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SUMMARY

The goal of this work is to establish a life prediction methodology for ther-

momechanical loading of the Ni-base superalloy Mar-M247 over a larger temperature

range than previous work. The work presented in this thesis extends the predictive

capability of the Sehitoglu-Boismier unified thermo-viscoplasticity constitutive model

and thermomechanical life model from a maximum temperature of 871◦C to a maxi-

mum temperature of 1038◦C. The constitutive model, which is suitable for predicting

stress-strain history under thermomechanical loading, is adapted and calibrated us-

ing the response from isothermal cyclic experiments conducted at temperatures from

500◦C to 1038◦C at different strain rates with and without dwells. In the constitutive

model, the flow rule function and parameters as well as the temperature dependence

of the evolution equation for kinematic hardening are established. In the elevated

temperature regime, creep and stress relaxation are critical behaviors captured by

the constitutive model.

The life model accounts for fatigue, creep, and environmental-fatigue damage un-

der both isothermal and thermomechanical fatigue. At elevated temperatures, the

damage terms must be calibrated to account for thermally activated damage mecha-

nisms which change with increasing temperature. At lower temperatures and higher

strain rates, fatigue damage dominates life prediction, while at higher temperatures

and slower strain rates, environmental-fatigue and creep damage dominate life predic-

tion. Under thermomechanical loading, both environmental-fatigue and creep damage

depend strongly on the relative phasing of the thermal and mechanical strain rates,

with environmental-fatigue damage dominating during out-of-phase thermomechani-

cal loading and creep damage dominating in-phase thermomechanical loading.
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The coarse-grained polycrystalline microstructure of the alloy studied causes a sig-

nificant variation in the elastic response, which can be linked to the crystallographic

orientation of the large grains. This variation in the elastic response presents difficul-

ties for both the constitutive and life models, which depend upon the assumption of

an isotropic material. The extreme effects of a large grained microstructure on the

life predictions is demonstrated, and a suitable modeling framework is proposed to

account for these effects in future work.
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CHAPTER I

INTRODUCTION

1.1 Motivation

Gas turbine engines are used for power generation in many industries, including

the energy and aerospace industries. Whatever the use for a gas turbine engine,

increased efficiency is always a goal requiring more research. One method of increasing

the efficiency of a gas turbine engine is to increase the operating temperature [1, 2];

however, the operating temperatures of gas turbine engines have reached and even

surpassed the melting temperatures of the materials that come into direct contact with

the hot gases in the engine [3]. These high operating temperatures can be achieved

only by the use of advanced alloys that can withstand the harsh environment coupled

with specially designed turbine blades that are internally cooled. When operating at

these high temperatures, the turbine blades in the hot section of the engine undergo

a complicated load history including cyclic temperature and stress.

For the safe and reliable design of the turbine components, it essential to be

able to predict the material behavior and expected life under a wide range of ther-

momechanical fatigue (TMF) histories, in which temperature and load are changing

simultaneously. The turbine blades also experience creep behavior caused by the high

temperatures and sustained loads during operation.

In the past, fatigue life predictions have been made with empirical models based

on expensive and time-consuming experiments. However, material behavior under

variable load histories can be modeled with constitutive models, which in turn can

be used to help predict life cycles to failure with a life model. These physically based

models can be used to understand the physical mechanisms involved in fatigue, as
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well as decrease the cost and time required to design new engine components.

1.2 Mar-M247 Material Specifications

The material of interest in this work is the Ni-based superalloy Mar-M247, which

was developed by Danasi and Lund et al. at the Martin Metals Corporation in the

1970s [4, 5]. The Mar-M247 microstructure consists of a γ matrix strengthened by

cubic γ′ precipitates, the latter of which make up approximately 60 percent of the

material by volume. With carbon present in the alloy, there are grain boundary

carbides and script type MC carbides [6].

As shown in Figure 1.1, the grain size in the specimens used in this study were

quite large, ranging nominally from 2 to 7 mm. This sizing is significantly greater

than that reported on similar specimens for the same alloy studied by Boismier and

Sehitoglu, which ranged from 0.2 to 2 mm [6]. The nominal chemical composition of

Mar-M247 is given in Table 1.1.

Figure 1.1: Example grain size – scale: 12.7 mm width. Optical microscopy
image of microstructure exposed with Kalling’s Etchant No. 1.
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Table 1.1: Nominal chemical compositions of Mar-M247 & Mar-M002 given as
percent by weight.

Alloy C Ni Cr Co W Al Ta Ti Mo Hf B Zr Fe

Mar-M247 0.13 Bal. 8.4 10.0 10.0 5.5 3.0 1.0 0.65 1.4 0.015 0.05 <0.25

Mar-M002 0.15 Bal. 9.0 10.0 10.0 5.5 2.6 1.2 0.0 1.5 0.000 0.00 <1.0

Nickel-base superalloys are used in many high temperature applications requiring

high strength, excellent creep resistance, and good resistance to hot corrosion [5].

The high temperature strength of Ni-base superalloys is attributable to the presence

of the ordered Ni3(Al,Ti) γ′ phase, which has an L12 structure.

In single crystalline superalloys, the material is highly anisotropic at low tempera-

tures, typically below about 760◦C. At higher temperatures, the deformation is mostly

isotropic. The deformation mechanism at higher temperatures is largely governed by

the by-pass of γ′ particles by the dislocations, which homogenizes the macroscopic

fatigue deformation response [7]. At temperatures above about 760◦C, Ni-base su-

peralloys are sensitive to strain-rate, but below this temperature they exhibit little

strain-rate sensitivity [8].

In polycrystalline Ni-base superalloys, γ′ particle size and carbides can have a

large effect on strength. Increasing γ′ particle size will lead to decreasing strength.

Carbides provide additional strengthening by suppressing grain boundary sliding at

elevated temperatures. Carbides can also play an important role in fracture as the

initiation site of cracks [4].

1.3 Research Objective

The research presented in this thesis focuses on extending an existing unified con-

stitutive and life model for the Ni-base superalloy Mar-M247 for use with a higher

temperature. The existing constitutive model developed by Sehitoglu and Boismier

is capable of predicting stress-strain response for isothermal fatigue (IF), in-phase
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(IP) TMF, out-of-phase (OP) TMF, and TMF with more arbitrary temperature-load

phasing for temperatures between 500◦ and 871◦ [9]. The existing life model is capa-

ble of predicting life to failure over the same temperature range for each of the listed

types of fatigue tests using the stress-strain curve and load history provided by the

constitutive model.

The goal of this work is to develop a constitutive and life model with similar capa-

bilities over a wider temperature range of 500◦C to 1038◦C using the existing model

as a starting point. Additionally, this research will apply the models to isothermal

fatigue with dwells in order to incorporate the effects of creep. The specific research

objectives are as follows:

1. Calibrate the unified constitutive model for a maximum temperature of 1038◦C.

The constitutive model should capture the stable stress-strain response of isother-

mal and thermomechanical fatigue as well as creep and stress-relaxation. The

constitutive model must be sensitive to the effects of strain rate. Calibration

will use isothermal tests at temperatures between 500◦C and 1038◦C at two

different strain rates with and without dwells.

2. Validate the unified constitutive model under thermomechanical loading. Vali-

dation will use both IP and OP TMF tests.

3. Calibrate the life model. The life model should account for fatigue, creep, and

environmental-fatigue damage under both isothermal and thermomechanical

fatigue.

1.4 Thesis Layout

Chapter 2 is a background and literature review addressing thermomechanical fatigue,

damage mechanisms found in Ni-base superalloys, and previous work in constitutive

and life modeling. Chapter 3 presents the experimental methods used in this work,

4



including the specimens, experimental setup, and a summary of the experiments

performed. Chapter 4 presents the constitutive model, the material parameters cali-

bration, the variability found due to the coarse grained microstructure, the thermo-

mechanical validation of the constitutive model, and finally the implementation of the

constitutive model in a fully 3-dimensional form. Chapter 5 presents the life model,

starting with the damage terms and ending with a description of how the damage

terms interact and life predictions for the load histories considered. Finally, Chapters

6 and 7 conclude this work with the conclusions and recommendations for further

work, respectively.
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CHAPTER II

BACKGROUND

2.1 Thermomechanical Fatigue

Thermomechanical fatigue is fatigue under simultaneous temperature and mechanical

strain cycles [10]. In gas turbine engines, thermomechanical loading conditions are

caused by the variation in applied load and thermal gradients in the engine compo-

nents during operation. In gas turbines, the times of greatest change in load and

temperature typically occur during engine startup and shutdown [10]. During en-

gine operation, the load seen by components can also be related to creep or stress-

relaxation at elevated temperatures.

Although data for isothermal fatigue is often widely available at a variety of tem-

peratures, the damage seen under TMF cannot generally be directly related to IF

data [11, 12]. Indeed, many authors have shown that the use of IF data taken at

the maximum temperature of a TMF cycle can result in non-conservative life predic-

tions [13–21]. Because of this, it is necessary to perform separate TMF tests in order

to accurately predict life under TMF loading conditions. There are many possible

temperature and load combinations possible for TMF tests; however, there are two

that are the most common: in-phase and out-of-phase loading [22]. An example of

these load histories is shown in Figure 2.1.

Under IP loading, the peak temperature and mechanical load are in sync. Un-

der OP loading, the peak temperature and mechanical load are 180◦ out of sync. A

mechanical load can refer to an applied force or mechanical strain. Another com-

mon TMF load history is the diamond waveform, where the peak temperature and

mechanical load are between 0◦ and 180◦ out of sync. The phase angle between the

6



Figure 2.1: Out-of-phase (OP) and in-phase (IP) TMF cycles with linear
waveforms [22].

temperature and mechanical load waveforms is important because it determines the

type of damage mechanisms that are active in the material.

2.2 Damage Mechanisms

There are three important damage mechanisms that affect the life of Ni-base superal-

loys under high temperature thermomechanical fatigue: fatigue, environment-fatigue

interaction, and creep [9, 23–25]. These three damage mechanisms may interact de-

pending on the temperature, mechanical load, and the phase angle between temper-

ature and mechanical load waveforms. Due to the time and temperature dependent

nature of the environment-fatigue interactions and creep damage, thermomechani-

cal fatigue in Ni-base superalloys is highly dependent on the path history of ther-

mal and mechanical load [26]. Common interactions are pure fatigue, fatigue and

environmental-fatigue interactions, and fatigue and creep [9, 12,24].

In ductile solids, fatigue damage is caused by the accumulation of irreversible

shear displacements along crystallographic slip planes during cyclic loading. Fatigue

damage alone, without interactions from other types of damage, is found at relatively

low temperatures and at high applied strain rates where the inelastic deformation

is typically time-independent. At lower temperatures and high strain rates, damage

7



from time dependent mechanisms such as creep and environmental effects are typically

negligible. [7, 12].

Environmental-fatigue damage can occur when the material is exposed to a reac-

tive ambient atmosphere at elevated temperatures [9, 24]. At elevated temperatures,

the material constituents have sufficient thermal energy to undergo oxidation with

environmental species. In the case of Ni-base superalloys, several different oxides can

form at or near the surface of the material. These oxides are quite brittle in com-

parison to the substrate material [27]. Since the superalloys often have ten or more

elemental constituents and multiple phases, the chances of promoting a sustainable

reaction are high and can result in complex oxide formation. [1, 24, 27]. Since the

damage is caused by oxidation and the interaction of the oxides with cyclic loading,

this damage mechanism is highly time-dependent.

Creep damage is caused by time-dependent diffusional processes which are acti-

vated at higher temperatures [28]. Many mechanisms have been proposed to explain

creep damage. Different mechanisms of creep damage are expected to operate under

IF and TMF conditions, and oxidation may aid in the creep processes. [9]. For Mar-

M247 creep damage has been observed in the form of internal intergranular cracking

and void formation [9, 11, 12, 29]. The growth and coalescence of these cracks occur

predominantly under tensile loading [11,12,20,30–34].

2.2.1 Pure Fatigue Damage

Pure fatigue damage typically only occurs at low temperatures and high strain rates

when environmental interactions and creep mechanisms are inactive. Damage occurs

under cyclic straining with the accumulation of irreversible dislocation motion. This

results in dislocation slip along glide planes and corresponds to shear displacements.

With sufficiently high plastic strain, a nominal measure of damage accumulation is

the cumulative plastic strain since a significant fraction of dislocation motion will be

8



irreversible at high strains. This nominal measure is only an approximate measure of

the global fatigue damage. [7]

In single crystals, the dislocation motion results in localized slip bands. These slip

bands form visible markings on the surface of the material. If a specimen is polished to

remove the slip band markings and then cycling is continued, the marking will return

in the same location as before. Because of this observed behavior, the markings were

given the name ”persistent slip bands” (PSB). It has been demonstrated that this

behavior is due to the fact that PSB’s are formed in the bulk of a single crystal and

are visible as markings along the surface [7]. At high enough reversed plastic strains,

PSB’s will eventually form extrusions and intrusions which act as stress concentrations

and serve as crack initiation locations [2, 7, 23,24].

For polycrystalline materials, the presence of precipitates, impurities, inclusions,

and grain boundaries may cause fatigue mechanisms to differ from that of single

crystals. The fatigue mechanisms at the surface of a polycrystalline material, however,

may be related to those observed in single crystals. For example, PSB’s can still form

in the bulk of polycrystalline metals, but surface markings will not appear unless a

PSB forms in a grain at the surface of the material. [7]

Many empirical approaches have been used to estimate fatigue life. In the high-

cycle regime where there is little plastic deformation, the simplest life model is

Basquin’s rule, which relates the stress amplitude to life with a power law relationship

σa = σ′f (2Nf )
b (2.1)

where σ′f and b are material constants, σa is the stress amplitude, and 2Nf is the

fatigue life measured in the number of reversals to failure. In the low-cycle regime,

the corresponding power law relationship that relates the plastic strain amplitude to

life is known as the Coffin-Manson expression

εpl,a = ε′f (2Nf )
c (2.2)
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where ε′f and c are material constants and εpl,a is the plastic strain amplitude. The

high-cycle and low-cycle regimes may be combined using Hooke’s law to form one

equation

∆εa =
σ′f
E

(2Nf )
b + ε′f (2Nf )

c (2.3)

where E is the elastic modulus. Since the above life models do not include the effects

of mean stress, many models have been proposed to include mean stress into the life

models. The Soderberg and Goodman models are two such examples which relate the

relative damage caused by mean stress and alternating stress. These models can then

be included in the life model to form a life model which includes the effects of mean

stress. The Smith-Watson-Topper life model is a popular model which indirectly

accounts for mean stress through the maximum stress as

σmaxεa =

(
σ′f
)2

E
(2Nf )

2b + σ′fε
′
f (2Nf )

b+c (2.4)

where σmax is the maximum stress and εa is the mechanical strain amplitude. [35]

2.2.2 Environmental-Fatigue Damage

Environmental-fatigue damage occurs when a material oxidizes and the oxide layers

interact with mechanical and thermal loading. There are several different mechanisms

which can cause damage, including oxide spiking and oxide spallation.

Oxide spiking occurs when oxide layers crack and expose the unoxidized material

underneath, which then oxidizes and cracks. Eventually, through repeated oxidation

and cracking, oxide spikes are formed which can extend into the bulk of the material

as seen in Figure 2.2a [25]. The oxide layer may crack for multiple reasons. Typically,

the oxide layers are more brittle than the matrix and bulk material, and consequently

have a lower fracture toughness. Additionally, the oxide layers have different elastic

and thermal properties, which cause strain mismatches between the oxide layer and

the matrix. This causes additional stress in the oxide layer and can lead to brittle

fracture [36–38]. Oxide spikes extending into the bulk material can lead to macro scale
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cracks which can grow to the critical crack length causing failure. Figure 2.3 shows an

example of oxide spike formation in a directionally solidified Ni-base superalloy [39].

Figure 2.2: Surface oxidation and mechanical interaction in intermetallic
superalloys (a) oxide spiking and (b) oxide spallation [25].

Figure 2.3: Smooth specimen crack initiation at an oxide spike in
longitudinal CM247LC DS under OP TMF [39].

Oxide spallation is the result of oxide layers forming wedges during compressive

loading and thermal strain mismatches [38, 40, 41]. The oxide wedges can be seen in

Figure 2.2b. Once formed, oxide wedges can detach or spall at the interface between

the oxide and matrix and expose the unoxidized material. Adherent oxides may form
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on bare Ni-base superalloys [42–45], as well as coated Ni-base superalloys [46]. Ad-

herent oxide scales can cause surface roughening and pitting which leads to increased

oxidation rates and promotes crack initiation [25].

2.2.3 Creep Damage

The time dependent creep damage in Mar-M247 is related to the formation of internal

intergranular cracking and void formation during tensile loading. Embrittlement of

grain boundaries due to oxidation will also aid the creep process [9]. Since creep

damage depends on diffusional processes, it requires higher temperatures to activate.

In Mar-M247, creep damage can be found in specimens subjected to temperatures

over 500◦C [6]. Figure 2.4 shows creep damage in the form of internal intergranular

cracking found by Boismier and Sehitoglu for Mar-M247 [9].

Figure 2.4: Intergranular crack growth in Mar-M247 under IP TMF loading
(Tmin = 500◦C, Tmax = 871◦C) [9].

Kupkovits and Neu performed thermomechanical fatigue tests on smooth and

notched specimens of directionally solidified Ni-base superalloy CM247LC DS [39].

In both the smooth and notched specimens, they found internal voids caused by creep

damage under IP TMF loading. Figure 2.5 shows the internal voids in both smooth

and notched specimens [39].
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Figure 2.5: Internal voids from creep damage: (a) smooth specimen with
crack initiation sites indicated by a white arrow and (b) notched specimen [39].

Additional potential creep damage mechanisms are magnified crack tip plasticity

resulting from the plastic zones of voids ahead of a crack, grain boundary sliding

initiating wedge-type cracks at grain boundaries and at hard second-phase particles

on the grain boundaries, grain boundaries acting as weak paths for flow localization

and crack growth, and the modification of the crack tip strain fields in the absence

of cavities [9].

2.3 Previous Work

This work is based on the previous constitutive and life modeling performed by Slavik

and Sehitoglu [47, 48], Neu and Sehitoglu [12, 49], and Boismier and Sehitoglu [6, 9].

The original models were formulated for 1070 steel and then used and calibrated for

Mar-M247. The ultimate goal of estimating component life consists of two parts: a
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constitutive model used to predict the stress-strain history and a life model used to

predict cycles to failure based on the stress-strain-temperature history.

2.3.1 Constitutive Models

Slavik and Sehitoglu sought to establish a constitutive model capable of accurately

predicting eight different behaviors [47]:

1. Cyclic transient hardening or softening to a stable state where the transient

rate is dependent on strain and temperature.

2. Mean stress relaxation under mean strain cycling.

3. Strain rate sensitivity.

4. Strain ratcheting under mean stress cycling.

5. Stress relaxation under strain holds.

6. Creep behavior under stress holds at high temperatures.

7. Metallurgical changes due to aging, thermal recovery, and phase transforma-

tions.

8. Material behavior under complex temperature and strain histories.

Although many constitutive models exist that treat some of the material response

characteristics listed above [50–68], these models cannot simulate stress relaxation

under strain holds, creep straining for stress holds, strain rate sensitivity, or time

dependent metallurgical changes. The model established by Slavik and Sehitoglu

accounts for mean stress relaxation under mean strain cycling, strain rate sensitivity

at different temperatures, stress relaxation under strain holds, effects caused by strain

aging, and material behavior under complex temperature and strain histories [48].

Figure 2.6 shows the ability of the Slavik-Sehitoglu model in capturing mean stress
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(a) Experiment (b) Model

Figure 2.6: Mean stress relaxation modeled by Slavik and Sehitoglu for 1070
steel [48].

(a) Rate dependence at 20◦C (b) Rate dependence at 400◦C

Figure 2.7: Rate and temperature dependence modeled by Slavik and
Sehitoglu for 1070 steel [48].

relaxation [48]. Figure 2.7 shows the ability of the Slavik-Sehitoglu model to capture

rate sensitivity at two different temperatures [48].

The Sehitoglu-Boismier unified constitutive model [9] is based on the work of

Slavik and Sehitoglu [47, 48], which established the constitutive model for 1070 steel

using internal state variable theory and experiments designed to isolate the various

evolving parameters, as well as establish the form of the flow rule. Boismier and

Sehitoglu were able to apply this constitutive model to Mar-M247 and successfully

predict the same types of material behavior [6, 9]. Figure 2.8 shows the ability of
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the constitutive model used by Boismier and Sehitoglu to simulate thermomechanical

load histories.

Figure 2.8: Prediction of in-phase TMF response by Boismier and Sehitoglu
for Mar-M247 [9].

2.3.2 Life Models

Neu and Sehitoglu developed a life model for 1070 steel which incorporated damage

caused by fatigue, environmental attack, and creep [12, 49]. This work was driven

by a need to develop a life model capable of handling different damage mechanisms

that may change with changing load conditions, especially at high temperatures and

with variable temperature-strain histories. Previous life models consider a variety

of damage mechanisms, but are not applicable outside the range of load histories

from the experiments used to derive the life model. Many of the early environmental

life models include damage mechanisms associated with oxidation, but neglect creep

[69–72], while many creep-fatigue models do not treat oxidation damage separately

[32,73,74].

The Neu-Sehitoglu life model identifies the various physical damage mechanisms

and then relates them to a measure of life, combining them in a way that may be

used for life prediction without prior knowledge of which damage mechanisms may
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be active for the load history of interest. The damage terms are related linearly, and

summed to obtain the total damage on a per cycle basis, Dtot:

Dtot = Dfat +Dox +Dcreep (2.5)

where the superscripts “fat”, “ox”, and “creep” represent fatigue, oxidation, and

creep, respectively [12]. Assuming that damage is equal to 1 at failure and that the

damage is related linearly as above, the damage equation can be re-written in terms

of life:

1

Nf

=
1

N fat
f

+
1

N ox
f

+
1

N creep
f

(2.6)

where Nf is the failure life [12].

Boismier and Sehitoglu applied this life model to Mar-M247 to predict life for

isothermal fatigue, in-phase thermomechanical fatigue, out-of-phase thermomechani-

cal fatigue, and thermomechanical fatigue with a diamond shaped load-temperature

history [9]. Figure 2.9 shows the life prediction of the Boismier-Sehitoglu life model

for an out-of-phase thermomechanical load history.

Figure 2.9: Prediction of OP TMF by Boismier and Sehitoglu for
Mar-M247 [9].

The physical mechanisms for each damage term were discussed in Section 2.2,

where the oxidation damage term of the Neu-Sehitoglu life model corresponds to
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the environmental-fatigue interaction damage mechanisms. The particular equations

used to characterize the three damage terms of this work will be discussed further in

Chapter 5.
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CHAPTER III

EXPERIMENTAL METHODS

In order to explore the three damage mechanisms mentioned in Chapter 2, three types

of fatigue tests were performed. Isothermal fatigue tests, isothermal fatigue tests with

dwells, and thermomechanical fatigue tests were performed at two strain rates over a

variety of temperatures ranging from 500◦C to 1038◦C.

3.1 Specimens

The specimens were machined from vacuum melted and cast bars following the ASTM

E606-12 guidelines. The resulting smooth cylindrical dogbone test specimens had a

gage section of 12.7 mm and a 6.35 mm gage diameter. The specimens were given

a standard proprietary heat treatment for turbine blade and vane components. The

received specimens contained equiaxed, extremely large grains, from 2 to 7 mm in

diameter. Due to the size of the grains, it is likely that the gage section of the

specimens contained fewer grains than the ASTM E606-12 required minimum of ten

grains for nominally homogeneous materials. As a result, these large grains had a

significant effect on the observed elastic modulus of the test specimens which will be

discussed in Chapter 4.

3.2 Experimental Setup

TMF experiments were conducted on a 44-kN MTS servo-hydraulic test system with

a Flextest 40 controller and Multipurpose Elite controller software. Strain during the

experiments was measured with a 632.52E-14 MTS high temperature extensometer.

The specimens were heated using an Ameritherm 2 kW induction heater, and the

temperature controlled via K-type thermocouples in conjunction with a Watlow 945A
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PID temperature controller. Hysteresis in the thermal strain was compensated for

through a time based compensation scheme discussed elsewhere [24].

3.3 Experiments

In total, 18 tests were performed as a part of this work: ten IF tests, four IF tests with

dwell periods (referred to as dwell tests in this thesis to distinguish them from the

IF tests), and four TMF tests. Each of the 18 tests was performed under mechanical

strain control. Fatigue life was defined as the number of cycles required to initiate a

fatigue crack. The criterion used to determine the number of cycles to crack initiation

was defined as the number of cycles to reach a 50% load drop from the extended

maximum load limit. The IF tests were performed at two different strain rates and at

five different temperatures to capture the temperature and time-dependent behavior.

The IF test matrix is given in Table 3.1.

Table 3.1: Isothermal fatigue calibration experiments.

Temperature [◦C] ∆εmech [%] Rε Strain Rate
[

1
s

]
500 1.4 -1 5.00× 10−3

871 1.2 -1 5.00× 10−3

927 0.8 -1 5.00× 10−3

982 0.8 -1 5.00× 10−3

1038 0.6 -1 5.00× 10−3

500 1.4 -1 5.00× 10−5

871 1.0 -1 5.00× 10−5

927 0.8 -1 5.00× 10−5

982 0.8 -1 5.00× 10−5

1038 0.7 -1 5.00× 10−5

The dwell tests were performed at the four higher temperatures from the IF tests.

An intermediate strain rate was used for the dwell tests with a dwell time of 600
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seconds at the maximum strain of the cycle. The dwell test matrix is given in Table

3.2.

Table 3.2: Dwell calibration experiments.

Temperature [◦C] ∆εmech [%] Rε Strain Rate
[

1
s

]
Dwell Time [s]

871 1.0 -1 5.00× 10−4 600

927 0.8 -1 5.00× 10−4 600

982 1.0 -1 5.00× 10−4 600

1038 0.8 -1 5.00× 10−4 600

After calibrating the constitutive model, the TMF verification tests were per-

formed. The TMF tests were performed over the full temperature range of 500 to

1038◦C. Two tests were performed with an in-phase (IP) temperature history, and

two with an out-of-phase (OP) temperature history at a mechanical strain rate of

3.33× 10−5s−1. The TMF verification test matrix is given in Table 3.3.

Table 3.3: TMF verification experiments.

Specimen ID Temperature
Range [◦C]

Phase ∆εmech [%] Rε Strain Rate
[

1
s

]
JF21 500–1038 IP 1.05 -1.1 3.33× 10−5

JF20 500–1038 OP 1.0 -1.0 3.33× 10−5

JF30 500–1038 IP 0.5 0.0 3.33× 10−5

JF29 500–1038 OP 0.5 -1.0 3.33× 10−5
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CHAPTER IV

CONSTITUTIVE MODEL

4.1 Unified Thermo-Viscoplasticity Constitutive Model

The constitutive equation used in this work is based on the Slavik-Sehitoglu unified

viscoplasticity constitutive model originally developed for 1070 steel [12]. The total

strain rate is decomposed into elastic, inelastic, and thermal strain rate components,

ε̇ij = ε̇eij + ε̇inij + ε̇thij (4.1)

The thermal strain rate is given by,

ε̇thij = qCTEṪ δij (4.2)

where qCTE is the coefficient of thermal expansion that may be temperature depen-

dent, and δij is Kronecker’s delta. The elastic strain rate is given by

ε̇eij =
1

E
[(1− ν) σ̇ij − νσ̇kkδij]− [(1− ν)σij − νσkkδij]

∂E

∂T

Ṫ

E2
(4.3)

where it is assumed that Poisson’s ratio, ν, is independent of temperature. The

inelastic flow rule is given as

ε̇inij =
3

2
f
( σ̄
K

) Sij − αij
σ̄

(4.4)

where the flow function, f , is given by

f
( σ̄
K

)
=


A
(
σ̄
K

)n1 for σ̄
K
≤ 1

Aexp
((

σ̄
K

)n2 − 1
)

for σ̄
K
> 1

(4.5)

The leading coefficient, A, of the flow function is a function of temperature, with

temperature given in kelvins.

A = A′cexp

(
−∆H

RT

)
(4.6)
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In Equations 4.4 and 4.5, K denotes the drag stress state variable, Sij denotes the

current deviatoric stress, αij denotes the current deviatoric back stress state variable,

and the effective stress, σ̄, is

σ̄ =

[
3

2
(Sij − αij) (Sij − αij)

] 1
2

(4.7)

The two state variables, drag stress and back stress, represent isotropic and kine-

matic hardening respectively. Since the aim of the thermo-viscoplasticity model is

to capture the stabilized cyclic response, the drag stress is taken to be the saturated

drag stress that varies with temperature only [9]. Back stress evolves according to

α̇ij =
2

3
hαε̇

in
ij − rααij (4.8)

The back stress hardening coefficient, hα, and the back stress thermal recovery coef-

ficient, rα, are given by

hα =


(aα − bα|ᾱ|) αij ε̇

in
ij ≥ 0

aα αij ε̇
in
ij < 0

(4.9)

rα = cα (ᾱ)dα (4.10)

where all of the parameters, aα, bα, cα, and dα may be temperature dependent.

For back stress thermal recovery, dα is a constant and the parameter cα accounts

for temperature dependent behavior according to an Arrhenius type equation. In

Equations 4.9 and 4.10, ᾱ is the effective back stress defined as

ᾱ =

(
3

2
αijαij

) 1
2

(4.11)

The parameters n1, n2, A′c, and ∆H in the preceding equations are material

constants that were calibrated to Mar-M247 over the temperature range of 500◦C to

871◦C by Boismier and Sehitoglu [9], and are re-calibrated to the temperature range

of 500◦C to 1038◦C in this work. The constant R is the molar gas constant and the

parameters aα and bα are functions of temperature determined in this work.
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It was found that the Slavik-Sehitoglu back stress hardening equation [48] did not

accurately model the behavior of Mar-M247 at the higher temperatures. By allowing

the parameters aα and bα to vary with temperature independently, the form of the

back stress hardening equation could be used to capture the behavior of Mar-M247

at higher temperatures.

A third form for back stress hardening was also briefly considered from the work

of Slavik and Cook [75]. Slavik and Cook used this form to calibrate the constitutive

model for René 80. This form of the back stress hardening equation proved difficult

to calibrate for Mar-M247 because a reasonable calibration required the parameters

to depend on strain rate as well as temperature.

This constitutive equation was first calibrated from the IF and dwell experiments

using a one-dimensional Matlab function for uniaxial loading. Once the equation had

been fully calibrated for uniaxial TMF loading, a fully three-dimensional ABAQUS

User MATerial subroutine (UMAT), coded in FORTRAN, generalized the thermo-

viscoplasticity constitutive model for three-dimensional TMF loadings.

4.2 Material Parameters Calibration

The viscoplastic parameters were calibrated through an iterative process. First, the

model sensitivity to aα, bα, and n1 was explored. In the calibration process, the

measured elastic modulus of each specimen was used due to the wide variability seen

among the specimens. Then the parameters aα and bα were calibrated discretely

at each temperature for the best match to the experimental isothermal fatigue data

using the original value for n1. This was accomplished by iteratively plotting all of the

responses at a given strain rate and comparing them against the experimental data

until a satisfactory match was made considering the important features of the plot,

such as elastic-plastic transition and maximum and minimum stress. Having adjusted

the parameters aα and bα for one strain rate, the predicted response could be compared
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to the experimental data at the second strain rate to adjust n1 appropriately. Upon

updating the flow rule exponent, the parameters determining A were adjusted to

minimize the error from the flow rule plot in Figure 4.1.

When the three parameters allowed satisfactory prediction of the experimental

isothermal fatigue data, the dwell response was predicted and compared to the ex-

perimental dwell data. This comparison allowed final adjustments to be made to n1

such that the response of the strain hold could be satisfactorily predicted. In this final

step, it was found that the back stress thermal recovery coefficient was unnecessary

since the model already satisfactorily predicted the stress relaxation, therefore cα was

set to zero. Finally, the temperature dependent values for the parameters aα and bα

were curve fit to find the temperature-dependent functions.

A plot of Equation 4.4 is shown in Figure 4.1 along with experimental data points

used to determine this fit. In this plot the strain rate normalized with the flow rule

coefficient is plotted against the effective stress normalized with the drag stress. The

slope of the flow rule for values of effective stress divided by drag stress less than

unity is determined by n1, while the slope of the flow rule for values greater than

unity is determined by n2. The experimental data plotted uses the effective stress

from the 0.02% yield point on the second cycle of the fully-reversed uniaxial fatigue

tests and the strain rate of the test.

Extending the thermo-viscoplasticity model to elevated temperatures necessitated

several changes in the functional forms and parameters from the original model cal-

ibrated by Boismier and Sehitoglu [9]. One of the more significant changes was the

reduction in the exponent in the power law (creep) factor of the flow rule to capture

the increased rate sensitivity at higher temperatures.

Figure 4.2 shows the flow rule for Mar-M247 used by Boismier and Sehitoglu [9].

The most obvious difference between the flow rule of Boismier and Sehitoglu and the

flow rule used in this thesis is the slope of the flow function for values of σ̄
K

less than
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Figure 4.1: Experimentally determined flow rule function.

unity. Where Boismier and Sehitoglu used a value for n1 of 11.6 [9], this work reduced

the value of n1 to 4.0. The need for this change was driven by the larger temperature

range under consideration. Between the two flow rules, the value for n2 remained the

same, but the calibration of the coefficient A had to be updated to be consistent with

the change in n1.

While the experimental data shown in Figure 4.1 was used to help calibrate the

flow rule, many combinations of n1, A′c, and ∆H from Equations 4.5 and 4.6 can be

used to make reasonable fits through the experimental data. Reasonable fits can be

obtained for values of n1 ranging from 4.0 to 9.6, with the proper adjustment to A′c

and ∆H. The flow rule calibration plot of Figure 4.1 is not the complete calibration

for the stress-strain prediction, however. The hardening laws must also be considered

for the complete calibration. When calibrating the whole model to the stress-strain

curves, it was found that a lower value for n1 allowed for a better overall calibration

to the stress-strain experimental curves. Using this value for n1, it was found that no
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Figure 4.2: Flow rule function used by Boismier and Sehitoglu [9].

back stress thermal recovery term was necessary to capture the stress relaxation in a

strain hold.

The calibrated values for the flow rule constants of Equation 4.4 are listed in

Table 4.1. The temperature dependent parameters for the flow rule and back stress,

as well as the saturated drag stress equations are given in Table 4.2. The back stress

hardening coefficients aα and bα are highly dependent on temperature, as shown in

Figure 4.3. The elastic properties and coefficient of thermal expansion are given in

Table 4.3.

Table 4.1: Flow rule parameters.

n1 n2 A′c
∆H
R

[–] [–] [s−1] [K]

4.0 17.5 4.549× 1017 55499
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Table 4.2: Hardening parameters. Temperatures in ◦C.

Parameter Equation Units

Sat. Drag Stress: Ksat = 886.1− 0.376T [MPa]

aα = 30774 + 464T − 3.916× 10−1T 2 [MPa]

Back Stress

Hardening Coefficients:
bα =


10054− 22.8T + 1.34× 10−2T 2 500 ≤ T < 927◦C

−5895.5 + 6.818T 927 ≤ T < 982◦C

800 982 ≤ T ≤ 1038◦C

[–]

(a) Back stress hardening coefficient aα.

(b) Back stress hardening coefficient bα.

Figure 4.3: Temperature dependence of backstress hardening coefficients.
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Table 4.3: Elastic and thermal expansion properties. Temperatures in ◦C.

Parameter Equation Units

Elastic Modulus E = 253900− 107.8T [MPa]

Elastic Shear Modulus ν = 0.3 [–]

Coefficient of Thermal Expansion qCTE = 1.885× 10−5
[

1
◦C

]
4.3 Calibration Plots

The half-life responses from the isothermal fatigue calibration experiments are plotted

with the calibrated model predictions in Figure 4.4. Because of the variability in the

elastic modulus from specimen to specimen, the actual measured elastic modulus

is used to correctly determine the inelastic response in the calibration phase. The

model captures the strain rate sensitivity and temperature sensitivity, as well as the

influence of the dwell, with emphasis placed on predicting the relaxed stress value at

the end of the dwell as shown in Figure 4.5.

No dwell test was run for a temperature of 500◦C, but the model was run at this

temperature to show that the model appropriately captures temperature sensitivity.

Figure 4.6 shows the model’s prediction for a dwell test at 500◦C. As one would

expect for the relatively low temperature of 500◦C, the model predicts very little

stress relaxation.

It may be possible to better capture the material behavior shown in the experi-

mental data from this work; however, the form of the constitutive equation must be

updated or changed to achieve this goal. Since the scope of this work was only to

extend an existing model to a greater temperature range, no attempt was made to de-

termine a more appropriate form of the constitutive equation that could capture the

material behavior shown over the larger temperature range of 500◦C to 1038◦C. It is

anticipated, however, that such an equation would require an additional temperature

dependent term to account for changing deformation mechanisms.
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(a) 500◦C.

(b) 871◦C. (c) 927◦C.

(d) 982◦C. (e) 1038◦C.

Figure 4.4: Isothermal fatigue experimental data and model predictions.
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(a) 871◦C. (b) 927◦C.

(c) 982◦C. (d) 1038◦C.

Figure 4.5: Dwell experimental data and model predictions.
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Figure 4.6: Dwell model prediction for 500◦C.

4.4 Variability Due to Coarse-grained Microstructure

Nickel-based superalloys demonstrate large elastic anisotropies. For example, at room

temperature the elasticity tensor components C11, C12, and C44 are equal to 258.6

GPa, 167.0 GPa, and 125.0 GPa, respectively [76]. This results in an anisotropy ratio,

defined for cubic crystals as

A =
2C44

(C11 − C12)
(4.12)

equal to 2.7 where the elastic modulus has a minimum bound of 125.0 GPa and a

maximum bound of 306.1 GPa. Due to the small number of crystallographic grains

in the gage section of the test specimens and the large elastic anisotropy of the

superalloy crystals, the measured elastic modulus varied widely among the different

test specimens.

To better understand the variation observed, the theoretical bounding values of

elastic modulus based on the extremum values of the extremes in single crystal ori-

entation (minimum in the 〈001〉 direction and maximum in the 〈111〉 direction) are

compared to the experimentally measured values. The theoretical bounding values

for elastic modulus have been found using the temperature dependent elastic mod-

ulus values for single crystal Mar-M002, which is a Ni-based superalloy with similar

composition to Mar-M247 [76]. A comparison of chemical compositions is shown in
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Table 1.1. The comparison of the bounding elastic modulus and the observed elastic

modulus of the test specimens is shown in Figure 4.7 for the specimens used in the

isothermal fatigue tests. It can be seen that while the observed elastic moduli of the

test specimens show a great deal of variation, they all fall within the limiting bounds

computed from single crystal properties.

Figure 4.7: Variation in elastic modulus as a function of temperature.
Equations shown in Table 4.4.

The constitutive model of this work is intended to model the homogenized and

nominally isotropic behavior of a polycrystalline material. Even though Mar-M247

has highly anisotropic elastic properties, the material may be treated as isotropic if the

number of randomly oriented grains is sufficient to average out the material response

at the scale of interest. In the case of this work, the scale of interest corresponds to

the cross-sectional area of the test specimens. The grain size of the material observed

by Boismier and Sehitoglu was small enough to enable the material to be treated as

isotropic [9].

It is clear from Figure 4.7, however, that the large grains observed in the speci-

mens of this study require consideration of the elastic anisotropy in order to accurately
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predict the elastic behavior. Such considerations would require microstructure mod-

eling that is beyond the scope of this work, but the effects of the variation in elastic

modulus on life predictions will be demonstrated in the life prediction section of this

thesis.

For the current set of constitutive parameters, the variation in elastic modulus is

not considered. The elastic modulus equation was fit to the mean value of the possible

extremum values. This equation for the temperature dependence of elastic modulus

follows the mean of the bounding modulus values to within 4.5%. The equations for

elastic modulus may be found in Table 4.4.

The quality of the cyclic prediction can be significantly affected when the crystal

orientation is well outside of the mean value (i.e., loading close to either 〈001〉 or 〈111〉

directions). For example, Figure 4.8a shows the prediction of an IF experiment using

the mean elastic modulus. A prediction of this response using the measured elastic

modulus is shown again in Figure 4.8b for comparison. In this case, the test specimen

displayed a lower than average elastic modulus; therefore, the prediction over predicts

the modulus in the elastic loading and unloading portions of the hysteresis loop.

Clearly, accounting for this variation will impact life predictions since it affects the

predicted amount of cyclic plastic strain.

(a) Model prediction with mean
modulus.

(b) Model prediction with
experimental modulus.

Figure 4.8: Isothermal fatigue experimental data and model prediction at 500◦C.
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It was not a goal of this work to capture the variation in elastic modulus in

the homogeneous constitutive model itself. For a test specimen or component with

sufficiently small grains, the material may be homogenized and treated as isotropic,

in which case the mean elastic modulus equation will closely match the material’s

elastic modulus for predicting the response of the test specimen or component.

The equations matching the upper and lower bounds of the bounding modulus

predictions are shown below in Table 4.4. Also included is the equation used by

Boismier-Sehitoglu, and the equation matching the mean value of the bounding val-

ues. The Boismier-Sehitoglu elastic modulus equation matches the predicted mean

value equation to within 7% for temperatures between 500◦C and 1038◦C. For tem-

peratures below 500◦C, it is recommended that the predicted mean value equation or

an equation matching a chosen data set be used. Figure 4.9 shows a comparison of

the results of using the various elastic modulus equations.

Table 4.4: Elastic modulus equations. Temperatures in ◦C.

Eqn. Origin Equation Units

Boismier-Sehitoglu [9] E = 253900− 107.8T [MPa]

Mar-M002 Predicted Mean E = 219069− 66.0T [MPa]

Mar-M002 Predicted Max E = 310282− 91.3T [MPa]

Mar-M002 Predicted Min E = 127856− 40.8T [MPa]
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Figure 4.9: Comparison of modulus bounds predicted by Mar-M002 at a
temperature of 500◦C and strain rate of 5× 10−3s−1.

4.5 TMF Verification

After calibrating the constitutive model with the isothermal and dwell experiments,

the model was verified by comparing it to TMF experimental data. The TMF ex-

periments included two out-of-phase and two in-phase tests. Each TMF test was

thermally cycled between 500 and 1038◦C while under mechanical strain loading and

was performed at a mechanical strain rate of 3.33× 10−5s−1.

The half-life data from the experiments are compared to the model prediction

in Figures 4.10 and 4.11, where the legend entries correspond to the specimen IDs

and associated test conditions shown in Table 3.3. In the model predictions, the

simulation included as many cycles as the half-life of each corresponding test. For

the two tests over large mechanical strain ranges shown in Figure 4.10, the model

captures the stable hysteresis loop. These two tests reached stable hysteresis loops

before the half-life, which was only 10 cycles in both cases.

For the two tests with smaller mechanical strain ranges shown in Figure 4.11, the

model reasonably captures the stabilized hysteresis loop with the first cycle prediction,

but in the remaining cycles, the model shows extensive ratcheting. The constitutive

model is only intended to capture the stabilized hysteresis loop associated with sat-

urated, non-evolving back stress hardening. This ratcheting behavior seen in the
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(a) OP TMF at 10 cycle half-life. (b) IP TMF at 10 cycle half-life.

Figure 4.10: TMF experimental data & model verification over a
temperature range of 500–1038◦C with a large strain range.

model, however, is caused by non-stabilized back stress evolution beyond the first

cycle. This ratcheting behavior, then, demonstrates that care must be taken when

using the constitutive model to predict TMF stress-strain behavior. While the first

cycle prediction of the model captures the stabilized hysteresis loop well, there are

cases when modeling additional cycles may cause the model to predict stress-strain

responses different than that observed in the experimental response.

Proper use of the model is limited to this first cycle prediction of the stabilized

hysteresis loop, and this is what was used when providing the life model with a

stress-strain history. The reason the first cycle prediction is used is that the aim of

the model is to be able to capture the stabilized response in a shorter analysis time,

and therefore the first cycle prediction should capture the stabilized response.
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(a) OP TMF at 460 cycle half-life. (b) IP TMF at 190 cycle half-life.

Figure 4.11: TMF experimental data & model verification over a
temperature range of 500–1038◦C with a small strain range.

4.6 UMAT Implementation and Verification

To solve three-dimensional thermomechanical boundary value problems, the model

was implemented as a User Material subroutine (UMAT) for the general purpose fi-

nite element code ABAQUS [77]. The fully three-dimensional UMAT was first written

and verified for the 1070 steel model developed and calibrated by Slavik and Sehi-

toglu [48]. A fully implicit integration scheme was employed based on the method

described in McGinty [78]. Once the implementation of the constitutive model was

verified for the previously calibrated 1070 steel, it was updated with the new cali-

bration and functional forms for Mar-M247 presented here and verified against the

one-dimensional Matlab results, as shown in Figure 4.12.

Figure 4.13 shows an example 3-D thermomechanical boundary value problem.

In this case, a disk is simulated using a quarter disk and symmetric displacement

boundary conditions. A heat source is applied at the center of the disk, and the

outer radius maintains a constant, minimum temperature. The resulting temperature

profile varies from approximately 1038◦C at the center to 500◦C at the outer radius.

There was one significant difficulty encountered when verifying the UMAT imple-

mentation of the constitutive model. This difficulty was related to the expression used
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Figure 4.12: OP TMF comparison of UMAT and Matlab models.

for the coefficient of thermal expansion (CTE). The CTE used in the one-dimensional

Matlab function was the same one given by Boismier and Sehitoglu [6],

CTE =


1.57× 10−5 1

◦C
500 < T ≤ 685◦C

2.05× 10−5 1
◦C

685 < T ≤ 1000◦C

(4.13)

In this work, the upper limit of the temperature range was taken to be 1038◦C. This

definition of CTE leads to a piecewise linear fit for the thermal strain curve when

plotted against temperature.

When discretizing the time steps, this abrupt change in CTE across the tempera-

ture 685◦C can cause problems in the TMF thermal strain calculation by artificially

accumulating a thermal strain and developing a “drift” in the cyclic thermal strain.

The simplest solution to the thermal drift problem is to use a constant value for the

CTE. This solution was used in the UMAT implementation of the constitutive equa-

tion, where the constant value for the CTE was chosen as the value that would give

the same thermal strain as the piecewise CTE over the temperature range of 500◦C
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(a) Temperature contour plot [◦C].

(b) Mises stress contour plot [MPa].

(c) Effective plastic strain contour plot [–].

Figure 4.13: 3-D thermomechanical boundary value problem.

to 1038◦C. This solution provided results nearly identical to the one-dimensional im-

plementation with a variable CTE. The constant value used for CTE can be found in

Table 4.3.

One additional issue that may arise when running a UMAT implementation with
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a TMF simulation is the sensitivity to time increment size. Problems arise in the

UMAT when too large an increment size is used. Solutions for the implicit integration

increments employed in the UMAT converge slowly for large increment sizes, and if

the increment size is sufficiently large, it may be impossible to find a converged

solution. As a general reference for TMF simulations, time increments that resulted

in a temperature change of approximately 1.0-1.5◦C per increment seem to be a good

balance between minimizing the number of increments required and ensuring that the

increment size is not too large.

When running the TMF simulations with the UMAT, it was found that there was

a limiting value for minimum time step size, as well. Typically, the time step size

when running an ABAQUS simulation must start out quite small in order to help

the UMAT converge for the initial time steps. Time step sizes of less than 1.0× 10−5

seconds, however, caused thermal strain drift to occur that looked similar to the drift

caused by a variable CTE. It was determined that the cause of this was a variable

passed to the UMAT from ABAQUS called “dtemp”. This variable is a measure of

the difference in temperature from the beginning to the end of a step. For very small

time step values in TMF simulations, the dtemp variable was set equal to zero by

ABAQUS, despite the fact that a non-negligible temperature change was being made

across the time step. The solution to this problem was to use a larger initial time

step size that would still be small enough to allow easy convergence for the initial

steps in the UMAT. An initial time step size on the order of 1.0× 10−4 or 1.0× 10−3

seconds was found to fix the dtemp problem without causing convergence problems

for the initial time steps.
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CHAPTER V

TMF LIFE MODEL

5.1 Damage Mechanisms

The life model used in this work is based on the damage model developed by Neu

and Sehitoglu for 1070 steel [49] [12], and used by Sehitoglu and Boismier for Mar-

M247 [6] [9]. The damage model considers damage caused by fatigue, environment

(oxidation), and creep. The total damage is the sum of the damage caused by fatigue,

oxidation, and creep.

Dtot = Dfat +Denv +Dcreep (5.1)

If life is taken to be the inverse of damage, the equation may be written in terms of

life as

1

N tot
f

=
1

N fat
f

+
1

N env
f

+
1

N creep
f

(5.2)

It was shown by Neu and Sehitoglu that in OP TMF loading, the environmental

damage term dominates the total life prediction, while IP TMF loading life is domi-

nated by the creep damage term. The fatigue damage term is expected to dominate

only for isothermal loading at relatively low temperatures and high strain rates [12].

5.1.1 Fatigue Damage Term

The fatigue life term is represented by the power law strain-life equation,

∆εmech
2

= C
(

2N fat
f

)d
(5.3)

This fatigue life relationship is the same one used by Boismier and Sehitoglu [9], but

has been re-calibrated to the low temperature, high strain-rate data from this work.

The fatigue life term is intended to capture the fatigue mechanisms which occur at
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lower temperatures and higher strain rates under isothermal loading. The fatigue

damage equation was calibrated to the life data at temperatures at or below 760◦C.

The calibration values of the constants may be found in Table 5.1.

Table 5.1: Fatigue life parameters.

C d

[cycle−d] [–]

0.0105 -0.102

5.1.2 Environmental-Fatigue Interaction Damage Term

The environmental damage term is intended to capture damage caused by crack

nucleation and growth due to oxidation and γ′ depletion coupled with cyclic loading.

Environmental damage is calculated by assuming that an environmentally induced

crack is grown from zero to a critical length and then by integrating over the growth

rate to find the number of cycles required to reach the critical crack length [9].

The crack growth rate with respect to cycles can be broken into two terms using

the chain rule as,

dh

dN
=
dh

dt
· dt
dN

(5.4)

where h is the environmentally induced fatigue crack length and dt/dN is the cycle

period [9]. A parabolic growth law can be used to represent oxidation and γ′ depletion

in Ni-based superalloys. Two effective parabolic constants, one for oxidation and one

for γ′ depletion are defined as,

Kpeff =
1

tc

∫ tc

0

D0exp

(
−Q
RT (t)

)
dt (5.5)

where D0 is the diffusion coefficient, Q is the activation energy, R is the universal

gas constant, T (t) is the temperature in kelvins which varies with time, and γ′ is the

period of the cycle [9]. Under repeated rupture of the oxidation layer and γ′ depleted
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layer, the oxidation growth is no longer parabolic but non-linear according to

h =
B
(
Kox
peff +Kγ′

peff

)
tβ

h̄f
(5.6)

where

h̄f =
δ0

(∆εm)2 Φenv ε̇b
(5.7)

is the average thickness of oxide and γ′ depleted layer at rupture of the layer [9].

In equation 5.6, B is the constant coefficient and β is the constant exponent of

the oxidation growth equation. In equation 5.7, δ0 is a measure of the oxide and γ′

depleted layer ductility, ∆εm is the mechanical strain range, Φenv is the environmental

phasing factor, ε̇ is the mechanical strain rate, and b is the mechanical strain rate

sensitivity [9].

The purpose of including a phasing factor is to differentiate between isothermal,

in-phase, and out-of-phase loading conditions because the amount of damage will

vary depending on the loading conditions. A phasing factor is a function of loading

condition and will have values between zero and unity. A value of zero indicates

that no damage is done under the current loading conditions, while a value of unity

indicates that the full damage is done under the current loading conditions. In the case

of environmental damage, the full amount of damage is expected under out-of-phase

loading conditions, while no damage is expected under in-phase loading conditions.

Values between zero and unity indicate partial amounts of damage at intermediate

loading conditions. An example of an intermediate loading condition is when the

temperature range is small with respect to the mechanical strain range so that the

loading conditions approach isothermal conditions, or when the temperature range is

very large with respect to the mechanical strain range so that the loading conditions

approach free expansion or contraction.

The environmental phasing factor was changed in this work from that used by

Boismier and Sehitoglu. The original phasing factor was a function of the ratio of
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thermal strain rate to mechanical strain rate [9]. This strain rate ratio indicates the

loading condition. If the strain rate ratio is equal to zero, then the thermal strain

rate is zero and the material is under isothermal loading conditions. If the strain rate

ratio is negative, then the thermal strain and mechanical strain are out-of-phase, and

the material is under out-of-phase loading conditions. Conversely, if the strain rate

ratio is positive, the material is under in-phase loading conditions. It was found that

this form of the phasing factor was overly sensitive to the strain rate ratio due to the

increased rate sensitivity at higher temperatures, and was adjusted in such a way to

remove this sensitivity. The environmental phasing factor is taken as

Φenv =

〈
Φenv
iso +

1− Φenv
iso

1 +
(

∆T0
Tmax−Tmin

)s · T (εmech,min)− T (εmech,max)

Tmax − Tmin

〉
(5.8)

where Φenv
iso is the phasing factor for isothermal conditions, ∆T0 is a reference transition

temperature range, and s is the sensitivity to temperature range. The 〈 〉 symbols

are MacCaulay brackets. The second factor in the product on the right hand side

of the equation adjusts the phasing factor from positive to negative values as the

history changes from out-of-phase loading to in-phase loading. In this form of the

environmental phasing factor, emphasis is placed on the effects of temperature range

instead of the strain rate.

This form of the environmental phasing factor offers less flexibility for arbitrary

load histories; however, the original form did not allow a satisfactory calibration

to the OP TMF experimental data. An example of the flexibility of the original

equation can be seen when Boismier and Sehitoglu were able to accurately predict

the life curve of a diamond shaped phasing in a thermomechanical load history [9].

In order to account for arbitrary phasing in load histories, the phasing factor must

be a continuous function of the ratio of thermal strain rate to mechanical strain rate.

Since the original equation could not be calibrated over the extended temperature

range, the new form was chosen as a simple solution that allowed calibration for OP
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TMF over a variety of temperature ranges. A more complex and adjustable form for

the phase factor as a function of the strain rate ratio would be required in order to

maintain the ability to predict life for arbitrary load histories. It is expected that such

an equation would appear similar in shape to the original equation used by Boismier

and Sehitoglu when plotted against the ratio of thermal strain rate to mechanical

strain rate.

The environmental damage term is defined by differentiating equation 5.6 with

respect to time and substituting the results into equation 5.4 and integrating,

1

N env
f

=

 hcrδ0

BΦenv
(
Kox
peff +Kγ′

peff

)
−1/β

2 (∆εm)(2/β)+1

ε̇1−(b/β)
(5.9)

where hcr is the critical crack length for environmental damage trailing the crack

tip [9]. Between the Boismier and Sehitoglu calibration and the calibration of this

work, only the critical crack length value remained the same. The calibration of the

environmental-fatigue damage term comes from oxidation tests. Calibration of the

environmental phase factor was performed by comparing the relative changes in the

fatigue lives of OP TMF specimens with different temperature ranges. The values of

the calibration from this work are given in Table 5.2.
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Table 5.2: Environmental life parameters.

Parameter Value Units

b 0.25 [–]

β 0.5 [–]

B 0.007 [s(−β+1)]

δ0 2.87× 10−14 [µm · s−b]
Dox

0 0.0133 [µm2/s]

Qox
0 81.8 [kJ/mol]

Dγ′

0 1.03× 10−3 [µm2/s]

Qγ′

0 49.4 [kJ/mol]

hcr 461.4 [µm]

Φenv
iso 0.1 [–]

∆T0 50 [◦C]

s 2 [–]

R 8.314× 10−3 [kJ/K/mol]

5.1.3 Creep Damage Term

The creep damage equation is taken to be

1

N creep
f

= Φcreep

∫ tc

0

Acreepexp

(
−∆H

RT

)(
α1σ̄ + α2σH

K

)m
dt (5.10)

where Φcreep is the creep damage phasing factor, Acreep is the creep damage coefficient

and a material constant, m is the creep damage exponent and a material constant, ∆H

is the activation energy for the creep mechanism, R is the universal gas constant, T is

the temperature history given in kelvins, σ̄ is the von Mises effective stress, σH is the

hydrostatic stress, K is the saturated drag stress, and α1 and α2 are scaling factors

controlling how much damage is done in tension versus compression in a uniaxial

experiment [9]. In general, temperature, effective stress, hydrostatic stress, and drag

stress are all functions of time. Since only the saturated drag stress is considered in

this work, the drag stress is only a function of temperature. The exponential term

inside the integral represents the Arrhenius type dependence on temperature of creep
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damage. In the stress term inside the integral, the values of α1 and α2 are set so that

in a uniaxial test, compression will not cause creep damage. In this work, only the

values of α1 and α2 remain unchanged from the calibration of Boismier and Sehitoglu,

although the activation energy was only changed slightly. The calibration of the creep

damage parameters was made using IP TMF life data. The temperature dependent

term was calibrated by comparing the relative changes in the fatigue lives of IP TMF

specimens with different temperature ranges and the exponent m was calibrated by

correlating the simulation life predictions to the experimental data. The creep damage

parameter calibrations used in this work are given in Table 5.3.

It was necessary to change the form of the creep damage phasing factor in order

to properly calibrate the creep damage term to the IP TMF experimental data. At

a fixed strain rate and temperature range over the large range of mechanical strain

amplitudes tested, the ratio of thermal strain rate to mechanical strain rate changes

from near zero for large mechanical strain amplitudes to values around five or six for

small mechanical strain amplitudes. The phasing factor used by Neu and Sehitoglu

[12] for steel and again by Boismier and Sehitoglu [9] for Mar-M247 proved to be

overly sensitive to the strain rate ratio, which caused the predicted life curve to be

too flat to allow proper calibration of the creep damage function to the in-phase TMF

data.

It was found that the proper calibration could be achieved more easily if the

general shape of the original phasing factor was retained, but with added control over

the slope of the function at either side of the peak value. This was achieved with two

logistic functions summed in the same manner as the damage terms. In this way, the

slope between isothermal conditions and the peak phasing factor could be controlled

independently of the slope between the peak value and free expansion conditions.

The form of the new phasing factor is taken as

Φcreep =
1

tc

∫ tc

0

2

[
1

Ψ1

+
1

Ψ2

]−1

dt (5.11)
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where

Ψ1 =
1

1 + exp
(
−C1

(
ε̇th
ε̇mech

)
−D1

) (5.12)

Ψ2 =
(1− y)

1 + exp
(
−C2

(
ε̇th
ε̇mech

)
−D2

) + y (5.13)

In equation 5.11, Φcreep is the creep damage phasing factor, and tc is the period

of the cycle. The multiplier of two is required to make the maximum phase factor

equal to one. Equations 5.12 and 5.13 describe the two logistic functions used to

control the slope of the phasing factor function. In these equations, the values of C1

and C2 control the slope of the logistic functions, the values of D1 and D2 control

the location of strain rate ratio where the logistic function reaches the median value,

and the value of y controls a shift of the second logistic function along the y axis

accompanied by an appropriate modification of the height of the logistic function,

which is determined by the numerator.

The shape of the new creep phasing factor is shown in Figure 5.1. As discussed

with the environmental phase factor, the purpose of the creep phase factor is to

distinguish between loading conditions and adjust the amount of creep damage ap-

propriately. More creep damage is expected under in-phase loading conditions, while

no creep damage is expected under out-of-phase loading conditions. Note that a zero

strain rate ratio corresponds to isothermal loading, a positive strain rate ratio corre-

sponds to in-phase loading, a negative strain rate ratio corresponds to out-of-phase

loading, and very large absolute values of strain rate ratio indicate that the loading

conditions are approaching free expansion or contraction.

Although this new phasing factor does not tend toward zero as the load history

tends towards free expansion, it should be noted that the stress term will decrease

towards zero as free expansion is reached, so the creep damage will decrease naturally

in this way. It should also be noted that at the smallest mechanical strain ranges

in the temperature range of 500 to 1038◦C, the strain rate ratio is already very
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Figure 5.1: Creep phasing factor.

close to what was considered free expansion in the work by Neu and Sehitoglu [12].

The experimental life data for this strain range and temperature range, however,

corresponds to life under IP TMF load history. This justifies the extension of a

non-zero creep phasing factor in the direction of free expansion. The creep phasing

factor was calibrated such that non-negligible creep damage would be predicted for

these larger strain rate ratios. The slope of the creep phasing factor were calibrated by

considering the relative changes in fatigue lives of the experimental data over different

temperature ranges. This new phase factor allowed the satisfactory calibration of the

creep damage term to the IP TMF experimental data without changing the form of

the creep damage equation, although a small decrease in the activation energy of the

temperature term was made to improve the overall calibration. The creep phasing

factor parameters used for the calibration are given in Table 5.3.
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Table 5.3: Creep life parameters.

Parameter Value Units

Acreep 8.0× 1022 [1/s]

m 8.7575 [–]

∆H 500.0 [kJ/mol]

R 8.314× 10−3 [kJ/K/mol]

α1 1/3 [–]

α2 1 [–]

C1 7 [–]

D1 0.715 [–]

C2 -11 [–]

D2 1.5 [–]

y 0.2 [–]

5.2 Life Correlations

The constitutive model is calibrated from 500 to 1038◦C, but some TMF experimental

life data included tests with a minimum temperature as low as 427◦C. In order to be

able to make life predictions under the same TMF load history, some assumptions

had to be made in order to use the constitutive model below 500◦C. In this work,

for temperatures less than 500◦C, it is assumed that the hardening parameters take

the same values as they do at 500◦C and that the flow rule calibration holds. The

previous assumption of a constant coefficient of thermal expansion is maintained, as

well. It has already been shown in Figure 4.7 that the mean elastic modulus equation

of Table 4.4 captures the elastic modulus as a function of temperature from room

temperature up to 1038◦C.

The constitutive model calibration and verification experiments also provided data

for calibrating the life model. Before presenting the full set of total life model predic-

tions, it is important to understand the general trends of damage interaction under

the four types of loading presented in the constitutive modeling sections.
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5.2.1 Damage Term Interactions

The phase factors of the environmental-fatigue damage and creep damage were cal-

ibrated such that the TMF life predictions would be dominated by environmental

damage under out-of-phase conditions and by creep damage under in-phase condi-

tions. This is consistent with the damage mechanisms expected to dominate life

under the two extremes of TMF loading conditions, and the effects can be seen in the

damage interaction plots shown in Figures 5.2 and 5.3. This is the same approach

originally used by Neu and Sehitoglu [12] and followed by Boismier and Sehitoglu [9].

As an example of the interaction of the damage terms under OP TMF loading,

consider the model prediction of OP TMF between the temperatures of 427 to 927◦C

at a fixed cycle time of 60 seconds shown in Figure 5.2. For the OP TMF case, so

little creep damage is predicted that the creep life prediction is very large and the

creep life curve does not fit on the axes of the plot.
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Figure 5.2: Damage interaction for OP TMF at 427-927◦C with fixed 60
second cycle time.

Figure 5.3 is an example of the interaction between damage terms under IP TMF

loading for a case with a temperature range between 427 and 982◦C at a fixed cycle

time of 60 seconds. In the case of IP TMF loading, the environmental life curve

cannot be seen because the environmental damage is predicted to be very small, and

the corresponding environmental life to be very large.
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Figure 5.3: Damage interaction for IP TMF at 427-982◦C with fixed 60
second cycle time.

Under isothermal fatigue at low temperatures and high strain rates, the exper-

imental data was fit with a power law strain life curve. Under isothermal loading

at higher temperatures and lower strain rates, the total life is not expected to be

dominated by any particular damage mechanism, but rather to be a combination of

all three damage mechanisms. A typical case for damage interaction at the relatively

high temperature of 927◦C under isothermal loading can be seen in Figure 5.4. It is

typical of the higher temperature isothermal life predictions to show similar damage

term interactions as seen in Figure 5.4. This interaction starts at 871◦C for slower

strain rates and is seen in all of the higher temperatures for all strain rates.
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Figure 5.4: Damage interaction at 927◦C under isothermal loading with a
strain rate of 5.0× 10−3s−1.

For the dwell tests, the creep and environmental damage terms are expected to

interact due to the higher temperatures, relatively low strain rate, and long holds

at maximum strain. This interaction can be seen in Figure 5.5 for a dwell test at a

temperature of 871◦C.
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Figure 5.5: Damage interaction at 871◦C under isothermal loading with
dwells at a strain rate of 5.0× 10−4s−1.

5.2.2 Life Plots

The total life prediction curves for different test conditions are shown in Figures 5.6–

5.8. The effects of various damage interactions can be discerned by considering the

slope of the total life curve and the load history. The fatigue life term is entirely

empirical and does not change with changing temperature history or changing TMF

load types such as OP and IP loading. In general, the environmental life term has

the steepest slope of the three terms, and the slope does not change much over the

full range of load histories. The environmental life term appears linear on a log-log

plot. The creep life term typically has an intermediate slope in comparison to the

other two life terms, and is not strictly linear on a log-log plot.

Between the environmental term and the creep term, the creep term tends to

dominate at higher strain ranges and the environmental term tends to dominate at
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the lower strain ranges. Some non-linearity in the plots is caused by the interaction

of the damage terms, but the creep term also introduces some non-linearity at the

higher strain ranges, especially under IP TMF.

It should be noted that three rate control types were used in the experimental

data and the corresponding life predictions shown in the plots: mechanical strain

rate control with units of strain per second, cycle frequency control with units of

cycles per minute, and cycle period control with units of seconds per cycle. In the

life plots, the rate control type is denoted by the units in the legend.

First, the life predictions under low temperature IF are presented in Figure 5.6a.

In the low temperature IF life prediction plot, life predictions at temperatures equal to

or below 500◦C are identical to the empirical fatigue life term. For this reason, there

is not a separate life prediction curve plotted at 27◦C. The effects of environmental

term on the total life prediction can be seen to start interacting with the fatigue term

at temperatures as low as 760◦C. At 871◦C, especially at the slower strain rate, the

creep term can be seen interacting with the total life prediction at high strain ranges,

while the environmental term is still present for the lower strain ranges.

Since the 500◦C and 760◦C life predictions use different rate control types, it is

informative to compare a 500◦C life prediction using cycle frequency rate control to

the life prediction of the 760◦C case. It was found that changing the rate control type

at 500◦C from mechanical strain rate control at 5 × 10−3s−1 to cycle frequency rate

control at 10 cpm made no appreciable difference to the 500◦C life prediction, which

is shown in Figure 5.6a. However, changing the 760◦C life prediction to mechanical

strain rate control at 5×10−3s−1 did increase the predicted life below 0.5% mechanical

strain range. The result is shown in Figure 5.6a.

The life predictions for higher temperatures under isothermal fatigue are shown

in Figure 5.6b. At higher temperatures, the creep and environmental terms clearly

dominate the total life prediction for all strain rates.
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(a) Low temperature.

(b) High temperature.

Figure 5.6: Isothermal fatigue life predictions and experimental life data.
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Figure 5.7: Dwell life predictions and experimental life data.

The dwell predictions are compared against the dwell tests in Figure 5.7. In the

comparison of the dwell predictions to the experimental data, both the creep and

environmental terms contribute to the total life prediction. The creep term is more

significant at higher strain ranges, while the environmental term dominates at the

lower strain ranges. The dwell life predictions are based on the calibrations of the

life model under IP and OP TMF loading. Consequently, the conservative prediction

of the model in comparison to the dwell life data arises from the conservative predic-

tion of life seen at the higher strain ranges under these loading conditions, which is

discussed in the next section on IP and OP TMF life prediction.

Figure 5.8a shows the total life predictions under OP TMF loading. As previously

discussed, the environmental damage term dominates the life prediction under OP

TMF loading conditions.

The IP TMF life predictions are compared to experimental life data in Figure 5.8b.
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As noted previously, the creep damage term dominates the life prediction under IP

TMF loading conditions. The non-linearity of the creep term can be clearly seen in

the plot of IP TMF life predictions. It proved difficult to calibrate the creep damage

model due to the wide array of temperatures considered under TMF loading. The

behavior of the damage terms for the smaller temperature range of 500-871◦C and the

larger temperature range of 500-1038◦C was sufficiently different that calibrating the

creep damage model for both required careful adjustments to the calibration of the

phase factor in conjunction with calibration adjustments of the damage parameters.

The predictions shown represent the overall best calibration to the data shown using

the current form for creep damage.
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(a) OP TMF.

(b) IP TMF.

Figure 5.8: TMF life predictions and experimental life data.

61



As a final exercise in life prediction, the effects of elastic modulus variability on

predicted total life were modeled. Since the creep damage term is the only term that

depends on the stress predictions of the constitutive model, the creep life prediction

is the only life term that is affected by this change. Consequently, OP TMF life

predictions will not be affected, but IP TMF and high temperature, slow strain rate

IF loading will be affected. Following this observation, and noting that a lower

modulus corresponds to lower stresses as seen in Figure 4.9, it is expected that a

lower modulus will increase the creep life, while a higher modulus will decrease the

creep life.

Figure 5.9: Predicted variability in total life as a function of extremes in
possible modulus values.

Figure 5.9 shows the changes in total life caused by using the minimum and

maximum modulus values in comparison to the original prediction using the mean

modulus value for the case of IF loading at 1038◦C and 5.0× 10−3s−1 strain rate. As
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expected, a lower elastic modulus increases the life, while a larger elastic modulus

decreases the life. In the case presented in this figure, the three total life predictions

converge at high strain ranges where environmental and fatigue life, which remain

unchanged, dominate the total life prediction.
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CHAPTER VI

CONCLUSIONS

The thermo-viscoplastic constitutive equation represents the behavior of the poly-

crystalline Ni-base superalloy Mar-M247 over an extended temperature range from

500◦C to 1038◦C. The rate sensitivity, temperature sensitivity, and stress relaxation

in a strain hold are adequately captured using parameters determined from isother-

mal cyclic inelastic strain experiments with and without dwells. The extension to

higher temperatures and the inclusion of dwells required a lower stress exponent in

the power law factor of the flow rule. The model successfully predicts out-of-phase

and in-phase thermomechanical cycles.

The crystallographic grain size of the specimens used in the calibration was large

in comparison to the gage section resulting in a large variability in the measured cyclic

stress-strain response. The influence of coarse grains is primarily tied to the limits on

the elastic properties estimated from a crystal elasticity analysis. Using the elastic

properties of a single-crystal superalloy of similar chemical composition, the extent

of the variation in the elastic response is captured. The model implementation as a

UMAT for the general purpose finite element solver ABAQUS enables the solving of

simulations involving thermomechanical boundary values.

Using the calibrated constitutive model, life predictions were made for four dif-

ferent load histories: isothermal fatigue, isothermal fatigue with dwells, out-of-phase

thermomechanical fatigue, and in-phase thermomechanical fatigue. The life model

uses three different damage models to predict a variety of different damage mecha-

nisms that may be found under the differing load histories. The life prediction model
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successfully predicts differences in the life curves under differing load histories. Ex-

tending the life model to a higher temperature range required a form change in the

phasing factors for both the environmental and creep damage models as well as a

recalibration for most of the constants used in the damage models. The effects on life

prediction caused by the large grains and resultant variation in the elastic modulus

have been demonstrated.

Reviewing the specific research objectives presented in Section 1.3, the work pre-

sented addresses the following:

1. The unified constitutive model was extended to a maximum temperature of

1038◦C and captures the stable stress-strain response of both isothermal and

thermomechanical load histories including creep and stress-relaxation while ac-

counting for the effects of strain rate.

2. The unified constitutive model was validated using both in-phase and out-of-

phase thermomechanical fatigue tests.

3. The life model was calibrated and accounts for fatigue, creep and environmental-

fatigue damage under both isothermal and thermomechanical load histories.
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CHAPTER VII

RECOMMENDATIONS

There are several areas where this research could be extended and improved. Pre-

sented below are three recommendations for further work.

One of the largest challenges in calibrating the constitutive model was the large

temperature range under consideration. It may be possible to improve upon the cali-

bration of the constitutive model with a new flow rule formulation. Possible changes

include using a flow rule which includes a temperature dependent term to help ac-

count for changing mechanisms over the large temperature range. It is anticipated

that such a term would be formulated following an Arrhenius type relationship in-

volving an activation energy for higher temperatures around 871◦C. An example of

the use of such a temperature dependent term can be found in an article by Shenoy

et al. [79].

Another challenge presented by the large temperature range under consideration

was the calibration of the phase factors for the environmental-fatigue and creep dam-

age terms of the life model. A form for the creep phase factor was established that

retained the flexibility to handle arbitrary load histories; however, a similar solution

for the environmental-fatigue phase factor proved difficult to calibrate. Accordingly,

a simpler environmental phase factor was used. In order for the life model to account

for arbitrary load histories, the life model would require an environmental phase fac-

tor based on the ratio of thermal strain rate to mechanical strain rate with a shape

similar to the original environmental phase factor used by Boismier and Sehitoglu.

It’s anticipated that such a phase factor would require a formulation similar to that

used by the creep phase factor in this work. In order to fully validate the ability of
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the phase factors to handle arbitrary load histories, TMF tests with load histories

other than in-phase or out-of-phase would need to be performed. Following Boismier

and Sehitoglu, a diamond wave form would be an appropriate choice to validate the

phase factors in the life model.

The final recommendation for further work pertains to the variability in the elas-

tic modulus caused by the large grained microstructure. As previously discussed,

large grains make the isotropic assumption inaccurate because the material behavior

may no longer be homogenized across grains. In order to improve the constitutive

model’s prediction of the stress-strain history, the model must be able to account for

the microstructure of the material. Such microstructural modeling is computationally

expensive and would increase in complexity over the current model. Microstructural

modeling would also require large simulations of multiple grains forming a represen-

tative volume element of the observed microstructure in a finite element analysis. A

good reference for a similar analysis can be found in the work of McGinty [78]. The

life model may only be improved with a suitable method for predicting the variability

in elastic modulus. A microstructure sensitive constitutive model would allow greater

fidelity in the life model by more accurately predicting the changes to the stress-strain

history caused by an anisotropic elasticity tensor and the coarse grained microstruc-

ture. Such an analysis would introduce a great deal more complexity to the model

than was intended by this work.
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