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Preface to the Second Edition

The main differences between this edition and the first (apart from the correc-
tion of numerous typos) is the addition of a substantial amount of material,
including four wholly new chapters. As a consequence, through the choice
of various subsets of the chapters, this book can be appropriate for a single
upper-division or graduate course in linear algebra, or an upper-division or
graduate sequence. Furthermore, this book can function as a supplementary
text for a graduate course on classical groups. As with the first edition, the
approach remains general (nearly everything is done over arbitrary fields) and
structural. We have also attempted to continue to build up to significant re-
sults from a few simple ideas. Following is a description of how the new edition
specifically differs from its predecessor.

The first nine chapters of the edition have been carried over to the new edition
with very few substantive changes. The most obvious is renumbering: A chap-
ter has been inserted between Chapters 8 and 9 so that Chapter 9 has now
become Chapter 10. Apart from the addition of several new exercises across
these chapters, the most significant changes are:

Chapter 5 has been renamed “Normed and Inner Product Spaces” since we
have added a section at the end of the chapter on “normed vector spaces”.
Here we introduce several norms that are not induced by an inner product
such as the {,-norm for p > 1 and the {,-norm. We show that all norms on
a finite-dimensional real or complex space are equivalent, which implies that
they induce the same topology.

In Chapter 8 we have added a section on orthogonal spaces over perfect fields
of characteristic two and we prove Witt’s theorem for such spaces.

In Chapter 10 (previously 9), the fourth section on symmetric and exterior al-
gebras has been split into two separate sections. Additionally, we have added a
section on Clifford algebras, which is a powerful tool for studying the structure
of orthogonal spaces.

The new chapters are as follows:

Chapter 8 is devoted to sesquilinear forms, which generalize the notion of a
multilinear form. In the first section we introduce the basic concepts, including
the notion of a reflexive sesquilinear form and obtain a characterization: such
forms are equivalent to Hermitian or skew-Hermitian forms. In the second

xiii



xiv Advanced Linear Algebra

section we define what is meant by a unitary space, an isometry of a unitary
space, and prove Witt’s theorem for non-degenerate unitary spaces.

Chapter 11 deals with linear groups and groups of isometries. In the first sec-
tion we define the special linear group as well as the concept of a transvection.
We prove that the special linear group is generated by transvections. We de-
termine the center of the special linear group and prove that, with three small
exceptions, the special linear group is perfect. We then show that when the
special linear group is perfect, the quotient group by its center is a simple
group. The second section is concerned with the symplectic group, the group
of isometries of a non-degenerate symplectic space. Section three investigates
the group of isometries of a non-degenerate singular orthogonal space over a
field of characteristic not two. The final section is devoted to the group of
isometries of a non-denerate isotropic unitary space.

Chapter 12 is devoted to some additional topics in linear algebra (more specif-
ically, matrices). In the first section we introduce the notion of a matrix or
operator norm and develop many of its properties. Section two is concerned
with the Penrose-Moore pseudoinverse, which is a generalization of the no-
tion of an inverse of a square matrix. The subsequent section takes on the
subject of non-negative square matrices, real n X n matrices, all of whose en-
tries are non-negative. Section four is devoted to the location of eigenvalues
of a complex matrix. The main result is the Gersgorin disc theorem. The final
section deals with functions of square matrices defined by polynomials and
power series.

The final chapter deals with three important applications of linear algebra.
Section one is devoted to the method of least squares, which can be used to
estimate the parameters of a model to a set of observed data points. In the
second section we introduce coding theory that is ubiquitous and embedded
in all the digital devices we now take for granted. In our final section we
discuss how linear algebra is used to define a page rank algorithm that might
be applied in a web search engine.

Writing this new edition, while time-consuming, has nonetheless been a plea-
sure, particularly the opportunity to write about the classical groups (a re-
search interest of mine) as well as important applications of linear algebra.
That pleasure will be heightened if the reader gets as much out of reading the
text as I have by writing it.

Bruce Cooperstein
September 2014
Santa Cruz, California



Preface to the First Edition

My own initial exposure to linear algebra was as a first-year student at Queens
College of the City University of New York more than four decades ago, and
I have been in love with the subject ever since. I still recall the excitement I
felt when I could prove on the final exam that if A is an n x n matrix then
there exists a polynomial f(x) such that f(A) = 0,,. It is only fitting that
this result plays a major role in the first half of this book.

This book started out as notes for a one quarter second course in linear algebra
at the University of California, Santa Cruz. Taken primarily by our most
sophisticated and successful juniors and seniors, the purpose of this course was
viewed as preparing these students for the continued study of mathematics.
This dictated the pedagogical approach of the book as well as the choice of
material.

The pedagogical approach is both structural and general: Linear algebra is
about vector spaces and the maps between them that preserve their structure
(linear transformations). Whenever a result is independent of the choice of an
underlying field, it is proved in full generality rather than specifically for the
real or complex field.

Though the approach is structural and general, which will be new to many stu-
dents at this level, it is undertaken gradually, starting with familiar concepts
and building slowly from simpler to deeper results. For example, the whole
structure theory of a linear operator on a finite dimensional vector space is
developed from a collection of some very simple results: mainly properties of
the division of polynomials familiar to a sophisticated high school student as
well as the fact that in a vector space of dimension n any sequence of more
than n vectors is linearly dependent (the Exchange Theorem).

The material you will find here is at the core of linear algebra and what a
beginning graduate student would be expected to know when taking her first
course in group or field theory or functional analysis:

In Chapter 1, we introduce the main object of the course: vector spaces over
fields as well as the fundamental concepts of linear combination, span of vec-
tors, linear independence, basis, and dimension. We also introduce the concept
of a coordinate vector with respect to a basis, which allows us to relate an
abstract n dimensional vector space to the concrete space F™, where F is a
field.

XV
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In almost every mathematical field, after introducing the basic object of study,
one quickly moves on to the maps between these objects that preserve their
structure. In linear algebra, the appropriate functions are linear transforma-
tions, and Chapter 2 is devoted to their introduction.

Over the field of rational, real, or complex numbers most of the material of
Chapters 1 and 2 will be familiar but we begin to add sophistication and
gravitate more towards the structural approach at the end of Chapter 2 by
developing the algebra of the space L(V, W) of linear transformations, where
V and W are finite-dimensional vector spaces. In particular, we introduce
the notion of an algebra over a field and demonstrate that the space £L(V,V)
of linear operators on a finite-dimensional vector space V is an algebra with
identity.

Chapter 3 is devoted to the algebra of polynomials with coefficients in a field,
especially concentrating on those results that are consequences of the division
algorithm, which should be familiar to students as “division of polynomials
with remainder.”

In Chapter 4, we comprehensively uncover the structure of a single linear
operator on a finite-dimensional vector space. Students who have had a first
course in abstract algebra may find some similarity in both the content and
methods that they encountered in the study of cyclic and finite Abelian groups.
As an outgrowth of our structure theory for operators, we obtain the various
canonical forms for matrices.

Chapter 5 introduces inner product spaces, and in Chapter 6, we study oper-
ators on inner product spaces. Thus, in Chapter 5, after defining the notion
of an inner product space, we prove that every such space has an orthonormal
basis and give the standard algorithm for obtaining one starting from a given
basis (the Gram-Schmidt process). Making use of the notion of the dual of a
vector space, we define the adjoint of a linear transformation from one inner
product space to another. In Chapter 6, we introduce the concepts of normal
and self-adjoint operators on an inner product space and obtain character-
izations. By exploiting the relationship between operators and matrices, we
obtain the important result that any symmetric matrix can be diagonalized
via an orthogonal matrix.

This is followed by a chapter devoted to the trace and determinant of lin-
ear operators and square matrices. More specifically, we independently define
these concepts for operators and matrices with the ultimate goal to prove
that if T is an operator, and A any matrix which represents T' (with respect
to some basis) then Tr(T) = Trace(A) and det(T) = det(A). We go on to
prove the co-factor formula for the determinant of a matrix, a result missing
from most treatments (and often taken as the definition of the determinant
of a matrix). The chapter concludes with a section in which we show how we
can interpret the determinant as an alternating n-multilinear form on an n
dimensional vector space and we prove that it is unique.



Preface to the First Edition xvii

The final two chapters consist of elective material at the undergraduate level,
but it is hoped that the inclusion of these subjects makes this book an ideal
choice for a one-term graduate course dedicated to linear algebra over fields
(and taught independent of the theory of modules over principal ideal do-
mains). The first of these two chapters is on bilinear forms, and the latter on
tensor products and related material. More specifically, in Chapter 8, we clas-
sify nondegenerate reflexive forms and show that they are either alternating
or symmetric. Subsequently, in separate sections, we study symplectic space
(a vector space equipped with a non-degenerate alternating form) and or-
thogonal space (a vector space equipped with a nonsingular quadratic form).
The final section of the chapter classifies quadratic forms defined on a real
finite-dimensional vector space.

The ultimate chapter introduces the notion of universal mapping problems,
defines the tensor product of spaces as the solution to such a problem and ex-
plicitly gives a construction. The second section explores the functorial proper-
ties of the tensor product. There is then a section devoted to the construction
of the tensor algebra. In the final section we construct the symmetric and
exterior algebras.

Hopefully the reader will find the material accessible, engaging, and useful.
Much of my own mathematical research has involved objects built out of
subspaces of vector spaces (Grassmannians, for example) so I have a very
high regard and appreciation for both the beauty and utility of linear algebra.
If T have succeeded with this book, then its student readers will be on a path
to the same recognition.

Bruce Cooperstein
University of California, Santa Cruz
December 2009
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The tensor product
of linear transfor-
mations S and R
The Kronecker or
tensor product of
matrices A and B
The k-fold tensor
product of the vec-
tor space V'

The tensor algebra
of the vector space
V

The polynomial al-
gebra in two non-
commuting  vari-

Symy (V)

Sym(V')
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I lle
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ables z,y over the
field F

The tensor algebra
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duced by the linear
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The k-fold sym-
metric product of
the vector space V'
The symmetric al-
gebra of the vector
space V'

The exterior alge-
bra of the vector
space V'

The k' exterior
product of the vec-
tor space V

The exterior prod-

uct of  vectors
Vi,...,Vk
The k" exterior

product of linear
transformation S
The exterior al-
gebra  homomor-
phism induced by
a linear transfor-
mation S

The [; norm of R"
or C"

The [, norm of R"
or C™

The [; norm of R"
or C™

The [, norm of R™
or C"

The matrix norm
induced by the I,
and [, norms of R"
or C™

The Frobenius ma-
trix norm

The deleted row
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The most basic object in linear algebra is that of a vector space. Vector spaces
arise in nearly every possible mathematical context and often in concrete ones
as well. In this chapter, we develop the fundamental concepts necessary for
describing and characterizing vectors spaces. In the first section we define and
enumerate the properties of fields. Examples of fields are the rational numbers,
the real numbers, and the complex numbers. Basically, a field is determined by
those properties necessary to solve all systems of linear equations. The second
section is concerned with the space F", where n is a natural number and F
is any field. These spaces resemble the real vector space R™ and the complex
space C". In section three we introduce the abstract concept of a vector space,
as well as subspace, and give several examples. The fourth section is devoted to
the study of subspaces of a vector space V. Among other results we establish
a criteria for a subset to be a subspace that substantially reduces the number
of axioms which have to be demonstrated. In section five we introduce the
concepts of linear independence and span. Section six deals with bases and
dimension in finitely generated vector spaces. In section seven we prove that
every vector space has a basis. In the final section we show, given a basis for
an n-dimensional vector space V over a field F, how to associate a vector in
F™. This is used to translate questions of independence and spanning in V' to
the execution of standard algorithms in F”.

Throughout this chapter it is essential that you have a good grasp of the
concepts introduced in elementary linear algebra. Two good sources of review
are ([1]) and ([17]).
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1.1 Fields

While a primary motivation for this book is the study of finite dimensional real
and complex vector spaces, many of the results apply to vector spaces over an
arbitrary field. When possible we will strive for the greatest generality, which
means proving our results for vector spaces over an arbitrary field. This has
important mathematical applications, for example, to finite group theory and
error correcting codes. In this short section, we review the notion of a field.
Basically, a field is an algebraic system in which every linear equation in a
single variable can be solved. We begin with the definition.

Definition 1.1 A field is a set F that contains two special and distinct ele-
ments 0 and 1. It is equipped with an operation + : FxF — F called addition,
which takes a pair a,b in F to an element a+ b in F. It also has an operation
-1 FxF — T called multiplication, which takes a pair a,b in F to an element
a-b. Additionally, (F,0,1,+,-) must satisfy the following azioms:

(A1) For every pair of elements a,b from F,a+b="b+ a.

(A2) For every triple of elements a,b,c € F,a+ (b+c¢) = (a+b) +c.
(A3) For every element a € F,a+ 0 = a.

(A4) For every element a in T there is an element b such that a +b = 0.
(M1) For every pair of elements a,b in F,a-b="5b-a.

(M2) For every triple of elements a,b,c inF,(a-b)-c=a-(b-c).

(M3) For every a € F,a-1=a.

(M4) For every a € F,a # 0, there is an element ¢ such that a - ¢ = 1.
(M5) For all elements a,b,c from F,a-(b+c¢)=a-b+a-c.

Axiom (A1) says that the operation of addition is commutative and (A2)
that it is associative. Axiom (A3) posits the existence of a special element
that acts neutrally with respect to addition; it is called zero. For an element
a € F, the element b of axiom (A4) is called the negative of ¢ and is usually
denoted by —a. (M1) says that multiplication is commutative and (M2) that
it is associative. (M3) asserts the existence of a multiplicative identity.
(M4) says that every element, apart from 0, has a multiplicative inverse.
Finally, (M5) says that multiplication distributes over addition.

Example 1.1 The set of rational numbers, Q = {Z|m,n € Z,n # 0}, is
a field.
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Example 1.2 All numbers that are the root of some polynomial

an X"+ apn 1 X" P4+ a1 X +ao

where a; are integers is a field, known as the field of algebraic numbers. It
contains \/2, i (a root of X2+1), as well as the roots of X?+ X +1. However,
it does mot contain w or e. We denote this field by A.

Example 1.3 The set of real numbers, R, consisting of all the numbers
that have a decimal expansion, is a field. This includes all the rational num-
bers, as well as numbers such as \/2,m, e which do not belong to Q.

Example 1.4 The set of complex numbers, denoted by C, consists of all
expressions of the form a + bi, where a,b are real numbers and i is a number
such that i2 = —1. These are added and multiplied in the following way: For
a,b,c,d € R,

(a+bi)+ (c+di) = (a+c)+ (b+d)i, (1.1)

(a + bi)(c + di) = (ac — bd) + (ad + be)i. (1.2)

For a real number a we will identify the complexr number a + 0i with a in R
and in this way we may assume the field of real numbers is contained in the
field of complex numbers.

Example 1.5 Denote by Q[i] the set of all numbers r + si where r,s € Q
and i* = —1. With the addition given by Equation (1.1) and multiplication by
Equation (1.2). This is a field.

Example 1.6 Denote by Q[v/2] the set of all numbers r+sv/2, where r,s € Q.
The addition and multiplication are those inherited from R.

Definition 1.2 When E and F are fields then we say that E is a subfield of
F, equivalently, that F is an extension of E if E C F, and the operations of E
are those of F restricted to E x E.

Remark 1.1 If E is a subfield of F and F is a subfield of K, then E is a
subfield of K.
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Example 1.7 The rational field Q is a subfield of R and also a subfield of A.
Also, the field Q[i] is a subfield of A. Q[\/2] is a subfield of R and of A.

Remark 1.2 If F is a field and E is a nonempty subset of F, in order to
prove E is a subfield it suffices to show i) if a,b € E then a — b,ab € E; and
ii) if 0 # a € E then a=! € E. That addition and multiplication in F are
commutative and associative and that multiplication distributes over addition
is immediate from the fact that these axioms hold in F.

All of the examples of fields have thus far been infinite, however, finite fields
exist. In particular, for every prime p, there exists a field with p elements. More
generally, for every prime power p”, there exists a field with p™ elements,
denoted by F,n or GF(p™). Vector spaces over finite fields have important
applications, for example, in the construction of error correcting codes used
for all forms of digital communication, including cellphones, CDs, DVDs, and
transmissions from satellites to earth.

Example 1.8 A field with three elements

The underlying set of Fs, the field with three elements, is {0,1,2}. The addi-
tion and multiplication tables are shown below. We omit the element 0 in the
multiplication table since 0 multiplied by any element of the field is 0.

P3| 0| 1|2
0101]2
111120
212101

®3| 1|2
111]2
2121

Properties of Complex Numbers

Because of the important role that the complex numbers play in the subse-
quent development, we discuss this particular field in more detail.

Definition 1.3 For a complex number z = a + bi (a,b € R), the norm of z

is defined as || z ||= Va? + b2.

The conjugate of z = a + bi is the complex number Z = a — bi.
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Theorem 1.1 i) If z,w are complex numbers, then || zw ||=|| z || - || w || -
i) If z is a complex number and ¢ is a real number, then || cz ||=|c|- || z || -
iti) If = = a+bi is a complex number with a,b € R, then 2z = a®>+b* = z ||%.

These are fairly straightforward, and we leave them as exercises.

For later application, we will require one more result about the complex num-
bers, this time asserting properties of the complex conjugate.

Theorem 1.2 i) If z and w are complex numbers, then z + w = Z + .
ii) If z and w are complex numbers, then Zw = Zw.

iii) Let z be a complex number and ¢ a real number. Then ¢z = cZ.

Proof Parts i) and iii) are left as exercises. We prove ii). Let z = a+bi,w =
¢ + di with a,b,c,d real numbers. Then zw = (ac — bd) + (ad + be)i and
zw = (ac — bd) — (ad + be)i.

On the other hand, Z = a — bi,w = ¢ — di and Zw = (a — bi)(c — di) = [ac —
(=b)(—d)]+[(a)(—d)+(=b)(c)]i = (ac—bd)+[—ad—bc|i = (ac—bd)— (ad+bc)i
and so ZW = ZWw as claimed.

The field of complex numbers is especially interesting and important because
it is algebraically closed. This means that every non-constant polynomial
f(z) with complex coefficients can be factored completely into linear factors.
This is equivalent to the statement that every non-constant polynomial f(x)
with complex coefficients has a complex root.

Example 1.9 Determine the roots of the quadratic polynomial x2 + 6x + 11.

We can use the quadratic formula, which states that the roots of the quadratic

; 2 —b+/b2—4
polynomial ax= + bx + ¢ are —=5—="1¢.

Applying the quadratic formula to z? + 6x + 11, we obtain the roots
_ﬁi\/236—44 = _34+ \/__2

The negative square root \/—2 can be expressed as a purely tmaginary number:
+/72 = £v2/=1 = ++/2i since i2 = —1 in the complex numbers. Therefore,
the roots of the polynomial x% + 6z + 11 are

—34+ /2, -3 — /2.

Notice that the roots are complex conjugates. This is always true of a real
quadratic polynomial which does not have real roots. In this case, the roots
are a conjugate pair of complex numbers as can be seen from the quadratic
formula.
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Exercises

1. Prove i) of Theorem (1.1).

2. Prove ii) and iii) of Theorem (1.1).

3. Assume that C is a field. Verify that its subset Q[¢] is a field.
4. Prove i) of Theorem (1.2).

5. Prove iii) of Theorem (1.2).

6

. Let F5 have elements {0, 1,2,3,4} and assume that addition and multipli-
cation are given by the following tables:

@5 10[1]2]3]4

0l0[L]2]3 4 @5 11234
T [1[2[3[4(0 T (12|34
2 (23401 2 21413
3 (3(4(0]1]2 33142
I [4[0|1]2]3 I [4(3[2]1

a) How can we immediately tell from these tables that the operations of ad-
dition and multiplication are commutative?

b) How can you conclude from the addition table that 0 is an additive identity?

¢) How can we conclude from the addition table that every element has an
additive inverse relative to 07

d) How can we conclude from the multiplication table that 1 is a multiplicative
identity?

e) How can we conclude from the multiplication table that every non-zero
element has a multiplicative inverse relative to 17

7. Making use of the multiplication table for the field F5 in Exercise 6, find
the solution to the linear equation 3z + 2 = 4, where the coefficients of this
equation are considered to be elements of F5.

8. Find the solution in field of the complex numbers to the linear equation
20 — (1 4+ 2i) = —iz + (2 + 2i).

9. In Exercises 7 and 8, which properties of the field did you use?
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1.2 The Space F”

What You Need to Know

To make sense of the material in this section, you should be familiar with the
concept of a field as well as its basic properties, in particular, that addition
and multiplication are commutative and associative, the distributive law holds,
and so on.

We begin with a definition:

Definition 1.4 Let n be a positive integer. By an n-vector with entries in

ai
as
a field F, we will mean a single column of length n with entries in [F:
Qnp
The entries which appear in an n-vector are called its components.
a by
ag bQ
Two n-vectorsa=| . | andb=| . | are equal if and only if a; = b; for
an b,
allt=1,2,...,n and then we write a = b.

The collection of all n-vectors with entries in F is denoted by F™ and this is
referred to as “F n-space.”

1

Note that (;) # | 2 | since the former is a 2 vector and the latter a 3 vector
0

and equality is only defined when they are both vectors of the same size.

The remainder of this short section is devoted primarily to the algebra of F™.
We will define two operations called addition and scalar multiplication
and make explicit some of the properties of these operations. We begin with
the definition of addition.

Definition 1.5 To add (find the sum of ) two F™vectors u,v simply add the
corresponding components. The result is a vector in F™:

ai b1 a; + by
ag b2 as + b2
+1 .| = .

an by a, + by,
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The second operation involves an element ¢ of F (which we refer to as a scalar)
and an n-vector u.

Definition 1.6 The scalar multiplication of ¢ € F and u € F" is defined
by multiplying all the components of w by c. The result is a vector in F™. This
is denoted by cu.

a1 ca

ag Ccag
C =

Qp, CAp,

The particular vector (—1)u (where —1 is the element of F such that (—1) +
1 = 0) is especially important. The vector (—1)u is called the opposite or
negative of u. We will denote this by —u. Further, as a convention, we will
write u — v for u + (—v).

Also of importance is the vector whose components are all zero:

Definition 1.7 The zero vector in F" is the n-vector all of whose compo-
nents are zero. We denote it by Oy, or just 0 when the length n is clear from
the context.

Definition 1.8 For a given n, we will denote by e} the n-vector which has
only one non-zero component, a one, which occurs in the it" row. When the
n is understood from the context, we will usually not use the superscript.

Example 1.10 As an example, in F> we have

1 0 0
e = 0 , €2 = 1 ,€3 = 0
0 0 1

When we fix n and consider the collection of n-vectors, F", then the following
properties hold. These are precisely the conditions for F” to be a vector space,
a concept, that is the subject of the next section.
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Theorem 1.3 Properties of vector addition and scalar multiplication

Let w,v,w be n-vectors with entries in the field F (that is, elements of F™)
and b, ¢ be scalars (elements of F). Then the following properties hold.

i) (u+v)+w=u+ (v+w). Associative law

ii) u+ v = v + u. Commutative law

iii) u + 0 = u. The zero vector is an additive identity

i) u+ (—u) = 0. Existence of additive inverses

v) b(u +v) = bu + bv. A distributive law of scalar multiplication over vector
addition

vi) (b4 ¢)u = bu + cu. A distributive law

vit) (be)u = b(cu). An associative law

viti) lu = wu.

iz) Ou = 0.

U1 U1 w1
u V2 w2
Proof Throughout let u = LU = , W =
Up, Un, Wy,
i) Then
(u1 +v1) +ws
(UQ + ’Ug) =+ wo
(u+v)+w= )
(tn + V) + wy
and
ur + (v1 +w1)
ug + (v2 + wa)
u+(v+w)= .

Up + (U, + wy)

Since the addition in a field satisfies (u; + v;) + w; = u; + (vi + w;) for all i,
it follows that these vectors are identical.

In a similar fashion, ii) holds since it reduces to showing that the components
of u+v and v+ are equal. However, the it" component of u + v is u; + v;,
whereas the it" component of v+ is v; +u; which are equal since the addition
in F is commutative.

111) This holds since we are adding 0 to each component of w and this leaves
u unchanged.

iv). Theit" components of u+(—u) is u;+(—u;) = 0 and therefore u-+(—u) =
0.
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v) The it" component of b(u + v) is b(u; + v;), whereas the i*" component of
bu + bv is bu; + bv;, and these are equal since the distributive property holds
in F.

vi) The it" component of (b-+c)u is (b+c)u; and the it" component of bu+cu
is bu; + cu;, which are equal, again, since the distributive property holds in F.

vii) The it" component of (be)u is (bc)u;. The it component of b(cu) is b(cu;),
and these are equal since multiplication in F is associative.

viii) Here, each component is multiplied by 1 and so is unchanged, and there-
fore w is unchanged.

iz) Fach component of w is multiplied by 0 and so is 0. Consequently, Ou = 0.

Exercises

In Exercises 1-3, assume the vectors are in C3 and perform the indicated
addition.

1 -1+ 1—1 1+

1. 1 + 1 —24¢ 2.1 3+2¢ |+ | 3—2

3+ 1-3¢ -2+ 51 -2 -5t
2—-3 —2—-3
3. 2+ |+ -2+
1444 -1+ 44

In Exercises 4-6, assume the vectors are in C® and compute the indicated
scalar product.

2+ 2+ 3i i
4. (144 [1-i 5.0 [ =142 6. (2—d) [1+i
i —i 2+

In Exercises 7 and 8, assume the vectors are in F3 and perform the given
addition.

2 3 1 3
7141+ (1 8. 12|+ 14
1 4 3 3

In Exercises 9 and 10, assume the vectors are in F3 and compute the scalar
product.

2 2
9.313 10.4 1 4
4 3

11. Find all vectors v € C? such that (1 +i)v (2 - Z.> _ (6—|—z> .

3+ 61
(1
=13)-

+
12. Find all vectors v in F2 such that 2v + (i)
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1.3 Vector Spaces over an Arbitrary Field

What You Need to Know

In this section it is essential that you have mastered the concept of a field
and can recall its properties. You should also be familiar with the space F”,
where F is a field.

We jump right in and begin with the definition of a vector space.

Definition 1.9 LetF be a field and V' a nonempty set equipped with maps « :
VxV — V called addition and p : FxV — V called scalar multiplication.
We will denote a(u,v) by u+ v and refer to this as the sum of u and v. We
denote p(c,u) by cu and refer to this as the scalar multiple of u by c. V is
said to be a vector space over F if the following axioms are all satisfied:

(A1) u+v =v+u for every u,v € V. Addition is commutative.

(A2) u+ (v+w) = (u+v) +w for every u,v,w in V. Addition is asso-
ciative.

(A3) There is a special element O called the zero vector such thatu+0=u
for every u € V. This is the existence of an additive identity.

(A4) For every element w in V there is an element, denoted by —w, such that
u+ (—u) = 0. The symbol —u is referred to as the opposite or negative of .
This is the existence of additive inverses.

(M1) a(u + v) = au + av for every scalar a and vectors w,v € V. This is a
distributive axiom of scalar multiplication over vector addition.

(M2) (a + b)u = aw + bu for every vector w and every pair of scalars a,b.
This is another distributive axiom.

(M3) (ab)u = a(bu) for every vector u and every pair of scalars a,b. This is
an associative axiom.

(M}) 1u = u.

In a moment, we will prove some abstract results; however, for the time being,
we enumerate a few examples.

Definition 1.10 Denote by F[z] the collection of all polynomials in the vari-
able x with coefficients in the field .

Example 1.11 The set F[x] with the usual addition of polynomials and mul-
tiplication by constants is a vector space over F.
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Definition 1.11 Let X and Y be sets. We will denote by M(X,Y) the col-
lection of all maps (functions) from X to'Y.

Example 1.12 Let X be a nonempty set and F a field. For two functions
g, h in M(X,F) define addition by (g + h)(z) = g(x) + h(z), that is, the
pointwise addition of functions. Likewise scalar multiplication is given by
(cg)(x) = cg(z). In this way M(X,F) becomes a vector space with zero vector
the function O x _r, which satisfies Ox _p(x) =0 for all x € X.

Example 1.13 This example generalizes Example (1.12): Let V be a vector
space over the field F and X a set. For two functions f,g € M(X,V), define
addition by (f+g)(x) = f(x)+g(x). Define scalar multiplication by (cf)(x) =
cf(x), where ¢ € F,f € M(X,V), and x € X. Then M(X,V) is a vector
space over F with zero vector the function Ox_,v : X — V, which satisfies
Ox_v(x) =0y for all x € X, where Oy is the zero vector of V.

Example 1.14 The set of all solutions of the differential equation %—i—y =0
is a real vector space. Since solutions to the equation are functions with co-
domain R, we use the addition and scalar multiplication introduced in Example
(1.12). Note solutions exist since, in particular, sin x,cos x satisfy this dif-
ferential equation.

Example 1.15 Let U and W be vectors spaces over a field F. Denote by
U x W the Cartesian product of U and W, U xW = {(u,w) : u € U,w € W}.

Define addition on U X W by (w1, w1)+ (w2, wa) = (w1 +us, wi +ws). Define
scalar multiplication on U X W by c(u, w) = (cu, cw).

Set Oy xw = (Oy, Ow ). This makes U X W into a vector space. This is referred
to as the external direct sum of U and W and denoted by U & W.

Example 1.16 Let I be a set and for each i € I assume U; is a vector space
over the field F with zero element 0;. Let [],.; U; consist of all maps f from
I into U;crU; such that f(i) € U; for all i.

For f,g € [1,c; Ui define the sum by (f +g)(i) = f(i) +g(i). For f € [1,c; Us
and a scalar ¢, define the scalar product cf by (cf)(i) = ¢f(i). Finally, let O
be the map from I to U;c;U; such that O(i) = 0; for every i.

Then [[;c; Ui is a vector space with O as zero vector. This space is referred
to as the direct product of the spaces {U;|i € I} .

We now come to some basic results. It would not be very desirable if there
were more than one zero vector or if some vectors had more than one opposite
vector. While it might seem “obvious” that the zero vector and the opposite
of a vector are unique, we do not take anything for granted and prove that,
indeed, these are true statements.



Vector Spaces 13

Theorem 1.4 Some uniqueness properties in a vector space
Let V' be a vector space. Then the following hold:

i) The element 0 in'V is unique. By this we mean if an element e of V satisfies
u+e=e+u=mu for every vector u in 'V, then e = 0.

ii) The opposite (negative) of a vector w is unique, that is, if v is a vector
that satisfies u +v =v +u =0, then v = —u.

Proof i) Suppose that u+e = e+u = u for every w in V. We already know
that u + 0 = 0 + u = u for every vector w in V. Consider the vector 0 + e.
Plugging 0 into u+ e = e + u = u, we obtain that 0 + e = 0. On the other
hand, plugging e into u+0 =0+ u =u, we get 0 +e =e. Thus, e = 0.

+ e

ii) Suppose u +v = v+ u = 0. We know that u + (—u) = (—u) + u
Consider (—u) + (u + v). By the first equation we have (—u) + (u + v
(—u)+0 = —u. However, by associativity, we have (—u)+ (u+v) = [(—u)
u|+v =0+ v =wv. Therefore, —u = v.

~—

We have shown that the zero vector and the opposite (negative) of a vector
are unique. We now determine how these “behave” with respect to scalar
multiplication, which is the purpose of the next result.

Theorem 1.5 Let V be a vector space, u a vector in V, and c a scalar. Then
the following hold:

i) Ou = 0.

ii) c0 = 0.

iii) If cu = 0, then either c =0 or u = 0.
i) (—c)u = —(cu).

Proof i) We use the fact that 0 =0+0 in F to get Ou = (0+0)u = Ou+ Ou.
Now add —(0u) to both sides: —0u+0u = —0u+ [0u+ 0u] = [-0u+0u]+0u,
the last step by associativity. This give the equality 0 = 0+0u = Ou as desired.

i) and iii) are left as exercises.

iv) We make use of part i) and the fact that for any element ¢ of F,0 = c+(—c)
to get 0 = Ou = [c + (—c)]Ju = cu + (—c)u. Add —cu to both sides of the
equality: —cu + 0 = —cu + [cu + (—c)u] = [—cu + cu] + (—c)u, the last
step justified by associativity. This becomes —cu + 0 = 0 + (—c)u and so
—cu = (—c)u.

Exercises
1. Prove part ii) of Theorem (1.5).
2. Prove part iii) of Theorem (1.5).
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3. Let v be an element of a vector space V. Prove that —(—v) = v.

4. Let V be a vector space. Prove the following cancellation property: for
vectors v, x,y, if v+ x = v+ y, then x = y.

5. Let V be a vector space. Prove the following cancellation property: Assume
¢ # 0 is a scalar and cx = cy, then © = y.

6. Let X be a set and F a field. Prove that M(X,F) is a vector space with
the operations as given in Example (1.12).

7. Let V be a vector space over the field F and X a set. Prove that M(X,V)
with the operations defined in Example (1.13) is a vector space over F.

8. Let U and W be vector spaces over the field F. Prove that U & W defined
in Example (1.15) is a vector space.

9. Let F be a field, I a set and for each ¢ € I assume U; a vector space over
with identity element 0;. Prove that [[,.; U; defined in Example (1.16) is a
vector space over F with zero vector the function O : I — U;c;U; defined by
O(i) = 0;.

10. In this exercise Fo = {0,1} denotes the field with two elements. Let X be
a set and denote by P(X) the power set of X consisting of all subsets of X.
Define an addition on P(X) by Uc W = (UUW)\ (UNW). Define 0-U = ()
and 1-U = U for U € P(X). Prove that P(X) with these operations is a
vector space over Fo = {0,1} with () the zero vector and the negative of a
subset U of X is U.

11. Let V = {(Z) la,b e R+} . Define “addition” on V' by
a1 az\ _ (aiaz
() () = (i)
Further, define “scalar multiplication” for ¢ € R by ¢ <Z> = (ZC).

Prove that V is a vector space over R where <

_(z) _

1) is the zero vector and

Q|-

S
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1.4 Subspaces of Vector Spaces

In this section, we consider subsets W of a vector space V, which are themselves
vector spaces when the addition and scalar multiplication operations of V' are
restricted to W. We establish a criteria for a subset to be a subspace, which
substantially reduces the number of axioms that have to be demonstrated.

What You Need to Know

It is important that you have mastered the concept of a vector space, in
particular, all the axioms used to define it. You should know the properties of
the zero vector and the negative (opposite) of a vector and be able to solve a
system of linear equations with real coefficients either by applying elementary
equation operations or using matrices (and Gaussian elimination).

We begin this section with an example.

x

Example 1.17 LetF be a field, V =F3, and W = y | |z,y €F 3. Notice
0

that W is a nonempty subset of V. Moreover, note that the sum of two vectors

from W is in W:

T X2 xr1 + T2
Y|+ v ) =1v+y
0 0 0

In a similar fashion, if c € F is a scalar and w € W, then cw € W.

x
Clearly, the zero vector of V is contained in W. Moreover, ifv= |y | € W,
0
—x
then —v= | —y | e W.
0

It is fairly straightforward to show that all the properties of a vector space hold
for W, where the addition is the restriction of the addition of V. to W x W
and the scalar multiplication is the restriction of the scalar multiplication of

VioF xW.

When W is a subset of a vector space V and the sum of any two vectors
from W are also in W, we say that “W is closed under addition.” When any
scalar multiple of a vector in W is in W, we say, W is closed under scalar
multiplication. Example (1.17) motivates the following definition:
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Definition 1.12 Subspace of a vector space

A nonempty subset W of a vector space V is called a subspace of V if W
is itself a vector space under the addition and scalar multiplication inherited

from V.

The next result gives simple criteria for a subset to be a subspace.

Theorem 1.6 Characterization of subspaces of a vector space

A nonempty subset W of a vector space V' is a subspace if and only if the
following two properties hold:

i) For all w,v € W, the sum u+ v is in W (W is closed under addition).

i) For every vector w in W and scalar ¢, the vector cu is in W (W is closed
under scalar multiplication).

Proof Assume that W is a subspace. By the definition of addition in a vector
space for u,v € W,u + v is an element in W. In a similar fashion, for u
in W and scalar c,cu € W. Thus, W is closed under addition and scalar
multiplication.

Conversely, assume that W is nonempty (it has vectors) and that i) and i)
hold. The axioms (A1) and (A2) hold since they hold in V and the addition
i W is the same as the addition in V. We next show that the zero element
of V' belongs to W. We do know that W is nonempty so let u € W. By ii),
we know for any scalar ¢ that also cu € W. In particular, 0u € W. However,
by part i) of Theorem (1.5), Ou = 0. Consequently, 0 € W. Since for all
v € V,0+v =, it follows that this holds in W as well and (A3) is satisfied.

We also have to show that for any vector uw € W, the opposite of u belongs to
V. However, by i) we know that (—1)u € W. By part iv) of Theorem (1.5),
(—=D)u = —u as required. All the other azioms (M1)-(M4) hold because they
do in V.

Definition 1.13 Let (v1,ve, ..., V) be a sequence of vectors in a vector space
V and c1,co, ..., c elements of F. An expression of the form civi +- - -+ crvg
is called a linear combination of (v1,vs,...,vk).

The next theorem states that if W is a subspace of a vector space V and
(w1, ws, ..., wy) is a sequence of vectors from W, then W contains all linear
combinations of (wy,wa,...,ws).

Theorem 1.7 Let V' be a vector space, W a subspace, and (w1, wa, ..., wy)
a sequence of vectors from W. If ¢y, ca, ..., cx are scalars, then the linear com-
bination ciwi + cowso + - - - + cpwi € W.
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Proof The proof is by induction on k. The case k = 1 is just the second part
of Theorem (1.6). Suppose k = 2. We know by the second part of Theorem
(1.6) that cywy and cows € W. Then by part i) of Theorem (1.6) ciwi +
cowsy € W.

Now suppose the result is true for any sequence of k vectors (w1, wa, ..., wg)
and scalars (c1,c2,...,cr) and suppose we are given a sequence of vectors
(w1, wa,..., Wk, wiy1) in W and scalars (c1,c¢a,. .., Ck, Crt1). By the induc-
tive hypothesis, v = cywi+cowa+- - -+cywy € W. The vectors v and w41 are
in W. Now the vector cywi+cows+- - -+ cpwi + Cpp1Wi+1 = 10+ Cpr1Wi41 €
W by the case for k = 2.

We now proceed to some examples of subspaces.

Example 1.18 If V is a vector space then V and {0} are subspaces of V.
These are referred to as trivial subspaces. The subspace {0} is called the
zero subspace. Often we abuse notation and write O for {0}.

Example 1.19 Let F,[x] := {f(z) € Fz] : deg(f) < n}. Then F,[z] is a
subspace of Flz]. Two typical elements of F(,[x] are ap+ar1z+---+anz™, bo+
biz+ -+ bya™. Their sum is (ag + bo) + (a1 + b))z + ... (an + bp)x™, which
is in B, [z]. Also, for a scalar ¢, c(ap + a1z + - - + ana™) = (cao) + (ca1)w +
-+ (can)x™, which is also in F(,)[z].

Example 1.20 We denote by C(R,R) the collection of all continuous func-
tions from R to R. This is a subspace of M(R,R). This depends on the fol-
lowing facts proved (stated) in the first calculus class:

The sum of two continuous functions is continuous.

A scalar multiple of a continuous function is continuous.

Example 1.21 Let F be field and a an element of F. Set W = {f(z) €
Fey[z] © f(a) = 0}. Suppose that f(x),g(x) € W so that f(a) = g(a) = 0. By
the definition of (f+g)(x), it follows that (f+g)(a) = f(a)+g(a) = 04+0=0.
So, W s closed under addition. On the other hand, suppose f € W and c is
scalar. We need to show that cf € W, which means we need to show that
(cf)(a) = 0. However, (cf)(a) = cf(a) =0 =0.

Definition 1.14 Let X be a set and F a field. The support of a function
f € M(X,F) is denoted by spt(f) and is defined to be {x € X|f(x) # 0}.
We will say that f € M(X,F) has finite support if spt(f) is a finite set.
Otherwise, it has infinite support. We will denote by M y;n (X, ) the collection
of all functions f : X — F, which have finite support.
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Example 1.22 If X is a set and F a field, then M ;,(X,F) is a subspace of
M(X,TF).

Definition 1.15 Let F be a field, I a nonempty set, and for ¢ in I, let U;
be a vector space over F with zero element 0;. For f € [[;c; Us (see Example
(1.16)) define the support of f, denoted by spt(f), to be the collection of those
i € I such that f(i) # 0;. We say that [ has finite support if spt(f) is a finite
set. Denote by ©ie1U; the set {f € [1,c; Ui | spt(f) is finite }.

Example 1.23 If {U; | i € I} is a collection of vector spaces over a field F
then ®;c1U; is a subspace of [[..; U;. This is the external direct sum of
the spaces {U;i € I} .

el

Remark 1.3 If I is a finite set and {U; | ¢ € I} is a collection of vector
spaces over a field F then the external direct sum and the direct product of
{Ui | i € I} are identical.

Example 1.24 Let K C L be fields. Using the addition in L and the restric-
tion of the multiplication of I to K x L, I becomes a vector space over K.
This example is used throughout field theory and, in particular, Galois theory.

Theorem 1.8 Suppose U and W are subspaces of the vector space V. Then
UNW is a subspace.

Proof By UNW, we mean the intersection, all the objects that belong to both
U and W. Note that U N W is nonempty since both U and W contain 0 and
therefore 0 € U NW.

We have to show that UNW is closed under addition and scalar multiplication.
Suppose x and y are vectors in U N W. Then x and y are vectors that are
contained in both U and W. Since U is a subspace and x,y € U, it follows that
x+y € U. Since W is a subspace and x,y € W, it follows that x +y € W.
Since x+y is in U and in W, it is in the intersection and therefore UNW is
closed under addition.

For scalar multiplication: Assume @ € UNW and ¢ is a scalar. Since x is in
the intersection it is in both U and W. Since it is in U and U is a subspace,
cx is in U. Since x is in W and W is a subspace the scalar multiple cx is in
W. Since cx is in U and cx is in W it is in the intersection. Therefore UNW
is closed under scalar multiplication.
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Definition 1.16 Let U, W be subspaces of a vector space V. The sum of U
and W, denoted by U + W, is the set of all vectors which can be written as a
sum of a vector w from U and a vector w from W,

U4+W:={ut+wlueclUwecW}

More generally, if Uy,Us,...,Ux are subspaces of V, then the sum of
Uy,Us, ..., Uy is the set of all elements of the form u; + us + - - - + ug with
u; € U;. This is denoted by Uy + Us + - - - + Uk.

Example 1.25 If Uy, Us,..., Uy are subspaces of the vector space V, then
Uy +Us+---+ U is a subspace of V. We prove this in the case of the sum of
two subspaces and leave the general case as an exercise.

Theorem 1.9 IfU and W are subspaces of a vector space V, then U + W 1is
a subspace of V.

Proof Suppose x,y € U + W. Then there are elements u; € U,w; € W so
xr = ui +wy and elements us € U,wa € W so that y = us + wo. Then

z+y=(u+wi)+ (uz +wsz) = (u1 + uz2) + (w1 + ws).

Since U is a subspace ui +us € U, and since W is a subspace, wy +wo € W.
Therefore, x +y = (u1 +uz) + (w1 +ws) € U+ W. So U+ W is closed under
addition.

We leave the case of scalar multiplication as an exercise.

Definition 1.17 Let Uy, Us, ..., Uy be subspaces of a vector space V. We say
thatV is a direct sum of Uy, Us, ..., Uk, and we write V. = U1 ®Us®- - DU, if
every vector in'V can be written uniquely as a sum of vectors ui+us+- - -+uy
where w; € U for 1 <i < k. Put more abstractly, the following hold:

i. If v € V then there exists wy,usg,...,u with u; € U; such that v =
wy +ug + -+ u; and

. If w;,w; € U; and wy +us+ -+ +up = wy +ws + - - - + wy, then u; = w;
for all i.
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a 0
Example 1.26 Let Uy = 0]l|aeF; U= bl|beF,,andUs =
0 0
0
0 |CEF .Th@’I’LF3:UlEBUQEBU3.
c

Theorem 1.10 Let Uy,Us,, ..., Uy be subspaces of a vector space V. For i a
natural number, 1 <1 < k set W; = Zﬁéi Ui. ThenV =U1 U ®---® Uy if
and only if the following two conditions hold: i) V =U; +Us + - - - + Uy; and
ii) Uy N W; = {0} for each i.

Proof Suppose V=U; ®Us @ --- B U and v € U; N W;. Then there are
uj € Uj,j #i such thatv =3, uj. Then wi+-+ +uj—1 +(—v) +ujt1 +
- +uy = 0 is an expression for 0 as a sum of vectors from U;. However, since
V' is the direct sum, there is a unique expression for the zero vector as a sum
of vectors from the U;, namely, 0 = 0+ --- 4+ 0. Therefore, for i # j,u; =0
and —v = 0.

Conversely, assume i) and i) hold. By i) V is the sum of U1,Us, ..., Us. We
therefore need to prove that if u;, w; € U; and

uy+uz+ - +up=wp +we+ -+ wg, (1.3)
then w; = w; for all i.

It follows from Equation (1.3) that

ui—w; = (wi—uy)+ (w1 —ui 1) (Wi —wip1)+ A (wrp—ug). (1.4)
The vector on the left-hand side of Equation (1.4) belongs to U;, and the vector
on the right-hand side of Equation (1.4) belongs to W;. By ii) u; — w; = 0

from which it follows that w; = w; as required.

The following definition is exceedingly important and used extensively when
we study the structure of a linear operator:

Definition 1.18 Let V' be a vector space and U a subspace of V. A subspace
W is said to be a complement of U in V if V =U & W.

We complete the section with a construction that will be used later in a
subsequent section.
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Definition 1.19 Let V be a vector space and W a subspace. We will say two
vectors u,v € V are congruent modulo W and write u = v (mod W) if
u—vew

Lemma 1.1 Let W be a subspace of the vector space V. Then the relation
“congruent modulo W7 is an equivalence relation.

Proof We have to prove that the relation is reflexive, symmetric, and tran-
sitive.

Refilexive: Since every subspace of V' contains 0, in particular 0 € W. Since
for every vector v,v —v = 0, it follows that v = v (mod W) and the relation
is reflexive.

Symmetric: We have to prove if w = v (mod W) then v = u (mod W). If
u =v (mod W), then u —v € W. But then (—1)(u —v) =v—u € W and,
consequently, v = u (mod W) as required.

Transitive: We have to prove if u = v mod W) and v = x (mod W) then
u=x (mod W). From u=v (mod W) we conclude u —v € W. Similarly,
v = (mod W) implies that v — x € W. Since W is a subspace, it is closed
under addition. Therefore (u —v)+ (v—x) =u—x € W. Thus, u = x (mod

Definition 1.20 For W a subspace of a vector space V and a vector w from
V, we define the coset of w modulo W to be u + W = {u + wjw € W}.

Lemma 1.2 Let W be a subspace of the vector space V and let w € V. Then
the equivalence class of the relation congruent modulo W containing u is the
coset u + W.

Proof Denote the equivalence class of w for the relation congruent modulo
W by [u]w. We have to show that [ulyy Cu+W and u+ W C [u]w.

Suppose v € u + W. Then there ezists a vector w € W such that v = u + w.
Thenu—v=u—(u+w)=—w €W, and we conclude that u = v (mod W)
and therefore v € [ulw and thus u+ W C [u]w.

Suppose v € [ulw so that u = v (mod W). Then uw —v = w € W. Then
v=u+(—w) € ut+W, and so [ulw C u+ W and we have the desired
equality.
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Remark 1.4 It follows from Lemma (1.2) for any vectors u,v € V that
eitheru+ W =v+ W or (u+W)N(v+ W) =0 since distinct equivalence
classes are disjoint.

Lemma 1.3 Let W be a subspace of a vector space V. The following hold:

i) If ug = ug (mod W) and v1 = vy (mod W), then uy + v1 = us + vo (mod

it) If u =v (mod W) and c is scalar, then cu = cv (mod W).

Proof i) If u1 = us (mod W), then uy — ug € W. Similarly, v — vs € W.
Since W is a subspace (u1 —uz) + (v1 —v2) = (U1 +v1) — (us +vo) € W. It
then follows that ui 4+ v1 = ug + vo (mod W).

ii) Suppose u = v (mod W). Then u—v € W. Since W is a subspace c(u—v) =
cu —cw € W. Whence cu = cv (mod W).

Theorem 1.11 Let W be a subspace of V.. Denote by V/W the collection of
cosets of V. modulo W. For two cosets [ulw and [v]w we define their sum,
denoted by [ulw + [v]w, as [u + v]w. Also, for [ulw and a scalar ¢ define
¢ [ulw = [culw. Then these operations are well defined and make V/W into
a vector space with identity element [0]w .

Proof The operations are well defined follows from Lemma (1.3). We have
to show that the axioms of a vector space hold:

(A1) Let u,v € V. [ulw + [v]w = [u+ v]w = [v+ u]w since the addition of
vectors in 'V is commutative. Moreover, [v+ulw = [v]w +[u]w, and therefore
addition of vectors in V/W is commutative.

(A2) Let u,v,x € V. Then
([ulw + [vlw) + [2]w = [u+vlw + [2]w = [(u+v) + 2lw = [u+ (v +2)]w,

since vector addition in V is associative. However, by the definition of addi-
tion, [u+ (v+)lw = [u]lw + [v+ zlw = [ulw + ([v]lw + [z]w) and so the
addition of V/W s associative.

(A3) For u € V,[ulw + [0lw = [u + O]lw = [u]w, and so [Olw is an additive
identity for V/W.

(A4) For w eV, [ulw + [~ulw = [u+ (—u)lw = [0]w-

(M1) For vectors uw,v € V and scalar a, a- ([ulw + [v]lw) = a - [u+ v]w =
[a-(u+v)|w=a-ut+a-vlw=[a-ulw+[a v]w=a [ulw+a-[v]w.
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(M2) For w € V and scalars a,b we have (a +b) - [ulw = [(a +b) - ulw =
[aw 4+ bulyw =[a-ulw + b-ulw =a- [ulw +b- [ulw.

(M83) For w € V and scalars a,b, b- (a-[ulw) =b-[a-ulw =[b- (a-u)|w =
[(ba) - u]w = (ba) - [u]w

(M4) Foru e V,1-[ulw = [1-ulw = [u]w.

Thus, the azioms all hold and V/W is a vector space.

Definition 1.21 If W is a subspace of V, the vector space V/W is called the
quotient space of V' modulo W.

Exercises

In Exercise 1 and 2, demonstrate that the subset W = {f(a,b) : a,b € R} is
not a subspace of Ry [z] for the given f(a,b).

L. f(a,b) = (2a — 3b+ 1) + (—2a + 5b) X + (2a + b) X2
2. f(a,b) =ab+ (a —b)X + (a +b) X2

x
3. Set W = y | €R® 3z —2y+42 =0 . Prove that W is a subspace of
z

R3.

4. Let V be a vector space, F a collection of subspaces of V' with the following
property: If XY € F, then there exists a Z € F such that X UY C Z. Prove
that Uye U is a subspace of V.

5. Let V be a vector space U, W subspaces. Prove that U + W is closed under
scalar multiplication.

6. Let V' be a vector space and assume that U, W are proper subspaces of V'
and that U is not a subset of W and W is not a subset of U. Prove that UUW
is closed under scalar multiplication but is not a subspace of V.

7. Give an example of a vector space V and non-trivial subspaces X,Y, Z of
V such that V=X @Y =X Z but Y # Z. (Hint: You can find examples
in R2.)

8. Find examples of non-trivial subspaces X,Y, Z C R? such that X +Y = R?
and XNZ =Y NZ = {0}. (This implies that (X +Y)NZ #XNZ+YNZ)

9. Let X be a set and F a field. Prove that M, (X,F) is a subspace of
M(X,F).
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10. Let X be a set, F a field, and Y C X. Prove that {f € M(X,F)|f(y) =0
for all y € Y} is a subspace of M(X,F).

11. Let X be a set, F a field, and x a fixed element of X. Prove that
{f € M(X,F)|f(x) =1} is not a subspace of M(X,TF).

12. Let F be a field, I a nonempty set, and for each i € I,U; a vector space
over F with zero element 0;. Prove that &;c;U; is a subspace of HZ—GI U;.

13. Let X,Y, Z be subspaces of a vector space V and assume that ¥ C X.
Prove that X N(Y + Z) =Y + (X N Z). This is known as the modular law of
subspaces.

14. Let Myqq(R,R) consists of all function f : R — R such that f(—z) = f(z)
for all z € R. Prove that M,q4(R,R) is a subspace of M(R,R).
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1.5 Span and Independence

What You Need to Know

To make sense of this new material, you should have a good grasp of the
following concepts: field, a vector space over a field I, subspace of a vector
space V', and linear combination of a finite sequence of vectors vy, va, ..., v
from a vector space V. You should know the algorithm for using elementary
row operations to obtain an echelon form, respectively, the reduced echelon
form, of an arbitrary real matrix. You should also know how to make use of this
to determine whether a sequence of vectors from R" is linearly independent
or spans R".

We begin with some fundamental definitions:

Definition 1.22 Let (vq,v2,...,v%) be a sequence of vectors in V. The set of
all linear combinations of (v1,va,. .., vg) is called the span of (v1,ve, ..., vk)
and is denoted by Span(vy,ve,...,v). By convention, the span of the empty
sequence is the trivial subspace {0}.

If V = Span(vy,va,...,vg), then we say that (v1,va,...,v;) spans V and
(v1,v2,...,v) is a spanning sequence for V.

More generally, for an arbitrary set S of vectors from V the span of S,
Span(S), is the collection of all vectors v for which there is some finite
sequence (v1,V2,...,vg) from S such that v is a linear combination of
(v1,v2,...,0k).

Thus, Span(S) is the union of Span(F) taken over every finite sequence F' of
vectors from S.

Before we proceed to a general result we need to introduce a useful concept
and prove a short lemma.

Definition 1.23 Let A = (u1,us,...,ur) and B = (v1,vs,...,v;) be two
finite sequences of wvectors in a vector space V. By the join of the two
sequences A and B, we mean the sequence obtained by putting the vec-
tors of B after the vectors in A and denote this by A$B. Thus, AfB =
(u1,ug,..., Uk, v1,Va,...,0]).
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Lemma 1.4 Let A and B be finite sequences from the vector space V. Then
any vector in Span(A) or Span(B) is in Span(AfB).

Proof To see this, suppose © = aijuy + asto + - - -+ arwy. Then x = ajuy +
asus + - -+ + agur + 0vy + 0vg + -+ - + Ov; € AtB.

Similarly, if y = byv1 + bovs + - - - + byvy, then y = Ouy + Ous + - - - + Oug +
bivy + bavg + - - - + by € Span(AtB).

Thus, Span(A), Span(B) C Span(AiB).

Theorem 1.12 Let S be sequence from V.
i) Span(S) is a subspace of V.
ii) If W is a subspace of V and W contains S, then W contains Span(S).

Proof We first prove i) in the case that S is finite.

We have to show Span(S) is closed under addition and closed under scalar
multiplication.

Span(S) is closed under addition: We need to show if u,v € Span(S)
then u + v € Span(S). We can write u = a1v1 + agv2 + -+ + apVg, v =
b1v1 4 bovo + - -+ + vy for some scalars a;,b; € F,1 <1 <k.

Now u + v = (a1v1 + asvs + -+ - + agvg) + (b1v1 + bava + - -+ + brvg). By
associativity and commutativity of addition this is equal to

(a1 + b1)vr + (a2 + b2)va + - - - + (ag + br)vg,

an element of Span(vi,vs, ..., vg).

Span(S) is closed under scalar multiplication: We must show if u €
Span(S), and ¢ € F then cu € S. We can write u = a1v1 + asva + - - - + axvg.
Then cu is equal to (cai)vy + (caz)va + -+ + (cag)vi € Span(S) by vector
space axiom (M3). This completes the finite case.

The infinite case

Let F = {Span(A)|A C S,|A| is finite }. Then Span(S) = UwerF. Now
suppose Fy, Fy € F, say, F1 = Span(A;) and F» = Span(Asz). Set A’ = A15A
and F' = Span(A"). By Lemma (1.4), F1UFy C F'. It then follows by Exercise
1.4.9 that Span(S) is a subspace.

ii) This follows from Theorem (1.7).

Remark 1.5 The two parts of Theorem (1.12) imply that Span(S) is the
“minimal” subspace of V' which contains S, that is, if W is a subspace con-
taining S and W C Span(S), then W = Span(S).

Some important consequences of Theorem (1.12) are the following:
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Corollary 1.1 i) If W is a subspace of a vector space V', then Span(W) = W.
i) If S is a subset of a vector space V, then Span(Span(S)) = Span(S).

Theorem 1.13 Let S = (v1,...,v;) be a sequence of (distinct) vectors.
Assume for some i the wvector v; is a linear combination of S\ (v;) =
(V1,...,0i—1,Vi41,...,0%). Then Span(S) = Span(S\ (v;)).

Proof By relabeling the vectors if necessary, we assume that vy is a linear
combination of v1,va,...,Vk_1, Say,

Vg = A1V + G2V2 + -+ + Ap—1Vk—1 (15)
We need to show that Span(vi,vs,...,vr) = Span(vi,va,...,vk—1). Since
Span(vy,va,...,v5—1) C Span(vi,va,...,vr) we only have to show that
Span(vy, v, ..., vk) is contained in Span(vy,va, ..., Vk_1).
Suppose u € Span(vy,va,...,vg) so that
U =1V + Uy + - - + CLUL. (1.6)

Substituting Equation (1.5) into Equation (1.6), we get uw = c1v1 + cave +
w1k 1 + cr(arvy + agve + -+ ap_ 1)

After distributing in the last term and rearranging, we get w = (¢1+cxaq)v1 +
(co+cpag)va+- -+ (cp—1+crar—1)vg—1 an element of Span(vi,ve, ..., Vi—1).

We now come to our second fundamental concept:

Definition 1.24 A finite sequence of vectors, (v1,va,...,v) from a vector
space V is linearly dependent if there are scalars c1,ca, ..., ck, not all zero,
such that civ1 + covs + - -+ + v = 0.

The sequence (v1,va,...,v) is linearly independent if it is not linearly
dependent. This means if c1,ca,...,c, are scalars such that civ1 + covy +
-4 v =0 thency =co=---=¢;, =0.

Remark 1.6 The term “linearly dependent” suggests that at least one of the
vectors depends on the others. We will show below that this is, indeed, true
and, in fact, equivalent to the standard definition given above. The reason the
above definition is chosen over the more intuitive formulation is that it admits
a fairly straightforward algorithm that can be performed once to determine
whether a finite sequence of vectors is linearly dependent, whereas in the latter
case one would have to perform an algorithm checking whether each vector is
a linear combination of the remaining vectors, which is much more work.
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Remark 1.7 Any finite sequence of vectors that contains a repeated vector is
linearly dependent. Therefore, if a finite sequence of vectors is linearly inde-
pendent, the vectors are distinct. In this case we can speak of a finite set of
linearly independent vectors. We make use of this in extending the definition
of linear independence and linear dependence to infinite sets of vectors.

Definition 1.25 An infinite set of vectors is linearly dependent if it con-
tains a finite subset that is linearly dependent. Otherwise, S is linearly in-
dependent.

Example 1.27 The sequence (2 + 4z — 5z — 2%,1 — 23,2 — 23,22 — 27) is
linearly dependent since

(2+4z — 52° — %) + (=2)(1 — 2°) + (—4)z — 2°) + 5(2® — 2°) = 0.

Example 1.28 The sequence (1,z,2%,...,2") is linearly independent in

The following result gives useful criteria for a finite sequence of vectors to be
linearly dependent.

Theorem 1.14 Let k > 2 and S be the sequence (v1,va, ..., Vk).

i) S is linearly dependent if and only if for some j the vector v; is a linear
combination of the sequence obtained from S when v; is deleted.

ii) Assume (v1,...,v;) is linearly independent for some i > 1 (note that
this implies, in particular, that vi # 0). Then S is linearly dependent if and
only there is a j > i such that v; is a linear combination of the sequence
(’Ul, . ,'Ujfl).

Proof i) Assume S is linearly dependent. Then there are scalars c1,ca, . . ., ck
not all zero, such that c1v1 + cava + -+ + crpvr, = 0. Suppose ¢; # 0. Then
¢jv; = (—c1)v1 + (—c2)va + -+ (—¢j—1)vj—1 + (= ¢j11)vj41 + -+ (—cx) vk
Dividing both sides by c;, we obtain

v=Y (—2—) v;. (1.7)

We conclude from Equation (1.7) that v; € Span(vi,...,vj-1,0j41,...,Vk).
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Conversely, suppose v; is in Span(vi,...,Vj—1,Vj41,...0;). Then there are
scalars c1,¢2,...,¢j—1,Cj+1,...,Ci such that
v =c1v1 + -+ ¢o1V-1 + ¢V + -+ Cp U (1.8)

Subtracting v; from both sides, we obtain
0= C1U1 + -+ ijl'vj —+ (—1)’Uj —+ CjJrl’UjJrl —+ -4 CrUL.

Since the coefficient of v; is —1 # 0, it follows that (v1,...,vs) is linearly
dependent.

ii) Suppose for some j > i that v; is a linear combination of the sequence
(v1,...,vj_1). Then by the first part it follows that (v1,...,v;) is linearly
dependent, whence (v1,...,vy) is linearly dependent.

On the other hand, suppose that (v1,va,...,vk) is linearly dependent. Let
Cc1V1 + cov2 + ...cpvr = 0 be a non-trivial dependence relation. Choose j
mazimal so that c¢; # 0. We claim that j > i. For otherwise, (v1,...,v;) is
linearly dependent and a subsequence of (v1,...,v;) from which it follows that
(v1,...,v;) is linearly dependent, contrary to the hypothesis. Thus, j > i as
claimed. With this choice of j, we have civy + ...c;v; = 0. Subtracting c;v;

from both sides, we obtain civ1 +...cj_1v;—1 = —c;vj. Dividing by —c;, this
becomes (—g—;)'vl + (—z—j)vg +o 4 (= cjczl Jvj—1 = v; which proves that v; is
a linear combination of the sequence (v1,...,vj_1).

The next result is extremely important. The first part will be used in the
subsequent section to show the existence of bases in a finitely generated vector
space. The second part will be the foundation for the notion of the coordinate
vector.

Theorem 1.15 Let S = (v1,v2,...,v) be a linearly independent sequence
of vectors in a vector space V.

i) If v is not in the span of S, then we get a linearly independent sequence by
adjoining v to S, that is, (v1,va,...,Vk,v) is linearly independent.

ii) Any vector uw in the span of S is expressible in one and only one way as a
linear combination of vy,va,. .., Vk.

Proof i) Suppose to the contrary that (vy,va,...,vg,v) is linear dependent.
Then there are scalars cy,ca,...,ck,c not all zero such that civ, + covg +
..V +cv = 0. Suppose ¢ = 0. Then some c; # 0, and we have a non-trivial
dependence relation on (v1,...,v;), contrary to the hypothesis. Thus, ¢ # 0.
But then cv = (—c1)vy + --- + (—cx)vg from which we get v = (= )vy +

-+ (=“2)vy and therefore v € Span(vi,vs,...,vy), also contrary to our
hypothesis. Thus, (v1,va, ..., vk, v) is linearly independent.
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ii) Suppose u = a1v1 + -+ + apvE = byvy + ... byvg. Subtracting the second
expression from the first then, after rearranging and regrouping terms, we
obtain (a1 — b1)v1 + -+ + (ar — br)vg = 0. Since (v1,va2,...,vk) is linearly
independent, a1 — by = ag — by = -+ = ax, — by = 0 from which we conclude
that a; = b; for 1 <i<k.

Exercises

1. Let X, Y be sequences or subsets of a vector space V. Assume X C Span(Y)
and Y C Span(X). Prove that Span(X) = Span(Y').

2. Let u,v be vectors in the space V over the field F and ¢ a scalar. Prove
that Span(u,v) = Span(u, cu + v).

3. Let u, v be vectors in the space V' over the field F and ¢ a non-zero scalar.
Prove that Span(u,v) = Span(cu,v).

4. Let c¢19, c13, and co3 be scalars and vq, v9, v3 vectors. Prove that
Span(vyi,va, v3) = Span(vy, c12v1 + V2, c13v1 + C23v2 + v3).

5. Prove if S consists of a single vector v then S is linearly dependent if and

only if v = 0.

6. Let u, v be non-zero vectors. Prove that (u,v) is linearly dependent if and
only if the vectors are scalar multiples of one another.

7. Prove if one of the vectors of a sequence S = (v1,va,...,v;) is the zero
vector then S is linearly dependent.

8. Remark (1.7) asserted that if a sequence contains repeated vectors then it
is linearly dependent. Prove this.

9. Prove if a sequence S contains a subsequence Sy, which is linearly depen-
dent, then S is linearly dependent.

10. Prove that a subsequence of a linearly independent sequence of vectors is
linearly independent.

11. Assume that (w1, ..., uy) is linearly independent and that (v, ve,...,v;)
is linearly independent. Prove that (w1, ..., ug,v1,...,v;) is linearly indepen-
dent if and only if Span(ui,us,...,ug) N Span(vy,ve,...,v;) = {0}.

12. Let (uq,...,uy) be a sequence of vectors in a vector space V and v, w
vectors from V. Assume that w € Span(uy, ..., ug,v),w ¢ Span(uy, ..., ug).
Prove that v € Span(uq, ..., ug, w).

13. Let V be a vector space and assume that (v1, vz, v3) is a linearly indepen-
dent sequence from V| w is a vector from V', and (v; + w, v2 + w,v3 + w) is
linearly dependent. Prove that w € Span(vy,ve, v3).
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1.6 Bases and Finite-Dimensional Vector Spaces

In this section, we introduce the concepts of basis and dimension. We will
prove that every vector space that can be spanned by a finite sequence of
vectors (referred to as a finitely generated vector space) has a basis and that
every basis for such a space has the same number of vectors.

What You Need to Know

It is essential that you have a good grasp of the following concepts: vector space
over a field IF, subspace of a vector space V', linear combination of vectors, span
of a sequence or set of vectors, linear dependence and linear independence of a
sequence or set of vectors. It is also important that you understand Theorem
(1.15). Finally, given a sequence of vectors (v1,va,...,v;) from R™ you will
need to know how to find a basis for Span(vy, v, ..., vg).

We begin with an important definition:

Definition 1.26 Let V' be a nonzero vector space over a field F. A subset
B of V is said to be a basis if the following are satisfied: 1) B is linearly
independent; and 2) Span(B) =V, that is, B spans V.

It is our goal in this section and the following to prove that all vector spaces
have bases. In this section, we will limit our treatment to those vector spaces
that have a finite basis (finite dimensional vector spaces) while the next section
is devoted to spaces which do not have a finite basis.

The spaces that we will treat presently are those that can be spanned by a
finite number of vectors. We give a formal name to such spaces:

Definition 1.27 A wvector space V is finitely generated if it is pos-
sible to find a finite sequence of wvectors (vi,va,...,vg) such that V =
Span(vy,va,. .., V).

Example 1.29 The spaces F* and F(,,)[X] are finitely generated.

The spaces F[X], F(R),C(R),CY(R) are not finitely generated. Also, if X is
an infinite set, then M i (X,F) and M(X,F) are not finitely generated.

We now come to an elegant theorem, which will imply the existence of bases
in a finitely generated vector space.
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Theorem 1.16 (Exchange Theorem) Assume V can be generated by n
vectors. Then any sequence of vectors of length greater than n is linearly de-
pendent.

Proof Let X = (xi1,...,x,) be a spanning sequence of V, and Y =
(Y1, -+, Yn, Ynt1) a sequence of length n+1. We prove Y is linearly dependent.

Since y1 € Span(X), it follows that (y1)iX is linearly dependent. Since y1 # 0
it follows from part ii) of Theorem (1.14) that some x; is a linear combination

of the preceding vectors in the sequence (y1,x1,...,&,). By reordering the
vectors of X, if necessary, we can assume that x, is a linear combination
of Z1 = (Y1, ®1,...,&n_1). Since we are assuming that x, € Span(Zy), it

follows that Span(Zy) = Span(X) = V.

Now consider the sequence (y2)8Z1. Since yo € Span(Zy), it follows that
(y2)8Z71 is linearly dependent. Again by ii) of Theorem (1.14) some wvector
in the sequence is a linear combination of the preceding vectors. Since (y2, Y1)
is linearly independent, there must be some j with 1 < j < n — 1 such that
x; is a linear combination of the preceding vectors (ya2,y1,€1,...,2j-1). By
relabeling, if necessary, we can assume that ©,_1 is a linear combination of
Zy = (Y2, Y1y, Xj—1,Lj41,-- -, Tn). By the same reasoning as before, Zy is
a spanning set.

We can continue in this way, replacing vectors from X with vectors from Y,
obtaining at each step a spanning sequence. After n iterations we get that Z,, =
(Yn, Yn—1,-- -, Y2, Y1) is a spanning sequence. But then y,+1 € Span(Z,) from
which it follows that 'Y is linearly dependent as claimed.

The following corollary immediately follows from Theorem (1.16). It has many
far-reaching consequences.

Corollary 1.2 Assume the sequence (x1,...,&y) from the vector space V is
linearly independent and the sequence (Y1,...,Yn) spans V. Then m < n.

Theorem 1.17 Let V' be a finitely generated vector space, say, V =
Span(vy,va,...,v,). Then V has a basis with at most n elements.

Proof By the exchange theorem, no linearly independent sequence has more
than n vectors. Choose a linearly independent sequence B = (w1, wa, ..., Wy,)
with m as large as possible. Such sets exist because m must be less than or
equal to n.

We claim that Span(B) = V. Suppose to the contrary that Span(B) # V
and let v € V' \ Span(B). By i) of Theorem (1.15) the sequence B U (v)
is linearly independent, which contradicts the maximality of m. Thus, B is
linearly independent and spans V, from which it follows that B is a basis.
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Remark 1.8 It is not difficult to show that every spanning sequence can be
contracted to a basis. This can be used to develop an algorithm for constructing
a basis starting from a spanning sequence.

By the same proof as Theorem (1.17), we can conclude a stronger statement.

Theorem 1.18 Let V' be a vector space and assume there is an integer n such
that every linearly independent sequence from V' has at most n vectors. Then
V' has a basis with at most n vectors.

Because of the similarity to Theorem (1.17) we omit the proof.

Suppose now that V is a finitely generated vector space and has a spanning
set with n vectors. If W is a subspace of V, then any linearly independent
sequence of W is a linearly independent sequence of V, and therefore its length
is bounded by n. Consequently, the theorem applies to W:

Theorem 1.19 Assume that V' can be generated by a sequence of n vectors.
Then every subspace W of V' has a basis with n or fewer vectors.

A natural question arises: Can there be bases with different numbers of vec-
tors? The next theorem says that every basis must have the same number of
elements.

Theorem 1.20 If a vector space V' has a basis with n elements, then every
basis has n elements.

Proof Let B be a basis with n elements and B’ any other basis. Since B' is
an independent sequence and B spans, it follows from Corollary (1.2) that B’
has at most n elements, in particular, it is finite. So let us suppose that B',
specifically, has m elements. We have just argued that m < n.

On the other hand, since B’ is a basis we have Span(B') = V. Because B
is a basis, it is linearly independent. Thus, by the Corollary (1.2) , n < m.
Therefore, we conclude that m = n.

Definition 1.28 Let V be a finitely generated vector space. The common
length of all the bases of V', is the dimension of V. If this common num-
ber is n then we write dim(V') = n.

Example 1.30 1. dim(F™) = n. The sequence of vectors (e}, ey, ..., e") is
a basis.

2. dim(F ,)[X]) = n+ 1. The sequence of vectors (1,z,x*,...,2") is a basis.
There are n + 1 vectors in this sequence.
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The same arguments used to prove the invariance of the size of basis in a
finitely generated vector can be used to prove the next result:

Theorem 1.21 Let V be a wvector space of dimension n. Let S =
(v1,v2,...,0y) be a sequence of vectors from V. Then the following hold:

i) If S is linearly independent, then m < n.

ii) If S spans V, then m > n.

Suppose now that V is an n-dimensional vector space. Then V is finitely
generated and therefore every subspace W of V' has a basis and is also finite

dimensional. Since a basis of W consists of linearly independent vectors from
V we can conclude the following:

Theorem 1.22 Let W be a subspace of an n-dimensional vector space V.
Then the following hold:

i) dim(W) < n.
ii) A subspace W of V' has dimension n if and only if W = V.

You may have noticed in elementary linear algebra that in the space R™ it
was sufficient to check that a sequence (vy,...,v,) is a basis if and only if it
is linearly independent if and only if it spans. This is true in general, a result
to which we now turn.

Theorem 1.23 Let V' be an n-dimensional vector space and S =
(v1,v2,...,0,) be a sequence of vectors from V. Then the following hold:

1) If S is linearly independent then S spans V' and S is a basis of V.
it) If S spans V then S is linearly independent and S is a basis of V.

Proof i) Suppose S does not span. Then there is a vector v € V,v ¢
Span(S). But then S4(v) is linearly independent. However, by Theorem (1.16),
it is not possible for an independent sequence to have length n+1 and we have
a contradiction. Therefore, S spans V' and is a basis.

i1) This is proved similarly and is left as a exercise.

Recall, we previously stated that any spanning sequence in a finitely generated
vector space V can be contracted to a basis and any linearly independent set
can be expanded to a basis. We state and prove these formally:
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Theorem 1.24 Let V be an n-dimensional vector space and S =
(v1,v2,...,Um) a sequence of vectors from V.

1) If S is linearly independent and m < n, then S can be expanded to a basis.

ii) If S spans V and m > n, then some subsequence of S is a basis of V.

Proof i) Let B = (v1,v2,...,v) be a linearly independent sequence con-
taining S with k as large as possible. Note that since m < n and S does
not span V and there exists a vector v € V \ Span(S). By i) of Theorem
(1.15), (v1,v2,...,0m,v) is linearly independent and therefore k > m. We
now claim that B is a basis. If not, since B is linearly independent, it must be
the case that B is not a spanning sequence, that is, Span(B) # V. However, if
w € V\ Span(B), then Bf(w) is linearly independent by i) of Theorem (1.15),
which contradicts the mazimality of the length of B.

ii) This is left as an exercise.

Theorem 1.25 Let V be a finite dimensional vector space and U a subspace
of V. Then U has a complement in V.

Proof This is left as an exercise.

We complete the section with one more result, which gives a characterization of
a basis. We will make use of this result in a subsequent section on coordinates.
With the introduction of coordinates with respect to a basis, we will be able
to transfer various questions in an abstract vector space to corresponding
questions in the space F™.

Theorem 1.26 A sequence B = (v1,va,...,v) from the vector space V is
a basis of V if and only if for each vector v in V there are unique scalars
c1,C2,...,Ck such that v = c1v1 + covo + + -+ + CL V.

Proof Suppose B is a basis and v € V. Since Span(B) = V, there are scalars

€1, .., Ck such that civi +cava+. .. cpvE = v. By Theorem (1.15), the scalars
C1,C2,...,Ck Qre UNique.
Conversely, assume that for every vector v there are unique scalars ci, ... ,ck

such that v = c1v1 + coV2 + - -+ + cxvg. This implies that B spans V. On the
other hand, the hypothesis applies to 0. Therefore, there are unique scalars
c1, -+ ,Ck such that cqv1 + - -+ + cxvr = 0. However, 0 = Ovy + - - - + OQvg.
By the uniqueness assumption, ¢; = 0 for all i = 1,2,...,n. Therefore B is
linearly independent and it follows that B is a basis.
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Example 1.31 We have seen that when K C L is an extension of fields
then we can make L into a vector space over K by defining addition to be the
addition of elements in L and the scalar multiplication the restriction to K x 1L
of the multiplication in L. The situation where L is finite dimensional over K
plays an important role in Galois theory. The dimension is usually referred to
as the degree of I over K.

A particular example is given by Q C Q[v/5]. In this case, the degree is 2 and
(1,4/5) is a basis for Q[v/5] over Q.

Exercises

1. Let V be a four-dimensional vector space.

a) Explain why it is not possible to span V with three vectors.

b) Explain why V' cannot have a linearly independent set with five vectors.

2. Assume that U and W are distinct subspaces (U # W) of a four-dimensional
vector space V and dim(U) = dim(W') = 3. Prove that dim(U N W) = 2 and
U+ W = V. (Do not invoke Exercise 6).

3. Assume that U and W are subspaces of a vector space V' and that UNW =
{0}. Assume that (w1, us2) is a basis for U and (wq, ws, ws) is a basis for W.
Prove that (w1, w2, w1, we, ws) is a basis for U + W.

4. Prove the second part of Theorem (1.23).
5. Prove the second part of Theorem (1.24).

6. Let V be a finite dimensional vector space and U, W subspaces. Prove that
dim(U + W) +dim(UNW) = dim(U) + dim(W).

7. Let dim(V) = 5. Assume that X and Y are linearly independent sequences
of length 3. Prove that Span(X) N Span(Y) # {0}.

8. Assume dim (V) =n,dim(U) = k,dim(W) =n—k and U+ W = V. Prove
that UNW = {0} and V =U & W.

9. In F%, give an example of two independent and disjoint sequences of vectors
(v1,v2,v3) and (w1, ws, ws) such that:

(a) Span(vi, vz, v3) = Span(wi, w2, ws).
(b) dim[Span(vy, v2,v3) N Span(w, we, ws)] = 2.
(¢) dim[Span(vy, v2,v3) N Span(wi, wa, ws)] = 1.

10. a) Determine how many bases exist for the two-dimensional space F3 over
the field F3.

b) Determine how many bases exist for the two-dimensional space F% over the
field Fs.
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c¢) Let p be a prime. Determine how many bases exist for the two-dimensional
space F7 over the field F,,.
11. Prove Theorem (1.25).

12. Assume (v1,...,vk) is a spanning sequence of V and W is a proper sub-
space of V. Prove there exists an ¢ such that v; ¢ W.

13. Assume V is an n-dimensionalvector space and X,Y are k-
dimensionalsubspaces of V. Prove there exists an n — k dimensional subspace
ZofVsuchthat V=X@aZ=Y¢Z.
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1.7 Bases and Infinite-Dimensional Vector Spaces

In this section, we complete the proof that every vector space has a basis by
extending the result to spaces which are not finitely generated. The key to
the proof is Zorn’s lemma, which is equivalent to the axiom of choice. We will
also show that the cardinalities of any two bases are equal.

What You Need to Know

To make any sense of what we are doing in this section, you will need to have
mastered these concepts: vector space over a field F, subspace of a vector space
V, linear combination of vectors, span of a sequence or set of vectors, linear
dependence, and linear independence of a sequence or set of vectors.

You will also need some familiarity with the concept of a partially ordered
set (POSET) and related concepts such as a chain in a POSET, a maximal
element in a POSET, and an upper bound for a subset of a POSET. Also, we
will make use of results from set theory, specifically the Schroeder—Bernstein
theorem. A reasonably good treatment of partially ordered sets, the axiom of
choice, Zorn’s lemma and the Schroeder—Bernstein theorem can be found in a
beginning book on set theory such as Naive Set Theory by Paul Halmos ([9]).

We will now show that an arbitrary vector space V' has a basis.

Theorem 1.27 Let V be a vector space over a field F. Assume I C 'V is an
independent set and S C V is a spanning set. Then there exists J C S such
that I U J is a basis of V.

Proof We first deal with the case that I spans V. In this situation, I is a
basis and so we can set J = (. Therefore, we may assume that Span(I) # V.
We now create a POSET in the following way:

Let X consist of all subsets J of S such that I U J is linearly independent.
For J,J' € X, we write J < J' if and only if J C J'. We first claim that
X # {0}. To see this, note that since I is not a basis, it must be the case
that Span(I) # V. On the other hand, if S C Span(I), then V = Span(S) C
Span(Span(I)) = Span(I), a contradiction. Therefore, there exists a vector
s € S\ Span(I). We claim that I U {s} is linearly independent.

Suppose to the contrary that I U {s} is linearly dependent. Then there is a
finite subset K of I U{s} that is linearly dependent. Among all such subsets,
let Ko be one that is minimal under inclusion. Now if s ¢ Ky, then Ko C I, in
which case I is linearly dependent, which contradicts our hypothesis. Therefore
s € Ky. Suppose Ky = (v1,v2,...,0,8) with v; € I for 1 <i < k. Since Ko
is linearly dependent, there are scalars cy,...,ck,c such that
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Cc1V1 + Vg + .. .cpvg +cs = 0.

Since Kq is minimal among subsets of I U {s}, which are linearly dependent,
all the ¢; and ¢ are non-zero. But then we have

c
o= (D)o () mr ()
c c c

which implies that s € Span(vy,va,...,v;) C Span(I), a contradiction. Thus,
I'U{s} is linearly independent and {s} € X.

We next show that every chain in X has an upper bound in X. Thus, let
C = {Ja|a € A} be a chain in X. Recall that this means if o, 5 € A then
either Jo, C Jg or Jg C J,.

Set J = Uaecada. Clearly, for all 5 € A, Jg C J so J is a candidate for an
upper bound for C, but we need to know that J € X. We therefore must prove
that I U J 1s linearly independent.

Suppose to the contrary that I U J is linearly dependent. Then there is a finite
subset K of IUJ, which is linearly dependent. Set KNJ = (v1,va,...,v,). By
the definition of J for each i, there is an o; € A such that v; € J,,. Since it is
easy to see that any finite chain contains an upper bound, there is k < n such
that Jo, C Ja,. In particular, K NJ C J,,, and consequently, K C I U J,,.
However, this implies that I U J,, is linearly dependent, which contradicts the
assumption that Jo, € X. Thus, I U J s linearly independent as claimed.

We can now invoke Zorn’s lemma so that X contains mazximal elements. Thus,
let M C S be a maximal element of X. We claim that I U M is a basis of V.
Since M € X, we know that I U M is linearly independent. Therefore, it only
remains to show that I UM spans V. However, if Span(I U M) # V, then by
the argument used at the beginning of the proof there must exist a vector s € S,
which is not in Span(I U M) and then (I UM)U{s} is linearly independent.
But it then follows that M U {s} is linearly independent, contained in S, and
TU[M U{s}] is linearly independent. That is, M U{s} is in X. However, this
contradicts the assumption that M is a mazximal element of X. Thus, it must
be the case that Span(IUM) =V and I UM is a basis of V. This completes
the proof.

As an immediate corollary, we have:

Corollary 1.3 Let V be a vector space which is not finitely generated. Then
the following hold:

1) Assume I is an independent subset of V. Then there exists a basis B of
V' such that I C B. Put another way, every linearly independent subset of a
vector space can be extended to a basis.

ii) Assume that S is a spanning set of V. Then there exists a basis B of V
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such that B C S. Put another way, any spanning set of a vector space V' can
be contracted to a basis.

iii) Bases exist in V.

Proof i) Set S=V. Then S is a clearly a spanning set. By Theorem (1.27),
there exists a subset J C S =V such that B=1UJ is a basis of V.

ii) Let I be the empty set. By Theorem (1.27), there exists a subset J of S
such that IUJ =0UJ =J is a basis of V.

iii) Take I =0 and apply i) or take S =V and apply ii) to get a basis in V.

The result from the last section that all bases in a finite dimensional vector
space have the same number of elements can be extended to arbitrary spaces
in the following sense: If B, B’ are bases of a vector space V, then there exists a
bijection f : B — B’. This means the sets B and B’ have the same cardinality.
In what follows below, we will write B < B’ if there exists an injective function
f:B—=B.

Theorem 1.28 Let V be a vector space with bases B and B'. Then there exists
a bijective function f : B — B'.

Proof If either B or B’ is finite, then both are finite and have the same
number of elements by Theorem (1.20). Therefore, we may assume that both B
and B’ are infinite. We show that card(B) < card(B’) and card(B') < card(B).

Thus, let B = {wv|b € B} so that B and B are sets of the same car-
dinality. Since B' is basis, each vy € Span(B'). This means that there is
a finite subset of wvectors Q, C B’ such that vy € Span(Q). Set Q =
UpeBSh. Since Span(Q) C Span(Q) and v, € Span(Sl), we have for all
b € B,v, € Span(Y). On the other hand, since B is a basis, in particular,
it is a spanning set. It follows that Span(Q) contains a spanning set. But
then Span(2) = Span(Span(Q)) =V and consequently, Q is a spanning set.
However, Q) is a subset of the basis B'. This implies that Q = B'. Thus,

B = Upe .

Since each Qp is finite and B is infinite it follows that card(UpepQp) =<
card(B) = card(B). Therefore, card(B') < card(B).

By the exact argument, we also have card(B) = card(B'). It now follows from
the Schroeder—Bernstein theorem that card(B) = card(B’).
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Exercises
1. Let X be aset and F a field. For Y C X, let xy : X — F be the characteristic
function of Y, that is, the function defined by

wir={} 25

When Y = {y},y € X let x, denote xy,}. Prove that {x.|r € X} is a basis
Of Mfm(X, F)

2. Show that the cardinality of a basis of R considered as a vector space over
Q is the same as the cardinality of R.

3. Let V' be an infinite dimensional vector space and U a subspace of V. Prove
that U has a complement in V.

4. Assume V is an infinite dimensional vector space and n is a natural number.
Prove that V has a subspace U such that dim(V/U) = n.
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1.8 Coordinate Vectors

In this section, we consider a finite dimensional vector space V over a field F
with a basis B = (v1,va,...,v,) and show how to associate with each vector
v € V an element of F".

What You Need to Know

It goes without saying that you need to be familiar with the concepts of a
vector space and subspace. More specifically, essential to the understanding of
the material in this section are the following: linear combination of a sequence
of vectors, a linearly dependent (independent) sequence of vectors, the span
of a sequence of vectors, a sequence of vectors S spans a subspace of a vector
space, basis of a vector space, and the dimension of a finitely generated vector
space.

Recall the following, which was proved for finite dimensional vector spaces in
Section (1.6):

Theorem (1.26) A sequence B = (v1,vs, ..., vk) of a vector space V is a basis
of V if and only if for each vector v in V there are unique scalars c1, ca, ..., g
such that v = civ1 + v + - - - + V.

1 1 3
Example 1.32 Set v; = 1|,v9 = |2],v3s = |2]|. The sequence
1 1 2
-1
(v1,v2,v3) is a basis of R3. We can write | 1 | uniquely as a linear combi-
0
nation of v1,v2,v3 as follows,
-1
1 = V1 + Vg — V3.
0

Such an expression is very important and a useful tool for both theory and
computation. We therefore give it a name:

Definition 1.29 Let B = (v1,va,...,v,) be a basis for the vector space V

and let v be a vector in V. If v = c1v1 + covg + - -+ + ¢y, then the vector
C1
C2

, denoted by [v]g, is called the coordinate vector of v with respect

Cn
to B.
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Remark 1.9 In general, if B # B, then [v]lg # [v]g. In particular, this is
the case if B is obtained from B by permuting its vectors. This is why we have
emphasized that a basis of a finite dimensional vector space is not simply a
set of independent vectors that span the vector space V' but also has a specific
order (and so is a sequence of vectors).

Example 1.33 Let B = (v, v2,v3) be the basis of Example (1.32) and v =

-1 1
1 |.thenvlg=| 1
0 -1
1
On the other hand, if B’ = (v — va,v2,v3), then [vlg = | 2
-1
1
If B* = (va,v3,v1), then [v]p- = | —1
1

Example 1.34 Let fi(z) = 1(z — 1)(z — 2), fo(z) = —z(z — 2) and f3(z) =
fx(x —1). Then B = (f1, fa, f3) is a basis for R[], the vector space of all
polynomials of degree at most two. This basis is quite special: For an arbitrary
polynomial g(x) € Ra)[x],

As a concrete evample, let g(x) = 22 —x+1. Then g(0) = 1,g(1) = 1,9(2) = 3.
We check:

fi(@)+fo(x)+3f5(x) = (:C—1)(:6—2)—96(:6—2)4—;90(:6—1) =22 —z+1 = g(x).

N | =

1
Therefore, [gls = | 1|, as predicted.
3

Theorem 1.29 Let V be a finite dimensional vector space with basis B =
(v1,v2,...,0y,). Suppose w,u1,...,u; are vectors in V. Then w is a linear
combination of wi,us, ..., u if and only if [w]g is a linear combination of
[u1]s, [us]B, - .., [uklg. More precisely, w = cyug + coug + -+ + cpuy if and
only if [w]p = c1[u1]g + caus)p + - - - + cx[u]s-
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Proof Suppose

wy Uil Uik
w2 U21 U2k

[w]g = . ,[’u,l]lg = . ,...[uk]lg = . . (1.9)
Wnp, Unl Unk

Equation (1.9) can be interpreted to mean

w = w1V + w2 + -+ wWyV,

U = U11V1 + U21V2 + -+ F Un1Up

Up = U1KV1 + U2kV2 + - + UnkUn.
Now suppose w = ciuq + -+ - + cpug. Then w =
c1(unvr + ug1v2 + - -+ Un1vp) + -+ cp(Uipvr + usk F - F UnkV,) =

(crunr + cottin + -+ + cpuig)V1 + - - + (C1U1 + CoUn2 + -+ + Cllnk)Un.

Thus,
C1u11 + Cou12 + -+ - + CpU1k U11 U12 Uik
C1U21 + Cou22 + - -+ + CrplU2k U21 U22 U2k
[w]s = . =c | . |Fe| .|+
C1Unl + C2Un2 + + + + + CxUnk Un1 U32 Unk

= ci[u1]g + c2fusls + - - - + cilugls.

It s straightforward to reverse the argument.

By taking w to be the zero vector, 0y, we get the following:

Theorem 1.30 Let V' be a finite dimensional vector space with basis B =
(v1,v9,...,0,). Let uy, ..., u be vectors in V. Then (uy,uz,...,ux) is lin-
early independent if and only if ([ui]g, [ua]s, ..., [uk|g) is linearly indepen-
dent. In fact, cyuy + - - - + cyur, = Oy is a dependence relation of (w1, ..., ux)
if and only if c1[ui]s + - - - + cx[ur]p = O, is a dependence relation in F™.
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Exercises
1. a) Verify that F = (1 +z,1 4 2?1 4 22 — 22%) is a basis of F(o)[z].
b) Compute the coordinate vectors [1]z, [] 7, [2?]F.
2. Suppose By = (u1,u2,u3) and By = (v1,v3,v3) are bases for the three-
dimensional vector space V. Let [u;j]g, = ¢;. Suppose x € V and [z]p, =
a1
az | . Prove that [x]|p, = a1¢1 + asca + ancy,.
as
3. Lot fi(x) = — b — D)z - 2)(x — 3), fola) = bale — 2)(x — 3), folw) =
—sz(z—1)(z = 3), fa(z) = ta(z — 1)(z — 2).
a) Prove that F = (f1, f2, f3, f4) is a basis for Rs)[x].

g(
b) If g(X) € R(z)[z], prove that [g]F = gg

4. Let F = (f1, f2, f3, fa) be the basis of R)[z] from Exercise 3. Compute
the coordinate vectors of the standard basis, (1,x, 2, 2%) with respect to F.

5. Let B be a basis for the finite dimensional vector space V over the
field F and let (w1,us,...,ur) be a sequence of vectors in V. Prove that
Span(uy,...,ug) =V if and only if Span([ui]s, ..., [uk]s) = F".

6. Let B be a basis for the n-dimensional vector space V over the field F and
let (w1, us,...,u,) be a sequence of vectors in V. Prove that (uq,...,u,) is
a basis for V if and only if ([u1]s, ..., [un]g) is a basis for F™.
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It is typical in the study of algebra to begin with the definition of its basic ob-
jects and investigate their properties. Then it is customary to introduce maps
(functions, transformations) between these objects that preserve the algebraic
character of the object. The relevant types of maps when the objects are vector
spaces are linear transformations. In this chapter, we introduce and begin
to develop the theory of linear transformations between vector spaces. In the
first section, we define the concept of a linear transformation and give exam-
ples. In the second section, we define the kernel of a linear transformation. We
then obtain a criterion for a linear transformation to be injective (one-to-one)
in terms of the kernel. In section three, we prove some fundamental theorems
about linear transformations, referred to as isomorphism theorems. In section
four we consider a linear transformation 7" from an n-dimensional vector space
V' to an m-dimensional vector space W and show how, using a fixed pair of
bases for V' and W, respectively, to obtain an m x n matrix M for the linear
transformation. This is used to define addition and multiplication of matrices.
In the fifth section, we introduce the notion of an algebra over a field F as well
as an isomorphism of algebras. We show that for a finite-dimensional vector
space V over a field F the space £(V, V) of linear operators on V is an algebra
over IF. We will also introduce the space M, (F) of n x n matrices with entries
in the field F and show that this is an algebra isomorphic to £(V,V) when
dim(V') = n. In the final section, we study linear transformations that are bi-
jective. We investigate the relationship between two matrices, which arise as
the matrix of the same transformation but with respect to different bases for
the domain and codomain. This gives rise to the notion of a change of basis
matrix. When the transformation is an operator on a space V' this motivates
the definition of similarity of operators and matrices.

47
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2.1 Introduction to Linear Transformations

In this section, we introduce the concept of a linear transformation from one
vector space to another and investigate some basic properties.

What You Need to Know

To comprehend the new material of this section, you should have mastered
the following concepts: Vector space, dimension of a vector space, finite-
dimensional vector space, basis of a vector space, and linear combination of
vectors. You should also know what is meant by a function from a set X to a
set Y and related concepts such as the domain, codomain, the image of an el-
ement, and the range of a function. Consult, if necessary, a good introductory
textbook on mathematical proof such as ([20]) or ([6]).

In mathematics, the terms function, transformation, and map are used inter-
changeably and are synonyms. However, in different areas of mathematics one
term predominates while in another area a different usage may be more com-
mon. So, in calculus, we typically use the term function. In abstract algebra,
which deals with groups and rings, we more often use the term map. In linear
algebra, the common usage is the term transformation.

Before plunging into the material we first review some concepts related to the
notion of a function.

Definition 2.1 Let f : X — Y be a function of a set X into a set Y. The
set X is called the domain of f and Y is the codomain. For an element
x € X the element f(x) of Y is referred to as the image of x. The range of
f, denoted by Range(f), is the set of all images, Range(f) := {f(x)|z € X}.
This is also referred to as the image of f.

Intuitively, a linear transformation between vector spaces should preserve the
algebraic properties of vector spaces, specifically the addition and scalar mul-
tiplication. The formal definition follows:

Definition 2.2 Let V' and W be vector spaces over the field F. A linear
transformation 7 : V. — W s a function (map, transformation), which
satisfies the following two conditions:

i. for every vi,vy € V,T(v1 +v2) = T'(v1) + T(v2); and
ii. for every v € V and scalar ¢ € F,T(cv) = T (v).
We will denote the collection of all linear maps from V to W by L(V,W).



Linear Transformations 49

Example 2.1 1. Let V and W be a vectors spaces. For all v € V, define
T(v) = Ow. This is the zero map from V to W and is denoted by Oy, .

2. Define D : Flz] — Fx] by

D(ap +ar1x + -+ apz™) = a1 + 2a92 + - - + na,z™ L
The map D is called a derivation of Flx].

3. Let V and W be vector spaces over the field F. Let B = (v1,v2,...,v,) be a
basis for V, (w1, wa, ..., w,) a sequence of n vectors in W. DefineT : V — W
by T(a1v1 + agvs + -+ + apvy) = arwy + agve + -+ - + apwy,. That this is a
linear transformation will be established below in Theorem (2.5).

4. Let F be the collection of functions from F to F and a € F. Define E, :
F =T by E,(f) = f(a). This is called evaluation at a.

5. Let V be a vector space. Define Iy -V — V by Iy (v) = v for allv € V.
This is the identity map on V.

6. Let V be a vector space and W a subspace of V. Recall that V/W is the
quotient space of V-modulo W. Define a map myw : V — V/W by v w(u) =
[ulw = u + W. This is a linear transformation called the quotient map of
V' modulo W.

Theorem 2.1 Let T : V — W be a transformation. Then T is linear if and
only if for every pair of vectors vi,v2 € V and scalars ci,co € F, T(c1v1 +
02'1)2) = ClT('Ul) + CQT(’UQ).

Proof Suppose T is a linear transformation and vi,vs € V,c1,co € F. Then
T(c1v1 + c2v2) = T(c1v1) + T(cova) by the first property of a linear trans-
formation. But then T(civ1) = ca1T(v1),T(cav2) = c2T(v2) by the second
property, from which it follows that T(civ1 + cove) = ¢1T(v1) + 2T (v2).

On the other hand, suppose T satisfies the given property. Then, when we take
v1,v2 € V.1 =co = 1, we get T(v1 +v2) = T(v1) + T'(v2), which is the first
condition.

Taking v1 = v,v2 = 0,¢1 = ¢,co = 0, we get T(cv) = T (v).

Example 2.2 Let V be a vector space and assume V =X &Y for subspaces
X and Y of V. For every v € V| there are unique vectors x € X,y € Y such
that v = & +y. Denote by Projx y)(v) the vector ®. Then Projxy) is a
linear transformation from V to V. The proof of this is the subject of the next
theorem.
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Theorem 2.2 Projxy):V — V is a linear transformation.

Proof Suppose vi,v2 € V and c1,co are scalars. We need to show that
Projx,y)(c1v1 + cov2) = c1 Projix yy(vi) + c2Proj x,y)(v2).

Let 1,2 € X and y1,y2 € Y such that

v =1+ Y1, 02 = T + Yo (2.1)
By the definition of Projx,y) we have

P’I”Oj(X)y)('Ul) =T, PT'Oj(X)Y)('UQ) = T2. (22)

By (2.1) we have

v+ vy = ci(@1+ Y1)+ ea(Te+y2) = (c1x1 + o)+ (Cry1 +c2y2). (2.3)

Since X is a subspace of V,c1x1 + coxe € X and since Y is a subspace,
c1y1+cays € Y. By the definition of Proj x,yy, (2.2), and (2.3) it follows that
Projix,y)(civi 4 cav2) = c11 + 22 = c1 Projix,y)(v1) + caProjix,yy(ve)
as we needed to show.

Definition 2.3 Assume that V = X @Y, the direct sum of the subspaces X
and Y. The mapping Projx,y) is called the projection map with respect
to X and Y. It is also called the projection map of V onto X relative
toY.

Remark 2.1 The ordering of X and Y makes a difference in the definition
of Projx,y)y and, in fact, Projxy) # Projiy,x). Also, the choice of a com-
plement to X makes a difference: If V =X @Y = X & Z withY # Z then
P’I”Oj(X)y) # P’I”Oj(X)Z).

Theorem 2.3 Let T : V — W be a linear transformation. Then the following
hold:

l) T(Ov) = Ow; and
i) T(u—v)=T(u)—T(v).
Proof i) Since Oy + 0y = Oy, we get
T(0y)=T(0y +0y) =T(0y) +T(0y).

Adding the negative of T(0v), to both sides we get
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Ow =T(0v) + (=T(0v)) = [T(0v) + T'(0v)] + (=T(0v)) =
T(0y) + [T(0y) + (=T(0v))] = T(Ov) + Ow = T'(0Ov).

i) T(u—v) =T(Du+ (-1)v) = ()T (u) + (-1)T(v) = T(u) — T(v) by
Theorem (2.1).

We next show that the range of a linear transformation T : V — W is a
subspace of W.

Theorem 2.4 Let T : V — W be a linear transformation. Then Range(T)
is a subspace of W.

Proof Suppose that wi,ws are in Range(T') and c1,co are scalars. We need
to show that ciwy + cowy € Range(T). Now we have to remember what it
means to be in Range(T). A vector w is in Range(T) if there is a vector v € V
such that T'(v) = w. Since we are assuming that wi,ws are in Range(T),
there are vectors vi,vy € V such that T(v1) = w1, T(v2) = wa. Since V
is a vector space and vy1,vy are in V and cy,ce are scalars, it follows that
c1v1 + cavg is a vector in V. Now T(civ1 + cova) = 1T (v1) + 2T (v2) =
crwy + cows by our criteria for a linear transformation, Theorem 2.1). So,
ciwi + cows is the image of the element c1vy + cava and hence in Range(T)
as required.

Lemma 2.1 Let T : V — W be a linear transformation. Let vy, va, ..., vy be
vectors in'V and ci1,ca, ..., ci be scalars. Then

T(c1v1 + cova + -+ cpvg) = 1T (v1) + coT(v2) + - + e, T(vg).  (2.4)

Proof When k = 1, this is just the second property of a linear transformation
and there is nothing to prove. When k = 2 the result follows from Theorem

(2.1).
The general proof is by mathematical induction on k. Assume for all k-

sequences of vectors (v1,va,...,v) from V and scalars (c1,ca,...,c;) that
T(c1v1 4 cava + -+ - + c,vg) = 1T (v1) + coT(v2) + - - + ¢, T (vg).

We must show that this can be extended to (k + 1)-sequences of wvectors
and scalars. Let (v1,v2,...,Vk, Vit1) be a sequence of vectors from V and
(c1,¢2,. .., ChyClr1) Scalars. Set u = civ1 + -+ + ¢V and W = Cp11Vg41-
Then T(civ1 + -+ + ¢V + chp1Ve+1) = T(u + w) = T(u) + T(w) by the
additive property of linear transformations. Thus,

T(clvl —+ -4 vk + ckHka) = T(clvl —+ 4 ckvk) + T(CkJrlkarl).
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By the inductive hypothesis, T (c1v1+cava+- -+ c,v) = 1T (v1) + T (v2) +
-« 4 ¢ T(vk). By the scalar property of a linear transformation, T(w) =
T(ck+1Vk+1) = Ckr1T (Vp41) and combining these gives the result.

Theorem 2.5 Let V be an n-dimensional vector space over the field F with
basis By = (v1,v2,...,v,) and W a vector space over F. Let (w1, wa, ..., wy,)
be a sequence of vectors from W. Define a function T : V. — W as follows:

T(clvl + covg + -+ Cn'l)n) = Ccilwi + oWz + -+ - + CLWy,. (25)

Then T is a linear transformation. Moreover, every linear transformation from
V to W s defined in this way.

Proof It follows from Lemma (2.1) that any linear transformation T is de-
fined in this way, so it remains to show that every such T is a linear trans-
formation.

Let ¢ be a scalar and v an arbitrary vector. We need to show that T(cv) =
cT'(v). Since B is a basis for V, there are unique scalars ci,ca,. .., ¢, such
that v = c1v1+...¢cp0y. Then c-v =c- (1 +...cpvy) = (cc1)vr + (ce2)va+
... (ccp)vy,. By the definition of T we have
T(cv) = T((ccr)vr + (ce2)va + ... (con)vn)

= (cp)wi + ... (cen)wy

= ¢ (qwi)+- -+ (chwy)

= ¢ [aqwi+...chwy)

= (v +...chv,) = T(v).
Now let u,v € V. We must show that T(u +v) = T'(u) + T'(v). Since B is a

basis for V, there are unique scalars (by,...,b,) and (c1,ca,...,¢n) such that
u=bvi+- -+ bv,,v=cv1+ -+ cpv,. Then

Ut v =(bvr+ -+ bywy) + (101 + e+ ) =
(bl +Cl)'U1 +--- 4+ (bn +Cn)vn'

As a consequence,

Tu+v) = T(bi+a]vr+- 4 [bn+cnlvn)

(b1 +cr)wr + -+ (by + cp)wp

[brwy + crwi] + -+ + [bpwy, + crwy,

= [bywy +...bpwy,] + [crwr + -+ + crLwy)
T(u)+T(v)

as required.
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Putting Lemma (2.1) and Theorem (2.5) together we obtain the following;:

Theorem 2.6 Let V be a finite-dimensional vector space over a field F with
basis By, W an F-vector space, and (wi,ws,...,wy,) a sequence of vectors
from W. Then there exists a unique linear transformation T : V. — W such
that T'(v;) = wj for j =1,2,...,n.

Proof By Lemma (2.1) the only possibility for T is given by T(civ1 + -+
CnUpn) = 1wy + - - - + cpwy,. By Theorem (2.5), T is well defined and a linear
transformation.

It is possible to extend Theorem (2.6) to infinite-dimensional vector spaces.
We leave this as an exercise.

Theorem 2.7 Let V and W be F-vector spaces and B a basis for V. Then
every function f : B — W can be extended in a unique way to a linear
transformation T from V to W.

Proof Since every element of V' is a linear combination of finitely many
elements of B, it follows from Lemma (2.1) that there is at most one extension.
We leave the existence of a linear transformation as an exercise (with extensive
hints).

The significance of Theorem (2.7) is that when B is a basis of the vector space
V then V is universal among all pairs (f, W) where W is an F-vector space
and f: B — W is a map. The notion of a universal mapping problem will be
more fully developed in the chapter on tensor products.

Let V and W be vector spaces over a field F. We introduce operations of scalar
multiplication and addition on the set £(V, W) in such a way that it becomes
a vector space over F.

Definition 2.4 1) Let T € L(V,W) and ¢ € F. Define (cT) : V. — W by
(cT)(v) = ¢-T(v). This is referred to as the scalar multiplication of T by
c.

2) Let S,T € L(V,W). Define (S+T):V =W by (S+T)(v) = S(v)+T(v).
This is the sum of the transformations S and T.
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Lemma 2.2 i) Let T € L(V,W) and c be an element of F. Then (cI') €
L(V,W).

ii). Let S,T € L(V,W). Then S+ T € L(V,W).

Proof i) Let u,v € V. Then
() (u+v)=Tu+v)=c- (T(u)+T(v)) =
c-T(u)+c - T(w)=(cT)(u)+ (cT)(v).
Let w €V and b a scalar. Then
(cY(bu)=c-Tu)=c-(b-T(u)) = (cb) - T(u) =
(be) - T(u)=b-(c-T(u))=b-(cT)(u).
This proves that ¢TI € L(V,W).

ii) We leave this as an ezercise.

Corollary 2.1 Let V,W be vector spaces over the field F. Then L(V, W) with
the given definitions of addition and scalar multiplication is a vector space.

Exercises
a
1. Define T : F* — Fioy[z] by T [ b | = (a4 b—2¢) + (a — b)x + (a — ¢)z*.
c
Prove that T is a linear transformation.
2. Define T : F(3)[z] — F? by T'(azaz® 4+ asx® + a1 + ag) = ( 4243 ) . Show
ag + ay
that 7" is not a linear transformation.
a 2a — 3b
3. Define T : F2 — F3 by T <b> = [ —a+2b ] . Prove that T is a linear
4a + 5b

transformation.

4. Let V be the real two-dimensional vector space of Exercise 11 of Section
(1.3). Define T : R?> — V by T (;j) = (:z) . Prove that T is a linear
transformation.

5 Let S:U — Vand T : V — W be linear transformations. Prove that T o S
is a linear transformation.

6. Prove part ii) of Lemma (2.2).
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In Exercicses 7-8, let V' be a vector space over a field F' and assume that
V=XaY. Set P, = Projx,y) and P, = Projy,x)-

7. Prove the following hold:

a) P10P1:P1,P20P2:P2;
b) P, + P, = Iy; and
C) P10P2:P20P1=OV_,{L

8. Let U be a vector space over F and T': U — V a map. Assume that P o T
and P, oT are linear transformations. Prove that T is a linear transformation.

9. Assume Py, P, € L(V, V) satisfy

a) P+ P, =1y; and
b) PP,=PFPP =0y_.y.

Set X = Range(P1),Y = Range(P,). Prove that V =X @Y.

10. Assume dim(V) = n,dim(W) = m withn > m and let T : V — W be
a linear transformation. Prove that there exists a nonzero vector v € V such
that T'(v) = Ow.

11. Let V' be a vector space and W a subspace of V. Prove that the map my/y :
V — V/W given by myw (v) = [v]w = v + W is a linear transformation.

12. Let T : V. — W be a linear transformation of vector spaces. Assume
(w1, wa, ..., Wy) is a spanning sequence of W and w; € Range(T) for all j.
Prove that Range(T) = W so that T is surjective (onto).

13. Let T : V' — W be a linear transformation and (v1,va,...,v,) a basis for
V. Prove that Range(T) = Span(T(v1),T(v2),...,T(v,)).

14. Let V be an n-dimensional vector space over F with basis By =
(v1,v2,...,v,) and let W be an m-dimensional space over F with basis By =
(w1, wa,. .., wy). Define a map E;; : V — W by Ejj(civi + -+ ¢cpvy,) =
cjw;. Prove that {E;; : 1 <i < m,1 < j < n}is a basis for L(V,W) and
therefore dim(L(V,W)) = mn.

15. Prove Theorem (2.7). (See the hints in the appendix at the end of the
book.)

16. Assume T : V — W is a linear transformation, (v1,...,vr) a sequence
of vectors from V, and set w; = T'(v;),i = 1,..., k. Assume (wy,...,wg) is
linearly independent. Prove that (v1,...,vy) is linearly independent.
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2.2 The Range and Kernel of a Linear Transformation

In this section, we introduce the notion of the kernel of a linear transformation.
The kernel of a linear transformation, like the range, is a subspace. We obtain
a criterion for a linear transformation to be injective (one-to-one) in terms of
the kernel. We demonstrate how the dimensions of the kernel and range are
related in the fundamental rank-nullity theorem.

What You Need to Know

For the material of this section to be meaningful, you should understand the
following concepts: vector space over a field, subspace of a vector space, span of
a sequence or set of vectors, a sequence of vectors spans a subspace of a vector
space, a sequence of vectors is linearly dependent/independent, a sequence
of vectors is a basis of a vector space, dimension of a vector space, range
of a function (map, transformation), surjective function, injective function,
and linear transformation. The following are algorithms you should be able
to perform: Solve a linear system of equations with coefficients in a field F;
given a finite spanning sequence for a subspace of a vector space, find a basis
for the subspace and compute the dimension of the subspace.

In order to avoid being repetitious, we will adopt the convention that when
we say T : V — W is a linear transformation it is understood that V and W
are vector spaces over a common field.

We begin with a definition:

Definition 2.5 Let T : V. — W be a linear transformation. The kernel of
T, denoted by Ker(T), consists of all vectors in V which go to the zero vector
of W, Ker(T) :={v € V|T(v) = Ow }.

Recall, we defined the range of T, denoted by Range(T), to be the set of
all images of T: Range(T) = {T'(v)|lv € V}. When T : V. — W is a linear
transformation, we proved in Theorem (2.4) that Range(T') is a subspace. We
now show that Ker(T) is a subspace of V.

Theorem 2.8 Let T : V — W be a linear transformation. Then Ker(T) is a
subspace of V.

Proof Suppose that vi,vs are in Ker(T) and c1,ca are scalars. Since we
are assuming that vy, vy are in Ker(T) this means that T'(v1) = T(v2) = Ow.
Applying T to c1v1 + cava: T(c1vr + cav2) = e1T(v1) 4+ 2T (v2) = 10w +
20w = 0w + Oy = Oy. So, c1v1 + covy is in Ker(T) as required.
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Example 2.3 1. Let D : Res)[z] = Rg)[z] be the derivative. Then Ker(D) =
R, Range(D) = Rg)[z].

2. Let D? be the map from the space of twice differentiable functions to F[R]
given by D?(f) = %. What is the kernel of D? + I?

It is the set of all functions that satisfy the second-order differential equation

d?flx
% + f(CL') =0.
3. Let V be a four-dimensional vector space with a basis (v1,va,vs3,v4) and
W a three-dimensional vector space with basis (w1, ws,ws3) both over the
field F. Suppose T : V. — W s a linear transformation and T(vy) =
’LU1,T(’U2) = 'Ll)Q,T('Ug) = wWs and T('U4) = C1w; + Ccwa + czws. Then
Ker(T) = Span(ci1v1 + covs + c3v3 — v4).

Since the range and the kernel of a linear transformation are subspaces, they
have dimensions. For future reference, we give names to these dimensions:

Definition 2.6 Let V and W be vector spaces over the field F andT : V — W
be a linear transformation. We will refer to the dimension of the range of T' as
the rank of T and denote this by rank(T). Thus, rank(T) = dim(Range(T)).
The dimension of the kernel of T is called the nullity of T'. We denote this
by nullity(T). Thus, nullity(T) = dim(Ker(T)).

The next result relates the rank and nullity of a linear transformation when
the domain is a finite-dimensional vector space.

Theorem 2.9 (Rank and nullity theorem for linear transformations)
Let V' be an n-dimensional vector space and T : V. — W be a linear transfor-
mation. Then n = dim(V) = rank(T') + nullity(T).

Proof Let k = nullity(T). Choose a basis (v1,vs,...,v) for Ker(T). Ez-

tend this to a basis (v1,ve,...,v,) for V. We claim two things:

1) (T (k1) - .-, T(vy)) is linearly independent; and 2) (T (vit1), ..., T (vy))
spans Range(T).

If both of these are true, then the result will follow since (T (Vit1),...,T(vn))
is then a basis for Range(T) and we will have rank(T) = n —k as required.
So let us prove the two claims.

1) The first thing we must demonstrate is that

Span(vy, v, ..., vE) N Span(vii1, Vii2, ..., ,) = {0y }.
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Since (v1,v2,...,vy,) s a basis, in particular, it is linearly independent. Sup-
pose then that civy + covs + ...CcVK = Ck+1Vk41 + - + CLv, 1S a vec-
tor in the intersection. It follows from this that civi + cove + -+ + cpvg —
Chkt1Vk+1 — * - — CpUy = Oy. Since v1,va,...,v, is a basis, we must have
c1 =cg=---=cyp, =0 and therefore cyv1 + - - - + cpvxy = Oy as claimed.

Suppose now that cx1T (V1) + -+ + enT(Vy) = Ow. Since cg1T(Vg41) +
<o+, T(vy) is the image of W = Cp1Vkt1 + -+ + CpUy, the vector w is in
Ker(T). But then ciy1Vi41 + -+ + oy is in Span(vi,ve, ..., v;) and so is
in the intersection, Span(vi,va, ..., vi) N Span(vgyi1, ..., v,), which we just
proved is the trivial subspace {0y }. Therefore, ciy1Vi41 + -+ + crvy, = Oy.
Since the sequence (Vi1 ..., Vy) 18 linearly independent it follows that c1 =
Cht2 = -+ = ¢, = 0. Therefore, the sequence (T (Vit1), T (Vit2),...,T(vn))
is linearly independent as claimed.

2) Since every vector in 'V is a linear combination of (v1,va, ..., vy) it follows
that the typical element of the Range(T) is T(c1v1 + cava + -+ + cpvy) =
aT(v)+cT(v2)+- -+ T (vr) + k1T (Vg41)+- . . cnT(vy). However, since
V1,2, ..., € Ker(T) this is equal to cx1T(Vg41) + - .. cnT(vy), which is
gust an element of Span(T(vi+1), -..T(vy,)) as claimed.

Before proceeding to some further results, we review the concept of an injective
(one-to-one) function and surjective (onto) function.

Definition 2.7 Let f: X — Y be a function. Then f is said to be injective
or one-to-one if whenever x # «’, then f(x) # f(2'). Equivalently, if f(x) =
f(&) then x = «’. The function f is said to be surjective or onto if Y =
Range(f). Finally, f is bijective if it both injective and surjective.

There is a beautiful criterion for a linear transformation to be injective, which
we establish in our next theorem.

Theorem 2.10 Assume T : 'V — W is a linear transformation. Then T is
injective if and only if Ker(T) = {0y }.

Proof Suppose T is one-to-one. Then there is at most one vector v € V
such that T'(v) = Ow. Since Oy maps to Ow, it follows that Ker(T) = {0y }.

On the other hand, suppose Ker(T) = {0y}, vi,vs are vectors in V, and
T(vy) = T(v2). We need to prove that vi = va. Since T(vy) = T(va), it
follows that T(vy) — T(v2) = Ow. But T(vy) — T(v2) = T(v1 — v2) and
consequently vi — vy € Ker(T). But then v1 — vy = Oy, whence v1 = v2 as
desired.
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Example 2.4 (1) Let E : Re[z] — R? be the transformation given by
f(1)

E(f)=| f(2) | . This transformation is one-to-one.
f3)

(2) Consider the transformation T : Ry [z] — R? given by T(f) = <f(1)> .
Now, Ker(T) = Span((z — 1)(x — 2)).

The first part of the next theorem indicates how an injective transformation
acts on a linearly independent set. The second part gives a criterion for a
transformation to be injective in terms of the image of a basis under the
transformation.

Theorem 2.11 i) Let T : V. — W be an injective linear transforma-
tion and (v1,v2,...,v;) a linearly independent sequence from V. Then
(T(v1),...,T(vg)) is linearly independent.

ii) Assume that T : V. — W s a linear transformation and B =
(v1,v2,...,0,) is a basis for V. If (T (v1),T(v2),...,T(vy)) is linearly in-
dependent then T is injective.

Proof i) Consider a dependence relation on (T (v1),...,T(vy)): Suppose for
the scalars c1,ca, ..., ci that c1T(v1) + 2T (v2) + ... e, T(v) = Ow. We need

to show that ¢y = co = --- = ¢, = 0. Because T is a linear transformation, we
have
T(civ1 + cava + -+ cpvr) = T (v1) + 2T (v2) + -+ + T (vg)
= Ow.

This implies that the vector cv1+ cova + - - -+ vy, is in Ker(T). However, by
hypothesis, Ker(T) = {0y }. Therefore, civ1 + cova+ - - -+ cxvr = Oy. But we
are also assuming that (vi,ve, ..., vg) is linearly independent. Consequently,
c1=co=---=c =0 as required.

ii) Let u € Ker(T). We must show that w = Oy. Since B is a basis there
are scalars cy,ca,...,cy such that u = civ1 + cov2 + -+ + cpv,. Since
u € Ker(T),T(u) = Ow, by our properties of linear transformations, we
can conclude that

T(u) = T(c1v1+cv2+ -+ cpvn)
= ClT('Ul) + CQT('UQ) + -4 CnT('Un)
= Ow.



60 Advanced Linear Algebra

However, we are assuming that (T'(v1),T(va),...,T(vy,)) is linearly indepen-
dent. Consequently ¢y = co = -+- = ¢. Therefore, u = cyv1 + covg + -+ +
cnVy, = Oy as required.

In some of the examples above, you may have noticed that when 7': V. — W
is a linear transformation and dim(V') = dim(W) then T injective appears to
imply T is surjective and vice versa. This is, indeed, true and the subject of
the next theorem.

Theorem 2.12 (“Half is good enough for linear transformations”)

Let V and W be n-dimensional vector spaces and T :' V. — W be a linear
transformation.

1) If T is injective, then T is surjective.
ii) If T is surjective, then T is injective.

Proof i) Suppose T is injective. Let (v1,va,...,v,) be a basis for V. By The-
orem (2.11), the sequence (T'(v1),T(v2),...,T(vy,)) is linearly independent in
W. Since W has dimension n, by Theorem (1.23), (T (v1),T(v2),...,T(vy)) is
a basis for W. Since Span(T' (v1),T (vs),...,T(v,)) = Range(T), we conclude
that T is surjective.

i) Assume now that T is surjective. Then (T (v1),...,T(vy)) spans W. By
Theorem (1.23), the sequence (T'(v1),...,T(vy)) is linearly independent, and
then by Theorem (2.11) T is injective.

We give a special name to bijective linear transformations and also to the
vector spaces which are connected by such transformations.

Definition 2.8 If the linear transformation T : V — W s bijective then we
say that T is an isomorphism. If V and W are vector spaces and there exists
an isomorphism T : V. — W, we say that V and W are isomorphic.

The next theorem validates the intuition that vector spaces like F4, (s [x] are
alike (and the tendency to treat them as if they are identical).

Theorem 2.13 Two finite-dimensional vector spaces V' and W are isomor-
phic if and only if dim (V) = dim(W).

Proof IfT :V — W is an isomorphism, then it takes a basis of V to a basis
of W and therefore dim (V') = dim(W).

On the other hand, if dim(V) = dim(W), choose bases (vi,va,...,v,) in V
and (w1, wa,...,w,) in W and define T(c1v1 + c2v2 + ...cpv,) = cqwy +
Cowsag + -+ chLwy,.
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T is a linear transformation. Suppose some vector u = ci1v1 + cavy +
.. Cpvy € Ker(T). Then cywy + cows + -+ - + cowy, = Oy . However, since
(w1, wa, ..., wy,) is a basis for W, it is linearly independent and it follows that
1 =cg=--+=cyn=0. Therefore, u = Oy and thus Ker(T) = {0y }. Conse-
quently, T is injective. Since the dimensions are equal by Theorem (2.12), T
is an isomorphism.

Example 2.5 Assume the field F has at least three elements. If 0, 1, and a
are distinct elements of F, then the transformation which takes f € F(oy[x] to

£(0)
fQ) | is an isomorphism.
f(a)

Exercises

1. Let T : R® — Ry [z] be a linear transformation and assume that the
following vectors are a basis for Range(T):

(14 2% 42" 2+ 23,1+ + 22%).

What is the rank and nullity of T'7
2. Let a # b € F. Define a linear transformation 1" : F(3)[z] — F? by T'(f) =

(?EZ;) . Describe the kernel of T' (find a basis) and determine the rank and
nullity of T.

3. Let T': Rgy[z] — R* be the linear transformation given by

a-+2b+2d
a+3b+c+d
a+b—c+d
a-+2b+ 2d

T(a+ bx + cx? + dz®) =

Determine bases for the range and kernel of T" and use these to compute the
rank and nullity of 7.

4. Show that the linear transformation T : F* — F () [#] given by T

QO o

(a —d) + (b — d)x + (c — d)z? is surjective. Then explain why 7 is not an
isomorphism.
a
5. Show that the linear transformation 7' : F* — F(3)[2] given by T [ b | =
c
(@a+0b)+ (b+c)x + (a—2b—2¢)x? + (a + 2b + ¢)a? is injective. Explain why
T is not an isomorphism.



62 Advanced Linear Algebra

6. Determine whether the map T : F(9)[z] — F? given by T'(a + bz + ca?) =
a—b+c
a+b+c | is an isomorphism.
a+ 2b+4c

7. Assume that S : U — V and T : V — W are both surjective functions.
Prove that T o S is surjective.

8. Assume that S : U — V and T : V — W are both injective functions.
Prove that T o S is injective.

9. Assume that S : U — V and T : V — W are both isomorphisms. Prove
that T o .S is an isomorphism.

10. Assume V and W are finite-dimensional vector spaces and T : V — W
is an isomorphism. Prove that the inverse function 7! : W — V is a linear
transformation.

11. Let V and W be finite-dimensional vector spaces and 7' : V — W a linear
transformation. Prove that if T is surjective then dim(V) > dim(W).

12. Let V and W be finite-dimensional vector spaces and T : V — W a linear
transformation. Prove that if T is injective then dim(V) < dim(W).

13. Let V and W be finite-dimensional vector spaces and T : V. — W be a
surjective linear transformation. Prove that there is a linear transformation

S: W — V such that T o S = Iyy.

14. Let V and W be finite-dimensional vector spaces and T : V. — W be
an injective linear transformation. Prove that there is a linear transformation

S:W — V such that SoT = Iy .

15. Let V be a finite-dimensional vector space and assume that 77,75 €
L(V,V) and Ker(Ty) = Ker(Ts). Define a map R : Range(T1) — Range(T3)
by S(Ty(v)) = Ta(v). Prove that R is well-defined and a linear transforma-
tion. (Well defined means if v € Range(Th) then S(v) does not depend on the
choice of u € V such that v = T3 (u).)

16. Let V be an n-dimensional vector space over a field F and 7" an operator
on V. Prove that Ker(T") = Ker(T™"!) and Range(T™) = Range(T™T1).

17. Let V be an n-dimensional vector space over a field F and T" an operator
on V. Prove that V = Range(T™) & Ker(T™).

18. Let V' be a finite-dimensional vector space over a field F and T" an operator
on V. Prove that Range(T?) = Range(T) if and only if Ker(T?) = Ker(T).

In Exercises 19 and 20 assume V is a vector space over I of dimension n and
T :V — V is a linear operator of rank k.

19. a) Let V be an n-dimensional vector space, S, T € L(V, V), and rank(T) =
k. Assume TS = Oy_,yv. Prove that rank(S) < n — k. b) Prove that there
exists S of rank n — k such that T'S = Oy _y .
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20. a) Let V' be an n-dimensional vector space, S, T € L(V,V), and rank(T) =
k. Assume ST = Oy_,y. Prove that rank(S) < n — k. b) Prove that there
exists S of rank n — k such that T'S = Oy _,y.

21. Assume T is a linear operator on V and T? = 0y _,y . Prove that rank(T) <
dim(V)

22. Assume V is a vector space with basis (v1, ..., v, ). Give an example of
a linear operator T on V of rank m such that 72 = Oy _,y.
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2.3 The Correspondence and Isomorphism Theorems

In this section, we prove some fundamental theorems about linear transfor-
mations. In particular, we relate the range of a transformation to the quotient
space of the domain by the kernel of the transformation.

What You Need to Know

For the material of this section to be meaningful, you should understand the
following concepts: vector space over a field, subspace of a vector space, span of
a sequence or set of vectors, a sequence of vectors spans a subspace of a vector
space, a sequence of vectors is linearly dependent/independent, a sequence
of vectors is a basis of a vector space, dimension of a vector space, range
of a function (map, transformation), surjective function, injective function,
bijective function, linear transformation, kernel of a linear transformation,
quotient of a vector space by a subspace, and isomorphism of vector spaces.

Let V be a vector space and U a subspace. We will denote by Sub(V,U)

the collection of all subspaces of V' that contain U. We also set Sub(V) =
Sub(V, {0}).

Definition 2.9 Let f : A — B be a function and C a subset of B. The
preimage of C is f~}(C) := {a € A|f(a) € C}. In other words, f~(C)
consists of all elements of the domain A which map into C.

Theorem 2.14 LetT : V — W be a linear transformation. Then the follow-
ing hold:

i) If X is a subspace of V, then T(X) is a subspace of W.

ii) If Y is a subspace of W, then T~1(Y) is a subspace of V containing Ker(T).
iii) Assume X1, Xo are subspaces of V' both containing Ker(T). If T(X1) =
T(XQ), then Xl = XQ.

Proof i) Since Tix : X — W (T restricted to X ) is a linear transformation,
this follows from Theorem (2.4) since T'(X) is the range of Tjx.

ii) Let myyy : W — W/Y be the map given by Ty y (w) = w+Y = [w]y.
Then my y is a linear transformation. Set S = my y oT : V. — W/Y. Since S
is the composition of linear transformations, it is a linear transformation. Note
that Y = Ker(mw,y). Suppose T'(xz) € Y. Then S(x) = mw/y () = Ow/y.
On the other hand, if x € Ker(S), then my/y(T'(x)) = T(x) +Y =Y, and,
consequently, T(x) € Y. It therefore follows that T~1(Y) = Ker(S). It now
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follows from Theorem (2.8) that T~(Y) is a subspace of V. Moreover, since
Ow € Y,Ker(T)=T"'({ow}) Cc T7H(Y).

111) We need to show that X1 C Xo and Xo C X1. Suppose x1 € X1. Then
T(x1) € T(X1) = T(X2). Then there exists €z € Xo such that T(x1) = T (x2).
Then T(x1—x2) = T(x1) —T(x2) = Ow. Therefore 1 —x2 is in Ker(T). Set
x1 —x2 =v € Ker(T). Then &1 = x2 + v. However, since Ker(T) C Xo, it
follows that ®o +v € X5. Thus, x1 € Xo. Since x1 is arbitrary, we conclude
that X1 C Xa. In exactly the same way, Xo C X1 and we have equality.

When T : V — W is surjective we can say quite a bit more:

Theorem 2.15 (Correspondence Theorem) LetT :V — W be a sur-
jective linear transformation. Then the following hold:

i) If Y is subspace of W, then T(T~1(Y)) =Y.

ii) The map T : Sub(V, Ker(T)) — Sub(W) is bijective and therefore gives a
one-to-one correspondence.

Proof i) Suppose x € T~1(Y). Then by the definition of T=(Y), T(x) € Y,
and, consequently, T(T~*(Y)) C Y. On the other hand, since T is surjective,
if y € Y, then there exists x € V such that T(x) = y. Since y € Y clearly
x € THY). Theny = T(x) € T(TYY)). Since y is arbitrary in Y we
conclude that Y C T(T~1(Y)).

ii) In part iii) of Theorem (2.14), we proved that map induced by T from
Sub(V, Ker(T)) — Sub(W) is injective. By i) above, it is surjective and,
consequently, bijective.

The next theorem will set us up for proving the first isomorphism theorem.
More specifically, we prove that when T : V' — W is a linear transformation
and X is a subspace of Ker(T), there is a natural way to induce a linear
transformation on the quotient space V/X.

Theorem 2.16 Let T : V — W be a linear transformation and assume that
X C Ker(T). Define T : V/X — W by T(Ju]lx) = T(uw). Then T is well

defined and a linear transformation.

Proof When we say that T is well defined, it means the image, T([u]x),
which is defined on an equivalence class of V- modulo X, does not depend on
the choice of a representative of the equivalence class. Thus, we have to prove
if u=v (mod X) then T(u) =T(v). If u = v, thenu —v € X C Ker(T).
Then Oy = T(u —v) = T(u) — T(v) from which it follows that T(u) = T (v)

as required.
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We now prove that T is a linear transformation. We need to prove

1. f([ﬂ]x + [0]x) = T([u]x) + T([v]x); and

T(c-[ulx) = c- T([ulx).
1. f([u] + [v]x) = T([u +v]x) = T(u +v) = T(u) + T(v) = T([u]x) +
T([v]x).
2. T(c-[ulx)=T(c-ulx)=T(c-u) =c-T(u) = c-T([u]x).

As a consequence of Theorem (2.16), we can now prove the following:

Theorem 2.17 (First Isomorphism Theorem) LetT :V — W be a
linear transformation. Define T : V/Ker(T) — W by T([u]ger(r)) = T'(u).
Then T is well defined and an isomorphism of V/Ker(T) onto Range(T).

Proof That T is well defined and a linear transformation follows from The-
orem (2.16). Clearly Range(T) = Range(T), so when considered as a trans-
formatzon with codomain Range(T),f s surjective. It remains to show that
T is injective. Suppose T ([u U] ger(r)) = Ow. Then T(u) = Ow. It then follows
that w € Ker(T), and, consequently, [u]kcr(ry = Ker(T) = Oy ker(r). Thus,
T is injective and therefore an isomorphism.

If there is a first isomorphism theorem, then there must be a second. It follows:

Theorem 2.18 (Second Isomorphism Theorem) Let V be a wvec-
tor space with subspaces W C X. Then the quotient spaces V/X and
(V/W)/(X/W) are isomorphic.

Proof LetT:V — V/X denote the linear tmnsformation given by T(u) =
[u]x. Since W C X, we get an induced transformation T : V/W — V/X
given by T([u]w ) = T(u) = [u]x. Since T is surjective, T is surjective. We
determine Ker(T): Suppose [u)w € Ker(T). Then T([ulw) = T(u) = [u]x =
Oy, x = X. Therefore, [ulw € Ker(f) if and only if w € X and, consequently,
Ker(T) = X/W By the First Isomorphism Theorem, V/X is isomorphic to
(V/W)/Ker(T) = (V/W)/(X/W) as desired.

Our final result is often referred to as the Third Isomorphism Theorem.

Theorem 2.19 Let X and W be subspaces of the vector space V. Then
(X + W)/W s isomorphic to X/(X NW).
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Proof LetT be the map from X +W to (X +W)/W given by T(u) = [u]w.
Let T’ denote the restriction of this map to X. We claim first that T’ is
surjective. Let [ulw be an arbitrary element of (X +W)/W. Then there exists
x € X and w € W such that uw = ¢ + w. But then [ulw = [x|w from which
it follows that T'(x) = T'(u) = [u|w. This proves the claim.

It now follows from the First Isomorphism Theorem that (X + W)/W s
isomorphic to X/Ker(T"). We determine Ker(T'). Suppose * € X and
T'(x) = [xlw = Ox4+w)w- Then x € W. Since x € X, it follows that
x € XNW. Consequently, Ker(T") = X NW. Thus, X/(XNW) is isomorphic
to (X +W)/W as required.

Exercises

1. Let V be a vector space with subspace W. Suppose X1 +W =V = Xo+W.
Prove that X;/(X; N W) is isomorphic to X3/(X2 N W).

2. Let V be a vector space with subspace W. Suppose X1, X7 are complements
to W in V. Prove that X; and X5 are isomorphic.

3. Let V be a vector space over the field F and consider F to be a vector space
over IF of dimension one. Let f € L(V,F), f # Oy_r. Prove that V/Ker(f) is
isomorphic to F as a vector space.

4. Let V be a vector space and U # V,{0} a subspace of V. Assume T €
L(V, V) satisfies the following: a) T'(u) = u for all w € U; and b) T'(v) + U =
v+ U forallv e V. Set S =T — I,. Prove that 52 = 0y _,y.

5. Let V be a vector space and assume S € L(V,V) is not Oy _y but S? =
Oyv_y.Set T =5+ Iy and U = Ker(S). Prove the following:

a) Let v € V. Then T'(v) = v if and only if v € U.
b) T(v)+U=v+UforallveV.

6. Let U,V be vector spaces with respective subspaces X and Y. Prove that
(UaV)/(X@Y) is isomorphic to (U/X) @ (V/Y). Here U & V refers to the
external direct sum of U and W.

7. Let V be a vector space and T' € L(V, V) an isomorphism. The graph of T
is the subset I' := {(v, T'(v))|v € V'}. Prove the following:

a) I' is a subspace of V @& V; and
b) (V& V)/T2V.

8. Let U and W be subspaces of the vector space V and assume that
dim(V/U) = m,dim(V/W) = n. Prove that dim(V/(UNW)) < m +n.
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2.4 Matrix of a Linear Transformation

In this section, we consider a linear transformation 7" from an n-dimensional
vector space V to an m-dimensional vector space W and show how, using a
fixed pair of bases from V and W, respectively, to obtain an m x n matrix M
for the linear transformation. In this way we obtain a correspondence between
L(V,W) and the set M,,,,(F) of all m x n matrices. This is then used to define
addition and multiplication of matrices.

What You Need to Know

For the material of this section to be meaningful, you should understand the
following concepts: vector space over a field, subspace of a vector space, span
of a sequence or set of vectors, what it means for a sequence of vectors to
span a subspace of a vector space, what it means for a sequence of vectors to
be linearly dependent/independent, what it means for a sequence of vectors
to be a basis of a vector space, the dimension of a vector space, the range
of a function (map, transformation), surjective function, injective function,
bijective function, linear transformation, and coordinate vector of a vector in
a finite-dimensional vector space. The following are algorithms you should be
able to perform: Solve a linear system of equations with coefficients in a field
F; given a finite spanning sequence for a subspace of a vector space, find a basis
for the subspace and compute the dimension of the subspace; and compute
the coordinate vector of a vector v in a finite-dimensional vector space V with
respect to a basis B of V.

The notion of a matrix is probably familiar to the reader from elementary
linear algebra, however for completeness we introduce this concept as well as
some of the related concepts terminology we will use in later sections.

Definition 2.10 Let I be a field. A matrix over F is defined to be a rectan-
gular array whose entries are elements of F. The sequences of numbers which
go across the matriz are called rows and the sequences of numbers that are
vertical are called the columns of the matriz. If there are m rows and n
columns, then it is said to be an m by n matriz and we write this as m X n.

The numbers which occur in the matriz are called its entries. The one which
is found at the intersection of the it" row and the j*" column is called the ij"
entry, often written as (i, j)—entry.

Of particular importance is the n x n matrix whose (i,j)-entry is 0 if i # j
and 1 if i = j. This is the n x n identity matrix. It is denote d by I,,.

Definition 2.11 Assume A is an m X n matriz with (i,j)—entry a;j. The
transpose of A, denoted by A'", is the n x m matriz whose (k,1)—entry is
ajf .
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1 2 3

Example 2.6 Let A = <4 5 6

> . Then A" =

W N =
S O

Let T : V. — W be a linear transformation from an n-dimensional vector
space V' to an m-dimensional vector space W, By = (v1,va,...,v,) be a basis
for V, and By = (w1, wa,. .., w,) be a basis for W.

Then the image T'(v;) of each of the basis vectors v; can be written in a
unique way as a linear combination of (ws, ..., wy,). Thus, let a;;,1 <i<m
be the scalars such that T'(v;) = a1 w1 + agjws + - - - + am; Wy, which is the
same thing as

a1j
a2j
Tl = |
Amj
aij
ag;j
Let A be the m x n matrix whose ;" column is a; = [T'(v;)|p,, =
An j
and hence has entries a;;,1 <¢ <m,1 < j <n. Thus,
A=(aiaz ... ay) = ([(v)lgy [T(02)]By - [T(va)]Bw )
a1
C2
Now suppose v € V and [v]g,, = | . |, which means that v = c;v1 + cova +
Cn

-+ ++cpvy,. Note that this is the unique expression of v as a linear combination
of the basis By = (v1,v2,...,0,).

By Lemma (2.1)

T(v) =T(c1v1 + cav2 + -+ + cpvp)
= ClT('Ul) + CQT('UQ) + ... CnT('Un). (26)

From (2.6) and Theorem (1.29) it follows that

[T()sw = all()]sw + 2T ()]s + - + calT (Vn)]5w
= c1a; +ceag + -+ cpan,.
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Thus, we can compute the coordinate vector of T'(v) with respect to By from
the coordinate vector of v with respect to By by multiplying the components
of [v]|g, by the corresponding columns of the matrix A.

The matrix A = (a1 a2 ... a,) = ([T(v1)|gw [T(V2)]Bw --- [T(n)lBw) is
a powerful tool for both computation and theoretic purposes and the subject
of the following definition.

Definition 2.12 Let T : V. — W be a linear transformation from an n-
dimensional vector space V' to an m-dimensional vector space W, By =

(v1,v9,...,0,) be a basis for V, and By = (w1, ws, ..., wy,) a basis for W.
a1j
) th ‘ az;
Let A be the m x n matriz whose j'" column is a; = [T'(v})]g, =
Qnj

A=(a1ay ... an) = ([T(01)]sw [T(02)]5w - [T(vn)]Bw)-

Then A is the matrix of T with respect to the bases By and By,. We
will denote this by My (By, Bw).

Remark 2.2 Let V be an n-dimensional vector space with basis By =

(v1,v2,...,0,), W an m-dimensional vector space with a basis By =

(w1, wa,...,wy). Let A = (a1 as ... a,) be an arbitrary m x n matriz.
aij
agj

Set u; = a1;w1 + agjwa + - -+ + AWy, S0 that [u]p, = . = a;. By
CLmj

Theorem (2.5), there exists a unique linear transformation T : V. — W such
that T(v;) = w;. It is then the case that My (By,Bw) = A. Consequently,
every m X n matriz A is the matrix of some linear transformation from V to
W with respect to the bases By and Byy.

Recall that we have defined operations of addition and scalar multiplication
on L(V, W) in such a way that it becomes a vector space. On the other hand,
we presently do not have a definition of addition or scalar multiplication of
matrices. We will use the definition for transformations and Remark (2.2) to
define addition and scalar multiplication of matrices.

Suppose A = (a1 az ... a,) is the matrix of T : V — W with respect to
bases By and By and c € F is scalar. Then

(D) (v))lBw = [c- T(v))]sw = [T (v))]5w = ca;.
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It therefore follows that the matrix of ¢T' is the matrix obtained from A by
multiplying each entry of A by the scalar ¢. This motivates our definition of
scalar multiplication of a matrix:

Definition 2.13 Let A be an m X n matriz and ¢ € F a scalar. Then cA is
the matriz obtained from A by multiplying each of its entries by c

ail ai2 e A1n, Ca11 Ca12 e CQ1in

a1 a9 N a9n, Ca21 Cag2 e Ca2n
C =

am1 am2 e Amn, Clm1 CAm?2 . Cmn

As an immediate consequence of the definition, we have the following:

Theorem 2.20 Let By, By be bases for V. and W, respectively. Let T €
ﬁ(V, W) and c € F. Then MCT(BV, Bw) = CMT(Bv, Bw)

Now, let T, S € L(V,W) and let A = (a1 a2 ... a,) = Mr(By,Bw),B =
(by by ... by) = Mg(By, Bw). We compute the matrix of T+ S with respect
to the bases By and Byy.

Since (T'+ S)(v;) = T'(v;) + S(v;), we therefore have

(T + 8)(v)lBw = [T(v;) + S(vj)]w = [T(vj)]Bw + [S(v))]Bw = a; +b;.

It follows that the matrix of T'+ S is obtained from the matrices of T" and S
by adding the corresponding columns and, hence, the corresponding entries.
We use this to define the sum of two matrices.

ail e A1n b11 e bln

. a1 e aon, bgl . bgn
Definition 2.14 Let A = . ] ,B =

aAm1 . Amn, bml . bmn

Then the sum of A and B is the matrixz obtained by adding the corresponding
entries of A and B:

a1 +bi1 ... aip +biy

az1 +ba1 ... agp + by
A+ B= .

Am1 + bml cee Amn + bmn

An immediate consequence of the definition is:
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Theorem 2.21 Let By, By be bases for V. and W, respectively. Let T, S €
E(V, W) Then MT-‘,—S(BV, Bw) = MT(B\/, Bw) + Ms(Bv, Bw)

We as yet also do not have a definition for multiplication of matrices. We begin
by defining the product of an m x n matrix and an n-vector (n X 1 matrix)
and then extend to a product of an m X n matrix and an n X p matrix. The
definition will be motivated by the relationship between the coordinate vector
[v]B, , the coordinate vector [T'(v)]a,,, and the matrix of T with respect to
BV and BW

Definition 2.15 Let A be an m X n matriz with columns a1, as,...,a, and
C1
C2

letc=| . | be an n-vector. Then the product of A and c is defined to be
Cn

Ac = cia1 +coaz + -+ cpay,.

An immediate consequence of defining the product this way is the following:

Theorem 2.22 Let V' be an n-dimensional vector space with basis By, W
an m-dimensional vector space with basis By, and T : V. — W a linear
transformation. Then for an arbitrary vector v € V

[T(v)]BW = MT(BV7 BW)['U]BV'

It remains to define a general product of matrices. The definition is again
motivated by the properties of the matrix of a linear transformation. We
have previously seen in Exercise 15 of Section (2.1) if T : V — W and S :
W — X are linear transformations then the composition SoT : V — X is a
linear transformation. Ideally, if By, By, and Bx are bases for V, W, and X,
respectively, then

Msor(Bv, Bx) = Mgs(Bw, Bx) M7 (Bv, Bw).

We therefore investigate the relationship between Mg (Bw, Bx), My (Byv, Bw ),
and MSoT(BV, Bx).

Toward that end, we compute the coordinate vector of (SoT")(v;) with respect
to the basis Bx. Let us set M7 (By, Bw) = A and Mg(Bw,Bx) = B. By the
definition of composition

(SoT)(v;) = S(T(v;))-
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Taking coordinate vectors, we get
[(S o T)(vj)]5x = [S(T(v;))]Bx-
By Theorem (2.22), it follows that
[S(T(v)lsx = BIT(v))]y -
By the definition of My (By, Bw), it follows that

[T(vj)]BW = aj,

and therefore the j** column of Mg.7(By, Bx) is Ba;. This is the motivation
for the following:

Definition 2.16 Let A be an m X n matriz with columns a1, as,...,a, and
B a p x m matriz. Then the product of B and A is defined to be the p x n
matriz whose j" column is Baj. Thus,

BA = (Bay Bas ... Bay).

As a consequence of this definition, we have:

Theorem 2.23 Let V' be an n-dimensional vector space with basis By, W
an m-dimensional vector space with basis By, and X a p-dimensional vector
space with basis Bx. Let T : V. — W and S : W — X be linear transforma-
tions. Then

Msor(Bv, Bx) = Ms(Bw, Bx)Mr(Bv, Bw). (2.7)
We complete this section with a final definition:

Definition 2.17 Let A be an m X n matrix with entries in the field F. The
null space of A, denoted by null(A), consists of all vectors v in F™ such that
Av =0, € F™.

Exercises

In Exercises 1 and 2 assume the following: 7' : V' — W is a linear transforma-
tion, By = (v1,...,v,) is a basis for V, By = (w1,...,w,,) is a basis for W,
and A = Mp(By,Bw) is the matrix of 7' with respect to By and By .

1. Prove that T is surjective if and only if the columns of A span F™.
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2. Prove that T is injective if and only if the columns of A are linearly inde-
pendent (as vectors in F™).

3. Give an example of a 2 x 2 real matrix A such that A # 0gyx2 but A% = 0gy9.
Use this to give an example of an operator T : R? — R? such that T # Op2_,p2
but T2 = O]R2—>]R2-

4. Give an example of 2 x 2 real matrices A, B such that AB # 0242 but
BA = 09x5.

5. Assume T : R? — R3 is a linear transformation and

1 1 0 1 0 1
-1 1 -1 0 1 0
Let
1 0 0
S=1{{o].[1],]0
0 0 1

Determine Mp(S,S).

6. Assume T € L(F",F™). Prove that there is a matrix A such that T'(v) =
Av.

7. Let A be an m xXn matrix with entries in the field F and assume the sequence
consisting of the columns of A spans F". Prove that there is an n X m matrix
B such that AB = I,,, the m x m identity matrix.

8. Let A be an m xXn matrix with entries in the field F and assume the sequence
consisting of the columns of A is linearly independent in F™. Prove that there
exists an n x m matrix B such that BA = I,,, the n X n identity matrix.

1 1 1 1
9. Show that the columns of the matrix A = [1 2 -1 3 | € M3,(Q)
10 3 -2
span Q3. Then find a rational 4 x 3 matrix B such that AB = I5.
1 1 1
. 1 2 0
10. Show that the columns of the matrix A = 12 11¢€ My3(Q) are
1 3 -1

linearly independent in Q*. Then find a rational 3 x 4 matrix B such that
BA = 1Is.

11. Let V and W be vector spaces over the field F with dim(V') = n, dim(W) =
m with bases By and By, respectively. Assume T : V. — W is a linear

transformation and A = M¢(By, Bw). Prove that a vector v € Ker(T) if
and only if [v]g, € null(A).
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2.5 The Algebra of L(V,W) and M,,,(F)

In this section, we will introduce the notion of an algebra over a field F as
well as the concept of an isomorphism of algebras. We will show that for an
n-dimensional vector space V over a field F the space L(V, V') of operators on
V is an algebra over F. We will show that the space M, (IF) of n x n matrices
with entries in the field F is an algebra isomorphic to L(V, V).

What You Need to Know

The following concepts are fundamental to understanding the new material
in this section: vector space over a field [F, basis of a vector space, dimension
of a vector space, linear transformation 7" from a vector space V to a vector
space W, the composition of functions, linear operator on a vector space V, an
isomorphism from a vector space V to a vector space W, and the matrix of a
linear transformation T : V' — W with respect to bases By for V and By, for
w.

Since we will often refer to the collection of m x n matrices with entries in a
field F, for convenience we give it a symbol and a name:

Definition 2.18 Let F be a field and m,n natural numbers. By M, (F), we
shall mean the set of all m x n matrices with entries in F. This is the space
of all m x n matrices.

Recall that L(V, W) consists of all linear transformations T': V' — W and that
we have defined scalar multiplication and addition on £(V, W) as follows:

Scalar Multiplication: For T € L(V,W) and ¢ € T, the transformation ¢T :
V — W is given by
(cT)(v) = c- T(v).
Addition: For T, S € L(V,W) andv € V
(T + S)(v) =T(v) + S(v).

With these operations, £(V, W) has the structure of a vector space over F.

Let V be an n-dimensional vector space with basis By = (v1,v2,...,0,)
and W an m-dimensional vector space with basis By = (w1, wa, ..., w.y).
Consider the map p : L(V,W) — My (F) given by u(T) = Mz (By, Bw).
It follows from Remark (2.2) that the map pu is surjective. Moreover, since
a linear transformation is uniquely determined by its images on a basis, it
follows that the map p is injective and therefore a bijection.



76 Advanced Linear Algebra

We defined scalar multiplication of a matrix A € M,,,(F) and ¢ € F in such
a way that

u(cT) = c- pu(T).

Likewise, we defined the notion of the sum of matrices A, B in M,,,,(F) such
that

w(T'+8) = pu(T) + pu(S).

It now follows from this that M., (IF) has the structure of a vector space over
F and as vector spaces L(V, W) and M,,,(F) are isomorphic.

In our next result, we prove that when it is possible to compose linear trans-
formations then associativity holds (in fact, we could prove this holds more
generally whenever it is possible to compose functions between sets, however,
we will not need this fact). We will then use this to show that matrix multi-
plication, when it can be performed, is associative.

Theorem 2.24 Let V,W, X, and Y be spaces with respective dimensions
n,m,l, and k and let T : V - W, S : W — X and R : X — Y be linear
transformations. Then Ro (SoT)=(RoS)oT.

Proof Letwv € V. Then [Ro (SoT)|(v) = R((SoT)(v) = R(S(T(v)). On
the other hand, [(Ro S)oT](v) = (RoS)(T(v)) = R(S(T(v)), and so we have
equality.

As an immediate consequence of Theorem (2.24), we have:

Theorem 2.25 Let A € Mpn(F),B € My, (F) and C € M (F). Then
C(BA) = (CB)A.

Proof Let VW, X, andY be spaces with respective dimensions n,m,l, and
k, and with respective bases By , By, Bx, and By . Let T be the unique transfor-
mation in L(V, W) such that My (By, Bw) = A; let S be the transformation in
LW, X) such that Ms(Bw,Bx) = B; and R the transformation in L(X,Y)
such that Mg(Bx,By) = C. By Theorem (2.24), Ro(SoT)=(RoS)oT.
It then follows that Mpe(sory(Bv,By) = M Rros)or(Bv,By). By repeated
application of Theorem (2.23), we have
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MEposory(Bv, By) = Mpg(Bx,By)Msor(Bv,Bx)
= Mg(Bx,By)Ms(Bw, Bx)Mr(By, Bw)]
— C(BA).

On the other hand, again by repeated application of Theorem (2.23), we have

M(rosyor(Bv, By) = Mpgos(Bw,By)Mr(Bv, Bw)
= [Mg(Bx,By)Ms(Bw, Bx)|M7(By, Bw)
(CB)A.

Thus, C(BA) = (CB)A as asserted.

We next show certain distributive properties hold for transformations and
then use Theorems (2.21) and (2.23) to show that they hold for matrices.

Theorem 2.26 Let V,W, and X be vector spaces over the field F with dimen-
stons n,m,l, respectively.

i) Let Ty, To € LV,W) and S € LW, X). Then So(T1+T2) = SoTy1+ SoThs.
it) Let T € L(V,W) and S1,S2 € LW, X). Then (S14S2)oT = S10T+S50T.

Proof i) Let v € V. Then [S o (T} + T2)](v) = S(Th + T2)(v)) by the
definition of composition. S((Th+12))(v)) = S(T1(v)+T>(v)) by the definition
of Th + Ta. Then S(Ti(v) 4+ To(v)) = S(T1(v1)) + S(Tz(v)) by the additive
= (S oT)(v) and
o Th](v) + [S o T3] (v),

property for linear transformations. However, S(Ti(v))
S(Ta(v)) = (S 0 To)(v). Thus, [So (T + To)](v) =[S
and, consequently, SoTy + S oTy = STy + Ts].

ii) This is proved similarly.
We prove the corresponding result for matrix multiplication.

Theorem 2.27 (Distributive Properties of Matrices)
i) Let Ay, Ay € My (F) and B € My, (F). Then B(Ay + As) = BA; + BAs.
ZZ) Let A € an(F) and By, By € Mlm(F) Then (Bl + BQ)A = B1A+ B>A.
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Proof Because of their similarity, we only write down the proof of i). Let
V., W, X be vector spaces over F of dimensions n,m,l, respectively, and let
By, Bw, and Bx be bases of the respective spaces. Let T; € L(V, W) such that
Mr,(By,Bw) = Ai,i = 1,2 and S € L(W, X)) such that Ms(Bw,Bx) = B.
By Theorem (2.26), S o (Th +T2) = SoTy + S o Ty It then follows
that Mso(r,+1,)(Bv,Bx) = Msor, +sor, (Bv,Bx). By Theorems (2.23) and
(2.21), we have

Mo +1)(Bv,Bx) = Ms(Bw,Bx)Mr, 11,(Bv, Bw)
B(A; + A).

On the other hand, by Theorem (2.21), we have the equality

Msor+som, (Bv, Bx) = Msor, (Bv, Bx) + Msor, (Bv, Bx).
Then by Theorem (2.23), this sum is equal to

Ms(Bw, Bx )M, (By, Bw) + Ms(Bw, Bx ) M, (Bv, Bw)
= BA; + BA,.
Thus, B(A1 + Az) = BA; + BAs.

For the remainder of this section, assume that V is an n-dimensional vector
space over F. We will denote by Iy the identity transformation from V to

V. The following theorem enumerates many of the fundamental properties of
LV, V).

Theorem 2.28 The following properties hold for L(V,V):

i) L(V, V) with the defined scalar multiplication and addition is a vector space
over F.

ii) The product (composition) of any two elements of L(V,V) is again an ele-
ment of L(V,V). This defines a multiplication L(V,V) x L(V,V) = L(V,V).

This multiplication satisfies:
(a) It is associative: For any R,S,T € L(V,V),(RS)T = R(ST).

(b) Iy is a two-sided multiplicative identity element for L(V, V). That is, for
any T € LV, V), TIy = IyT =T.

(¢) The right and left distributive laws hold: If R, S, T € L(V, V), then
R(S+T) = RS+ RT and (S +T)R = SR+ TR.

(d) For any R,S € L(V,V) and scalar ¢, (cR)S = R(cS) = ¢(RS).
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By what we have shown, the corresponding properties hold for M, (F) as
well. The next definition provides a context for these properties.

Definition 2.19 A vector space A over a field F is said to be an associative
algebra over F if, in addition to the vector space operations, there is a func-
tion p: AXA — A denoted by u(a,b) = ab and referred to as multiplication,
which satisfies the following axioms:

(M1) Multiplication is associative: For all a,b,c € A, (ab)e = a(bc).

(M2) The right and left distributive property holds: For all a,b,c € A, (a+b)c =
ac+ be and c¢(a+b) = ca + cb.

(M3) For all a,b € A and scalar v € F, (ya)b = a(yb) = v(ab).

If, in addition, there is an element 14 such that for alla € A,14a = al 4 = a,
then we say that A is an algebra with (multiplicative) identity.

It is clear from the definition that if V' is a vector space over a field F, then
L(V,V) is an algebra with identity over F. Likewise, the space of all n x n
matrices, My, (F), is an algebra over F. Perhaps you have a sense that they
are virtually the same algebra, just described differently. This intuition is
hopefully put into perspective by the following definition:

Definition 2.20 Let A and B be algebras over the field F. An algebra ho-
momorphism from A to B is a linear transformation v : A — B that ad-
ditionally satisfies v(ab) = v(a)y(b) for all a,b € A. An algebra isomor-
phism from A to B is a homomorphism v from A to B, which is bijective.
When ~v : A — B is an isomorphism, we say that the algebras A and B are
isomorphic.

We can now state:

Theorem 2.29 Let V' be an n-dimensional vector space over the field F. Then
L(V,V) and My,(F) are isomorphic F-algebras.

Algebras arise in many mathematical fields, from group theory and ring theory
to functional analysis, differential geometry, and topology, and have applica-
tions in many branches of science.

We conclude this section with a couple of definitions that will be referred to
in the exercises and in later chapters.
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Definition 2.21 Let a be a nonzero element in an algebra A.

The element a is a zero divisor if there is a nonzero element b such that
either ab =0 or ba = 0.

On the other hand, if A has an identity, the element a is a unit if there is an
element b such that ab = ba = 1.

Definition 2.22 An ideal in an algebra A with identity is vector subspace I
of A which further satisfies: If r € A and b € I, then rb € I and br € I. An
algebra A is said to be simple if the only ideals in A are A and {04}.

Exercises

1. Assume V is a vector space over the field F with dim(V) > 2. Show by
example that the multiplication of £(V, V') is not commutative.

2. Assume V is a vector space over the field F with dim (V) > 2. Show by
example that there exist zero divisors in £(V, V).

3. Let A be an algebra with identity over a field F and a € A. Set Ca(a) =
{b € Alab = ba}. This is the centralizer of a in A. Prove that C4(a) is an
algebra with identity.

4. Prove that M,,,(F) is a simple algebra, that is, prove that the only ideals
in My, (F) are {0,,,,} and M, (F).

5. Let Uy (F) denote the collection of upper triangular matrices with entries

ai;r a2 ... Qin

. . . 0 agzy ... aon
in F, that is, all matrices of the form . . . . Thus, the

0 0 ... ann

(i,7)-entry is zero if ¢ > j. Prove that under the definition of addition and
multiplication of matrices, Uy, (F) is an algebra with identity.

6. Let U, (F) be the collection of strictly upper triangular matrices, that is,
the upper triangular matrices with zeros on the diagonal. Prove that U, (F)
is an ideal of the algebra U, (F).

7. Let V be a finite-dimensional vector space over a field F with dim(V) > 2.
Prove that every nonzero element of £(V, V) is either a unit or a zero divisor.
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2.6 Invertible Transformations and Matrices

In this section, we investigate linear transformations that are bijective. We
show that a linear transformation is bijective if and only if it has an inverse
(which is also a linear transformation). We investigate the relationship be-
tween two matrices that arise as the matrix of the same transformation but
with respect to different bases. This gives rise to the notion of a change of
basis matrix, which is always invertible. Of particular importance is the sit-
uation where the transformation is an operator on a space V and motivates
the definition of similar operators and matrices.

What You Need to Know

For the material of this section to be meaningful, you should understand the
following concepts: vector space over a field, subspace of a vector space, span of
a sequence or set of vectors, a sequence of vectors spans a subspace of a vector
space, a sequence of vectors is linearly dependent/independent, a sequence
of vectors is a basis of a vector space, dimension of a vector space, range
of a function (map, transformation), surjective function, injective function,
bijective function, linear transformation, isomorphism of vector spaces, and
kernel of a linear transformation.

We begin with a definition:

Definition 2.23 Let V and W be vector spaces and T € L(V,W). By a left
inverse to T we mean a linear transformation S € LW, V) such that SoT =
Iy. By a right inverse to T we mean a linear transformation S € L(W,V)
such that T o S = Iy . By an inverse to T we mean a linear transformation
S e LW, V) such that SoT = Iy,T oS = Iyy. When T has an inverse, we
say that T is invertible.

In the next lemma, we prove that if a transformation T' € £L(V, W) has a left
and a right inverse then they are identical and hence an inverse for 7.

Lemma 2.3 Let T € L(V,W). Assume R is a right inverse of T and S is a
left inverse of T. Then R =S and T is invertible.

Proof Consider S o (T o R). Since T o R = Iy, we have So (T o R) =
Solw = S. On the other hand, by associativity of composition So (T o R) =
(SoT)oR=Iy0oR=R. Thus, R=S as claimed.
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The following is an immediate corollary:

Corollary 2.2 Assume T € L(V,W) is invertible. Then T has a unique in-
verse.

The next result gives criteria for the existence of left and right inverses of a
transformation T' € L(V, W).

Theorem 2.30 Assume V and W are finite-dimensional and let T €
L(V,W). Then the following hold:

i) T has a left inverse if and only if Ker(T) = {0y} (if and only if T is
injective).

i) T has a right inverse if and only if Range(T) = W (if and only if T is
surjective).

1i) T is invertible if and only if T' is bijective.

Proof i) Assume T has a left inverse S and that v € Ker(T). Then T'(v) =
Ow. Now S oT = Iy and therefore (S o T)(v) = v. On the other hand,
(SoT)(v) = S(T(v)) = S(0w) = 0y. Thus, v = Oy and Ker(T) = {0y},
which implies that T is injective.

Conversely, assume that Ker(T) = {0y} and therefore that T is injective.
Let By = (v1,...,v,) be a basis for V and set w; = T'(v;) fori=1,2,...,n.
Since T is injective, (w1, ..., wy) is linearly independent by Theorem (2.11).
Extend (w1, ..., wy,) to a basis By = (w1, ..., wy). By Theorem (2.6), there
exists a unique linear transformation S : W — V such that S(w;) = v; if
1<i<nand S(w;) =0y ifn <i<m. Since (SoT)(v;) =v; for1 <i<n
it follows that SoT = Iy .

i) Suppose T has a right inverse S. Let w € W be arbitrary and set v = S(w).
Then T'(v) = T(S(w)) = (T o S)(w) = Iy (w) = w. Thus, w € Range(T)
and T is surjective.

Conversely, assume that Range(T) =W (so that T is surjective). Let By be
a basis for W and for each w € By choose a vector v € V' such that T'(v) = w
and denote this vector by S(w). This defines a map from the basis By into
the vector space V. S extends in a unique way to a linear transformation from
W to V. Note that for w € By ,T(S(w)) = w. This implies that T oS = Iy .

iii) This follows from i) and ii) and Lemma (2.3).
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Theorem 2.31 Let n be a natural number and assume dim (V') = dim(W) =
n. Let T be a linear transformation from V to W. Then the following are
equivalent:

i) T is invertible.

ii) Ker(T) = {0y }.

iii) Range(T) = W.

Proof i) implies ii). If T is invertible, then T has, in particular, a right
inverse and so by Theorem (2.30) T is injective.

ii) implies ii1). By Theorem (2.10) T is injective. Now the implication follows
from Theorem (2.12).

iii) implies i). By Theorem (2.12) T is also injective. Then T has a left inverse
and then by Lemma (2.3) an inverse and T is invertible.

This next theorem indicates what happens when we compose two invertible
linear transformations. The proof is left as an exercise.

Theorem 2.32 Let V, W, X be vector spaces over the field F. Assume S :V —
W and T : W — X are invertible linear transformations. Then ToS :V — X
is invertible and (T o S)™1 = S~ LoT~ 1

Let V' be a vector space over a field F. The collection of invertible operators
in £(V,V) will be denoted by GL(V). For S,T invertible operators on V,
that is, S,T € GL(V), define the product, ST, to be the composition S o T.
Theorem (2.32) says that the product belongs to GL(V'). Since composition
of maps is associative, the product is associative. There exists an identity
element, namely, I/, and each element has an inverse relative to Iy. In the
mathematical literature, such an algebraic structure is called a group. We
refer to GL(V) as the general linear group on V.

We now turn our attention to matrices. In what follows, we denote the n x n
identity matrix by I,,.

Definition 2.24 Ann xn matriz A is is said to be invertible if there exists
an n X n matriz B such that AB = BA = 1,,.

We next characterize invertible matrices:

Theorem 2.33 Let V., W ben dimensional vector spaces, By and By be bases
of V. and W, respectively. Let T € L(V,W) and set A = Mxy(Bv,Bw). Then
A is invertible if and only if T is invertible.
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Proof Assume T is invertible. Let S € LW, V) be the inverse of T and set
B = MS(Bw,Bv). Then AB = MTOS(Bv,Bv) = M]V(Bv,Bv) = In In
exactly the same way, BA = I,, and therefore A is invertible.

Conversely, assume that A is invertible and let B be the n x n matriz such
that AB = BA = I,. Let S € L(W,V) be the linear transformation such
that Ms(Bw,By) = B. Then I, = AB is the matriz of Mros(Bw,Bw) and
therefore T o S = Iy . In a similar fashion SoT = Iy .

Example 2.7 Let B = (v1,v2,...,v,) and B’ = (v}, v},...,v]) be two bases
of the space V. Then the matriz My, (B, B') is invertible by Theorem (2.33).
Note the ' column of this matriz consists of [Iv(v;)|p = [vj]p-

Definition 2.25 If B, B’ are bases of V then My, (B, B’) is called the change
of basis matrix from B to 5’

Remark 2.3 Assume that V is an n-dimensional vector space. Then for
any basis B of V, the matric My, (B,B) = I,. Now let B,B’ be bases
for V. Then I, = My, (B,B) = M, (B,B)Mp, (B,B) and I, =
My, (BB = My, (B ,B)My, (B,B’). It follows that the change of basis
matrices Mr,, (B,B’") and My, (B',B) are inverses of each other.

The next lemma indicates how the change of basis matrix relates coordinates
with respect to different bases. It is an immediate consequence of the defini-
tions.

Lemma 2.4 Let B and B’ be bases of the space V and v € V. Then [v]p =
M, (87 BI)['U]B

Proof Recall, if T :' V — W s a linear transformation with bases By and
Bw, respectively, and v € V then [T (v)]s,, = Mz (Bv,Bw)[v]s, . The result
follows by taking V. =W,By = B,By =B and T = Iy.

In this next lemma, we indicate how the matrix of a linear transformation
T :V — W is affected by a change in bases in the spaces V and W.

Lemma 2.5 Let V be a finite-dimensional vector space with bases By and
By, and W a finite-dimensional vector space with bases Bw and By;,. Let P
be the change of basis matrizc My, (Bv,By,) and Q the change of basis matrix
M, (Bw, Byy,).

Let T : V. — W be a linear transformation and set A = Mr(By,Bw), the
matriz of T with respect to By and By and B = My (B, Byy,) the matriz of
T with respect to B{, and By,. Then B = QAP
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Proof This follows from

= My, (Bw, By )Mr(By, Bw )My, (B, By)
= QAP

When T is a linear operator on V, it is customary to use the same basis for the
domain and the codomain. In this case, we speak about the matrix of 7" with
respect to a basis B. The following lemma indicates the effect on the matrix
of a linear operator when the basis is changed:

Lemma 2.6 Let V be a finite-dimensional vector space with bases B and B'.
Let T : V — V be a linear operator. Let A = My(B,B) be the matriz of T
with respect to the basis B and B = Mr(B',B') the matriz of T with respect
to B'. Let P = My, (B,B’) be the change of basis matriz from B to B'. Then
B =PAP ..

Proof This follows from Lemma (2.5) by takingV =W, By = By = B, and
By, =By, =B.

Definition 2.26 Two operators Ty, To € L(V,V) are said to be similar if
there exists an invertible operator S on V such that To = ST1S™1.

Definition 2.27 Two square matrices A and B are said to be similar if there
is an invertible matriz P such that B = PAP~1.

Remark 2.4 Let T € L(V,V) be an operator, B, B’ bases of V. Then Mr(B)
and Mrp(B') are similar matrices.

As we will learn in Chapter 4, similar operators are “structurally” the same.
They play an important role in group theory, particularly representation the-
ory. Exercises 11-14 below deal with similar operators and matrices.

Exercises
2 -3 1
1. Show that the matrix [ —1 2 0 is invertible and determine its in-

-1 1 =2
verse.
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2. Let S be the operator on R(q)[z] given by

S(a+bx + cx?®) = (a+2b+ c) + (2a + 3b + 2¢)z + (a + 3b + 2¢)z>.

Show that S is invertible by explicitly exhibiting S~*.

3. Let V and W be vector spaces, By = (v1,v2,...,v,) a basis for V, and
T € L(V,W). Prove that T is invertible if and only if (T'(v1), T'(v2), . .., T(vy))
is a basis for W.

4. Let V be a finite-dimensional vector space over a field F. Prove that there

is a one-to-one correspondence between the units in £(V) and the collection
of all bases of V.

5. Determine the number of units in £(F3,F3).
6. Determine the number of units in £(F3, F3).

7. Let V be a finite-dimensional vector space over a field F. Assume T €
L(V,V), T # 0y. Prove that either T is invertible or there exists a nonzero
operator S such that ST is the zero operator.

8. Prove Theorem (2.32).

i~

L(V,V) be an invertible operator. Define S : £(V,V) — L(V, V) by 8(T)
S oT. Prove that S is an invertible operator on L(V, V).

9. Let V be a finite-dimensional vector space over the field F and let S €

10. An operator S : V — V is said to be nilpotent if S* is the zero map
for some natural number k. Prove if S is nilpotent then Iy, — S is invertible.
(Hint: Consider the product of Iyy — S and (Iyy + S + S? 4 --- + Sk~1)

11. Prove that the relation on £(V,V) given by similarity is an equivalence
relation.

12. Assume the operators T7,To € L(V,V) are similar and that B is a basis
of V. Prove that M, (B, B) and M, (B, B) are similar matrices.

13. Let Ty, Ty € L(V,V) and B a basis for V. Assume that Mr, (B,B) and
M, (B, B) are similar. Prove that T and 7% are similar.

14. Let Ty, T» € L(V, V) and B, B’ be bases for V. Assume that M, (B, B) and
M, (B, B') are similar matrices. Prove that operators 77 and T5 are similar.
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Polynomials
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In this chapter, we build on high school algebra and develop the algebraic
theory of polynomials. In section one we show that under the usual operations
of addition and multiplication the collection of all polynomials with coefficients
in a field F is a commutative algebra with identity. We define the concepts
of greatest common divisor (gcd) and least common multiple (lem) of two
polynomials and make use of the division algorithm (division with remainders)
to establish the existence and uniqueness of the ged and lem. In section two
we prove some general results about roots of polynomials and then specialize
to polynomials with coefficients in the fields R and C.
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3.1 The Algebra of Polynomials

What You Need to Know

Elementary properties of polynomials, such as how to add and multiply poly-
nomials and how to compute the quotient and remainder when one polynomial
is divided by another.

We begin by recalling the definition of a polynomial in a variable # and intro-
duce some notation and terminology which will facilitate the discussion.

Definition 3.1 Let F be a field. By a polynomial with coefficients in F,
we mean an expression of the form apz™ + A1 2™+ a2+ ag, where
a; € F and x is an abstract symbol called an indeterminate or variable. The
scalars a; are the coefficients of the polynomial f(x). The zero polynomial
is the polynomial all of whose coefficients are zero. We denote this by 0.

Suppose f(x) # 0. The largest natural number k such that the coefficient ay, is
not zero is called the degree of f(x) and the term ayz" is called the leading
term. If the coefficient of the leading term is 1 we say the polynomial f(z) is
monic.

We will denote by F[z] the collection of all polynomials with entries in F and
by Fmy[x] all polynomials of degree at most m.

We define the sum of two polynomials.

Definition 3.2 Let f(z) and g(z) be two polynomials of degree k and I, re-
spectively. Set m = max{k,l} so that both f(x) and g(x) are in F(,,)[z]. We
can then write them as f(x) = amna™ + Am1T™ Y + - + a1z + ag and
() = bpa™ + by 1™+ -+ bix+bo. Then the sum of f(x) and g(z) is

@)+ 9(x) = (am~+bm)a™ + (am-1 +bm-1)2" "+ + (a1 +b1)z + (ao + bo).

We now define scalar multiplication:

Definition 3.3 Let f(z) = amaz™ + am—12™ "1 + - + a1x + ag € Flz] and
c € F be a scalar. Then c-f(x) = (cam)x™+(cam_1)x™ 1+ -+ (cay)z+(cap).

The following is tedious but straightforward.
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Theorem 3.1 The collection F|x] with the operations of addition and scalar

multiplication is an infinite dimensional vector space over F with a basis
{1} U {2*|k € N}.

There is more algebraic structure to F which we introduce in the following
definition:

Definition 3.4 Let f(z) = amaz™ + ap_12™ 1+ +a12 + ag and g(v) =
bpx™ + bp_12" ! 4+ - 4+ bz + by be polynomials with entries in F. Then the
product f(x)g(x) is defined by

m-+n

f@)gla) = (Y ajbu)a

1=0 j+k=I

Hopefully, this is familiar since it coincides with the product of polynomials
learned in high school algebra: To get the coefficient of 2! in the product, you
multiply all terms a;2’ and bpz®, where j + k = [ and add up.

Remark 3.1 Assume f(x) # 0 has leading term amz™ and g(x) # 0 has
leading term bpz™. Then f(x)g(x) has leading term amb,x™ ™. Therefore,
f(z)g(x) is non-zero and has degree m + n.

The next theorem collects the basic properties of multiplication.

Theorem 3.2 Let f,g,h € Flz]. Then the following hold:

i) (fg)h = f(gh). Multiplication of polynomials is associative.

ii) fg = gf. Multiplication of polynomials is commutative.

iii) The polynomial 1 is a multiplicative identity: 1- f = f-1 = f.
w) (f +g)h = fh+ gh. Multiplication distributes over addition.
v) If f(x)g(x) = 0, then either f(x) =0 or g(z) = 0.

As a consequence of Theorems (3.1) and (3.2), we can conclude:
Theorem 3.3 Fx] is a commutative algebra with identity over F.

Lemma 3.1 Assume f(x) #0 and f(z)g(x) = f(x)h(x). Then g(x) = h(z).
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Proof If f(z)g(z) = f(z)h(z), then f(z)g(z) — f(x)h(z) = f(z)[g(z) —
h(z)] = 0. Since f(x) # 0 by v) of Theorem (5.2) it follows that g(x) — h(x) =
0, whence g(x) = h(z) as claimed.

The next lemma is just a formal statement of how you divide one polynomial
by another to obtain a quotient and a remainder.

Lemma 3.2 Let f(x) and d(xz) # 0 be polynomials with coefficients in F.
Then there exists unique polynomials q(x) and r(x), which satisfy f(x) =
q(z)d(z) + r(z), where either r(z) = 0 or deg(r(x)) < deg(d(z)).

Proof We prove the existence of q(x) and r(x) by the second principle of
mathematical induction on deg(f(z)). If f(x) = 0, there is nothing to prove.
Suppose deg(f(x)) =0 (so f(x) is a constant polynomial, that is, an element
of F). If d(x) has degree 0, then set q(x) = 5 and r(xz) = 0. If d(z) is not
constant, then set q(x) = 0 and r(xz) = f(x). This takes care of the base case.

Now assume that deg(f(x)) = n > 0 and the result has been obtained for all
polynomials g(z) with deg(g(x)) < n. Suppose deg(d(x)) > deg(f(x)). Then
set g(xz) =0 and r(x) = f(x).

We may now assume that deg(d(z)) < deg(f(x)). Let the leading term of d(x)
be byz™ and the leading term of f(x) be ana™. Set g(x) = f(zx)—g=a™ "d().
By construction, g=x"~ ™d(x) has the same leading term as f(x) and, con-
sequently, deg(g(x)) < n. Therefore, our inductive hypothesis can be invoked:
there are polynomials q1(x) and r(x) with r(z) = 0 or deg(r(x)) < deg(d(x))
such that g(x) = q1(z)d(x) + r(z). Now set q(z) = b—;x"_m + q1(x). Then

glz) = f(z) — b—:;:v"_md(x) = qi(z)d(x) + r(x) and therefore f(x)
[;’Zz "™ + g (x)]d(z) + r(z) = q(a)d(x) + r(x). This establishes the exis-
tence of q(x) and r(x).

We now prove uniqueness. Suppose f(x) = q(z)d(x)+r(z) = ¢'(z)d(x)+r'(x).
Then [q(z) — ¢'(z))d(x) = r'(z) — r(x). Suppose q(x) — ¢'(x) # 0. Then the
degree of the left-hand side is at least deg(d(x)). On the other hand, the right-
hand side has degree bounded above by max{deg(r(z)),deg(r'(x))}, which is
less than deg(d(x)). Therefore, we must have r(z) —r'(x) =0 so that r(z) =
r'(z) and then q(z) — ¢'(x) = 0.

When we invoke Lemma (3.2) we will say that we are applying the division
algorithm.

Definition 3.5 Let f(x),g(x) be polynomials with entries in F. We will say
that f(x) divides g(x) and write f(x)|g(x) if there is a polynomial q(z) € F[z]
such that g(z) = f(x)q(x).



Polynomials 91

The following lemma makes explicit many of the properties of the relation
“divides.”

Lemma 3.3 Let f(x) be a non-zero polynomial. Then the following hold:

i) If f(x) divides g(z) and g(x) divides h(x), then f(x) divides h(z).

it) If f(x) divides g(x) and h(z), then d(x) divides g(x)+h(x) and g(z)—h(z).
(

iii) If f(x) divides g(z) and h(z), then for all polynomials a(x),b(x), f(x)
divides a(z)g(x) + b(x)h(x).

i) If f(x) divides g(x) and g(z) divides f(x), then there are non-scalars
a,b# 0 such that g(z) = af (), f(z) = bg(z).

Proof i) Suppose g(x) = a(x)f(x) and h(x) = b(x)g(x). Then h(z) =
b(x)[a(x) f(x)] = [b(x)a(x)]f(x) and so by the definition, f(x)|h(x).

f(@) and h(z) = b(x)f(x). Then g(z) £ h(z) =
x) b )] ().

i) Suppose g(z) = a(x)
a(x)f(x) + b(z) f(z) = [a(
iii) Assume f(x) divides g(z) and h(z). Then f(x) divides a(x)g(x) by i).
Similarly, if f(z) divides h(x), then f(x) divides b(x)h(z) by i). Then by ii)
f(x) divides a(x)g(x) + b(x)h(x

)-
w) Let g(x) = a(x)f(x), f(z) = b(x)g(x). Then f(z) = b(x)la(z)f(2)] =
[b(x)a(z)]f(x). Since f(x) # 0 it follows that b(x)a(x) = 1. It follows from
Remark (3.1) that both a(x),b(z) have degree zero; that is, they are non-zero
elements of F.

If this relation reminds you of the relation of divides for integers, that is a
good observation because the similarity is more than superficial. And, like
that relation, there is a notion of greatest common divisor and least common
multiple.

Definition 3.6 Let f(x) and g(z) be polynomials, not both zero. A polynomial
d(x) is said to be a greatest common divisor (gcd) of f(z) and g(z) if the
following hold:

i) d(x) is monic;
ii) d(x)|f(z) and d(x)|g(x); and
iii) if d'(z)|f(x) and d'(z)|g(x), then d'(z)|d(x).

“ 77

The definition refers to greatest common divisor; however, in the next
lemma we show that there is at most one ged.
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Lemma 3.4 Assume f(z) and g(x) are polynomials, not both zero. If a ged
exists for f(x) and g(x), then it is unique.

Proof Suppose di(x) and da(x) are both ged’s for f(x) and g(x). By the
definition, di(x)|f(x) and di(x)|g(x). Since d2(x) is a ged, it follows that
dy(z)|d2(x). Similarly, since da(x)|f(x) and d2(z)|g(x) and di(x) is a ged, we
can conclude that da(z)|d1 (z). Now by iv) of Lemma (8.8), it follows that there
is an element a € F such that da(x) = ad(x). Since both di(z) and da2(x) are
monic, a =1 and da(x) = di(x).

In our next theorem, we show the existence of the gcd of two polynomials.

Theorem 3.4 Let f(z),g(z) be polynomials, not both zero. Then the ged of
f(x) and g(x) exists.

Proof Let J = {a(z)f(x)+b(x)g(x)|a(x),b(x) € Flx]}. Then J satisfies the
following:

a) If F(z),G(z) € J, then F(z) + G(z) € J.
b) If F(z) € J and c(x) € Flz], then c¢(x)F(x) € J.

We leave the proof of these as exercises. Recall this means that J is an ideal of
Fx]; see Definition (2.22). Let d(x) be a monic polynomial in J with deg(d(z))
minimal. Such a polynomial d(x) exists by the well-ordering principle for the
natural numbers. We claim that d(zx) is the ged of f(x) and g(x). Clearly, d(x)
is monic so the first of the criteria holds. Also, suppose d'(x) is a polynomial
and d'(2)|f(z) and d'(x)|g(x). Then by iii) of Lemma (3.3), d'(x) divides all
F(z) € J. In particular, d'(x) divides d(z). Therefore, the third criterion for
a ged is satisfied. It remains to show that d(x)|f(x) and d(z)|g(x).

Suppose the second criterion is not satisfied. Then d(x) does not divide f(z)
or d(z) does not divide g(z). Without loss of generality, we may assume d(z)
does not divide f(z). Applying the division algorithm to f(x) and d(z) we can
conclude that there are unique polynomials q(x) and r(zx) such that

f(@) = q(z)d(x) + r(x), deg(r(z)) < deg(d(z)),

the latter since we are assuming that r(z) # 0. However, r(x) = f(x) +
(—q(z))d(x). Since f(x),d(x) € J, it follows by a) and b) above that r(zx) € J.
Let v'(x) be the unique scalar multiple of r(x), which is monic. Then also
r'(z) € J. However, deg(r'(z)) = deg(r(z)) < deg(d(z)) and this contradicts
the minimality of the degree of d(xz) among monic polynomials in J. Thus,
d(z)|f(x). In exactly the same way, we conclude that d(zx)|g(x) and d(x) is

the ged of f(x) and g(x).
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Our next result leads the way to an algorithm for finding the gcd of two
polynomials.

Lemma 3.5 Let f(z),g9(x) be two polynomials with f(x) # 0. Write
9(x) = q(x)f(x) + r(z) with deg(r(z)) < deg(f(x)). Then ged(f(x),9(x)) =
ged(f(x),r(z)).

Proof Set d(z) = ged(f(z),g(x)) and d'(z) = ged(f(z),r(x)). It suffices to
show that d(z)|d'(x) and d'(z)|d(x) by iv) of Theorem (3.3). By the definition
of the ged, d(x)|f(x) and d(@)\g(x). Then d(z)lg(z) — g(a) (x) = r(z). Since
d'(x) is the ged of f(x) and r(x), it follows from the third part of the definition
that d(z)|d'(x).

Now by the first part of the definition, since d'(z) is the ged of f(x) and r(x)
we know that d'(z)|f(z) and d'(x)|r(z). Then d'(z)|q(z)f(x) + r(z) = g(z).
Since d(x) is the ged of f(x) and g(zx), by the third part of the definition it
follows that d'(x)|d(x).

In the following, we describe an algorithm for finding the ged of two polyno-
mials.

The Euclidean Algorithm

Let f(z) and g(x) be polynomials with f(x) # 0. Define a sequence of poly-
nomials as follows: Set g1 (z) = g(z) and d;(x) = f(x).

Suppose gr(z) and di(z) have been defined and di(z) # 0. Write gi(z) =
qr(x)di(z) + ri(z), where either ri(z) = 0 or deg(ri(x)) < deg(di(z)). Then
set grt1(x) = di(x) and di11(x) = ri(z). If diyi(x) = rp(x) = 0, stop.

Since deg(ri(x)) < deg(f(z)) and either rip(z) = 0 or deg(riyi(x)) <

deg(ri(x)),c polynomial which is a scalar multiple of r,,(z). We claim that
d(zx) is the ged of f(z) and g(z). From Lemma (3.5), we have

ged(f(2),g(x)) = ged(gi(z),di(x))
= ged(di(z),r1(2))
= gcd(da(z),r2(x)

= ged(dp(x), rm(2)
= ged(dmt1(z), rmtr ().

However, dy,+1(z) = rm(z) and rpi1(x) = 0. It follows that the ged is the
monic polynomial of least degree, which is a multiple of r,,,(z) and this is the
unique scalar multiple of r,, (x) which is monic.
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In our next definition we define the least common multiple (lcm) of two poly-
nomials.

Definition 3.7 Let f(z) and g(z) be polynomials, not both zero. A least
common multiple of f(x) and g(z) is a polynomial I(z) which satisfies the
following:

a) l(x) is monic;
b) f(@)l(x) and g(x)|l(z); and
c) if f(z)|m(z) and g(x)|m(x) then l(z)|m(z).

We leave the proof that the least common multiple of two polynomials exists
as an exercise. Our immediate goal is to prove something like the Funda-
mental Theorem of Arithmetic, which states that every natural number
greater than one is either a prime or a product of primes. Toward that end,
we introduce the concept of an irreducible polynomial, which is the analog
for polynomials of a prime number among the integers. We also define the
concept of relatively prime polynomials.

Definition 3.8 A non-constant polynomial f(x) is said to be irreducible if
whenever f(x) = g(x)h(x), either g(x) is a constant (element of F) or h(zx) is
a constant. If f(x) is not irreducible then it is reducible.

Definition 3.9 Let f(x) and g(x) be polynomials, not both zero. Then f(x)
and g(x) are said to be relatively prime if the only polynomials that
divide both f(x) and g(x) are constants. Note that this is equivalent to

ged(f(z),g(x)) = 1.

Corollary 3.1 Let f(x),9(x) € Flz] and set (f(x), 9(v))pn = {a(z)f(z) +
b(x)g(x)|a(x),b(x) € Flx]}. Then f(xz) and g(z) are relatively prime if and
only if (f(x),9(x))e) = Flz].

Proof Assume gedf (x),g(x)) = 1. Then by the proof of Theorem (3.4) there
are polynomials a(z),b(x) such that a(x)f(z) + b(x)g(xz) = 1 and then for
any polynomial h(x) we have [h(z)a(x)]g(x) + [A(x)b(z)|g(x) = h(x) so that
(f(x), 9(2))p1a) = Flz].

Conversely, if (f(x),g(x))we) = Flz] then, in particular, 1 € (f(x), g(x))r[a)
so that there are polynomials a(x),b(x) such that a(z) f(z)+b(x)g(z) =1 from

which we conclude by the proof of Theorem (3.4) that ged(f(x),g(z)} =1 and
f(x),g(x) are relatively prime.
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Lemma 3.6 Assume f(x) and g(x) are relatively prime and f(z)|g(z)h(z).
Then f(z)|h(x).

Proof Since ged(f(x),g(x)) = 1, and there are polynomials a(x),b(z) such
that a(z) f(x) + b(x)g(x) = 1. Then h(x) =

[a(z)f () + b(2)g(@)]h(z) = [a(2)f(2)]h(z) + [b(z)g(x)]h(z)
= la(@)h(2)]f(x) + b(z)[g(x)h(x)].

Clearly, f(x) divides [a(z)h(z)]f(z). Since by hypothesis f(x) divides
g(x)h(x), it follows by i) of Lemma (3.8) that f(x) divides b(z)[g(x)h(x)].
f];(he)n by i) of Lemma (8.8) f(x) divides [a(z)h(z)]f(x) + b(x)[g(x)h(z)] =

A useful corollary is the following:

Corollary 3.2 Assume p(x) is irreducible and p(x)|g1(2)g2(x) ... gs(z). Then
for some j,1 < j <s, p(z) divides g;(x).

Proof The proof is by induction on s. Clearly, if s = 1 there is nothing
to prove. We next prove the result for s = 2. Suppose p(z)|gi(x)g2(z) and
p(xz) does not divide g1(x). Since p(x) is irreducible it follows that p(z) and
g1(x) are relatively prime. Then by Lemma (3.6) it follows that p(x)|g2(x) as
required.

Now assume the result is true for s and that p(z)|g1(x)g2() ... gs(x)gst1 ().
Set hi(x) = g1(x)...gs(x) and ha(x) = gs41(x). Then by the previous para-
graph either p(x)|hi(z) = g1(x) ... gs(x) or p(x)|ha(x) = gst1(x). In the latter
case, we are done. In the former case, we can apply the inductive hypothesis
and conclude that p(z) divides gj(z) for some j,1 < j <s.

Another useful corollary is:

Corollary 3.3 Let f(x),g(x) be relatively prime polynomials. Assume h(z)
is a polynomial with f(z)|h(x) and g(x)|h(z). Then f(x)g(x)|h(x).

Proof Let hi(z) € Flx] such that h(z) = f(x)hi(x). Since g(z)|h(x) =
f(@)hi(z) and ged(f(z),g(x)) =1 by Lemma (3.6) it follows that g(x)|h1(z).
Let ho(x) € Flz] such that hy(z) = g(x)ha(x). Then h(z) = f(x)g(x)ha(z) so
that f(z)g(z)|h(x).
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In our next theorem, we show that every non-zero polynomial can be written
as a product of a scalar and monic irreducible polynomials. The main idea is
the use of the second principle of mathematical induction.

Theorem 3.5 Let f(x) be a non-constant polynomial. Then there is a scalar
a and monic irreducible polynomials p1(x), pa(x), ..., p:(x) such that

f(@) = apr(z)p2(2) . . . pi ().

Proof Let the leading coefficient of f(z) be a and set f'(x) = L f(z) so that
f(z) is monic. It suffices to prove that f'(x) can be written as a product of
monic irreducible polynomials, so without loss of generality we may assume

that f(x) is monic.

The proof is by the second principle of mathematical induction on deg(f(x)).
If deg(f(z)) = 1, then f(x) is irreducible and there is nothing to prove. We
now proceed to the inductive step. Assume that deg(f(x)) = n and every monic
polynomial of positive degree less than n can be expressed as a product of monic
irreducible polynomials. If f(x) is irreducible, there is nothing to prove so we
may assume that f(x) is reducible. It then follows that there are polynomials
g(x) and h(z) with deg(g(z)),deg(h(z)) > 0 such that f(x) = g(z)h(z). If the
leading coefficient of g(x) is b and the leading coefficient of h(x) is ¢, then the
leading coefficient of f(x) is be. Since f(x) is monic, it follows that be = 1.
By replacing (g(x), h(z)) by (cg(x), bh(x)), we may assume that g(z) and h(z)
are monic. Now g(z) and h(z) are non-constant and deg(g(x)),deg(h(z)) <
deg(f(z)). Therefore, by the inductive hypothesis, we can express g(x) as a
product of monic irreducible polynomials, and we can express h(x) as a product
of monic irreducible polynomials. But then by multiplying g(x) by h(z), we
obtain an expression for f(x) as a product of monic irreducible polynomials.

When f(z) is a non-constant polynomial, and we write f(z) =
ap1(z)p2(z) ... p:(x), where p;(x) are monic irreducible polynomials, we re-
fer to this as a prime or complete factorization of f(x).

Our next objective is to prove the essential uniqueness of a prime factorization
of a polynomial.

Theorem 3.6 Let f(x) be a non-constant polynomial and assume that

f(@) = ap1(@)p2(x) ... pi(x) = bg1(x)g2(x) . .. gs(x),

where a,b are scalars and each p;(x) and q;(x) is a monic irreducible polyno-
mial. Then a = b,t = s, and there is a permutation © of {1,2,...,t} such that

Pi(T) = qr(iy ().
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Proof The proof is by the second principle of induction on deg(f(x)). If
deg(f(x)) =1, then f(x) = ax + ¢ for some scalars a,c and f(x) = a(z + £)
and this is the unique factorization of f(x).

Suppose now that deg(f(x)) = n > 1 and the result has been established for
all non-constant polynomials with degree less than n and assume that f(x) =
ap1(z)p2(z) ... pe(x) = bg1(x)g2(x) ... qs(x), where a,b are scalars and each
pi(x) and g;(z) is a monic irreducible polynomial.

Since pi(x) are all monic, the product p1(x) . ..p(x) is monic and therefore a
is the leading coefficient of f(x). Similarly, b is the leading coefficient of f(x).
Consequently, a = b. We can therefore divide by a = b. After doing so we have
the equality

p1(x)p2(2) ... pi(7) = q1(x)g2(z) . . . ¢s().

We next prove that t = s. Now pi(z)|p1(z)p2(z)...p:(x) = qi(z)...qs(x).
We claim that there is some j,1 < j < s such that pi(z) = g¢;(z). By
Corollary(3.2), there exists some j,1 < j <s such that p;(z)|q;(x).

By relabeling, if necessary we can assume that py(x)|qs(x). However, since
qs(x) is an irreducible, if p(x)|qs(x), then there is a scalar ¢ such that qs(x) =
epi(x). Since both py(x) and gs(z) are monic we conclude that pi(z) = gs(x).

Since p1(x)...pe—1(2)pe(z) = @1 (7). .. ¢s—1(2)¢s(2) = @1(@) ... gs—1(x)pe(2)
and p(x) # 0 by Lemma (3.1), it follows that pi(x)...pi—1(x) =
q1(z) ... gs—1(x). Since deg(p1(x)...pr—1(x)) is less than deg(pi(x)...pi(x))
we can apply the inductive hypothesis and conclude thatt—1 = s—1 and that
there exists a permutation © of {1,2,...,t — 1} = {1,2,...,8 — 1} such that

pi(®) = qr(i) ().

We conclude this section with the following:

Lemma 3.7 Assume that f(x) is relatively prime to g(x) and h(z). Then
f(x) is relatively prime to g(z)h(z).

Proof Let d(x) be the ged of f(x) and g(x)h(x) and assume to the contrary
that d(z) # 1. Let p(x) be an irreducible polynomial, which divides d(x). Then
p(z) divides f(x) and p(z) divides g(z)h(zx). Since p(x) is irreducible and
p(z) divides g(x)h(x), by Corollary (3.2), either p(x) divides g(x) or p(x)
divides h(x). Suppose p(x) divides g(x). Then p(x) divides ged(f(x), g(x)) =1,
a contradiction. We get a similar contradiction if p(x) divides h(zx). Thus,
d(z) =1 and f(z), g(x)h(z) are relatively prime as claimed.
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Exercises
1. Find the gcd of 23 + 22 + 2 + 1 and 2° + 223 + 22 + = + 1.
In Exercises 2 and 3, let J be as defined in Theorem (3.4).

2. Prove that J is closed under addition. That is, prove if F(z),G(z) € J,
then F(z) + G(z) € J.

3. Prove that J is closed under multiplication by elements of F[z]. That is,
prove if F(z) € J and c(x) € F[z], then c(z)F(x) € J.

4. Let J C F[z] be an ideal, J # {0}. Among all non-zero monic polynomials
in J, let d(x) have minimal degree. Prove that every element of J is a multiple

of d(z) and that d(z) is unique. Such a polynomial is called a generator of
J.

5.Let f(z),g9(z) b
Suppose f(z) =
relatively prime.

6. Assume f(z),g(x) € Flz], are monic, with ged(f(z),g(z)) = d(z). Set

I(x) = %. Prove that [(z) is a least common multiple of f(z) and g(z).

e polynomials, not both zero, and let d(z) = ged(f (), g(z)).
d(z)f*(z),g(z) = d(x)g*(z). Prove that f*(x),g*(z) are

7. Assume f(z) and g(z) are polynomials, not both zero. Prove that a least
common multiple of f(x) and g(x) is unique.

8. Assume f(x) is an irreducible polynomial, g(x) is a polynomial, and f(z)
does not divide g(x). Prove that f(x) and g(z) are relatively prime.

9. Assume f(x) and g(z) are relatively prime polynomials. Prove that the
lem{f(x),g(x)} is the unique monic scalar multiple of f(x)g(z).

10. Let F C K be fields. Suppose f(z) and g(z) are polynomials with coeffi-
cients in F, h(z) a polynomial with coefficients in K, and f(z) = g(z)h(x).
Prove that h(z) has entries in F.

11. Assume f(z) = p1(x)° ...pi(x)°, where pi(z),...,pi(x) are irreducible
and distinct. Prove that f(z) has exactly (e; +1)...(e; + 1) monic factors.
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3.2 Roots of Polynomials

What You Need to Know

The division algorithm for polynomials with coeflicients in a field.

We begin with some definitions:

Definition 3.10 Let f(x) = apa™ +a,_ 12" 1+ -+aix+ag be a polynomial
with coefficients in F and let b € F. Then by f(b), which we refer to as f(x)

evaluated at b, or the value of f(z) at b, we mean the element of F obtained
by substituting b for = in the expression apx" + apn_ 12" ' + - + a1z + ag

f(b) = apd™ + An_ 10"+ 4 a1b + ao.

Definition 3.11 By a root of f(z), we mean an element A of F such that
) = 0.

The following theorem is often included in second-year high school algebra
courses and goes by the name of the root-remainder theorem:

Theorem 3.7 Let f(x) be a non-constant polynomial and A € F. Set r =
fX). Then r is the remainder when f(x) is divided by x — \.

Proof Write f(z) = q(z)(x — \) + R(z), where either R(z) = 0 or
deg(R(z)) < deg(x — A) = 1. In either case, R(x) is a scalar (element of
F). Now evaluate at A:

r=f)=q\A-AN+R=q¢\) 0+R=0+R=R.

An immediate corollary to the theorem is the following:
Corollary 3.4 Let f(x) be a polynomial. Then X is a root of f(x) if and only
if x — X divides f(x).

The previous corollary allows us to define the multiplicity of the root of a
polynomial:
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Definition 3.12 Let f(z) be a polynomial and X\ an element of F. The scalar
A is said to be a root of multiplicity k of f(z) if (x — \)¥ divides f(z) but
(x — N)F*L does not divide f(x).

As a further corollary, we can show that a polynomial of degree n has at most
n roots (counting multiplicity).

Corollary 3.5 Let f(x) be a polynomial of degree n. Then f(x) has at most
n roots, counting multiplicity. In particular, f(x) has at most n distinct roots.

Proof Let \;;1 < i < t, be the distinct roots of f(x) with \; occurring
with multiplicity e;. For i # j, ﬁ[(m —Xi) — (& = Xj)] = 1, and therefore
x — N and © — X\; are relatively prime. It follows from Lemma (3.7) that
(x=X)% and (x—X\;)% are relatively prime. It then follows from Ezxercise 9 of
Section (3.1) that (x—X1) (x—X2)® ... (x— ) divides f(zx). Consequently,
deg(f(z)) >e1+ea+ - +ey.

For the remainder of this section, we turn our attention to polynomials with
real and complex coefficients. The importance of the field C is that it is alge-
braically closed, a concept we now define:

Definition 3.13 A field F is said to be algebraically closed if every non-
constant polynomial f(x) has a root in F.

Theorem 3.8 Assume the field F is algebraically closed and f(x) is a poly-
nomial of degree n > 0. Then there exist elements a and \;;,1 <i <n inF
such that

Proof The proof is by induction on deg(f(x)). If deg(f(x)) =1, say, f(x) =
az + b, then A = —2 is a root and f(z) = a(z — \).

Assume that all polynomials of degree n have n roots in F and that deg(f(x)) =
n+ 1. Since F is algebraically closed there exists X\ € F such that f(A\) = 0.
Then by Corollary (3.4), x — A divides f(z). Let g(z) be the polynomial such
that f(z) = g(x)(x — A). Then g(x) has degree n, and so by the inductive
hypothesis, there are elements a, \;, 1 <1 < n in F such that
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Set Apy1 = A. Then

Remark 3.2 If follows immediately from Theorem (3.8) that if F is alge-
braically closed and f(x) has degree n, then f(x) has exactly n roots in F,
counting multiplicity.

Theorem 3.9 Fundamental Theorem of Algebra
The complex field, C, is algebraically closed.

Proof The essential element of the proof is a result from complex analy-
sis, known as Liouville’s theorem, which states that a bounded entire function
(holomorphic function) must be constant. In the present case, if f(x) is a
polynomial with complex coefficients and no root, then ﬁ will be a bounded
entire function, whence constant, which is a contradiction. For more details
consult a textbook on complex analysis such as ([7]).

The Fundamental Theorem of Algebra has consequences for polynomials with
real coefficients:

Lemma 3.8 Let f(x) be a polynomial with real coefficients. Suppose A € C
is a root of f(x) and X is not real. Then X is also a root of f(x).

Proof Let f(x) = apa™ + an_12" 1+ -+ -+ a1z + ag. Then
0=Ff(\) =an\" +an 1 A"+ + a1 )+ ao.
Taking the complex conjugate we get
0=0=F(\) = @A +Tp_i A"+ + T\ + To.
Since each a; is real, a; = a;. Consequently,

0=ap\ + an_lan +.cah+ag = f(N).



102 Advanced Linear Algebra

As a corollary, we have the following:

Corollary 3.6 Let f(x) be a real monic irreducible polynomial. Then either
deg(f(z)) =1 or 2.

Proof Since a real polynomial is a complex polynomial, there exists a complex
root \. Suppose X is real. Then x — X divides f(z) in Clz] and then by Ezxercise
10 of Section (3.1), x—\ divides f(x) in R[z]. Since f(x) is a monic irreducible
polynomial it follows that f(x) =z — \.

So assume that A € C\ R. Then by Lemma (3.8) it follows that X is also a
root of f(z). Write A\ = a + bi so that X\ = a — bi. Then (z — \)(z — \) =
2?2 — 2ax + (a® 4+ b?) is a real quadratic polynomial. Moreover, (x — \)(z — \)
divides f(z) in Clz] and therefore, again by FEzercise 10 of Section (3.1),
22 — 2az + (a® + b?) divides f(x) in R[z]. Since f(z) is a monic irreducible
polynomial it follows that f(x) = x? — 2ax + (a® + b?).

We will need to know when a real monic polynomial z2 + bz + ¢ is irreducible.
The answer is supplied by the following:

Lemma 3.9 The real monic quadratic polynomial x2 + bx + ¢ is irreducible
if and only if b* — 4c < 0.

Proof By adding and subtracting (%)2 from x? + bz + ¢ we obtain

b\ > b\ >
2 4+br+ec = $2+b$+<§> +c—<§>
b, b% — 4c

If ¥* —4c = 0, then f(x) has the root —g with multiplicity 2. If b — 4¢ > 0
then setting v = V/b? — 4c, we see that —% +7= %i'y are real roots of f(x).
On the other hand, if b*> — 4c is negative, then for all real z, f(x) > 0, and
there are no real roots.

Theorem 3.10 Let f(z) be a non-constant real polynomial. Then there are
real numbers c,r1,ra, ..., 15 and real monic, irreducible, quadratic polynomials

p1(2), pa(x), ..., pi(x) such that

f@)=clx—ri)(x—r2)...(x —rs)p1(x)p2(x) ... pe(x).
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Proof This follows from Theorem (3.5) and Corollary (3.6).

Exercises

1. Assume f(z) is a real polynomial of degree 2m + 1, where m is a natural
number. Prove that f(z) has a real root.

2. Give an example of a real polynomial of degree four, which has no real roots
and four distinct complex roots.

3. Assume f(z) = 2" +a,—12" +- - -+a17+a is a complex polynomial and A €
Cis aroot of f(z). Prove that A is aroot of f(z) = a"+@p 12" ' +... @1z +00.
4. Determine a real polynomial of least degree which is divisible by 2% — 3z +

(3 —1).

5. Assume that f(x) and g(x) are real polynomials and that 3 4+ 4i is a root
of both polynomials. Prove that f(z) and g(x) have a common irreducible
quadratic real polynomial as a factor.

In Exercises 6-9 for a polynomial Y " ja;2’ € F[z] the formal derivative,
D(f(x)), is given by D(f(x)) := i ia;x* 1.

6, Let g(x), g(z) € Flz]. Prove that D(f(z) + g(z)) = D(f(x))
7. For f(z) € Flz] and ¢ € F, prove that D(cf(x)) = c¢D(f(x)).
8. Let f(z),g(x) € Flz]. Prove that D(f(z)g(z)) = D(f(z))g(z) +
f(@)D(g(x)).

9. Let f(z) be a polynomial of degree n with coefficients in a field F. Assume
that f(x) is a product of linear polynomials in F[z]. Prove that f(z) has n
distinct roots if and only if f(z) and D(f(x)) are relatively prime.

+ D(g(x)).

10. Let a3, s, ..., a, be distinct elements of the field F. Set

F(x):H(x_ai)aFj(«T): M,jzm,...,n.

e (x —aj)

Further, set f;(z) = gj((oz_)). Prove that B = (f1(x), f2(x), ..., fn(x)) is linearly
independent in F(,,_1)[], and, consequently, a basis. (Hint: Note that fi(a;) =

11. Let aq, as, . . ., ay, be distinct elements of the field F and let §; € F for 1 <
i < n. Prove that there exists a unique polynomial f(x) such that f(«;) = 5;
foralli=1,2,...,n.

In Exercises 12 and 13, B is the basis for IF(,,_)[z] of Exercise 10.
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12. Let g(z) € F,_1[z]. Prove that the coordinate vector of g(z) with respect

g(a1)
g(az)
to B is
g(an)
13. Determine the change of basis matrix from S = (1,z,2%,...,2" 1) to B.

Conclude that this matrix is invertible.
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In this chapter we determine the structure of a single linear operator on a
finite-dimensional vector space. The first section deals with the concept of
an invariant subspace of an operator and the annihilator of a vector with
respect to an operator. In section two we introduce the notion of a cyclic
operator and uncover its properties. Section three concerns maximal vectors,
in particular, we show that such vectors exist. Section four develops the theory
of indecomposable operators. In section five we obtain our main structure
theorem. This is applied in section six where we are able to obtain nice matrix
representations for the similarity class of an operator. In the final section we
specialize and apply these results to operators on finite-dimensional real and
complex vector spaces.

For a different approach to the results of this chapter, based on the theory of
finitely generated modules over principal ideal domains, see ([13]).
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4.1 Invariant Subspaces of an Operator

In this section, we begin by defining what it means to evaluate a polynomial
at an operator T on a vector space V. We further introduce the notion of a
T-invariant subspace for an operator T on a finite-dimensional vector space
V over a field F. Finally, we define the concept of an eigenvector as well as
what it means for an operator to be cyclic.

What You Need to Know

The following concepts are fundamental to understanding the new material in
this section: vector space over a field F, basis of a vector space, dimension of a
vector space, linear operator on a vector space V, matrix of a linear operator
T :V — V with respect to basis B for V, a polynomial of degree d with
coefficients in a field F, a monic polynomial, divisibility of polynomials, and
an ideal in F|x].

Let V be a vector space of dimension n and T : V — V a linear operator on
V. We begin by giving meaning to f(T') for a polynomial f(x):

Definition 4.1 Let f(z) = ama™ +am—12™ " +---+a1z+ag. Then by f(T)
we mean the linear operator amT™ + Gm_1T™ ' +...a1T + aoly .

Definition 4.2 Let T € L(V,V) and v € V. The order ideal of v with
respect to T, denoted by Ann(T,v), we mean the set of all polynomials f(x)
such that v € Ker(f(T)), that is, f(T)(v) =0:

Ann(T,v) = {f(x) € Fl2]|f(T)(v) = 0}.

In the definition, we refer to Ann(T,v) as an ideal; in Exercise 1 you verify
this.

A priori there is no reason to believe that for an arbitrary vector v € V' that
there are any non-zero polynomials f(x) such that f(T)(v) = 0. However, in
our next theorem, we prove for any vector v, Ann(T,v) # {0}.

Theorem 4.1 Let V' be an n-dimensional vector space, T a linear operator
on V, and v a non-zero vector in V. Then there exists a non-zero polynomial
f(z) of degree at most n such that f(T)(v) = 0.
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Proof Since the dimension of V is n, any sequence of n + 1 wvec-
tors is linearly dependent by Theorem (1.16). In particular, the sequence
(v, T(v), T*(v),...,T"(v)) is linearly dependent.

Consequently, there are scalars a;,0 < i <n, not all zero, such that
apv + a1 T(v) + axT?*(v) + - + a1 T (v) + a, T"(v) = 0.

Set f(z) = ap + a1z + -+ + apz™. Then f(x) # 0 since some a; # 0 and
deg(f(x)) < n. Moreover,

f(M)(v) = (aply +ariT+ - +an 1T +a,T")(v)
= apv+a;T(w) +axT?*) + -+ an 1T (v) + a, T"(v)
0.

Thus, f(xz) € Ann(T,v).

As previously mentioned, in Exercise 1, you are asked to prove for any operator
T and vector v € V, Ann(T,v) is an ideal in the algebra F[z]. By Exercise 4
of Section (3.1), Ann(T, v) contains a monic polynomial p(x) such that every
polynomial in Ann(T,v) is a multiple of u(x). Recall such a polynomial is
called a generator of Ann(T,v). This motivates the following definition:

Definition 4.3 Let V be a finite-dimensional vector space, T an operator on
V, and v a vector in V. The unique monic generator of Ann(T,v) is called the
minimal polynomial of T" with respect to v. It is also sometimes referred
to as the order of v with respect to T'. It is denoted here by pr ().

Remark 4.1 Suppose g(z) € Flx] and g(T)(v) = 0. Then pr(z) divides
g(x).

Example 4.1 Let T : R? — R3? be defined by

2 -1 1
Twv)=[-3 4 -5]w.
-3 3 -4
-1
Letv= | 2 |. Determine ur ().

2
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-2 —4 -8
Tw)=|1|,T*v)=| 5 |, T3v)=| 7
1 5 7

We find the null space of the matriz

-1 -2 -4 -8
A= T(w) T*w) T*w)=(2 1 5 7

1 0 2 2
The reduced echelon form of Ais |0 1 1 3
0 0 0O
-2 -2
. -1 -3
We conclude from this that null(A) = Span 111 o
0 1
Each of these basis vectors corresponds to a polynomial in Ann(T,v): From the
-2
vector _11 we obtain the polynomial f(z) = 2*> —x—2 = (x+1)(x—2). The
0
-2
vector _03 gives the polynomial g(x) = 23 —22—31x—2 = (v+1)(2?—2-2) =
1

(x+1)2(z—2). It now follows that Ann(T,v) = {a(z) f(z)|a(z) € Flz]}. Thus,
pro(z) = 2% —x — 2.

We now proceed to prove some results about the annihilator ideal and minimal
polynomial of an operator with respect to a vector. These will be fundamental
to our main goal of understanding the structure of a single linear operator.
Before doing so, we introduce some additional definitions:

Definition 4.4 Let V' be a vector space and T an operator on V. A subspace
W of V is said to be T-invariant if T(w) € W for all w € W.

Remark 4.2 Assume V is a vector space, T € L(V,V) and W is a T-
invariant subspace. Then the restriction of T to W, denoted by Tjw, is an
operator on W.
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Definition 4.5 Let V be a finite-dimensional vector space, T an operator on
V, and v a vector from V. Then the T-cyclic subspace generated by v
is {f(T)(v)|f(z) € Flz]}. We will denote this by (T,v). By the order of the
T-cyclic subspace (T, v) generated by v, we will mean the polynomial pp »(x).

Example 4.2 Let T be an operator on the finite-dimensional vector space V.
For any subset of vectors {v1,va,...,vi} from Ker(T),Span(vy,va,...,vk)
is a T-invariant subspace. In particular, if v € Ker(T) then (T,v) =
Span(v) = {av|a € F} is T-invariant.

A more interesting example is when v ¢ Ker(T) and Span(v) is T-invariant.
In this case, T(v) = Av for some non-zero scalar A. This motivates the fol-
lowing definition.

Definition 4.6 Let T' be an operator on a vector space V. A wvector v is said
to be an eigenvector of T with eigenvalue X\ if T'(v) = \v. The spectrum
of the operator T is the set of all eigenvalues of T'. This is denoted by Spec(T).

We have a corresponding definition for matrices:

Definition 4.7 Let A be an n X n matriz with entries in the field F. An
eigenvector of A is an n x 1 matriz X such that AX = AX for some scalar
A € F. The scalar X is an eigenvalue of A. The spectrum of the matriz A
is the set of all eigenvalues of A. This is denoted by Spec(A).

Remark 4.3 When computing the spectrum of an operator or matrix it is
important to specify what field one is over. As an example, the spectrum of

the matriz _01 (1)> when viewed as a real matriz is the empty set, whereas

it is {i,—i} when viewed as a complex matriz.

The following definition will make an appearance later when we introduce the
notion of a norm of an operator.

Definition 4.8 Let V be a finite-dimensional vector space over C and T :
V — V an operator. The spectral radius of T, denoted by p(T), is the
mazimum of {|A||\ € Spec(T)}.

The following theorem enumerates many of the properties of the T-cyclic
subspace generated by a vector v.



110 Advanced Linear Algebra

Theorem 4.2 Let V be a finite-dimensional vector space, T an operator on
V, and v a vector from V. Then the following hold:

i) (T,v) is a T-invariant subspace of V.
it) If W is a T-invariant subspace of V, and v € W, then (T,v) C W.
i) If ur () has degree d, then (v, T(v),...,T% 1(v)) is a basis for (T,v).

Proof i) We need to show that (T,v) is closed under addition and scalar
multiplication and for an arbitrary x € (T, v) that T(x) € (T, v).

Suppose x,y € (T,v) and ¢ € F. By the definition of (T,v), there are
polynomials f(x) and g(x) such that x = f(T)(v) and y = g(T)(v). Then
z+y=f(T)(v) +9(T)(v) = (f(T) + 9(T))(v) = [(f + 9)(T)](v) € (T, v).

We also have cx = c(f(T)(v) = [cf (T)](v) = [(cf)(T)](v). Since (cf)(z) is a
polynomial it follows that cx € (T, v).

Finally, assume x € (T,v). Then there exists a polynomial f(x) such that
x = f(T)(v). Set g(x) = xf(x). Now T(z) = T(f(T)(v)) = (Tf(T))(v) =
g9(T)(v) € (T,v) as required.

ii) Assume W is a T-invariant subspace of V and v € W. Then by induction
T*(v) € W for all natural numbers k. Since W is a subspace, it is closed under
scalar multiplication and therefore for any scalar ay,arT*(v) € W. Finally,
W is closed under addition from which we can conclude that an arbitrary sum
aov +a1T(v) + - -+ + apT*(v) € W. But this implies for all polynomials f(x)
that f(T)(v) € W, hence (T,v) C W.

iii) We need to prove that (v, T(v),..., T4 (v)) is linearly independent and
spans (T, v).

Suppose agv + a;T(v) + -+ + ag_1T¥ Y (v) = 0. Set f(z) = ap + a1z +
oot ag_129t. Then f(x) € Ann(T,v). By assumption, the least degree of
a non-zero polynomial in Ann(T,v) is d. If f(z) # 0, then deg(f(z)) < d, a

contradiction. Thus, f(x) =0 and ag = a1 = -+ = aq—1 = 0. Consequently,
the sequence (v, T(v),..., T (v)) is linearly independent.

Neat, let f(z) € Flz] be arbitrary. Write f(z) = q(x)pro(x) + r(x), where
r(z) = 0 or deg(r(x)) < pro(z) = d. If r(z) = 0 the f(T)(v) =
q(T)(pr.o(T)(v)) = 0 so f(T)(v) € Span(v,T(v),...,T%v)). We may there-
fore assume that r(x) # 0.

Let r(z) = by + b1z + -+ bg_12% L. Now

F(T)(w) = [a(T)pr,o(T) + r(T)](v) = ¢(T) (prn(T)(v)) + r(T)(v).

However, j7(T)(v) = 0 and therefore
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F(T)(w) = r(T)(v) = bov + b1 T(v) + -+ + bg_1T* ' (v),
which proves that (v,T(v),...,T% Y (v)) spans (T,v).

Let V be a finite-dimensional vector space. We shall see below that there
are polynomials that annihilate T independent of any particular vector. This
motivates the following definition:

Definition 4.9 Let V be a finite-dimensional vector space, T an operator on
V. Then the annihilator ideal of T on V, denoted by Ann(T,V) or just
Ann(T), consists of all polynomials f(x) such that f(T) is the zero operator:

Ann(T) = {f(x) € Flz]|f(T)(v) = 0,Vv € V'}.

Again we are confronted with the question of whether there are non-zero
polynomials in Ann(T). The next theorem answers this affirmatively:

Theorem 4.3 Let V be an n-dimensional vector space and T an operator on
V. Then there exists a non-zero polynomial f(z) of degree at most n* such
that f(T) = Ovﬁv.

Proof We have previously shown that dim(L(V,V)) is n?. As a consequence
any sequence of n? + 1 operators is linearly dependent, in particular, the se-
quence

Iy, T,T2,...,T™).
It therefore follows that there are scalars a;,0 < 1 < n?, not all zero such that
aoly +a1T + GQTQ + -+ anzT"2 =0y_y.

Set f(z) = ap+ a1z 4 agx® + - - -+ an22™ . Then deg(f(z)) < n? and f(z) # 0
since some coefficient is non-zero. Finally, f(T) = 0y _yv.

Definition 4.10 Let V' be a finite-dimensional vector space and T a linear
operator on V. The unique monic polynomial of least degree in Ann(T, V') is
called the minimal polynomial of T'. This polynomial is denoted by ur(x).
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Remark 4.4 Suppose g(z) € Flz] and g(T)(v) = 0 for all vectors v € V.
Then it is consequence of the definition that ur(x)|g(x).

Remark 4.5 Let T be an operator on a finite-dimensional vector space V
and v € V. Then pr . (x)|pr(z).

Remark 4.6 If dim(V) = n, we presently have deg(ur(z)) < n? but we will
make a substantial improvement on this.

Exercises

1. Give an explicit description of an operator T' € L(R?,R3) such that T'(U) #
Ty

U, where U = 22 | | z1,22 €R
0

2. Let V' be a finite-dimensional vector space over the field F and assume U
is a subspace, U # V,{0}. Prove that there is an operator T' € L(V, V') such
that T'(U) # U.

3. Determine the minimal polynomial of the operator T' from Example (4.1)

0
with respect to the vector | 0
1
0
4. Find pr 4 () for the operator T' of Example (4.1) if y = [ 1
0

5. Let V be a finite-dimensional vector space over the field F, S, T € L(V,V),
and assume ST = T'S. If v € V is an eigenvector of S with eigenvalue A, prove
that T'(v) is also an eigenvector of S with eigenvalue .

6. Let V be a finite-dimensional vector space and assume that T' € L(V,V) is
invertible and U is a T-invariant subspace of V. Prove that U is a T~ '-invariant
subspace of V.

7. Assume V is a finite-dimensional vector space over a field F, where 2 # 0
and T' € L(V,V) satisfies T? = Iy. Set By = {v € V|T'(v) = v} and E_; =
{veV|T(v) = —v}. Prove that V= FEy ® E_;.

T T3
8. Let T : R?> — R3 be the linear operator given by T [ 22 | = [ o1

I3 i)
Determine all T-invariant subspaces of R3.

T T2
9. Let T : R® — R3 be the linear operator given by T [ z2 | = [ z3

T3 0

Determine all T-invariant subspaces of R3.
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10. Let V' be a vector space over the field F and T an operator on V. Set
P(T)={f(T)|f(x) € Flx]}. Prove that P(T) is an algebra over F.

11. Let V be a finite-dimensional vector space over a field F, T € L(V,V),
and v € V. Prove that Ann(T,v) is an ideal of F[z].

12. Prove if U, W are T-invariant subspaces of the space V' then U + W and
U NW are a T-invariant subspaces of V.

13. Prove that Ann(T) is an ideal in F|x].

14. Let T be an operator on the finite-dimensional vector space V. Prove that
if T has an eigenvector, then pr(z) has a linear factor. The converse is true,
but we leave it to section three.

15. Let T be an operator on the finite-dimensional vector space V' and let B
be a basis for V. Prove that a vector v is an eigenvector of T' with eigenvalue
A if and only if the coordinate vector [v]p is an eigenvector of the matrix
M (B, B) with eigenvalue .

16. Let T be an operator on a finite-dimensional vector space V, B =
(v1,...,v,) a basis for V, and f(z) € Flz]. Set A = My (B, B). Prove that
f(T) =0y_y if and only if f(A) = Opp.

17. Let S be an operator on the finite-dimensional vector space V and B be a
basis for V. Let S’ be the operator such that Mg/ (B, B) = Mg(B, B)!". Prove
that S and S” have the same minimal polynomial. (Hint: For a square matrix
A and a polynomial f(z), f(A") = f(A)'").

18. Assume T is an invertible linear operator on the finite-dimensional vector
space V and v is an eigenvector of T" with eigenvalue \. Prove that v is an
eigenvector of T~! with eigenvalue %

19. Assume T is a linear operator on the finite-dimensional vector space V'
over the field F and v is an eigenvector of T' with eigenvalue \. If f(z) € Fx],
prove that v is an eigenvector of f(T) with eigenvalue f(\).

20. Let V be a finite-dimensional vector space over the field F; S, T linear
operators on V; and assume that S is invertible. If v is an eigenvector of
T with eigenvalue A, prove that S™!(v) is an eigenvector of S™1T'S with
eigenvalue .

21. Let S, T be linear operators on the finite-dimensional vector space V' over
a field F. Prove that pgr(x) divides xpurs(xz) and prg(z) divides zusr(z).
Use this to conclude that ST and T'S have the same eigenvalues.

22. Let T be a linear operator on the finite-dimensional vector space V over
the field F, and g(x) € Flz]. Prove that Ker(g(7T)) is a T-invariant subspace
of V.
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4.2 Cyclic Operators

In this short section, we assume that V' is a finite-dimensional vector space,
T is a linear operator on V', and v is a vector from V such that V = (T, v).
We investigate properties of such an operator.

What You Need to Know

The following concepts are fundamental to understanding the new material
in this section: vector space over a field [F, basis of a vector space, dimension
of a vector space, linear operator on a vector space V, matrix of a linear
operator T': V' — V with respect to a basis B for V, a polynomial of degree
d with coefficients in a field T, the evaluation f(7T') of a polynomial f at an
operator T of a finite-dimensional vector space V, invariant subspace of an
operator T on a vector space V, the T-cyclic subspace (T, v) generated by a
vector v, the annihilator ideal of a vector with respect to an operator, the
minimal polynomial of an operator with respect to a vector, the annihilator
ideal of an operator T, the minimal polynomial of an operator T, eigenvalue
and eigenvector of an operator 7'

Definition 4.11 LetV be a finite-dimensional vector space and T an operator
on V. T is said to be a cyclic operator if there is a vector v € V such that
V = (T,v).

Lemma 4.1 Assume T is a cyclic operator on the finite-dimensional vector
space V and (T,v) = V. Then puro(x) = pr(x).

Proof By Remark (4.1), we know that pr.(x) divides pr(z) since
pur(T)(v) = Oy,y(v) = 0. On the other hand, for any wvector
u € V, there is a polynomial g(x) such that w = ¢g(T)(v). Then
wr (D)) = pro(T)GT)) = (ir0(T)g(D]w) = [o(Tpre(T)(0) =
9(T) (pr»(T)(v)) = g(T)(0) = 0. Thus, ur»(T)(u) = 0 for all vectorsu € V.
By Remark (4.4), we can conclude that pp(x) divides pr . (x). Consequently,
by Lemma (3.3), there is a scalar a such that pr(z) = apr(x). However,
since both polynomials are monic, it follows that a =1 and they are equal.

For the remainder of this section, we assume that T is a cyclic operator on
the finite-dimensional vector space V and that V' = (T, v). For convenience of
notation, we set f(r) = pr(x) = pr(r). In our next result, we investigate

HT,g(T)(v) (z).
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Theorem 4.4 Let g(z) € Flz]. Set y = g(T)(v),d(z) = ged(f(z),g(x)) and

h(z) = 283 Then h(zx) = pry(z).

Proof Note that d(z) is monic and divides pr(x). Since pr. is monic
the quotient, h(x), is monic. We show that h(x) divides pp(x) and pr ()
divides h(x). Since both are monic, equality will follow.

We claim that h(T)(y) = 0. Let g(x) = d(x)g’(z). We then have

Since h(T)(y) = 0 it follows from Remark (4.1) that pry(x) divides h(x).
On the other hand,

0 = pry(T)(Y) = pry(T)(9(T)(v)) = [pry (T)g(T))(v).

Therefore, by Remark (4.1), f(x) = pr(z) divides pp 4 (x)g(x). Since f(z) =
d(z)h(z) and g(x) = d(x)g' (x), it follows that h(z) divides pr ()9’ (z). How-
ever, by Exercise 7 of Section (3.1), h(z) and ¢'(x) are relatively prime. Con-
sequently, h(z) divides prq(z).

In our final result, we prove that every T-invariant subspace of V = (T, v) is
cyclic.

Theorem 4.5 Let W be a T-invariant subspace of V. = (T,v). Then there
exists a vector w € W such that W = (T, w). If g(x) = prw(x) then g(zx)
divides f(x). Moreover, for each monic divisor g(x) of f(x), there is a unique
T-invariant subspace W of V' such that pr,,, (v) = g(z).

Proof If W = {0}, then W = (T,0), and we are done. Therefore, we may
assume that W # {0}. Let u # 0 be a vector in W. Let k(z) be a polynomial
such that u = k(T)(v).

Now let J = {l(x) € Flz]|l(T)(v) € W}; this is an ideal of Flx]. We have
just demonstrated that there exists non-zero polynomials in J. Choose a monic
polynomial h(x) in J of minimal degree and set w = h(T)(v). We claim that
W = (T, w). Suppose to the contrary thaty € W\(T,w). Let y = m(T')(v) for
a polynomial m(x). Suppose h(x) divides m(z), say, m(zx) = g(x)h(x). Then
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m(T)(v) = [g(T)A(T)|(v) = g(T)(h(T)(v) = q(T)(w) € (T, w), contradicting
our assumption. Thus, h(zx) does not divide m(x). Now apply the division
algorithm to write m(zx) = q(z)h(x) + r(z) with r(z) # 0 and deg(r(x)) <
deg(h(z)).

Now
r(T)(v) = [m(T) — q(T)h(T)](v) =
m(T)(v) — q(T)(h(T)(v)) =y — ¢(T)(w) € W.

However, since deg(r(x)) < deg(h(x)), this contradicts the minimality of the
degree of h(z). This proves that W = (T, w) as claimed.

We next demonstrate that h(zx) divides f(x). Set d(z) = ged(f(z), h(x)). We
need to show that d(z) = h(z). Write h(z) = W (x)d(z), f(z) = f'(z)d(x).
Also set w' = d(T)(v) and W = (T,w’). Since w = h'(T)(w') it follows
that w € W' and therefore W C W'. On the other hand, f'(x) and h'(z) are
relatively prime. Therefore, there are polynomials a(x) and b(z) such that

a(@)f'(x) + b(x)h' (x) =1

Multiplying by d(z) we get

a(z)f'(z)d(z) + b(x)l' (v)d(x) = a(x)f () + b(z)h(x) = d(z).

It then follows that

w' =d(T)(v) = [a(T)f(T)+b(T)(T))(v)
= (D) f(T)(v) + b(T)A(T)(v)
= b(T)(w),

the latter equality since f(T) = Oy_v. We can therefore conclude that w' €
(T,w) = W and therefore W' = W. This implies that d(x) € J. Since d(z)
divides h(zx) and h(z) was chosen to have minimal degree among polynomials
in J, we can conclude that d(z) and h(zx) have the same degree. However, both
are monic and this implies that d(x) = h(z).

Now set g(x) = pirw(x). Since w = h(T)(v) by Theorem (4.4), it follows that

g(x) = “hT(gS), which diwvides pr(z) = f(z) as claimed.

Next we need to show for any monic divisor g(x) there is a unique T -invariant
subspace W = (T, w) such that pr(x) = g(z). Set h(z) = % and w =
h(T)(v). Then by Theorem (4.4), we know that

W f@) _
Hrw ) = @) A A I
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This proves the existence of W.

On the other hand, suppose w' € V and pp () = g(z). Let w' = k(T)(v
and set d(z) = ged(f(x), k(x)). Then g(z) = % and therefore d(x) = h(z).
If we write k(xz) = K (x)h(z), then w' = k(T)(v) = k' (T)h(T)(v) = K (T)(w
and hence w' € (T,w). Then W' C W. However, dim(W') = deg((g(z)) =
dim(W), and we can finally conclude that W' = W.

~—

Exercises

1. Let T : R3 — R? be the transformation given by

2 -2 3
Tw)=(1 0 2]|wv
-1 2 0
0
a) Set z = | 0 | . Prove that R® = (T, 2) and determine pr »(z).
1
b) Set w = (T? + Iy )(z). Determine pir ().
2. Let T : R* — R* be given by
0 00 —4
1 0 0 O
T@=1o 10 -5
001 O

Set z = . Prove that R* = (T, 2) and determine ur ().

oo o

3. Assume the operator T on the vector space V has no non-trivial invariant
subspaces. Prove that T is cyclic.

4. Give an example of a cyclic operator 7' on R* such that the subspaces

xr1 T Z1
T T 0
2 | 21,22,23 ER 3, 2 | 21,22 € R » and | 21 €R 3 are
I3 0 0
0 0 0

T-invariant.

5. Assume T is a cyclic operator on R3. Let N be the number of T-invariant
subspaces. Prove that N € {4, 6, 8}.

6. Give an example of a cyclic operator T on R?, which has exactly four
subspaces that are T-invariant.
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7. Give an example of a cyclic operator 7' on R?, which has exactly six sub-
spaces that are T-invariant. .

8. Assume T is a cyclic operator on R*. Let N be the number of T-invariant
subspaces. Prove that N € {3,4,5,6,8,9,12,16}.

9. Give an example of a cyclic operator T' on R*, which has exactly three
subspaces that are T-invariant.

10. Give an example of a cyclic operator T on R*, which has exactly 12
subspaces that are T-invariant.

11. Give an example of a cyclic operator T on R*, which has exactly 16
subspaces that are T-invariant.

12. Let V be an n-dimensional vectors space. Assume 7' : V' — V is cyclic, say
V = (T,v). Let S € L(V,V) and assume that ST = T'S. Prove there exists a
polynomial g(x) € F,_1)[z] such that S = g(T').
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4.3 Maximal Vectors

In this section, we consider a linear operator 1" on a finite-dimensional vector
space V. We prove the existence of vectors v such that pr.,(z) = pr(x).

What You Need to Know

The following concepts are fundamental to understanding the new material
in this section: vector space over a field [F, basis of a vector space, dimension
of a vector space, linear operator on a vector space V, matrix of a linear
operator T': V — V with respect to a base B for V, a polynomial of degree
d with coefficients in a field F, the evaluation f(T") of a polynomial f(z) at
an operator T of a finite-dimensional vector space V, invariant subspace of
an operator T on a vector space V, the T-cyclic subspace (T, v) generated by
a vector v, the annihilator ideal of a vector with respect to an operator, the
minimal polynomial of an operator with respect to a vector, the annihilator
ideal of an operator T, the minimal polynomial of an operator T, eigenvalue
and eigenvector of an operator 7.

We begin with an important definition:

Definition 4.12 A wvector z such that ur »(x) = pr(z) is called ¢ maximal
vector for T.

The purpose of this section is to prove that maximal vectors always exist. In
our first result we consider vectors v, w such that ur.(z) and pr..(x) are
relatively prime.

Lemma 4.2 Let V be a finite-dimensional vector space, T an operator on V.,
and v, w vectors in V. Assume ged(pr (), prw(2)) = 1. Then the following
hold:

i) (T,v) N (T, w) = {0};
it) p1o4w(@) = pro (@) 7w (@)
i) (T,v+w) = (T,v) & (T,w).

Proof i) For convenience, set f(x) = prv(z) and g(z) = prw(z). Since
gcd(f(z), g(x)) = 1, there are polynomials a(z) and b(x) such that a(x)f(z)+
b(x)g(z) = 1. Then a(T) f(T)+b(T)g(T) = Iy. Suppose now that x € (T,v)N
(T,w). Then f(T)(x) = g(T)(x) = 0. But we then have
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ii) Set h(x) = pryvtw(x). We show that h(z)|f(z)g(x) and f(x)g(x)|h(x) and

since both are monic we get equality.

First,

FDgD]0+w) = (FD)g(T))(w) + (F(D)g(T))(w
= G(D)(F(D)(w)) + F(T)(g(T)(w)
9(T)(0) + £(T)(0) = 0

By Remark (4.1), it follows that h(x)|f(x)g(z).

On the other hand, 0 = h(T)(v + w) = h(T)(v) + h(T)(w) from which we
conclude that h(T)(v) = —h(T)(w). The former vector, h(T)(v), is in (T, v)
and the latter, —h(T)(w) is in (T,w). By i) (T,v) N (T, w) = {0}. Thus,
h(T)(v) = h(T)(w) = 0. Again by Remark (4.1) it follows that f(z)|h(z) and
g(x)|h(x). Then the lem of f(x) and g(x) divides h(z). However, since f(x)
and g(x) are relatively prime and monic, the lem of f(z) and g(z) is f(z)g(x).
Thus, f(z)g(z) divides h(z) as we claimed.

iii) Since (T,v) and (T,w) are T-invariant by Ezercise 12 of Section (4.1),
the sum (T,v) + (T, w) is T-invariant and contains v + w. Therefore, by ii)
of Theorem (4.2), (T, v+ w) C (T,v) + (T, w).

By part i), (T,v) N (T,w) = {0}. It follows from this that dim({T,v) +
(T,w)) = dim((T,v)) + dim({T,w)) = deg(f(z)) + deg(g(z)), the latter
equality by 1) of Theorem (4.2). On the other hand, by the same result,
dim({T,v+w)) = deg(pirv+w(x)) = deg(f(z)g(x)) by the second part above.
It now follows that {T,v + w) = (T,v) + (T, w) = (T, v) & (T, w).

Lemma 4.3 Let V' be an n-dimensional vector space with basis B =
(v1,v2,..., v,). Let T be an operator on V and set fi(x) = prw,(z) and
let 1(x) be the lem of fi(x), f2(x),..., fo(x). Then I(x) is the minimal poly-
nomial of T.
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Proof Since ur(T)(v) = 0 for all vectors v it follows, in particular, that
pr(T)(v;) =0,i=1,2,...,n. Then by Remark (4.1) we have that f;(x)|pr(x)
for all i and, consequently, l(x)|pur(x).

On other hand, since f;(z)|l(x), I(T)(v;) = 0. Since [(T) takes each vector of
the basis to the zero vector, I(T) is the zero operator. Then by Remark (4.4)
we can say that pr(z)|l(x). Since ur(x) and I(x) are both monic pr(x) = l(z).

We now come to our prime objective:

Theorem 4.6 Let V' be an n-dimensional vector space and T an operator on
V. Then there exists a vector z such that pr(x) = pr z(x).

Proof Let B = (v1,vs,...,v,) be a basis for V and set fi(x) = prv, (z) and
l(z) = pr(x). By Lemma (4.3), l(x) is the lem of (f1(x), fo(x), ..., fa(x)).

Let the prime factorization of l(x) be

p1(x) p2(2) .. pe(2),

where p;(x) is a monic irreducible polynomial and e; is a natural number,
i=1,2,...,t.

Since l(x) is the lem of fi(x), fa(x),..., fu(x), for each i, there exists an
index j; such that p;(x)® divides f;,(z). Write f;,(x) = pi(z)®g;, (x) and set
w; = g;,(T)(vj,). Since gj,(x) divides f;,(z), the ged of gj,(x) and f;,(x) is
g;;(z). By Theorem (4.4), the minimal polynomial of T with respect to w; is
the quotient of f;,(z) by gj, (x). However, f;,(z) = pi(x)®g;,(z) and therefore
BT, () = pi(@)©.

Now set zy = wy and suppose that for 1 < k <t and that zj has been defined.
Set zk11 = 2k + w41 and z = z,. We claim that for each k,1 < k <t that
U,z () = p1(2) pa(x)®® ... pr(x)®. If so, then the vector z will satisfy the
conclusion of the theorem.

By part ii) Lemma (4.2), the minimal polynomial of T with respect to zo =
wy + way s p1(x)® pa(x)2. Now assume that 1 < k < t and the minimal
polynomial of T with respect to zj is p1(x)pa(x)®? ... pg(x)®*. The minimal
polynomial of T with respect to wii1 s pry1(x)*+1, which by Lemma (3.7)
is relatively prime to p1(x)®* p2(x)? ...pr(x)%*. By another application of
part i) of Lemma (4.2) the minimal polynomial of zx41 = 2z + Wiy 18
p1(x)p2(x) ... pry1(x)®+1. This completes the theorem.

As an immediate corollary we have:
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Corollary 4.1 LetV be an n-dimensional vector space and T an operator on
V. Then the degree of ur(x) is at most n.

Exercises.

1. Let T : R3 — R3 be the operator given by

-1 3 -2
Tv)=|(-1 3 —4|w.
-1 1 -2

a) For each of the standard basis vectors e; find pr e, ().
b) Compute prp(x).
¢) Find a maximal vector for T.

2. Let T : F — F2 be the operator given by

4
Tw)= (4
4

— W W
W = W
e

Determine pr(z) and find a maximal vector for T.

3. Let T : R* — R* be the operator given by

2 00 0
2 0 0 —1
Tw=|2 1 ¢ 1
0 0 1 —1

Determine pr(z) and find a maximal vector for T.

4. Let V be a finite-dimensional vector space and T" an operator on V. Assume
v1,...,V are eigenvectors for V' with distinct eigenvalues asq, ..., ax. Prove
the sequence (v1,...,v}) is linearly independent.

5. Assume T € L(RY,R*Y) and prq,(z) = 22 + 1, pre,(x) = 2+ 1 and
Urwy(x) = x — 2. Prove that T is a cyclic operator and that v1 + vy + v3
is a maximal vector.

6. Let T € L(F3,F3) and vy, ve, v3,v4 vectors from F3 such that pr ., (z) =
22+ 1,v3 = T(v1), 10, (z) = 2+ 1 and pr 4, (r) = x — 1. Prove that a vector
€1V1 + coVg + c3v3 + c4vy is maximal if and only if ¢3 and ¢4 are non-zero and
at least one of ¢y, ¢y is non-zero.

7. Let V be a finite-dimensional vector space and T an operator on V. Assume
wur(z) is an irreducible polynomial. Prove that every non-zero vector in V is
a maximal vector.

8. Assume T € L(F2,F2) and pr(x) = 2° — z. Prove that T has exactly 4°
maximal vectors.
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4.4 Indecomposable Linear Operators

In this section we continue with our investigation into the structure of a linear
operator T" on a finite-dimensional vector space V. In particular, we determine
when it is not possible to express V as the direct sum of two T-invariant
subspaces. This leads to the definition of a T-indecomposable subspace of V.

What You Need to Know

The following concepts are fundamental to understanding the new material
in this section: vector space over a field [F, basis of a vector space, dimension
of a vector space, linear operator on a vector space V, matrix of a linear
operator T : V. — V with respect to a basis B for V, a polynomial of degree
d with coefficients in a field F, the evaluation f(T') of a polynomial f at an
operator T' of a finite-dimensional vector space V, invariant subspace of an
operator T on a vector space V, the T-cyclic subspace (T, v) generated by a
vector v, the annihilator ideal of a vector with respect to an operator, the
minimal polynomial of an operator with respect to a vector, the annihilator
of an operator 7', the minimal polynomial of an operator T, eigenvalue and
eigenvector of an operator 7T, and the maximal vector for an operator on a
finite-dimensional vector space.

We begin with some fundamental definitions:

Definition 4.13 Let V' be a finite-dimensional vector space, T an operator
onV, and U a T-invariant subspace. By a T-complement to U in V' we shall
mean a T-invariant subspace W such that V =U & W.

Definition 4.14 LetV be a finite-dimensional vector space and T an operator
on V. T is said to be an indecomposable operator if no non-trivial T-
invariant subspace has a T-invariant complement. In the contrary situation,
where there exists non-trivial T-invariant subspaces U and W such that V =
U e W, we say T is decomposable.

Example 4.3 Let T : R? — R? be given by

T(v) =

)
— W =
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1 0
The subspace U = Span 01,1 is T-invariant. The subspace
-1 -1
1
W = Span 1 18 a T-invariant complement to U.
1

Example 4.4 Let T : R2 — R? be the operator given by

ﬂm_G Du

The operator T is an indecomposable operator.

Definition 4.15 Let V be a non-zero finite-dimensional vector space and T
an operator on V. T is said to be an irreducible operator if the only T-
invariant subspaces are V' and {0}.

Example 4.5 Let T : R? — R? be the operator given by

ﬂm_<i bu

The operator T is an irreducible operator.

Our main goal is to prove that an operator T is indecomposable if and only if
T is cyclic and pr(xz) = p(z)™, where p(z) is an irreducible polynomial. We
begin by characterizing irreducible operators.

Theorem 4.7 Let V' be an n-dimensional vector space and T an operator on
V. Then T is irreducible if and only if T is cyclic and prp(z) is an irreducible
polynomial.

Proof Assume T is irreducible. Let v € V,v # 0. Then (T,v) is a T-
invariant subspace and since it contains v # 0 we must have (T,v) = V. This
proves that T is cyclic. Suppose pr(z) = f(x)g(x), where 1 < deg(f(x)) < n.
Set w = f(T)(v). Then by Theorem (4.4) prw(x) = g(x) and (T, w) is a
non-trivial T-invariant subspace, contrary to assumption. Thus, ur(x) has no
non-trivial factorizations and is irreducible.

On the other hand, assume that V = (T,v) and pr(x) = p(x) is irreducible.
Suppose w € V,w # 0. Then there exists a polynomial h(z),deg(h(x)) < n

such that w = h(T)(v). By Theorem (4.4), prw(x) = %. Since

deg(h(z)) < n = deg(p(x)), it follows that p(x) does not divide h(z). Since
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p(x) is irreducible we can conclude that h(xz) and p(x) are relatively prime.
Therefore, ppp(x) = p(x). It then follows that dim((T,w)) = n = dim(V).
Consequently, V contains no non-trivial T-invariant subspace and T is irre-
ducible as claimed.

As an immediate corollary, we have:

Corollary 4.2 Let V be a vector space, T an operator on 'V, and v a vector
in V' such that ur . (x) = p(x) is irreducible. Let W be a T-invariant subspace
of V. Then either (T',v) C W or (T,v) N W = {0}.

In our next result we prove the easy part of our main theorem:

Theorem 4.8 Let V' be a finite-dimensional vector space and T an operator
on V. Assume T is cyclic and pr(x) = p(x)™, where p(x) is an irreducible
polynomial and m is a natural number. Then T is indecomposable.

Proof If m = 1, then T is irreducible, whence indecomposable. We may
therefore assume that m > 1. Let v be a vector such that V = (T,v). Set
u = p(T)™ 1 (v). Then by Theorem (4.4), pru(z) = p(z) and U = (T, u)
is irreducible by Theorem (4.7). Now suppose W is a non-trivial T-invariant
subspace of V. Then by Theorem (4.5) there is a vector w € W such that
W = (T, w) and pr () divides pur(z) = p(z)™. Suppose jr . (x) = p(z)F.
Set y = p(T)k~Y(w). Then pry(z) = p(z). By Theorem (4.5), it follows that
(T,y) = (T, u) and therefore U C W. As a consequence of this, if Wi, Ws are
non-zero T-invariant subspaces of V' then U C W1 N Wa and, in particular,
Wi N Wy # {0}. Therefore no non-trivial T-invariant subspace can have a
T-invariant complement.

The rest of this section will be devoted to proving the converse of Theorem
(4.8): If T' is an indecomposable operator on a finite-dimensional vector space
V, then T is cyclic and ur(z) = p(z)™ where p(z) is an irreducible polyno-
mial. We first show if the minimal polynomial of T has two or more distinct
irreducible factors then T is decomposable.

Lemma 4.4 Assume pr(x) = f(x)g(z), where f(z) and g(x) are relatively
prime. Then Ker(f(T)) = Range(g(T)) and Ker(g(T)) = Range(f(T)).
Moreover, V.= Ker(f(T)) ® Ker(g(T)).
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Proof For convenience, we set Ky = Ker(f(T)) and K, = Ker(g(T)).
Also, set Ry = Range(f(T)), Ry, = Range(g9(T)). We claim that Ry C K,
and Ry, C Ky. To see this, suppose that u € Ry so that there is a vector x
with w = f(T)(@). Then g(T)(u) = g(T)(f(T)(v)) = (g(T)f(T))(w) = 0.
Thus, u € K. Since w was arbitrary in Ry, it follows that Ry C K,. In
exactly the same way, Ry C Kj.

We next show that Ky N K, = {0}. Suppose u € K; N K,. Since f(x),g(z)
are relatively prime there are polynomials a(x),b(z) such that a(z)f(x) +
b(x)g(x) = 1. Then a(T)f(T) + b(T)g(T) = Iy. Then

u = Iy(u) = [a(T)f(T) + b(T)g(T)|(u) = a(T)[f(T)(w)] + b(T)[g(T)(w)].

However, since u € Ky N Ky, f(T)(u) = g(T)(u) = 0. We then have

u = a(D)[f(T)(w)] + b(T)[g(T)(u) = 0
as claimed.

Since Ry C K it follows that Ky N Ry = {0} so that Ky+R; = Ky ®Ry. By
Theorem (2.9) dim(Ky) + dim(Ry) = dim(V') and therefore Ky @ Ry = V.
Since Ry C K, we also have Ky + Ky = Ky ® K, = V. Thus, dim(Ry) =
dim(V) —dim(Ky) = dim(K,). Since Ry C K it then follows that Ry = K.
Similarly, Ry = Ky.

It now follows that if 7" is indecomposable on V' then pr(x) = p(x)™ for some
irreducible polynomial. It remains to show that T is cyclic.

Lemma 4.5 Let V' be a finite-dimensional vector space andT an operator on
V' with minimal polynomial p(x)™ where p(x) is irreducible of degree d. Then
dim(V) is a multiple of d.

Proof The proof is by the second principle of mathematical induction on
dim(V'). Let uw be a vector with pr(x) = p(x). If V.= (T, u) then dim(V) =
d. Otherwise, set U = (T,u), V. = V/U, and let T : V. — V be given by
T(U 4 w) = U+ T(w). The minimal polynomial of T, pz(x), divides p(z)™
and so the inductive hypothesis applies. Therefore dim (V) is a multiple of d.

Since dim(V) = dim(U) + dim(V') and dim(U) = d, it follows that dim(V)
is a multiple of d.

The following lemma is fundamental to our goal. Basically, it says that if the
subspace of V' counsisting of all vectors of order p(z) is cyclic, then V is cyclic.
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Lemma 4.6 Let V be a finite-dimensional vector space and T an operator on
V. Assume the minimal polynomial of T is p(x)™ where p(x) is irreducible of
degree d. Set W = {w € V|p(T)(w) = 0} and let z be a mazimal vector for
T.IfW C (T, z), then V = (T, z).

Proof Set Z = (T, z). We prove the contrapositive statement: If V. # Z then
there exists w € W\ Z. First note that that for every vector v € V, ur(z) =
p(z)F for some k,0 < k < m. Let J consist of those natural numbers j such
that there exists v € V' \ Z with pr(x) = p(z)’. Let k be the least element
in J and choose v ¢ Z such that ur.,(x) = p(x)*. Set y = p(T)(v). Then
pr,y(x) = p(z)*~1 and therefore by the minimality of k it must be the case that
y € Z. We claim that (T,y) # Z. Assume to the contrary that (T,y) = Z.
Then pry(x) = pr(z) = p(z)™ so that pr(z) = p(x)™ which is not

possible. Suppose now that y = f(T)(z). Then pry(z) = m

p(z)F=L. It follows that p(x) divides f(x). Let g(x) be the polynomial such that
f(z) =p(x)g(x) and set uw = g(T)(z). Then p(T)(u) =y. Now set w = v—u.
Then w ¢ Z since v ¢ Z and uw € Z. Also, p(T)(w) = p(T)(v — u) =
p(T)(v) = p(T)(u) =y —y = 0.

Theorem 4.9 Let V be a finite-dimensional vector space and T be an op-
erator on V' such that the minimal polynomial of T is p(x)™, where p(x) is
irreducible of degree d. Let z be a mazimal vector in'V for T. Then (T, z) has
a T-invariant complement X in V.

Proof By Lemma (4.5), dim(V) = dk for some natural number k. The proof
is by induction on k. If k =1 then V = (T, u) for any u # 0 and we can take
X ={0}.

Suppose the result has been established for spaces V with dim(V) = dk. We
need to prove that it is true for a space of dimension d(k +1). If V. = (T, z),
then we can take X = {0} so we may assume that V # (T, z), that is, T
is not cyclic. Then by Lemma (4.6) there is a vector w € V \ (T, z) such
that p(T)(w) = 0. Set W = (T,w) and V. = V/W. The dzmenswn of V
is d(k +1) —d = dk. Let T : V — V be the induced operator given by
T(W +y) = W + T(y). The minimal polynomial of the vector W + z in V
with respect to T is p(z)™. Consequently, our inductive hypothesis holds: there
exists a T-invariant subspace X, which is a complement to (T, W + z) in V.
Let X be the unique subspace of V such that W C X and X/W = X. Then
X is T-invariant, and we claim that X is a complement to (T, z) in V.

Since {W} = {07} = (T, W+2)NX = (W + (T, 2)/W]N [X/W] it follows
that (T, z) N X is contained in W. However, W N (T, z) = {0} and therefore
(T,z)y N X = {0}.
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On the other hand, suppose v € V is arbitrary. Then W + v is a vector in V
and we can find 2’ € (T, z) and x € X such that W4+v = (W+2")+ (W + ).
This implies that v — (2 + x) € W C X. Consequently, v € (T, z) + X. This
completes the proof.

The second part of our main theorem is now a corollary of this:

Theorem 4.10 Let V be a finite-dimensional vector space and T an indecom-
posable operator on V. Then T is a cyclic operator and the minimal polynomial
of T is p(x)™, where p(x) is an irreducible polynomial.

Proof We already observed, subsequent to Lemma (4.4), that if T is inde-
composable then pr(x) = p(x)™, where p(x) is irreducible. Suppose T is not
cyclic. Let z be a mazimal vector. Since (T, z) #V, by Theorem (4.9), (T, z)
has a T-invariant complement. It then follows that T is decomposable.

Exercises

1. Let T : R3 — R? be the operator given by

-3 1 2
Tw)=|-4 1 4 |v
0 0 -1

Determine whether 7" is decomposable or indecomposable.

2. Let T : R? = R3 be the operator given by

Determine whether T' is decomposable or indecomposable.

3. Let T : R? = R3 be the operator given by

0 0 8
Tw)=(1 0 —-12|wv.
01 6

Determine whether T' is decomposable or indecomposable.

4. Assume S is a cyclic operator on the finite-dimensional vector space U and
that pg(x) = p(x) is irreducible. Prove that every non-zero element of the
algebra P(S) is invertible and its inverse lies in P(S). (See Exercise 10 of
Section (4.1).)
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5. Let V be a finite-dimensional vector space with basis B = (v1,...,v,).
Let T be an operator on V and assume that the minimal polynomial of T is
p(z)™, where p(z) is an irreducible polynomial. Prove that some vector v; is
maximal.

6. Let V be a finite-dimensional vector space with basis B = (v1,...,v,).
Assume T € L(V,V) is indecomposable. Prove that V = (T, v;) for some
1,1 <i<n.

7. Assume T : R?"1 — R2"*! is an indecomposable operator. Prove that

there is a real number a such that pr(z) = (v — a)?" L.

8. Let T : R?" — R2" be an indecomposable operator. Prove that the number
of T-invariant subspaces of V' is either 2n+ 1 or n + 1.

9. Let p be a prime and T : Fé — IF;*, be an indecomposable but not irreducible
operator. Prove that the number of maximal vectors is either p* —p? or p* —p2.

10. Let T be an operator on a finite-dimensional vector space. Prove that T
is indecomposable if and only if there is a unique maximal proper T-invariant
subspace of V.
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4.5 Invariant Factors and Elementary Divisors

In this section, we consider an operator 7' on a finite-dimensional vector space
V' and investigate how V can be decomposed as a direct sum of T-invariant
subspaces. One such way is as indecomposable, hence, cyclic, subspaces. Such a
decomposition leads to the concept of elementary divisors of T. An alternative
method leads to the definition of the invariant factors of T

What You Need to Know

The following concepts are fundamental to understanding the new material in
this section: vector space over a field F, basis of a vector space, dimension of a
vector space, linear operator on a vector space V, matrix of a linear operator
T :V — V with respect to a basis B for V, a polynomial of degree d with coef-
ficients in a field F, the evaluation f(7') of a polynomial f at an operator T of
a finite-dimensional vector space V, invariant subspace of an operator T on a
vector space V, the T-cyclic subspace (T, v) generated by a vector v, the anni-
hilator ideal of a vector with respect to an operator, the minimal polynomial
of an operator with respect to a vector, the annihilator ideal of an operator
T, the minimal polynomial of an operator T, eigenvalue and eigenvector of
an operator T, maximal vector for an operator on a finite-dimensional vector
space, T-invariant complement to a T-invariant subspace,and an indecompos-
able linear operator.

We begin with the following result which makes use of Theorem (4.9):

Theorem 4.11 Let T € L(V,V) have minimal polynomial a power of p(z)
where p(x) is irreducible of degree d. Then there are vectors v1,va,..., v, €V
such that

V=Tv)® - & (T, v,)

with pr v, () = p(x)™ with my > mg--- > m,.

Proof Letdim(V) = dk. The proof is by the second principle of mathematical
induction on k. Assume pr(x) = p(x)™ and let v € V with pr(x) = p(x)™,
that is, v is a mazimal vector. If V. = (T, v), then we are done with r = 1.
Suppose V- # (T,v). By Theorem (4.9), there is a T-invariant complement
X to (T,v) in V. The dimension of X is dk —dm = d(k —m) < dk. Set
T = T\x. We can apply the inductive hypothesis to (T, X) and find vectors
Vo, ..., v such that X = (T,v2) @ -+ & (T, v,) with pr,(x) = p(x)™ with
mg > mg > --- > m,. Note that (T,v;) = (T,v;) for 2 <i <r. Set v; =wv.
Then pr»(x) = p(x)™. Since m > mq we have satisfied the conclusions of the
result.
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The next result shows that while there may be many choices for the sequence
of vectors (vy, ..., v,) the natural numbers r and my, ..., m, are unique.

Theorem 4.12 Let V' be a finite-dimensional vector space and T an operator
on V such that ur(z) = p(x)! where p(x) is an irreducible polynomial of
degree d. Assume that V. = (T,v1) @ -+ & (T, v,) with pr e, () = p(x)™
and my > mg > -+ > m, and also that V. = (T ,u1) & --- ® (T, us) with
pr (2) = p(x)™ with ny > ng > --- > n,. Then r = s and for each
1, My = Ny.

Proof We know that dim(V) is a multiple of d by Lemma (4.5). Let
dim (V) = dM. The proof is by the second principle of mathematical induction
on M. If M =1, then clearly r = s = m1 = n1 = 1 and there is nothing to
prove. So assume the result is true for any operator S acting on a space U,
where pg(x) is a power of an irreducible polynomial p(x) of degree d, and the
dimension of U is dM' with M' < M.

Let W = Ker(p(T)) and set v, = p(T)™ " (v;),u; = p(T)"~(u;). Then

]

It follows that dr = dim(W) = ds, and, therefore, r = s.
SetV=V/W and let T : V —V be defined by

T(W +y) =W +T(y).

Let 7' be the largest natural number such that m,. > 1, and similarly define
s to be the largest natural number such that ng > 1. Set v, = W + v; for
1<i<y’ andu;:W—Fuj for 1 <j<s'. Then

V = <T,vi>@@<fv;,>
= (T,u)) @ - o (T,u.,).
)mi—l

Moreover, g . (x) = p(z and pig 0 (x) = p(a)™ L.
R pn

By the inductive hypothesis, v’ = s’ and for all i,1 < i <71 =& m; — 1=
n; — 1, from which we conclude that m; = n;. On the other hand, the number
of mi =1 isr—1" and the number of nj = 1is s —s = r — 1 and this
completes the theorem.

We now turn to the more general case.
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Theorem 4.13 Let V be a finite-dimensional vector space, T an operator on
V', and assume the minimal polynomial of T is pr(x) = pi1(a) ... pe(x)®,
where the polynomials p;(z) are irreducible and distinct.

For each i, let

Vi=Vip) = {v € Vpi(T)* (v) = 0} = Ker(pi(T)").

Then each of the spaces V; is T-invariant and

V=Welhe  -aV.

Proof That each V; is T-invariant follows from Ezercise 22 of Section (4.1).
We first prove that Vi+---+V, = Vi®---®V;. Thus, let I = {i1,ia,...,ix} be
a subset of {1,2,...,t}. Then the minimal polynomial of T restricted to Vi =
Vig + -+ Vi, is piy ()% .o opy, ()% . It then follows that if I, J are disjoint
subsets of {1,2,...,t} then Vi N Vy = {0}. In particular, for I = {i} and
J={1,2,...,t}\{i} this holds. This implies that Vi+---+V; =V &---®V;.

To complete the proof we need to prove that V.=V +Vo+---+V,. We prove
this by induction on t > 2.

The initial case follows from Lemma (4.4) so we have to prove the inductive
step. Suppose the result is true for somet > 2. We prove that it is true for t+1.
Assume that the minimal polynomial of the linear operator T on the space V is
P1(@) ... pe(2)® peya(z)+1, where the polynomials pi(x), ..., pi(r), peta(x)
are distinct (monic) irreducible polynomials.

€t41

As previously seen, f(x) = pi(x)* and g(x) = p2(x)®...ps(x)%p, L are
relatively prime. By Lemma (4.4), Ker(f(T)) and Ker(g(T)) are T-invariant

and
V =Ker(f(T)) @ Ker(g(T)).

Set W = Ker(g(T)) and T' = Tjy. The minimal polynomial of T' is g(x) =

€t41

pa(x)®? ... ps ()% p, ' (). By the inductive hypothesis

W = Ker(p2(T)?) @& - - @ Ker(p:(T")))Ker(pe1(T")).
Since T' = Ty, it follows that Ker(p;(T')) = Ker(p;(T)*). Since V. =
Ker(pi(T)e) @ W, it now follows that

V =Ker(pi (1)) & Ker(pa(T)?) @ -+ & Ker(pia (T)°+).
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Definition 4.16 Let V' be a finite-dimensional vector space and T an oper-
ator on V' with minimal polynomial pr(x) = p1(x)° ... p(x)% where p;(x)
are distinct irreducible polynomials. The T-invariant subspace Ker(p;(T)%)
is called the Sylow-p;(z) subspace of the operator T.

Definition 4.17 Let V' be a vector space, T a linear operator on V, and as-
sume that the minimal polynomial of T is p1(x)® ...ps(x)®, where p;(x) are
distinct irreducible polynomials. Set V; = Ker(p;(T)%). Suppose

Vi=(T,on)® - © (T, vis,),

where (T, (x) = pi(@)fs, fi > fio > -+ > fis,. Then the polynomials
pi(z)7i are the elementary divisors of T.

We next show that under the hypotheses of Theorem (4.13), if W is a T-
invariant subspace of V' then the Sylow-p;(z) subspace of W is W NV, and,
consequently, W= (WnWV)@- - (WnW).

Theorem 4.14 Let V' be a finite-dimensional vector space, T an operator
on V, and assume pr(z) = pi1(x)® ...pe(x) where the p;(x) are distinct,
monic, irreducible polynomials. Set V; = Ker(p;(T)%) and assume that W is
a T-invariant subspace of V. Then

W=WnWwe(Wnh) a---o&(Wnh).

Proof Since WNV))N(WNV;) CV;NV; ={0} fori+# j we need to show
that W=WnW)+WnW)+---+WnNW).

Let w € W and write w = w1 + - - + wy with w; € V;. Suppose w; # 0.
Then we need to show that w; € W. Set ur.(z) = p1(z)t .. p(x)lt =
g(x). If w; # 0, then fi > 0. Let g(x) = pi(x)fih(z). Then h(z) and p;(x)7
are relatively prime. Consequently, there are polynomials a(x),b(x) such that
a(z)p;(x)fi + b(x)h(z) = 1. Then a(T)p;(T)/* + b(T)W(T) = Iy. From this it
follows that

w; = b(T)h(T)(w) € (T, w).

On the other hand, since W is T-invariant and w € W,(T,w) C W by The-
orem (4.2).
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Theorem 4.15 Let V' be a finite-dimensional vector space and T a linear
operator on V with minimal polynomial pr(x). Let v be a vector such that
purv(x) = pr(x). Then (T,v) has a T-invariant complement in V.

Proof Let the prime factorization of pr(x) be p1(z)° ...p(x)°. Set V; =
Ker(pi(T)%) so that V.=V, & --- ® V;. Let x; be the vector in V; such that
v=x1+ -+ . Then pur gz, (x) = pi(x)¢. Note that

(T,v) =(T,x1) ® - B (T, xy).

By Lemma (4.9) each (T, x;) has a T-invariant complement W; in V;. Note
that

W; N (W1+"'+Wi71+Wi+1+"'+Wt)
CVin Vit +Vier +Vigr +-- + V) = {0},

and therefore W1 +Wao+- - +W, = W1 B-- - Wy, Set W = Wy +Wo+- - -+ W,.
Then W is T-invariant and a complement to (T, v) in V.

Our final structure theorem is the following:

Theorem 4.16 Let V be a finite-dimensional vector space and T a linear
operator on V. Then there are vectors wy, ws, ..., w, such that the following
hold:

. V=T w)® & w).
ii. If di(x) = praw, (z) then dp(z)|dr—1(2)|...|d1(x) = pr(x).

Proof The proof is by the second principle of induction on dim(V). If
dim(V) = 1, there is nothing to prove so assume dim(V) > 1. Let v be a
vector in' V' such that ppo(z) = pr(x). If V.= (T,v) then we are done, so we
may assume that V # (T,v). By Lemma (4.15), there is a T-invariant com-
plement W to (T,v) in V. The dimension of W is less than the dimension of
V. Set T = Tyw. By the inductive hypothesis, there are vectors wy,. .., U, 1
in W such that

. W= <T/,’U,1> S-S <T7 ur71>'

i If fi(x) = prrow,(z) then fr_1(x)|fr—2(x)|...|f1(x). However, for each
0,1 <4 < r—1 g (z) = prw, (x). Moreover, since pr.,(z) = pr(z) it
follows that pp ., (x)|pre(x). Set v1 = v,v; = wi—y for 2 <i <r. It is then
the case that

V=(T,v1)®(T,03) @ ®(T,v,).

Moreover, for i > 1,d;(x) = prv, () = fi—1(x) and therefore
dp()|dr—1(2)] ... d2(x) and da2(x)|pr(z) = pr = di(z).
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Definition 4.18 The polynomials dy(z),d2(x),...,...,d.(x) are called the
invariant factors of T

Definition 4.19 Let V' be an n-dimensional vector space and T be a linear
operator on V. The polynomial (of degree n) obtained by multiplying the in-
variant factors of T is called the characteristic polynomial of T'. It is
denoted by xr(x).

Note that one of the invariant factors is pr(z) and therefore pp(z) divides
the characteristic polynomial, xr(z). Since ur(T) = Oy, we have proved
the following:

Theorem 4.17 x7(T) =0y _y.

The fact that the operator obtained when the characteristic polynomial of
T is evaluated at T is the zero operator goes by the name of the Cay-
ley—-Hamilton theorem. In this guise it is immediate as a consequence of
how we have defined the characteristic polynomial. The form in which the
Cayley—Hamilton theorem is meaningful will be taken up in a later chapter.

As a consequence of the result that every independent sequence from a vec-
tor space can be extended to a basis, we proved that every subspace has a
complement. This can be interpreted to mean that every subspace invariant
under the identity map, Iy, has an invariant complement. Are there other
operators that have the same property? There are, but before we get to a
characterization, we first give a name to such operators:

Definition 4.20 Let T be a linear operator on a finite-dimensional vector
space V. The operator T is said to be completely reducible if every T-
invariant subspace U has a T-complement.

Completely reducible operators are characterized by the following theorem
whose proof we leave as an exercise.

Theorem 4.18 Let T be a linear operator on a finite-dimensional vector
space. Then T is completely reducible if and only if the minimum polynomial
of T has distinct irreducible factors.

Suppose 7' is an operator and we want to compute 7" (v) for some natural
number n. Such a computation can be simplified significantly if there is a basis
B such that M (B, B) is diagonal. We illustrate with an example.
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Example 4.6 Let T : RZ — R? be given by

8 -3
T(v) = (14 _7) = Av.
Compute the matriz of T* with respect to the standard basis S =

((6)-(2))

ser= ((2). (1)) ot
(o) - (0) -2 ()
()-(9)--0)

Q be the change of basis matriz from the B to the standard basis S,
Q = My, (B,S) then

Therefore, the matrix of T' with respect to B is B = . Now if we let

Q1AQ = <(2) _01> = B.

4
It then follows that [Q~2AQJ* = Q~1A%Q — <(2) _01> - (106 (1’> Then
+ (16 0\ .1 (46 17
4 _Q(o 1>Q _(90 29)'

Definition 4.21 We call a linear operator T on a finite-dimensional vector
space V diagonalizable if there exists a basis B for V' such that Mr(B,B)
is a diagonal matrix.

There is a very nice characterization of diagonalizable operators which we
state but leave as an exercise.

Theorem 4.19 Let V' be a finite-dimensional vector space and T a linear
operator on V. Then T is diagonalizable if and only if T is completely reducible
and pr(x) factors into linear factors.
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Exercises

1. Let S be an operator on a finite-dimensional real vector space U and assume
that

U= <S,U1> ©® <S,UQ>"'@ <S,u6>

and

B8y () = 5, (1) = (2% +1)°, psy () = (2% +1)°

Ms,uzl(x) = MS,us (‘T) = (xZ + 1)27/'LS;'UG (‘T) =z’ + L

Set U; = {u € U|(S% + Iy)i(u) = 0} for i = 1,2,3,4,5,6. Determine the
dimension of each Uj;.

2. Let T be a linear operator on the finite-dimensional real vector space V'
and assume that the elementary divisors of T are as follows:

(z+2)% (@ +2)x+2;
(2 + 1), (2 + 1) (2 + 1), 22 + 15
(2 —z+ D4 @2 —z+1)3, (22 —24+1)% @% -z +1)%

Determine the invariant factors of T' as well as the dimension of V.

3. Let T € L(R* R*) be the operator given by

0O -1 0 O
1 0 0 O
T=1y o o —1|¥
0O 0 1 O
Determine the invariant factors of 7.
4. Let T € L(R* R*) be the operator given by
0O -1 0 O
1 0 1 0
T@=1yg o o 1"
0O 0 1 O

Determine the invariant factors of 7.

5. Let T € L(R* R*) be the operator given by
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-3 2 2 —4

-3 1 4 —4
T(v) = 9 0 3 _9|¥

-1 0 2 -1

Determine the elementary divisors and the invariant factors of 7'

6. Let T € L(F3,F3) be the operator given by

T(v) =

S O = =
S O = =
= =0 O
= =0 O

Determine the elementary divisors and the invariant factors of T
7. Prove Theorem (4.18).
8. Prove Theorem (4.19).

9. Let T be a linear operator on a finite-dimensional vector space V' over an
infinite field F (for example, Q,R,C) and let pi(x),...,p:(x) be the distinct
irreducible polynomials that divide pr(x). Prove that there exists infinitely
many T-invariant subspaces if and only if there are infinitely many T-invariant
subspaces in the p;-Sylow subspace V' (p;) for some 4.

10. Let T be a linear operator on a finite-dimensional vector space V over an
infinite field F. Prove that T is a cyclic operator if and only if there are finitely
many T-invariant subspaces.

11. Let T be an operator on the finite-dimensional vector space V over the
field F and assume that pp(z) = p(x)™g¢(x)™, where p(z),¢(x) are distinct
irreducible polynomials in F[z], with at least one of m,n greater than 1. Let
a(x),b(x) be polynomials such that a(z)p(z)™ + b(x)g(x)™ = 1. Set f(x) =
a(x)p(x)™q(x) + b(x)q(x)"p(x). Prove that f(T') is a nilpotent operator.

12. Let T be an operator on a vector space V of dimension n and assume that
pur(x) = p(x)™, where p(z) is an irreducible polynomial of degree d. For each
j <m,set U; = {v €v|p(T)(v) = 0} and m; = dim(U;). Note that d divides
m; for each i.

a) Prove that the number of elementary divisors (invariant factors) of T is

equal to “t.

b) For j > 1, prove that the number of elementary divisors divisible by p(x)?
is equal to “—H=t,

13. Let V be an n-dimensional vector space over a field F, T € L(V, V) with
pr(x) = p1(x)° ... pe(x)° where pi(x),. .., p:(z) are distinct irreducible poly-

nomials with deg(p;(x)) = d;. Set V; = Ker(p;(T)") so that V=V, ®--- @ V,.
Set m; = d"nd—(vi). Prove that xr(x) = p1(x)™ ... p:(z)™t.

i
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4.6 Canonical Forms

In this section, we continue to study the structure of a linear operator T on
a finite-dimensional vector space V. We make use of the two ways we have of
decomposing the space V into a direct sum of T-invariant subspaces to obtain
bases of V' for which the matrix of T" takes a nice form.

What You Need to Know

In order to fully understand the new material in this section you should have
mastered the following concepts: a vector space is a direct sum of subspaces,
basis of a finite-dimensional vector space, operator on a finite-dimensional
vector space, coordinate vector with respect to a basis, matrix of a linear
transformation, minimal polynomial of an operator T on a finite-dimensional
vector space, for an operator T on a finite-dimensional vector space V a T-
invariant subspace, for an operator 7' on a finite-dimensional vector space V a
T-cyclic subspace, an invariant factor of a linear operator 7', and an elementary
divisor of T of a linear operator T'.

Let V be a finite-dimensional vector space and T a linear operator on V. We
have thus far exhibited two fundamental ways to decompose V as a direct
sum of T-invariant subspaces:

i. By cyclic subspaces whose orders are the invariant factors of 7'
ii. By cyclic subspaces whose orders are the elementary divisors of T

The objective of this section is to use the results of Section (4.5) in order to
choose a basis B for V such that the matrix My (5, B) has a particularly “nice
form.” We begin with a definition that makes precise the notion of a “nice
form” of a matrix.

Definition 4.22 A square matriz of the form

Ay 0

0 A,
where the A; are square matrices occurring along the diagonal and all entries
outside these matrices are zero is called a block diagonal matrix.
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Example 4.7 The matriz

2 -1 0 0 00
1 2 0 0 0 0
A— 0 0 -4 0 0 O
0 0 0 3 10
0 O 0 0 3 1
0 O 0 0 0 3

is a block diagonal matriz with three diagonal blocks:

)y 4 31 0

A1_< ),Ag_(—4),A3_ 003 1
1 2

0 0 3

The next lemma indicates the connection of block diagonal matrices to our
objective.

Lemma 4.7 Let V be a finite-dimensional vector space, T a linear operator
onV, and assume that V =V, @ --- ® Vs, where each space V; is T-invariant.
Set T; = Ty, and let B; be a basis for V; and B = Bif...4Bs the basis for
V' obtained by concatenating sequences B;. Let A = Mg (B,B) and A; =
M, (B;, B;). Then A is block diagonal with s diagonal blocks equal to the A;.

In light of this, we turn our attention to ways for choosing a basis for a space
with a cyclic operator 7.

Definition 4.23 Let f(z) = 2™ +am_12™ '+ - -+a1z+ag. The companion
matrix of f(x) is the m x m matriz

00 ... 0 —agp

1 e 0 —ai
C(f) = 01 ... 0 —a2

0 0 1 —am_1

Lemma 4.8 Let V be a finite-dimensional vector space and T a linear oper-
ator on V. Assume that T is cyclic, say, V = (T,v) and pr(z) = pro(x) =
flx) =a2™ +am_12™ 1+ + a1z + ap.

Set v1 = v. Assume that vy has been defined and k < m. Then set vi41 =
T(vy) = T(v). Then B = (v1,vs,...,v,,) is a basis for V and Mr(B,B) =
C(f), the companion matriz of f(x).
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Proof That B is a basis was proved in part i) of Theorem (4.2).

Now suppose k < m. Then T(vy) = vg4+1 and consequently the coordinate
0
0

vector of T(vy) with respect to B is , where the single 1 occurs in the

—_

k + 1 position.
On the other hand,

T+ -+ a1 T+ aply(v) =T (v)+ -+ a1T(v) + agv = 0.

Therefore,
T(vy) =T"(v) = —am—lefl('v) — - —a1T(v) — agv =
—0m—-1Um — Am—2Vm—-1 — *** — A1V2 — AQV1.
—ag
—a;
Thus, the coordinate vector of T (v,,) with respect to B is . It now
—0m—2
—0m—1

follows that My (B,B) = C(f) as asserted.

Definition 4.24 Let V be a finite-dimensional vector space and T be a linear
operator on V. By applying Lemma (4.7) and Lemma (4.8) to the direct sum
decomposition of V' obtained from the invariant factors, we obtain the rational
canonical form of T.

We next turn our attention to a cyclic operator T on a space V' with up(z) =
p(x)™, where p(z) = 2¢ + aq_12% ' + -+ + a17 + ag is irreducible.

Theorem 4.20 Let T be a linear operator on the space V and assume that
V = (T,v) and pir(x) = pr(z) = p(z)™, where p(z) = 24 +ag_129 -+
a1z + ag is irreducible. Let B be the following sequence of vectors
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v =v,v3=T(W),...,v4 =T (v);

Va1 = p(T)(v),vas2 = TP(T)(v); ... 020 = T 'p(T)(v);

ml), ...

Vim-1ya+1 = p(T)" (V) vm—1)a+2 = Tp(T)
Vma =T 'p(T)" " (v).

Then B is a basis for V. Moreover, the matriz of T' with respect to B is

C() Oaxa Odxa --- Odaxa Oaxd

L C(p) Odaxa --- Odxd 0Odxa

: : U : , (4.1)
Oaxd Odxda Odxa ... C(p) Oaxa
Odxd Odxd Ogxa ... L  C(p)

where C(p) is the companion matriz of p(x) and L is a d x d matriz with a
single non-zero entry, a 1 in the (1,d)-position.

Proof Since V is cyclic, the dimension of V' is equal to the degree of ur(x)
and is therefore md. There are md vectors in the sequence so it suffices to prove
that the sequence is independent. Note that the largest degree of a polynomial
oFp(x) with0<k<d—-1,0<1<m-—-1lisd—1+dm—1)=md—1. It
follows from this that any non-trivial dependence relation on B will give rise to
a polynomial g(x) of degree less than md such that g(T) = Oy v contradicting
the assumption that the minimal polynomial of T has degree md. Thus, B is
a basis.

We now compute the coordinate vector of T(v;) with respect to B. Suppose
j=kd+1, where0 <k <m—1and1<I<d. Thenv; =T'""'p(T)*(v) and
T(v;) = T'p(T)*(v) = vj41. On the other hand, if j = kd with 1 < k < m
then

T(v;) = T(Tp(T)")(w)
=TTV () = [(T) — aoTy — arT — - — ag T4 p(T)* (v)

= p(T)*(w) — aop(T)* ' (v) = ax Tp(T* ' (v) — -+ — ag_1p(T)* " (v)

Vkd+1 — A0V(k—1)d+1 — @1V(k—1)d+2 — """ — @d—1Vkd-
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Then the coordinate vector of T(viq) has zeros in entries 1 through (k — 1)d
followed by the entries of the vector

—ag
—aq

—0Qqd—1

1

and then zeros through the end. This is the kd™ column of the matriz in
Equation (4.1).

Finally, suppose 7 = md. Then

T(vj) = T(Vma)
= T(T'p(T)™ ) (v) = Tp(T)"*
= [p(T) —aoly —a1T — -+ — ag T p(T)™ 1 (v)
= p(T)"™(v) — aop(T)™ 1 (v) — a1 Tp(T™ 1 (v) — - —ag_1p(T)"™ (v)

= —@0VY(m-1)d+1 — A1V(m—-1)d+2 — *** — @d—1Vkd-

Then the coordinate vector of T(vma) has d(m — 1) zeros followed by
—ap

—ay
, which is the last column of the matriz in Equation (4.1). This

—04q—1
completes the proof of the theorem.

Definition 4.25 The matriz in Equation (4.1) is called the generalized
Jordan m-block centered at C(p(x)). It is denoted by Jp, (p(z)).

Definition 4.26 Let T be a linear operator on a finite-dimensional vector
space V. The block diagonal matriz whose diagonal blocks are the generalized
Jordan blocks for the elementary divisors of T is called the generalized Jor-
dan form of T.

Example 4.8 Let T be a linear operator on the space R'° and have minimum
polynomial (2% +2x+2)% and characteristic polynomial (x> +2x+2)%. Then T
will have either two or three generalized Jordan blocks, depending on whether
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the elementary divisors (invariant factors) are (¥ + 2x + 2)3, (2% + 22 + 2)?
or (x2 + 22 +2)3 2% + 2x + 2,22 + 22 + 2.

In the former case, the generalized Jordan blocks are

0 -2 0 0 0 O
0 -2 0 0 1 =20 0 0 O
1 -2 0 0 0 1 0 -2 0 0
0o 1 0 -2)]’]0 0 1 -2 0 O
0 0 1 -2 0 0 0 1 0 -2
0 0 0 0 1 -2
0 -2
In the latter case, there are two blocks (1 _2> and then one block

0o -2 0 0 0 O

1 -2 0 0 0 0

0 1 0 -2 0 O

0o 0 1 -2 0 O

0 0 0 1 0 -2

0 0 0 0 1 -2

Exercises
1. Find the rational canonical form of a linear transformation on a vector space

over Q whose elementary divisors are (22 +x + 1), (2% + 2 + 1), (22 + 2)2.

1 _1) v. Find the rational

2. Let T € L£(Q%* Q?) be given by T(v) = (1 3

canonical form of T'.

1 -1 -4

3. Let T € £(Q3,Q3) begivenby T(v)=| 1 —1 -3 | wv.Find the ratio-
-1 2 =2

nal canonical form of 7T'.
-5 -1 9 8

o . -1 7 -2 -2 .

4. Let T € L(C*,C*) be given by T(v) = 9 7 1 _3|®¥ Find the
-1 4 -2 1

Jordan canonical form of 7'

5. Let T be the operator on Ma3(Q) defined by T'(m) = (% g) m. Find the

generalized Jordan canonical form.

6. Let T be an operator on a four-dimensional vector space V' over the field
F, and assume that T2 = Iy but T # I,. Determine all possible generalized
Jordan canonical forms of T.
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7. Let T be an operator on a six-dimensional vector space V over the field Fo
and assume that 7% = Iy, but T2 # Iy. Determine all possible generalized
Jordan canonical forms of T.

8. Assume T is a nilpotent operator on a four-dimensional vector space. De-
termine all the possible Jordan canonical forms of T. (An operator 7" on an
n-dimensional space V' is nilpotent if T" = Oy _,v).

9. Prove if a nilpotent operator T is completely reducible, then T' = 0y _,y .

10. Assume T is a linear operator on a finite-dimensional space V' and that
the minimal polynomial of T is p(z)¢ for an irreducible polynomial p(z) with
e > 1. Prove that p(T) is a nilpotent operator.

11. Let S be an operator on the finite-dimensional vector space V and B be a
basis for V. Let S” be the operator such that Mg/ (B, B) = Mg(B, B)!". Prove
that S and S’ have the same elementary divisors.

-2 -2 -2 4
. 5 4 3 -3
12. Let T be the operator on Q* defined by T'(v) = 5 3 1 4|
-4 -3 -2 1

Find the generalized Jordan form of T
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4.7 Operators on Real and Complex Vector Spaces

In this short section we turn our attention specifically to the structure of an
operator on a finite-dimensional real or complex vector space. We make use
of the general structure theorems and results on canonical forms to determine
the (generalized) Jordan canonical form for a real or complex operator.

What You Need to Know

To successfully navigate the material of this new section you should by now
have mastered the following concepts: finite-dimensional vector space, real
vector space, complex vector space, operator on a vector space, eigenvalue of
an operator on a vector space, eigenvector of an operator on a vector space,
invariant factors and elementary divisors of an operator on a finite-dimensional
vector space, generalized Jordan canonical form of an operator on a finite-
dimensional vector space.

Operators on Complex Vector Spaces

Recall, the complex numbers are algebraically closed, which means that every
polynomial of degree n factors into n linear polynomials, equivalently, a monic
irreducible polynomial has the form = — A for some scalar A € C.

Also recall, for a linear operator 7' on a vector space V, a vector v is an
eigenvector with eigenvalue \ if T'(v) = Av.

Definition 4.27 Assume V is a vector space and A is an eigenvalue of the
operator T € L(V,V). The subspace Ker(T — M\ly) is the eigenspace of \.
Its dimension is called the geometric multiplicity of A.

Definition 4.28 Let V' be an n-dimensional vector space, T an operator on
V, and X an eigenvalue of T. Set V\ = {v € V(T — Ay )" (v) = 0}. Elements
of Vi are generalized eigenvectors. The algebraic multiplicity of \ is

Let V be a finite-dimensional complex vector space, T a linear operator on V'
with distinct eigenvalues A1, Ag, ..., As. By Theorem (4.13)

VZV)\lEB---EBV)\t.

Moreover,

n=dim((V) =dim(Vy,) +dim(Vy,) + - - - + dim(Vy,).
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As a consequence of Corollary (4.11), each V; = V), has a decomposition
Vi, = (Tyuin) @ @ (T, uys,)-

Suppose now that v is a generalized eigenvector for the eigenvalue A and
prw(x) = (z — A)™. It is a consequence of Theorem (4.20) that the following
vectors are a basis for (T, v).

v =1, (TN (v) = vy, (T—A)*(v) = v3,...,0, = (T=X)""'(v) (4.2)

It also follows from Theorem (4.20) that the matrix of T}z ) with respect to
the basis (4.2) is

A0 00 0
1 A0 0 0
01 X0 0 (4.3)
0000 A

Definition 4.29 The matriz of Equation (4.3) is called a Jordan block of
size m centered at \. It is denoted by Jp,(N).

Now suppose we decompose V; = Vi, as (T,u;1) & ...(T,u;s,), where
Wy () = (2 — A)™9, and my1 > myz > -+ > myy,. Then we can choose
bases for each (T, u;;) as above and their join is a basis for V;. With respect
to this basis, the matrix of T'|y, is the block diagonal matrix

Ty (M) 0 0 ... 0
0 Imis (X)) 0 ... 0

If we denote this matrix by M(V;), then by taking the join of such bases for
each V; the matrix of T with respect to this basis will be

MWV) 0 0 ... 0
0 MWV) 0 ... 0

0 0 0 ... MW
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Definition 4.30 Let T be a linear operator on a finite-dimensional complex
vector space V. The block diagonal matriz whose diagonal blocks are the Jordan
blocks for the elementary divisors of T is called the Jordan canonical form
of T.

Operators on Real Vector Spaces

Recall that a monic irreducible polynomial over R has either the form x — a
or 22 + bz + ¢, where b?> — 4c < 0. Consequently, if T is an operator on a
finite-dimensional real vector space then the elementary divisors are either of
the form (z — a)? or (2% + bx + ¢)? with b? — 4¢c < 0.

In the former case, a generalized Jordan block is a Jordan block and has the
form

a 0 0 0 0
1 a O 0 0
0 00 ... a O
0 00 ... 1 a

In the latter case, a generalized Jordan block has the form

A Ogx2 O2x2 ... 0Oaxz Oax2

L A Oax2 ... 0Oox2 0Oox2
O2x2 O2x2 O2x2 ... A Oax2
O2x2 0O2x2 O2x2 ... L A

0 —-b 0 1
whereA-(1 —c) andL-(O 0).

We can now state:

Theorem 4.21 Let T be an operator on a real finite-dimensional vector
space. Then there exists a basis B such that My (B, B) is block diagonal and
each block is either of the form

a 0 O 0 0
1 a O 0 0
0 0 0 a 0
0 0 0 1 a

for a real scalar a or
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A Ozx2 O2x2 ... 0Oaxz Oaxo

L A Oax2 ... Oax2 Ooxo
O2x2 O2x2 O2x2 ... A Oax2
O2x2 0O2x2 O2x2 ... L A

(0 =b (0 1 9
whereA-(l _C>,L—(O O) and b* — 4c < 0.

Exercises

1. For a linear operator T on a finite-dimensional complex vector space V,
prove the following are equivalent:

i. T is completely reducible.

ii. The minimal polynomial of T" has no repeated roots.
iii. V' has a basis consisting of eigenvectors for 7T

iv. The Jordan canonical form of T' is a diagonal matrix.

2. For a linear operator T' on an n-dimensional complex vector space V, prove
the following are equivalent:

i. There does not exist a direct sum decomposition V = U @& W with U, W
non-trivial T-invariant subspaces;

ii. The Jordan canonical form of T' consists of a single Jordan block of size n.

3. The following matrix is the rational canonical form of a real linear oper-
ator T. Determine the invariant factors, (real) elementary divisors, minimal
polynomial, and the characteristic polynomial of 7T

0 00 -1 000
100 1 00O
010 0 0 O0O0
001 1 0 O0O0
0 00 0 O0O01
0 00 0 1 00
0 00 0 010

4. Determine the generalized Jordan canonical form of the operator of Exercise
3.

5. Suppose the matrix of Exercise 3 is the matrix of a complex operator 71" on
C7 with respect to the standard basis. Determine the Jordan canonical form
of T.
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6. Give an example of two linear operators S, T on a finite-dimensional complex
space such that xs(z) = xr(x), ps(z) = pr(z) but S and T are not similar.

7. Find all Jordan forms of a linear operator on C® that have minimum poly-
nomial z%(x + 2i)3.

8. Assume S, T are linear operators on a finite-dimensional complex space V'
and ST = TS. Prove that there exists a basis B for V such that Mg(B, B)
and Mrp(B, B) are both in Jordan canonical form.

9. Compute the generalized canonical Jordan form of the linear operator on

0 0 0 —16
4 . 0 0 O . .
R* that has matrix 010 8 with respect to the standard basis.
0 01 O

10. Let T be an operator on a finite-dimensional complex vector space V.
Prove that there are operators D and N such that T = D + N and which
satisfy the following:

i. D is diagonalizable.
ii. IV is nilpotent.
iii. DN = ND.

Moreover, prove that there are polynomials d(z),n(z) such that D =
d(T), N =n(T) and use this to prove the D and N are unique.

11. Assume V is a real finite-dimensional vector space. Prove that T' does not
have a real eigenvalue if and only if every T-invariant subspace of V" has even
dimension. In particular, dim(V) is even.

12. Give an example of a linear operator T on R? such that 7" does not have
an eigenvalue but T2 is diagonalizable.

13. Let S, T be operators on C™ with S invertible. Assume that ST is diago-
nalizable. Prove that T'S is diagonalizable.
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This chapter is about real and complex vector spaces equipped with an inner
product or, more generally, a norm. An inner product can be usefully thought
of as a generalization of the dot product defined on R™ whereas a norm assigns
to each vector a “length.” In the first section we define the concept of an inner
product, give several examples, and investigate basic properties. In section two
we indicate how we can obtain a norm from an inner product, in particular,
we prove that the Cauchy—Schwartz inequality holds for an inner product
space as well as the triangle inequality. In section three we introduce several
new concepts including that of an orthogonal sequence of vectors in an inner
product space, an orthogonal basis, orthonormal sequence of vectors, and an
orthonormal basis. We show how to obtain an orthogonal (orthonormal basis)
of a finite-dimensional inner product space when given a basis of that space.
In section four we prove that if U is a subspace of an finite-dimensional inner
product space (V,{ , )) then V is the direct sum of U and its orthogonal
complement. This is used to define the orthogonal projection onto U. In section
five we define the dual space V' of a finite-dimensional vector space V. We
also define, for a basis By in V, the basis, By, of V'’ dual to By. For a
linear transformation 7" from a finite-dimensional vector space V' to a finite-
dimensional space W, we define the transpose transformation 7’ from W’ to
V'. We investigate the relationship between that matrix of T with respect
to bases By and By and the matrix of the transpose transformation 7" with
respect to the bases By and By, which are dual to By, and By, respectively.
In section six, we make use of the transpose of a linear transformation T : V —
W to define the adjoint transformation, T* : W — V', of T'. In section seven we
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introduce the general notion of a normed vector space, give several examples,
and characterize the norm that arises from an inner product space.

5.1 Inner Products

What You Need to Know

In order for the new material in this section to make sense you should have
a fundamental understanding of the following concepts: a real vector space,
a complex vector space, the space R™, the space C", the space M,,(R), and
the space M., (C), the dot product on R.

We recall the definition of the dot product:

U1 U1
U2 V2

Definition 5.1 Let u = v = . be two real n-vectors. Then the
Up, Un

dot product of u and v is given by w.v = uv] + Ugvz + -+ - + UpVy.

It is the dot product that allows one to introduce notions like the length
(norm, magnitude) of a vector as well as the angle between two vectors.

The basic properties of the dot product are enumerated in the following:

Theorem 5.1 Let u,v,w be vectors from R™ and v any scalar. Then the
following hold:

I.u.u >0 and w.u =0 if and only if u = 0. We say that the dot product
is positive definite.

2.4 .v =v.u. We say that the dot product is symmetric.

3. (u+v).w=u.w+v.w. We say that the dot product is additive in the
first argument.

4. For all (vu) -v =u- (yv) =7v(u-v). We say the dot product is homoge-
neous with respect to scalars.

We take the properties of the dot product as the basis for our definition of a
real or complex inner product space. Because the definition encompasses both
real and complex spaces, the conditions are slightly modified from Theorem
(5.1).



Normed and Inner Product Spaces 153

Definition 5.2 Let V' be a vector space over the field F, where F € {R,C}.
An inner product on V is a function

(,):VxV =T,
which satisfies:

1. For every vector u, (u,u) is a non-negative real number and (u,u) = 0 if
and only if w = 0. This means that ( , ) is positive definite.

2. For all vectors u,v, and w, (u+v,w) = (u, w)+ (v, w). We say that { , )
is additive in the first argument.

3. For all vectors u,v and scalars v, {(yu,v) = y(u,v). We say that { , ) is
homogeneous in the first argument.

4. For all vectors w and v, (u,v) = (v,u). We say that { , ) is conjugate
symmetric.

By an inner product space, we mean a pair (V,{ , )) consisting of a real
or complex vector space V' and an inner product { , ) on V.

In 4) of the definition, (v, u) refers to the complex conjugate of (v, u).

Definition 5.3 By the usual inner product on the space C" we mean the
inner product defined by

w1 21
w2 Z2

= wi1z1 + w2z + -+ wnzn,.
Wn, Zn

The inner product spaces (R™,-) and (C™,-) with the usual inner product are
often referred to as Euclidean inner product spaces .

Example 5.1 Let V =F",F € {R,C} and let a = (a1, 2,...,q,) where o;
are positive real numbers. Define

w1 zZ1
w2 z2

A I = QWi1Z1 + W2Z3 + - -+ + QpWpZn.
Wn, Zn

This is the weighted Euclidean inner product with weights a.
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Example 5.2 Let V =F" where F € {R,C}, S be an invertible operator on
V and let { , Ygrp denote the Euclidean inner product on V. Define

(w,v)s = (S(u),S(v))prp-

Example 5.3 Let F € {R,C}. Recall that F(,)[z] is the space of dimension
n + 1 consisting of all polynomials with coefficients in F of degree at most n.
For f(x), g(x) € Fe,[x] set

(@), g(x)) = /0 f(@)g@)d.

This defines an inner product on I, [z].

a1 ai2 e A1n
. a1 @2 ... Q2n ‘
Definition 5.4 Let A = . . . . The trace of A is defined
ap1  Ap2 ... Gnn

to be the sum of the diagonal entries:

Trace(A) = a11 + aze + -+ + G-

Example 5.4 Let F € {R,C}. For A, B € M,,(F) set

(A, B) = Trace(A" B).

Here A is the transpose of the matriz A. This defines an inner product on

This is known as the Frobenius inner product.
Exercises

1. Prove Theorem (5.1).

2. Prove that if (, ) is an inner product on a real or complex space V, then
for vectors u,v and scalar ~

(u, yv) = 7(u,v).

3. Prove that if { , ) is an inner product on a real or complex space V then
for vectors u,v and w
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(u, v+ w) = (u,v) + (u, w).

4. Prove that the function defined in Example (5.1) is an inner product.
5. Prove that the function defined in Example (5.2) is an inner product.
6. Prove that the function defined in Example (5.4) is an inner product.

7. Assume that V;, i = 1,2 are vector spaces over F € {R,C} and (, ),,7=1,2
is an inner product on V;. Set V.=V, &V, and define {, ): V xV — F by

(w1, u2), (v1,v2)) = (U1, v1); + (U2, v2),
for u1,v1 € Vi,ug, vy € Va. Determine whether { ; ) is an inner product on

V. Prove your conclusion.

8. Let (V,{, )) be an inner product space and £ = (v1,vs,...,v,) a sequence
of vectors. Prove that £ is linearly independent if and only if the following
matrix is invertible:

(v1,v1) (v2,v1) ... (vn,v1)
A (v1,v2) (v2,v2) ... (Vp,v2)
(vl,'vn) (vz,'vn> (U, Vp)

9. Let ¢1,¢a,...,¢, € R. Define a function (, ) : R™ x R™ — R by

Z1 1
< ) > :cl(xlyl)'i_""i_cn(xnyn)'
LTn Yn

Prove that if (, ) is an inner product then ¢; > 0 for all .

10. Let V' = My (N,R), the real space of all maps f from N to R such
that spt(f) = {i € N|f(i) # 0} is finite. Define ( , ) : V.xV — R by
(f.g) =Yooy f(i)g(i). Prove that (, ) is an inner product space on V.

11. Let (V,{, )) be a complex inner product space. For vectors v, w, set
(v, w)r = £[(v, w)+(w, v)]. Consider V to be a real vector space. Is (V, (, )r)
an inner product space? Support your answer with a proof.
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5.2 Geometry in Inner Product Spaces

What You Need to Know

To succeed with the new material in this section, you will need to be familiar
with the concept of a real inner product space, a complex inner product spaces,
as well as subspaces of a vector space.

We begin with a definition.

Definition 5.5 Let (V,{,)) be an inner product space. When {(u,v) = 0 we
say that u,v are perpendicular or orthogonal. When u and v are orthog-
onal we often represent this symbolically by writing w 1 v.

Example 5.5 Let f(x) = x,g(x) = 2 — 3z, which are polynomials in R z)[x].
Then

1 o 1
/ f(z)g(x) = / (22 — 32%)dx = (2* — 1) =0-0=0.
0 0

Thus, L (2 — 3x).

Definition 5.6 Let (V,(, )) be an inner product space and u be a vector in
V. The orthogonal complement to w, denoted by u', is the set

{v e V|{v,u) = 0}.
More generally, if U C'V then UL is the set

{veV|{v,u) =0,Yu e U}.

We next define a notion of a norm of a vector. This can usefully be thought
of as the length of a vector.

Definition 5.7 Let (V,(, )) be an inner product space. The norm, length,
or magnitude of the vector u, denoted by || w ||, is defined to be

V{u,u).

The norm is always defined since (u,u) > 0 and therefore we can always take
a square root.
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Example 5.6 Find the norm of the vectors f(x) = x and g(x) = 2% in the
inner product space of Example (5.3).

1
(w,2) = [y 2%z = 3[2°]5 = 3. So, |z |l=\/3

(%, 2%) = fol atde = $[2°|§ = §. Therefore, || 2? ||= /3.

Definition 5.8 For two n-vectors w,v in an inner product space (V,{ , )) the
distance between them, denoted by d(u,v), is given by d(u,v) =||u—v || .

11

Example 5.7 Find the distance between the vectors A = (1 1

)andB—

(é 143) in the inner product space of Example (5.4) with n = 2.

A—-—B= (_04 __132)'
(A-B)"(A-B) = (_03 —_142> (—04 —_132>
- (zlxg 14583) '

The trace of this matriz is 16 + 158 = 169. Therefore, the distance from A
to B is v/169 = 13.

Remark 5.1 If u is a vector and c is a scalar, then || cv ||=|c| || w || .
A consequence of Remark (5.1) is the following:

Theorem 5.2 Let u be a non-zero vector. Then the norm of IITIIIU 1s 1.

Proof | rhrull = Irkilllul = by lluf=1

Definition 5.9 A vector uw of norm one is called a unit vector. When we
divide a mnon-zero vector by its norm we say we are normalizing the vector
and the vector so obtained is said to be a unit vector in the direction of
u.
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We next embark on proving several fundamental theorems about inner product
spaces. The next theorem should be familiar in the case that V' = R? with the
FEuclidean inner product:

Theorem 5.3 Pythagorean theorem
Let (V,{, )) be an inner product space and w,v € V be orthogonal. Then

lw+olP=lwl?+[vl?.

Proof ||u+v|?*= (u+v,u+v)= (u,u)+ (u,v)+ (v,u)+ (v,v)

= (u,u) + (v,0) =l w ||* + || v ||*.

In our next result, we show how, given two vectors, u,v with v # 0 we can
decompose u into a multiple of v and a vector orthogonal to v.

Lemma 5.1 Let u,v be vectors with v # 0. Then there is a unique scalar o
such that uw — av is orthogonal to v.

Proof We compute the inner product of u — av and v:
(u — av,v) = (u,v) — a(v,v). (5.1)

Setting the expression in (5.1) equal to zero and solving for o we obtain

Definition 5.10 Let u,v be vectors in an inner product space (V,{ , )) with
v # 0. The vector %v is the orthogonal projection of u onto v. The

vector u — ﬁ’ﬁ’gv is the projection of u orthogonal to v. The expression

0 (o )

u =
v [ v

is referred to as an orthogonal decomposition of u with respect to v.
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Theorem 5.4 (Cauchy—Schwartz Inequality)

Let (V,{, )) be an inner product space and w,v be vectors in V. Then
[(w, o) <[ w ||| v || (5.2)

with equality if and only if the sequence (u,v) is linearly dependent.

Proof If either u = 0 or v = 0, then both |(u,v)| and || w ||| v || are zero

and we get equality. So assume w,v # 0. In this case, we can decompose u
orthogonally with respect to v:

{u, v)
u =
o2

where w = u — %v is orthogonal to v. We can apply the Pythagorean
theorem (Theorem (5.3)) to get

v+ w,

(u, )
lwl?* = |
[ o2

[(u, v)]
(”vng Pl + | w |
[(u, v)[?

= WHUHQ‘FHWH2
[(u, v)[?

= W+ [ w |2

| 2

v+ w |?

[{u, v)
ol

[(u,)|

Thus, || w [|*>> le Multiplying both sides of the inequality by || v ||* and
taking square roots, we obtain
full-lol = [Ku,v)

Note that we get equality precisely when w = 0, which is when w is a multiple
of v, that is, when (u,v) is linearly dependent.

Assume u, v are non-zero vectors in a real inner product space (V, (, }). Then,
as an immediate consequence of the Cauchy—Schwartz inequality we have

e fww)
“lulllv] =

Recall, for any real number r on the interval [—1, 1] there is a unique 6 € [0, 7]
such that cos # = r. We use this to define the notion of an angle between u, v:
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Definition 5.11 Let (V,(, )) be a real inner product space and u,v vectors
in V. If one, but not both w and v, is the zero vector, define the angle between
u, v, denoted by Z(u,v), to be Z. If both w,v are non-zero vectors, then the

5 .
angle between u,v, Z(u,v), is the unique 6 € [0, | such that cos § = ”:ﬁfz”.

We can use the Cauchy—Schwartz inequality to prove a familiar theorem from
Euclidean geometry. Suppose that u, v, u + v are the sides of a triangle. The
lengths of the sides of this triangle are || w ||, || v || and || w+wv ||. One typically
learns in Euclidean geometry that the sum of the lengths of any two sides of
a triangle must exceed the length of the third side. This holds in any inner
product space:

Theorem 5.5 (Triangle Inequality) Let (V,(, )) be an inner product space
and w,v be vectors in V. Then

futol < [lul+]v]. (5-3)

Moreover, when u,v # 0 we have equality if and only if there is a positive A
such that v = Au (we say that w and v are parallel in the same direction,).

Proof Note that when either w or v is the zero vector there is nothing to
prove and we have equality, so assume that w,v # 0. Applying properties of
an inner product we get

| u+v = (u+vuto)
by the definition of the norm;

= (u,u) + (v,v) + (u,v) + (v, u)
by the additive property of the inner product;

= Jul®+ v +{u,v) + (v,u)
by the definition of the norm;

= Jul®+llv*+{u,v)+ (u,v)

by conjugate symmetry;

[ |* + | v [|* +2Re((u, v));

fwl®+lvl* + 2Re((u,v)) < Jul|?+v|*+2/{uv)] (54)
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< JulP+lolP+2full- o] (5.5)
by the Cauchy-Schwartz inequality;

=(lwll+ vl
By taking square roots, we obtain the required inequality.
In Equation (5.5), we have equality if and only |[(u,v)| =|| w || - || v || if and
only if w is a multiple of v. In Equation (5.4), we have equality if and only
if 2Re({u,v)) = |(u,v)|. Together these imply that (w,v) =|| w | - || v ||. If
u = cv for a positive real number, then this holds. On the other hand, suppose

u = yv, where either v is real and negative or v is not real. Then equality
does not hold. This completes the theorem.

The following theorem is often referred to as the Parallelogram Equality:

Theorem 5.6 Assume u,v € V. Then

lwtov *+ lu—v[P=2(w | + [l v [*).

Proof Letu,v be in V. We then have

lutv|P+|u—v|* = (ut+v,ut+v)+(u—v,u—2)
F 1+ 1 v 2 +(w, v) + (v, u)+ [ |2
+ v |2 —(u,v) = (v,u)
= 2ul+2]v|?
= 2(Jul?+ v ).

We state two results for later reference. We prove the first and leave the second
as an exercise.
Lemma 5.2 Let (V,(, )) be a real inner product space. Then

_ (et P u—v]|?)
(u,v) = 1 .

Proof |u+v|?—||u—v|*={(u+v,u+v)— (u—v,u—0v)

=l wl®+ v |* +w o) + (v,u) = (| |* + [ v |* —(w,v) - (v,u))

= 2(u, v) + 2(u,v) = 4{u,v). Dividing by 4 yields the result.
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The identity asserted in the next lemma will prove useful in the Chapter 6.
We leave its proof as an exercise.

Lemma 5.3 Let (V,(, )) be a complex inner product space. Then

[uto]?—u—v|?+[utiv]®i-|u—iv]|?i
(u,v) = 4 .

Exercises
1. Let u € U. Prove that u' is a subspace of V.
2. If dim(V) = n and u # 0, prove that dim(ut) =n — 1.

3. Let (V,(, )) be an n-dimensional inner product space and W a subspace
of V. Prove that W N W+ = {0}.

4. Let V' = R(y)[z] with the inner product of Example (5.3). Find a basis for
the orthogonal complement to 2% 4+ x + 1.

5. Let V' = Ma2(R) with the inner product of Example (5.4). Find the distance

. 1 1 5 4
between the matrices A = (_1 1) and (_4 5) .

6. Let V = Mo (R) with the inner product of Example (5.4). Find the orthog-

onal complement to the identity matrix.

7. Let V = Ma(R) with the inner product of Example (5.4). Find the orthog-
onal complement to the subspace of diagonal matrices.

8. Let V = R(g)[z] with the inner product of Example (5.3). Find the distance
between z and 2.

9. Verify that v and u — %v are orthogonal.

10. Prove Lemma (5.3).

11. Let 21,...,Zn,Y1,--.,Yn be real numbers. Prove that
2
J .
> @iy | < 27 > iy
j=1 j=1 j=1

12. Let (V,(, )) be an inner product space and d( , ) the corresponding
distance function. Prove the following hold:

a) d(u,v) >0 and d(u,v) = 0 if and only if u = v.
b) d(u,v) = d(v,u).
¢) d(u,w) < d(u,v) + d(v,w).



Normed and Inner Product Spaces 163

13. Let V' = M32(R) with the inner product of Example (5.4). Find the angle

0> and the all 1 matrix Jy = (1 1> .

between the identity matrix I = <1 L1

0 1
14. Let u, v be vectors in an inner product space (V,(, )) and assume that
lu+v|=]wl +|v] .Provefor all ¢,d € R that

leu+ dv|*=c*[lw|*+d* | o]

15. Let (V,(, )1) and (V,{, )2) be real inner product spaces with associated
distance functions dy and dp. If dy(u,v) = da(u,v) for all vectors u,v € V
prove that (u,v); = (u,v)s for all vectors u, v.

16. Let (V,(, )) be an inner product space, € V a unit vector, and y € V.
Prove (y,z)(x,y) < (y,v).
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5.3 Orthonormal Sets and the Gram—Schmidt Process

What You Need to Know

Understanding the new material in this section depends on mastery of the
following concepts: basis of a finite-dimensional vector space, coordinate vector
of a vector in a finite-dimensional vector space with respect to a given basis,
inner product space, and orthogonal vectors in an inner product space.

We begin with an example:

Example 5.8 a) Show that the vectors

1 2
v = 1 , V2 = -1 , V3 = 1
1 -1 -1

are mutually orthogonal with respect to the dot product.
b) Prove that the sequence of vectors (vi,v2,v3) is a basis for R3.

1
¢) Find the coordinate vector of u = | 2 | with respect to vy, va,vs.
3

a) We compute the dot products directly

v1.v2 = (1)(2) + (1)(=1) + (1)(=1) = 0;

vs 23 = (2)(0) + (—1)(1) + (~1)(~1) = 0.

b) We could reduce the matriz (v vy v3) and show that it is invertible but we
give a non-computational argument.

Quite clearly, vo is not a multiple of v1 and therefore (v1,v2) is linearly
independent. If (v1,v9,v3) is linearly dependent, then vs must be a linear
combination of (v1,v2) by part i) of Theorem (1.14). So assume that vs is a
linear combination of (v1,v2), say, V3 = c1V1 + Cav3.

Then vz . v3 = V3. (C1V1 + cav2) = ¢1(v3 . V1) + c2(V3 « v2) by additivity and
the scalar property of the dot product.

By a) vs . v1 = v3.v2 = 0 and therefore, vs.vs = 0. But then by positive
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definiteness, vs = 03, a contradiction. Therefore v3 is not a linear combination
of (v1,v2) and (v1,v2,v3) is linearly independent. Since the dimension of R3
is 3, it follows that (v1,v2,v3) is a basis.

¢) We could find the coordinate vector of u by finding the reduced echelon form
of the matriz (v v2 v3 | w), but we instead make use of the information we
obtained from a).

Write uw = a1v1 + agva + asvs and take the dot product of w with vy, vs, vs,
respectively:

UV = (CLl’Ul +a2v2+a3v3).vl = CLl('Ul .'1)1)—|—CL2('1)2.'1)1)+CL3('03.'1)1) (56)

by additivity and the scalar property of the dot product.

However, we showed in a) that v1,v2,v3 are mutually orthogonal. Making use
of this in Equation (5.6) we get

u.v; = a1(vy . v7). (5.7)

A direct computation show shows that w.vy =6 and vy .v1 = 3 and therefore

6 = 3ay. Thus, a; = 2. In exactly the same way, we obtain as = —%, az = —%.
Remark 5.2 Ifvy,..., v, are non-zero vectors such that for i # j, (v;,v;) =
0 then the vectors are distinct.

Example (5.8) is the motivation for the next definition:

Definition 5.12 A sequence (v1,vs,...,v) of non-zero vectors in an in-
ner product space (V,{ , )) is said to be an orthogonal sequence if for
i # j,(vi,v5) = 0. A set of vectors {v1,...,v;} is an orthogonal set
if the sequence (v1,...,vy) is an orthogonal sequence. If dim(V) = mn,
(v1,v2,...,0,) 18 a basis for V and an orthogonal sequence then it is said

to be an orthogonal basis for V.

Orthogonal sequences behave like the one in Example (5.8). In particular, they
are linearly independent:

Theorem 5.7 Let S = (v1,v2,...,vk) be an orthogonal sequence in the inner
product space (V,{, )). Then S is linearly independent.
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Proof The proof is by induction on k. Since the vectors in an orthogonal
sequence are non-zero, if k =1 (the initial case), then the result is true since
a single non-zero vector is linearly independent. We now do the inductive case.

So assume that every orthogonal sequence of k vectors is linearly independent
and that S = (v1,v2,...,Vk, Vky1) 48 an orthogonal sequence. We need to
show that S is linearly independent. Since (v1,ve,...,v) is an orthogonal
sequence of length k, by the inductive hypothesis, it is linearly independent.

If § is linearly dependent, then it must be the case that viy1 is a linear com-
bination of (v1,va2,...,v). So assume that Vg1 = c1V1 + CaV3 + - - - + CL V.
We then have

Vet 17 = (kg1 Vis1)

k
= E CiU;i, Vg1

=1

C; <'U1'7 ’l}k+1>.

I

=1

Since S is an orthogonal sequence, for each i < k + 1,{v;,vg+1) = 0 from
which we can conclude that || vei1 ||*= Zle ¢i(vi, vp41) = 0. It then follows
from positive definiteness that vip41 = 0. However, by the definition of an or-
thogonal sequence, vi1 # 0, and we have a contradiction. Thus, S is linearly
independent.

It is also the case that for an orthogonal sequence S = (v1,v2,...,v) in an
inner product space (V,{, )) it is easy to compute the coordinates of a vector
in Span(S) with respect to S:

Theorem 5.8 Let S = (v1,va,...,v;) be an orthogonal sequence and u a
vector in Span(S). If u = c1v1 + cova + - - - + ¢y, is the unique expression of

u as a linear combination of the vectors in S then c; = %
PRRS]

Proof Assume u = c1v1 + covg + -+ + ¢, then (u,v;) =

k
((crv1 + cova + -+ - + ¢ vg), ch (vi,vj) (5.8)
=1

by the additivity and scalar properties of the dot product.
Because (v;,v;) =0 for j # i, Equation (5.8) reduces to (u,v;) = c¢;(vj,v;).
Since v; is non-zero, (vj,v;) # 0, and we can deduce that c; = %

I

claimed.
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The following is a consequence of Theorem (5.8): If W is a subspace of V,
S is an orthogonal sequence and a basis for W, then the computation of the
coordinates of a vector w in W with respect to S is quite easy. The computation
of coordinates is even simpler when the vectors in an orthogonal sequence are
unit vectors. We give a name to such sequences.

Definition 5.13 Let (V,{, )) be an inner product space. An orthogonal se-
quence S consisting of unit vectors is called an orthonormal sequence. If
W is a subspace of V, S is a basis for W, and S is an orthonormal sequence,
then S is said to be an orthonormal basis for W.

The remainder of this section is taken up describing a method for obtaining
an orthonormal basis for a subspace W of an inner product space (V,( , )),
given a basis of W. The method is known as the Gram—-Schmidt process.

The Gram—Schmidt Process

Assume that W is a subspace of V and that (wy,ws,...,w,,) is a basis
for W. We shall first define an orthogonal sequence of vectors (21, T2, ..., Zm)
recursively. Moreover, this sequence will have the property that for each k,1 <
k < m,Span(xi,x2,...,xr) = Span(wi,ws,...,w;). We then obtain an
orthonormal basis by normalizing each vector. More specifically, we will set
v; = ”z—lnwl,z =1,2,...,m.

To say that we define the sequence recursively means that we will initially
define x1. Then, assuming that we have defined x1,x2,...,xr with &k < m
satisfying the required properties, we will define 1 such that i) 11 is or-
thogonal to 1, T2, ..., x; and ii) Span(xy, ..., xr41) = Span(wi, ..., Wit1).
Since the sequence (w1, wa, ..., wg4+1) is linearly independent it will then fol-
low that the sequence (1, @2, ..., Zkt1) is linearly independent. In particular,
41 will not be the zero vector.

The Definition of x;
We begin with the definition of @; which we set equal to w;.
The Recursion

To get a sense of what we are doing, we first show how to define x5 in terms
of ws and x; and then x3 in terms of ®1, 2 and ws before doing the general
case.

Defining x-

The idea is to find a linear combination x2 of we and x;, which is orthog-
onal to 1. The vector &2 will be obtained by adding a suitable multiple of
21 to wsy. Consequently, we will have that Span(x,x2) = Span(xi, ws) =
Span(wi, ws).
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Rather than just write down a formula, we compute the necessary scalar:
Assume that &3 = wy + ax; and that (z2, 1) = 0. Then

0= <$B2,.’131> = <(’LU2 + CL:El),.’B1> = <w2,cc1> + CL<:E1,.’1}1>. (59)

Solving for a we obtain

o= w2 ) (5.10)

(z1,21)

(wa,x1)

Using the value of a obtained in Equation (5.10), we set 2 = wg — @) T1-

Defining x5

Now that we have defined x; and x2 we find a vector x3 which is a linear
combination of the form x3 = w3 + a1x1 + asxs. We want to determine aq, as
such that a3 is orthogonal to 1 and xs. Since x3 and x; are supposed to be
orthogonal, we must have

0= (z3, 1) = (W3 + a1T1 + ax2, 1)

= (w3, 1) + a1 (z1, 1) + a2 (T2, T1). (5.11)

Because x; and x5 are orthogonal we get

(w3, 1)
0= (ws,x1) +a1{x1,21),01 = ———. 5.12
(w3, x1) {1, 1), a1 (@1, 21) ( )

In an entirely analogous way, using the fact that &3 and x5 are supposed to
be orthogonal we obtain

(w3, @2)
ay = ———. 5.13
? <w27m2> ( )
Thus,
r3 = w3 — <w3’m1>:13 — <w3,w2>$ (514)

(@i, 21) (@2,

Since x3 is obtained by adding a linear combination of x; and xs to ws
we have that Span(xi,xs, x3) = Span(xi,x2,ws). Since Span(xi,xs) =
Span(wi,wy) it then follows that Span(xi,x2,x3) = Span(wi,ws, ws).
Since (w1, ws,ws) is linearly independent, dim(Span(wi, w2, ws3)) = 3. It
then must be the case that x3 # 0.
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The General Recursive Case

We now do the general case. So assume that @y, s, ..., T, have been defined
with k£ < m satisfying

i) (x;,x;) =0 for ¢ # j; and

ii) Span(x1, 2, ..., xr) = Span(w;, wa, ..., wg).
Set
: (Wit1,5)
Tptl = Wiyl — ; ij (5.15)

We show that (g1, 2;) =0 foralli=1,2,... k.
Zk (Wry1,25)

(@hy1, i) = (Wh1 = D) oy T T)

wk+l7 w]
.’BJ, .’BJ

(W1, ) (x5, 2;). (5.16)

M?r

Jj=1

Since (&, ;) = 0 for i # j, Equation (5.16) becomes

<wk+17mi>< i7w1>

<’UJ]C+1 N $i> — <wi7 mz> = <’UJ]€+1 N $i> — <Wk+1, wl> = 0 (517)
So, indeed, xy11 as defined is orthogonal to 1, xo, ..., xk.

Since xy41 is obtained from wy4; by adding a linear combination of

(1, T2,...,xE) to wiyr, it follows that Span(xi,xo,..., Tk Tpr1) =
Span(xy, T2, ..., Ty, Wrt1). Since Span(xy,...,xr) = Span(wi, ..., wy) we
can conclude that Span(xy, ..., T, k1) = Span(wi, ..., Wk, wiy1). In par-

ticular, this implies that ;41 # 0.

Now normalize each x; to obtain v;:

1
v; = mi,i:1,2,...,m.
| 2 ||
Since each v; is obtained from x; by scaling, it follows that Span(vi,ve, ..., v;) =
Span(x1, T2, ..., xr) = Span(wy, ws, ..., wy) for each k =1,2,...,m

We state what we have shown as a theorem:
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Theorem 5.9 (Gram—Schmidt Process)

Let W be a subspace of the inner product space (V,( , )) with basis
(w1, ws, ..., wy,). Define 1 = wy.

Assume that @1, xa, . .., Tk have been defined with k < m. Set

k
_ (Wit1, T;))
LTp+1 = W41 — Ty,

= ()
v; = Laci,i: 1,2,...,m.
| i |l
Then the following hold:
i. The sequence of vectors (v1,va, ..., V) is an orthonormal basis of W.
ii. Span(vi,ve,...,v;) = Span(wi, wa, ..., wg), for each k=1,2,....m.

When the inner product space (V,{ , )) is finite-dimensional, every subspace
of V has a basis; as a consequence of the Gram—Schmidt process, we have the
following theorem:

Theorem 5.10 Let W be a subspace of a finite-dimensional inner product
space (V,{, )). Then W has an orthonormal basis.

To complete our results, we state the following theorem, which we leave as an
exercise.

Theorem 5.11 Let W be a subspace of the n-dimensional inner product space
(V,(, ). Then dim(W) + dim(W+) = n.

Exercises
1. In the Gram—Schmidt process, check that (@2, x1) = 0.
2. Prove that x5 defined by Equation (5.14) is orthogonal to @1, 5.

3. Assume U C W are subspaces of an inner product space (V,{ , )). Prove
that W+ c U+,

4. Prove Theorem (5.11).

5. Let (V,{, )) be a finite dimension inner product space and W a subspace
of V. Prove that V. =W @ W=.

6. Let W be a subspace of a finite-dimensional inner product space (V, ( , )).
Prove W = (W+)+.
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7. Assume U, W are subspaces of the finite-dimensional inner product space
(V,{, ). Prove that (U + W)* =U+nW+ and (UNW)+ =U+ + W+,
An nxn matrix A with entries a;;,1 < i,j < nis upper triangularif a;; =0
for i > j.

8. Let V be an inner product space with basis B = (w1, wa, ..., w,,). Let B
be the basis obtained by the Gram—Schmidt process. Prove that the change

of basis matrix from B’ to B, M, (B’, B), and the change of basis matrix of
B to B, My, (B,B’), are upper triangular.

9. Starting with the basis (1, z, 2?) for Rz [x], use the Gram-Schmidt process
to obtain an orthonormal basis.

10. Assume (vy, ..., ;) is an orthonormal sequence in an inner product space
(V,{(, )) and u € V. Prove the following inequality (known as the Bessel
inequality)

Doluwwo)l < flul?

i=1
with equality if and only if w € Span(vy,...,vg).
11. Let V' = M22(R) with the inner product of Example (5.4). Let W =

Span(Jo). Find an orthonormal basis for W=. Here J; is the 2 x 2 matrix
with all entries equal to 1.

12. Let (v1,...,v,) be an orthonormal basis for the inner product space
(V,(,)) and x,y € V. Prove Parseval’s identity

n

(x,y) = Z<w,vi><vi,y>-

i=1
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5.4 Orthogonal Complements and Projections

What You Need to Know

Understanding the new material in this section depends on mastery of the
following concepts: basis of a finite-dimensional vector space, coordinate vector
of a vector in a finite-dimensional vector space with respect to a given basis,
inner product space, orthogonal vectors in an inner product space, orthogonal
sequence in an inner product space, orthonormal sequence in an inner product
space, and orthogonal basis in an inner product space, orthonormal basis in
an inner product space.

Let (V,{, )) be in inner product space and W a subspace of V. Recall in
Section (5.2) we defined the orthogonal complement W+ to W:

Wt ={v e V|{(v,w) =0 for all w € W}.

In various places in this chapter, we have demonstrated parts of the next
theorem (or assigned them as exercises):

Theorem 5.12 Let (V,( , )) be an n-dimensional inner product space and
W a subspace of V.. Then the following hold:

1. W+ is subspace of V.

2. Wnwt ={o0}.

3. dim(W) + dim(W+) = n.
4 WH+Wt=V.

5 WaeWt=V.

By the definition of direct sum it then follows that for every vector v € V,
there are unique vectors w € W,u € W+ such that v = w + u. We make use
of this in the following definition:

Definition 5.14 Let W be a subspace of the n-dimensional inner product
space (V,(, )) and let v € V. Assume that v = w + u with w € W,u € W+,
Then the vector w is called the orthogonal projection of v onto W and is
denoted by Projw (v). The vector w is called the projection of v orthogonal
to W and is denoted by Projy . (v).
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Remark 5.3 1) With a direct sum decomposition V.= W &W we previously
defined a linear transformation Projqy,wy. The transformation Projuw,w 1)
and Projw are the same transformation. Likewise, Projow . wy = Projy ..

2) For a vector w € W, Projw(w) = w. Since for any vector v €
V, Projw (v) € W we conclude that Proj3,(v) = (Projw o Projw)(v) =
Projw (Projw (v)) = Projw (v).

The next example in real Euclidean space shows how to find the orthogonal
projection of a vector w onto a subspace W when given a basis of W.

1 1 1
1 1 1
Example 5.9 Let w; = we=1 | and w3 = _9 and denote
1 -1 1
6
by W the span of (w1, ws, ws). Compute Projw (u) if u = _63
2

We want to find the vector cywi + cows + csws such that u — (cyw + cows +
cawsz) is in W=L. In particular, for each i we must have

[u — (1w + cows + csws)] - w; =

u-w; — Cl(wl : wi) - 02(’w2 : wi) - 03("1’3 : wi) =0. (5-18)

For each i, Equation (5.18) is equivalent to

Cl(’l.Ul . 'wl) + CQ(’LUQ . 'wl) + Cg(’LUg . wl) =Uu-w;. (519)

C1

This means that | ca | is a solution to the linear system with augmented
c3

matriz
wy W) wyrw; ws-w; | uw-w;
w1 Wy Wy Wy ws-wy | U-ws | . (5.20)
wy w3 Wo W3 Ws-ws | U- w3

It follows from Ezercise (5.1.8) that this system has a unique solution, which
we now compute.

In our specific case we must solve the linear system with augmented matrix
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4 2 1 | 1
2 4 =1 | 7]. (5.21)
1 17 ] 20
1
This system has the unique solution | 2
3

Example (5.9) suggests the following theorem, which provides a method for
computing Projw (u) when given a basis for the subspace W.

Theorem 5.13 Let W be a subspace of the n-dimensional inner product space
(Vo (, )) with basis B = (w1, wa,...,wy) and let w be a vector in V. Then

C1
C2
Projw (u) = cywy + cows + . .. cywy, where | is the unique solution to
Ck
the linear system with augmented matrix
(wi,wi) (w2, wi) ... (wp,wi) | (u,w)
(wi,we) (w2, w2) ... (wp,w2) | (u,wo)
(5.22)
(wi,w) (w2, wg) ... (wg,wr) | (uw,ws)

When given an orthogonal basis for W, it is much easier to compute the
orthogonal projection of a vector v onto W because the matrix of Equation
(5.22) becomes a diagonal matrix. We illustrate with an example in the real
Euclidean space R* with the dot product before formulating this as a theorem.

1 1
Example 5.10 Let wy = 1 , Wy = _11 , and set W = Span(wy,ws).
1 -1
1
Find the orthogonal projection of the vector v = _34 onto W.
6

We claim that Projw (v) = 2% qu; + 22 qpo.

w1 Wi w2 w2

We compute this vector
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1 1 2
V- wq V- wsy 6 (1 2 1 2
= - - = 5.23
wq - wy +w2 w2w2 411 +4 -1 1 ( )
1 -1 1
2
The vector w = % is a linear combination of wi and wy and so in W. We
1
-1
need to show that the vector v — w = _15 s orthogonal to wy and ws.
5
-1 1
1 1
(v—w) w = 5 (|=-1+1-5+5=0. (5.24)
5 1
-1 1
1 1
(v—w) wy = 5l 21 =—-1414+5-5=0. (5.25)
5 -1

Theorem 5.14 Let W be a subspace of the inner product space (V,{, )) and

B = (w1, ws,...,wg) be an orthogonal basis for W. Let u be a vector in V.
Then
b (u,w,
Projw (u) = Z J
— 'wJ,w7
j=1

Proof Set w = Zk {w.w:) w;, an element of W. We need to show that

i=1 (w;,w;)
u — w 1s perpendicular to w; fori=1,2,... k.

From the additive and scalar properties of the inner product { , ) we can
conclude that (u — w,w;) = (u,w;) — (w,w;) for each i. From the additive
and scalar properties of the inner product, we have

(w,w;) = <Zl %wﬁ wi> = Z %(wj,wi>. (5.26)
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On the right-hand side of (5.26), the only term that is mnon-zero is

<<1:‘:1‘;1>> (w;,w;) = (u,w;) since for j # i,(wj,w;) = 0. Thus, (w,w;) =

(w,w;). It now follows that

(u —w,w;) = (u,w;) — (u,w;) =0

as desired.

'v'wl

You might recognize the expression 7 —>-w; as the projection of the vector v

onto w;. We therefore have the followmg

Theorem 5.15 Let (w1, ws,...,wx) be an orthogonal basis for the subspace
W of V and u a vector in V. Then

Projw (w) = Projy, (u) + Projw, (@) + -+ - + Projy, (u).

We complete this section with one more result in which we apply what we have
obtained to solving the following general problem: Given a subspace W of an
inner product space (V,{ , )) and a vector u, determine the vector w € W
which has the least distance to u. The following theorem is often called the
Best Approximation Theorem.

Theorem 5.16 Let W be a subspace of the inner product space (V,{, )) and
u a vector in V. Then for any vector w € W,w # Projw (u), we have

lw—Projw(u) || < [u-w]|.

Proof Set @ = Projw (u). Then the vector u —w € W+ and so orthogonal
to every vector in W. In particular, u — w is orthogonal to W — w.

Nowu —w = (u — W) + (W — w). Since u — W is orthogonal to W — w we

have

~

lw—w[P=] (u—®)+ (@ —w) |*=[|u—@ | + | w-w]|* (527

by Theorem (5.3). Since w # Projw(u) = w,w — w # 0 and consequently,
|| w—w || 0. From (5.27) we conclude that

lw—w|* > [Ju-—w]|? (5.28)

from which the result immediately follows by taking square roots.
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FIGURE 5.1
Projection of vector onto subspace.

In Figure (5.1) we illustrate Theorem (5.16).

Definition 5.15 Let W be a subspace of the inner product space (V,{, )) and
let w € V. The distance of u to W is the minimum of {|| u —w ||: w € W},
that is, the shortest distance of the vector w to a vector in W. By Theorem
(5.16), this is || w — Projw (u) || . We denote the distance of the vector u to
the subspace W by dist(u, W).

Exercises

1. Let W = Span( ) and u = . Compute Projw (u) and

—_ == =
O = O
=W DN =

Projy 1 (u).

2. Let V = M3(R) with the inner product of Example (5.4) and let W be the
subspace of trace zero matrices. Find Projw (J2) where J3 is the all 1 matrix,

1 1
e (1)
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3. Let Rs[x] be equ1pped with the inner product (f,g) fo t)dt and
set W = Span(1,z,2?). Compute Projw (x?).

4. Find the distance of the point (2,3,4) from the plane z + 2y — 2z = 5.

5. Find the distance of the point (1,—1,1,—1) from the affine hyperplane
T+ 229+ 3x3 + x4 = 7.

6. Let L be the line {(¢ + 1, —2¢,3t — 2, —t + 1)|t € R}. Find the distance of
the origin from L.

7. Using the inner product (f, g) fo t)dt on the space C([0,1]), find
the best approximation to the function \/E in the subspace R(g)[z].

8. Let (V,(, )) be an n-dimensional real inner product space and S =
(v1,v2,...,v,) an orthonormal basis of V. Let W be a subspace of V
with an orthonormal basis B = (wi,ws,...,w). Set P = Projw and
A = (Jwi]s [wa]s ... [wg]s). Prove that the matrix of Projy with respect
to S is AA'.

9. Continuing with the hypothesis of Exercise 8, prove that Q@ = Mp(S,S)
satisfies Q2 = Q and Q" = Q.

10. Let (V,(, )) be an n-dimensional real inner product space and let S =
(v1,v2,...,v,) be an orthonormal basis of V. Let @) be a matrix, which satisfies
Q? = Q and Q" = Q. Assume that Q = Mr(S,S) and let W = Range(T)
and U = Ker(T). Prove that U = W+ and T = Projw .

11. Let W, U be subspaces of the inner product space (V,{, )). Prove that
(Proju o Projw)(v) = Proju(Projw (v)) =0

for every vector v € V if and only if W L U.

12. Let W be a subspace of the inner product space (V,( , )) and u a vector
in V. Prove that || Projw (u) || < | u || with equality if and only if uw € W.

13. Let W be a subspace of the inner product space (V,( , )) and u a vector
in V. Prove that dist(u, W) < | u | with equality if and only if w € W+,
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5.5 Dual Spaces

What You Need to Know

To make sense of the material in this section you will need a fundamental
understanding of the following concepts: finite-dimensional vector space V,
basis of a finite-dimensional vector space, linear transformation from a finite-
dimensional vector space V to a finite-dimensional vector space W, and the
matrix of a linear transformation T from a space V to a space W with respect
to bases By of V and By, of W.

We begin with a definition:

Definition 5.16 Let V be a finite-dimensional vector space over a field F.
The dual space of V, denoted by V', is L(V,F), that is, the vector space of
all linear transformations from V to F, the latter regarded as a vector space
of dimension one. Elements of V' are called linear functionals.

Lemma 5.4 Let V be a vector space over F with basis B = (v1,...,v,). Then
there exists linear functionals f1, fo, ..., fn such that
fj(vj) = 1, fj(vi) = O,Z 7§ j (529)

Moreover, B’ = (f1, f2,..., fn) 4s a basis for V.

Proof The existence of the function f; is immediate since for any function
f B — F there exists a unique extension of f to a linear transformation on

V by Theorem (2.6).

To see that B’ is linearly independent, suppose f = c1f1 + ...cnfn = Oy _F.
Then f(u) =0 for all w € V. In particular, f(v;) =c; = 0.

To see that B’ spans V', let f € V'. Set ¢; = f(v;) and g = c1fr +...cnfn.
Since f and g are both linear functionals it suffices to prove that f(v;) = g(v;)
forall j =1,2,...,n. We know that f(v;) = ¢;. On the other hand, g(v;) =

Yoim cifi(vy) = ¢ fi(vs) = ¢j.

Definition 5.17 Let V be a vector space with basis B = (v1,...,v,). The
basis B' = (f1, fa,..., fn) of V' such that Equation (5.29) holds is called the
basis of V' dual to B or simply the dual basis to B.
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In the next result, we show how a linear transformation 7 from a finite-
dimensional vector space V' to a finite-dimensional vector space W induces a
linear transformation 7”7 from W’ to V.

Theorem 5.17 Let V,W be finite-dimensional vector spaces over the field
Fand T : V — W be a linear transformation. Define T' : W' — V' by
T(g9) =goT. Then T € LW, V).

Proof First, we must verify that T'(g) € V'. However, this is immediate:
Since g and T are linear it follows that the composition g o T is linear.

We also need to show that T' is linear. Suppose g1,92 € W' and v € V. Then

T'(g1 +g2)(v) = [(91+ g2) o T|(v)

)
(g1 + 92)(T (v))
91(T(v)) + g2(T' (v))
= T'(g1)(v) +T"(g2)(v)
= [T"(g1) + T"(g2))(v).
Thus, T'(g1 + g2) = T"(91) + T"(g2)-
Now suppose g € W, o € F. Then

T'(ag)(v)

I
—~
Q
)
S~—
—
N o
—~
<

~— ~—
~—

Therefore, T'(ag) = oT"(g).

Definition 5.18 Let V and W be finite-dimensional vector spaces and T €
L(V,W). Then the map T' € L(IW', V") is called the transpose of T.

The next theorem relates the transpose of a linear transformation to the trans-
pose of a matrix.

Theorem 5.18 Let V be a vector space with basis By = (v1,va,...,v,), W
be a vector space with basis By = (w1, ws, ..., Wy), and T € L(V,W). Let
By = (f1, f2,-.., fn) be the basis dual to By and By = (91,92, ---,9m) be
the basis dual to By. Then M (Bw,By') = My (By, Bw ).
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Proof Assume that

(T(w)lsy = | . (5.30)

Qmj

and

bli
b2i
[T (g)ls, = | . |- (5.31)

bni
We need to show that bj; = a;j. Recall, Equation (5.30) means that
T(v;) = Z Ak W (5.32)
k=1

and Equation (5.31) is equivalent to
T'(g9:) =Y busfi- (5.33)
=1

Let us apply T'(g;) to the vector v;. On the one hand,
T'(9:)(vj) = (g 0 T)(vj) = g:(T(vj)) = g (Z akjwk> =a;.  (5.34)
k=1

In Equation (5.34) we have used the fact that g;(w;) =1 and g;(wy) = 0 for
k # 1. On the other hand,

[T"(9:])(v;) = <Z bufz)) (v;) =Y _ biifi(v;) = bji. (5.35)
1=1 1=1
In Equation (5.85) we have used the fact that f;(v;) =1, fi(v;) =0 if I # j.

We have therefore shown that a;; = bj; as required.

Exercises

1. Let 8" = (fi1, f2, f3, f1) be the basis of (R*)’ that is dual to the standard
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2
3
0

O = =

2
basis S of R*. Verify that B = i1’> is a basis for R*

)

O = N =

1 1
and find the basis of (R*)’ dual to B (expressed as a linear combination of &’).

[\

2. Let V, W be finite-dimensional vector spaces. Show that the transpose map
T — T from L(V,W) to L(W', V") is a vector space isomorphism.

3. Assume V and W are finite-dimensional vector spaces and let T — T" be
the transpose map from L(V, W) to L(W',V'). Prove that T is one-to-one if
and only if 7" is onto and T is onto if and only if 7" is one-to-one.

4. Assume V and W are finite-dimensional vector spaces and let T — T’ be the
transpose map from L£(V, W) to L(W’',V'). Prove that T is an isomorphism
if and only if 7" is an isomorphism.

5. Assume V and W are finite-dimensional vector spaces and let T — T” be the
transpose map from L(V, W) to LW’ ,V’). Prove that rank(T) = rank(T").

6. Assume V and W are finite-dimensional vector spaces and let T — T be the
transpose map from L(V, W) to L(W’, V). Prove nullity(T) = nullity(T") if
and only if dim(V') = dim(W).

7. Let V be an n-dimensional vector space and assume (f1,..., f) is a basis
fi(v)

of V'. Prove that the map T' : V' — F"™ given by T'(v) = is an
fn(v)

isomorphism.

8. Let (m1,...,m,) be the basis in (F™)" dual to the standard basis S. Let
T € L(V,F") and set f; = m; o T. Assume T is an isomorphism. Prove that
(f1,- -, fn) is basis of V.

9. Let V be an n-dimensional vector space and assume (f1,..., f,) is a basis
of V'. Prove that there exists @1,...,&, € V such that f;(x;) = 1 for j =
1,2,...,71 and fJ(.’Bl) :Olf] 7£Z

10. Let V' be a finite-dimensional vector space and U a subspace of V. Set

U ={feV'|UC Ker(f)}. Prove that U’ is a subspace of V' and that
dim(U) + dim(U") = dim(V).

11. Let V' be an n-dimensional vector space and U, W subspaces of V. Prove

that (U+W) =0 nNW (UnNW) =U" +W".

12. Assume V = U @ W (an external direct sum). Define v : U' @ W’/ —
(Uae W) by v(f,9)(u+w) = f(u) + g(w). Prove that ~ is an isomorphism.

13. Let V,W, X be finite-dimensional vector spaces over a field F. Assume
T e L(V,W)and S € L(W, X). Prove that (SoT) =T"05".
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14. Let V be a finite-dimensional vector space, T € L(V, V') and assume that
U is a T-invariant subspace of V. Prove that U’ is T’-invariant.

15. Let V be a finite-dimensional vector space, T € L(V,V). Prove that
pr(x) = pr ().

16. Let V,W be finite-dimensional vector spaces over a field F and T €
L(V,W). Prove the following;:

i. Ker(T') = Range(T)'.
ii. Range(T") = Ker(T)'.
iii. Ker(T) = Range(T")’.
iv. Range(T) = Ker(T')'.
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5.6 Adjoints

What You Need to Know

To make sense of the present material, it is essential that you have mastered
the following concepts: finite-dimensional inner product space, linear trans-
formation from a vector space V to a vector space W, kernel and range of
a linear transformation, dual space of a vector space V, matrix of a linear
transformation from a finite-dimensional vector space to a finite-dimensional
vector W, dual basis to a basis in a vector space V, and transpose of a linear
transformation T from a vector space V' to a vector space W.

In our first result we show that in an inner product space (V,{ , )) over
F € {R,C} there is a natural correspondence between vectors in the dual
space V' and the vectors in V. We will make use of this in defining the adjoint
of an operator.

Theorem 5.19 Let (V,{(, )) be a finite-dimensional inner product space and
assume that f € V'. Then there exists a unique vector v € V such that
f(u) = {(u,v) for allueV.

Proof LetS = (v1,...,v,) be an orthonormal basis for V and assume that
fvi) = aiyi = 1,2,...,n. Set v = aGyvy + azvz + ... av,. We claim that
f(u) = (u,v) for all vectors u € V. Suppose u = byvy +bava+ - -+ bpv, € V.
Then

fu) = f(bivi +bava + -+ byvy)
= bif(vi) +baf(v2) +...0nf(vn)
biai + bsas + ... byay,.

On the other hand,
(u,v) = (brv1 +bava + -+ + by U, V1 + TV2 + .. TpVp)
= Z Z(bivi,a_jvj) = Z Zblazj Vi, ;) (5.36)
i=1 j=1 i=1 j=1
=biai + bsas + ...byay,. (537)

In Equation (5.36) we have used the additivity in each argument of {, ), homo-
geneity in the first argument, as well as conjugate homogeneity in the second
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argument. In Equation (5.37) we have used the fact that S is a orthonormal
basis. This proves the existence of v.

Suppose that f(u) = (u,x) for all uw € V. Then (u,v —x) =0 for all u € V.
In particular, (v — x,v —x) = 0 so by positive definiteness, v —x = 0, and
this proves that v is unique.

Remark 5.4 Let (V,(, )) be a finite-dimensional inner product space. For
feV'let f' denote the vector v in V such that f(u) = (u,v) . The bijection
f= f from V' toV is always additive. If the base field is the reals, then the
map [ — f' is linear. However, if the base field is the complex numbers, then
it is not linear but rather satisfies (vf) =7f".

Suppose now that V, W are finite inner product spaces and T' € L(V, W). We
make use of the bijection 7 : V' — V to obtain a map T* € L(W, V) as follows:

Let w € W,v € V. Define f(v) = (T'(v), w)w. We claim that f € V'. To
validate this claim, we need to show 1)f(v1 + v2) = f(v1) + f(v2) and 2)

flev) = cf(v).
1) Since T is linear f(v1 + v2) = (T (v1 + v2), w)w = (T(v1) + T(v2), w)w.
By the additivity of ( , )w in the first variable, we have

(T(v1) + T(v2), w)yw = (T(v1), w)w + (T'(v2), w)w = f(v1) + f(v2).

2) This holds by the linearity of T' and the homogeneity of (, )y in the first
variable.

Since f € V' there is a vector f € V such that f(v) = (T'(v),w)w = (v, f')v.
We will denote the vector f by T*(w). In this way, we have obtained a
function T : W — V such that for all v € V and w € W

(T(v),w)yw = (v, T"(w))v. (5.38)

We claim that T* : W — V is a linear map. We show that it is additive: Let
wy,wy € W and let v € V. Then (v, T*(w; + w2))y = (T'(v), w1 + wa)w by
Equation (5.38). Since (, )w is additive in the second variable we have

(T(w), w1 +wa)w = (T(v),w)w + (T(v),w2)w
= (v, T"(w1))v + (v, T (w2))v

v, T"(wy) + T (w2))v.

T
= <7T

It then follows that (v, T*(w; + w2) — T*(wy1) — T*(w2))y = 0 for every
v € V. In particular, this holds for v = T*(w; + wa) — T*(wy) — T*(w2). It
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then follows by positive definiteness that T* (w1 +ws) —T*(w1) —T*(w2) =0
as required.

Now let w € W,c € F and v € V. Then

(v, T"(cw))y = (T(v),cw)
= AT(v),w)

= ¢v, T"(w)

)

= (v,cT*(w

We can now conclude that for every v € V,
0= {(v,T*"(cw))y — (v, T (w))y = (v, T*(cw) — cT*(w))y.

In particular, this is true for v = T*(cw) — ¢T*(w) and then by positive
definiteness, T*(cw) = ¢T™*(w) as we needed to show.

Definition 5.19 Let (V,{, )v) and (W,{, )w) be finite-dimensional inner
product spaces and T € L(V,W). The map T* € L(W,V) is called the adjoint
of T. It is the unique linear map from W to V satisfying Equation (5.38).

We will refer to Equation (5.38) as the fundamental equation defining the
adjoint.

Remark 5.5 We have several times above shown the following: Assume
(V,{, ) is an inner product space, w,v are vectors in V, and {(u,x) = (v, x)
for every vector x € V.. Then uw = v. We will hereafter just invoke this rather
than repeat the argument.

The following result enumerates some properties of the map 7" — T from
L(V,W) to LW, V).

Theorem 5.20 Let (V,(, ),), (W, (, )w) (X, (, )x) be finite-dimensional
inner product spaces over the field F € {R,C}. Then the following hold:

i) If S,T € L(V,W) then (S +T)* = S* + T*;

i) If T € L(V,W) and v € F then (WT)* =7T*;

wi) If S € L(V,W) and T € L(W, X) then (T'S)* = S*T™*;
w) If T € L(V,W) then (T*)* =T; and

v) I = Iy
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Proof i) Letv e V,w € W. Then

{v,(S+T)"(w))v

Consequently, (S + T)*(w) = S*(w)
(S+T) =5*+T

ii) Let v e V,w € W and v a scalar.

(v, (VT)" (w))v

We can therefore conclude that (vT)*

ii) Let v € V,x € X. Then ST (v)
defining (ST)* we have

(v, (ST)*(2))v

Since T'(v) € W, by the fundamental

187

=7T*.
X and by the fundamental equation

((ST)(v), z)x
(S(T(v)),z)x.

equation defining S* we have

(S(T(v)), ) x = (T(v),5"(@))w-
In turn, since v € V and S*(x) € W, we have by the fundamental equation

applied to T

(T'(v), 5*(x))w

It then follows for all vectors x € X

(v, T(5"(2)))v
(v, (T"5")())v .

that (ST)*(x) = T*S*(x) as required.

The last two parts are straightforward, and we leave them as exercises.
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We next uncover the relationship between the range and kernel of T € L(V, W)
and the adjoint T* € L(W, V).

Theorem 5.21 Let (V,(, )y),(W,(, )y ) be finite-dimensional inner prod-
uct spaces and T € L(V,W). Then
)

i. Ker(T*) = Range(T)*

ii. Range(T*) = Ker(T)*;

iti. Ker(T) = Range(T*)*; and
. Range(T) = Ker(T*)*.

= <'U,0v>V =0 fOT
), w)w. This implies
L. Thus, Ker(T*) C

Proof i) Suppose w € Ker(T*). Then (v,T*(w))y
all v € V. By the definition of T*, (v, T*(w )) = (T(v
that w L T'(v) for allv € V and hence w € Range(T)+.
Range(T)*.

Let w € Range(T)*. Then for all v € V,(T(v),w)w
definition of T*, (v, T*(w))y = 0. In particular, (T*(w
positive definiteness, T*(w) = Oy and w € Ker(T™).

= 0. But then by the
), T ( v =0 so by

Since (T*)* = T it follows that iii) holds as a consequence of i). From i)
we also deduce that Ker(T*)* = [Range(T)*]t = Range(T) and conse-
quently iv) holds. Finally, since Ker(T) = Range(T*)*, we have Ker(T)* =
[Range(T*)1]+ = Range(T*) so that also ii) holds.

We come to our final theorem, which relates the matrix of T and T when
they are computed with respect to orthonormal bases of V and W.

Theorem 5.22 Let (V,(, ),/) and (W,(, )y,) be inner product spaces with

orthonormal bases By = (v1,va,...,v,) and By = (w1, wa, ..., w,) for V

and W, respectively. Let A = Mp(By,Bw) and B = Mg« (Bw,By). Then
—tr

B=A".

a1y bli
a2j bo;

Proof Set[T(v))lgw = | . | and[T*(w;)ls, = | . |. We can interpret
Amj bni

the former to mean that

T(vj) = arjwi + agjwa + -+ + + Ay Wi (5.39)
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On the other hand, as a consequence of the latter, we can conclude that
T* (wl) = buvl + bQ»L"UQ + -+ bm-vn. (540)
We need to prove that bj; = @i; or equivalently, that a;; = bj;. We do so

by computing each of (T'(v;),w;)w = (vj, T*(w;))v making use of Equations
(5.89) and (5.40).

On the one hand,

(T'(v)), wi)w = <Z g W, wi>
w

k=1

m
E wk;wz = G4y,

k=1

the latter equality since By is an orthonormal basis of W. On the other hand,

(v, T"(wi))v = <'Ujazblivl>
=1
Zb_ 'vj,vl E

v

Thus, a;j = bj; as required.

Exercises

1. Let R? be equipped with the usual inner product (dot product). Let f :

x
R3 — R be the linear form f | y | = 2z + 3y — 2. Find a vector v € R? such
z
that f(u) =u-v.
2. Let Ry)[x] be equipped with the inner product (f, g) fo t)dt. Let

v : Regy[x] — R be given by v(f) = —f(1) — f(2). Find avector p( ) € R(2)[ x]
such that 7(/) = (f(z), p(x)).

3. Let V = Ma3(C) equipped with the inner product of Example (5.4). Let
7 : Mss — C be the map:

a1l a2
™ = ai1 — az2.
a1 a2

Find a vector A € May(C) such that 7(B) = (B, A) = Trace(B'"A).
4. Prove part iii) of Theorem (5.20).



190 Advanced Linear Algebra

5. Prove part iv) of Theorem (5.20).

6. Let 7€ L(V,V) and A € F. Prove that A is an eigenvalue of 7' if and only
if A is an eigenvalue of T™.

7. Assume T : V — W is an invertible linear transformation where V, W are
finite-dimensional inner product spaces. Prove that T* : W — V is invertible
and (T*)~! = (T~Y)*.

8. Assume (V,(, )y,) and (W,(, )y;,) are finite-dimensional inner product
spaces and T' : V. — W is an injective linear transformation. Prove that
T*T :V — V is bijective.

9. Assume (V,(, ),) and (W,(, )y;,) are finite-dimensional inner product
spaces and T : V — W is a surjective linear transformation. Prove that
TT* : W — W is bijective.

10. Assume (V,( , )) is an inner product space, T' € L(V,V), and U is a
subspace of V. Prove that U is T-invariant if and only if UL is T*-invariant.

11. Let (V,{, )) be an inner product space and T' € L(V,V). Assume v €
Ker(T*T). Prove that T'(v) = 0.

12. Let (V. (, )) be a finite-dimensional inner product space. Make V &V into
an inner product space by defining ((@1,91), (T2, y2)) = (T1, ®2) + (Y1, 92).
Let S: V@V = V@V be defined by S(zx,y) = (y, —x). Compute S*.

13. Let (V,(, )v) and (W, (, )v) be finite-dimensional inner product spaces
and T € L(V,W). Prove that rank(T) = rank(T™*).

14. Let (V,(, )) be a finite-dimensional complex inner product space with an
orthonormal basis (v1,...,v,). Prove that there exists a nonsingular operator
S :V — V such that S(vy) = «, S*(y) = vy if and only if (x,y) = 1.



Normed and Inner Product Spaces 191

5.7 Normed Vector Spaces

In this section we generalize from the notion of a norm in an inner product
space to an abstract norm on a vector space which can be thought of as
assigning a length or magnitude to each vector. We will give several examples.
We will define the concept of equivalent norms and prove that any two norms
on a finite-dimensional real or complex space are equivalent. We will also give
a characterization of the norm which arises from an inner product space. This
material is the foundation for the field of function analysis.

What You Need to Know

Understanding the new material in this section depends on mastery of the
following concepts: real and complex inner product space, norm of a vector in
an inner product space, unit vector in an inner product space, the space R”,
the space C". You will also need to be familiar with the notion of a topological
space, a metric space, the limit of a sequence in a topological space, a Cauchy
sequence in a metric space, a continuous function between topological spaces,
and a compact subset of a topological space. A brief introduction to these
concepts can be found in Appendix A.

Assume (V,(, )) is an inner product space and || - || is the norm defined on
V by || v ||= /{(v,v). Then we showed that || - || satisfies the following:

1. For every vector v, || v || is a non-negative real number and || v ||= 0 if and
only if v = 0.
2. If ¢ is a scalar and v a vector then || cv ||=|¢| || v |-

3. If u,v are vectors then |u+v || < |u| + |v]|.

Property 3 was referred to as the triangle inequality. We generalize from
the notion of a norm defined by an inner product to that of an abstract norm
by taking these properties as its axioms.

Definition 5.20 Let V be a vector space over F € {R,C}. A norm on V is
a function || - || from V to R which satisfies the following:

1. For every vector v, || v || is a non-negative real number and || v |= 0 if and
only if v=0.

2. If ¢ is a scalar and v a vector then || cv ||=|c| || v ||
3. If w,v are vectors then || u+v |[<[|w]| + | v |.

A pair (V,|| - ||) consisting of a real or complex vector space V and a norm on
V' is referred to as a normed vector space.
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Definition 5.21 Let (V,|| ||) be a normed space. For vectors x,y define the
distance, d(x,y,) between x and y to be d(z,y) =||x—y |

The following is nearly immediate:

Theorem 5.23 Let d( , ) be the distance function defined by a norm || ||
on a vector space V. Then the following are satisfied:

1. d(zx,y) > 0 with equality if and only if T = y.
2 dz.y) = d(y, ).
3. dw,z) < d(z.y) +d(y, 7).

We leave these as exercises.

Theorem (5.23) says that the distance function defined on a normed space
(VoI |I) is a metric. This can be used to define a topology on V which
allows us to introduce such concepts as the limit of a sequence, continuity of
functions, and so on. We now enumerate some examples.

Example 5.11 Let (V,(, )) be an inner product space. We have seen that
| v [|= v/(v,v) is a norm. This is the norm on V induced by the inner
product { , ).

As a specific example, let V. = F™ where F € {R,C}. Recall the Euclidean
inner product on V is defined by (x,y) = x'"y. The norm induced by this
inner product is given by

T1
1
I 2 | I=vVam + T, = (o P+ o f)2

Tn

Example 5.12 Let V =TF" where F € {R,C} and p be a real number p > 1.
Set

1
) o= (zal” 4 4 [ ]?)

Tn

This is the l,-norm on V. Note that when p = 2 this is the norm of Example
(5.11).
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Let V =TF" with F € {R,C} and p be a real number, p > 1. Clearly, || = ||,> 0
with equality if and only if @ = 0. Also, || cz ||,=|c| || @ ||, for any scalar

c. Thus, to establish that | ||, is a norm requires proving that the triangle
T Y

inequality holds. That is, we need to prove forx = [ : |,y = : | then
In Yn

S

(Z k2 +yk|p> p < <Z |$k|p> p + (Z |yk|p> : (5.41)
k=1 k=1 k=1

The inequality in (5.41) is known as Minkowski’s inequality. A proof can be
found in ([4, p. 136]).

Apart from the l3-norm, another important example is the I;-norm which is
defined as follows:

T

n
s | 1= el
k=1

Tn

Yet another common norm is the [o-norm. This is defined by

T1
]2 ] lee=maz{[z1],....[zn]}. (5.42)

In

We leave it as an exercise to verify that Equation (5.42) defines a norm.

As mentioned above, in a normed space (V|| ||) the distance function defined
by the norm is a metric and it can be used to define the notion of an open
set, whence a topology on V.

Definition 5.22 Let (V|| ||) be a normed vector space with induced dis-
tance function d. Let uw € V and r be a positive real number. The open ball
centered at u with radius r, denoted by B,(u), is the set of allv € V
such that d(u,v) <r. A subset X of V is said to be open if for every x € X
there is a positive real number r (which may depend on x) such that By (x) is
contained in X.

Remark 5.6 If T is the set of open subsets of V' then (V,T) is a topological
space.

In the next several examples we illustrate what the open balls look like for
the three norms || ||, where p € {1,2, 00} for V = R2.
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Example 5.13 The open ball of radius 1 centered at <8> in the normed

space (R2,|| ||1) consists of all those vectors © = <§1) such that || @ |1
2

|z1| + |z2| < 1. This is shown in Figure (5.2).

(©0,1)

10 o

FIGURE 5.2
Unit ball with respect to [;-norm.

Example 5.14 The open ball of radius 1centered at <8) in the normed

space (R2,|| ||2) consists of all those vectors x = <i1> such that || = ||=
2

Va2 + 23 < 1, equivalently, ¥3 + x3 < 1. This is shown in Figure (5.3).

1,0)

FIGURE 5.3
Unit ball with respect to lo-norm.
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Example 5.15 The open ball of radius 1 centered at <8> in the normed

1

space (R?,|| ||«) consists of all those vectors & = i > such that | = ||=
2

max{|x1|, |z2} < 1. This is shown in Figure (5.4).

(-1,1)  geassssccescansacesssescacascannaass o (1,1
: ©,0)
ST 6 (,-1)
(-1,-1)
FIGURE 5.4

Unit ball with respect to l,.-norm.

Because there is a metric on V', we can define such concepts as the limit of
a sequence, a Cauchy sequence, continuous function between normed vector
spaces as well as other notions from analysis. We refer the reader unfamiliar
with these notions to Appendix A.

Definition 5.23 A normed vector space (V|| ||) is said to be a complete
normed space if every Cauchy sequence has a limit. A complete normed
vector space is referred to as o Banach space.

Each of our examples of normed spaces is a Banach space. We prove this for
the ly-norm and leave the others as exercises.

Theorem 5.24 Let V =F"F € {R,C}. Then (V| ||2) is a Banach space.

Proof Assume {x}32, is a Cauchy sequence. Suppose xj = . We
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claim for each j,1 < j <mn, that {z;;}72, is a Cauchy sequence. This follows

since |zjp —xj)® < S0 |wik —zal® =|| T — 21 |3 and the fact that {z)}52

is a Cauchy sequence. Since R and C are complete it follows that the sequence
T

{zj1}32, has a limit which we denote by x;. Set x = | : |. We claim that
Tp

limy ooy = x. Thus, let € > 0. Since limy_,o0x ;i = x; there is an N; such

that if k > N; then |x; — x| < ﬁ Set N = max{Ny,..., Ny} and suppose

2
k> N. Then |z; —x;|* < <. Consequently, || x —xy, ||5= POFERREY —zjp)? <
€% from which we conclude that || * — . ||2< €.

Because we will need it shortly, we recall the definition of a continuous function
between normed vector spaces.

Definition 5.24 Let (V, || |lv) and (W, || |lw) be two normed spaces
over the same field F € {R,C} and f : V — W a function. The function f
is said to be continuous at xg if for every e > 0 there is a § (which may
depend on €) such that if || @ —xo ||lv < 6 then || f(x) — f(zo) [lw < e
The function f is continuous if it is continuous at x for every x € V.

In a subsequent section (in Chapter 12) we define the concepts of operator
and matrix norms we will show that a linear function between two finite-
dimensional normed spaces is continuous. Our immediate goal, however, is to
define the notion of equivalent norms on a space and to show that all norms
on F" F € {R, C} are equivalent.

Definition 5.25 Let | || and | ||« be norms on a real or complex vector
space V. We say that || || is equivalent to | ||« if there are positive real
numbers ¢ and d such that ¢ || @ ||+<|| = ||< d || © ||+ for every vector x.

The following is entirely straightforward.

Theorem 5.25 FEquivalence of norms on a vector space V over F € {R,C}
is an equivalence relation.

Our next objective is to prove that all norms on a finite-dimensional real or
complex vector space V are equivalent. We begin with a definition.

Definition 5.26 A subset C' of a normed linear space (V.|| ||) is bounded
if there exists a positive real number r such that C C B,.(0).

The following theorem is usually proved in a first course in analysis. It is
known as the real Heine-Borel theorem.
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Theorem 5.26 A subset C' of R is compact if and only if C is closed and
bounded.

In a first course in functional analysis, Theorem (5.26) is extended to an
arbitrary finite-dimensional normed space (V.| ||):

Theorem 5.27 Let (V.|| ||) be a finite-dimensional normed space. A subset
C of V is compact if and only if C' is closed and bounded.

We can conclude from Theorem(5.26), Theorem (5.27), and Theorem (A.3)
the following:

Theorem 5.28 Let (V.|| ||) be a finite-dimensional normed space and C a
compact subset of V. Then there exists elements m, M € C' such that

[m <l =<l M|

for every x € C.
Before proving the equivalence of norms we will need the following lemma.

Lemma 5.5 Let (V.| ||) be normed space and x,y € V. Then

Mzl =Tyl < le-yl.

Proof For any vectors x and y we have

Izl = -y +yl
< llz—yl+llyll-
Consequently,
lzl-lyl<lz-yl.

By interchanging x and y we get

lyll=lzll < [y-—=]
= lz-yl.

Thus,
[zl =Myl < z-yl.
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As an immediate corollary we have:

Corollary 5.1 Let (V,|| ||) be a normed space. Then the function
| |I: V= R is continuous.

Before proceeding to the proof that all norms on a finite-dimensional space
over F € {R,C} are equivalent, we state a lemma which we will need. We
leave its proof as an exercise.

Lemma 5.6 Let || - || be an arbitrary norm on F", where F € {R,C}. Let
S° be the collection of all vectors @ € F™ such that || @ ||cc= 1. Then S° is
closed and bounded in (V.| - ).

Theorem 5.29 Let V' be a finite-dimensional real or complex vector space.
Then all norms on V are equivalent.

Proof Assume V has dimension n and choose a basis B = (v1,...,v,) for
V. Let T : F™ — V be the linear transformation defined by

T
T : =21V + -+ TpU,.
Ty,
T is an isomorphism. If || || is a norm on V then define a norm ¢ on F™ by
¢(x) =| T(x) ||. Suppose now that || |« is a second norm on V and ¢, is

defined by ¢, (x) =|| T(x) |- Then || || and || ||« are equivalent if and only
if ¢ and ¢, are equivalent and therefore we may assume that V- =TF". We will
show that an arbitrary norm || || on F™ is equivalent to the co-norm.

Asin Lemma (5.6), let S$° consist of those vectors v € V such that || v ||co= 1.
By Lemma (5.6), S° is compact in (V, || - ||). Since || |: V — F is continuous,
{l| z || |z € S$°} has a minimum and a mazimum which are both positive since
0 ¢ S5°. Let ¢ and d be the minimum and mazimum, respectively. Then for
any non-zero vector x € V, ma} s a unit vector with respect to the loo-norm.
Consequently

1
¢ < gzl <
[P

Whence

|l

Tzl

<d.

Now multiply by || @ ||eo to obtain
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clzlle < 2zl < dlzle

as was to be shown.

In our final result of this section we characterize the norms which arise from
an inner product. Recall when (V,( ,)) is an inner product space and || || is
the norm induced by (, ) the parallelogram property holds: For ¢,y € V

le+y? + 1z —yllP=2(l *+ [y "

It is easy to see that this does not hold for the /;-norm or the [.-norm. In
our final result of this section we characterize norms that arise from an inner
product as those that satisfy the parallelogram property.

Theorem 5.30 Let (V.| ||) be a finite-dimensional normed space. Then
|| || is induced by an inner product if and only if the parallelogram property
holds.

Proof We have already seen in Theorem (5.6), if | || is induced by an inner
product then the parallelogram property holds, so we must prove the converse.
We do so in the case that V' is a complex space. The real case can be deduced
from this. For x,y € V set

lz+y I —lle—yl*+illz+iyl® —illz—iy|?).

B~ =

<w7y> =

We will show that { , ) is an inner product and the norm induced by it is || |
We do this in a series of steps.

1. We claim that (x,z) =|| z ||>. We compute:

1 . . . .
(@) = (4 @ ||* +ill +i* | @ || =it —i]* || = ||?)
1
= Z||ac||2(4+4i—zu')
= [z .

2. We next show that (y,x) = (x,y). Note that

lx+iy |P=lly —iz |* |z -y I*=lly -z |?

lo+y =y +a|?]e—iy |*=]y+iz |
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Then
L. 2 2 . 2 2
(@y)=0ly—ix|"—lly-—=|"~illy+a|”+y+=z])
Consequently,
L. 2 2 . 2 2
(wy) = Jily—ia |~y -z +illy+iz|"+y+z|)
= (y,=).

3. For any vector x,{x,0) = 0. We compute
1 2 2 . 2 2
(@,0) = ([ " =& I —i |« || +i]l = %) =0.

4. Let ¢, y,u,v € V. Then

rT+u Y—+7v
2 72

r—u y—v
2 72

(z,y) + (u,v) = 2[( )+ ), (5.43)
This is where we use the parallelogram property. The left-hand side is equal to

le+iy > —lz-y | —ilz—iy |*+ = +y ")+

FNgr.

1 _ : ,
Uutiwl? —llu—v|* —iflu—iv|+ | v+

We now compute the right-hand side. Note that {(aw,az) = |a|*(w, z). As a
consequence we have

ST L) S ) = ((w by o)+ (- wy - o),

<m+u,y+v)+<w—u,y—v>=

I (@ +u)+ily+o) [P = | (@+u) = (y+o) > = || (@+u) —ily+v) | +

(@ +w)+(y+v) [P+ [l (@—w) +ily—v) |? = | (x—u) = (y —v) || -
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(@ —u) =iy —o) |* + || (@ —u) + (y —v) ||I*
By the parallelogram property we have
@ +w) +ily +o) |7+ || (2 - w) +i(y —v) |I=
I (2 +iy) + (w+v) I + || (2 +iy) — (u+iv) [|°=

2| @ + iy |I* + | w+ v ) (5.44)

(@ +u) = (y+o) [P+ ] (z—u)— (y—v) |*=
| (@—y)+@w=v) [P+ (x—y) - (u—v)|*=

2z -y > +llu—v]|? (5.45)

| @+ ) — iy +v) [*+ | (@ —w) —ily —v) |P=
I (@ — i)+ (w— i) | + || (@ — iy) — (w — i) |*=

2l @ — iy | + | w—dv [*) (5.46)

| (@ +u)+ (y+o) [P+ ]| (2 —u)+ (y —v) |*=
| (@+y)+(w+o) [+ (x+y) - (uto) |*=

2z +y |7 + 1wt ). (5.47)

Multiply both sides in Equation (5.44) by %, both sides of Equation (5.45) by
—%, both sides of Equation (5.46) by —%, and both sides of Equation of (5.47)
by %, and add. The identity of Fquation (5.43) is obtained.

5. For any vectors x,y we have (2x,y) = 2{x,y). In Equation (5.43) take
r=z,y=y,u==x,v=0. We then have
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(®,y) = (z,9)+(z,0)

= o2 Y 10, Yy

2 y
= 2 _— =
2,
1
= 5{2z,y).
It follows that (2x,y) = 2(x, y).

6. For any vectors x,w,y we have

(®,y) + (u,y) = (z + u,y).

In Equation (5.43) set x = x,u =u,y =y,v =y. We then have
r+u 2y
2(< s T

2 2

(x4 u,2y)

xr—u 0
2 2

(z,y) + (u,y) )+ )
: <2y,:13 + ’LL>

-2y, z +u))

N =N =N =

2){y,x + u)

N~

Y, T+ u)

).

\
/8\ —~ —~
_|_
S
<

)

7. For any vectors x,y, (—x,y) = —(x,y). By step 6 we have

By step 3 (0,y) = 0.

8. For any vectors x,y and natural number m, (mzx,y) = m{x,y). We prove
this by induction. The base case is clear and we have already established this for
m = 2. Suppose for some m > 2 that (mx,y) = m{z,y). Now (m+1){x,y) =
m{x,y) + (x,y). By the inductive hypothesis m{x,y) = (max,y). By step 6
we have (mx,y) + (x,y) = (mx +x,y) = (M + 1)z, y) as was to be shown.

9. Let m,n be natural numbers. Then (™, y) = T(x,y). We first prove this
for m =1. We have
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Now divide both sides by n to get * - (x,y) = (+ - x,y).
We apply this to the general case:

{

m
_w7y> =
n

I I I
s § % 07
TS
8
<

SI=3I=31=

3|3
w
S

10. Putting steps 7 and 9 together, it follows for any rational number q that
(qw,y) = q(z, y).

11. Fiz y. Then the function that takes x to (x,y) is a conltinuous function.
Define a function f:V — R by f(x) =|| ¢ +y ||. Then f is continuous. This
is immediate since | ||z +y || — |2’ +y ||| <||z - ||. It follows that each
of the following functions is continuous:

ety l®e]z-ylP

= ztiylf eyl
Since any linear combination of continuous functions is continuous, it follows
that x — (x,y) is continuous.
12. If B is a real number then (Bx,y) = f{x,y). Let {q,}2, be a sequence

of rational numbers such that

lim ¢, = 8.

n—oo

Since {-,y) is a continuous function we have
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lim (g,x,y) = (nh_}rrgo gz, y) = {Bx,y).

n—00

However, {(gnx,y) = q.{x,y) and therefore

lim (gnz,y) = lim qn(@,y) = 5(z,y).

n—oo

13. For any vectors x and y, {(ix,y) = i{x,y).
By the definition of { , ) we have

(iw,y) = Z(liw+iy|®—|iz—yl® —iliz—iy |[|* + [z +y[?)

@letyl?—lztiyll® —ile—y|*+z—iy]?

g N

o1 , , : ,
= i (GletylP+iletiy |’ —llz—y|* iz -y

= i(z,y).

14. For any vectors x,y and complex number v we have {(yx,y) = v(x,y).
Let a, 8 € R such that v = a+i8. Then

((a+iB)z,y)
= (az +ifz,y)

(az,y) + (iBz,y)
= afz,y) +i(fz,y)
= alz,y) +ib(z,y)
= (a+if)(x,y)
= y(z,y).

(v, y)

A good source for further reading on this topic is ([4]).
Exercises

1. Compute the I, -norm with p € {1,2, 00} of the following vectors:

—4 3
2 —6
a) 1 b) 0
2 2

2. Find the distance between the two vectors of Exercise 1 with respect to the
lp-norm with p € {1, 2, 00}.
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3. Find the distance from the origin to the line x + 2y = 3 with respect to the
lso-norm.

4. Prove Theorem (5.23).

T
5. Prove that the function || [ @ | ||
Tn
eloo = max{|z1|,...,|zn|} is a norm.

6. Prove that the topology defined on R? by the ly-norm and by the [,,-norm
are identical.

7. Prove that (R™,| |]1) is a Banach space.
8. Prove that (R™,|| ||s) is a Banach space.
9. Prove Theorem (5.25).

10. Let 1 < p < 0. Let e, es be the first two standard basis vectors of R™.
Prove that || e; + ez ||2 + || er —e2 [|2=2(]| e1 |5 + || e2 |17) if and only if
p=2.

11. Prove Lemma (5.6).
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Linear Operators on Inner Product Spaces
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In this chapter we study two special types of operators on an inner product
space: self-adjoint and normal. We completely characterize these operators
and determine how the underlying space decomposes with respect to such an
operator. In the first section we assume that (V,{ , )) is a finite-dimensional
inner product space and we define the concepts of a normal and self-adjoint
operator. Many properties of normal and self-adjoint operators are uncov-
ered in preparation for proving the spectral theorems. We also characterize
the matrix of normal and self-adjoint operators with respect to an orthonor-
mal basis. In the second section we characterize self-adjoint operators on a
finite-dimensional inner product spaces as well as normal operators on a finite-
dimensional complex inner product space. In particular, we show that these
operators are diagonalizable with respect to an orthonormal basis. This has
consequences for the similarity classes of Hermitian and real symmetric ma-
trices. In section three we consider a normal, but not self-adjoint, operator
on a finite-dimensional real inner product space. The most important result
is that T is completely reducible. From this we will be able to deduce that a
real normal operator has a particularly nice generalized Jordan canonical form
with respect to an orthonormal basis. In section four we define the concept of
an isometry on an inner product space and obtain several characterizations. It
is shown that the collection of isometries on an inner product space is a group.
When the inner product space is real, this is the orthogonal group; when it is
complex it is the unitary group. In the last section, we introduce the notion
of a positive operator on a inner product space (V, (, )). We characterize the
positive operators and show that every positive operator has a unique positive
square root. We make use of the square root to get the polar decomposition
of an arbitrary operator and then prove the singular value theorem for real
and complex linear transformations.

207
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6.1 Self-Adjoint and Normal Operators

Throughout this section, we assume that (V, (, }) is a finite-dimensional inner
product space. We define the concepts of a normal and self-adjoint operator
on a finite-dimensional inner product space. Many properties of normal and
self-adjoint operators are uncovered in preparation for proving the spectral
theorems of the next section. The matrix of a normal or self-adjoint operator
with respect to an orthonormal basis is characterized.

What You Need to Know

You will need to have mastery of the following concepts to make sense of the
material in this section: real and complex inner product space, orthonormal
basis of a finite-dimensional inner product space, linear operator, adjoint of a
linear operator on an inner product space, and the matrix of a linear operator
on a finite-dimensional vector space with respect to a basis.

We begin with several definitions of various types of operators in real and com-
plex inner product spaces. We then spend the rest of the section uncovering
the basic properties of these operators.

Definition 6.1 An operator T € L(V,V) is said to be self-adjoint if T* = T.
A complez self-adjoint operator is referred to as a Hermitian operator; a real
self-adjoint operator is called a symmetric operator.

Remark 6.1 For any operator T on V, the product T*T is self-adjoint by
parts i) and w) of Theorem (5.20).

Definition 6.2 Let T be an operator on a complex inner product space
V,(, ). If T* = =T, then T is said to be skew-Hermitian. If (V,(, )) is
a real inner product space and T* = =T, then T is skew-symmetric.

Definition 6.3 Let A be an n x n complex matriz. Then A is a Hermi-
tian matriz if A" = A. A real Hermitian matriz satisfies A" = A and is a
symmetric matrix.

Our very first theorem connects self-adjoint operators with Hermitian
matrices.
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Theorem 6.1 Let T € L(V,V) and B = (v1,va,...,v,) be a orthonormal
basis. Then T is self-adjoint if and only if Mr(B,B) is a Hermitian matriz.

Proof Set A= Mry(B,B). By Theorem (5.22), the matriz of T* with respect
to B is given by Mp«(B,B) = ar JIf A zs Hermztzan then Mr(B,B) =
My (B,B) so that T =T*. If T = T* then A" = My (B,B) =Mr7(B,B) =
A and A is a Hermitian matriz.

Our next result constrains the kinds of eigenvalues a self-adjoint operator can
have, more specifically, they must be real.

Theorem 6.2 Let T be a self-adjoint operator on V', and let A an eigenvalue
of T. Then A € R.

Proof Assume 0 # v is a eigenvector of T with eigenvalue A. Then
Muwl* = < v, > (r ( ); >=<v,T*(v>

Since v # 0, || v ||# 0, and consequently, X = X so that \ is real.

Corollary 6.1 Let A be an n x n Hermitian matriz. Then the eigenvalues of
A are real.

Proof Let (V,(, )) be a complex inner product space and S an orthonormal
basis of V. Let T be the operator on V such that Mrp(S,S) = A. Then by
Theorem (6.1), T is a self-adjoint operator. By Theorem (6.2), the eigenvalues
of T are real. Then by Exercise 15 of Section (4.1) the eigenvalues of A are
real.

Remark 6.2 Since a real symmetric matriz is a Hermitian matriz it is a
consequence of Corollary (6.1) that the eigenvalues of a real symmetric matriz
are real.

In our next definition, we introduce another important class of operators,
which includes self-adjoint operators.
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Definition 6.4 Let T' be an operator on an inner product space (V,(, )). T
is normal if T and T* commute: TT* = T*T. Clearly self-adjoint operators
are normal.

The next lemma will be crucial for proving the complex spectral theorem.

Lemma 6.1 Let (V,(, )) be a complex inner product space andT : V —V a
normal operator. Then there exists a non-zero vector v, which is an eigenvector
for T and for T*. Moreover, if T(v) = Av, then T*(v) = Av.

Proof Since T is an operator on a complex space there is a A € C
such that Vy = {u € V|T(u) = Iu} # {0}. Assume u € V). Then
T(T*(uw)) = (TT*)(u) = (T*T)(u), the latter since TT* = T*T. However,
(T*T)(u) = T*(T(u)) = T*(Au) = XT*(u). We have therefore shown that V,
is T* -invariant. Again, since the field is the complexr numbers, the operator
T* restricted to V\ must have a non-zero eigenvector, v. It remains to show
that T*(v) = A(v). Assume T*(v) = Bv. We then have

Mov,v) = (w,v) = (T (v),v) B
= (v, T"(v)) = (v, Bv) = (v, v).

It now follows that B =\, so B = \.

Exercises
1. Prove if S, T € L(V,V) are self-adjoint then S + T is self-adjoint.
2. Prove if T is self-adjoint and v € R then 7T is self-adjoint.

3. Let T be an arbitrary operator on a finite-dimensional inner product space
(V,(, ). Set R=24(T*+T),S = %i(~T + T*). Prove the following:

i. R and S are self adjoint;
ii. T = R+14S; and
iii. if T'= Ry + 1S, where R1,S; are self-adjoint, then Ry = R, 51 = S.

4. Let T be an arbitrary operator on a finite-dimensional inner product space
(V,(,)).Set R=3(T*+T),S = (=T +T~). Prove that T is normal if and
only if RS = SR.

5. By Exercises 1 and 2, the collection of self-adjoint operators in L(V, V) is
a real vector space. If dim(V') = n, determine the dimension of this space.

6. Let (V,(, )) be an inner product space and S,T € L(V,V) be self-adjoint
operators. Prove ST is self-adjoint if and only if ST =TS.
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7. Let (V,{, )) be an inner product space. Give an example of self-adjoint
operators S, T € L(V, V) such that ST is not self-adjoint.

8. Let T € L(V,V) be a normal operator. Prove that || T(v) |=|| T*(v) | for
every v € V.

9. Let T € L£(V,V) be a normal operator. Prove that Ker(T) = Ker(T*).
10. Assume T € L£(V,V) is normal. Prove that Range(T) = Range(T*).

11. Let T be an operator on the finite-dimensional inner product space (V, (, ))
and assume that TT* = T?. Prove that T is self-adjoint.

12. Assume T is a normal operator on the inner product space (V,{ , )) and
that T is nilpotent. Prove T'= 0y v .

13. Assume T is normal and \ is a scalar. Prove that T'— AI, is normal.

14. Let (V,(, )) be an inner product space and V = U @ W a direct sum. Set
T = Projy,w)- Prove that the following are equivalent:

i. T is normal;
i W=U%;

iii. T is self-adjoint.
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6.2 Spectral Theorems

In this section we prove the real and complex spectral theorems. The real
spectral theorem states that an operator T' on a finite-dimensional real inner
product space (V, (, )) is self-adjoint if and only if there exists an orthonormal
basis B of V' consisting of eigenvectors for T'. The complex spectral theorem
states that an operator T" on a finite-dimensional complex inner product space
(V,(, )) is normal if and only if there exists an orthonormal basis B of V
consisting of eigenvectors for T'

What You Need to Know

To make sense of the material in this section it is essential that you have mas-
tery of the following concepts: real inner product space, complex inner product
space, orthogonal complement of a subspace of an inner product space, op-
erator on a vector space, an invariant subspace of an operator on a vector
space, completely reducible operator on a vector space, adjoint of a linear
operator on an inner product space, self-adjoint operator on an inner prod-
uct space, normal operator on an inner product space, orthonormal basis of a
finite-dimensional inner product space, and an eigenvector and eigenvalue of
an operator on a vector space.

We begin with a definition:

Definition 6.5 Let V be a finite-dimensional vector space. An operator T
on V is diagonalizable if there is a basis B for V' such that M (B,B) is a
diagonal matriz. This is equivalent to the existence of a basis for V' consisting
of eigenvectors of T.

If V' is equipped with an inner product then T is orthogonally diagonaliz-
able if there is an orthonormal basis S of V' such that Mr(S,S) is a diagonal
matriz. This is equivalent to the existence of an orthonormal basis of V' con-
sisting of eigenvectors of T.

Our first result establishes that complex normal operators are orthogonally
diagonalizable. This result is referred to as the complex spectral theorem.

Theorem 6.3 Let (V,(, )) be a complex inner product space and T an oper-
ator on V. Then T is normal if and only if T is orthogonally diagonalizable.
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Proof Assume T is orthogonally diagonalizable and S = (v1,...,v,) is an
orthonormal basis of V' consisting of eigenvectors for T. Then Mr(S,S) =
diag{\1,...,A\n} for complex numbers Ai,...,\n. Then Mrp«(S,S) =
diag{\i,...,  \n}. It follows that Mr(S,S) and Mrp(S,S) commute since
any two diagonal matrices commute, whence T and T* commute and T is
normal.

Conwversely, assume that T is normal. We prove that T is orthogonally diag-
onalizable by induction on dim(V'). If dim(V') = 1, there is nothing to prove.
So assume the result is true for complex inner product spaces of dimension
n—1 and that dim(V) = n. By Lemma (6.1), there exists a non-zero vector v
and scalar \ € C such that T(v) = M and T*(v) = M. Replacing v by ﬁv
we may assume that v s a unit vector.

Since v is an eigenvector for T*, Span(v) is T*-invariant. Then by Exercise
10 of Section (5.6), v+ is T-invariant since (T*)* = T. Since v is also an
eigenvector for T, Span(v) is T-invariant and again by Exercise 10 of Section
(5.6) vt is T*-invariant.

Let T be the restriction of T to vt and, similarly, let T* be the restriction
of T* to/\'vJ-. We claim that T' is normal and toward that end we show that
(T)* =T* and T commutes with (T)*.

Let w,w € v, Then (u,(T)*(w)) = (T(uw), w) = (T(u),w) = (u,T*(w)).
It follows from this that for all u,w € v we have (u, (ﬁ —(T)")(w)) = 0.
This implies that (ﬁ —(T)*)(w) =0 for all w € v+ and therefore (T)* = T+
on vt. Since T and T* commute, it follows that T and (f)* commute and
therefore T is normal.

As a consequence of the normality of f, we can apply the induction hypothesis:
there is a orthonormal basis of v*, (v, va,...,v,_1) consisting of eigenvectors
for T. Set v, = v. Since Span(v) Nvt = {0},v ¢ Span(vi,...,v,_1). Then
(v1,v2,...,0y) is linearly independent and thus a basis for V. Since v; L vy,
for j < n, and v, is a unit vector, (v1,...,vy) is an orthonormal basis. We
have thus shown that there exists an orthonormal basis of V' consisting of
eigenvectors for T.

We now move on to the real spectral theorem. We begin by proving that a
real self-adjoint operator has an eigenvector.

Lemma 6.2 Let (V,(, )) be a real inner product space and T € L(V,V) be
a self-adjoint operator on V. Then T has an eigenvector.

Proof Let S be an orthonormal basis of V and set A = Mr(S,S). By Re-
mark (6.2) the eigenvalues of A are real. Let X be an eigenvalue of A. Then
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A — M, is a singular matriz and hence there exists a real n x 1 matriz X such
that (A — X)X = Opx1. If v is the vector in V such that [v]s = X, then
T(v) = Av and v is an eigenvector of T with eigenvalue \.

Theorem 6.4 Let (V,(, )) be a real inner product space and T € L(V,V).
Then T is self-adjoint if and only if T is orthogonally diagonalizable.

Proof Assume first that there exists an orthonormal basis of V' consisting
of eigenvectors for T. Then A = My(S,S) is a real diagonal matriz. It then
follows that A" = A and hence T* =T.

Conversely, assume that T is self-adjoint. We prove that T is orthogonally
diagonalizable by induction on dim(V). If dim(V) = 1, there is nothing to
prove, so assume the result is true for spaces of dimension n — 1 and that
dim(V) = n. Let v be an eigenvector of T (which we may assume has norm
one). Then Span(v) is a T-invariant subspace and since T is self-adjoint it
follows that Span(v)* = vt is T-invariant. Consider T\, the restriction of T
to v, Let u,w € v*. Then

(T(u), w) = (T(u),u) = (u, T(w)) = (u,T(u))

and therefore T is self-adjoint. By the inductive hypothesis, there exists an
orthonormal basis (v1,va,...,v,_1) for vt consisting of eigenvectors for T
(hence eigenvectors for T ). If we set v, = v, then (vy,...,vy,) i an orthonor-
mal basis for V' consisting of eigenvectors for T.

Exercises

1. Assume T is a normal operator on a complex inner product space (V, ( , }).
Prove that there exists a polynomial g(x) such that T = g(T).

2. Assume T is an operator on a complex inner product space (V, (, }). Prove
the following are equivalent:

i) T is normal.

ii) Every T-invariant subspace is T*-invariant.

iii) If U is T-invariant, then U+ is T-invariant.

3. Let T be the operator on C? such that with respect to the standard or-

thonormal basis S = ((é) , (?)) the matrix of T is (j _42) . Verify that
T is self-adjoint and find an orthonormal basis B such that M7 (B, B) is di-

agonal.
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4. Let T be the operator on R? such that with respect to the standard or-
111

thonormal basis S the matrix of T" is the all 1 matrix, |1 1 1| . Find an
1 1 1
orthonormal basis B such that M (B, B) is diagonal.
1 1 0
5. Assume T is an operator on R3, that B = 11,1-1),( 1 is a
1 0 -1

basis of eigenvectors for T', and that the corresponding eigenvalues of T' are
the real numbers a, b, c. Prove that T is self-adjoint if and only if b = c.

1 1 1
. 1 1 -1
6. Let T be an operator on R* and assume NI are
1 -1 -1
eigenvectors of T with eigenvalues 2, —3, and 4, respectively. Prove that T is
1
self-adjoint if and only if :1 is an eigenvector of T
1

7. Let (V,{, )) be a complex inner product space and T' a normal operator
on V. Prove that T is self-adjoint if and only if all eigenvalues of T are real.

8. Let (V,(, )) be a finite inner product space, S,T commuting self-adjoint
operators on V. Prove that there exists an orthonormal basis B = (v1,...,v,),
consisting of simultaneous eigenvectors for .S and 7.

9. Assume T is a normal operator on the complex finite-dimensional inner
product space (V, ( , )). Prove that Range(T*) = Range(T) and Ker(T*) =
Ker(T) for all natural numbers k.

10. Let T be a completely reducible operator on the finite complex inner
product space (V,( , }). Prove that there exists an inner product on V such
that T is normal.

11. Let T be an operator on the finite-dimensional inner product (V,{ , )).
Assume there exists an invariant subspace U of V,U # V, {0} such that U+
is T-invariant and Tj,,, ﬂU |, are self-adjoint. Prove that T is self-adjoint.

12. Prove or give a counterexample: Assume T is a self-adjoint operator on
the finite-dimensional inner product space (V, (, )) and U, W are T-invariant
subspaces such that V =U @ W. Then W = UL,

13. Assume T is an operator on the finite-dimensional inner product space V'
and the minimum polynomial of T is 2 — z. Let U = FE; be the subspace
of fixed vectors and W = Ker(T). Prove that T is self-adjoint if and only if
W =U".
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14. Assume T is a skew-Hermitian but not a Hermitian operator on a finite-
dimensional complex inner product space V. Prove that the non-zero eigen-
values of T are pure imaginary.

15. Assume T is a self-adjoint operator on an inner product space (V,(, )).
Prove that (T'(u),u) € R for all u € V.
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6.3 Normal Operators on Real Inner Product Spaces

In this section we study normal operators on a finite-dimensional real inner
product space which are not self-adjoint. We first prove that such an operator
is completely reducible. We then go on to show that there exists an orthonor-
mal basis, B, such that My (B, B) has a particularly nice form.

What You Need to Know

You will need a mastery of the following concepts to successfully understand
the new material of this section: real finite-dimensional inner product space,
normal operator on an inner product space, self-adjoint operator on an inner
product space, orthonormal basis of a finite-dimensional inner product space,
matrix of an operator with respect to a basis, block diagonal matrix, com-
pletely reducible linear operator, and the generalized Jordan canonical form
of an operator.

We begin with a couple of preparatory lemmas which we require to obtain our
main structure theorem. Throughout this section, we assume that (V,(, )) is
a finite-dimensional real inner product space.

Lemma 6.3 Let T be a normal operator on V. Then for all vectors v € V,
| T () =T (v) || -

Proof || T(v) [’= (T(v),T(v)) = (v,(I"T)(v)) = (v,(IT")(v)) =
(T*(v), T*(v)) =|| T*(v) ||* .

Corollary 6.2 Let T be a normal operator on V and assume that v is an
eigenvector of T' with eigenvalue X\. Then v is an eigenvector of T with eigen-
value .

Proof Since T' is normal the operator T — Al is normal by Exercise 13 of
Section (6.1). Moreover, since X is real, (T — AIy)* = T* — XIyy. We now have
0 =[| (T = Av)(v) =] (T" = Alv)(v) |

and therefore T*(v) = \v.

Lemma 6.4 Let (V,(,)) be a finite-dimensional real inner product space and
T be a normal operator on V. Assume U is a T-invariant subspace of V. Then
the following hold:

i) UL is T—invariant.
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ii) U is T*—invariant.
i) (Tip)* = (T*) 0.
w) (T2 )" = (T
v) Ty is normal.

vi) Tiy 1 is normal.

Proof i) Let (u1,us,...,u;) be an orthonormal basis for U and extend it
to an orthonormal basis S = (u1,us,...,uy,) of V. Set A = Mp(S,S). Since
U is T-invariant, for each j < k it follows that T'(u;) € U and consequently,
T(uj) is a linear combination of (u1,us,...,u). It follows from this that
each Alujls is a linear combination of ([u1]s, [uz]s,- .., [ukls).

We note that Mp«(S,8) = A", Since Mrr+(S,S) = AA" Mrp-p(S,S) =
A" A, and T is normal, it follows that AA™ = A A.

Let (W,{, )) be an n-dimensional complex inner product space with an or-

thonormal basis Sw = (w1, ws,...,wy). Let Ty be the operator on W such
that Mry, (Sw,Sw) = A. It then follows that Mr: (Sw,Sw) = AT = A
since A is a real matriz. Since AA" = A" A we can conclude that Ty is
normal.

Let X be the subspace of W spanned by (wi,...,wy). By construction,

[Tw(w;)lsw = [T(uj)ls. In particular, since T(u;) is a linear combination
of (u1,u2,...,ux) for j < k, it follows that Tw(w;) is a linear combina-
tion of (w1,...,wy) for j < k. Therefore, X is a Tw-invariant subspace

of W. Since Ty is normal we can conclude by Ezxercise 2 of Section (6.2)
that X+ is Tyw-invariant. In particular, for j > k the coordinate vector
[Tw(w;)]s, begins with k 0’s. However, [Tw(w;)]s,, = [T (u;)]s, which im-
plies for j > k,T(u;) € Span(upi1,...,u,) = UL, Thus, UL is T-invariant
as claimed.

ii) Since UL is T-invariant by i) it follows that U = (UY)* is T*-invariant.
ii1) Let S = Ty and w,v € U. Then (S(u),v) = (T'(u),v) = (u,T*(v)). Since
T*(v) € U it follows that S* = (T*)|y.

iv) The proof of this is exactly the same as iii).

v) This follows from iii) and the fact that T is normal.

vi) This follows from iv) and the fact that T is normal.

Since for any subspace U of an inner product space (V,(, )),V = U @ U+
the following is an immediate consequence of Lemma (6.4):

Corollary 6.3 Let T' be normal operator on the real inner product space
(V,{, )). Then T is completely reducible.
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As a consequence of Corollary (6.3), if U = (T, u) is indecomposable, then
pr(x) is an irreducible polynomial. This then implies that pr . () is either
a linear polynomial, z — A, or else a quadratic of the form z2 4 bx + ¢, where
b?—4c < 0. We will show that the matrix of Ty with respect to an orthonormal
basis of U takes a particularly simple form.

Lemma 6.5 Assume that (V,(, )) is a two-dimensional real inner product
space. Then the following are equivalent:

1) T is normal but not self-adjoint.

2) There exists an orthonormal basis S for V such that Mr(S,S) =
(g _aﬁ) , where 8 > 0.

Proof 1) implies 2). Assume T is normal and let S = (v1,v2) be an or-

thonormal basis and assume A = Mr(S,8) = <a 7) . Then Mrp-(S,S) =

B8 6
v 6)°

Since T is normal,
o + B2 =[| T(w1) |IP=] T*(v1) |*= a® +~°.
It then follows that 5% = 2. If B = ~, then A = A" and T is self-adjoint,

contrary to assumption. Therefore, v = —pf.

Since T is normal, we must have

a —f a B\ _[(a B\ fa =B
g 0 -3 &) \-B 6)\B 4
a?+ 6% Bla—36)\ _ [(a*+B% B0 —a)
Bla—6) B+ ) \Bo—a) B+ )
Then f(a—0) = B(d—a). If B =0, then A is symmetric, contrary to assump-
tion. Therefore o — § = 0 — «, which implies that o = 6.

It remains to show that we can choose the basis such that 5 > 0. Of course, if
B > 0 there is nothing more to do, so assume 3 < Q.

In this case, replace S with 8" = (v1,—v2). Then Mr(S',8') = (?; —(j) ,
where § = = > 0.
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(e

5
( @ g) By straightforward multiplication we obtain

-B
- o? + 2 0 T
AA! —( 06 042+62>_At A.

2) implies 1): If Mrp(S,S) = A = ( _aﬁ)’ then Mp«(S,8) = A" =

Since Mpr«(S,8) = Mp«r(S,S) it follows that TT* = T*T and T is normal.

We now get a characterization of normal operators, which are not self-adjoint,
on a real inner product space:

Theorem 6.5 Let T be an operator on (V,( , )), a finite-dimensional real
inner product space. Then the following are equivalent:

1) T is normal and not self-adjoint.
2) There is an orthonormal basis S such that Mr(S,S) is a block diagonal
matriz and each diagonal block is either 1timesl or 2x2 of the form <g _aﬁ)

where 8 > 0. Moreover, some block is 2 x 2.

Proof We first prove that 2) implies 1). It is straightforward to see that if
S is an orthonormal basis and A = Mr(S,S) has the given form, then A"
commutes with A: A™ is also block diagonal and it has 1 x 1 blocks where A
does with identical entries and these clearly commute. Where A has a 2 X 2

matriz | % =5 , A has the block « B and, as we have previously
o« -6 «

seen in Lemma (6.5), these two matrices commute. Since A and A commute
it follows that T and T™* commute.

1) implies 2). The proof is by the second principle of mathematical induction
on dim(V). The first non-trivial case is dim(V) = 2. This is the content of
Lemma (6.5). So assume that dim(V) = n > 2 and the result is true for
any normal, non-self-adjoint operator acting on a real inner product space of
dimension less than n.

Suppose T' has an eigenvector, v, with eigenvalue A. Without loss of generality,
we can assume || v ||= 1. By Corollary (6.2), v is an eigenvector for T*
and by Lemma (6.4), vt is T-invariant and T*-invariant. Moreover, Tiyr s
normal. By the induction hypothesis, there exists an orthonormal basis S =
(v1,v2,...,V,_1) of v such that the matriz B of 1)1 with respect to S is

block diagonal with each diagonal block is 1x1 or 2x2 of the form (g _aﬁ> .

Set v, =v and 8’ = (v1,v2,...,v,). Then
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B On—1x1
Mr(§8',8) = L
r( ) <01><n—1 A
Note if all the blocks are 1 x 1 then the matrix is symmetric and the operator
T is self-adjoint. Therefore, at least one block is 2 X 2 and the matriz has the
required form.

Assume then that T does not have an eigenvector. Let U be a T-invariant
subspace with dim(U) minimal. Then as V is a real vector space and T is
completely reducible, as previously remarked, dim(U) = 2. By Lemma (6.4),
U+ is T-invariant and T*-invariant and Tv, T\y+ are normal. It follows from
Lemma (6.5) that there is an orthonormal basis Sy for U such that A =

M7, (Sv,Sv) = g _aﬁ) with 8 > 0. Since dim(U~+) < dim(V), Ty is

normal, and Ty has no eigenvectors, it follows that there is an orthonormal
basis Sy for UL such that B = ./\/lTWL (Sy1,Syr) is block diagonal and

4]

is an orthonormal basis of V' and

every block is of the form (Fy _j> where § > 0. Set § = SyliSyy.. Then S

MT(S,S) — ( A 02><n—2) ,

Op—2x2 B

which has the required form.

Exercises

1. Give an example of a normal operator T" on a four-dimensional real in-
ner product space, which does not have an eigenvector and has exactly four
invariant subspaces.

2. Give an example of a normal operator T on a four-dimensional real inner
product space such that i) T has no eigenvectors, and ii) T has infinitely many
invariant subspaces.

3.Let (V, (, )) be areal inner product space of dimension two and T' € L(V, V)
a normal operator, which is not self-adjoint. Prove that there is a real linear
polynomial f(z) such that T* = f(T).

4. Let (V,(, )) be a real inner product space and T € £(V, V') a normal oper-
ator. Assume that the minimal polynomial of T" is a real irreducible quadratic.
Prove that there is a real linear polynomial f(x) such that T = f(T).

5. Let (V,{, )) be a real inner product space and T' € L(V,V) a normal

operator, which is not self-adjoint. Prove there is a polynomial f(z) such that
T = f(7).

6. Let (V,{, )) be a real inner product space and T € L(V,V) a normal
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operator, which is not self-adjoint. Let S € L(V,V). Prove that T'S = ST if
and only if ST* =T*S.

7. Let (V,(, )) be a real inner product space of dimension 2 and T' € L(V, V)
a normal operator, which is not self-adjoint. Assume S € L(V,V) commutes
with T. Prove that S is a linear combination of T" and Iy and consequently
normal.

8. Let T be a normal operator on the real finite-dimensional inner product
space V and assume all the eigenvalues of T are complex and distinct. Let
S € L(V,V) commute with T, that is, ST = T'S. Prove if U is a T-invariant
subspace, then U is S-invariant.

9. Let T be a normal operator on a real finite-dimensional inner product space
and assume all the eigenvalues of T' are complex and distinct. Let S € L(V,V)
commute with 7', that is, ST = T'S. Prove that S is normal.

10. Let T be a normal operator on the real finite-dimensional inner product
space and assume all the eigenvalues of T are complex and distinct. Set C'(T) =
{8 € L(V,V)|ST = TS}. Prove that dim(C(T')) = dim(V') and is even.

11. Assume T is a normal operator on R* equipped with the dot product and

assume the minimal polynomial of T is 22 — 2z + 3. Determine dim(C(T)).

12. Assume T is an invertible skew-symmetric operator on a finite-dimensional
real inner product space (V, (, )). Prove that every eigenvalue of T is purely
imaginary.
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6.4 Unitary and Orthogonal Operators

In this section we define the notion of an isometry of an inner product space
and prove that the collection of all isometries on an inner product space
(V,(, )) is a group. We then go on to characterize the isometries of a finite-
dimensional inner product space.

What You Need to Know

You will need to have a mastery of the following concepts: inner product
space, orthonormal basis of a finite-dimensional inner product space, self-
adjoint operator on an inner product space, matrix of a linear transformation,
and eigenvalues and eigenvectors of an operator. Also, you should be familiar
with the concept of a group, which can be found in Appendix B.

We begin with a definition:

Definition 6.6 Let (V,(, )) be a finite-dimensional inner product space. An
operator T on'V is an isometry if for allv € V.|| T'(v) ||=|| v || . An isometry
of a complex inner product space is also referred to as a unitary operator and
an isometry of a real inner product space is called an orthogonal operator.

The following theorem is a simple application of the definition:

Theorem 6.6 Let (V,{, )) be a finite-dimensional inner product space. Then
the following hold:

i) If T is an isometry then T is bijective and T~ is also an isometry.

it) If S, T are isometries then ST is an isometry.

We leave these as exercises.

Remark 6.3 It is a consequence of Theorem (6.6) that the collection of all
isometries of an inner product space (V,{ , )) is a group. When V is real we
denote this group by O(V,( , )) and when the space complex by UV, ( , )).

Before proceeding to our first main result, we need a lemma concerning com-
plex inner products.

Lemma 6.6 Let (V,(, )) be a complex inner product space and u,v € V.
Then the following hold:

D luto P = u—v?=2wo) + o).

i) il wtiv |* = [ —iv [[?) = 2[(u,v) — (u,v)].

i) [u+vl|?—[[u—v]|?+i]|u+tiv|? —ilu—iv|*=4(u,v).

)
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Proof i)

lutv|>—|u—v|* = (ut+v,ut+v)—(u—v,u—2)
(Ful? + o I” +(u,v) + (v,u))
(wl?+ oI —(u,v) = (v,u))
2[(u, v) + (v, u)] = 2[(u, v) + (u, v)].

We have therefore shown that
lw+v* = [ u—v = 2[{u,v) + (u,v)]. (6.1)

i) Substituting iv for v we get

futiv|? = u—wwl|® = 2[u,iv)+ (u,iv)

—2i[{u,v) — (u, v)].

Multiplying by i, we obtain
il wtiv | = || w— v [|*) = 2[(u, v) = (u,v)]. (6.2)

iii) Adding Equations (6.1) and (6.2) yields ii).

The next theorem establishes a number of equivalences for an operator to be
an isometry.

Theorem 6.7 Let (V,(, )) be a finite-dimensional inner product space and
T an operator on V. Then the following are equivalent:

1) T is an isometry.

2) (T'(u), T(v)) = (u,v) for allu,v eV.

3) T*T = Iy.

4) If § = (vi,va,...,v,) is an orthonormal basis of V, then T(S) =
(T'(v1),...,T(vy)) is an orthonormal basis.

5) There exists an orthonormal basis S = (v1,v2,...,v,) of V such that

T(S) = (T(v1),...,T(vy)) is an orthonormal basis.
6) T* is an isometry.

7) (T*(u), T*(v)) = (u,v) for all u,v e V.

8) TT* = Iy.
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9) If S = (v1,va,...,v,) is an orthonormal basis of V, then T*(S) =
(T*(v1),...,T*(vy)) is an orthonormal basis.

10) There exists an orthonormal basis S = (v1,va,...,v,) of V such that
T*(S) = (T*(v1),...,T*(vy,)) is an orthonormal basis.

Proof We prove, cyclically, that 1)-5) are equivalent. This will also imply
that 6)-10) are equivalent. We then show that 3) and 8) are equivalent.

1) implies 2): Suppose V' is a real inner product space. Then

UT(u),T(v)) = [ T(w)+T(v)|* = || T(w) - T(v) |*
= [T+ |* = T(u-v) |
= Jutv|*—u—v|*=(uv).

Suppose V' is a complex inner product space. Then by Lemma (6.6)

AT (u), T(v)) | T(w) + T () |* = | T(w) - T(v) |I*

+ i || T(u) +iT(v) ||” =i || T(u) —iT(v) ||”
= [ Tutv) [P =] T(u—wv) |

+ i | T(uw) |* =i || T(u—iv) |

= Jutv |~ [lu—v]|?

+ i Jutiv|* =i ||u—iv]?

4{u, v).

2) implies 3): If (T'(u), T(v)) = (u,v), then (T*T(u),v) = (u,v) for all u,v.
Then ((T*T — Iv)(u),v) = 0 for all w,v. Setting v = (T*T — Iy )(u) we get
|| (T*T — Iy )(w) ||= 0. Therefore, (T*T —Iv)(u) = 0 for all w € V and hence
T*T — Iy = 0y v, which implies that T*T = Iy .

3) implies 4): Assume S = (v1,v2,...,y,) is an orthonormal basis.
I T () 7= (T (v), T(w3)) = (T"T (vi),vi) = (vi,v5) = 1.
Assume i # j then
(T'(v:), T (v)) = (T"T(vi),v5) = (vi, v5) = 0.
Thus, T(S) is an orthonormal basis.

4) implies 5): This is immediate.

5) implies 1). Let v be an arbitrary vector. Assume
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V= a1V1 + a2V2 + ...0,Vy.

Then
o=l ax [I>+--+ [l an [I”-

T(v) = T(a1v1 + agva + ... apvy) = a1T(v1) + a2T(v2) + ... a,T(vy,). Since
T(S) is an orthonormal basis,

I T () [I*=ll 1T (v1) + a2T(v2) + -..anT(vn) =] a1 | + -+ || an ||?

and therefore
1T () I2=] v |I*.

Finally, for an operator T' on a finite-dimensional vector space, T*T = Iy if
and only if TT* = Iy, and therefore 3) and 8) are equivalent.

In our next result we characterize the matrix of an isometry with respect to
an orthonormal basis.

Theorem 6.8 Let (V,( , )) be a finite-dimensional inner product space, T
an operator on V, S an orthonormal basis, and A = Mp(S,S). Then the
following hold:

1) If V is a complex inner product space, then T is an isometry if and only if
—tr

ATt =4

it) If V is a real inner product space, then T is an isometry if and only if

Al = At

Proof i) Assume T is an isometry. Then T* = Tl Then A=l =
Mrpi(S,8) = Mp-(S,8) =A".

Conversely, assume A™! = A", Since A7l = Mp-1(S,8) and AT =
M7 (S,8), it follows that T~' = T* and therefore T*T = Iy. Thus, T is
an isometry by part i) of Theorem (6.7).

i1) This is similar to i) and left as an exercise.
-1

Definition 6.7 An n xn complex matriz is said to be unitary if A" =4

Definition 6.8 A square real matriz is said to be orthogonal if A" = A~1,
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We complete this section with two results, Schur’s lemma for operators and
Schur’s lemma for matrices. The latter will be used in Section (12.4) to estab-
lish Schur’s inequality for the spectral radius of a complex matrix.

Lemma 6.7 Let T be an operator on an n-dimensional complex inner product
space (V,(, )). Then there exists an orthonormal basis B = (w1, ..., wy) such
that for each k,1 < k < n the subspace Span(wi,...,wy) is T-invariant.

Proof The proof is by induction on n. If n = 1, there is nothing to prove
so assume that n > 1 and that the result is true for operators on spaces of
dimension n—1. Since (V,(, )) is a complex inner product space, there exists
an eigenvector w for T. If (w,w) # 1 then by replacing w by mw we can
assume that || w ||= 1. Set W = Span(w),U = W=, and P = Projy,w). Also
let T be the restriction of PT toU. Note that a subspace X of U is T-invariant
if and only if X+W is T-invariant. By the inductive hypothesis, there exists an
orthonormal basis (w1, ..., un—1) of U such that for each k,1 <k <n—1 the
subspace Span(uy, ..., uy) is T-invariant. Now for2<j<nsetw;=u;_i.
Since w1 L u; for 1 < j < n—1 it follows that B = (wn,...,w,) is an
orthonormal basis of V. Let k satisfy 1 < k <mn — 1. Then Span(uq,...,ux)
is T-invariant and therefore Span(wi,u1,...,ur) = Span(wi, ..., Wit1) s
T-invariant.

We now prove the matrix version:

Lemma 6.8 Let A be an n x n complex matriz. Then there exists a unitary
matriz Q such that QAQ* is upper triangular.

Proof Let C" be equipped with the Euclidean inner product:

T Y1
In

Yn

Let Ty : C™ — C™ be the operator given by Ta(x) = Ax. Let S be the standard
basis of C™ so that Mr,(S,S) = A. By Schur’s lemma for operators, Lemma
(6.7), there exists an orthonormal basis B = (w1, ..., wy) such that for every
k,1 <k <mn,Span(ws,...,w) is Ta-invariant. It follows that Mr, (B, B) is
upper triangular. Let I be the identity operator on C" and set Q = M;(B,S).
Then Q is a unitary matriz by Exercise 5 below so that Q' = Q*. Then
Mr, (Bv B) = MI(Bv S)MTA (87 S)MT(Sv B) = QAQ".
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Exercises

1. Prove that an isometry is injective, hence bijective. Prove that the inverse
of an isometry is an isometry.

2. Prove that the product (composition) of isometries is an isometry.

3. Let § = (v1,v2,...,vy,) be an orthonormal basis of V and let A; € F satisfy
|Ai| = 1. Define T : V. — V such that T(v;) = A\;v;. Prove that T is an
isometry.

4. Prove part ii) of Theorem (6.8).

5. Let (V,{ , )) be a complex inner product space and assume &5 =
(u1,...,uy),S2 = (v1,...,v,) are orthonormal bases of V. Prove that the
change of basis matrix My, (S1,82) is a unitary matrix.

6. Let (V,( , )) be a real inner product space and assume & =
(U1,...,Uy),S2 = (v1,...,v,) are orthonormal bases of V. Prove that the
change of basis matrix My, (S1,S2) is an orthogonal matrix.

7. Prove the following matrix version of the complex spectral theorem: Let A
be a complex n X n matrix. Prove that AA" = A" A if and only if there is
a unitary matrix @ such that QAQ ! is a diagonal matrix. Moreover, if A is
Hermitian, that is, A = A*", then the diagonal entries of A are real numbers.

8. Prove the following matrix version of the real spectral theorem: Let A be a
real n x n matrix. Then A is symmetric if and only if there is an orthogonal
matrix @ such that QAQ'" is a diagonal matrix.

9. Let (V,{(, )) be a real inner product space and T" an operator on V. Prove
that T is an isometry if and only if there exists an orthonormal basis S such
that M7 (S,S) is block diagonal and each block is either 1 x 1 with entry +1

or 2 x 2 of the form (COS 0 —sin 0

. for some 0,0 < 0 < 7.
sin @  cos 0

10. Assume T is an isometry of the inner product space (V,(, )) and that T
is self-adjoint. Prove that T? = I, and there exists an orthonormal basis B
such that My (B, B) is diagonal and all the diagonal entries are £1.

11. Assume T is a self-adjoint operator on an inner product space (V,{ , ))
and T2 = Iy. Prove that T is an isometry.

12. Give an example of a normal operator 7" on a complex inner product space,
which is an isometry but 72 # Iy .

13. Let T be a unitary operator of a finite-dimensional inner product space
(V,{, )) and a U a T-invariant subspace. Prove that U~ is T-invariant.

14. Let A be a unitary matrix. Assume A is upper triangular. Prove that A
is diagonal.

15. Let (V,(, )) be an n—dimensional inner product space. Assume Uy, U,
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are k-dimensional subspaces and R : U; — Us is a linear map which satisfies
| R(u) ||=|l u || . Prove that there exists an isometry S such that Sy, = R.

16. Let V be a real inner product space of odd dimension and S € L(V, V) an
orthogonal transformation. Prove that there is a vector v such that S?(v) = v.

17. Let (V, {, )) be a finite-dimensional inner product space and U a subspace,
U # V,{0}. Set T = Projy,uy+y — Projw. ). Prove that T' is a self-adjoint
isometry of V.

1 1 1 1

1 1 -1 -1
1pP1-1pP1 1/ ]-1
1 -1 -1 1
with corresponding eigenvalues 2,3,4,5. Let T be the operator on R* having
1 1 1 1
1 1 -1 0
1171 -1f'f 1110
1 -1 -1 0
2,3,4,5. Prove that there exists an invertible operator @) such that Q~'SQ = T,
but it is not possible for @ to be an isometry.

18. Let S be an operator on R* have eigenvectors

eigenvectors with corresponding eigenvalues
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6.5 Polar and Singular Value Decomposition

In this section we obtain the polar decomposition of an operator on a finite-
dimensional inner product space. It is, in some ways, the generalization of
the decomposition of an arbitrary nonzero complex number z as the product
of a pair (r,u) where r is a positive real number and v is a complex num-
ber with modulus one. In the more general setting, these will be replaced
by a semi-positive Hermitian operator (defined below) and a unitary oper-
ator, respectively. Polar decomposition is a fundamental tool in the theory
of finite-dimensional Lie groups and Lie algebras. We subsequently develop
the singular value decomposition of a linear map between two inner product
spaces. The singular value decomposition has many applications, in particular
to image compression, data mining, text mining, face recognition, as well as
many others.

What You Need to Know

You will need to have a mastery of the following concepts: linear transforma-
tion from a vector space V to a vector space W, kernel of a linear transforma-
tion, linear operator on the vector space V, inner product space, self-adjoint
operator on an inner product space, basis of a finite-dimensional vector space,
matrix of a linear transformation, and eigenvalues and eigenvectors of an op-
erator.

We begin with a definition:

Definition 6.9 Let (V,{ , )) be an inner product space. An operator T is
semipositive if T is self-adjoint and (T'(uw),u) > 0 for all u € V. A self-
adjoint operator is positive if (T (u),u) > 0 for all non-zero vectors u € V.

Example 6.1 Let U be a subspace of the inner product space (V,{ , )) and let
P = Projw,u+y, the orthogonal projection onto U. Then P is a semi-positive
operator.

Example 6.2 Let S be any operator on an inner product space (V,{ , )).
Then T = S*S is a semi-positive operator. We have previously seen that S*S
is self-adjoint. We need to show that ((S*S)(v),v) > 0 for every v € V. We
have

((8*8)(v),v) = (S(v),S(v)) =|| S(v) [|*> 0.
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Definition 6.10 Let T be an operator on a space V. An operator S on V is
said to be a square root of T if S* =T.

Example 6.3 If V is a two-dimensional vector space then Iy has infinitely
many square roots: in addition to £Iy let (v1,v2) be any basis of V' and let
S(’Ul) = v, S('UQ) = —P2. Then 82 = Iv.

Following is our main result, characterizing positive operators.

Theorem 6.9 Let (V,(, )) be an inner product space and T € L(V,V'). Then
the following are equivalent:

1. T 1is a semi-positive operator.

2. T is self adjoint and all the eigenvalues of T are non-negative.
3. T has a semi-positive square root.

4. T has a self-adjoint square root.

5. There is an operator S such that T = S*S.

Proof 1) implies 2): Since T is a semi-positive operator, T is self-adjoint.
Suppose v is a eigenvector of T with eigenvalue \. Then

A ” v ”: <)‘v7'v> = <T(v)7'v> >0

since T is semi-positive. Since || v ||> 0, it follows that A > 0.

2) implies 3). Since T is self-adjoint, there exists an orthonormal basis
S = (v1,v2,...,v,) consisting of eigenvectors of T. Set \; = T'(v;). By as-
sumption, \; > 0. Define S as follows: If \; = 0, then S(v;) = 0 = \/A;v;.
If Aj > 0, then S(’l}j) = \/)\_jvj-

Since S is an orthonormal basis and Mg(S,S) is diagonal with real entries
it follows that S is self-adjoint by the spectral theorem. We need to prove that
S is semi-positive. Suppose now that v = a1v, + asvs + - -+ + a,v,. Then

(S(w),v) = (S(a1v1 + agva + -+ apvy), 0101 + agva + -+ - + apVy,)
= (\/)\—1@1'01—i—---—i-\/)\—nanvn,al'vl+a2v2+---+anvn>

VAaar + -+ Anantn

= Vil .V el 2 0,

since each \/A; >0 and |a;j|* > 0. Thus, S is a semi-positive operator.
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3) implies /). Since a semi-positive square root is a self-adjoint square root,
this is immediate.

4) implies 5). Let S be a self-adjoint square root of T. Then S*S = S? =T

5) implies 1). Assume T = S*S for some operator S and let v be an arbitrary
vector in V. Then

(T(v),v) = ((S*S)(v),v) = (S(v), S(v)) =] S(v) [*> 0.

Theorem 6.10 Assume T is a semi-positive operator. Then T has a unique
semi-positive square T0ot.

The proof of this result is left as an exercise.

Definition 6.11 Let T be a semi-positive operator on an inner product space
(V,{, ). The unique semi-positive square root of T will be referred to as the
square root of T and is denoted by v/T.

Lemma 6.9 Let T be a linear operator on the inner product space (V,{ , )).
Then for any vector v,

| T(v) [|[=]| vVIT*T(v) || -
Proof Forwv eV,

IT()* = (T(v),T(v))
(T*T)(v),v) = ((VT )(v)=v>
)

L
i
S
L
=

Corollary 6.4 Let T be an operator on the inner product space (V,{ , )).
Then Ker(T) = Ker(VT*T).

Proof A wvector v is in Ker(T) if and only if || T(v) ||= 0 if and only if
| VT*T(v) ||= 0 if and only if v € Ker(vT*T).

The next result shows how we can express an arbitrary operator as a compo-
sition of a semi-positive operator and an isometry.
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Theorem 6.11 Let (V,{, )) be an inner product space and T an operator on
V. Then there exists an isometry S on V such that T = SvVT*T.

Proof By Corollary (6.4), Ker(T) = Ker(VT*T). By Ezercise 15 of Sec-
tion (2.2) the map R : Range(vVT*T) — Range(T) given by R(VT*T(v)) =
T(v) is well-defined and linear. By Lemma (6.9), R is an isometry from
Range(VT*T) to Range(T). By Fzercise 16 of Section (6.4), there exists an
isometry S of V' such that S VTT) = R. It is clear from the construction

that SVT*T =T.

|Range(

Definition 6.12 Let T be an operator on a finite dimension inner product
space (V,{, )). The decomposition T = SvT*T is referred to as the polar
decomposition of T

The next result gives a particularly nice representation of a linear transfor-
mation between two finite-dimensional inner product spaces. It is referred to
as the Singular Value Decomposition of the transformation.

Theorem 6.12 Let (V,{, Yv) and (W,{, Yw) be finite-dimensional inner
product spaces and T : V. — W a linear transformation. Then there exists
orthonormal bases By = (v1,...,v,) and Bw = (u1,...,Uy,) and unique
positive scalars s1 > - - > s, such that T(v;) = s;u; if j <r and T(v;) = Ow
ifj>r.

Proof First of all, the operator T*T on V is a semi-positive operator. Let
r = rank(T*T) so that r < n, the dimension of V. Let (v1,...,v,) be an
orthonormal basis for Range(T*T) consisting of eigenvectors of T*T with
the notation chosen so that if (T*T)(v;) = «; then aq > -+ > «, > 0. Let
(Vp41, .., 0p) be an orthonormal basis for Ker(T*T) so that B = (v1,...,vp)
is an orthonormal basis of V' consisting of eigenvectors of T*T.

Now for j < r, set s; = \/a; and u; = =T (v;). We claim that (uy, ..., u,)
J
is an orthonormal sequence from W. For suppose 1 <1i,j <r, then

(wi,uj)w = (iT(vi),lT(vj))W

S; Sj

= (T(v:), T(v;))w
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Finally, (vi,v;) is 1 if i = j and 0 otherwise. In the former case, we get

2
(wi,uj)w = % =1 and in the latter case (w;,u;)w =0, as required.

Now extend (w1, ...,u,) to an orthonormal basis (w1, ..., un) of W. All that
remains is to show that T(v;) = Ow if j > r. However, (T )( ;) = Oy. This
implies that ((T*T)(v;),v;)v = 0 whence (T (v;),T(v;))w = 0 from which
we conclude that T(vj) = 0w as desired.

It remains to prove uniqueness. Suppose then that (x1,...,%n), (Y1, -, Ym)
and t1 > ty...t, > 0 satisfy the conclusions of the theorem. Then, for 1 <
i <m and 1l <j<n, we have

(T*(yi)s zj)v = (i, T(x5))w-

The latter is t; if i = j < r and 0 otherwise. This implies that T*(y;) = t;x;
if 1 <i<r andis Oy if i > r. We then have for 1 < j <r that

(T*T)(x;) = T*(t;y;) = t;T*(y;) = t5v;.

If j > r then (T*T)(x;) = T*(0w) = Oy. Consequently, if 1 < j <r, then ¢}
is an eigenvalue of T*T and therefore, given how (t1,...,t,) are ordered, we
must have t; = s;.

Definition 6.13 Let (V,(, )v) and (W,{, )w) be finite-dimensional inner
product spaces and T : V. — W a linear transformation. The unique scalars
$1,...,8- are the singular values of the transformation T.

If A is an m x n complex matriz, the singular values of A are the singular
values of the transformation T4 : C* — C™ given by multiplication on the left

by A.

Theorem (6.12) has the following nice factorization theorem for a matrix. We
leave the proof as an exercise.

Corollary 6.5 Let A be an m x n matriz of rank r with positive singular
values s1 > -+ > s.. Let S be the m x n matriz whose (i,j)-entry is s; if
i =3 <7 and 0 otherwise. Then there exists an m X m unitary matriz QQ, and
n X n unitary matric P such that

A=QSP.

Definition 6.14 Let A be an m X n matrix of rank r with positive singular
values 81 > -+ > s,.. Let S be the m X n matriz whose (i,j)-entry is s; if
i = 7 < r and 0 otherwise. The expression A = QSP is referred to as a
singular value decomposition of the matriz A.
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Exercises
1. Prove Theorem (6.10).

2. Let (V,(, )) be a complex inner product space and T' € L(V, V) a normal
operator. Prove that T has a square root.

3. Let (V,{, )) be a two-dimensional real inner product space and assume
that T' € L(V,V) is a normal operator but not self-adjoint. Prove that T has
a square root.

4. Let (V,(, )) be a 2n-dimensional real inner product space. Assume that
T € L£(V,V) is a normal operator and that T' does not have any eigenvectors.
Prove that T has a square root.

5. Prove that the sum of two semi-positive operators is semi-positive.

6. Assume T is a semi-positive operator on an inner product space (V,{ , })
and ¢ € RT. Prove that ¢T" is a semi-positive operator.

7. Prove that a semi-positive operator is invertible if and only if it is positive.

8. Assume T is a positive operator on the inner product space (V, (, )). Prove
that T—! is a positive operator.

9. Assume that T is a positive operator on the inner product space V. Define
[,]:VxV =V by v,w] = (T(v),w). Prove that [, ] is an inner product
on V.

10. Assume that T is a positive operator on the inner product space V. Define
[, ]:VxV =V asin Exercise 9. Let S be an operator on V' and denote by
S* the adjoint of S with respect to [, ]. Prove that S* = T-15*T.

11. Let (V,{, )) be a finite-dimensional inner product space, R a self-adjoint
operator, and T a positive operator. Prove that TR and RT are diagonalizable
operators with real eigenvalues.

12. Prove a semi-positive operator T is an isometry if and only if T is the
identity operator.

13. Assume S,T are semi-positive operators on the inner product space
(V,(, ). It ST =TS, then ST is a semi-positive operator.

14. Give an example of semi-positive operators S,T on a finite-dimensional
inner product space (V,(, )) such that ST is not a semi-positive operator.

15. In the polar decomposition T' = SvT*T, with S an isometry, prove that
S is unique if and only if T is invertible.

0 1 1

16. Let T : R?® — R? be multiplication by the matrix | =1 0 1. Find
-1 -1 0

an isometry S such that T'= SVT*T.
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17. Prove Corollary (6.5).

18. Let T be an operator on an inner product space (V, (, )). Prove that TT*
and T*T have the same eigenvalues and that each eigenvalue occurs with the
same multiplicity in TT* and T*T.

19. Assume T is a semi-positive operator on a finite-dimensional inner product
space (V,(, )). Prove that the singular values of T are the eigenvalues of T.

20. Let T be an operator on a finite-dimensional inner product space (V, (, )).
Assume the polar decomposition of T"is T' = SP where S is an isometry and
P is a semi-positive operator. Prove T is normal if and only if SP = PS.
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Trace and Determinant of a Linear Operator
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In this chapter, we study the trace and determinant of an operator. In the first
section, we define the trace of a linear operator 7" on a finite-dimensional vector
space V in terms of the characteristic polynomial, xr(z), of the operator. We
also define the trace of a square matrix. We then relate these two concepts
of trace by proving that if T is an operator on the finite-dimensional vector
space V and B is any basis of V, then the trace of the operator T" and the
trace of the matrix My (B, B) are the same. In the course of this, we establish
many of the properties of the trace. In the second section, we introduce the
determinant of a linear operator 7' on a finite-dimensional vector space V,
again in terms of the characteristic polynomial, xr(z), of the operator. We
also define a determinant of a square matrix. We then relate these two by
proving that if 7" is an operator on the finite-dimensional vector space V
and B is any basis of V', then the determinant of the operator T and the
determinant of the matrix M (B, B) are the same. In the concluding section,
we show how the determinant can be used to define an alternating n-linear
form on an n-dimensional vector space and prove that this form is unique.

237



238 Advanced Linear Algebra

7.1 Trace of a Linear Operator

Let V be a finite-dimensional vector space over the field Fand T : V — V
be a linear operator. In this section we define the concept of the trace of T'
in terms of the characteristic polynomial of T'. Let B be a basis of V' and
A = My (B, B), the matrix of T' with respect to B. We previously defined the
trace of T'. In our main theorem we show that the trace of T and the trace of
A are equal. This is then used to prove that the map Tr : L(V,V) — F is a
linear transformation.

What You Need to Know

You will need to have a mastery of the following concepts: basis of a finite-
dimensional vector space, linear operator on a vector space, matrix of a linear
operator with respect to a basis B, the minimal polynomial of an operator, the
invariant factors of an operator, the elementary divisors of an operator, the
characteristic polynomial of an operator, eigenvalues and eigenvectors of an
operator, direct sum decomposition of a vector space, a T-invariant subspace
for an operator T  on a vector space V, invertible matrix, block diagonal matrix,
and the companion matrix of a polynomial.

We begin with a definition:

Definition 7.1 Let V be a finite-dimensional vector space and T an operator
on V. Assume the characteristic polynomial of T is
xr(@) = 2" + 2"+t an.

The trace of T, denoted by Tr(T), is defined to be —a,_1.

Remark 7.1 Suppose the characteristic polynomial x1(x) factors into linear
factors (for example, when the field is C):

xr(z) =(x —M)(x—A2) ... (x — \n),

where \; are the eigenvalues of T repeated with their algebraic multiplicity.
Then the trace of T is the sum of the eigenvalues of T (taken with their
algebraic multiplicity):

Tr(T) = A + A+ + M.
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Example 7.1 Let T : C* — C3 be multiplication by the matriz
0 0 =5
1 0 =3|.Thenxr(z) = (x+1)(x—[1+2i])(x—[1-2i]) = 23— 2% +32+5.
01 1

In this case, the trace is 1.

Note that as a real operator the characteristic polynomial is (x+1)(x% —2x+5).

We will learn shortly how to compute the trace of an operator given a matrix
of the operator. Some examples will convince you that it is always the sum of
the diagonal entries of such a matrix. Let A be n X n matrix,

ail ai12 . A1n

a1 a22 . a92n
A =

an1  anp2 . QAnn

We previously defined the trace of A, Trace(A) = ay1 + aza + -+ + any, the
sum of the diagonal entries.

Theorem 7.1 Assume A,B are n x n matrices. Then Trace(AB) =
Trace(BA).

Proof Let
ail a2 N A1n, b11 b12 N bnn
ag1 a9 N a9n, b21 b22 N an
A= . . . and B = .
an1 an2 N Ann bnl an N bnn

Then the (i,7)-entry of AB is Y ,_, aibr; and therefore

@ik bpi-

NE
NE

Trace(AB) =
1k

Il
-

i

By the same reasoning,

3

Trace(BA) = Z briaik-
k

n

,_.

-
Il

=

They are identical.
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Corollary 7.1 If C is an n X n matriz and P is an invertible n X n matriz,
then

Trace(P~*CP) = Trace(C).

Corollary 7.2 Let V be an n-dimensional vector space, T an operator on V,
and B, B’ bases for V. Then

Trace(Mr (B, B)) = Trace(Mr(B',B)).

Let V be a finite-dimensional vector space, T an operator on V, and B a
basis for V. It is our goal to show that Tr(T) = Trace(Mr (B, B)). In light of
Corollary (7.2), it suffices to show the existence of at least one basis for which
this is so. Before we get to the proof. we first establish a lemma about the
characteristic polynomial.

Lemma 7.1 Let V be a finite-dimensional vector space and T an operator on
V. Assume V. =U @ W, where U, W are T-invariant subspaces. Let Ty = Tj,
and Tw =T,,. Then

X7 () = X1 (T) XT3 ().

Proof Let pr(x) = p1(x) ...p(x)% be the minimal polynomial of T.
Set Vi = V) = null (p;(T)¥™V)) and m; = %. Then V. =
VieVe® - @V, and it follows from Exercise 13 of Section (4.5) that
xr(z) = p1(x)™ .. pe(x)™.

It follows from Theorem (4.14) that U = (UNWV)&---®(UNW;) and likewise
W=WnW)a ---a&(WnW). SinccV=Ua&W, it then follows that
Vi =(V;nU) & (V; "W). Therefore, &im(V; NU) + dim(V; N W) = dim(V;).
This holds for each i. It now follows that

xr(®) = X1y (T)XTW (2)-

Corollary 7.3 Let V be a finite-dimensional vector space and T an operator
on V. Assume V = V1 @@ Vi where V; is T-invariant. Set T; = Ty,. Then

XT(x) = XTy (‘T) <o XTy (‘T)

Proof This follows from Lemma (7.1) by induction on k.
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The following is immediate:

Lemma 7.2 Assume the matriz A is block diagonal with diagonal blocks
Al,AQ, . .,Ak. Then

Trace(A) = Trace(Ay) + - -+ Trace(Ay).

Theorem 7.2 Let V be a finite-dimensional vector space, T an operator on

V, and B a base for V. Then

Tr(T) = Trace(Mr (B, B)).

Proof Since Trace(Mr(B,B)) is independent of the base B, it suffices to
prove the result for some base B of V.

We have seen that there are vectors vy,...,vr € V such that

V= <T7 ’l)1> 2] <T,’02> D---D <T,’U]g>.
LetT; = 1), Then by Lemma (7.1),

XT(x) = XTy (‘T) <o XTy (‘T)

Suppose xr,(z) = % +a;xz% "1 + g;(z) where g;(x) has degree less than d; — 1.
Then

X1 (%) o oxr () = DTt (@ e )z g (),

where the degree of g(x) is less than dq + -+ + dy — 1.

Consequently, Tr(T) = a1+ -+ar = Tr(Ty)+---+Tr(Ty). Let B; is a basis
for (T,v;) and set B = B1f...tBx. Then

Trace(Mr(B,B)) = Trace(Mr, (B1,B1)) + -+ - + Trace(Mr, (B, Bi))

by Lemma (7.2). Therefore, it suffices to prove the result in the special case
that T is cyclic: V = (T, v) for some vector v € V.

Assume V is cyclic and V = (T, v). Then pr(z) = xr(x) = pr(z). Suppose
prp(r) =x™ + bp_12" L 4 - 4+ byx + bg. We have seen that the following is
an independent sequence of vectors and consequently a basis for V:

B=(v,T(v),...,T" *(v)).
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Then M7 (B,B) = C(2" + bp_12" 1 + - + bz + bp) =

0 0 0 0 —bo
1 00 0 —-bu
0 1 0 0 —b
0 00 ... 0 —=bp2
0 0 0 1 —bp1

Thus, Trace(Mr(B,B)) = —bp_1 as required.

Corollary 7.4 Let V be a finite-dimensional vector space and S, T operators
on V. Then

i) Tr(S+T)=Tr(S)+Tr(T);
it) Tr(ST) =Tr(TS); and
iii) for a scalar ¢, Tr(cT) = cTr(T).

Proof i) Let B be a basis for V. Then

Tr(S+T) = Trace(Mgsir(B,B))
= Trace(Mg(B,B))+ Mr(B,B))
= Trace(Mgs(B,B))+ Trace(My (B, B))
= Tr(S)+Tr(T).

i) and iii) are left as exercises.

Exercises

1. Let A and B be n x n matrices. Prove that Trace(A + B) = Trace(A) +
Trace(B).

2. Let A be an n x n matrix and ¢ € F a scalar. Prove that Trace(cA) =
cTrace(A).

3. Prove Corollary (7.1).
4. Prove Corollary (7.2).

5. Prove part ii) of Corollary (7.4).
6. Prove part iii) of Corollary (7.4).
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7. Prove that (x1,z2,23) = (0,0,0) is the only solution to the system of
equations

X1 —|— i) —|— T3 = O,
i 4+ 23 + x3 = 0,
3+ 23 + 23 = 0.

8. Assume A is a 3 x 3 complex matrix and that Trace(A) = Trace(A?) =
Trace(A?) = 0. Prove that A% = 03x3. Recall, this means that A is nilpotent.

9. Generalize FExercise 8: Assume A is an n X n complex matrix and
Trace(A*) = 0 for 1 < k < n. Prove that A is nilpotent.

10. Let V be a finite-dimensional vector space and T" on operator on V. Assume
Tr(ST) =0 for all S € L(V,V). Prove that T = 0y _y.

11. Assume T is an operator on a finite-dimensional real vector space and all
the eigenvalues of T' are real. Prove that Tr(T?) > 0.

12. Assume T is a complex operator such that T2 = T. Prove that Tr(T) is a
non-negative integer.

13. Assume (V, (, )) is a real finite-dimensional inner product space and T is
an operator on V. Prove that Tr(T*) = Tr(T).

14. Assume (V, (, )) is a complex finite-dimensional inner product space and
T is an operator on V. Prove that Tr(T*) = Tr(T).

15. Let V' be a finite-dimensional vector space. Denote by sl(V') the collection
of all operators with trace zero: si(V) := {T € L(V,V)|Tr(T) = 0}. Prove
that sl(V) is a subspace of L(V, V) of dimension n? — 1.

16. Let T be an operator on an inner product space (V,{ , )). Prove that
TT‘(T*T) >0if T 75 Oy_v.

17. Assume V is a finite-dimensional vector space over a field I of characteristic
zero and T is an operator on V' with Tr(T) = 0. Prove that there is a basis B
for V such that M (B, B) has all zeros on the diagonal.

18. Let F be a field and assume |F| > n. Let A be an n X n matrix all of
whose diagonal entries are zero. Prove that there exist matrices B,C such
that BC — CB = A.

19. Assume V is a finite-dimensional vector space over a field I of characteristic
zero and T is on operator on V with Tr(T') = 0. Prove that there are operators
R and S such that T'= RS — SR.
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7.2 Determinant of a Linear Operator and Matrix

Let V be a finite-dimensional vector space over a field F and T : V — V a
linear operator. In this section we define what is meant by the determinant
of T in terms of the characteristic polynomial of 7. We also define what is
meant by the determinant of a square matrix by an explicit formula. In our
main theorem we prove that the determinant of 7" is equal to the determinant
of Mr (B, B) where B is any basis of V.

What You Need to Know

You will need to have a mastery of the following concepts: basis of a finite-
dimensional vector space, linear operator on a vector space, matrix of a linear
operator with respect to a basis B, characteristic polynomial of an operator,
eigenvalues and eigenvectors of an operator, direct sum decomposition of a
vector space, a T-invariant subspace for an operator T on a space V, upper
and lower triangular (square) matrix, invertible matrix, block diagonal matrix,
and the companion matrix of a polynomial.

We begin with a definition for the determinant of a linear operator:

Definition 7.2 Let V be a finite-dimensional vector space and T an operator
on V. Assume x7(x) = 2™ + ap_12" 1 + -+ + a1x + ag. Then we define the
determinant of T, denoted by det(T), to be (—1)"ap.

Example 7.2 AssumeT € L(V) is a diagonalizable operator with eigenvalues
)\1, /\2, ey )\n Then

xr(@)=(x—M)(x—A2)...(x — A\n)
has constant term (—1)" A1 Ao ... \,. In this case,
det(T) = (=D)"(=1D)" M ... Ap = A1 .. A\
More generally, assume over some field the distinct eigenvalues of T are

Ay A2, o A Set Vi, = {v € V(T — N\Iy)¥™(V)(v) = 0}. It is then the
case that
V=V\® - dV,

m*

We then have

XT(I) _ (.’,E _ Al)dim(vxl)(x _ )\Q)dim(VAZ) o (.’,E _ /\m)dim(VAm)'
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dim(VAl) o Ad’im(‘/}\m)

Consequently, xr(x) has constant term (—1)"\, and

det(T) = A{"™V) | xdim(Vin),

Lemma 7.3 Let V' be a finite-dimensional vector space andT" an operator on
V. Assume

V=VieVde- - -V,
where the V; are T-invariant. Set T; = Tiy,. Then

det(T) = det(Ty) x det(Ts) x - - x det(Ty).

Proof Let x1,(z) = gi(z) = 2% + - + a; so that det(T;) = (—1)%a;. Note
that n = dim(V) = deg(xr(z)) = d1 +da+ - - - + di. It follows from Corollary
(7.3) that

xr(@) = g1(2)g2() ... gr(2) = 2" +- - + (@102 .. ay).

Thus, det(T) = (—1)"ajaz . ..ax. On the other hand,

det(Ty) x -+ x det(T,) = (-
— ( 1)d1tde+-+dn aras . .. ap
=(—-1)"apay ...a = det(T).

D%a; x (=1)%ay x -+ x (=1)%ay,
)

Definition 7.3 Let [1,n] denote the set {1,2,...,n} and S, the collection of
bijective functions from [1,n] to [1,n] whose elements we refer to as permu-
tations. One way to denote such a function is to indicate the image of each
element. For example

We can also write a permutation as a product of “disjoint” cycles:
(13825)(4)(67) where it is understood that for distinct elements 41, ...,4; of
[1,n] that the cycle (i1 2 ... i) is to be interpreted as the function which
fixes every j which is not in {iy,...,i;} and takes i; to i2,i2 to i3 and so
on, and finally, i; to ¢;. The product of two such cycles is interpreted as the
composition of functions, going from right to left so that (13)(12) = (123).

An easy calculation shows that (1,m)(1,m — 1)...(13)(12) = (123...m).
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Therefore, every permutation is a product of 2 cycles, also called transposi-
tions. While the number of transpositions used to write a fixed permutation
is not unique, the parity of such an expression is unique. For example,

(23) = (13)(12)(13). To see that parity is preserved, set

A= ] xi-X)).

1<i<j<n
For 7 € Sy, define 7(A) = [[,,(X7) — Xr(;). This will be £A. When 7 is
a transposition, 7 = (k, 1), then 7(A) = —A which can be seen as follows.

First, if {i < j} N {k,l} = 0 then 7 leaves X; — X, invariant. On the other
hand, if ¢ < k then 7 takes (X — X;)(X; — X;) to (X; — X;)(Xx — X;) and
so is invariant. Similarly, 7 fixes (X; — X )(X; — X;) if | < . Suppose then
that k < ¢ < I. Then 7 takes (X; — X;)(X; — X;) to (X; — X0)(Xi — X;) =
(Xi — Xi)(X; — X;) and so is again invariant. There is one remaining term:
X; — X which 7 takes to Xy — X; = (—1)(X; — Xi). Thus, 7(A) = —A as
claimed.

One can also see that for permutations o,~ that (67)(A) = o(v(A). From
this, the parity claim follows.

Definition 7.4 Say a permutation is even if it is a product of an even num-
ber of transpositions and odd otherwise. For a permutation o, we define the
sign of o, denoted by sgn(c), to be 1 if if o is even and sgn(c) = —1 if o is
odd. Note if T is a transposition then sgn(ro) = —sgn(o).

We are now ready to define the determinant of a square matrix.

ail aio ... A1n
. ag1 ag9 e a9n,
Definition 7.5 Let A = . . |. Then
an1 an2 e Ann

det(A) = Z SgN(T)Ar(1),107(2),2 - - - Ore(n) -
TESK

Remark 7.2 If 7 € S, then sgn(w) = sgn(n~!) and

{(r(1),1),(n(2),2),..., (x(n),n)} = {1,771 (1)), (2,77 (2)),... (n, 7" (n))}.
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Moreover, as 7 ranges over Sp, so does m—1. Consequently, det(A) is also
equal to

D s9n()ar(1)82(2) -+ ny(n)-
~YESH

Our ultimate goal will be to prove the following theorem and draw inferences
from it:

MAIN THEOREM
Let V' be a finite-dimensional vector space, T" an operator on V, and B =

(v1,ve,...,v,) a basis for V. Then det(T") = det(Mr (B, B)).

Example 7.3

aj; a2 ... A1n
) ) 0 aso ... agn

a) Suppose A is upper triangular, A = . . ) . Then
0 0 ... apn

det(A) = a11a22 ...0xn.-

We can see this as follows: Since a;x = 0 for i > 1 the only permutations
7 for which the product ary10x(2),2- - Gr(n)n 7 0 are those with m(1) = 1.
So we may assume (1) = 1 and consequently, n(2) # 1. Since a;z = 0
for i > 2 the only permutations with w(1) = 1 and such that the product
Ar(1),107(2),2 - - - Ox(n),n 7 0 have w(2) = 2. We can continue this way and see
that the only permutatzon for which ar(1)1ax(2),2 - - Ar(n)n 7 0 is the identity
permutation.

ail O 0
) ) a1 as92 0

b) Suppose A is lower triangular, A = . . . . Then
an1 Anp2 ... Gnn

det(A) = a11a22 ...0nxn.-

The proof here is similar to a) except we work backwards: We first show if
Ur(1),101(2),2 - - - Ox(n),n 7 0 then it must be the case that w(n) = n, then show
that w(n — 1) =n—1, and continue to eventually show that m = Id|; ).

Note that a diagonal matriz is both upper and lower triangular so these exam-
ples apply to the case that a matriz is diagonal. In particular, the determinant
of I, is 1.

aill N A1n
c) If the matric A= | @ has a row of zeros, then det(A) = 0.

an1 . QAnn
This follows since at least one of the factors of ay x(1).--an ) s zero and

therefore the product is zero.



248 Advanced Linear Algebra

In the following we introduce types of matrices which will be referred to as
elementary matrices. The crux of our proof will be to show that for any ele-
mentary matrix E and an arbitrary matrix A, det(EA) = det(E)det(A).

Definition 7.6 .

1) For a scalar ¢, denote by Ti;(c) the matriz obtained from I, by adding c
times the it" row to the j*" row.

2) For a pair of natural numbers 1 < k <1 < n, denote by Py = (ai;) the
matriz obtained from I,, by exchanging the k" and 1" rows.

3) For a non-zero scalar ¢ and a natural number i,1 < i < n, denote by D;(c)
the matriz obtained from the identity matriz by multiplying the i row by c.

The matrices T;j(c), Py, and D;(c) are referred to as elementary matrices.

Remark 7.3 1) If i < j then T;j(c) is upper triangular with ones on the
diagonal. If i > j then T;j(c) is lower triangular with ones on the diagonal.
In either case, det(T;;(c)) = 1.

2) The determinant of Py is -1 as can be seen as follows: Denote the elements
of Py by aij. Suppose m € Sy and ar(1),10x(2),2---Arxn);n 7 0. Then for
j & {k,1} we must have ©(j) = j. On the other hand arr, = ay = 0 and
art = ai, = 1. It must then be the case that w(k) =1, 7(l) =k and so 7 is the
transposition (kl), which has sgn((kl)) = —1. Consequently, det(Py;) = —1 as
claimed.

3) If 1 <i<nandc#0 is a scalar, then det(D;(c)) = c. This follows since
D;(c) is a diagonal matriz all of whose diagonal entries are 1 except one which
18 C.

Lemma 7.4 Assume the matriz B is obtained from the matriz A by exchang-
ing the k*" and 1" rows. Then det(B) = —det(A).

Proof Set B = (bij) and 7 = (kl). Then for all i and j, bjj = a,(;) ;. It then
follows that for m € S,

bﬂ(l),lbﬂ'(2),2 s bﬂ(n),n = 0r7(1),1077(2),2 - - - Q7 (n),n

and therefore

det(B) = Z Sgn(ﬂ-)bﬂ(l),lbﬂ'@)ﬂ s bﬂ(n),n
TESy

= Z Sgn(ﬂ-)aﬂ‘r(l),laﬂ'r@)ﬂ <+« Qrr(n),n-
TESy
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Since T = (kl) is a transposition, it follows that sgn(nt) = —sgn(w) and
therefore
Sgn(ﬂ-)aﬂ'T(l),laﬂ'T(Q),2 - Qrr(n),n = _Sgn(ﬂ-T)a’ﬂT(l),laﬂ'T(Q),Q -+ - Qrr(n),n-

Also, as m ranges over S, so does . Setting v = T we get

Z Sgn(Tr)Qﬂ'T(l),laﬂ'T@),Q < Qrr(n),n
TESy

=— Z 5GN(Y)ry(1),107(2),2 - - - Ay (n),n = —det(A).
YESn

Corollary 7.5 For a matriz A, det(PyA) = det(Py)det(A).

Corollary 7.6 Assume in the field F that 14+ 1 # 0. Let A € M,,,,(F). If two
rows of A are identical then det(A) = 0.

Proof Suppose rows k and l of A are identical. Then when we switch these
two rows the resulting matriz has determinant equal to —det(A). But this
matriz is identical to A and therefore —det(A) = det(A). Then 2det(A) = 0,
whence det(A) = 0.

Lemma 7.5 Assume the characteristic of the field F is two. Let A € M, (F).
If two rows of A are identical then det(A) = 0.

Proof Note that since the characteristic of F is two, 1 = —1 and so we can
drop the sign in the expression of the determinant. Also note that it is now
the case if a matriz B is obtained from the matrix A by exchanging two rows
then det(B) = det(A). Assume now that the i" < j'" rows are identical.
By exchanging the i*" row with the (n — 1)** row and the j*"* row with the
nt" row, we may may assume that (n — 1)t and n** rows are identical. Now
let m an arbitrary permutation. Let ' be the permutation defined as follows:
(k) =nk) if k <n—-1,7(n—-1) =x(n), and 7' (n) = n(n — 1), that is
7' = (w(n — 1)w(n))r. By the way we have defined 7', it follows that

A1,7(1) - - - On—1,7r(n—1)n,x(n) = A1,7/(1) - - - Cn—1,7"(n—1)An,x’(n)-

Consequently, the sum of these two terms is zero since the characteristic is
two. Summing over all such pairs it then follows that det(A) = 0.
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Lemma 7.6 Let the matriz B be obtained from the matriz A by multiplying
the k" row of A by the scalar c. Then det(B) = ¢ det(A).

Proof We use the expression

det(A) = Z 5GN(Y)a1 5 (1)02,7(2) - - - On,y(n)
YESn

for computing the determinant.

Note that each b;; = a;; if ¢ # k and by; = cay;. Then for each

sgn(Y)b1,(1) - - - bny(n)

= SQ”(”Y)@l,y(l) cee ak—l,'y(k—l)(Cak,'y(k))ak—i-l,'y(k-i-l) <o Qn oy (n)
= ¢ X 5gN(7)a1,5(1)82,7(2) - - - Cn,y(n)-

Summing over all v € S, we get det(B) = ¢ x det(A) as required.

Corollary 7.7 Let Dy(c) be the matriz obtained from I, by multiplying the
k" row by the scalar c. Then for any matriz A,

det(Dy(c)A) = ¢ det(A) = det(Dy(c)) x det(A).

Lemma 7.7 Let the n x n matrix A have rows a;, the matrix B have rows
b;, and assume that a; = b; for i # k. Suppose C' is the matriz with rows c;,
where ¢; = a; = b; for i #k and ¢y = ap + bg. Then

det(C) = det(A) + det(B).

Proof We use the expression

det(C) = Z 5GN(Y)C1,4(1)C2,4(2) - - - Cryy(n)
YESn

for computing the determinant.

Each term ¢y (1)C2,4(2) - - - Cn,y(n) has the form

A1,y(1) -+ » Ck—1,y(k—1) Ch,y (k) P41,y (k+1) * - - An,y(n)

since ¢;j = aij for i # k. On the other hand, cy; = ap; + bi; whence
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Cly(1)C2,9(2) - - - Cn,y(n)

= A1,5(1) - - U1y (k—1) (@7 (k) T Ok (1)) Wt 1,y (R41) - - - Dy ()

= A1,4(1) -+ - Ok—1,5y(k—1)Ok,y (k) Ok+1,y(k+1) - - - An,~y(n)
L (1) - - 1y (o= ) Dy () Ot 17 (1) -+ - iy ()
= A1,4(1) -+ - Ok—1,5y(k—1)Ok,y (k) Ok+1,y(k+1) - - - Qn,~v(n)

01 4(1) -+ - Ok 19— 1) Ok oy (k) Dk 17 (R4 1) - - - Dy (m)

since by; = ai; for i # k. Multiplying by sgn(y) and summing over all v € S,
we get the desired result.

Corollary 7.8 Assume the matriz C' is obtained from the matriz A by adding
c times the I'" row of A to the k' row of A. Then det(C) = det(A).

Proof Let the rows of A be a;,1 < i < n. Let the rows of the matriz B
be b; with b, = a; for i # k and by, = ca;. From Lemma (7.7), det(C) =
det(A) + det(B). Let B’ be the matriz with rows b} where b, = b; for i # k
and b), = b;. Then det(B) = ¢ det(B’) by Lemma (7.6). However, B" has two
identical rows and therefore det(B') = 0 by Corollary (7.6) and Lemma (7.5).
Thus, det(B) = 0 and det(C) = det(A) as claimed.

Corollary 7.9 Let A be an n X n matriz. If i # j and c is scalar, then

det(T;j(c)A) = det(A) = det(T;;(c))det(A).
Putting Corollaries (7.5), (7.7), and (7.9) together we have the following:

Theorem 7.3 Let A be an nxn matriz and E be an nxn elementary matriz.
Then det(EA) = det(F)det(A).
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Remark 7.4 o) If E is an elementary matriz, then E is invertible and the
inverse of E is of the same type:

DA =Dy (1) Py = Py T = Ty (-0

C

b) If E is an elementary matriz then the transpose of E, E'" is an elementary
matriz of the same type and det(E'™) = det(E):

Di(¢)'" = Di(c), Pij = Pij, Tyj(c)" = Tji(c).

The following result is usually proved in an elementary linear algebra course:

Lemma 7.8 i) The reduced echelon form of an n x n invertible matriz A is
L.

it) If A is a non-invertible n X n matriz then the reduced echelon form of A
has a zero row.

The following is a consequence of this lemma:

Corollary 7.10 Every invertible matriz is a product of elementary matrices.

A consequence of Corollary (7.10) is

Corollary 7.11 Let B be an n x n matriz. Then B is invertible if and only
if det(B) # 0.

Proof Write B = ExEy—1...E11l,, where E; are elementary. We have al-
ready proved for an elementary matric E and a matriz A that det(EA) =
det(E) x det(A). Then for each i < k,

det(Ei_H(Ei . Elfn)) = det(Ei_H)det(Ei e Elln)

and, consequently,

det(A) = det(Ey) x det(Ex—1) X -+ x det(E1) x det(I,).

Since det(E;) # 0 for each i,det(A) # 0.

On the other hand, suppose B is not invertible. Let R be the reduced ech-
elon form of B. Then there are elementary matrices FEn,...,Ex so that
B =FEyE;_1... E1R. By the same reasoning as above,

det(B) = det(Ey) x det(Ei—_1) x -+ x det(Ey) x det(R).
However, R has a zero row and so det(R) = 0. Therefore det(B) = 0.
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We can now prove a fundamental theorem about determinants of matrices:

Theorem 7.4 For n x n matrices A and B, det(AB) = det(A)det(B).

Proof Suppose A or B is not invertible then AB is not invertible. Then by
Corollary (7.11) det(AB) = 0. Also by the aforementioned corollary, either
det(A) = 0 or det(B) = 0, whence det(A)det(B) = 0. We may therefore
suppose A and B are invertible. Write A as a product of elementary matrices:

A= EkEk—l . El. Then

det(AB) = det(EkEk,1 e ElB)
det(Ek)det(Ek,l e ElB)

= ;let(Ek)det(Ek,l ...det(Ey)det(B) = det(A)det(B).

Corollary 7.12 Assume A and B are n x n matrices and AB = I,. Then

In the next result, we show that the determinant of a matrix and its transpose
are the same. This has an important implication: anything that we have proved
about the relationship of the determinant of a matrix to its rows is equally
true of its columns. For example, if a matrix B is obtained from a matrix A
by exchanging two columns, then det(B) = —det(A).

Corollary 7.13 Let A be an n x n matriz. Then det(A'™) = det(A).

Proof If A is not invertible, then neither is A" and then det(A) = 0 =
det(A') by Corollary (7.12). Thus, we may assume that A is invertible. Then
there are elementary matrices E1, Es, ..., Ey such that A = Ey...FE; and,
as in the proof of Theorem (7.4), we have det(A) = det(Ey) . ..det(Ey). Now
A" = (By...E\)" = EI" ... E" and det(A'") = det(E}")...det(EL). How-
ever, as noted in part b) of Remark (7.4), for an arbitrary elementary matriz
E, det(E'™) = det(E). In particular, for 1 < i < k,det(E;) = det(E!") and
therefore det(A) = det(Ey) . ..det(E1) = det(E}")...det(EL") = det(A™).

The next result tells us that similar matrices have the same determinant:
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Corollary 7.14 If A is an n X n matriz and Q is an invertible n X n matriz
then det(Q 1AQ) = det(A).

Proof By Theorem (7.4), det(Q 'AQ) = det(Q ')det(A)det(Q) =
det(Q™V)det(Q)det(A) = det(A) by Corollary (7.12).

An immediate consequence of Corollary (7.14) is:

Corollary 7.15 Let V be a finite-dimensional vector space, T an operator on
V', and B, B’ bases for V. Then det(Mr (B, B)) = det(Mr(B', B")).

The next result expresses the determinant of a block diagonal matrix with
two diagonal blocks in terms of the determinants of the blocks.

Lemma 7.9 Assume C is a block diagonal matriz with two diagonal blocks
A and B. Then det(C) = det(A) x det(B).

Proof Let A be a k X k-matriz and B be an | X [-matrix so that n = k + 1.
Let the entries of A be (a;;) and the entries of B be (b;;). Then the entries of
C are (c;j), where

cij=ai if1 <4<k, ¢c;=0if1<i<k,j>korl1<j<k,i>kand
cij =bivk itk fork+1<i,j<n=k+1.

Now if o € Sp and cy(1),1 -+ - Co(n),n 7 0, then it must be the case that o leaves
[1,k] and [k 4+ 1,n] invariant. In this case set,

01 = 011111092 = Ol (y1,0)"
Also, let of € S; be given by o4(j) = o2(j +1) — . Note that sgn(o) =
sgn(o102) = sgn(o1)sgn(oz) = sgn(o1)sgn(ah).

Now we have

det(C) Z 5gn(0)Co(1),1 - - - Co(n)n

oES,

= ) 59n(0)Coy (1),1 - - - Coy (k) kCon (k1) k41 - - - Caa(n)on

oceSy
= Z Z Sgn(alaé)agl(l)’l e agl(k)’kbgé(l),l e bgé(l)’l
01E€SK 045ES;
= ( Z Sgn((fl)agl(l),l e agl(k),k> Z Sgn(U/Q)bgé(l),l e bgé(l)’l
o1 €Sk UéGSl

= det(A) x det(B).
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Theorem 7.5 Let A be a block diagonal matrix with diagonal blocks
Ay, Aa, ..., Ag. Then det(A) = det(Ay) x det(Az) x det(Ay).

Proof This follows from Lemma (7.9) by induction on k.
We are now in a position to prove our main theorem:

Theorem 7.6 Let V be a finite-dimensional vector space, T an operator on
V, and B a basis for V. Then det(T) = det(Mr (B, B)).

Proof In light of Corollary (7.15) we need only show that there exists some
basis B of V' such that det(T) = det(Mz (B, B)). Since we can decompose V
into a direct sum of T-invariant subspaces on which T is cyclic, by Lemma
(7.8) and Theorem (7.5), it suffices to prove the result when T is cyclic, that
is, when there is a vector v € V such that V = (T, v).

Let pro(z) = xr(*) = 2" + ap_12"" 1 + -+ + @12 + ag. Set vi = v and
v, = TF"Y(v) for 2 < k < n. Then B = (v1,v9,...,v,) is a basis for V
and Mrp(B,B) = C(ur(zx)), the companion matriz of ur(x). To complete the
proof, we must show that

det(C(pr () = (—1)"ao.

Recall,
0 0 0 —ap
1 0 0 —a
0 1 0 —as
Clur(@) = | . |
0 0 ... 0 —ap_2
0 0 ... 1 —ap_

The only term that is non-zero in the expansion of this determinant is

n—1
21032 . . . Gpn—101n = 1" (—ao).

The corresponding permutation is the n-cycle # = (123...n). The permutation
7 is even if n is odd and odd if n is even. In particular, sgn(r) = (—=1)""L.
Therefore,

det(C(ur(x)) = —ag x (=1)""1 = (=1)" x ap

as required.



256 Advanced Linear Algebra

We can make use of Theorem (7.6) together with the properties we have
established for the determinant of a matrix to show that the same properties
hold for the determinant of an operator. In our first result, we prove that the
determinant of a product of operators is the product of the determinants.

Corollary 7.16 Let V be a finite-dimensional vector space and S, T linear
operators on V. Then det(ST) = det(S)det(T).

Proof Let B be a basis for V. Then det(ST) = det(Mgr(B,B)) =
det(Mg(B, B)YMy (B, B)) = det(Mg (B, B))det(Mr (B, B)) = det(S)det(T).

We next show that an operator is invertible if and only if it has non-zero
determinant.

Corollary 7.17 LetV be a finite-dimensional vector space and T an operator
on V. Then the following hold:

i) T is invertible if and only if det(T') # 0.

i) If T is invertible, then det(T—1) = detl(T)'

Proof i) Let B be a basis for V. Then T is invertible if and only if Mr(B, B)
is invertible. But My (B, B) is invertible if and only if det(Mr(B,B)) # 0.
Since det(T) = det(Mr(B,B)),T is invertible if and only if det(T) # 0.

ii) Assume T is invertible. Then 1 =det(Iy) = det(TT~) = det(T)det(T~1)
and consequently, det(T—1) = — t(T)

Theorem 7.7 Let V be a finite-dimensional vector space, T an operator on
V, and B a basis for V. Set A = My (B, B). Then xr(x) = det(xI, — A).

Proof By our theorems on the characteristic polynomial and determinants of
block diagonal matrices, it suffices to prove this when T is cyclic. Thus, assume
that V = (T,v) and let ur(z) = xr(r) = 2" + ap_12" "1+ +a1x +ag. Set
vy = v, vp = TF Y(v) for 2 < k <n and B = (v1,v2,...,v,), a basis for V.
As shown in the proof of Theorem (7.6), the matrixz of T with respect to B is
the companion matriz of ur(x):
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0 0 0 —ag
10 0 -
Mr(B,B)=Clpr(x)) =+ + :
0 0 ... 0 —ap_2
0 0 1 —ap1
To complete the proof, we have to show that
x 0 ... 0 an
-1 =z ... 0 aq
L : = pr(z) = xr(z).
o 0 ... =x Gn—2
0O 0 ... =1 z4+an_1

Set B = zI, — A and denote the (i, j)-entry of B by b;;. We then have

det(B) = Y sgn(0)bo(1).1 - - - ba(n)n- (7.1)
ogES,

Suppose a(n) = 1. Look at the matriz obtained when the row and column of
bin are deleted. This matriz is upper triangular with —1’s on the diagonal. So
there is only one permutation o with o(n) = 1, such that by(1)1 ... bo(n),n 7 0,
namely, the n—cycle (12...n) which has sign (—1)"~1. Thus, the only term in
Equation (7.1) containing by, which is not zero is (—1)"1(=1)""1by,, = ay.

Next suppose that o(n) = 2. The matriz obtained when the row and column of
ban, are deleted is upper triangular with one x and (n—2) —1’s on the diagonal.
Thus there is a unique permutation o with o(n) = 2 giving a non-zero value,
namely, o = (1)(23...n). The sign of this permutation is (—1)"~2 and the
term we get is (—1)""2x(=1)""2by,, = a1x. In a similar fashion, we get the
only posstbly non-zero term in the determinant containing by, with k < n is

binxk = apak.

On the other hand, consider terms of Equation (7.1) which contain by, =
Z + an—1. Suppose a permutation o fixes n,o(n) = n. The matriz obtained
by deleting the n'" row and n'* column is lower triangular with x’s on the
diagonal. This implies that the only possible permutation o for which the term
bo(1),1 -+ - bo(n—1),n—1bn,n 15 not zero is the identity permutation. In this case,
the sign is +1 and the product of the entries is z" ' (x + bp,) = 2" (z +
ap—1) = 2" 4a,_12" L. Adding all the non-zero terms we get " +an_12" 1+
ot arz+ ag = pr(x) = xr(x).

As a consequence of Theorem (7.7), there is now some real meaning to the
Cayley—Hamilton theorem: If T is an operator on a finite-dimensional vector
space and we set xr(z) = det(zly — T), then x7(T) = Oy _v.
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We complete this section by proving a useful formula for computing the de-
terminant of a square matrix. It is known as the cofactor expansion in the
nt" row.

Theorem 7.8 Let A be an n X n matriz. For a pair (i,7) with 1 <i,5 <n
let A;; denote the (n — 1) x (n — 1) matriz obtained from A by deleting the
it" row and the ' column. Set M;;(A) = det(A;j) and Ci; = Cyj(A) =
(—1)Z+JMZJ(A) Then

det(A) = anlcnl + an2Cn2 + -+ anncnn
Proof For1 < j <n,let S, ; denote the collection of permutations o € S,

such that o(j) = n. Then S,, = Sp1USy 2U- - -US,, , and fori # j,Sp jNSnk =
(). Therefore,

det(A) = Z Z Sgn(a)a’a’(l),l -+ Qg(n)n

j=1 | o€Sn,;

Since for o € Sy ;,0(j) =n, we have

Z Z Sgn(a)aa(l),l -+ Qg(n),n

Jj=1 G’GSnJ
n
= Z Gnj 5gN(0)ag(1),1 - - - Ao (j—1),j—100(j4+1),j+1 - - Qa(n)mn-
j=1 oESn,;
Setting
Kj = Z SQ”(U)%(l),l <o Qo(j—1),j—180(j+1),j+1 - - - Ao (n),n

G’GSn,j
it suffices to prove that k; = C;.
Now set 7, = Iy ), the identity element of Sy, and for j < n let 7; be the
transposition which interchanges j and n and fizes all other k,1 <k <n —1.
Also, let H be the subgroup of S, of those permutations which fix n. Then

H is isomorphic to S,—1 by the map, which takes o € H to its restriction to
{1,2,...,n—1}. It is then the case that S, ; = Hr; = {oTj|lo € H}.

We next show that r, = Cpy = (—1)"T"det(Apyn) = det(Apny). This follows

immediately since

Kp = Z 5gn(0)ag(1),1 - - - Go(n—1)n—1 = det(Apn).
occH
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Now assume that j < n. If i # j,i < n, and 0 € H, then 7;(i) = i and
therefore (o7;)(i) = o(i). On the other hand, (o7;)(n) = o(j). Therefore, if

we set y = oT; we have

Ay(1),1 -+ - Qy(j—1),j—10y(j+1),j+1 - - - Ay(n),n

= Qo(1),1 -+ Co(j—1),j—10(j+1),j+1 - - - Ao (§),n-

Thus,
Rj = Z sgn(aTj)ag(l))l e ag(j,l)_’j,lag(ﬂl))ﬂl e ag(j))n.
o€H
Since sgn(oT;) = sgn(o)sgn(rj) and sgn(t;) = —1 we have k; = —C};, where

;= Z SGN(0)ao(1),1 - - - Ao(j—1),j—10a(j+1),j+1 - - - To(j),n-
ocH

Now C; is nothing more than the determinant of the matriz obtained from
Ay by placing the (n — 1) column of An; after the (j — 1)** column of
Apj. This can be realized by n — j — 1 exchanges of columns, and there-
fore Cj = (=1)""77Ydet(A,;), and consequently, r; = (—1)""Idet(A,;) =
(—1)n+jd6t(Anj) = Onj-

Exercises

1. Use properties of determinants to prove that one can compute the deter-
minant of a matrix using a cofactor expansion in any row:

det(A) = ainCin + ai2Ciz + -+ - + @i Cin.

2. Prove that one can compute the determinant of a matrix using a cofactor
expansion in any column:

det(A) = a1,;C1j + a2;Caj + - - + anjChy.

3. Let T be an operator on a finite-dimensional inner product space (V, ( , )).
Prove that det(T*) = det(T).

4. Let J,, denote the n x n matrix, all of whose entries are 1. Let j,, denote the
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n X 1 matrix, all of whose entries are 1. And, for 1 <1i < n, set v; = ,

where the 1 occurs in the i*" position. Prove the following:

i) jn is an eigenvector of J,, with eigenvalue n.

ii) (v1,v2,...,v,-1) is a basis for null(J,).

iii) (v1,v2,...,Vn-1,jn) is a basis for R™.

5. Let a and b be scalars and set A = al, + bJ,. Prove that A is similar to
the diagonal matrix diag{a,a,...,a,a+ bn} and conclude that

det(A) = a" (a + bn).

6. Let a1,...,a, be distinct scalars (in an arbitrary field). We previously
proved that there is a basis B = (f1, fa, ..., fn) of F,_1)[z] such that fi(a;) =
0 if j # 4 and fi(a;) = 1. Moreover, for a polynomial f € F(,_1)[z], the
coordinate vector of f with respect to B is given by

i
[fls = C.MZ

flam)

As a consequence the change of basis matrix from the standard basis & =
(1,z,22,...,2") to B is

1 1 1
(651 (65) .. (7%
2 2
MIV (8, B) _ oy (65 .. (0%
n—1 n—1 n—1
@ Qg Qp

Such a matrix is called a Vandermonde matrix. A previous exercise asked you
to prove this matrix is invertible. Now prove that its determinant is

IT (o —a).

1<i<j<n
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7. Let A be an n x n matrix with entries a;; and cofactors C;;. Use the fact
that a matrix which has two identical rows has zero determinant to prove
that, for any i # j,

a;1C51 + a;2C0 + -+ ajnCi = 0.
8. Define the adjoint, Adj(A), of the matrix A to be the matrix whose (4, j)-
entry is the (7, )-cofactor, Cj; of A. Prove that A(Adj(A)) = det(A)I,.

9. Let A be an invertible n X n matrix and assume that the entries of both A
and A~! are integers. Prove that det(A) = +1.

10. Assume A is an n X n matrix with entries in Z and det(A) = £1. Prove
that A~! is an integer matrix.

11. Let T be a Hermitian operator on a finite-dimensional complex inner
product space (V, (, )). Prove that det(A4) € R.

12. Assume T is an operator on a finite dimension inner product space
(V,{, )). Prove det(T*T) is a non-negative real number and is greater than
zero if and only if T is invertible.

13. Let T be an orthogonal operator on a finite-dimensional real Euclidean
space V. Prove that det(T) = +1.

14. Let T be a unitary operator on a finite-dimensional complex inner product
space. Prove that |det(T")| = 1.

15. Let T be a skew-symmetric operator on a real inner product space of odd
dimension. Prove that det(T") = 0.

16. Let A be a (2k + 1) x (2k 4+ 1) matrix with columns vy, vs, ..., Vo1
Assume

U1+ U3+ Vg4 = V2 + -+ Vo
Prove that det(A4) = 0.

17. Let A be an n x n rational matrix such that every entry is 1. Prove that
det(A) is an integer divisible by 2"~

18. Let A be an invertible n x n matrix all of whose entries are either 0 or 1.
Determine with a proof the minimum number of 0’s in A.

19. In the determinant game, two players alternate placing a real number in an
n x n matrix. Player 1 wins if the determinant of the final matrix is non-zero
and player two wins if the determinant is zero. Show that if n is even, then
player two has a winning strategy.

20. Assume A, B are (2k +1) X (2k + 1) real matrices and AB = —BA. Prove
that not both A and B are invertible.
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7.3 Uniqueness of the Determinant of a Linear Operator

In this section we introduce the concepts of a multilinear map, multilinear
form, as well as an alternating multilinear form. We then show how the deter-
minant can be used to define an alternating n-linear form on an n-dimensional
vector space and subsequently prove that this form is unique.

What You Need to Know

To make sense of the material in this section, you will need to have a mastery of
the following concepts: linear operator on a vector space, and the determinant
of a linear operator on finite-dimensional vector space.

Let V be an n-dimensional vector space with a basis B = (vy,...,v,). Recall,
there is a one-to-one correspondence between operators 7' on V and sequences
(w1,...,uy) of length n from V. Specifically, if (uq,...,u,) is such a sequence
then the corresponding operator is given by

T(Cl'Ul —+ -4 Cn’l}n) =ciuy + -+ chun,.
Making use of this correspondence we may interpret the determinant as a

function from V" to F. We use the results of Section (7.2) to record some
properties of this function.

Theorem 7.9 The function det : V™ — F satisfies the following:

i) det(wr, ..., Wjo1, Uj + UG, Wjp1, ., Up)

=det(ur, .., Ujm1, Wy, Wit 1, - - W) +det(Un, ooy U1, WS Uity Un).
i) det(wy, ..., Uj_1,cUj, ..., Up) = c det(Ur, ..., Ujo1,Uj, Ujt1, ..., Up).
iii) det(uq, ..., uy) =0 if u; = u; for some i # j.

i) det(vy,va,...,v,) = 1.

Proof i) Let S be the operator associated with (uy, ..., u,) and S’ the opera-
tor with (w1, ..., uj_1, u;, Wjit1,...,Up). We need to show that det(S+5') =
det(S) + det(S").

Let A be the matriz of S with respect to B and A’ the matriz of S’ with respect
to B. Since det(S) = det(A), det(S’") = det(A’) and det(S+S5') = det(A+ A'),
we need to prove that det(A + A’') = det(A) + det(A").

Since also det(A) = det(A),det(A’) = det((A")") and det(A + A') =
det((A+A")'), it suffices to prove that det((A+A")'") = det( A )+det((A")t).

However, this now follows from Lemma (7.7).
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ii) The proof of this is similar to part i) making use of Lemma (7.6).
iii) This follows from Lemma (7.6).

iv) The operator that corresponds to B is the identity operator Iy and
det(]v) =1.

The main purpose of the remainder of this section is to prove that the deter-
minant is the only function from V" to F which satisfies the conclusions of
Theorem (7.9). Before we embark on that task, we first make a few definitions
that will put the conclusions of the theorem into a broader perspective.

Definition 7.7 Letm > 2, Vi,...,V,, and W be vector spaces over a field F.
A function f: Vi x -+« x Vi, = W is said to be an m-multilinear map if
for each j and vectors w; € Vi...,u;—1 € Vi_1,uj41 € Vjj1,...,Um € Vi,
the map defined by f(u1,...,Uj—1,0,Uj41,...,Un) 1S a linear transformation
from V; to W.

If W =T, the underlying field, then f is referred to as an m-multilinear
form. If m = 2, we refer to f as a bilinear map. Finally, if m = 2 and
W =T, then f is a bilinear form.

With the introduction of this terminology, we can say that when we interpret
the determinant as a function from V™ to F that it is an n-multilinear form.

Definition 7.8 Let V' and W be vector spaces. An m-multilinear map from
V™ to W is said to be alternating if f(u1,...,un) = 0 whenever u; = w41
for some i,1 < i <m—1. When W = F, we say that f is an alternating
form.

Remark 7.5 As a consequence of Theorem (7.9), we can say that the deter-
minant is an alternating n-multilinear form on the space V' which takes the
value 1 on the basis B.

Before reformulating our uniqueness statement, we prove some lemmas about
alternating maps.

Lemma 7.10 Assume f : V™ — W s an alternating m-multilinear map.
Then

f(ul7"'7ui—17ui7ui+17"'7um) = _f(u17"'7ui—luui+17ui7' 7um)

In words, the result of reversing two consecutive arguments is to multiply by
—1.
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Proof By the definition of an alternating multilinear map, we have

Jlwy, oo w1, Wi 4 i1, Wi + Wig1, .., Uy) = 0.

On the other hand, since f is m-multilinear, we have

flwr, o Wi, 4 i1, Ui+ Uig, - Uy
= fluwr, .., Uim1, Wi, Wiy oy Uin) + (U1, W1, Wi 1, Ui 1, - oy U)
+f(u17"'7ui—luui7ui+lu' "7um) +f(u17' "7ui—17ui+17ui7' ,Um)

Since f is alternating,

flur, oo Wi, Wiy Wiy oo W) = f(U1, 0 U1, Uiy 1, Wi 1, U) = 0.
Consequently, we have

f(ul, ey Wi—1, Uy, g,y - - .,um) =+ f(ul, ey W1, Uig 1, Ug,y . ,um) = O
from which it follows that

f(ul7"'7ui—17ui7ui+17"'7um) = _f(u17"'7ui—luui+17ui7' 7um)

We can use Lemma (7.10) to prove that an alternating map takes the value
zero whenever two arguments are equal:

Corollary 7.18 Assume f : V™ — W is an alternating m-multilinear map.
Then f(u1,...,un) =0 whenever u; = u; for some i < j.

This is left as an exercise.

The proof of the following corollary is proved in exactly the same way as
Lemma (7.10). It is left as an exercise.

Corollary 7.19 Assume f: V™ — W is an alternating map. Then

f(vlu' ..7’Um) = _f('l)l,...7’01'_1,’0]‘,’01'_;,_1,...,’Uj_l,’Ui,'Uj+1,...,’Um).

In words, if two arguments are exchanged, the result is to multiply the original
image by —1.
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Finally, we will require the following result, which tells us the value of an
alternating map on a linearly dependent sequence:

Lemma 7.11 Let f : V™ — W be an alternating m-multilinear map. Assume

(w1, ..., Up) is linearly dependent. Then f(ui,..., up) = Op.

Proof If uy = Oy then by multilinearity, f(ui,...,um) = Ow, so we may
assume w1 # 0. Since (1, ..., Uy 8 linearly dependent, there is a j > 1 such
that w; is a linear combination of wi,...,u;—1. So assume

j—1
u; = E C;Uj.
i=1

By the multilinearity of f, we have

j—1
f(ul, . .,Uj, . .,Um) = f(ul, . 7uj_1,Zciui,uj+1, . ,um)
i=1
j—1
= Zcif(ul, .. .,uj_l,ui,uj_H, . ,um).
i=1
However, each f(u1,...,%j—1,%;, Wjt1,...,Un) = Ow since two of its argu-

ments are identical (i < j). Thus, each term of the sum is Oy and hence the
sum s Oy .

Theorem 7.10 Let V be an n-dimensional vector space over the field F
and fix a basis B = (v1,...,v,). Then there exists a unique alternating n-
multilinear form A such that A(B) = 1.

We will prove the theorem in a series of lemmas. The main strategy will be to
use the correspondence between V™ and L(V, V'), which allows us to interpret
A as a function on £(V, V') and use the hypotheses to draw conclusions about
this map. In particular, we will show that it is a multiplicative map, that
is, A(ST) = A(S)A(T), and that it is zero on any non-invertible operator.
Certain operators, elementary operators, play an important role in the proof,
and so we begin by introducing these at this point.

Definition 7.9 We denote the operator associated with the sequence
(V1,...,0i=1, 0§, Vit1, ..., Vj—1, Vi, Vjt1, ..., V), which exchanges v; and v;
fori < j by P;;. We refer to this as an exchange operator.
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Definition 7.10 We denote the operator associated with the sequence
(V1,...,0j-1,C05,Vj11,...,Vp,) which fizes all v;,i # j and multiplies v;
by the scalar ¢ by Dj(c). We refer to this as a scaling operator.

Definition 7.11 We denote the operator associated with the sequence
(V1,...,0j-1,¢0; + Vj,Vj41,...,Vy), which fives each vi, k # j and adds cv;
to v; by T;;(c) and refer to this as an elimination operator.

Remark 7.6 The matriz of an elementary operator with respect to B is an
elementary matriz of the corresponding type.

Our first lemma is an immediate consequence of Lemma (7.11):

Lemma 7.12 Let T be a non-invertible operator on V. Then A(T) = 0.

Proof Set w; = T(v;). Since T is non-invertible, (u1,...,uy,) is linearly
dependent. Then A(T) = A(uy,...,u,) =0 by Lemma (7.11).

In our next lemma, we show that A(E) = det(E) when E is an elementary
operator.

Lemma 7.13 The following hold:
i) A(Pj) = —1 = det(P;).

i) A(Dj(c)) = ¢ = det(D;(c)).

iii) A(Ty5(c) = 1 = det(Ti;(c)).

~

Proof i) Set uy = P;j(vi). We then have
(ul,...,un) = (vl,...,vi,l,vj,viﬂ,...,vj,l,vi,vjﬂ,...,vn).

By Corollary (7.19), A(]Sij) = —1 as asserted.
ii) This follows from the multilinearity of A.
iii) Set uy, = ﬁj(c)('vk). We then have

(Wi, Up) = V1,00, V1, CV; + V), Vg1, Un)-
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~

Whence A(Tii(c)) = A(vi,...,vj_1,cv0; + v;,Vj41,...,0,). By the n-
multilinearity of A we have

Avy,. ., 051,00 + V5, V511, .., Vn)
= CA(vla <y U1, V4, V41, - - 7'071) + A(vlv s 7'071)'
Since two of the arguments in A(v1,...,Vj_1,V;,Vjt1,...,0,) are equal, we

can conclude that it is zero. It therefore follows that A(ﬁj (¢)) =1 as required.
The next result is similar to Theorem (7.3) in both its content and proof.

Lemma 7.14 Let T be an operator on V and E an elementary operator.
Then A(TE) = A(T)A(E).

Proof We treat the three types of elementary operators separately. Set
T(vg) = ug. Then A(T) = A(uy, ..., uy).

Assume E = P and set wj, = (Tﬁij)(vk). Then (wi,...,wy,) =
(ul,...,ui,l,uj,uprl,...,uj,l,ui,ujqu,...,un). Then
A(TPU) = A(wl,...,wn)
= (ul,...,ui,l,uj,uiﬂ,...,uj,l,ui,ujﬂ,...,un)

= —A(’U,l,,un):A(ula7UH)A(ﬁU>

Now assume that E = Dj(c) and set w, = (TD;(c))(vy). Then
(’LUl7 . ,wn) = (ul, ey Wi 1, CUG, Ujt 1y - - ,Un). We then have

A(Tﬁi(c)) =AUy, ..U, CUG, Uig 1, -, Up).
By the n-multilinearity of A, this is equal to

A, ... ) = Alug, ..., un)A(D;(¢) = AT)A(D;(c)).

~ ~

Finally, assume that E = T;;(c) and set wy = T;;(c)(vy). Then
(wi,...,wp) = (U1,...,Uj_1,CU; + Uj, Ujt1,...,Up). It then follows that
A(TT;i(c)) = A(ur, ..., Uj—1,CU; + Uj, Ujt1, ..., Uy,). In turn, this is equal
to

Alur,. . up) + AU, o U1, Ui, Ujig 1, - Up) = AU, ... Uy).
The latter holds since A(uq, ..., Uj—1, Wi, Wjt1, ..., Uy) = 0 because two of its

arguments are equal. Thus,

~

A(TTy(e)) = Alus,... up) = AT) = AT)AT, (0)).
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As a corollary of Lemma (7.14), we have:

Corollary 7.20 Assume an operator T' is the product E1FEs ... E; of elemen-
tary operators. Then A(T) = A(E1)A(Es) ... A(Ey).

Proof Write T = E1FEs...E;. From Lemma (7.14), we can repeatedly write

A(E1Es) = A(E1)A(E?).

A([E1Er]Es) = A(E1E2)A(E3) = A(E1)A(E2)A(Es.)

By continuing this way the result follows.

We can now prove that A(T) = det(T) for an operator T on V. If T
is non-vertible, then we have seen that A(T) = 0 = det(T). So assume
T is invertible. Then T is a product of elementary operators (exercise).
So write T = FE1FEs...E; where the E; are elementary operators. From
Lemma (7.20), we have A(T) = A(E})...A(E;). By Lemma (7.13), we have
A(Ey) ... A(E;) = det(Ey) ... det(Ey). Finally, by the multiplicative property
of the determinant, we have det(F1)...det(E;) = det(Es ... Ey) = det(T).

Exercises
1. Prove Corollary (7.18).
2. Prove that every invertible operator is a product of elementary operators.

3. Let V and W be vector spaces over the field F and m a natural number.
Denote by L(V™, W) the collection of all m-multilinear maps from V to W.
This is clearly a subset of the vector space M(V™, W) of all maps from V™
to W. Prove that it is a subspace.

4. Let V and W be vector spaces over the field F and m a natural number.
Let Alt(V™, W) be the collection of all alternating m-multilinear maps from
V to W. Prove that this is a subspace of L(V™, W).

5. Assume V is an n-dimensional vector space over F, W is a vector space
over F, and m > n. Prove that Alt(V"™, W) consists of only the zero map.

6. Let F be a field and set V =F* For 1 <i < J < 4, define the map f;; from
V2 to F as follows:

ai a2
fii az1 a22 — det ai1 - A2 — 1040 — G142
? - - Y (25
I az | 7| a2 a1 Gj2 J J
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Prove that each f;; is an alternating bilinear map.

7. Prove that the sequence of maps (fi1, f12, f13, f23, f24, f34) is a basis for
Alt(VZF).

8. Let A be a 4 x 3 matrix. For a natural number ¢,1 < i < 4, let A; be the
3 x 3 matrix obtained by deleting the i*" row of A. If v1, vy, v3 € F*, identify
the sequence (v1,v2,v3) with the matrix whose columns are these vectors.
Define a map g; : V3 — F by g;(v1, v2, v3) = det((vy,v2,v3);).

Prove that g; is an alternating 3-linear form.

9. Prove that (g1, g2, 93, 94) is a basis for Alt(V3,F).
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This chapter is devoted to bilinear forms. We previously defined the concept
of an m-multilinear map from vector spaces Vi,...,V,, to the vector space
W. A particularly important special case is when m = 2. Such functions
were referred to as bilinear maps. Bilinear maps are important because of
their role in the definition of the tensor product of two spaces, which is the
subject of chapter ten. Bilinear forms (bilinear maps to IF, the underlying field)
arise throughout mathematics, in fields ranging from differential geometry and
mathematical physics on the one hand, to group theory and number theory on
the other. In the introductory section of this chapter we develop some basic
properties of bilinear maps and forms, introduce the notion of a reflexive
form, and prove that any reflexive form is either alternating or symmetric.
The second section is devoted to the structure of symplectic space, a vector
space equipped with an alternating form. In the third section, we define the
notion of a quadratic form and develop the general theory of an orthogonal
space. In particular, we prove Witt’s theorem for an orthogonal space when the
characteristic of the field is not two. The fourth section deals with orthogonal
space over a perfect field of characteristic two. Finally, section five is concerned
with real orthogonal spaces.
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8.1 Basic Properties of Bilinear Maps

In this section we develop some basic properties of bilinear maps and forms,
introduce the notion of a reflexive form, and prove that any reflexive form is
either alternating or symmetric.

What You Need to Know

To be successful in understanding the new material of this section, it is es-
sential that you have already mastered the following concepts: vector space,
basis of a vector space, dimension of a vector space, finite-dimensional vector
space, linear transformation, coordinate vector with respect to a basis, matrix
of a linear transformation, an algebra, determinant of a matrix or operator,
multilinear map, multilinear form, bilinear map, and bilinear form.

We begin by recalling the definition of a bilinear map:
Definition (7.7)

Assume V,W, X are vector spaces over a field F. A function f:V xW — X
is a bilinear map if the following hold:

1) For vi,v9 € V,c1,¢0 € F and w in W we have f(civ1 + covg,w) =
c1f (v, w) + caf (v2, w).

2) Forv € V,wy,ws € W, c1,c0 € F we have f(v, cywi+cows) = ¢ f (v, wq)+
CQf(vva)'

In other words, when one of the arguments is fized, the resulting function is
a linear transformation.

When X =T a bilinear map 1is referred to as a bilinear form.

We will denote by B(V,W; X) the collection of all bilinear maps from V- x W
to X. When V. =W we will write B(V?; X).

Example 8.1 Assume A is an algebra over the field F (for example, L(V,V)
or Flz]). Then the multiplication of A is a bilinear map from A x A to A.

Example 8.2 If (V,{, )) is a real inner product space, then { , ) is a bilinear
form on V.

bll b12

Example 8.3 For A = i dr ,B=
ba1  bao

az1 a2

) € Mao(F) set

f(A, B) = det(A + B) — det(A) — det(B) = a11b22 + a22b11 — a12b21 — a21b12.

Then f defines a bilinear form on Mas(F).



Bilinear Forms 273

Example 8.4 Assume X is an n-dimensional space and Bx = (X1, ®2,...,&p)
is a basis for X. Assume f1,...,[fs are bilinear forms on V x W. Define
F:VxW—=X by Flvw)=Y 1, fi(v,w)x;. Then F is bilinear map.

Example 8.5 Let V =F" W =TF" and A € My, (F). Forv e Viw e W
set f(v,w) = v Aw. Then f is a bilinear form.

Theorem 8.1 Let V, W, X be vector spaces over the field F. Then B(V,W; X)

s a vector space over F.

Proof Since B(V,W;X) is a subset of M(V x W, X) we need to prove i) if
fig € B(V,W;X), then f+g € B(V,W;X); and ii) if f € B(V,W;X) and
c €F, then cf € B(V,W; X).

1) Let v1,v2 € V,w € W, and c1,co € F. Then, by the definition of the sum
[+,

(f + g)(Cl’Ul + C2V2, ’LU) = f(Cl'Ul + C2V2, ’LU) + g(Cl'Ul + C2V2, 'Ll))
Since both f,g are bilinear, we have

f(c1v1 + c2v2, w) + g(c1v1 + cov2, w)

= [erf(v1, w) + 2 f (v2, w)] + [crg(v1, W) + c29(v2, )] (8.1)
After rearranging and regrouping terms in (8.1) we get

c1[f(vi, w) + g(vi, w)] + c2[f(v2, w) + g(v2, w)]

=c1(f + g)(vi,w) + c2(f + g)(v2, w).

This shows that f+ g is linear in the first argument. In exactly the same way,
we can show that f + g is linear in the second argument.

ii) Let v1,v2 € Viw € W and c1,¢co € F. Then, by the definition of cf, we
have ,
(cf)(c1v1 + cav2, w) = ¢[f(c1v1 + c2v2, w)].

Since f is bilinear, this is equal to

cle1 f(vi, w) + caf(v2, w)]
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= (cc1) f(v1, w) + (ce2) f(v2, w) = cr(cf)(v1, w) + ca(cf) (v, w).
which is what we needed to show. In exactly the same way, we can show that

cf is linear in the second argument.

The following lemma is useful toward characterizing the space of bilinear maps
from a pair of spaces V and W to a space X.

Lemma 8.1 Let f be a bilinear map from V x W to a space X and ¢ be a
linear transformation from X to F. Then ¢ o f is a bilinear form.

Proof Assume vi,vs € V,c1,c0 € F and w € W. Then

(¢ o f)lc1v1 + cov2, w) = ¢(f(c1v1 + c2v2, w)) = P(cr f(v1, w) + c2f (v2, w))

since f is bilinear. Since ¢ s linear

p(c1f(v1, w) + caf (v2, w)) = c10(f (v, w)) + c20(f (v2, w))

=ci(¢o f)(v1,w) + c2(p o f)(v2, w).

In ezactly the same way, it follows for v € V,wy,ws € W and c1,c2 € F that
(¢ o f)(v,crwr + cowa) = c1(d o f)(v, w1) + ca(d o f)(v, wa).

Making use of Lemma (8.1) we now show that when X is a finite-dimensional
vector space then every bilinear map from V x W to X can be constructed as
in Example (77?).

Theorem 8.2 Assume that X is a finite-dimensional vector space with basis
Bx = (x1,...,%4) and assume f is a map from VW to X. Forve V,w e W
let f(v,w) =31 | fi(v,w)x;. Then f is a bilinear map if and only if each
fi is a bilinear form.

Proof If each f; is bilinear, it follows from Ezample (8.4) that the map f is
bilinear. Set X; = Span(x;),1 <i<gqand¥; = Zﬁéi X; so that V = X; @Y.
Let m; = Proj(x,y,)- Then fi =m;o f, and then by Lemma (8.1) each f; is a
bilinear form.

In our next result, we prove if V and W are finite-dimensional, then every
bilinear form arises as in Example (8.5).
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Theorem 8.3 Let V be an m-dimensional vector space with basis By =

(V1,...,vm) and W an n-dimensional vector space with basis By =

(wi,...,wy). Assume f : V. x W — F is bilinear. Set a;; = f(v;, w;) for
a1 ... Qin

1<i<m,1<j<n,and A= .vazzzilciviand
Am1 . Amn,

w = Z?:l djwj, then

tr
C1 dy

flo,w) =1 : A

Cm dn
This is left as an exercise.

Corollary 8.1 Assume that V., W, and X are finite-dimensional vector spaces
over the field F. Then dim(B(V,W; X)) = (dim(V))(dim(W))(dim(X)).

This is left as an exercise.

Definition 8.1 Let V' be a vector space with basis By = (v1,...,vm), W a
vector space with basis By = (w1,...,wy,), and f € B(V,W;F), a bilinear
form. The matrix of f with respect to (By,Bw) is the m X n matriz whose
(i,7)-entry is f(vi,w;). This matriz is denoted by M;(By,Bw). When V =
W, it is customary to take By = By = B, and then M (B, B) is the matrix
of f with respect to B.

It is instructive to look at what the effect of changing bases has on the matrix
of a form. The next lemma does so.

Lemma 8.2 Let V be an m-dimensional vector space over the field F with

bases By = (v1,...,V,) and B, = (v],...,v),). Let W be an n-dimensional
vector space over F with bases By = (w1,...,wy) and By, = (wh, ..., w),).

Assume f € B(V,W;F). Set A = M;(Bv,Bw), A = MyBi,,By ), P =
My, (By,, By), and Q = My, (By,, Bw). Then

A = P AQ.

Proof Letl <i<m,1<j<n. Denote the (i,j)-entry of A by a;; and that



276 Advanced Linear Algebra

P1i
/ / / / / / p21
of A" by a;;. We need to compute aj; = f('vi,wj). Suppose [vl]p, = .
Dni

q1j

q2;

and [w}]p,, = : . Then
qmj

n m
Fiwh) = FO prive, Y aijwi)
k=1 =1

meaklmj- (8.2)

=1

n

k=1

The expression in (8.2) is just the (i, j)-entry of the matriz P AQ.
Lemma (8.2) motivates the following definitions:

Definition 8.2 Two m x n matrices A and A’ are said to be equivalent if
there is an invertible m x m matrix R and an invertible n X n matrix QQ such
that A’ = RAQ.

Two n x n matrices A and A’ are congruent if there is an invertible n x n
matriz P such that A’ = P" AP.

It is a consequence of Lemma (8.2) that two m x n matrices A and A’ are
matrices of the same form (with respect to different pairs of bases) if and
only if the matrices are equivalent. It is also a consequence of the lemma
that two n x n matrices are matrices of the same bilinear form defined on an
n-dimensional vector space V if and only if the matrices are congruent.

Remark 8.1 Assume f,g are bilinear forms on V. x W. It is then the case
that My14(By,Bw) = M;(By,Bw) + My(Bv,Bw) and for a scalar ¢ that
Mcf(Bv, Bw) = CMf(Bv, Bw)

It is a consequence of Remark (8.1) that B(V, W;F) and M,,,(F) are isomor-
phic as vector spaces. The next theorem allows us to see this in a more elegant
and abstract way.

Theorem 8.4 Let V and W be vector spaces. Let W' denote the dual space
of W, L(W,F). Then B(V,W;TF) is isomorphic as a vector space to L(V,W').
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Proof Assume f € B(V,W;F). For v € V, denote by f, the function from
W toF given by fo(w) = f(v,w). By the definition of bilinear form, f, € W'.
Now define € : B(V,W;F) = W' by e(f)(v) = fo. Since f is linear in its first

argument € is a linear map.

On the other hand, suppose F' € L(V,W'). Let F be the map from V x W to
F given by F(v,w) = (F(v))(w). Then F € B(V,W;F). Denote by § the map
from L(V,W') such that §(F) = F. Then & is a linear map. The maps & and
€ are inverses of each other.

Suppose now that V is an m-dimensional vector space with basis By, W is
an n-dimensional vector space with basis By, f € B(V,W;F), and A is the
matrix of f with respect to (By,Bw). Suppose v € V and [v]g, is in the
null space of A*". Then for all w € W, f(v,w) = 0. Similarly, if w € W and
[w]g,, € null(A) then f(v,w) = 0 for all v € V. This motivates the following
definitions:

Definition 8.3 Let V, W be vector spaces and f € B(V,W;F). The left rad-
ical of f consists of those v € V such that f(v,w) =0 for all w € W. This
is denoted by Radr(f).

The right radical of f consists of those w € W such that f(v,w) = 0 for
all v € W. This is denoted by Radg(f).

Theorem 8.5 Let V,W be vector spaces and f € B(V,W;F). Then Radr(f)
is a subspace of V' and Radg(f) is a subspace of W.

Proof Assume v1,v2 € Radp(f) and w € W. Then f(v; + vo,w) =
flo,w) + f(v,w) = 0+ 0 = 0 since vi,v2 € Radr(f). Therefore,
vy + v2 € Rady(f).

Assume v € Radp(f),c € F is a scalar, and w € W. Then f(cv,w) =
cf(v,w) = ¢-0 = 0. Thus, cv € Radp(f). This proves that Radr(f) is a
subspace of V. That Radr(f) is a subspace of W is proved in exactly the same
way.

Let V and W be finite-dimensional vector spaces, and f a bilinear form on
V x W. It is not difficult to see that if Radr(f) = {0y} and Radr(f) = {Ow},
then it must be the case that dim(V') = dim(W). We leave this as an exercise.
Of course, this is possible if V' = W. This situation motivates the following
definition:

Definition 8.4 A bilinear form on a finite-dimensional vector space V is
non-degenerate if Rady(f) = Radr(f) = {0}.
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Lemma 8.3 Assume V is a finite-dimensional vector space and f is a non-
degenerate bilinear form on V. For v € V, denote by fr(v) the function from
V to F given by fr(v)(w) = f(v,w) and by fr(v) the function given by
fr(w)(w) = f(w,v). Then both frand fr are isomorphisms of V with V' =
L(V,TF).

Proof Because f is linear in its first argument, the map fr, is a transfor-
mation from V to V'. Since dim(V) = dim(V"'), to prove this is an isomor-
phism it suffices to prove that Ker(fr) = {0} by Theorem (2.12). However,
if ve Ker(fL), then v € Radr(f) = {0}. That fgr is also an isomorphism is
proved in exactly the same way.

The next result gives a practical way of computing the left and right radicals
of a bilinear form f on V.

Lemma 8.4 Let V' be a wvector space with basis B = (v1,...,v,) and
fa bilinear form. Then Radp(f) = N ,Ker(fr(v;)) and Radgr(f) =
My Ker(fL(vi)).

Proof Assume u € Radr(f). Then f(u,v) =0 for all v € V. In particular,
flu,v;) =0 for alli,1 < i <n and u € Ker(fr(v;)) for all i. This proves
that Radr(f) C N, Ker(fr(vi)).

On the other hand, suppose uw € NI'_; Ker(fr(v;)) andv € V. We need to prove
that f(u,v) = 0. Write v = cyv1 + - - + cpvn. Then f(u,w) = f(u,c1v1 +
e Fepty) = e f(u,v1) + -+ enf(u,v,) = 0. Thus, u € Radp(f) and
N Ker(fr(f(vi) C Radr(f). Consequently, we have equality. The second
statement is proved in exactly the same way.

Imitating our treatment of inner products we make the following definition:

Definition 8.5 Let f be a bilinear form on a vector space V. We will say
that vectors w,v are orthogonal with respect to f if f(u,v) = 0 and
write w Ly v.

Remark 8.2 When f is an inner product the relation of orthogonality is
symmetric, but this is not necessarily the case for an arbitrary bilinear form.
However, it is precisely those bilinear forms for which orthogonality is a sym-
metric relation which will be the object of our interest in the remainder of this
section.
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Definition 8.6 Let f be a bilinear form on a vector space V. We say that f
is reflexive provided that the relation L is a symmetric relation, that is, for
two vectors u and v, f(u,v) = 0 if and only if f(v,u) =0.

The following is a consequence of the definition of a reflexive form:

Lemma 8.5 Let f be a reflexive form on the space V. Then Radp(f) =
RadR(f)

Proof Suppose u € Radp(f) and v € V. Then f(v,u) = f(u,v) = 0 and
hence w € Radg(f). This proves Radr(f) C Radr(f). In exactly the same
way we can prove the reverse inclusion and therefore we have equality.

When f is reflexive, we will write Rad(f) for Radr(f) = Radr(f).

The next two definitions introduce two types of reflexive forms.

Definition 8.7 A bilinear form f : V2 — F is said to be alternating if
f(v,v) =0 for allv e V.

The following is not difficult to prove, and we leave it as an exercise:

Lemma 8.6 Assume f : V2 — T is an alternating bilinear form. Then
flw,v) = —f(v,w) for allv,w V.

Remark 8.3 If the field F does not have characteristic two, then the as-
sumption that f(w,v) = —f(v,w) (along with bilinearity) implies that fis
alternating. However, this is not true when 14+ 1 = 0.

The following lemma describes the matrix of an alternating form.

Lemma 8.7 Let V' be a finite-dimensional vector space with basis B =
(v1,...,v,) and f : V2 = F an alternating form. Then the matriz M (B, B)
is skew symmetric, M (B, B)'" = =M (B, B), and has zeros on the diagonal.

Proof Let a;; = f(vi,vj). By Lemma (8.6) aj; = f(vj,v;) = —f(v;,v;) =

—aij.

The diagonal entry a; = f(v;,v;) = 0.
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We now come to a second type of reflexive form.

Definition 8.8 A bilinear form f : V2 — F is said to be symmetric if
flw,w) = f(w,v) for alv,w e V.

The following lemma describes the matrix of a symmetric form. Its proof is
similar to that of Lemma (8.7).

Lemma 8.8 Let V' be a finite-dimensional vector space with basis B =
(v1,...,v,) and f : V? = F a symmetric form. Then the matriz M (B, B) is
symmetric, M (B, B)'" = My (B,B). Conversely, if My(B,B) is symmetric

then the form f is symmetric.

Clearly, symmetric and alternating forms are reflexive. In the next theorem
we prove the converse.

Theorem 8.6 Assume f : V2 = F is a reflexive bilinear form. Then f is
either alternating or symmetric.

Proof Let x,y,z € V and consider f(x, f(x,y)z — f(x,2)y). Using bilin-
earity we get

f(.’l), f(w,y)z - f(sz)y) = f(.’l), f(.’l),y)Z) - f(mvf(mvz)y)
f(ma y)f(wa z) - f(mv Z)f(.’l), y)
= 0.

Since [ is reflexive, we get f(f(x,y)z — f(x, 2)y,x) = 0.

Using bilinearity we get

f@y)f(z2) - f(=,2)f(y,z) = 0. (8.3)

Setting z = x we obtain the relation

Assume now that f is not symmetric. We will show that it is alternating. Thus,
suppose that f(u,v) # f(v,u) for some pair u and v. Now in Equation (8.4)
set x = u and y = v to get that f(u,u) = 0. On the other hand, setting x = v
and y = u we get f(v,v) = 0. We have thus shown that if f(u,v) # f(v,u)
then f(u,u) = f(v,v) =0.
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Now let w € V' be an arbitrary vector. We want to show that f(w,w) = 0.
If flu,w) # f(w,u) or f(v,w) # f(w,u), then by what we have just shown
f(w,w) =0 as desired so we may assume that

flu,w) = f(w,u) and f(v,w) = f(w,v).

Setting x = u,y = v and z = w in (8.3) and using the fact that f(u,w) =
f(w,u) we get

fu, w)[f(u,v) = f(v,u)] = 0. (8.5)

Since f(u,v) # f(v,u), we conclude from (8.5) that f(u,w) = 0. Similarly,
selting x = v,y = u,z = w we get that f(v,w) = 0.

Now we have

f(u+w7v) = f(u,v)—l—f(w,'v)
= flu,v
and
f(v7'u’+w) = f(uu)—l—f('v,w)
= f(uu)

Since f(u,v) # f(v,u) we can conclude that f(u + w,v) # f(v,u + w). It
follows that f(u + w,u + w) = 0. Since f(u,u) = f(u,w) = 0 we finally
conclude that f(w,w) = 0. Since w is arbitrary, f is alternating.

The next definition introduces a concept that is closely related to symmetric
forms.

Definition 8.9 A bilinear form f on a finite-dimensional vector space V is
diagonalizable if there is a basis B such that the matriz of f with respect to
B is a diagonal matriz.

It follows from Lemma (8.8) that a diagonalizable form is symmetric. There
is a partial converse that we will prove in a later section.

Exercises.

1. Prove the assertion of Example (8.4).
2. Prove the assertion of Example (8.5).
3. Prove Theorem (8.3).

4. Prove Corollary (8.1)
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5. Assume dim(V) = m and dim(W) = n with m < n and f € B(V,W;F).
Prove that dim(Radgr(f)) > n —m.

6. Give an example of a bilinear form on a vector space V such that Rady(f) #
Radg(f).

7. Give an example of a degenerate bilinear form on a vector space V such
that Radr(f) = Radg(f) but f is not reflexive.

8. Give an example of a non-degenerate form which is not reflexive.

9. Let f: V2 — F be a bilinear form and assume the characteristic of F is not
two. Prove that f can be expressed in a unique way as the sum of a symmetric
and alternating form.

10. Prove that the relation of equivalence on n x m matrices is an equivalence
relation.

11. Prove that two n x m matrices have the same rank if and only if they are
equivalent.

12. Prove that the relation of congruence on n x n matrices is an equivalence
relation.

13. Let f € B(V,W;F) be a bilinear form where V is an n-dimensional
space and W is an m—dimensional space. Show that dim(V/Radr(f)) =
dim(W/Radg(f)).

14. Let f € B(V,W;F) where V and W are finite-dimensional vectors spaces
over F. Assume Radr(f) = {Ov} and Radg(f) = {Ow}. Prove dim(V) =
dim(W).

15. Prove Lemma (8.6).

16. Let V be a finite-dimensional vector space, f : V x W — F a non-
degenerate bilinear form, and By = (vi1,...,v,) a basis for V. Prove that
there exists a basis By = (w1, ..., w,) for W such that f(v;, w;) =0ifi#j
and 1if 1 = j.
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8.2 Symplectic Spaces

This section is devoted to the structure of symplectic space, that is, a vec-
tor space equipped with an alternating form. We introduce the notion of an
isometry of a symplectic space. We quickly specialize to the case that the al-
ternating form is non-degenerate. We show the existence of a certain type of
basis, referred to as a hyperbolic basis. We conclude the section by proving
Witt’s theorem for non-degenerate symplectic spaces.

What You Need to Know

To make sense of the new material of this section, it is essential that you
have already mastered the following concepts: vector space, basis of a vec-
tor space, dimension of a vector space, finite-dimensional vector space, linear
transformation, coordinate vector with respect to a basis, matrix of a linear
transformation, bilinear form, reflexive bilinear form, and an alternating bi-
linear form. Finally, you should be familiar with the notion of a group, which
can be found in Appendix B.

We begin with a definition:

Definition 8.10 A symplectic space is a pair (V,{ , )) consisting of a
vector space V' and a bilinear alternating form ( , ). The space is non-
degenerate if the form ( , ) is non-degenerate, that is, Rad({ , )) = {0}.
The dimension of a symplectic space (V,( , )) is the dimension of V.

One of the major goals in this section will be to show that any two non-
degenerate symplectic spaces over the same field with the same dimension are
essentially the same. We need to make precise what we might mean when
we say that two symplectic spaces are the same and we do so in the next
definition.

Definition 8.11 Assume (V,{, )v) and (W,{, Yw) are symplectic spaces.
By an isometry from V to W we shall mean a vector space isomorphism
T:V — W such that for all v1,v2 € V,(T(v1),T(v2))w = (v1,v2)y. When
there exists an isometry T from V to W we will say that (V,{ , )v) and
(W,{, )w) are isometric.

The next lemma is not difficult to prove and we leave it as an exercise.
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Lemma 8.9 Assume (V,{, )v), W, {, Yw), and (X,{, )x) are symplectic
spaces and that S :' V. — W and T : W X are isometries. Then the
following hold:

i) The inverse map S~1: W — V is an isometry.

ii) The composition T o S : V — X is an isometry.

Remark 8.4 1) It follows from Lemma (8.9) that the relation that two sym-
plectic spaces are isometric is an equivalence relation.

2) If (V,(, )) is a symplectic space then the subset of GL(V') consisting of all
isometries of V' is a group.

In light of the second part of Remark (8.4), we make the following definition:

Definition 8.12 Let (V,{ , )) be a symplectic space. The collection of all
isometries T : V. — V is the symplectic group of (V,{ , )). It is denoted by

Sp(V).

If (V,(, )) is a symplectic space and U is a vector subspace of V, then it is
natural to consider the symplectic space obtained by equipping U with the
form (, ) restricted to U x U. We formalize this in the following definition.

Definition 8.13 Let (V,{ , )) be a symplectic space. By a subspace of
(V,(, ), we shall mean a pair (U, , Yu) consisting of a vector subspace U of V
together with the alternating form obtained by restricting { , ) to U x U. By the
radical of the subspace U, Rad(U), we will mean {v € U|(v,u) = 0,Vu € U}.
The subspace U is non-degenerate if Rad(U) = {0}.

Definition 8.14 If U is a subspace such that U = Rad(U), then for every
pair of vectors w,v € U, {(u,v) = 0. Such subspaces are said to be totally
isotropic.

Definition 8.15 Recall, if (V,{, )) is a symplectic space and u, v vectors in
V then u and v are orthogonal if (u,v) =0 and we write u L v.

Now assume that U is a subspace of V. The orthogonal complement to U,
denoted by U~ is the collection of all vectors, which are orthogonal to every
vector in U :

Ut ={veV|v,u)=0,YucU}.



Bilinear Forms 285

As an immediate consequence of the bilinearity of { , ), we have:

Lemma 8.10 Assume U is a subspace of the symplectic space (V,{, )). Then
Ut is a subspace.

The following lemma is also an easy consequence of the definitions.

Lemma 8.11 Let U be a subspace of a symplectic space (V,{( , )). Then UN
Ut = Rad(U).

Proof Assume that v € Rad(U). Then v € U and (v,u) =0 for all u € U,
in which case also v € U+, Thus, v € UNU* and we have Rad(U) C UNU*.

Conversely, assume v € UNUL. Then (v,u) =0 for all w € U. Since v € U
we can conclude that v € Rad(U). Therefore U N UL C Rad(U) and we have
equality.

An important consequence of Lemma (8.11) is:

Corollary 8.2 Assume U is a non-degenerate subspace of a symplectic space
(V,(, ). Then UNU* = {0}.

Recall when we studied finite-dimensional inner product spaces we proved
that the space was always a direct sum of a subspace and its orthogonal com-
plement. The corresponding statement is not in general true for symplectic
spaces. However, it is true if we restrict ourselves to non-degenerate sub-
spaces. This will depend on the following result which states that dim(U) +
dim(UL) = dim(V).

Lemma 8.12 i) Let (V,{ , )) be a non-degenerate finite-dimensional sym-
plectic space and U a subspace. Then dim(U) + dim(U~+) = dim(V).

ii) If U is a non-degenerate subspace of V, then V. =U @ U=,

i) If U is a non-degenerate subspace of V, then UL is non-degenerate.

Proof i) Setn =dim(V) and k = dim(U). Let (uq,...,u;) be a basis for U
and extend this to a basis (ua,...,uy) for V. By Ezercise 9 of Section (8.1),
there is a basis (w1,...,wy) of V such that (w;,w;) = 0 if i # j and 1 if
i =j. Suppose w =Y, cqqw; € UL, and i < k. Then

n n

0= (u;, w) = {u,, chwl) = ch<ui,wl) =¢.

=1 =1
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This implies that U+ C Span(wyy1, ..., w,). On the other hand, if i < k and
I > k, then (u;,w;) = 0. Therefore Span(wki1, ..., w,) C UL. Consequently,
Ut = Span(wyy1,. .., wy). Since (Wii1,...,wy,) is linearly independent we
have dim(U+) =n — k.

ii) If U is non-degenerate, then U N U+ =

U+U+r=UaU* and dim(U+UL) = dim(U
i). It follows that U @ U+ = V.

{0} by Corollary (8.2). Then
)+ dim(UL) = dim(V) by part

iii) We leave this as an exercise.

Corollary 8.3 Let (V,(, )) be a finite-dimensional non-degenerate symplec-
tic space and U a subspace of V.. Then (UY)t =U.

We leave this as an exercise.

We can now prove that the dimension of a finite-dimensional non-degenerate

symplectic space is even and also show the existence of a very special basis
for V.

Theorem 8.7 Let (V,{, )) be a finite-dimensional non-degenerate symplectic
space. Then the following hold:

i) The dimension of V is even.

ii) There exists a basis (W1, ..., Un,V1,...,0,) for V such that
a. (ui,uj) = (v,v;) =0 for all 1 <i,j <n;
b. (u;,v;) =0 fori#j; and

C. <’LLZ','Ul'> =1.

Proof i) The proof is by induction on dim(V'). Let uw € V. Since V is non-
degenerate it has a trivial radical. In particular, u is not in the radical of { , )
and therefore there must exist v € V' such that (u,v) # 0. Note if (u,v) =c
then (u, Lv) =1, so without loss of generality we may assume that (u,v) = 1.
Set U = Span(u,v). If ¢ € Span(v) then (w,x) # 0. If x ¢ Span(v),
then © = au + bv with a # 0. Then (x,v) = b # 0. This proves that U is
non-degenerate. By Lemma (8.12), U~ is non-degenerate. Since dim(U~+) =
dim(V) — dim(U) = dim(V') — 2, in particular, dim(UL) < dim(U). Now we
can invoke the inductive hypothesis and conclude that dim(U~) is even. Since
dim(V) = dim(U~L) + 2 this implies that dim(V) is even.

ii) We may now assume that dim(V) = 2n for some natural number n. We
proceed by induction on n. If n = 1, then we are done by the proof of the
first part. Suppose then that n > 1. Let U = Span(u,v) as in part 1). As
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shown there, U+ is non-degenerate and has dimension 2n —2 =2(n—1). We
can therefore invoke the inductive hypothesis and say that there exists a basis
(ul, ey Up—1,V1, ... ,'Un,1> such that

a. (wi,uj) = (v;,v;) =0 for all1 <i,j <n-—1,
b. (u;,v;) =0 fori+#j; and
C. <'U11','Ul'> =1.

Now set u, = u,v, = v. It is now the case that (uy,...,Un,v1,...,Vy) is a
basis of V' with the required properties.

Definition 8.16 Let (V,(, )) be a non-degenerate symplectic space of dimen-
sion 2n. A basis (U1, ..., Un,v1,...,Vy,) that satisfies the conclusions of part
i) of Theorem (8.7) is said to be a hyperbolic basis.

Lemma 8.13 Assume (V,(, )) is a non-degenerate symplectic space of di-
mension 2n and U is a totally isotropic subspace. Then the following hold:

i) dim(U) < n; and
ii) U is the radical of U+.

We leave these as exercises.

We will use the next lemma in proving the major result of this section. It says
that any linearly independent sequence of mutually orthogonal vectors can be
embedded into a hyperbolic basis.

Lemma 8.14 Let (V,{, )) be a non-degenerate symplectic space of dimen-
sion 2n and assume S = (u1,...,u) is an independent sequence of vectors
satisfying (wi,u;) =0 for all i,j. Then S can extended to a hyperbolic basis.

Proof The proof is by induction on n. We first treat the case that k = n. Ex-
tend S to a basis B = (u, ..., u2,). By Ezercise 9 of Section (8.1), there exists
a basis (x1,...,%2,) such that (w;,x;) =0 if i # j and 1 ifi = j. Set vi = @1
and U = Span(uy,v1), a non-degenerate subspace of dimension 2. By Lem-
mas (8.12), UL is a non-degenerate subspace of dimension 2n — 2. Note that
w; € UL for 2 < i <n. We can now invoke the induction hypothesis and con-
clude that there are vectors v, ..., v, € UL such that (uz, ..., Uy, va,...,V,)
is a hyperbolic basis of UL. It then follows that (wy,..., U, v1,...,V,) is a
hyperbolic basis of V.

Suppose now that k < n and set U = Span(uy,...,u). By Lemma (8.12),
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the dimension of UL is 2n — k > k and by part i) of Lemma (8.13) U is
the radical of UL. Let W be a complement to U in UL+. Then W is non-
degenerate of dimension 2n — 2k and W= is non-degenerate of dimension 2k
and contains U. By induction, we can extend (w1, ..., ux) to a hyperbolic basis
(W, ... U, V1, .., k) Of W If (Wg1y .oy U, V1, - - -, Un) 05 @ hyperbolic
basis of W then (w1, ..., Upn,1,...,Vy) is a hyperbolic basis of V.

Remark 8.5 From the proof of Lemma (8.14), it follows that if W is a non-
degenerate subspace then any hyperbolic basis Hyw can be extended to a hyper-
bolic basis H of V.

Given a hyperbolic basis H = (u1,...,Up,v1,...,v,) and two vectors x,y
expressed as a linear combination of the vectors in #, it is easy to compute
(x,y): Say © = >, (a;u; + bv;) and y = > (¢c;u + d;v;). Then

n

(@,y) = > (aidi — bicy). (8.6)

i=1

We can use this to prove the following characterization of the isometries of a
symplectic space.

Theorem 8.8 Let (V,( , )v) and (W,{ , )w) be 2n-dimensional non-
degenerate symplectic spaces over the field F. Let Hy = (w1, ..., Up, V1,...,Vp)
be a hyperbolic basis for V and assume T is a linear transformation from V
to W. Set w; = T'(u;) and x; = T(v;). Then T is an isometry if and only if
(wi,..., Wy, x1,...,%,) is a hyperbolic basis of W.

Proof Assume (wi,..., Wy, &1,...,2,) is a hyperbolic basis for W. Let
y,z € V. We need to show that (T (y),T(z))w = (y, 2)v.

Assumey =Y i (aiw; +biv;) and z =Y - (c;u; +d;iv;). By (8.6), we have

n

(y,z)v = Z(aidi —bicy).
i=1
On the other hand, T(y) = T(} i (aiwi+biv;)) = Y i (a;T(w;)+b,T (v;)) =
Z?Zl(aiwi +bix;). Similarly, T(z) = Z?Zl(ciwi +d;x;). We can apply (8.6)
and conclude that

n

(T(w), T(:B)>W = Z(aidi — blcl)

=1

Thus, T is an isometry.
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Conversely, assume that T is an isometry. Then

(wi, wj)w = (T'(w;), T(uj))w = (s, uj)v = 0.

(@i, zi)w = (T(vy), T'(vj))w = (vi,v5)v = 0.

(wi, z)w = (T(w;), T(v)yw = (u;,vj)y =0 if i # 7 and 1 if i = j. Thus,
(wi,..., Wy, x1,...,T,) 15 a hyperbolic basis as claimed.

As a consequence of Theorem (8.8), we have the following:

Theorem 8.9 Let (V,(, )v) and (W, {, )w) be two finite-dimensional non-
degenerate symplectic spaces over the same field F. Then V and W are iso-

metric if and only if dim(V') = dim(W).

One of our ultimate goals is to show that if (V4,(, )1) and (Va, (, )2) are non-
degenerate symplectic spaces of dimension 2n, U; is a subspace of V;,i =1, 2,
and Uy, Uy are isometric by a transformation o, then there is an isometry
S+ Vi — V5 such that 5, = o. We will prove several lemmas leading up
to this result. We begin with a result about extending isometries of non-
degenerate subspaces.

Lemma 8.15 Let (V,{, )) be a non-degenerate finite-dimensional symplectic
space, U a non-degenerate subspace, and o an isometry of U. Define S : V —
V as follows: For * = u + v with w € U,v € U+, S(z) = o(u) +v. Then S
is an isometry of V.

Proof Suppose 1 = U1 + v1, T2 = us + vo where u; € U,v; € UL, We need
to show that (X1, x2) = (S(x1), S(x2)).

(1, 22) = (U1 + v1,u2 + v2) = (U, uz) + (v1,v2)

since (u;,vj) = 0. On the other hand,

(S(x1),S(x2)) = (S(ur+v1),S(uz + v2))
= <0'(U1)+'l)1,0’(’l,b2)+'02>
= (o(u1),0(uz)) + (v1,v2)

by the definition of S and the fact that o(u;) € U and therefore orthogonal to
vj. However, (o(u1),0(uz)) = (u1,u2) by hypothesis and therefore we have
the desired equality.
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We now prove a lemma that gives a “transitivity” result for non-zero vectors
of a non-degenerate symplectic space. This is a precursor to the more general
Witt theorem, which we will prove below.

Lemma 8.16 Let (V,{, )) be a finite-dimensional non-degenerate symplectic
space and w,v non-zero vectors. Then there exists an isometry T such that
T(u) =w.

Proof First assume that (w,v) = ¢ # 0. Then (u, Lv) is a hyperbolic basis of
Span(u,v). Likewise, (v, —%u) is a hyperbolic basis of Span(u,v). Therefore,
there exists an isometry o of Span(u,v) such that o(u) = v,0(v) = —u. By

Lemma (8.15), this extends to an isometry of V.

Now suppose {u,v) = 0. Since V is non-degenerate, there exists a vector w
such that {(u,w) # 0. Suppose also that (v, w) # 0. Then by what we have
shown there are isometries S, T such that S(u) = w,T(w) = v and then
(T 0 S)(u) =v. Thus, we may assume that (v, w) = 0.

Since V is non-degenerate, there is a vector x such that (v,x) # 0. As in
the previous paragraph, if (u,x) # 0, we are done, and therefore we may
assume that (u,x) = 0. Now set z = w + x. Then (u,z) = (u,w) # 0 and
(v,z) = (v,x) # 0, and we are done by the paragraph above.

The next theorem may be considered a generalization of Lemma (8.16). Ba-
sically, it means that if two subspaces of a finite-dimensional non-degenerate
symplectic space (V, (, )) are isometric, then there is an isometry of V' taking
one to the other. It is known as the Witt Extension Theorem for Symplectic
Space.

Theorem 8.10 Let (V,(, )) be a finite-dimensional non-degenerate symplec-
tic space, U and W subspaces of V', and assume that o is an isometry of U
onto W. Then there exists an isometry S of V' such that S restricted to U is
o.

Proof Suppose first that U is totally isotropic. Let (uq,...,uy) be a basis of
U and set w; = o(u;). Then (w1, ..., wy) is linearly independent and w; L w;
for alli,j. By Lemma (8.14), we can extend (w1, ..., ux) to a hyperbolic basis
(U1,...,Upn,v1,...,0,), and we can extend (w1, ..., wg) to a hyperbolic basis
(wi,..., Wy, x1,...,x,). There is a unique linear operator on V such that
S(u;) = w; and S(v;) = x; for 1 <i <n. By Lemma (8.8), S is an isometry.
Since S(u;) = w; = o(u;), S restricted to U is o.

Next suppose U is non-degenerate. Then dim(U) = 2k, and we may as-
sume k < n (otherwise, we are done). Choose a hyperbolic basis Hy =
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(Wyy...,Up,v1,...,0;) of U and set w; = o(u;) and x; = o(v;). Then
Hw = (w1,..., Wk, &1,...,&) 15 a hyperbolic basis of W. By Remark (8.5),
Hy can be extended to a hyperbolic basis (wi,...,Upn,v1,...,0,) of V and,
likewise, Hy can be extended to a hyperbolic basis (w1, ..., Wn, T1,...,T,) Of
V. As in the previous paragraph, there is a unique linear operator on V such
that S(u;) = w; and S(v;) = x; for 1 < i <n. S is an isometry Tby heorem
(8.8) and S restricted to U is o.

It remains to consider the case that U is neither totally isotropic nor non-
degenerate. Let Ry = Rad(U) and Cy be a complement to Ry in U. Then Cy
is non-degenerate. Let uy, ..., uy be a basis of Ry and set w; = o(u;). Also, let
(p1,---,D01,q1,---,q) be a hyperbolic basis for Cy. Set y; = o(p;), z; = 0(q;)-
It must now be the case that (w1, ..., wy) is a basis for Ry, the radical of W,
and that Span(y1, ..., Y, 21,-..,21) is a complement to Ry in W. Set U’ =
C and W' = Cy,. Then U’ is non-degenerate and contains Ry . Likewise W'

is non-degenerate and contains Ry . Extend (wq,...,uy) to a hyperbolic basis
(U1, .y U, V1, ..., V) for U and extend (wq,...,wy) to a hyperbolic basis
(Wi, Wiy, @1, ..., @) for W Now set S(u;) = w;, 1 < i < m,S(v;) =

;1 <i<m,S(p;) =y;,1 <j<land S(g;) =2;,1<j<I. Then S is an
isometry of V' by Theorem (8.8), and S restricted to U is the map o.

Exercises
1. Prove Lemma (8.9).
2. Prove Lemma (8.10).

3. Let U be a subspace of a non-degenerate finite-dimensional symplectic
space. Prove that (U+)+ =U.

4. Prove part iii) of Lemma (8.12).

5. Let U be a totally isotropic subspace of a non-degenerate symplectic space
of dimension 2n. Prove that dim(U) < n.

6. Let U be a totally isotropic subspace of a non-degenerate symplectic space
of dimension 2n. Prove that U = Rad(U%).

7. Let (V,{, )) be a non-degenerate finite-dimensional symplectic space, v
a non-zero vector in V, and ¢ € F. Define a linear operator T(, .y on V by
Tv,)(u) = u + c{u, v)v. Prove that Ty . is an isometry of V.

8. Let v,w € V and ¢, d non-zero scalars. Prove that T, . and T, ¢ commute
if and only v 1 w.

9. Let (V,(, )) be a non-degenerate 2n-dimensional symplectic space over
the finite field F,. Determine how many pairs there are of vectors (u, v) with
(u,v) = 1.

10. Let (V,{, )) be a non-degenerate 2n-dimensional symplectic space over
the finite field F,. Use induction and Exercise 9 to show that there are
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q"2 H?Zl(q% — 1) hyperbolic bases and then conclude that this is the order of
the group Sp(V).

11. Prove Corollary (8.3).
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8.3 Quadratic Forms and Orthogonal Space

In this section we define the notion of a quadratic form and develop the general
theory of an orthogonal space. In particular, we prove Witt’s theorem for an
orthogonal space when the characteristic of the field is not two.

What You Need to Know

To make sense of the new material of this section, it is essential that you
have already mastered the following concepts: vector space, basis of a vec-
tor space, dimension of a vector space, finite-dimensional vector space, linear
transformation, coordinate vector with respect to a basis, matrix of a linear
transformation, bilinear form, reflexive bilinear form, symmetric bilinear form,
and the matrix of a bilinear form.

We begin with a definition:

Definition 8.17 Let V' be a wvector space over a field F. By a quadratic
form, we mean a function ¢ : V — F that satisfies the following:

1) ForceF and v € V,¢(cv) = 2¢(v).

2) Forv,w €V, the function (v,w)s = d(v+w)—d(v)—d(w) is a symmetric
bilinear form, referred to as the symmetric form associated with ¢.

Let V be a finite-dimensional vector space over a field IF, ¢ is a quadratic form
on V with associated symmetric form (, ), and B a basis of V. Then, by the
matrix of ¢ with respect to B, we will mean the matrix of (, )4 with respect
to B. This is a symmetric matrix.

Remark 8.6 When the field F has characteristic two the symmetric form
associated with a quadratic form on a vector space V is alternating.

Example 8.6 Assume that the characteristic of F is not two and f : VxV —
F is a symmetric form. Set ¢p(v) = f(v,v). Then ¢ is a quadratic form and
the associated form ( , Yy = 2f.

Example 8.7 Define ¢ : F2 = F by ¢ (<z1)> = x1x9. This form is referred
2

to as a two-dimensional hyperbolic form.
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Example 8.8 Assume x2 + bx + c is an irreducible polynomial over the field
F. Define ¢ : F2 — T by ¢ (<i1)> = 22 + bxyxo + cx3. This form is referred
2

to as a two-dimensional elliptic form.

In analogy with symplectic spaces, we introduce the notion of an orthogonal
space.

Definition 8.18 An orthogonal space is a pair (V, ¢) consisting of a vector
space V and a quadratic form ¢ .V — F.

Before we embark on our investigation of orthogonal spaces, we need to intro-
duce some more terminology.

Definition 8.19 Let (V, @) be an orthogonal space with associated form (, ).
Two vectors v, w are said to be orthogonal, and we write v L w, if (v, w)y =
0.

Definition 8.20 A wvector v is said to be singular if ¢(v) = 0 and non-
singular otherwise.

Definition 8.21 Let U be a subspace of V. The orthogonal complement
to U consists of all vectors in V' which are orthogonal to all the vectors in U.
This is denoted by U+. Thus,

Ut = {veV|{u,v)y=0,YuecV}

Definition 8.22 For U a subspace of V, the radical of U, denoted by
Rad(U), consists of all the vectors in U, which are orthogonal to every vector

m U. Thus
Rad(U)=UnNU"*.

By the rank of a finite-dimensional orthogonal space (V,¢), we will mean
dim(V) — dim(Rad(V)).

A subspace U is non-degenerate if Rad(U) = {0}. At the other extreme, U
is totally isotropic if U = Rad(U) and totally singular if ¢(u) = 0 for
everyu € U.

The orthogonal space (V, @) is non-singular if it is either non-degenerate or

Rad(V') has dimension one and for any non-zero vector v in Rad(V'), p(v) #
0.
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The following lemma is a simple consequence of the definitions but will prove
to be quite useful. We leave the proof as an exercise.

Lemma 8.17 Let u,v be vectors in an orthogonal space (V,$). Then ¢(v +
w) = ¢(v) + ¢(w) if and only if (v,w)y =0 if and only if v L w.

Example 8.9 For the orthogonal space of Example (8.7), the vectors (8)

0 . .
and ) are singular vectors. All other non-zero vectors are non-singular.

This form is non-degenerate.

Example 8.10 The orthogonal space of Example (8.8) has no non-zero sin-
gular vectors. This form is non-degenerate.

Example 8.11 Let F be a field of characteristic two. Define the form ¢ on
F3 by

T

2

10) To = T12T2 + 3.
T3

This form is degenerate but non-singular. The radical is the span of the vector
0 0
0| . Note that ¢ 0 =1.
1 1

Remark 8.7 Assume that the characteristic of F is not two. Then an or-
thogonal space (V,¢) is non-degenerate if and only if it is non-singular. This
follows since ¢p(v) = 0 if and only if (v,v)y = 0.

In the following definition we make rigorous the notion that two orthogonal
spaces are the “same.”

Definition 8.23 Assume (Vi,¢1) and (Va, ¢2) are orthogonal spaces over the
field F. An isometry T from (Vi,¢1) to (Va, ¢2) is a vector space isomorphism
T : Vi — Va such that for all vectors v € V, ¢o(T (v)) = ¢1(v).

As in the case of symplectic spaces, we have the following lemma about inverses
and composition of isometries:
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Lemma 8.18 Assume (Vi,¢1), (Va,d2) and (Vz,¢3) are orthogonal spaces
and that S : Vi — Vo and T : Vo — V3 are isometries. Then the follow-
ing hold:

i) The inverse map S~ Vo — Vi is an isometry.

ii) The composition T o S : Vi — V3 is an isometry.

Remark 8.8 1) It follows from Lemma (8.9) that the relation that two or-
thogonal spaces are isometric is an equivalence relation.

2) If (V, @) is an orthogonal space, then the subset of GL(V') consisting of all
isometries of V' is a subgroup.

In light of the second part of Remark (8.8), we make the following definition:

Definition 8.24 Let (V,¢) be an orthogonal space. The collection of all
isometries T : V. — V is the orthogonal group of (V,¢). It is denoted
by O(V, ¢).

Remark 8.9 Let f : VXV — F be a symmetric bilinear form. By an isometry
of f, we mean a bijective linear map T : V — V such that f(T(v), T(w)) =
fw,w) for all v,w € V. When (V, @) is an orthogonal space with associated
form (, )4 and the characteristic of F is not two, the isometries of ¢ and the
isometries of ( , )¢ are the same. However, when the characteristic is two,
the group of isometries of { , ) properly contains the group of isometries of

o.

For the remainder of this section, we will confine ourselves to non-degenerate
orthogonal spaces over fields of characteristic not two.

We state a number of lemmas that are analogues of results from the section on
symplectic spaces. In most cases, we omit the proofs because of the similarity
to the symplectic case.

Lemma 8.19 i) Let (V,$) be a non-degenerate finite-dimensional orthogonal
space and U a subspace. Then dim(U) + dim(U+) = dim(V).

ii) If U is a non-degenerate subspace of V, then V. =U ® U~+.

i) If U is a non-degenerate subspace of V, then U~ is non-degenerate.



Bilinear Forms 297

Definition 8.25 Let (V, ¢) be a non-degenerate finite-dimensional orthogonal
space with associated form (, )¢. A basis (u1,...,uy) for V is orthogonal

if (ui,uj)g =0 for all i # j.
The following is a consequence of Lemma (8.17) and mathematical induction.

Lemma 8.20 Assume (u1,...,uy,) is an orthogonal basis for the orthogonal
space (V,¢) with associated form ( , )¢. Set di = ¢(u;). If v = Y. | azu;,
then ¢p(v) = S_1_, d;a?.

In our next lemma, we prove orthogonal bases always exists. It will be a
consequence of this that a symmetric matrix over a field F of characteristic
not two is congruent to a diagonal matrix.

Lemma 8.21 Assume (V,¢) is a finite-dimensional orthogonal space. Then
there exists an orthogonal basis for V.

Proof We do induction on dim(V/Rad(V)). Of course, if ¢ is trivial then
any basis of V is an orthogonal basis and, therefore, we may assume V #
Rad(V). Let W be a complement to Rad(V). If we can show that W has an
orthogonal basis then we can extend this with any basis for Rad(V'), and the

sequence obtained will be an orthogonal basis for V. Therefore, we may assume
that Rad(V) = {0} and that V is non-degenerate.

Let v € V such that ¢(v) # 0. Since the characteristic is not two, v ¢ v+ and
V = Span(v) @ vt. The subspace v* is non-degenerate and dim(v*) =n—1.
We can therefore invoke our inductive hypothesis and conclude that there exists
an orthogonal basis (v1,...,Vn_1) for vt. Setting v, = v it is then the case
that (v1,...,vy) s an orthogonal basis of V.

Corollary 8.4 Assume F does not have characteristic two and A is ann X n
symmetric matriz. Then A is congruent to a diagonal matriz.

Proof LetS be the standard basis of F". Define a symmetric bilinear form,
(,):F"xF" - F, by (v,w) = v'""Aw. Then A is the matriz of ( , ) with
respect to S. Since A is symmetric this form is symmetric. This defines a
quadratic form ¢ defined by ¢p(v) = (v, v).

Let B = (vy,...,v,) be an orthogonal basis for (V, ) and set ¢(v;) = d; and
set P = My, (B,S). Then the matriz of { , ) with respect to B is P'"AP =

2d; 0 ...0
0 2dy ... 0
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Our immediate goal is to prove if vectors v, w satisfy ¢(v) = ¢(w), then there
is an isometry 7" with T'(v) = w. Toward that goal, we prove the next lemma
which shows the existence of many isometries.

Until otherwise noted, we will henceforth write (x,y) for (x,y), when there
is no confusion.

Lemma 8.22 Let x be a non-singular vector. Define the map pg : V —V by

Then pg is an isometry of V.

Proof Let v,w € V. We need to prove that (v,w) = (pz(vV), pz(w)).

G wa)

<pw(v)7pm(w)> - < 2<:E, > ) 2(33,:1:) >
C lw) — (o (’w,a:)gB B (’v,m)ww (’v,ac)gB (’w,ac)gB
= @) - w24 - e w) + (22T 2102
e B alww) | wawa
= LT T e Y @ae
= <v7w>

Definition 8.26 Letx be a non-singular vector in the orthogonal space (V, ¢).
The map pg is the reflection through x.

We leave it as an exercise to show that p, is the identity when restricted to
xzt and pg(x) = —x.

This next lemma shows how an isometry can be built up from isometries on
a non-degenerate subspace U and its orthogonal complement.

Lemma 8.23 Let U be a non-degenerate subspace of the orthogonal space
(V,¢) and suppose o1 : U — U is an isometry and oo : Ut — UL is an
isometry. Define S :V —V by S(u+v) = o1(u) + 02(v), where u € U and
v € UL, Then S is an isometry.
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Proof Letu € Uyv € UL. Since u L v by Lemma (8.17), ¢(u + v) =
d(u)+¢(v). On the other hand, o1(u) € U and o2(v) € UL so o1(u) L oa(v).
Therefore we also have that

P(S(u+w)) = é(o1(u)+ o2(v))
= ¢(o1(u)) + ¢(02(v))
= ¢(u) + é(v),

the latter equality follows since o1 and oo are isometries.

Theorem 8.11 Assume v, w are vectors and ¢p(v) = ¢(w) # 0. Then there
exists an isometry T such that T'(v) = w.

Proof Suppose first that v L w. Set U = Span(v,w). Define o1 : U — U
by 01(v) = w, o1 (w) = v. Then oy is an isometry. Set o3 : U+ — U~ equal
to 11, the identity map. By Lemma (8.23), this defines an isometry S such
that S(v) = w, S(w) = v and S restricted to U~ is the identity.

Assume now that v and w are not orthogonal. Set x = %(v +w) and y =

%(w—y) Note that v =x +y and w =x —y. We claim that x L y

(@,y) = (5 (0 +w), 5(0 -~ w))

= %((v,v) — (v, w) + (w,v) — (w, w)). (8.7)

Since {, ) is symmetric —(v,w) + (w,v) = 0. Therefore, the expression in
(8.7) is equal to

1
= Z((y,v) — (w, w)). (8.8)

Since ¢p(v) = ¢p(w), the expression in (8.8) is zero and x L y as claimed.

Suppose ¢(x) # 0. Then pg(v) = pz(i(x +y)) = 2(—x +y) = —w. Then
(pw © pz)(v) = w. Suppose, on the other hand, that ¢(x) = 0 but ¢(y) # 0.
Then py(v) = py(i(z +y)) = 3(® —y) = w. So, if either ¢(x) # 0 or
o(y) # 0, then we are done.

Suppose then that ¢(x) = ¢(y) = 0. Then by Lemma (8.17) ¢(v) = ¢(5(x +
y)) = 3(¢(x) + ¢(y)) = 0, a contradiction.

We will need a similar result for singular vectors (if they exist). Before proving
this we show that if an orthogonal space (V, ¢) has a singular vector then it
must contain a pair (u,v) of singular vectors such that (u,v) = 1.
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Lemma 8.24 Assume (V, ¢) is a non-degenerate orthogonal space and that u
is a singular vector. Then there exists a singular vector v such that (u,v) = 1.

Proof Since V is non-degenerate, there must exist a vector x such that

(u,x) =c#£0. If x is singular, set v = %w

We may therefore assume that ¢(x) # 0. Since u is not orthogonal to
x,pz(u) = y # u. Also, Span(u,x) = Span(y,w) and therefore w is not
orthogonal to y. Since pg is an isometry, (u) = ¢(pz(v)) = ¢(y) and there-
fore y is a singular vector not orthogonal to v. As in the first paragraph, set

c=(u,y) and v = %y

Definition 8.27 A pair of singular vectors (v,w) in an orthogonal space
(V,¢) such that (v, w) =1 is called a hyperbolic pair.

Lemma 8.25 Assume (V,¢) is a non-degenerate orthogonal space and w,v
are singular vectors. Then there exists an isometry T of V' such that T(u) = v.

Proof We first show that if w is a singular vector and ¢ # 0 is a scalar then
there is an isometry T of V such that T(u) = cu. By Lemma (8.24), there
exists a singular vector w such that (u,w) = 1. Set U = Span(u,w). The
map 7 : U — U such that 7(u) = cu,7(w) = Lw is an isometry of U. The
subspace U is non-degenerate. By Lemma (8.23), there is an isometry T of V
such that T restricted to U is 7 and T restricted to U~ is the identity on U~.
Then T'(u) = cu.

Now assume that u and v are singular vectors and {(u,v) = ¢ # 0. Then
U = Span(u,v) is non-degenerate. The map 7 : U — U such that 7(u) = v
and T(v) = w is an isometry, which can be extended to an isometry T of V
such that T restricted to UL is the identity on U~.

Suppose finally that (u,v) = 0. By Lemma (8.24), there is a singular vector w
such that {(u,w) # 0. Then, by the previous paragraph, there is an isometry Ty
of V' such that T (u) = w. If also (v, w) # 0 then there will exist an isometry
Ty of V such that To(w) = v. Then (Tz o Ty)(u) = w. Therefore, we may
assume that (v, w) = 0.

By Lemma (8.24), there exists a singular vector & such that (v,x) # 0 and
there is an isometry Ty : V. — V such that To(x) = v. As in the previous
paragraph, if (u,x) # 0, then we are done so we may assume that (u,x) = 0.

Suppose (w,x) # 0. Then there is an isometry Ts of V such that Ts(w) = x.
Then T = Ty 0 T30 Ty is an isometry such that T(u) = v. Consequently, we
may assume that (w,x) = 0. However, it is then the case thaty = w+x is a
singular vector and {(u,y) = (u, w+xz) = (u, w) # 0 and (v,y) = (v, w+zx) =
(v,x) # 0 and we are done by the argument of the third paragraph above.
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We need to extend Lemma (8.25), and this is the point of the next lemma.

Lemma 8.26 Let (V,¢) be a non-degenerate orthogonal space and w,vi,vo
be singular vectors such that (u,v1) =1 = (u,vs). Then there is an isometry
T of V such that T(u) = u, T (v1) = va.

Proof Suppose first that (vi,v2) # 0. Set * = vy — va. Then (u,x) =
(w,v1 —v3) = (u,v1) — (w,v2) = 1—-1=0. Thus, u L x. We claim that

P(x) # 0:
P(x) = p(v1 — v2) = d(v1) + P(v2) + (v1, —v2). (8.9)

Since v1, vy are singular, p(v1) = ¢(va) = 0 and so the expression in (8.9) is
equal to

—<’U1,’02> 75 0.

We point out that y = vy + ve is orthogonal to x and vy = %(m +y). Now
pz(u) =u since u L x and

(o) = e (3@ +9)) = 52+ 9) =02

We may therefore assume that (vi,v2) = 0. By the previous paragraph, it
suffices to show that there exists a singular vector vs such that (u,vs) =
1, {v1,v3) # 0, and (v2,v3) # 0. We remark that the only singular vectors
in Span(w,v1) are in Span(u) U Span(vy) and therefore dim(V) > 3. U =
Span(w,v1) is non-degenerate and therefore U+ is non-degenerate. In partic-
ular, U+ contains non-singular vectors. Let z € UL such that ¢(z) = ¢ # 0
and consider the three-dimensional subspace W = Span(u,v1,z). We claim
that for every non-zero scalar a the vector w, = —a’cu + v, + az is singular
and {(u, wq) = 1.

Since (—a*cu +v1) L az by Lemma (8.17), it follows that

P(wy) = p(—a’cu+v1) + d(az).
Since p(u) = ¢(v1) = 0, we have

d(—a’cu 4 vy) + ¢(az) = (—a*cu,vy) + ¢(az)

= —a’clu,v)) + a®¢(z) = —a’*c + a*c = 0.

Moreover,
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(w,w,) = (u, —a’cu + v, + az) = (u,v;) = 1.

Also note that (w,,v1) = —a?c # 0, and therefore, by what we have shown,
for every a # 0 there is an isometry T, such that Ty(u) = u, To(v1) = W,.

Next note that W is not contained in vy since w and vy are not orthogonal.

It then follows that dim(W Nwvy) = 2. There are at most two one-dimensional
subspaces spanned by singular vectors in W N vy, one of which is Span(vs).
Since we are assuming that the field F does not have characteristic two, in
particular, F # Fy. Therefore, there are at least two distinct one-dimensional
spaces Span(w,), and consequently, there is a scalar a such that {w,,v2) # 0.
Set v3 = w, for this choice of a. By the first paragraph, there are isometries
Tl,TQ such that Tl(u) = TQ(’LL) = u,Tl(vl) = ’l)g,TQ('Ug) = V2. Then T =
(Tz 0o TY) is an isometry satisfying T(u) = u and T'(v1) = vs.

As a corollary, we have the following result about pairs (u1,v1), (ug,v2) of
singular vectors such that (u1,v1) = (u2,v2) = 1. We leave the proof as an
exercise.

Corollary 8.5 Let (V,¢) be a non-degenerate orthogonal space. Assume uq,
ug, V1, V2 are singular vectors and {(uy,v1) = (ug,v2) = 1. Then there exists
an isometry T of V such that T(u1) = us and T'(v1) = vs.

We need a couple more preparatory lemmas before we can prove our main
result:

Lemma 8.27 Assume (V, @) is a non-degenerate orthogonal space over a field
F of characteristic not two and that U is a totally singular subspace of di-
mension k. Then there exists a non-degenerate subspace W of dimension 2k
containing U.

Proof We do induction on k. If k = 1, the result follows from Lemma
(8.24). Assume the result has been proved for all totally singular subspaces
of dimension k and U is a totally singular subspace of dimension k + 1. Let
u € U be a non-zero vector. By Lemma (8.24) there exists a singular vector
v such that (u,v) = 1. Set X = Span(u,v). Then X is a non-degenerate
subspace of dimension 2. Then X is a non-degenerate subspace of V. Set
Y =Unwvt. Then'Y is a totally singular subspace of dimension k contained
in X+, By the inductive hypothesis there exists a non-degenerate subspace Z
of X+ containing Y with dim(Z) = 2k. The spaces X and Z are mutually
orthogonal. Since each is mon-degenerate it follows that X + Z = X & Z is
non-degenerate. Set W = X @ Z. Then U C W, W is non-degenerate, and
dim(W)=2k+2=2(k+1).
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Lemma 8.28 Assume (V, @) is a non-degenerate orthogonal space over a field

F of characteristic not two. Assume (u1,...,u) is a linearly independent
sequence of singular vectors such that for all i,j w; L w;. Then there are
singular vectors vi,. .., vy such that (u;,v;) =0 if i #j and 1 if i = j.

Proof By Lemma (8.27), we may assume dim(V) = 2k. We proceed by
induction on k. When k = 1, the result is a consequence of Lemma (8.24).
Assume that the result is true for k and that dim(U) = k + 1,dim(V) =
2k + 2. Set W = Span(us, ..., urt1). Then W is a totally singular subspace
of dimension k. It then follows that dim(W+) = k + 2. Since Rad(W+) =
W, in particular, wy is not in Rad(W=). Let € € W= be chosen so that
(uy,x) # 0. Then Span(ui,x) is non-degenerate and contained in W. As
in the proof of Lemma (8.24), there exists a singular vector v € Span(uy,x)
such that (uy,v1) = 1. Now set Uy = Span(uy,v;). Ui has dimension 2k
and W = Span(ua, ..., ux11) C Ui. We can invoke the inductive hypothesis

and conclude that there are singular vectors va,..., Vg1 in Ull such that
(u;,v;) =0if2<4,5<k+1andi#jandis 1ifi=j. Sinceu;,v; L ui,vq
for2<i<k+1, (v1,...,0541) is the sequence of desired vectors.

We now have everything necessary to prove Witt’s Theorem for non-degenerate
finite-dimensional orthogonal spaces over fields of characteristic not two.

Theorem 8.12 Let (V,¢) be a non-degenerate finite-dimensional orthogonal
space over a field F with characteristic not two. Assume Uy, Us are subspaces
of V and that 7 : Uy — Uy is an isometry. Then there exists an isometry T
of V' such that T restricted to Uy is T.

Proof The proof is by the second principle of induction on n = dim(V).
If n = 1, there is nothing to prove. So assume the result is true for non-
degenerate orthogonal spaces of dimension less than n and dim(V') = n.

Assume first that there exists a non-singular vector x in Uy. Set y = ().
Then ¢(y) = ¢(x), so by Lemma (8.11) there is an isometry Ty of V such
that Ty(z) = y. Set Uz = Ty (Us) and o = Ty ' o 1. Suppose we can find an
isometry S of V' such that S restricted to Uy is 0. Then set T = T1 085, an
isometry. Moreover, for u € Uy we have

T(u) = (TioS)(u)
= Ti(S(w))
= Ti(o(u))
= Tl(Tl 07)(“)
= (TioTy )(r(u))

7(w),
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and so T will be the required isometry.

Note that o(z) = x. Set V' = &+ U] = Uy Nat, Uy = UsNat, and o the
restriction of o to Uj. V' is a non-degenerate orthogonal space of dimension
n—1<n and o' is an isometry of U] to Ui. By the inductive hypothesis,
there is a isometry S" of V' such that S’ restricted to Uy is o'. Extend S’ to
an isometry of V' by defining S(x) = x. S is the desired isometry.

We may therefore assume that Uy is totally singular. Let (wq,...,ux) be a
basis for Uy and set w; = 7(u;),1 < i < k. Then (w1,...,wg) is a basis for
Us. We remark that since T is an isometry, the vectors w; are singular and
mutually orthogonal.

As a consequence of Lemma (8.28), there is a singular vector vi such that
(ug,v1) = 1,{u;,v1) =0 for 2 < i < k. Likewise, there is a vector 1 such
that (w1, x1) = 1,{w;,x1) = 0 for 2 < i < k. By Lemma (8.5), there is an
isometry Ty of V such that Ty (u1) = w1y, T1(v1) = x1. Set Us = Tl_l(Ug) and
o= Tfl o7, which is an isometry from Uy to Us. Note that o(u1) = w1 and
o(v1) = vy and so W = Span(uy,v1) is contained in Uy N Us. If we can find
an isometry S of V' such that S restricted to Uy is o, then we can proceed as
in the previous case and define T' = T} 0.5, and this will fulfill the requirements
of the theorem.

Set X = W+ so that X is non-degenerate of dimension n — 2. Let Y1 = Uy N
W, Yz = UsnW+, and v be the restriction of o to Yy. Then v is an isometry
of Y1 to Ys, subspaces of the non-degenerate space X of dimension n — 2. By
the inductive hypothesis, there is an isometry R of C' such that R restricted to
Y1 is v. Extend R a linear map S on V by defining S(u1) = w1, S(v1) = v;.
Then S is an isometry and S restricted to Uy is 0. This completes the proof.

Definition 8.28 Let (V, ¢) be a non-degenerate finite-dimensional orthogonal
space over a field F of characteristic not two. A totally singular subspace U
is said to be maximal if it is not properly contained in a totally singular
subspace.

As we shall see momentarily, any two maximal totally singular subspaces must
have the same dimension, in fact, there must be an isometry taking one to the
other. This is the subject of the following result.

Theorem 8.13 Let (V, ¢) be a non-degenerate finite-dimensional orthogonal
space over a field F of characteristic not two. Let U and W be two mazimal
totally singular subspaces. Then there exists an isometry T of V' such that
7(U) = W. In particular, dim(U) = dim(W).

This is left as an exercise.
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Definition 8.29 Let (V, ¢) be a non-degenerate finite-dimensional orthogonal
space over a field F of characteristic not two and U be a maximal totally
singular subspace. Then dim(W) is referred to as the Witt index.

Exercises
1. Prove Lemma (8.18).

2. Let (V,¢) be a finite-dimensional orthogonal space with associated form
(, ),Babasis of V, and let A be the matrix of (, ), with respect to B. Prove
that the rank of the matrix A is the rank of the space (V, ).

3. Let (V,¢) be a finite-dimensional orthogonal space. Assume ¢(x) # 0. i)
Prove that ps(x) = —a. ii) Assume y L x. Prove p,(y) = y.

4. Let F be a field and oo a symbol, which does not represent an element of F
and set F = FU{co}. Assume that (V, ¢) is a non-degenerate three-dimensional
orthogonal space and contains singular vectors. Set P(V) = {Span(v)jv #
0, ¢(v) = 0}. Prove that there is a one-to-one correspondence between P(V)

and FF.
5. Prove Corollary (8.5).

6. Let (V,¢) be a non-degenerate finite-dimensional orthogonal space over
a field F of characteristic not two. Prove that all maximal totally singular
subspaces have the same dimension.

7. Let (V, ¢) be a non-degenerate finite-dimensional orthogonal space over a
field F of characteristic not two and 1" an isometry. Prove that T is a product
of reflections.

8. Let (V, ¢) be a non-degenerate finite-dimensional orthogonal space over a
field F and T : V — V an isometry. Prove that det(T) = +1.

9. Let (V,¢) be a non-degenerate finite-dimensional orthogonal space with
index at least two. Assume w, v are singular vectors with w 1 v. Define a map
Tu,v) as follows:

Tuw)(z) = 2+ (z,v)u — (z,u)v.

a) Prove that T(,, ) is an isometry of V.

b) Prove that T{,, ., restricted to Span(u, v)1 is the identity.

c) Prove that Range(T(y ) — Iv) = Span(u,v).

10. Let [ = Span(u,v), where u, v are independent singular vectors and w L
v. Set X(I) = {T(u,co)lc € F\ {0}} U {Iv}.

a) Prove that T(y, cv) © T(u,—cv) = Iv-

b) Assume d # —c. Prove that T(y cv) © Tw,dv) = T(u,(c+d)v)-
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11. Assume & = au + bv,y = cu + dv is a basis for | = Span(u,v). Prove
that T(m7’y) = T(u,(adfbc)v)-

12. Assume that v L w L w and (v,w) = 1. Set | = Span(u,v). Prove for
every ¢ € IF there is a unique T' € x(I) such that T'(w) = cu + w.

13. Let (V, ¢) be a non-degenerate finite-dimensional orthogonal space with
positive Witt index. Assume u, v are orthogonal vectors with w singular. For
x € ut, define 6, () = x + (x, v)yu. Prove that dy, . is an isometry of ut.

14. By Witt’s extension theorem the isometry d., , is induced by an isometry
of D of (V,¢). Let w be a singular vector in v+ such that (u,w), = 1. Prove
that D(w) = w — v — ¢(v)u. In particular, D is unique.

Let T, . denote the unique extension of d,, ., to V.
15. If v,w € u', prove that Doy wDuyw = Dy otw-

16. Assume F is a field in which every element has a square root (this is true of
C). Prove that the isometry class of an n-dimensional orthogonal space (V, ¢)
defined over F is determined by the rank of (V, ¢).

17. Let (V, ¢) be a real orthogonal space. Let P be the collection of all sub-
spaces of V such that ¢(u) > 0 for all w € U,u # 0. Let My, M> be max-
imal elements of P. Prove that there is an isometry S of (V,¢) such that
S(My) = Ms.

18. Let (V, @) be a non-degenerate three dimensional orthogonal over a finite
field F, where ¢ is odd (not characteristic two). Prove that (V, ¢) is singular.

19. Let (V, ¢) be a non-degenerate n dimensional orthogonal over a finite field
F, where ¢ is odd (not characteristic two). Prove that the Witt index is at
least [251].

In Exercises 20-22 let (V, ¢) be a non-degenerate 2m-dimensional orthogonal
over a finite field F,; where ¢ is odd (not characteristic two) with Witt index
m.

20. Use induction on m to prove that the number of singular vectors is
(@™ = 1)@ +1).

21. Assume w is a singular vector. Prove that the number of singular vectors
v such that (u,v) = 1is ¢®™ 2.

22. Prove that the number of bases (w1, v1, U2, va, ..., Um, Uy, ) such that each
u;, v; is singular and further satisfy w; L uwj,v; L vj,u; L v; for i # j and
(uij,v;) =11is 2q2(72n)(qm — DI, (¢?* —1). Then prove that this is the order
of O(V, ).

23. Let (V, ¢) be a non-degenerate 2m-dimensional orthogonal space with Witt
index m — 1 over the finite field I, where ¢ is odd. Prove that the order of
3

O(V, ¢) is 2¢°(3) (g™ + DT (g% = 1).
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8.4 Orthogonal Space, Characteristic Two

In this section we assume that the characteristic of F is two and that V is a
finite-dimensional vector space over F and ¢ : V — F is a quadratic form with
associated symmetric form (, ). We will assume that the field F is perfect
which we define below. Then we will assume that (V, ¢) is non-singular. The
main result of this section is Witt’s extension theorem.

What You Need to Know

To understand the material of this section, you must have already mastered
the following concepts: vector space, basis of a vector space, dimension of
a vector space, finite-dimensional vector space, linear transformation, coor-
dinate vector with respect to a basis, matrix of a linear transformation, and
quadratic form, You should also be familiar with the concept of a group, which
can be found in Appendix B.

Definition 8.30 A field F of characteristic two is said to be perfect if every
element a of F has a square root in IF, that is, there exists b € F such that
b? = a.

Example 8.12 A finite field of characteristic two is perfect. Also, any alge-
braic extension of a finite field of characteristic two is perfect. On the other
hand, the field Fo(t) of all rational expressions % where F(t), G(t) € Fat]
is not perfect. In particular, t does not have a square root.

We recall the definition of a non-singular quadratic form:

Definition(8.22) A finite-dimensional orthogonal space (V, ¢) with associated
symmetric form (| ) over a perfect field of characteristic two is non-singular
if either (V,( , )¢ is non-degenerate or for every non-zero vector v in the

radical of (, ) we have ¢(v) # 0.

Example 8.13 Let ¢ = 2™ for a natural number m and set V = Fg. For

X O
v=|m2]| let p(v) = z1m2 + 3. Then (V, ¢) is degenerate since x = [ 0

I3 1
is in the radical of the associated symmetric form and ¢(x) = 1.However,

¢(x) = 1, therefore ¢ is non-singular.

In our next result we prove that a degenerate, non-singular orthogonal space
(over a perfect field of characteristic two) has a radical of dimension one.
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Theorem 8.14 Assume F is a perfect field of characteristic two, (V, ) is a
finite-dimensional non-singular orthogonal space with associated form { | ).
Then the radical of { , ) has dimension of at most one.

Proof We can assume that { , ) is degenerate and prove its radical has
dimension one. Suppose to the contrary that (x,y) is a linearly independent
sequence contained in the radical. Since &,y are in the radical then for every
v € V(xz,v) = (v,y) = 0. In particular, (x,y) = 0. Now set a = ¢(x)
and b = ¢(y). Let ¢ be a square root of% and d a square Toot Of% and set
z = cx +dy. Then z, as a linear combination of x and y, belongs to the
radical. However, ¢(z) = ¢(cx +dy) = 2p(x) +cd{z,y) +d*¢p(y) = 1+1 =0
so that z is a singular vector, a contradiction.

For the remainder of this section, assume that F is a perfect field of charac-
teristic two, (V, ¢) is a finite-dimensional non-singular orthogonal space with
associated form (, ).

Lemma 8.29 Assume that v € V is a singular vector. Then there exists a
singular vector w such that (v, w) = 1.

Proof Since v is not in the radical, there exists a vector € such that (v, x) =
a # 0. By replacing = by 1x we can assume that (v,x) = 1. Set ¢(x) = b.
If b = 0 then (v,x) is a hyperbolic pair and we are done. Otherwise, set
w=bv+x. Then (v,w) = (v,bv + x) = a(v,v) + (v,x) = 1. Also, d(w) =
d(bv + ) = b?p(v) + b{v,x) + p(x) = b+b = 0. Thus, (v,w) is a hyperbolic

pair.

Corollary 8.6 Assume (V, @) is two-dimensional, non-singular, and contains
singular vectors. Then (V, @) is non-degenerate.

We leave this as an exercise.

Lemma 8.30 Assume (V, @) is non-singular of dimensional n > 2 and every
non-zero vector is non-singular. Then n = 2 and (V,¢) is non-degenerate.
Moreover, if (v,w) is a basis of V' such that (v,w) = 1, then the quadratic
polynomial 2% + x + ¢(w) is irreducible in Flx].
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Proof Letwv be any non-zero vector not contained in the radical. Set a = ¢(v)
and let b € F such that b> = a. Replacing v by %v, if mecessary, we can as-
sume that ¢(v) = 1. Next choose w a vector in V \ vt. If (v,w) = ¢, by
replacing w by %w, if necessary, we may assume that (v, w) = 1. The two-
dimensional subspace Span(v,w) is non-degenerate. The orthogonal comple-
ment to Span(v,w) has dimension n — 2, so if n > 2, there are non-zero
vectors z € Span(v, w)*. Replacing z by a multiple, if necessary, we can as-
sume that ¢(z) = 1. However, the vector € = v+ z # 0 and ¢(x) = 0, a
contradiction. Thus, n =2 and (V, ¢) is non-degenerate.

Let o € F and set z = av+w. Then z is non-zero and consequently, ¢(z) # 0.
Thus, for no choice of @ € F is ¢(z) = o + a+ ¢(w) = 0. Consequently, the
polynomial 2% + x + ¢(w) is irreducible in Flx].

An immediate consequence of the proof of Lemma (8.30) is:

Corollary 8.7 Assume (V,$) has dimension at least three. Then V contains
non-zero singular vectors.

Corollary 8.8 Assume n = dim(V') is odd. Then (V, ) is degenerate.

Proof The proof is by induction on k where n = 2k — 1. If k = 1 there
is nothing to prove. Assume now that the result is true for k > 1 and that
the dimension of V is 2k + 1 > 3. By Corollary (8.7) there exists a non-zero
singular vector v in V and then by Lemma (8.29) there exists a non-zero
singular vector w such that (v,w) = 1. Then Span(v,w) is non-degenerate.
The dimension of Span(v,w)* is 2k — 1 and by the inductive hypothesis the
radical of Span(v,w)* is non-trivial and this is contained in the radical of V.

We can now classify the finite-dimensional, non-singular orthogonal spaces
over a perfect field of characteristic two:

Theorem 8.15 Assume (V, @) is a finite-dimensional orthogonal space over
a perfect field of characteristic two. Then one and only one of the following
occurs:

la) n = 2m and there is a basis (X1,...,Lm,Y1,..-,Ym) such that
¢ (Z(aiwi + bzljz)) = Z a;b;.
i=1 i=1

1b) n = 2m and there is a basis (T1,...,Tm—1,Y1,- - Ym—1,V, W) such that
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m—1 m—1
0] <Z (aix; + biy;) + cv + dw)) = Z aibi + ¢ + cd + d*y

i=1 i=1

where the polynomial x> + x + v is irreducible in F[z].

2) n=2m+ 1 and there is a basis (x1,...,Tm,Y1,---,Ym,2) such that

) <i(aimi +biy;) + cz) = i a;b; + 2.
i=1

i=1

Proof Suppose first that n = 2m is even. The proof is by induction on m. If
m =1 then the result follows from Lemma (8.29) if there are singular vectors
in V and from Lemma (8.30) if there are no singular vectors in V.

Now assume the result is true for spaces of dimension 2m with m > 1 and that
dim(V') = 2(m+1). By the proof of Corollary (8.8) it follows that there exists
a hyperbolic pair of vectors (x,y). Set U = Span(x,y), a non-degenerate
subspace of dimension 2. Then U is non-degenerate of dimension 2m and the
inductive hypothesis applies. Suppose there is a basis (T1,...,Tm, Y1,-- - Ym)
for UL such that

¢ <Z(aimi + billi)) = Z a;b;.
i=1

i=1
Set Typt1 = T, Ym+1 =Y. Then 1a) holds.

On the other hand, suppose there is a basis (X1, ..., Tm—1,Y1,- - Ym—1,V, W)
for UL such that

m—1 m—1
(b <Z (aimi —+ bzyz) + cv + dw)) = Z aibi “+ C2 —+ Cd —+ d2’}/,

i=1 i=1

where the polynomial x®+x -+~ is irreducible in F[z]. Set x,, = © and y,, = y.
Then 1b) holds.

So we may assume that n = 2m+1 is odd. The proof is by induction on m. If
m =1, then the result follows from the proof of Corollary (8.8). Assume now
that the result is true for spaces of dimension 2m + 1 where m > 1 and that
dim(V) =2(m+1)+1=2m+3. It follows from Corollary (8.7) and Lemma
(8.29) that there exists a hyperbolic pair (x,y) in V. Set U = Span(x,y), a
non-degenerate subspace of dimension 2. The orthogonal complement, UL, to
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U is non-singular of dimension 2m + 1 and therefore the inductive hypothesis
applies: there is a basis (T1,...,Tm, Y1, -, Ym,2) such that

¢ (Z(aimi +biyi) + Cz)) = Z aib; + .
=1

i=1

Set Typt1 = T, Ym+1 =Y. Now 2) holds.

We now come to Witt’s Extension Theorem for finite-dimensional orthogonal
spaces over a perfect field of characteristic two:

Theorem 8.16 Let (V, @) be a non-degenerate finite-dimensional orthogonal
space over the perfect field F of characteristic two, with associated symmetric
form ( , ). Assume X and Y are subspaces of V and o0 : X — Y is an
isometry. Then there exists an isometry S of (V,¢) such that S\x = o.

Proof Case 1) First assume X NY is a hyperplane of X (and therefore V)
and that o restricted to U = X NY is the identity. Set W = {o(z)+ x|z € X}
so that dim(W') = 1 and let © be chosen from X such that w = o(x)+x spans
W. We also set y = o(x). We treat separately the two subcases: a) X is not
contained in wt and b) X C wt.

a) Suppose w € U. We claim that (u,w) = 0:

Since U is a hyperplane of X it follows that X Nw* = U. We next show
that y = o(x) ¢ w'. Note that since o restricted to U is the identity, and
o(x) # x it follows that x ¢ U and (w,x) # 0. We then have:

R)

(y,w) =

Q

Il
\-8 AA/&/-\
9

/\/\/\/q\/\/\/\

g 8

N
o
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Consequently, Y = o(X) is not contained in w>. Then Y Nw* is a hyperplane
of Y. Since U is a hyperplane of Y contained in w it follows that Y Nw' = U.
Choose a subspace Z so that wt = U & Z. Since U C X, we have w =
UdZC X+ Z Since Z C wr we have

XnzZ ¢ Xnwh)nz
= UnZ=/{0}.

In exactly the same way, YNZ = {0}. We now claim that X®&Z =Y @Z =V.
Now X & Z contains U ® Z = w*. However, since X is not contained in w>
it follows that w™ is properly contained in X ® Z. Since w' is a hyperplane
of V, we can conclude that X ® Z =Y @ Z=V.

Suppose now that ' € Z and z € Z. Then o(') + @ € W C Z*
and therefore, (o(x') + @', z) = 0. Equivalently, (o(x'),z) = (', z). Thus,
(z,x') = (z,0(x’)). Assume now that v is arbitrary in V. We can write
v =a' + z for unique vectors ' € X and z € Z. Now set S(v) = o(x') + 2.
We claim that S is an isometry which extends o. Thus, suppose v/ = &' + z
is an arbitrary vector in V for vectors ' € X,z € Z. Then

(S(') = (o) +2)
= ¢(o(@’) + (o(x'), 2) + ¢(2)
= o)+ (@', 2) + 4(2)
= o' +2)
$(v')

Thus, S is an isometry.

b) Now assume that X C w™. Then, of course, U C w*. We claim that
Y Cc wt. Since U is a hyperplane of Y, and U is contained in w™, it suffices
to prove that y € w.

+x,y)

y) +(z,y)
o(x),o(x)) + (x,y)
,x) + (z,y)

y)

(w,y) (y
(y
(
(x
(x,z+
<w7 w>
We now show that w is singular. We first note that since w = y+x, y =
w + x. Therefore,
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(y) = o(w)+ (w z)+o(x)
= o(w) +o(x).

Since ¢(y) = ¢(x) we conclude that ¢p(w) = 0.

Now by Exercise 14 of Section (1.6), there exists a subspace Z such that w =
X®Z=Y@Z. Let T be the operator on w' such that Tix =0 and Tz is
the identity map on Z. We claim that this is an isometry of w>. A typical
element of X can be written as ax+v where v € U@ Z. For such an element,
T(ax +v) = ay +v. Since w = y+x and v € Z C wt it follows that
(y +x,v) = 0. Consequently, (y,v) = (x,v). We show that T is an isometry.

¢(r(ax +v)) = ¢lay +v)
= ¢(ay) + ((ay,v) + ¢(v)
= a’¢(y) + a{(y,v) + ¢(v)
= a*¢(x) + a{(z,v) + ¢(v)
= ¢(az) + ((az, v) + ¢(v)
= ¢(ax+v).

v) +
v) +

It remains to show that we can extend T to an isometry of V.. We have therefore
reduced to the case where X =Y = w', o acts as the identity on a hyperplane
U of wt, for some x € X \ U,w = 7(x) + . If we set y = 7(x) then also
X = Span(y) ® U. Now choose any element v; € V,v; ¢ X = w. Define
F € L(V,F) such that F(t) = (c7(t),v1) if t € wt, and F(vy1) = 0. Since
(', ) is non-degenerate, by Lemma (9.5), there exists a vector ve such that
F(v') = (v',v2) for every vector v’ € V. Then, for every vector v’ € X =
wt, (o7 (v'),v1) = (v, v3). Consequently, (v',v1) = (a(v'),v2) for every
v € X = wt. If ¢(v1) = ¢(v2), then we can extend o to S by defining
S(v1) = vy. Consider the element vs = vy + aw. This element is not in w=
since (v, w) = (V2 + aw,w) = (va, w) + a{w, w) = (vy,w) # 0. We now
compute Pp(vs):

o(vs) = ¢(v2 +aw)
= $(v2) + alvy, w) + a®p(w)
= ¢(v2) + a{ve, w).
Set a = w Then

V2, W

b(os) = o(on)+ 2T e )
<'U27'w>

= P(v2) + [p(v1) + P(v2)]
= ¢(v1).
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We can now extend o to S : V. — V by defining S(v1) = vs.

Case 2) We now do the general case. We proceed by mathematical induction
on m = dim(X). If m = 1 then this is contained in case 1. So assume the
result holds for all isometries 0 : X — Y where dim(X) =m —1 > 1 and
that dim(X) = m. Choose a hyperplane Xo of X and set Yo = o(Xo). By the
inductive hypothesis there erists an isometry T of V' such that T x, = 0|x,-
Set 7 = T~ Yo. Now 7 is an isometry of X and 7 restricted to Xo is the
identity. Now by case 1 there is an isometry T' of V' such that T' restricted
to X is 7. Set S =TT'. This is the desired isometry of V.

Definition 8.31 Let (V, ¢) be an orthogonal space. A subspace M is a totally
singular subspace if ¢(v) =0 for allv € M. A subspace M is a maximal
totally singular subspace if it is totally singular and not properly contained
in a totally singular subspace of V.

Corollary 8.9 Let (V,$) be a non-degenerate finite-dimensional orthogonal
space over a perfect field of characteristic two with My and My mazimal totally
singular subspaces. Then dim(My) = dim(Mz).

This is an exercise.

Definition 8.32 Let (V, ¢) be a non-degenerate finite-dimensional orthogonal
space over a perfect field of characteristic two. The common dimension of
every mazimal totally singular subspace of V' is the Witt index of (V, ¢).

Corollary 8.10 Let (V,¢) be a non-degenerate finite-dimensional orthogo-
nal space over a perfect field of characteristic two and assume X and 'Y are
isometric subspaces of V.. Then X+ and Y are isometric.

This is left as an exercise.
Exercises

1. Prove Corollary (8.6).
2. Prove Corollary (8.9).
3. Prove Corollary (8.10).

4. Let (V,¢) be a non-degenerate 2m-dimensional orthogonal space over a
perfect field of characteristic two. Prove that the Witt index of V is either
m —1 or m.

5. Let F be a perfect field of characteristic two and set V = F3. Define
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L1

10} ZTo = 172 + 73. Give an example of isometric subspaces X and
T3

Y of V such that there does not exist an isometry S of V with S(X) =Y.

6. Let (V, ¢) be a non-degenerate 2m-dimensional orthogonal space over a per-
fect field of characteristic two and Witt index m. Let (21,...,@m, Y1, -, Ym)
be a hyperbolic basis, that is, a basis such that ¢(x;) = o(y:)) =
(Tiszj) = (Wi,y;) = (®i,y;) = 0 for i # j and (z5,y;) = 1. Set
X = Span(xi,...,xm),Bx = (x1,...,2m),Y = Span(yi,...,ym), By =
(Y1, -+, Ym). Assume S is an isometry of V such that X and Y are S-invariant.
Let Sy be the restriction of S to X and Sy the restriction of S to Y. Set
Mx = Mg, (Bx,Bx) and My = Mg, (By,By). Prove that M;l = Mg{

7. Let O;(V;i, ¢i),1 = 1,2 be two orthogonal spaces with respective associated
symmetric forms (, ); and (, )2. Denote by O; L O the pair (V1 & Va, ¢1+¢2)
where (¢1 + ¢2)(v1 + v2) = ¢1(v1) + d2(v2) for v; € V;. Prove that this is a
orthogonal space with associated symmetric form defined by (vy + ve, w; +
wa) = (v1,w1)1 + (v, wa)o for vi,w; € Vi, v9,we € Va.

8. Let F be a perfect field of characteristic two and assume the polynomial
2% + o + 4 is irreducible in F[z]. Let E denote the orthogonal space (F?,¢)

with € ((Z)) = a? + ab + 0b%. Let Hy denote the orthogonal space (F?,7)

with 7 <(Z>> = ab. Prove that Ey L Fs is isometric to Hy L Hs.
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8.5 Real Quadratic Forms

In this section we study finite-dimensional real orthogonal space. In our main
theorem we characterize such spaces in terms of three invariants: the rank, the
index, and the signature. As a corollary, we determine the number of orbits
when the general linear group acts on the space of symmetric real matrices
via congruence.

What You Need to Know

To understand the material of this section, you must have already mastered
the following concepts: vector space, basis of a vector space, dimension of a
vector space, finite-dimensional vector space, linear transformation, coordi-
nate vector with respect to a basis, matrix of a linear transformation, bilinear
form, matrix of a bilinear form, symmetric bilinear form, quadratic form, real
inner product, orthogonal operator, orthogonal basis, orthogonal matrix, di-
agonalizable matrix, and congruence of matrices.

Before jumping in, we begin with a word on notation. In this section, V' will be
a real finite-dimensional vector space with an inner product and a quadratic
form ¢. We will use (, ) to represent the inner product and ( , )¢ to represent
the symmetric form associated with ¢.

We have previously seen that a quadratic form ¢ (with associated symmetric
form (, )¢) on a finite-dimensional vector space over a field F of characteristic
not two can be diagonalized; that is, there exists a basis B = (vy,...,v,) for
V such that the matrix of (, ), is a diagonal matrix. Of course, such a basis
is an orthogonal basis of (V, ¢). When the field F is R, we can use our theory
of self-adjoint operators to obtain more.

Theorem 8.17 Let (V,(, )) be a finite-dimensional real inner product space
and (, )¢ a symmetric bilinear form on V. Then there exists an orthonormal
basis B of (V,(, )) such that the matriz of { , )4 with respect to B is diagonal.

Proof Choose any orthonormal basis O of (V,(, )) and let A be the matriz
of (, )¢ with respect to O. Then A is a symmetric matriz. By Ezercise 8
of Section (6.4) there ewists an orthogonal matriz Q such that Q" AQ is a
diagonal matriz. Let B be the basis of (V,( , )) such that My, (B,0) = Q.
Since @ is an orthogonal matrix and O is an orthonormal basis it follows
that B is an orthonormal basis. Now the matriz of ( , )y with respect to B is
Q' AQ, which is diagonal as required.

The following corollary just restates Theorem (8.17):
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Corollary 8.11 Let (V,{, )) be a finite-dimensional real inner product space
and ¢ a quadratic form on V. Then there exists an orthonormal basis B of
(V,(, )) such that B is an orthogonal basis of the orthogonal space (V, ).

In what follows, we shall classify real orthogonal spaces of dimension n by some
invariants. One of these invariants has already been introduced, the rank of
the space. We recall its definition:

Definition (8.22) Let (V,¢) be a finite-dimensional orthogonal space. The
rank of (V,¢) is dim(V) — dim(Rad(V)) = dim(V/Rad(V)). As shown in
Ezercise 2 of Section (8.3), if B is a basis for V and (, )4 is the associated
form, then the rank of (V,$) is the rank of the matriz of (, )¢ with respect to
B.

Before introducing the second invariant, we prove a result that goes by the
name of Sylvester’s Law of Inertia.

Theorem 8.18 Let (V,¢) be a real finite-dimensional orthogonal space and
B = (vi,...,vm) an orthogonal basis for ¢. Then the following hold:

i) Let w(B) be the number of i such that ¢(v;) > 0. Then w(B) is independent
of the basis B.

ii) Let v(B) be the number of i such that ¢(v;) < 0. Then v(B) is independent
of the basis B.

Proof i) Set m = w(B) and assume B has been ordered so that ¢(v;) > 0
for 1 < ¢ < 7. Set U = Span(v,...,v;). Then for every non-zero vector
v € W,¢p(v) > 0. Also, set W = Span(vz41,...,0,). For every vector v €
W, ¢(v) < 0. Note that V.= U @ W. Suppose U’ is a subspace of V which
contains U and dim(U’) > w. Then U' N W # {0}. If v is a non-zero vector
in U'NW then ¢(v) < 0. Therefore, U is mazimal under inclusion amongst all
subspaces X such that ¢(x) > 0 for all non-zero x € X. By Witt’s Theorem
for orthogonal spaces, Theorem (8.12), the dimension of such a subspace is an
invariant. Thus, 7 is independent of the basis B.

ii) This is proved similarly. Alternatively, let ¢' = —¢p. Then the number of
vectors v; in the basis B such that ¢(v;) < 0 is equal to the number of vectors
v; in the basis B such that ¢'(v;) = —¢p(v;) > 0.

There are alternative ways to prove the result. One can show that the number
7 is equal to the number of positive eigenvalues of any symmetric matrix
which represents the quadratic form.

There is a matrix version of Theorem (8.18):
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Corollary 8.12 Let A be a real symmetric matriz and D any diagonal matriz
which is in the congruence class of A. Then the number of positive diagonal
entries and the number of negative diagonal entries are independent of the
choice of D.

Definition 8.33 Let (V, ) be a real orthogonal space of dimension n. Let B
be an orthogonal basis of (V, ®). The invariant m = 7(B) is called the index of
the orthogonal space or of the quadratic form ¢. The signature is the number
o =m — v, where v is the invariant v(B). The third invariant is the rank, p.

Remark 8.10 Given n, the dimension of the orthogonal space, then any two
of the invariants w, o, p determine the third: since o = 2w — p. Also, v can be
determined from any two since w4+ v = p.

The next result is a key step in obtaining a classification of real quadratic
forms on a finite-dimensional space.

Lemma 8.31 Assume (V, @) is a real orthogonal space of dimension n and
invariants (m, 0, p). Then there exists an orthogonal basis

(U1seo o Un, V1o, Vpe, W, o, Wi )

where ¢(u;) =1 for i =1,2,...,m;¢(v;) = —1, forj =1, 2, ...p—m; and
d(wg) =0 fork=1,...,n—p.

Proof Let (x1,...,Zx,Y1,--.,Yp—n,21,-..,2n—p) be an orthogonal basis,
where ¢(x;) > 0,¢(y;) < 0 and ¢(zx) = 0. Set u; = ﬁwi,vj =

\/ﬁyj and wy, = zi. This is an orthogonal basis which satisfies the con-

clusions of the lemma.

We can now give a classification of quadratic forms on a finite-dimensional
real vector space:

Theorem 8.19 Let (V,¢) and (V',¢") be real orthogonal spaces of dimension
n. Then (V,¢) and (V',¢') are isometric if and only if they have the same
mvariants.
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Proof Suppose (V,¢) and (V',¢") are isometric via the linear transformation
T. Suppose (U1, ..., Ur, V1, ..., Vp_r,W1,...,Wn_,) is an orthogonal basis of
V with ¢(u;) >0 for 1 <i<m ¢(v;) <0 forl1 <j<p—m and ¢(wi) =0
for 1 <k <n—p Setu; =T(uw)v; =T(v;) and wj, = T(wy). Then
(uh,...,ul v},...,v wi,...,w,_,) is an orthogonal basis of V' and

’
p—m » Pn—p

¢'(u}) = p(u;) >0,1<i<m,
¢'(v)) = (v;) <0,1<j<p—m,

¢ (w},) = p(wi) = 0,1 <k <n—p.

1t then follows that the invariants for (V' ¢') are (7,0, p), the same as (V, ¢).

Conversely, assume that (V,¢) and (V',¢") are real orthogonal spaces of di-
mension n and have the same invariants, (m,o, p).

By Lemma (8.31), there is an orthogonal basis (w1,...,Ur,V1,...,Vp_r, W1,
ce s Wh—p) of Vo with ¢(u;) =1 for 1 <i<movj)=—1forl<j<p-—m
and p(wy) =0 for 1 <k <n-—p.

. . . . li / ! / / !
Likewise, there is an orthogonal basis (u},...,ul,v],... NCTS T ,wnfp)

of V' with ¢'(uj) = 1 for 1 <i < m,¢'(v}) = =1 for 1 < j < p—7 and
¢ (w),) =0 for 1 <k <n-—p.

Let T : V. — V' be the linear transformation such that T'(u;) = u} for 1 <
1 <, T(vj):v} for1<j<p—mand T(wy) =w), forl <k <n-—p. We
claim that T is an isometry.

Ife =371 aiu; + Y07 bjoj + 37077 chws, then

s p—T
$(x) =D aj—> b
i=1 j=1

The matrix version of this theorem follows:
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Corollary 8.13 Two real symmetric n X n matrices are congruent if and only
if they have the same invariants.

One class of real orthogonal space of dimension n stands out: when the index
of the orthogonal space is equal to the rank of the space, is equal to n.

Definition 8.34 A finite-dimensional real orthogonal space (V,¢) is said to
be positive definite if ¢(x) > 0 for all non-zero vectors x. Annxn real sym-
metric matriz is positive definite if it represents a positive definite quadratic
form.

An example of a positive definite orthogonal space is a real finite-dimensional
inner product space. In fact, the converse also holds: a positive definite or-
thogonal space is a real inner product space.

There is a very nice characterization of positive definite matrices:

Theorem 8.20 Let A be a real n x n symmetric matriz. Then the following
are equivalent:

1) A is positive definite.
2) A is congruent to the identity matriz.

3) A=Q'"Q for some invertible matriz Q.

We leave this as an exercise.

Exercises
0 2 1
1. Determine the invariants for the symmetric matrix {2 0 1
1 1 1
0 2 0
2. Determine the invariants for the symmetric matrix |2 1 2
0 2 2

3. Let ¢ be the orthogonal form defined on R? by ¢(x) = x!" Az, where A
is the matrix of Exercise 1. Find an orthogonal basis (v, vs,v3) such that

¢(v;) € {-1,0,1}.

4. Let ¢ be the orthogonal form defined on R? by ¢(xz) = =" Az, where A
is the matrix of Exercise 2. Find an orthogonal basis (v1,vs,v3) such that

o(v;) € {-1,0,1}.

5. Determine, with a proof, the number of congruence classes of real n x n
symmetric matrices.
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6. Recall for an orthogonal space (V,¢) the Witt index is the dimension of
a maximal totally singular subspace. Let (V,®) be a real non-degenerate or-
thogonal space of dimension n with associated form (, ).

a) Prove that if n is odd then the isometry class of (V, ¢) is determined by the
Witt index and the sign of det(A) where A is any matrix representing ( , )4.

b) If n is even and the Witt index is less than %, then there are two isometry
classes of (V, ¢).

c) If n is even and the Witt index is %, then there is a unique isometry class.

7. Let (V,(, )) be a finite-dimensional real inner product space and T a self-
adjoint (symmetric) operator. Define a map [, | : V xV — R by [z,y] =
(x,T(y)). Prove that [, ] is a symmetric bilinear form on V.

8. Let (V,(, )) be a finite-dimensional real inner product space and [, | a
symmetric bilinear form on V. Prove that there exists a symmetric operator
T on V such that [z,y] = (x, T(y)).

9. Prove Theorem (8.20).
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Sesquilinear Forms and Unitary Geometry
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In this chapter we generalize the notion of a bilinear form and introduce
the concept of a sesquilinear form. In the first section of this chapter we
develop some of the basic properties of sesquilinear forms and, in analogy with
bilinear forms, introduce the notion of a reflexive sesquilinear form. Examples
are Hermitian and skew Hermitian forms. We then prove that a reflexive
sesquilinear form is equivalent to a Hermitian or skew Hermitian form. The
second section is devoted to the structure of a unitary space, that is, a vector
space equipped with a Hermitian or skew-Hermitian form. In our main result
we prove Witt’s theorem for a non-degenerate unitary space.
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9.1 Basic Properties of Sesquilinear Forms

In this section we introduce the notion of a sesquilinear form. An inner product
on a complex vector space is an example. We then go on to develop the proper-
ties of sesquilinear forms. We define what is meant by a reflexive sesquilinear
form. Examples are Hermitian and skew-Hermitian forms. In our main re-
sult prove that a reflexive sesquilinear form is equivalent to a Hermitian or
skew-Hermitian form.

What You Need to Know

To be successful in understanding the new material of this section, it is es-
sential that you have already mastered the following concepts: vector space,
basis of a vector space, dimension of a vector space, finite-dimensional vector
space, linear transformation, coordinate vector with respect to a basis, matrix
of a linear transformation, an algebra, determinant of a matrix or operator,
multilinear map, multilinear form, bilinear map, and bilinear form.

We begin with a definition:

Definition 9.1 Let F be a field, o an automorphism of F, and V and W
vectors spaces over F. A map T : V. — W is o-semilinear if the following
hold:

1) Foru,v e V,T(u+v) =T(u) +T(v); and

2) For a € F,v € V,T(av) = o(a)T(v).

We will denote the collection of all o-semilinear maps from V to W by
Ls(V,W).

Lemma 9.1 Let F be a field and o an automorphism of F. Let V and W be
vectors spaces over F. Then L,(V,W) is a vector space over F.

Proof Assume S,T € Lo(V,W). Clearly S + T is additive so we only need
show that for v € V and a € F that (S + T)(av) = o(a)(S + T)(v). By the
definition of S+ T, (S + T)(av) = S(av) + T'(av). Since both S and T are o
semilinear, S(av) = o(a)S(v) and T(av) = o(a)T (v). Then

(S+T)(av) = o(a)S(w)+o(a)T(v)
— o(@)[S(v) + T(v)
= o(a)(S+T)(v).
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Neat we show if T € Lo(V,W) and b € F then bT € L,(V,W). Suppose then
that v,w € V. Then

(b (v+w) = b

I
R
=
<

and therefore bT is additive.

Now assume v € V,a € F. Then

(bT)(av) = b

as required.

Lemma 9.2 Assume o,7 are automorphisms of the field ¥ and U,V,W are
vector spaces over F. Assume S : U — W is a o-semilinear map and T : V —
W is a T-semilinear map. Then T oS : U — W is a T o o-semilinear map.

This is left as an exercise.

We now introduce the main object of this section:

Definition 9.2 Let F be a field and o an automorphism of F. Let V be a
vector space over F. A map f: V xV — F is said to be o-sesquilinear if the
following hold:

1) f(au + bv,w) = af (u,w) + bf (v, w);
2) f(w,au 4+ bv) = o(a) f(w,u) + o(b) f(w, v).

Thus, when we fix the second argument of f and allow the first argument to
range over V, we obtain a linear functional. When we fix the first argument
and allow the second to range over V, we obtain a o-semilinear map from V

toF.
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Example 9.1 Ifo = Iy, the trivial automorphism, then a o sesquilinear form
s just a bilinear form.

Example 9.2 Let (V,{, )) be a complex inner product space. Then { , ) :
VxV — C is a o sesquilinear form where o is complex conjugation: o(a+bi) =
a —bi for a,beR.

ai
az

Example 9.3 Let V =TF" and A € My, (F). Forv=| . | denote by o(v)

an
the vector in 'V obtained by applying o to each entry of v:

o(v) =

Now define f: V xV =T by

flu,v) = u'" Ao (v).

Definition 9.3 Let f, g be sesquilinear forms on V. Then f and g are said to
be equivalent if there exists v € F such that g = vf. The forms f and g are
similar if there is a linear transformation T : V. — V such that g(v,w) =
f(T(v), T(w)) for all v,w e V.

Definition 9.4 Let F be a field and o an automorphism of F. Let V be a
vector space over F. We denote by SEQ,(V) the set of all o-sesquilinear
forms on V.

Our next result is an immediate consequence of Lemma (9.1.

Lemma 9.3 Let F be a field, o an automorphism of F, and V' be a vector
space over F. Then SEQ(V) is a vector space over F.

For the remainder of this section assume that F is a field, o an automorphism
of F, and V is an n-dimensional vector space over F.
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Definition 9.5 Assume f € SEQ,(V) and let B = (v1,...,v,) be a basis of
V. For1<i,j<n seta;; = f(vs,v;). The matriz A whose (i,j)-entry is a;;
is the matrix of f with respect to B and is denoted by M¢(B).

The following should remind the reader of Theorem (8.3). We leave the proof
as an exercise.

Theorem 9.1 Let f € SEQ,(V),B = (v1,...,v,) be a basis for V, and
A = My(B). Then for any vectors u,v € V. we have

f(u,v) = [u]§ Ao([v]s).

An immediate consequence of Theorem (9.1) is

Corollary 9.1 Let B = (v1,...,v,) be a basis of V. For f € SEQ.,(V)
the map f — M;(B) is an isomorphism of vector spaces. Consequently,
dim(SEQ,(V)) = n?.

Most of the definitions and results of Section (8.1) have analogs for sesquilinear
forms. We will focus on the most important ones.

Definition 9.6 Let f be a o-sesquilinear form. The left radical of f,
Radr(f), consists of all vectors v such that f(v,w) = 0 for all w € V.
The right radical, Radgr(f), is defined similarly: the set of w € V' such that
flw,w) =0 for all v € V. Both the left and right radical are subspaces of V
as we prove below, but they may not be equal. However, they do always have
the same dimension.

Lemma 9.4 Let f be a o-sesquilinear form. Then Rady(f) and Radgr(f) are
subspaces of V.. Moreover, dim(Radr(f)) = dim(Radgr(f)).

Proof Choose a basis B = (v1,...,v,) and set A = M;(B). It is straight-
forward to see that Radyp(f) consists of all vectors v such that [v]p is in the
null space of the matriz A" and Radr(f) consists of all vectors w such that
o([w]p) is in the null space of A. This implies that both Radr(f) and Radg(f)
are subspaces of V. with dimension equal to dim(V') — rank(A).

A consequence of Lemma (9.4) is that Rady (f) = {0} if and only if Radg(f) =
{0}. We give a name to such forms:
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Definition 9.7 A o-sesquilinear form f is non-degenerate if Radr(f) =
Radg(f) = {0}

Lemma 9.5 Assume f is a non-degenerate o-sesquilinear form and F : V —
F is a linear functional. Then there is a unique vector v € V such that F(w) =

flw,v).

Proof LetB = (vy,...,v,) be a basis for V. Denote by g; the linear function
on V' which is given by g;(w) = f(w,v;). We claim that (g1, ..., gn) is linearly
independent in L(V,F). Suppose Z?:l a;g; = Oy _p. Set b; = 0~ (a;) and
v = > by It then follows that f(w,v) = 0 for w € V, that is, v €
Radg(f). Since f is non-degenerate we can conclude that v = 0. Since B is
linearly independent, it then follows that by = by = --- = b, = 0. Since o is
an automorphism of F we then have a1 = -+- = a, = 0 and (g1,...,9n) 1
linearly independent as claimed.

Since the dimension of L(V,F) is n, it now follows that (g1,...,gn) is a basis
for L(V,F). Consequently, if F € V' then there are scalars a; € F such that
F =" a,9;. Again set b; = o~ Y(a;) and v = byvy+- - -+byv,. For a vector
w €V we compute f(w,v):

fw,v) = f(w,b1v1 +...bpvy,) = flw,byvr) + -+ f(w,byvy,)
o(br) f(v,v1) + -+ o(bn) f(w, vn)
= a1 f(w,v1)+ -+ anf(w,v,)
a1g1(v) + -+ + angn(v)

[a1g1 + - -+ + angn](v)

= F(v).

This shows the existence of v. On the other hand, if also F(w) = f(w,v’) for
all w then v — v’ is in the right radical of f and consequently, v' = v since f
s mon-degenerate.

In a similar way we can prove:

Lemma 9.6 Assume f is a non-degenerate o-sesquilinear form and F : V —
F is a o-semilinear transformation. Then there is a unique vector v € V' such
that F(w) = f(v,w).
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Definition 9.8 Let f be a o-sesquilinear form. Define a relation Ly on V by
w Ly v if and only if f(u,v) = 0. The form f is said to be reflexive when
Ly is a symmetric relation. Following are examples of reflexive sesquilinear
forms:

Definition 9.9 Assume the automorphism o has order two, 2 = Iz # o,
and for a € F denote by @ the o image of a, o(a). Let ¢ € F be chosen such
so that eo(e) = 1. A o-sesquilinear from f on a vector space V is said to be
(e,0)-Hermitian if for all v,w €V, f(v,w) = ef(w, v).

When € = 1, we say f is o-Hermitian and when € = —1 we say f is o-skew
Hermatian.

We will usually drop the use of o and just refer to an e-Hermitian form.

Example 9.4 Hermitian and skew-Hermitian forms are reflexive. We leave
this as an exercise.

Notation. Let o0 be an automorphism of F. We will denote images under o
using the bar notation: o(a) = @. If v € F", the expression U denotes the
result of applying o to every entry of v and, similarly, for a matrix A, the
symbol A denotes the matrix obtained from A by applying o to every entry
of A.

Lemma 9.7 Assume o has order 2, f is a o-sesquilinear form on V, and
B = (v1,v2,...,v,) is a basis for V. Let A = My(B). Then the following
hold:

i) The form f is Hermitian if and only if A" = A.
ii) The form f is skew-Hermitian if and only if A" = —A.

We leave this as an exercise.

Definition 9.10 Ass_ume that o has order 2. An n x n matriz A is o-
Hermitian if A" = A. A is o-skew-Hermitian if A" = —A.

We will complete this section with a characterization of reflexive o-sesquilinear
forms. We begin with a lemma.

Lemma 9.8 Assume o # Iy and f is a non-degenerate o-sesquilinear form
on the space V.. Then there exists a vector v such that f(v,v) # 0.
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Proof Assume f(v,v) =0 for all v. Then

0=fv+w,v+w)=f(v,w)+ f(w,v).

If char(F) # 2 then f is alternating and o = Iy. If char(F) = 2 then f is
symmetric and again o = Ip.

Corollary 9.2 Assume that o # Iy, and f is a non-degenerate reflexive o-
sesquilinear form on the space V. Then there exists a basis (v1,...,v,) for V
such that a; = f(vi,v;) # 0 while f(v;,v;) =0 for every i # j.

Proof The proof is by induction on n = dim(V'). If n = 1 there is nothing to
prove. Assume that n > 2 and the result holds for spaces with dimension n—1.
By Lemma (9.8) there is a vector v such that a = f(v,v) # 0. Now [ restricted
to U = vt = {w € V|f(w,v) = 0} is non-degenerate. By the induction
hypothesis there exists a basis (v1,...,vn—1) of U such that a; = f(v;,v;) #0
and f(v;,v;) =0 fori# j. Set v, =v and a, = a.

We will need the following result in the course of proving our main theorem.
It is a special case of Hilbert’s theorem 90.

Lemma 9.9 Let E C F be a Galois extension of degree two with Galois group
generated by o. Assume a € F satisfies ac(a) = 1. Then there is an element

b e such that a = %.

Proof Since the degree of the extension is two, 0 = Ir. The sequence (Ir, o)
of the Galois group of the extension are E C F is linearly independent as
elements of Lg(F,F), the space of E-linear transformations of the space F.
Consequently, there must be an element ¢ € F such that b = ¢ + ao(c) # 0.
Applying o to b we get

a(b) = o(c) + o(a)o?(c) = o(c) + o(a)c.
Multiplying by a we get

ac(b) = ao(c) + ac(a)c = ao(c) + ¢ = b.
We now prove our main result.

Theorem 9.2 Assume o # Ir and f is a reflevive o-sesquilinear form on
the space V' and dim(V/Rad(f)) > 2. Then o has order two and there is an
element v € F such that g = v f is Hermitian.
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Proof Let R be the radical of f and choose a complement U to R. Then
fluxu is non-degenerate. It suffices to prove the result for (U, fluxy) and
therefore we may assume that [ is non-degenerate. By Lemma (9.2) there
exists a basis (v1,...,vy,) such that a; = f(v;,v;) # 0 and f(v;,v;) =0 fori #
j. We will first show fori # j, that o(a;)a; = a;0(a;), equivalently, that %
is independent of i. Toward that purpose, note that f(a;v; —a;vj, v;+v;) = 0.
By reflexivity, f(v; + vj,a;v; — a;v;) = o(aj)a; — o(a;)a; = 0 which proves
the claim.

1t follows from what we have just proved that Z—; € F .= {a € Flo(a) = a},
the fized field of o which we denote by E. We next prove that 0% = Ip.

Let ¢ € F and set v] = cvy and a) = f(v],v]) = co(c)ai. By the above proof
it follows that Z—i € E. This implies that co(c) € E. We then have

co(c) = oleo(c))
— (@)0*(0),
from which we conclude that o2(c) = c. Since c is arbitrary, it follows that
0% = Ir. Now set € = % = % For the remainder of this proof we use

the bar notation: o(a) = a. We will show that for any v,w € V, f(w,v) =
ef(v,w). Letv =3 1" cv;,w=> ., div;. Then

f(v, w) = Zciaid_i, f(’l.U,’U) = Zdlalc_z
i=1 i=1

) (L R— 1 — (1
Since F(ayy = © €0 = ai. Thus,

ef(v,w) = eimdi = ic_iea_idi =
i=1 i=1
i dzalc_l = f(’l.l]7 ’U).
i=1

Now set v = a1 and g = vf. Then f and g are equivalent. We claim that
g(w,v) = g(v,w) for all v,w € V. Thus,

g(w,v) = ’Yf(wav)
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Exercises

1. Prove Lemma (9.2).
2. Prove Lemma (9.3).
3. Prove Theorem (9.1).
4. Prove Lemma (9.6).
5. Prove Lemma (9.7).

6. Assume f is a non-degenerate o-sesquilinear form on a space V and that B =
(v1,...,v,) is a basis of V. Prove that there exists a basis B = (v},...,v))
such that f(v},v;) =0if i +# j and f(v},v;) = 1.

7. We continue with the notation and assumptions of Exercise 6. Let B* =
(vi,...,v;) be the basis of V such that f(v/,v}) = 0if i # j and
f(vf,v}) = 1. Assume B* = B. Does this imply that f is reflexive? Prove
or give a counterexample.

8. Let F be a field, o a non-identity automorphism of E satisfying 02 = Iy, and
set E = F?. The extension E C F is Galois of degree two. Define trp/g : F — E
by trg/g(a) = a + o(a). Prove Range(trp/z) = E.
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9.2 Unitary Space

In this section we define the notion of a unitary space as well as an isometry
between unitary spaces. We show that the set of all isometries from a unitary
space to itself is a group. In our main theorem we prove Witt’s theorem for
non-degenerate unitary spaces.

What You Need to Know

To be successful in understanding the new material of this section, it is es-
sential that you have already mastered the following concepts: vector space,
basis of a vector space, dimension of a vector space, finite-dimensional vector
space, linear transformation, coordinate vector with respect to a basis, matrix
of a linear transformation, an algebra, determinant of a matrix or operator,
semilinear transformation, sesquilinear form, Hermitian form, skew-Hermitian
form, reflexive sesquilinear form, and the dual space of a vector space.

Let F be a field, o an automorphism of F of order 2. For convenience we will
write @ for o(a) when a € F. We set E = F7 = {a € F|a = a} so that the
extension E C F is a Galois extension of degree two. Let V' be a vector space
over F. Recall a map f:V x V — F is said to be o-Hermitian if

1) fla1vr + a2vz, w) = a1 f(vi, w) + az f(v2, w); and
2) f(w,v) = f(v,w).
Also, f is o skew-Hermitian if 1) holds as well as

2) f(w,v) = —f(v,w).

Definition 9.11 A unitary space is a pair (V, f) consisting of a finite-
dimensional vector space V over F and a o-Hermitian form f, for some au-
tomorphism of F satisfying o # Iy = o>.

Definition 9.12 Assume (V, f) is a unitary space. A non-zero vector v is
isotropic if f(v,v) = 0. The space V is isotropic if there exist isotropic
vectors in V. Otherwise the unitary space is anisotropic.

Example 9.5 If (V,(, )) is a finite-dimensional complex inner product space,
then it is an anisotropic unitary space.

Definition 9.13 Let (V, f) and (W, g) be unitary spaces over the field F with
respect to the same automorphism o. An isometry from V to W is a linear
isomorphism T : V. — W such that for all vectors w,v € V,g(T(u),T(v)) =

flu,v).
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Definition 9.14 Let (V, f) be a non-degenerate unitary space. A sequence
S = (v1,...,0y) such that a; = f(v;,v;) #0 for 1 <i<m and f(v;,v;) =0
for i # j is said to be orthogonal. If S is a basis of V', then it is referred to
as an orthogonal basis.

Lemma 9.10 Let (V,f) be a non-degenerate unitary space and S =
(v1,...,vm) be an orthogonal sequence. Then S is linearly independent.

This is left as an exercise.

Lemma 9.11 Let (V, f) be a non-degenerate unitary space, S = (v1,...,0,)
an orthogonal basis, and T an operator on V. Set w; = T(v;). Then T is
an isometry if and only if f(w;,w;) = f(vi,v;) for all i,1 < i < n and
flw;,w;) =0 foralli #j.

This is left as an exercise.

Lemma 9.12 Assume (V, f) is a non-degenerate unitary space and assume
T is an isometry. Then T is invertible, T—1 is an isometry, and the collection
of all isometries is a subgroup of GL(V).

Proof Let B = (v1,...,v,). Set w; = T(v;) and B = (w1,...,w,). By
Lemma (9.11) B' is an orthogonal basis and, consequently, T is invertible. On
the other hand, T—!(w;) = v; and by the aforementioned lemma it follows
that T~ is an isometry.

Clearly, the composition of isometries is an isometry and it then follows that
the collection of all isometries is a subgroup of GL(V).

Definition 9.15 Let (V, f) be a non-degenerate unitary space. Denote by
UV, f) the set {T € L(V,V) |f(T(v), T(w)) = f(v,w) for all v € V}.
This is referred to as the unitary group of (V| f). Often, when the f is
understood, we will write U(V') in place of U(V, f).

Definition 9.16 Let (V, f) be a unitary space. A U a subspace of V is said to
be non-degenerate if the restriction of f to U x U is non-degenerate. This
means for every u € U,u # 0, there is a vector w € U, such that f(u,w) # 0.
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Lemma 9.13 Assume (V, f) is a non-degenerate unitary space, X is a non-
degenerate subspace, and o : X — X is an isometry. Define S : V. — V as
follows: If v =ax +y where x € X,y € X+ then S(x +y) = o(x) +y. Then
S is an isometry of V. Often, when the f is understood, we will write U(V)
in place of

Proof Letxi,xy € X, y1,y> € X+. Then

f(S(x1+y1), S(x2 + y2)) = flo(x1) +y1,0(x2)) +y2) =
flo(z1),0(z2)) + flo(x1),y2) + f(y1,0(z2)) + f(y1,y2)) =
flo(z1),0(z2) + f(y1 +y2) = f(z1, 22) + f(y1 + y2) = f(z1 + y1, T2 + Y2).

Lemma 9.14 Assume (V,f) is a non-degenerate unitary space, v is an
isotropic vector in V, and w is a vector satisfying f(v,u) # 0. Then there
exists an isotropic vector w € Span(v,u) such that f(v,w) = 1.

Proof Setc= f(v,u). By replacing u with %u we can assume that f(v,u) =
1. If w is isotropic we are done; so assume f(u,u) =d # 0. Now f(u,u) =
f(u,u) so that f(u,u) € E = F{9). By Ezercise 8 of Section (9.1), there
exists an element a € F such that a+a+ f(u,u) =0. Set w = av +u. Then
flo,w) = f(v,av +u) =af(v,v) + f(v,u) = 1. Also,

flw,w) = f(av+u,av+u)
= aaf(v,v)+af(v,u)+af(u,v)+ f(u,u)
= a+a+ f(u,u)
= 0.

Definition 9.17 Let (V, f) be a unitary space. A pair of vectors (v, w) such
that f(v,v) = f(w,w) =0, f(v,w) =1 is a hyperbolic pair.

Corollary 9.3 Assume (V, f) is a non-degenerate isotropic unitary space and
v € V is isotropic. Then there exists w, an isotropic vector such that (v, w)
is a hyperbolic pair.

This is left as an exercise.
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Lemma 9.15 Assume (V, f) is a two dimensional non-degenerate isotropic
unitary space. Assume (v1,w1) and (v2,ws) are hyperbolic pairs. Define the
operator T on V by T(avy + bw;) = avy + bwy. Then T is an isometry.

This is left as an exercise.

Lemma 9.16 Assume (V, f) is an non-degenerate isotropic unitary space and
v, u are isotropic vectors. Then there exists an isometry T such that T'(v) = u.

Proof First, assume that w = av for some a € F. Let w be an isotropic
vector such that (v, w) is a hyperbolic pair. Then (av, %w) is also a hyperbolic
pair. By Lemma (9.15), the map T such that T(v) = av,T(w) = w and
T(x) = x for x € Span(v,w)" is an isometry. Next, assume that f(v,u) # 0.
If f(v,u) =1, then the map T such that T(v) =u,T(u) =v, and T'(x) = =
for & € Span(u,v)* is an isometry by the aforementioned lemma. Suppose
then that f(v,u) = ¢ # 0. Then. by what we have just proved, there is an
isometry which takes v to %u By the first case, there is an isometry which
takes %u to u. Composing yields an isometry taking v to w. Thus, we may

assume that (v,w) is linearly independent and u L v.

By Lemma (9.14), there exists an isotropic vector x such that (v,x) is a
hyperbolic pair and there is an isometry T with T(v) = z. If f(x,u) # 0
then there is an isometry S such that S(x) = w. Then the composition ST
takes v to w. Thus, we may assume that f(x,u) = 0. By the above argument
there exists an isotropic vector y such that (y,w) is a hyperbolic pair and
therefore an isometry taking y to w. If f(v,y) # 0, then we are done by the
above arguments, so we may assume that f(v,y) = 0. If f(x,y) # 0 then
there are isometries Th, Ta, T3 such that T (v) = x, Te(x) = y,T3(y) = u and
the composition TsT>Ty is the desired isometry taking v to w. Thus, we may
assume that f(x,y) = 0. But now z = & +y is isotropic and f(v,z) # 0 #
f(z,u) and we are done.

For the remainder of this section we will assume that (V, f) is a non-degenerate
unitary space. Our main objective is to prove Witt’s Extension theorem. This
will imply that the unitary group U(V, f) has lots of transitivity on subspaces.

Definition 9.18 Let (V, f) be a unitary space with subspcaes X and Y. We
say that an isomorphism o from X to'Y is an isometry if f(o(x1),0(x2)) =

f(@1, @2).

Theorem 9.3 Assume X and Y are subspaces of the non-degenerate unitary
space (V,f) and 7 : X — Y is an isometry. Then there exists an isometry
T:V =V such that Tix = 7.
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Proof Case 1) First assume X NY is a hyperplane of X (and therefore V)
and that T restricted to U = X NY is the identity. Set W = {7(z) —z|z € X}
so that dim(W) = 1 and let « be chosen from X such that w = 7(x) —x spans
W. We also set y = 7(x). We treat separately the two subcases: a) X ¢ wt
and b) X C w.

a) Suppose uw € U. We claim that f(u,w) =0:

f(uaw) =

Il
S = o

Since U is a hyperplane of X it follows that X Nw' = U. We next show that
y=r7(x) ¢ w.

fly,w) = f(r(z), w)
= [(r(z), w)
= f(r(@), 7(x) — )
= f(r(®),7(z)) - f(r(x), )
= [(z,z) - f(r(z), )
= fl@—7(z)x)
= f(-w,z)
£ 0.

Consequently, Y = 7(X) is not contained in wr. Then Y Nw= is a hyperplane
of Y. Since U is a hyperplane of Y contained in w it follows that Y Nw* = U.
Choose a subspace Z so that wt = U & Z. Since U C X, we have w =
UdZCX+Z. Since Z C wt it follows that

XnZ = Xnwh)nz
UnX ={0}.

In exactly the same way, Y N Z = {0}. We claim that X @ Z =Y @ Z =1V.
Now X & Z contains U ® Z = w*. However, since X is not contained in w>
it follows that w is properly contained in X ® Z. Since w' is a hyperplane
of V. we can conclude that X & Z. In exactly the same way, Y & Z =V

Suppose now that *' € X and z € Z. Then 7(x') —x' € W C Z*+ and
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therefore f(r(x') — a',z) = 0, equivalently, f(r(a'),z) = f(x',z). Thus,
f(z,&") = f(z,7(x')). Assume now that v is arbitrary in V. We can write
v =a' + z for unique vectors *' € X and z € Z. Now set T(v) = 7(2') + 2.
We claim that T is an isometry which extends 7. Thus, suppose v1 = &1 + 21
and vo = T + 22 are two arbitrary vectors in V. with x1,x2 € X, 21,22 € Z.

f(T(v1),T(v2)) T(x1+ 2z1), T (2 + 22)

1) + 21, 7(22) + 22)

T(w1), 7(®2)) + f(7(21), 22) + [ (21, 7(22)) + [ (21, 22)
x1, x2) + f(x1, 22) + [ (21, 22)

x1 + 21, T2 + 22)

V1, 03).

T

I
I
I
I
I
I

Thus, T is an isometry.

b. Now assume that X C w*. Then, of course, U C w*. We claim that
Y C wt. Since U is a hyperplane of Y contained in'Y, it suffices to prove
that y € w.

flw,y)

In the above we have used the fact that f(y,y) = f(r(x), 7(x)) = f(x, x) since
7 is an isometry. We she also made use of the fact that —w = z—7(x) = x—y.

It now follows that w is isotropic since

flww) = f(w,y—=)
= f(wvw)_f('UJ?y)
= 0.

Thus, w € wt. By Ervercise 14 of Section (1.6), there evists a subspace Z
such that wt = X @ Z =Y @ Z. Let v be the operator on w* such that
Yx =T and vz is the identity map on Z. We claim that this is an isometry
of wt. A typical element of wr can be written as ax +v where v € U @ Z.
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For such an element, y(ax + v) = ay + v. We show that this is an isometry:
Let ay,a9 € F,v1,v0 € U@ Z. Since v; € wr fori=1,2 and w =y — x it
follows that f(y,v;) = f(x,v;) fori=1,2. We then have

flary +vi,ay +v2) = a1@f(y,y) +aif(y,v2) +azf(vi,y) + f(vi,v2)
ar@z f(x, ) + a1 f(x,v2) + @z f(v1,x) + f(v1, v2)
flarx + v1, a0 + v2).

It remains to show that we can extend y to an isometry of V.. We have therefore
reduced to the case where X =Y = w™, 7 acts as the identity on a hyperplane
U of wh and for some ¢ € X \ U,w = 7(x) — z. Also, if we set y = 7(x)
then X = Span(y) @ U.

Now choose any element vi € V,u1 ¢ X = wt. Define F € L(V,F)
such that F(t) = f(r=(t),v1) if t € wh and such that F(vi) = 0. Since
f is non-degenerate, by Lemma (9.5), there exists a vector ve such that
F(v') = f(v',v2) for every vector v’ € V. Then, for every vector v/ € X =
wt, f(r7 (), v1) = f(v',v2). Consequently, f(v',v1) = f(7(v'),vs) for ev-
eryv' € X = wt. If f(v1,v1) = f(va,v2) then we can extend T to T by defin-
ing T(v1) = va. Consider the element vs = va + aw. This element is not in
w since f(vs,w) = f(va2 + aw,w) = af (v, w) + af (w,w) = f(ve,w) # 0.
We now compute f(v3,vs):

flus,v3) = f(va+ aw, vy + aw)
f(va,v2) +af (v2, w) + af (w,v2) + aaf(w,w)
= f(va,v2) +af(v2, w) + af(w,vs).

By Ezercise 8 of Section (9.1), there is an element b € F such that b+ b =
f(v1,v1) — f(v2,v2). Set a = m. With this choice of a we get

f(va + aw,vs + aw) = f(v2,v2) +af(ve,w) + af(w,vs)

b
= flvz,v2) + ﬁf@%w) + Fw,v)

= f(v2,’l72)+ﬁf(w7v2)+ ﬁ

= f(vo,v2)+b+b

= [f(v2,v2) + f(v1,v1) — f(v2,v2)
flor,v1).

We can now extend 7 to T : V. — V by defining T (v1) = vs.
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Case 2) We now do the general case. We proceed by mathematical induction
on k =dim(X). If k = 1 then we are in case 1. So assume the result holds for
all isometries 7 : X — Y where dim(Z) =k —1 > 1 and that dim(X) = k.
Choose a hyperplane Xo of X and set Yy = 7(Xy). By the inductive hypothesis
there exists an isometry R of V' such that Rjx, = T|x,. Set p = R™7. Now
p is an isometry of X and p restricted to X is the identity. Now by case 1
there is an isometry S of V such that S restricted to X is p. Set T = RS.
This is the desired isometry of V.

As corollaries we have the following:

Corollary 9.4 Let (V,f) be a finite-dimensional non-degenerate isotropic
unitary space. Let Uy, Us be mazimal totally isotropic subspaces of V.. Then

This is left as an exercise.

Definition 9.19 Let (V, f) be a finite-dimensional non-degenerate isotropic
unitary space. The dimension of a mazimal totally isotropic subspace of V is

the Witt index of V.

Corollary 9.5 Let (V, f) be a finite-dimensional non-degenerate isotropic
unitary space. Assume Uy and Uy are isometric subspaces of V. Then Ui
and Us- are isometric.

This is an exercise.
Exercises

1. Prove Lemma (9.10).
2. Prove Lemma (9.11).
3. Prove Corollary (9.3).
4.Prove Lemma (9.15).
5. Prove Corollary (9.4).
6. Prove Corollary (9.5).

7. Let (V, f) be a non-degenerate unitary space of dimension two over the field
F and let E denote the fixed field of the automorphism 0, E = {a € F | o(a) =
@ = a}. Define the norm of an element of E by || a ||= aa@. Assume that the
norm is surjective. Prove that (V] f) is isotropic and spanned by a hyperbolic
pair.

8. Continue with the hypotheses on F,[E, and the norm map N : F — E.
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Assume that (V, f) is a non-degenerate unitary space of dimension n. Prove
that the Witt index of V' is [ 5 ].

9. Let (V, f) be a finite-dimensional non-degenerate isotropic unitary space
over the field F. Prove that V' has a basis of isotropic vectors.

10. Let (V, f) be a finite-dimensional, non-degenerate unitary space. Prove
that there exists an orthogonal basis for V.

11. Assume E C F is a Galois extension of degree two with Galois group
generated by o. Denote images under o with the bar notation. Assume that
the norm map from F to E given by N(a) = aa is surjective. Assume (V, f) is
a non-degenerate unitary space of dimension two over F. Prove that (V, f) is
isotropic.
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This chapter is devoted to tensor products of vector spaces and related top-
ics such as the symmetric and exterior algebras. The term, tensor product,
arises from its applications in differential geometry where it may be applied
to the tangent or cotangent space of a manifold, but its utility is ubiquitous
throughout mathematics. For example, in group theory, the tensor product
is used to construct group representations. In other algebraic contexts, the
tensor product is used to extend the base field of a vector space, for example,
from the field of real numbers to the field of complex numbers.

In the first section, we define the tensor product of vector spaces as the solu-
tion to a certain universal mapping problem and prove that it exists. In the
second section, we make use of the definition of the tensor product to prove
some “functorial” properties, such as how the tensor product behaves with
respect to direct sums. We show how a tensor product of linear transforma-
tions can be defined to obtain a transformation from one tensor product to
another. Finally, we investigate how to compute the matrix of a tensor prod-
uct of transformations from the matrices of those transformations. In section
three, we use the tensor product to construct a universal associative algebra
for a given vector space V', the tensor algebra of V. In section four we introduce
the notion of a Z-graded algebra and related concepts such as a homogeneous
ideal. We apply these ideas to the tensor algebra and construct the symmet-
ric algebra of a vector space as the quotient space of the tensor algebra by
a particular homogeneous ideal. We show that the symmetric algebra of an
n-dimensional vector space over a field FF is isomorphic to the algebra of poly-
nomials in n commuting variables. We also show that the symmetric algebra
is a solution to a universal mapping problem. In section five we construct the
exterior algebra of a vector space V as the quotient of the tensor algebra of

343
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V by a homogeneous ideal. We determine the dimension of this algebra as
well as the dimensions of its homogeneous parts. We will further show how a
linear transformation from a vector space V to a vector space W induces a
linear transformation on the exterior algebra and its homogeneous pieces. In
the final section we introduce the notion of a Clifford algebra of an orthogonal
space (V, ¢) and, making use of the tenor algebra of V', show that it exists.
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10.1 Introduction to Tensor Products

In this section we define the tensor product of two or more vector spaces over
a field F and prove its existence and uniqueness (up to isomorphism).

What You Need to Know

To be successful in understanding the new material of this section, it is es-
sential that you have already mastered the following concepts: vector space,
basis of a vector space, dimension of a vector space, finite-dimensional vector
space, linear transformation, coordinate vector with respect to a basis, matrix
of a linear transformation, an algebra over a field, multilinear map, multilinear
form, bilinear map, bilinear form, quotient space defined by a subspace U of
a vector space V', cosets of a subspace U contained in a vector space V.

The tensor product will be the solution to what is known as a universal
mapping problem. It is difficult to give even an informal definition without
introducing category theory and so various examples will have to suffice. The
following is a simple example which illustrates what is going on.

Definition 10.1 Fix a field F and let X be any set. A vector space V over F
is said to be based on X if there is a map i : X — V such that, whenever
there is a map j : X — W, where W is a vector space over F, then there exists
a unique linear transformation T : V — W such that j =T oi.

This universal mapping problem is represented by diagrams such as the those
in Figures (10.1) and (10.2). The first shows the initial conditions: the maps
from X to V and W. The second shows the linear map from V to W. It is
understood that the second diagram “commutes” which means that whichever
path you take from X to W, directly via j or indirectly by first going to V' via
i and then to W via the linear map 7', the result is the same, that is, j = T o1.

FIGURE 10.1
Initial condition: Vector space based on the set X
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FIGURE 10.2
Solution: Vector space based on the set X

A solution to this particular problem will consist of any vector space V' which
has a basis B with the same cardinality as X. Then the map ¢ can be taken
to be any bijection between X and B. However, how do we know that such a
vector space exists? Since we will need this for the construction of the tensor
product, we give a formal construction.

Recall by M 7, (X, F) we mean the set of all functions f : X — F such that
the support of f is finite. Here the support of f, denoted by spt(f), consists
of those elements in X such that f(x) # 0. Thus, set V = M;,(X,F). For
xz € X, let x, be the map from X to F such that y,(y) = 1if y =  and
0 otherwise. Finally, define i : X — V by i(z) = x,. Our first claim is the
B = {xz|r € X} is a basis of V.

Suppose that {z1,...,2,} is a finite subset of X, ¢1,...,¢, are scalars and
f = cxzs + - cuXe, = 0, the zero function. Evaluating f at x; we get
0 = f(zi) = ¢iXx, (x;) = ¢;. Thus, each ¢; = 0 and B is linearly independent.

On the other hand, suppose f € V,f # 0. Let spt(f) = {x1,...,2,} and
f(zi) =c;i. Set g =c1Xz, + -+ CnXa,- 2z € X\ {21,...,2,} then f(z) =
g(z) = 0. On the other hand, g(z;) = >>7_, ¢jxa, (2i) = ¢; = f(x;). Thus,
f =g, a linear combination of B.

Finally, we claim that (V,4) is a vector space over F based on X. So assume
W is a vector space over IF and 5 : X — W is any map. We need to prove that
there is a unique linear map 7' : V. — W such that T oi = j. Well, we can
define a map 7 : B — W by 7(xs) = j(x). Since B is a basis of V' by Theorem
(2.7), there is a unique linear map T : V' — W such that T restricted to B is
7. It then follows that (T o4)(x) = T(xz) = 7(xz) = j(x) as required.

Similar problems will define the tensor product, but before we get to that, we
recall an essential definition:

Let Vi,..., Vi, W be vector spaces over a field F. Amap f: Vix---xV,, = W
is m-multilinear, or just multilinear, if the function obtained from V; to W,
when all the other arguments are fixed, is a linear transformation. That is,
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forvi € Vi,..., 0,21 € Vi1, 041 € Vi, ..., Uy € Vi, v;, v} € V; and scalars
¢, ¢’ we have

f('Ul, ey, Vi1, CU; + CI'U,Z,'UfL'Jrl, .. .,’Um)

=cf(vi,...,Vi—1,Vi,Vit1,. .., V) +C/(v17-~-7'Ui717v£7vi+1a--~7'Um)-

Definition 10.2 Let Vi,...,V,, be vector spaces over a field F. A pair (V,~)
consisting of a vector space V over F and a multilinear map v : V1 X+ --xXV,,, —
V is a tensor product of Vi,...,V,, overF if, whenever W is a vector space
over F and f : Vi3 X -+ x Vi, = W is a multilinear map, then there exists a
unique linear map T : V. — W such that T oy = f.

Remark 10.1 Let Vi,...,V,, be vector spaces over F and suppose (V,v) is
a tensor product of Vq,...,Vy over F. Since v : Vi x -+- xV,, = V isa
multilinear map, it is a consequence of the fact that (V,7) is a tensor product
that there is a unique linear map S : V. — V such that S o~ = ~. Since, in
fact, Iy oy = it follows that S = Iy .

Notation Hereafter, when f: X — Y and g : Y — Z are functions, we will
write gf for the composition g o f unless that latter is required for clarity.

Before we give the construction and prove the existence of the tensor product
we first show that it is essentially unique (up to isomorphism).

Lemma 10.1 Let Vi,...,V,, be vector spaces over the field F and assume
that (V,~) and (Z,8) are tensor products of Vi,...,Vy, over F. Then there
exist unique maps T :V — Z and S : Z — V satisfying the following:

i) ST =1y and TS = Iz; and
i) Ty=194,50=T.

Proof Since (V,v) is a tensor product of Vi, ..., Vy, over F and § is a multi-
linear map from Vi,...,Vy, to Z, there exists a unique linear map T :V — Z
such that Ty = 6. In exactly the same way, there exists a unique linear map
S :Z — V such that S6 = ~. It then follows that v = S6 = S(Tv) = (ST)~.
By Remark (10.1), we have ST = Iy . In exactly the same way, TS = 1.
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As a consequence of Lemma (10.1), we can speak of the tensor product of
vector spaces Vi,..., V.

We now proceed to the general construction which makes use of quotient
spaces and cosets of a subspace U of a vector space V. The main idea is to
create a very large vector space, one with basis the set V3 x --- x V,,, and then
to take the quotient of this by a subspace that is created to take into account
the desired multilinearity.

Theorem 10.1 Let Vi,...,V,, be vector spaces over the field F. Then the
tensor product of Vi,...,Vy, over F exists.

Proof Set X =Vi x---xV,, and let (Z,i) be the vector space based on X.
We identify each element x € X with x5. It is important to remember that
elements of X are m-tuples. Because we are in the vector space Z, we can take
scalar multiples of these objects and add them (formally). So, for example, if

v;, v, € Vi, 1 < i <m, then there is an element (v1,...,0m)+ (Vi,...,v),) in
Z but we cannot combine them in any other way.
Given elements v; € V;,1 <i <m and a scalar ¢, denote by w; (v1,...,0m)
the following element of Z:

(’Ula cey V-1, C04, Vg1, - - - 7vm) - C(’Ulv ey Ui—1, U4, V41, - - . ,'Um).
Nezxt, assume vy € Vi,..., 0y € Vi, and v} € V.
Let w;(vy,...,vi—1, (v, V)), Vig1,...,0m) denote the following expression,

which is an element of Z:

(V1,0 + VL Om) — (U1, Ve, U) — (V1 U ).

Let U be the subspace of Z generated by all elements w; c(v1,...,Vn) and
w;(v1, .., Vi1, (V5,0)), Vig1, ..., Um). Set V. = Z/U, the quotient space of Z
by the subspace U. Further, define the map v : Vi3 X -+ X Vi =V by

"Y('Ul,...,'l)m):(Ul,...,vm)+U-

The image of (v1,...,Vy) € V1 X-+- XV, is the coset of U in Z with represen-
tative (v1,...,vm). We claim that (V,v) is the tensor product of Vi,...,Vpy
over F. To demonstrate this, we must first prove that v is a multilinear map.
To do so, we have to show the following:
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1) Ifv; € V;,1 <i<m and c €F, then

(V1 Ve 1, COH Vi1, e ey Upn) = Y (V1,0 Upp)- (10.1)
2) Ifv; € Vj,1 <j<n and v, €V, then

Y(V1, .y Vim1, Vi + VL Vig 1,y V)
= (U1, Vis 1, Viy Vit 1y e ey Om) Y (V1,00 01, U Vi1, -y Um). (10.2)
1) The equality (10.1) is equivalent to
V(U1 Vis1, €V Vg1, o, Uy) — €Y (V1,0 U) = Oy

By the definition of v, we must show that

(1, Vi1, €V, Vg1, o, O) + U] = [e(v1,. .. vm) + U] = 0y.
Equivalently, we must show that

[(V1, .., Vim1, 0V, Vig1y .., Um) — (1, ..., Um)] + U = 0y

Now it is imperative to recall what the zero vector of V is: It is the coset U
and for an element z € Z we get z + U = U precisely when z € U. In the
present case, the representative of the coset is u; ¢(v1, ..., V), which, indeed,
belongs to U.

2) is equivalent to showing that

/
V(U1 Vin1, Vi + V) Vig 1y Urn)
_7(/017' "7vi—17vi7’vi+17"'7vm)
!
—’}/('Ul,. oy Vi—1,U;, Uiy, - ..,’Um) = Ov.

Using the definition of v, we need to show that

!/
(vla' - V-1, +vi;vi+17" '7vm)
_(vlu' ..7'01'_1,'01','01'.1,_1,. "7vm)

!/
_(vla' -3 Vi—1,U;, Vit 1, - '7vm) el.
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However, this is just the element w;(v1, ..., Vi—1, (i, V}), Vit1, ..., Um), which
is i U as required.

Now that we have established that v is multilinear we need to prove that the
universal mapping property is satisfied. Toward that end, suppose W is a vector
space over F and f : Vi3 X -+ x V,, = W is a multilinear map. We need to
show that there exists a unique linear map T : V — W such that Ty = f.

Recall that Vi x --- x Vp,, = X and that Z is the vector space based on X.
Since W is a vector space and f is a map from X to W, by the universal
property of Z there exists a unique linear transformation S : Z — W such
that S restricted to X is f. We next claim that the subspace U is contained
in the kernel of S. It suffices to prove that the generators u;c(v1,...,vm)
and w;(v1,...,0i-1, (V;, V), Vi11,...,Vm) are in the kernel of S. Consider
S(wic(v1,...,v0)).

St e(ve,...,v,))
=S((v1, .y Vim1, 0V, Vig1,y e, U) — (V1,0 ., Um)). (10.3)
By the linearity of S we get that (10.3) is equal to

S((V1y. ., Vi—1,CV, Vi1, -, Um)) — S((V1, ..., Um)). (10.4)

Since both (v1,...,0;—1,CV;,Viy1,...,0m) and (v1,...,vy) are elements of
X =V x -+ XV, we therefore have

S((v1,..., 0. 0m)) = f(V1, .., V. ), (10.5)

S((v1,.. Vi) = f((v1, .00, o Um)). (10.6)
Substituting (10.5) and (10.6) into (10.4) we get

S((V1y .00y Vim1, €V, Vig1, .-+, Um)) —eS(V1, ..., 0m))

= f((v1,. ., 0i-1,C0,Vit1,. -, Um)) —cf((V1,...,0m)) = 0.  (10.7)

The latter equality in (10.7) holds because f is multilinear.

. !
Now consider S(u;(vi,...,vi—1, (V;,V)),Vit1,...,Vm)). Setx = (v1,...,0;—1,
/ /
Vi, Uij+1, - ..,'Um),x - (vlv" '7vi71;vi7vi+17" .,'Um), G/I?,dy = (vla' "7'U'L'flvvi+
/ / /
VU, Vi1, ..., Um) S0 that u;(vy,...,vi—1, (V1,0)),Vit1,...,0m) =y —x — .

Now
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S(ui(v1,...,vi1, (V;,0)),Vig1, ..., Vm))

Sly—x—=x') (10.8)
By the linearity of S, (10.8) is equal to

S(y) — S(x) - S(z') =

S((v1y. e+, 0)) = S(V1, e Vi) =S (V1 VL U).

Each of (v1,...,0;4v},...,0m), (V1,..., V..., 0m), and (V1,..., U, ..., V)
belongs to Vi x --- x V,,, = X and therefore

S((v1,...,v + 0, o) = f((v1,.. v + 0, Um)),
S((v1,y ..y Viy ey 0m)) = f((V1, 000,00y Um)),
S((v1,. 0 vm) = f((v1,0 0y, V) o).

Then

S((v1y. .0+, o) =S (V1 Vi V) = S((V1, VL Um))

= f((v1,..., 040, ...,om))—f((V1, . Vi) = (V1,0 V)

=0y

The last equality follows by the multilinearity of f.

Since U is contained in kernel(S) we may use Theorem (2.16) to conclude that
there is a unique linear transformation T : Z/U — W such that T(z 4+ U) =
S(z). We finally claim that Ty = f:

(TY)(v1, ..., 0m) =T (¥(V1,...,0m)) =T ((v1,...,0m) +U)

=S(w1,...,0m) = f(V1,...,0m).
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We will denote the quotient space Z/U by Vi ® --- ® V;,, and refer to this as
the tensor product of Vi,...,V,,. Also, for v; € V;,1 < i < m, we will denote
by v1 ® -+ ® v,, the element y(v1,...,vy,) = (v1,...,0,) + U. Using this
notation, we can reformulate the multilinearity of v as follows:

For vectors v; € V;,1 < j < m and scalar c,
VI®.. 01 Q0 QVit1 R QUp =c(V1 @ ® V).
For vectors v; € V;,1 < j < m and v} € V;,

VIR ®Vi—1 ® (Vi + V) OV @ R Um =
(VI ® Vi1 ®V; @Vt QUp) + (11 Q- QU1 RV, @ Vi1 R+ @ Upy,.

In our next result, we show how, given bases for Vi,...,V,,, to obtain a basis
forM®@- - ®V,,.

Theorem 10.2 For each i,1 < i < m, let V; be a vector space over F with
basis B;. Set B={v1 ® - @ vp|v; € By, 1 < i < m}. Then B is a basis for
Me- @ Vn.

Proof Set X' = By X --- x B,,, and let Z' be the subspace of Z which is
spanned by X'. Identify each element x = (v1,...vy) € X' with x, € Z'.
Since V; is spanned by B; for each i there is a unique multilinear map ~' :
Vi X+ XV — Z' such that v' restricted to X' is the identity. We claim that
(Z',4") is the tensor product of Vi,..., V.

Toward that end, assume that W is a vector space and f : Vi3 x -+ XV — W
is a multilinear map. Let f be the restriction of f to X' C Vi X -+- X V,. Since
X' is a basis for Z', there is a unique linear transformation 7 : Z' — W such
that T restricted to X' is f. We will be done if we can prove that 7o' = f.
Now 7 o v/ restricted to X' is f. Since each V; is spanned by B; and f is
multilinear, it follows that T o' = f as required.

Now by Lemma (10.1) there are isomorphisms 7 : Z/U — Z' and 7' : Z' —
Z /U such that o' = Iz and 7'oT = Iz,y. Since X' is a basis for Z' and 7' is
an isomorphism, it then follows that 7/ (X') is a basis for Z/JU = V1 ®---QV,,.

When V; is finite-dimensional for each 7,1 < i < m, we get the following
result:

Corollary 10.1 Let Vi,...,V,, be vector spaces over F with dim(V;) = n;.
Then dim(Vi @ - @ Vi) = nina ... .
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We complete this section with an application of the tensor product to algebras.

Let A, A’ be algebras over the field F. Consider the tensor product A = A®A’.
We will define a product on this which will make it into an F-algebra. Let ¢
be the map from A x A" x A x A" to A® A" defined by

((a,a’,b,b’') = (ab) @ (a'b").

Then ( is a four-linear map. It then follows that there is a linear map Z from
A A @A A to A® A’ such that

Zla®a @b b') = (ab) @ (a'b).
This then defines a bilinear map Z’ from [A ® A’]? such that
Z'la®a',b@b') = (ab)® (a'b).

Taking Z’ as multiplication in A ® A’, this space becomes an algebra.
Exercises

Many of these exercises involve tensor products of two vector spaces. These
can be generalized to m vector spaces in a straightforward way but have been
limited to this case to simplify the statements and the solutions.

1. Let V1, Vs be vector spaces with respective bases By, B2. Suppose W is a
vector space and f : By x Bo — W is a (set) map. Prove that there is a unique
bilinear map f from V3 x Vo — W such that f restricted to By x Bs is f.

2. Let V1 and V5 be vector spaces over the field F. Use the fact that the tensor
product is a solution to a universal mapping problem to prove that Vi ® V;
and V5 ® V; are isomorphic.

3. Let V1 and V4 be vector spaces over the field F. Assume f; € L(V;,F),
i=1,2. Define f : V3 x Vo = F by f(v1,v2) = fi(v1)f2(vs). Prove that f is

a bilinear form.

4. Let V and W be vector spaces over F. An element ¢ of V ® W is said to be
decomposable if there are vectors v € V and w € W such that t = v @ w
and indecomposable otherwise. Prove if dim(V) > 1 and dim(W) > 1, then
there exists indecomposable elements in V ® W.

5. Let (v1,...,v,) be linearly independent in the vector space V and w; €
W,1 < i < n, be vectors in the space W. Assume Z?:l v; @ w; = Oygw.
Prove that wy = --- = w,, = Oy .

6. Let V and W be finite-dimensional vector spaces over F and Z a vector
space over F. Assume there is a bilinear map f : V x W — Z which satisfies
the following:
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a) For every z € Z, there is a natural number m and vectors v1,...,v,, €
V,wi, ..., wy, € W such that z = f(v1,w1) + -+ + f(Um, Wn).

b) If (x1,...,2,) is a basis for V, y; € W,1 <i < n, and f(x1,y1) + - +
f(mn,yn):(), then yl::yn:OW

Prove that (Z, f) is the tensor product of V' and W.

7. Let V, W, and Z be vector spaces over a field F. Use the fact that the tensor
product is a solution to a universal mapping problem to prove that B(V, W; Z)
is isomorphic to L(V @ W, Z).

8. Let V be a vector space over the field F and treat F as a vector space over
F of dimension 1. Prove that F ® V' is isomorphic to V.

9. Let V, W be vector spaces over a field F and assume that X is a subspace
of V and Y is a subspace of W. Let Z be the subspace of V ® W spanned by
all elements * ® y where x € X,y € Y. Prove that Z can be identified with
X®Y.

10. Let V and W be finite-dimensional vector spaces over the field F and
Y1, Y, subspaces of W. From Exercise 9, we may identify V ® Y7 and V ® Y,
as subspaces of V@ W. Prove that (V@ Y1)N(V®Ys:) =V ® (Y1 NY2).
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10.2 Properties of Tensor Products

In this section we make use of the definition of the tensor product as the
solution to a universal mapping problem to prove several functorial properties.
We show how a tensor product of linear transformations can be defined to
obtain a transformation from one tensor product to another. We also show
how to compute the matrix of a tensor product of transformations from the
matrices of the transformations.

What You Need to Know

To make sense of the new material in this section, it is essential that you have
mastery over the following concepts: vector space, basis of a vector space,
dimension of a vector space, finite-dimensional vector space, linear transfor-
mation, coordinate vector with respect to a basis, matrix of a linear trans-
formation, an algebra over a field, multilinear map, multilinear form, bilinear
map, bilinear form, and the tensor product of vector spaces.

Most of the proofs in this section will make use of the definition of a tensor
product of vector spaces and exploit the uniqueness of the tensor product as
demonstrated in Theorem (10.1). Our first result will lead to an associativity
property and ultimately be used in the definition of the tensor algebra of a
vector space.

Theorem 10.3 Let Vi,..., Vs, Wy,..., Wy be vector spaces over the field F.
Then (V1®- - -QV5)@(W1®- - -@W4) is isomorphic to V1®- - - QV,W1®- - - QW;.

Proof For notational convenience, set
V=V1®---®VS,W=W1®---®W,5
X=VaWy=Ve - @V,eW - - - W,.

Let f be the map from Vi X --- X Vg x Wy x -+ x Wy to X given by

for, .., v5,wi,...,w) = (V1 Q- Q) ® (W ® - @ Wwy).

The map f is multilinear and therefore by the universality of Y there is a
linear map T 'Y — X such that

T1 @ QU QW1 Q- Quwy) = (11 R Qug) @ (W1 ® - Qwy).
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We will prove the existence of a linear map S : X — 'Y such that

S((’Ul®"'®Us)®(’w1®"'®wt)):U1®"'®Us®w1®"'®wt'

Since X is generated by all elements (V1 @ -+ @ V) @ (W1 @ -+ @wy) and Y
is generated by all elements v1 ® -+ Q@ Vs @ W1 R - -+ Q@ wy, it follows that S
and T are inverses of each other and consequently X and Y are isomorphic.
Let w; € W;,1 < j <t and let g(wi,...,we) be the map from Vi x --- x V;
toY given by g(wi,...,w)(v1,...,05) =01 Q- QU QW1 Q- Rwys. Then
g(wy, ..., wy) is a multilinear map and therefore by the universality of V' there
exists a linear map o(ws,...,w:) from V to Y. By varying (wq,...,w;) €
Wi x -+ x Wy, we get a map o from Wi X --- x Wy to L(V,Y). We claim that
o is a multilinear map. For example, suppose w} € Wy. Then

o(wy +wi,wa,...,w)(v1 ® - ®vs) = g(wy + Wi, wa, ..., w)(v1,...,0s)

@D, ® (W + W)@ D w,
—U @RV OW D DW V@ DV D W, D D wy
=g(wy,...,w)(v1,...,05) + glwi,...,w)(v1,...,0s)
=o(wy,...,w) (V1 ® - QVs) + o(w],wa, ..., w) (V] ® - D vy).
Since V' is spanned by all vectors of the form vi ® --- ® v, it follows that
o(w; + wi,wa,...,w) =o(wi,...,ws) +o(w,...,w).
In a similar way, we can prove that o(cws,...,w;) = co(wi,...,w:). The

other arguments are proved in exactly the same way.

Since o is a multilinear map from Wy x --- x Wy to L(V,Y'), there is a linear
map 0 : W — L(V, X)) such that for w; e W;,1<j<t, d(w1 Q- - Quw,) =
o(wi,...,ws). Now define the map h: Vx W =Y by h(v,w) = o(w)(v).
This is a bilinear map as can be easily checked. It follows by the universal
property of V@ W that there is a linear map S : V@ W — Y such that for
veV,weWSvew)=h(v,w) =0(w)(v). In particular, this is true if
V=01® - Qus and w =wi Q --- Qws. We then get

S((’Ul®"'®vs)®(w1®"'®wt)) = 3(wl®---®wt)(v1®---®vs)
= o(wy,...,w)(v1 @ Rwy)
vl®®vs®wl®®wt'

As an immediate corollary we have
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Corollary 10.2 Let V,W, X be vector spaces over the field F. Then the tensor
products V@ (W X), VeoW)® X, and VW & X are isomorphic.

The following result can be proved by similar methods using the universal
property of the tensor product. It generalizes Exercise 2 of Section (10.1).

Theorem 10.4 Let Vi,...,V,, be vector spaces over the field F and 7 a per-
mutation of {1,2,...,m}. Then V1®- - -@V,, is isomorphic to Vi (1)®- - -@Vz(m)
by a linear map which takes v1 @ -+ @ Vi 10 V(1) @+ @ VU (p)-

Our next result shows how to extend transformations defined on two or more
vector spaces to a transformation of their tensor product.

Theorem 10.5 Let Vi,...,V,,W1,..., W, be vector spaces over the field F
and for each i, let S; : V; — W; be a linear transformation. Then there is a
unique linear transformation S : Vi ® --- @V, > W1 ® --- ® W), such that if
v e Vi, 1 <i<n, then S(v1®---®@vy,) =S1(v1) ® -+ @ Sy(vy).

Proof Denote by v the canonical map from Vi X -+« XV, to V1 ® - - @ V,,,

Y1, V) =V Q- R Uy

and similarly denote by ~' the corresponding map from Wi X --- x W, to
Wi®- @ W,.

Let o be the map from Vi X --- x V,, to W1 ® --- @ W, defined by
U(vla-“vvn):Sl(v1)®"'®sn(vn)'

Since v is multilinear and each S; is linear, it follows that o is multilinear.
By the universal property for V1 ®-- -V, it follows that there exists a unique
linear map S from V1 ®@--- @V, to W1 ®---® W, such that So~ = o. Taking
the image of (v1,...,v,) we get

S(v1 @ Q@vy) =51(v1) @+ ® Sp(vn).

Definition 10.3 Let V;, W;,1 < i < n be vector spaces over the field F and
S; + Vi = W; be linear transformations. We denote by S1 ® --- ® S, the
unique linear transformation S : Vi ® --- @V, - W1 ® --- ® W,, such that
Svi®@ - Q@v,) =51(v1) @ - ® Sy(vy) for v; € V. We refer to this as the
tensor product of the linear transformations Sy, ..., Sny.
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The next lemma indicates what conclusions we can draw about the tensor
product of linear transformations from information about the individual trans-
formations.

Lemma 10.2 Let S; : V; — W, be linear transformations of the vectors spaces
Viyoo oy Vi, Wa, ..., W, over the field F. Then the following hold:

1) If each S; is surjective, then S1 ® -+ ® Sy, is surjective.
ii) If each S; is injective, then S1 ® --- ® Sy, is injective.
11) If each S; is an isomorphism, then S1 ® --- ® S,, is an isomorphism.

w) If T; : W; — X, is a linear transformation where X1, ..., X, are vector
spaces over F, then (T ® - @T,)(S1® - ®85,) = (T151) ® -+ @ (T1,Sy).

v) If each S; is an isomorphism, then (S @ ---®S,) ' =51 ®@---® S, L.

vi) If S : Vj — W is also a linear transformation, then

51®---Q(8;+855)® @Sy, = (51®---®8;® - -Q®8p)+(51®- - -®S;®- - -QSy).
vit) If ¢ is a scalar, then for 1 < j<mn

$1@-®cS;®@ @8, =c(S1 0 ®5;®---@5p).

Proof For notational ease we will prove these in the case that n = 2. The
general proof can be obtained in exactly the same way by changing 2 to n and
inserting dots (... ) between 2 and n.

1) We know that W1 ® Wy is spanned by all decomposable vectors wy ® wa,
where w; € Wy, i = 1,2. It therefore suffices to prove that every decomposable
vectors in W1 ®@Ws is in the range of S1®.S2. However, as each S; is surjective,
given w1 € Wy, we € Wa, there exists v1 € Vi,v9 € Vo such that Si(vy) =
w1, Se(v2) = we. Then

(S1® S2)(v1 ®v2) = S(v1) ® Sa(v2) = w1 ® wa.

ii) Let B; be a basis for V; fori=1,2. Then B1 @ Ba = {v1 Quva|v1 € By, v €
B2} is a basis for Vi @ Va. To show that S1 ® Sy is injective, we need to
show that (51 ® S2)(B1 ® By) = {(51 ® Sz)(’vl ® v2)|v1 € By,vy € 82} =
{S1(v1) ® Sa(v2)|v1 € By,v2 € Ba} is linearly independent. To do so we need
to show that for every finite subset of D of B1®Bs that (S1®S2)(D) is linearly
independent.

Suppose D = {x1@Y1,...,T: @Y}, where x; € By and y; € Ba. Of course, it
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may be the case that not all x; ory; are distinct, so let (v11,...,V1,m,) be dis-
tinct such that {v11,...,V1,m, } = {1, ..., @&} and, similarly, (va1,...,V2.m,)
be distinct such that {va1,...,V2.m,} = {y1,...,Ye}. Then D is contained in
E = {v1;,®v9;]1 <i<mq,1 < j<my}. Therefore, it is suffices to show that
(S1 ® S2)(E) is linearly independent.

Since Sy is injective and (v11, . . ., V1,m, ) 18 linearly independent, it follows that
(S1(v11), ..., S1(v1,m,)) is linearly independent in W1. Likewise, (S2(v21), ...,
S2(V2,m,)) is linearly independent in Wa. Then (S1(v11),...,51(V1.m,)) can
be extended to a basis By of Wi and (S2(v21),...,S52(V2.m,)) can be extended
to a basis By of Wa. By Theorem (10.2), B} @ B is a basis of W1 @ Wa.
In particular, B} @ BY is linearly independent. Consequently, (S1 ® S2)(E) is
linearly independent.

iii) This follows from i) and ii).

iv) The linear map (T151) ® (T2S2) is the unique linear map from Vi ® Va to
X1 ® X5 that takes v1 @ v2 to (T151)(v1) ® (T252)(v2). However, the image
of v1 ® vy under the linear map (Ty ® T2)(S1 ® S2) is (Th ® Ta)(S1(v1) ®
Sg(vg)) =T1(5 (’Ul)) ® TQ(SQ(UQ)) = (TlSl)(vl) & (TQSQ)('UQ). Therefore, by
the uniqueness (T1 @ T2)(S1 ® S2) = (1151) ® (T2.52).

v) By part w), we have (S1® S2)(S;' @ S; 1) = (81571 ® (8255, 1) = Iy, @
Iw, = Iw,ow, and (ST ®S51)(S1®S2) = (S7181)® (S5 8s) = Iy, @ Iy, =
IV1®V2'

vi) Both maps (S1+ S7) ® Sz and S; ® Sz + 5] ® Sy take a vector v1 ® vy
to (S1+ S7)(v1) ® S2(v2) and consequently they are identical. Likewise, S1 ®
(S2 4 55) = (S1 ® S2) + (5] ® Sa).

vit) Each of the linear maps (¢S1)®S52, 51 ®(cS2) and ¢(S1®S2) take v1®@vy to
the vector ¢[S1(v1) ® S2(v2)] and so they are identical linear transformations.

We will shortly investigate the relationship between the matrix of S1®---® S,
and the matrices of the transformations 51, ..., .S,. However, before doing so,
we determine how the tensor product behaves with respect to direct sums. In
order to obtain our main result we need to get a characterization of the direct
sum of finitely many vector spaces.

Assume the vector space V =V & --- @V, is the external direct sum of
the spaces Vi,...,V,. Recall that V has as its underlying set the Cartesian
product V; x -+ x V,,. Addition is given by

(V1,...,0,) + (w1,...,w,) = (V1 +w1,...,0, +wy,)

and scalar multiplication by

c(v1,...,v,) = (cv1,...,cvp).
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Let 0; denote the zero vector of V; and ¢; : V; = V be the linear map defined
by 61'(’01') = (017 .. .,Oi_l,vi,OHl, e 7On). AISO7 let 7 : V. — V; be given by
mi(v1,...,0,) = v;. Then the following hold:

a) mie; = Iy,; and
b) Z?:l €; Ty = Iv.

In fact, these properties characterize the space V as the direct sum of the
spaces Vi, ..., V,. Making use of this we can now prove our result on direct
sums and tensor products:

Theorem 10.6 Assume W and V' are vector spaces over the field F and V =
Vi - @®V,. Then W YV is isomorphic to (W V1) ®---®& (W QV,).

Proof Sete; = Iyw®e;, a linear map from WRV; to WRV | and 7; = Iw Q@
a linear map from WV to W V.

By part ) of Theorem (10.4), we have 7;€; = Iw @ mie; = Iw ® Iv,. Further-
more, by parts iv) and vi) of that result

n

n
E /E\z%z = § IW ®617Tz

=1 i=1

=Iw ®Z€iﬂ'i =Iw ®1Iy.
=1

By the remarks preceding the theorem, these two conditions imply that WQV =
We(W @@ Vy,) is isomorphic to (W V))& ---d (W R V,).

We complete this section by determining the matrix for a linear transformation
obtained as the tensor product of linear transformations. We do this for the
case of the tensor product of two spaces, but the results can be extended to
the tensor product of finitely many spaces.

Let X be a vector space with basis Bx = (x1,..., %) and Y a vector space
with basis (y1,...,Yn). We have shown by taking the tensor products of the
x; with the y; we obtain a basis for X ® Y. However, our bases are more
than just independent spanning sets: they are ordered. We will adopt the
convention that we order a basis for a tensor product obtained by taking the
tensor product of bases lexicographically. This means that x; ® y; comes
before o) ® y; if either ¢ < k or ¢ = k and j < I. We will denote this basis by
Bx ® By.

Let S; : Vi — W, be linear transformations for ¢ = 1,2 and let By, =
(Vi1,...,Vipn,;) be a basis for V;,i = 1,2 and Bw, = (w;1,...,W;m,) be a
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basis for W;,i = 1,2. Let A = Mg, (By;,Bw,) and B = Mg, (By,, Bw,).
Then A is an m1 X nqp matrix and B is an mo X ng matrix. Assume the en-
tries of A are a;; and the entries of B are by;. Recall that this means that

a14 blj

@24 b2j
[S1(v1j)]Bw, = | . and [S2(va;)|Bw, =

Amy 5 bsz

We want to determine the matrix of S; ®52 with respect to the bases By, ® By,
and Bw, ® Bw,. Thus, we have to determine the coordinates of the image
(S1 ® S2)(v1; ® va;) with respect to the basis By, ® Bw,.

(51 ® S2)(v1i ®vz5) = Si(vii) ® S2(v2))

mi ma

= g aki'wlk@E bijwo
k=1 =1
mi1 Mo

= Z Z aribjwir ® way.

k=11=1

Taking into account our lexicographical order, the coordinate vector of (57 ®
S2)(v1; ® vg;) with respect to By, ® By, is the following vector:

aliblj
a1;b2;

a1ibms, j
a2:b1;
a2;ba;

a2ibms, j

aml,iblj
Amy,ib2;

am&ibmzd

Let b = [S2(v2;)|Bw, - In words, the coordinate vector of (51 ® S2) of v1; ® va;
with respect to By, ® By, is b multiplied by a;; followed by b multiplied by
az; and so on until the last m; coordinates are obtained by multiplying b by
@, ;- The form of this matrix will be much clearer after the next definition.
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Definition 10.4 Let A be an m1 xny matriz with entries a;;,1 <1 <mq,1 <
7 < ny and B an mo X no matriz. The tensor or Kronecker product of A
and B, denoted by A ® B, is the block matriz

a11B CngB . alymB
ang CLQQB . agymB
a/ml',lB athB e aml,mB-

A® B is an mims X ning matriz.
We have thus proved

Theorem 10.7 Let S; : V; — W; be linear transformations fori = 1,2, By, =
(Vi1, ..., Vip,) be a basis for Vi, i = 1,2, and By, = (wi1, ..., Wi,m,) be a basis
for Wi, i =1,2. Finally, set A= Mg, (Bv,,Bw,) and B = Mg, (Byv,, Bw,).

Then

M51®52(BV1 ® By, Bw, ®BW2) =A®B.

Exercises

1. Let V1, Vi, V3 be vector spaces over a field F and 7 a permutation of {1, 2, 3}.
Prove that V1 ® Va2 ® V3 is isomorphic to Vi) @ Vio) @ Vi(a).

2. Let S; : V; = W;,1 < i < m be linear transformations, where Vi,...,V,,
are finite-dimensional vector spaces over the field F. Set R; = Range(S;) and
R = Range(S1®---® Sp,). Provethat R=R1 ® -+ ® Ry

3. Let S; : V; = W;,1 < i < m be linear transformations, where V7,...,V,,
are finite-dimensional vector spaces over the field F. Set K; = Ker(S;) and
K=Ker(S$1® ---®8y,). Forl1<j<m,set X; =V ®---0V;.1 0 K; ®
Vig1 ® - ®@ V. Prove that K = X +--- + X,,.

4. Let A be a k x [ matrix and B an m X n matrix. Prove that the rank of
A® B is rank(A)rank(B).

5. Let V and W be finite-dimensional vectors spaces, S an operator on V', and
T an operator on W. Prove that S ® T is nilpotent if and only if S is nilpotent
or T is nilpotent.

6. Let V and W be finite-dimensional vector spaces, S a cyclic diagonalizable
operator on V with eigenvalues aq,...,a,, and T a cyclic diagonalizable
operator on W with eigenvalues f, ..., 8,. Assume that a;0; are all distinct.
Prove that S ® T is cyclic.

7. Give an example of a cyclic diagonalizable operator S on a space V with
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distinct eigenvalues and a cyclic diagonalizable operator 7" on a space W with
distinct eigenvalues such that S ® T is not cyclic.

8. Let V and W be finite-dimensional vector spaces, S an operator on V, and
T an operator on W. Assume (S — aly ) = 0y v and (T — BIw )" = Ow _w.
Prove that [(S® T) — af(Iv @ Iw)|* = Ovewvew.

9. Let V' be a vector space over the field F and let K be an extension of F (a
field which contains F.) We have seen that by using the addition of K and the
restriction of the multiplication of K to F x K, that K becomes a vector space
over F.

Set Vk = K®p V (we have attached the subscript F to the tensor product
to indicate that this is a tensor product of F-spaces). Let ¢ € K and v =
Yo, a; ®F v, an element in K ®@p V. Define the product ¢v by

n
c E a; QF V;
=1

Prove that this satisfies the axioms for scalar multiplication and, consequently,
Vk, is a vector space over K. This construction is known as “extending the base
field” of the space V. It is often used when non-linear irreducible factors divide
the minimum polynomial of an operator on a space V. In such a situation the
field K is taken to be an extension of F which contains all the roots of all the
irreducible polynomials that divide the minimum polynomial.

n

= Z(cai) XF V.

i=1

10. Assume V is a finite-dimensional vector space over F with basis B =
(v1,...,v,) and that K is an extension field of F. Set ¥; = 1 ®p v; and

~

B = (v1,...,0,). Prove that B is a basis for Vk.

11. Let V, W be finite-dimensional vector spaces over F and K an extension
field of F. Let Lx(Vk, Wk) denote all K-linear transformations from the K-
space Vi to the K-space Wk. Prove that Lx(Vk, Wk) is isomorphic to K ®p
L(V,W) as K-spaces.

12. Assume S; : V; — V;,i = 1,2 are operators of the finite-dimensional vector
spaces V1, V. Prove that Tr(S1 ® S2) = Tr(S1)Tr(S2).

13. Let E be an m x m elementary matrix. Prove that det(E® I,,) = det(E)™.

14. Let Vi have dimension m, V5 have dimension n, and let S; : V; — V; be
operators. Prove that det(S7 ® S2) = det(S1)"det(S2)™.
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10.3 The Tensor Algebra

In this section we use the tensor product to construct a universal algebra for
a given vector space V.

What You Need to Know

To make sense of the new material in this section, it is essential that you
have mastery over the following concepts: vector space, direct sum of a fam-
ily of vector spaces, basis of a vector space, dimension of a vector space,
finite-dimensional vector space, linear transformation, coordinate vector with
respect to a basis, matrix of a linear transformation, an associative algebra
over a field, multilinear map, multilinear form, bilinear map, bilinear form,
the tensor product of vector spaces, and the tensor product of operators.

Before we begin our construction, we recall the definition of the direct sum
of an arbitrary collection of vector spaces:

Let C = {V;]i € I} be a collection of vector spaces over F. By the direct sum
@ic1V; we mean the set of all maps f : I — U;e/V; such that a) f(z) € V;;
and b) spt(f) is finite.

Addition and scalar multiplication in @ C are defined pointwise: (f + g)(i) =
f(i) + g(i) and (cf)(i) = cf(i). Clearly, spt(f + g) C spt(f) U spt(g) and
spt(cf) = spt(f) for ¢ # 0, so, indeed, [+ g,cf € ® C.

Let € : Vi — @ierVi be the map such that ¢;(v)(j) = Oy, if j # i and
€ (v)(i) = v.

We will need the following theorem that characterizes the direct sum of a
family of subspaces C as the solution to a universal mapping problem.

Theorem 10.8 Let C = {V;|i € I} be a family of vector spaces over a field .
Let W be a vector space over F and assume there are linear maps g; : V; — W.
Then there exists a unique linear transformation G : ®;e;V; — W such that
Goe =g

Proof Let f € @;c/Vi so that f is a map from I to U;e[V; with f(i) € V;
and spt(f) finite. Suppose then that spt(f) = {i1,...,it}. Then define G(f) =

t

> 90 (f(i))-

j=1

We leave it to the reader to show that this is a linear transformation and if G
exists then it must be defined this way, that is, it is unique.
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Theorem 10.9 Assume C = {V;|i € I} and D = {W;|i € I} are two families
of vector spaces over a field F, both indexed by the set I. Assume S; : V; — W;
are linear transformations. Then there exists a unique linear transformation

S @ierVi = ®ict Wi such that S(f)(i) = Si(f(7)).

Proof Leti € I and let §1 Vi = @ietW; as follows: §1(m)(]) = Ow, if
j # i and S;j(z)(i) = Si(x). This is a linear transformation. By Theorem
(10.8) there is a unique linear map S : @ie1Vi = BictW; such that S(f)(i) =

Si(f (@) = S(f(2))-
We will need the following lemma:

Lemma 10.3 Let C = {Vi|I € I} and D = {W;li € I} be two families
of wvector spaces over a field F and for each i € I, let S; : V; — W, be a
linear transformation. Let S : ©;c1Vi — @Bic1W; be the linear map such that
S(f)(i) = Si(f(@)). Then the following hold:

1) If each S; is surjective then S is surjective.
i) If each S; is injective then S is injective.

11) If each S; is bijective then S is bijective.

Proof i) Let g € ®ieW;. Let J = spt(g).
j € J there exists vj € V; such that Sj(v;) =
element with spt(f) = J and for j € J, f(j
surjective.

ii) Suppose f € Ker(S). Then for each i € I,S;(f(i)) = Ow,. However, since
S; is injective it follows that f(i) = Oy, and therefore f is the identity of
GicrVi-

iii. This follows from i) and ).

Since each S; is surjective for
9(j). Now let f € ®;ecV; be the
= wv;. Then S(f) =g and S is

We will also need to recall some concepts about algebras over a field F.

An associative algebra over a field F is a pair (A, -) consisting of a vector
space A over T together with a map - : A x A denoted by (a1,a2) — a3 - as,
which is bilinear and also satisfies (a1 - az2) - ag = a1 - (az - a3).

Also, if A and A’ are algebras over FF, by an algebra homomorphism we mean
a linear transformation o : A — A’ such that o(a-b) = o(a) - o(b).

Now let V' be a vector space over the field F. We define a sequence of vector
spaces T(V) for k € NU {0} = Z>( as follows:

To(V)=F, T1(V)=V and for k > 1
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k times
(V)=Vav av.
Finally, set

TV) = Te(V).

Remark 10.2 Assume V is an n-dimensional vector space and k € Z>o.
Then the dimension of Tr.(V') is nk.

It is our goal to show that there is a natural definition of multiplication on
T (V) that makes it into an associative algebra. Before doing so, we introduce
some terminology and notation.

Definition 10.5 Assume © € T(V),x # Opqy. Then spt(x) # 0 and is
finite. Assume x(d) # O,y but (k) = 07, vy for all k > d. Then we will
say that the degree of  is d.

An element x € T (V) is said to be homogeneous of degree d if x € Ty(V).

More generally, when x € T(V) and i € spt(x) we will say that x(i) is the
homogeneous part of = of degree i. We will often abuse notation and express
x as a sum of its homogeneous parts rather than as a function from Zxg.

Example 10.1 Let V have dimension one with basis v.
k times

—_——
Then Te(V) ={cv®---@v|c € F}. Thus, the dimension of T(V') is one for
each k. The general element of degree 3 is

co+ v+ c2(v®@v) + c3(v® v ®wv) with ¢z # 0.

Example 10.2 Let V have dimension 2 with a basis (vi,vs). Then To(V) is
spanned by (v1 ® v1,V1 ® Va3, V2 @ V1,2 @ va). The typical element of degree
two s

Co + €11 + C2V2 + €11V1 Q V1 + C12V1 @ V2 + C21V2 ® V1 + C22V2 K Va,

where at least one of c11, c12, Co1, C22 1S Not zero.
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Suppose z € T (V) and y € T;(V). Then x @ y € T (V)@ T(V) =
k times I times

Ve - VeVe---eV.

By Theorem (10.3), 7% (V) @ T;(V') is isomorphic to T1;(V) by a transforma-
tion that takes (1 ® - QUE) Q@ (W1 ® - QU) OV ® - QUERWI Q- - - D wy.
Using this isomorphism, we will identify 7 (V) ® T;(V) with Trp(V). We
extend this to a multiplication of 7(V) in the following way:

Assume x has degree d,x = xg + ... x4, where x; € T;(V) and y has degree
e,y =1Yo+ -+ Y. and assume 0 < k < d + e. Define

(@-yr= > Ty,

itj=k
d+e
We then set ¢ -y =", "0 (- y)k-
Example 10.3 Let V be two-dimensional and spanned by vi,vs over R. Sup-

pose & = 3 + [—2v1 + va] + [4(v1 ® v1) — 3(v2 ® v2)] and
y=14[2(v1 ®v2) — (v2 @ v1)] + 2(v1 ® V1 Q V1 ® v3). Then

(z-y)o =3,

(- y)1 = —2v1 + vo,

(- y)2 = 4(v1 ®v1) + 6(v1 @ v2) — 3(v2 @ V1) — 3(v2 ® V2),

(x-y)s = —4v1 QU1 ® V3 + 201 ® V2 QU1 + 2V3 @ V] ® V2 — V2 ® V3 ® V1,
(£ -y)s=14(v1 @V ® V1 QV3) —4(v1 ® V1 Q@ V2 ® V1)

— 6(’02 RV PV @ ’Uz) + 3(’02 X V2 @ Vo ®’Ul).
We will henceforth write xy for @ - y when x,y € T(V).

Lemma 10.4 The multiplication of T(V') is bilinear: If x1, x2,y € T(V) and
c €F, then

(T1 + x2)y = T1Y + T2Y,
y(T1 + x2) = yx1 + Y2,

(cx)y = z(cy) = c(zy).
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Proof The additive properties hold because of the way multiplication has
been defined. If x and y are decomposable tensors, then the scalar property is
satisfied because of the multilinearity of the tensor product. The scalar property
then holds for arbitrary * and y as a consequence of the additive properties.

Lemma 10.5 For any elements x,y,z € T(V),

(zy)z = z(y2). (10.9)

Proof This follows from the bilinearity of multiplication and the fact that
(10.9) holds for decomposable vectors.

In consequence of the previous two lemmas, we have:

Theorem 10.10 Let V' be a vector space over a field F. Then T (V) is an
associative algebra over .

Definition 10.6 Let V' be vector space over the field F. Let v+ : V. — T (V)
be the map t(v) = (0,v,07,v), 075 (vy,-..). This is an injective linear map
and can be used to identify V with the subspace of T(V) consisting of all
homogenous elements of degree 1 together with 0. The pair (T (V), 1) is the
tensor algebra of V over F.

Not only is T (V) an associative algebra, but the pair (7(V),:) is universal.
We make the concept of universal precise and prove this assertion in the
following theorem.

Theorem 10.11 Let V' be a vector space over a field F, A an associative
algebra over F, and S : V. — A a linear transformation. Then there ezists a
unique algebra homomorphism o : T (V) — A such that c o1 = S.

k times

——
Proof Set V¥ = V x..-xV. Define a map S* : V¥ — A by
Sk(vy,...,v) = S(v1)S(v2)...S(vk). Then S* is a multilinear map. By the
universality of Tr(V'), there is then a unique linear map oy, : T(V') — A which
maps a decomposable tensor v1 ® -+ @ vi to S(vy)...S(vk).

By the universality of the direct sum @p>oTi(V), there is then a unique linear
transformation o : T(V) — A such that o restricted to Ti,(V') is 0. We claim
that o is an algebra homomorphism. Since o is a linear transformation it only
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remains to show that o(xy) = o(x)o(y). However, since o is linear we need
only prove this for x,y homogenous and, in fact, only for the case where x
and y are decomposable tensors. Thus, we may assume that € = 11 ® - - Q v,
and y = w1 ® - Qw;. Then

Ty = 1R - RQUpQw; - Qw,
U(my) = Uk-i-l(’Ul®"'®’Uk®’w1®'--®wl)
S(vy)...S(vr)S(wy) ... S(wp).

On the other hand

ok(v1 ® - @) = S(vy)...5(vr)
Ul(wl ® ®’lUl) = S(wl)S(wl)

o(z)

o(y)

Then
o(@)o(y) = [S(v1)...S(ve)][S(w1)...S(w;)] = o(xy).

In addition to being universal, the tensor algebra, 7(V'), of a vector space V
is an example of a graded algebra, a concept we now introduce.

Definition 10.7 An algebra A is said to be Z-graded if it is the internal
direct sum of subspaces Ay, k € Z, such that

.Ak.Al C Ak+l-

Elements of Aj are said to be homogeneous of degree k.

When 0 # x € A, we can write  uniquely as o sum aj, + --- + a;j, where
J1 < <jrand 04 # aj, € Aj,. We will refer to aj, as the homogeneous
part of x of degree j;.

We work out a couple of examples to give the reader a feel for the tensor
algebra.

Example 10.4 Let V be a one-dimensional vector space with basis . Let x*
k times

—
denote the vector T ® --- ® x, which is a basis for Tg(V'). Note that ¥ - 2! =
k@ ! =kt

A typical element of T(V') of degree d is (ap, a1z, azx?, . .., aqz?,0,...). Recall
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we represent this by the expression ag + a1 + agx® + -+ - + aqgx®. Moreover,
the product of this element with an element by + byx + - - - + bex® is

d+e

Z Z aibjwk.

k=01,j>0,i+j=k

This should be familiar. In this case, the tensor algebra T (V) is isomorphic
to F[x], the algebra of polynomials in a single variable with coefficients in F.

Definition 10.8 Let x and y be two indeterminates over F, that is, symbols
not used to represent elements in F. Let Wi{x,y} consist of all words of length
k in x and y. We define the product w-w' of a word w of length k and a word
w’ of length | as the word of length k + 1 obtained by concatenating w' to the
right of w. Set Fo{x,y} = F and define Frp{x,y} to be the F-vector space based
on Wi{z,y}. Finally, let F{x,y} be the direct sum of {Frp{z,y}|k > 0}. This
is the algebra of polynomials in two non-commuting variables over F.

When V has dimension two with a basis (x,y) then 7(V) is isomorphic as
an F-algebra to F{x,y}. This can be generalized to larger, finite-dimensional
spaces.

We now investigate the extension of linear transformations between vector
spaces to their respective tensor algebras. Before doing so we define what is
meant by a homomorphism of Z-graded algebras.

Definition 10.9 Assume A = @pez A, and B = OpezlB, are Z-graded al-
gebras. A Z-graded algebra homomorphism from A to B is a linear map
~v: A— B such that

1) for every ai,az € A,v(a1a2) = v(a1)y(az); and
2) for every n € Z,v(A,) C B,

In our next theorem we show how a linear transformation S : V. — W induces
a Z-graded homomorphism 7(S) : T(V) — T(W).

Theorem 10.12 Assume V' and W are vector spaces over F and S : V — W
is a linear transformation. Then then there exists a unique Z-graded algebra
homomorphism T (S) : T(V) — T (W) such that iy oS = T (S)owy. Moreover,
forvi,. v €V, T(01 @ @vg) = S(v1) ® - @ S(wg).
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Proof The composition vy o S is a linear map from V to the associative
algebra T(W). By Theorem (10.11) there is a unique algebra homomorphism
TS) : T(V) = T(W) such that tw o S = T(S) o vy. It remains to show
that T (S) preserves the gradings, that is, for k € Z>o, T(S)(Te(V)) C Te(W).
For k € {0,1} this is clear. Suppose k > 2. It suffices to prove if (v1,...,vg)
is a sequence of vectors from V then T(v1 @ -+ @ vi) € Tp(W). However,
TS (1@ - Q) = S(v1) @@ S(v) € Te(W). The last part follows

since T(S) is an algebra homomorphism.

Let S : V — W be a linear transformation of vector spaces. We can use
Lemma (10.2) to draw conclusions about the algebra homomorphism 7 (.5)
from information about S. We leave the proof as an exercise.

Lemma 10.6 Let S : V — W be a linear transformation of vector spaces.
Then the following hold:

i) If S is surjective, then T (S) is surjective.
i) If S is injective, then T (S) is injective.

iii) If S is an isomorphism, then T (S) is an isomorphism.
The map S — T(S) behaves well with respect to composition:

Theorem 10.13 Let V,W, and X be vector spaces over F, R a linear map
from'V to W, and S a linear map from W to X. Then T(S-R) = T(S)-T(R).

By specializing in Theorem (10.13) to the situation where X = W =V, we
get the following.

Theorem 10.14 The map T induces a homomorphism from the group of
units, GL(V'), in L(V, V) to the group of units in L(T(V), T(V)), GL(T (V)).
Exercises

1. Complete the proof of Theorem (10.8).

2. Prove part i) of Lemma (10.6).

3. Prove part ii) of Lemma (10.6).

4. Prove Theorem (10.13).

5. Let V be a three-dimensional vector space over R and assume S € L(V, V)
is an operator with distinct eigenvalues 2, 3,5. Determine the eigenvalues of
T3(S) : T3(V)) — T3(V) along with their multiplicities.

6. Let V' be two-dimensional vector space over R and assume S € L(V,V) is
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an operator with distinct eigenvalues 2, 3. Then S is a cyclic operator. Prove
that 73(S) : T2(V) — T2(V) is not cyclic.

7. Let R,S be operators on a vector space V. Either give a proof or else a
counterexample to the statement T(R+ S) = T(R) + T(S).

8. Assume S is an operator on the n-dimensional vector space V and let
R = Range(S) and K = Ker(S). Further, set R, = Range(T;(S)) and
K; = Ker(T,(5)). Is T/(V/K) isomorphic to 7;(V)/K;? Give a proof or a

counterexample.

9. Define 1, : V¥ — T(V) by w(v1,...,v1) = v1 ® -~ @ vp. This map is
k-multilinear. Prove that (7. (V), ;) is universal, that is, if W is an F-vector

space and f : VF — W is a k-multilinear map then there exists a unique linear
map F : T;(V) — W such that F oy, = f.

10. Assume S € L£(V, V) is a nilpotent operator. Prove that T (S) is a nilpotent
operator for all k.

11. Let V be a finite-dimensional vector space over a field F and S an operator
on V. Find and prove a formula for T7(7(S)) in terms of Tr(S).

12. Let V be an n-dimensional vector space over a field F and S an operator
on V. Find and prove a formula for det(7;(S)) in terms of det(S).
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10.4 The Symmetric Algebra

In this section we introduce the notion of a homogeneous ideal in a Z-graded
algebra. We apply these ideas to the tensor algebra and construct the sym-
metric algebra of a vector space as quotient space of the tensor algebra by a
particular homogeneous ideal. We also show that the symmetric algebra of an
n-dimensional vector space over a field [ is isomorphic to the algebra of poly-
nomials in n commuting variables. We will prove that the symmetric algebra
is a solution to universal mapping problem.

What You Need to Know

To be successful in understanding the material of this section, you should have
already gained mastery of the following concepts: vector space, direct sum of
a family of vector spaces, basis of a vector space, dimension of a vector space,
finite-dimensional vector space, linear transformation, coordinate vector with
respect to a basis, matrix of a linear transformation, an associative algebra
over a field, ideal in an algebra, multilinear map, multilinear form, alternating
multilinear map, alternating multilinear form, the tensor product of vector
spaces, the tensor product of operators, the tensor algebra, and a Z-graded
algebra.

We will also make some use of concepts from ring theory, specifically what it
means for an ideal in a ring to be generated by a set of elements of the ring.

We will need the concept of a homogeneous ideal of a Z-graded algebra and
we begin with this definition.

Definition 10.10 Assume A = Qrez Ak is a Z-graded algebra. An ideal T of
A is homogeneous if whenever * € I and a is a homogeneous part of x,
then a € Z. This is equivalent to the statement that Z is equal to the direct
sum of its subspaces T, = T N Ag.

Remark 10.3 Assume A = ®pezAx is a Z-graded algebra and I is a homo-
geneous ideal. Set T, = TN Ay, for k € Z. Then

A/T = Sker Ak /L.
Consequently, A/T is a Z-graded algebra.

The following result characterizes homogeneous ideals.
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Lemma 10.7 LetZ be an ideal in a Z-graded algebra A = ®pepAx. Then T is
homogeneous if and only if it is generated as an ideal by a set of homogeneous
elements.

Proof Suppose T is a homogeneous ideal. Then

= EBkEZIku

where Iy, = Z N Ag. Then T is generated by UrezZy as an ideal, a set of
homogeneous elements.

On the other hand, assume that T is generated by a set S of homogeneous
elements. Suppose x € I. Then there are elements s1,...,8¢ € S and ele-
ments a;,b; € A, 1 < i <t, such that x = a181by + --- + a;s;:b;. Since the
homogeneous part of x of degree k will be the sum of the homogeneous parts
of a;s;b; of degree k, it suffices to prove that the homogeneous parts of each
a;s;b; belong to L.

Thus, we need to prove that for a,b € A and s € S, the homogeneous parts of
asb belong to T. Now we can writea =c1+ ---+c¢ andb=d; +---+ dy,
where each ¢; and d; is homogeneous. Then

kool
asb = Z Z c;sd;.

i=1 j=1

Fach c;sd; is homogeneous and belong to I and this completes the proof.

Let V be a vector space over a field F. As we have remarked, the tensor algebra
T(V) is a Z-graded algebra. Recall that ¢ is the map from V' — 7(V) which
takes v € V to (0,v,07,v),...). For ease of notation we will identify v with
t(v), and in this way treat V as a subspace of T (V).

Now, let Z be the ideal of T'(V') generated by all elements of the form
V] ® v2 — V2 ® v1. By Lemma (10.7), Z is a homogeneous ideal.

Let v1,v2,v3 € V. We note that (v1 @ va —v2 ® v1) @ v3 = V1 Q@ V2 @ V3 —
V2 ® v1 ®wsg is in Z. In a similar way, v1 ® v2 Q V3 — V1 @ V3 R V2 € L. We
also have

V1 ® V2 @ U3 — V2 ® V3 QU1

= (11 V2R V3 — V2 @V QV3) + (V2 QU1 ® V3 — V2 ® V3 R V1).

Since v1 ® v2 ® V3 — V2 ® V3 ® V1 is a sum of elements in Z, we conclude that
it belongs to Z. Similarly, v1 ® vo ® v3 — V3 ® V1 ® v2 € Z. Finally,

V1 QU2 ®V3 — V3 QU2 QU1
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= (1)1 & V3 @ V3 — V3 ®v3®v1)+(v2®v3®v1 —’U3®’02®’01) el

We have thus shown for 7 any permutation of {1, 2,3} and vectors vy, v2,v3 €
V that v1 ® v2 ® V3 — V(1) ® Vr(2) ® Vr(3) € I3. This can be generalized. We
state the result as a lemma, but leave the proof as an exercise.

Lemma 10.8 Let k > 2 be a natural number, © a permutation of {1,2, ..., k}
and vy, ..., vy vectors in V. Then v1 @ -+ @ Uk — V(1) @ -+ @ Ur(x) 18 in L.

We define the symmetric algebra to be the quotient of 7 (V') by the ideal Z.

Definition 10.11 Let V be a vector space over a field F. Denote by Sym(V)
the quotient T(V)/Z and by ¢ the quotient map from T (V') to Sym(V), an al-
gebra over F. Further, setT=1o1:V — Sym(V). Then the pair (Sym(V),7)
is the symmetric algebra of V.

The algebra Sym(V) is a Z-graded algebra with Sym (V) = [Tp(V)+Z]/Z =
T(V)/I) where I, = Z N Ti(V) by Remark (10.3). Since 7 (V) is generated
as an algebra by v € V' it follows that Sym(V') is generated by all v +Z. Let
v,w € V. Since v w —w v € 7L it follows that v+ Z and w +Z commute.
Consequently, Sym(V) is a commutative algebra.

The composition 1or : V — Sym(V) is an injection since 71 (V)NZ = {07 (v}
We will identify an element v € V with 7{v) and in this way treat V' as a direct
summand of Sym(V'). In the next theorem, we prove that the pair (Sym(V),7)
satisfies a universal mapping property.

Theorem 10.15 Let V be a vector space over a field F. Assume that A is a
commutative algebra over F and that F :'V — A is a linear transformation.
Then there exists a unique algebra homomorphism F : Sym(V) — A such
that F o7 = F.

Proof Since (T(V),t) is universal and F is a linear map from V' to A there
is a unique algebra homomorphism F' : T(V) — A such that F' o1 = F. We
claim that T is contained in Ker(F'). Thus, let v,w € V. Then

Flv@w-—w®wv) "veow) - F'(w®wv)
"(0)F' (w) = F'(w)F'(v)

= F()F(w) - F(w)F(v) =04.

F
F

This last equality is justified since A is a commutative algebra.
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Since T C Ker(F"), there is a unique algebra homomorphism F : T(V)/T —
A such that F oy(x) = F(x +T) = F'(x). It then follows that

ﬁof:ﬁo(d)OL):(ﬁod))oL
=Fot=F

We now look at the homogenous parts, Symg(V), of the symmetric algebra.
There is a natural k-multilinear map 75, from V¥ =V x ... x V (k factors)
to Symi(V), namely, 7 (v1,...,v5) =Y(1 @ - Qug) =1 ® - Qv + L.
Since this is the composition of 1 : V¥ — Tx(V), which is k-multilinear
and 1, which is linear, indeed, this map is k—multilinear. However, we have
more. Since for any 7, a permutation of {1,2,...,k}, and vectors v1,...,v; €
Vior @ -+ @ Uk — Ur(1) ® - @ r(xy € Z we can conclude, in fact, that the
map 7, =1 o7 : V¥ = Symy (V) is a symmetric k-multilinear map.

Now suppose f : VF = W is a symmetric k-multilinear map. We claim that
there is a unique linear transformation f : Symy (V) — W such that f o = f.
First of all, by Exercise (9.3.9) we know that (7;(V'),7x) is universal for k-
multilinear maps. Therefore, there exists a linear map f’ : T (V) — W such
that f o7, = f. We claim that 7 is contained in the kernel of f’. Any element
of 7, can be written as a sum of elements of the form z ® (URV—-VRuU)RyY
where  and y are decomposable vectors. Suppose = 1 ® -+ ® x5 and
Y=y Q- ®@y; where x;,y; € V (and s + 2+t = k). Now

fleouev-veu)y) =
flzouuedy—rTzRuvu®y)=
fleoupvey) - flzorveouey) =
(1@ 0 ueuey1@- Q) — [ (£1Q - QT RVRURYI Q- - QY;) =
fler, ..., xs,u,v,91,...,9:) — f(x1,...,Ts, 0,4, Y1,...,Y) = 0.

The last equality is justified since f is a symmetric form. Since 7y, is contained
in Ker(f’), there is a unique induced linear transformation IR Symp(V) =
T (V) /Iy, to W such that f ¥ = f'. We then have

fofv=FoWom)=(fov)omn
=flom =f
We have therefore proved:

Lemma 10.9 Let V' be a wvector space over the field F. Then the pair
(Symy(V), T) is universal for symmetric k-multilinear maps on V.
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We next demonstrate that Sym(V) is a familiar object when V is an n-
dimensional vector space over F. However, before moving on to this, a further
word about notation. Recall that we are treating V as if it is a subspace of
Sym(V), specifically, the homogeneous elements of degree 1. Since Sym/(V) is
commutative, the order in which we multiply elements does not matter. For
ease of notation, when vy, ..., v, are elements of V' we will denote by v; ... vy
the element (v ® -+ ® vy) in Sym (V). We now prove:

Theorem 10.16 Let V' be a wvector over F with basis vy,...,v,. Then
Sym(V) is isomorphic to Flxy,...,x,] the polynomial algebra over F in n
commuting variables.

Proof Define T : V — Flzy,...,xy] by T(vi) = x;. Since Flz1,...,zy] is
a commutative algebra there exists an algebra homomorphism 7 : Sym(V) —
Flx1,...,2zn] such that 7(v;) = x;. Since Flxy,...,x,] is generated by an
algebra, T is surjective. Let T, be the restriction of T to Symg(V). Then 7y
is injective and, consequently, T is injective. Thus, T is an isomorphism of
algebras.

As with the case of the tensor algebra, a transformation 7' from a vector
space V to a vector space W induces an algebra homomorphism Sym(T) :
Sym(V) = Sym(W).

Theorem 10.17 Let V and W be vector spaces over F and T : V — W «a
linear transformation. Let (Sym(V'),7v) and (Sym(W),tw) be the symmetric
algebras of V- and W, respectively. Then there exists a unique Z-graded algebra
homomorphism, Sym(T) : Sym(V) — Sym(W) such that Sym(T) o Ty =
twoT. Moreover, if vy, ..., v € V then Sym(T)(vy...v;) = T(v1)...T(vg).
Proof Consider the composition « = vy o T : 'V — Sym(W). By Theo-
rem (10.15) there is a unique algebra homomorphism Sym(T) : Sym(V) —
Sym(W) such that vy o T = Sym(T) o vy. The last statement follows since
Sym(T) is an algebra homomorphism. Finally, to show that Sym(T) is a
Z-graded algebra homomorphism it suffices to show that a typical generator
vy ... 05 of Symy (V) is mapped by Sym(T) to an element of Symy(W). Since
Sym(T)(vy...vx) =T (v1)...T(vg) € Sym(W) this is the case.

For the symmetric algebra, we have a result similar to Lemma (10.6):
Lemma 10.10 Let T : V. — W be a linear transformation of vector spaces.
Then the following hold:

i) If T is surjective, then Sym(T) is surjective.

it) If T is injective, then Sym(T) is injective.

iii) If T is an isomorphism, then Sym(T) is an isomorphism.
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The following is proved in a way entirely similar to the tensor case:

Lemma 10.11 Let V,W, X be vector spaces over F, T : V. — W and S :
W — X linear transformations. Then Symy(ST) = Symg(S)Symy(T), and
Sym(ST) = Sym(S)Sym(T).

Exercises

1. Let m be a permutation of {1,2,...,n} and vy, ..., v, vectors in a vector
space V. Prove that the element (v1 ® - ®@vy,) = (Vr(1) ® -+ @ Vn(y)) is in the
ideal Z of T (V'), which is generated by all elements of the form v@w —w®v.

2. Assume V is an n-dimensional vector space over a field F and k is a natural
number. Prove that dim(Symy(V)) = (k+271).

3. Let T be a diagonalizable operator on a finite-dimensional vector space V'
over R with eigenvalues a1 < --- < @, (not necessarily distinct). Prove that
Symy(T) is diagonalizable for all k and describe its eigenvalues.

4. Let T be an operator on R3 with eigenvalues 1, 2, 4. Determine the eigen-
values of Syms(T) with their multiplicities. Is this operator cyclic?

5. Let T" be an operator on a four-dimensional vector space V and assume
the characteristic polynomial of T is 2% + azx® + asx? + a1z + ag. Express
Tr(Symz(T)) in terms of ag, ..., as.
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10.5 The Exterior Algebra

In this section we construct the exterior algebra of a vector space V as a
quotient of the tensor algebra of V' by a homogeneous ideal. We determine
the dimension of this algebra as well as the dimensions of its homogeneous
parts. Finally, we show how a linear transformation from a vector space V to
a vector space W induces a linear transformation on the exterior algebra and
its homogeneous pieces.

What You Need to Know

To be successful in understanding the material of this section, you should have
already gained mastery of the following concepts: vector space, direct sum of
a family of vector spaces, basis of a vector space, dimension of a vector space,
finite-dimensional vector space, linear transformation, coordinate vector with
respect to a basis, matrix of a linear transformation, an associative algebra
over a field, ideal in an algebra, multilinear map, multilinear form, alternating
multilinear map, alternating multilinear form, a Z-graded algebra, homoge-
nous ideal in a Z-graded algebra, the tensor product of vector spaces, the
tensor product of operators, and the tensor algebra.

Let V be a vector space over a field F. Let 7 be the ideal of 7 (V') generated by
all elements of the form v®w. By Lemma (10.7), J is a homogeneous ideal. Let
A(V) denote the quotient of T (V') by J. Also, let ¢ denote the quotient map
from T (V) to A(V) so that ¢(v) = v+ T for v € T(V). Note that the typical
generator v ® v of J has degree two and therefore 7 N T1(V) = {07}
Consequently, the map e = ¢ o : V — A(V) is an injection. We can now
define the exterior algebra based on V:

Definition 10.12 By the exterior algebra of the vector space V, we will
mean the pair (AN(V),€) consisting of the algebra A(V') and the injection e :
V = AV).

The exterior algebra of a vector space V satisfies a universal mapping property:

Theorem 10.18 Let V' be a vector space, A an associative algebra, and as-
sume there is a linear map T : V. — A such that for every v € V,T(v)? = 04.
Then there ezists a unique algebra homomorphism 7 : A(V) — A such that
T=rToe.

Proof Since (T(V),t) is universal, there is an algebra homomorphism T :
T(V) = A such that T' oo =T. We claim that J is contained in ker(T'). It
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suffices to prove that a typical generating element, v ® v, of J is in ker(T").
Since T" is an algebra homomorphism, T'(v®@v) = T'(v)T'(v) = 7(v)? = 04,
as required. It then follows that the map 7 : A(V) — A such that for © €
TV),7(x +T) =T (x) is well-defined (and a homomorphism of algebras).
Since T'ov=T and To¢p =T we get T = (Tor)op=To(Lop)=Toe€ as
required.

Note that the quotient algebra A(V) = T(V)/J is Z-graded with AF(V) =
(Te(V) + J)/J which is isomorphic to T¢(V)/Jk, where Jp, = Tp(V) N TJ.
Since € is an injection we use it to identify V with A(V) and in this way
we treat V' as a subspace of A(V). Note that since 7 (V') is generated as an
algebra by 71(V), the algebra A(V) is generated by V. We will use the symbol
A to represent multiplication in A(V'). So, for example, for v,w € V we have
o(v @w) =vAw.

Next, consider the map from V¥ to AF(V) given by (w1, ..., wg) — wi A---A
wy. First of all, this map is k-multilinear since it is the composition of the
multilinear map taking (w1, ..., wx) to w1 ® -+ ® wy, with the linear map
¢. However, whenever two consecutive arguments are equal, the result is zero
since v ® v € J and therefore v A v = 0. Among other things, this implies
that the map A is alternating and allows us to use the results of Section (7.3).
In particular, we can conclude

wi A Awp =0 (10.10)
whenever (w1, ..., wy) is linearly dependent in V; and for vectors v,w € V
vAW=—wAw. (10.11)

Our next result concerns the universality of A* (V).

Lemma 10.12 Let V and W be vector spaces over a field F and assume that
f:VF =W is an alternating k-multilinear map. Then there exists a unique
linear map F : ANF(V) — W such that for vectors v1,...,vp €V

Floy A Avg) = fog,...,0).

Proof Since f is a k-multilinear map there exists a unique linear map F' :
Te(V) = W such that for vectors vy,..., vy €V

F’(v1®~~®’Uk):f(v1,...,vk).

However, since f is alternating, F' vanishes identically on J. This implies
that there is a unique linear map F from NE(V) = To(V)/ Tk to W such that
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for vectors & € Ti(V), F(p(x)) = F'(x). In particular, if v1,...,v5 are inV,
then

F(vl/\-u/\vk):F’(vl®'~®vk):f(vl,...,vk).

The next theorem begins to undercover some of the structure of A(V') when
V' is an n-dimensional vector space. Before we undertake this purpose, we
introduce some notation which will prove useful in what follows.

Let k& and n be natural numbers such that 1 < k < n As previously defined,
we let Q;{lk} denote the collection of all sequences (i1, ...,4), where 1 < iy <

- < i < n. Further, for B = (ws,...,w,), a sequence of vectors and
(1) = (i1,...,ik) € Qi we let w(;) = wi, A+ Aw;, . We now find a basis for
each A*(V) when V is an n-dimensional vector space.

Theorem 10.19 Assume V is an n-dimensional vector space with a basis
(v1,...,v,). Then the following hold:

i) If k > n, then AF(V) is trivial.

ii) For k < n, the collection of vectors {'v y1(0) € Q,{lk}} is a basis for NF(V).
In particular, the dimension of A*(V ( )

Proof i) This follows from Equation (10.10) and the fact that any sequence
of n+ 1 or more vectors in V is linearly dependent.

i) Letw; = Y"1 | a;jv;. Then using the fact that wAw =0 and vAw = —wA
v we can represent wi A--- Awy, as a linear combination of {v(;)|(i) € Q;{lk}}.

So it remains to show that this collection of vectors is linearly independent.
We begin with the case that k = n.

We know that AN™(V) is spanned by vi A -+ A vy, and so A"(V) has di-
mension at most 1. Define a map from V™ to F as follows. Denote by
,,,,, wy) the linear operator on V' such that Ty, ... w,)(v;) = wj. Now
set f(wl, ooy wy) = det(Tiay,,... w,)). We saw in Section (7.8) that this is an
alternating n-multilinear map. By Lemma (10.12), there exists a linear map
F : A" (V) — T such that for vectors wy,...,wy, € W, F(wi A--- ANwy,) =
flwy, ..., wy). Since f is not trivial, I is not trivial and therefore A" (V') is
not trivial. Thus, A"(V') has dimension 1 with basis vi A -+ A vy,.

Now assume that k < n. Suppose now that we have a dependence relation

Z C(i)VE) = OA(V)' (10.12)
(eal

For (i) = (i1 < -+ < iy) € QL et (1) be the sequence (j1 < -+ < jn—k)
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in Q" such that {it, - yig} U{j1,.- s Jn-r}t = {1,...,n}. Note that if
(i) # (i*) € Q}[Lk}, then vy A vy = Opvy whereas vy A vy = £vr A A
vn # Op(vy by the case for k = n established above.

Multiplying (10.12) by v we obtain
:EC(i)vl N Nvy = O/\(V)-

Therefore, c;y = 0 for each (i) € Qi and consequently, {vil(i) € Q,{zk}} is
linearly independent and a basis for AF(V).

We next investigate how linear transformations between vector spaces give
rise to algebra homomorphisms between the corresponding exterior algebras.

Theorem 10.20 Let V and W be vector spaces over F and S : V — W a
linear transformation. Then there exists a unique Z-graded algebra homomor-
phism A(S) : A(V) = A(W) such that A(S) o ey = ew o S. Moreover, for
v1,..., 0 € VLAS) (01 Ao Awvg) = S(v1) Ao A S(vg).

Proof Consider the composition « = ey oS : V. — AW). For v €
V.a(v)? = a(v) Aw a(v) = S(v) Aw S(v) = Orw). By Theorem (10.12)
there is a unique algebra homomorphism A(S) : A(V) — A(W) such that
A(S)oey = ew o S. Since A(S) is an algebra homomorphism it follows for
v1,...,0 €V that A(S)(v1 A+ Avg) = S(v1) A~ AS(vg). That A(S) is a
Z-graded homomorphism follows from this.

Let V and W be vector spaces over F and S : V' — W a linear transformation.
Define Sy : V¥ — AR(W) by Si(vi,...,vx) = S(v1) A --- A S(vg). This is
an alternating k-multilinear map. By the universality of A*(V), there exists a
linear map, denoted by A¥(S), from AF(V) to A¥(W), which takes vi A---Avy
to S(v1) A -+ A S(vy). Alternatively, AF(S) = A(S) restricted to AF(V).

Not surprisingly, we have the following:

Lemma 10.13 Let S : V — W be a linear transformation. Then the following
hold:

i) If S is surjective, then A¥(S) : A\F(V) — AF(W) is surjective.
i) If S is injective, then NE(S) : AE(V) — AF(W) is injective.
i) If S is an isomorphism, then A*(S) : AF(V') — AF(W) is an isomorphism.
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Proof We prove i) and leave the others as exercises. Let By = (w1, ..., wn)
be a basis for W. Clearly, we may assume that k < m. Then {w;)|(i) € Q;{,lf}}
is a basis for AN*(W) by part ii) of Theorem (10.19). Since S is surjective,
there exist vectors vj € V such that S(v;) = w;. Since Bw is a basis for W,
in particular, it is independent. It then follows that (vi,...,vy) is linearly
independent. By the definition of N*(S) we have NF(S)(v()) = wy, for (i) €
Qi which proves that AE(S) is surjective.

The maps induced on the exterior algebra behave nicely with respect to com-
position:

Lemma 10.14 Let R:V — W and S : W — X be linear transformations.
Then A*(SR) = AF(S) AF (R).

This is left as an exercise.

Lemmas (10.13) and (10.14) have the following consequence: Let V be a vector
space. By restricting A* to the units in £(V, V'), we obtain a group homomor-
phism into the group of units in L(AF(V), A¥(V)).

We complete our treatment by considering an operator S on a finite-
dimensional vector space V' with a basis B = (v1,v2,...,v,) and determine
how to compute the matrix of A¥(S) : A¥(V) — AF(V) from the matrix of S
with respect to B.

First of all, we need a basis, which is an ordered, independent, spanning set
of vectors for A¥(V). We already have an independent spanning set, namely

{vel (@) € Q;{f}} so we need to order this set. We do so lexicographically.
Thus, we write

(il,...,ik) < (]1,,]k>

if either 41 < j; or i; = 71, and in the first place that these differ, say, in the
tt" place, we have i; < jy.

For example, for n = 4 and k = 2 we have the order

(1,2) < (1,3) < (1,4) < (2,3) < (2,4) < (3,4).

ail e A1n
. . . agl e a2n,

Now assume that the matrix of S with respect to Bis A =
an1 Qnn

Let (i) = (i1,...,ik) and (j) = (j1,..-,Jk) be in Q. We determine the coef-
ficient of v(;) in A*(S)(v(;)) :
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/\k(s)(vjl A "'/\vjk)
(vjl) N "'/\S(vjk)

n n
<Z aijlvi> VANREIRWAN (Z QAijy ’Ui> .
=1 i=1

Since we want to compute the coefficient of v(;) = vi; A---Awv;, in the sums we
need only take the sums over those i € {i1, ..., }. Thus, we need to compute

k k
(Z aitvjlvit> ARRENA <Z ait-,jk”ﬁ) .
t=1 t=1

A typical term of this sum is

>
Ea
N
=
<
I

@iy g1 - o Qig i, Vi, VARIERIVAN Vi, -

If any of the indices is,, ..., %, are identical, then the term is zero. Therefore,
in order to get a non-zero term, it must be the case that i;,,...,%;, is a
permutation of i1, ..., ik. So, let 7 be a permutation of {1,2,...,k}. Then we
can write the typical non-zero term as

Qirry,d1 + o Vieey i Vie(ry TARSRNA Vi (k) sdk

Now ;) js A+ A, j, Will be £1 times v;; A---Av;, and the coefficient
is determined by the sign of the permutation 7. This should look familiar (go
back and look at the formula for determinant of a matrix). What we get is
the determinant of the k x k matrix

Qiy,g1 oo Qig gy
Qiy,jr oo+ Qig gy
Qi1 -0 Qig gy

This is just the k& x k matrix obtained from the matrix A by taking the
intersection of rows iy, . .., ix with columns ji, ..., jix. We represent this matrix
by the expression A(;) ;) and the coefficient by a;y ;). Thus,

ag), () = det(Ag),;))-

Putting this together we get

k
N we) = D aw.mve
(1)€Q
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= > det(Ag),;))ve)-

(i)eQy
We complete our exposition with one final definition:

Definition 10.13 Let V be an n-dimensional vector space, B = (v1,...,v,)
a basis for V., and S : V. — V a linear operator. Assume that the matriz of
S with respect to B is A. Let (i), (j) € Q. Then the numbers det(A) ;) are
the Plucker coordinates for S(v(;).

Exercises

1. Let V be a vector space of dimension n, k a natural number with 2 < k < n
and 7 a permutation of {1,...,k}. Prove that J, contains all vectors of the
form

w1 ® - @ wg — Sgn(T)(Wer(1) @ -+ @ Wr(k))-

2. Let V be a vector space of dimension n over the field F with a basis B =
(v1,...,v,) and let k be a natural number such that 2 < k < n. Prove Jj is
spanned by all vectors of the form w; ®- - - @wg — sgn(7)(Wr1) @ - - @ Wr()),
where (w1, ..., wy) € B

3. Continue with the assumptions of Exercise 2. Prove that v; ® -+ ® v, is
not contained in J,. Use this to prove the existence of a unique alternating
n-linear form on V, which takes the value 1 on B.

4. Prove Lemma (10.14).
5. Prove part ii) of Lemma (10.13).

6. Let V be a finite-dimensional vector space and S : V — V a nilpotent
operator. Prove that A(S) : A(V) — A(V) is nilpotent.

7. Let V' be an n-dimensional vector space and S : V' — V a diagonalizable
operator with eigenvalues a1,...,q, (not necessarily distinct). Prove that
AR(S) : AR(V) — AF(V) is diagonalizable and determine the eigenvalues of
this operator.

8. If S is an operator on the n-dimensional vector space V, express det(A*(S))
in terms of det(S5).

9. Give an example of an operator S on R*, which has no real eigenvalues such
that A%(S) has 2 real eigenvalues.

10. Let V' be a space of dimension at least 4 and assume the characteristic of
the underlying field is not 2. Prove that there exists a vector  in A(V') such
that € A x # 0.

11. Let V be a vector space of dimension 4k and let B = (v1,...,v4%) be a
basis for V. Set W = A2¥(V) and define the map 6 : W x W — F by
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vAw=(v,w)(vi A Avgg).

Prove that 0 is a non-degenerate symmetric bilinear form.

12. Continue with Exercise 10. In the specific case that n = 4, prove that this
form is hyperbolic.

13. Let V be a vector space of dimension 2k with £ odd and let B =
(v1,...,v2) be abasis for V. Set W = A¥(V) and define the map § : WxW —
F by

vAw=(v,w)(vi A Avag).

Prove that « is a non-degenerate alternating bilinear form.

14. Let V be a four-dimensional real vector space and S an operator on V
with characteristic polynomial 2% — 823 +12x — 2. Determine the characteristic
polynomial of A2(S).

15. Let a1, as, a3 be the roots of the polynomial z3 — 6z + 3. Compute the
polynomial of degree 3, which has roots oy s, ayas, asas.

16. Let a1, o, iz, oug be the roots of the polynomial 2* — 323+ 3. Compute the
polynomial of degree 6, which has roots ajas, ayas, ajay, asas, asay, azoy.
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10.6 Clifford Algebras, char F # 2

In this section we define the notion of a Clifford algebra of an orthogonal space
(V, ¢) and show that it exists making use of the tensor algebra of V.

What You Need to Know

To be successful in understanding the material of this section, you should have
already gained mastery of the following concepts: vector space, direct sum of
a family of vector spaces, basis of a vector space, dimension of a vector space,
finite-dimensional vector space, linear transformation, coordinate vector with
respect to a basis, matrix of a linear transformation, an associative algebra
over a field, ideal in an algebra, the tensor product of vector spaces, the tensor
product of operators, the tensor algebra, a homomorphism from one algebra
to another, and a Z-graded algebra. You will also need to be familiar with the
concept of a quadratic form on a vector space, a symmetric bilinear form on
a vector space, and an orthogonal space as well as concepts from ring theory,
specifically what it means for an ideal in a ring to be generated by a set of
elements of the ring, and the quotient ring of a ring modulo an ideal.

Throughout this section, (V, @) is an orthogonal space over a field F with as-
sociated symmetric bilinear form (, ). We will momentarily define its Clifford
algebra as an application of the tensor algebra of a vector space. The Clifford
algebra of an orthogonal space has many important applications, in particular
to differential geometry, physics, and digital image processing. Subsequently,
we will generally assume that the characteristic of F is not two and that ¢ is
non-degenerate and uncover some of the more fundamental properties of the
Clifford algebra (in particular, we will compute its dimension).

We begin by recalling some particularly important definitions. Throughout
this section when we refer to an algebra A over a field F we will mean an
associative algebra. When A has a multiplicative identity 14, then the center
of A (those elements of A which commute with every element of A) contains
a copy of F consisting of all those elements of the form b-1,4 where b € F. We
will identify F and {b- 14]b € F} and thereby treat F as a subalgebra of A.

Let F be a field and A and B two associative algebras over F with multi-
plicative identities 14 and 1p, respectively. By an algebra homomorphism
from A to B we mean a linear map T : A — B such that T(14) = 15 and
T(xy) =T (x)T(y) for z,y € A.

Recall, for a vector space V over F we defined To(V) =F, 7T1(V) =V and for
ke Nk>2T(V)=V®---®V (where there are k factors). The tensor
algebra of V' is T(V) = @32, Tx(V), the direct sum of {7(V)|k € Z>o}. We
remind the reader that formally, this direct sum consists of infinite sequences
(ao,ai,...) such that a;, € Tx(V') and for some N, a,, = O, (v) for all n > N.
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However, for convenience and purposes of exposition we are identifying T (V)
with those elements (ag,a1,...) such that a; = O, () for j # k and in this
way think of each of the 75 (V') as a subspace of ’T( )

Definition 10.14 Let (V,¢) be an orthogonal space over the field F with as-
sociated symmetric form ( , ). By a algebraic realization of (V,¢) we
shall mean a pair (A,d) consisting of an associative algebra A with mul-
tiplicative identity 14 and a linear map d : V. — A such that for all

v € V,d(v)? = d(v)d(v) = ¢(v).

Before proceeding to the definition and construction of the Clifford algebra
of an orthogonal space (V, ¢), we prove some useful properties shared by all
algebraic realizations.

Lemma 10.15 Assume (A,d) is an algebraic realization of (V,@). Then for
any u,v € V, (u,v) = d(u)d(v) + d(v)d(u).

Proof For vectors u,v we have

<u7'v> = ¢

As an immediate corollary we have:

Corollary 10.3 Let u,v € V. Assume (A,d) is an algebraic realization of
(V, ). Then u L v if and only if d(v)d(u) = —d(u)d(v).

Proof First assume thatu 1 v. By Lemma (10.15), 0 = (u,v) = d(u)d(v)+
d(v)d(u).

Conversely, assume d(u ) (v) + d(v)d(u) = 0. Then ¢(u + v) =
[d(u) + d(v)]* = d(u)? + d(u)d(v) + d(v)d(u) + d(v)* = d(u)* +d(v)* =
o(u) + ¢(v). Consequently, (u,v) = p(u +v) — ¢p(u) — ¢p(v) = 0.

Let (A,d) be a realization of the orthogonal space (V,¢). In our next result
we determine when an element in Range(d) is invertible.
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Lemma 10.16 Let (A,d) be an algebraic realization of the orthogonal space
(V,@). Let v € V. Then d(v) is invertible in A if and only if ¢(v) # 0.

Proof Assume that ¢(v) # 0. Set x = ﬁd(v}. Then zd(v) = ﬁd(v}2 =
1. Therefore, x = d(v)~! and d(v) is invertible. Conversely, assume that d(v)
is invertible, say xd(v) = 1. Then ¢(v)x? = d(v)*xz? = [d(v)x]?> = 1 and so

$(v) # 0.

Let (V,¢) be an orthogonal space. We define the Clifford algebra of (V, ¢)
below. It will be an algebraic realization of (V, ¢) which is universal amongst
all such realizations.

Definition 10.15 Let (V, ¢) be an orthogonal space over a field F. A Clifford
algebra of (V,¢) is an algebraic realization (C,~) of (V, @) such that if (A, d)
is an algebra realization then there exists a unique algebra homomorphism
0:C — A such that d oy =d.

The definition above refers to “a” Clifford algebra. As is usually the case, the
Clifford algebra is unique up to a unique algebra homomorphism. We make
this explicit in the following theorem.

Theorem 10.21 Let (V,¢$) be an orthogonal space and assume that (C,~)
and (C1,v1) are Clifford algebras of (V,¢). Then C' and Cy are isomorphic by
a unique algebra isomorphism 6 : C'— C1 such that 6 oy = 1.

Proof We first remark that since C is a Clifford algebra of (V, ) there is a
unique algebra homomorphism ¢ : C — C' such that (oy = . Since I[coy =y
it follows that ¢ = I¢o. Similarly, if (; : C1 — C4 is an algebra homomorphism
and (1 oy = v1 then (1 = I, .

Since (C1,71) is an algebra realization of (V, ¢) and (C,~) is a Clifford algebra
of (V,¢), there exists a unique algebra homomorphism § : C — Cy such that
d oy = 1. Reversing the roles of (C,~y) and (C1,v1) we get a unique algebra
homomorphism 61 : C1 — C such that 61 oy = . It is then the case that
d100: C — C is an algebra homomorphism and (61 0 §) oy =710 (do7y) =
010v1 = . Consequently, from the argument of the first paragraph, 6108 = I¢.
In exactly the same way, d o 61 = I¢, .

Definition 10.16 Assume (V,¢) is an orthogonal space. Let T (V') be the
tensor algebra of V' and denote by Ly the ideal of T(V) generated by all el-
ements of the form v @ v — ¢(v) - 1y. Set C(V,¢) = C(V) equal to the quo-
tient T(V)/Zy and let w be the quotient map from T (V) to C(V') so that for
teT(V),n(t) =t+TLy. Let j denote the composition of v : V — T (V) with
7 so that j = w o where v : V. — T (V) is the map which takes v € V to
(O]F, v, 07*2(‘/), . )
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Before we proceed, a word on convention. We have been treating V as a
subspace of T(V) by identifying an element v € V' with (Op,v,072vy,...).
Since 71(V') intersects Z, trivially, the map j is an injection so that we can
then identify V' with its image in C(V).

Notation. If @ = s +Z; and b = t + Z; are two elements of C(V') then we
represent the product (s +Zy)(t +Zs) = (s ® t) + I, by a - b or simply ab.

Theorem 10.22 Let (V, @) be an orthogonal space over a field F and let C(V)
be its Clifford algebra. Then (V, f) is realized by C(V).

Proof Let v be a vector in V. Since v @ v — ¢(v)1r € Ly it then follows that
(v ®@ v — ¢(v)1r) = O¢(v). However,

Tw@v—9¢)lr) = m(v®v)—d(v)la
— xw) — p(w)a

Theorem 10.23 Let (V, @) be an orthogonal space over a field F. Assume A
is an associative algebra with multiplicative identity which realizes (V, ¢), that
is, there exists a linear map d : V — A such that d(v)? = ¢(v)1a for every
v € V. Then there exists a unique homomorphism of F-algebras D : C(V) — A
such that d =D o j.

Proof Since the tensor algebra is universal, there exists a unique homomor-
phism 1 of F-algebras 7 : T(V) — A such that d = 7o 1. We claim that
Ty is contained in the kernel of 7. Let w € V. Then 7(u @ u — ¢(u)) =
T(u@u)—d(u) 14 =7(u)?—¢(u)-14 = d(u)? —¢(u)-14 = 0. Consequently,
there exists a unique linear transformation D : C(V) = T(V)/Z, — A such
that D(a + Zp)) = 7(a). For u € V,D(u + Zy) = 7(u) = d(u) and therefore
Do j=d. Finally, D is unique since C(V') is generated as an algebra by the
subspace V.

Example 10.5 Let (V,¢) be a non-singular orthogonal space of dimension
one over the field F. Assume v # 0 and ¢p(v) = c. Then C(V) is spanned by
1 and v. Moreover, v satisfies v —c = 0. If ¢ is a square in F, say ¢ = a®
then C(V) is isomorphic to F[x]/(x® — a®) which, in turn, is isomorphic to
Flz]/(x — a) @ Flz]/(x 4+ a). Finally, the latter algebra is isomorphic to F®F.
On the other hand, if c is not a square in F, then x® — c is irreducible in F[x]
and C(V') is isomorphic to the field F|x]/(z* — ¢).
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Now assume that the characteristic of F is not two and (V] ¢) is an orthogonal
space. Then there exists an orthogonal basis (v, ...,v,) for V. By Corollary
(10.3), for @ # j,v;v; = —v;v;. Set vy = 1 and for v = {i1 < ia < --- < i}, a
non-empty subset of [1,n] = {1,2,...,n}, denote by v, the element v;, ... v;

of C(V).

k

Lemma 10.17 Let « be a subset of [1,n] and j € [1,n].
i) If j & o then v,V = £V -
i) If j € a then v,v; = £¢(V;)Va\ (5} -

We leave this as an exercise.

Remark 10.4 Assume « is a subset of [1,n] with cardinality k and j € [1,n].
If j ¢ a then vov; = (—1)Fvv,. If j € a then vov; = (—1)Flvjv,.

Lemma 10.18 Let k € N and (i1, ...,ik) be a sequence of natural numbers.

Then v;, ...v;, is a multiple of vy for some o € [1,n].

Proof The proof is by induction on k. If k = 1 there is nothing to prove.
Assume the result has been established for k > 1 and that (i1,...,ik+1) is a
sequence of natural numbers. We must show that v;, ... v;,v;, ., is multiple of
Vg for some subset o of [1,n]. By induction, v;, ...v;, = cvg for some subset 8
of [1,n] and scalar c. Then by Lemma (10.17) it follows that v;, ... v; v, =
cvgv;,,, is a multiple of vy, where o = BU{igq1} ifix1 ¢ B or o = B\ {irs1}
if tky1 € B.

Lemma 10.19 Fiz a basis B = (vy,...,v,) of V. Let S be the set of all v,
such that « is a subset of [1,n]. Then S is a spanning set of C(V).

Proof First note that Ti(V) is spanned by all elements of the form u; ®
- ® ug, where u; € V. and therefore C(V') is spanned by 1 together with
all elements of the form wy...uy where k € N and wy,...,ur € V. As-
sume wj = Y i1 a;jv;. Then uy...uy is a sum of monomials of the form
@iy 1Qiy,2 - - - Qi kU4, - .. V4. Note that i1,...,% are not necessarily distinct.
By Lemma (10.18), any product v;, ...v;, is a multiple of v, for some subset
a of [1,n].

k

We will show below that S is linearly independent and therefore a basis for
C(V). Toward that purpose, we introduce the concept of a Zs-grading and
how a Z-grading can be used to obtain a Zs-grading.
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Definition 10.17 An algebra A is said to be Zo-graded if there is a direct
sum decomposition A = A°® Al such that A'A7 C A" where the addition is
taken modulo two.

When an algebra A has a Z-grading, A = ®rezAk, a Zo-grading can be
obtained by setting A® = @r=g (2)A, A' = Bp=1 (2)Ax. In particular, we can
obtain a Zs-grading of 7 (V) in this way.

The notion of a homogenous ideal can be extended to algebras with a Zo-
grading:

Definition 10.18 Assume A = A°® Al is a Zy-grading of the algebra A. An
ideal T is homogeneous (relative to this grading) if whenever x = xo+x1 € Z
with ©; € A*, then x; € T.

When 7 is a homogenous ideal of the Zs-graded algebra A, then the quotient
A/T inherits the grading since A/Z = (A° +T)/Z @ (A' +1T)/T is isomorphic
to A%/(A°NT)® AY/(A'N1I).

The next result gives a characterization of homogenous ideals in a Zg-graded
algebra. It is proved just like Lemma (10.7) and we leave its proof as an
exercise.

Lemma 10.20 Assume A = A°® Al is a Zy-graded algebra and T is an ideal
of A. Then T is homogenous if and only if T is generated (as an ideal) by
homogenous elements.

We now apply the above to T(V)). Denote by T°(V) = ®y=o (2yTx(V) and
THV) = Dp=1 ) Tk(V). Recall, the ideal Z; is generated by all elements of
the form v ® v — ¢(v) where v € V. All such elements belong to 7°(V') and
are homogenous with respect to the Zs-grading. Consequently, 7(V)/Z, =
[TO(V)+T*(V)]/Z is isomorphic to T (V) /[TO(V)NZs] T (V) /[T (VNZLy).
Set

Co = Co(V) =n(T°(V)) = [T°(V) +Zs]/Zo = T°(V)/[T°(V) N L]
C1=C1(C) =n(T'(V) = [T'(V) + L] /Ty = T (V) /[T (V) N Ly].
Since C(V) = Co(V) & C1(V) we have a Zs-grading on C(V). We will mo-

mentarily use this to show that dim(C(V')) = 2™ where dim(V') = n. First we
introduce the notion of a Zy-graded (twisted) tensor product.
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Definition 10.19 Assume A = A° ® A! and B = B° ® B' are Zy-graded
algebras over the field F. The Za-graded tensor product of A and B, A®B, has

as its underlying set the vector space

A® B [A°® A'] ® [B ® B']

[(A°® BY) @ (A' @ BY)] @ [(A°® BY) @ (A' ® BY)).

The multiplication in AQB is as follows: Assume ai,as € A are homo-
geneous and by,by € B are homogeneous. Then (a; ® bi)(az ® by) =
(—1)(deg(02)deg(b1)a1a2 ® brbs. The multiplication is extended to all of AR B
by bilinearity.

Set (ARB)? = (A°® B%) @ (A' ® B') and (A®B)! = (A @ B") @ (A' ® B?).

Theorem 10.24 If A= A°® A' and B = B @ B! are two Zy-graded (asso-
ciative) algebras then A®B is an associative Zo-graded (associative) algebra.

Proof That the multiplication is well-defined follows from the universal prop-
erties of the tensor product A ® B. Since the multiplication, by definition, is
bilinear, associativity reduces to the case where x; = a; ® b;,1 = 1,2, 3 where
a; € A and b; € B are homogenous. Set d; = deg(a;),e; = deg(b;). Then

zi[z2x3] = (a1 ®b1)[(a2 ® b2)(as @ bs)]
= (a1 ®b1)[(-1)"*(aza3) ® (b2bs)]
(—1)(@Fd)er (—1)%%2[a) (azas) @ by (babs)]

[T1x2]zs = [(a1 ®bi)(az ® by)](as ® bs)
= (-1)®“[(a1a2) ® (b1b2)(as ® bs)
= (== (=1)B e ((a1a0)as3] @ [(b1bs)bs).

Since the multiplication in A is associative, and the multiplication in B is
assoctative, it follows that [(aiaz)as] ® [(bib2)bs = [ai(azas3)] @ [bi(babs)].
Therefore, equality comes down to whether dses+(da+ds)er and daey+ds(e1+
e2) have the same parity. However, in fact, they are identical.

Assume that A and B are Zs-graded algebras. The map which takes a € A
to a ® 1p is an injection (and an algebra homomorphism). We will identify
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a® 1 with a and treat A as if it is a subalgebra of A®B. Similarly we treat
B as a sub algebra of A®B.

Let (V,¢) be an orthogonal space and assume that we have a decomposition
V =U@®W where (u,w) =0 for u € U,w € W. We will prove that C(V) is
isomorphic to C(U)®C(W). This will allow us to now determine the dimension
of C(V) from dim(V).

Theorem 10.25 Assume (V, ) is an orthogonal space and V = U®W where
(w,w) =0 foru € Uyw € W. Then C(V) is isomorphic to C(U)SC(W).

Proof Define f:V — C(U)RC(W) as follows: If v € V, write v = u + w
where w € U,w € W. Set f(v) =u® low) + lew) @ w. Thus,

f)? = [uelew) + lew) @ w)?
= WQlow) —u®w+uw+ log) @ w’
= o(u) + o(w)
= o(v).

We have therefore shown that C(U)QC(W) is a realization of (V,¢). We will
show that if A is an algebra over F and € : V — A is a realization of (V, ),
then there is a unique algebra homomorphism E : C(U)QC(W) — A such
that E o f = € which will establish that C(U)QC (W) is isomorphic to C(V).
Denote by ju the injection of U into C(U) and by jw the injection of W into
C(W). Further, let ey be the restriction of € to U and ew the restriction of
€ to W. Then (A, ey) is a realization of (U, ¢jy) and (A, ew) is a realization
of (W, ¢yw). By the universality of C(U) there is an algebra homomorphism
oy : C(U) = A such that oy o ju = ey and, similarly, by the universality
of C(W) there is an algebra homomorphism ow : C(W) — A such that
ow o jw = ew. Define o : C(U) x C(W) = A by o(x,y) = ou(x)ow (y).
Since the multiplication in A is bilinear and each of oy, ow is linear, it follows
that o is bilinear. By the universality of the tensor product, there is a linear
map E : C(U)® C(W) — A such that E(u ® v) = oy(u)ow (w) foru € U
and w e W.

We next claim that E is an algebra homomorphism. Let (uy, ..., ux) be a basis
for U and (w1,...,w;) be a basis for W. For a subset o« = {iy < -+ < is}
of [1,k] denote by uqs the element w;, ... wu;, of C(U). Likewise for a subset
B ={j1 <--- < g} of [1,1], denote by wg the element wj, ... w;, of C(W).
Since E is linear and the multiplication in each of C(U),C(W), and A is
bilinear, it suffices to show that for y1,ys homogenous in C(U) and z1, z2
homogenous in C(W) that E((y1 ® z1)(y2 @ 22)) = E(y1 @ z1)E(y2 ® 22)).
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Again, by the bilinearity of multiplication in C(U),C(W), and A and the
linearity of E, we can assume that y; = Uq,, 2; = 28, for i =1,2.

1 \61|'|042‘E('u,a1ua2 ® w,@1w:82)

(_

= (-1
(_ 1] o]
(_

E((ual ® wﬁl)(uaz ® w@z)

)

Y1l o (1 1, @ wp,wg,))

DB 192l (1, gy )ow (ws, wg,)
) |

1 |81 'IQZ‘UU(UOA )UU(uaz)UW (wﬁl)UW(wﬁz)

On the other hand,

E(ual ® wﬁl)E(UOQ ® wﬁz) =0u (ual)UW (wﬁl)UU (UOQ)UW (wﬁz)'

So we must show that

[B1]

UW(wﬁl)o'U(uOtz) = (_1) .|a2‘UU(ua2)U(wﬁ1)'

Assume that ag = {i1 < --- < is} C[1,k] and f1 = {j1 < --- < 4} C [L,]].

Then wq, = u;, ... u;, and wg, = wj, ... w;j,. Thus,

UU(’LLaz) = 0y uil...uis)

Similarly

ow(wg,) = e(wy,) ... e(wy,).

Since for each pair (i, j) we have w; L wj, it follows by Corollary (10.3) that
e(wj)e(u;) = —e(u;)e(w;). It then follows that

E(Ule) . e(wjt)e(uil) . 6(’U,is) = (—l)tse(uil) . e(uise(wjl) . e(wjt).

which is what we needed to prove.

We next show that E o f = €. Assume that v = u + w where u € U,w € W,
so that f(v) = f(u+w) =u® lew) + lew) @ w. Thus,
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E(f(v)) = E(u®lcw)+lew) @ w)
E(u®lew)) + E(low) @ w)

o(u, lewy)o(lowy, w)

= ou(w)ow(lew)) +ov(lew))ow (w)
e(u) + e(w)

e(u + w)

= ¢(v).

Finally, since f(V') includes all elements of the form u®1lcwy and 1oy @w

and C(U)RC(W) is generated as an algebra by these elements,l it follows that
FE is unique.

We can now determine the dimension of C(V') given the dimension of V.

Theorem 10.26 Assume (V, ¢) is an orthogonal space of dimension n. Then
dim(C(V)) = 2™. Moreover, if B = (v1,...,v,) is a basis for V, then S(B) =
{va| @ C [1,n]} is a basis for C(V).

Proof The proof is by induction on n = dim(V'). If n =1 then by Example
(10.5) the dimension of C(V) = 2. Assume for orthogonal spaces (V,¢) of
dimension n — 1 that dim(C(V)) = 2"~! and let us suppose that (V,¢) is
an orthogonal space of dimension n. Assume ¢ is non-trivial. Then choose
any vector w such that ¢(w) # 0 and set W = Span(w),U = w' so that
V =UsW where (u,aw) = 0 for allu € U, and aw € W. On the other hand,
if ¢ is trivial, choose any decomposition of V as U@ W where dim(U) =n—1
and the dimension of W is one. Since ¢ is trivial, we have (u,w) = 0 for
all w € U,w € W. By the base case, dim(C(W)) = 2 and by the inductive
hypothesis dim(C(U)) = 2"~1. By Theorem (10.25) it follows that C(V) is
isomorphic to C(U)RC(W). As a vector space over F, C(U)RC(W) is equal
to C(U) @ C(W). Then dim(C(V)) = dim(C(U) @ C(W)) = dim(C(U)) -
dim(C(W)) = 27=1.2 = 27,

Finally, since S(B) is a spanning set with cardinality 2™, it follows by Theorem
(1.28) that S(B) is a basis of C(V).
Exercises

1. Assume (V,¢) is a real orthogonal space of dimension one and for every
non-zero vector v assume that ¢(v) < 0. Prove that C(V) is isomorphic to
the complex numbers.
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2. Prove part a) of Lemma (10.17).
3. Prove part b) of Lemma (10.17).
4. Prove Lemma (10.20).

5. Assume (V, @) is a real orthogonal space of dimension two and for all non-
zero vectors v assume that ¢(v) < 0. Prove that C (V) is isomorphic to the
division ring of quaternions.

6. Assume (V,¢) is a hyperbolic plane over the field F. Prove that C(V) is
isomorphic to Moo (F).
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In this chapter we study certain subgroups of the group of units GL(V) in the
algebra L(V, V) where V is an n-dimensional vector space over a field F. In
the first section we consider the normal group SL(V) of GL(V') consisting of
those operators of determinant 1. We show that except when (n,F) = (2,F3)
or (3,Fs), this group is perfect, and then prove that the quotient group of
SL(V) by its center is a simple group. In the second section we equip V' with
a non-degenerate alternating bilinear form f and study the group I(V, f)
of isometries f. Section three is devoted to isometries of a non-degenerate
orthogonal space over a field F where the characteristic of F is not two. The
final section is concerned with groups of isometries of a finite-dimensional,
non-degenerate unitary space.
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11.1 Linear Groups

In this section we define the subgroup SL(V) of GL(V) where V is an n-
dimensional vector space over the field F. We prove if either n > 3 or n = 2
and |F| > 3 then SL(V) is a perfect group. We also determine the center of
the groups GL(V) and SL(V). Finally, we prove that when SL(V) is perfect
the quotient of SL(V) by its center is a simple group.

What You Need to Know

To successfully navigate the material of this new section you should by now
have mastered the following concepts: vector space over a field F, basis of a
vector space, dimension of a vector space, linear operator on a vector space
V, matrix of a linear operator T' : V' — V with respect to a base B for V,
eigenvalue and eigenvector of an operator T', the algebra £(V, V') of operators
on a finite-dimensional vector space V', an invertible operator on a vector space
V', and the group GL(V) of invertible operators on a finite-dimensional vector
space V. You must also be familiar with the following concepts from group
theory: Abelian group, solvable group, normal subgroup of a group, quotient
group of a group by a normal subgroup, the commutator of two elements in
a group, the commutator subgroup of a group, a perfect group, the center of
a group, a simple group, action of a group G on a set X, transitive action
of a group G on a set X, primitive action of a group G on a set X, and a
doubly transitive action of a group G on a set X. The latter can be found in
Appendix B. We also recommend reviewing a textbook on abstract algebra
such as ([2]) or ([3]).

Let V' be an n-dimensional vector space over the field F. Recall, by GL(V) we
mean the group of units in £(V, V). This is referred to as the general linear
group on V. We also denote by GL,,(F) the group of invertible n x n matrices,
which is the group of units in the algebra M,,,(F). The groups GL(V') and
GL, (F) are isomorphic as follows: Choose and fix a basis B = (v, ..., v,) for
V. Then T — My (B, B) is a group isomorphism.

The map det : GL(V) — F* =TF \ {0} is a group homomorphism. We denote
by SL(V) the kernel of this map and refer to this as the special linear
group on V. It consists of all the operators on V with determinant 1. This is
isomorphic to SL,,(F) which is the group of n x n matrices with determinant
equal to one.

In our first lemma we determine the center of the groups GL(V) and SL(V).

Lemma 11.1 Let V' be an n-dimensional vector space. Then the following
hold:

i) The center of GL(V'), Z(GL(V)) consists of all operators Ny, A € F*.
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ii) The center of SL(V'), Z(SL(V')) consists of all operator Ay, A € F* such
that A" = 1.

Proof Assume S € GL(V) and ST =TS for every T € SL(V). We prove
that every non-zero vector of V is an eigenvector. Thus, let v # 0. Let B =
(v1,...,v,) be a basis such that v, = v and let T be the operator of V
such that for k < n,T(vg) = vk + Vg1 and T(v,) = v,. Then T is an
indecomposable cyclic operator with minimal polynomial (x—1)™. Note that the
determinant of T is (—=1)"(=1)" = 1 and therefore T € SL(V). If ST =TS
then S = f(T') for some polynomial f(x) € F[x] by Fxercise 12 of Section
(4.2). In particular, if U is a T-invariant subspace then U is S-invariant. Note
that v = v,, is an eigenvector for T with eigenvalue 1 and therefore Span(v)
is T-invariant, hence S-invariant, and v is an eigenvector for S. Thus, for
each vector v € V there is a scalar Ay such that S(v) = Ayv. We claim that
for (v, w) linearly independent that Ay, = A\y. This follows since , on the one
hand, S(v + w) = Aptw(V + W) = Appw¥ + Appww and, on the other hand,
S(v+w) = Sw)+S(w) = \pv+Apw. Therefore Ay = Apw = Aw- If (v, w)
is linearly dependent then Ay = Ayw. Now set X = \y. Then S = \Iy. When
S € GL(V) there are no conditions on A (other than X is not equal to zero).
When S € SL(V),det(S) = A" = 1.

Remark 11.1 IfF = F,, then GL(V) = SL(V) and Z(SL(V)) = {Iy}.

Definition 11.1 Let V' be an n-dimensional vector space over the field F and
assume 1 < k < n. We will denote by Ly (V') the collection of all subspaces of
V' of dimension k.

Define an action of the group GL(V) on Ly (V) by T- X = T(X) := {T(z)|x €
X} which has dimension k since T is invertible. Recall for an action of a group
G on a set X the kernel of the action consists of all those elements g € G such

that g - = z for all x € X. In the next lemma we prove that kernel of the
action just defined by GL(V) on L (V) is Z(GL(V)).

Lemma 11.2 Assume T € GL(V) and for every U € Lg(V) that T(U) =U.
Then T € Z(GL(V)).

Proof Ifk =1, this is true by the proof of Lemma (11.1). We leave the case
k > 1 as an ezxercise.
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Lemma 11.3 AssumeV is n-dimensional with n > 2. Then SL(V') is doubly
transitive on L1(V).

Proof Assume (X1,X2) and (Y1,Y2) two pairs of distinct one-dimensional
subspaces of V. Let ®; € X; and y; € Y;. By Fxercise 14 of Section (1.6)
there is an (n — 2) dimensional subspace Z such that Span(xi,x2) & Z =
V = Span(yi,y2) ® Z. Let z1,...,2n—2 be a basis of Z. Then B =
(£1,22,21,...,2n-2) and B’ = (y1,Y2,21,...,2n—2) are bases of V. Let T
be the operator on V' such that T(x;) = y;,i = 1,2; and T(z;) = z;,1 <
j < n —2. Since the image of the basis B is the basis B', T € GL(V). Set
a = det(T). Then define S such that S(z1) = 1y, S(z2) = y2 and S(z;) = z;
for1<j<mn-—2.Then S e SL(V),S(X;)=Y; fori=1,2.

Corollary 11.1 The action of SL(V') on L1(V) is primitive.

Definition 11.2 Let V be an n-dimensional vector space over a field F, H a
hyperplane of V' (i.e. a subspace of dimension n—1) and P a one-dimensional
subspace of H. A non-identity operator T of V is said to be a transvection
with axis H and center P if T(x) = x for x € H and for arbitrary
v € V,T(v)—v € P. The collection of all transvections with azis H and center
P along with the identity operator Iy, is denoted by x(P,H). We denote by
(V) the subgroup of SL(V) generated by all x(P,H).

Remark 11.2 If T is a transvection then the minimal polynomial of T is
(x — 1) and the characteristic polynomial is (x — 1)". Thus, det(T) = 1 and
T e SL(V).

Lemma 11.4 Let u,v be non-zero vectors. Then there exists S € Q such that
S(u) =v.

Proof First assume that (x,vy) is linearly independent. Choose a hyperplane
H of V such that z =y —ax € H,x ¢ H and set Z = Span(z). Let S be the
unique element of x(Z, H) such that S(x) = x + z =1y. Clearly S € Q.

On the other hand, suppose y is a multiple of . Chose u € V' \ Span(x). By
what we have shown, there are transvections Ty and Ty such that T(x) = u
and To(u) =y. Set S =ToTy. Then S € Q and S(x) =y as required.
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Lemma 11.5 Assume dim(U) = n — 2 and X, Xo, X3 are distinct hy-
perplanes containing U. Let Py be a one space contained in X1 such that
X1 =Pr®U. Then there exists S € x(P1,X1) such that 0(X2) = X5.

Proof Let 1 be a non-zero vector in Py and choose any vector xo € X'\
U. The intersection Span(x1,x2) N X3 is a one-dimensional subspace by the
Grassmannian formula (see Exercise 8 of Section (1.6)). Let 3 = axi+bas be
a non-zero element of Span(x1,2)NX3. Let S be the operator on V' such that
S restricted to Xy is the identity and S(x2) = 21 +x2. Then S € x(P1, X1)
and S(bxz) = b(§x1 + T2) = ax1 + bxy = T3 and therefore S(X2) = X3.

Lemma 11.6 Assume n = 2. Then = SL(V).

Proof LetT € SL(V) and B = (u1,u2) a basis of V.. Set U = Span(uy),
and w; = T(u;),i = 1,2. Then also (w1, ws2) s a basis of V. By Lemma
(11.4) there is an element S € Q such that S(uq) = wq. Set wh = S(uz). Then
(w1, w)) is a basis of V. Suppose wl = aws. Then S™IT (w1) has determinant
one since S,T € SL(V). However, S™'T(v1) = vy and S7'T(vz) = Lu,.
Therefore, S™'T has determinant % Consequently, a =1 and S = T. Thus
we may assume that (we, wh) is linearly independent.

Write wy as a linear combination of wi and wh: we = cwy + dwj. Then
S71IT(v1) = vy and S™1T(v2) = S~ ws) = S™(cw; + dwh) = cvy + dvs.
Then det(S™'T) = d. However, S™T € SL(V) so d = 1. It now follows that
that S = S7IT is a transvection with center U, that is, S' € x(U,U). Now
T = 5'S is a product of transvections.

Theorem 11.1 IfV is an n-dimensional vector space withn > 2 then SL(V)
is generated by its transvections, that is, Q(V) = SL(V).

Proof The proof is by induction n. We have already proved this for the base
case, n =2, in Lemma (11.6). Assume the result is true for spaces of dimen-
sion n and that dim(V') = n + 1. We first prove if T € SL(V) and T has an
eigenvector with eigenvalue 1, then T € Q. So assume T'(x) = x. Let Y be
a hyperplane of V' such that € ¢ Y. Set Z = T(Y). If Z =Y then T|y has
determinant 1 and we can apply the inductive hypothesis.

So assume Z #Y and set U =Y N Z which has dimension n — 1 and set
X = Span(x)®U. By Lemma (11.5) there is an element S € x(Span(x), X)
such that S(Y) = Z. Set T' = S7IT. Then T'(x) = = and T'(Y) = Y; and
so we are done by the first part of the proof.
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Finally, we consider the general case. Let T € SL(V'). Clearly we may assume
T # Iy. Choose a vector x such that T(x) =y # x. By Lemma (11.4) there
is an element S € Q such that S(x) = y. Set T = S™T. Then T'(x) = x;
so we are done by the first case.

Our next goal is to prove that with the exceptions (n,F) = (2,F2) and (2, F3)
the group SL(V) is perfect. Recall this means that SL(V) is equal to its
commutator subgroup: the subgroup, SL(V)', generated by all elements of
the form [S,T] = S™'T~1ST as S and T range over SL(V). The commutator
subgroup is a characteristic subgroup, hence it is normal. We show directly be-
low that SL(V) is transitive on pairs (P, H) where P € L1(V), H € L,,_1(V),
and P C H. This will imply that all the subgroups x (P, H) are conjugate. We
will then prove that, apart from the exceptions, the commutator subgroup
contains one of the subgroups x(P, H) and hence all of them. It will then
follow that the commutator subgroup of SL(V),SL(V) is equal to SL(V).

Lemma 11.7 Let P;,i = 1,2 be one-dimensional subspaces, H;,i = 1,2 be
hyperplanes, and assume P; C H;. Then there exists S € SL(V) such that
S(Py) = P2, S(Hy) = Hs.

Proof Let (x14,...,%n_1,) be a basis for H;,i = 1,2 with x1; € P;,i =1,2.
Let ®,; € V\H;,i=1,2. Then (€1, ..., %ni) s a basis for V fori=1,2. Let
T be the operator such that T'(x;1) = xjo. Then T(P1) = Py, T(Hy) = Hy. We
are done if det(T) = 1. Suppose det(T) = a # 1. Define S € L(V, V') such that
S restricted to Hyis equal to T' restricted to Hy and such that S(x,1) = %il)ng.
Then S(Py) = Py, S(Hy) = Hy and det(S) = 1.

Corollary 11.2 Let P;,i = 1,2 be one-dimensional subspaces, H;,i = 1,2 be
hyperplanes, and assume P; C H;. Then there exists S € SL(V) such that
SX(Pl, Hl)S_l = X(Pz, Hz)

Proof This follows from the fact that Sx(P, H)S™ = x(S(P), S(H)), which

we leave as an exercise.

Theorem 11.2 Assume (n,F) # (2,F3), (2,F3). Then SL(V) is perfect.
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Proof First assume that n > 3. Let (v1,...,v,) be a basis of V. Let a € F
and let S, be the operator defined on V' such that Sq(v;) = v; if i # n and
Sa(vy) = avy—1+vy,. This is a transvection with center Span(v,—1) and axis
Span(vi,...,v,—1). Next let b € F and Ty, be the operator on V defined by
Ty(v;) = v; fori #n—1 and Tp(v,—1) = bvi+v,_1. Then Ty, is a transvection
with center Span(v1) and azis Span(vy, ..., Vp_2,v,). Set R = belSa_lTbSa.
Then R is the transvection such that R(v;) = v; for i # n and R(v,) =
abvy + v,,. Thus, if P = Span(vy) and H = Span(vi,...,v,—1) then x(P, H)
is contained in SL(V)'. Since SL(V') is normal in SL(V') every conjugate,
Sx(P,H)S™! is contained in SL(V)'. By Corollary (11.2), SL(V)" contains
every transvection subgroup x(P’, H'). Now by Theorem (11.1) it follows that
SL(V) = SL(V).

We may therefore assume that n = 2 and that F has at least four elements.
Choose a basis (v1,v2) for V and let b € F,a # 0,. Denote by Ty, the transvec-
tion such that Tp(v1) = v1 and Tp(ve) = bvy + vo. Next let ¢ € F,c # 0,+1
and denote by S. the operator such that S.(vi) = cv1,Sc.(v2) = %’Ug.
Note that 1 — ¢* # 0. Set Ry, = Sc_lTl;lSch. Then Rpc(v1) = v1 and
Ry c(v2) = b(1 — c*)v1 + vo. Thus, Ry is a transvection with center and axis
equal to Span(vi). Note that as b ranges over F so does b(1 — c¢?). Conse-
quently, every transvection with axis Span(vy) is contained in SL(V) . Since
SL(V)" is normal in SL(V) and transitive on one-dimensional subspaces it
follows that SL(V') contains all transvections. Again by Theorem (11.1), it
follows that SL(V)' = SL(V).

Definition 11.3 The projective general linear group is the quotient
group GL(V)/Z(GL(V)) and is denoted by PGL(V). The special linear
group, denoted by PSL(V), is the quotient group SL(V)/Z(SL(V)).

Remark 11.3 Let T = Z(GL(V))T be an element of PGL(V) and let U be
a k-dimensional subspace of V. Define T -U =T -U = T(U). This is well
defined and gives o faithful action of PGL(V') on Ly (V') (prove this).

Lemma 11.8 Let P € Ll(V),Hl,HQ S Lnfl(V) with P C Hy N Hy. Then
x(P, Hy) and x(P, Hy) commute.

This is left as an exercise.

Definition 11.4 Fiz P € L1(V). We denote the subgroup of SL(V') generated
by all x(P,H) where H € L,,_1(V),P C H by x(P) and refer to this as the
group of transvections with center P.
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Corollary 11.3 Let P € L1(V). Then x(P) is an Abelian group.

Proof This is immediate from Lemma (11.8).

Let P € L1(V). We denote by SL(V)p the set of all T € SL(V) such that
T(P) = P.

Lemma 11.9 Let P € L1(V). Then x(P) is a normal subgroup of SL(V)p.

3

Proof Assume S € x(P,H)p and T € SL(V). Set H = T(H). The
H' € L,_1(V) and P C H'. It then follows that STS™! € x(S(P),S(H)) =
x(P,H'), a subgroup of x(P).

Theorem 11.3 Assume (n,F) neither (2,F3) nor (2,F3) and that N is a
normal subgroup of SL(V') not contained in Z(SL(V)). Then N = SL(V). In
particular, PSL(V') is a simple group.

Proof SL(V) acts primitively on L1(V'). For P € L1(V), x(P) is an Abelian
normal subgroup of SL(V)p and its conjugates generate SL(V). Since SL(V)
is perfect, the conclusion follows from Iwasawa’s theorem.

Remark 11.4 The groups PSLo(F2) and PSL2(F3) are truly exceptions:
The order of PSLo(F2) is siz and the group is isomorphic to the symmet-
ric group of degree three, and is solvable. The group PSLa(F3) has order 12,
is isomorphic to the alternating group of degree four, and is solvable.

Exercises

1. Let V' be an n-dimensional vector space over I, where ¢ = p” for a prime
p. Determine the order of GL(V') and SL(V).

2. Assume that V is an n-dimensional vector space over a field F and k is a
natural number, 2 < k < &. Assume Uy, U, Wi, W € Li (V) and dim(Uy N
Us) = dim(W7 N W3). Prove that there exists S € SL(V) such that S(U;) =
Wii=1,2.

3. Let V be an n-dimensional vector space and k a natural number, 1 <
k < n. Assume T € GL(V) and T(U) = U for every U € Ly(V). Prove
T € Z(GL(V)).

4. Assume dim(V) =n,P € [1(V),Hy # Hs € L,_1(V) with P C H; N Hs.
Prove that x(P, H1) and x(P, Hz) commute.
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5. Continue with the assumptions of Exercise 4. Set U = H1NH;. Assume S €
x (P, H1)x(P, H2). Prove that there is an element H € L,,_1(V') containing U
such that T' € x(P, H).

6. Assume dzm(V) =n,P,P € Ll(V),H S Lnfl(V) and P, + P, C H.
Prove that x(Py, H) and x(Ps, H) commute.

7. Continue with the assumptions of Exercise 6. Let T' € x(P1, H)x(Ps, H).
Prove there is a P € L1(P, + P) such that T € x(P, H).

8. Assume P; is not contained in Hs and P, is not contained in H;. Prove
that (x(P1, H1), x(Pz, H2)) is isomorphic to SL(W) where dim(W) = 2.

9. Assume dim(V) =n, P, # P, € L1(V),Hy # Hy € L,_1(V) with P; C
H;,i = 1,2. Prove that x(Pi, H1) commutes with x(Ps, Hz) if and only if
P+ P, C HH N Hs.

10. Assume dim(V) = n,P € L1(V),H € L,_1(V) with P C H. Let S €
SL(V). Prove that Sx(P, H)S~! = x(S(P),S(H)).
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11.2 Symplectic Groups

In this section we consider the symplectic group, Sp(V'), of isometries of a non-
degenerate 2m-dimensional symplectic space (V, f). We show the existence of
transvections in SP(V) . We also prove, with just three exceptions, that the
quotient of the group Sp(V) by its center is a simple group.

What You Need to Know

To successfully navigate the material of this new section you should by now
have mastered the following concepts: vector space over a field F, basis of a
vector space, dimension of a vector space, linear operator on a vector space V,
matrix of a linear operator T : V' — V with respect to a base B for V| eigen-
value and eigenvector of an operator T, the algebra L(V, V) of operators on a
finite-dimensional vector space V', an invertible operator on a vector space V,
the group GL(V) of invertible operators on a finite-dimensional vector space
V', bilinear form, reflexive bilinear form, alternating bilinear form, symplectic
space, non-degenerate symplectic space, hyperbolic pair in a symplectic space,
a hyperbolic basis in a symplectic space, an isometry of a symplectic space.
You must also be familiar with the following concepts from group theory:
Abelian group, solvable group, normal subgroup of a group, quotient group of
a group by a normal subgroup, the commutator of two elements in a group,
the commutator subgroup of a group, a perfect group, the center of a group,
a simple group, action of a group G on a set X, transitive action of a group
G on a set X, primitive action of a group G on a set X, and faithful action of
a group G on a set X. The material on groups can be found in Appendix B.

We recall some definitions:

Let V' be a vector space over a field F. An alternating bilinear form is a map
f:V xV — F such that

1) for every vector v, the map f, : V — F defined by f,(u) = f(u,v) is
linear;

2) for every vector v, the map ,f : V — F defined by ,f(u) = f(v,u) is
linear; and

3) for every vector v, f(v,v) = 0.
It follows from 1)-3) that for any vectors v and u, f(u,v) = —f(v,u).

A symplectic space is a pair (V, f) of a vector space V and an alternating
bilinear form f:V xV — F.

The radical of (V, f) consists of all those vectors v such that f, = Oy . (V, f)
is non-degenerate if Rad(f) = {0}. If (V, f) is a non-degenerate symplectic
space then Theorem (8.7) implies that the dimension of V' is even and the



Linear Groups and Groups of Isometries 409

existence of a basis B = (u1,..., U, v1,...,0,) for V such that f(u;,u,) =
f(vi,v) = f(us,v;) =0if i # j and f(u;,v;) = 1. Such a basis is called a
hyperbolic basis.

An isometry of a symplectic space (V) f) is a linear operator 7' : V' — V such
that f(T(u),T(v)) = f(u,v) for all vectors u,v. If (V, f) is non-degenerate
then an isometry must be invertible since a vector v € Ker(T') must lie in the
radical and, consequently, Ker(T) = {Oy}. When (V, f) is non-degenerate
the composition of isometries is an isometry and the inverse of an isometry is
an isometry. Therefore the collection of isometries is a subgroup of GL(V').

Definition 11.5 Let (V, f) be a non-degenerate symplectic space. The collec-
tion of isometries of (V, f) is referred to as the symplectic group on V and
is denoted by Sp(V).

Recall for a bilinear form f on a vector space V with a basis B = (v1,...,v,),
the matrix of f with respect to B, M ;(, B), is the matrix A whose (i, j)-entry
is a;; = f(vi,v;). For vectors u,v € V

f(u,v) = [u]g Alv]s.

Lemma 11.10 Let (V, f) be a non-degenerate symplectic space with hyper-
bolic basis B = (u1,...,Un,V1,...,Vn) = (21,...,22n). Set A= M;(B,B) =
(_O}L én) Let 0 € GL(V) and set Q = My(B,B). Then the operator
o € Sp(V) if and only if Q" AQ = A.

Proof Let the entries of Q"AQ be b;j. Then o € Sp(V) if and only if
f(u,v) = f(o(u),o(v)) for every pair of vectors (u,v) from B. It then follows
that

(Qluls)" A(Q[v]s) = [ul5 Q" AQv]s = [u] Alv]s.

Taking (u,v) = (2, z;) we get that b;; = a;; for 1 < i, < 2n and so
Q' AQ = A. Conversely, if Q" AQ = A then

flo(u),o(v)) = (Qlu ] )”A(Q[ I5)
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Definition 11.6 Let (V, f) be a non-degenerate symplectic space with hyper-
bolic basis B = (ui,...,Up,V1,...,0,) = (21,...,22,). Set A = M¢(B,B).
The collection of matrices such that Q" AQ = A is denoted by Span(F) and
referred to the symplectic group of degree 2n over F.

Theorem 11.4 Let (V, f) be a non-degenerate symplectic space of dimension
two. Then Sp(V') is isomorphic to SL(V).

Proof Let B = (u,v) be a hyperbolic basis for V and assume o € GL(V).

Set M,(B,B) = (ill zu). Then by Lemma (11.10) o € Sp(V) if and only
21 S22
if

$11  S21 0 1\ (s11 s12\ _ (S11 S12
s12 s22) \—1 0/ \s21 522 521 S22

This implies that

0 511822 —s12821) _ (0 1
812821 — S11522 0 -1 0)°

Thus, o € Sp(V) if and only if s11822 — S12821 = 1.

Let x be a non-zero vector in the non-degenerate symplectic space (V, f) and
let ¢ € F. Set X = Span(z). Define a map Ty, on V as follows: for a vector
u €V, Ty (u) =u—cf(u,x)x.

Lemma 11.11 Let x be a non-zero vector in the non-degenerate symplectic
space (V, f) and let ¢ € F. Then the following hold:

i) Tw.c is a transvection with center X = Span(x) and avis z+.

i) To e is an isometry of f.

Proof 1. We leave this as an exercise.

ii) This is Exercise 7 of Section (8.2).

Definition 11.7 The map Ty . is referred to as a symplectic transvection
centered at X. We denote by x(X) the set of all Ty . with ¢ € F along with
Iyv. When X = Span(x) we will often write x(x) for x(X).
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Lemma 11.12 Assume (V, f) is a non-degenerate symplectic space. Then the
following hold:

i) Ifx #0,c,d € F then Ty, T d=Tx.ctd-
ii) If & # 0,b,c € F then Tyg,c = Ty p2e-

iii) If &,y are non-zero vectors, ¢,d € F and f(x,y) = 0 then Ty . and Ty q
commute.

) If ¢,y are non-orthogonal vectors, then the group generated by x(Span(x))
and x(Span(y)) is isomorphic to SLo(TF).

Proof We leave i)-iii) as exercises and prove iv). Set X = Span(x),Y =
Span(y). Since Y = Span(cy) for any non-zero ¢, we may assume that
flx,y) = 1. Set U = Span(x,y), a non-degenerate subspace of V' and set
W = Ut. Let ¥ be the group generated by x(X) and x(Y). Both U and
W are S-invariant and X restricted to W is {Iy}. Consequently, the map
T — Tjx 1is an injection since the only transformation which fizes every vec-
tor in V is Iy. Therefore, we may assume that V. =U. Set B = (x,y). The
(1) i and the matriz of Ty . is (i O).
We proved in Theorem (11.1) that these matrices generate SLa(F).

matriz of Ty . with respect to B is 1

Lemma 11.13 Let X = Span(xz) for a non-zero vector  and S € Sp(V).
Then Sx(X)S™! = x(S(X)).

We leave this as an exercise.

Definition 11.8 Let X = Span(x) be a one-dimensional subspace of V. Let
\IJ(X) consist of all those operators T in Sp(V') such that

) =

T(x
T(u) — ’LLEXfOT’LLG:B and
T(

w)—w ezt forweV\zt.
In the next lemma we give criteria for a transformation to belong to ¥(X).

Lemma 11.14 Let (x1,...,%n,Y1,---,Yn) be a hyperbolic basis of V' such
that €1 = x and set X = Span(x). Assume the operator T satisfies the
following:

1. T(iL‘l) = I,
2. T(y1) = y1 + > _p_o(ar®y + bryr) + yT1;
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3. T(x) = xj + cjxq for j > 2; and
4- T(y;) = yj + djzy for j = 2.
Then T € Sp(V) if and only if ¢; = —b; and d;j = a; for j > 2.

Proof Assume T satisfies 1)-4) and T € Sp(V) and j > 2. Then
f(T(x;), T(y1)) = f(z;,y1) = 0. However,

f(T(x;), T(y1)) = flzj+cjz,y1+ Z(akwk + bryx))
k=2
= bj+g¢j.

Thus, bj +c¢; =0 and c; = —b; for j > 2.
It is also the case that f(T(y;),T(y1)) = f(y;j,y1) = 0. However,

FT(y), T(w) = [y +diz, v+ > (a;2k + bijyr))
k=2

—aj +dj,

and therefore d; = a;.

Conversely, assume that ¢; = —b; and d; = a;. By Theorem (8.8) we
need to prove that (T(x1),...,T(xn), T(y1),...,T(yn)) s a hyperbolic ba-
sis, and for this we need to show that f(T(x;),T(x;)) = f(T(y:),T(y;)) =
f(T(x;:), T(y;)) =0 for i # j and f(T(x;),T(y;)) = 1. The only non-trivial
cases are f(T(x;),T(y1)) = f(T(y;),T(y1)) = 0 and these follow from the
conditions ¢; = —=b; and d; = a;.

Lemma 11.15 Let X = Span(x) € L1(V). Then the following hold:

i) If S € Sp(V) then S¥(X)S~™1 = ¥(S(X)).

i) The subgroup V(X) is normal in Sp(V)x ={T € Sp(V)| T(X) = X }.
iii) U(X) is solvable.

We leave these as exercises.

It is our goal to prove that Sp(V) is generated by its transvections. Toward
that goal, we let Q(V) be the subgroup of Sp(V') generated by all x(P), P €
L1(V). We prove in a series of lemmas that Q(V) = Sp(V). Our first lemma
is a kind of extension result.
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Lemma 11.16 Assume W is a non-degenerate subspace of V., X € Ly(W)
and o is an isometry of W which is a transvection with center X. Define S
on V as follows: if v € V write v = w +u with w € W,u € W. Then
S(v) = o(w) + u. Then S is a transvection on V with center X .

Proof We know from FEzercise 7 of Section (8.15) that S is an isometry
of V. Clearly S restricted to X+ = W+ @ (W N X1) is the identity and
Range(S — Iy) = Range(o — Iw) = X, it follows that S is a transvection.

The following is an immediate consequence of Lemma (11.16):

Corollary 11.4 Let (V, f) be a non-degenerate symplectic space and W a
non-degenerate subspace of V. Assume S € Sp(V), Sjw € QW) and S\ =
Lyyoi. Then S € Q(V).

Lemma 11.17 Let (V, f) be a non-degenerate symplectic space and w,v non-
zero vectors. Then there exists o € QV) such that o(u) = v.

Proof Assume first that f(u,v) # 0. Then W = Span(u,w) is non-
degenerate. Let v be defined by y(u) = u + v,y(v) = v and y(x) = x for
x € W, Then v is a transvection. Let § be defined by d(u) = u,d(v) =
—u+v, and §(z) = = forx € WL. Then § is also a transvection. Set o = &7.
Then o(u) = dy(u) =d(u+v) =d(u) + 6(v) =u+ (—u+v) =wv.

Assume now that f(u,v) = 0. Then there exists w such that f(u,w)
f(w,v). By the first part of the proof there exist elements 01,09 € Q(V
that o1(u) = w, o2 (w) = v. Set 0 = 0307.

#0#
)

such

We next prove that Q(V) is transitive on hyperbolic pairs.

Lemma 11.18 Assume (x;,y;) are hyperbolic pairs for i = 1,2. Then there
exists o € Q(V') such that o(x1) = x2,0(y1) = Y2.

Proof We first treat the case where 1 = x2 = x. Suppose f(y1,y2) = a # 0.
Set z =ys —y1. Note that f(x,z) = f(z,y2 —y1) = f(z,y2) — f(z,y1) = 0.
Set 0 = T, 1. Note that o(x) = = since x L z. Moreover, o(y1) = y1 +
%f(yluz)z =Y+ %f(ylaw —y1)(Y2 —y1) =y1 + (Y2 — y1) = 2.

Now assume that f(y1,y2) = 0. Note that (x,y1) and (x, y1+x) are hyperbolic
pairs and f(yi1,y1 + ) = —1 # 0 so by what we have shown there is a
transvection o1 such that o1(x) = x and o1(y1) = y1 + . Next note that
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flyr + x,y2) = f(x,y2) = 1 # 0. Consequently, there is a transvection oo
such that oo(x) = © and o2(y1 + @) = ya. Set 0 = 0q07.

Finally, assume x1 # x2. By Lemma (11.17) there is an element T € Q(V)
such that (1) = x2. Set y4, = 7(y1). By the first case there exists v € Q(V)
such that y(x2) = 2 and y(yh) = yo2. Set 0 = 7.

We are now able to prove:

Theorem 11.5 Assume (V, f) is a non-degenerate symplectic space. Then
Sp(V') is generated by transvections.

Proof The proof is by induction on n where dim(V) = 2n. When n =1 we
have already shown that Sp(V') = SL(V') and SL(V) is generated by transvec-
tions. So assume the result has been proved for spaces of dimension 2n and
that dim(V) = 2n+2. Let T € Sp(V) and let (x1,y1) be a hyperbolic pair and
set T(x1) = x2, T(y1) = y2. Then (x2,y2) is a hyperbolic pair. By Lemma
(11.18) there is a o € Q(V) such o(x1) = ®2,0(y1) = ya2. Set S = o7 1T.
Then S(x1) = ®1,S(y1) = y1. Set W = Span(z1,y1) and U = W, It fol-
lows that S restricted to W is the identity, Iy, that U is S-invariant, and
S restricted to U is in the isometry group of (U, fiuxv) which is isomorphic
to Sp(U). By the induction hypothesis Sj; € Q(U) and by Corollary (11.4),
S eQV). Fromo T =5 € Q) we obtain T = oS € Q(V).

It is our next goal to prove that with three exceptions the group Sp(V) is
perfect. Since the commutator subgroup of a group is normal, since all the
transvection groups x(X) are conjugate in Sp(V'), and since Sp(V') is gener-
ated by transvections, Sp(V') will be perfect precisely when the transvection
groups x(X) are contained in Sp(V')’. We proceed to determine when this is
S0.

Lemma 11.19 Assume |F| > 4 and (V, f) is a non-degenerate symplectic
space. Then Sp(V') is perfect.

Proof Let (x,y) be a hyperbolic pair and set X = Span(x), W = Span(x,y)
and U = W+, Let o(z) = cx,0(y) = 1y and o(u) = u for u € U. Let
Ta(x) = z,74(y) = dx +y, and 74(u) = u for u € U. Let v = o o1,
Then y(u) = u for w € U. Also, y(z) = = and y(y) = d(c®> — )z +y. We
can choose ¢ # 0 such that ¢> — 1 # 0. Then d(c* — 1) ranges over all of F as
d does. Therefore v ranges over all of x(X) and x(Span(x)) is contained in

Sp(V') and Sp(V') is perfect.



Linear Groups and Groups of Isometries 415

Lemma 11.20 Assume F = F3 and (V, f) is a non-degenerate symplectic
space over F of dimension 2n with n > 2. Then Sp(V') is perfect.

Proof As noted above it suffices to prove that the commutator subgroup of
Sp(V) contains a transvection group x(X) for some X € L1(V). Since x(X)
is cyclic of order 3, in fact, it suffices to prove that Sp(V') contains at least one
transvection. Assume we have proved the result in the case that dim(V) = 4.
Let W be a non-degenerate subspace of dimension four. Set S(W) = {T €
Sp(V)| T(W) = W, Tjw+ = Iy }. By Witt’s theorem for symplectic spaces,
Theorem (8.10), S(W) is isomorphic to Sp(W). By our assumption there
exists a T € S(W) which induces a transvection on W. However, since T
restricted to W= is the identity, T is a transvection on V. Consequently,
the commutator subgroup of Sp(V') contains a transvection and is perfect.
Thus, it remains to show that the commutator subgroup of Sp(V') contains a
transvection when dim(V) = 4.

Let B = (u1,u2,v2,v1) be a basis for V such that

flug, uz) = f(ug,v2) = f(uz,v1) = f(v2,v1) =0

f(ulavl> = f(UQ,'UQ) =1.

We define operators o, 7q, vy and 0., €4 such that

1 0 0 0
0 -1 0 0
MBEB) =10 o -1 0
0 0 0 1
1 a 0 O
010 0
M B.B)= g o 1 _,
000 1
1 0 b 0
01 0 b
MuBB) =14 ¢ 1 0
000 1
1 0 0 ¢
01 00
Ms(B.B)=14 ¢ 1 o
00 0 1
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1000
0 1 d 0
MaBB) =19 o 1 0
000 1

Each of these operators is in Sp(V') as can be checked by showing that each
takes B to a hyperbolic basis. Also, . is a transvection.

The commutator [0~ ~, '] has matriz

1 0 0 O 1 0 b 0 1 0 0 O 10 =b O
0 -1 0 O 01 0 b 0 -1 0 O 01 0 =b| _
o 0 -1 0f|l0OO0 1 O0}J]0 O -1 0](0O0 1 0]
0 0 0 1 00 01 0O 0 0 1/\0 0 0 1
1 0 b6 0
01 0 b
0 010
00 01
This proves that vy is in Sp(V)'.
The commutator [7; ', ;'] has matriz
1 a 0 O 10 0 O 1 —a 0 0 10 0 O
01 0 O 01 d 00 1 0O0f]O0O 1 —d 0] _
001 —afl0O01O0)|0O 0 1 affO0O 0 1 Of
0 0 0 1 0 0 0 1 0 0 01 0 0 1
1 0 ad a%d
01 0 uad
00 1 0
0 0 O 1

It therefore follows that Yaqd424 is an element of Sp(V)'. Since vqaq is in Sp(V')’
it follows that d,24 € Sp(V)'.

One case remains:

Lemma 11.21 Assume F = Fy and (V, f) is a non-degenerate symplectic
space. If dim(V') = 2n > 6, then Sp(V') is perfect.
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Proof By arguing as we did in Lemma (11.20), it suffices to prove that
Sp(V) is perfect when dim(V) = 6. To prove that Sp(V') is perfect when
dim(V) =6 and F = Fq, it is enough to show that the commutator subgroup
Sp(V')' contains a transvection.

We first note that the order of Sp(V') is equal to the number of hyperbolic bases
which can be computed inductively in general for Spayn (Fgq). In the present case,
|Spe(Fa)| = 29(26 —1)(24 —1)(22 — 1) = 27-3*- 7. It therefore suffices to show
that a 2-Sylow subgroup of Sp(V') is contained in the commutator subgroup.

Let B = (u1,u2,us3,v1,v2,v3) be a hyperbolic basis satisfying
flui,uj) = f(vi,v5) = f(ug,v;) =0 for all i # j and
flur,v1) = fuz,v2) = f(us,v3) = 1.
03 I3 .
I 03). We note that if
T € L(V,V) with Mr(B,B) = Q, then T € Sp(V) if and only if Q" AQ = A.

Then the matriz of f with respect to B is A = (

Set U = Span(uy,us,us3), a mazimal totally isotropic subspace of V. Let S(U)
be the subgroup of Sp(V') of all operators such that T(U) = U. This contains
the subgroup Q(U) consisting of all those operators T such that U is contained
in Ker(T —Iy) and Range(T — Iv') is contained in U. An operator in GL(V)
satisfying these properties will have matrix

Is M
MT(BaB) = (()i Ig)

with M a 3 x 3 matriz. From our comment above it follows that T is in Sp(V)
and therefore Q(U) if and only if M is symmetric.

B 03
Operators T such that Mr(B,B) = 0. O

3

trices are in GL(V') and satisfy T(U) = U. However, to be in Sp(V') it must
be the case that C = (B')~. We denote the collection of such operators by
L(U). Note that L(U) is isomorphic to SL3(Fs), a simple group, and conse-
quently, perfect. Assume now that S € Q(U),T € L(U) with

with B, C invertible 3 X 3 ma-

o Ig M _ B 03
Mg (B,B) = <03 13) and Mt (B,B) = <03 (Btr)—l) .
tr
Then the matriz of TST ! is Mpgr—1(B,B) = é3 B]V}[B ) Thus, L(U)
3 3

normalizes Q(U) and L(U)Q(U) is a subgroup of Sp(V'). Moreover, from the
above computation it follows that Q(U) is contained in S(U)'. Since L(U)
is simple, L(U) is contained in S(U)'. However, the order of L(U)Q(U) is
29.7.3 and so contains a 2-Sylow of Sp(V') and therefore transvections. This
completes the proof.
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Let (V, f) be a non-degenerate symplectic space and X € Li(V). We will
denote by A(X) the set of all Y € L1(V) such that X L Y and by I'(X)
those Y in L1(V) such that X £ Y. In the following results we prove that
Sp(V)x ={T € Sp(V)| T(X) = X} is transitive on both A(X) and I'(X).

Theorem 11.6 Let (V, f) be a non-degenerate symplectic space and X €
Li(V). Let Y1,Y, € A(X). Then there exists T € Sp(V') such that T(X) =
X7 T(Yl) = YVQ

Proof Assume first that Ya is contained in X +Y7. Let ® € X,y; € Y; be
non-zero vectors. There are scalars a,b such that yo = ax + by;. Replacing
y2 by %yz, if necessary, we may assume that b =1. Set w1 = ¢, us =y and
extend to a hyperbolic basis (w1,...,Un,V1,...,0y,) of V. Define T € L(V,V)
by T'(u;) = u; fori # 2,T(v;) = v, for j # 1,T(u2) = auy + ug, T(v1) =
—avy + v1. By Lemma (11.14) T € ¥(X). Moreover, T(y1) = T(u2) =
auy + uy = ax1 + y1 = y2. Thus, T(Y1) = Ya as required.

Now assume that X +Y1 # X + Ya. Let w be a vector such that X Y w and
set W = Span(z,w). Also, set Y/ = (X +Y;) Nwt € Liy(W+). Sp(W+)
is transitive on Li(W=) by Lemma (11.17). Consequently, there exists o €
Sp(V') such that oyw = Iw and o(Y{) =Y;. Then o(X +Y1) =o(X +Y{) =
o(X)+o(Y]) = X+Y] = X +Ys. Now by the first part there exists T € U(X)
such that 7(Yy) = Ya. Set T = to. This is the required operator.

Theorem 11.7 Let (V, f) be a non-degenerate symplectic space, T a non-zero
vector, and y, z vectors satisfying f(x,y) = f(x,z) = 1. Then there exists a
unique T € U(Span(x)) such that T(y) = =.

Proof Since f(x,y) = f(x,z) = 1 it follows that ® L (z — y) so that
z—y € xt. Set &y = x and extend the hyperbolic pair (x1,y1) to a hyperbolic
basis, (T1,...,Tn,Y1,--.,Yn). Then - = Span(xy,...,Tn,Yo,...,Yn). Let
z—y=cx1+ > y(a;x; +bjy;). Let T be the operator such that T'(z1) =
x1,T(xj) = —bjxr +x; for j >2,T(y;) =ajx1+y; forj>2, and T(y1) =
z = cx1 + )5 y(ax; +bjy;) +y1. Then T € ¥(Span(zx)) and T(y) = =.
Moreover, by Lemma (11.14), T is the unique operator in W(Span(x)) such
that T'(y) = =z.

As an immediate corollary of Theorem (11.7) we have:

Corollary 11.5 Let (V, f) be a non-degenerate symplectic space, X € L1(V)
and Y1,Ys € T'(X). Then there exists a uniqgue T € V(X)) such that T(Y1) =
Ys.
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We leave this as an exercise.

Theorem 11.8 Let (V, f) be a non-degenerate symplectic space. The action
of Sp(V') on L1(V) is primitive.

Proof Assume B C Li(V) has at least two elements and for any T €
Sp(V),T(B) =B or T(B)NB = 0. We show that B = L1(V). Let X,Y € B.
Assume first that Y € A(X). Let T € Sp(V)x. Then X € BNT(B) and
therefore T(B) = B. Thus, T(Y) € B. It follows from Theorem (11.6) that
A(X) is contained in B. Suppose B # {X}NA(X). If Z € B but X [ Z,
then by Theorem (11.7), T'(X) C B and B = L1(V). Thus it must be the
case that B = {X} UA(X). Reversing the roles of X andY we also get that
B ={Y}UA(). However, if uy = x,uz =y then (x1,x2) can be extended
to a hyperbolic basis (U1,...,Un,V1,...,0,) Then Span(vz) € A(X)NT(Y)
and we have a contradiction. We can argue similarly if Y € T'(X). Thus,
B=Ly(V).

As in the case of SL(V') we have an action of Sp(V) on Ly (V) given by T- X =
T(X). The kernel of this action consists of the scalar operators cly,c € F*
which are isometries. Since a hyperbolic pair must go to a hyperbolic pair,
it follows that ¢ = £1. Clearly this is contained in Z(Sp(V)) but we require
equality, the subject of the next lemma.

Lemma 11.22 If(V, f) is a non-degenerate symplectic space, then Z(Sp(V)) =

Proof Let S € Z(Sp(V)). We claim that S(U) = U for every mazimal to-
tally isotropic subspace of V.. Thus, let (u1,...,u,) be a basis for U. Extend
this to a hyperbolic basis of (u1,...,upn,v1,...,0,) for V. Let T be the op-
erator defined by T(u;) = w;, T(v;) = u; + v;. Then U is the eigenspace
for the eigenvalue 1 of T. Since S € Sp(V) and commutes with T, we must
have S(U) = U. Now every one-dimensional space in V is the intersection of
n — 1 totally isotropic subspaces which contain it. Consequently, every one-
dimensional subspace of V is fized by S. As shown in Section (11.1), this
implies that S is a scalar operator.

Definition 11.9 We will refer to the quotient of Sp(V') by its center as the
projective symplectic group and denote this by PSp(V). We will also
denote by PSpa,(IF) the isomorphic matriz group.
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Theorem 11.9 Let (V, f) be a non-degenerate symplectic space of dimension
2n over the field F. Then Sp(V) is simple if (n,F) is not one of (1,Fq), (1,F3),
or (2,F3).

Proof The group PSp(V) acts transitively and primitively on Li(V).
Apart from the exceptions, PSp(V) is perfect. For X € Li(V) the sta-
bilizer, PSp(V)x contains the solvable subgroup V(X)) which is normal in
PSp(V)x. Moreover, since ¥(X) contains x(X) the conjugates of ¥(X) gen-
erate PSp(V). We can therefore invoke Twasawa’s theorem and conclude that
PSp(V) is simple.

Remark 11.5 The exceptions are really exceptions: |PSpa(F2)| = 6 and
the group is isomorphic to Ss. |PSpa(F3)| = 12 and is isomorphic to Ay.
|PSps(F2)| = 720 and is isomorphic to Sg. This is more difficult to show. We
outline an approach to proving this in the exercises.

Exercises
. Prove part i. of Lemma (11.11).

. Prove part i. of Lemma (11.12).
. Prove part ii. of Lemma (11.12).
. Prove part iii. of Lemma (11.12).
. Prove Lemma (11.13).

. Prove part i. of Lemma (11.15).
. Prove part ii. of Lemma (11.15).

co N O Ot k= W N

. Prove part iii. of Lemma (11.15).
9. Prove Corollary (11.5).

10. Let (V, f) be a non-degenerate symplectic space of dimension 2n and let
X € L1(V). Prove that X is the intersection of n maximal totally isotropic
subspaces of V.

11. Let (V, f) be a non-degenerate symplectic space over the finite field F,,.
Compute the number of hyperbolic bases and, therefore, the order of Sp(V).

12. Let [1,6] = {1,2,3,4,5,6} and denote by [1,6]{?} the collection of pairs of
[1,6]. Let 0 be a symbol and set V = {0} U[1,6]2}. Then |V| = 16. Define an
addition on V as follows:

fveVthen0+v=v+0=w.
If a € [1,6]{} then a +a = 0.
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If a, B € [1,6]12F and an B =0 then a+ 8 = [1,6] \ (a U B).
IfanpB#0thena+ = (aUp)\ (aenp).

Prove that V is an Abelian group with identity 0 and every non-zero element
has order two. Note this means that V is a vector space of dimension four
over [Fs.

13. Let V' be as defined in Exercise 12. Define f : V x V — F5 as follows:
£(0,0) = £(0,0) = 0;

f(a,a) =0 for a € [1,6]1?}; and

for a # B € [1,6]12}, f(a, ) = 0 if and only if a N B = (.

Prove that f is a non-degenerate alternating form on V.

14. Let Sg, the group of permutations of [1,6], act on V as follows:

For m € Sg, w(0) = 0,7({i,5}) = {w (i), n(j)}. Prove that S¢ is a subgroup of
Sp(V, f), that is, each 7 is an isometry of (V, f). Use this to conclude that
Sp4(F2) is isomorphic to Sg.
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11.3 Orthogonal Groups, char F # 2

This section follows the previously established pattern but with a slight devi-
ation: We will define the general orthogonal group as the group of isometries
of an orthogonal space and the special orthogonal group as the set of those
isometries with determinant one. In contrast with the symplectic and special
linear groups, the special orthogonal group is not generally perfect. However,
we will define a particular subgroup, generated by so-called Siegel transfor-
mations, and prove that this group is both the commutator subgroup of the
general (special) orthogonal group and perfect. We will prove the quotient of
this group by its center is simple except for some specified exceptions.

What You Need to Know

To successfully navigate the material of this new section, you should by now
have mastered the following concepts: vector space over a field F, basis of a
vector space, dimension of a vector space, linear operator on a vector space V,
matrix of a linear operator T : V' — V with respect to a base B for V| eigen-
value and eigenvector of an operator T, the algebra L(V, V) of operators on a
finite-dimensional vector space V', an invertible operator on a vector space V,
the group GL(V) of invertible operators on a finite-dimensional vector space
V', bilinear form, reflexive bilinear form, symmetric bilinear form, quadratic
form, orthogonal space, non-degenerate orthogonal space, singular vector in
an orthogonal space, totally singular subspace in an orthogonal space, hyper-
bolic pair in an orthogonal space, an isometry of an orthogonal space, and the
reflection defined by a non-singular vector. You must also be familiar with the
following concepts from group theory: Abelian group, solvable group, normal
subgroup of a group, quotient group of a group by a normal subgroup, the
commutator of two elements in a group, the commutator subgroup of a group,
a perfect group, the center of a group, a simple group, action of a group G
on a set X, transitive action of a group G on a set X, primitive action of a
group G on a set X, and a faithful action of a group G on a set X. This latter
material can be found in Appendix B

We begin by recalling some definitions.

Let V be a vector space over a field F. By a quadratic form on V we mean
a function ¢ : V' — F which satisfies

1) for v € V,a € F, ¢(av) = a*¢(v); and

2) if we define (, )y : VXV = F by (v, w)y = ¢(v+w) — ¢(v) — ¢)(w) then
(, )¢ is a symmetric bilinear form, referred to as the form associated to ¢.

An orthogonal space is a pair (V,¢) consisting of a vector space V' and
a quadratic form ¢ : V — F. The space is non-degenerate if the associated
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bilinear form ( , ), is non-degenerate, that is, for all v € V there exists
w € V such that (v, w)y # 0.

A non-zero vector v is singular if ¢(v) = 0 and non-singular otherwise. The
orthogonal space (V, ¢) is said to be singular if it contains singular vectors.
Two vectors v and w are orthogonal, and we write v 1 w, if (v,w)y = 0.
A subspace W of V is totally singular if ¢(v) =0 for all v € W.

An isometry of an orthogonal space (V, ¢) is an operator T' : V' — V such that
¢(T(v)) = ¢p(v) for all v € V. An isometry is invertible and the composition
of isometries is an isometry. Consequently, the collection of all isometries is a
subgroup of GL(V). We denote it by O(V, ¢) or just O(V'). If T is an isometry
of (V,¢), then it also satisfies (T'(v), T (w))y = (v,w)y for all v,w € V. If
the characteristic of F is not two then the converse holds as well since in this
situation ¢(v) = %(v, v)4. The special orthogonal group is the intersection
O(V,¢) N SL(V) and is denoted SO(V, ¢) or just SO(V).

Throughout this section we will assume that (V,¢) is a finite-dimensional
non-degenerate, singular orthogonal space over F and that the characteristic
of F is not two. We will denote by S1(V) those X = Span(x) € L1(V) such
that z is singular. If X € S1(V) we set I'(X) = {Y € S1(V)|Y L X}.
Further, if the Witt index of V' is at least two, then for X € S1 (V') we will set
A(X) = S1(X1). In our first result we determine the structure of O(V, ¢) and

SO(V, ¢) when dim (V) = 2. Before doing so recall that if y is a non-singular

(x,y)

vector, the reflection through y, py is defined by py(x) = = — 2023

y. It
fixes every vector & € y* and takes y to —y.

Hereafter, throughout this section we will drop the subscript ¢ and write ( , )
instead of (, )4.

Theorem 11.10 Assume dim(V) = 2. Then SO(V, @) is isomorphic to the
multiplicative group of F. Every element of O(V,$)\ SO(V, ®) is a reflection.

Proof Let (u,v) be a hyperbolic basis of V' so that ¢(u) = ¢(v) = 0 and
(u,v) = 1. Note that S1(V) = {Span(u), Span(v)}. Let T € O(V, ) then
either (T'(u),T(v)) = (au,bv) or (av,bu) for some non-zero scalars a,b.
Since 1 = (u,v) = (T(u), T(v)) = ab we must have b = a~'. In the first
case, det(T) = 1 and T is in SO(V,¢). The map that takes a to T, where
To(u) = au,T,(v) = a~'v is an isomorphism of F* to SO(V, ).

On the other hand, suppose a € F* and T(u) = av,T(v) = a ‘u. Set x =
u+av andy =u —av. Then T'(x) = x and T(y) = —y so that T = p,, the
reflection through y.

We now prove an important result, the Cartan-Dieudonne theorem.
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Theorem 11.11 Assume dim(V) =n andT € O(V,¢),T # Iyv. Then T can
be expressed as a product of at most n reflections.

Proof The proof is by induction onn. If n = 1 then T = —Iy is a reflection.
So assume the result is true for spaces of dimension less than n and that
dim(V) = n. Let T € O(V,¢), T # Iyv. Suppose first that there exists a
non-singular vector v such that T(v) = v. Since v is non-singular, v> is
non-degenerate and T-invariant. Since T # Iy, T, # I,1 and by induction,
Ty is a product of at most n—1 reflections, thus T is the product of at most
n — 1 reflections. We may therefore assume that ker(T — Iy) = {0} or is

totally singular.

Suppose now that there exists z non-singular such that w = T'(z) — z is non-
singular. Set u = T(z) + z, we claim that w L w. We compute

<w7u> =

—~

T(z) - 2,T(2) + 2)
T(2),T(2) +(T(2),2) — (2,T(2)) - (2,2)
(2,2)

—~

z — (2, Z

—~

X

) )

e

Now z = $(u — w) and T(z) = 3(u+ w). Then pw(z) = puw(¥52) =
$lpw(u) — pw(w)] = Flu+ w] = T(2). It then follows that pwT(z ) = z.
Then by the above py,T is a product of at most n — 1 reflections so that T is
a product of at most n reflections.

Consequently, we may assume there does not exist a non-singular vector z such
that T'(z) — z is non-singular. We claim that this implies that Range(T — Iy/)
is totally singular. Assume to the contrary and let  be a singular vector such
that T'(x) — x is non-singular. Then there exists a singular vector y such that
(x,y) = 1. Assume now that F # F3 and let a € F*,a # +1. Thenx+y,x—y
and x + ay are all non-singular vectors. Then t

T(x+y) - (x+y) =[T(x) -z +[T(y) -y,
T(x—-y)=[T(z) -z - [T(y) - yl,

, and

T(z +ay) - (z +ay) = [T(z) — ] +a[T(y) — y]
are all singular. This implies that T'(x) — « and T(y) — y are singular, a
contradiction.

We may therefore assume that F = F3. Suppose n = 2. Then (T(x),T(y)) =
(—x,—y), (y,x), or (—y, —x). In the first case, T = pgpiypPa—y- In the second
case, T = pgp_yy and in the third case T = ppiy. We may therefore assume
that n > 3.
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Setu=x+y,v=x—y and let w € x-Ny* = utNvt with w non-singular.
Then ¢(w) = £1. Suppose p(w) =1. Set v’ =T (u) —u,v' =T(v) —v,w =
T(w) —w and U’ = Span(u',v',w’). Note that uw + w is non-singular and
therefore T(u+w) # u+w so, in particular, ' =T (u)—u # T(w)—w = w'.
It follows that Span(u',w’) is a totally singular two-dimensional subspace.
Since T'(x)—x € U’ is non-singular it follows that dim(U’) = 3 and the radical
of U’ is non-trivial and contained in Span(u’,w’). Note that this implies that
(v, v, w') is linearly independent. If dim(Rad(U")) = 2 then every singular
vector of U’ is contained in Span(u',w’), in particular, v’ € Span(u’, w’),
a contradiction. Therefore dim(Rad(U")) = 1. It then follows that there are
14 singular vectors in U'. However, there are 18 non-singular vectors in U.
By the pigeonhole principle there must be non-singular vectors z,z' € U such
that (T — Iy )(z) = (T —Iv)(2"). However, this contradicts (u',v', w') linearly
independent and we have a contradiction. Thus, Range(T — Iy) is totally
singular as claimed.

Since Range(T — Iy) is totally singular, Range(T — Iyy) C Range(T —Iy)*+ =
ker(T — Iv). As shown above, ker(T — Iyv) = {0} or ker(T — Iy) is totally
singular. Since T # Iy, Range(T — Iy) # {0} so, in fact, ker(T — Iy) is
totally singular. Then ker(T — Iyv) C ker(T — Iy)* = Range(T — Iy). We
therefore have ker(T — Iv) = Range(T — Iy). If m = dim(ker(T — Iy/)) then
by the rank-nullity theorem, n = dim(V') = 2m. We can also conclude that the
minimum polynomial of T is (x—1)? from which it follows that det(T) = 1 and
T € SO(V,¢). Let u be any non-singular vector. Then det(p,T) = —1 and
therefore p, T is the product of at most n reflections from which we conclude
that T is a product of at most n+ 1 reflections. However, if T were a product
of n+ 1 =2m+ 1 reflections then det(T) = —1, a contradiction. Thus, T is
a product of at most n reflections.

Corollary 11.6 Assume dim(V)=n and T = pg, ... ps, withm <n. Then
dim(Ker(T — Iy)) > n—m.

Proof Set X = Span(x,...,®.). Then the kernel of T — Iy contains X+
and dim(X+) =n — dim(X) > n —m.

Corollary 11.7 AssumeT = pg, ... pg,, and ker(T —Iy) = {0}. Then m >
n.

We now revisit some isometries that were the subject of exercises in Section
(8.3).

Theorem 11.12 Let u be a singular vector and v € w™. Then there exists a
unique isometry T of V such that for x € ut,7(x) = x + (x,v)u.



426 Advanced Linear Algebra

Proof For x € ut let T(x) = = + (x,v)u. We first show that T is an
isometry of u™. Let x,y € u™. Then

(T(z), T(y) = (x+ (x,v)u,y+ (y,v)u)
(T, y) + (y,v)(z,u) + (z,v)(u,y) + (z,v)(y, v)(u, u)
T, y).

—~

By Witt’s theorem, Theorem (8.12), there exists an extension T to all of V.
We show that T is unique. We claim that there exists a singular vector w €

L+ such that {(u,w) # 0. If v is singular, this follows from Lemma (8.28).
If v is non-singular then v is non- degenemte and again the claim follows
from Lemma (8.24). By replacing w by oy W if mecessary, we can assume

(u,w) = 1. Assume 7(w) = au + z + dbw where a,b €F and z € ut Nwt
Now

= (u,w)

= (7(u),7(w))
(u,au + z + bw)

b.

It therefore follows that b= 1. Next, let x € u™ Nw=>. Then

+
/8\“
S
£

Q

S

+

I\

+
&

It follows that (x,z + v) = 0 for every ® € ut Nw™. However, u™ Nw' is

non-degenerate so that z +v =0, hence z = —wv.
Finally, 0 = ¢(w) = ¢(r7(w)) = ¢lau — v + w) = ¢(v) + a and therefore
a = —¢(v). This proves that T is unique.

Definition 11.10 Let u be a singular vector, v € ut. We will denote by Ty, »
the unique isometry of V such that Ty »(x) = x + (x,v)u for = € ut. This
is referred to as a Siegel transformation.
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These isometries will play a role in orthogonal groups similar to that of
transvections in linear and symplectic groups. In the next couple of results
we uncover some of their properties. These results should be compared to
corresponding results for transvections.

Lemma 11.23 Let u be a singular vector and v € ut. Then Ty = Iy if
and only if v € Span(u).

We leave this as an exercise.

Lemma 11.24 Let u be a singular vector and v € ut. Then 7y, € SO(V, ¢).

Proof If v € Span(u), then Ty = Iv € SO(V,¢) by Lemma (11.23).
Assume v ¢ Span(u). Let w be a singular vector, w ¢ u’. Now w't N
Span(u,v) # {0}. Suppose au + v L w. Then Ty gutv = Tuw- Lhus, by
replacing v with au + v, if necessary, we may assume that w 1L v. It then
follows that Ty »(w) = —d(V)u+v+w so that (Ty.—Iv)(w) = —p(v)u+v €
Span(u,v).

By the definition of Ty it then follows that (T, — Iv)(v) € Span(v) and
is the zero vector if and only if v is singular. It therefore follows that the
minimum polynomial of Ty is (x — 1)2 if v is singular and (z —1)3 if v is
non-singular. In either case, det(Ty,») =1 and Ty € SO(V, ¢).

Lemma 11.25 Let uw be a singular vector, and v,w vectors in u’. Then

Tu,vTu,w — Tu,v+w-

Proof By Theorem (11.12) it suffices to prove for ® € wul that
TuvTuw(®) = + (x,v + w)u. We compute:

Tu,'vTu,'w(w) = Tu,v(w+<m,w>u)

Tuw(T) + (T, W) Ty » (W)

(
(

x,v)u + (x, w)u

T, v+ w)u

as was to be shown.

Corollary 11.8 Let u be a singular vector and v € ut. Then T;L = Tu,—v-
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Proof This follows immediately from Lemma (11.25).

Corollary 11.9 Let u be a singular vector and v € ut. Then Tu,utv = Tu,v-

We leave this as an exercise.

Notation Let w be a singular vector. Denote by T, the set of all 7, , such
that v € ut. Also, denote by Q(V) the subgroup of SO(V, ¢) generated by
all T,, such that u is a singular vector. It follows from Lemma (11.25) and
Corollary (11.8) that T, is an Abelian subgroup of O(V, ¢).

Lemma 11.26 Let (u,w) be a hyperbolic pair and set X = ut Nw'. The
map that sends v € X to Ty, is an isomorphism of Abelian groups.

Proof This follows immediately from Lemma (11.25) and Lemma (11.8).

Lemma 11.27 Let u be a singular vector, v € u and o € O(V,$). Then

-1 _
OTuv0 = To(u),0(v)-

Proof It suffices to show for y € o(u)t that oTuo '(y) = y +

(y,0(v))o(u). Set ¢ =071 (y) € ut. We compute:

O'Tuﬂ,O'_l(y) = O'Tu(uO'_l(O'(.’B))
OTu ()

o(x + (z,v)u)
o(x) + (z,v)o(u)

= o(z) + (o(x),0(v))o(u)
To(u),o(v) (0(T)

= To(u),o(v)(Y)

The following is an immediate consequence of Lemma (11.27):
Corollary 11.10 Let w be a singular vector and o € O(V,¢), Then

oTyo ! = Ty (w)- In particular, if U = Span(u), then Ty, is a normal subgroup

Corollary 11.11 The subgroup Q(V) is normal in O(V, ¢).
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In our next result we prove that for u a singular vector the subgroup T, is
simply transitive on T'(Span(u)).

Lemma 11.28 Let u be a singular vector and set U = Span(u). Assume w
and x are singular vectors satisfying (u,w) = (u,x) = 1. Then there exists a
unique T € Ty, such that 7(w) = x.

Proof Since (u,w) = (u,x) = 1, it follows that (u,x — w) = 0, that is.
v=x—w € u. Suppose ¢(v) = 0. Then (v, w) = 0 and from the proof of
Theorem (11.12) we can conclude that Ty, —»(W) = w4+ v = x. Assume then
that (v,w) = (x — w,w) = a. Then v' = v + au € u* Nw=*. Moreover,

o(v') = é(v+au)
= ¢(v) —alv,u) + a*(u,u)

= ¢(v)
1
= §<w—w,w—w)
1
= —5-2<:13,w>

Again by the proof of Theorem (11.12) it follows that

w+ v — (v )u

= w+(r—w+au)—au

Tu,—v' ('Ll))

= @X.

As for uniqueness, suppose v,y € utNwL and 7y »(W) = Ty 4 (W) = x. Then
Tu,—vTu,y (W) = Tuy—v(w) = w. However, by the proof of Theorem (11.12)
Tuy—v(W) = W+ (y—v) — d(y —v)u. It follows that y —v = 0 so that y = v.

Corollary 11.12 Assume that dim(V) > 3 and that the Witt index of (V, ¢)
is one. Then Q(V') is doubly transitive on S1(V). In particular, Q(V) acts
primitively on S1(V).

Proof Assume XY € S1(V). Since dim(V) > 3 there exists Z € S1(V)
such that Z is equal to neither X nor Y. Let z € Z and let x € X,y € Y
such that (z,x) = (z,y) = 1. By Lemma (11.28) there is a unique 7 € T,
such that 7(x) = y and then 7(X) =Y. This proves that Q(V') is transitive
on S1(V). Also, by Lemma (11.28) there exists a unique o € Ty such that
o(y) = z. Note that o(x) = x so that o(X) = X. From o(y) = z it follows
that o(Y) = Z. This proves that Q(V') is doubly transitive on S1(V).
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Remark 11.6 It follows from Corollary (11.12), if n > 3 and the Witt index
of (V, ) is one, then for any pair of non-orthogonal singular vectors, (u,v),
(V) is generated by Ty U T,.

The next result will assist us in proving that Q(V) is transitive and primitive
on Sl (V)

Theorem 11.13 Assume the Witt index of (V,¢) is at least two. Then the
following hold:

i) If XY € 51(V) and X LY, then there exists Z € T'(X) NT(Y).
i) If XY € S1(V) and X LY, then there exists Z € A(X)NIT(Y).
iii) If X, Y € S1(V) and X LY, then there exists Z € T(X)NT(Y).
w) If X € S1(V),Y £ X, then there exists Z € A(X)NT(Y).

A
A

Proof i) Letx € X,y € Y be non-zero vectors. By the proof of Lemma (8.28)
there exists singular vectors ',y" such that (x,y’) = (y, a2’y = (z',y’) =
0,{x,z') = (y,y’') = 1. Set Z = Span(x’ +y'). Then Z € T(X)NT(Y), as
required.

i) If x, &'y, y’" are as in part i) set Z = Span(x’) € A(Y)NIT'(X).

iti) Let x € X,y € Y be non-zero vectors. Since the Witt indezx is at least two,
X1 NY"L is a non-degenerate, singular subspace. Let w be a singular vector in
X+tNY*L. Setw =x+u. Thenx L w [ y. By part ii) there exists a singular
vector v such that x J v L w. Replacing v by a vector in Span(w,v) Ny*
we can assume that v L y. Set Z = Span(w + v). Then Z € T(X)NT(Y).

w) Let x € X,y €Y non-zero vectors. Let u be a singular vector in z+ Nyt
and set Z = Span(u +y). Then Z € A(Y)NT(X).

Lemma 11.29 Let (xz,w) be a hyperbolic pair, y € =+ N w', a singular
vector, and b € F. Then there exists T € Ty, such that 7(y) = bx + y.

Proof Letwu € ztNw> such that (y,u) = 1. Then 7o pu(y) = y+{y, bu)x =
y + bx.

Lemma 11.30 Assume n > 3. Then Q(V) is transitive on S1(V).
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Proof Let X,Y € S1(V). Suppose X 1 Y. By part i) of Theorem (11.13)
there exists Z € T'(X)NIT(Y). Let z € Z. Choose x € X,y € Y such that
(z,z) = (z,y) = 1. By Lemma (11.28) there exists T € Ty such that T(x) = y.
1t follows that 7(X) =Y. Now assume that X LY. By part 38) of Theorem
(11.13) there exists Z € T'(X) NT(Y) and the proof proceeds in exactly the
same as when X LY. Thus, Q(V) is transitive on S1(V').

Theorem 11.14 Assume the Witt index is at least two and that n =
dim(V') > 4. Then Q(V) is primitive on S1(V').

Proof We first show that if X € S1(V) and Y,Z € A(X), then there is a
7€ QV) such that 7(X) = X and 7(Y) = Z. Choose z € X and let w be a
singular vector such that (w,z) = 1. Lety’ € (X+Y)Nw', 2’ € (X+Z)Nw,
and setY' = Span(y'), Z' = Span(2'). ThenY', Z' € Sy(xNw'). The space
xt Nw' is non-degenerate, singular, and dim(z* Nw*) > 3. By Lemma
(11.80) there is a 0 € Q(xt N wt) such that o(Y') = Z'. Extend o to an
isometry o of V' so that & restricted to Span(x,w) is the identity. Then ¢ €
V), 0(X)=X and5(Y') = Z'. By Lemma (11.29) there exists 6 and vy in
Ty such that 6(Y) =Y’ and v(Z') = Z. Set 7 = v56. Then 7(X) = X and
r{(¥) = 130(Y) = 13(Y") =(2') = 2.

Now assume that B is a subset of S1(V') with at least two elements and for
any o € Q(V) either o(B) = B or o(B) N B = (). We prove that V = 51(V)
from which it will follow that Q(V') is primitive on S1(V). Let X, Y € B.
Suppose Y € A(X). We claim that A(X) is contained in B. Let Z € A(X).
By what we have shown, there is a 7 € Q(V') such that 7(X) = X, 7(Y) = Z.
Since X € BN 7(B) it must be the case that T(B) = B. It then follows that
Z =71(Y) € 7(B) = B and our claim is proved. In a similar way, if Y € I'(X)
then T'(X) C B. We return to the assumption that Y € A(X). By switching
the roles of X and Y we can also conclude that A(Y') is contained in B. By
part i) of Lemma (11.13) there is a Z € A(Y) NT(X). But then, as argued
above, T'(X) C B, so that B contains {X}UA(X)UT'(X) = S1(V).

So we may assume that Y € T'(X) and T'(X) C B and T'(Y) C B. By part iv)
of Theorem (11.13) there is a Z € A(X)NT(Y). Then Z € B, whence A(X)
and we again have B = S1(V).

Remark 11.7 The case when dim(V) = 4 and the Witt index is two is really
an exception. Let (x1,T2,y1,y2) be a hyperbolic basis. Let Ly be the subgroup
generated by Tz, ay, ond Tz, by, for a,b ranging over F. Then Ly is isomor-
phic to SLo(F). Let Lo be the subgroup generated by Ty, ays, Taq bzs Where
a,b range over F. Then also Lo is isomorphic to SLa(F). Ly and La com-
mute and intersect in the center of O(V, ¢). Moreover, Q(V) = L1Ls. The set
B = S1(Span(x1,x2)) is a block of imprimitivity of S1(V').
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In our next result we investigate the subgroup consisting of those isometries S
which commute with every element of Q(V'). Subsequently we show that this
is the kernel of the action on Sy (V).

Theorem 11.15 Assume dim(V) > 3. If S € O(V,¢) commutes with every
7€ QV), then S = +1y. In particular, Z(O(V,¢)) = {—Iv,Iv}.

Proof Let u be a singular vector and v a non-singular vector in u’. Since
S commutes with Ty ., S leaves invariant Range(ry . — Iv) = Span(u,v).
Then S also leaves invariant Rad(Span(u,v)) = Span(u). Consequently, for
each singular vector u there is a scalar Ay, such that S(u) = Ayu. We claim
that Ay is independent of w.

Suppose u,v are singular, (u,v) is linearly independent, and w L v. Then
u 4 v is a singular vector and we have Ayto(u +v) = S(u + v) = S(u) +
S(v) = Au + A\yv and we conclude that Ay = Aytv = M. We may therefore
assume that (u,v) # 0. Since S is an isometry, Aury (U, v) = (Ayu, Apv) =
(S(u),S(v)) = (u,v). Therefore A\, = ﬁ Assume now that U is a non-
degenerate subspace of V' containing Span(u,v) with dim(U) = 3. Let w
be a singular vector of U such that (u,v,w) is linearly independent. Then
= Ay = )\i 80 that Ay = Ay. Switching the roles of u and w we also get

= Ay = L It then follows that Ay = Ay = Ay Set A = Ay, Since A = 5
ollows that Are{-1,1}.

“5’|H: |

As a corollary of the proof of Theorem (11.15) we have:

Corollary 11.13 The kernel of the action of O(V, ¢) on S1(V') is Z(O(V, ¢)).

Theorem 11.16 Let n > 3. Then the commutator subgroup of O(V,¢) is
equal to the commutator subgroup of SO(V, @).

Proof As we have done previously, if G is a group, we will denote by G’
the commutator group of G, the subgroup of G generated by all commuta-
tors [g,h] = g~ th~lgh. Since SO(V,¢) is a subgroup of O(V,¢), it follows
that SO(V,¢) is contained in O(V,¢) so we must prove that O(V, @) is a
subgroup of SO(V, ). Since O(V, @) is generated by all reflections p, where
x 1is non-singular, it follows that O(V,¢) is generated by all commutators
[Px: py] = p;lpglpmpy = pxPyPzpPy Since reflections have order two. Suppose
first that n is odd. Then —Iy ¢ SO(V, ¢) but —pa, —py € SO(V,¢) and then
[_pa:a _py] = [pa:, Py] € SO(Vv ¢)

We may therefore assume that n is even and n > 4. Suppose there exists a
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non-singular vector z € - Nyt. In this case, pzp. and pypz are in SO(V, §)
and [pz, Pyl = [Pzpz, Pypz] € SOV, ). In the contrary case, n = 4 and
X = Span(zx,y) is degenerate with a radical of dimension one. In particu-
lar, X contains singular vectors. Let U be a three-dimensional non-degenerate
subspace of V with X C U and set W = U~L. Let T be the isometry such that
T restricted to U is —Iy and restricted to W is Iw. Then 7 € O(V, ¢) and
T ¢ SO(V,¢) and commutes with py and py. Both pyT and pym € SO(V, ¢)
50 that [pa, py] = [p=T, pyT] € SO(V, ¢)" and we have the desired equality.

Let (u,v) be a hyperbolic pair and set U = Span(u,v) and W = U~L. Denote
by O(U) the collection of those isometries T' such that T'(U) = U and T}y =
Iy. We claim for any o € O(V, ¢) there exists v € O(U) and 7 € (V) such
that ¢ = 7. Note that since (V') is normal in O(V, ¢) it suffices to prove
this for a generating set of O(V, ¢), in particular, for reflections. Toward that
end let  be a non-singular vector and set a = ¢(x). Let y = au + v so that
o(y) = a = ¢(x). By Witt’s theorem (8.12) there is an isometry § such that
d(y) = x. Set v = §(u) and v’ = §(v), so that (u',v’) is a hyperbolic pair.
By Lemma (11.30) and Lemma (11.28) there is a 8 € (V') such that S(u') €
Span(u) and B(v') € Span(v). Then z = B(x) € U. It then follows that
BpxB~" = pz so that py = B pzB. Then py = B p2Bpzpz = [B7, pzlp=.
Set 7 = [871, p2]. Since Q(V) is normal in O(V, ¢), 7 € Q(V). Thus, pe = 7p.
as desired. We have therefore proved most of following:

Lemma 11.31 Let (u,v) be a hyperbolic pair and set U = Span(u,v) and
W = U~. Denote by O(U) the collection of those isometries T such that
TWU) = U and Ty = Iw. Then O(V,¢) = Q(V)OU) and SO(V,¢) =
QV)[SO(V,¢) NOU)].

Proof The only thing that requires any further explanation is the last state-
ment. Suppose T € SO(V,®). Then there are 7 € Q(V) and v € O(U) such
that T = 7v. By Lemma (11.24), 7 € SO(V,¢) from which it follows that
v € SOV, ).

With this result we can now state precisely what the commutator subgroup
of O(V, ¢) is:

Theorem 11.17 Assume n > 3. Then the commutator subgroup of O(V, @)
is equal to Q(V).

Proof We first prove that Q(V) C O(V,¢). It suffices to prove that
for each pair (u,v) where w is a singular vector and v € wur is non-
singular, that 7 = Ty, € O(V,¢), equivalently, that 7[O'(V,¢)] =
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O(V, ), the identity element of the quotient group O(V,¢)/O(V,¢)'. Let
Y = Tule 50 that ¥2 = Ty.. By the Cartan-Dieudonne theorem we can
express v as a product of reflections: v = pg, .. px,. Now 7[O(V,9)] =
V0OV, 8)] = (pay - - - Pw,) Py - - - P, ) [O(V, #)']. Howewer, the quotient group
O(V,9)/O(V, ) is Abelian. Therefore

(pzy - P2) (P - - - P, ) OV, 0)] = p, .. p2,[O(V,0)] = O(V, ).

It remains to show that O(V,$)’ C Q(V). Let (u,v) be a hyperbolic pair, and
set

U = Span(u,v),W =U=*, and O(U) ={T € O(V,¢)| TU) = U, Tijw = Iw}.

By Lemma (11.81), SOV, ¢) = Q(V)[O(U)NSO(V, ¢)]. Then SO(V, ¢)/Q(V)
is isomorphic to [O(U) N SO(V,¢)]/[OU) N QV)]. However, O(U) N
SO(V, @) is isomorphic to SO(U) which is an Abelian group (isomorphic
to the multiplicative group of F) and therefore the quotient group [O(U) N
SOV, 9)]/[0U) N QV)] is Abelian. Thus, SOV, ¢)/QUV) is Abelian which
implies that O(V, ¢) = SOV, ¢)' C QV) and we have equality.

In our next result we assume (V, ) is a non-degenerate singular orthogonal

space of dimension three over the field F (characteristic not two) and determine
QV).

Theorem 11.18 Assume (V, ¢) is a non-degenerate singular orthogonal space
of dimension three over the field F and that the characteristic of F is not two.
Then Q(V) is isomorphic to PSLo(F).

Proof Let (u,v) be a hyperbolic pair and let z € ut Nvt. Set ¢(z) = c. If
we set ¢ = %qﬁ then O(V,¢') = O(V, ¢) so we can, without loss of generality
assume that ¢(z) = 1. Note that Q(V) is generated by Ty 4z, Tw,pz Where a,b €
F. Because we will need it below we compute the matric of Ty a2 and Ty b, with
respect to the basis (u, z,v). Clearly, Ty .z(u) = u. We use the formula for

computing Tu,az(2):

Tu,az (Z) =z+ <Z, CLZ>’LL =z + 2au.

It then follows from the proof of Theorem (11.12) that Ty a4z (v) = v—az—a’u.
1 2a —a?
Thus, the matric of Ty, a2 with respect to (u,z,v) is {0 1 —a |. Simi-
0 0 1
1 0 0
larly, the matriz of Ty b2 with respect to the basis (u,z,v)is | 26 1 0
- b 1
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Now let X be a two-dimensional vector space over F with basis (x,y) and
set Y = Symao(X), the second symmetric power of X, which has basis
(2%, zy,y?). Define ¢ : Y — F by qlax® + bxy + cy?) = b? — dac. Set
u = 1?2 = wy, and v' = —3y*. Then (u/,v') is a hyperbolic pair,
2" € (2')t N (y)*, and q(2') = 1. Consequently, the linear transformation
that sends (u',2',v’) to (u, z,v) is an isometry.

For every operator ¢ : X — X there is an induced operator, Sa(o)
Syma(X) — Syma(X). Moreover, the map Sz is multiplicative: For o,0 €
L(X,X),S2(08) = S2(0)S2(0). Furthermore, if o is invertible then so is
Sa(0). Therefore Sy restricted to GL(X) is a group homomorphism to
GL(Syma(X)) = GL(Y).

We describe the map more explicitly: Suppose o(x) = ax + by and o(y) =
cx + dy. Then

So(0)(x?) = a’x? + 2abzy + b y?
So(0)(xy) = acx® + (ad + be)xy + bdy>

So(0)(y?) = *x? + 2cdxy + d*y?.

Let 74, be the operator on X such that T, = @ and T4 4(y) = ax + y.
Set 04 = S2(Tw.a). Then ou(x?) = x2,04(xy) = ax® + zy, and o,(y?) =
a’x? + 2axy + y>. We determine the matriz of o, with respect to the basis
(u, 2, v").

1 1
5‘,112) _ 2 /

o.(u') = 04(

0a(2) = 04(xy) = ax® + xy = 20u’ + 2’

1 1
7u) = ou(39%) =~ (a2 + 2awy + y?) =
1 2,2 1 2 _ 2,1 l /
—=a‘r" —axry — -y = —a‘u —az +v
2 2
1 2a —a?
Consequently, the matrix of o, with respect to (u',2’,v') is |0 1 —a

0 O 1
Note that this is the same as the matriz of Ty, » with respect to (u, z,v). There-
fore, o4 is an isometry and, in fact, 04 = Ty a2 . A similar calculation shows
that if Ty is the operator of X such the Typ(x) =  + by and 7y 1(y) = y,
then op = So(Typ) = Tor bz This shows that Q(V') is isomorphic to the image
of SLo(F) under the homomorphism S : SL(X) — SL(Y) = SL(Symz(X)).
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Note that the kernel of this map is {Ix,—Ix} = Z(SL(X)) and so the image
is PSL(X) which is isomorphic to PSLy(F).

As a consequence of Theorem (11.18), we have the following result:

Theorem 11.19 Assume (V,¢) is a non-degenerate, singular orthogonal
space of dimension three over the field F, the characteristic of F is not two,
and F # Fs. Then Q(V) is a non-Abelian simple group.

We make use of Theorem (11.18) in proving the following result:

Theorem 11.20 Assume (V,¢) is a non-degenerate orthogonal space of di-
mension n > 3 over the field F and that the Witt index of (V, @) is positive.
If F # F3 then Q(V) is perfect.

Proof Let w be a singular vector and z a non-singular vector in u’. We
will show that T, € QUV)', the commutator subgroup of Q(V). Since any
singular vector in wr can be expressed as the sum of two non-singular vectors
in ut, it will follow that T, is contained in Q(V) . Since u is arbitrary, we
can conclude that Ty, is contained in Q(V)' for every singular vector u and

consequently QV) C Q(V)'.

Let v be a singular vector in z+ such that (u,v) = 1 and set U =
Span(u, z,v), a non-degenerate subspace of V' of dimension three and Witt
index one. Let Q(U) be the subgroup of Q generated by Ty such that Span(x) €
S1(U). By Theorem (11.19), Q(U) is isomorphic to PSLs(F) and is simple.
In particular, Ty is in QU) C Q(V).

We now turn our attention to orthogonal spaces over the field F3. We remark
that since 3 is a finite field, if (V, ¢) has dimension n then the Witt index is
at least [ 251 ]. In particular, if n > 5, then the Witt index is at least two.

Lemma 11.32 Assume (V, @) is a non-degenerate orthogonal space over Fs
of dimension four with Witt index 1. Then Q(V') is isomorphic to PSLq(Fy).
In particular, Q(V) is simple and, therefore, perfect.

Proof Let M be the subset of Mas(FFg) consisting of those matrices m such
that m'™ = m. Here, by ™0 we mean the matriz obtained from m by applying
the automorphism of Fg given by a =@ = a> to each entry of the matriz. Such

a matriz has the form where a,b € Fs and a € Fg. As a vector space

o
b

over F3 it has dimension four.
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For m € M set g(m) = det(m) = ab — a&@ € F3. Then ¢ is a non-degenerate
quadratic form with Witt index one. We define an action of SL2(Fyg) as fol-

lows: For A € SLy(Fg) and m € M set A-m = A" mA. Then

tr

TtT
A-m = A mA
— AtrmZ)tr
= A"mi"A
— A mA
= A-m.

Thus, A-m € M. This is clearly a linear action and (AB)-m = A - (B -
m). Thus we have a group homomorphism from SLy(Fg) into GL(M). We
claim the image of A € SLy(Fg) acts as an isometry of (M, q). This follows
since det(A) = det(ZtT) = 1. So, in fact, we have a group homomorphism
from SLy(Fg) to O(M,q). Clearly the center of SLa(Fy),{—1I2, 2}, is in the
kernel, and must be the kernel of the action since PSLy(Fyg) is a simple group).
Because the image, isomorphic to PSLs(Fg), is perfect it follows that the
image is actually a subgroup of SO(M,q).

Setu = ((1) 8) and v = (8 (1)) so that (u,v) is a hyperbolic pair. Note that

a; Q4

= b for i =1,2, then (m1,ma)q = a1bs + agb1 — 10 — asay.
3 3

It then follows that u' N vt consists of those matrices of the form (g g)

where o € Fg. For a € Fy, denote by z(«) the matrix (; g)

We know from Remark (11.6) that Q(M,q) is generated by T, and T,. Let

a € Fg and let s(a) be the transvection (1) Cf) in SLa(Fy) and by t(«) the
. 1 0 . ) .
transvection 1) We leave it as an exercise to show that the action on

M induced by s(cv) is the same as Ty (o) and the action induced by t(a) is the
5aMe a8 Ty z(a)- It follows from this that Q(M, q) is isomorphic to PSLo(Fy).

We can now turn to the general case over the field Fg.

Theorem 11.21 Assume (V, ¢) is a non-degenerate orthogonal space over Fs
of dimension n > 5. Then Q(V) is perfect.
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Proof Letu be a singular vector and z a non-singular vector in u. We will
prove that Ty » € Q(V)'. Since every singular vector in ul can be expressed
as the sum of two non-singular vectors from w* it will then follow that Ty, is
contained in Q(V')'. Since w is arbitrary, we can then conclude that Q(V') is
contained in Q(V)', hence we have equality.

Let v be a singular vector in z+ such that (u,v) is a hyperbolic pair. Set
U = Span(u,z,v), a non-degenerate subspace of dimension three. Then
dim(U+) > 2 and Ut is non-degenerate. Choose w € UL such that
p(w) = ¢(z). Then W = U + Span(w) is non-degenerate, dimension four,
and has Witt index one. Denote by QW) the subgroup of V') generated
by all Ty,o and Ty o where x is a vector in Span(z,w). By Lemma (11.52),
QW) is simple and isomorphic to PSLa(Fg). In particular, Ty, - is contained
in QW) CQV).

We can now prove our main theorem:

Theorem 11.22 Let (V,F) be a non-degenerate orthogonal space of dimen-
sion n > 3 over the field F with Witt index m > 0. If n = 3, assume that
F # F3 and if m = 2, assume n > 5. Let PQ(V) be the quotient of Q(V) by
Z(Q(V)). Then PQ(V) is a simple group.

Proof PQ(V) acts faithfully and primitively on S1(V'). PQ(V) is perfect. For
U = Span(u) € S1(V) the subgroup T, is Abelian and normal in PQ(V)y,
the stabilizer of U in PQ(V'). Finally, PQ(V) is generated by the conjugates
of Ty, It follows by Iwasawa’s theorem that PQ(V) is a simple group.

Exercises

1. Let u be a singular vector and y a non-singular vector in u'. Set z =

%u +y. Prove that p,py = Ty y.
2. Let w be a singular vector, v,w € ut. Prove that Tu,v = Tu,w if and only

if w — v € Span(u). Conclude that 7, . = Iy if and only if z € Span(u).

3. Let u be a singular vector. Prove that T, is generated by all 7, . where
z € u't is non-singular.

4. Assume the Witt index of (V| ¢) is one and that (u, v) is a hyperbolic pair.
Prove that Q(V) is generated by Ty, U T,

In Exercises 5-8 assume (V,¢) has dimension four and Witt index two.
If | = Span(u,v) is a totally singular two-dimensional space, let x(I) =
{Tw v |Span(u’,v’") = Span(u,v)}. Let (z1,x2,y1,y2) be a basis of singu-
lar vectors such that (z;,x;) = (y;,y;) = (®i,y;) = 0 for {i,5} = {1,2}
and (x1,y1) = (x2,y2) = 1. Let I = Span(x1,x2),la = Span(xz,y1),l3 =
Span(y1,y2),la = Span(ya, x1).
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5. Prove that Q(V) is generated by x(I1) U x(I2) U x(I3) U x(l4).

6. Let L; be the subgroup of Q(V) generated by x(l4) U x(l2) and Lo the
subgroup generated by x(11) U x(I3). Prove that Ly and Ly are isomorphic to
SLy(F).

7. Prove that L and Lo commute.

8. Prove that the set B = S1(Span(x1,22)) is a block of imprimitivity of
Q(V).

In Exercises 9-13 assume (V, ¢) is a non-degenerate orthogonal space of di-
mension four and Witt index one over the field F. Let (u,v) be a hyperbolic
pair and set U = Span(u,v) and W = UL. Let (x,y) be an orthogonal basis
of W and assume that ¢(x) = 1 and ¢(y) = d.

9. Prove that the quadratic polynomial X? + d is irreducible in F[X].

10. Set K = F[X]/(X? + d), the quotient ring of F[X] by the maximal ideal
(X2 + d) generated by X? +d. Set w = X + (X2 + d) so that K = F(w) =
{a +bw| ,b € F}. For & = a + bw € K denote by @ its conjugate a — bw. Set

M= {<; ‘Z) la,b € F, o € K}. Note that m € My (K) is in M if and only
if m'" = m.

Define ¢ : M — F by ¢(m) = —det(m). Prove that (M,q) is isometric to
(V. 9).

11.If Ae SLy(K) and m € M set A-m = A" mA. Prove that A -m € M.

12. For A € SLy(K), let T4 : M — M given by Ta(m) = A - m. Prove that
T4 is a linear operator on M and an isometry of (M, q).

13. Prove that Range(T') is isomorphic to PSL2(K) and equal to Q(M,q)
(which is isomorphic to Q(V, ¢)).
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11.4 Unitary Groups

In this section we continue to study the unitary group and demonstrate that,
with a small number of counterexamples, a projective special unitary group
is simple.

What You Need to Know

To successfully navigate the material of this new section you should by now
have mastered the following concepts: vector space over a field F, basis of a
vector space, dimension of a vector space, linear operator on a vector space
V, matrix of a linear operator T' : V' — V with respect to a base B for V,
eigenvalue and eigenvector of an operator T', the algebra L(V, V) of operators
on a finite-dimensional vector space V', an invertible operator on a vector space
V, the group GL(V) of invertible operators on a finite-dimensional vector
space V, sesquilinear form on a vector space, unitary space, non-degenerate
unitary space, isotropic vector in a unitary space, hyperbolic pair in a unitary
space, and an isometry of a unitary space. You must also be familiar with the
following concepts from group theory: Abelian group, solvable group, normal
subgroup of a group, quotient group of a group by a normal subgroup, the
commutator of two elements in a group, the commutator subgroup of a group,
a perfect group, the center of a group, a simple group, action of a group G
on a set X, transitive action of a group G on a set X, primitive action of a
group G on a set X, and a faithful action of a group G on a set X. This latter
material can be found in Appendix B.

We begin by recalling some definitions:

Let V be a vector space over a field F, ¢ a non-trivial automorphism of F
with 02 = Iy. Set E = F° = {a € F| 0(a) = a}. The norm from F to E is the
function N : F — E such that N(a) = ac(a). The trace from F to E is the
function Tr : F — E given by Tr(a) = a+ o(a). We denote by ® the kernel of
Tr,® = {a € Fla+ o(a) = 0}. We also denote by A the kernel of N restricted
to F*, A = {a € F*|ao(a) = 1}. We will often times denote o(a) by @.

A o-Hermitian form (hereafter referred to as a Hermitian form) is a map

f:V xV — F such that

1) for vi,v9,w € V,c1,c0 € F, f(c1v1 + cov2, w) = ¢y f(v1,w) + caf (v2, w);
and

2) for v,w €V, f(w,v) =o(f(v,w)).

A unitary space is a pair (V] f) consisting of a vector space V and a Hermitian
form f : V xV — F. The radical of (V, f), Rad(f), consists of all those
vectors v such that f(w,v) = 0 for all w € V. The unitary space (V, f) is
non-degenerate if Rad(f) = {0}.
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An isometry of a unitary space (V, f) is a linear operator 7' : V' — V such
that f(T(u), T(v)) = f(u,v) for all vectors u,v. If (V] f) is non-degenerate,
then an isometry must be invertible since a vector v € Ker(T) must lie in
the radical. When (V, f) is non-degenerate, the composition of isometries is an
isometry and the inverse of an isometry is an isometry; therefore the collection
of isometries is a subgroup of GL(V) which we denote by U(V, f) or simply
U(V) when the form f is understood.

A vector v in a unitary space (V,f) is isotropic if f(v,v) = 0 and
anisotropic otherwise. The unitary space is said to be isotropic if there
exist non-zero isotropic vectors and anisotropic otherwise. A pair (u,v) of
isotropic vectors such that f(w,v) = 1 is said to be a hyperbolic pair. A
subspace spanned by a hyperbolic pair is a hyperbolic plane.

Notation. Assume (V) f) is an isotropic unitary space. We will denote by
I, (V) the set of all X = Span(x) such that x is isotropic. We will refer to
such X as isotropic points. For X € I;(V) we will denote by A(X) those
Y # X in I;(V) such that Y L X and by I'(X) the set of Y € I; (V) such
that YV £ X.

Throughout this section we will generally use the bar notation to indicate
ai

images under o. For example, we will write @ for o(a). Whenv = [ : | € F"

Qn
we will denote by U the vector obtained from v by applying o to each entry of

v and similarly for a matrix A, A = o(A), is the matrix obtained by applying
o to the entries of A.

Recall if B = (v1,...,vy,) is a basis for V' then the matrix of f with respect to
B, denoted by M (B, B), is the matrix A whose (i, j)-entry is a;; = f(v;,v;).
For vectors u,v € V

f(u,v) = [u]j5 Alv]s.

The matrix A is a Hermitian matrix, that is, it satisfies A" = A.

Theorem 11.23 Let (V, f) be a finite-dimensional, non-degenerate unitary
space and let T € U(V, f). Then N(det(T)) = 1. Moreover, if a € F* and
N(a) =1, then there exists T € U(V) with det(T) = a.

Proof Let B = (v1,...,v,) be a basis for V, and set A = M¢(B,B) and
Q = Mp(B,B). It follows from the assumption that T is an isometry that
Q' AQ = A. Taking determinants and using the identity det(Q") = det(Q)

we obtain that det(Q) det(Q)det(A) = det(A). Since f is non-degenerate, A
is invertible and det(A) # 0 Consequently, N(det(Q)) = det(Q)det(Q) =

det(Q)det(Q) = 1.
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For the second part, assume N(a) = 1. Let (vy,...,v,) be an orthogonal basis
of V.. This exists by Exercise 11 of Section (11.4). The map T € L(V, F) such
that T'(v;) = v; for 2 <i <n and T(v1) = av; is an isometry and det(T) = a.

Definition 11.11 Let (V, f) be a finite-dimensional, non-degenerate unitary
space. The special unitary group consists of those isometries T such that
det(T) = 1. It is denoted by SU(V, f) or simply SU(V) when the form f is
understood. Note that SU (V') is the kernel of the map det : U(V, f) — F* and
therefore SU(V') is a normal subgroup of U(V').

In the next theorem we classify isometries T' of (V, f) such that the kernel of
T — Iy contains a hyperplane.

Theorem 11.24 Let T € U(V') and assume ker(T —Iv) = H is a hyperplane
of V.. Then one of the following holds:

1) X = Range(T — Iv) is anisotropic, H = X, and there is a scalar ¢ € F
with N(c) =1 such that T(x) = cx.

2) X = Range(T — Iy) is isotropic and H = X1, T is a transvection with
center X and axis X+ = H. Moreover, if X = Span(z). then there is a ¢ € F
with Tr(c) = 0 such that T(y) =y + cf(y,x)x for all y € V.

Proof Assume first that X ¢ H. Then V = X @ H. Let x be a non-zero vec-
tor from X . Sincex ¢ H,(T—1Iv)(x) # 0 and (T—1Iy)(x) € X. Consequently,
T(x) = cx for some ¢ € F*. Since T # Iy,c # 1. We now prove that x is
anisotropic. Suppose to the contrary that f(x,x) = 0. Since H is a hyperplane
and x ¢ H, it follows that H # x*. In particular, there exists y € H such
that f(x,y) # 0. However, f(x,y) = f(T(x), T(y)) = f(cz,y) = cf(x,y)
from which we conclude that ¢ = 1, a contradiction. So, x is anisotropic,
as claimed. It remains to show that H = z+ and N(c) = 1. Suppose to
the contrary that H # x* and let y € H with f(x,y) # 0. Multiply-
ng y by m, if necessary, we may assume that f(x,y) = 1. Then
14 ¢= flex,y) = f(T(x), T(y)) = f(x,y) = 1, a contradiction. Thus,
H = X*. Finally, f(x,z) = f(T(x),T(x)) = f(cx,cx) = ccf(x,x) and
therefore N(c) = 1. Thus, in this case 1) holds. Note that if S is the oper-

ator defined by S(y) = y + (c — 1)%52%% then S = T. This follows since

S(y)=y="T(y) fory € x+ = H and S(x) = cx = T(x).

We may therefore assume that X C H. Now let g : V. — F be defined by
(T —Iv)(y) = g(y)x. Then g is in L(V,F). Since [ is non-degenerate, there
exists v € V such that g(y) = f(y,v) so that T(y) = y + f(y,v)x. Note
that H = v*, and since x € H we also have x L v. We will first show that
flx,x) = f(v,v) =0. We have T'(v) = v+ f(v,v)x. Since T is an isomelry,




Linear Groups and Groups of Isometries 443

flo,0) = f(T(v),T(v))
flo+ f(v,v)z,v+ f(v,v)z)
= [fv,v)+ f(v,0)f(v,0)f(@,z)
f,0) + f(v,0)* f(z, ).

Consequently, f(v,v)?f(z,x) = 0. So, either f(v,v) =0 or f(z,z)=0.

Suppose f(v,v) = 0, f(x,x) # 0. Then Span(v) # Span(x) and v+ # x*.
Let y € -\ vt. Without loss of generality, we may assume that f(y,v) = 1.
We then have

fly,y) = f(T(y),T(y))
fly+z,y+x)
= fly,y) + f(z,z),

But then f(x,x) = 0, a contradiction. Suppose then that f(v,v) # 0 =
f(xz,z). Then T(v) = v + f(v,v)x. As above, v # x+. Now choose
yecvt yd¢at. We then have

I
s =
Teene

S

+

~

<

S

&

However, f(v,v) # 0 # f(y,v), and we have again arrived at a contradiction.
Thus, f(v,v) = f(x,z) = 0. We next show that Span(v) = Span(x), equiv-
alently, that v+ = x+. Suppose to the contrary. Then we can choose u € v+
such that f(u,x) = 1; and then w € Span(u, )’ such that f(w,v) =1. We
now have

0= flu,w) = f(T'(u), T(w)) = f(u,w+z) = flu,w) + f(u,z) =1,

a contradiction.

Thus, Span(v) = Span(z). Let v = bx and set ¢ = b. Then T(y) = y +
fly,bx)x =y +bf(y,z)x =y +cf(y,x)x for ally € V. It remains to show
that Tr(c) = ¢+ ¢ = 0. Toward that end, let y € V such that f(y,x) =1 so
that T(y) = y + ce. We then have
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fly.y) = [f(T(y),T(y)
f(y+cx,y + cx)
(

(

fy,y) +cf(@,y) +2f(y,®) + &f (z, z)

v,y
fly,y) +c+e

Thus, ¢ +¢ =10 as claimed.

Definition 11.12 Let (V, f) be a non-degenerate unitary space over the field
F,u an isotropic vector, and ¢ € A = Ker(N). Denote bu T the operator of
V' given by

Tu,c(®) = + cf (x,u)u.

The operator Ty, is a transvection centered at w. For any vector x such that
f(x,u) =1 it takes x to x + cu.

Notation If (V, f) is an isotropic unitary space we will denote by Q(V') the
subgroup of SU(V) generated by all transvections.

Lemma 11.33 Assume (V, f) is a non-degenerate isotropic unitary space and
that W is a non-degenerate isotropic subspace. Assume T is an isometry of
V, that T restricted to W+ is the identity on W, and that T restricted to W
is in Q(W). Then T € Q(V).

We leave this as an exercise.

Definition 11.13 Let v be an anisotropic vector, c € ®,c # 1. We denote by
P, the operator given by

poc(@) =z + (e~ 1)
This is a unitary pseudoreflection.
Lemma 11.34 Let (V, f) be a hyperbolic two-dimensional unitary space. Let

x be an isotropic vector. Then T = {74.4| a € ®} is transitive on the isotropic
vectors y such that f(x,y) = 1.
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Proof Assume y, z are isotropic vectors with f(x,y) = f(x,z) =1. If z =
ax + by we must have b = 1. Since f(z,z) = a+a =0, it follows that a € P.
Then Tg,q(Y) = 2.

Corollary 11.14 Let (V, f) be a hyperbolic two-dimensional unitary space.
Then Q(V) is doubly transitive on I (V).

Proof Let X = Span(x),Y = Span(y) be distinct elements of I;(V). By
Lemma (11.34) Tx = {Ta.a| a € ®} is transitive on [;1(V)\ {X} and Ty =
{Tyb|b € @} is transitive on I1V)\ {Y'}. The result follows from this.

Corollary 11.15 Let (V, f) be a non-degenerate, isotropic unitary space.
Then Q(V) is transitive I (V).

Proof Let X = Span(x),Y = Span(y) be isotropic points. If f(x,y) # 0
then the group generated by Tg o, Typ where a,b € @, is doubly transitive on
L(X +Y), in particular, there is a v € QV) such that v(X) =Y. On the
other hand, if f(x,y) = 0 then there exists Z € (V') such that X L Z LY.
By what we have just proved there are v; € Q(V),i = 1,2 such that v1(X) =
Z,v2(Z)=Y. Set v =~271. Then vy € UV) and v(X) =Y.

We next determine the group SU (V') when dim (V') = 2. Since we are assuming
that f is isotropic it follows from Lemma (9.14) that V has a basis (u,v) of
isotropic vectors such that f(u,v) = 1. We show in this case that SU(V) is
isomorphic to SLs(E), where E = F°.

Theorem 11.25 Assume (V, f) is a non-degenerate, isotropic two-dimensional
unitary space. Then SU(V') is isomorphic to SLa(E).

Proof Let B = (u,v) be a basis of isotropic vectors such that f(u,v) = 1.

Then M;(B,B) = ((1) (1)> = J. Assume T € GL(V) and let My (B,B) =

(CCL Z) = Q. Then T € SU(V) if and only if Q" JQ = J. This implies
that a€ + @c = bd + bd = 0,ad + bd = 1. Furthermore, if T € SU(V), then
det(T) = ad — bc = 1._As we shall see this implies that a,b € E and c,d € .
Consider (a —a@)(d — d) — (b+ b)(c +T). A straightforward calculation shows
that this is equal to (ad — be) + (ad — be) — (ad + be) — (ad + bc) = 0.

Assume that (a —@)(b+ b)(c +¢)(d — d) # 0. Then, in particular, abed # 0.
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Set ¢ = aa and b = Bd. From ac+ac = 0 it follows that @ = —« and similarly

B=—f. Set ¢ = C+C and 6 = ﬂ Then it is easy to check that ¢ = o, B =
a b a Xd

0 = =. However, it then follows that det = det o =0, a

d ad d
contradiction. Thus, at least one of a —a,d — d, b+b,c+¢ is zero. Note that
a—a=0if and only if c+¢=0 and d —d = 0 if and only if b+b = 0. So
assume that a —a = 0, that is, a € E and ¢c+¢ = 0 so that c € ®. We need to
show that b € ®,d € E.

Note that (Q~ 1" JQ™' = J so we can apply what we have shown to the
matric Q™1 = <—dc _ab>. Since a € E it follows that b € ® and hence d € E
as required.

Thus we have shown that SU(V') is isomorphic to the subgroup of GLa(TF)

d
We shall denote this subgroup of SLo(F) by SU2(F). We now demonstrate
that SU5(FF) is isomorphic to SLy(E). Fiz a non-zero element uw € ®. Then
an element g € F is in ® if and only if ug € E. Moreover, u=t € ®. For Q =

a b € SUL(F) let S(Q) = (ualc Zb) Then det(S(Q)) = ad—bc =1 so

that S(Q) € SLo(E). It is a straightforward calculation, which we leave as an
exercise, to see that S(Q1Q2) = S(Q1)S(Q2), so that S is a homomorphism
of groups. Clearly, the map is injective and there is an obvious inverse, so that
it is an isomorphism.

consisting of all matrices (CCL b) such that a,d € E,b,c € ® and ad—bc = 1.

Remark 11.8 Let (V, f) be a non-degenerate, isotropic two-dimensional uni-
tary space with a basis B = (u,v), a hyperbolic pair. Under the isomorphism
from SU(V) to SLy(E) given by o(T) = S(Mp(B,B)), the transvections of
SU(V') correspond to the transvections of SLa(E). Because of the conjugacy
of the transvection groups in U(V') and SL2(E) it suffices to show this for
one transvection subgroup of SU(V), for example, {7y, | ¢ € A}. The matric
of Tu,c with respect to B is <(1) ;) maps to the matrix <(1) ulc), which is a
transvection in SLs(E)

Lemma 11.35 Assume (V, f) is a hyperbolic plane, x,y € V with f(x,x) =
f(y,y) # 0. Then there exists T € SU(V) such that T(x) =

Proof Let B = (u,v) be a hyperbolic basis for V. Assume x = au + bv
andy—cu—i—dv Seth—au—l—bvy——cu—i—dv Then © L x' and
y L y'. Note that since f(x,x) # 0 # f(y,y), it follows that ' # x and
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Yy # y so that (z,x') and (y,y’) are (orthogonal) bases of V. We also note
that f(a!, ') = —(ab+ab) = — f(x,) = —f(y,y) = —(cd +dc) = F(&/, ).
Let T be the operator on V such that T(x) =y, T(x') =y'. It follows that T
is an isometry of f. We show that T has determinant one. Let A = M1 (B, B).

a —a c —c . a —a T R
ThenA(b 5>_<d E>.Smcedet(b 5>—ab+ab—cd—|—0d—
—C

2 p >, it follows that det(A) = 1 and, therefore, det(T) = 1. Thus,
T e SU(V).

det

We will eventually prove that, with a single exception, the group SU(V) is
generated by its transvections. We will then show that, with three exceptions,
SU(V) is perfect, whence that PSU(V) = SU(V)/Z(SU(V)) is simple when
SU(V) is perfect. In order to prove tis we will need to prove that SU(V) is
transitive on hyperbolic planes, which is our immediate goal. In the theorem
that follows we have made extensive use of computations contained in ([8]).

Theorem 11.26 Let (V, f) be a non-degenerate, isotropic unitary space over
the field F # F4. Then SU(V) is transitive on its hyperbolic planes.

Proof Assume X; = Span(x;) andY; = Span(y;) € (V) fori = 1,2, with
flx1,y1) = f(x2,y2) = 1. Set H; = X; +Y;,i = 1,2. We desire an operator
S € SU(V) such that S(Hy) = Hs. Since SU(V) is transitive on I;(V),
without loss of generality, we can assume that X1 = Xa so that dim(H; +
Hy) = 3. Let a = f(y2,y1) and assume that a # 0. Set w = ax1 + y1 — Yo.
Then f(w,x1) = flax1 + y1 — Y2, 1) = f(y1,z1) — f(ye, 1) =1 -1 =
0. Thus, w L x1. Also, f(w,y2) = flax1 + y1 — y2,41) = af(x1,y1) —
fy2,y1) =a—a=0. So, w L y;. Moreover,

flw,w) = flaxi +y1 — y2, w)
= f(_y27w)
= —f(y2,az1 +y1 — y2)
= —(a+a.

Let v(z) = z+ f(z,x1)ax1 + f(z,x1)w — f(z,w)x;. Note that since w L x;
and 1 1s isotropic, y(x1) = x1. We next compute y(y2);

Y(y2) = Yo+ f(y2,x1)ax: + f(y2, z1)w — f(y2, w)xy
= ys+ar;+ (ax1 +y1 —y2) — (a+ @)y
= Y-
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Consequently, v(Hz) = Hy.
We next claim that v € U(V), that is, v is an isometry.
Let w,v € V. Then f(y(u),y(v)) =

futf(u, 1)@z + f(u, z1)w—f(u, w)x:, v+ f (v, 21) @z + f (v, 21 )w— f (v, w)z1) =

f(un:) + af(m17v)f(u7m1) + f(:l:17v)f(u7w) - f(w7'v)f(u7w1)+
Ef(u, ml)f T, ’U) + f(uv ml)f(wvv) - (a —|—E)f(u, ml)f(mlv ’U) - f(uv w)f(mlvv) =
f(u,w).

Suppose a +a = 0, from which we conclude that w is isotropic. In this case
we claim that vy is the product of the transvections T,, 1 and T_,q 14, 1. We
compute:

Tw)_%(z) = z—éf(z,w)w

= i (2 Sz w)w)

= z2_ af(z,w)w + é[f(z - éf(z, w)w, —azx; + w)(—ax; + w)
= z- éf(z,w)w—i— 2[@]0(27331) + f(z, w)](—az1 + w)

= z- éf(z,w)w-i-[f(zawl)‘f' %f(z,w)](—awl + w)

= 2z whw - af (5 @)m + [ (5 @)w - (7w

+ %f(z,w)w

= z-—af(z,z)z1 + f(2,21)w — f(2, W)z
= z+4af(z,z1)x1+ f(z,21)w — f(z,w)x1

= 1(2).
Since 7y is a product of transvections, v € Q(V).

It remains to consider the case that a+a # 0. In this case v = pap1 where p1 =
Pwaa-1 0Nd P2 = Pgp, 1w, —aa—1- AS in the above case this can be established
by computing the image of an arbitrary z under p2p;1.

Since F #£ Fy, there exists an element b € E,b # 0,1. Set ¢ = (bl(;—li)—);

cé(a + @) € E, there exists d € F such that d + d = cé(a + @). Set w' =
dxi + y1 + cw. We claim that w' is isotropic and that f(x1,w’) =1 from
which it follows that Span(x1,w’) is a hyperbolic plane.

. Since
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fw' w') = f(dey +yi +w,de, +y1 + w)
= df(wluyl)+Ef(y17$1)+caf(w7w)
= d+d— ct(a+a)
0.
fly,w') = f(zi,de+y1 + cw)
= flz1,y)
= 1.
Now define ¥ by
W(z) = 2~ [z @b — [(zw) ()

Since W is the identity on Span(x1,w’)*, to show that ¥ is in U(V) it suffices
to prove that the restriction of ¥ to Span(xi,w’) is an isometry. We compute
U(x1) and U(w'):

U(x1) = x1— f(z,z1)bw - f(wl’wl)(&)wl
B 1
= 1—bw1
U(w') = w’—f(w',m)bw'—f(wl=wl)(%)wl
w/ — bw'
(1-b)w'.

We have therefore shown that U takes the hyperbolic pair (x1,w’) to the hy-
perbolic pair (151, (1 — b)w’). Therefore, W is not only in U(V), but in
SU(V). Since Span(z1,w’) is a hyperbolic plane, ¥ € Q(V). By a straight-
forward computation we have U(w) = axr; + w. Consequently, \I/pl_llll’l =
Upw —aa-1Y"" = paw, 1w, —aa—r = p2. Therefore papr = \I/pfllll’lpl. Since
Q(V) is normal in SU(V) and ¥ € Q(V), we conclude that pap1 € Q(V).

Corollary 11.16 Let (V, f) be a finite-dimensional, non-degenerate, isotropic
unitary space over the field ¥ # Fy. Assumex,y € V with f(x,x) = f(y,y) #
0. Then there exists v € Q(V) such that v(x) = y.
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Proof Set f(x,x) = c and choose b € F such that b+ b = c. Let (u,v) be
a hyperbolic pair. Then f(au + v,au + v) = b+ b = c. By Theorem (8.12)
there is an isometry T of V such that T(x) = au +v. Then x € H, =
Span(T~(u), T~ (v)). In a similar fashion there is a hyperbolic plane Ho
such thaty € H. By Theorem (11.26) there is am € Q(V) such that 7 (H;) =
H,. By Lemma (11.85), there is a T such that 7o restricted to Hy is the
identity, T restricted to Ha is in SU(Hs), and ma(m1(x)) = y. However, by
Theorem (11.25) and Remark (11.8), T2 restricted to Hy is in Q(Hz), whence
70 € Q(V). Then 7 = 197 is the required isometry.

We can now prove the following generation result:

Theorem 11.27 Assume (V,f) is a finite-dimensional, non-degenerate,
isotropic unitary space over the field F # Fy. Then SU(V) = Q(V).

Proof The proof is by induction on n = dim(V) for n > 2. The base case,
n = 2, holds by Theorem (11.25) and Remark (11.8). Assume n > 3 and
the result holds for spaces of dimension n — 1. Let T € SU(V) and let x be
a anisotropic vector. Set y = T(x). Then f(y,y) = f(x,x). By Corollary
(11.16) there exists T € V) such that 7(x) = y. Set S = 77 'T. Then
T € SU(V) and S(z) = x. Then S leaves x* invariant and the restriction,
3, of S to @t is in SU(xL). By the induction hypothesis, S € Q(xzL). By
Lemma(11.33) it follows that S € Q(V), whence T =718 € Q(V).

We now deal with the case that (V, f) is a non-degenerate, finite-dimensional
unitary space over F;. We will denote the elements of F4 by 0, 1,w, and w? =
w+1 (so that w® = 1).

Remark 11.9 By Ezxercise 8 of Section (9.2) if (V,f) is a non-degenerate
unitary space of dimension n over a finite field, then the Witt index of (V, f)

is 2.

Definition 11.14 If (V, f) is a non-degenerate unitary space of dimension 2n
and Witt index n, then a basis (x1,...,%n,Y1,...,Yn) such that f(z;, x;) =
f(®i,y;) = flyi,y;) =0 fori # j and f(x;,y;) =1 for all i is a hyperbolic
basis.

We will need the following simple result later when we have to prove that
Q(V) is transitive on anisotropic vectors. We leave it as an exercise.

Lemma 11.36 Let (V, f) be a hyperbolic plane over Fy. Then SU(V) = Q(V)

is transitive on the six anisotropic vectors of V.
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Lemma 11.37 Let (V,f) be a non-degenerate three-dimensional unitary
space over Fy. Then Q(V') is transitive on the set of isotropic vectors.

Proof By Corollary (11.15), Q(V) is transitive on the set I (V) of one-
dimensional subspaces spanned by an isotropic vector. It therefore suffices to
show for v isotropic that there is T € Q(V) such that T7(v) = wv. Let B =
(x1,22,T3) be a basis for V such that (x1, x3) is a hyperbolic pair and x1 1 x5
and x5 | x3. Note that for any anisotropic vector x, f(x,x) = 1.

In addition to ®1 and x3, the following vectors are isotropic: y1 = 1 + x2 +
wxs and Yo = w1 +x2+x3 (there are five others but we do not require them).
Let Ty = Ty 1, T2 = Tag, 1,73 = Ty,,1 aNd T4 = Ty, 1. A simple calculation gives
the following:

1 0 1 1 0 0
M (B,B)=(0 1 0| , M,(B,B)=1]0 1 0],
0 0 1 1 0 1
w2 1 1 w? w 1
M (BB)=|w 0 1| M, (BB)=(1 0 w?
1 w? w 1 1 w.

Set ¢ = m7eTsTs. Then M:(B,B) =

o o &
o & o

0

0. Thus, ¢ € QV) and
w

¢(v) = wv for every vector v € V.

Corollary 11.17 Let (V, f) be a non-degenerate unitary space over Fy of

dimension n > 3. Let (u,v) be a hyperbolic pair. Then there exists an operator
7 in QV) such that 7(u) = wu, 7(V) = wo.

We leave this as an exercise.

Corollary 11.18 Let (V, f) be a non-degenerate unitary space over Fy of
dimension n > 3. Let w,v be isotropic vectors. Then there exists T € Q(V)
such that 7(u) = v.

This is left as an exercise.

Lemma 11.38 Let (V, f) be a non-degenerate four-dimensional unitary space
over Fy. Then the following hold:

i) The cardinality of I, (V) is 45.
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ii) FEach element of 11 (V') is contained in exactly three elements of Io(V).
iii) Each element of Io(V') contains five elements of I; (V).

i) For X € I (V), the cardinality of A(X) is 12 and the cardinality of T'(X)
15 32.

These are fairly routine computations which we leave as exercises.

Lemma 11.39 Let (V, f) be a non-degenerate four-dimensional unitary space
over Fy. Let B = (x1,T2,Y2,Yy1) be a basis of V such that f(xi,x2) =

f(@1,92) = f(x2,y1) = f(y1,92) = 0; f(z1,91) = f(®2,92) = 1. Then a
vector axy + b + cya + Y1 is isotropic if and only if Tr(a) + Tr(be) = 0.

This is a straightforward computation and left as an exercise.

Lemma 11.40 Assume the hypotheses of Lemma (11.39). Let v, w € F% and

with respect

b ¢
. 0 d
c € Fy. Assume the operator T has matriz A = 1 e
0 1

to B. Then T € SU(V) if and only if e = @,d = b, and Tr(c) + ab+ @b = 0.

Proof Let J be the matriz of f with respect to the basis B, so that J =
0 0 01

. Then T € SU(V) if and only if A" JA = J. The conditions

= o O
o = O

1
0
0

o O O

follow from this.

Let a,b,c € Fy satisfy ab+ @b + ¢+ ¢ = 0. Denote by M (a,b,c) the matrix
1 a b

and by T(a,b,c) the operator on (V, f), which has matrix

= Q S0

0
0
0

S = O

1
0
0
M (a,b,c) with respect to B. By Lemma (11.40), T'(a,b,c) € SU(V). Also
denote by A(x1) the collection of all such operators. This is a subgroup of
SU(V) and every T € A(x) fixes x7.

Remark 11.10 The order of A(x1) is 32, a and b can be chosen arbitrarily
from Fy and once such a choice has been made there are two possibilities for
c.
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Lemma 11.41 Continue with the hypotheses of Lemma (11.89). Assume y

is an isotropic vector and f(x1,y) = 1. Then there is a unique operator T €
A(xy1) such that T(y1) = y.

Proof Let y = v + dy; where v € 1. Since f(x1,y) = 1 it follows that
d=1. Write v = axy + bxs + cys. Since y is isotropic it follows from Lemma
(11.89) that ab+ab+c+¢ = 0. Then T(a, b, ¢) is the unique operator T € A(x1)
such that T(y1) = y.

Theorem 11.28 Let (V, f) be a non-degenerate four-dimensional unitary
space over Fy. Let (u1,v1) and (ug,va) be hyperbolic pairs. Then there ex-
ists T € Q(V) such that T(u1) = ug and 7(v1) = vs.

Proof Since Q(V) is transitive on isotropic vectors we can assume that
uy = uy = x1. It then suffices to show that there exists T in Q(V) such
that 7(x1) = ®1 and T7(v1) = va. By Lemma (11.41) it suffices to show that
A(xy) is contained in Q(V). We exhibit below five explicit generators of A(x1)
which are transparently in Q(V) (each will be a transvection or a product of
two transvections).

1 1 01
. ) {0 1 0 0
Let Th = Ty, Ta,+y.- The matriz of T1 with respect to B is 00 1 1
0 0 0 1
1 1 11
. .0 1 0 1
Let Ty = Toytyy Tar +ao—ys- 1he matriz of Ts is 00 1 1
0 0 0 1
1 w w 1
. 10 1 0 w?
Let T5 = Toytys Twmy +matys - Lhe matric of T3 is 00 1 o
0 0 0 1
1 0 w 1
. 10 1 0 w?
Let Ty = Ty Twmy—xo- Lhe matriz of Ty is 00 1 0
0 0 0 1
1 0 0 1
. . {0 1 0 0
Let Ts = 7o, . The matriz of Ts is o0 1 o0l
0 0 01
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We are almost ready to prove: if (V) f) is a non-degenerate unitary space of
dimension n > 4 over Fy, then Q(V) = SU(V). Before doing so we require
one more result.

Lemma 11.42 Let (V, f) be a non-degenerate unitary space of dimension
n >4 over Fy. Then Q(V) is transitive on the set of anisotropic vectors.

Proof Assume x,y are anisotropic vectors. If f(x,y) = 0, then X =
Span(x,y) is a hyperbolic plane. By Lemma (11.36), there is a T such that
Tixt = Ix1,7x € SU(X) such that 7(x) = y. By Theorem (11.28), it follows
that 1x € Q(X). Then by Lemma (11.33), we have T € Q(V'). Thus, we may
assume that f(x,y) # 0.

Note that ' is a non-degenerate three-dimensional space and so has Witt
index one. Therefore, x- NyL is not totally isotropic. Choose an anisotropic
vector z € x+Ny*. By the first paragraph there exists 71,72 € Q(V) such that
Ti(x) = 2z,72(2) =y. Set T =7271. Then 7 € QV) and 7(x) = y.

Theorem 11.29 Let (V, f) be a non-degenerate unitary space of dimension
n >4 over Fy, then Q(V) = SU(V).

Proof The proof is by induction on n > 4. Suppose n = 4. Let T € SU(V)
and (u,v) be a hyperbolic pair. Then (T'(u),T(v)) is a hyperbolic pair. By
Theorem (11.28), there is a 7 € V') such that 7(u) = T'(u),7(v) = T(v).
Set U = Span(u,v) and S = 771T. Then S restricted to U is Iy, S leaves
U+ invariant, and Sy € SU(U™L). By Theorem (11.25) and Remark (11.8),
S € QU™L) and then by Lemma (11.33), S € Q(V). Consequently, T = 7S €
QV).

Now assume n > 4 and we have shown that Q(U) = SU(U) for a non-
degenerate unitary space (U,g) of dimension n over Fy and that (V, f) is a
non-degenerate unitary space of dimension n+1 over Fy. Let T € SU(V') and
let & be an anisotropic vector. Then, of course, f(T(x),T(x)) = f(x,x). By
Lemma (11.42), there is a T € Q(V) such that 7(x) = T(x). Set S = 77 'T.
Then S(x) = x. Consequently, S leaves @t invariant and S, € SU(x").
By the inductive hypothesis, S € Q(x1). By Lemma (11.33), S € Q(V). Con-
sequently, T =15 € Q(V).

We can now determine when SU(V) is a perfect group:
Theorem 11.30 Assume (n,F) is not one of (2,F4), (2,F9), (3,F4) and (V, f)

is a mon-degenerate isotropic unitary space of dimension n over F. Then
SU(V) is perfect.
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Proof Assume (n,F) is not one of (2,F4),(2,Fy), (3,F4). Suppose we can
show that there is an isotropic vector x such that commutator subgroup of
SU(V) contains T = {Tw.clc € A}. Since SU(V)' is normal in SU(V) and
since SU(V') is transitive on the subgroups {calTy,u isotropic, it will then
follow that SU(V) contains Q(V) = SU(V).

Suppose first that F has greater than 9 elements. Let X = Span(x,y) be a
hyperbolic plane with (x,y) a hyperbolic pair. Let S(X) consist of those T such
that the restriction to X+ is the identity on X+. Then S(X) is isomorphic
to SU(X), whence isomorphic to SLa(E) by Theorem (11.25). This group is
perfect and contains Tg. By Lemma (11.88), it follows that SU(V)' contains
full transvections groups and is therefore perfect.

We will next show if dim(V) = 3, then the commutator subgroup of SU(V)
contains full transvection subgroups. Let (x,y) be a hyperbolic pair and let z €
xtNyt. Multiplying f by ﬁ, if necessary, we can assume that f(z,z) = 1.
Then B = (x,z,y) is a basis for V. The matriz of f with respect to B is

0 0 1
J=1{0 1 0. Assumea,b € F satisfy b+b+aa = 0. Then let T(a,b) be the
1 0 0
1 a b
operator on V' such that My, p)(B,B) = |0 1 —a| = M(a,b). An easy
0 0 1

matriz computation confirms that M (a,b)*" JM (a,b) = M (a,b)" JM (a,b) =
J so that T(a,b) € SU(V). Suppose also that c,d € F and that d + d + ct =
0. Then T(a,b)T(c,d) = T(a + ¢,b+ d — ac). We can then conclude that
T(a,b)~! = T(—a,b) and, finally, that

—~

T(a,b) T (c,d) "T(a,b)T(c,d) = T(0,ac — at) = T ge—az-

Assume now that the characteristic of F is not equal to 2. Let a = 1 and let
c range over F. Then Gc — ac varies over all of ®. So in this case SU(V)*
contains T and therefore is perfect.

On the other hand, if the characteristic of F is 2, let a = 1. Then as ¢ varies
over F, ¢ + ¢ varies over all of E = ®. This proves that SU(V)" contains
T2z and we can conclude that SU(V')" C Q(V). By an induction argument on
n=dim(V), for n > 3, we conclude that Q(V) C SU(V)'.

Suppose F = Fg. By Theorem (11.27), SU(V) = Q(V). Thus, Q(V) C
SU(V) c SUV) = Q(V). We can therefore conclude that SU(V) = SU(V)
and SU(V') is perfect.

Finally, assume n > 4 and F = Fy. By Theorem (11.29) we have SU(V) =
QV)c SUWV) c SU(V) and we can again conclude that SU(V') is perfect.
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Remark 11.11 The three excluded cases really are truly exceptions: The
group SU3(Fy) is isomorphic to SLa(F3), which is isomorphic to the sym-
metric group Ss. The group SUs(Fg) is isomorphic to SLa(F3), has order 24,
and is solvable. The group SU3(F4) has order 216 = 2333 and is solvable.

We now determine the structure of the center of SU (V).

Theorem 11.31 Let (V, f) be an n-dimensional, non-degenerate, isotropic
unitary space. Then Z(U(V)) = {cIy|c € A} and Z(SU(V)) = {Av|c € A
and A" = 1}.

Proof Let v be an isotropic vector and ¢ € ®. Since STy, = TS, it follows
that S leaves Ker(ty,. — Iy) = v invariant. Consequently, S(v) € Span(v),
that is, v is an eigenvector for S. Since v is arbitrary, for each isotropic
vector v there is a scalar A, such that S(v) = A\yv. Now suppose w is also
an isotropic vector. If w is a multiple of v then Ay = Ay; s0 assume (v, w)
is linearly independent. If v L w then v + w is also isotropic. We then have
A + Apw = S() + S(w) = S(v + w) = Appw(v + w) from which we
conclude that Ay = Aptw = Aw. On the other hand, suppose f(v,w) # 0.
Since Ay = Aew for any scalar, without loss of gemerality we may assume
that f(v,w) = 1. Let ¢ € ®. Then cv + w is isotropic. Now Ay(cv) + Apw
= S(ev)+ S(w) = S(cv+w) = Acytw(cv+w) from which we again conclude
that Ay = Ay. Thus, there is an element A € F such that S(v) = Av for
every isotropic vector. Since every anisotropic vector is contained in some
hyperbolic plane, it follows that S(x) = \x for every vector x and S = Ay .
If x is anisotropic, then A\ = f(S(x), S(z)) = f(x,z). Since f(x,x) # 0 we
get A\ =1.

We next prove that if X € I;(V) then SU(V)x = {T € SU(V)|S(X) = X}
is transitive on I'(X) and A(X) (the latter when the Witt index is at least
two).

Lemma 11.43 Assume (V, f) is an n-dimensional, non-degenerate isotropic
unitary space over the field F with n > 3 and n > 4 if F = F4. Then the
following hold:

)IFXY,ZeL(V)and X LY, X } Z, then there exists S € SU(V) such
that S(X) =X and S(Y) = Z.

i) Assume the Witt index of (V, f) is at least two. If X, Y, Z € (V), X LY,
and X L Z, then there exists S € SU(V) such that S(X) =X and S(Y) = Z.
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Proof i) IfF # Fy this was proved in Theorem (11.26). Suppose F = Fy4 so
thatn > 4. Now either X +Y + Z is non-degenerate or the radical of X +Y +7Z
has dimension one, since X +Y is non-degenerate. In either case there exists
a non-degenerate subspace U of V' containing X +Y + Z. Now the result holds
by Theorem (11.28).

ii. Since the Witt indez is at least two, it follows thatn > 4. Let X = Span(x)
and let w be an isotropic vector such that f(x,w) = 1. Set W = Span(z,w)*.
Let Y = (X +Y)Nwt and Z' = (X + Z)Nwt. ThenY',Z' € L(W). By
Lemma (11.15), QW) = SU(W) and there is an v € SU(W) such that
Y(Y') = Z'. Extend y to an element of SU(V') by defining vyw. = Iy.. We
may therefore assume that Y C X +7Z = X + Z'. Let Z' = Span(z) where
f(z,w) = 1. Then there are scalars a,b € F such that Y = Span(ax+z),Z =
Span(bx + z). We show that there are operators vq,v, € SU(V) such that
Yao(®) = @ and v,(2) = ax + 2z, (z) = bx + z and then vy, * is the desired
S. Since W is non-degenerate, there exists an isotropic vector u € W such
that f(z,u) = 1. Let ¢ € F and choose any 6 € ®. Set v, = Tu,—6TS@+1,6-
Then

'Yc(z) - Tu,féTngru,J(z)
= Tu-s(z+0f(z, gw—ku)(gm—l—u)
C
= Tuﬁf(;(z + 5(m))

= Tu—s(z+cx +du)
= z+cx+du—0f(z+cx+ du,u)u
z+cx+du—du

= z+4cx.

As an immediate consequence of part i) of Lemma (11.43) we have:

Corollary 11.19 Let (V,f) is an n-dimensional, non-degenerate unitary
space over the field F with Witt index one. Then SU(V') is doubly transitive
on I1(V). In particular, if the Witt index is one, then the action of SU(V') on
I(V) is primitive.

Lemma 11.44 Assume (V, f) is an n-dimensional, non-degenerate unitary
space over the field F with Witt index of at least two. Then the following hold:

i) If X e (V) and Y € A(X), then there exists W € A(Y)NT(X).
i) If X e (V) and Y € T'(X), then there exists W € I'(Y) N A(X).
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Proof i) Let U € I'(X) so that X + U is a hyperbolic plane. Since the Witt
index of (V, f) is at least two, X+ NU" is non-degenerate and isotropic. Let
Z € (X+NUL). By part i) of Lemma (11.43), there exists S € SU(V) such
that S(X) =X and S(Z) =Y. Set W = S(U). Then X L W andY perpW.

ii) Let X = Span(x) and Y = Span(y). Since X Y Y, U = X +Y is a
hyperbolic plane. Since the Witt index of (V, f) is at least two, U+ is isotropic.
Let Z = Span(z) be in UL. Then z+y is isotropic and f(x, z+y) = f(x,y) #
0. Thus, W = Span(z +y) € T'(X) N A(Y).

We can use part ii) of Lemma (11.43) and Lemma (11.44) to show that, in
general, the action of SU(V) on I;(V') is primitive.

Theorem 11.32 Assume (V, f) is an n-dimensional, non-degenerate unitary
space over the field F with Witt index at least two. Then SU(V') is primitive
in its action on I (V).

Proof Let X,Y € I1(V) and let B be a subset of I (V) which contains X
and Y. Assume for any o € SU(V) that o(B) = B or o(B)N B = 0. We
prove that B = I (V). Assume first that Y € A(X) and let Z be in A(X). By
part i) of Lemma (11.43) there is an S € SU(V) such that S(X) = X and
S(Y)=Z. Then X € S(B) so that S(B) = B. Then Z = S(Y) € S(B) = B.
Thus, A(X) is contained in B. Similarly, A(Y) is contained in B. By part i)
Lemma (11.44), there is a W € A(Y)NT(X). But then by arguments similar
to the above, T'(X) C B, and then B = I(V). If Y € I'(X), then a similar
argument yields B = I (V).

We can now prove our main theorem.

Theorem 11.33 Let (V, f) be an n-dimensional, non-degenerate isotropic
unitary space over the field F and assume that (n,F) is not one of
(2,F4),(2,Fg) or (3,F4). Then PSU(V) = SU(V)/Z(SU(V)) is a simple
group.

Proof It follows from Theorem (11.31) that the kernel of the action of
SUV) on I1(V) is Z(SU(V)). We can then conclude that the action of
PSU(V) =SU((V)/Z(SU(V)) on I1(V) is faithful. By Theorem (11.19) and
Theorem (11.32), the action of PSU(V) on I, (V) is primitive. By Theorem
(11.80), SU(V), consequently, PSU (V') is a perfect group. Denote the image
of an element S of SU(V) in PSU(V) by S. For X = Span(z) € L(V)
let Ty = {Taw.clc € ®}. Then '7A;) is a normal Abelian subgroup of PSU(V)x
and the conjugates ofﬁ generate PSU (V). Therefore, by Twasawa’s theorem
PSU(V) is simple.
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Exercises

1. Let (V,f) be a non-degenerate isotropic unitary space and W a non-
degenerate isotropic subspace. Assume T is an operator of V', which leaves
both W and W+ invariant. Further, assume 7T restricted to W+ is the iden-
tity on W+ and W restricted to W is in Q(W). Then T € Q(V).

2. Let (V, f) be a hyperbolic plane over Fy. Then SU(V) = Q(V) is transitive
on the six anisotropic vectors of V.

3. Let (V, f) be a non-degenerate unitary space over F4 of dimension n > 3.
Let (u,v) be a hyperbolic pair. Then there exists a 7 € Q(V) such that
7(u) = wu and 7(v) = wo.

4. Let (V, f) be a non-degenerate unitary space over F4 of dimension n > 3.
Let w, v be isotropic vectors. Then there exists 7 € (V') such that 7(u) = v.

In Exercises 5-8 let (V, f) be a non-degenerate four-dimensional unitary space
over [Fy.

5. Prove that the cardinality of I, (V) is 45.

6. Prove that each element of I; (V) is contained in exactly three elements of
I (V).

7. Prove that each element of Io(V') contains five elements of I1 (V).
8. Prove if X € I1(V), then the cardinality of A(X) is 12 and the cardinality
of I'(X) is 32.

9. Let (V, f) be a non-degenerate four-dimensional unitary space over Fj.
Let B = (x1,®2,Y2,y1) be a basis of V' such that f(x1,z2) = f(@1,y2) =
f(®2,91) = f(y1,92) = 0; f(z1,91) = f(®2,y2) = 1. Prove that a vector
axi + bxs + cys + dy; is isotropic if and only if Tr(ad) + Tr(bc) = 0.

Let (V, f) be a non-degenerate unitary space of dimension four over Fy. Set
P = Ly1(V)\ I1(V), that is, the anisotropic one-dimensional subspaces.
10. For X € P show that there are 12 elements in L;(X+)N7P.

11If X, Y € Pand X LY prove that |[Li(XtNY1L)NP| =2 and if Z, W
are anisotropic one spaces in X+ YL, then Z L W.

122X, YePand X LY let (X,Y)={X,Y,Z W} where Z and W are
the anisotropic one spaces in X NY". Show that there are 40 such sets.

13. Let | = {X;, X2, X3,X4} C P such that X; L X; for ¢ # j (which
implies that X; are distinct). Let Y € P,Y ¢ [. Prove that there is a unique
1€{1,2,3,4} such that X; L Y.
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This chapter is devoted to several additional topics in linear algebra and, more
specifically, the theory of matrices. In the first section we introduce the notion
of a matrix norm and show how such norms can be induced from norms on the
spaces R™ and C™. The second section deals with the Moore—Penrose inverse
of a matrix (also called the pseudoinverse). Section three takes up the theory
of (real) non-negative matrices, that is, matrices all of whose entries are non-
negative, which has multiple applications. Section four, where we prove the
Gersgorin disc theorem, deals with the location of eigenvalues of a complex
matrix. Finally, in section five we give meaning to the notion of exponentiating

a real or complex matrix.
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12.1 Matrix Norms

In this section we define the notion of a matrix norm and give several examples.
We show how to induce a norm on M,,,(F),F € {R,C} from a pair of normed
spaces (F™, || - [|) and (F™, [| - |[').

What You Need to Know

Understanding the new material in this section depends on mastery of the
following concepts: real and complex inner product space, norm of a vector in
an inner product space, unit vector in an inner product space, the space R”,
the space C™, abstract norm on a real or complex vector space, linear transfor-
mation from a vector space V' to a vector space W, the vector space L(V, W)
of linear transformations from V' to W, the space My, (F) of m x n matrices
over a field F, operator on a vector space V', composition of transformations,
product of matrices, the algebra £(V, V) of linear operators on V, the algebra
M, (F) of n X n matrices with entries in F, and the eigenvalues of a matrix.

We begin with the definition of a matrix norm.

Definition 12.1 Let F € {R,C}. A wvector norm || - || that is defined on all
the spaces M, (F) for any choice of m and n is a matrix norm if for any
pair of matrices A, B which can be multiplied we have

FAB<[Al-[IB]-

Definition 12.2 Let A be an m x n matriz. The Frobenius norm on A is
defined to be || A ||p= Trace(AA)z. If the entries of A are a;; then

m n 2

[Ap= D> lai®

i=1 j=1

Remark 12.1 If we identify M, (F) with F™" then the Frobenius norm on
M (F) is the la-norm.

Theorem 12.1 The Frobenius norm is a matriz norm.
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Proof For any pair of natural numbers we denote by || - || the Frobenius
norm on My, (F). We also denote by || - || the Euclidean norm on F™. Let A
be an m X n matriz and B an n X p matriz. Let the rows of A be a1,...,aQny
and the columns of B be by,...,b,. Then the (i,j)-entry of AB is a;b; and
by the definition we have

2

m p
| AB |lp= (> laib;|?

i=1 j=1

Assume that F = R. By the Cauchy—-Schwartz inequality, Theorem (5.4), for

R™ with the Euclidean inner product we have |a;b;|* <|| a; ||* - || b; [|* .
Consequently,
DO laiby)? < DD laillP by P

i=1 j=1 i=1 j=1

- (z o ||2> (s e
i=1 j=1

=

1
The latter expression is less than or equal to (|| A||% - || B ||%)? which, in
turn, is equal to || A llp - || B ||F

On the other hand, suppose F = C. Then a;b; = (a;, b;) where (v, w) is the
Euclidean inmer product for C". By the Cauchy—Schwartz inequality, Theorem
(5.4),

(@i, b)* <l ai |* - 1 b5 [1°=] @ |* - 1 b5 [I* .
Now we can complete the proof exactly as in the case that F = R.
Lemma 12.1 Let F € {R,C},V = F*, W = F™ with norms || ||v and

I llw, respectively, and let A be an m x n matriz with entries in F. Then
there exists a non-negative real number M such that || Az |\w< M || = |.

Proof Let B=(ey,...,e,) be the standard basis of V. Set
m = max{| Ae; || |1 <i<n}.

xy
Now letx = | : be an arbitrary vector in V. Note that the l1-norm on V

Tn
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and the norm || - || are equivalent by Theorem (5.29) and therefore there is a
constant C' such that

n
Sl <zl
=1

Set M = mC. We claim that | Az |\w< M || x ||v for every vector x € X.
Thus,

n n
| Az |lw = [|> zidei lw < > |ail || Aes |lw
=1 i=1

by the triangle inequality. Since each || Ae; ||w< m, we have

n n
S lail |l Aei lw < mY || < mC @ lv=M |z |v.
=1 i=1

Remark 12.2 It is straightforward to extend Lemma (12.1) to the case where
Vol llv) and (W, || |lw) are finite dimensional normed spaces over the reals
or complexes and T : V. — W is a linear transformation.

Corollary 12.1 Let F € {R,C},V =F* W =F™ and || - ||v,]| - |lw be
norms on V. and W, respectively. Let A € My, (F) and assume Ty : V. — W
is defined by Ta(x) = Az. Then T4 is continuous.

Proof We leave this as an exercise.

Let F € {R,C},V = F", and W = F™ with norms || - ||v and || - ||w,
respectively. We use Lemma (12.1) to define a norm on M, (F).

Definition 12.3 Let F € {R,C},V = F", and W = F"™ with norms || - ||v

and || - |lw, respectively. Let A be an m x n matriz. The matrix norm
induced by || ||v and || |lw, denoted by || - ||v,w is given by
Ax
I 4 = smp LAZ I

z#0y || z ||V '
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The expression “sup” in the definition is an abbreviation for supremum which,
for a set of reals is the least upper bound of the set. By Lemma (12.1) the set

{ Hl’?fll”vw |x € V,x # 0} is bounded above and, consequently, has a least upper

bound. Note that if & # 0y then

| Az ||w 1 x
= Ax W= A(——— w -
Tzlv Tz Az =1 AGZ) |

&

> Tl is a unit vector in V. Therefore we have the following alternative
expression for the operator norm:

Moreover

Theorem 12.2 Let (V, || - |lv), W, || - |lw) be as in Definition (12.3), respec-

tively, and let A be an m x n matriz. Then

| Allvw= sup | Av |w .
[lv||=1

We have referred to || ||v,w as a norm, and we now demonstrate that this is
$0.

Theorem 12.3 Let F € {R,C},V = F", and W = F™ with norms || - ||v
and || - ||w, respectively. Then || - |lv,w is a norm on My, (F).

Proof Let A be an m xn matriz. Clearly, || A ||v,w> 0. Suppose || A ||v,w=
0. Then Ax = Ow for every © and A = Ou,,,. This establishes the first prop-
erty.

Assume A € Mpn(R) and c € F. Then

[eAllvw = sup [l (cA)(v) [lw

llwllv=1

= sup | c(Av) [lw

llwllv=1

sup [e] || Av [[w
lollv=1

= el sup | Av [lw
lollv=1

lel 1 A llv,w -

Now assume that A, B € My, (F). Then
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A+ Bllvw = sup [ (A+B)(v)llw
llwllv=1
= sup ||Av+ Bvl|w
llwllv=1
< sup (|| Av [lw +[| Bv [[w)
llwllv=1

= sup [[Av|w + sup | Bv|w

llwllv=1 lollv=1

I Allviw + | Bllvw -

We next prove that operator norms are matrix norms.

Theorem 12.4 Let F € {R,C},U = F*,V = F™, and W = F' with norms
I lNosll - llv, and || - |lw, respectively. Let A € My, (F) and B € My, (F).
Then

| BA low<|l B lvw [ Alvy -

Proof Letu € U =F", u # Oy. If Au = 0, then BAu = BO,, = 0;. In

this case we have

<IBlvw -1 A

uyv -

Suppose Au # Oy, Then | B(Au) lw<|| B |lv.wl Aw ||v by the definition of
|| B |lv,w. By the definition of || A ||u,v we have

| Au |lv<][ Allov|wlv .

Consequently,

1 (BA)u [w<l| Bllvw - [ Allvy - lv

from which we conclude that W <|Blvw | Al

Uw -

Since for every u # OU,% <|| B llvw - || 4 |luw we can conclude

that || BAllow < [ Blvw [l Aluyv .

It is often the case when V' = F™, W = F™ to use the same norm in both when
inducing a matrix norm. When we equip both V' and W with the [,-norm with
1 < p < oo we will denote the induced operator norm on M,,,(F) by || |/p.p-

The next result gives the values of a matrix in terms of its entries with respect
to the most common induced operator norms. But first we make a definition:
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Definition 12.4 Let A be a square complex matriz. The spectral radius of
A is the mazimum of |\| taken over all eigenvalues \ of A. This denoted by

p(A).

Theorem 12.5 Let A € M,,,,(F) with entries a;;. Then
i) || Allii= maxi<i<m{d -y lai]}
it) || A Jloo,00= maxi<j<n {322 [aijl}-

iii) || A 2= p(A"A)3.

Proof i) First note that

D1 01T
Ax = :
D1 AT
and therefore
TR 9)) SR I of Dol ) IR RS
i=1 |j=1 j=1 \i=1
Consequently,
I Az [l < max {Zl |%‘|} [zl (12.2)
Thus,

1<i<m

n
IAf: < max () lagl}
j=1

To get the desired equality it suffices to demonstrate the existence of a unit
vector & with respect to the li-norm such that we have equality in Equation

(12.1).

Let us suppose that the mazimum of {3, |ai;||1 < j < n} occurs for j = 1.
Z1

For an arbitrary non-zero vector x = | we have

|A| >M_i ia..x,
1,1 HmHl - - KV RtV
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Now take x = e1. Then we get

m m

I Al > > lan| = max {E |aij|}-
‘ 1<j<n | 4
1=1 =1

which gives us the desired equality. The proof is exactly the same if the maxi-
mum in Equation (12.2) occurs when j = k.

ii) Let & € F™ be a non-zero vector and note that

Zau% < Zlaul Iwg|<Z|aij-vaHoo-

Jj=1
Consequently, we can conclude that
n n
m m
| Az [lo = max > iz ¢ < max > laijl p @ oo -
— —

It therefore follows that

n
[ A [loc,00< r?:alx Z |ai;]

j=1

To get equality we need only show that there exists a unit vector x with respect
to the loo-norm such that | Az ||cc= max™, {Z?:l |aij|} |2 ||oo-

By way of illustration, assume max}”, {Z?:l |aij|} = E?:l la1;| (and is
T1

positive). Set x; = if a1; # 0 and is 0 otherwise and set * =

W
Ty,
Then |  |loo=1 and

A lloo,c0 2l Az [0 Zala% =

n |CL"|2 n n
Z l?, :Z|aij|:max Z|aij||1§i§n

- |aij

111) Suppose first that A is a complex matriz. Let aq > - -+ > ay be the non-zero
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eigenvalues of A4 (note the matrix A" A s semi-positive and therefore its
eigenvalues are all non-negative real numbers). Set s; = (/o for 1 < i <t
and s; = 0 fort < i <n. By the matriz version of the singular value theorem,
Corollary (6.5), there are unitary matrices Q and P such that A = QSP. Now
| A ll22= sup|z|,=1 || QSPx ||2. Since Q is unitary, || QSPx ||2=|| SPx |.
On the other hand, || Px ||2=|| @ |2 and as @ ranges over all vectors of norm
one so does Px. Therefore,

| Allz2 = sup{l| SPz|| z |2=1}
= sup{llyll2 [y lla=1}
S1X1
1
Suppose now that € = | : |. Then Sz = St(;vt and
T, .
0

I S |13 = > (siwi)?

i=1
< i)’ = st 4
<SS a =t
1
—tr 1 0
Thus, || A |l22< v/s7 = s1 = p(A" A)z. On the other hand if x = .| then
0

| Sz ||la= s1. Thus, || A ||l2o= s1 = p(A" A)%.

We will conclude this section with a couple of significant results that illustrate
the power of these ideas and the utility of matrix and operator norms. First
a definition.

Definition 12.5 A norm || || on the space My, (C) is multiplicative if for
any two matrices A, B € Myxn(C) we have || AB || <|| A -] B .

The following is elementary and we leave it as an exercise.

Lemma 12.2 Assume || - || is a multiplicative norm on My, (C). Then
[ I (= 1.
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The next result is known as Banach’s lemma.

Theorem 12.6 Assume || - || is a multiplicative norm on M,,(C). If A €
Mo (C) and || A|| <1 then the following hold:

1) I, — A is invertible;
ii) the sum E;io A7 converges and is equal to (I, — A)~™L; and

iii) || (I — A7 || < =

Proof Lete> 0. Set S = Z?:o AJ. Assume | > k. Then

l

l
ISi=sell = || X 4 < > 114

Jj=k+1 Jj=k+1
l o)
SUAPS Y TAP=[AF - A
j=k+1 j=k+1

Since || A ||< 1 we can find a natural number M such that if m > M then
| Al™ (1— || A )7 < e. It follows that {Sk}$2, is a Cauchy sequence in
Mn (C). Since M, (C) is complete (every Cauchy sequence has a limit) there
is a matriz B such that limg_,o, Sy = B. Next, note that

(I, — A)B — I, = (I, — A)(B — Si) + (I, — A)Si, — I,..

Also note that (I, — A)Sy — I,, = — AFH1L,
If we take norms, by the triangle inequality we have

= AB =1 < (= AB =8 || + | (I — A)Sk — L |
< M= Al B =Sk ||+ || =A%
< M= Al 1B =S|l + [l A"
However, limy_, || B — Sk ||= 0 and lim_ || A ||**1= 0 and therefore

(I, —A)B=1, and B = (I, — A)~L.
Finally,
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1Skl = [ Int At tAb|
< L4 A ] A
< L+l A o A"
< S A
j=0
- 1
AT
Taking limits we get
IB| = || lim S| = lm [ S]] < —
L e el B N P Al

For more on this topic a good source is [12]).
Exercises

1. Let F € {R,C}. Assume || - || is a matrix norm induced on M, (F) by a
norm on F™. Prove that || I, ||'= 1.

2. Let | || be the Frobenius norm on M,,,(F). Prove that || I, ||r= +/n and
conclude that the Frobenius norm is not induced by any norm on F”.

In Exercises 3 and 4 compute || A |7, || A ||1,15] 4 |lco,00, and || A ||2,2 for the
given matrix A.

12 2
an (2 2)

3 11
4. A=|1 3 1
1 1 3

5. Prove Corollary (12.1).

6. Let F € {R,C} and assume || - || is a matrix norm on M,,(F) so that
lAB| < ||A]|l |l Bl Prove that | I, ||> 1.
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12.2 The Moore—Penrose Inverse of a Matrix

This section is devoted to the introduction and development of the
Moore—Penrose inverse, also referred to as the pseudoinverse of a matrix. We
will show that every matrix has a unique pseudoinverse and give a method
for computing it. We will also obtain a criterion for a linear system to have a
solution in terms of the pseudoinverse of the coefficient matrix of the system.

What You Need to Know

Understanding the new material in this section depends on mastery of the
following concepts: Column space of a matrix, rank of a matrix, null space of
a matrix, eigenvalue of a matrix, eigenvector of a matrix, linearly independent
sequence of vectors, basis of a vector space, coordinate vector of a vector with
respect to a basis, dimension of a vector space, consistent linear system of
equations, and the coefficient matrix of a linear system.

We begin with a definition.

Definition 12.6 Let A be an m x n matriz with rank r. A full rank factor-
ization of A is an expression A = BC where B is an m X r matriz of rank r
and C is an r X n matriz of rank r.

In our first result we prove that every matrix has a full rank factorization.

Theorem 12.7 Let A be an m X n matriz with entries in the field F and
assume the rank of A is r. Then there exists an m X r matriz B with rank r
and an r X n matriz C'" with rank r such that A = BC.

Proof Denote by aq,...,a, the columns of A and set V = col(A). Let B =
(v1,...,v.) be any basis of the column space of A and let B be the matrix
whose columns are the vectors of B. Then B is an m X r matriz and the
columns of B are linearly independent. Therefore the rank of B is r. Now let
1 < j <n and denote by c; the coordinate vector of a; with respect to B and
let C' be the matriz whose columns are the vectors ¢, ...,¢c,. Then C is an
r X n matriz also of rank r. We claim that BC = A. Toward that objective,
C1j
let c; = | : |. By the definition of matriz multiplication we have

Crj
BC =B(ey...c,)=(Bey...Bc,).

However,
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Clj
Bej=(vi...v.) | ¢ | =cyvi+- + v = ajy.

er

In our next result we show that though a full rank factorization of a matrix is
not unique, for a fixed left factor B there is a unique matrix C' which completes
it, that is, such that A = BC' is a full rank factorization.

Lemma 12.3 Let A be an m X n matriz with rank r with entries in a field
F. Assume B is an m x r matriz with rank r and that A= BC = BC'. Then
c=cCc.

Proof Note that for any two matrices X andY compatible for multiplication,
that every column of XY is a linear combination of the columns of X and
therefore col(XY') is contained in col(X). Therefore in the present situation
we have that col(A) is contained in col(B). However, since rank(A) = r =
rank(B), we have equality and, furthermore, the columns of B are a basis of
col(A). Let the sequence of columns of B be B = (by,...,b,) and the sequence
C1j
of columns of A be (a1,...,an). Let ¢; = : be the j column of C.

Crj
Then

Cljbl —+ -4 erbr = a;.

It follows that c; is the coordinate vector of a; with respect to B, which implies
that C' is unique.

We can now show how any two full factorizations of a matrix are related:

Theorem 12.8 Let A be an m X n matriz with rank r and entries in o field
F. Let A = BC be a full rank factorization of A. Assume D is an m X1 matriz
with rank r and E is an v X n matriz with rank r. Then A = DE if and only
if there is an invertible r x v matriz Q such that D = BQ,E = Q~'C.

Proof IfD = BQ and E = Q~'C for some invertible r x r matriz Q then D
and E have rank v and DE = (BQ)(Q~'C) = B(QQ~')C = BI,C = BC =
A. It remains to prove the converse.

We noted at the beginning of the proof of Lemma (12.8) that col(A) is con-
tained in col(B) and col(D). Since rank(A) = r = rank(B) = rank(D),
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it follows that we have the equality col(A) = col(B) = col(D). Moreover, if
B = (by,...,b,) is the sequence of columns of B and D = (dy,...,d,) is the
sequence of columns of D then B and D are both bases of col(A). Let T de-
note the identity operator on col(A) and set Q = Mz(D,B) (that is, the j"
column of @ is the coordinate vector of d; with respect to B. We then have
BQ = D. Consequently, A = BC = DE = (BQ)E = B(QE). By Lemma
(12.8), C = QFE from which we conclude that E = Q~'C as required.

Remark 12.3 If A is an m xn matriz of rank r over a finite field ¥ then the
number of full rank factorization is equal to the number of bases in ¥y which
is |GL,(F,)| = q(;) (¢"—=1)...(¢g—1). If F is an infinite field then there are
infinitely many full rank factorizations.

We now define the pseudoinverse of a complex matrix A.

Definition 12.7 Let A be an m X n matrix with entries in C. A pseudoin-
verse, also referred to as a Moore—Penrose inverse of A, is an n X m
matriz X which satisfies the following four matriz equations:

(PI1) AXA=A

(PI2) XAX =X

(PI3) (AX)* = AX

(PI}) (XA)* = X A.

The four equations in the definition are called the Moore—Penrose equa-

tions.

We remark that for a complex matrix B, B is the matrix obtained from B by
taking the complex conjugate of each entry and B* = B! is the adjoint of B.

In our next result we prove that if a matrix A has a pseudoinverse, then it is
unique.

Theorem 12.9 Let A be an m X n matriz with complex coefficients. If A has
a pseudoinverse then it is unique.

Proof Assume X,Y € M,uxm(C) are both pseudoinverses of A so that
(PI1)—(PI}) hold for both X and Y. We then have

X = X(AX) = X(AX)* = XX*A* = XX*(AYV A)* =
XX*A*(AY)* = X(AX)*(YA)* = X(AX)(AY) =
XAY = X(AYA)Y = (XA)*(YA)'Y = A*X*A*Y*Y =
(AXA)'Y*Y = A*Y*Y = (YA)'Y =YAY =Y.
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Let A be an m x n complex matrix. If A has a pseudoinverse we will denote
it by At . The following are a few examples of pseudoinverses. The proofs are
left to the exercises.

Example 12.1 Assume A is an invertible n x n matriz. Then AT = A~1.

Example 12.2 Let U be a subspace of C* and let P be the matriz of the
orthogonal projection onto U (with respect to the standard orthonormal basis).
Then P is self-adjoint and satisfies P2 = P. In this case, Pt = P.

Example 12.3 Let D = diag{ds,...,d;,0,...,0} be an n x n complezx diag-
onal matriz with d; # 0 for 1 <i <r. Then DT = diag{dll, cee dL,O ...,0}

ai
Example 12.4 Let v = | : | be a non-zero vector in C* (so that v is an
an
n X 1 matriz). Then
1
T = (@r...an
vl = ap...an).
[ o2 "

In our next result we show the existence of the pseudoinverse in two special
cases, which will lead to existence in general.

Theorem 12.10 i) Assume B is an m X r complex matriz with rank r. Then
Bt = (B*B)"'B*.

ii) Assume C is an rxn complex matriz with rank r. Then CT = C*(CC*)~1.

Remark 12.4 Multiplication of vectors in C" by B gives an injective trans-
formation from the inner product space C" to C™. It then follows that the
operator B*B : C" — C7 is injective (and positive) and hence invertible.
Similarly, CC* is invertible.

Proof i) We prove each of the Moore—Penrose equations is satisfied:
(PI1) B[(B*B)~'B*|B = B(B « B)"(B*B) = BI, = B.

(PI2) [(B*B)~'B*|B[(B*B)~'B*] = [(B*B)"'(B*B)]((B*B) 'B"|
I[(B*B)"'B*] = (B*B)~B*.
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(PI3) Note that B*B is self-adjoint and therefore (B* B)~! is self-adjoint. We
therefore have

[BUB'B) B}y = (B)(B'B) B = B(B'B) ' B°

as required.

(PL}) Finally, [(B*B)"'B*|B = (B*B)"Y(B*B) = 1I,. Consequently,
((B°B) ' BBy = I} = 1. = [(5°B) BB,

i) This is left as an exercise.

Theorem 12.11 Let A be an m X n complex matriz of rank r. As-
sume A = BC is a full rank factorization of A. Set A* = C'Bf =
[C*(CC*)~Y[(B*B)~Y)B*]. Then A* = A" . Moreover, AAT = BB' and
AYA = C1C for any full rank factorization A = BC.

Proof We prove that the four Moore—Penrose equations are satisfied: Note
that BIB = I, = CCT .

(PI1) AA*A = ACTB'A = AC'BTBC = ACTC = BCC® = BC = A.

(PI2) AAA* = (CTBY)(BC)(CtBY) = Ct(B'B)(CCH)Bt = C'I.I.Bf =
CtBt = At

(PI3) AA* = BC(CtBY) = B(CCt)Bt = BB' and (BB')* = BBH.
(P1}) A*A = (C'BY)(BC) = CT(BtB)C = CtC and (CTC)* = CtC.

Remark 12.5 Let A be an m xn complex matrix with rank r. It follows from
the Moore—Penrose equations and the uniqueness of the pseudoinverse that

(AN =

Let A be an m xn matrix with rank r. In the next result we show that when we
view AAT as an operator on the space C™ equipped with the standard inner
product via matrix multiplication, then AAT is the (orthogonal) projection
onto the column space of A.

Theorem 12.12 Let A be an m x n complex matriz with rank r. View A as a
linear transformation from C™ to C™ wvia matriz multiplication on the left. Let
(', )n be the inner product defined on C™ by (v,w), = v""w for v,w € C"
with { , )m defined similarly. Set U = col(A), the column space of A, and
P = AAY | an operator on C™. Then the following hold:

i) P is Hermitian matriz.
i) For uw € U, Pu = u.
iti) If w € UL then Pw = 0,,.

Consequently, P is the orthogonal projection onto U.
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Proof i) This follows from (PI3).

ii) Let a1,...,a, be the columns of A. Then PA = P(ai...a,) =
(Pa ...Pa,). By (PI1) we have PA = A and therefore for each j, Pa; = a;.
Consequently, if u is a linear combination of (a1,...,a,), then Pu = u.

iii) Since P = AA%, it follows that rank(P) < rank(A) = r. However, as
shown in ii) the column space of P contains the column space of A and there-
fore rank(P) = r and we have the equality col(P) = col(A). Since P is self-
adjoint, we have ker(P) = range(P)* = U*.

Remark 12.6 Let A be an m x n matriz with rank r. Note that in light of
Remark (12.5) it follows that ATA is the orthogonal projection of C™ onto
col (AT ).

The following can be deduced from Theorem (12.12) and Remark (12.6).

Corollary 12.2 Let A be an mxn complex matriz. Set P = AAT € M, (C)
and Q = AYA € M,,,(C). Then the following hold:

i) P2 = P = P,

ii) (Im — P)2 = Ly — P = (I, — P)*.
m) (Im — P)P = 0xm-

) Q= Q= Q.

v)(In - Q)2 =I,-Q= (In -Q)".
UZ) (In - Q)Q = Opxn-

Proof The first three all follow from Theorem (12.12). The subsequent three
follow from the fact that (A")T = A, Theorem (12.12), and the first three
applied to A'.

The next result indicates how the pseudoinverse of a matrix interacts with its
adjoint.

Theorem 12.13 Let A be an m xn complex matriz. Then the following hold:
i) (A)F = (AF ).

i) (A*A)T = AT (A")T .

iii) A* = A*(AAT ) = (AT A)A*.

i) AT = (A*A)T A* = A*(AA*)T .

Proof These are left as exercises.



478 Advanced Linear Algebra

In our next result we make use of the pseudoinverse of a matrix to determine
its null space.

Theorem 12.14 Let A be an mxn complex matriz with rankr. Set Q = ATA.
Then the null space of A is the column space of I, — Q.

Proof First note that A(I, — Q) =A—AQ =A—AAT A=A— A =0,,%,.
Consequently, the column space of I,, — @ is contained in the null space of
A. On the other hand, it follows from Remark (12.6) that Q is an orthogonal
projection on C™ and rank(Q) = r. Then rank(I, — Q) = n—r. By Theorem
(2.9) it follows that the nullity of A is n — r. Since col(I, — Q) C null(A)
and dim(col(I, — Q)) = n —r = dim(null(A)) we get the equality null(A) =
col(I, — Q).

In our last result we get a criterion for a vector to be in the column space of
a matrix in terms of the pseudoinverse and use this to describe the solutions
to a consistent linear system.

Theorem 12.15 Let A be an m X n complex matrix and b € C™. Then b €
col(A) if and only if AATb = b. Moreover, if b € col(A) and x € C" satisfies
Az = b, then there exists a vector y € C" such that * = ATb + (I, — ATA)y.

Proof Assume AATb = b. Setting x = ATb we get Ax = b and b € col(A).
On the other hand, suppose b € col(A). Then there is an © € C" such
that Ax = b. Then AAT6 = (AAT)(Ax) = (AATA)x. By the first of the
Moore-Penrose equations, AATA = A and therefore AATb = Az = b.

Now suppose Ax = b. Then © — A'b € null(A). By Theorem (12.14),
null(A) = col(I,, — ATA) and there is a vector y € C" such that * — ATb =
(I, — ATA)y.

We will make use of the pseudoinverse of a matrix when we develop the method
of least squares.

For more on the topics introduced in this section as well as extensions to other
generalizations of the inverse of a matrix, see ([4]) and ([16]).

Exercises
1. Assume P is a Hermitian matrix and pp(z) = 22 — 2. Prove that PT = P.

2. Assume D = diag{di,...,d,,0,...,0} is a diagonal matrix of
rank r with non-zero diagonal entries di,...,d,. Prove that Df =
dmg{dil,..wi,o,...,o}.
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ai

3. Assume v = : is a non-zero vector in C". Prove that vf =

oz (@, - @)

4. Assume A is an invertible n x n matrix. Prove that AT = A~

5. Prove part ii) of Theorem (12.10).

In 6 and 7 below let A be an m x n complex matrix. Set P = AA' .
6. Prove algebraically, that P2 = P = P*.

7. Prove algebraically that (I, — P)? = I,,, — P = (I,, — P)*.

In Exercises 8-11 assume that A is an m x n complex matrix.

8. Prove that (A4*)f = (AT )*.

9. (A*A)T = AT (AT .

10. A* = A*(AAT ) = (AT A)A*.

11. AT = (A*A)T A* = A*(AA*)T .

12. Assume A is a normal matrix (AA* = A*A). Prove AAT = ATA.

13. Assume A is a normal matrix and n is a natural number. Prove that
(A™)f = (ATym.

14. Let A be an m X n complex matrix and A # 0 a complex number. Prove
that (AA)T = $ AT,

15. Let A be a complex m x n matrix. Prove that AT = A* if an only if
(A*A)?2 = A* A.
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12.3 Nonnegative Matrices

In this section we study the properties of real matrices, all of whose entries
are non-negative. These matrices play an important role in many applications
such as Markov chains, text retrieval, and search engine optimization.

What You Need to Know

Understanding the new material in this section depends on a mastery of the
following concepts: product of a matrix and a vector, product of two matrices,
eigenvalue of a square matrix, eigenvector of a square matrix, characteristic
polynomial of a square matrix, division algorithm of polynomials, the Eu-
clidean inner product on R™, the I; norm on R™, range of a function, continu-
ity of a function between normed spaces, convexity of a subset of R”, a subset
of R™ is compact, and the Brouwer fixed point theorem. The latter material
can be found in Appendix A.

We begin with several definitions.

Definition 12.8 A matrix A € M,,,(R) is nonnegative if every entry of A
is nonnegative and we write A > 0. The matriz A is said to be positive, and
we write A > 0, if every entry is positive. Note that this applies to the case
where n =1 so we can talk about nonnegative and positive vectors in R™.

Definition 12.9 Let A = be a complex matriz. We will

am1 . Amn,
denote by |A| the nonnegative matric whose (i,7) term is |a;;|. Note that this
applies to the case that n =1, that s, to vectors in C™.

Definition 12.10 A nonnegative square matrix A is irreducible if for ev-
ery pair (i,7) there is a natural number k such that the (i, j)-entry of A* is
positive. A nonnegative square matriz which is not irreducible is said to be
reducible.

Let e; denote the i*" standard basis vector of R™, that is, the vector all of
whose entries are zero except the ", which is one. Further, let (', ) be the
Euclidean inner product on R™ so that (e;, e;) is zero unless ¢ = j, in which
case it is 1. The following gives a characterization of irreducibility in terms of
the inner product ( , ).
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Lemma 12.4 Let A be an n X n nonnegative matrixz. Then A is irreducible if
for every pair natural numbers i,j such that 1 < i,j < n there exists a natural
number k such that (A*e;, e;) > 0.

Proof This follows immediately since the (i,7)-entry of AF is (A*e;, e;).

Example 12.5 Clearly, if A is a nonnegative square matrix and for some
natural number k, AF is positive then A is irreducible. On the other hand, if

A= <(1) (1)> then A is irreducible but A* is never positive.

Example 12.6 The matric A = (1 1) 1s reducible.

0 1

Because of their importance we give a name to nonnegative matrices A such
that A* > 0 for some natural number k.

Definition 12.11 Let A be an n X n nonnegative matrixz. A is said to be
primitive if A* is positive for some natural number k.

The next result follows from the triangle inequality.

Lemma 12.5 Let A € M;,,(C), B € M, (C). Then |AB| < |A||B|.

Proof We first prove the result for n = 1, that is, where B =x € C™.
T ai;y ... A1m
Let x = and A = © |. Then the ith entry of Ax is
Tm arq N Qlm
Z}n:l wja;; so that the it" entry of |Az| is |Z;n:1 xja;;| which by the triangle
inequality is less than or equal to 370, |vjai;| = 300 |xjllaij|, which is the
it" entry of |Al|x|.
Now suppose B has columns by, ...,b,. Then the j*" column of AB is Ab;.

Whence the j*" column of |AB| is |Ab;|. By what we have shown, |Ab;| <
|A||b;|, which is the j*" column of |A||B|.

The following characterizes nonnegative and positive matrices:
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Theorem 12.16 Let A € M, (R). Then A > 0 if and only if Ax > 0 for all
x >0 in R™. Also, A > 0 if and only if Ax > 0 for allx > 0,x # 0,,.

Proof Clearly, if A > 0 and © > 0 then Ax > 0. Assume conversely that
Ax > 0 for every x > 0. Then, in particular, Ae; > 0. However, Ae; is the
»th . . .

7" column of A. Consequently, all the entries in A are nonnegative.

Now assume A >0 and > 0,x # 0,,. Then there exists i such that x; # 0.
Then the 1% entry of Az is greater than or equal to x;ay; > 0.

The following is a fundamental result:

Theorem 12.17 Assume A € My, (R) is nonnegative and irreducible. Then
(I, + A"t > 0.

Proof Suppose to the contrary that there exists i,j such that the (i, j)-entry
of (I, + A)"~t is zero. Since I, and A commute, we have

(I, + A"t = ni ("; 1) Ak,

k=0

The (i,7)-entry of (I, + A)"~ ! is

n—1 n—1
<2Akea‘aei> = Z <n; 1) (Ae;, e;) = 0.
k=0

k=0

Since (AFej,e;) > 0 it follows for 0 < k < n — 1 that (A*e;,e;) = 0.
This implies for every polynomial f(x) of degree less than or equal n — 1
that (f(A)e;,e;) = 0. Now let g(x) be an arbitrary polynomial. We claim that
(g(A)e;,e;) = 0. Let x a(x) be the characteristic polynomial of A. Using the di-
vision algorithm write g(x) = q(x)xa(x)+r(x) where r(x) =0 or deg(r(z)) <
n—1. Then g(A) = r(A). If r(z) = 0 then clearly (r(A)e;, e;) = 0. So assume
r(z) # 0 so that deg(r(xz)) < n. Then (g(A)e;,e;) = (r(A)e;,e;) = 0 by
what we have shown. In particular, for every natural number k, (Akej, e;)=0
which contradicts the assumption that A is irreducible.

We now turn our attention to results about eigenvalues of a square nonnegative
matrix. The following result, a corollary of Theorem (12.17), will be used in
the proof of the strong version of the Perron—Frobenius theorem.

Corollary 12.3 Assume A is an irreducible nonnegative matrix and © > 0
is an eigenvector of A. Then x > 0.
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Proof Assume x > 0 and Ax = vyx. Since A is irreducible and nonnegative,
Ax # 0, and therefore v > 0. Then x is an eigenvector of I, + A with
eigenvalue 1 + v and an eigenvector of (I, + A)"~1 with eigenvalue (1 +
)" Thus, x is an eigenvector of W(In + A" with eigenvalue 1.
By Theorem (12.17), the matriz (I, + A)" 1 is a positive matriz. Since © > 0
and & # 0, it follows that (I, + A)" 1z is a positive vector, hence x is a
positive vector.

We now prove the weak version of the Perron—Frobenius theorem. It requires
some knowledge of analysis, in particular, the notion of continuity, convexity,
compactness, as well as Brouwer’s fixed point theorem. We refer the reader
not familiar with these concepts and results to Appendix A.

Theorem 12.18 Let A € M, (R) be a nonnegative matriz. Then p(A), the
spectral radius of A, is an eigenvalue of A and has a nonnegative eigenvector.

Proof Let A be an eigenvalue with [\ = p(A) and let v = | : | be an

Un,
eigenvector with eigenvalue X such that || v |l1= Y., [vi| = 1. We then have
p(A)|v| = |Mv| = [Av| < Afv].
T
Let C consist of all those x = | : | € R" such that x > 0, S xi=1, and
Tn
Ax > p(A)x. Since v € C, in particular, C is non-empty. It is also closed and
convet, that is, for any @,y € C and real numbert,0 <t < 1, tx+(1-t)y € C.
T
Moreover, C is bounded since for x = e€C,0<x; <1. Thus, C is a
In

compact subset of R™.

Suppose first that € € C N null(A). Then Ax = 0,. Since Ax > p(A)x it
follows that p(A)x < 0 from which we conclude that p(A) = 0 and A is the

zero matriz. We may therefore assume for € C that Ax # 0,,. Define a map
f:C—TR" by
f(@) = ———Ax
[RE P

We claim that Range(f) C C. First of all, since || Az ||1> 0, A is nonnegative,
and x is nonnegative, it follows that f(x) > 0. Also, || f(x) 1= 1. Moreover,
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U A(4a) > 1

Af(z)= —— A _
J@) = T A4 2 T,

Alp(A)x] = p(A) f(x).

Thus, f(C) C C as claimed. Note that f is a continuous function. Since C
is convex, closed, and bounded, we can apply Brouwer’s fixed point theorem,
Theorem (A.5), to obtain a vector x € C such that f(x) = x. Since x € C,x
is a nonnegative vector. By the definition of f we have Ax =|| Az ||; « so
that x is an eigenvector of A with eigenvalue v =|| Az ||1. Since x € C we
have yx = Ax > p(A)x. Consequently, v > p(A). Since p(A) > |v| = v we
get the equality p(A) =, which completes the proof.

Our next result is the strong version of the Perron—Frobenius theorem. With
the additional hypothesis that A is irreducible we can prove that the algebraic
multiplicity of p(A) is one, among other conclusions.

Theorem 12.19 Let A € M,,,,(R) be nonnegative and irreducible. Then p(A)
is a simple eigenvalue for A and among its eigenvectors (all multiples of one
another) there is a positive vector.

Proof For a nonnegative real number r, let C, consist of those vectors x =
L1

in R™ such that © >0, || z [1= Y, |z:| =1, and Az > rz.

In

Each C, is a convez, closed, and bounded (hence compact) subset of R™. Sup-
pose 7y is an eigenvalue of A with associated eigenvector € such that || @ ||1= 1.
Then Alz| > |Az| = |yx| = |y||x|. We can therefore conclude that |x| € C},|.
It follows from Theorem (12.18) that C,ay is nonempty. On the other hand,
suppose 1 is a positive real number and x € C,.. Then

r=rlzlh < [[Az|i < [Alhlzlh = [[Al:.

Consequently, 1 < || A ||1. Clearly, for s <r, C, C Cs. Moreover, if 0 < r <
| A|lx then

C.= () Ce

0<s<r

Let A be the least upper bound of {r|C, # 0}. Since Cpay # 0, p(A) < A and
therefore p(A) < A <|| A |1. We remark that since Cp is an intersection of
a totally ordered family of nonempty compact sets, Cp is nonempty. It is our
immediate goal to prove that A # 0 and if * € Cp then x is an eigenvector
with eigenvalue A.
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Suppose to the contrary that A = 0. Let @ € Cp. Since A is irreducible and

nonnegative and x > 0 it follows that Ax # 0,,. Set y = (I,, + A)"~‘x. Since

x > 0,x # 0,, and (I, + A)"~ ! is positive by Theorem (12.17) it follows

that y > 0. Also, Ay = A(I, + A" ‘x = (I, + A)" LAz is positive. Write
W Y1 ,

y=|": and Ay = | : |. Let s be the minimum of % Clearly s > 0.

!/
y’ﬂ yn
We have Ay > sy and therefore my € Cs which contradicts the assumption
that A = 0.

Now suppose A > 0,2 € Cp but Ax # Ax. Since x € Cp, Ax > Ax. Since

Az # Az, Ax—Ax > 0 and Az —Ax # 0,,. Sety = (I, +A)"*x. As we have

seen, y > 0. Similarly, Ay — Ay = (I, + A)"~1(Ax — Azx) is a positive vector.
Y1 i

Write y = and Ay = :|. Let s be the minimum of Z—i Clearly

/!

yn yn
s > 0. We have Ay > sy and therefore my € Cs. However, Ay — sy > 0
but is not positive and therefore s > A, which contradicts the assumption that

A = sup{r|C, # 0}. This proves that Ax = Az.

As stated above, since Cn # O we have p(A) < A. On the other hand, A =
|A] < p(A) so we may conclude that A = p(A). Thus, p(A) is an eigenvalue
of A associated to the vector . By Corollary (12.3), x is a positive vector. It
remains to show that the algebraic multiplicity of p(A) is one.

We first prove that the geometric multiplicity of p(A) is one. Suppose to the

contrary that y is an eigenvector for p(A) and y is not a multiple of x. Suppose

y > 0. Then by Corollary (12.3), we must have y > 0. We will get a contradic-
1 Y1

tion. Letx = : [ andy=| i |. Let s be the minimum of { Z-[1 <i <n}

Ln Yn
and assume s = Z—j Then the j*" component of —sx + 1y is zero and all other
components are nonnegative. Moreover, since y # sx,—sx +y # 0,. Thus,
—sx + y is nonnegative, but not positive and an eigenvector for p(A) which
contradicts Corollary (12.8). Consequently, we can assume that some compo-

nent of y is negative. Let t be the minimum of {2:[1 < i < n} and assume

t = z—j Then the j*" component of —tx + y is zero and every other compo-

nent s nonnegative and we again have a contradiction. Thus, the geometric
multiplicity of p(A) is one.

Suppose there exists a nonnegative vector y such that Ay > p(A)y. Let Ay =
21

, § be the minimum o Z—, and let j be an index such that s = % It
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then follows that s > p(A) and Ay > sy. Normalizing y we get a vector y’ in
Cs which contradicts the assumption that p(A) = A is the sup of {r | C, # 0}.

Suppose now that the algebraic multiplicity of p(A) is greater than one. Then

there exists a vector y such that py(z) = (x — p(A))?. Since (A — p(A)1,)y

is a eigenvector, we can assume that Ay — p(A)y = x. As shown above, it
31

cannot be the case that y > 0. Let y = | . |. Then some y; < 0. Let m be

Yn
1 <i<n} and assume that m = z—J Sety = —mx+y.
J

the minimum of {4
Then y' >0 and (A — p(A)I,)y = x and we have a final contradiction.

Remark 12.7 If A is an n x n nonnegative and irreducible matriz then A"
is a nonnegative and irreducible matrix.

Definition 12.12 Let A be an n X n nonnegative and irreducible matriz and
set p = p(A). A positive vector x with || « ||1= 1 such that Ax = pzx is a
right Perron vector. A positive vector y with such that A"y = py and
(y,z) = y""x =1 is a left Perron vector.

Let A be an irreducible nonnegative matrix with spectral radius p = p(A).
It is a natural question to ask whether there can be other eigenvalues «y of
A such that |y| = p. The answer is certainly yes as illustrated by the matrix

1 0
of other such eigenvalues dictates that A is similar by a permutation matrix
to a matrix with a very special form. We state this result but omit its proof.
The interested reader can find a proof in ([19])

(O 1) , which has eigenvalues £1. What is perhaps surprising is the existence

Theorem 12.20 Assume A is an irreducible nonnegative matriz with spectral
radius p = p(A). Let S,(A) = {y € Spec(A)||y| = p}. Assume that the
cardinality of S,(A) is p. Then S,(A) = {e%m < k < p}. Each eigenvalue
v € S,(A) is simple. Spec(A) is invariant under multiplication by {e¥ |0 <
k < p}. Moreover, A is similar by a permutation matriz to a block diagonal
matriz with the following cyclic form

0 A 0 ... 0

o
b
T
-
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We will make use of the following result when we discuss Markov chains.

Theorem 12.21 Let A be an n X n nonnegative and primitive matriz with
spectral radius p. Assume x,y are the right and left Perron vectors, respec-
tively. Then

Note that zy®" is a rank one matrix.

Proof Let S be the standard basis for V.= R"™ and let T : V — V be the
operator such that T'(v) = Av. Since y'"x = 1 by Ezercise 14 of Section (5.6)
there is an invertible operator R : V. — V such that R(e1) = x, R*(y) = e1.
Set B = (R(e1),...,R(en)) = (x,R(ez),...,R(e,)). Let Q = MRg(S,S) =
My, (B,S). Then Q" = Mg+«(S,S). The first column of Q is x and the first
row of Q1 is y'". Set B = Q 1AQ = Mr(B,B) which has the form

p szr—l
0,1 C J°
Then A =QBQ™'. Let Q = (:c Q1 and Q!= (R”) . Then
1o 1 o,
car=ay!, d5h)e

1
P

Since eigenvalues of C are eigenvalues of A, p(C) < p(A) and consequently,
every eigenvalue of 1C is less than one. Therefore the limit of (%C’)m s
O(n—1)x(n—1)- It then follows that

1 1 or
Ii ZA k _ n—1 -1 _
kggo[p F=e <On—1 0(n1)x(n1)> ©

1 0/, y”) b
xTr =X .
(= @) (On—l O(nl)x(nl)) (R’iT Y

Stochastic Matrices and Markov Chains

Nonnegative matrices have many applications, for example, to modeling pop-
ulation growth and to the creation of page rank algorithms. The latter makes
use of stochastic matrices and the notion of a Markov process. We introduce
these now.
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4!
Definition 12.13 A nonnegative vectorp = | . | is a probability vector

Dn
ifpr+- - +py=1.

An n x n real matriz A is said to be a column stochastic matrix if every
column of A is a probability vector. An n X n real matriz A is said to be a
row stochastic matrix if A is column stochastic matriz. A is said to be
doubly stochastic or bistochastic if A and A are both stochastic.

The following results about probability vectors and stochastic matrices are
fundamental (but easy). We leave them as exercises.

Lemma 12.6 Let j,, denote the real n-vector with all entries equal to one and
let p be a nonnegative n-vector. Then p is a probability vector if and only if

<pa.jn> = ptrjn =1.

Lemma 12.7 Let py,...p;: be probability vectors in R™ and (s1,...,8t) a
nonnegative sequence of real numbers such that s1+---+s; = 1. Then s1p1+
-+ 8py 15 a probability vector.

Corollary 12.4 Let A be a stochastic matrixz and p a probability vector. Then
Ap is a probability vector.

Corollary 12.5 Let A and B be stochastic matrices. Then AB is a stochastic
matriz. In particular, for every natural number k, A* is a stochastic matriz.

In the theory of Markov chains with finite many states, central to the analysis
is the existence of a stationary vector.

Definition 12.14 Let A be a stochastic matriz. A probability vector p is a
stationary vector if Ap = p, that is, if p is an eigenvector of A with eigen-
value one.

Remark 12.8 Let j, be the vector in R™ all of whose components are one
and let p be a probability vector. Then (p,j,) = p'"j, = 1. It follows if A
is a column stochastic matriz then A'j, = j, so that j, is an eigenvector
of A with eigenvalue one. Consequently, one is an eigenvalue of A as well.
However, this does not prove the existence of a stationary vector since it is not
immediately clear that an eigenvector of A for one is nonnegative. We make
use of the Perron—Frobenius heorems to obtain a stationary vector.
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Theorem 12.22 Let A be a stochastic matriz. Then p(A) = 1. Consequently,
A has a stationary vector. If A is also irreducible then a stationary vector is
unique.

Proof Set r = p(A). By the weak form of the Perron—Frobenius theorem,
Theorem (12.18), there is a probability vector p which is an eigenvector of A
with eigenvalue r. Then Ap = rp. Since A is stochastic, Ap is a probability
vector and || Ap |[1= 1. On the other hand, | Ap |1=|| rp |1=7r || P |1=
r. This proves that r = 1. The rest follows from the strong version of the
Perron—Frobenius theorem.

Definition 12.15 A Markov chain consists of a sequence (xg, 1, ®a,...)
of state vectors and a stochastic matriz A, called the transition matrix,
such that for every k,xpy1 = Axy.

Think of a Markov chain as modeling some process that changes over time
with the state of the process recorded at discrete intervals of equal duration.
We will need the following result later when we discuss how webpages are
ranked by a search engine.

Theorem 12.23 Let A be a primitive stochastic matrix with stationary vector
x. Let z be a probability vector. Then

lim A%z = x.
k—oo

Proof We first point out that p(A) = 1 has algebraic multiplicity one. The
1

stationary vector x is the right Perron vector for A. The vector j, = | 1 | is

1

the left Perron vector. Note that since x is a probability vector, jt" @ =1 and
xl" is the rank one matriz all of whose columns are . By Theorem (12.21)

lim AF = x5t

k—o0
21
If z = | : | is a probability vector then z1 +---+ 2, =1 and
Zn
z1
lim A"z=(z = ..2)|:|=
k—o0 :
Zn

HNE 4z = (21 2T =
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Doubly Stochastic Matrices

We now turn our attention to doubly stochastic matrices. We will denote by
A,, the collection of all doubly stochastic matrices in R™. We begin with a
lemma.

Lemma 12.8 Let Aj,...,A; be n x n doubly stochastic matrices and
(s1,...,8t) nonnegative real numbers such that s1 + -+ + s = 1. Then
$1A1 + -+ - + st As is doubly stochastic.

Proof Let pji denote the j*" column of Ay. By Lemma (12.7) it follows that
s51pj1+- - -+5¢pje 15 a probability vector. Thus, every column of s1 A1+ - -+s: Ay
is a probability vector so s1Ay + --- + sg Ay is stochastic. Applying the same
argument to (s1 A1+ -+ 8,447 = 51 A+ - -+ 5, AU when the A; are doubly
stochastic yields the result.

Another way to phrase Lemma (12.8) is that A, is convex. Also note that
ail N A1n
A, is contained in the set {| ¢ []0 < ay <1 foralld,j} and

anl ... Ann
therefore A, is bounded. It is also a closed subset of M, (R) and hence
compact.

Let (eq,...,en) be the standard basis of R™, that is, the sequence of columns
of the identity matrix I,,. Let o be a permutation of {1,2,...,n}. Denote by
P, the matrix with columns the sequence (€,(1), . ., €4(n)). Note that each of
these is doubly stochastic. By Lemma (12.8) every matrix in the convex hull of
{P,|o € S,} is also doubly stochastic. This is the easy half of the Birkoff-von
Neumann theorem, to which we now turn.

Theorem 12.24 A real nxn matriz A is doubly stochastic if and only if there
are permutation matrices Py, , ..., Py, and nonnegative real numbers s1, ..., st
with s1 4+ ---+ st =1 such that A= s1P,, +...5:F,,.

Proof As mentioned, we only have to prove if A is doubly stochastic then
there are permutation matrices Py, ..., Py, and nonnegative real numbers
S1y...,8t with s1+---+ 8 =1 such that A = s1P,, +...5:P,,. Since A, is
convez and compact, by the Krein-Milman theorem, Theorem (A.4), A, is the
convex hull of its extreme points. Here a point p is extreme in a convex subset
C of R™ if, whenever x,y € C and 0 < s < 1 satisfies p = sx + (1 — s)y,
then p = © = y. Clearly, the permutation matrices are extreme points of A,
so we need to prove that no other matriz in A, is extreme.
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Assume A € A, and A is not a permutation matriz. Then there exists an
entry a;, 5, such that 0 < a;, ;, < 1. Since A is stochastic, there must be
a jo # j1 such that 0 < a;, j, < 1. Since A" is stochastic, there must be
an is # i1 such that 0 < a4, , < 1. We can continue this way to obtain
a sequence (j1,11,72,%2,...) such that 0 < a;,_,j, < 1 and 0 < a;,;, < 1.
Since n is finite, by the pigeonhole principle some row or column index must

repeat. Suppose we obtain the sequence (j1,11, ..., Js, s, js+1 = J1). Let B be
the matriz with entries b;; so that b;, j, = 1,b;,p,,, = —1 and all other entries
are zero. By construction, Bj, = 0, = B'j,. Now for any real number

Y (A+yB)jn = (A= yB)jn = (A+7yB)"jn = (A= yB)"jn, = jn. For
small v both A+ vB and A — vB will be nonnegative. By Lemma (12.6)
each column and row of A+ vB and every column and row of A — B is a
probability vector. Thus, both A + ~vB and A — vB are stochastic matrices.
Since A = 1(A+vyB) + 5(A—B) it follows that A is not an extreme point
of A, which completes the proof.

Among others, some good references for the material of this section are ([4]),
([12]) and ([19]).

Exercises

In Exercises 1-3 let A = . : be a real nonnegative matrix. For

an1 N Ann
natural numbers i, j, k with 1 < 4,5 < n, denote by afj the (i, j)-entry of A*.

1. Define a directed graph on {1,...,n} as follows: (i,5) € A if there is a
natural number k such that af; # 0. Prove if (i, ), (j,1) € A then (i,1) € A.

2. We continue with the notation of Exercise 1. For ¢ € {1,...,n} denote by
A(4) the collection of all j such that (i,5) € A. Suppose j € A(é). Prove that
A7) C A3).

3. Assume A is reducible. Then for some i, A(i) # {1,...,n}. Choose such an
i with A(¢) maximal and set I = A(%). Prove that Span(e;|j € I) is an A-
invariant subspace of R™. Conclude that a nonnegative matrix A is reducible
if and only if there is a proper subset I of {1,...,n} such that Span(e;|j € I)
is A-invariant.

4. Let A be an nxn nonnegative matrix and D a diagonal matrix with positive
diagonal entries. Prove that A is irreducible if and only if AD is irreducible if
and only if DA is irreducible.

5. Let A be an n x n nonnegative matrix and assume that (I,, + A)"~1 > 0.
Prove A is irreducible.

6. Let A be a positive m x n matrix and @,y real n-vectors such that x > y.
Prove that Ax > Ay with equality if and only if x = y.
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7. Assume A is a nonnegative matrix and A¥ > 0 for some natural number k.
Prove that p(4) > 0.

8. Assume A is a nonnegative n X n matrix and A is not the zero matrix.
Prove if A has a positive eigenvector then p(A4) > 0.

di
9. Assume A is a nonnegative n X n matrix and d = : | is a positive
dn

eigenvector. Set D = diag{dy,...,d,}. Prove that D~*AD has constant row
sums equal to p(A4).

10. Let A be a nonnegative irreducible matrix with spectral radius p. Assume
if A € Spec(A), X # p then || < p. Prove that there exists a natural number
k such that A* is a positive matrix.

11. Let z1,...,2, € C*. Prove that |z1 + -+ + 2| = |z1| + -+ + |2n| if and
only if there is a 6 € [0,27) such that for all i,e?z; = |z

12. Let A be a nonnegative irreducible matrix. Assume A € Spec(A) \ {p}.
Then |A| < p.

13. Prove Lemma (12.6).
14. Prove Lemma (12.7).
15. Prove Corollary (12.4).
16. Prove Corollary (12.5).

17. Assume A and B are (doubly) stochastic matrices. Prove that AB is a
(doubly) stochastic matrix.

18. Assume A is an invertible n x n doubly stochastic matrix and that A~! is
doubly stochastic. Prove A is a permutation matrix.

19. Assume A is an n x n doubly stochastic matrix. Prove that A cannot have
exactly m + 1 nonzero entries.

20. Prove that a 2 x 2 doubly stochastic matrix is symmetric with equal
diagonal entries.

21. Assume A is a reducible doubly stochastic n x n matrix. Prove that A is

Al Ost
Ots A2
s x s doubly stochastic matrix and As is a doubly stochastic ¢ x ¢t matrix.

permutation similar to a block matrix where s +t = n, Ay is an
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12.4 The Location of Eigenvalues

In applications of linear algebra it is often important to determine the eigen-
values of an operator or, equivalently, a matrix, for example when solving a
linear system of differential equations. Of course, determining the eigenvalues
of a diagonal or triangular matrix is easy. However, the problem is intractable
for an arbitrary matrix, even one which is similar to a diagonal matrix. It is,
of course, straightforward to determine the minimal and characteristic poly-
nomials of a square matrix A, in fact, all the invariant factors. So, determining
the eigenvalues reduces to factoring these polynomials. However, for any real
or complex polynomial f(z) of degree n there is an n X n matrix whose char-
acteristic polynomial, x 4(x), is equal to f(x), namely, the companion matrix,
C(f(x)), of the polynomial f(x). We know that there is no algorithm for de-
termining the roots of a polynomial of degree n > 5 by results of Abel and
Galois. Therefore, one must be satisfied with approximating the eigenvalues.
This section deals with the location of the eigenvalues of real and complex ma-
trices (and therefore operators). Among other results we prove the GerSgorin
Disc theorem which places the eigenvalues of a matrix in a union of discs
in the complex plane determined in a simple manner from the entries of the
matrix.

What You Need to Know

To make sense of the new material of this section is it essential that you
have mastery of the following concepts: norm on a vector space, matrix norm,
induced matrix norm, eigenvalue of a matrix or operator, an eigenvector of a
matrix or operator.

We begin with a result which gives a bound for the spectral radius of a complex
matrix A.

a1 Q1n

Theorem 12.25 Let A : be an n X n complex matriz and
(27— Gpn

assume A1, ..., A, are the roots of xa(x). Then

STINP <D0 i

i=1 i=1 j=1

Proof Note that Y ., Z?:l laij|* = Trace(A*A) is | A ||%, the Frobenius
norm of A. By Lemma (6.8) there is a unitary matriz QQ such that A = QT Q"
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ti1 ti2 tin
0 t2 ton | , o

where T = | . . . is an upper triangular matriz. Since A and
0 0 ... tpyn

T are similar (x —t11) ... (x — tpn) = x7(2) = xa(x) = (. = A1) ... (T — A\n).
Consequently,

i |)\i|2 Z |1€”|2 < Z Z |tu|2 Trace(T*T).
i=1

=1 j=1

Since A*A = (QT*Q*)(QTQ*) = Q(T*T)Q*, it follows that T*T and A*A
are similar. Therefore

n n n n
g g [ti;|* = Trace(A* A g g laij|?.
i=1 j=1 i=1 j=1

The following is an immediate consequence.

Corollary 12.6 Let A be an n x n complex matriz. Then p(A) <
Trace(A*A) =|| A || where || - || is the Frobenius norm.

The next result is due to S. Gersgorin and was proved in 1931. It locates the
eigenvalues of a complex matrix in discs centered at the diagonal entries of
the matrix. We begin with the definition of the Gersgorin discs of a matrix.

aill N A1n,
Definition 12.16 Let A = o be a complex matriz. For 1 <

an1 . QAnn
i <n, the ith deleted row sum is RL(A) = >z @ij- The ith Gersgorin (row)
disc s
I;(A) ={z € C||z — ai| < R;(A)}.
The (row) Gersgorin set of A is

D(A) = U T;(A).

ail N Aln

Theorem 12.26 Let A= | @  © |. Then Spec(A) C T(A). More-
an1 e Ann

over, assume there is a partition {I1, s} of {1,...,n} with |Ix| = ng, k =1,2

such that [Uier, Ti(A)] N [Uier,Ti(A)] = 0. Then U;er, T;(A) contains exactly
ny eigenvalues of A for k =1,2.
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T1
Proof Assume A\ € Spec(A) and x = | © | € C" is an eigenvector with

Tn
eigenvalue . Let s be an index such that || @ ||co= |2s|. Since  # 0,z5 # 0.
Then |z;| < |xs| for 1 < i < n. Since x is an eigenvector of A with eigenvalue
A, we have

n
E QsjTj = ATs.
Jj=1

Consequently, Z#S asjr; = (A — agss)xs. We then have

> s

i#s

> lasjz;]

i

= ) lagllay
i

< |$S|Z|a8j|

Jj#s
= |zs|Ry(A).

A — ass|2s]

IN

Since xs # 0, it follows that |A — ass| < RL(A), equivalently, A € T's(A). Since
A is arbitrary in Spec(A), it follows that Spec(A) C T'(A).

We sketch the second part and refer the reader to ([21]) for a complete proof.
Assume now that {1,...,.n} =L Uly, 1 NIz =0, so that G1 NGy = () where
Gr = Uier, Ti(A), k = 1,2. Set ny, = |Ix|,k = 1,2. Replacing A with P~1AP
for a permutation matriz P, if necessary, we can assume that I, = {1,...,n1}
and Iy = {n1 +1,...,n}.

Set D = diag{ai1,...,ann} set B=A—D. Set A(y) = D+yB with0 < v < 1.

Note that A(0) = D and A(1) = A. Also note that R,(A(y)) = R,(vB) =
YRL(A). Thus, the j'" Gersgorin disc of A(Y) is given by

Ii(A()) = {z € Cl[z — au| <vRi(A)}.

It therefore follows that I'j(A(y)) C I'j(A). Consequently, UL, T;(A(v))
is contained in UL, T';(A) and is disjoint from Uj_, T;(A). Set G1 =
U Ti(A) and G =T (A)\G1. Let C be a smooth closed curve which contains
G1 and does not intersect Gi. Let x(x) denote the characteristic polynomial
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of A(v), so xy(x) = det(zI, — A(y)) = det(xI, — D —~vB). This is a poly-
nomial in . The number of zeros of x~(x) inside C (equal to the number of
roots of x~(z) =0 in C), is given by
1 L

X (@)

211 Jo x4 ()

This is an integer valued function on the interval [0,1] and therefore constant.
Now xo(z) = (x—a11) . .. (T —ann) has exactly ny zeros inside C' and therefore
so does x1(x) = xa(x). Since these zeros must also belong to T'(A), in fact
they lie in T'y = U Ty (A).

As a corollary to Theorem (12.26) we get an improved bound for the spectral
radius of a complex matrix.

aill e A1n
Corollary 12.7 Let A = o - |- Then

an1 N Ann

p(A) < mazx Z la;ij]l <i<mn
j=1

Proof Assume A € Spec(A). By Theorem (12.26) there is a k such that
A —agk| < Ri(A). Then |\ — |akk| < |A — arx| < R (A). Therefore

A < |agk| + Ry (A) = Z lakj| < max Z laki|[1 <k <n
j=1 j=1

In particular, the inequality holds for A = p(A).

Remark 12.9 We point out that

max Z|a;€j||1 <k<np,=[Al1.

j=1

Since A and A*" have the same invariant factors and characteristic polynomial,
we can also locate the eigenvalues in discs arising from deleted column sums.
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ail N A1n
Definition 12.17 Let A = be a compler matriz. If 1 <

an1 N Ann
j < n then the j*" deleted column sum of A is

Ci(A) = lay| = Rj(A™).
oy

The jh (column) Gersgorin disc is
Aj(A) = {z € Cl|z — aj;| < Cj(A)} =T;(A™).

The (column) Gersgorin set is A(A) = U}_; A;(A) = T(A™).

Since Spec(A'") = Spec(A), the proof of Theorem (12.26) applies to A", from
which we can conclude the following:

aill . A1n

Theorem 12.27 Let A = be a complexr matriz. Then
Spec(A) C A(A).

Theorem (12.27) also gives a bound on the spectral radius.

a1 . A1n
Theorem 12.28 Let A = . be a complexr matrixz. Then
an1 . QAnn
p(A) < max {Z laij|[1 <j < n} =[l Al -
i=1

Putting Theorem (12.7) and Theorem (12.28) together we get:

aill e A1n,

Theorem 12.29 Let A = S be a complexr matrix. Then

an1 . Ann

p(A) < minf|| A1, || A floo}-

Of course, since Spec(A) is contained in I'(A) and A(A), it must be contained
in T'(A) N A(A). We state this as a theorem.
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Theorem 12.30 Let A = . be a complex matriz.
an1 N Ann

Then Spec(A) C T(A) N A(A).

Other inclusion theorems can be obtained by applying Theorem (12.26) to
matrices which are similar to A. The following is an example.

a1 ... Q1n dq
Theorem 12.31 Let A = . be a complex matrix and
anl .- Gnpn dy

be a positive real n-vector. Set D; = 3., %|aij|. If X € Spec(A) then there
exists i such that \ is in the disc

{Z S (CHZ — aii| < Dl}

Proof Set D = diag{di,...,d,} and B = D 'AD. Then Spec(B) =
Spec(A). Apply Theorem (12.26) to B.

Theorem (12.26) can be used to obtain a criterion for a matrix to be invertible
by comparing diagonal elements to the deleted row sum for the row in which
it occurs. Toward that end, we introduce a definition.

ail N A1n
Definition 12.18 Let A = be a complexr matriz. A is

an1 N Ann
strictly diagonally dominant if for every i,1 < i <n, we have

|aii| > R;(A)
ail . A1n
Theorem 12.32 Assume the compler matric A = 18

strictly diagonally dominant. Then A is invertible.

Proof Suppose to the contrary that A is not invertible. Then 0 is an eigen-
value. By Theorem (12.26) there exists a k such that |0—agk| = |akk| < R} (A),
a contradiction.
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Theorem (12.32) also implies Theorem (12.26). Suppose A is an eigenvalue of
A and |A — agk| > R} (A) for all k. Let & # 0,, be an eigenvector of A with
eigenvaue A. Then (A, — A)x = 0,, so that B = A\I,, — A is not invertible. Let
b;; denote the (i, j)-entry of B. Note that R} (A) = R}.(B). Then for every k
we have |bgi| = |A — agk| > R (A) = R (B) from which we conclude that B
is invertible, a contradiction.

We complete this section with a theorem due to Ky Fan.

a1 N QA1n
Theorem 12.33 Let A = . : be a complex matrix and B =
Gpl  --. Gnn
b1 ... bin
S : a nonnegative real matriz. Assume b;j > |ai;| for all i # j.
b1 .. bpn

Then for every eigenvalue \ of A there is an i such that X\ is contained in the
disc

{z € Cl|z — aii| < p(B) — by}

Morover, if |a;| > p(B) — bi; for all i then A is invertible.

Proof First assume that B is a positive matrixz. By the strong form of the
Z1

Perron—theorem, Theorem (12.19), there is a positive vector & = | such

T
that Bx = p(B)x. Then for each i,1 < i < n we have

Z laij|z; < Z bijz; = p(B)x — biiz;.

i i
Dividing both sides of the inequality by m—ll we obtain for each i,1 <1i <mn, that

1
b

The result now follows from Theorem (12.81) with | : | = .
dn

We now treat the general case. Suppose some entry of B is zero. Let J be the
n x n matriz all of whose entries are one. Set By = A+ ~J. The (i,j)-entry
of By is bij + 7 > bij > |a;;| for i # j. Clearly, B, is a real positive matriz.
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By what we have shown above, if A is an eigenvalue of A then there is an i
such that \ is in the disc

{z € Cllz — asi| < p(By) = (bii +7)}

Now as vy approaches zero, p(B) — (bii + ) has the limit p(B) — by;.

If |ai;| > p(B) — by for every i then zero is not in the union of the discs and
the last part of the theorem follows.

An excellent reference for the material of this section as well as a source of
generalizations is ([21]).

Exercises

1. Assume A is a stochastic matrix and set § = min{a;|1 < ¢ < n}. Prove
that Spec(A) is contained in the disc

{zeCl||z—4§] <1-4}.

1

2. Assume A is a stochastic matrix with diagonal entries all greater than 5.

Prove that A is invertible.

3. Let A be a complex n X n matrix and assume for all i # j that I';(A) N
I';(A) = 0. Prove that A is diagonalizable.

4. Assume A is a real n x n matrix and for ¢ # j that I';(4) NT;(4) = 0.
Prove that Spec(A) C R.

5. Let A be an n x n complex matrix. Prove that Spec(4) =
Ngecr.l(Q™1AQ).

6. Let A be a complex n xn matrix. Assume the following: a) the characteristic
polynomial of A, x4(x), is a real polynomial; b) the diagonal entries of A are
real; and c) for i # j,I;(A) NT;(A) = (. Prove that Spec(A) C R.

aill N A1n
T.Let A= | 1 |.Set I={illai; > Rj(A)} and assume |I| = k.

an1 . QAnn
Prove that rank(A) > k.

8. Assume the n x n complex matrix A is strictly diagonally dominant. Prove
for at least one j that |a;;| > C%(A).

9. Assume A is a real strictly diagonally dominant n x n matrix with diagonal
entries aii,...,ann. Prove that

det(A) H aq; > 0.
=1

An excellent source for this material is ([21]).
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12.5 Functions of Matrices

In this section we consider how we might give meaning to p(A) where p(z) is
a power series in a complex variable z and A is a square complex matrix. This
has applications to the solution of homogeneous linear systems of differential
equations as well as to the study of Lie groups. We will also consider possible
generalizations over arbitrary fields.

What You Need to Know

Understanding the new material in this section depends on a mastery of the
following concepts: normed linear space, matrix norm, Cauchy sequence of
matrices, and evaluation of a polynomial at an operator or matrix.

Let A be a n x n matrix with entries in a field F. Recall if f(z) = aqz? +
-+-4+ a2+ agp is a polynomial with coefficient in F then we defined f(A) to be
agA%+---+ayA+aol,. It is our intention to extend this definition to a power
series in a single variable. We begin, however, with some lemmas concerning
polynomial functions of matrices.

Lemma 12.9 Let Q € GL,(F). Then the following hold:
i. If B € My, (F) and k is a natural number then (Q~1BQ)* = Q~1B*Q.
ii. If Bi, By € My (F), then Q7' (B1 + B2)Q = Q' B1Q + Q™' B2 Q.

Proof We leave these as exercises.
As a consequence of Lemma (12.9) we have the following:

Corollary 12.8 Let Q € GL,(F),B € M,,(F) and f(z) € F[z]. Then
f@'BQ)=Q ' f(B)Q.

Now suppose A € M,,(F) is diagonalizable and A = Q~'BQ where B =
diag{Ai1,...,\n}. Then f(B) = diag{f(M),...,f(An)}, a diagonal matrix.
Thus, f(A) = Q71 f(B)Q and so f(A) is diagonalizable.

We will now restrict ourselves to matrices with entries in C. In this case an
arbitrary matrix A is similar to a matrix J in Jordan canonical form,

Jn, (A1) 0
J=J,, M) DB I, (Ns) = :
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Here J4()) is the d x d matrix with diagonal equal to A, ones directly below
the main diagonal and all other entries zero. Thus,

A0 0
1 A ... 0
TN =|.
0 0 A

If A=Q71JQ and f(z) € F[x] then f(A) =

J(ny (M)
F(In,(As))

We now compute f(Jg(\)) for an arbitrary polynomial f(x) € Clz]. Write
Ja(A) as the sum Al + Ny where Ny = J4(0). Note that N is a nilpotent
matrix and, in fact, N = 04,4. For convenience we drop the subscript d on
I; and Ny. Since I and N commute, the binomial expansion applies to powers
of J4(\). Thus for a natural number k we have

min{k,d—1}

YACYAEIOVES YLESEDY <k> NN

: (3
1=0

Assume now that f(x) = ama™ + -+ + a12 + ag. Then

:zm: i<> N Ni_i% i(ji’i)!aw—i N

i=0 | j=1

s
-
Il

o
<
I
s

Note that the expression ZJ i J Z) a; N~ is just the it" derivative of f(z),

which we denote by f®(z). Thus,

) = S rOON
i=0

min{m,d—1} 1

. FfP0N

i=0
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For example, if we apply a polynomial f(z) to a 4 x 4 Jordan block centered
at A then we get

0

= 0 Py sy o
FAUCYIES IOV SOV OV

We now turn our attention to power series. Suppose then that p(z) =

o2 akz® is a power series in the complex variable z with radius of con-

vergence R. Let A be a complex matrix with || A ||[< R for some matrix norm
| - || on M,,(C). Denote by S, (z) the n!* partial sum of p(z),

Sn(z) = Z apz”.
k=0

Since S, (z) is a polynomial the meaning of S, (A) is unambiguous. Suppose
now that m < n are natural numbers. Then

Su(A) = Sm(A) = 3 apAF = agA" 4 G AL
k=m+1

By the triangle inequality we have

| Su(A) = Sm(A) 1< D llaxd® = Y axl I A% .
k=m+1 k=m+1

Since the norm is a matrix norm, we have

n n
Do odanl AR < D7 el [ AF
k=m+1 k=m+1

Since we are assuming that || A ||< R, it follows that the power series

o0

> larl 1A

k=0

converges so that the sequence {S,(A4)}52, is a Cauchy sequence of complex
matrices. Since M, (C) is complete, it follows that this sequence has a unique
limit which we denote by p(A).

This can be applied to any function defined as a power series with a positive
radius of convergence, in particular to such functions as sin z,cos z, and
exp(z). The latter is especially important because of its applications to Lie
groups as well as the solution of homogeneous linear systems of differential
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equations. Thus, for an n X n complex matrix A we will denote by exp(A) the
matrix

Z 1
k!

k=0
and develop its properties.

Theorem 12.34 Let A and B be commuting n X n complex matrices. Then
exp(A + B) = (exp(A))(exp(B)).

Proof Since the series that defines the exponential of a matrix is uni-
formly convergent in any closed and bounded set, we can compute the product
(exp(A))(exp(B)) by multiplying the terms of exp(A) by the terms of exp(B).
Thus,

o0

1 .
exp(A)exp(B) = Z i'—leJBk.
o i

k! AinRj
i+j=k ’L'J‘A BY.

Since AB = BA, the binomial theorem applies to (A + B)* from which we
conclude that Cy = (A + B)*. We then have

Set C), = Z

o0 1 o0
exp(A)exp(B kgk— kgz (A+ B)* = exp(A + B).

Since A and —A commute for any square complex matrix A and exp(0,,) =
I,,, we have the following:

Corollary 12.9 Let A be an nxn complex matriz. Then exp(A) is invertible
and exp(A)~! = exp(—A).

Below we make explicit how the exponential of two similar matrices are related
but first we need to prove a lemma.

Lemma 12.10 Let || - || be a matriz norm on My, (C). Assume {Dy,}22; is a
sequence of matrices which converges to D,Q € GL,(C),C, = Q™ 'D,Q,C =
Q7 1DQ. Then {C,}5°, converges to C.



Additional Topics in Linear Algebra 505

Proof Set d = maz{|| Q7' | - || Q |,1} and let e > 0. We need to show
there is a natural number N(e) such that if n > N(e) then | C, — C ||< e.
Now since {Dy}32, converges to D, given v > 0 there is an N(v) such that
if n > N(e) then || D — D ||<~. Set y =% and N = N(v). Suppose n > N.
We then have

IC=Cll = [1Q7'DaQ-Q7'DQ |
= [1Q7(Dn-D)Q ||
< Q- IIDa=DI- QI
= I B.=Bl-(lQ7'I- QI
< v ti-neln
= s(e e
< e

We can now prove:

Theorem 12.35 Assume A,B € M,,(C) and A = Q 'BQ where Q €
GL,(C). Then exp(A) = Q lexp(B)Q.

Proof Set D = exp(B),D, = I, +B,,C = exp(A),C,, = >, TA".
Here we are using the convention for any n x n matriz X that X° = I,,. Then
{Dn}22, converges to D = exp(B) and {Cy}22, converges to exp(A). By
Corollary (12.8) Cr, = Q™ 1D,Q. By Lemma (12.10) it follows that exp(A) =

C=Q'DQ = Q lexp(B)Q.

Suppose A is diagonalizable. If the eigenvalues of A are A1,..., \,, then there
is an invertible matrix @ such that

A0 ..o 0
0 X ... O
A=Q M. . .| @
0 0 An
Then exp(A) =
el 0 0
N 0
Q | Q
0 0 et

More generally, we can express A as Q' B(Q where B is a Jordan canonical
form of A. This can be used to prove the following:
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Theorem 12.36 Let A € M,,,(C). Assume xa(z) =
(= A1) ... (= An). Then Xezp(a)(x) = (x — M) ... (z — ).

Proof We leave this as an exercise.
A consequence of Theorem (12.36) is
Corollary 12.10 Let A € M,,,,(C). Then det(exp(A)) = exp(Trace(4)).

Recall that an n x n matrix A is nilpotent when pa(z) = 2* for some k < n.
In this case, computing the exponential does not involve limits and is a finite
sum:

1

exp(4) =)

AL

Mw

=1

This even applies to matrices with entries in a field with prime characteristic p
when the minimal polynomial is 2* for some k < p. In particular, if A2 = 0,,,,.
Such elements exist in abundance: Any matrix A such that col(A) C null(A)
satisfies A2 = 0,,x,, and consequently, by the rank-nullity theorem, the rank
of such a matrix is at most |3 |. For purposes of illustration, and because of
the important role they play, we will look at the exponential of those matrices
A of rank one such that A2 = 0,,x,. We characterize such matrices in the
next result. Before doing so recall that for 1 <4, j < n, E;; is the matrix with
(i, 7)-entry one and all other entries are zero.

Remark 12.10 Assume i # j and k # 1. Then E;; and Ey; are similar by a
permutation matrix.

Theorem 12.37 Let A € My« (F) have rank one and assume A? = 0,xp,.
Then there is a Q € GL,(F) such that A = Q' Es Q.

Proof Define Ty : F* — F™ by Ta(v) = Av. Let y # 0, be an element
of Range(Ta) = col(A) and let x € F™ such that Ax = y. Since col(A) C
null(A), in particular, y € null(A). Extend y to a basis (y = y1,...,Yn—-1) of
null(A). Since x ¢ null(A), Span(x) N Span(yi,...,Yyn—1) = {0,} and con-
sequently, B = (x,y1,...,Yn—1) is linearly independent and therefore a basis
of F*. Now Mr,(B,B) = Ea1. On the other hand, if Q = M(S,B) where
S is the standard basis of F" then A = M1, (S,S) = Q My, (B,B)Q =
Q 'ExnQ.
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Now consider exp(tE;;) where t € F. This is equal to I, + tFE>;, a matrix
with ones on the diagonal and one nonzero entry off the diagonal equal to ¢.
This is a transvection. Suppose, more generally, that A = Q~'E»Q where
Q € GL,(F). Then exp(tA) = exp(Q~ 1 (tE21)Q) = Q texp(tE21)Q which is
a transvection. Consequently, if rank(A) = 1, A2 = 0,,x,, then exp(tA) is a
transvection. In this way we obtain all the transvections. We therefore have
the following result.

Theorem 12.38 Let G denote the subgroup of GL,(F) generated by exp(tA)
where t € F, rank(A) =1, and A? = 0,,x,,. Then G = SL,,(F).

For the reader interested in additional results on this topic see ([11]) and
([19]).
Exercises
1. Prove Lemma (12.9).
2. Prove Corollary (12.8).
3. Prove Theorem (12.36).
4. Prove Corollary (12.10).
a1 ... Qip
For a complex matrix A= | © let A be whose (i, j)-

an1 . QAnn

entry is a;; and let A* = ar.

5. Prove for a complex matrix A that exp(A4)* = exp(A*).
6. Assume the complex matrix A is Hermitian. Prove exp(A) is Hermitian.

7. Assume the complex matrix A is normal (AA* = A*A). Prove exp(A) is
normal.



This page intentionally left blank



13
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This concluding chapter deals with several common and important applica-
tions of linear algebra both to other areas of mathematics as well as to science
and technology. In the first section we briefly develop the theory and method
of linear least squares which can be used to estimate the parameters of a model
to a set of observed data points. In the second section we introduce coding
theory which is ubiquitous and embedded in all the digital devices we now
take for granted. In our final section we discuss how linear algebra is used to
define a page rank algorithm that might be applied in a web search engine.
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13.1 Least Squares

In this section we define what is meant by the general linear least squares
problem which involves an overdetermined linear system. We derive the nor-
mal equations and demonstrate how to use them to find a solution. We then
illustrate the method with several examples.

What You Need to Know

Most of the following concepts, which you will need to have mastered in order
to make sense of the new material in this section, are introduced in a course
in elementary linear algebra: a linear system of equations, inconsistent system
of linear equations, null space of a matrix, invertible matrix, transpose of a
matrix, column space of a matrix, rank of a matrix. triangular matrix, QR
factorization of a matrix, linearly independent sequence of vectors, linearly
dependent sequence of vectors, inner product space, orthogonal vectors in an
inner product space, orthogonal complement to a subspace of a inner product
space, norm of a vector induced by an inner product, orthonormal sequence
of vectors, and an orthonormal basis of a subspace of an inner product space.

The General Least Squares Problem

It is trivial to write down a linear system of equations, equivalently, a matrix
equation Ax = b, which is inconsistent. Though inconsistent, one may seek a
“best” approximation to a solution. As we will see, this arises in the practice
of experimental science when attempting to fit a model to collected data.
Finding the best approximate solution to an inconsistent linear system is the
basis of a “least squares solution.”

Definition 13.1 Let A be an m x n complex matriz and b € C™ such that
b ¢ col(A). A vector x € C" is said to be a least squares solution if
|| Az — b ||<|| Ay — b || for all y € C™.

For any vector € C™, the vector Ax is in the column space of A. The first
step in the solution to this problem is to identify the vector Ax. Immediately
relevant to this is Theorem (5.16), which we proved in Section (5.4). Here is
the statement:

Theorem (5.16) Let W be a subspace of C" and u a complex n—vector. Then
for any vector w € W, w # Projw (u), || w — Projw (u) ||<|| v —w |.

Finding the General Least Squares Solutions

Given an m x n complex matrix A and b € C™, set W = col(A) and b’ =
Projw (b). Assume that @ is a vector such that Ax = b’.

Recall that the vector b — b’ = b — Az is in W+, the orthogonal complement
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to W = col(A). This means that the vector b — b’ = b — Az is orthogonal to
every column of the matrix A and therefore is in the null space of the adjoint
of A, A* = A*". This means that

A*(b—b') = A*(b— Az) = 0,,. (13.1)

An immediate consequence of (13.1) is that a vector @ for which Ax = b’ =
Projw (b) satisfies the equation

A* Az = A*b. (13.2)

The equations of the linear system equivalent to the matrix equation shown
in (13.2) are referred to as the normal equations of Ax =b.

We have thus shown that every least squares solution satisfies the normal
equations. The converse is also true:

Theorem 13.1 Assume that x satisfies the A* Ax = A*b. Then x is a least
squares solution to Ax = b.

Proof Assume that x satisfies A*Ax = A*b. Then

A*Ax — A"b= A*(Az — b) = 0,,. (13.3)

A consequence of (13.3) is that the vector Ax — b is in the null space of A*
and therefore orthogonal to every row of A", equivalently, every column of A.
Since Ax — b is orthogonal to every column of A, it follows that Ax — b is in
the orthogonal complement of the column space of A.

On the other hand, assume Az is in the column space of A and b= Ax+ (b—
Az), the sum of a vector in col(A) and a vector in col(A)*. From Theorem
(5.12) there are unique vectors w € col(A) and z € col(A)* such that b =
w + z. Moreover, the vector w = Projcoa)y(b). Thus, Az = Projc.a)(b)
and is therefore a least squares solution to Ax = b.

We now determine when a unique solution exists. Of course, this occurs pre-
cisely when the matrix A* A is invertible.

Theorem 13.2 Let A be an m x n complex matriz and b € C™,b ¢ col(A)
so that the matriz equation Ax = b has no solutions. Then a least squares
solution for the system Ax = b is unique if and only if the sequence of columns

of the matriz A is linearly independent. In this case the unique solution is given
by x = (A*A)~LA*b.
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Proof First assume that there is a unique solution. Then A*A is an invert-
ible matriz, which implies that the rank of A*A is n. However, rank(A*) =
rank(A) and rank(A*A) < min{rank(A), rank(A*)}. It must therefore be the
case that rank(A) = n and since A has n columns, the sequence of columns
of A must be linearly independent.

Conversely, assume that the sequence of columns of A is linearly independent.
This implies that the null space of A consists of only the zero vector, null(A) =
{0,,}. We will show that null(A*A) = {0,} from which it will follow that A*A

18 an tnvertible matriz.

Assume ® € null(A*A). Then A*Ax = 0,. Then 0 = zi"(A*Ax) =
xtr At (Ax) = (Ax, Ax), so that by positive definiteness we have Ax = 0,y,.
Since the sequence of columns of A are linearly independent, null(A) = {0,}
so that x = 0,,.

Remark 13.1 Note that when A is a complex m x n matriz of rank n and
Ax = b is inconsistent, the unique least square solution is equal to ATb, where
At is the pseduoinverse of A. This will make an appearance again when we
consider the situation where rank(A) < n and we characterize all the least
square solutions.

In the next definition we introduce a weak notion of pseudoinverse of a matrix.

Definition 13.2 Let A be an m X n complex matriz. An n X m matric X is
a {1,3}-inverse of A if the following hold:

(PI1) AXA = A; and
(PI3) (AX)* = AX.

In the next lemma we establish some properties of a {1, 3}-inverse of a matrix.

Lemma 13.1 Let A be an m x n complex matriz and X a {1,3}-inverse of
A. Then the following hold:

i) AX = AAT.
i) I, — AX is the projection map onto col(A)*.

Proof i) Since AATA = A we have
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AX = AATAX
(AAT)* (AX)*

(AT)*(A*X*A%)
(AT)* (AXA)
(
(

ANy A
AATY* = AAT.

ii) This follows from Theorem (12.12).
We leave the following corollary as an exercise.

Corollary 13.1 Let A be an m X n complex matriz. Then X is a {1,3}-
inverse of A if and only if AX = AAT.

Assume A is a complex m x n matrix, b € C™, and b ¢ col(A). The next result
obtains least square solutions to an inconsistent system Ax = b in terms of a
{1, 3}-inverse of A.

Theorem 13.3 Assume X is a {1, 3}-inverse of A. Then Xb is a least square
solution to Az =b.

Proof Set z = Xb. We need to show that for an arbitrary y € C" that
| Ay —b 2> Az — b . Now

| Ay—b > = || (Ay—Az)+ (Az—b)|?
= || (Ay — AXb) + (AXb —b) ||?
= || (Ay — AATb) + (AATb — b) ||?
= | A(y — ATb) + (4476 - b) |

By part ii) of Theorem (13.1), I,, — AA is the projection onto col(A)* so,
in particular, AATb —b = (AAT — I,,,)b is in col(A)L. On the other hand,
A(y — ATb) € col(A) so we can conclude that

(Afy — ATb), (AAT — 1)) = 0.

Consequently, by the Pythagorean theorem, Theorem (5.3),
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| Ay — ATb) + (AATD — b) ||? | Ay — Ad) |> + || AATb — b ||
| AATH — b |2

| AXb—b?.

\

Note that we get equality if and only if || A(y — ATd) ||>= 0, if and only if
y — A'b is in the null space of A.

The next two results characterize the least squares solution to Ax = b in
terms of a given {1, 3}-inverse to A.

Theorem 13.4 Let A be an m x n matriz, b € C",b ¢ col(A). Assume X
is a {1,3}-inverse to A. Set z = Xb. Then y is a least square solution to
Ax =bif and only if || Ay — b ||=|| Az—b | .

Proof We leave this as an exercise.

Theorem 13.5 Let A be an m x n matriz, b € C", and b ¢ col(A). Assume
X is a {1,3}-inverse to A and y € C™. Then y is a least squares solution to
Az = b if and only if Ay = AXb= (AAb.

Proof Set z = AXb = (AAN)b. We first show that the matriz equation
Av = z has a solution. Since AX = AA' is the orthogonal projection onto
col(A), it follows that (AX)? = AX. Therefore (AX)z = (AX)(AXb) =
(AX)?b = AXb = z. Thus, A|IXAXDb| = z as required.

Assume now that y is a least squares solution to Az =b. Then || Ay — b ||=
| AXb—1b| by Theorem (13.4). However,

I Ay —b|? I (Ay — AAT) + (AATD — b ||?

= || Ay — AATD | + || AATb—b |

It follows that || Ay — AXb ||>= 0, so by positive definiteness, Ay = AXb.

Conversely, assume Ay = AXb. Then Ay — AXb = 0,,, from which we
conclude that || Ay — b ||?=|| AXb — b ||. By Theorem (15.4), y is a least

squares solution to Ax = b.

Finally, we can describe all least square solutions to Ax = b.
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Theorem 13.6 Assume X is a {1,3}-inverse of A. Set v = Xb. Then the
set of least square solutions to Ax = b is v + col(I, — X A).

Proof Letze€ C" and setuw= (I, — XA)z and y =v +u. Then

Ay = A(v+u)
= Av+ Au
= AXb+ A(I, - XA)z
= AXb+ (A-AXA)z
= AXb

)

since X is {1,3}-inverse of A, whence AXA = A. By Theorem (13.5) it
follows that y is a least squares solution to Ax = b.

Conversely, assume y is a least squares solution to Ax = b. Set u =y — Xb.
Then Au = A(y — Xb) = Ay — AXb = 0,, by Theorem (13.5). Now (I —
XA)u=u—XAu=u—0,, =u so that u € col(I, — X A) and we are done.

In our final result, before we turn to some examples, we consider the situation
where rank(A) < n and determine among all least squares solutions to Az =
b one of minimal norm. As we will see the pseudoinverse of A makes an
appearance.

Theorem 13.7 Set z = A'b and assume y is a least squares solution to
Ax =b. Then || z ||<| y ||

Proof By Theorem (15.6) there exists u = col(I, — ATA) so that y = z +u.
Note that (I, — ATA)* = (I,, — AT A) and therefore

(I, — ATA)* AT = (I,, — ATA)AT =

At — ATAAT = AT — AT = 0,5 m.

It follows that every vector in col(I, — AtA) is orthogonal to ATb. Then by
Theorem (5.3)

ly IP=ll 2+ P=[l 2 1* + | w =] 2 ||*

We now do several examples to illustrate how least squares are practically
used. In all cases the matrix A will be real so that A* = A",
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Example 13.1 Find all the least square solutions for the inconsistent linear
system Ax = b where

10 14
0 1 22
A=11 1[5 |6
1 2 7
10
wa (1 0 1 1\[0o 1| _ (3 3
AA_<011211_36
1 2
14

The matriz A" A is invertible so there is a unique solution
176 =3\ /27 _ (4
9\-3 3 42) — \5)"
Using Least Squares to Fit a Function to Data

It is a common feature of nearly all scientific domains to collect data among
variables and then to find a functional relationship amongst the variables that
best fits the data. In the simplest case one uses a linear function. Geometri-
cally, this amounts to finding the line which best fits the data points when
graphed in a coordinate plane.

More specifically, suppose we want to fit the experimentally obtained n data
points (z1,41), (x2,Y2), - - ., (Tn,yn) by a linear function y = f(z) = a + bx.

If the points were all collinear and on the graph of this linear function then
all equations

Y1 = a + by
Y2 = a+ by
Yn = a + bz,

would be satisfied. This can be written as a matrix equation
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1 = Y1
1 Y2
o (Z) . (13.4)
1z, Yn
1z Y1
1 i) yQ a
Ifwelet A= | . . l,y=1] . | andm = (b) then (13.4) can be written

1z, Yn
as

y=A (Z) . (13.5)

If the data points are not collinear then there will be no a and b satisfying
these equations and the system represented by (13.5) is inconsistent. In this
situation, approximating y; by y; = a + bz; results in an error e; = y; — y..

€1 Y1 — Y
€2 Y2 — Vs ,
Now set e = . = . . Now the equations become
!
€n Yn — Yn

y:A(Z) —i—e,y—A(Z) =e. (13.6)

The least squares solution determines the a and b such that || e || is minimized
and is given by

(1) =y,

The line given by the least squares solution is called the line of best fit or
the regression line of the data. The norm of the error vector e is the least
squares error.

Example 13.2 A significant sample was taken of the heights of boys, ages
11-17. The average heights by age group are given in the following table:
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Age (years) | Height (inches)
11 55.1
12 57.6
18 60.8
14 63.8
15 66.2
16 68.1
17 69.1

We will find the regression line of this data.

111 55.1
1 12 57.6
1 13 60.8 7 98
Let A= |1 14| andy = |63.3|. Then A”A—<98 1400) and
1 15 66.2
1 16 68.1
1 17 69.1
440.2
trp, —
Ay = <6231.2.>
798 | 4402 |
The reduced echelon form of (98 1400 | 6231.2) 18

1 0 | 2874
0 1 | 244

Therefore the regression line has equation y = 28.74+ 2.44x. The least square
error is 1.6.

Fitting Data to a Polynomial

Suppose you hypothesize that a set of data (x1,y1), (z2,y2),- -, (Tn,Yn) i8
best modeled by a k-degree polynomial y = f(z) = ap +a1x + - - - +apz®. We
know there is a unique polynomial of degree n — 1 whose graph contains all
the points so we may assume that & < n — 1. If the data points were all on
the graph of this polynomial then for each i the equation

yi = flz;) = ao + arz; + asx? + - - - + apat (13.7)
would be satisfied.
1 x x% . x’f Y1 ag
1 x5 x% . x’§ Y2 a
Set A= . . . . Y = . ,Mm =
1 Tn I121 xﬁ, Yn ag
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The equations (13.7) can be represented by the single matrix equation

y = Am. (13.8)

If the points do not all lie on some polynomial of degree at most k then the
system will have no solution. In this case, we find a best fit using the least
squares method.

Note that the matrix obtained by taking the first £ 4+ 1 rows of A,

1 = 2?2 ... b
1 2 x% - xé
Y
2 k
Lo @hr @y o0 2

is a Vandermonde matrix. This matrix has determinant [[;_;(z; — z;) # 0.
Therefore, the rank of A is &+ 1 and the least squares solution is unique and
equal to

(A A)~H(ATy). (13.9)

We illustrate with some examples.

Example 13.3 Find the quadratic polynomial which is the best fit to the five
points (1, -2), (2,0.2), (3,3.9), (4,10), (5, 17.9).

11 1 -2
1 2 4 0.2
SetA=|1 3 9 |,y=]| 39
1 4 16 10
1 5 25 17.9

Then f(x) = aog + a17 + azx? where

ag
a | = (AtTA)_l(AtTy).
ag
5 15 55 30
A"A=115 55 225],A"y=1139.6
55 225 979 641.4

5 15 55 | 30
The reduced echelon form of the matriz | 15 55 225 | 139.6 | is
55 225 979 | 6414
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0 0 | —-1.98

1 0 | —-095

0 1 | 099

o O =

Therefore the quadratic polynomial which best fits these five points is

f(z) = —1.98 — 0.952 + 0.9922

f —1.95
f(2) 0.05
Using this quadratic we compute the vector y' = | f(3) | = | 4.03 |. The
f(4) 9.97
f(5) 17.89
—0.05
0.15
error vector is e =y —y’ = | —0.13 | . The least square error
0.03
0.01

is || e ||=0.04.

Example 13.4 Find the cubic polynomial which is the best fit to the five
pOiTLtS (_27 _5)7 (_17 1)a (07 _1)7 (L _1)3 (27 6)

1 -2 4 -8 -5
1 -1 1 -1 1
Set A=11 0 0 0 |,y=1]-1
11 1 1 -1
1 2 4 8 6
If f(x) = aop + a12 + a2 + azx® is the cubic polynomial of best fit then
ag
m = Zl is the solution to (A" A)ym = (A"y).
2
as
5 0 10 0 0
0 10 0 34 20
; ; ; tr A — tro, —
Direct computation gives A" A = 10 0 34 0 ATy 4
0 34 0 130 87
5 0 10 0 | O
0 10 0 34 | 20 . )
The reduced echelon form of 0 0 34 0 | 4 is the matriz
0 34 0 130 | 87
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1000 | —057
0100 | —225
0010 | 029
000 1| 125

Therefore the cubic polynomial which is the best fit to this data is

g(x) = —0.57 — 2.252 4 0.292% + 1.252°.

9(~2) —4.93
g(~1) 0.71
Using this cubic we compute the vector y' = | ¢g(0) | = | —=0.57 . The
(1) ~1.29
9(2) 6.07
—0.07
0.29
error vector ise =y —y' = | —0.43 |. The least square error is || e ||= 0.60.
0.29
—0.07

Fitting Data to an Exponential Function

Sometimes the graph of some data or the context in which it is collected
suggests that the most appropriate approximation for the data is by an expo-
nential function; for example, growth of the national income or the amount of
a radioactive material present at given time intervals.

Thus, given some points (z1,y1), (Z2,Y2), - - -, (Tn, Yn) We wish to approximate
this data by a function y = Ce** for some constants C and k.

Note that for such a function, In y = In C + kt is a linear function of t. We
can therefore use the least squares method for finding in C' and k from the
data (z1,In y1), (x2,In y2), ..., (Tn,In yp).

Example 13.5 Find the exponential function y = Ce** which best approxi-
mates the following 6 data points:

(—2,.14),(-1,.32),(0,.55), (1,1.24), (2,2.44), (3,4.75).
Taking the natural logs of the y-values we get the data points:

(=2,-1.97), (=1, —1.14), (0, —.60), (1, .22), (2, .89), (3, 1.56).
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1 -2
1 -1
We now need to find the least squares solution to Ax = b where A = 1 (1)
1 2
1 3
—-1.97
-1.14
and b = _é620 . The matriz form of the normal equations for this least
.89
1.56

squares problem is as follows:

tras_ qerp (63, _ [ 104
AT Az’ = A7, <3 19>“’ - <11.76.)

—.524 504 _ )
702 ) Then C =e¢ = .59,k =.702. Since

e™2 ~ 2.02, the data is approzimated by the function h(z) = .59(2.02)¢. We
compute

The solution to this is ©' = (

h(—2) 0.14
h(—1) 0.29
the vector y' = Zg(l)g = (1)?3 . The error vector is e = y — 1y =
h(2) 2.41
h(3) 4.86
0

0.03

_00024 . The least square error is || e ||= 0.13.

0.03

—0.11

The QR Computation of Least Squares Solutions

Let A be a real m x n matrix, b € R"™ b ¢ col(A). It is sometimes the case that
the entries in A are highly sensitive to small changes, that is, small errors in the
calculation of the entries in A" A can cause significant errors in the solution
of «’. When the matrix A" A is invertible, it is therefore sometimes better to
calculate the least squares solution using the QR factorization of the matrix

A.

We recall that if A is an m X n real matrix then there is an m x n matrix @
whose columns form an orthonormal sequence (and a basis for col(A)) and an
invertible n x n upper triangular matrix R such that A = QR.
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In this case the matrix form of the normal equations, (A" A)x’ = A'"b, be-
comes

[(QR)"(QR)lz" = (QR)"b. (13.10)
Using the fact that (BC)!" = C'" B, (13.10) becomes

[R"(Q"Q)R]x’ = R"Q"b (13.11)
Here we have made use of the fact that ) is an orthogonal matrix to conclude
that Q"Q = I,. Also, since R is invertible, so is R'", and therefore it can

be canceled from both sides. Making use of these two conditions (13.11) now
becomes

Rx' = Q'b,x’ = R71(Q'b). (13.12)

Example 13.6 Find the least squares solution to the inconsistent system

1 3 4 2
1 3 2 8
Ax = b where A = 1 _1 2 and b = 4
1 -1 0 6

The Gram—Schmidt process yields the following orthonormal basis for col(A) :

1 1 1
i i !
{ i ’ _Ql ) 12 }
)\t A
2 2 2
1 1 1
S
Set Q@ = |1 2% 2|. Q is an orthonormal matriz and col(Q) =
S
2 2 2
2 2 4
col(A). If we set R = QA = |0 4 2| then A = QR. R7! =
0 0 2
e 10 8
0 1 —% Qb= 0 | andx' = R1(Q"b) = | 1
0o 0 1 —4 -2

An excellent source for real-world applications of least squares is ([10]).

Exercises
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1. Prove Corollary (13.1).
2. Prove Theorem (13.4).

3. Assume A is a complex m xn matrix and A = BC is a full rank factorization
of A. Let b € C™. Prove that the matrix version, A* Ax = A*b, of the normal
equations is equivalent to the matrix equation B*Ax = B*b.

In Exercises 4-7 show that the given vector b is not in the column space of
the given matrix A. Verify that the columns of A are linearly independent.
Write down the normal equations least squares solution to the linear system
Ax = b and find the unique least square solution z’'.

11 9
4. A=1 =3|,b={3

-2 2 -6

1 2 1
50A=(1 1],b=|-2

1 3 7

1 1 2

1 1 1
6.A=|, 1 |[o=];

1 -1 18

1 1 1 1

1 1 1 2
TA=|] 1 =1

1 -1 1 0

In Exercises 8 and 9, show that the given vector b is not in the column space
of the given matrix A. Verify that the columns of A are linearly dependent.
Write down the normal equations for the least squares solution to the linear
system Az = b and find the general least square solution x’.

10 2 1
01 -1 -1

8. A=, 5 o lo=|}
2 1 3 0
1 1 1 0 1
1 2 -1 2 -1

9.4=11 3 1 2 |.b=|1
-1 -2 -1 -1 0
—2 -4 0 -3 0

In Exercises 10 and 11, verify that the given orthonormal sequence is a basis for
the column space of the given matrix A. Use this to obtain a QR factorization
for A and apply this to find the least square solution to the inconsistent linear
system Ax = b for the given vector b.
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11 ] —2 2
10.4=12 8 [, 0={ 5 |, % Lo= |7
—2 _5 -2 3 5

L2 2 ANEANE Iy

WA= 5 10={i|:|A]|| 2|bb=] 5
? ? 2

1 -3 -2 2/ \=3/ \-3 4

In Exercises 12 and 13, find the regression line and the least squares error for
the given data.

12. (=2, -3.8), (=1, —-1.1),(0,1.9), (1,5.2), (2,8.1)
13. (=1,3.3),(0,1.6), (1, —.8), (2, —2.5), (3, —4.4)

In Exercises 14 and 15, find the quadratic polynomial which best approximates
the given data.

14. (=1,4.1),(0,2.3),(1,2.6), (2,4.2), (3,8.2)
15. (=1,1.0),(0,.7), (1,1.2), (2,2.5), (3,5.0), (4,8.7)

In Exercises 16 and 17, find the exponential function y = Ce** which best
approximates the given data.

16. (—1,.2),(0,.7), (1,1.5), (2,8.5), (3,36.4)
17. (=2,3.1), (~1,2.8), (1,2.3), (2,2.0), (4, 1.6)
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13.2 Error Correcting Codes

In this section we demonstrate how finite dimensional vector spaces over a
finite field can be used to construct error correcting codes.

What You Need to Know

To be successful in understanding the material of this section you should
already have gained mastery of the following concepts: a field, vector space
over a field, span of a sequence of vectors, spanning sequence of a vector
space, a sequence of vectors is linearly independent, basis of a vector space,
dimension of a vector space, and a finite field.

Error correcting codes are used whenever a message is transmitted in a digital
format over a “noisy” communication channel. This could be a phone call
over a land line or wireless, email between two computers, a picture sent from
outer space, an MP3 player interpreting digital music in a file, a computer
memory system, and many others. The “noise” could be as a result of human
error, lightning, solar flares, imperfections in equipment, deterioration of a
computer’s memory, and so on, which might introduce errors by exchanging
some of the digits of the message for other, incorrect digits.

The basic idea is to introduce redundancy into the message. This is a delicate
task since one needs to insure that there is enough redundancy so that there
is a high probability that errors can be detected and corrected, but not so
much redundancy that one has to send messages which are long relative to
what we wish to transmit, consequently reducing the “information rate” and
making the transmission too costly.

There are six elements to a digital communication system. It begins with
a message, which is a string of symbols. This is input to an encoder which
adds redundancy (for example it could repeat the message) and creates a
codeword. The codeword is sent over the noisy communication channel, which
randomly introduces errors (but with low probability for each symbol). Out
the other end comes a received string of symbols. This is input to a decoder
which detects whether any errors have occurred. In a simple system which
only detects errors, if an error has occurred the sender is informed of this
and asked to resend the message. In a more complicated scheme, the decoder
corrects errors as well as detects them and then sends the message on to the
intended recipient. This is pictured schematically in Figure (13.1).

Definition 13.3 By a message we will mean a string of symbols in some
finite alphabet. The message is binary if the alphabet has only two symbols.
It is said to be q-ary, with q some natural number, if the alphabet has g
elements. Typically, the alphabet is a finite field, F,, and consequently q is
usually a prime power.
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Message H Encod:H Chann:H Received Message H Decoder H Message

FIGURE 13.1
Sending a Mmessage over a noisy channel.

We ordinarily assume the channel satisfies the following properties:

1) the probability that a symbol « from the alphabet is transmitted and « is
received is independent of «; and

2) the probability that a symbol « is sent and 5 # « is received is independent
of o and f3.

Suppose the alphabet has g symbols and the probability that a is sent and
received is p. Then the probability that « is sent but « is not received is 1 —p.
Since there are ¢ — 1 possibilities for the received symbols and each is equally
likely, by assumption 2) it follows that the probability that « is sent and a
. . L1
fixed B # « is received is qTf-
It is also assumed that the channel, though noisy, is pretty good, meaning
that p is close to one and, therefore, 1 — p is small.

Example 13.7 We want to send a message about how to color pixels (in
some given order). At any location one can color it “nothing” or white, red,
blue, or yellow. In binary, these can be encoded in the following way where we
treat 0 and 1 as the elements of the finite field Fo:

white = (0,0),red = (1,0), blue = (0, 1), yellow = (1,1). (13.13)

These are the message digits that we wish to send but in the present form it is
not particularly useful since if an error occurs, we cannot tell since it simply
transforms one valid message into another valid message.

We can improve this by adding redundancy in the form of a check digit
—adding a third digit to each message so that the number of ones is even, or
the same thing, the sum of the digits is zero (remember our digits are elements
of the field Fy). With the introduction of this redundancy, the expressions we
use to communicate the colors become
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white = (0,0,0),red = (1,0, 1), blue = (0,1,1), yellow = (1,1,0). (13.14)

Now if one error occurs it can be detected. This information could be com-
municated and a request made for resending the message, which is, of course,
costly and time consuming; if we want to detect and correct errors then more
redundancy is needed.

We can systematically add greater redundancy in the following way: If w is
one of the four pairs of (13.13), follow w with a check digit and then with w
again. Thus,

(0,0) — (0,0,0,0,0),(1,0) — (1,0,1,1,0)

(0,1) — (0,1,1,0,1),(1,1) — (1,1,0,1,1). (13.15)

Now if a single error occurs we can not only detect it but we can correct it
by decoding the received vector as the one among the four vectors of (13.15)
which is “closest” to it, in the sense that they differ in the minimum number
of digits.

For example, if a received vector has a single one and four zeros then it differs
from (0,0,0,0,0) in only one place but from all the others in two or more
places. Therefore we would decode it as (0,0,0,0,0) = white.

To make the ideas of Example (13.7) more precise requires that we introduce
some definitions.

Definition 13.4 Let IF; be a finite field. By a g-ary word of length n we
will mean an element of the vector space Fy written as a row.

Definition 13.5 Let @ = (a1 a2... ay) be a g-ary word of length n. Then
the weight of @, denoted by wt(x), is the number of i such that a; # 0.

The following property of the weight function is fundamental. We leave it as
an exercise.

Theorem 13.8 Let x,y € Fy. Then wi(x +y) < wt(x) + wi(y).

Making use of the weight function we can introduce a concept of distance be-
tween words first formulated by the coding theory pioneer Richard Hamming.
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Definition 13.6 Let x = (a1 as... a,) and y = (by ba... b,) be two g-ary
words of length n. Then the Hamming distance between x and y, denoted
by d(x,y), is the number of i such that a; # b;.

Note that if € = (a1 ...a,),y = (b1...b,) are g-ary words then a; # b; if
and only if the i** component of & — y is non-zero. Consequently, we have the
following;:

Theorem 13.9 Let x,y be words from Fy. Then d(z,y) = wt(x —y). In
particular, d(x,0,) = wt(x).

In our next result we collect some properties of the Hamming distance func-
tion.

Theorem 13.10 i) For any vectors x,y € Fy,d(x,y) > 0 with equality if
and only if x = y.

i) For vectors  and y in Fy,d(x,y) = d(y, x).

i) The “triangle inequality holds”: For wectors x,y,z € Fy d(z,z) <
d(z,y) + d(y, z).

The first and second should be clear. The third is left as an exercise.

An important concept, for both conceptual and theoretic purposes, is the
notion of a ball of radius r about a vector w.

Definition 13.7 Let w be a word in Fy and r a natural number. The ball of

radius r with center w, denoted by B, (w), consists of all the g-ary words

of length n whose Hamming distance from w is less than or equal to r :
B.(w) ={z € Fy : d(w,z) < r}.

Example 13.8 The ball of radius one with center at (0,0,0,0,0) in Fy consists

of (0,0,0,0,0) and all the words of weight one. For w = (1,0,1,1,0),

tr tr tr tr tr

1 0 1 1 1 1
0 0 1 0 0 0
Biw)=<{ {1 {1 ,[2| .lo| .[1] .|1
1 1 1 1 0 1
0 0 0 0 0 1

The balls of radius one centered at the four words shown in (13.15) do not
wntersect.
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One can easily count the number of vectors in a ball of radius . We state the
result and leave it as a exercise.

Theorem 13.11 Let w € IF;‘.

i) Let t be a nonnegative integer. Then the number of x € [y such that
dw,z) =t is (})(q — 1)".

t

ii) Let r be a nonnegative integer. Then the number of vectors in B, (w) is
n n
1+n(@g—1)+ (2>(q— D24+ (r>(q— nr.

We are now ready to define what we mean by a code with alphabet F,, where
q is a power of a prime.

Definition 13.8 A code is a subset C of some finite vector space Fy. The
length of the code is n. If the number of elements in C is K then we say that
C is an (n,K)-code over F,.

A code C of length n is said to be a linear code over F,, if C is a subspace
of ¥y. If the dimension of C is k, then we say that C is an (n,k)-linear code
over .

Example 13.9 The collection of four vectors in (13.15) is a (5,2)-linear code
over Fo.

In Example (13.7) we added sufficient redundancy so that the Hamming dis-
tance between any pairs of code words is always large enough so that we could
detect and correct single errors. Making this rigorous requires some further
definitions.

Definition 13.9 Let C be a code of length n over F,. The minimum dis-
tance of C is

d(C) = min{d(x,y) : x,y € C,x # y}.

In other words, it is the minimum distance obtained between any two distinct
codewords from C.

The importance of the minimum distance of a code is indicated by the follow-
ing result:
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Theorem 13.12 Let C be an (n,K)-code over F, and assume that d(C) = d.
Then the following hold:

i) C can detect up to e errors as long as d > e + 1.

i) C can correct up to c errors as long as d > 2¢+ 1.

Conceptually, 1) holds because the ball of radius d — 1 centered at a codeword
does not contain any other codewords. Also, ii) holds because two balls with
radius ¢ such that 2c+ 1 < d and centered at distinct codewords are disjoint.

Proof i) Suppose that a codeword w is transmitted, the word x is received,
and there are e errors with e < d. The number of errors is simply d(w,x).
Since d(w,x) = e < d it cannot be that  is another codeword and, conse-
quently, we can detect that an error occurred.

i1) Suppose w is transmitted and x is received with ¢ errors, where 2c+1 < d.
We claim that for any codeword w' # w that d(x,w’) > ¢ and therefore
amongst C,w is the unique nearest neighbor to x. To see this claim, assume
to the contrary that d(x,w’) < ¢ for some codeword w' # w. Then

d <dw,w) <dw,z)+dz,w')<c+c=2c<d (13.16)

by the triangle inequality and the definition of d. We therefore have a contra-
diction.

There are many advantages to working with linear codes as contrasted with
more general codes. One is that they can be constructed using matrix mul-
tiplication. Another is that the computation of the minimum distance of the
code is simplified and does not require computing the distances between every
pair of vectors in the code. Before showing this we require another definition.

Definition 13.10 Let C be an (n,k)-linear code over F,. The minimum
weight of C, denoted by m(C), is

min{wt(w) : w € C,w # 0,}.

This next theorem indicates the relationship between d(C) and m(C) for a
linear code.

Theorem 13.13 Let C be an (n,k)-linear code over Fy. Then d(C) = m/(C).
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Proof By the definition of minimal distance, d(C) = min{d(z,y) : z,y €
C,x # y}. Since d(z,y) = wt(x — y), it therefore follows that d(C) =
min{wt(x —y) : ¢,y € C,x # y}. Since C is a linear code, as (x,y) runs
over all pairs from C with * # y, * — y runs over all nonzero vectors in C.
Thus, min{wt(x —y) : ¢,y € C,x # y} = m(C) as claimed.

As we shall see, linear codes can be constructed with a designed minimum
weight and in this way no computation will be required to determine the
minimum distance and, therefore, the error detecting and error correcting
capacity of the code. In the next example we show how the code of (13.15)
can be constructed from the original message by matrix multiplication.

01 101
(0,0)G = (0,0,0,0,0),(1,0)G = (1,0,1,1,0)

Example 13.10 Let G = (1 0 11 O). Then

(0,1)G = (0,1,1,0,1), (1,1)G = (1,1,0,1,1).

Notice that the sequence of rows of the matrix G of Example (13.10) is a basis
for this linear code. This is an example of a generator matrix for a code.

Definition 13.11 Let C be an (n,k)-linear code over F,. Any k x n matriz G
whose rows consists of a basis for C is a generator matrix of C. The matriz
G is said to be systematic if G has the form (I B) where B is a k x (n— k)
matriz.

Note that since the rows of G are a basis, the rank of G is equal to k.

We can use a generator matrix to encode a message of length k by matrix
multiplication: Given a message m = (a1,4a1,...,ax), encode this as mG. If
G is systemic then the first k digits of the codeword mG will be the message
m.

In addition to encoding messages on the transmission end, we need a decoder
on the receiving end to detect whether errors have occurred, correct them, if
possible, and deliver the original message to the user. The parity check matrix
will fulfill this purpose. First, some more definitions.

Definition 13.12 Let = (a1 az... a,) and y = (by ba... by) be two
vectors in Fy. Then the dot product of x and y, denoted by T .y, is map
Jfrom Fy x Fp to F given by

a1b1 + a2b2 —+ ... anbn.
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The following summarizes the fact that the dot product is a symmetric bilinear
form on Fy.

Theorem 13.14 Let x,y, z be vectors in Fy and c € F,. Then the following
hold:

i)rx.y=y.T.
ii)x.y+zl=x.y+x.z
iii) clx .yl = (cx) sy = x . (cy).

Proof i) This holds since the multiplication in Fy is commutative: If ¢ =
(x1 ... Zn),y=(y1 ... Yn) then for each i, z;y; = y;x;.

i) This holds since the distributive property holds inFy: If also z = (z1 ... zn)
then for each i we have

vi(Yi + 2i) = vy + @iz

iii) This holds because the multiplication in Fy is associative and commutative:
For each i

c(ziyi) = (cxi)ys = (zic)y: = zi(cys)-
We will say that g-ary words @ and y are orthogonal if -y = 0.

Definition 13.13 Let C be a subspace (linear code) of Fy/. The orthogonal
complement to C, denoted by C*, is {y € Fylx -y =0 for ally € C}. When
C is considered a linear code we refer to C*+ as the dual code.

Theorem 13.15 Assume C is an (n,k)-linear code over F,. Then the dual
code C* is an (n,n-k) linear code.

Proof Since the dot product is a symmetric bilinear form, it follows that C*+

is a subspace of ¥y, so it remains to prove that dim(Ct) =n — k.

Let A be the matriz whose it" row is x;. It then follows that y € C* if and

only if Yy is in the null space of A. By the rank-nullity theorem for matrices,
it follows that dim(C) + dim(C*) = n, so that dim(C*) =n — k.
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Example 13.11 For the code C = Span((1,0,1,1,0),(0,1,1,0,1)) the dual
code is Span ((1,0,0,1,0),(0,1,0,0,1),(1,1,1,0,0)) which consists of the eight
vectors

(0507 0507 0)’ (170507 ]‘50)7 (O’ 170505 1)7 (]" 1’ 1507 0)
(1,1,0,1,1),(0,1,1,1,0), (1,0,1,0,1), (0,0,1,1,1).

We can now define what is meant by a parity check matrix for an linear code
C over F,.

Definition 13.14 Let C be an (n, k)-linear code over F,. Any generator ma-
triz H for the dual code C+ of C is a parity check matrix for C.

Example 13.12 From Ezample (13.11) the matrix

)

)
10 01 0
H=[0 1 0 0 1
0 01 11

is a parity check matriz for the binary code

¢ ={(0,0,0,0,0),(1,0,1,1,0),(0,1,1,0,1),(1,1,0,1,1) }.

In part, the importance of the parity check matrix is indicated by the following:

Theorem 13.16 Let C be an (n, k)-linear code over F, and H a parity check
matriz. Then w € Fy is a codeword if and only if Hw'™ = 0,,_}.

Proof Suppose w € C. Then w is perpendicular to every row of H by the
definition of H. In particular, the product of w with each row of H'" is zero
and therefore Hw'™ = 0,,_y,.

Conversely, the rank of H is n — k since its rows are linearly independent.
Therefore the null space of H has dimension n — (n — k) = k. However,
null(H) contains {w'" : w € C}, which has dimension k and therefore this is
all of null(H).

It is especially easy to obtain a parity check matrix for a linear code C from
a systematic generator matrix G = (I B) for C. This is made explicit in the
next result.
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Theorem 13.17 Assume that G = (I B) is a systematic generator matric
for an (n, k)-linear code C over F,. Then H = (—B'"I,,_) is a partity check
matriz for C.

Proof H is an (n—k) x n matriz and the last n — k columns are a basis for
IFZ;_’“. Therefore, H has rank n — k. By Theorem (13.16) we will be done if
we can show that HGY = O(n—k)yxk- We compute this product:

Iy,

HG"™ = (=B"I,,_y) <B”

) — _BtTIk +In7kBtT — _BtT + BtT — O(n—k)xk-

In our next result we indicate how a parity check matrix H for a linear code
C can be used to determine the minimum weight of C.

Theorem 13.18 Let H be a parity check matriz for an (n,k)-code C over F,.
Assume that every sequence of d—1 columns of H is linearly independent but
some sequence of d columns is linearly dependent. Then m(C) = d.

Proof Denote by cj,1 < j < n, the columns of H. Suppose for the sake of
the proof that the sequence of the first d columns, S = (e1,...,¢q) of H, is
linearly dependent. Let

aicy +azce + - +ageq =0,
ai

az

be a non-trivial dependence relation of S. Then the vector @ = | aq | satisfies
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Hx = 0,,_ and therefore w = '™ € C by Theorem (13.16). Since wt(w) = d,
we conclude that m(C) < d.

On the other hand, suppose y is a vector with weight less than d and Hy'" =
0,—%. Suppose y is nonzero and let the nonzero entries in y be by, , by, ..., b;
where t < d. Since Hy'™ = 0,,_;, we conclude that

t

bi,ci, +bi,ciy + -+ bi,ci, = 0py.

This implies that the sequence of columns (¢;,, Ciy, ..., €;,) is linearly depen-
dent. Since t < d, this contradicts our hypothesis. Thus, no nonzero vector in
C has weight less than d and the minimum weight of C is exactly d.

If the columns of a parity check matrix H of a linear code C are all distinct
then from Theorem (13.18) we can conclude that the minimum weight is at
least two and we can detect a single error. If no two columns of H are multiples
of one another, that is, every pair of columns of H is linearly independent then
the minimum weight of the code is greater than equal to three and we can
correct single errors. Note that for binary codes, a pair of nonzero vectors is
linearly independent if and only if they are distinct.

Example 13.14 Let H be the matriz whose columns are all the nonzero

vectors in F3. We use H as the parity check matriz of a code. We will

treat the vectors in F3 as a binary expression for a natural number where
1 0 0

0 =1,11| =2,{0]| = 4. This will be of use in our decoding scheme.
0 0 1
1010101
We order the columns from 1to 7. Thus, H= |0 1 1 0 0 1 1
0001111

Since the sequence of standard basis vectors of Fs is a subsequence of the
columns of H, it follows that H has rank three. Let H(3,2) denote the code
that is dual to the row space of H. In this notation the (3,2) indicates that the
columns of the parity check matriz H are the 3-vectors over Fo. This resulting
code is referred to as a binary Hamming code. It is a linear (7,4)-code over
Fs.

Since the columns of H are all distinct and this is a binary matriz, the min-
imum weight of H(3,2) is at least 3. On the other hand, the sum of the first
three columns of H is the zero vector and therefore the minimum weight is
exactly 3. Thus, H(3,2) is a I-error correcting code.

Notice that a ball of radius one centered at a word contains 1 + 7 = 8 words.
If we consider the balls of radius one around the 16 codewords then these are
disjoint and so the number of words they jointly cover is 16 x 8 = 128 = 27.
That, is, each word is contained in exactly one of these balls.
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Let e;,i = 1,2,...,7 denote the standard basis of F3. Now suppose some
codeword w is sent, x is received, and one error occurred, say in the it"
position. Then by the definition of e;, x = w+e;. We can deduce that an error
has occurred since Hx'™ # 03. But we get more information. The nonzero
vector Hx'" is called the syndrome of x, and is denoted by S(z). In this
example, it will tell us precisely where the error occurred.

Since x = w + €;,S(x) = Hzx' = H(w' + e!") = Hw'" + He!" = He!"
because w is in the code and therefore Hw'™ = 03.

Since e; is the ith standard basis vector of F§, Hel" is the i'" column of H.
This gives us a decoding scheme:

Take the received word & and compute its syndrome S(x) = Hz!". If S(x) =

03 then x is codeword and the intended message can be obtained from the
ai

recetved word x (though how depends on the encoder used). If S(x) = | az | #
as

03 then let i be the natural number with binary erpansion asasa;. Set w =

x + e;. This will be a codeword (the unique one at distance one from x) and

we decode as w.

As a concrete example, suppose the word @ = (0111110) is received. Then the
syndrome of this vector is

0
1
101 01 01 1
Sz)y=[(0 1 1 0 0 1 1|]1]|=
0 00 1 1 11 1
1
0
0 1 0 1 0 0
11+ (1]+(0)+10]+11]=]|1
0 0 1 1 1 1
0
The vector | 1| is binary for 6. Thus, if one error occurred it was in the sixth
1

position. Therefore the codeword sent was (0111100).

The code of Example (13.14) is one in a family of 1-error correcting codes
where the balls of radius one centered at the codewords cover all the words.
Such codes are said to be perfect 1-error correcting codes. We define these
below.
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Definition 13.15 Assume C is a subspace of ¥y is a d-error correcting codes.
If {Ba(w)|w € C} is a partition of F}) then C is said to be a perfect d-error
correcting code.

Hamming Codes

Definition 13.16 Let g be a prime power and n > 2 a natural number. The
number of one-dimensional subspaces of Fy is t = q::ll. For each one dimen-
sional subspace W of Fy, choose the vector w such that Span(w) = W and
such that the first nonzero entry in w is one. Put these vectors into lexico-
graphical order and label them as wq, ..., wy. Let H(n,q) be the matriz whose
columns are the vectors wy, ..., w;. Let H(n,q) be the linear code with parity

check matriz H(n,q). This is referred to as the Hamming (n, q)-code.

In the next result we state some of the properties of the Hamming codes and
leave the proofs as an exercise.

Theorem 13.19 The code H(n.q) has length t = % and dimension t —n.
It has minimum distance 3. It is a perfect one-error correcting code.

Clearly, one needs to do better than be able to correct one error and it is
not difficult to define such codes using Theorem (13.18). We show how to
construct linear codes with a designed minimum weight.

BCH-codes

Let a1, a2, ..., aq—1 be the nonzero elements of the finite field F, and let ¢ be
a natural number, t < q — 1.

Let H be the following matrix

1 1 e 1
(6751 (65 Qg—1
2 2 2
oy (65} aq71
t—1 t—1 t—1
(%1 Qy e aq_l

We will show that any ¢ columns from H are linearly independent. Suppose

B1,B2,...,0; is a subset of {a1,as,...,aq-1}. Consider the square matrix
1 1 1 o 1
Bi b1 Ba . B

2 2 2 2
made from the columns g5 . This matrix is e B T Bi

ﬂtfl t—1 t—1 t—1
% 1 2 cee t
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This is a Vandermonde matrix which is invertible with determinant
Ih<icj<t(B; — B:). Consequently, any sequence of ¢ columns is linearly in-
dependent. Since there are only t rows, the rank of H is exactly ¢ and a
sequence of any ¢ + 1 columns is linearly dependent.

From what we have shown, if C is the code with parity check matrix H then C
is a (q-1, g-t-1) linear code with minimum weight ¢+ 1. Therefore, if 2e4+1 < ¢
this code can be used to correct e errors.

To be useful, that is, actually implemented, requires the existence of an algo-
rithm to do the encoding and decoding. Any generator matrix can be used for
the encoding. An algorithm for decoding exists for these codes, based on ideas
from number theory developed by the Indian mathematician Ramanujan. The
codes are known as BCH codes. They were invented in 1959 by Hocquenghem
and independently by Bose and Ray-Chaudhuri and they have been used fairly
extensively.

Example 13.15 Denote the elements of F11 by {0,1,2,3,4,5,6,7,8,9, X }.
Let H be the matriz

1 1
9 X
4 1
3 X

= = =
[ R
T O W
O U =
=W ot =
N w o =
NSRRI EEN I
oo © 0o

This is the parity check matriz for the BCH code BCH(11,4) of length 10
with designed minimum weight 5 over the field F11 Since there are 10 columns
and the rank is four, the nullity is siz and therefore the code BCH(11,4) has
dimension siz and is therefore a (10,6)-linear code over Fi; with minimum
weight 5. It is a double error correcting code.

A very accessible treatment of error correcting codes is ([18]).
Exercises

L. Let x,y € F. Prove that wt(z + y) < wt(z) + wt(y).

2. Prove part iii. of Theorem (13.10).

3. Prove Theorem (13.11).

A linear code C is called self-dual if it is contained in its dual code C*,
equivalently, if every pair of codewords in C is orthogonal.

4. Assume that C is a self-dual (2n,k)-code over the field F,. Prove that k < n.

5. a) Show that in the binary Hamming code #(3,2) there are equally many
codewords of weight w and 7 — w.

b) Without writing out all the codewords, prove that there are 7 codewords
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of weight 3, and 7 of weight 4 in the binary Hamming code H(3,2). (Hint:
Make use of a) and the fact that the minimum weight of #(3,2) is 3.)

6. Let H(3,2) be the extended binary Hamming code, that is, the code
obtained from #(3,2) by adding an overall parity check. Prove that this code
contains the zero vector, the all-one vector, and 14 vectors of weight 4. (Hint:
Make use of 2b)).

7. Let © be a word in F5. Prove that - = 0 if and only if the weight of =
is even.

For a vector @ = (r1 T2 ... x,) in FY let the support of x, spt(x), be the
subset of {1,2,...,n} such that z; # 0. For example, the support of (1001011)
is {1,4,6,7}.

8. Let x,y be words in F}. Prove that « - y = 0 if and only if there are an
even number of elements in the intersection of spt(x) N spt(y).

9. Prove that the extended binary Hamming code #(3,2) is a self-dual code.
(Hint: Use Exercises 6, 7, and 8).

10. Suppose C is a (23, 12) binary linear code and the minimum weight is
seven. Prove that the balls of radius 3 centered at the codewords are disjoint
and cover all the vectors in F33. (This means that this is a perfect 3-error
correcting code. Such a code exists and is unique. It is known as the binary
Golay code).

11. Prove Theorem (13.19).
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13.3 Ranking Webpages for Search Engines

In this section we show how linear algebra is applied to develop query inde-
pendent rankings of webpages that might be used by a search engine.

What You Need to Know

In order to understand the new material of this section you should have
mastered the following concepts: eigenvalue and eigenvector of a square ma-
trix, nonnegative matrix, positive vector, positive matrix, irreducible matrix,
primitive matrix, probability vector, stochastic matrix, stationary vector of a
stochastic matrix, and the Perron vector of a positive matrix.

Search engines are essential utilities for using the world wide web and have
been since its origins. Their task is to find, among billions of webpages, those
that best answer a query submitted by a user. The query may be a question
(Which team was the last of the major league ball clubs to sign an African
America player?) or a collection of words or phrases. The search engine will
first determine, among all indexed webpages, which ones exceed some measure
of relevance to the query. This will usually return thousands, perhaps even
millions of candidates. This is not of practical use since the time to examine
all of them is prohibitive. Therefore it is necessary for the search engine to
rank order the relevant pages. PageRank, developed by Larry Page and Sergei
Brin who founded the company Google, is such a method and the basis of
the rankings used by the search engine they invented. We will describe how
PageRank computes its ratings by computing eigenvectors for a large square
matrix called the Google matrix. This matrix is constructed from a sparse
matrix (one with mostly zero entries) which captures the link structure of the
world wide web and is designed to have spectral radius one and such that
the eigenvalue one has algebraic multiplicity one. We will also say something
about how a search engine decides if a page is relevant to a query since this,
too, involves linear algebra. Before we turn to these two objectives we first
describe the elements of a search engine to see how determining the relevance
of a web page to a query and ranking web pages fit into the entire process of
a search.

The main elements of a search engine are a crawler module, a page repository,
an indexing module, the indexes, the query module, and the ranking module,
the last two are the ones relevant to this section.

The crawler module is responsible for collecting and characterizing the doc-
uments on the web. Its software creates “spiders,” which are virtual robots
that search the web for new webpages and returns with copies to be placed in
a page repository. The pages accumulated by the spiders are temporarily
stored there until sent to the indexing module where its essential informa-
tion (important descriptors and terms, as well as the links to and from the
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page) is extracted, compressed and then stored in several indexes. One such
index is the content index where keywords, title, and anchor text are stored.
Information about the links to and from the page are stored in the structure
index. In addition there are other, special-purpose indexes.

The query module translates the search engine user’s query from natural
language into a format that can be understood by the search engine and
compared with the content of indexed pages to determine which ones include
the query terms. The pages that are returned are the relevant pages.

Finally, the ranking module rank orders the pages returned by the query
module with the intent that the pages at the top of the ordering are those
sought by the user. The ranking module is the most important component of
the search engine since the query module will almost always return far too
many relevant pages (from thousands to millions) to be of value to the user.
Typically, the ranking consists of two components, a content score and a
popularity score.

To understand the basic idea underlying how this is determined, imagine that
a web surfer starts at an arbitrary web page and then proceeds to the next
page via one of the outlinks from that page, where each outlink is equally
probable of being selected. The ranking of a particular page is determined
by the probability of ending at that page over the long run (made precise
by the notion of limit). This will only work if the probabilities obtained are
independent of the starting page, which is definitely not the case for the real
web: Imagine four web pages, Py, P», Ps, Py, where P is linked to P, and P;
to P, and similarly, P; to P, and P4 to P; and there are no other outlinks
from Pi,...,Py. If one starts at P; then the probability of ending at Ps or
P, is zero while the probability of ending at P; is %, as is the probability of
ending at P». On the other hand if we start at P3 then the probability of
ending at P; or P, is zero and the probability of ending at Ps is %, as is the
probability of ending at P;. One needs to make alterations to the actual link
structure so that the probabilities are independent of the starting page. How

this is done is explained below.

We begin by describing how a nonnegative integer vector is associated to each
web page and to a query.

Definition 13.17 By a text document we mean either a webp age or a
query which contains words and phrases, some of which are common and
therefore do not differentiate one document from another, for example, “the,”
“and,” “or,” “but.” Others are key words which will be found in a fraction
of the documents. All possible key words are ordered in some way, say lexi-
cographically, and given a number consistent with this ordering from 1 to N,
where N is the number of all possible key words. For a particular document D,
we make a real N-vector, called the text vector t(D), by setting t;(D) =0
if the i'" key word is not contained in the document and t;(D) = 1 if it is.
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Assume that there are n web pages, Pi,..., P, and set t; = t(P;). Now that
we have associated a text vector with each web page, P;, and each query, @,
we can compare them for common content. A good measure of commonality is
the cosine of the angle between t; and ¢(Q), the smaller the angle, hence the
closer the cosine to one, the greater the common content. By choosing some
value tol, the tolerance of the query, we can say that a web page t; is relevant
to the query @ if
t; - 4(Q)

cos(ty, 1@ = g Te@

When tol is decreased, more pages are defined as relevant, and when tol is
increased, fewer are relevant. There are two important measures of search
performance: precision and recall.

D.(Q)

Dtot (Q)
where D,.(Q) is the number of genuinely relevant documents that are retrieved
and Dot (Q) is the total number of documents retrieved. The recall of the

search s the quotient R = J[\)/:Egg where N,. is the total number of relevant

documents in the database.

Definition 13.18 The precision of a search is the quotient P =

Remark 13.2 When tol is large, one would expect precision to be high but
recall lower, whereas when it tol is smaller, one might expect precision to be low
and recall high. To actually determine this, for a particular database, requires
human reading of documents and when this has been determined the precision
and recall of the search engine can be tested against the pre-determined values.

In addition to indicating that web page t; is relevant to the query @, the
actual value of the cosine can be used to give t; a content score which may be
combined with a query independent popularity score to determine its overall
score and ranking within all the relevant pages. We now turn to the question
of how a popularity score can be assigned to a page.

Definition 13.19 By a ranking vector for the web we will mean any non-
negative real n-vector v such that || v 1= 1 (here, n is the number of indexed
webpages). Thus, T is a probability vector.

Of course, one could sit in a closet and make up a ranking vector arbitrar-
ily but this does not incorporate any information about how important or
popular the web pages are relative to one another. A first pass at defining
a ranking vector which takes into account importance and popularity begins
with the assumption that a page with lots of links to it is probably more im-
portant/popular than a page with fewer links. This, however, is inadequate for
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at least two reasons: First, it is possible to exploit such a definition by creating
lots of nonsense web pages (without meaningful content) which all link to a
given page. Second, such a definition does not take into account whether the
web pages linked to it are themselves important and popular. Before we get
to how this is done, we introduce some additional definitions and terminology.

Definition 13.20 For a web page P; let O; consist of all the web pages P;
such that there is a link from P; to P;. This is the set of outlinks from P;.
We also let I; consist of all the webpages P; such that there is a link from P;
to Pj. These are the inlinks to P;. We set n; = |O;|, that is, the number of
outlinks from P;.

In our next definition we show how to associate a vector with each webpage
that captures information about links from the page.

Definition 13.21 Assume P; is a web page and O; is empty, that is, there

are no outlinks from P;. Then set s; = 0,,. Otherwise, if O; is not empty, let
815

s;p =1 : where s;; = % if Py € Oj and s;; = 0 otherwise. This is the
Snj

link vector of the web page P;.

With all these columns it is natural to consider making a matrix from them
and we do.

Definition 13.22 The link matrix of the web is the n X n matrix whose
columns are 81,...,8y,. We denote this matrixz by L.

Remark 13.3 The link matriz L is sparse, that is, most of its elements are
zero.

The link structure of the web can also be usefully represented by a directed
graph, a concept we introduce now.

Definition 13.23 A directed graph is a pair T' = (V, A) where V is a set,
whose elements are called vertices and A is a subset of the Cartesian product
V2 =V x V whose elements are called edges. One can think of a directed
graph as a set of points together with arrows pointing from some vertices to
other vertices.
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() @
FIGURE 13.2

Directed graph on seven vertices.

Example 13.16 An example of a directed graph on seven wvertices with 11
edges is given in the Figure (13.2). Note between nodes 1 and 2, between 1
and 4, and between 5 and 6, there are arrows in both directions.

Definition 13.24 The link graph of the web is the graph whose vertezr set
isS={P,...,P,} where (P;, P;) is an edge if there is a link from P; to P;.
This is denoted by A.

Now a natural way to define the ranking r; of a webpage P; is as a weighted
sum of the all the inlinks to P;. Thus, assume P has ranking 7 and is linked
to P;. We then distribute the ranking r, equally among all the n; outlinks
from Pj. Thus, the link from P} to P; contributes nikrk = s;57;. We therefore
get the following recursive definition of 7;

=Y 1= S s (13.17)

n
kel; 'k =y

1
If we set » = | | then Equation (13.17) can be represented by the single

T'n
matrix equation:

r=1Lr. (13.18)
You should recognize from Equation (13.18) that r, if it exists, is an eigenvec-

tor of L with eigenvalue one. It is natural to ask if r necessarily exists and,
if it does, whether it is unique. If L did not have any zero columns it would
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be a column-stochastic matrix. We could then definitely conclude that it has
a non-negative eigenvector with eigenvalue one by the weak form of the Per-
ron—Frobenius theorem, Theorem (12.18), but not necessarily a unique one.
We will therefore make some modifications to L that will guarantee the exis-
tence of a unique positive stationary vector r with || r ||[;= 1. Before doing
so we return to our web surfer whose journey through the web is nearly a
Markov chain with transition matrix L.

As mentioned, the existence of zero columns means that L is not a stochastic

matrix (which means that the surfer may get stranded at some web page

depending on the initial page). In order to insure that this doesn’t happen,

we modify L by replacing each zero column with a column that assumes an

equal probability of going to any of the n webpages. To be explicit, define
dy

0;j=0ifn; #0and ; =1ifn; =0andset d= | : |. Also let j = j, be
dn

the all-one n-vector. We define the matrix L as follows:
T 1 . gtr
L=L+ —3d".
n

The matrix L is a column-stochastic matrix, that is, every column ¢ of L is
a probability vector: ¢ > 0 and || ¢ ||;= 1. The matrix L can be interpreted
as follows: If P; is a page with n; > 0 outlinks, then the probability of going
from P; to F;, with P; € Oy, is n% On the other hand, if the surfer should

land at P; with n; = 0 then the surfer goes to a random page with probability
1

E.

It now follows that Z”j = j so that one is a eigenvalue of L' and therefore
of L. This proves the existence of a ranking vector, however it may not be
unique. This might occur if the matrix L is reducible which we previously
defined in Section (12.3). Recall, an n x n matrix A is reducible if there is a
permutation matrix P such that

PAPY = PAP™! = ( B C)

where B is a k X k matrix, D is (n — k) X (n — k), and C is a k x (n — k)
matrix. A matrix which is not reducible is irreducible.

Example 13.17 The following matriz is reducible
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0 £ 01000
% 000000
7 1000 00
5 0100 00
00000 3 1
0 0001 0O
00 00O0TZZO0
3
2 0
I 0
i 0
Note that the vectors 1—152 and | 0 | are eigenvectors with eigenvalue one.
0 2
0 ]
1
0 L

5
This matriz represents the linked graph shown in Figure (7). Note that a
surfer who lands on one of the webpages Py, Py, P3, Py will just cycle among
them and likewise for Ps, Pg, Pr.

It is almost certainly the case that L is reducible and therefore to insure
irreducibility, we will modify L to obtain a positive stochastic matrix (which
is necessarily irreducible). This is referred to as the primitivity adjustment.
The resulting matrix, known as a Google matriz will have a unique ranking
vector: By Theorem (12.22), the spectral radius of a stochastic matrix is one,
and by Theorem (12.19), if A is nonnegative and irreducible then p(4) is a
simple eigenvalue (in fact has algebraic multiplicity one) and there exists a
positive eigenvector for this eigenvalue.

Let J = 33" be the all-one matrix and set K = %J which is a rank-one
doubly stochastic matrix all of whose entries are % Choose a with 0 < a < 1
and set G, = oL + (1 — a)K. Clearly, this is a positive matrix (consequently
irreducible) since it is the sum of the nonnegative matrix oL and the positive

matrix (1 — a)K. We show in the next result that G is column stochastic.

Theorem 13.20 If « is a real number and 0 < o < 1 then G, is a stochastic
matriz.

Proof Since G, > 0, we need only show that Gtj = j. Since L and K are
column-stochastic, we have

Etrj :] — Ktrj'

It then follows that
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Gij = laL+(1-a)K]"j
= [l + (1 - a)K")j
= alj+(1—-a)K"j
— aj+(1-a)j=j.

In terms of the web surfer, the primitivity adjustment can be interpreted as
follows: The surfer follows the links of the web with probability a but acts
randomly with probability 1 — o (jumping to an arbitrary page with equal
probability). This is referred to by Brin and Page as “teleporting.”

Each G, is a Google matriz, though a particular value of « is used in practice,
apparently « is about 0.85. The ranking vector is the probability vector = for
which Gr = r. This vector is not calculated directly, that is, by finding the one
dimensional null space of the matrix G — I, using Gaussian elimination. This
computation is too large. Rather r is approximated by choosing a probability
vector ro and then computing 7, = G¥rg. A priori there is no certainty that
this would converge. However, since GG, is a positive matrix we are guaranteed
convergence by Theorem (12.21) from which we can conclude that

lim 7, = r.
k— o0

This method of computing 7 is known as the power method, which is just
one of many methods available for finding an eigenvector for the dominant
eigenvalue of a matrix. This method is slow, perhaps the slowest for finding
an eigenvector for the dominant eigenvalue. However, there are good reasons
why it was chosen by Brin and Page. Among these are: it is simple, the
multiplications of G,, can be reduced to multiplications on the sparse matrix
L, and it uses a minimum of storage as contrasted with other methods. Finally,
with a = 0.85, r; converges to r with between 50 and 100 iterations.

A good source for further investigation of this topic is ([14]).
Exercises

1. Write down the matrix L associated with the directed graph shown in
Figure (13.3).

2. Explain why L is not a stochastic matrix.

3. Write down the matrix L in order to obtain a stochastic matrix.
4. Explain why L is reducible.

5. Determine the 1-eigenspace of L.

6. Write down the Google matrix, G, obtained from L with a = %.
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FIGURE 13.3
Directed graph on nine vertices.
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Appendix A

Concepts from Topology and Analysis

In this appendix we give a brief introduction to concepts from analysis. Specif-
ically we define the following: Metric space, topology and topological space,
limit of a sequence in a topological space, Cauchy sequence in a metric space,
compact subset of a topological space, continuous function between topologi-
cal spaces, convex subset of R”. We also state two theorems which we use in
Chapter 12: The Krein—Milman theorem and the Brouwer fixed point theorem.
A proof of the former can be found in ([5]) and the latter in ([15]).

Definition A.1 A metric space is a pair (X,d) consisting of a set X and
a function d : X x X — R>g, called a metric if the following are satisfied:

(M1) For x,y € X,d(x,y) > 0 and d(z,y) = 0 if and only if x = y.

(M2) d(z,y) = d(y,z).

(M3) For z,y,z € X,d(z,z) < d(x,y) + d(y,z). This is referred to as the
triangle inequality.

Definition A.2 Let (X,d) be a metric space, x € X and r a positive real
number. The open ball of radius r centered at z is

Br(z) :={y € X|d(z,y) <r}.
Metric spaces give rise to topological spaces, a concept we now define.

Definition A.3 Let X be a set and T a collection of subsets of X. Then T
is said to be a topology on X, and (X,T) is a topological space, if the
following are satisfied:

1. The empty set and X are in T.
2. The union of an arbitrary subset of T is contained in T .
3. The intersection of a finite subset of T is contained in T .

The elements of T are referred to as open subsets of X. A subset C' of X
is said to be closed if X \ C is open.
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Definition A.4 Let (X,d) be a metric space. We will say a subset U of X
is open if for every u € U there exists a positive real number r such that
B,.(u) C U. Note that, vacuously, the empty set is an open subset of X .

In the following theorem we show that the set of such subsets of X is a topology
on X.

Theorem A.1 Let (X,d) be a metric space and set T equal to the collection
of all open subsets of X. The T is a topology.

Proof Clearly 0, X € T as is the fact that the union of an arbitrary subset of
T is contained in T, so it only remains to show that the intersection of finitely
many open subsets is open. Let Uy, ..., Uy, be open sets. If N, U; = () there
is nothing to prove, so assume u € N2, U;. Since each U; is open there exists
a positive real number r; such that By (u) C U;. Set r = min{ri,...,rm}.
Then B, (u) C By,(u) C U;. Consequently, B,(u) C N, U;.

Definition A.5 Let (X,T) be a topological space and {z1}32, a sequence of
elements from X and x € X. We say that = is the limit of the sequence
and write

lim zp ==«

k—o0
if whenever U is an open subset containing x, then there exists a natural
number N (which may depend on U ), such that x, € U for all k > N.

When the topological space (X, T) comes from a metric d on X the notion of
limit can be formulated as follows: limg_,o x = x if for every positive real
number r there is a natural number N such that d(xy,z) <r if k > N.

In would not be desirable if a sequence had two or more limits. This can
happen in arbitrary topological spaces but not those that arise from a metric
as we now show.

Theorem A.2 Let (X,d) be a metric space and {x}32 . If limy o0 ) exists
then it is unique.

Proof Assume limg ooz = and y € X,y # x. Let s = d(z,y) > 0 and
set r = 3. By assumption there is a natural number N such that if k > N
then d(x, z) < r. We then have by the triangle inequality

3r=s=d(z,y) <d(z,zr) +d(zg,y) >+ d(zk,v).

It follows that d(xy,y) > 2r and therefore limy_ooxr # y. As y is arbitrary
we can conclude that x is unique.
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Definition A.6 A sequence {x}}°, in a metric space (X,d) is a Cauchy
sequence if for every positive real number r there is a matural number N
(depending on ), such that if k,1 > N then d(x,x;) <.

Definition A.7 Assume (X, T) is a topological space and C is a subset of
X. An open cover of C is a subset S of T such that C C UgesS. A subset
C of X is said to be compact if every open cover S of C contains a finite
subcover.

Definition A.8 Assume (Xi,d1) and (X2,ds) are metric spaces and f :
X1 — Xy is a function. We say that f is continuous at x € X, if for
each positive real number e there exists a positive real number § (depending
on €) such that if di(z,y) < & then dao(f(z), f(y)) < e. We say that f is
continuous if it is continuous at x for every x € X;.

The following is fairly easy to prove:

Theorem A.3 Assume (X1,d1) and (Xa2,d2) are metric spaces and f : X1 —
Xs is a continuous function. If C C X is compact then f(C) is compact.

We next introduce some concepts which we will need for our treatment of
doubly stochastic matrices in Section (12.3).

Definition A.9 Let C be a subset of R™. C is said to be convex if whenever
u,v € C and t € R satisfies 0 <t <1 thentu+ (1 —t)v € C.

To clarify the meaning of this definition: the set {tw + (1 —t)v|0 < ¢t < 1}
is the line segment with endpoints w and v. Thus, C is convex if whenever
it contains points w and v then it contains the line segment with endpoints
u and v. We denote this by [u,v]. The interior of the line segment [u,v],
denoted by (u,v), is {tu + (1 —t)v|0 < t < 1}.

It is an easy consequence of the definition that the intersection of convex
subsets is convex. This motivates the following definition.

Definition A.10 Let X be a subset of R™. The convex hull of X is the
intersection of all convex subsets of R™ which contain X. It is the unique
minimal (with respect to inclusion) convex subset of R™ which contains X .
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Definition A.11 Let C be a convex subset of R™. An extreme point of C
is a point x € C such that whenever u,v € C andt € R,0 < t < 1 satisfy
x =tu+ (1 —t)v then u=wv. Thus, x is an extreme point if it is not on the
interior of any line segment contained in C.

We will cite the following result known as the Krein-Milman theorem:

Theorem A.4 Let C be a compact convex subset of R™. Let E(C) denote
the extreme points of C. Then E(C) is nonempty and F is the convex hull of
E(C).

Finally, we will also need to cite the Brouwer fixed point theorem:

Theorem A.5 Let C be a convex and compact subset of R™ (with respect to
the metric defined by some norm on R™) and f : C — C be a continuous
function. Then f has a fized point, that is, there exists x € C such that

flx) =x.



Appendix B

Concepts from Group Theory

In this appendix we give a brief introduction to concepts from group theory.
Specifically, we define the following: group, subgroup of a group, center of
a group, normal subgroup of a group, simple group, commutator subgroup
of a group, derived series of a group, solvable group, quotient group, homo-
morphism, kernel of a homomorphism, group action, transitive group action,
primitive group action, doubly transitive group action, kernel of a group ac-
tion, and a faithful group action. We also prove Iwasawa’s theorem which is
used extensively in Chapter 11.

Definition B.1 A group consists of a nonempty set G together with a binary
operation (function) p: G x G — G, denoted by p(z,y) = x -y or simply as
xy, and an element e € G such that the following hold:

1) The binary operation p is associative, that is, for all z,y,z € G, (xy)z =
2) For every x € G,ex = ze = x.

3) For every x € G there is an element y € G such that xy = yx = e.

A group G is said to be Abelian if it also satisfies

4) For all elements z,y € G, vy = yx.

Remark B.1 The element e of a group G is unique, that is to say if f € G
and xf = fx = x for every x € G then f = e. This element is called the
identity of G. Also, if x € G the element y € G such that zy = yx = e is
unique. We will denote it by x~' and refer to it as the inverse of .

Definition B.2 Let X be a set. Denote by S(X) the set of all bijective func-
tions o : X — X. For o,7 € S(X) let ot be the composition o o 7. Then
S(X) is a group. The identity element is the identity map Ix : X — X which
is defined by Ix(x) = x for all x € X. The group S(X) is referred to as the
symmetric group on X. We refer to elements of S(X) as permutations on
X. When X ={1,2,...,n} we denote S(X) by S,.
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Definition B.3 Let (G, u,e) be a group. A subgroup of G is a nonempty
subset H of G such that

1) ifx,y € H then xy € H, and
2)if v € H then x~! € H.

Remark B.2 If H is a subgroup of a group G, then e € H where e is the
identity of G. Also, setting ug = u restricted to H x H, it is then the case
that H is a group.

The following is easy to prove:

Theorem B.1 Let G be a group and assume {Hjla € A} is a family of
subgroups of G. Then NgeaH, is a subgroup of G.

Definition B.4 Let G be a group and X a subset of G. The subgroup of
G generated by X, denoted by (X), is the intersection of all subgroups of
G which contain X.

Definition B.5 Let G be a group, H a subgroup of G, and g € G. The subset
gH := {ghlh € H} is a left coset of H in G.

Remark B.3 The set of left cosets of H in G are the equivalence classes of
the relation =g given by x =g y if and only if v~ 'y € H. We denote the set
of left cosets of H in G by G/H and refer to it as the quotient set of G
modulo H.

Definition B.6 Let X and Y be subsets of a group G. The product XY
consists of all elements xy such that x € X andy €Y.

Definition B.7 Let G be a group. Elements x and y in G are said to com-
mute if vy = yx. Suppose H a subgroup. The centralizer of H in G, denoted
by Ci(H), is the subset of G consisting of all those elements which commute
with every element of H, that is, Cqa(H) = {g € G|gh = hgVh € G}.

Remark B.4 Let G be a group, H a subgroup of G. Then Cq(H) is a sub-
group of G.
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Definition B.8 Let G be a group. The center of G, denoted by Z(G) is
given by
Z(G):={z € Glzz =2z Vx € G} = Cx(qQ).

Definition B.9 Let G be a group, H a subgroup of G, and g € G. The g-
conjugate of H is g~'Hg = {g 'hg|h € H}. Note that g~ Hg is a subgroup
of G. Any such subgroup obtained this way is said to be a conjugate of H.

Definition B.10 Let G be a group and H a subgroup of G. The normalizer
of H in G , denoted by Ng(H) is given by

Ng(H) = {g € Glg~'Hg=H}.

Remark B.5 Let G be a group and H a subgroup of G. Then Ng(H) is a
subgroup of G which contains H.

Definition B.11 Let G be a group. A subgroup N of G is normal if
Ng(N) = G. Equivalently, for every g € G,g *Ng = N, that is, the only
conjugate of N is N. When N is normal in G we write N < G.

The following are fairly straightforward to prove and are covered in a first
course in abstract algebra.

Theorem B.2 Assume N is a normal subgroup of a group G and H is a
subgroup of G. Then NH is a subgroup of G.

Theorem B.3 Assume N is a normal subgroup of a group G and H is a
subgroup of G. Then N N H is a normal subgroup of H.

Theorem B.4 Let G be a group and N a normal subgroup. For xN,yN left
cosets of H define (xN) - (yN) = (zy)N. This is well defined (independent of
the representatives x and y) and G /N with this multiplication is a group.

Definition B.12 Let G be a group and N a normal subgroup. The quotient
set G/N together with the multiplication given by (xN) - (yN) = (xy)N is the
quotient group of G modulo N.
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Definition B.13 A group G is simple if G has more than one element and
the only normal subgroups of G are {e} and G.

Definition B.14 Let G be a group and g,h € G. The element [g,h] :=
g *h~lgh is the commutator of g and h. The commutator subgroup
of G is the subgroup of G generated by the set of all commutators. The com-
mutator subgroup of G is denoted by either G' or D(G). A group G is perfect
if G = D(G).

The following is proved in a first course in abstract algebra:

Theorem B.5 Let G be a group. The commutator subgroup, D(G), of G is
a normal subgroup. The quotient group G/D(G) is an Abelian group. If H is
a subgroup of G and D(G) C H then H is normal in G. Finally, if H is a
normal subgroup of G then the quotient group G/H is Abelian if and only if
D(G) C H.

Definition B.15 Let G be a group. Set GO = G and assume that G*) has
been defined for k € Z>o. Then G¥+) = D(GW), the commutator subgroup
of G'¥). This is the derived series of G. The group G is said to be solvable
if for some natural number n, G = {e}.

Remark B.6 For every n € N,G™ is normal in G. Moreover, each of the
quotient groups G(”)/G("Jrl) is Abelian.

Definition B.16 Assume G and H are groups. A function f: G — H is a
homomorphism if f(xy) = f(x)f(y) for every z,y € G.

Definition B.17 Let G and H be groups and f : G — H a homomorphism.
Then f is said to be an isomorphism of groups if f is bijective. When there
exists an isomorphism from a group G to a group H, we say that G and H
are isomorphic.

Just as there are isomorphism theorems for vector spaces, there are for groups
as well. The following is used in the proof of Iwasawa’s theorem.

Theorem B.6 Assume N is a normal subgroup of the group G, H is a sub-
group of G, and G = NH. Then G/N is isomorphic to H/(N N H).
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Definition B.18 Let f : G — H be a homomorphism of groups. The kernel
of fis Ker(f) ={z € G|f(x) =en}.

The following is straightforward to prove:

Theorem B.7 Let f: G — H be a homomorphism of groups. Then Ker(f)
is an normal subgroup of G.

Definition B.19 Let G be a group and X a set. By a left-action of G on X
we mean a map v : G x X — X which we will denote by v(g,z) = g -« which
satisfies the following:

1) If e is the identity of G then e-x =z for all x € X.
2) For g,h € G andx € X,g- (h-x) = (gh) - z.

Remark B.7 Assume v : G x X — X defines a left action of G on X. For
g € Gletvy, : X — X be the function given by vg(z) = v(g,z) = g - x.
The map vy : X = X is bijective and so a permutation of X. Also it follows
from the second property that vg, = vgo vy, so that v : G — S(X) is a
homomorphism of groups. Conversely, given a homomorphism [ : G — S(X),
definev: Gx X — X byv(g,x) = f(g9)(x). This defines a left action of G on
X.

Definition B.20 Assume the group G acts on the set X and x € X. The
stabilizer of x in G, denoted by G,, consists of all those g € G such that
g -T==x.

Definition B.21 Assume v : G x X — X defines a left action of G on X.
The kernel of the group action consists of the set of g € G such that
g-x = for oll x € X. Equivalently, the kernel of the action is the kernel of
the homomorphism g — v, from G to S(X). The action is said to be faithful
if the kernel is trivial, that is, it is equal to {e}.

Definition B.22 Assume v : G x X — X defines a left action of G on X.
Define a relation ~ on X as follows: © ~ y if there exists g € G such that
g-x =1vy. This is an equivalence relation. The equivalence class containing x
is G-z ={g-z|g € G} and is referred to as the orbit of G acting on X or
simply the G-orbit containing x.
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Remark B.8 Since the orbits of G acting on X are equivalence classes of
an equivalence relation on X they are a partition of X. Thus, every r € X
belongs to one and only one orbit.

Definition B.23 Assume the group G acts on the set X. The action is tran-
sitive if there is a single orbit. Equivalently, for any x,y € G there exists a
g € G such that g-x =y.

Definition B.24 Assume the group G acts on the set X. A block of im-
primitivity is a proper subset B of X that satisfies

1)1 < |B| and
2) if g € G, then either g- B= B or (g- B)N B ={.

An action of G on X is said to be primitive if no block of imprimitivity exists
and imprimitive otherwise.

Definition B.25 An action of a group G on a set X is said to be doubly
transitive if for any pairs (z1,22) and (y1,y2) from X with x1 # x2 and
Y1 # Y2 there exists g € G such that g - x1 = y1,9 - T2 = Ya.

The following is an important result:

Theorem B.8 Assume an action of the group G on the set X is doubly tran-
sitive. Then the action is primitive.

We will need the following result on primitive group actions for the proof of
Iwasawa’s theorem.

Theorem B.9 Assume G acts primitively and faithfully on the set X. If
N # {e} is a normal subgroup then N is transitive on X.

Proof Since N # {e} and the action is faithful there exists x € X and g € N
such that g-x # x. Set B= N -z := {h-x|h € N}, that is, the N-orbit which
contains x. We have just shown that |B| > 1. We will prove for any o € G
that either o - B =B or (¢ - B)N B ={.

Letye B and o € G and set z =0 - y. Since y € B, there is an h € N such
that y = h-x. Then z = o - (h-x) = (oh) - . Note that ch = cho~'o. If we
set h' = ocho~1 then ' is in N since N is normal in G. Thus, z = (h'o) -2z =
W-(oc-z) =h"-y. Thus, z is in N -y. However, y € B = N -z so that
N.y=N -z =B. We can therefore conclude that z € N -x = B as required.



Concepts from Group Theory 561

We can now prove Iwasawa’s theorem.

Theorem B.10 Assume the group G acts faithfully and primitively on the
set X, and that G is perfect. Let x € X and assume G contains a solvable
normal subgroup A, such that G is generated by the conjugates of A,,G =
(gAzg7 g € G) = (Ay.x]lg € G). Then G is a simple group.

Proof Let N # {e} be a normal subgroup of G. We need to prove that
N = G. Since the action is faithful and N < G and N # {e}, it follows
that N s transitive on X. This implies for any x € X that G = NG,. We
next show that G = NA,. Since G is generated by gA,g~ ' as g ranges over
G, it suffices to prove that gA,g~* C NA,. Let a € A, be arbitrary. Since
G = NG, there are elements n € N, h € G, such that g = nh. Then gag~—* =
(nh)a(nh)™' = nlhah™'n=t. Since A, < G, and h € Gy,b = hah™ € A,.
Now nbn~! = nbn='b=1b. The element nbn='b=1 € N(bnb~!) = N since N
is normal in G. Thus, gag~' = nbn=' € NA, as required. Suppose to the
contrary that N # G. Then G/N is a nontrivial group. However, G/N =
NA,/N is isomorphic to A, /(N NA,), a quotient of a solvable group, which
is solvable. However, this contradicts the assumption that G is a perfect group.
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Appendix C

Answers to Selected Exercises

Section (1.1)
7.x=4
8.x=2+1.
Section (1.2)

2i
1.1 —24+2¢
4—-2

1434
4. 2
-1+

-3+ 2

5. | —2—1
1

1424

6. | 341
)

=
— = oo
N— —

3—1
11. v = (3+i>
12. v = (;)

Section (1.6)

10. a) 48 bases
10. b) 480 bases
10. ¢) (p* — 1)(p? — p) bases

Section (1.8)

-2
L.b) [1]F = (2),
1

Section (2.2)

1. nullity(T) = 3 = rank(T).

2. Ker(T) = Span((z — a)(x —

963
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b),z(x — a)(x —b)). rank(T) = 2 =
nullity(T).
1 2 2
1 3 1
3. Range(T) = Span( N
1 2 2
Ker(T) = Span(-2 + z — 2?)

rank(T) = 3, nullity(T)
Section (2.4)

3. (8 (1)) is an example of such a ma-

trix. The operator T'( (5)) = (‘g) is

an example of such an operator.

4. Lots

(G

of example, =

e

2 1
5 Mp(S,8) =11 0
1 0
4 -2 -1
9 —5 3 2 is an example
10 0 0 '
2 -1 -1
2 -1 -2 0
10. [ -1 O 1 0] is an exam-
0 -1 1 0

ple.
Section (2.6)

4 5 2
1.1 2 3 1
-1 -1 -1
5. 168.
6. 253313.

Section (3.1)
1. 2% + 1.
Section (3.2)

Advanced Linear Algebra

13. M]F(nil) (S, B) =
1 o of o/f_l
1 as o ay~t
1 a, a2 an—t

Section (4.1)

Z1 T1
1. T( i) = T2
T3 r1 + X2

3. 2% — 222 —x + 2.
4. 2% — 222 — x4+ 2.
8. There

are four 7T-invariant

subspaces: {0}, R3, Span([1]),
1
1 0
Span(| 0 |, 1 |)
-1 -1
9. The T-invariant subspaces are
1 1 0
{0}, Span({ 0 |),Span(| 0], | 1]),
0 0 0
and R3.
Section (4.2)

1. a) pre(z) = 23 — 222 + 2 — 2.
Since deg(ur 2 (xz) = 3 it follows that
(T, z) = R3.

b) pr.(z) =2 — 2.

2. pr(x) =2t + 522 +4=

(22 41)(2% +4). Since deg(pr,2)(z) =
4 it follows that (T, z) = R%.

4. Lots of operators work. One exam-

T A

. i) 2.’,E2
ple is T'( s )= 32
T4 45[:4

6. Let T have matrix

o O =
O = =
— = O

with respect to the standard basis.
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2 00
7. Let T have matrix [0 1 1
0 0 1
with respect to the standard basis.
0 1 0 O
. |-1 0 0 O
9. Let T" have matrix 0 1 0 1
0 0 -1 0
with respect to the standard basis.
1 100
. {01 0 O
10. Let T have matrix 00 2 0
0 0 0 3
with respect to the standard basis.
10 00
. {0 2 0 O
11. Let T have matrix 00 3 0
0 0 0 4
with respect to the standard basis.

Section (4.3)

1. a) pur.e, (z) = 2% + 22 + 2,
UT.e,(T) = 2% — 20 — 4,

UT.eq(T) = 2% — 22 — 4.

b) pr(z) = 23 — 2z — 4.

¢) e, e3 are maximal vectors.

2. pur(r) =22 +20+2=22-32-3 =
(x —1)(z — 2). Each of e1,e9,e3 is a
maximal vector.

3opur(r)=at—ad -2 -2 -2=

(-2 +2>+x+1)=
(x —2)(z+ 1)(2* + 1).
ey is a maximal vector.

Section (4.4)

1. This operator has minimal poly-
nomial (x + 1)? and so is not cyclic.
Therefore it is decomposable.

2. This operator has minimal polyno-
mial (z + 1)3 and is indecomposable.

565

3. This operator has minimal polyno-
mial (z — 2)% and is indecomposable.

Section (4.5)
1. (dy,....ds) =

2. The invariant factors, d;(z) ordered
so di(z) | diy1(x) are

(12,22,28,34,38).

dl(a:) (22 — 2+ 1)%(2% + 1),
da(x) = (2 —x +1)*(2* +1)*(x +2),
(I; (22 —z+1)3(2% +1)%(x+2)2,

(22 —2+1)4 (22 +1)252+2)%
dz’m(V) = 44.

3. The elementary divisors are z2 + 1
and 22 4 1. These are also the invari-
ant factors.

4. There is a single elementary divisor
(invariant factor), which is (22 4 1)2.

5. The elementary divisors are
2241, 2+1 and 2—1. There is a single
invariant factor, 2* — 1.

6. The elementary divisors are

z,z,x—1,x—1. The invariant factors

are ,’E2 —,’E,(Ez — T.

Section (4.6)

2. ((1) ‘44)

0 0 -1
3.1 0 -2
0 1 -2
30 0 O
13 0 0
4'00—20
00 1 =2
2 0 0O
51200
10 0 2 0
0 0 1 2
10 00 10 0 0
60100 01 00
10 01 0’10 1 1 O
0 011 0 011
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1000\ /1000 SO
1100|1100 0 10 00 00
oo 10l'lo 110 011 0 0 0 O
0011/ \oo 11 000 w0 0 0
0 000w 0 O
000 0 0 w? 0
0 0 0 O 0 0 0O 000 0 0 0 w?
0 0 0 O 1 0 0 O
8. Oaa, 00 0 0l’lo o o ol 7 There are eight possibilities. They
0 010 0 0 1 0/ are
J2(0)® J3(—2i) @ J1(0)® J1(0)® J1(0)
0000 /0000 J2(0) @ J3(—2i) @ J1(0) & Ja(0))
000 0) 41000 Jo(0) @ J5(—20) @ J1 (0)
01 00 01 0 0 J1(0) @ J1(—2i)
0 0 10 0 010
JQ(O) D Jg(—Qi) D JQ(O) D Jl(—Z’L)
0000 J2(0) & J5(—2i) & J1(0) & Jo(—2i)
b (0000 Jo(0) @ J3(—23) ® Jy(—20)@
oo 10 J1(—24) @ J1(—2i)
00 11 J2(0) @ J3(—27) © J1(—2i) ® Jo(—21)
Section (4.7) J2(0) @ J3(—2i) @ J3(—2i)
3. The minimal polynomial if up(z) = -2 0 0 0
(x — 1)(z® — 1). The characteristic 1 -2 0 0
polynomial is (z — 1)(z% — 1)%. 9. 0 0 2 0
0 0 1 2

The invariant factors are
(x —1)(2® — 1) and 23 — 1. Section (5.2)

2 1
The elementary divisors are 4 (@ +z+1)" =
110,2 _ 1 65,

-1 (z-1)%a2+z+1,22+x+1. Span (10 (85— 1),
5. d(A, B) = 5v2.

10 00 0 0 O

01 00 0 O O 8. d(a?,z) = @.

0110 0 0 O
4 00 0 0 =1 0 0 13. The angle is %

0001 -1 0 O Section (5.3)

8 8 8 8 8 (1) _1 11. Applying Gram—Schmidt we get

B the following orthogonal basis:

5.Setw=—%+i§andw2=%: 1 -1
—% — z\/Tg Then the Jordan canonical o 0 )’

form of T over the complex numbers 11
is < 51 8) ,
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1 1
12
The first matrix has norm \/g, the
second has norm %, and the last
has norm \/g . Dividing the respective

vectors by these numbers gives an or-
thonormal basis.

Section (5.4)

2
. 3

1. Projw(u) = 5 |
3
-1
. -1
Projy . (u) = 1
1

. 0 1
2. Projw (J2) = <1 O> ,

. 10
Projyy 1 (J2) = (O 1) .

3. Projw (23) = 323 —

2
4.

ulw

1

N wlot

[ )
[=2] (S

5.

6.
7. o= (—2442% 4 1248z — 194).
Section (5.5)

1. Set

g1=-5f1+3f2+ fa
g2=—fi+fa—f3

g3 =—2f1+ fo+ fa

ga=5f1=3fa+ f3—f4

567

Then (g1,92,93,94) is the basis of
(R*)’ which is dual to B.

Section (5.6)

1. 3
-1

2. —42022 4 396z — 60.
1 0

3 <0 _1>

Section (5.7)

—4
2
) [ 2 | h=o.
—2
—4
2
12| e=s.
—2
—4
2
12| s
—2
3
—6
by I | ] =1,
2
3
—6
H 0 ”2:77
2
3
—6
15 =
2
—4
If x = _21 and
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3
—6
y=1 then
2

dl(mvy) = 167d2(m7y) =V 1 45
and do (z,y) = 8.
Section (6.2)

tr

tr
4 —q 4 9
3. (z 4) - (—i 4) -
4 —4
(. ).Thus7 T =T.
i 4

With respect to the orthonormal ba-

1 1
sis <<\/§> , (@)) the matrix of T
V2

7
1550

0 3)°

1 1 1
4 (1, -1, 2 1 ).
EEACY AR W AR W

Section (6.3)

1. Let S, be the standard basis of R%.
Let T be the operator on R* such that

0 1 0 0
10 0 0
Mr(Su8) =g o ¢ o
0 0 -2 0

2. Let T be the operator on R* such
that

0 1 0 0
10 0 0
Mr(SeS) =1 ¢ o 1
0 0 —1 0

11. dim(C(T)) = 8.
Section (6.5)

Advanced Linear Algebra

14. Let S and T be defined on R? be
defined as multiplication by the fol-
lowing matrices, respectively:

2 0 3 -1

0 3/'\-1 3/
16. Since T is not invertible, S is not
unique. One solution is

1 —V3-1 /341
3 3 3
V3-1 1 —v/3-1
3 3 3
V3+1 V341 1

3 3 3

Section (7.2)

18. The minimum is n—1. There can’t
be fewer than n — 1, for otherwise
there will be at least two rows of all
1’s and then the determinant is zero.
On the other hand, the matrix

11 ... 1
10 ... 1
11 ... 0

has non-zero determinant as can be
seen by subtracting the first row from
all the other rows. The resulting ma-
trix is

1 1 1 1

0 -1 0 0

0 0 O -1
This matrix has  determinant
(_ 1)77,7 1 .

Section (8.1)

0 1
6. Let A = (O 0). Set V. =
F?2 and define f : V x V —



Answers to Selected Ezercises

v Aw. Then

Yoer) o
}

Fbyf =

AT
T

1 1 0
7.Let A = |0 1 0]. Set V =
0 0O
3 and define f : V. xV — F by
f(v,w) = v'" Aw. Then Radgr(f) =
Radyp(f) = Span( 0 . However,
1
1 1
#([o
0
1 1
f( -1 ) 0 ) =1
0 0
8. Let A= (1) 1 . Set V =TF? and

define f : V xV — F by f(v,w) =
v'" Aw. Then

() ()=
() ()

Section (8.2)

9. The number of such pairs is

q2n71(q2n _ 1)

Section (8.5)

1. (m,0) = (1,0).
2. (m,0) =(2,1).
_% -1 1
3'( % -1, % )
0o/ \2) \1

569
1 _2 2
3 ? 3
( g s 73 ] _1% )
3 3 3

5. The number of congruence classes
is equal to the number of triples
(m,v,¢) € N? such that 7+ v+ ¢ = n.
This is ("}").

Section (10.2)

7. For any cyclic diagonalizable oper-
ator S : V — V| the operator S® S :
VRV — VRV will not be cyclic. For
example, let S : R? — R? be given by

multiplication by A = (é (2)> Then

100 0
020 0
Avd=1, ¢ 9 ¢
000 4

So, the eigenvalue 2 occurs with alge-
braic multiplicity 2 and the operator
is not cyclic.

Section (10.3)

5. The eigenvalues are 8, 27, 125 (with
multiplicity 1) 12, 20, 18, 50, 45, 75
(with multiplicity 3) and 30 (with
multiplicity 6).

6. Let S(vy) = 2v1,S5(v2) = 3ws.
Then v; ® v, v2 ® v1 are both eigen-
vectors of T2(S) with eigenvalue 6.
Thus, 72(.5) is not cyclic.

Section (10.4)

4. The eigenvalues are 1, 2, 8, 16 with
multiplicity 1 and 4 with multiplicity
2. This operator is not cyclic.

5. a3 — as.

Section (10.5)
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9. Let S : R* — R* be the operator
0 1 0 O
. . -1 0 0 O
with matrix 0 0 3 4
0 0 -3 4

Then the eigenvalues of S are £i,3 +
43. On the other hand, the eigenvalues
of A2(S) are 1, 25, —4+3i,4+3i, —4—
3i,4 — 3i.

14. 2% + 142* 4 962° — 128z — 32.
15. 23 + 62% — 9.
16. 2% — 3a* — 2723
Section (11.1)

1.

— 922 +27.

IGL(V)| = ¢(3)

ISL(V)| = ) T](¢" — 1)
1=2

Section (12.1)

3.
| Alr=v193
[ A= 14
H A HOO,oo: 19
| All22=14.
4.
| Alp=+V33

[ Allia=[l A lloc.co=5

Advanced Linear Algebra

| All22=5

Section (13.1)

()

*(7)
o ( 20y)

EN|
| [ ][y
ot

ot

8. The general least square solution
consists of all vectors z + y where
_L 2

z= —g and y € Span(| —1

7
I ~1

9. The general least square solution
consists of all vectors z+y where z =

3

g 1 11

% and y € Span( L g D
7 2 0

1 0/ \2

—
e
/_l\
colowwm
N———

12. y = 2.06 4 3.01x.

14. y = 2.92 — 1.882 + 1.2022.
16. y = .35e!:%%%,

Section (13.3)

1. The matrix is (A O5X4)

Osx5 B
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0 2 0 11
£ 0000
where A = O%OOOand
£ 0100
00 %0
0 3 00
1 0 4 0
_ 2
B 0%00
0 5 30

2. The last column is a zero column
and therefore its entries do not add
up to 1.

> A Os5x3 175
3. L = (04X5 B §j4)' where
75 is the all one 5-vector, j4 is the all
0 % 0
, 1 0 1
one 4-vector and B’ = 0 L (2)
o 13

4. Since Span(ei,es, es, eq,€5) is in-
variant the matrix is reducible.

12
s
Y
i
5. Span(

8-&I-&|-&1-81=8 =Z -l ==
S-81-81-1- - -¥E 18
g-8-8-8-NE N2 -8l 2

S S o e e e e e e
8-&I-&1-&1-81-8 - -&1-41%
e R R S S S RS S
8I=ZI=E| 8128 -l -l
SE-R3 -1l

O FEO | O | FXO| FKO | HKO | FXO | FXO | —KO | =

571
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Appendix D

Hints to Selected Problems

Section (1.3)

1. Use the fact that 0 = 0+ 0 and the
distributive property.

2. Multiply by ¢=! and use ¢! (cu) =
(c7te)u.

Section (1.4)

6. Choose u e U\ W and w € W\ U
and prove that u +w ¢ UUW.

Section (1.5)

11. Assume you have a non-trivial
dependence relation Zle a;w; +
23:1 b;v;. Then that
Zle a;u; € UNW to get a con-
tradiction. Conversely, assume x €
UnNW,x # 0. Express is a lin-
ear combination of (uy,...,u;) and
(v1,...,v;). Set them equal and get a
non-trivial dependence relation.

show

Section (1.6)

3. To prove independent start with
a dependence relation ciuq + cous +
d1v1+dsova+dsvs = 0 and show if it is
not trivial then UNW # {0}. contrary
to assumption. Alternatively, use Ex-
ercise 11 of Section (1.5).

6. Set dim(U) = m,dim(W) =
n and dim(U N W) = L
Start with a basis (v1,...,v;)

of UN W and extend to bases
(v1,...,v,U1,...,Um—y) of U and

(v1,...,v,w1,...,w,—;) for W and
show that (vi,...,v,u1,. .., Up—y,
w1, ..., Wy—) is a basis of U + W.

7. Use Exercise 6.
8. Use Exercise 6.

13. Suppose there exists a subspace U
of V such that X NU =Y NU =
{0} such that X @ U = YU =
X 4+ Y. Take a complement, W, to
X+Y inV andset Z7 =U+ W.
To prove U exists let (v1,...,v;) be
a basis of X NY. Let (x1,...,x;)
be a sequence from X such that

(v1,...,vj,@1,...,2;) is a basis of X
and a sequence (yi,...,y;) from Y
such that (v1,...,v;,¥1,Y1,..., Y1) is

a basis of Y. Set w; = x; + y; and
U = Span(uy,...,u;).

Section (1.7)

4. Let B be a basis of V' and let X
be a subset of B with n elements. Set
U = Span(B\ X).

Section (1.8)

3b. Set F(x) = g(z) = ¢(0)f1(z) -
g(W)f2(x) = 9(2)fs(x) — g(3) fa(z) an
element of Rg[z]. Prove that F is
zero at 0,1,2,3 and then conclude that
F(z) must be the zero polynomial.

5. Use Theorem (1.29).
6. Use Exercise 5 and Theorem (1.23).

573
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Section (2.1)

10. Let (vy,...,v,) be a basis for
V. Apply the exchange theorem to

(T(v1),...,T(vy)).

12. Choose v; € V such that T'(v;) =
w;. Show that an arbitrary vector
in W is an image of a vector in
Span(vy, ..., Um).

13. If w = T(v) write v as a linear
combination of (v1,...,v,) and then
show that w = T'(v) is a linear com-
bination of (T'(v1),...,T(vy)).

15. Let X consist of all pairs
(Span(A), ) where A C B, ¢ is a lin-
ear transformation from Span(A) to
W, and ¢ restricted to A is equal to
f restricted to A. Order X as follows:
(A, ¢) < (A, ¢)if and only if A C A’
and ¢’ restricted to Span(A) is equal
to ¢. Prove that every chain has an
upper bound. By Zorn’s lemma, there
are maximal elements. Prove that a
maximal element is a linear transfor-
mation from V to W which extends
f-

16. Start with a dependence relation
c1v1 + - - + cpvr, = Oy and apply T
Use the properties of a linear transfor-
mation to get a dependence relation
on (wi,...,wg) and use this to show
that ¢; =---=¢; = 0.

Section (2.2)

10. Let By = (v1,...,v,) be a basis
of V and set w; = T'(v;). Prove that
(wy,...,wy) is a basis for W. Let S
be the unique linear transformation
from W to V such that S(w;) = v;.
Prove that S =T~

11. Let By = (v1,...,v,) be a basis
for V and By = (wi,...,w,) be a
basis of W. Apply the Exchange The-
orem to (T'(v1),...,T(vy)).

Advanced Linear Algebra

12. Use the Exchange Theorem.

13. Let Bw = (wy,...,wy,) be a ba-
sis for W. Choose v; € V such that
T(v;) = w; and let S : W — V
be the linear transformation such that
S(’LUJ) = vj.

14. Let By = (v1,...,v,) be a basis
of V. Prove that (T'(v1),...,T(v,))
can be extended to a Dbasis
(wi,...,wy) of W.Let S : W = V
be the linear transformation such that
S(w;) =v; if j <n and S(w;) =0y
if j >n.

16. First prove that Ker(T™) =
Ker(T™1) and then use the Rank-
Nullity Theorem to conclude that
R(T™) = R(T™1). Consider sepa-
rately the cases: i) There is an [ < n
such that Ker(T') = Ker(T't!) and
ii) Ker(T') C Ker(T") for | =
1,...,n — 1. Use a dimension argu-
ment to prove that 7" is the zero op-
erator.

17. Use Exercise 16 to prove that
Ker(T") N R(T™) = 0 and then use
the Rank-Nullity Theorem.

18. Use the Rank-Nullity Theorem.

19&) If TS = OV%V then
Range(S) C  ker(T). b) Let
(v1,...,vp— be a basis of ker(T)
and extend to a basis (vy,...,v,) of

V. Let S be the linear transformation
such that S(v;) =v; f 1 <j<n—k
and S(v;) =01ifn—k < .

Section (2.3)

6. Define T : UV — (U/X)®(V/Y)
by T(u,v) = (u + X,v +Y). Deter-
mine the kernel of T and apply the
First Isomorphism Theorem.

8. Apply the Third Isomorphism The-
orem to conclude that dim(U/(U N
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W)) < mn. Use the Second Iso-
morphism Theorem to conclude that
dim(V/(UNW))/(U/UNW)) = m.
Use this to obtain the result.

Section (2.4)
1. Use Exercises (2.1.13) and (1.8.5).

2. Use Theorem (2.11) and Theorem
(1.30).

6. Let 8™ be the standard basis of F™
and 8™ be the standard basis of F™.
Let A= Mp(S™,8™).

7. Use Exercises (1.8.5), (2.2.13) and
Theorem (2.23).

8. Use Exercises (1.8.6), (2.2.14) and
Theorem (2.23).

Section (2.5)

1. Find 2 x 2 matrices A and B such
that AB # BA. For example, A =

o 1)2= )

basis B of V. Let S and T be the oper-
ators on V such that Mg(B,B) = A
and My (B,B) = B. Use Theorem
(2.23).

. Choose and

2. Find non-zero 2 x 2 matrices A and

B such that AB = 00 . Choose

0 0
a basis B of V. Let S and T be the op-
erators on V such that Mg(B,B) = A
and Mp(B,B) = B. Use Theorem
(2.23).

7. Let E;; be the matrix with all zeros
except a 1 in position (4,7). Let Pj;
the matrix obtained from the identity
matrix by exchanging the ¢ and j rows
(equivalently, columns). Prove that
Py Fi; Py = Ei. Use this to prove
that if an ideal J contains Ej;; then
J = My, (F). Then show if J contains
a matrix A whose (i, j)-entry, a;; is
nonzero, then E;; € J.

975

8. Assume T' € L(V,V) is not a unit.
Then Ker(T) # {0}. Let v be a non-
zero vector in Ker(T). Set v; = v and
extend to a basis (v1,...,v,). Let S
be the operator such that S(v;) = v
for all j. Prove T'S is the zero opera-
tor.

Section (2.6)
12. Use Theorem (2.23).

13. If @ is a matrix such that
QM7 (B,B) Q™' = M, (B,B) let
S be the operator on V such that
Mg (B,B) = Q. Use Theorem (2.23)
to prove that T, = ST, S~ 1.

14. Use Exercise 13.
Section (3.1)
4. Use the division algorithm.

5. If a(z),b(x) are polynomials such
that a(z)f(z) + b(x)g(z) = d(x),
prove that a(z)f'(z) + b(z)g'(x) = 1.

9. Use Exercises 6 and 7.

10. Use the second principle of math-
ematical induction. Use the division
algorithm in Flx] to write f(x) =
g(x)h*(x) + r(z) where r(z) = 0 or
deg(r) < deg(g). Use a degree argu-
ment to prove that the leading terms
of h(xz) and h*(z) are the same and
apply induction to prove that r(z) is
the zero polynomial so that h(z) =

h*(z).
Section (3.2)

1. Use Lemma (3.8) to obtain a pair-
ing of complex, non-real roots.

5. Use Lemma (3.8) to conclude that
3—4i is also a root of f(z) and of g(x)
and that 22 —62+25 divides both f(z)
and g(z).

Section (4.1)
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5. Apply S to T'(v) and use commu-
tativity.

6. Let T’ be the restriction of T to U
so that by hypothesis, T’ is an oper-
ator on U. Use the invertibility of T’
to show that 7" is injective and then
show that this implies 7" is bijective.

14. If v is a eigenvector with eigen-
value A, show that ur.(z) =z — A
Then use the fact that for all vectors
v, prw (@) | pr(2).

15. Use Theorem (2.22).
16. Use Theorem (2.22).

21. Note for any polynomial f(x)
that Sf(TS) = f(ST)T. Use this to
prove that psr(z) divides zurs(x)
and prg(z) divides zugr(x).

Section (4.2)

3. Let v be any non-zero vector. Prove
that (T,v) = V.

5. Consider the different possibilities
for the minimum polynomial of T
(there are 4 cases to consider).

8. Consider the possibilities for the
minimum polynomial of T' (there are
9 cases to consider).

12. Assume V = (T,v). Set v1 = v
and v; = T971(v) for 2 < j < n. If
S(v) = c1v1 + -+ + ey, set g(z) =
Z;lz_ol cj+127. Show that S = g(T).

Section (4.3)

4. Prove that (vi,...,v;) is linearly
independent by induction on j.

5. Use the fact that 22 + 1,z +
1 and x — 2 are pairwise rela-
tively prime polynomials to show that
UT 01 +vs () = (2241)(z—1) and then
that HT, w1 +va+vs (I) = (IQ + 1)($ -

Advanced Linear Algebra

1)(z—2). Then explain why 7' is cyclic
and pr(z) = (22 +1)(z — 1)(z — 2).

6. First mimic Exercise 5 to show that
HT,v1+vs+v,y (‘T) = NT(‘T) =t -1
Then show that if u = civ1 + covs +
c3v3 + cavy then pgq(x) = 2t — 1if
and only if ¢3 # 0, ¢4 # 0 and at least
one of ¢1,co # 0.

8. Note that 2% —x = z(z — 1)(z —
2)(z — 3)(xz — 4) in Fs[z]. Use this to
prove that there are vectors x;,0 <
1 < 4 such that T'(x;) = ix; and that
(xo,...,x4) is a basis for F3. Then
show that a vector coxg + - -+ + c4@y
is maximal if and only if all ¢; # 0.

Section (4.4)

4. Use Exercise 21 of Section (4.1).
If S = g(T), use the irreducibility of
p(zx) to show the existence of polyno-
mials a(z), b(z) such that a(z)g(x) +
b(x)p(z) = 1 and then prove that
a(T) is an inverse to S.

5. Let pre, (x) = p(x)®. Choose i so
that e; is maximal and prove e; =
m. Use the fact that the LCM of

{urw, ()} is pr(z) = p(z)™.
6. Use Exercise 5.

7. Use the characterization of inde-
composable operators to show that
pr(x) is p(z)® for some real irre-
ducible polynomial p(z). Use the fact
that the dimension of the space is odd
to conclude that p(x) is a linear poly-
nomial.

8. Show that pr(z) is either of the
form (z — \)?" or p(x)™ where p(z)
is a real irreducible quadratic and use
Theorem (4.5).

9. Separate into cases as the mini-
mum polynomial of T is either of the
form (z — \)* or p(z)? where p(z) is a
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quadratic polynomial irreducible over
Fp.

10. Assuming T is indecomposable,
use Theorem (4.5). For the converse
prove the contrapositive: If T is de-
composable then there exists more
than one maximal proper T-invariant
subspace.

Section (4.5)

9. Set V; = {v € V|p;(x)¥™V)(v) =
0} so that V. = V1 @ --- @ V.
Since the existence of infinitely many
T-invariant subspaces in V(p;) im-
plies infinitely many T-invariant sub-
spaces it is only necessary to prove
if for each ¢ there are only finitely
many T-invariant subspaces in V (p;)
then there are only finitely many T-
invariant subspaces. Prove if U is a T’
invariant subspace and U; = U NV,
then U =U; ®--- D U,.

10. Continue with the notation of Ex-
ercise 9. The main thing one needs
to show is that if some V; is not
cyclic then V; has infinitely many T-
invariant subspaces. Show if V; is not
cyclic then there are vectors u and w
such that pr . (z) = prw(z) = pi(x)
and (T, u) N (T, w) = {0}. Prove that
(T,u + aw),a € F are all distinct T-
invariant subspaces.

Section (4.7)

10. Choose a basis B so that M =
Mrp(B,B) is in Jordan canonical
form. Let A be the diagonal of M and
B = M — A so that B is strictly lower
triangular and hence nilpotent. Now
use this to get the operators D and
N.

11. Show if p(z) is an irreducible
factor of ur(xz) then p(x) is a real
quadratic. Use this to prove that any

o7T

elementary divisor of T restricted to a
T-invariant subspace U has even de-
gree and consequently U has even di-
mension.

Section (5.1)

8. If v = cqv1 + -+ + ¢c,v, = 0 then

v - v; = 0. Use additivity and homo-

geneity in the first argument to then
C1

show that in the null space of

Cn
the matrix A.

Section (5.2)

11 Set z = >0, and y =

> i1 jy;. Use Cauchy-Schwartz.

16. Let o be the scalar such that
u=1vy—ar L x sothat y = ax + wu.

Compute (y, z)(x,y) and (y,y).
Section (5.3)

4. Start with a basis (wq,...,wg)
and extend to a basis (wi,...,w,)
for V. Use Gram-Schmidt to get an
orthonormal basis (v1,...,v,) such
that (v1,...,v;) is an orthonormal
basis of W. Prove that W' =
Span(wt1, ..., Wny).

5. Use Exercise 4 and the fact that
wnwt=o.

6. First prove that W C (W+)+ and
then use Exercise 4 to conclude that
dim(W) = dim((W+)1).

10. Extend (vq,...
thonormal basis (v, ...,
write w = Y1 | ¢;v;.

,vp) to an or-
vy,) of V and

12. Express « and y as linear combi-
nations of (v1,...,vy,).

Section (5.4)
8. Set W; = Span(w;) and P;

Projw, wty. Then P = P + -
Py. Prove for ¢ # j that PP;

=+
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Oy_v and [w;]¥[w;ls = 0. Show
that Mp,(S,S) = [w;]s[w;])¥/

12. Express u as w + x where w €
W,x € W+, Use the Pythagorean
theorem.

13. Express u as w + @ where w €
W,x € W+, Use the Pythagorean
theorem.

Section (5.5)

5. Assume rank(T) = Kk and
(wy,...,wy) is a basis for R(T). Ex-
tend to a basis By = (wi,...,wp,)
for W. Let (¢1,...,9m) be the basis
of W’ dual to By. Show R(T') =
Span(T'(g1),...,T'(gr)). Then prove
that (T'(g1),...T"(gx)) is linearly in-
dependent.

6. Use Exercise 5.

7. Prove that T is injective by proving
0

0
for all v # 0 that T'(v) #

8. Use Exercise 4.

9. Try an indirect proof by first es-
tablishing the existence of a natural
isomorphism between V and (V')’.

10. Start with a basis (u1,...,ux)
for U and extend to a basis B =
(u1,...,uy). Let (g1,...,9n) be the
basis of V' dual to B. Prove that
U" = Span(gr+1;-- - gn)-

11. Get inclusions and use dimension
arguments.

15. Show if B = (vy,...,v,) is a ba-
sis for V and B = (¢1,...,9n) is
the basis of V'’ then My (B',B') =
M (B, B)".

16. Get inclusions and use dimension
arguments.

Advanced Linear Algebra

Section (5.6)

5. Prove that ((T%)*(v),w)w =
(T(v),w)w for all W and use this

to conclude from positive definiteness
that T = (T™)*.

6. Use the fact that (S +T)* = S* +
T* and (A\T)* = AT* to show that
(T — M\y)* =T* — Xy is not surjec-
tive, hence not injective, whence has
non-trivial kernel.

8. First prove T™*T is injective and
then use the fact that V is finite di-
mensional to prove that T*T is invert-
ible.

9. Prove that T* : W — V is injective
and use Exercise 8.

10. Use the definition of T* to show if
u € U,w € Ut then (u, T*(w)) = 0.

11. Use the definition of T* and posi-
tive definiteness.

13. Let By be an orthonormal ba-
sis of V and By an orthonormal
basis of W. Set A = Mg (By,By)

and A* = Mg (Bw,Bw). Show
rank(T) = rank(A) = rank(A*) =
rank(T*).

14. Assume S exists. Use 1 =
(v1,v1) = (v1,5*(y)) and the fun-
damental equation. Assume (x,y) =
1. To show the existence of S let
(x2,...,x,) be a basis for y+ and
set £y = x. Prove z; ¢ y* and
that (z1,...,x,) is a basis for V. Let
S € L(V,V) such that S(v;) = ;.
Prove that this satisfies the conclu-
sions.

Section (5.7)
7. Let {xx}32, be a Cauchy sequence

L1k

in (R™, ||1) where &), = . Prove
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for each 7,1 < i < n, that {z;;}}_, is
a Cauchy sequence since |z; — z;| <||

x; — x; |. So, each has a limit,
Z1

;. Set x = and prove that
Ty

limg— o =  in the [1-topology.

8. This is proved similar to Exercise
7.

Section (6.1)

8. Start with the definition of ||
T(v) ||, use the definition of 7™ and
the assumption that T7T* = T*T.

9. Use Exercise 8.

10. Use Exercise 9 and Theorem
(5.21).

11. Start by proving Ker(T) =
Ker(T*). Conclude from Theorem
(5.21) that Range(T) = Range(T™).
Let S be the restriction of T to
Range(T). Prove that S = S* and
from this that T' = T™.

12. Do a proof by contradiction: set
U = Ker(T) = Ker(T*) and as-
sume U # V. Since T is a nilpo-
tent operator, Ker(T) N W # {0} for
any T-invariant subspace. But then
UNU*L # {0}, a contradiction.

Section (6.2)

1. If aq, ..., as are the distinct eigen-
values, then the minimum polynomial
is (x —a1)...(x — a;). Set Fi(z) =
’;i—(zg and note that z — a; and F(z)
are relatively prime. Set V; = {v €
V|T(v) = a;v}. Show that there
exists a polynomial g;(x) such that
gi(T) restricted to V;* is the zero map
and g;(T) restricted to V; is oz 1y,

7. The only implication you need to
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prove is T normal with real eigen-
values implies T is self-adjoint. Show
that there is an orthonormal basis B

such that Mrp(B, B) = My (B, B).

8. Do induction on dim(V). Since
both S and T are self-adjoint they
are diagonalizable. Use the fact that
they commute to show that there ex-
ists a common eigenvector, v, which
you can assume has norm 1. Prove
that they both leave v invariant and
use the inductive hypothesis.

9. Note for any operator that
Ker(T) C Ker(T?)  and
Range(T?) C  Range(T) and by

the rank-nullity theorem Ker(T?) =
ker(T) if and only if Range(T?) =
Range(T). Use the spectral the-
orem to obtain an orthonormal
basis (v1,...,v,) for T where
(Vkt1,-..,0y,) is a basis for Ker(T).
Prove Range(T) = Range(T?) =
Span(vy,...,vg).

10. Use the fact that there exists a ba-
sis B such that Mr (B, B) is diagonal.
Then define an inner product in such
a way that B becomes an orthonor-
mal.

11. Use the Spectral Theorem applied
to T restricted to U and U~ to obtain
orthonomal bases of U and U™, re-
spectively, consisting of eigenvectors.

13. Note that U = Range(T). If T is
self-adjoint then use Theorem (5.21)
to conclude that W = U=L. On the
other hand, if W = U~ prove there
exists an orthonormal basis of V' con-
sisting of eigenvectors of T' and that
the eigenvalues are real (they are 0 or
1).

Section (6.3)

3. You can write down the matrix of T’
explicitly and define the polynomial.
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4. Use Exercise 3.

5. Express the minimum polynomial
of T" as a product of linear and irre-
ducible quadratics and decompose the
space consistent with these.

6. Use Exercise 5.

7. Use the fact that T is cyclic.

8. Prove that T is cyclic.

9. Use Exercise 8.

10. Use the fact T is a cyclic operator.
Section (6.4)

1. Use the
Ker(T) = {0}.

definition to show

3. Show directly that the norm of any
vector is preserved.

5. Let S be the operator such that
S(u;) = v;. Use Theorem (6.7) to
prove this is a unitary operator and
then apply Theorem (6.8).

11. Use the Spectral Theorem.

13. Prove that T restricted to U is bi-
jective. Then prove for arbitrary u €
U,w e Ut that (T(w),u) = 0.

14. Use induction and the fact that a
unitary operator is normal and there-
fore completely reducible.

15. Let (w1, . .., ui) be an orthonor-
mal basis of U;* for i = 1,2 and
let R : Ul — Us be the trans-
formation such that R'(u1;) = ug;.
Then R’ is an isometry. “Paste” R
and R’ together to define an isometry
S: V=V

16. Show that there is an eigenvector
v with eigenvalue in {—1,1}.

19. Show that S is normal with re-
spect to the inner product defined by
the dot product but T is not.
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Section (6.5)

2. Use the Spectral Theorem of nor-
mal operators on a complex inner
product space.

3. Use Lemma (6.5).
4. Use Exercise 3.

5. Use the fact that the sum of self-
adjoint operators is self-adjoint.

8. Use the Spectral Theorem.

11. Define [, | by [v,w] = (T (v), w)
which is an inner product by Exer-
cise 9. Set S = RT. Use Exercise 10
to show that S is self-adjoint. Then
show that T'R is similar to RT.

18. Use the fact that Ker(T)
Ker(T*T) and Ker(T*) = Ker(TT*
to conclude that rank(T*T)
rank(TT*). Let S be the restriction
of T to Range(T*T). Show that S
is an isomorphism of Range(T*T)
to Range(TT*). Then prove if v €
Range(T*T) is an eigenvector of T*T
with eigenvalue o then S(v) is an
eigenvector of T7T* with eigenvalue «.

Section (7.1)

8. Show that A has 0 as its unique
eigenvalue using Exercise 7.

~—

10. Prove the corresponding result for
matrices. Further, show if Ej; is the
matrix with all 0’s except a 1 in the
(k,1)- position prove and A has entries
a;; then Trace(AE;;) = a;j.

11. Choose a basis B of V' such that
M (B, B) is lower triangular.

12. Choose a basis B for V such that
Mr (B, B) is lower triangular.

13. Choose an orthonormal basis
for V' use the relationship between

Mz(B, B) and M- (B, B).

14. Choose an orthonormal basis
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for V use the relationship between

Mr(B,B) and Mr-(B, B).

16. T*T is self-adjoint and semi-
positive.

17. If T is the zero operator, then
there is nothing to prove. Since the
characteristic is zero, T is not a scalar
operator. This implies that there is a
vector v such that (v, T(v)) is linearly
independent. Extend to a basis and
use induction.

18. Let C be a diagonal matrix with
distinct diagonal entries. Define an
operator ad(C) : My, (F) = My, (F)
by ad(C)(B) = BC — CB. Prove
that dim(Ker(ad(C))) = n so that
dim(Range(ad(C))) = n? — n which
is the dimension of the space of n x n
matrices with zeros on the diagonal.

19. Use 17 and 18.
Section (7.2)

3. Choose an orthonormal basis B
for V use the relationship between

My (B, B) and Mr-(B,B).
5. Use Exercise 4.

9. Use 1 =
det(A)det(A1).

10. Use Exercise 8.
11. Use the Spectral Theorem.

det(AA™Y) =

12. T*T is self-adjoint and so has real
, non-negative eigenvalues.

13. T is normal. Use the result on nor-
mal operators on real inner product
spaces along with the characterization
of orthogonal operators.

14. T is normal. Use the Spectral The-
orem and the Characterization Theo-
rem.

17. Add or subtract the first row from
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each subsequent row obtain a matrix
B such that all entries b;; = 0 for
2 <i < n. Show that every entry b;;
is divisible by 2 for 2 < i < n.

Section (7.3)

5. Let (u1,...,u,) be a sequence
of vectors from V. By the Exchange
Theorem it is linearly dependent. Use
Lemma (7.11).

Section (8.1)

5. For w € W, denote by F' the map
from V to F given by F(w)(v) =
f(v,w). This is a transformation from
W to V'. Use the Rank-Nullity The-

orem.

13. Let By = (v1,...,v;,) be a basis
of V and By = (w1,...,w,) be a ba-
sis of W and set a;; = f(v;, w;) and
let A be the matrix with (i, j)-entry
equal to a;j. Note that rank(A) =
n — nullity(A) = rank(A") = m —
nullity(A™).

14. Use Exercise 13.

16. Show that the map F : W — V'
given by F(w)(v) = f(v,w) is an iso-
morphism. Let g1,..., g, be a the ba-
sis of V' which is dual to vy,...,v,

and then let w; € W be the preimage
under F of g;.

Section (8.2)

3. Prove U C (U1)* and use a dimen-
sion argument to get equality.

5. Use U C U+ and Lemma (8.12).

6. Choose a basis for U and extend
this to a hyperbolic basis.

Section (8.3)

6. Let U and W be totally singular
subspaces of dimensions k and [ with
k < l. Use Witt’s Theorem to obtain
an isometry S such that S(U) C W.
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7. Do a proof by induction on n, the
dimension of the space V.

8. Use Exercise 7.

18. Use the fact that for every c € F,
there exists a and b € Fy such that
a’?+ b =c.

19. Use Exercise 18.
Section (8.4)

4. First, use the fact that if U is a
non-singular three dimensional sub-
space then it contains singular vectors
to prove. Then prove if dim(V) = 4
then the index is one or two. Then do
an induction on m.

8. Prove that Fy 1 FEs has index two.
Section (8.5)

8. For y € V show there exists a
unique vector T'(y) € V such that
f(z,y) = (x,T(y)). Prove that T is
linear and a symmetric operator.

Section (9.1)

6. Let g; be the o-semilinear map such
that gi(vj) =1 lfj =4 and gi(vj) =
0, otherwise. Use Lemma (9.5) to ob-
tain v;.

7. Prove if 02 = Iy then f is reflexive.
When o2 # Iy and dim(V) > 1, prove
that f is not reflexive.

Section (9.2)

7. Let & be an anisotropic vector.
Prove if y 1 « then y is also
anisotropic. Use the fact that N is
surjective to conclude that there are
' € Span(x) and y' € Span(y) such
that f(x, zPrime) =1=—f(y',y).

8. Do induction on n = dim (V) and
use Exercise 7.

Advanced Linear Algebra

9. Let I be the set of isotropic vec-
tors and set U = Span(I). Suffices to
prove that U = V. Let * € I and
y an arbitrary non-isotropic vector.
Assume y Y @« so that Span(zx,y)
is non-degenerate. Prove there is an
isotropic vector y' € Span(x,y) \
Span(x) and then y € Span(x,y) =
Span(z,y’) C U.

Assume y | x. Choose z € I such
that f(a,z) = 1. Then Span(z,y, z)
is non-degenerate. Prove that there
is a y € InNn [Span(z,y,z) \
Span(x, z)]. Then Span(x,y,z) =
Span(x,y’, z) C Span(I).

Section (10.1)

5. Let (z1,...,2s) be a basis for
W' = Span(w,...,w,). Express
each w; as a linear combination of
(21,...,2s). Use the independence of

6. Show Z is a solution to the univer-
sal mapping property that defines the
tensor product of V and W.

9. To avoid confusion denote the ten-
sor product of X and Y by X @' Y.
Define amap § : X XY - VW
by 6(z,y) = = x y. Use the universal
property of X ®'Y to get a linear map
0 X®Y -V ®W and show that
it is injective and the range is Z.

Section (10.2)

1. Use the universal mapping prop-
erty.

3 Do induction on m > 2.

4. Turn this into a problem of the
rank of operators R : F!' — F* and
S : F* — F™ and then into the di-
mension of the range of R ® S from
F! @ F" to F* @ F™.

5. Prove the contrapositive: If S and
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T are not nilpotent then S ® T is not
nilpotent.

6. Use a diagonalizing basis of V for
S and a diagonalizing basis of W for
T to obtain a diagonalizing basis of
VoW for S®T.

12. Choose a basis B; for V;,i = 1,2
and set 4, = Mg, (B;,B;) so that
Mg 2s,(B1 @ B2, B1 @ Ba) = A1 ®
As. Use the definition of A7 ® A,
to prove that Trace(4; ® Az) =
Trace(Ar)Trace(As).

14. Use Exercise 13.
Section (10.3)

2. Use Lemma (10.2) to argue that
each S®---® 8 : Tp(V) = Tp(W)
is surjective, whence T(S) : T(V) —
T (W) is surjective.

3. Use Lemma (10.2) to argue that
each S®---® S : Te(V) = Tp(W)
is injective, whence T(S) : T(V) —
T (W) is injective.

4. Use part v) of Lemma (10.2).

10. Assume S' = Oy_,v. Prove that
Ti(S)H = = 0, vy (v).-

11. Make a conjecture based on the
case that the minimum polynomial of
S splits into linear factors in F[x] and
then in the general case prove this
conjecture by induction on dim(V).

12. Make a conjecture based on the
case that the minimum polynomial of
S splits into linear factors in F[x] and
then in the general case prove this
conjecture by induction on dim(V).

Section (10.4)

2. Use the identification of Sym(V)
with F[z1, ..., 2,] when dim(V) = n.

3. Assume K is an extension field of
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F such that xr(z) = (x — a1)(z —
ag)(z—as)(x—ay). Express ag, . .. , a3
in terms of «ay,...,a4. Then express
the eigenvalues of Syms(T) in terms
of ai,...,a4, whence in terms of

ap,...,as.

Section (10.5)

8. Make a conjecture based on the
case that the minimum polynomial of
S splits into linear factors in F[z].
Then prove this holds for every ele-
mentary matrix and use this to prove
it in the general case.

14. Let f(x) = 2* — 823 + 12— 2. You
may assume with respect to some ba-
sis B = (v1,...,v4) that the matrix
of S is the companion matrix C(f).
You can use this to find the matrix
of A%(S) with respect to the basis
(v1 Ava,...,v3 Avg) and then deter-
mine the characteristic polynomial of
this matrix.

15. Let f(z) = 23 — 62 + 3. Let S be
the operator on a three-dimensional
vector space such that the matrix
of S with respect to a basis B =
(v1,v2,v3) is C(f). Use this to find
the matrix of A%(V) with respect to
the basis (v1 A vo,v1 A v3,V2 A v3)
and the determine the characteristic
polynomial of this matrix.

16. Let f(x) = * — 323 + 3. Let S be
the operator on a three-dimensional
vector space such that the matrix
of S with respect to a basis B =
(v1,v2,v3,v4) is C(f). Use this to
find the matrix of A%(V) with respect
to the basis (v1 Ava,...,v3 Avy) and
the determine the characteristic poly-
nomial of this matrix.

Section (10.6)

1. Show that there is a vector v such
that ¢(v) = —1. Show that the ideal
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1Ly is generated by v ® v + 1 and that
T(V)/Z is isomorphic to C.

6. Let (z,y) be a hyperbolic basis of
V. Show that (z,y, zy, yx) is a basis
of C(V). Denote the vector axy+by+

cx + dyx by <(Z Z) and show that

the vector space isomorphism from
C (V) to M22(F) is a homomorphism
of algebras.

Section (11.1)

4. May assume H; # H,. Let
P = Span(xzy). Extend to ba-
sis (x1,...,xn—2) for Hy N Hs.
Let x,-1 be a vector in Hjp \

Hy; and x, a vector in Hs \ Hj.
Then Hy; = Span(xi,...,x,—1) and
Hy, = Span(xy,...,xn_2,2,) and
(¢1,...,x,) is a basis for V. Note
that S restricted to H; is the iden-
tity and there is a scalar a such that
S(xn) = x, + axy. Likewise T re-
stricted to Hs is the identity and there
is a scalar b such that T(x,—1) =
T,—1+bxy. Can compute ST and T'S
on the bases and show they are the
same.

5. Set x,_; = bry,1 — ax,
and H = Span(xy,...,Tn_2,2,_1).
Prove that ST € x(P, H).

6. This is like Exercise 4.
7. This is like Exercise 5
Section (11.2)

10. Let X = Span(x). Let U be a
complement to X in X+. Then U is
non-degenerate. Choose a hyperbolic
basis (U1, Up—1,V1, ..., Up—1)
where f(u;,u;) = f(vi,v;) =
f(ui,vj) =0fori # jand f(u;,v;)
1. Set My = Span(z,uq,...,Up_1
and for 1 < j < n—1 set M;
Span(x,v,... s Up—1).

~—

y Vg Ujt1s - -«
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Section (11.3)

1. Show that 7, 4 and p.p, have the
same images on u".

4. Let G be the group generated by
Ty U T, and prove that G is transi-
tive on singular one dimensional sub-
spaces. Then show if w is a singular
vector then T, is contained in G.

, (10 , {0 0
1O.Setu—<0 0),1}—(0 _1).

Show that (u;,v’) is a hyperbolic
pair of (M, q). Show that the orthog-
onal complement to Span(u’,v’) is

{(O a). Set ' = (tl) (1)> and

( )Showthatq( =1,

d, ' 1, y'. Conclude that
(M q) and (V, ¢) are isometric.

11. Argue that it suffices to prove that
A-m e M for A = (1 a) and

0 1
(1 O) where o € K.
a 1

Section (11.4)

1.For T € QW) let T :V — V de-
fined by T(w +u) = T'(w) + uw where
w € W and u € W+, First prove
if T € x(X,X+ N W), where X is
an isotropic one subspace of W (so T
is a unitary transvection with center
X and axis X+ then T € y(X, X%).
Then use this to prove the result for
arbitrary 7.

Section (12.2)

1. Prove that the four Penrose—Moore
equations are satisfied by P.

2. Prove that the four Pen-
rose-Moore equations are satisfied by
diag{d—ll,...,d ,0,...,0}.

6. Use the Penrose-Moore equations.
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7. Use the Penrose—-Moore equations.

11. Use Exercises 7, 8, and the Pen-
rose—Moore equations.

12. Use Exercises 8 and 11.

15. Use Exercises 6, 11, and the
Penrose-Moore equations.

Section (12.3)

1. Show if the (7, j)-entry of A’ is non-
zero and the (j, k)-entry of A™ is non-
zero then the (i, k)-entry of A™ is
non-zero.

5. Expand (I,, + A)"~! using the bino-
mial theorem and use this to conclude
for all ¢ # j there is an ! < n such that
aﬁj # 0. Then show there is an m such
that af # 0.

8. Prove if v is a positive eigenvector
and Av = \v then A € RT.

11. Note that this is equivalent to the
following: If 23 € R, 29,...,2, € C
and |z1+- 42| = 21422+ -+ |2n]
then z; € R* for all <. Do an induction
onn > 2.

16. Use Corollary (12.4).
17. Use Corollary (12.5).
Section (12.4)

1. Apply Theorem (12.26) to A®".
Then note that C/(A) =1 — a;.

2. Use Theorem (12.32).

3. Use Theorem (12.26) to conclude
that each disc, T';(A), contains one
eigenvalue, whence the eigenvalues of
A are distinct.
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4. Use Theorem (12.32) to conclude
that each disc, I';(A), contains exactly
one eigenvalue. Prove that under the
hypothesis no disc can contain a pair
of conjugate complex numbers.

6. This is proved like Exercise 4.

7.Set I = {il <0 < ’Lk} and let A[y[
be the k x k matrix whose (j, m)-entry
is a;; i,,. Prove that Ay s is strictly di-
agonally dominant.

8. Use Y1, Ri(A) = 0, C(A).

9. First show that you can reduce to
the case that all a;; > 0 and show
that det(A) > 0. Then do a proof by
induction on n.

Section (13.2)

5.a) Let z be the all one vector. The
map £ — x+ z is a bijection from the
collection of words of length ¢ to the
words of length 7 — t.

b) Since the minimal weight is 3 it fol-
lows that there are no words of length
5 or 6 (otherwise by a) there would be
words of weight 2 or 1). It then fol-
lows that, apart from the zero word
and the word of weight 7 there are 14
words of weight 3 or 4. Since there
are equally many of each, there are
7 words of weight 3 and 7 words of
weight 4.

6. The parity check takes a word of
weight 3 to a word of weight 4. A word
of length weight 4 remains 4.
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