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0.1 Abstract

This thesis is divided into two parts. The first part is concerned with the
commutative algebra of certain combinatorial structures arising from uniform
hypergraphs. The main focus lies on two particular classes of hypergraphs called
chordal hypergraphs and complete hypergraphs, respectively. Both these classes
arise naturally as generalizations of the corresponding well known classes of sim-
ple graphs. The classes of chordal and complete hypergraphs are introduced and
studied in Chapter 2 and Chapter 3 respectively. Chapter 4, that is the content
of [14], answers a question posed at the P.R.A.G.MAT.I.C. summer school held
in Catania, Italy, in 2008. In Chapter 5 we study hypergraph analogues of line
graphs and cycle graphs. Chapter 6 is concerned with a connectedness notion
for hypergraphs and in Chapter 7 we study a weak version of shellability.

The second part is concerned with affine monoids and their monoid rings.
Chapter 8 provide a combinatorial study of a class of positive affine monoids
that behaves in some sense like numerical monoids. Chapter 9 is devoted to
the class of numerical monoids of maximal embedding dimension. A combi-
natorial description of the graded Betti numbers of the corresponding monoid
rings in terms of the minimal generators of the monoids is provided. Chapter
10 is concerned with monomial subrings generated by edge sets of complete
hypergraphs.
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Chapter 1

Introduction and
preliminaries

1.1 Introduction

Combinatorial commutative algebra lies, as the name suggests, in the intersec-
tion of combinatorics and commutative algebra and was created by Hochster
and Stanley in the mid-seventies. A wealth of mathematics has, and still do,
come out of the subject and new connections between combinatorics and com-
mutative algebra and other fields of mathematics and related sciences are being
discovered.

Edge ideals of simple graphs were introduced by Villarreal in the nineties,
[67], and have since then been extensively studied. See for example [17, 28, 29,
30, 32, 39, 46, 45, 50, 49, 54, 55, 60, 61, 63, 70, 71]. Among all simple graphs
chordal graphs and various complete graphs have been in particular focus and
many nice results concerning their algebraic properties have been presented. An
interesting question is then of course if there are natural hypergraph analogous
of chordal and complete graphs that provides similar results. This thesis is
mainly devoted to studying this question.

A milestone and a starting point for many algebraic investigations of graph
algebras is a famous theorem by Froberg that classifies all simple graphs for
which the corresponding graph algebra has linear resolution:

Theorem 1.1.1 (Froberg, [39]). Let G be a simple graph on n € N vertices.
Then the graph algebra k[xy,...,2,]/1(G) has linear resolution precisely when
G¢ is chordal.

Inspired by this beautiful theorem researchers have subsequently been at-
tacking the much harder problem of giving classes of (often square-free) mono-
mial ideals generated in some degree d > 3 that have linear resolutions. By
Alexander duality this is the same thing as providing classes of Cohen—Macaulay



rings. Thus such tasks are interesting but of course one should not hope to clas-
sify all monomial ideals with linear resolutions.

The key in investigating hypergraph algebras is often to find a suitable way
of translating the combinatorial information of the hypergraphs or of the corre-
sponding simplicial complexes to the algebras themselves. There are two cele-
brated results by Hochster that often do the trick. One of them links the local
cohomology of Stanley—Reisner rings with the simplicial homology of certain
simplicial complexes and the other, called Hochster’s formula, provides a com-
binatorial interpretation of the Betti numbers of Stanley—Reisner rings. The
later result is well suited when considering linear resolutions and is the key
ingredient of Fréberg’s proof of the above theorem.

Shellable simplicial complexes were introduced by Bjérner and Wachs, see
[8, 9]. Many natural combinatorial objects gives rise to shellable simplicial
complexes. It is well known that shellability implies Cohen-Macaulayness and
that the Alexander dual notion of shellability is that of linear quotients. Besides
[8, 9] the interested reader should consider also [47, 48, 55, 56, 65, 70]. In
Chapter 7 we study a weak version of shellability that combinatorially resembles
shellability but homologically behaves different.

The notion of being connected is natural for simple graphs and simplicial
complexes. It can be stated in terms of the homology of the corresponding chain
complexes. In Chapter 6 we consider a connectedness property for uniform hy-
pergraphs that is inspired by this homological interpretation of the connected-
ness notion for graphs. It turns out that our connectedness notion is related to
the depths of the corresponding hypergraph algebras. However, due to its com-
plexity it is hard to understand how a connected uniform hypergraph “should”
look and behave, and other authors have considered other notions of connected
hypergraphs, see [46].

The polynomial ring k[z1,...,z,] is naturally N”-graded. If one instead
considers a grading of k[xi,...,x,] by an arbitrary positive affine monoid S
one stumbles into the land of toric varieties and polyhedral cones. For positive
affine monoids S much information about the monoid rings k[S], for example
their dimensions and descriptions of their monomial prime ideals, is contained in
the monoid itself and also in its geometric manifestation R>¢S. The geometry of
the cone R>S is intimately connected to the local cohomology of k[S]. Details
may be found in the books [11, 59].

If one considers positive affine monoids whose sets of minimal generators
satisfy some strong combinatorial condition, one usually obtains strong results
for the corresponding monoid rings k[S]. There are many nice results concern-
ing monoid rings corresponding in this way to various kinds of matroids. The
fundamental underlying combinatorial property here is the exchange property
of the set of bases of a matroid. We recommend the papers [3, 15, 48, 56] and
the books [66] and [68, Chapters 7, 8 and 9] .



1.2 Preliminaries and notation

In this section we briefly recall relevant background material and establish our
notation. General background on commutative algebra may be found in the
books [2, 57]. A reference on hypergraphs in general is Berge’s book [7]. [11, 19,
59] are excellent resources on combinatorial commutative algebra. Background
in topology and homological algebra, respectively, may be found in [58] and
[69]. The book [10] covers monoids and monoid rings and the related geometry
of polyhedra. For background on numerical monoids we recommend [43].

1.2.1 Rings and ideals
Let k be a field and denote by R the polynomial ring k[z1,...,x,] in the in-

determinates {x1,...,z,}. By N we mean the set {0,1,2,3,...} of non-zero
integers. A monomial m in R is a product m = x7* -+ z%, where a; € N for
alli e {1,2,...,n}. Ifa= (a1,...,a,) € N?, we also use the notation m = x

for m. We frequently identify a subset W C {1,2,...,n} with its characteris-
tic vector v(W) € N™ whose ith component is 1 if ¢ € W and zero otherwise.
Employing this we also write x"V for the monomial x*").

The ring R is naturally both N- and N"-graded where in the N-grading
degz; =1 for all i € {1,...,n} whereas degx; = e; in the N"-grading. Here
e; is the 7th unit vector x*4*}). With the N-grading R is a standard graded
k-algebra.

If a = (ay,...,a,) € N" we call supp(a) = {i € {1,...,n};a; # 0} the
support of a.

A vector a € N™ is called square-free if its non-zero components are 1 and a
monomial x* € R is called square-free it its exponent vector a is square-free.

A monomial ideal I C R is an ideal generated by monomials and I is called
a square-free monomial ideal if it is generated by square-free monomials. By
Hilbert’s basis theorem and the fact that a monomial ideal I is a N™-graded
R-submodule of R, there is a unique minimal set of monomial generators of
I. We denote this set G(I). If J C R is an ideal generated by the elements
{g1,-.,9r}, we denote this by J = (g1,...,9r)

The depth of a finitely generated R-module is

depth M = min{i; Exth(R/m, M) # (0)},

where (0) denotes the zero R-module. The depth of an R-module M equals
the length of the longest possible M-sequence in R. The dimension dim M of a
R-module M, is the Krull dimension of R/Ann M. We always have depth M <
dim M and in case of equality one says that M is a Cohen—Macaulay R-module.
Let I C R be a monomial ideal minimally generated by the set {g1,...,g:}.
I is said to have linear quotients if there exists an ordering ¢; < --- < g4 of
the minimal generators of I such that for each s € {1,...,t}, the colon ideal
(g1,---,9s—1) : gs is generated by a subset of the variables {z1,...,z,}.



1.2.2 Hypergraphs

Let V be a finite set and € = {Fy,..., E,} a finite collection of non-empty
distinct subsets of V. The pair H = (V, £) is called a hypergraph. The elements
of V and &, respectively, are called the vertices and the edges, respectively, of
the hypergraph. If we want to specify what hypergraph we consider, we write
V(H) and E(H) for the vertices and edges respectively. If V = {vy,...,v,} we
usually identify V and the generic set of n objects [n] = {1,2,...,n}.

Let ‘H be a hypergraph. A sub-hypergraph K of H is a hypergraph such that
V(K) € V(H), and E(K) C E(H). If W C V, the induced hypergraph on W,
Hyy, is the sub-hypergraph with V(Hy) = W and with E(Hy) consisting of
the edges of H that lie entirely in W. A hypergraph H is said to be d-uniform
if |E;| = d for every edge E; € £(H). We always assume d > 2. By a uniform
hypergraph we mean a hypergraph that is d-uniform for some d € N. Note
that a 2-uniform hypergraph is an ordinary simple graph. A free vertex v of
a hypergraph is a vertex v that lies in at most one edge. The complementary
hypergraph, H¢, of a d-uniform hypergraph # is defined as the hypergraph with
V(H)¢ = V(H) and with edge set

EH) ={F CVY(H); |F| =d, F ¢ £(H)}.

1.2.3 Simplicial complexes

An (abstract) simplicial complex on vertex set V = {v1,...,v,} is a collection,
A, of distinct subsets of V with the property that G C F, F € A = G € A.
As for hypergraphs, we usually identify V and [n]. The elements of A are
called the faces of the complex and the maximal (under inclusion) faces are
called facets. The set of facets of A we denote by F(A). The dimension,
dim F, of a face F in A is defined as dim F' = |F| — 1. The dimension of A is
dim A = max{dim F'; F € A}. The r-skeleton of a simplicial complex A is the
collection of faces of A of dimension at most r. The empty set @) is the unique
—1 dimensional face of every complex that is not the void complex {} which
has no faces. The dimension of the void complex we define as —oo. If W C V
we denote by Ay, the simplicial complex

Aw ={FCV;FeAFCW}

Given a simplicial complex A, C~.(A; k) denotes its reduced chain complex
with coefficients in the field k and H, (A;k) = Z,(A; k)/B,(A; k) the nth re-
duced homology group of this complex. For convenience, we define the homology
of the void complex to be zero.

Let A be an arbitrary simplicial complex on vertex set V. We then define
the Alexander dual simplicial complex of A as

A*"={FCV; VN F¢gA}

Note that (A*)* = A.



If X and Y are two sets, we denote their disjoint union by X11Y. Let A and I"
be two non-empty simplicial complexes on disjoint vertex sets {z1,...,z,} and
{y1,--.,ym} respectively. The join AxT" of A and I is the simplicial complex on
vertex set {Z1,...,%n, Y1, ..., Ym} having faces {x;,, ..., i, Yj,, .., Yj, }, where
{ziy,..., 2.} and {y;,,...,y;,} are faces of A and I respectively.

Given a finite collection {F1,..., F;} of non-empty subsets of V we denote
by (Fi,...,F;) the simplicial complex with F(A) = {Fy,..., F;}.

We recall the definition of the classes of pure shellable and non-pure shellable
simplicial complexes:

Definition 1.2.1. Let A be a simplicial complex with F(A) = {F,..., Fi}.
A is called pure shellable if

(1) |Fi| = |F;| for every pair of indices 1 <i < j <t.

(#4) There exists an ordering Fy < --- < F} of the facets such that (Fj) N
(F1,...Fj_1) is generated by a non-empty set of proper maximal faces of
(F;) for every j € {2,...,t}.

A simplicial complex A is called non-pure shellable if (i7) but not (i) holds. If A
is a shellable (pure of non-pure) simplicial complex a linear order F} < --- < Fy
of F(A) as in (i4) is called a shelling of A.

For other equivalent descriptions of shellable simplicial complexes, see The-
orem 7.1.8.

1.2.4 Stanley—Reisner rings and ideals

Let A be a simplicial complex on vertex set ¥V = {v1,...,v,}. The Stanley—
Reisner ring k[A] of A is the quotient of the ring R = k[x1,...,z,] by the
Stanley—Reisner ideal

In= & FgA).

In this way a vertex v; of A is identified with a variable z; in the polynomial
ring k[x1,...,x,]. Conversely, to every square-free monomial ideal I one may
associate a simplicial complex A; in such way that its Stanley—Reisner ideal is
precisely I.

The above correspondence between simplicial complexes and square-free
monomial ideals yields the following duality: If I = Ia is the Stanley—Reisner
ideal of a simplicial complex A we may associate to it its Alexander dual ideal
(Ia)* = Ia~. One verifies that ((Ia)*)* = Ia. A simplicial complex A is called
Cohen—Macaulay if the Stanley—Reisner ring k[A] is Cohen—Macaulay.

It is well known that a Stanley—Reisner ideal Ia has linear quotients if and
only if the Alexander dual simplicial complex A* is shellable. See also Theorem
7.1.7.



1.2.5 Edge ideals and independence complexes

Let H be a d-uniform hypergraph on vertex set ¥V = {v1,...,v,} and consider
the simplicial complex

AMH)={FCV;E ¢F, E €&

This is called the independence complex of H. Note that the edges of H are
precisely the minimal non-faces in A(#H). Thus the Stanley—Reisner ideal of
A(H) is

I(H) = (xF; B € H).

This ideal is called the edge ideal of H. The Stanley—Reisner ring k[A(H)] is
called the also called hypergraph algebra of H. Another simplicial complex we
associate to H is its clique complex:

Ay ={F CV; (5) C E(H)},

where (5) denotes the set of all cardinality d subsets of the set F. Observe
that all sets F C V with |F| < d are faces of Ay. If H is uniform, we have
Aqy = A(HE).

1.2.6 Resolutions and Betti numbers

To every finitely generated N-graded module M over the polynomial ring R =
klx1,...,x,] we may, in an essentially unique way, associate a minimal graded
free resolution

0— @jR(—j)ﬁW(M) — @jR(—j)ﬁOJ(M) - M =0

where | < n and R(—j) is the R-module obtained from R by shifting the degrees
by j. Thus, R(—j) is the graded R-module in which the grade i component
(R(=)): s Ri-;.

The number f; (M) is called the ith N-graded Betti number of M in degree
j. The total i’th Betti number is 5;(M) = Zj Bi,5. Observe that we may equally
well consider the N"-graded minimal free resolution and Betti numbers of M.
Then we instead use shifts R(—j), j € N™.

We are interested in the Betti numbers of quotient rings R/I. Hence, since
in this situation fo(R/I) = 1, the interesting parts of the resolutions are the
homological degrees greater than zero. In the various formulas for Betti numbers
we give we therefore sometimes omit homological degree 0.

The Betti numbers of a finitely generated graded R-module M occur as the
k-dimensions of certain R-modules: Let m = (z1,...,z,) be the unique graded
maximal ideal of R and put k = R/m . We have

ﬁz‘,j(M> = dimy TorzR(M, k);.-



Thus the Betti numbers depend on the field k. However, for convenience, we
omit & in the notation for the Betti numbers.
The projective dimension pd M of M over R is

pd M = max{i; 35, ;(M) # 0}.

A minimal free resolution of M is said to be linear if for ¢ > 0, 8; ;(M) =0
whenever j # i + d — 1 for some fixed natural number d > 1. In connection to
this we mention the Eagon-Reiner theorem:

Theorem 1.2.2 ([18], Theorem 3). Let A be a simplicial complex and A* its
Alexander dual simplicial complex. Then k[A] is Cohen—Macaulay if and only
if k[A*] has linear minimal free resolution.

A common way of displaying the Betti numbers of a R-module M is giving
the Betti diagram of M:

‘ 0 e s
0 | Boo(M) -+ Bss(M)
1 60,1(M) T ﬁs,s+i(M)

Observe that if M has linear resolution there is at most one i > 0 for which there
are non-zero entries in row ¢ in the Betti diagram. More about Betti diagrams
may be found in for example [20].

One further result which we will use is the Auslander-Buchsbaum formula
([19], Exercise 19.8):

Theorem 1.2.3 (The Auslander-Buchsbaum formula). Let R be a finitely gen-
erated graded k-algebra for some field k and M # 0 a finitely generated graded
R-module with pd M < oo, then

pd M + depth M = depth R.

1.2.7 Hochster’s formula

In topology one defines Betti numbers in a somewhat different manner. Hochster’s
formula provides a link between these and the Betti numbers defined above.

Theorem 1.2.4 (Hochster’s formula, [11], Theorem 5.5.1.). Let k[A] be the
Stanley—Reisner ring of a simplicial complex A. The non-zero Betti numbers of
E[A] are only in squarefree degrees j and may be expressed as

ﬂw(k[AD = dimk H|j|—i—1(A ]{1)

supp(j)>
Hence the total ith Betti number may be expressed as

Bi(k[A]) = Y dim Hjy|—i—1(Avik).

VCin]



If one has N"-graded Betti numbers, it is easy to obtain the N-graded ones

since
Bii(K[A]) = > By (k[A]).
jenm
1=
Thus }
Bi,i (k[A]) = Z dim Hyy—i—1(Av; k).
g

1.2.8 The Mayer—Vietoris sequence

If R is a commutative ring and we have an exact sequence of complexes of
R-modules
0O-L—-M-—->N-—O0,

there is a long exact homology sequence associated to it
cee fIT(N) — f[r,l(L) — f{r,l(M) — ﬁr,l(N) — -

Suppose we have a simplicial complex N and two sub-complexes L and M,
such that N = L U M. This gives us an exact sequence of reduced chain
complexes

0—C(LNM;k) = C.(L; k) ®C.(M; k) = C.(N; k) = 0 (1.1)

where the non trivial maps are defined by z +— (z, —z) and (x,y) — z +y. The
long exact homology sequence associated to (1.1) is called the Mayer—Vietoris
sequence. More about the Mayer—Vietoris sequence can be found in [58, Section
4.4].

1.2.9 Kiinneth’s theorem for simplicial homology

Let é.(A; k) and C.(T; k) be the reduced chain complexes, with coefficients in
a field k, of the simplicial complexes A and T' respectively. Kiinneth’s tensor
formula ([58, Theorem 10.1], or [69, Theorem 3.6.3]) then says
H,(C.(Ak) @ C.(Tsk) = @D Hp(Ajk) @ Hy(T'; k). (1.2)
r+s=n
r,s>0
We will use of this formula in connection to the join operation on simplicial
complexes: It is easy to verify that the chain complex C.(A % T; k) of the join
of two simplicial complexes A and T is isomorphic to (C.(A; k) @ C.(T';k))(—1).
This is the same as the complex (C.(A; k) ® C.(T; k)) if we shift the homological
degrees by 1.



1.2.10 Affine monoids and monoid rings

An affine monoid S = (si,..., S,) is a finitely generated sub-monoid of Z" for
some r € N, r > 1. We denote by gp .S the group inside Z" generated by S.
Observe that every element x € gp S can be written as x = s — s’ for some
elements s and s’ in S and that gp S is free of rank at most r. The rank of S,
rank S, is by definition the rank of gp S. We assume all affine monoids S are
embedded in Z? where d = rank S.

Our main concern will be positive affine monoids: An affine monoid is called
positive if zero is the only element whose inverse in gp S also lies in S. A positive
affine monoid S = (s1,...,$,) of rank d is isomorphic to an affine monoid T'
inside N?. Thus in the sequel all positive affine monoids S will be considered to
be inside N¢ where d = rank S.

Assume S = (s1,...,8,) is a positive affine monoid of rank one such that
ged(sy, ..., 8,) = 1. Then S is called a numerical monoid.

Any affine (resp. positive affine) monoid S = (s1,...,8,) gives rise to a
cone (resp. pointed cone) R>¢S = R>¢{s1,. .., $n}, whose dimension dimR>qS
equals rank S. Recall that such a cone is the intersection of finitely many half-
spaces in RY, where d = rank S. Let H+ be a half-space in R>0S with bounding
hyperplane H. Assume H intersects R>oS and that R>(S lies entirely inside
H*. Then F = HNR>(S is called a face of the cone R>o. The dimension of a
face is by definition the dimension of its affine hull. A face of dimension d — 1,
where d = dimR>( S, is called a facet. The faces form a lattice under inclusion.
See [10] for details.

If S is a positive affine monoid the set Sy = S ~\ {0} is called the maximal
ideal of S.

The normalization of an affine monoid S, denoted 5, is the monoid

S={xcgpS;ma e Sfor somem € N;m > 1}.

We have S = R>¢SNgp S and S is affine (resp. positive affine) when S is affine
(resp. positive affine). The normalization of S is (by construction) a normal
monoid. That is, a monoid T such that if ma € T for some m € N, m > 1, and
x € gpT, then € T. An affine monoid is normal precisely when S = S, see
[10, Proposition 2.22].

As for numerical monoids we define the set of gaps of an affine monoid S as
H(S) =S\ 5. Also, we define a set T(S) by

T(S)={xegpS;z ¢ Sa+54 CS4}

Remark 1.2.5. For numerical monoids the cardinality of the set T'(S) is called
the type of S, denoted type .S, and agrees with the Cohen—Macaulay type of the
corresponding monoid ring.

Assume S is an affine monoid. Then, by considering the elements s € S that
lie in some bounding hyperplane of the cone R>(S and the affine form defining
that hyperplane, we see that T'(S) C RS and, in fact, T'(S) C S. Thus for
affine monoids S we have T'(S) C H(S).



We associate to an affine monoid S = (sq,...,s,) its monoid ring k[S], k
being a field. This is the k-algebra k[t®; s € S] C k[ty,...,tq], d = rank S, with
multiplication

t° .t =t se 8,5 €es.

The dimension of k[S] coincides with the rank of S. The ring k[S] is naturally
S-graded. That is, it is a graded ring with non-zero components only in degrees
seSs.

Two important classes of numerical monoids are the classes of symmetric and
quasi-symmetric numerical monoids. These classes of numerical monoids are
characterized by the fact that T'(S) consists of one, respectively two, elements.

If R is the polynomial ring k[z1,...,z,] we can define a homomorphism

R-25k[S]

by x; — t%. Since ¢ is surjective we have a kernel ker ¢ = p, and consequently
an isomorphism k[S] 2 R/p. The ideal p is a prime ideal generated by binomials.

Definition 1.2.6. A monoid ring k[S] = k[t®,...,t*"] corresponding to a
positive affine monoid is called homogeneous if there is a vector v € Q% with

s;-v=1
for all i € {1,...,n}.

It is well known that k[S] is homogeneous if and only if it is standard graded
with respect to the grading

KSTe= 30 L) - (6", (1.3

|b]=2

where |b| = by + - -+ b, for any vector b € N™. For details, see [68], Proposition
7.2.39.
Lastly, let S be an affine monoid. Then it is known that the integral closure

E[S] of k[S] in its field of fractions is k[S]. For details, see for example [59,
Proposition 7.25].
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Part 1

Hypergraph algebras
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Chapter 2

Various complete
hypergraphs

The complete graph K, is a fundamental and important graph. For d-uniform
hypergraphs there is a natural analogue to K,, that we call the d-complete hyper-
graph. If one instead tries to construct a hypergraph analogue to the complete
multipartite graph K, . ., one realizes rather quickly that this may be done
in several equally natural ways. In this chapter we present gradually inclusive
classes of complete hypergraphs. We compute the Betti numbers of the hyper-
graph algebras of two of these classes and show that the hypergraph algebras
corresponding to all classes have linear resolutions. The last fact here has subse-
quently been improved: In [60], Mohammadi, Moradi, and Kiani show that the
corresponding edge ideals even have linear quotients. They do this by proving
that the edge sets of all our complete hypergraph are weakly polymatroidal sets.
The notion of weakly polymatroidal sets was introduced by Kokubo and Hibi.
Among other things they show that weakly polymatroidal sets do provide linear
quotients, see [56] for details.

2.1 Some results on induced hypergraphs

Let H be a d-uniform hypergraph. We say that two edges FE and E’ are disjoint
if ENE’ = (). By considering the Taylor resolution (see [6]) of k[A(H)], one can
prove the following results, which are essentially due to Jacques, see [54].

Proposition 2.1.1. Let H be a d-uniform hypergraph. Then B; ja(k[A(H)])
equals the number of induced hypergraphs that consist of i disjoint edges.

Proof. For d = 2 this is [54, Theorem 3.3.5]. The proof given there holds also
for d > 2. O

Proposition 2.1.2. Let H be a hypergraph and K an induced hypergraph. Then
Bi,i (K[AK)]) < Bi; (K[A(H))]).

12



Proof. Since K = Hy for some W C V(H), we have

Bii(k[A(H)]) = Z dimy Hyy—i—1 (A(H)v; k) >

Vew
V=4
O

Corollary 2.1.3. Let H be a hypergraph and IC an induced hypergraph. Then

Bik[AK)]) < Bi(k[A(H)])
pdk[A(K)] < pdk[A(H)].

2.2 The d-complete hypergraph

We start by defining the d-complete hypergraph.

Definition 2.2.1. The d-complete hypergraph K2 on a vertex set V of cardi-

nality n is defined by
vV
K%)= :
et = ()

If n < d, we interpret K¢ as n isolated points.

Remark 2.2.2. Observe that the combinatorial configuration £(K¢) occur else-
where: It is used in a hypergraph setting by Berge, [7]. Also, it is clear that the
set £(K Q) is the set of bases of a matroid. Hence it occurs also in such contexts.
One may also find this configuration in purely algebraic contexts since the edges
correspond to the generators of the square-free Veronese subring, see Remark
10.2.3.

We now compute the Betti numbers of k[A(K%)].

Theorem 2.2.3. The ring k[A(K2)] has linear minimal free resolution and the
N-graded Betti numbers may be written as

(DG, d=i+@d=1)

0, J#i+(d-1).

Bii (KIAUK)]) =

In particular the Betti numbers are independent of the characteristic of the field
k.

13



Proof. The fact that the minimal free resolution is linear will follow from the
more general Theorem 2.6.3. Let V, |V| = n, be the vertex set of K. Recall
that Hochster’s formula says

Bis(RAKD]) = > dimy, Hy i1 (A(K;)vs k).
VY
[Vi=j
Consider A(K %)y for some V C V. Tt is clear that every cyclein Z;_o(A(K2)y; k)
is a linear combination of “elementary cycles”, by which we mean the derivatives
of (d — 1)-simplices in the simplex (V). Denote this generating set by Gy .

We note that we may extract a smaller generating set out of Gy,. Namely,
we claim that it is enough to consider the elements that contain a fixed vertex
x € V (by containing z we mean that some term in the cycle contains z). Denote
this set by Gy (z) and consider an element d({z1,...,24}) in Gy, that do not
contain z. This cycle is a linear combination of elements in Gy (x), which may
be seen by first forming the cone (see [11] p. 230) x * {x1,...,24}, and then
taking the derivative of the (d — 1)-skeleton of this cone. This proves our claim.

Furthermore the images & in the homology group Hy_o(A(K%);k) of the
elements o € Gy (z) are linearly independent: Assume that 21:1 a;; = 0,
a; € k=k[zy,...,2,]/(21,...,2,) and 0; € Gy (z). Every o; contains a unique
term which does not contain x. This is because o; = 9(%;), where ¥; is a (d—1)
simplex. Hence a; = 0 for every i € {1,...,t}.

Now we are done, since if |V| = j, the cardinality of Gy (z) clearly is (éj),
and the number of j-sets V C V are (7}) O

Due to Corollary 2.2.4, the above result also follows from [51, Theorem 1].
Corollary 2.2.4 seems to be well known, but we did not find a published proof.

Since A(K?) has a specially nice structure, it is easy to determine its Alexan-
der dual. As the minimal non-faces of A(KY) are all {z;,,...,2;,}, z;;, € V,
the facets of A(KZ)* are all {z;,,...,2;, ,}, ¥;;, € V. Whence A(KZ)* =
A(Kg—d—i-l )

Corollary 2.2.4. The ring k[A(KZ2)] is Cohen—Macaulay and we have

i = ()(1)
pdk[AKY)] = n—(d—1)

where j =i+ (d —1).

Proof. The last two claims follows directly from the theorem. We know, by the
Eagon—Reiner theorem, that a Stanley—Reisner ring k[A] of a simplicial complex
A has a linear resolution precisely when the Stanley—Reisner ring k[A*] of the

Alexander dual complex is Cohen—Macaulay. Since A(KZ)* =2 A(K~9+1) we
are done. O

One should note that A(K?) is in fact shellable. A shelling is easy to con-
struct using the lexicographic order on n-tuples.

14



Corollary 2.2.5. The ring k[A(K2)*] is Cohen-Macaulay and we have

dimA(KY)* = n—d-1
dimk[AKD*] = n—d
pdk[A(K)] = d.

Proof. The Cohen—Macaulayness is now clear and the first equation follows from
the definitions. The second equation follows from the first one since dim k[A] =
dim A + 1 for any simplicial complex A (see [11, Theorem 5.1.4]). The second
equation and the Cohen—Macaulayness together with the Auslander-Buchsbaum
formula imply the third equation. O

In [54] Jacques studies the graph algebra of K,,, which we denote K2, and
obtains the formula

(i, j=i+1

Bi i (k[A(KR)]) =
0, j#i+1

Note that this is a special case of our formula for 3; ;(k[A(K2)]).

2.3 The d-complete multipartite hypergraph

We start by defining the d-complete multipartite hypergraph K¢

N1yt "

Definition 2.3.1. Let V = V; UV, U--- U V; be a disjoint union of sets V;
of cardinality n;, i € {1,2,...,t}, respectively. The d-complete multipartite
hypergraph th___m on vertex set V is the d-uniform hypergraph whose edge

set S(Kglw)m) consists of all sets £ C V of cardinality d except those of the
form {x;,,...,z;,} where x;; € V; for all j € {1,...,d}.

Lemma 2.3.2. The ring k[A(KZ )] has linear minimal free resolution.
That is, if Bi;(KIAKL,  ,)]) #0, then j=i+d—1.

MN1y.eee

Remark 2.3.3. The lemma will follow from Theorem 2.6.3.

Theorem 2.3.4. The N-graded Betti numbers ; ; = B; ;(K[A(KZ, . ,..)] of the

ring kIA(K{Z, ,,)] are independent of the characteristic of the field k and may
be written as

Y { (VG ~ T gpene i G- Sicy (), 5=+
7,7 07 J1 Jt=J J 7& ; n (d _ 1)

t
where N =" _ ns.
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Proof. In order to get the notations as clear as possible, we prove here only the
case where t = 2. It will be obvious that the same proof holds also when ¢ > 2.
For ¢ = 2 the formula for 8; ; = 3; ;(k[A(K{,,))] has the form

() B OG-

Our idea is to compare I{ﬂw_i_l(A(Kffym)V; k) and I~{|V‘_i_1(A(Kﬁ+m)V; k).
We realize that

dimk ﬁ\VPifl(A(Kg,m)V; k’) S dimk Ij—’|v|—i—1(A(Kz+m)V§ k)

for every set V' C V; U V. The possible difference lies in the fact that there

might very well be faces F' € A(K¢Z, ) such that [F| > d. This would result in a

non-zero boundary group By_»(A(K¢?,); k) in the chain complex of A(K{ ).
It is an elementary fact that dimy ffd,g(A(Kff,m)v; k) equals

dimy, Zg—o(A(KS v k) — dimy Ba_a(A(KL ) )vi k).

Since the cycle groups Zg—2(A(KZ ., )vik) and Zg_o(A(KZ,,)v; k) clearly co-
incide and since By_o(A(K{,,,)v;k) = 0, we only have to compute the dimen-
sion over k of Bq_a(A(KZ ,,)v; k). If we write V = V3 UV3, where Vi C V; and

Vo C Vs, it is clear that
Ba—a(A(KS ) vik) = Baa(A(KL )vii k) © Ba—a(A(KL ) vei k).

This is because the potential (d — 1)-faces of A(K{,,) lies either in A(KE )y,

or in A(K¢Z, )y,, which are disjoint.
Now, we have already computed (this was done in the proof of Theorem
2.2.3) dimy, Bg—2(A(K{ ,)v,: k), v =1,2. Thus,

. Vil -1
dlmk Bd—Q(A(Kg m)Vl;k) = (| d1|— 1 )

dimy Ba—2(A(KL , )vai k) = ('V2 B 1).

d—1
If we put |Vi]| = j1 the theorem follows as we sum over all possible V' C V; U
Vs. O
Corollary 2.3.5. Given th___mt we have

ﬂmwmmm(%@j>(z ﬁ()i@l)

J J1seees ]f)GN{‘S 1 s=1
Jitet+ge=j

pdk[A(KS, )] =N —(d—1)
where N =Y _ ny>d and j =i+ (d —1).
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Proof. The fact that pdk[A(KZ, )] < N — (d — 1) follows from directly
from the expression for the Betti number. By putting j = N we get

N-1 -1
(d_1>—z<d_1>. (2.1)
s=1
This expression is strictly greater than 0, which we may prove as follows: Con-
sider the vertex set ¥V = V; UV, U --- U V;. Pick an arbitrary element x, from
each one of the sets Vg, s € {1,...,t}. The first term in the above display
counts the number of ways of choosing d — 1 elements from V \ {1} whereas
ZZ=1 (T;“’__ll) is the number of (d — 1) element subsets of V that do lie in some
Vs \ Ts. O

Example 1. Denote the vertex set of K3 3 by {a,b}U{A, B,C}. Then we have
E(K3 ) = {abA, abB, abC,aAB,bAB, aAC,bAC, aBC,bBCY}.

The Betti numbers are 8o (k[A(KS 3)]) = 1, S1(E[A(KS 3)]) = 9, B2(K[A(KS 3)]) =

13, B3(K[A(K35)]) = 5.

By construction, the edges in a hypergraph H are the minimal non faces
in A(H). This makes it easy to determine the facets of A(H)* once E(H) is
known: they are the complements of the edges.

Corollary 2.3.6. The ring k[A(Kffh“_,m)*] is Cohen—Macaulay and we have

dimA(Ky, )" = N-d-1
dimk[AKZ )] = N-d
pAKA(KS, )T = d.

Proof. The Cohen—Macaulayness follows from Lemma 2.3.2 and the Eagon—
Reiner theorem. The first equation is clear and the second follows from the
fact that dim k[A] = dim A + 1 for any simplicial complex. The third equation
follows since k[A(KZ  )*] is Cohen-Macaulay. O

ni,

Also in this case we have generalized a formula given by Jacques in [54]. By
studying the graph algebra of K, ,,, he obtains the formula

i (G5 d=id

0, jAi+1.

ﬁi,j (k[A(Kmm)]) =

A priori this looks quite different from our result. But, if one put d = 2 and use
that (Z) is defined as 0 if n < d, our formula simplifies to this one.

Contrary to when we considered A(K?), the structure of the Alexander dual
A(KE . ..)* isnot transparent. A natural question is: When do k[A(KZ | )]
both have linear resolution and the Cohen—Macaulay property? We answer this

below.
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Lemma 2.3.7. Let N = Y'_ n, and ng < d—1 for s € {1,...,t}. Then
K% = K¢

N1yt "

Proof. £(K4 ) =E(K%) and V(th_” ) = V(K%). O

1y---5M¢ Mt

Proposition 2.3.8. The Stanley—Reisner ring k[A(K{ )] of a d-complete
multipartite hypergraph on wvertex set Vi U Vo U --- U Vy is Cohen—Macaulay
precisely when ng < d —1 for all s € {1,...,t}.

Proof. The Auslander-Buchsbaum formula tells us that

pd K[A(KE, )] + depth K[A (K] =N

105708

where N = Zi:l ns. Since we already have computed the projective dimension,
the above formula says

depth k[A(KY )] =d—1
and it is clear that
dim A(KS ) =max{n; —1,d—2;i€{l,...,t}}.

Thus since depth M < dim M holds for every finitely generated R-module M
we see that k[A(KZ )] is Cohen-Macaulay precisely when n, < d — 1 for

all s € {1,...,t}. Furthermore, according to the lemma, in this case we have
Kd = K¢ O
N1y, Ng N-

2.4 The Alexander dual of a join

Let A be a simplicial complex on vertex set V, |V| = n, with Stanley—Reisner
ideal In = (x'; F ¢ A). Tt is well known (follows from [59, Theorem 1.7]) that
the Stanley—Reisner ideal of the Alexander dual simplicial complex A* then may

be written
Ino= () »r, (2.2)
VNF¢A

where pp is the prime ideal generated by the variables x;, 1 € V \\ F.

Let A and I be simplicial complexes on disjoint vertex sets ¥V and W, re-
spectively. Denote the minimal non-faces of A and T by F;, ¢ € {1,...,r}, and
Gj, j€{1,...,s}, respectively.

If we consider Ia C k[z1,...,2,] and It C k[yi,. .., ym] as ideals in the ring
k1, ..., Zn,Y1s---,Ym], it follows that

Inar =In +Ir = (x5 x%i i e {1,...,r}, j € {1,...,5}).
Hence, by the equation (2.2) the Stanley—Reisner ideal of (A *T')* is

Iiaury = Inx NI« = In+Ips. (2.3)
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Suppose hypergraphs H = (V,E(H)) and K = W,E(K)) are given. We
define the product H - K of ‘H and K to be the hypergraph on vertex set VLW
and with edges {x1,...,%p,Y1,...,Ys}, where {z1,..., 2.} is an edge in H and
{y1,...,ys} is an edge in K. Thus E(H - K) may be identified with the cartesian
product £(H) x £(K).

Lemma 2.4.1. Let H = (V,E(H)) and K = W,E(K)) be d- and d’'-uniform
hypergraphs respectively. Then H - K is a (d 4+ d')-uniform hypergraph, and
E[A(H - K)] has linear resolution if and only if both k[A(H)] and k[A(K)] have
linear resolutions.

Proof. The fact that H - K is (d + d’)-uniform is clear from the definition. If we
put A = A(H)* and T' = A(K)* equation (2.3) yields

A(H - K) = (AH)* = AK)")".

It is known, and proved in for example [38], that the join A %" of two simplicial
complexes A and I" is Cohen—Macaulay precisely when both A and I" are Cohen—
Macaulay. Thus by the Eagon—Reiner theorem the Stanley—Reisner ring of
(A(H)* * A(K)*)* has linear resolution precisely when both A(H)* and A(K)*
are Cohen—Macaulay. This is, again by the Eagon—Reiner theorem, the same
thing as saying both k[A(#H)] and k[A(K)] have linear resolutions. O

Let V=V UVa CVYUW where Vi CV and Vo C W. Since
A(H-K) = (A(H) * (W)) U (<V> * A(IC))

we have an exact sequence

0 — C.((A(H) * A(K))v: k) —
C.(A(H) * W)vi k) & C.(((V) * AK))v; k) = C.(AH - K)vi k) = 0~(
2.4)
Our aim is to use Hochster’s formula and thus we interested in the homology
of A(H - K)y. If Vj or V4 is empty then A(H - K)y has zero homology. Therefore
assume V] and V5 are non-empty. In this case the complexes (A(H)*(W))y and
((V)*A(K))y are cones, so if we consider the Mayer—Vietoris sequence obtained
from (2.4) we get that the following equation holds for every V. =V, UV, C
VUW, Vi #0, Vo #0, and r > —1:

H(AH-K)vik) = Ho_1(AH) * AK))v; k).
From equation (1.2) in Section 1.2.9 it follows that

-HT‘(A(H ’C)V7k) = @ -Hrl (A(H)Vuk) ®}:’T2(A(K)V27k)

r1+ro=r—2
r1,722>0
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Thus by Hochster’s formula we get

BijKAM-K)) = Y dimg Hy, (A(H)v,3 k) - dimy H,y, (A(K) v, k).

r14+reo=j—i—3
We extend this to products of more than two hypergraphs inductively.
Remark 2.4.2. In the below theorem and corollary V;, i € {1,...,t+1}, denotes
a subset of V;.

Theorem 2.4.3. Assume hypergraphs H;, i € {1,...,t+ 1}, on disjoint vertex
sets V; respectively are given. The N-graded Betti numbers of k[A(H1 -+ Hiv1)]
are given by

t+1
Bi s (K[ A(H: - Hysn))] = S [T dime (A v ).
ri>0 =1

V=ViL-UVis
r1+---+rt+1:j7i7(2(t+1)71)

Proof. We have seen that the formula holds for ¢ = 1. It follows by induction
that

t
dimy H (A(Hy - Ho)vik) = 3 [H dimy, f{m(A(Hl)vl;k:)} (2.5)
riteetry=r—2(t—1) I=1
riZO

holds for every r > —1 and V; C V;, 7 € {1,...,t}, V; # 0. By the case ¢t = 1,
Bij(kK[A(H1 - Hey1)]) equals

> dimg Hy(A(Hy - Hi)vineovis k) - dimg o, (A(Heg1) v, 5 k). (2.6)
7>0,r441>0
V=
V=V1U--UVi
r4+rip1=j—1—3

By putting the expression for dimy H,.(A(H; - --H¢)v; k) from (2.5) into (2.6)
we get

t
Z [Hdlmka(A(’Hl)Vl;k) ~dimy Hy, (A(He41) v k)
r>0,7;,>0 [=1
|Vi=j
V=vil---UVig
r+rip1=j—1—3
ri+-re=r—2(t—1)

which after cleaning of the summation symbol is the asserted formula. O

The above formula for the Betti numbers becomes much nicer if we know
that each H; has linear resolution. This is because then know that for each I,
dimy, H,,(A(H;)v;; k) can be non-zero only in one specific degree ;.
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Corollary 2.4.4. Let hypergraphs H;, i € {1,...,t+1}, on disjoint vertex sets
V; respectively be given. Assume fori € {1,...,t+1} that H; is a;-uniform and
that k[A(H;)] has linear minimal free resolution. Then the ith N-graded Betti
number in degree j of K[A(Hy - Hiy1)] is given by the following expression.

t+1
BraAG ) = Y [[] dimi Hay-2(A() v B)]
Vi=j 1=l

V=Vil---UVigq

2.5 Thed(ay,...,a;)-complete multipartite hyper-
graph

Consider the d-complete multipartite hypergraph K2 1...m, OD vertex set V =
ViUV, U---UV,. Recall that the edge set E(K ) consists of all cardinality
d subsets of V except those of the form {z;,,...,2z,}, z;; € Vs for some s €
{1,...,t}. In the case of the ordinary graph K, ,, this just tells us that we have
all edges between the disjoint sets V; and Vs of vertices. This one may think
of as an edge being a choice of two vertices, prescribing a certain number of
vertices in each one of the sets V; and Vs, namely one in each. This is the idea
behind the following definition.

Definition 2.5.1. Let V =V; LUV, U--- UV, be a disjoint union of sets V; of
cardinality n;, ¢ € {1,2,...,t}, respectively. The d(ay,...,a;)-complete mul-

tipartite hypergraph Kﬁg?}f;ﬁ;at) on vertex set V is the d-uniform hypergraph

whose edge set £ (Kﬁg?}f;ﬁ;at)) consists of all sets £ C V of cardinality d such that

precisely as elements of E comes from the set Vs, as € N, ag > 1, 22:1 as = d.

To simplify the notation, for the rest of the section aq,...,a; =a,ny,...,ny =
nand d=Y"'_, a,. Thus, d(ay,...,a;) = d(a) and A e

Lemma 2.5.2. The ring k[A(Kﬁ(a))] has linear minimal free resolution. That
is, if Bij (KAELR™)]) # 0, then j =i+ (d — 1).
Remark 2.5.3. The lemma will follow from Theorem 2.6.3. We give a proof here

anyway since it is very short and also provides a description of the Alexander

dual simplicial complex A(Ka®)*.

Proof. By considering the facets of the Alexander dual complex, we realize that

A(Kd(a))* _ A(K;zllfaﬁrl) *.“*A(K;L;faﬂrl).

Thus A(Kﬁ(a))* is Cohen-Macaulay since we know that each A(KJ=~%*1) is
Cohen-Macaulay. The lemma now follows from the Eagon-Reiner theorem. [
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We now compute the Betti numbers of Kff(a).

definitions that

It follows directly from the

t
K@ =T] K.

s=1

Thus we may apply the results from the previous section.

Theorem 2.5.4. The N-graded Betti numbers f3; ; = Bi,j(k[A(Kff(a))]) are in-
dependent of the characteristic of the field k and may be written as

3 { Zn+~~-+n>:1i+t71[nf:1 Bririta—1 (KR if j=i+(d-1)
i = ri>

0 if jAi+(d—1).

Proof. Using the notation of Section 2.4 we know that dimy H,, (A(K v k) #
0 only when r; = a; — 2, and in this case we have

. 1
i 1, (A k) = (1)
-

where j; = |V;]. Thus the expression

S [T i 1, (ACKED 58

ri>0 =1

ritetre=j—i—(2t—1)
obtained from Theorem 2.4.3 simplifies, via the formula in Corollary 2.4.4, to
t .
> T(M7))
=R
V=ViU- UV,

This may in turn be written as

t .
S0 o N/ \a—l
P )

Now, if some j; < a; — 1 the corresponding term is zero. So, we may write
Ji=ri+a —1 where r; > 1 for I € {1,...,t}. The above expression then

becomes .
-2
N | [ a2 (2.7)
ey r+a —1 a—1

T[Zl
it re=j—dtt

We know that the resolution is linear so for non-zero Betti numbers 3; ; we have
j =1+ (d—1). Using this in (2.7) we get the formula in the theorem. O
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Corollary 2.5.5. The N-graded Betti numbers of the d(a,b)-complete bipartite
hypergraph Kﬁff,;”) may be written as

By (RAUGTIN = (r-l—Z—l) <“a_f12> <s+7l’:— 1) (s;;f;z)

r+s=i+1
r,s>1

Note that by putting a = b =1 we get

B (RAEALD) = > (n) (m>

P+q=j P a
p,q>1

Now Kﬁf},{l) = K, ,m, so we have another proof of Jacques’ formula for the Betti
numbers S; ;(k[A(K, m)])-

Corollary 2.5.6. Given Kﬁ(a) we have

BRAE) = 3 [ Bt (K)

ri+-+ri=i+t—1 =1
ri>1

pAK[AKZ®™)] = N—(d-1),
where j =i+ (d —1).

Proof. The first assertion is clear. If we put i = N — (d — 1) in the formula we
get

ﬁNf(dfl) (k[A(Kﬁ(a))]) = H 5nl*(al*1)(k[A<Kzf )])
=1

which is non-zero. At the same time we see that if i > N — (d — 1) every term
in the sum is zero because some factor in every term is zero. O

Example 2. Consider H = K;(; 2 If we denote the set of vertices of this
hypergraph by {a,b,c} U {z,y, 2z}, we get

I(H) = (abzy, abzz, abyx, acry, acrz, acyz, bexy, bexz, beyz).
The Betti diagram of k[A(H)] is

(01 2 3
o1 - - -
11- - - -
2 - - -
3]- 9 12 4

of k[A(K2)].
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Corollary 2.5.7. The ring kz[A(Kﬁ(a))*] is Cohen—Macaulay and we have

dim A(KY@y* = N—d—1
dimk[A(KI@)] = N—d
pd K[AKL®)] = d.

Proof. The Cohen—Macaulayness follows from Lemma 2.5.2 and the Eagon—
Reiner theorem and imply the third equation. By considering the description
of the Alexander dual given in Lemma 2.5.2 the first and second equation are
clear. O

Proposition 2.5.8. The ring k:[A(Kﬁ("‘))} is Cohen—Macaulay precisely when
as = ng for all s € {1,...,t} but possibly one. This single a; is such that it
mazximizes the expression a; + Z;éz =1 M

Proof. For s € {1,...,t} let Iy C V. It is necessary and sufficient that at least
one set I; satisfy |I;| < a; for I; U--- U I; to be a face of A(Kﬁ(a)). Thus the
dimension of A(Kff(a)) is

t
max{a; — 2+ Z nj;ie{l,... t}},

i, j=1
so
t
dim K[A(KE®)] = max{a; — 1+ > n;}.
i, j=1
We know that pd k[A(KE™)] = N — (d — 1), so depth k[A(KS®)] = d — 1.
Now, since by construction d = Zi:l as we are done. O

In [7], Berge defines what he calls the d-partite complete hypergraph. In our

language this is KSE};;_‘;;}}. Its ith Betti number in degree j is

t

n
BaAE D = Y H(,f)
Predre=itt—11=1 N

re>1

2.6 Thed(ly,...,I;)-complete multipartite hyper-
graph

Definition 2.6.1. Let V =V, UV, U--- UV, be a disjoint union of sets V; of
cardinality n;, i € {1,2,...,t}, respectively. For each s € {1,...,t} let Iy =
[as, Bs] be an interval in {0,...,ns}. The d(I1,..., I;)-complete multipartite
hypergraph on vertex set V is the d-uniform hypergraph whose edge set consists
of all sets I1(a;) U --- U I;(as) of cardinality d, were I;(as) is a subset of Vs of
cardinality as € Is and d = 22:1 as.
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We immediately see why this generalizes previously considered hypergraphs:

o If I, ={0,...,ns} forall s € {1,...,t} we have the d-complete hypergraph
K]O{h N = 22:1 L2

o If I, = {0,...,min{n,,d — 1}} we obtain the d-complete multipartite
hypergraph th-

S

e By letting I consist of only one non zero element for all s, we obtain the

d(ay,...,a;)-complete hypergraph Kgg?l,f;;i;a‘).

One easily realizes that two different sets of intervals I,...,I; and Jy, ..., J;
say, may yield the same hypergraph. Just consider the case where I = {as} for
all s, 2221 as =d, and J; = {as} for all s # 1, J; = [a1,a1 + 1].

Without loss of generality we assume that the sequence of intervals Iy, ..., I;
corresponding to a hypergraph Kgg{.l,’,',‘ﬁ’ft) satisfies the following property: If
Is = [asvﬁs]v s € {17 s 7t}7 then

Qg + Z ﬁj 2 d
s
and
Bs + Z Q < d
i#s
holds for all s € {1,...,t}. This guarantees that there is no redundancy in the
intervals.
Remark 2.6.2. It is clear that a set of intervals Iy,...,I; corresponding to a
hypergraph Kﬁg{},’,;;{fﬁ) can be constructed from a sequence aq,...,a:, d =
Zizl as, aj € I; for all j € {1,...,t}, by successively extending one or two
of the intervals in such a way that the inequalities above remain true in each
step. The following example will clarify this idea.

Example 3. Suppose a1 + as + a3 = d and consider consider the hypergraph
Kﬁg{}lé{zﬁig) Wlth Il = [al — 170,1], IQ = [ag — 17(12 —|— 1}7 Ig = [a370,3 —|— 1] The
intervals can be constructed in the following steps:

{a1}, {a2}, {as} ~ a1 — 1, a1], a2, a2 + 1], {as}

~ lay — 1,a1], [ag — 1, a9 + 1], [a3, a3 + 1].

Theorem 2.6.3. The ring k[A(Kﬁg{f’,;};’f‘))] has linear minimal free resolution.

That is, if Bi j(kA(KA 3 )) # 0, then j =i+ (d— 1),

Proof. The theorem follows from [60, Theorem 3.3], where the authors show
that the edge ideal T (Kffg,l,’,',;;’t]")) is weakly polymatroidal (see [56] for details
about weakly polymatroidal ideals). It is known that all weakly polymatroidal

ideals have linear quotients. O
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Remark 2.6.4. A straight forward proof using induction may be found in [23].

Example 4. Consider H = K, (11’12’13) where I} = [1,2], I = {1}, I3 = [2,3].

There are 36 5-edges in this hypergraph and the Betti numbers are [So(H)

17 /81( )_367 62( )_907 ﬁ?)( )_877 64( )_397 65( ) 7.
By considering the edges in Kng it ') and the description of the Alexander

dual of A(K, d(a)) we obtain the following description of A(Kﬁg{}j;ﬁgt))*.

A(Kzgf.lf;};’th))* — U A(Kgllfaﬂrl) s % A(ngfaﬂrl).
ai+-+a=d
as€ls
We immediately get the following

Corollary 2.6.5. The ring k[A(KﬁE{i’,;ﬁ’f))*] is Cohen—Macualay and we have

dlmA(KZE{l . Wy = N-d-1
dim k[A(KIU 10y ] = N —d
pd K[A(K 0] = d.
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Chapter 3

Chordal hypergraphs

The class of chordal graphs is a well studied class of graphs and indeed turns out
to have many nice properties, graph-theoretical as well as algebraic. A corner
stone in the algebraic investigations of chordal graphs is the following theorem
by Froberg:

Theorem 3.0.6 (Froberg, [39]). Let G be a simple graph on n € N wvertices.
Then the graph algebra k[xy,...,2,]/1(G) has linear resolution precisely when
G° is chordal.

3.1 The classes of chordal and triangulated hy-
pergraphs

Definition 3.1.1. Two distinct vertices x,y of a hypergraph H are neighbors
if there is an edge E € £(H), such that z,y € E. For any vertex x € V(H), the
neighborhood of z, denoted N(x), is the set

N(z) ={y € V(H); yisaneighborof z}.

If N(z) =0, « is called isolated. Furthermore, we let N[z] = N(z)U{z} denote
the closed neighborhood of .

Remark 3.1.2. Let H be a hypergraph and V' C V(). Denote by Ny [z] the
closed neighborhood of x in the induced hypergraph Hy . For ordinary graphs
it is clear that Ny [z] = N[z] N V. This is not always the case for hypergraphs,
as is shown in the example below. Note that the notation Ny [z] will only occur
in this remark and the example below.

Example 5. Consider the hypergraph H on vertex set V(H) = {a,b,c,d, e}
and edge set E(H) = {{a,b,c},{a,d, e}, {b,c,d}}. Let V = {a,b,c,d}. Then
Nyla] ={a,b,c} but Nja] NV = {a,b,c,d}.
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Definition 3.1.3. A d-uniform hypergraph H is called triangulated if for every
non-empty subset V' C V(H), either there exists a vertex € V such that
the induced hypergraph H ;v is isomorphic to a d-complete hypergraph K4,
n > d, or else the edge set of Hy is empty.

This definition is basically due to Ha and Van Tuyl, see [46, Definition 5.5].
However, in [46] the property of being triangulated is defined on a special class of
hypergraphs called properly-connected. For a further discussion see Subsection
3.2 below.

Recall that Ay, denotes the clique complex of a uniform hypergraph #.

Definition 3.1.4. A d-uniform hypergraph H is called triangulated* if for every
non-empty subset V' C V(H), either there exists a vertex x € V such that
N[z]NV is a facet of (Ay )y of dimension greater than or equal to d — 1, or else
the edge set of Hy is empty.

We will show (Theorem-definition 3.1.12) that the above two definitions, and
also the following two definitions are equivalent.

Definition 3.1.5. A chordal hypergraph is a d-uniform hypergraph, obtained
inductively as follows:

e K% is a chordal hypergraph, {n,d} C N.

e If G is chordal, then so is H=G |J;ca K¢, for 0 < j < 4. (This we think of
J

as glueing K¢ to G by identifying some edges, or parts of some edges, of
K¢ with the corresponding part, K]d7 of G.)

Remark 3.1.6. For d = 2 this specializes precisely to the class of generalized
trees, i.e. generalized n-trees for some n, as defined in [39].

Remark 3.1.7. Recall that a simple graph is called chordal if every induced cycle
of length > 3, has a chord. It follows from [16, Theorem 1, Theorem 2|, that
the chordal graphs are precisely the generalized trees.

Another characterization of chordal graphs may be found in [42]. There it is
shown that a simple graph is chordal precisely when it has a perfect elimination
order. Recall that a perfect elimination order of a graph G = (V, £) is an ordering
of its vertices, x1 < z2 < --+ < @y, such that for each i, Gn(w,) {2 0is1,on}
is a complete graph. The concept of perfect elimination order is well suited for
generalizations. We make the following

Definition 3.1.8. A d-uniform hypergraph H is said to have a perfect elimi-
nation order if its vertices can be ordered x1 < x9 < --- < x,, such that for
each 4, either Hn(z,jn{zi zi11,...,z,} 1S 1SOmorphic to a d-complete hypergraph

K¢ n>d, or else z; is isolated in Hy, 4,1, 20}

This specializes precisely to the definition of perfect elimination order for
simple graphs if we put d = 2.
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Lemma 3.1.9. Let H be a d-uniform hypergraph and x € V.C V(H) a vertex
such that H iy = K? m > d. Then HN[w)nv either is isomorphic to a d-

m?’

complete hypergraph Kﬁn,, m' > d, or else x is isolated in V.
Proof. Either |[N[z] N V| > d or else [N[z] N V]| < d. O

Lemma 3.1.10. If a d-uniform hypergraph H with E(H) # 0 has a perfect
elimination order, then it has a perfect elimination order x1 < o < -+ < Xy in
which x1 is not isolated.

Proof. Let 1 < xy < --- < x, be a perfect elimination order of H, and put
t = min{¢; x; isnot isolated}.

We claim that z; < -+ < 2, < 21 < -+ < x4_1 also is a perfect elimi-
nation order of H. Since x1,...,z;_1 are isolated, we need only verify that

d .
HN 2] (im0 sz seswi 1} = Koy, for some m; > d, i € {t,...,n}. However,
this is clear since H N[0 {@s @it sy @1 seeeswo—1} = N[0 @50t seeern } - [

Lemma 3.1.11. If a d-uniform hypergraph H is triangulated (triangulated*,
chordal), or, has a perfect elimination order, the same holds for Hy for every
V CV(H).

Proof. Let V. C V(H). If £(H,,) = 0, Hy clearly is triangulated and triangu-
lated*. It is also chordal since we can add one vertex at a time until we have the
desired discrete hypergraph, and any ordering of V yields a perfect elimination
order. Thus we may assume that E(H,,) # 0.

The lemma is clear for the classes of triangulated and triangulated* hyper-
graphs, since if W C V, we have that (Hy)w = Hw. Now, let H =G UK]d K¢,
0 < j < i, be chordal. If V' C V(G), or if V C V(K¢), we are done by induc-
tion. If this is not the case, it is easy to realize that Hy = Gy U(K?)V(sz)V-
Since Gy is chordal by induction, the result follows. Finally, assume A has a

perfect elimination order z; < z9 < -+- < x,. Then V inherits an ordering
Tiy < Tip <00 < Ty The fact that this is a perfect elimination order of Hy
follows from Lemma 3.1.9 . O

Theorem-definition 3.1.12. Let H = (V(H),E(H)) be a d-uniform hyper-
graph. Then the following are equivalent.

(1) H is triangulated.

(i1) H is triangulated*.

(13i) H is chordal.
)

(iv) H has a perfect elimination order.
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Proof. Due to Lemma 3.1.11, we need only consider the full set V(H) of vertices
in our arguments, and we may assume that E(H) # 0.

(1) = (4i). Since we assume E(H) # 0 and consider only the case where
V = V(H), there is a vertex x such that H ;) = K¢ n>d. Then, N[z] clearly
is a face in Ay of dimension at least d — 1. Furthermore it has to be a facet,
since if there were a y € V(H), y # x, such that N[z] U {y} € Ay, then there
would exist an edge F with =,y € E. Hence, y € N[z].

(#4) = (i). By assumption, there is a vertex x such that N|xz] is a facet in
Ay, of dimension greater than or equal to d — 1, whence it is clear (from the
definition of Ay) that Hy(, = Kg for some n > d.

(i) = (#44). By assumption there is a vertex x € V(H) such that H i, =
K¢ for somen > d. Let G be the induced hypergraph on V(H)~{z}. Then £(G)
consists of all edges of 7, except those that contain . This yields H = GUx K¢,
where K = KI%V(I)I on vertex set N(z), and by induction we are done.

(i4i) = (i). Assume H = G Ugd K@, 0 < j < i, is chordal, where G is
chordal by construction. If i > d, any vertex x € V(K¢) \ V(G) will do, since
Hn = K¢ for such z. If i < d, we find, by induction, a vertex z € V(G) with
the property that Hy ;] = Gnja) = Kff for some n > d, since otherwise the edge
set of H would be empty, contrary to our assumptions.

(i) = (iv). By assumption we find a vertex # = @1 such that Hy,,) = K2,
n > d. Since the induced hypergraph on V(#H) \ {z1} is triangulated, by
induction it has a perfect elimination order zs < --- < z,. If we put z; < x5
we are done.

(iv) = (¢). By Lemma 2.2 there is a perfect elimination order z; < --- <
Tp, such that Hypp,jnv = K¢ for some m > d. O

We use hypergraphs from Chapter 2 to create some examples.

C

Example 6. Consider the complement H = (Kff’m) of the complete hyper-

graph K | on vertex set VUW, |V| = n, [W| = m. We claim that # is chordal.
It is easy to see, considering the the Stanley—Reisner ring, that

Ay = A(Kngm) U <V7 W>

From this one may conclude that H is the disjoint union two d-complete hyper-
graphs,
d d

so H is chordal.
The analogous case of the d-complete multipartite hypergraph, K ffl
through similarly.

goes

yeeey Tt

Example 7. Let K ;‘f,m be as in the previous example and consider the complex

Aga . If n < dand m < d we have an isomorphism Kf,im ~ Kd,,, s0in

this case K,‘f,m is chordal. If n or m is greater than or equal to d, K,"f’m is

not chordal. This is because no matter which vertex x we choose, the induced
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hypergraph on N[z] cannot be d-complete, since it would then contain an edge
lying entirely in either V or W, which is impossible.

The analogous case of the d-complete multipartite hypergraph, K ,”zlh___m goes
through similarly.

Example 8. In Chapter 5 we will consider a class of hypergraphs that we call
line hypergraphs. A line hypergraph L4® may be written

L = K§ Uga Ki Uga K§ Ugca -+ Uga K§ Uga K§

and is thus chordal.

3.2 Various concepts of chordality

In recent years several authors have generalized the properties of chordal graphs
and since such generalizations may be made in many different directions, no
particular standard concerning the use of the word chordal has been established.
Thus there is the risk of different, but often somehow related, concepts getting
similar names. We comment here on a couple of interesting papers in which the
concept of chordality/triangulability has been studied.

As mentioned after Definition 3.1.3, the concept of triangulated hypergraphs
also occurs in [46]. There the authors (among other things) aim for a gener-
alization of Theorem 3.0.6. However, the triangulated property is used on the
complementary hypergraphs compared with how Froberg and we use it. The
class of triangulated hypergraphs in the sense of [46], is properly included in the
class of triangulated (chordal) hypergraphs considered here.

In [13] the authors (indirectly via matriods) define two classes of uniform
hypergraphs, called D-perfect and triangulable respectively. It is then shown
that a D-perfect hypergraph H is also triangulable. These hypergraphs and
our chordal hypergraphs are related, but the relationship is not completely
transparent.

In [62] the authors note that chordal graphs may be characterized as follows:
A graph G is chordal if and only if its vertices can be labelled by numbers in
[n] = {1,2,...,n} so that G has no induced subgraph G,y with edges
(4,4), (i,k) but without the edge (j,k). The authors call a graph with this
property perfectly labelled. This description of chordal graphs is then used to
show that (see [62, Definition 6.1, Example 6.2, Definition 9.2, and Theorem
9.4] for background) a certain kind of building sets, called graphical building
sets, are chordal if and only if the underlying graph is chordal. It seems possible
that chordal hypergraphs (or some variant thereof) may be connected to chordal
building sets, but it is not clear to us how.

Recall that a clutter is a (not necessarily uniform) hypergraph. Recently
Woodroofe, [70], introduced a class of clutters that he calls chordal. The classes
of chordal clutters and chordal hypergraphs do have non-empty intersection, but
are in general quite different. Below we show that if H is a generalized chordal
hypergraph, then Ia,, has linear resolution. In the case of chordal hypergraphs
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one can even show that Ia,, has linear quotients. This was first proved in [27,
Theorem 4.3] and also follows from Woodroofe’s stronger result [70, Proposition
6.13]: Woodroofe proves that (A )* is vertex decomposable, which implies
shellability.

3.3 Generalized chordal hypergraphs

It is easy to find an example of a uniform hypergraph H that is not chordal,
but such that the Stanley—Reisner ring of Ay has linear resolution.

Example 9. Let H be the 3-uniform hypergraph with V(H) = {a, b, ¢, d}, and

edge set
E(H) = {{a7b, c},{a,c,d},{a,b, d}}

The following simple picture lets us visualize H.

d

a

A\

b———m«¢
k[A%] has linear resolution, but H is not chordal.

If A is a simplicial complex on V and E is a finite set, we denote by AU F
the simplicial complex on vertex set V U E whose set of facets, F(A U E), is
F(A)U{E}. Similarly, if H is a (not necessarily uniform) hypergraph and F a
finite set, we denote by H U E the hypergraph on V(H) U E whose edge set is
E(HUE)=E&(H)U{E}.

Definition 3.3.1. A generalized chordal hypergraph is a d-uniform hypergraph,
obtained inductively as follows:

e K is a generalized chordal hypergraph, {n,d} C N.

e If G is generalized chordal, then so is H=G UK/_d Kid, for0 < j <.

e If G is generalized chordal and E C V(G), |E| = d, is such that E has

non-empty intersection with some edge of G and at least one element of

( d? 1) is not a subset of any edge of G, then G U F is generalized chordal.
Remark 3.3.2. The hypergraph in Example 9 is generalized chordal.

Remark 3.3.3. It is clear that every chordal hypergraph is also a generalized
chordal hypergraph. Furthermore, for d = 2 chordal graphs and generalized
chordal graphs are the same.
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Theorem 3.3.4. Let H be a generalized chordal hypergraph and k a field of
arbitrary characteristic. Then the Stanley—Reisner ring k[Ay] has linear reso-
lution.

Proof. We consider the three instances of Definition 4.1 one at a time. If H = K
we are done, since if n > d we have a simplex so the situation is trivial, and if

n < d the claim is proved for example in Theorem 2.6.3. So, we may assume
HE KL Let H=GUge K&, 0<j<i, where G is generalized chordal. Let C
J

and B be the simplices determined by Kjd and K¢, respectively, and consider
the complex A}, = AglJB. Note that Ag N B = C, B # C. We first show
that A%, has linear resolution. For every V' C V(H), we have an exact sequence
of chain complexes

0— C.(Cy;k) = C.((Ag)v; k) ® C.(Bv; k) — C.((AY)v; k) — 0.

By induction, via Hochster’s formula, we know that (Ag)y can have non-zero
homology only in degree d — 2. But then, since both By and Cy  are simplices
and accordingly have no homology at all, by considering the Mayer—Vietoris
sequence we conclude that the only possible non-zero homologies of (A%, )y lies
in degree d — 2.

Note that it is not in general true that Ay, = A/,. In fact, this holds only
when d = 2. However, the difference between the two complexes is easy to
understand, and we may use the somewhat easier looking A/, to show that Ay
has linear resolution as well.

To this end, let T be the (d — 2)-skeleton of the full simplex on vertex set
V(H). Then one sees that

Ay = A;—t ur.

The (d — 2)-faces that we add to A, to obtain Ay can certainly not cause
any homology in degrees greater than d — 2, that did not already exist in AZ,.
Indeed, suppose ), a;0; is a cycle in a degree r > d — 2, where a; € k and the
o;’s are faces of Ay of dimension 7. Since every face o; actually lies in A, it
follows that ). a;0; is a cycle also in A%,. Thus, if A%, has linear resolution, so
does Ay.

Finally, let X = GUE. Let {F},..., F;} be the set of elements of (dijl) that
are not subsets of any edge of G. Note that Ay = Ag U E. Take V C V(H).
If EZ V, then (Ay)y = (Ag)v, so, by induction we conclude that the only
possible non-zero homologies of (A )y lies in degree d — 2. Hence we may
assume that £ C V. Then we have an exact sequence

0— é((Ag N E)V;k) — é.((Ag)v; k‘) EBé(Ev,kJ) — é.((AH)V; k‘) — 0.

Note that Ey is a simplex so it has zero homology, and, by induction, we know
that k[Ag] has linear resolution. Using Hochster’s formula, we may conclude
that Hy 1((Ag)v; k) = 0. Hence, the Mayer-Vietoris sequence obtained from
the above exact sequence looks as follows:

0— Hd—l((A”H)VQ k‘) —
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,deg((Ag N E)V,]C) — ﬁd,Q((Ag)V;k) — ﬁd,Q((A'H)V; k) — 0.

Let z = > a;o; be an element in Zq—1((Ay)v;k), where o1 = E. Consider
the expression for the derivative of this cycle

t
O=d(z) ="+ *a1Fi+-.
i=1

Since 22:1 +a1 F; only can come from d(FE), we conclude that a; = 0. Hence
2z € Zg—1((Ag)v; k), and, using Hochster’s formula, we may conclude that the
Stanley—Reisner ring of A4 has linear resolution. O

Corollary 3.3.5. Let H be a generalized chordal hypergraph and k a field of
arbitrary characteristic. Then the Stanley—Reisner ring k[A},] of the Alexander
dual complex A}, is Cohen—Macaulay.

Proof. This follows by the Eagon—Reiner theorem. O

Corollary 3.3.6. Theorem 3.3.4 and Corollary 3.3.5 in particular applies to
triangulated and triangulated® hypergraphs, and also to hypergraphs that have
perfect elimination orders.

As mentioned in Section 3.2 we have
Theorem 3.3.7. If H is a chordal hypergraph, then Ia,, has linear quotients.

Proof. This is proved in [27, Theorem 4.3] and also follows from Woodroofe’s
stronger result [70, Proposition 6.13]. O

Remark 3.3.8. Observe that this improves Theorem 3.3.4 in the case of chordal
hypergraphs.

Corollary 3.3.9. A graph G is chordal if and only if In, has linear quotients.

Proof. The fact that the ideal Ia, has linear quotients follows from the theorem.
Assume Ia, has linear quotients. Then it has linear resolution and thus by
Froberg’s theorem, Theorem 3.0.6, G is chordal. O

In [39] Froberg considers a class of chordal graphs called n-trees.
Definition 3.3.10. An n-tree is a chordal graph defined inductively as follows:
o K41 is a n-tree.

e If G is a n-tree, then so is H=G UK"’ K, 1. (We attach K, 41 to G in a
common (under identification) K,,)

Now, consider the corresponding subclass 7Ty of the class of chordal hyper-
graphs. That is, 73 is the class of chordal hypergraphs described as follows:

e K¢ | belongs to 7g.
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o If G belongs to 74, then so does H=G UKg K&, .. (We attach K2, to G

in a common (under identification) K¢.)
We get the following results:

Theorem 3.3.11. For any hypergraph H in Ty, the cligue complex A4 is pure
shellable and hence Cohen—Macaulay.

Proof. The proof is by induction. If H = K;f_H, then Ay is a simplex and
pure shellable. Let H = G Uga K, and Fi < --- < F, be a shelling for Ag.
Then Ay = (F, ..., F,, Fr41), where F, .y = V(KZ, ). Let V(K¢) = L. Then
L C F; for some 1 <7 <r. We claim that F} < --- < F,. < F,41 is a shelling
for Ay. Let Fryq1 = LU {v}. Then for any j < r, one has v € F,41 \ F} and
Fr+1 N F = {’U} O

Corollary 3.3.12. For any d-tree G, the clique complex Ag is pure shellable
and hence Cohen—Macaulay.

In the proof of the following proposition, we will use the fact that the com-
plexes A(K%) are shellable.

Proposition 3.3.13. Let H = K¢ Uga K&, m > d. Then I(H) has linear
J
quotients precisely when

(1) i <d, or
(ti) i >d, and j =m — 1 (or symmetrically j =i —1).

Proof. Put A = V(H) ~ V(K2) and B = V(H) ~ V(K¢). We show that the
Alexander dual complex A(H)* is shellable precisely in the cases mentioned
above. Assume that F| < --- < F/ is a shelling of A(K%)*. Fori € {1,...,t},
set F; = F/ UA . In case (i) the sequence F; < --- < F} is a shelling of A(H)*.
In case (i1) we give a shelling when ¢ > d and j =m — 1. The case j =i —1
is similar. Construct sets F; as above, put V(K2) ~ V(KJ‘»I) = {v}, and let
G} < -+ < G’ be a shelling of A(K3)*. Set G; = G, UB fori € {1,...,s}. Tt
is easy to see that the set of facets of A(H)* is {Fi}i_; U{G;}—;. We claim
that the ordering G; < - < G5 < Fy < --- < F} is a shelling of A(H)*. Let
G; < Fj, where G; = V(H) \ Eq and F; = V(H) \ Es for some edges E; of
K¢ and Ey of K¢ Let By = {wy,...,wq} and By = {v,vy,...,v4_1}, where
{vi,...,vq-1} C V(Kf). Then there exists 1 <! < d such that w; € F;~\G;. Set
E3 = {w;,v1,...,v4-1}, then V(H) \ E5 = G, for some k and F; \ G, = {w;}.
Now, assume () and (i¢) do not hold. Then i >d, m—j >2and i —j > 2.
We first claim that if 7 < d — 2, there is no shelling: Consider the intersection
G; N F; (with the same notation as above). The two facets here correspond to
two edges in H, one from K¢ and one from KZ. These two edges can at most
have j elements in common. Hence, by considering the set complements of these
edges we realize that the two facets can at most have |V(H)| — d — 2 vertices in
common. This shows that no ordering of the F;’s and the G;’s can be a shelling,
since dim F; = dimG; = V(H) —d — 1 for every i € {1,...,t}, j € {1,...,s}.
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So, we assume j > d—2. Let {v1, va} € V(K$)NV(K), {wy, wo} € V(KN
V(KY) and {us,...,uq_2} C V(KY). To finish the proof by contradiction, we
assume A(H)* is shellable. Consider the edges Ey = {uy,...,uq—2,v1,v2} and
E; ={u1,...,u4—2, w1,w2}. Then H; = V(H) \ E; for i € {1,2} are facets of
A(H)*. Without loss of generality may assume H; < Hy. Hence there exists
vertex v € Hy~\ H; and facet Hy such that Ho~\ H3 = {v}. Let Hy = V(H)\ E;3
for some edge E3. Since Hy~\ H; = {v1,v2}, we have v = vy or v = vg. Therefore
v € E3 so B3 C V(K%). Thus {w;,ws} C H3 which is a contradiction since
|Hs| = [Ha|. O

We end this section with a result on the diameter of the complement of a
chordal graph. Recall that the diameter of a connected graph G is defined as

diam(G) = max{dist(u,v); u,v € V(G)},

where dist(u, v) is the number of edges in a shortest path between u to v. If G
is not connected we set the diameter to be oo.

Proposition 3.3.14. Let G be a connected chordal graph. Then the diameter
of the complementary graph G is at most 3.

Proof. Tf diam(G°) > 3 we find vertices u and v with dist(u,v) = 4. Hence there
are vertices {v1,v2,v3} such that the induced graph of G¢ on {u, vy, vq,vs,v} is
the path uvy,vivs, vovs, v3v. The graph complement of ggwm,w} contains
a 4-cycle without any chord. This contradiction gives our result. O

3.4 d-uniform hypergraphs and Quasi-Forests

It is known that a certain class of simplicial complexes, called quasi-trees (see
definition below), and chordal graphs, in a sense contain the same information.
The following lemma is basically [49, Lemma 3.1].

Lemma 3.4.1. Let A be a simplicial complex. Then A is a quasi-forest precisely
when A = Ag for some chordal graph G.

In this section we will see that there is a close connection also between
quasi-trees and the class of chordal hypergraphs.

Definition 3.4.2 (Faridi, [29], Zheng, [71]). Let A be a simplicial complex. A
sub-collection I, of A, is a sub-complex of A such that F(I') C F(A). A facet
F of A is called a leaf if either F' is the only facet of A, or there exists a facet
G in A, G # F, such that FNH C FNG for any facet H in A, H # F.
Assume A is connected. Then A is called a tree if every sub-collection of A
has a leaf, and A is called a quasi-tree if there exists an order Fi,..., F; of the
facets of A such that for each i € {1,...,t}, F; is a leaf of the simplicial complex
(F1,...,F;). The order Fi,..., Fy; is called a leaf order. A simplicial complex
with the property that every connected component is a (quasi-)tree is called a
(quasi-)forest.
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Remark 3.4.3. A tree is clearly a quasi-tree, but the converse need not hold.
Consider the quasi-tree

A = {{a,b,c},{b,c,d},{c,d, e}, {b,d, f}).

One sees that the sub-complex ({a,b,c}, {c,d, e}, {b,d, f}) has no leaf.

Let A be a simplicial complex. Denote by Rq(A) the simplicial complex
obtained from A by removing every facet F with 1 < dimF < d — 2, and
all faces G C F, with 1 < dimG < dim F, that are not faces of some facet
of dimension greater than d — 2. Conversely, denote by A4(A) the simplicial
complex obtained from A by adding, as a facet, every face of dimension d — 2
that is not already in the complex.

Lemma 3.4.4. Let Ay and Ag be the clique complezes of a d-uniform hyper-
graph H, and a graph G, respectively. Then the following holds:

o Au(Ra(Ax)) = Ay
o Riy(Aw(Ag)) = Ag for all d < min{dim F’; F facet in Ag}.
Proof. This follows immediately from the definition of clique complex. O

Lemma 3.4.5. Let H = G Uga K¢ be a chordal hypergraph. If i < d (that is

K¢ is consists of i isolated vertices), we may exchange the attaching of K¢ to

d . . . .
K5, with i — j attachings of the form

Hl = g, UK[()! K{l

Proof. This is clear, since either way, we are just adding a number of isolated
vertices. O

Proposition 3.4.6. Let H be a d-uniform chordal hypergraph, and let G be a
chordal graph. Then the following holds:

(1) Ra(Ayg) is the cliqgue complex of a chordal graph.

(11) Aa(Ag) is, for any d', the clique complex of a d'-uniform chordal hyper-
graph.

Proof. A chordal hypergraph H may, according to its inductive construction,
be represented by a sequence of pairs of d-complete hypergraphs
d r-d d 1-d
(KO7K'L'1)7 R (ijKit)a
where in each step of the construction of H, K i is attached to K ;i We assume
that in the construction of H, Lemma 3.4.5 has been used if necessary. Then
every d-complete hypergraph in the sequence (Kg,Kfl), ce (KJ‘{,Kg) yields
a complete graph, and, by considering the facets, it is clear that Rq4(Ay) is
the complex of the chordal graph that is represented by the sequence of pairs

(K07Ki1)7 ey (KjﬁKit)' This proves (Z)
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Now let (Ko, Kj,),...,(Kj,,K;,) denote a chordal graph G. If d' —2 >
dim Ag, then the claim (ii) is trivial, so we assume d’' — 2 < dimAg. It is
obvious that Ay (Ag) will be the complex of a d’-uniform hypergraph H, since
every minimal non-face has dimension d’ — 1. We now show that # is chordal.
We do this by constructing a sequence of pairs (K¢, Kfll), e (Kde Kff), r>t,
from the sequence (Ko, K;,),...,(Kj,, K;,), and showing that this sequence
actually defines H.

First note that if i > d’, a complete graph K; immediately yields a d’-
complete hypergraph Kidsl. For such 44, we get a pair (K ;{,Kfi’), corresponding
to the pair (Kj,,K;,) in the sequence representing G. If i; < d’, we may
instead associate to the pair (K, , K;, ) a sequence of “trivial pairs”, as in Lemma
3.4.5. Continuing in this way, we obtain a sequence (K}il,KfiL . (Kydw KZdT),
representing a d’-uniform chordal hypergraph H'.

The d’-uniform chordal hypergraph that correspond to the constructed se-
quence yields the same complex as H, and hence we conclude that they must
be the same. O

Corollary 3.4.7. To every chordal hypergraph H we may associate a quasi-
forest A\, and vice versa.

Proof. If A is a quasi-forest, then A = Ag for some chordal graph ([49, Lemma
3.1]). Then, according to the proposition, we may associate to A the chordal
hypergraph H whose clique complex is the complex Ag (Ag) in the proposition.
Conversely, given a chordal hypergraph H we may associate to it the quasi-forest
Ra(Ay) from the proposition. O
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Chapter 4

Componentwise linearity of
ideals arising from graphs

Let G be a simple graph on n € N vertices. Francisco and Van Tuyl have
shown that if G is chordal, then I(G)* = ﬂ{%rj}eg(g) (x;,z;) is componentwise
linear. It is natural to ask for which ¢;; > 1 the ideal ﬂ{zi,xj}es(g) (z,2)k
is componentwise linear, if G is chordal. We show that (V.. . yee(g) (i, ;)"
is componentwise linear for all n > 3 and positive ¢, if G is a complete graph.
We give also an example where G is chordal, but the intersection ideal is not
componentwise linear for any ¢ > 1.

4.1 Intersections for complete graphs

For a graded ideal I in a polynomial ring we denote by /.4y the ideal generated
by the elements of degree d that belong to I. In [47] Herzog and Hibi defined I
to be componentwise linear if /(4y has a linear resolution for all d.
Here we examine componentwise linearity of ideals arising from complete
graphs and of the form
ﬂ (zi,25)".

{zi,x;}€£(9)

Let K, be a complete graph on n vertices. We write

K%t) = ﬂ (a?i,xj)t.

{zi,2;}€E(Kn)

We will show that the ideal K,(Lt) is componentwise linear for all n > 3 and ¢ > 1.
Recall that a vertex cover of a graph G is a subset A C V(G) such that every
edge of G is incident to at least one vertex of A. It is not hard to show that
I(G)* = (x, -+ x4, | {miy, ..., ®i, } avertex cover of G). A t-vertex cover (or a
vertex cover of order t) of G is a vector a = (ay,...,a,) with a; € N such that
a; +a; >t for all {z;,z;} € £(G).
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In the proof of the theorem below, we use the following proposition.

Proposition 4.1.1 (Proposition 2.6 in [31] and Lemma 4.1 in [12]). If I is a
homogeneous ideal with linear quotients, then I is componentwise linear.

Theorem 4.1.2. The ideal K}«Lt) is componentwise linear for all n > 3 and
t>1.

Proof. For calculating an explicit generating system of K ,(f) we will use t-vertex

covers. Pick any monomial m in the generating set of K,(f) and, for some k and

[, consider the greatest exponents t; and ¢; such that xfc’“ xfl is a factor in m. As

m is contained in (mk,xl)t we must have t; +t; > t. Hence, Ky(f) is generated
by the monomials of the form x*, where a is a t-cover of K,,. That is, the sum
of the two lowest exponents in every (monomial) generator of K. ff) is at least t.

First we assume that ¢ = 2m 41 is odd. Considering the minimal monomial

generators (t-covers) we get

K& = g = @ Tl 2™t o0 2 [l 2™
—1 +2 - +2
" Hi;ﬂ R 1Hi7£1x;'n )
2m-+1 . 2m+1
Hi;élxim R 7Hi7£nxim )
The generators of the ideal are ordered, increasing from left to right, using the
degree lexicographic ordering with 1 < 9 < --- < x,,. This ordering yields

linear quotients and hence Kﬁf) is componentwise linear by Proposition 4.1.1.
If t = 2m is even we get instead

KD =K = (RS e ol ™ o el Mg e
55717172 Hi;ﬂ x;n+27 e ? Hi;él CET+27
Hi;ﬁl w?mv to ’ Hi;én x?m)’
which also yields linear quotients. O
Example 10.
K = ({22 [[ a3 hcicie {o; [[eihcice (][ 20 hei<n)
i#j i#j 7]
and
5
6 <
K = (T[ = 2] ath<ics: {2 [1o0hi<ies: (] 28 1<i<s)-
i=1 i#j i3 i
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Remark 4.1.3. A monomial ideal is called polymatroidal if it is generated in one
degree and its minimal generators satisfy a certain ”exchange condition”. In [52]
Herzog and Takayama show that polymatroidal ideals have linear resolutions.
Later Francisco and Van Tuyl proved, [31, Theorem 3.1], that some families of
ideals I are componentwise linear by showing that Iy is polymatroidal for all
d.

The ideals K,(Lt) are also polymatroidal, but proving this using the same
techniques as in the proof of [31, Theorem 3.1] is rather tedious.

4.2 A Counterexample

Claim 1. There exists a chordal graph G such that ﬂ{xi’zj}eg(g)(a:i, z;)" is not
componentwise linear for any ¢ > 1.

Proof. Let G be the chordal graph

b

/N

a d

ANV

c

and denote the intersection (a,b)* N (a,c)! N (b,c)t N (b,d)! N (¢c,d)! by I). We
have
IM = (be) + (abd, acd)

and
I? = (6%c2, abed) + (a?b%d?, a*c2d?).

Considering the t-covers in the same way as we did for KT(f) we see the
following:

If t, < L%j then t, =t — t, = t. (the sum t, + ¢, > ¢ automatically) and
tg=t—t, =t —1t. =t,. Thus, we get the set of minimal generators of degree
2t:

i
{a*(be) Zdz}OSiSL%J'
Ift, > L%L then either t, =t —t, and t, =t —t, = t4, or t, = t—t, and t, = t,.
Further t; = t,. The set of minimal generators we get in this way is equal to

{(acd)v"™"} 1, U {(acd) D"} ey

The generators in this set are of degree at least (2t 4+ 1) for odd ¢ and of degree
at least (2t + 2) for even t.
Now consider the minimal free resolution F. of (I1!)) . Since F. is con-

tained in any free resolution G. of (I (t))@t) we have that if F} (the component
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of F. in homological degree 1) has a non-zero component in a certain degree,
then so do G;. Let G. be the Taylor resolution of (I(t))<2t>. The degrees in
which G has non-zero components come from least common mutliples of pairs
of minimal generators of (I (t))<2t>. By considering the above description of the
minimal generators in degree 2t, one sees that GG; has non-zero components only
in degrees strictly larger than 2¢ 4 1. Thus F. cannot be a linear resolution and
hence, 1Y) is not componentwise linear. O
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Chapter 5

Hypercycles and Line
Hypergraphs

In [54] Jacques computes the Betti numbers of the graph algebras for graphs
that are lines and cycles. In this chapter we define line hypergraphs L&® and
hypercycles C%* and compute the Betti numbers of their hypergraph algebras.

5.1 Hypercycles and Line Hypergraphs

Definition 5.1.1. Let V be a finite set and « and d positive integers such that
d > 2a. The line hypergraph L% on vertex set V is the d-uniform hypergraph
with edge set £(L%®) = {Fy,..., E,} such that

(i) V(L&) = U, B.

(i) For any 0 <i < j <n, E;(\E; # 0 if and only if j =i + 1.
(ii7) |Ei(Fis1| =aforallie {1,...,n—1}.
The length of a line hypergraph is defined as the number of edges.

Example 11. Every line hypergraph L% is a chordal hypergraph since it may
be written as

L = K§Upa Kf Uga K§Uga -+ Uga K§ Uga Kj.

Definition 5.1.2. Let V be a finite set and « and d positive integers such that
d > 2a. The hypercycle C%“ on vertex set V is the d-uniform hypergraph with
edge set £(C%) = {Ey,...,E,} such that

(i) V(Cp*) = Ui, Ei.
(it) For any i # j we have E; (| E; # 0 if and only if |j —¢| =1 mod n.
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(t5i) |B;NEip1|=aforallie{l,...,n—1} and |[E1 (N E,| = .
The length of a hypercycle is defined as the number of edges.

Remark 5.1.3. Hypercycles are generalized chordal hypergraphs but not chordal
hypergraphs. Thus a chordal hypergraph can not contain any induced hypercy-
cle Cde.

Remark 5.1.4. For d = 2 Definition 5.1.1 and Definition 5.1.2 give the usual
concepts of a line graph and a cycle graph.

5.1.1 Betti numbers of Line Hypergraphs

Recall that a free vertex of a hypergraph is a vertex that lies in at most one
edge.

If each edge of a hypergraph H contains a free vertex it is particularly easy
to compute the Betti numbers of the corresponding hypergraph algebra.

Lemma 5.1.5. Let H be a hypergraph such that each edge of H contains a free
vertez. Then B;(k[A(H)]) = (7), where n is the number of edges of H.

K2

Proof. Let E(H) ={E1,...,E,} andv; € E;,; 1 <14 < n, be a free vertex. Then,
for any j, 1 < j <n,

P flem(2®r, .. 2P g Fiv B
since
Vj ¢ U El
i#]
E,€E(H)
Therefore the Taylor resolution (see [6]) of K[A(H )] is minimal and 8;(k[A(H)]) =
(3)- -

It is now easy to give a combinatorial interpretation of the graded Betti
numbers:

Theorem 5.1.6. Let H be a hypergraph with E(H) = {E\,...,E,} such that
each edge has a free vertex. Then

BusIAF) = |[{F < ] 1FI =i, | | Bl = j}-
keF

Proof. Since each edge of H has a free vertex, it is enough to find the number
of basis elements ey, ., of degree j in the Taylor resolution of k[A(H)] that

sits in homological degree i. We have deg(ex, .. ) = deg(lem(zB+1 ... xFr:)).
Since all 2%%’s are square-free, deg(lem(xP*1, ... 2F%)) = |J;_, Ek,|, which
completes the proof. O
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Corollary 5.1.7. Let L& be a line hypergraph such that d > 2a. Then

4 oy J 0 ifj#ENd—a)+a
CNCNGS I S SR s B

Proof. Since d > 2a, each edge has a free vertex. Thus by Theorem 5.1.6,

B RALEN) = [{F S nls [F] = | | Bel = 5}

keF

Therefore it equals 1 if j = |J}_, E;| and 0 if j # |J;_, Es|. Since |-, E;i| =
n(d — a) + «, the assertion holds. O

We now continue towards a formula for all Betti numbers in the case when
d > 2a.

Fori € {1,...,7} let s; be positive integers and let L% be a line hypergraph
of length n. Set E(sy,...,s,,n) = {H; H is a sub-hypergraph of L& which
is comprised of r disjoint line hypergraphs of lengths s1,...,s,}. Thus if H €

E(sy1,...,8:n) H have no isolated vertices.
Lemma 5.1.8. Let s1,...,s, be positive integers such that 1 < s; =---=s;, <
Shi41 = 0 = Sli4ly < Shidlatl = 00 T Shiplatly < < Sl 41 = 0 =

Sly4etly = Sy and s1+ -+ 5, =1, then

r! n—l+1
|E(31,...,8r,n)|:ll!,,,lt!( r )

Proof. Let L& be a line hypergraph of length n and S be the set of hypergraphs
H € E(s1,...,8,n) such that A is comprised of line hypergraphs Q1,...,Q,
such that the length of Q; is s; and for any 1 < i < j < r, if vy € V(Q;) and
vy € V(Q;), then A < v. By basic counting arguments one sees that

r!

[B(s1,- 80 =

15]. (5.1)

We claim that there is a bijection between S and the set of integer solutions
(t1,...,tr41) to the equation

Ztl :n—i,
=1

subject to the conditions ¢; > 0,¢,49 > 0 and ¢t; > 1 for i € {2,...,r}. For
any H € S, let H' be the sub-hypergraph of L% with edge set £(LLY) \ E(H)
considered as a line hypergraph. Assume #H' is comprised of [ line hypergraphs
Q1,.--,Q such that for any 1 < i < j <[, if vy € V(Q;}) and v, € V(Q)),
then A < v. We have r — 1 <1 <r+ 1. Set vy = (t1,...,t,+1) where the t;,
1<i<r+1, are as follows:

(1) l=r—1,set ty,t,41 =0and t; = |E(Q,_)| for any 2 <14 < r.
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(it) If l =r and vg € V(Q1), set t; =0 and t; = |E(Q})| for any 2 < i <r+1.
(190) If I =7 and vy € V(Q}), set t,11 =0 and t; = |E(Q})] for any 1 <4 < r.
() l=r+1,sett; =1[£(Q})| for any 1 <i <r+1.
Observe that Z};i tp = Z;zl I€(Q})| = n —i. We define a function

r+1
¢: S — {(t1, - trg), tritegr 2 0itg, ot 21, Y i =n—i}
=1

by ¢(H) = vy. It is easy to see that ¢ is a bijection and hence

n—1+1
a-(2)

Thus by equation (5.1) |E(s1, ..., s, n)| = g (7). O

ll'lf‘ T

Theorem 5.1.9. Leti < n be a positive integer and let L be a line hypergraph
such that d > 2. Then

-1\ /n—1+1
iid—o(i—r kALd7a = '
aaenn@ion = (1)) ("1
for anyr € {1,...,i} and B; ;(k[A(LL?)]) = 0 for all other degrees j.

Proof. Let i < n and j be integers such that 3; ;(k[A(L%)]) # 0. Since d > 2a,
each edge has a free vertex. Thus as was shown in Theorem 5.1.6,

Bis(RALE) = {F € [n): |F| = .| | Bl =3},
keF
Let Ej,,...,E;, be some edges of L4 such that ||J;_, Ei,| = j and let H be
the line sub-hypergraph of L% with edge set {E,, ..., E;,} and assume that H
is comprised of r line hypergraphs which are of lengths s1, ..., s,. Observe that
S$14--+58, =i. Let Lf’a, t € {1,...,r}, be the corresponding line hypergraph
of length s;, so that [V(L&)| = s;d — a(s; — 1). Therefore

[V(H)| = Z(std —a(sg—1))=id—ali —T)
t=1

and so j =id — «(i — r) for some r € {1,...,i}. Hence
5i,id—0¢(i—7") (k[A(LgL’a)]) = Z ‘E(Slv ceey Sy n)|
1<s; <o <sye
S1ttsp—i
and S; j(K[A(LL)]) = 0 for those j that can not be written in the form id —
a(i —r) for some 7. Let ly,...,l, be positive integers and P, ;,.) be the

number of integer solutions to the equation
T+ +xr=1
such that
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e z; >1forall je{l,...,7}, and
e [; components of (z1,...,x,) are equal for all i € {1,...,m}.

Then by basic counting arguments

1—1
> Ruean= (1))

m>1,0;>1
Also the number of solutions of 1 +---+z, =isuchthat 1 <z =--- =2, <
T4l = 0 = Xy, < Thtlotl = 0 = Thtlotly < 0 < Tty +1 =
ce =T 441, = T is equal to P(lh”_,lm)%'!l’”!. Thus using Lemma 5.1.8 we
see that
!0, r! n—1+1
5i,id—a(i—r)(k[A(Li7a)D = Z Pay,. ) ] - ] ]
7! Il 1y r
m>1,0;>1
n—1+1 i—1\/n—1+1
N S N )
r r—1 r
m>1,0;>1
The proof is complete. O

The remaining case when d = 2a reduces to the graph case found in [54].

Theorem 5.1.10. Let L% be a line hypergraph such that d = 2a. Then the
non-zero Betti numbers of k[A(L&)] are in degrees jo, where 2j > 4, and are
as follows:

o J—1 n+1—-254+2 j—t—1\/n+1—-25+4+2
BijaKIAMLEN) = (.. o +(7.. . o .
21— j—1 21— j—i1—1
Proof. Let £(L%Y) = {Ey,...,E,}, where E; = {21,,...,24:}. Set X; =
T1; - Tay and Xijp1 = Tat1,i - Xa, for any 4, 1 <4 <n. Here {xqq14- - Ta:}
are, for every i € {1,...,n—1}, the vertices in the intersection E; N E; 1. Then

I(L&*) = (X1 X, ..., X, X11). Since the X;’s are independent variables and
deg(X;) = a, we have

Bija (RIALEN)]) = Bij(R/(X1 Xa, -, Xn Xps1)),
where R is the polynomial ring over k in the variables {Xy,...,X,41}. The
result now follows, using Theorem 7.7.34 of [54]. O
5.1.2 Betti numbers of Hypercycles
We start with the following observation similar to Corollary 5.1.7.

Corollary 5.1.11. Let C%* be a hypercycle such that each edge has a free

vertex. Then 0 i p
Bt ={ § FZmem
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Proof. By Theorem 5.1.6,

B (RIACE) = [{F S Il [FI =, | |J Bil = 3}].
keF

Therefore it is equal to 1 if j = |Jj_, E:| and 0 if j # |U/_, Ei|. Since
| Uiy Et| = n(d — ), the assertion holds. O

We compute the Betti numbers of the hypergraph algebra of C4< in the
same manner as we did for L& in the previous section. That is, we consider
the two cases d > 2a and d = 2« separately.

Fori € {1,...,r} let s; be positive integers and let C%“ be a cycle of length
n. Set F(sy,...,s,,n) = {H; H is a sub-hypergraph of C%*, which is comprised
of r disjoint line hypergraphs of lengths s1,...,s,}.

Lemma 5.1.12. Let sq,...,5, be positive integers such that s; = --- = s, <

Sli41 = 0 = Sty < Shidlo41 = 0 T Sty < < Shided 41 = 00 =
Sly4-tl, = Sr and S1+ -+ s, =1, then

_on(r—1)! n—i—1
|F(51""’S7"n)|_l1!~--(lt—1)!< r—1 )

Proof. Let {Eg,,...,Ey, } C E(C%*). The number of sub-hypergraphs of CZ-*
that are comprised of r line hypergraphs Q1,...,Q, of lengths s1,...,s, with
E(Qr) ={Ek,,..., By, }is equal to the number of sub-hypergraphs of LZ’f‘ST_Q,
which are comprised of r — 1 line hypergraphs of lengths s1, ..., s,._1. Therefore

|[F(81y-- s 8ryn)| = nlE(S1,..., Sp—1,n — Sp — 2)],

since the line hypergraph @, can start from any of the n edges. By Lemma

5.1.8 (r—1)! 1
r—1)! n—1i—
|E(817"~7ST1vn_87”_2)|_l1!...(lt_1)!( r—1 )7

which completes the proof. O

Theorem 5.1.13. Let i < n be a positive integer and let CE be a hypercycle
such that d > 2. Then

B id—a(ir) (R[A(CD)]) = 2 ( _ 11) (n o 1)

r
for anyr € {1,...,i} and B; ;(k[A(CE*)]) =0 for all other degrees j.

Proof. Let i < n and j be integers such that 8; ;(k[A(C3)]) # 0. Since d > 2a,
each edge has a free vertex. Thus as was shown in Theorem 5.1.6,

Bus(RIACE)) = [{F Sl |F| =i, | Bul = 3}.

keF
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Let Ej,,...,E;, be some edges of C&“ such that |J;_, Ej,| = j and let H be
the line sub-hypergraph of C%® with edge set {Ej,, ..., E;,} and assume that H
is comprised of r line hypergraphs which are of lengths s1, ..., s,. Observe that
s1+-+-+s,. =1. Let Lf’a, t € {1,...,7}, be the corresponding line hypergraph
of length s, so that [V(L&)| = s,d — a(s; — 1). Therefore

[V(H)| = Z(std —a(sy—1))=1id—ali — 1)

and so j =id — a(i — r) for some r € {1,...,7}. Hence
Bii—at-n(KIACT) = Y |F(s1,-..,50,m)
1<s1 <+ <s,,
Ss1+-+sp=1

and B3; j (k[A(C%*)]) = 0 for all j that can not be written in the form id—a/(i—r)
for some r € {1,...,i}.

Construct the numbers Pq,,..1.) and Pg, m) =lm! in the same way as
in the proof of Theorem 5.1.9. Thus using Lemma 5.1. 12 we see that

N W lp!n(r =D fn—i—1
Bi,idfa(ifr)(k[A(Cgf ) = Z Pay,.. 1) : I l( ) -

! r—1
m>1,1;>1 m

_n i—1 n—1—1
Cor\r—1 r—1 )’

and the proof is complete. O

Now consider the case where d = 2a. Also this reduces to the graph case in
[54].

Theorem 5.1.14. Let C&% be a hypercycle such that d = 2a. Then the non-

zero Betti numbers of k[A(C%?)] are in degrees jo, where j < n, and are as
follows:

(i) If j <n and 2i > j, then

B HACE) = gt (470 ("),

(#7) If n =1 mod 3, then

(#7) If n =2 mod 3, then

Baus o (HA(CE)]) = 1.
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(iv) If n =0 mod 3, then
B an (HIA(CE)]) = 2.

Proof. Let £(C%*) = {E4,...,E,}, where E; = {x1,,...,2a4:}. Set X; =
Z1i Lo, and Xy = Taq1,i---xq,; for any 4, 1 < i < n — 1, where X; and
X;4+1 denote the same things as they do in the proof of Theorem 5.1.10. Then

I(CF) = (X1 X2, ..o, Xn—1Xn, X, X1).
Since X; are independent variables and deg(X;) = «, we have
B%J(l(k[A(Oz’a)]) = Bi,j (R/(X1X27 o Xp1 Xy, XnXl))

where R is the polynomial ring over k in the variables {Xi,...,X,}. Using
Theorem 7.6.28 of [54], the result follows. O

We recall from [54] that a star graph is a complete bipartite graph K7 ,, for
some n. One generalization of this graph is the d-complete bipartite hypergraph
K fl’n. Another way of generalizing the star graph is to focus on its appearance.
The following is a picture of K 4, here on vertex set {y} U {z1, 22, x3, x4}

%
SN

Definition 5.1.15. Let V be a finite set and « and d positive integers such
that d > o > 1. The star hypergraph Sffvo‘ on vertex set V is the d-uniform
hypergraph with edge set £(S%) = {Ey, ..., E,} such that

() V(Sp*) = UL Bi.
(i) For any i # j, |E; N Ey| = | )=, Ej| = .

Remark 5.1.16. If d > «, so that the situation is non-trivial, then each edge
contains a free vertex.

Theorem 5.1.17. Let V be a finite set and let S*, d > a, be a star hypergraph
on vertex set V. Then B ;(K[A(SE®)]) # 0 if and only if j = id — a(i — 1) and

7

Bria—ati ) (KIA(SE)]) = (”)

Proof. For any i and any edges Ej,, ..., Ej,, we have | Ui=1 E,|=id—a(i—1).
The number of different unions Ui:1 E;, with |Ui:1 E,| =id—«a(i—1)is
(™). Therefore using Theorem 5.1.6, we have 3; ;(k[A(S%*)]) # 0 if and only if
j=id—a(i—1) and f; ig—ai-1) (F[ASE)]) = (})- 0

3
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5.2 Poincaré series of Hypercycles and Line Hy-
pergraphs

We determine the Poincaré series Pya (2 (t) for line hypergraphs, hypercycles,
and stars hypergraphs. Recall that the Poincaré series of a graded k-algebra
R = klzy,...,2,)/I is Pr(t) = 322, dimy, Tor/(k, k)t'. [44] is an excellent
source for results on Poincaré series.

5.2.1 The case d = 2«

We start with the case d = 2a. Let E; = {®i1,..., Tia, Thy,s- - -, iy}, Where
{xgj} € E;11 and denote by M the set of all binomials z;; — x; and z}, — x7;.
The elements of M form a linear regular sequence (this is proved by Froberg in
[36]) of length (n+ 1)(cv — 1) for the line hypergraph and of length n(a — 1) for
the hypercycle. Factor out by these sequences in k[A(L%)] and k[A(C%*)],
respectively, and denote the results by

KIALR) = kley, ... wnpa] /(2825 2528, .. anan )
and
EIACE™) = K[x1, ..., xn)/(x2y, a5xs, ... o8 2% x%xS),

respectively. Then by [44, Theorem 3.4.2 (ii)] we have
Pygauzmen(®) = (1L + 8O0 2y (1)

and
Pyagczeoy(®) = L+ )"V Py caony (0).

Now k[A(L2*%)] and k[A(C2*?)]" obviously have the same (ungraded)
Poincaré series as the graph algebras

E[A(Ly)] = k[A(LQ’l)] =k[z1,...,Zny1]/(T122, T2T3, . . . TpnTy1)

E[A(C,)] = k[A(Cﬁ’l)] =klz1,...,xn)/(v122, T2Z3, . . ., Ty 1T, TpT1),

respectively.
For a graded k-algebra R = @2, R; the Hilbert series of R is defined as
Hp(t) =Y 2, dimg(R;)t". The exact sequence (of k-algebras)

0 — (Tn+1) — k[A(Ly)] — K[A(Ln)]/(@n41) — 0

a.nd K[A(Ln)]/(@n41) = E[A(Lp—1)] and (2n4+1) = E[A(Ln—2)] ® Tny1 - k[Tng]
gives
t

Hiaw,(t) = Hyaw, - (t) + ﬁHk[A(Ln_z)](t)' (5.2)
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The exact sequences
0 — (z1,2n_1)(—=1) — E[A(C)](=1) 25 k[A(C)] — E[A(Lp_2)] — 0
and
0 — (z1,2n-1) — k[A(CL)] — E[A(CY)]/(x1,2p—1) — O
and k[A(CY)]/(x1,2n—1) =2 K[A(Lp—4)] @ klx,] gives
Hyjaen)(t) = Hyama o () + %Hkmwwn (t). (5.3)

Now Ek[A(C,)] and k[A(L,)] are (as all graph algebras) Koszul algebras [34,
Corollary 2], so

Pyiace,(t) = 1/ Hyac,y (=)
and
Pyiawa(t) = 1/Hgar,)) (—1)-
Since k[A(Lo)] = k[z1] and k[A(L1)] = k[x1, z2]/(z122), we have

Hyaoy(t) =1/(1 —1)

and
Hya@y () = (1 +¢)/(1-1).
If we put k[A(L_1)] =1 equations (5.2) and (5.3) give the first Hilbert series:

o Hya(wy(t) =1+t —12)/(1—1t)?

o Hya(ryy(t) = (1+2t)/(1 - t)*

o Hynwyt)=0+2t—t>—13)/(1—1t)3
o Hyaryy(t) = (143t +¢* —%)/(1 - t)?
o Hijagey(t) = (1+2t)/(1 1)

o Hyacy(t) = (1+2t—2)/(1—1t)?

o Hyao(t) = (1+3t+2)/(1 1)

o Hya(coy(t) = (1+3t—2t%)/(1—t).
Thus we get

o Puaa(t) = (1 +1)%/(1—t—12)

o Pya(r) () = (1+1)%/(1—2t)

o Praay(t) = (1+1)°/(1 -2t — 12 +1%)
o Priaon(t) = (1+1)°/(1 =3t + 12 +1%)
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o Pyaccs)(t) =1 +1)/(1—2t)

o Pyacy(t) = (L +1)2/(1 -2t —1?)
o Pyaccs(t) = (L+1)?/(1 =3t + %)
o Puacce(t) = (L+1)3/(1— 3t +2t3).

We collect the results in

Theorem 5.2.1. The Poincaré series of k[A(Ly)] and k[A(C),)] satisfy the
recursion formulas

(1 + ) Pyiacr, 1)) Prac, 2) (@)
(1 +8) Pria(Ln_2) () = tPra@, 1) (f)

where Pk[A(Lg)] (t)=1+1t and Pk[A(Ll)](t) =(14t)/(1—1t) and

_ (4 Pua, O Praw, ()
Briaw, ) () + 1+ ) Praz, ) (¢)

Praw,)(t) =

Priace)

Furthermore
Pyapzeay () = (14 ) DO P ()

and
Pyaczeey () = (1+ )™= Pyiaceny (1)-

5.2.2 The case 2a < d

Next we turn to the case 2a < d. Now each edge has a free vertex so by Lemma
5.1.5 the Taylor resolution of the respective hypergraph algebra is minimal.
In that case there is a formula for the Poincaré series in terms of the graded
homology of the Koszul complex [35, Corollary to Proposition 2]: Let R be a
monomial ring for which the Taylor resolution is minimal and denote by Kg
the Koszul complex. Then the homology H(Kpg) is of the form H(Kg) =
klui,...,un]/I, where I is generated by a set of monomials of degree 2. Define
a bi-grading induced by deg(u;) = (1, |u;|), where |u;| is the homological degree.
Then Pgr(t) = (1 4+ t)¢/Hgr(—t,t), where e is the embedding dimension and
Hp(z,y) is the bi-graded Hilbert series of H(KFg), see [35].

We begin with the hypercycle. The homology of the Koszul complex (which
computes the Betti numbers) is generated by {z;}, where I = {i,i+1,...,j} cor-
responds to a path {E;, Ei11,..., E;} in C#* (indices counted modulo n). Thus
there are n generators in all homological degrees < n and one generator in homo-
logical degree n. We have z;z; = 0if IN.J # (). Thus the surviving monomials
are of the form m = zy, -+ -z, where ; N I; = 0 if i # j. Let 23:1 |I;| =i If
the bi-degree of m is (r, Z;Zl |1;]) then m lies in H(KR); di—a(i—r).- The graded
Betti numbers are determined in Section 5.1.2. The non-zero Betti numbers are

1\ (n—i—1
Braanin@Eon =2 (1) ("I 1srsicn

r
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and
Brn(d—o) (RIACH)]) = L.

This gives the Poincaré series.

Next we consider the line hypergraph. The homology of the Koszul com-
plex is generated by {z;}, where I = {i,7+ 1,...,5} corresponds to a path
{Ei,Eit1,...,E;} in L&, Thus there are n + 1 — 4 generators of homologi-
cal degree i. We have z7z; = 0if INJ # (). The graded Betti numbers are
determined in Section 5.1.1. The non-zero Betti numbers are

Brdi sy (KIA(LE)]) = (Z - 1) <” —it 1), l<r<i<n

r—1 T

The same reasoning as above gives the Poincaré series. We state the results in
a theorem.

Theorem 5.2.2. If2«a < d, then

P (0 (14 ¢)ntd=e)
d,x t == g - - 3
D D S G [

r\r—1 r—

and (o)t
1 t n — «
- (1+1)

a.ay) (£) = =1\ (n—i o
E[A(L7 )] 1+Zl§r§z§n(_1)r( 1)( 7«+1)tl+r

r—1

5.3 The Hyperstar

The edge ideal of the star hypergraph is of the form m(my,...,m,), where m
is a monomial of degree a. Then k[A(S%)] is Golod [44, Theorem 4.3.2]. This
means that

Theorem 5.3.1.

Basten®) = (401 /(1= 3370 = (1 ya-ervey1 = 35 (7))
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Chapter 6

Connectivity for uniform
hypergraphs

For graphs and simplicial complexes there is a natural notion of being connected.
This property may be described purely in terms of 0-homologies of certain chain
complexes. As we have mentioned, the notion of a connected hypergraph may
be defined in several ways. In this chapter we introduce in a homological fashion
a concept of connected hypergraph.

6.1 Connectivity and depth

Definition 6.1.1. Let H be a d-uniform hypergraph and k be a field. The
connectivity of H over k, con(H), is defined as

con(H) = min{|V]; V C [n],dim F[d_z((AH[”]\v; k) # 0}.

Definition 6.1.2. Let k£ be a field. If H is a d-uniform hypergraph with non-
zero connectivity over k, we say that H is homologically connected over k. If
‘H is homologically connected over every field, we say that H is homologically
connected.

Note that in the case of graphs, this is the usual notion of connectedness.
Also, in terms of homological connectedness, the connectivity of a d-uniform
hypergraph H, is the cardinality of a minimal disconnecting set of vertices.

Proposition 6.1.3. If H is homologically connected over Q, it is homologically
connected over every field k.

Proof. By the Universal Coefficient Theorem we have
Hi(Ag; k) 2= Hi(Aqy; Q) @ k © Tort (Hi—1(Ay) k).
Now if we consider the clique complex Ay of a non-empty d-uniform hypergraph,

Hy(Ayy: k) = 0 for every | < d — 3 over every field k. O
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Proposition 6.1.4. If G is an induced hypergraph of a d-uniform hypergraph
H, such that G is not homologically connected over k, then

Bv(g)—a+1(k[An]) # 0
Proof. We will use the fact that (Ay)y = Ay, Consider Hochster’s formula
with i = |[V(G)| — d + 1;

By —arr (B[An]) = Y dim Hyy|-jy(g)+a-2(Doy i K) >
VCV(H)
dimy, ﬁd,Q(Ay(g); k‘) > 0.
O

Corollary 6.1.5. If G is an induced hypergraph of a d-uniform hypergraph H,
such that G is mot homologically connected over k, then

V(@) —d+1<pdk[Ay] <n,
0 < depthk[Ay] <n—|V(G)| +d—1,
where n = |V(H)|.

Proof. Tt is well know that (Hilbert’s syzygy theorem) n > pd R/Ia,,. Fur-
thermore, according to the lemma, B‘V(g)‘_d_;,_l(H) > 0. This gives the first
assertion. The second follows from the first using the Auslander-Buchsbaum
formula. U

Corollary 6.1.6. If H is a d-uniform hypergraph that is not homologically
connected over k, then

n—d+1<pdk[Ay] <n, (6.1)
0 < depthk[Ay] <d -1, (6.2)
where n = |V(H)|.

If H is a d-uniform hypergraph that is not homologically connected we will
see (Theorem 6.1.10 below) that the left inequality in (6.1) and the right inequal-
ity in (6.2) are in fact both equalities. First, we prove the following theorem,
which connects the depth of the Stanley—Reisner ring k[A], with the connec-
tivity of H.

Theorem 6.1.7. Let Ay be the clique complex of a d-uniform hypergraph H
with |V(H)| =n and put g = depth k[Ay]. Then,

con(H)=g—d+r+1,

where 1 is the minimal number such that Bn—g—rn—g—r+d—1(k[Ax]) # 0. That
is, T is the minimal number such that there exists a V. C V(H), V| =n— (g —
d+r+1) with Hg_o(Ayy 3 k) #0

96



Remark 6.1.8. If H is a d-uniform hypergraph, recall that the linear strand of a
resolution of k[Ay] is the part of the resolution that is of degrees (i,i+d — 1).
Note that r = pd k[Ay] — max{i; B; ;+a—1(k[Axn]) # 0}.

Proof. We know that Torffg(k:[AH], k) # 0, but Tor? ,(k[Ax], k) = 0 for every
i < g. In particular, Tor?_,(k[A%], k); = 0in every degree j if i < g. This gives,
via Hochster’s formula, that ﬁw‘,(n,iH)(Ayv;k) = 0 for every V C V(H),
i < g, and that there exists a V C V(#) such that ﬁI|V|_(n_g+1)(AHV;k) # 0.
Let r > 0 be the minimal number such that Tor,}ff(ng,,)(k[AHLk:)j # 0 for
j=mn—(g9—d+r+1). This is the same thing as saying that there exists a
VCVH), |V|=n—(g—d+r+1), such that Hy_o(Ay,; k) # 0 but at the
same time, for any V C V(H), |V| > n — (9 —d +r + 1), the homology of Ay,
in degree d — 2 is zero. This means precisely that con(#) =g—-d+r+1. O

If in the following corollary H is 2-uniform we get as a special case Lemma
3 in [39].
Corollary 6.1.9. Let H be a d-uniform hypergraph and suppose the length of
the linear strand of k[Ay] is mazimal. Then

depth k[Ay] = con(H) +d — 1.

Theorem 6.1.10. Let H be a d-uniform hypergraph with |V(H)| = n. Then H
s not homologically connected over k precisely when

pdk[Ay]l=n—d+1,

depth k[Ay] =d -1,
and the length of the linear strand of k[Ay] is mazimal.

Proof. We know that n —d 4+ 1 < pdk[Ay] < n. Put pdk[Ay] = n — 1,
0 <r <d—1. Hochster’s formula gives

Brn—r(k[Ax]) = Z dimy, Hyy |- (n—r)—1(Apey 1 k).
VEV(H)

Ifr <d—2then |V|—(n—7)—1<|V|—n+d—3 <d—3. But H(Ay,;k) =0
for all I < d — 3 and for all V C V(H).

The last claim follows from Theorem 6.1.7 since not being homologically
connected is the same thing as having connectivity 0. O

Example 12. Since homologically connected and connected are the same things
for an ordinary simple graph G, we have pd k[Ag] = n — 1 and depth k[Ag] =
1 for any simple graph G that is not connected. Furthermore, the length of
the linear strand of k[Ag] is maximal. This special case of Theorem 6.1.10 is
Theorem 4.2.6 in [54].
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Corollary 6.1.11. Let H be a d-uniform hypergraph. If k[Ay] is Cohen—
Macaulay of dimension at least d, then H has non-zero connectivity. Put another
way, the only d-uniform hypergraph H with connectivity 0 such that k[Ay] is
Cohen—Macaulay, is the discrete hypergraph.

Proposition 6.1.12. Let H be a d-uniform hypergraph with |V(H)| = n. Then
the Betti number By, —aq+1(k[Ax]) can be non-zero only in degree n. Furthermore,
it determines whether H has non-zero connectivity or not.

Proof. This follows from Hochster’s formula and the fact that 8; ;j(k[Ay]) =0
if j<i+d— L O

Remark 6.1.13. In the case of ordinary simple graphs it follows from the above
proposition that the number 5,1 (k[A%]) + 1 is the number of connected com-
ponents of G.

Example 13. Let H be the 3-uniform hypergraph on vertex set {a, b, ¢, d} and
with edge set £(H) = {{a,b, ¢}, {b,c,d}}. We may visualize H as follows:

b

N
N%

c

a

By computing the Betti numbers of k[Ay] one sees that Sa(k[Ay]) = 1. If we
add to the edge set the edge {a,b,d}, the resulting hypergraph has non-zero
connectivity.

Example 14. Let H be the 3-uniform hypergraph on vertex set {a,b,c,d, e}
and with edge set E(H) = {{a,b,c},{c,d,e}}. H is illustrated below:

Ny
N

The Betti number S5(k[Ay]) = 4 shows that H has 0 connectivity. If we create
new hypergraphs by, in turn, adding to the edge sets the edges {a, ¢, d}, {b,c, e}
and {a,b,d}, we do not obtain hypergraphs with non-zero connectivity. If we
finally add the edge {a,b, e} we arrive at a hypergraph with edge set

{{a,b,c},{c,d, e}, {a,c,d}, {b,c,e},{a,b,d},{a,b,e}},

that has non-zero connectivity.
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Example 15. Let H = (K%)¢. Then we know that (Theorem 2.2.3)

suatkan) = (7)(521):

Hence H has connectivity 0. This is quite natural since it generalizes the fact

that the discrete graph on n vertices has n = (Zj) + 1 connected components.

Example 16. We have seen that k[A Fedtatss, ap] has linear minimal free resolu-
MY yeeny ng
tion and projective dimension n—d+1, where n = >.'_, n;. Hence (Ki‘fﬁ?}_j;;i;“”)c

has connectivity 0.

Lemma 6.1.14 ([37], Lemma 7). Let k[A] be a Stanley—Reisner ring with
dim k[A] = e and with embedding dimension n. Then k[A] is Cohen-Macaulay if
and only if H;(Avy; k) = 0 for everyi and V. C V(H) such that |V| = n—e+i+2.

Assume H is a d-uniform hypergraph such that k[A/] has linear resolution.
Since induced complexes Ay, can only have homology in degree d —2, one gets:

Corollary 6.1.15. Let H be a d-uniform hypergraph with |V(H)| = n. Assume
dim k[Ay] = e and that k[Ay] has linear resolution. Then k[Ay] is also Cohen—
Macaulay if and only if Hy_2(Ayy:k) = 0 for every V. C V(H) with |V| =
n — (e — d). Furthermore, in this case we have that

e=con(H)+d—1.

Proof. The if and only if statement follows from Lemma 6.1.14 and the last
claim follows from Corollary 6.1.9. O
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Chapter 7

A weak version of
shellability

Pure shellable simplicial complexes is somewhat of a cornerstone of combinato-
rial commutative algebra. This is perhaps mostly since they provide a rather
non-technical way of showing that a complex A is Cohen—Macaulay. Also,
shellability may be used together with Alexander duality to show that certain
rings have linear quotients.

7.1 d-shellability

We start by recalling the definition of pure and non-pure shellability.

Definition 7.1.1. Let A be a simplicial complex with F(A) = {F,..., Fi}.
A is called pure shellable if

(i) |Fi| = |F;| for every pair of indices 1 <i < j <t.

(#4) There exists an ordering Fy,< --- <, F} of the facets such that (Fj) N
(F1,...Fj_1) is generated by a non-empty set of proper maximal faces of
(Fj) for every j € {2,...,t}.

A simplicial complex A is called non-pure shellable if (¢7) but not (z) holds. If A
is a shellable (pure or non-pure) simplicial complex a linear order Fy < --- < Fy
of F(A) as in (i¢) is called a shelling of A.

Remark 7.1.2. Tt is well known, see for example [11, Theorem 5.1.13], that
pure shellability implies Cohen—-Macaulayness. This also follows from Corollary
7.1.15 below and the Eagon—Reiner Theorem.

In the following two definitions we introduce the concepts of d-shellability
and d-quotients.
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Definition 7.1.3. Let A be a simplicial complex with F(A) = {F1,..., F;}.
A is called d-shellable if its facets can be ordered F; < --- < F}, such that
(Fj) N (F1,...,Fj_1) is generated by a non-empty set of proper faces of (F}) of
dimension |F;| —d — 1 for every j € {2,...,t}.

Remark 7.1.4. The concepts of being 1-shellable and shellable coincides. If A
is a simplicial complex, a linear ordering of F(A) satisfying the conditions of
Definition 7.1.3 is called a d-shelling of A.

Definition 7.1.5. Let I be a monomial ideal. We say that I has d-quotients
if there exists an ordering ™! < --. < z™ of the minimal generators of [
such that if for every s € {1,...,t} we put Iy = (¢™,...,2™<), then there are
monomials xbsi, i € {1,...,7r,}, degabsi = d for all 4, such that

mS:( b

Iy q:x aba L abers).

The motivation behind these definitions is the following well known theorem,
which we generalize below.

Theorem 7.1.6. Let In = (x™*,...,2™) be a square-free monomial ideal.
Then Ia has linear quotients (that is, 1-quotients) precisely when the simplicial
complex A* is shellable.

Example 17. The simplicial complexes ALz,a and Acg,a are both (d — «)-
shellable.

Theorem 7.1.7. Let Ian be a square-free monomial ideal. Then In has d-
quotients precisely when the simplicial complex A* is d-shellable.

Proof. Assume the vertex set of Ais V. Let Ia = (z™,...,2™), where the 2™
are the minimal generators. The set of facets of A* is F(A*) = {F1,..., Fi},
where F; =V ~m,; fori e {1,...,t}.

Assume Ia has d-quotients. If for every 1 < i < j < t, x%: denotes the
minimal generator of (x™¢) : ™, then I;_y : 2™ is minimally generated by
the set {x%1,... ,x%r}, for some r < j — 1. This is equivalent to saying that
the sets a;,, o € {1,...,/,}, that all have cardinality d by assumption, are
precisely the minimal subsets of V such that F; \ a;, C F; for some 1 <17 < j
and that (Fj;) N (F1,...,Fj_1) is pure of dimension |Fj| —d — 1 and equals
<Fj AN aj17~-~7Fj AN CLjT>.

The converse is proved by a similar argument: Assume A* is d-shellable, and
let F(A*) = {Fy,...,F;}. Put m; =V ~ F;. Then the ideal Ia is minimally
generated by the monomials ™ ¢ € {1,...,t}. For every j € {2,...,t}, we let

aj,, o € {1,...,j,} denote the minimal subsets of F; that one has to remove in
order for Fj~\aj;, to be a generator of (F;)N(F}, ..., Fj_1). Then the monomials
x%e are precisely the minimal generators of I;_; : 2. O

The following theorem occurs frequently in the literature. It shows that sim-
plicial complexes that are 1-shellable may be defined in (at least) three equiva-
lent ways:
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Theorem 7.1.8. Let A be a simplicial complex on vertex set V with F(A) =
{F1,..., F:}. Then the following conditions are equivalent:

(1) A is shellable and Fy < --- < F} is a shelling.

(i¢) For alli,j, 1 < i < j <'t, there exist a vertex v and an integer k with
1<k<j, such that v € F; \ F; and F; \ Fy, = {v}.

(13i) The set {F € V|F € (Fy,...,F;), F & (F1,...,Fj_1)} has a unique
minimal element for all 2 <1 < t.

Two of these statements, slightly modified, remain equivalent in the case of
d-shellable complexes also for d > 1.

Theorem 7.1.9. Let A be a simplicial complex on vertex set V with F(A) =
{F1,...,F:}. Then the following conditions are equivalent:

(1) A is d-shellable and Fy < --- < Fy a d-shelling.

(1) For alli,j, 1 <i < j <t, there exist some set a; CV, |aj| =d, and a k
with 1 < k < j, such that a; C F;, a; N F; =0 and F; \ Fy, = a;.

Proof. The implication () = (ii) follows by considering the proof of Theorem
7.1.7. For the converse let F' be a face of (Fj) N (F1,...,F;j_1). Then F lies in
some (F;), i < j. Let a; be a set that fits the description in (¢¢). Then F' is also
a face of (F; \ a;) so (F;) N (Fh,...,Fj_1) is pure of dimension |F;|—d—1. O

Remark 7.1.10. Let A be a simplicial complex on vertex set V and F' a face of
A. The link of F', Ika F, is by definition the simplicial complex with faces

{GCV;GNF#0,GUF € A}.

As for shellable complexes, links of faces of d-shellable complexes stay d-
shellable:

Proposition 7.1.11. Let A be a d-shellable complex and F' a face of A. Then
Ika (F) is again d-shellable.

Proof. Assume F} < --- < F; is a d-shelling of A and that the face F' lies
in the facets Fj,,..., F; , where 17 < .-+ < i,. Put G;;, = Fj; ~ F. Then
Ika(F) = {Gyy,...,Gs.}. If j < rand G is a face of Gi; N (Gyy,...,Gy;_,),
then FUG is a face of F;, N (F1,...,F;, ). Hence, if G is maximal we see that
|G| = |F;,| — |F| — d, which is our result. O

Splittable monomial ideals were introduced by Eliahou and Kervaire in [21]
and has been studied in for example [33, 46, 45]. This class of ideals is well
behaved in the sense that their Betti numbers satisfy the FEliahou—Kervaire
formula, see [21] Proposition 3.1. The following definition (that is Definition 1.1
in [33]), captures the content of the Eliahou-Kervaire formula in an axiomatic
way.
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Definition 7.1.12. Let I, J and K be monomial ideals such that G(I) is the
disjoint union of G(J) and G(K). Then I = J + K is a Betti splitting of I if

Bij(I) = Bij(J) + Bij(K) + Bi-1,;(J N K)
for all i € N and (multi)degrees j.

It follows from [33, Proposition 2.1] that I = J 4+ K is a Betti splitting of T
if and only if the mapping cone of the lifting of the map JN K — J & K to the
corresponding minimal free resolutions is a minimal free resolution of I.

Theorem 7.1.13. Denote by R the polynomial ring klx1,...,z,] and let I =
(z™,...,2™) C R, dega™ = d for every i € {1,...,t}, be a square-free
monomial ideal with d-quotients, d < d'. For each s € {1,...,t} put I, =
(x™,...,2™=). Then

(1) Is = Is_1+ (x™) is a Betti splitting.

(1) Bij(R/(Is=1 : x™=)(—=d")) and B; ;(R/Is_1) are not non-zero in any com-
mon degree j for anyi>2, s € {2,...,t}.

(#91) For alli, 2 <i <pdgr(R/I), we have
Bi(R/T) =) Bima(R)(Ls—y : 2™ )(=d)).

Proof. By [33, Proposition 2.1] (i) and (i) are equivalent. (4i7) is a consequence
of (4) (and (7)) since if we assume that (¢) holds, then for every s € {2,...,t}
we have an exact sequence

0= R/(Iy_y : 2™ )(—~d)"SR/I,_1 — R/I, — 0,

where the second map is multiplication by x™=. It follows from the long exact
Tor-sequence that 8;(R/I) = Bi(R/Is—1) + Bi—1(R/(Is—1 : ™ )(—d’)). Noting
that B2(R/I1) = 0, (ii) follows by induction.

To prove (7), let 2 < r <t and consider the following exact sequence

0—=IL_1Nn@™)=I_1® (@)= I, —=0. (7.1)

The non trivial maps are z — (z,—z) and (z,y) — = + y. Let F. and G. be
the minimal free resolutions of I,_; N (z™r) and I,_; & (2™ ) respectively. We
show that the mapping cone, cone(a), of the lifting a: F. — G. of the left map
in the above exact sequence is the minimal free resolution of I,.. By looking at
the generators of the ideals I,_y : ™" and I,._; N (z™), it is clear that we have
an homogeneous R-module isomorphism

Loy 2™)(=d') = Loy 0 (&™),
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the map being multiplication by x™~. Hence we wish to show that the mapping
cone of the lifting of the injection

Ly s a™ ) (~d) = Ly @ (™)

gives a minimal free resolution of I,.. Note that the minimal free resolutions of
I._7 and I,_1 ® (™) only differ in a simple way at the bottom degrees. Hence
the mapping cone of the lifting of the map (I,_1 : 2™)(—=d') = I,_1 & (z™)
is essentially the same (except possibly in the bottom degrees) as the mapping
cone of the lifting of the injection (I,_; : ™) (=d’) — I 1.

Let F'. and G’. be the minimal free resolutions of R/(I,.—; : ™ )(—d’)
and R/I._; respectively, and o': F'. — G’. a lifting of the map R/(I,—1 :
z™)(—d") — R/I,_1. Hence cone(a) and cone(a’) are the same except possibly
in the bottom degrees after shifting the homological degrees one step. It is
known that, see Exercise A3.30 in [19], if we have an ideal J/I in a quotient
ring R/I, the mapping cone of the lifting of the inclusion J/I — R/I provide a
free resolution of R/J. Since R/(I,—1 : ™) = I,./I_1, the result follows after
separately considering the bottom degrees. O

Corollary 7.1.14. Denote by R the polynomial ring k[z1,...,x,] and let I =
(z™,...,2™) C R, dega™ = d for every i € {1,...,t}, be a square-free
monomial ideal with d-quotients, d < d'. Assume the minimal generators of
Is_y : x™s forms an R-sequence for every s € {1,...,t}. Then B; ;(R/I) is
non-zero only for j =i+d — 1+ (i —1)(d — 1) and for all i, 2 <1 < pd(R/I),

we have ,
satrn =3 (,"))

s=2

where rg is the cardinality of the minimal generating set of Is_1 : x™=.

Proof. Let I,y : 2™ = (abs1,... 2% ). Tt is then easy to see that B;(R/(Is_1 :
a™)(—d')) = (%) in degree j = id + d’ and zero in all other degrees. By
induction, §;(R/Is—1) is non-zero only in degree j =i+d —1+(i—1)(d—1) =
d’'+id—d. This shows that 3;(R/I) may be non-zero only in degree j = i+d' —
14 (i—1)(d—1) and that 3;(R/Is) = Bi(R/Is—1) + Bi—1(R/(Is—1 : x™=)(=d")).
The result now follows by induction and Theorem 7.1.13. O

Corollary 7.1.15. Denote by R the polynomial ring k[x1,...,x,] and let I =
(x™,...,2™) C R, dega™ = d for every i € {1,...,t}, be a square-free
monomial ideal with linear quotients. If for each s € {2,...,t}, Is_1 : 2™ =
(Tsy,.-,2s,, ), then for all2 < i <pd R/I, B; j(R/I) is non-zero only in degree
j=1+d —1 and we have

auEm =3 (7))

s=2
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Part 11

Positive affine monoids
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Chapter 8

Positive affine monoids

For numerical monoids S the Krull dimension of the ring k[S]/k[S] is always
zero. This is of course because the set of gaps H(S) is finite, a property that
does not hold in general for positive affine monoids of higher rank. We exam-
ine here in a combinatorial fashion positive affine monoids S with H(S) finite,
or equivalently, positive affine monoids with dim k[S]/k[S] = 0. This class of
monoids turns out to behave in some respects like numerical monoids. In par-
ticular we describe the maximal elements in certain posets whose elements are
positive affine monoids. This description provides natural higher dimensional
versions of familiar classes of numerical monoids such as the class of symmetric
numerical monoids.

8.1 Iterated Frobenius numbers

Recall from the introduction that we assume all affine monoids S are embedded
in Z? where d = rank S is the rank of gp S. Thus in this chapter whenever N¢
or Z%* occur without further explanation, d is the rank of S. Also recall that d
equals the dimension of the cone R>¢S generated by S. Positive affine monoids
S are assumed to be embedded in N?, d = rank S.

In the sequel we will use the following partial ordering:

e If S is an affine monoid and a and b are two elements in gp S we say that
a <g b if and only if a + s = b for some element s € S.

Since N is a monoid we obtain as a special case the familiar ordering <ya, where
for any two elements a = (a1, ...,aq) and b = (b1, ..., bq) we have a <ya b if and
only if a; < b; holds for every i € {1,...,d}. Note that if a and b are elements
of a positive affine monoid S and a <g b, then a <y« b.

Given an affine monoid S we defined in the introduction a set T'(S) by

T(S)={vegpSiaé¢SatS CSih

We may deduce that T'(.S) is finite.
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Lemma 8.1.1. Let S = (s1,...8,) be an affine monoid. Then |T(S)| < oc.

Proof. Let s be any non-zero element of S and consider the S-graded ideal
(t5T%; u e T(S)) of k[S]/(t%). The fact that T'(S) is finite follows since k[S]/(t%)
is Noetherian and the minimal generators of the ideal (t°7%; u € T(S)) are in
1-1 correspondence with the elements in T'(.S). O

Remark 8.1.2. In the case of numerical monoids the above lemma yields the
fact (see Remark 1.2.5) that |T(S)| equals the Cohen—Macaulay type of k[S].
See [40] for details.

Example 18. We note that S being finitely generated need not imply H(S)
finite. Let S be the sub-monoid of N? generated by the elements

{(0,2),(1,0),(1,1)}.
Here T'(S) is the empty set but H(S) consists of all points (0,2k + 1), k € N.

Remark 8.1.3. For any subsets A and B of Z¢, we denote by A — B the set of
differences {a — b; a € A,b € B}. If the set A consists of only one element, a
say, we write a — B instead of A — B.

Let S be an affine monoid and denote by To(S) = {ho1,...,hor,} the set
of maximal elements in 7'(.S) with respect to the partial order <y«. We define
sets T;(S) recursively as follows: Assuming we have defined already T;(S), j €
{0,1,...,i—1} we define T;(S) to consist of the elements z € R>¢SNgp S that
are maximal relative <y« with the properties

ez ¢S
e x ¢T;(5)—S,j€{0,...,i—1}.

Remark 8.1.4. If T;(S) = 0 for some number ¢, then T;(S) = @ for all j > i as
well. This follows readily from the definition of the sets T;(.9).

Remark 8.1.5. Let S be an affine monoid of rank d. A finite subset Ty C N¢
can satisfy Ty = Ty(S) only if Tp is an anti-chain in the poset (Z%, <ya).

Example 19. Let S be the sub-monoid of N? generated by the elements
{(1,k); k € N}.

Then T'(S) consists of all integer points on the y-axis so [T'(S)| = oo but Tp(S) =
(. According to Remark 8.1.5, T;(S) = 0 for all i > 0.

Definition 8.1.6. The elements in the set (J,~,7i(S) are called the iterated
Frobenius numbers of S. -

We now display an important property of the iterated Frobenius numbers.

Proposition 8.1.7. Let S be a positive affine monoid with H(S) finite. Then

7(S) = |J T3 (9).

=0
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Proof. The elements of Ty(S) belong to T'(S) by definition. Assume all ele-
ments in U;_B T;(S) belong to T(S) and consider an arbitrary iterated Frobe-

nius number h; € T;(S). If h; ¢ T(S) there is an element s € Sy such that
h; + s ¢ S;. By considering the maximal property defining h; we conclude
that h; +s € To(S) — S for some a € {0,...,4 — 1}. This however yields a
contradiction since if h, € To(S) and s’ € S we have

hi+s=hy—5§

e
hi=ho — (s +8) € ho — S.

Thus ;5o 73(S) € T(S5).
By the first part of the proof T;(S) can be non-empty only for a finite number
of integers i. Assume T;(S) = 0 for j > 4. If T(S) # ;- 7;(S5) the finite set

{zeRx0SNgpS;a ¢ Sa¢ | JTi(S) - S}

Jj=0
is non-empty. This however would imply T;11(S) # 0 which is a contradiction.

Thus T(S) € U;5( T;(S5) and we are done. O

Corollary 8.1.8. Let S be a positive affine monoid and assume h; € T;(S) and
hi € Ti(S). Then either hi+hy, € S or hi+hy, € T,-(S) where 0 < r < min{i, k}.

Proof. Assume h; + hy, ¢ S and let s € Sy. Then
hi+hy+s=h;+ (hx +s)=h;+s =5"

where s’ and s’ belong to S. Hence h; + hy, € T(S) so h; + hy € T,.(S) for
some r > 0. It follows from the definition of the iterated Frobenius numbers
that 0 < r < min{4, k}. O

Remark 8.1.9. The property in Corollary 8.1.8 of the iterated Frobenius numbers
will be used many times in the sequel.

Remark 8.1.10. For numerical monoids S the elements of the set T'(.S) are known
as Pseudo-Frobenius numbers, see [43]. However, due to the above proposition
the name iterated Frobenius numbers is motivated.

The following lemma describes for positive affine monoids T'(S) as a subset
of H(S). For numerical monoids the lemma is part of Proposition 1.19 in [43].

Lemma 8.1.11. Let S be a positive affine monoid. Then we have the following:

(i) T(S) consists of the elements of H(S) that are mazimal with respect to
the partial order <g.

(1) To(S) consists of the elements of H(S) that are mazimal with respect to
the partial order <ya.
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Proof. The elements of H(S) that are maximal with respect to the partial order
< are precisely the elements that are characterized by the fact that x+s € S for
any s € Sy. This proves (i). The second assertion follows from the definition
of Tp(S) and the fact that being maximal with respect to <y« implies being
maximal with respect to <g. O

Proposition 8.1.12. Let S be a positive affine monoid. Then the following are
equivalent:

(1) H(S) is finite.
(ii) H(S) = (T(S)— S)NN<.
(130) If x € H(S) there is an element s € S such that x + s € T(S).

Proof. The fact that (i) and (4i7) are equivalent follows from Lemma 8.1.11 and
Proposition 8.1.7. (iii) clearly implies (i¢) and (i¢) implies (7) since in this case
H(S) lies in a bounded region of N<. O

Consider a positive affine monoid S with H (S) finite and let z be an arbitrary
non-zero element in —S = {x € Z¢; —x € S}. Since z € gp S we have v = s — s’
for some elements s and s’ in S. Then

0 <na hoi <ya hoi —x=ho;—(s—58)=ho;+s —s=s"—segpS. (81)
Now, since H(S) is finite we have
hoi € To(S), hoi <ne ¥,y € S =y € S, (8.2)
and so hg; —x € S by (8.1). This proves

Corollary 8.1.13. Let S be a positive affine monoid such that H(S) is finite.
Then -
~5¢ () (hoi—9). (33

Remark 8.1.14. The corollary provides a generalization of the fact that all neg-
ative integers are in g —.S when S is a numerical monoid with Frobenius number
g. Also, we may view (8.2) as generalizing the fact that every integer greater
than the Frobenius number lies in S when S is a numerical monoid.

It is well known that numerical monoids have Cohen—Macaulay monoid rings,
a property that does not hold in general for positive affine monoids, in particular
not if H(S) is finite non-empty and rank.S > 2. Indeed, Hoa and Trung have
characterized the positive affine monoids that have Cohen—Macaulay monoid
rings, see Theorem 8.1.15 below. We review the notions that are used in that
theorem:

Let S be a positive affine monoid and denote by F;, i € {1,...,m}, the set
of facets of the cone R>(¢S. Put

Si={xegpS;x+seS forsomese SNEF;},
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and S’ =%, S;. Furthermore, for every subset J C {1,...,m} we put

Gr=)S~U s

i¢J jeJ

Finally, we let m; be the abstract simplicial complex consisting of the non-
empty subsets I C J for which

(SN E; #{0}.

i€l

Theorem 8.1.15 (Hoa and Trung [53]). The monoid ring of a positive affine
monoid S is Cohen—Macaulay if and only if

e S=95 and

o for every non-empty subset J C {1,...,m}, either G is empty or else the
chain complex of m; has zero reduced homology, that is, 7y is acyclic.

Remark 8.1.16. Let S be a numerical monoid. Then R>¢S = N, so the only
facet is {0}. Then S’ = S; = S so the first condition is satisfied. The second
condition is trivially satisfied since there are no non-empty proper subsets of
{1}. Thus follows the well known fact that all numerical monoids have Cohen—
Macaulay monoid rings.

Remark 8.1.17. Assume S is a positive affine monoid and k[S] is not Cohen—
Macaulay. Then rank S > 2 and, as one easily sees, T'(S) C S’

The following results, Proposition 8.1.19, Corollary 8.1.21, and Corollary
8.1.22, are easy to come by in a purely algebraic way since dim k[S]/k[S] = 0 if
H(S) is finite. However, we prove them here using our combinatorial tools and
the following lemma.

Lemma 8.1.18. Let S be a positive affine monoids with rank S > 2 and let F
be a facet of R>¢S. Then there is a non-zero element s € SN F.

Proof. Assume S is minimally generated by {s1,...,s,}and let R;, i € {1,...,t}
be the set of one dimensional faces of R>oS. Let z; be any non-zero element in
R;. By [10, Proposition 1.20] the finite set of elements {z;}{_; is, up to scalar
multiples, the unique set of minimal generators of R>oS. Now, since {s1,...,s,}
generate R>¢S we conclude that the elements x; can be chosen from S. O

Example 20. The condition that .S is finitely generated in the lemma is crucial.
Consider the monoid

S={(n,m);n>1,m>1) C N2

The facets of R>(S are the coordinate axes. Hence no non-zero element of S
can lie in a facet.

Lemma 8.1.18 lets us prove the following
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Proposition 8.1.19. Let S be a positive affine monoid with rank S > 2 and
assume H(S) is finite. Then S" = S.

Proof. By considering the affine forms defining the facets of R>(.S, one may
conclude that an element z € S; must lie in S, so S’ C S. Consider an element
x € H(S). By Proposition 8.1.12 x = h — s for some elements h € T(S) and
s € 5. Let s be an element in S N F} for some facet Fj. Such an element s’
exists by the lemma. Now, h — s+ s =(h+s)—s=5"—secgpS. If s — s
does not already lie in S we substitute s’ with ns’, n € N being a large integer.
Then, since H(S) is finite, we conclude that = h —s € S. Since we only have
a finite number of facets, it follows that H(S) € S’ so S’ = S. O

Remark 8.1.20. Let S be an affine monoid and assume {Fy, ..., Fy,, } is the set of
facets of R>0S. The sets S; are the localizations S — F; of S along the facets Fj,
that is, .S; is generated as a monoid by S and the inverses of the elements of .S
that lie in Fj. Thus 8" = (), (S — Fj). This implies that k[S"] = (2, k[S]p, ,
where pp, is the monomial prime ideal corresponding to the facet F;. See [59,
Section 7.2] for details.

Corollary 8.1.21. Let S be a positive affine monoid with rank S > 2 such that
k[S] is Cohen—Macaulay. Then T'(S) = 0. If in addition H(S) is finite, then
H(S) = 0.

Proof. S = 5" if k[S] is Cohen—Macaulay so T'(S) must be empty since T'(S) C
S’. The last claim follows from Lemma 8.1.11. O

In particular, if S is as in Corollary 8.1.21, rank S = d, and H(S) is infinite,
then there are no <ys¢-maximal elements in H(.5).

Hochster proved ([10, Theorem 6.10]) that normal affine monoids have Cohen—
Macaulay monoid rings. Using this we get

Corollary 8.1.22. Let S be a positive affine monoid with rank S > 2 such that
k[S] is Cohen—Macaulay but not normal. Then H(S) is infinite.

Let S be a positive affine monoid. If H(S) is not finite we would like to

construct a positive affine monoid S , S C S C S, such that H (S) is finite

and T(S) = T(S). It is however not clear how to proceed to obtain this. The
last couple of results in this section, Proposition 8.1.25 and Proposition 8.1.26,
provide a “partial answer” to this problem.

Lemma 8.1.23. Let S be a positive_affine monoid with H(S) infinite. Then
there exists a positive affine monoid S with H(S) finite such that S C S.

Proof. For any element z = (x1,...,24) € S, let |z| =21 + -+ + z4. Put

| T+max{|h;;|; hij € T(S)} if T(S)#0
=11 it T(S)=10

and denote by H* the positive half-space

HY={reR o1+ -+ 124> a}.
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Then P = R>0S N H' is a polyhedron. Also, by construction, the intersection
Q=R>0SNH

of the cone R>¢S and the bounding hyperplane H of H™, is a convex polytope.
By [10, Proposition 1.28], P is the Minkowski sum

P =Q+RxS. (8.4)

We claim that P Ngp S is finitely generated, by which we mean that all z €
P NgpS are positive integer combinations of a finite set of vectors. To prove
this, assume @ = conv{by,...,b:}. By (8.4), an element z € P Ngp S may be
written as

T =qa1by + -+ by + 181+ + Bnsn (8.5)
where Yo, ;i = 1and 0 < j; for all i € {1,...,t} and j € {1,...,n}.
Put S = (S, B) where B is the set of elements z € P NgpS as in (8.5) with

0<p; <1lforall je{l,...,n}. Clearly B is a bounded set and thus B is
finite. Hence S is positive affine. O

Lemma 8.1.24. Let S be a positive affine monoid and let x € H(S). Then
S U{z} is a positive affine monoid if and only if 2z € S and x € T(S).

Proof. If 2z € S and = € T(S) clearly SU{z} = (S, z) so in this case SU{z} is
a positive affine monoid. On the other hand if SU{z} is a positive affine monoid
then, since 2z # x, 2z must belong to S and x must belong to T'(.5). O

Proposition 8.1.25. Let S be a positive affine monoid with H(S) infinite.
Then there is a positive affine monoid S such that

(i) SCS.
(i4) H(S) is finite.

(iii) T(S) € T(S).
(i) To(S) = To(S).
Proof. We define a set Sy by
So=SU{reS;x Ly hy €Tp(S)}.

Adding any two elements from Sy yields a new element in Sy, so Sy is a sub-
monoid of N¢ containing S. Also, Sy may differ from the positive affine monoid
S constructed in Lemma 8.1.23 only by a finite number of elements. Thus Sy is
positive affine with H(Sp) finite. It is easy to see that T'(S) C T'(Sp). If there is
an element h € Ty(So) \T(S) we put S; = SoU{h}. Since 2h € Sy this is again
a positive affine monoid with H(S;) finite and T'(S) C T(S1). In this way we
obtain in a finite number of steps a positive affine monoid Sy with H(S)) finite
and T(S) C T(Sk) and Tp(Sk) € T(S). In fact, since the elements in Ty (Sk)
are N%-maximal in H(S}), we see that Ty(Sy) C To(S). Then Ty(S) C To(Sk)
must hold so Ty(Sx) = Tp(S). Put S = Sj and we are done. O
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Proposition 8.1.26. Let S be a positive affine monoid with H(S) finite and
let M C TZ-(S’)Nfor some 1 > 0. Then there exists a positive affine monoid S
such that S C S and Tp(S) = M.

Proof. By Lemma 8.1.24 and Corollary 8.1.8 we see that

So = (JTi(9) uS U (Ti(S) ~ M)

7<i

is a positive affine monoid and S C Sy. By Corollary 8.1.8 it follows that
M C T(Sp). Put By = To(So) ~ M and S; = Sy U By. Again S; is a positive
affine monoid and M C T'(Sy). Clearly S C Sy C S;. Since H(S) is finite we
obtain in a finite number of steps a positive affine monoid Sy such that S C Sy
and M = Ty(Sy). Put S = S), and we are done. O

Question 1. Let S be a positive affine monoid and assume H(S) is not finite.
Is t~here is a positive affine monoid S, S C S C S, such that H(S) is finite and
T(S)=T(9).

Remark 8.1.27. Using the notation introduced in the next section, given a pos-
itive affine monoid S with H(S) infinite, we ask for a positive affine monoid
S e STO(S) with T(S) =T(9).

8.2 Maximal objects in the poset Sy,

For symmetric (resp. quasi-symmetric, depending on the parity of ¢g) numerical
monoids one has that for all z € Z either z € S or else g — x € S (resp. x € S
or, g—x € S, or x = %), where g is the Frobenius number of S. These two
particular classes of numerical monoids are also characterized by the following
fact (see [4, 41]): A numerical monoid S is maximal (with respect to inclusion)
among the numerical monoids with fixed Frobenius number g = ¢(.9) if and only
if it is symmetric (resp. quasi-symmetric). The following lemma lets us prove a

similar result, Theorem 8.2.3, for positive affine monoids.

Lemma 8.2.1. Let S be a positive affine monoid and assume H(S) is finite.
For any integer a > 1 and any h; € T;(S) we have

a'h; € S <= a'h; ¢ Ty(S).

Proof. The “only if” part is clear and the result holds for ¢ = 0. Assume the
result holds for j € {1,...,¢ — 1} and consider an element h; € T;(S). If
a'h; ¢ To(S) and a’h; ¢ S, then ah; ¢ S. But h; <ya ah; so ah; € hy — S for
some iterated Frobenius number h; with k£ < i. But ah; = hy — s implies that
s =0, so ah; = hi. Now, by the induction hypothesis, either a®h;, € S or else
a*hy, € To(S). In either case, the equation

ath; = a' =" 1akhy,

yields a contradiction. O
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Note in particular that it follows from the lemma that 2i*1h; € S for all 4
and all h; € Tl(S)

Lemma 8.2.2. Let S be a positive affine monoid and assume h; € T;(S), i > 0,
is such that 2'h; € To(S). Theni=1.

Proof. By Corollary 8.1.8 we see that all multiples kh;,2 < k < 2¢ — 1, are
iterated Frobenius numbers. Thus we must have i+ 1 = 2 which can only hold
fori=0and i=1. O

Let Ty be a finite non-empty set of vector in N¢ and denote by Sr, the set
of positive affine monoids S of rank d with H(S) finite and To(S) = To. S,
is a partially ordered set with respect to inclusion. Let S be a non-maximal
element in Sy, According to the proof of the following theorem, a monoid S,
S c §C 8, with Ty(S) = Ty = Tp(S) can be constructed.

Theorem 8.2.3. Let S be a positive affine monoid. Assume H(S) is finite and
put To(S) = Ty. Then S is mazimal in St, if and only if 2'h; € Ty for all i and
all h; € T;(S). In particular, if S is mazimal in St, then T(S) = To(S)UT1(S).

Proof. Assume S is such that 2'h; € Ty for all i and all h; € T;(S), and pick an
element b ¢ S, b € gpS. Then by Proposition 8.1.12 b = h; — s for some element
s € S and some iterated Frobenius number h;, and thus h; € (S,b). But, then
2'h; € (S,b) so To(S) € To((S,b)) so S is maximal in St .

Now assume S does not have the property that 2'h; € Ty for all 4 and all
h; € T;(S). Then, by Lemma 8.2.1 (with a = 2), there is an element h; € T'(S)
with 2°h; € S. Assume i = min{k € N; 3hy € Ty(S),28h; € S}. Note that
this implies ¢ > 0. Also, put b = min{k € N; kh; € S}. If hy € (S, h;) for some
ho € To(S) we have hg = s + nh;, n € N. Then clearly s = 0 so hg = nh;. Here
we must have n > 1 and thus 2 < n < b < 2°. Observe that this implies 3 < b
and 2 <. Since (b—1)h; ¢ S, by Lemma 8.1.8 we have (b — 1)h; € T(S), so
(b—1)h; = h, € T-(S) where 0 < r < 4. From the equation

bh; <Nd 2(b — 1)hi = 2h,

we conclude that 2h, € S. This implies r = 0 since » > 1 would contradict
the minimality of 7. Also, we may conclude that b = 3: Considering Corollary
8.1.8, b > 3 implies that (b — 2)h; = hs € T,(S) for some s > 1 and that
b—1<2(b—2). But, then

(b — 1)h, = hg <Nd Q(b — Q)hi =2h, €S8

which contradicts the minimality of 4.

In summary we know that ¢ > 2, 2h; = hy € Ty(S), and that 3h; € S.
In particular this implies h; ¢ S and h; ¢ To(S) — S. Since ¢ > 2, h; is not
N%-maximal with the properties h; ¢ S and h; ¢ Ty(S) — S. Thus there is a
non-zero element y € N such that h; +y = hy € T1(S). Then 2(h; +y) = 2hy,
but 2(h; +y) = ho + 2y € S so 2h; € S. This again contradicts the minimality
of 1.
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We conclude that S C (S, h;) and To(S) C To((S, hi)). I To(S) # To((S, h;))
we may use the same procedure as in Proposition 8.1.26 and produce a positive
affine monoid S with S ¢ S and Ty(S) = Tp(S). Thus S is not maximal in Sg;,.
The fact that T'(S) = To(S) UT1(S) if S is maximal in Sz, now follows from
Lemma 8.2.2. O

Remark 8.2.4. The theorem should be compared to the situation for numerical
monoids: Let S be a numerical monoid. If g = g(S) is odd, then S is maximal
in S, if and only if T'(S) = {g}. If g is even then S is maximal in S, if and only

if T(S) = {5, 9}-

Corollary 8.2.5. Assume S is a positive affine monoids such that H(S) is finite
and T(S) = Ty(S). Then S is mazimal in St, and provide a generalization of
a symmetric numerical monoid.

Corollary 8.2.6. Let S be a positive affine monoid. Assume H(S) is finite and
that for all h; € T;(S) there exist positive integers a; such that a;h; € To(S).
Then S is mazimal in St,.

Proof. Pick an element b € H(S). Then b € h; — S for some iterated Frobenius
number h;. Thus b = h; — s for some s € S and it follows that h; € (S,b).
Hence, since a;h; = hg € To(S), To(S) € To((S, b)) so S is maximal in S7,. O

Corollary 8.2.7. Let S be a positive affine monoid and assume H(S) is finite.
If for all hy € Ty(S) the coordinates of the vector hg have no common divisor
that is even, then either S is not maximal in St,(s) or else T'(S) = To(S).

Example 21. Let S; and S5 be two numerical monoids. Put S; on the positive
z-axis and Sy on the positive y-axis in N2 and fill in all integer points in the
interior of N2. This gives a positive affine monoid S with Ty(S) = {g(S1), 9(S2)}.

Proposition 8.2.8. Let S be an positive affine monoid. Then the following
conditions on S are equivalent.

(i) SU((To(S) = 8)) NNY) =\ Uyzy Ty(S):
(i1) For all z € SU—S it holds that x € S or x € hg — S for some hg € To(S)
orxz € T(S)NTp(S).

Proof. Taking into account Corollary 8.1.13 the two statements are merely re-
formulations of each other. O

Definition 8.2.9. A positive affine monoid as in Proposition 8.2.8 is called
almost symmetric.

Note in particular that H(S) is finite if S is almost symmetric.

Proposition 8.2.10. Let S be a positive affine monoid and assume H(S) is
finite. Put T{(S) = {z € T1(S); 2x € To(S)}. Then S is mazimal in Sr,(s) if

and only if for all x € S U —S8 it holds that either x € S, or x € To(S) — S, or
x € T{(S). In particular, if S is mazimal in St (s) then S is almost symmetric.
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Proof. Assume S is maximal in St,(s). In order to prove that for all x € Su-8
it holds that either z € S, or z € Tp(S)— S, or x € T7(S), by Proposition 8.1.12,
Corollary 8.1.13 and Theorem 8.2.3 it is sufficient to show that every element
hi — s, hy € T1(S),s € S, can be written as hg — ', where hg € Tp(S) and
s’ € S. Let hy be an arbitrary element in T} (5). Since S is maximal in S1y(8)
we know that 2h; = hg for some hg € Tp(S), so hy = hg — h;. Pick any element
s€S;. Then hy —s=hy— (h1 +s)=hy— s, s €5.

Now assume S is a positive affine monoid such that H(S) is finite and assume
that for all x € SU—S it holds that either x € S, or x € Ty(S)— S, or z € T}(S).
Then

S U (To(S) — ) NN = S\ T{(S)

and clearly S is maximal in Sz, (s). U

Remark 8.2.11. By Proposition 8.2.8 and Proposition 8.2.10 the class of almost
symmetric monoids as defined above, naturally generalizes the class of almost
symmetric numerical monoids, see [5] for details about almost symmetric nu-
merical monoids.

Corollary 8.2.12. Let S be an almost symmetric monoid. Then S is maximal
in St,(s) in the sense that for any monoid S" € Sy, (s strictly containing S, we
have |T'(S")| < |T(S)].

Corollary 8.2.13. Let S be an almost symmetric monoid with Ty(S) = {ho}.
Then an iterated Frobenius number h; lies in T (S)\To(S) if and only if ho—h; €

Proof. We know that

SU((ho — S)NN) =S~ | T4(9).

Pick an element x € (J,~, 74(5). We see that ho — 2 cannot belong to neither
S nor to hg — S. Thus ho — 2 € U, Ty(S). O

Remark 8.2.14. If S is as in Corollary 8.2.13 then the elements of | J,;~ 7;(S5)
occur in pairs. This fact is in the case of numerical monoids observed already
in [41].

Let S € St, be an almost symmetric monoid. We thus have

SU((To(S) = S)NNY) =S~ | Ty(9).

g>1

Assume S is not maximal in S,. Then there exists an element h; € T;(.S) such
that (S,h;) € Sg,. It is natural to ask if (S,h;) € Sz, is almost symmetric.
Since S = (S, h;) we clearly have

(S, hi) U (To(S) = (S, ha)) AN) = (S i) ~ (| To(S) ~ Tn,), (8.6)

q>1



where Ty, = (S, hy) U (To(S) — (S, h;)) NN N (Uq>1 T,). It is not hard to see
that N
Thi = {hl - mhiamhi}hl,m N (U Tq(S)

q=1
where h; € To(S) and 1 < m < m; = max{k € N; kh; ¢ S}.

Proposition 8.2.15. Let S € S, be an almost symmetric monoid that is not
mazimal in St, and assume h; € T;(S) is such that (S, h;) € St,. Then (S, h;)
s almost symmetric precisely when

(U Ta(8) = mha) 0 (| Ty(8) ~ Tn,) =0,
a<i q>1
where 1 <m < m; = max{k € N; kh; ¢ S}.
Proof. Tt follows from equation (8.6) that
T((S, hi)) ~ To((S, ki) € | To(S) \ Th, € H((S, ha)), (8.7)
q=>1
and (S, h;) is almost symmetric precisely when the left inclusion is an equality.
If the left inclusion is strict there is an element hy € Ty (S) with
hy € U T \Th (<S,hl>)
q>1

Since hy € H({S,h;)) ~ T((S,h;)) by Proposition 8.1.12 there is a non-zero
element s + mh; € (S, h;) such that hy + (s + mh;) = hq € T({(S, h;)). Clearly
we must have s = 0 and 1 < m < m; and hy + mh; cannot lie in S. Thus, by
Corollary 8.1.8, hy, € Ty (S) where aw < min{i, k}. Hence hy, = h, — mh; and

(U 7a(8) = mhs) 0 (| Ty(S) N Tn,) #0.
a<i q>1
To prove the converse assume

hi € ( U Ta N (| 7o(8) ~ Tn,)

q>1
1<m<m1

Hence hy has the form hy = h, — mh;. If by € T((S, h;)) in particular we have
hi +mh; = hy = s+ kh; (88)

for some s € S and k € N. If s = 0 then hy = (kK — m)h;. This yields a
contradiction since then

(k—m)h; €S or (k—m)h; €Ty, or (k—m)h; <yaO0.

On the other hand if s # 0 it follows from (8.8) that h, = s + kh; € S which is
impossible since h,, € T(S). Thus hy ¢ T((S, h;)) and the left inclusion in (8.7)
is strict. O
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Corollary 8.2.16. Let S € Sp, be an almost symmetric monoid that is not
mazimal in St,. If there is an element hy € T1(S) such that (S, h1) € Sr,, then
(S, h;) is almost symmetric.

Proof. This follows since any element

hi € (| Ty(S) ~ Th,) N T((S, 1))

g1
would by the proof of Proposition 8.2.15 lie in 73, which is a contradiction. [

Corollary 8.2.17. Let S be an almost symmetric numerical monoid that is not
mazimal in Sgcsy. Then (S, h1) is almost symmetric.

Proof. The fact that S is not maximal in Sy(g) implies § < hy. Thus 2h; € S
s0 (S, h1) € Sys) and is almost symmetric by Corollary 8.2.16. O

8.3 Apéry sets

As for numerical monoids one may define the Apéry set of a positive affine
monoid S with respect to any non-zero element m € S:

Ap(S;m)={z€S;z—m ¢ S}.
For numerical monoids the following is Proposition 7 in [41].

Proposition 8.3.1. Let S be a positive affine monoid and m a non-zero element
of S. Then the following conditions on an element t € Z¢ are equivalent.

(1) t—m e T(S).
(7) t is mazimal in Ap(S, m) with respect to the partial order <g.

Proof. Assuming (i) we have t = h; ; + m for some iterated Frobenius number
hi j so, clearly, t € Ap(S,m). Let s € S; and consider the element t + s —m =
(hi; +m) + s —m. Since this element belong to S we see that ¢ is maximal
in Ap(S,m). If (i7) holds then t + s — m € S for every s € S, that is,
t—meT(9). O

Corollary 8.3.2. Let S be a positive affine monoid and m € Si. Then there is
a 1-1 correspondence between the elements of T'(S) and the elements of Ap(S,m)
that are mazimal relative <g. In particular, Ap(S,m) is finite.

Proof. This follows from Proposition 8.3.1. O

Just as for numerical monoids, the set T5(.S) can be described using Ap(.S, m)
for any non-zero element m € S.

8



Proposition 8.3.3. Let S be a positive affine monoid. For any non-zero ele-
ment m € S we have

To(S) = rgax{x € Ap(S,m)} —m.

<nd

Proof. We know that T'(S) C Ap(S,m) — m. On the other hand all elements
in the set Ap(S,m) — m belong to H(S), so the result follows from Lemma
8.1.11. O

8.4 Special case of numerical monoids

In this section we confine ourselves to numerical monoids. We present here
separately versions of a few results seen in the previous sections since in case of
numerical monoids one may say a bit more. Recall from the introduction that
in case of numerical monoids S the cardinality of the set T'(.S) is called the type
of S and is denoted by type S. Also, type S equals the Cohen—Macaulay type
of k[S].

For numerical monoids S all negative integers belong to g(S) — S. The
definition of the iterated Frobenius numbers thus takes the following form:

Definition 8.4.1. Let S be a numerical monoid with Frobenius number g(S).
Put ho(S) = ¢g(S) and define the iterated Frobenius numbers h;(.S) by

hi(S) =max{z € Z;z ¢ S,z ¢ h;j(S)— 5,5 €{0,...,i—1}}.

Remark 8.4.2. The number hy(S) is the the number h(S) explored already in
[41].

Since a numerical monoid is an affine monoid, we have

Proposition 8.4.3. Let S be a numerical monoid and assume there are r + 1
iterated Frobenius numbers {h,,..., h1,g9}. Then typeS =r+1 and

T(S)={hr,...,h1,9}.

Remark 8.4.4. In particular we see that h; is the (i + 1)st largest element in
T(S).

Observe that for numerical monoids gp S = Z. Using this we recall from
Proposition 8.2.8 that a numerical monoid satisfying the equivalent conditions
in Proposition 8.4.5 below, is called an almost symmetric numerical monoid.

Proposition 8.4.5. Let S = (sg,...,s¢) be a numerical monoid with T'(S) =
{hr,...,h1,g9}. Then the following conditions on S are equivalent:

(i) SU(g=S5)=2Z~{hy,...,h1}.
(i1) For all x € Z it holds that x € S orx € g— S orx € {hy,..., h1}.
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(tit) If x +y = g, then either x € S ory € S, or both x and y belong to
{hpry..., h1}.

(iv) There are equally many elements in the set

{0,1,...,9}\{hr,...,h1}
from S as there are from outside S.
(v) hi =Sy Cg— 8y forall0<i<r.

Proof. We first consider the case when ¢ is odd. (i) and (i) are equivalent
by Proposition 8.2.8. (i¢) implies (ii4) since if neither x nor y lies in S, then
x + y = g implies that neither « nor y lies in g — S and hence both x and y lie
in {hy,...,h1}. (#i¢) implies (¢) since for any integer x, we have that if neither
x nor g — z lies in S, they both belong to the set {h,,...,h1}. The fact that
(#i7) and (iv) are equivalent is easily verified considering the equation x +y = g
and Corollary 8.2.13. Finally, by considering the equation

SU(g—S)U--U(h,—S)=Z

we see that (i) and (v) are equivalent since h; ¢ g — S for any ¢ other than 0.
The case g even follows in the exact same way considering Remark 8.4.7 and
Lemma 8.4.8 below. O

Remark 8.4.6. Proposition 8.4.5 partially generalizes Lemma 1 and Lemma 3
in [41].

Remark 8.4.7. In order for the proof of Proposition 8.4.5 to go through also in
the case g even, we need to know that § belongs to T'(S) in case S satisfies the
equivalent conditions (7) and (i4). Lemma 8.4.8 below shows that this is the
case. However observe that § does not always belong T'(S) if g(S) is even. The
numerical monoid (3,11, 13) is an example of this since g((3,11,13)) = 10 but
5+3=8¢5.

Lemma 8.4.8. Let S be an almost symmetric numerical monoid. Then

(1) type S is odd whenever g(S) is odd.

(i1) typeS is even whenever g(S) is even and in particular, in this case £

2
always belongs to T(S).

Proof. Clearly we may assume S is not maximal in S;. By Corollary 8.2.17
we know that (S,h;) is almost symmetric and Proposition 8.2.15 gives that
T((S,h1)) =T(S) ~ {g — h1,h1}. The result follows by induction on r. O

Example 22. Consider the numerical monoid S = (8,12,14,15,17,18, 21, 27).
We have ¢g(S) = 19 and T'(S) = {6,9, 10, 13,19} so S is not symmetric. However,
NNn(g—5)=1{1,2,3,4,5,7,11} so we see that S is almost symmetric.
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Example 23. Consider the numerical monoid S = (4,17,18,23). We have
g(8) =19, NN (g—S) = {1,2,3,7,11,15} and T(S) = {13,14,19}. Since 5 ¢ S,
5¢g—Sand 5 ¢ T(S) we conclude that S is not almost symmetric.

Proposition 8.4.9. Let S = (sq,...,s:) be an almost symmetric numerical
monoid with g odd (resp. even) and assume typeS = 2r + 1 (resp. 2(r +1)).
Then there exists a strict sequence of almost symmetric numerical monoids

ScSs,c---CS,

such that g(S) = g(S;) for all i € {1,...,r} and with S, symmetric (resp.
quasi-symmetric).

Proof. We may assume that S' is not maximal in S;. As in Lemma 8.4.8 we
have T({S,h1)) = T(S) ~ {g — h1,h1} and (S, h;) is almost symmetric. The
result follows by induction on 7. O
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Chapter 9

Numerical monoids of
maximal embedding
dimension

We compute the Betti numbers of all monoid rings corresponding to numerical
monoids of maximal embedding dimension. A description, in terms of the gen-
erators of S, precisely in which degrees the non-zero graded Betti numbers occur
is given. We show that for arithmetic numerical monoids of maximal embedding
dimension, the graded Betti numbers occur symmetrically in two respects.

9.1 Betti numbers

Let S be a numerical monoid with minimal generators {so, ..., s,}. Recall that
the Betti numbers of k[S] over R = k[zo,...,z,] are the invariants 5;(k[S]) =
dim Tor?(k[S], k). The Betti numbers inherit a grading from the chosen grading
of R and we denote by 8; ;(k[S]) = dim Tor;*(k[S], k); the ith Betti number in
degree j.

Assume S = (sg, 51, ..., S,) where sg < --- < s, and recall that the number
e(S) = n+1 is called the embedding dimension of S. The number sq is called
the multiplicity of S and is denoted by m(S). We always have e(S) < m(S)
and if e(S) = m(S) we say that S has maximal embedding dimension.

Our results all rely on the following lemma.

Lemma 9.1.1. Let S = (so,...,5,) be a numerical monoid of mazimal embed-
ding dimension and k[S] the corresponding monoid ring. Put R = R/(xo) and
let m = (x1,...,2,). Then

B1.5 (K[S]) = Bi; (R/m?).
Proof. Let
G. = @®;R(—by) > ®»;R(-by;)) > R— R/I -0
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be a minimal R-free resolution of the monoid ring R/T = k[S]. Since zg is not
a zero divisor on R or on R/I, by [11, Proposition 1.1.5], the tensored complex
G.® R/(xg) is an R-free resolution of R/I® R/(xo), that is in fact also minimal.
Recall that sy < -+ < s, and that xg correspond to t°° in the isomorphism
E[S] = R/I. Since S has maximal embedding dimension {so, ..., sy} represents
a full system of residue classes modulo sg. This yields

R/I® R/(x0) = R/(I + (w0)) = R/m?. (9.1)
O

Remark 9.1.2. Because of Lemma 9.1.1, in the results below we will write
Bi,j(k[S]) for the Betti numbers, even if the computations will be explicitely
made for k[S]/(t*°) = R/m?.

In the standard grading of R it is plain that the Hilbert series is of R/m? is

(14+nz)(1 - z)"

H(R/mQ;z):l—i—nz: -2

(9.2)

It is well known ([11, Theorem 4.1.13]) that the polynomial (1 4+ nz)(1 — z)»
here may be written in the form

2:(—1V5m(éﬁn%zi (9.3)

Since R/m? clearly has 2-linear resolution over R (that is, §; ;(R/m?) # 0
only for j = i+ 1) when using the standard grading, we only have to identify
the coefficients from the denominator of (9.2) with those from (9.3).

Proposition 9.1.3. Let S = (sg,...,8,) be a numerical monoid of mazimal
embedding dimension and k[S] the corresponding monoid ring. Then

1 if i=0
&%sz{iwg)if;21

Proof. From (9.1), (9.2), (9.3) and the equation

n

-2 =10 Y [0 () + corta( )] o

k=1

it follows that

1 if i=0
D=y Lz i ino
However, it is easily seen that Z(T;Ll) = n(?) - (lzl) for all 7 > 1. O

83



Remark 9.1.4. The Betti numbers in Proposition 9.1.3 occur elsewhere, for
example as the Betti numbers of certain graph algebras: One may view (via
polarization, see [36] for details) the ideal m? as the edge ideal I(G) of the simple
graph G on 2n vertices {x1,...,2,} U{y1,...,yn} whose edge set consists of all
edges on the variables x;, and all edges of the form {x;,y;}, 1 < i < n. Also,
consider the edge ideal I(K,,4+1) of the complete graph K, 1 on n + 1 vertices

{z1,...,2n, w}. Define an onto map Sy /I(G)—+Ss/I(K, 1) by
Ti > Zi, Y= w

for all 1 < i < n. Here S; and S; are polynomial rings over k in 2n and n + 1
variables, respectively. Clearly the ideal generated by the elements y; — y;,
j > 1, lies in the kernel which in turn must lie inside the ideal generated by the
yi, 1 <4 <n. Hence
kero = (y1 — ;3§ > 1).

It is not hard to see that the elements y; — y;, j > 1, form a regular sequence
on S1/I(G). Thus, using the same kind of arguments as in the proof of Lemma
9.1.1, we see that S1/I(G) and Sy /I(K,,+1) have the same graded Betti numbers.
The proposition now follows from Theorem 2.2.3.

As mentioned before Proposition 9.1.3, the standard grading of R yields a
2-linear resolution of k[S] = R/m?. This is not the case if one use the grading
given by deg(z;) = s; instead. This fact is illustrated in the following two
examples.

Example 24. Consider the monoid S = (5,9,13,17,21). Below we see the
Betti diagram of R/m? considering the standard grading of R.

0 1 2 3 4
o1t - - - -
1|- 10 20 15 4

In the sequel we will collect the Betti numbers in tables of the following form
instead of using the Betti diagrams. The numbers in the column to the right

are j(0; ;(k[S])).

i | Bi | j(Biy)
1110 | 2(10)
2|20 | 3(20)
3|15 | 4(15)
4] 4| 54

Example 25. We consider the same monoid as in the previous example but
instead with the grading of R defined by deg(z;) = s;. We get the following
table:

i | Bi | J(Biy)

1 ‘ 10 ‘ 18(1) 22(1) 26(2) 30(2) 34(2) 33(1) 42(1)

2120 | 31(1) 35(2) 39(3) 43(4) 47(4) 51(3) 55(2) 59(1)
3015 | 48(1) 52(2) 56(3) 60(3) 64(3) 68(2) 72(1)

4] 4 | 69(1) 73(1) 77(1) 81(1)



We now determine, in general, the degrees j for which j; ;(k[S]) is nonzero.
Since m? is a stable ideal the Eliahou—Kervaire resolution, see [21] for details,
provides a minimal R-free resolution of R/m?. The minimal generators of L;,
the ¢th component of the Eliahou—Kervaire resolution, are the symbols e(o, u)
where 0 = (¢1,...,q;) is a sequence of integers satisfying

1<q¢ <+ < g < maxu, (9.4)

and u a minimal generator of m?. Here max(u) denotes the maximal index of a
variable x; that divides u. For ¢ = 0 the condition (9.4) is considered as void, so
that the symbols of Ly are in 1-1 correspondence with the minimal generators
of m2. The Eliahou Kervaire resolution is in fact graded and in the standard
grading of R the degree of a symbol e(o,u) € L; is by definition deg(u) + i.
Thus in our case, in the standard grading of R, the degree of e(o,u) € L; is
241,

Remark 9.1.5. Note that the EliahouKervaire resolution resolves the ideal m?.
Thus, in the formulas below the homological degrees are shifted one step since
we resolve R/m?.

Lemma 9.1.6. Let S = (sg,...,sn) be a numerical monoid of mazimal embed-
ding dimension and k[S] the corresponding monoid ring. Then Bit1 ,;(k[S]) is
non-zero precisely in the degrees j that may be written

J=sktsi+8g + 0+ sy (9.5)

for some 1 <k <Il<mnandl <q <--+ < q; <l, and equals the number of
different ways in which this can be done.

Proof. Recall that if w = zpx;, in the standard grading the degree of a symbol
e(o,u) € L; is deg(xpx;)+i. If we translate this via the isomorphism k[S] = R/I
to the corresponding R-free resolution of k[S] in the grading given by deg(z;) =
s;, we see that the degree of the symbol e(o, u) becomes sg+s;+54, + - -+5q,. 0O

Let j € N. Recall that a partition of j with ¢ parts on a set I C {1,2,...,5},
is an expression

j=ate

wherel <z7 <---<z;andzy € [ forallk € {1,...,i}. We denote the number
of partitions of j with ¢ parts on the set {1,2,...,n} by p(4,¢,n). Motivated by
Lemma 9.1.6, we define an Eliahou—Kervaire partition of an integer j with ¢ 4 2
parts on the set {1,2,...,n} to be a partition j =k + 1+ g1 + - - + ¢; where

() 1<k<i<n

Also, let EKP(j,4,n) denote the number of Eliahou—Kervaire partitions of j
with ¢ + 2 parts on {1,2,...,n}.
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If S = (sg,...,8,) is a numerical monoid of maximal embedding dimension
with s9 < -+ < 8y, then {sg,...,s,} represents a full system of congruence
classes modulo sg. Thus we may re-index so that s; = ¢ mod sg. We assume
this is done for the rest of this section.

If Bit1,;(k[S]) # 0 (so that there is a partition j = sg + 51+ s¢, + -+ + 5¢,)
we see that there is a number m; such that j = (kK +14+q + -+ ¢) + m;so.
This is clear since for every i € {0,1,...,n}, s; may be written as s; = i + n;so.
For given ¢ and j denote by M; ; the set of all such numbers m;.

Proposition 9.1.7. Let S = (sg,...,sn) be a numerical monoid of mazimal
embedding dimension and k[S] the corresponding monoid ring. Then
Bipr(k[S)) = > EKP(j —myso,i,n). (9.6)
m;EM; ;

Proof. Assume f3;11 ;(R) is nonzero and that j = sp + s+ s, + - + Sq, =
(k+14+q¢+---+¢;)+m;so. Clearly every Eliahou-Kervaire partition of j—m;so
with ¢ +2 parts on {1,2,...,n} will contribute by 1 to the number 8;11 ;(k[S]).
Hence, taking the sum over all elements in M, ; yields 5,11 ;(k[S]). O

Example 26. Let S = (3,5,7). We may use Lemma 9.1.6 directly to find the
degrees where the relations generating the ideal I lies. The Betti numbers that
keep track of this information lies in homological degree 1, so we have i = 0.
Thus the degrees j are

j=5+5=(12+2)+2-3
j=5+7=(2+1)+3-3
Jj=T7+7=(1+1)+4-3.

From the expressions to the right we see that the corresponding Eliahou—Kervaire

partitions are 4 =2+2,3=2+1and 2=1+1.

Assume we have an Eliahou—Kervaire partition k +1+¢q; + -+ ¢; of j. By
subtracting h from gp41 for every h € {1,2,...,4 — 1} we obtain a partition
@i+ +q of j—k—1— (4 with ¢ parts on {1,2,...,n — i}. The number k
still satisfies 1 < k <. This yields:

Lemma 9.1.8. For the number EKP(j,4,n) we have the equality

EKP(j,i,n) = ) p(j—k—l—(;),z',n—o.
i+1<i<n
1<k<l

By inserting this into (9.6) we get

Theorem 9.1.9. Let S = (sg,...,8,) be a numerical monoid of mazximal em-
bedding dimension and k[S] the corresponding monoid ring. Then

Bit1,;(k[S]) = ‘ > p(i—myso—k—1- (2>,z7n — ).
i+1<i<n
1<k<I
ijMi,j

86



To make this theorem more explicit we give, in Proposition 9.1.12 below, a
generating series for the numbers EKP(j, i, n) for fixed ¢ and n. We will use the
following two lemmas.

The following lemma describes, for any integer [/, the bivariate generating
series

G(z,y) =Y pln,k, Dy*a".
n>0
k>0
Lemma 9.1.10. Given a positive integer 1, the bivariate generating series
G(z,y) of the numbers p(n, k,l) is given by

l
G =1l = 9)

If we consider the above generating series for fixed k, we have the vertical
generating series

Gr(z) =Y p(n k,Da".

n>k

We may use the vertical generating series to rewrite G(x,y) as

Glz,y) =) Grla)y". (9:8)

k>0
Lemma 9.1.11. With k fized and the notations as above, we have

k

Proof. 1t is easy to verify that G(z, xy)(1 —yz'*!) = G(x,y)(1 — yx). From this
and equation (9.8) we get that

x(l o xk‘i’l*l)
1—zk

Gr(x) = -Gr—1(x),

which proves the assertion by induction. O

In light of Proposition 9.1.7 and Lemma 9.1.8 our interest lies in the coeffi-
cients of G;(z) = z° H;Zl % (we use | = n—1) that stand before powers
of 2 with exponents of the form j—k—1— (;), where 1 < k <1 < n. Considering
the double sum in Lemma 9.1.8 we see that the maximal value the expression
j—k—1— (;) takes there, is j—i— (;) —2. For each pair k, [ of summation indices,
we let a; denote the number k+1—i—2= (j—i— (1) —2)— (i —k—1—(})).
Observe that ay; does not depend on j. Using this we obtain the generating
series for the numbers EKP(r,i,n):
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Proposition 9.1.12. The generating series for the numbers EKP(j,4,n), i and
n fized, is given by

@ r+n—i—1

ZZEKPUJJomT:x%+@%2. 3 [fuJIll—f

3>0 i+1<Il<n r=1
1<k<l

— xt

Proof. We have added generating series of the summands that occur in Lemma

9.1.8 giving them an additional “weight”, xa’“’l””(;)“, so that the coefficient
before 27 in the sum counts precisely EKP(j,,n). O

Example 27. Consider the numerical monoid S = (3,5,7) from Example 3.
We showed there that 51,10(k[S]) = B1,12(k[S]) = B1,14(k[S]) = 1. If we do the
same kind of computations but with i = 1 instead we get

j=5+5+5=(2+2+2)+3-3
j=5+45+7=(2+2+1)+4-3
J=54T+7=02+1+1)+5-3
J=T+7+7=(1+1+1)+6-3.

Considering the right hand side expressions we see that only the middle two
degrees j are in fact Betti degrees. We have (17(k[S]) = B2,19(k[S]) = L.
Computing the generating series from the above proposition (with ¢ = 1 and
n = 2) gives

> EKP(j,1,2)2’ =2 + 2.

Jj=20
The exponents 4 and 5 here correspond to the Eliahou—Kerviare partitions 4 =
24+1+1landb=2+2+1.

We may also confirm the fact that pdk[S] = 2: Consider the following

computations

J=5+5+5+5=(24+2+2+2)+4
J=5+5+5+7=(2+2+2+1)+5-
J=b+54+T+T7=(2+2+1+1)+6
J=b+T+T+T=2+1+1+1)+7-
J=T+T74+7+7=(1+1+1+1)+8-3.

W W w w

None of the expressions on the right hand side give Eliahou—Kervaire partitions,
so f5(k[S]) = 0.

9.2 Arithmetic numerical monoids

We do no longer assume that the minimal generators of S satisfy s; =¢ mod sq.
Consider the sets M; ; from Proposition 9.1.7. If | M; ;| = 1 for every ¢ and j, the
description of the Betti numbers can be made more explicit. We call a numerical
monoid S = (sq, ..., s,) arithmetic if s; = so + id for all i € {0,...,n}, where
d is some integer 1 < d < so with ged(d, sg) = 1.
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Example 28. S = (5,9,13,17,21) is an example of an arithmetic numerical
monoid with d = 4. Another example is S = (5,6, 7,8,9) where d = 1.

Remark 9.2.1. For n = 3, the following results are included in more general
results by Sengupta, [64]. In [64] minimal resolutions for all monomial curves in
A* defined by an arithmetic sequence are given. Hence the information about
the Betti numbers below can be obtained from these resolutions in the case
where n = 3.

Proposition 9.2.2. Let S = (sq, ..., Sp) be an arithmetic numerical monoid of
mazximal embedding dimension and k[S] the corresponding monoid ring. Assume
s; = sg +id for every i € {0,1,...,n}. Then the following holds.

(i) The non-zero Betti numbers B;41,;(k[S]) lie in degrees j that are of the
form (i+2)so+m;d. The integer m; is uniquely determined by j and m,;
has an Elichou—Kervaire partition with i + 2 parts on {1,2,...,n}.

(1) Bit1,;(k[S]) equals the number of Eliahou—Kervaire partitions of m; with
1+ 2 parts on {1,2,...,n}.

(i7) The minimal and mazimal degrees, jmin and jmax respectively, for which
Bit1,;(k[S]) is nonzero are

min = (i + 250 + (1+ (i;2>)d

o = (i + 2)s0 + (i + 2 — (2 ! 2>)d.

(1v) Biy1,;(E[S]) is nonzero in every degree j = (i + 2)so + m;d for which
L+ 2 L+ 2
1+ (’; ) <m; < (i+2)n— (Z; )

Remark 9.2.3. Part (iv) of the proposition says that there is a certain kind
of symmetry in the Betti numbers. Namely, if s; = so + id for every i €
{0,1,...,n}, then B;y1 ;(k[S]) is non-zero in every dth degree j between two
specific degrees jmin and jmax.

Proof. (i), (#1) and (iv) follows directly by considering (9.5), so let us prove the
second assertion. Let m; be the unique number for which j = (i + 2)so + m;d.
By mapping the partition j = si + s; + s4, + - -+ + 54, to the Eliahou-Kervaire
partition k+1+q; +- - - 4+¢; of m;, we obtain not only an injection, but in fact a
bijection between the set B;; ; consisting of partitions j = sg+s;45¢, + - -+5g,
of 7 and the set of Eliahou—Kervaire partitions of integers with ¢ + 2 parts on
{1,2,...,n}. O
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Proposition 9.2.4. Let S = (sq,...,8,) be an arithmetic numerical monoid
of mazimal embedding dimension and k[S] the corresponding monoid ring. If
J1,-- -, jr are the degrees in which Bi+1 ;(k[S]) is non-zero, then

Bit 1, (K[S]) = Bitj,—iir (ELS]), (9.9)
for every 0 <k <r.

Proof. Define a map ¢ on the set of generators of S by s; — s;,—i4+1, 0 <@ < n.
If e(o, u) is a generator of L; corresponding to the sequence o = (g1, ..., ¢;) and
the minimal generator u = xyx; of m?, 1 < k <1< n, we consider the set

Na,u - {Sk,Sl,Sql, .. 'asqi}'

Here all but possibly two elements are distinct, and ¢ maps N, , to a set
O(Now) = {P(sk), d(s1), d(Sq1),-- -, P(8q,)}, that in turn correspond to some
other generator of L;. In light of Proposition 9.2.2 and the fact that ¢ preserves,
but reverses, all relations s; < s, s¢, 8, € Ny, the proposition follows. O

Thus, if S is arithmetic of maximal embedding dimension equation (9.9) tells
us that the contributions to 3;(k[S]) from its graded components ;11 ;(k[S])
are symmetric relative to the non-zero degrees j.

Note that for arithmetic numerical monoids of maximal embedding dimen-
sion, there are two kinds of symmetries in the Betti numbers. One described
just above, and one in Remark 9.2.3. It is natural to ask for other numerical
monoids for which both these symmetries hold.

Example 29. Let S = (5,7,9). Below are the Betti numbers of k[S] using the
grading given by deg(z;) = s;. Clearly the Betti numbers are symmetric in the
sense of Proposition 9.2.4, but not in the sense of (iv) in Proposition 9.2.2.

i | Bi | 3(Biy)
113 [ 14(1) 20) 27(D)
2| 2| 28(1) 30(1)

Example 30. The symmetry in the Betti numbers in Proposition 9.2.4 does
not hold in general. Consider for example the monoid S = (5,11,17,18,19).
Below are the Betti numbers of k[S].

Bi | j(Bij)
10| 22(1) 28(1) 29(1) 30(1) 34(1) 35(1) 36(1) 37(1) 33(1)
2120 | 39(1) 40(1) 41(1) 45(1) 46(2) 47(3) 48(2) 4(1)  52(1)
53(2)  54(2) 55(2) 56(1)
315 | 57(1) 58(1) 59(1) 63(1) 64(2) 65(3) 66(2) 67(1) 71(1)
72(1)  73(1)
4] 4| 76(1)  82(1) 83(1) 84(1)
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Chapter 10

Monomial subrings of
complete hypergraphs

Let a;,i € {1,2,...,n}, and d be non-negative integers. Recall that for any
u = (uy,...,u,) € N* we denote by |u| = uy + - - - + u,. Consider the set

A={ueN";0<u; <a;i€{l,2,...,n},|u| =d}.

The monomial subring k[A] C k[t1,...,t,] generated by the set of monomials
{t"; u € A} is said to be of Veronese type and is well studied, see for example
[48, 66]. Since the set A generates a positive affine monoid the ring k[A4] is
isomorphic to a quotient k[zy ; u € A]/p 4 via the map z,, — t*. Here k[zy; u €
A] is a polynomial ring with one variable for each element in A.

Sturmfels showed, [66, Theorem 14.2], that there exists a monomial order
on k[z, ; u € A] such that the standard monomials modulo p4 are the so called
sorted monomials and that p4 in this monomial order has a Grobner basis
consisting of square-free quadratic binomials called sorting relations. Later De
Negri, [15], showed that these properties are inherited by certain sub-algebras
of k[A]. The monomial algebras considered by De Negri are generated by so
called sortable subsets of A.

We use the results of De Negri and Sturmfels to study monomial subrings
k[H] of k[t1, ..., t,] that are generated by the edge sets of complete hypergraphs
H.

10.1 Preliminaries

Recall that an integral domain D is called normal if it is integrally closed in its
field of fractions. The following result is part of [66, Proposition 13.15].

Proposition 10.1.1. If S is a positive affine monoid and k[S] is a homogeneous
monomial subring whose toric ideal has a square-free initial ideal with respect
to some term order, then k[S] is normal.
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Let My C N™ be the set of integral vectors u = (uq,...,u,) such that
|[u| = uy +--- 4+ u, = d and assume B C M. Assume further u; and us belong

to B. Write t"1t"2 =¢; ---t;,, where iy < --- < igq. We set tu1 = H;l:l t
d

and t"z = [I;=; ti,;- This defines a map

i2q 1251

sort: B x B — My x My, sort(uy,uz) = (uj,u)),

called the sorting operator.

A subset B C M, is called sorted if sort(B x B) C B x B, and a pair
(u,v) € B x B is called sorted if sort(u,v) = (u,v).
Remark 10.1.2. The sorting operator was introduced by Sturmfels in [66]. It is
also used by Herzog and Hibi in [48].

~J

Let M be any subset of M, and consider the monomial subring k[M]
klxy; u € M]/pp. Binomials zy2y — Tu vy € pas, where (u',v') = sort(u, v),
are called sorting relations. Thus the before mentioned result by Sturmfels, [66,
Theorem 14.2], says that if A is of Veronese type, then

pA = (TuTy — Tw iy ; (W, V") = sort(u,v))

and there exists a monomial order on k[zy; u € A] such that the standard
monomials modulo p4 are the sorted monomials.

10.2 Monomial subrings of complete hypergraphs

Proposition 10.2.1. Let H be any d(I1,...,I;)-complete hypergraph. Then the
toric ideal py of H has a Grobner basis consisting of square-free binomials of
degree two and k[H] is normal.

Proof. The normality follows either directly from the fact that the edge set is
the set of bases of a discrete polymatroid (see [48]), or else will follow from
Proposition 10.1.1. We show that the set £(H) is sortable. Pick two edges E;
and E; and denote by a; and b; respectively the number of vertices from V; in E;
and Ej; respectively. If I; = [oy, 8;], by definition o;; < a; < 8; and o; < b; < ;.
Consider the image sort(E;, E;) = (M, N) and let a; and b, denote the number
of vertices from V; in M and N respectively. We claim a} € I;, b € I;. Clearly

20&1 S a; + bz S Qﬂz

If a; +b; = 2k, k € N, then o; < k < 3; and k = a; = b;. Hence in this case
a, € I; and b, € I;. Assume a; +b; = 2k+ 1, k € N. Then o; < k:—i—% < B
and either a; = k+ 1, b, = k or a, = k, b, = k + 1. Hence also in this case
a; € I, and b € I;. Since this holds for every i € {1,...,¢} and since M and
N both have cardinality d, M and N are in £(H) and hence E(H) is sortable.
The result now follows from [66, Theorem 14.2] and [15, Proposition 2.1]. O

Corollary 10.2.2. If H is a d(I1,...,I;)-complete hypergraph, then k[H] is
Koszul.
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Proof. This follows since there is a square-free quadratic Grobner basis, see
[1]. O

Remark 10.2.3. The case H = K¢ is the square-free Veronese and is treated by
Sturmfels in [66].

Example 31. Consider the complete hypergraph H = Kg’(; D Let the vertex
set be {v1,ve, v3, w1, wa}. The edge set £(H) then is

{{v1,v2, w1}, {v1,v2, wa}, {v1,v3, w1}, {v1, v3, w3}, {va, v3, w1 }, {v2, v3, w2 }}.
The ideal py is the kernel of the map
klx1, x2, X3, Ta, 5, 6] = klt1,to, t3, ts, ts5]
defined by
X1 > T1taty, To > titals, x3 +> t1l3ts, Tg > T1t3ts, X5 > tatsly, x6 —> talsls.
Considering all sorting relations we get

Py = (Tox3 — X104, ToT5 — T1T6, T4T5 — T3T6).
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