.,
ŝ. After the end of this section we will drop the hats for ease of reading, and set G = 1 so that σ
can be thought of as the viscoelastic shear stress.
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to their different initial values), we find that for all models studied in this thesis

they always do become co-linear after some short time3, so that any perturbation

δsk grows whenever its counterpart in ŝ obeys ∂ 2
t ŝ /∂t ŝ > 0. Incorporating force

balance δγ̇k = −G
η
p · δsk into the above result, we find a criterion for the growth of

shear rate perturbations:
∂ 2
t

ˆ̇γ

∂t ˆ̇γ
> 0. (4.2.8)

This means that any system is linearly unstable to heterogeneous shear rate pertur-

bations whenever the shear rate of the underlying homogeneous background state

ˆ̇γ(t) is simultaneously upwards curving and upwards sloping in time. Clearly though,

this theoretical shear rate of the homogeneous background state ˆ̇γ(t) is distinct from

the global (spatially averaged) shear rate measured experimentally γ̇(t). However, in

all models considered in this thesis the discrepancy between ˆ̇γ(t) of the background

state and γ̇(t) of the full nonlinear system is small. Therefore, the criterion can be

applied to the shear rate γ̇(t) as measured experimentally to correctly predict the

onset of shear banding and the subsequent return to homogeneity. Advantageously,

the necessary derivatives of the shear rate are then readily obtained from any shear

creep experiment, allowing the analysis of existing experimental literature that may

not have accompanying velocimetric data to determine whether the sample suffered

shear banding or not.

4.3 Rolie-poly model

The response of the shear rate γ̇(t) to an imposed shear stress Σ in the (homoge-

neously constrained) RP model is shown in Figure 4.3.1. The shear rate initially

decays on a short timescale4 that is suggested by numerical results to scale with

3This short time is much smaller than the timescale η/Gτd.
4The large initial shear rate γ̇(t = 0+) = Σ/η is due to the initial viscoelastic shear stress

σ(t = 0+) = 0 (recall that the total shear stress is decomposed into viscoelastic and solvent
contributions: Σ = Gσ + ηγ̇, and G = 1). Initially, σ increases rapidly on a short timescale
(suggested by numerics to scale with

√
η τd/G) so that it takes the bulk of the imposed total

stress: at such a time γ̇(t) is at a minimum. We do not expect this initial decay of the shear
rate to be resolved in experiment, since the early time measurements of experiment are usually
discarded due to ‘creep ringing’ arising from the coupling of the inertia of the rheometer and the
viscoelasticity of the sample.
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Figure 4.3.1: (a) Steady state constitutive curve (these parameters result in a mono-
tonic curve) with symbols corresponding to steady states in (b). (b) Shear rate as
a function of time for imposed shear stresses Σ = 0.5, 0.55, ..., 0.85 (bottom to top)
in the (homogeneously constrained) RP model; dashed where ∂ 2

t γ̇/∂tγ̇ > 0. Param-
eters: β = 0.8, η = 10−4, τR = 0.0.

√
η τd/G. Following this, the shear rate increases via an upwards curving, upwards

sloping region with ∂ 2
t γ̇/∂tγ̇ > 0 (dashed in the figure), leading to linear instability

to shear rate heterogeneity according to the general criterion derived in the previ-

ous section. For values of the imposed stress nearest those on the weakest slope of

the constitutive curve [i.e., Σ for which ∂γ̇Σ is smallest, see Figure 4.3.1 (a)] the

shear rate rise is dramatic: increasing by several orders of magnitude over a short

time. These results are consistent with experimental findings of polymeric materi-

als [16, 18, 75, 76, 136, 161], and are also qualitatively similar to those found in the

Giesekus model, discussed in the next section.

The results of Figure 4.3.1 are performed for a system artificially constrained to

be homogeneous. Accordingly, we expect to see shear rate heterogeneity once the

constraint of homogeneity is removed, onset at times for which ∂ 2
t γ̇/∂tγ̇ > 0. We

allow heterogeneity in the flow-gradient direction (see Chapter 3 for details) and

show (for a single value of Σ) in Figure 4.3.2 (a) the resulting global shear rate5

γ̇(t); snapshots of the velocity profile in (b) and the degree [∆γ̇(t) = γ̇max− γ̇min] to

which shear banding arises in (c) in response to an imposed stress (Σ = 0.7, on the

5In this chapter we will use γ̇ to denote the global (average) shear rate, and γ̇max,min to denote
the maximum/minimum local shear rate, whenever heterogeneity is allowed in the flow-gradient
direction. On the other hand, where γ̇ appears unembellished it represents the shear rate of a
system with homogeneity enforced.
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Figure 4.3.2: Step stress in the RP model: (a) global shear rate γ̇ in a homogeneously
constrained system in a thick solid or dashed line, dashed where ∂ 2

t γ̇/∂tγ̇ > 0.
Heterogeneity allowed: dotted line. (b) Snapshots of the velocity profile at times
with corresponding symbols in (a) and (c). (c) Degree of banding: ∆γ̇ = γ̇max −
γ̇min. d) Stability portrait (homogeneously constrained system): a horizontal slice
corresponds to a single creep run with imposed stress Σ; contour of ∂ 2

t γ̇/∂tγ̇ = 0 in
a thick, dashed line (inside of envelope indicates linearly unstable regime); dotted
lines are contours of equal δγ̇k=1(t) = δγ̇k=1(0)2M for integer M from integrating
Eqn 4.2.6 (we show only contours M > −50). Parameters: β = 0.8, η = 10−4,
Σ = 0.7, τR = 0.0, q = 0.1.

weakest slope of the constitutive curve). As expected from the general criterion, and

as shown in (a, b, c) of Figure 4.3.2, we find the growth of shear rate heterogeneity

onset at ∂ 2
t γ̇/∂t γ̇ > 0. Accordingly, as long as the linearisation in the stability

analysis is a good approximation, the degree of shear banding increases co-linearly

with ∂tγ̇, becoming maximal at the inflection point ∂ 2
t γ̇ = 0.

We now introduce the stability ‘portrait’ that we will use extensively in this

thesis, which we show for the RP model in the step stress protocol in Figure 4.3.2

(d). In these portraits, a horizontal slice represents a single run with imposed

stress Σ (or later, a single shear startup run at shear rate γ̇), and we plot the

times at which the various interesting features arise. Here, the thick, dashed line
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corresponds to the ‘envelope’ of linear instability defined by ∂ 2
t γ̇/∂tγ̇ = 0. The

arrow in (d) then indicates the single horizontal slice that represents the results

presented in (a) for which Σ = 0.7. The time at which the system returns to linear

stability t ∼ 0.15 is then plotted on the portrait at {t,Σ} = {0.15, 0.7}. Inside this

envelope the heterogeneous shear rate perturbations of the linearised system δγ̇k

(found by integrating Eqn 4.2.6) grow. The magnitude of this growth is indicated

by the dotted lines: these are contour lines of equal δγ̇k(t) = δγ̇k(0)2M [integer M ,

and we consider the first (k = 1) mode only, see Chapter 3 for details]. Imposed

stresses on the upper portion of the ‘stability envelope’ in (d) (0.61 . Σ . 0.75

for these parameters) correspond to those on the weakest slope of the constitutive

curve, leading to the dramatic rise of γ̇(t) and corresponding increase of δγ̇k(t). This

is reflected by the high concentration of contour lines parallel to the upper portion

of the stability envelope.

These results are qualitatively similar to experimental findings in entangled poly-

meric systems, which report transient shear banding to arise during the sharp in-

crease of γ̇(t) [16,18,19,74–77,161], and in some cases a return to homogeneity is seen

as the steady state is neared [19]. Difficulty in obtaining this latter result in experi-

ment is due to the occurrence of edge fracture that severely limits the determination

of the steady state shear rate and velocity profile [79, 136].

Continuous noise

The above results consider a system in which a heterogeneous perturbation is added

initially at t = 0, which might represent the sample being left in a slightly heteroge-

neous state as an outcome of the protocol in which it is loaded into the rheometer.

In reality, noise may also arise continuously during experiment, for example, in the

form of mechanical noise arising due to imperfect rheometer feedback. While we an-

ticipate the first of these having the larger effect, we nonetheless consider the second

briefly now. To do so, we investigated noise that is added continuously in time us-

ing methods described in Chapter 3. As shown in Figure 4.3.3, for the system with

heterogeneity allowed in the flow gradient direction, we find qualitatively similar

results to those with noise added initially only [compare with Figure 4.3.2 (c)]. We
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Figure 4.3.3: Step stress in the RP model with noise added continuously, parameters
as in Figure 4.3.2. (a) global shear rate γ̇ (homogeneously constrained: thick solid
or dashed where ∂ 2

t γ̇/∂tγ̇ > 0, heterogeneity allowed: dotted). (b) degree of shear
banding: ∆γ̇ = γ̇max − γ̇min from the nonlinear simulation with q = 0.1 (a running
average over data captured at frequent points in t was used — we checked for
qualitative convergence with respect to the capture frequency and running average
range). (c) Heterogeneous shear rate perturbation 〈δγ̇k〉 =

√
〈δγ̇2

k〉 of the linearised
system found by integrating Eqn 3.5.1, see Chapter 3, q = 10−5.

also investigated the dynamics of the heterogeneous perturbations of the linearised

system:
√
〈δγ̇2

k〉(t) when noise is added continually (again, refer to Chapter 3 for

details of these methods) and find qualitatively similar results to those with initial

noise only.

Nonmonotonic constitutive curves

Note that throughout this chapter we will consider parameters of the RP (or later,

Giesekus) model that lead to a monotonic constitutive curve6. However, we will

briefly describe the response to an imposed stress for parameter values that result

in a nonmonotonic constitutive curve (this description also applies to the Giesekus

model).

Step stress experiments (with heterogeneity in the flow gradient allowed) that

probe the underlying nonmonotonic region of the constitutive curve provide qualita-

6Recall that we define the ‘constitutive curve’ as the steady state Σ(γ̇) curve obtained by
imposing a constant γ̇ (unless otherwise specified) with homogeneity enforced, and the ‘flow curve’
the same with heterogeneity allowed in the flow gradient direction.
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tively similar results to those presented in Figure 4.3.2. For imposed stresses Σ for

which the constitutive curve is multi-valued in γ̇, the shear rate response follows that

of the lowest branch of the constitutive curve as if there were no underlying non-

monotonicity, recall Figure 3.2.3 of Chapter 3. As Σ is increased through its value at

the maximum in the constitutive curve Σmax, the corresponding steady state shear

rate must then ‘top-jump’ to the high shear rate branch, leading to a discontinuity

in the flow curve obtained via imposed stress7. This results in hysteresis in the

flow curves obtained by imposing either a shear rate or stress: with imposed shear

the flow curve does not follow the low shear rate branch of the constitutive curve

up to Σ = Σmax, but rather has a stress plateau at Σp < Σmax. These results are

in agreement with experiments on wormlike micelles that show qualitatively simi-

lar hysteresis between upward sweeps on the flow curve when performed under the

imposed stress or imposed shear rate protocols [25,90].

Note that we have never found steady state shear banding for any value of the

imposed stress. This is in contrast to results of the JS model [132], where it was

briefly noted that during an upward sweep on the flow curve using an imposed stress,

the nucleation of a high shear rate band was possible for values of the shear stress

within a small window Σlow < Σ < Σhigh. (Here, the entire window is contained

between Σp and Σmax.) The upper and lower boundaries of this window are de-

termined from the hysteresis between the up and down sweeps on the flow curve

obtained under an imposed shear rate (see Ref. [132] for further details). Although

we did not explore such sweeps on the flow curve, we do not find any such window

where the flow curve (obtained from the steady state of a step stress experiment

performed on a sample at rest) differs from the constitutive curve (obtained using

the same protocol).

7Note that similar transient shear banding is seen during the upwards sloping, upwards curving
portion of γ̇(t), as for the system with a monotonic constitutive curve described previously.
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4.4 Giesekus model

As explained, the response of the shear rate to a step stress in the Giesekus model

is qualitatively similar to that found in the RP model, as shown in Figure 4.4.1.

However, in contrast to the RP model, the Giesekus model does not show ‘significant’

shear banding: at any instant in time the ‘degree of banding’ [∆γ̇(t) = γ̇max− γ̇min]

is never more than ∼ 5% of the shear rate at the same instant in time and thus

would be hard to detect in experiment8, see (c) of Figure 4.4.1.
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Figure 4.4.1: Step stress in the Giesekus model, (a) global shear rate γ̇ in a ho-
mogeneously constrained system: thick solid/dashed, dashed where ∂ 2

t γ̇/∂tγ̇ > 0.
Heterogeneity allowed: dotted (indistinguishable from homogeneous). (b) Degree
of banding: ∆γ̇ = γ̇max − γ̇min. (c) Snapshots of the velocity profile at times with
corresponding symbols in (a) and (b). Parameters: α = 0.6, η = 10−3, Σ = 1.0,
q = 0.1.

The reason for this is that the maximal slope of γ̇(t) in the Giesekus model is

apparently always much smaller than that of the RP model — compare Figures

4.3.2 (a) and 4.4.1 (a). Because of this, and since ∆γ̇ grows co-linearly with ∂ tγ̇

(as long as the linearisation of the stability analysis holds), the resulting maximum

degree of shear banding is much smaller in the Giesekus model. Clearly though,

this comparison is difficult to make as the gradient of γ̇(t) is affected by the model

parameters (and a matching of parameters is not possible). However, we attempted

8We note that, within the linear regime, the degree of banding ∆γ̇ scales linearly with the
magnitude of the initial noise q. Therefore, in order to make comparisons with the RP model the
results presented in this (and the previous) section have q = 0.1. We note that q values much
larger than this are unrealistic for comparison to experiment.
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the comparison in Figure 4.4.1 by choosing the imposed stress to be at similar part

of a comparable (also monotonic) constitutive curve. To confirm this conclusion

of negligible transient shear banding in the Giesekus model, we also varied the

parameters of the model and the imposed stress and never found any ‘significant’

shear banding; that is, a degree of banding larger than roughly 5% of the imposed

shear rate.
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Figure 4.4.2: Step stress in the Giesekus model with parameters as in Figure 4.4.1.
Top: global shear rate γ̇; homogeneously constrained: thick solid/dashed where
∂ 2
t γ̇/∂tγ̇ > 0, heterogeneity allowed: dotted (indistinguishable from homogeneous).

Middle: degree of shear banding: ∆γ̇ = γ̇max − γ̇min from the nonlinear simulation
with q = 0.1 (a running average over data captured at frequent points in t was used
— we checked for qualitative convergence with respect to the capture frequency and
running average range). (c) Shear rate perturbation 〈δγ̇k〉 =

√
〈δγ̇2

k〉 in linearised
system found by integrating Eqn 3.5.1, see Chapter 3, q = 10−5.

Continuous noise

For further comparison to the RP model, we show the analogous response with noise

added continuously in the Giesekus model in Figure 4.4.2. In the RP model we

showed that the degree of shear banding behaved similarly with either continuously

added or initial noise. This is not so in the Giesekus model: with heterogeneous

perturbations added continually the degree of shear banding does not return to some

small value [e.g., does not become comparable to the magnitude of fluctuations at
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(zero shear9) equilibrium] as the system approaches steady state, as shown in Fig-

ure 4.4.2. This difference may be due to stress relaxation being driven by the shear

rate in the RP model, while in the Giesekus model stress relaxation depends on the

shear rate only through the stress. In general, in the Giesekus model we find that the

magnitude of fluctuations 〈δγ̇2
k〉 in steady state shear is much larger than those at a

steady state under zero shear conditions, i.e., 〈δγ̇2
k〉(γ̇, t → ∞) � 〈δγ̇2

k〉(0, t → ∞).

In contrast, in the RP model the magnitude of fluctuations in steady state shear is

comparable to those under zero shear equilibrium, see Figure 4.3.3.

9Recall from Chapter 3 that, when considering systems with continually added noise, we evolve
the system to a statistically steady state under zero shear conditions before imposing deformation.
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4.5 Soft glassy rheology model

In Section 4.2 we showed that at times for which the shear rate of the homogeneous

background state obeys ∂ 2
t γ̇/∂tγ̇ > 0, the system is linearly unstable to shear rate

heterogeneity. We subsequently demonstrated the resulting transient shear banding

in the RP and Giesekus models. However, we will not investigate the development

of transient shear bands in the SGR model (with heterogeneity allowed in the flow

gradient direction), as it has already been shown that they do indeed arise during

the upwards curving, upwards sloping region of the shear rate. See Figure 4.5.1,

reproduced from Ref. [117] — credit is given to Dr. Suzanne Fielding for these

results. [We note that these results are in direct agreement with experiments of soft

glassy materials that show transient shear banding does arise during the upwards

curving, upwards sloping (∂ 2
t γ̇/∂tγ̇ > 0) region of the γ̇(t) curve [42, 64].] Rather,

we will investigate in more detail than in Figure 4.5.1 the ‘creep’: the progressive

decrease of the shear rate in time, and subsequent ‘fluidisation’: the sudden increase

of γ̇(t) leading to steady flow in the SGR model in response to imposed stresses

exceeding the yield stress. (The ‘creep’ and ‘fluidisation’ behaviours referred to here

can be clearly seen for the top curve in Figure 4.5.1 for times t < 103 and at a time

t ∼ 2× 103, respectively.)

We have been motivated to perform this research as the response of materials

during creep and subsequent fluidisation has recently become the focus of consid-

erable experimental investigation [11, 28, 42, 64, 66, 150, 152, 156]; however, little is

understood theoretically about these processes. Our criterion (Eqn 4.2.8) also shows

that the onset of linear instability to shear banding during creep occurs at the be-

ginning of the fluidisation process. Therefore, our aim in this section is to determine

a relation for the shear rate as a function of time during creep, and a relation for

the time at which fluidisation occurs as a function of the imposed stress. As a re-

sult, we will provide relations for the time during which the SGR model is linearly

unstable to shear banding during creep, depending on the imposed stress and the

‘noise temperature’ x of the model.

Before describing our results, we shall briefly outline what is already understood

about the response of the SGR model (with homogeneity enforced) with respect
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Figure 4.5.1: (a) Shear rate response in the SGR model with heterogeneity allowed
in the flow gradient direction to imposed stresses Σ/Σy = 1.005, 1.010, . . . , 1.080
(bottom to top on the right). (b) Corresponding degree of shear banding. (c)
Normalised velocity profiles at times with corresponding symbols in (a). Here, x =
0.3, tw = 103 [1 + q cos(2πy)], q = 0.1. Figure reprinted with permission from
Ref. [117], copyright 2013 American Physical Society; credit is given to Dr. Suzanne
Fielding for these results. (Parameters associated with heterogeneity: w = 0.05,
n = 50, m = 104, see Supp. Mat. of Ref. [117] for details.)

to the creep and fluidisation behaviour described above. Note that from here on

we shall only consider the SGR model with homogeneity enforced as this allows

for greater numerical efficiency, and we do not find a significant difference in the

bulk rheological signatures with heterogeneity allowed/disallowed. We also remind

the reader that for models that show age dependence (i.e., the scalar fluidity, SGR

and GP models) we define t to be the time elapsed since sample preparation and

∆t = t− tw the time elapsed since a constant stress Σ was imposed, where tw is the

‘waiting time’ or the ‘age’ of the sample. Recall Chapter 3.

4.5.1 Outline of SGR model according to Ref. [62]

Fielding et al. [62] investigated both the linear and nonlinear responses of the ho-

mogeneously constrained SGR model to an imposed stress Σ. In this context we

use ‘linear’ to mean that the strain response γ(t) to a step stress remains linear

in the value of the imposed stress Σ; when this is no longer valid the response is

termed ‘nonlinear’. (Hence, ‘linear’ and ‘nonlinear’ in this section are distinct from

‘linear’ and ‘nonlinear’ referred to elsewhere that pertain to whether heterogeneous
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perturbations δγ̇k are small.)

Linear response

Focussing first on the linear creep response (which in general can be obtained in

the very small stress limit Σ → 0), the authors found power law relations for the

shear rate in time in both the ‘short’ and ‘long’ time regimes, i.e., for ∆t� tw and

∆t� tw, respectively. We summarise these linear creep power laws in Table 4.1.

time range x < 1 1 < x < 2

∆t� tw — γ̇(∆t) = Bshort∆t
x−2

∆t� tw γ̇(∆t) = C∆t−1 γ̇(∆t) = Blong∆tx−2

Table 4.1: Summary of creep relations of the SGR model in the linear regime as
found by Fielding et al. [62]. B and C are prefactors that depend weakly on x. The
top-left entry is explained in the text.

(Recall that the SGR model shows Newtonian behaviour for values of the noise

temperature x > 2. Because we are interested in the non-Newtonian behaviour we

shall investigate only values of x < 2.) The model also shows a glass transition at

x = 1; due to this we will always distinguish between behaviour for x < 1 (called

the ‘glass phase’) and 1 < x < 2 (above the glass point).

Note the missing entry for the glass phase (x < 1) in the short time regime

∆t � tw. In fact, the authors found that in this regime the linear creep response

obeys:

γ̇(∆t) = At−1
w

(
∆t

tw

)−x
(4.5.1)

at early times until const ×
(

∆t
tw

)1−x
becomes comparable to 1, see Ref. [62]. At

x = 1, the authors found a cross-over into logarithmic-like behaviour.

Nonlinear response

Above the glass point (1 < x < 2) and for imposed stresses outside the small stress

limit (above), the authors showed that the linear creep power law relations shown in

the right-hand column of Table 4.1 are valid up to times ∆t ∼ Σ1/(1−x), after which
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the response became nonlinear. We will show later that the ‘fluidisation time’ τf

(defined as the inflection point ∂2
t γ̇ = 0 in the shear rate response) is proportional

to this transition time at which nonlinear behaviour arises.

In the glass phase (x < 1) the response was found to be linear to arbitrarily long

times, for imposed stresses much smaller than the yield stress Σ� Σy. [Recall that

in the glass phase the system has a yield stress Σy(x), see Figure 3.2.6 of Chapter 3.]

However, for imposed stress values approaching the yield stress Σ . Σy this ceases

to be true. Furthermore, the authors were unable to determine a creep power law

relation for the response above the yield stress Σ > Σy. This will be the subject of

our investigation in Section 4.5.2.

Our research in this section concerns the nonlinear response of the SGR model

in the glass phase (x < 1) for imposed stresses just above the yield stress, and has

two aims. First, we aim to determine a creep power law relation for the response of

the shear rate γ̇(∆t) to stresses exceeding the yield stress Σ > Σy, for which Fielding

et al. did not determine a relation. Secondly, we aim to determine a relation for the

‘fluidisation time’, defined as the time at which an inflection occurs ∂2
t γ̇ = 0 in the

shear rate response, as a function of the imposed stress Σ > Σy. Similarly, no such

prediction for the time at which the system fluidises was made by Fielding et al.

During this investigation we will also confirm the results of Fielding et al. [62] for

the creep power law, and their prediction of the time at which the system fluidises,

for the system above the glass point (1 < x < 2). This relation can be used to predict

the onset of transient shear banding according to the general criterion derived in

Section 4.2: ∂ 2
t γ̇/∂tγ̇ > 0.

We now define the ‘fluidisation’ time τf referred to above, and also the ‘dip’ τdip

time, for use later on.

The ‘fluidisation’ time τf and ‘dip’ time τdip

We show typical responses of the shear rate to an imposed stress just above the yield

stress in the SGR model in Figures 4.5.2 (a) and (b). We identify the fluidisation

and dip times, τf and τdip, defined as the time of the minimum ∂tγ̇ = 0 and the time
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of the inflection point ∂ 2
t γ̇ = 0 in the shear rate γ̇(∆t), respectively. These times

are relevant as they describe the time during which the system is linearly unstable

to shear rate heterogeneity: τdip < ∆t < τf , according to the general criterion (Eqn

4.2.8) derived in Section 4.2.
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Figure 4.5.2: Shear rate responses of SGR model to a step stress. (a) in the glass
phase: x = 0.5 and γ̇, ∆t scaled by tw. Waiting times: tw = 102,3,4,5,6 (bottom to top
on the right) and Σ− Σy = 0.05. (b) above the glass point: x = 1.5, tw = 102,3,4,5,6

(top to bottom), and Σ = 0.1; inflection point marked by ‘×’ on tw = 106 curve. A
dashed line shows the power law creep regime.

So far, we have outlined the SGR model as studied by Fielding et al. [62], pin-

pointed results missing from their work, which we now aim to address, and de-

scribed the generic behaviour of the shear rate in the SGR model. We now present

our results, focussing first on creep behaviour in Section 4.5.2, before describing

fluidisation in Section 4.5.3.

4.5.2 Power law creep

In the glass phase: x < 1

For imposed stresses above the yield stress Σ > Σy(x), the authors of [62] were

unable to determine analytical forms for the shear rate response during the creep

regime. Using numerical results of the SGR model, an example of which is shown
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in Figure 4.5.2 (a), we determined a power law for this creep regime:

γ̇(∆t) = Ât−1
w

(
∆t

tw

)µ
, for ∆t� min{tw, τdip}, (4.5.2)

where µ is the power law exponent that we find depends on the ‘noise temperature’

of the SGR model via:

µ = −x, (for x < 1) (4.5.3)

and Â is a fitting parameter that depends weakly on x. We reiterate that Eqn

4.5.2 describes the shear rate behaviour during the creep regime in which the shear

rate decreases in time, before the onset of fluidisation. An example of such a creep

regime is shown in Figure 4.5.2 (a) — a dashed line indicates the creep power law.

In Figure 4.5.3 we demonstrate the dependence of the power law exponent µ on

the noise temperature x, where we plot µ as a function of x for two values of the

waiting time tw = 105, 107. The dashed line shows the result of Eqn 4.5.3. As shown

in the figure, increasingly large waiting times tw are needed for convergence of the

exponent µ→ −x as the glass transition is approached: x→ 1.

0 0.5 1 1.5
x

-1

-0.8

-0.6

-0.4

-0.2

0

µ

Figure 4.5.3: Creep power law exponent µ as a function of x in the SGR model,
for Σ − Σy = 0.05, tw = 105,7 in circles, triangles, respectively. The exponent µ is
obtained by fitting γ̇ = Ât−1

w (∆t
tw

)µ for x ≤ 1, or γ̇ = B∆tµ for 1 < x < 2, over the
time range τ0 � ∆t � min{tw, τdip}. Dashed lines show µ = −x for x < 1 (Eqn
4.5.3), and µ = x− 2 for 1 < x < 2 (Eqn 4.5.4).

We note that the ∆t� tw condition in Eqn 4.5.2 exists because a transition to

a second power law regime with an apparently different exponent was observed for
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times ∆t� tw. This regime is difficult to access numerically, and we were unable to

confirm the long time power law exponent. The ∆t� τdip condition of Eqn 4.5.2 is

required because the onset of fluidisation that occurs as ∆t → τdip signals the end

of the creep regime as shown in Figure 4.5.2 (a). Note that what determines which

of tw or τdip is smallest is the magnitude of the imposed stress compared to the

yield stress Σ− Σy. For larger stresses, departure (i.e., the onset of the fluidisation

process) from the creep regime occurs at earlier times and we may have τdip < tw.

For stresses closer to the yield stress departure from the creep regime occurs at later

times and we may have τdip > tw.

Above the glass point: 1 < x < 2

In Figure 4.5.3 we also confirm the exponent of the nonlinear creep power law above

the glass point (1 < x < 2) reported by Fielding et al. [62] to be:

µ = x− 2, (4.5.4)

where the creep power law obeys γ̇ ∼ B∆tµ (recall Table 4.1). Note, we again

find that increasingly large waiting times tw are required for convergence of the

exponent µ→ x− 2 as the glass transition is approached x→ 1. (This is consistent

with Fielding and co-workers’ finding of a cross-over to logarithmic-like behaviour

at x = 1.)

We summarise the creep power laws for imposed stresses Σ > Σy in Table 4.2.

x < 1 1 < x < 2

∆t� tw γ̇(∆t) = Ât−1
w

(
∆t
tw

)−x
γ̇(∆t) = Bshort∆t

x−2

∆t� tw — γ̇(∆t) = Blong∆tx−2

Table 4.2: Creep power law relations of the SGR model for Σ > Σy determined
from numerical results for x < 1 or from Ref. [62] for 1 < x < 2. Â and Bshort,long

are fitting parameters of O(1) and are dependent on x. Note: power laws valid for
τ0 � ∆t� τdip (in addition to time constraints in the table, which ever is met first).
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4.5.3 Fluidisation and dip times

So far we have investigated the creep behaviour of the SGR model. As explained, for

imposed stresses above the yield stress Σ > Σy the creep regime ends in a fluidisation

process during which the shear rate dramatically increases before finally reaching a

steady state value. Recall that τdip (the ‘dip’ time) is the time at which the shear

rate undergoes a minimum ∂t γ̇ = 0, and τf (the ‘fluidisation’ time) is the time at

which it has an inflection point ∂2
t γ̇ = 0.

In the glass phase: x < 1

Here, we use our numerical results to determine the fluidisation time τf as a function

of the imposed stress τf(Σ). We find the fluidisation time to be a decreasing function

of the imposed stress with two clear regimes: one for small stresses10 close to the

yield stress, and another for large stresses further away from the yield stress. The

cross-over stress between these two regimes is Σc. For the sake of brevity, we refer

a discussion on the value and origin of the cross-over stress Σc to Appendix I.

In the small stress regime (Σ < Σc), we find the fluidisation time depends on

the imposed stress via a power law:

τf/tw = C(Σ− Σy)
−α, for Σ < Σc (4.5.5)

where α is a constant of order O(1) apparently independent of x. (In all that follows

C, defined here, and D . . . F defined below, are fitting parameters that depend

weakly on x.) We show the relation between the fluidisation time and the imposed

stress determined from our numerical results in sub-figures (a, c, e) of Figure 4.5.4.

Here, we plot the fluidisation time (scaled by tw) as a function of Σ−Σy for various

values of x = 0.1, 0.3, 0.5, respectively. The dashed line shows the fit of Eqn 4.5.5

to the data, valid in the small Σ− Σy region.

In the large stress regime (Σ > Σc), we find the fluidisation time has an expo-

10Note that throughout we are only considering stresses greater than the yield stress Σ > Σy.
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Figure 4.5.4: Fluidisation time τf (triangle symbols) as a function of Σ − Σy (left
column) or Σ (right column) for various values of x as shown in sub-captions. In
(d) and (f) we also show the ‘dip time’ τdip (diamond symbols). In (b) waiting
times tw = 105,7 are shown in triangles and circles, respectively. Dashed lines are
fits of Eqn 4.5.5: τf/tw = C(Σ − Σy)

−α in (a, c, e), and Eqn 4.5.6: τdip,f/tw =
Edip,f exp(−Fdip,fΣ) in (d, f); see Appendix I for values of fitting parameters α and
C, . . . , F .
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nential dependence on Σ:

τf/tw = E exp(−FΣ), for Σ > Σc. (4.5.6)

See sub-figures (d, f) of Figure 4.5.4 that show the fluidisation time (scaled by tw)

as a function of the imposed stress Σ for x = 0.3, 0.5, respectively. The dashed line

shows the fit of Eqn 4.5.6, valid for stresses far from the yield stress.

Note that for sufficiently large waiting times the exponents α and F of Eqns

4.5.5 and 4.5.6, respectively, are independent of the waiting time tw. As the glass

transition is approached x → 1, increasingly large waiting times are required for

convergence of the exponents with respect to the waiting time tw. In Figure 4.5.4,

the results of sub-figures (a-d) are converged with respect to waiting time tw, whilst

the exponent α and fitting parameter Fmin,f in sub-figures (e, f) still depend weakly

on the waiting time, see Figure 4.8.1 of Appendix I.

Above the glass point: 1 < x < 2

As explained in Section 4.5.1, above the glass point 1 < x < 2 Fielding et al. [62]

predicted departure of the shear rate from the creep regime at times ∆t ∼ Σ
1

1−x . We

show that the fluidisation time τf is proportional to this departure time in Figure

4.5.4 (b), where we plot the fluidisation time τf as a function of the imposed stress.

The dashed line shows the fit of:

τf = DΣ
1

1−x . (4.5.7)

We summarise all fluidisation relations for the SGR model in Table 4.3.

x < 1 1 < x < 2

τf = twC (Σ− Σy)
−α for Σ < Σc

τf = D Σ
1

1−x

τf = twEe
−FΣ for Σ > Σc

Table 4.3: Relation between the fluidisation time τf and the imposed stress Σ (or
Σ−Σy) determined from numerical results for x < 1, or from Ref. [62] for 1 < x < 2.
C, ..., F are fitting parameters that may depend on x and α is a constant O(1).
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The ‘dip time’, τdip

We also investigated the time at which the minimum of the shear rate occurs: τdip,

see Figure 4.5.2. This minimum signifies the onset of the transition from solid-like

behaviour (creep) to liquid-like flow (fluidisation), and is relevant as the general

criterion (Eqn 4.2.8) predicts linear instability to shear rate heterogeneity for times

τdip < ∆t < τf .

In the large stress regime Σ > Σc, we find that this dip time is proportional to

the fluidisation time: τdip ∝ τf , as shown in (d, f) of Figure 4.5.4. τdip then also

obeys Eqn 4.5.6, albeit with a different prefactor Edip.

For reasons that we detail in Appendix I, we were unable to determine a physi-

cally meaningful τdip for imposed stresses in the small stress regime, Σ < Σc.

4.6 Glassy polymer model

Finally, we turn to study the step shear stress protocol in the glassy polymer model.

This model has been shown to describe semi-quantitatively the experimental results

of Ref. [88]. In this experiment it was reported that, during extension of the sample

under a constant load, the segmental relaxation time (which governs the rate of

rearrangements of local segments of the polymer chain) showed a dramatic decrease

as a function of time, followed by a minimum and a rise accompanied by strain

hardening [58] (see Figure 2.2.3 of Chapter 2). The authors of Ref. [58] carefully

fitted the parameters of the GP model to the experimental results of Ref. [88] in

order to make direct comparisons with experiment. The aim of this section is to

provide results comparable to those of the extensional geometry in Refs. [58,88] for

the shear geometry, and we will therefore use the same parameters used by Fielding

et al. in Ref. [58].

Response in comparison to the results of Ref. [58]

For now, we will focus on the response to an imposed stress Σ with homogeneous

flow enforced, but will later investigate the response with heterogeneity allowed in

the flow-gradient direction. Recall from Chapter 3 that within the model the total
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shear stress Σ is composed of solvent (s) and polymer (p) viscoelastic shear stresses

and a Newtonian solvent contribution:

Σ = Gpσp +Gsσs + ηγ̇, (4.6.1)

where G p,s are the polymer and solvent elastic moduli. The viscoelastic shear

stresses obey similar governing equations (Eqns 3.2.19 and 3.2.20) that involve a

polymer relaxation time τ p(∆t) = τ(∆t)/α proportional to that of the solvent (or

the ‘segmental’) relaxation time11 τ , which undergoes ageing at rest but may be

rejuvenated by shear. [Recall that the time elapsed since the imposition of stress

is ∆t = t − tw, where tw is the age of the sample and τ(t = ∆t−) ' tw.] As with

non-polymeric glassy materials, the model has a yield stress Σy. Because α is ex-

tremely small (α = 10−12 was used in Ref. [58]), the polymer yield stress is very

large Σp
y = G p

µα
, leading to divergence of the overall yield stress Σy →∞ in the limit

α→ 0. Nevertheless, the solvent yield stress is finite: Σs
y = G s/µ.

The response of the shear rate, segmental relaxation time and polymer and sol-

vent stresses to an imposed total stress (that is slightly larger than the solvent yield

stress Σ > Σs
y) in the GP model are shown in Figure 4.6.1. This figure demonstrates

that the basic features of experiment and numerics in the extensional geometry

are also present in the shear geometry; these are: i) strain: the strain acceler-

ates initially [γ̇(∆t) increases] until an inflection point is reached corresponding to

a maximum in the shear rate, γ̇(∆t), whereupon strain hardening occurs and the

shear rate progressively decreases in time. ii) segmental relaxation time: after an

initial rapid decrease on loading12, the relaxation time decreases in time with a rate

that is accelerated by positive feedback through the resulting increase of γ̇ (until

the strain hardening regime is met); this process is analogous to the ‘fluidisation’ of

non-polymeric SGMs. iii) strain hardening: with this increase in γ̇(∆t) the polymer

stress also increases13 so that the polymer bears an increasing fraction of the total

11Note that although τp is proportional to τ , α is extremely small and thus τp →∞.
12The initial rapid decrease of τ(∆t) after the stress is imposed is due to the step-strain like

response of the system.
13In fact, due to α being extremely small, ∂tΣp ' γ̇(∆t), and thus Σp(∆t) ' G pγ(∆t).
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Figure 4.6.1: Top to bottom panels: response of the strain γ, reduced relaxation
time τ/tw, and solvent (s) and polymer (p) stresses: Σ p,s = G p,s σ p,s to a step stress.
Imposed stress: (a) Σ = 8.88 so that Σ/Σs

y = 2.1768 (to match ratio of engineering
stress to solvent yield stress in Ref. [58]) and (b) Σ = 24.48 so that Σ/Σs

Y = 6 and
the depth of the minimum of τ(∆t) roughly matches that of the data in Ref. [58].
Parameters: (as in Ref. [58]) G p = 6 Pa, G s = 8.5G p, τ0 = 6 s, η = 0.05G p τ0,
α = 10−12, µ = 12.5, tw/τ0 = 104.

imposed load. This results in both a decrease of the shear rate and a transfer of

the majority of the load being held by the solvent to the polymer, signifying the

onset of the strain hardening regime. The solvent stress drops below the yield stress

Σs < Σs
y causing the solvent to re-vitrify; the system begins to age [τ(∆t) increases]

and the shear rate decreases towards zero.

The value of the imposed stress Σ in Figure 4.6.1 (a) was chosen so that Σ/Σs
y

matches the ratio of the engineering stress to the solvent yield stress in Ref. [58],

and shows qualitatively similar behaviour to the extensional case. However, the

minimum of τ(∆t) occurs at a later time and with a less significant depth when

compared to the results of Ref. [58]. This is likely due to the constant-force exten-

sional protocol used that results in a decrease of the cross-section of the sample and

therefore a continuous increase in the local stress (present only in the extensional

protocol); this would increase the feedback mechanism that drives the fluidisation
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Figure 4.6.2: Top: shear rate γ̇ (homogeneity enforced), dashed where ∂ 2
t γ̇/∂tγ̇ > 0,

bottom: absolute value of shear rate perturbations |δγ̇k| found by integrating Eqn
4.2.6. Parameters are the same as in Figure 4.6.1 (b), noise added initially of the
form δsk = qXεk, where q = 10−2, and X is an array of random numbers chosen
from a flat distribution with a mean of 0 and width of 1.

process resulting in an earlier, deeper minimum of τ(∆t). To affirm this explana-

tion, we show in (b) of the Figure the results for a larger imposed stress (Σ/Σs
y = 6),

resulting in a more pronounced dip in τ(∆t) that occurs at a much earlier time.

Linear instability to shear rate heterogeneity

The general criterion derived in Section 4.2 predicts linear instability to shear rate

heterogeneity at times for which the shear rate (of a system constrained homo-

geneously) shows simultaneous positive curvature and slope in time, i.e., when

∂ 2
t γ̇/∂tγ̇ > 0. We will now investigate this in the GP model.

We show in Figure 4.6.2 the response of the shear rate in a homogeneously con-

strained system to an imposed shear stress that is slightly larger than the solvent

yield stress Σ > Σs
y. We also show the dynamics of the heterogeneous perturbations

in the shear rate δγ̇k(t) of the linearised system, found by integrating Eqn 4.2.6.

Clearly, the shear rate perturbations grow in accordance with the times for which

the shear rate obeys ∂ 2
t γ̇/∂tγ̇ > 0. However, we find that the magnitude of the

shear rate perturbations at their peak is small. This is because strain hardening

curtails the growth of the shear rate that would otherwise lead to (for example, in
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the case where G p/G s is small, but finite) an increase in γ̇(∆t) by several orders of

magnitude during which ∂ 2
t γ̇/∂tγ̇ > 0, and would result in significant growth of the

shear rate perturbations as seen in the RP or SGR models. Due to this curtailing

of the shear rate, the growth of shear rate perturbations is limited (increasingly so

for increasing G p/G s). For example, the value of |δγ̇k| at its peak (bottom panel

of Figure 4.6.2) is smaller in magnitude than its value (due to the initial noise) at

∆t = 0. We conclude that strain hardening plays a stabilising role that reduces the

magnitude of shear banding.

4.7 Conclusions

In this chapter, we have derived a general criterion for the onset of linear instability

to shear rate heterogeneity for the step stress protocol that is independent of fluid

or model type, and depends only on derivatives of the shear rate in time. The

criterion predicts the growth of shear rate perturbations whenever ∂ 2
t γ̇/∂tγ̇ > 0.

We investigated the use of the criterion in three classes of material:

Polymeric fluids : we showed that both the RP and Giesekus models have quali-

tatively similar responses of the shear rate γ̇(t) to an imposed shear stress. In both

cases, for values of the imposed stress nearest those on the weakest slope of the

constitutive curve the shear rate rises dramatically by several orders of magnitude

in a short time period. We showed that, consistent with the general criterion, tran-

sient shear banding arose during the upwards curving, upwards sloping region of this

shear rate rise. However, we also showed that while the magnitude of this transient

shear banding is ‘significant’ (i.e., γ̇max − γ̇min larger than 5% of the shear rate at

the same instant in time) in the RP model, it is not significant in the Giesekus

model. This is because the rate of increase of γ̇(t) is much larger in the RP model

relative to that of the Giesekus model for parameters leading to comparable con-

stitutive curves. (In fact, we never found ‘significant’ transient shear banding for

any parameters in the Giesekus model.) We also showed that in the RP model, the

system returns to (relative) homogeneity at steady state, regardless of the form of



4.7. Conclusions 100

noise inputted into the system (i.e., initial or continuous noise). In the Giesekus

model with noise added continually, a small magnitude of shear banding arises dur-

ing the regime of upwards curvature and slope of γ̇(t); however, unlike that found

in the RP model, this heterogeneity persists to steady state. We therefore conclude

that the Giesekus model in our opinion is not appropriate for the description of the

transient shear banding properties of entangled polymeric materials. However, the

results of significant transient shear banding in the RP model are consistent with

the experimental findings of entangled polymeric systems [16,18,19,74–77,161].

Soft glassy materials: The shear rate response to an imposed shear stress in

the SGR model is qualitatively similar to that of the RP and Giesekus models.

However, we did not explore the transient shear banding properties of the model

in response to a step stress, since it has already been shown that shear bands do

indeed arise during the upwards sloping, upwards curving region of the shear rate in

time [117]. Rather, we investigated the creep: the progressive decrease of the shear

rate in time), and the subsequent fluidisation: the sudden increase of the shear rate

in time leading to steady flow in the SGR model. Our aim here was to determine

relations for: the shear rate as a function of time during creep, and also for the

‘dip’ τdip and ‘fluidisation’ τf times (as a function of imposed stress Σ) at which the

shear rate undergoes a minimum and an inflection in time, respectively. The dip and

fluidisation times are relevant as they describe the time during which the system is

linearly unstable to the formation of shear bands τdip < ∆t < τf , according to the

general criterion above.

We first focussed on the behaviour of the creep regime that can exist for a

long time before fluidisation occurs. Here, we showed that in the glassy phase of

the model (x < 1) and for imposed stresses above the yield stress, the shear rate

follows a power law in time with an exponent dependent on the noise temperature:

γ̇(∆t) ∼ t−1
w

(
∆t
tw

)−x
. We found this creep power law to be valid for ‘short’ times:

∆t � tw. A different creep behaviour was found to exist at ‘long’ times ∆t � tw,

though we were unable to access this regime to determine the power law exponent.

Next, we investigated the fluidisation behaviour of the model: this is the tran-

sition from a solid-like response (creep — described above) to liquid-like flowing
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behaviour. The solid-like creep regime ends as the shear rate undergoes a mini-

mum at a time ∆t = τdip, before suddenly increasing over several orders of mag-

nitude, passing through an inflection point at ∆t = τf before reaching a steadily

flowing state. Recall that in between these two ‘minimum’ and ‘fluidisation’ times

τdip < ∆t < τf , the shear rate satisfies ∂ 2
t γ̇/∂tγ̇ > 0. In the glass phase (x < 1)

we found two regimes depending on whether the imposed stress larger or smaller

than a critical stress Σc. Below the critical stress, we showed that the fluidisation

time depends on the imposed stress via a power law: τf/tw ∼ (Σ − Σy)
−α [where

α ∼ O(1)]. Above the critical stress, the fluidisation time depends exponentially on

the imposed stress: τf/tw ∼ e−FΣ. We also showed that, as long as a clear ‘dip’ time

τdip could be found, it was proportional to the fluidisation time τdip ∝ τf . Above the

glass point (1 < x < 2) we showed that τf was proportional to the time at which

Fielding et al. [62] predicted departure from the linear creep regime: τf ∼ Σ1/(1−x).

Glassy polymers: Finally, we investigated the rheological response in the glassy

polymer model to an imposed shear stress in order to provide a comparison with re-

cent numerics and experiments performed under a constant extensional load [58,88].

We showed that the shear rate, segmental relaxation time and polymer and solvent

stresses respond qualitatively similarly in the shear geometry as in the extensional

geometry. Strain hardening arises as the polymer takes an increasing fraction of the

imposed stress, accompanied by a ‘dip’ in the segmental relaxation time indicating

the re-vitrification of the solvent. We showed that this strain hardening inhibits

the sudden increase of the shear rate in time and thus stabilises the system against

shear banding according to the general criterion.

To summarise, we have shown that one should expect transient shear banding to

arise generically during a step stress whenever the shear rate undergoes simultaneous

positive slope and curvature in time. Until recently, it has not always been appreci-

ated by the community that shear banding might arise during the time dependent

response of complex fluids to a step stress.
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4.8 Appendix I

Fitting parameters for Figure 4.5.4

Table 4.4 shows values of the fitting parameters (found using a nonlinear fitting

function in Grace [1]) for the dashed lines in Figure 4.5.4.

x C α Ef Edip Ff Fdip

0.1 0.019 1.11 — — — —
0.3 0.096 1.10 541 100 7.67 7.67
0.5 0.124 1.08 33.0 10.4 5.25 5.43

Table 4.4: Fitting parameters for Figure 4.5.4. C, α are parameters for the fluidi-
sation time fit using: τf/tw = C(Σ − Σy)

−α for (a, c, e) of the figure. Edip,f , Fdip,f

are parameters for the dip (dip) time and fluidisation (f) time fit using: τdip,f/tw =
Edip,f exp(−Fdip,fΣ) for (d, f) of the figure.

Discussion on the origin of the critical stress Σc

Here, we discuss the origin and value of the critical stress Σc that divides the small

and large stress regimes that result in different relations (Eqns 4.5.5 and 4.5.6,

respectively) for the fluidisation time τf on the imposed stress Σ.

In fact, the separation of these regimes appears to originate in whether the

fluidisation time occurs at short (∆t � tw) or long (∆t � tw) times. This can

be clearly seen by comparing the smallest/largest fluidisation time τf for which the

Eqns 4.5.5 and 4.5.6 (dashed lines) fit the data in Figure 4.5.4. [Refer to a schematic

of the short and long time creep regimes in Figure 4.8.2 (below). In this schematic

that assumes Σ < Σc, fluidisation occurs in the long time regime: τf � tw. For

larger stresses Σ > Σc fluidisation occurs in the short time regime: τf � tw.] The

critical stress Σc then describes the stress at which fluidisation occurs at τf ∼ tw.

By considering Eqn 4.5.5 in the limit τf/tw → 1 from above, we find that:

Σc = Σy + C1/α. (4.8.1)

Here, C(x) ∼ O(10−1) is a fitting parameter that is weakly dependent on x whose
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values from Figure 4.5.2 can be found in Table 4.4 above. (Recall that Σy is also

dependent on x, see Chapter 3.)

Convergence of α in Figure 4.5.4 (e) w.r.t. tw

4 5 6 7

log
10
t
w

-1.3

-1.2

-1.1

-1

α

Figure 4.8.1: Convergence of the exponent α from Eqn 4.5.5 with respect to the
waiting time tw in the SGR model, for x = 0.5.

Discussion of τdip in the small stress regime Σ < Σc

Here, we discuss the difficulty in obtaining a meaningful τdip during the response to

small stresses Σ < Σc.

Firstly, recall from Section 4.5.2 that there exists a short (∆t � tw) and long

(∆t� tw) time creep regime. For imposed stresses below the critical stress Σ < Σc

the fluidisation time occurs during the long time creep regime τf � tw. We show

this in a schematic of the response in the SGR model in Figure 4.8.2. Here, both

creep regimes are seen before fluidisation occurs.

We find that the cross over between the short and long time creep regimes is

accompanied by a ‘pseudo-minimum’ that can be seen at ∆t ∼ tw, and appears to

result from the number of elements that have not yet yielded (since the onset of

deformation) decreasing to zero. This pseudo-minimum is shown in the schematic

of Figure 4.8.2 at ∆t ∼ tw; we find that the ‘pseudo-minimum’ apparently persists

even as Σ→ Σy. Ideally, we could still extract the time of the dip τdip that actually

corresponds to the transition to steady flow. However, unless a sufficient separation

between τdip and tw exists, we find that the minimum corresponding to the onset of
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Figure 4.8.2: Schematic of generic response (valid for all x < 2). Two power law
creep regimes exist (with exponents µ, φ), a transition between the two occurs at
time tw. For stresses Σ > Σy the system will fluidise at a time ∆t ∼ τdip — this
time depends on the imposed stress so that, for some stresses, only the short time
creep regime might be seen τdip < tw.

fluidisation τdip becomes lost in the ‘pseudo-minimum’ at ∆t ∼ tw, so that extract-

ing a meaningful τdip is very difficult. We therefore do not attempt to associate τdip

with τf of Eqn 4.5.5.



5
Shear startup protocol

5.1 Introduction

In this chapter we will investigate the rheological response of soft glassy materials

and entangled polymeric materials above and below the glass transition during shear

startup. In this protocol a constant shear rate γ̇ is imposed on the material and

the dynamics of the total shear stress Σ(t), are measured as a function of time t, or

equivalently, strain γ = γ̇t. Recall Figure 2.1.3 of Chapter 2.

As explained in Chapter 2, there is much need of a criterion for the onset of time-

dependent linear instability to shear heterogeneity in this time-dependent protocol

with the same fluid-universal status as that of the well known steady state criterion

of a negative slope in the constitutive curve1 ∂γ̇Σ|γ→∞ < 0 [160]. We will derive

1Recall that the ‘constitutive curve’ is defined as the relation (with homogeneity in the flow
gradient direction enforced) of the steady state total stress Σ(γ̇)|t→∞ to the imposed shear rate.
The ‘flow curve’ is the same curve with heterogeneity in the flow gradient direction allowed.
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such a criterion in Section 5.2, for which credit is given to Dr. Suzanne Fielding.

By considering large strain and large shear rate limits we will identify ‘elastic’ and

‘viscous’ terms that contribute to linear instability to shear banding. We will show

that the ‘elastic’ term is consistent with numerous experimental findings in entangled

polymeric and soft glassy materials showing time-dependent shear banding during

the negative slope of shear stress as a function of strain during shear startup [18,19,

43,45,77,136,138,162].

We will show how this general criterion applies widely in models for entangled

polymeric fluids using the rolie-poly and Giesekus models. (Examples of these ma-

terials include concentrated solutions or melts of high molecular weight polymers,

and concentrated solutions of wormlike micelles or DNA.) We will investigate age-

dependent transient shear bands in the scalar fluidity model, for which the consti-

tutive curve is monotonic. We also show these to arise in the glassy polymer model,

albeit with a reduced magnitude due to the effect of strain hardening. The author is

grateful to Prof. Mike Cates and Prof. Ron Larson for collaboration during research

on this model.

The results of Sections 5.2 and 5.3 are published in Ref. [117], Section 5.6 in

Ref. [116], and Section 5.7 in Ref. [59].

5.2 Criterion for instability in shear startup

The well known criterion for steady state shear banding is a negative slope in the con-

stitutive curve: ∂γ̇Σ|t→∞ < 0 [160,172]. However, as described in Chapter 2, models

that do not possess this negative slope may still show transient shear banding. Two

main causes have been suggested [2] for this ubiquitously occurring phenomenon.

Firstly, a nonlinear elastic response of the material to imposed shear that leads to a

negative slope of the stress in strain ∂γΣ < 0 might result in an ‘elastic’ instability to

shear heterogeneity. Secondly, drawing on the well known steady state criterion for

shear banding of a negative slope in the constitutive curve ∂γ̇Σ|t→∞ < 0 it has been

suggested [2,68,116] that a negative slope in an ‘instantaneous’ or ‘time-dependent’

constitutive curve might lead to a ‘viscous’ instability to shear heterogeneity, even
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if the ultimate steady state constitutive curve is monotonic. This ‘instantaneous’

constitutive curve can be imagined as follows: by performing several shear startup

experiments at different shear rates γ̇ and monitoring the stress as a function of

strain for each, one can plot the constitutive curve at any instant in strain by col-

lecting these into a single curve2: Σ(γ̇)|γinst .

In this section we will derive a general criterion for the onset of linear instability

to shear heterogeneity that is independent of model or material type, containing

terms associated with the ‘elastic’ and ‘viscous’ instabilities above. This general

criterion not only describes the onset of transient shear bands, but also describes

how shear bands that persist to steady state first arise during the time-dependent

response. In this derivation, we will use the ‘general framework’ outlined in Chapter

3 and perform a linear stability analysis about the time-dependent homogeneous

background state. Credit for this derivation is given to Dr. Suzanne Fielding.

Recall from Chapter 3 that within the general framework the total shear stress Σ

is decomposed into viscoelastic and Newtonian solvent contributions: Σ = Gp·s+γ̇η,

where s = (σxy, σxx, σyy, . . .)
T is a vector containing all dynamical variables and p =

(1, 0, 0, . . .) is a projection vector for the viscoelastic shear conformational variable

σ ≡ σxy. The governing equation has the form ∂t s = Q(s, γ̇), or equivalently:

∂γ s =
Q(s, γ̇)

γ̇
. (5.2.1)

Our aim is first to determine the gradient of the instantaneous constitutive curve

formed at a fixed strain: ∂γ̇Σ|γ = Gp · ∂γ̇s|γ + η. We then perform a linear stability

analysis about this homogeneous background state, and determine an equation for

the growth of heterogeneous perturbations which we will then relate to the instan-

taneous constitutive curve. To achieve the first of these, we first differentiate Eqn

2Note that an alternative ‘instantaneous constitutive curve’ can be obtained that is formed at
a fixed time: Σ(γ̇)|tinst

. However, the criterion derived in this section includes gradients of the
instantaneous constitutive curve formed at a fixed strain, which we will therefore use as a default
throughout this chapter.
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5.2.1 with respect to γ̇ (at fixed strain):

∂γ̇ ∂γ s |γ =
1

γ̇

[
∂Q

∂s
· ∂s
∂γ̇

+
∂Q

∂γ̇

]
−
Q

γ̇2
. (5.2.2)

To simplify the presentation, we define M ≡ ∂sQ and q ≡ ∂γ̇Q. Rearranging Eqn

5.2.2 we then find:

∂γ̇ s|γ = M−1
(
γ̇∂γ̇ ∂γ s− q + ∂γs

)
. (5.2.3)

To obtain the instantaneous constitutive curve at a fixed strain we recall that

∂γ̇Σ|γ = Gp · ∂γ̇s|γ + η, i.e.,

∂γ̇Σ|γ = Gp ·M−1
(
γ̇∂γ̇ ∂γ s− q + ∂γ s|γ̇

)
+ η. (5.2.4)

For use later on we rearrange this and multiply by
∣∣M ∣∣:

∣∣M ∣∣ {∂γ̇Σ|γ −Gp ·M−1 (γ̇∂γ̇ ∂γ s+ ∂γ s|γ̇)
}

=
∣∣M ∣∣ (−Gp ·M−1 · q + η

)
. (5.2.5)

Having studied these derivative properties of the homogeneous background state,

we now perform a linear stability analysis as outlined in Chapter 3, by adding het-

erogeneous perturbations to this homogeneous background state3: s(t, y) = s(t) +∑
k δsk(t)εk and γ̇(t, y) = γ̇ +

∑
k δγ̇k(t)εk. We substitute these into the governing

equations (Eqn 5.2.1), use force balance to substitute δγ̇k = −Gδσk/η, and lin-

earise to first order in δsk and δγ̇k to find the governing equation for heterogeneous

perturbations:

∂t δsk =

(
M − G

η
q p

)
· δsk. (5.2.6)

The largest eigenvalue of the matrix governing the growth rate of heterogeneous per-

turbations crosses zero when
∣∣∣M − G

η
q p
∣∣∣ = 0. Using the property of determinants:

|M+A·B |=|M | | I+B ·M−1·A |, we have:
∣∣∣M − G

η
q p
∣∣∣ =

∣∣M ∣∣ (1− G
η
p ·M−1 · q

)
;

by comparison with Eqn 5.2.5 we find the criterion for the growth of heterogeneous

3Where εk = cos(kπy/L). After the end of this section we will set G = 1 so that σ can be
thought of as the viscoelastic shear stress.
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perturbations during shear startup:

∂γ̇Σ|γ −Gp ·M−1 · (∂γs|γ̇ + γ̇∂γ̇ ∂γ s) < 0. (5.2.7)

Limits of large strains and large shear rates

Two limits help clarify the important features of this criterion. Firstly, if a steady

state is reached in the long time or large strain limit t, γ → ∞, derivatives with

respect to strain ∂γ → 0 and we recover the well known criterion for steady state

instability of a negative slope in the constitutive curve ∂γ̇Σ|γ→∞ < 0. For this reason

we label the first term in the criterion (Eqn 5.2.7) the ‘viscous’ term.

Secondly, we consider the large shear rate limit γ̇ → ∞. If the shear startup

functions s(γ) converge to limiting forms at high shear rates, i.e., dependence on the

shear rate is lost and derivatives of ∂γ̇ → 0, then the sample behaves as an elastic

solid and only derivatives of ∂γ remain in the criterion4:

− p ·M−1 · ∂γ s |γ̇ < 0, (5.2.8)

which we call the ‘elastic’ term of the full criterion (this is the first term in the

bracket of Eqn 5.2.7). In this large shear rate limit, this term (Eqn 5.2.8) results in

linear instability to shear heterogeneity if a sum of the gradients (with the correct

prefactors) in strain of the components of s is negative. In what follows, we will

show that this is consistent with the numerous examples of transient shear banding

associated with a negative slope of the shear stress in strain in both experiments

and theoretical work as described in Chapter 2.

In a system with only two dynamical variables it can be shown that the ‘elastic’

term reduces to a function with dependence only on derivatives of the shear stress

with respect to strain (note trM < 0, see Section 3.4):

−trM ∂γΣ|γ̇ + γ̇∂2
γ Σ|γ̇ < 0. (5.2.9)

4Note that here we have neglected the contribution of the Newtonian solvent viscosity that is
in general small η � τG; we will discuss the validity of this assumption in Section 5.3.
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The first term of Eqn 5.2.9 predicts linear instability to arise during a regime of

negative slope of the shear stress in strain. The second adds a ‘correction’ to this

from the curvature of the stress: as the stress departs from linear growth towards

the overshoot it undergoes a regime of negative curvature in strain that may con-

tribute sufficiently in Eqn 5.2.9 to cause linear instability to arise slightly before the

overshoot. We will show this in the RP model in Section 5.3. We note that not all

materials possess limiting functions of s(γ) during shear startup at high rates. For

example, this is not usually the case in SGMs: we will show in Section 5.6 that the

strain at the stress overshoot in the scalar fluidity model scales logarithmically with

the shear rate.

These two limits reveal the ‘viscous’ and ‘elastic’ contributions of the first and

second terms (respectively) of the general criterion (Eqn 5.2.7) to linear instability

to heterogeneity. We label the remaining term the ‘cross’ term as it contains both

derivatives with respect to shear rate and strain. Outside these limits this term can

become important (as we shall see in the Giesekus and scalar fluidity models) and

blur the distinction of ‘elastic’ and ‘viscous’ instabilities made above, though, as we

shall see in the next section, in the RP model this distinction is clearly apparent.

In what follows we will refer to the ‘criterion’ as that of Eqn 5.2.7, and the

‘reduced criterion’ as Eqn 5.2.7 with the ‘cross term’ neglected:

∂γ̇Σ|γ −Gp ·M · ∂γs|γ̇ < 0, (5.2.10)

which represents the linear stability properties predicted by a simple combination

of the ‘elastic’ and ‘viscous’ terms.

5.3 Non-stretching rolie-poly model

Time-dependent linear instability to shear heterogeneity (and the resulting shear

banding) has been studied in detail by Adams et al. [2–4] in the rolie-poly (RP)

model for the shear startup protocol. Our aim here is not to reproduce their work,

but rather to study the extent to which the basic phenomena observed by Adams

et al. accords with the general framework that we develop here. The RP model has
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Figure 5.3.1: Constitutive curves for the nRP model for β = 0.4, 1 (bottom to
top on the right) and η − 10−4. Dashed: linearly unstable at steady state, dotted:
transiently linearly unstable before the steady state is reached. Crosses at a shear
rate γ̇ = 30, for which time-dependent behaviour is shown in Figure 5.3.2.

three dynamical variables s = (σxy, trσ, σyy)T , reducing to two s = (σxy, σyy)
T in

the limit of fast stretch relaxation τR → 0. In the fast stretch relaxation limit when

trσ = 3, the two dynamical variable criterion applies5:

|M | ∂γ̇Σ|γ +G
(
−trM ∂γΣ|γ̇ + γ̇∂2

γ Σ|γ̇
)
−Gγ̇|M | p ·M−1 · ∂γ̇ ∂γ s < 0. (5.3.1)

[Terms left to right are the ‘viscous’, ‘elastic’ and ‘cross’ terms.] The ‘reduced crite-

rion’ (neglecting the ‘cross’ term) then depends only on derivatives of the total shear

stress with respect to strain or shear rate. For this reason we will now explore the

criterion within the non-stretching rolie-poly (nRP) model before later considering

the extension to the ‘stretching’ rolie-poly model (sRP) model where τR 6= 0.

For pedagogical purposes, we will first briefly summarise the rheological response

of the model to an imposed shear rate. This was studied by Adams et al. [2–4], but

the results shown in this chapter are the author’s own numerical work. We show

in Figure 5.3.1 the constitutive curves of two values of β = 0.4, 1 (and η = 10−4)

that result in nonmonotonic and monotonic constitutive curves, respectively. For

the former, the steady state unstable region (negative slope) is shown in a dashed

line, while shear rates for which the system is transiently linearly unstable to shear

5Note that |M | > 0, trM < 0, and from here on we set G, τd = 1.
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Figure 5.3.2: Responses of the nRP model to an imposed shear rate γ̇ = 30 for
(top row) β = 1 and (bottom row) β = 0.4 that result in monotonic/nonmonotonic
constitutive curves, respectively. (a, e): total shear stress response with homo-
geneity enforced: solid line, heterogeneity allowed: dotted line. (b, f): largest real
part of any eigenvalue from linear stability analysis ω. (c, g): ‘degree of banding’:
∆γ̇ = γ̇max − γ̇min. (d, h): snapshots of the velocity profile at strains with corre-
sponding symbols in (a/c), (e/g); steady state velocity profile in a thick, dashed
line. Parameters: η = 10−4, noise added initially to the shear stress of the form
qX cos(πy/L), q = 0.1, X is random number selected from a flat distribution with
zero mean and unit width.

heterogeneity are shown dotted. Two crosses in the figure indicate shear rates for

which we show time-dependent behaviour in Figure 5.3.2.

We show in the top row of Figure 5.3.2 the response to an imposed shear rate

(with γ̇ chosen from the weakest sloping region of a monotonic constitutive curve,

see the cross in Figure 5.3.1) of the total shear stress Σ [in sub-figure (a), where

both responses of the homogeneously constrained system and the system with het-

erogeneity allowed are shown6]; the largest eigenvalue7 from linear stability analysis

ω in (b); the ‘degree of banding’ ∆γ̇ in (c); and corresponding snapshots of the

velocity profile in (d), where the steady state velocity profile is shown in a thick,

6To do this we allow heterogeneity in the flow-gradient direction and add diffusion terms to the
governing equations of s as described in Chapter 3.

7Found by performing a linear stability analysis about the homogeneous background state as
described in Chapter 3. As before, ω > 0 indicates linear instability to shear heterogeneity.
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Figure 5.3.3: A parameter ‘phase diagram’ denoting the linear stability properties
of the nRP model during shear startup at a shear rate in the smallest slope of the
constitutive curve, depending on the parameters β, η. Left most region (‘Unstable’ ):
linearly unstable to shear heterogeneity at steady state. Middle region (‘Transiently
unstable’ ): system shows linear instability at some time during shear startup but is
linearly stable at steady state. To the right of these regions (‘Always stable’ ): the
system is always linearly stable to shear heterogeneity. Crosses ‘×’ at: β = 1, 0.4 at
η = 10−4 in the ‘transiently unstable’ and ‘unstable’ regions, respectively.

dashed line. As shown, transient shear banding arises and is greatest in magnitude

during negative slope of shear stress in strain. Note that banding can be long lived

in comparison to the duration of the overshoot: see sub-figure (c) where banding

is still dramatic at a strain γ ∼ 30. Correspondingly, the stress appears to remain

constant over this time before relaxing towards its final steady state value as the

banding returns to homogeneity at these large strains. Difficulty in reaching a steady

state in experiment may mean that such long lived transient banding is mistaken

for steady state banding. For parameters resulting in a nonmonotonic constitutive

curve (β = 0.4, bottom row of Figure 5.3.2) the responses are similar, except that as

the homogeneously constrained system approaches steady state it remains linearly

unstable to heterogeneity, and so the system with heterogeneity allowed remains in

a permanently banded state [compare thick, dashed lines of sub-figures (d) and (h)].

A parameter ‘phase diagram’ outlining the stability properties during shear

startup in the nRP model at a shear rate in the smallest slope of the constitu-

tive curve is shown in Figure 5.3.3. The system is linearly unstable at steady state

(i.e., ∂γ̇Σ|t→∞ < 0) in the bottom-left part of this plot; this region is also outlined

in [2,5]. The middle region denotes the values of β, η for which the system displays
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transient linear instability to shear heterogeneity that does not persist to steady

state (e.g., as for the top row of Figure 5.3.2). For values of β, η to the right of

these regions the system is always linearly stable to shear heterogeneity. The top

and bottom rows of Figure 5.3.2 correspond to systems with values of β, η at the

two points marked (‘×’) on the left hand side of this phase diagram inside the ‘tran-

siently unstable’ and ‘unstable’ regions, respectively. (Note — we chose points on

the left-hand side of this figure to ensure the solvent viscosity is small η � Gτd.)

We will first explore the ‘elastic’ instability in the former system, before exploring

the additional contribution of the ‘viscous’ instability in the latter system.

5.3.1 ‘Elastic’ instability

We now give numerical results for shear startup with parameters shown by the

upper ‘×’ in Figure 5.3.3, corresponding to the top row of Figure 5.3.2. We do so

in the form of a portrait (similar to one outlined in Chapter 4) in γ̇, γ space, where

horizontal slices represent a single shear startup run (with homogeneity enforced)

and we plot the strains at which:

(I) the shear stress is maximal8 ∂γΣ = 0 (dotted line);

(II) the largest eigenvalue from linear stability analysis crosses zero9 ω = 0 (large,

open circles);

(III) the ‘elastic’ condition is met: γ̇∂2
γΣ |γ̇ −trM ∂γΣ |γ̇= 0 (solid line);

(IV) the ‘viscous’ condition is met: ∂γ̇Σ |γ= 0 (dashed line, not present here);

(V) the ‘reduced criterion’ is met: |M | ∂γ̇Σ |γ +G
(
γ̇∂2

γΣ |γ̇ −trM ∂γΣ |γ̇
)

= 0

(small, filled circles);

(VI) the system (with heterogeneity allowed) shows shear banding that crosses the

‘significant’ threshold: (γ̇max − γ̇min)/γ̇ = 0.05 (diamond symbols).

8The nRP model shows weak oscillations in the shear stress as it nears steady state that causes
the ‘elastic’ condition (III) to be periodically, but weakly met. We omit these oscillations from the
figures for clarity as they never become large enough for long enough to cause any growth in the
perturbations (as can be seen from the contour plots of |δγ̇k| in Figure 5.3.4).

9Note that this corresponds to the strain at which the criterion crosses zero.
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Figure 5.3.4: Shear startup in the nRP model for parameters giving a monotonic
constitutive curve: β = 1, η = 10−4; a horizontal slice denotes a single startup
run at γ̇. Left panel: the strain at which the shear stress is maximal [(I) in text]
(black dotted line); the largest eigenvalue crosses zero (II) (large open circles); the
‘elastic’ condition is met (III) (solid line); the ‘reduced criterion’ is met (V) (small,
filled circles); and the threshold of ‘significant’ shear banding is met (VI) (open
diamonds). Initial noise added to σ of the form qX cos(πy/L), q = 10−2, X is an
array of random numbers selected from a flat distribution with mean 0 and width 1.
Right panel: contour lines of equal |δγ̇| = γ̇10M for integer M (found by integrating
Eqn 5.2.6), first contour: M = −2 and we show only contours M ≥ −2. Circles and
diamonds as in left panel.

(Note that the sub-figures in the top row of Figure 5.3.2 form a horizontal slice

through this figure at γ̇ = 30, and likewise for the bottom row of Figure 5.3.2 for

γ̇ = 30 in Figure 5.3.5.)

We note that: firstly, the ‘elastic’ condition is met shortly before the shear stress

overshoot due to contributions from the negative curvature of the shear stress in

strain as departure from linear growth Σ ∼ γ occurs before the maximum is reached,

recall Eqn 5.2.9.

Secondly, the strain at which the ‘reduced criterion’ is met agrees with that of

the ‘elastic’ condition for a large range of shear rates. The discrepancy at low and

high shear rates is due to the following:

1. at low shear rates γ̇ ∼ τ−1
d the ‘viscous’ term cancels out the contribution to

instability of the ‘elastic’ term, so that the ‘reduced criterion’ (Eqn 5.2.10)
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remains positive. This is because at these low shear rates the stress overshoot

is extremely weak (with a monotonic increase of stress in strain for γ̇ < τ−1
d ),

i.e., the derivatives of stress in strain (and thus magnitude of the ‘elastic’ term)

are small and can be cancelled out by the ‘viscous’ term, which is small but

positive at these small shear rates.

2. At high shear rates prefactors of the elastic term (Eqn 5.2.8) go to zero, so that

the viscous term (though small: ∂γ̇Σ|γ̇→∞ → η) forms a dominant, stabilising

contribution to the criterion (Eqn 5.3.1). See Appendix I for details. As a

result, linear stability to banding is restored at high shear rates, and the shear

rate for which this occurs scales linearly with Gη−1. We therefore find that the

‘elastic’ condition determines the onset of linear instability to heterogeneity in

the nRP model during shear startup at rates τ−1
d � γ̇ � Gη−1.

Thirdly, the ‘cross’ term provides a weak, stabilising contribution to linear in-

stability that is negligible at high shear rates where the shear stress startup curve

reaches a limiting function (i.e., independent of γ̇, as described previously). Thus

the region predicted to be linearly unstable to shear heterogeneity by the ‘reduced

criterion’ (small, filled circles in the figure) corresponds closely to that of the largest

eigenvalue from linear stability analysis (large, open circles).

Recall from Chapter 3 that investigating only the largest real part of the eigen-

values from a time-dependent linear stability analysis can lead to missed growth

of the heterogeneous perturbations δsk(t). Therefore, we also investigated the

growth of these heterogeneous perturbations by integrating Eqn 5.2.6 during the

time-evolution of the homogeneous background state, and used force balance δγ̇k =

−δσk/η to obtain the absolute value of shear rate perturbations |δγ̇k|(t). We show

contours of |δγ̇k|(t) (scaled by the imposed shear rate γ̇) in the right hand panel of

Figure 5.3.4, where each contour is a factor of 10 larger/smaller than its neighbour,

and find the major growth of heterogeneous perturbations agrees with the linearly

unstable region.

Using methods outlined in Chapter 3, we also evolve the perturbations in the

nonlinear system. Here, we monitor the ‘degree of banding’ ∆γ̇(t): the difference

between the maximum and minimum local shear rate as a function of time. We
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find that the degree of banding is proportional to the shear rate perturbations in

the linearised system ∆γ̇(t) ∝ |δγ̇k|(t) during the early time region of the nonlinear

response, and is thus well described by the linearised system during the onset of

banding. This remains true until the magnitude of banding becomes large — here,

nonlinearities neglected in the linearised system are also large and the linear analysis

no longer holds. At this point deviation from ∆γ̇(t) ∝ |δγ̇k|(t) occurs. We define

‘significant’ shear banding to be when the ‘degree of banding’ is more than 5% of

the imposed shear rate [(γ̇max − γ̇min)/γ̇ > 0.05]. We plot the region (delimited by

diamond symbols) for which shear banding is ‘significant’ in the nonlinear system

in the γ̇, γ plane of Figure 5.3.4. We note that the ‘significantly’ banded region in

the nonlinear system (diamonds in the figure) differs significantly from the contours

predicted by the linearised system (see the top-right of the figure). This departure

depends on the initial noise magnitude and the parameters of the model and is (as

explained above) due to the breakdown of the assumption of small perturbations

made in the linear stability analysis.

5.3.2 ‘Viscous’ instability

So far, we have considered transient shear banding in the RP model with parameters

for which the constitutive curve is monotonic. We have shown that transient shear

banding arises during the negative slope of shear stress vs. strain during startup at

a range of shear rates for which the ‘elastic’ term dominates the criterion. We note

that in the results presented above (see Figure 5.3.4), the ‘instantaneous’ constitutive

curve formed at a fixed strain is always monotonic, i.e., the ‘viscous’ condition is

never met.

We now investigate the ‘elastic’ and ‘viscous’ terms of the criterion, and the

resulting time-dependent and steady state shear banding in the RP model with pa-

rameters for which the constitutive curve is nonmonotonic. We show the analogous

γ̇ vs. γ ‘portrait’ for these parameters in Figure 5.3.5. Shear rates for which the con-

stitutive curve is negatively sloping at steady state, i.e., those for which the ‘viscous’

condition is met at steady state, can be seen in the right hand side of the left panel
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Figure 5.3.5: As Figure 5.3.4 with β = 0.4, and the additional dashed line in the
left panel indicates the strain at which the ‘viscous’ condition is met (IV).

of the figure between the two horizontal (dashed) lines. With regard to the ‘viscous’

condition as a function of time before the steady state is reached, it can be seen

in Figure 5.3.5 that the ‘viscous’ condition is only ever met for shear rates in the

negative slope of the constitutive curve. In fact, we have never found the ‘viscous’

condition to be met transiently for any shear rate outside those in the negative slope

of the constitutive curve for any parameters of the RP model (including τR 6= 0).

The overall stability portrait (Figure 5.3.5) for the RP model with a nonmonotonic

constitutive curve therefore appears as such in the γ̇, γ plane: a vertical patch of

instability around γ ∼ 1.7 caused by the onset of the ‘elastic’ condition is seen,

which joins a horizontal patch of instability that persists to steady state caused by

the ‘viscous’ condition.

As before, we also investigated the growth of heterogeneous shear rate perturba-

tions in the linearised system |δγ̇k|(t), whose contours we plot in the right-hand side

of Figure 5.3.5. Again, perturbations in the nonlinear system grow co-linearly with

those of the linearised system until they become large and nonlinearities become

important. There exists a range of shear rates outside those in the negative slope of

the constitutive curve for which the system remains ‘significantly’ banded even at

steady state. These correspond to shear rates for which the system is ‘metastable’;
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the corresponding steady state stress is that of the stress plateau Σp (see Chapter

2). Transient shear banding that returns to homogeneity at steady state is seen for

imposed shear rates that are slightly larger than those on the stress plateau, see

e.g., a slice at γ̇ = 600; this is consistent with experimental findings [19, 138] and

molecular dynamics simulations [26] of entangled polymeric systems.

Instantaneous constitutive curve at a fixed time or strain

In the above we showed that the ‘viscous’ condition is never met at any strain for

shear rates outside of the negative slope of the steady state constitutive curve. This

indicates that transient shear banding in the RP model is not caused by a transient

nonmonotonicity in the instantaneous constitutive curve formed at a fixed strain:

∂γ̇Σ|γ < 0. This contrasts with recent suggestions for the cause of transient shear

banding in complex fluids [2, 68, 107] that a negative slope in the instantaneous

constitutive curve formed at a fixed time: ∂γ̇Σ|t < 0 might be the cause of transient

shear banding. In particular, it was shown by Adams et al. [2] in the RP model

that the region of negative slope in the instantaneous constitutive curve formed at

a fixed time closely corresponded with the linearly unstable region.

In fact, the reason for this is that the negative slope of the instantaneous con-

stitutive curve formed at a fixed time approximately corresponds to the negative

slope of shear stress in strain10, as shown in Figure 5.3.6. Thus, if the system is

linearly unstable during the latter (as we showed it was in the previous subsection),

then so too will it be during the former. In fact, it is possible to show this re-

sult analytically, credit for which is given to Dr. Suzanne Fielding. To do so, we

begin by considering the total shear stress as a function of strain and strain rate

Σ = f(γ, τ γ̇) = f(tγ̇, τdγ̇). We then note that the slope of shear stress in strain is

given by:
∂Σ

∂γ
|γ̇ = f1, (5.3.2)

(where fn denotes partial differentiation of f with respect to its nth argument), and

the slopes of the instantaneous constitutive curves formed at fixed strain and time

10for a range of shear rates τ−1d � γ̇ � Gη−1.
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Figure 5.3.6: As Figure 5.3.5, except with features plotted at the equivalent time
rather than strain. We also show (dot-dashed line) the region inside which the
gradient of the instantaneous constitutive curve formed at a fixed time is negative:
∂γ̇Σ|t < 0; compare to that formed at a fixed strain (dashed): ∂γ̇Σ|γ < 0.

are:

∂Σ

∂γ̇
|γ = τdf2, (5.3.3)

∂Σ

∂γ̇
|t = tf1 + τdf2. (5.3.4)

In Section 5.3.1 we showed that before the steady state is reached, the ‘viscous’

term (note that this is Eqn 5.3.3) is negligible for shear rates τ−1
d � γ̇ � Gη−1 in

comparison to the slope of the shear stress in strain, Eqn 5.3.2. That is, f2 � f1

and so, from Eqn 5.3.4, the slope of the instantaneous constitutive curve formed at

a fixed time is approximately proportional to the slope of the shear stress in strain:

∂γΣ|γ̇ ∝ ∂γ̇Σ|t. This is valid for the range of shear rates shown above and before the

steady state is reached (when ∂γΣ→ 0). We will show in Section 5.6 that a similar

result exists for the scalar fluidity model.

It is not clear what the physical interpretation of the terms f1 and f2 should

be. However, we consider that materials behaving as nonlinear elastic solids, i.e.,

materials whose stress response varies dramatically with strain but not with strain

rate, will have f2 � f1 and so ∂γΣ|γ̇ ∝ ∂γ̇Σ|t.
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5.4 Stretching rolie-poly model

In the previous section we considered the time-dependent linear stability to het-

erogeneity during shear startup in the non-stretching RP (nRP) model in which

stretch is imagined to relax infinitely quickly. During shear startup at rates τ−1
d �

γ̇ � Gη−1 the system behaves as a nonlinear elastic solid; departure of the shear

stress from linear growth and the subsequent decrease after the maximum cause the

‘elastic’ condition of the criterion to be met, leading to linear instability to shear

heterogeneity. These results apply directly within the stretching rolie-poly (sRP)

model for shear rates γ̇ � τ−1
R for which appreciable stretch does not arise11.

For use in this section we recall that the criterion for linear instability to shear

heterogeneity during shear startup is:

∂γ̇Σ|γ −Gp ·M−1 · (∂γs|γ̇ + γ̇∂γ̇ ∂γ s) < 0, (5.4.1)

where we refer to the terms as the ‘viscous’, ‘elastic’ and ‘cross’ terms, from left

to right. We also refer to the ‘reduced criterion’ as Eqn 5.4.1 with the ‘cross’ term

neglected.

In the sRP model nonlinearities in the governing equations (Eqns 3.2.4) are

located in the ‘relaxation’ terms, but the ‘loading’ terms are linear (see Chapter

3). [Recall that in the nRP model (Eqns 3.2.6) the opposite is true: nonlinearities

are in the ‘loading’ terms and the ‘relaxation’ terms are linear.] For shear startup

at rates in the ‘stretching’ regime γ̇ � τ−1
R the system then behaves as a linear

elastic solid until the relaxation terms cause deviation from this behaviour. We find

that this results in the shear stress overshoot occurring at a fixed time: t ∼ τR, as

shown in Figure 5.4.1 for shear rates γ̇ � τ−1
R , rather than at a fixed strain γ ∼ 1.7

as it does in the non-stretching regime γ̇ � τ−1
R (see Section 5.3). Therefore, the

response to shear startup does not converge to a limiting function Σ(γ) at high

shear rates γ̇ � τ−1
R , as required for the ‘elastic’ terms to dominate the criterion

during the decrease of shear stress in strain. In fact, we find that the ‘viscous’ and

11The magnitude of chain stretch in the system is represented by trσ; this is a dynamical variable
in the sRP model so that s = (σxy, trσ, σyy)T .
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Figure 5.4.1: Shear startup in the sRP model with homogeneity enforced; a hori-
zontal slice is a single startup run at shear rate γ̇, and we plot (a) the time or (b)
the strain at which the stress maximum ∂t,γΣ = 0 occurs (dotted line) and also the
times/strains at which the system becomes linearly unstable to heterogeneity ω = 0
(open circles). Parameters: β = 0.9, η = 10−3, τR = 10−2.

‘cross’ terms are sufficiently large and positive to cancel out the negative ‘elastic’

term contribution towards linear instability in the region of negatively sloping shear

stress in strain after the stress overshoot for shear rates γ̇ � τ−1
R , as also shown in

Figure 5.4.1.

However, surprisingly, for shear rates in the stretching regime we find linear

instability to heterogeneity before the stress maximum while the shear stress is

increasing linearly in strain12 and ∂γ s > 0. Note that during this linear increase

in strain the ‘cross’ term is zero and the ‘viscous’ term ∂γ̇Σ|γ → η is small. This

instability can be seen as the upper/leftmost region delimited by open circles in

Figure 5.4.1: we denote this the ‘sRP-specific’ instability. [Note that the lower region

of linear instability in the figure is in the non-stretching regime (γ̇ � 1/τR) and is

due to the ‘elastic’ condition being met via ∂γ s < 0, as described in the previous

section. For the parameters chosen in the figure the ‘sRP-specific’ instability is

disconnected from this region — note that this disconnection is not general.]

To determine the cause of this ‘sRP-specific’ instability, we linearise the compo-

nents of the ‘reduced criterion’ (Eqn 5.4.1 with the ‘cross’ term neglected) about

12i.e., when s(γ) = (σxy, trσ, σyy)T = (γ, γ2 + 3, 1)T , valid for γ � γ̇τR.



5.4. Stretching rolie-poly model 123

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

t

10
0

10
1

10
2

10
3

 γ 
 .

(a)

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

t

10
0

10
1

10
2

10
3

γ
.

(b)

Figure 5.4.2: Portraits of shear startup in the sRP model with homogeneity en-
forced. A horizontal slice is a single startup run, and we plot the times at which:
the shear stress undergoes an overshoot ∂tΣ = 0 (dotted line); the times at which
the largest eigenvalue from linear stability crosses zero ω = 0 (large, open circles).
In (a) we additionally plot lines marking: ts = 3

2τdγ̇2
+ η/G (solid) and individual

components of this ts = η/G, 3
2τdγ̇2

(dashed) due to ‘viscous’ and ‘elastic’ contri-
butions to linear instability, respectively. In (b) we plot the onset of the ‘elastic’
(solid line) and ‘viscous’ (dashed line) conditions, and the ‘reduced criterion’ (filled
circles). Parameters for both (a) and (b): β = 0.1, η = 10−4, τR = 10−2.

small strains (γ2 � 1, see Appendix II for details) and find that the onset of linear

instability to heterogeneity of this ‘sRP-specific’ instability occurs at a time:

ts =
3

2τdγ̇2
+ η/G, (5.4.2)

as shown in Figure 5.4.2 (a)13. We find that the essential reason for the ‘sRP-specific’

instability is that the prefactors in the ‘elastic’ term − p.M change sign (recall Eqn

5.4.1, and see Appendix II for details). This accounts for the first term in Eqn 5.4.2.

The second term restabilises the system at very short times t < η/G and arises due

to the non-zero ‘viscous’ term of Eqn 5.4.1 that, in this linear elastic regime, obeys

∂γ̇Σ|γ → η.

This result indicates that prefactors of derivatives in the criterion can result in

linear instability. However, we actually find that this ‘sRP-specific’ instability does

13In Figure 5.4.2, different parameters from those in Figure 5.4.1 were chosen to show more
clearly the agreement of Eqn 5.4.2 with the onset of the linearly unstable regime.
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Figure 5.4.3: (a) as Figure 5.3.4 for the sRP model with β = 0.4, η = 10−4, τR =
10−2, q = 5 × 10−3. Solid lines show contours of equal |δγ̇n| = γ̇10M found by
integrating Eqn 5.2.6, contour nearest ∂tΣ = 0 is M = −2, and we show only
contours M ≥ −2. (b) Response of the total shear stress and ‘degree of banding’ to
shear startup at rate γ̇ = 10 in the sRP model with noise added continuously using
methods described in Chapter 3; β = 0.4, η = 10−4, τR = 10−4, q = 10−3. Noise
added at every time step to all components of s of the form: qX

√
dt cos(πy/L),

where X is an array of random numbers selected from a flat distribution with zero
mean and unit width, and dt = 10−6 is the timestep.

not result in significant growth of heterogeneous perturbations, as shown in Figure

5.4.3. Here, we show the contours of the absolute value of shear rate perturbations

in the linearised system |δγ̇k| (found by integrating Eqn 5.2.6), and also show the

region of ‘significant’ shear banding [as before, the ‘significant’ threshold is defined

as (γ̇max − γ̇min)/γ̇ = 0.05] in the nonlinear system. Neither of these measures

of shear rate heterogeneity indicate significant growth of heterogeneous shear rate

perturbations inside the region of the ‘sRP-specific’ instability. This may be due to

the (relatively) small value of the largest growth rate ω, and the short time over

which it is positive.

Continuous noise

We also investigate the addition of continuous noise, as described in Chapter 3. An

example of shear startup in the RP model with continuously added noise is shown in

(b) of Figure 5.4.3. In general, we find qualitatively similar behaviour of the ‘degree

of banding’ in the RP model with continuous noise as with initial noise.
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5.4.1 Summary of RP model response to shear startup

In summary, we have shown that the RP model shows time-dependent shear banding

during shear startup for shear rates in the non-stretching regime τ−1
d � γ̇ � τ−1

R .

This time-dependent shear banding is caused by the ‘elastic’ condition from the

general criterion (Eqn 5.2.7) being met — this is caused by the negative slope of the

shear stress vs. strain. This time-dependent shear banding persists to steady state for

shear rates in the negative slope of the constitutive curve, which satisfy the ‘viscous’

condition at steady state, and also for any other shear rates in the range of the stress

plateau, for which the system is meta-stable with respect to the formation of steady

state shear bands. Recall Chapter 2. These results, in addition to the results of

Adams et al. [2–4], show that the RP model has qualitatively similar behaviour to

that found in experiments of entangled polymeric fluids. (Recall that such materials

include concentrated solutions or melts of high molecular weight polymers, and

concentrated solutions of wormlike micelles or DNA.) In particular, the RP model

is capable of showing the following specific features found in experiment:

(i) shear banding that arises during the decrease of shear stress in strain and

persists to steady state, where the magnitude of banding during the stress

decrease in strain is far greater than that at steady state, even showing elastic

recoil resulting in negative local shear rates or velocities [18, 19,136,138,162].

This was shown in the RP model by Adams et al. [2–4] for imposed shear

rates in the negative slope of a nonmonotonic constitutive curve; see also the

bottom row of Figure 5.3.2.

(ii) transient shear banding that arises during the negative slope of shear stress in

strain but returns to homogeneity at steady state, for imposed shear rates that

are slightly larger than those that result in steady state banding (i.e., shear

rates larger than those on the stress plateau) [19, 138]. This is shown in the

RP model in Figure 5.3.5 by e.g., a horizontal slice at γ̇ = 600 in the figure.

(iii) transient shear banding that arises during the negative slope of shear stress

in strain but returns to homogeneity at steady state [19, 77, 138]. This was
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shown in the RP model by Adams et al. [2] for values of β, η that result in a

monotonic constitutive curve; see also Figure 5.3.2 (top row).

On this basis, we consider the RP model to be capable of qualitatively describing

the experimental literature concerning entangled polymeric fluids.

5.5 Giesekus model

In this section we will investigate the time-dependent linear stability to heterogene-

ity and the resulting shear banding behaviour of the Giesekus model. This model

has been successfully used to describe sweeps on the flow curve [173] and steady state

shear banding in wormlike micelles [70, 71], and the stress relaxation behaviour of

polymeric materials following a step strain [13,83]. We aim to address whether the

Giesekus model is capable of modelling the time-dependent shear banding proper-

ties specific to entangled polymeric fluids that are described above. Specifically, we

address (i) and (iii) of the properties above. For reference, we show the (mono-

tonic/nonmonotonic) constitutive curves for two values of the model’s parameter

α = 0.6, 0.8 (respectively); this parameter denotes the extent to which anisotropy

causes anisotropic drag on dumbbells, see Chapter 3.
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Figure 5.5.1: Constitutive curves for the Giesekus model with α = 0.6, 0.8 (top to
bottom) and η = 10−3. Negative slope (linearly unstable at steady state) shown
in a dashed line. Crosses at a shear rates γ̇ = 10, 40, for which time-dependent
behaviour is shown in Figures 5.5.2 and 5.5.3, respectively.
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Property (i):

Does the Giesekus model show banding that persists to steady state but is strongest

during the negative slope of shear stress in strain ∂γΣ < 0?

We show in Figure 5.5.2 (a) the response during shear startup of the total shear

stress (where both responses of the homogeneously constrained system and the sys-

tem with heterogeneity allowed14 are shown); the largest eigenvalue from linear

stability analysis ω in (b); the ‘degree of banding’ ∆γ̇ in (c); and corresponding

snapshots of the velocity profile in (d). The parameters15 α, η in Figure 5.5.2 are

chosen to give a nonmonotonic constitutive curve with the imposed shear rate chosen

from its negative slope ∂γ̇Σ < 0, as shown in Figure 5.5.1 (in order to allow compari-

son with the response of the RP model for a similar constitutive curve/imposed shear

rate as shown in the bottom row of Figure 5.3.2). We find that while the total shear

stress response in strain is qualitatively similar to that of the RP model, the linear

instability and resulting shear banding behaviour is not. In the Giesekus model the

largest eigenvalue does not show a large, positive peak during the negative slope of

stress in strain; rather, the system is linearly stable to heterogeneity during most of

this stress decrease. As a result, banding only becomes ‘significant’ as the steady

state is neared and the steady state ‘viscous’ condition is met (∂γ̇Σ|γ→∞ < 0). This

is in contrast to the first specific feature of entangled polymeric materials described

above.

Property (iii):

Does the Giesekus model show transient shear banding for a system that is stable to

banding at steady state?

The response to a shear rate in the weakest slope of a monotonic constitutive

curve (see Figure 5.5.1, γ̇ chosen to compare with the response of RP model as

shown in the top row of Figure 5.3.2) is shown in Figure 5.5.3. We find that the

14To do this we allow heterogeneity in the flow-gradient direction and add diffusion terms to the
governing equations of s, as described in Chapter 3.

15Where 0 ≤ α ≤ 1 is the anisotropy parameter in the Giesekus model; with α = 0 the Giesekus
model reduces to the Upper Convected Maxwell model representing isotropic drag on dumbbells,
see Chapter 3. η is the usual Newtonian solvent viscosity and λ is the relaxation time in the model
which we set to 1 throughout.
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Figure 5.5.2: Response of the Giesekus model during shear startup at γ̇ = 10 chosen
from the negative slope of a nonmonotonic constitutive curve with α = 0.8, η = 10−3.
(a) total shear stress (results with heterogeneity allowed are indistinguishable from
the homogeneously constrained system). (b) largest real part of any eigenvalue from
linear stability analysis ω. (c) ‘degree of banding’ ∆γ̇ = γ̇max − γ̇min. (d) snapshots
of the velocity profile at strains with corresponding symbols in (a), (c); steady state
velocity profile in a thick, dashed line. Noise added initially to all components of s
of the form qX cos(πy/L), where q = 10−2 and X is an array of random numbers
selected from a flat distribution with zero mean and unit width.

system is always linearly stable to shear heterogeneity and as such no ‘significant’

shear banding arises. For example, in Figure 5.5.3 the maximum ‘degree of banding’

as a fraction of the imposed shear rate is ∆γ̇/γ̇ = 1/40, which would be hard to

detect in experiment. In fact, in an exploration of parameter space {α, η} we have

never found any transient linear instability to shear heterogeneity (that does not

persist to steady state) related to the ‘elastic’ term being negative that results in

significant shear banding. These results are in contrast to the second specific feature

of entangled polymeric systems described above, and also to the results of the RP

model.
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Figure 5.5.3: As Figure 5.5.2, with γ̇ = 40 chosen to be at the weakest slope of a
monotonic constitutive curve engineered by choosing α = 0.6 and η = 10−3.

In summary, we have shown that despite the Giesekus model being capable of de-

scribing both the stress vs. strain or shear rate relationships of entangled polymeric

materials, it is not an appropriate model for describing the time-dependent linear

instability and resulting shear banding behaviour of such materials. This is per-

haps not surprising due to its phenomenological origin lacking any reference to the

entanglements now well understood to dominate the rheological response of these

materials [47]. However, that the model shows only steady state shear banding may

render it useful for modelling other materials with such properties.

‘Elastic’ or ‘viscous’ instability?

As explained above, although the Giesekus model shows shear stress overshoots

in strain, it is generally linearly stable to heterogeneity during the negative slope

∂γΣ < 0. We investigate why this is by examining the ‘elastic’, ‘viscous’ and ‘cross’
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Figure 5.5.4: (a) Shear startup in the (homogeneously constrained) Giesekus model
where a horizontal slice denotes a single startup run at fixed γ̇ with α = 0.8, η =
10−3. We plot the strains at which: the stress is maximal [(I) in Section 5.3] (black
dotted line); the largest eigenvalue crosses zero (II) (large open circles); the ‘elastic’
condition is met (III) (solid line shows principle onset and thin dotted lines show
subsequent weak oscillations); the ‘viscous’ condition is met (IV) (dashed line); and
the ‘reduced criterion’ is met (V) (small, filled circles). (b) Response to shear startup
at rate γ̇a = 10 of i) the total stress and largest eigenvalue; ii) the ‘elastic’ and
‘viscous’ terms (−p.M.∂γs and ∂γ̇Σ|γ, respectively); iii) the ‘reduced criterion’ and
‘cross’ term (sum of ‘elastic’ and ‘viscous’ terms, and −γ̇ p.M.∂γ̇∂γs, respectively).

terms (left to right in the below) in the criterion16:

∂γ̇Σ|γ −Gp ·M−1 · (∂γs|γ̇ + γ̇∂γ̇ ∂γ s) < 0, (5.5.1)

and remind the reader that we refer to the ‘reduced criterion’ as Eqn 5.5.1 with the

‘cross’ term neglected.

Due to the nonlinear relaxation terms in its governing equations (Eqns 3.2.8) the

Giesekus model does not reach a limiting shear startup function Σ(γ) at high shear

rates, and as a result the ‘elastic’ term does not dominate the criterion during the

negative slope of shear stress in strain. In fact, we will show below that a delicate

interplay between all three ‘elastic’, ‘viscous’ and ‘cross’ terms results in only steady

state (rather than any time-dependent) shear banding.

We show the usual portrait for the Giesekus model in Figure 5.5.4 (a), in which

16Note that the Giesekus model is a three dynamical variable model with s = (σxy, σxx, σyy)T .
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a horizontal slice is a single shear startup run and we plot the various features

(I),. . .,(V) described in Section 5.3. We also show the time-dependent behaviour of

the terms in the criterion (Eqn 5.2.7) in (b) of the Figure17. The portrait shows that

the region predicted to be linearly unstable by the ‘reduced criterion’ is in extremely

poor agreement with the full criterion (compare small, filled circles with large, open

circles). This indicates that the ‘cross’ term plays an important role in the linear

stability properties of the Giesekus model, as also shown in iii) of (b): the cross

term is of near equal and opposite value to the ‘reduced criterion’ throughout. Note

that the unusual oscillation of the ‘reduced criterion’ is due to the combination of

the ‘elastic’ and ‘viscous’ terms: the Giesekus model shows a peak in the gradient

of the instantaneous constitutive curve during the negative slope of the stress in

strain that cancels out the contribution of the ‘elastic’ term during that time. The

combination of these oscillations essentially results in linear stability until gradients

∂γ → 0 as the steady state is neared.

5.6 Scalar fluidity model

Shear startup with homogeneity enforced

The scalar fluidity model incorporates the fundamental features found in soft glassy

materials of ageing and shear induced rejuvenation. The governing equation (Eqn

3.2.16) for the viscoelastic shear conformation variable18 σ(∆t) contains a loading

term dependent on the shear rate, and a term for stress relaxation on a timescale

τ(∆t) that has its own governing equation (Eqn 3.2.15). During rest, this relaxation

time increases linearly τ ∼ tw (‘ageing’); however, with a non-zero shear rate the

relaxation time is ‘rejuvenated’ by flow; at steady state19 τss ∼ 1/γ̇.

For now we artificially enforce homogeneous flow, but will later allow heterogene-

17When the ‘elastic’, ‘viscous’ etc., conditions are negative they contribute towards linear insta-
bility in the criterion — thus we have shaded this region to aid the eye.

18Recall from Chapter 3 that the total shear stress (or simply the ‘stress’) Σ is composed of the
viscoelastic shear stress and a Newtonian solvent contribution: Σ(t) = Gσ(t) + γ̇η; in all cases we
consider small Newtonian viscosities η � τ0G, where we set both the microscopic relaxation time
(τ0) and the elastic modulus (G) to 1 throughout. We remind the reader that the time elapsed
since the onset of shear is ∆t = t− tw, where tw is the sample age.

19Throughout we will consider tw � τ0 and γ̇ � τ−10 .
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Figure 5.6.1: Total shear stress response to shear startup at γ̇ = 0.1 in the scalar
fluidity model for waiting times tw = 100,2,4,6,8 (left to right peaks). Solid/dashed
lines: homogeneity enforced (dashed where linearly unstable to shear heterogeneity);
dotted lines: response with heterogeneity allowed. Parameters: η = 0.05, noise
added initially in heterogeneous system to σ(t = 0, y) of the form qX cos(πy/L),
where q = 10−2 andX is an array of random numbers selected from a flat distribution
with zero mean and unit width.

ity in the flow gradient direction (as described in Chapter 3). Within this constraint

of homogeneous shear and for a constant imposed shear rate γ̇, exact analytical

solutions for the time dependent responses of τ(∆t) and σ(∆t) in the scalar flu-

idity model can be derived, see Appendix III. In the shear rate limits of interest

t−1
w � γ̇ � τ−1

0 these are:

τ(∆t) = tw exp (−γ̇∆t) +
1

γ̇
, (5.6.1)

σ(∆t) =
eγ̇∆t + γ̇2tw∆t− 1

eγ̇∆t + γ̇tw
, (5.6.2)

which show that for ‘slow’ imposed shear rates γ̇ � t−1
w the total shear stress

increases monotonically in time, while for ‘fast’ imposed shear rates γ̇ � t−1
w age-

dependent stress overshoots are seen, as shown in Figure 5.6.1. It can be shown

that (to within a small correction) the value of the shear stress Σ∗ and the strain

γ∗ = γ̇∆t∗ at the stress maximum increase logarithmically with the imposed shear

rate and waiting time: Σ∗ ∼ Gγ∗ ∼ G log(γ̇tw); see Appendix IV for proof of this

result, credit for which is given to Dr. Suzanne Fielding. These results are consistent

with those of the SGR model [62] and molecular dynamics simulations in a Lennard-
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Jones glass [165], and similar to experimental results in carbopol gels showing Σ∗, γ∗

to be weak power laws of γ̇ for γ̇ � t−1
w [43].

Shear startup with heterogeneity allowed

Much of the research concerning shear banding in soft glassy materials has focused

on steady state shear banding observed in ‘thixotropic’ yield stress fluids (YSF) for

imposed shear rates below some ‘critical’ value: γ̇ < γ̇c [37, 51, 107, 114, 126, 141],

as explained in Chapter 2. It is thought that an underlying negative slope in the

constitutive curve is responsible for these results [34–36, 57, 103, 106, 112, 128, 141].

However, recent experiments have also shown transient shear banding (that returns

to a state of homogeneous shear at steady state) associated with the shear stress

overshoot in so-called ‘simple’ YSF20 [43,45] and has also been found in simulations

of the SGR model [116]. Similar transient shear banding has also been reported in

‘thixotropic’ YSF for imposed shear rates γ̇ > γ̇c [107].

Motivated by these results, we investigate the linear stability to shear hetero-

geneity in the scalar fluidity model which, owing to its monotonic constitutive curve,

is linearly stable to shear heterogeneity at steady state (and is thus an appropriate

model for ‘simple’ YSF, see Chapter 2). We perform a linear stability analysis about

the time-dependent homogeneous background state (as described in Chapter 3) and

find that the strains for which the system is linearly unstable to shear heterogeneity

correspond closely to those for which the stress is a decreasing function of strain

∂γΣ < 0, as shown in Figure 5.6.1. The stress response with heterogeneity in the

flow gradient direction allowed (using methods described in Chapter 3) is also shown

in Figure 5.6.1, and shows an accelerated stress relaxation at strains for which sig-

nificant shear heterogeneity is present. We show snapshots of the velocity profile at

various strains during shear startup for the tw = 106 sample in Figure 5.6.2 (b). In

agreement with the region of linear instability, significant transient shear banding

arises during the negative slope of the stress in strain. Indeed, elastic-like negative

velocity recoil is seen whereby, although the spatially averaged shear rate is posi-

20Note that the term ‘simple’ as opposed to ‘thixotropic’ implies that these materials have no
age-dependence; this nomenclature is misleading as ‘simple’ YSF have also shown age-dependent
responses to deformation [43].
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Figure 5.6.2: (a) Stress response to shear startup from Figure 5.6.1 for the run
with tw = 106. (b) Snapshots of the velocity profile at strains with corresponding
symbols to those in (a). (c) Response of the ‘degree of banding’: ∆γ̇ = γ̇max − γ̇min
for tw = 104,6,8 (left to right peaks). (d) Portrait in which a horizontal slice is a
single startup run at rate γ̇ for waiting time tw = 104. A solid line shows the time
∆t at which ∂tΣ = 0. Open circles delimit the region inside which the system is
linearly unstable to heterogeneity; squares inside which the degree of banding is
‘significant’, i.e., more than 5% of γ̇. Other parameters as in Figure 5.6.1.

tive, the local velocity in some parts of the cell is negative. Similar results were

also found in the RP model in Section 5.3, and have been shown to arise in experi-

ments of entangled polymeric materials [19]. As before, we quantify the magnitude

to which the system displays shear rate heterogeneity by determining the ‘degree of

banding’ defined as the difference between the maximum and minimum local shear

rate ∆γ̇ ≡ γ̇max − γ̇min. This is shown in Figure 5.6.2 (c) as a function of strain for

three values of the waiting time; clearly the maximum attained magnitude of shear

banding increases with the waiting time tw.

We also show a similar ‘portrait’ to those introduced in Chapter 4 and used in

Section 5.3, where horizontal slices represent a single shear startup run at rate γ̇
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and the times ∆t (or strains γ) at which interesting features arise are plotted. In (d)

of Figure 5.6.2 we show results from the homogeneously constrained system where

we plot: the time at which the stress overshoot occurs as a solid line (∆t at which

∂tΣ = 0), and the times for which the system is linearly unstable to heterogeneity

(i.e., ω > 0, the largest eigenvalue from linear stability is positive), here shown inside

the region delimited by open circles. From the system with heterogeneity allowed

(see Chapter 3 for details), we additionally plot the times for which ‘significant’ shear

banding arises, here shown inside the region delimited by open squares. As before,

we define banding to be ‘significant’ if the degree of banding is more than 5% of the

imposed shear rate: ∆γ̇ > 0.05 γ̇. Note that for low shear rates the system does not

show ‘significant’ transient shear banding despite the system being linearly unstable

to heterogeneity. For these low shear rates we find that the diffusive terms that are

neglected in the linear stability analysis provide a weakly stabilising contribution

to the growth of shear heterogeneity that becomes important at these long times.

(This is the only place in this thesis that the neglect of the diffusive terms causes

such a major discrepancy.)

‘Fluidisation’ time, τf

Manneville and co-workers [45] found that the time (called the ‘fluidisation time’,

τf) at which carbopol gel returns to a state of homogeneous shear after transient

shear banding follows τf = βγ̇−α, with α ∼ 2 - 3. We briefly explore the fluidisation

time in the scalar fluidity model, where we define τf as the time ∆t at which the

‘degree of banding’ returns to a value less than 1% of the imposed shear rate21. We

find that τf follows a relation of the same form τf ∼ βγ̇−α, but with α ∼ O(1).

21Note that elsewhere in this thesis we have used a 5% cutoff value for the degree of banding
as a percentage of the imposed shear rate in order to distinguish between ‘significant’ and ‘non-
significant’ shear banding. However, we find that the value of α does not depend on the percentage
cutoff value (for small cutoff values < 5%), and we therefore use a smaller cutoff percentage to
obtain a larger region over which to find a power law fit.
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Figure 5.6.3: Portraits denoting the ‘fluidisation time’ τf , defined as the time at
which the system returns to a state of relative homogeneity [defined as (γ̇max −
γ̇min)/γ̇ = 0.01] after transient banding during startup at rate γ̇ in the scalar fluidity
model with (a) tw = 104, (b) tw = 106, (c) tw = 108 (other parameters as in
Figure 5.6.1). Thin solid line: power law fit τf = βγ̇−α with α = 0.72, 0.87, 0.91,
β = 10.1, 28.3, 35.01 for (a, b, c) respectively.

‘Viscous’ or ‘elastic’ instability?

We now briefly examine the linear stability properties of the scalar fluidity model

in the context of the ‘elastic’, ‘viscous’ and ‘cross’ terms (left to right terms) of the

criterion:

∂γ̇Σ|γ −Gp ·M−1 · (∂γs|γ̇ + γ̇∂γ̇ ∂γ s) < 0. (5.6.3)

In Section 5.2 we discussed the high shear rate limit of the criterion. We showed

that if the material obtains a limiting shear startup function Σ(γ) independent

of the shear rate then the ‘elastic’ condition (Eqn 5.2.8) for the onset of linear

instability applies since all other terms with derivatives ∂γ̇ → 0. Recall that the

elastic condition indicates that negative slopes of stress in strain contribute towards

linear instability to shear banding. However, in the scalar fluidity model the stress

overshoot is not a purely elastic phenomenon, but a result of competition between

elastic stress growth and stress relaxation due to plastic rearrangements. As a result,

the material does not obtain a limiting shear startup function Σ(γ): we showed above

that the shear stress at the overshoot increases with the shear rate. This means that

contributions to the criterion (Eqn 5.6.3) of the ‘viscous’ and ‘cross’ terms are non-

negligible during the negative slope of shear stress in strain. As we also found in the
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Figure 5.6.4: As Figure 5.5.4 for the scalar fluidity model with tw = 104, η = 0.05
(recall that ∆t = t− tw). (b) Time-dependent response to a shear rate γ̇a = 0.1.

Giesekus model, this results in significant stabilising contributions of the ‘cross’ and

‘viscous’ terms to the criterion during the negative slope of stress in strain. However,

we find that in the case of the scalar fluidity model the interplay of the ‘elastic’,

‘viscous’ and ‘cross’ terms results in linear instability to heterogeneity onset at the

overshoot, as shown in Figure22 5.6.4. We find that the ‘viscous’ term provides only

a stabilising contribution, indicating that transient shear banding is not caused by a

transient nonmonotonicity in the instantaneous constitutive curve formed at a fixed

strain Σ(γ̇)|γ.

In Section 5.3 we discussed the instantaneous constitutive curve formed at a

fixed time Σ(γ̇)|t. We showed that in the nRP model the negative slope in shear

stress in strain ∂γΣ|γ̇ < 0 arises concurrently with the negative slope in this in-

stantaneous constitutive curve ∂γ̇Σ|t < 0. We find a similar results in the scalar

fluidity model: it can be shown that the strain at which both overshoots occur (i.e.,

the strain γ at which ∂γΣ|γ̇ = 0 and ∂γ̇Σ|t = 0) is approximately the same, see

Appendix V. Thus, it follows that if the negative slope of the shear stress in strain

is linearly unstable to shear heterogeneity, so too will be the negative slope of the

instantaneous constitutive curve formed at a fixed time; we demonstrate the latter

22When the ‘elastic’, ‘viscous’ etc., conditions are negative they contribute towards linear insta-
bility in the criterion — thus we have shaded this region to aid the eye.
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Figure 5.6.5: ‘Instantaneous’ constitutive curves Σ(γ̇)|∆tinst (see text) in the scalar
fluidity model (with homogeneity enforced) with tw = 106 at time instants (right to
left peaks): ∆tinst = 40, 80, 120, 160, 200. Dashed where linearly unstable to shear
heterogeneity. η = 0.05.

in Figure 5.6.5. [In the language of the analysis of strain and strain rate derivatives

of the total shear stress Σ = f(γ, τ γ̇) = f(γ̇t, τ γ̇) in Section 5.3.2, this result is

due to23 f2 � f1 during the negative slope of shear stress in strain.] These results

are consistent with experimental findings in SGMs showing transient shear banding

associated with the negative slope of an ‘instantaneous’ constitutive curve formed

at a fixed time [107]. These experimental results appear to bolster the suggestion

that this transient nonmonotonicity in the constitutive curve could be the cause of

instability to transient shear banding. However, in this chapter we have shown that

transient shear banding is in general caused by the negative slope of shear stress in

strain, which can coincide with the negative slope of the instantaneous constitutive

curve formed at a fixed time.

23Where fn denotes partial differentiation of f with respect to its nth argument.
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5.7 Glassy polymer model

In Section 4.6 we investigated the rheological response of the glassy polymer model

to an imposed stress in order to make comparisons with numerical [58] and exper-

imental [88] results of the equivalent protocol in the extensional geometry. In this

section, we explore the rheological response of the model during shear startup.

Recall from Chapter 3 that within the model the total shear stress is composed

of a Newtonian solvent stress, plus solvent (s) and polymer (p) viscoelastic shear

stresses:

Σ = G pσp +G sσs + ηγ̇, (5.7.1)

where G p,s are the polymer and solvent elastic moduli. The solvent and polymer

viscoelastic stresses each obey fluidity-like governing equations (Eqns 3.2.20, 3.2.19)

with relaxation times that are proportional to one another24 τ p(∆t) = τ s(∆t)/α,

and τ s(∆t) has its own governing equation (Eqn 3.2.21) that incorporates ageing

and shear induced rejuvenation. Note that since α ∼ 0 the polymer viscoelastic

shear stress increases linearly in strain indefinitely Σp ' G pγ. The total, polymer

and solvent shear stress and first normal stress difference N1 = Σxx−Σyy responses

during shear startup are shown in Figure 5.7.1. In this figure we use parameter values

that were carefully fitted to experimental results by Fielding et al. in Ref. [58], and

chose an imposed shear rate γ̇ � τ−1
0 . We also allow heterogeneity in the flow

gradient direction by the methods described in Chapter 3. The total shear stress

response shows a maximum followed by a minimum and an indefinite rise known as

strain hardening. Our results indicate that the overshoot is caused by the glassy

solvent response that has the behaviour of the scalar fluidity model described in

Section 5.6, while strain hardening arises from the polymer stress contribution that

increases linearly in strain for the shear component (or quadratically for the first

normal stress difference).

With regard to shear heterogeneity we find that, for times at which the glassy

solvent stress is much larger than the polymer stress G sσs � G pσp, the total shear

24Recall that for models with waiting time (tw) dependence we define ∆t = t − tw, where t is
the time elapsed since sample preparation and tw is the age of the sample.
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Figure 5.7.1: Shear startup in the GP model with γ̇ = 10−2 and heterogeneity
allowed in the flow gradient direction. (a) total shear stress Σ (solid), polymer
(p) and solvent (s) contributions: Σp,s = Gp,sσp,s in dotted, dashed lines, respec-
tively. (b) first normal stress difference N1 (solid), polymer and solvent contribu-
tions: Np,s

1 = Gp,s(Σp,s
xx − Σp,s

yy ) in dotted, dashed lines resp. (c) ‘degree of banding’
∆γ̇ = γ̇max − γ̇min. (d) snapshots of the flow profile at strains with corresponding
symbols in (c). Parameters as used in Ref. [58], see Table 3.1 of Chapter 3. Noise
added initially of form: qX cos(πy/L) to all components of the conformation tensor
with q = 0.01 and X a random number chosen from a flat distribution with width
1 and mean 0. The diffusion length ` = 2.5× 10−2L.

stress and the ‘degree of banding’ (∆γ̇ = γ̇max− γ̇min) behave qualitatively similarly

to that of the scalar fluidity model (Section 5.6). This is shown in Figure 5.7.2

where the ratio G p/G s is varied: at G p/G s → 0 the behaviour of the scalar fluidity

model is recovered and ‘significant’ shear banding arises during the negative slope

of shear stress in strain. However, as we similarly found in the step stress protocol

(Section 4.6), the polymer provides a stabilising contribution to linear stability by

ameliorating the negative slope of total shear stress in strain. Indeed, this may be

completely avoided for large enough G p � G s. For this reason, we find that for the

parameters used by Fielding et al. [58] ‘significant’ shear banding does not arise, as
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Figure 5.7.2: Startup in the GP model with G s, τ0 = 1 and all other parameters
as in Figure 5.7.1 (except ` = 10−2). (a) total shear stress Σ with homogeneity
enforced in a solid line, dashed where linearly unstable to heterogeneity. Dotted
lines: result with heterogeneity allowed. Lower curve: in fluidity model, upper curve:
with polymer added, i.e., G p/G s = 0, 1/8.5, respectively. (b) ‘degree of banding’
∆γ̇ = γ̇max − γ̇min (thick: fluidity model, thin: with polymer) with snapshots of the
flow profile for the latter at strains with corresponding symbols in (c).

shown in Figure 5.7.1. Note that the ‘degree of banding’ in the scalar fluidity model

is age-dependent (as shown in Figure 5.6.2) and so the ‘cut-off’ value of G p/G s

above which ‘significant’ banding is no longer seen is also age-dependent.

Finally, we note that the addition of polymer results in an oscillation of the

‘degree of banding’ ∆γ̇ that physically represents the high shear rate band oscillat-

ing between a position on the left and right hand side of the cell with frequency

ν = µγ̇
√
G sG p/(G s + G p), derived in Appendix VI. The physical origin of this

oscillation is not clear, but appears to result from oscillations of the same frequency

of the heterogeneous perturbations in the polymer stress, segmental relaxation time

and solvent stress that have phases π/2, π, 3π/2 (respectively) relative to that of ∆γ̇.
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5.8 Conclusions

In this chapter we have investigated the rheological response to shear startup of the

rolie-poly, Giesekus, scalar fluidity, and glassy polymer models.

First, we derived a criterion for the onset of linear instability to shear heterogene-

ity during shear startup, the form of which is independent of model or fluid type.

In this criterion, we have described the three terms containing derivatives of ∂γ̇Σ,

∂γ and ∂γ̇∂γ as ‘viscous’, ‘elastic’ and ‘cross’ term contributions to linear instability,

respectively. At steady state only the ‘viscous’ term remains, recovering the well

known condition for instability to heterogeneity of a negative slope in the constitu-

tive curve ∂γ̇Σ|γ→∞ < 0 [160]. The ‘elastic’ term is consistent with numerous reports

of time-dependent shear banding during the negative slope of shear stress in strain

in soft glassy and entangled polymeric materials [18,19,43,45,77,136,138,162].

We then investigated this criterion in the non-stretching rolie-poly (nRP) model.

We showed that time-dependent shear banding associated with the shear stress over-

shoot is due to the ‘elastic’ term becoming negative. This occurs when the shear

stress departs from the linear growth in strain and the derivatives ∂γΣ, ∂2
γΣ < 0

of shear stress in strain become negative. This is in contrast to recent suggestions

that time-dependent shear banding is due to a negative slope of the instantaneous

constitutive curve [2,68,107]. We found that this ‘elastic’ term dominates the crite-

rion (resulting in time-dependent shear banding) for shear rates τ−1
d � γ̇ � Gη−1

until the steady state is neared. The system remains linearly unstable to hetero-

geneity due to the ‘viscous’ term for shear rates in the negatively sloping regime of

the constitutive curve. These results apply in the full model for shear rates in the

non-stretching regime τ−1
d � γ̇ � τ−1

R .

In the stretching regime of the model γ̇ � τ−1
R , we find that the ‘viscous’ and

‘cross’ terms provide a sufficiently stabilising contribution to the criterion during the

regime of negative slope of shear stress in strain to ameliorate the contribution of the

‘elastic’ term, rendering the system linearly stable against shear heterogeneity. We

also showed that prefactors of derivatives ∂γ in the ‘elastic’ term can cause linear

instability to heterogeneity in the stretching regime, but showed that this ‘sRP-

specific’ instability did not result in any significant time-dependent shear banding.
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In summary, the RP model shows time-dependent shear banding due to nonlinear

elastic behaviour during shear startup at rates τ−1
d � γ̇ � τ−1

R , that may persist

to steady state in any regime of ‘viscous’ instability for shear rates in the negative

slope of the constitutive curve.

We also investigated the rheological response of the Giesekus model during shear

startup, specifically with the aim of addressing the time-dependent shear banding

properties of the model in comparison to experimental findings of entangled poly-

meric materials. We showed that the Giesekus model shows only steady state shear

banding, without the time-dependent shear banding features commonly seen in en-

tangled polymeric materials. We therefore conclude (as we also found in Chapter

4 for the step stress protocol) that, although the Giesekus model is capable of de-

scribing the bulk (spatially averaged) shear stress vs. strain or shear rate responses

to shear startup, it is not suitable for the description of time-dependent shear band-

ing in these materials. That the model shows only steady state shear banding may

however render it useful for materials with such properties.

In the scalar fluidity model, age-dependent shear stress overshoots were found

for imposed shear rates faster than the inverse waiting time t−1
w . We showed that the

resulting negative slope of the shear stress in strain is linearly unstable to hetero-

geneity, resulting in transient shear banding that shows elastic-like negative velocity

recoil.

Finally, we investigated the rheological response of the glassy polymer model

during shear startup. We showed that the glassy solvent results in age-dependent

shear stress overshoots (with behaviour of the scalar fluidity model of Section 5.6),

while the polymeric contribution results in strain hardening that can ameliorate the

negative slope of total shear stress in strain and thus decrease the magnitude of

transient shear banding observed.
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5.9 Appendix I

This appendix details the proof that the viscous terms dominate the criterion in the

nRP model at high shear rates γ̇ →∞, as described in Section 5.3.1.

At high shear rates prefactors of the elastic term (Eqn 5.2.8) go to zero, so that

the viscous term, though small: ∂γ̇Σ|γ̇→∞ → η, cancels out the negative elastic term

in the ‘reduced criterion’ (Eqn 5.2.10). This can be seen more clearly by dividing

the ‘reduced criterion’ (Eqn 5.2.10) by the prefactors of the elastic term, and taking

the high shear rate limit γ̇ →∞. In this limit the components of M are expressions

linear in γ̇ so that the ‘reduced criterion’ becomes (valid at γ̇ → ∞, and a, . . . , d

are expressions that do not contain terms of γ̇):

γ̇η(ad− bc) +G∂2
γ Σ|γ̇ −G(a+ d)∂γΣ|γ̇ < 0. (5.9.1)

Therefore, as γ̇ →∞ the ‘viscous’ term (left-most in the above) forms a dominant,

stabilising contribution to the criterion so that linear stability to heterogeneity is

restored at high shear rates, and the shear rate for which this occurs scales linearly

with Gη−1.

5.10 Appendix II

This appendix details the derivation of Eqn 5.4.2 for the onset of linear instability

to heterogeneity at small strains γ2 � 1 and high shear rates γ̇ � τ−1
R in the RP

model, thus describing the onset of the ‘sRP-specific’ instability of Section 5.4.

At high shear rates γ̇ � τ−1
R and small strains γ � γ̇τR the stress growth in the

stretching RP model follows25: s = (σ, T, n)T = (γ, γ2 +3, 1)T , leading to ∂γ̇Σ|γ → η

and ∂γ̇∂γs → 0. The criterion then reduces to: η − Gp.M.∂γs|γ̇ < 0, where (as

before) M = ∂sQ and p = (1, 0, 0) is a projection vector for the viscoelastic shear

25Where T ≡ trσ, n ≡ σyy and σ ≡ σxy.
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conformation variable. We find:

M '


0 −γ(1+β)

3τR
γ̇

2γ̇ − 1
τR

0

0 − 1
3τR

− 1
τd

 , (5.10.1)

where the approximation is found through the comparison of the order of magnitude

of terms in each component of M at small strains γ2 � 1 and high shear rates

γ̇ � τ−1
R . We expand the criterion (and define Q = ∂γs ≡ (e, f, g)T ):

η/G− p.M.∂γs = η/G− 1

|M |
{2γ(engT − eTgn) + (fTgn − fngT )} < 0. (5.10.2)

By comparing the order of magnitude of terms inside the braces {} we approximate

Eqn 5.10.2 to:

η/G− 1

|M |

{
−2γ̇γ

3τR
+

1

τRτd

}
< 0; (5.10.3)

expanding 1/|M | at early times t � τR we find the final condition for the onset of

linear instability in the RP model at high shear rates γ̇ � τ−1
R (valid for strains

γ2 � 1):

ts >
3

2τdγ̇2
+ η/G. (5.10.4)

5.11 Appendix III

This appendix details the derivation of the analytical functions τ(∆t) and σ(∆t)

of the scalar fluidity model during shear startup, valid within the constraint of

homogeneous shear at a positive shear rate.

Analytical equation for τ(∆t):

The governing equation for τ is: ∂t = 1− τ/(τ0 +1/γ̇). By the method of separation

of variables we find:

τ(∆t) = −A(τ0 + 1/γ̇)eB∆t +
1

γ̇
+ τ0, (5.11.1)
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where B = −γ̇/(1+τ0γ̇). To find A we fit the initial condition: τ(∆t = 0) = tw+τ0,

resulting in:

τ(∆t) =

(
tw −

1

γ̇

)
exp

(
− γ̇∆t

1 + τ0γ̇

)
+

1

γ̇
+ τ0. (5.11.2)

Analytical equation for σ(∆t):

Substituting the analytical form for τ(∆t) into the governing equation for σ(∆t) we

have (B as above):

∂tσ = γ̇ − σ

(tw − 1/γ̇)eB∆t + 1/γ̇ + τ0

. (5.11.3)

To find an analytical solution we use the integrating factor method that solves

equations of form dσ
d∆t

+ σp(∆t) = q(∆t) via the following steps:

1. determine the integrating factor µ = exp
(∫

p(∆t) d∆t
)
,

2. determine µσ =
∫
µ q(∆t) d∆t,

3. therefore find σ =
∫
µq(∆t)d∆t

µ
,

4. finally, fit constants of integration using the initial condition σ(∆t = 0) = 0.

We have: p(∆t) = τ(∆t) i.e., Eqn 5.11.2, and q = γ̇. Following the above steps

results in the analytical equation for σ(∆t):

σ(∆t) =
(τ0γ̇ + 1)2

[
exp

(
γ̇∆t
τ0γ̇+1

)
− 1
]

+ γ̇∆t (twγ̇ − 1)

exp
(

γ̇∆t
τ0γ̇+1

)
(τ0γ̇ + 1) + (twγ̇ − 1)

. (5.11.4)

Note that for shear rates within the limits of interest: t−1
w � γ̇ � τ−1

0 , this

reduces to:

σ(∆t) =
eγ̇∆t + γ̇2tw∆t− 1

eγ̇∆t + γ̇tw
(5.11.5)

5.12 Appendix IV

This appendix details the derivation of the strain at the stress maximum γ∗ ∼

log(γ̇tw); credit for this derivation is given to Dr. Suzanne Fielding.
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At the shear stress maximum during startup we have ∂tσ = γ̇ − σ/τ = 0. Prior

to the maximum the viscoelastic shear stress increases linearly in strain so that at

the maximum σ∗ ∼ γ∗. Substituting this into the above we find (using the analytical

form for τ(∆t)): log(twγ̇) ' log(γ∗ − 1) + γ∗, where the approximation is valid in

the shear rate regime of interest t−1
w � γ̇ � τ−1

0 . Therefore, to within a logarithmic

correction in γ∗, the strain at the stress maximum obeys:

γ∗ ∼ log(twγ̇), (5.12.1)

and likewise, the shear stress at the maximum Σ∗ ∼ Gγ∗ ∼ G log(twγ̇).

5.13 Appendix V

This appendix details the proof that the strain of the stress maximum in time (at a

fixed shear rate) and also at the stress maximum of the instantaneous constitutive

curve (formed at a fixed time) are approximately equal.

Differentiating the analytical equation for σ(∆t) with respect to time at fixed γ̇

within the shear rate regime of interest t−1
w � γ̇ � τ−1

0 , the time ∆t∗ at which the

stress is maximal during startup obeys:

2 + γ̇twe
−γ̇∆t∗ = γ̇∆t∗. (5.13.1)

Similarly, the shear rate γ̇∗ at which the instantaneous constitutive curve (formed

at a fixed time) is maximal obeys:

3 + γ̇∗twe
−γ̇∗∆t = γ̇∗∆t. (5.13.2)

Clearly then, the stress overshoot in time (for fixed shear rate) during shear startup,

and shear rate (for fixed time in the instantaneous constitutive curve) occur at the

same strain γ∗ (i.e., γ̇∆t∗ ' γ̇∗∆t), to within a small correction. That is, the strain

at which ∂∆tΣ|γ̇ = 0 is roughly that at which ∂γ̇Σ|∆t = 0.
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5.14 Appendix VI

This appendix details the derivation of the frequency of oscillation of the hetero-

geneous shear rate perturbation ν = µγ̇
√
G sG p/(G s + G p) at steady state under

imposed shear in the glassy polymer model.

Using linear stability analysis (as described in Chapter 3), the stability matrix

governing the growth rate of heterogeneous perturbations26 ∂tδsk = P . δsk is, at

steady state with γ̇ � τ−1
0 and α→ 0:

P =


−G p/η −G s/η 0

−G p/η −µγ̇ −G s/η µγ̇2

−G p/ηγ̇ −G s/ηγ̇ −µγ̇

 . (5.14.1)

The determinant |P − ωI| results in a characteristic polynomial of form:

−ω3 + aω2 + bω + c = 0, (5.14.2)

complex conjugate solutions of which result in oscillations at frequency ν ∼ ωim.

Since the system is stable at steady state we must also have ωre < 0 of the complex

conjugate pair, and a purely real root S < 0. Eqn 5.14.2 may then be assumed to

factorise as:

(S − ω){ω − (ωre − iωim)}{ω − (ωre + iωim)} = 0. (5.14.3)

The determinant |P − ωI| = 0 provides a, b and c of Eqn 5.14.2, which are:

a ' −1

η
(G p +G s) (5.14.4)

b ' −2µγ̇G p

η
(5.14.5)

c = −µ
2γ̇2G p

η
, (5.14.6)

where the order of magnitude of terms in each are compared to find the approximates

given. The expansion of Eqn 5.14.3 results in a = S, b = −2Sωre and c = S(ω2
re +

26Where δsk = (δσpk, δσ
s
k, δτk)T .
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ω2
im). Solving these we find S = − 1

η
(G p +G s), ωre = −(µγ̇G p)/(G s +G p), and the

frequency of oscillation:

ωim = ±µγ̇
√
G sG p

(G s +G p)
. (5.14.7)



6
Strain ramp protocol

6.1 Introduction

In this chapter we will investigate the stress relaxation behaviour, linear stability to

shear heterogeneity, and resulting shear rate heterogeneities of entangled polymeric

systems that are relaxing after a strain ramp. We will begin by deriving a criterion

for the onset of linear instability to the growth of shear rate perturbations after a

fast strain ramp within a generalised framework that is independent of fluid or model

type; credit for this criterion is given to Dr. Suzanne Fielding. Following this, we will

specialise our research to the rolie poly (RP) model and, through comparison with

experimental results, defend its use as a model for entangled polymeric systems.

As described in Section 2.1.1, the strain ramp protocol involves shearing a ma-

terial at a constant rate γ̇0 for a time t0 until the desired strain amplitude γ0 = γ̇0t0

150
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is met, and the resulting stress relaxation function1 Σ(t′ = t− t0) is measured once

the flow has been switched off γ̇0 → 0. An ideal step strain is obtained in the limits

γ̇0 → ∞, t0 → 0 at fixed strain amplitude γ0 in this protocol. However, reaching

this limit is a formidable task in experiment where rheometers have finite response

times. In this chapter we will also show that the stress relaxation function following

ramps performed at different rates γ̇0 reveals important physics about the material

in question. We will therefore consider a ‘fast ramp’ throughout this chapter, in

which the rate is finite but much faster than the inverse reptation relaxation time

of the material γ̇0 � τ−1
d .

This chapter is ordered as follows: in Section 6.2 we will derive a general cri-

terion that is independent of fluid or model type for the onset of linear instability

to the growth of heterogeneous shear rate perturbations immediately after a fast

strain ramp. In Section 6.3 we specialise our research to the RP model, beginning

in Subsection 6.3.1 where we explore the rheological response of the model with

homogeneity enforced to ramps applied at rates that are ‘fast’ (γ̇ � τ−1
R ) or ‘slow’

(γ̇ � τ−1
R ) relative to the rate at which chain stretch relaxes τ−1

R . This response

will then form the homogeneous background state for a linear stability analysis in

Subsection 6.3.2. In Subsection 6.3.3 we perform nonlinear simulations confirming

that the above linear instability results in ‘macroscopic motions’, i.e., non-zero, het-

erogeneous local velocities after a strain ramp that are qualitatively similar to those

found in experiments of entangled polymeric materials [16, 17, 20, 52, 91, 135, 168].

[Recall from Chapters 2 and 3 that since these materials are usually considered to

be inertialess, it had previously been assumed that all local velocities should be zero

after the ramp: v(y, t′) = 0.] Using these results, we will show that the RP model is

capable of qualitatively describing the features of experiments of polymer solutions

and melts.

1Recall from Section 2.1.1 that t′ = t− t0 is the time elapsed since the end of the ramp.
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6.2 Criterion for instability after a fast strain ramp

We now perform a linear stability analysis about a homogeneously deforming back-

ground state within a generalised framework that does not specify a model or fluid

type. Doing so, we determine a general criterion for the onset of linear instability

to the growth of heterogeneous shear rate perturbations immediately after a fast

(relative to the internal relaxation rates of the material) strain ramp. Credit for the

derivation of this criterion is given to Dr. Suzanne Fielding.

Recall that within the general framework outlined in Chapter 3, all dynamical

variables are collected into one vector s = (σ, σxx, σyy, . . .)
T . We define the projection

vector p = (1, 0, 0, . . .) for the viscoelastic shear stress conformation variable σxy ≡

σ; the total shear stress is decomposed into viscoelastic and Newtonian solvent

contributions: Σxy = Gp · s + η γ̇0 and the governing equations are of the form

∂t s = Q(s, γ̇0). For this specific rheological protocol we shall also assume that Q

may be written as separate loading and relaxation terms: ∂t s = γ̇0S(s)− 1
τ
R(s), a

form that encompasses most widely used constitutive models, where S and R are

specified by model choice. During a fast ramp2 γ̇0 � τ−1 the response is dominated

by loading ∂γ s ' S(s); subsequent relaxation post-ramp occurs via ∂t s = − 1
τ
R(s).

Performing a linear stability analysis (as outlined in Chapter 3) about the sys-

tem’s state during relaxation post-ramp, we add perturbations3 to the homogeneous

background state4 γ̇0(y, t) =
∑

k δγ̇k(t)εk, s(y, t) = ŝ(t) +
∑

k δsk(t)εk, and linearise

to first order in the size of the δsk terms. After the ramp, perturbations grow or

decay according to:

∂t′ δsk =

[
−G
η
S(ŝ) p− 1

τ
∂sR |ŝ

]
· δsk ' −

G

η
S(ŝ) p · δsk, (6.2.1)

where the approximation is valid for small η � Gτ . Since ŝ is continuous in time

2In a system with multiple relaxation times having the form: − 1
τR = −

∑
iRi(s)/τi, a fast

ramp is defined by γ̇0 � τ−1min, where τmin is the shortest relaxation time.
3Where εk = cos(kπy/L).
4For clarity in this section we represent the homogeneous background with hats, e.g., ŝ, and

recall that we associate the the subscript 0 with values of at the end of the ramp, e.g., ŝ0. Outside
this subsection we will drop the hats for ease of reading, and hereafter set G = 1, so that σ is the
viscoelastic shear stress, etc.
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throughout this protocol (including at the end of the ramp), we combine the evo-

lution of the base state immediately before the end of the ramp: ∂γ̂ ŝ |t−0 = S(ŝ0),

with the dynamics of the perturbations immediately after the ramp: ∂t′δsk |t+0 =

−G
η
S(ŝ0)p ·δsk. Doing so, and incorporating force balance: δγ̇k = −Gδσk/η, we find

that the growth of shear rate perturbations immediately after the ramp ends obeys:

∂t′ δγ̇k |t+0 = −1

η

∂Σ̂

∂γ̂
|t−0 ·δγ̇k. (6.2.2)

That is, the system is linearly unstable to the growth of heterogeneous shear rate

perturbations immediately after the ramp if, immediately before the end of the ramp,

the shear stress was a decreasing function of strain. This is consistent the prediction

of instability in the Doi-Edwards (DE) model by Marrucci and Grizzuti [104].

6.3 Strain ramps in the RP model

6.3.1 Stress relaxation functions

The stress relaxation function of a material after a strain ramp reveals a great deal

about the physics of the material’s intrinsic relaxation mechanisms. We now investi-

gate the rheological responses of the RP model to strain ramps of various rates γ̇0 and

amplitudes γ0. For now we artificially constrain the system homogeneously in order

to reveal the effects of the relaxation mechanisms on the stress relaxation function

resulting from ramps performed at different rates γ̇0. These results will later form

the homogeneous background state numerically calculated for our time-dependent

linear stability analysis in which (initially) small heterogeneous perturbations are

added to this state.

The ‘stretching’ and ‘nonstretching’ limits

Recall from Chapter 3 that the RP model has a parameter 0 ≤ β ≤ 1 that governs

the efficacy of convective constraint release (CCR), with β = 0 describing a system

without CCR, and β = 1 describing a system with the maximum efficacy of CCR.
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Recall also that the model has two relaxation times: the timescale on which chain

stretch relaxes τR, and the timescale on which reptation occurs τd. In well entangled

polymeric materials these two timescales are well separated τR � τd, and their

values define the ‘entanglement number’ Z = τd/3τR. In this chapter we will always

consider strain ramps that are ‘fast’ with respect to reptation γ̇0 � τ−1
d . There

are then two limits of interest with respect to the imposed shear rate during the

ramp: the first is a shear rate much faster than the inverse stretch relaxation time

γ̇0 � τ−1
R (which we refer to as a ‘fast’ ramp), and the second a shear rate much

slower than this γ̇0 � τ−1
R (a ‘slow’ ramp). In these limits the RP model shows

qualitatively different behaviour under the strain ramp protocol that, as will we

will show, reveals the underlying physics of the stress relaxation behaviour. We now

briefly describe this behaviour and define two shear rates γ̇0,s and γ̇0,n in these limits

for use throughout the chapter:

1. a ‘fast’ ramp: at large shear rates for which appreciable stretch arises during

the ramp γ̇0,s � τ−1
R , the RP model has the ‘stretching’ form (Eqn 3.2.4 of

Chapter 3) possessing linear loading terms S and nonlinear relaxation terms

R (the functions S and R are as referred to in Section 6.2). During the

ramp the system behaves as a linear elastic solid with σ = γ, but on shear

cessation exhibits a double exponential stress relaxation on the timescales τR

(chain stretch relaxation) and τd (reptation). (Note that this shear rate limit

effectively corresponds to the ‘ideal’ step γ̇0 →∞. In fact, to achieve this ‘fast’

ramp throughout this section we will analytically solve the RP constitutive

equations during the ramp by assuming the limit γ̇0 →∞.)

2. a ‘slow’ ramp: at moderate shear rates that are fast enough to negate stress

relaxation via reptation during the ramp, but are slow compared to the inverse

stretch relaxation time: τ−1
d � γ̇0,n � τ−1

R , stretch can be imagined to relax

infinitely quickly. (As such, no appreciable chain stretch arises during the

ramp.) This leads to the ‘nonstretching’ limit of the RP model (Eqn 3.2.6

of Chapter 3) in which the loading terms S are nonlinear and the relaxation

terms R are linear. In this limit the system behaves as a nonlinear elastic solid
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Figure 6.3.1: Shear stress during (vs. γ) and after (vs. t′) a strain ramp of amplitude
γ0 = 3, with homogeneity enforced. Dotted/dashed lines denote linearly unstable
regions (ω > 0). Upper curve at the end of the ramp: strain ramp applied at rate
γ̇0,s (with γ̇0,s → ∞), lower curve: strain ramp applied at γ̇0,n = 500. ∆ is the
difference between the stress values after stretch relaxation has occurred of ramps
performed at shear rates γ̇0,n, γ̇0,s: ∆ ≡ σ0(γ̇0,n, γ0)− σ(t′ = τk, γ̇0,s, γ0). τR = 10−4,
η = 10−5, τk = 10τR.

during the ramp, resulting in a shear stress overshoot in strain for ramps of

amplitude γ0 & 1.7 (as shown in Chapter 5). After shear cessation the stress

follows a single exponential relaxation via reptation: σ(t′) = σ0 exp(−t′/τd),

since there is no appreciable chain stretch to relax.

This behaviour is summarised in Figure 6.3.1, where we show the behaviour of

the viscoelastic shear stress5 σ as a function of strain during the ramp, and as a

function of time after a ramp applied at rates γ̇0,n and γ̇0,s. These results are shown

in (a) and (b) of the figure for systems without (β = 0) and with (β = 1) the CCR

mechanism active, respectively. We also perform a time-dependent linear stability

analysis as outlined in Chapter 3. The dashed/dotted lines in the figure indicate

times at which the system is linearly unstable to shear heterogeneity, i.e., the largest

real part of any eigenvalue ω(t) > 0 (see Chapter 3) — we also checked that this

corresponded to growth of the heterogeneous perturbations δsk by integrating Eqn

6.2.1. From these figures it is clear that the efficacy of CCR severely affects both

the stress relaxation and the linear stability of a system relaxing after a strain ramp

performed at rate γ̇0,s. We will investigate the stability properties in Subsection

5Recall from Chapter 3 that we use units in which the elastic modulus is G = 1.
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6.3.2, but for now focus on the stress relaxation functions.

(A brief remark: recall that the total shear stress Σ = Gσ + ηγ̇ is composed of

viscoelastic and Newtonian solvent contributions, so that after shear cessation the

total shear stress is equal to the viscoelastic shear stress Σ = Gσ. This leads to a

small (since η � Gτd) instantaneous ‘drop’ in the total shear stress at the end of

the ramp when the shear rate is turned off γ̇0 → 0. That this drop is very small

and that, in reality, shear cessation occurs over a finite time means this drop would

be imperceptible in experiment. For clarity of presentation then, throughout this

chapter we will present figures showing the viscoelastic shear stress Gσ, and set

G = 1 so that σ represents the viscoelastic shear stress. We also drop the term

‘viscoelastic’ from here on for the sake of being concise.)

For use in explaining the features of the stress relaxation functions we define:

τk = 10τR to denote the time after shear cessation at which stretch relaxation has

completed, but at which stress relaxation via reptation is still insignificant (τk � τd).

We use this to define the curve σ(t′ = τk, γ̇0,s, γ0) that corresponds to the value of

the stress at t′ = τk as a function of the strain amplitude γ0 for a ramp performed at

rate γ̇0,s. [We note that the same curve σ(t′ = τk, γ̇0,n, γ0) for a ramp performed at

rate γ̇0,n is simply the shear startup curve σ0(γ̇0,n, γ0), since at this rate appreciable

stretch does not arise during the ramp, and so it follows that the stress immediately

after the ramp is approximately the same a time t′ = τk later, as shown in Figure

6.3.1.] In experiment this curve is easily obtained by performing many strain ramps

of different strain amplitudes γ0 at a fixed rate γ̇0,s, and plotting the shear stress

at time t′ = τk vs. the strain amplitude γ0. In fact, if t′ = τk corresponds to the

time at which the stress relaxation function is time-strain separable, this method

corresponds to that used to obtain the damping function (Eqn 2.4.1, described in

Chapter 2); that method rescales the function σ(τk, γ̇0, γ0) by the strain amplitude

to give the nonlinear relaxation modulus G(τk, γ̇0, γ0). The damping function is

then the shift factor required to match the nonlinear elastic modulus onto the linear

elastic modulus. Note that in the results presented below, the damping function is

given by h(γ̇0, γ0) = σ(τk, γ̇0, γ0)/γ0.
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Figure 6.3.2: Top/leftmost line: stress immediately after a ramp applied at rate
γ̇0,s →∞ of amplitude γ0, i.e., σ0(γ̇0,s, γ0) (this increases linearly for all γ0). Lower
solid/dashed line: stress at time t′ = τk after the ramp: σ(τk, γ̇0,s, γ0). Symbols: the
stress immediately after a ramp at rate γ̇0,n = 500 and amplitude γ0, i.e., σ0(γ̇0,n, γ0).
Dashed lines/circles denote linearly unstable regions (ω > 0). Homogeneity enforced
throughout and τR = 10−4, η = 10−5.

The stress relaxation functions obtained with the CCR mechanism inactive β = 0

are shown in (a) of Figure 6.3.1, and demonstrate a key feature: for a fast ramp

performed at rate γ̇0,s, the residual stress σ(τk, γ̇0,s, γ0) remaining after stretch re-

laxation has completed has the same value as that of a slower ramp performed at

rate γ̇0,n: σ0(γ̇0,n, γ0) (provided the CCR mechanism is inactive). This is general

for any strain amplitude, as shown in Figure 6.3.2 (a) where the lower solid/dashed

line showing σ(τk, γ̇0,s, γ0) vs. γ0 agrees with the symbols that show σ0(γ̇0,n, γ0) vs.

γ0. With CCR active (β 6= 0) this is not the case: the stress from the fast ramp

drops significantly lower than that of the slow ramp value due to what appears to

be an accelerated stress relaxation at times t′ < τk, as shown in Figure 6.3.1 (b).

Again, this is general for any strain amplitude, see (b) of Figure 6.3.2 where the

solid line showing σ(τk, γ̇0,s, γ0) now lies significantly below the symbols that show

σ0(γ̇0,n, γ0).

These results can be explained by the following. With CCR inactive (β = 0)

orientation relaxes only via reptation, i.e., the stretch and orientation relaxation

mechanisms are decoupled and relax independently of each other. Thus, in such a

system, the residual stress remaining after chain stretch has relaxed after a ‘fast’

ramp of rate γ̇0,s is equal to the stress resulting from a ramp during which no chain
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stretch arose, i.e., the stress after a ramp performed at rate γ̇0,n. However, when CCR

is active (β 6= 0) stretch relaxation causes significant orientation relaxation to occur.

This is because the mechanism of convective constraint release allows entanglements

forming the tube of constraints on a test chain to be lost (thus relaxing orientation)

when chains that form the entanglement points themselves reptate or relax their

stretch sufficiently that their chain ends pass through the entanglement point. This

means that orientation relaxation (that would otherwise only occur via reptation on

a timescale τd) can be aided by stretch relaxation, resulting in an overall acceleration

of stress relaxation6 at times t′ < τR, as shown in Figure 6.3.1 (b).

These features can be shown analytically in the RP model, the details of which

are provided in Appendix I for which credit and thanks are given to Dr. Richard

Graham. Using these, we will now show that with CCR inactive, the stress once

chain stretch has relaxed after a ramp applied at rate γ̇0,s is exactly that resulting

from a ramp applied at rate γ̇0,n, so that σ(τk, γ̇0,s, γ0) = σ0(γ̇0,n, γ0), as demonstrated

in Figure 6.3.2 (a). To do so, we first define the orientation tensor A = 3σ /T , where

T (t′) = Trσ describes the degree of chain stretch in the system (in equilibrium

T = 3). We consider the long time relaxation behaviour of A∞ ≡ A(t′ → ∞) in

the limit of τd → ∞ which, for finite t′ and τd, effectively corresponds to values at

t′ = τk, when τR, τd are well separated. Using results from Appendix I, A obeys:

∂t′A = −Ψ[T (t′)] (A− I), (6.3.1)

where Ψ[T (t′)] = β
2[1−
√

3/T (t′)]

τR
[T (t′)/3]δ−1 and δ is a parameter in the rolie poly

model that, following Ref. [92], we have set to −1
2
throughout this thesis.

From Eqn 6.3.1, when CCR is inactive (β = 0) we have that: A∞ = A0 (in-

dependently of δ) where A0 is the orientation tensor immediately after the ramp.

This result follows from the physics described above: without CCR the stretch and

orientation relaxation processes are decoupled, and orientation, described by the

orientation tensor above, relaxes only via reptation on the timescale t′ ∼ τd. For a

6Note that it was suggested in Ref. [92] that the CCR mechanism would accelerate stress
relaxation. However, the agreement of the fast and slow ramps at t′ = τk with β = 0 was not
predicted, nor was the magnitude to which CCR accelerates the stress relaxation quantified.
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‘fast’ ramp γ̇0,s, it is then possible to show that7:

σ∞xy(γ0) =
3γ0

γ2
0 + 3

,

σ∞yy(γ0) =
3

γ2
0 + 3

, (6.3.2)

where σ∞xy,yy = σxy,yy(t
′ → ∞) in the limit τd → ∞, and Eqn 6.3.2 holds for β = 0

and is general in δ. These functions (Eqn 6.3.2) provide analytical solutions of the

shear and normal stresses at a time t′ = τk after a fast strain ramp of amplitude

γ0 in the RP model with inactive CCR. That is, σ∞xy is equivalent to the curve

σ(τk, γ̇0,s, γ0) shown as the lower line in Figure 6.3.2 (a). To complete the proof,

both equations of 6.3.2 may be shown to be solutions of the non-stretching RP

constitutive equation for shear startup (Eqn 3.2.6) with β = 0 and τd → ∞. This

proves that (with CCR inactive) the stress once chain stretch has relaxed after a

ramp applied at rate γ̇0,s is exactly that resulting from a ramp applied at rate γ̇0,n,

so that σ(τk, γ̇0,s, γ0) = σ0(γ̇0,n, γ0), as demonstrated in Figure 6.3.2 (a) (where the

analytical form of σ∞xy above describes the lower line/symbols).

The above demonstrates an interesting, experimentally testable result of the RP

model, and will also prove useful in describing the linear stability to the growth of

shear rate perturbations in Section 6.3.2.

The Lodge-Meissner relation

We note that using (see Appendix I):

A(t′) = A0 exp

[
−
∫ t′

0

Ψ[T (t)]dt

]
+ I

{
1− exp

[
−
∫ t′

0

Ψ[T (t)]dt

]}
, (6.3.3)

it can be shown that the Lodge-Meissner (LM) relation [93] holds for all strain

ramps performed at rates of γ̇0,s, independently of β or δ, that is: N1(t′, γ0) =

γ0 σ(t′, γ̇0,s, γ0). As shown above, the residual shear stress remaining once chain

7Eqn 6.3.2 is obtained by combining the relation A∞ = A0 with the components of the stress
tensor immediately after a fast ramp at rate γ̇0,s → ∞, and also with T after chain stretch has
relaxed in the long time limit, T∞ = 3
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stretch has relaxed after a fast ramp performed at rate γ̇0,s is identical to that per-

formed at rate γ̇0,n if CCR is inactive, β = 0. Therefore, it follows that the stress

relaxation of the latter ramp also follows the LM relation for all times. However,

with CCR active no such guarantee exists and from our numerics we find the LM

relation is violated for these slow ramps (at rates γ̇0,n) with active CCR, β 6= 0.

Note that, within our assumption of shear homogeneity, this is the only strain ramp

for which we find violation of the LM relation. This result is useful, since it provides

experimentally testable results for the RP model concerning the efficacy of convec-

tive constraint release, the degree to which this occurs in experiment (and should

therefore be included in the theory) is currently unknown. We will show in Section

6.3.3 that we also find failure of the LM relation during stress relaxation in which a

large magnitude of shear heterogeneity arises.

6.3.2 Linear instability in the rolie-poly model

So far, we have derived a criterion for the onset of linear instability to the growth

of shear rate perturbations immediately after a strain ramp, which depends only

on the form of the underlying homogeneous background state. We subsequently

investigated this homogeneous background state in the RP model, focusing on the

stress relaxation functions resulting from strain ramps applied at two rates that

are faster or slower than the stretch relaxation rate τ−1
R . We showed that in the

absence of convective constraint release (CCR), the stress relaxation function of a

fast ramp γ̇0 � τ−1
R relaxes exactly onto the stress relaxation function of a slow

ramp γ̇0 � τ−1
R once chain stretch has relaxed. We also showed that with CCR

active, the overall stress relaxation after a fast ramp is accelerated during stretch

relaxation, destroying the above agreement with the relaxation function resulting

from the slower ramp.

We now turn our attention to the linear stability to shear heterogeneity during

stress relaxation after strain ramps applied at the two rates γ̇0,n, γ̇0,s. Recall that
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the criterion derived in Section 6.2:

∂t δγ̇k |t+0 = −1

η

∂Σ

∂γ
|t−0 ·δγ̇k, (6.3.4)

predicts linear instability to the growth of shear rate perturbations immediately

post-ramp, for a ramp in which the stress was a decreasing function of strain just

before the ramp ended: ∂γ0Σ < 0. In this section we will investigate the conse-

quences of this criterion for strain ramps in the RP model: we will show that ramps

applied at a rate of γ̇0,n, with amplitude γ0 & 1.7 up to some cutoff strain amplitude,

result in the growth of shear rate perturbations immediately after the ramp. How-

ever, we will also show that ramps applied at rates γ̇0,s never result in the growth

of shear rate perturbations immediately after the ramp for any strain amplitude.

Despite this, for these fast ramps, we will show that delayed linear instability may

arise once chain stretch has relaxed, depending on the efficiency of CCR. For refer-

ence throughout this subsection we recall Figures 6.3.1 and 6.3.2, and remind the

reader that dotted/dashed lines and circled symbols in those figures indicate linear

instability to shear heterogeneity: ω(t) > 0.

Nonstretching limit: γ̇0 � τ−1
R

As shown in Chapter 5, shear startup at rates in the ‘nonstretching’ limit of the

RP model (i.e., at γ̇0,n) results in a negative slope of the shear stress in strain

∂γ Σ < 0 for strains exceeding γ ∼ 1.7 (this value varies only slightly with β).

Strain ramps whose strain amplitude lies in this negative slope satisfy the criterion

(Eqn 6.3.4), and result in linear instability to shear heterogeneity immediately after

the ramp. This is shown in Figure 6.3.2, where the shear stress immediately after

the ramp σ0(γ0), which is approximately equivalent to the shear startup function8

Σ(γ), is plotted as a function of strain amplitude. Note that stability is restored

at high strain amplitudes [not shown in (a) of Figure 6.3.2]. This is because a very

small, stabilising contribution to stability from reptation that was neglected in the

derivation of the criterion (since η � Gτd) can stabilise the system against shear rate

8The latter is a (constant at fixed γ̇0) factor γ̇0η larger than the former.
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heterogeneity when the strain amplitude corresponds to only a very small gradient

of the shear stress in strain ∂γ0σ. This results in a ‘cut-off’ strain amplitude above

which linear stability to shear rate heterogeneity is restored: this is because the shear

startup function eventually reaches a steady state ∂γΣ → 0 so that the smallness

of this gradient and the resulting stabilisation described above is inevitable at large

strains.

After shear cessation, stress relaxation occurs via reptation in a single exponen-

tial decay, and it follows (see Appendix II for details) that the largest real part of

the eigenvalues from the linear stability analysis ω(t′) obeys:

ω(t′) = − 1

τd
− 1

η

[
(σ0

yy − 1)e
− t′
τd + 1− 2

3
σ0 2
xy e

− 2t′
τd (1 + β)

]
, (6.3.5)

resulting in a monotonic decay towards ω(t′ → ∞) = −( 1
τd

+ 1
η
) from the value

immediately after the ramp, ω0, on a timescale O(τd). This means that if the system

is linearly stable immediately after the ramp: ω0 < 0 it will remain stable for all

t′ → ∞. Otherwise the system is linearly unstable initially, then finally becomes

linearly stable again through reptation on the timescale τd.

Stretching limit: γ̇0 � τ−1
R

As shown in Chapter 5, shear startup at a rate γ̇0,s in the RP model results in

linear elastic stress growth in strain σ = γ. Thus, for this ramp rate, the criterion

predicts linear stability to shear rate heterogeneity for any amplitude of strain ramp.

However, the criterion only applies immediately after the ramp and does not dictate

the long time stability properties. We show in Figure 6.3.1 (a) that although the

system is linearly stable to shear rate heterogeneity immediately after the ramp

performed at γ̇0,s, it later becomes unstable as stretch relaxation nears completion

in the absence of CCR. This result can be understood as follows: in the analysis

in the previous section with β = 0 we have already shown that σ∞(γ̇0,s, γ0) =

σ0(γ̇0,n, γ0); i.e., after stretch relaxation has occurred, the components of the stress

tensor that results from a ramp at rate γ̇0,s are the same as those resulting from a

ramp performed at rate γ̇0,n. It follows (and is simple to show) that if the latter
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system is linearly unstable, so too will the former be. This gives rise to delayed

linear instability occurring on a timescale O(τR) for fast ramps of rate γ̇0,s with

strain amplitudes γ0 > 1.7, even though no stress overshoot arises during the ramp.

This has important consequences for experiment, as we shall see later in Section

6.3.3.

In the previous subsection we showed that if CCR is active (β 6= 0) the stretch

relaxation process causes accelerated relaxation of orientation (recall Eqn 6.3.1),

leading to a lower stress at t′ = τk than that of a ramp during which appreciable

stretch does not arise, as shown in Figure 6.3.2 (b). Therefore, with CCR active,

there is no guarantee of linear instability following chain stretch relaxation for strain

amplitudes γ0 > 1.7, as there is for the β = 0 case. In fact we find that for large

enough β the accelerated orientation relaxation due to CCR at times t′ < τk is

sufficient to stabilise the system against heterogeneity, at a time when the system

relaxing after the slower ramp is still linearly unstable, as shown for general strain

amplitudes in (b) of Figure 6.3.2.

Comparison to literature

We now briefly consider the implications of the negative slope in the stress as a

function of strain amplitude at times t′ ∼ τk for ramps applied at rate γ̇0,s, i.e.,

∂γ0σ(τk, γ̇0,s, γ0) < 0, with regard to the experimental and theoretical literature.

Firstly, this negative slope is similar to that noted to exist in the original DE

model by Marrucci and Grizzuti, who predicted steps with strain amplitudes in this

negative slope to be unstable via a free energy calculation [104]. The authors also

suggested that if orientation were relaxed sufficiently (either by reptation or some

other mechanism) to reduce the free energy during stretch relaxation the instability

might be avoided. We have confirmed that this negative slope renders the system

linearly unstable to shear heterogeneity in the RP model with CCR inactive, and

leads to the same delayed instability. We have also shown that this instability can be

ameliorated if CCR acts during chain retraction to accelerate orientation relaxation,

in agreement with Marrucci and Grizzuti’s suggestion.

Secondly, the negative slope described above was considered by some experi-
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mentalists to be impossible for a sample undergoing homogeneous deformation, and

thought to be a direct result of strain heterogeneity [20, 135, 168, 169]. We have

shown that, with homogeneity enforced, the RP model exhibits this negative slope

for all β and δ indicating that shear heterogeneity is not necessary for the negative

slope to exist. However, through our criterion and analytics within the RP model

we have shown that for β ∼ 0 the negative slope described above is a direct source

of linear instability and would lead to shear heterogeneity. On the other hand, we

have also shown that CCR may act to restabilise the system to shear heterogeneity

but still give rise to the negative slope ∂γ0σ(τk, γ̇0,s, γ0) < 0, thus its existence is not

a guarantee for linear instability.

So far, we have studied predictions of the RP model using calculations in which

we linearised to the first order the size of heterogeneous perturbations. We now ex-

plore the full nonlinear calculations in order to allow comparison with experiments.

6.3.3 Results of shear heterogeneity

In this section we perform full nonlinear simulations, in 1D, that directly allow

heterogeneity in the flow gradient direction (see Chapter 3 for details). We will

show that similar ‘macroscopic motions’9 to those in experiment arise in the RP

model for strain amplitudes γ0 & 1.7, as a result of the linear instability described

in the previous subsection. Similar heterogeneity in the RP model after a step

strain has also been reported elsewhere [3, 4, 6, 7]. Here, we add to these findings

with comparisons of the rheological responses under different ramp rates γ̇0, and

values of the CCR parameter β, and will also compare the qualitative features of

the RP model with those found in experiment.

For comparison of the rheological properties with those of the homogeneously

constrained system, we show the analogy of Figure 6.3.1 in Figure 6.3.3, in which we

show the shear stress during and after strain ramps at rates γ̇0,s, γ̇0,n, both without

(β = 0), and with (β = 1), convective constraint release in (a) and (b) of the figure,

9That is, v(y, t′) 6= 0. In an inertialess, linearly stable system after shear cessation one expects
v(y, t′) = 0, see Chapter 2.
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respectively. We also show snapshots of the velocity profile after both ramps of rates

γ̇0,n and γ̇0,s in (c)/(d) and (e)/(f) of the figure, respectively.

As expected, we find that shear rate perturbations grow as soon as the ramp

of rate γ̇0,n ends, if the ramp ends as the shear stress is a decreasing function of

strain. In agreement with the predictions of linear instability described above, we

also find the growth of shear rate perturbations after a ‘fast’ ramp of rate γ̇0,s when

the strain amplitude exceeds γ0 > 1.7, and the efficacy of CCR is sufficiently small

β ∼ 0; these shear rate perturbations only begin to grow after chain stretch has

relaxed at a time t′ ∼ τR (= 10−4 in the figure), as expected.

It is immediately clear from Figure 6.3.3 (a) that shear rate heterogeneity can

vastly alter the stress relaxation functions: as the local shear rate becomes extremely

large nonlinearities become important, and result in a sudden and dramatic accel-

eration of stress relaxation concurrent with a decay of the local shear rate. We

also report that, concurrent with this sudden departure from the linearised system,

failure of the Lodge-Meissner relation [93] occurs: N(t′, γ0) 6= γ0 σ(t′, γ0). The time

at which this distinctive stress ‘drop’ occurs is sensitive to all factors that affect

the growth and magnitude of heterogeneous perturbations, i.e., τR, β, η, γ0, and the

magnitude q of the initial noise. As discussed in Chapter 3, noise in experiment that

can seed the growth of heterogeneous perturbations can arise from various sources,

such as: residual stress heterogeneity present due to the sample loading protocol,

imperfect rheometer feedback (i.e., mechanical noise), or a curved geometry. In this

chapter we have considered the first of these by adding an initial heterogeneous per-

turbation to the stress of the form qX cos(πy/L), where X is an array of random

numbers chosen from a uniform distribution with mean 0 and width 1, as described

in Chapter 3. (Adams and Olmsted showed that a curved device results in similar

‘macroscopic motions’ in the RP model [4].) We find, as it was also found by Agime-

len and Olmsted [6, 7], that the form of the resulting velocity profiles is extremely

sensitive to the form and magnitude of the initial noise and also to any heterogene-

ity that arises during the ramp, though we expect the latter to be insignificant in

magnitude if the duration of the ramp is small. We note that the stress relaxation

function (and thus, the time at which the dramatic stress ‘drop’ occurs) is only
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Figure 6.3.3: (a) and (b): shear stress during (vs. γ) and after (vs. t′) a strain
ramp of amplitude γ0 = 3, for β = 0, 1, respectively (dotted line shows superposed
result from linearised system). Thick, dashed line: strain ramp applied at rate
γ̇0,s = 105, thin, solid line: strain ramp applied at γ̇0,n = 500. (c) and (d): velocity
profiles during stress relaxation at times with corresponding symbols in (a) and (b),
respectively, for the ramp at rate γ̇0,n = 500. (e) and (f): as (c/d) for the ramp
γ̇0,s = 105, at times with symbols in the inset [inset equivalent to sub-figure (a)] for
(e) or corresponding to symbols in (b) for (f). The normalised velocity profile v̂(y),
immediately before the end of the ramp at t = t−0 is shown as a thick, dotted line,
where: v̂(y) = v(y) − γ̇0y and deviations from zero indicate slight inhomogeneity
before the ramp ends. Here: τR = 10−4, η = 10−5, and noise is added of the form:
σ(t = 0, y) = q cos(πy/L), q = 5× 10−4.
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sensitive to the magnitude, rather than the form of the heterogeneity.

Despite this sensitivity, we note that the velocity profiles of systems undergo-

ing significant ‘macroscopic motions’ often show a ‘stationary plane’10 with anti-

symmetric like deformation on either side, as shown at y ∼ 0.7 in Figure 6.3.3

(c). The location of this plane (and the number of stationary planes in the cell) is

subject to the initial noise sensitivity described above and has been investigated in

detail in [6, 7]; this may explain the non-repeatability of velocity profiles found in

experiment [20,52,91,137]. The local shear rate at the stationary plane can become

extremely large and in extreme cases becomes spatially unresolvable [7]. This feature

is also found in experiment and is often referred to as ‘failure’ or ‘fracture’ [20,52].

The features discussed above belong to systems with small β ∼ 0 and η � Gτd

that have large perturbation growth rates. For less unstable systems (β 6= 0, η <

Gτd) ‘fracture’ is not seen and the stress relaxation function retains the behaviour

of the linearised system so that no distinctive ‘stress drop’ occurs. An example of

this is shown in Figure 6.3.3 (b) and (d): the local shear rate grows but is small in

magnitude. In this case, this is because with larger β (here, β = 1) the slope of the

shear stress in strain at the end of the ramp is negative but smaller in magnitude

compared to that of β = 0. With CCR active, ramps that induce appreciable chain

stretch can be stabilised to shear rate heterogeneity after chain retraction, as shown

in the previous subsection. During stress relaxation after such a ramp, any residual

heterogeneity at the end of the ramp decays monotonically [see (f) of Figure 6.3.3].

Relation to experimental findings

In order to clarify the origins of the ‘macroscopic motions’ and rheological be-

haviour in the RP model we have considered a possibly unrealistic separation of

the timescales with regard to experiment, τd = τR × 104, and a correspondingly un-

realistic rate for the ramp γ̇0,s � τ−1
R . This separation of timescales corresponds to

entanglement numbers Z ∼ 3300. In experiment polymer melts that are considered

to be ‘well entangled’ have entanglement numbers Z > 50, though melts with entan-

glement numbers larger than Z ∼ 100 usually suffer edge fracture so that no reliable

10The plane is the (x, z) plane, intersecting the y axis at the point where v(y) = 0.
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results can be obtained. Reliable results for materials with entanglement numbers

up to Z ∼ 150 have been obtained in softer materials such as DNA and wormlike

micellar solutions, but an upper limit of Z ∼ 200 still exists due to edge fracture.

Therefore, a more reasonable separation of time scales in experiment has the range

τd/τR ∼ 150− 500. Despite this, the qualitative features described above still hold

for these more realistic values of the separation of timescales (as long as they are

still reasonably separated: τd/τR & 10), and also for an adjusted ‘fast’ ramp of rate

γ̇0,s > τ−1
R that is not as well separated from the inverse stretch relaxation time.

We will not attempt to reproduce experimental data by matching the relaxation

times or ramp rates, etc., to experiment as efforts have been made elsewhere [6, 7].

However, we will now use the results presented in this chapter to describe how the

RP model, contrary to the claims of the Wang group [20,167,169], is indeed capable

of exhibiting the qualitative features of experiment, and in doing so defend its use

as a model to describe entangled polymeric systems.

Firstly, delayed ‘macroscopic motions’ associated with a sudden drop in the

stress for ramps with strain amplitudes that are larger than some threshold, usually

γ0 & 1.5, but are sufficiently small that no stress overshoot occurred during the

ramp, have been reported in polymer melts [17,20] and solutions [9]. This is similar

to the behaviour of the stress (and associated macroscopic motions) after the ramp of

rate γ̇0,s in Figure 6.3.3 (a), which results directly from the delayed linear instability

described in Subsection 6.3.2. As explained, the time at which the stress ‘drop’

occurs in our numerics, tdrop (also roughly the time at which significant macroscopic

motions are seen), is dependent on many factors. However, owing to the linear

stability of the system, it is limited to occurring at times tdrop > τR for systems in

which significant chain stretch arises during the ramp. In fact we find this time can

be O(10τR). A similar order of magnitude was noted in experiments on melts [20],

and provoked the authors to claim that the delay was not related to the stretch

relaxation time, and therefore that the DE theory (or derivatives of) was not capable

of describing the experiments.

Secondly, macroscopic motions and a dramatic stress drop were also found to
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Figure 6.3.4: (a) and (b) as Figure 6.3.3, for a ramp of strain amplitude γ0 = 3 and
rate γ̇0 = 200, t0 = 0.015. Other parameters: τR = 10−2, η = 10−5, β = 0, and noise
is added of the form: s(t = 0, y) = ŝ(t = 0)+qX cos(πy/L) to all components of the
stress tensor, where X is an array of random numbers chosen from a flat distribution
of mean 0 and width 1, and q = 10−2.

occur (within experimental resolution) immediately after shear cessation [16,17] for

ramps that ended as the stress was a decreasing function of strain. This is consistent

with our criterion in Section 6.2, and also with our numerics in Figure 6.3.3.

Thirdly, similar macroscopic motions without a dramatic stress drop have also

been reported in experiment [20, 52, 91, 135, 137, 168]. We show similar behaviour

with adjusted parameters of the RP model in Figure 6.3.4, where the system shows

local velocities that grow after stretch relaxation, but don’t become large enough to

trigger departure from the linearised system. This means that although macroscopic

motions arise, no obvious change in the stress relaxation function occurs.

Finally, we consider the relation to the classification system of stress relaxation

behaviour into types A, B and C, see Chapter 2. From our results with a low

efficiency of CCR, β ∼ 0, ramps resulting in a dramatic stress drop as seen in

Figure 6.3.3 (a) would lead to a weaker damping function than that predicted by

DE theory, corresponding to type C data; this is consistent with experiment [17,

135, 166]. Such results from our numerics also show failure of the LM relation,

this is likewise in agreement with experiment [87]. Note that we have also shown,

consistent with earlier work [67,92,111], that with CCR active the stress relaxation

after a fast ramp (γ̇0τR � 1) is accelerated and would also result in a weakened

damping function (type C behaviour), crucially without any macroscopic motions.
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However, all experimental results providing velocimetric data that we are aware

of indicate that the accelerated stress relaxation resulting in type C behaviour is

concurrent with heterogeneity in the form of macroscopic motions or ‘fracture’.

We therefore conclude that in order for agreement with experimental findings the

efficiency of CCR must be small, β ∼ 0; this was also suspected from fits to shear

startup experimental data [92]. Systems that do not depart in this way from the

linearised system are able to follow the DE damping function, as described by the

third case above (in which we do not find failure of the LM relation). This would

result in type A behaviour that may or may not show macroscopic motions; in our

numerics this depends on the parameters of the model. In particular, we find that

increasing the separation between the relaxation timescales τR, τd (with small β ∼ 0)

results in a system that is linearly unstable to heterogeneity for longer, leading to a

larger magnitude of macroscopic motions and is thus more likely to produce type C

data. That is, the higher the entanglement number Z = τd/3τR, the more likely type

C data is to arise, in agreement with experiments that show type C data is most

common to very well entangled materials [121,166]. We conclude that the RP model

is capable of exhibiting both types A and C behaviour, which covers most of the

experimental literature [166]. However, the RP model appears unable to show (the

infrequently occurring) type B behaviour, though this data is usually found in very

weakly entangled materials [121,166], for which the RP model is not an appropriate

model.

While we have shown that the RP model can qualitatively describe many of the

important features reported recently in experiments on polymer melts and solutions,

we have not attempted to reproduce them quantitatively. To do so we should first

address some of the short-comings of our approach; adjustments that could be made

include: using a spectrum of relaxation times rather than a single-mode approach;

finite extensibility of chains should be accounted for as outlined in [56]; other sources

of noise in experiment should be considered, e.g., mechanical noise due to finite

response times of the rheometer, particularly incorporating the finite time over which

the shear rate is decreased at the end of the ramp; and stress gradients of the

rheometer should also be included.
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6.4 Conclusions

In this chapter, we have derived a criterion for the onset of linear instability to the

growth of shear rate perturbations immediately after a fast strain ramp within a

generalised framework that assumes a constitutive equation with separable loading

and relaxation terms. The criterion predicts the growth of shear rate perturbations

immediately after a ramp that ends as the shear stress is a decreasing function of

strain, and is independent of fluid type.

We have investigated the shear stress relaxation functions, linear stability and

resulting shear heterogeneity of entangled polymeric systems after strain ramps per-

formed at different rates in the RP model. We showed that, for a homogeneously

constrained system that forms the background state for a linear stability analysis,

the stress after a ‘fast’ ramp of rate γ̇0 � τ−1
R drops onto that of a ‘slow’ ramp of

rate τ−1
d � γ̇0 � τ−1

R once chain retraction in the absence of convective constraint

release (CCR) has occurred. Since the stress during shear startup at a rate in the

‘slow’ range above is a decreasing function of strain for γ & 1.7, independently of β,

any such ‘slow’ ramp with a strain amplitude in this range will result in the growth

of shear rate perturbations after the ramp according to the criterion above. We

subsequently showed that the above results lead to a delayed linear instability to

the growth of shear rate perturbations after a ‘fast’ ramp, once chain stretch has

relaxed in the absence of CCR. However, we also showed that with CCR active,

chain retraction causes accelerated orientation relaxation after the fast ramp and

destroys the agreement with the stress of the slower ramp; this can be sufficient to

stabilise the system against shear rate heterogeneity.

In full nonlinear simulations, we showed that the subsequent growth of (inho-

mogeneous) shear rate perturbations after such linearly unstable ramps as above

can be sufficient to cause sudden departure of the stress from that of the linearised

system, resulting in a dramatic drop in the shear stress and ‘fracture’ like velocity

profiles whose form is sensitive to the initial noise. Such cases result in the failure of

the LM relation and a weakened damping function, in agreement with experiment.

We subsequently showed that the RP model is capable of qualitatively describing

the experimental features found in polymer fluids. (Recall that examples of such
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fluids include concentrated solutions or melts of high molecular weight polymers,

and concentrated solutions of wormlike micelles and DNA.)

Finally, we note that the Giesekus model has linear growth of the shear stress

in strain during ‘fast’ ramps, where ‘fast’ means faster than the shortest relaxation

time, in this case γ̇ � λ−1. We therefore expect the system to be linearly stable

against the growth of shear rate perturbations immediately after the ramp accord-

ing to the general criterion. Similar comments hold for both the scalar fluidity, soft

glassy rheology and glassy polymer models.

6.5 Appendix I

This appendix contains details of the analytics concerning the long time orientation

in the RP model after an ideal step strain, for which credit is given to Dr. Richard

Graham.

We are interested in the stress after chain stretch has relaxed, but before orienta-

tion relaxation (reptation) has taken place significantly. To do this, we will consider

the long time behaviour σ∞ = σ(t′ → ∞) of the RP model, where throughout we

work in the limit of τd →∞. In that case, and in the absence of flow, the constitutive

equation of the RP model is:

∂t′ σ = −f(T )
[
σ + β (T/3)δ (σ − I)

]
, (6.5.1)

where f(T ) = 2
[
1−

√
3/T (t′)

]
/τR, δ is a parameter in the RP model, and T = trσ,

which describes the degree of chain stretch in the system. At equilibrium and in the

long time limit T∞ = 3, otherwise:

∂t′ T = −f(T )
[
T + β (T/3)δ (T − 3)

]
. (6.5.2)
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We define the orientation tensor: A = 3σ/T , and thus:

∂t′ A =
3

T

(
dσ

dt′
−
σ

T

dT

dt′

)
. (6.5.3)

Using this combined with Eqns 6.5.1, 6.5.2 leads to a diagonal, linear set of ODEs

for A:

∂tA = −Ψ[T (t′)](A− I), (6.5.4)

where Ψ[T (t′)] = β
2
[
1−
√

3/T (t′)
]

τR
(T (t′)/3)δ−1. We solve this using the integrating

factor method for each component of A:11

A∞ = A0e[−
∫∞
0 Ψ[T (t′)]dt′] + I

{
1− e[−

∫∞
0 Ψ[T (t′)]dt′]

}
. (6.5.5)

The integral I =
∫∞

0
Ψ[T (t′)] dt′ =

∫∞
0
βf [T (t′)]

[
T (t′)

3

]δ−1

dt′ has analytical solutions

for some values of δ; by defining u ≡ T (t′) we obtain:

I = −β
∫ 3

T (0)

(u/3)δ−1

u+ β(u/3)δ(u− 3)
du, (6.5.6)

the simplest solution of which is for δ = 0, leading to:

A∞xy =
A0
xy

1 + β − 3β/T0

(for δ = 0), (6.5.7)

and thus:

σ∞(γ̇0,s, γ0) =
3γ0

(γ2 + 3)(1 + β)− 3β
(for δ = 0). (6.5.8)

6.6 Appendix II

This appendix details the derivation of the analytical solution of the largest real

part of the eigenvalues from the linear stability analysis: ω(t′), Eqn 6.3.5, after a

strain ramp performed at a rate γ̇0,n in the nonstretching limit of the RP model.

First, note that the nonstretching form of the RP model has only two dynamical

11The full time dependence, rather than the infinite limit t′ →∞ may be found in the same way.



6.6. Appendix II 174

variables s1, s2, with governing equations:

∂t s1 = γ̇S1(s1, s2, γ̇) −s1/τd,

∂t s2 = γ̇S2(s1, s2, γ̇) −(s2 − 1)/τd.
(6.6.1)

After the ramp the shear rate is turned off γ̇ → 0, and Eqns 6.6.1 can be solved

analytically:
s1(t′) = s1,0 exp(−t′/τd)

s2(t′) = (s2,0 − 1) exp(−t′/τd) + 1,
(6.6.2)

where s1,0, s2,0 are the values of s1, s2 immediately after the ramp. A linear stability

analysis (as described in Chapter 3) performed on the system as it relaxes post-ramp

provides the stability matrix P (t′):

P (t′) =

− 1
τd
− S1

η
0

−S2

η
− 1
τd

 , (6.6.3)

resulting in the largest eigenvalue ω(t′) = − 1
τd
− S1

η
. In the nonstretching form of

the RP model S1 = s2 − 2
3
s2

1(1 + β); substituting Eqns 6.6.2 into the solution for

ω(t′) results in the solution:

ω(t′) = − 1

τd
− 1

η

[
(s2,0 − 1)e

− t′
τd + 1− 2

3
s2

1,0 e
− 2t′
τd (1 + β)

]
, (6.6.4)

where s1 = σxy and s2 = σyy in the model.



7
Conclusions and Outlook

7.1 Summary of the main results

In this thesis we have explored the time-dependent rheological response of three

classes of complex fluids: soft glassy materials, and entangled polymeric materials

above and below the glass transition, to the shear deformation protocols of step

stress, shear startup and strain ramp. For each protocol we explored the use of

three fluid-universal (protocol specific) criteria for the onset of linear instability to

shear banding, recently derived by Dr. Suzanne Fielding.

In step stress, we showed that the rolie poly (RP) and Giesekus models for

entangled polymeric materials show qualitatively similar responses of shear rate γ̇(t).

(Examples of such materials include concentrated solutions and melts of polymers,

and concentrated solutions of wormlike micelles and DNA.) In these models, for

imposed stresses nearest those on the weakest slope of the flow curve, the shear rate

175
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shows an initial decrease followed by a sudden, dramatic increase over several orders

of magnitude in a short time, in qualitative agreement with experiments. During

this increase, the shear rate undergoes a regime of simultaneous positive curvature

and slope ∂2
t γ̇/∂t γ̇ > 0, predicted by the criterion to be linearly unstable to the

growth of shear bands. We confirmed that such shear bands arise, but showed that

they are only significant in the RP model: bands in the Giesekus model remain

negligibly small. Next, we explored the response of the SGR model in the glass

phase to a step stress. Our motive here was to obtain predictions for the times

at which the system is linearly unstable to the onset of banding according to the

criterion, depending on the parameters of the model and the value of the imposed

stress. We showed that during ‘creep’ the shear rate decreases as a power law

in time: γ̇(t) ∼ tx−1
w (t − tw)−x, where tw is the age of the sample, and x the ‘noise

temperature’. For stresses exceeding the yield stress, the creep regime ends when the

shear rate passes through a minimum and undergoes a regime of positive curvature

and slope during which the system is linearly unstable to the onset of banding. As

the shear rate dramatically increases, it passes through an inflection point before

reaching a steadily flowing state. We found that the inflection point, defined as

the ‘fluidisation time’ τf , depends on the imposed stress via τf ∼ tw(Σ − Σy)
−α,

for stresses close to (but larger than) the yield stress, and τf ∼ exp(−Σ) for larger

stresses, where Σy is the yield stress and α ∼ O(1). Finally, we showed that the

glassy polymer model shows similar features in this step shear stress protocol as it

does in the extensional loading protocol, and, using the criterion, we showed that

strain hardening results in a decrease in the magnitude of transient shear banding.

In shear startup, we first described predictions of the criterion in the large shear

rate limit that lead to the identification of an ‘elastic’ term in the criterion, and in the

large strain limit leading to a ‘viscous’ term. The ‘elastic’ term in the former limit

predicts that negative slopes of the shear stress in strain contribute towards linear

instability to shear banding, in agreement with experimental findings. In the latter

limit, the ‘viscous’ term recovers the well known steady state condition for shear

banding. Outside these two limits the remaining ‘cross’ term is non-negligible. We

explored all three terms and their contribution to linear instability to shear banding
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in the scalar fluidity, RP and Giesekus models. In the scalar fluidity model we

showed age-dependent transient shear banding arises during the negative slope of

shear stress in strain. In the RP model we showed that similar time-dependent

shear banding arises for imposed shear rates τ−1
d � γ̇ � τ−1

R , that may or may not

persist to steady state depending on the ultimate shape of the constitutive curve.

In the Giesekus model we found that the ‘viscous’ and ‘cross’ terms of the criterion

are always large enough to stabilise the system against heterogeneity during the

negative slope of shear stress in strain. As a result, the model does not show the

features of appreciable time-dependent shear banding associated with the stress

overshoot, in contrast to experimental findings of entangled polymeric materials.

From these and the above results, we conclude that the Giesekus model is not

appropriate for the description of time-dependent shear banding in such materials.

Finally, we explored shear startup in the GP model, and demonstrated that due to

the reduced magnitude of the negative slope of shear stress in strain on the addition

of a polymeric component, transient shear banding is again significantly reduced in

this model.

In the strain ramp protocol, we first explored the stress relaxation behaviour of a

homogeneous background state in the RP model after strain ramps at rates that are

‘fast’ or ‘slow’, relative to the rate at which chain stretch relaxes τ−1
R , which we later

used as the basis for a linear stability analysis. We showed that, in the absence of

convective constraint release (CCR), the stress relaxation function of a ‘fast’ ramp

drops onto that of a ‘slow’ ramp once chain stretch has relaxed. However, we also

showed that stretch relaxation with CCR active results in an additional orientation

relaxation that accelerates the shear stress relaxation, destroying the agreement

with the stress of the slower ramp. The criterion for the strain ramp predicts linear

instability to shear heterogeneity immediately after the ramp if, immediately before

the end of the ramp, the shear stress had been decreasing in strain. We used this to

show that ‘slow’ ramps with strain amplitudes γ & 1.7 (up to some cut-off amplitude)

are linearly unstable immediately after the ramp. We also showed that although

‘fast’ ramps are linearly stable immediately after ramps of any strain amplitude,

they may show (for the same strain amplitudes that the ‘slow’ ramp is linearly
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unstable after) a delayed onset of linear instability once chain stretch has relaxed,

as long as CCR is sufficiently inactive. Finally, we showed that the above linear

instability results in ‘macroscopic motions’ that are qualitatively similar to those

found in experiment. We showed that if these become sufficiently heterogeneous,

nonlinearities become important and the stress relaxation function shows a dramatic

‘drop’, concurrent with failure of the Lodge-Meissner relation. Using these results,

we showed that the RP model is capable of demonstrating the qualitative features

found in experiment.

7.2 Outlook for future research

Limitations exist in any research project. We now outline some of the research

limitations of this PhD, and some directions for future research.

Spectrum of relaxation times

Firstly, we note that throughout this thesis we have only considered a single relax-

ation time (or in the RP model, two relaxation times). In reality, a spectrum of

relaxation times τi and elastic moduli Gi should be used to more accurately model

complex fluids, in particular polymer melts or solutions which, even when monodis-

perse, have a spectrum of relaxation times [86]. It is important to note, however,

that the fluid-universal criteria derived for each shear protocol in this thesis do not

depend on whether a single- or multi-mode approach is used. We expect only the

shape of the bulk rheological response to change when multiple modes are intro-

duced. Therefore, the onset of banding that we have shown to depend on this bulk

signal will also change. For example, for entangled polymeric materials after a fast

strain ramp, we expect that a spectrum of relaxation times might smear out the

otherwise clearly defined times τR � t′ � τd for which the system is linearly unsta-

ble to shear rate heterogeneity. As a result, the time for which the system is linearly

unstable to shear rate heterogeneity might be much smaller, or even removed en-

tirely. Or, in the steady state limit of shear startup in the RP model, a spectrum of

relaxation times might remove the negative slope of the constitutive curve, rendering
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the system linearly stable against shear banding at steady state.

Despite this limitation, we do not expect our results to change vastly under a

multi-mode approach. Rather, we consider that the introduction of multiple modes

is most useful for a detailed comparison with experiment.

Other shear deformation protocols, e.g., LAOS

The criteria derived by Dr. Suzanne Fielding [117] for step stress, shear startup and

strain ramp deformations in the shear geometry, along with a criterion for necking

in extensional deformations [56], form a set of fluid-universal criteria for the onset

of linear instability to heterogeneity during time-dependent flows of complex fluids.

However, what is still lacking from this understanding is a criterion for the onset of

linear instability to shear banding during large amplitude oscillatory shear (LAOS).

Time-dependent shear banding during this deformation protocol has recently been

shown to arise in experiment [137,139,163] and also in numerics of the RP model [4].

We hope that future research in this area will explore such a criterion.

Wall slip

Throughout this thesis we have considered zero slip conditions at the walls, i.e., the

velocity in the vicinity of the wall is the same as that of the wall itself: limy→L v(y) =

γ̇L and limy→0 v(y) = 0. However, in experiment wall slip is an extremely prevalent

problem, usually combated by roughening or glueing sand paper to the rheometer

plates, or, in extreme cases, super-glueing the sample to the plates [20]. In order

to provide a more detailed understanding of the interplay between shear banding

and wall slip, it would be necessary to incorporate conditions for wall slip into our

numerics that can be tuned depending on the surface roughness.

Finally, we hope that research in this thesis will help to unify the understanding

of time-dependent shear banding in complex fluids during shear deformation.
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