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LIST OF SYMBOL S AND ABBREVIATIONS  

 

EDX   Energy-Dispersive X-ray spectroscopy. 

FEM   Finite Element Modeling. 

FIB   Focused Ion Beam tool. 

HCF   High Cycle Fatigue. 

LCF   Low Cycle Fatigue. 

LIGA   Acronym for German Lithographie, Galvanoformung, 

Abformung; in English lithography, electroplating, molding. 

MEMS   MicroElectroMechanical Systems. 

RH   Relative Humidity. 

SEM   Scanning Electron Microscopy. 

TEM   Transmission Electron Microscopy. 

VHCF   Very High Cycle Fatigue. 

Wmax Maximum with of beam. 

Wmin Minimum with of beam. 

Df0  Decrease in resonance frequency. 

Df0;max   Maximum decrease in resonance frequency. 

DK Stress intensity range. 

DKth Threshold stress intensity factor range. 

ea  Strain amplitude at the notch root. 

sa Stress amplitude. 

sUTS Ultimate tensile stress. 

q0 In-plane angle of rotation of the resonator at resonance. 
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q In-plane angle of rotation of the resonator. 

e Electric permittivity of air, 8.855×10
-12

 Fm
-1

. 

h Normalized stress gradient. 

E Elastic modulus of nickel. 

kf Fatigue notch factor. 

kt Elastic concentration factor. 

Jq  In-plane mass moment of inertia of the resonator. 

M0  Amplitude of applied moment. 

Nf  Life or number of cycles to failure. 

Q Quality factor. 

q The notch sensitivity index. 

R Stress ratio: R = smin/ smax 

S The nominal stress. 

Vin  Amplitude of the input electric signal. 

Vout  Amplitude of the output electrical signal at resonance. 

b  Damping coefficient, also Basquin coefficient. 

c  Coffin-Manson coefficient. 

f0  Frequency at resonance, short resonance frequency. 

f0;initial  Initial resonance frequency (f0 at the beginning of test). 

h  Film thickness. 

kq  Resonator torsional stiffness. 

ri,j  Radius of the inner finger of the j
th
 capacitor. 

ro,j  Radius of the outer finger of the j
th
 capacitor. 
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SUMMARY  

 

Thin films technologies continue to play a key role in the development of 

stretchable electronics, flexible displays, and a wide range of microelectromechanical 

systems (MEMS) applications. Movable components can be exposed to cyclic loading 

in these applications, which can result in fatigue failure. Hence the investigation of 

fatigue degradation mechanisms of thin films is required to address some of these 

reliability concerns. Particularly, extreme stress gradients can occur for notched or 

unnotched micro-components in bending mode. In this research, a microresonator-

based technique is presented to investigate the effect of extreme stress gradient 

(normalized stress gradients of 17 and 36%.mm
-1

) on the fatigue properties of 20-mm-

thick electroplated Ni microbeams in both mild (30°C, 50% RH) and harsh (80°C, 

90% RH) environments. The technique relies on the measured evolution of the 

resonance frequency throughout the fatigue test and finite element models to calculate 

a fatigue life corresponding to the nucleation and growth of a ~2-micrometer-long 

crack.  In addition, the growth rates of these microstructurally small cracks were 

estimated also based on the measured resonance frequency evolution. The results of 

this dissertation highlight that the fatigue life of nickel microbeams under extreme 

stress gradients is dominated by the ultraslow growth of microstructurally small 

cracks, which is a strong function of the applied stress gradient. The calculated initial 

crack propagation rates are ~10 times larger for h = 17%.mm
-1

 compared to h = 

36%.mm
-1

 for sa between 400 and 450 MPa. The discrepancy is even larger with 

increasing crack size from 0 to 2 mm. For h = 36%.mm
-1

, the initial rates decrease with 



xvii  

 

increasing a, whereas for h = 17%.mm
-1

, the crack propagation rates do not decrease 

with increasing a. These effects result in significant difference in fatigue lives by 

orders of magnitude: at sa ~ 450 MPa, the fatigue life is 1000 times larger for h = 

17%.mm
-1

 (Nf = 10
5
 cycles) than for h = 36%.mm

-1
 (Nf = 10

8
 cycles). The stress-life 

fatigue curves exhibit low Basquin exponents, b, varying from -0.039 to -0.023 for 

stress gradients increasing from 17% to 36%.mm
-1

. Consequently, larger endurance 

limits (50% of the tensile strength) are associated with the steeper stress gradients. 

Little differences were observed in the fatigue response (stress-life fatigue curves, 

crack propagation rates) between the two investigated environments (30°C, 50% RH 

vs 80°C, 90% RH) with only slightly shorter fatigue lives in the harsher environment. 

However, scanning electron microscope images of the fatigued specimens and energy 

dispersive spectroscopy results from the sidewalls and fracture surfaces of the fatigued 

microbeams highlight an environmental component in the fatigue process, in the form 

of oxide formation at the location of the extrusions and along the crack flanks of these 

microstructurally small cracks. The results of this research bring significant insight 

regarding the reliability concerns of metallic microbeams.  
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CHAPTER 1:  BACKGROUND  AND MOTIVATION  

 

 In this research, we will address the effect of extreme stress gradients on fatigue 

behavior of nickel microbeams. Extreme stress gradients cannot be obtained at the bulk 

scale. However, the presence of extreme stress gradients in micro-scale components 

could result in significantly different fatigue behavior. The background review in this 

chapter begins by introducing the notch effect and microstructurally small cracks 

behavior in the absence of stress gradient and discussing necessity of further 

investigations to predict the corresponding behavior for micro-components under 

extreme stress gradients. Then, we will continue by introducing the fatigue behavior of 

Ni microbeam in the absence of an applied stress gradient in terms of S-N curve and 

microstructurally small cracks (MSC) propagation rates. Following that, the significant 

importance of stress gradient effect on fatigue life of micro-components especially 

under bending loading conditions has been highlighted. At the end of this chapter, the 

motivation of this research is discussed. 

1.1  Notch Effects on Fatigue Behavior 

For macro scale specimens, microcracks form at stress concentration sites and 

lead to fatigue damage and failure. This fatigue mechanism is facilitated by the presence 

of any geometric discontinuities, such as holes or grooves. These geometric 

discontinuities are termed ónotchesô for brevity, and they act to raise stress. The fatigue 

limit, in term of notch root stress, of a notched structure is typically larger than that of a 

smooth specimen [7, 11-16]. The physical explanation is related to the stress gradients 

that are present ahead of a notch and the fact that fatigue occurs within a process zone 
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of a finite volume that is subjected to a lower average stress than the maximum stress at 

the notch root [17]. The sharper the notch, the larger the notch root stress fatigue limit 

due to the larger stress gradients.  

Abrupt decreases in fatigue resistance due to the notch effect highlight the need 

to understand the fatigue mechanisms of notched components [10-12]. It is well-known 

that the stress amplitude in the vicinity of stress concentration sites has a key role in 

fatigue cracksô nucleation and propagation [5, 13-18]. The elastic concentration factor 

Ὧ has been employed to define the ratio of ʎ , the maximum local stress ahead of the 

notch tip, to S, the nominal stress. However, experimental fatigue results show that 

notches produce less effect on fatigue life than is predicted by  Ὧ. To address this issue, 

the fatigue notch factor, Ὧ , has been employed to define the factor by which fatigue 

life is reduced as a result of notch presence and stress concentration sites. The degree of 

discrepancy between Ὧ and Ὧ  has been measured by the notch sensitivity index (q) as 

follow: 

 
ή
Ὧ ρ

Ὧ ρ
   (1) 

 Which varies from zero to unity, corresponding to no notch effect and full notch effect, 

respectively. In other words for the maximum notch effect,   Ὧ Ὧ; consequently q = 

1. From the experimental point of view, this maximum notch effect for the bulk-scale 

fatigue tests happens for highly ductile material and sharp notches. Experimental 

measurements illustrate that a stress concentration with Ὧ above a certain value could 

result in a nonpropagating fatigue crack [1, 2, 10]. Indeed, one additional reason for the 

increased fatigue limit is the formation of non-propagating cracks ï cracks nucleating at 

https://www.google.com/search?biw=1680&bih=906&q=sensitivity&spell=1&sa=X&ei=hB4FU7u9DJPNkQf4kYGYAQ&ved=0CCUQvwUoAA
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the notch root but unable to propagate due to the decreasing stress intensity factor range 

with increasing crack size which occurs for sharp enough notches (for example, less 

than 2.5 mm for circular notches) [14, 18]. Non-propagating, small cracks (~1 mm at 

most) may develop ahead of sharp notches (large stress gradients at most ~1-2%.mm
-1

, 

i.e. significantly smaller than the extreme stress gradients in our study) [17] as a result 

of decreasing driving force for crack propagation due to the stress gradient [14, 16, 18]. 

As presented in Figure  1.1, nonpropagating fatigue cracks could increase the fatigue 

limit for the bulk-scale fatigue tests to a level beyond that predicted by Ὧ and Ὧ 

effects. It is expected that effect of nonpropagating cracks will be further exacerbated 

for the fatigue life of micro-components. This is because micro-notched components 

under MEMS-relevant loading conditions, or even unnotched micro-component under 

bending loading, experience extremely large stress gradients that cannot be obtained at 

the bulk scale for the similar values of Ὧ. In other words, a given value of  Ὧ, applied 

for bulk and for micro-scale components, could result in significantly different stress 

gradients.  The normalized stress gradient is related to geometry by the stress 

concentration factor (ʂ) as: 

 
ʂ

ρ

„

Ὠ„

Ὠὼ
   (2) 

 

where, „  is the maximum stress at the notch root and   is the stress variation 

within distance x from the notch root [19].  
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The notch effect has been reasonably understood for macro scale. For an 

example in a comprehensive study,  Lukas and Klesnil developed a model to predict 

fatigue limits in notched bodies that relies on the stress intensity factor formulas ahead 

of notches (in that case, assuming that linear elastic fracture mechanics is valid) and on 

the fact that fatigue failure occurs if a crack can grow large enough to reach a critical 

size that corresponds to the threshold stress intensity factor range, DKth (for long cracks) 

[5]. The results showed that the predicted fatigue limit is a strong function of the critical 

crack size (ranging from 10 to 200 mm) and of the normalized stress gradients, h (up to 

1% decrease in stress per micrometer, i.e. h = 1%.mm
-1

); see Figure  1.2. Other models 

rely on elastic-plastic fracture mechanics to account for the notch plasticity [18].  

Figure  1.1: Effect of nonpropagating cracks on increasing 

the fatigue limit for tests performed at bulk scale [1, 2]. 



5 

 

 

It is important to realize that these concepts cannot be applied in the case of 

microbeams (whether or not they are notched) subjected to cyclic bending for two main 

reasons. First, the normalized stress gradients h are at least one order of magnitude 

larger (in our case, 36% decrease in stress per micrometer over the first two 

micrometers, i.e. h = 36%.mm
-1

) while the maximum values in notched bulk 

components do not exceed 1-2%.mm
-1

 [17]. Therefore this range of stress gradients has 

not been yet explored. Second, the fatigue cracks propagating from the edges of the 

microbeams toward the neutral axis are microstructurally small (their size is 

commensurate with the grain size). Therefore the concepts associated with linear elastic 

as well as elastic-plastic fracture mechanics are not valid, and the mechanical threshold 

associated with fatigue of long cracks (DKth) must be replaced with microstructural 

thresholds (physical barriers such as grain boundaries).  

Figure  1.2: Influence of stress gradients on the kt/ kf  ratio [5]. 
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1.2 Fatigue Growth of Small Cracks 

A crackôs size determines its classification as a microstructurally, mechanically, 

physically, or chemically small crack [18]. Here, a small crack is comparable in size to 

the grain size of the material, and it is called a microstructurally small crack. Such 

cracks present anomalous fatigue behavior that cannot be interpreted by linear elastic 

fracture mechanism (LEFM). Figure  1.3 shows the growth rate behavior of 

microstructurally and mechanically small cracks [8]. Small cracks exhibit an anomalous 

behavior in the crack propagation rate curve even in the absence of applied stress 

gradient [20, 21]. This behavior is characterized by much faster crack propagation rates 

(compared to long (several mm) cracks) that decrease with increasing crack size [22-

27]. This discrepancy between the microstructurally and the mechanically small crack 

growth rates could arise as a result of differences in the crack growth characteristics, 

crack closure, and crack path tortuosity of short and long cracks [1, 10, 20, 28-31]. The 

difference between the intrinsic threshold of short and long crack has been investigated 

[32-34]. As presented in this figure by increasing crack length, the growth rate of 

microstructurally small cracks initially decreases to a certain level; at which point it 

increases until it merges with mechanically small crack growth rates. The retardation in 

crack growth occurs when the corresponding crack tip reaches a grain boundary. This 

figure illustrates that the LEFM approach dangerously overestimates the fatigue life of 

components with initial short cracks, and demonstrates that experiments developed for 

long cracks could not be used to predict the fatigue life of components with short 

cracks. It is also important that Figure  1.3 presents the fatigue behavior of a short crack 

for a specimen which is not under a stress gradient. 
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Recently, promising approaches have been developed to model the propagation 

of microstructurally small cracks in bulk materials [35-37]. However, the 

aforementioned issue of microstructurally small cracks propagating under extreme 

stress gradients, highly relevant for micro-components, has yet to be addressed, largely 

due to the lack of suitable experimental characterization techniques. The presence of 

an extreme stress gradient could result in a different short crack propagation pattern, 

which is the main topic of this thesis. In this dissertation, we present a micro-scale 

technique dedicated to the fatigue characterization of metallic micro-beams, including 

the microstructurally small crack propagation behavior.      

 

Figure  1.3: Fatigue crack growth behavior of short cracks for 

tests performed at bulk scale [8]. 
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1.3 Fatigue Properties of Electrodeposited Nickel Thin Films 

There is an increasing need to use more damage-robust structural materials, such 

as in MEMS applications, considering the ongoing miniaturization of structural 

components in MEMS devices. LIGA nickel thin film is one of the most common 

components currently used in the MEMS industry. LIGA is an acronym from the 

German words for ólithography,ô óelectroplating,ô and ómolding,ô and these processes 

could implement electrodeposited nickel thin films to fabricate high aspect ratio Ni 

structures, which are widely used as a variety of micro-sensors and actuators [6, 10, 40-

43]. For a large number of MEMS applications, LIGA Ni parts are experiencing the 

cyclic mechanical loading, and consequently the investigation of fatigue behavior of 

nickel thin films is a crucial step in developing a reliable MEMS design [44, 45]. In that 

regard, thickness and grain size effects on fatigue life of metallic films have been 

extensively studied over the last 20 years [46-53]. Most of these studies are performed 

with tensile tests, which do not take into account the effects of extreme stress/strain 

gradients that may exist in actual micro-components (such as in the cyclic bending of 

micro-beams [54-58]).  Among this researches, Yang et al. [5] have studied the earliest 

stages of fatigue crack growth in LIGA Ni MEMS thin films by implementing notched 

focused ion beam (FIB) microbeam. Their developed technique was used to study 

submicron and nanoscale fatigue in LIGA Ni thin films with columnar microstructures 

(average grain size of 25 ± 5 nm). They reported that fatigue crack growth in LIGA Ni 

MEMS thin films occurs by the unzipping of cracks into intersecting slip bands. This 

study also highlights the significant importance of grain size on fatigue behavior of 

nickel thin films. Figure  1.4 (a) shows the predicted fatigue endurance limit (see 
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equation 11 in [3]) as a function of grain size which is in a reasonable agreement with 

corresponding experimental data presented in Figure  1.4 (b). Results suggest that 

thinner thin films which have finer grain size tends to have a larger fatigue endurance 

limits. 

 

Hanlon et al. [6, 9] also report beneficial effects of grain size reduction on 

fatigue resistance of pure Ni under stress-controlled loading condition (see Figure  1.5). 

As shown in this figure, nc (nanocrystalline) structure has a slightly higher fatigue limit 

compared to ufc (ultrafine crystalline). This trend is valid for both endurance limit and 

the stress range associated to number of cycles to failure. Accordingly, the fatigue limit 

of mc (microcrystalline) Ni is significantly lower than those of nc and ufc pure Ni.  

Figure  1.5 highlights the dominant effect of grain size on fatigue behavior of pure Ni. 

 

Figure  1.4: (a) Predicted endurance limit as a function of grain size. (b) Experimentally 

Measured S-N curve for 70 and 270 mm thick LIGA Ni film [3, 4]. 

(a) (b) 
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In another effort to study the fatigue behavior of LIGA nickel films, Boyce et al. 

[4] presented a new method to characterize the high-cycle fatigue behavior of nickel 

micro specimens. In this research, they used cantilever microbeams with a cross-section 

of 26 250 mm under 20 Hz fully reversed bending load. Although, the used specimens 

were un-notched, implementing the bending mode of loading results in 6%.mm
-1

 stress 

gradient. The reported S-N curve appears to be consistent with typical ductile metal 

behavior (Figure  1.6). This figure shows that for applied stresses at the order of the 

yield strength, the corresponding lifetimes is at the order of several tens of thousands of 

cycles. The arrows show two specimens with no failure after 3.5 10
6
 cycles (exhibited 

óórun-outôô). These óórunoutsôô occurred at a maximum stress about 208 MPa which is 

37% of the ultimate tensile strength and consistent with typical values reported for bulk 

Figure  1.5: The effect of grain size, from micro to nano-

regime, on endurance limit [6]. 
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nickel [38]. In this research, larger stress gradients (0.17 and 0.36 µά  and will be 

investigated. 

 

 

 

 

 

 

In a similar research, Son et al. [7] reported that when the characteristic 

dimensions of materials become small the corresponding mechanical properties can 

deviate from those of bulk material. They conducted the tensile and fatigue tests to 

investigate the effects of stress concentration and surface roughness of LIGA Ni 

microbeams by performing the same fatigue tests on center-notched (with kt =1.4) and 

unnotched specimens to obtain the associated notch sensitivity (see Figure  1.8). The 

notch-sensitivity factor was computed to be q= 0.65 which is higher than the value 

Figure  1.6: S-N curve for 26 mm wide beam under 

fully reversed bending (R=-1). Arrows in this figure 

representing run-out specimens. 
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reported for bulk metals [7] and highlights the fatigue strength sensitivity of LIGA 

nickel to stress concentration (see Figure  1.7). 

 

 

 

 

The fatigue crack growth rates associated with microstructurally small cracks 

also have been extensively studied in bulk metals [22-27], with computational models 

starting to capture the main trends [35-37]. However, none of these studies focused on 

the growth of microstructurally small cracks under extreme stress gradients, which is 

the topic of this study. Among these researches, Hanlon et al. [6, 9] characterized the 

crack growth behavior of pure Ni as a function of grain size for a wide range (tens of 

nanometer to tens of micrometer). They compared the fatigue response of 

electrodeposited nanocrystalline pure Ni (with average range of grain sizes well below 

100 nm) with corresponding ultrafine crystalline pure Ni (with an average grain size of 

Figure  1.7: Notch effect on S-N curve of LIGA Ni [7]. 
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about 300 nm) and conventional microcrystalline (Ni with an average grain size more 

than 10 mm). In this research, they compared the crack growth rate for different grain 

size and showed that grain refinement from microcrystalline to the nanocrystalline size 

could significantly increase the corresponding crack growth rate for the fatigue tests 

performed under stress-controlled condition. Figure  1.8 (a) shows the crack growth 

rates as a function of DK at load ratio R = 0.3. As shown in this figure, rates are about 

four times faster for nc Ni compared to ufc Ni and lowest crack growth rates belong to 

mc Ni. Considering the DK range, the crack growth rates are in the Paris regime. 

According the LEFM assumption, only the data points correspond to an uncracked 

ligament with length of 20 times or more of the plastic zone sizes have been considered 

[6, 9].  The predicted and experimentally measured fatigue threshold for long crack is 

reported to be ͯ 1 and 2 MPaЍÍ respectively [3, 39, 40]. The long and short crack 

growth rates and associated DK range are compared in Figure  1.8 (b), reported by Yang 

et al.[3]. It is important to mention that the majority of researches for investigating the 

crack growth trend of Ni microbeams have studied the long cracks fatigue behavior and 

any subcritical growth within the scale of microstructural length is ignored [3, 6, 9]. 

However, none of these studies focused on the growth of microstructurally small cracks 

under extreme stress gradients, which is the topic of this study. The geometry and the 

presence of extreme stress gradient for MEMS devices dictates the necessity of 

characterizing of the effect of extreme stress gradient on microstructurally small crack 

growth behavior to address some of the major reliability concern for MEMS 

application.   
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Figure  1.8: (a) Crack growth rates as a function of DK, for different grain sizes 

reported by Hanlon et al.[9]. (b) Comparison of long and short fatigue crack growth 

rates. 

(a) 

(b) 
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1.4 Fatigue Behavior of Ni Microbeams with Extreme Stress Gradients 

Fatigue tests for micro-scale components under extreme stress gradients could 

introduce a new fatigue mechanism that is not applicable for bulk material. For fatigue 

of non-propagating short crack under an extreme stress gradient, external factors such 

environmental effects could play a dominant role in the fatigue mechanism. Baumert 

et al. investigated the fatigue crack initiation mechanism in 20-µm-thick electroplated 

Ni films by using a microresonator, consisting of two comb drives and a notched 

cantilever beam / mass assembly (see Figure  1.9) [41]. The comb drives are designed 

for electrostatic actuation (to drive the beam/mass assembly at resonance (f0 ~ 8 kHz)) 

and capacitive sensing of the motion (to measure f0 by performing frequency sweeps 

throughout a fatigue test). 

 

 

 

In this study, in-plane fatigue bending tests were performed in both mild and 

harsh environments leading to nonpropagating fatigue micro-cracks. Figure  1.10 

illustrates the frequency evolution, SEM and TEM images of two specimens in mild 

Figure  1.9: Inclined SEM images of (a) entire microresonator, and (b) notched 

microbeam. Top-down SEM image of the notched microbeam. 
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and harsh environment as presented by Baumert et al. [41]. Figure  1.10 (a) presents 

the frequency evolution in mild and harsh environments. As shown in this figure, the 

blue line represents the frequency evolution for the fatigue test performed in a mild 

environment. The figure shows that the blue line reaches a plateau region after about 

υ ρπ cycles and that the corresponding specimen had not failed after ς ρπ 

cycles. At the notch root of this resonator, the stress „= 389 MPa, which is ͯ44% of 

the corresponding ultimate stress („ ) [42].. The increase in resonance frequency for 

the test performed in a harsh environment (red line) is interpreted as a result of very 

thick local oxides at the location of extrusions at notch root. Figs. 3 (b, c) show that 

for sufficiently large stress amplitudes, non-propagating micro-cracks form in both 

environments. The extrusions associated with these slip bands oxidize during the 

cyclic loading. The localized thick oxides (ͯ1µm) were reported after several billions 

of cycles [42]. Figure  1.10 (d) presents the TEM images of highly localized surface 

oxide at notch root for the test performed in mild environment [41]. This figure shows 

that after about one billion cycles the fatigue micro-cracks form within previously 

formed thick oxides. 
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1.5 Motivation  

Small-scale fatigue is an active research area due to the widespread application of 

metallic films and micrometer-scale structures in flexible/stretchable electronics, 

micro/nano electromechanical systems (MEMS/NEMS), and microelectronics [4, 43-

61]. The majority of previous studies have employed the micro-tensile fatigue testing 

(d) 

Figure  1.10: (a) Frequency evolution during performed fatigue tests in mild (30 °C, 

50% RH at ůa = 390 MPa) and harsh (80 ÁC, 90% RH at ůa = 335 MPa) 

environments. Arrows indicate sudden drops in f0. (b, c) resulting fatigue damage at 

the notch in mild and harsh environments, respectively. (d) TEM images showing 

highly localized surface oxides, corresponding to the extrusions in (b).   
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technique (or similar techniques) on freestanding or polymer-supported thin films.  

These investigations have not considered the effect of the stress gradient on fatigue 

behavior which could be significant for notched components under MEMS-relevant 

loading conditions even in the case of unnotched micro-components under bending 

loading.  Recently, several techniques have been developed to study the bending fatigue 

properties of microbeams, in an effort to study more complex loading configurations 

that are pertinent to a growing number of applications (such as metallic micromachines 

and metallic layers on stretchable/flexible electronics) [4, 43-48, 52, 53, 55, 56]. 

Notably, Pierron and co-workers developed a microresonator technique to measure the 

high / very high cycle fatigue properties (HCF/VHCF) of electroplated Ni notched 

microbeams under fully-reversed bending mode [43-45, 52]. They investigated fatigue 

crack initiation mechanism in the VHCF regime (see section  1.4) [45]. In this research, 

we demonstrate that the propagation of microstructurally small cracks under extreme 

stress gradients is the dominant factor which mainly determines the number of cycles 

required for fatigue failure. Therefore, the necessity of prediction of Nf for micro-

components in order to compute their corresponding fatigue life highlights the 

importance of developing a technique to accurately characterize the small crack growth 

rates. The unique technique presented in this dissertation, for the first time enables us to 

quantify the extreme stress gradient effects on the fatigue behavior of LIGA Ni 

microbeams in different environments, specifically propagation of microstructurally 

small cracks. To do this, fatigue tests were performed on microresonators with stress 

gradients of 0.17 and 0.36 µά  to investigate the stress gradient and environmental 

effects on the fatigue life. Specifically, larger electrostatic moments (up to 4 times in 
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magnitude) were applied onto the micro-resonators, allowing the fatigue cracks to 

propagate (unlike the previous investigations in which only non-propagating cracks 

were observed). As such, these experiments allowed the investigation of the 

combination of the following size effects on small-scale fatigue: physical (with the 

presence of extreme stress gradients ahead of the microbeamôs notch) and 

microstructural (for which the critical cracks are commensurate with the grain size).  
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CHAPTER 2:  EXPERIMENTAL AND NUM ERICAL PROCEDURES 

2.1 Microresonators 

A free standing 20-µm-thick LIGA nickel microresonator is shown in 

Figure  2.1. This microresonator is used to characterize the fatigue properties of nickel 

microbeams in the High / Very High Cycle Fatigue (VHCF) regime. As illustrated in 

Figure  2.1, design #1, consists of two comb drives, a cantilever beam, and a mass. The 

comb drives are designed for electrostatic actuation and capacitance sensing. In this 

particular design, the small holes on the fan-shaped mass are used to facilitate the 

etching process of the trench under the mass to provide a fully free standing fan 

attached to the base with a free standing microbeam as shown in Figure  2.1 (b).  Due to 

the small dimension of the combsô fingers, the electrostatic moment cannot provide 

sufficient force and motion to the resonator mass under monotonic loading; 

consequently the resonator is driven at its natural frequency, which is dictated by the 

dimensions of the device.   

This microresonator can be used to investigate fatigue damage at the notch root 

(see Figure  2.1 (b)) of the nickel beam under cyclic in-plane bending [10]. As a stress 

raiser, the notch is designed to increase the local stress at the notch root to a desired 

level. The large stress gradients are induced by the 4-micron-root-radius sharp notch 

and the small width of the beam as shown in Figure  2.1 (b). The objective is to 

characterize the fatigue properties of 20-µm-thick LIGA nickel microbeams under 

extreme stress gradients. To study the specific effects of stress gradients, different notch 

shapes are designed, fabricated and tested.  In the next section, the fabrication process 
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and technical limitations which have been considered for microresonator final design 

are discussed.   

2.2 Fabrication Process 

The metal multi-user MEMS process (MetalMUMPs) is a commercially 

developed process, in which 20-µm-thick electroplated nickel is used as the structural 

layer with 0.5 µm thick Cu base layer at the bottom and 0.5 µm thick Au layer at the top 

[62]. Several lithography levels are needed to create the above mentioned physical 

layers. More details about the fabrication process are available in user guide, 

MetalMUMPs Design Handbook, which is designed for general purpose electroplated 

nickel micromachining of MEMS [63]. For MEMS devices fabricated with this process, 

 

Figure  2.1: (a) Resonator with the highest normalized stress gradient (ɖ = 0.36 mm
-1

). 

(b) Zoomed view of the beam notch. 

(a) (b) 

Mass 

Notched Beam 

Design # 1, 

=0.36 µἵ  

Sensing/ Actuating Combs 
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the nickel layer has columnar grains which are typically 5ï10 µm in height and roughly 

1-2 µm in width along directions orthogonal to the deposition direction [4, 43]. 

The experimental data of monotonic tensile loading of MetalMUMPs nickel 

beam has been reported by Baumert et al. [64]. In this study, dogbone-shaped 

specimens (20 µm thick, 8 µm wide, and 320 µm long) were used for monotonic tensile 

tests; the extracted experimental data are summarized in Table 1. 

 

 

These material properties have been implemented in a finite element model to optimize 

the microresonators design and to reach a desired range of parameters for fatigue test. 

The resolution provided by this process is about 8 µm which dictates the minimum 

possible clearance of fingers at the sensing and actuating combs [63]. The upper limit to 

the size of the microresonator is largely determined by resulted residual stress during 

the fabrication process [63].The residual stress in the electroplated nickel film has an 

average of -4.72 MPa/mm [65]. For very large MEMS devices, process-induced residual 

stresses bend the free standing mass downward, decrease the overlapped area between 

the sensing and actuation fingers, and cause the malfunction of device. These process 

Table 1: Material properties of 20-µm-thick electroplated nickel fabricated with 

MetalMUMPs process [64]. 

Material 

Properties 

Youngôs  

Modulus [GPa] 

0.2% Yield 

Strength [MPa] 

Tensile Strength 

Ɑ╤╣╢ [MPa] 

Elongation[%]  

20-µm-thick Nickel 

film 

166±19 656±70 873±26 7±3 
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parameters and their direct and indirect effect on fabricated device have been precisely 

considered and implemented, and details at next sections. 

 

2.3 Governing Equations 

The dynamic behavior of resonators has been modeled as a one-degree-of-

freedom, harmonic oscillator with rotational motion [64]. The governing second-order 

equation is: 

 ὐ— ὦ— Ὧ— ὓ ÓÉÎς“Ὢὸȟ (3) 

where ʃ is the angle of rotation,  ὐ is the mass moment of inertia, b is the constant 

damping coefficient, Ὧ is the torsional stiffness. The maximum amplitude of applied 

moment, M0, is presented below [64]: 
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where Vin is the amplitude of actuation voltage, e  is the electrical permittivity (here for 

air) h is the film thickness (20 mm), r i,j are the outer and inner radius of j
th
 capacitor (for 

two adjacent fingers), n is number of microresonatorôs sensing comb fingers (17 and 14 

for  0.36 and 0.17 mm
-1 

respectively). This formula considers the area of two adjacent 

fingers which see each other (overlapped) to calculate the corresponding capacity. And 

finally f is the frequency of applied moment. Accordingly Ὢ is defined as: 

 

Ὢ
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At resonance, the notched beam is cycled under fully-reversed sinusoidal in-plane 

bending, with an amplitude of rotation at resonance, ʃ, given by the following equation 

[64]: 

 
—

ὓὗ

Ὧ
ȟ (6) 

 

with M0, the amplitude of the applied moment, kq the torsional stiffness of the specimen, 

and Q the quality factor. This formulation and FEM analysis will be used to interpret 

the frequency evolution as a result of crack initiation and propagation at the notch root. 

2.4 Design Criteria  

The MEMS resonators are designed to study the short fatigue crack initiation 

and propagation under a wide range of stress gradients. A fully parameterized APDL 

(ANSYS Parametric Design Language) code was developed to finalize the 

microresonator design (section  2.6). As illustrated in Figure  2.2 (a), an elastic finite 

element model was used to calculate the stress distribution throughout the notch root 

thickness (designated as Thickness Path), the ligament of the beam (Surface Path), and 

along the notch length (Arc1 and 2 Paths).  The latter was used to compute the size of 

the fatigue-exposed zone. Figure  2.2 (b) shows a schematic of stress distribution along 

the ligament of the beam (solid blue line). To investigate the crack initiation and 

propagation under constant stress gradient, stress distribution along the beam ligament 

must be linear, i.e. the dashed red line instead of the solid blue one. By assuming linear 

stress distribution along the beam ligament, the normalized stress gradient is rewritten 

as: 
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where, ʂ is normalized stress gradient,  „ is the maximum stress at the notch root and 

„ is the minimum stress (here zero) at the middle of the beam, Figure  2.2 (b). To study 

short fatigue crack initiation and propagation, initially values of ɖ were selected as 0.06, 

0.13, 0.17, and 0.36 µά .   

Figure  2.3 presents the shape for the notched beam, which consists of three 

parameters (Wmin, Wmax, and Length). Using equation (7) and the defined range for 

stress gradient, corresponding first parameter of beam geometry (Wmin) was computed 

and listed in Table 2. Based on the FEM model results, to have the same size of fatigue-

exposed zone, the Wmax / Wmin ratio must be constant for all different designs. This ratio 

is set to 1.28, as a higher ratio could result in nonlinear stress distribution along the 

ligament. The final level of the beam design section is to define the length of beam. 

Again considering the FEM model results, beam length was set to 60 µm; a shorter 

 

Figure  2.2: (a) FEM Model and different paths for stress distribution at the beam 

section. (b) A schematic of stress distribution along the ligament (solid blue line). 
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length could result in nonlinear stress distribution and a longer one could result in more 

out-of-plane bending of the resonator mass and the device malfunction. 

 

Figure  2.3: Design parameters for the beam section. 

 

Table 2 shows the different parameters corresponding to different designs of the 

microresonator. In this table Ὧ and  , respectively are the stiffness of beam and ratio 

of stress level at notch root over corresponding angle of rotation which is constant for 

each individual microresonator. Using the 3D FEM model and assuming linear elastic 

behavior model,  and Ὧ were computed for different designs, along with 

corresponding stress gradients and are presented in Table 2. Figure  2.4 shows the newly 

designed microresonators (designs # 2, 3, and 4 from Table 2) with different stress 

gradients. All designed microresonators have been characterized (see chapter 3 for more 

details) and design# 1, 2 have been selected to perform the fatigue test and study the 

effects of stress gradient on short fatigue crack initiation and propagation. Design # 1 is 

presented in Figure  2.1.  
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Table 2: Different designs of microresonator and their corresponding parameters. 

Design 

# 

Wmax 

 [mm] 

Wmin 

 [mm] 

ů/q  

[MPa/mrad] 

kq 

[N.m/rad] 

Ɫ 

[Ⱨ□ ] 

1 - - 62.64 1.730E-05 0.36 

2 10.66 8.33 21.29 9.443E-06 0.17 

3 16 12.5 25.55 2.030E-05 0.13 

4 32 25 42.87 1.274E-04 0.064 
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Figure  2.4: Designed microresonators to characterize the fatigue properties of LIGA 

nickel thin film under different stress gradient. (a, b)  h = 0.17 mm
-1

, design#2. (c, d)  h = 

0.13 mm
-1

, design#3. (e, f) h=0.06 mm
-1

, design #4. 

(c) 
(d) 

(e) (f) 

(b) 
(a) 

Design # 4, 

=0. 06 

µἵ  

Design # 3, 

=0.13 µ□  

Design # 2, 

=0.17 µἵ  
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2.5  Experimental Setup 

2.5.1 Fatigue Test Setup in Controlled Environment 

The quality factor for designed resonators is of the order of several hundred and 

makes it possible to rotate the resonator mass by keeping it running at resonance  ͯ8 

kHz. Figure  2.5 illustrates the different features of the setup for performing HCF/VHCF 

tests. The resonator behaves as a rotational oscillator excited by applying sinusoidal 

voltage using a waveform generator (voltage is generated with Agilent33220A 20MHz 

and then amplified by 100x with AVTECH-100G).  The periodic rotational motion 

under resonance results in periodic changes in the capacitance of the sensing combs. An 

Agilent E3612A applies DC bias to the sensing combs to measure their capacitance 

changes. The capacitance changes create a current (nͯA) that is proportional to the 

mechanical response of device (angle of rotation of the resonator). The induced current 

is converted to voltage using a custom made current-voltage amplifier. Then the 

amplified voltage is measured with a lock-in amplifier (SR830-100kHz DSP).  The 

output signal at resonance depends on angle of rotation and approximated as: 

 ὠ ɻʃ, (8) 

where Ŭ is a constant and function of the gain of the current-to-voltage amplifier circuit 

and the geometry of the sensing comb structure [64, 66] . 

By tracking the resonant frequency changes, the development of fatigue damage 

is followed and interpreted as crack initiation and propagation at the notch root. Fatigue 

tests are performed in both mild and harsh environments using a temperature and 

humidity chamber (ESPEC SH-241 Bench-top Type). This chamber controls the 

environment by resolution of 0.1 ºC, 1 % relative humidity (RH). 
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Figure  2.5: HCF Fatigue test setup used for tracking the changes in resonant 

frequency during the test.  

2.5.2 Optical Calibration/ Stress and Strain Calculations 

As mentioned earlier, during the fabrication process, a deviceôs geometry can 

vary slightly; such small changes can create variations in the deviceôs response 

amplitude and its resonant frequency. To address this concern, the stress and strain were 

computed at the notch roots of the resonators using a combination of FEM analysis and 

optical calibration for each individual device. This approach helps to produce consistent 

results and, consequently, a correct interpretation of fatigue damage behavior. For 

optical calibration, a digital camera (JAI-PULNiX RM-1402CL) was used. Because of 

the significant differences in the dimensions of the designed resonators, objective lenses 
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with different magnification (20X, 50X Mitutoyo Plan Apo SL Series) were used to 

compute the angle of rotation of each resonator. We have computed the angle of 

rotation of each resonator to characterize the response amplitude of that individual 

resonator. 

Figure  2.6 is an image of the last few fingers of the resonator combs during the 

fatigue test. By measuring the blur area and knowing the geometry of the device, the 

angle of rotation can be computed.  In the previously developed method to measure the 

resonatorôs angle of rotation, the motion of the comb was calculated by measuring the 

motion blur of the root of combs between the last two fingers of the resonator mass 

(designated as red arrow Figure  2.6 (a)) [67]. In this method rest- and motion-images of 

the device are obtained and matched to capture the pixel intensity distribution in 

motion-blur. This approach results in reasonably precise measurement of the angle of 

rotation for Si microresonators [62, 68].This technique does not appear to yield accurate 

results for large q0 values of the Ni microresonators, probably due to poor contrast 

between the fingers and the background (see Figure  2.6(a)) [67]. Hence, a new 

calibration scheme was used, relying on measuring the distance between a finger at rest 

and the edge of the adjacent blurred area.  

In this new method, instead of measuring blur motion, which is the direct 

motion of the comb root, the motion of the moving comb root is measured with respect 

to the fixed comb. In other words, the distance between the fixed comb and the moving 

comb root is computed and subtracted to obtain the angle of rotation (difference in the 

size of designated red arrows in Figure  2.6 (b, c)).  
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Figure  2.6: Resonator images during the fatigue test used to measure the motion blur 

area and compute the angle of rotation of microresonator. 

To characterize the resonatorôs response amplitude, a matlab code was written to 

compute the designated length and consequently the comb motion. Since one extent of 

this length is fixed (see Figure  2.6 (c), the blur is only seen at one extent (the moving 

comb root). Therefore, computing this length instead of the blur motion results in 

smaller error and thus higher precision. This characteristic of the new approach enables 

the specified length to be measured even at higher stresses. This is a significant 

improvement over the previous method, which was unable to capture the blur length 

(a) 

(b) 
(c) 
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due to the aforementioned difficulty. To fully obtain the precision offered by this 

method, the resonatorôs angle of rotation was calculated using the new method for three 

devices and for each of five intervals (amplitudes). The precision values from the 

different devices were calculated and averaged to compute the overall precision. The 

new methodôs overall precision is calculated as 0.26 mrad.  

In the following paragraph we discuss the step by step procedure to calculate the 

strain and stress at the notch root of the resonator, which corresponds to its measured 

angle of rotation by optical calibration. It is worth mentioning that the fatigue damage 

that occurs during the HCF test could change the amplitude response of the resonator 

and its corresponding angle of rotation; consequently, optical calibration was performed 

prior to the test. Given the dimensions of the resonator and its measured blur-motion 

area, a simple mathematical calculation was used to compute the deviceôs 

corresponding angle of rotation. Subsequently, a FEM model was implemented to 

calculate the strain amplitude at the notch root [64].  

For the stress calculation, the computed angle of rotation that corresponds to the 

maximum strain amplitude was used to estimate the stress level at the notch root. 

Because of plasticity effects, the response amplitude of the nickel resonators is not 

linear, especially for higher levels of stress. Therefore, it is not realistic to use a linear 

relation between the stress amplitude and the resonatorôs angle of rotation. Instead a 

Linear-elastic plastic model was used to compute the stress at the notch root. 

Considering Table 1, the Ramberg-Osgood fit was used to obtain the material 

nonlinearity for the FEM model according to the following equation: 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=6&cad=rja&uact=8&ved=0CEUQFjAF&url=http%3A%2F%2Fwww.proz.com%2Fkudoz%2FEnglish%2Flinguistics%2F3198107-it_is_noteworthy_to_mention.html&ei=ANGGVduLOpGmyATrk5PQDQ&usg=AFQjCNERNRkVZ_elEW9iH8PIXDzHZUBIeA&sig2=a6LexPh9sJQci5o_c7ypMw
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 „ ρτυρ ὓὖὥ‐ Ȣ  (9) 

By implementing the above mentioned linear-elastic plastic behavior in the model, the 

FEM model was used to extract the stresses at the notch root sa, as a function of angle 

of rotation q0 (in rad), for different levels of applied static loading for the 

microresonator with 0.36 µά  stress gradient. Finally, a second-order polynomial was 

fitted to present the stress (in MPa) versus angle of rotation (in rad) as follows: 

 „ ὓὖὥ χτȢσ ρπ— ρȢωψρπ— ȟ         ÆÏÒ 4  σπЈ#  (10) 

 „ ὓὖὥ χρȢω ρπ— ρȢωρρπ— ȟ ÆÏÒ 4  ψπЈ# (11) 

Youngôs modulus values range from 172 GPa to 166 GPa, corresponding to 30°C and 

80°C respectively. The formula for T = 80°C (eq.(10)) has been extracted  by replacing 

the corresponding Young module in the FEM model.  

For each individual resonator, the stress at the notch root was calculated by 

substituting the corresponding angle of rotation in equations (10, 11). It is worth noting 

that the above mentioned formula is obtained for the resonator with a 0.36 µά  stress 

gradient. For other designs (corresponding to a different stress gradient) a different 

formula should be used instead of equations (10, 11). These formulas have been 

extracted by implementing the material properties in the corresponding FEM model, 

and they have been used to compute the stress amplitude at the notch root. For a 

microresonator with  h = 0.17 mm
-1

stress gradient, a second-order polynomial was 

fitted to present the stress (in MPa) versus angle of rotation (in rad) as follows: 

 „ ὓὖὥ ςτȢυτρπ— ςȢςσρπ— ȟ ÆÏÒ 4  σπЈ#  (12) 

 „ ὓὖὥ ςσȢχσρπ— ςȢπωρπ— ȟ ÆÏÒ 4  ψπЈ# (13) 
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The above mention fitted polynomial (equations 10-13) has been used to estimate the 

stress level at notch root during the fatigue test. Figure  2.7 shows the predicted stress 

(sa  from equations (10-13)) versus angle of rotation, q0, for the microresonators with 

 h = 0.36 and 0.17 mm
-1

 stress gradient at both environments. 

 

 

 

 

 

 

 

 

 

 

2.6 FEM Analysis 

FEM models have been developed for designing the micro-resonator (see 

section  2.4) as well as for further understanding thermal and micro- mechanical 

behavior of these devices during the fatigue tests. Because many parameters were 

involved in the resonator design, a fully parameterized Ansys model (APDL code) was 

developed to model the different resonators corresponding to different stress gradients. 

To model a particular resonator, the APDL code asks for the resonator design 

Figure  2.7: Predicted stress (in MPa) versus angle of rotation (in rad). 
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parameters, including the number of comb fingers, the beam and its notch dimensions, 

the resonator shape and dimension, material properties, etc. Some of these parameters 

are illustrated in Figure  2.8 (a). The material properties were implemented using data 

from Table 1 and the Ramberg-Osgood fit (equation (9)). After implementing the above 

mentioned parameters for each individual design, the APDL code uses PLANE82 and 

SOLID186 elements to generate 2D and 3D models respectively. Figure  2.8 (b) shows 

the 3D model of the designed resonator with 14-finger combs and with ɖ equal to 0.17 

µά . All the models were constrained by setting the displacements to zero at the base 

of the beam. Figure  2.8 (c) gives an example of the stress distribution through the beam 

ligament and notch root thickness; this was used to compute the size of the fatigue-

exposed zone. For modal analysis the resonant frequency is computed using a block 

Lanczos method. Mesh convergence was studied for both static and modal analysis, 

Figure  2.8 (d). 
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Figure  2.8: (a) Schematic of designed microresonator with fully parameterized APDL 

code. (b) 3D model for the designed resonator with ɖ equals to 0.17 mm
-1

. (c) Stress 

distribution through the beam ligament. (d) Image of notched beam and its meshing. 

2.6.1 Crack Propagation Model 

From the performed fatigue test, the resonant frequency decrease versus the 

number of cycles was extracted. In this section, a FEM model to correlate crack growth 

at the notch root to frequency decrease at the micro resonator is presented. The crack 

growth relation with frequency changes from the FEM model, was used to calculate 

crack growth rate in section  2.9. To model the crack propagation for the micro resonator 

with  h = 0.36 mm
-1

 stress gradient, it has been assumed that a 2D thickness crack 

throughout the beam initiates at the notch root and propagates towards the neutral axis 

of the beam (as seen in Figure  2.9).  

(a) 

(d) 

(b) 

(c) 
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Another FEM model has been developed to study the crack propagation for 

micro resonator with h = 0.17 mm
-1

. Similarly, the results from FEM model of micro 

resonator with h = 0.17 µά  were used to calculate crack propagation rates in 

section  2.9, to be compared with the 0.36 µÍ  stress gradient. As seen in Figure  2.10 

, for micro resonator with h = 0.17 µά , it is assumed that two throughout (2D) 

cracks initiate and propagate simultaneously on both sides of beam towards the neutral 

axis. Based on the observed cracks for micro resonators with 0.36 and 0.17 µά  

stress gradients, the crack opening displacement is assumed to be 300 nm for FEM 

modeling(see SEM images at chapter 4 and 5).  

              

 

 

 

 

 

       

Figure  2.9: Finite-Element model for crack propagation at notch root of 

the micro resonator with  h = 0.36 mm
-1

.  
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Figure  2.10: Finite-Element model for crack propagation at notch root of the micro 

resonator  with  0.17 mm
-1

 stress gradient. 

2.6.2 Temperature Evaluation Model 

The microresonators, are sensitive to temperature variations, affecting their 

resonant frequency [64]. On the other hand, in this study the frequency response of the 

microresonator is used as a basis for fatigue analysis of the microresonator.  That means 

to investigate the fatigue behavior of these resonators, it is necessary to distinguish a 

frequency-decrease induced by fatigue damage from one induced by a temperature 

increase (and resulting in a decrease in elastic modulus) possibly due to dislocation 

damping. To exclude temperature effects from frequency evolution, we first need to 

further study the temperature distribution along the ligament during the fatigue test.To 

do so, we implemented a FEM model to study the steady state temperature distribution 

across the micro-resonators for a given localized increase in temperature (at the notch 

root). In this model, experimentally-measured stress-strain data (Ramberg-Osgood fit, 

equation (9)) has been used as the structural properties of the micro-resonator. Also 
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Youngôs modulus values ranging from 142 GPa to 172 GPa, corresponding to 300°C 

and 30°C respectively.  Table 3 represents the other material properties that have been 

used in the FEM Model. For micro-electromechanical systems (MEMS), it is best to set 

up problems in more convenient units (ɛMKSV or ÕMSVfA) considering the micron 

size of the devices. For convenience, the following table list the conversion factors from 

standard MKS units to µMKSV units (micrometer, kilogram, second, volt, pico-

ampere). 

 

 

 

Table 3: Material properties used in the FEM Model. 

 

Material Ni Air(20 °C) 

Systems of 

Unit 

MKS ɛMKSV MKS ɛMKSV 

Thermal 

Conductivity 

W/(m)(°C) pW/(µm)(°C) W/(m)(°C) pW/(µm)(°C) 

90.9 9.09E+7 0.0257 2.57E+4 

Density 

kg/m
3
 kg/(µm)

3
 kg/m

3
 kg/(µm)

3
 

8910 8.91E-15 1.21 1.21E-18 

Specific Heat 

Capacity 

J/(kg)(°C) pJ/(kg)(°C) J/(kg)(°C) pJ/(kg)(°C) 

440 4.40E+14 1.005 1005 

Thermal 

Expansion 

m·m
ī1

·K
ī1

 mm·mmī1
·K
ī1

 w/(m
2
)(°C) pW/(µm)

2
(°C) 

1.34E-5 1.34E-5 50 50 

Convective 

Heat Transfer 

coefficient 

- - 

m·m
ī1

·K
ī1

 mm·mmī1
·K
ī1

 

3.43E-3 3.43E-3 
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As shown in Figure  2.11, the micro resonator is anchored at a silicon substrate 

and stands 20 microns above the substrate; see the trench below the micro-resonatorôs 

mass. To model the heat exchange boundary condition, it was assumed that the micro 

resonator is thermally isolated at the base where it is anchored to the substrate. Also the 

bottom surface of the fan is only exposed to heat conduction through air, which is 

rationalized by the large dominance of heat conduction over convection through the thin 

air layer (see the trench at Figure  2.11). The substrate under the trench is assumed to be 

at room temperature. All other surfaces were exposed to heat convection through free 

air at room temperature. It was determined that changes of heat convection coefficient 

in a very large range, 50-200 pw/ mm
2
.C (airôs maximum convection coefficient), do not 

lead to noticeable changes in the temperature distribution of the micro-resonator, 

meaning the effect of the resonatorôs motion on heat convection is negligible. To 

sufficiently simplify the thermal modeling of the micro-resonator, a constant, local, high 

temperature has been considered at notch root as the initial condition to model heat 

generation due to dislocation damping. 
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Figure  2.11: SEM image of tilted microresonator. 

 

High order 2D and 3D thermal elements (PLANE77 and SOLID70 respectively) 

have been used to run a linear steady-state thermal analysis with constant material 

properties (see Table 3) to determine steady-state temperature contours along the beam 

ligament. A mesh convergence study has been performed for the developed FEM 

model. Based on IR camera observations presented in next section, we know that local 

temperature at the notch root of the micro-resonator will not exceed 200ᴈ during the 

fatigue test. To simulate the temperature increase due to dislocation damping, the 

temperature at the locally heated zone has been set to 200ᴈ.  

2.7 Local Temperature Measurements  

An IR camera was used to evaluate the temperature increase at the notch root 

during the fatigue test. The Quantum Focus Infrascope II implements resistance 

thermometry to take IR thermal images from the micro- resonator before and during the 

fatigue test. Figure  2.12  presents a picture of the Quantum Focus Infrascope II infrared 
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microscope (QFI). Liquid nitrogen is used to keep the temperature of the detector as 

low as -196 °C to decrease the effect of thermal noise. The maximum spatial resolution 

provided by this microscope is approximately 2.8 mm, using the 15x objective lens, 

which is not precise enough to estimate the size of the locally heated zoned due to 

dislocation damping; still it can be used to validate and track the heat generation at 

notch root and its resulting temperature gradient along the micro-resonator. The 

microscope has a temperature sensitivity of 0.1 °C.  Higher temperature in the sample 

could result in more precise measurement of temperature by IR microscope, because its 

sensitivity is proportional to the number of photons received by the detector. Generally 

the emissivities of metals are low, and to compensate that, their surfaces are coated with 

graphite foam to increase the emissivity. This approach is not applicable for our 

microresonator because of the possibility of malfunction. Instead, to improve the 

sensitivity of the IR measurements, the microresonator temperature was set to 80°C 

before the test was run. To evaluate the temperature by IR camera, the setup needs to be 

calibrated; to do this, an independent temperature sensor (T-type thermocouple) was 

used on the top of the ceramic package, very close to the microresonator, to confirm the 

pre-set temperature. 
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Figure  2.12: Quantum Focus Instruments' Infrascope II infrared microscope with 

quantum InSb detector which could detect radiation in the 1-5 mm wavelength range. 

 

Figure  2.13 (a, b) shows the initial thermal map from the micro-resonators with 

stress gradient of 0.36 and 0.17 µά , respectively. The fatigue test was then run for 

two separate series of experiments (0.36 and 0.17 µά stress gradients), and thermal 

maps were captured continuously during the tests (seven measurements were made for 

each device). Figure  2.13 (c, d) show the thermal maps at the end of the fatigue test for 

micro-resonators with 0.36 and 0.17 µά  stress gradients respectively.  
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Figure  2.13: Quantum Focus Instruments' Infrascope II infrared microscope temperature 

mapping. (a, b) Thermal map of the device before the test; for microresonators with  0.36 and 

0.17 mm
-1

 stress gradient respectively and (c, d) during the fatigue test; for microresonators 

with  0.36 and 0.17 mm
-1

 stress gradient respectively. 

 

(a) (b

) 

(c) 
(d

) 
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(a) (b) 

2.8 Fatigue Damage Observations 

2.8.1 SEM Images  

In scanning electron microscopy (SEM), when an electron beam strikes the 

sample, the secondary electrons are emitted from the surface atoms. Emitted secondary 

electrons detected and post processed to generate interpretable image of the surface. 

High resolution images obtained by Zeiss Ultra60 FE-SEM used to study and track the 

changes on notch rootôs surface morphology during the fatigue test. To do this, fatigue 

test has been interrupted to take sequential SEM images of the notch root and to 

investigate the fatigue damage evolution. These images (see Figure  2.14) provide 

valuable information regarding the location of crack initiation also their propagation 

trends which will be discussed at chapters 4 and 5.  

  

Figure  2.14: (a) The SEM image of top side of beam with highlighted propagated 

crack (Df0=563 Hz). (b) The SEM image of the side wall of notch root with measured 

crack at notch side and highlighted propagated crack at back side of beam (Df0=2034 

Hz). 
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2.8.2 Crack Growth Measurement and FIB Sample Preparation 

In an effort to validate the accuracy of the 2D crack propagation assumption in 

section  2.6.1, the focused ion beam (FIB) milling (Nova Nanolab 200 FIB/SEM) was 

used to track and measure the formed cracks along the beam ligament during the fatigue 

test. The Nova Nanolab 200 FIB system uses focused electrons beam and ion beam to 

take images of the objective. FIB uses a liquid ion metal source (LIMS) to produce a 

focused beam of gallium (Ga) ions as the emission gun. Due to the high energy and 

destructive nature of the Ga ions, the FIB is also used for milling processes. When the 

high energy Ga ions strike the surface of an object, they will sputter atoms off the 

surface. By adjusting the beam current and voltage we can control the milling 

parameters. To avoid FIB milling artifacts on the morphology of the formed cracks, this 

procedure was performed in two steps (rough and fine). We used 30nA and 50Kv for 

the rough milling process and 5nA and 30Kv for the fine milling process. 

2.8.3 EDS Measurements  

Energy dispersive X-ray spectroscopy (EDS) measurements were performed on 

micro-resonators using an EDS analyzer attached to the Zeiss Ulra60 FE-SEM. The 

interaction of the SEM primary electron beam with surface atoms of the specimen 

results in shell transitions and consequently leads to an X-ray emission. The emitted X-

ray carries the characteristic energy of the surface elements and is used for structural 

and chemical characterization. The size of the interaction volume increases with 

accelerating voltage. For this case, 5keV accelerating voltage is used. Energy 

Dispersive X-ray Spectroscopy or EDS provided qualitative (oxygen/nickel ratio) and 
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quantitative (oxygen map) analysis of the elemental composition of the first 1-2 microns 

of the sampleôs surface. To perform a qualitative analysis, the elemental composition 

have been normalized by implementing the adequate standards predefined by the EDS 

analyzer.  

2.9 Microstructural Short Crack (MSC) Growth Rate Calculation  

The procedure for calculation the crack growth rate for microresonator with 0.36 

and 0.17 mm
-1

 is presented in this section. Figure  2.15 (a) shows three representative f0 

evolution curves for h = 0.17 mm
-1

 at sa = 305, 355, and 400 MPa. Using the FEM, 

these curves were transformed into corresponding crack size a vs N plots (see 

Figure  2.15 (b)). The crack size a should be understood as an equivalent 2D crack size 

that leads to the same decrease in f0 as in the actual fatigued micro-beam in which 

several cracks across the thickness may nucleate separately in adjacent grains.  
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Initially, the crack propagation rates were calculated by using the secant method, 

whereby the slope between two adjacent points on the calculated ña vs Nò curve 

constitutes the growth rate. The typical interval between two measured f0 (and therefore 

2 calculated ñaò values) is 40,000 cycles. Figure  2.16 (a) shows the crack propagation 

rate curves as a function of calculated a for 3 specimens presented in Figure  2.16 using 

secant method.  For a given curve, the rates are scattered within an order of magnitude, 

which is likely the result of the secant method amplifying the effect of noise in the 

measurements (typical precision in f0 is < 1 Hz). To address this concern, as a second 

approach, using polynomial fits of successive segments of a vs N curves (from a = 0 to 

0.5 mm, 0.5 to 1 mm, etc.), these plots are then transformed into crack growth rates, 

 

Figure  2.15: (a) Normalized f0 evolution, f0/f0,i, as a function of cycles for 3 

representative specimens (h = 17%.mm
-1

) tested at 30 °C, 50% RH (f0,i ~ 8600 Hz); 

(b) corresponding crack size a vs N plots obtained from 2D FEM. 
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da/dN, as a function of a (see Figure  2.16 (b)) to compute the rates. Figure  2.16 (b) 

shows that the crack growth tendencies are a strong function of sa at notch root. 

  

 

 

 

 

 

 

Figure  2.16: Crack propagation rate curves as a function of calculated a for 3 

specimens (corresponding to the 3 specimens shown in Figure  2.15): (a) Using 

secant Method; (b) Using polynomial fits of successive segments of a vs N curves 

(from a = 0 to 0.5 mm, 0.5 to 1 mm, etc.) 

 

  (a) (b) 
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CHAPTER 3:  MICRORESONATOR CHARA CTERIZATION  

In this chapter, the dynamic behavior and electrical response of the 

microresonators was characterized, from which two designs were selected for fatigue 

testing. The thermal behavior of the two selected microresonators was also 

characterized.  

3.1  Dynamic Behavior Characterization 

3.1.1 Resonance Frequency 

In this section, the dynamic behavior of the microresonators is characterized. 

Table 4 lists the dynamic behavior parameters of the designed microresonators.  

 

 

All these data have been extracted by implementing a fully parameterized APDL 

code; more details regarding the design criteria and the implementation of the Ansys 

code are presented in chapter 2. The microresonator with 0.36 µÍ  stress gradient has 

been investigated and its resonance frequencies are in excellent agreement with 

Table 4: Predicted resonance frequencies from designed microresonators. 

Design 

# 

Wmax 

 [mm] 

Wmin 

 [mm] 

Ὧ 
 [N.m/rad] 

ɖ  [mm
-1
] 

å 

In-plane 

Bending 

[Hz] 

Out of Plane  

bending [Hz] 

Torsion 

[Hz] 

1 - - 1.730E-05 0.36 7,820 15,321 14,210 

2 10.6 8.3 3.59E-06 0.24 6,242 14,388 13,757 

3 16 12.5 1.14E-05 0.16 6,252 9,142 11,498 

4 32 25 7.78E-05 0.08 7,279 4,889 7,618 
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corresponding FE model (within 5%), which validates the accuracy of the one-degree-

of-freedom modal analysis. Subsequently the modeled resonance frequencies of the 

next series of microresonators (Design # 2, 3, 4) are compared with the corresponding 

experimentally measured values in this section. Due to the patterning of the photoresist 

used for the electroplated Ni layer, the actual dimensions differ from the as-drawn ones, 

and are observed to be slightly larger (for example, the sensing and actuation comb 

fingers are 1mm wider) in the MetalMUMPs fabrication. Using corresponding SEM 

images, Figure  3.1 (a, b, and c) illustrates the measured dimensions of the microbeam 

(Wmax, Wmin, and length) for designs, #2, 3, and 4 respectively.  
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L=60.13 mm 

 

 Wmin=15.24mm 
 Wmax=18.42 mm 

 

 

L=58.63 mm 

 Wmax=13.89 mm 

 

 

Wmin=11.26 mm 

(a) 

(b) 

(c) 

 

  Wmin=28.97 mm 

   

L=60.32 mm 

Wmax=35.42 mm 

 

Figure  3.1: Measured dimensions of microresonators by implementing corresponding 

SEM images. (a) h = 0.17 mm
-1

, design#2. (b) h = 0.13 mm
-1

, design#3. (c) h = 0.065 

mm
-1

, design#4. 
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As shown in this figure, the measured dimensions of the beam do not exactly 

match with the designed parameters. When the Wmax and Wmin values from Figure  3.1 

are compared with their corresponding values in the second and third columns of Table 

4, a difference of about 3 mm is found between designed and fabricated 

microresonators. As a result, all the dynamic behaviors of the designed microresonators 

could differ significantly from those of their fabricated versions. To address this 

concern, the beam dimensions from Figure  3.1 have been extracted and implemented 

into the Ansys model to compute the corresponding dynamic behavior. The new 

parameters are listed in Table 5. For design #1, there is no Wmax or Wmin, and the 

fabricated microresonator is about 3.5 mm (0.5 %) shorter in length and about 1.5 mm 

(12%) shorter in beam ligament than the designed version. To compute the resonance 

frequency, the effect of the top 0.5 µm thick Au layer and the bottom 0.5 µm thick Cu 

layer has been considered by implementing a 2% reduction in resonance frequency [64]. 

 

 

Table 5: Predicted resonance frequencies of the microresonators by considering the actual 

dimensions 

Design 

# 

Wmax 

 [mm] 

Wmin 

 [mm] 

▓ 
[N.m/rad]  

ɖ  [mm-1] 

å 

In-plane Bending  

█ [Hz]  

Out of Plane 

Bending  Ἦ [Hz]  

Torsion 

 [Hz]  

1 - - 1.73E-05 0.36 7820 15015 14160 

2 13.89 11.26 9.44E-06 0.17 9125 15478 18957 

3 18.42 15.24 2.03E-05 0.13 8083 11424 12587 

4 35.42 28.97 1.27E-04 0.06 6843 4898 7985 
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The parameters of dynamic behavior shown in Table 5 are used in combination 

with the experimentally measured resonance frequency of the microresonator in order to 

investigate the fatigue behavior of a Nickel microbeam under extreme stress gradient. 

To do this, only the resonance frequency of the first in-plane bending mode was used. It 

is worth to mention that the modeled resonance frequency listed in Table 5 is the natural 

resonance frequency of microresonators. But the developed experimental setup provides 

the resonance frequency measurement for the forced vibration (resulted from electrical 

actuation) of the microresonators. Figure  3.2 shows that the measured resonance 

frequency for different microresonators is a function of actuation voltage, due to the 

effect of damping. To exclude this effect on the experimentally measured resonance 

frequency, a second order polynomial is fitted to each series of experimentally 

measured values to predict the resonance frequency of microresonator for zero actuation 

voltage (see Figure  3.2).  

 

 

Figure  3.2: Resonance frequency variation for different microresonators as a function of 

actuation voltage. 
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The estimated resonance frequency corresponding to zero actuation voltage is 

considered as the experimentally measured natural resonance frequency for each 

individual design. As illustrated in Table 6, the modeled resonance frequency (copied 

from Table 5) is different from the corresponding experimentally measured resonance 

(extracted from Figure  3.2). The percentage of this difference is listed in Table 6 for 

different designs. These values illustrate a reasonable agreement between the averaged 

measured resonance frequency and the corresponding modeled resonance frequency; 

especially by considering the difference between the maximum and minimum values of 

the experimentally measured resonance frequency for each series of microresonators 

with same stress gradient (i.e. about 5% discrepancy for design #2).  

 

 

 

Table 6:  Modeled and experimentally measured first in-plane bending frequency mode of 

microresonators. 

Design 

Number 

▓Ᵽ 
 [N.m/rad]  

ɖ  [ mm-1] 

å 

Modeled 

█ [Hz]  

Measured █ 

[Hz]  

Difference Between 

Measured and Modeled  

Resonance Frequency 

[%] å 

1 1.73E-05 0.36 7820 8181 +4.6 

2 9.443E-06 0.17 9125 8730 -4.3 

3 2.030E-05 0.13 8083 7795 -3.6 

4 1.274E-04 0.06 6843 6470 -5.4 

 



57 

 

3.1.2 Quality Factor 

In this section, the electrical response of the microresonators is characterized to 

evaluate their potential for studying the fatigue behavior of microbeams under extreme 

stress gradients. Figure  3.3 represents a typical frequency response of all the designed 

microresonators for a constant actuation voltage amplitude (Vin = 200 V) at room 

temperature. The first three designs show similar results for response amplitude and 

response sharpness, which suggests a similar quality factor for these three devices. 

Nevertheless, for design #4, the corresponding frequency response is very wide, which 

leads to a low quality factor. Based on optical microscope observation, the motion of 

the last fingers for this design (blur area) is not large in comparison to the other three 

designs. But the larger number of fingers for this particular design (40) results in the 

detection of a significantly higher voltage in the lock-in amplifier. The wide frequency 

response of design #4 makes it impossible to precisely fit a polynomial to the frequency 

response in order to keep track of the frequency decrease during a fatigue test. In 

addition, this wide range of frequency response covers all three vibration modes (in-

plane, out-of-plane, and torsion modes, see Table 5), and makes it quite challenging 

first to use the optical microscope to distinguish the in-plane bending from other modes, 

and second to measure the resonatorôs angle of rotation during the fatigue test in order 

to estimate corresponding stress level at notch root. As a result, this series of 

microresonators was not selected to perform the fatigue tests and will not be 

characterized further in this chapter. 
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Figure  3.4 (a) shows the quality factor of the first three designs (just one 

specimen has been tested for each design) as a function of the square of the actuation 

voltageôs amplitude in air (30 ÁC, 50% RH). Q =f0/Df, where Df is the full width at half 

power, i.e. the width of the range of frequencies for which the energy is at least half its 

peak value. In a good agreement with Figure  3.3 observation, Figure  3.4 (a) also 

suggests a similar quality values factor for these designs during the fatigue test. The 

significant decrease in Q by increasing the actuation voltage is interpreted as resulting 

from larger plastic deformations at the notch root. As a consequence, the effect of air 

shear damping is negligible compared to dislocation-based damping [64]. For this 

reason, the effect of air temperature (different test environment temperature) on quality 

factor and consequently on the calculation of corresponding stress level at notch root of 

microresonator has been ignored.   

Figure  3.3: A typical frequency response of all the designed microresonators. The 

amplitude of actuation voltage is 200 Volt. 
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Figure  3.4: (a) Quality factor as a function of Vin
2
. (b) Vout as a function of Vin

2.
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146 
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0.0034 V 

0.0032 V 

0.0045  V 
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Figure  3.4 (b) presents the nonlinear behavior of Vout (corresponds to the three 

specimens presented in Figure  3.4(a)), which is interpreted as a manifestation of plastic 

deformation at the notch root during the fatigue test; this is reasonable [69] considering 

the corresponding behavior of the quality factor (see Figure  3.4(a)). 

The corresponding ratio Vout/Q for the above mentioned microresonators is 

presented in Figure  3.5 as a function of Vin
2
. The linear trend confirms that Q is the only 

parameter responsible for the observed nonlinearities in Figure  3.4 (b), and it confirms 

that the change in stiffness, Ὧ, is negligible for the fatigue tests performed on 

microresonators. Considering the characterized dynamic behavior in the three recent 

figures, and since designs # 2 and # 3 provide similar values for the stress gradient (0.17 

and 0.13 mm
-1

), designs #1 and # 2 have been selected for performing the tests to study 

the stress gradient effect on the fatigue behavior of nickel microbeams. In the next 

sections, the dynamic behavior of designs #1 and 2 is characterized and discussed in 

more detail. 
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Figure  3.6 shows Quality factor, Vout, and their corresponding ratio as a function 

of actuation voltage (ranging from 0 to 200 V) for a microresonator with 0.17 mm
-1 

stress gradients. This figure highlights that the Vout/Q ratio is still linear without the 

significant change in beam stiffness. This observation is reasonable because these data 

are based on sweep test for defining the resonance frequency and there is no significant 

fatigue damage or crack propagation which could potentially changes the beam 

stiffness. 

 

 

 

Figure  3.5: The Vout /Q ratio as a function of Vin
2
. 
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3.1.3 Amplitude Response and Resonance Frequency Evolutions During Fatigue Testing 

Figure  3.7 shows the amplitude response development during two fatigue tests 

of microresonators with  0.36 and 0.17 mm
-1 

stress gradient in a mild environment (30 

°C, 50% RH). These microresonators experienced a different number of cycles before 

failure, mainly because of the effect of stress gradients (see Chapter 5). For 

microresonator with  0.36 mm
-1 

stress gradient, the fatigue life (Nf) is about 10 times 

larger than that of the microresonator with  0.17 mm
-1

 stress gradient, despite the fact 

that the stress amplitude is about 20% higher. The amplitude response development 

trend is similar for both microresonators: about a 20 % increase in amplitude response 

during the fatigue test. 

Figure  3.6: Quality factor, Vout, Vout/Q as a function of actuation voltage 

(0-200 V) for microresonator with 0.17 mm
-1

 stress gradient. 
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Figure  3.8 presents the normalized frequency response versus the number of 

cycles, corresponding to the fatigue tests presented in Figure  3.7. Considering the 

failure threshold (10% decrease in resonance frequency; see rationale below) the 

microresonators with  0.36 µÍ  stress gradient and 470 MPa stress amplitude at notch 

root failed after Nf =τ ρπ and the test stopped after (N = φȢυ ρπ) with more than 

13% decrease in resonance frequency (about 1029 Hz). Instead, the microresonator with 

0.17 µÍ  stress gradient and 15% lower stress at the notch root failed after about Nf  

= τ ρπ cycles and shortly after that (υ ρπ cycles) it stopped with 12% decrease in 

resonance frequency (about 1083 Hz). 

 

Figure  3.7: Development of amplitude response for microresonators 

with 0.36 and 0.17 mm
-1 

stress gradient during the fatigue test. 

Nf 
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 For these microresonators, a 10% decrease in resonance frequency (failure 

criterion) corresponds to a 2 mm-long crack at the notch side (for 0.36 mm
-1

 

microresonators) and  2.2 mm-long cracks  at both sides of the microbeam (for 0.17 

mm
-1

 microresonator). This 10% decrease in f0 corresponds to a 20% decrease in 

stiffness, Ὧ, which subsequently leads to a 20%  increase in measured angle of rotation 

and corresponding Vout (see equation (8)). This predicted trend is in excellent agreement 

with the results shown in Figure  3.7 (about a 20 % increase in amplitude response 

during the fatigue test). 

The increase ratios in Vout have been calculated for the tests performed in both 

harsh and mild environments for microresonators with 0.36 and 0.17 mm
-1 

stress 

gradient. These rates are listed in Table 7 and are similar for these two environments 

Figure  3.8: Frequency development for microresonators with 0.36 and 

0.17 mm
-1 

stress gradient during fatigue test. 

Failure 

Threshold 
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(with an average of 20 % increase). This average has been calculated for failed 

specimens in different environments which are distinguished from runout specimens by 

a segregation line in Table 7. These results highlight the fact that the fatigue tests 

performed with these microresonators are not force-controlled nor displacement-

controlled. Instead, the constant driving force M0 (see eq.(4)) applied throughout the 

fatigue test results in a gradual increase in stress amplitude (at the microbeam edges) of 

20% over the fatigue life. Hereafter, the stress amplitudes associated with each fatigue 

test correspond to the initial stress amplitude at the beginning of the test (during the 

optical calibration).  
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3.2  Optical Calibration Results  

In the previous chapter the procedure to calculate the angle of rotation (using the 

optical calibration) and corresponding stress level at notch root was described. 

Figure  3.9 (a) shows q0 vs Vin for a series of fatigue tests, comparing both techniques, 

along with the calibration results from our previous investigations. The accuracy of the 

old and the new methods have been compared in Figure  3.9 (b), where the 

corresponding distance between the last fixed finger and the blur area boundary is 

Table 7: Response amplitude increase rate during fatigue tests for the microresonators with 0.36 

and 0.17 mm
-1

 stress gradient in both harsh and mild environments. In this table, Inc. Rate is the 

ratio of Vout at Nf cycles over its value at beginning of the fatigue test. 

h= 0.36 mm-1 h= 0.17 mm-1 

30 °C, 50% RH 80 °C, 90% RH 30 °C, 50% RH 80 °C, 90% RH 

Vin Nf Inc. 

Rate 
Vin Nf Inc. 

Rate 
Vin Nf Inc. 

Rate 
Vin Nf Inc. 

Rate 

400 1.91E+06 1.25 430 6.27E+05 1.15 560 3.77E+05 1.08 560 2.08E+05 1.06 

380 4.46E+06 1.94 400 5.95E+05 1.2 500 3.74E+06 1.25 500 9.24E+04 1 

360 5.61E+06 1.2 350 7.35E+06 1.19 450 1.98E+06 1.09 450 7.24E+06 1.12 

340 8.21E+06 1.23 330 5.98E+07 1.13 400 1.44E+07 1.08 400 1.21E+07 1.2 

320 3.58E+07 1.23 320 1.84E+07 1 350 1.54E+07 1.03 350 1.23E+08 1.55 

300 6.33E+07 1.11 300 5.47E+07 1.17 330 1.77E+08 1.15 292 1.05E+09 1.45 

290 4.33E+08 1.17 290 8.32E+07 1.18 300 2.38E+08 1.45 250 1.66E+08 1.17 

280 2.08E+08 1.07 265 1.08E+09 1.19 292 1.45E+09 1.43 225 9.91E+08 1.25 

260 6.26E+08 0.88 250 1.11E+08 1.11 280 9.04E+08 1.43 200 1.71E+09 1.07 

250 1.49E+09 1.01 225 1.14E+09 1.22 250 3.29E+09 1.3 175 1.23E+09 1.35 

225 1.00E+09 1.14 Average 1.15 200 2.72E+09 1.13 Average 1.23 

Average 1.14  Average 1.2 
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measured using both methods.  The blue arrow represents measurements used by the 

new method and the red arrow corresponds to measurements obtained using the old 

method. This figure shows that new measurement method for such a large displacement 

(blur area) is more accurate than the previously developed technique (old method). The 

stress values previously reported [52, 64, 70] should therefore be decreased by ~15-20% 

to be consistent with the stress values reported here.  
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Figure  3.9: (a) Measured angle of rotation at resonance, q0, as a function of input voltage 

amplitude, Vin. (b) Optical image used for measurements, comparing results from two calibration 

schemes.  

 

Figure  3.10 shows the experimentally measured angle of rotation as a function 

of Vin for fatigue tests performed for microresonators with 0.36 and 0.17 mm
-1 

stress 

gradient (20 and 16 tests of each respectively).  

Previous Tests 

(b) 
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     The experimentally measured values for angle of rotation from Figure  3.10 

and the predicted values (using equation (6)) have been compared for both 

microresonators. In Figure  3.11 (a), the angle of rotation has been experimentally 

obtained for 12 specimens fatigued in air (30C, 50% RH). For the specimen with 

highest actuation voltage (200 V), the corresponding angles of rotation, q0, is measured 

to be 9 mrad. The experimentally measured quality factor is used in combination of 

equation (6) to compute the predicted angle of rotation and to compare them with the 

experimentally measured values in Figure  3.11 (a). To do this, the quality factor of one 

specimen has been measured for 18 sequential increasing voltages (from 20 to 100 V) 

and following that for higher voltages, 7 different specimens have been used to extract 

the corresponding quality factor and to measure the modeled angle of rotation. 

Figure  3.11 (a) shows excellent agreement between measured and calculated angle of 

rotation for the microresonator with 0.36 mm
-1 

stress gradient. For the microresonator 

Figure  3.10:  Measured angle of rotation, q0, as a function of Vin
2 
. 

0.0088 

0.0193 

rad 
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with 0.17 mm
-1 

stress gradient, Figure  3.11 (b) also shows an agreement between 22 

experimentally measured angle of rotation (corresponds to the tests performed on one 

microresonator under sequentially increasing actuation voltages) and , 20 corresponding  

modeled angle of rotations.  

 

 

 

 

3.3  Temperature Increase During Fatigue Testing  

3.3.1 IR Camera Measurements 

As shown in Chapter 2, an IR camera was used to evaluate the temperature 

increase at the notch root during a fatigue test. In this section, the temperature increase 

amplitude and its corresponding increase rate are characterized for microresonators with 

0.36 and 0.17 mm
-1 

stress gradient. The results of this section in combination with FEM 

results from next section will be used to evaluate and discus the strong dependency of 

temperature increase to the corresponding stress level at notch root for both series of 

Figure  3.11: Experimentally measured and corresponding modeled values of angle of 

rotation for microresonators with (a)  h = 0.36 mm
-1

 and (b)  h = 0.17 mm
-1

.  

(b) 

 

(a) (b) 
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microresonators (0.36 and 0.17 mm
-1 

stress gradients). These results confirm that the 

temperature increase effect due to dislocation-damping effect can be ignored for the 

lower range of stress (sa < 380 MPa) which was assumed at previous investigations by 

Baumert et al. [64]. 

Figure  3.12 shows the temperature increase, and its corresponding increase rate 

is significantly higher for the microresonator with 0.36 mm
-1 

stress gradient at sa = 470 

MPa in comparison to that of the microresonator with 0.17 mm
-1 

stress gradient test at 

sa = 370 MPa. Figure  3.12 shows the IR camera images of beam section for both 

microresonators at beginning and end of fatigue test attached to corresponding data 

point at DT versus time plot.  



72 

 

 

Figure  3.12: Temperature increase during the fatigue tests of two 

microresonators performed in laboratory air on a hot plate at 80°C. 

Before Fatigue Test ʂ=0.36 µά , 
(80ᴈ  

Before Fatigue Test ʂ=0.17 µά , 
(80ᴈ  

360 Minutes After Beginning of 

4ÅÓÔȟʂ=0.17 µÍ , (104ᴈ  

30 Minutes After Beginning of 

4ÅÓÔȟʂ=0.36 µÍ , (126ᴈ  
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3.3.2 Finite Element Analysis Results  

 

In this section, the result of steady state thermal model is presented to show the 

temperature distribution along the beam ligament assuming a local heat zone. Based on 

IR camera observations presented in previous section, we know that local temperature 

at the notch root of the micro-resonator will not exceed 200ᴈ during a fatigue test. To 

simulate the temperature increase due to dislocation damping, the temperature at the 

local heat zone has been set to 200ᴈ. Figure  3.13 illustrates the modeled micro-

resonator temperature map ranging from 200ᴈ  at the notch root (red contour) to 104ᴈ  

(green contour) at the other side of the ligament. The temperature gradient map shows 

that more than 90% of beam ligament around the notch root (highlighted in a red box in 

figure below) experiences the same temperature (123 10°C).This result is consistent 

with the IR images (see Figure  3.12) showing a fairly uniform temperature distribution 

across the microbeam during fatigue testing. From these results, we can assume a 

uniform temperature distribution to predict the reversible decreases in f0 due to heating 

(see next section). 
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3.3.3 Prediction of Local Temperature Increase and Associated Resonant Frequency 

Decrease 

The reversible portion of the decrease in f0 during a fatigue test is small 

compared to the irreversible portion (see Figure  3.14). But since it is strongly depends 

and varies with corresponding stress level at notch root, we need to exclude the 

temperature-increase effect from frequency evolution to have a consistent comparison 

of fatigue life of different microresonators and different levels of applied stress at notch 

root. This section shows how the decrease in resonance frequency due to temperature 

increase at the notch root during a fatigue test is evaluated. Figure  3.14 shows the f0 

evolution curve for a fatigue test of microresonator with 0.36 µm
-1
  stress gradient (sa = 

440 MPa, epa = 4×10
-4

) that was interrupted at 1.9×10
8
 cycles for SEM inspection (end 

of Test 1) and resumed after ~48 hours (beginning of Test 2). Upon interruption of the 

Figure  3.13: Temperature map results form a steady-state thermal analysis by 

simulating the dislocation damping effect. 
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test, a sudden increase in f0 is observed (~120 Hz in Figure  3.14), and upon resuming 

the fatigue test, f0 returns quickly to the value seen prior to interruption of the test. This 

reversible portion of the decrease in f0 is interpreted as heating of the microbeam, most 

likely due to dislocation damping (cyclic plastic deformation at high frequency), which 

is consistent with the temperature increase observed with the IR camera  (see 

Figure  3.12). For microresonator with 0.17 µm
-1

 stress gradient, there is no significant 

increase in resonance frequency upon interrupting the fatigue test. This observation is 

also consistent with corresponding IR camera images in Figure  3.12. Low increase in 

notch temperature, ͯ20 ºC, of microresonator with 0.17 µm
-1 

suggests that temperature-

induced decrease in resonance frequency is negligible for this series of microresonators. 

In the next section, more details will be provided to support the argument associated 

with this assumption. 

 

 

 

 

 

Figure  3.14: Measured f0 evolution of microresonator with 0.36 µm
-1
 stress gradient 

for a test interrupted at 1.9×10
8
 cycles and resumed after ~48 hours. 

Test 1 

Test 2 
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In order to quantify only the amount of fatigue degradation (associated with the 

irreversible portion) of microresonators with 0.36 µÍ  stress gradient, the 

temperature-induced-frequency-decrease needs to be excluded from the frequency 

evolution. To do this, the increase in resonance frequency after fatigue test interruption 

has been recorded for 12 specimens with a wide range of stress level at notch root (390 

to 520 MPa). These experimentally measured Df0 has been used to estimate 

corresponding DT at notch root using 1/E (dE/dT) = -208 ppm/ ºC. This equation was 

reported by Baumert et al. [64] after characterizing  the temperature effect on 

microresonators response which is consistent with reported T effect on young modulus 

based of bulk properties of Ni. The estimated DT corresponds to experimentally 

measured Df0 upon interruption of fatigue test has been plotted as a function of sa in 

Figure  3.15 which are ranging from 0 (negligible heating) at sa = 370 MPa to 120 ºC at 

sa = 500 MPa. The linear fit of estimated DT values in this figure has been used to 

predict the temperature increase due to dislocation damping for all fatigued 

microresonator with 0.36 µm
-1
 stress gradient. The predicted trend by this line is in a 

reasonable agreement with experimentally measured value by IR camera (see 

Figure  3.15).  

Although Figure  3.15 is used to predict the temperature increase for 

microresonators with 0.36 µm
-1
 stress gradient, but considering the fact that the notch 

temperature directly depends on stress level at notch root, this figure could be used 

sufficiently to predict the local temperature increase for microresonators 0.17µm
-1

 too. 

For example, this figure predicts DT=15 ᴈ for a specimen with 0.17 µm
-1

 stress 
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gradient at 370 MPa which is consistent with corresponding IR camera measurement,  ͯ

20 ᴈ (see Figure  3.12).  

The predicted DT as a function of sa trend in Figure  3.15 , has been transferred 

into the predicted Df0 as a function of sa and presented as the predicted temperature 

trend in Figure  3.16 (the green line). This trend has been used to distinguish between 

the temperature-induced (reversible) and fatigue-damage-induced (irreversible) 

decrease in resonance frequency. Figure  3.16 shows the normalized maximum decrease 

in Ὢ as a function of stress for the performed tests in both mild and harsh environments. 

In this figure ȹὪ is a fatigue-damage-induced decrease in Ὢ; it excludes the values of 

ȹὪ that are estimated to be due to temperature effects at the notch root. Indeed, the 

experimentally measured decrease in resonance frequency corresponds to the 

summation of the fatigue-induced damage (ȹὪȟ) and ȹὪȟ because of the temperature 

 

 

Figure  3.15: Localized temperature increase, DT, as a function of sa. 
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increase at the notch root.  Circular and triangular data points are representative of 

experimental data for fatigue tests in mild and harsh environments, respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

This figure suggests that for a stress level below 400 MPa there is no decrease in 

resonance frequency because of the temperature increase at the notch root. Considering 

the maximum stress level at notch root (about 400 MPa) for microresonator with 0.17 

µÍ  stress gradient, the temperatureïinduced frequency decrease should be negligible. 

This prediction is in a good agreement with frequency development of microresonators 

with 0.17 µÍ  stress gradient in which there is no significant increase in resonance 

frequency upon instructing the test.  

Figure  3.16: Normalized maximum decrease in f0, Df0/ f0, as a function of stress in 

mild (30ºC, 50% RH) and harsh (80ºC, 90% RH) environments. The green line is the 

predicted- temperature-effect and the yellow square markers represent early 

interrupted tests. 

Df0,

1 

Df0,

2 
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CHAPTER 4:  FATIGUE BEHAVIOR OF NI MICROBEAMS WITH h = 

36%. mἵ-1 

4.1   Resonance Frequency Evolution 

In this section, the results of fatigue tests performed for the microresonators with 

ʂ=0.36 µÍ  at 30ºC, 50% RH and 80ºC, 90% RH environments are presented. 

Figure  4.1 (a, b) show representative f0 evolution curves for 4 specimens tested at 30ºC, 

50% RH and 80ºC, 90% RH, respectively, in the form of the normalized decrease in f0 

as a function of cycles. Unlike previous investigations at low stress amplitudes (sa < 

380 MPa, epa < 10
-4

), where the total decrease in f0 was less than 1% after billions of 

cycles [41, 42, 71], much larger decreases in f0 are observed (up to 40%), which are 

indicative of larger amounts of fatigue damage at the notch root (see section  4.2). The 

amounts and rates of decrease in f0 are clearly correlated to sa: for example, a slow 

decrease totaling 2% over 10
9
 cycles was observed for sa = 390 MPa, while it took only 

~6×10
6
 cycles to lose 40% of the initial f0 at sa = 500 MPa (see Figure  4.1 (a)). At 80ºC, 

90% RH, f0 is observed to increase for most tests performed at sa between 400 and 450 

MPa, after an initial decrease over the first ~2×10
8
 cycles. The increase is much larger 

than those found in the previous study at lower sa, with as much as a 150 Hz increase 

(~2% of f0) for sa = 440 MPa (see Figure  4.1 (b)). This increase was attributed to a 

larger amount of oxidation at the notch root at 80ºC, 90% RH compared to that found at 

30ºC, 50% RH, suggesting that here as well there is a significant amount of oxidation at 

the notch root. 
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Figure  4.2 (a, b) shows the total irreversible normalized decrease in f0 as 

afunction of sa and Nf, respectively, for all fatigue tests (11 at 30ºC, 50% RH and 10 at 

80ºC, 90% RH). No significant difference can be observed between the two 

environments. It should be noted that none of the microbeams are fractured in 2 pieces 

at the end of the tests; therefore, the total decrease depends on when the test was 

interrupted. The fatigue life, Nf, was defined as the number of cycles to reach an 

irreversible decrease in f0 of 10% of the initial value. This number was chosen because 

it corresponds to a 2D crack of 2 mm at the notch root (see section  2.6.1). Hence, all 

specimens shown in Figure  4.2 (a, b) with a total decrease less than 10% are considered 

as runouts. 

Figure  4.1: Normalized f0 evolution, f0/f0,i, as a function of cycles for three representative 

specimens tested at (a) 30ºC, 50% RH and (b) 80ºC, 90% RH. 
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Figure  4.2: Normalized decrease in f0, D f0/ f0, as a function of (a) sa and (b) Nf.  

 

 

 

 

 

  

4.2   SEM Observations and EDS Results 

 Figure  4.3 and Figure  4.5 show representative SEM images of the fatigue 

damage at the notch root for various sa values (ranging from 435 to 500 MPa), numbers 

of applied cycles, and the corresponding normalized decreases in f0, for fatigue tests 

performed at 30ºC, 50% RH and 80ºC, 90% RH, respectively. 

In contrast to our previous investigation at lower sa values (< 380 MPa, using 

the new calibration technique discussed in section  2.5.2) where, in most cases, only a 

few extrusions formed after billions of cycles, with arrested microcracks along their 

edges [41, 42, 71], these SEM images show more widespread fatigue damage at the 

notch root as well as at the back side. Specifically, extrusions are present across the 

entire thickness of the Ni microbeams at the notch root, along with cracks meandering 

through these extrusions. The zig-zag pattern of the cracks along the microbeamôs 

thickness suggests that these are 3D stage I cracks (crystallographic cracks) forming at 
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the edges of each extrusion (see high magnification SEM images in Figure  4.3 (b or j) 

for example), that eventually link up to form a ñ2Dò crack. Figure  4.3 (f-g) and (h-i) 

show SEM images of the notch root sidewall and top surface (consisting of a 0.5-mm-

thick Au layer on top of the 20-mm-thick Ni films) of a specimen tested at sa = 480 

MPa, for two different numbers of cycles (and corresponding Df0/f0), respectively. After 

N = 5.4×10
6
 cycles (Df0/f0 = 6.5%), a ñ2Dò crack is present along the notch root 

(Figure  4.3 (g)), and can be also observed at the top surface in the Au layer (Figure  4.3 

(f)). No surface damage was observed on the back side of the beam, at the top surface 

(see Figure  4.3 (f)). Instead, after N = 1.2×10
7
 cycles (Df0/f0 = 13%), a large crack is 

present on the back side, while only a small amount of crack extension was observed at 

the notch side (from the top surface SEM image, Figure  4.3 (i)). Hence, the large Df0/f0 

values (>10%) result from fatigue damage at both sides of the beams. Here, we only 

focus on the growth of the fatigue cracks on the notch side, which form first due to the 

larger stresses. We estimate that the first 10% decrease in Df0/f0 is mainly associated 

with the growth of the notch fatigue cracks, based on the observation of fatigue damage 

at the back side. For example, very little damage is present on the back side in 

Figure  4.3 (e) (Df0/f0 = 4%).  
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To confirm this, Figure  4.4 shows SEM images of the top surface (with blue line 

border) and notch root (with red line border) of four additional fatigue tests at 30ºC, 

50% RH with stress level ranging from 435 to 500 MPa in the mild environment. These 

 

Figure  4.3: SEM images of the notched microbeams sidewalls and top surface after 

fatigue testing at 30ºC, 50% RH. (a) low-magnification image. (b) and (c) high 

magnification images of the sidewall after 6.4 × 10
7
 cycles at sa = 435 MPa. (d) and (e) 

sidewall (notch side and back-side, respectively) after 2 × 10
8
 cycles at sa = 440 MPa. (f) 

and (g) top surface and sidewall, respectively, after 5.4 × 10
6
 cycles at sa = 435 MPa. (h) 

and (i)  top surface and sidewall, respectively, after 1.2×10
7
 cycles at sa  = 435 MPa 

(same specimen as (f) and (g) images). (j) high-magnification image of crack along 

sidewall. 



84 

 

tests were interrupted at different timing (from 3 ×10
5
 to 6.47 ×10

7
cycles) during the 

fatigue test (for SEM imaging) and resumed after about ~72 hours. This interruption is 

highlighted as Test 1 and 2 in Figure  4.4. Upon resuming the fatigue testing at the same 

Vin, the decrease in resonance frequency continues as a result of further fatigue damage 

accumulation at notch root. Depending on the applied stress level, the corresponding 

fatigue life ranges from 6.5×10
6
 to 6.5 ×10

8
cycles. Comparing these four sets of 

sequential SEM images shows that the first fatigue crack initiated at the notch root and 

propagated until a certain length (about 2 mm, see Figure  4.4  (a, e, i, and m)). Then a 

secondary crack initiated and propagated at the backside of the beam, Figure  4.4 (g, k, 

and o).  
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Figure  4.4: Sequential SEM images of fatigued microresonators. All scales are 1 mm. 
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The specimens fatigued in the harsh environment (80ºC, 90% RH) exhibit 

similar features (shown in Figure  4.5), although the height of the extrusions appears to 

be larger (~1 mm compared to <500 nm at 30ºC, 50% RH). In our previous study, local 

thick oxides were observed at the location of the extrusions thanks to TEM of thin 

samples extracted at the notch [41]. A larger, thicker oxide area was also present for a 

specimen fatigued in the harsh environment, which was consistent with the increase in 

f0 observed only in that environment. This increase in extrusion height at 80ºC, 90% RH 

is therefore likely to be also the result of more oxide formation at the location of the 

extrusions.  

 

Figure  4.5: SEM images of the notched microbeams sidewalls after fatigue testing at 80ºC, 

90% RH. (a) low-magnification image. High magnification SEM images at notch root after 

(b) 1.1×10
9
 cycles at sa = 440 MPa; (c) 5.5 × 10

7
 cycles at sa = 455 MPa; (d) 1.3 × 10

7
 

cycles at sa = 470 MPa; and (e) 8 × 10
5
 cycles at sa = 500 MPa. 
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EDS measurements were performed on three specimens and confirmed the 

presence of higher oxygen concentration at the location of the extrusions (see elemental 

maps and concentration calculation in Figure  4.6). In a qualitative approach, an oxygen 

map of the beam has been presented, implying higher oxygen concentration on the 

notch root, (see the last elemental map, O K series in Figure  4.6). Following that, in a 

quantitative approach, this figure compares the elemental composition of two points on 

the area with higher extrusion concentration (spectrum 2 and 3) and a point free of 

extrusion (spectrum 1) and illustrates higher oxygen percentage on the area with highly 

localized extrusion.  
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1 2 

3 

Figure  4.6: EDS layered elemental map of the notch sidewall of a fatigued 

microbeam at 80ºC, 90% RH (1.1 × 10
8
 cycles at sa = 410 MPa, corresponding to a 

decrease in f0 of 2%). The large crack observed throughout the thickness was 

introduced after the fatigue test, during sample removal.  
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In another qualitative approach Figure  4.7 shows the elemental composition 

distribution along an 11 mm length line (line map) which is crossing the notch root of 

microbeam presented in Figure  4.6. As shown in Figure  4.7, by moving along the line 

from left to right, initially the nickel is the  highest detected element with about 9000 

counts per second (CPS). The detected nickel amount starts to decrease near the notch 

root at the location of the extrusions. At the edge of the notch root, highlighted with a 

blue circle, the reflected X-ray emission is deviated and  accumulated CPS for all 

materials decrease to 7000 (about 22 % reduction in detected X-ray emission). The 

sharp decrease in the detected nickel amount, highlighted with a red ellipse in 

Figure  4.7, is interpreted as a result of presence of the crack opening at this area. The 

interaction of the SEM primary electron beam with the edges of crack opening results in 

shell X-ray emission which gets trapped inside the crack opening and results in 80% 

reduction in the detected CPS. Along the line on notch root, starting from 4.5 to 7 mm, 

the detected oxygen percentage is increasing while the other detected elements 

percentages do not change a lot. This trend is a good indication of nickel oxide 

formation at the location of the extrusions. Comparing the line map (Figure  4.7) or 

elemental map (see Figure  4.6) with corresponding high resolution SEM images 

validates this pattern. 
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Figure  4.7: line map confirms the formation of localized 

oxides at extrusion and intrusion sites. 
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4.3   S-N Curve under Extreme Stress Gradient 

Figure  4.8 (a) shows the stress-life (sa - Nf) fatigue curve for the notched 

microbeams tests in both environments, while Figure  4.8(b) shows the corresponding 

plastic strain-life (epa ï Nf) fatigue curve.  

As a reminder, sa corresponds to the local stress value at the notch root, 

calculated at the beginning of a fatigue test. The plastic strain amplitudes were 

approximated using the Ramberg Osgood fit (see section  2.2 for more details). For each 

environment, the (sa - Nf) curve was fitted with the Basquin equation: 

 „  „ȭ ς ὔ   ς„ȭ ὔ   ὃ ὔ   (14) 

 

and the (epa ï Nf) curve was fitted with the Coffin-Manson equation: 

Figure  4.8: sa ï Nf  curves for tests performed in both environments. The red arrow indicates 

approximated local increase in temperature, DT (see Fig. 5(c)). (b) Corresponding epa ï Nf 

curves. 
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 ‐   ‐ȭ ς ὔ   ς‐ȭ ὔ   ὄ ὔ   (15) 

 

All the coefficients are summarized in Table 8. Figure  4.8 (a) also shows the 

approximated increase in temperature, DT, due to self-heating (see section  3.3), ranging 

from DT = 0 at sa = 400 MPa to DT = 120 ºC at sa = 500 MPa. 

 

 

 

The fatigue limit, sl, of these notched Ni microbeams is about 440-450 MPa for 

both environments, corresponding to ~50% of the ultimate tensile strength. This limit is 

significantly larger than the previously observed 30% for bulk Ni, or even previous 

electroplated Ni films studies (30 ± 10%) [4, 72-74]. In addition to a large fatigue limit, 

the sa - Nf and epa ï Nf curves exhibit unusual Basquin and Coffin-Manson coefficients, 

respectively. The Basquin coefficient, b, is -0.023 at both 30ºC, 50% RH and 80ºC, 90% 

RH. Typical b values for bulk metals range from -0.05 for hardened metals to -0.12 for 

soft metals, with an average value of b = -0.085 [19]. Similarly, the Coffin-Manson 

coefficient, c, is -0.18 at both 30ºC, 50% RH and 80ºC, 90% RH, while typical c values 

for bulk metals are -0.6 (ranging from -0.5 to -0.8) [19]. The modest (~60ºC) increase in 

temperature for Nf = 10
6
 compared to 10

8
 cycles is unlikely to account for these low 

absolute values of b and c. Instead, the explanation is more likely associated with the 

extreme stress gradients ahead of the notch, leading to unusual fatigue crack 

propagation rates curves. 

Table 8: Basquin and Coffin-Manson parameters. 

Environment sôf (MPa) b (-) eôf (-) c (-) 

30ºC, 50% RH 700  -0.023 0.016 -0.17 

80ºC, 90% RH 680 -0.023 0.014 -0.17 
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4.4  Finite Element Analysis Results 

In this section, a FEM model is presented to correlate crack growth at the notch 

root to frequency decrease at the micro resonator. Figure  4.9 shows the main results of 

the FEM model and SEM image of FIB etched notch root to experimentally measure the 

crack length and to evaluate the accuracy of the 2D crack propagation assumption. To 

model the crack propagation for the micro resonator with 0.36 µÍ  stress gradient, it 

has been assumed that a 2D thickness crack throughout the beam initiates at the notch 

root and propagates towards the neutral axis of the beam (as seen in Figure  4.9 (a)). As 

shown in section  4.2, the fatigue damage along the thickness of these microbeams 

consist of 3D cracks that link up to form a 2D-like crack. Hence, the model predicts the 

size of an equivalent 2D crack, whose corresponding Df0 is the same as that of the actual 

crack. Similarly, the model predicts an average crack growth rate for that equivalent 2D 

crack, whereas the actual configuration most likely consists of nearby 3D 

crystallographic cracks that may not grow simultaneously. It has also been assumed that 

the above mentioned crack propagates to a certain length before it stops and a secondary 

crack starts to form and propagates from the back side of the beam. There the SEM 

images from the notch root (section  4.2) show that when Df0 exceeds 800 Hz (~10% of 

the initial f0) or when the crack at the notch reaches a certain length (about 2 microns), a 

secondary crack forms and starts growing on the back side of the beam. This 

observation can be explained by the stress distribution along the beam ligament 

extracted by FEM model and shown in Figure  4.9  (b). It is seen in the figure that, as the 

crack at the notch reaches a certain length (shown by the arrow), the stress amplitude at 

the crack tip decreases to the corresponding level of stress at the back of the beam 
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(indicated by the dashed line in Figure  4.9 (b)). That could cause the initiation of the 

secondary crack at the back side of beam, followed by simultaneous propagation of 

these two cracks, on both sides of the beam, towards the neutral axis. For this reason, 

the crack growth rate calculation for the resonator with 0.36 µÍ  stress gradient is 

based on the corresponding FEM model, which is valid only for the propagation of the 

first crack along its first two microns of length. Also, for this resonator, 2-micron crack 

growth at the notch is considered to be the failure criterion, which corresponds to a 10% 

decrease in resonant frequency. Considering that the average grain size is about 2 

microns, this FEM model enables us to investigate crack propagation on the order of a 

grain size.  

Considering the SEM images of microbeam (see Figure  4.4, in section  4.2), the 

cracks were not easily observed at the top surface. Therefore, the crack size was 

measured in one instance by cutting a trench along the notchôs sidewall using focused 

ion beam, from which the crack tip could be observed (see Figure  4.9 (c)). This figure 

shows the etched windows along the notch root, which enables us to track the tips of 

formed cracks. Zoomed window in this figure used to measure the crack size (a 

=1.9 mm) at the notch root for a fatigued specimen with Df0 = 850 Hz, which is in 

reasonable agreement with the predicted a = 2.0 mm (see  Figure  4.9(d)).  
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Figure  4.9: (a) Finite-Element model for a crack propagation at notch root. (b) Stress 

distribution along the ligament. (c) SEM image of notch root has been used to measure 

the propagated crack length. (d) Comparing the modeled crack length, a, as a function 

of decrease in f0, Df0 with experimentally measured value. 

(b) 

(d) 

 (c) 
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4.5   Crack Growth Rate Calculation and Results 

The crack growth rates are evaluated based on the f0 evolution plots, which are 

transformed into ña vs Nò plots (with a crack size at the notch root) through a 2D FEM 

(presented in section  2.6.1) predicting a as a function of the measured decrease in f0, 

Df0. As mentioned earlier, cracks also nucleate and propagate from the back side of the 

microbeam when Df0 exceeds 800 Hz (~10% of the initial f0). Hence, the crack size at 

the notch root, a, can only be approximated over the first 2 microns (corresponding to 

Df0 = 800 Hz), as it is not possible to decouple the contributions of the cracks from the 

notch side and backside on Df0. As shown in section  4.2, the fatigue damage along the 

thickness of these microbeams consists of 3D cracks that link up to form a 2D-like 

crack. Hence, the model predicts the size of an equivalent 2D crack, whose 

corresponding Df0 is the same as that of the actual crack. Similarly, the model predicts 

an average crack growth rate for that equivalent 2D crack, whereas the actual 

configuration most likely consists of nearby 3D crystallographic cracks that may not 

grow simultaneously. Figure  4.10 (a) shows the calculated ña vs Nò curves for 3 

specimens tested at 30ºC, 50% RH, while Figure  4.10 (b) shows the corresponding 

ñda/dN vs aò curves. The crack growth rates da/dN were obtained from polynomial fits 

of segments of the ña vs Nò curves, reducing considerably the noise with respect to the 

secant method used previously [75]. Unlike typical crack growth rates curves measured 

for long cracks in bulk materials (showing increasing rates with increasing cracks), 

these curves exhibit decreasing rates with increasing crack size from 0 to 2 mm. This 

trend can be explained in part by the fact that these are microstructurally small cracks 

(on the same order of grain size), which are known to decelerate due to the presence of 
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microstructural obstacles (such as grain boundaries) [20]. However, microstructurally 

small cracks usually exhibit larger growth rates (although decelerating) than long 

cracksô. Here, we observe extremely small crack growth rates, with the maximum rates, 

da/dN ~ 10
-11

 m/cycle, corresponding to the smallest range of rates measured for long 

cracks in air. It is therefore likely that the presence of extreme stress gradients ahead of 

the micronotch also plays a significant role in the fatigue crack kinetics, contributing to 

these slow, decelerating microstructurally small fatigue cracks.  

 

Figure  4.10: (a) Calculated crack size, a, as a function of cycles for three representative tests 

performed at 30ºC, 50% RH. (b) Corresponding crack propagation rate curves. 
 

4.6  Discussion  

The previous section highlighted the singular fatigue behavior of these Ni 

notched microbeams. Typically, the fatigue life Nf for bulk specimens, or even thin film 

specimens under uniaxial loading, can be decomposed as the sum of the initiation 

fatigue life, Ni, corresponding to the nucleation and growth of a crack to an arbitrary 
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crack size (typically a fraction of 1 mm) and propagation fatigue life (Np) up to the 

critical crack size [76]. Ni encompasses the number of cycles to nucleate a crack (Nnucl) 

and to grow microstructurally small cracks (NMSC), i.e. crack sizes up to 3 to 10 times 

the grain size, and physically small cracks (NPSC), while Np is mainly associated with the 

growth of long cracks (NLC) for which linear elastic fracture mechanics (LEFM) 

framework is valid: 

 ὔ  ὔ  ὔ  ὔ   ὔ  ὔ   ὔ  (16) 

 

In contrast, the fatigue degradation properties of these notched microbeams only relates 

to the nucleation and early growth of microstructural small cracks (up to ~1 to 2 times 

the grain size (1-2 mm)) under extreme stress gradients: 

 ὔȟ    ὔ  ὔ     (17) 

 

Despite the smaller amount of crack propagation required to reach the fatigue life of the 

microbeams, the (sa - Nf) and (epa ï Nf) fatigue curves show the behavior of fatigue-

resistant components, with high endurance limit (50% of suts, corresponding epa ~ 5×10
-

4
) and unusually low (in absolute values) b and c coefficients for the Basquin and 

Coffin-Manson equations (see Table 8). For the large sa values investigated in this 

study, the extrusions form relatively quickly and are likely to constitute only a small 

portion of Nf.  Hence the unusual fatigue curves are likely the direct consequence of 

having Nf governed by the propagation of microstructurally small cracks under extreme 

stress gradients present at the notch root (average stress gradient of -36% per mm over 

the first 2 mm, ahead of the notch). The prediction of Nf for these notched microbeams 
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would therefore require an accurate characterization of the crack growth rates under 

these loading conditions. 

Fracture mechanics (whether linear elastic or elastic plastic) is not valid for 

describing the early growth of these stage I cracks characterized by lower thresholds, 

larger crack growth rates compared to long cracks, and decelerating crack growth when 

approaching microstructural barriers such as grain boundaries. Instead, Miller 

introduced a microstructural fracture mechanics equation, of the form [20]: 

 Ὠὥ

Ὠὔ
ὃ‎ȟ Ὠ ὥ (18) 

 

 The ñda/dN vs aò curves shown in Figure  4.10 (b) exhibit decreasing crack growth 

rates with increasing a, in qualitative agreement with eq. (18). Figure  4.11 shows the 

initial crack growth rates, (da/dN)i (for a = 0) as a function of sa (Figure  4.11 (a)) and 

epa (Figure  4.11 (b)), for all the specimens for which a 2D crack was observed at the end 

of the tests. The initial rates increase from ~10
-13

 to 10
-11

 m/cycle for epa increasing from 

4×10
-4

 to 2×10
-3

, corresponding to a = 3 (from eq. (18)).  
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4.7  Conclusions  

In conclusion, this study revealed the critical role of extreme stress gradients, 

often encountered in micro-components, on their fatigue behavior. The notched 

microbeams, characterized by a normalized stress gradient of -36%/mm, required from 

10
6
 to 10

8
 cycles (under fully reversed loading) to grow a 2-mm-long microstructurally 

small crack through the entire beam thickness (20 mm), for stress amplitudes ranging 

from 500 to 440 MPa (60 to 50% of the ultimate tensile strength). The crack growth rate 

curves inferred from the f0 evolution curves reveal ultraslow growth of these cracks 

(initial rates ranging from 10
-13

 to 10
-11

 m/s), with decreasing rates as the cracks grow. 

This ultraslow growth is unlike that of microstructurally small cracks in the absence of 

extreme stress gradients, and is responsible for the shallow stress and strain-life curves 

and high endurance limits.  This study highlights the need to further characterize the 

Figure  4.11: Initial crack propagation rates, (da/dN)i as a function of (a) sa, and (b) epa 

(a) 

(a) (b) 
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effects of different stress gradients values on crack growth rates and fatigue lives in 

order to accurately predict the small-scale fatigue damage in metallic microbeams.    
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CHAPTER 5:  COMPARING THE FATIGU E BEHAVIOR OF NI 

MICROBEAMS UNDER DIF FERENT STRESS GRADIENTS: 17 VS 36 

%.mἵ -1
 

5.1 Resonance Frequency Evolution 

In this section, the results of fatigue tests performed for the microresonator with 

ʂ = 0.17 µÍ  in both mild and harsh environments (at 30ºC, 50% RH and 80ºC, 90% 

RH, respectively) are presented and compared with the results shown in the previous 

chapter (ʂ = 0.36 µÍ ). Figure  5.1 (a) shows the f0 evolution during the fatigue tests of 

3 representative specimens (h = 17%.mm
-1

)
 
tested at 30 °C, 50% RH, in the form of 

normalized f0 with respect to the initial value (f0,i ~ 8600 Hz), f0/f0,i, as a function of 

cycles (out of a total of 22 fatigued specimens with h = 17%.mm
-1

). The horizontal line 

at f0/f0,i = 90% constitutes our failure criterion (corresponding to a crack size of  ~2.2 

mm on each side of the beams for (h = 17%.mm
-1

), see finite element model at 

section  2.6.1). For sa = 305 MPa, f0 slowly decreases and levels off at 95% of the initial 

value after 1.5×10
9
 cycles. For sa = 355 MPa, f0 decreases and reaches 90% of the value 

at N = Nf = 1.5×10
7
 cycles, after which f0 decreases at a much faster rate until it reaches 

60% of the initial value. For sa = 400 MPa, f0 reaches 90% of the initial value at N = Nf 

= 3.7×10
6
 cycles, which also corresponds to the onset of faster decrease rates. The test 

was interrupted shortly after (f0,final/f0,i = 87%). Figure  5.1 (b) show representative f0 

evolution curves for four specimens with ʂ=0.36 µÍ  tested at 30ºC, 50% RH with sa 

= 330, 450,470, and 500 MPa. Here also a total decrease of 40% can be reached, in that 

case after 1.5× 10
7
 cycle for the specimen with sa = 500 MPa. 
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The general trend of frequency development for both series of microresonators 

with ʂ = 0.17 and 0.36 µÍ  is similar in term of decreases in f0 (up to 40%), which are 

indicative of accumulation of fatigue damage in the form of cracking for both of 

πȢσφ ÁÎÄ 0.17 µÍ  (see sections  4.2 and  5.2). But the amounts and rates of decrease in 

f0 are clearly different. For example, a slow decrease totaling 2% over 10
9
 cycles was 

observed for 0.36 µÍ  at sa = 330 MPa (see Figure  5.1 (b)), while for a 

microresonator with 0.17 µÍ  (over same number of cycles, 10
9
), it loses more than 

5% of the initial f0 at slightly lower stress, sa = 305 MPa (See Figure  5.1 (a)). Unlike 

the frequency development for microresonator with ʂ = 0.36 µÍ , there is not any 

pronounced sudden increase in f0 upon interruption of a test. The f0 evolution curve for 

 

 

 

 

 

 

 

 

 

 

Figure  5.1: Normalized f0 evolution, f0/f0,i, as a function of cycles for microresonators 

with (a)  h = 0.17 mm
-1 

and (b)  h = 0.36 mm
-1

. 

(b) ʂ=36%. µÍ  






























































