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Abstract

The discovery of neutrino oscillations provides indisputable evidence that neutrinos

have non-zero masses and mixing. Measuring the fine structure of neutrino mixing is

one of the foremost challenges in experimental neutrino physics and understanding

the origin of the pattern of mixing is of great interest from a theoretical perspective.

The observed pattern of mixing in the lepton sector could be explained by the

presence of a non-Abelian discrete symmetry and in this doctoral thesis, we study the

phenomenological implications of applying a Non-Abelian, discrete flavour symme-

try, Gf =A5, in combination with a generalised CP symmetry, to the lepton sector.

We consider all possible Abelian residual symmetries in the charged lepton (G`) and

neutrino (Gν) sectors. In the more constrained scenario, the set of Abelian residual

symmetries we study are G` = {Z3,Z5,Z2 × Z2} and Gν = Z2 × CP. We focus on

the mixing patterns that are compatible with experimental bounds and discuss in

detail the testability of these predictions at upcoming accelerator, reactor and neu-

trinoless double-beta decay experiments. We find the synergy between upcoming

oscillation facilities allows for this flavour symmetric approach to be fully tested. In

addition, we consider a less constraining set of residual symmetries, G` = Z2 and

Gν = Z2 × CP, and find there are many more predictions with more complicated

correlations between neutrino parameters.

In complement to the discussion of leptonic flavour symmetries, we present a

new mechanism of leptogenesis which proceeds via lepto-bubble nucleation. This

mechanism has direct connections with leptonic flavour models and low-energy neu-

trino parameters. We calculate the lepton asymmetry using the Closed-Time Path

formalism and we find the phase transition temperature to be T ∼ 1011 GeV, similar

to that of high-scale thermal leptogenesis.
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Chapter 1

Introduction

Since their discovery, neutrinos have played a pivotal role in revealing and probing

the electroweak theory, the structure of the nucleon, the dynamics of the sun and

violent cosmic phenomena such as core-collapse supernovae. However, in spite of

their great abundance, relatively little is known about neutrinos as they are very

weakly interacting.

There are a number of features of neutrinos which sets them apart from the

menagerie of Standard Model particles: the neutrino is the only known neutral

fermion, and therefore possibly its own anti-particle, leptonic CP-violation may be

sizeable and neutrino masses are very small while mixing is large. Theories which

hope to accommodate such features must go beyond the Standard Model and in

doing so may reveal physics at a very high-energy scale.

In this chapter, we shall further elucidate and contextualise the aforementioned

issues by reviewing the colourful history of neutrinos, outlining neutrino oscilla-

tion phenomenon and summarising the current status of neutrino observables. In

addition, we shall discuss possible mechanisms of neutrino mass generation.

1



1.1. Neutrinos: A Brief Historical Overview 2

1.1 Neutrinos: A Brief Historical Overview

The existence of a very light, electrically neutral spin 1/2 particle was first postulated

in 1930 by Pauli in order to explain the apparent non-conservation of energy ob-

served in nuclear beta decay. Such a process was thought to proceed via a two-body

decay of the unstable neutron into a proton and electron. To much consternation, it

was discovered the energy spectrum of the radiated electron was continuous1. This

observation puzzled Pauli and, unable to attend a physics meeting in Tübingen, he

instead sent a letter in which he proposed a new, light particle as a “desperate rem-

edy” to explain the missing energy in beta decay. Pauli initially dubbed this particle

the neutron and later, Fermi suggested the name neutrino (this being derived from

the Italian for small, neutral one).

In 1934, Fermi developed the first theory of beta decay where he considered the

decay as a four-fermion process with a neutron decaying to proton, electron and

anti-electron neutrino [4]. In the same year, Bethe and Peierls estimated the inter-

action cross section of a neutrino with a nuclei [5]. Their calculation showed the

cross section to be so small that the detection of the neutrino was long thought to

be impossible; Pauli bet a case of champagne that no one would ever detect the

illustrious neutrino.

History proved otherwise. In 1946, Pontecorvo proposed a possible method of

neutrino detection via chlorine

ν + 37Cl→ e− + 37Ar. (1.1.1)

Moreover, he suggested fission reactors and the sun as intense sources of neutri-

nos. However it was not until 1956, that Reines and Cowan detected antineutrinos

emitted from a nuclear reactor [6]. The detection was based on observation of the

following reaction

ν + p→ e+ + n. (1.1.2)

1It was anticipated the energy spectrum would be a single monochromatic line corresponding

to the mass difference between the neutron and proton.
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1.1. Neutrinos: A Brief Historical Overview 3

Two years later (1958) Goldhaber, Grodzin, and Sunyar measured the handedness of

the neutrino from an experiment which measured the circular polarisation of photons

[7]. This experiment had important consequences as they established that neutrino

particles were left-handed. As no right-handed neutrino has ever been detected, the

finding of Goldhaber, Grodzin, and Sunyar implies that neutrinos are massless.

In spite of this result, Pontecorvo considered the possibility of massive neutrinos

and the experimental implications [8]. If neutrinos had small masses then neutrino

oscillations, similar to K0 − K0 oscillations, could occur. In 1962, Pontecorvo’s

work was extended both theoretically and experimentally. In the former case, Maki,

Nakagawa and Sakata introduced flavour oscillations (between electron and muon

flavour) [9] and in the latter, the Brookhaven neutrino experiment led by Lederman,

Schwartz and Steinberger, discovered that neutrinos which undergo charged current

interactions with electron and muons are in fact different neutrinos. In short, they

discovered the muon neutrino and were subsequently awarded the Physics Nobel

Prize in 1988.

The next major experimental achievement in neutrino physics came in 1970 with

the Homestake experiment pioneered by Davis and Bahcall [10]. In this experiment,

they utilised the reaction initially proposed by Pontecorvo to measure high-energy

solar neutrinos2. However, it was found that the observed rate of this reaction was

two to three times smaller than predicted in the Minimal Solar Model and this

deficit came to be known as the solar neutrino problem. This problem could only be

fully resolved from improved understanding of neutrino properties and additional

measurement by Super-Kamiokande (SK) and Sudbury Neutrino Oscillation (SNO)

collaborations. Theoretically, a large deficit of electron neutrinos was to be expected

due to the Mikheyev-Smirnov-Wolfenstein (MSW) effect which was formulated in

1985 [11, 12].

2The threshold of this reaction is 0.81 MeV and so only very high-energy neutrinos could

partake.
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In 1975, the tau lepton was discovered by Perl and colleagues at Stanford Linear

Accelerator [13] and this hinted there may be a third generation of neutrino, the

tau neutrino. The three-neutrino picture was later confirmed via Z-decays at LEP

[14]. However, this species of neutrino was only directly observed in 2000 by the

Direct Observation of NU Tau (DONUT) experiment [15] which used the decay of

charmed particles to produce tau neutrinos.

As hinted at previously, SK [16] and SNO [17, 18] collaborations were the first

oscillation experiments to confirm neutrino oscillations with high statistical signif-

icance. Since this time, there have been a plethora of neutrino experiments which

have improved our understanding of neutrino properties and we shall discuss them

further in Section 1.3

1.2 Neutrino Oscillations

An active neutrino, the particles we have been discussing thus far, is in an SU(2)L

doublet with a charged lepton and therefore partakes in charged and neutral cur-

rent interactions and comes in three varieties: electron, muon and tau flavour. As

mentioned before, it was Pontecorvo who first proposed neutrino oscillations. He

postulated such a phenomenon following the observation of particle mixing in kaon

systems. This occurs because the flavour and mass eigenstates do not coincide

and this mixing may be parametrised by the Cabbibo-Kobayashi-Maskawa (CKM)

matrix [19, 20]. The analogous matrix in the neutrino sector is the Pontecorvo-Maki-

Nakagawa-Saki (PMNS) matrix [9]. Denoting the mass eigenstates as ν1, ν2, ν3 and

the flavour eigenstates as νe, νµ, ντ , the matrix describing the misalignment of states

is given by 
νe

νµ

ντ

 =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


︸ ︷︷ ︸

UPMNS


ν1

ν2

ν3

 . (1.2.3)

If there are no additional states beyond the left-handed neutrinos, then the PMNS

matrix is a 3× 3, unitary matrix and therefore may be parametrised by three 2× 2
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1.2. Neutrino Oscillations 5

rotation matrices

UPMNS =


1 0 0

0 c23 s23

0 −s23 c23


︸ ︷︷ ︸

atmospheric


c13 0 s13e

iδCP

0 1 0

s13e
−iδCP 0 c13


︸ ︷︷ ︸

reactor


c12 s12 0

−s12 c12 0

0 0 1


︸ ︷︷ ︸

solar


1 0 0

0 eiα21/2 0

0 0 eiα31/2


︸ ︷︷ ︸

Majorana

,

(1.2.4)

where sab ≡ sin (θab) , cab ≡ cos (θab), δCP is the Dirac phase and α21, α31 are the

Majorana phases which are physical if and only if neutrinos are Majorana in nature

3. It is worth stressing, the Majorana phases are only measurable in experiments

in which the Majorana nature of the neutrinos is manifest e.g. in lepton-number

violating processes such as neutrinoless double-beta decay. Therefore, the Majorana

phases are not observable at oscillation experiments.

We shall briefly outline the standard derivation of the neutrino oscillation prob-

ability in vacuum. There are more rigorous derivations, such as using quantum

mechanical wave packets, which drops the assumption of pure momentum eigen-

states and instead superposes many momentum eigenstates [22]. However, for the

purposes of illustration, is it sufficient to derive the oscillation probability using the

equal-momentum approximation.

The physical states which propagate are the mass states |ν1〉, |ν2〉, |ν3〉 and evolve

according to the time-dependent Schrödinger equation

∂

∂t
|νi〉 = iH|νi〉, (1.2.5)

where i = 1, 2, 3 and the solutions are plane waves of the form |e−iEitνi〉. The

quantity we would like to compute is the probability that a neutrino of flavour α

oscillates into a neutrino of flavour β while propagating over a distance L. As it is

the mass states, not the flavour states, which propagate the initial and final states

3There are a number of parametrisation of the PMNS matrix, however Eq. (1.2) follows the

Particle Data Group [21] convention.
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1.2. Neutrino Oscillations 6

are given in terms of the mass states. The initial state is given by

|Ψ (x = 0)〉 = |να〉 =
3∑
i=1

U∗αi|νi〉, (1.2.6)

and after propagating for time, t, and distance L, the final state is written as

|Ψ (x = L)〉 =
3∑
i=1

U∗αie
−iEit|νi〉. (1.2.7)

Therefore the amplitude for να → νβ is given by

〈νβ|Ψ(L)〉 =
3∑
i=1

U∗αiUβie
−iEit, (1.2.8)

where we have applied the orthogonality of these states, 〈νj|νi〉 = δij. The energy,

Ei, may be written in terms of the mass and momentum

Ei =
√
p2
i +m2

i ' p

(
1 +

m2
i

2p2

)
, (1.2.9)

where p is the momentum common to all mass states4. In the relativistic limit,

L ∼ t, the amplitude of Eq. (1.2.8) may be rewritten as

〈νβ|Ψ(L)〉 =
3∑
i=1

U∗αiUβie
−iL

(
p+

m2
i

2p

)
. (1.2.10)

To find the flavour oscillation probability, the amplitude is squared and the approx-

imation, p−1 ' E−1, is applied

P (να → νβ) =
∣∣∣ 3∑
i=1

U∗αiUβie
−iL

(
p+

m2
i

2E

)∣∣∣2. (1.2.11)

Eq. (1.2.11) may be simplified by applying the unitary of the PMNS matrix and the

formula, 2 sin2 θ/2 = 1− cos θ. To this end, the oscillation probability is given by

P (να → νβ) = δαβ − 4
∑
i>j

Re
[
U∗αiUβiUαjU

∗
βj

]
sin2

(
∆mijL

4E

)
+ 2

∑
i>j

Im
[
U∗αiUβiUαjU

∗
βj

]
sin

(
∆mijL

2E

)
.

(1.2.12)

From Eq. (1.2.12), we can see the oscillation probability is a function of the mixing

angles, δCP, the mass squared splittings (e.g. m2
ij = m2

i −m2
j), the neutrino energy,

4This is the equal-momentum approximation.
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1.3. Current Status of Neutrino Parameters 7

E, and the baseline, L, which is the distance between the site of production and

detection of the neutrino. Therefore the determination of the oscillation probability

of various different flavour transitions allows for the measurement of the oscillation

parameters. In most oscillation experiments, the baseline is fixed but the energy of

the neutrinos is varied. Moreover, the observation of neutrino oscillations indicates

that at least two of the mass eigenstates are non-zero. The current status and

method of measuring these parameters will be discussed in Section 1.3

1.3 Current Status of Neutrino Parameters

Over the past five decades, there has been impressive experimental progress made in

neutrino physics which is made possible from the synergy of oscillation, neutrinoless

double-beta decay, tritium end point experiments and cosmological constraints. The

current best fit (and 3σ interval) values for neutrino parameters from the NuFit 3.0

group [23] are shown in Table 1.1 and shall be applied throughout the remainder of

this thesis.

best-fit value 3σ range

θ◦12 33.72 {31.52, 36.18}
θ◦13 8.47 {7.86, 9.11}
θ◦23 49.3 {38.6, 53.1}
δ◦ 272 {0, 360}

∆m2
21

10−5eV2 7.48 {7.02, 8.08}
∆m2

31

10−3eV2 (NO) 2.477 {2.351, 2.610}
∆m2

32

10−3eV2 (IO) -2.465 {-2.594, -2.339}

Table 1.1: The best-fit points from NuFit 3.0 global analysis of oscillation data from

May 2016.

In Sections. (1.3.1), (1.3.2) and (1.3.3) we provide a brief historical overview

of the oscillation experiments used to measure the atmospheric, reactor and solar

neutrino parameters and discuss their current status. Later, in Section 1.3.4 and

Section 1.3.5 we discuss leptonic CP-violation and the neutrino mass spectra.
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1.3.1 Atmospheric Parameters: θ23 and ∆matm

Atmospheric neutrinos are produced via cascades initiated by cosmic rays collisions

in the Earth’s atmosphere. The dominant production of these neutrinos follows the

series of reactions

π+ → µ+ + νµ and µ+ → e+ + νe + νµ, (1.3.13)

and their CP-conjugate decays. Typically, the neutrino energies range from MeV to

GeV scale and for the lower-energy neutrinos, it was anticipated the ratio of muon

to electron neutrinos would be 2:15. A number of experiments were built to detect

atmospheric neutrinos; these include NUSSEX, Frejus, Soudan [24] and SK [16]. In

1988, the Kamiokande collaboration noticed the expected ratio of muon to electron

neutrino was approximately 60% of the expected number of events given the knowl-

edge of atmospheric fluxes at that time [25]. To further confound the situation, in

1998, SK found an up-down asymmetry in addition to the already depleted muon

neutrino flux reaching its detector. This finding was consistent with the up-going

muon neutrinos oscillating into tau neutrinos while the down-going neutrinos do not

propagate sufficient distance to oscillate into another flavour. From these results,

the atmospheric parameters were found to be sin2 θ23 ≈ 1 and ∆matm ≈ 2.4×10−3eV.

Three currently running experiments that have the greatest sensitivity to the at-

mospheric parameters are long baseline accelerator νµ disappearance experiments:

Main Injector Neutrino Oscillation Search (MINOS), Tokai to Kamioka (T2K) and

NuMI Off-Axis νe Appearance (NOνA). MINOS uses the Neutrinos at the Main

Injector (NUMI) beam based at Fermilab and is an on-axis experiment with the far

detector (magnetised steel scintillator) placed 735km away in Soudan mine, South

Dakota. T2K is an off-axis, water Cherenkov detector which uses a 30 GeV pro-

ton beam based at J-PARC. The far detector, based in Kamioka, is approximately

295km from the neutrino source. NOνA also uses the NUMI beam but the detector

(oil scintillator) is slightly off-axis. Moreover, the baseline is 810km with the far

5The ratio is expected to increase for higher energy neutrinos due to the fact that the fraction

of higher energy muon that decay in flight is smaller.
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detector based in Minnesota.

In the most recent results, data from MINOS and T2K is consistent with the

maximal (θ23 = π/4) atmospheric mixing angle while NOνA excludes maximal

mixing at 2.6σ level. This tension between the two sets of experiments is shown in

Fig. 1.1.

Figure 1.1: Measurement of atmospheric mass squared splitting and mixing angle.

Contours display the 90% confidence region and shows there is tension between T2K,

MINOS and NOνA [26].

1.3.2 Reactor Parameter: θ13

Reactor neutrino experiments have played a key role in the precision measurement

of θ13. This is because fission reactors copiously produce neutrinos as by-products

from beta decay of neutron-rich nuclei produced in the decay chains of uranium and

plutonium. The flux of neutrinos from the reactors is isotropic and decreases rapidly

(∝ 1/L2) as the distance from the reactor to detector is increased. Moreover, the

reactor neutrinos are typically of energies of several MeV and thus only one channel

(anti-electron neutrino survival probability) may be studied as heavier charged lep-

ton cannot be produced from such low energy neutrinos. In order to measure these
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neutrinos, the reactor experiments rely upon inverse beta decay

νe + p→ n+ e+, (1.3.14)

which has a neutrino energy threshold of 1.8 MeV. Importantly, any uncertainty

in this cross section is related to the measured flux. Until 2011, it appeared the

neutrino flux was well understood but this confidence was shaken as the absolute

value of the measured flux is 6% below the theoretical prediction [27]. This issue

has come to be known as the reactor anomaly.

Post-2002, eight reactor experiments had been proposed and three of them con-

structed: Daya Bay (China) [28, 29], Reactor Experiment for Neutrino Oscillation

(RENO, South Korea) [30] and Double-Chooz (France) [31]. In addition, Kamioka

Liquid Scintillator Antineutrino Detector (KamLAND, Japan) was built earlier and

started data-taking in 2002. Daya Bay, RENO and Double-Chooz are similar in

their setup: the near detectors have baselines O(100) m while the far detectors are

O(1) km from the reactors. The design of the far and near detectors is similar, which

allows the experiments to drastically reduce systematic uncertainties6. In addition,

these three experiments are designed with a gadolinium doped liquid scintillator tar-

get surrounded by non-doped scintillator which is used to detect the gamma from

the neutron capture. This allows the experiments to measure the reactor angle via

the survival probability of the anti-electron neutrinos, which is largely independent

of the other mixing angles

P (νe → νe) ≈ 1− sin2 2θ13 sin

(
∆2m31L

4Eν

)
, (1.3.15)

where Eν is the energy of the neutrino and L is the baseline distance. These experi-

ments were instrumental in the precision measurement of θ13 [29], which is the best

measured mixing angle to date.

6Especially if those uncertainties are associated to the flux.
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1.3.3 Solar Parameters: θ12 and ∆msol

Although neutrino physics is often considered as particle physics, the study of solar

neutrinos is directly connected with the study of the sun. There are two key thermo-

nuclear processes which produce solar neutrinos: the pp-chain starting with proton-

proton fusion and the Carbon-Nitrogen-Oxygen cycle that fuses heavier elements.

The reactions that dominate the solar neutrino production are the following

p+ p→ 2H + e+ + νe,

p+ e− + p→ 2H + νe,

7Be + e− → 7Li + νe,

8B→ 8Be∗ + e+ + νe,

and energy of the neutrinos may vary depending on their production mode. How-

ever typically solar neutrinos are of the MeV energy scale. These neutrinos, and

their deficit, were first measured by the radio-chemical experiment Homestake [10]

in 1968. In the subsequent decades several other gallium-based experiments, such

as GALLEX [32], GNO [33] and SAGE [34], also confirmed this deficit.

The resolution of this solar neutrino problem came from improved understand-

ing of neutrino oscillations and application of the MSW effect. The MSW effect

arises as neutrinos born in the centre of the sun, with the greatest matter density,

must propagate to the surface through a decreasing matter density. For high-energy

neutrinos (> 5 MeV), interactions with electron-dense solar matter causes resonant

conversion between the mass states and reduces the neutrino flux by approximately

one third, while for lower-energy neutrinos, the oscillation length is shorter than

the size of the solar core and therefore the MSW effect is averaged, resulting in a

flux half of what is expected. After many years of measuring a lower than expected

flux of solar neutrinos, experiments SK and SNO unambiguously solved the solar

neutrino problem by proving the νes were oscillating to other flavours.

Although the solar neutrino experiments were crucial, a terrestrial experiment

with laboratory conditions was essential to improve the precision in the measurement
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Figure 1.2: Current results from T2K shows slight preference for maximal CP-

violation [35].

in the solar parameters. For this purpose, KamLAND was constructed in Japan.

KamLAND detects MeV-scale reactor neutrinos at a baseline of 180km using liquid

scintillator technology. Using global fit data from all solar neutrino experiments, the

best fit values of the solar parameters are ∆msol ' 7.49×10−5eV2 and θ12 ' 33.72◦.

1.3.4 Leptonic CP-Violation

With the precision measurement of θ13 ' 8.5◦, it is possible to explore leptonic

CP-violation from δCP at upcoming oscillation facilities7. To date, the 3σ interval

of this phase allows for both CP-conservation and maximal CP-violation.

7Note that in oscillation probabilities, δCP is always associated to θ13 and therefore if this angle

was zero then neutrino and anti-neutrino oscillations would be equal.
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Currently, T2K is searching for the effects of this phase via comparison of the

oscillation probability of νµ → νe and νµ → νe. There has been exciting recent news

from T2K showing a slight preference for maximal CP-violation as can be seen in

Fig. 1.2 [35].

In order to improve the precision in the measurement of this observable, two ex-

periments have been proposed: Deep Underground Neutrino Experiment (DUNE)

will utilise the νµ beam produced at Fermilab and its far detector will be based

1300km away in South Dakota. The detector will use state-of-the-art Liquid Argon

Time-Projection Chamber (LArTPC) technology for the neutrino detector planned

at the far site. Likewise, Tokai-to-Hyper-Kamiokande (T2HK) has been proposed as

the successor to T2K with similar water Cherenkov technology but with a detector

volume of 250 kton. Both of these detectors, and their capabilities, are discussed at

length in Section 2.4.2.

If neutrinos are Majorana particles, there are two phases in addition to δCP.

However, these phases cannot be measured at oscillation experiments and it will be

a formidable task to constrain them using neutrinoless double-beta decay, which will

be further discussed in Section 2.4.4.

1.3.5 Mass Ordering

The neutrino mass spectrum may be ordered in two possible ways as illustrated in

Fig. 1.3. In the case of normal ordering the masses are ordered such that m1 < m2 <

m3, while in the case of inverted ordering, m3 < m1 < m2. The difference between

the mass ordering and mass hierarchy is related to the absolute neutrino mass scale

and normal and inverted hierarchy are defined as m1,m2 � m3 and m3 � m1,m2

respectively.
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normal ordering (NO) inverted ordering (IO)
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2

m2
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�m2
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⌫e

⌫µ

⌫⌧

Figure 1.3: Normal (Inverted) ordering is shown on the left (right) diagram.

1.4 Neutrino Masses

As discussed in Section 1.2, there is overwhelming evidence that neutrinos oscillate

and are therefore massive. The origin of neutrino mass is unknown and remains

a central issue of neutrino physics. The nature of neutrinos, whether they are

Dirac or Majorana particles, is intimately connected with their mass generation.

For this purpose, we shall discuss Dirac and Majorana fermions in Section 1.4.1

before we proceed to discuss different neutrino mass mechanisms in Section 1.4.2

and Section 1.4.3.

1.4.1 Dirac and Majorana Fermions

• Dirac Fermions

The Lie algebra of the Lorentz group, SO(3, 1), is isomorphic to SU(2)×SU(2).

This has the consequence that any representation of the Lorentz algebra can

be described by its transformation under SU(2) × SU(2) whose irreducible

representations are labelled as (j1, j2) where j1, j2 = ±1/2. Importantly, in

the language of chiral fermions [36], this means a left-handed chiral fermion

is a doublet of one SU(2) factor and a singlet of the other and vice versa

for a right-handed chiral fermion. Both of these states are known as Weyl

fermions. Weyl fermions are the minimal fermionic degree of freedom and

hence are the building blocks of Dirac and Majorana fields. This is because any

fermionic field transforms under the following representation (1/2, 0)+(0, 1/2)

of SU(2)× SU(2).
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To begin our discussion of Dirac fermions, we will first define the Dirac matrices

in the chiral representation

γ0 =

 0 −1
−1 0

 , γi =

 0 σi

−σi 0

 and γ5 =

1 0

0 −1

 , (1.4.16)

where σi are the Pauli matrices and from Eq. (1.4.16), we define the left and

right-handed projection operators

PL =
1− γ5

2
and PR =

1+ γ5

2
, (1.4.17)

respectively. We may consider a generic bi-spinor, Ψ, which is composed of

two Weyl spinors, ξ and η. To identify the chiral components of the bi-spinor,

the projection operators must be applied in the following manner

ΨL = PLΨ =
1− γ5

2

ξ
η

 =

0

η

 and ΨR = PRΨ =
1+ γ5

2

ξ
η

 =

ξ
0

 .

(1.4.18)

Applying the free Dirac equation to the bi-spinor we find

(iγµ∂
µ −m) Ψ = 0, (1.4.19)

which may be decomposed in terms of the chiral components as

iγµ∂
µΨL = mΨR and iγµ∂

µΨR = mΨL. (1.4.20)

Note the two Weyl spinors are mixed by the mass term of the Dirac equation

and in the massless limit, we recover two uncoupled equations for each Weyl

fermion. Regardless, the Dirac spinor may be written in terms of the chiral

components

Ψ = ΨL + ΨR, (1.4.21)

where the Dirac mass term is given by

m(ΨLΨR + ΨRΨL) with Ψ ≡ Ψ†γ0. (1.4.22)
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To summarise the Dirac fermion, Ψ, is a combination of two Weyl fermions

where each Weyl fermion is labelled by chirality. Consequently, the Dirac

spinor has four real degrees of freedom8.

• Majorana Fermions

Without loss of generality, the charge conjugation operator may be written as

C = iγ0γ2. (1.4.23)

The generic approach to define Majorana fermions is to start from the Majo-

rana condition, which constrains the bi-spinor to be equivalent to its conjugate

Ψ = ΨC = κCΨ
T
, (1.4.24)

where κ is an arbitrary phase which may be absorbed by rephasing Ψ. Apply-

ing the condition of Eq. (1.4.24) to the bi-spinors we find

Ψ = ΨC = κCΨ
T

=⇒

ξ
η

 = i

 0 σ2

−σ2 0

ξ∗
η∗

 . (1.4.25)

Eq. (1.4.25) allows the bi-spinor to be expressed as a function of a single Weyl

spinor

Ψ =

iσ2η
∗

η

 . (1.4.26)

As can be seen from Eq. (1.4.26), the Majorana fermion has only two degrees

of freedom coming from the single Weyl fermion, η. From Eq. (1.4.26), we can

derive the relation between the chiral components of Ψ

ΨL = CΨR
T

and ΨR = CΨL
T
. (1.4.27)

This means the Majorana fermion may be defined purely in terms of the left-

handed chiral component

Ψ = ΨL + CΨL
T
, (1.4.28)

which has the corresponding mass term

1

2
m(ΨL

C
ΨL + ΨLΨC

L). (1.4.29)

8At first glance it would seem to be eight (four real d.o.f. from each Weyl spinor), however four

d.o.f. may be eliminated from equations of motion.
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1.4.2 Dirac Mass

In the following we will (mostly) follow the conventions of [37]. As seen in Eq. (1.4.22),

the Dirac mass connects two distinct chiralities of Weyl fermion. For a single gen-

eration of neutrino, a Dirac mass connects an active neutrino (νL) and a sterile

neutrino (NR)9.

− LD = mD

(
νLNR +NRνL

)
= mDνDνD, (1.4.30)

where νD = νL+NR is the Dirac field. From the global re-phasing, νL/NR → eiθνL/R,

it is evident that lepton-number is conserved. The Dirac mass of Eq. (1.4.30) may

be generated when the Higgs acquires a vacuum expectation value (VEV), 〈φ〉 =(
0, vH/

√
2
)

and the effective neutrino mass is given by

yνvH/
√

2, (1.4.31)

where yν is the Yukawa coupling and vH = 246 GeV. There persists the question

of why the neutrino mass is so small compared with the other Standard Model

(SM) fermion masses. If we compare the neutrino Yukawa to the top (tau) there

are twelve (nine) orders of magnitude difference and such strong disparity in mass

scales is thought to be rather unnatural10. For these reasons, it is a widely held

belief there is an alternative mechanism of neutrino mass generation.

1.4.3 Majorana Mass

A Majorana mass term, as shown in Eq. (1.4.29), is rather economical as it uses

only a single Weyl fermion

− LM =
mM

2

(
νLν

C
R + h.c

)
=
mM

2

(
νLCνL

T + h.c
)

=
mM

2
νMνM (1.4.32)

and describes the transition between a left-handed neutrino and a right-handed anti-

neutrino (its CPT conjugate). Unlike the previous case, the Majorana mass violates

9The sterile neutrino we refer to is also known as a right-handed neutrino. This particle is an

SU(2)L singlet and has not been observed as yet.
10This argument should be taken with a pinch of salt as we do not understand the hierarchy

between the top and electron mass.
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lepton number by two units. In the final expression of Eq. (1.4.32) the Majorana

neutrino, νM = νL + νCR , is self-conjugate and therefore is its own anti-particle.

Because of this property, such a particle could mediate neutrinoless double-beta

decay, which is discussed at length in Chapter 2. It is worth noting that the sterile

neutrino will have a Majorana mass (unless there is a symmetry strictly forbidding

such a term) as this is completely consistent with SM gauge symmetries

− LS =
mS

2

(
NL

C
NR +NRN

C
L

)
. (1.4.33)

1.4.4 Majorana Mass and Dirac Mass Terms

If active and sterile neutrinos are present, both Dirac and Majorana masses are

allowed. For a single generation of neutrino, the Lagrangian in the weak basis is

written as

− L =
1

2

(
νL
′ NC

L

′
)mM mD

mD mS

νCR ′
NR
′

+ h.c, (1.4.34)

where the primed superscript refers to the flavour/weak eigenstates and each mass

term is summarised as follows

• mD: Dirac with |∆L| = 0,

• mM : Majorana with |∆L| = 2,

• mS: Majorana with |∆L| = 2.

Unitary transformations may be applied to rotate from the flavour to mass eigen-

states ν1L

ν2L

 = Uν
L
†

 νL
′

NC
L
′

 , and

νC1R
νC2R

 = Uν
R
†

νCR ′
NR
′

 , (1.4.35)

and diagonalise the mass matrix of Eq. (1.4.34) via the following transformation

Uν
L
†

mM mD

mD mS

Uν
R =

m1 0

0 m2

 (1.4.36)

where m1,m2 are the Majorana mass eigenvalues which correspond to the mass

eigenstates νiM = νiL + νCiR, i = 1, 2. There are several important limiting cases of

Eq. (1.4.34):
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• Majorana: mD = 0. The mass matrix of Eq. (1.4.34) is diagonal and m1 =

mM and m2 = mS.

• Dirac: mM = mS = 0. The mass eigenvalues are m1 = mD and m2 = −mD.

• Pseudo-Dirac: mD � mM ,mS. The mass eigenstates are a small perturba-

tion from the Dirac mass m1,2 = mD ± (mM +mS) /2.

• Seesaw: mS � mD,mM . A particularly interesting case will be mS � mD

and mM = 0. The corresponding mass eigenvalues are m1 = m2
D/mS and

m2 = mS and therefore we have one light state suppressed by the heavy,

sterile state. This is the well-known seesaw mechanism. This mechanism is

important as it will provide a plausible explanation of small neutrino masses

(and possibly the baryon asymmetry) without invoking very small Yukawa

couplings.

1.5 The Seesaw Mechanism

As previously discussed, the generation of Majorana masses requires lepton-number

to be violated. In order to construct lepton-number violating operators, which

respect SM gauge symmetries, we will consider higher dimensional operators con-

structed from SM fields. Taking such an effective-field theory approach, the lowest

order non-renormalisable operator to fulfil these criteria is the well-known Weinberg

operator [38]

O5 =
λ

Λ

(
LLφ̃

)(
φ†L̃R

)
, (1.5.37)

where flavour indices have been suppressed, λ is a dimensionless coefficient, Λ is the

New Physics scale and where the leptonic and Higgs doublets are written as

LL =

νL
eL

 , L̃R =

 eCR

−νCR

 , φ =

φ+

φ0

 , φ̃ =

 φ0†

−φ−

 . (1.5.38)

After electroweak symmetry breaking (EWSB), a Majorana mass term for the left-

handed neutrinos is generated, mν = λv2
H/Λ. An attractive feature of such an ap-

proach is that the small neutrino masses are the result of integrating out New Physics
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Figure 1.4: Feynman diagram of the three seesaw mechanisms.

at the high-energy scale. We will see there are three possible ways to ultra-violate

(UV) complete this operator at tree-level and they correspond to type-I, II and III

seesaw mechanisms.

1.5.1 Type-I

Type-I seesaw [39–42] introduces fermionic singlets, namely sterile neutrinos, as the

seesaw mediators. In order to explain active neutrino masses minimally two sterile

neutrinos are introduced11. These particles are singlets of the SM gauge group but

couple to leptons and SM Higgs via a Yukawa term. For illustration, we will consider

only one generation of neutrinos and therefore omit flavour indices. The mass terms

for such a setup are written as

− L =
1

2

(
νL
′ NC

L

′
) 0 mD

mD mS

νCR ′
NR
′

+ h.c, (1.5.39)

The mass eigenvalues are given by

m1,2 =
mS

2
±
√(mS

2

)2

+m2
D. (1.5.40)

As the mass of the sterile neutrinos is not protected by any SM symmetry, it can

be very large. The seesaw mechanism causes one mass eigenvalue to be light, via

11It is consistent with experimental observation that the lightest neutrino is massless and there-

fore only two sterile neutrino species are needed in the seesaw setup.
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suppression by the sterile neutrino mass, and one to be heavy

m1 ∼
m2
D

mS

, m2 ∼ mS with mD =
yνvH√

2
. (1.5.41)

If we assume yν ∼ O(1) and mν ∼
√

∆matm ∼ 0.05 eV, this implies mS ∼ 1013 GeV,

which is close to the GUT scale. Such heavy degrees of freedom may be integrated

out and lead to the Weinberg operator as discussed earlier. Generalising the above

discussion to three generations of light and heavy neutrinos, m1, is now a complex,

symmetric 3× 3 matrix which is diagonalised by the PMNS matrix.

1.5.2 Type-II

In the type-II seesaw [43–48], the SM is enlarged by an SU(2) scalar triplet

∆ =

∆+
√

2
∆++

∆0 −∆+
√

2

 . (1.5.42)

The corresponding terms added to the SM Lagrangian are

− L∆ =
(
Y∆LCiσ2∆L+ h.c

)
−
(
µ∆φ̃T∆∗iσ2φ+ h.c

)
−m2

∆Tr
(
∆†∆

)
, (1.5.43)

where Y∆ is a symmetric Yukawa matrix, m∆ is the mass scale of the triplet and

µ∆ is a parameter of unit mass dimension which characterises the lepton number

violation. Again, we have suppressed flavour indices for ease of notation. The scalar

triplet may be integrated out leading to the Weinberg operator with the following

coefficient

C = Y∆
µ∆

M2
∆

, (1.5.44)

and subsequently after EWSB the neutrino mass matrix is written as

mν = Y∆v
2
H

µ∆

M2
∆

. (1.5.45)

The first key difference between type-II and the other varieties of seesaws is that mν

is a linear function of the Yukawa matrix, not quadratic. This has the effect that

measurement of mν would reveal the flavour structure of the high-scale theory. A

second crucial difference is the introduction of two associated mass scales: µ∆ and

m∆. For Y∆ ∼ 1, the scale of neutrino mass generation is approximated by

Λ∆ =
M2

∆

µ∆

. (1.5.46)
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For Λ∆ ∼ 1013 GeV and µ∆ ∼ 10−6, the mass of the scalar may be around the TeV

scale.

1.5.3 Type-III

Type-III [49–52] involves the addition of a fermionic SU(2) triplet to the SM particle

spectrum

Σ =

 Σ0
√

2
Σ+

Σ− −Σ0
√

2

 . (1.5.47)

The interactions of the new triplet is described by the Lagrangian

− LΣ =
√

2YΣLΣφ̃+
1

2
MΣTr

(
ΣCΣ

)
+ h.c, (1.5.48)

where again we have suppressed generational indices. Analogously to the type-I

scenario, the light neutrino mass eigenvalue is

mν ∼
YΣY

T
Σ

mΣ

. (1.5.49)

1.5.4 Inverse Seesaw

The seesaws of type-I, II and III offer a plausible explanation of light neutrino

masses. However, a priori, the mass scale of the mediators could be very high. From

a phenomenological perspective it would be interesting to explain neutrino masses

with TeV scale physics. The Inverse seesaw [53–55] offers such possibility. In its

minimal implementation it requires the introduction of two sets of fermionic singlets,

NR and N ′R, which couple to the left-handed SM neutrinos via the following mass

matrix in the (νL, NR, N
′
R) basis

mISS =


0 mD 0

mD µN mN

0 mN µN ′

 . (1.5.50)

Naturally, for three generations of NR and N ′R, mISS is a 9×9 matrix. Note that the

parameters µN and µN ′ are natural in the sense as they tend to zero, the symmetry

of the theory is enhanced and lepton number is conserved. In the limiting regime
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where µN , µN ′ � mN , µD the mass eigenvalues are given by

m1 =
m2
D

m2
D +m2

N

µN ′ and m2,3 = ±
√
m2
N +m2

D +
m2
NµN ′

2 (m2
D +m2

N)
+
µN
2
. (1.5.51)

The smallness of neutrino masses is directly connected with the smallness of lepton-

number violating parameter µN ′ . In the regime, µN , µN ′ � µD � mN , then the

light neutrino mass is given by

mν ∼
mT
DµN ′m

T
D

MT
RMR

. (1.5.52)

Because the smallness of the light neutrino mass is controlled by µN ′ , MR may be

TeV scale and Yν ∼ O(1); crucially, this means sterile-active mixing may be non-

negligible and the sterile states may sufficiently light such that they can be searched

for at colliders.

As theoretically appealing as the seesaw mechanism may be, the origin of neu-

trino masses has not yet been confirmed and thus it is important to consider al-

ternative explanations. It is possible the neutrino masses are generated radiatively.

Neutrino masses may be small and indeed the lepton-number violating scale may be

low, due to loop integrals [56–61]. Moreover, there have been proposals that neu-

trino masses stem from effective operators with mass dimension greater than five

[62–65], from non-hermitian Yukawa matrices [66] or large-extra dimensions [67, 68].

1.6 Motivation and Outline of this Thesis

The SM explains the behaviour of visible matter remarkably well. However, there

are a number of observational and aesthetical inconsistencies of this theory which

demands New Physics. Perhaps the most immediate issues can be found when one

considers the energy composition of the Universe: only 5% is comprised of ordinary,

visible matter whose behaviour is governed by the SM. Approximately 72% of the

Universe is comprised of Dark Energy, the mysterious energy needed to drive the

accelerated expansion of the Universe. A further 23% of the cosmic energy budget is

attributed to dark matter, whose composition and cosmic origin remain unknown.
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Moreover, the asymmetry between matter and its counterpart, anti-matter, also

remains a mystery. Other problems of the SM which include

• The observation and origin of non-zero neutrino masses,

• The presence of scale-invariant and acausal density perturbations consistent

with a period of rapid inflation,

• The disparity between the electroweak and Planck scale,

• The strong CP-problem,

• The structure of fermionic masses and mixing,

amongst others. In this thesis, we shall primarily focus on the Flavour Problem

which asks the question: are the parameters of the flavour sector (in particular the

lepton sector) free parameters or do they exhibit structure? In this direction, we

shall apply a Non-Abelian discrete and a generalised CP symmetry to the lepton

sector in order to predict the structure of leptonic mixing. Such an approach was

initially motivated, pre-reactor neutrino data, from the observation that the entries

of the PMNS matrix resembled Clebsch-Gordon coefficients of non-Abelian discrete

groups such as symmetric, alternating or dihedral groups. In addition, if the dis-

crete groups have three-dimensional irreducible representations then this allows the

leptonic doublets to be unified into a single representation of the group and thereby

motivates the existence of three-generations. A particularly appealing aspect of

the approach we shall consider in Chapter 2 and Chapter 3 is that a UV-complete

flavour model need not be specified; a consideration of the high-scale non-Abelian

and low-scale Abelian residual symmetries is all that is needed. Moreover, sum

rules or correlations between observables are predicted from the particular choice of

symmetries and this allows the flavour-symmetric models to be tested at upcoming

oscillation facilities. We shall discuss the testability of such correlations at length.

Although there is a plethora of literature on the flavour models, there is a definite

paucity in the study of the associated cosmology of such models. In Chapter 4,

we discuss a new mechanism of leptogenesis (via lepto-bubbles) which has explicit
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connections with leptonic flavour models and neutrino observables. Although we

postulate neutrino masses derive from the Weinberg operator, and thereby assume

neutrinos to be Majorana particles, it is not necessary to specify the particular

completion of this dimension-five operator. The lepton asymmetry is generated from

a phase transition which is strongly motivated by the breaking of an underlying

flavour symmetry. During this phase transition, the coefficient of the Weinberg

operator is time-dependent and the lepton asymmetry arises from the interference

of the Weinberg operator at different times. To calculate the lepton asymmetry we

apply the Closed-Time Path formalism which allows for a derivation of the kinetic

equations from the first principles of quantum field theory. In addition, such a

calculation incorporates memory-effects. There remains a number of interesting

aspects of this mechanism to further explore and we present several possibilities

before we summarise and conclude in Chapter 5.
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Chapter 2

Mixing Angles and Phase

Predictions from A5 with

Generalised CP and their

Phenomenological Implications

2.1 Leptonic Flavour Models

The SM contains 18 free parameters:

• Nine fermion masses.

• Three CKM mixing angles and one phase.

• One electromagnetic, one strong and one weak coupling.

• Vacuum expectation value and mass of the Higgs.

Minimally extending the SM to include neutrino masses and mixing, adds seven

(possibly nine depending on the nature of neutrinos) additional parameters and

highlights the puzzling flavour structure of the quark and lepton sectors and the

stark difference between the two. In short, quark masses are hierarchical and mix-

ing is small while neutrino masses are rather degenerate and mixing is large as has

been illustrated in Fig. 2.1. Generically, there are two ways to tackle the flavour
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leptonic mixing matrix quark mixing matrix

Figure 2.1: A pictorial representation of leptonic and quark mixing where the mag-

nitude of the coloured square represents the magnitude of the CKM/PMNS matrix

entry.

problem: either we assume the structure of mixing manifests from a symmetric prin-

ciple or results from random, unbiased unitary matrices (henceforth referred to as

the anarchy paradigm [69–71]). The physical intuition behind the latter approach

is that the high-energy theory may be so complex and contain so many parameters

all that can be observed at the low-scale is a statistical fluctuation in the magnitude

of the mixing angles. Although anarchy agrees relatively well with leptonic mixing

data, it is incompatible with quark mixing.

If an underlying flavour symmetry exists it may be continuous or discrete. In [72,

73], the authors explained the structure of masses and mixing, in both the quark

and lepton sectors, via the flavour symmetry U(2) ∼= SU(2) × U(1), where the SM

fermions are assigned to doublets and singlets of this group respectively. However,

this assignment implies the chosen flavour symmetry group cannot explain why there

are three generations. There have been other applications of continuous flavour sym-

metries such as SU(3) [74, 75], where fermionic masses are explained via the VEVs of

scalar which are SM-singlets but charged under the flavour symmetry. These scalars

are known as flavons and are pervasive throughout flavour model-building and also

appear in the prolifically used Froggatt-Nielsen mechanism [76]. This mechanism

explains the hierarchy of the fermionic masses by assuming a U(1) under which each
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of the fermions is charged differently. The role of the flavon is to break the U(1)

symmetry with its VEV, 〈vFN〉. This breaking affects the fermions at different order

in the small parameter ε = 〈vFN〉/M∗, where M∗ is the flavour dynamics scale which

is set by integrating out heavy fermions.

These are just a few approaches which attempt to solve the flavour problem; in

the remainder of this work we will particularly focus on the application of discrete,

Non-Abelian flavour symmetries in the lepton sector.

Prior to 2012, before θ13 has been measured [28–30, 77, 78], many classes of dis-

crete symmetry flavour models predicted bi-maximal (BM) [79–82], tri-bimaximal

(TBM) [83, 84] or GR (golden ratio) [85] mixing which result from using small

flavour groups such as A4, A5 and S4 (an in-depth review of discrete groups can be

found in [86]). In these flavour models the larger non-Abelian flavour group (for ex-

ample A4) is broken into residual symmetries groups in the charged lepton (Z3) and

neutrino (Z2) sectors. Subsequently, the combination of the low-scale symmetries

constrain leptonic mixing and in this case TBM mixing is achieved. To accom-

modate post-2012 experimental data, these flavour models could slightly break the

residual symmetry in the neutrino or charged lepton sector via higher-dimensional

flavon operators. There have been many studies where corrections to leading order

mixing patterns have been investigated [87–92]. In addition, larger groups such as

∆(96) [93, 94], ∆(150) [95], ∆(600) [96] and ∆(1536)[97], were also used to be con-

sistent with leptonic mixing.

In general, there are two possible implementations of flavour symmetries and

they are often referred to as direct and semi-direct (e.g. see [86]). The distinction

between the two approaches is the low-energy residual symmetry of the Majorana

mass matrix: in the direct approach the Klein group, Z2 × Z2, is a subgroup of

the underlying flavour symmetry whilst in the semi-direct approach, Z2 emerges as

a residual symmetry of the flavour group. In the semi-direct models a continuous

parameter is introduced, derived from the freedom to rotate in the degenerate sub-

July 24, 2017



2.1. Leptonic Flavour Models 29

space of the neutrino residual symmetry, allowing the prediction of a non-zero θ13.

There are several attractive features of implementing such an approach: firstly a

UV-complete theory is not necessary in order to predict leptonic observables [98–

104]. Secondly, correlations between the observables can be derived and provide

specific signatures which allow the comparison of a range of models to experimental

data [100–107].

These models can successfully predict mixing angles consistent with data and a

Dirac phase, δ. However, due to the constraints imposed on the mass matrices used

to construct the PMNS matrix, a number of degrees of freedom cannot be elimi-

nated and therefore these models cannot predict Majorana phases. By extending the

flavour group to include generalised CP (gCP) symmetry, the three mixing angles

and three phases can be determined using a small number of input parameters [108].

This idea of combining CP with a flavour symmetry is not a recent one and was

originally discussed in [109–113] together with a µ-τ symmetry. There have been

a number of interesting works on the consistent relation between gCP and flavour

symmetry [108, 114, 115] and many plausible groups have been studied such as A4

[108, 116], S4 [108, 117–119], ∆(96) [93, 94], ∆(150) [95], ∆(600) [96], ∆(1536)[97],

∆(3n2) [120], ∆(6n2) [120, 121] and A5 [1, 122, 123].

The work presented in this chapter follows that of [1] where an A5 flavour sym-

metry is assumed in conjunction with a generalised CP-symmetry. In Section 2.2

and Section 2.2.3 we explain the assumptions behind the theoretical framework and

define necessary group theoretic terms. In Section 2.3 we focus on the predictions,

present some simplified relations between leptonic mixing observables and highlight

interesting phenomenological signatures. Finally, in Section 2.4 we investigate the

testability of such correlations at upcoming reactor, accelerator and neutrinoless

double-beta decay experiments.
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2.2 Theoretical Framework

There are two key assumptions applied throughout this section. First, we assume

neutrinos are Majorana in nature and therefore the leptonic mass terms of the low-

energy effective theory are given by

L = (eL)α(m`)αβ(eR)β + (eR)α(m†`)αβ(eL)β+
1

2
(νcL)α(mν)αβ(νL)β +

1

2
(νL)α(m†ν)αβ(νcL)β,

(2.2.1)

where Greek subscripts denote flavour indices and the mass matrices are 3× 3 and

complex-valued. Second, we conjecture the existence of a finite, discrete flavour

symmetry, Gf , at the high-energy scale. The purpose of this symmetry is to unify

the three flavours of leptonic doublets into a single mathematical structure, namely

a three-dimensional irreducible representation of the flavour group, Ψ. The flavour

group acts on Ψ such that

Ψ→ ρ(g)Ψ, (2.2.2)

where ρ(g) is a three-dimensional unitary representation of the group element g ∈
Gf . The non-Abelian flavour symmetry must be broken at the low-energy scale

as leptonic masses are distinct. This implies that if a flavour symmetry is opera-

tional in the high-energy regime then only its Abelian residual symmetries would

be observable at the scale of mass generation. Therefore, we assume that the non-

Abelian flavour symmetry is broken into Abelian residual symmetries of the charged

lepton, G`, and the neutrino sector, Gν respectively. For the group elements g` ∈ G`

and gν ∈ Gν , the charged lepton and neutrino fields transform under the residual

symmetries according to

eL → ρ (g`) eL and νL → ρ (gν) νL, (2.2.3)

where generational indices have been suppressed. These transformations enforce the

following constraints on the charged lepton and neutrino mass matrices

m`m
†
` = ρ (g`)

† (m`m
†
`)ρ (g`) , (2.2.4)

mν = ρ (gν)
T mνρ (gν) . (2.2.5)

To deduce the possible forms of the residual symmetries, we must consider the

largest possible symmetry of each sector and the structure inherited from the larger
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non-Abelian flavour group. In the basis of a diagonal charged lepton mass matrix,

the largest symmetry of this sector is U(1)3. This derives from the freedom to

rephase each generation of the charged leptons. The most general discrete residual

symmetry of this sector must be a subgroup of U(1)3 and is therefore a direct product

of cyclic groups, Zn. In contrast, the largest symmetry of the Majorana neutrino

mass matrix is the Klein group (K4), which is significantly more constrained. This

conclusion follows from the fact that the diagonalised neutrino mass matrix is left

invariant by the following transformation

KT
n,mm

diag
ν Kn,m = mν

diag where Kn,m =


−1n 0 0

0 −1m 0

0 0 −1n+m

 , (2.2.6)

where n,m = 0, 1. The four possible combinations of n and m correspond to the

four elements of K4. Explicitly, in this representation, the four group elements are

K0,0 =


1 0 0

0 1 0

0 0 1

 , K1,0 =


−1 0 0

0 1 0

0 0 −1

 , K0,1 =


−1 0 0

0 1 0

0 0 −1



and K1,1 =


−1 0 0

0 −1 0

0 0 1

 .

(2.2.7)

However, in the basis where the charged lepton mass matrix is diagonal (mν is

non-diagonal) the elements of K4 are clearly non-diagonal and are given by

Kn,m = U∗PMNSKn,mU
T
PMNS. (2.2.8)

In a few lines [86], we verify the invariance of mν under Kn,m

Kn,m
T
mνKn,m = UPMNSK

T
n,mU

†
PMNSmνU

∗
PMNSKn,mU

T
PMNS

= UPMNS

(
KT
n,mm

diag
ν Kn,m

)
UT
PMNS

= UPMNSm
diag
ν UT

PMNS

= mν .

(2.2.9)
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Hence, we conclude the symmetric Majorana neutrino mass is left invariant by K4 or

a subgroup thereof, namely Z2. In the remainder of this discussion, we will consider

the residual flavour symmetry of the neutrino sector to be Z2.

2.2.1 Group Theory Definitions

In this short interlude, we define the necessary group theoretic terms to clarify their

usage in proceeding sections.

• Group homomorphism Let G and G′ be two groups. A map f of group G

into G′ is a homomorphism if the following property holds

f(ab) = f(a)f(b), (2.2.10)

∀a, b ∈ G. From this definition, the identity elements of G and G′ are identified

and inverse elements of G are mapped to inverse elements of G′. Therefore, a

homomorphism is a mapping that preserves the group structure.

• Automorphism A bijective (one-to-one and onto) homomorphism from the

group G to itself is an automorphism. This is a way of mapping a group to

itself whilst preserving its structure.

• Automorphism Group The automorphism group is the group of automor-

phism of G under composition. We will denote this group as Aut(G).

• Inner Automorphism The automorphism fC : G → G where fC(x) =

gxg−1 ∀x ∈ G, is the inner automorphism of G by g. The action of fC on x

is called conjugation of x by g.

• Conjugacy Class The group elements which are related by conjugation with

a group element form a conjugacy class.

• Inner Automorphism A subgroup H of group G is normal if the following

condition is satisfied

H = g−1Hg ∀g ∈ G. (2.2.11)

This is equivalent to stating H is invariant under all inner automorphisms.
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• Quotient Group For a normal subgroup N in group G, the quotient group

is the set of all left cosets of N in G given by

G/N := {gN, g ∈ G}. (2.2.12)

G/N is the quotient group of G by N . An intuitive way of understanding the

the quotient group G/N is collapsing all of N to the identity element in G.

• Centre The centre of group G, denoted as Z(G), is the set of all elements in

G that commute with all other elements in G. By definition, Z(G) is a normal

subgroup of G. Moreover, the inner automorphism group can be found in the

following manner

Inn(G) ∼= G/Z(G). (2.2.13)

• Outer Automorphism An automorphism in Aut(G) that is not inner is an

outer automorphism. The outer automorphism group can be constructed using

the following quotient group

Out(g) = Aut(g)/Inn(G). (2.2.14)

2.2.2 Generalised CP Symmetry

In addition to the non-Abelian flavour symmetry operational at the high-energy

regime, we assume the presence of a generalised CP (gCP) symmetry1. This sym-

metry parity transforms and charge-conjugates the field as well as acting on its

generational indices [124]. The gCP transformation acts on the multiplet of fields,

Ψ, such that

Ψα → XαβΨC
β , (2.2.15)

where Xαβ is assumed to be unitary in order to preserve the kinetic terms of the

Lagrangian and ΨC denotes the CP-conjugate of Ψ. The gCP transformation is

involutary meaning that two gCP transformations are equivalent to the identity:

XX∗ = 1. It is worth noting this condition, together with the unitary constraint,

1The presence of this symmetry allows the Majorana phases to be predicted, as well as the

Dirac phase.
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implies X is also a symmetric matrix. In order for the gCP symmetry to leave

the Lagrangian invariant, the mass matrices must satisfy further constraints. The

gCP transformation swaps the hermitian conjugate terms in Lagrangian Eq. (2.2)

and subsequently the Lagrangian remains invariant if the following conditions are

satisfied

XTmνX = m∗ν , (2.2.16)

X†(m`m
†
`)X = (m`m

†
`)
∗. (2.2.17)

It has been demonstrated [117, 125] that if gCP remains unbroken at the low-energy

scale in both the charged lepton and neutrino sectors no CP-violating effects will

be observed. Therefore, we assume that gCP is broken in the charged lepton sector

and remains a preserved symmetry of the neutrino sector. To assure the consistency

of this assumption, the X matrix must map the elements of the neutrino residual

symmetry to themselves,

Xρ(gν)
∗X∗ = ρ(gν). (2.2.18)

To summarise, we assume a discrete flavour symmetry Gf and a gCP symmetry (im-

plemented by the X-matrix) at the high-energy scales. These symmetries are broken

to subgroup G` acting on the charged-lepton mass terms and another subgroup Gν

which along with the gCP symmetry acts on the neutrino mass terms. This leads to

a system of constraints which the mass matrices must fulfil: Eq. (2.2.4), Eq. (2.2.5),

Eq. (2.2.16) and Eq. (2.2.18). These constraints on the charged lepton and neutrino

mass matrices in turn constrain their diagonalising matrices and hence the PMNS

matrix. In this theoretical framework, details of the flavour model2 need not be spec-

ified in order to predict leptonic mixing observables: simply the high and low scale

symmetries. In Section 2.2.4, we demonstrate how such symmetry considerations

alone can be used to predict the PMNS matrix including the Majorana phases.

2A UV-complete model with a flavour-invariant scalar potential and a specific way of (sponta-

neously) breaking the flavour symmetry.
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2.2.3 Basic Group Structure of A5

Geometrically, A5 is the rotational symmetries of an icosahedron. More formally,

A5 is the alternating group of five elements which is the group of even permutations

of five objects. This implies the order of A5 is half the order of the symmetric group

of order 5 (as half the elements of a symmetric group are even and the other half

are odd) and therefore we determine the order of A5 to be

Ord(A5) =
Ord(S5)

2
=

5!

2
= 60. (2.2.19)

All 60 elements of A5 can be constructed from the following abstract presentation

〈S, T |S2 = T 5 = (ST )3 = 1〉, (2.2.20)

where S and T are the generators of the group and the relations are the combi-

nations of the generators which give the identity element. This group has been

employed as a flavour symmetry [126–128] and gives rise to golden-ratio (GR) mix-

ing: sin2 θ13 = 0, sin2 θ23 = 1/2 and tan θ12 = 1/ϕ where ϕ = (1 +
√

5)/2 is the

golden ratio.

For our purposes, the most important features of this symmetry group are the

three-dimensional representations. This is because we assume, at sufficiently high

energies, the leptonic doublets are assigned to a three-dimensional representation

of the group. There are two three-dimensional representations of A5: 3 and 3′.

We have chosen to work with the real representation of 3, however naturally the

conclusions we reach are representation-independent. In our chosen representation,

the generators S and T take the form

T =
1

2


1 −ϕ −ϕg
ϕ −ϕg −1

−ϕg 1 ϕ

 and S =


−1 0 0

0 −1 0

0 0 1

 , (2.2.21)

where ϕ the golden ratio and ϕg its Galois conjugate (ϕg =
(
1−
√

5
)
/2). A5 has

non-identity elements of order 2, 3 and 5 and has four conjugacy classes. For the

interested reader, further details can be found in the Appendix.
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2.2.4 PMNS Matrix from Symmetry Considerations

In Section 2.2 and Section 2.2.2 we investigated the transformation of fields, specifi-

cally charged lepton and neutrinos, under a flavour and gCP symmetry respectively.

These symmetries constrain the form of the corresponding mass matrices and con-

sequently the PMNS matrix.

Firstly, we shall derive U` from symmetry constraints. To begin with, we re-

express the first condition of Eq. (2.2.4) in the form of a commutator

[ρ(g`),m`m
†
`] = 0. (2.2.22)

As the unitary matrix ρ(g`) commutes with the hermitian matrix m`m
†
`, there must

exist a basis where these matrices are simultaneously diagonalisable [129]. This

implies there is a unitary matrix, U`, that simultaneously diagonalises both(
m`m

†
`

)
diag

= U †`m`m
†
`U` and ρ(g`)diag = U †` ρ(g`)U`, (2.2.23)

where
(
m`m

†
`

)
diag

and ρ(g`)diag are the diagonalised form of the mass and residual

symmetry matrices respectively. This statement of commutativity is powerful: by

computing the diagonalising matrix of the residual symmetry group element, ρ(g`),

we constrain the form of the mass matrix, m`m
†
`. In the scenario where ρ(g`) has

degenerate eigenvalues, i.e. is not full rank, then there does not exist a unique

diagonalising matrix of ρ(g`) but rather a complex rotation can be performed in

the degenerate eigenspace. With these considerations in mind, the most general

diagonalising matrix of ρ(g`) and m`m
†
` takes the form

U` = UeR` (ω, γ) , (2.2.24)

where Ue diagonalises ρ(g`) and R` (ω, γ) is an SU(2) rotation in the degenerate

eigenspace, if indeed such a subspace exists. In the neutrino sector, we have three

constraints to consider on the mass terms: the flavour symmetry, the gCP symmetry

and consistency between these two. Under a change of flavour basis, the matrix X

transforms in the following way

X → U †XU∗. (2.2.25)
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As X is unitary and symmetric we may apply the Takagi factorization which allows

us to express it as X = ΩΩT for some unitary matrix Ω. This implies we may choose

a basis where X becomes trivial [108]. This basis is not unique and the remaining

freedom can be used to further diagonalise ρ(gν). In such a basis, the constraint in

Eq. (2.2.16) implies the mass matrix is real

(
ΩTmνΩ

)
αβ
∈ R. (2.2.26)

As ρ(gν) is diagonal and commutes with this matrix, the mass matrix in this basis

must be diagonal up to a basis change in the degenerate subspace of ρ(gν). As it

is purely real, the most general additional basis transformation required to bring it

into diagonal form is a rotation in two dimensions

Uν = ΩRν(θ), (2.2.27)

where θ is the angle describing real rotation. There remains the possibility that the

diagonal mass matrix is not positive definite, in which case a diagonal re-phasing

must occur. As a consequence, the Majorana phases may only be predicted only up

to multiples of ±π. This will be explicitly shown in later sections. Combining the

results for the charged-lepton and the neutrino sector, the PMNS matrix is given by

UPMNS = ΦR`(φ, γ)U †eΩRν(θ), (2.2.28)

where R` and Rν denote two unspecified rotations (R` = 1 if ord (g`) > 2). We make

two further simplifications: Φ is removed by re-phasing the charged leptons, and we

note that the angles θ and φ need only be defined over the interval θ, φ ∈ [0, π), as

shifts by π can be absorbed by unphysical redefinitions of the complex phases.

2.2.5 Deriving X

The matrix, X, which implements the generalised CP symmetry must satisfyXX∗ =

1. Moreover, this transformation is related to a class-inverting automorphism of the

group [115],

∀g ∈ A5, ∃hg ∈ A5 s.t. (X∗ρ(g)X)∗ = ρ(h−1
g )ρ(g−1)ρ(hg), (2.2.29)
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where ρ is our chosen irreducible representation, generated by the matrices S and T .

To find the X matrices associated to physical gCP transformations we must apply

our knowledge of the automorphism structure of the group. The automorphism

group of A5 is S5. The next step is to identify the inner and outer automorphisms.

The inner automorphism group, Inn(A5), comprises those automorphisms which can

be represented by conjugation by a group element,

φh ∈ Inn(A5) ⇐⇒ ∀ g ∈ A5, φh(g) = h−1gh. (2.2.30)

This group can be found by considering the map from element (h ∈ A5) to inner

automorphism (φh(g) = h−1gh). Using the First Isomorphism Theorem we find

Inn(A5) ∼= A5/Z(A5) ∼= A5, (2.2.31)

where the final step uses the fact that the centre of A5 is trivial, Z(A5) = 1. Hence,

the inner automorphisms of A5 are given by A5 itself. The outer automorphism group

is the quotient of the full automorphism group by the inner automorphism group.

For A5 it follows from above that this is the unique group of two elements Z2. As

each element of A5 is conjugate to its inverse (such a group is said to be ambivalent)

finding X is simplified. For such groups, the class-inverting automorphisms are also

class-preserving. For the case of A5 we have a single non-trivial outer automorphism

to consider and this automorphism maps elements of order 5 from one conjugacy

class to the other. In this case, we conclude that the class-preserving automorphisms

are precisely the inner automorphisms. The constraint on X can then be simplified

∃h ∈ A5, ∀g ∈ A5 (X∗ρ(g)X)∗ = ρ(h−1)ρ(g)ρ(h), (2.2.32)

where the element h is the same for all elements g. Recalling we chose to work with

the real representation of the group and using the condition XX∗ = 1, an additional

simplification can be made such that

∀g ∈ A5 Xρ(g)X∗ = ρ(h−1)ρ(g)ρ(h),

which is equivalent to a commutation relation,

[ρ(h)X, ρ(g)] = 0.
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We invoke Schur’s lemma to deduce that as ρ(h)X commutes with all the elements

of A5 and must be a scalar matrix: ρ(h)X = λ1, for some complex constant λ.

Requiring that XX∗ = 1 constrains ρ(h2) = 1/|λ|2. By closure the group, we

conclude that λ is just a complex phase, λ = eiθ for θ ∈ R. Hence, h is an order

2 element and the most general form of X that implements an involutory class-

inverting automorphism for A5 is given by

X = eiθρ(h) s.t. ord(h) = 2. (2.2.33)

The consistency relation in Eq. (2.2.18) implies that the X matrix must commute

with the generator S of the residual Z2 symmetry in the neutrino sector. Therefore

not all choices of h can be consistently implemented, and there will be only three

non-trivial X matrices for any given S. These are the three elements of the Klein

group associated with S. If we work in the basis where this group is diagonal, we

find that

X23 = eiθ


1 0 0

0 −1 0

0 0 −1

 , (2.2.34)

and X12 and X13 can be defined as permutations of this matrix, where the row of

the negative entry is denoted by the subscript. It is necessary for us to find the basis

in which X is trivial. The necessary change of basis is given for Xij by Ωij, where

Ω12 = eiθ


i 0 0

0 i 0

0 0 1

 , Ω13 = eiθ


i 0 0

0 1 0

0 0 i

 and Ω23 = eiθ


1 0 0

0 i 0

0 0 i

 .

(2.2.35)

Due to the degenerate subspace in the Z2 generator, it remains possible that the

neutrino mass matrix is only block diagonal and requires an orthogonal transforma-

tion to fully diagonalise it. This rotation must be in the plane of the degenerate

subspace for the matrix S. Given these two elements, the most general form of the

matrix which maps between neutrino flavour and mass bases is given by

Uν = ΩR(θ), (2.2.36)
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where R(θ) is an orthogonal matrix effecting a rotation in either the 12-, 13- or

23-plane. We note that the overall phase of Ω has no physical effect and henceforth

will be set to zero.

2.3 Results from G` = {Z3, Z5, Z2 × Z2} and Gν =

Z2 ×CP

In the following sections of this chapter, we detail the work of [1] in which the

combination of Abelian residual symmetries studied were G` = {Z3, Z5, Z2 × Z2}
and Gν = Z2 × gCP. The observables are a function of one continuous parame-

ter, derived from the freedom to make a real rotation in the degenerate subspace

of the Z2 residual symmetry of the neutrino sector. We find there are 10 distinct

predictions which agree with global fit data to a 3σ level [23]. The authors of [1]

also considered the combination G` = {Z3, Z5, Z2 × Z2} and Gν = Z2 × Z2 × CP.

It is worth stressing these predictions are completely fixed by the flavour symmetry

and are not dependent on any internal parameter. It was found that none of these

predictions were inconsistent with data. Finally, [1] also considered the combination

Gν = Z2 × Z2 × CP and G` = Z2. In this case, each observable is a function of

two input parameters which is obtained from the ability to make an SU(2) trans-

formation in the degenerate eigenspace of the Z2 charged lepton residual symmetry.

This was fully explored and there were no predictions that agreed with data at the

3σ level. A further consideration of G` = Z2 and Gν = Z2 × CP was proposed in

[1]. Moreover, there were predictions that agreed to a 3σ level with global fit data,

however these correlations were not analysed further.

2.3.1 Predictions from G` = Z3 and Gν = Z2 ×CP

In this first example we shall provide full calculational details from the explicit

symmetry-constrained PMNS matrix, extraction of the mixing angles and phases

to calculating the sum rules. As the exact same procedure will be applied for the
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remaining combinations of residual symmetries, we shall avoid repetition and simply

provide the final result.

We have considered all 20 elements of order 3 in A5. Many different group

elements lead to a pattern of mixing which agrees with global fit data to a 3σ

level. However, there is only one unique and valid mixing pattern and therefore it is

sufficient to consider one representative element of Z3. We label this element Z35:

Z35 =


0 −1 0

0 0 −1

1 0 0

 . (2.3.37)

In order to construct the leptonic mixing matrix, we first find the diagonalising

matrix, U`, of Z35. This diagonalising matrix is combined with the gCP symmetry

and a rotation in the degenerate eigenspace of Gν . To diagonalise the matrix of

equation Eq. (2.3.37), the eigenvectors of matrix Eq. (2.3.37) are calculated and

arranged to form the following diagonalising matrix

U` =
1√
3


−1 1 1

1 e
−iπ
3 e

iπ
3

−1 e
−2iπ

3 e
2iπ
3

 , (2.3.38)

where the ordering of the eigenvectors is arbitrary. As discussed earlier, one such

X-matrix associated to the gCP symmetry is X13 = diag(1,−1, 1). This X can be

decomposed into the product of two unitary matrices, Ω13 = diag(1, i, 1). Hence,

the leptonic mixing matrix may be written as

UPMNS = U`
†Ω13R(θ13) =

1√
3


−1 1 −1

1 e
iπ
3 e

2iπ
3

1 e
−iπ
3 e

−2iπ
3




1 0 0

0 i 0

0 0 1




cθ 0 sθ

0 1 0

−sθ 0 cθ



=
1√
3


−cθ + sθ i (−cθ − sθ)
cθ − sθe

2iπ
3 ie

iπ
3 sθ + cθe

2iπ
3

cθ − sθe
−2iπ

3 ie
−iπ
3 sθ + cθe

−2iπ
3

 .

(2.3.39)

Because the ordering of the eigenvectors that diagonalise the residual symmetries of

the charged lepton and neutrino sector is arbitrary, the resulting matrices must be
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permuted in 36 possible ways (both U` and Uν may have their columns ordered in

six ways). These 36 permutations are realised by left and right multiplication of the

above matrix by the following permutation matrices

p1 =


1 0 0

0 1 0

0 0 1

 , p2 =


1 0 0

0 0 1

0 1 0

 , p3 =


, 1 0 0

0 0 1

0 1

 ,

p4 =


0 1 0

0 0 1

1 0 0

 , p5 =


0 0 1

1 0 0

0 1 0

 , p6 =


0 0 1

0 1 0

1 0 0

 .

(2.3.40)

In this theoretical framework, the need to perform permutations to the above matrix

means multiple permutations of Eq. (2.3.39) provide valid mixing patterns. There

are four permutations of Eq. (2.3.39) which are consistent with data: p1UPMNSp1,

p2UPMNSp1, p1UPMNSp6 and p2UPMNSp6. The mixing angles are extracted from

such matrices using the following set of equations

sin2(θ13) = Ue3Ue3
∗, sin2(θ12) =

Ue2Ue2
∗

1− Ue3Ue3∗
and sin2(θ23) =

Uµ3Uµ3
∗

1− Ue3Ue3∗
.

(2.3.41)

Using this method to extract the mixing angles, it becomes clear why multiple per-

mutations yield the same mixing pattern. For example, p2UPMNSp1 differs from

p1UPMNSp1 by interchanging the second and third row. Therefore, the (1, 3) and

(1, 2) entries of Eq. (2.3.39) are unchanged and thus the predictions of θ13 and θ12 are

identical. As the (2, 3) and (3, 3) entries of Eq. (2.3.39) are conjugate, θ23 remains

unaltered as well.

Calculating the CP phases of the PMNS matrix is complicated by the presence

of unphysical phases which derive from the freedom to rephase the charged leptons.

This has the consequence of transforming the PMNS matrix in the following manner

Uab → eiφUab. (2.3.42)

Such a rephasing is unphysical and in order to evade this issue the δ and Majorana

phases must be calculated using rephasing invariants. The δ phase of the PMNS
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matrix is extracted using the Jarlskog invariant [130–132]

JCP = Im[Uµ3U
∗
e3Ue2U

∗
µ2] =

1

8
cos(θ13) sin(2θ12) sin(2θ23) sin(2θ13) sin δ,

=⇒ sin(δ) =
Im[Ue1U

∗
e3U

∗
τ1Uτ3]

1
8

cos(θ13) sin(2θ12) sin(2θ23) sin(2θ13)
.

(2.3.43)

Likewise, the Majorana phases are reconstructed using the following set of invariants

[133]

I1 = Im[U2
e2

(
U2
e1

)∗
] = s12

2c12
2c13

4 sinα21 =⇒ sinα21 =
Im[U2

e2 (U2
e1)
∗
]

s12
2c12

2c13
4
,

I2 = Im[U2
e3

(
U2
e1

)∗
] = s2

13c
2
12c

4
13 sin(α31 − 2δ) =⇒ sin(α31 − 2δ) =

Im[U2
e3 (U2

e1)
∗
]

s2
13c

2
12c

4
13

.

(2.3.44)

Applying formulae Eq. (2.3.41), we calculate the mixing angles as a function of θ

sin2(θ13) =
1

3
(−cθ − sθ)2 =

1

3
(1 + s2θ)

sin2(θ12) =
1
3

1− 1
3
(1 + s2θ)

=
1

2− s2θ

sin2(θ23) =
1
3
(sθ + cθe

2iπ
3 )(sθ + cθe

−2iπ
3 )

1− 1
3
(1 + s2θ)

=
1

2
.

(2.3.45)

As θ is an unphysical, internal parameter we rephase θ → θ+ 3π/4. This allows the

above equations to be rewritten as

sin2(θ13) =
2

3
sθ

2, sin2(θ12) =
1

3− 2s2
θ

, and sin2(θ23) =
1

2
. (2.3.46)

The pattern of mixing angles above is continuously connected to tribimaximal mix-

ing which is recovered at θ = 0◦.

To calculate δ, we write the LHS of Eq. (2.3.43) as

JCP = Im[Ue1U
∗
e3U

∗
τ1Uτ3]

=
1√
3

4

[(c2
θ − s2

θ)(−s2
θe

2iπ
3 + c2

θe
− 2iπ

3 )]

=
−1

6
√

3
c2θ,

(2.3.47)
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Figure 2.2: Mixing angles prediction for Z3 as a function of θ. This mixing pattern is

associated to | sin δ| = 1 and sinα21 = sinα31 = 0. The blue, red and green-coloured

bands show the 3σ allowed region for θ23, θ12 and θ13 respectively [23].

and the RHS as

JCP =
1

8
cos(θ13) sin(2θ12) sin(2θ23) sin(2θ13) sin δ

= sin(θ13) cos2(θ13) sin(θ12) cos(θ12) sin(θ23) cos(θ23) sin(δ)

= ±(1 + s2θ)√
3

1
2
(

2− s2θ

3

)(
1

2− s2θ

) 1
2
(

1− s2θ

2− s2θ

) 1
2
(

1√
2

)2

sin(δ)

= ±1

6

(
1− s2

2θ

3

) 1
2

sin(δ)

= ±1

6

(
c2

2θ

3

) 1
2

sin(δ).

(2.3.48)

Equating Eq. (2.3.47) and Eq. (2.3.48), we find that sin (δ) = ±1 =⇒ δ = π
2
, 3π

2

and therefore δ is maximally CP-violating. Using Eq. (2.3.44) the Majorana phases

are constrained to be CP-conserving

sinα21 = sinα31 = 0, (2.3.49)

but their precise value cannot be determined using this particular symmetry ap-

proach. We have plotted correlations Eq. (2.3.46) as a function of the parameter, θ,
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in Fig. 2.2. The coloured bands represent the 3σ range in the mixing angles from

recent global fit data [23]. From Fig. 2.2, we see there are two intervals of the θ

parameter which leads to mixing angles consistent with 3σ data. As Eq. (2.3.46)

are symmetric expressions, the mixing angles predictions for these two regions are

identical. However, it can be shown that

δ =

3π
2

θ ∈ (0, π
2
),

π
2

θ ∈ (π
2
, π),

(2.3.50)

and the Majorana phases are CP-conserving Eq. (2.3.49) for all values of θ. It is

worth noting that if the upper limit in the measurement of θ12 shifts downwards,

towards the best fit value, then this prediction can be easily excluded. Because two

of the mixing angles are a function of θ, we may eliminate the unphysical parameter

and construct a relation between θ12 and θ13. Such relations between mixing angles

and phases are generally referred to as sum rules. We use the notation of [134] which

has introduced the following parameters

sin θ12 =
1 + s√

3
, sin θ13 =

r√
2

and sin θ23 =
1 + a√

2
. (2.3.51)

These solar, reactor and atmospheric parameters were originally introduced to de-

scribe the deviation of leptonic mixing from tribimaximality [83]. Using Eq. (2.3.51)

to write s2
θ = 3r2/4, we find that

s2
θ12 =

1

3− 3r2

2

=⇒ sin θ12 =
1√
3

(
1

1− r2

2

) 1
2

. (2.3.52)

As r is a small parameter (r ∼ 0.2) we Taylor expand Eq. (2.3.52) such that

sin θ12 =
1√
3

(
1 +

r2

4
+O(r4)

)
. (2.3.53)

We may re-express the above sum rule in terms of the angles themselves

θ12 = 35.27◦ + 10.13◦r2. (2.3.54)

Later in Section 2.4, we will discuss the testability of the above relation.
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Figure 2.3: Mixing angles prediction for Z5 as a function of internal parameter, θ.

This mixing pattern is associated to | sin δ| = 1 and sinα21 = sinα31 = 0. The

blue, red and green-coloured bands show the 3σ allowed region for θ23, θ12 and θ13

respectively [23].

2.3.2 Predictions from G` = Z5 and Gν = Z2 ×CP

In the case of a residual symmetry G` = Z5, there are two sets of correlations which

lead to three distinct predictions for the mixing angles. The first set of predictions

corresponds to the following PMNS matrix

UPMNS = U`
†Ω13R(θ13) =


φ√
2+φ

−1√
2+φ

0

−i√
4+2φ

−iφ√
4+2φ

1√
2

i√
4+2φ

iφ√
4+2φ

1√
2




1 0 0

0 i 0

0 0 1




cθ 0 sθ

0 1 0

−sθ 0 cθ



=


cθφ√
2+φ

−i√
2+φ

sθφ√
2+φ

− cθi√
4+2φ

− sθ√
2

φ√
4+2φ

−isθ√
4+2φ

+ cθ√
2

icθ√
4+2φ

− sθ√
2

−φ√
4+2φ

isθ√
4+2φ

+ cθ√
2

 .

(2.3.55)

From this particular matrix there are three additional permutations which produce

a pattern of mixing that agrees with data to a 3σ level: p2UPMNSp1, p1UPMNSp6 and

p2UPMNSp6. From these sets of PMNS matrices, we follow the exact same procedure
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as before and the mixing angles may be written as

sin2(θ13) =
φ2c2

θ

2 + φ
, sin2(θ12) =

1

2 + φ− φ2c2
θ

and

sin2(θ23) =
1

2

(
(1 + φ2) s2

θ + c2
θ + 2cθsθ

√
1 + φ2

)
1 + φ2s2

θ

.

(2.3.56)

Rephasing θ → θ + π/2 allows the mixing angles of Eq. (2.3.56) to be re-expressed

as

sin2(θ13) =
s2
θ

1 + φ2
g

, sin2(θ12) =
1

1 + φ2c2
θ

and sin2(θ23) =
1

2

(
sθ + cθ

√
1 + φ2

)2

1 + φ2c2
θ

.

(2.3.57)

which permits the sum rules to be written in a concise and closed form. The mixing

angles of Eq. (2.3.57) are shown as a function of θ in Fig. 2.3. As we have seen in the

case of G` = Z3, there are two ranges of θ which yield the same results. However,

unlike G` = Z3, θ23 is non-maximal and θ-dependent: for θ ∈ (0, π
2
), θ23 > 45◦ while

θ ∈ (π
2
, π), θ23 < 45◦. All three phases are CP-conserving and the precise value of δ

is dependent upon θ

δ =

0 θ ∈ (0, π
2
),

π θ ∈ (π
2
, π),

(2.3.58)

and again the Majorana phases cannot be uniquely be determined, sinα21 = sinα31 =

0, but are CP-conserving. The CP-conservation originates from the CP symmetry

remaining accidentally unbroken in the charged lepton sector. Using the correlations

Eq. (2.3.57), we may write the following sum rules for the atmospheric and solar

angle respectively

θ23 = 45◦ ± 25.04◦r +O(r4) and θ12 = 31.72◦ + 8.85◦r2 +O(r4). (2.3.59)

The second set of correlations is given by the following PMNS matrix

UPMNS = U †`Ω12R(θ23) =


1√
2+φ

0 −φ√
2+φ

iφ√
4+2φ

1√
2

i
2
√

2+φ

−iφ√
4+2φ

1√
2

−i
2
√

2+φ




1 0 0

0 i 0

0 0 i




1 0 0

0 cθ sθ

0 −sθ cθ

 .

(2.3.60)

The permutations which yield PMNS matrices consistent with data are p1UPMNSp3,

p2UPMNSp3, p1UPMNSp4 and p2UPMNSp4. The predictions for θ13 and θ12 are the
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Figure 2.4: Mixing angles prediction for Z5 as a function of internal parameter, θ.

This mixing pattern is associated to | sin δ| = 1 and sinα21 = sinα31 = 0. The

blue, red and green-coloured bands show the 3σ allowed region for θ23, θ12 and θ13

respectively [23].

identical to the first case, but now θ23 is maximal

sin2(θ13) =
s2
θ

1 + φ2
g

, sin2(θ12) =
1

1 + φ2c2
θ

and sin2(θ23) =
1

2
. (2.3.61)

The mixing angles predictions are shown as a function of θ in Fig. 2.4. Similarly to

the case of Z3 predictions, the sign of δ is also θ-dependent

δ =

3π
2

θ ∈ (0, π
2
),

π
2

θ ∈ (π
2
, π),

(2.3.62)

and likewise sinα21 = sinα31 = 0. Both mixing patterns Eq. (2.3.57) and Eq. (2.3.61)

are continuously connected to the GR mixing pattern (also known as GRA or GR1)

[135, 136] which is recovered at θ = 0◦. However, their predictions for θ23 differ.

The latter prediction has a similar feature to that of Section 2.3.1: maximal θ23

associated to maximal CP-violation in δ. Henceforth, we refer to this prediction

as maximal-maximal. Although the Z3 and Z5 predictions share this feature, they

may be distinguished by their θ12 predictions. In the Z5 case, the preferred values

for θ12 are close to the lower allowable range whilst Z3 prefers values of θ12 close
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to the upper boundary of the allowable range. In a simplistic way, the origin of

the maximal-maximal predictions arises from µ− τ symmetry of the neutrino mass

matrix [137]3. However, a more rigorous mathematical examination the origin of

this ubiquitous prediction is found in [138] where additional conditions are deduced.

2.3.3 Predictions from G` = Z2 × Z2 and Gν = Z2 ×CP
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Figure 2.5: Allowed mixing angles for G` = Z2 × Z2 as a function of the unphysical

parameter θ. There are two possible sets of predictions of the mixing angles which

have the same θ12 and θ13 predictions but distinct θ23 predictions (solid and dotted

lines) related by the mapping θ23 → π
2
− θ23. All complex phases are CP-conserving

for these patterns: sin δ = sinα21 = sinα31 = 0. The shaded regions show the 3σ

allowed region for the corresponding mixing angle according to current global data

[23].

The only non-cyclic subgroup of A5 is the Klein group. In the case of this residual

3Defining the neutrino mass matrix from the see-saw mechanism in the following simple way:

mν = YνY
T
ν v

2
H/diag(M), we obtain the diagonal neutrino mass matrix via mν = Udiag(m)UT .

The µ− τ symmetry is defined as the interchanging of the indices 2 and 3 of Yν such that (Yν)12 =

(Yν)13, (Yν)22 = (Yν)33 etc. Solving this set of equations one can deduce θ23 = π/4 and δ = π/2.
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symmetry in the charge lepton sector, there are two patterns of mixing which differ

only by their prediction for θ23. The first pattern of mixing can be derived from the

following representative matrix

UPMNS =
1

2


1
φ
−1 φ

φ −1
φ
−1

−1 −φ −1
φ



i 0 0

0 1 0

0 0 i




cθ 0 sθ

0 1 0

−sθ 0 cθ



=
1

2


i cθ
φ
− iφsθ −1 i(φ2cθ+sθ)

φ

i(φcθ + sθ) − 1
φ
−i(cθ − φsθ)

−i(cθ − sθ
φ

) −φ −i(cθ+φsθ)
φ

 ,

(2.3.63)

where the permutations which produce mixing consistent with data are: p5UPMNSp3,

p6UPMNSp3, p5UPMNSp5 and p6UPMNSp5. From these matrices, the mixing angles

can be expressed as

s2
13 =

1

4

(
φ2
g − φg

(
s2
θ + s2θ

))
, s2

12 =
1− (φ2

g − 1)s2
θ + φgs2θ

4− φ2
g + φg (s2

θ + s2θ)
and

s2
23 =

φ2 + (φg − φ)s2
θ + s2θ

4− φ2
g + φg (s2

θ + s2θ)
.

(2.3.64)

We rephase Eq. (2.3.64) so that the sum rules can be written in a closed form. As

a consequence, the mixing angles may be expressed as

s2
13 =

1 + φg (s2
θ − s2θ)

4
, s2

12 =
1 + φg (cos2 θ + s2θ)

3− φg (s2
θ − s2θ)

and

s2
23 =

1 + ϕ (cos2 θ − s2θ)

3− φg (s2
θ − s2θ)

.

(2.3.65)

For this pattern, the complex phases are given by CP-conserving values: sin δ = 0

and {α21, α31} ⊆ {0, π}. The true value of δ can be shown to depend on θ

δ =

0 31.7◦ < θ < 58.3◦ or 121.7◦ < θ < 159.1◦,

π else.
(2.3.66)

This dependence on θ looks complex, but the boundaries of the δ = 0 regions can be

seen in Fig. 2.5 to be those values of θ for which one mixing angle is either 0◦ or 90◦,

and closed form of the expressions can be derived for these values from the mixing

angle formulae above. For the matrix shown here, this means that only the δ = π

solution agrees with the global data. However, when considering all permutations the
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alternative CP-conserving solution can also be found. A permutation of Eq. (2.3.63)

(p6UPMNSp3) has the effect of mapping: θ23 → π/2− θ23 which has been shown as

a dashed line in Fig. 2.5. Using the correlations Eq. (2.3.65), the sum rules of the

atmospheric and solar angle are given by

θ23 = 31.72◦ + 55.76◦r +O(r2), θ23 = 58.28◦ + 55.76◦r +O(r2) and

θ12 = 36◦ − 19.72◦r2 +O(r4),
(2.3.67)

respectively.

2.4 Phenomenological Prospects

In the preceding sections we derived all patterns of mixing angles and phases which

are possible with an A5 symmetry with generalised CP broken into residual symme-

tries G` = {Z3, Z5, Z2 × Z2} and Gν = Z2 × CP. They depend upon a single real

angle, θ, and can all be brought into agreement with current global data [23] for a

suitable restriction of its range. Eliminating the unphysical parameter θ leads to a

set of correlated predictions between observables which are testable by oscillation

experiments and searches for neutrinoless double-beta decay. In the proceeding sec-

tions, we shall discuss the prospects for present and future experiments to constrain

these patterns and derive simple versions of the predicted parameter correlations

which may be useful experimentally. A summary of the 10 possible predictions thus

far is shown in Table 2.1.

2.4.1 Precision Measurement of θ12

Upcoming medium-baseline reactor experiments such as the Jiangmen Underground

Neutrino Observatory (JUNO) [139, 140] and Reactor Experiment for Neutrino Os-

cillation (RENO-50) [30, 141] expect to make very precise, sub-percent measurement

of θ12. JUNO is a multi-purpose experiment which will be built in Jiangmen city in

the Guangdong province of China. The location is conveniently situated 53km from

nuclear power plants (NPPs) in Yangjiang and Taishan. The survival probability of

anti-electron neutrinos, copiously produced by these NPPs, will be used by JUNO to
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G` θ12 θ23 sinαji δ

Z3 35.27◦ + 10.13◦ r2 45◦ 0
90◦

270◦

Z5 31.72◦ + 8.85◦ r2

45◦ ± 25.04◦ r 0
0◦

180◦

45◦ 0
90◦

270◦

Z2 × Z2 36.00◦ − 34.78◦ r2

31.72◦ + 55.76◦ r 0
0◦

180◦

58.28◦ − 55.76◦ r 0
0◦

180◦

Table 2.1: The dimensionless parameter r ≡
√

2 sin θ13 is constrained by global data

to lie in the interval 0.19 . r . 0.22 at 3σ. The predictions for θ12 and θ23 shown

here neglect terms of order O(r4) and O(r2), respectively.

determine the mass ordering. The approach applied by JUNO to determine the mass

ordering is reliant upon being able to distinguish between the oscillation probability

of normally or invertedly ordered mass spectra [142]. However, in order to resolve

the difference between the spectral distortion, a greater than 3% energy resolution is

required [140]. As a consequence of the planned excellent energy resolution, JUNO

will be well placed to make unprecedented measurements of oscillation parameters

such as θ12 and ∆m2
21 with better than 1% precision. RENO-50 is another MR ex-

periment which has very similar physics goals to JUNO. RENO-50 will use the same

method to determine the mass ordering as JUNO and likewise the necessary high-

energy resolution will enable precise measurements of θ12 and ∆m2
21. The precision

on θ13, currently dominated by measurements from Daya Bay [28, 29] and RENO

[30], is not expected to be significantly improved by the next generation of reactor

facilities. Therefore, the first significant test of these predictions will come from

increased precision on θ12 independently of θ13. There are three distinct predictions

identified for θ12, if we fix θ13 to its current best-fit value [23]. These are

θ12 = 35.71◦, θ12 = 32.10◦ and θ12 = 35.14◦, (2.4.68)
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Figure 2.6: Predictions for θ12 as a function of θ13. The linearised predictions for all

charged lepton residual symmetries are shown in the coloured lines. The blue and

pale blue bands show the 1 and 3σ allowed regions for θ12 from current global fit

[23].

for preserved charged-lepton subgroups Z3, Z5 and Z2 × Z2, respectively. As the

expected precision of the MR experiments is at the level of 0.1◦ or around 0.3% for

θ12, a strong discriminatory power exists between the values of the mixing angles

predicted by these correlations. The difference between the predicted values of all

models under consideration is always greater than 0.26◦ over the current 3σ interval

for θ13, and in many cases significantly greater. Therefore we expect these exper-

iments to identify if any of the charged-lepton residual symmetries are consistent

with observation. In the framework of this discussion, each model predicts a contin-

uous correlation between the values of θ13 and θ12. If one of the predictions above

agrees with data, the next step would be to test the correlation between parameters

itself. These correlations can be conveniently re-expressed as expansions in the di-

mensionless parameter r ≡
√

2 sin θ13 [134]. The current best fit value from global

fit data is θ13 ≈ 8.47◦ [23] and translates to r ≈ 0.21; the second-order corrections

are therefore suppressed by a factor of 1/25. Expressed in this way, the predic-

tions for sin θ12 associated with the charged-lepton subgroups Z3, Z5 and Z2 × Z2
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(respectively) can be expanded in the following relations from Table 2.1,

sin θ12 =
1√
3

(
1 +

r2

4

)
+O

(
r4
)
, sin θ12 =

1√
1 + ϕ2

(
1 +

r2

4

)
+O

(
r4
)
, and

sin θ12 =

√
2 + φg

2
− 2− φg√

2 + φg

r2

8
+O

(
r4
)
.

(2.4.69)

Expressing the above in terms of the angles themselves, we find that

θ12 = 35.27◦ + 10.13◦ r2 +O
(
r4
)
, θ12 = 31.72◦ + 8.85◦ r2 +O

(
r4
)

and

θ12 = 36.00◦ − 19.72◦ r2 +O
(
r4
)
.

(2.4.70)

The approximations of Eq. (2.4.70) have been plotted against θ12 in Fig. 2.6. We see

that these relations depend only slightly on θ13, which appears at order O(r2), lead-

ing to sub-degree-level corrections. The formulae above show that the predictions

for θ12 only vary by 0.07◦, 0.06◦ and 0.13◦ (for Z3, Z5 and Z2×Z2, respectively) over

the current 3σ region for θ13. This is around the target precision of the MR exper-

iments, and therefore it is unlikely that the θ12–θ13 correlations themselves will be

tested at a significant level even if precision on θ13 was to be significantly improved.

There are no currently planned facilities which could further improve the precision

on θ12.

2.4.2 Maximal-Maximal Predictions for θ23 and δ

The currently running and future planned long-baseline accelerator oscillation ex-

periments will be able to make important constraints on θ23 and δ. In the context of

A5 flavour symmetry with residual symmetries of the charged lepton and neutrino

sectors, G` = {Z3, Z5, Z2 × Z2} and Gν = Z2 × CP, respectively, we find that

four of the ten predictions are maximal-maximal. Moreover, the maximal-maximal

prediction is ubiquitous in gCP and flavour model-building [1, 117, 122, 123, 143–

145] and therefore the joint determination of these parameters is crucially important.

As previously mentioned, there are two currently running experiments, T2K and

NOνA, which will be able to test the maximality of θ23. T2K has the ability to

exclude maximal θ23 with a 90% confidence level (C.L.) for |sin2(2θ23) − 0.5| >
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Figure 2.7: Red (green) lines show the exclusion regions at 1, 2 and 3σ for θ23 = π/4

and δ = 3π/2 (δ = π/2) expected at DUNE with a 34 kton LAr detector after 5 + 5

years running. In this region outside the curves, the two sets of predictions can be

excluded at the given confidence. The side panels show the appropriate marginalised

∆χ2 and the 1, 2 and 3σ confidence levels (1 d.o.f.).

0.05 − 0.07, largely independently of the value of δ [146]. The determination of δ

is more difficult; however, maximally CP-violating values are the most accessible.

T2K expects to exclude 0 . δ . π (π . δ . 2π) at the 90% C.L. for a true value of

δ = 3π/2 (δ = π/2) [146]. This would enable T2K to differentiate between δ = π/2

and δ = 3π/2 if one of them is true at least at the 90% C.L. NOνA also has a similar

power for exclusion of maximally CP-violating δ [147].

In the long term, there are several planned experiments which aim to improve

the sensitivity to δ and therefore permit the further testing of the maximal-maximal

prediction. In order to estimate the capabilities of such experiments in excluding this

prediction, we ran a simulation of DUNE [148, 149] using the GLoBES package [150,

151]. The simulation is based on the detector fluxes and response files made available

by the LBNE collaboration [152]. At the time this simulation was completed, the
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Figure 2.8: Predictions for θ23 as a function of θ13. The linearised predictions for all

charged lepton residual symmetries are shown in the coloured lines. The blue and

pale blue bands show the 1 and 3σ allowed regions for θ12 from current global fit

[23].

design specifications of DUNE were not finalised. In light of this, we used the

following specifications in the GLoBES simulation: 700kW beam operating at 120

GeV, a liquid argon TPC detector of fiducial mass 34 kton and overall systematic

error of 5% for signal and background normalisations. The results of the simulation

are shown in Fig. 2.7, where the region of parameter space for which the maximal-

maximal prediction can be excluded after five years of neutrino and five years of

anti-neutrino run time. This prediction can be excluded if θ23 < 43◦ or θ23 > 48.3◦

or if δ lies outside the ranges 90◦+48◦

−69◦ or 270◦+53◦

−67◦ .

2.4.3 CP-Conservation and Precision Measurements of θ23

Six of our ten predictions have non-maximal θ23 and CP-conserving values of δ

such that | cos δ|=1. Such predictions will be constrained by attempts to discover

leptonic CP-violation. There are two currently running experiments which can con-

strain δ; these include NOνA and T2K whose capabilities have been discussed in

2.4.2. Future planned experiments which will have increased sensitivity to leptonic
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CP-violation include DUNE and T2HK. T2HK has shown that it expects to make a

discovery of CP-violation over 76% (58%) of the parameter space at 3σ (5σ) [153].

Likewise, DUNE (using conceptual design report reference design with an exposure

of 1320 kt.MW.year) is sensitive to CP-violation for 75% of δ values at 3σ (5σ) [154].

If the currently running experiments do not discover leptonic CP-violation then

six of our predictions would remain in agreement with data. These predictions

have non-maximal θ23 and may be further tested by the increased precision in the

measurement of θ23 by future long baseline experiments. The model associated with

Z5 residual symmetry predicts

45◦ ± 25.04◦ r +O(r2), (2.4.71)

whilst Z2 × Z2 predicts

31.72◦ + 55.76◦r +O(r2) and 58.28◦ − 55.76◦r +O(r2). (2.4.72)

Unlike the θ12 sum rules of Eq. (2.4.70), the above sum rules are a linear function of

r. Consequently, the θ23-θ13 correlation is more experimentally accessible as θ23 is

sensitive to r. These sum rules are shown in Fig. 2.8. Clearly, the predictions which

are most difficult to distinguish are Z2×Z2: θ23 deviates from maximal by 2.5◦ and

0.8◦ over the 3σ range of θ13. On the other hand, Z5 prediction differs from 45◦ by

between 4.8◦ and 5.6◦ over the same range.

Studies of the current generation of oscillation experiments, of which T2K and

NOνA will be most important, suggest that the octant may be established at 3σ (2σ)

for deviations from maximality greater than around 6◦ (4◦) [155, 156]. This excludes

the current generation from separating between the two predictions of Z2 ×Z2, but

would allow for 2σ evidence for those predictions coming from our model based on

Z5. The ability to distinguish between these predictions will be improved by the next

generation of oscillation experiments. The best bounds may come from T2HK by

studying atmospheric neutrino data. A 3σ determination of the octant is expected to

be possible after 10 years of data-taking for true values
∣∣sin2 θ23 − 0.5

∣∣ > 0.04–0.06

corresponding to deviations between 2◦–3◦ [157]. Although exclusion of the Z2×Z2
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pattern would be unlikely, the two predictions from Z5 would be distinguishable.

To go beyond the octant determination, high resolution of θ23 would be necessary

to differentiate between the Z5 and Z2×Z2 predictions, or in fact test the correlation

with θ13 at all. The difference between these predictions varies between 2.4◦ and

4.8◦ and therefore degree-level precision is required to distinguish between them,

even if θ13 is very well measured. T2HK has shown that around the point where

they have expect to have the lowest sensitivity to θ23, the 90% C.L. width is approx-

imately 2-3◦. This implies significant discrimination between these models would

be very challenging even from upcoming experiments, however evidence in favour of

these models would be possible, at low significance, if leptonic CP-conservation was

observed. This would present a solid hypothesis for future work.

2.4.4 Neutrinoless Double-Beta Decay

d

d u

u

W
−

W
−

e
−

e
−

ν = ν
C

d u

d u

W
−

W
−

e
−

e
−
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Figure 2.9: On the right (left) is the diagram contributing to 2νββ (0νββ) decay.

The internal propagator of the 0νββ diagram represents a Majorana fermion denoted

by ν.

Standard beta decay proceeds via the decay of nuclei of mass number A and

atomic number Z in the following manner

(A,Z)→ (A,Z + 1) + e− + νe. (2.4.73)
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This process arises from the decay of a bound d-quark. There is a significantly rarer

process, two neutrino double-beta decay (2νββ), which is also mediated by known

physics and manifests in the following decay

(A,Z)→ (A,Z + 2) + 2e− + 2νe. (2.4.74)

This four-body leptonic final-state decay, as shown in Fig. 2.9, preserves lepton num-

ber. In contrast, the observation of neutrinoless double-beta (0νββ) decay would

signal violation of total lepton number. This process may be mediated by the ex-

change of a massive, Majorana neutrino, or possibly by other particles. However,

the existence of this decay would indicate neutrinos are Majorana in nature, inde-

pendent of the actual mechanism. Over the next decade, the new generation of 0νββ

decay experiments will significantly increase the sensitivity to this rare process. For

the first time these experiments will probe the region of parameter space associated

with the inverse hierarchical spectrum. These experiments aim to establish that

neutrinos are Majorana in nature, but can also provide valuable information on the

neutrino mass spectrum and in principle, measure the Majorana phases themselves.

Assuming a three-neutrino mixing paradigm, the 0νββ decay rate is proportional

to the effective Majorana mass |mee| which is given by

|mee| =
∣∣∣∣∣

3∑
k=1

U2
ekmk

∣∣∣∣∣
=
∣∣∣m1 cos2 θ12 cos2 θ13 +m2 sin2 θ12 cos2 θ13e

iα21 +m3 sin2 θ13e
i(α31−2δ)

∣∣∣,
(2.4.75)

where α21 and α31 are Majorana phases and δ is the Dirac phase.

The predicted values of |mee| depend crucially on the neutrino masses. As the

parameters ∆m2
21 and |∆m2

31| are known from oscillation physics, there is a single

degree of freedom remaining amongst the masses. This is typically taken to be the

lightest neutrino mass, m1 (m3) for NO (IO), which we will denote in both cases by

ml [158]. The parameter space available to |mee| can be further divided into three

particularly interesting regions based on the true value of ml. The first is for quasi-

degenerate masses (QD) where ml & 0.1 eV, in which the splitting between masses is
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a small correction to approximately degenerate values. For smaller values of ml there

are two parameter regions: one for normal hierarchical masses (NH;m1 < m2 � m3)

and the other for inverted hierarchical masses (IH; m3 � m1 < m2). In order to bet-

ter understand the predictions of our models, we have first computed the predicted

values of |mee| in the generic case, assuming only that the mixing parameters lie in

their current 3σ allowed ranges [23]. These predictions for NO (IO) are shown as the

blue (red) region in Fig. 2.10. For quasi-degenerate and IH spectra, there exist lower

bounds on |mee| [159]: for IH |mee| & 0.015 eV, and for QD |mee| & 0.03–0.04 eV.

For NO there is no non-zero lower bound as |mee| can vanish due to a cancellation

between terms in Eq. (2.4.75).

There are many experiments that are searching for 0νββ decay or are in various

stages of planning and construction. The most recent experiments that have set up-

per limits on the effective Majorana mass are CUORICINO, GERDA, EXO–200 and

KamLAND-Zen. CUORICINO, based in Gran Sasso National Laboratories in Italy,

was an experiment used to test the feasibility of its successor, CUORE. Using data

taken from 2003–2004 they achieved a bound on |mee| of 200–1100 meV [160]. As

with all 0νββ experiments, a key uncertainty on their limits comes from the nuclear

matrix element. GERDA (The Germanium Detection Array) is also located in the

Gran Sasso Laboratory LNGS in Italy [161]. During phase I of their data-taking pe-

riod they acquired sufficient data to attain an upper limit of |mee| . 200–400 meV.

They intend to increase their sensitivity by a factor of approximately ten during

GERDA Phase II. EXO (Enriched Xenon Observatory)–200, located in Carlsbad,

New Mexico, has placed upper bounds for |mee| of 69–163 meV [162]. KamLAND-

Zen (Kamioka Liquid Scintillator Anti-Neutrino Detector-Zero neutrino double-beta

decay search) has had two phases of data acquisition and using the combined data

they found an upper limit of |mee| . 140–280 meV [163]. Both EXO–200 and

KamLAND-Zen have ambitious long-term plans to upgrade their experiments in

order to explore the inverted hierarchical region of parameter space. EXO–200 in-

tends to upgrade to nEXO (next Enriched Xenon Observatory) which, with ten

years of data-taking, is expected to cover the full IO region [164]. In its next phase,
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KamLAND-Zen aims to increase its sensitivity to around 50 meV after approxi-

mately two years’ running time [163]. As this limit will only begin to probe the

IH region, KamLAND-Zen has proposed KamLAND2-Zen. This upgraded detector

(with a running time of five years) has a target sensitivity of |mee| ' 20 meV and

will allow the exploration of the majority of the IO region and all of the QD param-

eter space. In addition to EXO–200 and KamLAND-Zen, other future 0νββ decay

experiments are CUORE, SNO+ and NEXT. CUORE started taking data in 2015.

Over the course of five years, they hope to reach a sensitivity of 50–120 meV [165].

SNO+, a multi-purpose experiment located in Sudbury, Canada, aims to achieve a

similar upper bound on |mee|. After two years of data-taking they expect to be able

to set the upper bound |mee| < 100 meV [166]. The NEXT (Neutrino Experiment

with Xenon TPC) experiment, based at CanFranc Underground Laboratory (LSC),

will commence data-taking in 2018 using the NEXT-100 detector. Despite their late

start compared with that of EXO–200 and KamLAND-Zen, they intend to achieve

a |mee| sensitivity of approximately 100 meV by 2020 [167]. The next stage will

be the development of BEXT which proposes to fully cover the predicted values of

|mee| for IO [168]. Although they are not discussed here, there are other experiments

which aim to improve the current bounds on |mee|; for example, COBRA [169], the

Majorana Demonstrator [170], SuperNEMO [171] and the DCBA experiment [172],

amongst others.

The predicted values of |mee| for the case of A5 with gCP can be calculated from

the leptonic mixing matrices of Eq. (2.3.39), Eq. (2.3.60) and Eq. (2.3.63) for both

IO and NO. The complex phases only influence |mee| through the combinations eiα21

and ei(α31−2δ), and we will denote the phases of our predictions by an ordered pair

of ± signs e.g.˙ (+−) when α21 = 0 and α21 − 2δ = π. As |mee| does not depend on

θ23, patterns which only differ by this angle will be degenerate and each preserved

charged-lepton subgroup leads to a single prediction for each mass ordering and

phase assignment. Fig. 2.10 shows the predicted values from the mixing patterns in

this paper for each charged-lepton residual symmetry G`. In these plots, we have

neglected a small width to each line which comes from varying θ13 and the neutrino
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Figure 2.10: |mee| versus the lightest neutrino mass for the IO (NO) for the solid

(dashed) lines. The predictions in a given panel all have the same phase assignment,

shown in the top left of the plot. The red (blue) shaded region shows the most general

predictions for |mee| with IO (NO) obtained by varying the oscillation parameters

over their current 3σ global ranges [23].

mass-squared splittings over their allowed ranges, instead fixing these at their best-

fit values from [23].

We focus first on the IO spectra. The phase assignments (++) and (+−), shown

on the top row of Fig. 2.10, predict large values of |mee|, close to the upper bound-

ary of the IO region obtained using the 3σ global data. These predictions are very

similar for all models. This can be understood as the term in |mee| proportional to

m3 only has a subdominant effect: it is not only multiplied by the small number

sθ13
2, but is further suppressed for IH by the small value of m3 itself. If we neglect

this term, the resulting approximation at leading-order is independent of θ12 up to

corrections of the order O (∆m2
21/∆m

2
31). It is feasible that experiments such as

CUORE and KamLAND-Zen, and to a much greater extent BEXT and nEXO will

be able to explore this topmost region of the IH parameter space and test these
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predictions. Furthermore, distinguishing between them will be beyond their scope

due to the small predicted differences and substantial experimental and theoreti-

cal uncertainties on |mee|. For the phase assignments (−+) and (−−), shown on

the bottom row of Fig. 2.10, we see values of |mee| that are further suppressed

and which exhibit more model dependence. Once again, the suppression of the m3

term explains the similarity between the two phase assignments. The lower values

compared to the (++) case arise from the relative phase difference between the

m1 and m2 terms: at leading order |mee| =
√
|∆m2

31| cos2 θ13 cos2 (2θ12) [159, 173].

This effect is evident if we compare Z5 and Z3 cases: the larger θ12 value of Z3

accounts for the more pronounced cancellation and therefore lower |mee| than that

of Z5. These predictions are beyond the reach of many of the facilities discussed so

far; although KamLAND2-Zen, aims to set limits near the predictions for Z5 and,

if capable of testing the full IO region, should be accessible to nEXO and BEXT.

Although lying in a region of parameter space that is harder to explore, the greater

model dependence for these phase assignments would make it easier to distinguish

between models than with the (++) and (+−) cases. There exists a separation of

around 5 meV between the predictions for Z5 and the other subgroups; however,

it is unlikely such a resolution on |mee| would be attainable in the foreseeable future.

For NO, we see quite different behaviour. In the quasi-degenerate region, the

mass-squared splittings are negligible and the predictions for the IO and NO cases

effectively coincide. However, in the limit of vanishing ml the situation is very

different. In this limit it is the relative phase between the m2 and m3 terms which

dominates the magnitude of |mee|, which leads to larger predictions for the phase

assignments (++) and (−−), while suppressing the predictions of (−+) and (+−).

Although exploring the NH region experimentally is beyond the scope of any planned

experiment, if 0νββ decays are not observed and oscillation physics establishes that

the neutrino masses are NO, it would be of paramount importance to try and test

|mee| values in the NH region. Due to the rich interplay between relative phases,

these models make quite different predictions across this parameter space. In fact,

all mixing angle patterns discussed in this paper could accommodate a value of |mee|
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near the top of the current NH region allowed by global data. Although such an

observation would add further support to any prediction of this paper which was

still consistent with experimental data, to further discriminate between these models

it would be necessary to provide complementary information on the absolute mass

scale.

2.5 Summary

Testing the viability of leptonic flavour models is an accessible target for precision

measurements from present and future neutrino oscillation experiments. In this

chapter, we have presented a detailed analysis of a particular theoretical scenario:

the flavour symmetry A5 with a generalised CP symmetry breaking into residual

symmetries G` = {Z3, Z5, Z2 × Z2} and Gν = Z2 × CP at low energies.

We have identified the most general form of the generalised CP transformation,

and studied the full group for consistent residual symmetries. Our analysis results

in 10 distinct predictions as shown in Table 2.1. These depend on a single real

parameter and therefore predict testable correlations between certain parameters.

We find the Majorana phases for all of our predictions are CP-conserving. These

patterns can be classified by the residual symmetry in the charged-lepton mass

terms: Z3, Z5 and Z2 × Z2. A symmetry of Z3 predicts maximal θ23, maximal CP

violation from δ and a value of θ12 that lies close to the upper boundary of the 3σ

global fit data. There are two distinct patterns which arise from a preserved Z5

residual symmetry. These share a common θ12 prediction which lies close to the

lower boundary of the 3σ global fit data; however, one prediction has maximal θ23

and a maximally CP-violating value of δ whilst the other has non-maximal θ23 and

CP-conserving values of δ. The patterns arising from a preserved subgroup Z2×Z2

also share a common θ12 which lies above the current 1σ region. In this case both

θ23 predictions are non-maximal and the value of δ is CP-conserving. We discussed

the phenomenology of these predictions, with an emphasis on the role played by cur-
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rent and future reactor, superbeam and neutrinoless double-beta decay experiments.

The θ12 predictions are testable at high significance by the next generation of

reactor neutrino experiments, such a JUNO and RENO-50. These experiments can

be expected to differentiate between the different symmetry predictions, however,

testing the precise correlations between θ12 and θ13 will most probably remain be-

yond the reach of any foreseen experiment.

A particularly interesting feature of the patterns found in this paper is the corre-

lated maximality of θ23 and δ, and also non-maximal θ23 and CP-conserving values

of δ. Testing such correlations is a feasible goal for current and future superbeam

experiments. T2K and NOνA can be expected to collect early evidence and we have

demonstrated that DUNE will be able to identify such a pattern over a significant

part of the parameter space. For the CP-conserving patterns, the deviations from

θ23 = π/4 are expected to be measurable at 3σ by the next generation of superbeams

for the preserved subgroup Z5, but not for Z2 × Z2. However, in order to separate

these models at 3σ significance, across the whole parameter space, would require a

Neutrino Factory.

An appealing feature of this theoretical scenario is its ability to predict Majorana

phases, and therefore, observables for neutrinoless double beta decay experiments.

We have demonstrated in the case of inverted mass ordering, two of the possible Ma-

jorana phase combinations predict the discovery of neutrinoless double-beta decay

at upcoming experiments. In the long-term, the exploration of the full parameter

space for inverted hierarchical mass spectra could allow all of our patterns with this

mass spectrum to be confirmed independently of oscillation physics.

To summarise, we find that the combination of the flavour symmetry A5 with

a generalised CP symmetry allows for a number of viable predictions to be made

for the mixing angles and phases. These predictions specify parameter correlations

which present good targets for currently running and upcoming experiments.
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Chapter 3

Mixing Angles and Non-trivial

Dirac CP Phase Predictions from

A5 with Generalised CP Symmetry

3.1 General Setup

In the previous chapter we studied the mixing angle and phase predictions from an

A5 flavour and gCP symmetry with residual symmetries G` = {Z3, Z5, Z2 × Z2}
and Gν = Z2 × CP [1]. In this chapter, we will focus on the predictions with less

constraining residual symmetry combination G` = Z2 and Gν = Z2 × CP, which

has been discussed in [2]. The six neutrino observables are now a function of three

internal parameters so naturally there are many more predictions with more complex

correlations. There are of the order 50 predictions, we shall not list them all but

rather discuss some representative predictions and draw general conclusions. The

method of constructing the symmetry-constrained PMNS is identical to the previous

chapter but now we allow for a complex rotation in the diagonalising matrix of the

charged lepton mass matrix. Consequently, the PMNS may be written

UPMNS = R(ω, γ)U †`ΩR(θ). (3.1.1)
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Figure 3.1: Two-dimensional histograms showing the phases and mixing angles as a

function of θ23 for predictions that agree to a 3σ level with global fit data [23]. The

colour chart shows relative frequencies of solutions where red (dark blue) represents

a higher (lower) frequency.

3.2 An Example

In order to construct U`, let us first consider a Z2 group elements of A5 in the

three-dimensional real representation

Z2 =
1

2


−1 φ −1

φ

φ 1
φ
−1

−1
φ
−1 −φ

 , (3.2.2)

where φ =
(1+
√

5)
2

is the golden ratio. A diagonalising matrix of Eq. (3.2.2) is

Ue ∼


0.665 −0.555 −1

2

−0.58 −0.025 −φ
2

0.461 0.832 − 1
2φ

 , (3.2.3)

where the degenerate eigenvalues of the matrix of Eq. (3.2.2) are in the 12-plane.

Therefore, U †` takes the form

U †` ∼


cω eiγsω 0

−e−iγsω cω 0

0 0 1




0.665 −0.58 0.461

−0.555 −0.025 0.832

−1
2

−φ
2

− 1
2φ

 , (3.2.4)
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where cω ≡ cos (ω) and sω ≡ sin (ω). Not all combinations of Ω and R(θ) produce

predictions within 3σ of the global fit data. However, one such combination that

does is

Uν =


1 0 0

0 i 0

0 0 i




1 0 0

0 cθ sθ

0 −sθ cθ

 . (3.2.5)

Combining Eq. (3.2.4) and Eq. (3.2.5), we construct the PMNS matrix and

perform a random scan over the three continuous parameters (θ, ω, γ) in the in-

terval [0, π]. The points of this parameter space that agree to a 3σ level with

global fit data are retained and the phases are calculated. In Fig. 3.1, we plot the

three leptonic phases, θ12 and θ13 as a function of θ23. This PMNS matrix requires

44.2◦ ≤ θ23 ≤ 53.3◦ and the δ phase reaches a maximal value of 69◦ for large values

of θ23 (53◦). A CP-conserving value of δ is possible for all viable θ23 and for maxi-

mal θ23, −20◦ ≤ δ ≤ 20◦. From Fig. 3.1, there appears to be no preferred δ phase

within the viable parameter space. The values of the Majorana phases range from

α21 ∼ ±25◦ and α31 ∼ ±80◦. In the case of α31, small values (< 15◦) are strongly

preferred over the whole range θ23. However for θ23 > 49◦, α31 can take large val-

ues. The consequences of this prediction on neutrinoless double-beta (0νββ) decay

would be interesting to explore. The magnitudes of α21 and (α31 − 2δ) of this pre-

diction can be small and this results in little cancellation between the mass terms

of mee. This would imply the prediction for mee can be close to the CP-conserving

upper boundary of the inverted ordering region, which experiments hope to explore.

Therefore, it would be feasible to use 0νββ decay to study this particular prediction.

As the 3σ range of θ13 is highly constrained compared with the other mixing

angles, there is little discernible structure in the θ13-θ23 correlation, however the

θ12-θ23 dependence has greater predictivity. For near-maximal values of θ23, θ12 is

predicted to be at the very upper boundary of its 3σ range (∼ 36◦). For larger

values of θ23, close to the upper 3σ boundary, the range of predicted θ12 increases

(31.6◦-35.9◦). Although for most viable values of θ23 there are a range of θ12 predic-

tions, the density of solutions clusters near the boundary of the viable region of the
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δ-θ23 parameter space.

3.3 Lower Octant Predictions
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Figure 3.2: Two-dimensional histograms showing the phases and mixing angles as a

function of θ23 for predictions that agree to a 3σ level with global fit data[23]. The

colour chart shows relative frequencies of solutions where red (dark blue) represents

a higher (lower) frequency. Each prediction is labelled lower octant (LO) 1-5.

The chosen lower octant predictions are presented in Fig. 3.2 and it can be seen

that the possible range of θ23 values differs between the various cases: LO 1-3 have

viable predictions for the entire lower octant (38.8◦-45◦) whilst LO 4 is somewhat

more constrained as θ23 spans only 3◦ (40◦-43◦). LO 5 is the most highly constrained
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and therefore most easily testable with 38◦ ≤ θ23 ≤ 38.8◦. LO 1-3 share the same

δ-θ23 correlation, which attains a maximal δ (85◦) for θ23 close to the lower 3σ al-

lowed region. The CP-conserving values of δ requires 40.6◦ ≤ θ23 ≤ 44.2◦. In the

case of LO4, although the δ-θ23 correlation structure is similar to that of LO 1-3,

the maximal value of δ is slightly greater, reaching 90◦, and solutions tend to cluster

at these points. In contrast to LO 1-4, the δ value of LO 5 is close to zero. However

it reaches a maximum of 26◦.

LO 1-3 have a common θ12-θ23 dependence: for values of θ23 close to the lower

3σ boundary, all values of θ12 are allowed. For near-maximal θ23, the θ12 prediction

becomes increasingly constrained: for example, for the current best fit value of θ23

(42.3◦) [23], only values of 33.5◦ ≤ θ12 ≤ 35.91◦ are predicted. In the case of LO

4, for 38.8◦ ≤ θ23 ≤ 42.3◦, the predicted θ12 spans the 3σ range of θ12. Similarly to

LO 1-3, the range of predicted θ12 becomes more constrained for near-maximal θ23

(smaller θ12 is preferred). Using the θ12-θ23 correlation as a means of differentiating

between LO 1-3 and LO 4 would be problematic in the regions θ23 ≤ 41◦, as the pre-

dictions are indistinguishable. As the viable parameter space of LO 5 is significantly

smaller than that of the previous four predictions, there is no discernible correlation

between θ12 and θ23; in this regard its most discriminating feature is that θ12 can

only range between 31◦-33◦.

The Majorana phases are the only observables that differ amongst LO 1-3. It is

worth noting that LO 1 is the only lower octant prediction of this sample that has

a CP-conserving value of α21. It would be an interesting future study to investigate

the effect that this would have on 0νββ decay and feasibility of discriminating be-

tween predictions.

In summary, there are several general features which are shared amongst these

cases; the most striking of these is the prediction of non-trivial leptonic phases.

Moreover, the δ and α21 phases are bound between ±90◦. If δ is measured to

be maximally CP-violating, as hinted at by T2K [174], the only remaining viable
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prediction is LO 4. Some predictions cannot be discriminated between by using δ

and θ12 alone and access to the Majorana phases is necessary. Moreover, the ability

to discriminate between LO 4 and LO 1-3 is highly dependent upon the value of

θ23: in the scenario of maximal or near-maximal θ23, this is possible. Of the cases

presented, LO 5 is the most easily testable as its θ23 values are highly constrained

and lie at the extreme lower boundary of the 3σ range. The combinations of matrices

used to find these predictions are listed in Table 3.1.

Result UPMNS

LO 1 p4R23CU1
†Ω12R12p2

LO 2 p2R13CU2
†Ω12R13p3

LO 3 p1R12CU3
†Ω12R23p4

LO 4 p2R13CU2
†Ω12R13p1

LO 5 p4R23CU1
†Ω12R13p3

Table 3.1: PMNS matrices corresponding to lower octant predictions as shown in

Fig. 3.2

3.4 Upper Octant Predictions

Similarly to the lower octant results, we have chosen three cases (UO -1-3) presented

in Fig. 3.3, for which the mixing angle and δ phase correlations are indistinguishable

and only the Majorana phases differ. UO 1-3 share the feature of viable predictions

over the entire upper octant (45◦-53.3◦). The θ23 allowed range UO 4 is slightly

more constrained with 46.3◦ ≤ θ23 ≤ 53.3◦. UO 5 is an analogous case to LO 5,

where its θ23 prediction span is small and occurs at the very upper limit of the 3σ

boundary, 51.2◦ ≤ θ23 ≤ 53.3◦.

Maximal CP violation is possible in UO 1-3 and UO 5, however the δ-θ23 cor-

relations structure differs between cases. UO 1-3 share the same pattern where the

maximal δ value (90◦) occurs for large θ23 values and CP-conserving values of δ are

associated with 45.6◦ ≤ θ23 ≤ 48.4◦. The δ correlation of UO 5 differs significantly

from UO 1-3 as CP-conserving values of δ are not predicted and maximal δ favoured.
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Figure 3.3: Two-dimensional histograms showing the phases and mixing angles as a

function of θ23 for predictions that agree to a 3σ level with global fit data[23]. The

colour chart shows relative frequencies of solutions where red (dark blue) represents

a higher (lower) frequency. Each prediction is labelled upper octant (UO) 1-5.

In the case of UO 4, the correlation structures are particularly distinctive and unlike

the previously discussed cases, the maximal δ value (55◦) is much smaller. A unique

aspect of LO 4 is that there are two distinct regions of θ23 where CP-conserving

values of δ can occur: 47.4◦ ≤ θ23 ≤ 49.2◦ and 51◦ ≤ θ23 ≤ 52◦.

With regards to the θ12-θ23 correlation of UO 1-3, all regions of the 3σ range of θ12

are allowed for 49◦ ≤ θ23 ≤ 53.3◦. Larger values of θ12 are favoured for near-maximal

θ23. It is worth noting this dependence (large θ12 associated with near-maximal val-
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ues of θ23) is similar to the lower octant predictions LO 1-3. For 49◦ ≤ θ23 ≤ 52◦,

the θ12 predictions of UO 4 are indistinguishable from UO 1-3. In spite of this,

for certain θ23, these cases can be differentiated. For example, θ23 > 52.6◦ UO 4

predicts large-valued θ12 (∼ 36◦) whereas the θ12 of UO 1-3 can attain any value in

the 3σ range. Moreover, at near-maximal values of θ23 (46◦), UO 4 predicts smaller

θ12 values (31.3◦) than UO 1-3. Discrimination between UO 1-3 and UO 5 is not

possible using θ12-θ23 correlations (as there is complete overlap in the predictions)

and therefore a combination of θ23 and δ measurements in conjunction with 0νββ

decay study would be required to disentangle these predictions.

In summary, δ and α21 are bounded between ±90◦. Moreover, the ability to

discriminate between predictions is often dependent upon the value of θ23 and in

certain cases predictions are only differentiable with knowledge of the Majorana

phases. As before, the combinations of matrices used to find these predictions are

listed in Table 3.2.

Result UPMNS

UO 1 p1R13CU2
†Ω12R13p1

UO 2 p1R13CU4
†Ω12R13p3

UO 3 p4R12CU3
†Ω12R23p4

UO 4 p3R23CU5
†Ω12R13p3

UO 5 p3R23CU1
†Ω12R12p2

Table 3.2: PMNS matrices corresponding to upper octant predictions as shown in

Fig. 3.3

3.5 Predictions Spanning Both Octants

We have chosen five representative cases that span both the upper and lower oc-

tants of θ23. The predicted regions of θ23 vary amongst these cases: BO 1 has the

greatest viable range, which fully covers the 3σ region of θ23. BO 2 and BO 5 also

have a wide range of θ23: 38.2◦ ≤ θ23 ≤ 49◦ and 38.2◦ ≤ θ23 ≤ 51◦ respectively.

BO 3 and BO 4 have the smallest viable range of θ23 with 44.3◦ ≤ θ23 ≤ 53.3◦ and
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Figure 3.4: Two-dimensional histograms showing the phases and mixing angles as

a function of θ23 for predictions agree to a 3σ level with global fit data[23]. The

colour chart shows relative frequencies of solutions where red (dark blue) represents

a higher (lower) frequency. Each prediction is labelled both octant (BO) 1-5.

38.2◦ ≤ θ23 ≤ 45.9◦ respectively.

There is little structure in the δ-θ23 correlation of BO 1: δ can attain any value

in the range ±90◦ and there is no dependence on θ23. BO 2 has a similar correlation

structure to the lower octant predictions: the maximal δ value (73◦) is correlated to

smaller θ23 values and CP-conserving δ spans 42◦ ≤ θ23 ≤ 48.2◦. BO 3 and BO 4

have comparable δ-θ23 dependence; the maximal δ, 69◦ and 61◦ respectively, occurs

at the extreme upper and lower 3σ limit of θ23. In comparison with BO 1-4, BO
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5 has a highly constrained δ with a maximal value of 14◦ for 49◦ ≤ θ23 ≤ 50◦. In

the scenario δ is maximally CP-violating, the only viable prediction of this set is

BO 1. Interestingly, in spite of BO 1 lacking predictivity in regards to parameters

δ, α31 and θ13, its α21 and θ12 predictions attain very specific values (α21 = 0◦ and

34.8◦ ≤ θ12 ≤ 35.2◦). BO 1 would be of particular interest in 0νββ decay studies as

it has a single α21 value and exceptionally narrow θ12 range.

The θ12-θ23 dependence of BO 3 and BO 4 are similar: for near-maximal θ23,

there is a very limited range of θ12 values (∼ 36◦) and for θ23 close to the upper or

lower 3σ boundary, the possible θ12 become less constrained. This appears to be

a common theme of many of the predictions: near-maximal θ23 have very specific

θ12 predictions. In the case of BO 2, θ12 can attain any value in the 3σ range for

θ23 ≤ 43.5◦ and for larger θ23, smaller values of θ12 are preferable. There is signifi-

cant overlap in θ12 predictions for BO 2 and BO 5 and only in the scenario, θ23 ≥ 47◦

do their predictions differ. A special feature of BO 5, akin to BO 1, is that certain

observables are more constrained than others; for instance predictions of θ13 and θ12

range widely whereas the leptonic phases are more highly constrained (|δ| ≤ 14◦,

|α21| ≤ 40◦, |α31| ≤ 90◦).

In summary, δ and α21 can only attain values ±90◦. Furthermore, there are

several examples (BO 1 and BO 5), in which certain observables are highly un-

constrained but in balance other parameters can only attain very specific values.

Therefore in spite of a lack of predictivity in certain observables, these cases still

remain testable by upcoming long and medium base-line experiments. As before,

the combinations of matrices used to find these predictions are listed in Table 3.3.
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Result UPMNS

BO 1 p1R23CU5
†Ω12R12p4

BO 2 p1R12CU6
†Ω13R12p4

BO 3 p4R23CU1
†Ω23R12p6

BO 4 p4R12CU7
†Ω23R23p1

BO 5 p3R23CU5
†Ω13R13p3

Table 3.3: PMNS matrices corresponding both octant predictions as shown in

Fig. 3.4

3.6 Summary

In this chapter, we studied the correlations of leptonic observables that result from

a flavour symmetry, A5, combined with gCP breaking into residual symmetries

Gν = Z2 × CP and G` = Z2. This combination of residual symmetries introduces

three continuous parameters and unsurprisingly, we obtain a wider range of pre-

dictions than in studies that use only one input parameter. The flavour symmetry

studies that implement one input parameter and are of low order such as A4[116],

S4[108, 117] and A5[1, 122, 123] share common predictions such as | sin δ| = 1,

| sinα21| = | sinα31| = 0 and maximally CP-violating δ associated with maximal θ23.

We find the addition of two continuous parameters allows for more possibilities in

correlations and predictions of non-trivial leptonic phases differing from 0, π
2
, π and

3π
2

. Using a number of example cases we have shown that certain predictions are

indistinguishable using oscillation parameters δ, θ12 and θ23 alone and therefore in-

put from 0νββ decay experiments is necessary. We find that, in general, the ability

to discriminate between predictions is improved for near-maximal θ23 and that even

in specific cases in which there is no predictivity for one parameter (e.g. BO 1 and

BO 5), other leptonic observables may be highly constrained and provide testable

predictions. In spite of a greater number of predictions, all of our cases share the

feature of δ and α21 phases being bounded by ±90◦, the former of the two which is

testable by long base-line oscillation experiments.
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In conclusion, we find that relaxing the possible combinations of low-energy resid-

ual symmetries permits a wider range of predictions with more complex correlations

between leptonic observables which have the potential to be tested at upcoming

neutrino oscillation and 0νββ experiments.
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Chapter 4

Flavour Cosmology: Connecting

Flavour Symmetries and the

Baryon Asymmetry

In spite of its great success, the SM cannot explain three experimental observa-

tions: small but non-zero neutrino masses, the cosmological origin of the matter

anti-matter asymmetry and the origin and composition of dark matter (DM). In

this chapter, we focus on a possible connection between the baryon asymmetry of

the Universe (BAU), low-energy neutrino observables and the flavour structure of

the lepton sector as proposed in [3]. This work is not the only attempt to explore

the cosmological dynamics associated with flavour models. In [175], the authors ex-

plored the possibility that varying Yukawa couplings, whose structure is dictated by

the Frogatt-Nielsen mechanism, alter the nature of the electroweak phase transition

(EWPT) to be first order such that electroweak baryogenesis can proceed. In the

context of high-scale thermal leptogenesis, there have been a number of works [176,

177] that investigate the impact of flavour and generalised CP symmetries on the

BAU. In these works, the symmetries constrain the structure of the sterile neutrino

Yukawa matrix and therefore the baryon asymmetry produced from the sterile de-

cays. In addition, flavour models with extended Higgs sectors [178] and radiative

neutrino mass generation [179] have been examined in the context of leptogene-

sis. However, [3] introduces a completely new mechanism of leptogenesis and offers
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a fresh perspective on the possible connection between flavour models and the BAU.

The outline of this chapter is the following: first, we discuss two methods of

measuring the baryon-to-photon ratio in Section 4.1 and then in Section 4.2 we

review the necessary conditions any dynamical mechanism are required to fulfil in

order to generate the BAU. Second, in order to compare and contrast our mechanism

with existing well-established scenarios, we review high-scale thermal leptogenesis

and electroweak baryogenesis in Section 4.3.1 and Section 4.3.2 respectively. Finally,

in Section 4.4 we motivate and discuss our calculational tool, namely the Closed-

Time Path formalism, and in Section 4.5 we introduce our mechanism of leptogenesis.

4.1 Measuring the Baryon Asymmetry

4.1.1 Big Bang Nucleosynthesis

Big Bang Nucleosynthesis (BBN) refers to the synthesis of light nuclei such as deu-

terium (D), helium (3He, 4He) and lithium (7Li). This process began (ended) several

seconds (minutes) after the Big Bang [181] (from T ∼ 1 MeV - 80 keV). During this

epoch, protons and neutrons moved freely of each other as the formation of light nu-

clei was inhibited by high-energy photons in the thermal plasma. Heavier elements,

crucial to create and sustain life, were produced later via stellar synthesis. The

nuclear processes of BBN dominantly produced 4He, with a mass fraction Yp ∼ 0.25

with respect to hydrogen [182] 1. While for other nuclei 4He/H ∼ D/H ∼ 10−5

and 7Li/H ∼ 10−7 as illustrated in Fig. 4.1. The abundance of these light elements

is crucially dependent on the baryon-to-photon ratio (η ≡ nb/nγ ∼ 10−10). From

precise measurements of the light elements, in particular deuterium as there are no

known astrophysical sources of this element, the baryon-to-photon ratio is [182]

5.8× 10−10 ≤ ηBBN ≤ 6.6× 10−10 (95%C.L.). (4.1.1)

Fig. 4.1 shows that BBN and CMB measurements are consistent with each other.

1For a species XA with mass and atomic number (A,Z) the mass fraction is defined to be

XA := AnA

np+nN+
∑

i Aini
where ηB ∝ XA.

July 24, 2017



4.1. Measuring the Baryon Asymmetry 80

Figure 4.1: The primordial abundances of 4He, D, 4He and 7Li as predicted by

the Standard calculations of Big Bang Nucleosynthesis. The thickness of the bands

indicate the 95% C.L. range [180]. The vertical pink (blue) band shows the measured

cosmic baryon density from BBN (CMB) at 95% C.L.

4.1.2 Cosmic Microwave Background Radiation

There is a second, complementary method of determining the baryon-to-photon ratio

using cosmic microwave background (CMB) data. At low temperatures, the usual

matter in the Universe was comprised mainly of a neutral hydrogen gas. At earlier

times, the temperature was sufficiently high that electrons could move freely of nu-

clei and the Universe was permeated in a baryon-electron-photon plasma. During

this epoch, photons actively scattered off electrons in the plasma. The transition

from plasma to neutral gas is known as recombination and occurred approximately

370,000 years after the Big Bang (T ∼ 0.3 eV). During this process, the photons
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Figure 4.2: A map of the temperature fluctuations over the entire sky as measured

by Planck Collaboration [183]. The red (blue) colour indicates the over (under)

density.

came out of thermal equilibrium with the plasma and subsequently travelled from

the last scattering surface and now constitute the CMB.

An important prediction of the hot big bang model is precisely that the pho-

tons were in thermal equilibrium with the electrons in the plasma and therefore the

photons should have a blackbody spectrum with a corresponding temperature of

Tγ ∼ 2.7 K. This was confirmed with great precision by the COBE satellite in 1992

[185]. They found the CMB to be remarkably uniform and this demonstrates the

isotropic and homogeneous nature of the Early Universe on large scales. In spite of

the general uniformity of the CMB, there are small temperature fluctuations around

Tγ. These anisotrophies occur at a level of 10−5 over a wide angular range and these

density perturbations are thought to have originated from inflation.

The temperature fluctuations of the CMB (∆T/T = (T − T )/T ) form a two-

dimensional field, parametrised by angular coordinates θ and φ, projected onto the

surface of a sphere. For this reason, the temperature distribution of the CMB can
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Figure 4.3: The angular power spectrum of the CMB as measured by Planck as

shown by the dots (band show ±1σ) error bars [184]. The red line is the best-

fit prediction from Λ-CDM and the light-blue shaded region shows the theoretical

uncertainty from the cosmic variance.

be characterised by spherical harmonics Ylm(θ, φ)

∆T (θ, φ)

T
=
∞∑
l=0

l∑
m=−l

almYlm(θ, φ), (4.1.2)

where l is the multipole moment or the total angular wavenumber, m is the az-

imuthal wavenumber and alm are the associated amplitudes. The angular size and

the multipole moment are related via θ ∼ π/l. The angular power spectrum is

defined to be

Cl =
1

(2l + 1)

l∑
m=−l

|alm|2, (4.1.3)

and the power spectrum is related to to the angular power spectrum in the following

manner

Dl =

〈(
∆T

T

)2
〉
l

=
l(l + 1)

2π
Cl. (4.1.4)

The power spectrum as a function of the multipole moment is shown in Fig. 4.3. The

structure of the acoustic peaks of the power spectrum are affected by the baryonic

density and therefore the baryon-to-photon ratio. As illustrated in Fig. 4.4, increas-

ing the baryonic density has the effect of increasing the difference in the amplitude
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Figure 4.4: The sensitivity of the angular power spectrum to the baryonic density

Ωb, figure taken from [186].

of the first and second acoustic peaks. As a consequence, the accurate measure-

ment CMB power spectrum is used to determine the baryon-to-photon ratio. Using

Planck data from 2015 [184], this quantity is measured to be

6.0× 10−10 ≤ ηBBN ≤ 6.18× 10−10 (95%C.L.). (4.1.5)

4.2 Sakharov’s Conditions

In 1967, Andrei Sakharov the prominent physicist and Nobel Peace prize recipient,

proposed his three famous conditions [187]. These are the conditions that any dy-

namical mechanism, with the purpose of generating the observed BAU, must fulfil2.

• Baryon Number Violation: necessary to evolve from a baryo-symmetric to

a baryo-asymmetric Universe.

2It is important to note Sakharov’s Conditions implicitly assume CPT-invariance. It is possible

to generate a baryon asymmetry without satisfying these condition if CPT is violated [188].
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J
µ
B,L

W

W

f

f

f

Figure 4.5: The triangle diagrams which give rise to the axial anomaly.

• C and CP Violation: if C and CP were conserved then B-number violating

processes would proceed at the same rate as anti B-number violating processes

with no net excess of baryons generated.

• Departure from Thermal Equilibrium: in thermal equilibrium Boltzmann

distributions indicate that there should be equal amounts of matter and anti-

matter. Therefore, out-of-equilibrium dynamics are essential for generating a

baryon asymmetry.

The Standard Model contains the three above ingredients but not in sufficient quan-

tities. We shall further elucidate this point in Sections. (4.2.1), (4.2.2) and (4.2.3)

4.2.1 B-Number Violation

Baryon (B) and lepton (L) number are accidental symmetries of the SM. This

means they are conserved to all orders in perturbation theory but are violated via

non-perturbative processes. We may defined B and L number by their charges in

the conventional manner

QB =

∫
d3xJ 0

B and QL =

∫
d3xJ 0

L , (4.2.6)

where

J µ
B =

1

3

(
qγµq + uRγ

µuR + dRγ
µdR
)

and J µ
L = `γµ`+ eRγ

µeR, (4.2.7)

and

q =

uL
dL

 and ` =

νL
eL

 . (4.2.8)
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As mentioned before, QB and QL are conserved in any Feynman diagram. However,

chiral processes involving the W-boson allow for the possibility of the axial anomaly

shown in Fig. 4.5 and manifest in the non-conservation of the baryonic and leptonic

current

∂µJ µ
B/L =

g2

32π2
F i
µν

˜F µν
i , where F i

µν = ∂µW
i
ν − ∂νW i

µ + gεijkW j
µW

k
ν , (4.2.9)

where g is the SU(2)W gauge coupling and the dual of the field strength tensor is

F̃ µν
i = 1/2εµνλρFλρi. Simplifying notation, we may write ∂µG

µ = F i
µνF̃

µν
i and thus

the baryonic and leptonic currents are given by 3

∂µJ µ
L = ∂µJ µ

B =
g2

32π2
∂µG

µ, (4.2.10)

and are non-vanishing thereby implying the violation of B and L number. To inves-

tigate how the baryonic and leptonic charges change in time, Eq. (4.2.10) may be

integrated over such that

∆QL = ∆QB =
g2

32π2

∫
d4xF i

µνF̃
µν
i , Fµν =

g2

32π2

∫
d4x∂νK

ν = ∆K, (4.2.11)

where Kν is the Chern-Simons (CS) current which has been discussed in the Ap-

pendix. It is important to note, in perturbation theory the integration over the

divergence of the current vanishes and therefore baryon and lepton number are con-

served symmetries. However, if the gauge-field fluctuations are sizeable ∼ 1/g (i.e.

non-perturbative) then the integration does not necessarily yield zero.

Instantons

Instanton solutions interpolate between the topologically disconnected vacua of the

Yang-Mills (YM) theory [191, 192] (see Fig. 4.6) and in this example will corre-

spond to B or L-number violating processes. Tunnelling between these vacua (the

3This is a standard calculation and is shown explicitly in [189, 190]. In general the anomaly

may be calculated perturbatively by evaluating the diagram in Fig. 4.5 or via the path integral

formalism. Using the latter approach (otherwise known as the Fujikawa method), the anomaly,

or non-vanishing divergence of the current, arises from the path-integral measure transforming

differently than the integrand itself.
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NCSK = 0 K = 1 K = 2

V [Ai
µ]

sphaleron

instanton

Figure 4.6: Schematic diagram of V [Aiµ] as a function of the Chern-Simons number,

NCS.

instanton solution) is suppressed by the instanton suppression factor [193]

A
�Q
∝ exp

[
− 2π

α2(v)

]
(4.2.12)

where α2(v) associated to the weak force is experimentally determined to be

α2 =
g2

4π
∼ 1

31
. (4.2.13)

As g is small, the rate of tunnelling is heavily suppressed due to the high barrier

between the vacua and is approximated as

Γ
�Q
∝ exp

[
− 4π

α2(v)

]
∼ 10−170. (4.2.14)

Sphalerons

It is possible thermal effects may reduce the large suppression factor. In the Early

Universe, the temperatures are sufficiently high such that thermal fluctuations are

of the same order as the height of the barrier in Fig. 4.6. The top of the barrier

or potential is also an extremum of the YM-field and such a field configuration

corresponds to a static solution to the classical equations of motion. Moreover, these

solutions are unstable, have non-integer winding number (indeed they have half-

integer winding number) and are referred to as sphalerons. Sphalerons are thermally
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produced and correspond to the movement of the system from one vacua to another

via the saddle point between the two vacua. The sphaleron rates are computed using

statistical mechanics and their rates are proportional to a Boltzmann factor 4

Γ
�Q
∝ exp

[
−Msph

T

]
, (4.2.15)

where Msph is the mass of the sphalerons and may be written as [193]

Msph = π
MW

α2

= 2π2
√

2
vH
g
, (4.2.16)

and vH is the Higgs VEV. Therefore before the EWPT the rates of B and L-number-

violating sphalerons may proceed unsuppressed whilst after these sphaleron pro-

cesses are heavily suppressed.

4.2.2 C and CP-Violation

The weak interactions maximally violate C-symmetry. In addition, the SM has a

CP-violating complex phase associated to the CKM matrix [21]. However, it has

been known for some time that the CP-violation from this phase is not sufficient to

produce the BAU [195, 196].

4.2.3 Departure from Thermal Equilibrium

In principle, the electroweak phase transition could provide a departure from ther-

mal equilibrium. However, from lattice calculations the phase transition is not

sufficiently strongly first order for successful baryogenesis [197].

In summary, any mechanism constructed to explain the BAU dynamically must

contain new sources of CP-violation and provide a departure from thermal equilib-

rium either by introducing new dynamics or alternating the existing EWPT such

that it is first order. For the last three decades, baryogenesis has been a very active

field of research and some of the proposed mechanisms are described below.

4To compute the height of the barrier involves finding the saddle-point solutions to the potential

V [Aiµ] and a worked example for the SM may be found in [194].
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• GUT Baryogenesis The purpose of Grand Unified Theories (GUTs) is to

unify the three forces of the SM at sufficient high energies. From renormali-

sation group running, the SM constants unify around 1015 − 1016 GeV. Var-

ious GUT models, based on gauge groups such as SU(5) and SO(10), con-

tain gauge bosons which have B and CP-violating couplings to leptons and

baryons. Subsequently, the out-of-equilibrium decay of these gauge bosons

satisfies Sakharov’s Conditions and produces a baryon asymmetry [38, 198–

200]. GUT baryogenesis is currently out of favour because a generic feature

of GUTs is magnetic monopole or gravitino production, which would over

close the Universe. This problem can be avoided if inflation occurs after GUT

symmetry-breaking thereby diluting the monopoles. However, such a scenario

would also dilute the baryon asymmetry.

• High-Scale Thermal Leptogenesis As discussed in Section 1.5 there are

three ways to generate the Weinberg operator at tree level: the introduction

of a fermionic singlet, a scalar triplet or a fermionic triplet. These are known

as type-I, II and III see-saws respectively. The coupling of these heavy new

degrees of freedom breaks lepton number and, similarly to GUT baryogenesis,

their decays can produce a lepton asymmetry which is converted to a baryon

asymmetry via electroweak sphaleron processes. We will focus on thermal

leptogenesis in the context of a type-I see-saw mechanism in Section 4.3.1 but

leptogenesis is also possible in type-II [43–48] and type-III [49–52] scenarios.

• Dirac Leptogenesis The vast majority of leptogenesis scenarios assume that

neutrinos are Majorana particles. However, in Dirac leptogenesis this need

not be the case [201–205]. The basic idea is the following: symmetries can be

implemented so that tree-level Dirac and Majorana neutrino mass terms (i.e.

NLH and MNN respectively) are forbidden. Additionally, heavy vector-like

fields are introduced which have non-trivial and CP-violating coupling to SM

fields. These vector-like fields will play a similar role to sterile neutrinos in

conventional type-I leptogenesis and they will decay to left and right-handed

leptons in such a manner that conserves total lepton number (Ltot = L`+LνR).
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The small loop-suppressed coupling between the SM Higgs and the left and

right-handed neutrinos prevents the asymmetries in the neutrino sector from

equilibrating until late times. Electroweak sphaleron processes convert L` into

a baryon asymmetry before L` and LνR have equilibrated.

4.3 Popular Mechanisms of Baryogenesis

4.3.1 High-Scale Leptogenesis

As we discussed in Section 1.5.1, the type-I see-saw mechanism minimally adds two

Majorana-type fermions or sterile neutrinos to the SM particle spectrum. These

particles are singlets of the SM gauge group but couple to leptons and SM Higgs via

a Yukawa term. In the mass basis, the following gauge invariant terms are added to

the SM Lagrangian

L = LSM −i
3∑
i=1

NiR∂
µNiR−

∑
α

yDα `αL`αRφ−
∑
α,i

hαi`αLNiRφ̃−
1

2

∑
i

NC
iRM

D
ii NiR+h.c.

(4.3.17)

where Mii is the Majorana mass matrix of the sterile neutrinos, ` leptonic doublets

and φ = (φ+, φ0) is the Higgs doublet5. If we consider three sterile neutrinos, it is

clear the implementation of the type-I see-saw has introduced 18 new parameters to

the SM: three sterile neutrino masses and 15 entries of the Yukawa matrix h (nine

entries and six phases). As Ni are SM-singlets their mass scale can be much higher

than the electroweak scale, Mi � 〈φ〉 = 174 GeV. After electroweak symmetry

breaking, the mass matrix of the active neutrinos is given by the well-known see-

saw relation

mν ' v2
H

hhT

M
. (4.3.18)

If we assume h ∼ O(1) and mν ∼
√

∆matm ∼ 0.05 eV this implies M ∼ 1015 GeV,

which is close to the GUT scale. In addition to providing an elegant solution to

5Note that we have changed notation slightly from Section 1.5.1, where the νR was the sterile

neutrino in the mass basis. We have made this modification, at this point in the thesis, as it is

consistent with much of the leptogenesis literature.
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Figure 4.7: The CP-asymmetry arises from the interference between tree and loop

level diagrams.

small but non-zero neutrino masses, the see-saw mechanism qualitatively satisfies

Sakharov’s conditions: the Majorana neutrino mass matrix break lepton number,

the entries of the Yukawa matrix, h, can be complex and therefore CP-violating and

finally the sterile neutrino is a good candidate to decay out of thermal equilibrium

because its decay rate (ΓNi) can easily fall below the Hubble expansion rate (H)

ΓNi =

(
h†h
)
ii
Mi

8π
and H(T ) =

2

3

√
g ∗ π3

5

T 2

MPL

, (4.3.19)

where g∗ is the effective number of degrees of freedom (g∗ = 106.75 for the SM

excluding sterile neutrinos) and MPL = 1.22 × 1019 GeV is the Planck mass. In

thermal leptogenesis, the out-of-equilibrium condition is provided by the expansion

of the Universe. A particle species may maintain thermal equilibrium with the

thermal bath only if its interaction rates are faster than the expansion rate of the

Universe i.e. Γ > H. If the interaction rates drop below the Hubble expansion rate

then the particular particle species comes out of thermal equilibrium and freeze-in

occurs. In the context of leptogenesis using a type-I see-saw, the non-equilibrium

dynamics of the sterile neutrino can be encapsulated by the decay parameter

Ki =
ΓNI

H(Mi)
=
m̃i

m∗
, (4.3.20)

where the effective and equilibrium neutrino masses are defined as [206]

m∗ =
16π

5
2
√
g∗

3
√

5

v2
H

MPL

∼ 1.08× 10−3eV and m̃i =

(
h†h
)
ii
v2
H

Mi

. (4.3.21)

There are three regimes of interest: Ki � 1, K ∼ 1 and K < 1 and imply strong,

intermediate and weak washout respectively. The phenomenological consequences
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of these regimes will be discussed in Section 4.3.1.

CP-Asymmetries

Sterile neutrinos are Majorana particles and therefore can decay to leptons and

Higgs or via the CP-conjugate decay

Ni → `aα + φa and Ni → `aα + φa, (4.3.22)

where a = 1, 2 is the SU(2)L index and α = e, µ, τ . The first leptogenesis calcula-

tions were completed in the one-flavoured regime. In such a regime, the leptons and

anti-leptons which couple to the sterile neutrinos maintain their coherence during

the leptogenesis era and therefore are characterised as a linear combination of the

flavour states

`1 =
∑
α

cα1`α and `1 =
∑
α

c′α1
∗
`α, (4.3.23)

where cα1 and c′α1
∗ are functions of Yukawa coupling, h. The one-flavoured regime

is a valid assumption only if leptogenesis occurs at sufficiently high temperatures

(T > 1012 GeV) when all leptons are out of thermal equilibrium, i.e. Γα < H. At

lower temperatures, charged lepton interactions mediated by SM Yukawa coupling,

y, cause the charged leptons to equilibrate. At this time, the Universe can distin-

guish different charged lepton flavours and application of the one-flavoured regime

fails 6.

Accounting for flavour effects, the preferential decays of the sterile neutrinos is

quantified via the CP-asymmetry

εiα =
Γ(Ni → `αφ)− Γ(Ni → `αφ

∗)

Γ(Ni → `αφ) + Γ(Ni → `αφ∗)
, (4.3.24)

where Γ are thermally averaged decay rates and i the sterile neutrino mass eigen-

state. In the one-flavoured regime, the flavour index α, may be summed over such

that the CP-asymmetry takes the following form

εi =
∑

α=e,µ,τ

εiα. (4.3.25)

6The charged lepton interaction rate is approximated as [207, 208] Γα(T ) ∼ 8×10−3y2αT which

implies that Γα(T ) > H(T ) for Te ∼ 104 GeV, Tµ ∼ 109 GeV and Tτ ∼ 1012 GeV.
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Such CP-asymmetries occur from the interference between tree and loop decay di-

agrams as shown in Fig. 4.7. Using a hierarchical sterile neutrino mass spectrum,

the calculation of the CP-asymmetry at leading order yields [209, 210]

εiα =
3

16π (h†h)ii

∑
i 6=j

[
Im
[
h∗αihαj

(
h†h
)
ij

]
ξ

(
M2

j

M2
i

)
+Im

[
h∗αihαj

(
h†h
)
ji

] 2

3 (xj/xi − 1)

]
,

(4.3.26)

where Mi is the mass of Ni, xi = M2
i /M

2
1 and

ξ (x) =
2

3
x
[

(1 + x) log

(
1 + x

x

)
− 2− x

1− x
]
. (4.3.27)

Note that if the Yukawa coupling between the sterile neutrino, leptons and Higgs

were real then the CP-asymmetry would vanish, as expected. The first (second) term

of (4.3.26) corresponds to the vertex (bubble) diagram of Fig. 4.7. Also, for small

mass squared splittings, Mi ∼ Mj, the contribution from the bubble diagram can

be resonantly enhanced and therefore the scale of leptogenesis may be significantly

lowered [211].

Semi-Classical Boltzmann Equations for Minimal Thermal Leptogenesis

The ultimate aim for theories of leptogenesis will be to derive kinetic equations

that track the lepton and anti-lepton number density in time. As an example, we

will consider one-flavoured N1-leptogenesis scenario. In such a scenario, the lepton

asymmetry is generated entirely by the decays of the lightest sterile neutrino, N1,

and the contribution of N2 and N3 are neglected. Such a scenario may be realised if

the masses of N2 and N3 are greater than the reheating temperature and therefore

not produced in the Early Universe.

The most basic form of these kinetic equations, based on semi-classical Boltz-

mann equations, account for the decay and washout in the one-flavoured regime (ex-

cluding ∆L = 1 scattering [212] and ∆L = 2 [206, 212–216] washout processes). The

decay term parametrises the lepton asymmetry produced from the sterile neutrino

decays while the washout term quantifies the processes in the thermal plasma which

compete and reduce the overall lepton asymmetry. As discussed in Section 4.3.1,
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Figure 4.8: Decay, ∆L = 1 and ∆L = 2 washout processes from left to right.

this regime is only realised at very high temperatures when the rates of processes

mediated by the charged lepton Yukawa couplings are out of thermal equilibrium

and therefore there is a single charged lepton flavour state, `1. At lower tempera-

tures, when flavour effects may no longer be neglected, a density matrix formalism

[214, 217–220] allows for a more general description than semi-classical Boltzmann

equations, since it is possible to calculate the asymmetry in intermediate regimes

where the one and two-flavoured treatments are inadequate. There are additional

effects which can be included to improve the accuracy of the leptogenesis calcula-

tions. Such effects include spectator processes [221–223], thermal corrections [216,

224] and quantum kinetic effects [225–228]. Spectator processes cause the redistri-

bution of the asymmetry generated in the leptonic doublets amongst other particle

species in the thermal bath. These processes typically protect the lepton asymmetry

from washout and therefore increase the efficiency of leptogenesis. However, for the

present discussion we will ignore these sub-leading effects. The decay and washout

terms of the semi-classical Boltzmann equations are given by [229]

D1(z) = K1z
K1(z)

K2(z)
and W1(z) =

1

4
K1K1(z)z3, (4.3.28)

where z = M1/T and K are modified Bessel functions.

One-Flavoured Boltzmann Equation

The one-flavoured Boltzmann equation used to calculate the lepton asymmetry pro-

duced from the decay of the lightest sterile neutrino, Ni, may be written as [206,
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212–216]

dNNi

dz
= −D1 (z)

(
NNi (z)−N eq

Ni
(z)
)

dNB−L

dz
= εiD1 (z)

(
NNi (z)−N eq

Ni
(z)
)
−W1NB−L (z) ,

(4.3.29)

where ε is the CP asymmetry and N are number densities calculated in a co-moving

volume. We have adopted a similar notation and normalisation as applied in [220]

whereN eq
N (z = 0) = 1 i.e. one ultra-relativistic sterile neutrino per co-moving volume

and the equilibrium abundance of the sterile neutrinos is given by

Neq(z) =
1

2
z2K2(z). (4.3.30)

The second term of (4.3.29) displays explicitly how N1-leptogenesis satisfies Sakharov’s

conditions: εi quantifies the CP-violation, D1 is a B − L violating decay term and

finally NNi (z) 6= N eq
Ni

(z) implies a departure from thermal equilibrium. In the sce-

nario, NN1 > Neq there is an over-abundance of sterile neutrinos and the NB−L

asymmetry increases from their decays. On the other hand, if NN1 < Neq, the

NB−L asymmetry receives a negative contribution from inverse decays which use

lepton and anti-leptons to increase the sterile neutrino abundance. The factor that

converts NN1 to NB−L is the CP-asymmetry while the washout term W accounts

for the competing inverse decays (examples of which are shown in Fig. 4.8) which

inhibits NB−L production. The final value of NB−L must be compared with the

baryon-to-photon ratio [215]. These two quantities are related in the following way

ηB = asph

N f
B−L

N rec
γ

∼ 9.5× 10−3N f
B−L, (4.3.31)

where N rec
γ ∼ 37, N f

B−L is the final B − L asymmetry and asph = 28/79 is the

sphaleron conversion factor which accounts for the partial conversion of the B − L
asymmetry into a B asymmetry by the electroweak sphalerons. The numerical solu-

tion to (4.3.29) has been plotted for NN1 , NB−L and Neq as a function of z = M1/T .

The left (right) plot of Fig. 4.9 shows the result for strong (weak) washout where a

vanishing initial abundance of sterile neutrinos has been applied. In this scenario, the

sterile neutrinos are thermally produced via inverse-decays and scatterings present

in the thermal plasma (hence the name thermal leptogenesis). This can be seen
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in the left plot which shows the result for strong washout. The inverse decays are

sufficient to increase the sterile neutrino abundance to thermal abundance prior to

the decays which produce the B-L asymmetry. This asymmetry is then washed out

so that the particular details of the sterile production or initial abundance do not

greatly affect the final B-L asymmetry [215, 230]. This has the effect of greatly

reducing theoretical error. In the case of weak washout, shown in the right plot of

Fig. 4.9, it takes longer for the inverse-decays to build a sizeable abundance of sterile

neutrinos and therefore the final B-L asymmetry is sensitive to the initial conditions.

ÈNB-LÈ

NN1

Neq
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Figure 4.9: The number density of N1, |NB−L| and Neq as a function of z. A zero

initial condition is applied with strong (weak) washout regime shown on the left

(right) where ε1 = 10−6.

An appealing feature of Ni-leptogenesis is its connection with neutrino physics.

Assuming three sterile neutrinos, the Casas-Ibarra parametrisation [231] allows the

Yukawa matrix to be decomposed into high and low-energy components

h =
1

vH

√
MNR

√
mνU

†
PMNS, (4.3.32)

where MN (mν) is the diagonal sterile (active) neutrino mass matrix, R is a complex

orthogonal matrix and UPMNS is the PMNS matrix. In the scenario leptogenesis

occurs in the one-flavoured regime, the CP-asymmetry depends on the sum over

three flavours (as illustrated in (4.3.25)) and may be written as

ε1 =
3

16π

M1

v2
H

∑
imνiIm (R2

1i)∑
imνi |R2

1i|
. (4.3.33)
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Figure 4.10: Schematic diagram of electroweak baryogenesis.

From (4.3.33) it is clearly seen ε1 is not a function of the PMNS matrix and therefore

is insensitive to low-energy CP-violation and leptonic mixing angles. However, in

flavoured leptogenesis, there are now at least two CP-asymmetries (one for each

lepton flavour and also for flavour correlations between differing lepton flavours)

and they are a function of the PMNS matrix which enables a connection between

high-scale leptogenesis and low-scale leptonic observables. Using such a set-up, it

has been demonstrated that non-zero values of δCP can produce the BAU [232, 233].

In addition, the application of flavour effects allows the scale of thermal leptogenesis

(i.e. mass of sterile neutrino) to be lowered several orders of magnitude and still

produce a baryon asymmetry consistent with observation.

4.3.2 Electroweak Baryogenesis

One possible alternative to leptogenesis is electroweak-baryogenesis (EWBG). This

mechanism operates during the EWPT when the Higgs field acquires a non-zero

VEV which leads to the breaking of electroweak symmetry to its U(1)EM subgroup.

A requirement of EWBG is a first order EWPT. The difference between first and

second order phase transitions can be determined from the Higgs potential at finite

temperature as shown in Fig. 4.11. Above the critical temperature (TC) the potential

is in the symmetric phase, where the only vacua is located at the origin. As the
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temperature lowers, T < TC , a second, deeper vacua may develop. If there is a bump

separating the two vacua, the transition from the false to true vacua proceeds via

thermal tunnelling and is classified as a first order phase transition. This corresponds

to a discrete change in the VEV and subsequently a finite-sized bubble is nucleated.

Conversely, if the field value can simply “roll down the hill”, a smooth crossover

transition occurs. For such a transition, the field value changes continuously in

space and therefore bubbles cannot form. In the case of EWBG, bubble nucleation

Figure 4.11: The left (right) diagram shows a first order (smooth crossover) phase

transition [234].

occurs and the baryon asymmetry is created in the vicinity of the bubble walls.

Particles in the thermal bath can scatter off or diffuse through the bubble wall

depending on their transmission and reflection coefficients. If the EWBG theory

contains sources of CP-violation then this scattering can produce a chiral charge

asymmetry in the particle number density in front of the bubble wall [235, 236].

In the symmetric phase, non-perturbative SU(2)L processes occur at unsup-

pressed rates and from scaling arguments proceed at Γsph ∝ α5
WT

4 [237]. These

sphalerons convert the chiral asymmetry in the particle number densities (in front of

the bubble wall) into a baryon asymmetry. Subsequently, some of the baryon asym-

metry will diffuse into the bubble, where the sphaleron transitions are Boltzmann-

suppressed, and the baryon asymmetry remains stable in time.

EWBG fails in the SM due to insufficient CP-violation and the smooth crossover

of the EWPT [197]. However, New Physics which modifies the Higgs potential and

introduces new CP-violating couplings remedies both problems. Such examples,
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amongst others, include the MSSM [238–240], two Higgs doublet [241, 242] and

inert Higgs doublet models [243–245]. As a consequence, this makes EWBG a

very predictive theory as the new particles must couple to the Higgs. In addition,

such particles should be abundant in the thermal plasma around the EW scale and

are generically not very heavy. In addition to being predictive, this feature makes

EWBG a falsifiable theory.

4.4 Calculational Tools

4.4.1 Semi-Classical Boltzmann Equation

In Section 4.3.1, the N1-leptogenesis scenario was presented using semi-classical

Boltzmann equations. Such equations are derived from Liouville’s equation which

states that the probability distribution function (f) of a system of particles does not

change along any trajectory in phase space

df

dt
=
∂f

∂t
+

N∑
i

(
∂f

∂~ri
.ri
−̇→+

∂f

∂~pi
.pi
−̇→
)

= 0, (4.4.34)

where ~r and ~p are position and momentum respectively. (4.4.34) details the evolution

of an N-particle system and hence the probability distribution function in 6N di-

mensional phase space (three position and three momentum coordinates are needed

to describe each particle). Using the Poisson bracket, (4.4.34) may be rewritten in

the following manner

∂f

∂t
= {H, f} where {A,B} =

∂A

∂~ri
.
∂B

∂~pi
− ∂A

∂~pi
.
∂B

∂~ri
, (4.4.35)

where H is the Hamiltonian of the system. For typical systems, the distribution

function is dependent on a very large number of variables (∼ 1023) and solving

(4.4.35) quickly becomes intractable. The first step in simplifying these equations

is to apply the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy which

allows the N-distribution function to be written as a function of theN+1 distribution

function (essentially f1 = F(f2), f2 = F(f3), ...). These sets of recursive equations

are just as difficult as Eq. (4.4.35) to solve. However, if the system of particles is a
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Figure 4.12: The coloured lines represent propagating particles and the black circles

their successive collisions.

dilute gas 7 then these equations can be truncated such that the time evolution of

the system is represented by the one-particle distribution function (f1)

∂f1

∂t
= {H1, f1}+

(
∂f1

∂t

)
coll

, (4.4.36)

where the third term of (4.4.36) is the collision integral and accounts for scattering

between particles8. Such scatterings are calculated using S-matrix elements in the

usual in-out formalism (QFT at zero temperature). From the Lehmann-Symanzik-

Zimmermann (LSZ) formula S-matrix elements are expressed in terms of correlation

functions of fields which are asymptotically free of each other; in a dilute gas this ap-

proximation is reasonable given that the timescale of collisions between particles is

significantly shorter than the timescale of particle propagation and thus the in-going

and out-going are asymptotically free. This has the consequence that the system is

essentially memoryless i.e. from Fig. 4.12 the collision C2 has no effect on C3.

However, in the Early Universe the environment (i.e. thermal plasma) is ex-

tremely hot and of finite density. Therefore, representing the system as a dilute gas

may not be fully descriptive given that the timescale of particle propagation may

7See Fig. 4.12. In the dilute gas approximation the timescale of the collisions (tCi
) is much

smaller than the timescale of the particles propagating between collisions (tprop) i.e. tCi
� tprop

8The semi-classical Boltzmann equation of (4.4.36) is a standard result of kinetic theory and

some steps have been skipped. For the interested reader see [246].
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not be significantly different than the timescale of the collisions; in such a scenario

C2 will affect C3 and therefore the system becomes non-Markovian. To capture

such memory effects amounts to going beyond the in-out formalism to using in-in

formalism. This formalism may also be known as the Real-Time, Closed-Time Path

(CTP) and Schwinger-Keldysh formalism. Regardless of the nomenclature, the ben-

efit of using such an approach allows the assumption of asymptotically free states

to be removed.

4.4.2 The Closed-Time Path Formalism

In the preceding section, we discussed the general motivation for using the Closed-

Time Path (CTP) formalism for Early Universe calculations. In this section we

discuss some basic results of this formalism which will be necessary for our calcula-

tion in Section 4.5.2: these include defining the CTP propagators and the equation

of motion. This short discussion shall not do justice to what is a rich field of study

with many possible physical applications however, some select references include

[247–251].

To begin, we first define the Closed-Time Path contour by considering an ingoing

state at an initial time ti as φIN (ti + iε/2). We evolve this state forwards in time,

via an external source J+, to a state in the future at time tf + iε/2, which will be

a sum over all possible future states. This summation over all future states can be

evolved back to the initial state via the source term J−. This evolution of states is

defined on a Closed-Time contour, C = C+ ∪ C−, in the complex plane. This time

contour, as shown in Fig. 4.13, starts at time ti+iε/2 and continues to time tf +iε/2

and loops back to ti − iε/2 where ε is an infinitesimal parameter. The generating

functional, defined on this time path [251], may be written as

ZC[J ] = Tr

(
TCexp

(
i

∫
d4xJ(x)φ(x)

)
ρ

)
, (4.4.37)

where TC is time-ordering on the complex time plane and ρ is the density matrix

characterising the initial conditions of the system. At zero temperatures, the density

matrix is given by ρ = |Ψ0〉〈Ψ0| where |Ψ0〉 is the ground state of the full interacting
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Figure 4.13: The Closed-Time Path: C = C+ ∪ C−.

theory. At finite temperatures, ρ = eβ(−H+µiQi)/Tr ((−H + µiQi)) where β = 1/T ,

H is the Hamiltonian, Qi are conserved charges and µi are the corresponding chem-

ical potentials9. Much like the zero-temperature case, derivatives with respect to

the variational current yield path-ordered products

〈φ(x1)....φ(xN)〉 =
1

Z[J ]

δN

iδJ(x)....δJ(xN)
Z[J ]

∣∣∣∣
J=0

. (4.4.38)

For a two-point function, we find there are four possible ways to order the two times

on the Closed-Time path which result in four propagators as shown in Fig. 4.14.

The generating functional of (4.4.37) has a path integral representation

ZC[J ] =

∫
Dφ+Dφ+〈φ−|ρ|φ+〉〈φ−|TC

(
exp

(
i

∫
d4x (L(x) + J(x)φ(x))

))
|φ+〉,

(4.4.39)

where φ+ ≡ φIN(ti + iε/2), φ− ≡ φIN(ti− iε/2) and in the infinitesimal limit (ε→ 0)

(4.4.39) reduces to

ZC[J ] =

∫
Dφ+Dφ−〈φ−|ρ|φ+〉

∫
DφTC

[
exp

(
i

∫
d4x (L(x) + J(x)φ(x))

)]
.

(4.4.40)

9In this work we set all chemical potentials to zero.
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The ensemble average over the initial conditions is described by Dφ+Dφ−〈φ−|ρ|φ+〉.
In principle, the calculation of ρ typically involves all n-point functions. In prac-

tice, typically only the one and two-point functions are considered and the higher

order n-point functions are assumed to be functions of the lower order n-point func-

tions. Such an assumption of Gaussian initial conditions is useful, as a convenient

redefinition can be made such that the source term absorbs the initial conditions.

This has the consequence that the initial conditions disappear from the calculations.

Applying this assumption, the generating functional for the free theory is [251]

Z free
C = Rexp

(
−1

2

∫
C
d4xd4yJ(x)∆free

C (x, y)J(y)

)
, (4.4.41)

where R is a normalisation factor and ∆free
C (x, y) is the free generating functional in

the absence of sources and is given by

(
21 +m2

)
∆free
C (x, y) = −iδ(4)

C (x− y) . (4.4.42)

The generating functional of the full theory (4.4.40) is related to the generating

functional of the free theory (4.4.41) by

ZC[J ] = exp

{
−i
∫
C
d4xV

[
δ

iδJ(x)

]}
Z free
C [J(x)], (4.4.43)

From here the Schwinger-Dyson equation can be found

(2 +m2)∆C(x1, x2) +

∫
C

d4xΠC(x, x)∆C(x, y) = −iδC(x− y), (4.4.44)

where ∆C (ΠC) is the full propagator (self-energy correction). As mentioned pre-

viously, the time coordinates of the ∆ and Π can live on the upper or lower time-

contour as illustrated in Fig. 4.14. For t1 and t2 on the positive branch, C+, this

path-ordering corresponds to time-ordering and the propagator (∆++) is the usual

Feynman propagator, ∆F . Conversely, if t1 and t2 live on the negative branch, the

path-ordering is anti-time ordering and the corresponding propagator (∆−−) is the

Dyson propagator, ∆D. Finally, if t1 and t2 live on differing branches, the Wightman

propagators (∆< and ∆>) are obtained. As the Closed-Time path involves the use

of time and anti-time ordering, this gives rise to a doubling in the degrees of freedom

(d.o.f.). This increase in the d.o.f. has the consequence that the propagators and
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Figure 4.14: The blue (red) circle represents t1 (t2) and there are four possible ways

of ordering two times on the Closed-Time Path.

self-energies can be expressed as 2× 2 matrices

∆ab(x1, x2) ≡

∆F (x1, x2) ∆<(x1, x2)

∆>(x1, x2) ∆D(x1, x2)

 and Πab(x1, x2) ≡

ΠF (x1, x2) Π<(x1, x2)

Π>(x1, x2) ΠD(x1, x2)

 ,

(4.4.45)

where a, b ≡ ±. Consequently, for a given process the number of diagrams to be

evaluated is larger than in the zero-temperature, vacuum theory.

In the proceeding work, we will be interested in calculating the lepton asymmetry

and therefore will solve kinetic equations. Using the CTP-formalism, the kinetic

equations are derived from the Schwinger-Dyson equations and are the Kadanoff-

Baym equations

(2 +m2)∆>(x1, x2) = −
∫
d4x

[
Π>(x1, x)∆A(x, x2) + ΠR(x1, x)∆>(x, x2)

]
,

(2 +m2)∆<(x1, x2) = −
∫
d4x

[
Π<(x1, x)∆A(x, x2) + ΠR(x1, x)∆<(x, x2)

]
,

(4.4.46)
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where the advanced and retarded propagators and self-energies are

∆R(x1, x2) = ∆++(x1, x2)−∆+−(x1, x2) = ∆−+(x1, x2)−∆−−(x1, x2),

∆A(x1, x2) = ∆++(x1, x2)−∆−+(x1, x2) = ∆+−(x1, x2)−∆−−(x1, x2),

ΠR(x1, x2) = Π++(x1, x2)− Π+−(x1, x2) = Π−+(x1, x2)− Π−−(x1, x2),

ΠA(x1, x2) = Π++(x1, x2)−∆−+(x1, x2) = Π+−(x1, x2)− Π−−(x1, x2).

(4.4.47)

4.5 Creation of the BAU from Lepto-Bubbles

4.5.1 Basic Mechanism

Our principal assumption is similar to that of Chapter 2, that neutrinos are Ma-

jorana in nature and therefore, to leading order, their mass model reduces to the

lepton number violating Weinberg operator

LW =
λαβ
Λ

(
LαLφ̃

)(
φ†L̃βR

)
, (4.5.48)

where λαβ = λβα is a model-dependent coupling and Λ the scale of new physics.

As has been discussed at length, the Weinberg operator may be UV-completed in a

number of ways ranging from loop effects to the introduction of heavy new degrees

of freedom. However, unlike typical scenarios of leptogenesis, the details of the UV-

completion of the dimension five operator need not be specified in this mechanism.

This has the interesting consequence that the scale of neutrino mass generation is

higher than the scale of CP-violation, unlike in all other scenarios of leptogenesis.

A second key postulate is the coupling of the Weinberg operator is functionally

dependent upon a SM-singlet scalar, φ, such that λαβ = λ0
αβ + λ1

αβ〈φ〉/vφ10. As-

sociated to φ is a finite temperature scalar potential, which is symmetric under a

leptonic flavour symmetry at sufficiently high temperatures. As the temperature of

the Universe lowers, the minima at the origin of this potential becomes metastable

and a phase transition occurs. As a result, the minima changes from the vacua at

10Using this form of the coupling implies that a dimension-six operator accompanies the

dimension-five operator. However, if we assume the mass of the flavon is sufficiently heavy, the

effects of a dimension-six operator are negligible.
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the origin to a deeper, true vacua which is stable and non-zero, 〈φ〉. The ensemble

expectation value (EEV) of φ spontaneously breaks the high-scale flavour symmetry

and results in the observed pattern of leptonic masses and mixing. Assuming a first

order phase transition, (lepto) bubbles of the leptonically CP-violating broken phase

nucleate. To further clarify, from Fig. 4.15, it can be seen that the EEV deep inside

the bubble has a non-zero and constant value as a function of spacetime. While

outside the bubble, the EEV is zero-valued. Inside the bubble wall, the EEV varies

with spacetime and therefore the coupling of the Weinberg operator, λαβ, must also

vary with spacetime. This has the effect that interference of the Weinberg operator,

at different times, produces a lepton asymmetry11.

Figure 4.15: Schematic representation of a lepto-bubble. The brown line represents

the EEV as a function of z (the direction of bubble expansion). With thanks to

Ye-Ling Zhou for the figure.

4.5.2 Calculating the Lepton Asymmetry

We follow the techniques developed for thermal leptogenesis as presented in [227]

and calculate the lepton asymmetry to leading order in a time-independent flavour

11One point to bear in mind is that if neutrinos are Dirac particles then this mechanism is no

longer feasible.
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Figure 4.16: The two-loop lepton-number-violating contribution of the CP-violating

and time-dependent Weinberg operator to the lepton self energy.

basis. In order to derive the lepton asymmetry, the Green functions for the Higgs

and leptons are Fourier-transformed

∆~q(t1, t2) =

∫
d3rei~q·~r∆(x1, x2), S~k(t1, t2) =

∫
d3rei

~k·~rS(x1, x2) , (4.5.49)

where r ≡ x1 − x2, t1 ≡ x0
1 and t2 ≡ x0

2. Subsequently, the lepton asymmetry at a

fixed space point in the bubble wall may be written as nL(x) =
∫

d3k
(2π)2

L~k with

L~k ≡ f`~k − f`~k

= −
∫ tf

ti

dt1∂t1tr[γ0S
<
~k

(t1, t1) + γ0S
>
~k

(t1, t1)]

= −
∫ tf

ti

dt1

∫ tf

ti

dt2tr
[
Σ>
~k

(t1, t2)S<~k (t2, t1)− Σ<
~k

(t1, t2)S>~k (t2, t1)
]
,

(4.5.50)

where ti (tf ) is the initial (final) time, Σ~k(t1, t2) is the self-energy contribution and

the step from the second to third line of Eq. (4.5.50) comes from applying the

Kadanoff-Baym equation12. The leading CP-violating contribution to Σ~k(t1, t2) is

a two-loop diagram as shown in Fig. 4.16. The memory effect is reflected in the

memory-integral over time variables, t1 and t2, which involves the time-dependent

12The lepton asymmetry comes from zeroth component of the lepton current, L (t, t′) =

−tr
[
γ0S+ (t, t′)

]
. The explicit derivation from the lepton current to Eq. (4.5.50) may be found in

[227].
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couplings shown in Fig. 4.16. Using Eq. (4.5.48), the lepton asymmetry may be

re-expressed as

L~kαβ =
∑
γδ

12

Λ2

∫ tf

ti

dt1

∫ tf

ti

dt2Im
{
λ∗αγ(t1)λβδ(t2)

}∫
q,q′

Mαβγδ(t1, t2, k, k
′, q, q′) ,

(4.5.51)

where
∫
q,q′

=
∫

d3q
(2π)3

d3q′

(2π)3
. Mαβγδ(t1, t2, k, k

′, q, q′) is the finite temperature matrix

element. It is worth-noting, the lepton asymmetry has factorised into a part which

is dependent upon the Weinberg operator coefficient and another which is the finite

temperature matrix element, Mαβγδ(t1, t2, k, k
′, q, q′). The derivation of this factori-

sation may be found in Section C.1.

For the present calculation, and indeed for simplicity, we have ignored the dif-

fering thermal widths of the lepton propagators (i.e. flavour effects). As discussed

in Section 4.3.1, the inclusion of flavour effects, generally allows for a wider range

of temperatures in which leptogenesis is feasible. Additionally, we set ti → −∞,

tf → +∞ and the total lepton asymmetry L~k ≡
∑

α L~kαα may be written as

L~k =
12

Λ2

∫ +∞

−∞
dt1

∫ +∞

−∞
dt2Im

{
tr [λ∗(t1)λ(t2)]

}∫
q,q′

M , (4.5.52)

where the finite temperature matrix element, decomposed in terms of the lepton

and Higgs propagators, is expressed as

M = Im
{

∆<
~q (t1, t2)∆<

~q′
(t1, t2)tr

[
S<~k (t1, t2)S<~k′(t1, t2)PL

]}
.

A key assumption in the derivation of Eq. (4.5.50) is a homogeneous system [227].

However, this is clearly not the case for this mechanism as the lepto-bubble expansion

provides a special direction perpendicular to the bubble wall which results in the

transport of the lepton asymmetry along this particular direction. We anticipate

the directional dependence of the asymmetry will be small and therefore ignore its

impact at this stage13. As the temperature at which lepto-bubble nucleation occurs is

significantly higher than the electroweak scale, both leptons and the Higgs are almost

13The spatial dependence of the lepton-asymmetry will be further elucidated upon in future

works.
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in thermal equilibrium and we apply this approximation throughout. The time-

dependent flavon EEV, 〈φ〉, plays an important role in this mechanism. Without

loss of generality, one may assume 〈φ〉 = vφf(t) where f(t) varies continuously from

0 to 1. The coupling coefficient, λ, takes the form

λ(t) = λ0 + λ1f(t) . (4.5.53)

where λ0 is the coupling before the phase transition. The lepton asymmetry should

not be sensitive to the precise functional form of f(x). The simplest example of f(t)

is a step function, f(t) = ϑ(vwt − z), where vw is the velocity of the bubble wall

and z a certain point along the direction of bubble expansion. Another example is

a tanh function f(t) = 1
2

[
1 + tanh

(
vwt−z
Lw

) ]
where Lw the width of the wall. The

latter case is analogous to the Higgs EEV profile studied in the electroweak strong

first-order phase transition, which has been numerically checked [252–256]. In the

limit Lw → 0, the second example reduces to the first. Both cases yield the same

result, shown in Eq. (4.5.55), as expected.

After an exchange of integration variables from t1 (t2) to t̃ = (t1 + t2)/2 (y =

t1 − t2) and using ∫ +∞

−∞
dt̃[f(t̃+ y/2)− f(t̃− y/2)] = y , (4.5.54)

we find14 ∫ +∞

−∞
dt̃ Im

{
tr [λ∗(t1)λ(t2)]

}
= Im

{
tr
[
λ0λ∗

] }
y . (4.5.55)

Therefore, the lepton asymmetry can be written as

L~k = − 12

v4
H

Im{tr[m0
νm
∗
ν ]}
∫ +∞

−∞
dyy

∫
q,q′

M , (4.5.56)

where we have reparametrised the effective neutrino mass matrices as m0
ν ≡ λ0v2

H/Λ

and mν ≡ (λ0 + λ1)v2
H/Λ. It is worth stressing that the parameters associated

to the bubble, vw and Lw, do not affect the lepton asymmetry Eq. (4.5.56). This

is because we have assumed a fast-bubble wall expansion. Such an assumption is

reasonable because the flavon couples only to leptons and Higgs in the thermal

14For a proof see the Appendix.
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bath and therefore the plasma will not exert too much friction on the lepto-bubble

wall. In the remainder of this work, we shall continue to assume that the bubble is

expanding significantly faster than the Universe. As the bubble wall sweeps over a

certain region, the temperature, T = 1/β, changes slightly. To evaluate Eq. (4.5.56),

first we calculate M using the lepton and Higgs propagators. In the massless limit,

the lepton and Higgs propagators are written as

∆<
~q (t1, t2) =

cq
2q shq

e−γH |y|,

S<~k (t1, t2) =
γ0ck + i~γ · k̂ sk

2 chk
e−γ`|y|,

(4.5.57)

where k = |~k|, q = |~q|, ck = cos(ky−), sk = sin(ky−), chk = cosh(kβ/2), shk =

sinh(kβ/2), y− = y− iβ/2, k̂ = ~k/k and γH , γ` are the thermal damping rates of the

Higgs and the leptonic doublets respectively [227]. Substituting Eq. (4.5.57) into

Eq. (4.5.53), M becomes

M =
Im
{

cqcq′ [ckck′ + k̂ · k̂′sksk′ ]
}

8qq′shqshq′chkchk′
e−2γ|y| , (4.5.58)

where γ = γ`+γH . To calculate the lepton asymmetry of Eq. (4.5.56), we must com-

plete the time (y) and momentum integration. The y integration may be performed

by applying the oddness of M∫ +∞

−∞
dyyM = 2

∫ ∞
0

dyyM = −
∑

η2,η3,η4=±1

Kη2η3η4γ sin (βK/2) [1− η2k̂ · k̂′]
16qq′

(
K2
η2η3η4

+ 4γ2
)2

shqshq′chkchk′
,

where Kη2η3η4 = k+ η2k
′+ η3q+ η4q

′. The evaluation of the momentum integration

closely follows that of [227]. We abstain from re-deriving the details of this calcu-

lation and instead refer the reader to the reference. However we will present the

simplified form of the momentum integration∫
q,q′

=
1

(2π)4

∫ ∞
0

dp

∫ ∞
0

k′dk′
∫ |k+p|

|k−p|
qdq

∫ |k′+p|
|k′−p|

q′dq′ , (4.5.59)

where p = k − q = k′ − q′, q2 = k2 + p2 − 2pk cos θ and q′2 = k′2 + p2 − 2pk′ cos θ

have been applied. Using Eq. (4.5.59) with Eq. (4.5.59), the final result is written

as

L~k =
3 Im

{
tr [m0

νm
∗
ν ]
}
T 2

(2π)4 v4
H

F (x1, xγ) . (4.5.60)
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F (x1, xγ) is a loop factor given by

F (x1, xγ) =
1

x1

∫ +∞

0

dx

∫ +∞

0

x2dx2

∫ |x1+x|

|x1−x|
dx3

∫ |x2+x|

|x2−x|
dx4∑

η2,η3,η4=±1

[
1− (x2

1 + x2 − x2
3) (x2

2 + x2 − x2
4)

4η2x1x2x2

]
× Xη2η3η4xγ sinhXη2η3η4(

X2
η2η3η4

+ x2
γ

)2
coshx1 coshx2 sinhx3 sinhx4

,

where x1 = kβ/2, x2 = k′β/2, x3 = qβ/2, x4 = q′β/2, x = pβ/2 and Xη2η3η4 =

x1+η2x2+η3x3+η4x4. The loop factor depends on the lepton energy and the thermal

width normalised by the temperature, i.e. x1 and xγ. A key difference between this

mechanism and conventional scenarios of leptogenesis is that as once the lepton

asymmetry is produced, it will not be washed out. This is because the lepton-

antilepton transition rate proceeds via the Weinberg operator and is proportional

to (λ/Λ)2T 3 which is much smaller than the Hubble expansion rate. Thus, the

washout processes via the Weinberg operator are negligible. The lepton asymmetry

is partially converted into the baryon asymmetry via electroweak sphaleron processes

which are active above the electroweak scale. However, nB−L ≡ −nL(T = TPT)

is conserved, where TPT is the phase transition temperature. The final baryon

symmetry is approximately given by nB ≈ 1
3
nB−L. The baryon-to-photon ratio ηB

is defined as

ηB ≡
nB
nγ
≈ −Im{tr[m0

νm
∗
ν ]}T 2

8π4ζ(3)v4
H

F (xγ) , (4.5.61)

where F (xγ) =
∫ +∞

0
x1dx1F (x1, xγ), nγ = 2ζ(3)T 3/π2 and ζ(3) = 1.20215. In order

to produce a positive baryon asymmetry, Im{tr[m0
νm
∗
ν ]} should take a minus sign.

4.5.3 Discussion

The lepton asymmetry, shown in Eq. (4.5.50), depends upon three factors: the loop

function F (x1, xγ) derived from the self-energy correction to the lepton propaga-

tor; the effective neutrino mass matrices m0
ν , mν and the temperature, T , of the

phase transition. In Fig. 4.17, we allow xγ to take several values and display the

15Although the baryon-to-photon ratio of Eq. (4.5.61) appears to be dependent upon the VEV

of the Higgs ∝ 1/v4H it is not. This is because m0
ν ,mν ∝ v2H .
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Figure 4.17: The loop factor F (x1, xγ) as a function of the lepton energy k and the

thermal width γ, where x1 = kβ/2 and xγ = γβ.

numerical results of the loop factor F (x1, xγ) as a function of x1. The Standard

Model value, xγ ≈ 0.1, comes from electroweak gauge couplings [247]. However, it

is possible this value may be enhanced due to new physics contributions at high-

energy scales. For x1 ∼ 1, we observe that the loop factor provides a factor O(10)

enhancement to the lepton asymmetry. There are two effective neutrino mass ma-

trices m0
ν and mν . The structure of m0

ν is dependent on the coupling of the flavons

to the Weinberg operator and is determined by the details of particular flavour

models and will be studied in the future. After the phase transtion, the coeffi-

cients of the Weinberg operator are fixed and mν is identified to the measurable

low-energy neutrino mass matrix16. This mass matrix is diagonalised by the PMNS

matrix, i.e.UT
PMNSmνU

∗
PMNS = diag{m1,m2,m3}, and therefore allows for a connec-

tion between lepton asymmetry and low-energy leptonic observables. To estimate

the phase transition temperature, we assume Im{tr[m0
νm
∗
ν ]} is the same order as

m2
ν ∼ (0.1 eV)2. Numerically, we have checked that F (xγ) provides an O(102) fac-

tor enhancement for xγ ∼ 0.1. Therefore, the temperature for successful leptogenesis

16Ignoring RG running effects which merit discussion in future works.
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via lepto-bubbles is

T ∼ √ηB
v2
H

mν

. (4.5.62)

Using the observed ratio of baryon-to-photon, ηB = (6.19 ± 0.15) × 10−10 [21], we

conclude T ∼ 1011 GeV. This is an estimation and a more detailed calculation,

involving more generic bubble properties and inclusion of effects such as differing

thermal width of charged leptons, may indeed lower this scale. Note that, this mech-

anism relies upon the UV-completion scale Λ being higher than the temperature of

phase transition T . If Λ . T , new lepton-number-violating particles, e.g. right-

handed neutrinos in type-I see-saw, may be present in the thermal bath during the

phase transition, and the phase transition may influence the leptogenesis via the de-

cays of these particles [257]. In the above, we have calculated the lepton asymmetry

generated by the time-dependent coupling of the Weinberg operator. However, dur-

ing the lepto-bubble expansion, this coupling is also space-dependent. Including the

space-dependent calculation would not produce any additional lepton asymmetry

because we assume thermal equilibrium form of the lepton and Higgs propagators

as seen in Eq. (4.5.57). In equilibrium, the momentum distributions of the Higgs

and leptons are spatially isotropic. As a consequence, there is no preferred direction

for the Higgs and lepton propagators. Therefore, combining these propagators with

the space-dependent coupling, which specifies the z direction, cannot generate any

lepton asymmetry. However, it is in principle possible that a deviation from the

equilibrium may result in additional lepton asymmetry. Nonetheless, this contribu-

tion may be safely ignored for temperatures far above the electroweak scale as the

deviation is very small and the generated lepton asymmetry would be negligible.

4.6 Summary

Leptogenesis via lepto-bubbles is a completely new and novel mechanism that pro-

vides a connection between the BAU and the flavour structure of the lepton sector.

Unlike conventional scenarios of leptogenesis, which specify a particular way to gen-

erate neutrino masses, this mechanism allows for relative model independence as the

new physics responsible for neutrino masses has already been integrated out before
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the CP-violating phase transition occurs. This has the effect that the CP-violating

scale, and in turn the flavour-breaking scale, lies below the scale of neutrino mass

generation. There are several interesting aspects of our mechanism that could be

further explored. These include:

• Investigating the impact of more generic bubble properties, such as thick-wall

and slow expansion.

• Accounting for differing thermal widths of the charged leptons. This may

lower the scale of the phase transition by several orders of magnitude.

• Investigate the effect of specific flavour models and the impact this has on the

BAU.

• If the scale of this mechanism could be lowered sufficiently, it would be of

interest to calculate the gravitational wave spectra given a particular flavour

symmetric potential.

• At present the lepton asymmetry is calculated numerically in the context of the

Closed-Time Path formalism. It would be of interest to calculate the lepton

asymmetry using more conventional methods and investigate the quantitative

difference between the two approaches. Moreover, finding analytic formulae

would allow others to apply this mechanism more easily.

• This mechanism could be applied in conjunction with existing leptogenesis.

Thermal leptogenesis (with flavour effects) could occur at relatively low scales

(104 − 106 GeV) and partially produce a lepton asymmetry. If lepto-bubble

nucleation occurred as a secondary process, it would enhance the existing lep-

ton asymmetry to be consistent with observation. This two-stage leptegenesis

scenario, could allow for successful leptogenesis at significantly lower temper-

atures than previously thought possible.
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Chapter 5

Summary and Outlook

Measuring the fine structure of leptonic mixing is one of the foremost challenges in

experimental neutrino physics. In conjunction, understanding the origin of the pat-

tern of mixing is of great interest from a theoretical perspective. In this thesis, we

reviewed one possible method of approaching this flavour problem which avoids the

difficulties of flavour model building by focussing purely on symmetry constraints.

In Chapter 2 we applied an A5 flavour and gCP symmetry to constrain the PMNS

matrix and thereby predict three mixing angles and three phases. Given the choice

of high and low-scale residual symmetries, these leptonic observables were a func-

tion of one internal parameter which could be eliminated in order to determine sum

rules. The testability of these sum rules for currently running and future planned

facilities was discussed at length in Chapter 2.

In Chapter 3, we considered a slightly less constrained combination of Abelian

residual symmetries than in Chapter 2 and this had the consequence of providing a

greater range of predictions with more complex correlations between observables. If

nature is governed by a flavour symmetric principle and chooses to break her sym-

metries in such a relaxed manner it would be more challenging to determine this

from oscillation experiments and indeed information from neutrinoless double-beta

decay would be necessary.

In these discussions, we have only touched on a very specific application of flavour
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symmetries in the lepton sector. The flavour problem has been scrutinised in many

ways and includes developments in flavour model building, exploring predictions us-

ing groups of very large order, flavour anomalies and RG-running effects on flavour

sum-rules amongst many others. However, in order to determine if indeed nature

is governed by a symmetric principle, we shall need to be patient and await experi-

mental input.

Hopefully, the reader has been convinced the BAU is a fascinating problem and

is at the heart of how we exist. We reviewed two of the most popular in Section 4

and it was evident there remains tension between the viability and testability of such

theories. In general, EWBG predicts New Physics at the EW-scale and therefore

has the benefit of being testable and indeed many variants of EWBG are no longer

viable.

High-scale leptogenesis is a relatively simple and plausible scenario that has deep

connections with the neutrino sector. However, the possibility of being fully testable

is unlikely in the foreseeable future, given that the mass scale of the heavy see-saw

mediators ranges from 106 − 1015 GeV. In spite of this, there are indirect meth-

ods of excluding or constraining the theory parameter space. There has been work

that investigated the possibility of falsifying high-scale leptogenesis in two ways: the

first studied constraints from lepton-number violating (LNV) processes at the Large

Hadron Collider (LHC) [258] and the second constraints from 0νββ [259]. In [258],

the authors showed that observation of LNV at the LHC would put strong lower

limits on leptogenesis washout processes. The authors investigated N1-leptogenesis

while ignoring flavour effects and therefore the conclusions of this work may only be

applied to leptogenesis at very high temperatures. Moreover, it is worth stressing

that the non-observation of LNV cannot constrain leptogenesis in any way. However,

given the robustness of the SM to date, any New Physics including LNV at LHC (in

spite of putting high-scale scenarios under considerable stress) would be welcomed

by me. The second work, concluded that if 0νββ is triggered by non-standard ef-

fects, then it is likely high-scale leptogenesis is unfeasible (given the lower limit on
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washout processes). However, 0νββ is a very challenging measurement and it will be

very difficult to disentangle which particular non-standard mechanism is responsible

even if 0νββ is observed. In spite of the aforementioned tension, it is worthwhile

exploring all possible avenues.

The focal point of Chapter 4 was the presentation of a new mechanism of produc-

ing the matter anti-matter asymmetry via lepto-bubble nucleation. This mechanism

has deep connections with leptonic flavour symmetries and therefore low-energy

neutrino observables. The lepton asymmetry is produced at high temperatures,

T ∼ 1011 GeV, after a flavon undergoes a phase transition; however, there are sev-

eral modifications that could be made to the calculation in order to lower the scale.

In conclusion, we have demonstrated that with the accumulation of more precise

neutrino oscillation data, it is possible to test the predictions of non-Abelian discrete

symmetries, in particular using A5 in conjunction with a generalised CP symmetry.

In addition, we explored the possible connection between leptonic flavour symmetries

and the BAU by discussing a non-standard leptogenesis scenario. We calculated the

lepton asymmetry using a technique that captures memory effects and we found

the scale of this mechanism is similar to that of high-scale thermal leptogenesis.

There remains work to be done in further developing this mechanism and exploring

the exciting possible connections with specific flavour models and their associated

phenomenology.
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Appendix A

A5 Group Structure

We follow the discussion of [126]. A5 is isomorphic to the icosahedral symmetry

group which consist of all the rotations that preserve the orientation of the icosa-

hedron, the platonic solid which consist of 20 equilateral triangles. The icosahedral

group is of order 60 and has an identity element, rotations by 2π/5, 4π/5 (both

order 5) through each of the twelve vertices, rotations by 2π/3 (order 3) about the

axis through each of the twenty equilateral triangles and rotations of π (order 2)

around the midpoint of the thirty edges which result in fifteen different rotations.

From these rotations, we can observe there are five different conjugacy classes

1, 15C2, 20C3, 15C5, 15C ′5.

A5 has irreducible representations of order 1, 2, 3, 4 and 5. We can deduce this

from the result that the order of the group equal to the sum of the squares of the

irreducible representations,

1 + 12 + 12 + 15 + 20 = 60 = 12 + 32 + 33 + 42 + 52.

〈S, T |S2〉 = T 5 = (ST )3 = 1〉.

The group consists of elements of (15) order 2, (20) 3 and 5 and their respective

subgroups are given by C2, C3 and C5.
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We list the group elements below

C2 : {ST 2ST 3S, TST 4, T 4(ST 2)2, T 2DT 3, T 2ST 2ST 3S, ST 2ST, S, T 3ST 2ST 3, T 3ST 2ST 3S,

T 3ST 2, T 4ST 2ST 3S, TST 2S, ST 3ST 2S, T 4ST, (T 2S)T 4}

C3 : {ST, TS, ST 4, T 4S, TST 3, T 2ST 2, T 2ST 4, T 3ST, T 3ST 3, T 4ST 2, TST 3S, T 2ST 3S,

T 3ST 2S, ST 2ST 3, ST 3ST, ST 3ST 2, (T 2S)2T 2, T 2(T 2S)2, (ST 2)2S, (ST 2)2T 2}

C5 : {T, T 4, ST 2, T 2S, ST 3, T 3S, STS, TST, TST 2, T 2ST, T 3ST 4, T 4ST 3}

C ′5 : {T 2, T 3, ST 2S, ST 3S, ST 2ST 2, T 2ST 2S, ST 3ST 3, T 3ST 3S, T 2ST 2ST 3,

T 3ST 2ST 2, T 3ST 2ST 4, T 4ST 2ST 3}
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Appendix B

Chern-Simons Number

The YM Lagrangian has the following form

L =
1

4
Ga
µνGaµν , Ga

µν = ∂µAν − ∂νAµ + gfabcAaµA
b
ν (B.0.1)

where g is the gauge coupling and fabc is the structure constant of the gauge group.

For this example we will use the gauge group, SU (2), as this is particularly relevant

given that we discussed electroweak sphaleron processes. From Eq. (B.0.1), it is not

immediately clear the vacua of the theory are discrete and degenerate. The way to

see this is to consider the set of gauge field configurations that correspond to states

with the minimal energy1

Ai(x) = iU(x)∂iU
†(x), (B.0.2)

where x is a spatial coordinate and U is a matrix representation of SU (2) element.

Moreover the matrix notation has been introduced

Aµ = gAaµ
τa

2

where τa are the Pauli matrices. The gauge field configuration of Eq. (B.0.2) is

referred to as pure gauge. As we are interested in tunnelling processes between

vacua, which are zero-energy states, the action must be finite. In order to ensure

the action is finite, U must behave as follows

U → U0, |x| → ∞,

1The pure gauge configuration corresponds to Fµν = 0 and thus a minimal energy configuration.

119



Appendix B. Chern-Simons Number 120

⇡1

S1 S1

Figure B.1: Schematic mapping f : S1 → S1

where U0 is a constant matrix. At spatial infinity our three-dimensional space be-

comes equivalent to a three-sphere, S3. Additionally, the group space of SU (2) is

also the three-sphere. Indeed, this boundary condition has realised a set of contin-

uous maps between the sphere in coordinate space (x) to the sphere in the group

space (SU (2)): S3 → S3. Such mapping corresponds to

π3(S3) = Z.

The above result derives from algebraic topology and its meaning is more easily

understood in a lower-dimensional example 2. The Chern-Simons (CS) current may

be defined as a function of gauge fields

Kν = 2ενµαβ
(
Aaµ∂αA

a
β +

g

3
fabcAaµA

b
αA

c
β

)
with ε0123 = 1.

Kν is the CS current. As the case with most currents in physical systems, we can

define a charge associated to that current which is the usual integration over spatial

dimension with respect to the zeroth component

K =

∫
d3xK0(x).

2 This result generalises to πN (SN ) = Z. The most easily visualised example is π1(S1), which

is the homotopy group of a circle, i.e. the mappings of a circle to a circle which is characterised

by how many times one can wrap or wind one circle around another; clearly an integer number.
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For pure gauge field configurations the above reduces to an integer i.e. the CS charge

gives a measure of the winding number.
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Appendix C

Lepton Asymmetry

There are several steps that need to be completed in order to massage the lep-

ton asymmetry into a numerically integrable form. First, we shall write down

the lepton asymmetry and note that it factorises into a part proportional to the

time-dependent coupling (the prefactor) and another part which involves integrat-

ing the finite-temperature matrix element over phase space. To evaluate the pref-

actor, we will assume a thin-bubble wall and fast-bubble expansion, change

variables from times t1, t2 to the relative and average coordinate y = t2 − t1 and

t = (t1 + t2)/2 and complete the time-integration. Subsequently, the integration of

the matrix-element will be completed and much of this calculation follows [227], e.g.

the Feynman rules and phase space integration.

C.1 Factorising the Lepton Asymmetry

We will calculate the self-energy correction using the Weinberg operator: LW =

YijLiφφLj
M

. The following diagrams are CP-violating and using the CTP formalism

there are two possible ways of time ordering the self-energy correction. Therefore,

to leading order the lepton asymmetry is [227],

Lk(t, t) = −
∫ t

0

dt1

∫ t

0

dt2tr[Π>
k (t1, t2)︸ ︷︷ ︸

self-energy

S<k (t2, t1)− Π<
k (t1, t2)S>k (t2, t1)]. (C.1.1)
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Figure C.1: Time-Ordering
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Figure C.2: Two ways of time-ordering the CP-violating diagrams with q′ = k−q−k′.

The loop integrals of C.1.1 are shown in the two diagrams of Fig. C.2 and are written

below,

Π>
k (t1, t2) =

∫
dq3

(2π)3

dq′3

(2π)3
×
[
∆<

q′(t2 − t1)∆<
q (t2 − t1)S<k′(t2 − t1)

]
PL

Π<
k (t1, t2) =

∫
dq3

(2π)3

dq′3

(2π)3
×
[
∆>

q′(t2 − t1)∆>
q (t2 − t1)S>k′(t2 − t1)

]
PL,

(C.1.2)

Substituting C.1.2 into C.1.1 and henceforth using the relative (y = t2 − t1) and

average time (t = (t1 + t2)/2), we find that the lepton asymmetry may be rewritten

as

Lk(t, t) = −C
∫ t

0

dt1

∫ t

0

dt2tr
{

∆<
q′(y)∆<

q (y)S<k′(y)S<k (y)−∆>
q′(y)∆>

q (y)S>k′(y)S>k (y)
}
,

(C.1.3)

and simplified using the following set of symmetry relations

∆>
q (y)∗ = ∆<

q (y) =⇒ ∆>
q (y) = ∆<

q (y)∗,

S>k (y)∗ = CS<k (y)C−1 =⇒ S>k (y) = C∗S<k (y)∗CT .
(C.1.4)
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As a consequence the lepton asymmetry is given by

Lk(t, t) = C
∫ t

0

dt1

∫ t

0

dt2tr
{

∆<
q′(y)∆<

q (y)S<k′(y)S<k (y)

−∆<
q′(y)∗∆<

q (y)∗C∗S<k′(y)CTC∗S>k (y)CT
}

= −2i×
∫ t

0

dt1

∫ t

0

dt2 Im(C)︸ ︷︷ ︸
prefactor

Im
(

tr
{

∆<
q′(y)∆<

q (y)S<k′(y)S<k (y)
})

︸ ︷︷ ︸
Matrix-Element

.

(C.1.5)

It is easy to see the lepton asymmetry has factorised in two parts: one involves

calculating C, which is a prefactor dependent upon the Weinberg operator coefficient,

λ and the other involves calculating the finite-temperature matrix element of the

self-energy correction. The integral evaluation and prefactor and matrix element

will be discussed in Section C.2 and Section C.3 respectively.

C.2 Prefactor

The prefactor is part of the lepton asymmetry which is dependent upon the coeffi-

cient of the Weinberg operator. As this prefactor is a function of time, we will need

to integrate over time

L(t, t) ∝
∫ tf

ti

dt1

∫ tf

ti

dt2Im
(
λ∗αβ(t1)λαβ(t2)

)
.

For the remainder of this calculation, the matrix structure of λ will be dropped

in order to simplify the discussion. We make the following ansatz for the time

dependent form of the coupling

λ (t) = λ0 +
λ1

2

(
1 + tanh

(
z − vwt
Lw

))
, (C.2.6)

where vw is the velocity of the bubble wall, Lw is the width of the bubble wall

and z is the direction of expansion of the bubble wall. However as mentioned in

earlier sections, bubble properties do not affect the final lepton asymmetry due to

the fast-bubble expansion and a thin-wall assumption. Eq. (C.2.6) shows a typical

functional form of the bubble-wall we assume and this is similar to EWBG examples.
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The imaginary part may be found in the following way

λ∗ (t1) = λ∗0 +
λ∗1
2

(
1 + tanh

(
z − vwt1
Lw

))
λ (t2) = λ0 +

λ1

2

(
1 + tanh

(
z − vwt2
Lw

))
=⇒

Im [λ∗(t1)λ(t2)] = Im

[
λ∗0λ1

2

(
1 + tanh

(
z − vwt2
Lw

))
+
λ0λ

∗
1

2

(
1 + tanh

(
z − vwt1
Lw

))]
= Im [λ∗0λ1]

{(
1 + tanh

(
z − vwt2
Lw

))
−
(

1 + tanh

(
z − vwt1
Lw

))}

= Im [λ∗0λ1]

{
tanh

(
z − vwt2
Lw

)
− tanh

(
z − vwt1
Lw

)}

= Im [λ∗0λ1]

{
sinh (z − vwt2/Lw)

cosh (z − vwt2/Lw)
− sinh (z − vwt1/Lw)

cosh (z − vwt1/Lw)

}
.

(C.2.7)

The numerator of Eq. (C.2.7) may be found using the following identity

sinh (a− b) cosh (a− c)− sinh (a− c) cosh (a− b) = − sinh (b− c) ,

and gives the result

numerator = − sinh

(
vw
Lw

(t2 − t1)

)
= − sinh

(
vw
Lw

y

)
.

To simplify the denominator, we can make use of the relative and average coordinates

y = t2 − t1 and t =
t1 + t2

2
=⇒ t1 =

2t− y
2

and t2 =
y + 2t

2
.

Applying this change of coordinate, we may rewrite the denominator as

denominator = cosh

(
z − vw (t+ y/2)

Lw

)
cosh

(
z − vw (t− y/2)

Lw

)
. (C.2.8)

Expanding Eq. (C.2.8) and multiplying out the denominator we find

denominator =
1

2
cosh

(
2
z − vwt
Lw

)
+

1

2
cosh

(
vwy

Lw

)
.

This implies that

Im (λ∗(t1)λ(t2)) = Im [λ∗0λ1]
sinh

(
vw
Lw
y
)

cosh
(

2 z−vwt
Lw

)
+ cosh

(
vwy
Lw

) . (C.2.9)
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As Im (λ∗(t1)λ(t2)) has been rewritten as a function of y and t, we may change

integration variables as well∫ tf

ti

dt1

∫ tf

ti

dt2 =

∫ 0

ti−tf
dy

∫ tf+ y
2

ti− y2

dt+

∫ tf−ti

0

dy

∫ tf− y2

ti+
y
2

dt.

In addition, we apply the formula∫ ∞
−∞

dx2
sinh (2x1)

cosh (2x2) + cosh (x1)
=

1

2

cosh (x1 + x2)

cosh (x1 − x2)

∣∣∣∣∣
∞

−∞

= 2y,

and we find that ∫ t

0

dt1

∫ t

0

dt2Im [λ∗ (t1)λ (t2)] = Im [λ∗0λ1] y.

C.3 Matrix Element

To calculate the matrix element we will apply the CTP Feynman rules and use the

free equilibrium propagators of the massless leptons and Higgs field which are given

by [227]

∆<
q =

(
1

2q
coth

(
βq

2

)
cos (qy) + i sin(qy)

)
e−γH |y|,

S<k =
e−γ`|y|

2

{
γ0

(
cos (ky)− i tanh

(
βk

2

)
sin (ky)

)
−γk̂

(
tanh

(
βk

2

)
cos (ky) + i sin (ky)

)}
,

(C.3.10)

where γH (γ`) is the Higgs (lepton) thermal width and we apply the notation k = ~k,

q = ~q and k̂ = ~k/k. These propagators may be simplified using the redefinition of
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the relative coordinate y− = y − iβ/2 where β = 1/T

∆<
q =

1

2q

(
coth

(
βq

2

)
cos (qy) + i sin(qy)

)
(C.3.11)

=
1

2q

(
coth

(
βq

2

)
cos

(
qy− +

iβq

2

)
+ i sin

(
qy− +

iqβ

2

))
(C.3.12)

=
1

2q

cos (qy−)

sinh
(
qβ
2

) , (C.3.13)

S<k =
γ0

2

(
cos
(
ky−

)
− i tanh

(
βk

2

)
sin
(
ky−

))
(C.3.14)

− γk̂

2

(
tanh

(
βk

2

)
cos
(
ky−

)
+ i sin (ky)

)
(C.3.15)

=
γ0

2

(
cos

(
ky− +

iβk

2

)
− i tanh

(
βk

2

)
sin

(
ky− +

iβk

2

))
(C.3.16)

− γk̂

2

(
tanh

(
βk

2

)
cos

(
ky− +

iβk

2

)
+ i sin

(
ky− +

iβk

2

))
(C.3.17)

= −γ
0

2

cos (ky−)

cosh
(
βk
2

) − i k̂γ sin (ky−)

2 cosh βk
2

. (C.3.18)

Substituting Eq. (C.3.11) into Eq. (C.1.5), the trace will pick up the gamma matrices

tr
{

∆<
q′∆

<
q S

<
k′S

<
k

}
=

(
cos (qy−) cos (q′y−)

4qq′ sinh
(
qβ
2

)
sinh

(
q′β
2

))Tr

(
γ0γ0

4

)
︸ ︷︷ ︸

1

cos (ky−) cos (k′y−)

cosh
(
kβ
2

)
cosh

(
k′β
2

) − Tr
(γγ

4

)
︸ ︷︷ ︸
−δ

k̂k̂′ sin (ky−) sin (k′y−)

cosh
(
kβ
2

)
cosh

(
k′β
2

)


=
1

8qq′

(
cos (qy−) cos (q′y−)

sinh
(
qβ
2

)
sinh

(
q′β
2

)
cosh

(
kβ
2

)
cosh

(
k′β
2

)){
cos
(
ky−

)
cos
(
k′y−

)
+ δij k̂ik̂′

j sin
(
ky−

)
sin
(
k′y−

)}
,

(C.3.19)

This integrand must be integrated over phase space, however for the moment we

shall concentrate on the simplifying tr
{

∆<
q′∆

<
q S

<
k′S

<
k

}

numerator = cos
(
qy−
)

cos
(
q′y−

)︸ ︷︷ ︸
A

cos
(
ky−

)
cos
(
k′y−

)︸ ︷︷ ︸
B

+ δij k̂ik̂′
j sin

(
ky−

)
sin
(
k′y−

)︸ ︷︷ ︸
C

 .

(C.3.20)
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Multiplying out A×B and then A× C

A×B =

(
ei(q+q

′)y′ + ei(q−q
′)y− + ei(q

′−q)y′ + e−i(q+q
′)y−

4

)

×
(
ei(k+k′)y′ + ei(k−k

′)y− + ei(k
′−k)y′ + e−i(k+k′)y−

4

)
=

1

16

(
ei(q+q

′+k+k′)y− + ei(q−q
′+k+k′)y− + ei(−q+q

′+k+k′)y− + ei(−q−q
′+k+k′)y−

+ ei(q+q
′+k−k′)y− + ei(q−q

′+k−k′)y− + ei(−q+q
′+k−k′)y− + ei(−q−q

′+k−k′)y− + C.C
)
.

(C.3.21)

Recalling y− = y − iβ/2, we may make the expansion ei(xy−ixβ/2) ≡ eixyeβx/2. To

find the imaginary part this implies Im[eixyeβx/2] ≡ sin(xy)eβx/2. Applying this to

Eq. (C.3.21) we find

A×B =
1

16

(
sin (q + q′ + k + k′) eβ/2(q+q′+k+k′)

+ sin (q − q′ + k + k′) eβ/2(q−q′+k+k′)

+ sin (−q + q′ + k + k′) eβ/2(−q+q′+k+k′)

+ sin (−q − q′ + k + k′) eβ/2(−q−q′+k+k′)

+ sin (q + q′ + k − k′) eβ/2(q+q′+k−k′)

+ sin (q − q′ + k − k′) eβ/2(q−q′+k−k′)

+ sin (−q + q′ + k − k′) eβ/2(−q+q′+k−k′)

+ sin (−q − q′ + k − k′) eβ/2(−q−q′+k−k′) + C.C
)
.

(C.3.22)

How do we handle the complex conjugate (C.C) part of the above equation? Con-

sider e−ixy
− ≡ e−i(xy−iβ/2) = e−ixye−β/2 =⇒ Im[e−ixye−β/2] = − sin (xy) e−β/2.

There adding to its complex conjugate, we find sin (xy) eβx/2 − sin (xy) e−βx/2 =

2 sin (xy) sinh (βx/2). This implies Eq. (C.3.21) may be written as

A×B =
2

16

{
sin (K+++y) sinh

(
βK+++

2

)
+ sin (K++−y) sinh

(
βK++−

2

)
+ sin (K+−+y) sinh

(
βK+−+

2

)
+ sin (K+−−y) sinh

(
βK+−−

2

)
+ sin (K−++y) sinh

(
βK−++

2

)
+ sin (K−+−y) sinh

(
βK−+−

2

)
+ sin (K−−+y) sinh

(
βK−−+

2

)
+ sin (K−−−y) sinh

(
βK−−−

2

)}
,

(C.3.23)
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where we have applied the following definitions for ease of notation

K+++ = k + k′ + q + q′

K++− = k + k′ + q − q′

K+−+ = k + k′ − q + q′

K+−− = k + k′ − q − q′

K−++ = k − k′ + q + q′

K−+− = k − k′ + q − q′

K−−+ = k − k′ − q + q′

K−−− = k − k′ − q − q′

(C.3.24)

where Kη2η3η4 = k + η2k
′ + η3q + η4q

′ and ηi = ±1. Applying the same procedure,

we calculate A× C

A× C =
k̂k̂′

16

{
− sin (K+++y) eβK+++/2 − sin (K++−y) eβK++−/2

− sin (K+−+y) eβK+−+/2 − sin (K+−−y) eβK+−−/2

+ sin (K−++y) eβK−++/2 + sin (K−+−y) eβK−+−/2

− sin (K−−+y) eβK−−+/2 + sin (K−−−y) eβK−−−/2 + C.C.

}
.

(C.3.25)

Adding the complex conjugate part in the same way as before we find

A× C =
2k̂k̂′

16

{
− sin (K+++y) sinh

(
βK+++

2

)
− sin (K++−y) sinh

(
βK++−

2

)
− sin (K+−+y) sinh

(
βK+−+

2

)
− sin (K+−−y) sinh

(
βK+−−

2

)
+ sin (K−++y) sinh

(
βK−++

2

)
+ sin (K−+−y) sinh

(
βK−+−

2

)
+ sin (K−−+y) sinh

(
βK−−+

2

)
+ sin (K−−−y) sinh

(
βK−−−

2

)}
.

(C.3.26)
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Adding A×B to A×C, and using the Lorentz-invariance of the vacuum contribution,

we find the integrand may be written as

M = Im
(

tr
{

∆<
q′∆

<
qS

<
k′S

<
k

})
=

1

8qq′ sinh
(

qβ
2

)
sinh

(
q′β
2

)
cosh

(
kβ
2

)
cosh

(
k′β
2

)
k.k′

8kk′

{
− sin (K+++y) sinh

(
βK+++

2

)
− sin (K++−y) sinh

(
βK++−

2

)
− sin (K+−+y) sinh

(
βK+−+

2

)
− sin (K+−−y) sinh

(
βK+−−

2

)
+ sin (K−++y) sinh

(
βK−++

2

)
+ sin (K−+−y) sinh

(
βK−+−

2

)
+ sin (K−−+y) sinh

(
βK−−+

2

)
+ sin (K−−−y) sinh

(
βK−−−

2

)}
e−2γ|y|.

(C.3.27)

In summary the matrix element integration is given by∫
d3k

(2π)3

∫
d3q

(2π)3

∫
d3q′

(2π)3

∫
dyyM. (C.3.28)

where γ = γ` + γH , k′ = − (k + q + q′) and note that the y factor came from the

prefactor time integration. We may make use of the factM is an odd function of y∫ +∞

−∞
dyyM = 2

∫ +∞

0

dyyM

= 2

∫
dyy

Im

{
cos (qy) cos (q′y) cos (qy) [cos (ky) cos (k′y) + kk′ cos (ky) cos (k′y)]

}
8q′q (sinh (qβ/2) sinh (q′β/2) cosh (qβ/2) cosh (q′β/2))

e−2|γ|y

= −
∑

η2,η3,η4=±1

Kη2η3η4γ sinh (βKη2η3η4/2)
[
1− η2k̂k̂′

]
16qq′

(
K2
η2η3η4

+ 4γ2
)2

sinh (qβ/2) sinh (q′β/2) cosh (qβ/2) cosh (q′β/2)
.

(C.3.29)

The blue coloured parts of Eq. (C.3.29) uses the formula∫ ∞
0

x sin (ax) e−2bx =
4ab

(a2 + 4b2)2 .

In order to calculate the momentum integration we use technique similar to those

of [227] and, for these reasons, will not repeat the phase space integration and

instead refer the reader to the aforementioned reference. We assume p ≡ k − q and

replace the momentum integration d3q′d3q with d3k′d3p where p ≡ k′ + p′. Using
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the parametrisation of [227]

p = |p| (1, 0, 0) ,

k = |k| (sin θ, 0, cos θ) ,

k′ = |k′| (sin θ′ cosϕ′, sin θ′ sinϕ′, cos θ′) .

(C.3.30)

∫
d3k

(2π)3

∫
d3q

(2π)3

∫
d3q′

(2π)3 =

∫
d3k

(2π)3

∫
d3p

(2π)3

∫
d3k′

(2π)3

1

(2π)2

∫ ∞
0

dp

∫ ∞
0

pdp

∫ ∞
0

k′dk′
∫ k+p

k−p
qdq

∫ k′+p

k′−p
q′dq′

(C.3.31)

where we have used

q2 = k2 + p2 − 2kp cos θ and q′
2

= k′
2

+ p2 − 2k′p cos θ.

Finally, we may rescale the momentum by temperature i.e k → kβ/2 and use the

following substitution

x1 = kβ/2, x2 = k′β/2, x3 = qβ/2, x4 = q′β/2, xγ = γβ and x = pβ/2.

(C.3.32)

The final lepton asymmetry is given by1

L =
3Im [m0

νm
∗
ν ]T

5

(2π)4 v4
H

F (x1, xγ) .

F (x1, xγ) is a loop factor and is given by

F (x1, xγ) =
1

x1

∫ ∞
0

dx

∫ ∞
0

x1dx1

∫ ∞
0

x2dx2

∫ x1+x

x1−x
dx3

∫ x2+x

x2−x
dx4

∑
η2,η3,η4=±1[

1− (x2
1 + x2 − x2

3) (x2
2 + x2 − x2

4)

4η2x1x2x2

]
Kη2η3η4γ sinh (βKη2η3η4/2)(

K2
η2η3η4

+ 4γ2
)2

sinhx1 sinhx2 coshx3 coshx4

.

(C.3.33)

For fixed values of γ (γSM ' 0.1), we may integrate over x1 which is the temperature

normalised three-momentum of the external lepton and the results are shown in

Fig. 4.17.

1Note the temperature to the fifth power comes from the five-variable integration.
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