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SUMMARY 

 

Titanium alloys are employed in many advanced engineering applications due to 

their exceptional properties, i.e., a high strength-to-weight ratio, corrosion resistance, and 

high temperature strength. The performance of titanium alloys is known to be strongly 

affected by its inherent microstructure, which forms as a result of thermo-mechanical 

processing. Depending on the alloying composition and processing route, the produced 

microstructure can exhibit a combination of extremely diverse morphologies. These 

variant microstructures produce compromise relationships between beneficial and 

detrimental effects on the alloy's performance. To study these structure-property 

relationships, two distinct crystal plasticity algorithms have been calibrated to data 

acquired from cyclic deformation experiments performed on three distinct titanium 

microstructures. The calibrated models were then utilized to simulate fatigue loading 

behavior of variant microstructures of each material to investigate the influence of mean 

grain size, crystallographic texture, and phase volume fraction. Fatigue damage has been 

quantified through the calculation of fatigue indicator parameters (FIPs) and radial 

correlation functions are employed to study the spatial correlation between favorably 

oriented slip systems and the extreme value FIP locations. The computed results are fit to 

extreme value statistical distributions to observe trends in the fatigue performance 

associated with alterations to key microstructural attributes. 
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CHAPTER 1 

INTRODUCTION 

 

Introduction 

 The performance of titanium alloys is known to be highly dependent on its 

microstructure induced by thermo-mechanical processing. This structure-dependence 

leads to a wide range of potential properties caused by any combination of very diverse 

microstructure morphologies. This span of achievable properties warrants their 

optimization to individual situations. It is possible to identify an ideal microstructure for a 

specific application through extensive experimental investigation, however, the time and 

costs associated with these studies can be prohibitively large, particularly when 

characterizing fatigue properties. To reduce the time and expense of alloy development, it 

is possible to employ crystal plasticity finite element simulations to analyze the structure-

property trends of the material. These simulations are not intended to replace 

experimental work, rather they provide additional insight into the physical mechanisms 

leading to property generation which will inform the material design process and 

effectively reduce the required number of experiments necessary to identify an ideal 

microstructure and processing route. The objective of this current research is to calibrate 

titanium crystal plasticity constitutive frameworks to cyclic deformation experimental 

results and then utilize the calibrated models to study the microstructure-sensitive fatigue 

performance trends related to variant microstructures of two different alloys: Ti-6Al-4V 

and Ti-18. The simulated finite element geometries aim to incorporate the effects of grain 

size, crystallographic texture, and phase distribution. 
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Scope of Thesis 

 This thesis is an extension of previous work on crystal plasticity modeling of 

titanium alloys within McDowell’s research group (Mayeur and McDowell, 2007; 

Przybyla, 2010; Przybyla and McDowell, 2011; Zhang, 2008). The current work 

primarily builds off of the efforts of Przybyla (2010), who utilized the crystal plasticity 

model developed by Mayeur (2004) to study the fatigue performance trends of duplex 

alpha-beta titanium microstructures possessing differing grain sizes and phase volume 

fractions. During this previous research, Przybyla laid the ground work for studying 

simulated fatigue of titanium with the creation of his microstructure generation suite as 

well as his utilization of extreme value fatigue statistics to describe the simulated 

distributions of maximum fatigue indicator parameters. This current thesis extends these 

previously generated tools for application to the fully lamellar, a.k.a. Widmanstätten, 

microstructures of beta-annealed titanium alloys. A new crystal plasticity framework 

coded by Britt et al. (2011) is employed in this study in conjunction with the previously 

created crystal plasticity model. The material parameters in both models have been 

estimated to gain agreement with experimental stress-strain data generated for the beta-

annealed structures. Simulated fatigue studies were also advanced to include texture 

effects as well as the calculation of additional FIPs. 

Thesis Outline 

 A general background of metal fatigue is presented In Chapter 2. Initially, the 

history of research advances in fatigue is briefly discussed, followed by a description of 

the physical mechanisms leading to fatigue crack initiation and growth. Afterward, 

widely employed engineering models for fatigue life estimation are described. Critical 

plane approaches are then introduced and commonly utilized damage parameters and 

fatigue indicator parameters are discussed. 
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 In Chapter 3, the calibration of the crystal plasticity frameworks is described. 

Characterization of the selected materials is presented along with the experimental 

procedures and results utilized as a basis of calibration. The kinematics and kinetics of 

the crystal plasticity models are outlined and the parameters of both models are estimated 

to gain good agreement with the experimental results for each of the microstructures. An 

explanation of the individual microstructure representations as well as the calibration 

process is also discussed. 

 Chapter 4 includes the simulated fatigue study of the two fully lamellar 

microstructures investigated. The computed fatigue indicator parameters are introduced, 

followed by a brief description of the Gumbel extreme value distribution and radial 

correlation function. Statistical volume generation methods for fitting mean grain size, 

crystallographic texture, phase volume fraction, and disorientation distribution are 

outlined. The generated extreme value FIP distributions and radial correlation results are 

then discussed. 

 The simulated fatigue study of the Ti-18 STA (duplex) structure is discussed in 

Chapter 5. A brief review of observed microtextured regions in titanium alloys is 

presented, which is then followed by a description of the fatigue indicator parameters 

calculated. The methodology behind finite element geometry instantiation is presented 

and the simulation results for fatigue dependence on texture band orientation are then 

discussed. 

 Finally, the outcomes of the present work are summarized in Chapter 6. These 

concluding remarks are supplemented with recommendations for future work to gain 

more accurate estimation of material parameters and perform additional experiments.  
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CHAPTER 2 

FATIGUE OF METALS 

 

Introduction 

 Fatigue is a process of mechanical failure originating from repeated loading. This 

recurring load is typically well below the material yield strength and can lead to failures 

as trivial as broken door handles or as catastrophic as an airplane crash. Fatigue has been 

estimated to be the source of 50 - 90% of all mechanical failures (Stephens et al., 2000) 

and the total cost of these failures has been projected to be as large as 4% of the United 

States GDP by previous researchers (Reed et al., 1983). With such substantial 

consequences in costs and public safety, it is imperative that design engineers employ 

established methods to account for fatigue life of critical components to avoid potentially 

disastrous events. This chapter presents a brief overview of the history of fatigue, 

physical mechanisms leading to fatigue failure, as well as engineering models and 

methods utilized to inform fatigue design. 

History of Fatigue 

 The term “fatigue” is often attributed to Poncelet (1839), who described metals as 

becoming “tired” during their use. In the middle of the 19
th

 century, many unexpected 

failures of steel structures were observed, particularly in train axels and bridges. These 

unexplained events led to an increasing interest in the root cause of fatigue failures with 

hopes of explaining their source and preventing their future repetition. Wöhler (1860) 

performed the first methodical fatigue experiments while he was investigating the 

fracture behavior of train axels for a railway company. He cyclically loaded his material 

at various stress amplitudes and observed that the number of cycles that the material 



 5 

could sustain would decrease with rising stresses amplitudes. This significant finding 

shaped the concept of the stress-life (S-N) curve as a design tool, which is still often 

utilized today for engineering applications. Wöhler also noted during his studies that 

there appeared to be a stress amplitude threshold below which fracture would not occur. 

This threshold stress amplitude was identified to be the fatigue endurance limit where the 

typical life was in excess of over one million cycles, i.e., “infinite” cycle life. Afterward, 

Gerber (1874) and Goodman (1899) extended Wöhler’s work to incorporate mean stress 

effects into the fatigue endurance limit calculation. Basquin (1910) later determined that 

the stress-life data within the finite life regime could be approximated by a linear 

relationship on a log-log scale, i.e., a power law relation between stress amplitude and 

cycle life.  This model allowed for the estimation of cycle lives associated with stress 

amplitudes exceeding the fatigue endurance limit. 

 At the end of the 19
th

 century, engineers were aware of fatigue failures and had 

developed stress-based phenomenological models to inform their designs; however, the 

mechanism inducing these failures remained a mystery. Ewing and Humfrey (1903) were 

the first to utilize an optical microscope to observe the source of fatigue crack nucleation. 

They stressed iron bars in reversed bending and interrupted the experiments after 

increments in the number of cycles to study the microstructure evolution. Ewing and 

Humfrey found that localized slip lines appeared in the structure and would eventually 

grow to form a crack, despite the applied stress being considerably smaller than the 

Young’s modulus. This result was crucial for guiding future research in crack formation 

and modeling. In accordance with these observations, Coffin (1954) and Manson (1954) 

independently proposed that fatigue life models should be related to the plastic strain 

amplitude in a similar form as the Basquin equation. This Coffin-Manson relationship has 

been widely utilized in industry to relate the strain amplitude and cycle life (Suresh, 

1992). 
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  Advances in the study of fracture mechanics began when Griffith (1921) 

proposed an energy criterion for crack initiation and growth during his work with brittle 

solids. He suggested that cracks can form or experience further propagation iff the energy 

of the system is either decreasing or held constant in the event of crack nucleation or 

incremental extension. In his framework, Griffith recruited the mathematical forms of 

Inglis (1913) to determine the strain energy associated with an elliptical vacancy within a 

plate to determine the stresses necessary to extend a crack. The derived results were 

found to be accurate for brittle materials, yet they underestimate the strength of metals 

which experience additional energy dissipation through plasticity. 

 Research in fracture mechanics saw dramatic growth after the events of World 

War II. WWII marked a time of rapid manufacturing of ships, tanks, and airplanes 

experiencing very short product lives. The creation of these vehicles required designs 

tailored for simple fabrication processes and utilized relatively inexpensive materials. On 

occasion, these designs were found to contain serious flaws that led to catastrophic 

failures. A well-known example of an inferior fracture-resistant design is that of the 

Liberty ships (Williams and Ellinger, 1953). The innovative welding design of the 

Liberty hulls allowed for their swift production, however, the welds were positioned in 

such a way that cracks could propagate across large portions of the ship’s hull with very 

little resistance. In addition, these welds were performed at relatively high speeds which 

would frequently produce large crack-like defects. This calamitous combination resulted 

in significantly increased failure rates of the manufactured Liberty ships with many of 

them splitting completely into two parts. The performance of the Liberty ships 

highlighted the importance of incorporating fracture resiliency into engineering designs. 

 Shortly after the war, Irwin (1948) and Orowan (1948) simultaneously modified 

the Griffith energy theory to include both elastic and plastic strain energy, which 

extended the theory to application of metals. Irwin (1956) employed the modified Griffith 

theory to create the notion of the “energy release rate”. This energy release rate is defined 
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as the calculated change in the potential energy with respect to a corresponding increment 

of crack growth. When the energy release rate is greater than some critical value, the 

crack can be expected to extend. Irwin (1957) then applied stress field calculations from 

Westergaard (1939) and showed that the stresses near the crack tip can be described with 

the “stress intensity factor”, which is related to the energy release rate. These theories 

developed by Irwin are at the core of linear elastic fracture mechanics (LEFM) and have 

proven to be effective for many engineering applications. 

 Though LEFM is extremely useful, its validity breaks down when the material 

exhibits a sizeable plastic zone at the crack tip. To account for larger plastic zones, Rice 

(1968) derived a nonlinear energy release rate calculation through his idea of the path-

independent J-integral, which now forms the basis of elastic-plastic fracture mechanics 

(EPFM). The nonlinear energy release rate, J, is a generalized measure of the energy 

release rate, G, and it accounts for the added plastic strain energy dissipated into the 

material during crack extension. The J-integral was initially validated by Begley and 

Landes (1972) when they showed that JIC was accurate in describing the fracture behavior 

of tough pressure vessel steels used in the nuclear industry. Begley and Landes also 

determined that J closely agreed with G for linear elastic materials, as the theory of the J-

integral suggests. Since then, EPFM has been widely employed in industry to 

characterize the fracture mechanics of materials exhibiting too much plasticity for LEFM 

analysis. 

Fatigue Crack Nucleation 

 Fatigue crack initiation is induced by a process of damage accumulation accrued 

through inelastic deformation. Both the formation of cracks and microstructurally short 

crack growth are dominated by similar physical mechanisms. This early stage of fatigue 

has been labeled “stage 1” crack growth by Forsyth (1962) and it is governed by the 

activity of localized crystallographic slip. Ever since the metallographic work of Ewing 
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and Humfrey (1903), it has been well known that cracks often occur along slip planes that 

experience severe plasticity. These slip planes are frequently found to move in bands of 

parallel motion dubbed “persistent slip bands” by Thompson et al. (1956). The plastic 

slip at the surface of the material is of utmost importance as it is typically the site of crack 

nucleation. Forsyth (1953) was the first to discover that plasticity produced a roughening 

effect at the metal’s surface. The roughened surface was found to possess extrusions of 

slip planes which protrude from the fatigued specimen’s surface  as well as intrusions of 

receding slip planes creating small valleys or pits (Cottrell and Hull, 1957; Forsyth and 

Stubbington, 1955). The jagged surface created by the intrusions and extrusions 

replicates multiple micro-notch features and induces stress intensification. The 

combination of localized stress and strain cooperatively works to damage the metal and 

initiate a crack.  A schematic of how a fatigue crack can nucleate at an inclusion-

extrusion roughened surface can be seen in Figure 2.1. Impressive scanning electron 

microscopy of surface cracks at persistent slip bands can be referenced in Ma and Laird's 

(1989) work. The fatigue cracking sensitivity to surface discontinuities suggests that 

smooth, polished faces are ideal for extending fatigue life. The significance of the surface 

finish has been summarized in the machine design text of Juvinall and Marshek (1991), 

which shows that the fatigue strength of steels is reduced by at least 20% for un-polished 

specimens when compared to ideal mirror-polished specimens. 
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Figure 2.1. Schematic of persistent slip band (PSB) induced crack initiation of a fatigued 

metal. 

 In many engineering materials, defects introduced during the thermo-mechanical 

processing are the primary source of crack formation. Common flaws include voids, 

impurities, and inclusions. When one of these is present, it creates a discontinuity in the 

material matrix and acts as a stress concentrator which will compete with the surface for 

the crack initiation site. The mechanism of crack formation associated with inclusions is 

strongly dependent on the slip behavior of the matrix, the strength of the matrix-inclusion 

interface, and the relative strengths of the matrix and inclusion. In high strength steels, a 

frequent form of cracking is a consequence of decohesion between a non-metallic 

inclusion and the matrix (Lankford and Kusenberger, 1973). During fatigue loading, the 

softer steel matrix begins to deform and pull on the inclusion. Due to the relatively weak 

adhesive strength, the inclusions begin to debond from the matrix creating an interfacial 

crack which eventually propagates through the matrix to a critical size. It is also possible 

for the inclusion debonding to form clusters of voids which swell and coalesce to form 

larger cracks. In addition to debonding, cracks can form as a result of slip impinging 

upon the inclusions or defects, which was observed in a fatigued 2024-T4 Al alloy by 

Kung and Fine (1979).  In some circumstances, the inclusions themselves have been 
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found to crack. In these instances, the bonding strength of the matrix-inclusion boundary 

has higher strength than the embedded inclusion. For example, inclusion cracking has 

been frequently observed in particle-reinforced metal-matrix composites, e.g., SiC 

particle fracture in a reinforced 6061 aluminum alloy (Lloyd, 1991). In all possible cases 

of inclusion or defect induced failures, the size and amount of the flaws are critical in 

limiting fatigue life with larger sizes leading to lower cycle lives. A summary of 

inclusion failure modes is provided in Figure 2.2. 

 
Figure 2.2. Summary of inclusion crack initiation mechanisms 

Fatigue Crack Growth 

 After the fatigue crack has been initiated, the initial stages of propagation are 

directed by local shear slip planes. This later process of stage 1 growth is very sensitive 

to the microstructure with crack extension being strongly affected by the grain boundaries 

(Tanaka and Akiniwa, 1989).  Eventually, the cracks grow longer than the characteristic 

scale of the microstructure and begin to propagate normal to the maximum applied stress. 

This regime of stable crack growth is less sensitive to the microstructural features (Miller, 

1993) and has been termed “stage II” crack growth (Forsyth, 1962), see Figure 2.3. It is 
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in this period of crack extension that several materials exhibit fatigue’s signature striation 

marks, discovered by Zapffe and Worden (1951). The striation marks present themselves 

on the fracture surface and appear similar to waves rippling out from the crack initiation 

site. Each of the striation waves is correlated with a single loading cycle. Forsyth and 

Ryder (1960) showed that the spacing between the individual striations was directly 

related to the average observed crack growth rate. Laird (1967) proposed a crack-tip 

blunting model to describe the process of striation formation. In this concept, the source 

of striation generation is the repeated activity of crack tip plastic blunting followed by 

crack-tip sharpening upon loading reversal. This blunting model is applicable to a wide 

set of materials. The primary exception is the striation formation in ductile single 

crystals, which have been observed to be produced by an alternating slip plane 

mechanism (Neumann, 1969). 

 
Figure 2.3. Two stage approach to fatigue crack growth (Forsyth, 1962). Adapted from 

(Stephens et al., 2000). 
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 Paris et al. (1961) utilized Irwin's (1957) stress intensity factor  K Y a   for 

static crack growth and extended the concept to describe crack extension caused by cyclic 

loading. They postulated that the incremental crack growth rate should be a function of 

the stress intensity factor range determined from the calculation of the stress intensity 

factor at the minimum and maximum loads of the cycle. Shortly thereafter, Paris and 

Erdogan (1963) investigated fatigue crack propagation data for a broad range of airframe 

material and determined that the crack growth rate and stress intensity factor range 

followed a power law relation, i.e., 

 
mda

C K
dN

  .                                                        (2.1) 

where /da dN  is the crack growth rate, K  is the stress intensity factor range, and both 

C  and m  are constants. This “Paris Law” is an extremely useful model for estimating 

the remaining fatigue life of a cracked component. It has been successfully exploited on a 

wide variety of materials and industrial applications on account of its simplicity and 

accuracy. 

Phenomenological Models for Cycle Life Estimation 

 A key objective in studying fatigue is to gain a reliable method of cycle life 

estimation. Accurate cycle life forecasting is critical for the design of engineering 

systems to ensure both safety and reduction of unnecessary replacement costs. The initial 

empirical models developed for projecting fatigue life were based on stress. Wöhler 

(1860) established the use of the stress-life (S-N) diagram as an initial tool in life 

estimation. The S-N curve is constructed by performing numerous fatigue experiments at 

various fully-reversed stress amplitudes and recording the number of cycles to failure. 

Wöhler observed a “knee” in the S-N curve for which steel materials sustained over a 

million cycles and seemed to possess an infinite cycle life. This minimum stress 
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amplitude became known as the fatigue endurance limit. Gerber (1874) and Goodman 

(1899) advanced the concept of the fatigue endurance limit to applications incorporating 

mean stress effects. The Gerber and Goodman formulations are displayed in Equations 

2.2 and 2.3, respectively. 

2

1a m

f u

 

 

 
  
 

                                                      (2.2) 

1a m

f u

 

 
                                                           (2.3) 

Here a  is the stress amplitude, f  is the fatigue endurance limit for fully-reversed 

loading, u  is the ultimate tensile strength, and m is the mean stress. These formulations 

could be used to estimate possible mean stress and stress amplitude for infinite lives, yet 

they do not provide any estimation of the cycle life associated with applied stresses that 

exceed the endurance limit. Basquin (1910) extended these models for applicability to 

reduced cycle lives by approximating the S-N curve as a power law relation within the 

finite life region, i.e., 

 
f

B

N fA N  .                                                  (2.4) 

here 
fN  represents the finite cycle life strength, fN  is the number of cycles to failure, 

and both A  and B  are constants determined from f  and u . The finite cycle life 

strength simply replaces the fatigue endurance limit in Equations 2.2 and 2.3 to use them 

for the desired cycle life. 

 Strain-based phenomenological models began to be used after Coffin (1954) and 

Manson (1954) observed a linear relationship between the plastic strain amplitude 
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( / 2p ) and number of load reversals ( 2 fN ) on a log-log plot. The decay shaped strain-

life curve was then assumed to be composed of the sum of two linear lines so that both 

the plastic strain amplitude and elastic strain amplitude could be written as power law 

relations with the number of load reversals. The total strain amplitude is then related to 

the number of load reversals through the following expression:  

   
'

'2 2
2

b cf

f f fN N
E





   .                                       (2.5) 

Here, '

f  and b are the fatigue strength coefficient and strength exponent; '

f and c are 

the ductility coefficient and ductility exponent; E  is the modulus of elasticity; and 2 fN is 

the number of load reversals. The left and right terms on the right-hand side of the 

equation represent the elastic and plastic strain amplitudes, respectively. The constants in 

Equation 2.5 can be determined by generating a strain-life curve from numerous 

experimental results. 

Fatigue Indicator Parameters 

 The previously outlined phenomenological models have proven extremely 

valuable for cycle life estimation within the low cycle fatigue (LCF) regime, where 

610fN  cycles. In contrast, their direct application to the lower stress amplitudes of high 

cycle fatigue (HCF) and very high cycle fatigue (VHCF) have not been as successful 

(McDowell, 1996). Phenomenological model inaccuracy in these regimes is rooted in 

their insensitivity to the mechanisms associated with the process of crack nucleation and 

micro-crack growth, i.e., stage I growth (Forsyth, 1962), which consumes an 

overwhelming majority of the HCF cycle life. A key indicator of their imprecision is the 

relatively large amounts of scatter typically present in HCF data. The source of this 

scatter has been suggested to be from microstructural effects which cause localized 



 15 

damage extremities and lead to fatigue cracking (McDowell, 1996).  This supposition is 

justified since stage I growth is induced by highly heterogeneous cyclic plasticity, which 

is highly sensitive to the microstructure morphology. Therefore, it is imperative for HCF 

models to incorporate the damage mechanisms affecting stage I growth to more 

accurately predict cycle lives. 

 Several life prediction models have been proposed in an attempt to more 

accurately capture the micro-crack initiation and early growth phases. These frameworks 

can be categorized by their basis on three different approaches: stress, energy, and critical 

planes. The first models, based on stress, were essentially extensions of classical yield 

criteria, i.e., Tresca’s maximum shear stress theory and von Mises’ octahedral shear 

theory. These concepts were utilized with marginal success, yet they have been largely 

abandoned due to their insensitivity to hydrostatic stresses in addition to their failure to 

predict fatigue lives associated with complex loading. Energy based methods have also 

been suggested to forecast crack initiation, e.g., utilizing plastic work calculations. 

However, Fatemi and Socie (1988) contend that energy parameters are inadequate for 

describing crack formation since they are scalar in nature and are thus unable to quantify 

directional damage features. Finally, critical plane approaches have been developed 

which investigate the stress-strain state on potential cracking planes. These critical plane 

models appear to be the most promising for predicting trends in fatigue life. 

 The critical plane models consist of damage parameters (DP) which quantify the 

damage imposed onto critical planes. The plane possessing the maximum calculated 

parameter is assumed to be the initial cracking plane. These parameters can be 

determined from either a stress-based or strain-based method. An example stress-based 

damage parameter is the Findley parameter (Findley, 1959):  

max
max

2

n

FDP k





                                                (2.6) 
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Here, max / 2  is the maximum shear stress amplitude, k  is a constant denoting 

sensitivity to the normal stress, and max

n  is the stress normal to the max shear stress 

amplitude plane. Strain-based critical plane approaches are utilized more often since it is 

well known that fatigue crack initiation is associated with plastic strain. An early strain-

based measure of fatigue damage is the Smith-Watson-Topper parameter (SWT) (Smith 

et al., 1970): 

max
max

2

p
n

SWTDP





                                               (2.7) 

In the SWT parameter, max / 2p  represents the maximum plastic strain range and max

n  is 

the stress normal to this plane. Later, Brown and Miller (1973) altered Findley’s 

parameter so that the calculated value was solely based on strain, i.e., 

max
max

2

n

MBDP s





                                             (2.8) 

Where max / 2  is the maximum shear strain amplitude, s  is a constant, and max

n  is the 

maximum normal strain range on the investigated plane. Fatemi and Socie (1988) 

investigated the effectiveness of the Miller-Brown (MB) parameter for predicting the 

fatigue life of 1045 steel. They concluded that the Miller-Brown parameter was 

acceptably accurate for the life prediction of in-phase biaxial loading, yet was not 

conservative enough when calculating fatigue lives for non-proportional loading 

scenarios. This over-estimation of the cycle life for out-of-phase loading was believed to 

be caused by the MB parameter’s insensitivity to the stress, which exhibited additional 

hardening for non-proportional loading. Fatemi and Socie then proposed a modified 

Miller-Brown parameter which incorporated the stress effects: the Fatemi-Socie 

parameter (FSP) (Fatemi and Kurath, 1988; Fatemi and Socie, 1988). 



 17 

max max1
2

p n

FS

y

DP K
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Here, max / 2p  is the maximum plastic shear strain range, K  is a material parameter 

describing stress sensitivity, max

n  is the normal stress to the max

p  plane at maximum 

load, and y  is the yield strength. The Fatemi-Socie parameter is one of the most widely 

utilized critical plane approach models. McDowell and Berard (1992) studied the 

accuracy of critical plane models in predicting the cycle life for Inconel 718 and 1045 

steel. They determined that the Fatemi-Socie method produced reasonable results for 

predicting fatigue life, particularly in the LCF regime. Park and Nelson (2000) research 

included both the Findley and the Fatemi-Socie parameters. They found that the Findley 

parameter expressed good correlation with HCF data acquired for numerous steels in 

diverse loading configurations; the Fatemi-Socie parameter was revealed to possess 

excellent agreement with fatigue life results in low cycle fatigue for a wide range of 

steels experiencing complex loading. Gallagher et al. (2004) conducted HCF experiments 

on Nickel-base superalloy single crystals (PWA 1484) and employed several critical 

plane approach models to relate to the fatigue life, including the Fatemi-Socie and 

Findley methods. All of these models were found to express significantly improved 

correlations for the fatigue life when compared to the classical stress-life (S-N) curve 

prediction. 

 It is important to note that these damage parameter studies were originally 

employed on data collected at a macroscopic scale. However, the damage processes 

leading to crack formation and HCF life variation are extremely sensitive to the 

microstructure (micro-scale); therefore, the damage parameters should ideally be 

determined over non-local averaging volumes at the scale of key microstructural features, 

e.g., grain sizes. When the damage parameters are applied at the microstructural level, 
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they are labeled “Fatigue Indicator Parameters” (FIPs, shown as P). While it is 

experimentally impractical to calculate micro-scale damage parameters, finite element 

simulations (FEM) coupled with crystal plasticity algorithms display promising potential 

for the evaluation of structure-property trends (McDowell and Olson, 2008; McDowell, 

2007; Przybyla et al., 2012). The scale of the FIP calculations allows for new or modified 

parameters to be created that incorporate the local damage physics. On account of the 

Fatemi-Socie parameter’s success in forecasting fatigue life in a macroscopic sense, it has 

also been directly applied as a FIP: 

* *
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,                                        (2.10) 

where *

max / 2p  is the maximum plastic shear strain range averaged over a finite volume 

(as denoted with an asterisk) and *

max

n  is the stress normal to the *

max

p  plane for the 

same volume. This FIP has been utilized by Przybyla and McDowell (2011) to simulate 

the fatigue life dependence on the grain size and phase volume fraction of a duplex Ti-

6Al-4V microstructure. A modification to the Fatemi-Socie FIP has been proposed by 

McDowell (2007) to model the crack formation induced by the progressive pile-up of 

dislocations at a grain boundary interface, i.e., a Zener mechanism (Hollomon and Zener, 

1946). In this study, the FIP is termed the grain boundary impingement FIP: 
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Here, *p

net  is the maximum net plastic shear strain on a plane impinging on a grain 

boundary and *n

GB  is the stress normal to the grain boundary interface.  Both the Fatemi-

Socie FIP and the grain boundary impingement FIP are applicable to a very wide set of 

materials, yet on occasion it may be beneficial to create new FIPs that are tailored to 
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capture the frequently observed fracture mechanisms specific to the investigated material. 

For example, a lamellar decohesion FIP has been proposed by Zhang (2008) to determine 

the likelihood of a micro-crack occurring at the α/β interface within lamellar grains of a 

duplex Ti-64 microstructure. This lamellar FIP is also an adaptation of the Fatemi-Socie 

FIP, i.e., 

* *
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where * / 2p

lam  is the plastic shear strain range resolved onto the lamellar interface and 

*n

lam  is the stress normal to the α/β layer. All three of the mentioned FIPs are utilized in 

this work to investigate the fatigue performance of variant titanium microstructures, 

which will be discussed in Chapter 4.  

Statistical Measures of Fatigue 

 Scatter in fatigue data is produced from a combined contribution of life-limiting 

effects, e.g., variation in the material, applied loading, and manufacturing processes. Due 

to these variations, it is impossible to completely eliminate the possibility of premature 

failure due to fatigue damage. However, engineers have been able to successfully utilize 

empirically based statistical methods to ensure that the probability of failure in their 

designs is sufficiently small, typically 1% or less. Of these empirical statistical 

distributions, the most widely utilized framework is the Weibull (1939) distribution, 

which can be expressed as the following: 

0

1 exp
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                                                  (2.13) 
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where P  is the fraction of specimens that will fail below the applied stress amplitude 

( f ), 0  is the reference stress, and wm  is the Weibull modulus. The parameters in 2.13 

can be determined from a large set of experimental fatigue data; wm  is the slope of the 

linearized plot and 0  is the strength value at which 63.2% of the experiments are 

expected to have failed. 

 The fatigue failure of engineering materials is an extreme phenomenon that is 

initialized by local hot spots within the microstructure. Extreme value statistics Gumbel 

(1958) can be employed to describe the behavior of the maximum values of numerous 

sets of data, e.g., maximum calculated FIP values from multiple FEM simulations 

(Prasannavenkatesan et al., 2011; Przybyla and McDowell, 2010). There are three 

possible single variable extreme value distributions that are non-degenerate: (1) Gumbel 

(Type I), (2) Fréchet (Type II), and (3) Weibull (Type III). Ideally, the maximum values 

of the data sets would fit to one of these distributions so that the characteristics of the 

data could be better understood. These distributions can be expressed as the following 

(Haldar, 2000): 
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Here,  
nY nF y  is the probability that the maximum value of a particular data set, nY , is 

less than or equal to some critical value ny . In the Gumbel distribution (Eq. 2.14), n is a 
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measure of dispersion and nu  is the characteristic largest value while k  is a measure of 

dispersion and n is the characteristic value in the Fréchet distribution (Eq. 2.15). For the 

Weibull distribution, k  is a shape parameter or measure of dispersion and nw  is the 

characteristic largest value;  is the upper-bound of the initial distribution, where 

  1F   . 

 The selection of the extreme value model should be based on the distribution’s 

ability to fit to the data. The utilization of the Weibull extreme value distribution in this 

study has been inhibited by its requirement to specify an upper bound to the data. 

Currently there is no clearly established method for identifying the proper value of this 

upper bound. Przybyla and McDowell (2011) investigated the effectiveness of both the 

Gumbel and Fréchet distributions for describing the extreme value FIP data acquired 

from several fatigue simulations of variant Ti-64 microstructure statistics. They 

concluded that the Gumbel distribution more accurately captured the tails of the data 

distributions when compared to the Fréchet distribution. Following these results, the 

Gumbel distribution will be employed to describe the extreme value FIPs from numerous 

titanium FEM simulations and will be discussed in Chapter 4. 
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CHAPTER 3 

CYCLIC PLASTICITY EXPERIMENTS AND POLYCRYSTAL 

MODELING 

 

Introduction 

 Titanium alloys are utilized in many advanced engineering applications owing to 

its high strength-to-weight ratio, corrosion resistance, and high temperature strength. 

Although its utilization industry is often inhibited by high cost, it remains highly 

attractive for biomedical implants, athletic equipment, and several aerospace applications 

where the demand for exceptional properties out-weigh the additional cost (Boyer, 1996). 

The mechanical properties of α-β Ti alloys are strongly influenced by  microstructure and 

crystallographic texture formed as a result of thermo-mechanical processing (Bache and 

Evans, 2001; Lütjering, 1998). Depending on the processing route, the microstructure 

morphology can be tailored to variations of the following forms: an equiaxed structure 

composed of equivalent sized primary α-phase (HCP) grains,  a duplex structure 

comprised of a mixture of α-phase  and colony phase (secondary α with BCC β-phase) 

grains, or a fully lamellar, a.k.a. Widmanstätten, structure composed of prior β-phase 

grains containing α-phase laths (Welsch et al., 1994). These different microstructures 

exhibit compromise relationships between beneficial and detrimental effects on the 

performance of the alloy (Lütjering, 1999). The broad span of achievable properties for α 

+ β titanium alloys has naturally drawn researchers to investigate the correlation between 

its microstructure morphology and mechanical behavior (Filip et al., 2003; Lin et al., 

1984). These experimental works have attempted to isolate attributes of microstructure 

morphology to quantify their individual effects on yield and ultimate strengths, ductility, 

and fatigue properties. 
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 Increased computational power has opened the possibility to study complex 

microstructure-property relation through numerical simulation. This prospect can lead to 

a significant cost savings by reducing the required number of experiments necessary to 

determine a target microstructure and associated process route. Additionally, it is possible 

to control the simulated microstructure to isolate key morphological aspects in a manner 

that may not be practical experimentally. The current state of the art for studying 

microstructure-sensitive mechanical behavior is through the utilization of crystal 

plasticity models simulated with finite-element models (McDowell, 2007, 2008, 2009; 

McDowell and Olson, 2008; McDowell and Dunne, 2010; Roters et al., 2010) These 

models describe complex mechanical behavior through the explicit assignment of grain 

orientation and disorientation distributions, as well as material-specific deformation 

mechanisms, e.g., crystallographic slip (Peirce et al., 1982), twinning (Kalidindi, 1998), 

and phase transformation. These attributes of crystal plasticity models grant a distinct 

advantage over traditional initially isotropic, homogeneous plasticity models that ignore 

details of microstructure, and offer improved modeling of plastic strain localization (Goh 

et al., 2003) which is critical for evaluating high cycle fatigue performance (McDowell, 

1996, 2007, 2009; McDowell and Dunne, 2010) Several early studies have successfully 

utilized crystal plasticity frameworks to evaluate Ti-6Al-4V fretting fatigue performance 

(Goh et al., 2001; Morrissey et al., 2001), creep deformation (Hasija et al., 2003), and 

twinning (Salem et al., 2005). These applications have established the value of crystal 

plasticity for microstructure-sensitive modeling of Ti alloys. However, before employing 

these models for the purpose of materials design it is important to calibrate the model 

frameworks to experimental data to ensure physically relevant results. For example, 

Mayeur (2004) built a 3D crystal plasticity model to describe α-β Ti-6Al-4V deformation 

and calibrated his model to experimental results from Kurath (1999) before performing 

fretting fatigue simulations. Also,  Zhang et al. (2007) calibrated Mayeur’s model to 
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complex loading histories in order to capture strain rate sensitivity in the model before 

proceeding to simulate cyclic fatigue of Ti-6Al-4V. 

 In this study, two distinct crystal plasticity model frameworks have been 

calibrated to cyclic deformation data obtained from experiments performed on three 

different titanium alloy microstructures: (1) Ti-6Al-4V β-annealed, (2) Ti-18 solution-

treated, age-hardened (STA) (Fanning, 2011), and (3) Ti-18 beta-annealed, slow-cooled, 

age-hardened (BASCA). The first of these models was originally developed by Mayeur 

(2004) and consists of a power law relation between the strain rate and applied stress 

while the latter model includes the thermally-activated flow rule proposed by Kocks et al. 

(1975). Initially, the characterization of each microstructure is presented followed by the 

experimental procedures and results. Both constitutive frameworks have been coded as 

ABAQUS User MATerial subroutines (ABAQUS, 2011) and their individual 

methodologies are outlined. The estimated parameter sets for each model, along with 

comparisons between experimental and simulation results, are then discussed the Ti-64, 

Ti-18 STA, and Ti-18 BASCA materials. Finally, concluding remarks are summarized at 

the end of the Chapter. 

Materials 

Ti-64 β-annealed microstructure 

 Ti-6Al-4V (Ti-64) is the most commonly used Ti alloy having numerous 

industrial applications ranging from aerospace structures to biomedical implants. The β-

annealed Ti-64 material was initially characterized through optical microscopy by 

mounting samples in an epoxy-resin mold then grinding and polishing the surfaces with a 

Streuers Rotopol-15 polisher. The final polishing step utilized a 0.02 μm colloidal silica 

slurry. Shortly after the final polish, the samples were swab etched with a 0.5% HF 

solution for approximately 20 seconds to reveal the grain boundaries. A micrograph of 
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the Ti-64 β-annealed structure is shown in Figure 3.2a. The characterization of the β-

annealed alloy revealed a coarse, lamellar structure with grains as large as several 

hundred microns; moreover, the microstructure is completely composed of α + β colony 

grains. These colony grains consist of α-phase (HCP) laths with small interstitial β-phase 

(BCC) laths. The alpha lath thickness was determined to be an average of 3 μm through 

an optical microscopy method similar to Fowler (1989). The material was sectioned and 

sent to EBSD Analytical Inc. (Lehi, UT) to measure spatial microstructure statistics, e.g., 

grain size distribution and orientation distribution of the transverse and longitudinal 

cross-sections of the microstructure via EBSD. The received micrograph and texture 

color map of the transverse sectional view are provided in Figure 3.1 and the basal plane 

pole figures appear in Figure 3.2b. Additional EBSD characterization Figures can be 

referenced in Appendix A. The step size in these scans was set to 4 μm and higher 

resolution scans at 0.3 μm and 60 nm were performed to better capture the phase volume 

fraction of the very fine β-phase laths. The structure was observed to be predominately α-

phase which composed 98% of the volume fraction and the mean colony size was 

determined to be 165 μm. The acquired microstructure statistics are incorporated into the 

numerically reconstructed microstructure to support ABAQUS simulations. 
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Figure 3.1. (a) Optical micrograph of Ti-64 in β-annealed condition, and (b) matching 

texture color map acquired from an EBSD scan with 4 μm step size. 
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Figure 3.2. (a) Optical micrograph depicting the alpha phase laths in the colony structures 

for the Ti-64 β-annealed material, and (b) pole figures from the EBSD scan. 

Ti-18 STA microstructure 

The second material is Ti-18, which is a near-β titanium alloy developed by 

Titanium Metals Corporation (Exton, PA) to serve as an incremental improvement to Ti-

5Al-5Mo-5V-3Cr-0.6Fe (Ti-5553) (Fanning, 2011). Ti-5553 is typically processed in a 

solution-treated age hardened (STA) condition and it is able to provide excellent strength 

for large forged parts with less sensitivity to processing parameters when compared to 

similar near-β titanium alloys (Nyakana et al., 2005). These traits are very attractive for 

airplane structures, particularly  landing gear components (Boyer and Briggs, 2005). The 

selected STA processing of the Ti-18 material generated a fine bi-modal phase 

distribution of beta phase (BCC) grains along with small alpha phase (HCP) grains that 

precipitated into the beta phase matrix during cooling. An optical micrograph and 

matching texture color map of the transverse cross-sectional face are displayed in Figure 

3.3, and relevant pole figures appear in Figure 3.4. Additional EBSD characterization 

Figures for the Ti-18 STA microstructure can be found in Appendix B. These figures 

show that the β-phase grains dominate the matrix with 72% of the volume fraction and 

they also possess a larger average grain size of 3.5 μm compared to 1 μm for the α-phase 
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precipitates.  A significant micro-texture is observed for the β-phase with similar 

orientations spanning several grains. This micro-texture can be expected to cause long 

range interaction effects and must be taken into account when calibrating the plasticity 

models. 

 

 

Figure 3.3. (a) Optical micrograph of the Ti-18 STA microstructure and (b) matching 

texture color map from an EBSD scan with a 0.2 μm step size. 
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Figure 3.4. Pole figures from EBSD scan of the Ti-18 STA material for the β-phase. 

 

Ti-18 BASCA microstructure 

The Ti-18 alloy was also obtained in a -annealed, slow cooled and aged 

(BASCA) condition. This processing schedule produced a Widmanstätten microstructure 

consisting of alpha laths grown with varying orientations within large prior beta phase 

grains. The volume fractions for the α- and β-phases were nearly the same at 52% and 

48%, respectively. This is a much higher volume fraction for the β-phase when compared 

to that in the Ti-64 β-annealed structure. A micrograph and texture color map of the Ti-

18 BASCA microstructure are provided in Figure 3.5 and more EBSD scan images are 

included in Appendix C. To more accurately capture the large  grain size and orientation 

statistics, an additional scan was conducted which covered a 7.8 mm by 3.8 mm area, 

shown in Figure 3.8. This large area scan showed that the overall grain textures were 

dominated by the phase and the mean colony grain size was determined to be 146 μm. 

A pole figure of the  phase for the large area scan appears in Figure 3.7, generated via 

MTEX (Bachmann et al., 2010), an open source MATLAB (2011) plug-in. 
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Figure 3.5. (a) An optical micrograph displaying the Ti-18 BASCA microstructure and a 

(b) matching texture color map from an EBSD scan having a 0.2 μm step size. 
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Figure 3.6. A texture color map of the β-phase orientation in the Ti-18 BASCA 

microstructure from a large area EBSD scan with a step size of 5 μm. 

 

 

Figure 3.7.  Pole figures for the β-phase data acquired from the large area EBSD scan of 

the Ti-18 BASCA material. 

 

Experimental Results 

Uniaxial monotonic and cyclic deformation experiments were performed on the 

different microstructures for the purpose of supporting constitutive model calibration in 

the Mechanical Properties Research Lab (MPRL) at Georgia Tech. All materials were 

machined into dog-bone specimens compliant with ASTM-E606 (2004). The monotonic 

and cyclic loading experimental matrices and experimental results for the Ti-64 and Ti-18 

alloys are discussed next. 
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Ti-64 β-annealed microstructure results 

 

The experimental matrix for the Ti-64 β-annealed microstructure is shown in 

Table 3.1. The experiments probed different levels of cyclic plasticity as well as 

temperature dependence, and were run to target numbers of cycles listed in the right 

column in Table 3.1.  The elevated temperature experiments were conducted using an 

induction heating apparatus in the MPRL (Fernandez-Zelaia, 2012).  Monotonic tension 

experiments were taken to failure and the results at both room temperature and 450
o
C are 

shown in Figure 3.8.  Monotonic properties are listed in Table 3.2, where the yield 

strength is based on 0.2% strain offset.  The material displayed a dramatic reduction of 

strength at elevated temperature, with approximately 60% of the ultimate tensile strength 

retained. This strength loss is consistent with previous studies with titanium (Gysler and 

Lütjering, 1982) and is a major reason that 450
o
C is near the highest application 

temperatures of Ti-64. Example uniaxial cyclic deformation results for both temperatures 

are shown in Figure 3.9. The room temperature cyclic data exhibits cyclic softening for 

the various strain rates investigated. However, cyclic strain hardening behavior was 

observed during the elevated temperature experiments. The material did not show 

significant strain rate sensitivity over the range of tested strain rates between 5x10-4
 s

-1 

and 10
-3

 s
-1

. 
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Table 3.1. Matrix of experiments for the Ti-64 β-annealed microstructure. 

 
 

  
Figure 3.8.  Measured monotonic tension engineering stress-strain curves for the Ti-64 β-

annealed material at room temperature and 450
o
C, at a strain rate of 5x10

-4
 s

-1
. The 

extensometer was removed and loading was switched to displacement control at points 

(*). The specimens were elastically unloaded at points (o). 
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Table 3.2. Summary of Ti-64 β-annealed mechanical properties from monotonic tests. 

 

 

Figure 3.9.  Measured cyclic deformation engineering stress-strain hysteresis loops for 

fully reversed, 1% strain amplitude, at 5x10
-4

 s
-1

 strain rate for the Ti-64 microstructure at 

23
o
 C and 450

o
 C. Each of these specimens was cycled 100 times. 

 

Ti-18 results 

The experiments for the Ti-18 STA and the Ti-18 BASCA near-β titanium 

microstructures are summarized in Tables 3.3 and 3.4, respectively. Room temperature 

monotonic tension experiments were conducted to failure, as shown in Figure 3.10. The 

STA treatment of the Ti-18 alloy produced superior monotonic properties including a 

higher yield strength, ultimate strength, and failure strain. An interesting observation is 

the large amount of softening in the monotonic response for the STA microstructure. 

Significant softening in the STA structure is also observed in the cyclic loading response 

in Figure 3.11. The Ti-18 BASCA material exhibited strain bursts during the compressive 

loading regimes of the cyclic hysteresis response.  Neither microstructure was found to be 

strain rate sensitive for strain rates in the range of 5x10
-5

 s
-1

 to 10
-3

 s
-1

. 
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Table 3.3. Cyclic uniaxial experiments on the Ti-18 STA microstructure at room 

temperature. 

 
 

Table 3.4. Cyclic uniaxial experiments on the Ti-18 BASCA material at room 

temperature. 

 
 

 

  
Figure 3.10. Room temperature monotonic engineering stress-strain curves for Ti-18 

microstructures at 5x10-4
 s

-1
 strain rate. The extensometer was removed and control mode 

was switched to displacement control at points (*). The specimens experienced a brief 

strain hold at (o). 
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Table 3.5. Monotonic room temperature properties of the Ti-18 microstructures. 

 

 

  
Figure 3.11. Initial ten cycles of engineering stress-strain response for the two Ti-18 alloy 

microstructures for fully reversed, 1.5% constant strain amplitude, and 10
-3

 s
-1

 strain rate 

at room temperature. 

 

Crystal Plasticity Framework 

The crystal plasticity model assumes thermally activated dislocation glide through 

the lattice (Asaro, 1983; McGinty, 2001). The deformation gradient is multiplicatively 

decomposed into dislocation slip and elastic lattice deformation, including rigid body 

rotation of the crystalline lattice, i.e.,   

e p F F F                                                         (3.1) 

Where e
F  is representative of the elastic stretching and rigid body rotation of the lattice 

and p
F  describes the cumulative effect of dislocation migration through the lattice. The 

plastic velocity gradient for the isoclinic, lattice invariant intermediate configuration is 
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determined by summing the crystallographic shearing rates over all of  slip systems 

(Asaro, 1983), i.e., 

   
1

0 0

1

ˆ
sysN

p p p  








   L s n F F ,                                     (3.2) 

where 0


n and 0


s  are the slip plane and slip direction normal vectors, respectively, in the 

reference configuration. These vectors have the same orientation in both the reference 

and isoclinic intermediate configurations. 

 In previous crystal plasticity work on titanium, the primary α-phase grains have 

been assigned 24 slip systems (Mayeur, 2004): 3  1120 0001  basal, 3  1120 1010  

prismatic, 6  1120 1011  first order pyramidal, and 12  1123 1011  second order 

pyramidal slip systems. The relative strength of these slip systems has been reviewed by 

Mayeur and McDowell (2007).  The colony phase grains are assumed to be a hybrid α-β 

type (Mayeur, 2004) consisting of 24 slip systems: 12 basal, prismatic, and first order 

pyramidal α-phase slip systems and 12  111 110  BCC slip. The Burgers orientation 

relationship (BOR) between the α and β phase laths in the lamellar colony grains is 

specified as    0001 || 110
 

 and 1120 || 111


 (Ankem and Margolin, 1980). The 

following sections review the evolution equations (kinetics) of slip and hardening 

incorporated into finite element simulations as ABAQUS UMAT subroutines. 

Model 1: Power Law Flow Rule 

The power law formulation was first implemented for Ti-6Al-4V by Mayeur 

(2004) ; it was then extended to describe complex loading histories by Zhang et al. (2007) 

and high-cycle fatigue (HCF) loading by Bridier et al. (2009). Przybyla and McDowell 

(2011) utilized this calibrated model to investigate HCF performance over a range of Ti-
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64 microstructures by employing extreme value statistics. The power law shearing rate 

relation is given by 

 sgn
 

 

M

o
D

  

  



  
                                  (3.3) 

Here, D  is the drag stress on the αth
 slip system, o  is the reference shearing rate, 

  is 

the back stress, and   is the threshold stress. The threshold stress is defined as the sum 

of the Hall-Petch strength term and a softening term, s

 , i.e., 

y

s
d

 


                                                          (3.4) 

where y  is the Hall-Petch slope and d is the mean slip distance in the-phase (primary 

or secondary). The strength contribution of the Hall-Petch term is assumed not to evolve 

so that the evolution of the threshold stress is governed solely by the softening term, 

which follows a dynamic recovery law, i.e., 

       s s                                                  (3.5) 

where   is the softening rate coefficient. The initial value of s

 , prior to the breakdown 

of short range order, is given by  
0s t




. The drag stress is determined from its 

relationship with the critical resolved shear stress and the threshold stress (Bridier et al., 

2009), i.e., 

 0 0

y

CRSS t CRSS s t
D

d

    


    
                                      (3.6) 
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Here, CRSS

  is the critical resolved shear stress on the αth
 slip system. The drag stress does 

not evolve so that 0D   . The back stress is initially set to zero and it evolves according 

to an Armstrong-Frederick direct hardening/dynamic recovery relation (Armstrong and 

Frederick, 1966), i.e., 

Dh h                                                      (3.7) 

In Equation 3.7, h  is the direct hardening coefficient and Dh  is the dynamic recovery 

coefficient. The saturated value of the back stress is determined by the ratio of the direct 

hardening constant divided by the dynamic recovery term corresponding to 0  , i.e., 

sat

D

h

h
                                                           (3.8) 

The critical resolved shear stress (CRSS) of the α + β colony grains is known to 

be higher than that of the primary -phase grains for slip systems due to the presence of 

the lamellar interfaces. To account for this difference in the CRSS, a factor of 1.25 is 

applied to the basal slip systems and the prismatic slip system that is oriented parallel to 

the lamellar laths (Bridier et al., 2009), i.e.,  

   1.25CRSS CRSS

                                             (3.9) 

The critical resolved shear stress in compression has also been modified to 

account for the tension-compression asymmetry observed experimentally. It has been 

hypothesized that the physical basis of this asymmetry is the non-planar core structure 

observed in a-type screw dislocations in titanium (Naka et al., 1988), and core 

constriction necessary to render the dislocations mobile is not of Schmid character. To 

model this non-Schmid behavior, Qin and Bassani (1992) suggested that the critical 
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resolved shear stress be augmented by a strength term with linear dependence on 

secondary shear stresses, i.e., 

*
sysN

i i

i

a                                                        (3.10) 

Where 
*  is the modified critical resolved shear stress, sysN  is the number of influential 

secondary slip systems for core spreading, and ia  are model parameters that reflect core 

constriction contributions. Screw dislocations on prismatic slip planes dominate slip of -

Ti (Naka et al., 1988). It has been proposed that these prismatic dislocations can 

dissociate into the pyramidal planes that share common slip directions (Mayeur, 2004; 

Naka et al., 1988).  

In the current framework, the prismatic threshold stress is increased in 

compression by the addition of a non-planar dislocation core strength term. A simple first 

order 3D criterion for activation of this asymmetry term is adopted as det(F) < 1, i.e., 

indicative of compressive dilatation. While this specific formulation can distinguish 

between uniaxial tension and compression loading conditions, additional work is 

necessary to assess whether the condition on det(F) is sufficient or requires modification 

for more complex multiaxial stress states, e.g., combined axial-torsion loading or shear.  

The asymmetric strength contribution is described by the relations  

 1,1 1,2

0
      prism prism pyr pyr

CRSS CRSS RSS RSS ,  det 1 FJ                (3.11) 

                                                             
0

prism prism

CRSS CRSS  , 1J   

where the terms 1,1 pyr

RSS  and 1,2 pyr

RSS  represent the resolved shear stresses on the two first 

order pyramidal systems that share the same slip direction as the prismatic plane under 

consideration,   is a parameter that defines the sensitivity of the asymmetry strength to 
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the resolved shear stress on these pyramidal planes, and 
0

 prism

CRSS  is the critical resolved 

shear stress for the prismatic slip systems for positive det(F).  A summary of the 

previously identified model parameters appears in Table 3.6. 

 

Table 3.6. Parameters of the power law model (Model 1) obtained from literature sources. 

Property Value Reference 

o
 0.001 s

-1 Goh (2002) 
M 15 Zhang et al. (2007) 
κ

y
 12.7 MPa mm

0.5 Lederich et al. (1978) 
χ

t=0 
 0 MPa -- 

 

Model 2: Activation Enthalpy Flow Rule 

 The second constitutive model is based on a Kocks-type flow rule (Kocks et al., 

1975) which incorporates a thermally activated contribution to dislocation glide past 

obstacles. The flow rule for this model is given by 

 *

*

exp 1 sgn

    
      
     

q
p

o

b

F

k T s


  




                           (3.12) 

* as                                                       (3.13) 

for the range 
* *0 s   . Here, bk  is Boltzmann’s constant, T  is absolute temperature, 

*

  is the effective stress, *s  is the thermal stress, 
  is the back stress, and as  is the 

athermal threshold stress for the αth
 slip system. The activation energy, F , is the barrier 

for thermally activated bypass, where constants p and q determine the shape of the energy 

barrier. The athermal threshold stress consists of four different contributions (Britt et al., 

2011), i.e., 
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a SS SRO disl HPs s s s s                                                  (3.14) 

where HPs  is the Hall-Petch term, disls  is the dislocation interaction term, SROs  is the short 

range order term, and SSs  is the solid solution strengthening term. . The length scale value 

in the Hall-Petch term is based on the size, d , for the primary α grains and as the 

secondary α-lath thickness (interlamellar spacing), IS,  for the colony α + β grains, i.e., 

  y

HPs
d




  ;     IS
HPs

IS

 
   ;  0HPs   .  (3.15) 

where yk  is the Hall-Petch slope for the grain size, and ISk  is the Hall-Petch slop for the 

-layer thickness. Experimental results from Lee et al. (2003) show that there can be 

different Hall-Petch slopes pertaining to the-grain size and the -lath thickness. 

Typically, ISk < yk  (Kim et al., 2004; Maruyama et al., 2002; Perdrix et al., 1999). The 

dislocation interaction strength is based on a simple Taylor relation, i.e., 

disls b                                                       (3.16) 

Here,   is a constant,   is the temperature dependent shear modulus, b is the magnitude 

of the Burgers vector, and is the dislocation density on the αth
 slip system. The initial 

dislocation density is assumed to be 10
6
/mm

2
, which establishes disl 0|

ts . The values of 

the constant   and the Burgers vector are 0.5 (Picu and Majorell, 2002) and 0.29 nm 

(Lütjering, 2003), respectively. The dislocation interaction strength evolves indirectly 

through the change in the dislocation density. The dislocation density evolution is based 

on a hardening-dynamic recovery form (Mecking and Kocks, 1981), i.e., 

2 3k k   



   
 

   
 

                                         (3.17) 
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where 2k  = 40,000 mm
-1

 and 3k  = 100. The short range order strength term represents 

the added strength of the solid solution due to the interstitial Ti-Al precipitates. This term 

is allowed to soften in order to simulate the physical phenomenon of short range order 

break down from the leading dislocation, which allows trailing dislocations to migrate on 

the same system with reduced restriction (Neeraj and Mills, 2001). The initial short range 

order strength has a precipitate solvus temperature of 550 K built in so that the 

contribution is negligible at elevated temperatures, i.e., 

 SRO SRO max

1
( , 0) 1 MPa

( 55

0

0)
1

3
exp

s T t s
T

 

 
 
   

      
  

               (3.18) 

The short range order contribution evolves according to 

SRO 1 SROs k s                                                 (3.19) 

where 1k  is the softening coefficient, and 
SRO 0|

ts  is the initial value. The final 

component of the athermal threshold stress is the solid solution strengthening term, sss , 

which is estimated as 

650K SRO 0 disl 0CRS | ||SSS T t tss s   

                                 (3.20) 

 This estimation assumes that the athermal threshold stress is equivalent to the 

high temperature CRSS for each slip system assuming that the grain is sufficiently large 

so that the Hall-Petch strength contribution is negligible. The high temperature CRSS 

values have been determined using experimental data from Williams et al. (2002). The 

solid solution strengthening levels for each slip plane have the following values: 60 MPa 
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for the basal plane, 65 MPa for the prismatic plane, 250 MPa and 450 MPa for the first 

and second order pyramidal planes, respectively. 

 Suri et al. (1998) observed yield strength asymmetry between the a-type basal and 

prismatic slip directions experimentally, with higher strengths measured in the systems 

that traverse the lamellar interface, caused by the inhibition of dislocation motion. In our 

homogenized colony model, the a1 slip direction is assumed to be parallel to the α/β 

interface and an addition of 40 MPa is attributed to the a2 and a3 athermal stresses. The 

simulated increased strength for the hard oriented basal slip systems mimics Suri’s 

experimental results, i.e.,  

     2 3 1 40a a as a s a s a MPa                                     (3.21) 

The athermal threshold stress for the prismatic slip planes in the activation enthalpy-

based flow rule has been defined to have the same tension-compression asymmetry as 

was expressed in Equation 3.11, i.e., 

 1,1 1,2

0

prism prism pyr pyr

a a RSS RSSs s      ,  det 1 FJ                    (3.22) 

                                                         
0

prism prism

a as s , 1J   

Again, the 1,1 pyr

RSS  and 1,2 pyr

RSS   terms represent the resolved shear stresses on the two first 

order pyramidal planes sharing the same slip direction,   is a sensitivity parameter, and 

0

prism

as  is the critical resolved shear stress for the prismatic slip systems under the 

condition 1J  , i.e., tensile dilatation. 

 Finally, the back stress for both phases is initially set to zero ( 0 0  t ) and is 

only allowed to evolve for the colony phase grains with a dynamic recovery format 

similar to Equation 3.7, i.e., 
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  | |Dh h    



                                       (3.23) 

In this formulation, hD is the dynamic dynamic recovery coefficient. The back stress 

evolves with an anisotropic hardening coefficient, h
αβ

, which is biased to capture 

different slip system interaction effects observed experimentally (Suri et al., 1998).  

Components of the hardening coefficient matrix are listed in Equation 3.24 (Britt et al., 

2011). A summary of the model parameters, including those acquired from previous 

studies, is listed in Table 3.7.  

11 21 11 22 11 32 1112 33 11, 0.5 2, , ,0 1.6 5      h easy slip h h h h h h hhh    (3.24) 

Table 3.7. Parameters for the activation enthalpy model (Model 2). 

Property Value Reference 

0
 500,000 s

-1 -- 
k

b
 8.617x10

-5 
eV/K -- 

κ
y
 12.7 MPa mm

0.5 Lederich et al., (1978) 
κ

IS
 2.7 MPa mm

0.5 close to Perdrix et al., 

(1999) 
κ 0.5 Picu and Majorell, (2002) 
b 2.9x10

-7
 mm Lütjering, (2003) 

ρ
0
 10

6
 mm

-2 -- 
k

2
 40000 mm

-1 Britt et al., (2011) 
k

3
 100  

prism
 65 MPa Williams et al., (2002) 

basal
 60 MPa  

pyr<a>
 250 MPa  

pyr<a+c>
 450 MPa  

χ
t=0
 0 MPa -- 
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Parameter Estimation for Ti-64 

Ti-64 β-annealed microstructure representation 

A modified version of the ellipsoidal packing algorithm implemented by Przybyla 

(2010) was used to build the polycrystalline, polyphase finite element model (ABAQUS) 

geometry for the characterized Ti-64 β-annealed microstructure. The ellipsoidal packing 

algorithm is coded into MATLAB (2011) and randomly places ellipsoids, representing 

distinct grains, into a 3D volume until a specified packing fraction factor has been met. 

After the ellipsoidal packing is complete, the ellipsoids are allowed to grow to fill the 

remaining space in the model. Generated grain sizes are estimated by the relationship 

(Horálek, 1990) 

 
1/3

0.7grn grnd V                                                (3.25) 

 Once the grains have been defined, MTEX (Bachmann et al., 2010), an open 

source MATLAB plug-in, is utilized to assign the orientations of each grain by sampling 

the orientation distribution acquired from the EBSD data. Finally, the misorientation 

distribution is optimized by randomly switching grain orientations to minimize the 

calculated error between the model misorientation distribution and the measured 

misorientation distribution from the EBSD scan. The instantiated Ti-64 microstructure is 

shown in Figure 3.12. The associated statistical volume element (SVE) includes 150 

grains with an average size of 169 μm. This model contains 2,197 elements and was 

determined to have simulated stress-strain results that closely agreed with much larger 

ABAQUS models composed of up to 500 grains. A comparison of the simulated basal 

plane pole figure and the EBSD scan pole figure appears in Figure 3.13. Two sets of 

experimental results were used at each temperature to calibrate the models for the Ti-64 

β-annealed material. The strain amplitudes considered at room temperature were 1%a   
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and 0.8%a  , with strain rates of 45 10   s
-1

 and 310   s
-1

, respectively. For 

elevated temperature calibration, the strain amplitudes were 0.8%a   and 1%a  , with 

strain rates of 45 10   s
-1

  and 310   s
-1

, respectively. These strain rates and 

amplitudes were applied as boundary conditions on the instantiated microstructures and 

the simulation results were calibrated to the selected experiments. Periodic boundary 

conditions were utilized for all SVEs in this study (cf. Przybyla, 2010). 

 

 
Figure 3.12 (a) ABAQUS geometry utilized for constitutive model calibration and (b) 

grain size distribution fit. 
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Figure 3.13. Comparison between the textures obtained from the (a) EBSD scan (0001) 

pole figure and the (b) simulated (0001) pole figure generated in the ABAQUS model via 

MTEX (Bachmann et al., 2010). 

Room Temperature Parameter Estimation for Ti-64 

Several model parameters for the crystal plasticity framework can be estimated 

based on results in the literature as well as from the observed characterization statistics.  

Parameters that remain unchanged throughout the calibration procedures for Models 1 

and 2 are listed in Tables 3.6 and 3.7, respectively. The remaining parameters are 

estimated to achieve a best fit of the simulations with experimental results (based on an 

L2 norm of stress error). The initial step in calibrating the models is the estimation of an 

appropriate set of elastic constants. The elastic constants for titanium single crystals have 

been measured over a wide range of temperatures by Simmons and Wang (1971), and 

their observed room temperature values have been successfully utilized to fit the power 

law model to experimental data by Mayeur (2004) and Zhang et al. (2007).  The next step 

is estimation of the flow rule exponents and drag stress terms, cooperatively utilized to 

achieve desired stress levels in simulations. The thermal stress, *s , in the activation 

enthalpy model represents the drag stress and the critical resolved shear stress values  in 

the power law model, CRSS

 , indirectly defines the drag stress through the relation in 

Equation 3.6. After these parameters have been estimated, the threshold terms are 

estimated such that the simulated yield point agrees with experiments. When estimating 
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the threshold values for the different slip systems, their relative strengths were not 

assigned to a specific ratio. However, the estimated values were made to agree with the 

relative strength trends discussed by Mayeur and McDowell (2007) so that the order of 

increasing threshold values were assigned to the prismatic, basal, 1
st
 order pyramidal, and 

2
nd

 order pyramidal planes, respectively. Lastly, the back stress is fit such that the 

simulated cyclically stable response matches the shape of the experimental hysteresis 

loops in the work hardening region. An overall iterative looping process is necessary 

owing to interdependence of parameters.  A comparison of the room temperature 

experimental results with the simulation results for both models are shown in Figure 3.14 

and their associated calibrated values are provided in Table 3.8.  

 

Figure 3.14. Calibrated results for the initial five cycles of loading of the Ti-64 β-

annealed microstructure at room temperature for the power law model (Model 1) at (a) 

εa=1%, 5x10
-4

 s
-1

 and (b) εa=0.8%, 10
-3

 s
-1

; and the activation enthalpy model (Model 2) 

at (a) εa=1%, 5x10
-4

 s
-1

 and (b) εa=0.8%, 10
-3

 s
-1

. The experimental results have been 

smoothened to facilitate comparison. 
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Table 3.8. (a) Model 1 (power law model) calibrated parameters for Ti-64 at room 

temperature. 

 
 

(b) Model 2 (activation enthalpy model) calibrated parameters for Ti-64 at room 

temperature. 

 

 

Elevated Temperature Parameter Estimation for Ti-64 

 After the room temperature model parameters for the Ti-64 material were 

identified, the calibration process was then repeated to estimate the elevated temperature 

parameters. Threshold stress and drag stress terms were the primary parameters used to 

achieve reduced high temperature strength. These values were significantly decreased 

since they are known to depend strongly on temperature up to 450
o
C (Williams et al., 

2002). The degree of softening incorporated into the models was also significantly 

decreased since the elevated temperature experimental results exhibited cyclic hardening.  

The asymmetry term,  , was decreased to match the diminished asymmetry observed in 

the experimental results with increasing temperature. Figure 3.15 compares the 

experimental and simulation stress-strain behavior, and the associated calibrated 

parameters are listed in Table 3.9 for 450
o
C. 
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Table 3.9. (a) Model 1 (power law model) calibrated parameters for Ti-64 at 450
o
C. 

 
(b) Model 2 (activation enthalpy model) calibrated parameters for Ti-64 at 450

o
C. 

 

Figure 3.15 Calibrated results for the cyclically stable response for Ti-64 β-annealed 

microstructure at 450
o
 C for Model 1 (power law model) at (a) εa=1%, 10

-3
 s

-1
 and (b) 

εa=0.8%, 5x10
-4 

s
-1

; and Model 2 (activation enthalpy model) (a) εa=1%, 10
-3

 s
-1

 and (b) 

εa=0.8%, 5x10
-4 

s
-1

. Experimental data pertain to cycles 10-20 and have been smoothened 

to facilitate comparison. 
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 The temperature dependence of relevant parameters was then nonlinearly 

interpolated between room temperature and 450
o
C.  Two expression were utilized to 

describe the temperature dependence of the elastic constants based on the trends observed 

in the α-Ti single crystal experimental data in Simmons and Wang (1971). The first is the 

Varshni, (1970) equation in Equation 3.26, which is used for 11c , 33c , and 44c ; 12c  and 13c   

have been fit through the utilization of the sigmoidal Boltzmann equation in Equation 

3.27. The parameters used to fit the elastic constants to the experimental data for the Ti-

64 β-annealed microstructure are provided in Table 3.10 and the elastic constants over a 

range of temperatures appear in Figure 3.16. 

0

exp 1

s
c c

t

T

 
 

 
 

                                                  (3.26) 

1 2
1

01 exp

A A
c A

T T

T


 

 
  

 

                                              (3.27) 

Table 3.10. Parameters for temperature dependent relationships for elastic constants. 
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Figure 3.16. Variation of elastic constants with temperature from Equations 3.25-3.26. 

 

 The critical resolved shear stresses for the power law model and the thermal 

stresses in the activation enthalpy model are assumed to follow a power law relation with 

the temperature of the form 

 
b

CRSS A T                                                    (3.28) 

with parameters A and b listed in Table 3.11. The asymmetry term,  , was fit to a 

temperature dependent equation similar to the short range order strength term in Equation 

3.18. This allowed for the simulated asymmetry to vanish at elevated temperature. These 

temperature dependent relationships facilitate simulation of the Ti-64 β-annealed 

microstructure at temperatures between 300K and 723K. 

 

Table 3.11. (a) Constants for Model 1 (power law) temperature dependent critical 

resolved shear stress. 
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Table 3.11. (b) Constants for Model 2 (activation enthalpy) temperature dependence.  

 

Validation of parameter sets 

After estimation, the selected parameters were validated through the utilization of 

additional experimental data. These data were acquired from fully reversed strain-

controlled experiments at a strain rate of 310   s
-1

 and amplitude of 1%a   at room 

temperature and at a strain rate of 45 10   s
-1

 and strain amplitude at elevated 

temperature. Both of these datasets were not used in the calibration process. The 

simulation results closely agree with the experiments, as shown in Figure 3.17. 

 
Figure 3.17. Validation of calibrated parameter sets for the power law model (Model 1) at 

room temperature (a) and 450
o
C (b) as well as for the activation enthalpy model (Model 

2) at room temperature (c) and 450
o
C (d). 
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Parameter Estimation for Ti-18 STA 

Microstructure Representation 

The characterization of the Ti-18 STA microstructure (Figure 3.4) reveals 

significant microtexture (bands of similar crystallographic orientation). This microtexture 

poses a significant challenge to simulating a 3D geometry for the material due to the 

large size disparity between the 1 μm α-phase precipitates, the 3.5 μm β-phase grains, and 

the ~70 μm microtextured regions. A substantial number of elements would be required 

to represent this structure due to the combined constraints of generating a cubic volume 

large enough to appropriately capture the long range effects associated with the 

microtexture coupled with the requirement for small elements to represent the individual 

grains. These restrictions can easily force a 3D model to contain in excess of over one 

million elements, which is computationally prohibitive for parametric study using crystal 

plasticity models. To represent this microstructure, 2D generalized plane strain elements 

(CPEG4R) have been utilized to model the longitudinal cross-section; a fully 3D 

constitutive relation is used for each. The orientation and phase of each element has been 

defined such that the material properties match the EBSD scan point nearest the 

element’s centroid for both geometries. The selected calibration model is a 100 μm 

square composed of 2 μm elements; periodic in-plane boundary conditions are imposed. 

This model was determined to have a very similar stress-strain response to larger models 

and finer mesh densities. The calibration geometry is displayed in Fig. 18 along with the 

longitudinal EBSD scan. 
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Figure 3.18. ABAQUS 2D geometry (left) used to represent the longitudinal cross-

sectional EBSD scan of the Ti-18 STA microstructure on the right. 

 

Estimated Model Parameters 

All parameters for this microstructure pertain to the room temperature response. 

The β-phase of the Ti-18 STA structure is of BCC character. The slip systems in these 

grains have been modified so that they represent 24 BCC slip systems, including 12 

 111 110  and 12  111 112  systems. The strength of the BCC slip systems is defined 

as 90% of the prismatic slip system strength in the α-phase grains. The asymmetry in the 

BCC grains has been prescribed to follow Equation 3.11 for  111 110  the slip systems 

(Bassani et al., 2001). 

To accurately simulate the hardening in the cyclically stable stress-strain response 

for the activation enthalpy model (Model 2), the back stress evolution is changed to 

promote isotropic hardening, as is done in the power law model (Model 1, Equation 3.7). 

Experimental results for the Ti-18 STA specimen at 1.5% strain amplitude and 10
-3

 s
-1

 

strain rate were used to calibrate the model parameters for the two constitutive models. 

The softening parameters in the crystal plasticity models have been estimated so that the 
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simulated softening correlates very well with the observed experimental softening in the 

initial five cycles. The estimated parameters are listed in Table 3.12 and the simulation 

response is shown in Figure 3.19.  

Table 3.12. (a) Calibrated Model 1 (power law model) parameters for Ti-18 STA. 

 

(b) Calibrated Model 2 (activation enthalpy model) parameters for Ti-18 STA. 

 
 

 
Figure 3.19. Calibrated simulation results for the (a) power law model (Model 1) and the 

(b) activation enthalpy model (Model 2) for Ti-18 STA. The simulations are compared to 

experimental results for 1.5% strain amplitude and 10
-3

 s
-1

 strain rate for the initial five 

cycles. 
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Validation of Parameters 

The estimated parameters were then validated by comparing the simulated 

response to experimental results for a 1.3% strain amplitude and 45 10 s
-1

 strain rate at 

room temperature. Simulations are compared with experimental results in Figure 3.20.  

 

Figure 3.20. Validation of calibrated parameter sets for the (a) power law model (Model 

1) and (b) the activation enthalpy model (Model 2) for the Ti-18 STA microstructure 

loaded at 1.3% strain amplitude and 5x10
-4

 s
-1

 strain rate. The initial five cycles of the 

experimental data are shown. 

 

Parameter Estimation for Ti-18 BASCA 

Microstructure Instantiation 

The ellipsoidal packing algorithm (Przybyla, 2010) is again exploited to build a 

3D polycrystalline microstructure mesh consisting completely of colony phase grains. 

The grain size of these colonies is defined to fit the statistics received from EBSD 

Analytical for the large prior beta grains. This grain size distribution was identified to 

have a mean grain size of 146 μm and a standard deviation of 35 μm. The selected 

calibration model geometry contains 150 grains fit to the appropriate size and consists of 

2,197 C3D8R elements. After the geometry is created, the orientations of each of the 

single crystals within the matrix are sampled from a pole figure based on EBSD scan 

information for the β-phase. A generated Ti-18 BASCA model appears in Figure 3.21, 
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and comparisons of experimental and instantiated β-phase pole figure appear for this SVE 

is shown in Figure 3.22.  

 

 

Figure 3.21. (a) ABAQUS voxellated mesh for polycrystal used for constitutive model 

calibration and (b) grain size distribution fit. 

 

 

Figure 3.22. Comparison between the pole figure obtained from the EBSD scan (left) and 

the simulated pole figure (right) generated in the Ti-18 BASCA ABAQUS model using 

MTEX (Bachmann et al., 2010). 
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Estimated Parameters 

Fully reversed strain-controlled experiments were used for the calibration of the 

Ti-18 BASCA microstructure response at a strain amplitude of 1.5% and 310   s
-1

.  

The calibrated values for the Ti-64 β-annealed material (Table 3.8) were used as an initial 

starting point for the parameter estimation process for Ti-18 BASCA. The process 

outlined in the estimation of the Ti-64 model parameters was repeated to determine the 

Ti-18 BASCA calibrated parameters. Most of the selected model parameters were 

extremely similar to the results for Ti-64 with the chief differences being in the back 

stress hardening and recovery coefficients. The changes in the parameters likely reflects 

the effect of the large amount of β-phase in the microstructure (48% volume fraction 

compared to much lower values in Ti-64), as well as the alpha lath geometry. The 

estimated parameters for Models 1 and 2 are provided in Table 3.13 and the simulation 

results for each model are shown in Figure 3.23. 

 

Figure 3.23. Calibrated results for the initial five loading cycles of the Ti-18 STA 

microstructure at room temperature for the (a) Model 1 and (b) Model 2 for reversed 

strain-controlled loading with εa=1.5% and a strain rate of 10
-3

 s
-1

. 
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Table 13. (a) Calibrated Model 1 parameters for Ti-18 STA at room temperature. 

 
 

(b) Calibrated Model 2 parameters for Ti-18 STA at room temperature. 

 

Validation of Parameter Sets 

 These model parameter sets for the Ti-18 BASCA microstructure were then 

validated by comparing simulation results with the experimental data for fully reversed 

loading, 45 10    s
-1

, and 1.3%a   at room temperature, as shown in Figure 3.25. 

 

Figure 3.24. Validation of calibrated parameter sets for (a) Model 1 and (b) Model 1 for 

the room temperature response of Ti-18 BASCA. The displayed data is associated with 

the initial five cycles of loading for 1.3% strain amplitude and 5x10
-4

 s
-1

 strain rate. 
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Conclusions 

Cyclic deformation experiments have been completed to inform the calibration of 

two crystal plasticity models for three distinct titanium alloy microstructures: Ti-64 β-

annealed, Ti-18 STA, and Ti-18 BASCA at room temperature and 450
o
C. Polycrystalline 

finite element (ABAQUS) model geometries were instantiated using an ellipsoidal 

packing algorithm to fit microstructure statistics acquired from EBSD characterization.  

The constitutive framework for each of the models has been outlined.  A number of the 

model parameters have been obtained from literature sources. Some are specified as 

constant for all microstructures considered, while the remaining parameters have been 

estimated to achieve agreement between the simulated and experimental stress-strain 

responses for each of the three microstructures.  It is noted that the activation enthalpy 

model (Model 2) has more parameters, but a lower fraction of parameters that vary 

among microstructures, likely as a consequence of its enhanced physical basis relative to 

Model 1.  Anisotropic elastic constants for each model at each temperature are the same, 

but differ among models.  This is likely attributed to the differences in model structure, in 

view of the fact that both models represent simplified treatments of deformation 

mechanisms for these highly complex microstructures.  

By spanning such a broad range of Ti alloy microstructures across a broad range 

of potential service temperatures, this study gives some indication of the level of detail 

required for validated modeling protocols that support parametric studies for tailoring 

microstructures to reach target property sets using thermomechanical process route, as is 

the goal in Integrated Computational Materials Engineering (ICME) (Pollock et al., 

2008).  For example, these calibrated and validated models will be utilized in future work 

to estimate the influence of  microstructure on computed driving forces for fatigue crack 

formation and early growth within the microstructure (cf. McDowell, 2009; McDowell 

and Dunne, 2010; Przybyla and McDowell, 2011). 
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CHAPTER 4 

FATIGUE HOT SPOT SIMULATION FOR TWO 

WIDMANSTÄTTEN TITANIUM MICROSTRUCTURES 

Introduction 

The current study is focused on the fatigue performance of the Widmanstätten 

microstructure for alpha/beta titanium alloys. This structure is achieved by annealing the 

material above the α-β transus temperature (β-annealed) and selecting an appropriate 

cooling rate to achieve the desired width of the individual α-phase lamellae grown into 

the prior β-phase grains. Despite exhibiting a slightly reduced mechanical strength and 

lower fatigue strength compared to the duplex microstructure, the lamellar morphology is 

utilized for its superior fracture resistance (Chesnutt et al., 1980; Eylon et al., 1976; 

Yoder et al., 1977) as well as for its improved formability that can be obtained from 

optionally deforming the material above the α-β transus temperature (Eylon and Hall, 

1977). These properties are ideal for damage tolerant design of complex engineering 

components in critical applications. 

The structure-property relationships for the β-annealed materials have been well 

characterized by experimental researchers (Eylon et al., 1976; Lin et al., 1984). The 

primary morphological features identified to strongly affect the fatigue and fracture 

strength is the size and orientation of the α laths and colonies (Lehr, 1980; Shechtman 

and Eylon, 1978). Two primary modes of fatigue crack initiation have been observed 

experimentally. In regions of lower stress intensity, Stubbington and Bowen (1974) found 

that micro-crack initiation in a Ti-64 β-annealed structures often occurred at α/β 

interfaces. This phenomenon implies that the high cycle fatigue strength of the structure 

is increased by reducing the α lath length, leading to nucleation crack sizes (Eylon and 

Pierce, 1976; Stubbington and Bowen, 1974). More often, cracks have been detected to 
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form parallel to slip planes that experience intense shear and are not usually aligned with 

the α/β interface (Eylon and Bania, 1978; Eylon and Hall, 1977; Plumbridge and Stanley, 

1986; Shechtman and Eylon, 1978; Stubbington and Bowen, 1974). Though crack 

initiation has been observed on both basal and prismatic slip planes (Shechtman and 

Eylon, 1978), the critical crack plane is more often identified to occur on or near the 

(0001) basal planes (Eylon, 1979; Wojcik et al., 1988), which are known have lower 

fatigue strength in aggressive environments for titanium, including air (Peters et al., 1980, 

1984). Similar to the α/β interfacial cracking, the suggested method for enhancing fatigue 

resistance is to decrease the size of the colony packets, limiting the extent of slip bands 

and inhibiting fatigue crack initiation (Eylon and Hall, 1977).  

Fatigue crack propagation in the Widmanstätten structure is also sensitive to the 

mean colony size (Lütjering and Gysler, 1995; Yoder and Eylon, 1979; Yoder et al., 

1980). For improved propagation resistance, large colony sizes are necessary to induce a 

more tortuous crack path. In addition to the colony size, the orientations of the 

neighboring colonies can have a critical role in crack growth. (Eylon, 1979) has shown 

that it is possible for neighboring packets to have similarly oriented basal planes through 

the possible Burgers orientation relationship (BOR) variants of the α laths. Since the 

basal planes have relatively low fatigue resistance, there is a high likelihood that these 

planes will form cracks that propagate across neighboring colonies with significantly 

reduced resistance. The crystallographic texture, which describes the orientation of the 

basal planes, will inevitably have a role in the fatigue and fracture properties of the 

material. This texture dependence is illustrated by Peters et al. (1984), who studied the 

fatigue and fracture properties of highly textured Ti-64 materials possessing a fine 

equiaxed microstructure. They determined that the crack propagation rate was much 

higher when the crack path was along the (0001) basal planes. 

Although the structure-property relationships for the β-annealed material have 

been identified, a significant amount of development time and cost is necessary to 
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experimentally tailor a microstructure for individual component designs to reach target 

levels of associated properties, e.g., fatigue and fracture strength. With increasing 

computing power over the past few decades, it has become increasingly feasible to 

expedite the material design process by utilizing physics-based crystal plasticity models 

to simulate the material performance of variant microstructures (McDowell and Dunne, 

2010; McDowell, 2007). The simulated results can be used to inform the design process 

and reduce the required number of experiments along with their associated costs. 

Microstructure-sensitive crystal plasticity models have been employed by many 

researchers to evaluate the fatigue performance of both nickel-based superalloys (Dunne, 

Wilkinson, et al., 2007; Przybyla et al., 2010; Shenoy et al., 2007) and duplex α-β 

titanium (Dunne and Rugg, 2008; Kirane and Ghosh, 2008; Przybyla and McDowell, 

2011). Early applications of simulated fatigue studies for bi-modal α-β titanium included 

the use of a 2D finite element (FE) crystal plasticity model by Goh et al. (2001) to study 

fretting fatigue behavior of Ti-64. Mayeur (2004) extended this model for 3D FE 

analysis, which was then utilized by Bridier et al. (2009) to observe slip band evolution in 

high cycle fatigue loading. (Przybyla, 2010) employed this 3D constitutive framework to 

simulate fatigue loading of various duplex α-β microstructures and proceeded to compute 

the fatigue indicator parameters (FIPs) at local hot spots. He coupled the simulated results 

with extreme value statistics (Gumbel, 1958) and radial correlation functions (Torquato, 

2002) to analyze the influence of the phase volume fraction and mean grain size on the 

calculated FIPs for Ti-64 bi-modal microstructures (Przybyla and McDowell, 2011). 

The current study is an extension of Przybyla’s work to the investigation of the 

Widmanstätten titanium microstructures. Analytical methodologies similar to Przybyla 

and McDowell (2011) were exercised in evaluating the computed FIP dependence on 

grain size, phase volume fraction, and crystallographic texture for the β-annealed Ti-64 

and Ti-18 BASCA alloys. The methodology behind the considered FIPs, marked 

correlation functions, as well as the microstructure instantiation and simulation 
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procedures, are outlined in the methodology section. Following the methodology, the 

simulation outcomes for the Ti-64 microstructures are presented. Next the results for the 

Ti-18 BASCA microstructures are discussed. Lastly, a summary of the key findings and 

concluding remarks is included in the Chapter conclusions. 

Methodology 

Fatigue Indicator Parameters 

Three distinct FIPs have been computed to investigate the driving force for 

fatigue crack initiation and propagation in the β-annealed microstructures. These FIPs are 

based on localized plastic strain. Initially, the maximum plastic shear strain range 

(MPSS) is calculated for each cycle. The plastic strain range is determined by subtracting 

the ratchet strain (difference between plastic strain at the beginning and end of the cycle 

from the same point of loading) from the plastic strain at the point of maximum loading 

(Przybyla et al., 2010), i.e., 

   p p p

ij ij ijend of cycle beginning of cycleratch
                                 (4.1) 

   max   p p p

ij ij ijover the cyclecycle ratch
                                   (4.2) 

The eigenvalue problem is solved for this plastic strain range tensor to find the ordered 

principal plastic strain ranges and their corresponding directions. Assuming proportional 

loading, the maximum plastic shear strain range is then identified by 

   1 3
max

2 2

  


p p
p

cycle cycle
 

.                                    (4.3) 

The maximum plastic shear strain range on various slip planes are also evaluated as a 

product of the crystal plasticity simulation which tracks slip on various systems.  
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Following the identification of the maximum plastic shear strain range, the 

Fatemi-Socie parameter (Fatemi and Socie, 1988) is then determined. The Fatemi-Socie 

parameter (FS FIP) correlates to both the crack formation and early Stage I 

crystallographic fatigue crack growth on critical planes (Castelluccio and McDowell, 

2012). The formulation for this parameter is expressed as the following: 

max max1
2

p n

FS

y

P K
 



 
   

 

                                               (4.4) 

here, K is a parameter constant denoting the stress dependence and σy is the uniaxial yield 

strength. The peak tensile stress normal to the maximum plastic shear stress plane, σ
n

max, 

is obtained by finding the projection of the maximum stress tensor during the maximum 

loading portion of the cycle onto the unit normal vector n, perpendicular to the critical 

plane, i.e., 

 max maxn

i ij jcycle
n n                                               (4.5) 

The second calculated parameter is the grain boundary slip impingement FIP 

proposed by McDowell (2007) to account for cracks forming from the pile-up of 

dislocations at grain boundaries. This parameter is based on the Fatemi-Socie FIP but 

employs the net cumulative plastic shear on any plane impinging on a grain boundary 

segment, and the peak stress normal to this segment is considered, i.e.,  

1
n

p GB
IMP net p

y

P K





 
   

 

                                              (4.6) 

where 
p

net  is the accumulated plastic shear strain in its maximum direction, Kp is a 

material parameter, 
n

GB  and is the peak stress normal to the grain boundary segment. 
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The final FIP determined in this study is the α/β lamellar interface decohesion 

parameter (Zhang, 2008), which is tailored for the β-annealed microstructure. This FIP is 

similar to the Fatemi-Socie parameter, with the exception that the α/β lamellar interface 

defines the critical plane(s), i.e., 

1
2

p n

lam lam
lamellar l

y

P K
 



 
   

 

                                        (4.7) 

where / 2p

lam  is the maximum plastic shear strain range parallel to the lamellar 

interface and is the stress normal to the interface. All of the investigated FIP values have 

been determined for nonlocal averaging volumes, including element volumes, grain 

volumes, and cubic “box” volumes composed of multiple elements. A summary of the 

calculated FIP values is displayed in Figure 4.1. The parameter constants K, Kp, and Kl 

have been set to a value of 1 for all calculations of the FIP values. 

 

 
Figure 4.1. Graphical representation of the (a) Fatemi-Socie FIP, (b) Lamellar FIP, and 

(c) Impingement FIP. Adapted from (Zhang, 2008) 
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Extreme Value Statistics 

The data generated in the fatigue simulations have been utilized to conduct an 

extreme value distribution analysis for each of the aforementioned FIPs. The calculated 

FIP values have been fit to a Gumbel (Type I) probability distribution (Gumbel, 1958) 

which can be expressed as (Haldar, 2000) 

   
exp n n n

n

y u

Y nF y e
   

 
.                                         (4.8) 

Here,  
nY nF y  is the probability that the value Yn will be less than or equal to yn, un is the 

characteristic largest value of the sampled population, and αn is an inverse measure of the 

dispersion of the largest value of the population. The αn and un parameters can be 

explicitly evaluated by finding the linear regression fit between the linearized probability 

function and the corresponding largest values for the volume averaged FIPs over 

numerous simulation results. The linearization of the Gumbel probability distribution is 

accomplished through the following approach: 

   
exp n n n

n

y u

Y nF y p e
    

 
   (4.9) 

   
ln 1 n n ny u

p e
 

      (4.10) 

    ln 1 ln 1 n n np y u             (4.11) 

Here, we have a linear relationship between the LHS of Eq. 4.11 and yn. The value of p is 

estimated for the rank ordered maximum FIP values by  

0.3

0.4

i
p

n





                                                  (4.12) 

where n is the population size and i is rank of the maximum FIP value (numbered from 

smallest to largest). For each nominal microstructure, the extreme value distribution is 

constructed from sampling the maximum value for each of a large number of realizations 

or statistical volume elements (SVEs) of polycrystals, as explained by Przybyla and 
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McDowell (2011) and Przybyla (2010). These statistics are utilized to compare the trends 

in minimum fatigue life (low probability of failure) performance among several different 

nominal microstructures. 

Radial Correlation Functions 

A radial correlation post-processing package developed by Przybyla (2010) has 

been employed to examine the proximity of grains with favorably aligned slip systems 

via comparison of their Schmid factors (Przybyla and McDowell, 2011). The definition 

of a radial correlation function is such that  , ' |R r   is the probability of an attribute β 

having a second attribute β’ within a distance between r and r + dr in any direction 

(Torquato, 2002). The radial correlation function for the complete structure has been 

compared to the correlation function for the extreme value locations by employing a 

marked extreme value marked correlation function algorithm created by Przybyla and 

McDowell (2011). The data generated from the marked correlation function are 

compared to the total radial correlation function results to observe the favorably oriented 

slip systems present at the extreme value locations. Figure 4.2 depicts a schematic of the 

radial correlation function. 

 

Figure 4.2. Radial correlation function, R, is the probability of finding an attribute β and 

another attribute β’ within a distance of r to r + dr in any direction from the first attribute 

β (Torquato, 2002). Adapted from (Przybyla, 2010). 
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Statistical Volume Element Generation 

An ellipsoidal packing algorithm (Przybyla and McDowell, 2011) has been 

exploited to build polycrystalline ABAQUS models of statistical volume elements, 

ensembles of grains/phases that are sufficiently large to encompass relevant nearest and 

second nearest neighbor effects but too small to be considered as a representative volume 

element. The algorithm works by randomly placing undersized ellipsoids representative 

of crystalline grains into an empty 3D space until a defined volume packing fraction has 

been reached. The ellipsoids are then allowed to grow uniformly until the remainder of 

the empty space has been filled. The grain sizes are estimated by  
1/3

0.7grn grnd V  

(Horálek, 1990) and the input parameters for the algorithm are iterated to gain a good fit 

between the estimated and desired grain size distributions. An example microstructure 

and grain size distribution is displayed in Figure 4.3. After the polycrystalline model had 

been created, the orientation distribution of the grains was defined by simulating the 

appropriate pole figure with a free MATLAB (2011) plug-in: MTEX (Bachmann et al., 

2010). Pole figures for each of our investigated materials have been acquired from EBSD 

scan data provided by EBSD Analytical Inc. (Lehi, UT) and are utilized when defining 

the texture of each instantiated microstructure. Exemplary scanned and simulated pole 

figure fits for the Ti-64 β-annealed material and the Ti-18 microstructure are included in 

Figures 4.4 and 4.5, respectively. 
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Figure 4.3. (a) ABAQUS geometry generated via ellipsoidal packing algorithm and (b) 

grain size distribution fit. 

 

 
 

Figure 4.4. (a) (0001) pole figure obtained from an EBSD scan and (b) the simulated 

(0001) pole figure generated in the ABAQUS model with MTEX (Bachmann et al., 

2010) for the Ti-64 β-annealed material. 

 
Figure 4.5. (a) (001) pole figure obtained from an EBSD scan and (b) the simulated (001) 

pole figure generated in the ABAQUS model with MTEX (Bachmann et al., 2010) for the 

Ti-18 BASCA material. 
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Once the polycrystalline geometry and orientation distribution have been defined, 

the disorientation distribution function (DDF) between neighboring grains is optimized. 

This is accomplished by randomly switching grain orientations within the microstructure 

model and comparing the computed error between the new disorientation distribution and 

the observed DDF from the EBSD scan information. The switched grain orientation 

definition is accepted if the overall error is reduced. This allows for an optimal DDF to be 

achieved while retaining the overall texture of the model. Figure 4.6 displays typical 

DDF results for the two alloys. 

 
Figure 4.6. Disorientation distribution fit results for the (a) Ti-64 β-annealed 

microstructure and the (b) Ti-18 BASCA structure. 

 

Ti-6Al-4V β-annealed Fatigue Simulation Results 

The selected attributes for the simulated Ti-64 β-annealed alloy microstructures 

are shown below in Table 4.1. These microstructures allow for parametric investigation 

of the fatigue parameter dependence on three influential characteristics: the mean colony 

size (micros A and B), crystallographic texture (micros B through D), and phase volume 

fraction (micros B and E). Example pole figures for the transverse and basal textures are 

shown in Figure 4.7. The ABAQUS model side length for microstructures B through E is 

0.6 mm, while the size for microstructure A was selected to be 1.2 mm to accommodate a 

sufficient number of the larger grains. Each of the instantiated structures contains 17,576 
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C3D8R elements and is strained at 2x10
-3

 s
-1

 strain rate with fully reversed loading, R = -

1, and a strain amplitude of εa = 0.5%. This strain amplitude corresponds with 

approximately 75% of the macroscopic polycrystal yield strain: εy = 0.67%. Periodic 

boundary conditions (Przybyla, 2010) have been imposed in all directions for the 

instantiated voxellated polycrystals. After the initial three cycles of simulated loading, the 

magnitude of the plastic strain range utilized in the FIP calculations (Equation 4.3) had 

reached a nearly cyclically stable value. Hence, all of the polycrystals were simulated for 

simply three cycles before computing the maximum FIPs to minimize the simulation 

time. One hundred realizations (SVEs) of each microstructure have been simulated using 

a previously calibrated crystal plasticity algorithm based on a Kocks-type flow rule 

(Kocks et al., 1975) and the computed FIPs have been determined to achieve 

convergence to the Gumbel extreme value distribution. The calculation of the FIP values 

is directly related to the simulated irreversible strain on crystallographic slip planes; 

consequently, the magnitudes of the computed FIPs will be dependent on the slip planes 

defined for different crystal structures. As long as the same phases are present, then 

comparison among the variant microstructures containing the same phases is sensible 

even though the phases could be distributed differently.  The comparison of the simulated 

FIP distributions indicating the grain size dependence, texture dependence, and phase 

volume fraction effects for all of the microstructures can be referenced in Figures 4.8, 

4.9, and 4.10, respectively.  

Table 4.1: Simulated microstructures for the Ti-64 β-annealed material 
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Figure 4.7. Pole figures for (a) transverse texture target, (b) simulated transverse texture, 

(c) basal texture target, and (d) simulated basal texture generated via MTEX (Bachmann 

et al., 2010). 
 

 

 

 

 

Figure 4.8. Ti-64 β-annealed FIP distributions indicating the grain size dependence of the 

Fatemi-Socie FIP averaged over 65 μm equivalent grain volumes. 
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Figure 4.9. Ti-64 β-annealed FIP distributions indicating the texture dependence of the 

(a) Fatemi-Socie FIP, (b) grain boundary impingement FIP, and (c) lamellar FIP averaged 

over 48 μm equivalent grain volumes, grain boundary interfaces, and grain volumes, 

respectively. 
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Figure 4.10. Ti-64 β-annealed FIP distributions indicating the phase volume fraction 

dependence of the (a) Fatemi-Socie FIP, (b) grain boundary impingement FIP, and (c) 

lamellar FIP averaged over 48 μm equivalent grain volumes, grain boundary interfaces, 

and grain volumes, respectively. 



 78 

Table 4.2: Gumbel distribution linear fit statistics for Fatemi-Socie FIP averaged over 48 

μm equivalent grain volumes for the β-annealed Ti-6Al-4V material simulations. (*65 

μm grain volume averaged as depicted in Fig. 8) 

 
 

Table 4.3: Grain boundary impingement FIP Gumbel distribution fit statistics for β-

annealed Ti-6Al-4V material simulations. 

 
 

Table 4.4: Lamellar FIP Gumbel distribution fit statistics for β-annealed Ti-6Al-4V 

material simulations. 

 

 

Trends for the simulated FIP distribution results agree with experimentally 

observed trends in fatigue severity as a function of grain size. The determined distribution 

for microstructure A, having an average grain size of 160 μm, has a much larger 

characteristic maximum value (un) of 1.963 x 10
-4

 compared to the characteristic value 

for microstructure B: 5.659 x 10
-5

. These computed distributions clearly show that the 

larger grain size will have higher extreme values for the Fatemi-Socie FIP value, 

suggesting increased sensitivity to crack formation and early propagation. This finding is 

consistent with experimental works (Eylon and Hall, 1977; Eylon et al., 1976) which 
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have shown that cracks form along intense shear bands across the larger colony grains. In 

addition, Przybyla and McDowell (2011) simulated FIP distributions for coarse bi-modal 

Ti-64 microstructures also exhibit larger FIP values compared to fine bimodal structures. 

All of the computed FIP distributions reveal the same trend in terms of FIP 

dependence on crystallographic texture. The highest resistance (lowest FIPs) to fatigue 

crack initiation was observed for the transverse textured microstructures, followed by the 

basal textured assemblies. The texture fit to the experimental EBSD scan pole figure was 

identified to most likely have the lowest fatigue life. The relationship between the 

transverse and basal textures agrees with experimentally observed fatigue trends from 

Peters et al. (1984), who investigated fine equiaxed Ti-64 microstructures. Peters et al. 

(1984) determined that transverse textured materials were able to withstand slightly 

higher stress amplitudes in high cycle fatigue when loading normal to the HCP crystal c-

axis (rolling direction) in comparison to loading along the c-axis (transverse direction). 

This variation in HCF performance is attributed to the orientation of the critical (0001) 

basal planes (Eylon, 1979; Peters et al., 1984; Shechtman and Eylon, 1978; Wojcik et al., 

1988), which often correlates with fatigue crack initiation.  

The phase volume fraction effects observed in the FIP distributions are consistent 

with the simulated results from Przybyla and McDowell (2011). The Fatemi-Socie and 

grain boundary impingement FIP values for microstructure E (duplex structure) are 

consistently larger than those of microstructure B (fully lamellar), which implies that the 

elimination or reduction of the α-phase would be advantageous for fatigue performance. 

The lamellar FIP distributions exhibit the opposite trend in FIP values; however, the 

lower FIP values for microstructure E are perhaps not surprising as the magnitude of the 

lamellar FIP is defined to be zero for the α-phase grains. 

Each of the instantiated microstructures have also been analyzed via marked 

radial correlation functions  (Przybyla, 2010). The correlation between favorably oriented 

slip planes and the extreme value locations within the structure are identified through the 
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evaluation of the apparent Schmid factors for each of the crystallographic slip planes. The 

apparent Schmid factor is merely the applied shear stress on the investigated plane 

divided by the macroscopic applied stress. The extreme values are based on the Fatemi-

Socie FIP averaged over 48 μm equivalent grain size volumes for micros. B through D, 

while the averaging volume is equivalent to a 65 μm grain size for microstructure A. 

Radial correlation results depicting the most frequently observed extreme value planes 

are presented in Figures 4.11 – 4.15. 

 

 
Figure 4.11. Ti-64 β-annealed microstructure A radial correlation functions describing the 

correlation between the apparent Schmid factors for  111 110 BCC slip between 0.45 and 

0.5 for the α + β colonies and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal slip, (b) prismatic slip, (c) pyramidal a  slip, and (d)  111 110 BCC slip. 
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Figure 4.12. Ti-64 β-annealed microstructure B radial correlation functions describing the 

correlation between the apparent Schmid factors for  111 110  BCC slip between 0.45 

and 0.5 for the α + β colonies and the apparent Schmid factors between 0.45 and 0.5 for 

(a) basal slip, (b) prismatic slip, (c) pyramidal a  slip, and (d)  111 110  BCC slip 

 

 

 

Figure 4.13. Ti-64 β-annealed microstructure C radial correlation functions describing the 

correlation between the apparent Schmid factors for basal slip between 0.45 and 0.5 for 

the α + β colony grains and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal slip and (b)  111 110  BCC slip. 
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Figure 4.14. Ti-64 β-annealed microstructure D radial correlation functions describing the 

correlation between the apparent Schmid factors for prismatic slip between 0.45 and 0.5 

for the α + β colony grains and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal slip, (b) prismatic slip, (c) pyramidal, and (d)  111 110  BCC slip. 
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Figure 4.15. Ti-64 β-annealed microstructure E radial correlation functions describing the 

correlation between the apparent Schmid factors for basal slip between 0.45 and 0.5 for 

the α-phase grains and the apparent Schmid factors between 0.45 and 0.5 for (a) basal 

slip, (b) prismatic slip, (c) pyramidal, and (d) pyramidal a c  slip. 

 

 

The dashed lines in the Figures 4.11 – 4.15 represent the radial correlation 

function results at the extreme value location in the model, while the solid lines illustrate 

the radial correlation averaged over the entire polycrystal. Each line portrays the 

frequency of a particular phase and slip system having a high apparent Schmid factor 

(0.45 – 0.5) and present at a distance r from the investigated extreme value slip plane. 

These lines are shown together to observe the prevalent conditions present near the 

localized fatigue hot spots. The typical correlation results for microstructure C (Figure 

4.13) reveal that grains at the extreme value FIP locations are commonly oriented for 

easy basal slip. This outcome is consistent with previous experimental works for β-

annealed titanium (Eylon, 1979; Shechtman and Eylon, 1978; Wojcik et al., 1988), which 
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have found that crack initiation and propagation frequently occur on basal planes in the 

lamellar colonies. The results for microstructure E, a duplex structure, shows that α-phase 

grains positioned for easy basal slip is also regularly present at the extreme value 

locations. This observation for the duplex α + β Ti structure is in agreement with 

experimental studies by Bridier et al. (2008) as well as simulated fatigue studies by 

Przybyla and McDowell (2011). In contrast, the correlation findings for microstructure D 

(Figure 4.13) show that grains oriented for easy prismatic slip are normally located at the 

extreme FIP sites. This deviation in the critical slip plane is not surprising as 

microstructure D possesses a transverse texture, which strongly favors prismatic slip. The 

simulated extreme FIP locations for microstructures A and B coincided with grains 

favorably oriented for  111 110  BCC slip.  The  111 110  BCC slip directions have 

been defined with respect to the local HCP lattice frame to be compliant with the burgers 

orientation relationship (Ankem and Margolin, 1980):    0001 || 110
 

 and 

1120 || 111


. When the BCC slip systems are favored, the grains are known to be 

oriented for hard slip. 

The correlation statistics for C, D, and E show that the extreme value FIP 

locations are positioned nearby grains that are oriented for easy BCC slip. This situation 

is most clearly observed in Figure 4.13 and it indicates that the critical locations within 

the microstructure are typically found at grains experiencing soft slip adjacent to grains 

oriented for hard slip. This hard-soft grain interface has been shown to induce significant 

stress localization and plasticity intensification (Dunne, Rugg, et al., 2007; Hasija et al., 

2003; Venkataramani et al., 2006). This phenomenon rationalizes the observed radial 

correlation results, which are also in agreement with Przybyla and McDowell's (2011) 

findings for duplex structures. 
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Ti-18 BASCA Fatigue Simulation Results 

The simulated Ti-18 BASCA alloy microstructure characteristics are displayed in 

Table 4.5. Similar to the Ti-64 study, the selected voxellated structures gained an 

evaluation of the fatigue trends for the following characteristics: the mean colony size 

(micros A and B), texture (micros B through D), and phase volume fraction (micros B 

and E). Periodic boundary conditions have been defined for the ABAQUS models, and 

the model side lengths for microstructures B, C, D, and E were 0.6 mm, while the side 

length of microstructure A was 1.2 mm. All of the structures were strained at an 

amplitude of εa = 0.6%, which corresponds to 75% of the simulated yield strain of εy = 

0.8%. Fully reversed loading at 2x10
-3

 s
-1

 strain rate is imposed onto the instantiated 

microstructures, each containing 17,576 C3D8R elements. One hundred simulations for 

each structure have been completed and the extreme value FIPs have been found to have 

an acceptable fit to the Gumbel distribution. The grain size dependence, texture 

dependence, and phase volume fraction effects on the extreme value FIP distributions 

appear in Figures 4.16, 4.17, and 4.18. 

 

Table 4.5: Microstructures for Ti-18 BASCA fatigue study 
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Figure 4.16. Ti-18 BASCA FIP distributions indicating the grain size dependence of the 

calculated extreme value Fatemi-Socie FIP averaged over 65 μm equivalent size grain 

volumes. 
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Figure 4.17. Ti-18 BASCA FIP distributions indicating texture dependence of the (a) 

Fatemi-Socie FIP, (b) grain boundary impingement FIP, and (c) lamellar FIP averaged 

over 48 μm equivalent grain volumes, grain boundary interfaces, and grain volumes, 

respectively. 
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Figure 4.18. Ti-18 BASCA FIP distributions indicating phase volume fraction 

dependence of the (a) Fatemi-Socie FIP, (b) grain boundary impingement FIP, and (c) 

lamellar FIP averaged over 48 μm equivalent grain volumes, grain boundary interfaces, 

and grain volumes, respectively. 
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Table 4.6: Gumbel distribution linear fit statistics for Fatemi-Socie FIP averaged over 48 

μm equivalent grain volumes for the Ti-18 BASCA material simulations. (*65 μm grain 

volume averaged as depicted in Fig. 16) 

 
 

Table 4.7: Grain boundary impingement FIP Gumbel distribution linear fit statistics for 

Ti-18 BASCA 

 
 

Table 4.8: Lamellar FIP Gumbel distribution linear fit statistics for Ti-18 BASCA 

 

 

The simulated fatigue trends for the Ti-18 BASCA alloy closely resembled that of 

the Ti-64 β-annealed microstructure. Despite both materials being loaded to 75% of their 

simulated yield strain, the magnitudes of the computed extreme value FIPs for the Ti-18 

BASCA material were considerably smaller than those of the Ti-64 β-annealed material. 

The simulated grain size trend demonstrates that smaller grain sizes are favored for 

longer fatigue lives, which is aligned with past experimental and simulation studies 

(Eylon and Hall, 1977; Eylon et al., 1976; Przybyla and McDowell, 2011). The observed 

texture dependence is even more pronounced for the lower FIP values, with multiple 

orders of magnitude separating the extreme value distributions (Figure 4.17). The rank 
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ordering for the preferred textures is the following: (1) transverse texture, (2) basal 

texture, and (3) EBSD scan texture. This trend is on account of the variation of the 

critical (0001) basal plane orientation with respect to the loading axis. Lastly, the phase 

volume fraction displays the same influence on the FIP distributions as determined for 

the Ti-64 microstructure, with the duplex microstructure (E) inducing larger FIP values 

than the lamellar structure (B). This trend implies that a reduction in the α-phase volume 

fraction is beneficial for fatigue properties. The extreme value marked radial correlation 

functions are once again utilized to determine the spatial correlations between the critical 

planes oriented for easy slip in relation to the extreme value FIP locations. Figures. 4.19–

4.23 show the radial correlation function results for the Ti-18 BASCA microstructures. 

 
Figure 4.19. Ti-18 BASCA microstructure A radial correlation functions describing the 

correlation between the apparent Schmid factors for basal slip between 0.45 and 0.5 for 

the α + β colony grains and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal slip, (b) prismatic slip, (c) pyramidal a slip, and (d)  111 110  BCC slip. 
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Figure 4.20. Ti-18 BASCA microstructure B radial correlation functions indicating the 

correlation between the apparent Schmid factors for basal slip between 0.45 and 0.5 for 

(a) basal, (b) prismatic, (c) pyramidal a -type, and (d)  111 110 BCC slip. 

 
 

 

Figure 4.21. Ti-18 BASCA microstructure C radial correlation functions describing the 

correlation between the apparent Schmid factors for basal slip between 0.45 and 0.5 for 

the α + β colony grains and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal slip and (b)  111 110  BCC slip. 
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Figure 4.22. Ti-18 BASCA microstructure D radial correlation functions describing the 

correlation between the apparent Schmid factors for prismatic slip between 0.45 and 0.5 

for the α + β colony grains and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal, (b) prismatic, (c) pyramidal a -type, and (d)  111 110 BCC slip. 

 

 

Figure 4.23. Ti-18 BASCA microstructure E radial correlation functions describing the 

correlation between the apparent Schmid factors for basal slip between 0.45 and 0.5 for 

the α + β colony grains and the apparent Schmid factors between 0.45 and 0.5 for (a) 

basal slip and (b)  111 110  BCC slip. 

 

The outcomes for the Ti-18 BASCA microstructures A, B, C, and E suggest that 

grains oriented for easy basal slip are likely to exist at the extreme locations in the 
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structure, while grains oriented for prismatic slip were prevalent for microstructure D.  

Previous experimental (Eylon, 1979; Shechtman and Eylon, 1978; Wojcik et al., 1988) 

and simulated (Przybyla et al., 2010; Przybyla and McDowell, 2011) studies agree that 

the basal slip planes are crucial for fatigue, and the prismatic orientations for 

microstructure D are justified by its imposed transverse texture, favoring prismatic slip. 

In all cases, these softer oriented grains were determined to be nearby harder oriented 

grains possessing high apparent Schmid factors for BCC slip. These findings further 

reinforce the argument for the critical role of this hard-soft grain boundary interface in 

fatigue crack nucleation (Dunne, Rugg, et al., 2007; Hasija et al., 2003; Venkataramani et 

al., 2006). 

Conclusions 

Simulated microstructure-sensitive fatigue performance of two distinct titanium 

alloy microstructures has been investigated. The considered materials were β-annealed 

Ti-6Al-4V and Ti-18 BASCA, both exhibiting a Widmanstätten morphology. The 

material constitutive relations are described via crystal plasticity models implemented 

into ABAQUS UserMATerial subroutines, which have been calibrated to experimental 

data in the previous Chapter. These models were utilized to simulate fatigue loading of 

variant microstructures of each alloy to investigate the performance trends associated 

with the mean grain size, phase volume fraction, and texture. The results suggest that 

reduced grain sizes, transverse textures, and reduced α-phase lead to improved fatigue 

performance. Extreme value marked correlation functions were employed to study the 

favorably oriented slip systems occurring near the extreme value FIP locations. The 

correlation statistics show that soft oriented grains, preferring basal or prismatic slip, are 

typically located at the maximum FIP location and are situated near hard oriented grains. 

The interaction between the hard and soft grains induces a substantial increase in 

localized stress and strain, leading to increased possibility of fatigue crack initiation. 
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CHAPTER 5 

SIMULATED FATIGUE OF TI-18 STA MICROSTRUCTURE 

Introduction 

 Titanium alloys are recruited for advanced engineering applications where their 

exceptional properties can be exploited, e.g., their high strength-to-weight ratio and 

corrosion resistance. Among the different types of alloys, metastable beta titanium alloys 

provide superior formability and permit forging of complex components (Huang et al., 

2011; Ivasishin et al., 2008). Beta titanium is also known to be less sensitive to 

processing parameters; hence it can produce a more homogeneous strength through the 

thickness of very large forgings. On account of these properties, beta titanium is 

experiencing increased use in aerospace structures (Boyer and Briggs, 2005). Though the 

formability of near beta titanium is highly advantageous, forging of titanium alloys can 

induce strong micro-textured regions of similarly oriented grains that lead to a reduction 

in fatigue strength, particularly in dwell loading scenarios (Le Biavant et al., 2002; Sinha 

et al., 2006; Woodfield et al., 1995). These micro-textured regions have become very 

problematic in critical forged parts in industry, e.g. turbine disks (Gey et al., 2012). The 

reduction or elimination of these textured zones is critical for ensuring longer fatigue 

lives of engineering components and reducing the scatter of fatigue life data. 

 The discovery of these micro-textured zones was driven by an interest in the 

experimentally observed life debit associated with dwell fatigue loading of α/β titanium 

alloys. Early titanium dwell fatigue research was focused on the lamellar, a.k.a. 

Widmanstätten, microstructures which were known to be more resistant to dwell and 

creep scenarios. In all cases, dwell loading was found to significantly inhibit the fatigue 

life of the material (Evans and Gostelow, 1979; Evans, 1987; Eylon and Hall, 1977). The 

primary cause of this sensitivity was proposed to be from hydrogen accumulation on slip 
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bands during the dwell application (Eylon and Hall, 1977). In these studies, the observed 

fracture surfaces displayed facets formed by the cleavage of lamellar colonies consisting 

of aligned secondary alpha platelets. These results showed that the aligned alpha laths 

promoted a cleavage plane across the entire colony in spite of the presence of the 

interstitial beta phase laths. The cleavage plane was typically identified with the basal slip 

plane of the secondary alpha phase. Local texture regions were first determined to be 

important when Eylon (1979) found that it was possible for facets to form across 

neighboring colonies sharing the same basal plane orientation. 

 Woodfield et al. (1995) investigated the dwell sensitivity of bimodal α/β Ti-6242 

microstructures and they also recorded a large reduction in fatigue life for dwell loading. 

While exploring the thermo-mechanical processing effects on the dwell fatigue life, they 

detected that it was possible to form large primary alpha colonies of similarly oriented 

grains which would promote a cleavage-like failure surface across the entire primary 

alpha colony. Le Biavant et al. (2002) termed these micro-textured regions as 

“macrozones” during their study on a duplex Ti-64 alloy. They observed that their 

macrozones were on the order of one hundred grains and that they dictated the fatigue 

crack initiation process via several of the primary alpha grains cracking on basal planes 

within the textured zones. 

 The formation of these macrozones was initially suggested to be an effect of the 

prior β phase grain structure (Woodfield et al., 1995). This concept is supported by the 

prior beta phase grain reconstruction derivations of Glavicic et al. (2009), however, the 

beta phase reconstruction works of Bocher et al. (2005) and Germain et al. (2005) 

disagree. While these results are in apparent contradiction, Germain et al. (2008) 

proposed that the prior beta phase structure is only one of several factors contributing to 

the microtexture generation; consequently, the disagreement in the beta phase grain 

reconstruction findings can likely be attributed to a difference in the combined effects 

producing the investigated macrozone formations. Germain et al. (2005, 2008) concluded 
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that the macrozones in duplex titanium alloys formed by the overlapping of two distinct 

primary and secondary alpha phase microtextures produced at different stages of thermo-

mechanical processing. The primary alpha textured zones can be caused by (i) the size 

and orientation of the initial lamellar colonies that are broken up during deformation, (ii) 

the tendency of HCP crystal rotation during deformation to trend toward specific texture 

orientations, and (iii) the orientation of the new primary alpha grains formed during 

deformation and annealing (Germain et al., 2008). The microtexture of the colony grains 

can be created by the (i) conservation of the Burgers orientation relationship during and 

after deformation between neighboring primary alpha and beta grains as well as (ii) when 

the secondary alpha lath growth selects one of the 12 possible Burgers orientation 

variants that are closely aligned with neighboring primary alpha phase grains. Hence, the 

creation of the macrozones in duplex microstructures is a very complex process, 

however, the macrozones will generally form parallel to the direction of material flow 

during forging (Gey et al., 2012), e.g., in the elongation direction during billet creation 

(Uta et al., 2009). 

 Advances in cooperative mechanical testing and EBSD methods have allowed 

numerous researchers to highlight the importance of macrozones in contributing to 

fatigue crack initiation and propagation. For example, Sinha et al. (2006) observed that 

the site of an initiated crack facet for a dwell-fatigued Ti-6242 specimen directly 

correlated to a macrozone location on the fracture surface. Bridier et al. (2008) 

determined that considerable microcracking occurred on basal planes within micro-

textured bands in a Ti-64 microstructure. Uta et al. (2009) detected that multiple cleavage 

cracks formed and quickly propagated in a macrozone of bimodal IMI 834 possessing 

several primary alpha grains possessing basal planes oriented nearly perpendicular to the 

applied load. Gey et al. (2012) showed that microtexture can be eliminated by severe 

compressive deformation oriented in the opposite sense of the original billet elongation 

direction. These studies have validated the importance of the macrozones and have 
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provided valuable insight into some of the mechanisms leading to failure, yet much 

additional work is necessary to fully understand the performance implications of the 

micro-textured regions and how to account for them in the design of engineering 

components. 

 In the current study, a newly developed near-β titanium alloy, Ti-18, has been 

acquired in a solution-treated, age-hardened (STA) condition (Fanning, 2011) from the 

Titanium Metals Corporation (Exton, PA). Characterization of this material has been 

accomplished by EBSD Analytical Inc. (Lehi, UT) and the received micrographs display 

a duplex structure consisting of globular alpha phase (HCP) precipitates dispersed 

throughout a beta phase (BCC) matrix. EBSD scans reveal strong micro-textured regions 

of beta phase grains. For the purpose of simulating fatigue performance with (ABAQUS, 

2011) finite element software, these texture bands are approximated as dendritic grains. A 

crystal plasticity model possessing a Kocks-type flow rule (Kocks et al., 1975) is utilized 

to simulate the fatigue trends associated with varying orientations of texture bands with 

respect to the applied macroscopic loading and the results are discussed here-in. The 

methodology behind fatigue indicator parameters, extreme value statistics, and the 

statistical volume element generation are briefly outlined and the key findings are 

summarized in the conclusion. 

Methodology 

Fatigue Indicator Parameters 

A critical plane approach has been utilized to quantify the simulated 

microstructure fatigue sensitivity of the Ti-18 STA material. Numerous critical plane 

approaches using macroscopic damage parameters have been identified to correlate very 

well with experimental fatigue data (Gallagher et al., 2004; McDowell and Berard, 1992; 

Park and Nelson, 2000). When critical plane parameters are computed at the micro-scale, 
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they are termed “fatigue indicator parameters” (FIPs). These FIPs are determined at the 

scale of microstructural features to provide a measure of the accumulated damage 

associated with fatigue crack initiation and propagation. In this study, we will utilize two 

FIPs  P  to describe the fatigue behavior of the Ti-18 STA structure. The first is the 

Fatemi-Socie FIP (Fatemi and Kurath, 1988; Fatemi and Socie, 1988): 

max max1
2

p n

FS

y

P K
 



 
   

 

                                         (5.1) 

Here, max / 2p  is the maximum plastic shear strain range calculated over a cycle, K  is a 

constant denoting the normal stress dependence, max

n  is the stress normal to the max

p  

plane at peak loading, and y  is the yield strength of the material. The maximum plastic 

shear strain range (MPSS) accounts for the ratchet strain accumulated from previous 

cycles, as can be referenced in Equations 3.1 and 3.2. In addition to the Fatemi-Socie 

(FS) FIP, a modified FS FIP based on the total plastic shear strain has also been 

determined. This strain accumulation (SA) FIP can be expressed as the following: 

max1
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p

SA net

y

P K





 
   

 

                                         (5.2) 

where 
p

net  represents the maximum accumulated plastic shear strain and max

n  is the 

stress normal to the 
p

net  plane. Both of the FIP values are determined on a non-local area 

averaging basis with areas ranging from the size of a single element to grids of 7 x 7 

elements. A schematic of the Fatemi-Socie FIP can be referenced in Figure 4.1(a). The 

parameter constant, K, is defined to be 1 for all of the FIP calculations. 
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Extreme Value Statistics 

Once the maximum area-averaged FIPs have been sampled from several fatigue 

simulations, the FIP data are analyzed with extreme value statistics. The generated data 

have been fit to Gumbel (1958) (Type I) extreme value probability distributions, i.e., 

   
exp n n n

n

y u

Y nF y e
   

 
                                            (5.3) 

where  
nY nF y is the probability that the value of nY will be less than or equal to ny , n is 

an inverse measure of dispersion, and nu is the characteristic largest value of the sampled 

population. The n and nu  parameters can be directly determined through a linear 

regression fit to the linearized probability distribution for each of the maximum FIP sets 

from multiple simulations associated with particular microstructure statistics (cf. Eq. 4.9 

– 4.12). Trends in the microstructure-sensitive fatigue performance can then be evaluated 

through the observed characteristics of the extreme value distributions. 

Microstructure Representation 

 Microstructural characterization of the Ti-18 STA transverse face displayed a 

substantial amount of micro-textured regions of beta-phase (BCC) grains which are the 

dominate phase grains possessing 72% of the volume fraction. Investigation of the 

longitudinal phase showed that these sharp macrozones were significantly elongated into 

a band-like structure with many of the textured bands spanning the entire 200 μm scan 

length. A micrograph and matching texture colormap of the longitudinal is shown in 

Figure 5.1. These sharp textured bands pose a serious obstacle to simulating a 3D 

geometry due to the combination of extremely small grains (1 μm α-phase precipitates, 

3.5μm β-phase grains) and very large macrozones containing hundreds of grains.  An 

enormous number of elements would be required to generate a structure large enough to 

capture the long range effects of the microtexture while maintaining a mesh density fine 
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enough to model the individual alpha precipitates. Unfortunately, it is computationally 

infeasible to simulate 3D geometries possessing such a large number of elements with 

our crystal plasticity algorithms. Due to this restriction, 2D generalized plane strain 

elements (CPEG4R) are employed to model the longitudinal cross section of the Ti-18 

STA material. Each of the instantiated ABAQUS models are a 140 μm square geometry 

and the texture bands are realized by utilizing a dendritic microstructure generator created 

by Padbidri (2013). The produced macrozones extend the length of the model and have 

an average width of 15 μm; their crystallographic orientation is sampled from a beta 

phase pole figure through utilization of MTEX (Bachmann et al., 2010), a free and open 

source MATLAB (2011) plug-in. Alpha precipitates have been super-imposed onto the 

layered structure by directly defining the precipitate phase and orientation for elements 

having centroids nearest to alpha phase EBSD scan points. The precipitate mapping is 

altered for each model by randomly placing a 140 μm box into the scanned area shown in 

Figure 5.1.   An example statistical volume element (SVE) is presented in Figure 5.2. 

 
Figure 5.1. (a) Optical micrograph of the Ti-18 STA longitudinal face, and (b) matching 

texture color map acquired from an EBSD scan with a 0.2μm step size from EBSD 

Analytical Inc. 
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Figure 5.2. Example statistical volume generated with dendritic grains representing 

textured bands. EBSD Scan created with MTEX (Bachmann et al., 2010) 

 

Simulated Orientation Dependence 

 The activation enthalpy crystal plasticity model was exercised to describe the 

deformation activity of the Ti-18 STA microstructure. The model framework details and 

calibration is included in Chapter 3. The dendritic structure generator was utilized to 

simulate the dependence of the calculated fatigue indicator parameters on the orientation 

of the applied macroscopic loading. Three different orientations of the texture bands were 

investigated with angles of 0
o
, 45

o
, and 90

o
 to the loading axis. Fifty realizations of both 

the parallel and 45
o
 structures were created to produce simulation data. Rather than 

creating completely new structures for the perpendicular simulations, these simulations 

were achieved by simply changing the load orientation of the parallel models. An 

example of a generated 45
o
 model is displayed in Figure 5.3. The instantiated models 

were loaded in fully reversed cycling with a strain amplitude of 0.8%a   and strain rate 

of 32 10   s
-1

. This strain amplitude corresponds to 80% of the simulated yield strain, 
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i.e., 1.0%y  . These texture band structures were simulated to three cycles of loading 

before computing the FIP values. Periodic boundary conditions have been enforced on all 

faces of the simulation geometry. The maximum calculated FIP has been determined for 

fifty simulations of the three different oriented macrozones and they are plotted on a 

linearized Gumbel chart for each texture band orientation in Figure 5.4. 

 
Figure 5.3. Example statistical volume generated with dendritic grains representing 

textured bands at a 45
o
 angle. EBSD Scan created with MTEX (Bachmann et al., 2010) 

 

As can be seen in Figure 5.4, all of the FIP distributions exhibited a very distinct bi-linear 

behavior. This is thought to be an effect of the very small FIP values determined, since 

larger FIP values converge to a single Gumbel distribution with fewer sets of data. It is 

possible that the small FIPs are induced by the generalized plane strain assumption that 

all out of plane shear components are equated to zero. A direct comparison of the FIP 

distributions between the three orientations is depicted in Figure 5.5. 
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Figure 5.4. FIP distributions for the Fatemi-Socie (FS) FIP and the strain accumulation 

(SA) FIP for loading misalignment angles of (a) 0
o
, (b) 45

o
, and (c) 90

o
. 
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Figure 5.5. Comparison of the computed (a) Fatemi-Socie FIP distrubtions and (b) Strain 

accumulation FIP distributions for the three simulated orientations. 

 

 The FIP distributions suggest that larger driving forces for fatigue crack initiation 

and propagation are present with increasing misalignment between the loading and 

macrozone elongation direction. This result is a reasonable as it suggests that there is a 

greater possibility of material failure when the strongly textured regions are 

perpendicular to the applied loading. This finding is in agreement with numerous 

experimental results that state that the micro-textured zones debit the fatigue lives by 

providing faceted fracture locations at large regions of grains favorably oriented for 
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cleavage fracture (Sinha et al., 2006; Uta et al., 2009).  Ideally, the presence of 

macrozones can be diminished or even eliminated through severe compression (Gey et 

al., 2012). However, in cases where the textured bands are present, our simulated results 

advocate that the forging process should be designed to induce macrozone bands aligned 

with the maximum loading direction to increase fatigue life. 

Conclusions 

 A simulated fatigue study of a micro-textured Ti-18 STA alloy has been 

completed. The material deformation was informed by the activation enthalpy crystal 

plasticity model, which was implemented as an (ABAQUS, 2011) subroutine. A dendritic 

microstructure generator was utilized to instantiate several 2D generalized plane strain 

geometries having banded micro-textures with varying angles between the macrozones 

and the maximum principal stress direction. The simulation results suggest that higher 

misalignment angles between the textured bands and macroscopic applied loading are 

detrimental to fatigue performance. Therefore, it is proposed that forging processes 

should be tailored to produce textured bands parallel to the desired loading direction of 

the finished component if macrozones cannot be eliminated. 
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CHAPTER 6 

SUMMARY AND CONCLUDING REMARKS 

Summary 

 Cyclic deformation experiments with differing strain amplitudes, strain rates, and 

temperatures have been accomplished to inform the calibration of two crystal plasticity 

models to three distinct titanium alloy microstructures: β-annealed Ti-6Al-4V, Ti-18 in a 

solution-treated, age-hardened STA condition (Fanning, 2011), and Ti-18 with a beta-

annealed, slow-cooled, age-hardened (BASCA) treatment. The experimental results 

suggest that superior mechanical properties are obtained through the STA processing of 

the Ti-18 material, which exhibited an increased uniaxial yield strength, ultimate 

strength, and tensile ductility when compared to the BASCA treated material. For the 

purpose of model calibration, polycrystalline finite element (ABAQUS) model 

realizations (i.e., Statistical Volume Elements) were instantiated using an ellipsoidal 

packing algorithm to fit microstructure statistics acquired from EBSD characterization. 

The constitutive framework for each of the models has been outlined. A number of the 

model parameters have been obtained from literature sources, while the remainder has 

been estimated to achieve agreement between the simulated and experimental stress-

strain responses for all three microstructures. The calibrated models were then validated 

with additional experimental data.  

 The calibrated and validated models were utilized to simulate the fatigue 

performance trends of the Ti-64 β-annealed and Ti-18 BASCA alloys with variant 

microstructure statistics. The maximum computed fatigue indicator parameter (FIP) 

values obtained from several simulations have been fit to Gumbel (1958) extreme value 

distributions. The results suggest that finer grain sizes, a reduced volume fraction of 
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primary α-phase, and a transverse texture where the c-axis is oriented perpendicular to 

the applied loading direction promote improved fatigue resistance. 

 Marked radial correlation functions have been utilized to study spatial correlation 

between favorably oriented slip planes in adjacent grains/phases at the extreme value 

locations in the Ti-64 and Ti-18 BASCA microstructures. The results show that basal 

planes with large Schmid factors are typically present at the critical locations in the 

microstructures (Przybyla and McDowell, 2011). The only deviations from this result are 

induced by the applied texture. The radial correlation findings for the transverse textured 

polycrystals show that prismatic slip planes are favorably oriented for slip at the extreme 

value location; and the models fit to the EBSD scanned texture of the Ti-64 material 

displayed large Schmid factors for BCC slip planes at the critical FIP sites. In several 

cases, the radial correlation functions reveal that favorably oriented soft-slip basal planes 

are frequently situated nearby grains exhibiting large BCC Schmid factors, i.e., 

possessing a hard-slip orientation. The importance of this observed hard-soft grain 

combinations agrees with previous findings on duplex titanium microstructures (Przybyla 

and McDowell, 2011). 

 Finally, a simulated fatigue study of the Ti-18 STA material has been 

accomplished. The sharp beta phase texture bands of the longitudinal face have been 

approximated as dendritic grains in a 2D generalized plane strain ABAQUS model. The 

fatigue property trends for varying orientations of the banded microtexture have been 

investigated. The simulated results suggest that higher misalignment angles between the 

texture bands and macroscopic applied loading axis are detrimental to the material’s 

fatigue performance. 

Recommendations for Future Work 

 In the present work, solely macroscopic experimental data have been utilized to 

facilitate the calibration of the crystal plasticity models. At this scale, the experimental 

results lose sensitivity to the microstructural scale stress state heterogeneities, thereby 
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making it difficult to ascertain the precise combination of parametric values that 

cooperatively generate the macroscopic response. Many of the model parameters have 

been directly acquired from literature sources and several of the estimated values for the 

polycrystals can be compared to experimental works on single crystal alpha titanium. 

However, since experimental data for single lamellar colonies are not available, the 

Widmanstätten model parameters have been assumed to largely follow those of the 

primary alpha phase grains. To validate or refine the calibrated lamellar colony constants, 

it is possible to employ a combination of EBSD and nano-indentation techniques to 

measure the slip system strengths within the colony packets and ensure accuracy in the 

related parameters. 

 An attractive characteristic of critical plane approaches to fatigue is that they are 

often found to be more accurate for cases of combined loading. Therefore, a natural 

extension of the crystal plasticity models would be for application to multi-axial fatigue 

loading. Combined loading deformation experiments can be accomplished and the model 

parameters should then be altered to agree with both uniaxial and multi-axial stress-strain 

data. Following the experimentation and calibration, multi-axial fatigue simulations can 

be performed on numerous instantiated statistical volume elements and the results can be 

compared to the uniaxial findings of the present study. 

 Another potential experimental study building upon the current work would be to 

conduct several low-cycle fatigue experiments to failure. The fractured specimen surface 

could then be investigated to identify the critical crack initiation mechanisms. These 

observed damage mechanisms could then be compared to the simulated extreme value 

sites to validate the crystal plasticity model’s ability to identify the critical microstructure 

attributes that lead to crack initiation. The fracture characteristics of interest would be the 

slip plane where the crack nucleated and the orientation of neighboring grains to identify 

a possible hard-soft grain combination, as suggested by the radial correlation function 

results. The proposed study could also validate the effectiveness of the computed FIPs in 
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correlating with fatigue cycle life via a Coffin-Manson type relationship as well as 

potentially identify new FIPs that could more accurately describe the damage 

accumulation physics leading to failure. 

 Due to the computational costs associated with the crystal plasticity formulations, 

it is not feasible to utilize the models for application to microtextured materials. The 

microtextured regions are typically on the order of hundreds of grains. This indicates that 

a prohibitively large number of elements would be required to capture both the long 

range effects associated with the macrozones and have a fine enough mesh to represent 

the individual grains. However, the newly developed methodology of the material 

knowledge systems (MKS) (Kalidindi et al., 2010) displays promising potential for 

simulating extremely large, complex microstructures. The MKS framework has been 

shown to be acceptably accurate for simulating small elastic loading of multi-phase 

materials while dramatically decreasing computational time (Fast and Kalidindi, 2011). 

This approach can potentially be extended and verified for application to fatigue loading, 

which includes small levels of localized plasticity within the matrix. This study would 

pave the way for simulating fatigue dependence of extreme large microstructures if the 

calculated FIP values determined with the MKS approach are closely aligned with those 

of the crystal plasticity models, or even if the microstructure-property trends are 

preserved. The MKS approach could then be utilized to simulate a 3D microtextured 

model, e.g., the Ti-18 STA microstructure, to help facilitate materials design. 
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APPENDIX A 

TI-64 EBSD CHARACTERIZATION 

 
 

  
Figure A.1. Ti-64 β-annealed microstructure transverse high resolution (a) micrograph 

and (b) texture colormap with a 0.3 μm scan step size.  

a
A 

b
A 
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Figure A.2. Phase mapping of the high resolution Ti-64 transverse EBSD scan having a 

0.3 μm step size. 

 

  
Figure A.3. Pole figures for the beta phase in the Ti-64 β-annealed microstructure 

transverse face. 



 112 

 

  

Figure A.4. Ti-64 β-annealed microstructure longitudinal face (a) micrograph and (b) 

texture colormap with a 4 μm scan step size. 

a
A 

b
A 
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Figure A.5. Alpha phase pole figures for Ti-64 β-annealed microstructure longitudinal 

cross section face. 
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Figure A.6. High resolution (a) micrograph and (b) texture colormap having a 0.3 μm 

step size for the Ti-64 β-annealed microstructure longitudinal face. 

 

a
A 

b
A 
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Figure A.7.  Phase map of high resolution Ti-64 longitudinal EBSD scan having a 0.3 μm 

step size. 

  
Figure A.8. Pole figures for the beta phase in the Ti-64 β-annealed microstructure 

longitudinal face. 
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Figure A.9. 60 nm step EBSD scan of the Ti-64 β-annealed microstructure transverse 

face (a) micrograph and (b) texture colormap. 

a
A 

b
A 
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Figure A.10. Phase map for a very high resolution, 60 nm step size EBSD scan of the 

transverse section face of the Ti-64 β-annealed microstructure. 
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APPENDIX B 

TI-18 STA EBSD CHARACTERIZATION 

 
Figure B.1. Phase map for the Ti-18 STA microstructure transverse face for an EBSD 

scan with 0.2 μm step size. 

  
Figure B.2. α-phase texture colormap for the TI-18 STA microstructure transverse face 

scanned with a 0.2 μm step size. 
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Figure B.3. Alpha phase pole figures for the Ti-18 STA transverse view. 

 

  
Figure B.4. Beta phase texture colormap for the Ti-18 STA transverse view collected 

with a 0.2 μm step size. 
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Figure B.5. EBSD scan of the Ti-64 β-annealed microstructure longitudinal cross-section 

face (a) micrograph and (b) texture colormap scanned with a 0.2 μm step size. 

a
A 

b
A 
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Figure B.6. Phase map for the longitudinal face of the Ti-18 STA microstructure. 

 

 
Figure B.7. A texture colormap of the alpha phase for the longitudinal face of the Ti-18 

STA microstructure with an EBSD scan step size of 0.2 μm.  
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Figure B.8. Pole figures for the alpha phase of the longitudinal view of the Ti-18 STA 

microstructure. 

 

 
Figure B.9. Texture colormap for the beta phase in the Ti-18 STA microstructure 

longitudinal face scanned at a 0.2 μm step size. 
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Figure B.10. Beta phase pole figures for the Ti-18 STA microstructure longitudinal face. 
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APPENDIX C 

TI-18 BASCA EBSD CHARACTERIZATION 

 
Figure C.1. Phase mapping for the transverse face of the Ti-18 BASCA microstructure 

scanned at a 0.4 μm step size. 

 

 
Figure C.2. Alpha phase texture colormap for the Ti-18 BASCA microstructure collected 

with a 0.4 μm step size. 
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Figure C.3. Ti-18 BASCA microstructure longitudinal view (a) micrograph and (b) 

texture colormap scanned with a 0.4 μm step size. 

a
A 

b
A 
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Figure C.4. Phase map for the longitudinal view of the Ti-18 BASCA microstructure 

scanned with a 0.4 μm step size. 

 

 
Figure C.5. Alpha phase texture colormap for the longitudinal section of the Ti-18 

BASCA microstructure scanned with a 0.4 μm step size. 
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Figure C.6. Beta phase texture colormap for the longitudinal section of the Ti-18 BASCA 

microstructure collected with a 0.4 μm step size. 
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Figure C.7. A (a) micrograph and (b) texture color-map of a large area scan of the 

transverse cross-section of the Ti-18 BASCA microstructure with an EBSD scan size of 5 

μm. 

a
A 

b
A 
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Figure C.8. An alpha phase texture colormap for the large area Ti-18 BASCA transverse 

EBSD scan with a 5 μm step size. 
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