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Abstract
The present thesis has three main topics: geometry of coamoebas, hypergeometric functions, and geometry of zeros.

First, we study the coamoeba of a Laurent polynomial f in » complex variables. We define a simpler object, which we
call the lopsided coamoeba, and associate to the lopsided coamoeba an order map. That is, we give a bijection between
the set of connected components of the complement of the closed lopsided coamoeba and a finite set presented as the
intersection of an affine lattice and a certain zonotope. Using the order map, we then study the topology of the coamoeba.
In particular, we settle a conjecture of M. Passare concerning the number of connected components of the complement of
the closed coamoeba in the case when the Newton polytope of f has at most n+2 vertices.

In the second part we study hypergeometric functions in the sense of Gel'fand, Kapranov, and Zelevinsky. We define
Euler-Mellin integrals, a family of Euler type hypergeometric integrals associated to a coamoeba. As opposed to previous
studies of hypergeometric integrals, the explicit nature of Euler-Mellin integrals allows us to study in detail the dependence
of A-hypergeometric functions on the homogeneity parameter of the 4-hypergeometric system. Our main result is a
complete description of this dependence in the case when A represents a toric projective curve.

In the last chapter we turn to the theory of real univariate polynomials. The famous Descartes' rule of signs gives
necessary conditions for a pair (p,n) of integers to represent the number of positive and negative roots of a real polynomial.
We characterize which pairs fulfilling Descartes' conditions are realizable up to degree 7, and we provide restrictions valid
in arbitrary degree.
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1. Introduction

Consider a general quintic polynomial
_ 2 3 4 5
f@)=Xxo+xX12+X22° + X32° + X42" + X52°,

with non-vanishing coefficients. The famous Abel-Ruffini theorem asserts
that one cannot express the roots p of f(z) as an algebraic function of the co-
efficients x = (xyp, ..., x5). It is less known that it is straightforward to express
the roots as convergent power series in x.

Notice first that, as functions of the coefficients x, the roots p enjoy a
double homogeneity which is captured by the matrix

111111
A‘(012345)'

Dehomogenizing, we can fix the value of two coefficients. For example, to
set the coefficients of the constant and linear term to plus and minus one
respectively, we write A in the block form (A;, A2), where

11

Al:(o 1

| ana ae(L 01

2 3 4 5

The columns of the matrix —Al‘1 gives the exponents of xy and x; in the
multiplication f — x; ! f and the change of variables z — —xj xl_1 z. Apply-
ing these two operations, we obtain the reduced form of f;

f(@)=1-z+E22 62 +E328 - 8420,

where .
_ Xk+1%

Sk = , k=1,...,4.
x{c+1

The exponents of xy and x; in the expression for ¢y is given by the columns

of the matrix
1 2 3 4

-1
B=-A"Ay= o _3 _4 _5 |

(1.1)

The Newton polytope N of f is the interval [0, 5]. It consists of five copies
of the unit interval, one for each root of f. We associate to the matrix A; the
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leftmost unit interval [0,1]. Furthermore, to this subinterval of the New-
ton polytope we associate the root of f of smallest modulus, i.e., the left-
most root in logarithmic scale. We will now express this root as a convergent
power series in ¢ around the origin.

Firstly, let us show that such a power series exists. Restricting to the poly-
disc D defined by the inequalities || < 27k=5 [ =1,...,4, we find that

2> 1+ 11122 + (62123 +E312% +1&142°.

Hence, it follows from Pellet’s theorem that for each ¢ € D the polynomial
f(2) has exactly one root inside of the circle | z| = 2. (In modern terminology,
one says that f is lopsided at | z| = 2 with respect to the monomial of degree
one.) In particular, the root p = p(¢) of smallest modulus is an analytic func-
tion of ¢ in the polydisc D. Following Birkeland [7], we obtain the power
series expansion of p(¢);

(5)_2F(1+2k1+3k2+4k3+5k4) ik el gha
p - I'C+ky+2ky+3ks+4ky) kl!k2!k3!k4!,

where the sum is over k € N*. Notice that the rows of the matrix B appear as
the coefficients of the indices k in the arguments of the Gamma-functions.

The series p(£) is a multivariate hypergeometric series in the classical sense.
That is, the quotient of subsequent terms with respect to a shift in the in-
dices is a rational function of the summation index k. Hypergeometric func-
tions are ubiquitous in mathematical physics, the most prominent example
being Gauss hypergeometric function » Fy, in terms of which any solution of
a second-order linear ordinary differential equation with three regular sin-
gularities can be expressed. We wish not here to further motivate the study
of hypergeometric functions. Instead, let us find a more precise descrip-
tion of the convergence domain of the series p(¢). To do so, we turn to the
theory of hypergeometric functions in the sense of Gel'fand, Kapranov, and
Zelevinsky.

Analytic extension of p(¢) gives a multivalued function analytic outside
of the discriminant locus Z(A) = {{| A(&) = 0}. Here, A(¢) is defined either as
the resultant of the polynomials f and f’, or as the product

A©) =& T i—p))%

i<j

for some enumeration p;, ..., p5 of the roots of f. Itis well known that A is a
real polynomial in £. We conclude that p () will converge up until it meets
the surface Z(A). As convergence of the series p(¢) only depends on the
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modulus |¢], we are lead to consider the amoeba Aa, that is, the image of
Z(A) under the componentwise logarithmic map

Log(¢) = (logl¢il,...,logl¢al).

Intuitively, the series p(¢) should converge in (the inverse image of) a con-
nected component of the complement of the amoeba .A,. To give a precise
statement we need to introduce further notation.

The secondary polytope X 4 of A is a combinatorial object that stores the
information of all coherent triangulations of the Newton polytope of f with
vertices in A. In our example, when A is the interval [0,5], a coherent trian-
gulation is a subdivision of AV into intervals of integer length. The set of all
such triangulations is in a bijective correspondence with the set of vertices
of 2 4. Remarkably, the Newton polytope of the discriminant A coincides
with the secondary polytope Z 4.

One artifact of amoeba theory is the order map provided by Forsberg,
Passare, and Tsikh in [14]. The order map is an injection from the set of con-
nected components of the complement of the amoeba to the set of integer
points in the Newton polytope. For the discriminant A, we can associate to
each connected component of the complement of the amoeba A, an in-
teger point in the secondary polytope. Furthermore, it was proven in [43]
that the amoeba A, is solid. That is, the order map is a bijection between
the set of connected components of the amoeba complement and the set of
vertices of the Newton polytope X 4. In particular, each connected compo-
nent of the complement of the amoeba has an associated triangulation of
the Newton polytope A/, and vice versa.

Finally, the convergence domain of the series p(¢), as described in [45], is
the inverse image of a Reinhardt domain which contain all connected com-
ponents of the amoeba complement R*\ 45 whose associated triangulation
of the Newton polytope N contains the leftmost unit interval [0, 1].

In the aftermath of the success of amoeba theory, which begun with the
discovery of the order map, M. Passare and A. Tsikh defined the coamoeba
Cy of the polynomial f. By definition, the coamoeba is the image of the
zero locus Z(f) under the componentwise argument mapping. The first and
foremost question regarding coamoebas, is to find its order map. This is the
main topic of Chapter[3|of this thesis. Replacing the coamoeba by a simpli-
fied object, denoted the lopsided coamoeba, we can define an order map for
the lopsided coamoeba. This order map is given in terms of a Gale dual of
A. In the example with the quintic, a Gale dual can be formed by adding a
block of a 4 x 4-identity matrix beneath the matrix B. We will then study the
geometry and topology of the coamoeba via the order map.
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In terms of hypergeometric functions, the transition from amoebas to
coamoebas corresponds to a shift of focus to integral representations rather
than series representations. We consider only A-hypergeometric functions,
that is, hypergeometric functions in the sense of Gel'’fand, Kapranov, and
Zelevinsky. For example, the integral

b1 g4
@(ﬁ;é):f e dz (1.2)
c 2P z

defines a germ of an analytic function in the coefficients ¢ provided that the
cycle C is chosen as to ensure convergence. Then, the function ®(5;¢) is A-
hypergeometric of homogeneity parameter 5. To make this example more
familiar, consider the parameters f; = —1 and 82 = 1, and choose C = C(p)
as a small positively oriented cycle encircling a simple root p of f(z). Then,
we obtain the residue integrals Res, (¢). If ¢ lies outside of the discriminant
locus Z(A), then there are five residue integrals, one for each root of f. As
we will see, these integrals span the solution space of the A-hypergeometric
system in a neighborhood of ¢. Furthermore, a standard computation shows
that, if A({) # 0, then

1 1
Resp, (§) = — .
’ 54,1_[#Pi—Pj

This illustrates the role of the discriminant locus Z(A) for A-hypergeometric
functions; it is the characteristic variety of the A-hypergeometric system,
that is, it contains the singularities of all A-hypergeometric functions.

Let us illustrate one further property of amoebas. The single-valued
function obtained as the product of the five branches of the residue inte-
grals Res, (<) is given by

1
NG

5
[ Resy, (&) =
i=1

Now fix a connected component E of the amoeba complement R* \ A,. In
this component, there is a basis of that A-hypergeometric system given by
Laurent series (see, e.g., [51]). We conclude that the reciprocal of the dis-
criminant A has a convergent Laurent series expansion in E. In general, if
E is a connected component of the complement of the amoeba Ay, then
the reciprocal of f has a convergent Laurent series expansion in E whose
coefficients are given by integrals ®(S;¢) over the cycle C = Log™! (1) for any
T€eE.

Let © denote a connected component of the complement of the closed
coamoeba. Then, the reciprocal of f has an integral representation whose
kernel is given by the integral ®(;¢) over the cycle C = Arg™!(0) for any
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0 € ©. The integral over a cycle Arg~!(9) will be called an Euler-Mellin
integral; they are our primary object of study in Chapter 5] In contrast to
previous studies of hypergeometric integrals, the explicitness of our cycles
allows a detailed study of the dependence of hypergeometric functions on
the parameter . Our main result in this chapter is a complete description
of this dependence in the case when A represents a toric projective curve.

In Chapter@]we will study of the amoeba A, and the coamoeba Cy of the
discriminant A. Where previous authors have studied these object as con-
vergence domains of representations of A-hypergeometric functions, we fo-
cus instead on the connection to lopsidedness and colopsidedness.

In the last chapter we apply the theory developed in earlier chapters to
the theory of real univariate polynomials. The famous Descartes’ rule of
signs gives necessary conditions for a pair (p, n) of integers to represent the
number of positive and negative roots of a real polynomial. We characterize
which of the pairs that fulfills Descartes’ conditions that are realizable up to
degree 7, and we provide restrictions valid in arbitrary degree.

1.1 Contributions

Sections[2.2]and is joint work with P. Johansson.

Section5.1]is joint work with C. Berkesch Zamaere and M. Passare.

Sections is joint work with C. Berkesch Zamaere and L. E Ma-
tusevich.

Chapter([7]is joint work with V. P. Kostov and B. Shapiro.

13



14



2. Fundamentals

This chapter consists of a brief introduction to discriminants, A-hypergeo-
metric functions, and amoebas. The main reference is the work [18] by
Gel'fand, Kapranov, and Zelevinsky. We introduce here the notation used
throughout the thesis.

2.1 Elements of the A-philosophy

Consider a point configuration A = {ay,...,ay} < Z" of cardinality N. By
abuse of notation, we identify A with the (1 + n) x N-matrix

A:( 1 ... 1 ) .1

a ... ay

The codimension of A, denoted m, is the integer N—1—n. The configuration
A gives rise to a lattice (abelian group) Ly = ZAc Z" of index 14 = [Z" : L4].
Let Vol,, and Vol 4 denote the Haar measure on R” = R® L4 normalized so
that a minimal simplex with vertices in Z" respectively L4 has volume one.
For convenience we will write Vol(\V) = Vol,,(\) and Vol(A) = Vol4(\). We
have that

Vol(N) =14 Vol(A).

We associate to A the family CZ of polynomial functions on C" =C® L4
with support in A4;

N
fe)=)" xp 2™, 2.2)
k=1

where the polynomial f(z) is identified with the point f = (x1,...,xn) € C2.
Denote by Z(f) the zero locus {z eClf(z)= 0}. The central idea of the “A-
philosophy” is that one should study the whole family CZ rather than a sin-
gle polynomial f.

We define the Newton polytope of A to be the convex polytope N =
N4 = Conv(A) c R, which equals the Newton polytope of each polynomial
f € C2. The face (poset) lattice of A/ is the set of all faces of N/ with the
partial order < induced by inclusion.
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For each subset S c A, there is a natural projection prg: C4 — C5. We
write fs = prg(f), and say that fs is the truncated polynomial of f with re-
spect to S. Of particular interest is the case when S = I' 1 A for some face
I <N, in which case we set fi = frna.

An isomorphism ¢: Ly — L'  Z" defines a point configuration A’ = ¢(A),
such that L' = L 4. Such mappings arise, e.g., from a change of coordinates
in C”. The mapping ¢ extends to a linear transformation $: R® L — R®L'. A
composition of ¢ with a translation a— a+ v, for v € Z", is called an integer
affine transformation. In terms of matrices, we multiply A from the left by

r=(, o)
voe
Remark 2.1.1. In greater generality, one consider a family of g point con-
figurations Ay, ..., Ay, which one arranges as a matrix A in a block form by
adding a g x g-identity matrix on top of (A, ..., Ag). If N; denotes the cardi-
nality of A;, so that N = N; +---+ N, denotes the number of columns of A,
then the codimension m of A is defined as the integer N—n—¢q. We consider
here only integer affine transformations that preserve the dimension »n and
the codimension m. In general, an integer affine transformation of Ais ara-
tional matrix T such that T A is an integer matrix. Applying an integer affine
transformation to reduce a configuration with g > 1 to a configuration with
g =1 is known as a Cayley trick. We will say that two point configurations
are equivalent if they differ by an integer affine transformation preserving g,
and we say that they are Cayley-equivalent if they differ by a general integer

affine transformation. O
Remark 2.1.2. Notice that Vol(N) = det(T) Vol(N\), which in particular im-
plies the identity Vol(A") = Vol(A) of induced volumes. O

2.1.1. The A-discriminant. A point z € C” is said to be a critical point of f
if it is a solution of the system of equations

01f(z)=-=0,f(2) =0. 2.3)

If, in addition, z € Z(f) then z is said to be a singular point of f. The A-
discriminant A(f) = A4(f) is, by definition, an irreducible polynomial with
domain C4 which vanishes if and only if f has a singular point in C?. Of
equal importance is the principal A-determinant D4, which can be written
as a product

Da(H) = [] Aar(f)k, (2.4)
<N
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where the multiplicities kr are positive integers, see [19].

Let B = {by,...,by} € Z™ be a point configuration, generating a lattice
Lg = ZB of index 13 = [Z™ : Lg]. We identify B with the matrix (bs,...,by),
and say that B is a Gale dual of A if the columns of B span the kernel of A.
That is, B is a Gale dual of A if the matrix B has maximal rank and AB =
0. (Notice that we do not require that Lg = Z™.) To each Gale dual B we
associate a zonotope

T N
Zp=13 3 Mibe|IAd =1 <R, (2.5)
k=1

For ¢t € C'™, consider the polynomial

N
f(2)=) (b, t)z™,
=1

which has a singular point at z; = --- = z, = 1. Since B is of full rank we
obtain a parametriztion of the discriminant surface Z(A) as

(t,w) — ((by, Y w™,..., by, 1) W), (2.6)

provided that Z(A) # @. The A-discriminant A has n+ 1 homogeneities, one
for each row of A. Hence, we can reduce A to a polynomial depending on m
variables. Such a reduction corresponds to a choice of Gale dual of A, and
the induced projection prg: CZ — C™. In coordinates,

N
by .
=11+, j=1,...,m. 2.7)
k=1

Then, there exist a Laurent monomial M(f) and a polynomial Ag(¢) such
that

Ap(&) =M)A.

Ifwe compose (2.7) with the parametrization (2.6), then we obtain the Horn-
Kapranov parametrization of the reduced discriminant surface Z(Ap).

Theorem 2.1.3 (Kapranov). The mapping®: P! — Z(Ap) given by

N N
o[f] = | [T dr, 0°,..., ] (g, t)P*n (2.8)
k=1 k=1

is a birational equivalence. O

Remark 2.1.4. In general, Ap is a Puiseux polynomial. If i = 1 then Ap is a
polynomial. However, the converse is not true. As our focus lies on Cf, thisis
aless important issue. We could, as in [44], define the reduced discriminant
surface Z(Ap) as the image of the map ®. O
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Example 2.1.5 (Circuits). A circuit is a point configuration of codimension
m = 1. A circuit is said to be nondegenerate if it is not a pyramid over a
circuit of smaller dimension. That is, if no maximal minor of A vanishes.
Since m = 1, each Gale dual B is a column vector and the zonotope Zp is an
interval.

Let Ay = A\{ay}, andlet Vi = Vol,,(Ax) = |det(Ay)l. If Aisnondegenerate,
so that Vi > 0 for all k, then A/ admits exactly two coherent triangulations
with vertices in A [19]. Denote these two triangulations by Ts for § € {+1}.
Each simplex N, occurs in exactly one of the triangulations Ts. That is,
there is a well-defined assignment of signs k — 6, where §; € {+1}, such
that

Ts = {Nads=sr 0=%1,

where we identify a triangulation with its set of maximal simplices. As shown
in [19, Chapters 7 and 9] a Gale dual of A is given by

bi = (—D*|det(Ap)| = 6, V. 2.9)
In particular, the zonotope Z3 is an interval of length 27 Vol(V). O

Remark 2.1.6. It can happen that the codimension of the locus of all f € C4
such that f has a singular point in C” is greater than one. In such cases we
set A4 =1 and say that A is dual defect. Combinatorial criteria of dual de-
fectiveness have been discussed in, e.g., [12]. However, the map para-
metrizes the discriminant locus for arbitrary A. Hence, if A is dual defect,
then each maximal minor of the Jacobian matrix of the map vanishes
for all t and w. Evaluating these maximal minors for a specific choice of a
Gale dual (see (3.11))), one obtains algebraic equations in the entries of A
such that A is dual defect only if it is contained in the corresponding alge-
braic set, see [10] O

2.1.2. The A-hypergeometric system. A favorite saying of M. Passare was
that though the aim Gelf’and, Kapranov, Zelevinsky, and their coauthors,
was to unify the theory of multivariate hypergeometric functions, the book
[19] does not contain the word “hypergeometric”. E] For the definition of the
A-hypergeometric system one should instead consult either one of [17;[18;
20;121].

Let D denote the Weyl algebra in the variables x; and the partials 0y =
0/0xy for k = 1,...,N, and write 0 = (0,...,0n). Denote the components
of the matrix A by aj, for j =0,...,n and k = 1,... N. For a vector u € ZV,

1A claim which is not entirely true; the word “hypergeometric” appears on eight
out of totally 506 pages.

18



let u, and u_ be the unique vectors in N"V with disjoint support such that
u = uy — u-. Define the differential operators L1, and E; by

N
O,=0"“-0% and Ej=2ajk6k.
k=1

Definition 2.1.7. For € C'*", the A-hypergeometric ideal H4(B) of homo-
geneity parameter f§ is the left ideal in D generated by the operators E; — 3,
for j =0,...,n, and U, for u € ker A. The A-hypergeometric system is the
quotient D/ Hx(B). O

A solution ® of Hs(f) in a domain U c CcVisa (possibly multivalued)
analytic function on U, such that P« ® = 0 for each P € H(f). We will de-
note by Soly (HA(B)) the solution space of H4(f) over U. Solutions of the A-
hypergeometric system can be represented as series [9; 21} [51], Euler-type
integrals [18], or Barnes-type integrals [6; [35]; each representation having
different advantages and drawbacks.

The singular locus of H4(f) is the hypersurface Z(D,4) defined as the
zero locus of the principal A-determinant. In particular, this set is indepen-
dent of B [20; 21].

Definition 2.1.8. By abuse of notation we denote by A/ also the convex hull
of the columns of Ain R*”. Let Cone(\V) c R'*" denote the cone generated
by NV, and let T < Cone(\) be a proper face. A parameter § € C!*" is said to
be resonant with respect to T if f € ZI*" + CI. Further, f is resonant if it is
resonant with respect to some proper face of Cone(N). Let Z 4 denote the
set of resonant parameters for Hs(f). O

Resonance is linked to the behavior of the rank of Hy(f), that is, the
dimension of its solution space. If f ¢ Z4, then by [T} 17, 21] rk(H4(B)) =
Vol(A). Let &4 denote the set of rank-jumping parameters of Hx(f), that is

Ex={BeC" |tk Hp(B) > Vol(A)}.

A combinatorial description of & is available in [5]. In particular, if cl+nig
stratified by all possible intersections of hyperplanes in %4, then the rank of
the solution space of H4() is constant along each stratum.

2.2 Projections of the complex torus

The complex exponential map defines a group isomorphism C” =~ R" & T",
with projections Log and Arg onto the first and second term respectively.
Given an algebraic set Z(f) < C%, its images under these projections are
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known as the amoeba Ay and coamoeba Cy respectively. We will drop the
index f when there is no risk of confusion. It is sometimes beneficial to
consider the multivalued argument mapping, which gives the coamoeba as
a multiply periodic subset of R”.

It is natural to also consider the projections Log and Arg as mappings
on the complex torus C4. If f = f, is a monomial, then it defines an affinity
fa: C} — C, (i.e., a group homomorphism composed with a translation). In
this case, we obtain unique maps | fa| and fa such that the following diagram
of short exact sequences commutes:

0 R” cr (SHr 0
| fal fa fa
0 Ry Cs Sl 0.

That is, fa(0) = arg(fae!®?) and |fal(1) = |fae®7|. If, however, f is not a
monomial, then there is no obvious interpretation of, for example, Log(f),
as there is no natural algebraic identification of the map log(f(z)) with the
point (log(f1),...,log(fn)) € R4. However, such an identification is allowed
within the framework provided by the hyperfield approach to tropical geom-
etry. In fact, one should consider Log as a hyperfield morphism. (We will
briefly discuss this aspect in Section[3.4}]) For an arbitrary polynomial, let us
denote by f (0) the vector with components fa(G), and denote by | f|(7) the
vector with components | fo|(1).

Let T be an integer affine transformation of A preserving the dimension n.
Employing the induced change of coordinates in C?, we conclude the fol-
lowing relation previously described in [39].

Proposition 2.2.1. [nR", we have that Cry) (respectively Ary)) is the image
of Cy (respectively Af) under the linear transformation (T~1)". O

Corollary 2.2.2. InT", we have that Cr(y) consists of | det(T)| copies of Cy.
Proof. The transformation (T~H! acts with a scaling factor 1/|det(T)| on
R". Hence, it maps |det(T)|-many copies of a fundamental domain of 277"
onto one fundamental domain of 27Z". O

If T is an integer affine transformation which alters 7, then there are
still relations between the (co)amoeba of f and that of T(f). However, there
is no “equivalence” in any meaning of the word. For example, we will see
in Section that the maximal number of complement components of
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coamoebas of polynomials in CZ£ and CI4 need not be equal. In that regard,
the maximal number of connected component of the (co)amoeba is our first
example of an “invariant” of equivalent point configurations which is not
invariant under Cayley-equivalence.

In [14] the map ord 4: R"\ A — Z", defined componentwise by

f 2j0jf(2) dz,---dzp
@ri)" Jrog'y  f(2) 217 Zn

ord4(1)j = ,
was considered. There it was proven that ord 4 induces an injective map
from the set of connected components of the complement R\ A to the finite
set Z" N . For this reason ord 4 is known as the order map of the amoeba.

For a € Im(ord 4), the connected component of R” \ A of order a is de-
noted by E,, and the set of all f € C2 such thata € Im(ord 4) is denoted by Us.
It is known that, for any a € Im(ord 4), the normal cone N, coincides with
the recession cone of the component E, of the complement of the amoeba
A. Note that Im(ord 4) need not be a subset of A; it suffices to consider
the case when f is a univariate polynomial to realize that the behavior of
Im(ord 4) as a set valued function of f is nontrivial.

Evaluating ord(7) in the univariate case corresponds, by the argument
principle, to counting zeros of f inside the circle log™!(r). With the analo-
gous interpretation of ord 4 for multivariate polynomials in mind, it is not
hard to see that the vertex set vert(\') is always contained in the image of
ord 4. Furthermore, it was shown in [50] that any subset of 7" NN that con-
tains vert(\) appears as the image of the order map for some polynomial
with the given Newton polytope. Thus, even though the image of ord 4 is
non-trivial to determine, this map gives a good understanding of the struc-
ture of the set of connected components of the complement of the amoeba
A. In particular, we have the sharp lower and upper bounds on the cardi-
nality of this set given by |vert(\)| and |Z" n | respectively. (See [33] and
[46] for an overview of amoeba theory.)

The coamoeba C is in general not closed, since the map Arg is not proper.
It is natural to focus on C rather than on C , the main reason being that the
components of the complement of C in R” are convex. To see this, we give
the following argument due to Passare. If ® c R” is a connected component
of the complement of C, then the function g(w) = 1/ f(e'*) is holomorphic
on the tubular domain © + iR". As it cannot be extended to a holomorphic
function on any larger tubular domain, convexity follows from Bochner’s
tube theorem [8]]. It was shown in [26] and [40] that

Cr=UCy. (2.10)
<N
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Consider a binomial
f(2) = x1 2% + x2 2%,
whose coamoeba C is the set of § € R such that
(0,a1 —ap) = m+arg, (xp) —arg, (x1) +2nk, keZ.

Hence, C consists of a family of parallel hyperplanes, whose normal vector
aj —ay is parallel to the Newton polytope N. By the fundamental theorem
of algebra, any polynomial whose Newton polytope is a line segment factors
into a product of binomials, and hence its coamoeba consists of a family of
parallel hyperplanes.

Now let f € CA. The shell H = H of the coamoeba C is defined as the
union (2.10) taken over the set of edges of the Newton polytope N, see [25;
38]. As edges are one-dimensional, the shell # is a hyperplane arrangement
in T" (or R™). Its importance can be seen in the following lemma.

Lemma 2.2.3 (Fundamental lemma of the shell). Letl < R" be a line segment
with endpoints in the complement of Ef, such that | intersectsC f- Thenlin-
tersects Cy,. for some edge T < N'. In particular, each cell of the hyperplane
arrangement H ¢ contains at most one connected component of the comple-

mentofaf.

The polynomial f, and the point configuration A4, is said to be maximally
sparse if A =vert(N). If in addition  is a simplex, then Z(f) is known as a
simple hypersurface, and we will say that f is a simple polynomial.

Example 2.2.4. The coamoeba of f(z) =1+ z; + 2y, as described in e.g. [40],
can be seen in Figure where it is drawn in the fundamental domains
[—7,7]% and [0,27]2. The shell A f consists of the hyperplane arrangement
shown in black. In this case, the shell is equal to the boundary of C¢. The
Newton polytope NV4. and its outward normal vectors, are drawn in the
rightmost picture. If Hy is given orientation in accordance with the out-
ward normal vectors of A4, then the interior of the coamoeba consists of
the oriented cells.

Consider now the case when /N is the standard n-simplex in R”, that is,
f(z) =142z +---+z,. Let P(A) denote the power set of A, and let P;(A)
denote the set of all subsets of A of cardinality /. It was shown in [25], that
we have the identity

Cr= U Cyp (2.11)
SeP3(A)
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Figure 2.1: The coamoeba of f(z) = 1+ z; + 2z, in two fundamental regions, and
the Newton polytope N y.

which holds without taking closures if n # 3. As any simple polynomial can
be transformed to the above case by the action of an integer affine transfor-
mation, the identity holds for all simple hypersurfaces.

The complement of the closed coamoeba of f(z) =1+2z; +: -+ z5, in the
fundamental domain [—, )" in R”, consists of the convex hull of the open
cubes (0,7)" and (r,0)". In particular the complement of Ef has exactly
one connected component in T". Thus, in this case, the number of con-
nected components of the complement of C r equals the normalized volume
Vol(V) = 1. It follows from Remark[2.1.2] that for any simple hypersurface,
the number of connected components of the complement of its coamoeba
will be equal to Vol(\). o)

It has been conjectured that the number of connected components of
the complement of C is at most Vol )A proofin arbitrary dimension has
been proposed by Nisse in [38], and an independent proof in the case n =2
was given in [16].

The remainding part of this section is devoted to the proof of Lemma|2.2.3

Proof of Lemmal[2.2.3 Part 1: Let us present a modification of the argument
given in [25, Lemma 2.10] when proving the left to right inclusion of (2.10).
Assume that NV has full dimension and that the sequence {z( j)}‘]’.‘;1 cZ(f)is

such that
lim z(j) ¢ C! and lim Arg(z(j)) =0 €T".
J—0o

J—©

We claim that 6 € C, for some strict subface I' = Ny4. As Z(f) is invariant
under multiplication of f with a Laurent monomial, we can assume that

1This conjecture has commonly been attributed to Mikael Passare, however, it
seems to originate from a talk given by Mounir Nisse at Stockholm University in
2007.
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the constant 1 is a monomial of f. We can also choose a subsequence of
{z(j )}‘]’.‘;1 such that, possibly after reordering A,

lz(NM == [2(D*™], j=1,2,...

and in addition

|Z(j)2| _

Jj—oo |2(j)]

for some dj € [0,1]. It is shown in the proof of [25| Lemma 2.10] that I' =
{ar | dy > 0} is a face of A4, and furthermore that 8 € C - With the above
ordering of A, assume that the constant 1 is the pth monomial. We need to
show that I is a strict subface of N4. Assuming the contrary, we find that
d;. > 0 for each k, and hence

k

dy.
. al -
[z(j)™ _dp’

Ha,
lim 12(j)™] = lim ZU
j—oo j—oo |z(j)]
which in particular is finite and nonzero. As A4 has full dimension, this im-
plies that that lim .o 2(j) | is finite and nonzero for each m=1,...,n. As
Arg(z(j)) — 6 when j — oo, we find that lim;_., z(j) € C¥, a contradiction.
Hence, dy =0, and T is a strict subface of /4.
Part 2: We now claim that if n = 2, then the set

P={ze Z(f)| Arg(z) e N(I)nCyl},

where N(/) is an arbitrarily small neighborhood of  in R”, is such that Log(P)
is unbounded. To see this, consider the function g(w) = f(e"), where wy =
Xy + i0g. Notice that the w-space C" is identified with the image of the z-
space C”! under the multivalued complex logarithm. That is, the coamoeba
Cr and the line [ are considered as subsets of R", which is the image of the
w-space C" under taking coordinatewise imaginary parts.

We can assume that [ is parallel to the 8 -axis and, by a translation of the
coamoeba, that there are p;,..., 0, > 0 such that the set

S=[-p1,p1] x -+ x[~pp, pnl
fulfills / ¢ S ¢ N(l). Furthermore we can choose 0 < r < p; such that, with
S=[-r,rl x[=p2,p2] - X [=pp, pnl,

the set S\ S consists of two n-cells that are neighborhoods of the endpoints
of 1. Hence, we can assume that S\ S < (R”\ Cf). If we assume that Log(P) is
bounded, then there exists a sufficiently large R € R such that if

D={xeR"||x| >R},
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then g(w) has no zeros in D+iS < C". Let w’ denote the vector (w>, ..., wy),
and let (D + iS)’ be the projection of D + i§ onto the last n— 1 components.
Then in particular, g(w) has no zeros when w' € (D +iS)’ and w; lies in the
domain given by {w; |r <[S(w1)| < p1tU {wr | R(w1)] > Ry 0 {wy [[S(wr)] <
p1}), see Figure[2.2] Consider a curve y as in Figure[2.2} and the integral

k) = L [ B @)
2mi Jy glwy, w')

dw;, w'e(D+iS).

By the argument principle, for a fix wy, the integral k(w') counts the num-
ber of roots of g(w) inside the box in Figure As it is continuous in w' in
the domain (D +iS)’, it is constant. By considering w’ with |x'| > R (here it
is essential that n = 2) we conclude that it is zero. However, this is a contra-
diction to the assumption that [ intersects C . Hence, Log(P) is unbounded.

o J——
V.- r BN
| -R R
-p eIl
Figure 2.2: The curve y c C.

Part 3: We will now prove Lemma [2.2.3] by induction on the dimension
d of N. If d = 1, then there is nothing to prove. Assume that d > 1, and
that the statement is proven for all smaller dimensions. Notice that f has
n—d homogeneities, and hence it is essentially a polynomial in d variables.
Dehomogenizing f corresponds to a projection pr: T — T¢ such that C =
pr ! Cpr £)- The line segment pr(/) will intersect the shell Hp,f) if and only
if [ intersects the shell H r- Hence, itis enough to prove the statement under
the assumption that d = n. In particular, n = 2.

Choose a decreasing sequence {(s(k)}z":1 of positive real numbers, such
that limy_, (k) = 0, and consider the family of neighborhoods of / given
by

N(,k) = {0 eR"

inf|6 — x| < e(k)},

xel

where | - | denotes the Euclidean norm on R”. Define
P(k)={ze Z(f)| Arg(z) e N(l, k) ﬂCf}.
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As n =2, Part 2 shows that for each k, the set Log(P(k)) is unbounded. That
is, for each k, we can find a sequence {z(k, m)}{._, such that z(k, m) € Z(f),
with

Arg(z(k,m)) e N(,k)nCy < N(,k)nCy,

but lim,,_. z(k, m) ¢ C?. Since N(I,k) ﬂCf is compact, we can choose a
subsequence such that Arg(z(k, m)) converges to some (k) € N(I, k) ﬂCf
when m — co. Then, Part 1 gives a strict subface I'(k) of N4 such that 6 (k) €
C(fru))- Since N4 has only finitely many strict subfaces, we can choose
a subsequence of {0(k)}32, such that I' = I'(k) does not depend on k. As
{0(l)}32, < N(1,1), which is compact, we can also choose this subsequence
such that (k) converges to some 0 € N(I,1) when k — co. On the one hand,
we have that 6 € [ by construction of the sets N(/, k). On the other hand, that
0(k) € C(fr) implies that 0 € E(fr). In particular, 8 € I n Efr'

The identity shows that the endpoints of / are contained in the
complement of C - As the dimension of T is strictly less than the dimension
of V, the induction hypothesis shows that [ intersects the coamoeba of an
edge of I'. As each edge of T is an edge of /4, the lemma is proven. O
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3. Pellet’s criterion

The following corollary of Rouche’s Theorem was published by Pellet in 1881
[47]. Let f € CZ be a univariate polynomial and consider the auxiliary real
polynomial
Fe(2) = |x¢|z®™ = ) |xx| 2.
k#x

If Fi has two positive roots z; and zp, with z; < zp, then f has exactly k roots
inside the circle |z] < z; and no roots in the annulus z; < |z| < z,. Notice that
Fy has two positive roots, counting multiplicities, if and only if there exist a
z € C" such that

> Y |xez®. (3.1)
k#x

With f fixed, the fulfillment of only depends on 1 = log|z|. Further-
more, the conclusion of Pellet’s Theorem is equivalent to that

Ea

(t1,T2) € Ex <R\ Ay.

The n-variate version of Pellet’s Theorem was given by Rullgard in [50],
and reads as follows. If z is such that holds, then 7 = Log|z| € Ex. Later,
Purbhoo [48] named the lopsidedness criterion, and defined the lop-
sided amoeba L = L as the set of all T € R"” such that does not hold
for any z € Log™!(r) and any k. The name can be misleading as the lopsided
amoeba is not, per se, an amoeba. It is, however, equal to the intersection of
the amoeba of the (IV + n)-variate polynomial

N
F(w,z) =) wz™ (3.2)
k=1

and the affine space (in logarithmic coordinates) defined by the equations
Log|w| =Loglfl.

Pellet’s Theorem implies that there is an inclusion A < £. This inclusion
allows us to define a map ord, by

ords (1) =ord4(r), TeR™\L.
Then, Rullgérds Theorem implies that

ords: R\ L — A.
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Furthermore, as the connected components of the complement of £ are
convex, a fact which follows from the convexity of the dittos of the amoeba
of F(w,z), we find that ord, induces an injective map on the set of con-
nected components of L. For this reason we call ord, the order map of the
lopsided amoeba.

The criterion has made several appearances throughout history.
Most notable is its applications within the analysis of of local growth of power
series, which is known as Wiman-Valiron Theory, see [24] and the references
therein. Generalizations of Pellet’s Theorem for univariate polynomials can
be found in, e.g., [30].

3.1 Colopsidedness

Definition 3.1.1. The polynomial f is said to be colopsided at 8 € R" (or T")
if there exist a phase ¢ such that

R (e"‘f'fa(e"@)) >0, VacA, 3.3)

with at least one of the inequalities being strict. We define the lopsided
coamoeba, denoted D = Dy, as the set of all 6 such that does not hold
for any ¢. O

The main result of this section is the following proposition, describing
the relation between D and C.

Proposition 3.1.2. Each connected component of the complement of C con-
tains at most one connected component of the complement of D.

We will begin with a number of lemmas describing equivalent defini-
tions of colopsidedness.

Lemma 3.1.3. Consider C =~ R? as an R-vector space. Then, the polynomial
f is colopsided at 0 if and only if there exist a nonzero vector n € R? such that
f(@) is contained in the halfspace H = {z| (n, z) = 0} but it is not contained in
the vector subspace ¢ = {z|(n, z) = 0}.

Proof. 1f is fulfilled at 8, then we can choose n = (cos(¢), —sin(¢)). Con-
versely, if { € £ with { # 0, then is fulfilled at 0 for either ¢ = arg({) or
@ = arg(=(). O

Let Cone f (8) denote the open cone consisting of all positive linear com-
binations of the points f(0), k=1,...,N.

Lemma 3.1.4. We have that0 € D if and only if 0 € Cone f(6).
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Proof. 1f § € T"\ D, then Cone f(0) c int(H), where H c C is a halfspace
from Lemma Conversely, if 0 ¢ Cone f (0) then the fact that Cone f @)
is convex implies that there exists a halfspace H containing Cone f(6) in its
interior. O

Corollary 3.1.5. We have the inclusionC < D.
Proof. If f(re'?) = 0 then 0 € Cone f(6). O
Corollary 3.1.6. If A is simple, thenC = D for all f € C4.

Proof. By applying an integer affine transformations we can reduce to the
case when /N is the standard n-simplex in R”. That is, it is enough to prove
the statement for the polynomial f(z) =1+ z; +---+ z,. We have that 0 €
Cone f (@) if and only if we can find positive numbers ry,..., r, such that ry +
ref +... 4 rneieﬂ = 0, which is equivalent to that 8 € C. O

Remark 3.1.7. There are non-simple polynomials for which the identity C =
D holds. Take, for example, any polynomial f such that C = T". Such ex-
amples can be constructed by taking products of polynomials, which corre-
sponds to taking unions of coamoebas. We will encounter less trivial exam-
ples in Section 4.3 O

Lemma 3.1.8. We have that

Dy = U Ce
geRe-f

whereR% - f denotes the orbit of f under the action of R? on C%.

Proof. 1f 0 € Cg for g e Rf then 0 € Coneg(0) = Conef(@). Conversely, if
0 € Cone f (), then there exists an r € R% such that - f(e%) = 0. O

Lemma 3.1.9. Let f € C4, and let F(w, z) be as in 3.2). Then, the lopsided
coamoeba D is equal to the intersection of the coamoeba Cr with the affine
space in TN*" defined by Arg(w) = Arg(f).

Proof. We have that Cone f ) = ConeF (Arg(f),0). Since F is a simple poly-
nomial, the statement follows from Corollary[3.1.6/and Lemma(3.1.4 O

Proposition 3.1.10. Letn = 2. Then,

Dr= U Gy (3.4)
SeP;3(A)
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i/

Figure 3.1: Above: the coamoeba and lopsided coamoeba of f(z;,z;) = zf +
22+ z% — 21 2. Below: dittos of f(z1,22) =1+ 21+ 22 +i21 2.

Proof. By Lemma we have that Dy = Crn H, where H is the sub n-
torus of TN*" defined by Arg(w) = Arg(f). Since F is a simple polynomial,
the identity follows from (2.11). O

As was the case for [2.11), the identity holds without taking closures
if N # 4. Lopsided coamoebas first appeared under this disguise in [25].
Proposition is the motivation for the following definition, in which
we consider the union of the shells of the coamoebas appearing in the right
hand side of (3.4).

Definition 3.1.11. The shell K of the lopsided coamoeba Dy is defined as
the union

Kr= U Cg.
SeP,(A)
That is, K¢ is the union of all coamoebas of truncated binomials of f. O

Proposition 3.1.12. The shell C contains the boundary of D.

Proof. 1f0 € T"\ D, then we can choose ¢ such that
R (ei‘/’fa(eia)) >0, VaceA.
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We conclude that the boundary of D is contained in the hyperplane arrange-
ment consisting of all 8 such that two components of f(8) are antipodal.
That is, it is contained in K. O

We are now ready to prove the main result of this section.

Proof of Proposition[3.1.2 Tt suffices to show that any line segment [ c R”
that intersect D and has its endpoints in T" \ D also intersect C.

Consider first the case when f(z) is a univariate polynomial. Let [ =
[01,02] c R, and assume that there exist a 8 € (61,0,) such that § € D. By
Lemmathere exists an r € R such that 0 € C,. - Lety be the path

YOk =r{""x, £€(0,1],

from r- f to f in C4, and let f; denote the polynomial with coefficients
y(). By Lemma it holds that Cy, c Dy for all € [0,1]. In particular,
0,,0, ¢ sz- Let z € C, denote a root of fy(z) = (r- f)(z) such that arg(z) = 6.
By continuity of roots, there is a continuous path ¢ — z(t) € C, such that z(f)
is a root of the polynomial f;(z). We conclude that the path ¢ — arg(z(¢)) is
continuous, which in turn implies that arg(z(#)) € (8,,0,) for all ¢. In partic-
ular, arg(z(1)) € (61,02), which proves the proposition in this case.

Consider now the case when A/ < R” is one-dimensional. To dehomog-
enize f corresponds to a projection pr: T” — T such that, if g denotes the
dehomogenization of f, then Cy = pr‘l(Cg). As such a projection maps a
line segment to a line segment, this case follows from the univariate case.

Now consider an arbitrary multivariate polynomial f(z). By Lemma|3.1.4
there exists an r € R4 such that the line segment [ intersects the coamoeba
of r- f, whose closure is contained in D. It follows that the endpoints of
[ are contained in the complement R" \ C,. r- By Lemma there is an
edge I < N such that [ intersects the coamoeba of the truncated polynomial
(r- fir. It follows that [ intersects the lopsided coamoeba of (r - f)r, which
coincides with the lopsided coamoeba of fr. Furthermore, we can conclude
from that the endpoints of / are contained in the complement of the
lopsided coamoeba of fr. Since I is one dimensional, we conclude from the
previous case that / intersects coamoeba of fr. Finally, we conclude from
that the line segment [ intersects C - O

Let us end this section with a characterization of colopsidedness that in
its phrasing is similar to lopsidedness.

Lemma 3.1.13. Let o € Gy be such that the points f,y®), k=1,...N, are
cyclically ordered in S*. Define

fotn©) )
Wk:argn -~ _ I
2 (fa(k—l)(Q)
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so that v denotes the kth intermediate angle of adjacent points. Then, f is
colopsided at 0 if and only if there exists a unique index x such that

V= ) Yk, (3.5)
k#x
Proof. We have that }_; v = 27. Hence, the inequality holds if only if x
is the unique index such that y, = 7. We find that y, = n if and only if
is fulfilled for
@ =arg (fU(K—l) (0)) .

Furthermore, one inequality of (3.3) is strict if and only if the index « is
unique. O

Remark 3.1.14. Using the construction from Lemma [3.1.13} we can define
a (in general nonconvex) polytopal complex in T” as the set of all § such
that the maximum maxy ¥ is attained at least twice. In several examples,
this definition yields the dimer model related to the coamoeba C that was
defined ad hoc in, e.g., [13] and [56]. For generic polynomials f, computing
this polytopal complex is notoriously difficult, however, they deserve further
attention. )

3.2 The order map of the lopsided coamoeba

The aim of this section is to define the order map for the lopsided coamoeba.
Let f € Cf, and fix both an index x and a Gale dual B. For each index £k,

consider the function p,’f: R" — R defined by
PpCI)

m) —arg, (x,) +arg, (x) — (ag — ax, 0).
K

pL©) =arg, (

We let the functions p%, k = 1,..., N, be the components of a vector valued
function
Px©) = (p©),...,p 6)).

Finally, we define the map ordp: R" — R™ by
ordp(0) = (Arg, () + px () B. (3.6)
Theorem 3.2.1. Assume thati =1. Then, defines a map
ordp: T"\D — int(Zp) N (Arg, (f)B + 27 Lp) 3.7)

which does not depend on k. Furthermore, the map induces a bijec-
tive map between the set of connected components of the lopsided coamoeba
complement T" \ D and the finite set int(Zg) N (Arg, (f)B +2nLp).
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Definition 3.2.2. The map ordp from Theorem[3.2.1|is called the order map
of the lopsided coamoeba D. O

Remark 3.2.3. In general, when considered as a map from the set of con-
nected components of the complement of the closed coamoeba, the map
ordp will be 14 to one. Thus, if one considers ordp as a map from the set of
components of the complement of D into the full affine lattice Arg (f)B+
2mZ™, then injectivity is measured in terms of ¢4, while surjectivity is mea-
sured in terms of 1g. O

Lemma 3.2.4. For each k = 1,...N, the map p¥ is locally constant on the
complement of the coamoeba of the binomial x z® + x.z%. Furthermore, its
image is contained in the lattice 2nZ.

Proof. We have that

Xie
ar EErw——
g” Xx el (a.,0)

i{ar,0)
) =arg, (xx) — arg, (xx) + (ax — a,, 0) + 27 j(0),

where j(0) € Z. Hence, p,’§ (8) = 27 j(0), proving the last claim. Finally, the
function j (@) is locally constant on the complement of the locus where

xkei<ak,0>)
= )

arg, (x,(e“akv@)

and this locus is equal to the coamoeba of the binomial x, z? + xz%. O

Corollary 3.2.5. The map p«(0) is constant on each cell of the hyperplane ar-
rangement IC < R". In particular, it is constant on each connected component
of the complement R"\D. O

Lemma 3.2.6. Letordp: R" — R™ denote the map (3.6). Then,
i) ordp mapsR" into the affine lattice Arg, (f)B +2nLp,
ii) ordp is well-defined onT", i.e., it is periodic in each 6; with period 2,
iii) ordp is invariant under multiplication of f by a Laurent monomial, and
iv) ifeT" \D, then ordp (@) € int(Zp).

Proof. The first claim follows from the definition of ordp and Lemma|3.2.4
To prove the second and third claim, we note that Arg (f) + p«(0) equals

x eiar0) xyeland
r ——— |»-.-ar —_—
arg, xKe’<aK’9> arg,

Xx ei<a1<y9>

)) + (arg, (xx)(ax,0),01,...,0,) A,
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where A is the matrix (2.1I). It follows that

X eifand) XN eifan,0)
arg, | ———|,..,arg, | ————-|| B. (3.8)

(Arg, (f)+ px(©)B = P )

We conclude that ordp is well-defined on T”, and that it is invariant under
multiplication of f by a Laurent monomial.

Let us now turn to the last claim. Given a point 6 in the complement
of D, the components of f(f) are contained in an open half-space H c C.
As ordp is invariant under multiplication of f with a Laurent monomial, we
can assume that x = 0 and that H = Hy is the right half space. That is

, /1
arg, (xke”akﬁ)) = Eﬂk’ k=1,...,N,

where p € (=1,1). Since arg,({1{>) = arg,({1) + arg,({») for any two ele-
ments (1,{» € Hy, we find that

i<ak,0>)

pg(H) =arg, (xke —arg, (xi) — (ag, 0).

Thus, the following identities hold.

I
|
=

arg, (x1) + (a1, 0) + p; (6) 2
: (3.9
arg, (xy) + (an,0) + pJ (0)

Il
|
=
2

Hence,
T T
(Arg, (f) + p«(0)) B = (E”_ (0,01,...,6,,)A)B = ZHBeint(Zp). O

Lemma 3.2.7. The map ordp from (3.7) is independent of the choice of x.

Proof. Let 6 € T"\ D. Since ordyp is invariant under multiplication of f with
a Laurent monomial we can assume that a; = 0, and that the right half space
H = Hy contains f(6). Then, the difference

i<ak,9>)

pX6) - pk©o) = arg, (xKe —arg, (x,) — (ax,0)

is independent of k, and hence (p; () — p«(6)) B =0. O

For convenience, let us impose assumptions on the matrix A and the
Gale dual B. After multiplication with a Laurent monomial, an operation
with leaves both the map ordp and the lopsided coamoeba D unaffected,
we can assume that A is of the form

1 1 1
A—(O AL Ay ), (3.10)
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where A is a nonsingular n x n matrix. We can also assume that xo =1, i.e.,
that the constant 1 is a monomial of f. Any Gale dual of A can be presented
in the form

by
B=| -A{'A: |T, (3.11)
Im

where by € Q™ is such that each column of B sums to zero, and T € GL,,(Q).

Lemma 3.2.8. Let A be under the above imposed assumptions. Let x1 and x»
denote the vectors (xy,...,Xn) and (Xp+1,..., Xn+m) respectively, and use simi-
lar notation for 1 € ZV and p € RN. Consider the system

Argn(xl) + QAI +2mly

M
(3.12)
Arg (x2) +0 Az + 27l

H2.

SEIESRLCR

Then, 0 € T"\ D if and only if 0 solves for some integers | and some
numbers [y, ..., kn+m SUCh that uy, i1 + Lo, - - bn+m + o € (=1, 1).

Proof. Let @ € T\ D. Then, there is a halfplane H,, containing f(©). As the
constant 1 is a monomial of f, we can choose ¢ € (—m/2,7/2). It follows that
there are numbers A1,..., A+, € (—1,1) and integers [y, ..., [+, such that

arg,,(xk)+<9,ak)+2nlk=g/lkﬂp, k=1,...,n+m.

This shows that @ fulfills (3.12) with [ as above, o = —2¢ /7 and pr = A +
2¢/mfor k=1,...,n+ m. Conversely, if 6 fulfills for such [ and y, then

A

f(0) < Hy, where ¢ = —mpp/2. O

Proof of Theorem|3.2.1] 1t follows from Lemma3.2.6|that the map ordp from
induces a well defined map on T" \ D, whose image is contained in
the finite set (Arg,, (f)B + 2nLp). Furthermore, by Lemmawe find that
the given map is independent of k. It only remains to prove that ordp is a
bijection.

Let A be under the above imposed assumptions. Solve the first equation
of for 6 by multiplying from the left with Afl, and proceed by elimi-
nation of 8 in the second equation. After multiplication by T, we arrive at
the equivalent system

0 = ZuA7 - Arg(a) A7l 27l A7
2
2 3.13)
Arg (f)B+27(0,11,l12)B = E(O,,Ul,llz)B.
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To see that ordp is a surjection, consider a point Arg, (f)B +2nlB =
nAB/2 € int(Zp). We can assume that [y = 0. Define p by ur = 15 — Ao for
k=0,...,n+ m. It follows that the pair ([, ) fulfills the second equation
of (38.13). Let 0 € R” be defined by the first equation of (3.13). It then fol-
lows that the triple (0, [, ) fulfills (3.12), and thus by Lemma [3.2.8| we have
that @ € T"\D. By tracing backwards we find that the order of the connected
component of the complement of D containing 6 is Arg, (f)B+2nlB. Hence,
the map ordp is surjective.

To see that ordp is an injection, consider a point p € int(Zp). The set of
all u € RN such that 2ruB = p, is an affine space, hence convex. It follows
that the set of all u € (—=1,1)" such that 2z7uB = p, being the intersection of
two convex sets, is also convex. This implies that for fix integers [, the set of
6 € R" such that is fulfilled with g, 1 — o, ..., UN — to € (=1,1) is in
turn also convex, as it is the image of a convex set under an affine transfor-
mation. As the right hand side of is constant on each cell of /C, this set
is exactly one connected component of the complement of D in R”. Thus,
if we consider two points 8 and 6 in R" which both maps to Arg(f)B +2nlB,
then we can assume that 8 and 6 fulfills for the same numbers p, how-
ever possibly for different integers [. Under this assumption there are inte-
gers si,..., Sy such that

(ag,0) = (ak,§)+2nsk, k=1,...,N.

Since 14 = 1, we have that L4 = Z", and hence for each vector e; of the stan-
dard basis there are integers r; = (r;1,...,riy) such that e; = ) ;. rj;ax. Hence,

N N
0i=ei,0) =) ric(ar0) =) riuag,0) +2nrikse =0; +27m(r;, ),
k=1 k=1
which shows that 6 = 6 in T". O

Remark 3.2.9. To evaluate the order of a component © of the complement
of D it is convenient to use the right hand side of (3.8). In particular, ifay = 0
and xgp = 1, then

ordp(0) = Arg,, (f(0)-B,

where 6 € O is arbitrary. O

Example 3.2.10. Let us determine the map ordp explicitly in the first ex-
ample shown in Figure that is we consider the polynomial f(z;,2p) =
z} + 2 + 25 — 21 z,. We have that

1 111
A=13 0 0 1],
01 2 1
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and a Gale dual of A is given by
B=(-1,-1,-1,3)".
The zonotope Zp is the interval [-3m,37]. As the translation Arg_ (f)B =

3arg,(—1) = 37, the image of the map ordp will be the doubleton {—m,x}.
We find that

ordp(6;) = (0,-2m,-2m,—m)B = T
ordp(8,) = 0,2n,2n,1)B = -,
where 6; = (—-2n/3,0) and 6, = (27/3,0). O

Example 3.2.11. Let us also consider a univariate case of codimension 1,
namely

fl2)=1+2°+iz2".

A Gale dual of A is given by B = (2, -5,3)!. Hence, the zonotope Zg is the
interval [-5m,57]. We have that Arg,(f)B = (0,0,7/2)B = 37n/2, and hence
the image of ordp is the set {-97/2,-5n/2,-m/2,37/2,77/2}. The lopsided
coamoeba D can be seen in Figure We choose one point from each

Figure 3.2: D in the fundamental domain [, 7.

connected component of its complement, namely

7 b/ 51 3n
9 =—-, 9 = 8 :0) 9 =T 9 =
1= 2Ty 3 T 16 T 4
and find that

ordp(6;) = (0,-57/8,7/8)B = 7ml2
ordp(6s) = 0,7/2,00B = —5m/2
ordp(f3) = 0,0,m/2)B = 3n/2
ordp(@4) = (0,157/16,n/16)B = —9m/2
ordp(f5) = 0,7/4,n/4)B = —-nul/2.

Note that the orders does not reflect the (circular) ordering of the connected
components of T\ C. O
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3.2.1. Cayley configurations. The image of the order map ordp depends
only on a Gale dual B of A. As Gale duals are invariant under general inte-
ger affine transformations, we expect also the number of connected com-
ponents of the complement of a lopsided coamoeba to be invariant under
such transformations. To formulate such a statement in a precise manner,
we need to extend the definition of the order map to an arbitrary Cayley
configuration. That is, we consider a polynomial

@)= i@ fy(2) eCM x - x T,

We define the lopsided coamoeba of f by

q
Dy =UD;.
1=

To define the map ordp, fixa pointa = (ay,...,a,) € A; x--- x A,. For each a;
we obtain a vector valued function p,, : R" — RN through which we define
the function p,: R” — RY by

pa®) = (pa,(0),...,pa, ().
Finally, we define ordp as in (3.6).

Theorem 3.2.12. Let A be a Cayley configuration, and assume that 14 = 1.
Then, all claims of Theorem|3.2. 1| holds.

Proof. Compare the two Cayley equivalent configurations

1 - 0
A=| : .o and A=]| : .o b
o 0 - 1 0o 0 .- 1
A Ay ... Ay Ay Ay - Ay

whose kernels coincide. The first configuration is associated to products
f(2), while the second configuration is associated to polynomials

F(z,w) = fi(2) + w1 f2(2) + -+ + wg-1 f4(2).

We have that 6 € T" \Z_?f if and only if there exist ¢,..., ¢4 such that fi c
Hy,. This is equivalent to that F(0, ¢, — @2,...,¢1 —¢4) < Hy,. Further more
we have that ordg (0,91 — ¢2,...,91 — ¢4) = ord((0), where ordr and ordy
denotes order maps for D and Dy respectively. Thus, we have reduced to
the case covered by Theorem|3.2.1] O
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3.2.2. On the number of components of T” \ C. In this section we will dis-
cuss the current status of the conjectures regarding the number of connected
components of the complement of a closed hypersurface coamoeba C. Our
first result is based on the theory of Mellin—Barnes integrals, which we will
touch upon in Section|5.1.2

Corollary 3.2.13. Let A be a Cayley configuration. Then, the number of con-
nected components of the complement T" \ D is at most Vol(N).

Proof. Ttis enough to give the proof in the case when 14 = 1, so that Vol(\N) =
Vol(A). Choose a Gale dual B such that (g = 1. It was proven in [6] that the set
int(Zp) N (Arg, (f) +27Z™) is in a bijective correspondence with a family of,
for sufficiently generic parameters §, linearly independent Mellin-Barnes
hypergeometric integrals. As the rank of Sol,(H4(f)) is equal to Vol(A) for
generic parameters, the result follows. O

With Corollary[3.2.13]in mind, we suggest the following sharpened ver-
sion of the Vol(\V)-bound on the number of connected components of the
complement of a closed coamoeba.

Conjecture 3.2.14. Lat A be a Cayley configuration with 14 = 1. Then, the
number of connected components of the complement T”\C is at most Vol(A).

The number of connected components of the complement of a closed
lopsided coamoeba is invariant under integer affine transformations. There-
for it might, at a first glance, seem like the statement of Conjecture is
merely a reformulation of the Vol(\)-bound. However, the number of con-
nected components of the complement T \ C is not invariant under general
integer affine transformations.

Example 3.2.15. Let \ be the three-dimensional unit cube. That is,

11111111 11110000
A_00001111 00001111
"loo110011]  |[0o0110011
01 010101 01 010101

We associate to A the family of generic multiaffine trivariate polynomials
f(z1,22,23) =1+ 21 + 20 + 23+ X321 22 + X221 23 + X122 23 + X021 2223.

In particular, we have that Vol(A) = 6. Note that A is Cayley equivalent the
point configuration associated to the product of two bivariate multiaffine
polynomials

f1 (z1,22) =14+2z1+ 20+ X32122 and fz(Zl,Zz) =14+Xx221+ X222 + X02122.
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By examining the lopsided coamoeba of the product fj f, one can conclude
that its complement has at most four connected components. Hence, the
number of connected components of the complement of the closed lop-
sided coamoeba of f is at most four.

A computer aided computation performed in [15] showed that the com-
plement T3\ C 1 has at most four connected components. However, this is
not the case for the product f; f>, as seen in Figure O

4 N
AN

N0
N /

Figure 3.3: The coamoeba of f(z1,22) = (1+ 21+ 22 +iz122) (1 — 21 — 22 + i 21 22).

Let us now turn to the question of whether a lopsided coamoeba D with
Vol(A)-many connected components of its complement can be constructed.

Theorem 3.2.16. Letr A be a circuit. Then, the complement of the lopsided
coamoeba D, and hence also the complement of the coamoebaC, hasVol(\) -
many connected components for generic coefficients.

Proof. It is enough to give the proof under the assumption that 14 = 1, so
that Vol(\V) = Vol(A). Choose B such that i3 = 1. We noted in Example[2.1.5]
that the zonotope Z3 is an interval of length 27 Vol(A). Thus, the image of
the order map ordp is of cardinality Vol(A) for generic coefficients. O

It was conjectured by Passare [29, Conjecture 8.1] that if A is maximally
sparse, then the maximal number of connected components of the comple-
ment of the closed coamoeba is obtained for generic coefficients. In general
this conjecture is false, with counterexamples given already in the text [29].
However, we can conclude that the conjecture is true in the following special
case.

Corollary 3.2.17. Ifthe Newton polytope N has n+2 vertices, then the upper
boundVol(N) on the number of connected components of the complement of
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the coamoeba C is obtained for maximally sparse polynomials with generic
coefficients.

Proof. Using the Theorem|3.2.16} it is enough to show that if f is maximally
sparse, then A = supp(f) is a non-degenerate circuit. Indeed, as all points
in A are vertices of \/, we find that any choice of n + 1 points will span a
simplex of full dimension, implying that the corresponding determinant is
nonvanishing. O

3.3 The intersection theorem

The main theorem of [48], where the term “lopsidedness” was coined, is the
existence of a sequence of polynomials {fx}%_, < (f) such that the lopsided
amoebas of f; converges to the amoeba Ay in Hausdorff distance as r — oo.
In particular, we have that

Ar= N L.
ge(f)

In particular, the approximation of A ; by lopsidedness is fine enough for ap-
plications. This section is devoted to the corresponding problem for coamoe-
bas. Our main theorem is the following.

Theorem 3.3.1. Let N be a simplex. Then, for any f € C4, it holds that

Ef= ﬂ 5g-
ge(f)

In our proof of Theorem we will, for each 0 € T \Ef, construct an
explicit sequence {g?(}‘;(ozo c (f) such that g?( is colopsided at 0 for K suffi-
ciently large.

Let us consider a homogenous real polynomial

Za
Flz)=)_ Xa

acA

of degree d and such that NF is a dilation (by a factor of d) of the standard
n-simplexin R'*”. Let L c Z'*" be a lattice, and define the monoid

1
L*=LnR".
The homogenous part of L* of degree k is, by definition,

Li={BeL|Ipl= k.
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Theorem 3.3.2. Let F(z) be a homogenous real polynomial whose Newton
polytope N is a dilation of the standard n-simplex. Let A and d denote the
support and degree of F respectively. Assume that F(z) is positive on z = 0
andy z > 0. Let L by any lattice containing L 5, and define the polynomials

p
Ga=@b Y =% (dk)zﬁ.
BeL?, p! BeLy, B

dk

Then, there exists a positive integer K such that, for each k = K, all non-zero
coefficients of the polynomial Gk (z) F(z) are positive.

If we choose L as the full lattice L = Z"*1, then Gy (z) is the d k-fold prod-
uct (2o + 21 + - + 2,)%. In this version, Theoremis due to Pélya, with
roots tracing back to Poincaré and Meissner. Our proof of Theorem [3.3.2]is
based on Pélyas proof, as presented in [23].

Proof of Theorem|3.3.2 The region z = 0 and Y.z = d, coincides with the
Newton polytope N. By assumption, F is positive and continuous on this
region. Thus, since V is compact, the polynomial F obtains its minimum g,
which is positive, in this region. For ¢ > 0, consider the function

-1
zjt )
a;
s 7]‘ . . . . .
where (Zfa[ ) ) denotes the generalized binomial coefficient. That is,
]

0 aj aj!

Pz 1) = t* Zxal_[(
acA  j=1

Notice that if y = (y1,...,vn), with |y| = dk, then y/k = (y1/k,...,ynlk) is

contained in N\, and
a,(r.1 A
k "’(k’k)_ xa(a)‘

acA

We have that ¢(z,t) — F(z) as t — 0. Hence, writing ¢(z;0) = F(z), the
function ¢(z; 1) is continuous in the region given by z€ A/ and 0 < ¢ < 1.
Therefor, there is an € such that ¢(z; t) is strictly positive for each z € N and
O=st<e.

Consider the product

Za+ﬁ

2 ) alpl’

m
ﬁELd(k—l) acA

Gi-1(2)F(2)
dk-1)
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: — +
Write y =a+ f, so thaty € L; ,. We find that

Gi-1(2)F(2) Y Y x Z Z

Y
(d(k—1)! yeLt, ac Aly) (y - a)'a' yeLs, Y aéaty) (a)' (3.14)
The index set A(y) consist of all a € A such that y—a e Lg(k_l). Since L
contains L4, we have that y —a € Lg-1). Hence, we will only have that
y—a¢lL} dtk-1) if one component of y — a is negative. If so, then the bino-
mial coefficient (}) vanishes. Hence, the above expression is unaltered if the
second sum is taken over A instead of A(y). We conclude that

Gia (D) _ ro(5i)
=1 Y(; . f;qJCa (a) yeit, Y' VR k' k

where the coefficients of the polynomial in the right hand side are positive
if 1/k < €. In particular, we can choose K as any integer greater than 1/e. O

Proof of Theorem|3.3.1} Let us first assume that NV, is a dilation of the stan-
dard n-simplex in R”. Let f € C4, and let 8 € T" \Ef. By we find
that f is nonvanishing on the closure of Arg~!(6). Consider the polynomial
fy(2) = f(e!92z), which is nonvanishing on the closed positive orthant. Let
fo(2) denote the polynomial whose coefficients are the conjugates of those
of fy(2). It follows that the real polynomial

fo(2) = fa(2) fo(2)

is positive on the closed positive orthant. Notice that fy(z) has support in
Ly. Let Fy(z) denote the homogenization of fy(z), that is

Fy(2) =Z(2)dﬁ9(z£0)-

Then Fy(z) fulfills the requirement of Theorem In particular, we find
a polynomial G (z) such that G (z) Fy(z) has positive coefficients. Let gy (z)
be the dehomogenization of G (z), obtained by setting zy = 1. It follows that
all non-vanishing coefficients of gi(z) fy (z) are positive. We conclude that

g€ 02) fo(e™02) f(2) € (f)

is colopsided at 0, proving the theorem in this case. Notice that we can
choose L so that gi(z) has supportin L4.

Now consider the case when N is an arbitrary simplex. Let f € CZ and
0eT” \Ef. Let T be an integer affine transformation mapping A to a point
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configuration A’, the latter being a dilation of the standard n-simplex in R".
Let f' = T(f) denote the image of f in C#, and let 8’ € T" \Cy denote the
corresponding image of 6. By the previous case we find a polynomial g'(z),
with support in L, such that g’(z) f'(z) is colopsided at 6'. Since g’(z) has
supportin L4 there is a polynomial g(z) with supportin L4 such that g’(z) =
T(g(2)). It follows that the polynomial g(z) f(z) is colopsided at 6. O

3.4 Hyperfields

Multigroups and hyperfields have appeared on several occasions through-
out history, but seem to be easily forgotten. In the context of tropical ge-
ometry, they were introduced by Viro in [57], in an effort to put tropical
geometry on firm algebra-geometric foundations. We will not here give an
introduction to this rather unknown field, but we refer instead to Viro’s sur-
vey [57] and the references therein. We will relate the (co)lopsidedness cri-
terion to the theory of hyperfields, for two reasons. Firstly, we claim that
(co)lopsidedness is tropical geometry. Secondly, this is the setting in which
lopsidedness can be generalized to arbitrary fields.

Definition 3.4.1. A pair (X, @) of a set X and a multivalued binary operation
® on X is said to be a commutative multigroup if

i) the operation @ is associative and commutative,
ii) X contains an element 0 such that0e® x=x®0=xforall x € X, and

iii) for each x € X there is a unique element —x € X such that0 € x & (—x).

Definition 3.4.2. A map ¢: X; — X, between multigroups is said to be a
homomorphism if ¢ (0) = 0 and @(x; & x2) < @(x1) ® P(x2).

The following three remarks are meant to emphasize some difficulties
encountered when working with multigroups. We refer the reader to [57] for
details.

Remark 3.4.3. Let (X, ®x) be a multigroup, and let Y be a subset of X such

that, firstly, y € Y ifand only if —y € Y and, secondly, y; ® x y» meets Y for all
y1 and y». Consider the multivalued binary operation on Y defined by

yieyy=(nexy2)nY.

The multigroup (Y, @y) is said to be a submultigroup of (X, ®x). It is impor-
tant to note that, in difference to groups, the sum y; @ y» depend on whether
we consider the operation to be @y or @ x. In particular, that we require in
Definition inclusion instead of equality, is motivated by that we wish
the inclusion map of Y into X to be a multigroup homomorphism. )
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Remark 3.4.4. Even though, in a multigroup, we have the notion of inverse,
we cannot cancel terms of an identity by adding to an element its inverse. In
particular, if Y is a subset of a multigroup X, then the condition that x® Y =
Yo xforall x € X isnotequivalentto that xeé Y & (—x) = Y forall x € X. Thus,
we get two distinct notions of normal subgroups. O

Remark 3.4.5. A multigroup homomorphism ¢ can have trivial kernel even
if ¢ is not injective. For example, the sign function sgn: R — {—1,0,1} is a
multigroup homomorphism from the reals to the sign multigroup. O

Definition 3.4.6. A triple (X, &, ®) of a set X, a multivalued binary operation
® on X, and a binary operation ® on X, is said to be a hyperfield if

i) (X,®)is a commutative multigroup with identity 0,
ii) (X, ®) is a commutative group with identity 1,
iii) O®x=0forall x e X,

iv) ® distributes over @ in the sensethat x® (y @ z) c (x® y) ® (x ® z) for all
x,),z€X.

Example 3.4.7. The real tropical hyperfield is the set RU {—oc} with the mul-
tiplication x; ® x» = x; + x» and the addition

max(xy,xp) ifx; #x

X1®Xp = .
PE { [~00, x1] if x1 = xp.

We will now describe how hyperfields naturally arise from group homo-
morphisms of the multiplicative subgroup of a field, e.g., from projections
of the complex torus C..

Theorem 3.4.8 (Krasnelﬂ). Let k be a field, and let ¢: k. — H be an epimor-
phism of multiplicative groups. Extend ¢ to a surjection §: k — H, where
H = Hu{0}. Extend the multiplication in H to H by0® h = h®0 = 0 for all h.
Then H is a hyperfield with the addition

hehy=¢(9 ' (h)+¢ ' (h).

Proof. Since @ is surjective, the operation & is well-defined. Associativity
and commutativity follows from the corresponding properties of the field
k. The additive unit is 0. Furthermore, if i = $(x) then —h = p(—x) fulfills
that 0 € h & (—h), and this inverse is clearly unique. Note also that ¢ is a
multigroup homomorphism from k to H.

1According to O. Viro, this construction is due to M. Krasner.
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It remains to prove only that ® distributes over ®. Let x; € ¢~ (hy) for
k =1,2,3. It suffices to show that

P(x1) ® P(x2 + x3) < (P(x1) ® P(x2)) @ (P(x1) ® P(x3)), (3.15)
for any choices of xi. If x; = 0 for some k, then equality holds in (B.15). If

Xp = —X3, then the left hand side of equals 0, while the right hand side
evaluates to

P(x1x2) ® P(x1x3) = P(x1x2) ® P(—x1X2) 3 0.
Finally, if also x» + x3 # 0, then
P(x1) ® P(x2 + x3) = P(x1 (X2 + x3)) < P(X1X2) S P(X1X3),

since @ is a multigroup homomorphism. As the right hand side in the last
display is equal to the right hand side of (3.15), the proofis finished. O

Example 3.4.9. The ultratriangle hyperfield is the set Ru{—oo} with the mul-
tiplication ® given by usual addition, and the addition & given by

hi®hy = logleh1 - ehzl,logleh1 +eh2| .

It is the hyperfield obtained from C, by the epimorphismlog: C. - R. O

Example 3.4.10. The phase hyperfield is the set S' L1{0} c C with multiplica-
tion ® being usual complex multiplication, and the addition & being

hl ifh1=h2 or h2=0,
h1®h2= {her’_hl} ifhlz_hZ!
the smallest open arc from h; to hy otherwise.

It is the hyperfield obtained from C. by the epimorphism arg: C,. — T.

Let H be a hyperfield, and let HZ be a torus of polynomial functions
on H" with support A. Further, let ¢: H — X be a hyperfield homomor-
phism. We denote by ¢ also the induced map of H-modules (in the hyper-
field sense) ¢: H" — X" and ¢: HA — X4 acting componentwise by ¢. The
following theorem follows immediately from the definitions.

Theorem 3.4.11. The lopsided amoeba L is the tropical variety of Log(f) in
the ultratriangle hyperfield. The lopsided coamoeba D is the tropical variety
of Arg(f) in the phase hyperfield.
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Let ¢: H — X be a hyperfield morphism. Furthermore, let f € H4 and
let ze€ H". Then,

¢(f@) <o) (p),
where ¢(f) € X4. In particular,

@ (Zu() < Zx(@(f)).

We conclude that A < £ and that C < D.

Remark 3.4.12. There is no hyperfield morphism between the complex num-
bers and the real tropical hyperfield. However, the identity map on RuU {—oo}
is a hyperfield morphism from the real tropical hyperfield to the ultratrian-
gle hyperfield. We will investigate further this link between classical tropical
geometry and lopsidedness in Chapter|[]

Let us end with a construction that allows us to recover the tropical semi-
field from the real tropical hyperfield.

Definition 3.4.13. Let x denote a finite sum x; & --- ® x,;,. The set

[e9)

[x]:= | nxe (-x)), (3.16)

n=1

where
——
n times
is called the inverter of x. The set of all inverters, as x runs over all finite
sums of elements in X, is called the inverter semifield of X, denoted by

Inv(X). An element x € X such that [x] = 0 is known as a scalar, see [41],
and the set of all scalars in X will be denoted by Scal(X).

By abuse of notation, we will use [x] to denote both the subset of X de-
fined by and the corresponding element of Inv(X). Inverters are sim-
ilar to commutators of non-commutative algebra; a hyperfield is a field if
and only if Scal(X) = X.

Lemma 3.4.14. We have that [x] = [x® x] = [x & (—x)].

Proof. As X is commutative, [x & x] = [x ® (—x)]. Both of these sets consists
of the union (3.16) taken only over even numbers 7. Thus the result follows
fromthat n(x® (—x)) c (n+ 1) (x® (—x)). O

In many cases, however not for the ultratriangle hyperfield, it holds that
X®x®(—x) @ (—x) = x & (—x), which is equivalent to that [x] = x & (—x). Let
us now motivate the name "inverter semifield" used above.
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Theorem 3.4.15. The addition [x]+ [y] = [x @ y] and the multiplication [x] x
[y] = [x ® y] defines a semifield structure on Inv(X).

Proof. Let us first prove that the addition is well-defined. That is, that [y] =
[z] implies that [x® y] = [x&z], as subsets of X. Leta€ [x®y]. Thena € n(x&
yo(—x)&(-y)) = n(xe(—x))®n(ye(—y)). Thatis, there exists a, € n(xe(—x))
and ay € n(y® (—y)) such that a € a, ® a,. As [y] = [z], and ay € [y], we find
that there exist an m € N, such that a, € m(z @ z). Hence,

aeax@aycn(x@(—x))@m(z@é)cmax(n,m)(x@(—x)@z@é)c [x® z].

Thus, [x@® y] < [x@ z]. The other inclusion follows by symmetry. The identity
element is for addition is [0].

To see that the multiplication is well-defined, we note that if [y] = [z],
then, as subsets of X,

[xIx[yl=[x®yl=x0 [yl =x®[z] = [x® z] = [x] x [z].

The multiplicative identity is [1] and the multiplicative inverse of [x] is [x~1].
The distributive law [x] x ([y] + [z]) = [x] x [y] + [x] x [z] is straightforward to
check from the definitions. O

It is clear that Inv(X) is not a group; as 0 € [y] for each y, we find that
[x] < [x® y] for every x and y. Hence, no nonzero element of Inv(X) has an
additive inverse. The set Inv(X) has a natural partial order, defined by that
[x] < [y] if and only if [x ® y] < [y], which is equivalent to that [x ® y] = [y].
With this ordering, the inverter [0] is a global minimum.

Theorem 3.4.16. Assume that x € [x] for each x € X, then each hyperfield ho-
momorphism ¢: X — Y induces a homomorphism Inv(p): Inv(X) — Inv(Y)
of semifields, defined as

Inv(e) ([x]) = [p(x)].

Proof. We note first that ¢ ([x]) < [¢(x)] as subsets of Y. To see that the given
map is well-defined, note that if [x] = [z], then x € [x] = [z] by assumption.
Hence, ¢(x) c ¢([z]) < [p(z)]. As each inverter is a strong submultigroup,
we find that [p(x)] < [p(2)]. (A strong submultigroup is a submultigroup
such that, in the notation of Remark[3.4.3] @y = @x, see [57].) The reverse
inclusion follows by symmetry.

To see that Inv(¢) is a homomorphism of semifields, note first that

Inv(p)([x]+[y]) = [p(x®))] < [p(x)p(y)] = Inv(p) ([x])+Inv(p)([y]). (3.17)

On the other hand, as x € [x] c [x® y], we find that p(x) e p([x® y]) c [p(x ®
1. Using once more that each inverter is a strong submultigroup, we find
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that [¢(x) ® ()] < [p(x @ y)]. Thus the inclusion in is an equality. It
remains to show that Inv(¢p) is compatible with the multiplication. We find
that

Inv(g) ([x] x [y]) =Inv(p)((x® y]) = [p(x® y)]
= [p(x) ® p(¥)] =Inv(p)([x]) x Inv(e)([y]D). O
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4. Coamoebas of polynomials
supported on a circuit

In this chapter we study coamoebas of polynomials supported on a circuit
A. Our main tool is the order map ordp from the previous chapter. As seen
in Theorem(3.2.16} it is particularly suitable when A is a circuit. We will index
the points of A by k =0,...,n+ 1. Furthermore, we partition the set of cir-
cuits into two classes; simplex circuits, for which A is a simplex, and vertex
circuits, for which A = vert(\V).

4.1 Real polynomials and the A-discriminant

We will say that f is real at 0 if there is a real subvector space ¢ < C such
that fa(H) e/ forallae A. (Here, f is the function from Section ) If such
a 0 exists, then f is real. That is, after a change of variables and multipli-
cation with a Laurent monomial, f € RZ. Our first lemma is valid for any
polynomial f. However, we will only use it in the case when A is a circuit.

Lemma 4.1.1. Assume that the polynomial f is real at 6y € R". Then, f is
real ar® € R" if and only if 0 € 0o + wL’,, where L', is the dual lattice of L 5.

Proof. Applying an integer affine transformation, we can assume that 0 € A.
Multiplying f with a constant we can assume that ¢y = R, and that the con-
stant monomial has coefficient equal to 1. Furthermore, by a translation in 6
we can assume that 8y = 0. That is, all coefficients of f are real, in particular
proving if-part of the statement. To show the only if-part, notice first that
f () c ¢ implies that ¢ contains both the origin and 1. That is, ¢ = R. Fur-
thermore, f(0) c R only if for each a € A thereis a k € Z such that (a,0) = 7k,
which concludes the proof. O

The following characterization of the coamoeba of the A-discriminant of
a circuit is an immediate consequence of the Horn-Kapranov parametriza-
tion. Our proof is instead based on properties of the function f (0). Asitis
more cumbersome, we remark that the lemmas of this section are of equal
importance.
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Proposition 4.1.2. Let A be a nondegenerate circuit, and let 5 be as in (2.9).
Then, Arg(f) € Ca if and only if, after possibly multiplying f with a constant,
there is a point 0 € R" such that f.(0) = 6. forall k.

The A-discriminant A of a nondegenerate circuit A has been described
in [19, Proposition 9.1.8], where they obtained the formula

A= TTbY [T .- T b [T x. (4.1)

=1 Or=—1 Or=—1 6=1

In particular, A is a binomial. We see from the proof of Theorem[3.2.16]that if
the complement T” \C does not have Vol(A)-many connected components
then

Arg, (f)B =2nVol(A) mod 27. 4.2)

Lemma 4.1.3. Let A, be as in Example[2.1.5 Foreachx =0,1,...,n+1, there
are exactly Vol(Ay)-many points 0 € T such that

A

fe© =6, YEk#x. 4.3)

Proof. After applying an integer affine transformation we reduce to the case
when Ay consists of the vertices of the standard simplex, a case in which the
statement is obvious. O

Lemma 4.1.4. Fix«x €{0,...,n+ 1}. For each 0 fulfilling @.3), let pg € T be
defined by the criterion that if arg, (xx) = g then

fx(©) =6y (4.4)
Assume that Ly = Z". Then, the numbers @g are distinct.

Proof. We can assume that ap = 0 and that xo = 1. Assume that ¢@g, = ¢, .
Then,

(a,0-) = (a,01) +2nr, VYac€A.

After a translation in 8, we can assume that 6; = 0. Hence, since 1 is a mono-
mial of f, all coefficients are real. Consider the lattice L consisting of all
points 6 € R" such that f is real at 6. Since L4 = Z", Lemma[4.1.1]implies
that L = nZ". However, we find that

(a2) =,

and hence %2 € L. This implies that 6, € 277", and hence 6, =0 in T". O
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Proof of Proposition[4.1.2 Assume first that there is a 6 as in the statement
of the proposition, where we can assume that @ = 0. Then, arg(x;) = arg(dx).
It follows that the monomials

[TbY [T x™ and [T b T ™

=1 6r=—1 Or=—1 =1

are equal in sign. We find that A vanishes for x; = ¢|bg|, implying that
Arg(f) € CA.

Conversely, fix an index x, and reduce f to a univariate polynomial by
setting x; = 6|by| = by for k # x. Let Z denote the set of points 8 € T"
such that fk (@) = 6y for k # x, which by Lemma has cardinality V.
By Lemma [4.1.4] the set Z is in a bijective correspondence with values of
arg(x,) such that fK (0) = 8. Therefor, we find that A vanishes at x, = V,.e!?
for each ¢ € Z. However, the discriminant A specializes, up to a constant, to
the binomial

Ay (x) = x,'f’“' —bg’“ = x,Y“ —b,‘{",
which has exactly Vi-many solutions in C, of distinct arguments. Hence,
since A(f) = 0 by assumption, and comparing the number of solutions, it
holds that fK (6) = &4 for one of the points 6 € 7. O

4.2 The space of coamoebas

Let Uy < C4 denote the set of all f such that the number of connected com-
ponents of the complement of C is Vol(A) — k. Describing the sets Uy is
known as the problem of describing the space of coamoebas of C4. In this
section, we will give explicit descriptions of the sets Uy in the case when A
is a circuit. As a first observation we note that the cardinality of the image of
the map ordp is at least Vol(A) — 1, implying that

cl=Uyuln,

and in particular U;, = @ for k = 2. Hence, it suffices for us to give an explicit
description of the set U;. Our main results are the following two theorems,
which elucidate the difference between vertex circuits and simplex circuits.

Theorem 4.2.1. Assume that A is a nondegenerate simplex circuit, with a,;
as an interior point. Choose B such that 6,1 = —1, and let A be as in (4.1).
Then, f € U, ifand only if Arg(f) € Ca and

(=YD A(8olxol, .., 1l xns1l) < 0. (4.5)
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Theorem 4.2.2. Assume that A is a vertex circuit. Then, f € U if and only if
Arg(f) €Ca.

The article [54] describes the space of amoebas in the case when A is a
simplex circuit in dimension at least two. In this case, the number of con-
nected components of the amoeba complement is either equal to the num-
ber of vertices of A/ or one greater. One implication of [54, Theorems 4.4
and 5.4] is that, if the amoeba complement has the minimal number of con-
nected components, then

(=YD A (8ol xol, .., B sl Xns1l) = 0.

Furthermore, this set intersect U; only in the discriminant locus A(f) = 0.
The space of amoebas in the case when A is a simplex circuit in dimension
n =1 has been studied in [55], and is a more delicate problem. On the other
hand, if A is a vertex circuit then the fact that maximally sparse polynomials
have solid amoebas implies that the number of connected components of
the amoeba complement does not depend on f. From Theorems and
[4.2.2] we see that a similar discrepancy between simplex circuits and vertex
circuits occur for coamoebas.

Example 4.2.3. The reduced family
f(z2)= 1+z‘;’+zg+£z1z2.

was considered in [50, Example I.6], where the study of the space of amoebas
was initiated. We have drawn the space of amoebas and coamoebas jointly
in the left picture in Figure The light gray region, whose boundary is
a hypocycloid, marks values of ¢ for which the amoeba complement has
no bounded component. The set U is seen in dark gray. The black dots
is the discriminant locus A({) = 0, which is contained in the circle || = 3
corresponding an equality in (4.5). O

Example 4.2.4. The reduced family
fR=1+2z +z§+§zfzz

is a vertex circuit. In this case, the topology of the amoeba does not depend
on the coefficient {. The space of coamoebas is drawn in the right picture
in Figure[4.1] The set U; comprises the three dark gray lines emerging from
the origin. The black dots is the discriminant locus A(¢) = 0. It might seem
like the set Uy is disconnected, however this a consequence of that we con-
sider f in reduced form. In CZ the set Uj is connected, though not simply
connected. O
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Figure 4.1: The amoeba and coamoeba spaces of Examples and

If Ais a simplex circuit, with a,.; as an interior point, then
bg+:--+b;,, = —-b,,1 = Vol(A),

and in particular Vj,4; = Vol(A). By Lemma there is a set Z of cardi-
nality Vol(A) consisting of all points 8 such that fO(H) =...= fn @) =06r=1
In particular, f is colopsided at 6 € Z unless f,,1(0) = —1. We claim here
that Z is an index set of the complement of C. That is, that each connected
component of T" \ C contains exactly one point of Z.

Proposition 4.2.5. Let A be a simplex circuit. Assume that Arg(f) € Ca, i.e.,
tha_t there exists a point6 € 1 such that f;+1(0) = 6 ,+1. Then, the complement
of C hasVol(A)-many connected components if and only if it contains 0.

Proof. We can assume that 6 = 0. To prove the if-part, assume that 0 € © for
some connected component © of the complement of C. We wish to show
that f is never colopsided in O, for this implies that the complement of
C has Vol(A)-many connected components. Assume, to the contrary that,
there exists a point € © such that f is colopsided at 0. Then, ordp (9) =mn
for some integer m with |m| < Vol(A). Let f¢ = (X0, -+ ) Xn, Xne1€%), and let
C¢ and D, denote the coamoeba and lopsided coamoeba of f* respectively.
We have that f? is colopsided at 0 for € ¢ 27Z. By continuity of roots, for
& > 0 sufficiently small, the points 0 and 6 are contained in the same con-
nected component of the complement of C.. Hence, by Proposition
they are contained in the same connected component of the complement
of 55- However, if ord, denotes the order map for 1_),5, then

ord.(0) = Vol(A) (r — €) # m(m — €) = ord, (é),

contradictirig that ord, is constant on connected components of the com-
plement of D,.
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To prove the only if-part, assume that there exists a connected compo-
nent O of the complement of C in which f is never colopsided. We wish
to prove that 0 € ©. As f¢ is colopsided at 0 for € > 0 sufficiently small, we
find that 0 € ©. Indeed, if this was not the case, then the complement of EE
has (Vol(A) + 1)-many connected components, a contradiction. As 0 ¢ H ¢, it
follows from Lemma[2.2.3|that there exists a disc Dy centered at 0 such that

Do (T"\C) = Dy O.

Furthermore, Dy N O # @, since 0 € 0. Letf e Dyn 0. Since f is areal poly-
nomial, conjugation yields that —6 € Dy N ®. However, ® c R” is convex,
implying that 0 € ©. O

Proof of Theorem[4.2.1] 1f Arg(f) ¢ Ca then the image of ordyp is of cardinal-
ity Vol(A), and hence f € Up. Thus, we only need to consider a polynomial
f € €A such that Arg(f) € Ca, for which can assume that f(0) = ;. for all
k. In particular, f is a real polynomial. By Proposition [4.2.5 it holds that
the complement of C has Vol(A)-many connected components if and only
if it contains 0. Keeping xy,..., X, and arg(x,+1) fixed, let us consider the
dependence of f on |x,41]. As f is a real polynomial, it restricts to a map
f: RL, — R, whose image depends nontrivially on |x;1|. Notice that 0 € Cif
and only if f(RZ) contains the origin. Since fr@©@=6r=1fork#n+1,and
since a,+1 is an interior point of A, the map f takes the boundary of RZ to
[1,00). In particular, if 0 € f(RZ), then 0 € f(R}). The boundary of the set
of all |x,,+1| for which 0 € f([RgO) is the set of all values of |x,.1| for which
f(R]) =[0,00). Furthermore, f(R”}) = [0,00) holds if and only if there exists
an r € R} such that f(r) =0 and f(r) = 0 in a neighborhood of r, implying
that r is a critical point of f. Thatis,

A(Solxol,..., 6 ps11Xp411) =0.

Since A is a b_inomial, there is exactly one such value of |x;;|. Finally, we
note that 0 € C if | x;+1| — oo, which finishes the proof. O

Proof of Theorem[4.2.2, 1f Arg(f) ¢ Ca, then the image of ordp is of cardinal-
ity Vol(A) and hence f € Uy. Assume that Arg(f) € Ca, and that fk (0) =6 for
all k. It holds that 0 € H ¢ since there exists two adjacent vertices ag and a;
of Asuchthatfy=1andd; = —1. Let

H=1{0|(ap—a,,0) =0}
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be the hyperplane of H ¢ containing 0. Assume that exists connected com-
ponent O of the complement of C in which f is nowhere colopsided. As in
the proof of Proposition we conclude that 0 € ©, for otherwise we can
construct a coamoeba with (Vol(A) + 1)-many connected components of its
complement. As H c C, we find that © is contained in one of the half-spaces

Hi :{Hl i<a0_a119> >0}’

say that ® c H,. Let f* = (x0€',x1,...,Xn+1), and let H¢ denote the corre-
sponding hyperplane

Hf={0|(ap—a;,0) = —¢}.

For |e] sufficiently small, continuity of roots implies that there is a connected
component ©° c H? in which f* is never colopsided. However, by choosing
the sign of ¢, we can force 0 € H%. This implies that the coamoeba EE has
(Vol(A) + 1)-many connected components of its complement, a contradic-
tion. O

4.3 The maximal area of planar circuit coamoebas

In this section, we will prove the following upper bound on the area of a
planar circuit coamoeba.

Theorem 4.3.1. Let A be a planar circuit, and let f € C. ThenArea(C) < 272

Note that we calculate area without multiplicities, in contrast to [31].
However, the relation between (co)amoebas of maximal area and Harnack
curves is made visible also in this setting.

Theorem 4.3.2. Let A be a planar circuit. Then, there exists a polynomial
f € C4 such that Area(C) = 2n? ifand only if A admits an equimodular trian-
gulation.

Example 4.3.3. Let f(z) =1+ 2z + 22— rz;z» for r € R;. Notice that A admits
a unimodular triangulation. The shell H consists of the families 6 = k;n
and 0, = k,n for ki, k, € Z. Hence, H divides T? into four regions of equal
area. At least two of these regions are contained in the coamoeba, which
implies that Area(C) = 27°. See the left picture of Figure O

Example 4.3.4. Let f(z) =1+ zw?+z2w—rzw for r e R,. Asin the previous
example, A admits a unimodular triangulation. Notice that Arg(f) € Ca. The
complement of the coamoeba of the trinomial g(z) = 1+zw?+z?w has three
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connected components, of which f is colopsided in two. We have that H ¢ =
Hg. Thus, if T2\C 1 has two connected components, i.e., if r = 3, then one of

the three connected components of T? \Eg is contained in C - This implies
that Area(Cy) = 272, see the right picture of Figure O

@ B e - . ' e

Figure 4.2: The coamoebas of Examples and

Let us compare to the case of a planar circuit amoeba. It was shown in
50, Theorem I1.12] that the sharp upper bound on the number of connected
components of the complement of the amoeba is #A. In [34], a bound on
the area of the amoeba was given as 72 Vol(A), and it was shown that max-
imal area was obtained for Harnack curves. For coamoebas, to roles of the
integers Vol(A) and #A are reversed. The upper bound on the number of
connected components of the coamoeba complement is given by Vol(A).
While, at least for codimension m < 1, the maximal area of the coamoeba is
7%(m+1) = 12(#A - n). Note also that the coamoebas of Examplesand
are coamoebas of Harnack curves.

Consider a bivariate trinomial f, with one marked monomial. Let X =
2(f) denote the quadruple of polynomials obtained by flipping signs of the
unmarked monomials. Furthermore, let

HZ = U Hg,
gex

which is a hyperplane arrangement in R? (or T?). Let Px denote the set of all
intersection points of distinct hyperplanes in Hs.

Proposition 4.3.5. Let f(z) be a bivariate trinomial. Then, the union

gex

covers R%. To be specific, Ps is covered thrice, Hx \ Py is covered twice, and
R%\ My is covered once.
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Proof. After applying an integer affine transformations, we reduce to the
case when A consist of the vertices of the standard simplex. This case fol-
lows, e.g., from the description in [40]. See also Figure[2.1] O

Corollary 4.3.6. If f(z) is a bivariate trinomial, then Area(C) = 2.

Proof. The coamoebas appearing in the union Ez, when considered in R?,
are merely translations of each other. Hence, they have equal area. As they
cover the torus once a.e., and Area(T?) = 4712, the result follows. O

Let f; denote the image of f under the projection pry: c4 - c,

Lemma 4.3.7. Let A be a planar circuit, and let f € C2. Assume that0 € T
is generic in the sense that no two components of f () are antipodal, and as-
sume further that f isnot colopsided at 6. Then, exactly two of the trinomials
fi»--- [z are colopsided at 6.

Proof. Fix an arbitrary point a; € A, and let ¢ c C denote the real subvector
space containing f; (). As f is not colopsided at 6, both half spaces relative
¢ contains at least one component of £(6). There is no restriction to assume
that the upper half space contains the two components fz (@) and fg (@), and
that the latter is of greatest angular distance from f;(0). Then, /3 is colop-
sided at 8. Furthermore, we find that f; is not colopsided at 8, for if it where
then so would f. As a; € A4 and a; € Ay, there is at least one trinomial ob-
tained from f containing a; which is not colopsided at 8, and at least one
which is colopsided at . As a; was arbitrary, it follows that exactly two of
the trinomials fj, ..., f; are colopsided at 8, and exactly two are not. O

Proof of Theorem|4.3.1] By containment, it holds that Area(C 1) < Area(Dy),
and thus it suffices to calculate the area of Dy. By Proposition |3.1.10, we
have that

4
Dy = kL_chfic. (4.6)

For a generic point 6 € Dy, Lemma gives that 8 (and, in fact, a small
neighborhood of 6) is contained in the interior of exactly two out of the four
coamoebas in the right hand side of (4.6). Hence,
1
Area(Dy) = E(Area(Cfi) +---+Area(Cfa)) =272, O
Proof of Theorem[4.3.2 To prove the if part, we will prove that A admits an
equimodular triangulation only if, after applying an integer affine transfor-

mation, it is equal to the point configuration of either Example or Ex-
ample Assume that a;, ay, and ag are vertices of /4. After applying an
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integer affine transformation, we can assume that a; = kje;, that a, = kpe;
with k; = k,, and that ag = 0. Notice that such a transformation rescales A,
though it does not affect the area of the coamoeba C. Let a; = m;e; + mye;.

If A is a vertex circuit, then each triangulation of A consist of two sim-
plices, which are equal in area by assumption. Comparing the areas of the
subsimplices of A, we obtain the relations

|k1k2—k117’lz—k2ml| = klkz and klmz = ]Cgml.

In m, this system has (k, k2) as the only nontrivial solution, and we con-
clude that A is the unit square, up to integer affine transformations.

If A is a simplex circuit, then A has one triangulation with three sim-
plices of equal area. Comparing areas, we obtain the relations

3k1m2 = 3k2m1 = klkz.

Thus, 3m; = k; and 3m;y = k», and we conclude that A is the simplex from
Example[4.3.4] up to integer affine transformations.

To prove the only if-statement, consider f € CZ. Let S = {aj,ay} ¢ A
be such that the line segment [a;,a;] is interior to N. Denote by Cs the
coamoeba of the truncated polynomial fs. Applying an integer affine trans-
formation, we can assume that [a;,a;] < Re;, and that az and a4 lies in the
upper and lower half space respectively. Then, the hyperplane arrangement
Cs < T consists of Length[a;, a;]-many lines, each parallel to the 6,-axis. If
a3 = mg1e] + mgzey and ag = mye; + Mmysey, then f3 (@) and f4(0) takes mso
respectively my, turns around the origin when 6 traverses once a line of Cs.
Notice that Cs c D, as f1 (0) and fz (@) are antipodal for 8 € Cg. That is, for
such 6, there is a real subvector space ¢y c C containing all components of
5.

Assume that f is colopsided for some 0 € Cg, so that in particular 0 ¢ C.
IfoeH f then at exactly one of the points f3 (0) and f4(9) is contained in
¢y, for otherwise f would not be colopsided at 6. By wiggling 8 in Cs we can
assume that 0 ¢ H - Under this assumption, we find that 6 ¢ C. Thus, there
is a neighborhood Ny which is separated from C. As 6 € D, the intersection
Ng N D has positive area, implying that Area(C) < Area(D).

Thus, if f is such that Area(@) =212, then f can never be colopsided in
Cs. In particular, for 6 € Cg such that fg (0) € ¢, it must hold f4(9) € ¢, and
vice versa. As there are 2ms, points of the first kind, and 2my, points of
the second kind, it holds that m3, = m4. Hence, the simplices with vertices
{a;,ap,as} and {a;,a,,a,} have equal area.

If Ais avertex circuit, this suffices to conclude that A admits an equimod-
ular triangulation. If A is a simplex circuit, then we can assume that a; is
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an interior point of V4. Repeating the argument for either S = {a;,a3} or
S = {a;,a4} yields that A has a triangulation with three triangles of equal area.
That is, it admits an equimodular triangulation. O

4.4 The set of critical arguments

Let C(f) denote the set of critical points of f, that is, the variety defined
by (2.3). Let Z = Arg(C(f)) denote the coamoeba of C(f). We will say that
T is the set of critical arguments of f. In this section we will prove that,
under certain assumptions on A, the set Z is an index set of the coamoeba
complement. That is, each connected component of the complement T"\C
contains exactly one point of Z. This settles a conjecture used in in [27]
when computing monodromy in the context of dimer models and mirror
symmetry. That it is necessary to impose assumptions on A is related to
the fact that an integer affine transformation acts nontrivially on the set of
critical points.

Let A be a circuit, with the elements a € A ordered so that it has a Gale
dual B = (B;, B,)! such that B; € RTIH and that B, € R"2*!, That is, B;
has only positive entries, while B, has only negative entries. We have that
mj + my = n. Let A= (A1, A2) denote the corresponding decomposition of
the matrix A. We will say that A is in orthogonal form if

1 1
A=| A, 0 |, 4.7)
0 A

where A, is an m; x (m; + 1)-matrix and A, is an my x (my + 1)-matrix. In
particular, the Newton polytopes N4, and Ny, has 0 as a relatively interior
point, and as their only intersection point.

With A in the form (4.7), we can act by integer affine transformations
affecting A; and A; separately. Therefor, if A is in orthogonal form, then we
can assume that

A= (=p1e1,....—PmiCmp Ames1), (4.8)

where p1,..., pm, are positive integers and a,,, +1 has positive coordinates.
We will say that A is in special orthogonal form if (4.8) holds. The main re-
sults of this section are the following lemma and theorem.

Lemma 4.4.1. Each circuit A can be put in (special) orthogonal form by ap-
plying and integer affine transformation.

Theorem 4.4.2. Let A be in special orthogonal form. Then, for each f € c4,
the set of critical arguments is an index set of the complement of C.
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Remark 4.4.3. The conditions of Theorem [4.4.2] can be relaxed in small di-
mensions. When n = 1, it is enough to require that 0 is an interior point of
N. When n = 2, for generic f, it is enough to require that each quadrant Q
fulfills that 6\ {0} has nonempty intersection with A. O

Proofof Lemmal|4.4.1, Letu,...,u,, be abasis for the left kernel of A;, and

let vy,..., vy, be abasis for the left kernel of A,. Multiplying A from the left
by

t
T=(en,Vi,. .-, Vi Uty .oy Upm,)

it takes the desired form. We need only to show that det(T) # 0.
Notice that ker(A;) nker(A») = 0, since A is assumed to be of full dimen-
sion. Assume that there is a linear combination

m nmy

Aoer + Z Aivi+ Z /1]'11]' =0.
i=1 j=1

Then, since B is a Gale dual of A,

my
0= (Z )Ljuj

j=1

AB=(0,...,0,—Aq,...,—A9)B=—21g )_ ba =g Vol(A),

acA,

which implies that Ag = 0. Therefor, ¥ A;v; = —Z;.":Zl Aju;j € ker(Ay). As
ker(A;) nker(A;) = 0, we can conclude that Z?:l A;v;i =0. Thus, A; =0 for all
i by linear independence of the vectors v. Then, linear independence of the
vectors u; imply that A; =0 fo all j. O

Proof of Theorem[4.4.2 We find that

zi0;f(2) = —pixiz* +(@m,, €)Y Xm, 2™, 1=0,...,m

2j0jf(2) =—p;jx;z% + @ps1,€))Xp12°,  j=mi+1,...,n.
Hence, for each 0 € Z, it holds that

fo@) =-=fn, 0 and fr, 1) == fri1(0). 4.9)

In particular, f is colopsided at 6 unless, after a rotation, fi.(0) = & for all k.
In the latter case, we refer to Theorems and

To see that the points 8 € Z for which f is colopsided at 8 are contained
in distinct connected components of the complement of D, consider a line
segment ¢ in R” with endpoints in Z. Not all identities of can hold
identically along ¢. Since the argument of each monomial is linear in 8, this
implies that for a pair such that the identity in does not hold identically
along ¢, there is an intermediate point 8 € ¢ for which the corresponding
monomials are antipodal, and hence 6 € D. O
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4.5 On systems supported on a circuit
In this section we will consider a system
Fi1(2) =F2(2) =0 (4.10)

of two bivariate polynomials. We will write f(z) = 0 for the system (4.10).
The system is said to be generic if it has finitely many roots in C2, and it
is said to be supported on a circuit A if the supports of F; and F» are con-
tained in, but not necessarily equal to, A. That is, we allow coefficients in
C rather than C.. By the Bernstein—Kushnirenko theorem, a generic system
f(z) = 0 has at most Vol(A)-many roots in Ci. However, if f is real, then
fewnomial theory states that a generic system f(z) has at most three roots
in R2 = Arg~!(0). We will solve the complexified fewnomial problem, i.e., for
[ (z) with complex coefficients we will bound the number of roots in each
sector Arg~!(0). Our intention is to offer a new approach to fewnomial the-
ory. We will restrict to the case of simplex circuits, for the following two rea-
sons. Firstly, it allows for a simpler exposition. Secondly, for vertex circuits
our method recovers the known (sharp) bound, while for simplex circuits we
obtain a sharpening of the fewnomial bound.

Theorem 4.5.1. Let f be supported on a planar simplex circuit Ac Z?. Then,
each sector Arg™1(0) contains at most two solutions of f(z) = 0.

A generic system f(z) is, after taking appropriate linear combinations,
equivalent to a system of two trinomials whose support intersect in a duple-
ton. That is, we can assume that f(z) is in the form

Fi(2) = o4+ Z2 4+ a3
{ 1(2) X1z z X22 @.11)

=0
F(z)= x3z28 + z% + x42% =0.

From now on, we will assume that f(z) is in the form {.11). We will use the

notation
1 0

A:(lalﬂlla1 and A= 0o 1 |,
a a a; as A A,

where A; denotes the support of Fi (notice that this differs from the nota-
tion used in previous sections). We can identify a system f(z) in the form
with its coefficient vector in C2.

When reducing f(z) to the form by taking linear combinations,
there is a choice of which monomials to eliminate in F; and F, respectively.
In order for the arguments of the roots of f(z) = 0 to depend continuously
on the coefficients, we need to be careful with which choice to make.
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Lemma4.5.2. Let ¢ denote the line containinga, and a3, and let’y be a com-
pact path in C2. If ¢ intersects the interior of N4, then the arguments of the
solutions to f(z) = 0 vary continuously alongy.

Proof. Itis enough to show that along a compact path vy, the set

U Ar = Log(Z(f)) (4.12)
fey fey

is bounded, for it implies that for f € y, the roots of f are uniformly sepa-
rated from the boundary of C2.

We first claim that our assumptions imply that the normal fans of A4,
and NV, 4, have no common one-dimensional cone. Indeed, these fans have
a common one-dimensional cone if and only if the Newton polytopes Ny,
and NV, have facets I'; and I', respectively with a common outward normal
vector n. As Aisa circuit, it holds thatI'; =I'; = [ay,a3] < £. Since the normal
vector n is common for Ny, and Ny,, we find that I'; (and I'p) is a facet of
N,. But then ¢ contains a facet of A4, and hence it cannot intersect the
interior of V4, a contradiction.

Consider a point f € CZ. Since the normal fans of A’4, and Ny, has no
common one-dimensional cones, the intersection of the amoebas Ar, and
AF, is bounded (this follows, e.g., from the fact the amoeba has finite Haus-
dorff distance from the Archimedean tropical variety, see [4]). Thus, the
amoeba A is bounded, say that Ay c D(Ry), where D(Ry) denotes the disk
of radii Ry centered around the origin. By continuity of roots, A F< D(Ry)

for all fin some small neighborhood of f. Finally, as y is compact, we need
only to consider finitely many of the sets D(Rf). Then, we can take R to be
the maximum of Ry. O

In order for the assumptions of Lemma to be fulfilled, for a simplex
circuit A, we need that ag and a; are vertices of /4, see Figure

4 3

Figure 4.3: The Newton polytopes Vs, Nya,, and Ny, .

Proposition 4.5.3. If f is nonreal at0, then there is at most one zero of f (z) =
0 contained in the sector Arg™1 (0).
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Proof. If F} is nonreal, then the fiber in Z(F}) over a point 8 € Cp, is a sin-
gleton. Hence, if the number of roots of f(z) =0 in Arg_1 (0) is greater than
one, then both F; and F, are real at 0. O

One implication of Proposition is that the complexified fewnomial
problem reduces to the real fewnomial problem. However, our approach
is dependent on allowing coefficients to be nonreal. In fact, we will con-
sider a partially complexified problem, allowing x;,x3 € C. but requiring
that x», x4 € R,.

We define the lopsided coamoeba of the system f(z) by

Df =DF1 F‘IDFZ =CF1 ﬂCFZ,

where the last equality follows from that F; and F, are simple polynomials.
That s, f is said to be colopsided at 6 if either F; or F, is colopsided at 6. We
will say that f isreal at 8 if both F; and F, are real at 8.

The lopsided coamoeba D consists of a number of polygons in T?, pos-
sibly degenerated to singletons. The following two lemmas will allow us to
count the number of such polygons.

Lemma 4.5.4. Assume that f is nonreal. Let g be a binomial constructed by
choosing two monomials from (4.11), possibly alternating signs. If x, and x4
are of opposite signs, then Cg < T>\D r. If x2 and x4 are equal in sign, then
Cgc T? \'Dy except for g(z) = +(x12%0 — x32™).

Proof. 1f,forf € T2, two components of Pl (@) is contained in a real subvector
space ¢ c C, then either F, is colopsided at 8 or F;(f) c £. However, the
latter implies that two components of F,(0) are contained in ¢. Repeating
the argument yields that f is either real or colopsided at 6.

Thus, the only binomials we need to consider is g4 (z) = x;2% + x3z%'.
For each 0 € Cg, the vectors F1(0) and F»(0) differ in sign in their first com-
ponent, and hence at least one is colopsided at 8 unless f is real. For each
0e Cgf, the vectors Fl (@) and Fg (@) differ in sign in the the last component
only if x, and x4 differ in sign. If this is the case, then at least one is colop-
sided at 6 unless f is real. O

Lemma 4.5.5. Let 0 € Cg NCy, for truncated binomials g and g» of Fy and
F, respectively. If the Newton polytopes (i.e., line segments) of g1 and g, are
nonparallel, then 6 € Dy.

Proof. If Fy and F, are both real at 0, then 6 € Dy. If F} is nonreal at 6, then
for a sufficiently small neighborhood Ny  R?, it holds that

Cr, N Np = | (@,1) > (6,m)} N Np,
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where n is a normal vector of N'(g1). Since connected components of the
complement of Cr, are convex, either Cr, intersect Cr, in Ny, or the bound-
ary of Cr, is contained in the line ¢ = {¢|{p,n) = (§,n)}. As the boundary
of Cr, contains Cg, it holds, in the latter case, that Cg, = . Hence, in this
case, n is a normal vector of NV'(g»), a contradiction to the assumptions of
the lemma. We conclude that Cr, NCr, N Ny # @. Since this holds for any
sufficiently small neighborhood Ny, the result follows. O

Example 4.5.6. Consider the system

X12122+ 1+ X221 20
f2)= { 2’

X327 22 +1+x42120.
We have that Vol(A) = 3. Hence H divides T? into three cells. The lop-
sided coamoeba Dy, and the hyperplane arrangement H, can be seen in
Figure In the upper two pictures is the generic respectively real situa-
tion when x, and x, differ in sign. In lower two pictures is the generic re-
spectively real situation when x, and x4 are equal in sign. In the generic
case, the lopsided coamoeba D consists of three polygons. When passing
from the generic to the real case, we observe the following behavior. Some
polygons of Dy deform into single points. These points are necessarily the
center of mass of the cells of H. Some pairs of polytopes of Dy deform to
nonconvex polygons, typically with a single intersection point. Our proof of
Theorem[4.5.1is based on the observation that, when passing from a generic
to a real system, at most two polytopes of Dy deform to a nonconvex poly-
gon intersecting H. O

Proof of Theorem Let us consider the auxiliary binomials

81(2) = x12% - z%, 82(2) = x32™ - z%,
hi(2) = x1 2% + z*, and "o (z) = x32* + 2%,

The vectors a —ag and a; —a; span the simplex A/, hence the hyperplane
arrangement H = Cg, UCy, divides T? into Vol(A)-many parallelograms with
the points P = C, NCp, as their centers of mass.

If f is nonreal, then we conclude from Lemma that H c T2\ Df,
and from Lemma that P < D f- By Lemma we find that Dy has
at most Vol(A)-many connected components. Hence, D has at exactly one
connected component in each of the cells of H, and the number of roots
of f(z) = 0 projected by the argument map into each such component is
exactly one.
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Figure 4.4: The lopsided coamoebas from Example

Consider now the real case when x, and x, differ in sign. Then, at least
one of F} and F, are colopsided at each point in the intersection Cg, N Cyg,.
Thus, if Arg_l(e) contains a root of f(z) = 0, then each sufficiently small
neighborhood Ny of 6 intersect at most two of the cells of the hyperplane
arrangement H. Hence, using Lemma(4.5.2} and wiggling the arguments of
coefficients of f by ¢, we find that Ny intersect at most two of the polygons
of Dy:. Hence, there can be at most two roots contained in Arg~1(0).

Consider now the case when f real with x, and x4 equal in sign. In this
case, a point 0 € Cg, NCyq, can be contained in Dy. See the left picture of
Figure where the hyperplane arrangement H is given in black, and the
shells Hr, and Hp, are drawn in dotted respectively dashes lines, with indi-
cated orientation. (The dash-dot line is contained in both shells.) Wiggling
the arguments of coefficient x; and/or x3 by €, we claim the we obtain a sit-
uation as in the right picture of Figure[4.5] That is, at most two polygons of
Dy- intersect a small neighborhood Ny of 6. Let us prove this last claim.

Let f be generic, with x» and x4 real and equal in sign. The hyperplanes
Cg, and Cg, locally divide the plane into four regions. We can assume that
a; = 0. Then, C, consists of all 0 such that fi®) =1, and Cg, consists of all 0
such that f3(6) = 1. Thus, locally, the cells of H can be indexed by the signs
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e A

Figure 4.5: To the left: the coamoeba Dy close to a point of Cg; NCg, when x,
and x4 have equal in signs and x; and x3 are real. To the right: the same picture
after wiggling the argument of x; or x3.

of the imaginary parts of f1 (@) and fg(@). Assume that 8 € D N Np. Then
neither F) nor F» is colopsided at . Observe that f,(0) = f4(0), since x, and
x4 are equal in sign. We find that

sgn(S(f10))) = —sgn(S(H0))) = —sgn(S(f1(0))) = sgn(S(f1(0))),

where the first and the last equality hold since neither F; nor F; is colop-
sided at 0. This implies that each polygon of D ¢ that intersects a small
neighborhood of 8 is necessarily contained in one of the cells of H which
correspond to that the imaginary parts of f;(6) and f,(0) are equal in sign.
As there are two such cells, we find that there are at most two polygons of
D¢ that intersect a small neighborhood of 6. O
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5. Hypergeometric functions

In this chapter, we study solutions of the A-hypergeometric system H4 ()
from Definition[2.1.7] For convenience, we assume that 14 = 1. We will focus
on the dependence of A-hypergeometric functions on the parameter . In
particular, a function ®(f; x) that is analytic in f in a domain V < C{"" is
said to be A-hypergeometric if ®(f; x) € Sol(Ha(B)) for all § € V. We take in
this chapter the more general approach that A is a Cayley configuration of g

sets Ay, ..., Ag. Our primary tool will be Euler type hypergeometric integrals;

b1
Mc(B;x) :=[ f(? dz A Adz", (5.1)
c zZP2

Zl...zn

where f € C4 and C is some n-cycle. Notice that we employ multi-index
notation both in the numerator and in the denominator. We collect the two
vectors By = (B1,...,B4) and B2 = (Bg+1,-..,B4+n) in the parameter vector

B = (f1,B2).

Theorem 5.0.7 (Gelf’and, Kapranov, and Zelevinsky, [18]). If the integral
(5.1) converges and defines a germ of an analytic function in the variables
X, then it represents a solution to the A-hypergeometric system H (). O

If C is compact then the convergence of is immediate. The main
theorem of [18] states that if § is a non-resonant parameter then one can
find compact cycles C; c C?\ Z(f), for i = 1,...,Vol(A), such that the corre-
sponding integrals is a basis of Sol (HA()).

The integral is multivalued in two senses. Firstly, analytic continu-
ation along a loop in C# need not preserve the cycle C. Secondly, we need
to choose branches of the exponential functions f(z)#! and zf2. Note that
the values of the integral M¢(g; x) for different branches of the exponential
functions differ only by multiplication with an exponential function in the
parameters. In particular, for a fixed cycle C, the C-vector space spanned by
the integral in question is uniquely determined.

While defines an analytic function of the parameter 3, understand-
ing the behavior of the solution space Sol,(H4(f)) is a more subtle ques-
tion. In general, the nth singular homology group H,(C”? \ Z(f),C) has rank
greater than Vol(A), and it is per se not clear that the compact cycles gen-
erating a basis of Sol(H4(f)) can be chosen independently of . A similar
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problem occurs when using series to construct a basis of Sol,(HA(f)); the
cardinality of the set of possible initial monomials of such series is greater
than expected.

An additional difficulty occurs since we wish also to include resonant
parameters in our study. In particular, at a rank-jumping parameter 8 € 4
one cannot span the full solution space using integrals of the form (5.1). In
fact, it follows from results in Section [5.2| that at rank-jumping parameters
not all solutions are analytic in the parameters.

To overcome the latter difficulty we introduce the following stratifica-
tion of the parameter space C7*". The resonant arrangement %4 defines a
filtration

SocS1c S Sgun=CT"

whose component S; in degree d consist of the union of all intersections of
q + n—d resonant hyperplanes. In our stratification, a d-dimensional stra-
tum s is a connected component of S;\ S;_;, where S_; = @ by convention.
Furthermore, the set of all strata (including the empty set) has the structure
of a poset lattice by the partial order defined by that s, < s; if s, ;. Ina
poset lattice an element s; is said to cover s; if s, < s; and for any sy < s3 < §;
we have that exactly one of s3 = s; and s3 = s holds. Let § denote the set of
all stratum that covers s.

The computations performed in [5] implies that the rank of the solution
space Soly(HA()) is constant along each stratum s. Let us denote this con-
stant by rk(s). The present work suggests the following conjecture.

Conjecture 5.0.8. Let U c C2\ Z(D,) be a simply connected domain. In the
following statements, each function ®(; x) is analytic for x € U.

i) For each stratum s there are functions ®;(f;x), i = 1,...,rk(s), analytic
in s and meromorphic on the closure s, which generate the solution
space Soly (H4(B)) for each B € s.

ii) Lets’ cover s. Then, there are functions ®;(g; x), i = 1,...,rk(s"), analytic
in s’ U's, which for each g € s’ U s generate a subspace Solf}(H A(B) <
Soly (HA(PB)) of rank rk(s’).

iii) For each s with dim(s) < g+ n, and for each S € s, it holds that

Soly(Ha(B) = Y. Sol$,(Ha(B)), (5.2)

s'es

where, for each 8, the summation is understood as a sum of vector sub-
spaces of Soly (Ha(B)). O

70



This chapter is organized as follows. In Section[5.1)we develop the the-
ory of Euler—Mellin integrals, a specific Euler type integral related to the
coamoeba C. In Section[5.2]we prove some general properties of solutions
of differential equations depending on parameters, in particular implying
that Conjecture is true in the case that &4 = @. In Section 5.3|we study
Euler-Mellin integrals for resonant parameters in detail, culminating in the
proof of Conjecture in the case when A represent a monomial curve
(i.e., whenn=1).

5.1 Euler-Mellin integrals

By an Euler-Mellin integral we mean the integral taken over a cycle
C= Arg_1 (8). In order for such an integral to converge, restrictions must a
priori be placed on both the exponent vector § and the polynomial f. After
considering the conditions for convergence, we will discuss the relation to
coamoebas and the question of whether it is possible to construct a basis of
the A-hypergeometric system using Euler-Mellin integrals.

Let N; denote the convex hull of A;, and let ' denote the Minkowski
sum Aj +---+ N

5.1.1. Convergence. Let us initially consider the case C = R’. We will now
provide a domain of convergence for the Euler-Mellin integral (5.1) as a
function of the parameter f, generalizing [37, Theorem 1].

Definition 5.1.1. The polynomial f is said to be completely nonvanishing on
aset X if for each face ' < N/ (including N itself), the truncated polynomial
fr has no zeros on X. O

For a vector by € R7, we denote by by N the weighted Minkowski sum
Z?:I by N; of the Newton polytopes N; with respect to by.

Theorem 5.1.2. If each of the polynomials fi,..., f; is completely nonvan-
ishing on the positive orthant R’}, then the Euler—-Mellin integral My(f; x)
from (6.1) converges and defines an analytic function in the tube domain

{BeC"™ | by =-R(B1) €RY, by = —R(B2) € int(by )} . (5.3)

Proof. It suffices to prove that for any § with all components of by positive
and by € int(by V), there exist positive constants ¢ and K such that

|f(eT)_ﬁ1 elf2m e~ b2 > oKl forall TeR™

= |f(eT)—ﬁ1

In fact, it is enough to show that this inequality holds outside of some ball
B(0) in R™,
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Since b, € int(by ), we can expand by as a sum by = bay +-+- + bz4 of
q vectors such that by;/by; € int(N;). It is shown in the proof of [37, Theo-
rem 1] that for each bs; € int()V;) there are positive constants 7; and K; such
that for 7 outside of some ball B;(0),

|fl.(ef)|e—<b1i,f> > TieKilTl.

Note that it is essential in [37, Theorem 1] that f; is completely nonvanishing
on the positive orthant. Thus for 7 outside of B(0) = U?:o B;(0), we have

q I - TR T
|f(e‘l,')—ﬁ1 |e—(b2,‘[> — H (|f1(€r)|€ <b2i ,T>) 1 > l_[ T?lleb”Kllrl — CeKlle
; -1

i=1 i

b . .
where ¢ = Tf“ ---quq and K = by1K; + -+ + b1 4K, are the desired positive
constants. O

Example 5.1.3. By a classical integral representation of the Gauss hyperge-
ometric function » F;,

[00 1+2P ¢E+2)P dz =Pz, Pr—=f2=Ps 1-¢ (5.4)
0

— =G F ;
2P z (P)2F1 -P1-B2

where

L'(Bs — P1 — )T (—P3)
['(=p1-B2) '

To ensure convergence, we need that R(8; + 2) < R(B1+P2—P3) < 0and that
|arg, (¢)| < m. The latter condition is equivalent to that f(z) = (1+2)({+2) is
completely nonvanishing on R,. Since N7 = N> = [0, 1], the condition that
by € int(by V) is equivalent to 0 > R(B3) > R(B; + B2). We note further that
the right hand side of is analytic in this domain. O

G(p) =

As the right hand side of is a meromorphic function in g, it pro-
vides a meromorphic extension of the corresponding Euler—Mellin integral.
On this right side, we have the regularized » F) as one factor, thus the polar
locus of the meromorphic extension is contained in two families of hyper-
planes given by the polar loci of the Gamma functions. That this kind of
meromorphic continuation is possible for all Euler-Mellin integrals is the
essence of Hadamard’s partie finie, as understood by Riesz [49]. We will per-
form this meromorphic extension explicitly, as it makes use of combinato-
rial data that is crucial for our description of the behavior of Euler-Mellin
integrals at resonant parameters.
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To obtain the strongest form of this result, we choose a specific presen-
tation for b1 V. To begin, each Newton polytope N; can be written uniquely
as the intersection of a finite number of halfspaces

M;
Ni= (" {b2 € R" | (uij, ba) 2 vij}, (5.5)
j=1

where the u;; and the v;; are primitive integer vectors.

Fixing an order, let {u1,..., up} be equal to the set {y;j |1<i<qg,<j<
M;}, where we assume that p; # u; for all i # j. We now extend the defini-
tions of y;; from to each pg; namely, for each k, let vi = (vig,...,Vgr)
with

vir = min{(u,a) |ae N},
and set |Vi| = vig + - + V4k. By definition of the v, we have int(b;N) =
Z?:l by; int(\V;) and

M
N = () {b2 € R™ | (ug, b2) = (vi, b)) (5.6)
k=1

We are now prepared to state the main result of this section, which pro-
vides a meromorphic continuation of (5.1I), generalizing [37, Theorem 2].

Theorem 5.1.4. If the polynomials fi,..., f4 are completely nonvanishing on
the positive orthant R'! (as in Definition[5.1.1) and the Newton polytope N
is of full dimension n, then the Euler—Mellin integral M (B; x) admits a mero-
morphic continuation of the form

M
M(B;x) = ®(B;x) [ | TV, B1) — (i, B2)), (5.7)
k=1

where ®(B; x) is an entire function in  and Uy, v are given by (5.6).

Proof. By Theorem the Euler-Mellin integral M(; x) converges for 8
in the domain

{ﬁ€ cnta

by € RY and (g, ba) > (vi, by), k = 1,...,M},

which is a domain since N is of full dimension. Our goal is to expand the
convergence domain of the integral (5.1), at the cost of multiplication by fac-
tors corresponding to the poles of the Gamma functions appearing in (5.7).
We do this iteratively, integrating by parts in the direction of a vector pj at
each step. This expands the domain of convergence in the opposite direc-
tion of u by a distance dj, which we determine explicitly.
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To begin, we set notation for the first iteration in one direction. Fix k
between 1 and M, and let I be the face of N; corresponding to uy and vy.
For a€ A, consider the integers

dg = (ur,a) — |vil.

Since a € \V, it follows that d} = 0. In particular, since there is a decomposi-
tion a =Y ;a; with a; € \V;, we see that d]‘: =0 if and only if (ug,a;) = v for
all i.

Let i be fixed. The polynomial (f;)r has the homogeneity (f;)r (A z) =
AVik(fi)r(z), where A € C, and AMkz = (AHkzy, A2k z, . Ak z,). Hence the
coefficients of the scaled polynomial 17V (f;)r (A#* z) are independent of k
and A. In particular, we have that the Newton polytope of

d
/ — [ a~Vik £.( Ak
fi@ = = (a7 z))’A:1
is disjoint from I'. This fact allows us to extend the domain of convergence

of over the hyperplane defined by {u, ba) = (v, b1) as follows. Since
M(f; x) is independent of A, we have

d f(/lﬂkz)ﬁl%:i(/l(vkvﬁﬂ_(ﬂkvﬁﬁf /1<Vk,/31>f(;wkz)ﬁ1%

TdM e Pz dA R 2Pz z

Differentiating with respect to A and setting A = 1 yields the identity
1 gk(z)f(z)ﬁl‘1 dz

Vi B1) — (ks B2) IR zP2 z’

where gy is the polynomial

M(B; x) =

(5.8)

q
ge=Y ~Pui-fir iy
i=1

and f; —1=(f1-1,..., B4 —1). Note that supp(gi) is contained in A. More-
over, since T is the face of A/ corresponding to iy and supp(f}) is disjoint
from N; NT, we see that supp(gy) is disjoint from T. In other words, dg>0
for each a € supp(gy)-

Let us rewrite as the sum

Y ha(B1) flz)hr! dz .
aesupp(gx) Vi, P1) — (i, B2) RY Pe-a 7’ .

M(B;x) =

for some linear polynomials h,(f8;), and note that each term of (5.9) is a
translation in § of the original Euler—Mellin integral. By Theorem5.1.2} the
term corresponding to a converges on the domain given by by + 1 >0 and

(uj, b +a)>(vj,by+1), forj=1,...,M,
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where the latter is equivalent to
(W, ba) > (vj, by +1) —(uj,ay = (v}, by) —d;.‘, forj=1,...,M.
The sum converges on the intersection of these domains, given by
by +1>0, (uj,b2)>(vj,by) ifj#k, and (ug, b2)> (v, by)—d,

where djy = min{d}, | a € supp(gx)}. Since dy is positive, has a strictly
larger domain of convergence than (5.1); we say that it has been extended
by the “distance” d in the direction .

Before iterating this procedure, we set some notation. Let G be the
semigroup generated by the integers {d} | a € supp(f) and 1 < k = M} = N.
Let ¢ = (a;,...,a,) be an ordered r-tuple with a; € supp(f) for each i. We
sometimes write @ as an exponent of z, viewing @ = a; +--- + a,. Similarly,
setd, :d;:l +---+d2’ € Gy.

After r iterations, let y(;) denote the direction of the extension in the ith
iteration. Let d;.“(il.) = d;‘(ll.) oot d;‘él?)l € Gj(;) be the sum of the distances of
the first i — 1 components of a in the direction ;). Then there is a rational
function of the type
! hai (,31)

Lyo(B) = @
,-:Hl Vi, B = jay, B2) +d )

, (5.10)

where hy(B1) = (hg, (B1),..., he, (B1)) is an ordered r-tuple of linear polyno-
mials such that M(f; x) can be expressed as a finite sum of translations of
the original Euler-Mellin integral:

f(z)ﬁl—r %

b (5.11)

MB;x) =) La(B)
a R7
Fixing k, we next expand the domain of convergence of in the direc-
tion determined by . This is achieved through simultaneous expansion of
the domains of convergence of all terms, arguing as above. This yields the
expression

h(lx,a),ﬂ(ﬁl) f(z)ﬁl—r—l dz
M(B;x) =) La(P) ad
! ; g aESU%)(gk) Vi, B1) = (g, B2) +df} Jmn zP2-a-a 2
pr-r'
9 % (5.12)

= L, _— ,
%’ @ (P) R 2Pz
where ' = (B,a), r’ = r+1, and the resulting rational function L,/ () is given

by
ha’r, (ﬁl)

Ly(B) = Ly .
B = LD D~ (i P+ 4
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Since the convergence domain of each term in is extended by the
distance dj in the direction determined by pj, the convergence domain
of the sum is similarly extended. In addition, since d} > 0, we have that
d,‘;*a > d]‘j; therefore, the products L, (8) will never repeat factors in their
denominators. As is in the same form as (5.11), we may iterate this
procedure to extend the domain of convergence.

Finally, note that after r iterations that have extended the domain of
convergence of M(f;x) in the direction determined by u; for r; of the r
steps, we obtain a meromorphic function on the tube domain given by g €
C™*4 such that by +Z§VI:1 rj=by+r>0and

(,Uj,b2>> (Vj,b])—q]'dj, forj= 1,..., M.

Continuing this process, M(f; x) can be extended to a meromorphic func-
tion in f on C"*9 as in (5.7). We note that because the denominator of the
products of the rational functions Ly () never has repeated terms, all poles
of the extended Euler-Mellin integral are simple. It now follows from the re-
movable singularities theorem that ®(g; x) in is an entire function in B,
as desired. O

Remark 5.1.5. In the proof of Theorem we see that the linear form
(Mg, b2) — (Vk, b1) — d appears in the denominator of some rational function
L, if and only if d € G¢. Hence if G # N, then our meromorphic continua-
tion has introduced unnecessary zeros into the entire function ®(g;x). ©

Remark 5.1.6. If g = 1, then hq,(B1) = kg, (1 — i) for some constant kg,
where hg, is as in (5.10). Therefore each L, is divisible by the Pochammer
symbol (- f1);+1, which can thus be factored outside of the sum (5.11). In
particular, ®(B; x) = I'(- 81)®@(B; x) is an entire function. o

Example 5.1.7. Consider the case of g + 1 linear functions of one variable,

S (1+Z)ﬁo(§1+Z)ﬁ1...(§q+z)ﬁq%

5.13
Zﬁq+1 ( )

M(B;¢) = f

0

Note that we have reindexed g for this example. When g = 0, is the

Beta-function. Thatis, ®(f) = 1/I'(- 1), or with the notation of Remark[5.1.6}
®(B) = 1. When g = 1, we showed in Example that

—PB1, B2~ Po - P1 1

F(—,Bo—ﬁl)ZFl( —Po—B1 1=¢.

Q(B;¢) =

This equality is obtained by the change of variables w = z/(1 + z) and appli-
cation of the generalized binomial theorem. By similar calculations in the
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case q =2,

1 P B3 — Bo— B1— B2, —P1, P2
T(~fo—P1—-P2) ~Bo—P1- B2

where F) denotes the first Appell series. For arbitrary g and |¢;| < 1,

D(B;¢) = ;1-¢61,1-¢2],

1 > (Bg+1— 181Dk (=B

1-ok,
r(_l,BID feNd (_|,61|)|k| k! ( f)

Q(f;¢) =

where |B1| = Bo+---+ B4, and =Bk = (B, (=B, O

Example 5.1.8. Consider the case of one linear function of » variables,

(A+zi+-+z)P dzyn---ndzy,

M(p) =

)

n ,Bl ﬁn Z1°°* 2
RY z) - zy 1 n

where we again have reindexed . We claim that

L(=p)---T(=p )T (P1+---+ Brn— Po)

M(B) =
2 ['(-pBo)

and hence ®(f) = 1/T'(—By). This is clear when n = 1 because we again have
the Beta-function. For n > 1 one can argue by induction, making the change
of variables given by w, = z, and w; = z;/(1 + z,) for i # n. To generalize
this example to an arbitrary simplex, consider the Euler-Mellin integral

A+zh 4+ 4z2)bodzin---ndz,

R Z{’l ..

MPp) =

’

'Zgn 21" Zp

where the exponent vectors T; are the columns of an integer affine transfor-
mation T. We find that

T(—(T 1)) T(=(T BT (Bo+ T 1B

M(B) =
2 [ det(T) T (= fo)

’

after employing the change of variables w; = z”'. O

For Theorems and to hold, each f;(z) must be completely
nonvanishing on the positive orthant. This is a strong restriction that many
polynomials will not fulfill. We will now relax this condition by considering
the coamoeba of f(z).

Corollary 5.1.9. For 6 € T", a polynomial f(z) is completely nonvanishing
on the set Arg1(0) ifand only if 0 ¢ C.
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Proof. The claim is equivalent to (2.10). O

By Corollary[5.1.9) when polynomials fi, ..., f; are such that the closure
of the coamoeba of f(z) = H?zl fi(2) is a proper subset of T”, there isa 6 ¢ C
for which the Euler-Mellin integral with respect to 0 is well-defined:

b1
Mpy(B; x) =f /@ % (5.14)

Arg~1(0) P2z

It is immediate that 6-analogues of Theorems and hold as
Arg~1(0) is a rotation of R”. In addition, a slight perturbation of 8 does not
impact the value of (5.14).

Theorem 5.1.10. The Euler-Mellin integral My of (5.14) is a locally constant
function in 0. Thus it depends only on the choice of connected component ©
of the complement of C. We write Mg = My and accordingly g = ®y.

Proof. First consider the case n = 1, and suppose that 8; and 6, lie in the
same connected component of the complement of C; in fact, assume that
the interval [6;,0,] < R" \C. In other words, f(2) has no zeros with argu-
ments in this interval, and hence f(z)P' z7P2~! is analytic in the correspond-
ing domain. Connecting the two rays Arg‘1 (67) and Arg‘1 (6,) with the circle
section of radius r yields a closed curve, and the integral of f (z)PrzP2-1
over this (oriented) curve is zero by residue calculus. By the proof of Theo-
rem the integral over the circle section tends to 0 as r — oo, so the two
Euler-Mellin integrals My, and My, are equal.

In arbitrary dimensions, we obtain the desired equality by considering
one variable at a time while the remaining variables are fixed. O

5.1.2. Linear independence I: Mellin-Barnes integrals. In this section, we
will investigate linear independence of extended Euler—-Mellin integrals. Our
main tool is so called Mellin-Barnes integrals, see [6; 35]. The main result
of this section is Theorem which identifies the set of Mellin—-Barnes
integral solutions of H4(f) with Euler—Mellin integral solutions from com-
ponents of the complement of the lopsided coamoeba.

We say that § € C7*" is totally non-resonant for A if the shifted lattice f+
Z9*" has empty intersection with any hyperplane spanned by any g+ n—1
linearly independent columns of A.

Definition 5.1.11. Fix a Gale dual B of A, and let y be such that Ay = 8. Then
for x € C4, the Mellin-Barnes integral has the form

N
o= [1TCyi—bn w)x P dwy A Adwy.  (5.15)
IR)™ j=1
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Given 6 € T" and x € C4, we write
LO(x) = L(x; /@0 xyel@v)
viewed as the germ of an analytic function at x. O

The following result on Mellin—Barnes integrals summarizes Corollary 4.2,
Theorem 3.1, and Proposition 4.3 of [6].

Theorem 5.1.12 (Beukers, [6]). Consider x, x1,...,xx € C2.
i) IfArg(x)B €int(Zp), then the integral L(x) converges absolutely.
ii) IfArg(x)B €int(Zp) andy; <0 for each i, then L(x) € Sol,(H(f)).

iii) Assume that the m-tuples Arg(x1)B,...,Arg(xx)B are distinct elements of
the setint(Zp) N (Arg(x)B + 2w Lp). If B is a totally non-resonant homo-
geneity parameter then the Mellin—Barnes integrals L(x,),..., L(xx) are
linearly independent.

By choosing x1,..., xx as in Theorem[5.1.12} one obtains a set of linearly
independent solutions to H,(f) that are in bijective correspondence with
the set int(Zp) N (Arg(x) B + 2 L), provided that § is sufficiently generic.

We now show that the order map for the set of components of T \ D
lifts to a bijection between the set of Mellin—Barnes integrals corresponding
to points in int(Zg) N (Arg(x)B + 27w Lp) and the set of Euler-Mellin integrals
arising from the connected components of T” \ D.

Theorem 5.1.13. For each 0 € T"\D and B the tubular domain (5.3), the
Mellin-Barnes integral L9 (x) and Euler-Mellin integral My(x) satisfy the re-
lation

13 L2 (x) =270 PO T (= B1) 14 Mp (x),

where iy and g are the indices of the lattices L4 and Lp respectively.

Proof. As the order map ordp from Theorem maps a point in T\ D
to a point in the set int(Zp) N (Arg(x)B + 27 Lp), the Mellin-Barnes integral
L9(x) is convergent by Theorem

By meromorphic extension, it is enough to give the proof in the case
when the A-hypergeometric homogeneity parameter g is such that the in-
tegral expression in converges. We may also assume that A is of the

form (3.10) namely
1 1 1
A= ( 0 A A )'
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where A is a nonsingular 7 x n-matrix; we will use the same decomposition
for x = (xp, x1, x2). For convenience we will take § of the form = (81, A1 B2).
Let B denote a dual matrix of A of the form

k
B=| A'A; |D,
—I,

where the first row is chosen so that each column of B sums to zero and D
is an integer diagonal matrix such that B is an integer matrix. It will later be

useful that
l det(D
s _ Idet(D)] (5.16)
ta |ldet(Ay)]

To see this, assume that 14 = 1. Following [35} Proposition 4.2], this implies

that A can be extended to a N x N unimodular matrix

1 1 1 x by
A= 0 A; A, | withinverse A~ = (= B )= * B
* % * x By

It follows that B is a Gale dual of A, and by the Schur complement formula,
|A1| = |Bs|. As B = BT for some affine transformation T the equality
holds.

It is enough to prove the statement with this particular Gale dual B. We
have that

f(z)ﬁl %

Mo = [

(5.17)

xlﬁz (1 +zU 4oz f}/dlza“" 4ot f}édmzamwl)ﬁl dz
- x(|)ﬁ2|_ﬁ1 f zM1P2 z’
where the integration takes place over Arg~!(0) in the first integral and over
Arg (0 +Arg(x1) Ay ") in the second. Let us denote by My (f;¢) the function

given by the integral in (5.17). By Lemma ‘ that @ € T" \ D is equivalent
to the convergence of the integral

d
[eomom0%,
¢
where the integration takes place over the domain given by the fiber of Arg
over the point Arg(¢) = Arg(x) B and w is chosen to fulfill the requirements
of Theorem [5.1.2] However, this integral is precisely the Mellin transform
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with respect to ¢ of Mg (B;¢) with variables w. Consequently, after making

the change of variables ¢ }/ i paiin ¢;, we find that

|det(D)| [ (L+z1+-+2zp+& +-+Em)P dzndé

MMy (B; ) (w) = |det(Ap)] Zﬁz—AflAszng z&

For y in (5.15), write y = (y¢,Y1,Y2). Assuming that f5; > 0 for all j, that
B1 < 1Bzl (note that this is in accordance with our previous assumptions on
p), and that —1 > y, > 0. We set y1 = 2 — A]' A2y2 and yo = —|f2| - f1 +
(bg,y2). It follows that y; < 0 for all k. With this notation, evaluating the
above integral as in Example[5.1.8} we find that

|det(D)] TIN, T(—yi—(bi, w—"72))
|det(Ay)| L'(-p1)

M My (B; ) (w) =

’

Furthermore,

zrm=ar=( ip )

Turning to the Mellin—Barnes integral, we find that

N
L7 (x) = [IT(=yi— b, w))x?i+<bi'w> dw
(R)™ j=1
N " ,
:[ Hr(—}/l—<bl,w—'}/2>)x2/z+ HW=Y2 dw
Yo+ (iR)™ j=]
ei<A1ﬂ2,0>xl—ﬁzf N Jw
BN I(=yi=(biw=y2)) | — -
xgﬁ”_ﬁl Yo+ (iR)™ l:Hl o o

The bounds in the proof of Theorem imply that we can apply the Mellin
inversion formula, which yields the equality

|det(D)| L°(¢) = 2mi " “P>P T (— By) | det(A))| My §).
Applying thus completes the proof. O

Corollary 5.1.14. If  is totally non-resonant, then when viewed as analytic
germs at some x € Cf \ Z(D,), the extended Euler—Mellin integrals ®g(f; x),
where © ranges over the components of T"\ D, are linearly independent so-
lutions of the A-hypergeometric system Hx ().

Proof. Let 01, ...,0x be representatives for the components of T”\ D. If the
indicated set of extended Euler-Mellin integrals is linearly dependent, then
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there exist constants ¢1,..., g providing a vanishing linear combination of
My, (B; x), ..., My, (B; x), so that

K _ K
g Y 07" P00 [0 (x) = 2miT(=Pr)ia Y €5 My, (B;x) = 0.
j=1 j=1

It then follows from Theorem/|5.1.12|that 1 =--- = ¢ = 0. O

5.1.3. Linear independence II: residue integrals. This section contains a
brief study of residue integrals in the case n = 1. Assume that 0 € A, so that
d = Vol(A) is the degree of each polynomial f € C4. The integrand in
has, for very general § (including all non-resonant parameters), singularities
at 0, oo, and at each p € Z(f). This yields Vol(A) + 2 residue integrals

f(z)'B1 dz
cp 2Pz’

Res, (B; x) =

where C(p) is a small counterclockwise loop around p if p = 0 or p € Z(f),
or it is a large clockwise oriented loop if p = co.

For generic parameters, H4(f) admits only a solution space of dimen-
sion Vol(A). Thus, there are two nontrivial linear relations among these
Vol(A) + 2 residue integrals.

Example 5.1.15. Let us consider the case

1 1
A= .
( 0 1 )
Here, f(z) = x1 + X2z, so p = —x1/x, is the unique solution to f(z) = 0. As-

sume that arg(p) # 0. For any 0 # Arg(p), after choosing branches, a integral
formula for the Beta-function yields that

B2
Xy

f f@P dz _ TP B2~ pi-p,
AIgil(G) ZﬁZ Z F(_ﬁl) !

That is, the extended Euler—Mellin integral provides the unique (up to mul-
tiplication by scalars) nonzero A-hypergeometric function of parameter S.

The fact that the above Euler-Mellin integral is independent of 8 might
cause the misconception that the residue integral at p vanishes. In fact, to
write the residue integral as a difference of Euler-Mellin integrals, we cannot
choose branches of the latter so that they coincide. Actually,

Res, (5;) = (1— €™ P) My (B; 1),
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where My denotes some branch of the Euler-Mellin integral. As the coeffi-
cient is nonvanishing for generic $,, we find that residue integral at p span
the solution space for such parameters.

The present example is special in the sense that a change of variables
takes the residue at the origin to the residue at p. Thus, also the residue at
the origin span the full solution space for generic S. )

We use the following convention. Let pi,...,p4 denote the zeros of f
with indices considered modulo d, ordered by their arguments. Similarly,
label the components of the complement of C by ©;, where the indexing is
chosen so that the sector Arg™!(0;) contains p;_; and p; in its boundary.

Theorem 5.1.16. Let 8 be a non-resonant parameter. Then, the residue inte-
grals Res,, (B; x), for p € Z(f), span the solution space Sol;(H(f)).

Proof. Let U c C4 be a domain such that
max(|xzl,..., |xy-1]) < min(|x; ], [xnl])

for all x € U. It is enough to prove the proposition under the assumption
that x € U. Let £ denote a loop in CZ such that its induced permutation of
the roots py,...,p4 is the d-cycle (12 --- d). Since x € U, such a loop can be
explicitly constructed as follows. The loop {(x1, e?"xy) | ¢ € [0, 1]} permutes
the roots of the polynomial x; + xyz%; hence, by continuity of roots, we may
choose ¢ to be

(= {(xl’xz»-'«)xN—l’eznith) | rTe [Orl]}«

Let n¢ = e?™P2, We can choose branches of the residue integrals so
that analytic continuation along the loop ¢ takes Res; (f; x) to nRes 11 (; x),
where Res;(f; x) denotes the residue integral at the root p;. In particular,
traversing d times the loop ¢ is equivalent to multiplying each residue in-
tegral by n # 1. The benefit of this choice of branches lies in the following
fact. If X is obtained by letting x3,..., xy—1 — 0, which is possible in U, then

1’ Res; (B, %) = Res; (B, ).

Assume that there is a linear relation

d .
cjn’ Res;(B;x) =0. (5.18)
j=1
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By performing analytic continuation along the loop ¢ we obtain Vol(A)-many
relations, captured by the coefficient matrix

an o ant o canf?

cn®t ant on® - cqon®

d+1 d+2 3 d

c=| ca-in® can®  an’® - ca-om
1 2

0277d+ and+ C4nd+3 Clnd

Since the number non-trivial relations among the Vol(A) +2 residue integrals
is 2, the rowspan of C is of rank at most 2. Assuming that the rank is positive,
we will obtain a contradiction.

Case 1: Assume first the the rowspan of C has rank two. Taking linear
combinations we can eliminate one coefficient, and then perform analytic
continuation along ¢ once more. Thus, we can assume that c¢; = 0. Note that,
if two consecutive coefficients vanish, then the fact that all 3 x 3-minors of
C vanishes implies that all coefficients vanish.

If c;_; does not vanish, then we can eliminate the first coefficient of the
second row using the third row. In the resulting difference, either all coeffi-
cients vanish, or we obtain two consecutive coefficients that vanish. Assum-
ing the former, we find that ¢, vanishes, that is, two consecutive coefficients
vanish.

Hence, we can assume that c;_; vanishes. Repeating the argument, we
find that every second coefficient vanishes. In particular, we can assume
that d is even. Under this assumption, that the row span of C is of rank
two implies that every second row of C defines the same linear relation. In
particular, we have a well-defined quotient

L N
Camd 2 Cd—2
Then,
Co 1l cgo2 1 1-4

E=— = — cee— = N

’

can®  n?c ca n?
and hence € = n72. Normalizing, we can assuming that ¢, = 772, implying

that ¢ = n_zj . In particular, also taking the limit as |x;],...[xy-1] — 0, we
find that

d

2 .

0=Res; (B; %) Y n*/.
j=1

In the right hand side, the first factor is not identically vanishing (it is a
change of variables away from the residue integral of Example(5.1.15). Hence,
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we can conclude that n? is a d/2th root of unity. In particular, 1 is a dth root
of unity, implying that e2"*f> = 1, a contradiction.

Case 2: Assume now that the rows of C span a linear space of rank 1.
Introducing the quotient

C1 _ Co _ Cd
=L —...= ,
can® Cda-1

E=

we proceed as in Case 1 only to conclude that 7 is a dth root of unity, con-
tradicting that 3, is generic. O

Theorem 5.1.17. Let U c C4 be a domain such that the roots of f are sepa-
rated in argument. Then, the Euler-Mellin integrals Mg (f; x), where © ranges
over the set of connected components of T\ B provide a basis for the solution
space Soly (HA(B)) for each non-resonant parameter f3.

Proof. Considering first a domain V for which the original Euler-Mellin in-
tegrals converges. It is clear that the set of Euler-Mellin integrals span the
space of residue integrals, and hence they span the full solution space for
each non-resonant parameter. O

If Ais a circuit, then for each totally non-resonant parameter there exists
a Mellin—Barnes, and hence also an Euler-Mellin, basis of solutions. How-
ever, we saw in Section that it is in general not possible to construct
neither a Mellin-Barnes nor an Euler-Mellin basis of solutions, as one can-
not always find a coamoeba with sufficiently many connected components
of its complement. In general T” \ C has more connected components than
T"\D. In many cases, it is possible to construct a basis of Euler—Mellin inte-
gral solutions even though Mellin—Barnes integrals do not suffice.

Example 5.1.18. Consider the point configuration

1111
A_(OZSG)'

By [36], since the coamoeba of the A-discriminant covers T*, the maximal
number of points in the set int(Zp) N (Arg(x)B + 271 Lg) is five. Hence there
is not a basis of solutions of H4 () represented by Mellin—Barnes integrals.
However, for a generic polynomial f € C% the coamoeba C has six compo-
nents in its complement. Thus by Theorem[5.1.17} at each non-resonant f3,
this set of components provide a basis of solutions of H4(f) represented by
extended Euler-Mellin integrals. O
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5.1.4. An A-hypergeometric rank-jumping example. We conclude this
section with an example first studied in [9], where it was shown that some
parameters 8 admit a higher-dimensional solution space for H4(8) than the
expected dimension of Vol(A). The point configuration that we consider is

111 1
A‘(0134)’

for which there is a unique parameter § = (1,2) for which the dimension of
the solution space of H4(p) is one larger than expected.

Let 6 € O for a fixed connected component of T2\ C. In order to calculate
the corresponding function ®g at the rank-jumping parameter g = (1,2), we
first expand the Euler-Mellin integral Mg five times in different directions
to obtain convergence. Upon expansion,

(P02 [ZPm(@ dz  (=Bvs [ZFh(2) dz
) f%h 2z —B2 fz)3P =z
(=B [z P2hs(z)dz  (—B1)s [z P2hy(z) dz

+ -B2 f(2)4P 7+ 5, Fh - (5.19)

where all integrals are taken over Arg‘1 () and (—B1), denotes the Pochham-
mer symbol. This shows that when = (1, 2), the entire function ®g falls into
the situation noted in Remark|5.1.6, and we thus ignore the factor (8; +1) in

(5.19). To be explicit,

3x2x32%  Bxox32  Axox4Z°  AXoXaz

Mo (B;x) =

5

(= 1-p2 T3 B2 ’ 1-fo  4-po’
hol2) = 361 x5 2° 48x1X3%42" . 48x1x3%42"
(B = p2)(f2—4p1+2) (3 —B2)(B2—4P1+1) (A-P2)(B2—-4p1+1)
64x1x228 6z 3x5x32°
TP o= (1-P2C2—Pr)  (1-B)@—P2)
4x3 3425 27xx52" 36x2 X3 %428
(1 B2)2— ,32) (B3=P2)(B2—4p1+2) " (B=P2)(B2—4p1+1)
36Xy X3x4 28 48)62)62 9 9x§z9
TP a—4pr+ 1) 4P (Ba—2B1) | B-P2)(Bs—4P1+2)
48x1 X3 x4zm 48x1x§x4zm
a2} = B=2)(f2—4p1+ 1)(B2 —4p1 +2) (4—B2)(P2—4P1 +1)(B2—4p1 +12)
64x1x3x Z1 36)62)(3)64211
(4 B2)(B2— 4P + 1)2 (B=B2)(B2—4P1+1)(B2—4p1 +2)
36.)CZX3X4Z11 48)(72)63)62 12
(4 B2) (B2 =461 +1)(B2— 4P +2) (4= P2)(B2—4P1)(B2—4P1+1)
123 x4 2" 123 x4 2"

(3 B2)(B2—4p1+ D) (f2— 4P +2) 4= B2) (B2 —4P1+1) (B2 —4P1+2)’
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and

2.2 14
64x1x5x52

(4= B2)(B2—4P1) (B2 —4P1 + 1) (B2 —4P1 +2)
48x, x5 x5 2"
T 4= B2 (B — 4B (Bs— 41 + (B> — 4P +2)
16x3x52""

" Ba(d— o) (B2 —4P1) (B2 — 4L + 1) (B —4P1 +2)

hy(z) =

Each term in is a translation in S of the original Euler—Mellin integral
which converges at § = (1,2). In addition, the lack of a degree 2 term in f is
manifested in that no term of any /;(z) has both (2—- ,) and (82 —46; +2) as
factors in its denominator. Thus, there are entire functions ®;, ®,, and @3
in B such that

Qo = (f2—4P1+2)D1 + 2 f2)P2 + (2 - P2) (B2 — 41 +2)Ds.

From this expression we see that while ®g(1,2;x) = 0 independently of x
and ©. We also obtain two functions ®; and ®, that are solutions of H4 ()
at = (1,2). Explicit calculation reveals that

x2 x2
@ (1,2;x) =22 and  @,(1,2;x) =23,
X1 X4

for any choice of ©. These span the Laurent series solutions of the system
H4(1,2), which has dimension two only at this parameter [9].

5.2 Constructing solutions at resonant parameters

In this section we discuss how one can construct solutions at resonant pa-
rameters from linearly independent solutions at non-resonant parameters.
We will use classical techniques, applicable in a wider setting than the A-
hypergeometric environment. The crucial property of the system H4(f) is
the fact that the resonant arrangement is a (locally finite) hyperplane ar-
rangement.

Theorem 5.2.1. Let ®y,..., D be germs of analytic functions in x depending
continuously on a parameter B. If, for a fixed B, they are linearly indepen-
dent (over C), then there is a neighborhood N (,[3) such that they are linearly
independent for any € N(B).
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Proof. Assume the contrary. Then, there is a sequence of parameters {}52,,
such that fy — ,B as k — oo, and, furthermore, for all B there exists a linear
combination

M
Z ckjPj(Br;x) =0.
=1

Let ¢ = (¢k1,.--, Ckpr). We can consider {Ck}zo:() as a sequence in the compact
space PM~!, In particular we we can choose a convergent subsequence with
limit ¢ € PM~!, which we identify with a representative ¢ € CM. By continu-
ity, we find that

M R M
Z qu)j(ﬂ;x) = lim Z ckjd)]-(ﬁk;x) =0,
=1 k=00 j=1

contradicting that the function ®@; are linearly independent for ﬁ O

Let Py(x,0),...,Px(x,0) be linear partial differential operators in D[f],
the Weyl algebra on C# with additional commuting variables B. Let ¢; (),
for i =1,...K, be analytic functions of g € C9*". Consider the system H(f)
of linear partial differential equations, depending on the parameter S,

P;i(x,0) e ®(B; x) = @; (BYD(B; x), i=1,...,K. (5.20)

We view H(f) as a left ideal in D[f] defined by the operators P;(x,08) —¢; ().
Assume further that ®(S; x) is analytic for x in a domain U < Cf and p

in a domain V. For y € C9*", denote by V, the differentiation operator with

respect to § in the direction of y. Applying V, to both sides of yields

Pi(x,0) s V,®(f; %) = Vyp; (B) - ®(B; X) + i (B)-VyB(B;x),  i=1,...,K.

Thus, if f € V is such that ®(8; x) = 0 for x € U, then it follows that V,,CI)(,B; Xx)
solves at . EIWe say that V,®(f; x) has been constructed from ®(f; x)
by taking parametric derivatives.

If the function V,®(f; x) happens to vanish identically at §, then the
parametric derivative procedure can be iterated. We now state a sufficient
condition for this algorithm to terminate after a finite number of steps.

Proposition 5.2.2. Let ®(f; x) be a nontrivial solution to which is an-
alytic for x in a domain U < C? and B in a domain V. Assume further that
®(B; x) vanishes identically when restricted to a hyperplane L < C*" in the
parameters. Then, for each € L andy ¢ Ty (P) the above process terminates
after a finite number of steps. That is, for each B € L, there is an integer

1 This argument was shown to the author by P. Kurasov.
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p = p(B,y) such that V;,p)(b(ﬁ; x) #0 for € LNnV. Furthermore, the num-
ber p does not depend ony, and thus it defines a function p— p(B), which in
turn is upper semicontinuous in the analytic topology of CI1*".

Proof. Let vy,...,v4+,-1 be a basis of Ty (), which we extend to a basis of
C7*" by adding vy = y. Then

VWaB0=0 for iefl,...q+n-1}, p=0, and BelLnV.

If, in addition, V;,p )CD(ﬁ; x) =0forall pand € LNV, then all mixed deriva-
tives V(U’? i) Vg,p )q)(ﬁ; x) vanish. Hence, Taylor’s formula implies that ®(f; x) =0
in a neighborhood of 8, a contradiction. That p does not depend on y
follows by a change of variables fixing v1,..., v4+,-1. To see that the map
B— q(B) is upper semicontinuous, it suffices to note that V)(,p )Q(ﬁ; x) # 0 for

B € LNV implies that Vg,p )<D(ﬁ; x) # 0 for B in some (analytic) open neigh-
borhood of S. O

Proposition 5.2.3. With the hypotheses of Proposition[5.2.2, assume further
that the function ®(B; x) is not identically vanishing in x for any fixed p €
V\L. Then ng’)q)(ﬁ; x) is not identically vanishing in x at (3.

Proof. We can assume that y is the normal vector for the hyperplane L, so
that L is defined by alinear equation y- 8 = x. By'Hépital’s rule, for € VNL,

VP o(B;x) = 0B ) ((y- f)— )P

Hence for € V n L, the function V;p )d>(,3; x) can be replaced by the analytic
extension to L of the quotient

OB x0)((y-p—-x)"P,

which gives a solution of H4(f) which is analyticin V.

The vanishing locus of ®(8; x)((y - B) —x)~" is an analytic subvariety of
L of codimension at least one. Thus, by assumption, this vanishing locus
is a subvariety of CZM of codimension at least two, which implies that it is
empty. O

A spanning tree T of the stratification of the parameter space C7*¢ (con-
sidered as a poset lattice), is a function associating to each stratum s of pos-
itive codimension an element T'(s) in its set of covering strata §.

Theorem 5.2.4. Let U c Cf \ Z(D4) be a simply connected domain, and let
T be a spanning tree of the stratification poset lattice. Then, for each stratum
s, there are Vol(A)-many functions ®;(B; x), fori =1,...,Vol(A), constructed
from the solutions along T (s), which span a subspace of Soly (Ha(B)) of rank
Vol(A) foreach B € s.
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Proof. We use induction over the codimension of the stratum s. The basis
of the induction is the full-dimensional stratum C9* "\ % 4, for which we can
use the residue integrals of [18] to define the functions ®;(8; x).

Assume now that we have proven the existence of the functions ®; (; x)
for each stratum of codimension m, and let s be a stratum of codimension
m + 1. In particular, the statement is proven for the stratum T'(s). Using
Proposition repeatedly, we construct Vol(A)-many linearly indepen-
dent solutions along s from the solutions along T'(s). By Proposition[5.2.3}
the constructed solutions can, considered as meromorphic functions on s,
only be linearly dependent at strata of higher codimension. A similar argu-
ment yields that they can only have singularities at strata of higher codimen-
sion. In particular, they are analytic in s and span a subspace of Sol(H4(f))
of rank Vol(A) for each B € s. O

Corollary 5.2.5. If&4 = @, then all claims of Conjecture[5.0.8 holds.

Proof. The first and the third claim follows from Theorem|5.2.4] To see that
the second claim is true, choose a spanning tree of the stratification poset
lattice such that s’ = T'(s). O

5.3 Projective toric curves

We now aim to prove Conjecture in the case when A represent a pro-
jective toric curve. Without loss of generality, the A-hypergeometric system
associated to a projective monomial curve is determined by a matrix

1 1 1 - 1 1

A=\ o @ ds - dyg d

(56.21)

where 0 =d; <dy <---<dn_1 <dyn =d and such that t4 = 1. The curve
alluded to above is the one obtained by taking the Zariski closure in IP’({:V ~Lof
the image of the map

Cc2 —c4 givenby (s, 1) — (s, st%, ..., st 1),

In the case of curves, the article [9] carried out a series of computations
to show that
Ea=[(NA+ZTo) n(NA+ZT 1)1 \NA, (5.22)

and that rk(H4(8)) = Vol(A) + 1 for § € &4. The solutions computed in [9]
are specific to integer parameters. An alternative proof of these facts can be
found in [51}, Section 4.2].
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Figure 5.1: The polar lines (left) and resonant lines (right) when The opposites
of the points of A are highlighted. The shaded region is the domain of conver-
gence of Mg (B; x).

Recall the monoids
GQZN{d—dN_l,...,d—dz,d} and Gd:N{dg,...,dN_l,d} (5.23)

which appeared in the meromorphic extension of the Euler-Mellin integral
My (B; x).

Definition 5.3.1. We define the polar locus of A, denoted by #,, as the
union in C? of the zero loci of the linear polynomials (y, - B) + , for k € Gy
and (yq4- B) +«, forx € Gg4. O

In other words,

Za= Zyo- P+ u U Z((ya- P +50. (5.24)

Ien x€Gy

Note that &4 is strictly contained in the set of resonant parameters %4,
see Figure[5.1} It contains the poles of all Euler-Mellin integrals Mg (f; x) by
Theorem[5.1.2]

The meromorphic extension is in the case of curves given by the
expressions

_A. N
Mo (B; x) = P Y dixi Mp(x,f—a;) (5.25)

Yo-B i

B &
and Mo (B;x) = > (d—d) xi Mo(x, f—a)). (5.26)

i=1

When extending the convergence domain of Mg (f; x), choices must be
made as to the order in which the two types of extensions are performed.
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We focus on the two orderings given by either first extending over lines res-
onant with respect to the face I'y, and then extending over lines resonant
with respect to the face I';, or vice versa.

If § is contained in a polar line L with defining equation (y; - f) +x =
0, then restricting the entire function ®g(f; x) in § to L, the only terms in
the iterated expansion of Mg(B; x) that do not vanish are those for which
the linear form (y; - B) + x appears in the denominators of their coefficients.
Thus, in order to explain the behavior of ®g at such resonant parameters,
it is necessary to carefully track the combinatorics of the coefficients in the
expansion process of Mg(f; x). This is of particular importance when the
parameter § is contained in the intersection of two polar lines.

5.3.1. Polar resonant lines. Let us now study the behavior of Euler-Mellin
integrals at parameters that are resonant with respect to precisely one facet
of A. We obtain an explicit understanding of how these solutions behave
along a line in 4, while the behavior along nonpolar lines seems to be
fundamentally different.

We first consider the case that  is polar, where the behavior is illustrated
by the following example. A series solution ) ,ccn ¢, x¥ of H4(B) is said to
have finite support if the set {v € C" | ¢, # 0} is finite.

Example 5.3.2. For any A as in (5.21), consider the supporting line of the
cone given by B, = 0, which is contained in #?,. In order to evaluate
®g, we must expand Mg (f; x) once in the direction of pg, which yields

/ Bi—-1
Moo =Ll [ LB 9
B2 Jarg1 @) zP2 z

for 0 € ©. Hence, along the line B, = 0, the Euler-Mellin integral for © evalu-
ates, after applying an extension formula once, as

Mo (B; x)
I'(B2)

=p f f@f@P " dz= B f 0P = prxl.
B2=0 Arg‘l(O)

Most notably, ®g(f1,0; x) is independent of ® and equal to a series solution
of H4(p) with finite support. O

Theorem 5.3.3. Let L be a line contained in &2 4. Then all extended Euler—
Mellin integrals ®g(B; x) coincide and evaluate to a finitely supported series
solution of Ha(B). After possibly removing a factor which is constant with
respect to x, this series is nonvanishing in x for each  and defines an analytic
function on each domain U in CA\Z(Dy).
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Proof. 1t is enough to consider a domain U as in Theorem [5.1.17] We first
consider the case 8, = M, for some integer M, so that L = Ly(M) is an integer
translate of the span of the face I'g. From (5.23), since L € £, there exists
a partition of M using only d»,...,dy. Let P(A, M) denote the set of all or-
dered partitions p of M with parts d», ..., dy. Let m;(p) denote the number
of times d; appears in p, and set m(p) = (my(p),..., my(p)), so that |m(p)| is
the length of p. Furthermore, for each i € {1,...,|m(p)l}, let s; = s;(p) denote
the ith partial sum of p. Now parameterize the line Ly(M) = { € C? | B2 =
M3} by
A— A,M) for AeC.

We claim that, for each connected component © of the complement of C,
the restriction of the Euler—-Mellin integral Mg (8; x)/T'(B2) | Lo(M) equals

imp)-1 4 _; N . x; \ (P
A mi(p) [ A
> ( [l M+/51,~(p))(nd" ( ) ) 620

peP(AM)\ i=1 i=2 X1

Indeed, the only terms in the expansion of Mg(f; x) that are relevant at
B2 = M are those containing the factor f» — M in the denominators of their
coefficients. This is the case only for terms corresponding to ordered parti-
tions of M, and the term corresponding to p € P(A, M), when restricted to
Lo(M), is the one given in (5.27), including the monomial x™P) The integral
of this term evaluates, in the manner of Example to x{s 1=lmip )l.

By symmetry, a similar formula can be given when df; — 2 = M, so that
L= L;(M) is a translate of the span of the face I'y. In this case, consider the
parameterization of L; (M) given by

A— A, dA+M) for AeC.

The analog of (5.27), for this line s, is that Me (8; x)/T(dB1 ~ B2) sy €quals

Im(p)|-1 A—i ) (M—l

. i(p)
A ( H (d—dy)m™®» (ﬁ)m 8 ) (5.28)
peP(AM)\ i=1 M+ By (p) N

XN
i=1
The coefficient of a monomial in (5.27) or (5.28) is a sum of positive mul-

tiples of the product
Im(p)|-1
[T a-d, (5.29)

i=1
and hence it is a positive multiple of (5.29); in particular, the coefficient of
a monomial vanishes only if the product vanishes. Thus a function
of the form or is nontrivial unless A is such that all the coef-
ficients vanish, which is equivalent to A being a positive integer such that
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every p € P(A, M) has more than A terms. However, this vanishing can be re-
moved, as it is caused by a factor (A —i) appearing in all coefficients of (5.27)

or (5.28). Removing such factors, (5.27) and (5.28) provide everywhere non-
trivial solutions that are analytic in A along Ly (M) or L4 (M), respectively. O

Corollary 5.3.4. If f € &4, thenRes,(B;x) =0 for each p € Z(f).

Proof. This follows Theorem and the fact that each residue integral can
be written as a difference of Euler-Mellin integrals. Notice that there is no
ambiguity of branches for resonant parameters. O

The behavior of extended Euler-Mellin integrals along nonpolar reso-
nant lines is more difficult to track. Focusing instead on the residue inte-
grals, we observe a behavior that is different than that along polar lines.

Proposition 5.3.5. If f € Zs\ P4 is resonant with respect to Ty, then the
residue Resy(B; x) vanishes identically in x. If B is resonant with respect to
Iy, then Resoo(B; x) vanishes identically in x.

Proof. Consider the case f» = M for some M € Z, so that § is resonant with
respect to the face I'y. If M is a negative integer, then the integrand of is
analytic in a neighborhood of z = 0. Thus the only case to consider is when
M is positive, which corresponds to a gap in the set &2, of polar lines.

The residue integrals, being evaluated over a compact cycle, converge
for every . However, by uniqueness of meromorphic extension, the identi-

ties (5.25) and (5.26) hold. Hence

! ﬁl—l
Reso(ﬁ;x):&f M%,
palcoy 2Ptz

where f'(z) denotes the derivative of f(z) with respect to z. By applying this
formula repeatedly, we conclude that it is enough to show that each term of
f’(2) which corresponds to d; > f vanishes. Indeed, this term equals

B f dizl" " (2P dg
B2 Jeo

whose integrand has a zero at the origin of order d; — f; —1 = 0. The case that
B is resonant with respect to the other facet of A follows similarly. The van-
ishing Ress(B; x) of for non-polar resonant lines with respect to the other
facet I'; follows from a change of variables. O

zP2-1 z'

Remark 5.3.6. It is not clear if any further dependencies of the residue in-
tegrals exist at nonpolar resonant parameters. Thus, the implications of
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Proposition for extended Euler-Mellin integrals also remain unclear.
Computational evidence suggests that at nonpolar resonant parameters, the
analytic continuations of the extended Euler-Mellin integrals remain lin-
early independent. If such a statement was proven, the the stratification
induced by the resonant arrangement % 4 could be exchanged for the strat-
ification induced by the polar arrangement 4. O

5.3.2. Intersections of polar resonant lines. In this section, we explain the
behavior of extended Euler-Mellin integrals at parameters f that lie at the
intersection of two resonant lines, so that f is resonant with respect to both
faces of A, see Deﬁnition The subdivision of the resonant arrangement
into polar and nonpolar lines gives a natural subdivision of these parame-
ters into three cases.

At intersections of two nonpolar lines, and also at intersections of one
polar and one nonpolar line, the rank of H4(f) is Vol(A) = d. As discussed
in Remark it not clear how (or if) the extended Euler-Mellin integrals
form linear dependencies at such parameters.

Thus for now, we consider only the third case, when a parameter g is
contained in the intersection of two polar lines, which, in particular, in-
cludes all rank-jumping parameters. Associated to these two lines, respec-
tively, are the two finitely supported series as described in Theorem |5.3.3
Before we (possibly) remove unnecessary (vanishing) coefficients at the end
of the proof of Theorem[5.3.3} these two series are evaluations of the same
integral and therefore coincide. However, after removing such coefficients,
the resulting two series may or may not coincide. For § € Z2, this is decided
by whether or not § is rank-jumping.

Theorem 5.3.7. Suppose that B is at the intersection of two resonant lines,
both of which are contained in & 4.

i) IfB¢ 72 or B € &x, then the two solutions obtained in Theorem atp
are finitely supported and linearly independent.

ii) IfB € Z?\ &, then for x € (C"\ Z(D ), then the two solutions obtained in
Theorem/[5.3.3 at f coincide and equal a single finitely supported series.

If B € NA, [51, Lemma 3.4.10] (or [9, Proposition 1.1]) show that Hx ()
has a unique (up to multiplication by a constant) polynomial solution. By
Theorem/5.3.7} this solution is given by an extended Euler—Mellin integral.

Proof of Theorem[5.3.7, 1f ¢ Z?, then the series solutions (5.27) and (5.28)

of H4(B) have disjoint supports. In particular, they are linearly independent.

95



Figure 5.2: The left diagram shows 27, while the right shows &2, mimicking

Figure

To handle the case 8 € Z?, consider the matrix A = TA, where
d -1
T= .
[0 )
Since T € GL,(Q), it induces an isomorphism of A-hypergeometric systems

for any B e C%:
Ha(B) = Ha(y) wherey=Tp.

Figure[5.2)illustrates the change of coordinates induced by T on the param-
eter space. Let NA denote the monoid spanned by the columns of A.

With this notation, when § € 72 is contained in two lines of 24, consider
all quadruples (if any) 0 eNA|1< i, j < 2) such that, with y = TS, all of
the following hold:

5y =y1, 8y +6y% =y, 6220, (5.30)
8" =y2, 87 467 =11, 822 A0 (5.31)

The conditions and are necessary for the equations of the polar
lines containing f to appear in the coefficient of some term after the Euler—
Mellin integrals have been expanded either first over the face Iy, or first over
the face I'; respectively. From this, we immediately conclude that if there is
no quadruple (6*/ € NA |1 < i, j < 2) such that and hold, then
all extended Euler-Mellin integrals vanish.

Let us now show that when f € 72, all extended Euler-Mellin integrals
vanish at § if and only if § is rank-jumping for A. We first claim that, as
B € Z? is contained in the intersection of two lines in &, there exists a pair
(641 612) such that holds if and only if there exists a pair (6%1,6%2)
such that holds. To see this, recall that A = TAand y = TS, for T as
above, so f € NA if and only if y € NA. Further, by symmetry, it is enough
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to show that is equivalent to y € NA. Notice that each § € NA fulfills
that 6, + 02 € dl, for some [ € N. This implies that if § and & are such that
81 =61, then 8; = 82 + h(0,d)" for some h € Z. If (5V1,812) satisfies (5.30),
then 6}’1 =¥ and 6%’1 <v,. Hence, y = 61 + h(0,d)" for some h = 0. Since
(0,d)" € A, y € NA. Conversely, if y € NA, then because (d,0)" € A, 61 =y and
&, = (d,0)! satisfies (5.30). This establishes the proof of the claim.

From the above calculation, it also follows that the failure of is
equivalent to § belonging to (ZT'o + NA) \ NA. Similarly, the failure of
is equivalent to § belonging to (ZT"; + NA)\NA. Thus the desired conclusion
for B € 72\ &, follows from (5.22).

Finally, if 8 € &4, we must show that the two finitely supported solu-
tions recovered from and are linearly independent. Expressions
for the two Laurent polynomial solutions at rank-jumping parameters are
known from [9], and they are identified by the negative supports of their
monomials. One solution, which by necessity is obtained from (5.27), con-
tains negative powers only of x;. The other, by necessity is obtained from
(5.28), contains negative powers only of xy, establishing the result. O

5.3.3. The solution space of a projective toric curve. In this section, we
aim to prove Conjecture in the case when A represents a projective
toric curve. To complete the proof, we need the following result, which we
include without proof.

Theorem 5.3.8 (Matusevich). Let 8 € Z? be an integer parameter, and let V
be a small domain containing 3. Let U be as in Theorem Then, there
are series ®;(B; x), fori=1,...,Vol(A) — 1, that converge uniformly in U, such
that

i) each series is analytic in the variables f in V,

ii) for each B €V they span a subspace of the solution space Sol(Hx(B)) of
rank Vol(A) — 1, and

iii) no series solution of Hx(f) in their span has finite support.

Proof of Conjecture[5.0.8 in the case of a curve. Applying the methods of Sec-
tion5.2} it only remains to prove that the third claim holds at rank-jumping
parameters. By Theorem [5.3.7]we have two finitely supported solutions in
HA(B), each of which can be viewed as the restriction of a function that is
analytic along one of the resonant lines containing . We need only to show
that each of these two finitely supported solutions is not contained in the
linear span of the Vol(A)-many solutions obtained along the other resonant
line. However, this follows from Theorem[5.3.8] Indeed, we find that along
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each of the resonant lines there is a unique solution which is finitely sup-
ported at . O
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6. Discriminant amoebas

In [43], the amoeba of the principal A-determinant was related to domains
of convergence of hypergeometric series. The main result of that article is
that the amoeba of the principal A-determinant is solid. That is, that the
connected components of its complement is in a bijective relation with the
vertices of its Newton polytope (which equals the secondary polytope Z 4).

In [36], the coamoeba of the A-discriminant, in the case m = 2, was stud-
ied in relation to the zonotope Zp. On the one hand, by Theorem
this relates the coamoeba of the A-discriminant to domains of convergence
of Mellin-Barnes integrals. On the other hand, by the order map ordyp, this
relates the A-discriminant from to colopsidedness.

In this chapter, we will study the amoeba and coamoeba of the principal
A-determinant D 4 in relation to lopsidedness and colopsidedness respec-
tively, completing the picture of [43].

6.1 The amoebaof D,

Let f € CA. If, for each connected component E, of the complement of A we
are given a point 7, € Ej, then the coefficients s, of the tropical polynomial
defining the spine of A can be computed. However, to find such a set of
points is a highly nontrivial matter, and often includes ad hoc knowledge of
the spine. Let us consider instead the tropicalization of f, which in this text
denotes the tropical polynomial

trop(f) (1) = max (log|fal + (a,7)).
acA

Let us denote the tropical variety Zyop(trop(f)) by § = S¢. If we consider S
as a polyhedral cell complex in R”, then we can index each cell ¢ by the set of
elements a of A such that for each 7 € g the maximum of trop(f) is attained
by the monomial of index a. In this notation, a cell ¢ is full-dimensional
if and only if 0 = 0, for some singleton a € A. The dual triangulation of &
is the triangulation whose simplices are precisely the (convex hulls of the)
index sets of S.

In accordance with the previous notation we will denote by U, the set of
all f € C2 such that the complement of £ has a component of order a. The
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inclusion E, c E, implies that U, € Us,.
Proposition 6.1.1. The set E, is contained in the interior of the cell o, of S.

Proof. If | fale®™ > ¥ 5,1 fpleP™ then log| fal + (a,7) > log|fsl + (B, 7) for
each § # a. O

We will say that S is a pseudo-spine of the lopsided amoeba £, the pre-
fix being added as, in general, not all full dimensional cells of S contain a
component of the complement of £. The main theorem of this section is
the following.

Theorem 6.1.2. Let Log(f) € T4\ Ap, withLog(f) € E = E(T) for a coherent
triangulation T of N'. Then, Im(ord.) = vert(T).

The contour B = By of the amoeba A is defined as the image of the set of
critical points of Log, when restricted to the hypersurface Z(f). See [32] and
[46] a more detailed description of the contour and, e.g., [43] for the relation
to A-hypergeometric series.

Proposition 6.1.3. The set-valued map f — Im(ord) is locally constant out-
side of Log_1 (Bp).

Proof. It suffices to prove that for each a € A, the characteristic map of the
set Ea is locally constant outside of Log_1 (Bp).

If a is a vertex of A, then a € Im(ord,) for all f, hence there is nothing to
prove in this case. Assume now that a is an interior point of some face I' of
N. We first claim that holds at some point 7 if and only if there exists
an 1 € R” such that

|fa|e<a,‘rr) > Z |fﬁ|e<ﬁﬂ'r).
Bel'\a

The “only if” direction follows from choosing 7 = 7. For the “if” direction,
we need only to consider the case when T is a proper face of NV, in which
case there is a nonempty set of linearly independent vectors ..., 1 € Z",
such that § € T if and only if § minimizes {u;, B) over Aforeach j =1,...,k.
Let d;j(p) = (uj, B — a), so that there exists a j with d;(f) > 0 if and only if
B ¢ T. For any real number ¢, we find that

| fple T+l i)

, axk  diB)
|fb|e<‘ﬁ" ﬁ>e J=1 J )
xk tuj,a)
e—j=1""

which tends to 0 as t — —oo unless 8 € I'. Hence, as A is finite, by choosing ¢
sufficiently large and negative, we find that a fulfills attT =71r+t Z;?:l i
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The fact that the logarithmic Gauss map is a birational isomorphism
(28], the Horn—Kapranov parametrization, and the description of the con-
tour of the amoeba of A 41 given in [32] Lemma 4.3] and [46], implies that
the contour of the amoeba of A~ contains the image of the locus of all
real coefficients f € CA™ such that f has a singular point in R4™@ By re-
duction of variables, we only need to consider the case when AnT is of full
dimension. In this case, that a is an interior point of I' implies that the given
map is locally constant outside of the set of all f such that there exists a
7 € R" with

fale™¥ = 3 1 fgle™P

pel\a

and |fa|e<fy'a> < Z |f'3|e<?'ﬁ>,
pel\a

for each 7 in some small neighborhood of 7. Set f, = —|fal and fﬁ = | fpl for
B €T \a. It follows that f(z) is a real polynomial which has a singular point
in R", and hence

Log(f) = Log(f) € B, O

Proposition 6.1.4. Let E be a component of the complement of Ap, with re-
cession cone C = C(E). If Log(f) € int(EN C), then S is a spine of L, i.e., S is
a strong deformation retract of L.

Proof. We only have to show that if o = 0, is a full dimensional face of S,
then a e Im(ord,). If Log(f) € int(ENC), then so does r Log(f) foreach r = 1.
By Proposition[6.1.3} the image of the order map of the lopsided amoeba is
constant on each connected component of the complement of L. Hence,
it suffices to show the statement for some r. If there exists 7 € R” such that

Log|fal +(a,7) > rgg(Loglfﬁl +(B,1)),

then for r big enough we find that

f1e® > 3 1f51ePT,
p#a

which proves the proposition. O
It follows from (2.4) that the Newton polytope of A 4 is a Minkowski sum-
mand of the secondary polytope X 4. As noted in the introduction, the sec-

ondary polytope X 4 is closely related to the set of coherent triangulations of
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A. Let us describe this relation in some detail. Consider a triangulation T of
N, with vertices in A. The characteristic function ¢7: A — R is the function

pr@= ) Vol(x),

aevert(r)

where the sum is taken of all simplices 7 < T such that a is a vertex of 7.
Then, X 4 is the convex hull in R4 of the vectors @or(A) =(pr(@),...,pr@N))
as T runs over all triangulations of A/ with vertices in A. The vertices of £ 4
are precisely the points ¢ (A) given by coherent triangulations T [19, Theo-
rem 7.1.7b]. The normal cone of Z 4 at ¢ 7(A) consists of all linear forms ¥ on
R4 such that ¥ (p1(A)) = maxyes(a) ¥ (). This cone coincides with the cone
C(T) consisting of all functions ¢ : A — R such that the dual triangulation of
the tropical variety

trop(g) (1) = r;leaj(((p(a) +(1,a))

is T [19] Theorem 7.1.7c].

Proposition 6.1.5. Let E and C = C(E) be as in the previous proposition, and
let T be the (coherent) triangulation of N corresponding to E. If Log(f) €
int(ENC), then T is the dual triangulation of S.

Proof. If we denote the dual triangulation of S by T/, then the function
w: A — R4 given by a — Log(f,) belongs to the cone C(T’). Therefor, the
function y¥: R4 — R given by ¢ — (¢,Log(f)) attains its maximum at the
vertex ¢7/(A). Hence Log(f) is contained in the normal cone Ny, Z(A).
However, Log(f) is contained in the interior of the normal cone N, X (A)
by assumption, which implies that T = T'. O

Example 6.1.6. Both previous propositions fail if we replace the criterion
that Log(f) € int(E n C) by the criterion that Log(f) € E. For example, if
f(2) = 1+&z+ 22, so that Ag (&) = &2 — 4, then the complement of A has two
connected components, namely Ey = (—oo,log(2)) and E, = (log(2),00). The
former of these intervals is not contained in the corresponding recession
cone, given by (—oo,0). Thus, if log(¢) € (0,Log(2)), then S will have three
full-dimensional faces, while the complement of £ has only two connected
components. O

Proof of Theorem([6.1.2 Note first that En C is nonempty. If Log(f) € En
C, where C = C(E) is the recession cone of E, then Propositions and
m implies that Im(ord,) = vert(T). The general case now follows from
Proposition|[6.1.3 U
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Example 6.1.7. Consider the point configuration
1 1 111
A= 0 1 0 2 0|,
0 01 0 2
which is associated to the family polynomials of the (reduced) form
f(Zl,Zz) =14+z1+2 +61zf +ng§.
The principal A-determinant is given by

AB(&) = (46162 — &1 —¢2) (1 —4¢1) (1 - 4<8)).

Its amoeba can be seen in Figure where the full-dimensional set is the
amoeba of the A-discriminant. In each connected component of the com-
plement R?\ Ap, is the corresponding coherent triangulation of A. Note that
the set of connected components of R%\ A, is neither in a bijective corre-
spondence with triangulations of A, nor in a bijective correspondence with
vertex sets of such triangulations. O

AN N

N
UL

Figure 6.1: The amoeba of the principal A-determinant from Example
with corresponding triangulations of A.

6.2 The coamoebaof D,

In [36], L. Nilsson and M. Passare proved the following statement. Let A
be of codimension two, and let f € C4. Reduce f with respect to a Gale
dual B, and let ¢ be the coordinates of C, so that Arg(¢) = Arg(f)B. Then,
counting on the one hand the number of points of the affine lattice Arg(¢) +
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2rLp contained in the interior of the zonotope Zg, and on the other hand
the (finite) number of preimages over Arg(¢) in the discriminantal variety
Z(Ap), these two integers sums up to Vol(A). However, it should be noted
that they prove this granted some generically satisfied conditions, i.e., under
the assumption that A is not dual defect. Removing this assumption, the
statement is not true.

Example 6.2.1. If Ais a pyramid, i.e., if there is a strict face I' c N contain-
ing all but one element a of A, then A, = 1. In this case, b, = 0. Hence, the
zonotope Zp does not depend on b,. Deleting the row b, from B we obtain
a Gale dual of the point configuration AnT. Notice that AnT is of codi-
mension 2 as a subset of Z’*~!. In particular, the Nilsson—Passare theorem is
applicable to ANT. Hence, Zp need not cover T2. Furthermore, the fiber in
the variety Z(D 4) over a point 6 € A 4 is not finite, since the Newton poly-
tope of ANT is not of full dimension in Z". Hence, in general, we cannot
count multiplicities as in [36]. O

In [44], the Nilsson—Passare theorem was reproved with a different ap-
proach. Starting from the matrix B, they defined the variety Z(Ap) in ques-
tion through the Horn-Kapranov parametrization (2.8). Our suggestion is
that one should instead focus on the principal A-determinant. If, for exam-
ple, A4 =1, then the relevant information is contained in the factors of D4
that correspond to strict faces of A. Notice that the criterion that Ay = 1 is
not equivalent to the criterion, appearing in loc. sit., that B has parallel rows.
See, for example, any Gale dual of the point configuration A from Example
The following two theorems provide a weaker version of the Nilsson—
Passare theorem. For the latter statement we have only obtained a complete
proofin the case n =1.

Theorem 6.2.2. Assume that B is a Gale dual of A, and that f is such that the
setint(Zp) N (Arg(f)B+2nLp) is of cardinality Vol(A). Then Arg(f) € TA\Cp.

Theorem 6.2.3. Assume thatn =1. Let f € C4, and assume that Arg(f) €
TA \Cp. Let B be a Gale dual of A. Then, the set int(Zp) N (Arg(f)B+2nLp) is
of cardinality Vol(A).

Before we turn to the proofs of Theorems and|6.2.3] let us give the
Nilsson—Passare theorem for principal A-determinants.

Lemma 6.2.4. We have that H(Dg) = pr,,(0Zp), where pr,,,: R — T de-
notes the natural projection.

Proof. Assume that 8 belongs to some facet I' of the zonotope Zg. Then
there is a rational linear transformation T, and a rational (n+1) x (n+1)-
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matrix Bj, such that

B=MT= ( 5 ) T,
Im
where I, is the m x m identity matrix, and where I" has the normal vector
T le,,, see (B.11). Thus, O belongs to the boundary of the zonotope Zp/,
where B’ is the Gale dual of the point configuration defined by removing all
elements a € A such that the row of M corresponding to a has vanishing mth
coordinate. As B’ is a column vector, it is the Gale dual of a subcircuit of A
(of dimension two less than the number of rows of M with nonvanishing last
coordinate). However, the edges of Z 4 correspond to subconfigurations, of
some dimension, that has exactly two triangulations. Hence, they are pre-
cisely the set of subcircuits of A. O

Theorem 6.2.5 (Nilsson—Passare theorem for D). If A is of codimension two,
then the set int(Zp) N (Arg(f)B + 2172 isi)fcardinalily Vol(A) if and only if
Arg(f) is contained in the complement of Cp.

Proof. If A4 # 1, then Aisnotapyramid, and hence each strict face of Ais at
most a circuit. Hence, the theorem follows from the usual Nilsson—Passare
theorem and Lemmal6.2.4in this case.

Assume now that A4 = 1. It was shown in [11] that, if i = 1, then B can
be subdivided into sets of parallel rows such that each family sums to zero
individually. This implies that all vertices of the zonotope Zp are contained
in 2772, Furthermore, a classical formula for the area of a zonotope, [53],
yields that

Area(Zp) =4n° ) |det(ba,,ba,)| = 47 Vol(A),
i<j
where the last equality is contained in [11] (see also [36, Theorem 3]). These
two facts implies that the zonotope Zp covers the torus T? precisely Vol(A)-
many times. O

Proof of Theorem[6.2.2 By assumption, there is a Mellin-Barnes basis of so-
lutions for totally non-resonant parameters. In particular, for totally non-
resonant parameters, there is no A-hypergeometric function with singular-
ities in Arg™!(f), as the Mellin-Barnes integrals converges and defines ana-
lytic functions in this domain. However, the singular locus Z(D 4) of Ha(8)
is is independent of B [20; 21]. Hence, Arg(f) € T4\ Cp. Since the number of
points of the affine lattice Arg(f) B+27Z™ contained in the zonotope Zp is a
lower semi-continuous function of f, we conclude that Arg(f) e TA\Cp. O

To prove Theorem [6.2.3| we will introduce further notation. Let us con-
sider the affine situation, i.e., we consider any phase to be an element of R.
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For a pair of distinct elements {a;,a;} < A, choose { (i)'j € R as some argument
such that f;(0) and fj(H) are antipodal for 6 = ( 6’] . Define

2nk
la; —aj]

i,j i,j
(kj :col +

so that {¢ ;c] }eez is the set of all points such that f;(0) and fj (0) are antipodal,
with the ordering induced by the index set Z in agreement with the ordering
inherited from R. For any fix 8 € R, we define

V=i o =min{c) 1)) 20},
and {17 =¢hi(0) =max{¢/1¢57 <0}
Lemma6.2.6. Let A = {ag,a;,ay}, with the coordinates of f (@) counter-clock-

wise ordered as fy(0), f1(0), /(0) in S'  C. Assume that f is not colopsided
atf.

i) If ag <ay <ay, then f is not colopsided in [{*?, 0].
ii) If ag < ap <ay, then f is not colopsided in [0, {%].

Proof. Let 0(t) = 6 + ¢, and let 0 (¢) denote the (smallest) intermediate
angle of the points fj(e(t)) and fi(0(1). Then, IO}k(t)l = |lag —aj|. The
two parts of the lemma follows from that non-colopsidedness ensures that
7 —60p2 <min(fyy,012) and that 7 — 01 < min(fgy, 612) respectively. O

Figure 6.2: Lemma i: decreasing 6, the intermediate angle 0y, is the only
one increasing. Non-colopsidedness, i.e. that f>(8) lies between the dotted
half-lines, ensures that 6y, will reach 7 before 8y; decrease to 0.

Proof of Theorem[6.2.3, Assume that Arg(f) € T\ C». We will give an ele-
mentary proof by induction over m. To spare space we note that the cases
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m =1 and m = 2 are solved by Lemma and by the Nilsson—Passare the-
orem respectively. We can assume that

1 1 ... 1

A=
0 a; ... Apm+1

where 0 = min(a,) and a,;,+; = max(ax). Define

IZI,KZ _ [(1121«2, (1121’1‘2], kez. (6.1)

If the coefficients fi, ..., fi; are sufficiently small in moduli, then the ze-
ros of f(z) will have arguments close to the numbers %m 1 Thus, by conti-

nuity of roots, we find that T4\ D has at most one connected component in
the interior of each interval I,S’m *1 and we need to show that it has exactly
one component in each such interval.

That Arg(f) € TA\C, implies that Arg(fz) € T#\C,, for eachx = 0,..., m+
1. In particular, with k fixed, it follows from the induction hypothesis that
for each ¥ = 1,..., m there is an open subinterval I; c 12,m+1 in which f;
is colopsided, and furthermore there is a subinterval ]’c"“ c Ig’m in which
[ is colopsided.

Fix an integer k, and consider the interval . Assume that the end-
point 8 of Ili is minimal among the set of endpoints of the intervals I} for
x = 1,...,m. Notice that 0 = C']iz”(f’ for some x,,x3 # 1. The index x = 1
need not be unique with this property. We can assume that arg, (fi,(0)) =0,
that arg, (fi,(0)) = m, and that 3( £ (@) = 0 fore each x # 1. There cannot
be a third component of f (8) contained in R, for any choice of three ele-
ments of A defines a circuit, whence it would follow from Lemmal6.2.4] that
Arg(f) € E(A aA). Hence, it suffices to show that 3( fl (8)) = 0, as this implies
that S(f1(0)) > 0, which in turn implies that f is colopsided at 0 — ¢ for ¢
sufficiently small and positive.

If there is some « ¢ {0, 1,x2,x3, m + 1}, then by minimality, 8 is also the
endpoint for Iz, which in turn implies that ( fl (@) > 0. The only case in
which this does not occur, is when m = 3 (so that m +1 = 4) and x3,k3 €
{0,4}. We will consider this case separately, still under the assumptions of
the induction hypothesis, writing x, =2 and k3 = 3.

Let us initially impose the further assumption that

0,m+1
Ik

0=arg, (f(0)) < arg, (fo(0)) < arg, (f1(0)) < arg,(f3(0)) = 7.

It follows that a3 > ay, as 0 is the endpoint of I;. Assuming that 3( ﬁ @) <0,
there are three cases.
Case 1: Consider the case that

arg (—f1(0)) € [arg, (/(0)), arg, (fo(0))] = [0, arg, (fo(8))].
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Then f; is not colopsided at 8. Thus, by minimality of 8, we find that f; is
colopsided for some 6 > @ in the interval 12’4.

If a; > ap, then Lemma ii applied to {0,a;,a,} implies that f; is not
colopsided in the interval [0,(}']. 1f {2' = ¢%*, this implies that f; is not
colopsided in the interval [0,(%*]. 1f ¢3! < ¢%*, then Lemma ii applied
to {0,a;,a4} at { ‘11 implies that f; is not colopsided in the interval [{ ‘11,( 9;4],
again implying that f; is not colopsided in the interval [6,¢%*]. However,
this contradicts the existence of 6.

Thus, we must have that a, > a;. Since ag > ay, Lemma|6.2.6]ii applied
to {0,a,, a3} implies that f; is not colopsided in the interval [6,(]. Further-
more, Lemma(6.2.6}i applied to {0,a;,a,} yields that fj is not colopsided in
[¢%2,6]. Since a3 > ap, we have that

arg, (fS (((1’2)) < argﬂ(f‘o (CQ,Z))

Hence, applying Lemmaii to {0,ay, a3} at (%% shows that fiisnot colop-
sided in [¢%3, (*2]. All in all, we conclude that f; is never colopsided in the
interval [{ 03, 4 3’3] = 12'3, a contradiction.

Case 2: Consider now when

arg, (- f1(0)) € [arg, (fo(0)), arg, (f1(8))].

Then f; is not colopsided at 6. Hence, since 6 was minimal, it has to be
colopsided for some larger 6 > 0 in 12’4. However, Lemma i applied to

{0,a;,a,4} shows that f; is not colopsided in the interval [6, {}*], a contradic-
tion since ¢ 9;4 is the endpoint of 12’4.
Case 3: The case

arg, (- 10)) € [arg, (f1(0)), arg, (f3(0))]

is similar to Case 1.
Finally, the situation

0=arg, (f»(0)) < arg, (f1(0)) < arg, (fo(0)) <arg, (30) =n

is shown analogously, with the only difference that one should consider fj
instead of f; in cases 1 and 3. All in all, we conclude that 3(f;(6)) = 0, which
finishes the induction step in this special case. O
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7. Descartes pairs

In what follows we consider real univariate polynomials with non-vanishing
coefficients. The famous Descartes’ rule of signs claims that the number
of positive roots of such a polynomial does not exceed the number of sign
changes in its sequence of coefficients. An arbitrary ordered sequence o =
(00,01,...,04) € {% 1}9+1 s called a sign pattern. Given a sign pattern o, we
call by its Descartes pair (ps, ng) the pair of non-negative integers count-
ing sign changes and sign preservations of 0. We have that p; + ns = d.
The Descartes pair of o gives the respective upper bounds on the number
of positive and negative roots of any polynomial of degree d whose signs of
coefficients are given by o.

To any polynomial f(z) we associate the pair (pfr, ny) giving the num-
bers of its positive and negative roots, counted with multiplicities. Then,
(pf, ny) satisfies the restrictions

Pf<Po, Pf=ps mod2, ng<ns, and ng=n, mod2. (7.1)

We call pairs (p, n) satisfying admissible for o. In general, given a sign
pattern o, not all of its admissible pairs are realizable by polynomials f with
sign pattern sgn(f) = o.

Problem 7.0.7. For a given sign pattern o, which admissible pairs (p, n) are
realizable by polynomials f such that sgn(f) = o?

In this section we will denote by Pol,; the (affine) space of all real monic
univariate polynomials of degree d. We define the standard real discrimi-
nant A4 < Poly as the subset of all polynomials having a real multiple root.
Detailed information about a natural stratification of A; can be found in,
e.g., [52]. Ttis awell-known and simple fact that Pol; \A; consists of |d/2] +1
components distinguished by the number of real simple roots. Moreover,
each such component is contractible. Strangely enough analogous state-
ments in the case when one imposes additional restrictions on the signs of
coefficients seems to be unknown.

To formulate our results we need to introduce some notation. For any
pair (d, k) of non-negative integers with

d=k and d-k=0 mod2, (7.2)
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denote by Pol i, the set of all real polynomials of degree d with k real simple
roots. Denote by Pol’ < Pol; the set (orthant) of all polynomials f € Poly
with sign pattern sgn(f) = 0. Finally, set Poly, , = Poly x nPolj. We have the
natural action of Zg on the space of polynomials and on the set of all sign
patterns. It is generated by

f(@)——-f(2), f(@— f(-2), and f(z)— z9f(1/2).

We will refer to this action as the standard action. The properties we will
study below are invariant under the standard action.
We start with the following simple result.

Theorem 7.0.8. We have the following characterization of when the setPol?
is nonempty.

i) Ifd is even, then Pol‘;’0 is nonempty ifand only ifoy =0 4.

ii) For any pair of positive integers (d, k) fulfilling and any sign pattern
o, the set Polj, , is nonempty.

Observe that in general, the intersection Polj, 4% 1s not necessarily con-
nected. The total number k of real zeros can be distributed between p pos-
itive and n negative in different ways satisfying (7.1). See examples below.
On the other hand, some concrete intersections have to be connected. In
particular, the following holds.

Theorem 7.0.9. We have the following results concerning when the set Pol?
is contractible.

i) Foranyd and o, the sets Polgy 4 and Polgl0 are contractible. (The latter is
empty for d odd.)

it) For the sign pattern + = (+,+,...,+) consisting of all pluses, the intersec-
tion Pol}; . is contractible for any (d, k) fulfilling (7:2).

In addition, we provide the following result concerning the connected-
ness of the sets Pol7, ,..

Theorem 7.0.10. For any sign pattern o and integer k, the union

Pol .. = U Poly,, (7.3)

m=k

is simply connected.
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While working on the project, we noticed a recent paper [2] dealing with
the same problem and giving complete description of non-realizable pat-
terns and pairs (p, n) for polynomials up to degree 6. This paper contains
interesting historical material as well as references [3; 22] to the earlier re-
search in this topic. The main result of [2] is as follows.

Theorem 7.0.11. In degree d < 6, the only nonrealizable pairs of a sign pat-
tern o and a Descartes pair (p, n) are those appearing in Table[7.1] In partic-
ular, in degree d < 3, all admissible pairs are realizable.

Trying to extend Theorem|[7.0.11, we obtained a computer-aided classi-
fication of all non-realizable sign patterns and pairs for d = 7 and almost all
for d = 8, see below.

Theorem 7.0.12. For d =7, among the 1472 possible combinations of a sign
pattern and a pair (up to the standard Zg -action), there exist exactly 6 which
are non-realizable. They are listed in Table[7.1]

Theorem 7.0.13. For d = 8, among the 3648 possible combinations of a sign
pattern and a pair (up to the standard Zg-action), there exist 13 which are
known to be non-realizable. They are listed in Table[7.1]

Remark 7.0.14. For d = 8, there exist 7 (up to the standard Zg-action) com-
binations of a sign pattern and a pair for which it is unknown whether they
are realizable or not. They are listed in Table[7.2] O

Based on the above results, we formulate the following conjecture.

Conjecture 7.0.15. For an arbitrary sign pattern o, the only type of pairs
(p, n) which can be non-realizable has either p or n vanishing.

Rephrasing the above conjecture, we say that the only phenomenon im-
plying non-realizability is that "real roots on one half-axis force real roots on
the other half-axis". At the moment this conjecture is verified by computer-
aided methods up to d = 10.

7.1 Realizability

In this subsection we will prove a number of results concerning realizabil-
ity of Descartes pairs (p, n), including Theorems [7.0.12|and [7.0.13] We will
begin with a class of pairs whose realizability is implied by the lopsidedness
criterion.
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Degree Sign pattern Descartes pairs

4 + - - - 0,2)

5 + - - - 0,3)

6 + - - - (0,2) and (0,4)
P (0,4)
P 0,2)

7 + - - - (0,3) and (0,5)
+ - - - (0,5)

+ + - - 0,5)
+ - - - (0,5)
oo - 0,3)
8 + - - - (0,2), (0,4), and (0,6)
+ - - - (0,6)
+ o+ - - (0,6)
+ - - - (0,6)
+ - - - (0,6)
+ - - - (0,2) and (0,4)
+ - - - (0,2) and (0,4)
+ - - - 0,2)
+ -+ - 0,2)
Table 7.1: Nonrealizable Descartes pairs in degree d < 8.



Degree Sign pattern Descartes pairs

8 + - - o+ - - - - 4 0,4)
+ o+ o+ - - - -+ ¥ (0,6)
+ o+ - - - - - -+ 0,4)
+ - - - -+ 4+ -+ (0,4)
o+ - - - -4 g (0,4)
¥ - - - -+ -+ o+ (0,4) and (4,0)

Table 7.2: Descartes pairs in degree d = 8 for which it is unknown whether they
are realizable or not.

Lemma 7.1.1. For a given sign pattern o consider all possible sign patterns
0 obtained from o by removing an arbitrary subset of its entries except for the
first and the last. (On the level of polynomials this corresponds to requiring
that the corresponding coefficient vanishes.) For any such &, let (p, i) be its
Descartes’ pair, i.e., the number of its sign changes and the number of sign
changes of the coefficients of f(—z). Then (p, n) is realizable for o.

Proof. A sign-independently real-rooted polynomialis a real univariate poly-
nomial such that it has only real roots and the same holds for an arbitrary
sign change of its coefficients, see [42]. A polynomial is sign-independently
real rooted if and only if for each monomial k, the lopsidedness criterion
is fulfilled for k and at z; € R;. Let f(z) be a sign-independently real-
rooted polynomial with the given sign pattern o. For each 7, let g(z) denote
the polynomial obtained by deleting those monomials from f(z) which cor-
respond to components of o deleted when constructing ¢. Clearly the in-
equality holds also for g(z), since we are removing monomials from its
right-hand side. Therefore, the sign of g(z) at z = z; equals that of xkz’,g.
Since zp < z; < --- < z4, we conclude that g(z) has at least p sign changes
in Ry. Similarly, we find that g(z) has at least 7 sign changes in R_. Fur-
thermore, by Descartes’ rule of signs, this is the maximal number of positive
and negative roots respectively of g(z). Hence, this is the number of positive
and negative roots of g(z), and in particular each such root is of order one.
Therefore, a perturbation of the coefficients does not change the number of
real roots. Finally, by arbitrary small perturbations of the vanishing coeffi-
cients of g(z), we can construct a polynomial with the sign pattern o. O

Next, we consider how realizable pairs for sign patterns o and ¢ yields
realizable pairs for a concatenation of o and G.
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Lemma 7.1.2 (Concatenation Lemma). Take polynomials

dl d2
f@=Y xxz* and g2)=) yiz*
k=0 k=0

of degrees dy and d; respectively and with non-vanishing coefficients. Assume
that their sign patterns o and & are such that 6o = 0 4,, and that they realize
the pairs (p, n) and (p, ii). Then, for e > 0 small enough, either the polynomial

1 di—1 d
h(z) = ( Z Xr 2 )+zd1+—(z Vi (€2) )

Xdy k=0 Yo \k=1

or the polynomial — h(z) realizes the pair (p + p, n + n) for the sign pattern
(0'0,...,0',11,51,...,52). (7.4)

Proof. We can assume that o4, = 0¢ = 1, in which case the polynomial h(z)
has the sign sequence (7.4) for all € > 0. Notice that, pointwise (and uni-
formly on compact subsets),

h()—>m €—0, and edlh(z/e)—’@r €—0.

Xa, Yo
Therefore, for € sufficiently small, & has at least p + p positive roots, and at
least n + 71 negative roots.

It remains to show that for € small enough, the number of non-real roots
of h(z) is equal to the sum of the number of non-real roots of f and g. By
continuity of roots, for each neighborhood N, of a non-real root w of f of
multiplicity m,,, there is a t = t(w) > 0 such that h(z) has m,, roots in Ny,
if € < t(w). Similarly, for each neighborhood Ny of a non-real root i of
g of multiplicity my there is a t = #(i) > 0 such that h(z/€) has my roots
in Ng. This implies that h(z) has mg roots in the dilated set e Ny, for € <
t(iv). For each non-real root w of f, choose its neighborhood N,, such that
all N,’s are pairwise disjoint and do not intersect the real axis. Choose the
neighborhoods Ny of the non-real roots w of g similarly. If f and g has
a common non-real root, then we cannot choose the neighborhoods N,,’s
and Ny’s as above so that N, is disjoint from Ny for every pair w and .
However, for € sufficiently small, the dilated sets e Ny are disjoint from Ny,
for any pair w and . Indeed, since the open sets N,, do not meet R, there
is a neighborhood Nj of the origin disjoint from each N,,; and for € small
enough we have that e Ny < Ny, implying the latter claim.

The fact that Ny NR = @, implies that e Ny NR = @ as well. Therefore, we
can conclude that, for € small enough, all roots of h(z) contained in any of
the sets e N or Ny, are non-real, which finishes the proof. O
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Let us, as a first application of the above lemmas, give a proposition with

a flavor of Conjecture(7.0.15

Proposition 7.1.3. Given an arbitrary sign pattern o, any of its admissible
pair (p, n) satisfying the criterion that

. d-4
min(p, n) > \‘TJ

is realizable.

Proof. Notice first that, if d < 3, then | (d —4)/3] < 0. Thus we claim that any
admissible pair is realizable in this case, which follows from Theorem|7.0.11
For arbitrary d, let us decompose o in the following manner. Let

d-4
Tk:(03k+1,...,0'3k+4), ]CZO,..., T ,

where we use slight abuse of notation as the last pattern is not necessarily of
length four. Then, for each 7, the admissible pairs are among the pairs

(1,0),(1,2),(3,0),(0,1),(2,1), and, (0,3),

and for each 7 all admissible pairs are realizable as 7 is of length at most
four, and hence correspond to the case d < 3.

For each 1, associate initially an admissible pair u©; = (1,0) or ux = (0,1)
depending on whether 7; admits an odd number of positive roots and an
even number of negative roots, or vice versa. By assumption,

Zuks (p,n)
k

(where the inequality should be understood componentwise). If this is not
an equality, then the difference is of the form (2a,2b), where a+ b < |(d -
4)/3], since the original pair (p, n) is admissible. Define

v =ur+ (2,0, k=0,...,a-1,
vp=ur+(00,2), k=a,...,a+b-1,
Vi = Uy, k=a+b,...,[(d-4)/3].

Then, v is an admissible pair for 74, and in addition
Y vk =(p,n).
k

Applying Lemma repeatedly to the patterns 7, we can conclude Propo-
sition[Z.1.3] O
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Proposition 7.1.4 (Kostov’s Lemma). Consider a sign pattern o consisting of
a consecutive pluses followed by b consecutive minuses and then by ¢ consec-
utive pluses, wherea+b+c=d+1. Then

i) for the pair (0,d —2), this sign pattern is not realizable if

d-a-1 d-c-1
= . >
a c

K 4; (7.5)

ii) any admissible pair of the form (2, n), with n > 0, is realizable.
iii) ifd is even, then (2,0) is realizable if and only if o = —1 for some odd k.

Remark 7.1.5. Inequality provides only sufficient conditions for non-
realizability of the pattern o with the pair (0, d —2). One can ask how sharp
this condition is. At the moment we do not have examples with violated
when the pair (0, d — 2) is not realizable. O

Proof of Proposition[7.1.4 To prove the first claim, we show that the three-
part sign pattern o satistfying the assumptions of the proposition is not real-
izable by a polynomial f(z) having d —2 negative and a double positive root.
By a linear change of z the latter can be assumed to be equal to 1, that is
f(z)= (22 -2z + 1)g(z), where

g(2)= 2972 4 xlzd_3 + X4 0.

Here, x; > 0 since the factor g(z) has d —2 negative roots. The coefficients of
f(z) are equal to

1, x1-2, x-2x1+1, ...,

Xd-2—2Xg-3+Xg-4, —2X4-2+X4-3, Xq-2.
We want to show that it is impossible to have both inequalities:

Xq—2Xgq-1+Xq-2<0 (7.6)

and  Xg4p-1—2Xa+p-2+ Xa+b-3 <0 (7.7

satisfied.

Consider a polynomial having d — 2 negative roots and a complex con-
jugate pair. If the polynomial has at least one negative coefficient, then its
factor having complex roots must be of the form z2 — 28z + 2 + y, where
B >0and y > 0. A linear change of variables brings the polynomial to the
form

h(z) = (z° -2z +1+0)g(2),
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for some 6 > 0. The coefficients of h(z) are obtained from that of f(z) by
adding the ones of the polynomial § g(z). If inequality fails, then the co-
efficient of 240+ in Q(z) is positive (it equals Xg4p—1 —2Xas+ b2 + Xas+b—3 +
0X4+p+1 > 0). So the sign pattern of h(z) is different from o. If inequality
holds, then inequality fails and the coefficient of z4~% in h(z) is
non-negative, so that h(z) does not have the sign pattern o.

The polynomial g(z), having all roots negative and real, its coefficients
satisfy the Newton inequalities:

2
X Xp—1X
k - k—14k+1

(¢ (FDE

Here,
— (d;Z)(az;ES) _ d—a-1 ) d-—c-1
EIG - @ e
a-1)\a+b-2

Le., XgXg+p-3 = KXq-1X4+p—2- Inequalities (7.6) and (7.7) imply respectively
Xqg<2Xg-1 and Xgip-3<2Xgip-2-

Thus X4 X4 p-3 = KXg-1Xg+b—2 > KXgXa+p—3/4, which is a contradiction since
K =4 by assumption.

To prove the second and third claim, we use Lemma Firstly, con-
sider the sign pattern ¢ obtained by keeping only the constant and leading
terms and, in addition, one terms with negative coefficient. By assumption,
we can choose the latter term such that the pair (7, 1) related to & (in the no-
tation of Lemma is of the form (2, 77), where n and 7 are of equal parity
and 71 < n. Adding any further terms to 6 does not alter the number of pos-
itive roots p. However, adding a single term to sigma, either 7i is unaltered,
or it is increased by two. Since 7i < n, we can add terms until eventually we
have equality, implying realizability by Lemmal[7.1.1} O

Turning towards Theorem|7.0.12} we have the followinglemma concern-
ing odd degrees.

Lemma 7.1.6. Let d be odd. Consider a sign pattern o such that
i) op=04=+1,
ii) all other entries at even positions are —1,
iii) there is at most one sign change in the group of signs at odd positions.

Then, of all admissible pairs (0, s), only (0,1) is realizable.
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Proof. Let us decompose a polynomial f(z) with the sign pattern o as the
sum of the polynomials f,(z) and f.(z), containing only odd respectively
even monomials. Then, each of f, f, and f have exactly one positive root,
which we denote by z,, z,, respectively z,. We first claim that z|, < z, < z.

To prove the claim, assume initially that z, < z,. Then both f, and f, are
non-positive on the interval [z,, z,]. Therefore, also f(z) is non-positive on
the same interval, which contradicts to the assumption that f(z) is positive
for all positive z.

We now prove that zf, < z,. Present f,(z) as a sum f; (2) = f, (2), where
fo (2) is the sum of all odd degree monomials with positive coefficients and
[, (2) is the negative of the sum of all odd degree monomials with negative
coefficients. Observe that the degree of the smallest monomial in f,; (2) is
larger than 6 = deg f,,; by assumption. If f,(z) =0, i.e., z = z, then

N @ >8f (@2 6f,,2 > (f;) (),

which implies that f;(z) > 0, and hence z, > z,,.

Finally, we show that f(z) has at most one negative root. Consider the
interval [0, z,]. Since z, > z,,, we have that f,(z) > 0in [0, z,]. Additionally,
fo(2) is non-positive in this interval, implying that f(-z) = f.(2) — fo(2) is
positive in the interval [0, z,]. In the interval [zg, +00), the polynomial f(;(z)
is positive which together with the fact that f;(z) is negative implies that
f'(-=2) = fi(2) - f}(2) is negative. Thus, being positive in [0, z,] and mono-
tone decreasing to —oo in [z}, +00), we conclude that f(—z) necessarily has
exactly one positive root. O

Lemma 7.1.7. Let o be a sign sequence such that oy = 0 4. Assume that it is
possible to delete components of o, other than the constant and leading term,
so that the obtained sequence & (in the notation of Lemmal(7.1.1) has length
four and fulfills that

i) G has two sign changes

ii) theflip of G (i.e., the sign sequence obtained by f(z) — f(—z)) has three
sign changes.

(Notice that d is necessarily odd.) Then, the pair (0, 3) is realizable for sigma.

Proof. The assumptions is, after applying the standard action, equal to that
we can delete terms of a polynomial f(z) with sign sequence sgn(f) =o toa
polynomial

f(z) =x0—X42% + xbzb + xdzd,
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where a and b are even and each x; is positive. Choose xy, x,, and x;, so
that the auxiliary polynomial xy — x,z% + x;,z” has a positive root of multi-
plicity two. Then, with x; sufficiently small, we obtain a polynomial with no
positive roots and three negative roots. By Descartes’ rule of sign, there are
at most three negative roots. Hence, all real roots are simple, implying that
small perturbations of the vanishing coefficients does not alter the number
of real roots. O

Proof of Theorem|[7.0.12, The fact that the patterns given in degree 7 in Table
7.1] are non-realizable follows from Proposition and Lemma It
remains to show that all other admissible patterns and pairs are realizable.

Using Lemma and a Mathematica script, E]the question is reduced
to checking the cases:

Sign pattern Pair
- - -+ o+ o+ - (1,4)
(0,5)
(0,5)
0,3)
0,3)
0,3)
0,3)
(0,3)

The realizability of the first four cases follows from Lemma [7.1.2} by con-
catenation of the following realizable patterns and pairs;

+
+

+ +
+ +

-+ - - -+
+

+ + 4+ + + + +

+ - o+ - - -

+ 4+ + + + + +

+ - o+ + - - -

(+; ) _)v (1» 1) and (_) -+t T, _)) (0)3))

(+v +)) (0) 1) and (+) + ===+ +)r (074);
(+; +)y (O» 1) and (+) L T S +)) (0)4):
(+’ T +)’ (Oy?’) and (+’ T TH T +)’ (070)

The realizability of the remaining four cases follows from Lemmal7.1.7} delet-
ing all monomials except those with indices {0,4,6,7} in the first two cases
and {0,3,5, 7} in the last two cases. O

We have the following version of Lemmal[7.1.6/for even degrees.
Proposition 7.1.8. For d even, consider a sign pattern o such that
i) op=04=+1,
ii) the signs of all odd monomials are +1,

l1Which, as of this writing, is not available on the author’s website.
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iii) among the remaining signs of even monomials there are a = 1 minuses
(at arbitrary positions).

Then, the pairs (p,0) with p > 0, and only they, are non-realizable.

Proof. Firstly, to see that no pairs (p,0) with p = 0 is realizable for o, note
that f(-z) < f(z), that f(0) > 0, and that f(z) — oo as z — oco. Hence, if f(z)
has a positive root, then it has a negative root.

To prove realizability for any other pair (p, n), let us first prove that of
0 is a sign pattern for even degree such that minuses appear only for odd
monomials, then all admissible pairs are realizable. Indeed, this follows by
induction on the degree using Lemma[7.1.2} we view & as the concatenation
of the sequence 1, consisting of its first three entries, and 7, consisting of all
but the first two entries.

Now, let (p, n) be an admissible pair for o such that n = 2. Then, the pair
(p, n—2) is realizable for the sign pattern ¢ obtained from o by deleting the
first and the last entry. Using Lemma|7.1.2} concatenating once from the left
and once from the right with the sign pattern (+, +), we conclude that (p, n)
is realizable. O

Proof of Theorem|[7.0.13] The fact that the patterns given in degree 8 in Table
[7.1] are non-realizable follows from Proposition and Lemma It
remains to show that all other admissible patterns, except those appearing
in Table[7.2} are realizable.

Using Lemma and the above mentioned Mathematica script this
reduces to checking 22 distinct pairs of a sign sequence and a Descartes pair.
We refer from writing them all explicitly. As in the proof of Theorem
we now apply Lemmal(/.1.2} which reduces seven cases consisting of the six
cases in Table[7.2land the additional case

(+» - ==+t +t= +) and (0r4)-
To see that this pair is realizable, consider a polynomial

f(Z) =X0— .)CzZ2 + X4Z4 - x626 + ngﬁ,
with each x; positive and such that f(z) has two distinct positive roots of
order two. Adding the monomial z° with a positive coefficient that is suf-
ficiently small, we obtain a polynomial that has no positive roots but four

negative real simple roots. Now perturb the vanishing coefficients. O
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7.2 Contractibility

We now turn to the statements concerning connectedness and contractibil-
ity of the sets Pol, ,..

Proof of Theorem|[7.0.8 To prove the first claim, note first that Descartes’
rule of signs implies necessity. Conversely, of 09 = 04, let  be the sign pat-
tern obtained by deleting all other entries of o, and apply Lemms|7.1.1

To prove the second claim, let us begin with the case k = 1. Then, d
is necessarily odd, and the same construction as in the case k = 0, using
Lemmal(7.1.1} gives realizability of either (0,1) or (1,0).

To prove the general case, let us use induction over d, with the case k =1
as the basis of the induction. That is, let k > 1. Let ¢ be the sign pattern
obtained by deleting the last entry of o, for which there is a polynomial re-
alizing & with k — 1 real roots by the induction hypothesis. Let 6 be the sign
patter consisting of the last two entries of 0. The, Lemma([7.1.2)implies that
we can construct a polynomial with sign pattern o and k real roots by con-
catenation of o and 6. O

To prove Proposition[7.0.9) we need the following lemma having an in-
dependent interest.

Lemma 7.2.1. Foranyd, the intersection Pol); , is path-connected.

Proof. Recall that a real polynomial f(z) is called sign-independently real-
rooted if every polynomial obtained from f(z) by an arbitrary sign change
of its coefficients is real-rooted. It is shown in [42] that the logarithmic im-
age of the set of all sign-independently real-rooted polynomials is convex.
Hence the set of all sign-independently real-rooted polynomials itself is log-
arithmically convex and in particular, it is path-connected. As noted earlier,
sign independent real-rootedness is equivalent to that for all k there exists a
real point z; such that holds.

Using induction on the degree d, we will now prove that, for any poly-
nomial f € Polg, o thereis a path £ — f; such that

1) fO = f)
ii) fi is sign-independently real-rooted, and
iii) fre Polg,d forall t=1[0,1].

Since the set consisting of all sign-independently real-rooted polynomials is
path-connected, this claim settles Lemma The case d = 1 is trivial, as
any linear polynomial is sign-independently real-rooted.
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Let f be a real-rooted polynomial of degree d. Then, g = f’ is a real-
rooted polynomial of degree d—1. Hence, by the induction hypothesis, there
is a path ¢ — g; as above. Furthermore, since f is real-rooted, so is its polar
derivative f}(z) := f(2) + gf’(z) forall o e R™.

For each € [0,1], let a; > 0 be such that h; (2) := f(2) + ggt(z) is real-
rooted for any 0 < & < a;. By continuity of roots, h;, is real-rooted for
f in a small neighborhood of ¢. Since [0,1] is compact, we can find a fi-
nite set ay,...,a, such that h;4(2) is real-rooted for all ¢ € [0,1] if @ <
min(ag,..., Q).

Since zgi(z) is sign-independently real-rooted, for all k and all mono-
mials x;z* of zg (2), there exists a point z; such that holds. Since the
signs of f(z) are equal to the signs of zg)(z), there exists an aj > 0 such
that holds for hy «(z) for k at z;. However, since always holds for
the constant term with zj sufficiently small, we conclude that h, 4 is sign-
independently real-rooted when @ < ming=;,_4-1 Q.

Now fix a positive number a* < min(ay,...,a;,,a1,...a4—1) and con-
sider the path composed of the two paths

a— f), ac€loo,a’] and t— hyq+, r€[0,1].

By construction, this path is contained in Pol) ,. Its starting point is f(z)
and its endpoint h; 4+ is sign-independently real-rooted. This concludes
the induction step. U

Proof of Proposition[7.0.9 To prove the first claim, notice firstly that the set
Pol,; ¢ of all positive monic polynomials is a convex cone. Therefore its in-
tersection with any orthant is convex and contractible (if nonempty).

Secondly, consider the set Pol); ,. Take a real-rooted polynomial f(z) re-
alizing a given pattern. Consider the family f(z)+Az% a=0,1,...,n—1. Poly-
nomials in this family are real-rooted and with the given sign pattern until
either there is a confluence of roots of the polynomial, or its a-th deriva-
tive vanishes at the origin. In both cases further increase or decrease of the
parameter A never brings us back to the set of real-rooted polynomials.

Thus the set Polg' 4 has what we call Property A: each of its connected
components intersected with a line parallel to any coordinate axis in the
space of coefficients is either empty, or a point, or, finally, an interval whose
endpoints are continuous functions of other coefficients. (Indeed, they are
values of the polynomial or of its derivatives at roots of the polynomial or its
derivatives; therefore these roots are algebraic functions depending contin-
uously on the coefficients.)

Maxima and minima of such functions are also continuous. Therefore
the projection of each connected component of Pol‘(;’ 4 On each coordinate
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hyperplane in the space of the coefficients also enjoys Property A. (It suffices
to fix the values of all coefficients but one and study the endpoints of the
segments as functions of that coefficient).

Now replace Polgy 4 by a smaller set obtained as follows. Choose some
coefficient and, for fixed values of all other coefficients, substitute every
nonempty intersection of Polgy 4 With lines parallel to the axis correspond-
ing to the chosen coefficient by the half-sum of the endpoints, i.e., substitute
the intersection segment by its middle point. This operation produces the
graph of a continuous function depending on the other coefficients. The
projection of this graph to the coordinate hyperplane of other coefficients
is a domain having Property A, but belonging to a space of dimension n —1.
Continuing this process one contracts each connected component of the
set Polg’ 4 to a point. Using Lemma we conclude that Polg’ 4 1s path-
connected and therefore contractible.

To prove the second claim, let us show that any compact subsubset of
Polg, 1. can be contracted to a point inside Pol; - Observe that for any poly-
nomial f(z) with positive coefficients the family of polynomials f(z + #) for
a positive parameter ¢ consists of polynomials with all positive coefficients
and the same number of real roots all being negative. Given a compact set
Kc POI; » consider its shift K; obtained by applying the above shift to the
left on the distance ¢, for t sufficiently large. Then all real roots of all poly-
nomials in the compact set K; will be very large negative numbers and all
complex conjugate pairs will have very large negative real part. Therefore
one can choose any specific polynomial p in K; and contract the whole K;
to f along the straight segments, i.e., T f + (1 —-1)f for any f € K;. Obviously
such contraction takes place inside Pol ak O

Proof of Theorem|[7.0.10. We will follow the steps of the proof of Lemmal[7.2.1]
For any polynomial f, the set Ky consisting of all exponents k such that
there exists a z; € R, for which holds, provides a lower bound on the
number of real roots of f. This lower bound is called the number of lopsided
induced zeros of f. Fixing an arbitrary set of exponents K, let us denote by
Sk the set of all polynomials such that K < K. We saw in Sectionthat
Sk is logarithmically convex. Consider the family F;, consisting of all expo-
nent sets K such that the number of lopsided induced zeros of polynomi-
als in Sk is at least m. The set S;; = UkeF,, Sk is a union of logarithmically
convex sets, whose intersection contains the set of all sign-independently
real-rooted polynomials. In particular, S, is path-connected.

As in the proof of Lemma(7.2.1} for any polynomial f which has at least
m real roots, all polynomials in the path

@ f(z)+ gf’(z), € [oo,a’]
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have at least m real roots. The same argument as in the proof of Lemma
gives path-connectedness of the set of polynomials with at least
m real roots.

Let us now prove simply connectedness of the set by induction on
the degree d. Consider a closed loop in POlg,z . 1-€., a path £ given by 6 —
fo(2), 8 €10,1], such that fy(z) = f1(2z), and such that fy(z) has atleast m real
roots for all .

Consider the induced loop ¢’ given by 6 — fg’(z), where we use the no-
tation fe’(z) = % fo(2). Itis contained in the set Pol‘;_ly2 me1’ where 6 is ob-
tained from o by deleting its first entry. By the induction hypothesis, the
loop ¢’ can be contracted to a point within the set of all polynomials of
degree d — 1 with at least m — 1 real roots. In other words, we have a map

0,9)— £y, for @,9) €0, 1]?, satisfying the conditions:

D [0 @) = f3(a),
ii) f(’e,l) is independent of 8, and
iii) f(’e ) has at least m — 1 real roots for all 8 and ¢.

The last property implies that z f(’g 0 has at least m real roots for all 8 and

@. Define g ) by the conditions that %g(g,(p) = f(le,(p) and that the constant
term of g o) is independent of ¢.

Since the loop ¢’ is compact, we can find an a* € R, such that the polar
derivative

z
f6.0.0)2) = 80.9(D +  fig,)(2)

has at least m roots for each a < a* and all (6, ¢) € [0,1]?

the proof of Lemma the composition of the maps

. Thus, similarly to

a= fgoa @€loo,a’]l  and (p*_’f(,&w,a*)’ pe0,1]
. . . G
provides a contraction of the loop ¢ in the set Pol d=m O
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Sammanfattning

Denna avhandling behandlar tropiska aspekter av polynom &ver de reella
talen och av hypergeometriska funktioner. Avhandlingen omfattar sju
kapitel. Efter en kort inledning, behandlar vi i det andra kapitlet grundlag-
gande begrepp som aterkommer genom hela avhandlingen.

I de efterfoljande tvd kapitlen studerar vi koamdban Cy av ett Laurent-
polynom f i flera variabler. Denna utgors, per definition, av bilden av den
algebraiska nollstillemidngden Z(f) < C” under den projektion som ges av
den komponentvisa argumentavbildningen. Koamobor introducerades av
M. Passare och A. Tsikh som duala objekt till am6bor. Vi introducerar i
denna avhandling en férenklad version av koamdéban, kallad den sidotunga
koamoban, och betecknad D ¢. Den sidotunga koamdban har en associerad
avbildning

ordp: T" \5f —277™,

dér T betecknar kvoten R/27Z. Avbildningern ordp 4r lokalt konstant, och
definierar darfér en avbildning, ocksé betecknad ordp, frdin midngden be-
stdende av alla ssmmanhingande komponenter av komplementet till den
sidotunga koamdébans tillslutning. Vi kommer hér bevisa, fér det forsta, att
denna avbildning &r injektiv och, for det andra, att dess bild bestar av de
gitterpunkter vilka befinner sig i det inre av en viss zonotop. P& grundval
av detta kallar vi ordp for den sidotunga koamdbans ordningsavbildning.
Med hjilp av ordningsavbildningen studerar vi sedan koamobans topologi.
Sérskilt sa besvarar vi positivt en férmodan av M. Passare géllande antalet
sammanhingande komponenter av komplementet till koamdbans tillslut-
ning, under antagandet att polynomets Newton-polytop Ny har fa horn. Vi
fokuserar sedan pa koamdobor av polynom vars stéd bestar av en krets. For
sddana familjer erhéller vi en komplett beskrivning av koam6ba-rummet.
Vidare sa besvarar vi positivt en férmodan gillande argumenten av de kri-
tiska punkterna till ett polynom.

I det fjarde kapitlet studerar vi hypergeometriska funktioner i Gel'fands,
Kapranovs och Zelevinskys bemérkelse. Vi definierar Euler-Mellin integraler,
en familj av Eulerska hypergeometriska integraler vilken &r nédra associerad
till koamoban Cy. Vi visar sedan att den sidotunga koamébans ordnings-
avbildning ger en identitet mellan Euler-Mellin integraler och sa kallade



Mellin-Barnes integraler. Till skillnad frén tidigare utférda studier av
hypergeometriska integraler sa gér den explicita formen av Euler-Mellin in-
tegraler att dessa kan nyttjas for att i detalj studera hur A-hypergeometriska
funktioner beror pd homogenitetsparametern §. Vart huvudsakliga resul-
tat i detta kapitel dr en komplett beskrivning av detta beroende i fallet da A
representerar en projektiv torisk kurva.

I femte kapitlet sa studerar vi améban och koamdban av den principala
A-determinanten. Dar tidigare studier har relaterat dessa objekt till kon-
vergensomraden for serie- repsektive integralrepresentationer av hyperge-
ometriska funktioner, kommer vi istéllet att fokusera pa deras respektive re-
lation till sidotunghet.

I det avslutande kapitlet applicerar vi resultaten frén tidigare kapitel pa
teorin kring envariabelpolynom o6ver de reella talen. Descartes teckenregel
ger nodvandiga, men inte tillrdckliga, villkor for att ett par (p, n) av heltal ska
motsvara antalet positiva och negative nollstillen till ett sdidant polynom.
Vi ger hér ett antal tillrdckliga villkor, och erhdller som en f6ljd en komplett
karakterisering av vilka par uppfyllande Descartes teckenregel som &r realis-
erbara for polynom upp till grad sju.
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