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Abstract

This thesis consists of three parts:

In Part I we study the Burnside ring of the finite group G. This ring
has a natural structure of a A-ring, {\"},en. However, a priori \"(S),
where S is a G-set, can only be computed recursively, by first computing
A(9), ..., A"7L(S). We establish an explicit formula, expressing A"(9)
as a linear combination of classes of G-sets. This formula is derived in
two ways: First we give a proof that uses the theory of representation
rings in an essential way. We then give an alternative, more intrinsic,
proof. This second proof is joint work with Serge Bouc.

In Part II we establish a formula for the classes of certain tori in the
Grothendieck ring of varieties Kq(Varg). More explicitly, Ko(Varg) has
a natural structure of a A-ring, and we will see that if L* is the torus
of invertible elements in the n-dimensional separable k-algebra L then
[L*] = >0 o (—1)*X([Spec L])L"™*, where L is the class of the affine
line. This formula is suggested by the computation of the cohomology
of the torus. To prove it requires some rather explicit calculations in
Ko(Varg). To be able to make these, we introduce a homomorphism from
the Burnside ring of the absolute Galois group of k, to Ko(Varg). In the
process we obtain some information about the structure of the subring
of Ko(Vary) generated by zero-dimensional varieties.

In Part III we give a version of geometric motivic integration that
specializes to p-adic integration via point counting. This has been done
before for stable sets, c¢f. [LS03]; we extend this to more general sets.
The main problem in doing this is that it requires to take limits, hence
the measure will have to take values in a completion of Kq(Vary)[L™1.
The standard choice is to complete with respect to the dimension filtra-
tion. However, since the point counting homomorphism is not continuous
with respect to this topology we have to use a stronger one. We thus be-
gin by defining this stronger topology; we will then see that many of
the standard constructions of geometric motivic integration work also
in this setting. Using this theory, we are then able to give a geometric
explanation of the behavior of certain p-adic integrals, by computing the
corresponding motivic integrals.
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0.1 Introduction

This thesis is concerned with two main topics. Firstly, the investigation
of two Grothendieck rings: the Burnside ring, and the Grothendieck ring
of varieties. Secondly, the theory of motivic integration. These topics are
related by the fact that the motivic measure takes values in a certain
completed localization of the Grothendieck ring of varieties. Let us first
say some words about that ring:

Let k£ be a field and let Vary be the category of k-varieties, by
which we mean the category of separated k-schemes of finite type.
The Grothendieck ring of k-varieties', Ko(Varg), is by definition the
free abelian group on the set of isomorphism classes of k-varieties [X],
modulo the relations [X]| = [Z] + [X \ Z] if Z C X is closed (the scissor
relations), and with a multiplication given by [X][Y] = [X xj Y.
The class of the affine line is of particular importance, and is given a
special symbol: L := [A}] € Ko(Varg) (L is for Lefschetz). It follows
immediately from the definition of the multiplication that [A}] = L".
For an example of how the scissor relations work, note that since we
may choose a closed subscheme of P} which is isomorphic to P’gfl, and
has complement A7, we have [P?] = L"+L" ! +...+L+1 € Ko(Varg).

We want to use the theory of motivic integration in order to give
a geometric explanation of the behavior of certain p-adic integrals. As
an introduction to these ideas, let us illustrate how Ko(Varg,) gives a
geometric way of counting solutions to polynomial equations modulo p.
We do this with an example: For L a separable k-algebra, define L* to be
the algebraic group of invertible elements of L, i.e., for every k-algebra
R, L*(R) = (L®yR)*. In case L/k = F 2 /I, we have |[L*(F,)| = \IF‘;;Q] =
p? — 1 and |L*(F2)| = |(IF']2)2)X\ = (p?—1)2 = (p*)? — 2p* + 1. On the
other hand, computing in Ko(Var, ), one may show that

[L*] = L? — [Spec L]L + [Spec L] — 1 € Ko(Varg,). (0.1)

By doing this, we have simultaneously computed |L*(F,)| for every power
q of p. Because for every such g we have a point counting homomorphism
Cy: Ko(Varp,) — Z, induced by [X] — [X(FF,)|. So by applying C, to
[L*] we obtain the number of F,-points on L*. In particular, using (0.1)
we again get |L*(F,)| = Cp([L*]) = p* — 1 and |L*(F,2)| = Cp2([L*]) =
(p*)? —2p* + 1.

Before we continue, let us mention that this example is a special case of
a more general theorem. Namely, for any field k, Ko(Varg) has a natural
structure of a A-ring (a A-ring is a ring together with a set of maps A"
behaving like exterior powers, see Section 0.2.1.), and using this structure

'First introduced by Grothendieck, cf. the unpublished text Motifs, available at
www.grothendieckcircle.org



one may, for any separable n-dimensional k-algebra L, express [L*] as

[L*] = (—1)"X([Spec L])L"" € Ko(Vary,). (0.2)
=0

The validity of this formula will be the main result of Chapter 3. In
establishing it, we will be led to consider the structure of Ky(Varg) in
more detail, and this leads us to the subject of the Burnside ring.

The Burnside ring of a profinite group G, denoted B(G), is constructed
in much the same way as Ko(Vary), but instead of the category of varieties
one uses the category of finite, continuous G-sets. Let G be the absolute
Galois group of k. There is a natural map Arty: B(G) — Ko(Varg), and
since the structure of the Burnside ring is much better known than that
of Ko(Varyg), Arty is useful for proving structure result about Ko(Vary).
For an example of this, we may use Arty to prove that Naumann’s con-
struction of zero divisors in Ko(Var,) actually works in Ko(Varg) when
k is any field which is not separably closed: Let L/k be a finite Ga-
lois extension of degree n. Then [Spec L]? = [Spec L ®; L] = [Spec L"] =

[Uy, Spec L] = n[Spec L], hence [Spec L] ([Spec L] —n) = 0. Looking at the
preimage of [Spec L] under Arty, it is easy to show that [Spec L] # 0, n;
consequently it is a zero divisor for any k (see Section 3.3).

Moreover, B(G) also has a natural structure of a A-ring, and Arty
commutes with the A-operations. This allows us to move computations
of the A-operations on Ko(Varg) to B(G). Actually, one of the proofs
of the validity of (0.2) given in Chapter 3 relies on a theorem about
Burnside rings (Theorem 1.1) which is proved in Chapter 1.

We now turn to motivic integration. Motivic integration was intro-
duced by Kontsevich in 1995, in order to strengthen Batyrev’s result
that birational Calabi-Yau manifolds have the same Betti numbers, to
also yield equality of Hodge numbers. It has since then ramified in many
different directions; we are interested in utilizing it to give a geometric
way of computing p-adic integrals. In fact, motivic integration is inspired
by p-adic integration: one wants to define a measure on subsets of power
series rings of the type k[[t]], in much the same way as on subsets of
Z,. However, since k[[t]] is not locally compact (whenever k is infinite)
it is not possible to do this in the classical way. Kontsevich’s method of
resolving this was to let the measure take values in a certain completion
of My := Ko(Vary)[L™!]. This gives the original theory of geometric
motivic integration, developed in [DL99] and [DL02].

This idea may now be used also in the p-adic case: Let W be the ring
scheme of Witt vectors, constructed with respect to the prime p. (Recall
that W(F,), where ¢ = p/, is the integers in the unramified degree f
extension of Qp; in particular W(F,) = Z,.) Let F, be an algebraic

closure of F,. W(F,) then contains all the W(F,), ¢ = p/, as subrings.
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However, similarly as k[[t]], W (F,) suffers from the defect of not being
locally compact, hence does not come with a natural measure. This may
now be resloved in the same way as for k[[t]]: using a similar construction
as in the original theory of motivic integration, one gets a measure on
certain subsets of W(F,), taking values in a completion of M, .

On certain simple subsets A C W(F,), this now has the property that
if we let the measure take values in Mp, (instead of in the completion),
then, by applying the point counting homomorphism C;: Mg, — Q
we recover the Haar measure of A N W (FF,). However, a problem arises
when we want to extend the property of specializing to general measur-
able sets: Then the integral has to take values in a completion of M,
and we cannot use the standard one since C; is not continuous with re-
spect to this topology, hence does not extends to the completion. This
problem is taken care of in Chapter 4, where we define a topology that
is strong enough for the point counting homomorphism to be continu-
ous. Let Kq(Varg) be the completion with respect to this topology. In
the second part of Chapter 4 we then show that many of the standard
theorems of motivic integration hold also when the integral takes values
in Ko(Vary), and that the property of specializing to p-adic integration
via point counting now holds for general measurable sets.

Using this modified version of geometric motivic integration we then,
in Chapter 5, address the following problem: When computing p-adic
integrals, one sometimes get a result which behaves uniformly with re-
spect to p. For a simple example, we have pr|X\pduHaM =p/(p+1) for
every prime p. More complicated examples of such integrals arise when
one computes the measure of polynomials satisfying certain factorization
patterns. For example, the set of all tuples (a1, ...,a,) € Z;, with the
property that X" + a1 X" ! + --- + a, splits completely, has measure
I,,/n! where

I, = /Z CTL (6 = X)lpdpraar-

P 1<i<j<n

There is one such integral for each prime p, and it turns out that there
exists a function f € Z(T) with the property that for all primes, I, =
f(p). More generally, for every ¢ = p?, let

I :/ X —Xj d aar
q W(]Fq)‘ H ( i)lpdin

" 1<i<j<n

11



It is then a fact that I, = f(q) for every prime power ¢. This is certainly
not true for all integrals, e.g.,

/ ’X2 + de:u'Haar
W(Fq)

1 g = p**! where p=3 (mod 4)
- (g—1)/(g+1) otherwise.

Here we see that the rational function occurring in the answer depends
both on the prime p, and it also varies when we integrate over different
extensions W ([F,) for powers of a fixed prime p. We want to give an
explanation of this phenomenon using the theory of motivic integration,
and this is partly achieved in Chapter 5.

In that chapter, we use our modified theory of motivic integration to
show that, for fixed p, the motivic integral

I= /| [T Xi—X))lpdux € Ko(Varg,)

1<i<j<n

is equal to f(L), where f is the same rational function as above. By

applying the point counting homomorphisms we recover the integrals /,:

We have C, I = I, for every power ¢ of p, showing that I, = f(q).
Similarly, if p = 3 (mod 4) then

/X2 + 1|dpx = 1 — [SpecF 2] /(L + 1) € Ko(Varg, ),

showing that

Jue

This is only a partial solution to the original problem, since we have
to keep the prime fixed. However, for fixed prime p we get the uniformity
when we vary the integration set over different extensions of Z,. This is
about how far we reached on the original problem, even though we have
some ideas of how to define an integral that specializes for almost all p,
using results of Denef and Loeser. These ideas are outlined in Chapter
5.

1 q = pitl

X2+1 d,uH r =
)| pliitian 1-2/(g+1) q=p*

q

0.1.1 Overview of the thesis

The thesis consists of three main parts, Part I, I and III. We have also
included two initial sections: The present introductory one, and Section
0.2 which contains definitions and basic properties of the Grothendieck
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rings used throughout the thesis. We refer to the introductions of the

individual chapters for a more thorough description of their contents

than the one given above.
The thesis is based on the paper

e Serge Bouc and Karl Rokaeus, A note on the A-structure on the Burn-
side ring, Journal of Pure and Applied Algebra 213 (2009), 1316-1319

and on the four preprints

o Karl Rokaeus, Computing p-adic integrals using motivic integration,
arXiv:0812.2043v1 [math.AG]|

o Karl Rokaeus, A wversion of geometric motivic integration that spe-
cializes to p-adic integration via point counting, arXiv:0810.4496v1
[math.AG]|

o Karl Rokaeus, The computation of the classes of some tori in the
Grothendieck ring of varieties, arXiv:0708.4396v3 [math.AG]|

e Karl Rokaeus, A mnote on the \-structure on the Burnside ring,
arXiv:0708.1470v1 [math.GR]

Part I of the thesis is based on the last of these preprints, and on the

article (these share the name and main result, but use different methods

in order to prove it). Part II is based on the third item in the list of

preprints. Part III is based on the first two preprints.

0.1.2  Acknowledgments

I am deeply indebted to my thesis advisor Torsten Ekedahl for giving
me many suggestions and sharing many ideas with me, and for always
being enthusiastic about discussing various mathers, and providing help
whenever | asked for it.

I want to express my appreciation to all the people at the Department
of Mathematics, Stockholm University, that have initiated interesting
discussions and provided valuable help throughout the years.

I have also benefited from many discussions with people at KTH, Upp-
sala, Lund, G6teborg, Leuven and Amsterdam. I am grateful to all these
people.

I am also grateful to Jan Denef and Gerard van der Geer for their
hospitality during my visits to Leuven and Amsterdam respectively.

More specific credit is given where it is due throughout the text.

0.2 Background material

All the parts of this thesis are concerned with computations in different
Grothendieck rings. In this section, we therefore give an introduction to
these rings.
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First a general remark. Many of the rings that we work with are con-
structed as free abelian groups on the objects of a category, subject to
some relations. When defining a map from such a ring we often just give
its action on an object in the category. (We then have to show that it
respects the relations.) Also, when letting such a map act on the class of
an object we often leave out the brackets, e.g., if f: Ko(Varg) — R and
X is a scheme we write f(X) for f([X]).

0.2.1 A-rings

For an introduction, see for example the first part of [AT69] or [Knu73].
A A-ring is a commutative ring R together with a homomorphism X,
from the additive group of R to the multiplicative group of R|[[t]], taking
T € Rto Y, 5o A" (2)t", where \°(z) = 1 and A!(z) = z. A morphism
of A\-rings R — R’ is a ring homomorphism that commutes with the
A", Informally, this definition ensures that the A\™ behave like exterior
powers. The archetypal example is the representation ring of a finite
group G. In this ring, A"(V) = [A" V], the nth exterior power of the
vector space V with componentwise G-action.

Let o4(z) = >,500"(2)t" be a A-structure on R. Then the opposite
structure of oy is the A-structure \;, defined implicitly by the relation
oy(x)A_t(x) = 1 € RJ[[t]]. On the representation ring the natural A-
structure can be obtained as the opposite of the one coming from the
symmetric powers.

A MA-ring is special if, in addition to the above requirements, there
exist integer polynomials P, and P,,, with the property that for
all 7,5 € R, X'(rs) = P,(\Y(r),...,A\"(r);AL(s),...,A\"(s)) and
ANPAMr)) = Pua(AYr),...,AX™(r)). The representation ring is
special, whereas we will see that the Burnside ring is not.

0.2.2 Representation rings

We use Ry(G) to denote the ring of k-representations of G, where G
is a profinite group. We require such a representation to be finite and
continuous with respect to the profinite topology on G and the discrete
topology on k.

When k has some natural topology we can use the same construc-
tion but with respect to this topology instead. We call the ring thus
obtained the Grothendieck ring of k-representations of GG, and denote it
Ko(Rep,G). We have an injection Rx(G) — Kg(Rep,G), but this is not
an isomorphism in general. For example, the cyclotomic representation
is often not discrete.

As abelian groups, both these rings are free on isomorphism classes
of irreducible representations. They are naturally A-rings, the structure

14



being given by exterior powers. A map H — G gives rise to an induction
and a restriction map between the corresponding representation rings,
which we denote indg and resg respectively. Finally, for ¢ € G, we use
Cy to denote the character homomorphism from any representation ring
of G, i.e., the map given by V — xy(g). Together they can be used to
distinguish elements in the representation ring; || e Cy is injective.

0.2.3 The Grothendieck ring of varieties

Let Vary be the category of varieties over the field k. Then Ko (Vary) is
the free abelian group generated by symbols [X] for X € Vary, subject to
the relations that [X] = [Y]if X ~ Y, [X] = [X\Y]+[Y]if Y is a closed
subscheme of X, and with a multiplication given by [X]-[Y] := [X x;Y].
The second relation is usually referred to as the scissor relation. > By
the class of the k-scheme X we mean its image [X] € Ko(Varg). The
class of the affine line is called the Lefschetz class and denoted by L. For
a quick example of how the relations work, consider the multiplicative
group G,,. It can be embedded in the affine line and its complement is
then Speck. Hence [G,,] =L — 1 € Ko(Vary).

The Euler characteristic gives a map to the Grothendieck ring of ;-
representations of the absolute Galois group of k,

Xe: Ko(Varg) — Ko(Repg, §),

such that y(X) = Y (—1)"[H.(Xz, Q)] (Here [ is a prime different from
the characteristic of k.) We will use x. to study Ko(Vary), for example,
its existence immediately shows that Z C Kq(Vary).

Define a A-structure on Kg(Vary) as the opposite structure of {o"},
where ¢"(X) = [X"/%,]. In [LLO04] it is mentioned that this seems to
be the natural A-structure on Ky(Varg), since o™ behaves like a sym-
metric power map. In particular, the Euler characteristic x. is a A\
homomorphism.

Let K be a field extension of k. We write RF : Ko(Varg) — Ko(Varg)
for the forgetful morphism, defined by the map Varg — Ko(Varg) that
takes the K-scheme X to the class of X, viewed as a k-scheme via
Spec K — Speck. Rf is additive but not multiplicative. Also, define
EE: Ko(Varg) — Ko(Varg) by mapping the k-scheme X to the class of

2With respect to the definition of Ko(Vary), the important characterization of a variety
is that it is of finite type over the base field; if not we end up with the zero ring. If
we also include in the definition of a variety that it be reduced, we get a canonically
isomorphic ring, for every scheme X has a closed subscheme X,.q that is reduced
and with empty complement, hence [X] = [X,eq]. In the same way one can add the
conditions that a variety be separated and irreducible and still get an isomorphic
ring. However, the condition that a variety be geometrically reduced probably gives
a slightly smaller ring when k is non-perfect.
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Xk := X Xy Spec K, viewed as a K-scheme. This is a ring homomor-
phism.

The reason why Rf fails to be multiplicative is that it does not pre-
serve the multiplicative identity element, instead RE (1) = [Spec K] €
Ko(Varg). Rather than being multiplicative, R,ﬁ( has a similar property:
If X is k-scheme and Z is a K-scheme then, from the universal property
defining fibre products, Z X (Spec K X X) ~ Z X} X as k-schemes.
It follows that if we apply the restriction map to [Z] - [X k] € Ko(Vark)
we get [Z] - [X] € Ko(Var), i.e., for z € Ko(Varg) and z € Ko(Varg) we
have the projection formula

(In other words, RE is a morphism of Kq(Varg)-modules, where the
Ko(Varg)-module structure on Ko(Varg) is given by EX.) We will use
the special case when X = A} and Z = Spec L, where L is a finite-
dimensional K-algebra:

RE([Spec L)L) = [Spec L]L" € Ko(Vary,). (0.3)
In particular, RE (L") = [Spec K]L".

0.2.4 Burnside rings

For an introduction to Burnside rings, as well as proofs of the statements
below, see [Knu73|] Chapter II, 4.

If G is a profinite group, let G —Sets be the category with objects finite
sets with continuous G-actions (with respect to the inverse limit topology
on ) and morphisms G-equivariant maps of such sets. We will denote
the set of morphisms between the G-sets S and T' by Homg(S,T'). The
Burnside ring of G, B(G), is constructed from this category as the free
abelian group generated by the symbols [S], for every continuous G-set

S, subject to the relations that [SUT] = [S] + [T] (disjoint union), that
[S] = [T]if S ~ T, and with a multiplication given by [S]-[T] := [S x T],
where G acts diagonally on S x T'.

Since every G-set can be written as a disjoint union of transitive G-
sets we see that the transitive sets generate B(G), and in fact it is free
on the isomorphism classes of these. Moreover, every finite transitive G-
set is isomorphic to G/H where H is a subgroup, and G/H ~ G/H'
if and only if H and H’ are conjugate subgroups. So every element of
B(G) can be written uniquely as ) . pap|[G/H], where R is a system
of representatives of the set of conjugacy classes of subgroups of G and
where ag € Z for every H.

There is a natural A-structure A\; on B(G). It is given by first defining

or: B(G) — B(G)[[]]

16



by the map that takes the G-set S to the power series >, - [S™/E,]t" €
B(G)][[t]], where ¥, acts on S™ by permuting the entries. \; is then
defined as the structure opposite to o;. This A-structure is non-special
(see Remark 1.10). However, it should still be considered the natural A-
structure on B(G), a major reason for this being that there is a natural
map h: B(G) — Rg(G) which is a A-homomorphism with respect to this
structure, see Section 1.2.

Next, let G and H be finite groups, and let ¢: H — G be a group
homomorphism. We associate to it two maps, restriction and induction,
between the corresponding Burnside rings in the same way as for rep-
resentation rings: Firstly, res%: B(G) — B(H) is the map induced by
restricting the G-action on a G-set S to a H-action, i.e., S is considered
as a H-set via h-s := ¢(h)s for h € H and s € S. This map is well defined
also when H is profinite and G is a finite quotient of H, because then
the induced H-action on S continuous. resg is a morphism of A-rings.

Secondly, if instead .S is a H-set then we can associate to it the G-set
Gx S, i.e., the quotient of Gx S by the equivalence relation (g-¢(h), s) ~
(g, hs) for (g,s) € Gx S and h € H, with a G-action given by ¢’-(g, s) :=
(¢'g, s). This gives rise to the induction map ind%: B(H) — B(G), which
is additive but not multiplicative. We will only use the induction map in
the case when H is a subgroup of . In this case, note that if we choose
a set of coset representatives of G/H, R = {g1,...,g,}, then we can
represent G Xz S as R x S with G-action given by g - (gi, s) = (g;, hs),
where gg; = g;h for h € H. It follows that indfl is defined also when G
is profinite and H is a normal subgroup of finite index.
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Part |-
The Burnside ring






1. The r-structure on the Burnside ring

1.1 Introduction and statement of the main theorem

We use B(G) to denote the Burnside ring of the finite group G, see
Section 0.2.4 for an introduction.

Recall that there is a A-structure on B(G), {\"},en, defined as the
opposite structure of {o"},cn, where ¢”(S) is the class of the nth sym-
metric power of S. It should be considered the natural A-structure on
B(G), one reason for this being that there is a canonical homomorphism
to the ring of rational representations of G, h: B(G) — Rg(G), defined
by h(S) = [Q[S]], and the given A-structure on B(G) makes h into a
A-homomorphism.

The implicit nature of the definition of the A-structure on B(G) makes
it hard to compute with. The main result of this chapter is a closed
formula for \"*(S), where S is any G-set. To state it, we use the following
notation: let u = (u1,...,m) F n, i.e., p is a partition of n. We use
{(p) :=1 to denote the length of u, and if p = (191,2%2 .. .), we define
the tuple a(u) := (ai,...,ay), and write (ﬁ((‘;))) for Using this
notation we can express A"(S), for any G-set S, as a linear combination
of classes of G-sets:

l!
alap!”

Theorem 1.1. Let n be a positive integer and let p = (pu1,..., 1) F n.
For S a G-set, let P,(S) be the G-set consisting of £(p1)-tuples of pairwise
disjoint subsets of S, where the first one has cardinality p1, and so on.
Then

A(8) = (-1)" ;HW (NPu(S) € B@).  (1.2)
purn

In particular, \"(S) =0 when n > |S|.

This result was first stated and proved, in a slightly different setting, in
[IMW97|. It was then rediscovered and proved in the preprint [R6k07b|,
by showing that A"(S) lies in a subring of B(G) on which h is injective,
and then that the image of (1.2) in Rg(G) is satisfied. That proof is
reproduced in the present chapter.

Later, Professor Serge Bouc suggested a more intrinsic proof, using
only the structure of the Burnside ring. This resulted in the joint paper
[BR09|. The proof given there relies on the construction of a ring of for-
mal power series with coefficients in Burnside rings, and an exponential
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map on this ring, developed in [Bou92]. Using this framework, the proof
reduces to some explicit combinatorial computations. That proof is given
in Chapter 2.

Theorem 1.1 originates in the paper [R6k07a] (whose content is in-
cluded as Chapter 3 in this thesis), in which we compute the classes
of certain tori in the Grothendieck ring of varieties, in terms of the A
structure on that ring. This formula is suggested by the corresponding
class of the cohomology of the torus, and its proof uses a map from the
Burnside ring of the absolute Galois group of the base field, where for-
mula (1.2) can be applied. Actually, it was these computations that led
us to conjecture Theorem 1.1.

Reduction to the case when G is a full symmetric group

In this chapter we prove Theorem 1.1 in the special case when G = ;.
The general case then follows straight forward in the following way:

Proof of Theorem 1.1. First, recall that a group homomorphism ¢: H —
G gives rise to a A\-homomorphism res$: B(G) — B(H) by restricting
the action on a G-set S to an H-action via ¢. Now let G be a finite group
and let S be a G-set of cardinality ¢. By choosing an enumeration of S
we get a homomorphism G — ¥;, the symmetric group on {1,...,7}. Let
resg" be the corresponding restriction homomorphism (which is indepen-
dent of the chosen enumeration). We have that resgf ({1,...,i}) = [9],
hence, since resgi is a A-homomorphism, resgi (A" ({1,...,i})) = A™(9).
Also, writing P;(Lz) for P,({1,...,i}), we see that res(z;" (P;(Lz)) = [P.(9)].
Hence, to prove Theorem 1.1 it suffices to prove it in the special case
when G =%; and S = {1,...,4}, i.e.,

({1, i)) = (=D)" ) (-1 (f;%)m@] € B(). (1.3)
pukn
The validity of (1.3) will be established in Theorem 1.16. O

Overview of the chapter

In Section 1.2 we give some basic properties of the map hg: B(G) —
Ro(G), together with an example which will be used in Chapter 3.

The proof of (1.3) given in Theorem 1.16 uses the canonical
A-homomorphism hy,: B(¥;) — Rg(X;) to move some of the
computations to the rational representation ring, whose A-structure
is much easier to work with. However, there is a problem in that h
is not injective for X;. In Section 1.3 we will therefore introduce a
subgroup Schur; C B(Y;), with the property that the restriction of
hy,: B(3;) — Rg(X;) to Schur; is injective. We then also include a

k3
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brief discussion of the structure of Schur;, proving that it is a ring
which is not closed under the A-operations.

In Section 1.4 we then establish (1.3). The technique of passing to the
representation ring will be used at a crucial place, to prove Lemma 1.14.

1.2 The map from the Burnside ring to the representation
ring

Let G be a profinite group. There is a natural map from the Burnside
ring to the rational representation ring of G, hg: B(G) — Rg(G), which
is defined by associating to the G-set S the class of the permutation
representation Q[S]. When there is no risk of confusion we write just h
instead of hg.

The map h is a homomorphism of A-rings, which is one of the reasons
why we consider our A-structure on B(G) to be the natural one. It has
the property that if S and S’ are two non-isomorphic transitive G-sets
then

h(S) # h(9"). (1.4)

However, since B(G) has rank equal to the number of conjugacy classes
of subgroups of G whereas Rg(G) has rank equal to the number of con-
jugacy classes of cyclic subgroups of G, h cannot be injective unless G is
cyclic. Conversely, if G is procyclic (i.e., it contains a dense cyclic sub-
group) then h is an isomorphism. These facts are proved for example by
using the character maps Cy for g € G. (Usually for finite groups, but
since taking the inverse limit of groups corresponds to taking the direct
limit of the corresponding Burnside and representation rings, they follow
immediately for any profinite group.)

The map h: B(G) — Rg(G) commutes with the restriction maps, and
also with the induction maps if H is a subgroup of G.

We now give an example of a finite extension k of Q with absolute
Galois group G, having the property that hg: B(G) — Rg(G) is not
surjective. (This will be used in Remark 3.13, to find tori for which the
main theorem of Chapter 3 does not hold.) For this we use an example of
Serre of a finite group having this property, together with the following
lemma:

Lemma 1.5. Let G be a profinite group and let N be a normal subgroup
of finite index. Define H :== G/N and let x € Ro(H). If res? x is con-
tained in the image of hg: B(G) — Ro(G), then x is contained in the
image of hyy: B(H) — Ro(H). In particular, if hg is surjective, then so
18 hH

Proof. Define a map Rg(G) — Rg(H) by V +— [VV], where V¥ is the
elements of the G-representation V invariant under N. The correspond-
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ing map B(G) — B(H) is defined by S +— [S/N], and one proves that
the following diagram is commutative:

H
resG

B(H) —— B(G) —— B(H)

b b
resg

Ro(H) —> Ro(G) — Ro(H)
Since both the horizontal compositions equal the identity, the result fol-

lows by diagram chasing. O

Example 1.6. There exists o finite extension k of Q, with absolute Ga-
lois group G, such that hg: B(G) — Rq(G) is not surjective. For by
Ezercise 13.4, page 105 of [Ser77], there is a finite group H such that
hy: B(H) — Ro(H) is not surjective. (More precisely, the example in
[Ser77] shows that this holds for the product of the quaternion group with
the cyclic group of order 3.) Now choose a finite field extension k of
Q such that there exists a finite extension K/k with the property that
Gal(K/k) = H. (Actually, since the group in the example of Serre is
solvable we may, by a theorem of Shaferevich, choose k to be any num-
berfield.) Since H = G / Gal(k/K), it follows from preceding lemma that

hg cannot be surjective.

1.3 The Schur subring of B(x,)

Recall that we write Pﬁn) for P,({1,...,n}) € B(Z,).

Let S be a X,,-set. We say that S is a Schur set if, for every s € S,
the stabilizer subgroup of s, (X,)s, is a Schur subgroup, i.e., it stabilizes
each part of some partition of {1,...,n}. Equivalently, any transitive

component of S is isomorphic to 73,8”) for some p - n.

Definition 1.7. Schur, is the subgroup of B(X,) generated by the Schur
sets.

Equivalently, this means that Schur, C B(X,) is the free subgroup on
{[P.]} y-n- The reason for us to introduce Schury, is the next theorem:

Theorem 1.8. Let h: B(X,) — Rg(X,) be the canonical X-ring homo-
morphism. The restriction of h to Schur, is injective.

Even though this is a simple consequence of the injectivity of the char-
acter homomorphism from Rg(X,,) to the ring of symmetric polynomials,
we have chosen to give a more direct proof:
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Proof. For every p = n, let 0, € 3, be an element in the conjugacy
class determined by p and let C,,: Rg(%,) — Z be the homomorphism
defined by V' +— xv (0,), where xy is the character of V. This definition is
independent of the choice of o,,. Together the C,, give a homomorphism

Rg(Za) — [ Z.
pukn

and it suffices to show that the composition of this with the restriction
of h to Schur, is injective, i.e., that

p: Schur, — H Z
pEn

[T] = (|jﬂ7M ‘)M—n

is injective, where T+ is the set of points in T' fixed by o,. To do
this, define a total ordering on the set of partitions of n by u > u’ if
p1 = ..o pim1 = pj_q and py > pl for some j (i.e., lexicographic
order). We claim that |P,"| # 0, whereas PZ,“ =0 if u > p'. (Here and

in the rest of this proof we write P, for P,Sn).)

For the first assertion, choose for example

O'u:(1,...,,&1)(/.,61+1,...7,LL1+M2)"'(n—ug(#)+1,...,7'L).
Then

({1,...,/11},{#1—l—1,...,/141+M2},...,{TL—,U,£(H)+1,...,n}) Epu

is fixed by oy.
For the second assertion, suppose p/ < p and t = (T1,...,T}) € Py,
where | = £(y'). Suppose moreover that ¢ is fixed by o,. If now p; >

p2 > -+ > (), then, with the same o), as above, we must have T =
{L,...om}ty. o, Ti = {n - +1,...,n}. (This is because p1 > p;; for
every j and if 1 lies in T} then so does o,,(1) = 2, hence also 3,..., u1.

So T} has cardinality at least pq and the only ,u;- that can be that big
is p). Consequently, j = 1, and p; = p}.) But if p and p’ differ for the
first time in position j it is impossible for 7} to fulfill this since it has
cardinality M;' < pj. In the general case, when we may have p; = 1,
the above argument works the same only that we for example can have
T = {,ul—l—l,...,ul—l—ug} and Th = {1,...,#1} if,ul = 2.

We are now ready to prove that ¢ is injective. Let x =3~ | au[Py],
where a, € Z, and suppose that x # 0. Choose the maximal g such
that a,, # 0. Let ¢,, be the poth component of ¢. Then

g g
Puo () = Z%!W‘“I = [P’ # 0,
ukn

hence p(z) # 0. O
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We conclude this section by showing that Schur,, is a subring of B(%,,).
Proposition 1.9. Schur, is closed under multiplication.

Proof. We want to see what happens when we multiply [S] and [T7,
where S and T are Schur sets. Let s € S and t € T'. Then the stabilizers
of s and ¢ equal the stabilizers of partitions of {1,...,n}, which we
denote (S1,...,Sk) and (7T1,...,T;), respectively. Then o € ¥,, is in the
stabilizer of (s,t) precisely when ¢S; = S; and ¢T; = T} for each 1, j.
Equivalently, o must preserve S; N7} for each i, j. Hence (3,), ) equals
the stabilizer of the partition {S; N7}}; ;. Consequently, it is a Schur
subgroup, hence S x T' is a Schur set. Therefore Schur, is closed under
multiplication. O

Remark 1.10. Schur, is in general not a A-ring since it is not closed
under the \-operations. For example, note that when S is a X,-set we
can represent the symmetric square of S as the union of S and the
set of 2-subsets of S. Now, let S be the Y4-set {1,2,3,4} and con-
sider x := 0%(0?(S)) € B(X4). An element of the underlying ¥4-set
is {{1,2},{3,4}} and the stabilizer G of this element is generated by
{(12),(34), (13)(24), (14)(23)}. The only partition that is stabilized by G
is the trivial one, so since G does not equal X4 it fails to be the stabilizer
of a partition. Hence x ¢ Schury. Since N\*(c%(5)) = (02(5’))2 —x it fol-
lows that this is not contained in Schury either. But 02(S) is in Schury,
which is therefore not a A-ring. This also gives an example showing that
B(X4) is non-special. For if it were, then y := A*(A\?(S)) would be a
polynomial in \*(S) fori=1,2,3,4, which all lie in Schury, so y would
also lie in Schury. But using the above one shows that y ¢ Schury.

1.4 The x-operations on B(=,)

We are now ready to start the investigation of how A’ acts on {1,...,n},
the goal being to obtain a closed formula for it. We will need some more
definitions. We have only defined P,Sn) when p is a partition of ¢ < n.
More generally:

Definition 1.11. If o = (i1,...,4;) is any tuple of posilive integers
summing up to i < n we define Pén) to be the Xy -set of l-tuples of
disjoint subsets of {1,...,n}, the first one having i1 elements, and so
on.

We have | én)} = [P,&n)], where p is the partition of i correspond-
ing to a. Also note that [P&n)] = [P(n) where we use P _. to de-

a n—i]7 a,n—i
(n) (n)
no(t? P(ii,_“’il’n_i). 3 for

(1150 s80,51 50 ,0k)

Similarly, if 5 = (j1,...,jk) we will write P

«,
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Throughout this section we use the following notation:

sgn) =c'({1,...,n})
(" =X({1,... n}) € B(S,)

(n)

;~ which shows that it lies in Schury,

and we then deduce from this that also Kl(n) is in Schur,. Recall from
the introduction that if p = (p1,...,4), where pug = -+ = po, >
Hay+1 = = Haj+ag > *°° > [j—ay+1 = ~°+ = [, then we define

alp) == (ag,...,ap).

We begin by giving a formula for s

Proposition 1.12. We have

pbi:
L(u)<n

(n)

In particular, s;” and Egn) are in Schury, for every i.

Proof. Identify {1,...,n} with {x1,...,2,}. Then the symmetric ith
power of {1,...,n}, the ¥,-set {1,...,n}"/%;, is identified with the set
of monomials

61 DY e’n M ... — 9 pr— . . 61 DY 67L
{z§ Tt e+ +ey, =i} = U 1t ten—i 2n L] Tn's
e1>ez-->en>0

where the index set on the disjoint union can be identified with the set
of p 4 such that ¢(u) < n. Now let g = -+- = €qy > €qy41 = -+ =
€ar4as > > €p—q;41 = -+ = €,. Then

€n
n

:En . (xl . xal)el (wal+1 ce xa1+a2)ea1+1 . (xn_al+1 v mn)en_aH—l

En.xiluc-x

':En({acl, cosZay B {%ag41y - s Tagtan s - s {Tn—ay+1s - - ,a;n})
~pn)
~Plat, o)

so the first part of the proposition follows.
To show that also KZ(.n) € Schur, we use that, by definition,

i—1
—(-1)'Y =3 (=)
=0
Since we know that Schur, is a ring, and that all sgn) and Egn) = [Pl(n)]

are in Schury, it follows by induction that Egn) € Schury,. O
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Recall that a group homomorphism ¢: H — G gives rise to an induc-
tion map ind%: B(H) — B(G), which is additive but not multiplicative
(see Section 0.2.4 for its definition). Recall also that the diagram

B(G) —">Rg(G)
indgT indg
B(H) —">Rg(H)

is commutative if H is a subgroup of G.
In the following two lemmas we show that ﬁgn) and [Pﬁn)], where p F 1,
are determined by Egz) and [P,SZ)] respectively. For this we use the map

indgﬁxzn_i oresgzxzn_i s B(X;) — B(Xy)

which is constructed in the following way: We view X; as the symmet-
ric group on {1,...,i} and embed it in ¥,, the symmetric group on
{1,...,n}. Moreover we view X,_; as the symmetric group on {i +
1,...,n}. We then restrict from B(X;) to B(X; x X,—;) with respect
to the projection ; x ¥, _; — ¥; and we induce from B(3; x X,_;) to
B(%,) with respect to the inclusion (7,p) — 7p = p7: E; X X, — .

Lemma 1.13. Let u = i. For n > i, indgszn_i Ores%szn_i(P;(p) =
P{V] € B(Sa).

Proof. Let R ={0o1,...,0,}, where r = (7;), be a system of coset repre-

sentatives for 3, /(2; x ¥,_;). We know that 3, xs,xx,_, 77,7) can be
identified with the set of pairs (¢;,t), where 0; € Rand t = (T1,...,T}) €

73,(}). From this set we define a map to Pﬁn) by
(0j,t) — (ajTl, 0T oi{i+ 1, ,n})

This map is surjective for given t' = (T7,...,T;,T}, ) € Pl(tn), there is a
o € ¥y, such that o{1,...,m} =T7,...,0{t —w +1,...,i} =T]. Let
oj € R be such that o = 07p where (7,p) € £; x ¥,,_;. Then

(oj,7{1,...om}, .., m{i—u+1,...,i}) — .

Since both sets have n!/(u1!-- - p!(n — i)!) elements this is a bijection.
Finally, the map is G-equivariant, hence it is an isomorphism. O

It is the following lemma that forces us to pass to the representation
ring, for we have not been able to prove it directly in the Burnside ring.

Lemma 1.14. Given i € N. For n > i we have

indSry. oresy s (6)) =6 € B(S,).

i
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Proof. We pass to the representation ring. Here, since h is a morphism
of A-rings that commutes with the induction and restriction maps, the
image of the left hand side under h is

ind%:xzn,i © res%ZxEn,i O)‘i (Q [{1’ ce vl}]) S RQ(EH)7

and the image of the right hand side is X(Q[{1,...,n}]) € Ro(Zn).
Ez) € Schur; it follows from the preceding lemma that

Zi (W € Schur,. Since also (™ € Schur, and h

i

Now, since £

N >
s o Tes
lndzixzn—i 188y, s, Y

is injective on Schur,, it suffices to prove that

indgsznii oresgixznﬂ, ()\i (Q [{1, .. ,z}] ))
= N(Q[{1,...,n}]) € Ro(Zn),

i.e., we have to find a ¥,-equivariant isomorphism of Q-vector spaces

o1 Q[Z0] ®gmoen, g N\ QUL i} = A QI{1,...,n}].

This is straightforward. (It is done explicitly in [R6k07c|, Proposition
2.4.2) 0

We are now ready to prove the main theorem of this section, the for-
mula for Egn)

elements of Schury,. Fix an n and the basis {[Pﬁn)]}#m of Schur,,. Let
k be the greatest integer such that 2k < n. For j =1,...,k we say that

. For this we first introduce a concept of degree on basis

an element [Pﬁn)] in the basis is of degree j if it is equal to [731(,”)] for
some v F j. Equivalently, this means that n — j is an entry of u. Let the
degree of [ fln)] = 1 be zero and let the degree of the remaining elements
of the basis be k 4+ 1. Because n —j > k for j = 0,1,...,k, the degree is

well-defined.

Lemma 1.15. Let [P&n)] and [Pén)] be of degree m and m' respectively,
where m +m’ < n/2. Then

ERIE [Pén)] = [Péng] + terms of degree < m +m/.

Proof. This is a refinement of Proposition 1.9. Let s = (S1,...,5)) €

O(én) and t = (Th,...,Ty) € P(n), where S; and Ty have n — m and
n —m’ elements respectively. Then the stabilizer of (s,t) € P x Pén)
equals the stabilizer of (S; N T}); ;. Let my; = |S; NT;| and let v be
the tuple consisting of the m;;. Then the transitive component of (s, 1)
is PSY”). Since myy > n—m —m' > n/2 it follows that the degree of
[P«(Yn)] is n — myp, and this is < m + m/ with equality if and only if
P = [P 0
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Theorem 1.16. Let i be a positive integer. Then for any n > 1,

X({1,...,n}) = (=1) ;(—1)““) (W) [P] € B(Sn).
[Tl

Proof. For i = 1 the formula becomes Egn) = [Pl(n)] = [{1,...,n}], which
is true for every n.

Given i, suppose the formula is true for every pair (i',n) where i’ < ¢
and n is an arbitrary integer greater than or equal to i'. We want to
show that it holds for (i,n) where n is an arbitrary integer greater than
or equal to i.

Since ZZ@ € Schur;, we have Egl) = Zum‘ a, [Pl(f)], where the a, are
uniquely determined. Since the induction and restriction maps are addi-
tive it follows from Lemma 1.13 and Lemma 1.14 that

Egn) = Za“ [73}57271] € Schury, (1.17)
pi

for every m > . It remains to show that a, = (—1)f(—1) ) (i((/;))) for
every p b 4. For this, fix an n greater than 2¢ and the basis {[P,]},rn of

Schury,. We now use the notion of degree introduced before this theorem.
By (1.17), El(.n) is a linear combination of elements of degree i. On the
other hand, by the definition of Egn) we have

i—1
(1) = 3 (— 1 s (1.18)
=0
By induction and the formula for sg.n) from Proposition 1.12; the right
hand side of (1.18) equals

S PUT+ S (-1y ((—1)]’ S (= (L [Pﬁ“]) ( > [PL’ZL)]> .

ki j=1 i phi—j
(1.19)
(n)

Since we already know that £; " is zero in every degree different from ¢
it remains to compute the degree i part of (1.19). In this expression, for
every j such that 0 < j < ¢ we have a product of two sums, one consisting
of elements of degree j and the other one consisting of elements of degree
less than or equal to ¢ — 7, for if ¢ — j then [Pa(u)] has degree <i—j
with equality if and only if 4 = (1,1,...,1), in which case a(u) = (i —j).
If [P,(L")} has degree 7 and [PO(ZZBL ,)] has degree m < ¢ — j then, by Lemma
1.15,

[pﬁn)] ) [730(;8“)} — [73/5’2(“,)] + terms of degree < j + m.
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Hence only the degree i —j part of >° ;. [PO(ZL)], ie., [PZ-(:L;], contributes

to the degree i part of (1.19), which therefore equals

P+ ZZ A (L) i) . (1.20)

J=1 pky

We write this as a linear combination of elements in {[Pﬁ")}}yp_i. Fixvki

with £ :=f(v) and a := a(v) = (a1, ...,0¢). If £ = 1 then [P,Sn)] = [P;n)],

S0 [Pﬁn)] occurs once in (1.20). If £ > 1 then | l(,n)] occurs first when i — j

equals v; = -+ = v,,; the length of p is then £ — 1 and a(u) = (a1 —
L,ai,...,0), so the coefficient in front of [PL l) ;) is —(—1)fay - %
Also, [ £n)] occurs in (1.20) when i —j equals Vo, +1 =+ + = Vay +ay, With

coefficient —(—1)%as - (4;11)!, and so on. Summing up, the coefficient in
front of [PY] is —(—1) (a1 + - - 4+ ) S = —(=1)¢(); hence (1.20)

equals
_Z Z(V) V [73571)]‘
vhi

Therefore, by (1.18), ﬁgn) has the desired form and by induction we are
through. O

Remark 1.21. This proof starts with noting that, as a consequence
of the preceding lemmas, given i it suffices to compule E(n) for some

n in order to get the formula for every m. We then compute Z for

(@)

n sufficiently large. Instead we could have computed Ki by using that

h(égl)) = [sgn] € Ro(X;), where sgn is the signature representation. The
needed expression of [sgn] as a linear combination of permutation repre-
sentations is o classical formula in the theory of representations of ;.
We chose to give the above proof since it is purely combinatorial in na-
ture.
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2. Intrinsic proof of Theorem 1.1

In this chapter we give a proof of Theorem 1.1 suggested by Serge Bouc
and published in the joint paper [BR09]|. This proof relies on the con-
struction of a ring of formal power series with coefficients in Burnside
rings, and an exponential map on this ring, developed in |[Bou92|. This
proof has the advantage of being intrinsic; it uses only the structure of
the Burnside ring.

In Section 2.1 we give a survey of the relevant constructions and re-
sults from [Bou92|. Then in Section 2.2 we use these results to obtain
a formula for A"(.S), which we then show to be the requested one using
some combinatorial arguments.

2.1 Background Material

We begin by giving a quick review of some definitions and results:

Posets

A G-poset P is a G-set with a partial ordering compatible with the G-
action, in the sense that if s <t € P then gs < gt forall g € G. A G-map
of G-posets is a map f: P — @ of posets such that gf(s) = f(gs) for
sePand ge G.Ifalso f': P — @Q, then f < f’ if this holds pointwise.
In connection with this, when S is a G-set and we use it as a G-poset
this means that we view S as a G-poset using its discrete ordering.

Let P be a G-poset. We recall the definition of the Lefschetz invariant
of P: for every ¢ € N, Sd; P is the G-set of chains zg < -+ < a; in
P of length ¢ + 1. The Lefschetz invariant of the G-poset P, Ap, is
the alternating sum > ..,(—1)[Sd; P] € B(G). The reduced Lefschetz
invariant of P is JNXP =Ap—1.

We also need the notion of homotopic posets. We say that the G-posets
P and Q are simplicially homotopic, or just homotopic', if there are G-
maps f: P — @ and ¢g: @ — P such that gf < Idp or gf > Idp, and
similarly for fg. if P and @) are homotopic as G-posets then Ap = KQ
(see e.g. Proposition 4.2.5 in [Bou00]). In particular, if P has a largest
or smallest element then A p=0.

!Note however that two non-homotopic posets may admit homotopic realizations.
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Results from [Bou92]

In this subsection we give a review of the definitions and results from
[Bou92] that we use to prove Theorem 1.1. Let G be a finite group. Recall
that the wreath product of G and %,, denoted G ! X, is by definition
the semidirect product G™ x %, where the action of ¥, on G" is given
by 0 (g1, --s9n) = (Jo=115- - - s Go—1n). We use Gy, to denote this wreath
product, G,, :== GU1%,, (by definition, Go = 1). One defines the ring B(G)
in the folling way: as a group it is the direct product of the Burnside
rings B(G ! X,), indexed over all n € N. We represent the elements of
this group as a power series, Y~ z;t* where x; € B(G1%;). This is a ring
in a natural way, see [Bou92| for the construction of the multiplication.

Let g = ((91,---,9n),0), where o0 € ¥, and g; € G, be an element
of G,,. When S is a G-set we view S™ as a Gp-set by g(s1,...,8,) =
(g185-115 -+ - GnSe—1p). Moreover, let S be the poset defined by adding a
smallest element 0 to .S, and define the G,,-poset S*™ as the set of maps
{1,...,n} — S which are not constant equal to zero, where the partial
ordering is defined pointwise, and with the G,-action defined in the same
way as on S™, with GG acting trivially on the minimal element 0.

Next one defines maps u;: B(G) — B(G;) by © — Api, where P is a G-
poset such that Ap = x. Let I(G) be the ideal of B(G) consisting of those
series with zero as constant coeflicient. The u; are then used to define an
exponential map Exp: [(G) — B(G) having the property that if f,g €
I(G) then Exp(f + g) = Exp(f) Exp(g). In the case we are interested in,
when f = zt for z € B(G), we have by definition Exp(zt) = Y~ wi(z)t".
(We omit the construction in the general case, see [Bou92|.) In particular,
when H is a subgroup of G we have Exp([G/H]t) = Y ,~,[Gi/Hilt"
Moreover, since, for any G-set S, S = Ag = /~\g+, where Sy := SU{e},
we have Exp(—[S]t) = > .~¢ ui(—K5+)ti. By Lemme 4 in [Bou92] it
follows that

Exp(—[St) = =D Mg,y t'. (2.1)

i>0

For every i € N we have a map m;: B(G;) — B(G), induced by taking
the G;-set S to the G-set 3;\S. Together the m; give a homomorphism
of rings m: B(G) — B(G)[[t]].

2.2 Proof of Theorem 1.1

The property that allows us to use the above theory on our problem is
the following:

Lemma 2.2. For any x € B(G) we have m(Exp(at)) = o(x) and
m(Exp(—at)) = A_¢(z).
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Proof. Let S™ denote the nth symmetric power. When x = [G/H], we
have to show that X,\(G,/Hy) ~ S"(G/H) as G-sets, for every positive
integer n: firstly, the map

(917"'7gn70—)'_>(ﬁ7"'7g7n>: GnH(G/H>n

factors through G,/H,, for if (g1,...,9n,0) € G, then, for any
(h1y...,hn,7) € Hy, the element

(g1y---s9n,0)(h1y- o s hn,T) = (91ho1, - - s Gnhon, 0T) € Gy,

maps to (¢g1ho1, -5 Gnhon) = (G1,---,Gn) € (G/H)™, which is also the
image of (g1, - .., gn, o). Denote the resulting map ¢: G,,/H,, — (G/H)".
If we give (G/H)™ the Gp-set structure (g1,...,9n,0) - (fi,..., fa) =
(91f51s- s Gnfon), then ¢ is Gp-equivariant. Moreover it is surjective.
Since both G,,/Hy, and (G/H)" have |G|"/|H|" elements, it follows that
¢ is an isomorphism of G,-sets. Consequently it induces an isomorphism
of G-sets X,\(G,/Hy) — S"(G/H).

For arbitrary x the result now follows from the properties of m and
Exp. For suppose that it holds for z,y € B(G). Firstly m(Exp(z +
y)) = m(Exp(x) m(Exp(y) = ou(@)on(y) = o1(x + ). Moreover 1 =
m(Exp(z)) m(Exp(—x)) = oi(x) m(Exp(—=x)), it therefore follows that
m(Exp(—x)) = oy(—x). Since every element of B(G) is a linear combi-
nation of elements [G/H] we are done.

The second assertion follows immediately, since o¢(z)A_¢(x) = 1, so
)\_t($) = O't<—$). O

Using this lemma together with (2.1) shows that, when S is a G-set,
A(S) =— m(ano A(g, )i t"), hence that

N(S) = (=1)"  my (R, o). (2.3)

Thus we have in some sense achieved our goal; we have expressed \"(S)
in a non-recursive way, without using \(S) for i < n. However, we want
to be more concrete, and the major step is the following proposition,
which allows us to express A"(S) without using B(Gp,).

Proposition 2.4. For S a G-set, let Q<,,(S) be the G-poset of nonempty
subsets of S of cardinality < n. For any n € N,

mn(KSm) = Kﬂgn(s) .

Proof. Given the G-set S and a positive integer n we define the G-poset
Sny
Sy ={a: § = N: ISZa(S)Sn}

SES
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with the ordering given by a < o if a(s) < o/(s) for every s € S,
and the G-action (ga)(s) := a(g~'s). Note that S, is G-homotopic to
Q< (S), for we have maps 0: S, — Q<,(S), given by a — a1 (N\ {0}),
and 0': Q<,(S) — S, sending A C S to its characteristic function. The
composition 66’ is the identity and 8’60 < Idg,. Hence Ksn = KQ<n(S),

so it suffices to show that m,, (Ks*n) = Ksn. We will do this by proving
that, for every 1,
2.\ Sd; (S™") ~ Sd;(Sy)

as G-sets.

We proceed to constructing this isomorphism: first, we have a map
¢: S*™ — S, defined by ¢(f)(s) = |f~1(s)| for s € S. One checks that
this is a well-defined map of G-posets (where we view S*" as a G-poset
via restriction). The map ¢ is surjective, for given o € S,, one may
construct an element f in its preimage in the following way: for s € S,
choose E5 C {1,...,n} such that |Es| = a(s) (possibly, Es = 0). Since
Y ses@(s) < n we may do this such that the E; are mutually disjoint.
We now define f € S* by f(i) = 0 ifz' ¢ UsesEs and f(i) = sif i € Es.
It then follows that ¢(f)(s) = |f~1(s)| = |Es| = a(s) for all s € S, i.e.,
o(f) = a.

Next one shows that ¢ induces, for every i, a map of G-sets
®: Sd;(5*") — Sd;(Sy,) defined by

D(fo << fi) = (d(fo) <+ < (fi)).

Since we already know that ¢ is a map of G-posets it suffices to show
that ® does not map chains to shorter chains, i.e., that if f < f’ then
o(f) < o(f"). This follows since there exists an ig € {1,...,n} such that
fio) < f'(io), i-e., f(ig) ¢ S whereas f'(ig) = sp € S, hence f~1(sq) is
strictly contained in f'~1(sq), i.e., #(f)(s0) < &(f")(s0)-

The map & is surjective, for ¢ is and from the construction it fol-
lows that we may choose elements in the preimages such that the chain
property is not destroyed.

Finally, for ¢ = (fo < --- < fi) and ¢ = (fy < --- < f!) in Sd;(S*") we
have ®(c) = ®(¢’) if and only if there exists a o € X, such that o(c) = (.
For suppose that ®(c) = ®(c’). Then, for every 0 < j <14, ¢(f;) = ¢(f}),
i.e., for every s € S we have ]fj_l(s)] = ]f]’._l(s)|. Since fy '(s) C .- C
f7H(s) and f57'(s) € .-+ C fi7!(s) this means that we may chose a
bijection og: f; '(s) — fi~*(s) such that o (fj_l(s)) = f;_l(s) for every
0 < j < i. Since the sets f]-_l(s), for s € S, are mutually disjoint there
exists a 0 € ¥, which, viewed as an automorphism of {1,...,n}, restrict
to o5 on f; !(s) for every s € S. Then, for any 1 < j < i and for any
m € {1,...,n} and s € S we have that

film)=s <= me¢ fj_l(s) = ome fls) = filom) =s,
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and also that f;(m) =0 <= fj(om) = 0. Hence o f; = f] for 0 < j <7,
ie., oc=c.

It follows that ® induces an isomorphism of G-sets 3\ Sd;(S*") —
Sd;(Sy). O

Therefore, from (2.3),
N(8) = (~1)" " Ra,(s)-
Theorem 1.1 therefore follows from the following computation:

Lemma 2.5. Let S be a G-set and let Sy := S U {e}. In B(G) we then
have the equality

Ko, (sp) = — 2 (=D)L [PL(9))

pukn

Proof. The inclusion S — S, induces an inclusion
i: Q<n(S) = Q<n(Sy).

By Proposition 4.2.7 of [Bou00| we have

/N\an(s” = KQSR(S) + Z indgA(XiA K]A,.[),
A€[G\ Q<n (S4)]

where i1 = {B € Q<,(S) : B = i(B) C A}. However, when A #
{o} the set i has a largest element (namely A\ {e}), hence A4 =
0. Therefore the sum after the summation sign has only one non-zero
element, namely the one with index {e}, which equals — INX].,.[ (where Jo, .|
is the set of elements of Q<,(S5;) containing e). Since ]e,.[ is homotopic
(more precisely isomorphic) to Q<,—1(5), it follows that

Ao, (sp) = Mac,s) = Nac, 1(s) -

It is easy to see that this last expression is the desired one: let S be a
G-set and define, for any tuple of positive integers o = («p, . .., ), the
G-set P, (S) similarly as when « is a partition of an integer. Then the
map sending the sequence (Sy C --- C S;) — (S0, 51 \ So,---,5 \ Si—1)
is an isomorphism of G-sets Sd;(2<,(S5)) — U Pu(S), hence

a=(ao,...,a):

2aj<n
Qa; >0
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We therefore have

[Sdi(2<n(5))] — [Sdi(2<n-1(5))]

= Y rasl= > (U
a=(aQ,...,0;) pukn
S aj=n L(p)=i+1
Otj>0
and consequently
Ao_ys)— Mo, s =D (D" Y (f;((’;)))[Pu(S)]
>0 pukEn
Lp)=i+1

== 2D I PaS)]

pukn
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Part I
The Grothendieck ring of varieties






3. The computation of the classes of
some tori in the Grothendieck ring of
varieties

3.1 Introduction

The Grothendieck ring of varieties over the field k, Ko(Varyg), is the free
abelian group on the objects of the category of varieties, subject to so
called scissor relations and with a multiplication given by the product
of varieties. By construction, it is hence the universal additive and mul-
tiplicative invariant for the category of k-varieties. Since x., the Euler
characteristic with compact support, (taking values for instance in a
Grothendieck ring of mixed Hodge structures or Galois representations)
is additive and multiplicative, it factors through Ko(Varg). Looking at
relations among such Euler characteristics is a powerful heuristic method
for guessing relations in Ko(Vary).

For an example of this, let 7" be a torus defined over k. Then x.(7T)
can be expressed in terms of exterior powers of the first cohomology
group. The latter in turn is essentially the cocharacter group of T. As
Ko(Varg) is a A-ring and as . is a A-homomorphism one can try to lift
the cohomology formulas to Kg(Varg). There is a problem, however, in
that in general one cannot find an element in Ko(Vary) that maps to the
cocharacter representation under x.. But when the torus is the group L*
of units in a separable k-algebra L, then [Spec L] maps to the cocharacter
representation. We are thus led to conjecture the formula

n
[L*] =) (=1)°X’([Spec L|)L"* € Ko(Vary), (3.1)
i=0
where n is the dimension of L. (The details of this heuristic argument
are given in Section 3.4.)

The objective of this chapter is to prove (3.1), and in the process
to develop some techniques for performing explicit calculations in, and
prove structure results about Kg(Varg). These techniques are of three
main types:

Firstly, one may use some homomorphism from Kg(Vary) to a ring with
better known structure, for example the above mentioned x., or, in case
k = T, is finite, the point conting homomorphism Cj induced by counting
F,-points on the varieties. Since such homomorphisms are usually not
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injective, this method is mostly used in order to give heuristic suggestions
of relations in Ko(Vary) (see Section 3.4), and also to show that elements
in Ko(Varg) are distinct by proving that their images are. However, we
will also use C; to prove the validity of relations in Ko(Vary), by showing
that the image of the relation under Cy is satisfied for sufficiently many
¢, as in the alternative proof of (3.1) given in Section 3.6.

Secondly, we construct a A-homomorphism Artg: B(G) — Ko(Varg),
where B(G) is the Burnside ring of the absolute Galois group of k, which
then may be used to prove relations in Ky(Varg) by proving the corre-
sponding relations in B(G) (see Section 3.5 for examples of this). The
image of Arty is contained in the subring of Ko(Varg) generated by
zero-dimensional schemes, which we call the subring of Artin classes
and denote ArtCly. Using Arty we may answer some questions about
the structure of ArtCly. For example, when k is perfect with procyclic
absolute Galois group we will see that ArtCly is free on the classes of
finite separable field extensions of k (Proposition 3.8). We will also give
a slightly generalization of the conditions under which the zero-divisors
of Naumann exists (Proposition 3.7).

Thirdly there is the technique of Galois descent. Using it we may prove
the validity of a relation in Kg(Varg) by considering the corresponding
relation in Ko(Vary), where k is a separable closure of k, where it may
be easier to prove. This is a main tool used in the proof of (3.1) given in
Section 3.5.

The structure of this chapter is as follows: In Section 3.3 we construct
the A-homomorphism Arty: B(G) — Ko(Varg). We also prove the above
mentioned structure results about ArtCly.

In Section 3.4 we describe the details of the heuristic arguments sug-
gesting (3.1). We also discuss what happens when this heuristic is applied
to other types of tori. Finally we give an example of a tori for which the
heuristic suggests a formula that does not hold (Proposition 3.13).

In Section 3.5 we show that [L*] = Y a;L"* € Ko(Varg), where
a; € ArtCl,. We also give an explicit formula for the a; in terms of
elements in B(G). To derive this formula we embed L* in L, the affine
space associated to L, and use induction relative to the complement of
L*.

In Part T of the thesis we have obtained a universal formula for the
A-operations on the Burnside ring which, together with the formula ob-
tained in Section 3.5, gives a proof of (3.1).

In Section 3.6 we give a proof of (3.1) that avoids using the universal
formula for \’. Instead it uses one simpler result from Chapter 1, together
with point counting over finite fields.

Acknowledgment. Thanks are due to David Bourqui for comments on
the preprint [R6k07al, in particular concerning what is Proposition 3.13
in this thesis.
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3.2 Background Material

For the necessary background on the Grothendieck ring of varieties, and
on Burnside and representation rings we refer to Section 0.2. Below we
give a quick review of Grothendieck’s formulation of Galois theory.

Galois theory

We use the following notation. Let k be a field and let k be a separable
closure of k. Write G for Gal(k/k), the absolute Galois group of k. We
define the category of k —G-algebras to be the category whose objects are
k-algebras L together with G-actions on the underlying rings such that
k — L is G-equivariant, and whose morphisms are G-equivariant maps
of k-algebras.

We then have an equivalence between the category of k-algebras and
the category of k — G-algebras. This equivalence takes the k-algebra L
to L ® k with G-action o(l ® ) := | ® o(a). The map that takes the
k— G-algebra U to UY is a pseudo-inverse.

If the k-algebra L is finite and separable, then the corresponding k — G
algebra is isomorphic to % where S is finite. The G-action on this must
be the action on k together with a permutation of the coordinates, i.e.,
a G-action on S. Hence as a corollary we have a contravariant equiva-
lence between the category of finite separable k-algebras and the cate-
gory of finite continuous G-sets. This equivalence takes the k-algebra L
to Homy (L, k) with G-action given by f7(1) := oo f(I). It has a pseudo-
inverse that takes the G-set S to Homg (S, k), i.e., the G-equivariant maps
of sets from S to k, considered as a ring by pointwise addition and mul-
tiplication and with a k-algebra structure given by (a - f)(s) := a - f(s).

Under this correspondence, if L corresponds to S then the dimension
of L equals the number of elements in S. Moreover, if also L’ corresponds
to S’, then L ®; L' corresponds to S x S’ with diagonal G-action and

the algebra L x L’ corresponds to SUS’. In particular, separable field
extensions of k correspond to transitive G-sets.

3.3 The subring of Artin classes in Ko(Vary)

In this section we define a map from the Burnside ring of the absolute
Galois group of k to Ko(Varg). This map will be used in the computation
of the class of L*, but it also gives some information about the structure
of Ko(Varg). The map will take values in the subring of Kg(Vary) gen-
erated by zero dimensional schemes, which we call the subring of Artin
classes. We include this as a formal definition:
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Definition 3.2. Let ArtCly, the ring of Artin classes, be the subring of
Ko(Vary) generated by zero-dimensional schemes.

Background

As an abelian group ArtCly is generated by {[Spec K|}, where K runs
over the isomorphism classes of finite field extensions of k. When the
characteristic of k is zero there is a structure theory for Ko(Vary) given
in |LLO3|, which asserts that the classes of stable birational equivalence
form a Z-basis of Ko(Varg)/(LL). Using this, one shows that, as an abelian
group, ArtCly is free on {[Spec K]}. That ArtCly is free on this set
is also true when k = F, as is shown in [Nau07|, Theorem 25, using
the point counting homomorphisms Cyn, where, for any prime-power g,
Cy: Ko(Varg,) — Zis given by X — |X(IF,)|. We will extend this result
to hold for any perfect field with procyclic Galois group.

There is also a question about zero divisors. The first construction
of zero divisors was given in [Poo02]; this construction works for every
field of characteristic zero, also the algebraically closed ones. To show
that these zero divisors really are nonzero requires the structure theory
of |[LLO3|, hence the restriction on the characteristic of k. Now, as was
observed in [Nau07|, ArtCl often contains zero divisor: If K is a finite
Galois extension of degree n then [Spec K] = n - [Spec K] so [Spec K| €
ArtCly, is a zero divisor if it is not equal to 0 or n. [NauO7| proves
that this is the case when k£ = F;, and more generally when £ is finitely
generated. Using the Euler characteristic x., we extend this result to hold
for any field (Proposition 3.7), hence there are examples of zero divisors
in Ko(Varg) whenever k is not separably closed of prime characteristic.

Remark 3.3. [Spec K] # 0,n also in My := Ko(Varg)[L™1]. This is
easy to see since X, the invariant we use to prove that [Spec K] # 0,n €
Ko(Varyg), factors through My,. Recently ([Eke09], Corollary 3.5) it was
shown that also the construction of Poonen yields zero divisors in My,
hence there are known examples of zero divisors in both Ko(Vary) and M,
whenever k is not separably closed of prime characteristic. This question
is discussed in [Nic08] Section 2.6.

The Artin map

Let k be a field with absolute Galois group G. In this section we use
Galois theory to define a A-homomorphism from B(G) to Ko (Vary), whose
image is contained in ArtCly. The main purpose of doing this is that it
aids the computations in Kg(Vary). Also it allows us to give a slightly
generalization of the above mentioned results of [Nau07].
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Definition 3.4. Let Arty: B(G) — Ko(Varg) be the A-homomorphism
defined by associating, to the G-set S, the class of its image under the
fully faithful, covariant Galois functor to Vary.

Since open disjoint union is a special case of the relations in Ko(Vary)
this is well defined. Moreover it is multiplicative since the multiplications
in both rings come from the product in the respective categories. Finally,
to see that it commutes with the A-structures, note that it suffices to
check this on the opposite structures, and ¢” is defined by the same
universal property in both rings (namely the nth symmetric power) so
this is clear.

Since B(G) is free on isomorphism classes of transitive G-sets, and Arty
maps these to isomorphism classes of separable field extensions of k, it
follows that Im Arty, is free on {[Spec K|} if and only if Arty, is injective.
If k is perfect, Im Arty = ArtCl, hence the same holds for ArtCly in
this case.

Recall that we use h to denote the natural \-homomorphism B(G) —
Rq(G). We use i for the injection Rg(G) — Ko(Repg, §). If S is a G-set
and L the corresponding separable k-algebra then the £-adic cohomology
of Spec L is @Q;[S], hence we have the following commutative diagram of
A-rings:

Artg

B(g) Ko(Vark) (35)

Lk

Ro(G) —> Ko(Repg, G)

Recall that for ¢ € G we write C, for the character homomorphism
Rg(G) — Q, and also that when k = F, we write C, for the count-
ing homomorphism Ky(Vary) — Z. A special case of (3.5) is when
k =TF, and F € G is the Frobenius automorphism: If S is a G-set corre-
sponding to the variety X then Cp o x.(X) = |S¥| and also | X (F,)| =
|Homp, (SpecFy, X)| = [Homg({e}, S)| = |S¥|, consequently

Cy=Croxe on Im Artp,, (3.6)

showing that the character maps generalize point counting, a fact that we
will use in Section 3.6. (In fact, using the Lefschetz fixed point formula
one can show that (3.6) holds on all of Ko(Vary).)

As a first application of the commutativity of (3.5) we note that if
L and L’ are two finite, non-trivial and separable field extensions of k,
which are non-isomorphic, i.e., they correspond to two non-isomorphic
transitive G-sets S and S’, then [Spec L] # [Spec L'] and [Spec L] ¢ Z.
For it suffices to show that this is the case for their images under g, i.e.,
that h(S) # h(S’) and that h(S) ¢ Z, and this is a known property of h,
see (1.4). In particular:
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Proposition 3.7. For any field k, the isomorphism classes of finite, non-
trivial Galois extensions determine distinct zero divisors in Ko(Vary).

This type of argument cannot be used to prove that Im Arty is free
on {[Spec K}, since in general there are non-isomorphic G-sets S and S’
such that h(S) = h(S"). The exception is when G is procyclic, for then h
is an isomorphism. We state this as a proposition.

Proposition 3.8. If the absolute Galois group of k is cyclic then Arty
18 1njective.

As a corollary we get a result from [Nau07], that ArtClp, is free on
{[Spec K]}, where K runs over the finite field extensions of F,,.

To summarize: We have a good understanding of the the additive
structure of ArtCl; when chark = 0, and also when k is perfect with
procyclic Galois group.

The behavior of Art; with respect to restriction of scalars

We next study how Arty behaves with respect to restriction of scalars.
The following proposition is due to Grothendieck but we have not been
able to find a reference so we include a proof for completeness.

Proposition 3.9. Fiz a field k together with a separable closure k and
let G := Gal(k/k). Let K be a finite field extension of k such that K C k.
Let L be a finite separable K-algebra and let S be the corresponding
Gal(k/K)-set. View L as a k-algebra and let S’ be the corresponding
G-set. Then S"' ~ G Xgal(E/K)S' Hence the following diagram is commu-

tative.
Art g

indgal(E/K) i leK

B(G) Ko(Vary)

Artk

Proof. Define a map ¢: G xS — 5" by (o, f) — of. It has the property
that if 7 € Gal(k/K) then ¢(or, f) = orf = ¢(o,7f). Hence it gives
rise to a map of G-sets ¢: G Xgal(E/K)S — S If ¢(o, f) = ¢(7,9) then
77 lof = g so since f and g fixes K pointwise we must have that 7~ 1o €
Gal(k/K). Tt follows that (1,9) = (1,7 lof) ~ (r77to, f) = (0, f) so
¢ is injective. It is also surjective, for let d := [K : k| and suppose that
L has dimension n as a K-algebra, i.e.; S has n elements. Then L has
dimension nd as a k-algebra so S’ has nd elements. On the other hand,
by Galois theory, |G / Gal(k/K)| = [K : k] = d. Hence G X Gal(k/ k) also
has nd elements. Since ¢ is injective it follows that it also is surjective,
hence an isomorphism of G-sets. OJ
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3.4 Heuristic suggesting an expression for the class of a
torus in Ko(Vary)

Let k£ be a field with absolute Galois group G. As mentioned in the
introduction, if T is a torus of dimension n and N is its cocharacter
group tensored with @Q; then

n

Xe(T) =Y (=1)'X/(N)e"" € Ko(Repg, G), (3.10)
=0

where ¢ := [@Q;(—1)], the class of the dual of the cyclotomic represen-
tation. Let = € Ko(Varg) be such that x.(xz) = [N]. Since x. is a A-
homomorphism, and since x.(IL) = ¢, it follows that

n

D) = o DN EILT) € KofRen, 9),

i=0
suggesting that we should have

[T] =) (—1)'N(2)L"" € Ko(Vary,). (3.11)
=0

However, in order to make sense of this formula, we have to find an
element x in the preimage of [N] under x., and it is not clear how to do
that in general.

There is one case when we have an easy way of doing this, namely
when N is a permutation representation of G, N = Q;[S] where S is a
finite G-set. In that case the element Arty(S) € ArtCly, maps to [N]
under x.. Below we examine three such cases:

e In this thesis we concentrate on the case when T = L*, the torus
of invertible elements in L. Here L is a separable k-algebra, hence it
corresponds to a G-set S. Then [N] = [Q;[S]] = x.(Spec L), hence in
this case (3.11) says that (3.1) should hold. The remaining sections of
this chapter (Sections 3.5-3.6) are devoted to showing that it actually
does.

e The following was pointed out to me by David Bourqui: If L is a
separable k-algebra of dimension n, and S the corresponding G-set,
then the exact sequence of G-modules 0 — Z — Z[S] — M — 0 splits
over Q, hence [M ®z Q;] = [Q[S]] — 1 = x.([Spec L] — 1). So if L*1
is the torus with cocharacter group equal to M, i.e., L*! = L*/G,,,
then the above heuristic suggests that

n—1

[L71] = (=1)'N([Spec L] — 1)L" .
=0
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That this formula actually does hold can be proved by embedding
L*! in the projective space associated to L, and then proceeding in
exactly same way as when proving (3.1). (It would follow directly
from (3.1) if we knew that L — 1 was not a zero-divisor, because
L4 (L —1) = 7],

e We also mention one case when the above heuristic probably gives the
wrong formula, namely let T be the torus of elements in L of norm 1.
If M is the cocharacter group of T, then the exact sequence 0 — M —
Z[S] — Z — 0 splits over Q, hence by the above argument, [T'] would
satisfy the same formula as [L*!]. Looking at the top dimensional
term of the formula suggests that T" should be rational, however, by
[Cheb4] page 322, there are field extensions L/k such that T is not
rational. Note however that this is just a heuristic argument; it is not
known whether equality of the classes of two varieties implies that
they are birational.

The above heuristic suggests that [T] € ArtCli[L] for any torus [T].
We conclude this section by showing, in Proposition 3.13, that this is not
always the case. For this, we work in Ko(Repg, G). Given a field k£ with
absolute Galois group G, let B be the image of B(G) in Ko(Repg, G), and
identify Rg(G) and R, (G) with their (injective) images in Ko(Repg, G).
We have

B CRq(9) C Ry, (9) < Ko(Repg, §)-

We will use the following lemma:

Lemma 3.12. Let k be a field with absolute Galois group G. Let £ €
Ko(Repg, G) be the class of dual of the cyclotomic representation, { =
[Qi(—1)]. Assume that [Im xcyer| = 00. If b1,...,by € Rg,(G) are such
that Y7 bil' =0, then b; =0 for every i.

Proof. We prove this using the character maps Cy, g € G: Since the image
of the cyclotomic representation is infinite we have that |{Cy(¢)}geg| =
00. Moreover, since every discrete representation of G factors through a
finite quotient of G, we have |{Cy(b;)}geg| < oo for every i. Hence the
result. O

Proposition 3.13. There is a field k and a k-torus T' such that [T ¢
AT’tClk[]L]

Proof. By Example 1.6, we may choose a finite extension k£ of Q such
that the inclusion B C Rg(G) is proper. Moreover, since this k is
finitely generated, the image of the cyclotomic character is infinite. We
fix this k. Suppose now that [T] € ArtClg[L], where T is a k-torus
of dimension n. Then [T] = Y% ;L™ where a; € ArtCly, and
m is a (possibly negative) integer. Then, since x.(L) = ¢, we have
Xe(T) =30 bl where b; is in B (by the commutativity of (3.5)).

48



Hence, by (3.10), >0 o(=1)"A(N)"=" = S b;¢"*. Consequently,
since AX'(N) € Rg(G) C Rg,(G) and b; € B C Rg,(G), Lemma 3.12
shows that b; = 0 for i < 0 and that b; = (—1)'AY(N) for every
0 < i < n. In particular, [N] = A\}(N) = —b; € B.

But not all tori has this property. To see that, note that every Q-
representation of G, V, comes from the cocharacter group of a torus,
namely the free Z-module (ge;)geg C V, where {e;} is a basis for V.
(Here it is important that the representation is discrete, otherwise this
group can have infinite rank.) So every Q-representation of G, V| comes
from some torus Ty. By what was said above, if [V] is not contained in
B, then [Ty] & ArtCli[L]. Since we have chosen k such that the inclusion
B C Rg(G) is proper, it follows that there are V' with this property. [

3.5 Computation of the class of L* in Ko(Vary)

Given a field k£ and a separable k-algebra L of dimension n we define the
affine group scheme L* by letting L*(R) = (L®y R)* for every k-algebra
R. This is a torus, because if k is a separable closure of k and R is a
k-algebra then, since L ®p k = k", we have

L:(R)=L*(R) = (L& k) ®; R)" = (R")* =G}, (R)

as groups, and consequently (L*)r ~ G};. We call L* the torus of in-
vertible elements in L. Note that if L = k™ then L* = G}, hence
[L*] = (L —1)"™ € Ko(Vary).

The objective of this section is to compute, for an arbitrary separable
k-algebra L, the class of L* in Ko(Varg) in terms of the Lefschetz class L
and Artin classes. More precisely, we will show that there exist elements
a,...,an € ArtCl,, C Ko(Varg) such that

(L] =L"+al" ' + aol" 2 + -+ + an € Ko(Vary). (3.14)

In Theorem 3.32 we then derive a universal formula for the a; which,
together with Theorem 1.1 proves (3.1).

Definitions

We begin by giving a definition of L* for any free algebra of finite rank:
Let K be a commutative ring and let L be a free K-algebra of rank n.
Let L/K or just L, be L considered as an affine space, i.e., the set of
R-points on L is L ®x R. We have L = Spec S(LY). Note in particular
that K is the ring scheme with additive group G, and multiplicative
group Gp,. Also, if we choose a K-basis for L we get an isomorphism
S(LY) ~ K[Xy,...,X,), where n is the rank of L. Hence L ~ A’ as
schemes.
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We next give the general definition of the K-scheme (L/K)*, which
we write as L* when K is clear from the context. Define L* C L as the
subfunctor given by L*(R) = (L ®x R)*. To see that this is an affine
group scheme, note that it is the inverse image of K* under the norm
map Ny g: L — K. (Here, NL/K is defined on R-points as NL®KR/R )

We now turn to the problem of computing [(L/k)*] when k is a
field and L is separable. The obvious approach would be to compute
an explicit equation defining L* and then use the scissor relations.
More precisely, choose a basis of L over k. This identifies L with
Speck[X1,...,X,] and k with Spec k[X]. Then NL/;C corresponds to a
homomorphism of k-algebras k[X] — k[X],..., X,] sending X to some
polynomial, say f(Xi,...,Xy). Therefore,

~—1
Ni/k(Gm) = Speck[X, 1/X] ®px) k[ X1, ..., Xy
= Speck[X1,..., Xn, 1/f(X1,..., X,)].

When n = 2 this can be used to compute [L*] using the scissor relations
as the following example shows.

Example 3.15. Let L be a separable field extension of k of degree 2. We
can represent L as k[T]/(f(T)) where f(T) = T?+aT + 3 is irreducible,
i particular 3 # 0. If chark # 2 we assume that o = 0. With this
notation we have L(R) = R[T/(f(T)) for every k-algebra R. A basis
for the R-algebra L(R) is {1,t} where t is the class of T modulo f(T).
If ri,79 € R then NZ(R)/R(Tl +rot) = 72 —rirea+133. So if we identify
L with Spec k[X1, X5 then

L* =D(X? - aX1Xs + 5X3) C L.

We now have an explicit equation describing L*. To compule [L*] we first
compute [L\ L*]. Now L\ L* = Spec k[X1, X»]/(X?—aX, Xo+(X2) C L.
This can be split into two parts, the closed subscheme Spec k[X1]/(X?),
which maps to 1 in Ko(Vary), and its complement

k:[XlaXQa]-/XQ} NSpec k[Ylvyéa]-/}/Q]
(X7 —aX1Xo + 6X3) (Y7 —a¥i+6)

Spec

Now if chark # 2 then a = 0 so Y? — oY1 + 8 = f(Y1) and this is also
true if chark = 2 for then —a = «. Hence the above expression equals
Spec k[Ya,1/Ys] i Spec L, and this maps to (L—1)-[Spec L] € Ko(Vary).
Putting this together gives [L*] = L — [SpecL] - L + [SpecL] — 1 €
KO(Vark).

This method does not work when L is a field of degree greater than
2, the cutting and pasting then becomes to complicated. The rest of this
section is devoted to giving a systematic way of computing [L*].
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Reduction to case of lower dimension

We now describe a method which makes it possible to recursively com-
pute [L*] as an element of ArtCl[L]. This will be done in the following
way. We first describe subschemes of E, denoted Uy, ..., U,, such that
[L*] = L™ = >~ | [Ui]. We are then reduced to compute [U;] for every i.
To do that we find a subscheme T; of U; and a Tj-algebra L} of rank n—i.
More precisely, T; is the spectrum of a finite product of fields [[, K, and
L equals L, on K,, L, =[], Ly,. We then show that U; ~ (L}/T;)* as

k-schemes. In Lemma 3.16 we will show that (L}/T;)* ~ U(L,/K,)* and

we are then in the situation we started with, only that the algebras have

dimension less than n, for having computed [(L,/K,)*] € Ko(Varg,) we

can find [(L,/K,)*] € Ko(Vary) with the help of the projection formula.
To do this we will need the following lemma.

Lemma 3.16. Let K =[], .; K, where the K, are fields and I is finite.
Let L be a free K-algebra of rank n, i.e., L = [],c; Lo where, L, is
a K,-algebra of dimension n. Then f/\l/( ~ U, L,/K, and (L/K)* ~
Up(Ly/Ky)* as K-schemes.

Proof. The first part follows since S(LY) ~ [[,c; S(Ly) as K-algebras.

To prove that (L/K)* ~ U(L,/K,)* as K-schemes we prove that their
functors of points are equal. Let R be a K-algebra, i.e., R = [[, R, where

R, is a K,-algebra, possibly equal to zero. An R-point on U(L, /K,)* is a
morphism f: U, Spec R, — U(L,/K,)* that commutes with the struc-

tural morphisms to U, Spec K,,. Since the image of Spec R, under the
structural morphism is contained in Spec K, we must have f(Spec R,,) C
L¥. Therefore f is determined by a set of morphisms {f,: Spec R, —
L¥}yer where f; is a morphism of K,-schemes. Hence we can identify f
with an element in [[ L}(R,). The same is true for an R-point on L* for

L*(R) = ((H L) en (I1 Rv))x ~ [[(Zo@r, Ro)* =[] Li(R)-

So by Yoneda’s lemma, L* ~ UL*. (This method could also have been
used to prove the first part of the lemma, but there we knew the algebra
representing L and that gave a shorter proof.) O

We will now give the definitions of U;, T; and L. There are two ways
of doing this. The first is to construct them explicitly in much the same
way as we constructed L* with the help of the norm map. The second
is to just construct their images after scalar extension, as subschemes of
(L)z, and then use Galois descent as described in Section 3.2. The first
method requires more work but has the advantage that it works also
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when the base is not a field. It is carried out in [R6k07c]. In this paper
we will use the second method:
Let L be the separable k-algebra and let S be the corresponding G-set,

i.e., the corresponding k — G-algebra is ES. Since, for every k-algebra R,
L % 75 z s S _ A8
Li(R)=(L®rk) @z R=k" @ R=(k®; R)” =R :AE(R)’

it follows that the k-scheme L corresponds to the k — G-scheme Ag,

i.e., Speck[X;]ses where G acts on the scalars and by permuting the
indeterminates. In the same way we see that the k-scheme L* corresponds
to the k — G-scheme G,. (This also gives an alternative construction of
L* when the base is a field, it is the k-scheme corresponding to the
k — G-scheme G2, C A%)

We next define U; C L, where i € {0,...,n}. For this, let P;(S) be
the G-set of subsets of S of cardinality i. We then define U; to be the
k-scheme corresponding to the k — G-scheme

U G\ cal,
TeP;(S)

where G,i\T(R) is the group of n-tuples (ry)ses € A%(R) such that 74 = 0

if s€T and ry € R* if rg ¢ T. Since

GS;\T — V({XS}SET) \V({XS}sgéT) C SpeCE[XS]SES = A%

we see that UTePi(S) G%\T is locally closed and that their union over
all ¢ cover A%. It hence follows that the U; are locally closed and that
they cover L. Noting that Uy = L*, we see that [L*] = L" — 327 [Uj] €
KQ(Vark).

Now consider V({X;—1}¢7) C G5\, This subscheme is isomorphic to
Spec k. Taking the union over every T' € P;(.S) we get an k—G-subscheme

Spec%pi(S)C U GI\T, (3.17)
TeP;i(S)

We denote the corresponding k-scheme with T;. Moreover, the fact that
(T;)7 = Spec ) shows (in fact is equivalent to) that T; is the spectrum
of a separable algebra. Hence T; corresponds to the G-set P;(S) and it is
a product of separable field extensions of k.

Next use the algebras k — BV for T € Pi(S) to define a B

algebra

TeP;(S)
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of rank ‘S \ T‘ = n — i in the category of k — G-algebras. Denote the
corresponding T;-algebra with L, which is then also of rank n—i. We note
that the map T; — L, corresponds the projection {(s,T) € S x P;(S) :
s ¢ T} — P;i(S) in the category of G-sets.

Now by Proposition 3.16,

( H 75\ /kpi(s)> _ U (ES\T /Ry’
TeP;(S) TeP;(S)

and since this is isomorphic to UTePi(S) G}gn\T it follows that the corre-
sponding k-schemes are isomorphic, i.e., (L;/T;)* ~ Uj.

Since T; is a finite product of separable extensions of k, [[ K, we must
have L, =[] L, where L, is a K,-algebra of dimension n — i (since the
rank of L./T; is n — ). Hence we see that (L,/T;)* = |J(L,/K,)*. By
induction then, we may compute [(L,/K,)*] € Ko(Varg,) for each v and
then use the projection formula (0.3) to compute [(L;/T;)*] and hence
[L*] S Ko(Vark).

We summarize the results of this subsection in the following proposi-

tion:
Proposition 3.18. Given a field k and a separable k-algebra L of di-
mension n. With the same notation as above we then have [L*] = L" —
Yo, Uil € Ko(Vary), where [U;] = 3, c;[(Lo/Ky)*], the index set I is
finite and the dimension of L,/ K, is n — i.

We illustrate with an example.

Example 3.19. Let k =, and L =F_ 3. We then have
[L*] = L3 — [Uh] — [Us] — 1 € Ko(Vary,). (3.20)

Let G := Gal(k/k) and let F be the topological generator of G, the Frobe-
nius automorphism a — «af. Then L corresponds to the G-set S =
Homy, (L, k) = {1,F,F?}, where we have identified F with its restriction
to L.

We have P1(S) = {{1},{F},{F?}} ~ S. Therefore Ty ~ Spec L. More-

over, L} corresponds to

{(LAFY, O, {F2}), (F, {1}), (F.{F?}), (F*, {1}), (F*, {F}) }

and this is the union of two sets on which G acts transitive, hence it

is isomorphic to SUS as a G-set. So L, ~ L?. Therefore [(L/T1)*] =
(L —1)? € Ko(Vary) and hence by (0.3)

[U1] = RE((L —1)%) = [Spec L] - (L — 1)* € Ko(Vary)

In the same way we find that [Us] = [Spec L]-(L—1) € Ko(Varg). Putting
this into (3.20) gives that

[L*] = L3 — [Spec L] L2+ [Spec L] - L — 1 € Ko(Vary).
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An explicit formula

We have now showed how to compute [L*] in principle. Evolving what
we already have proved will give us an explicit formula.

To get more compact formulas we use the following notation. In the
last section we worked with a fixed algebra L/k and defined U;, T; and
L’ with respect to this algebra. To translate the recursion into a closed
formula we need to repeat these constructions. Hence we fix once and for
all our base field, k. Let K be a finite extension field of k£ and let L be
a separable K-algebra. We then use U;(L/K), T;(L/K) and Li(L/K) to
denote U;, T; and L) constructed with respect to the algebra L/K. We
have that L;(L/K) and T;(L/K) are K-schemes which we also can view
as k-schemes by restriction of scalars. Similarly, L (L/K) is a T;(L/K)-
algebra which we also may view as a k-algebra.

We next want to generalize these definitions to the case when K is a
finite separable k-algebra. Recall that this is already done for (L/K)*.
However, since the definitions of U;, T; and L use Galois descent their
constructions cannot be generalized directly. We instead do the following.

Definition 3.21. Let K be a finite separable k-algebra and L a finite
separable K-algebra, so K = [[, K, where K, are separable extension
fields of k and L =[], L, where L, is a separable K,-algebra. Define

Ui(L/K) := U, Us(Ly/ Ky).
Furthermore, define
Ty(L/K) := Uy Ti(Ly/ Ky)

and define L,(L/K) to be the T;(L/K)-algebra which is L}(L,/K,) on
Ti(Ly/Ky).

Let K be a finite separable k-algebra and L a finite separable K-
algebra of rank n, so K =[], K, where K, are separable extension fields
of k and L = Hv L, where L, is a separable K,-algebra of dimension n
as a vector space over K,. Using Definition 3.21, Proposition 3.16 and
the stratification of L over a field given in the preceding section gives
the following:

Lemma 3.22. We have that
o n—1
L/K = (L/K)* U | J Ui(L/K) U Spec K
i=1
where the union is disjoint and open. Hence,

n—1
[(L/K)*] = [Spec K] - L™ = ) "[U;(L/K)] — [Spec K] € Ko(Vary,).
=1
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From the preceding section we know that L}(L,/K,)/T;(L,/K,) has
rank n — i and that U;(L,/K,) ~ (L}(Ly/Ky)/T;(Ly/Ky))". Taking the
union over every v and using Proposition 3.16 we get the following.

Lemma 3.23. The algebra L)(L/K)/T;(L/K) has rank n — i, and
Ui(L/K) ~ (Li(L/K)/Ti(L/K))"
as k-schemes.

For the rest of this section, we fix a field k and a separable k-algebra L
of dimension n. Notation: Given a sequence of positive integers i1, . .., ig.
Construct the algebra L; /T;, := Lj (L/k)/T;(L/k). Define the al-
gebra L , /Ty, as Li (L /Ti,)/Ti,(Li, /T;) and define inductively

, 12,81
Liv v/ T as

P 1yl

L’Iir+1 (L;’,-,...,lj /Em--wil)/nvdrl (L;T»7...,i1/j—:ir7~--ail)'

Inductively we get that the rank of Lj . /Ti i isn— (i1 4 +iy).
Hence, as a corollary to the preceding lemmas we get the following.

Lemma 3.24. Let o = (iy,...,91) where > ._is =1i. Then

n—i—1

[(L/a/Ta)*] = [Ta] : Lnii - Z [(L;'@/jjj7a>*] — [Ta] S KO(Vark).

We are now ready to prove the main theorem of this subsection.

Theorem 3.25. With the same notation as above we have

[L*] =L"+ al]Ln_l +---+ap—1L+ap,

where
J
aj=> ()" > [Tl
r=1 (i1r~~:ir):
Zl++l’7‘:j
is>1

forj=1,...,n.

Proof. We evaluate [L*] in n steps, using Lemma 3.24. In the first step
we write

[(L/k)] =L" = [(Ly/T0)"] = -+ = [(Ly 1 /Tn-1)"] = 1

so we get the contribution L™ — 1. We then evaluate the remaining terms,
using Lemma 3.24, so in step two we get a sum consisting of two parts.
First, [(L}, ;,/Tip.iy)*] shows up with sign (—1)?, for 2 <idg+i1 < n (we
always have is > 1). These are the terms that we will take care of in step
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three. The second part of the sum contributes to our formula. It consists
of the terms

(=D (=[] - 1" + [13)) Lsj<n

Continuing in this way we find that in step r» we get a sum consisting
of two parts. Firstly, every term of the form [(L;ru/TlT“)*] with
coefficient (—1)", for > ;45 < n. This part is taken care of in step
r + 1. And secondly we get a contribution to our formula consisting of

(_1>T(_[Tir—1,-~~7i1] L + [n7>—17~--,i1]) r—1<j<n

for every r — 1-tuple (iy_1,...,41) such that zg;% is = j. This process
ends in step n.

Collecting terms we now see that if 1 < j < n — 1 then the coefficient
in front of ."~7 becomes

Jj+1
DNy Tl
r=2 (F1,eir—1)t
11+t 1=]
i1s>1

This equals

SN0 YT [Tl (3.26)

r=1 (il,...,ir)I

1s>1

A separate computation, using that [T,,] = 1 and that if 1 < Z;;} is =

Jj <mnthen Th_j; ., i =T ., 4, shows that formula (3.26) holds
also for the constant coefficient, when j = n. O

The formula expressed using the Burnside ring

The formula in the preceding section is not suitable for computations.
In this section we make it so, by computing the object in the Burnside
ring that maps to [T,]. We begin with some notations.

Definition 3.27. Let G be a profinite group. Given a G-set S of cardi-
nality n and a positive integer r. Moreover, let (i1,...,i,) be an r-tuple
of positive integers such that iy +---+1i, <n. Then P, i (S) is the G-
set of r-tuples (Sy, ..., S1) where S is a subset of S of cardinality i; and
the S; are pairwise disjoint. In particular P;(S) has the same meaning
as before (up to isomorphism).

Lemma 3.28. Let k be o field and K a separable k-algebra of dimen-
sion t. Let L be a separable K-algebra of rank n. Let G := Gal(k®/k)
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and let K and L correspond to T respectively S as G-sets. Write T =
Homy (K, k®) = {71,...,7}. Let S; be the inverse image of 7; under the
map S — T corresponding to K — L. Then T;(L/K) corresponds to the

G-set .
U Pis

j=1
and L(L/K) corresponds to

{ Us x Pi(S fe,‘éU}

Proof. Suppose first that K is a field. According to (1.15), T;(L/K) cor-
responds to P; (Homg (L, k%)) as a Gal(k®/K)-set. Hence by Proposition
3.9 it corresponds to

G X gGal(ks /1) Pi(Hompg (L, k°))

as a G-set, with the G-action given in that proposition. Since we assumed
that K is a field we may write T as {71|x, ..., 7t|k}, where 7; € G, and
this in turn can be identified with a system of coset representatives of
G/ Gal(k®/K). We hence want to show that we have an isomorphism of
G-sets,

t
¢: T x P;(Homg (L, k*)) U

To construct this, define ¢ as (7|x,U) — TjU. (Note that 7; have to
be fixed for every j, if we replace it with 7} such that 7j|x = 7}k we
may get another ¢.) First ¢ is well defined because every element in U
fixes K, so every element of 7;U is in S}, the inverse image of 7j|x in S.
Hence ¢(7j|x,U) € Pi(S;). It is also G-equivariant, because if o € G is
such that or; = 77/, where 7/ € Gal(k®/K), then

¢(O—(Tj|K’ U)) = ¢(Tl77—/U) = TlT/U

and
o¢(7jli,U) = o(1;U) = or;U = 77'U.

Next ¢ is injective: If ¢(7j|x,U) = ¢(11|k,U’) then they both must be
in P;(S;), so | = j. Hence 7;U = 7;U’ and since 7; is an isomorphism,
U =U'. So ¢ is an injective morphism between two G-sets of cardinality
¢- (%), hence an isomorphism.

For the general case when K is a separable k-algebra of dimension ¢,
note that we can identify T with

Uv Homy (K, k%)
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where K =[], Ky, by sending f € Homy, (K, k°) to () — fow,) € T.

Denote the map S — T by 7. We have that T;(L/K) = U, T;(L,/K,)
This corresponds to the G-set

. t
U U »re'n=UPrE"n=UPr(s)
T€Homy, (K, ,k*) TeT j=1

As for L(L/K), assume first that K is a field. As a Gal(k®/K)-set,
L)(L/K) corresponds to

M :={(f,U) € Homg (L, k*) x P;(Homg (L, k%)) : f ¢ U},

hence it corresponds to T' x M as a G-set. Define a map

T><M—>{ , Us x Py(S fgéU}

by
(il (£, U)) = (750 f,7;U).

As above one shows that this is an isomorphism of G-sets. The case
when K is an arbitrary separable k-algebra is handled in the same way
as T;. O

Proposition 3.29. Let o = (iy,...,i1) be an r-tuple of positive integers
such that iy + -+ + i, = i where 1 < i < n. The algebra L. /T, in the
category of k-algebras corresponds to the G-sets

{(s, (Spr-. 1 S1)) €S X PalS): 5 ¢ ug;zlst}
and Py (S) together with the projection morphism.

Proof. By construction the proposition holds for » = 1. Suppose the
formula has been proved for . We have
Tir+1,im- ,i1 7ET+1( rye. zl/TZr il)

By the induction hypothesis and Lemma 3.28 this corresponds to

U Pirs ({(s, (Spr.. s S1)) : s ¢ U{let})

(Sr,...,S1)EP;y, .., il(s)

which is isomorphic to

U {({51,...,Sir+1},Sr,...,Sl) LSy §é U{ZISt}
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and this in turn is equal to P;, i....i; (5).

Moreover, L! i1yin,iy COrTEsponds to the set of pairs (f,U) in

U {(s, (Spr-. 1 S1)) - sgéU{:lSt}

(Sr;...,51)€P;,

< Piy ({(s, (Spr-. 1)) s ¢ u;‘zlst})

such that f ¢ U. This set is isomorphic to the union, taken over all
(Spy...,51) € Pi,...ir(S), of the sets

{(5: (41,50, 081) € S X Pipinin (8) 5 5 ¢ US|

This in turn equals
{(s, (Sps1:Spy- ., S1)) € S X Py ir(S) t s ¢ UIELS } O

We are now ready to give our first closed formula for [L*]. It follows
from Theorem 3.25 and Proposition 3.29.

Theorem 3.30. Let L be g k-algebra of dimension n and S a G-set such
that Arty,([S]) = [Spec L]. Define

Then
[L*]=L"+ay - Lt 4. da, 1 -L+a,c Ko(Varyg)

where a; = Artg(p;(.9)).

The universal nature of the formula

Fix a field k with absolute Galois group G. Also, fix a separable k-
algebra L of dimension n corresponding to the G-set S. Define a ho-
momorphism ¢: G — ¥, as the composition of G — Aut(S) with an
isomorphism Aut(S) — ¥,. Let resg": B(X,) — B(G) be the restric-
tion map with respect to ¢. Then resg" is independent of the chosen
isomorphism Aut(S) — 3,,. We have that

resg ({1,...,n}) =[] € B(9).
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Using the notation that P = Po({1,...,n}) we also have
resg” (73&”)) = [Pa(S)]. Define

=3 Y P JeBE). (331)
t=1

(d1,0-8t):

i1+ +ir=1
is>1
Then resg" (pgn)) = pi(.S). This discussion gives the following formulation

of Theorem 3.30.

Theorem 3.32. Fiz a positive integer n. The pgn) € B(X,), defined

in (3.31), are universal in the sense that for every field k with absolute
Galois group G and every separable k-algebra of dimension n,
[L*]=L"+a; - L" '+ +a, 1 -L+a, € Kg(Vary),

where a; = Arty o resé" (pl(n)),

We illustrate with an example.

Example 3.33. Let L/k = F,/F,. Since G is generated by the
Frobenius map F we can identify S, the G-set corresponding to L, with
{1,F,F2, F3}. We have

Pa(S) = {{1,F}, {F, F*}, {F, F*}, {1, F*}} O{{1, F?}, {F,F°}}.

The first of these sets is isomorphic to S. The second is transitive of
cardinality 2 so it corresponds to a field extension of k of degree 2, i.e.,
Fy2. Reasoning in this way and using Theorem 3.52 we find that

[L*] = L* — [SpecF 4] - L* + (2[SpecF 4] — [SpecFz]) - L?
— [SpecF 4] - L + [SpecF 2] — 1.

If instead L/k = Fp2 x Fp2/F, then S = {e1,Fei} U{ea, Fea} where e;
and es are the projection maps. We then get, for example,

PQ(S) = {{61,F61}} L.J{{eg,Feg}}
L.J{{el, 62}, {F €1, Feg}} L.J{{el,Feg}, {F €1, 62}}.
This kind of computation gives that

[L*] =1L* - 2[SpecF 2] - L? + (4[SpecF 2] — 2) - L? — 2[SpecF 2] - L + 1.

(3.34)
Note however that since L*(R) = (Fg2 ®p R)™ x (Fp2 @) R)* = (Fy2 x4
IFZQ)(R), Yoneda’s lemma shows that L* ~ 7, X F7,, so (3.34) could also

have been obtained by squaring the expression for [FZQ] given in Example
3.15.
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3.6 The class of the torus in terms of the A-operations

In Part I of this thesis we study the A-structure on B(3,). The main
result is that there is a formula for A\’ namely that, given n, for i =
1,...,n we have

N({1,...,n Z S )P ] € B(Sa).  (335)
(G1,001):

i1+ i =1
is>1

From this and Theorem 3.30 the following theorem is immediate.

Theorem 3.36. Let pl(n) be the elements defined in Theorem 3.32, i.e.,
the elements in B(X,,) describing [L*] € Ko(Varg) for every separable,
n-dimensional algebra k — L. Then

p™ = (1) N ({1,...,n}) € B(S,).
As a corollary, (3.1) follows:

Proof of (3.1). Let L correspond to the G-set S. From Theorem 3.32
we know that the coefficient in front of "% is Arty oresg”(pgn)). By

Theorem 3.36, and the fact that resé" is a A-homomorphism, this equals
Arty ((—1)"-X(S)). Since Arty, is a A-morphism that maps [S] to [Spec L]
the result follows. O

We now give an alternative proof of Theorem 3.36. This proof is based
on point counting over finite fields.

This proof does not use the universal formula (3.35) from Part I. We
do however need the following results proved in Chapter 1: Write P,, for
the Xp,-set Py ({1,...,n}). We define the Schur subring Schur, C B(%,)
to be the subgroup generated by {[P.]},rn. (Here p = n means that u
is a partition of n.) This is closed under multiplication, hence really a
ring. It is not a A-ring since it is not closed under the A-operations.
However, A\é({1,...,n}) € Schur, for every i. Moreover the restriction
of h: B(X,) — Rq(X,) to Schury, is injective.

Also, we do not need to know the explicit description of the universal
elements pgn) given in Theorem 3.32. We do however need their existence
and that they lie in Schur,, and once that is proved it is not such a long
step to describe the elements. If we instead use Theorem 3.32 the below
proof of Theorem 3.36 gives a (very ad hoc) proof of (3.35).

The setting for the proof is as follows. Let L be a separable F-algebra
of dimension n, corresponding to the G := gal(Fq/Fq)—set S. Choose
an isomorphism Aut(S) — ¥,, and compose it with the homomorphism
G — Aut(S) to get a homomorphism ¢: G — %,,. Let F be the topo-
logical generator of G and define o := ¢(F) € X,,. Let resg‘” denote the
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restriction maps with respect to ¢ for Burnside as well as representation
rings.

Recall that we use C, and CF for the character homomorphisms with
respect to o and F respectively. One sees that C, = Cf o resE” The
corresponding map on the Grothendieck ring of varieties is the point
counting homomorphism C; defined by X — |X(F,)|, and by (3.6) we
have Cr oh = Cy o Arty,. So with this notation the following diagram is
commutative:

B(,) —<—= B(G) (3.37)
h . ih wi
Ro(Zh) —~Rg(G)  Ko(Vars,)

Using this we are now ready to give the alternative proof.

Proof of Theorem 8.36. Fix a positive integer n. We write

= X({1,...,n})

and we want to prove that p; = (—=1)¥; € B(X,). Since they both lie
in Schur,, it sufflices to show that if R is a set of representatives of the
conjugacy classes of 3, then for every o € R,

Cyh(pi) = (-1)'C, h(4;) € Z

(Since h is injective on Schury, and [[,.p Cs is injective.) We do this

o€ER
simultaneously for ¢ = 0,...,n by showing that
> Coh(p) X" = (~1)'Coh(t:) X" € Z[X] (3.38)
i=0 i=0

for every o € R.

From now on, fix ¢ € R. Let ¢ be an arbitrary prime power, let
kE =TF, and let G := gal(E/k). Choose a G-set S and an isomorphism
¢: Aut(S) — 3, such that F — o, where F is the topological genera-

tor of G, the Frobenius automorphism. (Equivalently, let S = L'Jlgjgm T;
such that T} is a transitive G-set of cardinality n;, where o has cycle-
type (n1,...,nm,). Such an S always exists for by Galois theory it comes
from L = ]_[;n:1 K; where Kj is a degree n; field extension of k, i.e.,

Kj =F .) Construct resé" with respect to ¢. In what follows we write
£4;(S) and p;(S) for resg" (¢;) and resgn (pi) respectively.
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We begin by computing the right hand side of (3.38) in terms of
(n1,...,mm). Let f be an endomorphism of the vector space V of di-
mension n. From linear algebra we know the following expression for the
characteristic polynomial of f:

det(X - By — f) = S (=1 Tr(A\ Hx".

1=0
Putting f = F gives
det(X - En —F) = > (=1)'xpi g (F)X™ . (3.39)
=0

Since h(¢;(S)) = [/\ Q[S]] € Rg(9) it follows that
Crh(4;(9)) = XA Q[S] (F),

hence, by the commutativity of (3.37), the right hand side of (3.39)

equals
n

> (1) Coh() X

i=0
As for the left hand side of (3.39), since S is a union of transitive G-
sets T; we have Q[S] = @}, Q[T}] where Q[T}] is irreducible, hence the
matrix for F' is of the form
M, 0
Mo

0 M,
where Mj is a transitive n; X n; permutation matrix. Since the charac-
teristic polynomial of such a matrix is X™ —1 it follows that det(X E,, —

F) =[I}L, det(X By, — M) = [[}L, (X" —1). From (3.39) we therefore
get

m n

(X" —1) (=1)'Cyh(L) X", (3.40)
[1¢ =2

: =0

We next compute the left hand side of (3.38). By the definition of the
p; we have

= ZArt (pi(S))L"" € Ko(Vary).

Applying C, to this gives
L* (k)| =) Cy Art(pi(S)) - ¢" . (3.41)
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By the commutativity of (3.37), Cy Art(p;(S)) = Csh(p;), so the right
hand side of (3.41) equals

n

> Coh(pi)g" .

1=0

On the other hand, since we saw that L = [[/_, F »; we have L*(k) =
L =1, ]F;nj so |[L*(k)| = [I},(¢" —1). Hence (3.41) says that

[ =1 => Conlpi)g" ™
j=1 =0

Since ¢ is an arbitrary prime power it follows that

[[&E™ —1) =) Coh(p)x". (3.42)
j=1 =0
Comparing (3.40) to (3.42) now gives (3.38). O
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Part IlI:
Motivic Integration






4. A version of motivic integration that
specializes to p-adic integration via point
counting

4.1 Introduction

There is a standard theory of geometric motivic integration, developed
in [DL99] and [DL02], and in [Seb04]| for the case of mixed characteristic.
In the present chapter we give a version of that theory, with the property
that it specializes to the Haar measure on Zg in the case when we work
over A%p. The main difference compared to the standard theory is the

value ring of the integral; normally the integral takes values in //\/l\k, ie.,
My, := Ko (Varg,)[L™1] completed with respect to the dimension filtration.
However, for the arithmetic applications we have in mind, this does not
work. The reason is that the point counting homomorphism C;: M, —
Q, defined by X +— |X(F,)| whenever k = IF, is finite, is not continuous
with respect to the dimension filtration, hence is not defined on ,//\/l\k
Since Ko(Var) is the universal additive and multiplicative invariant of
Vary, and Cj is one of the most fundamental examples of such invariants,
it is of general interest to have it defined on the completion. In our case,
we need it in order to be able to specialize the motivic integral to the
corresponding p-adic one. So instead of using the dimension filtration, we
let the measure take values in My, completed with respect to a stronger
topology. This topology is defined for any field &, and it has the property
that in case k = Iy, the point conting homomorphism is continuous.
The first part of this chapter is hence devoted to defining a topology on
M., where k is arbitrary, in such a way that C, is continuous for every
prime power ¢. The construction of this topology is based on a previous
construction, by Ekedahl [Eke09], of a topology on M}, with the property
that, in case k is finite, taking the trace of Frobenius on the [-adic coho-
mology is continuous. By the Lefschetz trace formula, this topology then
has the property we want, that the point counting homomorphism is con-
tinuous. However, it has a drawback: the fact that the class of a variety
is small does not imply that the same thing hold for its subvarieties. For
example, if X,, C Y, are varieties such that [¥},]/L" — 0 then this does
not imply that [X,]/L"™ — 0. For our purpose, this means that we are
not able to make the definitions of geometric motivic integration work
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using this topology. We instead construct a weaker topology, using the
topology of Ekedahl, modified using a partial ordering of My with the
property that if X C Y then [X] < [Y]. We use Ko(Varg) to denote the
completion of My, with respect to the resulting topology. This topology
is fine enough for, in case k is finite, the point counting homomorphism
to be continuous, and still coarse enough for the standard definitions of
geometric motivic integration to work.

In the second part of the chapter we then go through the constructions
of motivic integration using this stronger topology. Let us quickly outline
the theory in order to point out the major differences to the classical
theory: Let X be a variety defined over a complete discrete valuation
ring, whose residue field is k. As in all theories of geometric motivic
integration, we begin by constructing the space of arcs on X, denoted
Xoo- There is a Boolean algebra of stable subsets of X.. On this algebra
one may define a measure, taking values in M. If X' is a smooth variety
defined over Z, we may specializes to the p-adic measure by applying the
point counting homomorphism C,: M, — Q, this was noted in [LS03].
Next one constructs a Boolean algebra of measurable subsets of X, and
a measure py on this algebra. The measure of a general measurable set is
defined by covering it by stable sets and using a limiting process, also in
the standard way. Since one needs to take limits to define the measure, it
has to take values in a completion of My. The standard choice is to use
My, we instead use Ko(Vary). This allows us to prove that the property
of specializing to the p-adic measure via point counting holds for general
measurable sets.

Let us give some more details about the case of primary interest to us,
namely when the discrete valuation ring is Z,, and X is an affine space
over Zy,: Let W(F,) be the Witt vectors with coefficients in an algebraic
closure of IF,,. Suppose that X = Adzp. Then X, can be identified with

W(Fp)d. Moreover, for every power of p, ¢, we have a homomorphism
Cq: Ko(Varg,) — R induced by counting F,-points on Fj-varieties. The
motivic measure has the property that it specialize to the (normalized)
Haar measure, in the sense that for any measurable set A C X =
W (F,)? we have Cp, p1x (A) = piraar (ANZE). More generally, Cq pix (A) =
Lt aar (AN W(F,)?) for any power g of p. (Recall that Z, C W(Fyn) C
W(F,) is the integers in the unramified degree n extension of Q,.)

We have a particular application in mind for this theory: Let
g be a power of the fixed prime p and consider the set of tuples
(a1,...,a,) € W(F,)" with the property that the polynomial
an + a1 X + -+ ap_1 X" 1 + X" splits completely. The measure of of
this set is equal to I;/n!, where

I :/ Xi — X3)|pditaar-
0= Joy T G- X0,

1<i<j<n
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Now, it turns out that there is an f € Z(T') with the property that
I, = f(q) for every power g of the fixed prime p, and since this is un-
usual (in general the rational function should vary with ¢) we want a
geometric explanation of this phenomenon. Using the theory developed
in this chapter, this is achieved in Chapter 5, where we prove that the cor-
responding motivic integral, fW(E)"|H1§i<j§n(Xi_Xj)‘d'u‘ € Ko(Varg,)
is equal to f(LL).

We now give an overview of the chapter: In Section 4.2 we define
the completion of M, that we work in, Ko(Varg). A crucial property
of this topology is that if k& = [F, then the counting homomorphisms
Cpr : Ko(Varg,) — R are well defined and continuous.

Section 4.3 is an appendix containing results from [Eke09] which we
use at a couple of places in Section 4.2. This section also serves as a
motivation for the definitions given in Section 4.2.

In Section 4.4 we define the arc space and the motivic measure. The
definitions given here are almost exactly the same as the ones used in
the theory of geometric motivic integration, as presented for example in
[Loo02] or the appendix of [DL02], and in [Seb04] for the mixed charac-
teristic case. However, since we are using a stronger topology, the verifi-
cations that everything is well-defined are different.

It has to be remarked that this theory has some major shortcomings
in its present state. Namely, when the variety has singularities, we are
not able to prove that general cylinder sets are measurable (in particular,
we are not able to prove that the arc space itself is measurable). That
said, we are interested in utilizing the theory in the case when X = Adp,
and in this case, and more generally for any smooth variety, everything
works well.

The material in this chapter has appeared in the preprint [R6k08b].

4.2 The completion of Mm;

Let k be a field. We use My, to denote Ko(Varg)[L~!]. We use the stan-
dard definition of the dimension filtration of My, namely for m € Z de-
fine F™™ M, to be the subgroup generated by [X]/L", where dim X —r <
m. Define the dimension of x € My, to be the minimal m (possibly equal
to —oo) such that x € F™ M. In the theory of geometric motivic inte-
gration one completes M}y, with respect to this filtration to obtain /T/l\k
However, we are working from an arithmetic point of view; we want to
define a theory of motivic integration for which the value of a motivic in-
tegral can be specialized to the corresponding p-adic one. For this reason
it is natural to demand, in case k is finite, that the counting homomor-
phism is continuous. That this is not the case in the topology coming
from the dimension filtration can be seen from the following simple ex-
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ample: Let k& = F, and consider the sequence a, = ¢"/L". We have
Cy(ap) = 1 for every n. However, a,, — 0 as n — oo, and C4(0) = 0.
Because of this we are forced to complete with respect to a stronger
topology. This topology should have the property that its definition is
independent of the base field, and that if the base field is finite then the
counting homomorphism is continuous.

Let us outline the contents of this section: First we define a notion of
weights on My. This definition is from |Eke09|, where the author uses
it to construct a topology on My which has the property that we want,
that the counting homomorphism is continuous. However, this topology
is a bit too strong when we define the motivic measure, so we have to
modify it slightly. For that we introduce a partial ordering on My. Next
we define our topology, which is stronger than the filtration topology,
but weaker than the topology from [Eke09]. We conclude the section by
proving some lemmas on the convergence of sums, which will be needed
in later sections.

The next section, Section 4.3 is an appendix with some background
material from [Eke09], which we use at some places in this section. This
appendix also gives a background to some of the definitions given in the
present section, which otherwise might seem somewhat unmotivated.

Weights on M,

To define the topology we use a notion of weights of elements of My,
given in [Eke09]. We also refer to [Eke09] for the proof that the following
is well-defined. For X a separated k-scheme of finite type, we write H.(X)
for the ¢-adic cohomology with compact support, of the extension of X
to a separable closure of k.

Definition 4.1. We define the notion of weights of elements in M.

o For a scheme X of finite type over the base field k, define for every
integer n, wn(X) 1= Y, w,(HL(X)), where w, (HL(X)) is the dimen-
sion of the part of H.(X) of cohomological weight n.

o Forx € Ko(Vary), let w),(z) be the minimum of >_,|c;| wn(X;), where
> il Xi] runs over all representations of x as a linear combination
of classes of schemes.

o For xz € Ko(Vary), define Wy (z) := limj_oo W/, , o; (zIL").

o Finally, extend Wy, to My, by W, (x /L") := Wp42i(x).

Wy, has the property that all n and all x € My, W, (z) > Wn(xe(2)),

where x. is the compactly supported Euler characteristic taking values

in Ko(Cohg) and w,, is the corresponding weight functions on that ring,
see Section 4.3.

Example 4.2. HZ(A,D is equal to Q;(—1), the dual of the cyclotomic
representation, if i = 2, and zero otherwise. From this one deduces, using

70



Woi (LY) > Wai(xe(LY)) = Wi (Qu(—i)) = 1, that

Fu(L) {1 ifn =2

0 otherwise.

The weight has the properties that it is subadditive, W, (z £ y) <
Wn(z) + Wn(y), and submultiplicative, Wn(zy) < >, ;_, Wi(z) W;(y)-

We next define the concept of uniform polynomial growth, introduced
in [Eke09].

Definition 4.3. We say that a sequence of elements of My, (a;)ien,
is of uniform polynomial growth if there exists constants d, C and D,
independent of i and with the property that for every integer n, Wy (a;) <
C|n|¢ + D.

One derives the following lemma from the fact that the the weight func-
tions are subadditive and submultiplicative. The details are in [Eke09].

Lemma 4.4. Being of uniform polynomial growth is closed under
termwise addition, subtraction and multiplication: If (a;) and (b;) are of
uniform polynomial growth, then so are (a; £ b;) and (a;b;).

The partial ordering of M,

Before we can define our topology we also need a partial ordering on

M.

Definition 4.5. We introduce an ordering on My, in the following way:
First on Ko(Varg) we define © < y if there exists varieties V; such that
x+ > [Vil = y. (Equivalently there exists a variety V such that x+[V] =
y.) We extend it to My, by x/IL' < y/IL7 if there exists an n such that
L/t < gLt (We see that L™ > 0.)

In particular, if x is a linear combination of non-empty varieties with
positive coefficients, then = > 0.

Lemma 4.6. The ordering given above is a partial ordering of M.

Proof. We first show that this is a partial ordering of Kq(Varg). The only
nontrivial thing to prove is antisymmetry. Suppose first that x < y and
y < x, where z,y € Ko(Varg). Then 2 =y + > .[U;] and y = = + > _,[Vi],
giving together 3 ,[V;]+3_,[U;] = 0. Lemma 4.22 now shows that [V;] =
[U;] = 0 for every i.

Next, the ordering is well-defined on My, because if /¢ = y/IL7 €
My, where z,y € Kg(Varg), then zL7t" = yL"*" for some n, conse-
quently z/LL¢ < y/IL7. We finally show that we have antisymmetry also
on My: If z/IL" < y/IJ and z/L' > y/L7 in My then for some n,
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Litny < L%y and L7tz > Ly in Ko(Varg). It follows from the
first part that L/ ™"z = Li*"y € Kq(Vary), hence that /¢ = y/L/ €
M. O

Given a variety X, every constructible subset of U C X can be written
as a finite disjoint union of locally closed subsets, U = |J, U;. Since
such a subset has a unique structure of a reduced subscheme we can
take its class [U;] € Ko(Varg), hence we may define the class of U as
U] = >,[Ui] € Ko(Varg) (this is independent of the chosen partition,
hence well defined).

Lemma 4.7. If U and V are constructible subsets of a variety, such that
V C U, then [V] < [U]. Moreover, if V. .C U, U; then [V] < 30 | [Us].

Proof. For the first part, if U C V are constructible, then so is U \ V;
consequently [U] — [V] =[U \ V] > 0.

For the second part, when n = 2 we have [V] < [U; U Us] = [U3] +
[Us] — [U1NUs] < [U] + [Us]. The general statement follows by induction
on 7. O

Lemma 4.8. Let x,a,b € My. If a < x < b then
dimz < max{dima, dim b}.

Proof. There are varieties X and Y such that 2 = a + [X] and b
x + [Y]. This shows that b —a = [X] + [Y]. By Lemma 4.22, dim[X]
dim(b — a). Hence dimz = dim(a + [X]) < max{dima,dim[X]}
max{dima,dim(b — a)} < max{dima, dim b}.

CHIAIA

The topology on My

We now define our topology on My, by specifying what it means for a
sequence to converge. Since we work in a group it suffices to tell what it
means for a sequence to converge to zero.

Definition 4.9. Let (z;) be a sequence of elements in My.
o We say that x; is strongly convergent to 0 if it is of uniform polyno-
mial growth and dim x; — —oo.
e x; converges to zero, x; — 0, if there are sequences a; and b; that
converges to zero strongly, and such that a; < z; < b;.
e (x;) is Cauchy if x; — x; — 0 when i,j — oo.
We define a topology on My, by stipulating that a subset is closed if it
contains all its limit points with respect to this notion of convergence.

One proves that this is a topological ring. It then follows immediately
that if a sequence of elements in My, is convergent then it is Cauchy.
Moreover, we have the property that if x; < y; < 2; and if z; and z;
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tends to zero, then y; tends to zero, a fact that we will use without
further notice.
We compare this to the standard topology on My:

Lemma 4.10. If a sequence is convergent (respectively Cauchy), then it
is convergent (respectively Cauchy) with respect to the dimension filtra-
tion. In particular, our topology is stronger than the dimension topology.

Proof. Let the sequence be x; be convergent to zero. There are sequences
a; and b; strongly convergent to zero and such that a; < z; < b;. By
Lemma 4.8, dimz; < max{dima;,dimb;} and it follows that dimz; —
—00. O

In particular, if we know that a sequence x,, is convergent then x,, — 0
if and only if dim x,, — —oo.

We are now ready to give the completion that let the motivic inte-
gral specialize to the corresponding p-adic integral. We define Ko (Vary),
the completion of My, in the following way: Consider the set of Cauchy
sequences in M. This is a ring under termwise addition and multiplica-
tion, which one proves using Lemma 4.4. Moreover it has a subset con-
sisting of those sequences that converge to zero, and it is straight forward
to prove that this subset is an ideal. We define Ky(Vary) to be the quo-
tient by this ideal. Moreover we have a completion map My, — Kq(Varg)
that takes x to the image of the constant sequence (x). We state this as
a formal definition:

Definition 4.11. Ko(Vary) is the ring of Cauchy sequences modulo the
ideal of those sequences that converges to zero.

For any sequence (z;) of elements of My, which is Cauchy with respect
to dimension, dim x; is eventually constant, or it converges to —oo. Also,
given n, Wy, (z;) is eventually constant. If z = (z;) € Ko(Varg), define
dim z and W, (x) to be these constant values. These functions keep there
basic properties, e.g., subadditivity for W, see [Eke09]. We may then
extend the concept of being of uniform polynomial growth to Ko(Varg).

Definition-Lemma 4.12. For x,y € Ko(Vary) we let x < y if for some
Cauchy sequences (x;) and (y;), whose images in Ko(Varg) are z and y
respectively, we have x; < y; € My, for every i. This is a partial ordering
of Ko(Vary).

Proof. Tt is clear that < x. Moreover, if x <y and y < z, let (z;), (v;)
and (y}), (z;) be representatives of =,y and y, z respectively, such that
z; <y; and y} < z; for all i. Then z; < z; + y; — y, for all 4. Since (y; —
yl)ien = 0 € Ko(Varg) it follows that < z. Finally, for antisymmetry,
it suffices to show that if £ < 0 and 0 < z then x = 0. In that case,
there exists a Cauchy sequence (x;) whose image in Ko(Vary) is z, and
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another one, (z;) whose image in Ko(Vary) is zero, such that 0 < z; and
xi+2; < 0. It follows that 0 < x; < —z; for every ¢, consequently z; — 0,
ie,x=0. O

We define the topology on Ky(Varg) in the same way as on My, by
saying that a sequence converges to zero if and only if it is bounded from
above and below by sequences strongly convergent to zero. The following
result justifies the fact that we refer to Ko(Vary) as the completion of
M;..

Lemma 4.13. The completion map My — Ko(Vary) is continuous and
Ko(Vary) is complete, in the sense that any Cauchy sequence converges.
Moreover, the image of My, is dense in Ko(Varg).

Proof. We prove that for any z = (z;)jen € Ko(Vary) we have z; —
as ¢ — oo. This will show that any Cauchy sequence of elements in M
converges and that M, is dense in Ko(Vary). For this we have to prove
that y; :=2; — 2 = (2; — xj)jen — 0 as i — oo.

There are two sequences a;; and b;; which are strongly convergent to
zero as 1,7 — 00, and such that a;; < x; — x; < byj. Hence (a;5)jen <
Yi < (bij)jen. We prove that (a;;); tends strongly to zero as i — oo:
The dimension of (a;;); is dima; ¢;), where f(i) is some sufficiently
large integer which we may and will assume is greater than ¢. Moreover,
Wn((aij)j) = Wn(a;4:)) for some g(i). Since a;; is strongly convergent,
dim a; ¢(;) — —00 as i — 00, and Wy (a; 4(;)) < C|n|?+ D for every i. [0

Let /T/l\k be the completion of M}, with respect to the dimension filtra-
tion. We have an injective, continuous homomorphism Kg(Varg) — /T/l\k
so we may think of Ko(Vary) as a subring of /T/l\k, although its topology
is stronger than the subspace topology.

Example 4.14. By Example 4.2 and subadditivity, Wn(Efn:i L™ <1
for every ,j. Furthermore dimL™"" — —o0 as m — oo. Together this
show that the sequence (Zﬁzo L=™)n is Cauchy, hence that the sum
> men L™ is convergent in Ko(Vary). In the same way one sees that
L=™ converges (strongly) to zero, hence letting N tend to infinity in the
equality (1 — L_l)(zgzo L) =1-L"W+D shows that Y, .y L™ =
1/(1-L~1) € Ko(Varg). In particular, since also L is invertible, it follows
that I — 1 s invertible.

Similarly one proves that if {e;}icn 1s a sequence of integers such that
e; — 00, then Y, IL™% is convergent.

On the other hand, note that for example 1 — 3L~! is not invertible
(contrary to with respect to the dimension filtration). For its formal
inverse is = > -, 3"L™", and Wa,(z) = 37", showing that z is not
of uniform polynomial growth. In view of Lemma 4.15, this would also
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follow from the fact that Cq z is not convergent (note however that Cp, x
is convergent for p > 3).

When £k is finite, this topology makes the point counting homomor-
phism continuous:

Definition-Lemma 4.15. For k = F,, define C,: Ko(Vargy) — Z by
[X] — |X(k)|. It is a ring homomorphism and il extends to a homo-
morphism My — Q, continuous with respect to the above constructed

topology. It hence extends by continuity to a continuous homomorphism
Cq: KO(Vark) — R.

Proof. In [Eke09] it is proved that C, is continuous with respect to the
topology of Kngl(Vark), ie., if a, — 0 strongly then C,a,, — 0. Now,
if , — 0 then there are sequences a, and b, such that a, < x, < b,
and ap,b, — 0 strongly. Since Cya, < Cyx, < C4b, it follows that
Cqxn — 0, consequently C, is continuous. O

Various lemmas on the convergence of series

We collect here some lemmas that will be needed when working with this
definition.

Lemma 4.16. Suppose that x; < y; < 2. If Y-, cnxi and Y, 2 are
convergent, then 5o is Y, yi. Moreover, Y . cnTi < Y ien¥i < D ien %i-
Proof. We have Y ;" a; <> " oy, <3z, andsince ) ;- x; — 0
and Y.z — 0 as m,n — oo, it follows that » ;" v is bounded
from above and below by sequences strongly convergent to zero, hence
it converges to zero. So (Zfio yi)n is Cauchy, the sum is convergent.
The second assertion follows by definition, since it holds for each partial
Suml. ]

Note that if z; < y; < z; it does not follow that y; is convergent when
z; and z; are.

Let a; € Ko(Varg). In general it is not true that 3 a; is convergent if
and only if a; — 0, a property that holds for /T/l\k However, some of the
consequences of this are true in a special case:

Lemma 4.17. If a; > 0 for every i and if ), a; is convergent then every
rearrangement of the sum is convergent, and to the same limit.

Proof. 1f (b;)ien is a rearrangement of (a;);en then, for some Ny, the
elements ag, . . ., a, are among by, . . ., by, . Therefore ZKN” (bi—a;) is an
alternating sum of a;, with j > n. Since every a; > 0, this sum is between
— E;Vinﬂ a; and ij\inﬂ a; for some M. Since ), a; is Cauchy, both
these sums tend to 0 as n tends to co. Hence ), n(b; —a;) = 0. O
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For this reason, we will write > a;; to mean the sum over some

1,JEN
unspecified enumeration of N2.

Lemma 4.18. Assume that all a;; > 0. If the sum Zi,jeN ai; 1s con-
vergent then the same holds for ), ZjeN ai;j, and the two sums are
equal.

Proof. For every ¢ € N, it follows from Lemma 4.16, and the convergence
of >, jen @ij, that 37, aij is convergent. We then have

DD a— D =) a

i<n jEN ij<n i<n j>n

=22 aip

j>niln

Now ZjeN(Zg:O a;j) is convergent, because of Lemma 4.16 and since
every rearrangement of ), ;- ai; is. Hence limp, oo 325, (375, ai5) = 0
(because if D, b = b then > . b =b— 3, b — 0). The result
follows. O

Lemma 4.19. Suppose that a; > 0, b; > 0. The sum >,y > iy j—y, @ib;
is convergent if and only if Y. oy ai Y ;e bi 1. In this case they are equal.

Proof.

0<i<N 0<i<N 0<n<N i+j=n I(N)

where I(N) is a set of indices (,j), all of which fulfill ¢ +j > N.
Now, since every a; and b; is > 0, it follows that 0 < 3 (V) aib; <

DonSN Dot jen @ibj for every N. Since 37, (304 =, aibj) is Cauchy it
follows that D on>N Ditjen @ibj — 0 as N — oo, hence >y aibj —

0. O
Lemma 4.20. Ifa; >0, b; >0, and if ) ;- a; and ) ;. bi are conver-
gent, then Y, ab; is convergent and <37, @i icn bi

Proof. Lemma 4.19 shows that 3 (3, ;—, @ibj) is convergent. Since
anb, < Ziﬂ:% a;bj, and 0 < Zi+j:2n+1 a;b; it hence follows from
Lemma 4.16 that ), a;b; is convergent, and less than or equal to

ZNEN(ZH-j:n aibj). O

4.3 Appendix to Section 4.2: Results from [Eke09]

In this section we give a quick review of the construction of the topol-
ogy from [Eke09]. First, recall that we have an Euler characteristic map
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from My, taking values in Ko(RepgQ;). The first step is to modify this
map, by letting the recipient ring be Ko(Cohg), which is defined as fol-
lows: Firstly, for k finitely generated, we use Cohy to denote the cate-
gory of mixed Galois Q;-representations. This is the full subcategory of
RepgQ; consisting of those representations that have a weight filtration.
We then have an injection Kg(Cohy) — Ko(RepgQ), the image being
generated by modules of pure cohomological weight. (When k£ = F, a
representation is of pure weight n if all the archimedean absolute values
of all eigenvalues of the geometric Frobenius are in Q and have absolute
value ¢"/ 2) The image of x. is contained in this subring, i.e., we have
Xe: My — Ko(Cohy). We refer to [Eke09| for the definition of this ring
in case k is not finitely generated, but let us note that if {k,} is the col-
lection of finitely generated subfields of k then we have an isomorphism
lim_,, Ko(Cohy_) — Ko(Cohyg), and that if X is a k-scheme of finite type
then it is defined over some finitely generated subfield k,,, hence x.(X)
is defined in Ko(Cohy,, ) which maps to Ko(Cohy).

The reason for us to work in Kg(Cohy) rather than in Ko(RepgQ;)
is that it is graded by weight: If V is any mixed representation then
there is a Jordan-Hoélder sequence 0 = Vo Cc Vi C --- C V,, = V. Here
Vit1/Vi is simple, hence of pure weight. Since [V] = > .[Vi11/Vi], and
since this sum is independent of the chosen sequence, it follows that any
v € Kog(Cohg) may be written uniquely as

v = Zvn, where v,, = Zcm[Vm] (4.21)

and the V,,; are irreducible, pairwise non-isomorphic representations of
pure weight n. Since this also respects the multiplication, it follows that
Ko(Cohy) is graded by weight. When working with this grading, the fol-
lowing result of Deligne is useful: For any separated scheme of finite
type, H.(X) is of mixed weight <4, and if i > 2dim X then H%(X) = 0.
Furthermore, if dim X = n then H2"(X) is of pure weight 2n, and its di-
mension equals the number of geometric components of X of dimension
n. Using it, one sees that the Euler characteristic x.: My — Ko(Cohy) is
continuous with respect to the dimension filtration on My, and the weight
grading on Ko(Cohy) (where a sequence tends to zero if the degree of its
highest nonzero part tends to —oo). For suppose that dim z; = d, where
x; € My. Then x.(z;) is zero in degree > 2d. Hence, if x; — 0, then
Xce(2i) — 0. Therefore Xc/gzx\tends by continuity to a continuous homo-

morphism y.: ./T/l\k — Ko (Cohy). Since the topology on Ko(Cohy) comes
from a grading, its completion is very nice; elements can be represented
uniquely as sums, infinite in the negative direction:

—

Ko(Cohy) = {Z vy, ¢ infinite sums}.

n<N
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We use this grading to prove the following structure result about My,
which we need in the proof of Lemma 4.6.

Lemma 4.22. Let n; be non-negative integers and let X; be k-varieties.
Let v = >, ni[X;] € My. If v = 0 then n; = 0 for every i. And if
x € F™ My, then [X;] € F™ My, for every i.

Proof. The first part follows from [Nic08|, Corollary 2.11. The second
part can be proved similarly, alternatively, we give a proof here. We use
the above mentioned results of Deligne. Let m’ be the maximal dimension
of the X; and suppose that m’ > m. Since the dimension of x is m, the
weight 2m/’ part of x.(x) is 0. On the other hand

Xe(z) = Z ng[H2™ (X;)] + (terms of weight < 2m/),

dim X;=m/
and the weight 2m/-part of this is non-zero, a contradiction. O

This now makes it transparent why the point counting homomorphism
is not continuous. For, as was noted in Section 3.3, when k = F, we have,
by the Lefschetz trace formula, a commutative diagram

M, —2 Ko(Cohy,) (4.23)

e

Q

where Cp is defined by taking the trace of Frobenius, i.e., by mapping
the representation V' to the character of V' evaluated at the geometric
Frobenius automorphism F. We then first need to complete Ko(Cohyg) in
such a way that it is possible to extend Cp to the completion in case k
is finite, and for this we need a stronger topology on Ky(Cohy) than the
above mentioned. For define, for v =) v, asin (4.21),

Tn(v) i= > _|cni| dim Vs,

Then, if & = Fy, the only possible extension of Cr to Ko(Cohy) would
be by continuity, i.e., to define Crv = ), Cp v,,. However, ) |Crv,| =
S, ¢ %, (v). So in case W,, grows too fast, Cp v is not convergent. (For
an example, let v = >, ¢"[Q;(n)]. This is convergent with respect to
the grading, but Cr ¢"[Q;(n)] = 1 for all n.) We therefore need a stronger
topology on Ko(Cohg):

Let {v;}ien be a sequence in Ky(Cohy). We say that the sequence is
of uniform polynomial growth is there exist constants D and d such that
for every ¢ and n we have

Wa(v;) < |n|? + D. (4.24)
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We now define the sequence to be convergent if it is of uniform polyno-
mial growth, and convergent with respect to the weight filtration. This
topology does not come from a filtration anymore, neither from a met-
ric. However, we may define the completion as the ring of all Cauchy
sequences (meaning that v; —v; — 0 as 4,5 — oo0) modulo those con-
verging to zero. It has the properties of a completion: Ko(Cohy) is dense
in it, and every Cauchy sequence is convergent. Denote this completion
by Kiop()l(Cohk). It has a very simple description as

fopOl(Cohk) — {v = Z vy, : v of uniform polynomial growth}.
n<N

If kK = IF; we may now define Cp, the trace of Frobenius, on Kiopd(Cohk).
Forifv=73 yun € KiopOI(Cohk) then

Crol < Y [Croal < Y ¢ Wa(v) < Y ¢"*(In + D)

n<N n<N n<N

which is convergent. Similarly one proves that Cg is continuous.

If we want to use (4.23) to make C, continuous, we need to introduce
a stronger topology on My as well, for y.: My — Kiop()l(Cohk) is not
continuous with respect to the dimension filtration. In [Eke09], this is
resolved by introducing weight functions w, also on My, see Section
4.2. These are compatible with the weight functions on Ko(RepgQ;) in
that Wy, (z) > Wy (xc(z)). One then defines a sequence in My, to converge
to zero if it is of uniform polynomial growth with respect to this notion of
weight, and converges to zero with respect to the dimension filtration. We
write Kiop()l(Vark) to denote M, completed with respect to this topology.
Now, for k = [F,, we get a commutative diagram of continuous maps,
where the extension of C, is defined by continuity, or equivalently as
just the composition Cr ox,:

Ko™ (Var) — > Ko™ (Cohy.)

e |

C

However, this topology is too strong for our purpose of motivic integra-
tion; in Section 4.2 we therefore define a slightly coarser topology which
fits out purpose, but which has the disadvantage that we cannot tell
whether the Euler characteristic is still continuous.
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4.4 Definition of the motivic measure

Before we start, let us remark that all the definitions in this section are
the standard ones, used in the appendix of [DL02], in [Loo02] and in
[Seb04]. (There are some minor differences between these expositions;
in these cases we have followed the path of [Loo02|. In particular, our
arc spaces will be sets, rather than schemes.) However, since we use a
stronger topology, the proofs that everything works is slightly different,
even though they are based on the corresponding existing proofs. In the
end of the section we also prove that we now have the property that we
want, that we may specialize to p-adic integration via point counting.

Given a complete discrete valuation ring O, which we assume to be ab-
solutely unramified in the mixed characteristic case, with perfect residue
field k. Let X be a scheme over O, of finite type and of pure rela-
tive dimension d, and define &), to be the its nth Greenberg scheme
over k. In the mixed characteristic case, A, is characterized by the
property that if R is a k-algebra then X,(R) = X(W,(R)), where
W is the Witt vectors (see Section 5.2 for the an introduction). We
then have projection maps, 7"*1: X1 — &, defined on R-points
by the projection W,,11(R) — W, (R). Next, in the equal character-
istic case, &), is characterized by the property that if R is a k-algebra
then X, (R) = X(R[T]/(T™)). The projections 7/"*! are now defined
by R[T]/(T""') — R[T]/(T™). Moreover, in both the equal and mixed
characteristic case, we see that A7 is the base extension of X to k,
X1 = X xp Speck.

Fix an algebraic closure k of k and define X, to be the projective limit
of the sets X, (k). Let m,: Xoo — X, (k) be the projection maps. We are
going to define the measure of certain subsets of X.

We say that a subset S C X, (k) is constructible if there are a finite
number of locally closed subschemes V; C X, such that S = |, V;(k).

If A C Xy, then it is a cylinder if the following holds: For some n,
7n(A) is constructible in X, (k), and defined over k, and A = 7, ‘7, (A).
In this case there are mutually disjoint subschemes V; C &, such that
m(A) = U, Vi(k); we define [m,(A)] = Y ,[Vi] € Ko(Varg). It follows
that [m,(A4)] > 0.

If, in addition, for all m > n, the projection m,1+1(A4) — mn(A) is a
piecewise trivial fibration, with fiber an affine space of dimension d, then
we say that the cylinder A is stable of level n. A cylinder is stable if it is
stable of some level n. It is a fact that every cylinder is stable in case X
is smooth.

If A is stable of level n we see that dim 7, (A) — md is independent of
the choice of m > n, define the dimension of A to be this number.
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We also see that iy (A) := [m,(A)] L™ € M, is independent of the
choice of m > n. This is an additive measure on the set of stable subsets.
It is immediate that fixy(A) > 0.

We want to define a measure on a bigger collection of subsets of X.
We will use the standard construction, except that we let the measure
take values in Ko(Vary) instead of M. So let px(A), the measure of A,
be the image of jix(A) in Ko(Varg). Note that dim py(A4) = dim A.

Example 4.25. The case that we are particularly interested in is when

O=1Zy, (sok=TF,) and X = A%p. Then
Koo =lim AG (W, (k) = W (k)%

By the standard construction of the (normalized) Haar measure on Zg
we see that if A C Xy is stable then ppgar(AN Zg) = Cp(ux(A)) (ct.
[LS03], Lemma 4.6.2). Below we define a concept of measurability of
subsets of X, for general X, in such a way that in the special case when
X = A%p, if AC Xoo is measurable then pigqar(ANZL) = Cp(ux(A)).

We next extend the motivic measure to a bigger collection of subsets:
We want to do this in a way similar to that of the ordinary Haar measure.
The problem is that the standard construction involves taking sup or inf,
which we cannot do in Ko(Vary). We therefore use the same method as
is used in [Loo02], except that we use Ko(Vary) instead of ./T/l\k:

Definition 4.26. The subset A C X is measurable if the following
holds:

e For every positive integer m, there exists a stable subset A, C X
and a sequence of stable subsets (C" C X))oy, with Y, px(Ci")
convergent, such that AN A, C |J,CI™.

o limy, oo ), px(Ci") =0.

The measure of A is then defined to be px(A) = limy,— o0 px(Am).

Below we will prove that this is well-defined. But let us first note that
by definition px(A) > 0 for every measurable A, because this is true for
stable sets.

Remark 4.27. This definition works well when X 14s smooth, since
in that case all cylinders are stable. In the general case, it is prob-
ably better to first define the measure of an arbitrary cylinder A as
lime_ oo ,uX(Xo(oe) N A) € Ko(Varg), where Xo(oe) = X \ We_l((Xsmg)e),
and then replace “stable sets” with “cylinders” in the definition of a mea-
surable set. However, since we are not able to prove that this limit exists
in general, we use the present definition, which in any case works for our
PUTPOSES.
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To prove that this is well-defined we will use the following well known
lemma (c¢f. Lemma 3.5.1 in [LS03]).

Lemma 4.28. Let A C X be stable. Then every countable covering of
A with stable subsets C; has a finite subcovering.

Proposition 4.29. The measure py is well-defined. The measurable
subsets form a Boolean ring on which py is additive.

Proof. We first prove that the limit exists. For this we have to prove that
the sequence (ux(Am))>_; is Cauchy, i.e., that px(An) — px(AL,) — 0
as m,m’ — 0. Let m and m’ be any positive integers. Since A,,, and A,
are stable,

pae(Am A Any) = px (Am) = pa (Amr) + 200 (A \ A

Moreover, px(Ap \ Am) > 0 so it follows that px(Am) — pr(Apy) <
px(Am A Apy). Next, Ay A Ay C U C’{nUCfT/. By Lemma 4.28 a finite
number of the C7" U C’im’ suffices, hence the right hand side is stable so
ux(Am A Ay) < ,u;((Uf\LO C™ U C™). From Lemma 4.7 we then see
that pa(Am A An) < SN o (e (C) 4+ px(C)). Hence

N
pa(Am) = p(An) <3 (2 (CF) + pa(C)).
1=0

Similarly, — Zz’]\io(“X(Cim> + MX(C{”/)) < px(Am) — px(Any). Since,
by assumption, Zfi o bx(CJ") converges to zero as m tends to infinity,
it follows that px(Am) — px(A,) is bounded from above and below by
sequences strongly convergent to zero.

Next, suppose that AA B,,, C |J; DI is another sequence that defines
pux(A). In the same way as above we see that for some N,

N
=D () + pa(D) < pra(A) — e (Bun)
i=0 .
<> (ur(CM) + pa (D))
1=0
hence MX(Am) - MX(Bm) — 0 as m — oo. 0

The following proposition is sometimes useful when proving that a set
is measurable.

Proposition 4.30. Let A C X be a union of stable sets A;, A =
Uien Ai, such that the sum Y, px(A;) is convergent. Then A is mea-
surable and px(A) = limp—oo pax(U;<,, Ai). If furthermore the A; are
pairwise disjoint, then px(A) = >,y pa(4s).
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Proof. We have AAU;,, Ai = U;~,, Ai- Here >, pa(4;) is conver-
gent since ),y px (A;) is, and it then follows that

Jim D e (Ai) = lim (3 pae(As) = 3 pe(4)

>n ieN i<n
= pa(d) - Jim > pa(d) =
ieN i<n
Therefore, by definition, A is measurable and
ue(A) = tim (| 4.
n—oo
i<n
In the case when the A; are disjoint we have NX(Uign A;) =
Zign fra(Ai), hence px(A) =3 oy nx(As). [
We will use the following lemma to apply the proposition.

Lemma 4.31. Let (A;) and (B;) be two sequences of stable subsets of
Xoo, such that for any i, A; C B;. If 3, pa(B;) is convergent, then so
8 ZiEN MX(AZ)

Proof. For some n, both A; and B; are stable of level n. We have
mn(Ai) C mp(B;), hence by Lemma 4.7, [m,(4;)] < [mn(B;)]. There-
fore 0 < px(A;) < px(B;), it follows from Lemma 4.16 that the sum is
convergent. ]

The following proposition shows that this definition generalizes the
p-adic measure.
Proposition 4.32. Let X = A%p. If A C Xy is measurable then
paar (AN ZG) = Cplux(A)).
Proof. By definition, we have that C,px(A) = Cplimy—oo pa(Am).

Since C,, is continuous, this equals

lim Cppux(Am) = lim pHeer(Am N Zg).

If we now can show that uHaaT((A AAy) ﬁZg) — 0 when m — o0, then
by standard measure theory it follows that lim,, oo tHaar(Am N Zg) =

UHaar(AN Zg), and we are done.
Since, by definition, there are stable sets C;" such that

(AAAR)NZEC Ucm )N ZE,
it suffices to show that Y, ptrraer (C" N ZE) — 0 as m — co. Now this
equals limy, oo Y ; Cp px (C;™). Using two times the fact that C, is con-

tinuous, together with the assumption on the C; gives that this equals
Cplimyy, 00 >, px(C") =C,0 =0 O
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We next define the integrals of functions X, — Ko(Vary). For this
we note that every z € Kg(Vary) may be written as = a — b, where
a,b > 0. (This follows straight forward from that the fact that the same
thing is true for elements of Kg(Varg).)

Definition-Lemma 4.33. We say that f: X, — Ko(Vary) is positively
integrable if its image is contained in {a > 0} C Ko(Varg), it has mea-
surable fibers, and the property that the sum Zaeﬁ(Vark) px(f1(a))a
is convergent, (in particular it has only countably many nonzero terms).

We then define [ fdux to be this limit.
We say that f s integrable if it has measurable fibres, and we

can write every a € Ko(Varg) as a = o — da”, where a’,d” > 0,

in such a way that the sums S; = Zaefo(Vark)ﬂX(f_l(a))a/ and
Sy = ZaerO(Vark)uX(ffl(a))a” are convergent. In that case we define
[ fdpx = S1 — Ss.

Proof. Since px(f~'(a)) > 0, the notion of positive integrability is well-
defined by Lemma 4.17.

That a function is integrable is well-defined, because if there exist
such convergent sums S7 and So, then (by definition of addition in a ring
of Cauchy sequences) their difference equals >, g0 var,) tx (f ~1(a))a,
which is then independent of the choice of @’ and a”. O

If A C Xy, let xa be the characteristic function of A and define
Jufdux = [ f-xadpx. If [, fdux and [5 fdux exists and A and B
are disjoint then [, » fdux exists and is equal to [, fdux + [ fdpx.
Proposition 4.34. Let X = Ade. If A C Xy is measurable and if
f: Xoo — Ko(Vary) is integrable, then

Cy [ s = [ Cyofdunuar
A ANZ4

p

Proof. As we have set things up, this is straight forward:

Cy [ fdux=C, 3 paran Aa

a€Ko(Varg)

= Z ,uHaar(f_lamAmZg) Cpa
a€Ko(Varg)

:ZHHaar((Cp of)lrnAn Zg)r

reR

_/ Cp ofdumaar- O
ANz

For a first illustration of how this work, see Example 5.11 where we
compute explicit some simple integrals.
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5. Computing motivic integrals

5.1 Introduction
Fix a prime p. In [Sko09] the author computes the integral

= [ 1T 6= Xt

P 1<i<j<n

The method is recursive and finds a rational function f such that I, =
f(p) (with respect to the normalized absolute value). Looking at these
computations it is immediate that instead of integrating over Z; we may
as well integrate over W ([F,)", where W is the Witt vectors and ¢ is any
power of p, to obtain the value of

I :/ Xz_X d,U/Haar-
o R | G

1<i<j<n

It turns out that for every ¢, I, = f(q). Here f is the same rational
function as above, it is hence independent of q.

This kind of behavior is unusual, one would expect that f should vary
with ¢ (¢f. Example 5.11). When it occurs one could suspect that there
is some geometric explanation; the aim of this chapter is to give such an
explanation.

For this we use the version of geometric motivic integration developed
in Chapter 4 to prove that if X = A%p then

I= [ 1 T1 (%= X))l € Ka(Vars,)
X,

o 1<i<j<n

is a rational function in L with integer coefficients, more precisely I =
f(L) where f is the same as above (this follows from Theorem 5.27).
By applying the point counting homomorphism we recover the original
integrals:

Iq:CqI:qu(L):f(Q)

for every power ¢ of p.

Here is an overview of the chapter: Since we will do a lot of compu-
tations in the Witt vectors, we begin with some necessary background
about them, in Section 5.2.
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When performing the computations of this chapter, we cannot work
in the full generality for which the integration theory was developed in
Chapter 4, we need to impose some extra condition on the variety X with
respect to which the integrals are constructed (most importantly that it
is an affine space, but we also need some additional assumptions on the
discrete valuation ring). In Section 5.3 we describe these conditions. We
then prove some general result about our motivic integral in this case,
in particular that all the integrals that we are interested in exist.

In Section 5.4 we give three fundamental results, about change of vari-
ables and separation of variables. We need these in the last section, to
perform the recursions which are the ultimate goal of the chapter.

In Section 5.5 we do the work that allows us to compute the integral I
defined above. In fact, we compute more general integrals; we show that
for p sufficiently large, the motivic integral of the absolute value of any
product of linear forms is a rational function in IL, with coefficients in Z.
Then when p is arbitrary we compute the motivic integral of the absolute
value of a product of more special linear forms, in particular the integral
I. These computations also make it possible to give an explicit formula
for the integral. (If one is only interested in the p-adic integrals, it is
possible to translate these computations to that setting, with no reference
to motivic integration.) We will also see that all these computations work
also in the equal characteristic case.

Finally, it turns out that the rational function f, discussed above, is
independent also of the prime p: I, = f(p) for every prime p. In Section
5.7 we discuss how one could give a motivic explanation also of this fact.

Acknowledgment. This chapter is based on the preprint [R6k08a] which
was completed during my stay in Leuven in the autumn of 2008. I want
to thank Jan Denef for his hospitality during that stay, and him and Raf
Cluckers for discussing the topics of this chapter with me.

5.2 Background material about the Witt vectors

In this section we give the basic definitions in connection with the Witt
vectors, W. This material is essentially in [Ser79| pp. 40-44 and in
[Dem?72].

Definitions

Fix a prime p. Define, for every n € N, the polynomial

Wo=3"p'XP"" e z[x).
=0
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The ring of Witt vectors with coefficients in the commutative ring A,
W(A), is by definition AN with the ring operations defined by requiring
that the map

W.(A): W(A) — AN
a— (Wo(a),...,Wy(a),...)

should be a homomorphism. W(A) is a commutative ring with iden-
tity element (1,0,0,...). The ring scheme of Witt vectors is the func-
tor W: Rings — Rings that takes the commutative ring A to W(A).
We: W — Ag is then a morphism of ring schemes. If p is invertible in
A, W, (A) is an isomorphism, hence Wy /) =~ Ag[l/p} as ring schemes.

One defines the Witt vectors of length n, W, to be the functor that
takes the ring A to the projection of W(A) onto its n first coordinates.
This scheme is of finite type over Spec Z . One has that W7 is the identity
functor, that is W1(A) = A. We also have that the ring W(A) is the
inverse limit of the rings W, (A) as n — oco. We define the projection
map 7,: W — W,, by

(ag,a1,...)— (ag,...,an—1): W(A) - W, (A)

for every ring A.

If A is a perfect ring of characteristic p (meaning that = — 2P is
surjective) then p is not a zero-divisor in W (A), which is Hausdorff and
complete with respect to the filtration {p"W(A)},en. Moreover, the
residue ring of W (A) is A. In particular, W(F,) = Z,, and if ¢ = p" then
W (F,) is the integral closure of Z, in the unique unramified degree n
extension of Q, (in a fixed algebraic closure of Q).

Operations on W

Define V: W — W by Va = (0,a9,...,an-1,...). V is short for "Ver-
schiebung". It is not a morphism of ring schemes but it is additive. Note
that W(A)/ V" W(A) ~ W, (A) for every ring A.

Next we define the map r: W; — W by a — (a,0,...,0,...). The
map r is multiplicative. Moreover, for any a = (ag,a,,...,) € W(A)
we have

a=>Y V'r(a). (5.1)
=0

When A is perfect of characteristic p, r(A) is the unique system of multi-
plicative representatives of A in W(A). In particular, r(FF,) is the subset
of Z, consisting of 0 and the (p — 1)st roots of unity.

Finally, over F), (where p is the prime that was fixed in the beginning
of this section) we define the Frobenius morphism F: Wy, — Wg, by

Fa=(ab,...,db,...). It is a morphism of ring schemes.
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Proposition 5.2. If A is an Fp-algebra and a,b € W(A) the following
formulas hold:
VFa=FVa=pa
a-Vb=V(Fa-b).
Proof. For the first formula see [Ser79]. For the second formula it suffices
to prove this when A is perfect so we may assume that b = F c. The first

formula, the distributive law and the fact that F is a ring homomorphism
then give

V(Fab)=V(FaFc)=VF(ac)=p(ac)=a(pc) =a-VFc=aVh.
O

It follows that if A is an Fj-algebra, a,b € W(A) and 4, j € N then
Via-Vib=VH (Fa Fb). (5.3)
We need the following consequence of the the proposition:

Corollary 5.4. Let k be a perfect F,-algebra, let A be a k-algebra and
let A € W(k)[X1,...,Xy] be a form of degree d. If ai,...,a, € W(A)
then

A(Vay,...,Va,) =F1ViFA)(ay,..., a,).

In particular, if A € Zp[Xq,...,X,] then
A(Vay,...,Va,) =F1VIA(ay,...,a,).

Proof. Let A = X{. The formula is true for d = 1. Suppose that it is
true for d — 1. Then with the help of Corollary 5.3,
A(V a) :(Va)(Va)d*1
:(V a) (Fd_2 Vd—l ad—l)
:Vd(Fdfl a- Fd*l ad*l)
=F Ve A(a).
Next, let d and n be arbitrary and suppose the formula is proved for

every X# .. XU with dy 4+ +dy_y < d. Let A= X ... X% with
dy +---+d, = d. Then

A(Vay,...,Va,) =(Va) J[(Va)
=2

n
_pdi—1vydi 4di | pd—di—1 dfdll_[ d;
=F V&a'-F Vv a;’.

i=2
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Since F and V commute we can use Corollary 5.3 on this expression to

get
n
Vd (Fdl allil A Fd*l H a?z)
i=2
and because F is a homomorphism this equals F4~1 V¢ Alag,...,a,).

Finally, let A € W(k)[X1,...,X,] be an arbitrary form of degree d:
A =Y crcalq, where the A, are monomials of degree d and ¢, €
W (k). Since k is perfect we may, for every a € I, chose ¢, such that
Fi=1 ¢/ = c,. We then have

A(Vay,...,Vay,) :ZFdfl c Fd-1 VdAa(al, co,ap)

acl
=FI1 Y VAFL, - Ag)
ael
=FVYY Feo - A,
ael

=FIVYF A)(ay,. .., ap).
In particular, if ¢, € Z, = W(F)p) then Fc, = co, hence FA=A. 0O

5.3 Assumptions and general results

In Chapter 4 we developed a version of motivic integration, valid for
any variety X defined over a complete discrete valuation ring, O. In this
chapter we will utilize this theory in the case when X is an affine space,
X = Ado. Actually, what interests us the most is when O = Z,, for then
the computations of certain p-adic integrals can be done in the motivic
setting, and then be obtained by applying C,, to the result.

In the present section first we go through the assumptions on A and
O used throughout this chapter; we then prove that all the integrals we
are interested in actually exist, and prove some basic facts about them.

The computations of measures and integrals given in this section are
all standard. We include them anyway, firstly to establish notation and
give examples, and also to check that everything works also with respect
to our stronger topology

The setup

Throughout this chapter, we assume that X = A% where O is a complete

discrete valuation ring with residue field k, of one of the following types:

e [ is a perfect field, of prime characteristic p, and O = W (k), where
W is the ring scheme of Witt vectors constructed with respect to the
prime p.
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e kis a field, and O = k[[t]].
(We are mainly interested in the cases when O is either Z, or Q[[t]] so
that k = F,, and Q respectively.) Then the space of arcs X of X = Aflg

is the set
{W(k d 0=W(k)
Xoo = < —
k[ O = k[[t]

)

where k is an algebraic closure of k. We use the standard terminology in
connection with the Witt vectors, see Section 5.2. Moreover, in order to
get a uniform notation, we will write (2;);>0 for > ;50 it" € k[[t]].

For every n, if O = W (k) then X, is the k-scheme whose R-points is
WI(R) for every k-algebra R (W, is the Witt vectors of length n). If
instead O = k[[t]] then X, (R) = (R[t]/(t"))? for every k-algebra R. We

use 7, to denote the projection Xoo — X, (k).

Convergence of integrals

We continue to use O to denote a complete discrete valuation ring with
residue field k, of the type defined above.

To show that the integrals we are interested in exist we need the fol-
lowing simple approximation:

Lemma 5.5. Let X = A‘é and let A be a measurable subset of X5. Then
0<px(A) <1 anddimpx(A) <O0.

Proof. Suppose first that A is stable of level n. We have m,(A) C X, =
A%", giving immediately that dim A = dimm,(A4) — nd < nd —nd = 0,
i.e., dim py(A) <0. Also 0 < [7,(A)] <L hence 0 < ux(A) < 1.

In the general case there are, by definition, stable subsets A; such
that px(A) = limjeo px(A:), e, pux(A) = (ux(A:))ien. Since the
equalities holds for stable sets it follows by definition that 0 = (0);eny <
ux(A) < (1);ey = 1. The same reasoning goes for the statement about
dimension. O

Lemma 5.6. Let X = A% and let A; be measurable subsets of Xo. If
e; — 00 as i — 00, then the sum ), px(A;)L™ is convergent.

Proof. By Lemma 5.5, 0 < px(A;)L™% < L7%. By Example 4.14 the
sum » ;. L7% is convergent if and only if dimL.™% — —o0, ie., ¢; —
oo. In this case it follows from Lemma 4.16 that ), pa(A;)L™% is
convergent. O

The motivic measure of {ord f > n}

Let X1 = A}, and let XL be its arc space. We have a function ord: XL —
N U {oco}, mapping = to the biggest power of the uniformizer dividing
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x, and with the properties that ord ab = ord a + ord b and ord(a + b) >
min{ord a,ord b}. We continue to write X' for AY. If f € O[X1,..., X ]
it defines a function X, — XL . So for n € N we may consider the subset

{ord f > n} :={(a1,...,a4q) € X : ord f(a1,...,aq) > n}.

When O = Z, this set has the property that {ord f > n} N Zg =
{(ar,...,aq) € 2% : ord, f(ay,...,aq) > n}.

Lemma 5.7. Let X = A%. The subset {ord f > n} C X is stable of
level n and pxy({ord f > n}) = [m,({ord f > n})|JL—9".

Proof. To simplify the notation, we prove this for the special case when
O = W (k); the case when O = k[[t]] is similar. When we view X, as
the k-points on the ring scheme W, we see that {ord f > n} is actually
the k-points on a closed subscheme. For let k[X;0, X1, ..., Xin,-..]%,
represent W< Let fo, f1,... be the universal polynomials defining f in
the Witt vectors, i.e., f, € k[Xio,. .., Xin]%, and if R is any k-algebra
and r; = (rio,ri1,...) € W(R) for i = 1,...,d, then f(r1,...,rq) =
(fo(riy...yra), fi(re, ... 7q),...) € W(R). (We write fp(r1,...,rq) for
fu(r10, - 3 7d0s -« -3 T1ny - - - s Tan) € R.) We then see that {ord f > n} is
identified with

{(z1,...,2q) e W(E)?: f(z1,...,249) =0 (mod V")} C Xy,
ie.,
{(z1,...,29) e WE): fi(x1,...,29) =0fori=0,...,n—1} C X,
This in turn is the k-points on the close subscheme

k[ X0, Xty - ooy Xiny -], 4
1= C ‘N7 i
(an ey fnfl)

Now 7, (Xoo) = W (k). Hence, for m > n, we see that 7, ({ord f >
n}) is the k-points on the k-scheme

Spec

k[ X0, -, Xim—1]i )
(f07 ... 7fn—1)
In what follows we identify ,,({ord f > n}) with its underlying scheme.

We then see that m,,({ord f > n}) = m,({ord f > n}) Xy Az(m_n). The
result follows. O

Spec

When {f = 0} C A% is smooth we have the following refinement of
the preceding lemma:
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Lemma 5.8 (Motivic Newton’s Lemma). Let f € O[Xy,...,Xq] be
non-constant. Assume that {f = 0} C A% s smooth. Consider the
subset {ord f > n} C X, where n > 1. Then [m,({ord f > n})] =
LE@=D®=D(r, ({ord f > n})] € Ko(Vary). In particular,

px ({ord f > n}) = [Spec M}L—n—d—&-l‘

(fo
Proof. Let Z := {f =0} C X. Note that, for every n > 1,
mford f > n} ={z e WL (k) : fo(z) = = fu_1(z) = 0} = Z, (k).
Since Z is smooth, Z, is stable of level 1, hence [Z,,] = L@~ D=1[z,].
The result follows. O

Motivic integrals of absolute values of polynomials

Next consider the function g +— L~4/(@. x  — Ky(Varg). For a €
W (k) we write |a| := L™°9% and we want to compute the integral
J x| fldpx. The following proposition shows that the integral exists.

Proposition 5.9. Let X = AC(IQ. Let A be o measurable subset of X,
and f € O[X1,...,Xq]. The integral [,|fldpxy = [L L™ duy exists.
Moreover, when X = A%p we have, for q any power of p, Cy fA|f]d,u;( =

fAmW(Fq)d|f|pdﬂHaar-

Proof. By definition the integral equals px(f = 0) -0+ >,y s (A N
{ord f = i})L™". By Lemma 5.7, {ord f = i} is stable, hence AN{ord f =
i} is measurable. The integral therefore exists by Lemma 5.6. Next, by
Proposition 4.34, C, [, L™ ordf g = fAmW(Fq)d‘f’Pd:“’HaaT' O

When {f = 0} C AY is smooth we may compute the integral more
explicitly:

Proposition 5.10. Let f € O[X1,..., X4| and assume that {f = 0} C
A% 15 smooth. Then

1-d

L+1

/|f\du;( =1— [Speck[X10, - .., Xa0]/(fo)] € Ko(Vary,).

Proof. By definition we have

/X fldix = 3" L™ ford f = m}).

m>0

Since {ord f = m} = {ord f > m} \ {ord f > m + 1} we have

pxiord f =m} = [Spec W] LT L)
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for m > 1. For m = 0 we have py(ord f =0) = px (X \{ord f > 1}) =
1-— [Spec M}Lkdﬂ_"l. Therefore, using Example 4.14,

(fo)
/ Fldpa
Xoo

=1+ [Spec W} . ]Ll—d <_L—1 + Z L—™ (L—m _ L—(m—f—l)))
m>1
Llfd

1 _ k[X10,--,Xa0] | |
=1 [Spec 7 } T O

Example 5.11. We look at the case when O = Zy: If f = aX +b, where

a € Z;; then k([;g())] = k. Since [Speck| = 1 we have ono|aX + bldux =

]LLH, showing in particular that if q is a power of p then fW(Fq)|aX +

bldX = 4

More generally, assume that [ is such that fo is irreducible of degree d.

SpecF
Then Spec k[Xo]/(fo) = Fpa, hence me\f|duX =1- [ p]L_de}, Applying

Cy for different powers of p shows that

Jue

Partitions of integrals

{1—d/(q—|—1) q=7p" whered|i
1

d aar — ; .
)|f|p - q=7p" where d{i

q

The primary purpose of this chapter is to show that the integral of the
absolute value of a certain polynomial in many variables is a rational
function in L, with coefficients in Z. For this we begin with some lemmas
about general integrals of this kind of functions.

Lemma 5.12. Let A = |J,cy Ai be a disjoint union of stable subsets and
suppose that ) px(Aq) is convergent (so that A is measurable). Then

for any f € O[Xy,..., Xq], we have [,|fldux =3 e [ | fldpx.

Proof. By Proposition 5.9 the integral exists. Since A; N {ord f = m} is
stable, and A; N{ord f = m} C A;, it follows from Lemma 4.31 that the
sum Y.y pa (A N {ord f = m}) is convergent. Hence, since the union
An{ord f = m} = U;eny Ai N {ord f = m} is disjoint it follows from
Proposition 4.30 that px (AN {ord f =m}) = 3,y px (4N {ord f =
m}). We may therefore write

/Alf!dux = px(An{ord f =m})L ™™

meN

= Z ZMX(Ai N{ord f = m})L™"™.

meN ieN
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Because of Lemma 5.6, if we do the above summation over an enumera-
tion of N2, it is convergent. Hence by Lemma 4.18 it equals

ST (A ford f = L = 30 / fldux. O

i€EN meN €N

Let fi,...,fr € O[Xy,...,X4]. For a = (a1,...,a,) € N we write
{ord f; = a;};_, for the subset {a € X : ord fi(a) = i}]_; C X.

Lemma 5.13. Let X = A%. For I C (NU{oo})? (finite or infinite), let
Ur := Uye{ord X; = o }d . Let f € O[Xq, ..., Xq). Then fUI|f]d,uX =
Y oacl f{ord Xi:ai}|f|d,ux, (In particular the integral exists.)

Proof. We show that Uj is measurable, the result then follows from

Lemma 5.12. Since the union Uy = [J,¢;{ord X; = o5}, is disjoint
it suffices, by Proposition 4.30, to prove convergence of the sum

> na({ord Xi = ai}ly).
acl

Let N be a large integer. We have my({ordX; = «;}L,) C
7y ({ord X; > «;}¢_ ). The underlying scheme of this latter set is

k[ X0, .., Xin]dy

= Spec k[ Xia;, - - L Xav]L
(X’LO) s 7X’L'7O¢i—1);‘:l:1 “ ! =1

Spec

Hence d
[rn (ford X; = a b)) < LNO-2i e

and consequently py({ord X; = o;}¢ ;) < L~ Siii e Now, when I is
infinite we see that as « varies over I, max{ai}?zl — 00, hence that
- Z?:l a; — —o0. So by Example 4.14, > ;L™ Simi i s convergent,
hence by Lemma 4.16, . px({ord X; = a;}?,) is convergent. O

5.4 Change of variables

We prove three theorems about manipulation of these kind of integrals.
Recall that we use O to denote a complete discrete valuation ring with
perfect residue field k.

Linear change of variables

A linear change of variables is easy to do also in the motivic case:

Proposition 5.14. Let X = A% and let a;; € O be such that the de-
terminant ofM = (ai;) is in OF. Gven f € O[Xy,...,Xq], define
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Proof. We first prove that py{ord f > n} = py{ordg > n} for every n.
We have a map
{ord f = n} — {ordg > n},

given by (r1,...,24) +— (x1,...,24)M~1. This is a bijection, for it is
well defined since g(zM ') = f(zM~'M) = f(z) = 0 (mod V"), and
it has a well defined inverse z — xzM. Therefore m,{ord f > n} and
mp{ordg > n} are isomorphic (viewed as subschemes of X)), conse-
quently [mp,{ord g > n}] = [m,{ord f > n}].

It follows that py{ord f = n} = px{ordg = n} for every n, hence
that the integrals are equal. O

(The proposition holds more generally when X is any smooth O-
scheme and M: X — ) is an isomorphism of O-schemes.)

Separation of variables

Throughout this subsection, let X := A?g and Y := Af{,. Moreover, let
Z = AL = X xp Y. We may then identify (2)oo With Yoo X Veo.
Our aim is to show the separation of variables result, Theorem 5.17. We

do this using two partial results, which we state as the following two
lemmas:

Lemma 5.15. If A C X, and B C Vo are stable, then A X B C Z4, is
stable, and puz(A x B) = px(A)uy(B).

Proof. Since A and B are stable there is an integer n with the
property that there are a finite number of k-varieties V; such that
m(A) = |U; Vi(k), and a finite number of k-varieties U; such that
mn(A) = U, Ui(k). We have

Tn(A X B) =mp(A) X m,(B)

—UV UU (k)

hence [m,(Ax B)] = 32, ;Vixx Us] = 22 ;VillUs] = (32 [Vil) (22,[U51) =
[1n(A)][7n(B)]. Therefore pyxy(A X = [m(A x B)]L~™dte) —
([ (AL ([ra(B)IL™") = pac (A)py(B). O

Lemma 5.16. If A C X and B C Yo are measurable, then A x B C
Zoo 1s measurable, and pz(A x B) = px(A)uy(B).

i.j
)
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Proof. Let A,, and C]" be stable subsets of X, such that AAA,, C
Uien Ci"- Let uyy, = ZzeN px (C") be convergent and limy, oo Uy = O
Let B,, and D]" be stable subsets of Vs such that BA B, C UleN
where v, = ZzeN px (D) is convergent and limy, o vy = 0. Then
(Ax B)A(Apm X By) = (AAAy) X (BABy) C Uien G x Di*. By
Lemma 5.15, pz(C" x D) = px(C")py(D]"), hence by Lemma 4.20,
the sum 8., := > oy 2 (C]" x Di") is convergent, and 8y, < U Up,. Since
Uy, and vy, tends to zero the same holds for u,,v,, and consequently also
for s,,. Hence, since A,, and B,, are stable,

pz(Ax B) = lim pz(Apn X Bp)

= lim px(Am)py(Bm) = px(A)py(B). O

m—00

Theorem 5.17 (Separation of variables). Let X', Y and Z be defined as
above. If A C X and B C Yoo are measurable, and f € O[Xq, ..., X4,

g€ O[Ylv s 7)/@]’ then fAXB‘fg’d:uZ - fA|f’d:u’X ’ fB|g|d,U,y

Proof. By Proposition 5.9 the integral is convergent:

[ 19lduz = 3 nz((A x B) ford fg = )L

£eN

Since {ord fg =&} = U, 4, —¢{ord f = p} x {ordg = v} we have

(Ax B)n{ord fg=¢} = U (An{ord f = p}) x (BN {ordg = v})
ptv=¢

and since this is a disjoint union of measurable sets it follows from the
previous lemma that

/ | fgldpz
AxB
_Z< S px(An{ord f = p}) - My(Bﬂ{ordg:y}))]L ¢

£eN “putv=¢

Since this sum is convergent, Lemma 4.19 says that we may rearrange it
to obtain

(ZMAm{ordf p})L )(ZuyBﬂ{ordf—v}) )

pEN veN
- / Fldpa - / glduy O
A B
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Multiplication by the uniformizer

In this subsection we prove a motivic version of the change of variables
induced by multiplication by the uniformizer of the discrete valuation

ring.
To simplify notation, we write k[Xep, . . . , Xon] for the polynomial ring
E[Xio, ..., Xin]’ . As usual, we use Qn to denote the universal polyno-

mials defining Q € O[X}, ..., X,], so that Qn € k[Xe, ..., Xen]. (See
the discussion in the proof of Lemma 5.7.)

Lemma 5.18. Let X = A}). Let Q € O[Xy, ..., X,] be a form of degree
s. Ifordx; > 0 fori=1,...,n, then ord Q(x1,...,zy) > s. Moreover
for every € € N

pa(fordQ > €+ s,0rda; > 0F,) = L " ({ord @ > £}).

Proof. For N sufficiently large, myy1(ord@ > € + s,ordz; > 0) is the
spectrum of the algebra

KXo Xon]
(Q07 ey QerSu XOO) '

The class of this in Ky(Vary) equals the class of the spectrum of

k[ Xe1,..., XenN]
(Qo(X.l), - ,Qé:(X.l, cey X.§+1)) .

In the mixed characteristic case, this is proved using Corollary 5.4 (from
the section about the Witt vectors), together with the fact that [X] =
[Xeq] for any scheme X. In the equal characteristic case it is straight
forward to prove.

Now, using the change of variables Xq; — Xq;—1, the spectrum of this
algebra is my(ord @ > £). The result follows. O

Theorem 5.19. Let X = A}, and let Q € O[Xy,...,X,] be a form
of degree s. Define A = {orda; > 0}1, C Xu. Then [,|Qldux =
L= [y [Qldx.

Proof. By the first part of Lemma 5.18, {ord @ = &, orda; > 0}, =0
for £ < s, hence
/ |Q|dux = Z,u;g{ordQ =&+ s,orda; > 0L+,
A €0
Using the second part of the lemma it follows that this equals

S L uford @ = L) — 17 [ (Qlaue. =

€0 Aoo
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5.5 The integral of the absolute value of a product of
special linear forms

As before, we let O be a complete discrete valuation ring with residue
field k, of one of the types described in Section 5.3. We define, for any

n €N, A" = A}y, and we let X be its space of arcs.
The main result of this section is Theorem 5.27. In Theorem 5.27
we give a recursive method to compute I = f o [T 4ildpan, where

l; € Z[Xq,...,X,] are linear forms. When O = k[[t]], these forms are
arbitrary; when O = W (k) we need the forms to be of a rather special
type. The restriction in the second case is taken care of in Section 5.6,
in Theorem 5.32, when we give a recursion that works for general forms
in case O = W (k), provided that the characteristic of k is sufficiently
large.

When applicable, these theorems also give a function f € Z(T) such
that I = f(L). If we let O = Z,, this also gives a motivic explanation to
the phenomenon discussed in the introduction. For by applying C, to I,
for different powers g of p, we get fw(Fq)|H£i|dHHaar = f(q)-

Remark 5.20. As mentioned in the introduction, it is not true in general
that the motivic integral of the absolute value of a polynomial is equal to
f(L), with f € Z(T). This can be seen from the integral fXOlo|x2+1\d,uX1:
When O = Z, with p = 3 mod 4, then by Example 5.11 this integral
is equal to 1 — [SpecF 2] /(L + 1), and by applying the poinl counting
homomorphism for different powers of p we see that this cannot be equal

to f(L) for f € Z(T).

The crucial step in the recursion

The main result of this subsection is a change of variables result, Theorem
5.26, which is the crucial step in performing the recursion of Theorem
5.27. However, since the motivic recursion is inspired by a p-adic com-
putation, but requires a different, more complicated, method, we begin
by briefly discuss the p-adic method, and why it does not translate to
the motivic case. This is done in the following example:

Example 5.21. Suppose we want to compute I = [ ,|oy — ao|da, where
we integrate over the set A C ZZ% of tuples such that a1 = ao mod p
and oy Z az mod p. One way to do this is to express the integral in
terms of an integral of the same function, but now integrated over all of
Zz?;' This is what is done for general integrals, and in the motivic setting
in Theorem 5.26. We illustrate this method on the integral 1: Choosing
a set of representatives of the cosets of pLy, x — x:F, — Z,, we may
write each such o; uniquely as o; = T; + pB;. Moreover, o; = a; mod p
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if and only if x; = x; in F),. Hence

I= Z / la; — aj|da.

zEF3: i=Zi+pBi
T1=T2#x3
On each of these integrals we perform the change of variables a; = Z;+pp;
(the x; are fived). The Jacobian of this has absolute value p~3, hence
each of the integrals in the sum equal p~> J73|pB1 — pB2|dB. (This step
do not generalize to arbitrary linear forms, psmce then the ; will not
cancel.) Since there are p(p — 1) terms in the sum, we find that I =
p(p = Dp~*7" 3151 — BaldB.

The main problem in translating this to the motivic setting is that it
1s not possible to partition the integration set in this manner. However,
this partition is not visibly in the result of the computation, so the result
might still be possibly to translate into the motivic setting. This is done
in Theorem 5.26. Also, note that in that theorem we work in the most
general case possibly, contrary to in this example.

To prove Theorem 5.26 we first needs two lemmas about the Witt
vectors. See Section 5.2 for notation used in connection with the Witt
vectors.

Lemma 5.22. Let k be a perfect field of characteristic p, where p is
a prime different from 2, and let { = aX + bY € W(k)[X,Y] be a
linear form in two variables whose coefficients are multiplicative repre-
sentatives. For v = (zo,x1,...) € W(A), where A is a k-algebra, define
T = (r1,22,...) € W(A). Let y € W(A) and define § similarly. Suppose
that £(z,y) = 0 mod V. Then l(xz,y) = VU(Z,y). If p = 2 the result
holds provided f = X — Y.

Proof. When p # 2 we have for every ring A that —1 = —r(1) =r(-1) €
W (A). This follows in the standard way by first proving it when p is
invertible in A. In this case W* is an isomorphism, and since W*r(x) =
(z,2?, 27", ...) we have W* r(1)+W* r(—1) = 0 so the result follows. But
if it this result is true for a ring A, it holds for every sub- and quotient
ring, hence for every ring.

Let a = rap and b = rbg. The condition ¢(x,y) = 0 mod V then
means that apxg 4+ boyg = 0. From what was said above it follows that
arxzy+ bryy = r(apzo) + r(boyo) = r(apzo) + r(—apxp) = 0. We then
have

U(w,y) =l(rzo+ VZ,1y0 + V)
=(arxg+bryp) +(aVI+0bVy)
=V(Fa-2)+V(Fb-p)
=V (Z,7).
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When p = 2 we may still prove the result when ¢ = X — Y, for if
l(z,y) =0 mod V then zp = yo, hence r(zg) = r(yo). O

Recall the notation used in Section 5.4: We write k[Xep, . .., Xen] for
the polynomial ring k[Xjo, ..., X;n]" 1, and use Qn to denote the uni-
versal polynomials defining @ € O[Xq,..., X,].

Lemma 5.23. Fiz a perfect field k of characteristic p. Let P = ngl L €
W (k)[X1,...,X,], where the {; are linear forms, all of whose coefficients
are multiplicative representatives, at most two of which are non-zero.
Moreover, if p = 2, assume that all the forms are of the type X; — X;. Let
Z1y...,xn € W(A), where A is a k-algebra, be such that {;(x1, ... ,x,) =
0 mod V for every i, and define ©; as in Lemma 5.22. Then

P(xy,...,2,) = FIVIP(a, ... 4).

In particular, working in W (k[Xep|nen), we have Pe =0 for £ < d, and
P§+d = P&(X.l, - ,X.§+1)pd71 fO’I" f € N.

Proof. Using the preceding lemma and Corollary 5.3 we get

P(xy,...,xn) = | | bi(z1,. .., 2p)

—.

-
I
N

Vfi(fl, e ,SL‘~n)

I
,z&

-
I
A

d
=PV [l a)
i=1

=FIVIP(E, ..., 5) O

In the case of equal characteristic, this lemma also holds, but for any
set of linear forms. Its proof is straight forward, we just state the result:

Lemma 5.24. Let k be a field, and let O = E[[t]]. Let P = [[L, 4 €
O[X1,...,Xy], where the {; are linear forms. Let x1,...,z, € Al[t]],
where A is a k-algebra, be such that ¢;(x1,...,x,) =0 mod t for every
i, and define T; as in Lemma 5.22 (recall that we write elements of power
series rings as tuples). Then

P(Zl,‘l,...,xn) :tdp(fl,...,fn).

In particular, working in k[Xep|nen|([t]], we have Pc =0 for £ < d, and
P§+d = Pg(X.l, . ,X.§+1) for £ e N.

Lemma 5.25. Let S be o finite set. Let Q = Hies l;, where the {; €
O[X1,...,Xy] are linear forms satisfying the following conditions:
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o If O = kl[[t]] then the ¢; are arbitrary
o If O = W(k), where k is a field of prime characteristic different
from 2, then each £; is linear form in at most two variables, and its
coefficients are multiplicative representatives.
o If O =W(k), where k is a field of characteristic 2, assume that all
the forms are of the type X; — X;
Let T be a subset of S. If ord¢; > 0 for i € T, then ord@ > |T).

Moreover, for every integer & > —1 we have

pan(ord@Q > &+ |T),ord¥¢; > 0,i € T,ord¢; =0,i € S\ T)
= 2 jiyn (0rd Q > €),

where Hr is the subvariety of X" = A} given by (¢;)o =0 fori €T and
(fz)o #OfOTlE S\T

Proof. For N sufficiently large, my11(ord @ > & + |T|,ord¥¢; > 0,7 €
T,ord¢; = 0,i ¢ T) is the spectrum of the algebra

k[XOO’ ) XONH(EZ')(;l]igéT
(Qos- - Qexyrys (4)o) sy

By Lemma 5.23 or 5.24 the class of this equals the class the spectrum of

k[XOOa ) XONH(&)(;I]%ZT
(QO(X.l), e ,Qg(X.l, e ,X.g_H), (gi)o)ieT'

Now, since the (¢;)¢ only involves the variables Xo0, we may write this

T RXall(6)g Yier KXt s Xon)

Ok
((4i)o)ier (Qo(Xe1), -, Qe(Xe1, .-, Xegt1))
The spectrum of the first factor is Hr whereas, using the change of

variables Xo; — Xe;—1, the spectrum of the second factor is 7wy (ord Q >
€). The result follows. O

Theorem 5.26. Let S be a finite set. Fori € S, let {; € O[Xy,...,X,] be
a linear forms, satisfying the conditions of Lemma 5.25. Let Q = [[;c4 4:-
For T C S, define Qr = [[;er li- Let Hr be the subvariety of XT' = A}
given by (0;)o =0 fori € T and (¢;)g # 0 fori € S\T. Then

AM#OH\QrdW = [HrJL "= /X |Qrldpen.
ord ¢;=0,i¢T S

Proof. By the first part of the lemma,
{ord@ =&, ord¥¢; > 0,i € Tyord¢; =0,i ¢ T} =0
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for & < |T'|, hence

AdeﬁéO,ieT‘Q’d“X” = /)rdgi#oyieT’QT‘dMX”
ord £;=0,i¢T ord £;=0,i¢T

equals

Z,u;(n(ord Qr =&+ |T],ordl; > 0,i € T,ordl; = 0,i ¢ T)L-EFITD,
£>0

Using the second part of the lemma it follows that this equals

> [HrlL ™" paen (ord Qr = L~ EHTD = [HpL-IT1=" / |Qr|dpn.
€20 X%
0

The recursion

We are finally ready to give the motivic version of the recursion. We will
then see in Example 5.30 how to use this in practice.

Theorem 5.27. Let O be a complete discrete valuation ring. Let QQ =
[Lics ti, where £; € O[X1,...,X,] are linear forms, satisfying the con-
ditions of Lemma 5.25. Then fxn |Q|dpxn is a rational function in L,
i.e., there is an f € Z(T) such that the integral equals f(L). Moreover,
f may be computed explicitly by recursion.

Proof. This recursion is immediate, using Theorem 5.26: Write, for T' C
S, Qr := [L;er li- We have

QduX:/ Qldpux + / Qrldu.
[ =, 0 5 [ o

TGS " ,£0,ieS\T

Theorem 5.26 now shows that

(1 - [HsJL 151 /X [Qldp = 3 [HpL T /X [Qrldpx. (5.25)

TCS

The right hand side is known inductively. Moreover, since dim Hg < n it
follows that [Hg]L~!5I=" € F<~ISI M., hence it is not equal to 1. Also,
by the first part of the proof of Theorem 5.29, Hg is an affine space, hence
equal to L™ for some m. Therefore, by Example 4.14, 1 — [Hg|L 5=
is invertible. Hence fX&|Q|duX is as a rational function in L and the
classes of various hyper plane arrangements. Because of the next theorem,
Theorem 5.29, it follows that the integral is a rational function in L. O

The following theorem is of course already well known. We provide a
proof for completeness.
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Theorem 5.29. Let V be a finite dimensional k-space, I a finite set
and for every v € I, let £;: V — k be a linear function. For S C I, let
Hg = {62 =0,i€ 85,4; #£0,i ¢ S} C Ay, ie, Hs(R) = {1‘ ER®RLV:
li(z) = 0,7 € S, 4;i(x) € R*,i ¢ S} for every k-algebra R. Then there is
a polynomial p € Z[X] such that [Hs| = p(L) € Ko(Varg).

Proof. First,let U = Njesker ;. Then Hg = {¢;|y # 0,i ¢ S} C Ay. We
may therefore assume that S = (). We now prove the claim by induction
on the number of hyperplanes: First, let £: V — k be non-zero. We may
then choose a basis of V, {ej,...,eq} such that ¢(e;) =1 and ¢(e;) =0
for 4 > 1. Hence {¢ # 0} = Speck[X,..., Xq][X '], and consequently
[{¢#0}] =LY L — 1) € Ko(Vary).

Assume now that the claim holds for any k-space V' and for any col-
lection of less than n hyperplanes. Let H = {¢; # 0}, C Ay. Define
U = kerl,. Then {¢; # 0}=! C Ay is the disjoint union of H and
{tilv # 0}2' € Au C Ay, hence [H] = [{t; # 0}}o] — [{tilv #
0}7-!] € Ko(Varg), and we are done by induction. O

We illustrate this with an example.

Example 5.30. We apply this to the example that motivated this com-
putations, the integral V" := [, }H1§i<j§n(X’i - Xj)‘duxn. By (5.28)
we have

(1- (X1 = X)L 27 V2 = [{X) # X2} L.

Since [{X1 = X3} = L and [{X1 # Xo}] = L? — L it follows that
V2=L/(L+1).

Note that V2 may also be computed using change- and separation of
variables, together with the result of Ezample 5.11: V? = fX&|X1 —

Xoldpye = [ro | Xuldpaz = [y1 [Xalduyr - [y1 dpar =L/(L+1).

Next we compute V3. Here we really need our recursion, there is no
straight forward way to compute V3, as was the case with V2. So we use
(5.28) to obtain

(1-[{X1 =Xy = Xg}]L7°%)V3
=3[{X| = Xy £ X3}JL ™13 /X?"Xl — Xo|dpx
+ [{ X1 # Xo, Xo # X3, X1 # Xs}L7°.

Here the classes of the two first hyperplane arrangements are straight
forward to compute, [{X; = X9 = X3}| =L, and [{X; = X2 # X3}] =
L(L—1). For the third one we use the method of Theorem 5.29 to obtain
(the expected result) [Hy] = L(L — 1)(L — 2). Finally, by separation of
variables, the integral in the right hand side equals V2. Pulting things

together we obtain V3 = Uﬁ‘;;}g;&:;ﬁ%ﬁ)
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Remark 5.31. The integrals V" comes up in connection with the prob-
lem of computing the density of the monic nth degree polynomials whose
Galois group is the full symmetric group and whose nontrivial inertia
groups are generated by a transposition. It is possible to do the same
thing for general Weyl groups, and the integrals appearing in these com-
putations are also possible to handle using the recursion.

5.6 The integral of the absolute value of a product of
arbitrary linear forms

In this section, we give a way to compute the integrals for arbitrary
forms that works also in the mixed characteristic case. However, we have
to assume that the characteristic of the residue field is sufficiently large,
and that the forms have coefficients in Z. Also, this method is rather
complicated to use in practice. (This method works also in the case if
equal characteristic, but since we already have Theorem 5.27 in that
case, we state the following theorem in the case of mixed characteristic
only.)

Theorem 5.32. Let X = A}, where O = W(k) and k is a perfect
field of characteristic p. Let Q = [[;cqti, where {; € Z[Xy, ..., X,] are
linear forms. Then, if p is sufficiently large, fXOO]Q|dMXn € Ko(Vary) is
a rational function in L, i.e., there is an f € Z(T') such that the integral
equals f(L). Moreover, there is an algorithm for computing f.

Proof. We do the recursion over the number of forms, the cardinality
of S. Also, for the recursion to work, we compute fmj:07j6M|Q!d,u for
any finite set of linear functions m;, j € M (in fact, it would suffice
to compute it for the two cases when M = (), and when all the ¢; are
contained among the m;):

So assume that all such integrals are known when @ is any product
of less that |S| linear forms. We then want to compute fm;:o,jeM’Q‘d%
where Q = [[;cq ¢

As a first reduction, note that we may assume that

K = ﬂker&ﬂ ﬂ ker m;
i€S jEM

is equal to 0. For let K’ be a linear complement of K. Let ) = Ax and
Z = Ags. Then, by separation of variables, Theorem 5.17,

/ Qldpy = / dity / Qldyz = / 1Qldpz.
m;=0,jEM Voo m;=0,jEM m;=0,jEM

Hence, after a linear change of variables, Proposition 5.14, we may
assume that all the elements of the dual basis is contained among the ¢;
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and mj,ie, b =x;fori=1,... .0 and mj = zpyjforj=1,...,n—n.
For this to work, we need the Jacobian to be invertible in Z,, which it
is for p sufficiently large.

For T'C S, write Q7 := [ [, €. Note that, for ' C S, the integral

[ = —
T 7;=0,icT

£;7#0,i€S\T

|Qr|dp

is known by induction. For we may eliminate the ¢; # 0 conditions in
the following way: Choose t € S\ T'. Then

£#0,i€S\(T\{t}) 7;#0,i€S\(T\{t})
6120

so inductively, It may be expressed as an alternating sum of

4
1;=0,i€T’
for different 77 C S\ T.
We now compute [, |Q|du in terms of things that are already known
by induction:

Qduz/ Qldp + / . |Qr|du.
/Xgo| | Zizo,ies| | Z ti=0,i€T @l

TGS 0,#0,ieS\T

Since we may assume that ¢; = x; fori = 1,...,n, we have {{; = 0};c5 =
{z; = 0}_,. Hence first term of the sum is, by Theorem 5.19, equal to
L—n—s fx&@\du. The rest of the terms (after the summation sign), is
already known by induction. Denote this second sum with X. It then
follows that [, |Q|du = (1 —L7*7")7'%. (That 1 —L™*"" is invertible
follows from Example 4.14.)

Consider now an arbitrary integral:

/ Oj€M|Q‘dM:/ei:0 ies 1Qldn+ Z/éi:O,z’eT |Qrldp
m;=0, ’

m;=0,jeEM TCS Y 1;#0,i€S\T

=0, €M
The terms after the summation sign is again taken care of by the induc-
tion assumption. The first term is, because of Theorem 5.19, equal to
L~"7% [1. |Qldp. By the first part of the induction step, this is already
known. (It would suffice to compute this integral in the case when all ¢;
are contained among the m;, and in this case we get fmjzo,jeM|Q|d:“ =

L% [y |Qldp) 0
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5.7 Varying the prime

Let us mention one remaining question about these integrals: From the
computations performed in Theorem 5.27 and 5.32 it is clear that f €
Z(T), the rational function with the property that [, |[]4|dpxn =

f(LL), is independent of O, provided that we choose @ among the rings
{W (k) : p sufficiently large} U {k[[t]]}.

In particular, we have [, |[T4i|diraqr = f(p) for p big enough. It would
be desirable to have a rﬁotivic explanation also for this fact. This can
probably be achieved using the theory of motivic integration developed
in [CLO8|. Alternatively, we indicate in the following paragraph how the
problem could be handled using geometric motivic integration:

Motivic computation of the rational function

By Theorem 6.1 of [DLO1], if O = Q[[t]], if Y = {P = 0} C X™ where
P is a polynomial, and if J(T) = Y ,50[Vit1]T" € Mg[[T]], then the
following holds: Firstly, J(T) is rational, with denominator consisting
of factors of the form 1 — L*T®. Moreover, if we choose representatives
for the coefficients of J(T'), defined over Z, and then count F,-points
on them, then for p sufficiently large we get the power series Jp(T') =
Yisol{z € (Z/(™*))": P(x) = 0}|T".

The process of choosing representatives for elements of Mg, and
then counting F,-points on them for all p, defines a homomorphism
C: Mg — [],Q/~, where (ap) and (by) are equivalent if a, = b, for
almost all p. (The filter product with respect to the Fréchet filter.)
Since [, |Pldptaar =1+ p " 1(1 — p)Jp(p~'~™), one could define the
motivic Ti'ntegral of P by first computing J as a rational function, and
then define the integral to be

I=14+L7"1'1-L)JIL'") € Mg[(1 —L) iz

This integral then has the property that CI = (on]P]d,u,Haar)p €
p

[, Q/~. For example, let P = X?2+1, and let m = [Spec Q[X]/(P(X))].
Using Theorem 5.8 one sees that J(T') = m/(1 —T), so the integral of P
is 1 —m/(L+1). Hence, for p sufficiently large the value of pr |P|dptraar
islifp=1 mod4and (p—1)/(p+1)if p=3 mod 4 (a result that of
course is true for all p).

Probably the method used to prove Theorem 5.27 can be used also
to compute J(7T') when P is a product of linear forms, showing that the
integral equals f(L) € Mg[(1—L")"!];>1, hence that fZg’H Uildppaar =

f(p) for p big enough.
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Small p

We now give an example showing that f is not independent of p for
all p, only for p sufficiently large. For this, fix a prime [. Let p be any
prime different from [, and let X? = A%p. Then, using Proposition 5.14,
Proposition 5.17, and Proposition 5.10, we see that

/ (1 + 22) (1 — (1 — D))l dpe
xz

2 2
= /X2 [yry2|dpae = (/Xl |?/|d,ux1) = e

If this formula were true for p = I, then it would follow that [.[(z1 +
D

x9)(x1—(p—1)xe)|dx1dre = ﬁ, contradicting the following example.
Example 5.33. Consider the linear mapping
(x1,m2) — (x1 + 22,21 — (p — 1)22): Z}% — Z}Q,.

It is easy to check that it is injective, that its image is Ug;(l)(a —|—pr)2,
and that its Jacobian is constant of absolute value 1/p. Hence

/ [(#1 + 22) (21 — (p — 1)a2)|d21drs = pZ/ [y1y2|dy1dys.
ZI% (a+pZp)>?

Now if a # 0, [,z )2!y1y2\dy1dy2 = (Joypz, @)* = 1/p*, whereas
Sz 2 lnveldyndys = ([, [yldy)® = (f lyldy — [5x dy)* = (p/(p+1) —
(p—1)/p)* = 1/(p(p + 1))?, hence

/22](331 + z2)(x1 — (p — 1)ag)|dz1des = p(p':_’;) !
D
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