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CHAPTER 1  

INTRODUCTION 

 

1.1 Background 

1.1.1 Overview 

An active network polymer is known as a “smart” thermosetting polymer that can 

recognize a stimulus as a signal, judge the degree of this signal, and consequently change 

their conformation or properties as a direct response [1, 2]. It can be sensitive to a number 

of signals, such as heat [3-9], pH [10-15], light [16-22], chemical and ionic strength [23-

26] etc., and respond in various ways, such as altering color, shape, modulus, 

conductivity and permeability[2, 27-29]. One of the most prominent features of the active 

network polymers is that a slight change in the environment is sufficient to induce rapid 

and large changes in the material’s properties [29-32].  

The sensitivity of these polymers is originated from various microscopic physical or 

chemical processes within the networks. If properly designed and utilized, these 

microscopic alternations could be beneficial in achieving polymer intelligence and multi-

functionality. However, before an active polymer can be widely applied in the industrial, 

a comprehensive understanding of the material properties is essential. In this dissertation, 

we will focus on the properties of thermally induced active network polymers, and their 

thermomechanical behaviors are studied from both experimental and theoretical points of 

view. Specifically, two types of such active materials are selected, namely the shape 

memory polymers (SMPs) and covalent adaptive network (CANs) based on bond 

exchange reactions (BERs). While the shape memory effect in SMPs is considered to be 

a general feature of polymer materials, BERs in the CANs represent a novel chemistry of 

polymer engineering, which enables the reuse and recycle of thermosetting polymers.  

1.1.2 Shape memory polymers 

For SMPs, currently there are two physically processes can be utilized to achieve the 

shape memory effect. One is glass transition in amorphous polymer materials (see Figure 

1.1a), where the polymer chain mobility will be dramatically changed upon changing the 

temperature. The spontaneous free shape recovery at high temperatures is attributed to 
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the tendency of network to increase the entropy until the crosslinking sites return to their 

original spatial positions [3, 33-37]. The other physical process for the shape memory 

effect is phase evolution in semi-crystalline polymer materials [38-45], where both 

crystalline region and amorphous region coexists, and acts as frozen phase and active 

phase respectively (see Figure 1.1b). Upon changing the temperature, different phases 

will be born at different times, and carry different stress and strain history. The main 

difference between the aforementioned two physically processes is that: in the glass 

transition, the shape memory effect is attributed to the temperature dependent mobility of 

polymer chains, while for the phase evolution, that is resulted from the temperature 

dependent volume fraction of different phases.  

 

            
 (a)  (b) 

Figure 1.1. Schematic views of (a) glass transition (modified according to [3]) and (b) phase 

evolution 

For the thermally induced SMPs, the most convenient and straightforward actuation 

method is direct heating method (Figure 1.2a), where thermal energy is gradually 

transferred from the material surface to the inside. However, due to the low thermal 

conductivity of polymers, recovery rate of SMP is usually limited, especially when the 

SMP component is large. Recently, efforts have been made to improve the recovery rate 

of SMPs by using indirect heating methods. For example, after dispersing magnetic 

particles, the shape memory effect of SMPs can be realized by applying electromagnetic 

energy (Figure 1.2b) [46-49]. This approach offers the advantages of fast and remote 

heating. Similarly, SMP composites incorporated with conductive fillers (such as carbon 

fiber or particles) [50-55] or light absorbers [56] can be respectively activated by 

electricity (Figure 1.2c) or light (Figure 1.2d). A general feature of these actuation 
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methods is that the internal reinforcements convert other types of energy into thermal 

energy to volumetrically heat up the SMP matrix. In the contrast, water-driven SMPs [57-

63] (Figure 1.2e) use different principle. When a deformed SMP is immersed into the 

solvent, the transition temperature will be decreased as solvent molecules diffusing into 

the polymer matrix. In this manner, the shape recovery can be induced at the room 

temperature. All these different actuation methods possess merits and can be used in 

different engineering applications.  

 

 
Figure 1.2. Typical actuation methods for the thermally sensitive SMPs. (a) Direct heating [64], 

(b) Magnetic actuation [48], (c) Electric actuation [54], (d) Infrared light actuation [56] and (e) 

Water actuation[59]. 

Since SMPs can sense the environmental changes and then take reactions in a 

predetermined sequence with deformation, they are considered as a promising alternative 

for the future’s spontaneous shape changing and tunable components in various 

applications. Currently, the major applications of SMPs lie in the biomedical area. In 

2002, Lendlein et al. [65] demonstrated that SMP could be used as self-tightening suture 

for minimum invasive surgery. The shape recovery of the suture can be triggered by 

human body heat, leading to the shrinkage of the suture (see Figure 1.3a) and the 
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tightening of the knot without external intervention. In another application, biocompatible 

SMPs are designed to be stent [66], which can be implanted into the human body with 

recovered configuration (see Figure 1.3b) sustaining the cardiovascular. In addition to 

biomedical applications, SMPs could also be used as functional materials, where they 

exhibit advantages in combining both shape changing and fixing capabilities, and hence 

can be applied in microelectromechanical systems, surface patterning control (Figure 

1.3c), aerospace deployable and morphing structures [7, 27, 44, 66-71].  

 

 
 

Figure 1.3. Typical applications of SMPs. (a) SMP suture [65], (b) SMP stent [66] and (c) SMP 

controlling the surface pattern [68] 

During the applications, SMPs are typically operated in a shape memory cycle, where 

the material will be firstly deformed at the programming temperature Td, followed by a 

specified holding time before being cooled to the shape-fixing temperature TL. This 

finishes the programming step. In the recovery step, depending on whether or not the 

external force still exists, the SMPs will exhibit recovery stress or spontaneous free shape 

recovery upon increasing the recovery temperature Tr. Figure 1.4a illustrates a free shape 

memory cycle for the thermo-sensitive SMPs with uniaxial programming deformation. 

Two parameters are routinely adopted to characterize the material shape memory 

behavior, namely the shape fixity, which is calculated by the spring back deformation 

during the unloading step: 

 max max( )fR e e e  ,  (1-1a) 

and the shape recovery ratio, which is based on the strain evolution in the recovery step 

and calculated as: 

   max1 ( )rR e t e e   .  (1-1b) 

Figure 1.4b shows a typical free recovery curve as a function of time. 
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Figure 1.4. (a) A schematic illustration of the thermomechanical history of the programming 

and free recovery process in an SM cycle. (b) A typical free recovery curve as a function of time. 

To achieve a higher shape fixity and recovery rate, thermosetting network polymers 

are typically preferred due to their superior thermomechanical and mechanical properties. 

Although a stable network enable excellent shape memory properties, the applications 

and service time of SMPs are limited by the material’s mold-determined permanent 

shapes. In addition, once damaged or retired, it is hard to dispose the polymer wastes by 

using traditional methods, which typically relies on high heat or toxic chemicals and can 

lead to environmentally recycling difficulties and pollutions. From both environmental 

and economic point of view, we desire a new technology that can enable the healing of 

thermosets and repair their components in service to improve the sustainability, or 

reprocess and recycle the polymer into valuable resources without environmental impact.  

1.1.3 Covalent adaptive network 

The key of effective repair and recycle of thermosetting polymers is to design proper 

mechanisms to enable surface welding. Tremendous efforts were made in the past in this 

realm, such as surface interlocking [72, 73], inter-diffusion of network defects [74] and 

adding linear thermoplastic chains at the interface [75-77]. For more robust and efficient 

welding and reprocessing effect, various dynamic covalent chemistries have been utilized, 

where specific functional groups capable of reversible chemical reactions are integrated 

into the polymer chains [19, 78-90]. This new type of active network polymers is usually 

referred as covalent adaptive network (CAN) [81, 91], malleable thermosetting polymers 

[80, 92] or dynamic covalent bond network [86, 93] in different literatures. In this 

dissertation, we will refer it as covalent adaptive network  
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The functional groups in the CANs can break and reform the thermosetting network, 

and consequently render it adaptiveness upon stimuli. Figure 1.5 shows schematic view 

of the bond exchange reactions (BERs). When a proper stimulus is applied, an active 

group will move around within the free volume and approach another connected pair to 

form the intermediate state. During the reaction, the active group will kick off one unit in 

the connected pair and connect with another one to form a new connected pair of 

exchangeable bonds.  

 

 
Figure 1.5. Schematic of bond exchange reactions (BERs) 

When numerous BERs undergoing within the network, the network topology is 

expected to evolve with time, leading to the malleability of thermosetting polymers. As 

shown in Figure 1.6, the thermally induced BERs will release the internal stress of a 

deformed thermosetting polymer, which consequently retains the fusilli shape after 

unloading. Besides, polymer chains will be reconnected on the interface when desired 

polymer parts are brought into contact. Therefore, the CANs possess merits in combining 

the malleability of bulk material with the surface welding effect, leading to the self-

healing [82, 92, 94-96], reprocessing (see Figure 1.7) and recycling of thermosetting 

polymers [80, 92, 97, 98]. Currently, various chemical reactions have been applied to 

achieve the dynamic bond exchanging. For example, the well-established Diels-Alder 

reaction [96, 99-101] between diene and dienophile groups can be thermally triggered, 

and displace the thermosetting polymer from equilibrium toward deploymerization upon 

heating. Recently, Montarnal et al [80] developed adaptive epoxy thermoset based on 

transesterfication exchange reactions at high temperature, which enables the topology 

rearrangement of network and avoids impairing the network integrity. Other covalent 

adaptive reactions in this realm include amino carbonyl reaction [95, 102, 103], siloxane 
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equilibration [78], and photo-sensitive radicals to initiate exchange reaction and 

malleability in thermosets [94, 104, 105].  

 
Figure 1.6. Stress relaxation in thermosetting polymers based on the BERs 

 
Figure 1.7. Reprocessing of broken epoxy active network polymer in an injection machine to 

recover its initial aspect [73]  

 

1.2 Research Motivation and Goals 

While both SMPs and CANs are currently under intensive investigations, there are 

still research challenges or unclear principles in our understanding before the materials 

can be widely applied in engineering applications. For example, although the basic 

concept of SMPs has been known for decades, recent advances have led to the discovery 

of previously uncovered properties [4, 5, 106-112]. First, experimental work revealed 

complicated dependency of the SM performance on thermo-temporal conditions in an 

SM cycle: the recovery of SMPs programmed under the same conditions strongly 

depends on the recovery temperature and heating rate in the recovery step [40, 111, 113-

118]; in addition, the programming temperature has been shown to affect significantly the 

free recovery behavior for SMPs under the same thermo-temporal recovery conditions [5, 

66, 107, 109, 119, 120]. To date, because the recovery behavior of an SMP depends on 

the aforementioned multiple thermo-temporal input parameters, there is no clear 

understanding how these input parameters can affect the SM performance individually or 

collectively. Such complicated dependency also hinders the development of SMP 

applications from the material and product design point of view. Second, some newly 

discovered shape memory effects, such as multiple and temperature memory effect are 



 

8 
 

challenging our previous understanding of this type of active network polymer. A 

comprehensive study on the thermomechanical and shape memory properties of SMPs is 

therefore necessary to explain these experimental observations, understand material 

behavior, and assist the design in engineering applications.  

For the CANs, since the BERs represent a novel chemistry of polymer engineering, 

most investigations are focusing on the experimental area. For theoretical study, different 

molecular theories have been adopted, such as polymer sticky reputation theory [121], 

scaling theory [122] and particle patching [123]. Molecular dynamics (MD) method was 

also applied to explore the macromolecular details of CANs [124]. Despite of merits in 

all these models, molecular parameters are typically hard to be determined by using the 

standard polymer testing methods. Photo-induced BERs can be modeled as a phase 

evolution process where chain addition-fragmentation process was considered as a phase 

transformation between stressed phases and newly-born phases. Such a modeling scheme 

exhibits reasonable fidelity but is computationally expensive. Recently, within the scope 

of continuum mechanics, Long et al. [125] studied the mechanics of CANs with 

thermally induced Diels-Alder reactions. Long et al. [126] investigated the stress 

relaxation of epoxy thermoset with thermally induced bond exchange reactions (BERs). 

Ma et al [127] studied the time-dependent stress relaxation and photo-induced plastic 

deformation in a photoactivated CANs. However, for the surface welding effect of the 

CANs, to the best of our knowledge, little work has been conducted. To characterize the 

interfacial kinetics and mechanics, a concise modeling frame with fewer parameters that 

can be easily obtained based on the behavior of bulk material is highly desirable for the 

practical applications.  

The overall objective of our study is to tackle the aforementioned research challenges 

and advance our understanding of the material behaviors through experimental and 

theoretical investigations. In particular, we will 1) reveal the underlying mechanism of 

several recently discovered SMEs by using the thermoviscoelastic constitutive model, 2) 

develop a unified method to predict the shape memory behavior of SMPs, 3) investigate 

the shape memory behaviors of SMP composites based on a 3D finite deformation 

constitutive model; 4) characterize the thermomechanical behaviors of CANs, and 5) 

develop a continuum level theoretical model to examine the interfacial mechanics of 
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CANs. Our research methods involve experimental testing on the material 

thermomechanical behaviors, and then develop constitutive models to describe the 

experimental observations, unravel the underlying mechanism and further assist the 

development and engineering application of the CANs.  

 

1.3 Thesis Plan 

This dissertation is arranged as the following: the thermomechanical and shape 

memory behaviors of amorphous thermo-sensitive SMPs will be investigated in Chapter 

2-4. Chapter 5 and 6 will then present our studies on the CANs based on thermally 

induced BERs. Specifically, we will introduce the typical thermoviscoelastic modeling 

approaches for amorphous SMPs in Chapter 2. Then based on a one-dimensional (1D) 

multi-branched constitutive model, some new and interesting shape memory effects will 

be studied, such as multi-shape memory effect (m-SME), which help to advance our 

previous understanding of the material behaviors. In Chapter 3, we will present our 

unified method to predict the shape memory performance of thermo-rheologically simple 

SMPs under different thermo-temporal conditions. This unified method will be further 

applied to study the temperature memory effect (TME) in amorphous SMPs. In Chapter 

4, we will extend the 1D thermoviscoelastic constitutive relations into three-dimensional 

(3D) finite deformation model, which is applied to investigate the thermomechanical and 

shape memory properties of two types of SMP composites that are respectively 

reinforced by magnetic parties and microvascular. Chapter 5 will present our 

experimental characterization results of the CANs, which will include the malleability, 

surface welding, reprocessing and recycling properties. Chapter 6 develops a continuum 

level theoretical model on the interfacial mechanics based on the BER kinetics. The 

developed mode possesses concise modeling frame and is effective in predicting the 

effective modulus and interfacial fracture energy of welded samples.  
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CHAPTER 2  

ONE-DIMENSIONAL CONSTITUTIVE MODELING OF SHAPE 

MEMORY POLYMERS 

 

The shape memory polymers (SMPs) studied in this dissertation are amorphous 

network polymers, where the shape memory behavior is based on the thermally induced 

glass transition. In this chapter, the nature of glass transition will be firstly introduced, 

and then followed by the one-dimensional (1D) thermoviscoelastic modeling approach of 

SMPs. The 1D constitutive model is also applied to reveal the driven force and energy 

release mechanism during the shape recovery of SMPs by studying some new and 

interesting shape memory effects, such as multiple memory effect etc.  

 

2.1 Glass Transition in Amorphous Polymers 

The glass transition refers to a unique thermodynamic process of amorphous polymer 

materials where the macromolecules experience dramatic mobility change upon 

environmental temperature alteration. At a low temperature, the polymer atoms are fixed 

to points in an irregular space lattice and the macromolecule chains do not undergo 

significant translational displacements in response to external forces. Thus, the material 

demonstrates a high-elastic solid state. When the temperature is ramped to a certain 

degree, sufficient thermal energy is transferred into the kinetic energy of polymer chains 

to allow changes in the conformation at a microscopic level. The material is then 

gradually converted to a low-elastic rubbery state featuring macromolecule chains sliding 

past each other in compliance with the macroscopic deformation. Glass transition occurs 

in a range of temperature and is usually experimentally characterized by the temperature 

changes of certain physical properties of the polymers, such as differential scanning 

calorimetry (DSC), thermomechanical analysis (TMA) and dynamic mechanical analysis 

(DMA). Specially, a glassy transition temperature (Tg), which is dependent on the 

polymer chemical composition and structure, thermal history and testing methods, is 

graphically determined on curves to distinguish the glassy and rubbery behavior of a 

app:ds:macromolecule
app:ds:macromolecule
app:ds:macromolecule
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polymer material. Besides, since there is no latent heat involved in the glass transition 

process, the temperature of the polymer material is continuously increased as the material 

is heated, and hence this transition is called a second order transition. 

The glassy transition could be utilized to achieve spontaneous shape recovery of a 

polymer material, namely the thermally induced shape memory behavior. To achieve 

large recoverable shape changes, crosslinked polymers are preferred as the crosslinks can 

retain the original permanent shape. At temperatures above Tg, SMPs lie in a rubbery 

state. Deforming the material would reduce the possible configurations of polymer chains 

and hence decrease the system configurational entropy, leading to the well-known 

entropic behavior of elastomers. After unloading, the tendency of SMPs to increase the 

entropy would lead to spontaneous shape recovery until the crosslinking sites within the 

material return to their original spatial positions. However, in some occasions, the SMPs 

are required to fix the temporary deformed shapes by lowering the temperature below Tg 

and then release them later on demand. There, the material is transformed into a glassy 

state and the mobility of macromolecular chains is significantly reduced by the reduction 

in free volume. Consequently, most deformation of SMPs incurred at the rubbery state is 

frozen. The shape memory effect would be invoked as further increasing the temperature 

above Tg, where the individual macromolecular chains become active again and the shape 

recovery mechanism described above is permitted.   

 

2.2 1D Constitutive Modeling based on Thermoviscoelasticity 

Since the inherent complexity of the thermally triggered glass transition and polymer 

SM effects that involving multiple shape changing events and different application 

purposes, theoretical models are desired to predict the behaviors for the targeted design. 

The early modeling efforts for the most commonly used thermally induced SMPs were 

one-dimensional, small strain, rheological models which could capture the characteristic 

SM behavior but with limited prediction capability due to the loss of the strain storage 

and release mechanisms. In these studies, the temperature dependent material viscosity is 

described by using an Arrhenius or Williams-Landel-Ferry (WLF) equation. Recently, 

the phase evolution modeling approach was proposed and considered to be an effective 

tool to explain some thermomechanical properties of SMPs [1-8]. This concept can be 
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applied to a wide variety of SMP materials, such as crystallizable [2, 6, 8, 9] or photo-

activated [5, 10-13] SMPs, but it fails to physically relate the polymer glass transition 

behavior to their SM effect. In this regards, thermoviscoelastic modeling approaches [14-

20] have emerged for the modeling of SMPs in which the mobility of polymer chains can 

be correlated with viscosity or relaxation time of a Maxwell element. The viscous strain 

developed at temperature above Tg is restricted at temperature below Tg (temporary shape 

fixing)[20]. Reheating to above Tg will reduce the viscosity, reactive the dashpot and 

allows the structure to relax to its equilibrium configuration, which leads to shape 

recovery.  

With the modeling concept of glass transition, more comprehensive three-

dimensional thermoviscoelastic models have been developed [14-17] with the merits in 

capturing various polymer behaviors in addition to the SM effect, such as finite-

deformation, entropic elasticity of the rubbery network, nonlinear thermal expansion, 

structural relaxation and viscoplastic flow below Tg. However, for a real polymer system, 

multiple relaxation processes are involved as the temperature crosses Tg. Some polymers 

even demonstrate unique glass transition behaviors, such as perfluorosulphonic acid 

ionomer (PFSA) with a wide glass transition temperature range from 55 
o
C to 130 

o
C, and 

the Verflex E epoxy polymer showing two peaks on its tan δ curve. In these cases, the 

traditional modeling approach with single Maxwell element seems to be insufficient. In 

order to describe the material glass transition behaviors in real thermally triggered SMPs, 

two modeling strategies can be applied. The first one is based on a modified standard 

linear solid (SLS) model with Kohlrausch-Williams-Watts (KWW) stretched exponential 

function, where the regular material relaxation is mapped into a new timing space in 

describing the material clock. Previous modeling efforts in this realm are still limited 

within one dimensional (1D) small deformation of SMPs. In the second modeling 

strategy, the multi-branch models that resembling the 1D generalized viscoelastic model 

or Prony series are applied [21]. Based on this modeling frame, three dimensional (3D) 

model is constructed that considers finite deformation stress-strain behaviors (including 

yielding, post-yielding, and rate dependency), constrained recovery behaviors and free 

recovery behaviors. In this chapter, we will focus on the 1D constitutive model while the 

3D finite deformation model will be introduced in Chapter 4.  
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The 1D rheological representation of the multi-branch model is shown in Figure 2.1, 

where an equilibrium branch and several nonequilibrium branches placed in parallel. The 

equilibrium branch is a linear spring with a Young’s modulus of Eeq to represent the 

equilibrium behavior, and the nonequilibrium branches are Maxwell elements where an 

elastic spring and a dashpot are placed in series to represent the viscoelastic response. 

These nonequilibrium branches represent different relaxation processes (or modes) in the 

polymer system. In the i-th (i varies from 1 to n) nonequilibrium branch, the Young’s 

modulus of the spring is denoted as Ei, and the corresponding stress relaxation time of the 

dashpot is denoted as i . 

 
Figure 2.1. 1D rheological representation of the developed model 

By using the Boltzmann’s superposition principle [22], the total stress is given by 
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where  t  and  e t  are the total stress and strain of the multi-branched model. In Eq. 

2-1, the relaxation times in individual branches vary as the temperature changes. Here, it 

is assumed that the time-temperature shift for each branch follows the same rule. 

According to the well-established “thermorheological simplicity” principle [47],  

 0( ) ( )i

i TT T   ,   (2-2) 

where ( )T T  is the time-temperature superposition shift factor, and 0

i  is the reference 

relaxation time at the temperature when ( ) 1T T  . 

Following O’Connell and McKenna [48], the method for calculating the temperature 

influence on the viscoelastic behavior depends on whether the material temperature is 
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above or below a temperature Ts. At temperatures above Ts, the Williams-Landel-Ferry 

(WLF) Equation [49] is used  

 

1

2

( )
log ( )

( )

M
T

M

C T T
T

C T T



 

 
,   (2-3a) 

where log is the base 10 logarithm, C1 and C2 are material constants and TM is the WLF 

reference temperature. For temperature below Ts, ( )T T  follows the Arrhenius-Type 

behavior [50]: 
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where A and Fc are material constants, kb is Boltzman’s constant. Ts is the crossing point 

of two curves representing Eqs.2-3a and 2-3b on a T vs T plot.   

Eq. 2-1 was solved under the imposed mechanical conditions in a shape memory 

cycle. During the free recovery, since there was no force applied to the sample, the total 

stress was zero. Eq. 2-1 was solved for e(t) with the left hand side of the equation being 

zero. In all these cases, elastic strain 
e

ie  and viscous strain 
v

ie  (the strain in the dashpot) 

in individual nonequilibrium branches were given as 
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The elastic energy stored in individual branches were calculated as 

  2
2

1 e

iii eEU  .  (2-5) 

 

2.3 Material Parameters Identification 

The material parameters for the multi-branched model can be determined by using 

standard polymer tests. Here, we demonstrate the typical parameters identification 

method for an acrylate-based network polymer. Its liquid monomer tert-butyl acrylate 

(tBA), liquid cross-linker poly (ethylene glycol) dimethacrylate (PEGDMA) and the 

photo polymerization initiator (2, 2-dimethoxy-2-phenylacetophenone) in powder form 

were ordered from Aldrich and used in their as received conditions without any further 

purification. The synthesis procedure of the SMP followed Yakacki et al [23] by mixing 



 

23 
 

the tBA monomer, cross-linker and photo polymerization initiator with a weight ratio of 

4000:1000:1, and the solution was then exposed in a UV irradiation for 10 min before the 

final heat treatment at 90°C for 1 hour to assist the complete conversion of monomers.  

There are two groups of material parameters need to be identified, namely the 

parameters for the TTSP (in Eq. 2-3) and the elastic modulus and relaxation time in each 

nonquilirbium branch. The TTSP parameters can be determined by the stress relaxation 

behavior of acrylate SMP material at different temperatures. In each relaxation test, the 

rectangular SMP specimen was firstly preloaded by 1×10
-3

 N force to maintain the 

straightness. After reaching the testing temperature, it was allowed 30 min for the thermal 

equilibrium. The specimen was stretched by 1% on the DMA machine and the 

deformation was maintained during the entire test (30 minutes). The decrease of stress 

was recorded and the stress relaxation modulus was calculated as shown in Figure 2.2a. 

Then selecting 27.5 
o
C as a reference temperature (Ts), each modulus curve in Figure 2.2a 

is shifted horizontally to superimpose with the next. This produces the master curve 

shown in Figure 2.2b, which spans many decades of modulus (from 1436 MPa to 3.05 

MPa) and represents the actual relaxation behavior of the acrylate SMPs within a long 

time scale (around 20 years) at 27.5 
o
C. When shifting the curves in Figure 2.2a, the 

shifting factors are termed as T  and plotted as a function of temperature in Figure 2.2c. 

By fitting with the experimentally tested shift factors, the parameters for both Arrhenius 

and WLF equations are determined as: 1 17.44C  , 2 51.6 CC    and 

1 40000Kc BAF k   . 

 

 (a)  (b) 
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(c) 

Figure 2.2. Stress relaxation tests and shifting factors: (a) Stress relaxation tests at temperatures 

increasing from 15°C to 45°C with 2.5°C interval. (b) The stress relaxation master curve at 

27.5°C. (c) Shifting factors at different temperatures 

The elastic modulus and relaxation time in each nonequilibrium branch can be 

determined based on the tan δ and storage modulus of the SMP obtained in the DMA 

tests. For the 1D multi-branch linear model, the temperature dependent storage modulus

( )sE T , loss modulus ( )lE T and tan ( )T are respectively expressed as: 
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where w is the testing frequency, ( )i T is the temperature dependent relaxation time in 

each nonequilibrium branch. By using nonlinear regression (NLREG) method [24, 25], 

the initial modulus and relaxation time (at Ts)  in each branch were estimated by fitting 

the model prediction with the experimental results. As shown in Figure 2.3, the identified 

parameters could enable the multi-branch model to successfully capture the experimental 

storage modulus and tanδ curves within the entire testing temperature range (5
o 
C-95

o 
C). 

The final set of model parameters are listed in Table 1.  
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Figure 2.3. 1D estimation for the DMA result of SMP by using NLREG software. The original 

experimental curves are shown in solid lines  

Table 2-1. Parameters of the multi-branched constitutive model 

Parameters Values Parameters Values 

1C  16.44 2C  51.6 
o
C 

1

c bAF k 
 -40000 K gT  42.7 

o
C 

sT  27.5 
o
C MT  30 

o
C 

eqE  3.05 MPa 

iE
 

(618.45, 440, 330, 38, 4, 2, 0.5) MPa for [1,7]i  

0

i  
(2, 20, 200, 2000, 20000, 200000, 2000000) s, 

or 3.33× (10
-2

, 10
-1

, 10
0
, 10

1
, 10

2
,10

3
,10

4
) min for

 [1,7]i  

 

2.4 Predictions on the Shape Fixity and Recovery 

After determining the model parameters, the 1D multi-branched model is applied to 

predict the shape fixity and recovery ratios of the acrylate SMPs. Following the 

schematic view of Figure 1.4a, we define a representative shape memory cycle as the 

following: In the programming step, the SMP is stretched to a target strain emax (20%) 

with a constant loading rate (0.01 s
−1

) at the programming temperature Td, followed by a 

specified holding time at Td before being cooled to the shape fixing temperature TL (20 °C) 

at a rate of q (2.5 °C min
−1

). Once TL is reached, the specimen is held for 1 hour and then 

the tensile force is removed. In the free recovery step, the temperature is increased to the 
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recovery temperature Tr at the same rate of cooling and subsequently stabilized for 

another 50 min. The corresponding shape fixity and recovery ratio is calculated by using 

Eqs. 1-1a and 1-1b.  

As shown in Figure 2.4, the model predictions adequately capture the shape fixity as a 

function of programing temperature and holding time, as well as the shape recovery ratio 

as a function of recovery temperature and heating time.  

 
 (a)  (b) 

Figure 2.4. Predictions on the experimentally tested shape fixity and recovery. (a) Shape fixity. 

Dot data indicates experimental results. (b) Shape recovery ratio. Solid lines indicate 

experimental results. 

 

2.5 Influence of Stretch Induced Softening Effect on the Free Recovery Behavior 

In addition to predict the shape memory behavior, the 1D constitutive model is also 

applied to study some new and interesting shape memory effects, which helps to reveal 

the secrets behind the shape memory effect, such as the driven force and energy releasing 

mechanism, and advances our previous understanding of this material.  

In this section, the model is firstly applied to study the influence of stretch induced 

softening effect on the free recovery behavior of SMP composite incorporate with carbon 

black (CB). Such softening effect is generally experienced during cyclic loading of 

hydrostatic tensions [26, 27], equi-biaxial tensions [28-31], uniaxial compressions [32, 33] 

or simple shears [28, 34, 35], where the elastomeric materials exhibit more compliant 

stress-strain behavior before reaching the previous maximum strain. In our study, the 

matrix material is still the aforementioned acrylate SMP. The spherical CB particles with 
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a diameter of 50 nm (Sigma Aldrich, St. Louis, MO) were used in their as received 

conditions without any further purification.  

As shown in Figure 2.5a, the stress-strain behavior of the SMP composites with 9 wt% 

CB tends to be stable after a few cycles (typically N=4), with most softening occurred 

during the first cycle. As the reloading curves approaching the maximum strain 

encountered in prior cycles, the stress tends to rejoin the stress level of that in the first 

cycle test. However, all the unloading paths after the 10% strain follow the same curve. 

As a result, the residual strain after each tension cycle is also independent of the cycle 

number.  

Another feature of the softening effect is that a larger strain will lead to a larger 

degree of softening. To demonstrate how such different softening degrees affect the free 

recovery behavior, two SMP/CB samples were subjected to free shape memory cycle, 

where the programming strain is set to be 10% and 20% respectively. Other procedures 

are identical. A detailed experimental procedure can be found in our previous work[36].  

Figure 2.5b shows the shape recovery ratio of the SMP composite as a function of 

heating time. The time for a full shape recovery was taken to be when the shape recovery 

ratio reaches 95%. It is seen that the sample pre-stretched by 20% shows an obvious 

delay (360s) for a full shape recovery compared with that of the 10% pre-stretched 

sample. Such decrease in the shape recovery speed is considered as impairment in the 

recovery ability of the material, and could be explained by the greater softening in this 

sample given by a larger prior stretching in the programming step.  

  
 (a)  (b) 

Figure 2.5. Stretch induced softening effect in SMP composite and its influence on the free 

recovery behavior. (a) Cyclic tension tests on SMP composites with 9 wt% CB. The strain 
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amplitude is fixed amplitude at 10%. (n) Shape recovery ratio plot as a function of heating. Two 

samples were pre-stretched to 10% and 20% respectively during the programming step 

As shown in Qi and Boyce[37], the stretched softening is mainly attributed to the 

softening in the equilibrium path, the modulus evolution in the equilibrium branch is 

modeled based on the detailed physical mechanism. For the polymer composites, 

researchers believe that by incorporating stiffer fillers into the elastomers, some rubber-

filler attachments would be generated [38-40], and subsequently confine the entropy 

deformation of materials. While an external load is applied, the softening effect is 

produced due to the strain-induced relative motion or even micro-damage of local 

separation between the fillers and elastomer chains [41-44]. Following Holzapfel [45] for 

the modeling of material damage , the evolution of modulus in the equilibrium branch 

can be defined to be a function of a reduction factor
 
(1 ) ,  

 
0( ) (1 )eq eqE t E  ,  (2-7) 

where 0

eqE  is the equilibrium modulus of the virgin material, [0,1]   is a scalar and 

referred to as the softening variable, and is defined as a damage-like function 
max( )    

with conditions of (0) 0   and ( ) [0,1]   .  
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max( ) 1 exp( )


   




 
    

 
,  (2-8) 

where 
max  denotes the maximum strain of material encountered during its previous 

loading history,   describes the dimensionless maximum softening and   is referred to 

as the softening saturation parameter. According to Eq. 2-8, for a given unloading process, 

as well as a loading process before the strain   exceeds 
max , the softening variable 

remains its value attained at 
max  encountered in the loading history. When 

max  ,   is 

modeled to increase with increasing 
max , which is updated by 

max  . The parameters 

for the damage evolution were determined by fitting the stress-strain curves show in 

Figure 2.5a. 

The rest model parameters were determined by following the procedure in Section 2.3. 

Both the prediction and experimental data of the time-dependent shape recovery ratio are 

plotted in Figure 2.6. For the simulation case of 20% pre-stretch, the increase in the total 

shape recovery time is resulted from the more significant reduction in the equilibrium 
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modulus, which is providing the driven force for the shape recovery of SMPs. In 

comparison with the experimental results, the numerical simulations fit for the shape 

recovery ratio curves well and provide a good prediction for softening resulted 

impartation on the shape recovery ability of SMP composite. 

 

Figure 2.6. Shape recovery ratio plot as a function of heating time during the free recovery of 

CB9 SMP composites. Solid lines denote experimental results and dash line denotes 

corresponding simulations. 

The effect of stretch induced softening effect to the free recovery behavior of SMP 

composites can also be explained from a physical point of view. As mentioned before, the 

shape memory effect in SMP is caused by the transition of polymer from a state 

dominated by internal energy to a state dominated by entropic energy as the temperature 

increasing. At temperatures above the glassy transition temperature Tg, macromolecular 

chains possess large mobility and random conformational changes. Stretching the 

material would lead long macromolecular chains to align, reduce the possible 

configurations and hence decrease the configuration entropy of macromolecular chains. 

After the removal of the mechanical load, the material tends to regain the lost entropy 

during the programming step and recover the original shape if such motion is not limited 

by the mobility of macromolecular chains. In this manner, the shape recovery speed could 

be evaluated by the entropy increasing rate within the material. From a molecular 

viewpoint, the cross-linking network and CB-polymer chain bonding serve as constraints 

within the SMP/CB composite, give rise to the elastic modulus and resist the macroscopic 

deformation before the macromolecular chains reaching their stretching limit. Vice versa, 
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these two effects would also be responsible for the spontaneous entropy increase during 

the free recovery of SMP composite. As revealed in the above cyclic tension tests, the 

interaction between CB and polymer chains is weakened in a manner that comply the 

internal macromolecular rearrangement during stretching, and such weakness is deemed 

to be irreversible within the time scale concerned in this study. Therefore, the entropy 

increase during the free recovery is slowed and the shape recovery speed is decreased, 

especially in the SMP composite with larger pre-stretch. 

 

2.6 Multi-shape Memory Effect and Associated Energy Releasing Mechanism 

In the multi-shape memory effect (m-SME), the SMPs could memorize more than 

one temporary shape in a single shape memory cycle. Technically speaking, such m-SME 

could be observed in any polymer system with a broad thermomechanical transition 

temperature range. When the stepped heating method is applied during the recovery step, 

shape recovery and energy release will occur in a stepped manner which enables the 

stepped recovery behavior. In this section, we use the 1D multi-branched model to study 

the polymer m-SME, which helps to reveal the underling associated energy release 

mechanism during the shape recovery of SMPs.  

The experimental resulted used for this study was presented by Xie[46]. The material 

tested is the perfluorosulphonic acid ionomer (PFSA), which is a thermo-sensitive SMP 

with a broad thermal transition temperature range from 55 
o
C to 130 

o
C. During the shape 

memory cycle for m-SME, The material is first stretched (stress=0.65 MPa) at a 

deformation temperature of 140 
o
C. This stress is maintained constant during subsequent 

cooling at a rate of 5 
o
C/min. The stress is removed ten minutes after the temperature 

reaches 20 
o
C. The SMP is further equilibrated for 10 min. Afterwards, the SMP is heated 

under a stress free condition following a multistage heating procedure. In each stage, the 

temperature is ramped to a recovery temperature (Tr) and held constant for 40 min before 

the next heating process starts. Five recovery temperatures are set as: Tr1 = 60 
o
C, Tr2 = 

80 
o
C, Tr3 = 100 

o
C, Tr4 = 120 

o
C, Tr5 = 140 

o
C, and the heating rate is 5 

o
C/min.  

A detailed description of model parameters identification can be found in our 

previous work[47]. Figure 2.7 shows the comparison between model predictions and 

experimental results. It is clear that the simulation predicts the experimental results very 



 

31 
 

well, indicating the model is able to capture m-SME. 

 

Figure 2.7. Multi-SME simulated under stress controlled programming and staged heating 

recovery conditions. (a) temperature and stress history. (b) strain evolution in both simulation and 

experiment. 

Figure 2.8a shows the relaxation of viscous strains in the rubbery branches during the 

free recovery process. The staged heating leads to a staggered release of viscous strains 

stored in the dashpots and thus a staggered recovery. This is because the number of active 

dashpots varies at different recovery temperatures. Table 2-2 lists the relaxation times of 

the individual dashpots in the rubbery branches at different temperatures. The so called 

SM active or inactive corresponds to whether or not the branch can develop viscous strain. 

Therefore, it should be taken in a relative manner depending on the experimental time 

scale. Here, for the purpose of easy discussion, we use ~10
2 

min relaxation time as the 

criterion for SM active or inactive. In Table 2-2, the SM inactive branches are marked 

with gray shadows. Based on this criterion, at the first staged temperature of 60 
o
C, only 
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3 rubbery branches are active. At the second staged temperature of 80 
o
C, the number of 

active rubbery branches increases to 5, causing more recovery. At the final temperature 

of 140 
o
C, all the rubbery branches become active, leading to a full recovery of the SMP. 

Table 2-2. Relaxation times (in minutes) of individual rubbery branches at different temperatures 

T 1 2 3 4 5 6 7 

20
 o
C 3.28×10

440
 3.28×10

441
 3.28×10

442
 3.28×10

443
 3.28×10

444
 3.28×10

445
 3.28×10

446
 

60
 o
C 6.45×10

-1
 6.45×10

0
 6.45×10

1
 6.45×10

2
 6.45×10

3
 6.45×10

4
 6.45×10

5
 

80
 o
C 4.35×10

-3
 4.35×10

-2
 4.35×10

-1
 4.35×10

0
 4.35×10

1
 4.35×10

2
 4.35×10

3
 

100
 o
C 1.52×10

-4
 1.52×10

-3
 1.52×10

-2
 1.52×10

-1
 1.52×10

0
 1.52×10

1
 1.52×10

2
 

120
 o
C 1.37×10

-5
 1.37×10

-4
 1.37×10

-3
 1.37×10

-2
 1.37×10

-1
 1.37×10

0
 1.37×10

1
 

140
 o
C 2.24×10

-6
 2.24×10

-5
 2.24×10

-4
 2.24×10

-3
 2.24×10

-2
 2.24×10

-1
 2.24×10

0
 

  

Figure 2.8b shows the storage and release of elastic energy during the entire shape 

memory cycle. For the individual rubbery branches, the energy is stored in tensile strains 

before heating starts. Instead of being released directly, the energy increases first, is 

stored in compressive strains, and then gradually released. Therefore, before the stored 

elastic energy being released, significant energy transfer among different rubbery 

branches occurs. The similarity in the energy transfer and release during the recovery of 

dual-SME, triple-SME, and m-SME is expected. The difference among these three SMEs 

is the different heating schemes used during free recovery that can only pause the 

recovery and therefore energy transfer and release.  
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(a) 

 
(b) 

Figure 2.8. (a) Strain evolution of dashpots in each rubbery nonequilibrium branch during the free 

recovery process of multi-SME simulation. Key: solid line, normalized strain release; dotted line, 

temperature. (b) Elastic strain energy stored in each rubbery branch 
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2.7 Conclusion 

In this chapter, we firstly introduced existing thermoviscoelastic modeling approaches 

for amorphous SMPs, where the shape memory effect is based on the thermally induced 

glass transition. Then the developed parameter identification method for the multi-

branched constitutive model is presented, which enables the model to adequately capture 

the glass transition and shape memory behaviors. The multi-branched constitutive model 

is further applied to study some new and interesting shape memory effects, which helps 

to reveal the secrets behind the polymer shape memory effect, such as the driven force 

and energy releasing mechanism. Specifically, by studying the influence of stretch 

induced softening effect, we demonstrated that the material equilibrium modulus 

provides the driven force to the shape recovery of SMPs. If there is softening effect 

involved during the programming step, shape recovery speed will be decreased under a 

given thermal condition. Such a decrease in recovery rate is more obvious when a higher 

programming strain is applied. The energy releasing mechanism during the shape 

recovery of SMPs was revealed by investigating the multi-shape memory effect (m-SME). 

Our study suggests that the m-SME arises from the shifting of individual nonequilibrium 

branches (or relaxation modes) between a SM active state and a SM inactive state at 

different programming and recovery temperatures. Due to the complex molecular 

relaxation, the strain energy stored during shape fixing and released during recovery 

depends on the deformation temperature, holding time, and cooling time. During free 

recovery, the stored stress in the individual nonequilibrium branches first reverses its 

state (for example, from tensile to compression) before it declines to zero. 
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CHAPTER 3  

A UNIFIED METHOD TO PREDICT SHAPE FIXITY AND 

RECOVERY OF SHAPE MEMORY POLYMERS 

 

The performance of SMPs is typically quantified by the shape fixity, shape recovery 

rate and ratio etc. [1-11]. Previous experimental work revealed complicated dependency 

of the SM performance on thermo-temporal conditions in an SM cycle. For example, the 

recovery of SMPs programmed under the same conditions strongly depends on the 

recovery temperature and heating rate in the recovery step [4, 7-13]. On the other hand, 

the programming temperature has been shown to affect significantly the free recovery 

behavior for SMPs under the same thermo-temporal recovery conditions [14-19]. To date, 

because the recovery behavior of an SMP depends on the aforementioned multiple 

thermo-temporal input parameters, there is no clear understanding how these input 

parameters can affect the shape memory performance individually or in group. Such 

complicated dependency also hinders the development of SMP applications from the 

material and product design point of view. In this chapter, we will unravel the 

complicated dependency of SM performance on thermo-temporal conditions, and 

presents our unified method to predict both shape fixity and recovery of amorphous 

SMPs. Subsequently, this unified method is applied to reveal the underlying mechanism 

of another recently discovery shape memory effect, i.e. temperature memory effect 

(TME).  

 

3.1 Experimental Observations on Shape Fixity and Recovery 

We start our discussion by experimentally testing the influence of thermo-temporal 

conditions on the shape fixity and recovery. The typical shape memory cycle is still 

following the schematic shown in Figure 1.4a: In the programming step, the SMP is 

stretched to a target strain maxe  (20%) with a constant loading rate e  (0.01/s) at the 

programming temperature Td, followed by a specified holding time at Td before being 

cooled to the shape fixing temperature TL (20
o
C) at a rate of q  (2.5°C/min). Once TL is 
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reached, the specimen is held for 1 hour then the tensile force is removed. In the free 

recovery step, the temperature is increased to the recovery temperature Tr at the same rate 

of cooling, and subsequently stabilized for another 50 minutes.  

Several groups of experiments were firstly conducted to impress the dependency of 

shape fixity and recovery on the programming and recovery conditions. In the first 

experimental investigation, the SMP specimens were respectively programmed at 11 

different temperatures (Td is evenly distributed from 25
o
C to 50

o
C) and recovered at 40

o
C 

(Tr=40
o
C). The shape fixities and the shape recovery times corresponding to the 95% 

shape recovery ratio (t0.95) are plotted as a function of programming temperature in 

Figure 3.1a. The measured shape recovery ratio is plotted as a function of heating time in 

Figure 3.1b. In a typical SM cycle, a lower programming temperature has two effects: On 

the one hand, it results in a faster shape recovery rate. This phenomenon is referred as 

temperature memory effect of SMPs under free recovery condition [17, 19, 20]. On the 

other hand, however, it leads to a lower shape fixity, indicating that a large portion of the 

programmed deformation is recovered right after unloading. Such a sudden spring back at 

low programming temperatures would cause some instabilities for the length 

measurement in the adopt machine (DMA, TA Instruments, Model Q800), which 

subsequently results in the elevated experimental uncertainties as shown in Figure 3.1a.  

The influence of recovery condition on the free shape recovery behavior of SMPs was 

evaluated by selecting different recovery temperatures (Tr=30° C, 35 °C, 40 °C and 50 °C 

respectively, Figure 3.1c) in the free recovery SM cycle. In these tests, the programming 

conditions were set identical with Td=40°C and holding time of 6×10
2
s, which leads to a 

shape fixity of 98.7%. As shown in Figure 3.1c, the recovery rate is faster at higher 

recovery temperatures. Note that for recovery temperatures greater than the glass 

transition temperature (Tg) of SMPs (42.7 
o
C), the final shape recovery ratio is seen to be 

slightly larger than 100%. This is due to the thermal expansion for recovery temperatures 

greater than programming temperatures. The thermal expansion effect would be 

neglected in the following discussions. 
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 (a)  (b) 

 
(c) 

Figure 3.1. Shape fixity and shape recovery behavior of SMP programmed at different 

temperatures (Td). (a) Shape fix ratio and Shape recovery time (t0.95) as a function of 

programming temperature (evenly distributed from 25
o
C to 50

o
C) (b) Shape recovery ratio as a 

function of heating time. (c) Free shape recovery behavior of SMP under different recovery 

temperatures (Tr). Tr is taken as four different temperatures: 30 °C, 35 °C, 40 °C and 50 °C 

respectively. 

Figure 3.2a shows that the shape fixity can also be affected by the holding time at 

high temperatures. In Figure 3.2a, after being held at Td for different time periods (6×10
0
 

s, 6×10
2
 s and 6×10

3
 s), all the samples were cooled to TL (20 

o
C) at the same cooling rate 

of 2.5
 o
C /min. Clearly, increasing the holding time improves the shape fixity. Therefore, 

combining Figure 3.1a and Figure 3.2a, to achieve a higher shape fixity, one can either 

increase the holding time, or increase Td. This also inspires the postulation that different 

programing conditions, if designed well, could actually lead to the same shape fixity. 

Indeed, as indicated by the dashed line in the figure, the 90% shape fixity can be achieved 
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by two programming conditions, Td=33.77
o
C followed by stabilization at Td for 6 × 10

0
 s, 

and Td=29.97 
o
C followed by stabilization at Td for 6 × 10

2
s. 

Since the two different programming conditions give to the same fixity, the next 

question is if these two programming conditions lead to two different or identical 

recovery performances under the same recovery conditions. Figure 3.2b shows the 

experimental results of the above two cases (Td=33.77 
o
C with 6 × 10

0
 s holding time, 

and Td=29.97 
o
C with 6 × 10

2
 s holding time) by heating to Tr (40 

o
C) at the heating rate 

of 2.5 °C/min. The corresponding shape recovery ratio is plotted in the figure as a 

function of heating time. The nearly overlapped shape recovery curves indicate that the 

same shape fixity will lead to the same recovery profile. Therefore, when the SMPs are 

subjected to the same free recovery condition, the shape recovery behavior is essentially 

independent on the details of the programming history, but can be solely determined by 

the shape fixity. 

  
 (a)  (b) 

Figure 3.2. (a) Shape fixity as a function of programming temperature (Td) and holding time at Td. 

Note: Dots denote the experimental results and solid lines denote simulation results, which is 

discussed in detail in the following section; The low temperature TL is always 20 
o
C in all the 

experimental cases. (b) Shape recovery behavior of SMPs experienced by two programming 

conditions that achieve the same shape fix ratio (90%).  

 

3.2 A Unified Parameter: Reduced Time 

As shown above, the fixity can be achieved by different programming methods and 

determines the free recovery. It then becomes intriguing to explore if there exists a 

parameter that determines the fixity, and thus dictates the recovery. 
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To answer this question, we are still using the 1D multi-branched constitutive model 

as introduced in Chapter 2. It is necessary to understand why different programming 

methods lead to the same fixity. For the above two mentioned programming conditions 

that lead to the same 90% shape fixity, the stress evolutions in each branch of the multi-

branch model are plotted as histogram in Figure 3.3. As shown in the figure, when the 

SMP material is programmed at a lower temperature (Td=29.97
o
C, the second 

programming condition), the internal stress in each nonequilibrium branch is generally 

higher than that programmed at a higher temperature (Td=33.77
o
C, the first programming 

condition), especially in branches with small relaxation times. However, since the second 

programming condition has a longer holding time (6 × 10
2
s) at Td in, the amount of stress 

relaxation stress is higher. Therefore, the overall effect is that two programming 

conditions lead to the same internal stress state before and after the sudden unloading. 

 

Figure 3.3. Stress evolutions in each branch of the multi-branch model during the two 

programming processes that achieve the same shape fixity (90%). Note: the number in the x-axis 

label denotes the i-th nonequilibrium branch 

Now we may conjecture that the same shape fixity is due to the same internal stress 

distribution before unloading. Indeed, this is confirmed by the calculation of fR  based on 
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the multi-branch modeling frame. During the sudden unloading, all the dashpots could be 

considered as frozen, and the shape fixity fR  is calculated by the shape bouncing back of 

the model, which can be calculated by the mechanical equilibrium: 

 
 

max
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. (3-1a) 

From Eq. 3-1a, since the denominator is a constant, it is clear the total stress before 

unloading dictates the shape fixity. To simplify the further analysis, we assume that the 

mechanical loading is instantaneous, and ignore the influence of thermal contraction on 

the rheological stress distribution under the constrained boundary condition
1
. Therefore, 

the total stress before unloading can be expressed as 

     max max

1
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where Erelax(t) is the instantaneous relaxation modulus before unloading. Finally, 
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. (3-1c) 

Eq. 3-1c also indicates that the instantaneous relaxation modulus before unloading 

determines the shape fixity of the SMP. It is well known that for thermo-rheologically 

simple polymers, the relaxation modulus follows the time-temperature superposition 

principle (TTSP), i.e.  

    0, ,relax relax rE t T E t T , (3-2a) 

where 
1( )rt T t  ; ( )T  is the shift factors in TTSP and is calculated using the method 

described in the Method section. Eq. 4a states that the instantaneous relaxation modulus 

at temperature T after time t is equal to the relaxation modulus at temperature T0 after 

time tr. For non-isothermal process,  

 
0 ( )

t

r

ds
t

T
  , (3-2b) 

                                                           
1
 The effect of non-instantaneous loading conditions is discussed in APPENDIX A at the end of this 

chapter. It is found that the influence of loading rate and thermal contraction is negligible in most SMP 

applications.  



 

44 
 

where rt  is the reduced time [21] and t is the physical time during the experiments. 

Combining Eq. 3-1c, 3-2a and 3-2b, we have 

 
 0

1

,
1

relax r

f n

eq i

i

E t T
R

E E


 


. (3-2c) 

Eq. 3-2c states that the reduced time rt  measured at the reference temperature T0 

determines the shape fixity. In other words, if the two programming conditions have the 

same reduced programming time before unloading, they will lead to identical shape fixity. 

This is further confirmed by Table 3-1, which list the reduced time for the two 

programming conditions in Figure 3.3 using T0=27.5 
o
C. 

Table 3-1. The reduced programming times before unloading in the two programming conditions 

that achieve the same shape fix ratio (90%) 

Shape Fixity  Programming Conditions Reduced Programming Time 

90% 

1. Td=33.8
o
C; Stabilized at Td for 6 × 10

0
 s 1. 4.914×10

3
 s 

2. Td=30.0
o
C; Stabilized at Td for 6 × 10

2
 s 2. 4.914×10

3
 s 

 

Since the relaxation modulus is a function of the reduced time, the reduced time is an 

effective measurement of the polymer rheological state during the programing process. 

As shown in Figure 3.4, three reduced times (1.0×10
3
 s, 2.0×10

3
 s and 3.0×10

3
 s) are 

marked on the timing axis, and then respectively transferred back into the physical 

programming time according to the thermal history in the two programming conditions. 

The comparisons between the internal stress states reveal that the same reduced time, 

although corresponding to different physical times in the real programming situations, 

leads to the same stress distribution in each branch of the model. Such a merit of reduced 

time provides theoretical basis to correlate alternative programming conditions to achieve 

the same fixity. 
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Figure 3.4. Stress status within the multi-branch model at different physical programming time 

but the same reduced programming time for two different programming conditions 

In the following discussions, we demonstrate that the reduced time is also a unified 

parameter in predicting the free shape recovery of SMPs. We replot Figure 3.1c by 

transferring the physical time scale to the reduced time scale using Eq. 3-2 with T0= 27.5 

o
C. As shown in Figure 3.5, the four recovery curves at different recovery temperatures 

rejoin to form a master free recovery curve after the time scale transfer, which indicates 

that the free recovery behaviors of SMPs also follow the TTSP. According to the physical 

meaning of Eq. 3-2b, Figure 3.5 also shows the recovery curve at T0= 27.5 
o
C. 
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Figure 3.5. After transferring the physical free recovery time into the reduced free recovery time, 

the four shape recovery curves joined to form a master free recovery curve. 

The existence of the master free recovery curve inspires us to develop a method to 

predict their temperature dependent free recovery behavior. When the shape fixity is 

given, the stress distribution in each branch of the model before and after unloading could 

be obtained, which serves as the initial condition for the following free recovery process. 

Then using the analytical solutions to the multi-branch model under free recovery 

condition, the recovery ratio curves that correspond to different shape fixities are 

predicted at the reference temperature (27.5
o
C) and shown in Figure 3.6a. With different 

shape fixities, the SMP specimens recover at different rates and therefore different 

recovery ratios for a given recovery time. Then by selecting Rf = 98.7% (the same as the 

above mentioned experimental results) recovery curve as the master curve, the time scale 

(actually represents the reduced free recovery time) is transferred back into different 

physical free recovery timing scales according to the specified thermal condition (heating 

to Tr = 30° C, 35 °C, 40 °C and 50 °C, respectively) as illustrated in the experiments. 

Consequently the temperature deponent free recovery curve is predicted in Figure 3.6b. 

Comparisons between the simulation and experimental results presented in Figure 3.6c 

indicate that the prediction method successfully captures the free recovery behaviors of 

acrylate SMP at different recovery temperatures. 
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 a b 

 
c 

Figure 3.6. Prediction on the shape recovery behavior at different recovery temperatures. (a) The 

recovery temperature in each case is 27.5 
o
C while the programming temperature varies to 

achieve different shape fix ratio. Note: the 98.7% shape fixity represent the actual experimental 

results where the programming temperature is 40 
o
C (b) Selecting Rf= 98.7% shape recovery 

curve as the master curve, then transfer the reduced time back into the real physical free recovery 

time according to the specified thermal condition (the dash lines represent the corresponding 

recovery temperatures) (c) Comparisons between the simulation and experimental results. The 

simulation curves are denoted as dash lines 

 

3.3 A Master Performance Map 

The complicated dependence of polymer shape memory effect on the programming 

and free recovery conditions was unraveled by using the reduced time. Different thermo-

temporal programming conditions can be measured by the reduced time at the reference 

temperature; the reduced time uniquely determines the shape fixity, which also uniquely 

determines the shape recovery in the reduced time scale. The free recovery in the 
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physical time scale under different thermo-temporal conditions can be obtained by 

inversely converting the reduced time back into the physical time. This process inspires 

the creation of a “shape memory performance map” (SMP-map), shown in Figure 3.7. 

There are three quadrants in Figure 3.7. The bottom-left quadrant shows the calculation 

of reduced programming time (azimuthal direction to the right) from holding time 

(vertical axis downward) and programming temperatures (individual curves). The top-

right quadrant shows the conversion of physical recovery time (azimuthal direction to the 

left) from the reduced recovery time (vertical axis upward) at different temperatures 

(individual curves). The top-left quadrant, which represents the shape memory 

performance, shows the fixity (vertical axis on the left) as a function of reduced 

programming time (white line), and the recovery ratio (contour colors) as a function of 

reduced programming time and reduced recovery time.  

To use the SMP-map, one starts with using the bottom-left quadrant to obtain the 

reduced programming time from a programming temperature and a holding time; using 

the top-left quadrant and the white curve, one then obtains the fixity. For a given 

recovery condition (with a recovery temperature and the time at that temperature), one 

obtains the reduced recovery time from the top-left quadrant. Then finally, using the 

reduced programming time and the reduced recovery time, one obtains the recovery ratio 

from the contour.  As a demonstration, Figure 3.7 shows how to use the SMP-map to 

predict the shape fixity and recovery when a specified programming and free recovery 

condition is given. Assuming that the programming temperature Td = 40.00 
o
C, holding 

time at Td = 10min (600s), the reduced programming time (2.30×10
4
min) is determined 

by following Path 1 in Figure 3.7b, which further pinpoints the shape fixity (98.7%) by 

following Path 2 in Figure 3.7a. For the subsequent free recovery step, if the intended 

recovery temperature Tr = 35.00
o
C and the total heating time is 30min, the reduced 

recovery time is determined by Path 3 in Figure 3.7c. Using this reduced recovery time, 

together with the reduced programming time, one can finally obtain the recovery ratio 

(contour) as 74.1% (Path 4 in Figure 3.7a). It should be noted that in this demonstration 

case, the rest programming or recovery conditions (such as cooling rate, holding time at 

TL, heating rate etc.) are the same as mentioned above. If these variables are interested for 
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predicting the shape fixity and recovery, Figure 3.7b and Figure 3.7c should be re-plotted 

accordingly. 

As will be shown in the next section, the SMP-map can be readily constructed using 

the simple multi-branch model, whose parameters can be determined by stress relaxation 

experiments and a DMA test, which are standard rheological tests in polymer physics. 

Therefore, the SMP-map can be constructed from the standard polymer rheological 

experiments. 

 
Figure 3.7. The shape memory performance map. (a) A general referential contour. (b) Reduced 

programming time as a function of holding time and programming temperature Td. (c) Reduced 

free recovery time as a function of heating temperature TH. Note: Other influencing factors are: 

Loading rate=1%/s; Cooling rate=2.5
o
C/min; TL=20

o
C; Holding time at TL=1hour; Heating 

rate=2.5
o
C/min.  

 

3.4 Application in Studying the Temperature Memory Effect 

A temperature memory effect (TME) refers to the ability of shape memory polymers 
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(SMPs) to memorize the temperature at which pre-deformation was conducted. In the 

past few years, this TME was experimentally demonstrated by comparing the applied 

programming temperature (Td) with a characteristic recovery temperature (Tc), which 

corresponds to either maximum recovery stress or free recovery speed. In these well 

designed experiments, Tc was observed to be close to Td, which is consistent with the 

intuitively understanding of ‘memorization’. However, since the polymer recovery 

behavior has been proved to be strongly dependent on various programming and recovery 

details, a new question that whether Tc is always equal to Td in any thermo-temporal 

conditions remains to be addressed. In this section, we will answer this question by using 

the concept of reduced time.  

We start our discussions by firstly showing some experimental observations on the 

free recovery ratio and speed under different programming and recovery conditions. As a 

baseline SM cycle, the programming temperature Td, the holding time th at Td and the 

recovery heating rate q are respectively set to be 35
o
C, 60s and 1

o
C/min. Other 

experimental setup is the same as that described in Section 2.3. As comparisons, another 

two SM cycles were performed: one with increased programming temperature (Td=40
 o
C), 

while the other one with decreased heating rate (q=0.1 
o
C/min). The shape recovery ratio 

and speed in these three SM cycles are respectively plotted in Figure 3.8a and Figure 3.8b 

as a function of recovery temperature (TH). 

As shown in Figure 3.8, both programing temperature and heating rate significantly 

affect the material free recovery profile: On one hand, increasing Td from 35 
o
C to 40 

o
C 

will decrease the shape recovery speed under the same heating rate, and elevates the Tc 

from 34
 o
C to 38

 o
C. On the other hand, similar with previous study of Tobushi et al. [22], 

decreasing q increases the recovery speed versus recovery temperature, and consequently 

shift Tc to a small value. This is because a lower heating rate, which means longer heating 

time before reaching a given recovery temperature, would allow the SMPs to evolve 

more towards the equilibrium state and hence give a larger recovery strain. When the 

heating rate is set to be 0.1 
o
C/min, the Tc is seen to be decreased from 34

 o
C to 30 

o
C.  

In addition to the experimental observations, simulation results based on the multi-

branch model and predetermined model parameters are also plotted in Figure 3.8 as dash 

lines. A detailed description on the model parameters identification and simulation 
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procedure can be found in our previous work[23]. It could be seen that the numerical 

simulations adequately capture the temperature dependent shape recovery ratio and 

normalized recovery speed. In the following, parametric studies based on the multi-

branch model will be performed to investigate the influence of programing and recovery 

conditions on the polymer TME. 

 
 (a)  (b) 

Figure 3.8. Influence of programming temperature and heating rate on the temperature dependent. 

(a) shape recovery ratio and (b) normalized shape recovery speed. Note: the dash line denote 

simulation curves by using the 1D multi-branch model. 

Subsequently, parametric studies are conducted based on the 1D multi-branched 

model to examine the influence of both Td and holding time th on the polymer free 

recovery profile. In Figure 3.9a, the Td is gradually increased from 25 
o
C to 59 

o
C (2 

o
C 

of temperature interval) during the simulation, while the holding time th at Td and the 

heating rate during the free recovery are respectively set to be 60s and 1 
o
C/min. Figure 

3.9b shows the influence of th while the Td and heating rate q are set to be 35 
o
C and 1 

o
C/min respectively in each simulation case. Figure 3.9c summarizes the recovery Tc as a 

function of both Td and holding time th.  
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 (a)  (b) 

 
 (c)  

Figure 3.9. Parametric study on the influence of programing temperature and holding time. (a) 

Shape recovery ratio as a function of recovery temperature. (b) Shape recovery ratio with 

different holding times. Td=35 
o
C. (b) Tc plotted as a function of both holding time th and Td. 

Clearly, the relation between Tc and Td is not unique under the influence of th. Three 

main features could be found from the numerical simulations in Figure 3.9c. Firstly, 

within a specific temperature range, increasing programming temperature will decrease 

the recovery speed versus recovery temperature. Tc increases with Td in exhibiting a 

roughly linear relation. This obeys the recognition of polymer TME that Tc observed 

during the free recovery step is close to the Td applied at programing step. Secondly, 

beyond this temperature range, changing Td dose not obviously affect the Tc. This 

prediction, that the TME could only be realized within a given temperature range, is 

consistent with the recent study of Wang et al [24]. Thirdly, a longer holding time will 
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increase the Tc towards a saturated level at ~ 47.5 
o
C. Besides, both onset and offset value 

of the temperature range with polymer TME observed decreases with the holding time 

increment. 

The coupled influence of programming temperature and holding time can be 

explained by using the concept of reduced time (Eq. 3-2b), which uniquely determines 

the rheological stress state at the beginning of free recovery and consequently determines 

the free recovery speed. In this manner, any thermo-temporal programming conditions, 

such as holding time th after loading, cooling rates, and shape fixing temperature TL etc., 

can also affect the recovery speed and the Tc by changing the reduced programming time 

and then consequently the rheological stress state.  

For the curves in Figure 3.9c, after shifting each of them horizontally to a reference 

holding time th0, namely by 

 
0( , ) ( , )c d h c th d hT T t T T t ,  (3-3a) 

where 
th is the holding time dependent shift factors, a master curve can be constructed 

as shown in Figure 3.10a. The corresponding shift factors are plotted in Figure 3.10b as a 

function of holding time. A linear relation between 
th  and th is then revealed in the 

semi-log scale. By using the nonlinear regression method, we approximate the relation as 

 
0

0.85 0.083log( )h
th

h

t

t
   .  (3-3b) 

Within the temperature range with clear polymer TME, Eq. 3-3 quantitatively 

demonstrates the packaging effect of both programming temperature and holding time on 

the Tc. That is, when a large holding time is applied during the polymer shape memory 

cycle, the corresponding shift factor will be exponentially ramped and therefore a smaller 

Td should be used if an equivalent Tc is expected. Otherwise the Tc will be monotonically 

increased. The analysis on the effect of increasing Td and th can be extended to the 

influence of other thermo-temporal programming conditions, such as decreasing loading 

rate, cooling rates, or increase the stabilization time at TL etc. 
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 (a)  (b) 

Figure 3.10. (a) The constructed master curve of Tc. the referece holding time th0=6×10
1
s. (b) The 

holding time dependent shift factors during the construction of master curve. 

In addition to the programming condition, we will show in this section that the 

relation between Tc and Td is also dependent on the free recovery condition. Considering 

a SM cycle with continuous heating method, the only parametric variable under 

investigation is the recovery heating rate q. Figure 3.11a shows the predicted free 

recovery curves with q increasing from 10
-3 o

C/min to 10
2
 
o
C/min. All the programming 

procedures are set to be identical in each simulation case with Td= 35 
o
C and holding time 

equal to 60s.  

As demonstrated in our previous study [25], if the SMPs are experienced by the same 

programming step, their free recovery ratio is only dependent on the reduced recovery 

time, and a larger reduced recovery time will lead to a higher recovery ratio, namely: 

 ( )r r rR R t   (3-4a) 

with  
( )

H

L

T

r
T

dT
t

q T
   , (3-4b) 

where TH is a given recovery temperature. Eq. 3-4b indicates that a larger heating rate 

will decrease the reduced recovery time and then consequently the recovery ratio when 

TH is reached, as confirmed in Figure 3.11a. Figure 3.11b summarizes the recovery Tc as 

a function of both Td and q. In addition to the revealed relation between Tc and Td that is 

dependent on q, the temperature range to observe polymer TME is shown to be 

unchanged upon changing the heating rate.  
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Subsequently, by shifting each curves in Figure 3.11b vertically into to a reference 

heating rate (q0=10
0 o

C/min) according to  

 0

1
( , ) ( , )c d c d

q

T T q T T q


   (3-5a) 

where q  is a heating rate dependent shift factor, the curves are seen to be rejoined 

together to form a master curve, as shown in Figure 7c. The corresponding shift factors 

are summarized in Figure 7d. In the semi-log scale, the shift factor is linearly decreased 

as the increment of heating rate, namely: 

 
0

1 0.092log( )q

q

q
     (3-5b) 

Eq. 3-5 quantitatively approximates the influence of recovery heating rate on the Tc 

with two features revealed: firstly, when a larger heating rate q is applied during the 

polymer free recovery step, both the shift factor and corresponding Tc will be decreased. 

Secondly, different from the above mentioned effect of programing condition, there is no 

boundary heating rate condition for the influence of heating rate. Keeping on increasing q 

will continually elevate Tc towards the target TH. An infinitely large value is representing 

an isothermal recovery condition, where the Tc is always equal to TH regardless of the 

applied programming temperature. In the opposite, if no heat is applied during the 

recovery step, namely q=0, a thermally simple SMP can still recover into the original 

shape, even though this process may take for several years [25, 26]. Under this condition, 

Tc is equal to the shape fixing temperature TL.  

  
 (a)  (b) 
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 (c)  (d) 

Figure 3.11. Influence of both Td and heating rate q on the free recovery profiles and Tc of SMPs. 

(a) The predicted free recovery curves with different heating rates. Td=35 
o
C and holding time 

equals to 6s.  (b) Tc plotted as a function of both Td and q. (c) The constructed master curve of Tc. 

The referece heating rate q0=10
0 o

C/min. (d) The heating rate dependent shift factors during the 

construction of master curve. 

 

3.5 Conclusion 

In this chapter, we firstly presented a unified method to predict the shape memory 

performance of thermo-rheologically simple SMPs under different thermo-temporal 

conditions. The fundamental conclusion is that the influence of programming conditions 

to free recovery can be unified by a reduced programming time that uniquely determines 

shape fixity, which consequently uniquely determines the shape recovery with a reduced 

recovery time. By using the time–temperature superposition principle, shape recoveries 

under different thermo-temporal conditions can be extracted from the shape recovery 

under the reduced recovery time. The developed prediction method is independent on the 

model details.  

Based on the unified modeling approach, we studied the polymer temperature 

memory effect (TME) in a free shape memory cycle, where the temperature Tc at which a 

maximum shape recovery rate is observed is shown to be close to the applied 

programming temperature (Td). However, our study demonstrates that such a 

memorization on Td is not unique. Any other thermo-temporal conditions that determine 

the reduced programming or recovery time will affect the recovery Tc. For example, 

during the programming step, increasing holding time plays the same role as increasing 
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Td in assisting the stress relaxation within the polymer material, and then consequently 

reduces the recovery speed versus temperature and increase Tc. In the recovery step, 

decreasing the heating rate will lead a longer recovery time, which allows the SMPs 

evolve more toward to the equilibrium state. In this manner, the recovery Tc is decreased. 

The polymer TME indeed represents a synergistic effect of both programming and 

recovery conditions on the material free recovery behavior. In addition, we also explained 

why the polymer TME could only be observed within a given temperature range. While 

this temperature range can be influenced by the programing history, it is essentially 

independent on the applied recovery condition.  

Based on the studies in this chapter, we can gain a deeper understanding of how the 

programming and recovery conditions will affect the free recovery behavior of SMPs 

synergistically, which consequently provides a facile strategy to optimize the shape 

memory performance of SMPs by adjusting their thermomechanical working conditions, 

instead of developing new polymer systems. Such a strategy offers huge convenience for 

engineering SMPs in the industry, especially in the fields of medicine, aeronautics and 

astronautics, where a long period of performance verification and official approval is 

typically expected. 

 

Appendix A: Influence of Loading Rate and Thermal Expansion 

By using the constitutive relations mentioned above, we analyze the influence of 

loading rate and thermal expansion during programming on the prediction of polymer 

shape fixity. Under the programming temperature Td, if the loading process is 

instantaneous, the stress in each nonequilibrium branch at the end of holding step is: 

 
0exp( )i i m iE e t   ,  (A1a) 

where t0 is the holding time, and 
i  is the temperature dependent relaxation time in each 

branch. However, when loading rate is a concern, the stress at the end of holding step is 

calculated as: 

 1

0

1

exp( ) 1
exp( ) i

i i m i

i

t
E e t

t


 



 
    

 
,  (A1b) 

where t1 is the loading time, and the total time for loading and holding steps are still t0. 
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A comparison between Eq. A1a and Eq. A1b implies that under a finite loading rate, 

the stress in each nonequilibrium branch at the end of holding step is larger than that from 

instantaneous loading condition. Such a stress increment 
0 =i i i     could be 

estimated by using Taylor expansion: 

 

2

0 1 1
0

1 1
exp( )

2 6
i i m i

i i

t t
E e t 

 

    
       
     

. (A2) 

During the cooling step, while the external stretch is sustained, this stress increment 

would be further deceased due to the stress relaxation: 

 
0 exp( )i i i      ,  (A3) 

where the additional exponential item exp( )i  quantifies the relaxation degree, which 

dependents on the specified thermal condition during the cooling step. 

When the loading rate is under consideration, Eq. A3 actually describes the stress 

increment at the end of cooling, which also equals to the stress increment before 

unloading. Since previous discussions revealed that the shape fixity is dependent on the 

rheological stress distribution within the multi-branch model before unloading, this stress 

increment in each branch would reduce the predicted shape fixed by fR  as it will lead 

to additional spring back deformation during the unloading process. The shape fixity 

under the consideration of loading rate is written as:  

 0

f f fR R R  ,  (A4) 

with 
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to describe the shape fixity under instantaneous loading and with 

 

2

1 1
0

1

1

1 1
exp( ) exp( )

2 6

n

i i i

i i i

f n

i

i

t t
E t

R

E

 
 



    
      
      




, (A5b) 

to describe the decrease of shape fixity under the loading time of t1. 
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In seeking the maximum decrease in shape fixity under the influence of loading rate, 

we further consider the following extreme condition: the loading time t1 equals to t0, and 

after the loading and holding process at Td, the SMP material is immediately cooled down 

to the low temperature TL, and then proceed to the unloading process. In this manner, the 

viscous flow in the nonequilibrium branch is negligible which renders the exponential 

item exp( )i  equals to 1. Therefore, Eq. A5b gives the maximum change in shape 

fixity, which under this extreme condition is expressed as: 

 

 0

1

1

,
n

i i i

i
f n

i

i

E B t

R

E






 



,  (A6a) 

  
2

0 0
0 0

1 1
, exp( )

2 6
i i i i

i i

t t
B t E t 

 

    
      
     

. (A6b) 

In Eq.A6b, Bi has the maxima 0.25 when 
0 1.3 it  . Note that the (i-1)-th branch has 

1=0.1i i 
, 

1iB 
 has maxima is 0.059; for the (i+1)-th branch with 

1=10i i 
 , 

1iB 
has the 

maxima of 8×10
-5

. Therefore, for a given loading time 
0t , the term that contributes to 

S21b dominantly is the term that has the relaxation time is close to 
0t , namely

0i t ; the 

rest of the terms in Eq. A6b can be neglected. The maximum of fR  could then be 

estimated by considering only one branch in the numerator in Eq. A6 with the largest 

elastic modulus: 

 1

1

0.25
f n

i

i

E
R
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. (A7) 

For the studied acrylate SMP, 
1=618.45MPaE  and 

1

=1394MPa
n

i

i

E


 . Therefore

0.11fR   indicates that the influence of loading rate will lead to a decrease in shape 

fixity of 0.11 for maximum. 

It should be noted that such a decrease in shape fixity serves as upper bound, which is 

in general much larger than under the normal loading conditions. In a typical SM cycle, 

the programming temperature is usually around or above the glass transition temperature. 
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For example, at 35
o
C, the relaxation time in the first nonequilibrium branch is ~1.2×10

-2
 s, 

which is further decreased to ~7.6×10
-5

 s at 45 
o
C. Obviously, the loading time in 

practical applications would be highly above these values, which significantly reduces the 

fR as expressed in Eq.A6. In addition, after the loading step, a holding process is 

usually followed for a given time, and then the SMP material is cooled at a specified 

cooling rate. All of these tends to further decrease fR and hence the concerned influence 

of loading rate. We quantitatively define the prediction error of shape fixity under the 

influence of loading rate as: 
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   .  (A8) 

Fig.A1 visualizes the error as a function of loading time (from 0.6s to 600s) and 

programming temperature (from 25
o
C to 50

o
C). Here in the figure, the total time for 

loading and holding step is kept as 600s, and other simulation procedures are the same as 

those mentioned in the main text. It is seen that noticeable prediction error occurs when 

the programming temperature is relatively low (below 30
 o

C) and the loading time is 

large (~600s) with the maximum error under 6%. For the rest majority of loading 

condition, the error is less than ~1%. 

 

Figure A1: The prediction error of shape fixity at different programming temperatures under the influence 

of loading rate. 
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CHAPTER 4  

THREE-DIMENSIONAL FINITE DEFORMATION CONSTITUTIVE 

MODELING FOR SHAPE MEMORY POLYMERS 

 

In the aforementioned studies about shape memory polymers (SMPs), the constitutive 

relations are based on the linear viscoelasticity. In this chapter, these constitutive 

relations will be extended to three-dimensional (3D) finite deformation relations. The 

extended constitutive model is essentially comprehensive and can be applied to capture 

some general features of amorphous network polymers in addition to the shape memory 

behavior, such as nonlinear thermal expansion, non-linear deformation of rubbery 

polymer, yielding and post-yielding softening behavior of glassy polymers. By 

incorporating these constitutive relations with the finite element method (FEM), we are 

able to study the thermomechanical and shape recovery properties of SMP composites 

under the coupling effect of non-uniform temperature filed and stress field.  

 

4.1 Constitutive Relations 

We firstly present the three-dimensional (3D) constitutive model. More details of this 

modeling frame can be found in Westbrook et al [1]. Figure 4.1 shows the 1D rheological 

representation of the applied model. A thermal expansion component is arranged in series 

with the multi-branched model. The equilibrium branch is a hyperelastic spring to 

represent the equilibrium behavior of SMPs. For the nonequilibrium branches, m 

branches are used to represent the relaxation behavior of the glassy mode, and the 

remaining n nonequilibrium branches are used to represent the relaxation processes in the 

rubbery state. As is mentioned in Chapter 2, in the ith (1 i m n   ) nonequilibrium 

branch, the initial modulus of the springs is denoted as iE  and the relaxation time of the 

dashpot is i  (1 i m   represents the glassy branch and 1m i m n     represents the 

rubbery branch). 
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Figure 4.1. 1D rheological representation for the 3D finite deformation constitutive model 

As demonstrated by Holzapfel [2], the total deformation gradient of the model F  can 

be decomposed as: 

 M TF F F ,  (4-1) 

where MF  is the mechanical deformation gradient  and TF  is the thermal deformation 

gradient. 

The total Cauchy stress of the model σ  is 

 
1

m n
i

eq

i





 σ σ σ ,   (4-2) 

where eqσ and i
σ

 
are the Cauchy stresses in the equilibrium and the ith (1 i m n   ) 

nonequilibrium branches, respectively. 

4.1.1 Thermal Expansion 

The thermal expansion or contraction of the constructed thermal component in the 

model is assumed to be isotropic, i.e. 

 T TJF I ,  (4-3) 

where I is the second order unit tensor. JT is the volume change due to thermal 

expansion/contraction and is defined as: 
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where  ,V T t  is the volume at time t and temperature T. 0V  is the reference volume at the 

reference temperature T0. r is the linear coefficient of thermal expansion (CTE) in the 

rubbery state and δ characterizes the deviation of volume from equilibrium volume [3-

5]and 

 
 

 

,
1

eq

V T t

V T
   ,    0 01 3eq rV T T T V     , (4-5) 

where δ is calculated by the well-known KAHR 33-parameter[6]. 

4.1.2 Equilibrium Branch 

The Cauchy stress tensor in the equilibrium branch uses Arruda-Boyce eight chain 

model[7], i.e. 

  1

eq M

M

1
3

chainB

chain

nk T N
K J

J N





      
 

σ B IL ,   (4-6a) 

  1 3tr  B B B I , 
T

M MB F F , 
1 3

M M MJ F F ,  (4-6b) 

   3chain tr  B ,   coth 1 .   L   (4-6c) 

where n is the crosslinking density, kB is Boltzmann’s constant, T is the temperature, N  

is the number of Kuhn segments between two crosslink sites (and/or strong physical 

entanglements). The temperature dependent shear modulus  r T  of the elastomer in the 

equilibrium state (which is an indication of entropic elasticity) is given by Bnk T . K is the 

bulk modulus and is typically orders of magnitude larger than r  to ensure material 

incompressibility.  

4.1.3 Nonequilibrium Branches  

Although in Figure 4.1 we distinguished the non-equilibrium branches by glassy 

branches and rubbery branches, we attempted a unified viscous flow rule for all these 

branches. The difference between the glassy and rubber branches then comes from their 

definition of flow resistance, or more specifically, the relaxation time. For the rubbery 

branches, the relaxation time is a function of temperatures only; for the glassy branches, 

the relaxation time is a function of temperatures as well as stresses, which give to the 
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yielding behavior. For the i-th nonequilibrium branch (1 i m n   ), the deformation 

gradient can be further decomposed into an elastic part and a viscous part 

 
i i i

M e vF F F ,   (4-7) 

where 
i

vF  is a relaxed configuration obtained by elastically unloading by 
i

eF . The Cauchy 

stress can be calculated using 
i

eF ,  
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and

 
 i

e TL  is the fourth order isotropic elasticity tensor in the i-th nonequilibrium branch 

(1 i m n   ), which is taken to be temperature independent in general, i.e. 
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L I I I II , for 1 i m n     (4-9) 

where I  is the fourth order identity tensor, iG  and iK  are shear and bulk moduli for each 

nonequilibrium branch (1 i m n   ), respectively. 

For the rubbery nonequilibrium branches (1 i m  ), it is assumed that all the rubbery 

branches have the same shear modulus, i.e. 

  i

R BG T n k T  for 1 i m  ,  (4-10) 

where Rn  is the crosslinking density [8]. Since the bulk modulus is used to enforce a 

nearly incompressible condition,  iK T  is chosen to be independent of temperatures and 

be equal to K in the equilibrium branch (Eq. 4-6). 

For the glassy nonequilibrium branches ( 1m i m n    ), the shear modulus is 

taken to be independent of temperatures, i.e. 

  i

gG T 
 
for

 
1m i m n    ,   (4-11a) 

and  iK T  is calculated through  iG T  using the Poisson ratio i

gv v , 
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The elastic modulus in each nonequilibrium branch is calculated as 
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In the rubbery branches, the temperature dependent relaxation times are calculated 

according to the thermorheological simplicity principle [8] (Eq. 2-2). For the glassy 

branches (1 i m  ), considering the stress induced yield-type behavior at a temperature 

below Tg, the relaxation time is taken to be a function of temperatures as well as stresses 

and can be evaluated by an Eyring type of function[9], i.e. 
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where, iG  is the activation energy, 
is  is the athermal shear strength representing the 

resistance to the viscoplastic shear deformation in the material, i
M is Mandel stress, and 

iM is the equivalent shear stress. 

In order to adequately account for the experimentally observed softening effects, the 

evolution rule for s is defined as 

  0
1i i i i i

s v
s h s s     (4-14) 

with 
0

i is s  when 0,i

v  and 0

is  is the initial value of the athermal shear strength, 
i

ss  is 

the saturation value, 0

ih  is a prefactor, 
i

v  
is the viscous flow in glassy branches and is 

defined as     
1

,i i i i i

v M G T T M 


 ( 1 i m  ). For the case when 0

i i

ss s , Eq. 4-14 

represents an evolution rule that characterizes the experimentally observed softening 

behavior of the material. 

 

4.2 Material Parameters Identification 

In the followings, we will present the material parameters identification method for 

the 3D finite deformation model. The material we selected is a Veriflex E thermos-

sensitive SMP, which is a commercially available thermosetting polymer. In the 3D finite 

deformation constitutive model, the material parameters for TTSP and elastic modulus 
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and relaxation time in each nonequilibrium branch can be determined following the 

procedure in Second 2.3. The rest parameters include parameters for the thermal 

expansion, Kuhn segment in the equilibrium branch and the softening parameters in glass 

branches, which will be introduced in the followings. A detail description can be found in 

our previous work[10].  

4.2.1 Non-linear thermal expansion 

The thermal expansion measurement was conducted by using the same tensile setup 

within the DMA machine. The temperature in the DMA chamber was set to 140 °C for 

30 minutes to reach thermal equilibrium. To measure the change in the specimen’s length 

during thermal expansion or contraction, a constant and relatively small tensile force of 

1×10
-3 

N was applied and maintained by the top grip during the entire experiment. The 

temperature was decreased from 140 °C to 0 °C at a rate of 1 °C/min. After reaching 0 °C, 

the temperature was then increased to 140 °C at the same rate. This thermal cycle was 

repeated three times until the experimental curves tended to be stable and only the data 

from the last cooling step was reported. Figure 4.2 shows the experimental results of the 

CTE measurement for the temperature range from 0 °C to 140 °C. As shown in the figure, 

the linear regressions at temperatures above and below Tg were taken to be the respective 

rubbery and glassy linear CTE values. Here the rubbery linear CTE value was determined 

to be r = 2.893x10
-4

/°C. The structural relaxation parameters were found by fitting the 

CTE measurement curve through a simulation where a small force as applied to the top 

surface of the specimen and the temperature was decreased. The detailed parameters 

identification strategy could be found in Westbrook [1]. The remaining parameters were 

obtained to be θ = 0.43/°C, x = 0.4 and τV = 6.5x10
-3 

s. 
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Figure 4.2. Experimental results from the thermal expansion experiments (CTE). 

4.2.2 Softening parameters and the Kuhn segment number 

To identify the yielding parameters in the glassy branches at different temperatures 

(25
o
C, 60

o
C, 90

o
C, 100

o
C 110

o
C and 130

o
C), experimental data from McClung et al [11] 

was used. Details about experimental setup and procedure can be found in McClung. 

Figure 4.3 shows the stress-strain behavior of the Veriflex E epoxy SMP under various 

temperatures (plotted as solid lines). The experimental results show that the SMP 

mechanical response highly depends on the strain rate. Besides, it displays a typical 

hyperelastic behavior in the rubbery region above Tg and typical glassy behavior below 

Tg. For temperatures below Tg with increasing strain, a yield point is exhibited followed 

by a post-yield softening behavior.  

The stress-strain curves at temperatures below the glassy transition temperature were 

used to determine the softening parameters in the glassy branches of the model. Before 

this, the unsoften stress relaxation times in each glassy branch at these three temperatures 

(25 
o
C, 60 

o
C and 90 

o
C) were calculated identified by using NLREG and are listed in 

Table 2. Here, we assume that if the relaxation time is below 0.5s, the corresponding 

glassy branch contributes insignificantly to the stress-strain behavior. Therefore, the 

parameters in that branch cannot not be fit. For example, as is shown, at the temperature 

of 90
o
C, only the 11th and 12th glassy branches have relaxation times larger than 0.5s. 

Therefore, only the associated softening parameters in these two branches could be 

determined by fitting the experimental stress-strain curves in Figure 4.3c. For the 
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temperature of 60
o
C, branches from 6th to 12th contribute to the stress-strain curves 

shown in Figure 4.3b. While keeping the softening parameters unchanged in the 11th and 

12th glassy branches, the rest ones (in branches from 6th to 10th) are determined. 

Similarly, parameters in the 1st to 5th glassy branches are determined by using the 

experimental curves in Figure 4.3a.  

In addition to the softening parameters, the Kuhn segment number of the equilibrium 

branch N is also identified by using the stress-strain curves in the rubbery region (100 
o
C, 

110 
o
C and 130 

o
C). For polymeric materials that in the rubbery state, as the stretch ratio 

approaches a limiting value 
lim

c , the macromolecules are so extended that can no longer 

accommodate large deformation by rotation[12]. The stress increases dramatically and 

strain stiffening occurs. From non-Gaussian chain statistics, this limiting stretch ratio 

lim

c  is connected to the number of Kuhn segments in the equilibrium branch by 

lim

c N  . From Figure 4.3e and Figure 4.3f, it is observed that this limiting true strain 

is around 0.9, and hence the Kuhn segment number of the equilibrium branch is 

determined to be 6.9N  . 
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Figure 4.3. Stress-strain behavior of Veriflex E epoxy SMP at different temperatures. (a) 25
o
C, (b) 

60
o
C, (c) 90

o
C, (d) 100

o
C, (e) 110

o
C and (f) 130

o
C. Note: Finite simulations are denoted as dash 

lines and the experimental data is copied from McClung et al[11]. 

 

4.3 Applications in the Studying of SMP Composites 

In this section, the aforementioned constitutive relations will be incorporated into 

finite element method (FEM) simulations to investigate the coupling effect of non-

uniform temperature filed and stress field on the shape recovery of SMPs and their 

composite. The constitutive relations are implemented as a user material subroutine 

(UMAT), and the simulations are performed in the finite element software package 

ABAQUS (Simulia, Providence, RI). The thermomechanical and shape memory 

properties of two types of SMP composites will be presented, which is respectively 

reinforced by magnetic particles and internal microvascular.  

4.3.1 Magnetic particles reinforced SMP composites 

Recently, efforts have been made to improve the heating rate and shape recovery rate 

of SMPs by using magnetic particles [13-17]. Magnetic particles in nanometer-size or 

micrometer-size have been embedded into SMPs to achieve a fast and remote heating of 

the SMPs after they are exposed to an electromagnetic field. The particles serve as 

internal mini-antennas to transform the electromagnetic energy to Joule heat through 

magnetic field induced inductive heating of magnetic particles [17]. This approach offers 

indispensable advantages for shape recovery of SMPs. For example, heating the material 

could be achieved remotely. The heating rate of the SMP structures could also be 

significantly increased since the materials are volumetrically heated and subsequently 

leaded to a fast actuation. Besides, the inclusions of particles allow for medical imaging 

techniques, such as fluoroscopy or computed tomography scans, to detect the implanted 

device without additional surgeries for proper device placement and function [13, 18]. 

For the FEM simulation of magnetic particle reinforced SMP, it is assumed that the 

magnetic particles are uniformly distributed within the SMP matrix. A representative 

volume element (RVE) is then constructed in a 3D setting as shown in Figure 4.4a, where 

d is the diameter of the filler and 2a is the RVE edge length as shown. Meanwhile, for the 

convenient of reference in the following discussions, point A is marked on the 3D RVE at 

one of the farthest points from the magnetic particle heating surface. 
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The magnetic particles volume fraction 
3D can be derived according to the RVE 

geometry as: 

 
3

3 348
D

d

a


  .   (4-15) 

In the following parametric studies, the magnetic particle diameter is varied over 

many decades, and the corresponding RVE size under a specified particle volume 

fraction is calculated according to Eq. 4-15.  

Considering that the structure of the 3D RVE under analysis is symmetric, it is 

therefore feasible to analyze only one eighth of the RVE, with proper thermal and 

mechanical boundary conditions applied on the sectional surfaces during the modeling. A 

representative finite element mesh for the 3D RVE is shown in Figure 4.4b for a 1% 

volume fraction and a filler diameter of 1 mm. 

 

          

 (a) (b) 

Figure 4.4. a) The 3D representative volume element (RVE) for a magnetic particles reinforced 

SMP composite. Note: Point A represents one of the farthest points from the magnetic particle 

heating surface on the 3D RVE. (b) Finite element model mesh for the 3D RVE for a filler 

volume fraction of 1% and a filler diameter of 1 mm. 

The finite deformation analysis of the 3D RVE is coupled with heat transfer by using 

couple heat-displacement analysis in ABAQUS. A detailed description on the model 

parameters, simulation procedure and element selection can be found in our previous 

work[19]. In our study, the modeling of magnetic particle is not considered to simplify 

the analysis, and the particle heating effect, as represented by temperature boundary 

condition, is applied directly on the curved surface of 3D RVE. 
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The total time for the shape recovery of a SMP magnetic particle composite is 

determined by the times for temperature rise in particles to the targeted temperature, for 

heat transfer from the particles to the SMP, and for the SMP matrix to recovery. In this 

study, the focus will be on the heat transfer and matrix recovery. Therefore, unless 

otherwise mentioned, we assume that the particles can be heated to the targeted 

temperatures instantaneously. In the finite element model, this was achieved by ramping 

the temperature of the nodes on the intersurface between magnetic particle and SMP 

matrix to the target recovery temperature (50
o
C) in 0.1 milliseconds in the recovery step. 

As a representative case, the particle volume fraction is selected as 1% and the 

particle diameter is 400 mm. During the programming process, the loading rate and the 

cooling rate were set as 0.01/s and 1.67 
o
C/min respectively, while the total compressive 

strain was 0.2. The time for a full shape recovery is taken to be when the strain recovery 

ratio reaches 95%. 

Figure 4.5 shows the Mises stress distribution within the 3D RVE during the shape 

memory cycle, where the maximal and minimal limits of the contours are fixed for the 

convenient of comparison. As expected, the maxima of Mises stress is always located on 

the interface between the particle and SMP matrix. It is also noted that within the first 

7.2s of the particle heating, no noticeable strain recovery is observed. The phenomenon 

could also be reflected in Figure 4.6, where the temperature is collected on point A on the 

3D RVE. During this time period, heat transfer within the material dominates the shape 

recovery process, and significant shape recovery behavior would not be triggered only 

after the average temperature of SMP matrix is ramped above a critical value. Detailed 

study on the onset temperature of shape recovery will be presented in the following 

section. When the thermal transmission within the 3D RVE is basically finished, the 

shape recovery in the SMP material is triggered, with the Mises stress decreasing 

gradually. At t=14.7s, the strain recovery ratio reaches 95%. And after 20s, the permanent 

shape of the 3D RVE is totally recovered. 
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Figure 4.5. Mises stress distribution within the 3D RVE during the finite element analysis 

 

Figure 4.6. The strain recovery ratio and temperature of the 3D RVE during the free recovery 

process. Note: temperature data is collected on point A on the 3D RVE 

The temperature distributions within the 3D RVE are plotted as contours in Figure 

4.7. Within the first 7.2s since the beginning of particle heating, thermal energy is 

transferred to from the particle surface to the outer boundaries of RVE. The temperature 

decreases along the thermal conductive pathways. Since the modulus of SMP is very 

sensitive to temperatures, the material near the outer surface has a much higher modulus 

than the material inside and therefore confines the material inside. This confinement has 

two encasing effects. First, shape recovery does not occur until the temperature on the 

outer surface of the RVE is high such that the deformation of the material on the outer 

surface starts to recovery. Therefore, the shape recovery rate is dominated by the 

recovery of the material at the RVE boundaries. Second, the volume expansion of the 

material inside the RVE is hindered, leading to a high hydraulic pressure developed 
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around the particle-matrix interface. This phenomenon could be visualized in Figure 4.8 

where the hydraulic pressure evolution is described on the curved surface of 3D RVE 

during the free recovery process. Finally, when the shape recovery process is finished, the 

internal hydraulic pressure is completely released.  

 

Figure 4.7. Temperature distribution within the 3D RVE during the finite element analysis. 

 

Figure 4.8. Hydraulic pressure evolution on the curved surface of 3D RVE during the particle 

heating process 

Under the instantaneous particle heating condition and four particle volume fractions 

(0.001%, 0.1 %, 1 % and 10%) loaded, Figure 4.9 demonstrates the effects of changing 

the particle diameter on the shape recovery time of the SMP composites. As shown in the 

figure, for each curve with different particle heating temperature and volume fraction, a 

critical diameter is observed, below which the time for full recovery is independent of the 

particle diameter. The critical diameters for the 0.001%, 0.1 %, 1 % and 10% volume 

fractions are approximately 0.15mm, 1.7 mm, 7 mm and 80 mm for recoveries at 50°C, 



 

76 
 

and 0.8mm, 13 mm, 40 mm and 200 mm for recoveries at 40°C, respectively. The 

existence of the critical particle diameters could be well explained by the previous 

discussions, and is considered to represent a threshold of recovery from one dominated 

by heat transfer to one dominated by material intrinsic recovery. At a specified particle 

volume fraction, the 3D RVE size would be decreased along with the decrease of particle 

diameter, and thus the shape recovery time is effectively reduced as a result of the 

reduction of pathway length for heat transfer. Below the critical filler size, the size of the 

3D RVE becomes unimportant as heating can occur almost instantaneously and therefore 

from heating efficiency and material recovery points of view, it is unnecessary to further 

reduce the particle diameter. Even though small sized particles could be easily suspended 

in solution than large particles, and hence might be preferred during the polymer 

composite synthesis, excessively reducing the particle diameter, especially into ones of 

nanometers, would oppositely lead to particle aggregates due to the strong attractive Van 

Der Waal force among them. Therefore, it should be avoided to facilitate a uniform 

dispersion of the reinforcement particles within the polymer matrix. 
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Figure 4.9. Prediction of critical particle diameters by showing effect of particle size on shape 

recovery time of the SMP composites 

4.3.2 Microvascular reinforced SMP composites 

Recently, a microvascular embedded SMP composite was designed and implemented 

by Phillips et al.[20], where internal microvascular channels and flowing heat exchange 

fluid were used as an energy transport mechanism to thermally activate and deactivate the 

SMP matrix. By using this method, rapid heating and cooling of the SMP material was 

achieved. The highest temperature was controlled by the fluid inlet temperature, and local 

overheating was therefore avoided. 

In the experiments of Phillips et al. [20], stainless steel tubes (OD=203um; 

ID=102um) were selected as internal microvascular passages. During the experiments, 

compressed 110
o
C hot water was injected into ten internal microvascular passages at 25 

ml/min total (2.5 ml/min for each passage or ~5100mm/s) to thermally actuate the SMP 

matrix. Primary 3D fluid-structure (FS) simulation (see APPENDIX B at the end of this 

chapter for details) revealed that under such a high flow rate of the hot water, the 

temperatures on the inlet and outlet surfaces of the microvascular system can be 

synchronized within 0.3s up to 105.8
o
C and then ramp slowly towards the target heating 

temperature (110
o
C). Since a full 3D FS simulation that couples shape change with heat 

transfer is extremely time consuming in ABAQUS, a 2D model is used in this study for 

simplification. During the thermal actuation of the SMP composite, the temperature of 

the tube surface is linearly ramped to the target temperature in 0.3s to represent the fast 

heating effect from the internal microvascular system. The 2D geometry of the 

microvascular composite system is demonstrated in Figure 4.10b, it is assumed that the 

stainless steel tubes are uniformly distributed within the SMP matrix, where the tube 

spacing is L and the composite thickness is B. The finite element meshing results is 

shown in Figure 4.10c.  

Since the structure of the SMP composite under analysis is symmetric, it is feasible to 

analyze only a half-size periodic model, with proper thermal and mechanical boundary 

conditions applied on the sectional surfaces. In the experiments, the upper composite 

surface is open to the ambient, while the bottom surface rests on a fiberglass insulation 

sheet. Therefore, the “natural convection” condition is applied to the top surface in the 

model. The exchange of heat on the surface is dependent on both the polymer surface 
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temperature T  and ambient temperature 0T :
0( )q h T T  , where q  is the heat flux per 

unit area across the surface, h is the heat transfer coefficient. The insulating condition is 

applied to the other surfaces of the model. Relevant physical properties of the stainless 

steel microvasculature are listed in Table 4-1. Four reference points (Figure 4.10c) are 

marked on the model surfaces for the following studies.  

In the representative simulation case, the tube spacing L is set to be 3.6mm, while the 

overall thickness B is 1.71mm, which are the same as those in the referenced experiments 

[20]. During the SM cycle, the half-size periodic model is first stretched by 20% at 110
o
C. 

After the temporary shape is fixed at 25
o
C, hot fluid is delivered at 110

o
C (2.5 ml/min per 

passage) to activate the SMP composite for free shape recovery. Other simulation 

procedure and setup can be found in our previous work[21].  

Table 4-1. Physical properties of the 316 stainless steel microvascular tubes 

Density 

(kg/m
3
) 

Elastic Modulus 

(GPa) 

Thermal Expansion 

Coefficient (µm/m/°C) 

Thermal Conductivity 

(W/m.K) 

Specific Heat 

(J/kg.K) 

7850 193 15.9 16.3 500 

 

 
Figure 4.10. Modeling method of the SMP composite in ABAQUS. (a) A representative 

microvascular SMP composite in the 3D setting. (b) A cross-sectional view of the 3D model. (c) 

The finite element meshing result with temperature reference points. 

In Figure 4.11, the simulated shape recovery ratio of the SMP composite in the 

stretching direction and the temperature evolution on Point 1 are respectively plotted and 

compared with the experimental data. It should be noted that the temperature on Point 1 

is actually the maximum temperature on the top surface of the SMP composite. The finite 

element simulation results matched the experimental observations, indicating that by 
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using the 3D finite element model, together with predetermined model parameters, the 

thermal conduction, temperature evolution and the overall material shape recovery 

behavior are successfully reproduced. 

 
Figure 4.11. Comparisons between the simulation and experiments. The shape recovery ratio is 

captured on Point 3 in the stretching direction 

Figure 4.12 shows the temperature distribution within the half-size periodic model 

during the SM cycle. It can be seen that the free shape recovery behavior of the SMP 

composite is successively dominated by two thermomechanical processes: the initial 

thermal conduction and thermally induced shape recovery. After the hot fluid is injected 

into the microvascular channels, thermal energy is gradually transferred from the tube 

surface to the outside of the half-size periodic model, and the SMP material near the tube 

surface would firstly reach Tg and then recover. However, such a recovery would be 

restricted by the outer surface of the composite material with higher modulus until about 

10-20s when the surface temperature becomes high enough to allow for recovery. After 

that, shape recovery is successively initiated along the stretching direction of the SMP 

composite. Figure 4.13 further shows the temperature evolution of Points 1-3 on the top 

surface of the model as a function of heating time, as well as the corresponding shape 

recovery ratios in the thickness direction and in the stretching direction (Rr). It is seen 

that after about 20s, the temperature of Point 1 is ramped to 72
o
C and Point 1 starts to 

recover in both stretching and vertical directions. Additionally, noticeable shape 

recoveries on Point 2 and 3 are also shown to start when the local temperature reaches 

around 72
o
C. The two underlying mechanisms, which are the thermal conduction and the 
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material intrinsic shape recovery that successively dominate the entire thermal process, 

are similar to our previous studies on magnetic particle reinforced SMP composites [19]. 

 
Figure 4.12. Temperature distribution within the half-size periodic model during the shape 

memory cycle. Note: the dash boxes indicate the initial size of the periodic model without 

defamation. 

 
Figure 4.13. Evolution of temperature and shape recovery ratio on Point 1, Point 2 and Point 3 

respectively, as well as the shape recovery ratio of the model in the stretching direction (Rr). Note: 

the shape recovery ratios on Point 1, Point 2 and Point 3 are collected in the thickness direction.  

To achieve an optimized structure of the microvascular SMP composites, the tube 

arrangement is an important design parameter because it will influence the density of the 

composite materials as well as the system complexity. Figure 4.14 demonstrates the 

effects of changing the composite thickness and tube spacing on the material density and 



 

81 
 

total shape recovery time of the SMP composites. Here, the density of the composite 

material is calculated based on the volume fraction and density of the SMP and stainless 

steel microvasculature, respectively. As shown in the figure, a critical space is observed 

for each curve with different composite thickness, below which the time for full recovery 

is independent of the tube spacing. The critical tube spacing for thicknesses of 1/2B0 

(0.855mm), B0 (1.71mm) and 2B0 (3.42mm) are approximately 16mm, 8mm and 4mm, 

respectively. The existence of the critical tube spacing could be well explained by the 

previous discussions and represents a threshold for the recovery mechanism from one 

dominated by heat transfer from the tube surface to Point 1 to one dominated by the 

successive shape recovery of the SMP composite along the straining direction. When the 

tube spacing is above the corresponding critical values, reducing the composite thickness 

and tube spacing is meaningful as it will significantly reduce the total shape recovery 

time without greatly affecting the material density. However, when below the critical 

tube spacing, the shape recovery in the straining direction can occur almost 

instantaneously. Therefore from thermal efficiency and material recovery points of view, 

it is unnecessary to further reduce the tube spacing. Excessively reducing the tube 

spacing would lead to a tight arrangement of the microvasculature inside of the SMP 

matrix and subsequently increases the density of the SMP composite, which is unwanted 

in many engineering applications, such as aerospace and aeronautics. Besides, it will also 

increase the system complexity even if other light weighted microvascular are substituted 

as the reinforcement. In a practical application of such SMP composites embedded with 

microvasculature, the optimized design should combine the considerations on material 

loading capacity, composite weight requirement, system complexity and material thermal 

responsiveness. 
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Figure 4.14. Density and total shape recovery times of the SMP composite under different tube 

spaces and composite thickness. 

For the SMP composite considered in this study, the asymmetric boundary conditions 

on the top and bottom surfaces lead to an optimal tube arrangement within the SMP 

matrix that might also affect the thermal response of the system by changing the internal 

conductive pathways. Previous discussions revealed that shape recovery in the SMP 

composite will not initiate until the temperature on the outer surface exceeds the required 

minimum. Therefore, the temperature evolution on the composite surface plays a critical 

role in determining the total shape recovery time. Figure 4.15a shows the changes of 

temperature on points 1 and 4 as a function of microvascular heating time. The composite 

thickness is increased from 1/4 B0 to 20 B0 while the rest model dimensions and 

simulation parameters are the same as the representative case. Because the top surface of 

the SMP composite is exposed to the ambient while the remaining surfaces are thermally 

insulated, the temperature variation on the top surface is seen to be delayed due to the 

heat convection, and such a delay is intensified when the composite thickness is 

increased. The local heat lost also leads to an equilibrium temperature that is lower than 

the target heating temperature (110
o
C). These two effects can impair the shape recovery 

speed of the SMP composite. To optimize the tube arrangement, an intrinsic conjecture is 

that the tubes should be arranged closer to the top surface. A parametric study is 

conducted accordingly where the tube position is gradually shifted in the thickness 

direction towards the top surface. The associated shape recovery time 0.95t is plotted in 
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Figure 4.15b as a function of tube location for different composite thicknesses (1/2B0, B0, 

4B0, 10B0 and 20B0). Each data point is normalized by the initial value (
0

0.95t , tube 

depth=0.5B) to assist the visualization.  

As shown in the figure, when the location of tube center is gradually moved towards 

the top surface, an optimized tube location is revealed with the minimized shape recovery 

time on each curve.  For the ½ B0 case, the optimized location is located at ½ B. The 

variation of the shape recovery time could be explained as follows. Initially moving the 

tube upward will increase the temperature ramp rate and final equilibrium temperature on 

the top surface, which accelerates the activation of the entire cross-section and 

subsequently increases the overall shape recovery speed. After the optimized tube 

location is reached, further moving the tube will delay the temperature ramping on the 

bottom surface. An optimized location requires a balance between these two 

competitions, namely a synchronous temperature variation as well as higher equilibrium 

temperature on both top and bottom surfaces. Besides, Figure 4.15b also shows that the 

optimization effect from adjusting the tube location is more obvious when the composite 

thickness is high. If the composite thickness is only 1/2B0, changing the tube depth is 

unnecessary because the temperature variations on top and bottom surfaces are almost 

synchronous (see Figure 4.15a). However for the case of 20B0 thickness, the shape 

recovery speed is improved by 29% when the tube depth is rearranged from 0.5B to 

0.379B. 

    
 (a)  (b) 

Figure 4.15. (a) Temperature variation on Points 1 and 4 as a function heating time and composite 

thickness. (b) Normalized shape recovery time plot as a function of location of tube center 
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(measure from the top surface) and composite thickness. Note: for each curve, the data points are 

normalized by the initial value, namely the shape recovery time when the tube depth is 0.5B  

 

4.4 Conclusion 

In this chapter, we firstly extended the 1D thermoviscoelastic constitutive relations 

into a 3D finite deformation constitutive model, which can be used to capture the general 

thermomechanical properties of amorphous polymers in addition to the shape memory 

behavior, such as nonlinear thermal expansion, non-linear deformation of rubbery 

polymer, yielding and post-yielding softening behavior of glassy polymers. A protocol to 

determine the complete set of model parameters is also introduced and deemed effective 

in predicting the SMP thermomechanical behavior. 

Based on the 3D finite deformation model, finite element method (FEM) simulation 

was conducted to characterize the coupling effect of non-uniform temperature filed and 

stress field on the shape recovery of SMPs composite. Two types of SMP composites 

were investigated, which is respectively reinforced by magnetic particles and internal 

microvascular. Computationally studies revealed similar thermomechanical and shape 

memory properties in these two composite systems, namely the initial thermal conduction 

and thermally induced shape recovery successively dominate the total shape recovery 

process. Besides, parametric studies revealed some considerations should be followed in 

the practical designs of the composite materials.  

Specifically, for the magnetic SMP composites, reducing particle sizes or increase 

volume fractions can promote faster recovery rate. However, it was found that for a given 

target recovery temperature and a given particle volume fraction, there exists a critical 

particle size. For particle smaller than this critical size, the recovery time is dominated by 

the material intrinsic recovery time and is therefore independent of particle size. 

Similarly, for a given particle size and target recovery temperature, there exists a critical 

volume fraction. Above this volume fraction, further increasing volume fraction does not 

improve the heating efficiency. For the microvascular reinforced SMP composite, a 

critical tube spacing was demonstrated for a given composite thickness, below which 

further decreasing the tube spacing is unnecessary for the improvement of the shape-

recovery rate and increases the composite density. In addition, the tube location within 
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the SMP matrix should also be adjusted appropriately according to the thermal boundary 

conditions where thicker composites have an optimal tube placement closer to the non-

insulated surface. The results in this chapter provide a meaningful guidance for further 

designs and applications of the composite materials that rely on internal heating source to 

volumetrically heat up the matrix SMP. 

 

Appendix B: 3D Fluid-Structure (FS) Simulation on the Microvascular 

SMP Composite 

Here, to simulate the real thermal conduction behavior within the microvascular 

reinforced SMP composite, a 3D dimensional model accompanied with full fluid-

structure (FS) analysis capability is constructed in ABAQUS. The geometry of the 

composite system is illustrated in Fig. B1, where the composite width is set to be 146mm. 

Other dimensions are the same as that in the 2D model discussed in the main text of 

Chapter 4. For simplification, only one eighth of the periodic unit is modeled. The 

ambient temperature is set as 25
o
C. Two reference paths (Path 1-2) that have the same 

length as the microvascular are marked on the model for further denotation. Path 1 is 

actually located on the out surface of the microvascular, and Path 2 is within the SMP 

matrix. During the simulation, hot fluid at 110
o
C is injected into the tube at 25ml/min. 

The temperature evolution on Path 1 and Path 2 within the first 6s since hot fluid is 

injected is shown in Fig. B2. Since the flowing distance per second (~5000mm) is quite 

large in comparison with the tube length (146mm), temperature on Path 1 ramps very fast, 

and within 0.3s, the temperature variation on the entire path tends to be synchronous. 

While for Path 2, the temperature is gradually increased due to the thermal conduction, 

but the variation along the path is nearly synchronous from the very beginning of heating. 

Considering the timing scale for the total thermal conduction and shape recovery process 

of the SMP composite (up to hundreds of seconds), it is reasonable to disregard the 

difference in temperature evolution on the inlet and outlet surfaces of the 3D model, and 

use a 2D model in Chapter 4 for simplification.   
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Figure B1. Modeling method in ABAQUS in the 3D setting.  Top view illustrates the dimension of a 

representative microvascular SMP composite. Bottom view shows the finite element model mesh result 

Figure B2. Temperature evolution on (a) Path 1 and (b) Path 2 within the first 6s since hot fluid is injected 

into the microvascular.  
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CHAPTER 5  

COVALENT ADAPTIVE NETWORKS WITH BOND EXCHANGE 

REACTIONS 

 

Historically, thermosetting polymers with covalent crosslinks have been known as 

permanent, infusible and insoluble networks [1]. These polymers are ideal for various 

structure and composite material applications ranging from aircraft and automotive 

components to surface coatings and adhesives; however, their reprocessability are limited 

by the permanently crosslinked structure [2], which increasingly becomes an 

environmental concern as recycling or reusing them are either very challenge or very cost 

ineffective. 

This historical picture of thermosetting polymers has been changed by recent 

advances in covalent chemistry, where specific functional groups capable of reversible 

chemical reactions are integrated into the polymer chains [3-16]. These functional groups 

can break and reform the thermosetting network, and consequently render it adaptiveness 

upon stimuli. Various chemical reactions can be utilized to achieve the bond exchanging 

and network adaptiveness. For example, the well-established Diels-Alder reaction [17-20] 

between diene and dienophile groups can be thermally triggered, and displace the 

thermosetting polymer from equilibrium toward deploymerization upon heating. Recently, 

Montarnal et al [5] developed adaptive epoxy thermoset based on transesterfication 

exchange reactions at high temperature, which enables the topology rearrangement of 

network and avoids impairing the network integrity. Other covalent adaptive reactions in 

this realm include amino carbonyl reaction [21-23], siloxane equilibration [3], and photo-

sensitive radicals to initiate exchange reaction and malleability in thermosets [24-26].  

Existing methods to achieve an CAN generally provide merits in combining the 

malleability of bulk material with the surface welding effect when desired polymer parts 

are brought into contact, leading to the self-healing [7, 18, 22, 24, 27], reprocessing and 

recycling of thermosetting polymers [5, 27-29]. In this chapter, we firstly examine the 
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malleability, reprocessing and recycling capability of such CAN, while the interfacial 

mechanics during welding effect will be introduced in the next chapter. 

 

5.1 Material 

In our study, the CAN with exchangeable bonds was prepared following the method 

used by Montarnal and coworkers[5], where the thermally induced BERs are based on the 

transesterfication exchange reactions. The reason for us to select this polymer system is 

that it provides unique advantages for the practical engineering applications: During the 

transesterfication reactions, the polymer viscosity is gradually changed versus 

temperature following an Arrhenius law during the operation, and hence the network 

integrity is maintained. In addition, since no additional monomers or termination 

reactions are introduced into the system, the numbers of links and average functionality 

of polymer chains is unchanged. 

In Montarnal’s work [5], two types of such CANs (i.e. the soft and hard networks) 

were prepared by using different monomers, namely the diglycidyl ether of bisphenol 

(DGEBA) and glutaric anhydride. Here we follow the same synthesis procedure. In 

addition, we also change the stoichiometry by mixing these two monomers at different 

ratios to examine its influence on the material thermomechanical properties and BER 

kinetics.  

The monomers DGEBA, glutaric anhydride and the metal catalyst (Zn(Ac)2) were 

ordered from Sigma Aldrich (St. Louis, MO, USA) and used as received without further 

purification. The mixture of fatty acid monomers (Pripol 1040) was kindly provided by 

Uniqema Inc (Paterson, NJ, USA). Detailed chemical structures of each used reagent are 

shown in Figure 1. Five groups of epoxy polymer were prepared in this study. The ratio 

of epoxy group and metal catalyst are unchanged in each epoxy network (1:0.05), while 

the fatty acid and glutaric anhydride are mixed with different ratios. The stoichiometry of 

the five epoxy polymers is listed in Table 5-1. The total amount of the carboxylic acid 

and acyl groups in these two monomers is equal to the stoichiometry of epoxy group. 

All the epoxy materials with different composition were prepared following the same 

procedure. In Step 1, the catalyst was mixed with fatty acids and glutaric anhydride with 

specified ratios in a round-bottom flask and stirred at 130°C until homogeneous mixing 
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was achieved. In Step 2, DGEBA in solid state was heated up to 130°C until totally 

melted, and then manually stirred with the solvent in Step 1 at 130°C until the mixture 

became homogeneous and translucent. In Step 3 the mixture in step 2 was poured into a 

PTFE mold, and covered with a PTFE lid, and placed in an oven under a 500 g weight for 

6 h at 130 °C. Figure 5.1 also depicts the repeating unit of the chemical reactants within 

the thermoset network, where the fatty acid linker and glutaric anhydride linkers 

respectively are the reaction derivatives from epoxy/fatty acid reaction and epoxy/glutaric 

anhydride reaction. 

 
Figure 5.1. Schematic view of the chemical reagents used in this study, as well as the reactant 

repeating unit after synthesis. 

Table 5-1. Stoichiometry (normalized mole content) of each composition 

 
Epoxy group 

(in DGEBA) 

Catalyst 

(Zn(Ac)2) 

Acid group 

(in fatty acid) 

Acyl group 

(in glutaric anhydride) 
Tg  

Epoxy 1 1 0.05 1 0 30.3
 o
C 

Epoxy 2 1 0.05 0.5 0.5 38.4
 o
C 

Epoxy 3 1 0.05 0.4 0.6 43.3
 o
C 

Epoxy 4 1 0.05 0.2 0.8 55.7
 o
C 

Epoxy 5 1 0.05 0 1 63.0
 o
C 
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5.2 Glass Transition Behavior 

The glass transition and stress relaxation behavior of the prepared epoxy 

thermosetting networks were tested on the DMA tester (Model Q800, TA Instruments, 

New Castle, DE, USA). For the test of glass transition behavior, polymer sheets with the 

dimension of 10mm × 5mm × 1mm were tested on the tensile mode. During the 

experiment, the strain was oscillated at a frequency of 1 Hz with a peak-to-peak 

amplitude of 0.1% while the temperature was decreased from 100 °C to -10 °C at a rate 

of 1 °C/min. Once the temperature reached -10°C, it was maintained for 30 minutes and 

then increased to 120 °C at the same rate. This procedure was repeated multiple times and 

the data from the last cooling step is reported. Figure 5.2 compares the DMA testing 

results and the glass transition behavior of the five epoxy thermosets. Figure 5.2a shows 

that as the ratio of anhydride hard linkers increases from 0 to 1, the Tg increases from 

30.3 
o
C to 63.0 

o
C. Additionally, the tan δ curve becomes wider but decreases in height. 

Figure 5.2b plots the storage modulus curves of each sample as a function of temperature. 

The material glass modulus (initial modulus on each curve) and rubbery modulus (final 

modulus on each curve) are observed to increase with more glutaric anhydride linkers 

incorporated. These material properties, together with the tested Tg, are summarized in 

Figure 5.2c. 

  
 (a)  (b) 
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(c) 

Figure 5.2. Comparisons of glass transition behavior of the five epoxy samples. (a) Tan δ curves 

as a function of temperature. The Tg is taken to be the temperature corresponding to the peak 

value. (b) Storage Modulus curves as a function of temperature (c) Comparison of Tg, rubbery 

modulus and glassy modulus as a function of mole content of glutaric anhydride linkers. Note: the 

glassy modulus is taken to be the initial value on the storage modulus curves as shown in Figure 

3b 

 

5.3 Stress Relaxation Behavior 

For the test of time and temperature dependent stress relaxation of the epoxy-acid 

thermosets, samples with the same dimensions mentioned above were first preloaded by a 

1×10
-3

 N force to ensure straightness. After reaching the testing temperature, it was 

allowed 30 min for the thermal equilibrium. The specimen was then stretched by 1% on 

the DMA machine and the deformation was maintained during the test. The decrease of 

stress was recorded and the stress relaxation modulus was calculated.  

The stress relaxation in the CANs is attributed to the internal BERs. In Chapter 1, we 

have introduced the basic concept of the general exchange reactions in CANs (Figure 1.5). 

Here, we restate the working mechanism of BERs based on the thermally induced 

transesterfication reactions between the hydrogel and ester group, which is applied in the 

epoxy thermosetting networks. As shown in Figure 5.3, in an exchange reaction, an 

active group connected to a dangling polymer chain moves around and adds to an 

existing bond. This will form an intermediate structure, and subsequently reduce to a new 

bond and a new active group. The collective effect of such exchange reactions is to 

rearrange the topology of the network structure while preserving the bond density. When 
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mechanical stress is exerted on the network, the network topology rearrangement allows 

gradual relaxation of the stress.  

 

Figure 5.3. Schematic of the bond exchange reaction. (a) from left to right: before exchange, 

intermediate state and after exchange. (b) Structure change of the active groups during a bond 

exchange reaction.  

To characterize the temperature dependent stress relaxation behavior, we start from 

the epoxy network without Glutaric Anhydride content, or the soft network that was 

previously studied by Montarnal et al. [5]. The solid lines in Figure 5.4 depict the 

relaxation test results of the soft epoxy material at 6 different temperatures (80
 o
C, 120

 o
C, 

140
 o
C, 160

 o
C, 180

 o
C and 200 

o
C). The relaxation modulus is normalized and plotted on 

a double logarithmic scale. It is seen that the BERs release the internal stress at a faster 

rate when the temperature is higher. For example, at 180 
o
C, the BER rate is sufficiently 

increased and the normalized relaxation modulus decreases from 1 to 0.15 within 30 min, 

indicating an 85% drop of the internal stress. Comparison between Figure 5.2a and 

Figure 5.4 also reveals that the typical temperature required for BERs is significantly 

higher than glass transition temperature. As shown in Figure 5.2a, the glass transition is 

essentially complete at 80 
o
C, while the BERs are so sluggish (solid lines in Figure 5.4) 

that the material essentially behaves like elastomer without much stress relaxation.  
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Figure 5.4. The temperature dependent stress relaxation behavior of the epoxy soft network. Solid 

lines denote experimental results and dash lines show the prediction. The inset view shows the 

linear relationship between τ and 1000/T 

The stress relaxation behavior of CANs can be characterized according to the BER 

kinetics. Now we revisit Figure 5.3a in detail. Assuming that the exchangeable bonds 

exist on the backbone of a stretched macromolecule chain, a BER reaction will break the 

originally stressed chain, and results in a new chain in stress-free state, which 

consequently leads to the drop of internal stress. If there are N chains in a unit volume, 

the rate of BER, namely the rate of chains breakage, can be expressed as [4, 30]: 

 , (5-1) 

where T is the temperature in Celsius, k is a kinetic coefficient (k > 0), R is the gas 

constant with , and Ea is the activation energy.  

In a time increment dt, the internal stress can be expressed as the summation of force 

in all the polymer chains within the unit volume, namely , where  is the forces 

in each individual chain. Since the BER will break stressed chains, the drop of stress 

during the time interval could be correlated to the decreasing of stressed polymer chains 

within the unit volume:
Ndt

N
   . Substituting Eq. 1 into this expression, we have:  

 , (5-2) 
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 ,  (5-3b) 

 

where  is the initial stress before relaxation.  

Eq. 5-3a also indicates that during the stress relaxation tests, the normalized 

relaxation modulus  as plotted in Figure 5.4 can be characterized by the following 

classic exponential function:  

 , (5-4) 

where the relaxation time  is corresponding to the time when normalized relaxation 

modulus declines to 1/e (~36.8%), and can be measured from the experimental relaxation 

curves. It is seen is in a linear relationship with (see the inset view of 

Figure 5.4), which can be further verified by our derived expression of relaxation time as 

shown in Eq. 5-3b. By using the determined relaxation times, we can effectively capture 

the time and temperature dependent relaxation behavior of the epoxy polymer by using 

Eq. 5-4 (dash lines in Figure 5.4). 

Subsequently, by shifting the stress relaxation curves in Figure 5.4 horizontally to a 

reference temperature Tr (160 
o
C), we found that the curves can be superposed and a 

master curve was constructed (see Figure 5.5a) with an extended timing scale, which also 

reflects the relaxation behavior of the epoxy thermoset at the reference temperature (160 

o
C). The existence of the master relaxation curve implies that the kinetics of the BER 

induced stress relaxation follows the well-known temperature-time superposition 

principles (TTSP), i.e.  

 . (5-5) 

Here,  is a scalar factor multiplied to the time axis when shift the relaxation curves, 

and are plotted in Figure 5.5b as a function of temperature.  
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Combing Eq.5-3b, Eq. 5-4 and Eq. 5-5, we can derive the expression of shift factor

as:  

 , (5-6) 

which is essentially the ratio between the temperature dependent relaxation time and the 

relaxation time at the reference temperature Tr. Eqs. 5-3 and 5-6 also indicate an 

Arrhenius-type dependence of the BER kinetics on temperature. In other word, the 

kinetics of BERs demonstrates a weaker dependence on temperature as compared to the 

stronger dependence of relaxation behaviors at temperatures above glass transition where 

the dependence follows Williams-Landel-Ferry (WLF) equation [31, 32]. This 

observation is consistent with what was reported by Montarnal et al., [5], where the 

kinetics was characterized by viscosity. By further examination of Eq. 5-6, we found that 

in the semi-log scale, the energy barrier could be determined by the slope of the shift 

factor curve. As shown in Figure 5.5b, by measuring the curve slope (8200K), the energy 

barrier Ea is calculated to be 68.18 kJ/mol, and the pre-exponential factor k equals 

 at the reference temperature of 160 
o
C.  

 
 (a)  (b) 

Figure 5.5. (a) A master curve is constructed at the reference temperature of 160 
o
C. (b) Shift 

factors plotted as a function of temperature. Simulation curve are obtained based on Eq. 5-6. The 

slope determines the energy barrier for BERs.  

After characterizing the stress relaxation in the Epoxy 1 thermosetting polymer, we 

were interested in how the BER induced stress relaxation ability can be affected by 

material stoichiometry. By using the same stress relaxation tests, the time and 
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temperature dependent relaxation curves of samples Epoxy 2-5 are shown in Figure 5.6. 

It is observed that the BERs still render the thermosetting polymers malleability at 

different temperatures. Similar to the sample Epoxy 1, the Arrhenius type stress 

relaxation behavior enables us to construct master curves for each epoxy sample.  

 
 (a)    (b) 

 
 (c)  (d) 

 
 (e)  (f) 
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 (g)   (h)  

Figure 5.6. The stress relaxation curves, master relxation curves and associated shift factors plots 

of (a) Epoxy 2, (b) Epoxy 3, (c) Epoxy 4 and (d) Epoxy 5. The stress relaxation behavior of 

Epoxy 1 is shown in Figure 1 

To facilitate the comparisons, the reference temperature was uniformly set to 160 
o
C, 

and the predicted master curves are plotted in Figure 5.8a, which shows that as we 

increase the glutaric anhydride linker in the epoxy network, the characteristic relaxation 

time at the reference temperature is increased. For example, compared with the sample 

Epoxy 1 with a relaxation time of 20.9 min at 160 
o
C, the relaxation time of Epoxy 5 is 

predicted to be 3456min (~2.5 day). The increased relaxation times also indicate 

increased activation temperatures for BERs in the epoxy samples. 

The Arrhenius type temperature dependence of the shift factors in each epoxy sample 

is plotted in Figure 5.8b. Since the curve’s slope determines the activation energy barrier 

for BERs, the gradual increase in the slopes of the curves indicates that the energy barrier 

for BERs also increases. This is because within the thermosetting network, the length and 

flexibility of fatty acid linkers are typically higher than that of the glutaric anhydride 

liners (Figure 5.7a). At a given temperature, the polymer chain mobility of epoxy with 

higher content of hard anhydride segments is lower, which reduces the possibility of 

polymer chains moving around to seek available site for bond exchanges (Figure 5.7b). 

Based on the calculated energy barriers, together with the relaxation times at the 

reference temperature as shown in the Figure 5.8a, one can calculate the extrapolated 

relaxation time of each sample at different temperatures. 
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Figure 5.7. Topological illustration of the epoxy network with different composition. (a) 

Schematic view of the repeating unit of the glutaric anhydride and C18 dicarboxylic acid. (b) 

Topological illustration of the epoxy network as gradually increasing the proportion of glutaric 

anhydride. 

For the convenience of comparison between the stress relaxation abilities of each 

sample, we further define a characteristic temperature Tc where the internal BER induced 

relaxation time is 10min. Since the required temperature for BERs is typically higher than 

the glass transition temperature, the difference between them, namely Tc-Tg actually 

quantifies how much additional energy is needed for the BERs after the glass transition is 

finished. This difference, along with the measured energy barrier for each epoxy sample, 

is plotted in Figure 5.8c as a function of the associated Tg. Linear relationship is found for 

both the energy barrier and Tc-Tg. The least square method generalized the following 

empirical formula, with 95% confidence bound for the fitting factors: 

 , (5-7a) 

 .  (5-7b) 

Note in the above two equations, the unit for temperatures is 
o
C. The result in Eq. 5-7 

indicates that if the epoxy polymer possesses a higher Tg, the difference between the Tg 

and the temperature to achieve comparable BER rate is larger. It qualitatively correlates 

the glass transition behavior and internal BERs of the epoxy thermosets, which would 

subsequently assist the design of such polymer materials according to specific 

requirements of practical engineering applications. 

0.87 43.5a gE T 

2.1 87.9c g gT T T  
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 (a)  (b) 

 
(c) 

Figure 5.8. (a) The master relaxation curves in each epoxy sample. The reference temperature is 

uniformly chosen to be 160 
o
C. (b) The Arrhenius type shift factors plotted as a function of 

temperature. The energy barriers for the BERs in each epoxy sample are calculated based on the 

curve slopes. (c) Plot of the energy barrier for BERs and the difference between Tc and Tg as a 

function Tg. 

 

5.4 Reprocessing, Recycling and Repairing Capability based on Surface Welding 

In this section, we experimentally study the reprocessing and recycling ability of 

epoxy CANs in a pulverous state. Due to the large surface area and small size of polymer 

particles, their handling, transportation, and storage can offer convenience in comparison 

with traditional polymer scrap in bulk form, which can promote their incorporation into 

industrial applications in thermoset recycling, structure rehabilitations and component 

rework.  
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Figure 5.9 shows schematically the overall procedure of recycling and reprocessing. 

The bulk polymer is first pulverized into powders, which are then compacted into a mold 

by applying a pressure. The compacted powders are then heated to weld them into a bulk 

polymer. This process is repeated several times and the bulk polymer is evaluated for its 

mechanical properties after each processing. The details are described below.  

 

Figure 5.9. The schematic graphs for a typical reprocessing and recycling routine.  

During the experiments, the bulk sample was manually abraded by a sandpaper to 

render the pulverous state. The isolated polymer particles were observed by using an 

optical microscope and shown in Figure 5.10a. From the microscopic morphology, it is 

seen the particles are irregularly shaped in profile. The particle size and the distribution 

were analyzed using software Imagine J. As shown in Figure 5.10b, the outline of each 

polymer particle was extracted. The particle diameter is taken to be the diameter of the 

circle with equal area of each corresponding particle profile. The analysis result is shown 

in the inset view of Figure 5.10b. It is seen that the diameter of most particles (over 77%) 

are distributed within 25μm - 120μm. 
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Figure 5.10. Analysis of particle sizes. (a) Microscopic observation of the isolated polymer 

particles. (b) Particle size and distribution analysis in Imagine J. 

An aluminum punch mold was machined on lathe. The designed aluminum punch 

mold is shown in Figure 5.11a, where three hollow slots were machined in the platen to 

improve the thermal convective properties and temperature distribution during the 

heating. After filling the polymer powders into the mold (Figure 5.11b), it was then 

transferred into a customized thermal chamber for heating, while the applied pressure is 

controlled by a universal material testing machine (MTS, Model Insight 10, Eden Prairie, 

MN, USA). The temperature in the thermal chamber manufactured by Thermcraft (Model 

LBO, Winston Salem, NC, USA) is controlled with a Eurotherm controller (Model Euro 

2404, N. Chesterfield, VA, USA) where a built-in electrical heater with a fan and an 

externally attached tank of liquid nitrogen provide the heat and cooling. In the work of 

Leibler et al[27]., a 1 MPa in pressure was introduced to promote the surface welding 

effect. Indeed, for a polymer in the elastic state, such a pressure would not noticeably 

affect the thermodynamics and reactions of polymer chains until it reaches to an 

extremely high value (in GPa ranges) when the free volume of single polymer chain is 

collapsed [33-35]. In our study, the applied pressure is also chosen to be small enough 

(90 KPa in maximum) to avoid affecting the transesterification reactions. 
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Figure 5.11. Experimental setup for the reprocessing and recycling test of thermosetting polymer. 

(a) Aluminum punch mold. (b) Polymer Powder is placed into the mold. (c) The heating is 

conducted in a customized thermal chamber with pressure applied via the MTS machine.  

5.4.1 Reprocessing ability 

A fresh bulk thermoset sample is shown in Figure 5.12a for comparison, while Figure 

5.12b shows the appearance of the polymer from the pulverous state to the finished bulk 

state in a typical case with a 45KPa pressure. We limit ourselves to a constant 

temperature (180
o
C) during the operation, and record the heating time immediately after 

the sample is placed in an oven at 180
o
C. Due to the BER, the polymer powder starts 

surface welding and self-assembly. At 10min (middle figure of Figure 5.12b), isolated 

pulverous polymer tends to be in a compacted and consolidated form. Further heating of 

the sample under pressure for 30min renders an essentially complete welding effect 

where the sample appears transparent and resembles the fresh sample (shown in the right 

figure of Figure 5.12b), indicating that the interfaces among particles have disappeared.  

The time and pressure dependent welding effect of the pulverous thermosetting 

polymer was quantified by the ultimate stretch (the stretch at the break) and initial elastic 

modulus (measured over the initial 15% stretch) of the reprocessed samples. The uniaxial 

tension test was conducted on a DMA machine at room temperature (23
o
C). The loading 

rate was chosen to be a small value (5 %/min for all tests) to minimize viscoelastic effects. 

The bulk thermosetting polymer was reprocessed with different pressures (0KPa, 2KPa, 
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10KPa, 45KPa and 90KPa, respectively) applied during the heating process. The stress-

strain behavior of the thermoset samples reprocessed at 45KPa is shown in Figure 5.12c. 

A fresh polymer sample was also tested after being heated at 180
o
C for 1 h to normalize 

the comparison. For the pulverous sample heated for 10 min at 180
o
C, we observed a 

relatively low initial elastic modulus of 2.2MPa. The sample fails quickly with an 

ultimate stretch of ~49.3%. With an increase of heating time, both the elastic modulus 

and ultimate stretch are improved in the reprocessed thermoset samples. With 30 min 

heating, the initial modulus and the ultimate stretch are 2.9MPa and 111.6%, respectively 

(or 76.7% and 77.9% of those in the referential fresh sample, respectively). Such an 

increase in the material stretch ability is due to the gradually welded interfaces and 

increased connections among the polymer particles, as shown in the microscopic 

observations in Figure 5.12d. Before the pulverous thermoset is totally welded, numerous 

voids (the dark regions in Figure 6d with 10min and 20min of heating) exist within the 

matrix, which can propagate cracks under external loads and compromise stretch ability. 

At 30min, the polymer powder is seen to be remolded into a coherent solid essentially 

resembling the fresh sample. The stress-strain curves in Figure 5.12c also reveal that the 

welding process is largely completed within 30min when 45KPa pressure is applied. 

From 30min to 1h, the ultimate stretch of the reprocessed sample is increased by ~7%. 

The inset in Figure 5.12c also shows the case when there is no pressured applied. The 

incompact polymer powder can only be partially welded, as evidenced by the very 

limited stretchability of less than 20% with an initial modulus around 1 MPa, even after 

being heated for 2h. 
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Figure 5.12. The typical reprocessing and recycling routine for the thermosetting polymer and the 

stress-strain behavior after different reprocessing times. (a) A fresh bulk thermosetting polymer. 

(b) the typical reprocessing and recycling routine (180
o
C in temperature and 45KPa in pressure). 

From left to right: pulverous polymer after milling, polymer powder after being heated for 10 min 

and 30min respectively. (c) Stress-strain curves of the reprocessed sample after being heated for 

different time and with 45 KPa pressure applied. Note: the fresh sample is also heated at 180 
o
C 

for 1h to normalize the comparison. Inset view: Stress-strain curves of powder sample without 

pressure applied. (d) Surface morphology of both fresh sample and powder samples at different 

heating time.  

The ultimate stretch and elastic modulus of the reprocessed samples under different 

reprocessing pressure and time are summarized in Figure 5.13a-d, respectively. Generally, 

both increasing pressure and increasing heating time can improve the final properties of 

the reprocessed samples. First, both ultimate stretch and elastic modulus of the 

reprocessed samples can achieve the levels of fresh samples, with a clear trend where 

increasing either heating time or pressure can accelerate this process. Second, increasing 

pressure is more effective in recovering the elastic modulus than in recovering the 

ultimate stretch. For example, at 90KPa, the elastic modulus reaches the fresh sample 

level within ~20-30min (Figure 5.13b&d); but within the same time period, the ultimate 

stretch only reaches 120% stretch, which is ~80% of that of the fresh samples (Figure 

5.13a&c). Third, the elongated heating time can recover both the ultimate stretch and the 
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elastic modulus to the fresh sample levels, as long as the pressure is larger than a critical 

value. For example, even with 2KPa pressure, both ultimate stretch and elastic modulus 

almost achieve the fresh sample levels if heating at 720min (6h). Certainly, from the 

manufacturing point of view, heating for 720min is not energy efficient; increasing the 

pressure can shorten the heating time and thus help the design of an optimized 

reprocessing procedure, which deserves future studies.  

 

Figure 5.13. The time and pressure dependent ultimate stretch and initial modulus of the 

reprocessed thermosetting polymer (a) Ultimate stretch (maximum strain before fracture) plot of 

the reprocessed sample as a function of heating time. (b) Initial elastic modulus (within the first 

15% stretch) as a function of heating time. (c) Ultimate stretch as a function of applied pressure. 

(d) Initial elastic modulus as a function of applied pressure. Note: Rf1 denotes the referencial 

property of a fresh bulk sample after being heating at 180 
o
C, while Rf 2 denotes that of the fresh 

sample without any heat treatment. 

5.4.2 Recycling ability  

Since the polymer chains in the thermoset are only exchanged but not consumed 

during the recycling operation, several cycles might be achieved. A set of aluminum 

molds with digital-shape grooves was designed to test the recycling ability of the 

thermosetting polymer. During the experiments, each reprocessed sample was pulverized 

into powder by using the same grade of sandpaper, and then recycled to the next 

generation of the object. With the same temperature (180
o
C) and pressure (45 KPa) 
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applied, all the pulverous thermosets were heated for 30 min. The manufactured sample 

in each cycle is shown in Figure 5.14a, where the digit numbers indicate recycling 

generation. It is seen that pulverous thermosetting polymer possesses a good recycling 

ability in exhibiting transparent samples in different shapes. The glass transition 

temperature becomes slightly higher at 35.7
o
C after the 4

th
 generation of reprocessing, as 

compared to 30.1
o
C of the fresh sample (Figure 5.14b). Besides, the rubber modulus (as 

seen in the storage modulus curve after 60 
o
C) is decreased after the 4

th
 reprocessing. 

This is because during the pulverization of the polymer material, some permanently 

cross-linked strands of the polymer network are broken on the fracture surfaces [34] and 

can not be recovered during the subsequent healing process, which leads to a decreased 

crosslinking density and modulus in the rubber state. The stress-strain curves are shown 

in Figure 5.14c. It is remarkable to note that even after four times of reprocessing that 

sample still can achieve an ultimate stretch of 91.8% stretch. Figure 5.14d shows the 

evolution of the ultimate stretch and elastic modulus as a function of the number of 

recycling. Another set of recycling test are also presented in the figure where the heating 

time in each cycle is 2h. It is clear that although the properties of recycled material decay 

over the number of recycling, they stay in a reasonably good range. Also, the amount of 

decay decreases as the number of recycling increases, indicating more cycles of recycling 

is possible. In addition, the elongated heating time will improve the properties of recycled 

material significantly. As shown in Figure 5.14c, a 6 hour heating of the 4th generation 

sample leads to the ultimate stretch of 137.7%, which is comparable to that of the fresh 

sample without recycling history. 



 

109 
 

 

Figure 5.14. The recycling ability of the thermosetting polymer. (a) Top view: Sample 

manufactured by using polymer powder after being recycled for multiple times. Digit numbers 

indicate the recycle generation. Bottom view: the surface roughness observation on the 1st, 3rd 

and 4th recycled samples. (b). Stress-strain behavior of the polymer powder sample after being 

recycled for different times. The heating time is 30 min in each cycle. (c) Glass transtion behavior 

of the fresh sample and sample recycled for four times. (d) Ultimate stretch and initial elastic 

modulus plots as a function of recycle generations. Two sets of experiment are presented in the 

figure where the heating time in each reprocessing cycle is 30 min and 2 h respectively. 

5.4.3 Repair bulk polymers by using the powder medium 

In most engineering applications, the structural thermosetting polymers are 

susceptible to damage in the form of cracks, fractures and abrasions. Isolated interfaces 

might not be easily brought into contact again for welding. Structural patching using a 

bulk polymer is also not practical as it will potentially change the dimensions of polymer 

components. In view of these facts, the use of a pulverous thermoset as a repair medium 

is potentially a better choice. We therefore extended our study on the reprocessing and 

recycling ability of thermosetting polymers to this particular engineering application, 

namely utilizing polymer powder to reconnect the bulk material. As shown in Figure 

5.15a, two strips of the bulk thermosetting polymer were placed on a glass slide, with 

alarge gap in between. Then the gap was filled with the polymer powder and sandwiched 

between two glass slides (Figure 5.15b).Utilizing the standard heating condition (30min 

at 180
o
C with a pressure of 45 KPa), the two polymer pieces were reconnected as shown 
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in Figure 5.15c. The sample was further trimmed into a rectangular shape (Figure 5.15d) 

for tension tests.  

The welding procedure mentioned above was also repeated with thermoset powder 

with recycling history (up to four generations), while the bulk polymer strips were always 

fresh samples. The stress-strain curves are then plotted in Figure 5.15e. It is seen that 

except for the 4th recycled powder healed sample, the initial elastic moduli of the other 

three samples are typically close to the fresh sample, while the ultimate stretch is lower 

than that of the reprocessed samples studied above. All the failures in the tested samples 

are located on the welded interface between the bulk polymer and the powder assembles. 

By using the powder that has been reprocessed four times, the ultimate stretch is 

decreased to 76.5% stretch. We conducted another set of experiments with 2h of heating 

time in each operation, and the mechanical properties are summarized in Figure 5.15f for 

comparison. Since the polymer materials were sandwiched between glass slides with 

pressure, increasing heating time would not significantly improve the material’s stress-

bearing ability, which is limited by in-plane pressure during the operation, and 

subsequently the interface strength between the bulk polymer and powder assembly.  

 

Figure 5.15. Welding isolated bulk thermoset strip by using the pulverous polymer. (a) Two 

separated pieces of the thermosetting polymer are placed on a glass slide. (b) The gap is filled 

with the polymer powder. (c) The separated thermosetting polymer is healed and assembled 

together after being heated at 180
o
C for 30min (45 KPa in pressure). (d) The sample is further 

trimmed into rectangular shape for tension test. (e) The stress-strain curves of the welded sample 
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by using polymer powder recycled for different times. The heating time is 30 min in each test. (f) 

Ultimate stretch and initial elastic modulus plots as a function of recycle times of the applied 

polymer powder. Two sets of experiment are presented in the figure where the heating time in 

each test is 30 min and 2 h respectively.  

 

5.5 Conclusion 

In this chapter, we experimentally tested two fundamental features of CANs with 

thermally induced bond exchange reactions (BERs), namely the BER induced stress 

relaxation and surface welding effect enabled reprocessing and recycling ability.  

For the stress relaxation behavior, we synthesized epoxy thermoset polymers with 

different glass transition temperatures (Tg) by changing the stoichiometric ratios among 

monomers. The tunable Tg can be attributed to the alternation in polymer chain mobility 

and network flexibility. By using the standard stress relaxation tests, all the epoxy 

samples were shown to be able to effectively release the internal stress and rendered the 

thermoset polymers to be malleable, but the rate of stress relaxation is affected by the 

material composition. Based on the kinetics of BERs, we derived the detailed expression 

of the temperature dependent stress relaxation time. It is shown that the material 

relaxation behavior is following the Arrhenius type time-temperature superposition 

(TTSP). A master relaxation curve was consequently constructed, which further revealed 

the energy barrier for the BERs and enabled us to predict the relaxation time of each 

epoxy polymer at different temperatures. Finally, we experimentally correlated the glass 

transition behavior and internal BERs of the epoxy thermoset polymers. That is, when we 

gradually elevate Tg, the thermal energy required to achieve the same stress relaxation 

rate is linearly ramped. 

For the surface welding effect enabled reprocessing and recycling ability, we 

demonstrated that after being grinded into a pulverous state of micrometer size particles 

and recycled multiple times, the thermoset polymer with exchangeable bonds could be 

assembled again into a coherent solid with mechanical properties comparable to the fresh 

bulk polymer. Considering the efficient and robust welding effect among polymer 

particles, as well as the maintained merits of thermoset polymer as stress-bearing 

materials during the healing operation, this strategy is suitable for repair of polymer 
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structures in service, as well as reprocessing and recycling of thermoset waste in 

engineering applications.  
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CHAPTER 6  

INTERFACIAL MECHANICS OF COVALENT ADAPTIVE 

NETWORKS 

 

The aforementioned reprocessing, recycling and repairing ability of covalent adaptive 

networks (CANs) are based on the surface welding effect, which is resulted from the 

thermally induced BERs. However, as we mentioned in Chapter 1, most previous 

modeling works for the surface welding effect are based on the molecular theory [1] or 

molecular dynamics (MD) simulation [2], where molecular parameters are unavoidable 

and hard to be determined by using the standard polymer testing methods. Continuum 

mechanics models typically possess concise and straightforward modeling frames for 

engineers, but for the interfacial mechanics of CANs, to the best of our knowledge, little 

work has been conducted before.  

In this chapter, we developed a theoretical model to study the surface welding effect 

of CANs with thermally induced BERs. The developed lattice model is inspired by the 

classic random walk theory of polymer chains with the kinetics of BERs to describe 

diffusion of polymer chains within the CANs, as well as the accumulation of polymer 

chains on the interface with real contact. Only two parameters are needed in the lattice 

model, namely the energy barrier for the chemical reaction and a factor of the reaction 

rate. Both two factors could be easily measured through relaxation tests on bulk materials. 

 

6.1 Experimental and Results 

The material we used in this study is still the epoxy CAN reported by Montarnal and 

coworkers[3], namely the Epoxy 1 thermoset studied in Chapter 5.  

6.1.1 Scanning electron microscope observations of welded surface 

To examine the interface morphology of the welded epoxy thermoset, a fresh sample 

was firstly cut into half by using a razor at the room temperature, and then squeezed 

together for welding on a universal material testing machine (MTS, Model Insight 10, 

Eden Prairie, MN, USA) with different temperature and pressure applied (see the left 



 

116 
 

figure in Figure 6.1). The temperature in the thermal chamber manufactured by 

Thermcraft (Model LBO, Winston Salem, NC, USA) is controlled with a Eurotherm 

controller (Model Euro 2404, N. Chesterfield, VA, USA). After the welding, the interface 

morphology of the epoxy thermoset was observed by using a Scanning Electron 

Microscope (SEM, Model Phenom Pro, PhenomWorld, Netherlands). Before the SEM, 

the sample was coated with a thin gold film on a Sputter Coater (Mode 108 Auto, 

Cressington Scientific Instruments Ltd., Watford, UK). The thickness of the gold film is 

around 100nm. Figure 6.1 shows the interfacial morphology of epoxy samples after being 

welded for 20min at 180 
o
C (40 KPa applied). It is seen that the two epoxy samples are 

reconnected in the micro-scale with most interface disappears. However, due to the 

surface roughness, the contact cannot be achieved everywhere on the interface. The 

typical size of the interfacial void is 10μm - 30μm in width and 50μm - 200μm in length.  

  

Figure 6.1. Interface morphology of two epoxy samples after being welded at 180 
o
C for 20min 

with 40 KPa applied 

6.1.2 Uniaxial tension tests on welded polymer sample 

The effective stress-strain behavior of the welded epoxy sample at room temperature 

was evaluated by using uniaxial tension tests on the DMA machine. The loading rate was 

chosen to be a small value (5 %/min for all tests) to minimize viscoelastic effects. Figure 

6.2a shows the stress-strain curves of the thermosetting samples after being welded for 

different times (with 180 
o
C and 40 KPa applied). A fresh polymer sample was also 

tested (shown as dash line) to normalize the comparison. The inset view shows the 

appearance of the welded sample during the tests. Figure 6.2b and Figure 6.2c summarize 

the initial elastic modulus (within the first 10% stretch) of the welded sample with 
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different welding pressure and sample length. For each tension test, at least four samples 

were tested and the average values were reported. Generally, as shown in Figure 6.2a and 

Figure 6.2b, both ultimate stretch and elastic modulus of the welded samples can achieve 

the levels of fresh samples, with a clear trend where increasing either heating time and 

pressure can accelerate this process. Figure 6.2b shows the evolution of modulus as a 

function of time, pressure applied. The initial elastic modulus has been largely recovered 

within 30min of heating, before that the existence of interface will decrease the effective 

initial modulus of the welded sample. It is also interesting to see that the modulus is also 

a function of sample length, under otherwise identical reprocessing conditions. As shown 

in Figure 6.2c, as the sample length increase from 3mm to 12mm, the modulus measured 

at 10min reprocessing time increases by ~20% (from ~0.775 to ~0.925). 

 
 (a) (b) 

 
  (c) 

Figure 6.2.Mechanical properties of the welded epoxy sample. (a) Stress-strain curves of the 

thermosetting samples after being welded for different times. Inset view shows the appearance of 

the welded sample during experiment. The applied pressure is 40 KPa. (b) Initial elastic modulus 

(within the first 10% stretch) of welded sample with different pressure applied. The sample length 
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is 6mm (c) Initial elastic modulus (within the first 10% stretch) of welded sample with different 

sample length. The applied pressure is 40 KPa. 

6.1.3 T-peeling experiments 

Since the epoxy thermosetting polymer is flexible at the room temperature, we adopt 

the T-peeling test (ASTM D1876) [4] to measure the interfacial fracture energy of the 

welded sample. Two epoxy strips with the same dimension (20mm × 3mm × 2 mm) were 

compressed on the MTS machine for welding with different heating time, temperature 

and pressure applied. An open region was left at the end of the welded sample. After the 

welding process, each end of the welded sample was loaded into two opposing tensile 

grips of the DMA machine (see the inset view of Figure 6.3). During the peeling test, the 

grips were separated at a constant rate of speed (50mm/min) for all samples. Figure 6.3 

shows the typical peeling force as a function of displacement after the epoxy sample 

being welded at 180 
o
C for 30min and 3h respectively. The maximum and minimum 

peeling force during the steady propagation of crack will be used to calculate fracture 

energy of interface.  

  

Figure 6.3.Peeling force as a function of displacement after the epoxy sample being welded at 

180 
o
C for 30min and 3h respectively. Inset view shows the sample appearance on the DMA 

machine during the T-peeling tests.  

 

6.2. Constitutive Modeling 

6.2.1 A lattice model for interfacial welding 

When the exchange reaction occurs within the backbone of a polymer network, it will 

lead to a diffusion of polymer chains and rearrange the overall network connectivity [5]. 
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Therefore, we propose a two dimensional (2D) squared lattice model to geometrically 

describe the CANs topology, which is commonly used to study the chains random 

walking in polymer physics. We consider two identical networks (A and B in Figure 

6.4a). Within the each network, we assume the amount of elastically ineffective features, 

such as dangling chains and loops, are negligible. Local crosslinking points of the 

thermosetting network are represented by a single point in average and denoted as each 

point on the lattice grid. The lattice side length is in nano-scale and is comparable to the 

radius of gyration of polymer chain. Between the two lattice points, we assume there are 

plenty chains connected to them. The chain density is denoted as i . It should be noted 

that although there should be more than one exchangeable bond rested on each point, we 

assume the situation that the chain broken and connected by themselves in forming a loop 

is highly impossible. In this manner, we only consider a single pair of exchangeable bond 

on each lattice side. The two networks are separated by one lattice distance.  

 

Figure 6.4.The proposed two dimensional (2D) squared lattice model to characterize interfacial 

kinetics. (a) The lattice geometry and (b) BER induced local chain redistribution between two 

neighboring lattice sides.  

When the temperature is sufficiently high, BERs become active, which lead to the 

cleavage and reconnection of polymer chains within the adaptive network. Considering 

the two neighboring lattice sides shown in Figure 6.4b, during a time interval from t to Δt, 

javascript:void(0);


 

120 
 

the amount of broken chains on a given side is (t, x)Kdt, where (t, x) is the local chain 

density at the beginning of the time t at location x, and  
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.  (6-1) 

If we assume these broken chains will either stay in the same area, or jump into the 

neighboring side with the same probability, then we can write the local chain density at 

the end of time interval by the following incremental equation:  
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.  (6-2) 

On the right hand side (RHS) of Eq. 6-2, the first item denotes the local chain density at 

the end of this time interval; the second item is the amount of chains escapes from the 

lattice point at x with the assumption that a point can lost a chain to its neighboring eight 

sites and itself (total nine) at equal probabilities but only the lost to the neighbors are the 

true lost; the third item is the gain from the eight neighboring sides to the local chain 

density.  

After expanding each item in Eq. 6-2 by Taylor expansion, and ignoring higher order 

items, the incremental equation will be generalized into a continuous differential equation. 
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3
xKd  (6-3b) 

Eq. 6-3 indicates that within the CANs, the BERs induced chains migration is 

essentially a diffusion process with diffusivity α. This is consistent with previous studies 

by Leibler et al [6], where the diffusivity is taken to be 
2

m mN b


, with Nm denoting 

number of monomers and bm denoting monomer length respectively. Therefore, the 

lattice size can be analogized to be 
2 23

2
x m md N b . Eqs. 6-1-6-3 establish a direct 

connection between K or μa and diffusivity of chain due to BER in the material.  
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At the beginning of surface welding, the interfacial chain density is zero, namely 

 0, 0x   for x xd x d   , and   00, x   for x xNd x d     and x xd x Nd  . 

For the sites inside the material, however, an initial chain density gradient exists and will 

drive the polymer chains gradually move onto the interface. Meanwhile, we assume the 

chain density on the lattice boundary (  xx Nd  ), does not change over time, namely 

 ,
0

xx Nd

d t x

dt





 , which indicates that the polymer matrix beyond the lattice area will 

provide numerous chains into the lattice modeling area.  

Based on the above mentioned initial and boundary conditions, Eq. 6-3 can be solved 

easily. The chain density evolution within the lattice area is expressed as:  
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The chain density evolution on the interface (x=0) is written as: 
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  (6-5) 

In Eq. 6-4 and 6-5, N denotes the amount of lattice layer parallel to the interface. 

Physically, it represents the depth of the concerned thermosetting network beneath the 

interfacial area during the characterization of interfacial kinetics.  

6.2.2 Evolution of interface areas 

The above mentioned constitutive relations describe the time and temperature 

dependent interface chain density. Intuitively, we can proceed to evaluate the mechanical 

properties of the welded epoxy polymer as it is determined by the chain density 

distribution. However, there are three non-trivial questions have to addressed. First, the 

initial modulus of the welded sample is dependent on the applied pressure while the 

lattice model ignores the influence of pressure because it does not affect the BER kinetics. 

The assumption of BER kinetics being independent of pressure remains to be true in the 

range of the pressure applied. Second, if we would treat the welded epoxy sample as a 

composite material with the interface layer perpendicular to the stretching direction, the 
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effective modulus should always be close to that of pure epoxy material because the 

volume fraction of the interface, namely the interface thickness compared to the sample 

length, is very small. But the initial modulus of the welded sample is seen to increase 

with as increasing sample length. This means the influence of interface on the material 

modulus cannot be simply characterized by using the classic theory of composite.  

SEM micrographs shown in Figure 6.1 suggest that due to the surface roughness, 

contact does not spread over the interface of the welded epoxy samples, and microscopic 

voids still exist. A higher welding pressure will squeeze the surface asperities and 

increase the real contact area on the interface. The contact area will further increase when 

the BERs gradually release the stored elastic energy in the asperities. Eventually, a full 

contact can be reached after squeezing and heating the sample long enough. Since the 

polymer chains can only be connected on the real contact area, pressure will affect the 

mechanical properties of interface by affecting the interface contact morphology. 

From above discussion, it is apparent that surface roughness, or true contact area and 

pressure play any important role determining the efficiencies of surface welding. Most 

previous contact mechanics theories are based on Hertz contact theory [7] for elastic 

spheres with perfectly smooth surfaces. The random surface asperities are approximated 

to be spherical or elliptical bumps, and the elastic coupling between the asperity contact 

regions is neglected. This is the basic strategy for both the Greenwood-Williamson theory 

[8] and the theory of Bush et al [9, 10]. A necessary condition for these theories is that 

the squeezing pressure must be so small that the area of real contact is very small 

compared to the nominal contact area. However, these assumptions are not valid when it 

comes to the soft CAN, where large deformation in asperities is expected and 

deformation of each asperity is no longer independent. In this case, we adopt Persson’s 

contact theory [11-15] that removes the assumption of small pressure and small 

deformation, and is valid up to the full contact situation.  

Following Persson et al [11-14], the ratio between real contact area and nominal 

contact area is written as:  
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with  

2

24 (1 )
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v p




 
  

 
,  (6-6b)  

where A0 is the nominal area of interface, p is the squeezing pressure, v  is the Poisson’s 

ratio, and E is the elastic modulus of substrate material. Persson et al [14] also pointed 

out that the elastic modulus can be the relaxation modulus if viscous material is 

encountered. C is the surface roughness constant that is related with the surface asperity 

amplitude and wavelength, i.e. 
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1
exp

2 x
C H x iqx dxdq



 


   ,  (6-6c) 

where  H x  is the surface height-height correlation function and x0 is the measurement 

resolution [13, 15]. It should be noted that although the roughness constant can be 

experimentally determined by measuring the surface height profile, no attempt is made to 

this end in this study and C is treated as a fitting parameter in the following discussions.  

6.2.3 Continuum level model of the effective modulus of welded sample 

Substituting the temperature dependent relaxation modulus (Eq. 5-4), the real contact 

area in Eq. 6-6 will gradually increase over time and finally approach the full contact 

(A=A0) (as illustrated in Figure 6.5).  

 

Figure 6.5. Real contact area increases as the increment of processing time. 

During the increment of real contact area, polymer chains on the interface are 

connected at different time. At the timing point t, the accumulation of normalized chain 

density on the interface is written as:  

    
0

0

1 (s)t

f

dA
n t t s ds

A dt
  .  (6-7) 
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It is noted that while Eq. 6-5 describes the normalized interfacial chain density at the 

ideal condition, i.e. a perfect contact situation, Eq. 6-7 calculates the normalized chain 

density on the real polymer interface with the considerations of surface roughness and 

influence of squeezing pressure.  

If we assume the connected polymer chains on the interface are ideal, each chain can 

be characterized as ff k  , where f is the force, χ denotes end to end displacement. kf is 

the spring constant of single polymer chain which can be written as [16, 17]:  
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3 b
f

k k

k T
k

N b
 ,  (6-8) 

where kb is the Boltzmann’s constant, Nk is the number of Kuhn segment in one long 

chain, bk is the length of single Kuhn segment.  

For the welded epoxy sample, when a tension force F is applied, the length change of 

the bulk material is 
0 0

FL
L

E A
  , where L is the sample length and E0 is the material 

modulus at the room temperature. In the interface, the length change is 
0f f

F

n mA k
  , 

where m is the number of chains in the bulk material across unit area. Then the total 

engineering strain of the welded sample is 
L

L

 



 . The elastic modulus of the 

welded sample can therefore be written as:  
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If we consider the modulus of bulk material is related with the volume chain density ζ as 

E0= ζ kbT, we further have: 
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The second item in the bracket of the denominator of Eq. 6-9b indicates the influence of 

interface on the effective modulus of welded epoxy sample. First, the modulus of the 

welded sample depends on the sample length L. This influence of interface on the 
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effective modulus is more obvious when the sample length L is small. This is also 

qualitatively consistent with the classic composite theory that a lower effective modulus 

is resulted from the lower volume fraction of the interface with weak modulus. Second, at 

the beginning of surface welding, a small contact area and low degree of chain 

connections on the contact portions lead to a small chain density fn . Increasing the 

welding time, temperature and pressure will increase fn , and consequently increase the 

elastic modulus. Eventually, the second item in the bracket in the denominator will be 

negligible compared with the first item, which indicates a nearly full recovery of elastic 

modulus.  

6.2.4 Interfacial fracture energy characterization 

After finishing the interfacial model and determining the model parameters, we 

compare the prediction of interfacial fracture energy with the experimental measurement 

to valid the model effectiveness. As shown in Figure 6.3, the interfacial fracture energy 

of welded epoxy sample is tested by using the T-peeling tests, where the peeling force 

was recorded as a function of displacement. Following Griffith’s energy balance law, 

when the welding substrate is elastomeric polymer, the adhesive fracture energy Gc can 

be calculated as [18, 19]:  
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where P  is the average peeling force during the steady propagation of crack (from t1 to 

t2), and is calculated as the time average of the real-time peeling force: 
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. E0 

is the modulus of the material, h is the thickness, b is the width, and e is the elastic strain 

under force P . It is generally accepted that the fracture energy across polymer interfaces 

is dependent on the amount of bridged polymer chains, as well as the rate of separation. 

Lake and Thomas et al [20] recognized that the fracture energy across polymer interface 

is amplified, because all the bonds of the polymer have to be activated even though only 

one bond ultimately breaks. The dependency of the fracture energy on the rate of 

separation is usually ascribed to bulk viscoelastic processes [21-23], mechanical 

entanglements near the interface [24-27], or chemical kinetic processes [28-31]. But 
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regardless of various mechanisms, if the separation rate is constant, the fracture energy is 

usually linear with the interfacial chain density. For example, in the theory of Chaudhury 

et al [32], the adhesion energy is formulated as: 
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,  (6-11) 

where fn is the density of connected polymer chains across the interface, and can be 

calculated based on Eq. 6-7. 1 is bond dissociation time, M is the constant associated 

with polymer chains, V is the peeling velocity,   is the activation length of a bond, n is 

the number of bonds in a unit chain. Note that 1 , M,   and n are parameters associated 

with the polymer chain, therefore are constants for the same type of polymers. Eq. 6-11 

tells that if two T-peeling tests are conducted under the same peeling speed, we will have 

1 2 1 2
c c f fG G n n . The interfacial fracture energy is linear with the number of connected 

polymer chains on the interface, which is calculated by Eq.6-7. 

 

6.3. Results and Discussions 

6.3.1 Interfacial chain density evolution 

Figure 6.6 plots the normalized chain density evolution on the interface with different 

N applied in Eq. 6-4. The applied temperature is 180 
o
C. It is seen that as the number of 

lattice layer increases, the prediction curves converge at N=20. Since the lattice size is 

comparable to the radius of gyration of polymer chain, which is typically a few 

nanometers, the interface affecting depth is predicted to be around tens of nanometers. 

Beyond this depth, the chain density in the bulk material is unaffected and does not 

change over time. 
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Figure 6.6. Normalized chain density evolution on the interface with different lattice size 

considered. 

The influence of interface on the local chain density distribution beneath the 

interfacial area is further visualized in Figure 6.7, where the temperature is still 180 
o
C. In 

Figure 6.7a, a 40 by 40 lattice is constructed for each epoxy material and the normalized 

chain density distribution is plotted at different timing point. Figure 6.7b plots the 

normalized chain density distribution along the normal direction of the interface. It is 

seen that after the heating starts, the interfacial chain density increases and the interfacial 

affecting area expands. In the real thermosetting network, the chain density gradient 

provides driven force for the diffusion of polymer chains. At the beginning of surface 

welding process, the sharp contrast of chain density around interface leads to the rapid 

accumulation of polymer chains on the interface within the first few minute. With the 

increment of heating time, chains in the subsequent polymer matrix migrate towards the 

interface, resulting in an expanded gradient area. But due to the decreased the gradient 

magnitude, the interfacial chain density increasing speed decreases. Finally after 3.6 

hours of heating, the adaptive network reaches a homogeneous and dynamic equilibrium 

state.  



 

128 
 

 

(a) 

 

(b) 

Figure 6.7. (a) Normalized chain density distribution within the lattice model at different timing 

point. The temperature is 180 
o
C. (b) Normalized chain density distribution at different heating 

time along the normal direction of the interface. The temperature is 180 
o
C. 

6.3.2 Predictions on the effective modulus of welded sample 

In Eq. 6-9, the number of Kuhn segment Nk can be estimated by stress-strain curve of 

fresh bulk material. For polymeric materials that is in the rubbery state, as the stretch 

ratio approaches a limiting value 
lim

c , the macromolecules are so extended that can no 

longer accommodate large deformation by rotation[33]. The stress increases dramatically 

and strain stiffening occurs. From non-Gaussian chain statistics, this limiting stretch ratio 

lim

c  is connected to the number of Kuhn segments by lim

c kN  [34, 35]. In the 

previous work of Long et al [36], this number of Kuhn segment is determined to be 
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3.79kN  . bk  is set to be 1nm, which is the typical Kuhn length of polymers with 

randomly coiled chains [37]. The number of chains across unit area m can be related to 

the chain density of bulk material ζ: 
1

2
m L  [20], where L  is the mean displacement 

length for a single polymer chain. As shown in Figure 6.8, after properly adjusting the 

surface roughness constant as C=3.09×10
-4

, the effective modulus of the welded sample 

can be adequately predicted with different welding pressure and sample length. The fact 

that only one parameter is used to predict the curves under different processing 

conditions confirms the validity of the developed model.  

 

 (a) (b) 

Figure 6.8. Both experimental results and theoretical predictions of the initial modulus of the 

welded epoxy sample. The welding temperature is 180 
o
C. (a) Initial modulus with different 

pressure applied. The sample length is 6mm. (b) Initial modulus with different sample length. The 

applied pressure is 40 KPa. 

6.3.3 Predictions on the interfacial fracture energy 

The experimental results shown in Figure 6.2 reveal that with enough heating time 

applied, the initial modulus, stretch ability and strength of the welded epoxy samples 

could reach the same level as that of the fresh material. In our previous study [38], we 

also demonstrated that even after being grounded into micro-sized powder and heated 

long enough, the reprocessed epoxy polymer still process mechanical properties 

comparable to the fresh material. In this manner, we use the fracture energy of epoxy 

sample welded for 10 hours (at 180 
o
C and with 90 KPa applied) as the normalizer. 

According to stress-strain behavior shown in Figure 6.2a, it is reasonable to assume that 

the applied welding condition will achieve a full recovery of chain density on the 
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interface. By using the T-peeling test, the fracture energy of the welded epoxy sample is 

measured as 1887.7J/m
2
.  

Figure 6.9 shows comparasion between the experimental results and theoretical 

predictions of normalized interfacial fracture energy. It is seen that the developed 

interfacial model could predict the time, temperature and pressure dependent fracture 

energy with adequate accuracy. Besides, parametric studies on the welding pressure at 

different temperatures reveal some general features. First, for each welding temperature, 

there exists a critical welding time, before which the development of interfacial fracture 

energy is sensitive to the pressure. A higher pressure helps to increase the real contact 

area by squeezing surface asperities, and consequently assists the accumulation of 

connected polymer chains on the interface. After this critical welding time, the 

predictions of fracture energy join together indicating the independency of welding 

pressure. Second, below the critical welding time, the sensitivity of the welding pressure 

is weaker when the welding temperature is lower. This is because at low temperature, 

although increasing pressure still increases the real contact area, the fracture energy 

development is limited by the sluggish BER kinetics on the interface. Third, since BERs 

keep on releasing the elastic energy in surface asperities, even with 2KPa pressure, the 

fracture energy can reach the same level of that with high pressure applied after the 

critical heating time. Therefore, if highly recovered fracture energy on the interface is the 

manufacturing goal, excessively high pressure is unnecessary in terms of shortening the 

welding process.  

 

 (a) (b) 
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Figure 6.9. Both experimental results and theoretical predictions of the normalized interfacial 

fracture energy. The experimental results are plotted as dots. (a) Normalized interfacial fracture 

energy of epoxy samples after being welded at 180 
o
C for different time and with different 

pressure applied. (b) Normalized interfacial fracture energy of epoxy samples after being welded 

at 140 
o
C for different time and with different pressure applied. 

6.3.4 A master map for effective modulus and fracture energy 

The aforementioned discussions reveal that both effective modulus and interfacial 

fracture energy of welded samples are dependent on processing time, temperature and 

pressure. These dependencies are originated from the time and temperature dependent 

BER kinetics, which follows the TTSP. Therefore, the real contact area and the interfacial 

chain density also follow the TTSP and can be mapped into a reference temperature Tr: 

    , ,r rA t T A t T   (6-12a) 

    , ,r rt T t T    (6-12b) 

Usually, the new timing scale is called reduced time [39], which is the physical time 

divided by the corresponding shift factors 
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In this manner, the time and temperature dependency of surface welding can be 

unraveled by the reduced processing time. Different thermo-temporal processing 

conditions can be measured by the reduced processing time at the reference temperature; 

the reduced processing time and pressure determine both effective modulus and 

interfacial fracture energy. This process inspires the creation of a master map for the 

prediction of effective modulus, as shown in Fig. 12, where the left quadrant shows the 

normalized effective modulus as a function of both pressure and reduced processing time, 

and the right quadrant shows the conversion of the reduced processing time (the vertical 

axis) to the physical processing time (the vertical axis) at different processing 

temperatures (individual curves). For a given welding condition with a processing 

temperature and time at that temperature, one can obtain the reduced processing time 

from the right quadrant and then determine the normalized effective modulus combining 

the pressure by using the left quadrant.  

In addition to the prediction, Figure 6.10 also reveals some general features of the 

effective modulus under various processing conditions. First, increasing processing 
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temperature will always increase the reduced processing time at a given physical heating 

time, and consequently increase the effective modulus, which is originated from the 

increment of BER rate and real contact areas. Second, within a specific pressure range, 

increasing pressure will also increase the effective modulus since it will assist the 

accumulation of real contact areas. Since an excessively high processing temperature 

might impair the integrality and stability of network, one can choose to increase the 

processing pressure instead in order to achieve the same level of effective modulus. Third, 

there exists a critical pressure magnitude (~130KPa), above which the effective modulus 

is independent on the pressure applied, but is determined by the temperature dependent 

BER rate. Similarly, a master prediction map for the interfacial fracture energy is also 

constructed as shown in Figure 6.11, which reveals similar rules. Generally, the 

constructed master prediction maps provide a facile strategy to select and optimize the 

processing conditions for an CAN.  

 

Figure 6.10. A master map for the prediction of effective modulus of the welded sample. The 

reference temperature for the reduced processing time is 160 
o
C 
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Figure 6.11. A master map for the prediction of interfacial fracture energy of the welded sample. 

The reference temperature for the reduced processing time is 160 
o
C 

 

6.4 Conclusion 

Thermo-responsive covalent adaptive networks (CANs) could be welded on the 

interfaces when the temperature is sufficiently high to activate the internal BERs. In this 

chapter, experimental observations show that such surface welding effect is dependent on 

the welding time and temperature. Besides, pressure affects the welding efficiency, which 

contradicts to our previous understanding of covalent chemical reactions that are not 

pressure sensitive when the pressure magnitude is moderate. In this chapter, we 

developed a theoretical model to study the dependency of CAN interfacial kinetics on the 

applied thermal and mechanical fields. Due to the surface roughness, the pressure will 

affect the real contact area on the interface, and consequently influence the mechanical 

properties of welded thermosetting polymer. On the real contact area, the chain density 

increment is only dependent on the welding time and temperature, and such dependency 

can be characterized based on the BER kinetics of bulk material. The model predictions 

agree well with experimental observations on the elastic modulus and interfacial fracture 

energy of welded thermosetting polymers. Due to the concise modeling frame and 

effectiveness of the developed model, it can be easily extended to other types of CANs 

with different stimuli, such as light and moisture etc. 
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CHAPTER 7  

OVERALL CONCLUSIONS AND RECOMMENDED FUTURE 

WORK 

 

7.1 Overall Conclusions 

The overall objective of my study is to understand the complex thermomechanical 

behaviors of active network polymers through experimental and theoretical investigations. 

Two representative polymer systems are selected in this dissertation: shape memory 

polymers (SMPs) and covalent adaptive networks (CANs) with bond exchange reactions 

(BERs). Both polymers are active in performing prescribed functions upon changing 

temperature. The research strategy include experimental testing on the material 

thermomechanical behaviors, and then develop constitutive models to predict material 

behavior, reveal working mechanism and assist design for engineering applications.  

Specifically, by using a one-dimensional (1D) thermoviscoelastic constitutive model, 

we studied several new and interesting shape memory effects in thermos-sensitive 

amorphous network polymers, which advance our traditional understanding of this 

material. For example, by studying the influence of stretch induced softening effect on 

the free recovery of SMPs, we demonstrated that the material equilibrium modulus 

provides the driven force to the shape recovery of SMPs; by examining the multi-shape 

memory effect, we revealed the energy releasing mechanism during the shape recovery of 

SMPs; by investigating the polymer temperature memory effect (TME), we showed how 

both programing and recovery conditions will affect the free recovery behavior in group. 

Subsequently, based on the experimental observations, we generalized a unified method 

to predict the shape memory performance of thermo-rheologically simple SMPs under 

different thermo-temporal conditions. The fundamental conclusion is that the influence of 

programming conditions to free recovery can be unified by a reduced programming time 

that uniquely determines shape fixity, which consequently uniquely determines the shape 

recovery with a reduced recovery time. The developed prediction method is independent 

on the model details. After extending the 1D constitutive model into three-dimensional 
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(3D) finite deformation model, we examined the thermomechanical and shape recovery 

behaviors of two types of SMP composites, which is respectively reinforced by magnetic 

particles and microvasculars. These two materials represent a common group of SMP 

composites which rely on internal heating sources to volumetrically heat up the SMP 

matrix. The results revealed some general features of the shape memory behavior: first, 

the initial thermal conduction and thermally induced shape recovery successively 

dominate the total shape recovery process; second, there always exists a critical filler size, 

below which the initial heat transfer can occur almost instantaneous and the shape 

recovery rate is independent on the filler size.  

For the CANs, we studied BER induced stress relaxation, surface welding, 

reprocessing and recycling capabilities. The stress relaxation behaviors at different 

stoichiometric ratios help us to establish the connection among BER kinetics, network 

relaxation modulus and glass transition temperature (Tg). That is, the network relaxation 

time is dependent on the BER kinetics, where the reaction energy barrier is linear with Tg. 

We also correlated the BER kinetics with surface welding effect through a continuum 

level constitutive model, where the model parameters can be determined by testing the 

properties of bulk material. During the surface welding, the polymer chains migrate 

towards interface and reconnect there. The migration is essentially a diffusion process 

and the diffusivity is only dependent on the rate of exchange reactions. In addition, due to 

the surface roughness, the pressure will affect the real contact area on the interface, and 

consequently influence the mechanical properties of welded thermosetting polymer. The 

model predictions agree well with experimental observations on the elastic modulus and 

interfacial fracture energy of welded thermosetting polymers. 

 

7.2 Future Work Recommendation 

The research in my dissertation may be further developed in the following two ways: 

1. Developing 3D finite deformation computational frame to combine both BER 

induced stress relaxation and surface welding effect of CANs. Such a 3D constitutive 

model will enable us to study complex 3D problems, such as the reprocessing and 

recycling effects under the influence of temperature and pressure. However, as we 

revealed in Chapter 6, the dependency of real contact area on the surface roughness leads 
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to a time-convolution type interfacial chain density evolution, which is computationally 

expensive to capture in existing FEM packages. In this case, developing new and 

effective computational methods will be a challenge. 

2. Combining SMPs with BERs to develop novel multifunctional active polymers. 

Such combination will advance the current applications of SMPs to a new level. One 

notable example is the free standing two-way shape memory polymers [1, 2] based on the 

liquid crystalline elastomers, where network topology will be evolved along the 

programming deformation at high temperature. This is a truly remarkable progress in 

developing two-way SMPs, and its thermomechanical and two-way shape changing 

properties can be studied by using approaches developed in this dissertation.  
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