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Abstract

Loytainen, Topi

Lowest order perturbative quantum field theory calculations of bound state decay
widths

Master’s thesis

Department of Physics, University of Jyvéskyla, 2017, 88 pages

The bound state decay widths of the processes J/v — [T~ n. — gg, O-Ps — vy,
J/Y — ggg and J /1 — ~vgg are derived in the lowest order perturbative theory of
QED and QCD. In these calculations, three different methods for processing the
invariant amplitude are presented. The derived decay width results agree with the
established ones in the literature. Moreover, experimentally verifiable ratios between
calculated decay widths are presented. The theoretical predictions are Rl‘]t/f =
D(J/ = v99)/T(J/¥ — ggg) ~ 0.104 and Ryl = T(J/v — I*17)/T(J/$ —
999) =~ 0.060, which agree relatively well with experimental results. Finally it is
argued that the development can be generalized for other heavy mesons with the

same quantum numbers.
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Tiivistelma

Loytainen, Topi

Alimman kertaluvun héairiéteoreettisia kvanttikenttdteorialaskuja sidottujen tilojen
hajoamisleveyksille

Pro gradu

Fysiikan laitos, Jyvéskylan yliopisto, 2017, 88 sivua

Tyossa lasketaan sidottujen tilojen hajoamisleveydet prosesseille J/¢ — (717 n. —
99, O-Ps — v, J/1 — ggg ja J/1» — 7vgg. Prosessit lasketaan perturbatiivisen
QED:n ja QCD:n alimmassa kertaluvussa. Laskuissa kdydéan lédpi kolme erilaista
tekniikkaa invariantin amplitudin kasittelemiseksi. Johdetut hajoamisleveystulok-
set kayvat yksiin kirjallisuudesta loytyvien tulosten kanssa. Lisdksi tarkastellaan
kokeellisesti varmistettavissa olevia hajoamisleveyssuhteita. Teoreettiset ennusteet
ovat RV = T(J/ — ~vg9)/T(J/ — ggg) ~ 0.104 seki Ry = T(J/ip —
[T17)/T(J /v — ggg) =~ 0.060, jotka ovat melko lahelld kokeellisia arvoja. Lopuksi
argumentoidaan, ettd tulokset voidaan yleistda koskemaan muita raskaita mesoneita

joilla on samat kvanttiluvut.

Avainsanat: sidottu tila, hiukkasen hajoaminen, perturbatiivinen QFT, J/1) mesoni
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Being at such an early stage of my own academic career, there is not much that I
can say about the life of a theoretical physicist. However, I have the feeling that
the first ten years, or so, of my life on this journey will be filled with meticuluos
familiarization with already proven results and theories. To see the forest from all
the trees; so to speak. Only after adequate control of the knowledge accumulated by
scientists before me, I can dream of inventing something new.

As such, the work at hand is more or less general knowledge on the field of particle
physics. A friend of mine once asked from me, why do I need to recalculate a collision
process which has already been done back in the 1970’s? My response to his question
was, why do the first graders need to learn how to calculate 1+1=27 After all a lot
of people have done that calculation before them. Why would they need to know
how to do that? With this the motivation for this master’s thesis should become
obvious.

Lastly I would like to thank professor Kari J. Eskola for his guidance during this
work. We had many intriguing conversations on the topic going down to the finest
details at times. I would also like to thank my friends and my colleagues of FYS4
for enduring my rants when I wasn’t able to solve some particular calculation. And
finally, I would like to thank Veera for her patience. She has been the one who has

had to tolerate my long working hours the most.
Jyvaskyla, 17.10.2017
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1 Introduction

A typical book on quantum field theory (QFT) usually starts with a quick revision of
classical field theory or assumes it to be known [1]-[4]. With such an in-depth topic,
a certain level of pre-existing knowledge has to be assumed. Therefore, in this thesis
it is assumed that the reader is somewhat familiar with the phenomena of particle
physics and the mathematical machinery needed for its description. However, it is
our desire to present a detailed account of the most important calculations such that
the reader should be able to follow the development nearly without the need of a

pen and a paper.

The main interest in this thesis is in the lowest order (LO) perturbative quantum
field theory (QFT) calculations of bound state decays. The decays of the heavy
mesons J/1 and 7, are taken as examples for decay processes that are described by
quantum chromodynamics (QCD). Moreover, the decay of the ortho-positronium
(O-Ps) is taken as an example of a process that can be described completely within
the framework of quantum electrodynamics (QED). In particular, we shall explicitly
derive the decay widths of the following decay processess: J/i¢ — [T17, n. — gg,
O-Ps = yy7, J/¥ — ggg and J/¢ — ~g9.

We are interested in the decays of those states where the orbital angular momentum
is zero i.e. L = 0. This is to say that we consider bound state particles with spin 1
or 0. Moreover, it should be noted that both J/¢ and 7. are bound states of the
charm ¢ and anticharm ¢ quarks. The difference between these two particles is that
J/1 is a JPC = 17~ particle and 7, is a JP¢ = 0=F particle. Similarly with .J/1,
the O-Ps is a JP¢ = 17~ particle. However, the O-Ps is a bound state of an electron

e~ and a positron e*.

A particular emphasis is on the decay of J/1 as one of our earliest motivations for
this topic came from the desire to understand the diffractive .J/¢-production in
deep inelastic scattering [5]. The decay width calculations allow us to derive ratios

between different decay channels. For example we derive the known result of the



ratio between J/v — vygg and J/¢ — ggg:

L(J/ —vgg) 36 a
T(J/Y — g99) gon?’ (L)

where (). is the fractional electric charge of the charm quark, « is the QED coupling

constant and «ay is the QCD coupling constant [6]. As one can see, the equation 1.1
allows us to figure out the ratio between the QED and QCD coupling constants at
the given energy scale.

Because of the wide variety of different notational conventions, it is sensible to
explicitly state our notational choices. Throughout this thesis we work in a 4D
Minkowski space with the metric chosen to be g,, = (+, —, —,—). Moreover, we
shall adopt the Dirac-Pauli representation. The reader may check appendix E for
the explicit form of this representation. When Greek letters pu,v,&, ... are used as
indices, they represent Lorentz indices going over the values 0,1,2,3. Similarly when
Latin letters 4,5k, ... are used as indices, they go over the values 1,2,3. Moreover,
in general any three-vector is written with a bold faced letter or a vector sign on top
of it, e.g. k or k. The choice depends on the context. The four-vector counterpart
is then simply written as k. Lastly, throughout this thesis we shall also work with
natural units e.g. A = ¢ = 1. Any other notational convention should be obvious
from the context.

Before presenting the decay width calculations, we shall introduce a method for
solving a two-body bound state decay process to LO analytically. This is an important
result from which we take full advantage of. Our development for the invariant
amplitude of bound state decays rests on the idea that we can first neglect the
annihilation of the bound state to calculate the binding, and then neglect the binding
to calculate the annihilation [1, p.233]. Then the desired invariant amplitude of the
bound state decay is obtained simply by multiplying these two together. We shall
also take the extreme nonrelativistic (NR) limit, where the momentum of the heavy
constituent particles is set to zero. This is a rather justifiable approximation when
working in the center-of-mass (CMS) frame of the decaying particle. In addition, the
development holds at the heavy-quark mass energy scales where o and « are small
enough, such that perturbation theory can be applied. After this we shall consider
the processes of interest.

We shall calculate the decay width of the process J/v — [T~ in two different

ways. First by explicitly forming the matrix structure from the quark and antiquark



spinors and calculating through. Then secondly, and maybe more elegantly, by taking
advantage of the helicity states of the J/¢. There are two main reasons for this
development. First of all, any mathematical tools that allow us to circumvent some
of the tediousness of a brute calculation are valuable in themselves. Secondly, the
development should give a more in depth understanding of the physical process at
hand.

With this so called helicity technique at our disposal, we shall briefly revisit the
calculation of the decay width of . — gg as given in [7]. This is of interest to
us because 7, is in the spin singlet configuration and expressing this state in the
helicity basis gives us the whole picture of how the addition of angular momenta
of spin—% particles works for this technique. In addition, this allows us to point
out the importance of how one chooses the set of independent basis spinors for
the Dirac equation (DE) solutions ¢. This choice is also intimately related to the
Clebsch-Gordan coeffiecients.

A bound system of an electron and its antiparticle positron is called positronium
and when it is in the spin triplet configuration it is called O-Ps. This decay width
calculation is well known in literature but has still evoked interest in the 21st
century [1], [8]-[10]. We are interested in this calculation since it may be used as a
stepping stone to the calculations of I'(J/¢ — ggg) and I'(J/1) — vgg). After having
done the positronium calculation, the .J/v¢ decay width calculations essentially boil
down to figuring out the correct color factors.

Some of the calculational details have been placed to the appendices in order to
make the main text more concise. A reader interested in these details will find them
from there. The main text references them appropriately. Moreover, as we shall
extensively use the Feynman rules to derive the invariant amplitude, a quick recap
of QED and QCD Feynman rules has been gathered to appendix D. Before the
conclusions we shall briefly discuss how these calculations relate to experimental
results and how they can be generalized to cover other heavy mesons with the same

quantum numbers. Next, let us turn our attention to two-body bound states.






2 Two-body bound state decays in general

The method of solving NR two-body bound state decays is common knowledge in
the field of particle physics. In this section we shall briefly go through the main
points and results of this development. A reader more interested in the details may
refer to literature for further information [1], [2], [7], [11]-[18].
Let us then consider an unstable particle o of mass M, which can decay to n other
particles as « — 1+ 2+ ---+ n. The decay event can result in multiple different
final states |f;). Let us choose a particular decay process with a final state |f) that
we are interested in. We may then define a quantity called the decay width I'; as
N
br= NaiT’

(2.1)

where Ny is the number of those decay events where the final state is |f), N, is
the number of decaying particles and AT is the time interval in which we observe
the decay events. We can clearly see from equation 2.1 that the decay width is
proportional to the inverse of the average lifetime of the particle.

Then, by taking e.g. the plane wave approximation method and ”"putting the particles

in a box” we may derive the decay width to the channel f = 1...n to be

b= 2E ( (27) ‘52E )(QW)% ( Pa — Zn:pj) IMii(a — 1..n)%, (2.2)

Jj=1

where E,, E; are the energies and p,,p; the four-momenta of the particles in ques-
tion [18]. The delta function 6¥) takes care of energy conservation and the invariant
amplitude M; contains the physics of the decay. We can also see that since the
energy F, depends on the frame, the decay width also depends on the frame. Usually
the frame is chosen to be the CMS frame of the decaying particle since in it we have
the proper time of the system. Then the problem of finding the decay width is a two
fold process: determine the invariant amplitude M for the process and compute the
phase space integral.

Next we need to figure out the form of the invariant amplitude. Let us start

by considering the wavefunction W(ry,ry,t) of the bound state. If the interaction



potential is time independent, we may write the wavefunction as follows:
U(ry,rat) = th(ry,re)e B0, (2.3)

In this thesis we shall limit ourselves to time independent potentials of QED and
QCD. We may then focus only on the spatial part ¢ (ry,ry). For a purely QED
process, such as the O-Ps decay, we know the interaction potential V' (r1,73) to be the
Coulombic potential. However, for the decays of J/1 and 7. the strong interaction
potential is unknown. So how can we solve a decay process of a bound state whose
interaction potential is unknown?

The answer is that, from first principles, we cannot. However, we can formally write
the decay width to be proportional to the square of the wavefunction at zero e.g.
|p(r = 0)|?>. We can then experimentally determine this value. However, ratios
between different decay channels can be determined exactly as the wavefunction
terms will cancel each other out. Let us first derive the general form for the invariant
amplitude of a two-body bound state decay process and then solve for the exact
QED bound state decay solution.

Consider a system of two point like particles a; and as as shown below in figure 2.1
whose positions are described by the position vectors r; and ry respectively. These
particles form the decaying particle o which we are interested in. Moreover, we are
interested in NR systems which consist of two particles of the same mass m. And by
neglecting any binding energies, it also follows that M = 2m. With these we may

write the CMS coordinate R and relative coordinate r as

1
R = §(r1+r2), r=1r —r,. (2.4)

Abiding to this notation we can then write the conjugate momenta as

1
K - kl -+ kg, k = 5(’431 - k2) (25)
In the center-of-mass frame the total momentum K is zero and thus k; = —ks = k.

With these results it proves out easier to work in the momentum space. So we take

the Fourier transform of the normalized wavefunction ¢ (r) of the relative motion:

0k) = [diacto), [ Gl (2.6




X

Figure 2.1. Two point like particles a; and as of the mass m in a rectangular

coordinate system described by the position vectors r; and r, respectively.

Then by separating the NR wavefunction of the bound state |¥ gg) to the wavefunction
for the relative motion and the free motion of the CMS of the bound state, it follows

that |Wpg) can be written as

| 2 d3k
Ups) = / k)|kisy, k2ss) (2.7)

where the front factor v/2/v/M follows from the 2Ej particles in a box relativistic

normalization convention and s; o denote the spins of aj,as [2, p.149]. We have now

written the bound state wavefunction in terms of certain factors multiplying the free
particle solution |kq,s1) and |ks,s2). Then it naturally follows that the invariant

amplitude for the decay from the bound state to some final state 1...n may be written

M(a — 1..n) \/7/ d% M(ayas — 1...n). (2.8)

Moreover, by expanding M(ajas — 1...n) around k = 0, the momentum integral

as

over (k) gives us the position-space wavefunction evaluated at zero ¢(r = 0). Thus,
our final result is:

2 2
(Myi(a = Lon)? = (e = 0)F|Mpi(aras = 1.n)|

. (2.9)

We may then use the Feynman rules to calculate the free particle invariant amplitude
on the right hand side (r.h.s.) of equation 2.9. As mentioned earlier, we cannot
define |¢(r = 0)|? from first principles for the decays of J/¢ or n.. However, for the
O-Ps decay, which we go through in section 5, we know how to do this. Since O-Ps is



a hydrogen like system for which L = 0, the wavefunction can be found by repeating
the development given in many textbooks, e.g. [11], [12].

Let us go through the main points of this development. We assume that the binding
potential is time independent and has no angular dependence. Then by working in
spherical coordinates, we may separate the wavefunction solution to a radial part and
an angular part. The solutions to the angular part give us the well known sperical
harmonics. After factoring out the asymptotic behaviour as » — oo, the radial part
is solved with a power series ansatz. This gives us a recursion formula which must
terminate at some point. With this we can define the principal quantum number n
and solve for the normalized eigenfunction as n =1 and | = m = 0. This gives us

the LO position-space wavefunction:

1

mad

V(1) = Y100(,0,0) = Rio(r)YL(0,0) = e/, (2.10)

where a = 2/(ma) is now twice the Bohr radius [11, p.138]. This follows from the
fact that as we are solving the O-Ps system in the CMS coordinates, the reduced
mass of the system is half of the electron mass m. Moreover, « is the QED coupling
constant. This concludes our formulation of the NR bound state system and with it

we may start to consider our first decay width I'(J/¢ — [T17).



3 Decay width of J/v¢ — 1]~

3.1 Explicit spin matrix approach

In this section we shall work through the calculation with conventional techniques
involving explicit spinor and spin matrix manipulations. Furthermore, we shall
proceed in the manner outlined in section 2. Then, in the LO this decay process can
be described by the Feynman diagram given in figure 3.1. As discussed in section 1,
we are interested in those particles for which L = 0. Since we know that J/v¢ is a
JFPC =17~ particle, it follows that J = S = 1. J/t must also be in the color singlet
state, Qééﬁ(ﬁ + gg + bb) involving all quark colors symmetrically. Since the decay
to the lepton channel is a QED process, where only the quark lines involve color, we
can straightforwardly write the color factor F, as F,. = % = /3. The free particle
process c¢ — 71" invariant amplitude may be written as

—ig"

—iMS=0(ce — 1717 = Fc(ag(—z’e%)m)( qg2 )(ﬁg(ieQC’yy)ul)

ie°Qc _
= _FCT(/L@VM?M)(U?VHul)a

(3.1)

where u; = u(p1,s1) and similarly for other Dirac spinors. Moreover, Q. stands for

the fractional charge of the charm quark and ¢ = p; + p2 = p3 + p4.

'S [
c P51

J/ Y

D2,82 l

Figure 3.1. The LO Feynman diagram for J/1 decay into a lepton pair.
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We shall use a notation where spin s = % is denoted as s =7 and s = —% similarly as
s =J. With this convention the standard spinors u(p,s) and v(p,s) at the NR limit

p — 0 can be written as

1
Xs = 0 for s =1
aulps)=Np) [ ) 2% vam [ )
Ep+mxs 0 Xs = 0 for s :J/
RN
(3.2)
0
X5 = for s =71
B X5\ p0 0 1
v(p:s) = N(p) [ ™7 = v2m :
X A X; = ! for s =] .
0

Note that there is some freedom in choosing the basis vectors. Here we have
adapted the definition as given by Halzen and Martin [17, p.104]. In addition, it
should be noted that the factor v/2m results from the normalization convention of
N(p) = N(—p) = \/m, where m is now the mass of the charm quark.

Let us consider the latter term (v97*u;) of equation 3.1. In the sum over the index

i the first term p = 0 disappears:

_ Xs

(Uﬂoul) = Ug“YOVOUl = U;UI =2m (0 Xi”z) ( 01) = 0. (3.3)
While for £ =1,2,3 we get

i 0 "\ [xs
(UQ’ykul) =2m (O X;) (O_k 0) ( 01) - 2TnXJL£20kX$1 = 2m(0k)§281a (34)
where the last equality is just a notation for the matrix product. Notice that this
does not specify the spin states s, and s; and thus holds in general. The invariant
amplitude then becomes:

2mie’Q,

—ZM == —Fc q2 (ﬂ37k774)<0'k>§2317 (3’5)

where we have lightened up the notation by dropping the sub- and superscripts of
M. We know that the J/¢ will initially be in the triplet configuration S = 1, thus
we have to sum over all the possible spin states and take the average of them. The

square of the total invariant amplitude My, for the free particle annihilation, can



11

then be written with M, as
— 9 1 1 ) .
(Miotl =32 (WMHQ + My + Sl(=iMyy) - (_ZMM)F) , (36)

5354
where the front factor 1/3 comes from averaging over the J/1 spin states. Note
especially that now the initial state |[SM,) = |10) is given by \%(Hi) —[41)) contrary
to what we are used to with the Clebsch-Gordan coefficients. This follows from the
adopted symmetric sign convention of equation 3.2. For more details see appendix A.1.
Then the rest of the calculation is straightforward. Let us inspect the first element

in equation 3.6 more closely:
12m?ei@Q? , _ .

IMy]? = T(“Wk”zi)(gk)ﬁ(vﬂzua)(Ul)ﬁa (3.7)
where we have now inserted 11 in place of sys; and F? = 3. It should be noted
that all of the quantities in brackets in equation 3.7 are just numbers and thus can
be moved freely around. Then the matrix product (usy,vs)(v4yu3), which is just a

number, can be written with the summation convention as

(uzvkva) (Vayiuz) = (U3)i(Vr)ij (V4)(02) K (9) kn (U3) - (3.8)

Note that (u3), is just the component n of the 4-vector uz and thus can be moved
first. Then all the spinors are next to each other and we may use the well known
projection operators
> ulp,s)u(p,s) =p+m and D v(p,s)v(p,s) = p—m. (3.9)
s=T s=1,)
Then we are left with a matrix product which can be identified as a trace over the
matrix product. Furthermore, at this energy scale we may neglect the masses of the
leptons i.e. M > m,;. Here M is the mass of the J/¢¥ and m; is the mass of the
lepton. Keeping in mind all this, we may process the squared invariant amplitude
further:

12m2e*Q? _ _ .
Z |MTT|2 = 4 Z(“3U3%U4U4%)(Uk>TT(Ul)¢T
5384 q 5354
Trace (310)
_ 12m?eQ?

7 STr(p,vep, 1) (0" )1 (0 )iy

For the trace in equation 3.10 we may use the well known trace identity

Te(y"9"977) = 4(g" 9" — 9"9"" + ¢""9"") (3.11)
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and write:

> IMy* = 4 P51 (Gargst — Gasgu + gargsr) (%) 1(0')iy
= (3.12)

48m2etQ? «
7(17%]?41 (ps ‘P4)9kl +P31P4k)(0k)ﬁ(01)¢¢-

12m €4Q2

Notice that we still have the summation over the Lorentz indices k and [. This is
because the zeroth index goes always to zero in the NR-limit. Moreover, we are
considering the invariant amplitude for which sss1 =171. So we need to consider the
values of (¢%)y4 and (¢');;. Essentially we need to multiply the Pauli spin matrices

with the appropriate two-spinors. For example when k& = 1 we get from equation 3.4:

(0" =(0 1) ((1) (1)) ((1]) =1 (3.13)

Carrying this over for & = 2 and k = 3, we can denote the values of (0%)4 and (o' ot

with 4-vectors as below:
(") = (0,1,,0) & (o")5 = (0,1, —4,0). (3.14)

Let us then consider the product between the momentum 4-vectors and these 4-
vectors. Notice in particular that with our notational convention the subscript
denotes the particle in question and the superscript the element of the momentum
4-vector e.g. py is the underlined element in p5 = (p§,p3.p3,p3)". In addition, keeping

in mind the minus sign coming from the metric:

(P3kpar — (D3~ Pa)grr + p31p4k)(0k)ﬁ(0l)$¢ = (—p;le, - ipg)(—p}l + ipi)
= (p3 - pa)(=1 = 1) + (—p5 + p3)(—pi — ip}) (3.15)
= 2(ps - pa) + 2(p3ps + P3PI)-
We may then continue to consider the other M’s. Again it is beneficial to explicitly
denote the values of (o%),,s, and (¢')%_,, for the other sys; states:
(6"), =(0,1,-4,0) & (o)}, =(0,1,i,0)
(6")4 =(0,0,0,—1) & (o');, =(0,0,0, 1) (3.16)
(6")11 = (0,0,0,1) & (o)} =(0,0,0,1).

We can immediately see that for |[M,|? the expression is the same as for |[M|?,

48m2etQ?
S IMP == T(Q(ps - pa) + 2(p3py + 3p1)). (3.17)
8384
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Let us then denote the state |[SM,) = |10) in equation 3.6 by I:

= S I(iMy) — (M) P

S$384

*Z!F

5354

2m@e Qc (3.18)

(asywva) [(0") 11 = ()] 1%

Notice in particular how the labeling of the spins works. By looking at equation 3.16,
we see that only the term k = 3 contributes to I. Moreover, by taking advantage of
the trace identity of equation 3.11 and by remembering the minus coming from the
metric, we can immediately write down the form

48m?2e*()?

7 “(2(p3 - pa) + 4p3p3)- (3.19)

I =

Now combining equation 3.19 with 3.17, the result which we have for |[M4]* and by
remembering the 1/3 front factor we arrive at

1 48m264Q2

M| = 7 ©(6(ps - pa) + 4(p3pi + P3P + Pip3)). (3.20)

Next we will clean up this result with dynamical variables. The Mandelstam variable

s is defined as
= (p1 +p2)* = (s +pa)*, (3.21)

which we can open up,
§ = 3+ 2ps - pa + 3, (3.22)

and use the result p? = m? ~ 0. Thus we have s = 2ps - p4. Moreover, in the CMS

frame we have p; = —p, and the last term of equation 3.20 reduces to —4|p,|°.

Furthermore, in the CMS-frame the energy is evenly distributed for the outgoing
leptons i.e. B3 = E4 and because /s = Ei; = E3 + E4, we can write |p;|? with the
k

energy-momentum relation E? = |p,|? as |ps|*> = s/4. Thus we have the results

6(ps - p1) =3s and  4(psps + pipi + Papi) = —s. (3.23)

Moreover, in the NR-limit we have M? = ¢*> = s and m = M /2. Inserting these into
equation 3.20 we get

16(M/2)*e'Q2 |, 4se*Q)?
2 (3s —s) = = 2 = 8¢'Q? (3.24)

= 8- 167%2Q2,

—_—2
|JA/1tot| -
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where in the last equality we used the result e* = 1672a?. Now by applying

equation 2.9 we get

M (70— T = 2ol = 08 - 167%0°Q2 (325)

Then from equation 2.2 we have

d3p3 p4 4
271)45@ e —
2M (@r)52E, (2r)i2E, 2™ 0 Paw = ps = py) (3.26)

Moot (T/10 — 1F)]

T(J/p — I717)

By neglecting the running of «, we notice that the invariant amplitude is just a

constant. The integral of equation 3.26 can be worked down to the following form:

(/o 1) < Y00) ~0.0) /deMt,,t(J/w SO (3.27)

64 2M3

where \(a,b,c) = a® + b* + ¢* — 2ab — 2bc — 2ca and df is the infinitesimal solid angle

element over which we are integrating. For details, see the appendix A.2. Since

Mot (J/00 — It l_)|2 is just a constant, the solid angle integral over df) gives 47. By

substituting these we get

2
2 2 2 22
IPSSVE 47‘(‘-M|¢<T‘:0)| -8 - 167" Q);

_ g 2 (T =0)

L(J/p —1"17) =

(3.28)

This is the well known Van Royen-Weisskopf formula [19].

3.2 Helicity basis approach

In this section we will repeat the previous calculation in the helicity basis. This
approach is rather ingenious and saves us from the explicit spin matrix calculations
of the previous section. Before this, however, we shall change our choice of the basis
spinors in equation 3.2. The only change we need to make, is to flip the sign of the

spin down basis spinor of the antiparticle. That is, in the NR-limit we define the
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helicity basis vectors as follows:

1
on = for h =1
u(p,h) = N(p) ( ¢" ) P20 Vom (¢) : "
Byt Ph 0 b = (1) for h =]
(3.29)
0
op 0 Xhn = ) for h =1
v(ph) = N(p) (me) 2 fom ( ) ;
Xh Xh (1 B
Xh = 0 ) for h =] .

where N (p) is as in equation 3.2 and h =7 , | refer to the positive and negative helicity,
correspondingly. The above sign convention is chosen for example in reference [20,
p.44-45]. And we can immediately see why this recovers the standard Clebsch-Gordan
coefficient results. The reader is encouraged to see equation A.9 to verify this. Then,
as given in reference [21], the Dirac spinors can be written in terms of the .J/4 initial

state polarization vectors € as

oot =~ (B ) e ww = -5 (B g

2
1 1 (P, M
5 luttt) + uon] = -5 (25 o),

where 1, | and 0 for e represent the helicity states 1, —1 and 0 respectively. Moreover,

(3.30)

we have set p; = p./2 = pz/2 where p; is the 4-momentum of J/¢ and p./; is the
quark 4-momentum. In addition, M denotes the mass of the J/1. Note that we have
adopted the notational convention of reference [21], where the polarization vector
e*(py,h) is denoted by €”(h). The subtleties of how these identities come about are
not very important for the decay width calculation. Thus the finer details of this
method have been relegated to appendix A.3.
The invariant amplitude is still given by equation 3.1. Now we shall denote the
lepton vertex (u37y,vs) with L,. With these we may write the invariant amplitude as
follows: L

—iM,, = _FCZQQ?CLH('UQ’)/M'Ul), (3.31)

where the subscript & denotes the helicity state of the J/1. Then similarly as what

we did in equation 3.8, we may identify the trace as

(02)i ()i (u1); = (u1);(v2)i(v*)ij = Tr(urvay") (3.32)
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and use the results of equation 3.30 to process equation 3.31 further:

. L Z€2Qc Z€2Qc p +M n
—iMy, = 7 ——L,Tr(u09") = —F, 7 L,Tr < \/§< < )ﬁl(h)V )

2
F. ie Qc F. ie Qc
——L, Tr(M = ———L, - 4Me"(h
— oot L M) = S e (h)
=Me, (h)4g"+
V2ie*Q.
= F ML (), (3.33)

where in moving from the first line to the second line, we have used the fact that a
trace over an odd number of Dirac gamma matrices vanishes.

Then the summing over of the initial states of J/v can be written in terms of a sum
over the helicity eigenvalues 0,+£1. Again by averaging over the initial states and
summing over the final state helicities, the total squared invariant amplitude for the

process cc — [~IT can be written as

4M2
[Mior(cc = 1-15)] SZ:ZFﬂEWWLUMm “(h). (3.34)

h=0,£1 8354
We may then write the lepton vertex part as a trace similarly as in equation 3.10,
> LuLy = Te(pp, ), (3.35)
S$384
where we have again neglected the masses of the leptons. By substituting the result

of equation 3.35 into equation 3.34, we get

Mool = 229N S e ()T, 0 (3.36)

4
q h=0,+1

We can further simplify this by noting that M? = ¢ = p% and that the sum over the

helicity states of the polarization vectors can be written as

S e (h)e (h) = —g" + F i = (3.37)
h=0,+1 pJ

Let us then substitute equation 3.37 into equation 3.36,

2 42
’Mtot|2 = GTQC ((—g + p;fj> (,’?3%?4%))

(3.38)

| 0+ )

=2y,
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Next we will use the results p; = ps + ps, p§/4 = p§/4 = m§/4 ~ 0 and 2Tr(p3p4) =
8(ps - pa) = 4s = 4¢*:

2 2e'Q? 1
Mial” = =57 | 2Tx(pp)) + S Trlp(p, + PP, + )
3.39)
2e*Q)? 1 (
=g |1t (g, A D@+ p)
~0
Thus only the first term contributes and we are left with

Mo|” = 8*Q? = 8 - 167%02Q> (3.40)

which is what we had in equation 3.24. Then the rest of the calculation proceeds as

in the previous section.
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4 Decay width of 1. — gg

A calculation for the decay width of 1. — gg using the explicit spin matrix approach,
as presented in section 3.1, is done in detail in reference [7]. However, here we shall
derive this decay width by using the helicity basis approach as it offers a slightly
easier method for the calculation. Because of this we will only outline this calculation
here and further details can be found from [7], [15] and appendix B.

With the J/1 case we went through all the possible ways of combining spin—% particles
toaJ =8 =1and L = 0 particle state. Since 7, is a J'¢ = 0~F particle with
J =L =S5 =0, this gives us the remaining spin singlet state. By now the reader
should be sufficiently familiar with our method of calculating the decay width. The
three LO Feynman diagrams for the free-particle process are given in figures 4.1, 4.2

and 4.3 and the invariant amplitude is the sum of these three graphs:

Uk Z<p1 _kl +m) GH*
? (pr—k1)2—m2 !

_ . a " Z( - %2 + m) -
+ Vg (—Ws%L jk) €1 b

_ngj?(CE — gg) = Vg <—igs’7ut?k) € (=195 Vuthi) w1

(_iQS'YutZi) Uy

€
(p1 — k2)2 —m? (4.1)
- . td — 5P(Scd i ube ok .
+ U2 (—Ws jﬂa) ulmﬁ gsf [gup<_ 1= 2)y

+ gpz/(kl + 2k2)u + guu(kl - kQ)P} 65*7

where g, is the strong coupling constant, t’s are the generators of SU(3) and f®* are

the structure constants of SU(3).

¢ P1,51,0 ki, Ana.p P1,81,% kuAvap P1,81,1 %}”‘w
—> 5 .q'
TIC:O k ¢ p]_'k?]_ e
c p?gZ'j k2'>\2'bly p2r—5)2rj kZ'Az'b'V
Figure 4.1. Figure 4.2. Figure 4.3.

The t-channel graph. The u-channel graph. The s-channel graph.
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Notice that we have written the gluon propagator in the Feynman gauge. Let us
first inspect the color factors of these terms. Just like the J/v, 7. is in the color
singlet configuration with ¢ = j. Then when we sum over the color indices we get

the following color factors:

1 1 T(F)se
1 1 T(F ab

u-channel: —\/g(tatb)ﬂ — \/gTr(t“tb) _ (\/)55 ‘ (42)
1 1

s-channel: —=(t¢f%¢);; = — Tr(t°) f%° =0,

V3 V33—

where T(F) = 1/2 is the normalization for the fundamental representation of SU(3).
We can see that the color factor is the same for the channels t and u. Moreover, the
color factor of the s-channel vanishes and thus the graph 4.3 with a color-singlet

virtual gluon does not contribute at all. We may then simplify equation 4.1 further

. =0 _ .2 T(F)éab 1_’2?%;(?1 - %1 + m)ﬁ%

(4.3)

N oy (P, — Ko +m)¢5u
—2p1 - ko '

Next we shall move into the rest frame of 7. and work in the Coulomb gauge. These

give us the following constraints:

—. - -

pP=p1=p2= (m70)7 kl - (mak)a kQ = (ma - k): k’t € = 07 (44)

J

where we have denoted the 3-vector with an arrow and the indices 7,5 get values 1,2.

Next we shall apply the Dirac equation,

(p —m)u(p) = 0, (4.5)

to simplify the invariant amplitude further. From the Clifford algebra {v#,~4"} = 2¢g*¥
it follows that

pifi = —fip +2 = —¢1p,, (4.6)

pL-€)
——
=0
where the inner product goes to zero since we are working in the NR-limit where
p1 = 0 with the Coulomb gauge condition where ¢! = 0. Thus we have shown that in

this case p, and the polarization vectors ¢, anticommute. This same anticommutation
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relation holds also for the term k¢, by the virtue of the Lorentz gauge. Furthermore,
it is evident that m1, commutes with ¢;. As we have terms such as (p, +m)¢;us

appearing in equation 4.3, we can use equation 4.5 to show that
—_——
=0
Then by anticommuting f; with ¢ we are left with terms such as va¢; ¢ kw1 in the
numerator. Then from equation 4.4, it follows that

—2py - ki = —2m?. (4.8)

With these we arrive to the following form of the invariant amplitude:

et e (TEN L
—iMsZ) = —ig; < V3 ) —9m2 2[¢2¢1k1+¢1¢2%2] 1 (4.9)

It is at this point where we would like to apply our helicity basis approach. It can
be shown, as developed in appendix B.1, that the spin singlet state of the spinors
may be presented as

(1)

_ _ I 5 ?n""Mn
ot~ o] = ° (175

(4.10)

MTY
@ Lume) - uWem)] = = (’H) -

NAUE

where M, is the mass of 7., (1) holds for a final state and (2) holds for an initial
state. Then the total invariant amplitude M,,; in the spin singlet state with Mg, s,

is written as .
—iMior = 7 [(=iMyy) = (=iMyy)] (4.11)

Next we want to apply the results of equation 4.10 to equation 4.9. How this comes

about is shown below for one term:

()il fof 1K Lij (ua); = (w)(02)ildsf1Fn)is = Tr(urvadyfiFy)- (4.12)

We may then use the result of equation 4.10 and take out the constant 1/(2v/2).
Moreover, the term with M, vanishes since the trace of odd number of gamma

matrices vanishes. Then in combining equations 4.11, 4.10 and 4.9 together we get

T(F)éab> 11

(Tr (gt ikap,) + Te (P Edakok,)] - (4.13)

— My = —ig, ( \/§ “om?2 2\/5
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In order to evaluate this we need the following trace identity:

Tr(y dbgd) = —4ie™ a,b,c,d,, (4.14)
where
+1 if (u, v, p, o) is an even permutation of (0,1,2,3)
P =4 -1 if (u,v, p, o) is an odd permutation of (0,1,2,3) (4.15)

0 otherwise.

This identity is derived in appendix B.2. Let us simplify the notation slightly by
denoting the front factor by C,

_ T(F)5e 11
C= gs< 73 )—2m2 Nk (4.16)

In using these results we take advantage of the fact that p, = (2m, 6), where m is

the mass of a charm quark. Thus equation 4.13 becomes

— Mo = C[(—4z’e“”poe§ue’{yk1p2m) + (—4ie“/”/”/oe]k#,ezy,k2pl2m)]

= 8imC[(e™ ey €5, k1p) + (eouly/plefu,egy,kzp/)], (4.17)
—_————
=—(e5xel) k1 =—(€} x€b) ka2

where we have accounted for the minus sign coming from the exchange pvp0 — Ouvp
and identified €”**? with the Levi-Civita symbol €“*. Notice in particular that since
the zeroth term is taken away by p, the remaining indices are only spatial indices
and thus allows us to write this scalar triple product result.

We can use the fact that ko — k; = —2k = —2é,m, where €, is a unit vector into the
direction of k. Moreover, we know that for any two three vectors @ and 5, it holds

that (@ x b) = —(b x @). Then the total invariant amplitude simplifies further:
—iMyy = —8imC[(e} x €) - (ky — k1))] = —16im>*C(€; x €}) - é. (4.18)

Next we can take advantage of the fact that the scalar triple product (€] x €3) - é is
invariant in rotations. This intuitive result can be understood through the geometric
interpretation of the scalar triple product. Geometrically, for three 3-vectors @, b and
¢, the product |a - (l; x €)| is the volume of a parallelepiped defined by three vectors.
As such, it is then clear that the value of |(€} x €}) - &> cannot change in rotations.
Thus we may choose €, to be e.g. along the z-axis. It then follows that the triple

product (€} X €}) - é; has only two possible values of +i and gets them when the
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gluons are either left-handed (L) or right-handed (R). This can be seen by explicitly
calculating all the possible cases with the polarization vectors as given in equation A.3.
We may then finally form the squared invariant amplitude for the bound state as
given by equation 2.9. We will sum over the color indices a and b and over the final

state spins A = LL,R:

| Mot (1. = 99)

2 _ 2 — MI2.4 16m? 2<T(F>>2 ab sab
=l =0t () (20 s

(4.19)
(|=iP+|+if),
N—_—— N——
A=R A=L

where we can now use the fact that - §%°9%° = Tr(1g) = 8 and simplify our result
a,b
down to

2 2
[Miot(1 — 99)| = =0 <3> 16g.. (4.20)
n

Again the squared invariant amplitude has no angular dependence and we may use
our result in equation 3.27. For the strong coupling constant we may use the result
g% = 4ma,. Moreover, now the integration over the angles gives us 27 instead of 4.
This is because we have two identical final state particles so that the phase space

integral constains one extra 1/2. With these steps our final result becomes

[y(r = 0)]2. (4.21)

2) 16ma?

o= 9) = (5) 35

This is the result derived by Silverman and Yao in [15].
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5 Decay width of O-Ps— vy

Ortho-positronium (O-Ps) is a L =0, J = S = 1 bound state of an electron e~ and
a positron e'. In spectroscopic notation this state is denoted by 3S;. The decay of
this bound state into three photons is a pure QED process and has many similarities
to the process J/1 — ggg. However, the process J/¢ — ggg cannot be described
within the framework of QED but we need QCD for its description. And QCD, being
a non-abelian gauge theory, is in general more difficult than QED. However, as we
shall see, most of the QCD complications do not contribute for the J/1 calculation.
Our discussion relies heavily on the ideas presented in reference [1, p.233] and as
such, we will follow its notational convention. It should be pointed out that, even
though this process was calculated in the 1940’s for the first time [8], it has evoked
some interest in the 21st century [9], [22], [23]. Let us then begin by forming the

invariant amplitude.

5.1 Deriving the invariant amplitude

The Feynman graphs of this process to LO are given in figures 5.1-5.6. Notice in
particular our convention for indexing the emitted photons and the fact that these
different graphs can be categorized as different permutations of (123). We denote
the positron e spinor with vy and the electron e~ spinor by u;. When working in
the extreme NR limit we can take the 4-momentum of e~ and et to be p;y =py =p

where p = (m,0). Here m is the mass of e~

P15 ~ DP1,S51 - P1s1
—> e

€ " ka3 = 7 ke — OV N
O-Ps kye; O-Ps Xtkye2, O-Ps 7 k€2
M?l‘kz‘kj> .
et > k1,51 S k1,51 P XX kl,El
D2,82 D2,52 D2,852
Figure 5.1. Figure 5.2. Figure 5.3.
Permutation (123). Permutation (132).

Permutation (213).
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D1:51 P1r51 P51
e = 7 ke 7 ke kyes
O-Ps 7 kg2 O-Ps k€2 O-Pswkzﬁz
: gy, Ny : Lok
¢ P2:s2 v D282 v ¢ p2rs2 Ve
Figure 5.4. Figure 5.5. Figure 5.6.
Permutation (231). Permutation (321). Permutation (312).

The invariant amplitude can then be written as

—IMET et 5 y) = 3 Ba(—ier)en, ((igﬁ—_kfi_kf)ztnygg

—iey)e i(p_kg—i_m)) —iey? ez
( 7)2l’<(p—k3)2—m2 (—ier?)esou,

where the permutation sum contains all orderings of the photons as given in figures 5.1-

(5.1)

5.6. Notice that here we have chosen the polarization vectors ¢; to be real and
therefore we do not need to write in the complex conjugate * as would be given by
the Feynman rules. In the rest frame of the O-Ps we have the following conservation
laws k1+ko+ks = 2p = 2m and E1+E2+E3 = 0. It then follows that p—ko—ks = k1 —p
which we can use to simplify equation 5.1:

—iMs = Y —ie362¢1<<k}f1_ prm >¢2<(p k§2+”;2>¢3u1. (5.2)

permut p )

Next we shall peel down the 4 x 4 matrix structure of the elements between the
spinors v and v down to a 2 x 2 matrix structure. This is justified when we are
working in the limit where the momentum of the spinors u and v goes to zero. This
can be seen by looking at the spinor solutions of equation 3.29. Holding on to the
4 x 4 matrix structure would just account to carrying extra zeros around. This is to
say that from the matrix

¢1<(k5f1_—p2+m )ffz((% k;’er >¢3, (5.3)

p)? —m?

we pick up the relevant parts to a 2 x 2 matrix a;s3. By looking at the solutions of
equation 3.29, it is evident that the 2 x 2 matrix is acquired by multiplying with a
2 x 4 matrix from the left and by a 4 x 2-matrix from the right:

e AN o
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Then in equation 5.2 the spinor v, is replaced by —x! and u; by ¢,, where y, and
¢s are as in equation 3.29. Then equation 5.2 can be written as follows:
—iMsy =i2me* > xlarssps, (5.5)
permut
where the permutation sum is now over the indices 123. Next we need to process the

from of a3 further. We shall adopt the following notational convention:

w; = kY k= Z, o; = ki x &, (5.6)
where the hat over ¢; emphasises that the photon polarization vector is a unit vector.
Moreover, it follows from the Coulomb gauge that we can choose the first component
of the photon polarization vector to be zero, i.e. € = 0, from which it immediately
follows that é€; - /;:z = 0. And since ¢; is normalized to unity we can see that 31 is
also a unit vector. Before evaluating ai93 further, let us explicitly state the matrix

structure of the terms appearing in equation 5.4:

’ él i 02 ’ ’ ];;Z -0 —wilg ’

(5.7)
0, 0 1, 0
—p+m=2m 27 p+m=2m e
0 1, Oy 0y
and note that
(k; — p)2 —m? = (p— ki>2 —m?=p* =2 ki + kf —m? = —2uw;m. (5.8)
We can then break a3 down into I1¢,I> and process further:
%1 - p +m
I == = -4 —
o ) 9,
:_i?/n w1€1-6 7;&)181'5 :_;n €15 2815 y
2wy

where we have used the results

—, - —,

(G-a)(G-b)=(T-bD)la+i(@xD)-GF axb=—-bxa wo =k xé&. (510)

We may similarly develop the remaining terms:

o pkstm ,\ 1 . 0
L= <(p_ E _m2) fs (02) = P tm—k) (%.5_)

. 1 iw;;&; -0 . 1 283 -0
—2wsm \ wsés - & 2m \¢& .5/
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We can then multiply everything together to get

a123 = _41m2 ((5 c€)(F - €)(F &)+ (F-61)(F - &) (T - (53)) ) (5.12)

This is now the (123) permutation of the Feynman graphs. The full invariant
amplitude contains five more terms such as this. Essentially nothing but the labeling
of the indices changes for the remaining five terms. However, let us still show this
explicitly for the permutation a;3,. By looking at figure 5.2 and comparing it with
figure 5.1, we can see that the indices 2 and 3 are swapped. The first electron
propagator stays the same, the photon polarization vectors ¢; and €3 change places
and in the second electron propagator we get ko instead of k3. So by looking at

equations 5.2, 5.3 and 5.4 we can see that a3, has the following form:

mp = (02 12) ¢ <(k;fl—_p})ﬁ2+—n:n 2) ‘ ((pf%’_—klji;r_ﬂ; 2) / (;z) . (5.13)

We can then use the results of equations 5.7-5.11 with the appropriate swapping of

the indices 3 and 2. With these replacements we can multiply ai3s = [ 1¢3IQ to get

L/ o« N[ 0 —&-0 1 [iby- &
132 = —5 (61'0 251'0) o T o, | -
2m éy- 0 05 2m \ &, -

5 iy - & .
:47112(2-(51~5'))(€3~53) _(€1~5)(€3~5)) (_». ) (5 14)

Qu

T 4m?
which has the same form as equation 5.12. It should then be obvious that the remain-
ing terms go identically. In particular, this allows us to see what the permutation
sum in equation 5.5 actually means.

Applying the results of equation 5.10 to the permutation sum would leave us with
terms proportional to the unit matrix 1, and to the Pauli spin matrices o¢. Taking

for example aj93:

Lr. .y 4 e oA A A A1 =
a193 — _477712 (61 . 62)(0’ . 63) +Z([(61 X 62) . 63]12 -+ Z[(Gl X 62) X 63] . O')

. A A A A A (5.15)
(G- &)@ 5a) + i ([61 x &) - BalLa + 151 x &) x 8] - ) }

Keeping this in mind, we can start to inspect the trace of the permutation sum over

the 2 x 2 matrices a;23. First we note that for any square matrices A and B and a
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constant ¢ € C it follows that Tr(c(A + B)) = ¢Tr(A) + ¢Tr(B), i.e. trace is a linear

mapping. We can then write

> Ti(ams) =——— > Tr((G-@)(F &)(F &)+ (5-01)(F&)(5ds)) .

permut permut
(5.16)

Then by using the result Tr(o'c’o*) = 2ie"* which is justified in appendix C and

where €% is the Levi-Civita symbol, we can write

> Tr(ais) = Z Tr(o'e o7 &oreh) + Tr(o'di o/l o* k)
permut permut
—1 o PO o
=— > |4 ek Tr(oo?o®) 40150k Tr(o'o? o) (5.17)
am permut \—’_/ \—/_/
—=924¢etik —24etik
—; o <
:ﬁ Z (61'<€2X€3>+51'<62X(53)>.
m permut
With & - (é2 X é3) = —¢€1 - (€3 X €3), we notice that the epsilon triple product terms

are completely cancelled. The odd permutations cancel out the even permutations.
Similarly with &; - (6 X d3) = —d3 - (& x &;) we notice that the terms where the
middle polarization vector is the same are cancelled out completely. This could also
be though through the graphs, where figure 5.1 would get cancelled out by figure 5.5,
and so forth. With this we see that the trace over the permutations really goes to
zero, >, Tr(ajes) =0.

permut

Then as pointed above, the form of the a;o3 matrices is aly + bo!, where a,b € C.

With this we have

> Tr(aies) = Tr(als + bo;) = aTr(1,) + bTr(oy) = 0, (5.18)
permut
which forces a = 0. We may then get rid of all the terms proportional to the unit

matrix. Then equation 5.15 reduces to

1
193 = m (€1 . gQ)((? . gg) — [(€1 X €2) X €3] -0

(5.19)

This obviously holds also for the other permutations of a153. Then from the form of

equation 5.19, it is evident that the permutation sum over a;,3 has the form 7 - V.
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We may thus write as follows:

-1 P . R R A A ~ R ~
Z a193 = 477”20' . Z (63(61 . 62) — (61 X 62) X €3 + (53((51 . 62) — (51 X 62) X (53) .

permut permut

- (5.20)

We may then inspect the form of V further by using the triple product identity:
ax (bxa&) =ba-é —aa-b). (5.21)

With it, we can open up the triple products and write them in terms of the dot
products. Some of the terms cancel out with each other and some of them can be
added together because of the commutativity of the dot product e.g. @ - b="b-a. By

meticulously keeping track of the terms we arrive at the result

—

Z 123 — o- V, (522)
permut
where
. 1 e
V= o2 Z (61(62 €3 — 0y - 53) + 51(62 - 03 + €3 - 52)) . (5-23)

cyclic
Now the sum contains only the cyclic permutations, i.e. (123), (231) and (312).
Up to this point we have hold on to the notation that the polarization vector is
denoted with a hat on top of the epsilon. Now, for notational ease, we shall drop the
hat and denote the three vectors with bold letters, e.g. €. It is then obvious from
the context which vectors are unit vectors.
It is beneficial to define complex vectors (-:zi = €; +10;. We immediately see that the

following holds:

(1) (€5)* = (& £1id;) - (€ £ i6;) :\E?Jr%&%—\éz{:
(2) € € =(e+id)- (€ —id;) =€ +8; =2 (5.24)
(3) € € =(e+ib;)- (e, +i0;) =€;-€;—8;-8; % i(e;-6;+€;-8;).

Then from

€ (€5 -€5)+e€ (€] -€f) =(€ +i6,)(€r- €3 — 0y - 83 —i(€3 - 3 + €3+ &)
+(€1 - i(51>(62 €3 — (52 : 53 + 7:(62 . 53 + €3 - 62) (525)
:261(62 €3 — (52 . 53) + 251(62 . 63 + €3 - 52),
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it follows that equation 5.23 can be written as

4m2 > (61 5) e (el ‘5;)) (5.26)

cyclic

We remind the reader that up to this point we have only dealt with the 2 x 2-matrix
> aj93 inside equation 5.5. Since we know that the structure is of the form o -V,

permut .
we may write

(5.27)

o V=0cV'+V V3 = Ve Vi—ave
Vigav: o v )]

where the components of V' = (V1,2 V3) can be read from equation 5.26. With
this development we may finally start to consider what happens to the square of the

total invariant amplitude M%L,.

5.2 Squaring the invariant amplitude

Since O-PS is in the triplet configuration, we get the same three terms as we had
with the J/1 in section 3. Moreover, the indices denoting the helicities are in the

order 5152, €.g. Mg—1.5,5,- With these we get the following:
V3 Vi—iV2\ (1
—iMgrr = 2me’xlo - Vo =ie® (0 1
i o Vo= 0 ) e e [
= i2me’ (V' +iV?),

V3 Vi—iv2\ (o
—iMg_ry = 2medxio - Vo, =ied (=1 0
i Ko Vo =ié* (-1 o) vieave: v )\

= i2me’(=V' +iV?),

. . 3 1 . 37,3
—tMg=1;1, = i2me (—1 0) oV 0 = —i2me’V?,
. . 3 0 . 31/3

—tMg=1,11 = i2me (O 1) o-V ) = —i2me’V",

i2me3

((—Z'Mszhu) + (—Z'M,gzl;w)) = — \/E 2V3 == —i2m€3\/§v3.

Sl

(5.28)

Then in forming the squared invariant amplitude, we will sum over the photon

polarization states and average over the initial positronium spin states. This averaging
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gives us a factor of 1/3 in front. This is to say that we are interested in the unpolarized
decay width of the O-Ps. By looking at the results of 5.28 we can readily see the

form of the squared invariant amplitude | ML, |?:

- 1 . .
IMEL | = (|Ms:1,ﬁ\2 + Moy |* + 5\(—2/\48:1;@) + (—ZMS=1;¢T)!2>

21 67,2 67,2 67,2 (5.29)
=4m 3 > (26 Vio +2e’Vy + 2e V3>,
~ polar
and since V' has a three-vector structure we may write
| M |2 = 4m?e® Z V2, (5.30)

'y polar

where V2 = V - V. It should also be stressed out that we now have two different
sums over which we are calculating. The cyclic permutation sum within V' and the
sum over the photon polarizations in the squared total invariant amplitude. Next we

need to figure out the form of V? from equation 5.26,

Vi (L) S (e a) el ) X (e e) +erel e

cyclic cyclic

(5.31)

In each sum we have six terms, so altogether by opening up V? we get 36 terms.

However, by remembering that (e*)? = 0 we immediately see that six of these

terms are zero. And since €

(& € )el €)= el €]

get

is the complex conjugate of €;, we can denote

(]

. Then by meticulously keeping track of the vectors we

2 N - - - — — —
Vie Y (266 + (e - € € )ler - €) + (65 - &) (ef - ef)(ed - €)

cyclic

+(ef “€)(e; €5)(ef - el) + (er - €f)(e] - €5)(e5 - €r)).

(5.32)

Notice in particular that the last two terms appearing on the first line are complex
conjugates of each other. The same holds for the terms on the second line. Since

2Re(c) = (c+ ¢*) for all ¢ € C, we can write the equation 5.32 in the form

Vi= S (e P Rel(e] (e (e )
cyclic (533)

+ Re[(€] - €)(€; - €5)(ef - €])]).
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Up to this point the development in regards to the real polarization vectors has
been completely general. Next we have to choose their form. From conservation
of momentum, it is clear that the spatial momentum vectors ki,ks and k3 define a
reaction plane. The polarization vectors can then be chosen to be into the direction
of the normal n to this plane or to lie in the reaction plane but so that they are

perpendicular to the momentum vectors. This is illustrated in figure 5.7.

AT

Y

k,;xn

Figure 5.7. The reaction plane defined by the momentum vectors k;. Then
related to each momentum vector k; there are two possible polarization vectors

n and k; X n.

Note that we may choose these vectors to be unit vectors, i.e. all of the vectors

€, M, I::Z and §; are unit vectors. We can then label these vectors as given below:

(a) €e=m; d,=k;xn;, € =a;=n+ik;xn; € =a =n—ik;xmn,

(2 7

§ =iy € =i (5.34)

(2 (%

(b) €=kixmn; 8 =-n; €

where * denotes complex conjugate. Note that these choices are consistent with
our earlier definitions of efﬁ and &;. Notice also that since €; can be defined in two
different ways, it automatically follows that & can also be defined in two different
ways.

Next we will sum over the photon polarizations. This sum consists of the permutations
of the two choices of equation 5.34 for the (123). Again for notational convenience,
let us denote the polarization vectors with «; as given in equation 5.34. Then, if
we choose all the polarization vectors to be according to the option (a), we denote
this by (123) — (aaa) and so forth. The end result is that only the absolute value

square term will contribute. This is easy to understand by looking at equation 5.34
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as the only difference between these two choices is the sign and the imaginary unit.

However, let us see how the last two terms will disappear:

34
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We can then clearly see that summing all these together we are left with zero.
Similarly, for the first term we have 8 possible choices and thus equation 5.33 reduces

down to

(5.35)

Z ’042 : 043’2,
cyclic

2
T omt

1
8m4

Z 2|a2 . (13|2 -8

cyclic

> vis
7y polar

which we can substitute into equation 5.30 to get

(5.36)

4
—_— Z |a2 . a3|2.
3m4 cyclic

4m?eS

(e7e™ = yy)|?

tot
s=1

M
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We can still process the cyclic sum further by using 5.34. Take for example as - as:

a2~a3:(n+i12:2><n)~(n+ifc3Xn)
=n’+in- (ks xn)+i(kyxn) -n—(kyxn)- (ks xn)
=0 =0
:1—’%2'1233:1—008923,

(5.37)

where 6,3 is the angle between the vectors ks and k3. In equation 5.37 we have used
the cyclicity of the triple product a - (b x ¢), the fact that @ x a = 0 for any vector
a and the identity

(axb)-(exd)=(a-c)(b-d)—(a-d)b-c). (5.38)
With this we get our final form for the squared invariant amplitude to be

|IMEE (emet = yy7)|? = 4m2eS pery > (1 — cos ba3)®

cyclic
4
- 4m266w {(1 — c0s093)* + (1 — cos f31)* + (1 — cos «912)2} .
(5.39)

5.3 Phase space integration

We have now derived the final form for the squared invariant amplitude for the
free-particle process. Then according to equation 2.9 we have to multiply this result
by (2/M)|(r = 0)|* to get the squared invariant amplitude for the O-Ps decay.
Moreover, we need to divide the phase space integral by 3! = 6 because we have three

identical particles in the final state. Substituting all this into equation 2.2 we get

11 Pk dPkad®ks
62M J (27)32w; (27)32w, (27)32ws

4
MW(I‘ = 0)|24m26(5% Z (1 — cos 923)2,

cyclic

I'(O-Ps — vyy) = 2m) 16D (p — ky — kg — k)

(5.40)

where M is the positronium mass. Then denoting ¢(r = 0) = ¢(0) and using
M = 2m and e? = 47a, equation 5.40 simplifies to

| / d3k1d3k2d3/€3

8W1W2W3

D (p—ky—ky—k3z) Y (1—cosby)?. (5.41)

cyclic

Fops =
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From equation 2.10 we already know the value of the wavefunction at the origin,

O = — = (5.42)

However, let us keep the explicit form of the square of the wavefunction still in our
expression for the decay width. This is because we can use the O-Ps decay width
calculation in the J/v decay width calculations. Then just before the final answer

of the O-Ps decay width, we will substitute the result of equation 5.42.

Our next task is then to do the phase space integration. Let us denote

APk dPkyd3 ks

I= W (p— ki — Ky — k3) Y (1 — cosb). 4
Suwiwows v ! 2 3) Cychc( 05 za) (5.43)
We may use the following identity
d3k3 4 9
— = /d k36 (ws)d(k3) (5.44)

to write I as

Bl dPk
I= / R (p— ky — e — ko)0(ws)3(KE) Y (1 cos ). (5.45)
WiWaWs cyclic

Then using the fact that each term in the cyclic sum contributes equally we may

write the cyclic sum as 3(1 — cos #15)? and do the k3 integral to get

Py dk
1—3/ L2 0000)8(K2) (1 — cos r2)? (5.46)

4wy ks=p—ki—ka

Inside the remaining delta function we now have (p — k; — k2)? which can be opened

as follows:

ki=p—ki—k)>=p"+ ki + k3 —2p-ki—2p-ko+2ki - ko (547
= 4m?® — dmw; — 4mwy + 2wiwe(1 — cos by). '

Similarly we have ws = 2m — w; — wy inside the theta function. Next we shall move
into spherical coordinates. Since the integrand has no azimuthal angle dependence,

we may trivially integrate over it. Then the polar angle has to be restricted such
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that momentum is conserved. Thus we get

I3 /4ﬂw%dw12ﬂw§dw2(d cos 012) 02m — wy — wy)
4&11&.72
0 (4m2 — dmw; — dmws + 2wiws (1 — cos 912)> (1 — cos b3)?
= 372 /dwldwg(d cos B12) 2wiws O0(2m — wy — wo)

1 5<2m2 om  2m

5.48
———|—1—C08(912> (1—c08912)2 ( )

QW1WQ W1 [03))) w1

= 372 /dwldwg(dcos 012) 0(2m — wy — wo)

2m? 2 2
5( m _m—m+1—C08912> (1 — cosbh2)*.

Wi %) w1

The theta function ensures the conservation of energy and gives us the restriction
2m > wy + ws. (5.49)

Moreover, since the photons are real, we have wy,ws > 0. Also we see that the delta

function makes the d cos 65 integration trivial and imposes the restriction

2m 2m  2m

cos By = -—— ——+1 (5.50)
W12 Wa w1
Since —1 < cosf < 1 we get
LS 2momo2mo o 2m o 2m 2m
W19 03] w1 Wiy W9 w1
1 m

& 0<2m? — 2wym — 2wam + 2wiws (5.51)

Now if both w; and wy would be larger than m then both of the above delta function
requirements would be fulfilled. However, equation 5.49 forbids this case. Therefore

we are left with the conditions
O0<wi,we<m & m-—w <ws. (5.52)

With the above results, we can write equation 5.48 as

= 37?2/dw1 / dw2<1 — COS €12)2, (553)
0

m—wi

where
Wi t+wy—m

1 —cosbiy =2m (5.54)

Wiz
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With a change of variables w;/m = x and wy/m = y, we may write the integral as
—1
T = 3724m? /dx/d x“’ ty-1° (5.55)

The first integral with respect to y is a trivial one, giving

I = 12r%m? / if [z(1 —2)+2+2(1 —2)In(l — 2)]. (5.56)

In order to solve this we make the power series substitution for the logarithm,

In(1 — ) Z “% (5.57)

By inserting this power series into the equation 5.56, we can calculate further as

shown below:

2

—x z >z
[ =12 /d v r
7r m X l 2 + 2 ;;1 k‘]
(5.58)
2 — (1-
:127r2m2/dx[ —22 x ]
0
The first few terms of the sum are
l—z 1—-2z (1—-2)x
5.59
T + 2 + 3 ( )

Thus we may cancel out the first term from the sum and integrate over:

e T

k=2

= 127*m* |1 -2 Z ( — i) ) (5.60)

< /1 11
=12r*m?|1 -2 (--)
o ,;2 k-1 &k k) )

where in the last line we have used partial fractions decomposition to write the sum

in the given form. We notice that the first two terms in the sum form a telescoping
sum and the last term is of the form of Riemann zeta function evaluated at two. The
telescoping sum gives 1, and for the last term we may use the well known result

2 00 1 2

1 T T
Ziziﬁzfzf_l_ (5.61)
k:1k2 6 k:gkz 6
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Plugging all this into equation 5.60 we get:

I = 122°m? (1 9 <1 - (7;2 — 1))) = 127%m’ (‘3 * 7T32> (5.62)

= 47*m?*(7® - 9),
Substituting this into equation 5.41 we get

1602
9m?2

[W(0)]* (7% = 9). (5.63)

FO—Ps -

We can then still substitute the value of equation 5.42 for the square of the wave-

function to get
2ma’

9
Note that we can do this because we know the form of the QED potential energy.

Lo.ps = (w2 —9). (5.64)

For the QCD calculations we cannot do this substitution. Equation 5.63 is the result

we shall be refering to in the following J/¢ decay width calculations.
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6 Decay width of J/¢ — ggg

6.1 Graph contributions

The last section was more or less a prelude to this particular decay process. We
will see that the calculation reduces to the one we had before, but this is by no
means a trivial result. We begin by considering which of the LO Feynman diagrams
contribute to this calculation. Since we have now stated multiple times that the O-Ps
result can be used here, the reader might guess that the graphs which contribute to

this calculation are the ones in figures 6.1-6.6.

P1,81st P1.S1,t P1,81,

e Fi3,63,C R 7 ka3, ¢ aanen. ki3,63,C
n ks n n
J/'(/) W‘k}z,fz,b J/¢ N kz,Ez:b J/¢ e k2,€2,b
m \\p1-ko-ks3 m m
—— s fp,61,0 S aadie fy,€1,0 | —— k€10
D2:52.] DP2:82:7 p21321j
Figure 6.1. Figure 6.2. Figure 6.3.
Permutation (123). Permutation (132). Permutation (213).

Figure 6.4. Figure 6.5. Figure 6.6.
Permutation (231). Permutation (321). Permutation (312).

These graphs are essentially the same which we had with the O-Ps decay calculation.
The only difference is that the photon lines are replaced by gluon lines and now
the outgoing gluons may also carry color. However, in QCD gluons have also three-
and four-point self-couplings which gives us additional 10 graphs to consider. The

s-channel graphs are presented in figures 6.7-6.10
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pl'il;i k3.e3.c cplﬂri ks3,e3.c

J/d) i k2,€2,b J/l/) ................. 4
% > kz,Ez,b
J N ! =i
P2:82. kueva ' p2I§;rj k1.€1,0

Figure 6.7. First s-channel. Figure 6.8. Second s-channel.

R k3,€3,c

T/ e e

P2:52,] P2.52,J e kyep,0
Figure 6.9. Third s-channel. Figure 6.10. Fourth s-channel.

However, the graphs 6.7-6.10 do not contribute because at the vertex where the
quarks annihilate the Feynman rules give us —ig,(t?);;7*. Since the J/1 is in a color
singlet state, we have i = j, which gives us Tr(t?) = 0 when we sum over the gluon
colors. Thus regardless what the rest of the invariant amplitude would look like, this
vertex negates contributions from these graphs. Thus, from the conservation of color,

it follows that we cannot have a color singlet gluon propagator.

Finally we may also draw six diagrams where the J/v would first decay into one real
and one virtual gluon and then the virtual one would emit the third gluon. These

are given in figures 6.11-6.16.

D181t

4>k3,63,C e 9k3,83,0 4>k3,63,6
J/P ‘ ﬁkmz'b J/ d w%D‘%{%‘k’ﬂzﬁz'b J/ Zkye2b
¢ = 6 *)kl,é‘l,a & =~ k1,61,a & =~ k1,€1,a
P2:52:7 P2:82:7 P2:52:7
Figure 6.11. Figure 6.12. Figure 6.13.

Permutation (12)3. Permutation 1(23). Permutation 2(13).
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P1,51.%
e ) kaezic
d R epb
c = . £ o klrelra
P2:82,7
Figure 6.14. Figure 6.15. Figure 6.16.
Permutation (23)1. Permutation 3(12). Permutation (13)2.

Note that we have chosen to write parentheses around those two gluons which come
from the same quark-gluon vertex. These six graphs in figures 6.11-6.16 are slightly
trickier than the s-channel graphs. With a pure color argument, like the one before,
we cannot make these graphs disappear. Neither does any argument about spin seem
to help us here either. The end result, however, is that the contributions from the
(12)3 permutation are exactly cancelled by the 3(12) permutation. Similarly the
permutation 1(23) is cancelled by (23)1 and the permutation 2(13) is cancelled by
(13)2. Let us see how this result is acquired.

Looking at figure 6.11 we can write down the invariant amplitude as

. e —1 cabl g )
—iMi2)3 =Ua(—igs () ja V) ((k1+k2)2> (= gafolg" ™ (kr + ko + k)"

+ gmuz(_kl + k2)“4 + 9“2“4(—/{22 — (lﬁ + k?2>>m])€1,u1€2u2 (6'1)

( i(p, — K +m) ) (—ige(t°)ai) .

(Pl - k3)2 —m?

This can be simplified to

_Z’M(u)g :U2g§>(te)jd<tc)difeab(klf—yi_ﬂ4k2)2{guwl(zkl + k’g)”z + gH1H2 (k2 _ k’l)”‘*

—ks+m
— g 2k + Ep)M €1, €2, <(p}f1— k3;2 — m2> [N

(6.2)

We can again use the fact that J/¢ is in the color singlet state, sum over the quark
colors and identify the color factor in front:
1 1 T(F)
Cabc = (t¢ ; e : eab _ _— Tr(¢ete eab _ abc, 6.3
\/g()d( Jai.f 7 (%) f \/gf (6.3)

=T(F)gec

where T(F) = 1/2. Then in the Coulomb gauge where ¢; - k; = 0, we can write
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equation 6.2 as

—iM12)3 :ggcabcm@[?fl(’ﬁ -e2) + (e1-€2)(Fy — Fy) — 245 (ko - €1)]

(2o

where we can denote

forp = [2¢1 (k1 - €2) + (€1 €2)(Fy — F1) — 245 (K2 - 1)), (6.5)

(6.4)

to get

. _ 3 abci p,— ks +m
iMz2)s = g,C U )2 Votk <(p1 )= m2> ¢auy. (6.6)

We do not need the explicit form of #,, and we can simply denote k15 = (K{5,R12).
Then similarly what we did with the O-Ps calculation, we can simplify the inner
4 x 4 matrix structure down to a 2 x 2 matrix structure. We denote this inner 2 x 2
matrix structure similarly as before with a(;2)3. Moreover, we notice that the result

of equation 5.11 can be used here:

(12)3 = (02 12) /7{-’12 ((pﬁl_ k‘{f

3

-
L o 6.7
(-7 —nly) oL ( 5) (6.7

A

1 o R
= —% (Z(Kle 53)12 (53) 0 — /1(1)2(63 . O')) s

where we have again used (& - @)( - b) = (@ - 5)12 +i(@ x b) - & Next we multiply

a(12)3 with X! from the left and with ¢, from the right. Any term proportional to the
unit matrix 1o, will give us a term with the form Cxl¢,, where C' is some constant.

Keeping in mind equation 3.29 we can calculate:

o= (0 1) (;) =0; xle = (-1 0) (?) = 0;
Ao +lo = (-1 0) ((1)>+(0 ) (f) “o

which is then equivalent to saying that any term proportional to the unit matrix in

(6.8)

the expression for the 2 x 2 matrix element will disappear from the final invariant
amplitude. Thus the relevant part of a(i2)3 can be written in the form

1 — < - — —
a(12)3 = % ((Iilg X (53) -0+ K?Q(Eg . O')) . (69)
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We may then repeat this above calculation for the graph in figure 6.15. The invariant

amplitude can be written as

—iMi(12) =Ua(—igs(t);a) (Zﬁffﬁ;ﬁi%) (=95 (F)aiYyus) (M)

(_ gsfeab[g“wl((kl 4 k2) + kl)“2 + g‘”“Q(—kl + k2)“4

+ gﬂ2ﬂ4<_k2 — kl — k2))“1])61u162“2u1.

(6.10)
Again, we notice that the color factor in front is

Cabc — \}g(tc)id(te)difeab — rr\(/_];)fabc‘ (611)

Then with identical steps as before, the invariant amplitude can be taken to the form

— ks — p+m
[EETSEEE <(;€3_p)+mz> frgtin (6.12)

Immediately we notice that the front factor g2C%¢/(ky + k)? is the same as with the

—iM3(12) = ggcabc

permutation (12)3. We can then identify the 2 x 2 matrix az(12) within our expression

of the invariant amplitude. Note that now we may use the result of equation 5.9,

ks —p+m b
asaz) = (02 1) (MM) Fu (02)

= i 0,1
= (-7 ibs-5) (Ku i) (013)

2m Rig- &
1 - =\ 0 N — < — -
= —% ((63 . O')Hm + Z((Sg . /4312)12 — (53 X /112> . U) ,

We can again get rid of the term proportional to 1, and write the relevant part as

1 — N — — —
as(12) = —% ((Iilg X (53) -0+ H?2(€3 . 0')) . (614)

We can see that this is exactly the same as equation 6.9 but with a minus sign in
front. Moreover, the front factors are also the same. Thus regardless of the spin
configuration, these two terms will cancel each other out. This calculation is identical
for the pairs 1(23) <> (23)1 and 2(13) <> (13)2 and as such we will not repeat them
here.

With this we are then left with only the six Feynman diagrams in figures 6.1-6.6 to

consider. If there would be no color factor to consider, this calculation would be
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identical to the one we had with the O-Ps. Then by looking at figure 6.1 and keeping

in mind the O-Ps calculation, the invariant amplitude can then be written as

—iMS(ce = 999) = 3. wa(—igatn)er ((igp—_kf iﬁi%)

permut

i ip—ks+m)\ . .
(_ngly 2flr)rm)EQV ((pp_ k3)32 _ m2> <_ng’)/ tm'>€3£7u17

(6.15)

It suffices to consider what is the color factor in front of each permutation. Hanging

on to our earlier notation, the color factors for each permutation are as follows:
(123) < (#4%) 5 (132) <> (£“t%) 55 (213) & (£°¢%4%) ji; (6.16)
(231) 4 (44%) ;50 (321) > (£°47) 1 (312) &> (t40) 0. '

Then using the fact that J/v is in a color singlet state we have i = j, summing over
i = 1,2,3, remembering the 1/4/3 front factor and using the result
T(F
Tr(tt"t°) = <2 >(dabc +if*), (6.17)

where d® are the completely symmetric structure constants and %% are the com-
pletely antisymmetric structure constants, we get the following color factors:
1 T(F 1 T(F
(123) o (2 ) (dabc fabc) (132) (2 ) (dacb + ifaCb);
(2 ) (dbac 4 Zfbac) (231) (2 ) (dbca + Z'fbca); (618)
o ( ) (dcba + fcba) (312) o ( ) (dcab + Z'fcab).
\/3 2 \/_ 2

The completely symmetric structure constants can be permuted to give d** for each

E
5\

(213) &

&\
&\

(321) +»

permutation. Similarly the antisymmetric structure constants can be permuted to
give f% but now the sign depends on whether we are considering an odd or an even
permutation. We may then borrow the result of equation 5.5 to write

. ; 1 T(F abc . abc
—iMg—1 = z2mg§’\/§(2>><1 (d b Z a3 + 1 Z fab 0,123) Os. (6.19)
permut permut

Note in particular that d®¢ can be taken as a common factor and % has to be
inside the permutation sum. The end result is that the permutation sum with f
will not contribute to the invariant amplitude. This can indeed be anticipated since

> a9z is fully symmetric in exchanges of final state particles while fo¢ is fully
permut

antisymmetric. In order to recover a fully symmetric M, the ¢ terms should

vanish. Let us see how this comes about.
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6.2 Processing the invariant amplitude

It is fairly easy to see how we end up with the equation 6.19 for the invariant
amplitude. We may neglect all the constants and the 2-spinors since they are
the same for every term within the sum. We will use our previous result from
equation 5.12 and denote the 3-vectors with bold letters. Moreover, denoting this

sum by S and by opening it up:

O - €

Q
3

O - €

Q

S= ¥ o= 1[0 a)o-a) - (@08
+(o-€)(o-€)(0-€)+ (0-61)(0-€3)(o-0d2)
+(0-€)(0-€)(o-€)+(0-82)(0-€)(0-ds)
—(0-&)(o-€)(0-€)—(0-8:)(0€)(0-61)
+(0-€)(o-€)(o-€)+ (0-63)(0-€)(o-d)

(0-€3)(0-€)(o-€)—(0-d3)(0-€)( )
(

-8y }
6.20)

Note how the even permutations of (123) have a minus sign in front and the odd
permutations have a plus sign. We can then group these terms with (o - €;) and
(o -9;). From this we notice that there are commutators of the form [(o - €;),(0 - €;)].

For these terms, we can use the following result:

(o €),(0-€)] = [0, o"el'] = efe;” (0%,

= 2io - (€; X €;).

For the terms with & we can use the familiar identity of (5-@)(&-b) = (a@-b)1s+i(axb)-&.
With these we get

fabc
4m?

S = [(0-e)2io - (€5 x €)) + (0 81)[(€5- 82)1s + i(e3 x 82) - &
— (€3 - 03)1y —i(€y X 83) - O]

(0-€)(2i0 - (€1 X €3)) + (0 - d2)[(€1 - 03)1s + i(€1 X 83) - O
— (€3-61)1y —i(e3 X 67) - o]

(0-€3)(2i0 - (€2 X €1)) + (o - d3)[(€2 - 61)1a +i(€3 X 81) - O

— (61 : (52)12 — ’i(El X 52) : O'H

(6.22)
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We notice that we have terms of the form (o - €;)(o - (€; X €)). If we open up these
we can get rid of the terms proportional to o by using the Jacobi identity for the

cross product,
X (bxe)+bx(ecxa)+ecx(axb)=0. (6.23)

Then for the rest, we can open up them further and regroup them accordingly:

abc

4m?

S:

{22'61 . (63 X 62)12 + 21€y - (61 X 63)12 + 2@63 (62 X 61)12
+(€3'62—€2'53)<U'51)+( 3—63 51)(0’ 62)
+(€2 61 — €71 62)(0’ 53)

+ 2[61 . (63 X 62 — €9 X 63) + (52 . (61 X 63 — €3 X 51) <624)
—+ 63 . (62 X 51 — €1 X 52)]12

+O’[61 X (€2X63—€3X(52)—|—(52X (63)(61—61 X(Sg)

—|-53 X (61 X 52 — €9 X 61)]}

To simplify this, we can use the cyclicity of the triple product e.g. &1 - (€3 X d5) is the
same as —d9-(€3xd1). Furthermore, by using the identity ax (bxc¢) = b(a-c)—c(a-b)

to the last two lines, we cancel out the second and the third lines. Then we are left
with

abe
S = j;mz {21’61 (€3 X €)1y + 2i€y - (€1 X €3)1y + 2i€3 - (€2 X €1)1, (6.25)
+2i0; - (€5 X 82)15 + 2105 - (€1 X 85)15 + 2id5 - (€2 x 81)15].
By using the anticommutativity of the cross product e.g. a x b = —b X a, it is
evident that S can be written as
abe
2m2 Cyzd:lc (€2 X €3) + 071 - (€2 X d3)) Lo. (6.26)

We can see that this is proportional to the unit matrix 1. Thus regardless of the
constants in front of it, we can use our earlier result of equation 6.8, to see that
all such contributions will go to zero. This is how we are left with the result of

equation 6.27,
1 T(F)

V3 2

Comparing this with equations 5.5 and 5.22 we see that the only difference, in addition

—iMg—y = i2mg®—=——>d"y T* Vqﬁs (6.27)

to the obvious replacement e — g, is that now we have the extra color factor in
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front. Once we figure out what happens to this color factor, we can immediately use
the result that we know for the decay width of the O-Ps.
As we can see, this is a rather easy task to complete. Squaring equation 6.27 and

summing over the colors a,b,c gives the color factor C' to be

C= Z( —) ab0>2 91625““= — (6.28)

abc

Tr(1s)

where we have used the result

N% —4 5
Jacdgbed _ =1 = gab _ 2 sab 6.29
¥ ; (6.29)

Therefore we may borrow the result of equation 5.39 to state our final result for the

squared invariant amplitude:

- 5
IMEL, (ce — ggg)|> = —

184 S3m4 > (1 — cos B3)?, (6.30)

cyclic

where m is now the mass of the c-quark. Furthermore, the phase space integration is
also identical to the one we had with the O-Ps. We may then use equation 5.63 to

write our final answer,

526 2_

1607r
189 M2

O, (631

L(J/ = g99) = g (0)* =

where M is the mass of J/1. This is in accordance with the standard literature in
the field [24], [25].
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7 Decay width of J/v — ~vgg

We have now calculated a bound state decay into three final state particles for O-Ps
and the heavy meson J/1. In these calculations the final state particles have been
identical. Moreover, we found the O-Ps decay calculation particularly helpful when
calculating the decay of J/v into three gluons. We would like to use that result also
in the calculation of T'(J/¢¥ — ~gg). For this, we need to identify the same kind of a
permutation sum here.

In the last section we considered in the figures 6.7-6.10 the s-channel decay processes
of two quarks into three gluons. It was shown that this type of an annihilation is
impossible since the J/1 is in a color singlet state. Similarly here, we cannot have a
graph with a color singlet gluon propagator. With these arguments we can draw the

contributing LO Feynman diagrams as presented in figures 7.1-7.6.

; 81,0
P Py

’ A 7 caas kz,Ez,b i o~ k3,€3
— m ‘
) 7V k33 J/1/) k2r52'b
m e,
e sl kp,69,0 = amne ,61,0 Xk e1,0
pZ'SZ'J pZ'SZ'J p21321j
Figure 7.1. Figure 7.2. Figure 7.3.
Permutation (123). Permutation (132). Permutation (213).

¥ ~ ‘\/\/\/\/\/\/T/)\/k_;, €3 % v k3,€3
P2,52:] P2:52.)
Figure 7.4. Figure 7.5. Figure 7.6.
Permutation (231). Permutation (312). Permutation (321).

The reader might notice that these graphs are somewhat different to what we had in

the three gluon case. This follows from the fact that now we are able to distinguish
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between some of the final state particles. Note in particular that the photon has
the same momentum and polarization vector in all graphs. However, by looking at
the graphs we can see that the invariant amplitude can be written in terms of the
permutation sum that we have now worked already twice with.
By looking at figure 7.1 we can immediately write the invariant amplitude as
(Mp—%—%ywm>

(p — kg — k3)? —m?
’L(}f) - kg +m)

<p _ k3)2 — m?2

—iMGZ)(ce = vg9) = > Va(—igs(t")jm™)er,

permut

<ﬁ%wmmwb( )@w@fmw@

(7.1)
There are few details that are worth mentioning. One quark-gluon vertex is now
replaced by a quark-photon vertex. This is equivalent to replacing one g5 by e@.,

where (). is the fractional charge of the charm quark as in section 3. Then by keeping

in mind equation 5.2 we can simplify the invariant amplitude to be

—iMoi(eE 5 99) = Y —%id%“%”ﬂ”¢l<@%§}@ff;%)“
permut ! (7.2)

(b

p— k) — mi?

Note in particular that the order of t* and ¢* depends on the permutation. However,
this does not matter for the resulting color factor. Let us explicitly show this. The

color factors can be written in a similar manner as in equation 6.16. This gives us
(123) > (#") ;s (132) <> (t°%);5;  (213) < (£t js; 73)
(231) ¢ (84955 (321) & (%) (312) & (145 '
Since J/1 is in the color singlet state we have ¢ = j and thus we will have a trace
over the two matrices. And since Tr(t%t?) = Tr(t%t?) we get the color factor C as
follows:
1 1 1
C = —(t%"); = — Tr(t%®) = —=T(F)s§?, 74
Tt = S Tt = () (7.4)
=T(F)§ab
where again T(F) = 1/2. We can then carry all constants out of the permutation
sum and write

oo - 4 11 (P =Ky — ks +m)
. C=0 — _iq2 — sab
ZMS:I (CC ? vgg) ngeQC\/g25 perzmutvﬂgl ((p — Ky — k3)2 —m?2

%Qﬁiﬁtﬁﬂgw

(7.5)
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In comparing this with equations 5.2 and 5.3, we can see that there is again the
same kind of matrix structure. The permutation sum can then be developed in an
identical manner as before. We still have to account for the contribution from the

color factor. Continuing to sum over a and b:

11 11 2
C? == 5" = ——Tr(ls) = <. 7.6
314 g5 =3 (7.6)
With one final modification the rest of the calculation proceeds as with the O-Ps
calculation. In the O-Ps calculation we had three identical particles in the final state.

Now there are only two. Therefore the 1/3! factor reduces to 1/2!. This is equivalent

to multiplying our earlier result by three. Then by using equation 5.64 we get:

which simplifies to:
128 2 —9
L(J/Y — vg9) = 7@2040‘? M2 W(O)Pa (7.8)

where « is the QED coupling constant, ay is the QCD coupling constant and M is
the mass of J/1. This agrees with the established result in literature [26].
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8 Discussion

8.1 Helicity basis approach

A decent amount of work in this thesis was spent in learning the helicity basis
approach for processing the invariant amplitude in sections 3.2 and 4. For clarity, let
us explicitly state how the product of the Dirac spinors can be expressed in terms of

the polarization vectors in a certain helicity eigenstate:

J = 1 vector meson:

T e R N

J = 0 pseudoscalar meson:

iu () —u(l)v :L M 5
S u(h) ﬁ< )7,

(8.1)

where u and v are the Dirac spinor helicity-base solutions of the quarks that make
up the bound state. Furthermore, pys is the momentum of the bound state, M is the
mass of that particle and the polarization vector e(h) describes the helicity state of
the bound state. In particular, notice that the identities of equation 8.1 hold for a
meson in an initial state.

In this thesis we have addressed the question of how the process of a two-body bound
state decay can be described. A natural sequel to this would be to ask how these
bound states are formed in particle collisions. As mentioned in the introduction, one
of our earliest motivations for this topic came from the desire to understand the
diffractive J/i-production in deep inelastic scattering. The helicity basis approach
seems to be a particularly useful technique for such considerations. For further
details we refer the reader to [5], [21]. Let us then turn our attention to how the

calculations for the J/1 decays compare with experimental results.
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8.2 Comparison with experimental results

For the sake of clarity let us present our results for the decay widths on one single

page. Collecting the results from equations 3.28, 4.21, 5.64, 6.31 and 7.8 we have:

D(J/ — IT17) = 167a*Q? Wﬁy, [19] (8.2)
) J

D 99) = (5) “ 1o WO 15 (53

I(0-Ps — v77) = 2”;;“6 (7% —9), 8] (8.4)

PO/~ g99) = G gt 27 (55

(/0 = 200) = oot WO, 2o (3.6)

where M is the mass of J/1, M, is the mass of 7., m, is the mass of an electron, «
is the QED coupling constant and «y is the QCD coupling constant. Furthermore, Q).
is the fractional charge of the charm quark and 1 (0) is the value of the position-space
wavefunction at origin. Note in particular that for the O-Ps process we know the
explicit form of this wavefunction and can thus substitute a value for it.

These results are in precise agreement with theoretical ones found in the literature.
The unfortunate fact is that we still have the square of the wavefunction evaluated
at zero appearing in our expressions of the decay widths. However, we can partly
get around this dubiety by forming ratios out of the calculated decay widths. Take

for example the following:

U(J/Y — vg9) 36
R = == Q2 8.7
YD > gg9) B oas (8.7)
R _ L'(J/Yp — ete) B 8lm  o? (3.8)

2T DI/ — gg9)  10(n2 —9) a3 ¥

where th labels the fact that these are theoretical predictions in the LO. In order to
acquire a value for these ratios, we need to figure out the values of a and «y at the
energy scale of the J/v¢ which in our case is the mass M; ~ 3 GeV [28]. The value of
« is rather stable up to the mass of the Z-boson M, =~ 91 GeV but it clearly changes
when the energy scale changes [29], [30]. This running of the coupling constant is
presented in figure 8.1 [31]. We can then read off the value of the QED coupling
constant from the graph to be a ~ 1/134 .
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Figure 8.1. Evolution of the QED coupling « as a function of Q2. Here () is

the energy scale of the process. The figure is from [31].

For the QCD coupling constant, we can read off the value of a, from figure 8.2 to be
around 0.23 when the energy scale is around @ ~ 3 GeV [32]. Substituting these
values for Rl‘]t/}? and R‘;t/ﬁp in equations 8.7 and 8.8 we get:

g DI/ = vgg)  36(1/134) /2%
B = T S g99) ~ 5 023 <3> ~0.104, (8.9)
g DU =17) 0 8lw (1/134)° (2

2
R = 570 s as) = 002 3] (023) ) ~ 0.060. (8.10)

3
We can form these same ratios from the experimental data provided by [28]. These

values are found to be:

RV _ U(J/Y = 799) /Lot _ 8.8%
U(J/Y — 999) /T 64.1%
_ F(‘]/@Z) — 6+67)/Ftot o 5.971%

~ 0.137, (8.11)

Ry = — ~ 0.093, 8.12
0 = T(I10 5 999) T 641% (512
where exp labels the fact that these are experimental results. We can see that Rl‘]t/f

J/b

agrees rather well with Ry.., taking into account that our theoretical prediction is

only the LO approximation. However, when the ratio depends more strongly on the

powers of the coupling constants, we can see that the values start to differ more.

J/

This is to say that the discrepancy between the values of RQJ{}? and R, ? becomes

exp

larger.



o8

April 2016

T decays (N3LO)

DIS jets (NLO)

Heavy Quarkonia (NLO)
e'e” jets & shapes (res. NNLO) _
e.w. precision fits (N3LO)
pp —> jets (NLO)

pp —> tt (NNLO)

ay(Q?)

0.3+

4 <« € O 0P «

0.2+

0.1}

100 1000

Figure 8.2. Summary of the measurements of a,(Q?) as a function of the
energy scale (). The respective order of QCD perturbation theory used in the

extraction of ay is indicated in brackets. The figure is from the reference [32].

Nevertheless, taking into account all the approximations we have made to make the
problem easier to solve, it is quite imposing how well our theoretical predictions go
together with experimental values. The accuracy of the theoretical predictions could
be improved by taking into account higher order terms of the coupling constants. For
example for J/¢ — eTe™ the first QCD corrections were calculated in [33]. Moreover,
by using the Dirac spinor solutions for non-zero momentum and not neglecting the
masses of the outgoing leptons, would give us a more precise prediction for the
decay width. Nevertheless, these LO calculations are good for order of magnitude

approximations.

8.3 Generalization of the results

It should be noted that these calculations can be easily modified to accommodate
other JP¢ = 0=+ and JP® = 17~ heavy mesons. There are only two parameters
that we have to adjust: the fractional charge of the constituent quark and the mass
of the decaying meson. This same point is argued in the reference [24]. Then in
equations 8.2, 8.3, 8.5 and 8.6 one could simply replace the mass and Q). to get the

decay width for any decaying meson that has the same forementioned properties.
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When forming the ratios, we need to account for the running of the coupling constants.
Let us take the 1S state of the Y(bb)-meson as an example which has a mass of
My ~ 9.4 GeV [34]-[36]. Reading from figure 8.2 we get the strong coupling constant
to be ag ~ 0.18. Similarly, based on figure 8.1, we will adjust the value of a to be
1/132. Moreover, since T is a bb bound state we have Q. = 1/3. The theoretical

predictions are then:

(Y — ~vgg) 36(1/132) (1)2
L= = —) ~0.034 1
Hia (Y —=ggg) 5 018 \3 0.034, (8.13)
(T —ete) 81w (1/132)? (1)2
T = = — ~ 0.032. 14
Faun L(J/¢¥ — ggg) 10(72—9) (0.18)3 \3 0.0 (8.14)

We can form these same ratios from the experimental data provided by [34]. These

values are found to be:

LY — v99) /Tt~ 2.2%
RL = = ~ 0.027, 8.15
10 (Y = g99)/Twor 81.7% (8.15)
(Y = ete)/The  2.38
R, = T =) T 238% . (8.16)

T(T = g99)/Twor ~ 81.8%

Again the theoretical predictions compare quite nicely with the experimental values.
In addition, it seems that the theoretical predictions for the T ratios are in better
agreement with the experimental ratios than the J/¢ counterparts. This suggests
that the higher order effects would be relatively decreasing towards higher energy
scales. Furthermore, this hints towards our claim that the decay width of any meson
fulfilling our assumptions, can be acquired in an identical manner. As a final note it
should be pointed out that the T-decays are in practise used to measure the running
of the a,;. These measurements effectively contribute to the accuracy of figure 8.2.

For further details see for example the discussion in [37].
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9 Conclusion

The decay of a two-body bound state to some particular final state is by no means a
trivial problem. A set of simplifying approximations render the calculation possible
and rather straightforward. We have assumed that the bound state decay can
be described as a free-particle annihilation process where the momentum of the
annihilating particles is set to zero. The invariant amplitude of this free particle
process is then weighted by the value of the wavefunction describing the system.
The fact that we evaluate this wavefunction at zero has a rather clear intuitive
interpretation: when the particles are at the same place, they annihilate.

We then used these principles to calculate an O-Ps decay width and four different
heavy meson decay widths. In essence the problem was in figuring out how the
invariant amplitude could be processed in the most efficient way. The explicit spin
matrix approach is simple in the sense that it requires little insight to the problem
at hand. One just calculates all the different matrices whilst meticulously keeping
track of the elements.

This in part emphasises the detail of how the Dirac spinor solutions are chosen.
The choice of equation 3.2 might be the one that most of people would choose first.
However, this does not allow us to use the Clebsch-Gordan coefficients. By changing
our definition to the one presented in equation 3.29 we recovered the forementioned
results. This choice is then important when explicitly calculating the spin matrix
elements.

In the helicity basis approach, the computation of the explicit matrix elements is
replaced by the calculation of traces over gamma matrices. However, to be able to
use this approach we had to rigorously establish the fact that the assumed identities
hold. It was then here, on the grounds of completeness, that the 7. decay calculation
was presented. With it we have the complete picture how spin 1/2 particles can be
added together and presented in the helicity basis. The result of this development is
summarized in equation 8.1.

After this we turned our attention towards the decay of O-Ps into three photons. By

peeling down the 4 x 4 matrix structure to a 2 x 2, we avoided the explicit calculation
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of every 4 x 4 matrix product. In effect this introduced a third method for processing
the invariant amplitude. Furthermore, the O-Ps decay calculation also highlights the
difference between QED and QCD. We do not know the explicit form of the QCD
potential, and thus in the final form of the decay width we are left with |¢)(0)]%. This
is not the case for a pure QED process.

The decay widths of J/¢ into three gluons or one photon and two gluons were
then relatively easy to calculate. We only had to take into account how the color
factor contributes for the calculation. Manipulating the color factors appropriately
and summing over the colors we were left with a number multiplying the invariant
amplitude. The form of the invariant amplitude was then practically identical to the
analogous invariant amplitude of the O-Ps decay. We could then use the O-Ps result
to get the J/1 decay widths.

It was then put forth that the helicity basis approach could be useful in the consid-
eration of heavy quarkonium production in particle collisions. However, any of the
three techniques could be used, with the right assumptions, in such calculations. In
addition to developing further on the results of this thesis, it would salient to take
into account Feynman graphs of higher order in the coupling constant.

In conclusion, this thesis covers a certain range of heavy-quark bound state decays
and does it with a set of rather simple assumptions. Moreover, it is obvious that
the development can be generalized to encompass any J©¢ = 17~ or J’¢ = 0=+
heavy meson decay. An example of the Y(1S) decay width ratios was offered to
support this view. In considering the decay width ratios it is important to keep
in mind the running of the coupling constants as the energy scale is increased.
Theoretically one would get a better hold of this only by doing the required next-
to-LO calculations. Taking into account the fact that our calculations are only to
the LO, the theoretical predictions for the ratios of the decay widths agree relatively

well with the experimental results.
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A Calculations for section 3

A.1 Addition of fermion spins; photon polarization vectors

We wish to show that with our choice of equation 3.2 for the basis vectors in
section 3.1, the addition of angular momenta for the state |SM,) = |10) of two Dirac
spinors u and v is given by %(Hi) — [41)) where |[1}) = |s152). One way of doing
this is to consider the annihilation process of a lepton-pair into a virtual photon
[T1~ — ~*. Before this, we need to establish the form of the photon polarization
vector, which we need in calculating this process in the LO by using the Feynman
rules.

In section A.3 we shall see that the following development holds also for a spin-1
particle with mass M. Let us then first consider a massless free photon. From QED
we know that the wavefunction A* of a free photon satisfies in the Lorentz gauge

the equation of motion

A" = 0, (A.1)

where [J is the d’Alembertian i.e. [J = 0,0". It is clear that equation A.1 admits
solutions of the form A* = e*(q)e~"®, where ¢"(q) is the polarization vector of the
photon and ¢ is the momentum on the photon. The Lorentz gauge d,,A* = 0 imposes

the condition

que = 0. (A.2)

So essentially there are three independent components of the polarization vector e*.
In the Coulomb gauge we choose the first component of € to be zero [17, p.134].

As discussed in section A.3, the condition A.2 holds also for a massive (virtual)
photon. Then for a virtual photon travelling along the z-axis with the momentum

vector ¢ = (¢°,0,0,¢®), the normalized polarization vectors can be then chosen as

€Z:j:1 - :F%(Ovlv =+ 7:70)7
“ —(q°,0,0,4°),

€h=0 = \/q—Q

(A.3)
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where h tells us the helicity eigenvalue of the photon [17, p.139]. We are particularly
interested in the h = 0 polarization vector as this is the one which would couple to
the fermion-antifermion state |SM,) = |10).

Let us still explicitly show that the given vectors in equation A.3 are indeed the
eigenvectors of the helicity operator. Helicity is defined as the projection of spin to

the direction of the momentum and its operator h is given by

A

h=eé,-S, (A.4)

where €, is the unit vector to the direction of the momentum and S is the spin vector
operator. In our case, when the photon is travelling along the z-axis, the helicity
operator reduces to S,. Then taking the spatial components of the polarization
vectors, we can check that they fulfil the desired eigenvalue equation. Note that now
S’Z is the spin vector operator for a spin-1 particle, whose matrix representation is

given e.g. in [14]. Thus,

0 —2 0 . —1 ) —1

gzéhzl =17 0 0 ﬁ —1 | = E —1 | = gzehzl = hep—1,
0 0 0 0
0 —2 0 . 1 . 1

Seene1 =i 0 0 ﬁ 1| = ﬁ —i | = S.ene1 = hepo1, (A.5)

0 0 0 0
0 — 0 ) 0 0

gzehzo =17 0 Ol—=|0]|=10]= SZGh:1 = hep—o.

Vi

0 0 O q3 0

We have now established the form of the photon polarization vectors. Now from
the Feynman rules we may derive the scattering matrix structure for the process
[T~ — 7 to be

Vo, U1 (A.6)
As shown in the main text, the p = 0 case disappears in the NR-limit and by sticking
to our notation we may write this element as

2mq°
- I 0 3 3 o q 3

Now for the state %(H@ — [41)) we get the element
1

—2mq°

2 VP

(0}, — alb), (A.8)
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and by inspecting the term (o3, — ¢?,) more closely:

R AR AT

= (1-(-1) =240,
which confirms that leptons in this state annihilate to a v*. We now see that if we
would have followed the standard Clebsch-Gordan coefficient notation and had a plus
sign in between the states, we would have gotten zero. That is to say that the lepton
pair in the (1/v/2)([t) + [{1)) could not annihilate into a photon. That clearly
cannot be the case, since a virtual photon does have the longitudinal polarization
state too. This is the reason why the invariant amplitude sign convention has to be
chosen as it is chosen in the main text. When we define the spinor basis vectors

differently, we regain the traditional Clebsch-Gordan coeffiecient results.

A.2 Phase space integral

The following development is done in detail in reference [18]. However, it is beneficial
to go through the main points. The delta function in equation 3.26 can be divided
into one-dimensional and a three-dimensional delta function as 6™ (p Jjp — D3 —DPa) =
§(M —E3—E;)0® (ps+p,). Notice that we are still working in the CMS-frame. Then
d®p, integration can be done with §¢) (ps + p,) which just leaves us the integrand
evaluated at p; = —p,. Then by moving into spherical coordinates we may write
the remaining d®ps as dQdpsp3. Then by using the delta function result
d(z — xo)

alo@) = 2o

(A.10)

where zg is a zero of the function g(z) and ¢’ is the derivative of g(z) with respect
to x, we may write the remaining delta function as

E3E,y

M—FEs—FE,)) =
5( ’ 4> psM

5(p3 _pz)v (All)

p3:pz

where p, is the zero of the expression M — F3 — E,. It is found to be

A(M?,m3,m3)
= A12
pz 2M Y ( )

where \(a,b,c) = a® + b? + ¢ — 2ab — 2bc — 2ca as given in the main text. Then the

remaining integral over dps just leaves us with the integrand evaluated at p; = p,
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and we get the result

D - 117 = VAL ) [ A0IMe (T =TT (A.13)

6472 M3

Since we neglect the masses of the leptons this is equivalent to equation 3.27.

A.3 Helicity basis approach

This approach for the decay width rests heavily on understanding the relationship
between the Dirac spinors and the bound state polarization vectors. Before tackling
this, it is beneficial to investigate the equation of motion for a massive vector particle.

The free particle wave equation for a spin-1 particle of mass M can be written as
(¢"M O+ M?) — 0“0 By = 0, (A.14)

where B, is the wavefunction that describes our particle [17, p.138]. Multiplying
equation A.14 by 0, from the left,

(MO + M?) — 0,0"0") By = M*9*By =0, (A.15)

which forces the constraint 9*By = 0 regardless of the gauge and reduces A.14 to
the same form as the Klein-Gordon equation (KGE),

(O0+ M*)B, =0. (A.16)

We know that the solutions of equation A.16 are of the form B, = e,e™"*. The
condition 9*B, = 0, then gives us the restriction that ¢g*¢, = 0. This is also what we
had with equation A.2. We have already shown that polarization vectors of the form
of equation A.3 are the eigenvectors of the eigenvalue equation hey, = hey, . However,

it is still worth noting that the vectors of equation A.3 are normalized as follows:

«  _ 0 0 1 1% 2 o* 3 3"
€h=0 ' €p=0 = €p=0€h=0 — Er=0€h=0 — €r=0€h=0 — En=0€h=0
—_——— e N N
_lal? =0 =0 _ B2
M2 =2
L 2 T
M?2 M?2 ’ (A.17)

* 0 0* 1 1* 2 2% 3 3*
€h=£1"€p—41 = Cp=416h=41 — Ch=41%h=+1 — Ch=41%h=+1 — Ch=41Ch=+1

=0
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where we have now identified v/¢2 = M, ¢° = F and ¢® = |q| since q||z-axis. Before
continuing to derive the results of equation 3.30, let us quickly show why equation 3.37

holds. We will make an ansatz of the form (here ¢ = py)
> e (h)e” (k) = Ag" + Bpljp', (A.18)
h

where A and B are some numbers and p; = (p%,0,0,p%) is the momentum vector of

the particle in question. Then by multiplying equation A.18 by p;,, from the left:

) A
> (ps-e(h) € (h) = ApY) + Bpp = B = ——, (A.19)

N———— pJ
h -0

where we have used the condition p'je, = 0. Then using this result and multiplying
equation A.18 by g,, from the right:
% v PJ-PJ
> e(h) - €' (h) = A(gug"” -

2

n N————’ N—— pJ
=—1 =4

=1

)= A=—1, (A.20)

where we have used the results of A.17. Then substituting these back into equa-
tion A.18 we find

KRy (h) = —gt + PP A2l
>_e'(h)e” (h) 9 (A.21)
h

We may now show how the results of equation 3.30 arise. We shall first explicitly

derive the matrix form for the final state particle identities as given below:

— _ pJ+M . — _ 1 * pJ_'_M
ot = (P v = - e (P

1 _ B pJ—l-M
TS + o] = - S5 (M),

) | (A.22)

From the results of equation A.22, it is then a relatively easy task to derive the
results of equation 3.30. We will do this first in the special case where momentum
and spin lie on the z-axis, and then rotate this to an arbitrary direction. Up to this
point we have been working in the NR-limit where momentum of the charm quarks
goes to zero. However, we may show the results of equation 3.30 to hold for any
momentum of the vector meson as long as the condition p. = p; = p;/2 holds.

We shall be working with the spinors as given in equation 3.29. Note that o is a
vector that contains the Pauli spin matrices e.g. o = (01,0%,0%). Moreover, since
p; = 2p and M = 2m where p is the momentum of the charm quark and m is the

mass of the charm quark. Finally the energy £, is given as E’2 |p]? + m?
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Our method of proving the wanted identities relies on forming the explicit form of
the matrices of v(h)u(h) and showing that the r.h.s. of equation A.22 is the same.
Note that for notational convenience, we have truncated the momentum p from our

spinors. First we will show the identity for v(1)u(1):

o(t)a(t) = (B, +m) (EPWT) (o1 ol (z)')

X1
02Dz f
_( eaaneh ol (225) )
(EP + m)XT¢$ _XT¢T (Uzpz) (A23)
0 0 0 0
B —p. 0 (E,—m) O
0 0 0 0
(E,+m) 0 —p. 0
Then let us open f¢ (1 ) Y with p = ps/2 and m = M/2,

B = L )
1 0 —0, +ioy\ [(E,+m)ly —p.0,
T2 (am —ioy 0 ) ( j e (—E, + m)lz)
0 0 0 0
_ —p, 0 (E,—m) 0
a 0 0 0 ol
(Ep+m) 0 —P- 0

(A.24)

which is the same as equation A.23. Therefore the equality

?, + M
oiDat) = ¢ (hEg= (4.25)
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holds. Now continuing for v({)u({):

i Eg}j_)ani oop: \T) A0
v()u(d) = (B, +m) ( . ) (¢¢ ¢¢ (Ep+m> )’Y

[ opxid]  —opaxid) (Jifm>f>
(B, + m)waI —Xiﬁbi (0-p2)" (A.26)
0 —D- 0 (—Ep,+m)

10 0 0 0

o —(Bem) 0 —p.
0 0 0 0

M
Continuing for fyf (4 )Ij]

Wb = e - m)

1 0 oy +ioy\ [(E,+m)ly —p.0,
2 \-o0, —io, 0 D0 —(E, —m)1,

0 —D. 0 (—E,+m)
10 0 0 0
0 —(E,+m) O —p. 7
0 0 0 0
(A.27)
which is the same as equation A.26, thus the equality
_ -1 p,+M
= —¢" () =—-. A2
v(d)u(l) \/555 (= (A.28)

Finally continuing for \%(U(T)ﬂ(i,) +v(})u(1)). We have now twice calculated these
type of matrices, so we may be a bit more straightforward with our calculations.

First we have

oope \ T
’U(T)ﬂ(i) _ ( O'z~szT¢I _O'Z-szT(bi (Epfm) ) : <A29)
(B, +m)x0]  —xq] (0= -p.)'
and similarly
o T
U(\L)Q(T) _ ( o, ~sz¢¢$ —0y sz¢¢T (E;frzn) ) ’ <A30)
(EP + m)Xidﬂ _Xi(bT (Uz pz)
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and adding these two together we get:

—D. 0 (E, —m) 0
~ ~ B 0 —p. 0 (—E, +m)
(v(Mu() +ou(r)) = (B, 4 m) 0 ). 0 :
0 (Ep + m) 0 Y2

(A.31)

where we have chosen not to write in the 1/v/2 factor. Next we continue to inspect
the r.h.s. of equation A.22. Keeping in mind the form of the polarization vector as
given in equation A.3 and the normalization of the polarization vector as shown in

equation A.17, we can write down the matrix form:

_}g*(o)%gM _ ;11 (Ep +m)l, —p:0- )

0 3
Py — Epy
( ) ( D0 —(E, —m)l,

. ;]- (pz12 _Epo-z) ((Ep + m)12 —P20

m Epaz _pzl2 P02, _(Ep - m)12
_ —p.1s (E, —m)o,
—(E, +m)o, p.1s ’
which is the same as in equation A.31. Therefore the identity

Pt M

2

) (A.32)

1

_ _ L,
ﬁ(v(T)U(U +o(u(t)) = —ﬁﬁ (0) (A.33)

holds.

Next we would like to rotate the vectors €, u, v and p, and show that our results hold
in any arbitrary direction. To do this we first have to consider what happens to the
solutions of the Dirac equation in a proper Lorentz transformation (LT). The Dirac

equation can be written as

(i) — m)i(x) = 0, (A34)

which has solutions of the form ¢ (z) = u(p)e~* where u(p) = (u1(p),us(p),us(p),us(p))’.

The contravariant 4-vector x¥ transforms as
't = A" x”, (A.35)

where A*, are the componenets of the LT. It then follows that a covariant 4-vector

T, transforms as

), = A2, (A.36)
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where A ™ are the components of the inverse LT,
(A Y = g“aAﬂaggy =A}. (A.37)
Then for a LT of the form 2’ = Az, it follows that there must exist a relation

Y(af) = S (), (A.38)

where S is some matrix that accomplished the desired transformation. In addition
to knowing how the spinor transforms, we need to know how the conjugate spinor
transforms. The following development derives that result. See reference [17, p.113]
for further details. We may write the Dirac equation in two different inertial frames:
i L O(x) O’ (x)
oxH ox'

Since from equation A.36 we know that covariant vectors transform with the inverse

—miy(z) =0 and " —my(2") =0, (A.39)

LT we may open up the primed DE:

a / /
Z’y“zsic(i) —my' (') =0
9,
> RS e
= (AT o VSw( x) —mSY(z) =0 (A.40)

= iYS(AT)",00(x) — Smi(x) =0 || = ST
= iSTIYS(ATY), 0 (@) — mi(x) =

:'yV

where the underbraced equality must hold in order for the DE to be Lorentz covariant
i.e. the equations of motion in different frames need to be equivalent. We then have

the constraint

SIS = AP AV, (A.41)

which also gives
SyrSTh= (A7) A" (A.42)

Then for a proper infinitesimal LT of the form A, =", + €”,, the S-matrix can be
shown to be

S=1- %awe’“’ and S'=1+ iawe‘“’, (A.43)

where

14 7/ v 14
ot =S (4" = 7""), (A.44)
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and each €"” is some real number and as discussed below e = —e”*. Clearly also
oM = —g"". Let us then show these results. We demand the invariance of the scalar

products,
roy=2 -y & gurty’ = 9N TNy S g = gpa N A (A.45)
By substituting in our infinitesimal LT and ignoring higher order terms, we get

g;w = ngVAp'u,Aa]/ = gpa(épu + GP;L)((sal/ + 6aI/>
= Gu = G + guaeay + gpl/€pu (A46)

o p - _
= Jua€y = —9w€, =  €uw = €y

We can also see that S~! is as given in equation A.43. Again ignoring the higher

order terms:

S5 = (1 - iUWEW> (1 + jlaw,e’“’> =1+ iaw,e’“’ — iawe‘“’ = 1. (A.47)

Then in substituting these into equation A.41, we can see that the S is truly the

desired matrix:

Z’ 14 (87 Z 174 « «
<1 + zaw,e” ) Y (1 — ZUM,,EM > = (0% + €%)7”

]

= 704 _ ZE}W[,}/Q’ O-,uz/] — ,.ya + EaﬁfYﬁ (A48)
1 v o o
= 2D = Wl = € P il

In order to process this commutator further we need some commutator identities

and gamma matrix results:

(1) [a,b+¢] =ab+ ac—ba — ca = [a,b] + |a,c],
(2) [a,bc] = abc — bea = abe — bea + bac — bac = bla,c] + [a,b]c, (A.49)
3) 1" =2"l = [y = 209" = ")

Let us then process the commutator further:

Y e — vl = ] — Y vl
= %% %)+ Y v = Y ) = I vy
ul ]+ v vl Yl = 1V (A50)
= =297 = 299% Y + 2% + 2% Y,

= —4"}/“5(1” + 471,50;.
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Substituting this back into the Lh.s. of A.48:
1
ge‘“’(—él%éay + 4%5";) =

We can see that with equation A.51 we have recovered the r.h.s. of equation A.48.

1 v av (0% 174
(U ) = €y = € (A.51)

Thus we have shown that for a proper LT, the matrix S is given by equation A.43.
We have gone through all this to be able to show that the inverse of S is given by

S =705170 o 8140 = 4051, (A.52)
Keeping in mind that v*7 = 499#+° we may inspect S:

T .
5= (1_4UW€W’) _1+4 uuUWT:lJFE

—1 v v
L6 (2(7 fyit — ity T))

i =i e, V
=1+ € ((707 7’ =y vo)) 17" =4

AN
i (=i, ., _
= 'S =14 e <2(’Y 7=ty )> =57

=g HV
(A.53)
With these results we may finally inspect how the spinors transform in LTs. From
equation A.38 and the solutions of the DE, it follows that Su = v/, where u is some

Dirac spinor and u is the transformed one. Then from:
P = 91y = gl = yiPs T = g5, (A.54)

it follows that @' = @wS~!. This is to say that the Dirac spinors transform with S
multiplied from the left and the conjugate spinors transform with S—! multiplied
from the right.

We may then finally rotate the result of equation A.25 to hold in any direction.
Multiplying from the right with S and with S=! from the left:

Sv(t)a(h)s~! =
—— ———
=v/(t) @)

—1
55 (Seut"Pay”S™ + Se (1) M57!)
(A.55)

1 v 1
2\/—< (t )S’Y“SIS’Y S” pr+6 (1)S~*S M)

Then we use equations A.41 and A.42 to write the inverse LT on every term where
it is possible

o (A—l)yﬁ Vpo + (1) (A7) wzw) (A.56)

«
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and by using A.36 it clearly follows that:

P+ M

/ —/ _;1 1%
V() = o (A7)

We have now generalized the result of equation A.25 to hold for p; into an arbitrary
direction. We can also see that the same developmet holds for the other results
of A.22. The only thing left to do is to show that 3.30 follows from A.22. Let us
do this next. We can start by taking the hermitean conjugate of equation A.57 and
dropping the primes for clarity:

—1

()| = S (¢ (1), + M)
= Pl (1) = o (Bl (7 + M) (A.58)

—1
= AUt (1) = 5= (P e (D + Me (1))

Then by multiplying with «° from the left and the right, we recover the form

L (e
oty == (B e (A5

as given in equation 3.30. We can also see that the other results of 3.30 come about

identically.
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B Calculations for section 4

B.1 Helicity basis identity

Our aim in this section is to derive the results given in equation 4.10. We will
work with the solutions of the Dirac equation as is given in the equation 3.29.
By looking at equations A.29, A.30 and A.31 we can immediately see the form of
[v(M)u(l) —v(})u(T))] in the case where p,||z-axis:

D 0 (—E, +m) 0
_ . 0 —Pz 0 (_Ep + m)
[w(Mu) —v()u(h)] = (B, 1 m) 0 L 0 , (B.1)
0 (E, +m) 0 D

with p,, I, and m being charm quark quantities. Then on the r.h.s. of equation 4.10

we get

Py ™M

2

v (EP + m)12 —P:0- )

5 0 3 5
=7 (poy” — 7" +mls) =7
D0 —(E, —m)1,

_ D.0 —(E, —m)1,
(Ep + m)12 —P.0.
We can clearly see that equations B.1 and B.2 are equal and thus the identity

L o) . 1 P+ M
W[U(T)U(U —o(Da(t)] = T

holds. Of course this proves the result only in the special case that the pseudoscalar

(B.2)

(B.3)

meson is moving into the z-axis direction. However, as was developed in the
section A.3, this result can also be rotated into an arbitrary direction. Since the
proof is essentially identical, we shall not repeat it here. However, we can see
that by taking the hermitean conjugate of equation B.3, we get the latter result of
equation 4.10:

WOu()ol (1) — 2 Pu(t)ol ()] = 2j§<pnw M (B.4)

Sl
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and by multiplying with 7° from left and right, we recover:

Lo sy = LM B.5
ZluMol) —upt)] = Z5=o—7, (B.5)

where we have used the results v°7 = 75, y#T = 404440 and {75, +#} = 0.

B.2 Trace identities

Let us justify the identity of equation 4.14. We know that Tr(7°) = 0 and (y*)? = +1,.

First we need to consider the trace Tr(y°y*~"). Assuming y = v we have

Tr(y"y"y") = Tr(y* 7*9") = Tr(£9°) = 0. (B.6)
=+14 =0

We may then assume that p # v and get

Pty = iy Yy = iy, (B.7)

since the indices p and v have to be one of the values 0,1,2,3 and by the Clifford
algebra {7 "} = 0, whenever u # v. Notice that it especially holds that a # 3.

We then can use the anticommutation of the gammas and the cyclic property of

trace to get
Te(7%y4y") = £iTe(1°7%) = Tr(y%9%) E Te(yP7%) "™ —Te(124%).  (B.8)
Thus Tr(y*y?) = 0 and we have
Tr(y°y"+") = 0. (B.9)

With this done we can consider the trace of 4° with four other gamma matrices,
Tr(v°y#4*v*y7). Clearly it must hold that u # v # p # o. This is to say that each
index has a different value. Since if they would not be different we would recover
the result of equation B.9. So we have that (i, v, p, o) is a permutation of (0,1,2,3).
We will first choose (u, v, p,0) = (0,1,2,3):

Tr(7°1°9'9%%) = —iTr((7°)?) = —4i. (B.10)
—_——— ——
=—iy5 =14

Now if we would have some other permutation of the indices (0,1,2,3) we would
need to anticommute the gamma matrices to their right places in order to recover
the result of equation B.10. Thus with an even number of exchanges we get the
same result, —4¢, and with an odd number we get +4¢. This is how the result of

equation 4.14 comes about.
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C Calculations for section 5

C.1 Proof of some identities

We have been extensively using trace and vector identities. Even though some of
these results should be familiar to the reader from elementary physics courses, let
us still justify some of them. Let us first go through the result Tr(clo’o*) = 2ie*.
Assume we know that

Tr(ly) =2; Tr(oy) =0; o'0? =81y +ic 0" Tr(o'o?) = 26, (C.1)
With these results we can turn to inspect Tr(oia’/o*):

Tr(o'o?0%) = Tr([6;;1s + i€ 0'|o*) = Tr(8;;0" + i’ o'o™)

= 8;; Tr(o") +ie' Tr(o* o)
-0 2551
= 2je*,

The first identity of equation 5.10 follows from

-, -,

F-@)(3-b) = old'd’V = d'V oo = 'V (6;;19+ie7F g7 = ab L+i(axb)-a. (C.3
J

Then let us inspect the term €3 X (€1 X €2):

€3 X (61 % 62) _ ez]k é klmellem _ Ekzg k’lmejel Egn
= (00 — Oim0i1)Ehel el = € elel — €belé! (C.4)
= (9it0jm — Oim0;1)€3€1 €5 163 € — €636 '

=€1(€3- €) — (€3 - €).
Let us also justify the identity of equation 5.38:
(axb)-(cxd)=c*altFe™dd™ = FemagipFddm
= (0;10km — OjmOr)a? bt d™ (C.5)
=(a-c)(b-d)—(a-d)(b-c).
Finally, let us justify how the three-dimensional integral can be turned to a four-

dimensional one as shown below:

8 ot o
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where 0(w3) is the Heaviside step function. First pointing out that for a delta function

with a function g(z) as its argument, we can write

S(g(a)) = 3 2 =) €7

7l ()]
where x; are the zeros of g(x) and ¢’ denotes the derivative of g with respect to z.

Starting with the r.h.s. of equation C.6, using equation C.7 and k2 = w? — kj:
/ d'ky0(c0)8(K2) = / duwsd®kes 0(ws)d(w? — K2)
1
= /d3k3/dw3 9(w3)2—w3 (0(ws + |ks|) + d(ws — |k3]))

(C.8)

|
9
R G

=0 =1

:/d3k3 L)

2&)3

_/dgkg
N 20.)3 '

w3=|ks3|
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D Feynman rules

There are multiple different sources that offer a comprehensive listing of the Feynman
rules. See for example the following [2], [4], [7], [18]. However, for purposes of

completeness, let us explicitly state them here.

D.1 QED
Propagators
H v i W_(l_)\)k“k”
K2+ e \Y K
Photon: AVAVAVAVAVAVAVAV,
e
k In the Landau gauge A = 0.
In the Feynman gauge A = 1.
Lepton or a quark: —_— = M
k k? —m? + ie

Vertex
f  denotes the f f
flavour. > >

Qf = —1for e, 1
Qf = +§ for u,c,t
Qs = —3 for d,sb 1

= ieQ "
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External particles

Incoming lepton or > O
_— —
a quark. k.s = ulks)
!
Incoming antilep- _ O
ton or an anti- —_— = v(k,s)
quark: k,s
Outgoing lepton or O >
_— -7
a quark: k.s = lks)
1]
Outgoing antilep- <
ton or an anti- e = v(k,s)
quark: ks
A
Incoming photon S/ \AANANANANA
ncoming photon =e€,(k,\)
k
o
Outgoing photon. ONANNANNANN =€,
going p T = e, (k\)



D.2 QCD

Propagators

Gluon:

Quark:

Ghost:

Vertices

Quark-gluon

coupling:

3-gluon

self-coupling:

@, a v,b
09000009090090009
k
i J
S
k
a----- <---b
-
k
i J
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krEY

CERT (gw_(l_A) 2

B i0;5(f +m)

k2 —m?2 +ie

Z‘éab

B k? + i€

= —igs(t") "

— _gsfa1a2a3 |:gu1M2 (kl _ kz)MB
+ 9“2”3(/{22 _ k?’)/»ll
+ gk (kg — ]ﬁ)liz}

)
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4-gluon = —ig? {fealaZ SN (G Gapa — Gy paJponis)
+ fea1a3f8a4a2 (gN1H4glJ3H2 - gmuzgusmx)

+ f (G i Gpas — 9“1“39“4“2)]

self-coupling;:

Ghost-gluon

coupling: k]_/ RN kz :—gsfabckl“
4 ;\

External lines

These are the same as in QED but the photon line is replaced by the gluon line as

given above. Color is treated in the vertices.
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E Pauli matrices and Dirac matrices

For purposes of completeness, we shall give the explicit form of the Pauli and Dirac

matrices. For references, see for example [2], [3], [11].

Pauli matrices
The Pauli matrices o satisfy the following equation:
olol = 0ij + ieijkak, (E.1)

where ;5 is the Kronecker delta function and ¢;j; is the Levi-Civita symbol. From it,

we can derive the commutation and anticommutation relations
[0,07] = 2iepa®; {007} = 20,;1,. (E.2)

The explicit form for the Pauli matrices can be derived to be

1_(0 1) 2_(0 —i) 3_(1 0)
o= oot = ;00 = . (E.3)
10 t 0 0 -1

With these we may also define the so called Pauli vector & = (a',02, 0%).

Dirac matrices

The Dirac matrices v* satisfy the following anticommutation relation given by the

Clifford algebra
{v", 7"} =2¢""14. (E.4)

In the Dirac representation, the explicit form is

1 0 . 0 ot
0 2 7
= ; = A , E.5
7 ( 0 —12) K (—a’ 0 ) (E:5)

where o® are the Pauli spin matrices. Moreover, we may define an additional matrix

~® which in the Dirac basis can be explicitly written as follows:

, 0 1
v’ =iyt = ‘. (E.6)
1, 0



84



85

References

[1]

[10]

[11]

C. Itzykson and J.-B. Zuber, Quantum Field theory. McGraw-Hill, 1980, ISBN:
0-07-032071-3.

M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory.
Perseus Books, 1995, 1SBN: 0-201-50397-2.

M. Kaku, Quantum Field Theory: A Modern Introduction. Oxford University
Press, 1993, 1SBN: 0-19-507652-4.

G. Sterman, An Introduction to Quantum field Theory. Cambridge University
Press, 1993, 1SBN: 0521311322.

M. G. Ryskin, “Diffractive J/W electroproduction in LLA QCD?”, Zeitschrift
fur Physik C Particles and Fields, vol. 57, pp. 89-92, 1993. po1: 10.1007/
BF01555742.

D. Besson et al., “Inclusive radiative J/v decays”, Phys. Rev. D, vol. 78,
p. 032012, 2008. DOI: 10.1103/PhysRevD.78.032012.

K. J. Eskola, Lecture notes of FYSH556: Perturbative (QCD, University of
Jyvaskyla, 2017.

A. Ore and J. L. Powell, “Three-photon annihilation of an electron-positron
pair”, Phys. Rev., vol. 75, pp. 1696-1699, 1949. poOI: 10.1103/PhysRev.75.
1696.

A Badertscher et al., “Search for an exotic three-body decay of orthopositro-
nium”, Physics Letters B, vol. 542, pp. 29 —34, 2002. por: 10.1016/50370-
2693(02)02237-2.

B. R. Martin and G. Shaw, Particle physics, 3rd ed. John Wiley and Sons,
2008, 1SBN: 978-0-470-03294-7.

D. J. Griffits, Introduction to Quantum Mechanics. Prentice Hall, 1995, ISBN:
0-13-124405-1.


http://dx.doi.org/10.1007/BF01555742
http://dx.doi.org/10.1007/BF01555742
http://dx.doi.org/10.1103/PhysRevD.78.032012
http://dx.doi.org/10.1103/PhysRev.75.1696
http://dx.doi.org/10.1103/PhysRev.75.1696
http://dx.doi.org/10.1016/S0370-2693(02)02237-2
http://dx.doi.org/10.1016/S0370-2693(02)02237-2

86

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[24]

R. Shankar, Principles of Quantum mechanics, 2nd ed. Plenum Press, 1994,
ISBN: 0-306-44790-8.

G. T. Bodwin, D. R. Yennie, and M. A. Gregorio, “Recoil effects in the hyperfine
structure of QED bound states”, Rev. Mod. Phys., vol. 57, pp. 723-782, 1985.
DOI: 10.1103/RevModPhys.57.723.

K. J. Eskola, Lecture notes of FYST530: Quantum mechanics II, University of
Jyvaskyla, 2017.

D. Silverman and H. Yao, “Formulation of two-photon and two-gluon decays
of pseudoscalar n mesons in a relativistic bound-state calculation”, Phys. Rev.
D, vol. 36, pp. 3392-3400, 1987. DOT: 10.1103/PhysRevD.36.3392.

G. P. Lepage, “Analytic bound-state solutions in a relativistic two-body for-
malism with applications in muonium and positronium”, Phys. Rev. A, vol. 16,

pp. 863-876, 1977. DOL: 10.1103/PhysRevA. 16.863.

F. Halzen and A. D. Martin, Quarks and Leptons: An Introductory Course in
Modern Particle Physics. John Wiley & sons, 1984, 1SBN: 0-471-88741-2.

K. J. Eskola, Lecture notes of FYSHS300: Particle physics, University of
Jyvaskyla, 2016.

R. Van Royen and V. F. Weisskopf, “Hadron decay processes and the quark
model”; Il Nuovo Cimento A (1971-1996), vol. 50, pp. 617645, 1967. DOI:
10.1007/BF02823542.

P. Langacker, The standard model and beyond, 1st ed. CRC Press, 2009, ISBN:
9781420079067.

E. L. Berger and D. Jones, “Inelastic photoproduction of J/¢ and T by gluons”,
Phys. Rev. D, vol. 23, pp. 1521-1530, 1981. DOI: 10.1103/PhysRevD.23.1521.

A. V. Manohar and P. Ruiz-Femenia, “Orthopositronium decay spectrum using
NRQED”, Phys. Rev. D, vol. 69, p. 053003, 2004. DOT: 10.1103/PhysRevD.
69.053003.

P. D. Ruiz-Femenfa, “Orthopositronium decay spectrum using NRQED”, Nu-
clear Physics B - Proceedings Supplements, vol. 152, pp. 200 —203, 2006. DOTI:
10.1016/j .nuclphysbps.2005.08.038.

G. Altarelli, “Partons in quantum chromodynamics”, Physics Reports, vol. 81,
pp. 1 —129, 1982. pOI: 10.1016/0370-1573(82)90127-2.


http://dx.doi.org/10.1103/RevModPhys.57.723
http://dx.doi.org/10.1103/PhysRevD.36.3392
http://dx.doi.org/10.1103/PhysRevA.16.863
http://dx.doi.org/10.1007/BF02823542
http://dx.doi.org/10.1103/PhysRevD.23.1521
http://dx.doi.org/10.1103/PhysRevD.69.053003
http://dx.doi.org/10.1103/PhysRevD.69.053003
http://dx.doi.org/10.1016/j.nuclphysbps.2005.08.038
http://dx.doi.org/10.1016/0370-1573(82)90127-2

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

87

T. Appelquist and D. H. Politzer, “Heavy quarks and long-lived hadrons”,
Phys. Rev. D, vol. 12, pp. 1404-1414, 1975. DOI: 10.1103/PhysRevD. 12.1404.

M. S. Chanowitz, “Comment on the decay of ¥)(3.1) into even- g- parity states”,
Phys. Rev. D, vol. 12, pp. 918-922, 1975. DOI: 10.1103/PhysRevD.12.918.

T. Appelquist and H. D. Politzer, “Heavy quarks and e*e™ annihilation”, Phys.
Rev. Lett., vol. 34, pp. 43-45, 1975. DOIL: 10.1103/PhysRevLett.34.43.

C. Patrignani et al., Chin. Phys. C. vol. 40, 2016, Particle Data Group, cited:
17.10.2017. [Online]. Available: http://pdg. 1bl . gov/2017 /listings/
rpp2017-1ist-J-psi-1S.pdf.

M. Acciarri et al., “Measurement of the running of the fine-structure constant”,
Physics Letters B, vol. 476, pp. 40 —48, 2000. bo1: 10.1016/30370-2693(00)
00122-2.

S. Eidelman and F. Jegerlehner, “Hadronic contributions to (g-2) of the leptons
and to the effective fine structure constant «(M%)”, Zeitschrift fiir Physik C
Particles and Fields, vol. 67, pp. 585601, 1995. DOI: 10.1007/BF01553984.

P. Achard et al., “Measurement of the running of the electromagnetic coupling
at large momentum-transfer at lep”, Physics Letters B, vol. 623, pp. 26 —36,
2005. DOI: 10.1016/3 . physletb.2005.07.052.

C. Patrignani et al., Chin. Phys. C, vol. 40, 2016, Particle Data Group,
cited: 17.10.2017. [Online]. Available: http://pdg.1bl.gov/2017/revieus/
rpp2016-rev-qcd.pdf.

R. Barbieri et al., “Meson hyperfine splittings and leptonic decays”, Physics
Letters B, vol. 57, pp. 455 ~459, 1975. DOI: 10.1016/0370-2693 (75)90267-1.

C. Patrignani et al., Chin. Phys. C, vol. 40, 2016, Particle Data Group, cited:
17.10.2017. [Online]. Available: http://pdg . 1bl . gov /2017 /listings/
rpp2017-1list-upsilon-1S.pdf.

S. Brodsky et al., “The decay of the upsilon into photons and gluons”, Physics
Letters B, vol. 73, pp. 203 —206, 1978. DOI: 10.1016/0370-2693(78) 90836-5.

P. B. Mackenzie and G. P. Lepage, “Quantum chromodynamic corrections to
the gluonic width of the T meson”, Phys. Rev. Lett., vol. 47, pp. 1244-1247,
1981. DOI: 10.1103/PhysRevLett.47.1244.


http://dx.doi.org/10.1103/PhysRevD.12.1404
http://dx.doi.org/10.1103/PhysRevD.12.918
http://dx.doi.org/10.1103/PhysRevLett.34.43
http://pdg.lbl.gov/2017/listings/rpp2017-list-J-psi-1S.pdf
http://pdg.lbl.gov/2017/listings/rpp2017-list-J-psi-1S.pdf
http://dx.doi.org/10.1016/S0370-2693(00)00122-2
http://dx.doi.org/10.1016/S0370-2693(00)00122-2
http://dx.doi.org/10.1007/BF01553984
http://dx.doi.org/10.1016/j.physletb.2005.07.052
http://pdg.lbl.gov/2017/reviews/rpp2016-rev-qcd.pdf
http://pdg.lbl.gov/2017/reviews/rpp2016-rev-qcd.pdf
http://dx.doi.org/10.1016/0370-2693(75)90267-1
http://pdg.lbl.gov/2017/listings/rpp2017-list-upsilon-1S.pdf
http://pdg.lbl.gov/2017/listings/rpp2017-list-upsilon-1S.pdf
http://dx.doi.org/10.1016/0370-2693(78)90836-5
http://dx.doi.org/10.1103/PhysRevLett.47.1244

88

[37] S. Bethke, “Determination of the QCD coupling «,”, Journal of Physics
G: Nuclear and Particle Physics, vol. 26, R27, 2000. po1: 10.1088/0954 -
3899/26/7/201.


http://dx.doi.org/10.1088/0954-3899/26/7/201
http://dx.doi.org/10.1088/0954-3899/26/7/201

	Summary
	Tiivistelmä
	Foreword
	Introduction
	Two-body bound state decays in general
	Decay width of JP
	Explicit spin matrix approach
	Helicity basis approach

	Decay width of e gg
	Decay width of O-Psggg
	Deriving the invariant amplitude
	Squaring the invariant amplitude
	Phase space integration

	Decay width of JPggg
	Graph contributions
	Processing the invariant amplitude

	Decay width of JPggg
	Discussion
	Helicity basis approach
	Comparison with experimental results
	Generalization of the results

	Conclusion
	Calculations for section 3
	Addition of fermion spins; photon polarization vectors
	Phase space integral
	Helicity basis approach

	Calculations for section 4
	Helicity basis identity
	Trace identities

	Calculations for section 5
	Proof of some identities

	Feynman rules
	QED
	QCD

	Pauli matrices and Dirac matrices

