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permission of the publisher (Birkhäuser Boston, c/o Springer Science+Business Media LLC, 233
Spring Street, New York, NY 10013, USA) and the author, except for brief excerpts in connection with
reviews or scholarly analysis. Use in connection with any form of information storage and retrieval,
electronic adaptation, computer software, or by similar or dissimilar methodology now known or
hereafter developed is forbidden.
The use in this publication of trade names, trademarks, service marks and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.

Printed in the United States of America. (EB)

9 8 7 6 5 4 3 2 1

www.birkhauser.com



To Papa Benedetto





Foreword

This volume is dedicated to John Benedetto. It seems just yesterday that
we celebrated his 60th birthday in a memorable conference in College Park.
Yet that was October of 1999, and already more than six years have passed.
But John is still too young to be fully honored by a single foreword, or even a
single volume, that attempts to summarize the impact of his work on harmonic
analysis, his students, and his coworkers. Given his continuing high (and even
increasing) level of activities, his list of “lifetime achievements” is surely far
from complete. Even so, we will make an attempt in this foreword to take
a look back, to see the major lines of his work and activities during the
past 40 years of his life as a scientist, and to learn from his biography (and
bibliography) how the field of harmonic analysis has changed over the years,
and in particular to see the vibrant role that John has taken in this process.

John’s first paper appeared in 1965, when he was 25 years old, and his
first book (the Springer Lecture Notes on Harmonic Analysis on Totally Dis-
connected Sets) when he was 31. By that time he had already published on
the subjects of Tauberian algebras, in the theory of generalized functions,
and on questions related to spectral synthesis. His work on this latter topic
continued through the 1970s, culminating in the insightful volume Spectral
Synthesis (1975). Only a year later, his text Real Variables and Integration
with Historical Notes appeared.

In recent years John has published a variety of mathematical papers that
include practical applications, yet this is not really a “new” direction for him.
Already in 1981 one finds a paper titled “The theory of constructive signal
analysis” (Stud. Appl. Math., Vol. 65, pp. 37-80). It is clear from this and
his entire bibliography that John has studied the work of Norbert Wiener in
great detail, and indeed on many occasions John has confessed that Wiener is
his “hero.” For example, he connected his earlier work on Tauberian theorems
with the uncertainty principle, and in 1989 published (jointly with his former
Ph.D. students George Benke and Ward Evans) an n-dimensional version
of the Wiener–Plancherel formula, whose 1-dimensional formulation Wiener
chose to have on the cover of his autobiography, I Am a Mathematician.



viii Foreword

In 1990 his first article relating irregular sampling and frame theory ap-
peared, published jointly with another one of his (numerous) students, William
Heller. A series of papers on Fourier transform inequalities with weights were
written together with his friends, Hans Heinig and Raymond Johnson, be-
tween 1982 and 2003.

In the 1990s one finds a substantial number of papers related to wavelet
and time-frequency analysis. When the “wavelet-wave” took off around 1990,1

John was one of the first to realize the relevance of what we nowadays call
application-oriented harmonic analysis (more on this later). He encouraged
two of his students (Chris Heil and Dave Walnut) to compile, from the mate-
rial they had collected during their research for their Ph.D. theses, a survey ar-
ticle on wavelets, frames, and time-frequency analysis. This article, published
in SIAM Review in 1989, was an important source for researchers seeking
to enter wavelet theory during its early development. John’s book Wavelets:
Mathematics and Applications, jointly edited with Michael Frazier in 1994,
was one of the very first books to contain a nearly complete overview of the
most important aspects of wavelet theory, from theory to applications, from
the construction of orthonormal wavelet systems to their use in a variety of
disciplines, from image compression to turbulence. We do not have space to
mention every paper and book of John’s, but let us mention his text Har-
monic Analysis and Applications, which appeared at about the same time
(1996). This book provides a detailed account of Fourier analysis, including,
for example, the basics of distribution theory and its use in Fourier analy-
sis, classical topics such as summability kernels, and modern topics such as
the construction of orthonormal wavelets found by Ingrid Daubechies. John’s
understanding of the historical development of the field and the impact of
history on the directions the field has taken is clearly evident in this volume.

John is not only a dedicated researcher and gifted writer, but is also an
engaging lecturer, teacher, and advisor. By any standard in mathematics,
both the number of Ph.D. students he has directed and the number he is
currently supervising are very high. Yet he devotes to each of them a regular
time-slot for the discussion of their work and progress. This provides them
invaluable help developing good scientific taste and instincts and the chance
to get on their own feet as mathematicians, all on a very individual basis. It
is no surprise that a large proportion of his Ph.D. students are engaged in
active research positions, both in academia and in industry, within the USA
and around the world.

In addition to his research, teaching, and all the standard duties of a
mathematician—reviewing papers for journals or proposals for funding agen-
cies, organizing meetings, serving within his department—John has been
deeply involved in a number of projects that are establishing harmonic analy-

1I happened to spend the academic year 1989/90 in College Park and can there-
fore report from first-hand experience.
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sis not only as an important part of classical mathematics, but also as a vital
and highly visible branch of mathematical analysis.

Obviously John’s view of harmonic analysis and the role it plays in the
modern scientific endeavor are extremely broad. As was the case for his hero,
Wiener, there seems for him to be no distinction between “pure” and “ap-
plied” mathematics, his work ranges seamlessly across what others perceive
as boundaries. Perhaps his many hours spent as an employee of or consultant
to such engineering companies as RCA, IBM, and The MITRE Corporation
have shown him both how harmonic analysis can be applied and the needs
and perceptions of those seeking to solve real-world applications.

Amongst his various activities that have increased the visibility of har-
monic analysis I want to first mention that John developed and implemented
(together with Wayne Yuhasz at that time at CRC Press) the idea for JFAA,
the Journal of Fourier Analysis and Applications. The first issue appeared in
1993. I had the great honor to take over from John the chief editorship of this
journal in 2000. By this time the journal was well established and had moved
to Birkhäuser. It was John’s wise decision not to devote the journal only to
a single specialized topic, such as wavelets, but rather the entire discipline of
Fourier analysis (understood in the widest sense), and at the same time to
emphasize the importance of applications, of which we hope to see even more
in the years to come.

In a similar direction, John’s establishment and editorship of the Birk-
häuser book series ANHA, Applied and Numerical Harmonic Analysis, again
is lending significant visibility to the community. The series contains many
of what are now the standard texts in the field. ANHA has become a “first
place” for readers and authors to look at, in order to check what is going on
in the field, or to find a good series in which to publish.

Most recently John has begun another highly visible initiative by establish-
ing the Norbert Wiener Center for Harmonic Analysis and Applications at his
home university, the University of Maryland, College Park. The description
of the aims and goals of this center shows his views and ambitions, namely, to
“provide a national focus for the broad emerging area of Mathematical Engi-
neering.” The need for this is clear: while there is more and more need for the
development of mathematical tools and algorithms for real-world applications,
the mathematical community generally does not provide sufficient “practical”
training for its students to address such problems (typically viewed as being
“too applied”), while the engineering community likewise does not generally
provide sufficient pure mathematical training for its students to address these
problems (typically viewed as “too abstract”). But in fact, these two disci-
plines are very close together, and the Norbert Wiener Center seeks to bring
them into direct contact, to support each other, and most importantly to bring
the questions on each side to the attention of the other side. John has shown
in his own work the benefits of such interaction. Let us hope that his spirit,
supporting serious mathematical research, ranging through the spectrum of
harmonic analysis from “pure mathematics” to “practical applications” will
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continue on strongly, bringing back new mathematics and new applications.
Let us wish John much success in this endeavor and in the years to come.

Vienna, Austria Hans G. Feichtinger
March 2006



Preface

This volume celebrates the work of John Joseph Benedetto. Mathematician,
mentor, father, friend—John has had a profound influence not only on the
direction of harmonic analysis and its applications, but also on the entire
community of people involved in these endeavors. This volume collects articles
from coauthors, students, and colleagues of John, representative of some of
the major areas that John has contributed to, including harmonic analysis,
frame theory, time-frequency analysis, wavelet theory, and sampling theory
and shift-invariant spaces. In recognition of John’s own high standards of
mathematical exposition, and in order to create a volume of lasting utility,
many of the articles in this volume include introductions to or surveys of their
representative research directions.

As is clearly illustrated in Hans Feichtinger’s foreword to this volume,
John’s work has covered an enormous breadth of areas, and space limitations
have required us to concentrate on the few representative themes mentioned
above. Of course, this separation into parts is inherently artificial, as all these
directions interrelate in many ways—they are each simply different facets of
the vast field that we call harmonic analysis.

We begin in Part I with a tribute to John’s early (and continuing) work
in classical harmonic analysis. Among the many topics he has worked on in
this area are weighted-norm inequalities for the Fourier transform, general-
ized harmonic analysis, Fourier restriction theorems, uncertainty principles,
spectral synthesis, and the interaction between harmonic analysis and number
theory. The Gibbs phenomenon (first observed by Wilbraham in 1848) is a
fundamental fact in the theory of Fourier series in one dimension. The article
by George Benke (who was the first of John’s many Ph.D. students) explores
Gibbs phenomena in higher dimensions, where the multitude of possible types
of discontinuities makes the analysis far more intricate and interesting. Hans
Heinig is a longtime coauthor of John, with their first joint paper appearing in
1983. His article uses Fourier inequalities between weighted Lebesgue spaces
to derive weighted Sobolev gradient inequalities for a wide range of indices.
The final article in this part is by John’s 17th Ph.D. student, Georg Zimmer-
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mann. It explores semidiscrete multipliers, describing their basic form and
deriving representations of such multipliers for a number of important spaces.

In Part II we turn to abstract frame theory. It is not an understatement
to say that John’s 2003 paper Finite normalized tight frames (Adv. Comput.
Math., Vol. 18, pp. 357–385), written jointly with his 24th Ph.D. student,
Matthew Fickus, revolutionized the theory of frames in finite dimensions. The
article by Peter Casazza, Matthew Fickus, Jelena Kovačević, Manuel Leon
(John’s 20th Ph.D. student), and Janet Tremain surveys and further develops
this theory, proving a striking fundamental inequality that is both necessary
and sufficient for the existence of finite frames with prescribed norms.

Frame theory, time-frequency analysis, and wavelet theory are all closely
intertwined, and John has made fundamental contributions to all of these
areas. In Part III we focus on time-frequency analysis (also known as Ga-
bor analysis). John’s work on the Balian–Low Theorems includes symplectic
BLTs in higher dimensions and sharp versions of the BLT. The current state-
of-the-art of the Balian–Low Theorems is surveyed in an article by two of his
collaborators on this subject, Wojciech Czaja (a former postdoc) and Alexan-
der Powell (John’s 29th Ph.D. student). The Zak transform is a fundamental
tool in time-frequency analysis and in the analysis and application of Gabor
frames. The article by John’s 6th Ph.D. student, Jean-Pierre Gabardo, stud-
ies and surveys the Zak transform of distributions, and derives necessary and
sufficient conditions for the finite linear span of a Gabor system to be dense
in the Schwartz space of tempered distributions.

Because of the Balian–Low Theorems, it is redundant Gabor frames that
must be used in practice. Necessarily, such redundant frames have nonunique
dual frames. The article by Eric Hayashi, Shidong Li (John’s 15th Ph.D.
student), and Tracy Sorrells surveys the existing characterizations of Gabor
dual frames, showing the equivalence of each characterization.

Much of the modern theory of quantitative time-frequency analysis, and
in particular the introduction, development, and application of the modula-
tion spaces, is due to John’s longtime friends Hans Feichtinger and Karlheinz
Gröchenig. In his article, Gröchenig surveys the relationship and application
of the modulation spaces to the theory of pseudodifferential operators. Today,
pseudodifferential operators are finding a wide variety of new applications in
wireless communication, medical imaging, and geophysics, and these applica-
tions require new tools and techniques, which time-frequency analysis is well
suited to deliver.

A basic, simple-to-state, and yet still open question regarding Gabor sys-
tems is the following: are Gabor systems finitely linearly independent? This
is unknown in general even for the case of a collection of four time-frequency
shifts of a single L2 function. How hard can it be to prove that four functions
in L2(R) must be independent? My article surveys this and related problems
in Gabor theory.

Part IV is devoted to wavelet theory. In 1997, in an article in the journal
Journal of Fourier Analysis and Applications (which had been founded by
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John only three years before), Xingde Dai, David Larson, and Darrin Speegle
surprised the wavelet community by proving the existence of “wavelet sets.”
The characteristic function of such a set is a single function that generates
an orthonormal wavelet basis for L2(Rn), whereas wavelet orthonormal basis
in higher dimensions generated from multiresolution analyses necessarily re-
quire multiple generators when the dilation matrix A satisfies | det(A)| > 2.
Together with Manuel Leon (his 20th Ph.D. student), and Songkiat Sumet-
kijakan (his 26th Ph.D. student), John has written several influential papers
on wavelet sets. One of the first wavelet sets constructed by Dai, Larson, and
Speegle was the “wedding cake wavelet set.” Pictured on the front cover of
this volume is one of the wavelet sets constructed by John and Songkiat. This
one is John’s favorite, and is known as the “wedding night wavelet set.”

The first article in Part IV, by David Larson, Eckart Schulz, Darrin Spee-
gle, and Keith Taylor, represents abstract wavelet theory, with an article on
explicit cross sections of singly generated group actions. These cross sections
are used to characterize those matrices for which there exist minimally sup-
ported frequency (MSF) wavelets with infinitely many wavelet generators.

I cannot resist expressing my own personal satisfaction at being able to
include the second article in this part, by Kangui Guo, Demetrio Labate,
Wang-Q Lim, Guido Weiss, and Edward Wilson. This article surveys a recent
development in wavelet constructions in higher dimensions that employs sev-
eral dilation matrices. This allows the construction of wavelet bases which are
well suited for representing the multitude of geometric features that can occur
in higher dimensions. Guido has been a friend and mentor to generations of
mathematicians, including John and his students in particular, not to men-
tion that he been one of the cornerstone figures of harmonic analysis over the
last 50 years. Demetrio is my own very first Ph.D. student, and so is John’s
“mathematical grandchild.” This article represents the continuing impact of
stellar mathematicians such as Guido and John on the newest generations of
mathematicians.

As noted in Hans Feichtinger’s foreword, John’s contributions have ranged
far across both pure mathematics and applications. Indeed, much of his work
shows how naturally harmonic analysis belongs with applications. His Wavelet
Auditory Model (WAM), developed jointly with his 14th Ph.D. student, An-
thony Teolis, incorporates his work on irregular sampling to build a model of
the human cochlear response. Their 1993 WAM article was the first paper in
the first issue of the then-new and now-major journal Applied and Compu-
tational Harmonic Analysis. John’s work on regular and irregular sampling,
and the closely related area of shift-invariant spaces, is honored in the final
portion, Part V, of this volume.

The first article in this section is by Jeffrey Hogan and Joseph Lakey
(John’s 12th Ph.D. student). It discusses the important special cases of sam-
pling sets that are not lattices but that still possess a periodic structure, e.g.,
Z∪(Z+ 1

π ). These types of sampling sets arise in many real-world settings. The
article by Bjarte Rom and John’s 7th Ph.D. student, David Walnut, addresses
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another kind of irregular but still somewhat structured sampling geometry.
In their setting the sample set is not necessarily well-separated, and thus is
outside the bounds of most of the sampling literature. Yet the specific struc-
ture addressed, which is a union of lattices (such as Z ∪

√
2Z), allows many

interesting and useful conclusions to be drawn.
In their article, John’s longtime friends Akram Aldroubi, Carlos Cabrelli,

and Ursula Molter use the setting of shift-invariant spaces to survey recent
results relating frame theory and shift-invariant spaces to learning theory.
Larry Baggett, another longtime friend, analyzes the fine structure of shift-
invariant spaces. His article, which includes an elegant introduction to frame
theory, shows how a certain multiplicity function can be used to quantify the
notion of redundancy of frequencies.

The final article, by Peter Casazza, Ole Christensen, Alex Lindner, and
Shidong Li, addresses the delicate question of characterizing frame proper-
ties of sets of complex exponentials based solely on the density of the set of
frequencies of those exponentials.

Although our survey of the articles appearing in this volume is now com-
plete, as a tribute to John’s work this volume is certainly far from complete.
In the “pure” directions we could well have included articles on generalized
harmonic analysis, uncertainty principles, spectral synthesis, and number the-
ory, to name only a few. In the “applied” direction we have omitted mention
of John’s fundamental work on Σ-∆ quantization, spectral estimation, peri-
odicity detection, EEGs, MRIs—and again this list is incomplete. Sadly, space
has limited the number of articles and the number of contributors to a small
subset of those who would have eagerly contributed their own tribute to John.

This volume is also incomplete in that it focuses on research alone, while
John’s contributions go far beyond this. In particular, I am honored to be one
of the many Ph.D. students whom John has mentored. Listed on the next two
pages is John’s mathematical genealogy as it stands at this moment, includ-
ing his Ph.D. students and grandstudents, his Ph.D. advisor Chandler Davis,
and Chandler’s advisor Garrett Birkhoff. In the backward direction the graph
ends there, for though Garrett Birkhoff was a professor at Harvard, he had
no formal Ph.D. degree. In the forward direction, the graph is still far from
complete even in listing John’s students, as he is still actively advising an en-
tire group of current students. John’s dedication to all facets of mathematics,
including his research, his Ph.D. students, and all the many undergraduate
and graduate students who have taken courses from him, were recognized in
1999 when he was named a Distinguished Scholar/Teacher of the University
of Maryland, College Park.

I am sure that all of John’s many friends will join with me to wish him
health, happiness, and many more years of successful and significant mathe-
matics.

Atlanta, Georgia Christopher Heil
March 2006
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Harmonic Analysis



1

The Gibbs Phenomenon in Higher Dimensions

George Benke

Department of Mathematics, Georgetown University, Washington, DC 20057, USA
benke@math.georgetown.edu

Summary. The concept of star discontinuity is defined for functions of several
variables. A star discontinuity in dimension one is simply a jump discontinuity.
It is then shown that in arbitrary dimensions the Gibbs phenomenon for square
convergence occurs for periodic functions satisfying appropriate hypotheses at star
discontinuities.

Dedicated to John Benedetto—mentor, scholar, friend.

1.1 Introduction

The classical Gibbs phenomenon concerns the behavior of the partial sums
of the Fourier series of functions at a jump discontinuity. If a real function
of bounded variation has a jump discontinuity at x0, then for any interval
(x0, x0 + δ) there exist infinitely many n and points xn in the interval such
that Sn(f, xn) > m + (0.508)h where m is the midpoint of the jump and h
is the height of the jump. In other words, the partial sums overshoot the size
of the jump by at least 16%. A more precise statement is that there exists a
δ > 0 such that Sn(f, (x − x0)/n) converges to 1

π

∫∞
0

g(x − u) sin u
u du where

g is the jump function on the real numbers which matches the jump of f at
x0. This means that as we “zoom in” around the point x0 the re-scaled graph
of Sn(f, x) converges to a universal graph determined solely by the size and
location of the jump and is otherwise independent of f .

There are many possible avenues for the exploration of the Gibbs phe-
nomenon. For example Weyl [6], [7] studied the behavior of the partial sums
of spherical harmonic expansions of functions defined on the sphere and hav-
ing a jump discontinuity along a smooth curve on the sphere. See Colzani and
Vignati [2] for an investigation along the same lines in the setting of multiple
Fourier integrals. One can also consider other summability methods such as
Bochner–Riesz summability. This is the theme of Golubov’s work [3] and the
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work of Cheng [1]. An extension along a more classical line is carried out by
Helmberg [4], [5] for corner discontinuities of functions defined in the plane.

Here we study the Gibbs phenomenon for d-dimensional 2π-periodic func-
tions for the case of square convergence and for discontinuities which are more
general than simple extensions of jump discontinuities. We define the concept
of a star discontinuity. This concept is general enough to encompass the cor-
ner discontinuities studied by Helmberg and the cliff discontinuities studied by
Weyl. Roughly speaking, a star discontinuity is a discontinuity in a neighbor-
hood of which the graph of f looks locally like the graph of a function which
depends only on angle and not on the distance from the origin. In dimension
one star discontinuities are jump discontinuities. We show that under appro-
priate hypotheses the square partial sums exhibit a Gibbs phenomenon in the
neighborhood of a star discontinuity. Moreover as in the one-dimensional case,
the graph of the square partial sums converges, under linear rescaling, to a
universal graph depending only on the “shape” of the discontinuity and on
no other features of f .

The hypotheses of the main theorem have been formulated so as to yield
a widely applicable result and yet keep the proof short, thereby clarifying the
essential ideas. This makes the main theorem somewhat awkward to apply
directly. To illustrate the use of the theorem, we show that, in dimension two,
if the “shape” of the discontinuity has uniformly bounded variation and if
the variation (in the sense of Hardy and Krause) of the difference between the
function and the “shape” of the discontinuity is bounded, then the hypotheses
of the main theorem are satisfied and therefore the function exhibits the Gibbs
phenomenon at such star discontinuities.

This paper is organized as follows. In Section 1.2 we state the defini-
tions we need and set down the notation to be used. In Section 1.3 we state
and prove the main theorem. In Section 1.4 we deal with the applicability
of the main theorem. Here we prove a number of propositions which, along
with the main theorem, lead to the result that, in dimension two, the Gibbs
phenomenon holds for functions satisfying appropriate hypotheses involving
bounds on variations.

1.2 Definitions and Notation

Let R denote the set of real numbers, let Z denote the set of integers and let
T denote the interval (−π, π]. For x ∈ Rd and k ∈ Zd, let kx denote the inner
product of k and x. The Dirichlet kernel for the square is

DN(x) =
∑

‖k‖∞≤N

eikx.

It follows that

DN (x) =
d∏

j=1

sin(N + 1
2 )xj

sinxj/2
,
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where xj is the jth component of x. Define sincN (x) by

sincN (x) =

d∏
j=1

sinNxj

sinxj/2
.

The Fourier transform on Td is given by

f̂(k) =
1

(2π)d

∫ π

−π

· · ·
∫ π

−π

f(x) e−ikx dx.

Define
SNf(x) =

∑
‖k‖∞≤N

f̂(k) eikx.

Then

SNf(x) = (DN ∗ f) (x) =
1

(2π)d

∫ π

−π

· · ·
∫ π

−π

f(y)DN(x− y) dy.

Definition 1.1. A function g : Rd → C is called angular if g(ax) = g(x) for
all a > 0 and x ∈ Rd.

Definition 1.2. Let g be an angular function. A function f : Rd → C has a
star discontinuity of type g at x0 if limx→x0 (f(x)− g(x− x0)) = 0.

Definition 1.3. Let f have a star discontinuity of type g at x0 and let
gx0(x) = g(x−x0). We say that the star discontinuity at x0 is regular with re-
spect to the square if SN (f − gx0) converges uniformly to 0 at x0; that is, if for
every ε > 0 there exists a δ(ε) > 0 and N(ε) such that |Sn (f − gx0) (x)| < ε
for all |x− x0| < δ and n ≥ N . We say that the star discontinuity is integrable
if g is integrable over all compact sets.

Definition 1.4. An angular function g : Rd → C satisfies Property U if for
every ε > 0 there exists N(ε, g) such that n > N implies

(a)

∣∣∣∣∫ π

−π

(sinnyj)

(
cot
(yj

2

)
− 2

yj

)
g
(x
n
− y
)
dyj

∣∣∣∣ < ε (logn)−d+1,

(b)

∣∣∣∣∫ π

−π

(cosnyj) g
(x
n
− y
)
dyj

∣∣∣∣ < ε (logn)
−d+1

,

(c)

∣∣∣∣∫
Rd\Qd(n)

( d∏
r=1

sinur

ur

)
g(x− u) du

∣∣∣∣ < ε,

for all j = 1, . . . , d and all x ∈ Rd where Q(n) =
∏d

r=1[−nπ, nπ].

Definition 1.5. A function f : R ⊂ Rd → C has uniformly bounded varia-
tion on R if there exists a constant B such that

∑n
i=1 |f (xi+1)− f (xi)| < B

where {x1, . . . , xn} is any partition of any finite line segment in R parallel to
any coordinate axis.
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1.3 The Main Theorem

In this section we prove our theorem concerning the Gibbs phenomenon in
Rd. The hypotheses are not natural but are chosen so as to make the proof as
transparent as possible. In the next section we concern ourselves with more
natural hypotheses.

Lemma 1.6. For complex numbers a1, . . . , ad and b1, . . . , bd,

d∏
k=1

ak −
d∏

k=1

bk =

d∑
j=1

(aj − bj)

(
j−1∏
k=1

ak

)(
d∏

k=j+1

bk

)
.

Proof. The right-hand sum is a telescoping sum which telescopes to the ex-
pression on the left-hand side. 	


Theorem 1.7. Suppose f is a complex-valued function on Rd which is 2π-
periodic in each variable and has a star discontinuity at 0 of type g which is
regular with respect to the square. Suppose further that g satisfies Property U.
Then f exhibits the Gibbs phenomenon at 0. More specifically, given ε > 0,
there exists a δ > 0 and an N such that for |x| < δ and n > N ,∣∣∣∣Snf

(x
n

)
− 1

πd

∫
Rd

( d∏
j=1

sinuj

uj

)
g(x− u) du

∣∣∣∣ < ε.

Proof. We write

(Dn ∗ f)
(x
n

)
− 1

πd

∫
Rd

( d∏
j=1

sinuj

uj

)
g(x− u) du

=
(
(Dn ∗ f)

(x
n

)
− (Dn ∗ g)

(x
n

))
+
(
(Dn ∗ g)

(x
n

)
− (sincn ∗ g)

(x
n

))
+

(
(sincn ∗ g)

(x
n

)
− 1

πd

∫
Rd

( d∏
j=1

sinuj

uj

)
g(x− u) du

)
.

We will estimate each of these three differences on the right-hand side in turn.
Take any ε > 0. First, regularity with respect to the square of the discontinuity
at 0 gives immediately the existence of an N1 and a δ > 0 such that n > N1

and |x| < δ implies ∣∣∣(Dn ∗ f)
(x
n

)
− (Dn ∗ g)

(x
n

)∣∣∣ < ε.

Second,
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(Dn − sincn) ∗ g
(x
n

)
=

1

2πd

∫
Td

[
d∏

k=1

(
sin(n + 1

2 )yk

sin yk/2

)
−

d∏
k=1

(
sinnyk

sin yk/2

)]
g
(x
n
− u
)
du.

(1.1)

By Lemma 1.6 we have

d∏
k=1

(
sin(n + 1

2 )yk

sin yk/2

)
−

d∏
k=1

(
sinnyk

sin yk/2

)
(1.2)

=

d∑
j=1

(
sin(n + 1

2 )yj

sin yj/2
− sinnyj

sin yj/2

)(j−1∏
k=1

sin(n + 1
2 )yk

sin yk/2

)( d∏
k=j+1

sinnyk

yk/2

)
.

We write

Aj(y) =

j∏
k=1

sin(n + 1
2 )yk

sin yk/2
and Bj(y) =

d∏
k=j+1

sinnyk

yk/2
.

Note that

sin(n + 1
2 )θ

sin θ/2
− sinnθ

θ/2
= sin

(
cot

θ

2
− 2

θ

)
+ cosnθ.

Using this observation in (1.2) and then substituting in (1.1) gives

(Dn − sincn) ∗ g
(x
n

)
=

1

2πd

d∑
j=1

∫
Td

sinnyj

(
cot

yj

2
− 2

yj

)
Aj(j)Bj(y) g

(x
n
− y
)

+ cosnyj Aj(j)Bj(y) g
(x
n
− y
)
dy. (1.3)

Therefore∣∣∣(Dn − sincn) ∗ g
(x
n

)∣∣∣
≤ 1

2πd

d∑
j=1

∫
Td−1

∣∣∣∣∫ π

−π

sinnyj

(
cot

yj

2
− 2

yj

)
g
(x
n
− y
)
dyj

∣∣∣∣ |Aj(j)Bj(y)| dŷj

+
1

2πd

d∑
j=1

∫
Td−1

∣∣∣∣∫ π

−π

cosnyj g
(x
n
− y
)
dyj

∣∣∣∣ |Aj(j)Bj(y)| dŷj , (1.4)

where dŷj = dy1 · · · dyj−1 dyj+1 · · · dyd. Since g satisfies Property U, there
exists an N2(ε, g) such that
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−π

sinnyj

(
cot

yj

2
− 2

yj

)
g
(x
n
− y
)
dyj

∣∣∣∣ < ε (logn)−d+1

and ∣∣∣∣∫ π

−π

cosnyj g
(x
n
− y
)
dyj

∣∣∣∣ < ε (logn)−d+1

for all x and n ≥ N . Hence the right-hand side of (1.4) is less than

2ε(logn)−d+1

(2π)d

d∑
j=1

(j−1∏
k=1

∫ π

−π

∣∣∣∣sin
(
n + 1

2

)
yk

sin yk/2

∣∣∣∣ dyk

)( d∏
k=j+1

∫ π

−π

∣∣∣∣sinnyk

yk/2

∣∣∣∣ dyk

)

<
2ε(logn)−d+1

(2π)d

d∑
j=1

(A logn)j−1 (B logn)d−j < Cε,

where C depends only on d.
Third, we estimate

∣∣∣(sincn ∗ g)
(x
n

)
− 1

πd

∫
Rd

( d∏
j=1

sinuj

uj

)
g(x− u) du

∣∣∣. (1.5)

We have

(sincn ∗ g)
(x
n

)
=

1

(2π)d

∫
Td

( d∏
j=1

sinnyj

yj/2

)
g
(x
n
− y
)
dy. (1.6)

Since g(z) depends only on the direction of z it follows that g
(

x
n − y

)
=

g(x− ny). Making the substitution u = ny in (1.6) gives

(sincn ∗ g)
(x
n

)
=

1

πd

∫ nπ

−nπ

· · ·
∫ nπ

−nπ

(
sinu1

u1
· · · sinud

ud

)
g(x− u) du.

Therefore (1.5) becomes∣∣∣∣∣ 1

πd

∫
|u1|>nπ

· · ·
∫
|ud|>nπ

(
sinu1

u1
· · · sinud

ud

)
g(x− u) du

∣∣∣∣∣ ,
and by Property U of g, if n > N2(ε, g), then∣∣∣∣(sincn ∗ g)

(x
n

)
− 1

πd

∫
Rd

( d∏
j=1

sinuj

uj

)
g(x− u) du

∣∣∣∣ < ε. (1.7)

Combining our three estimates finishes the proof. 	
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1.4 Auxiliary Results

The aim of this section is to prove a number of auxiliary results which allow us
to prove a theorem that asserts the existence of a Gibbs phenomenon in higher
dimensions under more natural hypotheses. The ingredients of this involve the
notions of bounded variation, integration by parts, increasing and decreasing
functions, and second mean value theorems—all in a higher-dimensional con-
text. Integration by parts and the second mean value theorems become very
complicated in higher dimensions. Therefore, to keep the exposition under
control we will deal with these only in dimension two, and therefore prove
only the two-dimensional version of the theorem.

Proposition 1.8. Let f have uniformly bounded variation in Rd. Then there
exists a constant C depending only on f such that for all m > n∣∣∣∣∫

Qd(m)\Qd(n)

f(x)

( d∏
j=1

sinxj

xj

)
dx

∣∣∣∣ ≤ C
(logn)d−1

n
,

where Qd(r) =
{
x ∈ Rd | − r ≤ xj ≤ r, j = 1, . . . , d

}
, and C depends only on

the variation bound of f and on ‖f‖∞.

Proof. The proof proceeds by induction on the dimension. Let d = 1, then,
as is well known, ∣∣∣∣∫ m

n

f(x)
sinx

x
dx

∣∣∣∣ ≤ C(f)
1

n
.

Suppose the proposition holds for dimension d − 1. For x ∈ Rd and 1 ≤
k ≤ d, let x̂k = (x1, . . . , xk−1, xk+1, . . . , xd) and let Qd(n) denote the cube{
x ∈ Rd | − n ≤ xj ≤ n, j = 1, . . . , d

}
. Note that

Qd(m)\Qd(n) =

d⋃
k=1

(
{x |n < |xk| ≤ m} ∩Qd(m)

)
and

{x |n < |xk| ≤ m} ∩Qd(m)

= {x |n < |xk| ≤ m, x̂k ∈ Qd−1(n)}⋃
{x |n < |xk| ≤ m, x̂k ∈ Qd−1(m)\Qd−1(n)}. (1.8)

Denote the sets on the right by Rk(n,m) and Tk(n,m) respectively. Then∫
Rk(n,m)

f(x)

( d∏
j=1

sinxj

xj

)
dx

=

∫ n

−n

· · ·
∫ n

−n

(∫ m

n

f(x)
sin xk

xk
dxk

)∏
j �=k

sinxj

xj
dx̂k. (1.9)
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As noted before, ∣∣∣∣∫ m

n

f(x)
sinxk

xk
dxk

∣∣∣∣ ≤ C1
1

n
,

where C1 depends only on f . Therefore the integral in (1.9) is bounded by
C2(logn)d−1/n where C2 depends only on f .

Next consider∫
Tk(n,m)

f(x)

( d∏
j=1

sinxj

xj

)
dx

=

∫ m

n

(∫
Qd−1(m)\Qd−1(n)

f(x)
∏
j �=k

sinxj

xj
dx̂k

)
sinxk

xk
dxk. (1.10)

Using the induction hypothesis gives∣∣∣∣∫
Qd−1(m)\Qd−1(n)

f(x)
∏
j �=k

sinxj

xj
dx̂k

∣∣∣∣ ≤ C3(logn)d−2

n
.

Therefore the integral in (1.10) is bounded by C4(log n)d−1/n where C4 de-
pends only on f . From the decomposition of Qd−1(m)\Qd−1(n) given in (1.8)
we get ∣∣∣∣∫

Qd(m)−Qd(n)

f(x)

( d∏
j=1

sinxj

xj

)
dx

∣∣∣∣ ≤ d(C2 + C4)
(log n)d−1

n
,

which completes the proof. 	


Proposition 1.9. Suppose an angular function g defined on Rd has uniformly
bounded variation on an open neighborhood of 0 with variation bound B.
Then g has uniformly bounded variation on all of Rd with the same varia-
tion bound B.

Proof. Let g be angular and of uniformly bounded variation on N , a neigh-
borhood of 0, with bound constant B. Let I be any closed line segment in
Rd parallel to a coordinate axis. Let {x1, . . . , xM} be a partition of I. There
exists an a > 0 such that aI ⊂ N . Then

M−1∑
k=1

|g (xi+1)− g (xi)| =
M−1∑
k=1

|g (axi+1)− g (axi)| ≤ B. 	


Proposition 1.10. Suppose an angular function g has uniformly bounded
variation on a closed cube Q containing 0. Then g satisfies Property U.

Proof. For fixed x, n, j, and y1, . . . , yj−1, yj+1, . . . , yd, define h by h(yj) =
g((x/n) − y) where yj is the jth component of y = (y1, . . . , yd). By Proposi-
tion 1.9, h has bounded variation on [−π, π]. Since (cot(yj/2)− (2/yj)) also
has bounded variation on [−π, π] it follows, as is well known, that
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−π

sinnyj

(
cot

yj

2
− 2

yj

)
h(yj) dyj

∣∣∣∣ ≤ C

n

and ∣∣∣∣∫ π

−π

h(yj) cosnyj dyj

∣∣∣∣ ≤ C

n
,

where C depends only on h which depends only on g. This shows that g
satisfies the requirements (a) and (b) of Property U.

By Proposition 1.9, g has uniformly bounded variation on Rd and therefore
by Proposition 1.8, for all x ∈ Rd,∣∣∣∣∫

Qd(m)−Qd(n)

( d∏
j=1

sinuj

uj

)
g(x− u) du

∣∣∣∣ ≤ C
(logn)d−1

n
,

where C depends only on g. This verifies requirement (c) of Property U and
finishes the proof. 	


Definition 1.11. Let f be a complex-valued function defined on the rectangle
R = [a, b]× [c, d]. Let x1, . . . , xn and y1, . . . , ym be partitions of the intervals
[a, b] and [c, d] respectively. We say that f is of bounded variation in the sense
of Hardy and Krause, or f is HKBV in R2, if there exists a constant B such
that

n−1∑
i=1

m−1∑
j=1

|f(xi+1, yj+1)− f(xi+1, yj)− f(xi, yj+1) + f(xi, yj)| ≤ B,

n−1∑
i=1

|f(xi+1, c)− f(xi, c)| ≤ B,

m−1∑
j=1

|f(a, yj+1)− f(a, yj)| ≤ B,

for all partitions.

Definition 1.12. Let f be a real-valued function on the closed rectangle R in
R2. We say that f is non-decreasing on R if f(x′, y′) − f(x, y′) − f(x′, y) +
f(x, y) ≥ 0 for every subrectangle [x, x′]× [y, y′] of R.

As in the one-dimensional case, it is easy to prove the following.

Proposition 1.13. If f is HKBV on a rectangle R, then f is the difference
of two non-decreasing functions on R.

The following two-dimensional integration by parts formula can be proved
by iterating the one-dimensional formula.
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Proposition 1.14. Let f be continuous and let h be HKBV on the rectangle
[x1, x2]× [y1, y2]. Then∫ x2

x1

∫ y2

y1

g(x, y) dxdyf(x, y)

=

∫ x2

x1

∫ y2

y1

f(x, y) dxdyg(x, y)−
∫ y2

y1

f(x2, y) dyg(x2, y)

+

∫ y2

y1

f(x1, y) dyg(x1, y)−
∫ x2

x1

f(x, y2) dxg(x, y2)

+

∫ x2

x1

f(x, y1) dxg(x, y1) + f(x2, y2) g(x2, y2)

− f(x1, y2) g(x1, y2)− f(x2, y1) g(x2, y1) + f(x1, y1) g(x1, y1).

The next proposition states a second mean value theorem in dimension
two.

Proposition 1.15. Let g be real and non-decreasing on the rectangle R =
[x1, x2]× [y1, y2] and let f be continuous on R. Then there exist (x∗, y∗) ∈ R,
x′ ∈ [x1, x2], x′′ ∈ [x1, x2], y′ ∈ [y1, y2], y′′ ∈ [y1, y2] such that∫ x2

x1

∫ y2

y1

g(x, y) dxdyf(x, y)

= g(x1, y1)(f(x∗, y∗)− f(x1, y
′)− f(x′, y1) + f(x1, y1))

− g(x1, y2)(f(x∗, y∗)− f(x1, y
′)− f(x′′, y2) + f(x1, y2))

− g(x2, y1)(f(x∗, y∗)− f(x2, y
′′)− f(x′, y1) + f(x2, y1))

+ g(x2, y2)(f(x∗, y∗)− f(x2, y
′′)− f(x′′, y2) + f(x2, y2)).

Proof. The integration by parts formula from Proposition 1.14 gives∫ x2

x1

∫ y2

y1

g(x, y) dxdyf(x, y)

=

∫ x2

x1

∫ y2

y1

f(x, y) dxdyg(x, y)−
∫ y2

y1

f(x2, y) dyg(x2, y)

+

∫ y2

y1

f(x1, y) dyg(x1, y)−
∫ x2

x1

f(x, y2) dxg(x, y2)

+

∫ x2

x1

f(x, y1) dxg(x, y1) + f(x2, y2) g(x2, y2)

− f(x1, y2) g(x1, y2)− f(x2, y1) g(x2, y1) + f(x1, y1) g(x1, y1).

Since g is non-decreasing, the first mean value theorem applies to each of the
integrals on the right side of the previous equation, yielding points (x∗, y∗),
x′, x′′, y′, y′′ so that
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x1

∫ y2

y1

g(x, y) dxdyf(x, y)

= f(x∗, y∗)(g(x2, y2)− g(x1, y2)− g(x2, y1) + g(x1, y1))

− f(x2, y
′′) (g(x2, y2)− g(x2, y1))

+ f(x1, y
′) (g(x1, y2)− g(x1, y1))

− f(x′′, y2) (g(x2, y2)− g(x1, y2))

+ f(x′, y1) (g(x2, y1)− g(x1, y1))

+ f(x2, y2) g(x2, y2)− f(x1, y2) g(x1, y2)

− f(x2, y1) g(x2, y1) + f(x1, y1) g(x1, y1).

Regrouping the terms in the previous equation yields the result. 	


Theorem 1.16. Suppose f has bounded variation in the sense of Hardy and
Krause on [−π, π]× [−π, π] and lim(x,y)→(0,0) f(x, y) = 0. Then for any ε > 0
there exist a δ > 0 and N , depending only on ε and f such that |(Dn∗f)(x)| <
ε for all n > N and |x| < δ.

Proof. Since f is HKBV on [−π, π]×[−π, π] and therefore also on [0, π]×[0, π],
f = f1 − f2 where f1 and f2 are the non-decreasing positive and negative
variations of f respectively. Since lim(x,y)→(0,0) f(x, y) = 0 it follows that
lim(x,y)→(0+,0+) f1(x, y) = 0 and lim(x,y)→(0+,0+) f2(x, y) = 0.

It is easy to see that there exists a constant K such that∣∣∣∣∫ y

0

∫ x

0

Dn(u, v) du dv

∣∣∣∣ ≤ K

for all |x| < π and |y| < π and n ≥ 1. Given ε > 0, choose 0 < δ ≤ π
such that |f1(x, y)| < ε/(128K) for all (x, y) ∈ [0, δ] × [0, δ]. Given (x, y) ∈
[−π, π]× [−π, π] define

Fn(x, y) =

∫ y

0

∫ x

0

Dn(u, v) du dv.

Then by Proposition 1.15 there exist (u0, v0), u1, u2, v1, v2 such that∫ δ

0

∫ δ

0

f1(u, v)Dn(x− u, y − v) du dv

=

∫ δ

0

∫ δ

0

f1(u, v) dudvFn(x− u, y − v)

= f1(0, 0)(G(u0, v0)−G(0, v1)−G(u1, 0) + G(0, 0))

− f1(0, δ)(G(u0, v0)−G(0, v1)−G(u2, δ) + G(0, δ))

− f1(δ, 0)(G(u0, v0)−G(δ, v2)−G(u1, 0) + G(δ, 0))

+ f1(δ, δ)(G(u0, v0)−G(δ, v2)−G(u2, δ) + G(δ, δ)),
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where G(u, v) = Fn(x− u, y − v). Therefore∣∣∣∣∫ δ

0

∫ δ

0

f1(u, v)Dn(x− u, y − v) du dv

∣∣∣∣ < ε

8
. (1.11)

Next consider the three integrals(∫ δ

0

∫ π

δ

+

∫ π

δ

∫ δ

0

+

∫ π

δ

∫ π

δ

)
f1(u, v)Dn(x− u, y − v) du dv. (1.12)

Since f1 is HKBV it has uniformly bounded variation. Therefore, for fixed v
and δ ∣∣∣∣∫ π

δ

f1(u, v)
sin
(
n + 1

2

)
(x − u)

sin((x− u)/2)
du

∣∣∣∣ ≤ C

n
,

where C is independent of v but depends on δ. Therefore, since∫ δ

0

∣∣∣∣sin
(
n + 1

2

)
(x− u)

sin((x − u)/2)

∣∣∣∣ du ≤ C ′ logn,

it follows that∣∣∣∣∫ δ

0

∫ π

δ

f1(u, v)Dn(x− u, y − v) du dv

∣∣∣∣ ≤ C′′ logn

n
.

A similar bound holds for the second integral in (1.12).
Since f1 is HKBV, arguing as in the one-dimensional case, it can be shown

that ∣∣∣∣∫ π

δ

∫ π

δ

f1(u, v)Dn(x− u, y − v) du dv

∣∣∣∣ ≤ C′′′

n2
.

Therefore, there exists an N such that n > N implies∣∣∣∣∫∫
[0,π]×[0,π]\[0,δ]×[0,δ]

f1(u, v)Dn(x− u, y − v) du dv

∣∣∣∣ ≤ ε

8
.

Combining this estimate with the estimate (1.11) gives∣∣∣∣∫ π

0

∫ π

0

f1(u, v)Dn(x − u, y − v) du dv

∣∣∣∣ < ε

4
.

We now relabel the δ and N by δ1 and N1 respectively.
Next for some δ > 0 and |x| < δ and |y| < δ consider∣∣∣∣∫ 0

−π

∫ π

0

f(u, v)Dn(x− u, y − v) du dv

∣∣∣∣. (1.13)

Using the change of variables (u, v)→ (u,−v) and using the symmetry of Dn,
(1.13) becomes
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0

∫ π

0

f(u,−v)Dn(x − u,−y − v) du dv

∣∣∣∣,
which, letting g(u, v) = f(u,−v) and (x′, y′) = (x,−y), can be written as∣∣∣∣∫ π

0

∫ π

0

g(u, v)Dn(x′ − u, y′ − v) du dv

∣∣∣∣,
where |x′| < δ and |y′| < δ.

Therefore the earlier arguments apply and there exist δ2 > 0 and N2 such
that ∣∣∣∣∫ 0

−π

∫ π

0

f(u, v)Dn(x − u, y − v) du dv

∣∣∣∣ < ε

4

for |x| < δ2, |y| < δ2, and n > N2. In a similar way we find δ3, δ4, N3, and
N4 such that ∣∣∣∣∫ 0

−π

∫ 0

−π

f(u, v)Dn(x− u, y − v) du dv

∣∣∣∣ < ε

4

for |x| < δ3, |y| < δ3, and n > N3 and∣∣∣∣∫ 0

−π

∫ 0

π

f(u, v)Dn(x − u, y − v) du dv

∣∣∣∣ < ε

4

for |x| < δ4, |y| < δ4, and n > N4. Letting δ = min{δ1, δ2, δ3, δ4} and N =
max{N1, N2, N3, N3} we have∣∣∣∣∫ π

−π

∫ π

−π

f(u, v)Dn(x− u, y − v) du dv

∣∣∣∣ < ε

for |x| < δ, |y| < δ and n > N . This completes the proof. 	


We are now in a position to state and prove the main theorem of this
section.

Theorem 1.17. Let f : R2 → C be 2π-periodic in each variable. Suppose
that f has a star discontinuity of type g at (0,0), and that g has uniformly
bounded variation in a neighborhood of (0,0). Suppose further that f − g has
bounded variation in the sense of Hardy and Krause. Then f exhibits the Gibbs
phenomenon at (0, 0). More precisely, given ε > 0 there exist a δ > 0 and an
N such that for |(x, y)| < δ and n > N∣∣∣∣Snf

(
(x, y)

n

)
− 1

π2

∫ ∞

−∞

∫ ∞

−∞

sinnx sinny

xy
g(x− u, y − v) du dv

∣∣∣∣ < ε.

Proof. By Proposition 1.10, g satisfies Property U. Applying Theorem 1.16
to f − g shows that the star discontinuity at (0, 0) is regular with respect to
the square. The hypotheses of Theorem 1.7 are satisfied and the conclusion
follows. 	
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Weighted Sobolev Inequalities for Gradients

Hans P. Heinig

Department of Mathematics and Statistics, McMaster University, Hamilton,
Ontario L8S 4K1, Canada
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Summary. We derive from Fourier inequalities between weighted Lebesgue spaces,
weighted Sobolev gradient inequalities for a wide range of indices. The weight func-
tions for which these inequalities hold are easily computable, but the norm constants
are not optimal.

Dedicated to John J. Benedetto.

2.1 Introduction

The study of weighted norm inequalities for the Fourier transform in Lebesgue
spaces is an important part of John Benedetto’s many contributions in math-
ematical analysis (see, e.g., [1], [2], [3] and the literature cited there). In this
chapter we apply the most general of these weighted Fourier inequalities and
deduce a general weighted Sobolev gradient inequality. That is, we show that
for a suitable class of functions f , conditions on weight functions u and w
defined on Rn are given for which the inequality(∫

Rn

|f(x)|q u(x) dx

)1/q

≤ C

(∫
Rn

|(∇f)(x)|p w(x) dx

)1/p

(2.1)

is satisfied for 1 < p, q < ∞. In the case 0 < q ≤ p, p > 1 an alternate
description of the weight functions is also given for which (2.1) holds. This
result is deduced from a theorem of G. Sinnamon [5].

Weight conditions which imply weighted Fourier transform inequalities
are given in terms of equimeasurable rearrangements of the weights. For this
reason we recall the definition of rearrangement here.

Let (X,µ) be a measure space, where X ⊂ Rn, and let g be a complex-
valued µ-measurable function on X . The distribution function Dg : [0,∞) →
[0,∞) of g is defined by
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Dg(s) = µ({x ∈ Rn : |g(x)| > s}).

The equimeasurable decreasing rearrangement of g is g∗ : [0,∞) → [0,∞),
defined by

g∗(t) = inf{s > 0 : Dg(s) ≤ t}.
We adhere to the convention inf{∅} = ∞, so that if Dg(s) > t for all s ∈ [0,∞),
then g∗(t) =∞.

In this chapter, the measure µ is always taken to be Lebesgue measure.
To illustrate this we have the following.

Example 2.1. If g(x) = |x|a, a < 0, x ∈ Rn, then via polar coordinates in Rn

Dg(y) = µ({x ∈ Rn : |x|a > y})

= µ({x ∈ Rn : |x| < y1/a})

=

∫
Σn−1

dσ

∫ y1/a

0

tn−1 dt

=
|Σn−1|

n
yn/a,

where |Σn−1| denotes the surface area of the unit n-sphere in Rn. It follows
that g∗(t) = Cnt

a/n where Cn = (n/|Σn−1|)a/n.

We also recall that the space of rapidly decreasing functions is defined by

S(Rn) = {g ∈ C∞(Rn) : ∀α ∈ Nn, ∀β ∈ Nn, sup |xα(Dβg)(x)| <∞}.

It is well known that the Fourier transform maps S(Rn) onto itself and that

the Fourier inversion formula (f̂ )̌ = f holds for f ∈ S(Rn).
Throughout, inequalities such as (2.1) are interpreted in the sense that if

the right side is finite, so is the left side and the inequality holds. Constants
are positive and denoted by C, sometimes with subscripts, and may also be
different at different occurrences. As usual, p′ = p/(p − 1) is the conjugate
index of p, similarly for q. Finally, expressions of the form 0 · ∞ are taken to
be zero.

2.2 Results

First we state the weighted Fourier norm inequality in its general form, namely
for 1 < p, q <∞. A new proof of this classical result with good control of the
norm constant is given in [1].

Theorem 2.2 ([1, Thm. 1]). Let u and v be weight functions on Rn and
1 < p, q < ∞. There is a constant C > 0 such that for all f ∈ Lp

v(R
n) the

inequality
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bRn

|f̂(ξ)|q u(ξ) dξ

)1/q

≤ C

(∫
Rn

|f(x)|p v(x) dx

)1/p

(2.2)

is satisfied provided that

(i) in the case 1 < p ≤ q <∞,

sup
s>0

(∫ 1/s

0

u∗(t) dt
)1/q(∫ s

0

(1/v)∗(t)p′−1 dt

)1/p′

≡ C1 <∞, (2.3)

(ii) in the case 1 < q < p,[∫ ∞

0

(∫ 1/s

0

u∗
)r/q(∫ s

0

(1/v)∗(p
′−1)

)r/q′

(1/v)∗(s)p′−1 ds

]1/r

≡ C2 <∞,

(2.4)

where 1/r = 1/q − 1/p. Moreover, C/Ci, i = 1, 2 is bounded above and below
by positive constants depending on p and q only.

Remark 2.3. (i) Fourier inequalities of the form (2.2) also hold in the range
0 < q < p, p > 1. However the weight conditions are somewhat more complex.
See, e.g., [2, Thm. 4.1], where such a result is given in terms of radial measure
weights. In one dimension such a result also follows by modifying the proof of
[3, Thm. 1].

(ii) Theorem 2.2(i) is sharp in the sense that if u and 1/v are radial and
as radial functions are decreasing then (2.2) implies (2.3). See, e.g., [3, p. 35],
where the one-dimensional case is discussed.

We are now in a position to give the main result.

Theorem 2.4. Suppose u and w are weight functions on Rn and 1 < p, q <
∞. There is a constant C > 0 such that for all f ∈ S(Rn) and |∇f | ∈ Lp

w(Rn)
the inequality (2.1) is satisfied, provided that

(i) in the case 1 < p ≤ q <∞, n/(n− 1) < q,(∫ s

0

u∗(t) dt
)1/q

≤ C1s
−1/n+1−1/q (2.5)

and (∫ s

0

(1/w)∗(t)p′−1 dt

)1/p′

≤ C2s
1/q (2.6)

hold for some constants, Ci, i = 1, 2; and all s > 0;
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(ii) in the case n/(n− 1) < q < p, the first condition of (2.5) is satisfied and[∫ ∞

0

s−1−r/q

(∫ s

0

(1/w)∗(t)p′−1 dt

)r/p′

ds

]1/r

≡ C3 <∞, (2.7)

where 1/r = 1/q − 1/p.

Proof. (i) Since for f ∈ S(Rn) the Fourier inversion formula holds, we apply
inequality (2.2) with p = q and v(ξ) = |ξ|q. Hence(∫

Rn

|f(x)|q u(x) dx

)1/q

≤ C

(∫
bRn

|ξ|q| f̂(ξ)|q dξ

)1/q

= C

(∫
bRn

|(∇f )̂ (ξ)|q dξ

)1/q

, (2.8)

provided

sup
s>0

(∫ s

0

u∗(t) dt
)1/q(∫ 1/s

0

(1/v)∗(t)q′−1 dt

)1/q′

≡ C1 <∞.

But if v(ξ) = |ξ|q then by Example 2.1 with a = −q, we have (1/v)∗(t) =
Cnt

−q/n. Hence if n/(n− 1) < q, then∫ 1/s

0

(1/v)∗(t)q′−1 dt = C

∫ 1/s

0

t−q(q′−1)/n dt = C(1/s)1−q′/n,

so that the supremum is finite if the estimate of (2.5) is satisfied. Next(∫
bRn

|(∇f )̂ (ξ)|q dξ

)1/q

=

(∫
bRn

( n∑
j=1

∣∣∣∣( ∂f

∂xj

)b
(ξ)

∣∣∣∣2)q/2

dξ

)1/q

≤
(∫

bRn

( n∑
j=1

∣∣∣∣( ∂f

∂xj

)b
(ξ)

∣∣∣∣)q

dξ

)1/q

≤
n∑

j=1

(∫
bRn

∣∣∣∣( ∂f

∂xj

)b
(ξ)

∣∣∣∣q dξ)1/q

,

where the first inequality holds trivially and the second is Minkowski’s in-
equality. Applying Theorem 2.2(i) with f replaced by ∂f

∂xj
, j = 1, 2, . . . , n,

u ≡ 1 and v = w, it follows that(∫
bRn

∣∣∣∣( ∂f

∂xj

)b
(ξ)

∣∣∣∣q dξ)1/q

≤ C

(∫
Rn

∣∣∣∣ ∂f∂xj
(x)

∣∣∣∣pw(x) dx

)1/p

≤ C

(∫
Rn

( n∑
j=1

∣∣∣∣ ∂f∂xj
(x)

∣∣∣∣2)p/2

w(x) dx

)1/p

= C

(∫
Rn

|(∇f)(x)|p w(x) dx

)1/p

, (2.9)
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provided that (2.3) is satisfied with u = 1 and v = w. But this is clearly the
case if the integral estimate of (2.6) holds. This, together with (2.8) proves
part (i).

For the proof of part (ii) with n/(n− 1) < q, we proceed as in the proof
of (i) to obtain (2.8) provided the estimate of (2.5) holds. Proceeding as above,
we get estimate (2.9) but now with q < p provided that (2.4) is satisfied with
u = 1 and v = w. But then (2.4) becomes∫ ∞

0

s−r/q

(∫ s

0

(1/w)∗(t)p′−1 dt

)r/q′

(1/w)∗(s)p′−1 ds ≡ Cr
2 .

On integrating by parts, using the convention 0 · ∞ = 0, we obtain

p′

q

∫ ∞

0

s−
r
q −1

(∫ s

0

(1/w)∗(t)p′−1 dt

)r/p′

ds = Cr
2 ,

which is condition (2.7). This completes the proof. 	


Corollary 2.5. If f ∈ S(Rn), then for 1 < p < n, the inequality ‖f‖q ≤
C‖∇f‖p holds with q = np/(n− p).

Proof. Applying Theorem 2.4(i) with u = w = 1, the result follows if (2.5)
and (2.6) are satisfied with these weights. But this is clearly the case if q = p′

and 1/q = −1/n + 1/q′. The condition n/(n − 1) < q is then equivalent to
1 < p < n and q = np/(n− p). 	


This result was proved by G. Talenti [6] with a sharp constant. See also
[4, Thm. 8.3].

If q = p, u(x) = |x|−p, and w(x) ≡ 1 in Theorem 2.4(i), then the con-
ditions (2.5) and (2.6) are satisfied only if p = q = 2 and n > 2. Hence one
obtains from (2.1) that(∫

Rn

|f(x)|2 |x|−2 dx

)1/2

≤ C

(∫
Rn

|(∇f)(x)|2 dx

)1/2

,

when n > 2.
We conclude with a weight characterization for which a certain gradient

inequality with weights holds.

Theorem 2.6 ([5, Thm. 4.1]). Suppose 1 < p <∞, 0 < q <∞, and u and v
are weight functions on Rn with u �≡ 0. The inequality(∫

Rn

|f(x)|q u(x) dx

)1/q

≤ C

(∫
Rn

|x · (∇f)(x)|p v(x) dx

)1/p

holds for all f ∈ C∞
0 (Rn) if and only if

(i) p = q and
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sup
x∈Rn

(∫ 1

0

u(tx) tn−1 dt

)1/p(∫ ∞

1

[v(tx) tn]1−p′ dt

t

)1/p′

<∞,

or

(ii) q < p and(∫
Rn

(∫ 1

0

u(tx) tn−1 dt

)r/q(∫ ∞

1

[v(tx) tn]1−p′ dt

t

)r/q′

v(x)1−p′

dx

)1/r

<∞,

where 1/r = 1/q − 1/p.

Since |x · (∇f)(x)| ≤ |x||(∇f)(x)|, then with w(x) = |x|pv(x) we obtain
the following corollary.

Corollary 2.7. Under the conditions of Theorem 2.6 it follows that(∫
Rn

|f(x)|q u(x) dx

)1/q

≤ C

(∫
Rn

|(∇f)(x)|p w(x) dx

)1/p

,

provided that

(i) for p = q,

sup
x∈Rn

|x|
(∫ 1

0

u(tx) tn−1 dt

)1/p(∫ ∞

1

[w(xt) tn−1]1−p′

dt

)1/p′

<∞

holds, and

(ii) for q < p,(∫
Rn

(∫ 1

0

u(tx) tn−1 dt

)r/q

×
(∫ ∞

1

[w(xt) tn−1]1−p′

dt

)r/q′

|x|r w(x)1−p′

dx

)1/r

<∞

holds.

Observe that in the case u(x) = |x|−p, w(x) = 1, and q = p, the supremum
in part (i) is satisfied if n > p. Hence(∫

Rn

|f(x)|p |x|−p dx

)1/p

≤ C

(∫
Rn

|(∇f)(x)|p dx

)1/p

is satisfied. But this, as we have seen, cannot be obtained from Theorem 2.4,
unless p = 2.

On the other hand, Corollary 2.5 cannot be obtained from Corollary 2.7
since q > p.
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Summary. A semidiscrete multiplier is an operator between a space of functions
or distributions on a locally compact Abelian group G on the one hand, and a space
of sequences on a discrete subgroup H of G on the other hand, with the property
that it commutes with shifts by H . We describe the basic form of such operators
and show a number of representation theorems for classical spaces like Lp, C0, etc.

We also point out parallels to representation theorems for multipliers.

Dedicated to my academic teacher Prof. John J. Benedetto
with many thanks for all the beauty in mathematics

he taught me to see.

3.1 Introduction

The term “multiplier” originally stems from its definition as an operator on
a Banach algebra which has the property

T (ϕψ) = T (ϕ)ψ = ϕT (ψ) .

The most important and well-studied example is the algebra L1(G), where G is
a locally compact Abelian group. For this case, the following result is classical.

Proposition 3.1 ([9, Thm. 0.1.1]). Suppose T : L1(G) → L1(G) is a contin-
uous linear transformation. Then the following are equivalent.

(i) T commutes with the translation operators, i.e., TTg = TgT for each
g ∈ G.

(ii) T (f1 ∗ f2) = T (f1) ∗ f2 for each f1, f2 ∈ L1(G).

(iii) There exists a (unique) function k defined on Ĝ such that (Tf)∧ = k f̂
for each f ∈ L1(G).

(iv) There exists a (unique) measure ϕ ∈ Mb(G) such that T (f) = ϕ ∗ f for
each f ∈ L1(G).
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Because of this result, it has become standard to use the term “multiplier”
for bounded linear operators which commute with translations. Thus, given a
translation-invariant Banach space X of functions or distributions on G, we
define the space of multipliers on X(G) to be

M
(
X(G)

)
=
{
T ∈ L(X) : TgT = TTg ∀g ∈ G

}
.

The following are probably the most well-known characterizations for multi-
plier spaces.

Corollary 3.2 ([9, Cor. 0.1.1]). M
(
L1(G)

)
is isometrically isomorphic to

Mb(G) in the sense that T ∈M
(
L1(G)

)
if and only if there exists ϕ ∈Mb(G)

such that T (f) = ϕ ∗ f , and in this case ‖T ‖L(L1) = ‖ϕ‖Mb
.

Proposition 3.3 ([9, Thm. 4.1.1]). M
(
L2(G)

)
is isometrically isomorphic

to L∞(Ĝ) in the sense that T ∈ M
(
L2(G)

)
if and only if there exists ϕ ∈(

L∞(Ĝ)
)∨

such that T (f) = ϕ ∗ f , and in this case ‖T ‖L(L2) = ‖ϕ̂‖L∞ .

We are interested in a related class of operator spaces. In both (discrete)
wavelet theory and Gabor analysis, we encounter biorthogonal families of the
form (Tnϕ,Tnϕ

∗)n∈Z. For such a family, the coefficient mapping has the form

f �→
(
〈f,Tnϕ

∗〉
)
n∈Z

=
(
(f ∗ ϕ̃∗)(n)

)
n∈Z

,

where ϕ̃∗(x) = ϕ∗(−x), and the evaluation map is the semidiscrete convolution
product

a �→ a ∗′ ϕ =
∑
n∈Z

a[n] Tnϕ .

Note that both these linear operators commute with integer shifts, but they
map functions on the group R to sequences on the discrete subgroup Z and vice
versa. So they could appropriately be described as semidiscrete multipliers.

In what follows, we shall consider a locally compact Abelian group G. For
our arguments to work, we will also assume that G is first countable, which
for a locally compact Abelian group is equivalent to metrizability, and also
σ-compactness.

Furthermore, we assume that G has a discrete, cocompact subgroup H , so
the quotient G/H is compact. Standard examples are G = Rd and H = Zd

with G/H = Td, or G = Td and H = ( 1
N ZN )d with G/H = 1

N Td.

Definition 3.4. For a translation-invariant space of functions or distribu-
tions X on G and a shift-invariant space of sequences Y on H, there are two
types of semidiscrete multipliers:

(i) The space of discretization operators or generalized sampling operators

MH

(
X(G),Y (H)

)
=
{
T ∈ L(X,Y ) : ThT = TTh ∀h ∈ H

}
,



3 Semidiscrete Multipliers 27

and

(ii) the space of semidiscrete convolution operators

MH

(
Y (H),X(G)

)
=
{
T ∈ L(Y ,X) : ThT = TTh ∀h ∈ H

}
.

We shall study properties of these operator classes in general, and also
give characterizations in some special cases. In particular, Theorem 3.22 and
Corollary 3.29 will exhibit an interesting parallel to Corollary 3.2 and Propo-
sition 3.3, respectively.

3.1.1 Notation and Conventions

In a slight, fairly common abuse of notation, we shall write

e2πi γg

for the value of a character γ ∈ Ĝ evaluated at a point g ∈ G. This should be
easier to read than the abstract notation γ(g).

As usual, we write

(Thf)(g) := f (g−h) and (Mγf)(g) := e2πi γg f (g)

for the translation and modulation operators.
It is also very common in harmonic analysis to define

ϕ̃(g) := ϕ(−g) ,

and this implies ̂̃ϕ = ϕ̂.
Usually, the notation 〈f1, f2〉 is only used for the inner product in a Hilbert

space. To avoid having to treat the L2-case separately all the time, we extend
this to denote a sesquilinear pairing between any locally convex topological
vector space X and its dual X ′. This should not cause too much confusion,
but helps to simplify several arguments considerably, since we always have

〈f1, f2〉 = 〈f̂1, f̂2〉 .

Strictly speaking, this implies that we consider the dual X ′ to be the space of
continuous antilinear functionals on X, but this is only a formal difference,
since all the spaces we consider are invariant under complex conjugation.

3.2 Generalized Sampling Operators

The standard sampling operator

S : f �→
(
〈f,Thδ〉

)
h∈H

= (f (h))h∈H
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only makes sense for functions f which are pointwise well-defined; so we have
S ∈ MH(Cb, �

∞) and S ∈ MH(C0, c0). In spaces of measurable functions,
we have to apply some kind of smoothing operator before we can apply S. In
many cases, all generalized sampling operators have this form, as the following
result shows.

Proposition 3.5. (i) Let X(G) and Y (H) be translation-invariant topologi-
cal vector spaces, and assume that δ ∈ Y ′, i.e., the mapping Y → C, a �→ a[0],
is continuous. Then MH(X ,Y ) is embedded in X ′ in the sense that every
operator of this type is of the form

Sϕ : f �→
(
〈f,Thϕ〉

)
h∈H

for some ϕ ∈ X ′.

(ii) If in addition, X and Y are Banach spaces, then the embedding is
continuous.

Proof. (i) Let T ∈ MH(X ,Y ). By assumption, the map f �→ (Tf)[0] is
continuous, and thus (Tf)[0] = 〈f, ϕ〉 for some ϕ ∈X ′. Furthermore, we have
for all h ∈ H that

(Tf)[h] = (T−hTf)[0] = (TT−hf)[0] = 〈T−hf, ϕ〉 = 〈f,Thϕ〉 = (Sϕf)[h] ,

so T = Sϕ as claimed.

(ii) By assumption, we have |a[0]| ≤ C ‖a‖Y , and thus

‖ϕ‖X′ = sup
‖f‖X=1

∣∣〈f, ϕ〉∣∣
= sup

‖f‖X=1

∣∣(Sϕf)[0]
∣∣

≤ C sup
‖f‖X=1

‖Sϕf‖Y = C ‖Sϕ‖L(X,Y ) .	


Corollary 3.6 (Representation Theorem for MH

(
X(G), �∞(H)

)
). Let

X(G) be an isometrically translation-invariant Banach space. Then
MH

(
X(G), �∞(H)

)
is isometrically isomorphic to X ′(G).

Remark 3.7. (i) Note that in the light of Proposition 3.5, we can read the
standard sampling operator as S = Sδ ∈ MH(C0, c0) with δ ∈ Mb = C′

0.

(ii) If we define the convolution of f ∈ X with ϕ̃ ∈ X ′ by (f ∗ ϕ̃)(g) =
〈f,Tgϕ〉, we obtain Sϕ(f) = S(f ∗ ϕ̃) = (f ∗ ϕ̃)

∣∣
H

, i.e., a generalized sam-
pling operator is the composition of an appropriate convolution and standard
sampling.

Consequently, we can show the following.
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Theorem 3.8 (Representation Theorem for MH

(
C0(G), c0(H)

)
). The

space MH

(
C0(G), c0(H)

)
is isometrically isomorphic to Mb(G). In

particular, whenever Sϕ ∈ MH

(
C0(G), �∞(H)

)
, we actually have Sϕ ∈

MH

(
C0(G), c0(H)

)
.

Proof. By Proposition 3.5, we know that any operator in MH

(
C0(G), c0(H)

)
is of the type Sϕ for some ϕ ∈Mb(G). Conversely, since C0 ∗Mb = C0 (e.g.,
see [9, Thm. 3.3.2]), every such ϕ induces an operator of the desired type.

Furthermore, by Corollary 3.6, we know that Sϕ ∈MH(C0, �
∞) is equiv-

alent to ϕ ∈ Mb and thus, by the above, to Sϕ ∈ MH(C0, c0). Since the
norms on c0 and �∞ are the same, this also implies the isometry property. 	


This decay property of the results of a generalized sampling operator also
holds for Lp(G) with 1 < p <∞ (but obviously not for p = 1 and p =∞).

Corollary 3.9. For p ∈ (1,∞), whenever Sϕ ∈ MH

(
Lp(G), �∞(H)

)
, we

actually have Sϕ ∈MH

(
Lp(G), c0(H)

)
.

Proof. By Corollary 3.6, we know that any operator in MH

(
Lp(G), �∞(H)

)
is of the form Sϕ : f �→ (f ∗ ϕ̃)

∣∣
H

for some ϕ ∈ Lq(G), where 1
p + 1

q = 1. Since

Lp ∗Lq ⊆ C0 (e.g., see [7, Thm. 20.19]), this yields the claim. 	


However, we should not expect the sampling result to decay faster than
the sampled function. So along the same lines as in [9, Thm. 5.2.5], which
actually goes back to Hörmander, we can show the following.

Theorem 3.10. If G is noncompact, we have for ∞ > p1 > p2 ≥ 1 that

MH

(
Lp1(G), �p2(H)

)
= {0} .

This also holds true for p1 = ∞, if we consider (weak*,weak)-continuous
operators only.

Proof. For p1 < ∞, we make use of the fact that on a noncompact locally
compact Abelian group G,

lim
g→∞

∥∥f + Tgf
∥∥

Lp = 21/p ‖f‖Lp

(e.g., see [9, Lem. 3.5.1 (i)]). Let T ∈ MH(Lp1 , �p2). Then we have for h∈H∥∥Tf + ThTf
∥∥

�p2
=
∥∥T (f + Thf)

∥∥
�p2
≤ ‖T ‖

∥∥f +Thf
∥∥

Lp1
.

Letting h→∞, this yields

21/p2 ‖Tf‖�p2 ≤ ‖T ‖ 21/p1 ‖f‖Lp1 ,

i.e.,
‖Tf‖�p2 ≤ 21/p1−1/p2 ‖T ‖ ‖f‖Lp1
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for all f ∈ Lp1(G). But since 21/p1−1/p2 < 1, this contradicts the definition of
‖T ‖, unless ‖T ‖ = 0 and thus T = 0.

For p1 = ∞, recall that the dual of L∞ with the weak*-topology is L1, so
by Proposition 3.5, Tf =

(
(f∗ϕ̃)(h)

)
h∈H

for some ϕ ∈ L1(G). Now for γ ∈ Ĝ,

T (e2πi γg) =
(
〈e2πi γg,Thϕ〉

)
h∈H

=
(
ϕ̂(γ) e2πi γh

)
h∈H

,

which is in �p2 if and only if ϕ̂(γ) = 0. Therefore, we must have ϕ̂ ≡ 0, i.e.,
ϕ ≡ 0 and thus T = 0. 	


3.3 Semidiscrete Convolution Operators

Under mild assumptions, we have a characterization similar to Proposition 3.5
for the second type of semidiscrete multipliers. For their description, we need
the following concept.

Definition 3.11. The semidiscrete convolution of a function or distribution
ϕ on G with a sequence a = (a[h])h∈H on H is given by

ϕ ∗′ a = a ∗′ ϕ :=
∑
h∈H

a[h] Thϕ .

Remark 3.12. It is worth noting that we can read a semidiscrete convolution
as a convolution with a discrete measure in the sense that

ϕ ∗′ a = ϕ ∗
∑
h∈H

a[h] δh .

In particular, for a ∈ �1(H), this is simply convolution with a bounded Radon
measure.

Proposition 3.13. (i) Let X(G) and Y (H) be translation-invariant topolog-
ical vector spaces. Assume that the δ-sequence δ = (δ0,h)h∈H is an element of
Y , and that finite sequences are dense in Y . Then MH(Y ,X) is embedded in
X in the sense that every operator of this type is a semidiscrete convolution,
i.e., has the form

Rϕ : a �→ a ∗′ ϕ =
∑
h∈H

a[h] Thϕ (3.1)

for some ϕ ∈ X.

(ii) If in addition, X and Y are Banach spaces, then the embedding is
continuous.

Proof. (i) Let T ∈MH(Y ,X). Since finite sequences are dense in Y , we can
express a ∈ Y as
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a =
∑
h∈H

a[h] Thδ ,

which yields

Ta =
∑
h∈H

a[h]TThδ =
∑
h∈H

a[h] ThTδ .

Letting ϕ := Tδ ∈X, we see that T = Rϕ as claimed.

(ii) Under the assumptions made, we have

‖ϕ‖X = ‖δ ∗′ ϕ‖X = ‖Rϕδ‖X ≤ ‖δ‖Y ‖Rϕ‖L(Y ,X) . 	


The two types of semidiscrete multipliers have to be adjoint to each other,
of course, and it also comes as no surprise that taking the adjoint preserves ϕ.

Lemma 3.14. The operators Sϕ and Rϕ are adjoint to each other.

Proof. 〈Sϕf, a〉 =
∑
h∈H

〈f,Thϕ〉 a[h] =
〈
f,
∑

h a[h] Thϕ
〉

= 〈f,Rϕa〉 . 	


Remark 3.15. The series on the right-hand side of (3.1) is a priori only a
formal series. The limit has to be taken in some appropriate sense, e.g., with
a summation kernel, if necessary. For details, we refer to the literature on
summability theory.

If X is actually isometrically translation-invariant, we can be more specific
for the special cases where Y = �p.

Proposition 3.16. Assume that X is an isometrically translation-invariant
Banach space, and consider Rϕ ∈ MH(Y ,X).

(i) If Y = �1, then
∑

h a[h] Thϕ converges absolutely in X.

(ii) If Y = �p for some p ∈ (1,∞), then the convergence is unconditional in
norm in the sense that the finite partial sums form a Cauchy net.

(iii) If Y = �∞ and X is a dual space, then for (weak*,weak*)-continuous Rϕ,
we have unconditional convergence in X with the weak*-topology.

Proof. (i) The proof follows immediately from the triangle inequality and the
isometrical translation-invariance.

(ii) Let a ∈ Y , and ε > 0. There is a finite subset F ⊆ H such that(∑
h∈H\F |a[h]|p

)1/p

< ε
/
||Rϕ||. Then we have for all finite sets F1, F2 con-

taining F that∥∥∥∥∑
h∈F1

a[h] Thϕ−
∑
h∈F2

a[h] Thϕ

∥∥∥∥
X

=

∥∥∥∥∑
h∈H

b[h] Thϕ

∥∥∥∥
X

= ‖Rϕb‖X ,

where
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b[h] =

⎧⎪⎨⎪⎩
a[h] , for h ∈ F1 \ F2,

−a[h] , for h ∈ F2 \ F1,

0 , otherwise,

so ‖Rϕb‖X ≤ ‖Rϕ‖ ‖b‖Y ≤ ‖Rϕ‖
(∑

h∈H\F |a[h]|p
)1/p

< ε.

(iii) The assumptions imply that R∗
ϕ = Sϕ maps the predual of X

into �1, hence we have for all a ∈ �∞ and f in the predual of X that
〈f,Rϕa〉 = 〈Sϕf, a〉 where the series for the latter converges absolutely and
hence unconditionally, as claimed. 	


Corollary 3.17 (Representation Theorem for MH

(
�1(H),X(G)

)
). Let

X(G) be an isometrically translation-invariant Banach space. Then
MH

(
�1(H),X(G)

)
is isometrically isomorphic to X(G).

Corollary 3.18. If G is noncompact, we have for ∞ > p1 > p2 ≥ 1 that

MH

(
�p1(H),Lp2(G)

)
= {0} .

This also holds true for p1 = ∞ if we consider (weak*,weak)-continuous op-
erators only.

Proof. This follows immediately from Theorem 3.10 and Lemma 3.14. 	


3.4 Mixed-Norm Spaces

A. Benedek and R. Panzone have introduced spaces of mixed norms on prod-
ucts of measure spaces in a very general way. We shall see that spaces of this
type turn out to be isometric to certain spaces of semidiscrete multipliers.

Definition 3.19 ([1]). Let (Xi, Σi, µi) for i = 1, . . . , n be given σ-finite mea-
sure spaces, and P = (p1, . . . , pn) an n-tuple with pi ∈ [1,∞]. Then LP (X) is
the Banach space of measurable functions on (X,Σ, µ) = (

∏
Xi,
∏

Σi,
∏

µi)
with norm

‖f‖LP (X) =
∥∥∥ · · · ∥∥‖f‖Lp1(X1)

∥∥
Lp2(X2)

· · ·
∥∥∥

Lpn (Xn)

=

(∫
Xn

· · ·
(∫

X1

∣∣f (x1, . . . , xn)
∣∣p1

dµ1

)p2/p1

· · · dµn

)1/pn

with the usual conventions for pi =∞.

If for the quotient G/H there exists a measurable fundamental domain D,
we can write G = H × D as measure spaces and consider the mixed-norm
spaces Lp1,p2(H×D) of measurable functions on G.
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We can avoid making use of D by the following construction. Given a
measurable function f : G→ C, define the vector-valued function

−→
f : G→ CH , g �→ (f (g+h))h∈H .

Since we assume G to be σ-compact and H to be discrete, H is countable. So

if f is only defined pointwise almost everywhere, the same is still true for
−→
f .

This function satisfies

−→
f (g−h0) =

(
f((g−h0)+h)

)
h∈H

=
(
f(g+(h−h0))

)
h∈H

= Th0(
−→
f (g))

for h0 ∈ H , i.e., ‖−→f (g)‖
�

p1 is well-defined on G/H , and we can introduce the

following.

Definition 3.20. For p1, p2 ∈ [1,∞], we define Lp1,p2(H,G/H) to be the
Banach space of measurable functions on G with norm

‖f‖Lp1,p2 (H,G/H) =
∥∥∥∥∥−→f (g)

∥∥
�

p1(H)

∥∥∥
Lp2(G/H)

=

(∫
G/H

(∑
h∈H

∣∣f (g+h)
∣∣p1

)p2/p1

dµG/H(g)

)1/p2

,

with the usual convention for pi =∞.

In other words, f ∈ Lp1,p2(H,G/H) if and only if
−→
f ∈ L

p2

loc
(G, �p1(H)).

It is not difficult to show that, assuming the existence of a measurable,
precompact fundamental domain, this definition agrees with the one above.
We should mention the following properties of these spaces.

Lemma 3.21. Assume that H is discrete and cocompact in G. Then the fol-
lowing hold.

(i) For 1 ≤ p ≤ ∞, we have L
p,p(H,G/H) = L

p(G).

(ii) For 1 ≤ p1 < p2 ≤ ∞, we have L
p1,p2(H,G/H) ⊂ L

p1∩L
p2(G).

(iii) For ∞ ≥ p1 > p2 ≥ 1, we have L
p1,p2(H,G/H) ⊃ L

p1+L
p2(G).

Spaces of this type have been considered before in the description of
semidiscrete multipliers. In [8], it has been shown that

ϕ ∈ L1,q(Z,T) =⇒ Sϕ ∈MZ(Lp(R), �p(Z)) and

Rϕ ∈MZ(�q(Z),Lq(R)) ,

for p ∈ [1,∞], where 1
p + 1

q = 1. We shall see below that this sufficient condition
on ϕ is also necessary in the case p = 1. The same holds true for p = ∞,
if we require Sϕ to be (weak*,weak*)-continuous; this is a consequence of
Corollary 3.6 and Corollary 3.17, respectively, and the fact that L1,1(Z,T) =
L1(R). For p ∈ (1,∞), the condition on ϕ is sufficient but not necessary.
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Theorem 3.22 (Representation Theorem for MH

(
L1(G), �p(H)

)
). For

p ∈ [1,∞], the space MH

(
L1(G), �p(H)

)
is isometrically isomorphic to

Lp,∞(H,G/H) in the sense that every operator of this type is of the form
Sϕ for some ϕ ∈ Lp,∞(H,G/H) with

‖Sϕ‖L(L1,�p) = ‖ϕ‖Lp,∞ .

Proof. For p = ∞, this is a special case of Corollary 3.6, since we have

L∞,∞(H,G/H) = L∞(G) . (3.2)

So let p < ∞, and assume that ϕ ∈ Lp,∞(H,G/H). Then we have for
f ∈ L1(G) that

∑
h∈H

∣∣(f∗ϕ̃)(h)
∣∣p =

∑
h∈H

∣∣∣∣ ∫
G

f (g)ϕ(g−h) dµG(g)

∣∣∣∣p
≤
∑
h∈H

(∫
G

∣∣ϕ(g−h)
∣∣ |f (g)|
‖f‖L1

dµG(g)

)p

‖f‖p
L1

≤
(∗)

∑
h∈H

∫
G

∣∣ϕ(g−h)
∣∣p |f (g)|
‖f‖L1

dµG(g) ‖f‖p
L1

=

∫
G

(∑
h∈H

∣∣ϕ(g−h)
∣∣p) |f (g)|

‖f‖L1

dµG(g) ‖f‖p
L1

≤ ‖ϕ‖p
Lp,∞(H,G/H) ‖f‖

p
L1(G)

,

where inequality (∗) follows by applying Jensen’s inequality on the space(
G,

|f(g)|
‖f‖L1

dµG(g)
)
.

So Sϕ ∈ MH

(
L1(G), �p(H)

)
with

∥∥Sϕ

∥∥
L(L1,�p)

≤ ‖ϕ‖
L

p,∞ .

Conversely, let T ∈ MH(L1(G), �p(H)). We know by Proposition 3.5
that T = Sϕ for some ϕ ∈ L∞(G). Consider a neighborhood basis (Vn)n∈N at
0 ∈ G, where all Vn are compact and Vn+1 ⊂ Vn. Letting fn = (µ(Vn))−1 χVn

yields an approximate identity with ‖fn‖L1 = 1, and hence

lim
n→∞

∫
G

fn(g−g0)ϕ(g) dµG(g) = ϕ(g0)

for almost all g0 ∈ G. Since H is countable, we even have∣∣∣∣∫
G

fn(g−g0+h)ϕ(g) dµG(g)

∣∣∣∣p → ∣∣∣ϕ(g0−h)
∣∣∣p for all h ∈ H

for almost all g0 ∈ G. Applying Fatou’s Lemma on H yields
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h∈H

∣∣ϕ(g0−h)
∣∣p ≤ lim inf

n→∞

∑
h∈H

∣∣∣∣ ∫
G

fn(g−g0+h)ϕ(g) dµG(g)

∣∣∣∣p
= lim inf

n→∞
∥∥Sϕ(Tg0fn)

∥∥p

�
p ≤ ‖Sϕ‖p

L(L1,�p)

for almost all g0 ∈ G, i.e., ϕ ∈ Lp,∞(H,G/H) with ‖ϕ‖L
p,∞ ≤ ‖Sϕ‖L(L1,�p).

	


Corollary 3.23 (Representation Theorem for MH

(
�p(H),L∞(G)

)
).

For p ∈ [1,∞), the space MH(�p(H),L∞(G)) is isometrically isomorphic
to Lq,∞(H,G/H), where 1

p+1
q = 1, in the sense that every operator of this

type is of the form Rϕ for some ϕ ∈ Lq,∞(H,G/H) with

‖Rϕ‖L(�p,L∞) = ‖ϕ‖Lq,∞ .

This also holds true for p = ∞ if we consider (weak*,weak*)-continuous op-
erators only.

Proof. For p = 1, this follows from Corollary 3.17 and (3.2). For p ∈ (1,∞),
we know that T ∈MH(�p(H),L∞(G)) satisfies

T = Rϕ for some ϕ ∈ L∞(G).

Then the restriction of T ∗ to L1(G) is Sϕ ∈ MH(L1(G), �q(H)), so by The-
orem 3.22, we have ϕ ∈ Lq,∞. Furthermore, T = Rϕ = (Sϕ)∗ implies

‖T ‖L(�p,L∞) = ‖Sϕ‖L(L1,�q) = ‖ϕ‖Lq,∞ .

Finally, if T ∈ MH(�∞(H),L∞(G)) is (weak*,weak*)-continuous, then we
have T ∗ ∈MH(L1(G), �1(H)) and the reasoning is the same. 	


Remark 3.24. For G = T with H = 1
N ZN = { k

N : k = 0, . . . , N−1}, and thus
G/H = 1

N T, the case p = ∞ is well known in approximation theory. Given
ϕ ∈ L∞(T), the (�∞,L∞)-norm of the operator

Rϕ : CN → L∞(T) , a �→
∑

k

ak Tk/Nϕ ,

is the Lebesgue constant of ϕ, given by

‖Rϕ‖L(�∞,L∞) =

∥∥∥∥∑
k

∣∣Tk/Nϕ
∣∣∥∥∥∥

L∞(T)

= ‖ϕ‖L1,∞( 1
N ZN , 1

N T) .

3.5 Semidiscrete Multipliers under the Fourier
Transform

The mixed-norm spaces introduced in the last section play another important
role, namely, in the description of the action of semidiscrete multipliers on
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the Fourier side. The latter turn out to give another reason for the use of
the term “multipliers.” As usual, we will consider the Fourier transform of a

linear operator T to be the operator T̂ : f̂ �→ T̂ f , i.e., T̂ = F ◦ T ◦ F −1. In
particular, we have for example T̂g = M−g and M̂γ = Tγ .

The key ingredient for this section is periodization, which we now define.

Definition 3.25. The periodization operator associated with H is given by

P : f �→ f◦
H :=

∑
h∈H

Thf .

Note that f◦
H is indeed H-periodic, so P can be seen as mapping functions (or

distributions) on G to functions (or distributions) on G/H.

It is an elementary exercise to show that P is a bounded linear mapping
from L1(G) onto L1(G/H) with norm ‖P‖ = 1. What is as easy to show, but
much more important, is the following meta-theorem.

The Fourier transform of sampling is periodization.

In symbols, this means Ŝ = P , and by Fourier inversion, also P̂ = S. The
latter simply states that the Fourier coefficients of f ◦

H can be obtained by

sampling f̂ on H⊥, which can be verified by straightforward calculation. A
discussion of this meta-theorem in connection with the Poisson Summation
Formula on a variety of spaces, among them the mixed-norm spaces discussed
in Section 3.4, can be found in [3].

Since we saw that Sϕ consists of convolution with ϕ̃ followed by sampling,

we expect its Fourier transform to be multiplication with ̂̃ϕ = ϕ̂ followed
by periodization. Analogously, we should expect the Fourier transform of the
semidiscrete convolution of a sequence a with a function ϕ to be multiplica-
tion of the function A = â on Ĥ = Ĝ/H⊥ with the function ϕ̂ on Ĝ. (For

this product to make sense, it suffices to recall that a function on Ĝ/H⊥ by

definition is an H⊥-periodic function on Ĝ.) These two properties we now
show in detail.

Lemma 3.26. (i) The action of Sϕ on the Fourier side is the operator

Pbϕ := Ŝϕ : f̂ �→ (f̂ ϕ̂)◦H⊥ .

(ii) The action of Rϕ on the Fourier side is the operator

Qbϕ := R̂ϕ : A �→ A ϕ̂ .
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Proof. (i) For h ∈ H , we have

(
(f̂ ϕ̂)◦H⊥

)∨
[h] =

∫
bG/H⊥

( ∑
η∈H⊥

(f̂ ϕ̂)(γ+η)

)
e2πi γh dµ bG/H⊥

(γ)

=

∫
bG
(f̂ ϕ̂)(γ) e2πi γh dµ bG(γ)

= (f∗ϕ̃)(h) .

Therefore, by Fourier inversion, Ŝϕf = (f̂ ϕ̂)◦H⊥ as claimed.

(ii) Rϕa =
∑

h a[h] Thϕ yields

(R̂ϕa)(γ) =
∑
h∈H

a[h] e−2πi γh ϕ̂(γ) = A(γ) ϕ̂(γ)

as claimed. 	


Note that in analogy to Propositions 3.5 and 3.13, we can describe the
operators of type Pbϕ and Qbϕ as the operators commuting with the family of
modulations {Mh : h ∈ H}, where (Mgf)(γ) = e2πi γg f (γ) for g ∈ G and

functions f on Ĝ. Therefore, we consider the spaces of pointwise multipliers

M·
H⊥

(
X(G),Y (G/H)

)
=
{
T ∈ L(X ,Y ) : MηT = TMη ∀η ∈H⊥} ,

and M·
H⊥

(
Y (G/H),X(G)

)
=
{
T ∈ L(Y ,X) : MηT = TMη ∀η ∈H⊥} .

It turns out that we encounter again the mixed-norm spaces introduced above,
although in a completely different role.

Theorem 3.27. (i) For∞>p1≥ p2≥ 1, the space M·
H⊥

(
Lp1(G/H),Lp2(G)

)
is isometrically isomorphic to Lp2,r(H,G/H), where 1

r + 1
p1

= 1
p2

, in the sense

that every operator of this type is of the form Qϕ for some ϕ ∈ Lp2,r(H,G/H)
with

‖Qϕ‖L(L
p1 ,L

p2) = ‖ϕ‖
L

p2,r .

This also holds true for p1 = ∞ if we consider (weak*,weak*)- resp. (weak*,
weak)-continuous operators only.

(ii) Assume that G is nondiscrete. Then we have for 1 ≤ p1 < p2 ≤ ∞
that M·

H⊥

(
Lp1(G/H),Lp2(G)

)
= {0}.

Proof. (i) Let T ∈ M·
H⊥

(
Lp1(G/H),Lp2(G)

)
and set ϕ = T (1). By assump-

tion, we have T (e2πi ηg) = T (Mη1) = MηT (1) = e2πiηg ϕ for all η ∈ H⊥. Since
trigonometric polynomials are dense in Lp1(G/H), we have T = Qϕ.

If p1 ≥ p2 <∞, we have that
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Aϕ ∈ Lp2(G) ∀A ∈ Lp1(G/H)

⇐⇒ |A|p2 |ϕ|p2 ∈ L1(G) ∀A ∈ Lp1(G/H)

⇐⇒ |A|p2
(
|ϕ|p2

)◦
H
∈ L1(G/H) ∀A ∈ Lp1(G/H)

⇐⇒ B
(
|ϕ|p2

)◦
H
∈ L1(G/H) ∀B ∈ Lp1/p2(G/H)

⇐⇒
(
|ϕ|p2

)◦
H
∈ Lp1/(p1−p2)(G/H) ,

so Qϕ ∈ M·
H⊥

(
Lp1 ,Lp2

)
if and only if ϕ ∈ Lp2,r(H,G/H).

Then we can estimate for A ∈ Lp1(G/H) that

∥∥Qϕ A
∥∥p2

Lp2
=

∫
G

∣∣Aϕ
∣∣p2

dµG

=

∫
G/H

∣∣A∣∣p2
(
|ϕ|p2

)◦
H

dµG/H

≤
(∗)

(∫
G/H

∣∣A∣∣p1
dµG/H

)p2/p1
(∫

G/H

((
|ϕ|p2

)◦
H

)r/p2

dµG/H

)p2/r

=
∥∥A∥∥p2

L
p1

∥∥ϕ∥∥p2

L
p2,r ,

where inequality (∗) follows from Hölder’s inequality with dual exponents

(p, q) = (p1/p2, r/p2). Furthermore, we may choose A =
((
|ϕ|p2

)◦
H

)r/p2p1 ∈
Lp1(G/H) with equality in (∗), which yields the claim.

For p1 = p2 = ∞, it is obvious that Aϕ ∈ L∞(G) for all A ∈ L∞(G/H)
if and only if ϕ ∈ L∞(G) = L∞,∞(H,G/H), and then ‖Qϕ‖L(L∞) = ‖ϕ‖L∞ .

(ii) For the case p1 < p2, note that since Lp2(G) ⊆ L
p2

loc
(G), the function

ϕ has to satisfy Aϕ ∈ L
p2

loc
(G) for all A ∈ Lp1(G/H), but if G is nondiscrete,

this is only possible for ϕ ≡ 0. 	


Corollary 3.28. (i) For∞>p1≥ p2≥ 1, the space M·
H⊥

(
Lp1(G),Lp2(G/H)

)
is isometrically isomorphic to Lq1,r(H,G/H), where 1

p1
+ 1

q1
= 1 and 1

r + 1
p1

=
1
p2

, in the sense that every operator of this type is of the form Pϕ for some

ϕ ∈ Lq1,r(H,G/H) with

‖Pϕ‖L(L
p1 ,L

p2) = ‖ϕ‖
L

q1,r .

This also holds true for p1 = ∞, if we consider (weak*,weak*)- resp. (weak*,
weak)-continuous operators only.

(ii) Assume that G is nondiscrete. Then we have for 1 ≤ p1 < p2 ≤ ∞
that M·

H⊥

(
Lp1(G),Lp2(G/H)

)
= {0}.

Proof. For the proof, it suffices to note that Pϕ = Q∗
ϕ. 	
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It is worth noting that in both cases, ϕ acts as an attenuation factor [6].
In Qϕ, it has to supply the periodic function A with the desired global decay
rate, while in Pϕ, multiplication with ϕ ensures a sufficient decay rate for the
periodization operator to be applicable.

Because of the Parseval–Plancherel Theorem, these results transfer di-
rectly to a description of the semidiscrete multipliers between L2 and �2. For
(G,H) = (R,Z), this can be considered folklore in the wavelet community;
essentially, it can already be found in [11].

Corollary 3.29. The spaces MH(L2(G), �2(H)) and MH(�2(H),L2(G))

are isometrically isomorphic to the space L2,∞(H⊥, Ĝ/H⊥) in the sense that
every operator of one of these types is of the form Sϕ or Rϕ, respectively, for

some ϕ ∈
(
L2,∞(H⊥, Ĝ/H⊥)

)∨
with

‖Sϕ‖L(L2,�2) = ‖Rϕ‖L(�2,L2) = ‖ϕ̂‖L2,∞ .

At first glance, the results for (G,H) = (R,Z) suggest we should try to
apply interpolation methods, since we have

MZ

(
L1(R), �1(Z)

) ∼= L1,∞(Z,T) and MZ

(
L2(R), �2(Z)

) ∼= L2,∞(Z,T) .
(3.3)

But note that in the first case, the condition is on ϕ, while in the second case,
it is on ϕ̂, which makes interpolation impossible. The situation is comparable
to the classical case, where M

(
L1(R)

) ∼= Mb(R) and M
(
L2(R)

) ∼= L∞(R),
but in the first case, ϕ ∈Mb(R), while in the second case, ϕ̂ ∈ L∞(R).

The first statement in (3.3) stems from Theorem 3.22, where we have

Sϕ ∈MH

(
L1(G), �p(H)

)
⇐⇒ ϕ ∈ Lp,∞(H,G/H) ,

while the second one belongs to the following family of representation theo-
rems obtained from Theorem 3.27 and Corollary 3.28 via the Fourier trans-
formation.

Corollary 3.30. The spaces MH

(
L̂p1(G), L̂p2(H)

)
and MH

(
L̂q2(H), L̂q1(G)

)
are isometrically isomorphic to the space L

q1,r(H⊥, Ĝ/H⊥), where 1
p1

+ 1
q1

= 1

and 1
r + 1

p1
= 1

p2
, in the sense that every operator of one of these types is of

the form Sϕ or Rϕ, respectively, for some ϕ ∈
(
L

q1,r(H⊥, Ĝ/H⊥)
)∨

with

‖Sϕ‖L( dLp1 , dLp2)
= ‖Rϕ‖L(dLq2 , dLq1 )

= ‖ϕ̂‖
L

q1,r .

In particular, we have for p1 = p2 =: p that

Sϕ ∈MH

(
L̂p(G), L̂p(H)

)
⇐⇒ ϕ̂ ∈ Lq,∞(H⊥, Ĝ/H⊥) ,

which for p = q = 2 yields the second statement in (3.3).
The case p = 1 is also of special interest, since it implies the following

analogy to Theorem 3.8.



40 Georg Zimmermann

Theorem 3.31. Whenever Sϕ ∈ MH

(
A(G), �∞(H)

)
, we actually have Sϕ ∈

MH

(
A(G),A(H)

)
.

Proof. By Corollary 3.6, we know that Sϕ ∈ MH(A, �∞) is equivalent to
ϕ ∈ A′, meaning that ϕ̂ ∈ L∞ = L∞,∞. By Corollary 3.30, this implies
Sϕ ∈MH(A,A). 	


3.6 Results for Homogeneous Banach Spaces

Definition 3.32. A Banach space X of functions or distributions on G is a
homogeneous Banach space, if it satisfies

(i)
∥∥Tgf

∥∥
X

= ‖f‖X for all f ∈ X and g ∈ G, and

(ii) for each f ∈ X, the mapping g �→ Tgf is continuous from G to X.

In other words, the regular representation of G acts continuously and isomet-
rically on the elements of X.

Classical examples are Lp(G) for p ∈ [1,∞) and C0(G).
If X(G) is homogeneous, we can characterize generalized sampling opera-

tors on X with the aid of the vector-valued functions introduced in Section 3.4.
First we need to show a few preliminary properties of these functions in con-
nection with the semidiscrete convolution product. Recall that for f : G→ C,
we defined −→

f : G→ CH , g �→ (f (g+h))h∈H .

Lemma 3.33. For a sequence a on H and a function or distibution ϕ on G,
we have that

(i) (a ∗′ ϕ)(g) =
〈
a ,
−→
ϕ̃ (−g)

〉
, and

(ii)
(−−−→
a ∗′ ϕ

)
(g) = a ∗

(−→ϕ (g)
)
.

Proof. (i) (a ∗′ ϕ)(g) =
∑

h a[h]ϕ(g−h) =
∑

h a[h] ϕ̃(h−g) =
〈
a ,
−→
ϕ̃ (−g)

〉
.

(ii) For all h ∈ H, we have((−−−→
a ∗′ ϕ

)
(g)
)
[h] = (a ∗′ ϕ)(g+h)

=
∑
k∈H

a[k]ϕ(g+h−k)

=
∑
k∈H

a[k] (−→ϕ (g))[h−k] =
(
a ∗
(−→ϕ (g)

))
[h] . 	


Proposition 3.34. Let X(G) be a homogeneous Banach space, and assume
that Y (H) is a translation-invariant Banach space with δ ∈ Y ′. Then we have
for ϕ ∈X ′ that Sϕ ∈MH(X,Y ) if and only if

−−−→
f ∗ ϕ̃ ∈ C

(
G,Y (H)

)
for all f ∈X .
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Proof. Note that(−−−→
f ∗ ϕ̃

)
(g) =

(
(f ∗ ϕ̃)(g+h)

)
h∈H

=
(
(T−g(f ∗ ϕ̃))(h)

)
h∈H

=
(
((T−gf) ∗ ϕ̃)(h)

)
h∈H

= Sϕ(T−gf) .

By homogeneity of X, we know that g �→ T−gf is continuous from G to X .

So if Sϕ ∈ MH(X,Y ), then
−−−→
f ∗ ϕ̃ : g �→ Sϕ(T−gf) is continuous.

Conversely, assume that
−−−→
f ∗ ϕ̃ ∈ C

(
G,Y (H)

)
for all f ∈ X. Then Sϕ :

f �→
(−−−→
f ∗ ϕ̃

)
(0) is a linear map from X(G) to Y (H). If fn → f in X and

Sϕfn → a in Y , then

a[h] = lim
n→∞

(Sϕfn)[h] = lim
n→∞

〈fn,Thϕ〉 = 〈f,Thϕ〉 = (Sϕf)[h]

for all h ∈ H , so a = Sϕf . By the closed graph theorem, this implies that Sϕ

is bounded and thus an element of MH(X,Y ). 	


With these results, we can characterize the operators reverse to those from
Theorem 3.8. As usual, we write �1

w∗ for the space �1 with the weak*-topology.

Theorem 3.35 (Representation Theorem for MH

(
c0(H),C0(G)

)
). The

operator Rϕ is in MH(c0,C0), and thus Sϕ is in MH(Mb, �
1) and

(weak*,weak*)-continuous, if and only if ϕ ∈ C0 with −→ϕ ∈ C
(
G, �1

w∗(H)
)
.

And in this case, we have∥∥Rϕ

∥∥
L(c0,C0)

=
∥∥Sϕ

∥∥
L(Mb,�1)

= ‖ϕ‖
L

1,∞(H,G/H) .

Proof. Assume first that Rϕ ∈ MH(c0,C0). Since δ ∈ c0, we know that
ϕ = Rϕ(δ) ∈ C0 (compare Proposition 3.13). Also, note that the mapping
G → Mb, g �→ δg, is continuous with the weak*-topology on Mb. Since the
hypothesis implies that

Sϕ : Mb → �1 defined by δg �→ (δg ∗ ϕ̃)
∣∣∣
H

=
(
ϕ̃(h−g)

)
h∈H

=
−→
ϕ̃ (−g)

is (weak*,weak*)-continuous, we conclude that
−→
ϕ̃ (− · ) is in C

(
G, �1

w∗(H)
)
,

and therefore −→ϕ is as well. This shows that the two conditions on ϕ are
necessary.

Conversely, assume that −→ϕ , and therefore
−→̃
ϕ (− · ) as well, is an element of

C
(
G, �1

w∗(H)
)
. Then we have for all a ∈ c0 that the mapping

a ∗′ ϕ : g �→
〈
a,
−→
ϕ̃ (−g)

〉
(cf. Lemma 3.33.(i))

is continuous on G. Letting K be a compact subset of G containing a
fundamental domain for G/H , we conclude that for all a ∈ C0, the set
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a,
−→
ϕ̃ (−g)

〉
: g ∈ K

}
is the continuous image of a compact set and

hence is bounded. By the uniform boundedness principle, this implies that∥∥−→ϕ̃ (−g)
∥∥

�1 ≤ C for all g ∈ K. Since for arbitrary g ∈ G, there is hg ∈ H such

that g+hg ∈ K, we conclude that
∥∥−→ϕ̃ (−g)

∥∥
�
1 =
∥∥−→ϕ̃ (−(g+hg))

∥∥
�
1 ≤ C for all

g ∈ G. This means ϕ̃ and thus ϕ is contained in L1,∞. By Corollary 3.23, this
implies Rϕ ∈MH(�∞,L∞) with∥∥Rϕ

∥∥
L(�∞,L∞)

= ‖ϕ‖
L

1,∞ .

It remains to show that a ∗′ ϕ ∈ C0 for all a ∈ c0. So let a ∈ c0, and ε > 0
be given, and let C :=

∥∥Rϕ

∥∥
L(�∞,L∞)

. There is a finite set F ⊂ H such that

|a[h]| < ε/(2C) for all h ∈ H \ F . Letting aF := a · χF and aH\F := a − aF

yields aF ∗′ ϕ ∈ C0 since F is finite, and ‖aH\F ‖�∞ ≤ ε/(2C). Therefore,

there is a compact set K ⊂ G such that
∣∣(aF ∗′ ϕ)(g)

∣∣ < ε/2 for all g /∈ K,
and we obtain for all these g that∣∣(a ∗′ ϕ)(g)

∣∣ ≤ ∣∣(aF ∗′ ϕ)(g)
∣∣+ ∣∣(aH\F ∗′ ϕ)(g)

∣∣
< ε/2 +

∥∥aH\F ∗′ ϕ
∥∥

L∞

≤ ε/2 + C ‖aH\F ‖�∞

≤ ε/2 + C ε/(2C) = ε ,

which yields the claim. 	


Remark 3.36. It is worth noting here that while −→ϕ ∈ C(G, �1) already implies
ϕ ∈ C0, this does not hold true for −→ϕ ∈ C(G, �1

w∗). As an example, consider
G = R with H = Z. Letting ∆ be the hat function

∆(x) =

⎧⎪⎨⎪⎩
4 x , x ∈ [0, 1

4 ] ,

2−4 x , x ∈ [ 14 ,
1
2 ] ,

0 , otherwise,

define ϕ1 to be the function

ϕ1(x) =

∞∑
n=0

∆
(
2n(x− (n+1−2−n))

)
(see Fig. 3.1). For each x0 ∈ R, the sequence −→ϕ1(x0) has at most one nonzero
coefficient and thus is in �1(Z). At x0 /∈ Z, the function −→ϕ1 is continuous
even with the norm topology on �1, since ϕ1 is continuous and there is a
neighborhood U of x0 such that the common support of −→ϕ1(x) for x ∈ U is
finite. But at the integers, the situation is different. For x0 = 0, say, we see
that −→ϕ1(x) = 4 x δ for x ∈ [0, 1

4 ], so −→ϕ1(x) → −→ϕ1(0) = 0 in the �1-norm as
x → 0+ . For x → 0− , though, we do have −→ϕ1(x) → 0 in the weak*-sense,
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Fig. 3.1. Graphs of the functions ϕ1 and ϕ2

but not in norm, since δn → 0 (n → ∞) in �1
w∗ , but not in �1. So indeed,

−→ϕ 1 /∈ C(R, �1), but only −→ϕ 1 ∈ C(R, �1
w∗).

Since we obviously have ϕ1 /∈ C0, this example shows that the condition
ϕ ∈ C0 cannot be omitted in the theorem.

On the other hand, we should note that the two conditions together do
not imply −→ϕ ∈ C(R, �1), as the function

ϕ2(x) =

∞∑
n=0

2n−1∑
k=0

2−n ∆
(
2n(x− (2n+k−2−n))

)
shows (again, see Fig. 3.1). Once more, we have −→ϕ2 ∈ C(R, �1

w∗), but this
time also ϕ2 ∈ C0. Nevertheless, we have

∥∥−→ϕ2(−3/2n+1)
∥∥

�1 = 1 for n ∈ N

and therefore −→ϕ2(x) �→ −→ϕ2(0) = 0 in norm as x→ 0− , meaning −→ϕ2 /∈ C(R, �1).

We can also characterize the semidiscrete convolution operators from �p

into C0 and, accordingly, the weak*-continuous generalized sampling opera-
tors from Mb into �q.

For p = 1, we know from Corollaries 3.17 and 3.6 that MH(�1,C0) and the
(weak*,weak*)-continuous elements of MH(Mb, �

∞) are isometrically repre-
sented by C0. Also, as in the proof of Theorem 3.8, we can strengthen the
second statement somewhat.

Corollary 3.37. Whenever Sϕ ∈MH(Mb, �
∞) is (weak*,weak*)-continuous,

we actually have Sϕ ∈MH(Mb, c0).
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Proof. We know from Corollary 3.6 that Sϕ is a (weak*,weak*)-continuous
element of MH(Mb, �

∞) if and only if ϕ ∈ C0. The claim follows from the
fact that Mb ∗C0 = C0 (compare the proof of Theorem 3.8). 	


Remark 3.38. Note that, e.g., the function ϕ ≡ 1 is in Mb
′ \C0, meaning that

the linear functional µ �→ µ(G) is bounded, but not weak*-continuous on Mb.
The latter can be seen from the fact that for g → ∞, we have δg → 0 in the
weak*-sense, but 〈δg, 1〉 = 1 �→ 0. Consequently, S1 ∈ MH(Mb, �

∞) is not
(weak*,weak*)-continuous, which, by the above, we may also conclude from
the fact that S1 /∈MH(Mb, c0).

For p ∈ (1,∞), we can show a result comparable to Theorem 3.35.

Theorem 3.39 (Representation Theorem for MH

(
�p(H),C0(G)

)
). The

operator Rϕ is in MH(�p,C0), and thus Sϕ is in MH(Mb, �
q) and is

(weak*,weak)-continuous, if and only if ϕ ∈ C0 with −→ϕ ∈ C
(
G, �q

w(H)
)
.

And in this case, we have∥∥Rϕ

∥∥
L(�p,C0)

=
∥∥Sϕ

∥∥
L(Mb,�q)

= ‖ϕ‖L
q,∞(H,G/H) .

The proof is—mutatis mutandis—almost literally the same as that of The-
orem 3.35. Even the function ϕ1 from Fig. 3.1 still serves as an example to
show that −→ϕ ∈ C

(
R, �q

w(Z)
)

does not imply ϕ ∈ C0(R). Also, a slight modi-
fication of ϕ2, namely, the function

ϕ3(x) =
∞∑

n=0

2n−1∑
k=0

2−n/q ∆
(
2n(x− (2n+k−2−n))

)
,

shows that ϕ ∈ C0 with −→ϕ ∈ C
(
R, �q

w(Z)
)

does not imply −→ϕ ∈ C
(
R, �q(Z)

)
.

Finally, for p = ∞, we can prove a result in the spirit of Corollary 3.18.

Corollary 3.40. If G is noncompact, then the only element of MH(�∞,C0)
that is (weak*,weak)-continuous is the zero map.

Proof. Consider Rϕ ∈ MH(�∞,C0). Obviously, Rϕ ∈ MH(�∞,L∞), so we
know from Corollary 3.23 that ϕ ∈ L1,∞ ⊂ L1, so ϕ̂ is an element of A ⊂ C0

and, in particular, is pointwise well-defined. For the constant sequence 1, we
have Rϕ(1) =

∑
h ϕ(g−h) = ϕ◦

H , which lies in C0 if and only if it vanishes
identically. More generally, we can consider the sequence (e2πi γh)h∈H ∈ �∞

with
Rϕ

(
(e2πi γh)h∈H

)
=
∑
h∈H

e2πi γh ϕ(g−h) .

This function is an element of C0 if and only if we have

e−2πi γg
∑
h∈H

e2πi γh ϕ(g−h) =
∑
h∈H

e−2πi γ(g−h) ϕ(g−h) =
(
Mγϕ

)◦
H
∈ C0 ,
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but again, the latter is only possible for
(
Mγϕ

)◦
H
≡ 0. From this, we may

conclude that

ϕ̂(γ) =

∫
G

ϕ(g) e−2πi γg dµG(g) =

∫
G/H

(Mγϕ
)◦

H
(g) dµG/H(g) = 0

for all γ ∈ Ĝ, so ϕ̂ ≡ 0 and thus ϕ ≡ 0, which yields the claim. 	


Remark 3.41. This result demonstrates the difference between the weak and
the weak*-topology on �1 in a remarkable way. In Theorem 3.39, it does
not matter whether we consider (weak*,weak)- or (weak*,weak*)-continuous
operators in MH(Mb, �

q), since for q ∈ (1,∞), the space �q is reflex-
ive. For the case MH(Mb, �

1), however, Corollary 3.40 implies that the
only (weak*,weak)-continuous such operator is the zero map, while the
(weak*,weak*)-continuous operators of this type have been described in The-
orem 3.35.

We still have not given a complete description of the spaces MH(�p1 ,Lp2)
and MH(Lq2 , �q1). This is not so surprising, as there is no easy characteriza-
tion of the spaces M(Lp1(G),Lp2(G)) (e.g., [5], [9]).

Note that the case p1 = 1 and q1 = ∞ is covered by Corollaries 3.17
and 3.6, and the case p2 = ∞ and q2 = 1 by Corollary 3.23 and Theorem 3.22.
Furthermore, the cases where p1 > p2 and q2 > q1 have been discussed in
Corollary 3.18 and Theorem 3.10.

The remaining cases are those where 1 < p1 ≤ p2 <∞ and thus 1 < q2 ≤
q1 < ∞. For these, we present a sufficient condition based on the space of
multipliers M(�p1 , �p2) ∼= M(�q2 , �q1), but we have to leave it as an open
question whether this condition is also necessary.

Theorem 3.42. Let 1 < p1 ≤ p2 < ∞, and as usual 1
pi

+ 1
qi

= 1. If ϕ is a
measurable function on G satisfying

−→ϕ ∈ L
q1

loc

(
G,M

(
�p1(H), �p2(H)

))
= L

q1

loc

(
G,M

(
�q2(H), �q1(H)

))
,

then Rϕ ∈MH

(
�p1(H),Lp2(G)

)
and thus Sϕ ∈MH

(
Lq2(G), �q1(H)

)
.

Proof. Under the assumptions made, we have for all a ∈ �p1(H) that∥∥a ∗′ ϕ∥∥
L

p2(G)
=
∥∥∥∥∥−−−→a ∗′ ϕ

∥∥
�p2(H)

∥∥∥
Lp2 (G/H)

=
∥∥∥∥∥a ∗ −→ϕ∥∥

�p2(H)

∥∥∥
Lp2(G/H)

≤
∥∥∥‖a‖�p1 (H)

∥∥−→ϕ∥∥
M(�p1 ,�p2 )

∥∥∥
Lp2 (G/H)

= ‖a‖�p1(H)

∥∥∥∥∥−→ϕ∥∥
M(�p1 ,�p2 )

∥∥∥
Lp2 (G/H)

,

which yields the claim. 	
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3.7 Pseudo-Interpolation

Consider a function ϕ on G that is pointwise well-defined and satisfies ϕ(h) =
δ0,h for h ∈ H . Then the operator

Rϕ ◦ Sδ : f �→
∑
h∈H

f (h)Thϕ

is called interpolation on H with ϕ, since we have
(
(Rϕ ◦ Sδ)f

)
(h) = f (h) for

all h ∈ H .
Consequently, we shall refer to an operator on X of the form Rϕ ◦ Sϕ∗

with appropriate (ϕ,ϕ∗) ∈ X × X ′ as pseudo-interpolation. In [10], this is
called quasi-interpolation, but usually, quasi-interpolation of degree m is de-
fined to be a pseudo-interpolation operator that is local, i.e., where ϕ and ϕ∗

have compact support, and that reproduces polynomials up to degree m (e.g.,
see [4], [12], [13]).

Theorem 3.10 and Corollary 3.18 imply the following restriction on pseudo-
interpolation on Lp(G).

Corollary 3.43. If G is noncompact, and Rϕ ◦ Sϕ∗ is a nontrivial pseudo-
interpolation on Lp1(G) factoring through �p2(H) for some p1, p2 ∈ [1,∞],
then necessarily p1 = p2.

3.7.1 Shannon’s Sampling Theorem

As an application, let us have a closer look at Shannon’s Sampling Theorem
(see, e.g., [2] for background). For Ω > 0, the Paley–Wiener space is defined
as

PWΩ =
{
f ∈ L2(R) : supp f̂ ⊆ [−Ω

2 ,+Ω
2 ]
}
.

Note that f ∈ L2 implies f̂ ∈ L2, so because of the compact support of f̂ , we
have f̂ ∈ L1, i.e., f ∈ A ⊆ C0. As usual, the sinc function is defined via

sincΩ (x) =
sinπΩ x

π x
with ŝincΩ = χ[−Ω/2,+Ω/2] .

Proposition 3.44 (Shannon’s Sampling Theorem). For f ∈ PWΩ, we
have

f (x) =
∑
n∈Z

1
Ω f( n

Ω ) sincΩ(x− n
Ω ) , (3.4)

where the series converges in L2(R) and uniformly on R.

If we let G = R and H = 1
Ω Z with X(G) = PWΩ and Y (H) = �2( 1

Ω Z),
and choose ϕ∗ = δ and ϕ = sincΩ, we can express the above as

1
Ω RsincΩ

◦ Sδ = id on PWΩ .
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Since the family ( 1√
Ω

Tn/Ω sincΩ)n∈Z is an orthonormal basis for PWΩ, both

maps RsincΩ
and Sδ are actually multiples of isometries, and to prove the

theorem, it suffices to show that 〈f,Tn/Ω sincΩ〉 = f( n
Ω ) for f ∈ PWΩ .

An easier way to understand Shannon’s Sampling Theorem is given by
the observations we made in Section 3.5. For G = R and H = 1

Ω Z, we have

Ĝ = R̂ and H⊥ = Ω Z. Therefore, the concatenation of operators

RsincΩ
◦ 1

Ω Sδ : f �−→
(

1
Ω f( n

Ω )
)

n∈Z
�−→

∑
n∈Z

1
Ω f( n

Ω ) sincΩ(x− n
Ω )

on the Fourier side is given by

Qχ[−Ω/2,+Ω/2]
◦ P1 : f̂ �−→ f̂

◦
Ω Z
�−→ f̂

◦
Ω Z
· χ[−Ω/2,+Ω/2] .

(The factor 1
Ω vanishes due to the appropriate normalization of the Haar

measure.) It is obvious that this operator reproduces f̂ whenever we have

supp f̂ ⊆ [−Ω
2 ,+Ω

2 ].

How can we increase the space X? The sampling operator Sδ is defined
on X = Cb with range Y = �∞, but RsincΩ

/∈ L(�∞,L∞) since sincΩ /∈ L1,∞

(cf. Corollary 3.23). For this reason, X = C0 with Y = c0 will not work,

either. But it is possible to use X = A, i.e., X̂ = L1. Applying Corol-
lary 3.28 with p1 = p2 = ∞ tells us that δ̂ = 1 ∈ L∞ = L∞,∞ im-
plies P1 ∈ L

(
L1(R̂),L1(Ω T)

)
and thus Sδ ∈ L

(
A(R),A( 1

Ω Z)
)
. So we ob-

tain Y = A. On the other hand, we have ϕ̂ = ŝincΩ = χ[−Ω/2,+Ω/2] ∈
L1,∞ and thus Qbϕ ∈ L

(
L1(Ω T),L1(R̂)

)
, i.e., Rϕ ∈ L

(
A( 1

Ω Z),A(R)
)
. So

RsincΩ ◦ 1
Ω Sδ ∈ L

(
A(R),A(R)

)
, and it factors through A( 1

Ω Z). By the same
argument as before, it is the identity on the space{

f ∈ A(R) : supp f̂ ⊆ [−Ω
2 ,+Ω

2 ]
}
,

and thus actually a projection in A(R) onto this space.
With an appropriate modification, we can also extend RsincΩ

◦ Sδ to a
projection in L2(R). We stated before that ( 1√

Ω
Tn/Ω sincΩ)n∈Z is an or-

thonormal basis for PWΩ. Therefore, (3.4) implies that δ = sincΩ as ele-
ments of PW ′

Ω, and thus Sδ = SsincΩ
on PWΩ . So the orthogonal projection

L2 → PWΩ can be expressed as 1
Ω RsincΩ

◦ SsincΩ
. Indeed, Corollary 3.29

confirms that since ŝincΩ = χ[−Ω/2,+Ω/2] ∈ L2,∞, we have SsincΩ
∈ L(L2, �2)

and RsincΩ ∈ L(�2,L2).
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Summary. We characterize the existence of finite tight frames whose frame ele-
ments are of predetermined length. In particular, we derive a “fundamental inequal-
ity” which completely characterizes those sequences which arise as the lengths of a
tight frame’s elements. Furthermore, using concepts from classical physics, we show
that this characterization has an intuitive physical interpretation.

4.1 Introduction

Let HN be a finite N -dimensional, real or complex Hilbert space. A finite
sequence {fm}M

m=1 of vectors is A-tight for HN if there exists A ≥ 0 such that

A ‖f‖2 =

M∑
m=1

|〈f, fm〉|2

for all f ∈ HN . An A-tight frame is an A-tight sequence for which A > 0. By
polarization, {fm}M

m=1 is A-tight for HN if and only if

Af =

M∑
m=1

〈f, fm〉fm

for all f ∈ HN . Clearly, any orthonormal basis is a 1-tight frame. However,
the converse is false. For example, the tetrahedral vertices
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f1 =
1

2

⎡⎣ 1
1
1

⎤⎦ , f2 =
1

2

⎡⎣ 1
−1
−1

⎤⎦ , f3 =
1

2

⎡⎣−1
1

−1

⎤⎦ , f4 =
1

2

⎡⎣−1
−1

1

⎤⎦
form a 1-tight frame of four elements for R3. Furthermore, while the elements
of an orthonormal basis are of unit length a priori, no such assumption is
made about the lengths of a tight frame’s elements. This raises the question:

Given positive integers M and N , for what sequences of nonnegative
numbers {am}M

m=1 do there exist tight frames {fm}M
m=1 for HN such

that ‖fm‖ = am for all m?

The answer to this question is the subject of this chapter. In particular, the
following result gives a necessary condition upon the lengths.

Proposition 4.1. If {fm}M
m=1 is A-tight for HN , then

max
m=1,...,M

‖fm‖2 ≤ A =
1

N

M∑
m=1

‖fm‖2. (4.1)

Proof. First note that for any m = 1, . . . ,M ,

‖fm‖4 = |〈fm, fm〉|2 ≤
M∑

m′=1

|〈fm, fm′〉|2 = A ‖fm‖2.

Thus, ‖fm‖2 ≤ A for all m = 1, . . . ,M , yielding the inequality in (4.1). For the
equality, let {en}N

n=1 be an orthonormal basis for HN . By Parseval’s identity,

M∑
m=1

‖fm‖2 =

M∑
m=1

N∑
n=1

|〈fm, en〉|2 =

N∑
n=1

M∑
m=1

|〈en, fm〉|2 =

N∑
n=1

A ‖en‖2 = NA.

Dividing by N gives the result. 	


Thus, the lengths {am}M
m=1 of a tight frame of M elements for an N -

dimensional space must satisfy the fundamental inequality

max
m=1,...,M

a2
m ≤ 1

N

M∑
m=1

a2
m. (4.2)

Remarkably, this easily found necessary condition will prove sufficient as well.
That is, we shall show that for any nonzero nonnegative sequence {am}M

m=1

which satisfies (4.2), and for any N -dimensional Hilbert space HN , there exists
a tight frame {fm}M

m=1 for HN for which ‖fm‖ = am for all m. Furthermore,
when given a sequence {am}M

m=1 which violates (4.2), we shall determine those
sequences {fm}M

m=1 of norms {am}M
m=1 which are as close as possible to being

tight frames, in a natural, intuitive sense.
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Of course, this problem does not exist in a vacuum. Frames have been
a subject of interest for some time, both in theory and in applications. Fi-
nite tight frames, in particular, have garnered attention in the past several
years. The theory of frames was first introduced by Duffin and Schaeffer [10]
in the 1950s, furthering the study of nonharmonic Fourier series and the time-
frequency decompositions of Gabor [13]. Decades later, the subject was rein-
vigorated following a publication of Daubechies, Grossman, and Meyer [9].
Frames have subsequently become a state-of-the-art signal processing tool.

Frames provide redundant vector space decompositions, which are very
attractive from the applied perspective. In particular, frame decompositions
are resilient against noise and quantization, and provide numerically stable
reconstruction algorithms [6], [8], [15]. Translation-invariant frames in �2(Z),
being equivalent to perfect reconstruction oversampled filter banks, have been
studied extensively [4], [7], [19], [20]. Frame decompositions have the potential
to reveal hidden signal characteristics, and have therefore been used to solve
problems of detection [1], [3], [22]. Frames have also been used to design
unitary space-time constellations for multiple-antenna wireless systems [16].

Specific types of finite tight frames have been studied to solve problems
in communications [14], [17], [21], [25]. In addition, many techniques for con-
structing finite tight frames have been discovered, several of which involve
group theory [5], [23]. Researchers have also been interested in tight frames
whose elements are restricted to spheres and ellipsoids [2], [11], as well as the
manifold structures of spaces of all such frames [12].

Much of our work is inspired by the characterization of unit-norm tight
frames in [2]. Subsequent to the completion of our work, we learned that some
of our results were independently obtained by Viswanath and Anantharam [24]
in the context of wireless communications. At the conclusion of this chapter,
we compare and contrast the two approaches.

In the following section, we motivate our main results by introducing a
physical interpretation of frame theory, extending the frame-equivalent no-
tions of force and potential energy first introduced in [2]. Section 4.3 contains
several results concerning the minimization of this generalized frame potential,
highlighting the connection between optimal energy and tightness. Finally, in
Section 4.4, we characterize the lengths of a tight frame’s elements in terms of
the fundamental inequality, and discuss this characterization from the physical
perspective.

4.2 The Physical Theory

Given any nonnegative sequence {am}M
m=1 which satisfies the fundamental

inequality (4.2), our goal is to prove the existence of a tight frame {fm}M
m=1

for HN such that ‖fm‖ = am for all m. We begin by briefly discussing the
special case of this problem when am = 1 for all m.
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A unit-norm tight frame (UNTF) is a tight frame whose frame elements are
normalized. Recently, several independent proofs have been discovered which
show that such frames always exist, that is, for any N -dimensional Hilbert
space HN , and any M ≥ N , there exists a tight frame of M elements {fm}M

m=1

for HN such that ‖fm‖ = 1 for all m. One proof involves an explicit construc-
tion of such frames using orthogonal projections of finite Fourier bases [14],
[26]. However, this construction does not generalize to the case of nonuniform
lengths. Another proof is given in [2], where unit-norm tight frames are re-
ferred to as normalized tight frames. In that paper, the existence of UNTFs is
shown to be a generalization of the classical problem of equally distributing
points on spheres. In particular, UNTFs are characterized as the minimizers
of a potential energy function, thus guaranteeing their existence.

In this section, we show how the notions of “frame force” and “frame
potential,” first introduced in [2], may now be extended to the nonuniform
setting. Inspired by the Coulomb force, consider the frame force FF(fm, fm′)
of fm′ ∈ RN upon fm ∈ RN :

FF(fm, fm′) = 2 〈fm, fm′〉 (fm − fm′) ∈ RN . (4.3)

This is essentially the same definition that appears in [2], but without the
restriction of fm and fm′ to the unit sphere. Note that, as in [2], we have
momentarily restricted ourselves to the context of real spaces, as this will
simplify our derivations below. Nevertheless, in the following section, we will
generalize the key aspects of the theory to arbitrary real or complex finite-
dimensional Hilbert spaces.

The frame force behaves bizarrely compared to the forces of the natural
world. For example, this force is not translation-invariant. Also, the force
between coincidental points is well-defined, being zero. Most importantly, the
frame force “encourages orthogonality”—the force is repulsive when the angle
between two vectors is acute, attractive when this angle is obtuse, and zero
when the vectors are perpendicular.

Now imagine a physical system of M points {fm}M
m=1 ⊂ RN in which

each point pushes against all other points according to the frame force, and in
which the movement of each fm is restricted to a sphere of radius am about
the origin. In particular, imagine how such a physical system would evolve
over time. That is, consider a dynamical system of points moving on spheres
in which each point is trying to force all other points to be perpendicular to
itself. Though a rigorous mathematical analysis of such a system is beyond
the scope of this work, we may nevertheless use our intuitive understanding of
the physical world to make a reasonable guess as to the asymptotic behavior
of the points over time.

In particular, it is reasonable to believe that such a system would asymp-
totically approach an arrangement of points which is in equilibrium under
the frame force, provided there was a mechanism, akin to friction, to dissi-
pate excess energy. The result would be a sequence of vectors {fm}M

m=1, with
‖fm‖ = am for all m, which are “as close to being mutually orthogonal as
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possible.” This is particularly interesting when the number of nonzero radii
am exceeds the dimension of the space N , since in this case, it is impossible
for {fm}M

m=1 to be an orthogonal set.
Formally, such equilibria are characterized as the local minimizers of a

corresponding potential energy function. For a system of particles pushing
against each other according to the frame force, this energy function is known
as the “frame potential.” To be precise, for a ≥ 0, let S(a) be the hypersphere
{f ∈ RN : ‖f‖ = a}. Similarly, for any nonnegative sequence {am}M

m=1, let

S({am}M
m=1) = S(a1)× · · · × S(aM ).

The frame potential FP: S({am}M
m=1)→ R is a function for which, given any

{fm}M
m=1, {gm}M

m=1 ∈ S({am}M
m=1), the number FP({fm}M

m=1)−FP({gm}M
m=1)

represents the work required to transform {gm}M
m=1 into {fm}M

m=1 under the
influence of the frame force. As such, the frame potential is only unique up
to an additive constant. The following result provides an explicit form of this
potential in which the additive constant is chosen for the sake of simplicity.

Proposition 4.2. For any {fm}M
m=1 ∈ S({am}M

m=1),

FP({fm}M
m=1) =

M∑
m=1

M∑
m′=1

|〈fm, fm′〉|2.

Proof. Recall fm ∈ S(am) ⊂ RN for all m. Thus, for any m,m′ = 1, . . . ,M ,

‖fm − fm′‖2 = a2
m − 2 〈fm, fm′〉+ a2

m′ . (4.4)

Solving for 2〈fm, fm′〉 in (4.4), and substituting this expression in (4.3), we
see that the frame force may be written completely in terms of fm − fm′ :

FF(fm, fm′) =
(
a2

m + a2
m′ − ‖fm − fm′‖2

)
(fm − fm′).

The potential energy is then computed using an anti-gradient, which is ac-
complished by first anti-differentiating the “scalar force,”

−
∫

(a2
m + a2

m′ − x2)xdx =
1

4
x2
[
x2 − 2(a2

m + a2
m′)
]
,

and then evaluating at x = ‖fm − fm′‖. Next, we simplify using (4.4):

1

4
‖fm − fm′‖2

[
‖fm − fm′‖2 − 2(a2

m + a2
m′)
]

= 〈fm, fm′〉2 − 1

4
(a2

m + a2
m′)2.

This quantity represents the frame potential energy at fm from the field gen-
erated by fm′ . The total energy is the sum of these pairwise potentials:

M∑
m=1

∑
m′ �=m

[
〈fm, fm′〉2 − 1

4
(a2

m + a2
m′)2

]
.

As noted above, the potential energy function is only unique up to additive
constants. We choose to omit the terms (a2

m + a2
m′)2/4, and include the diag-

onal terms |〈fm, fm〉|2 = a4
m, yielding the result. 	
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In the following sections, we shall use this expression of the frame poten-
tial FP: S({am}M

m=1) → R to characterize tight frames of lengths {am}M
m=1.

Specifically, we characterize such frames in terms of minimizers of FP, that is,
in terms of those “maximally orthogonal” sequences {fm}M

m=1 ∈ S({am}M
m=1).

Before continuing, we pause to consider another physical aspect of the
frame force (4.3), namely that the magnitude of a frame force field generated
by fm′ will increase with ‖fm′‖. That is, we note that points which are farther
away from the origin will apply a stronger push than those which are closer.
To determine the explicit dependence, consider the effective component of the
frame force FF(fm, fm′), which is defined to be the component of FF(fm, fm′)
which lies parallel to the surface of S(am) at fm. In essence, the effective
component is the only part of the frame force that a point will actually “feel,”
as the point, restricted to a sphere, is prohibited from moving in the direction
of the normal component. Formally, the effective component is

EFF(fm, fm′) = FF(fm, fm′)− Projfm
FF(fm, fm′)

= FF(fm, fm′)− 〈FF(fm, fm′), fm〉
‖fm‖2

fm

=
2 |〈fm, fm′〉|2
‖fm‖2

fm − 2 〈fm, fm′〉fm′ (4.5)

for fm �= 0. Clearly, ‖EFF(fm, fm′)‖ grows in proportion to ‖fm′‖2. We there-
fore refer to a2

m as the power of fm. From this perspective, the fundamental
inequality (4.2) states that there must be a somewhat uniform distribution of
power amongst the elements of a tight frame. Conversely, when the fundamen-
tal inequality is violated, then at least one of the points is disproportionately
powerful compared to the others. In the final section, we shall determine what
such an imbalance of power implies for the minimizers of the frame potential.

4.3 The Physical Interpretation of Frames

We have discussed how the frame force may be used to define an intuitive
notion of a “maximally orthogonal” sequence of vectors. We now go beyond
intuition, and establish a rigorous link between the theory of frames and the
physical theory introduced in the previous section. Our work makes repeated
use of the canonical linear operators of frame theory. In particular, given
{fm}M

m=1 ⊂ HN , consider the analysis operator F : HN → CM ,

(Ff)(m) = 〈f, fm〉,

whose adjoint is the synthesis operator F ∗ : CM → HN ,

F ∗g =

M∑
m=1

g(m) fm.
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Composing these operators gives the frame operator F ∗F : HN → HN ,

F ∗Ff =

M∑
m=1

〈f, fm〉 fm,

and the Gram matrix FF ∗ : CM → CM , whose (m,m′)th matrix entry is
〈fm′ , fm〉. We note that {fm}M

m=1 is A-tight for HN if and only if the corre-
sponding analysis operator satisfies ‖Ff‖2 = A ‖f‖2 for all f ∈ HN , which is
in turn equivalent to the frame operator satisfying F ∗F = AI. In the follow-
ing result, we use this equivalence to characterize tight frames in terms of the
frame force.

Proposition 4.3. {fm}M
m=1 is tight for RN if and only if the total effective

force field generated by {fm}M
m=1 vanishes everywhere, that is, if and only if

M∑
m=1

EFF(f, fm) = 0

for all f ∈ RN , f �= 0.

Proof. Let F be the analysis operator of {fm}M
m=1. Using the definition of the

effective force given in (4.5), we therefore have

0 =

M∑
m=1

EFF(f, fm) =

M∑
m=1

[
2 |〈f, fm〉|2
‖f‖2 f − 2 〈f, fm〉 fm

]

for all f ∈ RN , f �= 0, if and only if

F ∗Ff =

M∑
m=1

〈f, fm〉 fm =

M∑
m=1

|〈f, fm〉|2
‖f‖2 f =

‖Ff‖2
‖f‖2 f (4.6)

for all f ∈ RN , f �= 0. If {fm}M
m=1 is tight, then F ∗Ff = Af and ‖Ff‖2 =

A ‖f‖2, and so (4.6) holds. For the converse, note that if (4.6) holds, then every
f �= 0 ∈ RN is an eigenvector of F ∗F . Thus, F ∗F = AI for some A ≥ 0. 	


In light of this result, it is natural to ask whether every real tight frame is in
equilibrium with respect to the frame force. Below, we answer this question in
the affirmative by showing that every tight frame for RN is a global minimizer
of the frame potential.

Before continuing, we note that one may “minimize the frame potential”
in a more general setting. That is, despite being derived in the context of real
Euclidean spaces, the formula for the frame potential makes sense in a gen-
eral Hilbert space. To be precise, given a possibly complex finite-dimensional
Hilbert space HN , consider the frame potential FP: HM

N → R,
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FP({fm}M
m=1) =

M∑
m=1

M∑
m′=1

|〈fm, fm′〉|2.

Often, we shall restrict the domain of FP to the Cartesian product S({am}M
m=1)

of the M hyperspheres S(am) = {f ∈ HN : ‖f‖ = am}. In particular, the
following results characterize tight frames of lengths {am}M

m=1 as the global
minimizers of this restricted potential, provided that at least one such tight
frame exists in the first place. We begin by showing that the frame potential
of a sequence is equal to the square of the Hilbert–Schmidt (Frobenius) norm
of the corresponding frame operator.

Lemma 4.4. Let F be the analysis operator of {fm}M
m=1 ⊂ HN . Then,

FP({fm}M
m=1) = Tr

[
(F ∗F )2

]
.

Proof. Let {en}N
n=1 be an orthonormal basis of HN . Then

FP({fm}M
m=1) =

M∑
m=1

M∑
m′=1

〈fm′ , fm〉 〈fm, fm′〉

=
M∑

m=1

M∑
m′=1

〈 N∑
n=1

〈fm′ , en〉 en, fm

〉
〈fm, fm′〉

=

M∑
m=1

M∑
m′=1

N∑
n=1

〈fm′ , en〉 〈en, fm〉 〈fm, fm′〉

=

N∑
n=1

M∑
m=1

M∑
m′=1

〈
〈en, fm〉 fm, 〈en, fm′〉 fm′

〉
=

N∑
n=1

〈F ∗Fen, F
∗Fen〉

=

N∑
n=1

〈(F ∗F )2en, en〉

= Tr
[
(F ∗F )2

]
. 	


Proposition 4.5. For any N -dimensional Hilbert space HN and any nonneg-
ative sequence {am}M

m=1, the frame potential FP: S({am}M
m=1) → R satisfies

1

N

[
M∑

m=1

a2
m

]2

≤ FP({fm}M
m=1).

Furthermore, this lower bound is achieved if and only if {fm}M
m=1 is tight for

HN and ‖fm‖ = am for all m.
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Proof. Let F be the analysis operator of {fm}M
m=1 ∈ S({am}M

m=1), and let
{λn}N

n=1 be the eigenvalues of F ∗F , counting multiplicities. By Lemma 4.4,

FP({fm}M
m=1) = Tr

[
(F ∗F )2

]
=

N∑
n=1

λ2
n.

Meanwhile, letting {en}N
n=1 be any orthonormal basis for HN , the trace of the

frame operator satisfies

N∑
n=1

λn = Tr(F ∗F ) =

N∑
n=1

〈F ∗Fen, en〉 =

N∑
n=1

〈 M∑
m=1

〈en, fm〉 fm, en

〉
.

Changing the order of summation gives

N∑
n=1

λn =

M∑
m=1

N∑
n=1

|〈fm, en〉|2 =

M∑
m=1

‖fm‖2 =

M∑
m=1

a2
m.

The lower bound is therefore found by solving the constrained minimization
problem:

min

{
N∑

n=1

λ2
n :

N∑
n=1

λn =
M∑

m=1

a2
m

}
.

Using Lagrange multipliers, the minimum is found to occur precisely when

λ1 = · · · = λN =
1

N

M∑
m=1

a2
m.

Thus, for any {fm}M
m=1 ∈ S({am}M

m=1),

FP({fm}M
m=1) =

N∑
n=1

λ2
n ≥

N∑
n=1

[
1

N

M∑
m=1

a2
m

]2

=
1

N

[
M∑

m=1

a2
m

]2

.

Furthermore, this lower bound is achieved precisely when all the eigenvalues
of F ∗F are equal, which can be shown to be equivalent to having F ∗F = AI
for some A ≥ 0. Thus, the lower bound is achieved precisely when {fm}M

m=1

is A-tight for HN . 	


Note that the previous result does not imply that this lower bound on
the frame potential is optimal. Rather, this bound is only achieved when
there exists a tight frame {fm}M

m=1 for HN with ‖fm‖ = am for all m. We
emphasize that this result does not show that such frames actually exist.
Indeed, such frames cannot exist when the requisite lengths {am}M

m=1 violate
the fundamental inequality.

These ambiguities will be resolved by the main results of the following
section. In particular, we show that there always exists a tight frame of lengths
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{am}M
m=1, provided {am}M

m=1 satisfies the fundamental inequality, and, in the
case when the inequality is violated, we determine the minimum value of the
frame potential.

We conclude this section by briefly discussing the minimization of the
frame potential in another context. In a finite-dimensional Hilbert space HN ,
two sequences {fm}M

m=1, {gm}M
m=1 ⊂ HN are dual frames if their analysis

operators F and G satisfy G∗F = I, that is,

f =
M∑

m=1

〈f, fm〉 gm,

for all f ∈ HN . Any spanning set {fm}M
m=1 ⊂ HN has at least one dual frame,

namely the canonical dual {f̃m}M
m=1 ≡ {(F ∗F )−1fm}M

m=1, whose synthesis

operator F̃ ∗ = (F ∗F )−1F is the pseudoinverse of F . Furthermore, when M >
N , a sequence {fm}M

m=1 ⊂ HN will have an infinite number of dual frames.
Nevertheless, the canonical dual has been found to be the “optimal” dual in
certain applications [15]. The following result shows that the canonical dual
is also the optimal dual from the point of view of the frame potential.

Proposition 4.6. Let {fm}M
m=1 ⊂ HN be a spanning set. Then the canonical

dual of {fm}M
m=1 is the unique dual having minimal frame potential.

Proof. Let F , F̃ , and G denote the analysis operators of {fm}M
m=1, its canon-

ical dual, and any arbitrary dual frame, respectively. As noted above, the
synthesis operator of the canonical dual is F̃ ∗ = (F ∗F )−1F , which clearly im-

plies F̃ ∗F = I. At the same time, the definition of the arbitrary dual implies
G∗F = I. Subtracting these two expressions gives 0 = (G− F̃ )∗F , which, when
multiplied by (F ∗F )−1, yields

0 = (G− F̃ )∗F (F ∗F )−1 = (G− F̃ )∗F̃ . (4.7)

Using (4.7), G∗G may be expanded in a form in which the middle terms vanish:

G∗G =
[
F̃ + (G− F̃ )

]∗[
F̃ + (G− F̃ )

]
= F̃ ∗F̃ + F̃ ∗(G− F̃ ) + (G− F̃ )∗F̃ + (G− F̃ )∗(G− F̃ )

= F̃ ∗F̃ + (G− F̃ )∗(G− F̃ ).

Lemma 4.4 then gives

FP({gm}M
m=1) = Tr

[
(G∗G)2

]
= Tr

{[
F̃ ∗F̃ + (G− F̃ )∗(G− F̃ )

]2}
. (4.8)

To continue, we expand the square on the right-hand side of (4.8), using
Lemma 4.4 and properties of the trace:
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FP({gm}M
m=1) = Tr

[
(F̃ ∗F̃ )2

]
+ Tr

[
F̃ ∗F̃ (G− F̃ )∗(G− F̃ )

]
+ Tr

[
(G− F̃ )∗(G− F̃ )F̃ ∗F̃

]
+ Tr

{[
(G− F̃ )∗(G− F̃ )

]2}
= FP({f̃m}M

m=1) + 2 Tr

{[
(G− F̃ )F̃ ∗

]∗
(G− F̃ )F̃ ∗

}
+ Tr

{[
(G− F̃ )∗(G− F̃ )

]2}
.

Since
[
(G−F̃ )F̃ ∗]∗(G−F̃ )F̃ ∗ and

[
(G−F̃ )∗(G−F̃ )

]2
are positive semidefinite,

their traces are nonnegative, implying

FP({gm}M
m=1) ≥ FP({f̃m}M

m=1),

with equality if and only if G− F̃ = 0. Thus, the canonical dual is the unique
dual of minimum potential. 	


Having found the unique dual of minimal potential, we next characterize
those sequences for which the sum of their potential and their dual’s potential
is minimal.

Proposition 4.7. A spanning set {fm}M
m=1 ⊂ HN is a minimizer of

FP({fm}M
m=1) + FP({f̃m}M

m=1)

if and only if {fm}M
m=1 is a 1-tight frame for HN .

Proof. Let {fm}M
m=1 ⊂ HN be a spanning set, and let {λn}N

n=1 be the eigen-
values of the corresponding frame operator F ∗F , counting multiplicities. As
the frame operator of the canonical dual is (F ∗F )−1, Lemma 4.4 gives

FP({fm}M
m=1) + FP({f̃m}M

m=1) = Tr
[
(F ∗F )2

]
+ Tr

[
(F ∗F )−2

]
=

N∑
n=1

(λ2
n + λ−2

n ). (4.9)

For any n, λ2
n + 1/λ2

n is minimized by letting λn = 1. Thus, (4.9) is bounded
below by 2N , and this lower bound is achieved if and only if F ∗F = I, that is,
if and only if {fm}M

m=1 ⊂ HN is a 1-tight frame for HN . By letting {fm}M
m=1

be the union of orthonormal bases with the required number of zero vectors,
we see that such frames exist. Thus, the lower bound is indeed a minimum. 	


4.4 The Fundamental Inequality

In the first section, we showed that if there exists a tight frame {fm}M
m=1 for

HN with ‖fm‖ = am for all m, then the fundamental inequality,
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max
m=1,...,M

a2
m ≤ 1

N

M∑
m=1

a2
m,

is satisfied. Furthermore, in the previous section, we showed that if such frames
exist, then they are minimizers of the frame potential FP: S({am}M

m=1)→ R.
In this section, we prove that the converse of the first result is true, and
demonstrate a partial converse of the second.

To begin, recall that the fundamental inequality may be interpreted as
requiring the powers {a2

m}M
m=1 of a tight frame {fm}M

m=1 ∈ S({am}M
m=1) to be

somewhat uniform in distribution. For a more precise definition of a “uniform
distribution” in this context, consider the following result.

Lemma 4.8. For any sequence {cm}M
m=1 ⊂ R with c1 ≥ · · · ≥ cM ≥ 0, and

for any positive integer N , there is a unique index N0 with 1 ≤ N0 ≤ N such
that the inequality

(N − n)cn >

M∑
m=n+1

cm

holds for 1 ≤ n < N0, while the opposite inequality

(N − n)cn ≤
M∑

m=n+1

cm (4.10)

holds for N0 ≤ n ≤ N .

Proof. We begin by pointing out an implicit assumption of this result, namely
that if M < N , any summation over an empty set of indices is regarded as zero.
Let I be the set of indices such that (4.10) holds. Note that I is nonempty
since N ∈ I. Also, if n ∈ I then

[N− (n + 1)]cn+1 = −cn+1 + (N − n)cn+1

≤ −cn+1 + (N − n)cn

≤ −cn+1 +
N∑

m=n+1

cm

=

N∑
m=n+2

cm,

and so n + 1 ∈ I. N0 is therefore uniquely defined as the minimum element
of I. 	


Thus, for a given positive integer N , the index N0 is the place in the
sequence {cm}M

m=1 where the terms cease to be larger than the “average”
of the smaller remaining terms. Of course, this is not a true average unless
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M = N . Nevertheless, one expects the index N0 to be small if the sequence
{cm}M

m=1 is somewhat evenly distributed, and large if {cm}M
m=1 varies greatly.

In the context of sequences {fm}M
m=1 ∈ S({am}M

m=1) ⊂ HM
N , we apply

Lemma 4.8 to the sequence obtained by rearranging the powers {a2
m}M

m=1 in
decreasing order. Let the irregularity of {am}M

m=1 be N0 − 1, where N0 is
the unique index obtained in this manner. The next result characterizes the
fundamental inequality in terms of the irregularity.

Lemma 4.9. For a positive integer N , a nonnegative sequence {am}M
m=1 sat-

isfies the fundamental inequality if and only if the irregularity of {am}M
m=1 is

zero.

Proof. Without loss of generality, we assume {am}M
m=1 is arranged in decreas-

ing order. Thus, {am}M
m=1 satisfies the fundamental inequality if and only if

(N − 1) a2
1 = −a2

1 + N max
m

a2
m ≤ −a2

1 +
N

N

M∑
m=1

a2
m =

M∑
m=2

a2
m,

that is, when the index obtained by applying Lemma 4.8 to {a2
m}M

m=1 is N0 =
1, which is equivalent to an irregularity of N0 − 1 = 0. 	


Thus, for an arbitrary nonnegative sequence {am}M
m=1, the irregularity

serves to measure the degree to which the fundamental inequality is violated,
and partitions the corresponding points {fm}M

m=1 into two camps, one strong
and the other weak. This idea plays a key role in the following result, in
which we completely characterize those sequences in equilibrium under the
frame force, namely the local minimizers of the frame potential.

Theorem 4.10. Let HN be an N -dimensional Hilbert space, let {am}M
m=1 be

a nonnegative decreasing sequence, and let N0 be the minimal index n for
which

(N − n)a2
n ≤

M∑
m=n+1

a2
m (4.11)

holds. Then, any local minimizer of the frame potential FP: S({am}M
m=1) → R

may be partitioned as

{fm}M
m=1 = {fm}N0−1

m=1 ∪ {fm}M
m=N0

,

where {fm}N0−1
m=1 is an orthogonal sequence and {fm}M

m=N0
is a tight sequence

for the orthogonal complement of span{fm}N0−1
m=1 . Moreover, {fm}M

m=N0
is

a tight frame for this complement when the number of nonzero elements of
{am}M

m=1 is at least N .

Proof. Let F be the analysis operator of a local minimizer {fm}M
m=1 of the

frame potential FP: S({am}M
m=1) → R. Let {λj}J

j=1 be the nonnegative de-

creasing sequence of the distinct eigenvalues of F ∗F , and let {Ej}J
j=1 be the
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corresponding sequence of mutually orthogonal eigenspaces. Consider the se-
quence of indexing sets {Ij}J

j=1 defined by

Ij ≡ {m : F ∗Ffm = λjfm} ≡ {m : fm ∈ Ej} ⊆ {1, . . . ,M}.

The remainder of the argument is outlined in the form of seven claims.

1. Each fm is an eigenvector for F ∗F .
2. For any j = 1, . . . , J , {fm}m∈Ij is λj-tight for Ej .
3. For any j < J , {fm}m∈Ij is linearly independent.

4. For any j < J , {λ−1/2
j fm}m∈Ij is an orthonormal basis for Ej .

5. dimEJ = N −M + |IJ | > 0.
6. {N0, . . . ,M} ⊆ IJ .
7. {N0, . . . ,M} = IJ .

Claim 1: Each fm is an eigenvector for F ∗F . The proof of this claim is
essentially the same as that of [2, Thm. 7.3]. As such, we only provide a brief
sketch of the argument. For any m = 1, . . . ,M , consider the function obtained
by allowing the mth argument of the frame potential to vary, while holding
the others constant at the minimizer {fm}M

m=1, namely FPm : HN → R,

FPm(f) = ‖f‖4 + 2
∑

m′ �=m

|〈f, fm′〉|2 + FP({fm′}m′ �=m).

Next, note that since {fm}M
m=1 is a local minimizer of the multi-input func-

tion FP: S({am}M
m=1) → R, then fm is a local minimizer of the single-input

function FPmcolonS(am) → R. Thus, there exists a scalar c for which the
corresponding Lagrange equation,

∇FPm(f) = c∇‖f‖2,

is satisfied at f = fm. These gradients are easily computed:

∇FPm(f) = 4
(
‖f‖2 f +

∑
m′ �=m

〈f, fm′〉 fm′

)
,

∇‖f‖2 = 2f.

Setting these two quantities equal at f = fm gives 4F ∗Ffm = 2cfm, and so
fm is an eigenvector of F ∗F , as claimed.

As a consequence of the first claim, the elements of the minimizer {fm}M
m=1

are partitioned according to the eigenvalues. To be precise, we have

J⋃
j=1

Ij = {1, . . . ,M}, Ij ∩ Ij′ = ∅ ∀j �= j′,

where, without loss of generality, we regard m ∈ IJ if fm = 0.
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Claim 2: For any j = 1, . . . , J , {fm}m∈Ij is λj-tight for Ej. Fix j =

1, . . . , J , and let Fj : Ej → C|Ij| be the analysis operator of {fm}m∈Ij .
Note that as the distinct eigenspaces of F ∗F are mutually orthogonal, then
〈f, fm〉 = 0 for any f ∈ Ej and any m /∈ Ij . Thus, for any f ∈ Ej ,

λjf = F ∗Ff =
M∑

m=1

〈f, fm〉 fm =
∑

m∈Ij

〈f, fm〉 fm = F ∗
jFjf,

and so F ∗
jFj : Ej → Ej satisfies F ∗

jFj = λjI, yielding the claim.

Claim 3: For any j < J , {fm}m∈Ij is linearly independent. Assume to the
contrary that {fm}m∈Ij is linearly dependent for some j with 1 ≤ j ≤ J − 1.
We shall find a sequence of continuous parametrized curves {gm}M

m=1 :
(−1, 1)→ S({am}M

m=1), such that {gm(0)}M
m=1 = {fm}M

m=1, and for which

FP({gm(t)}M
m=1) < FP({fm}M

m=1) (4.12)

for all t in a neighborhood of the origin, contradicting the assumption that
{fm}M

m=1 is a local minimizer of the frame potential. To begin, note that
EJ is at least one-dimensional, being an eigenspace of F ∗F . Fix h ∈ EJ

with ‖h‖ = 1. Since {fm}m∈Ij is linearly dependent, there exists a nonzero
sequence of complex scalars {zm}m∈Ij such that |zm| ≤ 1/2 for all m ∈ Ij ,
and for which ∑

m∈Ij

zm am fm = 0.

For any t ∈ (−1, 1), consider {gm(t)}M
m=1 ⊂ HN given by

gm(t) =

{(
1− t2 |zm|2

)1/2
fm + tzmamh, m ∈ Ij ,

fm, m /∈ Ij .

Clearly these curves are continuous, and {gm(0)}M
m=1 = {fm}M

m=1. To verify
that gm(t) ∈ S(am) for all m = 1, . . . ,M and all t ∈ (−1, 1), note that when
m /∈ Ij , ‖gm(t)‖ = ‖fm‖ = am, as claimed. For the remaining case when
m ∈ Ij , note that since j < J , the corresponding eigenspaces Ej and EJ are
orthogonal, and so 〈fm, h〉 = 0. In this case, since ‖h‖ = 1, the Pythagorean
Theorem gives

‖gm(t)‖2 =
(
1− t2|zm|2

)
‖fm‖2 + t2 |zm|2 a2

m ‖h‖2 = a2
m,

as desired. To prove the remaining property of {gm(t)}M
m=1, namely that (4.12)

holds for all t in a neighborhood of the origin, we derive a Taylor approxima-
tion of FP({gm(·)}M

m=1) : (−1, 1)→ R about t = 0. By the product rule,

d

dt
FP({gm(t)}) = 4 Re

M∑
m=1

M∑
m′=1

〈g′m, gm′〉 〈gm′ , gm〉,
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d2

dt2
FP({gm(t)}) = 4 Re

M∑
m=1

M∑
m′=1

{
〈g′′m, gm′〉 〈gm′ , gm〉+ 〈g′m, g′m′〉 〈gm′ , gm〉

+ 〈g′m, gm′〉 〈g′m′ , gm〉+ 〈g′m, gm′〉 〈gm′ , g′m〉
}
.

Meanwhile, for any m = 1, . . . ,M ,

gm(0) = fm, g′m(0) =

{
zmamh, m ∈ Ij ,

0, m /∈ Ij ,
g′′m(0) =

{
−|zm|2fm, m ∈ Ij ,

0, m /∈ Ij .

Thus, the first-order Taylor coefficient is

d

dt
FP({gm(t)})

∣∣∣
t=0

= 4 Re
∑

m∈Ij

M∑
m′=1

〈zmamh, fm′〉 〈fm′ , fm〉

= 4 Re
∑

m∈Ij

〈F ∗Fzmamh, fm〉

= 4λJRe
∑

m∈Ij

zmam 〈h, fm〉.

We now reuse a fact given earlier in the proof of this claim, namely that
〈fm, h〉 = 0 for all m ∈ Ij . Thus, as the first-order Taylor coefficient is zero,
we compute the second-order coefficient:

1

2

d2

dt2
FP({gm(t)})

∣∣∣
t=0

= 2 Re

{∑
m∈Ij

M∑
m′=1

〈−|zm|2fm, fm′〉 〈fm′ , fm〉 (4.13)

+
∑

m∈Ij

∑
m′∈Ij

〈zmamh, zm′am′h〉 〈fm′ , fm〉 (4.14)

+
∑

m∈Ij

∑
m′∈Ij

〈zmamh, fm′〉 〈zm′am′h, fm〉 (4.15)

+
∑

m∈Ij

M∑
m′=1

〈zmamh, fm′〉 〈fm′ , zmamh〉
}
. (4.16)

To simplify this expression, note that the right-hand side of (4.13) becomes
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∑
m∈Ij

M∑
m′=1

〈−|zm|2fm, fm′〉 〈fm′ , fm〉 = −
∑

m∈Ij

|zm|2 〈F ∗Ffm, fm〉

= −
∑

m∈Ij

|zm|2 λj 〈fm, fm〉

= −λj

∑
m∈Ij

|zm|2 a2
m.

Next, we obtain an alternative expression for (4.14) by moving the scalars
zmam and zm′am′ :

∑
m∈Ij

∑
m′∈Ij

〈h, h〉 〈am′zm′fm′ , amzmfm〉 = ‖h‖2
∥∥∥∥ ∑

m∈Ij

zmamfm

∥∥∥∥2.
Recalling the linear-dependence relation that defined the scalars {zm}m∈Ij ,
we therefore have that the expression in (4.14) is zero. To continue, we again
use the fact that 〈fm, h〉 = 0 for all m ∈ Ij . Thus, the expression in (4.15) is
also zero. Finally, (4.16) becomes

∑
m∈Ij

M∑
m′=1

〈zmamh, fm′〉〈fm′ , zmamh〉 =
∑

m∈Ij

|zm|2 a2
m 〈F ∗Fh, h〉

=
∑

m∈Ij

|zm|2 a2
m λJ 〈h, h〉

= λJ

∑
m∈Ij

|zm|2 a2
m.

Thus, the second-order Taylor coefficient is

1

2

d2

dt2
FP({gm(t)})

∣∣∣
t=0

= 2 (λJ − λj)
∑

m∈Ij

|zm|2 a2
m.

To determine the sign of this coefficient, note that λj > λJ since j < J .
Also, the sequence {zm}M

m=1 is nonzero, by assumption. Furthermore, since
IJ contains the indices of any zero elements of {fm}M

m=1 by decree, then
am = ‖fm‖ > 0 for all m ∈ Ij . Thus, the second-order coefficient is strictly
less than zero. An explicit, straightforward computation reveals that the third
derivative of FP({gm(t)}) is bounded near zero. Thus, by Taylor’s Theorem,
FP({gm(t)}M

m=1) < FP({fm}M
m=1) for all sufficiently small t, a contradiction.

Claim 4: For any j < J , {λ−1/2
j fm}m∈Ij is an orthonormal basis for Ej.

First note that since j < J , we have λj > λJ ≥ 0. This, combined with the
previous two claims, gives that {fm}m∈Ij is a linearly independent λj-tight
frame for Ej . As a tight frame is necessarily a spanning set, {fm}m∈Ij is a

basis for Ej . Thus, |Ij | = dimEj , and so the analysis operator Fj : Ej → C|Ij |,
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which already satisfies F ∗
jFj = λjI, must also satisfy FjF

∗
j = λjI. Letting

{em}m∈IJ be the standard basis for C|Ij|, we have that for any m,m′ ∈ Ij ,

〈fm, fm′〉 = 〈F ∗
j em, F ∗

j em′〉 = 〈FjF
∗
j em, em′〉 = λj 〈em, em′〉.

Thus, {fm}m∈Ij is orthogonal and a2
m = ‖fm‖2 = λj for all m ∈ Ij .

Claim 5: dimEJ = N −M + |IJ | > 0. For any j < J , the previous claim
gives that {fm}m∈Ij is a basis for Ej . Thus,

M =

J∑
j=1

|Ij | = |IJ |+
J−1∑
j=1

|Ij | = |IJ |+
J−1∑
j=1

dimEj = |IJ |+ N − dimEJ .

Thus, dimEJ = N−M + |IJ |. Next, note that EJ is at least one-dimensional,
being an eigenspace of F ∗F . Thus, N −M + |IJ | ≥ 1 > 0, as claimed.

Claim 6: {N0, . . . ,M} ⊆ IJ . We prove the complementary inclusion,
namely IC

J ⊆ {1, . . . , N0 − 1}. Take any n ∈ Ij ⊆ IC
J . We sum the values

a2
m over all m ∈ IJ ∪ {n + 1, . . . ,M} in two different ways, noting that this

set may either be partitioned into IJ ∩ {1, . . . , n} and {n + 1, . . . ,M}, or
alternatively partitioned into IJ and IC

J ∩ {n + 1, . . . ,M}. Thus,

∑
m∈IJ∩{1,...,n}

a2
m +

M∑
m=n+1

a2
m =

∑
m∈IJ

a2
m +

∑
m∈IC

J ∩{n+1,...,M}
a2

m. (4.17)

To estimate the left-hand side of (4.17) from below, note that since {am}M
m=1

is a nonnegative decreasing sequence, then a2
n ≤ a2

m for all m ∈ IJ∩{1, . . . , n}.
Summing over all such m gives

|IJ ∩ {1, . . . , n}| a2
n ≤

∑
m∈IJ∩{1,...,n}

a2
m. (4.18)

To estimate the right-hand side of (4.17) from above, note that a2
m ≤ a2

n for
all m ∈ IC

J ∩ {n + 1, . . . ,M}. Summing over all such m gives∑
m∈IC

J ∩{n+1,...,M}
a2

m ≤ |IC
J ∩ {n + 1, . . . ,M}| a2

n. (4.19)

Applying the estimates of (4.18) and (4.19) to (4.17) gives

|IJ ∩ {1, . . . , n}| a2
n +

M∑
m=n+1

a2
m ≤

∑
m∈IJ

a2
m + |IC

J ∩ {n + 1, . . . ,M}| a2
n,

which reduces to

M∑
m=n+1

a2
m ≤

∑
m∈IJ

a2
m +

(
|IC

J ∩{n+1, . . . ,M}|− |IJ ∩{1, . . . , n}|
)
a2

n. (4.20)
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To simplify the right-hand side of (4.20), first note that the elements IJ may
be partitioned into those indices which lie above n, and those that lie below:

|IJ | = |IJ ∩ {1, . . . , n}|+ |IJ ∩ {n + 1, . . . ,M}|. (4.21)

Next, note that the M − n elements of {n + 1, . . . ,M} may be partitioned
into those elements which are also in IJ , and those that are not:

M − n = |IJ ∩ {n + 1, . . . ,M}|+ |IC
J ∩ {n + 1, . . . ,M}|. (4.22)

Substituting the expression for |IJ ∩ {n + 1, . . . ,M}| from (4.21) into (4.22)
gives

M − n = |IJ | − |IJ ∩ {1, . . . , n}|+ |IC
J ∩ {n + 1, . . . ,M}|,

which gives

|IC
J ∩ {n + 1, . . . ,M}| − |IJ ∩ {1, . . . , n}| = −(n−M + |IJ |). (4.23)

Thus, (4.20) becomes

M∑
m=n+1

a2
m ≤

∑
m∈IJ

a2
m − (n−M + |IJ |) a2

n. (4.24)

To further simplify (4.24), recall from the second claim that {fm}m∈IJ is
λJ -tight for EJ . Proposition 4.1 and the fifth claim therefore give∑

m∈IJ

a2
m = (dimEJ)λJ = (N −M + |IJ |)λJ ,

which reduces (4.24) to

M∑
m=n+1

a2
m ≤ (N −M + |IJ |)λJ − (n−M + |IJ |) a2

n. (4.25)

To proceed, recall that n ∈ Ij for some j < J . The fourth claim consequently

gives that the corresponding scaled frame element λ
−1/2
j fn is an element of an

orthonormal basis for Ej . In particular, λ
−1/2
j fn is a normalized vector, and so

a2
n ≡ ‖fn‖2 = λj > λJ . Since the fifth claim also gives that N −M + |IJ | > 0,

it follows that (N −M + |IJ |)λJ < (N −M + |IJ |) a2
n, providing a simple

upper bound to the right-hand side of (4.25):

M∑
m=n+1

a2
m < (N −M + |IJ |)a2

n − (n−M + |IJ |) a2
n = (N − n) a2

n.

Thus, n does not satisfy the inequality (4.11) given in the statement of the
result. However, N0 is defined to be the minimal index that satisfies (4.11).
In light of Lemma 4.8, this implies n < N0, proving the claim.
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Claim 7: {N0, . . . ,M} = IJ . To prove this claim, we will apply Lemma 4.8
to the sequence {cm}M

m=1 ≡ {a2
m}m∈IJ , taking N ≡ dimEJ . Unfortunately,

the conclusion of the lemma is more complicated to state in this case, due to
the fact that the indices in IJ are not necessarily evenly spaced. Therefore,
rather than state the entire conclusion, we only state the part that we will
need. To be precise, we have that if the inequality(

dimEj − |{1, . . . , n} ∩ IJ |
)
a2

n ≤
∑

m∈IJ , m>n

a2
m (4.26)

holds for a certain n = n0 ∈ IJ , then the same inequality also holds for all
higher indices, that is, for all n = n1 ∈ IJ such that n1 > n0.

To use this fact to prove the claim that {N0, . . . ,M} = IJ , first note that
by the previous claim, it suffices to show {1, . . . , N0−1}∩IJ = ∅. Proceeding
by means of contradiction, assume {1, . . . , N0 − 1} ∩ IJ �= ∅, with minimal
index n0 and maximal index n1. Next, we show that taking n = n0 satisfies
(4.26), guaranteeing that taking n = n1 satisfies (4.26) as well.

To show that n0 satisfies (4.26), note that by the second claim, {fm}m∈IJ

is λJ -tight for EJ . Thus, Proposition 4.1 gives

a2
n0

= max
m∈IJ

a2
m ≤ λJ =

1

dimEJ

∑
m∈IJ

a2
m.

Multiplying this inequality by dimEJ and subtracting a2
n0

gives

(dimEJ − 1) a2
n0
≤

∑
m∈IJ ,m>n0

a2
m. (4.27)

Next, note that since n0 is the minimal index of {1, . . . , N0− 1}∩IJ , then n0

is also the minimal index of IJ . Thus, |{1, . . . , n0} ∩ IJ | = 1, making (4.27):(
dimEj − |{1, . . . , n0} ∩ IJ |

)
a2

n0
≤

∑
m∈IJ , m>n0

a2
m,

verifying that (4.26) holds when n = n0. Thus, (4.26) also holds when n = n1:(
dimEj − |{1, . . . , n1} ∩ IJ |

)
a2

n1
≤

∑
m∈IJ , m>n1

a2
m. (4.28)

To simplify (4.28), recall that n1 is defined to be the maximal element of
{1, . . . , N0− 1}∩IJ , and that the sixth claim gives {N0, . . . ,M} ⊆ IJ . Thus,
IJ may be partitioned as

IJ =
(
{1, . . . , n1} ∩ IJ

)
∪ {N0, . . . ,M}, (4.29)

so that the right-hand side of (4.28) becomes
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∑
m∈IJ , m>n1

a2
m =

M∑
m=N0

a2
m.

The partition given in (4.29) may be used to simplify the left-hand side of
(4.28). Specifically, we have

|IJ | = |{1, . . . , n1} ∩ IJ |+ |{N0, . . . ,M}|

= |{1, . . . , n1} ∩ IJ |+ M −N0 + 1,

implying |{1, . . . , n1} ∩ IJ | = |IJ | −M + N0 − 1. As the fifth claim also gives
dimEJ = N −M + |IJ |, we have

dimEj − |{1, . . . , n1} ∩ IJ | = (N −M + |IJ |)− (|IJ | −M + N0 − 1)

= N −N0 + 1.

Altogether, (4.28) reduces to

(N −N0 + 1) a2
n1
≤

M∑
m=N0

a2
m. (4.30)

Next, since {a2
m}M

m=1 is decreasing and n1 ≤ N0 − 1, then a2
N0−1 ≤ a2

n1
. Thus,

(4.30) implies [
N − (N0 − 1)

]
a2

N0−1 ≤
M∑

m=(N0−1)+1

a2
m,

namely that n = N0 − 1 satisfies the inequality (4.11) given in the statement
of the theorem. However, N0 is defined to be the minimum index n which
satisfies (4.11), a contradiction. Thus, {1, . . . , N0 − 1} ∩ IJ = ∅, as claimed.

To complete the proof we need only summarize our progress. By the first
and seventh claims,

{fm}M
m=1 = {fm}m∈IC

J
∪ {fm}m∈IJ = {fm}N0−1

m=1 ∪ {fm}M
m=N0

,

where, by the fourth claim, {fm}N0−1
m=1 is an orthogonal basis for span{Ej}J−1

j=1 ,

and, by the second claim, {fm}M
m=N0

is tight for EJ , which is the orthogonal

complement of span{fm}N0−1
m=1 = span{Ej}J−1

j=1 . Finally, in the case where

the number of nonzero elements of {am}M
m=1 is at least N , then at least

one element of {fm}M
m=N0

is nonzero. By Proposition 4.1, the corresponding

tightness constant is then positive, and so {fm}M
m=N0

is a tight frame. 	


We note that for the special case of am = 1 for all m, this result reduces to
the main result of [2]. As a consequence of Theorem 4.10, we next demonstrate
the sufficiency of the fundamental inequality, answering the question that
began our chapter.
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Corollary 4.11. Let HN be an N -dimensional Hilbert space, and let {am}M
m=1

be a nonzero nonnegative sequence of real numbers. Then, there exists a tight
frame {fm}M

m=1 for HN with ‖fm‖ = am for all m if and only if {am}M
m=1

satisfies the fundamental inequality.

Proof. The necessity of the fundamental inequality is given by Proposi-
tion 4.1. For the converse, let {am}M

m=1 satisfy the fundamental inequality.
By Lemma 4.9, the regularity N0− 1 of {am}M

m=1 is zero. Next, note that the
frame potential is clearly continuous over the compact set S({am}M

m=1), and
thus has a global minimizer {fm}M

m=1 ∈ S({am}M
m=1). As global minimizers

are necessarily local, Theorem 4.10 gives that {fm}M
m=1 is of the form

{fm}M
m=1 = {fm}0m=1 ∪ {fm}M

m=1

where {fm}M
m=1 is tight for the orthogonal complement of {fm}0m=1 = ∅,

namely HN . By combining Proposition 4.1 with the fact that {am}M
m=1 is

nonzero, we conclude that the tightness constant is positive. 	


As another corollary of Theorem 4.10, we improve upon Proposition 4.5 by
finding the actual minimum value of the frame potential when the fundamental
inequality is violated.

Corollary 4.12. Let HN be an N -dimensional Hilbert space, and let {am}M
m=1

be a nonnegative decreasing sequence of irregularity N0 − 1. Then, any local
minimizer of the frame potential FP: S({am}M

m=1) → R is also a global mini-
mizer, and the minimum value is

N0−1∑
m=1

a4
m +

1

N −N0 + 1

[
M∑

m=N0

a2
m

]2

.

Proof. First note that the frame potential is continuous over the compact set
S({am}M

m=1), and thus has at least one local minimizer. By Theorem 4.10,
any local minimizer of the frame potential consists of an orthogonal sequence
{fm}N0−1

m=1 for whose orthogonal complement the sequence {fm}M
m=N0

is tight.
We compute the frame potential of any such sequence. Since 〈fm, fm′〉 = 0
for any m′ �= m = 1, . . . , N0 − 1,

FP({fm}M
m=1) =

N0−1∑
m=1

|〈fm, fm〉|2 +

M∑
m=N0

M∑
m′=N0

|〈fm, fm′〉|2

=

N0−1∑
m=1

a4
m + FP({fm}M

m=N0
).

Note that the definition of the irregularity N0 implies that the radii {am}N0
m=1

are strictly positive. Thus, the dimension of the span of {fm}N0−1
m=1 is N0 − 1,

and so the dimension of the orthogonal complement is (N − N0 + 1). As
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{fm}M
m=N0

is tight for this space, the frame potential of {fm}M
m=N0

is given
by Proposition 4.5, yielding

FP({fm}M
m=1) =

N0−1∑
m=1

a4
m +

1

N −N0 + 1

[
M∑

m=N0

a2
m

]2

. (4.31)

To summarize, there exists at least one local minimizer of the frame poten-
tial, and all local minimizers attain the same value (4.31). Thus, every local
minimizer is also a global minimizer, and the minimum value is (4.31). 	


The strangeness of the frame force notwithstanding, the physics-based
perspective of frames introduced in Section 4.2 provides a simple, intuitive
explanation of the results above and the fundamental inequality. In particular,
this perspective provides an intuitive reason as to why the minimizers look
like they do, that is, why the points of every minimizing arrangement may
be partitioned into two groups, according to size: larger points that form
an orthogonal collection, and smaller points that form a tight frame for the
orthogonal complement of the span of the larger points.

To elaborate, recall that in real Euclidean spaces, the frame potential is
the total potential energy contained in a system of M points {fm}M

m=1 in
which each point pushes against the others according to the frame force, and
in which the movement of each point is restricted to a sphere of radius am.
Further recall that the frame force causes each point to seek orthogonality
with all others, and that a point on a sphere of a certain radius will generate
a stronger force field than any other point on a smaller sphere. Specifically,
recall that the effective strength of the “push” given off by a point on S(am)
is proportional to its power a2

m.
For an intuitive explanation as to why the minimizers of the frame poten-

tial have the form that they do, imagine the above system acting dynamically
over time, as discussed in Section 4.2. Though each point “wants” to make
the others perpendicular to itself, this is clearly impossible if the number of
nonzero radii am is greater than the dimension N . At the same time, when
a single power a2

m′ is disproportionately large, it is conceivable that the cor-
responding point fm′ may be strong enough to force all the other points into
an orthogonal hyperplane.

Theorem 4.10 verifies that this phenomenon actually occurs, and provides
a quantitative way to determine the degree to which it happens. For example,
consider a decreasing sequence {am}M

m=1 whose irregularity N0 − 1 is at least
one. Let {fm}M

m=1 ∈ S({am}M
m=1) be a local minimizer of the frame potential.

Here, the definition of irregularity gives

a2
1 >

1

N − 1

M∑
m=2

a2
m.

At the same time, Theorem 4.10 guarantees that f1 is necessarily orthogonal
to {fm}M

m=2. Thus, as long as f1 is stronger than the “dimensional average”
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of the remaining points, it is powerful enough to take an entire dimension for
itself, leaving the other points to “fight” over the remaining N−1 dimensions.

These points then repeat the above scenario on a smaller scale. In partic-
ular, if the irregularity of the original sequence is at least two, then

a2
2 >

1

N − 2

M∑
m=3

a2
m.

Here, f2 takes a one-dimensional subspace of the orthogonal complement of
f1 for itself, and lets {fm}M

m=3 fight over the (N − 2)-dimensional leftovers.
This process keeps repeating until eventually, perhaps at N0 = N , we move
beyond the point of irregularity. Here, none of the remaining points {fm}M

m=N0

is strong enough to overcome the others. Forced to share the orthogonal com-
plement of {fm}N0

m=1, these points eventually settle into a tight equilibrium.
In the special case when the fundamental inequality is satisfied, all the points
{fm}M

m=1 will share power with each other, and a tight frame for the entire
space will be asymptotically attained. This, at least, is an intuitive explanation
of the statement of Theorem 4.10.

We conclude this chapter by recognizing Viswanath and Anantharam’s in-
dependent discovery of the fundamental inequality during their investigation
of the capacity region in synchronous code-division multiple access (CDMA)
systems [24]. In a CDMA system, there are M users who share the avail-
able spectrum. The sharing is achieved by “scrambling” M -dimensional user
vectors into smaller, N -dimensional vectors. In terms of frame theory, this
scrambling corresponds to the application of a synthesis operator S = F ∗ cor-
responding to M distinct N -dimensional signature vectors of length N 1/2.
Noise-corrupted versions of these synthesized vectors arrive at a receiver,
where the signature vectors are used to help extract the original user vec-
tors.

Viswanath and Anantharam showed that the design of the optimal sig-
nature matrix S depends upon the powers {pm}M

m=1 of the individual users.
In particular, they divided the users into two classes: those that are oversized
and those that are not, by applying the idea of Lemma 4.8 to {pm}M

m=1. While
the oversized users are assigned orthogonal channels for their personal use, the
remaining users have their signature vectors designed so as to be Welch bound
equality (WBE) sequences, namely, sequences which achieve the lower bound
of Proposition 4.5, which are necessarily tight frames.

When no user is oversized, that is, when the fundamental inequality is
satisfied, Viswanath and Anantharam show that the optimal signature se-
quences S must satisfy SDS∗ = ptotI, where D is a diagonal matrix whose
entries are the powers {pm}M

m=1, and where ptot =
∑M

m=1 pm. By letting
F = N−1/2D1/2S∗, this problem reduces to finding an M × N matrix F

whose mth row is of norm p
1/2
m , and such that F ∗F = (ptot/N)I. That is,

their problem reduces to finding a tight frame for HN of lengths {p1/2
m }M

m=1.
While Viswanath and Anantharam gave one solution to this problem using
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an explicit construction based upon the theory of majorization [18], we have
characterized all solutions to this problem using a physics-related viewpoint
of frame theory.
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Summary. The Balian–Low Theorem is one of many manifestations of the un-
certainty principle in harmonic analysis. Originally stated as a result on the poor
time-frequency localization of generating functions of Gabor orthonormal bases, it
has become a synonym for many general and abstract problems in time-frequency
analysis. In this chapter we present some of the directions in which the Balian–Low
Theorem has been extended in recent years.

5.1 Introduction

The harmonic analysis version of the classical Heisenberg uncertainty princi-
ple states that a function f and its Fourier transform f̂ cannot be too well
localized simultaneously. This statement can be written in the form of the
following inequality:

∀ f ∈ L2(R), ‖f‖42 ≤ 16π2

(∫
R

|f(x)|2|x|2 dx

)(∫
bR
|f̂(ξ)|2|ξ|2 dξ

)
, (5.1)

where f̂ denotes the Fourier transform of f , and R̂ = R. Given f ∈ L2(Rd)
we use the Fourier transform formally defined by

∀ ξ ∈ R̂d, f̂(ξ) = F(f)(ξ) =

∫
Rd

f(x) e−2πix·ξ dx.

The uncertainty principle has many generalizations. We mention here, for ex-
ample, those of Benedetto–Heinig, Beurling–Hörmander, and Cowling–Price,
which involve more general weight functions and various norms, among other
possible extensions. We refer the reader to, e.g., the surveys by Folland and
Sitaram [28], Benedetto, Heil, and Walnut [15], and by Gröchenig [33], and
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the treatise by Havin and Jöricke [35] for extensive treatments of the role of
uncertainty principle inequalities in harmonic analysis.

The inequality (5.1) is one particular way of studying the joint localization

of f and f̂ , and in this context one often speaks of the joint time-frequency
localization of a function f . However, there are other ways to represent the
time-frequency content of a function. One particularly important approach is
the continuous Gabor transform, also called the short-time Fourier transform,
or the windowed Fourier transform. Given f ∈ L2(Rd), the continuous Gabor
transform Sg(f) ∈ L2(R2d) is defined by

Sg(f)(x, ξ) =

∫
Rd

f(t) e−2πit·ξ g(t− x) dt,

for some fixed function g ∈ L2(Rd).
Let Λ ⊂ R2d = Rd ×Rd be a countable set. Provided g ∈ L2(Rd), we may

define a discrete version of Sg in the form of a transformation that assigns to
a function f ∈ L2(Rd) a sequence of numbers

f �→ {〈f, gm,n〉 : (m,n) ∈ Λ},

where the countable collection of functions gm,n is defined by

gm,n(x) = e2πix·ng(x−m),

for (m,n) ∈ Λ ⊂ R2d. This collection of functions is called the Gabor system
or the Weyl–Heisenberg system generated by g and Λ, and we denote it by

G(g, Λ) = {gm,n : (m,n) ∈ Λ}.

The function g is called the generating function or window function of the
Gabor system. When G(g, Λ) is an orthonormal basis for L2(Rd), we refer to it
as a Gabor orthonormal basis. The various theorems in this chapter will involve
different sets Λ, ranging from rectangular lattices to relatively irregular sets.
We shall always either explicitly define Λ or state the structural properties
assumed of it.

Roger Balian [1] and, independently, Francis Low [40], stated the following
result which relates Gabor systems to the classical uncertainty principle.

Theorem 5.1 (Balian–Low Theorem (BLT)). Let ab = 1, and let g ∈
L2(R) have the property that G(g, aZ× bZ) = {gm,n : (m,n) ∈ aZ × bZ} is a
Gabor orthonormal basis for L2(R). Then(∫

R

|g(x)|2|x|2 dx

)(∫
bR
|ĝ(ξ)|2|ξ|2 dξ

)
= ∞. (5.2)

The proofs of Balian and Low both contained a technical gap, but the
result turned out to be correct. A complete proof was given by Battle [6],



5 Recent Developments in the Balian–Low Theorem 81

whose approach was quite different: he used techniques analogous to those
that are used to prove the classical uncertainty principle. The gap in the
original proofs was filled by Coifman, Daubechies, and Semmes in [21], where
the result was also extended to hold for Gabor systems that are exact frames
(also called Riesz bases) for L2(R), cf. [38]. The assumption that ab = 1 is
redundant. We refer the reader to [16] for a more detailed analysis of this and
related facts.

For more on the historical background of the Balian–Low Theorem and
the account of its various proofs, we refer the reader to a beautiful survey
by Benedetto, Heil, and Walnut [16], and to the books by Daubechies [22]
and Gröchenig [32]. For convenience, we follow an established custom and
occasionally refer to the Balian–Low Theorem by the acronym BLT in the
ensuing sections. We refer the reader to a footnote in [37] for a historical
comment on the origin of this acronym.

In Section 5.2 we investigate various recent extensions of the Balian–Low
Theorem. We start by exploring possible generalizations to Gabor systems
generated by functions of several variables, associated with both lattices and
arbitrary countable subsets of R2d. The symplectic lattices stand out naturally
in this context and we consider this particular topic from two different points
of view. We close Section 5.2 with a quick overview of the “no-go” theorems for
Gabor frames generated by several different functions. A natural question in
this context is to determine if the Balian–Low Theorem holds for other pairs
of weights besides the classical |x|2 and |ξ|2 weights. In Section 5.3 we study
the problem of optimality of the weights used in (5.2) and we show that the
exponents of |x|2 and |ξ|2 cannot be decreased by any amount. Finally, in Sec-
tion 5.4, we present a result that is the analogue of the Balian–Low Theorem
for the case of wavelets, i.e., systems generated by dilations and translations of
a single function. This section shows that there are many similarities between
the case of Gabor systems and wavelets.

5.2 Extensions of the Classical Balian–Low Theorem

Let us start by introducing some terminology and notation that will be used
throughout this chapter. We say that a collection {fk : k ∈ Z} ⊂ L2(Rd) of
functions is a frame for L2(Rd), with frame bounds A and B, if

∀ f ∈ L2(Rd), A ‖f‖22 ≤
∑
k∈Z

|〈f, fk〉|2 ≤ B ‖f‖22.

A frame is tight if A = B, and a frame is exact if it is no longer a frame after
removal of any of its elements. Given any frame {fk : k ∈ Z} for L2(Rd), there
exists a dual frame {f̃k : k ∈ Z} for L2(Rd) such that

∀ f ∈ L2(Rd), f =
∑
k∈Z

〈f, fk〉 f̃k =
∑
k∈Z

〈f, f̃k〉 fk, (5.3)
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where the series converge in L2(Rd). The choice of coefficients for expressing
f in terms of {fk : k ∈ Z} or {f̃k : k ∈ Z} is not unique, unless the frame is a
basis. A frame is a basis if and only if it is exact, see, e.g., [16].

Given a frame {fk : k ∈ Z} for L2(Rd), we define the associated frame
operator S on L2(Rd) by

∀ f ∈ L2(Rd), S(f) =
∑
k∈Z

〈f, fk〉 fk.

S is a bounded and invertible map of L2(Rd) onto itself. Given a frame {fk :
k ∈ Z}, the canonical dual frame {f̃k : k ∈ Z} is defined by f̃k = S−1(fk). If
a frame is exact then {fk : k ∈ Z} and {f̃k : k ∈ Z} are biorthogonal, that is,

∀ k, l ∈ Z, 〈fk, f̃l〉 = δk,l,

where δk,l denotes the Kronecker delta function, i.e., δk,l = 1 if k = l, and
δk,l = 0 if k �= l.

Let Λ ⊂ R2d be a countable set. If g ∈ L2(Rd) and Λ generate a Gabor
system which is a frame for L2(Rd), then we shall refer to G(g, Λ) = {gm,n :
(m,n) ∈ Λ} as a Gabor frame for L2(Rd). In the special case where ab > 0,
Λ = aZd × bZd, and G(g, Λ) = {gm,n : (m,n) ∈ aZd × bZd} is a Gabor frame
for L2(Rd), it is elementary to show that S−1(gm,n) = (S−1(g))m,n.

5.2.1 The Balian–Low Theorem in Rd

The first generalization of the Balian–Low Theorem to Rd already appeared in
[36], see also [32]. This result extends a version of the BLT called the Amalgam
Balian–Low Theorem, which is stated in terms of a Wiener amalgam space
W (C0, l

1), defined by

W (C0, l
1) =

{
f : f is continuous and

∑
k∈Zd

‖f(·+ k)‖L∞([0,1]d) <∞
}
.

The next theorem is Corollary 7.5.3 in [36], see also Theorem 8.4.1 in [32].

Theorem 5.2 (Amalgam Balian–Low Theorem). Suppose ab = 1 and
g ∈ L2(Rd). If the Gabor system G(g, aZd×bZd) = {gm,n : (m,n) ∈ aZd×bZd}
is an exact frame for L2(Rd), then

g /∈W (C0, l
1) and ĝ /∈W (C0, l

1).

It was shown in [16] that the classical and amalgam versions of the Balian–
Low Theorem are independent from each other, see Examples 3.3 and 3.4 in
[16]. We refer the reader to [36], [16], [17], and [32] for extended treatments of
the Amalgam Balian–Low Theorem and to [37] for some related open ques-
tions.
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The simultaneous and independent papers [34] and [12] extend the clas-
sical version of the Balian–Low Theorem to the case of d-dimensions. The
fundamental results to be compared in these papers are Theorems 8 and 11
in [34], and Theorems 2.1 and 2.5 in [12]. Let us introduce some necessary
definitions before discussing these results.

Let v, w ∈ Rd be non-zero vectors. We define the following position and
momentum operators, wherever they make sense in L2(Rd):

Pv(f)(x) =

( d∑
j=1

vjxj

)
f(x)

and

Mw(f)(x) = F−1

(( d∑
j=1

wjξj

)
f̂(ξ)

)
(x) = F−1(Pw(f̂))(x),

where v = (v1, . . . , vd) =
∑

vjuj , uj = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the jth
coordinate, and vj ∈ R. These unit vectors uj define the standard Euclidean
basis {uj : j = 1, . . . , d} of Rd. If the vectors v and w in the definitions of Pv

and Mw are elements of the standard basis, then we shall use the notation Pj

and Mj for the operators induced by the jth basis vector uj.
The following result [34], [12], gives a “weak” extension of Theorem 5.1

to the case of exact frames in higher dimensions with a localization condi-
tion stated for general coordinates. The proof is based on Battle’s method [6],
which, in turn, is a standard technique to prove uncertainty principle inequal-
ities. The 1-dimensional Balian–Low Theorem first appeared in this form in
[16].

Theorem 5.3 (Weak Balian–Low Theorem). Let G(g,Z2d) = {gm,n :
(m,n) ∈ Zd × Zd} be an exact frame for L2(Rd) and let G(g̃,Z2d) = {g̃m,n :
(m,n) ∈ Zd ×Zd} be the canonical dual frame. If v, w ∈ Rd satisfy v ·w �= 0,
then

‖Pv(g)‖2 ‖Mw(g)‖2 ‖Pv(g̃)‖2 ‖Mw(g̃)‖2 = ∞. (5.4)

Proof. We may assume without loss of generality that |v| = |w| = 1, where
| · | denotes the Euclidean norm in Rd. We shall proceed with a proof by
contradiction, and assume that all four functions in (5.4) are elements of
L2(Rd). Because of the biorthogonality relations for g and g̃, we compute
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〈Pv(g), g̃m,n〉 = 〈Pv(g), g̃m,n〉 −
( d∑

j=1

vjmj

)
〈g, g̃m,n〉

=

∫
Rd

( d∑
j=1

vj(xj −mj)

)
g(x) g̃(x −m) e−2πin·x dx

= e−2πim·n
∫

Rd

( d∑
j=1

vjxj

)
g̃(x) g(x + m) e−2πin·x dx

= e−2πim·n 〈g−m,−n, Pv(g̃)〉.

(5.5)

From our assumption that Mw(g) ∈ L2(Rd), it follows that the distribu-
tional partial derivative of g, denoted by ∂wg, belongs to L2(Rd). By a stan-
dard result about Sobolev spaces, e.g., [41, Thm. 1.1], there exists a function
h such that g = h a.e., and h is absolutely continuous on almost all straight
lines parallel to the vector w. Thus, the distributional directional derivative
of g coincides with the classical directional derivative Dw(g) a.e., and so

Mw(g)(x) =
1

2πi
Dw(g)(x) a.e.

Moreover, our assumptions imply that Dw(g), Dw(g̃) ∈ L2(Rd). Therefore, us-
ing integration by parts, an appropriate change of variables, and the biorthog-
onality relations between g and g̃, we can compute

〈gm,n,Mw(g̃)〉 =
i

2π

∫
Rd

g(x−m) e2πin·x Dw(g̃)(x) dx

=
1

2πi

∫
Rd

Dw

(
g(x−m) e2πin·x) g̃(x) dx

=
1

2πi

∫
Rd

(
Dw(g)(x−m) e2πin·x + (w · n) g(x−m) e2πin·x) g̃(x) dx

=
e2πim·n

2πi

∫
Rd

(Dw(g)(x) + 2πi (w · n) g(x)) e2πin·x g̃(x + m) dx

= e2πim·n (〈Mw(g), g̃−m,−n〉+ (w · n) δm,0δn,0

)
= e2πim·n 〈Mw(g), g̃−m,−n〉.

(5.6)

Because of (5.5), (5.6), and the frame representation property (5.3), we
have
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〈Pv(g),Mw(g̃)〉 =
∑

m,n∈Zd

〈Pv(g), g̃m,n〉 〈gm,n,Mw(g̃)〉

=
∑

m,n∈Zd

〈g−m,−n, Pv(g̃)〉 〈Mw(g), g̃−m,−n〉

=
∑

m,n∈Zd

〈Mw(g), g̃m,n〉 〈gm,n, Pv(g̃)〉

= 〈Mw(g), Pv(g̃)〉.

(5.7)

It is not difficult to verify that

[Pv,Mw] = − 1

2πi
(v · w) Id, (5.8)

where the commutator is [Pv,Mw] = PvMw−MwPv, and where Id denotes the
identity operator. For example, see [42], where (5.8) appears for the position
and momentum operators associated with the standard basis vectors, cf. [16].
Thus, for functions g, g̃ ∈ L2(Rd), such that Pv(g), Pv(g̃) ∈ L2(Rd) and
Mw(g), Mw(g̃) ∈ L2(Rd), we have

〈Pv(g),Mw(g̃)〉 = 〈Mw(g), Pv(g̃)〉 − 1

2πi
(v · w) 〈g, g̃〉

= 〈Mw(g), Pv(g̃)〉 − 1

2πi
(v · w).

Since we have assumed that v · w �= 0, we obtain a contradiction with our
calculation (5.7). 	


Remark 5.4. We note here that Theorem 5.3 is stated in greater generality in
[34]. It not only applies to exact Gabor frames for L2(Rd), but also applies to
Gabor systems which are exact frames for the subspaces given by their spans.
Gabardo and Han [29, Thm. 1.2] recently proved that a “strong” form of the
BLT also holds in the subspace setting.

Let us also mention that the statement and proof of Theorem 5.3 may be
rewritten, without any difficulties, for Gabor systems associated with arbitrary
lattices Λ in R2d; see Theorem 5.13.

Although Theorem 5.3 is “weak,” it is strong enough to imply the following
two natural generalizations of the BLT. In contrast to the preceding remark,
it is not yet clear if these corollaries extend to arbitrary lattices in the exact
frame case; cf. Theorems 5.8 and 5.11.

Corollary 5.5. Let G(g,Z2d) = {gm,n : (m,n) ∈ Zd × Zd} be an exact frame
for L2(Rd). If v, w ∈ Rd satisfy v · w �= 0, then

‖Pv(g)‖2 ‖Mw(g)‖2 = ∞.
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Proof. In view of Theorem 5.3, it is enough to show that Pv(g) ∈ L2(Rd) if
and only if Pv(g̃) ∈ L2(Rd), and that Mw(g) ∈ L2(Rd) if and only if Mw(g̃) ∈
L2(Rd). This, in turn, was proved by Daubechies and Janssen [23] for the
position and momentum operators associated with the standard basis vectors
(also see [16, Thm. 7.7]). The proof for arbitrary operators Pv and Mw is
analogous, and it uses the d-dimensional Sobolev space argument in the proof
of Theorem 5.3, instead of 1-dimensional considerations. 	


Corollary 5.6. Let ω(x) be any positive quadratic form on Rd and let

G(g,Z2d) = {gm,n : (m,n) ∈ Zd × Zd}

be an exact frame for L2(Rd). Then(∫
Rd

ω(x) |g(x)|2 dx

)(∫
bRd

ω(ξ) |ĝ(ξ)|2 dξ

)
=∞.

Further reformulations of the Balian–Low Theorem are possible for more
general groups than Rd. Gröchenig [31] studies extensions of the BLT in
the context of locally compact Abelian groups, where the problems with non-
existence of canonical weights and differential operators are solved by using
the short-time Fourier transform; cf. [25].

We close this section by showing that the condition v ·w �= 0 is necessary in
Theorem 5.3. Indeed, let us consider the space L2(R2) with the orthonormal
Gabor basis generated by

g(x, y) = χ[0,1](x)F−1(χ[0,1])(y)

and the pair of vectors v = (1, 0) and w = (0, 1). Then

‖Pv(g)‖22 =

∫
R2

|x g(x, y)|2 dx dy

=

∫
R

∣∣xχ[0,1](x)
∣∣2 dx

∫
R

∣∣F−1(χ[0,1])(y)
∣∣2 dy <∞

and

‖Mw(g)‖22 =

∫
R2

|η ĝ(ξ, η)|2 dξ dη

=

∫
R

∣∣F(χ[0,1])(ξ)
∣∣2 dξ

∫
R

∣∣η(χ[0,1])(η)
∣∣2 dη <∞.

5.2.2 Non-Uniform Gabor Systems

The study of non-uniform Gabor systems, i.e., those Gabor systems which are
associated with a set Λ which is not a lattice, has increased in recent years
because of applications of such systems to problems in signal processing. Of
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course, not every Λ generates an orthonormal basis or even a frame. For
example, in order for a Gabor system to have good signal representation
properties, Λ must satisfy certain density conditions, see, e.g., [45], [20].

Before stating a version of the Balian–Low Theorem for non-uniform Ga-
bor systems, we shall need the following lemma, whose proof is similar to the
proof of analogous statements in Theorem 5.3.

Lemma 5.7. Let Λ ⊂ R2d be a countable set with the property that Λ = −Λ.
Let g ∈ L2(Rd), and let G(g, Λ) = {gm,n : (m,n) ∈ Λ} be an orthonormal
basis for L2(Rd). If Pj(g), Mj(g) ∈ L2(Rd), then

〈gm,n, Pj(g)〉 = e2πim·n 〈Pj(g), g−m,−n〉 (5.9)

and
〈gm,n,Mj(g)〉 = e2πim·n 〈Mj(g), g−m,−n〉. (5.10)

The next result is a natural generalization of Theorem 5.1 to the case of
several dimensions. It may be thought of as an extension of Corollary 5.5 to
irregular sets Λ in the case of orthonormal bases and for standard coordinates.
However, it will be proven later (see Theorem 5.11) that the particular choice
of coordinates in Theorem 5.8 is not necessary and that analogous statements
hold for operators Pv and Mw, for arbitrary v, w ∈ Rd.

Theorem 5.8. Let Λ ⊂ R2d be a countable set with the property that Λ = −Λ.
Assume that G(g, Λ) = {gm,n : (m,n) ∈ Λ} is an orthonormal basis for L2(Rd)
for some g ∈ L2(Rd). For any j = 1, . . . , d,

‖Pj(g)‖2 ‖Mj(g)‖2 =∞. (5.11)

Proof. We shall proceed by contradiction, and assume that there exists j ∈
{1, . . . , d} such that Pj(g), Mj(g) ∈ L2(Rd). Because of (5.9), (5.10), the
representation property of bases, and the fact that Λ = −Λ, we obtain

〈Mj(g), Pj(g)〉 =
∑

(m,n)∈Λ

〈Mj(g), gm,n〉 〈gm,n, Pj(g)〉

=
∑

(m,n)∈Λ

〈g−m,−n,Mj(g)〉 〈Pj(g), g−m,−n〉

= 〈Pj(g),Mj(g)〉.

(5.12)

On the other hand, again using the classical result from [41] used in the
proof of Theorem 5.3, we note that Mi(g) ∈ L2(Rd) implies that ∂g/∂xi

exists a.e. Thus, using integration by parts, as in the proof of Theorem 5.3,
yields

〈Mj(g), Pj(g)〉 = 〈Pj(g),Mj(g)〉+
1

2πi
,

which, in turn, leads to a contradiction with the calculation (5.12). 	
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The stronger assumption that {gm,n : (m,n) ∈ Λ} is an orthonormal basis
in Theorem 5.8 and not an exact frame, as it was in Corollary 5.5, is the price
we have paid for extending the BLT from lattices to non-uniform sets. It is
an open question as to whether Theorem 5.8 is valid for exact frames. The
reader may think of this as yet another way in which the uncertainty principle
manifests itself in mathematics.

5.2.3 Gabor Systems Associated with Symplectic Lattices

The standard symplectic form Ω on R2d is defined as

Ω((x, y), (ξ, η)) = x · η − y · ξ,

for any x, y, ξ, η ∈ Rd. A matrix A is symplectic if it preserves the symplectic
form Ω, i.e., Ω(Av,Aw) = Ω(v, w), for all v, w ∈ R2d. The collection of all such
matrices forms the symplectic group, and plays a significant role in different
areas of mathematics, e.g., in the study of Hamiltonian systems. Following
[34] we say that a lattice Λ ⊂ R2d is symplectic if

Λ = rA(Z2d)

for some r ∈ R \ {0} and A a symplectic matrix.
The class of symplectic lattices is important because it contains many

examples of non-separable lattices, i.e., lattices that cannot be represented as
a product of any other two lattices. Because of this, we need a different set
of tools for dealing with Gabor systems associated with such non-separable
lattices.

Let w : R2d → R+ be a weight function with polynomial growth, and such
that w(x1+x2, ξ1+ξ2) ≤ w(x1, ξ1)w(x2, ξ2), for (x1, ξ1), (x2, ξ2) ∈ R2d. Given
a Schwartz function g ∈ S(Rd), and 1 ≤ p ≤ ∞, we define the modulation
space Mp

w to be the set of all tempered distributions f ∈ S ′(Rd) such that

‖f‖Mp
w

=

(∫
R2d

|Sg(f)(x, ξ)|p w(x, ξ)p dx dξ

)1/p

<∞.

Different functions g ∈ S(Rd) yield equivalent norms for M p
w, e.g., see [32,

Prop. 11.3.2]. For our purposes, modulation spaces associated with the fol-
lowing weights are relevant:

∀ j = 1, . . . , d, mj(x, ξ) = (1 + |xj |2 + |ξj |2)1/2

and
m(x, ξ) = (1 + |x|2 + |ξ|2)1/2.

Indeed, if g ∈ L2(Rd), then

g ∈M2
mj

⇐⇒ ‖Pj(g)‖2 ‖Mj(g)‖2 <∞
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and

g ∈M2
m ⇐⇒

(∫
Rd

|x|2|g(x)|2 dx

) (∫
bRd

|ξ|2|ĝ(ξ)|2 dξ

)
<∞,

see [34].
Theorem 10 in [34] gives the following generalization of the Balian–Low

Theorem to the case of exact Gabor frames associated with a symplectic
lattice.

Theorem 5.9. Let Λ ⊂ R2d be a symplectic lattice. Assume that g ∈ L2(Rd),
and that G(g, Λ) = {gm,n : (m,n) ∈ Λ} forms an exact frame for L2(Rd).
Then,

∃ j ∈ {1, . . . , d} such that g /∈M 2
mj

,

and further,
g /∈M2

m.

We note here that, besides the assumption about the structure of the set Λ,
the statement of Theorem 5.9 is weaker than the statement of Theorem 5.8
in the sense that it only claims existence of some j ∈ {1, . . . , d} for which
‖Pj(g)‖2 ‖Mj(g)‖2 = ∞. This brings up the open questions of whether the
Balian–Low Theorem for exact frames for L2(Rd) extends to sets Λ which are
more general than symplectic lattices and whether ‖Pj(g)‖2 ‖Mj(g)‖2 = ∞
holds for all j = 1, . . . , d.

The following result, different but closely related to Theorem 5.9, is due to
Feichtinger and Gröchenig [25]. It also appears as Theorem 12 in [34], where
it is shown to be a consequence of the Amalgam BLT.

Theorem 5.10. Let Λ ⊂ R2d be a symplectic lattice. If g ∈ L2(Rd), and
G(g, Λ) = {gm,n : (m,n) ∈ Λ} forms an exact frame for L2(Rd), then

g /∈M1
1 .

Next, we show that the choice of coordinates in Theorem 5.8 (see also
Theorem 5.9) is not canonical, i.e., there is no preference for choosing the di-
rectional derivatives ∂j and multiplications by the standard basis coordinates
xj . This means that one can work in any representation of Rd.

Before stating the next result, let us define the following differential op-
erator associated with a vector v = (v1, . . . , v2d) ∈ R2d, by its action on a
function h as follows:

Qv(h)(x) =
1

2πi
∇(h)(x) + f(x)h(x), (5.13)

where

∇ =

d∑
k=1

vk+d
∂

∂xk



90 Wojciech Czaja and Alexander M. Powell

and

f(x) =

d∑
k=1

vkxk.

Theorem 5.11. Let Λ ⊂ R2d be a countable set with the property that Λ =
−Λ. For a function g ∈ L2(Rd), assume that G(g, Λ) = {gm,n : (m,n) ∈ Λ}
forms an orthonormal basis for L2(Rd). For any two vectors v, w ∈ R2d for
which the symplectic form is non-vanishing, i.e.,

Ω(v, w) �= 0,

we have
‖Qv(g)‖2 ‖Qw(g)‖2 = ∞. (5.14)

Remark 5.12. The above result is precisely Theorem 3.6 in [12]. The proof
presented there depends on defining a generalized Fourier transform which,
in turn, allows one to reduce a rather general and comprehensive problem
to the Balian–Low Theorem in the standard coordinates as formulated in
Theorem 5.8. The main motivation comes from the fact that for any two
vectors v, w ∈ R2d,

[Qv, Qw] =
1

2πi
Ω(v, w) Id.

This approach is based on the quantum mechanical point of view and thus is
both straightforward and natural.

Here, however, we present another elegant proof that was suggested to us
by Professor Tim Steger. It is based on the metaplectic representation µ(A)
of symplectic matrices, which is a unitary operator such that

∀ z ∈ R2d, TA(z) = µ(A)Tzµ(A)−1.

Proof (of Theorem 5.11). Fix j ∈ {1, . . . , d}. Let S be a symplectic matrix.
It follows from the definition of the metaplectic representation that, if {gm,n :
(m,n) ∈ Λ} is an orthonormal basis for L2(Rd), then so is {µ(S)(g)m,n :
(m,n) ∈ S(Λ)}; cf. [32, Prop. 9.4.4].

Next, choose a symplectic matrix S such that

S(v) = ej and S(w) = ed+j,

where {ej : j = 1, . . . , 2d} is the standard basis in R2d. This can be done since
Ω(v, w) �= 0.

Theorem 5.8 implies that

‖Pj(µ(S)(g))‖2 ‖Mj(µ(S)(g))‖2 =∞,

or, equivalently, because of the unitarity of the metaplectic representation,

‖µ(S−1) (Pj(µ(S)(g))) ‖2 ‖µ(S−1) (Mj(µ(S)(g))) ‖2 = ∞. (5.15)
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Finally, we use the following invariance property of the Weyl calculus of
pseudodifferential operators:

Op(a ◦ S−1) = µ(S−1) ◦Op(a) ◦ µ(S),

see, e.g., [46, XII.7.5d]. This observation asserts that the operators in (5.15)
are in fact the operators Qv and Qw, respectively. 	


In view of the above proof, the reader may think of Theorem 5.11 as a
result which states that a change of variables is possible in Theorem 5.8, as
long as the symplectic form remains non-zero.

We close this section with a generalization of the Weak BLT (Theorem 5.3)
to the case of general lattices. This is Theorem 3.7 in [12].

Theorem 5.13. Let Λ ⊂ R2d be an arbitrary lattice. For a function g ∈
L2(Rd), assume that G(g, Λ) = {gm,n : (m,n) ∈ Λ} forms an exact frame for
L2(Rd) and let g̃ be the canonical dual to g. For any two vectors v, w ∈ R2d

for which the symplectic form is non-vanishing, we have

‖Qv(g)‖2 ‖Qw(g)‖2 ‖Qv(g̃)‖2 ‖Qw(g̃)‖2 =∞.

5.2.4 Multiwindow Gabor Systems

Various attempts have been made to overcome the localization obstruction
posed by the Balian–Low Theorem [47]. One of them was the question of Zeevi
and Zibulski, who asked whether one can construct well-localized Gabor-type
frames if several generating functions, instead of one, are used. More precisely,
they considered systems of functions of the form

gl
m,n(x) = e2πixnb gl(x−ma), m, n ∈ Z, l = 1, . . . , L, (5.16)

for some positive constants 0 < a, b and 0 < L < ∞. The first difficulty
is to find the right analogue of the critical density, which in the case of a
Gabor system with one generator is 1. It was shown in [47] that, for multiply
generated systems, one needs to consider

ab = L.

When this is the case we have yet another manifestation of the Balian–Low
Theorem, see [47], [43].

Theorem 5.14. Let gl ∈ L2(R), l = 1, . . . , L, and let ab = L. If the system
{gl

m,n : m,n ∈ Z, l = 1, . . . , L} is a frame for L2(R), then there exists
l ∈ {1, . . . , L} such that(∫

R

|x|2|gl(x)|2 dx

)(∫
bR
|ξ|2|ĝl(ξ)|2 dξ

)
=∞.
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The proof of Theorem 5.14 is based on the method of Coifman, Daubechies,
and Semmes [21].

A different approach to the study of Gabor-type systems associated with
several generating functions is due to Balan, see e.g., [2], [3]. He studies frames
and Riesz bases for the Hilbert space L2(R,CN ) = L2(R)⊕ · · · ⊕ L2(R) with
the inner product defined as

〈〈f1 ⊕ · · · ⊕ fN , g1 ⊕ · · · ⊕ gN 〉〉 =

N∑
j=1

〈fj , gj〉,

where 〈·, ·〉 is the standard inner product in L2(R). Gabor systems, also called
super Gabor sets in this context, are the collections of ordered N -tuples of
classical Gabor systems with different generators:

G(g1, . . . , gN ; a, b) = {g1
ma1,nb1 ⊕ · · · ⊕ gN

maN ,nbN
: m,n ∈ Z}.

The notion of a frame or a Riesz basis for L2(R,CN ) is different than the
notion of multiwindow Gabor frames of Zeevi and Zibulski. For example,
if G(g1, . . . , gN ; a, b) is a frame for L2(R,CN ), then each of the systems
{gj

maj,nbj
: m,n ∈ Z}, j = 1, . . . , N , is a frame for L2(R), but the con-

verse implication does not hold. Still, various versions of Balian–Low type
theorems hold for Riesz bases in L2(R,CN ), see Lemma 3.1, Theorem 3.2,
and Theorem 3.4 in [2].

5.3 Optimality of the Balian–Low Theorem

The results of Section 5.2, e.g., Corollary 5.6, show that various functions can
be used as weights in the statement of the Balian–Low Theorem. It is therefore
natural to ask if the BLT is sharp. That is, can one replace the weights |x|2
and |ξ|2 in (5.2) with something smaller? We shall show in this section that
one cannot expect to have the Balian–Low “phenomenon” with powers of |x|
and |ξ| less than 2.

Our construction uses the Zak transform, which is formally defined for a
function f ∈ L2(R) as

Z(f)(x, ξ) =
∑
m∈Z

f(x + m) e−2πimξ = Ffx(ξ), (x, ξ) ∈ R× T,

where fx(k) = f(x+k), for x ∈ [0, 1] and k ∈ Z, and where Ffx is the Fourier
transform of the sequence {fx(k)}. Z is a unitary operator from L2(R) to
L2([0, 1]×T), and it has been used extensively in the study of Gabor systems,
e.g., [39], [26], [27].

An elementary consequence of the unitarity of Z is the following criterion
for Gabor orthonormal bases, e.g., [9].
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Proposition 5.15. Let g ∈ L2(R). The set of functions G(g,Z2) = {gm,n :
(m,n) ∈ Z×Z} is an orthonormal basis for L2(R) if and only if |Z(g)(x, ξ)| =
1 a.e., for (x, ξ) ∈ [0, 1]× T.

In view of Proposition 5.15, we shall construct a function g so that
Z(g)(x, ξ) has the smallest possible singular support, i.e., the smallest pos-
sible closed set of points where the function is not infinitely differentiable. We
expect that if Z(g) only has a single singularity, then this will give rise to
good decay properties for g and ĝ.

For our construction, we need to introduce a few auxiliary functions. Let
ϕ ∈ C∞(R) be a function with the following properties:

ϕ(x) = −1, for x ∈ (−∞, 0],
ϕ(x) = 0, for x ∈ [1,∞),
ϕ(x) ∈ [−1, 0], for all x ∈ R.

Let ψ(x) = χ[0,∞)(x)xa, where a > 0 is a fixed number.

Given 0 < ε < 1
8 , let γ ∈ C∞(R) be a function that satisfies

supp(γ) ⊆ [−2ε, 2ε], γ(x) = 1 for x ∈ [−ε, ε],

and
γ(x) ∈ [0, 1] for all x ∈ R.

The next lemma (Lemma 2.2 in [11]) is the basis for our construction.

Lemma 5.16. There exists a function H : [− 1
2 , 1] × [0, 1], with the following

properties (see Fig. 5.1):

(1) H(x, ξ) = 0 for x ∈ [− 1
2 , 0];

(2) H(x, ξ) = ϕ
(

ξ
ψ(x)

)
for x ∈ (0, 2ε], where ε > 0 is as in the definition of γ;

(3) H(x, 0) = 0 for x ∈ [− 1
2 , 0] and H(x, 0) = −1 for x ∈ (0, 1];

(4) H(1 + x, ξ) = H(x, ξ) + (ξ − 1) for x ∈ [− 1
2 , 0];

(5) the function e2πiH(x,ξ) : [− 1
2 , 1] × T → C is of class C∞ away from the

points (0, 0) and (1, 0).

Note that the function H has two singularities in [− 1
2 , 1]× [0, 1]. However,

it is easy to find a unit square in the domain of H with a single point of
singularity—the minimal singular support mentioned earlier.

Let a > 0 be fixed and define H as in Lemma 5.16, and set

h(x, ξ) = e2πiH(x,ξ),

for (x, ξ) ∈ [− 1
2 , 1]× T. By property 4 of Lemma 5.16, the function h can be

extended to R× T by means of the formula
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Fig. 5.1. The function H from Lemma 5.16.

h(k + x, ξ) = h(x, ξ) e2πik(ξ−1) = h(x, ξ) e2πikξ .

Finally, define the function g = ga on R by means of the inverse Zak transform
of h, i.e.,

g(k + x) = Z−1(h)(k + x), (5.17)

where k ∈ Z, x ∈ [− 1
2 ,

1
2 ). We write g = ga to emphasize the dependence of g

on the constant a used above in the definition of ψ.
Notice that the function h, defined as an exponential function with imag-

inary exponent, is equal to 1 in absolute value. Thus, from Proposition 5.15,
it follows that the function g, which is the inverse Zak transform of h, gen-
erates a Gabor orthonormal basis for L2(R). Moreover, it is not difficult to
see that the function h extended periodically to (0, 1) × R is infinitely dif-
ferentiable. Therefore, the function h extended to R × R is of class C∞ away
from the set Z × {0}. In view of Proposition 5.15 and the fact that there
does not exist a smooth function h on [0, 1] × T with the property that
Z(h)(k + x, ξ) = Z(h)(x, ξ) e2πikξ , k ∈ Z, a set like Z × {0} is the small-
est singular support that one expects for the Zak transform of a generator of
a Gabor orthonormal basis.

We now state the main result of this section; cf. Theorem 3.11 in [11].
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Theorem 5.17. If A = 1 + 1/a, B = a+ 1, and ε > 0, then the function g =
ga ∈ L2(R) defined in (5.17) has the property that G(g,Z2) = {gm,n : (m,n) ∈
Z× Z} is a Gabor orthonormal basis for L2(R), with∫

R

|g(x)|2 1 + |x|A

log1+ε(2 + |x|)
dx <∞,

and ∫
bR
|ĝ(ξ)|2 1 + |ξ|B

log2+ε(2 + |ξ|)
dξ <∞.

In particular, for a = 1, we have A = B = 2. Thus, the function g = g1 is
almost “optimal” from the point of view of Theorem 5.1; that is, both g and ĝ
are square integrable with respect to all weights |x|α, α < 2. This means that
one cannot make the Balian–Low Theorem any more restrictive by changing
the exponents of the weights.

In addition, we also see that Theorem 5.17 yields the optimality of the
multidimensional Balian–Low Theorem. In fact, it is easy to see that the
function

g(x1, . . . , xd) = g1(x1) · · · g1(xd),

associated with the lattice Λ = Z2d, generates a Gabor orthonormal basis for
L2(Rd), and has the property that

∀ j = 1, . . . , d, ∀α ∈ (0, 2),

(∫
Rd

|xj |α|g(x)|2 dx

)(∫
bRd

|ξj |α|ĝ(ξ)|2 dξ

)
<∞.

This answers in the affirmative a question posed in [11] about optimality of
the BLT in dimensions higher than 1. Additional results concerning optimality
in the Balian–Low Theorem can be found in [14].

5.3.1 (p, q) Balian–Low Theorems

The choice of constants A and B in Theorem 5.17 yields

1

A
+

1

B
= 1. (5.18)

It is natural to ask, in this context, if given a generating function g ∈ L2(R)
of a Gabor orthonormal basis or exact frame, and constants 1 < A, B < ∞
such that (5.18) holds, is it possible that the time and frequency localization
integrals ∫

R

|x|A|g(x)|2 dx and

∫
bR
|ξ|B|ĝ(ξ)|2 dξ

are both finite? This question remains open in all cases other than the classical
one, i.e., A = B = 2. We note the following corollary of the work of Feichtinger
and Gröchenig in [30] and [25]; see also Theorem 3.14 in [44], and [13].
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Theorem 5.18 ((p, q) Balian–Low Theorem). Let 1 < p, q < ∞ be such
that 1

p + 1
q = 1, and let ε > 0. Let g ∈ L2(R) have the property that G(g,Z2) =

{gm,n : (m,n) ∈ Z× Z} is a Gabor orthonormal basis for L2(R). Then(∫
R

|g(x)|2|x|(p+ε) dx

)(∫
bR
|ĝ(ξ)|2|ξ|(q+ε) dξ

)
=∞. (5.19)

Because ε is arbitrary, Theorem 5.17 again may be seen as the “optimality”
result for the above version of the Balian–Low Theorem, in the sense that the
exponents of the weights cannot be decreased below p and q, respectively.

The following extension to the case (p, q) = (1,∞) is studied in [13].

Theorem 5.19 ((1,∞) Balian–Low Theorem). Let g ∈ L2(R) have the
property that G(g,Z2) = {gm,n : (m,n) ∈ Z×Z} is a Gabor orthonormal basis
for L2(R). Then(∫

R

|g(x)|2|x| dx
)(

sup
N>0

∫
bR
|ĝ(ξ)|2|ξ|N dξ

)
= ∞. (5.20)

An optimality result for this (1,∞) version of the Balian–Low Theorem is
obtained by considering the function g ∈ L2(R) defined by ĝ(ξ) = χ[0,1](ξ).
Then G(g,Z2) = {gm,n : (m,n) ∈ Z × Z} is a Gabor orthonormal basis for
L2(R), and it is easy to verify that for all 0 ≤ ε < 1,∫

R

|x|1−ε|g(x)|2dx <∞ and sup
N>0

∫
bR
|ξ|N |ĝ(ξ)|2dξ <∞.

5.4 Wavelets and Uncertainty Principles

Although the Balian–Low Theorem and its generalizations are stated for Ga-
bor systems, there are also similarly motivated results for other classes of
orthonormal bases and exact frames. Zeevi and Zibulski [47] considered mul-
tiwindow systems of the form

∀m,n ∈ Z and l = 1, . . . , L, gl
m,n,φ(x) = gl(x− n)φm(x),

where the kernels {φm : m ∈ Z} form a frame for L2([0, 1]) and each function
φm is 1-periodic. Gabor systems with the kernels e2πimx are just one example
of such systems. The Balian–Low phenomenon still holds in this general case
[47]. Another example of the universality of the BLT arises in the work of
Balan and Daubechies [5], who studied properties of the optimizers of certain
problems in stochastic signal analysis.

Even more general systems can be studied when the localization condi-
tion (5.2) is stated for all elements of the basis, not just for the generating
function. Given g ∈ L2(R) of norm one, and 1 < a < ∞, we define the
generalized variance of g as
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∆2
a(g) = inf

x0∈R

∫
|x− x0|a|g(x)|2 dx.

It is straightforward to verify, e.g., [10], that the elements of a Gabor system
G(g,Z2) = {gm,n : (m,n) ∈ Z× Z} satisfy

∀m,n ∈ Z, ∆2
a(gm,n) = ∆2

a(g) and ∆2
a(ĝm,n) = ∆2

a(ĝ). (5.21)

In these terms, the Balian–Low Theorem states that if {gm,n : (m,n) ∈ Z×Z}
is a Gabor orthonormal basis for L2(R), then either all ∆2

2(gm,n) are infinite,
or all ∆2

2(ĝm,n) are infinite. On the other hand, given 0 < a < 2, Theorem 5.17
provides an example of a Gabor orthonormal basis {gm,n : (m,n) ∈ Z × Z}
such that

sup
m,n∈Z

∆2
a(gm,n) <∞ and sup

m,n∈Z

∆2
a(ĝm,n) <∞. (5.22)

Bourgain [19] constructed non-Gabor orthonormal bases {bm,n : m,n ∈ Z}
for L2(R) such that (5.22) holds with a = 2; see also [18] for a non-symmetric
extension.

But perhaps the most striking similarity to the Balian–Low Theorem as
we know it is evident from the work of Battle on localization of wavelets [7],
[8]. An a-adic wavelet is a system that is generated from a single function
ψ ∈ L2(R) by a countable family of translations and dilations, i.e.,

∀x ∈ R, ψj,k(x) = aj/2ψ(ajx− k),

where j, k ∈ Z and a is some positive constant. It is well known that gener-
ators of such systems, e.g., Meyer wavelets, can possess good time-frequency
localization, and thus they do not obey the restrictions posed by the Balian–
Low Theorem as they are stated, e.g., in (5.2). However, the following result
of Battle [7] shows that there are nonetheless some mild restrictions on the
time-frequency localization of wavelets.

Theorem 5.20. Let ψ ∈ L2(R). If the a-adic wavelet {ψj,k : j, k ∈ Z} is an
orthogonal system, then the generating function ψ cannot have exponential
localization in both time and frequency:(∫

R

|ψ(x)|2e|x| dx
)(∫

bR
|ψ(ξ)|2e|ξ| dξ

)
=∞.

The method of proof of Theorem 5.20 is quite different from the known
proofs of the Balian–Low Theorem. It is based on a relation between smooth-
ness and vanishing moments of orthogonal wavelets. Battle’s result was later
extended by Benedetto, Heil, and Walnut [15].

Dziubański and Hernández [24] have shown that this result is sharp. In-
deed, they constructed a wavelet ψ ∈ L2(R) with subexponential decay, i.e.,

∀ ε > 0, ∃C > 0 such that ∀x ∈ R, |ψ(x)| ≤ Ce−|x|1−ε

,
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and such that ψ̂ has compact support.
Another Balian–Low type result for wavelets is also due to Battle [8];

see also [4] for some extensions. An a-adic wavelet state is a wavelet {ψj,k :
j, k ∈ Z} with the property that the sets Ψj = {ψj,k : k ∈ Z} are mutually
orthogonal to each other. The following result is Theorem 1.1 in [8]. Recall
that P and M are the classical position and momentum operators defined in
Section 5.2.

Theorem 5.21. Let ψ ∈ L2(R) and let a > 0. If {ψj,k : j, k ∈ Z} is an a-adic
wavelet state, then

‖P (ψ)‖2‖M(ψ)‖2 ≥
1

4π

1

1− 1√
a

‖ψ‖22. (5.23)

As is suggested by the use of position and momentum operators, Theo-
rem 5.21 is in fact proved with standard uncertainty principle techniques. The
key is the addition of the generator R of the group of dilations, in the sense
of Stone’s theorem:

e2πiaR(ψ)(x) = ea/2ψ(eax).

We note that when we let a→∞, then the constant in (5.23) tends to 1/(4π),
which is the universal constant from the uncertainty principle (5.1).

It is interesting to note that completeness plays no role in the proofs of
Battle’s results, since only orthogonality is assumed.
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Some Problems Related to the Distributional
Zak Transform

Jean-Pierre Gabardo
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Ontario L8S 4K1, Canada
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Summary. We define the distributional Zak transform and study some of its prop-
erties. We show how the distributional Zak transform can be used as an effective tool
in the theory of Gabor systems where the window function belongs to the Schwartz
class S(R) and where the product of the parameters defining the Gabor system is
rational. In particular, we obtain a necessary and sufficient condition for the linear
span of such a Gabor system to be dense in S(R) in the topology of S(R) and, if this
is the case, we show that a dual window in the Schwartz class can be constructed.
We also characterize when such a Gabor system satisfies the Riesz property.

Dedicated to John Benedetto.

6.1 Introduction

In 1987, I was a Ph.D. student of John J. Benedetto writing my thesis on
a topic involving distributions and Fourier transforms. More recently, I be-
came interested in Gabor systems and did some work on them jointly with
Deguang Han, mainly in the context of L2(Rd). Hence, since this is a paper
in honor of John, I thought it would be appropriate for my contribution to
include both topics. So the obvious choice was to consider Gabor systems
in distributional spaces. Since the Zak transform is such a powerful tool for
dealing with Gabor systems in L2(R), it is natural to want to extend it to
spaces of distributions, in particular to the space of tempered distributions on
S′(R). This was actually done by Janssen in 1982 [13] by formally replacing
the function g ∈ L2(R) in formula (6.1) below by a distribution in S ′(R) and
showing that the corresponding series, where each term is viewed as a tensor
product of distributions of one variable, converges in S ′(R2). Another point
of view, using the theory of Boehmians, was also used more recently in [18] to
define the Zak transform of a tempered distribution in a more algebraic way.
In this chapter, we will follow a somewhat different approach which empha-
sizes the role that duality plays in the theory. Our goal in this paper is thus
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first to develop our approach to the distributional Zak transform and secondly
to consider certain problems whose solutions require in a natural way the use
of the distributional Zak transform.

In Section 6.2, we recall the definition of the Zak transform in L2(R) and
characterize the image of the Schwartz space S(R). The Zak transform of
a distribution in S ′(R) is defined by duality and the image of S ′(R) is also
characterized. We will show that, in both cases, the Zak transform is in fact a
topological isomorphism between the original space and its image under the
Zak transform. In Section 6.3, we consider Gabor systems on R with associated
parameters α, β > 0, αβ ∈ Q, and a window in the Schwartz class S(R), and
we characterize in terms of the Zak transform of the window when the span
of the corresponding Gabor system is dense in S(R) in the topology of S(R).
This can only happen when αβ < 1. In contrast, it is well known (see [1],
[5], [16]) that if the window is taken in L2(R), the fact that the span of the
corresponding Gabor system is dense in L2(R) implies that αβ ≤ 1 and the
case αβ = 1 can certainly occur.

We also consider the question as to whether or not such a system satisfies
the Riesz property. We again characterize whether or not the system satisfies
this property in terms of the Zak transform of the window function and show
that this property can only be satisfied when αβ > 1. Note that the validity
of the Riesz property for a Gabor system in L2(R) (with the obvious changes
in the definition of Riesz property) implies that αβ ≥ 1 and the case αβ = 1
can certainly occur (for example, for an orthonormal Gabor system). Finally,
we show in Section 6.4, again in the case where αβ ∈ Q, that if the linear span
of a Gabor system with a window in S(R) is dense in S(R), then the system
admits a dual window which is also in S(R) and allows for a reconstruction
formula valid for every tempered distribution on R, given in terms of a series
converging in the topology of S ′(R). We refer the reader to [4] and [9] for the
known results and references on Gabor systems, especially in the irrational
case.

We note that we will sometimes use the notation T (t) (resp. R(t, ν)), for a
distribution on R (resp. R2), which is a slight abuse of notation, but is often
very useful, in particular when considering translates of such distributions.

6.2 The Distributional Zak Transform

The Zak transform is an important tool widely used in the theory of Gabor
or Weyl–Heisenberg systems (see, for example, [6], [7], [10]) and, since such
systems appear typically within the framework of L2(R), the Zak transform is
usually defined only on the space L2(R). It is perhaps not widely known that
the Zak transform can also be defined on the space of tempered distributions
on the real line, S ′(R). The definition of the Zak transform on the space S ′(R)
is due to Janssen [13].
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In this section, we will first recall the definition of the Zak transform on
L2(R), state its main properties and then we will show how this definition
and those properties can be extended to the space S ′(R). In doing so, we will
follow a different approach than that of Janssen, which perhaps emphasizes
more the role of the duality between distributions and test functions.

Definition 6.1. If α > 0 is a parameter and g ∈ L2(R), we denote by Zαg
the Zak transform of g defined by

Zαg(t, ν) = α−1/2
∑
k∈Z

g
( t− k

α

)
e2πikν , (6.1)

for (t, ν) ∈ R2.

Note that the series in (6.1) converges in L2
loc(R

2). Thus, the Zak transform
maps functions on the line to functions on the plane and, in fact, maps L2(R)
functions to a subspace of L2

loc(R
2). It is easily shown that Zα is a unitary map

from L2(R) to L2(I× I), where I = [0, 1]. We have thus, for any f, g ∈ L2(R),∫
R

f(x) g(x) dx =

∫∫
I2

Zαf(t, ν)Zαg(t, ν) dt dν. (6.2)

If the Zak transform of some L2(R)-function is known on the unit square
I × I, then its values on all of R2 can be recovered almost everywhere on
R2 using the quasi-periodicity relations that the Zak transform of a function
must satisfy: if G(t, ν) = Zαg(t, ν), then

G(t + m, ν) = e2πimν G(t, ν), m ∈ Z, (6.3)

G(t, ν + n) = G(t, ν), n ∈ Z. (6.4)

The inverse Zak transform is defined on the space of locally square-integrable
functions G on R2 satisfying the quasi-periodicity relations (6.3) and (6.4) by
the formula (

Z−1
α G

)
(x) = α1/2

∫
I

G(αx, ν) dν, x ∈ R. (6.5)

Another important property of the Zak transform is the following: for any
g ∈ L2(R), we have

Zα

[
e2πimαx g

(
x− n

α

)]
(t, ν) = e2πimt e−2πinν Zαg(t, ν), m, n ∈ Z. (6.6)

Our next goal is to use duality and formula (6.2) to define the Zak trans-
form of a tempered distribution on R (see [17], [3] for the definition and
properties of tempered distributions). In order to do so, we first have to study
the Zak transform of the functions in the Schwartz space S(R). Recall that
S(Rd) consists of the complex-valued infinitely differentiable functions ϕ(x)
on Rd satisfying
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||ϕ||m,k := sup
x∈R

d

|β|≤k

|(1 + ‖x‖2)m Dβϕ(x)| <∞, for all m, k ∈ N, (6.7)

where β = (β1, . . . , βn) is a multi-index and ‖ · ‖ denotes the standard Eu-
clidean norm on Rd. The seminorms defined by the right-hand side of (6.7)
can be used to make S(Rd) a topological vector space (see [17]), in fact a
Fréchet space, but in what follows, we will only be concerned with conver-
gence of sequences in S(Rd). A sequence of functions {ϕn}n≥0 in S(Rd) is
said to converge in S(Rd) to the function ϕ ∈ S(Rd) if ||ϕn − ϕ||m,k → 0 as
n→∞ for all (m, k) ∈ N2. The subspace of S(Rd) consisting of all complex-
valued infinitely differentiable functions on Rd having compact support will
be denoted by C∞

0 (Rd).

Definition 6.2. We will denote by A(R2) the space of complex-valued in-
finitely differentiable functions Φ on R2 satisfying the quasi-periodicity rela-
tions (6.3) and (6.4). A sequence {Φn}n≥0 in A(R2) converges in A(R2) to
the function Φ ∈ A(R2) if, for all multi-index β ∈ N2,

DβΦn → DβΦ, as n→∞,

uniformly on compact subsets of R2.

Note that, because of the identities (6.3) and (6.4), we can estimate on
any compact subset of R2 the magnitude of a partial derivative of order m
of a function in A(R2) in terms of the magnitude of the partial derivatives of
order at most m of the same function on I × I. This fact is used in proving
the following embedding result. The details are left to the reader.

Proposition 6.3. The space A(R2) is contained in the space of infinitely dif-
ferentiable functions on R2 with polynomial growth, i.e., if Φ ∈ A(R2), there
exists, for each multi-index β ∈ N2, an integer m(β) ≥ 0 such that

sup
x∈R2

|DβΦ(x)|
[1 + ‖x‖2]m(β)

<∞.

In fact, the following more precise estimate is true: if β = (k, l) ∈ N2, there
exists a constant C(k) such that, for all (t, ν) ∈ R2, we have

|DβΦ(t, ν)| ≤ C(k) (1 + |t|2)k/2 sup
(t′,ν′)∈I2

0≤j≤k

∣∣∣∣( ∂

∂t

)j(
∂

∂ν

)l

Φ(t′, ν′)
∣∣∣∣. (6.8)

The following result originally due to Janssen [13] shows that the image
of S(R) under the Zak transform is precisely the space A(R2).

Theorem 6.4. The Zak transform Zα maps S(R) onto A(R2). Moreover, the
mapping Zα : S(R) → A(R2) is a topological isomorphism.
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Proof. Elementary arguments using Definition 6.1 show that the Zak trans-
form of a function in S(R) has continuous partial derivatives of all orders.
Since it satisfies (6.3) and (6.4), it must belong to A(R2). Furthermore, if
ϕ ∈ S(R) and Φ = Zαϕ, then(

∂

∂t

)k(
∂

∂ν

)l

Φ(t, ν) = α−(k+1/2)
∑
j∈Z

Dkϕ
( t− j

α

)
(2πij)l e2πijν ,

from which it follows easily that, for each (k, l) ∈ N2, there exists a constant
Ck,l > 0 such that

sup
(t,ν)∈I×I

∣∣∣∣( ∂

∂t

)k(
∂

∂ν

)l

Φ(t, ν)

∣∣∣∣ ≤ Ck,l ||ϕ||k,l+1.

This proves the continuity of the mapping Zα : S(R) → A(R2).
Conversely, if Φ ∈ A(R2), let ψ := Z−1

α Φ. Since Φ ∈ C∞(R2), we have

ψ(k)(t) =
d

dtk

{
α1/2

∫
I

Φ(α t, ν) dν

}
= α1/2

∫
I

∂k

∂tk
[Φ(α t, ν)] dν,

for all k ∈ N and ψ(k) ∈ L2(R) for all such k. Furthermore, letting

(T Φ)(t, ν) := t Φ(t, ν)− 1

2πi

∂

∂ν
Φ(t, ν),

it is easily checked that T Φ ∈ A(R2). Since, for every (k, l) ∈ N2, there exists
a constant Dk,l > 0 such that∥∥∥∥( ∂

∂t

)k(
∂

∂ν

)l

(T Φ)

∥∥∥∥
L∞(I×I)

≤ Dk,l

∥∥∥∥( ∂

∂t

)k(
∂

∂ν

)l+1

Φ

∥∥∥∥
L∞(I×I)

,

the mapping T : A(R2)→ A(R2) is continuous. Also,

α1/2

∫
I

(T Φ) (α t, ν) dν = α1/2

{∫
I

α tΦ(α t, ν) dν − 1

2πi

[
φ(αt, ν)

]ν=1

ν=0

}

= α1/2

∫
I

α tΦ(α t, ν) dν = α tψ(t).

Hence, t ψ(t) ∈ L2(R), and iterating this procedure shows that, more generally,
tl ψ(t) ∈ L2(R) for all l ∈ N and thus ψ ∈ S(R). The previous estimates easily
show that the mapping Z−1

α : A(R2)→ S(R) is continuous. 	


Suppose now that G ∈ L2
loc(R

2) satisfies the equations (6.3) and (6.4) and
let Ψ ∈ S(R2). Denoting by 〈· , ·〉 the duality between distributions in S ′(Rd)
and test functions in the Schwartz space S(Rd), we have
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〈G,Ψ 〉 =

∫∫
R2

G(t, ν)Ψ(t, ν) dt dν

=

∫
I×I

G(t, ν)
∑

k,l∈Z2

e2πikν Ψ(t + k, ν + l) dt dν

=

∫
I×I

G(t, ν) (KΨ) (t, ν) dt dν, (6.9)

where
(KΨ) (t, ν) :=

∑
k,l∈Z2

e2πikν Ψ(t + k, ν + l). (6.10)

Proposition 6.5. If Ψ ∈ S(R2), then KΨ ∈ A(R2), where KΨ is defined in
equation (6.10). Furthermore, the mapping S(R2) → A(R2) : Ψ �→ KΨ is
continuous.

Proof. We first notice that if for some number R > 1, we have ‖(t, ν)‖ ≤ R
and ‖(k, l)‖ ≥ 2R, then

‖(k, l)‖ ≥ ‖(t+k, ν+l)‖−‖(t, ν)‖ ≥ ‖(t+k, ν+l)‖−R ≥ ‖(t+k, ν+l)‖−‖(k, l)‖
2

,

and thus ‖(k, l)‖ ≥ ‖(t + k, ν + l)‖/2. In particular, if (t, ν) ∈ I2 = I × I, we
can take R =

√
2 and deduce that∑

k,l∈Z

k2+l2≥8

1

(k2 + l2)2
=

∑
k,l∈Z

k2+l2≥8

∫∫
I2

1

(k2 + l2)2
dt dν

≤
∑

k,l∈Z

k2+l2≥8

∫∫
I2

16

((k + t)2 + (l + ν)2)2
dt dν

≤
∫∫

x2+y2≥2

16

(x2 + y2)2
dx dy <∞. (6.11)

Note also that, if Ψ ∈ S(R2), R > 1 and m ∈ N, then we have, for ‖(t, ν)‖ ≤ R,∑
k,l∈Z

|k|m |Ψ(t + k, ν + l)| ≤
∑

k,l∈Z

|k|m ‖Ψ‖m+2,0

[1 + (t + k)2 + (ν + l)2]
m+2

≤ ‖Ψ‖m+2,0

{ ∑
‖(k,l)‖≤2 R

|k|m +
∑

‖(k,l)‖>2 R

4 |k|m

[(k)2 + (l)2]
m+2

}

= C(R,m) ‖Ψ‖m+2,0, (6.12)

where C(R,m) is a finite (because of (6.11)) positive constant. If p, q ∈ N and
β = (p, q), we have
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Dβ (KΨ) (t, ν) =
∑

k,l∈Z

q∑
j=0

(
q

j

)
(2πik)q−j e2πikν DβΨ(t + k, ν + l).

Thus, using (6.12), it follows that, if R > 1 and ‖(t, ν)‖ ≤ R,

|Dβ (KΨ) (t, ν)| ≤
∑

k,l∈Z

q∑
j=0

(
q

j

)
(2πk)q−j |DβΨ(t + k, ν + l)|

≤
q∑

j=0

(
q

j

)
(2π)q−j C(R, q − j) ‖DβΨ‖q−j+2,0

≤ D(R, |β|) ‖Ψ‖q+2,p+q, (6.13)

where D(R, |β|) is a positive constant. This shows that KΨ and thus also KΨ
belong to C∞(R2). Since, if m,n ∈ N,

(KΨ) (t + m, ν + n) =
∑

k,l∈Z2

e2πikν Ψ(t + m + k, ν + l + n)

=
∑

k,l∈Z2

e2πi(k−m)ν Ψ(t + k, ν + l)

= e−2πimν
∑

k,l∈Z2

e2πikν Ψ(t + k, ν + l)

= e−2πimν (KΨ) (t, ν),

it follows that KΨ also satisfies the equations (6.3) and (6.4) and thus belong
to A(R2). The continuity of the mapping K from S(R2) to A(R2) can be
deduced from the estimate (6.13). 	


Note now the following fact. If f ∈ L2(R) and Ψ ∈ S(R2), we have,
using (6.9) and (6.2),

〈Zαf, Ψ 〉 =

∫∫
I2

Zαf(t, ν)KΨ(t, ν) dt dν

=

∫
R

f(t)
(
Z−1

α

[
KΨ
])

(t) dt

=

∫
R

f(t) (HαΨ) (t) dt, (6.14)

where
HαΨ :=

(
Z−1

α

[
KΨ
])

. (6.15)

Lemma 6.6. The mapping Hα : S(R2) → S(R) defined by (6.15) is well-
defined and continuous. Moreover, if Ψ ∈ S(R2), then HαΨ is given more
explicitly by the formula
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(HαΨ) (t) = α1/2

∫
R

∑
k∈Z

Ψ(αt + k, ν) e2πikν dν, t ∈ R. (6.16)

Proof. The first statement follows easily from Proposition 6.5 and Theo-
rem 6.4. The formula (6.16) is readily obtained from formulas (6.10) and
(6.5). 	


Since the identity (6.14) can be formulated as

〈Zαf, Ψ 〉 = 〈 f,HαΨ 〉,

whenever f ∈ L2(R) and Ψ ∈ S(R2), this suggests that we should use the
same formula to define the Zak transform on S ′(R).

Definition 6.7. If T ∈ S′(R), we define the Zak transform of T , ZαT , to be
the tempered distribution in S ′(R2) defined by

〈ZαT, Ψ 〉 = 〈T,HαΨ 〉, Ψ ∈ S(R2). (6.17)

Note that the continuity of the mapping Hα is used to show that ZαT is
indeed a distribution in S′(R2).

As an illustration, let us compute the Zak transform Zα [δa], where δa

denotes the Dirac mass at the point a ∈ R. If Ψ ∈ S(R2), we have

〈Zα[δa] , Ψ 〉 = 〈 δa,HαΨ 〉 = α1/2

∫
R

∑
k∈Z

Ψ(αa + k, ν) e2πikν dν.

We thus obtain the formula

Zα[δa] = α1/2
∑
k∈Z

δαa+k(t)⊗ e2πikν .

Let us next compute Zα

[
e2πibx

]
, where b ∈ R:

〈Zα

[
e2πibx

]
, Ψ 〉 = 〈 e2πibx,HαΨ 〉

= α1/2

∫
R

e2πibt

∫
R

{∑
k∈Z

Ψ(αt + k, ν) e2πikν dν

}
dt

= α1/2
∑
k∈Z

∫∫
R2

e2πibt e2πikν Ψ(αt + k, ν) dt dν

= α−1/2
∑
k∈Z

∫∫
R2

e2πib( t−k
α ) e2πikν Ψ(t, ν) dt dν.

This shows that

Zα

[
e2πibx

]
= α−1/2

∑
k∈Z

e2πib( t−k
α ) e2πikν .
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Using the Poisson summation formula (see [3, p. 255]),∑
n∈Z

δn(ν) =
∑
k∈Z

e2πikν ,

we have thus

Zα

[
e2πibx

]
= α−1/2 e2πi( b

α )t
∑
k∈Z

e2πik(ν− b
α ) = α−1/2 e2πi( b

α )t ⊗
∑
n∈Z

δn+ b
α
(ν).

We show next that the quasi-periodicity properties (6.3) and (6.4) extend to
the distributional Zak transform.

Proposition 6.8. Let T ∈ S′(R). Then,

ZαT (t + m, ν + n) = e2πimν ZαT (t, ν), (m,n) ∈ Z2. (6.18)

Proof. Note first that, if Ψ ∈ S(R2) and (m,n) ∈ Z2,

Hα[Ψ(· −m, · − n)] (t) = α1/2

∫
R

∑
k∈Z

Ψ(αt + k −m, ν − n) e2πikν dν

= α1/2

∫
R

∑
k∈Z

Ψ(αt + k, ν − n) e2πi(k+m)ν dν

= α1/2

∫
R

∑
k∈Z

Ψ(αt + k, ν) e2πi(k+m)ν dν,

while

Hα

[
e2πimν Ψ

]
(t) = α1/2

∫
R

∑
k∈Z

Ψ(αt + k, ν) e2πimν e2πikν dν

= α1/2

∫
R

∑
k∈Z

Ψ(αt + k, ν) e2πi(k+m)ν dν,

which shows that Hα[Ψ(.−m, .− n)] = Hα

[
e2πimν Ψ

]
. We have therefore

〈ZαT (·+ m, ·+ n), Ψ 〉 = 〈ZαT, Ψ(· −m, · − n) 〉
= 〈T,Hα [Ψ(· −m, · − n)] 〉

= 〈T,Hα

[
e2πimν Ψ

]
〉

= 〈ZαT, e2πimν Ψ 〉

= 〈 e2πimν ZαT, Ψ 〉,

which proves our claim. 	


We will need the following result.
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Proposition 6.9. Let Ψ0 ∈ S(R2) satisfy∑
k,l∈Z2

Ψ0(t + k, ν + l) = 1, (t, ν) ∈ R2.

Then, if T ∈ S ′(R) and ϕ ∈ S(R), we have the identity

〈T, ϕ 〉 = 〈ZαT,ZαϕΨ0 〉. (6.19)

Proof. First note that, by Proposition 6.3, the function ZαϕΨ0 belongs to
S(R2). By definition,

〈ZαT,ZαϕΨ0 〉 = 〈T,Hα

[
ZαϕΨ0

]
〉,

so we only need to show that ϕ = Hα

[
ZαϕΨ0

]
. This follows from the following

computation where we use the equations (6.3), (6.4) and also (6.5) in the last
equality:

Hα

[
ZαϕΨ0

]
(t) = α1/2

∫
R

∑
k∈Z

Zαϕ(αt + k, ν)Ψ0(αt + k, ν) e2πikν dν

= α1/2

∫
R

∑
k∈Z

e−2πikν Zαϕ(αt, ν) Ψ0(αt + k, ν) e2πikν dν

= α1/2

∫
R

Zαϕ(αt, ν)
∑
k∈Z

Ψ0(αt + k, ν) dν

= α1/2

∫
I

∑
l∈Z

Zαϕ(αt, ν + l)
∑
k∈Z

Ψ0(αt + k, ν + l) dν

= α1/2

∫
I

Zαϕ(αt, ν)
∑

k,l∈Z

Ψ0(αt + k, ν + l) dν

= α1/2

∫
I

Zαϕ(αt, ν) dν = ϕ(t). 	


In order to characterize the image in S ′(R2) of the Zak transform defined
on S ′(R), we need to introduce some new spaces.

Definition 6.10. We define the spaces B(R2) and B′(R2) as follows.

(a) B(R2) consists of all functions of the form Φ(t, ν), where Φ(t, ν) ∈ A(R2).
The topology on B(R2) is the one induced from A(R2), i.e., that of uniform
convergence of all partial derivatives on compact subsets of R2.

(b) We define B′(R2) to be the subspace of S ′(R2) consisting of the distribu-
tions R in S ′(R2) satisfying

R(t + m, ν + n) = e2πimν R(t, ν), (m,n) ∈ Z2. (6.20)

The topology on B′(R2) is the one inherited from S ′(R2).
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We will need the following lemma.

Lemma 6.11. Let R ∈ B′(R2) and let Ψ0 be any function in C∞
0 (R2) satisfy-

ing ∑
k,l∈Z2

Ψ0(t + k, ν + l) = 1, (t, ν) ∈ R2. (6.21)

Then, we have
〈R, (KΨ)Ψ0 〉 = 〈R,Ψ 〉, Ψ ∈ S(R2). (6.22)

Proof. Suppose first that Ψ ∈ C∞
0 (R2). Since

(KΨ)(t, ν)Ψ0(t, ν) =
∑

k,l∈Z2

e2πikν Ψ(t + k, ν + l)Ψ0(t, ν) (6.23)

and the series in (6.23) has only finitely many non-zero terms, as both Ψ and
Ψ0 have compact support, we deduce, using the identity (6.20) that

〈R, (KΨ)Ψ0 〉 =
∑

k,l∈Z2

〈R(t, ν), e2πikν Ψ(t + k, ν + l)Ψ0(t, ν) 〉

=
∑

k,l∈Z2

〈 e2πikν R(t− k, ν − l), Ψ(t, ν)Ψ0(t− k, ν − l) 〉

=
∑

k,l∈Z2

〈R(t, ν), Ψ(t, ν)Ψ0(t− k, ν − l) 〉

=
〈
R(t, ν),

∑
k,l∈Z2

Ψ(t, ν)Ψ0(t− k, ν − l)
〉

= 〈R,Ψ 〉.

Using the density of C∞
0 (R2) in S(R2), the result follows. 	


Proposition 6.12. The topological dual of B(R2) can be identified with the
space B′(R2) where the duality between the two spaces is defined by

〈R,Φ 〉B′(R2),B(R2) = 〈R,ΦΨ0 〉, R ∈ B′(R2), Φ ∈ B(R2), (6.24)

where Ψ0 is any function in C∞
0 (R2) satisfying (6.21).

Proof. Note first that the definition given in (6.24) is independent of the choice
of the function Ψ0 in S(R2) satisfying (6.21). Indeed, if Ψ1 is the difference
between two such functions, then it satisfies (6.21) with the right-hand side
replaced by 0. This is equivalent to

Ψ̂1(k, l) = 0, (k, l) ∈ Z2, (6.25)

where Ψ̂1 denotes the Fourier transform of Ψ1 defined by

Ψ̂1(ξ) = F [Ψ ] (ξ) =

∫∫
R2

e−2πiξ.x Ψ1(x) dx, ξ ∈ R2.
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Furthermore, note that the product ΦR ∈ S ′(R2) defined by

〈ΦR, Ψ 〉 = 〈R,ΦΨ 〉, Ψ ∈ S(R2),

is Z2-periodic. Hence, its distributional Fourier transform is supported on the
Z2-lattice and has the form

F [ΦR] =
∑

(k,l)∈Z2

ck,l δ(k,l), (6.26)

where δ(k,l) denotes the Dirac mass at the point (k, l) and where, for some
integer m ≥ 0, ∑

(k,l)∈Z2

|ck,l|
[1 + k2 + l2]m

<∞.

The equations (6.25) and (6.26) easily show that

〈 R,ΦΨ1 〉 = 〈ΦR, Ψ1 〉 = 0,

which proves the required independence. The functional on B(R2) defined
by the right-hand side of (6.24) is continuous on B(R2). Indeed, it is easily
checked using the estimate (6.8) (which is also valid for B(R2)) that if Φn → 0
in B(R2), the product Φn Ψ0 → 0 in S(R2) and thus 〈R,Φn Ψ0 〉 → 0. Now let
L be a continuous linear functional on the space B(R2). We associate with L
the distribution R ∈ S ′(R2) defined by

〈R,Ψ 〉 = L(KΨ), Ψ ∈ S(R2), (6.27)

where KΨ is defined in (6.10). Proposition 6.5 shows that R is indeed a well-
defined element of S ′(R2). Let us prove that R satisfies the identity (6.20).
Note first that if Ψ ∈ S(R2) and (m,n) ∈ Z2,

K [Ψ(· −m, · − n)] (t, ν) = e2πimν K [Ψ ] (t, ν) = K
[
e2πimν Ψ

]
(t, ν).

Hence,

〈R(·+ m, ·+ n), Ψ 〉 = 〈R,Ψ(· −m, · − n) 〉

= L(K [Ψ(· −m, · − n)])

= L(K
[
e2πimν Ψ

]
)

= 〈T, e2πimν Ψ 〉

= 〈 e2πimν T, Ψ 〉,

showing that R belongs to B′(R2). Next we prove that R satisfies

L(Φ) = 〈R,ΦΨ0 〉, Φ ∈ B(R2),
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or, equivalently, that

L(Φ) = L(K [ΦΨ0]), Φ ∈ B(R2).

This will follow if we establish that Φ = K [ΦΨ0], if Φ ∈ B(R2). Since, for all
(t, ν) ∈ R2,

K [ΦΨ0] (t, ν) =
∑

k,l∈Z2

e2πikν Φ(t + k, ν + l)Ψ0(t + k, ν + l)

=
∑

k,l∈Z2

Φ(t, ν)Ψ0(t + k, ν + l)

= Φ(t, ν)
∑

k,l∈Z2

Ψ0(t + k, ν + l) = Φ(t, ν),

this identity follows. It remains to show that the continuous linear functional
on B(R2) defined by the right-hand side of (6.24) uniquely determines the
corresponding distribution R ∈ B′(R2). This is equivalent to showing that if
R ∈ B′(R2) satisfies

〈R,ΦΨ0 〉 = 0, Φ ∈ B(R2), (6.28)

then R = 0. This follows immediately by replacing Φ in (6.28) by KΨ , where
Ψ is an arbitrary function in S(R2), and using the identity (6.22) obtained in
Lemma 6.11. This completes the proof. 	


We now consider the problem of defining the inverse Zak transform on the
space B′(R2). To simplify the notation, we introduce the following definition.

Definition 6.13. If T ∈ S ′(R), we define Z∗
αT by

Z∗
α [T (t)] = Zα[T (t)].

The following definition of the inverse Zak transform on B′(R2) is moti-
vated by equation (6.19).

Definition 6.14. If R ∈ B′(R2), we define its inverse Zak transform, Z−1
α R,

by the formula

〈Z−1
α R,ϕ 〉 = 〈R,Z∗

α [ϕ] Ψ0 〉, ϕ ∈ S(R), (6.29)

where Ψ0 is any function in C∞
0 (R2) satisfying (6.21).

Note that, since the mapping Z∗
α maps S(R) onto B(R2), the definition

above does not depend on the choice of the function Ψ0 satisfying (6.21) by
the argument given at the beginning of the proof of Proposition 6.12. The
fact that the right-hand side of (6.29) yields a well-defined element of S ′(R2)
follows from the continuity of the mapping Z∗

α : S(R) → B(R2) (which is a
consequence of Theorem 6.4) and that of the mapping B(R2) → S(R2) : Φ �→
ΦΨ0 (as can easily be seen from the estimate (6.8)). We will need the following
lemma.
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Lemma 6.15. We have the following identities:

(a) If Ψ ∈ S(R2), then
Z∗

α[Hα(Ψ)] = KΨ. (6.30)

(b) If ϕ ∈ S(R), then
Hα[Z∗

α [ϕ] Ψ0] = ϕ, (6.31)

where Ψ0 is any function in C∞
0 (R2) satisfying (6.21).

Proof. The identity (6.30) is an immediate consequence of (6.15). To prove
(6.31) we note that

(Z∗
α[ϕ] Ψ0) (t, ν) = α−1/2

∑
k∈Z

ϕ
( t− k

α

)
e−2πikν Ψ0(t, ν).

Hence, using the formula (6.16),

Hα[Z∗
α[ϕ] Ψ0] (t) =

∫
R

∑
l∈Z

∑
k∈Z

ϕ

(
αt + l − k

α

)
e−2πikν Ψ0(αt + l, ν) e2πilν dν

=

∫
R

∑
l∈Z

∑
k∈Z

ϕ

(
αt− k

α

)
Ψ0(αt + l, ν) e−2πikν dν

=
∑
k∈Z

ϕ

(
αt− k

α

) ∫
R

∑
l∈Z

Ψ0(αt + l, ν) e−2πikν dν

=
∑
k∈Z

ϕ

(
αt− k

α

) ∫
I

∑
j∈Z

∑
l∈Z

Ψ0(αt + l, ν + j) e−2πikν dν

=
∑
k∈Z

ϕ

(
αt− k

α

) ∫
I

e−2πikν dν = ϕ(t),

which yields (6.31). 	


The following result is essentially due to Janssen [13].

Theorem 6.16. The mapping Zα : S′(R) → B′(R2) is a topological isomor-
phism with inverse Z−1

α defined by (6.29).

Proof. The fact that Zα maps S ′(R) to B′(R2) follows from Proposition 6.8.
We start by proving that Z−1

α [ZαT ] = T , for any T ∈ S ′(R). Indeed, if ϕ ∈
S(R), we have, using the definitions of Zα and of Z−1

α and the identity (6.31)
that

〈Z−1
α [ZαT ] , ϕ 〉 = 〈ZαT,Z∗

α [ϕ] Ψ0 〉 = 〈T,Hα[Z∗
α [ϕ] Ψ0] 〉 = 〈T, ϕ 〉.

Next we show that Zα

[
Z−1

α R
]

= R, for any R ∈ B′(R). If Ψ ∈ S(R2), we
have, using the identity (6.30) and Lemma 6.11, that
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〈Zα

[
Z−1

α R
]
, Ψ 〉 = 〈Z−1

α R,HαΨ 〉

= 〈R,Z∗
α [HαΨ ]Ψ0 〉

= 〈R, [KΨ ]Ψ0 〉

= 〈R,Ψ 〉,

which proves the required equality. The two identities just proved immediately
imply that the mappings Zα : S′(R) → B′(R2) and Z−1

α : B′(R2) → S ′(R) are
surjective and, since their continuity follows immediately from their definition,
our claim is proved. 	


6.3 Gabor Systems in S(R) and S′(R)

A Gabor system is a collection of functions generated by a window function
g ∈ L2(R) and by translations and modulations:

G(g, α, β) := {e2πimαx g(x− nβ) : m,n ∈ Z},

where α and β are two positive parameters. To simplify the notation we will
write

gmα,nβ(x) = e2πimα x g(x− nβ), m, n ∈ Z.

Gabor systems are usually considered within the framework of Hilbert space
theory, i.e., the signals to be expanded in terms of the Gabor system are
in L2(R) and the underlying topology is that of L2(R). In what follows we
consider certain problems where the Gabor systems considered correspond to
windows in S(R) and the convergence is in either S(R) or S ′(R). These types
of systems have been considered by Janssen in the particular case where the
window is a Gaussian function in [11] and [12]. For technical reasons, we will
always assume that the product of the two parameters associated with the
system is rational, i.e.,

αβ =
p

q
, p, q ∈ N \ {0}, (p, q) = 1. (6.32)

Let us start with a simple problem to illustrate how natural and useful the
Zak transform is as a tool in this type of situation. The question we consider
first is the following: given a function � ∈ S(R), when is the linear span of the
system G(�, α, β) dense in S(R)? Note that the span of G(�, α, β) is dense in
S(R) if and only if the fact that T ∈ S ′(R) satisfies

〈T, �mα,nβ 〉 = 0, m, n ∈ Z (6.33)

implies that T = 0. This question has a very simple answer when αβ = 1.

Theorem 6.17. Given a function � ∈ S(R) and α > 0, the linear span of
G(�, α, 1

α ) is never dense in S(R).
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Proof. Suppose that T ∈ S ′(R). The product ZαT Z∗
α� is a well-defined dis-

tribution in S ′(R2) which is also Z2-periodic as can be easily checked us-
ing Proposition 6.8. Thus, ZαT Z∗

α� can be expanded in S ′(R) as the double
Fourier series

ZαT Z∗
α� =

∑
m,n∈Z

cm,n e2πimt e2πinν ,

with Fourier coefficients

cm,n = 〈ZαT (t, ν)Z∗
α�(t, ν), e−2πimt e−2πinν Ψ0(t, ν) 〉

= 〈ZαT (t, ν),Z∗
α�(t, ν) e−2πimt e−2πinν Ψ0(t, ν) 〉, m, n ∈ N,

where Ψ0 is any function in C∞
0 (R2) satisfying (6.21). Using the equation (6.6),

we can write

cm,n = 〈ZαT,Z∗
α

[
�−mα,−n 1

α

]
Ψ0 〉, m, n ∈ Z,

or, using the equation (6.19),

cm,n = 〈T, �−mα,−n 1
α
〉, m, n ∈ Z.

The fact that T satisfies (6.33) with β = 1
α is thus equivalent to cm,n = 0

for all m,n ∈ Z or to ZαT Z∗
α� = 0. A rather striking property of the Zak

transform of a function is that, if it is continuous, it must vanish somewhere on
the unit square I × I ([13]; see also [9, pp. 163–164]). Since Z∗

α� is continuous
on R2, it must thus have a zero at some point (t0, ν0) ∈ I × I. Defining

R =
∑

k,l∈Z

e2πikν0 δ(t0+k,ν0+l),

where δ(a,b) denotes the Dirac mass at the point (a, b), it is easily checked that
R ∈ B′(R2) and that RZ∗

α� = 0 while R �= 0. Letting T = Z−1
α R, we have

thus obtained a non-zero distribution in S ′(R) satisfying (6.33) with β = 1
α

and the result follows. 	


We note that the previous result does not have an analogue in the L2(R)
case. In fact, when αβ = 1, the condition for the span of G(g, α, 1

α ), g ∈ L2(R),
to be dense in L2(R) is that the Zak transform of g must be a.e. non-zero on
the unit square I × I (see [10]). This can certainly happen, even under the
restriction that the window belongs to S(R) since it is known that the Zak
transform of a Gaussian window has a single zero in I × I [11].

In order to deal with the case where αβ is a rational number (i.e., αβ = p
q

as in (6.32)), we need to introduce a matrix version of the Zak transform. The
usefulness of this concept to study various properties of Gabor systems in the
rational case has been exploited extensively in the work of Zibulski and Zeevi
([19], [20]; see also [5], [8], [15]).
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Definition 6.18. Given a function � ∈ S(R), we associate with � the matrix
function G(t, ν), taking value in Mq,p, the space of q×p matrices with complex
entries, defined by

Gr,s(t, ν) = Z∗
α�
(
t− r

p

q
, ν +

s

p

)
, 0 ≤ r ≤ q − 1, 0 ≤ s ≤ p− 1,

for (t, ν) in R2.

Clearly, the rank of G(t, ν) is at most equal to min{p, q} for all (t, ν) in
R2. We need the following lemma.

Lemma 6.19. If � ∈ S(R), if α, p and q are as before and if m, n, r are
integers, then we have the identity

Z∗
α

[
�mα, 1

α (nq+r) p
q

]
(t, ν) = Z∗

α

[
�mα, 1

α (np+r p
q )

]
(t, ν)

= e2πimt e2πinpν Z∗
α[ � ]

(
t− r

p

q
, ν
)
, (t, ν) ∈ R2.

Proof. We have

Z∗
α

[
�mα, 1

α (np+r p
q )

]
(t, ν)

= (α)−1/2
∑
k∈Z

e2πimα (t−k)
α �

(
t− k

α
−

np + r p
q

α

)
e−2πikν

= (α)−1/2 e2πimt
∑
k∈Z

�

(
t− k − r p

q

α

)
e−2πi(k−np)ν

= e2πimt e2πinpν Z∗
α[ � ]

(
t− r

p

q
, ν
)
,

which proves the lemma. 	


We can now answer the question raised earlier about the density of Gabor
systems in S(R). Note that the L2-version of the result below is known ([5,
p. 978]; see also [20], [8]): the same result holds if S(R) is replaced with L2(R)
and the everywhere equality for the rank is replaced with an a.e. equality.

Theorem 6.20. Given a function � ∈ S(R) and α, β > 0 with αβ = p
q as

in (6.32), the linear span of G(�, α, β) is dense in S(R) if and only if

rank(G(t, ν)) = p, for all (t, ν) ∈ R2.

Proof. Let T ∈ S ′(R). Note that the condition

〈T, �mα,nβ 〉 = 0, m, n ∈ Z,

is equivalent to
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〈T, �mα, 1
α (np+r p

q ) 〉 = 0, m, n ∈ Z, r = 0, . . . , q − 1. (6.34)

Using the identity (6.19) and Lemma 6.19, we have

〈T, �mα, 1
α (np+r p

q ) 〉

=
〈
ZαT (t, ν) , Z∗

α�
(
t− r

p

q
, ν
)
e2πimt e2πinpν Ψ0(t, ν)

〉
=
〈
ZαT (t, ν)Z∗

α�
(
t− r

p

q
, ν
)
, e2πimt e2πinpν Ψ0(t, ν)

〉
, (6.35)

where Ψ0 is any function in C∞
0 (R2) satisfying (6.21). Since the product

ZαT (t, ν)Z∗
α�
(
t − r p

q , ν
)

belongs to S ′(R2) and is Z2-periodic, it has the
Fourier series expansion

ZαT (t, ν)Z∗
α�
(
t− r

p

q
, ν
)

=
∑

m,n∈Z

cr
m,n e2πimt e2πinν ,

with Fourier coefficients

cr
m,n =

〈
ZαT (t, ν)Z∗

α�
(
t− r

p

q
, ν
)
, e−2πimt e−2πinν Ψ0(t, ν)

〉
, m, n ∈ N.

Define now, for each r = 0, . . . , q − 1, the distribution Rr ∈ S′(R), by

Rr(t, ν) =

p−1∑
l=0

ZαT
(
t, ν +

l

p

)
Z∗

α�
(
t− r

p

q
, ν +

l

p

)
.

It is clear that each distribution Rr is Z ⊕ 1
p Z-periodic. Furthermore, each

distribution Rr has the expansion

Rr =

p−1∑
l=0

∑
m,n∈Z

cr
m,n e2πimt e2πin(ν+ l

p )

= p
∑

m,n∈Z

cr
m,np e2πimt e2πinpν

= p
∑

m,n∈Z

〈T, �−mα, 1
α (−np+r p

q ) 〉 e2πimt e2πinpν .

Hence, the condition (6.34) is equivalent to

Rr = 0, r = 0, . . . , q − 1. (6.36)

Suppose now that, at some point (t0, ν0) ∈ R2, G(t0, ν0) has rank strictly less
than p. We can then find a non-zero vector (a0, a1, . . . , ap−1) ∈ Cp satisfying

p−1∑
l=0

alZ∗
α�
(
t0 − r

p

q
, ν0 +

l

p

)
= 0, r = 0, . . . , q − 1.
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Defining

R =

p−1∑
l=0

al

∑
k,s∈Z

e2πik(ν0+ l
p ) δ(t0+k,ν0+ l

p +s),

where δ(a,b) denotes the Dirac mass at the point (a, b), it is easily checked
that R ∈ B′(R2) and clearly R �= 0. Letting T = Z−1

α R, it follows easily
that (6.36) holds. Hence, T is a non-zero distribution in S ′(R) satisfying (6.34)
and G(�, α, β) cannot be dense in S(R). On the other hand, suppose that
G(t, ν) has rank p for all (t, ν) ∈ R2. In particular, we have p ≤ q. Fix a
point (t0, ν0) ∈ R2. Then, we can find p distinct numbers r0, r1, . . . , rp−1 ∈
{0, 1, . . . , q − 1} such that the p× p matrix, Q(t, ν), with entries

Q(t, ν)i,l = Z∗
α�
(
t− ri

p

q
, ν +

l

p

)
, 0 ≤ i, l ≤ p− 1,

is invertible when (t, ν) = (t0, ν0), and thus also on some neighborhood U
of that point. Denoting by Q−1(t, ν) the inverse of Q(t, ν), it is easily seen
that all the entries of Q−1 belong to C∞(U). If T ∈ S ′(R) satisfies (6.34) and
thus (6.36), we have

0 =

p−1∑
j=0

Q−1
i,j (t, ν)Rrj (t, ν) = ZαT

(
t, ν +

i

p

)
on U, i = 0, . . . , p− 1,

and thus, in particular, ZαT = 0 on a neighborhood of (t0, ν0). Since (t0, ν0)
was an arbitrary point in R2, it follows that ZαT = 0 on all of R2 and thus
that T = 0, which concludes the proof. 	


The following is an immediate consequence of Theorem 6.17 and Theo-
rem 6.20.

Corollary 6.21. If a function � ∈ S(R) and α, β > 0 with αβ ∈ Q are such
that the linear span of G(�, α, β) is dense in S(R), then necessarily αβ < 1.

We now consider a different type of problem and study series obtained
as infinite linear combinations of functions in a system G(�, α, β), where � ∈
S(R).

Definition 6.22. A sequence {cm,n}(m,n)∈Z2 of complex numbers is said to
have polynomial growth if for some C > 0 and some N ∈ N, we have

|cm,n| ≤ C (1 + m2 + n2)N , (m,n) ∈ Z2.

Lemma 6.23. Given a function � ∈ S(R), α, β > 0 with αβ = p
q as in (6.32)

and a sequence {cm,n}(m,n)∈Z2 of polynomial growth, the series∑
m,n∈Z

cm,n �mα,nβ (6.37)

converges in S ′(R).
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Proof. If ϕ ∈ S(R) and Ψ0 is any function in C∞
0 (R2) satisfying (6.21), we

have

∑
m,n∈Z

cm,n 〈 �mα,nβ , ϕ 〉 =

q−1∑
r=0

∑
m,n∈Z

cm,nq+r 〈 �mα, 1
α (np+r p

q ), ϕ 〉

=

q−1∑
r=0

∑
m,n∈Z

cm,nq+r

〈
Zα

[
�mα, 1

α (np+r p
q )

]
, (Z∗

αϕ) Ψ0

〉

=

q−1∑
r=0

∑
m,n∈Z

cm,nq+r

〈
e2πimt e−2πinpνZα�

(
t− r

p

q
, ν
)
, (Z∗

αϕ) Ψ0

〉

=

q−1∑
r=0

∑
m,n∈Z

cm,nq+r F [Θr] (−m,n p), (6.38)

where

Θr(t, ν) = Zα�
(
t− r

p

q
, ν
)
Z∗

αϕ(t, ν)Ψ0(t, ν), r = 0, . . . , q − 1.

Since Θr ∈ C∞
0 (R2), the function F [Θr] ∈ S(R2) for each r = 0, . . . , q−1 and

the series in (6.38) is thus absolutely convergent for each ϕ ∈ S(R2), which
proves the lemma. 	


In the following, we will be interested in the uniqueness of the coefficients
in a series as in (6.37). This motivates the following definition.

Definition 6.24. Given a function � ∈ S(R) and α, β > 0 with αβ ∈ Q,
the system G(�, α, β) is said to have the Riesz property if, for any sequence
{cm,n}(m,n)∈Z2 of polynomial growth, the fact that∑

m,n∈Z

cm,n �mα,nβ = 0

in S′(R) implies that cm,n = 0 for all (m,n) ∈ Z2.

The following result can be seen as dual to Theorem 6.20. An L2-version of
this result (with the equality for the rank being replaced with an a.e. equality)
can be found in [2] (see also [8]).

Theorem 6.25. Given a function � ∈ S(R) and α, β > 0 with αβ = p
q as

in (6.32), the system G(�, α, β) has the Riesz property if and only if

rank(G(t, ν)) = q, for all (t, ν) ∈ R2.

Proof. If {cm,n} is a sequence of polynomial growth, define the sequences
{cr

m,n} by
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cr
m,n = cm,nq+r, r = 0, . . . , q − 1.

The fact that ∑
m,n∈Z

cm,n �mα,nβ = 0 (6.39)

in S′(R) is thus equivalent to

q−1∑
r=0

∑
m,n∈Z

cr
m,n �mα, 1

α (nq+r) p
q

= 0

in S′(R) or, applying Z∗
α to both sides of the previous equation and using

Lemma 6.19, to the identity

q−1∑
r=0

∑
m,n∈Z

cr
m,n e2πimt e2πinpν Z∗

α�
(
t− r

p

q
, ν
)

= 0

in S′(R2). Since each sequence {cr
m,n}, r = 0, . . . , q−1, has polynomial growth,

the Fourier series∑
m,n∈Z

cr
m,n e2πimt e2πinpν , r = 0, . . . , q − 1,

converges in S ′(R2) to a distribution Sr which is clearly Z ⊕ 1
p Z-periodic

and, conversely, any such distribution can be expressed as a Fourier series
with coefficients {cr

m,n} which have polynomial growth. Thus, the existence
of a non-identically zero sequence of polynomial growth satisfying (6.39) is
equivalent to the existence of Z ⊕ 1

p Z-periodic distributions in S ′(R2), S0,
S1, . . . , Sq−1, which are not all zero and satisfy the equation

q−1∑
r=0

Sr(t, ν)Z∗
α�
(
t− r

p

q
, ν
)

= 0, (6.40)

or, using the Z⊕ 1
p Z-periodicity of each Sr, the equations

q−1∑
r=0

Sr(t, ν)Z∗
α�
(
t− r

p

q
, ν +

l

p

)
= 0, l = 0, . . . , p− 1. (6.41)

Suppose now that, at some point (t0, ν0) ∈ R2, the rank of G(t0, ν0) is strictly
less than q. There exists then a non-zero vector (a0, a1, . . . , aq−1) ∈ Cq satis-
fying

q−1∑
r=0

Z∗
α�
(
t0 − r

p

q
, ν0 +

l

p

)
ar = 0, l = 0, . . . , p− 1. (6.42)

Defining
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Sr = ar

∑
m,n∈Z

δ(t0+m,ν0+
n
p ), r = 0, . . . , q − 1,

it is easily checked that (6.41) holds since, using (6.42), for each (m,n) ∈ Z2,

q−1∑
r=0

ar Z∗
α�
(
t0 + m− r

p

q
, ν0 + n +

l

p

)
=

q−1∑
r=0

ar e−2πim(ν0+
l
p ) Z∗

α�
(
t0 − r

p

q
, ν0 +

l

p

)
= 0, l = 0, . . . , p− 1.

This shows that the system G(�, α, β) does not have the Riesz property. On
the other hand, suppose that G(t, ν) has rank q for all (t, ν) ∈ R2. In particular,
we have q ≤ p. Fix a point (t0, ν0) ∈ R2. Then, we can find q distinct numbers
l0, l1, . . . , lq−1 ∈ {0, 1, . . . , p − 1} such that the q × q matrix, R(t, ν), with
entries

R(t, ν)r,i = Z∗
α�
(
t− r

p

q
, ν +

li
p

)
, 0 ≤ r, i ≤ q − 1,

is invertible when (t, ν) = (t0, ν0), and thus also on some neighborhood V of
that point. Denoting by R−1(t, ν) the inverse of R(t, ν), it is easily seen that
all the entries ofR−1 belong to C∞(V ). If S0, S1, . . . , Sq−1 are Z⊕ 1

p Z-periodic

distributions in S ′(R2) satisfying the equations (6.41), we have

0 =

q−1∑
i=0

q−1∑
r=0

Sr(t, ν)Z∗
α�
(
t− r

p

q
, ν +

li
p

)
R−1(t, ν)i,s

=

q−1∑
r=0

Sr(t, ν)

q−1∑
i=0

Z∗
α�
(
t− r

p

q
, ν +

li
p

)
R−1(t, ν)i,s

= Ss(t, ν) on V, s = 0, . . . , q − 1.

Since (t0, ν0) was an arbitrary point in R2, we have Ss = 0 on all of R2, for
each s = 0, . . . , q − 1, which shows that the system G(�, α, β) has the Riesz
property. This proves our claim. 	


Corollary 6.26. If a function � ∈ S(R) and α, β > 0 with αβ ∈ Q are such
that the system G(�, α, β) has the Riesz property, then necessarily αβ > 1.

Proof. When αβ �= 1, this follows from the previous theorem using a simple
rank argument and when αβ = 1 from the fact that the Zak transform of �
vanishes somewhere on the unit square I × I. 	


6.4 The Dual Window in S(R)

In this last section, we consider the problem of reconstructing a tempered
distribution T on R from the data {〈T, �mα,nβ 〉 : m,n ∈ Z}, where � ∈ S(R),
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in the case where αβ is rational and less than 1. We first prove the following
lemma.

Lemma 6.27. Given a function � ∈ S(R), α, β > 0 with αβ = p
q as in (6.32)

and a distribution T ∈ S ′(R), the sequence {〈T, �mα,nβ 〉}(m,n)∈Z2 is of poly-
nomial growth.

Proof. Let Ψ0 be any function in C∞
0 (R2) satisfying (6.21). Then, repeating

the computation in (6.35), we have, for each r = 0, . . . , q − 1,

〈T, �mα, 1
α (np+r p

q ) 〉 =
〈
ZαT (t, ν)Z∗

α�
(
t− r

p

q
, ν
)
, e2πimt e2πinpν Ψ0(t, ν)

〉
,

and the claim follows easily from the fact that, for each r = 0, . . . , q − 1, the
distribution ZαT (t, ν)Z∗

α�
(
t− r p

q , ν
)

has locally finite order (see [17]). 	


We conclude this paper with the following result which shows that if αβ ∈
Q and � ∈ S(R) is such that every T ∈ S ′(R) is uniquely determined by
the data {〈T, �mα,nβ 〉 : m,n ∈ Z}, then there exists a dual window in S(R)
providing a perfect reconstruction formula in terms of a series converging
in S′(R). There is a corresponding result in the L2-case proved by Janssen
([14]; see also [9] for another approach): if � ∈ S(R) is such that the system
G(�, α, β) forms a frame for L2(R), then the dual window (which is used
in the L2-reconstruction formula) also belongs to S(R). The theorem proved
below is perhaps a bit surprising since the L2-result does not hold under the
weaker assumption that the span of the system G(�, α, β) is dense in L2(R)
(for example for a Gaussian window when αβ = 1).

Theorem 6.28. Given a function � ∈ S(R) and α, β > 0 with αβ = p
q as

in (6.32), suppose that the system G(�, α, β) is dense in S(R). Then there
exists a function ψ ∈ S(R) such that

T =
∑

m,n∈Z

〈T, �mα,nβ 〉ψ−mα,nβ , T ∈ S′(R), (6.43)

where the series in (6.43) converges in S ′(R).

Proof. Note first that if � and ψ are arbitrary functions in S(R), the cor-
responding series in (6.43) converges in S ′(R), for all T ∈ S ′(R), using
Lemma 6.27 and Lemma 6.23. In particular, we can define an operator
U : S′(R) → S ′(R) by the formula

U(T ) =
∑

m,n∈Z

〈T, �mα,nβ 〉 �mα,nβ ,

=

q−1∑
r=0

∑
m,n∈Z

〈T, �mα, 1
α (nq+r) p

q
〉 (�)−mα, 1

α (nq+r) p
q
, T ∈ S′(R).
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Using equation (6.19) and Lemma 6.19, we compute

Zα[U(T )] (t, ν)

=

q−1∑
r=0

∑
m,n∈Z

{〈
ZαT (t, ν)Z∗

α�
(
t− r

p

q
, ν
)
, e2πimt e2πinpν Ψ0(t, ν)

〉
× e−2πimt e−2πinpν Zα[ � ]

(
t− r

p

q
, ν
)}

.

Since ZαT (t, ν)Z∗
α�(t− r p

q , ν) is Z2-periodic,∑
m,n∈Z

〈
ZαT (t, ν)Z∗

α�
(
t− r

p

q
, ν
)
, e2πimt e2πinpν Ψ0(t, ν)

〉
e−2πimt e−2πinpν

=
1

p

p−1∑
l=0

ZαT
(
t, ν +

l

p

)
Z∗

α�
(
t− r

p

q
, ν +

l

p

)
.

This shows that

Zα[U(T )] (t, ν)

=
1

p

q−1∑
r=0

p−1∑
l=0

ZαT
(
t, ν +

l

p

)
Z∗

α�
(
t− r

p

q
, ν +

l

p

)
Zα[ � ]

(
t− r

p

q
, ν
)

=
1

p

p−1∑
l=0

q−1∑
r=0

ZαT
(
t, ν +

l

p

)
Z∗

α�
(
t− r

p

q
, ν +

l

p

)
Z∗

α�
(
t− r

p

q
, ν
)
,

or, equivalently, using the Z2-periodicity of ZαT Z∗
α�, that

Zα[U(T )]
(
t, ν +

l1
p

)
=

1

p

p−1∑
l2=0

q−1∑
r=0

Z∗
α�
(
t− r

p

q
, ν +

l2
p

)
Z∗

α�
(
t− r

p

q
, ν +

l1
p

)
ZαT

(
t, ν +

l2
p

)

=
1

p

p−1∑
l2=0

[G∗(t, ν)G(t, ν)]l1,l2
ZαT

(
t, ν +

l2
p

)
,

for each l1 = 0, . . . , p−1, where G∗(t, ν) denotes the adjoint of G(t, ν). Letting
P(t, ν) = G∗(t, ν)G(t, ν), for all (t, ν) ∈ R2, it is easily seen that P is a
p×p matrix-valued function whose entries are all in C∞(R2) and Z2-periodic.
Furthermore, for any integer l1 = 0, . . . , p− 1,

Zα[U(T )]
(
t, ν +

l1
p

)
=

1

p

p−1∑
l2=0

P(t, ν)l1,l2 ZαT
(
t, ν +

l2
p

)
. (6.44)
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By Theorem 6.20, the fact that the system G(�, α, β) is dense in S(R) is
equivalent to rank(G(t, ν)) = p for all (t, ν) ∈ R2, i.e., to P(t, ν) being invert-
ible at every such point. Using this and the facts that the entries of P−1(t, ν)
are also in C∞(R2) and Z2-periodic, it follows from equation (6.44) that the
mapping U : S ′(R) → S ′(R) is a topological isomorphism with inverse U−1

satisfying for any integer l1 = 0, . . . , p− 1,

Zα

[
U−1(T )

] (
t, ν +

l1
p

)
= p

p−1∑
l2=0

P−1(t, ν)l1,l2 ZαT
(
t, ν +

l2
p

)
. (6.45)

For the same reason, the mapping U : S(R) → S(R) is a topological isomor-
phism with inverse satisfying the same equation (6.45). We have, in particular,
for any distribution T ∈ S ′(R), that

T =
∑

m,n∈Z

〈T, �mα,nβ 〉 U−1
(
�mα,nβ

)
. (6.46)

Since, for any ϕ ∈ S(R), we have U
(
ϕmα,nβ

)
=
(
Uϕ
)
mα,nβ

, it follows that

U−1
(
ϕmα,nβ

)
=
(
U−1ϕ

)
mα,nβ

. Therefore,

U−1
(
�mα,nβ

)
= U−1

(
(�)−mα,nβ

)
=
(
U−1(�)

)
−mα,nβ

(6.47)

and (6.43) follows from (6.46) and (6.47) if we define ψ = U−1(�), which
concludes the proof. 	


It seems reasonable to expect the previous result to hold even in the case
where αβ is irrational but, unfortunately, the Zak transform techniques, which
are so powerful in the rational case, do not seem to be of any help in the
irrational one. We leave this as an open problem for the interested reader.
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Summary. Gabor duality studies have resulted in a number of characterizations
of dual Gabor frames, among which the Wexler–Raz identity and the operator ap-
proach reformulation by Janssen and by Daubechies, Landau, and Landau are well
known. A concise overview of existing Gabor duality characterizations is presented.
In particular, we demonstrate that the Gabor duality conditions by Wexler and Raz
[23] and by Daubechies, Landau, and Landau [6], and the parametric dual Gabor
formula of [15] are equivalent.

Dedicated to Professor John Benedetto.

7.1 Introduction

Let g ∈ L2(R), and a, b > 0 be given. Gabor’s seminal article [9] (1946)
deals with “regular lattice” systems {gmb,na ≡ g(· − na)e2πimb·}m,n∈Z, where
g is the Gaussian waveform. Gabor proposed to expand a function f by the
series f =

∑
mn cm,ngmb,na (quote of John Benedetto [2]). In 1952, Duffin and

Schaeffer [7] formulated the notion of frames for the study of nonharmonic
Fourier series. A broader study of Gabor expansions followed in the wake of the
recent boom in wavelet and frame analysis. In this context, Gabor expansions
are frame expansions: if {gmb,na}m,n is a frame for L2(R) then

∀ f ∈ L2(R), f =
∑
mn

〈f, γ(m,n)〉 gmb,na,

where {γ(m,n)}m,n is a dual Gabor frame. Note that {γ(m,n)}m,n is not
unique when {gmb,na}m,n is inexact.
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In most Gabor duality studies, the assumption is made that one is only
interested in finding Gabor dual frames that are generated via the Heisen-
berg group structure by single Gabor dual functions γ, i.e., γ(m,n) = γmb,na.
In this context, Wexler and Raz formulated a (pointwise biorthogonal) Ga-
bor duality condition via the Poisson summation formula [23] (1990) (see
also Section 7.2.1). At the same time, from the frame-theoretical point of
view, it was shown that the standard dual Gabor frame necessarily has
the Heisenberg group structure, e.g., [3] (1990). That is, S−1

g;b,a(gmb,na) =(
S−1

g;b,a
g
)
mb,na

for m, n ∈ Z. Here, Sg;b,a is the frame operator defined by

Sg;b,af =
∑

mn〈f, gmb,na〉 gmb,na for f ∈ L2(R).
The standard dual frame has the important property that the correspond-

ing Gabor coefficients have the minimum �2-norm among all the possible Ga-
bor coefficients {cm,n} [4], [11]. For this reason, it is also called the minimum
dual [12], [13], or sometimes the canonical dual.

In one of Wexler–Raz’s original efforts [23], the dual γ0 with the least
square norm was sought. It was later shown (e.g., [12], [6]) that such a least
square-norm solution γ0 coincides with the standard dual Gabor function
S−1

g;b,ag, i.e., γ0 = S−1
g;b,ag. A simple examination of this property is also pre-

sented in Section 7.4 using the dual Gabor formula described in [15], [17] (one
of the equivalent Gabor duality characterizations).

However, the least square property of the standard dual is not necessarily
the best choice for applications with specific numerical requirements. There
have been several studies of alternative Gabor dual functions, including those
by Daubechies, Landau, and Landau [6] (see also [1], [5]) and by Janssen [12],
[13]. Also, from the dual frame point of view, a slightly different approach is
taken in [15], [17], where a formula for all dual Gabor functions via a parameter
function in L2(R) is derived. This last approach allows for the construction
of all dual Gabor functions via a parametric equation. Since the generality of
the formula was not explicitly stated in [15] and [17], we include in this survey
a proof that these Gabor dual characterizations are equivalent. It could also
serve as a concise overview on Gabor duality conditions. Both the Wexler–
Raz identity and the parametric dual Gabor formula allow for computation of
nonstandard/alternative dual Gabor functions which may be better adapted
for specialized applications; see [6], [23], [19], [18], [17], [14].

The organization of this chapter is as follows. Section 7.2 describes the
three major Gabor duality conditions, namely the Wexler–Raz identity, the
dual lattice identity by Daubechies, Landau, and Landau, and the parametric
dual Gabor formula. In Section 7.3, the equivalence of these three Gabor
duality conditions is presented. Then in Section 7.4, alternative dual Gabor
functions and the optimality of the Gabor duals are discussed.
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7.2 Gabor Duality Characterizations

Following the notation in [6], assume that {gmb,na} is a Bessel sequence, and
define the analysis operator Tg;b,a : L2(R) → �2 by

Tg;b,af = {〈f, gmb,na〉}m,n∈Z, f ∈ L2(R).

Then Tg;b,a is bounded and its adjoint T ∗
g;b,a is given by

T ∗
g;b,ac =

∑
m,n∈Z

cm,ngmb,na, c = {cm,n} ∈ �2.

In particular, if {gmb,na} is a frame and {γmb,na} is its dual frame, then
T ∗

g;b,aTγ;b,a = T ∗
γ;b,aTg;b,a = I.

7.2.1 The Wexler–Raz Identity

The Wexler–Raz identity, as rigorously formulated by Janssen [12], states the
following.

Proposition 7.1. Let {gmb,na} be a Gabor frame for L2(R), and let {γmb,na}
be a Bessel sequence in L2(R). Then {γmb,na} is a dual Gabor frame for L2(R)
if and only if

〈γ, gm
a

, n
b
〉 = ab δm0δn0, m, n ∈ Z.

Remark 7.2. The Wexler–Raz identity transforms an identity on the Gabor
lattice {mb, na} to an identity on a dual Gabor lattice {m

a , n
b }. It turns out

that much can be said about the relationship of the regular Gabor lattice
and the dual Gabor lattice in the “Gabor duality principle,” independently
derived by Janssen [12, Thm. 3.1], Daubechies, Landau, and Landau [6], and
Ron and Shen [20] (see also the discussion and references in [10]).

The Gabor duality principle states the following fact.

Proposition 7.3. {gmb,na} is a frame for L2(R) with frame bounds A and
B if and only if {gm

a , n
b
} is a Riesz sequence in L2(R) with frame bounds abA

and abB.

Here a Riesz sequence is a sequence that forms a Riesz basis for its closed
linear span.

7.2.2 The Dual Lattice Identity

Relationships between the Gabor and dual Gabor lattices have been studied in
a number of papers (as noted above). In particular, the following relationship
appears in the papers by Janssen [12], [13], and Daubechies, Landau, and
Landau [6]; compare also the paper of Tolimieri and Orr [21].
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Proposition 7.4. Let f , g, h ∈ L2(R) and a, b > 0 be such that Tf ;b,a, Tg;b,a,
and T

h; 1
a

, 1
b

are bounded. Then

T ∗
f ;b,aTg;b,ah =

1

ab
T ∗

h; 1
a

, 1
b

T
g; 1

a
, 1

b

f. (7.1)

Note that the boundedness of T
g; 1

a
, 1

b

is implied by the boundedness of

Tg;b,a. This is discussed extensively in [6].
Equation (7.1) is known variously as the Janssen representation of the

frame operator [10, Sec. 7.2], the Wexler–Raz identity [6], the fundamental
identity of Gabor analysis [13], [8], or (the terminology that we shall use) the
dual lattice identity.

Wexler–Raz’s original identity can now be reformulated as the following
operator identity, where we use the notation em,n ≡ {δmjδnk}j,k∈Z.

Proposition 7.5. Let {gmb,na} be a frame for L2(R), and assume that γ ∈
L2(R) is such that Tγ;b,a is bounded. Then {γmb,na} is a dual Gabor frame if
and only if

T
g; 1

a
, 1

b

γ = ab e0,0, (7.2)

or, equivalently,
1

ab
T

g; 1
a

, 1
b

T ∗
γ; 1

a
, 1

b

= I. (7.3)

The Wexler–Raz operator identity in (7.3) on the Gabor dual lattice
(derived in [6]) reveals a symmetric expression for the Gabor frame iden-
tity T ∗

g;b,aTγ;b,a = I on the regular lattice. To understand (7.3), we can see
that (7.2) is equivalent to

T
g; 1

a
, 1

b

T ∗
γ; 1

a
, 1

b

em,n = ab em,n,

which gives rise to (7.3).

7.2.3 The Dual Gabor Formula

It was shown in [15] that among all the dual Gabor frames, those that are
generated by translations and modulations of (single) Gabor dual functions
can be explicitly constructed. The class of all Gabor dual functions can be
given in a parametric formula.

Proposition 7.6. Let {gmb,na} be a Gabor frame for L2(R), and set γ̃ ≡
S−1

g;b,ag. Then γ is a Gabor dual function if and only if

γ = γ̃ + ξ −
∑
mn

〈γ̃, gmb,na〉 ξmb,na, (7.4)

where ξ ∈ L2(R) is such that {ξmb,na} is a Bessel sequence in L2(R).
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Remark 7.7. The dual Gabor formula (7.4) was derived from the general dual
frame formula [15]. While Gabor duality studies by Wexler and Raz and by
others are mainly focused on the study of dual Gabor frames that are gen-
erated by one window function γ, i.e., γ(m,n) = γmb,na, the paper [15] also
pointed out constructively that dual Gabor frames may be generated by en-
tirely different waveforms that do not have the Heisenberg group structure.

7.3 Equivalence of Gabor Duality Characterizations

We will show in this section that the aforementioned Gabor duality charac-
terizations are equivalent. We begin with the following elementary lemmas.

Lemma 7.8. Let Wmb,na = EmbTna be the composition of the modulation
and translation operators, i.e., Wmb,naf(t) ≡ f(t − na)e2πimbt = fmb,na.
If {fmb,na} and {gmb,na} are Bessel sequences, then Wmb,na commutes with
T ∗

f ;b,aTg;b,a for every m, n ∈ Z.

Proof. The proof of this commutativity is similar to that of the commutativity
between Wmb,na and the Gabor frame operator Sg;b,a. 	


Lemma 7.9. If A : L2(R) → L2(R) is bounded and commutes with Wmb,na

for every m, n ∈ Z, then AT ∗
f ;b,a = T ∗

Af ;b,a whenever T ∗
f ;b,a and T ∗

Af ;b,a are
well-defined.

Proof. Let em,n = {δmjδnk}j,k∈Z. Then the assertion follows from the follow-
ing computation:

T ∗
Af ;b,aem,n = (Af)mb,na

= Wmb,na(Af)

= A(Wmb,naf)

= Afmb,na

= AT ∗
f ;b,aem,n. 	


Lemma 7.10. Let c = {cm,n} be a nontrivial sequence in �2, and let f ∈
L2(R) be any smooth and nontrivial function of compact support such that
|supp(f)| < min{a, 1

b}. Then T
f; 1

a
, 1

b

and Tf ;b,a are bounded, and T ∗
f ;b,a(c) �= 0.

Proof. This can be seen by the fact that the translates of f are disjoint with re-
spect to the translations specified by both the lattice and the dual lattice. 	


Now we can prove the desired equivalence.

Theorem 7.11. Let {gmb,na} be a Gabor frame in L2(R) with standard dual
frame {γ̃mb,na}. Suppose γ ∈ L2(R). Then the following statements are equiv-
alent.
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(i) T ∗
γ;b,a is bounded and T ∗

γ;b,aTg;b,a = I.

(ii) γ = γ̃+ξ−
∑

mn〈γ̃, gmb,na〉 ξmb,na, where ξ ∈ L2(R) is such that {ξmb,na}
is a Bessel sequence.

(iii) T
g; 1

a
, 1

b

γ = ab e0,0.

Proof. (i) ⇒ (ii). Suppose that T ∗
γ;b,aTg;b,a = I, i.e., that {γmb,na} is a dual

Gabor frame. We shall show that γ has the form given in statement (ii). Let
ξ = γ− γ̃ be the difference between the dual function γ and the standard dual
function γ̃. Then {ξmb,na} is a Bessel sequence, and ξmb,na = γmb,na− γ̃mb,na.
Hence, T ∗

ξ;b,a = T ∗
γ;b,a − T ∗

γ̃;b,a and is bounded, and

T ∗
ξ;b,aTg;b,a = T ∗

γ;b,aTg;b,a − T ∗
γ̃;b,aTg;b,a = I − I = 0.

Therefore,

γ = γ̃ + ξ − 0 = γ̃ + ξ − T ∗
ξ;b,aTg;b,aγ̃ = γ̃ + ξ −

∑
m,n

〈γ̃, gmb,na〉 ξmb,na.

(ii) ⇒ (i). Suppose that ξ ∈ L2(R) is such that {ξmb,na} is a Bessel
sequence. Then γ = γ̃+ξ−

∑
mn〈γ̃, gmb,na〉 ξmb,na is in L2(R) and {γmb,na} is

Bessel. Set A = T ∗
ξ;b,aTg;b,a. By Lemmas 7.8 and 7.9 we have T ∗

Aγ̃;b,a = AT ∗
γ̃;b,a,

so

T ∗
γ;b,a = T ∗

(γ̃+ξ−Aγ̃);b,a = T ∗
γ̃;b,a + T ∗

ξ;b,a − T ∗
Aγ̃;b,a = T ∗

γ̃;b,a + T ∗
ξ;b,a −AT ∗

γ̃;b,a.

Therefore,

T ∗
γ;b,aTg;b,a = T ∗

γ̃;b,aTg;b,a + T ∗
ξ;b,aTg;b,a −AT ∗

γ̃;b,aTg;b,a = I + A−AI = I.

The equivalence of (i) and (iii) is established in [6], and we include a proof
here for a quick reference.

(i) ⇒ (iii). Assume that T ∗
γ;b,aTg;b,a = I. For every “nice” function f

(smooth and having small compact support as specified in Lemma 7.10), Tf ;b,a

and Tf ; 1
a , 1b

will be bounded. So by the dual lattice identity (7.1),

T ∗
f ; 1

a , 1b
Tg; 1

a , 1
b
γ = ab T ∗

γ;b,aTg;b,af = abf = ab T ∗
f ; 1a , 1b

e0,0.

Hence,
T ∗

f ; 1
a , 1b

(
Tg; 1

a , 1b
γ − ab e0,0

)
= 0. (7.5)

By Lemma 7.10, (7.5) implies that Tg; 1
a , 1

b
γ − ab e0,0 = 0.

(iii)⇒ (i). Consider any nice f ∈ L2(R), say f in the Schwartz class. Then
Tf ; 1

a , 1
b

is bounded, and

T ∗
f ; 1

a , 1b
Tg; 1

a , 1
b
γ = ab T ∗

f ; 1a , 1
b
e0,0 = abf.
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Therefore, by the dual lattice relation (7.1),

f =
1

ab
T ∗

f ; 1
a , 1b

Tg; 1
a , 1b

γ = T ∗
γ;b,aTg;b,af.

Thus, T ∗
γ;b,aTg;b,af = f holds for all f in a set whose linear span is dense in

L2(R), implying that T ∗
γ;b,aTg;b,a = I. 	


Remark 7.12. (a) The dual Gabor function formula (7.4) can be substantially
simplified by working out the summation term. A standard calculation of
Gabor representations, e.g., [14], shows that

ξ −
∑
m,n

〈γ̃, gmb,na〉 ξmb,na =
∑

n

H(·, n) ξ(· − na),

where

H(·, n) ≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1−
∑

k

γ̃(·+ k
b ) g(·+ k

b ), n = 0,

−
∑

k

γ̃(·+ k
b ) g(·+ k

b − na), n �= 0.

Therefore, formula (7.4) becomes

γ = γ̃ +
∑

n

H(·, n) ξ(· − na),

which is much more computationally efficient than the original form using
complex-valued Gabor sequences.

(b) The dual Gabor formula (7.4) (item (ii) of Theorem 7.11) can also be
written as

γ = γ̃ + ξ −
∑
mn

〈γ̃, gmb,na〉 ξmb,na

= γ̃ + ξ −
∑
mn

〈ξ, gm
a , n

b
〉 γ̃m

a , n
b
.

This simply results from the dual lattice identity (7.1), applied to the summa-
tion term of (7.4). Therefore, the modification terms (the second and the third
terms) in the dual Gabor formula constitute a component in the orthogonal
complement of the subspace spanned by the Riesz basic sequence {gm

a , n
b
}.

(c) The form of H(·, n) is strikingly reminiscent of the Walnut representa-
tion of the frame operator, compare [10, Sec. 7.1], [11, Thm. 4.2.1], [22].

7.4 Discussion: Optimality Considerations and
Alternative Gabor Duals

In this section we will demonstrate how the dual Gabor formula can be used
in optimality considerations and for finding alternative Gabor duals. Consid-
erations of alternative Gabor duals by Daubechies, Landau, and Landau and
by Janssen will also be discussed.
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7.4.1 The Least Square Property of the Standard Dual via the
Dual Gabor Formula

We provide another reasoning in this section showing that if γ is any alterna-
tive dual Gabor function for a function g that generates a Gabor frame, then
‖S−1

g;b,a
g‖2 ≤ ‖γ‖2. First we require the following lemma.

Lemma 7.13. Let f , g, p, and q be functions in L2(R) such that Tf ;b,a, Tg;b,a,
Tp;b,a, and Tq;b,a are bounded. Then

〈T ∗
p;b,aTf ;b,ag, q〉 = 〈p, T ∗

q;b,aTg;b,af〉.

Proof.

〈T ∗
p;b,aTf ;b,ag, q〉 =

∑
m,n

〈g, fmb,na〉 〈pmb,na, q〉

=
∑
m,n

〈g, fmb,na〉 〈p, q−mb,−nae
−2πimnab〉

=
〈
p,
∑
m,n

〈fmb,na, g〉 q−mb,−nae
−2πimnab

〉
=
〈
p,
∑
m,n

〈f, g−mb,−nae
−2πimnab〉 q−mb,−nae

−2πimnab
〉

=
〈
p,
∑
m,n

〈f, g−mb,−na〉 q−mb,−na

〉
= 〈p, T ∗

q;b,aTg;b,af〉. 	


We can now easily establish the following.

Proposition 7.14. Let {gmb,na} be a Gabor frame for L2(R). Let γ̃ = S−1
g;b,a

g,
the standard dual Gabor function. Assume that γ is an alternative dual Gabor
function. Then

〈γ − γ̃, γ̃〉 = 0.

Proof. By the dual Gabor formula (7.4),

〈γ − γ̃, γ̃〉 = 〈ξ, γ̃〉 −
∑
m,n

〈γ̃, gmb,na〉〈cmb,na, γ̃〉

= 〈ξ, γ̃〉 − 〈T ∗
ξ;b,aTg;b,aγ̃, γ̃〉

= 〈ξ, γ̃〉 − 〈ξ, T ∗
γ̃;b,aTγ̃;b,ag〉

= 〈ξ, γ̃〉 − 〈ξ, Sγ̃;b,ag〉

= 〈ξ, γ̃〉 − 〈ξ, S−1
g;b,ag〉 = 0.

Here in the third equality we have used Lemma 7.13. 	
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With this observation, the minimum norm property of γ̃ follows.

Corollary 7.15. Let {gmb,na} be a Gabor frame. Let γ̃ be the standard dual
Gabor function, and let γ be an alternative dual Gabor function given by (7.4).
Then

‖γ‖22 = ‖γ̃‖22 + ‖ξ − T ∗
ξ;b,aTg;b,aγ̃‖22.

7.4.2 Compactly Supported Dual Gabor Functions via the Dual
Gabor Formula

One application of the Gabor dual formula is to find dual Gabor functions
with compact support, particularly for discrete finite-dimensional cases. The
dual Gabor formula for discrete finite-dimensional spaces is identical to (7.4),
except for the change of variable t from time into the index and the range
of summations [17]. Assume that L is the dimensionality of the signal space.
Assume that parameters a and 1/b both divide L and N ≡ L/a, K ≡ Lb.
Then the dual Gabor formula becomes

γ(t)− γ̃(t) =

N−1∑
n=0

H(t, n) ξ(t− na), t = 0, 1, . . . , L− 1, (7.6)

where H(t, n) is given by, for 0 ≤ t ≤ L− 1 and 0 ≤ n ≤ N − 1,

H(t, n) ≡

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1−

K−1∑
k=0

γ̃(t + k
b ) g(t + k

b ), n = 0,

−
K−1∑
k=0

γ̃(t + k
b ) g(t + k

b − na), n �= 0.

Assume now that we are to find a dual Gabor function γ(t) that vanishes on
the two tails for t = 0, 1, . . . ,M − 1 and t = L−M,L−M + 1, . . . , L− 1 for
sufficiently small M . Then, from (7.6), we are to solve for {ξ(t)}L−1

t=0 from the
system of equations

−γ̃(t) =

N−1∑
n=0

H(t, n)ξ(t− na), 0 ≤ t ≤M − 1; L−M ≤ t ≤ L− 1.

When {gmb,na} is a redundant Gabor frame system, for sufficiently small M ,
the above system of equations always has solutions.

We mention that compactly supported Gabor duals γ together with com-
pactly supported g can produce a dimension-invariant Gabor frame and dual
frame system for sufficiently large L [16]. That is, once L reaches a certain
size, there is no need to re-compute the dual Gabor function γ. When L is
further enlarged, padding g and γ with zeros to the enlarged dimension would
be sufficient. In such a way, a pair of compactly supported Gabor duals ob-
tained in a finite-dimensional space of certain dimension L can be applied to
spaces of any larger dimension that is a multiple of a and 1/b. This is very
convenient for discrete-time signal processing.
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7.4.3 Other Alternative Constructions

Janssen in [13] also constructed duals of compact support by the Wexler–
Raz identity in some special cases. The basic idea is to assume that ab =
1/q for some integer q ≥ 2, and to assume that g and γ are supported on
intervals [0, ra] and [ua, va], respectively, for integers r > 0, u < 0, and v > r.
Under such assumptions, the Wexler–Raz identity then becomes a system of
equations with a banded system matrix, with which solutions likely exist. We
refer the reader to [13] for a further discussion.

Another notable construction of alternative Gabor duals is by Daubechies,
Landau, and Landau [6]. The idea is to introduce an operator Λ so as to find
an optimal γ such that ‖Λγ‖2 is minimized. One way to do that is to find the
function G with the smallest L2-norm that satisfies

T
g; 1

a
, 1

b

Λ−1G = ab e0,0,

and then find γ through γ = Λ−1G. In doing so, the invertibility of an operator
Λ is assumed. We refer to [6] for a further discussion.
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Summary. Pseudodifferential operators are an indispensable tool for the study of
partial differential equations and are therefore a branch of classical analysis. In this
chapter we offer an approach using time-frequency methods. In this approach time-
frequency representations that are standard in signal analysis are used to set up the
formalism of pseudodifferential operators, and certain classes of function spaces and
symbols, the modulation spaces, arise naturally in the investigation. Although the
approach is “pedestrian” and based more on engineering intuition than on “hard”
analysis, strong results on boundedness and Schatten class properties are within its
scope.

8.1 Motivation

Pseudodifferential operators are a generalization of partial differential opera-
tors and play a fundamental role in the analysis and understanding of partial
differential equations (PDEs). As such they are often part of “hard analysis.”

In this chapter we present a more elementary approach in the language of
signal analysis and using methods from time-frequency analysis.

Let A =
∑

|α|≤N σα(x)Dα be a partial differential operator. If we use

the Fourier inversion formula f(x) =
∫

Rd f̂(ξ) e2πiξ·x dξ and then differentiate
under the integral, the partial derivatives are

Dαf(x) =

∫
Rd

f̂(ξ) (2πiξ)α e2πiξ·x dξ,

and thus the differential operator can be written informally as

Af(x) =
∑

|α|≤N

σα(x)Dαf(x) =

∫
Rd

( ∑
|α|≤N

σα(x) (2πiξ)α

)
︸ ︷︷ ︸

f̂(ξ) e2πix·ξ dξ .
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Abbreviating the term in parentheses by σ(x, ξ) =
∑

|α|≤N σα(x) (2πiξ)α, we
obtain

Af(t) =

∫
Rd

σ(x, ξ) f̂ (ξ) e2πix·ξ dξ .

This form suggests introducing a general class of operators by allowing more
general functions for σ. We therefore make the following definition.

Definition 8.1. Given a symbol σ ∈ S ′(R2d), the pseudodifferential operator
σKN is given by

σKNf(x) =

∫
Rd

σ(x, ξ) f̂ (ξ) e2πix·ξ dξ . (8.1)

To distinguish σKN from other types of pseudodifferential operators, the map-
ping σ → σKN is called the Kohn–Nirenberg correspondence, and σ is the
Kohn–Nirenberg symbol of the operator.

In the literature σKN is often denoted by σ(x,D) as a reminder that it is
a generalization of a partial differential operator.

Let us massage formula (8.1) a bit more:

σKNf(x) =

∫
Rd

σ(x, ξ) f̂ (ξ) e2πix·ξ dξ

=

∫∫
R2d

σ(x, ξ) e2πi(x−y)·ξ f(y) dξ dy

=

∫∫
R2d

σ̂(η, y − x) e2πiη·x f(y) dy dη

=

∫∫
R2d

σ̂(η, u) e2πiη·x f(u + x) du dη . (8.2)

This formula stars the two fundamental operations of time-frequency analysis,
namely the operators of translation and modulation

Txf(t) = f(t− x) and Mξf(t) = e2πiξ·tf(t) .

Their compositions are the time-frequency shifts TxMξ or MξTx.
We can now formally write the operator σKN as a superposition of time-

frequency shifts in the form

σKN =

∫∫
R2d

σ̂(η, u)MηT−u du dη . (8.3)

This is the spreading representation of the Kohn–Nirenberg correspon-
dence. This representation of σKN suggests that we use the mathematical
structure of time-frequency shifts and the corresponding methods of time-
frequency analysis for the study of pseudodifferential operators.
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This is the objective of this chapter. While in (8.3) we lose the connection
to differentiation and PDEs, the spreading representation has a concrete inter-
pretation in signal processing and is used to model communication channels
and time-varying systems.

Assume that a signal f is transmitted from a sender to a receiver. For in-
stance, this could be a call with a cellular phone. In the process of transmission
the signal will undergo a number of distortions. For one, the signal, an electro-
magnetic wave, will propagate along different paths and will be reflected by
obstacles, before some of the paths arrive at the receiver. As a consequence of
different path lengths, the received signal f̃ will be a weighted superposition of
time shifts. If the sender or the receiver or both are moving, then in addition
f will be modified by the Doppler effect. This effect results in a frequency

shift, and since M̂ωf(ξ) = f̂(ξ − ω), the Doppler effect results in a weighted
superposition of modulations. If we neglect other types of distortion, then the
received signal f̃ is therefore a weighted superposition of time-frequency shifts,
in other words, f̃ is of the form (8.3). In this model of mobile communications
there is no reference to derivatives at all, so in this context it makes sense to
investigate pseudodifferential operators with time-frequency methods.

In this chapter we offer a pedestrian approach to the analysis of pseudo-
differential operators that is geared towards the understanding of pseudo-
differential operators in the context and with the language of signal analysis.
We will exclusively focus on the Kohn–Nirenberg correspondence. Other forms
of pseudodifferential operators have a similar theory and the results discussed
in this chapter can be translated easily.

We will first develop the basic concepts of time-frequency analysis in Sec-
tion 8.2 and then introduce the modulation spaces in Section 8.3. These are
a family of function and distribution spaces that occur naturally in time-
frequency analysis, and they play an important role in the investigation of
pseudodifferential operators. Then we prepare the ground for the analysis of
pseudodifferential operators by making rigorous the above motivation and
developing the necessary formalism. In Section 8.4 we derive some of the
main results on pseudodifferential operators within time-frequency analysis.
On the one hand, we describe how a pseudodifferential operator modifies the
time-frequency content of a function, in other words, we study the mapping
properties between modulation spaces; on the other hand, we use modulation
spaces as symbol classes for pseudodifferential operators.

Although this chapter is intended as an elementary introduction to a clas-
sical topic from the point of view of time-frequency analysis, there will be
several new aspects in our treatment. First, we emphasize the interaction
between pseudodifferential operators and well-known time-frequency repre-
sentations and the connection to signal analysis. Second, we focus on the
Kohn–Nirenberg correspondence. The Kohn–Nirenberg correspondence can
be extended with only minor notational changes to the analysis of operators
on general locally compact Abelian groups. This is important for the treat-
ment of discrete or digitized signals. Third, we give a non-standard definition
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of modulation spaces and in this way avoid some of the difficulties of the usual
definitions. In particular, this approach does not require an extensive setup
of (ultra) distribution theory.

8.1.1 Notation

S(Rd) denotes the Schwartz class of test functions on Rd, and its dual S ′(Rd)
is the space of tempered distributions equipped with the weak* topology. We
always take the duality 〈 . , . 〉 as extending the inner product on L2(Rd), thus
〈f, g〉 is conjugate-linear in g. As a consequence, Parseval’s formula

〈f, g〉 = 〈f̂ , ĝ〉 (8.4)

holds for (f, g) ∈ L2(Rd)× L2(Rd) as well as for (f, g) ∈ S ′(Rd)× S(Rd).

8.2 Basic Concepts of Time-Frequency Analysis

8.2.1 Time-Frequency Representations and the Definition of
Pseudodifferential Operators

Time-frequency representations are a common tool in engineering, in partic-
ular in signal analysis. The idea is to combine information about time and
frequency of a signal f in a joint representation of f on the time-frequency
“plane” R2d. Time-frequency representations also arise naturally in the study
of pseudodifferential operators. To see how they arise, let us look at the
weak interpretation of the integral (8.1) defining σKN . Assuming first that
σ ∈ L1(R2d) and f, g ∈ S(Rd), the integral (8.1) converges absolutely, and we
may apply Fubini’s Theorem to interchange the order of integration:

〈σKNf, g〉 =

∫
Rd

(∫
Rd

σ(x, ξ) f̂ (ξ) e2πix·ξ dξ

)
g(x) dx

=

∫
Rd

∫
Rd

σ(x, ξ)
(
f̂(ξ) e2πix·ξ g(x)

)
dξ dx .

This motivates the following definition.

Definition 8.2. Let f, g ∈ L2(Rd). The (cross) Rihaczek distribution of f
and g is defined to be the function on R2d

R(f, g)(x, ξ) = f(x) ĝ(ξ) e−2πix·ξ .

We can now write the action of σKN as

〈σKNf, g〉 = 〈σ,R(g, f)〉 . (8.5)

Note that the first inner product is for functions on Rd, whereas the second
inner product is for functions on R2d. We now choose (8.5) as the rigorous
definition of σKN . The advantage of this weak definition becomes apparent
in the next lemma.
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Lemma 8.3. If σ ∈ S ′(R2d), then the sesquilinear form (8.5) defines a con-
tinuous operator σKN from S(Rd) to S ′(Rd). Thus the Kohn–Nirenberg cor-
respondence is defined for all symbols σ ∈ S ′(R2d).

Proof. If f, g ∈ S(Rd), then R(g, f)(x, ξ) = f̂(ξ) g(x) e−2πix·ξ is in S(R2d),
therefore 〈σ,R(g, f)〉 is well-defined for every σ ∈ S ′(R2d). Fix f ∈ S(Rd),
and assume that gn ∈ S(Rd) converges to g ∈ S(Rd) in the topology of S.
Then R(gn, f) → R(g, f) in S(R2d). Thus g → 〈σ,R(g, f)〉 is a continuous
functional on S(Rd) and defines a unique tempered distribution σKNf ∈
S′(Rd). If fn ∈ S(Rd) converges to f ∈ S(Rd) in S, then by the same argument
R(g, fn) → R(g, f) in S(R2d) and thus 〈σ,R(g, fn)〉 → 〈σ,R(g, f)〉 for all

g ∈ S(Rd). This means that σKNfn
w∗

−→ σKNf . Consequently, the operator
σKN is continuous from S(Rd) to S ′(Rd) with the weak* topology. Clearly, if
σ ∈ L1(R2d), then the weak definition coincides with the integral in (8.1). 	


If we use the weak definition of the spreading representation (8.3), we
may argue similarly and obtain

〈σKNf, g〉 =

∫
Rd

(∫∫
R2d

σ̂(η, u)MηT−uf(t) du dη

)
g(t) dt

=

∫
R2d

σ̂(η, u)

∫
Rd

g(t)MηT−uf(t) dt du dη .

Again, these manipulations are well-defined when σ̂ ∈ L1(R2d) and f , g ∈
S(Rd). The expression under the inner integral is one of the most fundamental
objects of time-frequency analysis.

Definition 8.4. Let f, g ∈ L2(Rd). The short-time Fourier transform (STFT)
of f with respect to the window g is defined as

Vgf(x, ξ) =

∫
Rd

f(t)g(t− x) e−2πiξ·t dt = 〈f,MξTxg〉 . (8.6)

The spreading representation can therefore be written as

〈σKNf, g〉Rd =

∫
R2d

σ̂(η, u)Vfg(−u, η)du dη . (8.7)

Remark 8.5. (a) The Rihaczek distribution R(f, f) is a naive attempt to com-
bine a function and its Fourier transform into a single object, simply by taking

their (modified) tensor product f(x) f̂(ξ) e−2πix·ξ. Like the Rihaczek distribu-
tion R(f, g), the STFT is a sesquilinear form in f , g, but usually the window
g is thought to be fixed and the STFT is interpreted as a linear mapping
f → Vgf . Thinking of g as a compactly supported non-negative smooth func-
tion centered at the origin, the product f ·Txḡ can be thought of as a smooth
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cut-off of f to a neighborhood of x ∈ Rd. Then Vgf(x, ξ) is the Fourier trans-
form of the local piece of f near x and measures the amplitude of f in the
frequency band near ξ ∈ Rd at time x.

Both the Rihaczek distribution R(f, f) and the short-time Fourier trans-
form Vgf are examples of time-frequency representations. They provide si-
multaneous information about time and frequency in a single object (at the
expense of doubling the number of variables). In this sense the short-time
Fourier transform is a mathematical analog to a musical score.

(b) Whereas the integral in (8.6) makes sense for f , g ∈ L2(Rd), the inner
product 〈f,MξTxg〉 can be extended to other dual pairings of spaces that are
invariant under time-frequency shifts.

(c) In the following we will always assume that the window is in a “small”
space, for instance, g ∈ S(Rd). Then Vgf is defined for f ∈ S ′(Rd) and can
be used as a tool to analyze the time-frequency properties of distributions.

(d) Similarly to Lemma 8.3, one can show that the sequilinear form defined
by the right-hand side of (8.7) defines a continuous operator from S(Rd) to
S′(Rd). Based on the informal calculation in (8.2) and in anticipation of a
rigorous argument in Corollary 8.10, we denote this operator by σKN .

8.2.2 Properties of the Short-Time Fourier Transform

Before we continue the investigation of pseudodifferential operators, we inves-
tigate some of the properties of the two time-frequency representations that
arise in the definition of the Kohn–Nirenberg correspondence. Clearly, in this
approach an understanding of pseudodifferential operators goes hand in hand
with an understanding of time-frequency representations.

First we summarize a few formulas about time-frequency shifts. These are
easy consequences of the definitions and do not require explicit proof.

Lemma 8.6. Let f ∈ S ′(Rd), x, ξ ∈ Rd. Then

(i) M̂ξTxf = TξM−xf̂ ,

(ii) Canonical commutation relations (CCR):

TxMξ = e−2πix·ξMξTx .

Next we list several formulas for the STFT, each of which occurs in certain
calculations in this chapter.

Lemma 8.7. If f , g ∈ L2(Rd), then Vgf is uniformly continuous on R2d, and

Vgf(x, ξ) = (f · Txḡ)
∧(ξ) = 〈f,MξTxg〉 = 〈f̂ , TξM−xĝ〉 = e−2πix·ξVĝ f̂(ξ,−x) .
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We state explicitly the fundamental identity of time-frequency analysis:

Vgf(x, ξ) = e−2πix·ξ Vĝ f̂(ξ,−x) . (8.8)

This identity makes transparent in what sense the STFT carries simultaneous
information about f and f̂ in a single representation.

It is useful to express the STFT in a different form that emphasizes some
structural properties. We introduce the partial Fourier transform F2 in the sec-
ond coordinate, an (asymmetric) coordinate transform, and the tensor product
notation:

F2F (x, ξ) =

∫
Rd

F (x, t) e−2πiξ·t dt ,

T F (x, t) = F (t, t− x) ,

(f ⊗ g)(x, y) = f(x)g(y).

Then we have the following.

Lemma 8.8. For f , g ∈ L2(Rd),

Vgf = F2T (f ⊗ ḡ) . (8.9)

In addition, (8.9) makes sense for f , g ∈ S ′(Rd) and defines the STFT on
S′(Rd).

Lemma 8.9. The two-dimensional Fourier transform of the Rihaczek distri-
bution is a rotated short-time Fourier transform. If f , g ∈ S(Rd), then

R̂(f, g)(η, u) = Vgf(−u, η) , ∀ (η, u) ∈ R2d . (8.10)

If f , g ∈ S ′(Rd), then (8.10) holds in a distributional sense as R̂(f, g) = Ṽgf ,

where F̃ (η, u) = F (−u, η).

Proof. For f , g ∈ S(Rd) the following manipulations are rigorous:

R̂(f, g)(η, u) =

∫
Rd

∫
Rd

f(x) ĝ(ξ) e−2πix·ξ e−2πi(η·x+u·ξ) dx dξ

=

∫
Rd

f(x)

(∫
Rd

ĝ(ξ) e2πiξ·(x+u) dξ

)
e−2πiη·x dx

=

∫
Rd

f(x) g(x + u) e−2πiη·x dx

= Vgf(−u, η) .

If f , g ∈ S ′(Rd), then we choose two sequences fn, gn ∈ S(Rd) such that

fn
w∗

→ f and gn
w∗

→ g. Then by the weak* continuity of the Fourier transform

on S ′(Rd) and by (8.10) we obtain that R̂(f, g) = w∗- limn→∞ R(fn, gn) =

w∗- limn→∞ Ṽgnfn = Ṽgf . 	
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We can now establish rigorously the equivalence of the Kohn–Nirenberg
correspondence and the spreading representation of pseudodifferential opera-
tors.

Corollary 8.10. If σ ∈ S ′(R2d) and f , g,∈ S(Rd), then〈
σKNf, g

〉
=
〈
σ̂, Ṽfg

〉
. (8.11)

If σ ∈ S ′ is a (measurable) function of polynomial growth, then (8.11) is
simply the weak version of the vector-valued integral

σKNf =

∫
Rd

∫
Rd

σ̂(η, u)MηT−uf du dη .

Proof. The statement follows from Parseval’s relation (8.4) and Lemma 8.9:
if f , g ∈ S(Rd), then〈

σ,R(g, f)
〉

=
〈
σ̂, R̂(g, f)

〉
=
〈
σ̂, Ṽfg

〉
.

If the distribution σ has polynomial growth, then the “inner product” makes
sense as an absolutely convergent integral, and we obtain〈

σKNf, g
〉

=

∫
Rd

∫
Rd

σ̂(η, u)Vfg(−u, η)du dη

=

∫
Rd

∫
Rd

σ̂(η, u) 〈MηT−uf, g〉 du dη .

This is the weak form of the spreading representation. 	

Next we investigate some general properties of the Rihaczek distribution

and the short-time Fourier transform that are used frequently.

Lemma 8.11 (Covariance Property). Whenever Vgf is defined,

Vg(TuMηf)(x, ξ) = e−2πiu·ξ Vgf(x− u, ξ − η)

for x, u, ξ, η ∈ Rd. In particular,

|Vg(TuMηf)(x, ξ)| = |Vgf(x− u, ξ − η)| .

The next statement is crucial and occurs in many calculations. It is usually
referred to as the orthogonality relations.

Theorem 8.12 (Orthogonality Relations). If f1, f2, g1, g2 ∈ L2(Rd),
then ∫

Rd

∫
Rd

R(f1, g1)(x, ξ)R(f2, g2)(x, ξ) dx dξ = 〈f1, f2〉 〈g1, g2〉 ,

and ∫
Rd

∫
Rd

Vg1f1(x, ξ)Vg2f2(x, ξ) dx dξ = 〈f1, f2〉 〈g1, g2〉 . (8.12)

In particular, Vgf ∈ L2(R2d) for f , g ∈ L2(Rd).
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Proof. The first formula follows immediately from the definition and from
Plancherel’s Theorem:∫

Rd

∫
Rd

R(f1, g1)(x, ξ)R(f2, g2)(x, ξ)dξdx

=

∫
Rd

∫
Rd

f1(x) ĝ1(ξ) e
−2πix·ξ f2(x) ĝ2(ξ) e−2πix·ξ dx dξ

=

∫
Rd

f1(x) f2(x) dx

∫
Rd

ĝ2(ξ) ĝ1(ξ) dξ

= 〈f1, f2〉 〈ĝ2, ĝ1〉

= 〈f1, f2〉 〈g1, g2〉 .

The second formula then follows from Plancherel’s Theorem and Lemma
8.9. Alternatively, we can use the representation of Vgf given in Lemma 8.8.
Since the partial Fourier transform and the coordinate transform T are uni-
tary, we obtain〈

Vg1f1, Vg2f2

〉
L2(R2d)

=
〈
F2T (f1 ⊗ g1), F2T (f2 ⊗ g2)

〉
=
〈
f1 ⊗ g1, f2 ⊗ g2

〉
L2(R2d)

= 〈f1, f2〉 〈g1, g2〉 . 	


Choosing g1 = g2 = g and f1 = f2 = f , we obtain the isometry property of
the STFT. In a sense, it is equivalent to Plancherel’s Theorem for the Fourier
transform.

Corollary 8.13. If ‖g‖2 = 1, then the STFT is an isometry from L2(Rd) into
L2(R2d), and

‖Vgf‖2 = ‖f‖2, ∀ f ∈ L2(Rd) .

As always, a Plancherel Theorem leads to an inversion formula. Specif-
ically, a weak interpretation of (8.12) yields the inversion formula for the
STFT.

Corollary 8.14 (Inversion Formula for the STFT). Suppose that g, γ ∈
L2(Rd) with 〈g, γ〉 �= 0. Then for all f ∈ L2(Rd),

f =
1

〈γ, g〉

∫∫
R2d

Vgf(x, ξ)MξTxγ dξ dx , (8.13)

where the vector-valued integral is to be understood in the weak sense.

Proof. The weak interpretation of (8.13) means that for all h ∈ L2(Rd) we
should have
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〈f, h〉 =
1

〈γ, g〉

∫∫
R2d

Vgf(x, ξ) 〈MξTxγ, h〉 dξ dx .

The right-hand side is just 1
〈γ,g〉 〈Vgf, Vγh〉 and by (8.12) it equals 〈f, h〉, as

claimed. 	


Remark 8.15. The inversion formula extends to other spaces, e.g., if g, γ ∈ S,
then (8.13) holds for all f ∈ S ′ in a weak sense. Since the proofs require only
technicalities in distribution theory, but no new ideas, we omit the precise
arguments. Equivalent to the extended inversion formula is the Parseval for-
mula for the STFT: if g ∈ S(Rd) and ‖g‖2 = 1, then for all f ∈ S ′(Rd) and
ϕ ∈ S(Rd) we have 〈

Vgf, Vgϕ
〉

= 〈f, ϕ〉 . (8.14)

8.2.3 Time-Frequency Analysis of Test Functions and
Distributions

As an example of how the formalism of time-frequency representations can
be used to analyze functions and distributions, we characterize the Schwartz
class by means of the STFT.

Theorem 8.16. Fix a nonzero g ∈ S(Rd) and write z = (x, ξ) ∈ R2d. The
following are equivalent:

(i) f ∈ S(Rd),

(ii) Vgf ∈ S(R2d),

(iii) |Vgf(z)| = O
(
(1 + |z|)−N

)
for all N ≥ 0.

Further, if f ∈ S ′(Rd), then Vgf(z) = O
(
(1 + |z|)N

)
for some N ≥ 0.

Proof (idea). The equivalence of (i) and (ii) follows from Lemma 8.8 and the
fact that the partial Fourier transform and linear coordinate transformations
are isomorphisms on S(R2d). Thus if f , g ∈ S(Rd), then Vgf = F2T (f ⊗ ḡ) ∈
S(R2d). Conversely, if Vgf ∈ S(R2d), then f(x) ḡ(y) = T −1F−1

2 Vgf ∈ S(R2d).
By fixing y, we obtain that f ∈ S(Rd).

Clearly, (ii) implies (iii). The subtle part is the implication (iii) ⇒ (i),
which is based on the inversion formula. Applying the operator XβDα to both
sides of (8.13) and using the triangle inequality, one obtains the estimate

‖XβDαf‖∞ ≤
∫

R2d

|Vϕf(x, ξ)| ‖XβDα(MξTxϕ)‖∞ dx dξ .

Next one shows the polynomial estimate ‖XβDα(MξTxϕ)‖∞ = O(|ξ||α| +
|x||β|). Since the STFT Vϕf decays rapidly, the integral and the norm are
finite for all multi-indices α, β ≥ 0, and this means that f ∈ S(Rd). For
details see [33] and [24, Ch. 11.2]. 	
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Remark 8.17. Short-time Fourier transforms are functions with remarkable lo-
cal properties and, in many contexts, behave almost like analytic functions.
In the case of Theorem 8.16, the decay of the STFT implies automatically
C∞-smoothness. Other statements where decay of the STFT implies its
smoothness can be found in [10], [18], [58].

We summarize the domain of the short-time Fourier transform in the fol-
lowing table.

f g Vgf

L2(Rd) L2(Rd) L2(R2d), continuous

Lp(Rd) Lp′

(Rd) L∞(R2d), continuous
S′(Rd) S(Rd) polynomial growth, continuous
S′(Rd) S′(Rd) S′(R2d)

8.2.4 Representation of Operators: General Formalism

Recall the Schwartz Kernel Theorem: If A is continuous from S(Rd) into
S′(Rd) (under the weak* topology), then there is a unique distributional kernel
k ∈ S ′(R2d), such that

〈Af, g〉 = 〈k, g ⊗ f̄〉 .
If the kernel k is locally integrable, then A can be written as an integral
operator, because

〈k, g ⊗ f̄〉 =

∫∫
R2d

k(x, y) f(y) g(x) dy dx .

Thus Schwartz’s theorem asserts that every reasonable operator is a “gener-
alized integral operator” [39], [49].

Next we show that every such operator can also be written as a pseudo-
differential operator σKN for some distributional symbol σ ∈ S ′(R2d).

Proposition 8.18. Assume that σ ∈ S ′(R2d). Write T ′F (x, y) = F (x, y−x),
then σKN has the distributional kernel

k = T ′F2σ ∈ S′(R2d) .

Furthermore〈
σKNf, g

〉
=
〈
σ, R(g, f)

〉
=
〈
k, g ⊗ f̄

〉
, ∀ f, g ∈ S(Rd) .

Proof. We take up the calculation begun in (8.2). If f ∈ L1(Rd) and σ ∈
S(R2d), then

σKNf(x) =

∫
Rd

σ(x, ξ) f̂ (ξ) e2πix·ξ dξ

=

∫
Rd

(∫
Rd

σ(x, ξ) e2πi(x−y)·ξ dξ

)
f(y) dy ,
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and so the kernel is

k(x, y) =

∫
Rd

σ(x, ξ) e2πi(x−y)·ξ dξ = F2σ(x, y − x) = T ′F2σ(x, y) .

If σ ∈ S ′(R2d), then by the Schwartz Kernel Theorem there is a distributional
kernel k ∈ S ′(R2d) such that 〈σKNf, g〉 = 〈k, g⊗ f̄〉. Now let σn ∈ S(R2d) be
a sequence converging weak* to σ. Then〈

σKNf, g
〉

=
〈
σ, R(g, f)

〉
= lim

n→∞
〈
σn, R(g, f)

〉
= lim

n→∞
〈
(σn)KNf, g

〉
= lim

n→∞
〈
T ′F2σn, g ⊗ f̄

〉
=
〈
T ′F2σ, g ⊗ f̄

〉
.

So k = T ′F2σ ∈ S′(R2d). 	


We may now summarize the operator formalism as follows.

Theorem 8.19. Let A be a continuous linear operator mapping S(Rd) into
S′(Rd). Then there exist tempered distributions k, F and σ ∈ S ′(R2d) that
yield the following representations of A.

(a) Schwartz Kernel Theorem: A is an “extended integral operator”

〈Af, g〉 = 〈k, g ⊗ f̄〉, f, g ∈ S(Rd).

(b) Kohn–Nirenberg correspondence: A is a pseudodifferential operator

A = σKN .

(c) Spreading representation: A is a superposition of time-frequency shifts

A =

∫∫
R2d

F (x, ξ)MξTx dx dξ.

The transition formulas are

σ = F−1
2 T ′ −1 k,

F (x, ξ) = σ̂(ξ,−x).

Remark 8.20. With equal right we might have studied other calculi for pseudo-
differential operators. A general calculus would be the t-pseudodifferential
operators, which are defined as
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Opt(σ)f(x) =

∫ ∫
σ((1 − t)x + ty, ξ) e2πiξ·(x−y) f(y) dξ dy .

Thus for t = 0 one obtains Op0(σ) = σKN ; the case t = 1/2 corresponds to
the Weyl transform. Although the Weyl transform is often more convenient
because it possesses more symmetry properties, we prefer to outline the case
of the Kohn–Nirenberg correspondence. Many formulas are simpler to derive
and, moreover, the formalism of the Kohn–Nirenberg correspondence can be
easily extended to arbitrary locally compact Abelian (LCA) groups [20]. In-
deed, all we need is the structure of time-frequency shifts, and these can be
defined on any LCA group. By contrast, the mapping x→ x/2 that is required
in the Weyl calculus makes sense only on a subclass of LCA groups.

8.3 Modulation Spaces

So far we have studied the concept of pseudodifferential operators and the
tight interplay between pseudodifferential operators and time-frequency rep-
resentations. This study leads to several different representations of arbitrary
operators. Before we proceed to the investigation of mapping properties and
boundedness properties we shall study the appropriate class of function spaces.
Once again we abide by the principle that the appropriate function spaces
should be closely related to the concepts involved in the definition of pseudo-
differential operators. In other words, the function spaces should be related
to time-frequency shifts and time-frequency representations.

The goal is to quantify the time-frequency behavior of a function or dis-
tribution. Using the metaphor of the STFT as a mathematical score, we want
to quantify how much and where in the time-frequency plane a function is
concentrated. It is therefore natural to impose a norm on Vgf and thereby
define a norm on f .

8.3.1 Definition of Modulation Spaces

Informally we start with a suitable function space Y on R2d, for instance,
Y = Lp(R2d), and then we define the modulation space M(Y ) by the norm

‖f‖M(Y ) = ‖Vgf‖Y

for a suitable, fixed window g.
Since Y should be a measure for the time-frequency concentration of f ,

the norm of Y should only depend on the modulus of Vgf and Y should be
invariant under translations in the time-frequency plane, i.e., M(Y ) should
be invariant under time-frequency shifts. Obeying further principles from the
theory of function spaces, we will consider a whole class of function spaces Y
on R2d and require that this class be invariant under duality and interpolation.
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In this way, we arrive naturally at the class of mixed-norm spaces Lp,q
m on

R2d as choices for Y . For p, q <∞, these are defined by the norm

‖F‖Lp,q
m

=

(∫
Rd

(∫
Rd

|F (x, ξ)|p m(x, ξ)p dx

)q/p

dξ

)1/q

,

with the usual modifications when either p =∞ or q =∞.
The weight m quantifies the growth or decay of Vgf in the time-frequency

plane. For explicitness we may think of m as a function of the form

m(z) = ea|z|b (1 + |z|)s
(
log(e + |z|)

)t
for a, s, t ∈ R and 0 ≤ b ≤ 1. We postpone the precise definition of admissible
weights and proceed to the formal definition of the modulation spaces.

Definition 8.21. Let ϕ(t) = e−πt·t be the Gaussian and

H0 =
{
f =

n∑
j=1

cjMξjTxjϕ : (xj , ξj) ∈ R2d, n ∈ N
}

be the linear subspace of all finite linear combinations of time-frequency shifts
of the Gaussian. Then H0 is invariant under the Fourier transform and is a
very small subspace of S.

Next consider the norm

‖f‖Mp,q
m

= ‖Vϕf‖Lp,q
m

=

(∫
Rd

(∫
Rd

|Vϕf(x, ξ)|p m(x, ξ)p dx

)q/p

dξ

)1/q

. (8.15)

We define the modulation space M p,q
m to be the completion of H0 with

respect to the Mp,q
m -norm, if 0 < p, q < ∞, and the weak* completion if

p = ∞ or q = ∞.
Furthermore, we write Mp

m = Mp,p
m and Mp,q = Mp,q

m when m ≡ 1.

This definition is not the standard definition of the modulation spaces and
seems to be rather cumbersome, because we define an element in a modulation
space by an abstract process of completion. On the other hand, the Banach
space property is evident without further effort.

Theorem 8.22. (a) The modulation space M p,q
m is a Banach space for

1 ≤ p, q ≤ ∞. If p, q <∞, then H0 is norm-dense in Mp,q
m .

(b) If the weight m satisfies the property

m(z1 + z2) ≤ C v(z1)m(z2) ∀ z1, z2 ∈ R2d ,

where v is a submultiplicative weight function, then M p,q
m is invariant under

time-frequency shifts and
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‖MξTxf‖Mp,q
m
≤ C v(x, ξ) ‖f‖Mp,q

m
.

(c) If m(ξ,−x) ≤ C m(x, ξ), then M p
m is invariant under the Fourier trans-

form; in fact, the Fourier transform is an isomorphism of M p
m.

Proof. (a) The Banach space property and the density of H0 in Mp,q
m are part

of the construction [48].

(b) To show the invariance properties, we note that for f ∈ H0 or even for
f ∈ L2(Rd) we have

‖MξTxf‖Mp,q
m

=

(∫
Rd

(∫
Rd

|Vϕ(MξTxf)(u, η)|p m(u, η)p du

)q/p

dη

)1/q

=

(∫
Rd

(∫
Rd

|Vϕf(u− x, η − ξ)|p m(u, η)p du

)q/p

dη

)1/q

=

(∫
Rd

(∫
Rd

|Vϕf(u, η)|p m(u + x, η + ξ)p du

)q/p

dη

)1/q

≤ C v(x, ξ)

(∫
Rd

(∫
Rd

|Vϕf(u, η)|p m(u, η)p du

)q/p

dη

)1/q

.

By density, this inequality carries over to the closure of H0, i.e., to Mp,q
m .

(c) The invariance of the Fourier transform follows by a similar argument
from the fundamental formula (8.8), and the calculation∫∫

R2d

|Vϕf(x, ξ)|p m(x, ξ)p dx dξ =

∫∫
R2d

|Vϕ̂f̂(ξ,−x)|p m(x, ξ)p dx dξ

=

∫∫
R2d

|Vϕf̂(x, ξ)|p m(−ξ, x)p dx dξ

≤ C‖Vϕf‖p
Mp

m
. 	


Remark 8.23. (a) While the elements in H0 are concrete C∞-functions with
rapid decay, the general elements of a modulation space are by definition ab-
stract elements in some completion of H0. For decent weights m the modula-
tion spaces are always tempered distributions. Specifically, if m(z) = O(|z|N )
for some N > 0, then Mp,q

m is in fact the subspace of tempered distributions
f ∈ S ′(Rd) for which ‖f‖Mp,q

m
is finite. And if m ≥ 1 and 1 ≤ p, q ≤ 2, then

Mp,q
m is actually a subspace of L2(Rd). However, if v(z) = ea|z|b , b < 1, then

M1
v ⊆ S(Rd) and S ′(Rd) ⊆ M∞

1/v, and we would have to use ultradistribu-

tions [2] to define Mp,q
m as a subspace of “something” [45].

(b) Since, for fixed ξ ∈ R2d, Vgf is a smoothed version of f and, for fixed

x ∈ Rd, Vgf is a smoothed version of f̂ , we may think of f ∈Mp,q as roughly

meaning that f ∈ Lp and f̂ ∈ Lq. While this is completely wrong as a rigorous
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statement, it is sufficient as an intuition to explain a number of properties of
modulation spaces, for instance, the convolution and pointwise multiplication
properties of modulation spaces [10].

Weights. The treatment of the weights is always a bit technical. The
weights in (8.15) are standard, but much more general weight functions can
be used. For completeness we now add the precise definitions.

Definition 8.24. We use two classes of weight functions. By v we denote a
non-negative, even, and submultiplicative function on R2d, i.e., v satisfies the
following properties: v(0) = 1, v(±z1,±z2, . . . ,±z2d) = v(z1, . . . , z2d), and
v(w + z) ≤ v(w)v(z), w, z ∈ R2d. Without loss of generality we may assume
that v is continuous.

Associated to a submultiplicative weight v, we define the class of v-
moderate weights by

Mv =
{
m ≥ 0 : sup

w∈R2d

m(w + z)

m(w)
≤ Cv(z), ∀ z ∈ R2d

}
. (8.16)

Every weight of the form v(z) = ea|z|b(1+ |z|)s logr(e+ |z|) for parameters
a, r, s ≥ 0, 0 ≤ b ≤ 1 is submultiplicative. A submultiplicative weight can grow
at most exponentially. To see this, set a = sup|x|≤1 v(x) ≥ 1. If N−1 < |z| ≤ N

for N ∈ N, then v(z) = v(N · z
N ) ≤ v( z

N )N ≤ aN ≤ a|z|+1.
The polynomial weights

(1 + |z|)t � (1 + |z|2)t/2 := 〈z〉

are submultiplicative for t ≥ 0 and they are moderate with respect to the
submultiplicative weight vs(z) = (1 + |z|)s if and only if |t| ≤ s. Note that
if m ∈ Mv, then 1

Cv(z) ≤ m(z) ≤ Cv(z) by (8.16). If v is submultiplicative,

then vα ∈Mv for |α| ≤ 1.

Historical remarks. The modulation spaces were introduced by H. G.
Feichtinger in two fundamental papers in 1980 and 1983. The original mo-
tivation was to investigate alternative concepts of smoothness that were not
based on differentiation properties [15], [16], [17]. Thus in the beginning the
theory of modulation spaces was developed in parallel to the theory of Besov
spaces. Like Besov spaces, modulation spaces possess a thorough theory as
function spaces, such as duality and interpolation theory, trace and restric-
tion theorems, and atomic decompositions. Their subsequent evolution showed
that modulation spaces arise naturally whenever a problem involving time-
frequency shifts is analyzed rigorously.

In recent years modulation spaces have been used and applied in many
problems of time-frequency analysis. We mention their appearance in the for-
mulation of uncertainty principles [22], [4], in the problem of window design
for Gabor frames and pulse shaping in OFDM [19], [31], [42], [55], in the
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characterization of time-frequency concentration by means of Gabor frames
[19], [24], in the formulation of the Balian–Low Theorem [27], for nonlinear
approximation of functions with Gabor frames and Wilson bases [32], and for
sigma-delta-modulation with Gabor frames [60]. Last but not least, modula-
tion spaces are used as symbol classes for pseudodifferential operators [28],
[29], [47], [50], [52], [53], [57], [58]. The latter application is the focus of this
chapter.

In this sense, we may say that

Modulation spaces are the appropriate function
spaces for time-frequency analysis.

8.3.2 Basic Properties of Modulation Spaces

Next we state the main properties of modulation spaces and Banach spaces.
This is usually a bit boring, and we will omit the rigorous proofs. For a detailed
treatment from scratch we refer to [24, Ch.11]. Since the modulation spaces
are defined by Lp-norms of an STFT, it is not surprising that they inherit
several of their properties from the corresponding Lp-spaces, for instance, the
duality and interpolation properties.

We first identify some modulation spaces with known spaces.

Lemma 8.25. (a) M2 = L2(Rd).

(b) If m(x, ξ) = 〈x〉s for s ∈ R, then

M2
m = L2

s =

{
f ∈ S ′ :

(∫
Rd

|f(x)|2〈x〉2s dx

)1/2

<∞
}
.

(c) If m(x, ξ) = 〈ξ〉s, then

M2
m = Hs =

{
f ∈ S ′ :

(∫
Rd

|f̂(ξ)|2〈ξ〉2s dξ

)1/2

<∞
}

(Bessel potential space).

(d) The space M 1 is often denoted by S0(Rd) and called the Feichtinger
algebra.

(e) If vs(x, ξ) = (1 + |x|2 + |ξ|2)s/2 = 〈z〉s, then M2
vs

= L2
s ∩ Hs = Qs

where Qs is the Shubin class [50], [3].

(f) S(Rd) =
⋂

s≥0 M1
vs

=
⋂

s≥0 Mp
vs

.

(g) S ′(Rd) =
⋃

s≥0 M∞
1/vs

Remark 8.26. (a) follows from the orthogonality relations (Theorem 8.12); (f)
and (g) are reformulations of Theorem 8.16.
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Next we present some basic properties of the modulation spaces.

Theorem 8.27. Assume that 1 ≤ p, q ≤ ∞, and m ∈ Mv.

(i) Equivalent norms: If g ∈M 1
v , then

‖f‖Mp,q
m
� ‖Vgf‖Lp,q

m
.

Thus the definition of Mp,q
m is independent of the window g that is chosen to

measure the time-frequency content of f .

(ii) Duality: (Mp,q
m )′ = Mp′,q′

1/m for 1 ≤ p, q < ∞, where p′ = p
p−1 denotes

the conjugate index.

(iii) Inclusions: Mp,q
m ⊆M r,s

m ⇐⇒ p ≤ r and q ≤ s.

(iv) The interpolation of modulation spaces is similar to that for Lp-spaces,
e.g.,

[M1,M∞]θ = Mp .

For proofs see [24] and the original literature. It suffices to say that the
proofs rely heavily on the extended inversion formula (8.13) and (8.14).

8.4 Pseudodifferential Operators: Boundedness and
Schatten Classes

In Section 8.2.4 we have investigated the formalism of linear operators and
how they can be represented. We have put special emphasis on the use of
time-frequency representations. In this part, we turn to a finer investigation
of pseudodifferential operators and study their mapping and boundedness
properties. The setup of time-frequency methods leads to surprisingly simple
proofs of strong results; this is why the time-frequency approach may be called
“pedestrian.”

8.4.1 A Kernel Theorem

We first formulate a very general kernel theorem that extends and refines the
classical Schwartz Kernel Theorem. The unweighted case was obtained in the
important work of Feichtinger [14] and proved in [18]; weighted versions were
investigated in [24, Ch. 14.3] and [59].

To distinguish the STFT of integral kernels and symbols on R2d from the
STFT of a distribution on Rd, we will write VΦσ and VΦk when σ, k ∈ S ′(R2d).

Theorem 8.28. Given a submultiplicative weight v on R2d, we define a sub-
multiplicative weight w on R4d by w(z1, z2, ζ1, ζ2) = v(z1, ζ1) v(z2, ζ2). Then
an operator A is continuous from M 1

v (Rd) into M∞
1/v = (M1

v )′ if and only

if there exists a kernel k ∈ M∞
1/w(R2d) such that 〈Af, g〉 = 〈k, g ⊗ f̄〉 for

f, g ∈M1
v .
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Proof (Sketch). We use a Gaussian window Φ(z) = e−πz2

= ϕ(z1)ϕ(z2), which
has the advantage that the window factors as Φ = ϕ⊗ ϕ. As a consequence,
the STFT of a product also factors and we have

VΦ(f1 ⊗ f2)(z1, z2, ζ1, ζ2) =
〈
f1 ⊗ f2,M(ζ1,ζ2)T(z1,z2)(ϕ⊗ ϕ)

〉
(8.17)

= 〈f1,Mζ1Tz1ϕ〉 〈f2,Mζ2Tz2ϕ〉
= Vϕf1(z1, ζ1)Vϕf2(z2, ζ2) .

Consequently, the modulation space norm of tensor products factors and,
using the definition of w, we have

‖f1 ⊗ f2‖M1
w(R2d) = ‖f1‖M1

v (Rd) ‖f2‖M1
v (Rd) . (8.18)

Now assume that k ∈M∞
1/w. Since this is the dual of M 1

w, the duality and

(8.18) yield that

|〈Af, g〉| = |〈k, g ⊗ f̄〉| ≤ ‖k‖M∞

1/w
‖g ⊗ f̄‖M1

w
= ‖k‖M∞

1/w
‖g‖M1

v
‖f‖M1

v
.

Since this holds for all g ∈ M 1
v , we conclude that Af ∈ M∞

1/v with the norm

estimate ‖Af‖M∞

1/v
≤ ‖k‖M∞

1/w
‖f‖M1

v
.

For the converse, we argue as follows. Suppose that we already know that
there exists a kernel such that 〈Af, g〉 = 〈k, g ⊗ f̄〉. For instance, if v(z) =
O(|z|N ) for some N ≥ 0, then S ⊆ M 1

v ⊆ M∞
1/v ⊆ S ′, and thus the Schwartz

Kernel Theorem guarantees the existence of such a kernel k ∈ S ′(R2d). For
other growth conditions, one has to take recourse to the theory of ultra-
distributions or use Wilson bases to establish the existence of a distributional
kernel. Taking the existence of some k for granted, we will now show that
k ∈M∞

1/w(R2d). Using (8.17) we find that〈
AMζ2Tz2ϕ, Mζ1Tz1ϕ

〉
=
〈
k, Mζ1Tz1ϕ⊗Mζ2Tz2ϕ

〉
=
〈
k, Mζ1Tz1ϕ⊗M−ζ2Tz2ϕ

〉
(8.19)

= VΦk(z1, z2, ζ1,−ζ2) .

Since A maps M1
v into M∞

1/v, we find that

sup
(z1,ζ1)∈R2d

|〈AMζ2Tz2ϕ,Mζ1Tz1ϕ〉|
1

v(z1, ζ1)
= ‖A

(
Mζ2Tz2ϕ

)
‖M∞

1/v

≤ C ‖Mζ2Tz2ϕ‖M1
v

≤ C v(z2, ζ2) ‖ϕ‖M1
v
.

Comparing with (8.19), we find that∣∣∣VΦk(z, ζ)
∣∣∣ 1

w(z, ζ)
=
∣∣∣VΦk(z, ζ)

∣∣∣ 1

v(z1, ζ1) v(z2, ζ2)
≤ C′ ,

and this means that k ∈M∞
1/w. 	
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For the polynomial weights vs(z) = (1 + |z|2)s/2 we obtain a slight im-
provement of the Schwartz Kernel Theorem.

Corollary 8.29. If A : S(Rd) → S ′(Rd), then there is s ≥ 0 such that A
maps M1

vs
(Rd) into M∞

1/vs
.

Proof. By Theorem 8.16 S(Rd) and S ′(Rd) can be represented as S(Rd) =⋂
s≥0 M1

vs
and as S ′(Rd) =

⋃
s≥0 M∞

1/vs
. Since

vs(z, ζ) ≤ ws(z, ζ) := vs(z1, ζ1)vs(z2, ζ2) ≤ v2s(z, ζ),

a symbol σ ∈ S ′(Rd) must be in M∞
1/ws

for some s ≥ 0. The easy part of

Theorem 8.28 implies that A maps M 1
vs

into M∞
1/vs

. 	


8.4.2 Boundedness

In classical analysis one uses the Hörmander classes Sm
ρ,δ. A function σ on R2d

belongs to the symbol class Sm
ρ,δ, if there exist constants such that

|Dα
ξ D

β
xσ(x, ξ)| ≤ Cα,β(1 + |ξ|)N+δ|β|−ρ|α|

for all multi-indices α, β ≥ 0. In particular, these symbols are in C∞(R2d).
This definition can be motivated as follows: A differential operator with vari-
able coefficients σα ∈ C∞(Rd) of the form

P (x,D)f(t) =
∑

|α|≤m

σα(x)Dαf(t) =

∫
Rd

∑
|α|≤m

σα(x) (2πiξ)α f̂(ξ) e2πiξ·t dξ

has the symbol

σ(x, ξ) =
∑

|α|≤m

σα(x) (2πiξ)α ,

and so it is clear that

|Dα
ξ σ(x, ξ)| ≤ Cα(1 + |ξ|)m−|α|

for all α, in other words, σ ∈ Sm
1,0. A refinement of this observation leads to

the Hörmander classes in a natural way.
It is well known that if σ ∈ S0

ρ,δ and 0 ≤ δ ≤ ρ ≤ 1 and δ < 1, then σKN

is bounded on L2(Rd) [21], [40], [54].
The time-frequency approach leads to alternative boundedness conditions.

These conditions could be useful in time-frequency analysis and for the anal-
ysis of time-varying systems. See [55], [56] for applications to mobile commu-
nication.

The following boundedness condition was discovered several times [52],
[28] and several proofs are known [5], [24], [57], [26]. The evolution of this
result suggests that modulation spaces are well suited as symbol classes for
the analysis of time-varying systems (but perhaps not so much for PDEs).
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Theorem 8.30. If σ ∈M∞,1(R2d), then σKN is bounded on Mp,q for 1 ≤ p,
q ≤ ∞ and

‖σKN‖op ≤ C‖σ‖M∞,1 .

In particular, σKN is bounded on L2(Rd).

Before proving this result, let us discuss its significance.

Remark 8.31. (a) Sjöstrand [52] uses the equivalent norm

‖σ‖M∞,1 =

∫
Rd

sup
k∈Zd

|(Tkg · σ)̂ (ξ)| dξ

and derives the boundedness on L2(Rd) as a consequence of a “symbolic cal-
culus,” using ideas from classical analysis. The symbol class M∞,1 is therefore
often called the “Sjöstrand class.”

(b) M∞,1 contains non-smooth symbols. For instance, doubly periodic
symbols with an absolutely convergent Fourier series belong to M∞,1, but
clearly such a series need not be differentiable. Consequently, M∞,1 is not
comparable to any of the Sm

ρ,δ.

(c) The definition of M∞,1 as ‖σ‖M∞,1 =
∫

R2d supz∈R2d |VΦσ(z, ζ)| dζ <∞
looks definitely more complicated than the differentiability conditions in the
Hörmander classes. The strength of Theorem 8.30 is revealed by the following
corollaries.

The first consequence is an improvement of a famous boundedness theorem
of A. Calderòn and R. Vaillancourt [6]; see also Folland’s treatment of this
result [21].

Corollary 8.32. (a) If σ ∈ C2d+1(R2d), i.e., if∑
|α|≤2d+1

‖Dασ‖∞ <∞ ,

then σKN is bounded on L2(Rd) and in fact on all Mp,q, 1 ≤ p, q ≤ ∞.

(b) If σ ∈ Cs(R2d) for s > 2d, then σKN is bounded on all Mp,q, 1 ≤ p,
q ≤ ∞ [35].

Proof. The statement follows from the embeddings S0
0,0 ⊆ C2d+1(R2d) ⊆

Cs(R2d) ⊆M∞,1 for s > 2d. See, for instance, [35] or [24, Ch. 14.5]. 	


In a sense, M∞,1 seems to be a maximal extension of S0
0,0.

In addition, Theorem 8.30 implies a result of Cordes [11].

Corollary 8.33. If Dασ ∈ L∞(R2d) for all α ∈ {0, 1, 2}2d, then σKN is
bounded on all Mp,q, 1 ≤ p, q ≤ ∞.
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Proof. Again this follows from an embedding result and is similar to [24,
Thm. 14.5.3]. 	


Remark 8.34. The pedestrian approach also has its limitations. For the Kohn–
Nirenberg correspondence the optimal results are known. Coifman and Meyer
[7] have shown that σKN is bounded on L2(Rd) if

|Dα
ξ D

β
xσ(x, ξ)| ≤ C 〈ξ〉ρ(|β|−|α|)

for some ρ < 1 and |α|, |β| ≤ [n/2]. But their proofs are rather sophisticated
and no longer elementary.

8.4.3 Proof of the Boundedness

Before we give a detailed proof of Theorem 8.30, we sketch the idea and find
the appropriate questions to ask.

In order to bring in modulation space norms, we use the identity (8.5)
and the extended orthogonality relations (8.14). In this way we can write the
action of σKN as follows:〈

σKNf, g
〉

Rd =
〈
σ,R(g, f)

〉
R2d =

〈
VΦσ,VΦ(R(g, f))

〉
R4d . (8.20)

This identity makes sense for f, g ∈ S(Rd) and σ ∈ S ′(Rd). (Observe that we
distinguish the STFT Vgf for functions on Rd from STFT VΦσ for functions
on R2d.)

To proceed further, we need to understand the STFT of a Rihaczek dis-
tribution. The identity of the next lemma is a kind of “magic formula” and
constitutes the technical backbone of any time-frequency proof. Other versions
can be found in [24], [43], [41], [36].

Lemma 8.35 (Magic Formula). Let ϕ, ψ, f , g ∈ L2(Rd) and set Φ =
R(ϕ, ψ) ∈ L2(Rd). Then, with z = (z1, z2), ζ = (ζ1, ζ2) ∈ R2d, we have

VΦ

(
R(g, f)

)
(z, ζ) = e−2πiz2·ζ2 Vϕg(z1, z2 + ζ1)Vψf(z1 + ζ2, z2) .

Proof. In contrast to similar formulas, this one is an exercise in bookkeeping.
We first make the time-frequency shifts of the Rihaczek distribution explicit:

MζTzR(ϕ, ψ)(x, ξ) = e2πi(ζ1·x+ζ2·ξ) ϕ(x− z1) ψ̂(ξ − z2)e
−2πi(x−z1)·(ξ−z2) .

Consequently, after a substitution,

VΦR(g, f)(z, ζ) =
〈
R(g, f),MζTzR(ϕ, ψ)

〉
=

∫
Rd

∫
Rd

g(x)f̂(ξ) e−2πix·ξ e−2πi(ζ1·x+ζ2·ξ) ϕ(x− z1)

× ψ̂(ξ − z2) e
2πi(x−z1)·(ξ−z2) dx dξ
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= e2πiz1·z2

∫
Rd

g(x)ϕ(x − z1) e
−2πix·(ζ1+z2) dx

×
∫

Rd

f̂(ξ) ψ̂(ξ − z2) e
−2πiξ·(z1+ζ2) dξ

= e2πiz1·z2 Vϕg(z1, z2 + ζ1)Vψ̂ f̂(z2,−z1 − ζ2)

= e−2πiz2·ζ2 Vϕg(z1, z2 + ζ1)Vψf(z1 + ζ2, z2) .

In the last transformation we have used the fundamental formula (8.8). Since
both R(g, f) and R(ϕ, ψ) are in L2(R2d), the integral defining VΦR(g, f) is
absolutely convergent on R2d, and so the application of Fubini’s Theorem is
justified. 	


We are now ready to prove Theorem 8.30.

Proof of Theorem 8.30. We apply Hölder’s inequality in the form

|〈F,G〉| ≤ ‖F‖L∞,1 ‖G‖L1,∞

to (8.20) and obtain

|〈σKNf, g〉| =
∣∣∣〈VΦσ, VΦ

(
R(g, f)

)〉∣∣∣
≤ ‖VΦσ‖L∞,1 ‖VΦ(R(g, f))‖L1,∞

≤ C ‖σ‖M∞,1 ‖R(g, f)‖M1,∞ .

To estimate the M 1,∞-norm of R(g, f), we use the magic formula of Lemma
8.35 with the window Φ = R(ϕ,ϕ) and apply Hölder’s inequality twice:

‖VΦ(R(g, f))‖L1,∞

= sup
ζ∈R2d

∫
R2d

|VΦ(R(g, f))(z, ζ)| dz

= sup
ζ∈R2d

∫
Rd

∫
Rd

∣∣∣e−2πiz2·ζ2 Vϕg(z1, z2 + ζ1)Vϕf(z1 + ζ2, z2)
∣∣∣ dz1dz2

≤ sup
ζ∈R2d

(∫
Rd

(∫
Rd

|Vϕf(z1 + ζ2, z2)|p dz1

)q/p

dz2

)1/q

×
(∫

Rd

(∫
Rd

|Vϕg(z1, z2 + ζ1)|p
′

dz1

)q′/p′

dz2

)1/q′

= ‖f‖Mp,q ‖g‖Mp′,q′ .

In this way we have obtained for all g ∈M p′,q′

= (Mp,q)′ that∣∣〈σKNf, g
〉∣∣ ≤ C ‖σ‖M∞,1 ‖f‖Mp,q ‖g‖Mp′,q′ .
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This inequality implies that σKNf ∈Mp,q and that

‖σKNf‖Mp,q ≤ C ‖σ‖M∞,1 ‖f‖Mp,q .

Strictly speaking, this argument covers only the cases when the duality of
Theorem 8.27 is applicable and excludes the cases (p, q) = (1,∞) or (p, q) =
(∞, 1). This “gap” can be repaired with the observation that M∞,1 is the
dual of the norm-closure of H0 in the M1,∞-norm and similarly for M 1,∞.
See [1] for the technical details of these exceptional cases. 	


8.4.4 Schatten Classes

Recall the definition of the Schatten classes [51]. The singular values sj(A) of
a compact operator on a Hilbert space H are the eigenvalues λj(|A|) of the
positive compact operator |A| = (A∗A)1/2. A compact operator A belongs
to the Schatten class Ip if and only if (sj(A)) ∈ �p. In this case, we write

A ∈ Ip and impose the norm ‖A‖Ip =
(∑∞

j=1 sj(A)p
)1/p

. The Schatten
classes interpolate like �p, and so [I1,B(H)]θ = Ip [51].

Hilbert–Schmidt Operators. We begin with the Hilbert–Schmidt Oper-
ator Class I2, because this is easy and a complete characterization is known.

Theorem 8.36 (Pool [46]). A pseudodifferential operator σKN is Hilbert–
Schmidt if and only if σ ∈ L2(R2d). In this case ‖σKN‖I2 = ‖σ‖2.

Proof. It is well known [8] that an integral operator Af(x) =
∫

Rd k(x, y)f(y) dy

is Hilbert–Schmidt if and only if k ∈ L2(R2d), and, in this case, ‖A‖I2 = ‖k‖2.
Since the kernel of σKN is obtained from its symbol by unitary transforms,
namely, k = T ′F2σ by Proposition 8.18, we obtain that ‖A‖I2 = ‖k‖2 =
‖T ′F2σ‖2 = ‖σ‖2. 	


Trace Class Operators. We first prove a simple result that goes back
to H. Feichtinger. It was proved first in [23] (see also [28]) and independently
in [13]. The following proof is new.

Theorem 8.37. If σ ∈M 1(R2d), then σKN ∈ I1.

Proof. We apply the inversion formula (Corollary 8.14) to σ with the window
Φ = R(ϕ,ϕ) and obtain

σ =

∫∫
R4d

VΦσ(z, ζ)MζTzΦdzdζ .

Using the linearity of the Kohn–Nirenberg correspondence, σKN can be rep-
resented as a superposition of “elementary operators” as follows:

σKN =

∫∫
R4d

VΦσ(z, ζ) (MζTzΦ)KN dzdζ .
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If σ ∈ M1(R2d), then VΦσ ∈ L1(R4d), and so this integral is absolutely con-
vergent, provided we can say something about the “elementary operators”
(MζTzΦ)KN . Using Lemma 8.35 and (8.5), we calculate that

〈LMζTzΦf, g〉 = 〈MζTzΦ,R(g, f)〉

= VΦ(R(g, f))(z, ζ)

= e2πiz2·ζ2 Vϕf(z1 + ζ2, z2)Vϕg(z1, z2 + ζ1)

= e2πiz2·ζ2 〈f,Mz2Tz1+ζ2ϕ〉 〈Mz2+ζ1Tz1ϕ, g〉 .

So (MζTzΦ)KN is the rank one operator

f → e2πiz2·ζ2 〈f,Mz2Tz1+ζ2ϕ〉Mz2+ζ1Tz1ϕ,

and its trace class norm is

‖(MζTzΦ)KN‖I1 = ‖ϕ‖22 = 1,

independently of z, ζ ∈ R2d. In conclusion, we obtain that

‖σKN‖I1 ≤
∫∫

R4d

|VΦσ(z, ζ)| ‖(MζTzΦ)KN‖I1 dzdζ = ‖σ‖M1 . 	


Again, some known results follow from Theorem 8.37 by suitable embed-
ding theorems.

Corollary 8.38 (Daubechies [12]). If σ ∈M 2,2
vs

= L2
s∩Hs for s > 2d, then

Lσ ∈ I1.

Proof. Using vs(z, ζ) = (1 + |z|2 + |ζ|2)s/2, we find that

‖σ‖M1 = ‖VΦσ vs v
−1
s ‖L1(R4d) ≤ ‖VΦσ vs‖2 ‖v−1

s ‖2 = Cs ‖σ‖M2
vs

with Cs = ‖v−1
s ‖2 < ∞ whenever s > 2d. Consequently, M 2

vs
↪→ M1 for

s > 2d and Theorem 8.37 applies. 	


The following significant improvement was obtained by Heil, Ramanathan,
and Topiwala in [35]; simplified proofs were given in [28] and [34].

Theorem 8.39. If σ ∈M 2,2
vs

for s > d, then σKN ∈ I1.

The proof is more subtle than the arguments above. It uses Gabor frames
and is based on the observation that many of the elementary rank-one oper-
ators (MζTzΦ)KN have the same range and should be treated together.

Corollary 8.40 (Hörmander [38]). If 2k > d, then

‖σKN‖I1 ≤ C
∑

|α|+···+|β′|≤2k

‖xαξβDα′

x Dβ′

ξ σ‖2 .
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Proof. The right-hand side dominates ‖σ‖L2
2k

+ ‖σ‖H2k � ‖σ‖M2
v2k

. So for

2k > d, Theorem 8.39 applies. 	


A more sophisticated trace-class result was proved by Hörmander in [37].
A special case says that if σ ∈ Sm

ρ,δ ∩ L1, then σKN ∈ I1. This result is
different; it does not imply Theorems 8.37 and 8.39, nor is it implied by them.

8.4.5 Modulation Spaces as Symbol Classes: The Complete Picture

In this section we use an arbitrary modulation space M p,q(R2d) as a symbol
for σKN and study the boundedness and Schatten class properties. It turns out
that the two endpoint results in Theorems 8.30 and 8.37 suffice to obtain the
complete picture. First, using the embedding and interpolation properties of
modulation spaces stated in Theorem 8.27, we obtain the following refinement
of Theorem 8.37.

Theorem 8.41. (a) If 1 ≤ p, q ≤ 2 and σ ∈M p,q, then σKN ∈ Imax{p,q}.

(b) If p ≥ 2 and q ≤ p′, and if σ ∈Mp,q, then σKN ∈ Ip.

Proof. (a) We first use interpolation. Fix 1 ≤ p ≤ 2. Then by combining
Theorem 8.27(iv) with the interpolation of the Schatten classes, we obtain
that if σ ∈ [M1,1,M2,2]θ = Mp,p, then σKN ∈ [I1, I2]θ = Ip.

Next, we use the inclusion relations. Fix 1 ≤ p, q ≤ 2, and set µ =
max{p, q}. Then by Theorem 8.27(iii), we have M p,q ⊆ Mµ,µ and therefore
σKN ∈ Iµ, so part (a) is proved.

(b) We first use the interpolation [M 2,2,M∞,1]θ = Mp,p′

, and then use
inclusions. If 2 ≤ p ≤ ∞ and σ ∈ Mp,p′

= [M2,2,M∞,1]θ, then σKN ∈
[I2,B(L2)]θ = Ip. When p ≥ 2 and q ≤ p′, we have Mp,q ⊂ Mp,p′

, and
consequently σKN ∈ Ip. 	


The complete picture for boundedness on L2(Rd) can now be stated as
follows.

Theorem 8.42. (a) If q ≤ 2 and either 1 ≤ p ≤ 2 or p ≤ q′ and if σ ∈Mp,q,
then σKN is a bounded operator on L2(Rd).

(b) If q > 2 or if p ≥ 2 and p > q′, then there exists σ ∈ Mp,q such that
σKN is unbounded on L2(Rd).

The sufficient conditions of part (a) are a consequence of Theorem 8.41,
because operators in the Schatten class are in particular bounded on L2(Rd).
Part (b) can be shown by the construction of explicit counterexamples, see
[30].

The following diagram taken from [29] (see Fig. 8.1) illustrates the region
of boundedness. Each point in the unit square corresponds to a modulation
space. Precisely, the point (1/p, 1/q) ∈ [0, 1]2 corresponds to Mp,q. According
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to Theorem 8.27(iii) the lexicographic ordering on [0, 1]2 corresponds to the
inclusion of modulation spaces. This means that if a symbol class M p,q pos-
sesses certain properties, then all modulation spaces corresponding to points
in the rectangle whose lower left vertex is (1/p, 1/q) possess the same property.
For the property “boundedness on L2(Rd)” this is shown in the diagram.

� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
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Fig. 8.1. Set of (p, q) for which σ ∈ Mp,q(R2d) implies that σKN is bounded or
unbounded on L2(Rd).

8.4.6 Further Topics

The mapping properties between different modulation spaces were studied
in [29], [58], and mapping between weighted modulation spaces was studied
in [59]. The study of time-frequency localization operators, also called Toeplitz
operators, anti-Wick operators, or STFT multipliers, has greatly benefited
from the time-frequency approach, and almost sharp results on Schatten class
and boundedness are now known [9], [10], [58]. Algebra properties of M∞,1

and related spaces were studied in [25], [26], [44], [52].
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39. L. Hörmander, The Analysis of Linear Partial Differential Operators. I Distri-

bution Theory and Fourier Analysis, Second Edition, Springer-Verlag, Berlin,
1990.
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52. J. Sjöstrand, An algebra of pseudodifferential operators, Math. Res. Lett., 1
(1994), pp. 185–192.
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Summary. This chapter is an introduction to an open conjecture in time-frequency
analysis on the linear independence of a finite set of time-frequency shifts of a given
L2 function. Background and motivation for the conjecture are provided in the form
of a survey of related ideas, results, and open problems in frames, Gabor systems, and
other aspects of time-frequency analysis, especially those related to independence.
The partial results that are known to hold for the conjecture are also presented and
discussed.

9.1 Introduction

In 1987, John Benedetto introduced two of his young graduate students, David
Walnut and myself, to a new mathematical research group that had been
formed at the MITRE Corporation in McLean, Virginia. Later, as a postdoc
at MIT, I met Jay Ramanathan1 and Pankaj Topiwala,2 then members of
the main MITRE math research group in Bedford, Massachusetts. We began
working together on problems in time-frequency analysis and wavelets. One
direction followed a beautiful insight of Ramanathan’s, applying Gabor frame
expansions to derive boundedness and spectral results for pseudodifferential
operators [70]. In another direction, we explored the basic structure of Gabor
frames, which ultimately led us to make the following conjecture (sometimes
called today the HRT Conjecture, the Linear Independence Conjecture for
Time-Frequency Shifts, or the Zero Divisor Conjecture for the Heisenberg
Group).

Conjecture 9.1. If g ∈ L2(R) is nonzero and {(αk, βk)}N
k=1 is any set of finitely

many distinct points in R2, then {e2πiβkxg(x−αk)}N
k=1 is a linearly indepen-

dent set of functions in L2(R).

1Currently: Professor, Eastern Michigan University, Ypsilanti, Michigan 48197.
Email: ramanath@emunix.emich.edu

2Currently: Founder, FastVDO LLC, 7150 Riverwood Drive, Columbia, Mary-
land 21046. Email: pnt@fastvdo.com
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Despite the striking simplicity of the statement of this conjecture, it re-
mains open today in the generality stated. This chapter provides some back-
ground and motivation for the conjecture in the form of a survey of related
ideas, results, and open problems in frames, Gabor systems, and other aspects
of time-frequency analysis, especially those related to independence. After a
brief statement in Section 9.2 of some of the partial results that are known
concerning the conjecture, Section 9.3 discusses some of the subtleties involved
in the seemingly simple concepts of spanning and independence when dealing
with infinite-dimensional spaces. In particular, this motivates the definition
of frames. In Section 9.4 we specialize to the case of Gabor frames, whose
elements consist of time-frequency shifts of a given function. We survey some
topics in Gabor theory, including other open problems related to the Balian–
Low Theorem and to Nyquist-type density phenomena for Gabor systems.
The reader whose primary interest is the HRT Conjecture can skim or skip
the surveys in Sections 9.3 and 9.4 and turn directly to Section 9.5, which
discusses some of the partial results that have been obtained, and some of the
ideas behind their proofs.

Throughout, the discussion is intended to be accessible to graduate stu-
dents who have a little background in real and functional analysis and some
familiarity with Hilbert spaces, especially L2(R) and L2[0, 1]. A summary of
basic theorems from functional analysis can be found in the first chapter of
[64]. Extensive references are given throughout, both to research papers and
to textbooks or survey articles. The choice of references is usually made based
more on their utility as background or additional reading than for historical
completeness.

9.2 Statement of Partial Results

Despite attacks by a number of groups, the only published papers specifically
about the HRT Conjecture appear to be [69], [96], and [88].3 These will be
quickly summarized now, with more details presented in Section 9.5.

The HRT Conjecture was first made in the paper [69], and some partial
results were obtained there, including the following.

(a) If a nonzero g ∈ L2(R) is compactly supported, or just supported on a
half-line, then the independence conclusion holds for any value of N .

(b) If g(x) = p(x) e−x2

where p is a nonzero polynomial, then the indepen-
dence conclusion holds for any value of N .

(c) The independence conclusion holds for any nonzero g ∈ L2(R) if N ≤ 3.

3A recent preprint by Radu Balan, “A noncommutative Wiener lemma and a
faithful tracial state on Banach algebras of time-frequency shift operators,” contains
some new partial results.
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(d) If the independence conclusion holds for a particular g ∈ L2(R) and a
particular choice of points {(αk, βk)}N

k=1, then there exists an ε > 0 such
that it also holds for any h satisfying ‖g − h‖2 < ε, using the same set of
points.

(e) If the independence conclusion holds for one particular g ∈ L2(R) and
particular choice of points {(αk, βk)}N

k=1, then there exists an ε > 0 such
that it also holds for that g and any set of N points in R2 within ε of the
original ones.

It is perhaps surprising that there are almost no partial results formulated
in terms of smoothness or decay conditions on g. In particular, Conjecture 1
is open even if we impose the extra hypothesis that g lies in the Schwartz
class S(R).

The next partial advance was made by Linnell in [96]. He used C∗-algebra
techniques to prove that if the points {(αk, βk)}N

k=1 are a subset of some trans-
late of a full-rank lattice in R2, then the independence conclusion holds for
any nonzero g (such a lattice has the form A(Z2) where A is an invertible
matrix). Any three points in the plane always lie on a translate of some lat-
tice, so this recovers and extends the partial result (b) above. However, four
arbitrary points need not be contained in a translate of a lattice. Indeed, the
case N = 4 of the conjecture is still open, and even the following special cases
seem to be open.

Conjecture 9.2. If g ∈ L2(R) is nonzero, then each of the following is a linearly
independent set of functions in L2(R):

(a) {g(x), g(x− 1), e2πixg(x), e2πi
√

2xg(x−
√

2)},

(b) {g(x), g(x− 1), e2πixg(x), g(x− π)}.

Conjecture 9.2 remains open even if we impose the condition that g be
continuous (or smoother). Recently Rzeszotnik has settled a different specific
four-point case, showing that {g(x), g(x− 1), e2πixg(x), g(x−

√
2)} is always

linearly independent [106].
Finally, Kutyniok considered a generalized conjecture in [88], replacing the

real line R by a locally compact Abelian group. Although the conjecture then
becomes even more difficult to address, she was able to obtain some partial
results. As we will mention later, even the seemingly trivial action of replacing
R by Rn results in complications.

9.3 Spanning, Independence, Frames, and Redundancy

One motivation for the HRT Conjecture comes from looking at frames, which
are possibly redundant or overcomplete collections of vectors in a Hilbert
space which nonetheless provide basis-like representations of vectors in the
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space. Thus a frame “spans” the space in some sense, even though it may
be “dependent.” However, in infinite dimensions there are many shades of
gray to the meanings of “spanning” and “independence.” Some of the most
important frames are “dependent” taken as a whole even though they have
the property that every finite subset is linearly independent. One motivation
for the HRT Conjecture is the question of whether the special class of Gabor
frames (defined in Section 9.4) have this property.

In this section we provide some background on frames and the nuances
of spanning and independence in infinite dimensions. For simplicity, the dis-
cussion will be kept to the setting of Banach spaces. Some of the definitions
and discussion can be generalized easily to other settings, but other parts,
especially the discussion of frames and their properties, are more explicitly
Hilbert space theories, and there are subtleties in attempting to generalize
those results beyond the Hilbert space setting.

We will state many facts but prove few of them; proofs and additional
information can be found in the references provided in each section.

9.3.1 Spanning and Independence in Finite Dimensions

Spanning and independence are clear in finite dimensions. A set {f1, . . . , fM}
of M vectors in an N -dimensional vector space H spans H if for each vector
f ∈ H there exist scalars ci (not necessarily unique) such that f = c1f1 +
· · ·+ cMfM . This can only happen if M ≥ N .

On the other hand, {f1, . . . , fM} is linearly independent if whenever a
vector f ∈ H can be written as f = c1f1 + · · · + cMfM , it can only be so
written in one way, i.e., the scalars ci are unique if they exist at all. This can
only happen if M ≤ N .

When both of these happen simultaneously, we have a basis. In this case
every f ∈ H can be written as f = c1f1 + · · ·+ cMfM for a unique choice of
scalars ci. This can only happen if M = N .

9.3.2 Spanning in Infinite Dimensions

For proofs, examples, and more information on bases, convergence of series,
and related issues in normed spaces that are discussed in this section, we
suggest the references [28], [64], [93], [98], [108], [114].

In a completely arbitrary vector space we can only define finite sums of
vectors, because to define an infinite series we need a notion of convergence,
and this requires a norm or metric or at least a topology. Thus, we define the
finite linear span of a collection of vectors {fα}α∈J to be

span
(
{fα}α∈J

)
=
{ N∑

i=1

cifαi : N ∈ N, ci ∈ C, αi ∈ J
}
.
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We say that {fα}α∈J spans V if the finite span is all of V , i.e., every vector
in V equals some finite linear combination of the fα. We say that {fα}α∈J

is a Hamel basis if it both spans and is finitely linearly independent, or,
equivalently, if every nonzero vector f ∈ V can be written f =

∑N
i=1 cifαi for

a unique choice of indices {αi}N
i=1 and nonzero scalars {ci}N

i=1. For most vector
spaces, Hamel bases are only known to exist because of the Axiom of Choice;
in fact, the statement “Every vector space has a Hamel basis” is equivalent
to the Axiom of Choice. Although Hamel bases are sometimes just called
“bases,” this is potentially confusing because if V is a normed space, then the
word basis is usually reserved for something different (see Definition 9.3).

As soon as we impose a little more structure on our vector space, we can
often construct systems which are much more convenient than Hamel bases.
For example, in a Banach space we have a norm, and hence can form “infinite
linear combinations” by using infinite series. In particular, given a collection
{fi}i∈N indexed by the natural numbers and given scalars {ci}i∈N, we say the

series f =
∑∞

i=1 cifi converges and equals f if ‖f−
∑N

i=1 cifi‖ → 0 as N →∞.
Note that order in this series is important; if we change the order of indices
we are not guaranteed that the series will still converge. If the convergence
does not depend on the order it is called unconditional convergence, otherwise
it is conditional convergence.

A related but distinct consequence of the fact that we have a norm is that
we can form the closure of the finite linear span by constructing the set of
all possible limits of finite linear combinations. This set is called the closed
span, and is denoted span

(
{fi}i∈N

)
. Given f ∈ span

(
{fi}i∈N

)
, by definition

there exist vectors gN ∈ span
(
{fi}i∈N

)
which converge to f . However, this is

not the same as forming infinite linear combinations. While each gN is some
finite linear combination of the fi, it need not be true that we can write
gN =

∑N
i=1 cifi using a single sequence of scalars {ci}i∈N.

Using these notions, we can form several variations on “spanning sets.”

Definition 9.3. Let {fi}i∈N be a countable sequence of vectors in a Banach
space X.

(a) {fi}i∈N is complete (or total or fundamental) if span
(
{fi}i∈N

)
= X,

i.e., for each f ∈ X and each N ∈ N there exist scalars {cN,i(f)}i∈N

such that
∑N

i=1 cN,i(f) fi → f as N →∞.

(b) {fi}i∈N has Property S if for each f ∈ X there exist scalars {ci(f)}i∈N

such that

f =

∞∑
i=1

ci(f)fi. (9.1)

(c) {fi}i∈N is a quasibasis if it has Property S and for each i ∈ N the mapping
f �→ ci(f) is linear and continuous (and hence defines an element of the
dual space X∗).
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(d) {fi}i∈N is a basis or Schauder basis if it has Property S and for each
f ∈ X the scalars {ci(f)}i∈N are unique.

Completeness is a weak property. The definition says that there are fi-
nite linear combinations of the fi that converge to f , but the scalars needed
can change completely as the length N of the linear combination increases.
On the other hand, unlike the other properties there exists a nice, simple
characterization of complete sequences. For the case of a Hilbert space it is:

{fi}i∈N is complete ⇐⇒ only f = 0 is orthogonal to every fi

(for a general Banach space we just have to take f to lie in the dual space X∗).
Consequently, if {fi}i∈N is complete, then every f ∈ H is uniquely determined
by the sequence of inner products {〈f, fi〉}i∈N, or in other words, the analysis
operator T (f) = {〈f, fi〉}i∈N is an injective mapping into the space of all
sequences. However, this doesn’t give us an algorithm for constructing f from
those inner products, and in general there need not exist a stable way to do
so, i.e., T−1 need not be continuous.

Property S seems to have no standard name in the literature (hence the
uncreative name invented here), perhaps because it is not really a very useful
concept by itself. In particular, the definition fails to provide us with a stable
algorithm for finding a choice of coefficients ci(f) that can be used to rep-
resent f . The definition of quasibasis addresses this somewhat by requiring
that each mapping f �→ ci(f) be continuous (for more details on quasibases,
see [86] and the references therein). However, this is still not sufficient in
most applications, as it is not so much the continuity of each individual map
f �→ ci(f) that is important but rather the continuity of the mapping from
f to the entire associated sequence {ci(f)}i∈N. In other words, in concrete
applications there is often some particular associated Banach space Xd of se-
quences (imposed by the context), and the mapping f �→ {ci(f)}i∈N must be
a continuous linear map of X into Xd. Specializing to the Hilbert space case,
this is one of the ideas behind the definition of frames (see Section 9.3.3).

Imposing uniqueness seems to be a natural requirement, and in fact, it
can be shown that even though the definition of basis does not include the
requirement that f �→ ci(f) be continuous, this follows automatically from the
uniqueness assumption (and the fact that we are using norm convergence).
Thus every basis is actually a quasibasis. Unfortunately, in many contexts
uniqueness is simply too restrictive. For example, this is the case for Gabor
systems (compare the Balian–Low Theorem, Theorem 9.16 below). The terms
“basis” and “Schauder basis” are used interchangeably in the Banach space
setting.

We can summarize the relations among the “spanning type” properties
introduced so far by the following implications:

basis
=⇒
⇐=/

quasibasis =⇒ Property S
=⇒
⇐=/

complete.
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It seems unclear whether every system with Property S must actually be a
quasibasis (compare [54]), but the other implications are known to not be
reversible in general (even in a Hilbert space).

9.3.3 Frames

In the Hilbert space setting, frames are a class of sequences which not only
are quasibases but also provide stable reconstruction formulas. Frames were
first introduced by Duffin and Schaeffer [46], and that paper still provides
instructive reading today. For proofs and more information on frames and
the results presented in this section, we suggest [22], [28], [41], [55], [64], [71],
[114]. For an interesting recent paper that deals with the issue of extending
frames beyond the Hilbert space setting, see [58].

Definition 9.4. A sequence F = {fi}i∈N is a frame for a Hilbert space H if
there exist constants A, B > 0, called frame bounds, such that

∀ f ∈ H, A ‖f‖2 ≤
∞∑

i=1

|〈f, fi〉|2 ≤ B ‖f‖2. (9.2)

The largest possible value for A and the smallest possible value for B are the
optimal frame bounds. If we can take A = B in (9.2), then we say the frame
is tight.

Every orthonormal basis is a tight frame, because an orthonormal basis
satisfies the Parseval/Plancherel formula, which is exactly (9.2) for the case
A = B = 1. However, not every frame is an orthonormal basis, even if A =
B = 1. For example, if {ei}i∈N and {fi}i∈N are both orthonormal bases for
H , then { 1√

2
ei}i∈N ∪ { 1√

2
fi}i∈N is a frame with A = B = 1 that is not an

orthonormal basis. A frame for which we can take A = B = 1 is often called a
Parseval frame or a normalized tight frame (but the latter term is confusing
because some papers, such as [16], use it differently).

A frame need not be a basis (if not, it is said to be redundant or over-
complete). However, every frame is a quasibasis. A sketch of why this is true
starts with the analysis operator T : H → �2 given by T (f) = {〈f, fi〉}i∈N

and the frame operator S : H → H given by Sf = T ∗Tf =
∑

i 〈f, fi〉 fi. The
frame definition implies that T is a bounded injective mapping of H onto a
closed subset of �2, and the inverse map T−1 : range(T )→ H is also bounded.
Further, it can be shown that the series defining Sf converges for every f ,
and that S is actually a positive definite, invertible mapping of H onto itself.
Writing out and rearranging the equalities f = SS−1f = S−1Sf then gives
the frame expansions

∀ f ∈ H, f =

∞∑
i=1

〈f, f̃i〉 fi =

∞∑
i=1

〈f, fi〉 f̃i, (9.3)
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where f̃i = S−1fi. Thus both the frame {fi}i∈N and its canonical dual frame
{f̃i}i∈N are quasibases. We even have simple (and computable) formulas for
the coefficients, namely, ci(f) = 〈f, f̃i〉 for the frame and ci(f) = 〈f, fi〉 for
the dual frame. In general, however, these scalars need not be unique. Trivial
examples of nonuniqueness are a frame which includes some zero vectors as
elements, or the union of two orthonormal bases. For a nontrivial example,
see Example 9.5.

Note that if we rearrange the elements of the frame then we still have
a frame, because the series in (9.2) is a series of nonnegative numbers, and
hence if it converges then any rearrangement also converges. It follows that
the frame expansions in (9.3) converge unconditionally. This is one of many
stability properties enjoyed by frames. As a consequence any countable index
set can be used to specify the elements of a frame.

Although the scalars in the frame expansions in (9.3) need not be unique,
out of all the possible sequences {ci}i∈N such that f =

∑
i cifi, the frame

coefficients have minimal energy, i.e.,
∑

i |〈f, f̃i〉|2 ≤
∑

i |ci|2, and equality

holds only when |ci| = |〈f, f̃i〉| for all i. This does not imply that
∑

i |ci|2 is
finite; compare [31], [63], [76]. In particular applications, we can make use of
the fact that different choices of coefficients can be used to search for other
noncanonical dual functions f̃ (possibly even from a larger space) that still
provide frame expansions but may possess extra properties important for the
application at hand. Some papers on noncanonical duals or on minimizing
with respect to other criteria than energy are [27], [30], [92].

In finite dimensions, frames are easy to characterize:

• A collection {f1, . . . , fM} is a frame for a finite-dimensional Hilbert space
H if and only if {f1, . . . , fM} spans H . Thus, in a finite-dimensional space,
a collection is a basis if and only if it is a linearly independent frame.

In particular, every finite set of vectors {f1, . . . , fM} in a Hilbert space is
a frame for the subspace S = span({f1, . . . , fM}).

Finite-dimensional frames have many important applications, and there
remain many deep and difficult mathematical questions concerning them, such
as characterizing frames which have certain useful properties. We suggest [16],
[24], [47], [109] as some interesting papers on “finite frames;” in particular,
the last paper discusses links between finite frames and other areas such as
discrete geometry and sphere packings.

The following illustrative example shows that the relationship between
frames and linear independence is more complicated in infinite dimensions.

Example 9.5. Let en(x) = e2πinx. The system of exponentials {en}n∈Z is an
orthonormal basis for the Hilbert space L2[0, 1]. What happens if we change
the frequencies from integers n to integer multiples nβ of some β > 0? That is,
setting enβ(x) = e2πinβx but keeping the domain [0, 1], we ask what properties
the new sequence {enβ}n∈Z has in L2[0, 1].
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Case β > 1. Note that each enβ is 1
β -periodic and 1

β < 1. Every finite linear

combination will likewise be 1
β -periodic, as will any element of the closed span.

Hence the closed span cannot be all of L2[0, 1], since there are many elements
of L2[0, 1] that are not 1

β -periodic, such as f(x) = x. Also, the vector

f(x) =

⎧⎪⎨⎪⎩
1, 0 ≤ x < ε,

−1, 1
β ≤ x < 1

β + ε,

0, otherwise,

is orthogonal to every enβ. Thus {enβ}n∈Z is incomplete when β > 1.

Case β < 1. Suppose β < 1. Since {
√
β e2πinβx}n∈Z is an orthonormal

basis for the space L2[0, 1
β ], we have

∀ f ∈ L2[0, 1
β ],

∑
n∈Z

|〈f, enβ〉|2 =
1

β
‖f‖22. (9.4)

Given f ∈ L2[0, 1], extend it to [0, 1
β ] by setting f(x) = 0 for 1 < x ≤ 1

β .

Then we can apply (9.4), but because of the zero extension, the norm and
inner product are from L2[0, 1]. In other words, (9.4) holds for f ∈ L2[0, 1], so
{enβ}n∈Z is a tight frame for L2[0, 1] with frame bounds A = B = 1

β . In fact,

this set is the image of an orthonormal basis for L2[0, 1
β ] under the orthogonal

projection f �→ f · χ[0,1]. This can be generalized; from an operator theory
viewpoint frames can be viewed in terms of projections and vice versa [61].

In any case, {enβ}n∈Z is a tight frame when β < 1, with frame bounds
A = B = 1

β and frame operator S = AI = 1
β I. Hence the dual frame elements

are ẽnβ = S−1(enβ) = β enβ, and frame expansions are trivial to compute. As
a consequence, we can see directly that this frame is not a basis, because the
coefficients in the frame expansion are not unique. For example, the constant
function e0(x) = 1 has two expansions:∑

n∈Z

δnenβ = e0 =
∑
n∈Z

〈e0, ẽnβ〉 enβ , (9.5)

where δn = 1 when n = 0 and 0 otherwise. Since 〈e0, ẽnβ〉 = 1−e2πinβ

2πin for
n �= 0, the two expansions in (9.5) are in fact different.

By rearranging (9.5), we can write

e0 =
∑
n�=0

cnenβ (9.6)

for appropriate scalars cn, i.e., e0 is expressible in terms of the other frame
elements (this cannot happen in a basis). It can actually be shown that the
proper subset {enβ}n�=0 of the original frame {enβ}n∈Z is still a frame for
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L2[0, 1], although it is no longer tight. Thus the original frame is redun-
dant in the sense that a proper subset is still a frame. For this particular
frame it can even be shown that there is an infinite set J ⊂ Z such that
{enβ}n∈Z\J is still a frame for L2[0, 1], so in some sense the original frame
is extremely redundant. Yet it is linearly independent using the standard ab-
stract linear algebra definition of independence, namely, every finite subset of
{enβ}n∈Z is linearly independent! For, if we write a finite linear combination

as
∑N

n=−N cne
2πinβx =

∑N
n=−N cnz

n where z = e2πiβx, then we can apply the
Fundamental Theorem of Algebra to conclude that such a polynomial cannot
vanish for all x unless it is the trivial polynomial. Thus {enβ}n∈Z is very
redundant taken as a whole even though every finite subset is independent.

Remark 9.6. a. The value 1
β is sometimes called the density of the system

{enβ}n∈Z. The value 1
β = 1 is the Nyquist density for the exponentials; at the

Nyquist density the system is an orthonormal basis, at lower densities ( 1
β < 1)

it is incomplete and at higher densities ( 1
β > 1) it is an overcomplete frame.

The Classical (or Shannon) Sampling Theorem for bandlimited signals is an
immediate consequence of the frame properties of the exponentials; for more
details on the Sampling Theorem we refer to Benedetto’s text [13].

b. Many of the statements made about the system {enβ}n∈Z have ana-
logues for “irregular” sequences of exponentials of the form {eλn}n∈Z =
{e2πiλnx}n∈Z, where the λn are arbitrary points in R. In these statements
the Beurling density of the set {λn}n∈Z replaces the value 1

β . We suggest

[114] and [60] as starting points for more details on this topic. In Section 9.4.1
below, we present some analogous results for irregular Gabor systems, and
Beurling density is defined precisely there.

c. Frames of exponentials are very special types of frames, and only some
of the statements made in Example 9.5 carry over to general frames. For
an arbitrary frame, it can be shown that if {fi}i∈N is a redundant frame,
then there exists at least a finite set F such that {fi}i/∈F is still a frame.
However, in general it need not be the case that infinitely many elements can
be removed yet leave a frame [6], nor that there need be some subset of the
frame that is a basis [29], [107]. The Feichtinger Conjecture is the statement
that every frame F = {fi}i∈I satisfying inf ‖fi‖ > 0 can be written as a
finite union of subsequences that are Riesz bases for their closed spans. This
conjecture is open and has recently been shown to be equivalent to the deep
and longstanding Kadison–Singer Conjecture in operator theory, which has
been open since 1959 [85]; see [26], [23] for the proof of the equivalence.

9.3.4 Independence in Infinite Dimensions

We explore independence in more detail in this section. For proofs and more
information, see [28], [64], [93], [98], [108], [114].
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The following are several shades of gray in the possible definition of inde-
pendence.

Definition 9.7. Let {fi}i∈N be a countable sequence of elements in a Banach
space X.

(a) {fi}i∈N is a basis or Schauder basis if for each f ∈ X there exist unique
scalars ci such that f =

∑
i cifi.

(b) {fi}i∈N is minimal if for each j ∈ N, the vector fj does not lie in
span

(
{fi}i�=j

)
. Equivalently (via Hahn–Banach), there must exist a se-

quence {f̃i}i∈N in the dual space X∗ that is biorthogonal to {fi}i∈N, i.e.,
〈fi, f̃j〉 = 1 if i = j and 0 if i �= j.

(c) {fi}i∈N is ω-independent if the series
∑∞

i=1 cifi can converge and equal
the zero vector only when every ci = 0.

(d) {fi}i∈N is finitely independent (or simply independent) if every finite

subset is independent, i.e., for any N we have
∑N

i=1 cifi = 0 if and only
if c1 = · · · = cN = 0.

For example, consider the system of exponentials {enβ}n∈Z described in
Example 9.5. We have already seen that the system is a basis only for β = 1.
If β > 1 then it is not even complete, while if β < 1 then it is not a basis
because we showed explicitly in (9.5) that the vector e0 has two different series
representations. Additionally, equation (9.6) implies that e0 lies in the closure
of span

(
{enβ}n�=0

)
, so the system is not minimal. Further, by subtracting e0

from both sides of (9.6) we obtain a nontrivial infinite series that converges
and equals the zero vector, so the system is not ω-independent. Even so, that
system is finitely independent.

The following implications among these properties hold, none of which is
reversible in general (even in a Hilbert space):

basis
=⇒
⇐=/

minimal
=⇒
⇐=/

ω-independent
=⇒
⇐=/

finitely

independent.

One technical point is that the definition of basis really combines aspects of
both spanning and independence, i.e., a basis is necessarily complete and has
Property S. Adding completeness doesn’t change the implications above, e.g.,
every basis is both minimal and complete, but a minimal sequence that is
complete need not be a basis (a sequence which is both minimal and com-
plete is sometimes called an exact sequence). On the other hand, Property S
is exactly what is missing for a minimal or ω-independent sequence to be
a basis, for with either of those hypotheses, once we know that an infinite
series

∑∞
i=1 cifi converges, we can conclude that the coefficients are unique.

However, as shown by the example of the exponentials, finite independence
combined with Property S is not sufficient to ensure that we have a basis.
Thus we have the following equivalences:
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basis ⇐⇒ minimal with

Property S
⇐⇒ ω-independent

with Property S,

and each of these implies finite independence, but not conversely: a finitely
independent sequence which has Property S need not be a basis. Similarly,
combining the various independence criteria with a frame hypothesis, we ob-
tain the following result, which should be compared to Example 9.5, where
we showed that a frame which is finitely independent need not be a basis.

Theorem 9.8. Let {fi}i∈N be a countable sequence of elements in a Hilbert
space H. Then the following statements are equivalent.

(a) {fi}i∈N is a frame and a basis for H.

(b) {fi}i∈N is a frame and a minimal sequence.

(c) {fi}i∈N is a frame and an ω-independent sequence.

(d) {fi}i∈N is a Riesz basis for H, i.e., it is the image of an orthonormal
basis for H under a continuous linear bijection.

(e) {fi}i∈N is a bounded unconditional basis for H, i.e., for each f ∈ H there
are unique scalars ci such that f =

∑
i cifi, where the series converges

unconditionally, and additionally 0 < inf i ‖fi‖ ≤ supi ‖fi‖ <∞.

The most common terms used to describe a frame which satisfies the equiv-
alent conditions of Theorem 9.8 are Riesz basis and exact frame. Continuous
linear bijections are known by a variety of names, including topological iso-
morphisms, continuously invertible maps, or even just invertible maps.

One set of extra hypotheses needed for a finitely independent set to be a
Riesz basis is given in the following theorem quoted from [28, Prop. 6.1.2] and
originally proved in [33], [87].

Theorem 9.9. Let {fi}i∈N be a countable sequence of elements in a Hilbert
space H, and let AN be the optimal lower frame bound for {fi}N

i=1 as a frame
for its span. Then the following statements are equivalent.

(a) {fi}i∈N is a Riesz basis for H.

(b) {fi}i∈N is finitely independent and inf AN > 0.

(c) {fi}i∈N is finitely independent and limN→∞ AN exists and is positive.

If {en}n∈N is an orthonormal basis for H , then the renormalized sequence
{ en

n }n∈N is a trivial example of a Schauder basis that is not a Riesz basis. On
the other hand, here is a nontrivial example where all the elements have the
same norm.

Example 9.10. Fix 0 < α < 1
2 ; then |x|α and |x|−α both belong to L2[− 1

2 ,
1
2 ].

Hence {e2πinx|x|α}n∈Z and {e2πinx|x|−α}n∈Z are biorthogonal systems in
L2[− 1

2 ,
1
2 ] and therefore are minimal. It is a much more difficult result, due to
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Babenko [3], that these systems are actually Schauder bases for L2[− 1
2 ,

1
2 ] (see

also the discussion in [108, pp. 351–354]). Since these systems are obtained by
taking the orthonormal basis {e2πinx}n∈Z and performing an operation that
is not a continuous bijection (i.e., multiplying by the function |x|α which has
a zero or by the unbounded function |x|−α), they are not Riesz bases. On the
other hand, these systems do possess one but not both frame bounds. Specif-
ically, {e2πinx|x|α}n∈Z is a Bessel sequence while {e2πinx|x|−α}n∈Z possesses
a lower frame bound.

9.4 Gabor Frames

Now we will discuss the special class of frames known as Gabor frames (they
are also often called Weyl–Heisenberg frames). This is one part of the broader
field of time-frequency analysis. We will survey some results on Gabor frames,
with the choice of topics inspired by issues relating to independence and the
HRT Conjecture. As a result, many important topics and contributions by
many founders of the field are not included. For a more complete introduction
to time-frequency analysis we recommend Gröchenig’s text [55], and for sur-
veys and basic information on Gabor frames we suggest [22], [28], [41], [71],
[81].

9.4.1 Density and Gabor Frames

In this section we give some background on Gabor systems and Gabor frames.

Definition 9.11. Let g ∈ L2(R). The translation of g by a ∈ R is Tag(x) =
g(x − a), and the modulation of g by b ∈ R is Mbg(x) = e2πibxg(x). The
compositions

MbTag(x) = e2πibxg(x− a)

and
TaMb(x) = e2πib(x−a)g(x− a) = e−2πiabMbTag(x)

are time-frequency shifts of g. If Λ ⊂ R2 then the Gabor system generated
by g and Λ is

G(g, Λ) = {MbTag}(a,b)∈Λ.

If a Gabor system is a frame for L2(R), then it is called a Gabor frame.

Note that Λ should technically be regarded as a sequence of points in R2

rather than a subset, because frames can allow duplicate elements, and so we
should allow repetitions of points in Λ. However, for simplicity we usually just
write Λ ⊂ R2 even though we mean that Λ is a sequence. Typically, we are
interested in countable sets Λ, and the most common case is where Λ is the
rectangular lattice Λ = αZ × βZ. The cases of general lattices Λ = A(Z2)
and nonlattice or “irregular” sets of time-frequency shifts Λ are also very
interesting and important.
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Example 9.12. (a) G(χ[0,1),Z
2) is a Gabor orthonormal basis for L2(R).

(b) Gabor studied the system G(e−x2

,Z2) in the context of information theory
[51]. It can be shown via Zak transform techniques that this system is not
a frame, and is overcomplete by exactly one element [102], [77]. That
is, one element may be removed and leave a complete set, but not two
elements. Thus G(e−x2

,Z2 \ (0, 0)) is minimal and complete. However, it
is not a basis for L2(R) [49, p. 168]. The Zak transform is briefly discussed
in Section 9.5.3.

(c) It is easy to create specific Gabor frames. For example, if g ∈ L2(R) is
supported in [0, 1

β ] and satisfies
∑

n∈Z |g(x−nα)|2 = 1, then G(g, αZ×βZ)
is a tight frame. Note that this requires αβ ≤ 1; compare Theorem 9.13
below. If αβ = 1, then g will be discontinuous; compare Theorem 9.16
below. However, if αβ < 1, then we can create frames where g is as
smooth as we like, even infinitely differentiable. These frames, and their
wavelet analogues, are the “painless nonorthogonal expansions” of [42].
For recent higher-dimensional “irregular” frame constructions in a similar
spirit, see [1].

Let us mention that Gabor systems have a natural connection to repre-
sentation theory. The time-frequency plane R2 appearing in the definition of
a Gabor system is really the Heisenberg group in disguise. One form of the
Heisenberg group is H = T ×R ×R, where T = {z ∈ C : |z| = 1}, with a
group operation that is induced by considering a point (z, a, b) ∈ H to cor-
respond to the operator zMbTa defined by (zMbTaf)(x) = ze2πibxf(x − a).
That is, (z, a, b) �→ zMbTa is required to be an injective homomorphism of H
into the set of unitary mappings of L2(R) onto itself. Since

(zMbTa) ◦ (wMdTc) = e−2πiadzwMb+dTa+c,

the group operation on H is therefore

(z, a, b) · (w, c, d) = (e−2πiadzw, a + c, b + d).

This makes H a non-Abelian group, even though as a set it is simply the
Cartesian product T×R×R. To be a little more precise, the Heisenberg group
is usually defined by considering compositions of “symmetric” time-frequency
shifts M b

2
TaM b

2
, and so the standard definitions differ in normalization from

what is given here. For precise details we refer to [55, Ch. 9], [49]. The mapping
(z, a, b) �→ zMbTa is (except for normalization) the Schrödinger representation
of H. Although the unit modulus scalars z are needed to define the group
operation in H, they play no role in many parts of time-frequency analysis,
and hence we often end up dealing with the time-frequency plane R2 rather
than H.

Gabor systems defined with respect to rectangular lattices are especially
nice, and have connections to the theory of C∗ and von Neumann algebras (for
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more on this connection see [44], [52], [61]). Such rectangular Gabor systems
have properties that are very reminiscent of the system of exponentials dis-
cussed in Example 9.5. Specifically, the following result holds; note the similar
role that the value αβ plays as compared to the value of β in Example 9.5.

Theorem 9.13. Let g ∈ L2(R) and let Λ = αZ×βZ where α, β > 0. Then the
Gabor system G(g, αZ×βZ) = {e2πiβnxg(x−αk)}k,n∈Z satisfies the following.

(a) If G(g, αZ × βZ) is a frame for L2(R), then 0 < αβ ≤ 1.

(b) If G(g, αZ× βZ) is a frame for L2(R), then it is a Riesz basis if and only
if αβ = 1.

(c) If αβ > 1, then G(g, αZ× βZ) is incomplete in L2(R).

Theorem 9.13 has a long history that we cannot do justice to here. We
mention only the following facts, and for more detailed history and references
refer to the expositions in [17], [41], [55], [81].

Part (c) of Theorem 9.13 was proved the case that αβ is rational by
Daubechies [40] and for arbitrary αβ by Baggett [4]. Daubechies’ proof re-
lied on the Zak transform, while Baggett used the theory of von Neumann
algebras. Daubechies also noted that a proof for general αβ can be inferred
from results of Rieffel [104] on C∗ algebras. Another proof of part (c) based
on von Neumann algebras is given in [44], and a new proof appears in [20].

Since every frame is complete, part (a) is of course a consequence of
part (c), but we state it separately to emphasize the contrast with the case of
irregular Gabor systems as stated in Theorem 9.14 below. A simple proof of
part (a) was given by Janssen [79]. This proof relies on the algebraic structure
of the rectangular lattice αZ × βZ and the remarkable Wexler–Raz Theo-
rem for Gabor frames G(g, αZ × βZ). For more on Wexler–Raz see [79], the
expositions in [55, Sec. 7.5], [81], [62], and the rigorous proofs in [80], [44].

In part (b), given a Gabor frame G(g, αZ × βZ), it is easy to prove using
the Zak transform that if αβ = 1, then this frame must must be a Riesz basis.
However, the converse is not as easy, and was first proved by Ramanathan and
Steger in [103] as a special case of a much more general result (Theorem 9.14)
discussed below. Today there are “straightforward” proofs of part (b), again
based on Wexler–Raz.

In Theorem 9.13, the value αβ that distinguishes between the various
cases is a measurement of the “size” of the lattice αZ × βZ, as it is the area
of a fundamental domain for that lattice. In the irregular setting there is no
analogue of fundamental domain, and instead it is the Beurling density of
Λ that distinguishes between the various cases. Beurling density measures
in some sense the average number of points inside unit squares. Because the
points are not uniformly distributed, there is not a single definition, but rather
we obtain lower and upper limits to the average density. More precisely, we
count the average number of points inside squares of larger and larger radii
and take the limit, yielding the definitions
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D−(Λ) = lim inf
r→∞ inf

z∈R2

#(Λ ∩Qr(z))

r2
,

D+(Λ) = lim sup
r→∞

sup
z∈R2

#(Λ ∩Qr(z))

r2
,

for the lower and upper Beurling densities of Λ. Here Qr(z) is the square in
R2 centered at z with side lengths r and #E denotes cardinality. Using this
notation, we can give necessary conditions for a Gabor system to be a frame
or Riesz basis for L2(R), as follows.

Theorem 9.14. Let g ∈ L2(R) and let Λ ⊂ R2 be given. Then the Gabor
system G(g, Λ) has the following properties.

(a) If G(g, Λ) is a frame for L2(R), then 1 ≤ D−(Λ) ≤ D+(Λ) <∞.

(b) If G(g, Λ) is a Riesz basis for L2(R), then D−(Λ) = D+(Λ) = 1.

(c) If D−(Λ) < 1, then G(g, Λ) is not a frame for L2(R).

The result above was first proved (under some extra hypotheses) by Lan-
dau [91] and Ramanathan and Steger [103]. Inspired by the paper [60], those
extra hypotheses were removed in [32] (and the result was also extended to
higher dimensions and multiple generators). The papers [8], [9] show among
other results that Theorem 9.14 is not just a result about Gabor frames but
can be extended to the much more general situation of localized frames. More-
over, new consequences follow even for Gabor frames, such as the fact that
the index set of any tight Gabor frame must possess a certain amount of uni-
formity, in the sense that the upper and lower Beurling densities will coincide,
i.e., D−(Λ) = D+(Λ). Related results appear in [6], [7]. Localized frames were
independently introduced by Gröchenig in [58]; among other results Gröchenig
shows that localized frames are frames not merely for the underlying Hilbert
space H but also for an entire family of associated Banach spaces. Additional
papers on localized frames are [57], [36].

Since the Beurling density of a rectangular lattice is D−(αZ × βZ) =
D+(αZ × βZ) = 1

αβ , Theorem 9.14 almost, but not quite, recovers Theo-

rem 9.13. One trivial difference is in part (b) of the two theorems: the im-
plications proceed in both directions in Theorem 9.13(b) but only in one
direction in Theorem 9.14(b). For a counterexample to the converse direction
in Theorem 9.14(b), take a Gabor frame G(g, Λ) that happens to be a Riesz
basis and add a single point, say λ, to Λ. Then G(g, Λ ∪ {λ}) is a redundant
frame, but the Beurling density is the same, D−(Λ∪{λ}) = D+(Λ∪{λ}) = 1.

On the other hand, the difference between Theorem 9.13(c) and Theo-
rem 9.14(c) is much more significant. Ramanathan and Steger conjectured in
[103] that Theorem 9.14(c) should be improvable to say that if D−(Λ) < 1
then G(g, Λ) is incomplete in L2(R), but this was shown in [17] to be false:
for any ε > 0 there exists a function g ∈ L2(R) and a set Λ ⊂ R2 with
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D+(Λ) < ε such that G(g, Λ) is complete. The counterexample built in a fun-
damental way on the work of Landau on the completeness of exponentials
in L2(S) where S is a finite union of intervals. Another counterexample, in
which Λ is a subset of a lattice, appears in [113]. In [99], [100], it is shown
that there exist g ∈ L2(R) and Λ of the form Λ = {(λn, 0)}n∈Z such that
G(g, Λ) = {Tλng}n∈Z is complete in L2(R) and {λn}n∈Z is a perturbation of
the integers Z. Thus D+(Λ) = 0 for this example.

We close this section with some remarks.

Remark 9.15. a. Theorems 9.13 and 9.14 provide necessary conditions for a
Gabor system to be a frame. Some sufficient conditions are known; see for
example [41, Sec. 3.4], [55, Sec. 6.5], [71, Sec. 4.1]. For the Gaussian func-

tion g(x) = e−x2

, there is actually a complete characterization of when

G(e−x2

, αZ×βZ) is a frame; specifically, this occurs if and only if αβ < 1; see
the simple proof and additional references in [79].

The Gaussian is one of only three functions for which such a characteri-
zation is currently known (not counting trivial modifications such as trans-
lations, modulations, dilations). The other two are the hyperbolic secant
g(x) = 1

cosh πx and the two-sided exponential g(x) = e−|x| [83], [84]. The
precise set of (α, β) for which G(χ[0,1), αZ× βZ) is a frame is not known, but
surprisingly, it appears to be an extremely complicated set, called “Janssen’s
tie” [82]. The problem of characterizing those sets E ⊂ R such that G(χE ,Z2)
is a frame has been shown to be equivalent to a longstanding open problem
of Littlewood [25].

b. In concrete situations, a given Hilbert space often does not appear in
isolation, but is associated with an extended family of Banach spaces. A classi-
cal example is L2(R) sitting inside the class of Lebesgue spaces Lp(R), which
are themselves contained in the extended family of Besov spaces Bp,q

s (R) and
Triebel–Lizorkin spaces F p,q

s (R). Wavelet frames (briefly discussed in Sec-
tion 9.4.3) typically provide expansions of functions not only in the Hilbert
space L2(R) but in all of the Besov and Triebel–Lizorkin spaces simultane-
ously. The norms of these spaces are related to smoothness properties of the
function, and this smoothness information can likewise be identified by ex-
amining the coefficients in the wavelet expansion. Analogously, Gabor frames
can provide expansions not only for L2(R) but for an appropriate extended
family of Banach spaces M p,q

s (R) known as the modulation spaces. The modu-
lation space norms quantify time-frequency concentration rather than smooth-
ness. These spaces were introduced and extensively studied by Feichtinger and
Gröchenig. An excellent textbook development of the modulation spaces ap-
pears in [55, Chs. 11–14]. We also mention the mostly expository paper [66],
which surveys one application of the modulation spaces to the analysis of
spectral properties of integral operators.
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9.4.2 Gabor Riesz Bases and the Balian–Low Theorem

In this section we consider Gabor frames that are Riesz bases. At least for
the case where Λ is a rectangular lattice, all Gabor Riesz bases are “bad.”
Paraphrased in a qualitative form, the Balian–Low Theorem or BLT4 states
that if G(g, αZ × βZ) is a Gabor Riesz basis (which by Theorem 9.13 can
only happen when αβ = 1), then g is either not smooth or decays poorly at
infinity. Here are two precise variations on this theme. In these, ĝ denotes the
Fourier transform of g (we use Benedetto’s preferred normalization ĝ(ω) =∫
g(x) e−2πiωx dx).

Theorem 9.16 (Balian–Low Theorems).

(a) Classical BLT: If g ∈ L2(R) is such that G(g, αZ×βZ) is a Gabor Riesz
basis for L2(R), then(∫ ∞

−∞
|tg(t)|2 dt

)(∫ ∞

−∞
|ωĝ(ω)|2 dω

)
= ∞. (9.7)

(b) Amalgam BLT: If g ∈ L2(R) is such that G(g, αZ × βZ) is a Gabor
Riesz basis for L2(R), then g, ĝ /∈W (C0, �

1), where

W (C0, �
1) =

{
continuous f :

∞∑
k=−∞

‖f · χ[k,k+1]‖∞ <∞
}
. (9.8)

Note that the quantity appearing on the left-hand side of (9.7) is the
Heisenberg product that appears in the Classical Uncertainty Principle. In
particular, the generator of any Gabor Riesz basis must maximize uncertainty.
See [50] for a general survey on the uncertainty principle, [12] for some other
connections between Gabor systems and uncertainty principles, and [56] for
new uncertainty principles in time-frequency analysis.

The Classical BLT was introduced independently by Balian [10] and Low
[97]. A gap in their proofs was later filled in Daubechies’ influential article
[40], which also contains many important results on frames, Gabor systems,
and wavelets (much of which was incorporated into [41]). An exquisite proof
of the Classical BLT for the case of orthonormal bases was given by Battle
[11], based on the operator theory associated with the Classical Uncertainty
Principle; this proof was extended to Riesz bases in [43]. Variations on these
proofs that avoid the use of distributional differentiation are given in [17]. A
survey of recent results on the BLT appears in this volume [38].

4Yes, that is a joke: in the United States a “BLT” is a Bacon, Lettuce, and
Tomato sandwich. As far as I know, this acronym was first used in print in [17], due
entirely to John Benedetto’s wonderful sense of humor.
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The Amalgam BLT was first published in [17], although it was proved
earlier in [63]. It is shown in [17] that neither version of the BLT implies the
other. The space W (C0, �

1) appearing in (9.8) is an example of a Wiener amal-
gam space. While specific amalgam spaces have been used often throughout
the mathematical literature, Feichtinger introduced and extensively studied
general amalgam spaces, whose norm combines a local criterion for member-
ship with a global criterion. The article [65] is an expository introduction
to these spaces, including many references as well as a simple proof of the
Amalgam BLT.

The BLT emphasizes that for applications where Gabor systems are useful,
it is redundant Gabor frames that will usually be most appropriate. On the
other hand, there is a remarkable construction known as Wilson bases that
are in the spirit of time-frequency constructions, are generated by “nice” func-
tions, and are unconditional bases not only for L2(R) but also for the class
of modulation spaces. Unfortunately, there is a cost in the form of increased
technicality; Wilson bases do not have the simple form that Gabor systems
have. For more on Wilson bases, we suggest [55, Sec. 8].

Let us close this section by pointing out some related open problems and
questions.

• Does the BLT hold for lattices that are nonrectangular? This question was
recently answered affirmatively for the case of the Classical BLT in one
dimension in [59], but as soon as we move to higher dimensions, only partial
results are known. In particular, it is shown in [59] that the Classical BLT
generalizes to the case of symplectic lattices in higher dimensions, but
for nonsymplectic lattices little is known (see also Section 9.5.1 below).
Some weaker partial results are also known to hold for the analogue of the
Classical BLT for irregular Gabor Riesz bases. For more on the BLT on
symplectic lattices, see [59] and [15], and for other recent results on the
BLT see [14], [53].

• The situation for the Amalgam BLT is even less clear: it is not known even
in one dimension if the Amalgam BLT still holds if rectangular lattices are
replaced by general lattices A(Z2) or by irregular sets of time-frequency
shifts.

• Little is known about Gabor systems that are Schauder bases but not
Riesz bases for L2(R). One such example is G(g,Z2), where g(x) =
|x|α χ

[− 1
2 , 1

2 ](x) and 0 < α < 1
2 (compare Example 9.10). It is not known

if the BLT theorems hold if Gabor Riesz bases are replaced by Gabor
Schauder bases, although it is interesting to note that the proof of the
Weak BLT given in [17, Thm. 7.4] or [59, Thm. 8] generalizes from Riesz
bases to Schauder bases.

• It was conjectured in [45] that Gabor Schauder bases follow the same
Nyquist-type rules as Gabor Riesz bases, i.e., if G(g, Λ) is a Gabor Schauder
basis then D−(Λ) = D+(Λ) = 1. Some partial results were obtained in
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[45], but the conjecture remains open. More generally, is there a Nyquist
density result for Gabor systems that are minimal and complete but not
bases, such as G(e−x2

,Z2 \ (0, 0)) from Example 9.12?

• In [115], [116], Zalik gave some necessary and some sufficient conditions on
g ∈ L2(R) and countable subsets Γ ⊂ R such that {Tag}a∈Γ is complete
in L2(R); see also the recent constructions in [99], [100]. Olson and Zalik
proved in [101] that no such system of pure translations can be a Riesz
basis for L2(R), and conjectured that no such system can be a Schauder
basis. This conjecture is still open. Since {Tag}a∈Γ = G(g, Γ × {0}) and
D−(Γ × {0}) = 0, it follows from Theorem 9.14 that such a system can
never be a frame for L2(R). Similarly, if the density theorem conjectured
for Gabor Schauder bases in the preceding question could be proved, then
the Olson–Zalik Conjecture would follow as a corollary.

9.4.3 The Zero Divisor Conjecture and a Contrast to Wavelets

One motivation for the HRT Conjecture is simply the question of how similar
Gabor frames are to the system of exponentials presented in Example 9.5:
Is every Gabor frame finitely linearly independent? Since this is a question
about finite subsets, it leads directly to the statement of Conjecture 9.1.

As one motivation for why we might be interested in such a question, let
us contrast the situation for a different class of objects, wavelet systems. For
more background on wavelets, we suggest [41], [74], or, for more elementary
introductions, [111], [19]. Many of the influential early wavelet papers and
their precursors are reprinted in [72].

Just as Gabor systems are associated with the Schrödinger representation
of the Heisenberg group, wavelets are associated with a representation of an-
other group, the affine or ax+ b group. Instead of considering time-frequency
shifts, consider time-scale shifts, which are compositions of the translation
Tag(x) = g(x− a) with the dilation

Drg(x) = r1/2g(rx),

which has been normalized so that Dr is a unitary operator on L2(R). Specif-
ically, given g ∈ L2(R) and a sequence Λ ⊂ R × R+, the wavelet system
generated by g and Λ is the collection of time-scale shifts

W(g, Λ) = {TaDbg}(a,b)∈Λ.

The group underlying wavelet systems is the affine group, which is the set A =
R×R+ endowed with a group multiplication that makes the mapping (a, b) �→
TaDb an injective homomorphism of A into the set of unitary mappings of
L2(R) onto itself, and this mapping is the corresponding representation.

For wavelet systems, the analogue of Conjecture 9.1 fails. For example, a
function ϕ is said to be refinable, or is called a scaling function, if there exist
coefficients ck such that
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ϕ(x) =
∞∑

k=−∞
ck ϕ(2x− k) (9.9)

(often the term scaling function is reserved for functions that satisfy addi-
tional requirements beyond just (9.9), for example, they may be required to
be associated with a multiresolution analysis, see Remark 9.17 below). If only
finitely many coefficients ck in (9.9) are nonzero, then we have an expression
of finite linear dependence among the time-scale shifts of ϕ. That is, W(ϕ,Λ)
is dependent with a finite Λ. It is not hard to construct such functions, for
example, the box function b = χ[0,1) satisfies the refinement equation

b(x) = b(2x) + b(2x− 1).

Thus the analogue of Conjecture 9.1 fails when the Heisenberg group is re-
placed by the affine group. This raises the fundamental question: what is the
basic difference between the affine group and the Heisenberg group which
makes their behavior with regard to this conjecture so different? While both
the affine group and the Heisenberg group are non-Abelian, the Heisenberg
group is “nearly Abelian” in contrast to the affine group. For example, both
are locally compact topological groups, and the Heisenberg group is unimod-
ular (left and right Haar measure coincide), as are all Abelian locally compact
groups, whereas the affine group is nonunimodular (see [71]). Another differ-
ence is that the Heisenberg group has discrete subgroups (e.g., {1} × Z× Z)
while the affine group does not. Which, if any, of these are the essential dif-
ference in regard to the HRT Conjecture?

More generally, we could replace the Heisenberg or affine groups by other
groups, and consider representations of arbitrary topological groups on L2(R).
This leads to a connection with the open Zero Divisor Conjecture in abstract
algebra, introduced in [75]. For a discussion of the Zero Divisor Conjecture
and the connection between zero divisors and independence of translates we
refer to the papers by Linnell, including [94], [95], [96].

We conclude this section by pointing out a few other related questions and
connections.

Remark 9.17. a. Refinable functions play a central role in several areas, in-
cluding subdivision schemes in computer-aided geometric design and the con-
struction of orthonormal wavelet bases [41]. The now-classical method for con-
structing a wavelet orthonormal basis for L2(R) begins with a scaling function
ϕ which has the additional property that the collection of integer translates
{ϕ(x − k)}k∈Z is an orthonormal sequence in L2(R). Such a ϕ leads to a
multiresolution analysis (MRA) for L2(R), from which is deduced the exis-
tence of a wavelet ψ which has the property that {2n/2ψ(2nx−k)}n,k∈Z is an
orthonormal basis for L2(R). Thus the scaling function ϕ, whose time-scale
translates are finitely dependent, leads to another function ψ which generates
an orthonormal basis for L2(R) via time-scale translates.
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b. There are also non-MRA constructions of orthonormal wavelet bases;
these are especially surprising in higher dimensions [5], [18], [39].

c. The refinement equation (9.9) implies that the graph of a refinable func-
tion ϕ possesses some self-similarity. This leads to connections to fractals and
iterated function systems. The analysis of the properties of refinable func-
tions is an interesting topic with a vast literature; we refer to the paper [21]
for references.

d. While the analogue of the HRT Conjecture fails in general, Christensen
and Lindner [34], [35] have interesting partial results on when independence
holds, including estimates of the frame bounds of finite sets of time-frequency
or time-scale shifts.

e. There are useful recent characterizations of frames that apply in both
the wavelet and Gabor settings by Hernández, Labate, and Weiss [90], [73].

f. One fundamental difference between wavelet orthonormal bases or Riesz
bases and their Gabor analogues is that the analogue of the Balian–Low The-
orems fail for wavelets. For example, it is possible to find Schwartz-class func-
tions ψ, or compactly supported ψ ∈ C(n)(R) with n arbitrarily large, which
generate wavelet orthonormal bases for L2(R). Another fundamental differ-
ence occurs in regard to density phenomenon. While Theorem 9.14 shows that
Gabor frames have a Nyquist density similar to the one obeyed by the system
of exponentials discussed in Example 9.5, there is no exact analogue of the
Nyquist density for wavelet frames. Analogues of the Beurling density appro-
priate for the affine group were introduced in the papers [67], [110] (see also
[89] for a comparison of these definitions and [37] for density conditions on
combined Gabor/wavelet systems). While there is no Nyquist phenomenon in
the sense that wavelet frames can be constructed with any particular density,
it was shown that wavelet frames cannot have zero or infinite density, and the
details of the arguments suggest a surprising amount of similarity between
the Heisenberg and affine cases, cf. [68].

9.5 Partial Results on the HRT Conjecture

Now we return to the HRT Conjecture itself, and present some of the partial
results that are known and some of the techniques used to obtain them. Using
the notation introduced so far, we can reword the conjecture as follows:

• If g ∈ L2(R) is nonzero and Λ = {(αk, βk)}N
k=1 is a finite set of distinct

points in R2, then G(g, Λ) is linearly independent.

Before presenting the partial results themselves, let us make some general
remarks on why the conjecture seems to be difficult. A profoundly deep expla-
nation would be an interesting research problem in itself; we will only point
out some particular difficulties.
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One major problem is that the conjecture is resistant to transform tech-
niques. For example, applying the Fourier transform simply interchanges the
translations and modulations, converting the problem into one of exactly the
same type. Another natural transform for time-frequency analysis is the short-
time Fourier transform (STFT). Given a “window function” ϕ ∈ L2(R), the
STFT of g ∈ L2(R) with respect to ϕ is

Vϕg(x, ω) = 〈g,MωTxϕ〉, (x, ω) ∈ R2.

With ϕ fixed, the mapping g �→ Vϕg is an isometry of L2(R) into L2(R2).
However,

Vϕ(MbTag)(x, ω) = e−2πiabωVϕg(x− a, ω − b).

Thus, the STFT converts translations and modulations of g into two-dimen-
sional translations and modulations of Vϕg, again yielding a problem of the
same type, except now in two dimensions. There are many closely related
transforms, such as the Wigner distribution, and quadratic versions of these
transforms such as g �→ Vgg, but all of these have related difficulties. On the
other hand, as we will see below, for special cases transforms can yield useful
simplifications.

9.5.1 Linear Transformations of the Time-Frequency Plane

There is a class of transformations that we can apply that will sometimes
simplify the geometry of the set of points Λ = {(αk, βk)}N

k=1 appearing in
Conjecture 9.1. For example, let A be the linear transformation A(a, b) =
(a

r , br) where r > 0 (note that det(A) = 1). Then

Dr(Mβk
Tαk

g)(x) = r1/2e2πiβkrxg(rx − αk) = MβkrTαk
r

(Drg)(x).

Since the dilation Dr is a unitary map, it preserves independence, and hence

G(g, Λ) is independent ⇐⇒ G(Drg,A(Λ)) is independent.

Thus, we can change the configuration of the points from the set Λ to the set
A(Λ) at the cost of replacing the function g by a dilation of g.

In fact, if A is any linear transformation of R2 onto itself with det(A) = 1,
then there exists a unitary transformation UA : L2(R) → L2(R) such that

UA(G(g, Λ)) = {UA(MbTag)}(a,b)∈Λ = {cA(a, b)MvTu(UAg)}(u,v)∈A(Λ),
(9.10)

where cA(a, b) are constants of unit modulus determined by A. The rightmost
set in (9.10) is not a Gabor system, but is obtained from the Gabor system
G(UAg,A(Λ)) by multiplying each element by a constant of unit modulus.
Such multiplications do not change the two properties we are interested in
here, namely, being a frame or being linearly independent. In particular,
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G(g, Λ) is independent ⇐⇒ G(UAg,A(Λ)) is independent.

As a specific example, consider the shear A(a, b) = (a, b+ ra). Then UA is

the modulation by a “chirp” given by UAf(x) = eπirx2

f(x). To see this, set

cA(a, b) = e−πira2

and verify that

cA(a, b)Mb+raTa(UAg)(x) = UA(MbTag)(x).

Another example is A(a, b) = (b,−a), rotation by π/2, for which UA = F , the
Fourier transform.

In addition to linear transformations of R2, we can also use rigid transla-
tions, for they correspond to replacing g by MdTcg and Λ by Λ− (c, d).

The operators UA are called metaplectic transforms. Every linear transfor-
mation A of R2 with determinant 1, i.e., every element of the special linear
group SL(2,R), yields a metaplectic transform. Unfortunately, as soon as
we move to higher dimensions, this is no longer true. Only matrices lying in
the symplectic group Sp(d), which is a subset of SL(2d,R), yield metaplec-
tic transforms (the symplectic group consists of those invertible matrices A
which preserve the symplectic form [z, z′] = x′ · ω − x · ω′, where z = (x, ω),
z′ = (x′, ω′) ∈ R2d). This stems from properties of the Heisenberg group, and
for more details we refer to [55, Ch. 9]. In any case, this means that some
of the simplifications we apply below to prove some special cases of the HRT
Conjecture may not apply in higher dimensions.

9.5.2 Special Case: Points on a Line

In this section we will prove a special case of the HRT Conjecture, assuming
that Λ = {(αk, βk)}N

k=1 is a set of collinear points. By applying an appropriate
metaplectic transform, we may assume that Λ = {(αk, 0)}N

k=1. Then G(g, Λ) =
{g(x − αk)}N

k=1 is a finite set of translations of g. Suppose that we have∑N
k=1 ck g(x − αk) = 0 a.e. for some scalars c1, . . . , cN . Taking the Fourier

transform of both sides of this equation converts translations to modulations,
resulting in the equation

N∑
k=1

ck e−2πiαkξ ĝ(ξ) = 0 a.e.

Since ĝ �= 0, it is nonzero on some set of positive measure. But then the
nonharmonic trigonometric polynomial m(ξ) =

∑N
k=1 ck e−2πiαkξ must be

zero on a set of positive measure. If the αk are integer, it follows immediately
from the Fundamental Theorem of Algebra that c1 = · · · = cN = 0. This is
still true for arbitrary αk, since m can be extended from real values of ξ to
complex values, and the extension is an analytic function. Thus, we conclude
that G(g, Λ) is linearly independent when the points in Λ are collinear.

While the HRT Conjecture turns out to be trivial when we restrict to
the case of pure translations of g, there are still many interesting remarks to
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be made about this case. Consider first the fact that if we replace L2(R) by
L∞(R) then finite sets of translations can be linearly dependent (for example,
consider any periodic function). In one dimension, it can be shown that any
finite set of translations of a nonzero function g ∈ Lp(R) with p <∞ are in-
dependent, but note that this is already a more difficult problem because the
Fourier transform exists only distributionally when p > 2. Moreover, Rosen-
blatt and Edgar have shown that there is a surprise as soon as we move to
higher dimensions: sets of translates can be dependent for finite p. The fol-
lowing result was proved in [48], [105].

Theorem 9.18.

(a) If g ∈ Lp(Rd) is nonzero and 1 ≤ p ≤ 2d
d−1 , p �= ∞, then {g(x− αk)}N

k=1

is linearly independent for any finite set of distinct points {αk}N
k=1 in Rd.

(b) If 2d
d−1 < p ≤ ∞, then there exists a nonzero g ∈ Lp(Rd) and distinct

points {αk}N
k=1 in Rd such that {g(x− αk)}N

k=1 is linearly dependent.

We close this section by noting that subspaces of L2(R) of the form
V = span({Tαk

g}k∈N) generated from translations of a given function are
important in a wide variety of applications. In particular, a subspace of the
form V = span({Tkg}k∈N) is invariant under integer translations, and hence is
called a shift-invariant space (but it need not be translation-invariant, which
means invariant under all translations). Shift-invariant spaces play key roles
in sampling theory, the construction of wavelet bases and frames, and other
areas. For a recent research-survey of shift-invariant spaces in sampling theory,
we suggest [2].

9.5.3 Special Case: Lattices

Suppose that Λ = {(αk, βk)}N
k=1 is a finite subset of some lattice A(Z2), where

A is an invertible matrix. By applying a metaplectic transform, we may assume
that Λ is a subset of a rectangular lattice αZ × βZ with αβ = | det(A)|. We
say that it is a unit lattice if αβ = 1; in this case, by applying a dilation we
can assume α = β = 1. The HRT Conjecture is easily settled for this special
case by applying the Zak transform, which is the unitary mapping of L2(R)
onto L2([0, 1)2) given by

Zf(t, ω) =
∑
k∈Z

f(t− k) e2πikω, (t, ω) ∈ [0, 1)2,

(the series converges in the norm of L2([0, 1)2)). The Zak transform was first
introduced by Gelfand (see [55, p. 148]), and goes by several names, including
the Weil–Brezin map (representation theory and abstract harmonic analysis)
and k-q transform (quantum mechanics). For more information, we refer to
Janssen’s influential paper [77] and survey [78], or Gröchenig’s text [55]. For
our purposes, the most important property of the Zak transform is that
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Z(MkTng)(t, ω) = e2πinte−2πikωZg(t, ω), (k, n) ∈ Z2.

It follows easily from this that any finite linear combination of functions
MkTng with (k, n) ∈ Z2 is independent, using the fact that a nontrivial
(two-dimensional) trigonometric polynomial cannot vanish on a set of pos-
itive measure. This settles the case αβ = 1.

This argument cannot be extended to more general rectangular lattices
αZ×βZ with αβ �= 1 because Z(MkβTnαg) is no longer just a two-dimensional
exponential times Zg. A fundamental obstacle is that the operators Mk, Tn

commute when k, n are integers, but the operators Mkβ , Tnα do not com-
mute in general. On the other hand, the operators Mβ, Tα generate a von
Neumann algebra, and it is through this connection that Linnell was able
to prove the HRT Conjecture for the special case that Λ is contained in an
arbitrary lattice [96].

Although this is contained in Linnell’s result, let us sketch a proof of
the HRT Conjecture for the special case N = 3, since it reveals one of the
difficulties in trying to prove the general case. If N = 3 then, by applying
a metaplectic transform, we may assume that Λ = {(0, 0), (a, 0), (0, 1)}, and
hence G(g, Λ) = {g(x), g(x− a), e2πixg(x)}. Suppose that

c1g(x) + c2g(x− a) + c3e
2πixg(x) = 0 a.e.

If any one of c1, c2, c3 is zero, then we are back to the collinear case, so we
may assume they are all nonzero. Rearranging, we obtain

g(x− a) = m(x) g(x) a.e., (9.11)

where m(x) = − 1
c2

(c1 + c3 e2πix). Note that m is 1-periodic. Iterating (9.11),
we obtain for integer n > 0 that

|g(x− na)| = |g(x)|
n−1∏
j=0

|m(x− ja)| = |g(x)| en· 1
n

Pn−1
j=0 p(x−ja) a.e. (9.12)

where p(x) = ln |m(x)|. Now, p is 1-periodic, so if a is irrational then the
points {x − ja mod 1}∞j=0 are a dense subset of [0, 1). In fact, they are “well
distributed” in a technical sense due to the fact that x �→ x + a mod 1 is an
ergodic mapping of [0, 1) onto itself (ergodic means that any subset of [0, 1)
which is invariant under this map must either have measure 0 or 1). Hence the

quantity 1
n

∑n−1
j=0 p(x−ja) is like a Riemann sum approximation to

∫ 1

0
p(x) dx,

except that the rectangles with height p(x− ja) and width 1
n are distributed

“randomly” around [0, 1) instead of uniformly, possibly even with overlaps or
gaps. Still, the ergodicity ensures that the Riemann sum analogy is a good
one in the limit: the Birkhoff Ergodic Theorem implies that

lim
n→∞

1

n

n−1∑
j=0

p(x− ja) =

∫ 1

0

p(x) dx = C a.e. (9.13)
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To be sure, we must verify that C =
∫ 1

0
p(x) dx exists and is finite, but this

can be shown based on the fact that any singularities of p correspond to zeros
of the well-behaved function m. For more information on ergodic theory, we
refer to [112].

Thus from (9.11) and (9.13) we see that |g(x − na)| ≈ eCn|g(x)|. More

precisely, if we fix ε > 0, then 1
n

∑n−1
j=0 p(x− ja) ≥ (C− ε) for n large enough.

Let us ignore the fact that “large enough” depends on x (or, by applying
Egoroff’s Theorem, restrict to a subset where the convergence in (9.13) is
uniform). Substituting into (9.12) then yields |g(x− na)| ≥ e(C−ε)n |g(x)| for
n large. Considering x in a set of positive measure where g is nonzero and
the fact that g ∈ L2(R), we conclude that C − ε < 0, and hence C ≤ 0. A
converse argument, based on the relation g(x) = m(x + a) g(x + a) similarly
yields the fact that C ≥ 0. This still allows the possibility that C = 0, but a
slightly more subtle argument presented in [69] also based on ergodicity yields
the full result. The case for a rational is more straightforward, since in this
case the points x− ja mod 1 repeat themselves.

The argument given above can be extended slightly: we could take Λ =
{(0, j)}N

j=0 ∪ {(a, 0)}, for then we would still have (9.11) holding, with a dif-
ferent, but still 1-periodic, function m. However, the periodicity is critical
in order to apply ergodic theory as we have done. An additional fundamen-
tal difficulty to extending further is that as soon as we have more than two
distinct translates, we cannot rearrange a dependency relation into a form
similar to (9.11) that can be easily iterated. For example, with three dis-
tinct sets of translations, instead of (9.11) we would have an equation like
g(x − a) = m(x) g(x) + k(x) g(x − b), which becomes extremely complicated
to iterate.

9.5.4 Special Case: Compactly Supported Functions

Choose any finite set Λ ⊂ R2, and suppose that g ∈ L2(R) is compactly
supported, or even just supported on a half-line. Given an arbitrary finite
set Λ, write Λ = {(αk, βk,j)}j=1,...,Mk, k=1,...,N , i.e., for each distinct translate
group the corresponding modulates together. Given scalars ck,j , suppose

0 =

N∑
k=1

Mk∑
j=1

ck,j Mβk,j
Tαk

g(x) =

N∑
k=1

mk(x) g(x − αk) a.e., (9.14)

where mk(x) =
∑Mk

j=1 ck,j e
2πiβk,jx. Since g is supported in a half-line, the

supports of the functions g(x− αk) overlap some places but not others. If we
choose x in the appropriate interval then only one g(x− αk) can be nonzero.
For such x, the right-hand side of equation (9.14) will contain only one nonzero
term, i.e., it reduces to mk(x) g(x − αk) = 0 a.e. for some single k. We can
find a subset of the support of g(x − αk) of positive measure for which this
is true, which implies the trigonometric polynomial mk(x) vanishes on a set
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of positive measure. But this cannot happen unless ck,j = 0 for all j. We can
then repeat this argument to obtain ck,j = 0 for all j and k. For complete
details, see [69].

9.5.5 Special Case: Hermite Functions

In this section we will prove the HRT Conjecture for the special case that
g(x) = p(x) e−x2

where p is a nontrivial polynomial. Such functions are fi-
nite linear combinations of Hermite functions, and the collection of all such
functions is dense in L2(R).

Given an arbitrary finite set Λ, write Λ = {(αk, βk,j)}j=1,...,Mk, k=1,...,N ,
with α1 < · · · < αN . If N = 1 then Λ is a set of collinear points, so we may
assume N > 1. Given scalars ck,j , suppose

N∑
k=1

Mk∑
j=1

ck,j Mβk,j
Tαk

g(x) = 0 a.e.

Because of the special form of g, this simplifies to

e−x2
N∑

k=1

mk(x) p(x− αk) e2αkx = 0 a.e., (9.15)

where mk(x) =
∑Mk

j=1 ck,j e
−α2

k e2πiβk,jx. Without loss of generality we may
assume that m1 and mN are nontrivial, otherwise ignore those terms and
reindex. Then dividing both sides of (9.15) by e−x2

e2αN x and rearranging,
we have

mN (x) p(x− αN ) = −
N−1∑
k=1

mk(x) p(x − αk) e2(αk−αN )x a.e. (9.16)

However, αk −αN < 0 for k = 1, . . . , N − 1, so since each mk is bounded, the
right-hand side of (9.16) converges to zero as x→∞. On the other hand, as
mN is a nontrivial trigonometric polynomial and p is a nontrivial polynomial,
the left-hand side does not converge to zero.

9.5.6 Special Case: Perturbations

Now that we have proved the HRT Conjecture for dense subsets of L2(R)
such as the compactly supported functions, it is tempting to try to prove the
general conjecture by applying some form of limiting argument. We will prove
next a theorem in this spirit, and then see why this theorem fails to provide
a proof of the full conjecture.

We will need to use the following lemma, which is actually just a spe-
cial case of a general result that characterizes Riesz bases; compare [28,
Thm. 3.6.6].
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Lemma 9.19. Let {g1, . . . , gN} be a linearly independent set of vectors in a
Hilbert space H. Let A, B be frame bounds for {g1, . . . , gN} as a frame for its
span S = span({g1, . . . , gN}). Then

∀ c1, . . . , cN ∈ C, A

N∑
k=1

|ck|2 ≤
∥∥∥ N∑

k=1

ckgk

∥∥∥2

≤ B

N∑
k=1

|ck|2. (9.17)

Proof. Let {g̃1, . . . , g̃N} be the canonical dual frame for {g1, . . . , gN} in S.

Given c1, . . . , cN , set f =
∑N

k=1 ckgk. The frame expansion of f is f =∑N
k=1〈f, g̃k〉 gk, and because of independence we must have ck = 〈f, g̃k〉. Since

1
B , 1

A are frame bounds for the dual frame {g̃1, . . . , g̃N}, we have

1

B
‖f‖2 ≤

N∑
k=1

|〈f, g̃k〉|2 ≤
1

A
‖f‖2, (9.18)

and rearranging (9.18) gives (9.17). 	


We will also need to use the continuity of the operator groups {Tx}x∈R

and {Mω}ω∈R. That is, we will need the fact that

∀ f ∈ L2(R), lim
x→0

‖Txf − f‖2 = 0 = lim
ω→0

‖Mωf − f‖2. (9.19)

The next theorem is stated in [69]. A proof of part (a) is given there, and
will not be repeated here. The proof of part (b) is similar, but since it is not
given in [69] and is slightly more complicated than part (a), we prove it here.

Theorem 9.20. Assume that g ∈ L2(R) and Λ = {(αk, βk)}N
k=1 are such that

G(g, Λ) is linearly independent. Then the following statements hold.

(a) There exists ε > 0 such that G(h,Λ) is independent for any h ∈ L2(R)
with ‖g − h‖2 < ε.

(b) There exists ε > 0 such that G(g, Λ′) is independent for any set Λ′ =
{(α′

k, β
′
k)}N

k=1 such that |αk − α′
k|, |βk − β′

k| < ε for k = 1, . . . , N .

Proof. (b) Let A, B be frame bounds for G(g, Λ) as a frame for its span. Fix
0 < δ < A1/2/(2N1/2). Then by (9.19), we can choose ε small enough that

|r| ≤ ε =⇒ ‖Trg − g‖2 ≤ δ, ‖Mrg − g‖2 ≤ δ.

Now suppose that |αk − α′
k| < ε and |βk − β′

k| < ε for k = 1, . . . , N . Then
for any scalars c1, . . . , cN we have∥∥∥ N∑

k=1

ck Mβk
Tαk

g
∥∥∥

2

≤
∥∥∥ N∑

k=1

ck Mβk
(Tαk

h− Tα′

k
)g
∥∥∥

2

+
∥∥∥ N∑

k=1

ck (Mβk
−Mβ′

k
)Tα′

k
g
∥∥∥

2
+
∥∥∥ N∑

k=1

ck Mβ′

k
Tα′

k
g
∥∥∥

2
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≤
N∑

k=1

|ck| ‖Tαk
g − Tα′

k
g‖2 +

N∑
k=1

|ck| ‖(Mβk
−Mβ′

k
)Tα′

k
g‖2

+
∥∥∥ N∑

k=1

ck Mβ′

k
Tα′

k
g
∥∥∥

2

=
N∑

k=1

|ck| ‖Tαk−α′

k
g − g‖2 +

N∑
k=1

|ck| ‖Mβk−β′

k
g − g‖2

+
∥∥∥ N∑

k=1

ck Mβ′

k
Tα′

k
g
∥∥∥

2

≤ 2δ

N∑
k=1

|ck| +
∥∥∥ N∑

k=1

ck Mβ′

k
Tα′

k
g
∥∥∥

2

≤ 2δN1/2

( N∑
k=1

|ck|2
)1/2

+
∥∥∥ N∑

k=1

ck Mβ′

k
Tα′

k
g
∥∥∥

2
.

However, we also have by Lemma 9.19 that

A1/2

( N∑
k=1

|ck|2
)1/2

≤
∥∥∥ N∑

k=1

ck Mβk
Tαk

g
∥∥∥

2
.

Combining and rearranging these inequalities, we find that

(
A1/2 − 2δN1/2

)( N∑
k=1

|ck|2
)1/2

≤
∥∥∥ N∑

k=1

ck Mβ′

k
Tα′

k
g
∥∥∥

2
.

Since A1/2 − 2δN1/2 > 0, it follows that if
∑N

k=1 ck Mβ′

k
Tα′

k
g = 0 a.e. then

c1 = · · · = cN = 0. 	


Unfortunately, Theorem 9.20 cannot be combined with the known special
cases, such as for compactly supported g or for lattice Λ, to give a proof of the
full HRT Conjecture. The problem is that ε in Theorem 9.20 depends on g
and Λ. Analogously, a union of arbitrary open intervals (r−εr, r+εr) centered
at rationals r ∈ Q need not cover the entire line (consider εr = |r−

√
2|). What

is needed is specific knowledge of how the value of ε depends on g and Λ. The
proof above shows that the value of ε is connected to the lower frame bound
for G(g, Λ) considered as a frame for its finite span in L2(R). This leads us to
close this survey with the following fundamental problem.

• Given g ∈ L2(R) and a finite set Λ ⊂ R2, find explicit values for the frame
bounds of G(g, Λ) as a frame for its span.

Explicit here means that the frame bounds should be expressed in some
computable way as a function of g (or its properties, such as the size of its
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support) and the points in Λ. This is clearly an important problem with
practical implications, since implementations will always involve finite sets.
Surprisingly little is known regarding such frame bounds; the best results ap-
pear to be those of Christensen and Lindner [34]. In fact, even the seemingly
“simpler” problem of computing explicit frame bounds for finite sets of expo-
nentials {e2πiαkx}N

k=1 as frames for their spans in L2[0, 1] is very difficult, but
still of strong interest, see [33].
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eds., London Math. Soc. Lecture Note Series, Cambridge University Press,
Cambridge, 1998, pp. 209–248.

96. P. A. Linnell, Von Neumann algebras and linear independence of translates,
Proc. Amer. Math. Soc., 127 (1999), pp. 3269–3277.

97. F. Low, Complete sets of wave packets, in: A Passion for Physics—Essays in

Honor of Geoffrey Chew, C. DeTar, J. Finkelstein, and C. I. Tan, eds., World
Scientific, Singapore, 1985, pp. 17–22.

98. J. Marti, Introduction to the Theory of Bases, Springer-Verlag, New York, 1969.
99. A. Olevskii, Completeness in L2(R) of almost integer translates, C. R. Acad.

Sci. Paris, 324 (1997), pp. 987–991.
100. A. Olevskii and A. Ulanovskii, Almost integer translates. Do nice generators

exist?, J. Fourier Anal. Appl., 10 (2004), pp. 93–104.
101. T. E. Olson and R. A. Zalik, Nonexistence of a Riesz basis of translates, in:

Approximation Theory, Lecture Notes in Pure and Applied Math., Vol. 138,
Dekker, New York, 1992, pp. 401–408.

102. A. M. Perelomov, On the completeness of a system of coherent states (English
translation), Theoret. Math. Phys., 6 (1971), pp. 156–164.

103. J. Ramanathan and T. Steger, Incompleteness of sparse coherent states, Appl.
Comput. Harmon. Anal., 2 (1995), pp. 148–153.

104. M. Rieffel, Von Neumann algebras associated with pairs of lattices in Lie
groups, Math. Ann., 257 (1981), pp. 403–418.

105. J. Rosenblatt, Linear independence of translations, J. Austral. Math. Soc. (Se-
ries A), 59 (1995), pp. 131–133.

106. Z. Rzeszotnik, private communication, 2004.
107. K. Seip, On the connection between exponential bases and certain related

sequences in L2(−π, π), J. Funct. Anal., 130 (1995), pp. 131–160.
108. I. Singer, Bases in Banach Spaces I, Springer-Verlag, New York, 1970.
109. T. Strohmer and R. W. Heath, Jr., Grassmannian frames with applications to

coding and communication, Appl. Comput. Harmon. Anal., 14 (2003), pp. 257–
275.

110. W. Sun and X. Zhou, Density and stability of wavelet frames, Appl. Comput.
Harmon. Anal., 15 (2003), pp. 117–133.

111. D. F. Walnut, An Introduction to Wavelet Analysis, Birkhäuser, Boston, 2002.
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Summary. We consider two classes of actions on R
n—one continuous and one

discrete. For matrices of the form A = eB with B ∈ Mn(R), we consider the action
given by γ → γAt. We characterize the matrices A for which there is a cross-
section for this action. The discrete action we consider is given by γ → γAk, where
A ∈ GLn(R). We characterize the matrices A for which there exists a cross-section
for this action as well. We also characterize those A for which there exist special types
of cross-sections; namely, bounded cross-sections and finite-measure cross-sections.
Explicit examples of cross-sections are provided for each of the cases in which cross-
sections exist. Finally, these explicit cross-sections are used to characterize those
matrices for which there exist minimally supported frequency (MSF) wavelets with
infinitely many wavelet functions. Along the way, we generalize a well-known aspect
of the theory of shift-invariant spaces to shift-invariant spaces with infinitely many
generators.

Dedicated to John Benedetto.

10.1 Introduction

In discrete wavelet analysis on the line, the classical approach is to dilate
and translate a single function, or wavelet, so that the resulting system is an
orthonormal basis for L2(R). More precisely, a wavelet is a function ψ ∈ L2(R)
such that
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{2j/2ψ(2jx + k) : k, j ∈ Z}
forms an orthonormal basis of L2(R).

In multidimensional discrete wavelet analysis, the approach is similar. Fix
a matrix A ∈ GLn(R) and a full rank lattice Γ . A collection of functions
{ψi : i = 1, . . . , N} is called an (A,Γ ) orthonormal wavelet of order N if
dilations by A and translations by Γ ,

{| detA|j/2ψi(Ajx + k) : i = 1, . . . , N, j ∈ Z, k ∈ Γ},

forms an orthonormal basis for L2(Rn). In this generality, there is no charac-
terization (in terms of A and Γ ) of when wavelets exist. It was shown in [10]
that, if A is expansive (that is, a matrix whose eigenvalues all have modulus
greater than 1), then there does exist an orthonormal wavelet. A complete
characterization of such wavelets in terms of the Fourier transform was given
in [13]. The nonexpansive case remains problematic.

It is also possible to study the continuous version of wavelet analysis. Con-
sider the full affine group of motions given by GLn(R)×Rn with multiplication
given by (a, b)(c, d) = (ac, c−1b + d). We are interested in subgroups of the
full affine group of motions of the form

G = {(a, b) : a ∈ D, b ∈ Rn},

where D is a subgroup of GLn(R). In this case, G is the semi-direct product
D ×s Rn. Now, if we define the unitary operator Tg for g ∈ G by(

Tgψ
)
(x) = | det a|−1/2ψ(g−1(x)),

then the continuous wavelet transform is given by

〈f, ψg〉 :=

∫
Rn

f(x) (Tgψ)(x) dx,

which is, of course, a function on G. The function ψ is a D-continuous wavelet
if it is possible to reconstruct all functions f in L2(Rn) via the following
reconstruction formula:

f(x) =

∫
G

〈f, ψg〉ψg(x) dλ(g),

where λ is Haar measure on G.
There is a simple characterization of continuous wavelets, given in [22].

Theorem 10.1 ([22]). Let G be a subgroup of the full affine group of the form
D×s Rn. A function ψ ∈ L2(Rn) is a D-continuous wavelet if and only if the
Calderón condition ∫

D

|ψ̂(ξa)|2 dµ(a) = 1 a.e. ξ in R̂n (10.1)

holds, where µ is the left Haar measure for D.
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In this paper, we will always assume one of the two following cases, which
for our purposes will be the singly generated subgroups of GLn(R).

1. D = {Ak : k ∈ Z} for some A ∈ GLn(R), or
2. D = {At : t ∈ R} for some A = eB, where B ∈Mn(R).

We will say that D is generated by the matrix A. Applying Theorem 10.1 to
these cases gives the following characterizations.

Proposition 10.2. (a) Let A ∈ GLn(R) and let D denote the dilation group
D = {Ak : k ∈ Z}. Then, ψ ∈ L2(Rn) is a D-continuous wavelet if and
only if ∑

k∈Z

|ψ̂(ξAk)|2 = 1

for almost all ξ ∈ R̂n.

(b) Let D = {At : t ∈ R} for some A = eB, where B ∈ Mn(R). Then
ψ ∈ L2(Rn) is a D-continuous wavelet if and only if∫

R

|ψ̂(ξAt)|2 dt = 1

for almost all ξ ∈ R̂n.

In the case where D is generated by a single matrix as above, a complete
characterization of matrices for which there exists a continuous wavelet is
given in [17].

Theorem 10.3. Consider the dilation group D as in Case 1 or 2 above. There
exists a continuous wavelet if and only if | det(A)| �= 1.

The wavelets constructed in [17] are of the form ψ̂ = χK , for some set
K. One drawback to the proof in [17] is that, while the proof is constructive,
the sets K that are constructed are written as the countable union of set
differences of sets consisting of those points whose orbits land in a prescribed
closed ball a positive, finite number of times. Hence, it is not clear whether
the set constructed in the end can be chosen to be “nice” or easily described.

The purpose of this chapter is two-fold. First, we will give explicitly de-
fined, easily verified sets K such that χK is the Fourier transform of a contin-
uous wavelet. Here, we will exploit the fact that we are in the singly generated
group case to a very large extent. We will also obtain a characterization of
matrices such that the set K can be chosen to be bounded as well as a char-
acterization of matrices such that the only sets K that satisfy (10.1) have
infinite measure.

Second, we will show how to use these explicit forms to characterize those
matrices such that there exists a discrete wavelet of order infinity. Note that
this seems to be a true application of the form of the sets K in Section 10.2,
as it is not clear to the authors how to use the proof in [17] (or the related
proof in [16]) to achieve the same result.
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10.2 Cross-Sections

Throughout this section, we will use vector notation to denote elements of R̂n,
and m will denote the Lebesgue measure on Rn. Multiplication of a vector
with a matrix will be given by γA, and we will reserve the notation At as “A
raised to the t-power.” In the few places for which we need the transpose of a
matrix, we will give it a separate name.

Definition 10.4. A Borel set S ⊂ R̂n is called a cross-section for the contin-
uous action γ → γAt (t ∈ R) if

(a) ∪t∈RSAt = R̂n\N for some set N of measure zero, and
(b) SAt1 ∩ SAt2 = ∅ whenever t1 �= t2 ∈ R.

Similarly, a Borel set S ⊂ R̂n is called a cross-section for the discrete action
γ → γAk (k ∈ Z) if

(a) ∪k∈ZSAk = R̂n\N for some set N of measure zero, and
(b) SAj ∩ SAk = ∅ whenever j �= k ∈ Z.

Note that we have defined cross-sections using left products, which will
eliminate the need for taking transposes in Section 10.3.

Note also that if S is a cross-section for the continuous action, then {γAt :
γ ∈ S, 0 ≤ t < 1} is a cross-section for the discrete action. Cross-sections are
sometimes referred to as multiplicative tiling sets.

Remark 10.5. Let S be a cross-section for the action γ → γAk. Then, SJ−1 is
a cross-section for the action γ → γJAkJ−1, and similarly, for the continuous
action γ → γAt, where A = eB, SJ−1 is a cross-section for the continuous
action γ → γÃt, where Ã = eJBJ−1

.

To begin with cross-sections for the continuous action, let A = eB ∈
GLn(R) be given, where by the preceding remark we may assume that B is
in real Jordan normal form. Then, B is a block diagonal matrix, and a block
corresponding to a real eigenvalue αi is of the form

Bi =

⎛⎜⎜⎜⎜⎝
αi 1 (0)

. . .
. . .

. . . 1
(0) αi

⎞⎟⎟⎟⎟⎠
while a block corresponding to a complex pair of eigenvalues αi ± iβi with
βi �= 0 is of the form

Bi =

⎛⎜⎜⎜⎜⎝
Di I2 (0)

. . .
. . .

. . . I2
(0) Di

⎞⎟⎟⎟⎟⎠ with

Di =

(
αi βi

−βi αi

)
,

I2 =

(
1 0
0 1

)
.
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In this basis, At is again a block diagonal matrix, and its blocks are of the
form

Ai = etBi =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λt
iEi

(t) tλt
iEi

(t) t2

2!λ
t
iEi

(t) . . . tm−1

(m−1)!λ
t
iEi

(t)

λt
iEi

(t) tλt
iEi

(t)
...

. . .
. . .

. . .
...

. . . tλt
iEi

(t) t2

2!λ
t
iEi

(t)

λt
iEi

(t) tλt
iEi

(t)

(0) λt
iEi

(t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
with λi = eαi and Ei(t) = 1 or Ei(t) = Eβi(t) =

(
cosβit sinβit
− sinβit cosβit

)
depend-

ing on whether this block corresponds to a real eigenvalue or a pair of complex
eigenvalues of B. The eigenvalues of A are thus eαi and eαie±iβi , respectively.

For ease of notation, when referring to a specific block Ai of A we will

drop the index i. Furthermore, v1, . . . ,vn will denote a Jordan basis of R̂n

chosen so that this block under discussion is the first block, and (x1, . . . , xn)
will denote the components of a vector γ in this basis.

Theorem 10.6. Let A = eB, where B ∈ Mn(R) is in Jordan normal form.
There exists a cross-section for the continuous action γ → γAt if and only if
A is not orthogonal.

Proof. Assume that A is not orthogonal. Then at least one of the following
four situations, formulated in terms of the eigenvalues of B, will always apply.

Case 1: B has a real eigenvalue α �= 0. A corresponding block of At, which
we may assume to be the first block, is of the form⎛⎜⎜⎜⎜⎝

λt tλt . . . tm−1

(m−1)!λ
t

. . .
. . .

. . . tλt

(0) λt

⎞⎟⎟⎟⎟⎠
with λ = eα �= 1. Set

S = {±v1} × span(v2, . . . ,vn).

Then S is a cross-section and ∪t∈RSAt = {(x1, . . . , xn) ∈ R̂n : x1 �= 0}.
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Case 2: B has a complex pair of eigenvalues α± iβ with α �= 0, β > 0. At
least one block of At is then of the form⎛⎜⎜⎜⎜⎝

λtEβ(t) tλtEβ(t) . . . tm−1

(m−1)!λ
tEβ(t)

. . .
. . .

. . . tλtEβ(t)
(0) λtEβ(t)

⎞⎟⎟⎟⎟⎠ , (10.2)

and replacing B with −B if necessary, we may assume that λ = eα > 1. One
easily checks that

S = {sv1 : 1 ≤ s < λ2π/β} × span(v3, . . . ,vn)

is a cross-section and ∪t∈RSAt = {(x1, . . . , xn) ∈ R̂n : x2
1 + x2

2 �= 0}.
Case 3: B has an eigenvalue α = 0 and at least one of the blocks of B

belonging to this eigenvalue has a nontrivial nilpotent part. Then the corre-
sponding block of At is of the form⎛⎜⎜⎜⎜⎝

1 t (∗)
. . .

. . .

. . . t
(0) 1

⎞⎟⎟⎟⎟⎠ (10.3)

and is of at least size 2× 2. We set

S = { sv1 : s ∈ R\{0} } × span(v3, . . . ,vn)

so that S is a cross-section and ∪t∈RSAt = {(x1, . . . , xn) ∈ R̂n : x1 �= 0}.
Case 4: B has a purely imaginary pair of eigenvalues ±iβ, β > 0, and at

least one of the blocks of B belonging to this pair has a nontrivial nilpotent
part. Then the corresponding block of At is of the form⎛⎜⎜⎜⎜⎝

Eβ(t) tEβ(t) (∗)
. . .

. . .

. . . tEβ(t)
(0) Eβ(t)

⎞⎟⎟⎟⎟⎠ (10.4)

and is of at least size 4× 4. Set

S =
{
pv1 + qv3 + sv4 : p > 0, 0 ≤ q <

2π

β
p, s ∈ R

}
× span(v5, . . . ,vn).

Since this is the least intuitive case, let us verify in detail that S is a cross-

section. For convenience, we group the first four coordinates of a vector γ ∈ R̂n

into two pairs, and write
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γ =
(

(x1, x2), (x3, x4), x5, x6, . . . , xn

)
,

so that

γAt =
(

(x1, x2)Eβ(t), t(x1, x2)Eβ(t) + (x3, x4)Eβ(t), . . .
)
.

Now Eβ(t) acts by rotation through the angle βt, so whenever x2
1 + x2

2 �= 0
there exists t1 ∈ R such that

(x1, x2)Eβ(t1) = (p, 0)

for some p > 0. Then

γAt1 = (p, 0, t1p + y3, y4, . . . ),

where (y3, y4) = (x3, x4)E(t1). So if we set t2 = t1 + k 2π
β for some integer k,

then

γAt2 =
(
p, 0, k

2πp

β
+ t1p + y3, y4, . . .

)
.

Now there exists a k such that

0 ≤ k
2πp

β
+ t1p + y3 <

2πp

β
,

and for this choice of k, γAt2 ∈ S. We conclude that⋃
t∈R

SAt = {(x1, . . . , xn) ∈ R̂n : x2
1 + x2

2 �= 0}.

Suppose now that
γ1A

t1 = γ2A
t2

for some γ1, γ2 ∈ S, t1, t2 ∈ R. Equivalently,

γ1 = γ2A
t

for some t. If γ1 = (p1, 0, q1, s1, . . . ) and γ2 = (p2, 0, q2, s2, . . . ), then(
(p1, 0), (q1, s1), . . .

)
=
(

(p2, 0)Eβ(t), t(p2, 0)Eβ(t) + (q2, s2)Eβ(t), . . .
)

so that

(p1, 0) = (p2, 0)Eβ(t),

(q1, s1) = t(p2, 0)Eβ(t) + (q2, s2)Eβ(t).

The first equality gives p1 = p2 and t = 2π
β k for some integer k. Then the

second equality reads

(q1, s1) =
(2π

β
kp1 + q2, s2

)
,
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which gives s1 = s2, and because 0 ≤ q2, q1 < 2πp
β , also gives k = 0 and

q1 = q2. Thus, S is indeed a cross-section.

Now suppose to the contrary that A is orthogonal, but there exists a cross-
section S. Then

T = {γAt : γ ∈ S, 0 ≤ t < 1}
is a cross-section for the discrete action of A on R̂n. Note that A maps the
closed unit ball B1(0) onto itself, so if To = T ∩B1(0), then

B1(0) =
⋃
k∈Z

ToA
k,

except for a set of measure zero, and this union is disjoint. Then

m
(
B1(0)

)
=
∑
k∈Z

m(ToA
k) =

∑
k∈Z

m(To) ∈ {0,∞},

which is impossible. 	


Remark 10.7. The cross-sections constructed in the proof above allow for a
change of variables to integrate along the orbits.

For example, in Case 3, given γ = (x1, x2, . . . , xn) ∈ R̂n with x1 �= 0, we
set

γ = F (t, s, a3, . . . , an) = (s, 0, a3, . . . , an)At,

where s �= 0. The Jacobian of this transformation is∣∣∣∣∣∣∣∣∣∣∣

(s, 0, a3, . . . , an)B
v1

v3

...
vn

∣∣∣∣∣∣∣∣∣∣∣
det(A)t =

∣∣∣∣∣∣∣∣∣∣∣

0 s ∗ . . . ∗
1 0 0 . . . 0
0 0 1 . . . 0
...
0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣
det(A)t = −sδt �= 0,

so that for f̂ ∈ L2(R̂n),∫
cRn

f̂(γ) dγ =

∫
Rn−2

∫
R\{0}

∫
R

f̂( (s, 0, a3, . . . , an)At ) |s|δt dt ds da3 · · · dan.

In Case 4, given γ = (x1, x2, . . . , xn) ∈ R̂n with x2
1 + x2

2 �= 0, we set

γ = F (t, p, q, s, a5, . . . , an) = (p, 0, q, s, a5, . . . , an)At,

where p > 0, 0 ≤ q < 2πp/β. The Jacobian of this transformation is∣∣∣∣∣∣∣∣∣∣∣

(p, 0, q, s, a5, . . . , an)B
v1

v3

...
vn

∣∣∣∣∣∣∣∣∣∣∣
det(A)t =

∣∣∣∣∣∣∣∣∣∣∣

0 βp ∗ ∗ ∗ . . . ∗
1 0 0 0 0 . . . 0
0 0 1 0 0 . . . 0
...
0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣
det(A)t = −βpδt �= 0
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since β �= 0. Thus,∫
cRn

f̂(γ) dγ =

∫
Rn−4

∫ ∞

0

∫
R

∫ 2πp/β

0

∫
R

f̂( (p, 0, q, s, a5, . . . , an)At ) |β|pδt

dt dq ds dp da5 · · · dan.

Any invertible matrix gives rise to a discrete action on R̂n, and nearly
always there will exist a cross-section for this action.

Theorem 10.8. Let A ∈ GLn(R) be in Jordan normal form, and consider
the discrete action γ → γAk.

(a) There exists a cross-section if and only if A is not orthogonal.
(b) There exists a cross-section of finite measure if and only if | det(A)| �= 1.
(c) There exists a bounded cross-section if and only if the (real or complex)

eigenvalues of A have all modulus > 1 or all modulus < 1.

Proof. To prove the first assertion, choose a Jordan basis v1, . . . ,vn so that
the Jordan block of A under discussion is the first block. Each Jordan block
will be an upper diagonal matrix of the form⎛⎜⎜⎜⎜⎜⎝

λkEβ(k)
(
k
1

)
λk−1Eβ(k − 1) . . . . . .

(
k

m−1

)
λk−m+1Eβ(k −m + 1)

. . .
. . .

...
. . .

(
k
1

)
λk−1Eβ(k − 1)

(0) λkEβ(k)

⎞⎟⎟⎟⎟⎟⎠ ,

where Eβ = 1 if this block corresponds to a real eigenvalue λ, and Eβ is a
rotation if it belongs to a complex pair λe±iβ of eigenvalues. By a change of
basis, we can always simplify this block to⎛⎜⎜⎜⎜⎜⎝

λkEβ(k)
(
k
1

)
λkEβ(k) . . . . . .

(
k

m−1

)
λkEβ(k)

. . .
. . .

...
. . .

(
k
1

)
λkEβ(k)

(0) λkEβ(k)

⎞⎟⎟⎟⎟⎟⎠ . (10.5)

Now if A is not orthogonal, then at least one of the following cases will be
true.

Case 1: A has a real eigenvalue λ with |λ| �= 1. Replacing A by A−1 if
necessary we may assume that |λ| > 1. A corresponding block of Ak is an
m×m upper diagonal matrix of the form (10.5) with Eβ = 1, and one easily
checks that

S = { sv1 : 1 ≤ |s| < |λ| } × span(v2, . . . ,vn)
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is a cross-section.

Case 2: A has a complex pair of eigenvalues λe±iβ with λ �= 1, 0 < β < π.
We may again assume that λ > 1. A corresponding block of Ak is a 2m× 2m
upper diagonal matrix of form (10.5) with Eβ a proper rotation. Then

S = { sv1λ
tEβ(t) : 1 ≤ s < λ2π/β , 0 ≤ t < 1 } × span(v3, . . . ,vn)

is a cross-section, which can be checked by using Case 2 in Theorem 10.6 and
keeping in mind the note immediately following Definition 10.4.

Case 3: A has a real eigenvalue λ = ±1 and at least one of the blocks
of A belonging to this eigenvalue has a nontrivial nilpotent part. Then the
corresponding block of Ak is of the form (10.5) with Eβ = 1 and is of at least
size 2× 2. One easily verifies that the set

S = { s(v1 + tv2) : s ∈ R\{0}, 0 ≤ t < 1 } × span(v3, . . . ,vn)

is a cross-section.

Case 4: A has a complex pair of eigenvalues e±iβ , 0 < β < π, of modulus
one and at least one of the blocks of A belonging to this pair has a nontrivial
nilpotent part. Then the corresponding block of Ak is of the form (10.5), with
λ = 1 and Eβ a proper rotation, and

S =
{

(pv1 + qv3 + sv4)

(
Eβ(t) tEβ(t)

0 Eβ(t)

)
: p > 0, 0 ≤ q <

2π

β
p, s ∈ R, 0 ≤ t < 1

}
× span(v5, . . . ,vn)

is the desired cross-section, which can be checked by using Case 4 in Theo-
rem 10.6 and keeping in mind the note immediately following Definition 10.4.

The argument at the end of the proof of Theorem 10.6 shows that if A is
orthogonal, then a cross-section cannot exist. This proves the first assertion.

The remaining assertions are obvious if n = 1, or if n = 2 and A has
complex eigenvalues. We thus can exclude this situation in what follows, so
that the cross-section S constructed above has infinite measure.

Next let us prove the second assertion. In order to show that | det(A)| �= 1
is a sufficient condition, we only need to distinguish between the first two of
the above cases.

We begin by considering the first case, and we may assume that |λ| > 1.
Take the cross-section constructed above,

S = { sv1 + v : 1 ≤ |s| < |λ|, v ∈ span(v2, . . . ,vn) },

partition span(v2, . . . ,vn) into a collection {Tk}∞k=1 of measurable sets of
positive, finite measure each, and set
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Sk = { sv1 + v : 1 ≤ |s| < |λ|, v ∈ Tk }, k = 1, 2, . . . .

Then {Sk}∞k=1 is a partition of S into measurable subsets of positive, finite
measure. Pick a collection of positive numbers {dk}∞k=1 so that

∑∞
k=1 dk = 1,

and pick nk ∈ Z such that δnk ≤ dk

m(Sk) where δ = | det(A)|. It follows that

S̃ :=

∞⋃
k=1

SkA
nk

is a cross-section for the discrete action such that

m(S̃) =

∞∑
k=1

δnkm(Sk) ≤
∞∑

k=1

dk = 1.

In the second case, we may assume that λ > 1. Start with the above
constructed cross-section,

S = { sv1λ
tEβ(t) + v : 1 ≤ s < λ2π/β , 0 ≤ t < 1, v ∈ span(v3, . . . ,vn) },

partition span(v3, . . . ,vn) into a collection {Tk}∞k=1 of measurable subsets of
finite, positive measure each, and set

Sk = { sv1λ
tEβ(t) + v : 1 ≤ s < λ2π/β , 0 ≤ t < 1, v ∈ Tk }, k = 1, 2 . . .

so that {Sk}∞k=1 is a partition of S into measurable subsets of positive, finite
measure. Continuing as in the first case, we have shown sufficiency.

To prove the necessity implication, suppose that there exists a cross-section
P of finite measure for the discrete action and | det(A)| = 1. Let S denote
the cross-section for the discrete action constructed in the proof of the first
assertion above. Then,

m(P ) =

∫
cRn

χP (γ) dγ

=
∑
i∈Z

∫
S

χP (γAi) dγ

=
∑
i∈Z

∫
cRn

χP (γAi)χS(γ) dγ

=
∑
i∈Z

∫
cRn

χP (γ)χS(γA−i) dγ

=
∑
i∈Z

∫
P

χS(γA−i) dγ

=

∫
cRn

χS(γ) dγ = m(S) = ∞,
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which is impossible. Thus, there cannot exist a cross-section of finite measure.

Finally, we will prove the last assertion. For sufficiency, it is enough to
assume that all eigenvalues of A have modulus |λ| < 1 so that

lim
k→∞

‖Ak‖ = 0.

Choosing each of the above sets Tk to be bounded we may assume that the sets
Sk are bounded, so that there exist integers nk such that SkA

nk is contained
in the unit ball. Then S̃ = ∪∞

k=1SkA
nk is the desired bounded cross-section.

For necessity, suppose to the contrary that there exists a bounded cross-
section S̃, but A has an eigenvalue |λ1| < 1 and an eigenvalue |λ2| ≥ 1.
(The case where |λ1| ≤ 1 and |λ2| > 1 is treated similarly.) Using the block

decomposition of A it is easy to see that for almost all γ ∈ R̂n, either

lim
|k|→∞

‖γAk‖ = ∞

or, in the special case where no eigenvalue of A lies outside of the unit circle,

lim
k→−∞

‖γAk‖ =∞

while {γAk : k ≥ 0} is bounded below away from zero. Thus, for almost all

γ ∈ R̂n there exists a constant M = M(γ) so that

‖γAk‖ > M ∀k ∈ Z.

Fix any such γ. Then for sufficiently large scalars c, the orbit of cγ does not
pass through S̃, contradicting the choice of S̃. 	


We note that in the proof of the second assertion, the sets Tk can be chosen
so that the cross-section S̃ has unit measure.

Remark 10.9. In [17], it was obtained as a corollary of their general work that

(a) For A ∈ GLn(R) and D = {Ak : k ∈ Z}, there is a continuous wavelet if
and only if | det(A)| �= 1.

(b) For A = eB and D = {At : t ∈ R}, there is a continuous wavelet if and
only if | det(A)| �= 1.

It is possible to recover these results using the ideas in this section. We
mention only how to do so in the case where continuous wavelets exist. Let
A ∈ GLn(R), and let S be a cross-section of Lebesgue measure 1 for the dis-
crete action γ → γAk. Then, the function ψ whose Fourier transform equals
χS is a continuous wavelet for the group {Ak : k ∈ Z}. If in addition, A = eB,
then ψ is also a continuous wavelet for the group {At : t ∈ R} since∫

R

|χS(γAt)|2 dt =

∫ 1

0

∑
k∈Z

|χS(γAtAk)|2 dt =

∫ 1

0

1 dt = 1.

We note here that the method of proof in [17], while ostensibly construc-
tive, does not easily yield cross-sections of a desirable form such as the ones
constructed above.
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10.3 Shift-Invariant Spaces and Discrete Wavelets

Let A ∈ GLn(R) and Γ ⊂ Rn be a full-rank lattice. An (A,Γ ) orthonormal
[resp. Parseval, Bessel] wavelet of order N is a collection of functions {ψi}N

i=1

(where here we allow the possibility of N =∞) such that

{| detA|j/2ψi(Aj · + k) : j ∈ Z, k ∈ Γ, i = 1, . . . , N}

is an orthonormal basis [resp. Parseval frame, Bessel system] for L2(Rn). There
has been much work done on determining for which pairs (A,Γ ) orthonormal
wavelets of finite order exist, often with extra desired properties such as fast
decay in time or frequency.

This is not necessary for the proofs that we present. Of particular im-
portance in determining when orthonormal wavelets exist are the minimally
supported frequency (MSF) wavelets, which are intimately related to wavelet
sets. An (A,Γ ) multi-wavelet set K of order L is a set that can be partitioned

into subsets {Ki}L
i=1 such that

{
1

| det(B)|1/2χKi

}L

i=1
is the Fourier transform

of an (A,Γ ) orthonormal wavelet, where Γ = BZn, where B is an invertible
matrix. When the order of a multi-wavelet set is 1, we call it a wavelet set.
These have been studied in detail in [1], [2], [3], [10], [14], [15], [19], [21]. The
following fundamental question in this area remains open, even in the case
L = 1.

Question 10.10. For which pairs (A,Γ ) and orders L do there exist (A,Γ )
wavelet sets of order L?

It is known that if A is expansive and Γ is any full-rank lattice, then
there exists an (A,Γ ) wavelet set of order 1 [10]. One can also modify the
construction to obtain (A,Γ ) wavelet sets of any finite order along the lines
of Theorem 10.23 below. Diagonal matrices A for which there exist (A,Zn)
multi-wavelet sets of finite order were characterized in [20]. Theorem 10.8,
part (b) above implies that, in order for an (A,Γ ) multi-wavelet set of finite
order to exist, it is necessary that A not have determinant one. There is
currently no good conjecture as to what the condition on (A,Γ ) should be for
wavelet sets to exist. It is known that | det(A)| �= 1 is not sufficient and that
all eigenvalues greater than or equal to 1 in modulus is not necessary.

We begin with the following.

Theorem 10.11. Let A ∈ GLn(R) and Γ ⊂ Rn be a full-rank lattice with
dual Γ ∗. The set K is a multi-wavelet set of order L if and only if∑

γ∈Γ∗

χK(ξ + γ) = L a.e. ξ ∈ R̂n, (10.6)

∑
j∈Z

χK(ξAj) = 1 a.e. ξ ∈ R̂n. (10.7)
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Proof. The forward direction is very similar to the arguments presented in [10],
so we sketch the proof only. Let K be a multi-wavelet set of order L. Partition
K into {Ki}L

i=1 such that 1
| det(B)|1/2χKi is an (A,Γ ) multi-wavelet of order

L. Then, since χKi(ξA
j) is orthogonal to χKk

(ξAl) for each (i, j) �= (k, l),
it follows that KiA

j ∩ KkA
l is a null set when (i, j) �= (k, l). Therefore,∑

j∈Z
χK(ξAj) ≤ 1 a.e. ξ ∈ R̂n. Moreover, since every L2 function can be

written as the combination of functions supported on ∪∞
j=1KAj , it follows

that
∑

j∈Z
χK(ξAj) = 1 a.e. ξ ∈ R̂n, proving (10.7). To see (10.6), since Ki is

disjoint from KjA
k for all (j, k) �= (i, 0), it follows that

{
1

| det(B)|1/2 e
2πi〈ξ,γ〉 :

γ ∈ Γ
}

must be an orthonormal basis for L2(Ki). This implies (10.6).
For the reverse direction, it is clear that what is needed is to partition K

into {Ki}L
i=1 so that each Ki satisfies

∑
γ∈Γ∗ χKi(ξ+γ) = 1 a.e. ξ ∈ R̂n. This

will follow from repeated application of the following fact. Given a measurable

set K such that
∑

γ∈Γ∗ χK(ξ + γ) ≥ 1 a.e. ξ ∈ R̂n, there exists a set U =
U(K) ⊂ K such that ∑

γ∈Γ∗

χU (ξ + γ) = 1, a.e. ξ ∈ R̂n. (10.8)

Now, let {Vi}∞i=1 be a partition of R̂n consisting of fundamental regions of

Γ ∗; that is, the sets Vi satisfy
∑

γ∈Γ∗ χVi(ξ + γ) = 1 a.e. ξ ∈ R̂n. For a set

M ⊂ R̂n we define M t = ∪γ∈Γ∗(M + γ). Let

L0 = K.

Let
K1 = (V1 ∩ L0) ∪

(
U(L0) \ (V1 ∩ L0)

t
)
,

where U(L0) is the subset of L0 satisfying (10.8). Let L1 = L0\K1, and notice
that L1 satisfies (10.6) with the right-hand side reduced by 1. In general, let

Ki = (Vi ∩ Li−1) ∪
(
U(Li−1) \ (Vi ∩ Li−1)

t
)
,

and
Li = Li−1 \Ki.

In the case where L is finite, this procedure will continue for L steps, resulting
in a partition of K with the desired properties. In this case, the initial partition

{Vi} was not necessary. In the case L = ∞, since the Vi’s partition R̂n, the
union of the Ki’s will contain K. Since the Ki’s were constructed to be disjoint
and to satisfy (10.8), the proof is complete. 	


There is also a soft proof of the reverse direction of Theorem 10.11, that
yields slightly less information about wavelets, but provides some interest-
ing facts about shift-invariant spaces. Before turning to the applications of
Theorem 10.11, we provide this second proof.
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When L is finite, we call an (A,Γ ) orthonormal wavelet {ψi}L
i=1 an

(A,Γ ) combined MSF wavelet if ∪L
i=1supp(ψ̂i) has minimal Lebesgue mea-

sure. This terminology was introduced in [6], where it was shown that the
minimal Lebesgue measure is L. It was also shown that if {ψi}L

i=1 is a com-
bined MSF wavelet, then there is a multi-wavelet set K of order L such that
K = ∪L

i=1supp(ψ̂i).
When L = ∞, it is not clear what the significance is for the union of the

supports of ψ̂i to have minimal Lebesgue measure. For this reason, we adopt
the following definition. An (A,Γ ) orthonormal wavelet {ψi}L

i=1 is an (A,Γ )

combined MSF wavelet if K = ∪L
i=1supp(ψ̂i) is a multi-wavelet set of order L.

This definition agrees with the previous definition in the case L is finite.
Let us begin by recalling some of the basic notions of shift-invariant spaces.

A closed subspace V ⊂ L2(Rn) is called shift-invariant if whenever f ∈ V and
k ∈ Zn, f(x + k) ∈ V . The shift-invariant space generated by the collection
of functions Φ ⊂ L2(Rn) is denoted by S(Φ) and given by

span{φ(x + k) : k ∈ Zn, φ ∈ Φ}.

Given a shift-invariant space, if there exists a finite set Φ ⊂ L2(Rn) such that
V = S(Φ), then we say that V is finitely generated. In the case Φ can be
chosen to be a single function, we say V is a principal shift-invariant (PSI)
space. For further basics about shift-invariant spaces, we recommend [7], [11],
[12]. We will follow closely the development in [7].

Proposition 10.12. The map T : L2(Rn)→ L2(Tn, �2(Zn)) defined by

T f(x) = (f̂(x + k))k∈Zn

is an isometric isomorphism between L2(Rn) and L2(Tn, �2(Zn)), where Tn =
Rn/Zn is identified with its fundamental domain, e.g., [0, 1)n.

In what follows, as in Proposition 10.12, we will always assume that Tn =
Rn/Zn is identified with [0, 1)n.

A range function is a mapping

J : Tn → {E ⊂ �2(Zn) : E is a closed linear subspace}.

The function J is measurable if the associated orthogonal projections P (x) :
�2(Zn)→ J(x) are weakly operator measurable. With these preliminaries, we
can state an important theorem in the theory of shift-invariant spaces, which
is due to Helson. The exact form of the theorem that we will use is taken from
[7, Prop. 1.5].

Theorem 10.13. A closed subspace V ⊂ L2(Rn) is shift-invariant if and only
if

V = {f ∈ L2(Rn) : T f(x) ∈ J(x) for a.e. x ∈ Tn},
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where J is a measurable range function. The correspondence between V and
J is one-to-one under the convention that the range functions are identified if
they are equal a.e. Furthermore, if V = S(Φ) for some countable Φ ⊂ L2(Rn),
then

J(x) = span{T φ(x) : φ ∈ Φ}.

Definition 10.14. The dimension function of a shift-invariant space V is the
mapping dimV : Tn → N ∪ {0,∞} given by

dimV (x) = dimJ(x), (10.9)

where J is the range function associated with V . The spectrum of V is defined
by σ(V ) = {x ∈ Tn : J(x) �= {0}}.

We are now ready to state the main result from [7] that we will need in
this paper.

Theorem 10.15. Suppose V is a shift-invariant subspace of L2(Rn). Then V
can be decomposed as an orthogonal sum

V =
⊕
i∈N

S(φi), (10.10)

where {φi(x + k) : k ∈ Zn} is a Parseval frame for S(φi) and σ(S(φi+1)) ⊂
σ(S(φi)) for all i ∈ N. Moreover, dimS(φi)(x) = ‖T φi(x)‖ ∈ {0, 1} for i ∈ N,
and

dimV (x) =
∑
i∈N

‖T φi(x)‖ for a.e. x ∈ Tn. (10.11)

Finally, there is a folkloric fact about dimension functions that we recall
here. See Theorem 3.1 in [8] for a discussion and references.

Proposition 10.16. Suppose V is a shift-invariant space such that there ex-
ists a set Φ such that

{φ(·+ k) : k ∈ Zn, φ ∈ Φ}

is a Parseval frame for V . Then

dimV (ξ) =
∑
φ∈Φ

∑
k∈Zn

|φ̂(ξ + k)|2. (10.12)

The following theorem is a relatively easy application of Theorem 10.15,
which was certainly known in the case N <∞, and probably known to experts
in the theory of shift-invariant spaces in this full generality. It seems to be
missing from the literature, so we include a proof.
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Theorem 10.17. Let V be a shift-invariant subspace of L2(Rn). There exists
a collection Φ = {φi}N

i=1 ⊂ L2(Rn) such that

{φi(x + k) : i ∈ {1, . . . , N}, k ∈ Zn}

is an orthonormal basis for V if and only if dimV (x) = N a.e. x ∈ Tn.

Proof. For the forward direction, it suffices to show that if {φi(x + k) : k ∈
Zn, i = 1, . . . , N} is an orthonormal basis for the (necessarily shift-invariant)
space V , then dimV (x) = N for a.e. x ∈ Tn. It is easy to see that if {f(x+k) :

k ∈ Zn} is an orthonormal sequence, then
∑

k∈Zn |f̂(ξ + k)|2 = 1 a.e. Thus,
by Proposition 10.16, dimV (x) = N a.e.

For the reverse direction, assume V is a shift-invariant space satisfying
dimV (x) = N a.e. x ∈ Tn. Let {φi}∞i=1 be the collection of functions such
that (10.10) is satisfied. Using the facts that σ(S(φi+1)) ⊂ σ(S(φi)) for all i,
σ(V ) = Tn and (10.11), it follows that

σ(S(φi)) =

{
Tn i ≤ N,

0 i > N.
(10.13)

By Equation 10.10, we have for 1 ≤ i ≤ N ,

dimS(φi)(ξ) = 1 = ‖T φi(ξ)‖2 =
∑

k∈Zn

|φ̂i(ξ + k)|2.

Thus, {φi(x+k) : k ∈ Zn} is an orthonormal basis for S(φi). Since the spaces
S(φi) are orthogonal, {φi(x + k) : i ∈ {1, . . . , N}, k ∈ Zn} is an orthonormal
basis for V , as desired. 	


We include a proof of the following proposition for completeness.

Proposition 10.18. Let V = {f ∈ L2(Rn) : supp(f̂) ⊂W}. Then, V is shift-
invariant and dimV (ξ) =

∑
k∈Zn χW (ξ + k) = #{k ∈ Zn : ξ + k ∈ W} a.e.

Proof. Clearly, V so defined is shift-invariant. Let {ek : k ∈ Zn} be the

standard basis for �2(Zn), and let ψk be defined by ψ̂k = χ(Tn+k)∩W , again for
k ∈ Zn. It is easy to see that V = S(Ψ), where Ψ = {ψk : k ∈ Zn}. Therefore,
by Theorem 10.13, J(ξ) = span{T ψk(ξ) : k ∈ Zn} = span{ek : ξ + k ∈ W}.
The result then follows from the definition of dimension function in (10.9). 	


Corollary 10.19. Let A ∈ GLn(R), and K be a measurable subset of R̂n. If∑
j∈Z

χK(ξAj) = 1 a.e. ξ in R̂n, (10.14)

and ∑
k∈Zn

χK(ξ + k) = N a.e. ξ in R̂n,

then there is an (A,Zn) orthonormal wavelet of order N with ∪N
i=1supp(ψ̂i) =

K.
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Proof. By Proposition 10.18 and Theorem 10.17, there exists Ψ = {ψi}N
i=1

such that {Mkψ̂
i : k ∈ Zn, i = 1, . . . , N} is an orthonormal basis for

L2(K), where Mk denotes modulation by k. Thus, by (10.14), Ψ is an (A,Zn)
wavelet. 	


The main theorem in this section is given in Theorem 10.23. Before stating
this theorem, we give three results that will be useful in its proof.

Lemma 10.20. Let C ⊂ Rn be a cone with nonempty interior, Γ ⊂ Rn be a
full-rank lattice, and T ∈ N. Then, the cardinality of C ∩ Γ ∩

(
Rn \BT (0)

)
is

infinity.

Proof. Let l be a line through the origin contained in the interior of C. The
set U = {x ∈ Rn : dist(x, l) < ε} is a centrally symmetric convex set, and

((C ∩BT (0)) \ U) is bounded. (10.15)

By Minkowski’s Theorem (see, for example Theorem 1, Chapter 2, Section 7
in [18] and discussion thereafter), the cardinality of U ∩ Γ is infinity. Hence,
by (10.15), the result follows. 	


The following proposition was proven in the setting of wave packets in
L2(R) in [9]. We sketch the proof here in our setting of wavelets.

Proposition 10.21. Suppose A ∈ GLn(R) has the following property: for all

Z ⊂ R̂n with positive measure and all q ∈ N, there exist x1, . . . , xq ∈ Z such
that

m

( q⋂
i=1

ZAxi

)
> 0.

Then, for every nonzero ψ ∈ L2(Rn), ψ is not an (A,Zn) Bessel wavelet.

Proof. Let ψ ∈ L2(Rn), ψ �= 0. Then there exists a set Z ⊂ R̂n of positive

measure such that |ψ̂(ξ)| ≥ C > 0 for all ξ ∈ Z. By reducing to a subset, we
may assume that there exists a constant K > 0 such that, for every function

f ∈ L2(R̂n) with support in Z, we have∑
k∈Zn

|〈f,Mkψ̂〉|2 ≥ K‖f‖2.

Since the operator Df = | det(A)|1/2f(·A) is unitary, for every j ∈ Z and for

each function f ∈ L2(R̂n) supported in A−j(Z), we obtain∑
k∈Zn

|〈f,DjMkψ̂〉|2 ≥ K‖f‖2. (10.16)

By hypothesis, there exist x1, . . . , xq ∈ Z such that for U :=
(
∩q

i=1ZAxi
)
, we

have m(U) > 0. This implies
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∑
j∈Z,k∈Zn

|〈χU , DjMkψ̂〉|2 ≥
q∑

i=1

∑
k∈Zn

|〈χU , DxiMkψ̂〉|2

≥
q∑

i=1

K ‖χU‖2

= qK ‖χU‖2.

Thus, since q is arbitrary, ψ is not an (A,Zn) Bessel wavelet. 	


Theorem 10.22 (Bonferroni’s Inequality). If {Ai}N
i=1 are measurable

subsets of the measurable set B and k is a positive integer such that

N∑
i=1

|Ai| > k|B|,

then there exist 1 ≤ i1 < i2 < · · · < ik+1 ≤ N such that∣∣∣∣ k⋂
j=1

Aij

∣∣∣∣ > 0.

Theorem 10.23. Let A ∈ GLn(R) with real Jordan form J . The following
statements are equivalent.

(a) For every full-rank lattice Γ ⊂ Rn, there exists a (J, Γ ) orthonormal
wavelet of order ∞.

(b) There exists an (A,Zn) orthonormal wavelet of order ∞.

(c) For every full-rank lattice Γ ⊂ Rn, there exists an (A,Γ ) orthonormal
wavelet of order ∞.

(d) There exists a (nonzero) (A,Zn) Bessel wavelet of order 1.

(e) J is not orthogonal.

(f) The matrix A is not similar (over Mn(C)) to a unitary matrix.

Proof. Let us begin by summarizing the known results and obvious impli-
cations. The implication (b) ⇒ (f) was proved in [16, Theorem 4.2]. The
implications (c) ⇒ (b) ⇒ (d) are obvious, and (e) ⇔ (f) is standard.

(e) ⇒ (a). Let Γ be a full-rank lattice with convex fundamental region
Y for Γ ∗. By Theorem 10.11, it suffices to show that there is a measurable
cross-section S for the discrete action ξ → ξJk satisfying (10.7). As in Theo-
rems 10.6 and 10.8, we break the analysis into cases.

Case 1: There is an eigenvalue of J not equal to 1 in modulus. Without
loss of generality, we assume that there is an eigenvalue of modulus greater
than 1. In this case, J can be written as a block diagonal matrix
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J1 0
0 J2

)
, (10.17)

where J1 is expansive, and we allow the possibility that rank(J1) = rank(J).
Let S be an open cross-section for the discrete action ξ → ξJk

1 . Partition S
into disjoint open subsets {Si : i ∈ N}. For each i, choose ki such that there
exists γi ∈ Γ ∗ such that SiA

ki × Rrank(J2) ⊃ (Y + γi). Then,

∞⋃
i=1

(SiA
ki × Rrank(J2))

is a cross-section satisfying (10.7).

Case 2: All eigenvalues of J have modulus 1. This means that we are in
Case 3 or Case 4 of Theorem 10.8. We show that in either of these cases, the
cross-section exhibited in Theorem 10.8 satisfies (10.7). First, note that S in
these cases is a cone of infinite measure with a dense, open subset S◦. Let
B ⊂ S◦ be an open ball bounded away from the origin satisfying B ⊂ S◦. Let
δ = diam(Y ). There exists a T such that

ST := {tb : t ≥ T, b ∈ B}

satisfies dist(ST ,Rn\S) > δ. By Lemma 10.20, Γ ∗∩ST has infinite cardinality,
and by choice of δ, Y + γ ⊂ S for each γ ∈ Γ ∗ ∩ ST . Therefore, S is a cross-
section satisfying (10.7).

(a) ⇒ (b) ⇒ (c). This follows from the following two facts. First, Γ is
a full-rank lattice if and only if there is an invertible matrix B such that
Γ = BZn. Second, if B ∈ GLn(R), Ψ is an (A,Γ ) orthonormal wavelet if and
only if ΨB := { 1

| det(B)|1/2ψ(B−1·) : ψ ∈ Ψ} is a (BAB−1, BΓ ) orthonormal

wavelet. Indeed, (a) ⇒ (b) is then immediate.
To see (b) ⇒ (c), recall that (b) ⇒ (f). Thus, if (b) is satisfied, then

J = B−1AB is not orthogonal. Let Γ be a full-rank lattice. There exists a
(J,B−1Γ ) orthonormal wavelet of order∞, so there exists an (A,Γ ) orthonor-
mal wavelet of order ∞.

(d) ⇒ (f). Suppose that the real Jordan form of A is orthogonal. Then,

for any bounded set Z ⊂ R̂n, there exists M such that for every k ∈ Z, z ∈ Z,
we have ‖zAk‖ ≤M . Furthermore, if Z has positive measure, then∑

k∈Z

m(ZAk ∩BM (0)) =∞.

Therefore, by Bonferroni’s inequality, for every q ∈ N, there exist k1, . . . kq

such that

m

( q⋂
j=1

ZAkj

)
> 0.

By Proposition 10.21, this says that for every nonzero ψ, ψ is not an (A,Zn)
Bessel wavelet. 	
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Summary. A wavelet with composite dilations is a function generating an orthonor-
mal basis or a Parseval frame for L2(Rn) under the action of lattice translations and
dilations by products of elements drawn from non-commuting sets of matrices A
and B. Typically, the members of B are matrices whose eigenvalues have magnitude
one, while the members of A are matrices expanding on a proper subspace of R

n.
The theory of these systems generalizes the classical theory of wavelets and pro-
vides a simple and flexible framework for the construction of orthonormal bases and
related systems that exhibit a number of geometric features of great potential in
applications. For example, composite wavelets have the ability to produce “long and
narrow” window functions, with various orientations, well-suited to applications in
image processing.

Dedicated to John J. Benedetto.

11.1 Introduction

We assume familiarity with the basic properties of separable Hilbert spaces.
L2(Rn), the space of all square integrable functions on Rn, and L2(Tn), the
space of all square integrable Zn-periodic functions, are such spaces.

The construction and the study of orthonormal bases and similar collec-
tions of functions are of major importance in several areas of mathematics
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and applications, and have been a very active area of research in the last few
decades.

Historically, there are two basic methods for constructing orthonormal
bases of L2(Rn). The most elementary approach is the following. Let g = χ[0,1)

and
G(g) = {e2πikx g(x−m) : k,m ∈ Z}.

It is easy to see that G(g) is an orthonormal basis for L2(R). More generally,
let Ty, y ∈ Rn, be the translation operator, defined by

Ty f(x) = f(x− y),

and Mν , ν ∈ Rn, be the modulation operator, defined by

Mν f(x) = e2πiνx f(x).

The Gabor or Weyl–Heisenberg system generated by G = {g1, . . . , gL} ⊂
L2(Rn) is the family of the form

G(G) = {Mbm Tk g� : k,m ∈ Zn, � = 1, . . . , L}, (11.1)

where b ∈ GLn(R). Then the basic question is: what are the sets of functions
G ⊂ L2(Rn) such that G(G) is an orthonormal basis for L2(Rn)? It turns out
that one can construct several examples of such sets of functions G. However,
a fundamental result in the theory of Gabor systems—the Balian–Low Theo-
rem—shows that such functions are not very well behaved. In fact, if G = {g},
then g cannot have fast decay both in Rn and in R̂n; if G = {g1, . . . , gL}, then

at least one function g� cannot have fast decay both in Rn and in R̂n (see [1]
for a nice overview of the Balian–Low Theorem, and [20] for the multiwindow
case).

As we mentioned before, there is a second approach for constructing or-
thonormal bases of L2(Rn). Let A = {ai : i ∈ Z}, where a ∈ GLn(R), and let
us replace the modulation operator in (11.1) with the dilation operator Da,
defined by

Da f(x) = | det a|−1/2 f(a−1x).

By doing this, we obtain the affine or wavelet systems generated by Ψ =
{ψ1, . . . , ψL} ⊂ L2(Rn), which are the systems of the form

AA(Ψ) = {Dai Tk ψ� : a ∈ A, i ∈ Z, � = 1, . . . , L}.

If AA(Ψ) is an orthonormal basis for L2(Rn), then Ψ is called a multiwavelet
or, simply, a wavelet if Ψ = {ψ}. Even though the first example of a wavelet,
the Haar wavelet, was discovered in 1909, the theory of wavelets was actually
born in the beginning of the 1980s. Again, as in the case of Gabor systems, the
basic mathematical question is: what are the wavelets Ψ ⊂ L2(Rn)? It turns
out that there are “many” such functions and that, in a certain sense, they are
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“more plentiful” than the functions G ⊂ L2(Rn) generating an orthonormal
Gabor system. This fact, together with the ability of such bases to exhibit
a number of properties which are useful in applications, in part explains the
considerable success of wavelets in mathematics and applications in the last
twenty years. We refer to [13] and [5] for more details, in particular regarding
the comparison between Gabor and affine systems.

In the last few years, there has been a considerable interest, both in the
mathematical and engineering literature, in the study of variants of the affine
systems which contain basis elements with many more locations, scales and
directions than the “classical” wavelets (see the papers in [19] for examples
of such systems). The motivation for this study comes partly from signal
processing, where such bases are useful in image compression and feature
extraction, and partly from the investigation of certain classes of singular
integral operators. The main subject of this paper is the study of a new class
of systems, which we call affine systems with composite dilations and which
have the form

AAB(Ψ) = {DaDb Tk Ψ : k ∈ Zn, a ∈ A, b ∈ B},

where A, B ⊂ GLn(R). If AAB(Ψ) is an orthonormal basis, then Ψ will be
called a composite or AB-multiwavelet (as before we use the term wavelet
rather than multiwavelet if Ψ = {ψ}). As we will show, the theory of these
systems generalizes the classical theory of wavelets and provides a simple
and flexible framework for the construction of orthonormal bases and related
systems that exhibit a number of geometric features of great potential in
applications. For example, one can construct composite wavelets with good
time-frequency decay properties whose elements contain “long and narrow”
waveforms with many locations, scales, shapes and directions [8]. These con-
structions have properties similar to those of the curvelets [2] and contourlets
[6], which have been recently introduced in order to obtain efficient representa-
tions of natural images. The theory of affine systems with composite dilations
is more general. In fact, the contourlets can be described as a special case of
these systems (see [9]). In addition, our approach extends naturally to higher
dimensions and allows a multiresolution construction which is well suited to
a fast numerical implementation.

It is of interest to point out that there exist affine systems with compos-
ite dilations AAB(Ψ) that are orthonormal bases (as well as Parseval frames)
for L2(Rn) when the dilation set A is not known to be associated with an
affine system AA(Ψ) that is an orthonormal basis (or a Parseval frame) for

L2(Rn). For example, when A = {ai : i ∈ Z}, where a =

(
λ1 0
0 λ2

)
, with

|λ1| > 1 > |λ2| > 0, then, by a result in [16, Prop. 2.2], the Calderòn equation∑L
�=1

∑
i∈Z
|ψ̂�(ξa

i)|2 = 1 a.e. fails. This equation is one of the “traditional”
equalities that characterize wavelets (see [15], [14]), and it is a necessary con-
dition for MSF wavelets to exist (the MSF wavelets are those wavelets ψ such
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that ψ̂ = χT , for some measurable set T ). The situation for general wavelets
is unknown, but it seems unlikely that wavelets could be obtained without
satisfying the Calderòn condition. However, we will show in Section 11.2.2
that there are orthonormal bases of the form AAB(Ψ) for B = {bj : j ∈ Z}

where b =

(
1 1
0 1

)
.

11.1.1 Reproducing Function Systems

Before examining in more detail the properties of the affine systems with
composite dilations and their variants, let us make a few observations about
the general properties of the collections that form an orthonormal basis for a
Hilbert space. We have the following simple proposition.

Proposition 11.1. Let H be a separable Hilbert space, T : H → H be unitary
and Φ = {φ1, . . . , φN}, Ψ = {ψ1, . . . , ψM} ⊂ H, where N,M ∈ N ∪ {∞}.
Suppose that {T j φk : j ∈ Z, 1 ≤ k ≤ N} and {T j ψi : j ∈ Z, 1 ≤ i ≤M} are
orthonormal bases for H. Then N = M .

Proof. It follows from the assumptions that, for each 1 ≤ k ≤ N ,

‖φk‖2 =
∑
j∈Z

M∑
i=1

|〈φk, T
j ψi〉|2.

Thus,

N =

N∑
k=1

‖φk‖2 =

N∑
k=1

∑
j∈Z

M∑
i=1

|〈φk, T
j ψi〉|2

=

M∑
i=1

∑
j∈Z

N∑
k=1

|〈T−jφk, ψi〉|2

=

M∑
i=1

‖ψi‖2 = M. 	


Using this proposition, we can now show that there are no orthonormal
bases for L2(Rn) generated using only dilates of a finite family of functions.
Indeed, arguing by contradiction, suppose that there are finitely many func-
tions {φ1, . . . , φN} ⊂ L2(Rn) such that {Dj

2 φ
� : j ∈ Z, 1 ≤ � ≤ N} is an

orthonormal basis for L2(Rn). On the other hand, it is known that there exist
wavelets ψ ∈ L2(Rn) for which {Dj

2 Tkψ : j ∈ Z, k ∈ Zn} is an orthonormal
basis for L2(Rn). This is a contradiction since, by Proposition 11.1, in the
first case N < ∞, while, in the second case M = ∞, and, thus, M �= N .
The same argument applies to more general dilation matrices A ∈ GLn(R)
(namely, all those for which wavelets exist). By applying a similar argument
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using the Gabor systems rather than the wavelets, one shows that there are no
orthonormal bases for L2(Rn) generated using only modulations or only trans-
lations of a finite family of functions. These observations, which we deduce
from Proposition 11.1, are special cases of deeper and more general results
obtained from the study of the density of Gabor and affine systems. Indeed,
using this more general approach, one obtains similar results holding not only
for orthonormal bases but even for frames (see [3], [12]).

In many situations, the notion of orthonormal basis turns out to be too
restrictive and one can consider more general collections of functions, called
frames, that preserve, as we will now show, many of the properties of bases.

A countable family {ej : j ∈ J } of elements in a separable Hilbert space
H is a frame if there exist constants 0 < α ≤ β <∞ satisfying

α ‖v‖2 ≤
∑
j∈J

|〈v, ej〉|2 ≤ β ‖v‖2

for all v ∈ H. The constants α and β are called lower and upper frame bounds,
respectively. If the right-hand side inequality holds but not necessarily the left-
hand side, we say that {ej : j ∈ J } is a Bessel system with constant β. A
frame is tight if α and β can be chosen so that α = β, and is a Parseval frame
if α = β = 1. Thus, if {ej : j ∈ J } is a Parseval frame in H, then

‖v‖2 =
∑
j∈J

|〈v, ej〉|2

for each v ∈ H. This is equivalent to the reproducing formula

v =
∑
j∈J

〈v, ej〉 ej (11.2)

for all v ∈ H, where the series in (11.2) converges in the norm of H. Equa-
tion (11.2) shows that a Parseval frame provides a basis-like representation.
In general, however, the elements of a frame need not be independent and a
frame or Parseval frame need not be a basis. The elements of a frame {ej}j∈J
must satisfy ‖ej‖ ≤

√
β for all j ∈ J , as can easily be seen from

‖ej‖4 = |〈ej , ej〉|2 ≤
∑
i∈i

|〈ej , ei〉|2 ≤ β ‖ej‖2.

In particular, if {ej}j∈J is a Parseval frame, then ‖ej‖ ≤ 1 for all j ∈ J , and
the frame is an orthonormal basis for H if and only if ‖ej‖ = 1 for all j ∈ J .
We refer the reader to [7] or [15, Ch. 8] for more details about frames.

11.1.2 Notation

It will be useful to establish the notation and basic definitions that will be used
in this paper. We adopt the convention that x ∈ Rn is a column vector, i.e.,
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x =

⎛⎜⎝x1

...
xn

⎞⎟⎠, and that ξ ∈ R̂n is a row vector, i.e., ξ = (ξ1, . . . , ξn). Similarly

for the integers, k ∈ Zn is the column vector k =

⎛⎜⎝k1

...
kn

⎞⎟⎠, and k̂ ∈ Ẑn is the

row vector k̂ = (k̂1, . . . , k̂n). A vector x multiplying a matrix a ∈ GLn(R) on
the right is understood to be a column vector, while a vector ξ multiplying a
on the left is a row vector. Thus, ax ∈ Rn and ξa ∈ R̂n. The Fourier transform
is defined as

f̂(ξ) = (Ff)(x) =

∫
Rn

f(x) e−2πiξx dx,

where ξ ∈ R̂n, and the inverse Fourier transform is

f̌(x) = (F−1f)(x) =

∫
bRn

f(ξ) e2πixξ dξ.

For any E ⊂ R̂n, we denote by L2(E)∨ the space {f ∈ L2(Rn) : supp f̂ ⊂ E}.

11.2 Affine Systems

Let A ⊂ GLn(R) be a countable set and Ψ = {ψ1, . . . , ψL} ⊂ L2(Rn). We
introduce the following extension of the previously defined notion of affine
systems. A collection of the form

AA(Ψ) = {Da Tk Ψ : a ∈ A, k ∈ Zn}

is a (generalized) affine system. A special role is played by those functions
Ψ for which the system AA(Ψ) is an orthonormal basis or, more generally, a
Parseval frame for L2(Rn). In particular, Ψ is an orthonormal A-multiwavelet
if the set AA(Ψ) is an orthonormal basis for L2(Rn) and is a Parseval frame
A-multiwavelet if AA(Ψ) is a Parseval frame for L2(Rn). The set A is admis-
sible if a Parseval frame A-wavelet exists.

It will also be useful to consider A-multiwavelets which are defined on sub-
spaces of L2(Rn) of the form L2(S)∨, where S ⊂ R̂n is a measurable set with
positive Lebesgue measure. As we will show, they will play a major role in
the construction of the composite wavelets that we mentioned in Section 11.1.
If AA(Ψ) is a Parseval frame (resp., an orthonormal basis) for L2(S)∨, then
Ψ ∈ L2(Rn) is called a Parseval frame A-multiwavelet (resp., an orthonor-
mal A-multiwavelet) for L2(S)∨. If such a multiwavelet exists, the set A is
S-admissible.

The affine systems AA({ψ}) where |ψ̂| = χT for some measurable set

T ⊆ R̂n are called minimally supported in frequency (MSF) systems, and
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the corresponding function ψ is called an MSF wavelet for L2(S)∨ if ψ is a
Parseval frame A-wavelet for L2(S)∨. One can show (see [10], [16]) that ψ is

a Parseval frame A-wavelet for L2(S)∨ if and only if ΩT =
⋃

k̂∈bZn(T + k̂) is a

disjoint union, modulo null sets, and S =
⋃

a∈A(T a−1) is also a disjoint union,

modulo null sets. In this case, we say that the set T is both a Ẑn-tiling set for
ΩT and a A−1-tiling set for S. In particular, |T | ≤ 1 since T is contained in

a Ẑn-tiling set for R̂n.
In the following, we will examine the admissibility condition for different

dilation sets A. In Section 11.2.1, we will recall the situation of the classical
wavelets, where A = {ai : i ∈ Z}, for some a ∈ GLn(R). Next, in Sec-
tion 11.2.2, we will introduce a new family of admissible dilation sets, where
the dilations have the form AB = {ab : a ∈ A, b ∈ B}, and A,B ⊂ GLn(R).

11.2.1 Admissibility Condition: The Classical Wavelets

We consider first the case where A = {ai : i ∈ Z}, for some a ∈ GLn(R). This
is the situation one encounters in the classical wavelet theory.

Recall that a matrix a ∈ GLn(R) is expanding if each eigenvalue λ of a
satisfies |λ| > 1. Dai, Larson and Speegle [4] have shown that if a ∈ GLn(R)
is expanding, then the set A = {ai : i ∈ Z} is admissible (observe that, in
this case, the set A is also a group). In fact, they have shown that, under
this assumption on a, one can find a set T ⊆ [−1/2, 1/2]n which is both a

Ẑn-tiling set for ΩT and an A-tiling set for R̂n. Thus, ψ = (χT )∨ is a tiling
A-wavelet for L2(Rn). In addition, they construct a set T ′ for which (χT ′)∨ is
an orthonormal A-wavelet. More generally, Wang [17] has shown that if a set
A ⊂ GLn(R) admits an A−1-tiling set and A contains an expanding matrix
m for which mA ⊆ A, then A admits an orthonormal A-tiling wavelet.

Until very recently, all affine systems considered in the literature concerned
dilation matrices which are expanding. In [14], however, one finds examples
of admissible dilation sets A = {ai : i ∈ Z}, where the matrix a ∈ GLn(R)
is not expanding. In particular, a theorem in [14] gives a set of equations
characterizing Parseval frame A-wavelets, for a large class of matrices a, where
a is not necessarily expanding.

Furthermore, observe that “general” dilation sets may fail to be admissible.
Consider, for example, the set A = {2j 3i : i, j ∈ Z}. Then one can show that
there are no Parseval frame A-wavelets for this dilation set. In fact, since
log 2j3i = j log 3 + i log 2 and log 3/ log 2 is an irrational number, it follows
that each nontrivial orbit of A is dense in R, and this implies that there are
no Parseval frame A-wavelets (see [9]) for more details). However, the set

Ã =
{(

2j 0
0 3i

)
: i, j ∈ Z

}
is admissible. In fact, it is easy to see that, for any

ψ(x1, x2) = ψ1(x1)ψ2(x2), where ψ1 is a (one-dimensional) dyadic wavelet
and ψ2 is a (one-dimensional) triadic wavelet, then ψ is an Ã-wavelet.
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11.2.2 Admissibility Condition: The Composite Wavelets

Let S0 ⊂ R̂n be a region centered at the origin, and let B ⊂ GLn(R) be a
set of matrices mapping S0 into itself. In many situations, as we will show
in more detail later, one can find a subregion U0 ⊂ S0 which is a B−1-tiling
region for S0. This implies that

{Db Tk (χU0)
∨ : b ∈ B, k ∈ Zn}

is a Parseval frame for L2(S0)
∨.

Next, consider a second set of matrices A = {ai : i ∈ Z}, where a ∈
GLn(R). If a is expanding in some direction, i.e., some of the eigenvalues λ
of a satisfy |λ| > 1, and satisfies some other simple conditions to be specified
later, then we can construct a sequence of B-invariant regions Si = S0 ai,
i ∈ Z, with Si ⊂ Si+1 and limi→∞ Si = R̂n. This enables us to decompose the
space L2(Rn) into an exhaustive disjoint union of closed subspaces:

L2(Rn) =
⊕
i∈Z

L2(Si+1 \ Si)
∨. (11.3)

In general, one can find a region R ⊂ S1 \ S0 which is a B−1-tiling region for
S1 \ S0. If S0 is sufficiently small, this implies that

{Db Tk (χR)∨ : b ∈ B, k ∈ Zn}

is a Parseval frame for L2(S1 \ S0)
∨, and, as a consequence, the system

{Di
a Db Tk (χR)∨ : b ∈ B, i ∈ Z, k ∈ Zn}

is a Parseval frame for L2(Rn).
This shows that the set

AB = {ai b : i ∈ Z, b ∈ B}

is admissible, and that ψ is a Parseval frame AB-wavelet whenever ψ is a
Parseval frame B-wavelet for L2(S1 \ S0)

∨.
In the following subsections, we will present several examples of such dila-

tion sets which are admissible, and construct several examples of AB-wavelets.

Finite Group B

The first situation we consider is the case when B is a finite group. Since B is
conjugate to a subgroup of the orthogonal group On(R) (i.e., given any finite
group B, there is a P ∈ GLn(R) and a B̃ ∈ On(R) such that PBP−1 = B̃),

without loss of generality, we may assume that B ⊂ On(R). Let S0 ⊂ R̂n

be a compact region, starlike with respect to the origin, with the property
that B maps S0 into itself. In many situations, one can find a lattice L ⊂ Rn
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and a region U0 ⊆ S0 such that U0 is both a B-tiling region for S0 and a
Λ-packing region for R̂n (i.e.,

∑
λ∈Λ χU0(ξ + λ) ≤ 1 for a.e. ξ ∈ R̂n), where

Λ = {λ ∈ R̂n : λ l ∈ Z, ∀ l ∈ L} is the lattice dual to L. Then

ΦB = {Db Tl (χU0 )
∨ : b ∈ B, l ∈ L}

is a Parseval frame for L2(S0)
∨ (this fact is well known and can be found, for

example, in [11]). Next suppose that A = {ai : i ∈ Z}, where a ∈ GLn(R)
is expanding, aB a−1 = B and S0 ⊆ S0 a = S1. These assumptions imply
that each region Si = S0 ai, i ∈ Z, is B-invariant and the family of disjoint
regions Si ⊂ Si+1, i ∈ Z, tile the plane R̂n. Thus, one can decompose L2(Rn)
according to (11.3). As in the general situation described above, when S0 is
sufficiently small, one can find a region R ⊂ S1 \S0 which is a B-tiling region
for S1 \ S0, so that

ΨAB = {Di
a Db Tl (χR)∨ : b ∈ B, i ∈ Z, l ∈ L}

is a Parseval frame for L2(Rn). In addition, when U0 is a Λ-tiling region for

R̂n and | det a| ∈ N, one can decompose the region R into a disjoint union of
regions R1, . . . , RN in such a way that

Ψ̃AB = {Di
a Db Tl (χR�

)∨ : i ∈ Z, b ∈ B, l ∈ L, � = 1, . . . , N}

is not only a Parseval frame but also an orthonormal AB-multiwavelet for
L2(Rn). Moreover, in this case, the set ΦB is an orthonormal basis for L2(S0)

∨.
We will present two examples to illustrate the general construction that

we have outlined above.

Example 11.2. The first example is illustrated in Fig. 11.1. Let B be the 8-
element group consisting of the isometries of the square [−1, 1]2. Namely,

B = {±b0,±b1,±b2,±b3, } where b0 =

(
1 0
0 1

)
, b1 =

(
0 1
1 0

)
, b2 =

(
0 1
−1 0

)
,

b3 =

(
−1 0
0 1

)
. Let U be the parallelogram with vertices (0, 0), (1, 0), (2, 1) and

(1, 1) and S0 =
⋃

b∈B U b (see the snowflake region in Fig. 11.1). It is easy to
verify that S0 is B-invariant.

Now let a =

(
1 1
−1 1

)
, and Si = S0 ai, i ∈ Z. Observe that a is expanding,

aB a−1 = B and S0 ⊆ S0 a = S1. In particular, the region S1 \ S0 is the
disjoint union

⋃
b∈B R b, where the region R is the parallelogram illustrated

in Fig. 11.1. Also observe that R is a fundamental domain. Thus, as in the
general situation that we have described before, it turns out that the set

{Di
a Db Tk ψ : i ∈ Z, b ∈ B, k ∈ Z2},

where ψ̂ = χR, is an orthonormal basis for L2(R2).
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Fig. 11.1. Example 11.2. Admissible AB set; A = {ai : i ∈ Z}, where a is the
quincunx matrix, and B is the group of isometries of the square [−1, 1]2.

Example 11.3. Next consider the situation where a =

(
2 0
0 2

)
, and B is as in

Example 11.2. Let U and Si, i ∈ Z, be defined as before. Also in this case, a
is expanding, aB a−1 = B and S1 = S0a ⊃ S0. A direct computation shows
that the region S1\S0 is the disjoint union

⋃
b∈B Rb, where R = R1

⋃
R2

⋃
R3

and the regions R1, R2, R3 are illustrated in Fig. 11.2. Observe that each of
the regions R1, R2, R3 is a fundamental domain. Thus, the system

{Di
a Db Tk ψ� : i ∈ Z, b ∈ B, k ∈ Z2, � = 1, . . . , 3},

where ψ̂� = χR�
, � = 1, 2, 3, is an orthonormal basis for L2(R2).

The examples that we described are two-dimensional. It is clear, however,
that not only are there many more examples in dimension n = 2, but also that
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Fig. 11.2. Example 11.3. Admissible AB set; A = {ai : i ∈ Z}, where a = 2I , and
B is the group of isometries of the square [−1, 1]2.

there are similar constructions for n > 2. For n = 2 or n = 3, in particular,
every finite group of On(R) acts by isometries on a regular polyhedron, and one
can apply a construction very similar to the one described in these examples.

Shear Matrices B

We consider now the case of an infinite group. For simplicity, let us restrict
ourselves, for the moment, to the two-dimensional situation and consider the
group

B = {bj : j ∈ Z}, where b =

(
1 1
0 1

)
.

Observe that bj =

(
1 j
0 1

)
. Since (ξ1, ξ2) b

j = (ξ1, ξ2 + jξ1), the right action

of the matrix bj ∈ B maps the line through the origin of slope m to the line
through the origin of slope m + j. Observe that the matrices B are not ex-
panding (all eigenvalues have magnitude one): they are called shear matrices.

For 0 ≤ α < β, let S(α, β) = {ξ = (ξ1, ξ2) ∈ R̂2 : α ≤ |ξ1| < β} and let
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T (α, β) = T+(α, β)
⋃

T−(α, β), where T+(α, β) is the trapezoid with vertices

(α, 0), (α, α), (β, 0) and (β, β), and T−(α, β) = {ξ ∈ R̂2 : −ξ ∈ T+(α, β)}. A
simple computation shows that T (α, β) is a B-tiling region for S(α, β), and,
thus, for β sufficiently small, the function φ = (χT (α,β))

∨ is a Parseval frame
B-wavelet for L2(S(α, β))∨. This shows that the set B is S(α, β)-admissible.

Now fix 0 < c < 1 and let A = {ai : i ∈ Z}, where a =

(
c−1 a1,2

0 a2,2

)
and

a1,2, a2,2 ∈ R, with a2,2 �= 0. Let ψ be defined by ψ̂ = χT (c,1). Since T (c, 1)

is a B-tiling region for L2(S(c, 1)) and a Ẑn-packing region for R̂n, it follows
that ψ is a Parseval frame B-wavelet for L2(S(c, 1))∨. A direct computation

shows that the sets S(c, 1) a−i, i ∈ Z, tile R̂2. Hence

ΨAB = {Di
a Db Tk ψ : i ∈ Z, b ∈ B, k ∈ Z2}

is a Parseval frame for L2(R2). This shows that the set

AB = {ai b : i ∈ Z, b ∈ B}

is admissible and ψ is a Parseval frame AB-wavelet for L2(R2). Observe that
the Parseval frame AB-wavelet ψ depends only on a11 = c−1 (on the other
hand, the elements of the system ΨAB, when i �= 0, do depend also on the
other entries of the matrix a). Also observe that, if |a22| < 1, no member of
AB is an expanding matrix.

The following example shows how to obtain an orthonormal basis rather
than a Parseval frame, by using a slightly different construction.

Example 11.4. Observe that, when α = 0 and β ∈ N, then T (0, β) is the union
of two triangles, which satisfies(

T−(0, β) + (β, b)
) ⋃

T+(0, β) = [0, β)2.

Let α = 0 and β = 1. Then U0 = T (0, 1) is a fundamental domain of Z2

and φ = (χU0)
∨ is an orthonormal B-wavelet for L2(S(0, 1))∨ (see Fig. 11.3).

Next let A = {ai : i ∈ Z}, where a =

(
2 a1,2

0 a2,2

)
and a1,2, a2,2 ∈ R, with

a2,2 �= 0. Similarly to the situation we described above, we have that the strip

domains S(1, 2) a−i, i ∈ Z, tile R̂2 and the set T (1, 2) is a B-tiling region for
L2(S(1, 2)).

However, unlike the situation we described before, T (1, 2) is not a Ẑn-

packing region for R̂n; in fact, its area is 3. On the other hand, we can split
T (1, 2) into three regions of area one, which are fundamental domains of Ẑ2.
This can be done in several ways, for example, by introducing the trapezoids
R1, R2, R3 of Fig. 11.3, where T (1, 2) = R1 ∪R2 ∪R3. It then follows that the
system

ΨAB = {Di
a Db Tk ψ� : i ∈ Z, b ∈ B, k ∈ Z2, � = 1, . . . , 3},

where ψ̂� = χR�
, � = 1, 2, 3, is an orthonormal basis for L2(R2).
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Fig. 11.3. Example 11.4. Admissible AB set; A = {ai : i ∈ Z}, where a11 = 2
and a2,2 �= 0, and B is the group of shear matrices. In this figure, U0 = U−

0

S
U+

0 ,
R� = R−

� ∪ R+
� , � = 1, 2, 3, and T (1, 2) = R1 ∪ R2 ∪ R3.

For n > 2, there are several generalizations of the constructions described

in this section. For example, let n = k + l and B =

{
bj =

(
1 j
0 I�

)
: j ∈ Z�

}
.

Let A = {ai : i ∈ Z}, where a =

(
a0 a1

0 a2

)
∈ GLn(R), and a0 ∈ GLk(R) is an

expanding matrix. We then construct a ‘trapezoidal’ region T in R̂n = R̂k×R̂�,
which has for base the set T0 ⊂ R̂k and for which T is a B-tiling region
for the strip T0 × R̂�. If T0 is contained in sufficiently small neighborhood
of the origin, we can ensure that the sets Sai, i ∈ Z, tile R̂n and thereby
guarantee that ψ = χ∨

T is a Parseval frame AB-wavelet for L2(Rn), where
AB = {ai b : i ∈ Z, b ∈ B} (thus, AB is admissible). In particular, the
function ψ = (χR)∨, where R = {(ξ0, . . . , ξ�) ∈ Rn : 1

2|a0| ≤ |ξ0| < 1
2 , 0 ≤
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ξi/ξ0 < 1, for 1 ≤ i ≤ �}, is such a Parseval frame MRA AB wavelet. Observe
that, as in the construction for n = 2, the set T and, thus, the wavelet ψ
depends only on a0 and B.

11.2.3 Further Remarks

Observe that, while all the examples of composite wavelets described in this
section are of MSF type, that is, the magnitude of their Fourier transform is
the characteristic function of a set, there are examples of composite wavelets
that are not of this type. In [8], there are examples of composite wavelets

ψ ∈ L2(R2) where ψ̂ is in C∞(R2). This implies that there is a KN > 0 such
that |ψ(x)| ≤ KN (1 + |x|)−N , for any N ∈ N and, thus, ψ is well localized

both in R2 and R̂2.

11.3 AB-Multiresolution Analysis

As in the classical theory of wavelets, it turns out that one can introduce a
general framework based on a multiresolution analysis for constructing AB-
wavelets. Let B be a countable subset of S̃Ln(Z) = {b ∈ GLn(R) : | det b| = 1}
and A = {ai : i ∈ Z}, where a ∈ GLn(Z) (notice that a is an integral matrix).
Also assume that a normalizes B, that is, a b a−1 ∈ B for every b ∈ B, and that
the quotient group B/(aBa−1) has finite order. Then the sequence {Vi}i∈Z of
closed subspaces of L2(Rn) is an AB-multiresolution analysis (AB-MRA) if
the following holds:

(i) Db Tk V0 = V0, for any b ∈ B, k ∈ Zn,
(ii) for each i ∈ Z, Vi ⊂ Vi+1, where Vi = D−i

a V0,
(iii)

⋂
Vi = {0} and

⋃
Vi = L2(Rn),

(iv) there exists φ ∈ L2(Rn) such that ΦB = {Db Tk φ : b ∈ B, k ∈ Zn} is a
semi-orthogonal Parseval frame for V0, that is, ΦB is a Parseval frame
for V0 and, in addition, Db Tk φ⊥Db′ Tk′ φ for any b �= b′, b, b′ ∈ B,
k, k′ ∈ Zn.

The space V0 is called an AB scaling space and the function φ is an AB scaling
function for V0. In addition, if ΦB is an orthonormal basis for V0, then φ is
an orthonormal AB scaling function.

Observe that the main difference in the definition of AB-MRA with respect
to the classical MRA is that, in the AB-MRA, the space V0 is invariant with
respect to the integer translations and with respect to the B-dilations. On the
other hand, in the classical MRA, the space V0 is only invariant with respect
to the integer translation, and, as a consequence, the set of generators of V0

is simply of the form Φ = {Tk φ : k ∈ Zn}.
As in the classical MRA, let W0 be the orthogonal complement of V0 in

V1, that is, W0 = V1

⋂
(Vo)

⊥. Then, V1 = V0

⊕
W0 and we have the following

elementary result.
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Theorem 11.5. (i) Let Ψ = {ψ1, . . . , ψL} ⊂ L2(Rn) be such that {Db Tk ψ� :
b ∈ B, � = 1, . . . , L, k ∈ Zn} is a Parseval frame for W0. Then Ψ is a
Parseval frame AB-multiwavelet.

(ii) Let Ψ = {ψ1, . . . , ψL} ⊂ L2(Rn) be such that {Db Tk ψ� : b ∈ B, k ∈
Zn, � = 1, . . . , L} is an orthonormal basis for W0. Then Ψ is an orthonor-
mal AB-multiwavelet.

Proof. As in the classical MRA case, we define the spaces Wj as Wj =
Vj+1

⋂
(Vj)

⊥, j ∈ Z. It follows from the definition of AB-MRA that L2(Rn) =⊕
j∈Z

Wj . Since {Db Tk ψ� : b ∈ B, � = 1, . . . , L, k ∈ Zn} is a Parseval frame

for W0, then {Di
aDb Tk ψ� : b ∈ B, � = 1, . . . , L, k ∈ Zn} is a Parseval frame

for Wi. Thus {Di
a Db Tk ψ� : b ∈ B, i ∈ Z, � = 1, . . . , L, k ∈ Zn} is a Parseval

frame for L2(Rn).
The proof for the orthonormal case is exactly the same. 	


In the situation described by the hypotheses of Theorem 11.5 (where Ψ is
not only a Parseval frame for L2(Rn), but is also derived from an AB-MRA),
we say that Ψ is a Parseval frame MRA AB-wavelet or an orthonormal MRA
AB-wavelet, respectively.

It is easy to see that all the examples of wavelets with composite dilations
described in Section 11.2 are indeed examples of MRA AB-multiwavelets. In
Examples 11.2 and 11.3 from Section 11.2.2, the spaces {Vi = L2(Si)

∨ : i ∈ Z}
form an AB-MRA, with orthonormal AB scaling function φ = (χU )∨, where
U is a parallelogram (see Fig. 11.1 and Fig. 11.2). Observe that the AB scaling
function φ as well as the AB scaling space V0 = L2(S0)

∨ are the same in both
examples (the other spaces Vi, i �= 0, are different because Si = S0a

i, and a is
different in the two examples). Similarly, in Example 11.4 from Section 11.2.2,
the spaces {Vi = L2(Si)

∨ : i ∈ Z} form an AB-MRA, with orthonormal
AB scaling function φ = (χU )∨, where U is the union of two triangles (see
Fig. 11.3).

It turns out that, while it is possible to construct a Parseval frame
AB-wavelet using a single generator Ψ = {ψ} (examples of such singly
generated AB-wavelets can be found in [8]), in the case of orthonormal
MRA AB-multiwavelets, multiple generators are needed in general, that is,
Ψ = {ψ1, . . . , ψL}, where L > 1. The following result establishes the number
of generators needed to obtain an orthonormal MRA AB-wavelet.

Theorem 11.6. Let Ψ = {ψ1, . . . , ψL} be an orthonormal MRA AB-multi-
wavelet for L2(Rn), and let N = |B/aBa−1| (= the order of the quotient
group B/aBa−1). Assume that | det a| ∈ N. Then L = N | det a| − 1.

Observe that this result generalizes the corresponding result for the clas-
sical MRA, where the number of generators needed to obtain an orthonormal
MRA A-wavelet is given by L = | det a|−1 (cf., for example, [18]). As a simple
application of Theorem 11.6, let us re-examine the examples described in Sec-
tion 11.2. Also observe that, if B is a finite group, then N = |B/aBa−1| = 1,
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and so, in this situation, L = | det a| − 1. Applying Theorem 11.6 to Ex-
ample 11.2 in Section 11.2.2, we obtain that the number of generators is
L = 1 since a is the quincunx matrix and det a = 2. In the case of Exam-
ple 11.3, the number of generators is L = 3 since a = 2I and det = 4. In
the case of Example 11.4, where B is the two-dimensional group of shear ma-

trices and A = {ai : i ∈ Z}, with a =

(
2 a1,2

0 a2,2

)
∈ GL2(Z), a calculation

shows that |B/aBa−1| = 2|a2,2|−1 and, thus, the number of generators is
L = 2|a2,2|−1 2|a2,2| − 1 = 3.

In order to prove Theorem 11.6, we need some additional notation and
construction.

We recall that a Zn-invariant space (or a shift-invariant space) of L2(Rn)
is a closed subspace V ⊂ L2(Rn) for which TkV = V for each k ∈ Zn. For
φ ∈ L2(Rn) \ {0}, we denote by 〈φ〉 the shift-invariant space generated by φ,
that is,

〈φ〉 = span{Tk φ : k ∈ Zn}.
Given φ1, φ2 ∈ L2(Rn), their bracket product is defined as

[φ1, φ2](x) =
∑

k∈Zn

φ1(x− k)φ2(x− k). (11.4)

The bracket product plays a basic role in the study of shift-invariant spaces.
The following properties are easy to verify, and they can be found, for example,
in [18, Sec. 3].

Proposition 11.7. Let φ, φ1, φ2 ∈ L2(Rn).

(i) The series (11.4) converges absolutely a.e. to a function in L1(Tn).

(ii) The spaces 〈φ1〉 and 〈φ2〉 are orthogonal if and only if [φ̂1, φ̂2](ξ) = 0 a.e.
(iii) Let V (φ) = {Tk φ : k ∈ Zn}. Then V (φ) is an orthonormal basis for 〈φ〉

if and only if [φ̂, φ̂](ξ) = 1 a.e.

The theory of shift-invariant spaces plays a basic role in the study of
the MRA precisely because the scaling space V0, as well as all other scaling
spaces Vi = D−i

a V0, are shift-invariant spaces. In the AB-MRA, the AB-
scaling space satisfies a different invariance property, and this motivates the
following definition. If B is a subgroup of S̃Ln(Z), a B � Zn-invariant space
of L2(Rn) is a closed subspace V ⊂ L2(Rn) for which Db Tk V = V for each
(b, k) ∈ B � Zn, where B � Zn is the semi-direct product of B and Zn (that
is, it is the group obtained from the set B×Zn, with natural group action on
b× {0} and {In} × Zn, and with (b, 0)(In, k)(b, 0)−1 = (In, bk)).

For b ∈ S̃Ln(Z), we have

{Db Tk : k ∈ Zn} = {Tk′ Db : k′ ∈ Zn},

and, as a consequence, Db 〈φ〉 = 〈Db φ〉 for each φ ∈ L2(Rn). We also have

that Ẑnb = Ẑn and, thus,
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[D̂b φ̂1, φ̂2](ξ) = [φ̂1, D̂b−1 φ̂2](ξb), (11.5)

for each φ1, φ2 ∈ L2(Rn) and ξ ∈ R̂n.
Let V be a B � Zn-invariant space of L2(Rn). The set Φ = {φ1, . . . , φN},

with N ∈ N ∪ {∞}, is a B � Zn-orthonormal set of generators for V if the
set {Db Tk φi : (b, k) ∈ B � Zn, 1 ≤ i ≤ N} is an orthonormal basis for V .

Equivalently, we have that [D̂bφ̂
i, φ̂j ] = δi,j δb,In a.e. In addition, if this is the

case, we have that

V =
N⊕

j=1

span{Db Tk φj : b ∈ B, k ∈ Zn}.

It follows from this observation and from the properties of shift-invariant
spaces, that, if f ∈ V and Φ is a B � Zn-orthonormal set of generators for V ,
then

f̂ =

N∑
j=1

∑
b∈B

[f̂ , D̂b φ̂
j ] D̂b φ̂

j , (11.6)

with convergence in L2(Rn).
We can now show the following simple result, whose proof is similar to

that of Proposition 11.1.

Proposition 11.8. Let Φ = {φ1, . . . , φN} and Ψ = {ψ1, . . . , ψM} be two B �
Zn-orthonormal sets of generators for the same B � Zn-invariant spaces V .
Then M = N .

Proof. By (11.6), we have that

ψ̂i =

N∑
j=1

∑
b∈B

[ψ̂i, D̂b φ̂
j ] D̂b φ̂

j ,

with convergence in L2(Rn), for each i = 1, . . . ,M . Thus,

1 = ‖ψi‖2 =

N∑
j=1

‖[ψ̂i, φ̂j ]‖2L2(Tn)

and, as a consequence,

M =

M∑
i=1

‖ψi‖2 =

M∑
i=1

N∑
j=1

∑
b∈B

‖[ψ̂i, D̂b φ̂
j ]‖2L2(Tn). (11.7)

On the other hand, using the same argument on φj , 1 ≤ j ≤ N , we obtain

N =
N∑

j=1

‖φj‖2 =
M∑
i=1

N∑
j=1

∑
b∈B

‖[φ̂j , D̂b ψ̂
i]‖2L2(Tn). (11.8)
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By (11.5), using the fact that B is a group, it follows that∑
b∈B

‖[φ̂j , D̂b ψ̂
i]‖2L2(Tn) =

∑
b∈B

‖[φ̂j , D̂b−1 ψ̂i]‖2L2(Tn) =
∑
b∈B

‖[D̂b φ̂
j , ψ̂i]‖2L2(Tn),

and, thus, by comparing (11.7) and (11.8), it follows that M = N . 	


We are now ready to prove Theorem 11.6.

Proof of Theorem 11.6. Let {Vi}i∈Z, where Vi = D−i
a V0, be an AB-MRA,

and, for each i ∈ Z, let Wi = Vi+1

⋂
(Vi)

⊥. It follows that L2(Rn) =
⊕

i∈Z
Wi.

By the definition of AB-MRA, the space V0 is B � Zn-invariant and there is
an AB-scaling function φ which is an orthonormal B � Zn generator of V0.
Since a normalizes B and a is an integral matrix, it follows that

{Db Tk D−1
a : k ∈ Zn, b ∈ B} = {D−1

a Daba−1 Tak : k ∈ Zn, b ∈ B}
⊆ {D−1

a Db Tk : k ∈ Zn, b ∈ B}.

Thus, the spaces V1 and W0 are also B � Zn-invariant.
The functions ψ1, . . . , ψL are B � Zn orthonormal generators for W0 and

so {φ, ψ1, . . . , ψL} are B � Zn orthonormal generators for V1 = V0

⊕
W0.

Next, take a complete collection of distinct representatives β0, . . . , βN−1 for
B/(aB a−1), where N = |B/aBa−1|. Thus, each b ∈ B uniquely determines
b′ ∈ B and j ∈ {0, . . . , N − 1} for which b = (a b′ a−1)βj . Then

D−1
a Db 〈φ〉 = Da−1b 〈φ〉 = Db′Da−1Dβj 〈φ〉 = Db′Da−1 〈Dβjφ〉. (11.9)

Also, take a complete collection of distinct representatives α0, . . . , αM−1 for
Zn/(aZn), where M = | det a|. Each k ∈ Zn uniquely determines k′ ∈ Zn and
i ∈ {0, . . . ,M−1}, for which k = ak′+αi. For any φ ∈ L2(Rn)\{0}, the space
D−1

a 〈φ〉 is then the shift-invariant space generated by Φ = {φi = D−1
a Tαi φ :

0 ≤ i ≤M − 1}. Since D−1
a is unitary, then Φ is a Zn-orthonormal generating

set for D−1
a 〈φ〉 if and only if φ is a Zn-orthonormal generating set for 〈φ〉,

and this holds if and only if [φ̂, φ̂] = 1 a.e. Thus, if Φ is a Zn-orthonormal
generating set for D−1

a 〈φ〉, we have

D−1
a 〈φ〉 =

M−1⊕
i=0

〈φi〉. (11.10)

By equation (11.10), we have

Da−1 〈Dβjφ〉 =
M−1⊕
i=0

〈φi,j〉,

where φi,j = D−1
a DαiDβj φ. Using the last equality and (11.9), we have
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Da−1 span{Db Tk φ : b ∈ B, k ∈ Zn}

=

M−1⊕
i=0

N−1⊕
j=0

span{Db′ Tk′ φi,j : b′ ∈ B, k′ ∈ Zn, 0 ≤ i ≤M− 1, 0 ≤ j ≤ N− 1}.

This shows that {φi,j : 0 ≤ i ≤ M − 1, 0 ≤ j ≤ N − 1} is a B � Zn set
of orthonormal generators for V1, with NM elements. By Proposition 11.8,
NM = L + 1 and this completes the proof. 	
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Sampling Theory and Shift-Invariant Spaces
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Summary. This chapter reviews several ideas that grew out of observations of
Djokovic and Vaidyanathan to the effect that a generalized sampling method for
bandlimited functions, due to Papoulis, could be carried over in many cases to
the spline spaces and other shift-invariant spaces. Papoulis’ method is based on
the sampling output of linear, time-invariant systems. Unser and Zerubia formal-
ized Papoulis’ approach in the context of shift-invariant spaces. However, it is not
easy to provide useful conditions under which the Unser–Zerubia criterion provides
convergent and stable sampling expansions. Here we review several methods for val-
idating the Unser–Zerubia approach for periodic nonuniform sampling, which is a
very special case of generalized sampling. The Zak transform plays an important
role.

12.1 Introduction

To say that sampling has played an important role in John Benedetto’s work
would be a severe understatement. The references [6], [9], [11], [12], [14], [15],
[18], [16] and [19] serve merely to give an idea of the breadth of applications
to which Benedetto has applied sampling methods. In this chapter we review
certain connections among sampling and shift-invariant spaces, including mul-
tiresolution spaces, that have also been a major component of Benedetto’s
recent work (e.g., [17]).

Starting in the early 1990s, several groups of researchers observed the
possibility of abstracting useful ideas in the sampling of bandlimited functions
to the context of shift-invariant spaces. Early results of Janssen [36], [37],
Walter [45], and Aldroubi and Unser [4] illustrated how to build interpolating
functions for principal shift-invariant (PSI) spaces from the generators of such
spaces. A PSI space V (ϕ) ⊂ L2(R) is the closure in L2(R) of the span of the
integer shifts ϕ(·−k) of the generator ϕ ∈ L2(R). We shall always assume that
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these shifts form a Riesz basis for V (ϕ), that is, that there are constants A,B
such that A‖{ck}‖2�2 ≤ ‖

∑
ckϕ(·−k)‖2L2 ≤ B‖{ck}‖2�2 whenever {ck} ∈ �2(Z).

When {ϕ(· − k)} are orthonormal we call ϕ an orthogonal generator. The
Paley–Wiener space PW1/2 of L2-functions bandlimited to [−1/2, 1/2] is a

PSI space par excellence with orthogonal generator ϕ(x) = sinc(x) = sin πx
πx .

Here we are taking f̂(ξ) =
∫
f(t)e−2πitξ dt to denote the Fourier transform

on L1(R). In addition to being orthogonal to its shifts, the sinc function is
cardinal, i.e., sinc(k) = δ0k. As a consequence, the coefficients ck of f =∑

k cksinc(x−k) are the same as the integer samples of f , i.e., f(k) = ck when
f ∈ PW1/2. Typically, an orthogonal generator ϕ of V (ϕ) will not be cardinal.
So, if V (ϕ) contains a function S that interpolates the integer samples of f ,
meaning that any f ∈ V (ϕ) can be written f(t) =

∑
k f(k)S(t − k), then

S will be different from ϕ. The aforementioned works [36], [37], [45], and [4]
sought to identify S in terms of ϕ.

The scope of sampling in PSI spaces was broadened significantly by Al-
droubi and Gröchenig ([2], [3]) who devised sufficient conditions and iterative
reconstruction algorithms for irregular sampling in PSI spaces (see also [1],
[25], [41] for a small subsample of related developments). We will focus on
periodic nonuniform sampling (PNS). In the bandlimited case, such sampling
is a special case of Papoulis’ generalized sampling approach [38], whose ex-
tension to the PSI case (see [42], [44]) will also be reviewed. In contrast to the
“fully nonuniform” case, which requires iterative reconstruction methods, the
problem of reconstructing elements of a PSI space V (ϕ) from its “periodic
nonuniform” samples boils down to identifying a finite collection of functions
whose shifts interpolate samples.

Djokovic and Vaidyanathan [28] first considered generalized sampling
schemes, including local averaging and derivative sampling, in the PSI space
setting. In each such case, one samples the output of an element of V (ϕ)
filtered through a linear time-invariant (LTI) system (see Benedetto [10] for
basic definitions and properties of LTI systems). Just as Papoulis [38] had
done in the bandlimited case, Unser and Zerubia [42] formalized the problem
of characterizing PSI spaces V (ϕ) and LTI systems under which any f ∈ V (ϕ)
can be interpolated from samples of its outputs. While general necessary and
sufficient conditions for stable reproduction were provided in [42], just as in
[28], it remained a challenge to provide practical conditions for the existence
of interpolants and methods for computing them. Here we will report on re-
cent progress in this direction, largely summarizing results in the papers [33]
and [34]. The larger issues of (i) why one should consider general sampling
methods in the first place and (ii) how to deal with the errors that inevitably
arise will also be discussed.

Whether ϕ is a scaling function plays no role in formulating general state-
ments about sampling in PSI spaces. However, it can play an important role
in establishing the validity, i.e., convergence and/or stability, of specific sam-
pling/interpolating schemes. As such, at several points in the ensuing dis-
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cussion we will comment on extra benefits that pertain when ϕ is a scaling
function.

Here is a brief outline of the remainder of the chapter. In Section 12.2
we discuss what is meant by generalized sampling and oversampling in the
setting of PSI spaces. In Section 12.3 we specialize to the case of periodic,
nonuniform sampling and oversampling. A few specific sampling schemes are
discussed in detail, including what is required for the validity of these schemes.
Finally, in Sections 12.4, 12.5 and 12.6 we discuss three types of errors that
arise in the application of such schemes, including aliasing, noise—for ex-
ample, quantization noise—and delay errors that can arise when a delayed
version of f ∈ V (ϕ)—as opposed to f itself—is sampled. Delay errors do not
arise in the bandlimited case because Paley–Wiener spaces are invariant un-
der all translations—not just integer shifts. Proofs of most of the results that
also appear in [33] and [34] will be omitted here. Two exceptions to this are
Theorems 12.6 and 12.13. These proofs serve to illustrate the roles of scaling
and orthogonality respectively and to give a flavor of how the other proofs
proceed.

Many of the results discussed here have natural and important extensions
to finitely generated shift-invariant spaces. We will forgo discussion of such
extensions in order to avoid notational complications.

12.2 Generalized Sampling and Oversampling

12.2.1 Generalized Sampling of Bandlimited Signals

The inverse problem of recovering a signal f from its samples or samples
of its image under a system of convolvers is, generically, ill-posed (e.g., [24],
see also Walnut’s contribution in this volume). However, the problem is well-
posed under appropriate conditions on f and on the convolvers. The classical
Shannon Sampling Theorem (e.g., [10]) provides a formula for interpolating
f from its regularly spaced samples f

(
k

2Ω

)
, k ∈ Z, namely,

f(t) =
1

2Ω

∑
k∈Z

f

(
k

2Ω

)
sin 2π(t− k

2Ω )

π(t− k
2Ω )

, (12.1)

provided f belongs to the Paley–Wiener space PWΩ of those f ∈ L2(R) such

that f̂ is supported in [−Ω,Ω]. The Nyquist sampling rate of 2Ω samples per
unit time is critical: f cannot be recovered from samples taken at a lower rate.

Several years ago, Papoulis [38] proposed a general sampling method in
which one samples the output of M convolvers µj , 1 ≤ j ≤ M . One can
recover f from the samples (f ∗µj)(Mk/2Ω), (k ∈ Z), provided the convolvers
are independent in a suitable sense. Conditions on the convolvers reduce to
finite-dimensional linear algebra.
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There are several good reasons for phrasing the sampling problem in terms
of samples of f ∗ µj as opposed to the samples of f itself. Arguably, measure-
ments that produce samples correspond to local averages, while the measure-
ment process should be independent of time. Thus, one does not acquire actual
sample values f(k) so much as (f ∗ µ)(k), where µ models the measurement
process. In order to recover f one must be able to deconvolve. When f is
bandlimited, this means that one should be able to divide by µ̂ on [−Ω,Ω].
This may not be convenient or possible with a single convolver µ, particu-
larly when the bandwidth Ω is large. Nor may it be convenient or possible, or
even desirable, to sample at the Nyquist rate 1/(2Ω) with a single device. For
these reasons and others, Papoulis proposed sampling at a rate of (2Ω)/M
samples per unit time, using M sampling devices modelled by convolvers µj ,
j = 1, . . . ,M .

12.2.2 Sampling in PSI Spaces and Quasi-Inversion

PSI spaces form a useful alternative model to PWΩ in several respects. Sup-
pose that the temporal or spatial scale is normalized so that “representative”
signals lie, or nearly lie, in V (ϕ). Consider, for example, the case in which
input signals are assumed to have some regularity; e.g., Hölder continuity of
order α. If ϕ is as regular as the input space and generates a multiresolution
analysis (MRA) then, as is well known, the orthogonal projection Pjf of f onto
the space Vj(ϕ) spanned by {2j/2ϕ(2j ·−k)}k∈Z satisfies ‖Pjf−f‖2 ≤ C2−jα.
Just as physical signals typically are not truly bandlimited, neither are they
typically scale-limited, i.e., in Vj(ϕ). Nevertheless, Vj(ϕ) and, by rescaling,
V0(ϕ), provides a reasonable model for approximating sufficiently slowly vary-
ing signals.

More recently, Unser and Zerubia [42] proposed a framework abstracting
Papoulis’ approach of sampling bandlimited output of linear systems and, at
the same time, generalizing the specific sampling methods of Djokovic and
Vaidyanathan [28]. We will extend their framework to encompass oversam-
pling as well, after mentioning some important additional considerations in
the PSI setting.

For one, unlike the bandlimited case, convolution does not typically pre-
serve V (ϕ) as it does PWΩ. As such, given a system µ = (µ1, . . . , µL) of
convolvers, one should specify a priori an input space Hµ of functions f such
that, for each j = 1, . . . ,M , the coefficients (f ∗ µj)(Mk) lie in �2(Z). On the
other hand, while the convolvers serve to model some system of measurements,
the space V (ϕ) might serve to provide approximations of elements of Hµ.

With this in mind, there are two key compatibility properties that one
might require of f ∈ Hµ and any element of V (ϕ) constructed from its gener-
alized samples, namely: (i) the construction should reproduce f exactly if f
already lies in V (ϕ) and (ii) the construction should form a good approxima-
tion of any f nearly in V (ϕ).
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Sampling in V (ϕ) and Quasi-Inversion

Here is the set-up for generalized sampling in a PSI space V (ϕ).

Sample data. One is equipped with L channels generating measurement data

(f ∗ µj)(Pk) = 〈f, µ̃j(· − Pk)〉, (1 ≤ j ≤ L).

Here 〈·, ·〉 always refers to the standard Hermitian form 〈ψ, σ〉 = σ(ψ) when-
ever ψ belongs to a class of test functions on which the distribution σ is
defined. Also, µ̃(x) = µ(−x) here. The convolvers µ1, . . . , µL can be distribu-
tions, provided the input space Hµ forms a space of test functions on which
convolution with each µj is defined. One takes L ≥ P and refers to the case
L = P as the critically sampled case.

Reproduction of V (ϕ) from samples. Reproducing elements of V (ϕ) from
their measurements {(f ∗µj)(Pk)} (1 ≤ j ≤ L, k ∈ Z) amounts to identifying
a sequence of interpolating functions {Sj}L

j=1 ∈ V (ϕ) such that the mapping

f �→ S(f) =

L∑
j=1

∑
k∈Z

(f ∗ µj)(Pk)Sj(x− Pk) (12.2)

defines a projection from Hµ onto V (ϕ), that is, Sf = f whenever f ∈ V (ϕ).
To formulate a suitable reproduction criterion, one defines the matrix sequence

{(Aµϕ)ji}(k) = (ϕ∗µj)(Pk− i+1) (1 ≤ j ≤ L, 1 ≤ i ≤ P, k ∈ Z). (12.3)

The problem is to determine conditions under which Aµϕ possesses a convo-
lution quasi-inverse.

If f =
∑

k ckϕ(· − k) ∈ V (ϕ), then a simple change of variables yields

(f ∗ µj)(Pk) =

P∑
i=1

∑
�∈Z

cP (k−�)+i−1 (ϕ ∗ µj)(P�− i + 1)

=

P∑
i=1

∑
�∈Z

Aµϕ
ji (k − �) cP�+i−1.

Consider the space V (P )(ϕ) consisting of vector functions of the form
(f0, . . . , fP−1)

T in which each fi has the form fi =
∑

�∈Z
d�,iϕ(x − P� − i).

In turn, let �2(Z,CP ) denote the space of square summable vector sequences
d(�) = (d�,0, . . . , d�,P−1)

T . Since {ϕ(· − k)} forms a Riesz basis for V (ϕ),
f =

∑
k ckϕ(· − k) �→ {ck} defines an isomorphism of V (ϕ) with �2(Z). This

mapping also induces an isomorphism between V (P )(ϕ) and �2(Z,CP ) that
sends (

∑
cP�ϕ(x − P�), . . . ,

∑
cP�+P−1ϕ(x − P� + 1 − P )) to c = {c(�)}�∈Z

where c(�) = (cP�, . . . , cP�+P−1)
T .
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In turn, the mapping that sends c(�) corresponding to f =
∑

k ckϕ(· − k)
to b(�) = ((f ∗ µ1)(Pk), . . . , (f ∗ µL)(Pk))T is given by a matrix convolution,

b(k) =
∑
�∈Z

Aµϕ(k − �) c(�).

Finding a quasi-inverse of Aµϕ then means finding an L×P matrix sequence
{Ãµϕ(�)} such that∑

�∈Z

(
Ãµϕ

)T
(k − �)Aµϕ(�) = δ0kIP×P . (12.4)

In the Fourier domain this amounts to pointwise quasi-inverting the matrix-
valued trigonometric series

∑
k Aµϕ(k)e2πikξ .

12.2.3 Interpolating Functions

At this level of generality, it is difficult to formulate useful conditions for
the existence of a quasi-inverse (see [42] for the critically sampled case), let
alone one with desirable regularity properties. In the following sections we
will formulate effective conditions for (quasi)-invertibility of Aµϕ when the
convolvers µj are periodically, but nonuniformly, distributed point masses.
But one important matter can be addressed in full generality, namely, how to
produce the interpolating functions Sj for V (ϕ) by means of which f ∈ V (ϕ)
is recovered from its (generalized) samples as in (12.2).

One seeks coefficients {sjk} ∈ �2(Z) such that Sj =
∑

sjkϕ(· − k). Inter-
polating V (ϕ) then amounts to expressing the functions

ϕ(·), ϕ(· − 1), . . . , ϕ(· − P + 1)

as linear combinations of the functions Sj . In what follows, one denotes by

Â(z) the z-transform of a matrix-valued sequence A(k).

Proposition 12.1. The V (ϕ)-coefficients {sjk} of the jth interpolating func-

tion Sj in (12.2) are given in terms of a convolution quasi-inverse
(
Ãµϕ

)T
of

Aµϕ in (12.3), via∑
k

sjk zk = (1 z · · · z1−P )
( ̂̃
Aµϕ

)T
(zP ). (12.5)

Proof. By (12.2), for each i = 1, . . . , P one must have

ϕ(x − i + 1) =
∑
j,�

(ϕ ∗ µj)(P�− i + 1)Sj(x − P�)

=
∑
j,�

(ϕ ∗ µj)(P�− i + 1)
∑

k

sjk ϕ(x− k − P�).
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Since the shifts of ϕ form a basis for V (ϕ), for each i = 1, . . . , P one has∑
j,�

(ϕ ∗ µj)(P�− i + 1) sjk = δi−1, k+P�. (12.6)

Now choose m ∈ Z and 1 ≤ i′ ≤ P so that k = P (m − �) + i′ − 1 and define
Bij(k) = sj,Pk+i−1. Then (12.6) can be rewritten as∑

j,�

Bi′j(m− �)Aµϕ
ji (�) = δii′ δm0.

That is, B is a convolution quasi-inverse for Aµϕ. The representation (12.5)
follows by passing to the z-domain. This proves the proposition. 	


12.2.4 Sampling at Unit Rate

Output of a Single Channel

If a single function S ∈ V (ϕ) is to interpolate integer sample outputs, then S
must solve

ϕ(x) =
∑

k

(ϕ ∗ µ)(k)S(x− k),

so Ŝ(ξ) = ϕ̂(ξ)/mϕ(ξ) where mϕ(ξ) =
∑

k(ϕ ∗ µ)(k)e−2πikξ . The V (ϕ)-
coefficient s−k of S is the kth Fourier coefficient of 1/mϕ, provided the latter
is defined.

Example: Derivative and Average Sampling

To illustrate the problem of determining a sense in which S is defined, consider
the simple case h = δ′. The space V ′(ϕ) of derivatives of V (ϕ) coincides
with the PSI space V (ϕ′) generated by the derivative of ϕ. Then mϕ(ξ) =∑

k ϕ′(k)e−2πikξ . Difficulty can arise in inverting mϕ, due to nonexistence or
insufficient decay of ϕ′, or to undesirable vanishing properties of mϕ. Actually,
a scaling relation can be beneficial here. Suppose that ϕ satisfies

ϕ̂(2ξ) = H(ξ) ϕ̂(ξ) (12.7)

in which H(ξ) is divisible by 1− e−2πiξ. By Viete’s formula (e.g., [27] p. 211),
one can associate to ϕ another scaling function ϕ− with scaling filter H−(z) =
2H(z)/(1− z) such that ϕ′(x) = ϕ−(x)−ϕ−(x−1). Then

∑
k ϕ′(k)e−2πikξ =

(1 − e2πiξ)
∑

k ϕ−(k)e−2πikξ . For the problem of sampling local averages of
f ∈ V (ϕ) over [k, k + 1), one works in reverse, attaching to ϕ the scaling
function ϕ+ = ϕ ∗ χ[0,1), which satisfies ϕ′

+(x) = ϕ(x) − ϕ(x− 1).
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The Zak Transform

The Zak transform is useful for defining interpolating functions S in terms of
ϕ. One defines the Zak transform Zf of f at the point (t, ξ) in R× R by

Zf(t, ξ) =
∑

k

f(t + k) e2πikξ

whenever the sum converges. It does so absolutely when f belongs to the
Wiener amalgam space W (L∞, �1) of functions whose norms ‖f‖W (L∞,�1) =∑

k∈Z
supt∈[k,k+1) |f(t)| are finite. It is also simple to invert Zf , as∫ 1

0

Zf(t, ξ) dξ = f(t) (12.8)

whenever the integral converges. The quasi-periodicity relation

Zf(t + k, ξ + �) = e−2πi�ξ Zf(t, ξ) (�, k ∈ Z)

allows one to extend Z to a unitary mapping from L2(R) to the space

Z =

{
F : R2 → C :

F (t + k, ξ + �) = e−2πikξF (t, ξ) (k, � ∈ Z)

and
∫ 1

0

∫ 1

0
|F (t, ξ)|2 dt dξ <∞

}
. (12.9)

A familiar consequence of quasi-periodicity that is also important here is
that if Zf(t, ξ) is continuous, as it is when f is continuous and belongs to
W (L∞, �1), then it has a zero in Q = [0, 1)× [0, 1) [29]. Further fundamental
properties of the Zak transform are developed in Janssen’s tutorial [36]; see
[27] and [29], as well as Gabardo’s chapter in this volume.

The Zak transform complexifies, at least formally, to a mapping ZCf(t, z) :
R× C → C by taking the z-transform of the samples {f(t + k)}k, i.e.,

ZCf(t, z) =
∑

k

f(t + k) zk.

The usual Zak transform corresponds to z = e2πiξ. If f is supported on [0,M ]
(M ∈ N), then, for each t, ZCf(t, z) is a polynomial in z of degree at most
M − 1.

Using Z, the function mϕ(ξ) can be written

mϕ(ξ) =
∑

k

(ϕ ∗ µ)(k) e−2πikξ =

∫
Zϕ̃(y, ξ)µ(y) dy = 〈µ,Zϕ̃(·,−ξ)〉,

where, again, ϕ̃(t) = ϕ(−t). Of basic importance is the sense, if any, in which
mϕ can be inverted.
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Offset Integer Sampling

When µ is a point mass δt, one has mϕ(ξ) = Zϕ̃(t, ξ). If ϕ ∈ W (L∞, �1),
then Zϕ̃(t, ξ) is an absolutely convergent Fourier series for any t. By Wiener’s
lemma (e.g., [13]) the Fourier series of 1/mϕ is also absolutely convergent,
provided Zϕ̃(t, ξ) does not vanish. Such inversion must fail for some t, possibly
t = 0, so one may need to offset samples to invert mϕ. Assume for the moment
that an offset t0 can be chosen so that infξ |Zϕ(t0, ξ)| �= 0.

In all that follows, we will use C(ξ) to denote the Fourier series of the
sequence {ck} of coefficients of a given function f(t) =

∑
k ckϕ(t−k) ∈ V (ϕ).

One has
Zf(t, ξ) = C(ξ)Zϕ(t, ξ). (12.10)

By (12.10) and (12.8),

f(t) =
∑

k

(∫ 1

0

C(ξ) e−2πikξ dξ

)
ϕ(t− k)

=
∑

k

(∫ 1

0

Zf(t0, ξ)

Zϕ(t0, ξ)
e−2πikξ dξ

)
ϕ(t− k)

≡
∑

�

f(t0 + �)St0(t− �). (12.11)

The function St0(t) =
∫ 1

0
Zϕ(t,ξ)
Zϕ(t0,ξ) dξ is t0-cardinal in the sense that St0(t0 +k)

= δk. Several specific examples are computed by Janssen [37]. The role of offset
sampling in minimizing aliasing effects will be considered in Section 12.4, see
[37], [32], [31].

V (ϕ) May Not Admit Offset Sampling

In what follows, we construct a ϕ that is continuous, supported in [0, 2], and
has orthogonal shifts, but for which Zϕ(t, t) = 0 for all t. For such ϕ, Zϕ(t, ·)
cannot be inverted in L2[0, 1) for any t, and so V (ϕ) does not admit offset
integer sampling.

Start with f(t) = (
∑

k cke
2πikt)χ[0,1](t) where {ck} ∈ �1(Z) and f(0+) =∑

ck = 0. Then f is continuous. If ϕ(t) = e2πitf(t)− f(t− 1), then ϕ is sup-
ported in [0, 2] and Zϕ(t, ξ) = (e2πit− e2πiξ)Zf(t, ξ) vanishes on the diagonal
ξ = t. In the particular case f(t) = i sin 2πt χ[0,1)(t), one has

ϕ(t) = e2πitf(t)− f(t− 1) = i sin 2πt

⎧⎪⎨⎪⎩
e2πit, if 0 ≤ t < 1,

−1, if 1 ≤ t ≤ 2,

0, else.

This ϕ is continuous, supported on [0, 2], has orthogonal (integer) shifts, and
satisfies ϕ̂(0) = − 1

2 , and Zϕ(t, t) = 0 for all t. This raises the following
question.
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Problem 12.2. Find conditions on a continuous orthogonal generator ϕ of
V (ϕ) under which the Zak transform Zϕ(t, ξ) has the property that there
exists t0 for which infξ |Zϕ(t0, ξ)| > 0.

It is by now a folklore conjecture that if ϕ is a well-behaved scaling function
(e.g., orthogonal, compactly supported, and continuous), then, for some t0,
infξ |Zϕ(t0, ξ)| > 0. Rioul [39] makes the stronger conjecture that this is true
whenever ϕ satisfies a dilation equation ϕ(t/2) =

∑
k dkϕ(t− k) in which the

Fourier series D(ξ) =
∑

k dke
2πikξ has no pair of symmetric zeroes, i.e., there

is no 0 ≤ ξ0 < 1 for which D(ξ0) = D(ξ0 + 1/2) = 0—a property satisfied by
any quadrature mirror filter (QMF). This conclusion has further ramifications.
For example, Rioul asserts that the conclusion implies “optimal regularity”
for certain subdivision schemes.

Interpolating Functions Do Not Have Compact Support

Integer sampling cannot typically be accomplished with well-behaved sam-
pling functions. Suppose, for example, that ϕ is continuous, has orthonor-
mal shifts, is supported in [0,M ], and satisfies infξ |Φ(ξ)| > 0, where Φ(ξ) =
Zϕ(0, ξ). Then the sampling function in (12.11) will not be compactly sup-
ported unless |Φ(ξ)| is constant. Since Φ is a trigonometric polynomial with
Φ(0) = 1, this implies that Φ(ξ) = e2πiPξ for some P ∈ {1, . . . ,M − 1}. Then
ϕ(k) = δk−P , but Xia and Zhang [46] show that no such ϕ exists, although
the Haar scaling function provides a discontinuous example. In the case of
offset sampling, the sampling function St0 can only have compact support if
ϕ(t0 + k) = δk−P . It is conjectured that no such continuous example exists.

Problem 12.3. Show that there is no continuous compactly supported or-
thogonal scaling function which is cardinal in the sense that ϕ(t0 +k) = δk−P

for some P ∈ Z and t0 ∈ R, or provide a counterexample.

12.3 Periodic Nonuniform Sampling

It is difficult to produce a simple joint criterion on convolvers {µj} and a
generator ϕ under which the interpolating functions Sj in (12.2) have “nice”
properties. For the sake of providing computable conditions for sampling, we
will make a considerable specialization in what follows, taking the convolvers
µj to be point masses, that is, µj = δ−tj . Then (12.2) specializes to

f �→ Stf =
L−1∑
j=0

∑
k∈Z

f(tj + Pk)Sj(t− Pk), t = (t0, . . . , tL−1). (12.12)

We will consider this case exclusively in what follows, but it is worth mention-
ing here that the study of S for convolvers {µj} that are anything but point
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masses remains an important open direction. Little is known about conver-
gence and stability of the projection (12.2) in such cases.

Sampling along the lattice Λ = {tj + P�}, 0 ≤ j < L, � ∈ Z is referred to
as periodic nonuniform sampling, since the pattern repeats after a period P ,
but the basic offsets t0, . . . , tL−1 need not be regularly spaced. P is called the
sampling period. We will always take P ∈ N.

Much research has been carried out in this special case and for good reason:
it is easier to quantify not only the nature of the sampling functions in this
case, but also the nature of the errors—both from aliasing and from noise—
that inevitably arise.

12.3.1 Bunched Sampling: History and Rationale

Periodic nonuniform sampling (PNS) of bandlimited functions seems first to
have been proposed by Yen [47], who also determined a formula for interpo-
lating such samples. Bracewell [22] also referred to such sampling as bunched
sampling or interlaced sampling. As its name indicates, in bunched sampling
several samples are taken over a short subset of the sampling period, and this
is followed by a time gap in which no samples are taken. This description will
apply to the specific PNS patterns that we consider in the following sections.
There are several reasons why one might consider the use of such sampling
patterns.

Noise coupling. One practical motivation for bunched sampling is to avoid
the noise coupling that arises in passing sample data from an analog-to-digital
convertor (ADC) on to a discrete signal processor (DSP) (e.g., [5]). This cou-
pling can be avoided by having the ADC acquire and convert a burst of
bunched samples during a time when the DSP is inactive. The DSP then
processes during a second phase in which the ADC is inactive.

Effective bandwidth. A second practical use of PNS arises in the analysis
of multiband signals. Such signals are bandlimited to [−Ω,Ω] for some large
Ω but, in fact, have spectra concentrated in a finite pairwise disjoint union
[αj , βj ] of intervals such that the effective bandwidth Beff =

∑
j βj − αj #

2Ω. Herley and Wong [30] have shown that one can recover such a signal
from properly chosen periodic nonuniform samples taken at any average rate
higher than effective Nyquist 1/Beff (see [23]). Naturally, issues of aliasing and
stability are more subtle in this setting.

Staggered sampling. Regular sampling at a high rate with a single “de-
vice” is equivalent to sampling at a lower rate with several devices. However,
the latter approach offers more flexibility in terms of the actual devices that
are involved as well as their relative spacing. The sampling outputs of the
individual devices are said to be interlaced.

These concerns apply to bandlimited signals, but PNS is readily adapted
to signal recovery in PSI spaces V (ϕ), provided one chooses offsets so as to
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avoid phase couplings among shifts of offsets of ϕ. What this means in specific
situations will be considered in the next several sections.

12.3.2 Periodic Nonuniform Sampling in V (ϕ)

In order to focus ideas, as well as to juxtapose with the bandlimited case, in
what follows we shall always assume that ϕ has compact support in [0,M ]
and has well-defined values along the sampling lattice Λ = {tj + P�},
0 ≤ j < L, � ∈ Z (see [33], [34], [26] for results and applications when ϕ
is bandlimited). The PNS lattice Λ is then determined by an offset vector
t = (t0, t1, . . . , tL−1) in which 0 ≤ t0 < t1 < · · · < tL−1 < P , and one can
write Λ = t + PZ. The average rate of L/P samples per unit time is called
the sampling rate. Critical sampling refers to the case L = P ; oversampling
refers to L > P .

In the following sections we will review several particular PNS schemes
that were proposed by Djokovic and Vaidyanathan [28]. Each such scheme
gives rise to an interpolation formula as in (12.12).

Shift-Bunched Critical Sampling

By shift-bunched sampling we mean a PNS scheme in which there are M
offsets t0 < t1 < · · · < tM−1 such that tM−1 − t0 < 1 (e.g., [28], [43]).
As before, [0,M ] supports ϕ. In the PSI space context, there is no loss in
assuming that t0 ≥ 0 and tM−1 < 1. That is, all offsets are contained within
one time shift. In order to maintain an average rate of one sample per unit
time, the sampling period P must equal M . Thus one samples f ∈ V (ϕ) at
(t0, . . . , tM−1) + MZ. To recover f from its bunched samples one needs M
interpolating functions in V (ϕ) that we identify now.

The bunched samples of f satisfy

f(tj + M�) =
∑

k

ck ϕ(tj + M�− k)

=
M−1∑
k=0

cM�−k ϕ(tj + k) =
M−1∑
k=0

Mϕ
jk cM�−k

in which Mϕ is the M ×M matrix with (j, k)-th entry

Mϕ
jk = ϕ(tj + k) (0 ≤ j, k ≤M − 1). (12.13)

If Mϕ is invertible, then cM�−k =
∑M−1

j=0 (Mϕ)−1
kj f(tj + M�). Therefore,
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f(t) =
∑

k

ck ϕ(t− k) =
∑

�

M−1∑
q=0

cM�−q ϕ(t + q −M�)

=
∑

�

M−1∑
j=0

f(tj + M�)

M−1∑
q=0

(Mϕ)−1
qj ϕ(t + q −M�)

=
∑

�

M−1∑
j=0

f(tj + M�)Sj(t−M�),

where

Sj(t) =

M−1∑
q=0

(Mϕ)−1
qj ϕ(t + q) (12.14)

is in V (ϕ) and supported on [1−M,M ].

Examples of Shift-Bunched Sampling

B-splines. When ϕ is the quadratic B-spline supported on [0, 3], detMϕ is
a Vandermonde determinant, and hence does not vanish as long as the offsets
t0, t1, t2 are distinct, as Djokovic and Vaidyanathan [28] verified. Ordinary
integer sampling is not valid in this case.

Daubechies’ 4-coefficient scaling functions. Critical shift-bunched sam-
pling is also possible for the Daubechies scaling functions ϕν (−1 < ν < 0)
supported on [0, 3]. By ϕ = ϕν we mean the scaling function defined by

the QMF (see (12.22)) H(z) =
∑

hkz
k with coefficients h0 = ν(ν−1)

2(1+ν2) ,

h1 = 1−ν
2(1+ν2) , h2 = ν+1

2(1+ν2) , h3 = ν(ν+1)
2(1+ν2) . When samples are taken at

{ 1
4 ,

1
2 ,

3
4}+ 3Z, Mϕ becomes

Mϕ =

⎛⎝ ϕ(1/4) ϕ(5/4) ϕ(9/4)
ϕ(1/2) ϕ(3/2) ϕ(5/2)
ϕ(3/4) ϕ(7/4) ϕ(11/4)

⎞⎠ .

The scaling relation (12.7) determines the values ϕ(1) = ν−1
2ν , ϕ(2) = 1+ν

2ν as

well as at the dyadic rationals. In this case, one obtains det(Mϕ) = (1−ν)3

4(1+ν2)4 ,

which is non-zero whenever −1 < ν < 0. Thus, a dyadic scaling relation can
enable one to choose suitable dyadic offsets for bunched sampling.

Support-Bunched Sampling

By support-bunched sampling we mean PNS in which the L offsets all lie
within [0,M ], but the sampling period P exceeds M . We will only discuss
a special case of critical sampling in which L = P = NM − 1 for some
N ∈ N. To fix ideas, in the ensuing discussion we will always take N = 2.
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Thus, f ∈ V (ϕ) is sampled at {t1, t2, . . . , t2M−1} + (2M − 1)Z, as in [28]. If
f(t) =

∑
k ckϕ(t− k), then, for each integer �,

f(tj + (2M − 1)�) =
∑

k

ck ϕ(tj + (2M − 1)�− k)

=
M−1∑

k=1−M

c(2M−1)�−k ϕ(tj + k). (12.15)

Define vectors f (�), c(�) ∈ C2M−1 and a (2M − 1)× (2M − 1) matrix Nϕ by

f
(�)
j = f(tj + (2M − 1)�), c

(�)
k = c(2M−1)�−k, and

Nϕ
jk = ϕ(tj + k) (1−M ≤ k ≤M − 1, 1 ≤ j ≤ 2M − 1). (12.16)

Then (12.15) may be expressed as the matrix equation f (�) = Nϕc(�). If Nϕ is
invertible, the coefficients ck are determined bunchwise via c(�) = (Nϕ)−1f (�),
that is,

c(2M−1)�−k =

2M−1∑
j=1

(Nϕ)−1
kj f(tj + (2M − 1)�).

Consequently,

f(t) =
∑

�

M−1∑
k=1−M

c(2M−1)�−k ϕ(t + k − (2M − 1)�)

=
∑

�

M−1∑
k=1−M

2M−1∑
j=1

(Nϕ)−1
kj f(tj + (2M − 1)�)ϕ(t + k − (2M − 1)�)

=
∑

�

2M−1∑
j=1

f(tj + (2M − 1)�)Sj(t− (2M − 1)�),

where the sampling functions Sj(t) in (12.12) now take the form

Sj(t) =

M−1∑
k=1−M

(Nϕ)−1
kj ϕ(t + k) ∈ V (ϕ). (12.17)

When Nϕ is invertible, Sj is defined and supported in [1−M, 2M − 1] .

Examples of Support-Bunched Sampling

Daubechies’ 4-coefficient scaling functions. Support-bunched sampling
is valid with offset vector t = ( 1

2 , 1,
3
2 , 2,

5
2 ) for the family ϕν (−1 < ν < 0) of

Daubechies scaling functions supported on [0, 3]. In this case, Nϕ takes the
form
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Nϕ =

⎛⎜⎜⎜⎜⎝
0 0 ϕ(1

2 ) ϕ(3
2 ) ϕ(5

2 )
0 0 ϕ(1) ϕ(2) 0
0 ϕ(1

2 ) ϕ(3
2 ) ϕ(5

2 ) 0
0 ϕ(1) ϕ(2) 0 0

ϕ(1
2 ) ϕ(3

2 ) ϕ(5
2 ) 0 0

⎞⎟⎟⎟⎟⎠ .

Again, the scaling relation determines the relevant values of ϕ and one obtains

det(Nϕ) = − (ν4+1)4

16ν3(ν2+1)3 �= 0 for ν in the range −1 < ν < 0.

B-splines. When ϕ is the quadratic B-spline and, again, t = ( 1
2 , 1,

3
2 , 2,

5
2 ),

one has det(Nϕ) = 8−3.

Certain other scaling functions. In the examples considered thus far, ϕ is
always a scaling function. The following theorem provides a more general and
natural explanation of how and why a scaling relation can be used to validate
bunched sampling.

Theorem 12.4. Let ϕ be a continuous, orthogonal scaling function supported
on [0,M ] such that ϕ(1) �= 0 �= ϕ(M−1). Suppose that the polynomial ΦC(z) =∑

k ϕ(k)zk has no pair of roots of the form {z0, z2
0}. Let tj = j

2 (1 ≤ j ≤
2M − 1) be offsets, and let Nϕ be the (2M − 1) × (2M − 1) matrix defined
by (Nϕ)jk = ϕ(tj + k) (1−M ≤ k ≤ M − 1, 1 ≤ j ≤ 2M − 1). Then Nϕ is
invertible.

The proof in [33] uses ideas in Section 12.3.4 to show that the hypothesis
that Nϕ is singular leads to a contradiction on the zeroes of Φ. This theorem
applies to the Daubechies family ϕν . However, the condition on the zeroes of
ΦC need not apply to an arbitrary scaling function.

12.3.3 Periodic Oversampling and Coprimality

In PSI spaces, critical bunched sampling allows more flexibility than integer
or offset integer sampling. However, there can still be obstacles to effective
reconstructions and stability. As in the case of Paley–Wiener spaces, one can
often achieve better results if one is able to oversample. In this section we
consider conditions under which periodic oversampling can enable effective
reconstructions. In what follows we refer to a family of polynomials as being
coprime on a set S provided that they have no common zeroes in S.

Coprimality on T

In what follows we will write Zϕ(t, ξ) = (Zϕ(t0, ξ), . . . , Zϕ(tL−1, ξ)) where t
is a fixed offset vector with 0 ≤ t0 < · · · < tL−1 < 1. When ϕ is bounded with
compact support, coprimality of the trigonometric polynomials Zϕ(tj , ·) on
the unit circle T is equivalent to existence of some c such that

‖Zϕ(t, ξ)‖ ≥ c > 0, (ξ ∈ T), (12.18)
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where ‖a‖ denotes the Euclidean norm of the vector a = (a0, . . . , aL−1). Let
f(t) =

∑
k ckϕ(t − k) ∈ V (ϕ) with Zf(t, ξ) = C(ξ)Zϕ(t, ξ). In our vector

notation,
Zf(t, ξ) · Zϕ(t, ξ) = C(ξ) ‖Zϕ(t, ξ)‖2,

where the dot product is the Hermitian inner product on CL. Assuming
(12.18), one obtains

C(ξ) =
Zf(t, ξ) · Zϕ(t, ξ)

‖Zϕ(t, ξ)‖2 .

Since ck =
∫ 1

0 C(ξ)e−2πikξ dξ, one also obtains

f(t) =

L−1∑
j=0

∑
m

f(tj + m)Sj(t−m)

in which

Sj(t) =
∑

k

{∫ 1

0

Zϕ(tj , ξ)

‖Zϕ(t, ξ)‖2 e
−2πikξ dξ

}
ϕ(t− k) ∈ V (ϕ). (12.19)

In Section 12.3.4 we give conditions under which the assumption (12.18) is
valid, along with estimates of the required sampling rate L.

Coprimality on C

As before, we let t = (t0, . . . , tL−1) where 0 ≤ t0 < t1 < · · · < tL−1 < 1, but
now we impose the stronger condition that the polynomials {ZCϕ(tj , z)}L−1

j=0

have no common zero in the whole plane—not just on T. We will provide
conditions that guarantee coprimality in Section 12.3.4, but here we consider
its consequences. Since the polynomial entries of Zϕ(t, z) all have degree at
most M − 1 and are coprime, Euclid’s algorithm (e.g., [35]) furnishes a vector
polynomial P(z) = (P0(z), P1(z), . . . , PL−1(z)) with entries of degree at most
M − 2 such that

P(z) · Zϕ(t, z) = 1 (12.20)

for all z ∈ C. Thus, if f(t) =
∑

k ckϕ(t − k) ∈ V (ϕ), so that Zf(·, ξ) =
C(ξ)Zϕ(·, ξ), (12.20) yields

C(z) = C(z)P(z) · Zϕ(t, z) = P(z) · Zf(t, z).

Writing Pj(z) =
∑M−2

m=0 pjm zm, the scaling coefficients of f are recovered by

ck =

∫ 1

0

P(ξ) · Zf(t, ξ) e−2πikξ dξ =

L−1∑
j=0

M−2∑
m=0

pjm f(tj + k −m).

Consequently, f can be reconstructed from its samples along t + Z by
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f(t) =
∑

k

L−1∑
j=0

M−2∑
m=0

pjm f(tj + k)ϕ(t− j − k)

=
∑

k

L−1∑
j=0

f(tj + k)

M−2∑
m=0

pjm ϕ(t−m− k)

=
∑

k

L−1∑
j=0

f(tj + k)Sj(t− k).

Here, Sj(t) =
∑M−2

m=0 pjmϕ(t−m) ∈ V (ϕ) is supported on [0, 2M − 2].

Shorter Supports for Higher Rates: Weighted Average Sampling

Polynomials of lower degree, and hence sampling functions of smaller support,
are possible at the expense of higher sampling rates. Suppose that 0 ≤ t0 <
t1 < · · · < tL−1 < 1, ϕ is supported on [0,M ], and {ZCϕ(t�, ·)}L−1

�=0 are
coprime. We seek polynomials P0, P1, . . . , PL−1 of degree less than or equal to
D such that (12.20) holds for all z ∈ C. Equating coefficients on both sides of
(12.20) yields M + D equations in the L(D + 1) coefficients of the P�.

In the extreme case D = 0, one seeks a0, a1, . . . , aL−1 ∈ C such that∑L−1
�=0 a�ZCϕ(t�, z) = 1 for all z ∈ C. Equivalently,

∑L−1
�=0 a�ϕ(t� + k) =

δk. In the case L = M , a solution exists precisely when one can find
a = (a0, a1, . . . , aL−1) satisfying aMϕ = (1, 0, . . . , 0) where Mϕ is defined
in (12.13). In particular, this is the case when Mϕ is invertible. Then,

for f(t) =
∑

k ckϕ(t − k) ∈ V (ϕ), C(z) =
∑M−1

�=0 a�ZCf(t�, z) and hence

ck =
∑M−1

�=0 a�f(t� + k). That is, the coefficients ck are simply weighted aver-
ages of samples of f taken on [k, k + 1) and

f(t) =
M−1∑
�=0

a�

(∑
k

f(t� + k)ϕ(t− k)

)
. (12.21)

However, the local sampling rate is proportional to the support length of ϕ.

12.3.4 Validation of Oversampling Techniques

In this section we will provide some sufficient conditions guaranteeing the
validity of periodic oversampling in V (ϕ). We will only provide sketchy argu-
ments to give a flavor of how validity is established. Details and related results
can be found in [33] and [34].

Continuity Validates Shift-Bunched Oversampling at a High Rate

For a high enough rate L/M , coprimality on C follows from a mild continuity
condition on ϕ, provided ϕ is orthogonal to its integer shifts.
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Theorem 12.5. Let ϕ be compactly supported in [0,M ], Lipschitz continu-
ous of order α > 0, and orthogonal to its integer shifts. Let L ≥ 2 be
an integer, 0 ≤ t0 < t1 < · · · < tL−1 < 1, t = (t0, t1, . . . , tL−1), and
∆(t) = max1≤l≤L−1{t0, t� − t�−1, 1 − tL−1}. Then ‖ZCϕ(t, z)‖2 ≥ c > 0
for all z ∈ C, provided ∆(t) is sufficiently small.

The required oversampling rate in Theorem 12.5 depends on quantities
like Lipschitz constants that can be difficult to compute. When, in addition
to being orthogonal to its shifts, ϕ satisfies a scaling relation (12.7), much more
effective estimates on the sampling rate L can be deduced from information on
the zeroes of the QMF H . Theorems to this effect are based on a formulation
of the fundamental scaling relationship in terms of the Zak transform, first
noted by Janssen [37].

Scaling in the Zak Domain

If ϕ is a scaling function, then the scaling relation can be used to verify
effective sampling rates for coprimality. Rewriting the scaling relation in the
Zak domain aids in doing so. We will assume in what follows that the reader is
familiar with the concept of a multiresolution analysis (e.g., [17]). For us, the
scaling relation (12.7) with filter H(ξ) =

∑
k hke

−2πikξ remains the central
point of emphasis. Assuming that ϕ is orthogonal to its shifts, one obtains
hk = 1

2

∫∞
−∞ ϕ( t

2 )ϕ(t− k) dt and H is a quadrature mirror filter (QMF), i.e.,

|H(ξ)|2 + |H(ξ +
1

2
)|2 ≡ 1. (12.22)

For the z-transform HC(z) =
∑

k hkz
k (z ∈ C) of {hk}k, the QMF condi-

tion (12.22) extends to

HC(z)HC(z∗) + HC(−z)HC(−z∗) = 1 (z �= 0), (12.23)

where, as before, z∗ = 1/z. In order that a trigonometric polynomial H gen-
erates an orthogonal scaling function via (12.7), H must satisfy the τ-cycle
condition: there is no non-trivial τ -cycle {ξ1, ξ2, . . . , ξn} ⊂ T (τξi ≡ ξ2

i = ξi+1

with ξ1 = ξn) such that |HC(ξi)| = 1 for 1 ≤ i ≤ n (e.g., [27], p. 188).
Janssen [37] observed that, upon setting

THf(z2) = H(z)f(z) + H(−z)f(−z), (12.24)

the scaling relation (12.7) can be written

ZC ϕ(x, z) = TH (ZC ϕ(2t, ·))(z), or Zϕ(t, ξ) = TH (Zϕ(2t, ·))(ξ).
(12.25)

Thus, one can use TH to compute the values of Zϕ along the line t = t0
from those along t = 2t0. Letting M denote the operator of multiplication by
z−1, i.e., Mf(z) = z−1f(z) for Laurent series f , the quasi-periodicity of Zak
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transforms extends to ZCf(t + 1, z) = M(ZCf(t, ·))(z). Hence, for a dyadic
rational p/2j (p, j ∈ Z, j ≥ 0), multiple applications of (12.25) yield

ZCϕ
( p

2j
, z
)

= T j
H (ZCϕ(p, ·))(z) = T j

H Mp ΦC(z), (12.26)

where ΦC(z) = ZCϕ(0, z) =
∑

k ϕ(k)zk. Consequently, given Φ and H , (12.26)
allows one to calculate (iteratively) the values of ZCϕ(t, z) for all z and all
dyadic rationals t.

Coprimality for Scaling Functions

We include a proof of the following theorem to give a flavor of the techniques
used to deduce effective sampling rates from QMF conditions.

Theorem 12.6. Suppose that ϕ is a continuous scaling function supported on
[0, 2J + 1] whose QMF vanishes on T only at ξ = 1

2 . Then the polynomials
Zϕ(�/2J , ξ), � = 0, . . . , 2J − 1, have no common zeroes on T.

Proof. As before, let Φ(ξ) = Zϕ(0, ξ). By (12.26),

Zϕ

(
�

2J
, ξ

)
= T JM �Φ(ξ) =

2J−1∑
j=0

e−2πij�/2J

Φ

(
ξ + j

2J

) J∏
p=1

H

(
ξ + j

2p

)

= 2J/2F2J

(
Φ

(
ξ + ·
2J

) J∏
p=1

H

(
ξ + ·
2p

))
(�),

where F2J is the 2J -point discrete Fourier transform. Therefore, if Zϕ( �
2J , η) =

0 for all � then, by Fourier uniqueness, for 1− 2J−1 ≤ k ≤ 2J−1,

Φ

(
η + k

2J

) J∏
p=1

H

(
η + k

2p

)
= 0. (12.27)

Since ϕ is supported on [0, 2J + 1], ΦC has degree 2J and has a zero at z = 0.
Hence ΦC can have at most 2J − 1 zeroes on the unit circle. Consequently,
(12.27) implies that

∏J
p=1 H(η+k

2p ) = 0 for at least one value of k (say k = κ).

Since H has zeroes on the unit circle at ξ = 1
2 only, we have η+κ

2p = Q+ 1
2 for

some integer Q and 1 ≤ p ≤ J . Hence η = 2p(Q+ 1
2 )−κ = 2pQ+2p−1−κ ∈ Z.

But this means that Φ(2pQ + 2p−1 − κ) = 0, a contradiction since Φ(m) = 1
for all integers m. 	


The Daubechies scaling functions ϕν are supported on [0, 3] and satisfy the
condition of the theorem with J = 1, so sampling at half-integers provides an
effective oversampling scheme. For QMFs having zeroes away from ξ = 1/2,
it may be necessary to sample at a higher rate (see [33]).
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Except in special cases in which the sum in (12.18) is constant, coprimality
on T does not suffice to yield compactly supported interpolating functions.
To obtain local interpolators one needs coprimality on all of C. In the case
of orthogonal MRA scaling functions this can be done, but at the cost of a
sampling rate that grows geometrically with the support length M of ϕ.

Theorem 12.7. Suppose that ϕ is a continuous scaling function for an MRA

supported on [0,M ]. Then the polynomials {ZCϕ( �
2M−2 , z)}2

M−2−1
�=0 have no

common zeroes.

The proof in [33] uses the fact that the zeroes of H must have some geo-
metric structure. It is worth reviewing one ingredient of the proof here, that
illustrates the utility of (12.25) and will also be useful in the next section.

Lemma 12.8. Suppose that ϕ is an orthogonal scaling function such that
Φ(z) = ZCϕ(0, z) has no pair of zeroes of the form (w,w2) ∈ C2 \ {(0, 0)}.
Then Φ(z) and ZCϕ(1

2 , z) are coprime.

Proof. If the conclusion fails, i.e., if Φ(z0) = ZCϕ(1
2 , z0) = 0 for some 0 �= z0 ∈

C, then by (12.25) with z2
1 = z0,

0 = Φ(z0) = TH Φ(z0) = H(z1)Φ(z1) + H(−z1)Φ(−z1)

0 = ZC

(
1

2
, z0

)
= TH MΦ(z0) =

1

z1

(
H(z1)Φ(z1)−H(−z1)Φ(−z1)

)
,

where H is the QMF of ϕ. Together, these equations imply that H(z1)Φ(z1) =
H(−z1)Φ(−z1) = 0. By (12.23), H(z1) and H(−z1) cannot both vanish. Re-
labelling if necessary, we conclude that Φ(z1) �= 0, thus contradicting the
hypothesis on the roots of Φ. The lemma follows. 	


12.3.5 Design of Scaling Functions for Oversampling

In [34] we proposed a method for parameterizing scaling functions in terms
of their sample values. Here we will make use of the ideas underlying that
construction to see how to manufacture orthogonal scaling functions ϕ for
which V (ϕ) admits local interpolation via periodic oversampling at a low rate.
In terms of the coprimality criterion, given an offset vector t = (t0, . . . tL−1) ∈
[0, 1)L, with L small, one seeks to construct a (scaling) function supported in
[0,M ] such that the polynomials {Zϕ(tj, z)}L−1

j=0 are coprime.

For purposes of illustration, we will take L = 2 with t0 = 0 and t1 = 1
2 .

One wishes to construct an orthogonal scaling function ϕ supported on [0,M ]
whose integer values ϕ(1), . . . , ϕ(M − 1) are defined by a given vector a =
(a1, a2, . . . , aM−1) ∈ CM−1, i.e., ϕ(k) = ak. Then, necessarily,

(i)
∑M−1

k=1 ak = 1,

while it is convenient to assume that
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(ii)
∑M−1

k=1 akak−2m = c
2δm for some c ≥ 1.

If, in addition, Φ(z) =
∑

k akz
k has no pair of zeroes of the form (w,w2) ∈

C2 \ {(0, 0)} then, by Lemma 12.8, one will be able to interpolate elements of
V (ϕ) from their half-integer samples as in Section 12.3.3.

Now specialize further to M = 5. Then Φ(z) =
∑

ϕ(k)zk =
∑4

k=1 φ(k)zk

can be written Φ(z) = czP (z) where P has degree at most 3. Suppose, ad-
ditionally, that Φ is to have real coefficients and P has a complex conjugate
pair of roots. Then Φ(z) = cz(z − z0)(z − z1)(z − z1) with z0 ∈ R \ {0}
and z1 complex. The condition Φ(1) =

∑4
k=1 ϕ(k) = 1 implies that c =

[(1− z0)(1 − 2$(z1) + |z1|2)]−1. As observed in [34], if

Φ(z)Φ(z∗) + Φ(−z)Φ(−z∗) = const , (12.28)

then a QMF can be defined by taking

H(z) = const
(
Φ(z2)Φ(z∗) + zQ Φ(−z)Φ(−(z∗)2) (12.29)

for an appropriate Q ∈ Z.
In our case, (12.28) is equivalent to ϕ(1)ϕ(3) + ϕ(2)ϕ(4) = 0. Together

with Φ(1) = 1, this implies that

2$(z1)(|z1|2 + 1) =
−(z2

0 + 1)

z0
. (12.30)

Therefore, z0 and $(z1) have opposite signs and z1 cannot be purely imagi-
nary. For the sake of concreteness, let z0 = −2 and z1 = reiθ . Then (12.30)
yields r2 cos θ− 5r

4 + cos θ = 0. Choose θ = π
3 . Then r = 2 or r = 1/2. Choose

r = 2. Then z1 = 1+ i
√

3 and z2 = 1− i
√

3, so Φ(z) = 1
9 (2z−3z2+6z3+4z4).

To construct H , set Q = −3 in (12.29). Then, normalizing so that H(1) =
1, from (12.29) one obtains

H(z) =
1

130

(
−30 + 20z + 75z2 + 15z3 + 20z4 + 30z5

)
.

The QMF condition (12.22) of H is readily checked by hand or computer
algebra. Applying (12.26), we also obtain ZCϕ(1

2 , z) = THMΦ(z) = 1
117 (−12−

18z + 105z2 + 18z3 + 24z4).
To build interpolating functions, one seeks polynomials P0, P1 of degree

no greater than 3 such that P0(z)Φ(z) + P1(z)ZCϕ(1
2 , z) = 1. P0 and P1 can

be computed by the Euclidean algorithm or by computer algebra. The latter
approach yields

P0(z) = −2.9261 + 30.353 z + 5.334 z2 + 6.7126 z3

P1(z) = −9.75 + 8.2851 z− 22.465 z2 − 14.544 z3.

The corresponding interpolating functions S0(t) and S1(t) are determined by
Sj(t) =

∑
k sjkϕ(t − k) where sjk is the coefficient of zk in Pj , j = 0, 1. Any

f ∈ V (ϕ) can be recovered from its half-integer samples by
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f(t) =
∑

k

f(k)S0(t− k) + f
(
k +

1

2

)
S1(t− k).

The two interpolating functions S0 and S1 are plotted in Fig. 12.1.
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Fig. 12.1. Interpolating functions S0 and S1 for half-integer oversampling.

The method that we have just outlined for building a scaling function
amenable to half-integer sampling has no provision for regularity of ϕ. In
fact, although its integer values are well-defined, the scaling function ϕ just
constructed is discontinuous, particularly at t = 1 and t = 2. This poses
serious instability problems for sampling. It turns out that the scaling func-
tion ϕperm with filter Hperm = 1

130

(
20 + 30z + 75z2 + 15z3 − 30z4 + 20z5

)
obtained by transposing the coefficients of z0 and z4 and of z1 and z5 of H
defines an orthogonal scaling function for which Φperm and Zϕperm(1/2, z)
are also coprime (see Fig. 12.2). This works for reasons that go beyond the
present discussion. This brings us to an important open problem concerning
the construction of continuous scaling functions amenable to sampling.
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Fig. 12.2. Scaling function for half-integer oversampling and its permuted version.
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Problem 12.9. Construct, for a given offset vector t = (t0, . . . , tL−1) and
support M , an orthogonal scaling function ϕ having optimal smoothness such
that ‖Zϕ(t, z)‖2 =

∑L−1
j=0 |Zϕ(tj , z)|2 has no zero on the complex plane.

12.4 Aliasing

12.4.1 Sampling Operators and MRA

The operator S = St in (12.12) defines an oblique projection onto V (ϕ) in
the sense that Sf = f whenever f ∈ V (ϕ). When ϕ is a scaling function for
an MRA there is a natural, if not canonical, ambient space H—namely the
space V1 of 2-scale dilates of elements of V (ϕ) = V0—to consider as a space
of inputs for the sampling projection S. Janssen [37] proposed this choice of
H by analogy with the Shannon-MRA case in which V0 is the Paley–Wiener
space PW1/2, i.e., bandlimited to [−1/2, 1/2], and V1 is then the space PW1.
In that case, aliasing refers to the error resulting from sampling at only half
the Nyquist rate.

Actually, aliasing can be expressed in terms of the norm of S when thought
of as a mapping from any PSI space V (ψ) to V (ϕ). In the MRA case, one
has V1 = V0 ⊕W0. Although V1 is not itself a PSI space, it is the fact that
W0 may not be in the kernel of S that gives aliasing its meaning in this case.
Thus, it makes sense to think of aliasing in terms of S as a mapping from
W0 to V0 in this case. Despite its nebulous interpretation in terms of signals,
the mathematical formulation of aliasing in the PSI context still parallels the
Paley–Wiener case closely. Janssen’s aliasing is the special case in which ϕ is
an MRA scaling function and ψ is an associated wavelet.

Definition 12.10. The aliasing norm N(S, ψ, ϕ) of a sampling operator S is
its norm as a linear operator from V (ψ) to V (ϕ), that is,

N(S, ψ, ϕ) = sup

{
‖Sf‖2
‖f‖2

; f ∈ V (ψ)

}
. (12.31)

When ϕ, ψ are understood, we write N(S) for short. The aliasing norm is
a measure of the obliqueness of S. If S is orthogonal and if V (ψ) ⊂ V (ϕ)⊥,
then there is no aliasing. A large aliasing norm indicates that S does not
distinguish V (ψ) from V (ϕ) effectively. In this section we will present explicit
formulas for aliasing norms associated with the sampling schemes outlined
above. The formulas involve the offset parameters of those schemes explicitly
and can be optimized accordingly.

12.4.2 Critical Offset Sampling

The norm of Janssen’s [37] offset sampling operator St0 defined in (12.11) is
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N(St0 , ψ, ϕ) = sup
‖D‖2=1

∫ 1

0

|D(ξ)|2
∣∣∣∣Zψ(t0, ξ)

Zϕ(t0, ξ)

∣∣∣∣2 dξ = sup
ξ

∣∣∣∣Zψ(t0, ξ)

Zϕ(t0, ξ)

∣∣∣∣2 .

(12.32)
This was first observed by Walter [45] in the case t0 = 0 and by Janssen [37]
in the general case. One can regard t0 as a parameter over which (12.32) can
be minimized. In Fig. 12.3, N(St0) is computed over a range of t0’s for the
Daubechies D4 scaling function ϕ and corresponding wavelet ψ. There, the
offset aliasing norm is minimized at around t0 ≈ 0.62. The value of N(St0)
blows up for t0 ≈ 0.2, reflecting the fact that the Zak transform of the D4

scaling function has a zero near (0.2, 0.5).
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Fig. 12.3. Maximum magnitude of Zψ(t0, ·)/Zϕ(t0, ·) as it depends on t0 for D4.

12.4.3 Aliasing Norms for Bunched Sampling

A judicious choice of offsets can lead to better control of aliasing. In the case
of shift-bunched sampling, the interpolating functions are given by (12.14).

Theorem 12.11. Let ϕ and ψ be orthogonal generators, both supported in
[0,M ], for the respective PSI spaces V (ϕ) and V (ψ). Also, let St be the sam-
pling operator for critical shift-bunched sampling associated with V (ϕ) and
offset vector t = (t0, t1, . . . , tM−1). Let Mψ be the M ×M matrix defined by

Mψ
jk = ψ(tj + k) (0 ≤ j, k ≤ M − 1), with Mϕ defined accordingly. Then the

aliasing norm of St defined by (12.31) is

N(St) = ‖(Mϕ)−1Mψ‖. (12.33)

Figure 12.4 shows the aliasing norms of critical shift-bunched sampling
operators for the Daubechies D4 scaling function and for ϕν with ν = −0.001
respectively. Here t0 = 0, t1 = 0.5, and t2 = t is the variable (0 ≤ t ≤ 0.45).
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It illustrates that the aliasing norm can be quite large—the local minimum
being about 25 for D4. It can be made smaller by taking t2 closer to 1, but the
smallest aliasing norm that can be achieved with shift-bunched sampling is
still much larger than that achieved with optimized offset integer sampling, at
least in the D4 case. In this case, large offset samples of g ∈W0 can coincide
with peaks of interpolating functions. When ν = −0.001, ϕν is close to a Haar
function. Aliasing performance is better than for D4, although ϕν has little
regularity in this case.
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Fig. 12.4. Aliasing norm for staggered sampling with D4 and ϕν , ν = −0.001.

A corresponding representation of the aliasing norm applies to support-
bunched critical sampling. As before, let ϕ be an orthogonal generator sup-
ported on [0,M ] and ψ a generator of V (ψ) also supported in [0,M ]. Let
t = (t0, t1, . . . , t2M−1) be an offset vector with 0 ≤ t1 < t2 < · · · < t2M−1 < M
and let Nϕ be the (2M − 1)× (2M − 1) defined in (12.16) with correspond-
ing interpolating functions as in (12.17) when Nϕ is invertible. We have the
following representation of the aliasing norm; see [34] for details.

Theorem 12.12. Let ϕ, ψ be orthogonal generators of V (ϕ) and V (ψ) respec-
tively, both supported in [0,M ]. Let St be the sampling operator associated to
ϕ and let Nϕ (and Nψ) be defined as in (12.16). Then the aliasing norm of
the sampling operator St defined in (12.12) is

N(St) = ‖(Nϕ)−1Nψ‖. (12.34)

12.4.4 Aliasing Reduction by Oversampling

Oversampling theorems for the Paley–Wiener space provide some hope that
oversampling can lead to reduction or elimination of aliasing in V (ϕ). Here we
will analyze the performance of oversampling in terms of aliasing when one of
the coprimality conditions (12.18) or (12.20) is satisfied.
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Coprimality on T

If the polynomials Zϕ(tj , ·), j = 0, . . . , L − 1 are coprime on T, then the
coefficient sequences {cjk} defined by

cjk =

∫ 1

0

Zϕ(tj , ξ)

‖Zϕ(t, ξ)‖2 e−2πikξ dξ

converge in �2(Z) for each j = 0, . . . , L − 1, thus giving rise to interpolating
functions Sj(t) =

∑
k cjkϕ(t− k) ∈ V (ϕ). Here we will write

f �→ Otf(t) =

L−1∑
j=0

∑
�

f(tj + �)Sj(t− �) (12.35)

for the sampling projection (see (12.12)), to emphasize that we are oversam-
pling.

Theorem 12.13. Let ϕ, ψ be orthogonal generators of PSI spaces V (ϕ) and
V (ψ) respectively. Let Ot be the oversampling operator associated to ϕ and
offset vector t as in (12.35). Set

Aϕ,ψ(t, ξ) =
Zψ(t, ξ) · Zϕ(t, ξ)

‖Zϕ(t, ξ)‖2 . (12.36)

Then ‖Ot‖V (ψ)→V (ϕ) = supξ |Aϕ,ψ(t, ξ)| while, if Aϕ,ψ(t, ·) is nonvanishing
on T, then ‖(Ot)

−1‖V (ψ)→V (ϕ) = (infξ |Aϕ,ψ(t, ξ)|)−1.

We include the proof to illustrate how orthonormality is used.

Proof. If f(t) =
∑

k bkψ(t− k) ∈ V (ψ), then

Otf(t) =

L−1∑
j=0

∑
�

∑
k

bk ψ(tj − k + �)Sj(t− �).

Taking the Fourier transform of both sides and using (12.19) yields

Ôtf(ξ) =

L−1∑
j=0

∑
�

∑
k

bk ψ(tj + �− k) e−2πi�ξ Ŝj(ξ)

= B(−ξ)

L−1∑
j=0

Zψ(tj ,−ξ) Ŝj(ξ)

= B(−ξ)

(
Zψ(t,−ξ) · Zϕ(t,−ξ)

‖Zϕ(t,−ξ)‖2

)
ϕ̂(ξ) = B(−ξ)Aϕ,ψ(t,−ξ)ϕ̂(ξ)

with B(ξ) =
∑

k bke
2πikξ and Aϕ,ψ(t, ξ) as in (12.36). Since ϕ has orthonormal

shifts,
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‖Otf‖22 = ‖(Otf)∧‖22 =

∫ 1

0

|B(ξ)|2 |Aϕ,ψ(t, ξ)|2 dξ.

Since ψ has orthonormal shifts, ‖f‖22 =
∫ 1

0 |B(ξ)|2 dξ so

inf
ξ
|Aϕ,ψ(t, ξ) |‖f‖2 ≤ ‖Otf‖2 ≤ sup

ξ
|Aϕ,ψ(t, ξ) |‖f‖2

with sharp bounds, as in (12.32). This proves the theorem. 	


The vector t can be adjusted to minimize aliasing. In fact, in the case of
the Shannon scaling function (V (ϕ) = PW1/2) and Shannon wavelet ψ, the
aliasing norm of any offset (critical) sampling operator is unity. In the case of
oversampling with any offset vector of the form (t0, t0 +1/2), i.e., Nyquist for
PW1, Aϕ,ψ(t, ξ) = 0, that is, Ot annihilates W0 (see [34] for details).

Coprimality on C

The previous theorem takes no advantage of support properties of ϕ. Suppose
now that ϕ is an orthogonal generator supported on [0,M ] and

0 ≤ t0 < t1 < · · · < tL−1 < 1

are sampling nodes for which the polynomials {ZCϕ(tn, z)}L−1
n=0 , whose degrees

are at most M − 1, are coprime on C. Euclid’s algorithm then ensures the
existence of polynomials P0, P1, . . . , PN−1 of degree at most M − 2 such that
(12.20) holds. Then the sampling functions defined in Section 12.3.3 have
compact support in [0, 2M − 2]. The aliasing performance of Ot in (12.35) is
determined in the following result whose proof can be found in [34].

Theorem 12.14. Let ϕ, ψ be orthogonal generators of V (ϕ) and V (ψ) re-
spectively. For an offset vector t = (t0, . . . , tL−1) let the vector polynomial
P = (P0, . . . , PL−1) be as in (12.20) and Ot be as in (12.35). Set

At(ξ) = Zψ(t, ξ) ·P(ξ). (12.37)

Then ‖Ot‖V (ψ)→V (ϕ) = supξ |At(ξ)|. Additionally, if At does not vanish on
T, then ‖(Ot)

−1‖V (ϕ)→V (ψ) = 1/(infξ |At(ξ)|).

In Fig. 12.5, the aliasing norms of the oversampling operators O(t,t+1/2)

are plotted for the Daubechies D4 scaling function and wavelet. The horizontal
axis is the offset parameter t. The aliasing norm is very small when t ≈ 0.09.

12.4.5 Eliminating Aliasing

In Section 12.3.3 we saw that coefficients ck of f =
∑

ckϕ(· − k) could be
expressed as weighted averages of samples of f taken at a sufficiently high
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Fig. 12.5. Aliasing norm N(O(t,t+1/2)), 0 ≤ t ≤ 1/2, for the D4 scaling function.

rate. Similar ideas apply to the problem of eliminating aliasing. The latter
requires

At(z) = P(z) · ZCψ(t, z) ≡ 0. (12.38)

Oversampling at a high enough rate can eliminate aliasing altogether. Suppose
that (12.20) can be obtained in such a way that the components of P =
(P0, P1, . . . , PL−1) have degree at most D. The polynomial P(z) · ZCϕ(t, z)
has degree at most D + M − 1 and therefore has D + M coefficients. Writing
Pj(z) =

∑D
k=0 pjkz

k and assuming, as before, that both ϕ, ψ are supported in
[0,M ], a joint solution of (12.20) and (12.38) imposes 2(D + M) constraints
on the L(D+1) coefficients pjk. Thus, to ensure the existence of simultaneous
solutions of (12.20) and (12.38) one should have 2(D + M) ≤ L(D + 1). If
M = 3, as in the case of the D4 scaling function, with ψ an associated D4

wavelet, one needs L ≥ 6 when D = 0, while if M = D = 3 one just needs
L ≥ 3.

When D = 0, a common solution a = (a0, a1, . . . , aL−1) of (12.20) and
(12.38) i.e., of

a · ZCϕ(t, z) ≡ 1, a · ZCψ(t, z) ≡ 0, (12.39)

requires L ≥ 2M . Then

Otf(t) =
∑

k

(L−1∑
j=0

f(tj + k)aj

)
ϕ(t− k).

As in Section 12.3.3, the interpolating functions then coincide with the scaling
functions while the coefficients ck of f =

∑
k ckϕ(· − k) are obtained via

quadrature: c� =
∑L−1

j=0 ajf(tj+�). When a satisfies (12.39),Ot will annihilate
V (ψ).
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12.5 Noise

Quantization error in analog-to-digital conversion is usually thought of in
terms of noise—particularly as high frequency noise. As such, quantization
error is often treated similarly to aliasing error. Consider the problem of
adding noise to a signal in PWΩ, then sampling along t + 1

2Ω Z, where
t = (t0, . . . , tL−1) ⊂ [0, 1/(2Ω)]. One can model sampling noise (due to quan-
tization and other effects) as white noise: the error added to each sample is
mean zero with the same variance σ2 for each offset (e.g., [20]). This variance
should not depend on t. However, just as different offsets have different effects
on aliasing performance, the reconstruction error rec err(t) will depend on t.

Seidner and Feder [40] quantified reconstruction error in terms of a noise
amplification factor

Aε =
Ave(E{|rec err(t)|2})

σ2

in which Ave denotes time averaging, while E{|rec err(t)|2} is the variance of
the reconstruction error at a particular time. Defining

Sj(t) =
∏
i�=j

sin2 Ω

L
(t− tj),

Seidner and Feder found that

Aε =
1

L

L−1∑
j=0

L−1∑
k=0

Sj(k/Ω)

Sj(tj)

and noted that Aε is minimized over all generating vectors t precisely when
the tj are evenly spaced.

Bölcskei [21] derived a formula for reconstruction error in the context of
PSI spaces that is reminiscent of the aliasing quantities considered in Section
12.4.4. Here, one supposes that the input to the synthesis filter bank is

f̃(M� + tj) = f(M� + tj) + qj(�)

in which qj(�) is additive, zero mean Gaussian noise with variance σ2
q =

E{|qj(�)|2}, independent of j. One defines the polyphase matrix Aϕ
jk(z)

with entries Aϕ
jk(z) =

∑
� ϕ(tj + M� − k)z−�. As before, one assumes that

suppϕ ⊂ [0,M]. Bölcskei [21] asserted that the variance σre of the reconstruc-
tion error engendered by interpolating samples when f ∈ V (ϕ) is minimized
when the interpolating functions are defined, analogously to (12.5), in terms
of the pseudoinverse R†(z) = (Aϕ∗(z)Aϕ(z))−1Aϕ∗(z). Here A∗(z) denotes
the conjugate transpose of A(z∗).

Importantly, Bölcskei went on to quantify this noise amplification in terms
analogous to those encountered in Section 12.4.4. Setting z = e2πiξ and abus-
ing notation as before, denote by Λ(ξ) the spectrum of the self-adjoint matrix
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Aϕ∗(ξ)Aϕ(ξ). Set α = infξ minΛ(ξ) and β = supξ maxΛ(ξ). Error amplifica-
tion bounds can be expressed in terms of α, β as

1

β
≤ σ2

re

σ2
q

≤ 1

α
.

In practice, the ratio ρ = β/α can be thought of as a type of condition
number, representing the stability of the reconstruction via interpolation of
samples. The quantity ρ can be expressed in now familiar terms (see [21]) as

ρ =
β

α
=

supξ

(
‖Zϕ(t, ξ)‖2

)
infξ

(
‖Zϕ(t, ξ)‖2

) .
In contrast to the Paley–Wiener case, ρ is not necessarily minimized when the
entries of t are evenly spaced.

12.6 Translation-Invariance and Lack Thereof

A subspace V ⊂ L2(R) is translation-invariant if every translation operator
τa : f(t) �→ f(t − a) preserves V . The only closed, translation-invariant sub-

spaces of L2(R) are the subspaces VE = {(f̂χE)∨ : f ∈ L2(R)} where E ⊂ R is
measurable. If VE is a closed, translation-invariant subspace of L2(R), then it
makes no difference whether one samples f ∈ VE along {tk} or at an arbitrary
translate {tk − a} thereof. In the case of sampling in general PSI spaces this
is no longer true, since PSI spaces are only invariant under integer shifts—not
arbitrary ones. This brings up an interesting question concerning sampling in
PSI spaces. Suppose that one has samples of some delayed version τaf of a
signal f that belongs to or nearly belongs to V (ϕ). How can one determine
the delay, a?

12.6.1 Delay Discrepancy

Given f ∈ V (ϕ), a ∈ R, consider the quantity

dϕ(f, a) = ‖τaf −Pϕ(τaf)‖22,

where Pϕ denotes the orthogonal projection onto V (ϕ). If τaf ∈ V (ϕ), then
d(f, a) = 0, while if τaf ∈ V (ϕ)⊥, then d(f, a) = ‖f‖22. Hence d(f, a) measures
the energy of f that “leaks out” of V (ϕ) when f is translated (delayed)
by a. The non-invariance of the space V (ϕ) under the translation τa may
be measured by

dϕ(a) = sup
f∈V (ϕ), ‖f‖2=1

d(f, a)

and as a general measure of non-invariance of V (ϕ) under translations we
consider norms of dϕ such as the discrepancies
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dϕ = d∞ϕ = sup
0≤a<1

dϕ(a), or d1
ϕ =

∫ 1

0

dϕ(a) da.

We will consider only the maximum discrepancy dϕ; see Bastys [7], [8] for
related measures.

A large value of dϕ(a) (i.e., dϕ(a) ∼ 1) means that there is a signal f ∈
V (ϕ) such that τaf has most of its energy in V (ϕ)⊥. In fact, we have the
following somewhat surprising result, whose proof can be found in [34].

Theorem 12.15. Let ϕ ∈ W (L∞, �1) be an orthogonal generator for the PSI
space V (ϕ). Then there exists a ∈ (0, 1) with dϕ(a) = 1, i.e., dϕ = 1. If, in
addition, ϕ is the scaling function of an MRA, then dϕ(1/2) = 1.

The theorem serves as a warning about thinking of V (ϕ) = V0 as a space
of averages, with wavelet spaces containing details, when V0 = V (ϕ) is the
base space of an MRA: in that case the delay of some average by 1/2 consists
(almost) entirely of details.

The hypothesis that ϕ ∈ W (L∞, �1) is needed: there is no delay discrep-
ancy in the Paley–Wiener space PW1/2. However, sinc(t) /∈ W (L∞, �1).

The proof of Theorem 12.15 hinges on the temporal autocorrelation of the
Zak transform, namely

Bϕ(a, ξ) =

∫ 1

0

Zϕ(s− a, ξ)Zϕ(s, ξ) ds.

For f ∈ V (ϕ) and C(ξ) = Zf(a, ξ)/Zϕ(a, ξ),

‖Pϕ(τaf)‖22 =

∫ 1

0

C(ξ) |Bϕ(a, ξ)|2.

As the Zak transform of ϕ∗∗ϕ(−s), Bϕ has a zero in the unit square. The first
statement follows by choosing C to be localized near such a zero. When ϕ is a
scaling function, algebraic properties inherited by Zϕ imply that B(1/2, ξ) = 0
at those ξ for which the QMF H satisfies |H(ξ/2)|2 = 1/2.

12.6.2 Delay Errors and Their Reduction by Oversampling

Suppose that integer sampling is valid in V (ϕ). That is, V (ϕ) possesses an
interpolating function S such that any f ∈ V (ϕ) has an expansion f(t) =∑

k f(k)S(t−k). Suppose that a receiver acquires samples of a signal g of the
form g = τaf for some f ∈ V (ϕ). Theorem 12.15 states that, if ϕ ∈W (L∞, �1)
is an orthogonal generator of V (ϕ), then an error in the assumed value of a can
lead to an arbitrarily large error in the sampling reconstruction. As such, it is
important to be able to determine the delay a when the hypothesis f ∈ V (ϕ)
applies. Oversampling can be helpful in determining the amount a of the delay.

Suppose that we wish to use periodic oversampling (i.e., (12.35)) to
determine f ∈ V (ϕ) from its samples f(t� + k). As before, k ∈ Z and
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t0 < t1 < · · · < tL−1 defines an offset vector t. Previously, all entries of t
were taken in [0, 1). Suppose now that, instead of inputting the samples of
f , we input those of τaf . That is, our input data is {f(t� + k − a)} for some
a ∈ (0, 1). To estimate the discrepancy between f and our reconstruction, we
compute the difference in L2-norm between f and Otτaf .

Theorem 12.16. Let ϕ, t = (t0, t1, . . . , tL−1) be as above and set τat = (t0−
a, . . . , tL−1 − a) (0 ≤ a < 1). Set

Dϕ(a, t, ξ) =
Zϕ(τat, ξ) · Zϕ(t, ξ)

‖Zϕ(t, ξ)‖2 = Aϕ,τaϕ(t, ξ). (12.40)

Then
‖I −Otτa‖V (ϕ)→V (ϕ) = sup

ξ
|Dϕ(y, a, t, ξ)− 1|.

One would like Dϕ(y, a, t, ξ) to be close to one for all ξ. In this situation,
shifting the data by a causes little error in the reconstruction. Just as regular-
ity could be used to validate oversampling in V (ϕ) at a high enough rate, one
can also guarantee low discrepancy at a high enough sampling rate. As before,
though, algebraic properties of ϕ might provide more leverage in guaranteeing
small errors. In fact, algebraic properties can be used to determine a when
f ∈ V (ϕ) and τaf is periodically sampled at a high enough rate.

To keep notational complexity to a minimum, assume that ϕ has compact
support and that one can find 0 ≤ t0 < t1 < 1 such that the polynomials
Zϕ(b+ tε, ξ) (ε = 0, 1) are coprime on T for all b. If, in addition, ϕ is a scaling
function with some regularity, then one is able to determine that a = b as
follows.

Theorem 12.17. Let ϕ be a compactly supported orthogonal scaling function
in Lip(α) (α > 0) and let 0 ≤ t0 < t1 < 1. Suppose that ZCϕ(b + t0, ·) and
ZCϕ(b + t1, ·) are coprime for all b. For a ∈ [0, 1) and f ∈ V (ϕ), f �= 0, set

F (b, p) =
∑

�

[
f(a + t0 + �)ϕ(b + t1 + p− �)− f(a + t1 + �)ϕ(b + t0 + p− �)

]
.

Then a = b if and only if F (b, p) = 0 for all p ∈ Z.

The scaling property and continuity play decisive roles in the proof. Rather
than reviewing it (see [34]), we illustrate its use in the case of the Daubechies
D4 scaling function. The coprimality condition is satisfied when t0 = 0 and
t1 = 1/2. On the left-hand side of Fig. 12.6, we consider a signal f in the
multiresolution space V (ϕ) supported on [0, 100]. The signal was translated
by 1/4 then sampled at the integers. On the right, ‖F (b, ·)‖2 is computed for
this data using t0 = 0 and t1 = 1/2. As indicated, F has a zero at ξ = 1/4,
thus demonstrating the effectiveness of the algorithm in determining the delay
of sampled data.
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Fig. 12.6. Synthetic signal in V (ϕ) with ϕ the Daubechies D4 scaling function.
On the right is the shift determination function ‖F (b, ·)‖2 for this data.
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Summary. We give a complete solution to the problem of sampling and interpo-
lation of functions in PWσ(R) on finite unions of shifted lattices in R of the form
Λj = 1

2σj
Z + αj , j = 1, . . . , m where σj > 0, αj ∈ R, and

P
j σj = σ. At points

where more than one lattice intersect, we sample the function and its derivatives.
None of the results or techniques employed is new, but a systematic and elementary
treatment of this situation does not seem to exist in the literature. Sampling on
unions of shifted lattices includes classical sampling, bunched or periodic sampling,
and sampling with derivatives. Such sampling sets arise in deconvolution, tomogra-
phy, and in the theory of functions bandlimited to convex regions in the plane.

13.1 Introduction

In the Classical Sampling Theorem, samples of a bandlimited function are
taken on a sequence of evenly spaced points on the real line, in other words, on
a lattice in R. Specifically, if f ∈ PWσ(R), the space of functions f ∈ L2(R)
whose Fourier transform vanishes outside the interval [−σ, σ], then

f(x) =
∑

n

f
( n

2σ

) sin(2πxσ − πn)

2πxσ − πn
,

where the series converges uniformly and in L2(R). The sampling theorem
has been generalized for example to higher dimensions, and to nonuniform
sampling sets (see for example [36], [3], [4], [16], [31]). A substantial literature
exists regarding further generalizations of the theorem (see [30], [42], [43], [20],
[21] [24]).

A particular generalization that has substantial applications has been to
consider sets of the form ∪m

i=1{n/2σ+αi}n∈Z where αi ∈ R [41], [34, Chap. 6],
or in d dimensions on sets of the form ∪m

i=1{Wn + αi}n∈Zd where W is a
nonsingular d× d matrix, and αi ∈ Rd [14], [9], [23]. These sampling sets are
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unions of shifts of a single lattice and this type of sampling is referred to as
periodic or bunched sampling.

One can also consider sampling on shifts of different lattices, that is, on
sets of the form ∪m

i=1{n/2ri + αi}n∈Z in one dimension or more generally on
sets ∪m

i=1{Win + αi}n∈Zd , where {Wi}m
i=1 is a collection of nonsingular d× d

matrices. Sampling on such sets arises naturally in a number of applications
in signal processing and remote sensing [5], [6], [7], [8], [40], in interlaced
sampling schemes in tomography [12], [15], in recovery of functions from their
local averages [39], [19], and also in the theory of sampling and interpolation
of functions bandlimited to polygonal regions in the plane [29].

In most cases, the problem of unique determination and recovery of a
bandlimited function from its samples on a union of lattices is dealt with in
an ad hoc manner and there seem to be very few papers that deal with this
case specifically and in a systematic way. However, techniques for completely
solving this problem exist in the literature and are quite elementary. They
involve some complex analysis, the theory of Hilbert spaces of entire functions,
and some notions about polynomial interpolation in the complex plane. Our
goal in this chapter is to present these results in a systematic and elementary
way.

Specifically, we consider the case of sampling on a finite union of arbi-
trary shifted lattices on R. Our setting throughout the chapter is the follow-
ing. Let positive numbers σ1 ≤ σ2 ≤ · · · ≤ σm and arbitrary real numbers
α1, α2, . . . , αm be given. Let σ =

∑m
i=1 σi and consider the shifted lattices

Λi = 1
2σi

Z + αi. Let Λ = ∪m
i=1Λi. We note several elementary observations

about the set Λ.

(1) A point λ ∈ Λ can sit in more than one but no more than m shifted
lattices Λj. Indeed there is nothing stopping us from taking two (σj , αj)
to be the same and hence having two of the shifted lattices Λj coincide.

(2) If the numbers σj are pairwise rationally related, that is, if σi/σj is rational
for every i and j, then no matter what αj are chosen the set Λ is periodic
in the sense that there is a finite subset F ⊆ Λ and a number Σ such that

Λ =
⋃

n∈Z

(F + nΣ).

In this case, the set Λ is separated, that is,

inf{|λ− µ| : λ, µ ∈ Λ, λ �= µ} > 0.

(3) If not all of the numbers σj are rationally related, then Λ is not periodic
and not separated. Given ε > 0, it is possible, by going sufficiently far
away from the origin, to find pairs of points in Λ that do not coincide
but which are within ε of each other. In fact, one can find “bunches” of
diameter ε containing at least two and no more than m points.
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(4) Whether the σj are all rationally related or not, it is always possible to
choose shifts αj in such a way that each of the points of Λ is contained in
exactly one shifted lattice Λj .

We will associate to each λ ∈ Λ a number pλ, called the multiplicity of λ,
which is the number of lattices Λj to which λ belongs. When we talk about the
samples of a bandlimited function f on Λ we will mean the values {f (j)(λ)}
where λ ∈ Λ and for each λ, 0 ≤ j < pλ. We are interested in the ques-
tion of whether or not a function bandlimited to the interval [−σ, σ] can
be recovered from its samples on Λ. By standard duality arguments, this
question is equivalent to the question of whether a function in L2[−σ, σ] is
completely determined by its inner products with the complex exponentials
{tj e2πiλt : λ ∈ Λ, 0 ≤ j < pλ}. We will address this question by showing the
following.

(a) A function f ∈ PWσ whose samples on Λ vanish must be identically
zero. This is equivalent to the statement that the collection {tj e2πiλt} is
complete (Definition 13.10) in L2[−σ, σ].

(b) There exist functions {gλ,j} that interpolate on Λ, that is, each gλ,j is in

PWσ and if µ ∈ Λ and 0 ≤ k < pµ, then g
(k)
λ,j(µ) = 1 if (k, µ) = (j, λ)

and 0 otherwise. This is equivalent to the statement that the collection
{tj e2πiλt} is minimal (Definition 13.10) in L2[−σ, σ].

(c) For f ∈ PWσ we can write

f(x) =
∑
λ∈Λ

pλ−1∑
j=0

f (j)(λ) gλ,j(x),

where the sum converges unconditionally in PWσ if Λ is separated, and
by means of a certain block summation procedure (Section 13.2.3) if Λ
is not separated. This is equivalent to the statement that the collection
{tj e2πiλt} is a Riesz basis if Λ is separated, and generates a Riesz basis
from subspaces (Definition 13.21) if Λ is not separated.

In proving these results a central role will be played by entire functions
of exponential type whose zero sets coincide with the set on which we are
sampling. One reason for this is that in this case such a function is simply
a product of sine functions and hence very easy to work with. This point of
view is classical and appeared in [33] and [28]. The interested reader is invited
to consult [27], and [22] for more information on these beautiful and powerful
ideas. Since the set Λ of interest here is contained in the real line and has
such a simple structure, the full power of these techniques will not really be
evident in this exposition. Indeed the only theorems from complex analysis
that we will need appear in any first year graduate course. Specifically, we
will need Liouville’s Theorem (e.g., [11, Thm. 3.4]), the Maximum Modulus
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Theorem (e.g., [11, Thm. 1.2, Exercise 1, p. 129]), and the Residue Theorem
(e.g., [11, Thm. 2.2], [1, Chap. 4, Sec. 5]).

The chapter is organized as follows. In Section 13.2, we collect the basic
results from complex analysis, Hilbert space theory, and polynomial interpo-
lation that will be used later on. The more standard results will not be proved,
but an effort has been made to make the chapter as self-contained as possible.
This section also includes some basic results on bases in Hilbert spaces. In
Section 13.3, we will demonstrate parts (a) and (b) above, and in particular
give explicit formulas for the interpolating functions by using some of the
formulas and ideas from polynomial interpolation theory. In Section 13.4, we
show part (c).

13.2 Basic Results and Definitions

13.2.1 The Hardy Space H2

Definition 13.1. The Hardy space H2 is the space of all functions analytic
in the upper half plane of C, {z ∈ C : %(z) > 0}, such that

‖f‖H2 = sup
y>0

(∫ ∞

−∞
|f(x + iy)|2 dx

)1/2

<∞.

The following lemma contains the basic facts about H2 that will be used
in this chapter. More details can be found in [13, Chap. 11].

Lemma 13.2. (a) A function f(z) analytic in the upper half plane is in H2

if and only if there is a function ϕ ∈ L2[0,∞) such that

f(z) =

∫ ∞

0

e2πizt ϕ(t) dt.

(b) ‖f‖H2 =

(∫ ∞

−∞
|f(x)|2 dx

)1/2

=

(∫ ∞

0

|ϕ(t)|2 dt

)1/2

where f(x) is the

boundary function f(x) = limy→0+ f(x + iy) a.e. H2 is a Hilbert space
with respect to the inner product induced by this norm.

(c) If f ∈ H2, then for every z ∈ C with %(z) > 0,

f(z) =

∫ ∞

−∞

f(t)

t− z
dt.

(d) Let {λn}n∈Z ⊆ R be a separated sequence, and let k ∈ Z, k ≥ 0, and
h > 0 be given. Then there is a constant C = C(h, k) such that for all
f ∈ H2, (∑

n

|f (k)(λn + ih)|2
)1/2

≤ C ‖f‖H2 .
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Proof. The proofs of (a), (b), (c), and (d) (when k = 0) can be found for
example in [42, pp. 145–146] and [13, pp. 194–196]. We will prove (d) for
k ∈ N. Note that if h0 > 0, then by part (a),

f(x + ih0) =

∫ ∞

0

e2πi(x+ih0)t ϕ(t) dt

=

∫ ∞

0

e2πixt e−2πh0t ϕ(t) dt

and differentiation under the integral sign gives

f (k)(x + ih0) =

∫ ∞

0

e2πixt (2πit)k e−2πh0t ϕ(t) dt.

Since tk e−2πh0t is bounded on [0,∞), f (k)(·+ ih0) ∈ H2.
Assuming 0 < h0 < h and applying the result of (b) and (d) with k = 0,

there is a C > 0 such that for all f ∈ H2,(∑
n

|f (k)(λn + ih)|2
)1/2

=

(∑
n

|f (k)(λn + ih0 + i(h− h0))|2
)1/2

≤ C

(∫ ∞

−∞
|f (k)(x + ih0)|2 dx

)1/2

= C

(∫ ∞

0

|(2πit)k e−2πh0t ϕ(t)|2 dt

)1/2

≤ C (2π)k ‖tke−2πh0t‖∞
(∫ ∞

0

|ϕ(t)|2 dt

)1/2

= C(h0, k) ‖f‖H2 . 	


13.2.2 The Paley–Wiener Space PWσ

Definition 13.3. Given σ > 0, the Paley–Wiener space, PWσ(R), is the
space of all functions f ∈ L2(R) such that

f(x) =

∫ σ

−σ

e2πixt ϕ(t) dt

for some ϕ ∈ L2[−σ, σ]. PWσ(R) is a Hilbert space under the norm

‖f‖PWσ = ‖ϕ‖L2[−σ,σ].

Theorem 13.4 (Paley–Wiener Theorem). An entire function f(z) is the
extension to C of a function f ∈ PWσ if and only if (a) f is square-integrable
on the real line, and (b) there is a constant C > 0 such that for all z ∈ C,
|f(z)| ≤ C e2πσ|�z|. In this case, we may write for z ∈ C,
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f(z) =

∫ σ

−σ

e2πizt ϕ(t) dt

for some ϕ ∈ L2[−σ, σ].

Lemma 13.5 ([42, p. 92, Problem 1]). If f ∈ PWσ(R), then for every y ∈ R,
the function f(· + iy) is in PWσ(R) and there is a number C = C(y) such
that

1

C
‖f‖PWσ ≤

(∫ ∞

−∞
|f(x + iy)|2 dx

)1/2

≤ C ‖f‖PWσ .

Theorem 13.6 (Bernstein’s Inequality). Suppose that f ∈ PWσ(R).
Then f ′ exists, is in PWσ(R), and

‖f ′‖PWσ ≤ 2πσ ‖f‖PWσ .

Proof. Since f(z) =
∫ σ

−σ
e2πizt ϕ(t) dt, differentiating under the integral sign

gives

f ′(z) = 2πi

∫ σ

−σ

e2πizt t ϕ(t) dt

so that

‖f ′‖PWσ = 2π ‖t ϕ(t)‖L2[−σ,σ]

≤ 2πσ ‖ϕ‖L2[−σ,σ]

= 2πσ ‖f‖PWσ . 	


Theorem 13.7 (Plancherel–Pólya Theorem [42, Thm. 17, p. 82]). Let
{λn}n∈Z ⊆ R be a separated sequence. Then there is a constant C such that
for all f ∈ PWσ, (∑

n

|f(λn)|2
)1/2

≤ C ‖f‖PWσ .

The notion of a sine-type function was introduced by B. Y. Levin [25]
advancing a method which appeared in [33] and [28] in which collections of
complex exponentials {eiλnx}n∈Z are studied by examining functions of expo-
nential type whose zero sets coincide exactly with the set {λn}. Such functions
are called generating functions for the collection {eiλnx}. Fundamental results
appear in [25], [27, Lecture 22–23], and [35]. Some of the main results of those
papers are reproduced below as Theorems 13.22–13.24.

Definition 13.8 (Sine-Type Function). An entire function F (z) is said
to be of sine type r provided that

(a) for some C > 0, |F (z)| ≤ C e2πr|�z| for all z ∈ C,

(b) if Γ is the zero set of F (z), then supγ∈Γ{|%γ|} = H <∞, and
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(c) for every ε > 0 there is a positive constant mε such that whenever
dist(z, Γ ) > ε,

mε e
2πr|�(z)| ≤ |F (z)|.

Example 13.9. (a) The function sin(πz) is a function of sine type 1/2. First,
it is clear that sin(πz) is entire and satisfies (a) and (b) of Definition 13.8. To
verify (c) of Definition 13.8, note that with z = x + iy,

| sin(πz)|2 =
1

2
(cosh(2πy)− cos(2πx)),

and that

e−2π|y| cosh(2πy) =
1

2
(1 + e−4π|y|).

Hence

e−2π|y| | sin(πz)|2 =
1

2
(e−2π|y| cosh(2πy)− e−2π|y| cos(2πx))

=
1

4
(1 + e−4π|y| − 2 e2π|y| cos(2πx))

=
1

4
(1 + e−4π|y| − 2 e−2π|y|) +

1

2
e−2π|y| (1− cos(2πx))

=
1

4
(1− e−2π|y|)2 +

1

2
e−2π|y| (1 − cos(2πx)).

Now suppose that z = x + iy is outside the union of boxes of sidelength
0 < δ < 1/4 centered at n ∈ Z. If |y| ≥ δ/2, then (1−e−2π|y|)2 ≥ (1−e−πδ)2 >
0. If |y| < δ/2, then necessarily |x − n| ≥ δ/2 for all n ∈ Z. Consequently,
e−2π|y|(1− cos(2πx)) ≥ e−πδ(1− cos(πδ)) > 0 and (c) follows.

Note also that the same argument applies to the function sin(πz + z0) for
any fixed z0 ∈ C.

(b) Let r1, r2, . . . , rm be given positive numbers such that
∑m

i=1 ri = R,
and let s1, s2, . . . , sm be arbitrary real numbers. Then the function S(z) =∏m

i=1 sin(2πri(z−si)) is a function of sine type R. It is clear that S(z) is entire
and satisfies (a) and (b) of Definition 13.8. By part (a) of this example, each
term in the product defining S(z) satisfies for each ε > 0, | sin(2πri(z−si))| ≥
mε,i e

2πri|y| for some mε,i > 0 whenever dist(z,Z/2ri) > ε. From this, (c) of
Definition 13.8 follows with mε =

∏m
i=1 mε,i.

13.2.3 Bases in Hilbert Space

In this section we collect some basic definitions and results on bases in Hilbert
spaces. The results are general but what we have in view are bases of ex-
ponentials of the form {tj e2πiλt} in Hilbert spaces L2(I) where I ⊆ R
is an interval. The results relate to the primary goal of this chapter in-
sofar as results about completeness and basis properties of the collection
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{tj e2πiλt : λ ∈ Λ, 0 ≤ j < pλ} in L2[−σ, σ] have equivalent expression in
terms of sampling and interpolation of functions in PWσ. Most of the results
in this section are adapted from [42]. We also recommend [18, Chap. 5]

Definition 13.10. A sequence of vectors {xn}∞n=1 is complete in a Hilbert
space H if span({xn}) is dense in H. Equivalently, {xn}∞n=1 is complete in H
if for any x ∈ H, 〈x, xn〉 = 0 for all n implies x = 0.

A sequence {yn}∞n=1 is biorthogonal to {xn}∞n=1 if 〈xn, ym〉 = δn,m. A se-
quence {xn}∞n=1 is minimal if it possesses a biorthogonal sequence. A sequence
that is both minimal and complete is called exact.

Definition 13.11. A sequence of vectors {xn}∞n=1 in a Hilbert space H is a
basis or a Schauder basis for H if to each vector x ∈ H there is a unique
sequence of scalars {an(x)}∞n=1 such that

x =

∞∑
n=1

an(x)xn,

where the sum converges in H.

Theorem 13.12 ([42, Thm. 3, p. 19]). If {xn}∞n=1 is a basis for a Hilbert
space H, then for each n, the mapping x �→ an(x) is a continuous linear
functional.

It is obvious that a basis for H is complete in H . By the Riesz represen-
tation theorem, if {xn}∞n=1 is a basis in H , there is a sequence {yn}∞n=1 in H
such that for each x ∈ H and each n, an(x) = 〈x, yn〉. It is easy to see that
{yn}∞n=1 is biorthogonal to {xn}∞n=1. Moreover, it can be shown that {yn}∞n=1

is also a basis for H ([42, Thm. 5, p. 22]). We also have the following useful
result.

Theorem 13.13 ([42, Thm. 3, p. 19]). Let {xn} be a basis for a Hilbert space
H with {yn} its biorthogonal sequence. Then there is a constant M > 0 such
that for all n,

1 ≤ ‖xn‖ ‖yn‖ ≤M.

Definition 13.14. A sequence {xn}∞n=1 in a Hilbert space H is a Bessel se-
quence if there is a constant B such that for all x ∈ H,

∞∑
n=1

|〈x, xn〉|2 ≤ B ‖x‖2. (13.1)

Theorem 13.15. Let {xn}∞n=1 be a sequence in a Hilbert space H. Then {xn}
is a Bessel sequence in H if and only if there is a number C such that for all
finite sequences of numbers {cn},∥∥∥∥∑

n

cn xn

∥∥∥∥ ≤ C

(∑
n

|cn|2
)1/2

.
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Proof. (⇐=) Given x ∈ H and a finite sequence {cn} with
∑
|cn|2 = 1,∣∣∣∣∑

n

〈x, xn〉 cn

∣∣∣∣ = ∣∣∣∣〈x, ∑
n

cn xn

〉∣∣∣∣
≤ ‖x‖

∥∥∥∥∑
n

cn xn

∥∥∥∥
≤ C ‖x‖

(∑
n

|cn|2
)1/2

= C ‖x‖.

Taking the supremum of the left side over all such sequences gives(∑
n

|〈x, xn〉|2
)1/2

≤ C ‖x‖

and {xn} is a Bessel sequence.

(=⇒) Now suppose that {xn} is a Bessel sequence with Bessel bound B.
For any y ∈ H with ‖y‖ = 1, and for any finite sequence of numbers {cn},∣∣∣∣〈∑

n

cn xn, y

〉∣∣∣∣ = ∣∣∣∣∑
n

cn 〈xn, y〉
∣∣∣∣

≤
(∑

n

|cn|2
)1/2(∑

n

|〈y, xn〉|2
)1/2

≤ B ‖y‖
(∑

n

|cn|2
)1/2

= B

(∑
n

|cn|2
)1/2

.

Taking the supremum of the left side over all such y gives the result. 	


Definition 13.16. An exact sequence {xn}∞n=1 is a Riesz basis if there are
constants A, B > 0 such that for all x ∈ H,

A ‖x‖2 ≤
∞∑

n=1

|〈x, xn〉|2 ≤ B ‖x‖2.

There are many equivalent characterizations of Riesz bases (see e.g., [42,
Thm. 9, p. 27]). We now give two characterizations (Theorem 13.17 and the
remark following) that will be used later on.

Theorem 13.17. An exact sequence {xn}∞n=1 is a Riesz basis for a Hilbert
space H if and only if it and its biorthogonal sequence are Bessel sequences.
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Proof. (=⇒) Suppose that the exact sequence {xn} is a Riesz basis. Then by
Definition 13.16 it is also a Bessel sequence. Let {yn} be biorthogonal to {xn},
and let {cn} be a finite sequence of numbers. Then∥∥∥∥∑

n

cn yn

∥∥∥∥ ≤ 1

A1/2

(∑
m

∣∣∣∣〈∑
n

cn yn, xm

〉∣∣∣∣2)1/2

=
1

A1/2

(∑
m

∣∣∣∣∑
n

cn 〈yn, xm〉
∣∣∣∣2)1/2

=
1

A1/2

(∑
m

|cm|2
)1/2

.

Hence by Theorem 13.15, {yn} is a Bessel sequence.

(⇐=) Suppose that the exact sequence {xn} is a Bessel sequence. In order
to show that it is a Riesz basis, it is sufficient to show that it also has a
lower bound A as in Definition 13.16. Let {yn} be biorthogonal to {xn} and
assume that it is a Bessel sequence with bound A > 0. Let x ∈ H and let
y ∈ span{xn} with ‖y‖ = 1. Then y =

∑
n〈y, yn〉xn and

|〈x, y〉| =
∣∣∣∣〈x, ∑

n

〈y, yn〉xn

〉∣∣∣∣
≤
∑

n

|〈x, xn〉| |〈y, yn〉|

≤
(∑

n

|〈x, xn〉|2
)1/2(∑

n

|〈y, yn〉|2
)1/2

≤
(∑

n

|〈x, xn〉|2
)1/2

A1/2‖y‖

= A1/2

(∑
n

|〈x, xn〉|2
)1/2

.

Since span{xn} is dense in H , taking the supremum of the left side over all
such y gives

1

A1/2
‖x‖ ≤

(∑
n

|〈x, xn〉|2
)1/2

.

Hence {xn} is a Riesz basis. 	


If {xn}∞n=1 is a Riesz basis, it is also a basis and has the property that for
every x ∈ H ,

x =
∑

n

〈x, yn〉xn =
∑

n

〈x, xn〉 yn,
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where the sequence {yn} is biorthogonal to {xn} and where the sum con-
verges unconditionally, that is, regardless of the order in which the terms
are summed. In fact, a Schauder basis {xn} whose elements satisfy 0 <
infn ‖xn‖ ≤ supn ‖xn‖ < ∞ and for which the expansion sum of every
x ∈ H converges unconditionally must be a Riesz basis ([18, Chap. VI, Sec. 2,
Thm. 2.2]). Such a collection is called a bounded unconditional basis. We will
prove some basic results on unconditional convergence below.

Definition 13.18. A series
∑∞

n=1 vn in a Hilbert space H converges uncon-
ditionally if for every permutation ρ of N,

∑∞
n=1 vρ(n) converges.

Lemma 13.19. The following are equivalent.

(a)
∑∞

n=1 vn converges unconditionally.

(b) For every ε > 0 there is a finite set F ⊆ N such that for every finite set
G ⊆N, ‖

∑
n∈G\F vn‖ < ε.

Proof. (a) =⇒ (b). Suppose that (b) does not hold. We will find a permutation
ρ of N such that the series

∑∞
n=1 vρ(n) is not Cauchy. Since (b) fails, there

is an ε > 0 such that for all finite sets F there is a finite set G such that
‖
∑

n∈G\F vn‖ ≥ ε. We can therefore find sequences of finite sets Fk and Gk

such that Fk = {1, . . . , Nk} for some sequence Nk increasing to infinity with
k, Fk ⊂ Gk ⊆ Fk+1, and ‖

∑
n∈Gk\Fk

vn‖ ≥ ε. Define the permutation ρ of

N as follows: First enumerate F1, then G1 \ F1, then F2 \G1, etc. Given any
N ∈ N, then for all k sufficiently large that Nk > N ,∥∥∥∥ |Gk|∑

n=Nk+1

vρ(n)

∥∥∥∥ =

∥∥∥∥ ∑
n∈Gk\Fk

vn

∥∥∥∥ ≥ ε.

(b) =⇒ (a). Let ρ be a permutation of N and let ε > 0 be given. By (b)
there is a finite set F ⊆N such that for all finite sets G ⊆ N, ‖

∑
n∈G\F vn‖ <

ε. Let N0 be so large that

F ⊆ {ρ(1), ρ(2), . . . , ρ(N0)},

let N, M ≥ N0, and let G = {ρ(N), ρ(N + 1), . . . , ρ(M)}. Then G is finite
and G ∩ F = ∅. Therefore∥∥∥∥ M∑

n=N

vρ(n)

∥∥∥∥ =

∥∥∥∥∑
n∈G

vn

∥∥∥∥ =

∥∥∥∥ ∑
n∈G\F

vn

∥∥∥∥ < ε. 	


Note that the above characterization is also valid in a Banach space. The
definition of unconditional convergence allowed for the possibility that dif-
ferent permutations of the series could converge to different limits. The next
lemma shows that all permutations of such a series converge to the same limit.
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Lemma 13.20. Suppose that
∑∞

n=1 vn converges unconditionally. Then there
is a v ∈ H such that for every perturbation ρ of N,

v =

∞∑
n=1

vρ(n).

Proof. Let v =
∑∞

n=1 vn and let ε > 0. Let N0 be so large that if N ≥ N0,

then ‖v−
∑N

n=1 vn‖ < ε/2, let F ⊆N be a finite set such that for every finite
set G ⊆N, ‖

∑
n∈G\F vn‖ < ε/2, and let N1 ≥ N0 and N2 ≥ N1 be such that

F ⊆ {1, . . . , N1} ⊆ {ρ(1), ρ(2), . . . , ρ(N2)}.

Now if N ≥ N2, and with

G = {ρ(1), ρ(2), . . . , ρ(N2)} \ {1, . . . , N1}

so that G = G \ F ,∥∥∥∥v − N∑
n=1

vρ(n)

∥∥∥∥ ≤ ∥∥∥∥v − N1∑
n=1

vn

∥∥∥∥+

∥∥∥∥ ∑
n∈G\F

vn

∥∥∥∥ <
ε

2
+

ε

2
= ε. 	


Since our sampling set Λ need not be separated, the collection {tj e2πiλt :
λ ∈ Λ, 0 ≤ j < pλ} need not be a Riesz basis or a Schauder basis for L2[−σ, σ]
(see [42, Cor. 2, p. 151] and Theorem 13.39). Hence in order to discuss the
recovery of a function in PWσ from its samples on Λ, we require the more
general notion of a Riesz basis referred to in [32] as a Riesz basis from subspaces
(see also [2, Sec. I.1.4] and [18, Chap. VI, Sec. 5]). This type of basis is also
related to the notion of a polynomial basis (see [37, Sec. 20.1]).

Definition 13.21. Let H be a Hilbert space and H = {Hn}∞n=1 a collection
of subspaces of H. H is a Riesz basis from subspaces (RBS) for H if the
following hold.

(a) There exist bounded linear operators Pn on H such that Pn restricted to
Hk is zero if n �= k and the identity if n = k.

(b) For every x ∈ H,

x =

∞∑
n=1

Pn x

unconditionally in H.

Here we make some remarks concerning the relationship between Riesz
bases and Riesz bases from subspaces. Suppose that {xn} is a Riesz basis with
biorthogonal system {yn}. Define Hn to be the one-dimensional subspace of H
spanned by xn. Clearly span{Hn} is dense in H and the projection operators
Pn satisfying Definition 13.21(a) are given by Pnx = 〈x, yn〉xn. Since for each
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x, x =
∑

n〈x, yn〉xn =
∑

n Pnx unconditionally, then {Hn} is an RBS. Note
that no mention is made of the boundedness of {xn} and {yn}, and that if
we for example replaced xn by nxn and yn by 1

nyn, then we could define Hn

and Pn exactly as before and still have an RBS, although {nxn} is clearly
not a Riesz basis. In other words, an RBS requires only the unconditional
convergence of the sum of the projection operators Pn to the identity in the
strong operator topology (that is, pointwise for each x ∈ H).

On the other hand, suppose that each subspace Hn in an RBS is finite

dimensional and that for each n, {xn,k}dim(Hn)
k=1 is a basis for Hn with dual

basis {yn,k}dim(Hn)
k=1 . Then

Pn x =

dim(Hn)∑
k=1

〈x, yn,k〉xn,k

and for all x ∈ H we have the expansion

x =

∞∑
n=1

dim(Hn)∑
k=1

〈x, yn,k〉xn,k,

where the sum over n can be ordered in any way we choose. By renumbering
the sequence {xn,k} as

{x�}∞�=1 = {x1,1, x1,2, . . . , x1,dim(H1), x2,1, . . . , x2,dim(H2), x3,1, . . . }

and similarly renumbering {yn,k} as {y�}, it does not necessarily follow that
{x�} is a basis for H . This is because the sum

x =

∞∑
�=1

〈x, y�〉x�

need not converge in H . The problem is that the angle between pairs of
elements in {xn,k}dim Hn

k=1 may become arbitrarily small as n goes to infinity.
This will in particular force the norms ‖yn,k‖ to become arbitrarily large. This
is indeed precisely what happens when the set Λ is not separated. However, as
long as the angle between the subspaces {Hn}∞n=1 does not become arbitrarily
small, the collection {x�} can be seen to correspond to an RBS. Of course, it
is always possible to choose bases {x̃n,k}dim Hn

k=1 for the spaces Hn for which
this does not happen (for example, by choosing orthonormal bases). In this
case, the corresponding sequence {x̃�} will be a Riesz basis for H .

One final observation about Riesz bases from subspaces: Let �1 = dimH1,
�2 = �1 + dimH2, and in general �k = �k−1 + dimHk for k = 1, 2, . . . . Then
we do have the expansion

x = lim
k→∞

�k∑
�=1

〈x, y�〉x�
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for all x ∈ H . In this case, {x�} is an example of a generalized basis [25] or
a basis with braces. The notion is classical and originated in the context of
spectral projections and eigenfunction expansions. The main result of [25] is
the following.

Theorem 13.22. Let F (z) be a function of sine type r with zero set {γn}∞n=1

and suppose that each γn has multiplicity pn. Then {tj e2πiγnt}∞n=1,0≤j<pn
is

a generalized basis for L2[−r, r].

This means that there is a sequence {nk} such that for all ϕ ∈ L2[−r, r]
there exist unique scalars an,j such that

ϕ = lim
k→∞

nk∑
n=1

pn−1∑
j=0

an,j t
j e2πiγnt.

Equivalently, this means that for all f ∈ PWr,

f = lim
k→∞

nk∑
n=1

pn−1∑
j=0

f (j)(γn) gγn,j ,

where the gγn,j are interpolating functions satisfying g
(k)
γn,j(γ�) = 1 if (n, j) =

(�, k) and 0 otherwise. Explicit formulas for the gγn,j equivalent to those given
by Corollary 13.34, Section 13.3.2 can be found in [25].

Sine-type functions play a significant role in Levin’s approach to finding
Riesz bases of exponentials for the spaces L2(I) where I ⊆ R is an interval.
In particular, the following theorem holds [27, Lecture 23].

Theorem 13.23. Let F (z) be a function of sine type r with simple zeros given
by {γn}∞n=1 and assume that the zeros are separated. Then {e2πiγnt}∞n=1 is a
Riesz basis for L2[−r, r].

The following characterization of Riesz bases of exponentials is due to
Pavlov [35].

Theorem 13.24. The collection {e2πiγnt}∞n=1 where {γn}∞n=1 are the zeros of
an entire function F (z) of exponential type is a Riesz basis for L2[−r, r] if
and only if

(a) supn |%γn| <∞,

(b) |F (z)| ≤ C e2πr|�z| for all z ∈ C, and

(c) the function W = |F |2 satisfies Muckenhoupt’s condition

sup

{(
1

|I|

∫
I

W

)(
1

|I|

∫
I

W−1

)}
<∞,

where the supremum is taken over all finite intervals I ⊆ R.



13 Sampling on Unions of Shifted Lattices in One Dimension 303

13.2.4 Polynomial Interpolation in C

In this section we collect some basic results on polynomial interpolation in C.
These results will be used in the definition of the interpolating functions gλ,j

on Λ in Section 13.3.2 and in the definition of the projection operators Pn in
Section 13.4.2. The results in this section are adapted from [10] and [17].

Interpolation on Distinct Points

Suppose that we are given n + 1 distinct points in C, z0, z1, . . . , zn, and a
function f(z) defined on C. We seek a polynomial of degree at most n that
interpolates f at the points zk, that is, pn(zk) = f(zk) for 0 ≤ k ≤ n.

It is possible to write an explicit formula for pn(z) called the Lagrange
form. Define the function ψn(z) by

ψn(z) = (z − z0) (z − z1) · · · (z − zn).

Then ψn(z) is a degree n + 1 polynomial that vanishes at the points zk. It is
easy to see that

ψ′
n(zk) = (zk − z0) · · · (zk − zk−1) (zk − zk+1) · · · (zk − zn)

and that if we define the degree n polynomials lk(z) by

lk(z) =
ψn(z)

(z − zk)ψ′
n(zk)

,

then the lk satisfy

lk(zj) =

{
1, if j = k,

0, if j �= k,

where we have defined lk(zk) as limz→zk
lk(x). Hence

pn(z) =

n∑
k=0

f(zk) lk(z) (13.2)

solves the interpolation problem. If qn(z) is another solution to the problem,
then pn(z)− qn(z) is a polynomial of degree n vanishing at the n + 1 points
z0, z1, . . . , zn and so vanishes identically. Thus pn(z) is the unique solution
to the interpolation problem.

Definition 13.25 (Divided Differences). Let f(z) be a function on C, and
let z0, z1, . . . , zk be k + 1 distinct points in C. Then the kth-order Newton
divided difference of f , denoted f [z0, . . . , zk], is defined to be the coefficient
of zk in the polynomial pk defined by (13.2).

The Newton divided difference has the following properties.
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Theorem 13.26. (a) f [z0, z1, . . . , zk] is unchanged under a permutation of
the points zj.

(b) The polynomial pn defined by (13.2) can be written as

pn(z) =

n∑
k=0

f [z0, . . . , zk]

k−1∏
j=0

(z − zj).

This formula is referred to as the Newton form of the polynomial pn.

(c) f [z0, z1, . . . , zk] =
f [z1, . . . , zk]− f [z0, . . . , zk−1]

zk − z0
.

Proof. (a) follows from the observation that the polynomial pn, and hence its
leading term, is independent of the order of the points zj .

To see (b), note that we can write

pn(z) = pn−1(z) + f [z0, . . . , zn]

n−1∏
j=0

(z − zj).

Now pn−1(z) has degree n−1 since by definition the coefficients of zn in pn(z)

and in f [z0, . . . , zn]
∏n−1

j=0 (z−zj) match. Next note that pn−1(zk) = pn(zk) =
f(zk) for 0 ≤ k ≤ n−1 so that pn−1 uniquely solves the interpolation problem
for f at the points z0, . . . , zn−1. Hence we can write

pn−1(z) = pn−2(z) + f [z0, . . . , zn−1]

n−2∏
j=0

(z − zj)

and assert that pn−2 is the unique degree n− 2 polynomial solving the inter-
polation problem at z0, . . . , zn−2. Proceeding in this fashion, we arrive at the
result.

To see (c), note that, as above, we can write

pn(z) = pn−1(z) + f [z0, . . . , zn]

n−1∏
j=0

(z − zj),

where pn−1 is the unique degree n−1 polynomial interpolating f at the points
z0, . . . , zn−1, and that we can also write

pn(z) = qn−1(z) + f [z0, . . . , zn]

n∏
j=1

(z − zj),

where qn−1 is the unique degree n−1 polynomial interpolating f at z1, . . . , zn.
Setting the two expressions equal and rearranging gives

qn−1(z)− pn−1(z)

zn − z0
= f [z0, . . . , zn]

n−1∏
j=1

(z − zj).

Equating the leading term of each side gives the result. 	
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Interpolation with Multiple Points

Now we consider the interpolation problem when the points in the sequence
z0, z1, . . . , zn may occur more than once. In this case, the interpolation prob-
lem is the following. Suppose that no point in the sequence z0, z1, . . . , zn

occurs more than k + 1 times, and that our function f is analytic in an open
neighborhood of the points zj. We seek a polynomial pn(z) of degree no more
than n such that p(j)(z) = f (j)(z) for 0 ≤ j ≤ r − 1 at each point z which
occurs r times in the sequence z0, z1, . . . , zn. This problem is referred to as
Hermite or osculatory interpolation.

It turns out that the Newton divided difference formalism is already set up
to accommodate this situation. We start with the observation that a unique
solution to the Hermite interpolation problem for the points z0, . . . , zn ex-
ists. In fact, we can write down the analogues of the Lagrange interpolating
functions for this case. To do this, we will reindex the interpolation points as
follows. Consider now the sequence z0, . . . , zq of distinct points and suppose
that the point zj occurs µj times in the original sequence. For k = 0, . . . , q,
define the function

ψk
n(z) =

ψn(z)

(z − zk)µk

and for 0 ≤ r < µk define

�r
k(z) = ψk

n(z)Qr(z)Pr(z),

where

Qr(z) =

µk−1−r∑
�=0

1

�!
(1/ψk

n)(�)(zk) (z − zk)�

and

Pr(z) =
1

r!
(z − zk)r.

Then for 0 ≤ s < µj ,

(�r
k)(s)(zj) =

{
1, if (j, s) = (k, r),

0, otherwise.
(13.3)

In order to see this, note that if j �= k, then clearly ψk
n(zj) = 0 so that (13.3)

holds in this case. Let j = k. Since Pr(z) has a zero of order r at z = zk, then
(13.3) holds for 0 ≤ s < r. If 0 ≤ r ≤ s < µk, then

(�r
k)(s)(zk) =

s∑
j=0

(
s

j

)
(ψk

n ·Qr)
(j)(zk)P (s−j)

r (zk)

=

(
s

s− r

)
(ψk

n ·Qr)
(s−r)(zk)
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=

(
s

s− r

) s−r∑
j=0

(
s− r

j

)
(ψk

n)(j)(zk)Q(s−r−j)
r (zk)

=

(
s

s− r

) s−r∑
j=0

(
s− r

j

)
(ψk

n)(j)(zk)

(
1

ψk
n

)(s−r−j)

(zk)

=

(
s

s− r

)(
ψk

n ·
1

ψk
n

)(s−r)

(zk)

=

(
s

s− r

)
(1)(s−r)(zk)

=

{
1, if s = r,

0, if r < s < µk.

Hence

pn(z) =

q∑
k=0

µj−1∑
r=0

f (r)(zk) �r
k(z)

is the unique solution to the Hermite interpolation problem.
As before, we define the nth-order Newton divided difference as the coeffi-

cient of zn in pn. The divided differences so defined satisfy essentially the same
properties as the divided differences defined for distinct points. The proof of
the following theorem is the same as that of Theorem 13.26.

Theorem 13.27. The Newton divided differences satisfy the following prop-
erties.

(a) f [z0, z1, . . . , zk] is unchanged under a permutation of the points zj.

(b) The polynomial pn solving the Hermite interpolation problem can be writ-
ten

pn(z) =
n∑

k=0

f [z0, . . . , zk]
k−1∏
j=0

(z − zj).

(c) If zk �= z0 then

f [z0, z1, . . . , zk] =
f [z1, . . . , zk]− f [z0, . . . , zk−1]

zk − z0
.

Divided differences for arbitrary sets of points may also be defined by
taking the limit of divided differences for sets of distinct points. In order to
show this, we will use an alternate representation of the divided difference for
distinct points known as the Hermite–Gennochi formula. The proof of this
formula is not reproduced here but amounts to showing that the expression
satisfies Theorem 13.26(c) (see [17, Sec. 1.4.2]).
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Theorem 13.28 (Hermite–Gennochi formula). Suppose that f has k
continuous derivatives on an open set containing the convex hull of the points
zj. Then

f [z0, z1, . . . , zk]

=

∫ 1

0

∫ t1

0

· · ·
∫ tk−1

0

f (k)(z1 + (z2 − z1) t1 + (z3 − z2) t2 + · · · + (z0 − zk) tk)

dtk dtk−1 · · · dt1.

Corollary 13.29. Suppose that f satisfies the hypotheses of Theorem 13.28.
Then there is a point ξ in the convex hull of the points {z0, . . . , zk} such that

f [z0, z1, . . . , zk] =
1

k!
f (k)(ξ).

Proof. Note that the argument of f (k) in the integrand in Theorem 13.28 can
be written

z1 + (z2 − z1) t1 + (z3 − z2) t2 + · · · + (z0 − zk) tk

= (1 − t1) z1 + (t1 − t2) z2 + · · · + (tk−1 − tk) zk + tk z0

= λ0 z0 + λ1 z1 + λ2 z2 + · · · + λk zk,

where
∑k

j=0 λk = 1. Hence the integral in Theorem 13.28 is taken over the
convex hull of the points zj . In light of the fact that∫ 1

0

∫ t1

0

· · ·
∫ tk−1

0

dtk dtk−1 · · · dt1 =
1

k!
,

the result follows from the integral version of the Mean Value Theorem. 	


We can now prove the following theorem.

Theorem 13.30. Let z0, . . . , zn be a sequence of points, not necessarily dis-
tinct, such that no point in the sequence occurs more than k + 1 times and
assume that f is analytic in a neighborhood of the convex hull of the points
zj. Then the following hold.

(a) If z0 = z1 = · · · = zn = ξ then

f [z0, . . . , zn] =
f (n)(ξ)

n!
.

(b) If for each r ∈ N, z
(r)
0 , . . . , z

(r)
n are distinct points in C and if for each j,

limr→∞ z
(r)
j = zj, then

lim
r→∞

f [z
(r)
0 , . . . , z(r)

n ] = f [z0, . . . , zn].
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Proof. (a) follows from the definition of the divided difference and the ob-
servation that if z0 = z1 = · · · = zn = ξ then pn(z) is simply the Taylor
polynomial of f at ξ.

The proof of (b) is by induction on n. If n = 0 then the result is obvious.
Now suppose n > 0 and assume first that z0 = z1 = · · · = zn = ξ. By

Corollary 13.29, there is a point ξ(r) in the convex hull of the points z
(r)
k

satisfying

f [z
(r)
0 , z

(r)
1 , . . . , z(r)

n ] =
1

n!
f (n)(ξ(r)).

Since limr z
(r)
j = zj for each j, limr ξ

(r)
j = ξ and the result follows.

Now suppose that at least two of the points zj are distinct. Since the order-
ing of the points in the divided difference doesn’t matter, we may take them to
be z0 and zn. In this case, by the induction hypothesis and Theorem 13.27(c),

lim
r

f [z
(r)
0 , z

(r)
1 , . . . , z(r)

n ] = lim
r

f [z
(r)
0 , . . . , z

(r)
n−1]− f [z

(r)
1 , . . . , z

(r)
n ]

z
(r)
n − z

(r)
0

=
f [z1, . . . , zn]− f [z0, . . . , zn−1]

zn − z0

= f [z0, z1, . . . , zn]. 	


For functions in H2, we have a particularly convenient integral represen-
tation of the divided difference.

Theorem 13.31. Let f ∈ H2 and let z0, . . . , zn be a sequence of points, not
necessarily distinct, such that %(zj) > 0 for each j. Then

f [z0, z1, . . . , zn] =

∫ ∞

−∞

f(t)

(z0 − t)(z1 − t) · · · (zn − t)
dt.

Proof. Assume first that all of the zk are distinct, and proceed by induction.
If n = 0 then the result is a restatement of Lemma 13.2(b). For n > 0 note
that

1

(z0 − t)(z1 − t) · · · (zn−1 − t)
− 1

(z1 − t)(z2 − t) · · · (zn − t)

=
zn − z0

(z0 − t)(z1 − t) · · · (zn−1 − t)(zn − t)
.

Hence by the induction hypothesis,
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−∞

f(t)

(z0 − t)(z1 − t) · · · (zn − t)
dt

=
1

zn − z0

∫ ∞

−∞

(
f(t)

(z0 − t)(z1 − t) · · · (zn−1 − t)

− f(t)

(z1 − t)(z2 − t) · · · (zn − t)

)
dt

=
f [z1, . . . , zn]− f [z0, . . . , zn−1]

zn − z0

= f [z0, z1, . . . , zn].

The case in which not all the zj are distinct is handled by applying The-
orem 13.30 and by observing that since f ∈ H2, the Dominated Convergence
Theorem allows for taking the limit under the integral sign. 	


13.3 Exactness of Samples on a Union of Lattices

The goal of this section is to show that the collection {tj e2πiλt : λ ∈ Λ, 0 ≤
j < pλ} is exact in L2[−σ, σ]. This is done by first showing in Section 13.3.1
that any function f ∈ PWσ is completely determined by its samples on the
union of shifted lattices Λ and then by constructing explicitly in Section 13.3.2
the system {gλ,j : λ ∈ Λ, 0 ≤ j < pλ} of interpolating functions for the set Λ.
This explicit form will be useful in showing that the collection forms a Riesz
basis or corresponds to an RBS in Section 13.4.

13.3.1 Completeness

That any function in PWσ is completely determined by its samples on Λ
is equivalent to the completeness of the collection {tj e2πiλt : λ ∈ Λ, 0 ≤
j < pλ} in L2[−σ, σ]. Necessary and sufficient conditions for completeness of
such collections have been given in [33, Sec. 27] and in [28] (see [26, App. III,
Sec. 1]) and relate to the existence or nonexistence of a nonzero entire function
of exponential type vanishing precisely on Λ. The proof we present here is due
to Levin [26], [27].

Theorem 13.32. If f ∈ PWσ vanishes on Λ, then f ≡ 0.

Proof. Let S(z) =
∏m

i=1 sin(2πσi(z − αi)). Note that S vanishes precisely
on Λ and that by Example 13.9(b), S is a function of sine type σ. Consider
the function

Φ(z) =
f(z)

S(z)
.



310 Bjarte Rom and David Walnut

Since both f and S are entire functions and since f vanishes on Λ to the same
order as S, the function Φ(z) is also entire. By the Paley–Wiener theorem
(Therorem 13.4) |f(z)| ≤ C e2πσ|�(z)|. Given ε > 0, define the set Cε by

Cε =
⋃
λ∈Λ

{z : |z − λ| < ε}.

It is easy to see that if ε > 0 is small enough, Cε consists of a countable union
of bounded open sets in C and that if z /∈ Cε then dist(z, Λ) > ε, and on the
boundary of each bounded component of Cε, the function Φ(z) is bounded
above by C/mε (where the constant mε comes from Definition 13.8(c)). The
Maximum Modulus Theorem allows us to extend this estimate to the interior
of each component. Hence Φ(z) is a bounded entire function and so constant
by Liouville’s Theorem.

To see that in fact Φ(z) vanishes identically, let h > H (where the con-
stant H appears in Definition 13.8(b)) and consider the function Φ(x + ih),
x ∈ R. By Definition 13.8(c) and Lemma 13.5, it follows that Φ(x + ih) is in
L2(R). Since it is also identically constant, that constant must be zero. 	


13.3.2 Minimality: The Interpolating Functions

Theorem 13.33. Let Ω be a finite subset of Λ. Define the function

∆Ω(z) =

∏
λ∈Ω(z − λ)pλ

S(z)
,

where

S(z) =
m∏

i=1

sin(2πσi(z − αi)).

Let f(z) be analytic in a neighborhood of Ω, and finally let PΩ(z) be the
polynomial of lowest degree interpolating the function f∆Ω at each point λ ∈ Ω
up to multiplicity pλ. Define

gΩ(z) =
S(z)∏

λ∈Ω(z − λ)pλ
PΩ(z)

Then gΩ(z) is in PWσ and satisfies

(a) for all λ ∈ Λ \Ω, g
(j)
Ω (λ) = 0 for all 0 ≤ j < pλ, and

(b) for all λ ∈ Ω, g
(j)
Ω (λ) = f (j)(λ) for all 0 ≤ j < pλ.

Proof. It is clear that gΩ(z) has the right exponential growth and that since
the degree of PΩ(z) is no more than (

∑
λ∈Ω pλ)−1, gΩ(z) is in L2(R). Hence

gΩ ∈ PWσ.
To see (a), note that S(z) vanishes on Λ and that the function
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1∏
λ∈Ω(z − λ)pλ

PΩ(z)

has no poles on the set Λ \Ω.
Finally, to see (b), let λ ∈ Ω and let 0 ≤ j < pλ. Then using the fact that

by definition P
(j−k)
Ω (λ) = (f∆Ω)(j−k)(λ),

g
(j)
Ω (λ) =

j∑
k=0

(
j

k

)
dk

dzk

(
S(z)∏

µ∈Ω(z − µ)pµ

)∣∣∣∣∣
z=λ

P
(j−k)
Ω (λ)

=

j∑
k=0

(
j

k

)
dk

dzk

(
S(z)∏

µ∈Ω(z − µ)pµ

)∣∣∣∣∣
z=λ

(f∆Ω)(j−k)(λ)

=
dj

dzj

(
S(z)∏

µ∈Ω(z − µ)pµ
(f∆Ω)(z)

)∣∣∣∣∣
z=λ

= f (j)(λ). 	


From Theorem 13.33 it is easy to specify the interpolating functions cor-
responding to the set Λ (cf. [25]). We will denote ∆{λ} by ∆λ.

Corollary 13.34. Given λ ∈ Λ and 0 ≤ j < pλ, the function gλ,j ∈ PWσ

given by

gλ,j(z) =

pλ−1∑
k=j

(
k

j

)
∆

(k−j)
λ (λ)

S(z)

(z − λ)pλ−k
(13.4)

satisfies g
(�)
λ,j(µ) = 1 if (µ, �) = (λ, j) and 0 otherwise.

Proof. Let f(z) = (1/j!) (z − λ)j . Then for 0 ≤ k < pλ, f (k)(λ) = 1 if k = j
and 0 otherwise. Let Ω = {λ}, define the polynomial Pλ by

Pλ(z) =

pλ−1∑
k=0

1

k!
(f ∆λ)(k)(λ) (z − λ)k

=

pλ−1∑
k=0

1

k!

k∑
�=0

(
k

�

)
f (�)(λ)∆

(k−�)
λ (λ) (z − λ)k

=

pλ−1∑
k=j

1

k!

(
k

j

)
∆

(k−j)
λ (λ) (z − λ)k,

and let

gλ,j(z) =
S(z)

(z − λ)pλ
Pλ(z).

The result now follows from Theorem 13.33. 	
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13.4 Reconstruction of f ∈ PWσ from its Samples on Λ

Throughout this section, S(z) will denote the function

S(z) =
m∏

i=1

sin(2πσi(z − αi)).

13.4.1 The Case in Which Λ is Separated

Our goal is to show that {gλ,j} is a Riesz basis. By Theorem 13.17 it is suffi-
cient to show that both it and its biorthogonal system are Bessel sequences.
The latter is accomplished by the following theorem.

Theorem 13.35. There is a constant C such that for all f ∈ PWσ,

∑
λ∈Λ

pλ−1∑
j=0

|f (j)(λ)|2 ≤ C ‖f‖2PWσ
. (13.5)

Proof. Note that by the definition of the set Λ, supλ∈Λ pλ ≤ m where m is
the number of shifted lattices in Λ. Consequently, we can rearrange the sum
in (13.5) as ∑

λ∈Λ

pλ−1∑
j=0

|f (j)(λ)|2 =

m∑
k=1

∑
{λ:pλ≤k}

|f (k)(λ)|2.

Since for each k, the set {λ ∈ Λ : pλ ≤ k} is real and separated, it follows
from the Plancherel–Pólya Theorem (Theorem 13.7) and Bernstein’s Inequal-
ity (Theorem 13.6) that∑

{λ:pλ≤k}
|f (k)(λ)|2 ≤ C ‖f (k)‖2PWσ

≤ Ck‖f‖2PWσ
,

and the result follows with C =
∑

k Ck. 	


The argument that {gλ,j} is a Bessel sequence uses the theory of H2 spaces.
Note that by (13.4), each function gλ,j is a finite linear combination of the
functions S(z)/(z − λ)n, 1 ≤ n ≤ m where the coefficients in these linear

combinations involve the numbers ∆
(�)
λ (λ). The next lemma shows that these

numbers are bounded by a constant independent of λ and 0 ≤ � < m.

Lemma 13.36. sup{|∆(�)
λ (λ)| : λ ∈ Λ, 0 ≤ � < m} = C <∞.

Proof. The proof is by induction on �. Let Sλ(z) = S(z)/(z − λ)pλ and note

that for every �, S
(�)
λ (λ) is bounded uniformly in λ. Also note that, since λ is

at least some fixed positive distance away from any other zero of S(z), ∆λ(λ)
is bounded uniformly in λ. Hence the conclusion holds with � = 0. For � > 0,
note that
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0 = (Sλ ∆λ)(�)(λ)

=

�∑
k=0

(
�

k

)
S

(k)
λ (λ)∆

(�−k)
λ (λ)

= Sλ(λ)∆
(�)
λ (λ) +

�∑
k=1

(
�

k

)
S

(k)
λ (λ)∆

(�−k)
λ (λ).

Hence

|∆(�)
λ (λ)| ≤ |∆λ(λ)|

�∑
k=1

(
�

k

)
|S(k)

λ (λ)| |∆(�−k)
λ (λ)|,

and the result follows for � from the induction hypothesis. 	

Lemma 13.37. The sequence{

S(z)

(z − λ)n

}
λ∈Λ,1≤n≤pλ

is a Bessel sequence in PWσ.

Proof. We will use the characterization of Bessel sequences given in Theo-
rem 13.15. It will suffice to show that there is a constant C > 0 such that for
all finite sequences {cλ,n},∥∥∥∥∑

λ,n

cλ,n
S(z)

(z − λ)n

∥∥∥∥
PWσ

≤ C

(∑
λ,n

|cλ,n|2
)1/2

.

To that end, let {cλ,n} be such a sequence.
Note that given h > 0, the function S(t+ih) never vanishes and is bounded

on R. Also note that the function

S(z + ih)−1
∑
λ,n

cλ,n
S(z + ih)

(z + ih− λ)n
=
∑
λ,n

cλ,n

(z + ih− λ)n

is in H2. Therefore, in light of Lemma 13.5, and with C representing a constant
independent of {cλ,n} which may change from line to line,∥∥∥∥∑

λ,n

cλ,n
S(z)

(z − λ)n

∥∥∥∥
PWσ

≤ C

(∫ ∞

−∞

∣∣∣∣∑
λ,n

cλ,n
S(t + ih)

(t + ih− λ)n

∣∣∣∣2 dt

)1/2

= C

(∫ ∞

−∞
|S(t + ih)|2

∣∣∣∣∑
λ,n

cλ,n

(t + ih− λ)n

∣∣∣∣2 dt

)1/2

≤ C ‖S(t + ih)‖∞
(∫ ∞

−∞

∣∣∣∣∑
λ,n

cλ,n

(t + ih− λ)n

∣∣∣∣2 dt

)1/2

= C

∥∥∥∥∑
λ,n

cλ,n

(t + ih− λ)n

∥∥∥∥
H2

.
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Hence it suffices to find a constant C > 0 independent of {cλ,n} such that∥∥∥∥∑
λ,n

cλ,n

(t + ih− λ)n

∥∥∥∥
H2

≤ C

(∑
λ,n

|cλ,n|2
)1/2

.

To see this, take ϕ ∈ H2 with ‖ϕ‖H2 = 1. Then∣∣∣∣〈∑
λ,n

cλ,n

(t + ih− λ)n
, ϕ(t)

〉∣∣∣∣ = ∣∣∣∣∑
λ,n

cλ,n

∫ ∞

−∞

ϕ(t)

(t− (λ + ih))n
dt

∣∣∣∣
=

∣∣∣∣∑
λ,n

cλ,n

∫ ∞

−∞

ϕ(t)

(t− (λ + ih))n
dt

∣∣∣∣
=

∣∣∣∣∑
λ,n

cλ,n ϕ(n)(λ + ih)

∣∣∣∣
≤
(∑

λ,n

|cλ,n|2
)1/2(∑

λ,n

|ϕ(n)(λ + ih)|2
)1/2

.

Note that as in the proof of Theorem 13.35, in light of Lemma 13.2(c), and
using the fact that Λ is separated, we can write∑

λ,n

|ϕ(n)(λ + ih)|2 =
m∑

n=1

∑
{λ:n≤pλ}

|ϕ(n)(λ + ih)|2

=

m∑
n=1

C(h, n) ‖ϕ‖H2

= C ‖ϕ‖H2 ,

and the result follows. 	


Theorem 13.38. The collection {gλ,j : λ ∈ Λ, 0 ≤ j < pλ} is a Bessel
sequence in PWσ.

Proof. Let {cλ,j} be a finite sequence and consider the sum

∑
λ∈Λ

pλ−1∑
j=0

cλ,j gλ,j.

Fixing λ ∈ Λ, and using (13.4), we can write

pλ−1∑
j=0

cλ,j gλ,j(z) =

pλ−1∑
j=0

cλ,j

pλ−1∑
k=j

(
k

j

)
∆

(k−j)
λ (λ)

S(z)

(z − λ)pλ−k

=

pλ−1∑
j=0

cλ,j

pλ−j∑
n=1

(
pλ − n

j

)
∆

(pλ−n−j)
λ (λ)

S(z)

(z − λ)n
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=

pλ∑
n=1

(pλ−n∑
j=0

cλ,j

(
pλ − n

j

)
∆

(pλ−n−j)
λ (λ)

)
S(z)

(z − λ)n

≡
pλ∑

n=1

Cλ,n
S(z)

(z − λ)n
.

Now, by Lemma 13.37,∥∥∥∥∑
λ∈Λ

pλ−1∑
j=0

cλ,j gλ,j

∥∥∥∥
PWσ

=

∥∥∥∥∑
λ∈Λ

pλ∑
n=1

Cλ,n
S(z)

(z − λ)n

∥∥∥∥
PWσ

≤ C

(∑
λ∈Λ

pλ∑
n=1

|Cλ,n|2
)1/2

.

Now, by the Cauchy–Schwarz inequality and Lemma 13.36,

|Cλ,n|2 =

∣∣∣∣pλ−n∑
j=0

cλ,j

(
pλ − n

j

)
∆

(pλ−n−j)
λ (λ)

∣∣∣∣2 ≤ C

pλ−n∑
j=0

|cλ,j |2

for some C independent of λ, n, and j. Finally note that

∑
λ∈Λ

pλ∑
n=1

|Cλ,n|2 ≤ C
∑
λ∈Λ

pλ∑
n=1

pλ−n∑
j=0

|cλ,j |2

= C
∑
λ∈Λ

pλ−1∑
j=0

pλ−j∑
n=1

|cλ,j |2

≤ C pλ

∑
λ∈Λ

pλ−1∑
j=0

|cλ,j |2,

and the result follows since pλ ≤ m for all λ ∈ Λ. 	


13.4.2 The Case in Which Λ is Not Separated

In this case, the collection {gλ,j} cannot be a Schauder basis. In fact the
following holds.3

Theorem 13.39. Suppose that {xn} is a Schauder basis for a Hilbert space H
with the property that infn ‖xn‖ > 0. Then there is an ε > 0 such that ‖xn −
xm‖ ≥ ε for all n, m.

Proof. Let {yn} be the sequence biorthogonal to {xn}. By Theorem 13.13,
there is a constant M > 0 such that for all n

3Thanks to R. M. Young for pointing this out to the second author.
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1 ≤ ‖xn‖ ‖yn‖ ≤M.

Consequently, supn ‖yn‖ = B <∞ and we can write

1 = 〈xn − xm, yn〉 ≤ ‖yn‖ ‖xn − xm‖ ≤ B ‖xn − xm‖,

and it follows that ‖xn − xm‖ ≥ 1/B for all n, m. 	


Corollary 13.40. If {tj e2πiλt : λ ∈ Λ, 0 ≤ j < pλ} is a Schauder basis for
L2[−σ, σ] then infλ,µ∈Λ,λ�=µ |λ− µ| > 0.

Proof. Note that for each λ ∈ Λ, the element e2πiλt is included in the basis.
By Theorem 13.39, there is an ε > 0 such that for all λ, µ ∈ Λ, with λ �= µ,

‖e2πiλt − e2πiµt‖L2[−σ,σ] ≥ ε.

Next observe that as long as, say |µ− λ| ≤ 1,

‖e2πiλt − e2πiµt‖ = ‖e2πiλt(1− e2πi(µ−λ)t)‖

≤ ‖1− e2πi(µ−λ)t‖

=

∥∥∥∥ ∞∑
n=1

(2πi)n

n!
tn (µ− λ)n

∥∥∥∥
≤

∞∑
n=1

(2π)n

n!
|µ− λ|n ‖tn‖

≤ (2σ)1/2
∞∑

n=1

(2πσ)n

n!
|µ− λ|n

= (2σ)1/2 (e2πσ|µ−λ| − 1)

≤ (2σ)1/2 e2πσ |µ− λ|,

and the result follows. 	


Since {gλ,j} is a basis for PWσ if and only if {tj e2πiλt} is a basis for
L2[−σ, σ], we see that if Λ is not separated, then {gλ,j} cannot be a basis for
PWσ.

The way around this difficulty is to partition the set Λ into “bunches”
with the property that (1) each bunch consists of no more than m points
in Λ, (2) the diameter of each bunch is no greater than some constant ε > 0,
and (3) the separation between adjacent bunches is greater than some constant
ε′ > 0. To each bunch will be assigned a subspace given as the span of the
interpolating functions corresponding to the points in the bunch. We will
then show that the resulting sequence of subspaces forms a Riesz basis from
subspaces for PWσ. Specifically, we make the following definition.

Definition 13.41. Given any discrete set Γ ⊆ R, and ε, ε′ > 0, we say that
a subset Ω ⊆ Γ is an ε, ε′-block provided that
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(a) if λ, µ ∈ Ω then |λ− µ| < ε, and

(b) dist(Ω,Γ \Ω) > ε′.

Lemma 13.42. For all ε > 0 sufficiently small, Λ can be written as a disjoint
union of ε, ε/m-blocks. Moreover, each block can be chosen to contain no more
than m points.

Proof. Fix ε < 1/(4σm) and write R as a disjoint union of intervals of length
ε′ = ε/m by defining Ik = [k ε′, (k + 1) ε′). Now define the sequence kn as
follows. Let k1 be the smallest index k ≥ 1 with the property that Ik1 ∩ Λ
is empty and define recursively kn to be the smallest index strictly larger
than kn−1 such that Ikn−1 ∩ Λ is nonempty while Ikn ∩ Λ is empty. Then let

Ωn = ∪kn+1

k=kn
(Ik ∩Λ). For n ≤ −1, define Ωn = −Ω−n and define Ω0 = {0}. It

is obvious that Λ = ∪n∈ZΩn and that (a) and (b) are satisfied with ε′ = ε/m.
The sets Ωn satisfy #(Ωn) ≤ m for all n ∈ Z \ {0}. To see this, note first

that for each n ≥ 1, kn+1 − kn ≤ m + 1. If this were not the case, then there
would be m + 1 contiguous values of k for which Ik ∩ Λ would be nonempty.
Since each interval Ik has length ε′ = ε/m, this means that there would be
an interval of length (m + 1)ε/m ≤ 2ε containing at least m + 1 points of
Λ. This would imply that there was a j with 1 ≤ j ≤ m such that at least
two of these points were contained in Λj . Hence the distance between these
points would be at least 1/2σm. But 2ε < 1/2σm, a contradiction. Now, since
kn+1 − kn ≤ m + 1, Ωn is contained in an interval of length ε since there can
be no more than m contiguous values of k with Ik ∩ Λ nonempty. Since no
more than m points of Λ can sit in any such interval, the claim is proved. It
is now clear that each Ωn is an ε-block with ε′ = ε/m. 	


Now suppose that a 0 < ε < 1/(4σm), as described in Lemma 13.42, is
fixed and let A denote the collection of such ε-blocks partitioning Λ. We make
the following definition.

Definition 13.43. For each Ω ∈ A, define the subspace HΩ ⊆ PWσ by

HΩ = span{gλ,j : λ ∈ Ω, 0 ≤ j < pλ},

and the projector PΩ by

PΩf =
∑
λ∈Ω

pλ−1∑
j=0

f (j)(λ) gλ,j .

Our goal is to show that the collection {HΩ}Ω∈A is a Riesz basis from
subspaces for PWσ. We will verify this directly. First of all, it is clear from
the definition of PΩ and of the interpolating functions gλ,j that part (a) of
Definition 13.21 holds. The proof that part (b) of Definition 13.21 holds will
rely on Lemmas 13.45 and 13.46 below and will consist in arguing that (1) for
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each f ∈ PWσ, the sum
∑

Ω PΩf converges unconditionally, and that (2) it
must converge to f .

Before getting to that, we make some reductions based on the observation
that if we take a finite partition of A then we may argue separately on each
element of the partition. To that end, note that to each Ω ∈ A there is
associated a subset ΓΩ of {1, 2, . . . , m} given by j ∈ ΓΩ if and only if Ω ∩
Λj �= ∅. Now we partition the set A as follows. Given Γ ⊆ {1, 2, . . . , m}
define the set AΓ by AΓ = {Ω ∈ A : ΓΩ = Γ}. Clearly, the collection
{AΓ : Γ ⊆ {1, . . . , m}} partitions A into finitely many disjoint subsets.

Now fix a subset Γ and an Ω ∈ AΓ . By renumbering the indices if neces-
sary, we can assume without loss of generality that Γ = {1, . . . , p} for some
p ≤ m. We enumerate Ω as a sequence in which points appear as many times
as their multiplicity. Specifically, we can take Ω = {λ1, . . . , λp} where λ� ∈ Λ�

for each �. In this case, according to Theorem 13.33,

PΩf(z) =
S(z)∏p

k=1(z − λk)
PΩ(z)

=
S(z)∏p

k=1(z − λk)

p∑
j=1

(f ∆Ω)[λ1, . . . , λj ]

j−1∏
�=0

(z − λ�)

=

p∑
j=1

(f ∆Ω)[λ1, . . . , λj ]
S(z)∏p

k=j(z − λk)
.

The proof of the following lemma is similar to that of Lemma 13.36.

Lemma 13.44. For each Ω ∈ A, let

IΩ = [min{λ ∈ Ω},max{λ ∈ Ω}].

Then
sup
Ω∈A

sup
1≤j≤m

sup
x∈IΩ

|∆(j)
Ω (x)| = M <∞.

Lemma 13.45. Let Γ = {1, . . . , p} for some p ≤ m, and fix 1 ≤ j ≤ p. Then
there is a constant C > 0 such that for all f ∈ PWσ and all finite subsets
B ⊆ AΓ , (∑

Ω∈B
|(f ∆Ω)[λ1, . . . , λj ]|2

)1/2

≤ C ‖f‖PWσ .

Proof. Corollary 13.29 says that there is a point ξj
Ω ∈ IΩ such that

|(f ∆Ω)[λ1, . . . , λj ]| =
1

(j − 1)!
(f ∆Ω)(j−1)(ξj

Ω)

=
1

(j − 1)!

j−1∑
k=0

(
j − 1

k

)
f (k)(ξj

Ω)∆
(j−1−k)
Ω (ξj

Ω).
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Now,(∑
Ω∈B

|(f ∆Ω)[λ1, . . . , λj ]|2
)1/2

=
1

(j − 1)!

(∑
Ω∈B

∣∣∣∣j−1∑
k=0

(
j − 1

k

)
f (k)(ξj

Ω)∆
(j−1−k)
Ω (ξj

Ω)

∣∣∣∣2)1/2

≤ 1

(j − 1)!

j−1∑
k=0

(
j − 1

k

)(∑
Ω∈B

|f (k)(ξj
Ω)|2 |∆(j−1−k)

Ω (ξj
Ω)|2

)1/2

≤M
1

(j − 1)!

j−1∑
k=0

(
j − 1

k

)(∑
Ω∈B

|f (k)(ξj
Ω)|2

)1/2

≤M
1

(j − 1)!

j−1∑
k=0

(
j − 1

k

)
Ck ‖f (k)‖PWσ

≤ C ‖f‖PWσ ,

where the constant M comes from Lemma 13.44, the constant Ck from the
Plancherel–Pólya inequality (Theorem 13.7), and where the last line is a con-
sequence of Bernstein’s inequality (Theorem 13.6). 	


Lemma 13.46. Let Γ = {1, . . . , p} for some p ≤ m, and fix 1 ≤ j ≤ p. For
each Ω ∈ AΓ , Ω = {λ1, . . . , λp}, define the function SΩ(z) by

SΩ(z) =
S(z)∏p

k=j(z − λk)
.

Then the collection {SΩ}Ω∈AΓ is a Bessel sequence in PWσ.

Proof. We will show that there is a constant C > 0 such that for all finite
sequences {cΩ}Ω∈AΓ ,∥∥∥∥∑

Ω

cΩ SΩ

∥∥∥∥
PWσ

≤ C

(∑
Ω

|cΩ|2
)1/2

.

By repeating the first part of the proof of Lemma 13.37, we have that for
some h > 0 and some constant C,∥∥∥∥∑

Ω

cΩ SΩ

∥∥∥∥
PWσ

≤ C

∥∥∥∥∑
Ω

cΩ∏p
k=j(t + ih− λk)

∥∥∥∥
H2

.

To complete the proof, let ϕ ∈ H2 with ‖ϕ‖H2 = 1, and let zk = λk + ih.
Then,
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Ω

cΩ∏p
k=j(t + ih− λk)

, ϕ(t)

〉∣∣∣∣
=

∣∣∣∣∑
Ω

cΩ

∫ ∞

−∞

ϕ(t)∏p
k=j(t− zk)

dt

∣∣∣∣
=

∣∣∣∣∑
Ω

cΩ

∫ ∞

−∞

ϕ(t)∏p
k=j(t− zk)

dt

∣∣∣∣
=

∣∣∣∣∑
Ω

cΩ ϕ[zj , . . . , zp]

∣∣∣∣
≤ C

(∑
Ω

|cΩ|2
)1/2 (∑

Ω

|ϕ[zj , . . . , zp]|2
)1/2

.

By Corollary 13.29, there is a point ξj
Ω ∈ IΩ + ih such that

ϕ[zj , . . . , zp] =
1

(p− j)!
ϕ(p−j)(ξj

Ω).

Note that since the intervals IΩ are separated, so are the points ξj
Ω . Hence,

in light of Lemma 13.2(d), we can write∑
Ω

|ϕ[zj , . . . , zp]|2 =
1

(p− j)!

∑
Ω

|ϕ(p−j)(ξj
Ω)|2 ≤ C ‖ϕ‖H2 .

The conclusion of the theorem now follows. 	

In order to see that

∑
Ω PΩf converges unconditionally for each f , note

that by Lemma 13.46, there is a constant C such that for all finite subsets B
of AΓ ,∥∥∥∥∑

Ω∈B
PΩf

∥∥∥∥
PWσ

=

∥∥∥∥∑
Ω∈B

p∑
j=1

(f ∆Ω)[λ1, . . . , λj ]
S(z)∏p

k=j(z − λk)

∥∥∥∥
PWσ

≤ C

( p∑
j=1

∑
Ω∈B

|(f ∆Ω)[λ1, . . . , λj ]|2
)1/2

.

Moreover Lemma 13.45 implies that the sum

p∑
j=1

∑
Ω

|(f ∆Ω)[λ1, . . . , λj ]|2

converges absolutely and hence unconditionally. Therefore the above inequal-
ity allows us to establish a Cauchy criterion as in Lemma 13.19(b) on the
series

∑
Ω PΩf which in turn implies that the series converges uncondition-

ally to some function g ∈ PWσ. By the definition of PΩ, g agrees with f on
Λ, and so by Theorem 13.32, g = f .
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Summary. In this chapter we discuss the problem of finding the shift-invariant
space model that best fits a given class of observed data F . If the data is known to
belong to a fixed—but unknown—shift-invariant space V (Φ) generated by a vector
function Φ, then we can probe the data F to find out whether the data is sufficiently
rich for determining the shift-invariant space. If it is determined that the data is
not sufficient to find the underlying shift-invariant space V , then we need to acquire
more data. If we cannot acquire more data, then instead we can determine a shift-
invariant subspace S ⊂ V whose elements are generated by the data. For the case
where the observed data is corrupted by noise, or the data does not belong to a
shift-invariant space V (Φ), then we can determine a space V (Φ) that fits the data in
some optimal way. This latter case is more realistic and can be useful in applications,
e.g., finding a shift-invariant space with a small number of generators that describes
the class of chest X-rays.

To John, whose mathematics and humanity have inspired us.

14.1 Introduction

In many signal and image processing applications, images and signals are
assumed to belong to some shift-invariant space of the form:

V (Φ) :=

{
f =

n∑
i=1

∑
j∈Zd

αi(j)φi(·+ j) : αi ∈ l2(Zd), i = 1, . . . , n

}
, (14.1)

where Φ = [φ1, φ2, . . . , φn]t is a column vector whose elements φi are functions
in L2(Rd). These functions are a set of generators for the space V = V (Φ). For
example, if n = 1, d = 1, and φ(x) = sinc(x), then the underlying space is the
space of band-limited functions (often used in communications) [4], [5], [6].
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However, in most applications, the shift-invariant space chosen to describe
the underlying class of signals is not derived from experimental data—for
example most signal processing applications assume “band-limitedness” of the
signal, which has theoretical advantages, but generally does not necessarily
reflect the underlying class of signals accurately. Thus, in order to derive the
appropriate signal model for a class of signals, we consider the following two
types of problems:

(I) Given a class of signals belonging to a certain fixed—but unknown—shift-
invariant space V , the problem is whether it is possible to determine the
space V from a set of m experimental data F = {f1, f2, . . . , fm}, where
fi are observed functions (signals) belonging to V (Φ).

(II) Given a large set of experimental data F = {f1, f2, . . . , fm}, where fi are
observed functions (signals) that are not necessarily from a shift-invariant
space with a small fixed number of generators, we wish to determine some
small space V that models the signals in “some” best way.

For Problem I to be meaningful, we must have some a priori assump-
tion about our signal space V . In particular, we assume that V is a shift-
invariant space that can be generated by a set of exactly n generators,
Φ = [φ1, φ2, . . . , φn]t, such that {φi(· − k) : k ∈ Z, i = 1, . . . , n} forms a
Riesz basis for V (Φ). If a finite set F of signals is sufficient to determine
V (Φ), then F is called a determining set for V (Φ). The goal is to see if we
can perform operations on the observations F = {f1, f2, . . . , fm} to deduce
whether they are sufficient to determine the unknown shift-invariant space
V (Φ), and if so, use them to find some set of generators Ψ for V (Φ), i.e., find
some Ψ = [ψ1, ψ2, . . . , ψn]t such that V (Ψ) = V (Φ). If the observations are
not sufficient to determine V (Φ), then we need to obtain more observations
until a determining set is found.

This then becomes a learning problem: If the data is insufficient to de-
termine the model, then the set S(F) = closureL2

(
span{fi(· − k) : i =

1, . . . ,m, k ∈ Zd}
)

is a proper shift-invariant subspace of V . Thus the data
determines some “smaller” shift-invariant space. The acquisition of new data
will allow us to “learn” more about the right model, i.e., with the new infor-
mation we can obtain a more complete description of the space.

In practice however, the a priori hypothesis that the class of signals belongs
to a shift-invariant space with a known number of generators may not be sat-
isfied. For example, the class of functions from which the data is drawn may
not be a shift-invariant space. Another example is when the shift-invariant
space hypothesis is correct but the assumptions about the number of genera-
tors is wrong. A third example is when the a priori hypothesis is correct but
the data is corrupted by noise. For these three more realistic cases, we must
consider Problem II.

Similarly to Problem I, we must impose some a priori conditions on the
space V . In particular, we will search for the optimal space V among those
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spaces that are generated by exactly n generators. Consider the class V of
all the shift-invariant spaces that are generated by some set of generators
Φ = [φ1, φ2, . . . , φn]t, φi ∈ L2(Rd), with the property that {φi(· − k) : k ∈
Zd, i = 1, . . . , n} is a Riesz basis for V (Φ). The problem is then to find a space
V ∈ V such that

V = argmin
V ∈V

m∑
i=1

wi ‖fi − PV fi‖2, (14.2)

where wi are positive weights and where PV is the orthogonal projection on V .
The weights wi can be chosen to normalize or to reflect our confidence about
the data. For example we can choose wi = ‖fi‖−2 to place the data on a
sphere or we can choose a small weight wi for a given fi if—due to noise
or other factors—our confidence about the accuracy of fi is low. The goal is
to use the observations F = {f1, f2, . . . , fm} to find some set of generators
Ψ = [ψ1, ψ2, . . . , ψn]t that generates the optimal space V = V (Ψ) in (14.2).

14.2 Notation and Preliminaries

Throughout this chapter, we assume that the unknown space V is a Riesz
shift-invariant space, i.e., a shift-invariant space that has a set of generators
Φ = [φ1, . . . , φn]t such that {φi(x − k) : i = 1, . . . , n, k ∈ Zd} forms a Riesz
basis for V . That is, there exist 0 < A ≤ B such that for all f ∈ V (Φ),

A‖f‖2 ≤
n∑

i=1

∑
k∈Zd

|〈φi(· − k), f〉|2 ≤ B‖f‖2.

This Riesz basis assumption can be restated in the Fourier domain using the
Grammian matrix of Φ. Specifically, the Grammian GΘ of a vector function
Θ = [θ1, . . . , θn]t is defined by

GΘ(ω) =
∑
k∈Zd

Θ̂(ω + k) Θ̂∗(ω + k)

where Θ̂(ω) :=
∫

Rd Θ(x) e−2πiωx dx, and Θ̂∗ is the adjoint of Θ̂. With this
definition, it is well known that Φ induces a Riesz basis of the space V = V (Φ)
defined by (14.1) if and only if there exist two positive constants A > 0 and
B > 0 such that

AI ≤ GΦ(ω) ≤ BI, a.e. ω, (14.3)

where I is the n × n identity matrix (see, e.g., [1], [8], [9]). The set B =
{φi(x−k) : i = 1, . . . , n, k ∈ Zd} forms an orthonormal basis if and only if A =
B = 1 in (14.3). Throughout the chapter we assume that Φ = [φ1, . . . , φn]t

satisfies (14.3).
We use F to indicate a set of functions and F to denote the vector-valued

function whose components are the elements of F in some fixed order.
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14.3 Problem I

A complete account of the results considered in this section, with proofs, is
contained in [3].

Our main goal is to find necessary and sufficient conditions on subsets F =
{f1, . . . , fm} of V (Φ) such that any g ∈ V can be recovered from F as defined
precisely next. A set F with such a property will be called a determining set
for V (Φ). Specifically we have the following definition.

Definition 14.1. The set F = {f1, f2, . . . , fm} ⊂ V (Φ) is said to be a deter-
mining set for V (Φ) if any g ∈ V (Φ) can be written as

ĝ(ω) = α̂1(ω) f̂1(ω) + α̂2(ω) f̂2(ω) + · · ·+ α̂m(ω) f̂m(ω),

where α̂1, . . . , α̂m are some 1-periodic measurable functions. In addition, if F
is a determining set of V (Φ), then we will say that V (Φ) is determined by F .

Remark 14.2. (i) The integer translates of the functions in the set F =
{f1, . . . , fm} need not form a Riesz basis for V . In fact, series of the form

m∑
i=1

∑
k∈Zd

ci(k)fi(x− k)

need not even be convergent for all ci ∈ l2.

(ii) An equivalent definition of a determining set is the following (e.g., see
[8, Thm. 1.7]): a set F is a determining set for V (Φ) if and only if V (Φ) ⊂
closureL2

(
span{fi(x− k) : fi ∈ F}

)
.

It is not surprising that if V has a Riesz basis of n generators, then the
cardinality m of a determining set F must be larger or equal to n. This result
is stated in the following proposition.

Proposition 14.3. Let V be a shift-invariant space generated by some Riesz
basis {φi(x− k) : i = 1, . . . , n, k ∈ Zd}, where Φ = [φ1, . . . , φn]t is a vector of
functions in V . If F is a determining set for V , then card (F) ≥ n.

Because of the proposition above, we will only consider sets F of cardinality
m larger than or equal to the number n of the generators for V . Given such
a set F there are L =

(
m
n

)
subsets F� ⊂ F of size n. For each such subset F�

of size n, we define the set

A� = {ω : detGF�
(ω) �= 0}, 1 ≤ � ≤ L, (14.4)

where GF�
is the n×n Grammian matrix for the vector F�, and we “disjointize”

the sets A� by introducing the sets {B�}L
�=1 defined by
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B1 := A1, B� := A� −
�−1⋃
j=1

Aj , � = 2, . . . , L.

Below, we state (and give a reduced version of the proof of) a theorem
from [3] that solves Problem I. The result characterizes determining sets,
and produces an orthonormal basis for a shift-invariant space V when it is
determined by the data.

Theorem 14.4 ([3]). A set F = {f1, . . . , fm} ⊂ V (Φ) is a determining set

for V (Φ) if and only if the set
⋃L

�=1 A� has Lebesgue measure one.
Moreover, if F is a determining set for V (Φ), then the vector function

Ψ̂(ω) := G
− 1

2

F1
(ω) F̂1(ω)χB1(ω) + · · ·+ G

− 1
2

FL
(ω) F̂L(ω)χBL(ω) (14.5)

generates an orthonormal basis {ψi(x− k) : i = 1, . . . , n, k ∈ Zd} of V (Φ).

Proof (Sketch). Since F� ⊂ V (Φ) and card(F�) = n, we can write F̂� = ĈF�
Φ̂

for some n× n square matrix ĈF�
with L2([0, 1]d) entries, and we have

GF�
(ω) =

∑
k

(ĈF�
(ω + k) Φ̂(ω + k)) (ĈF�

(ω + k) Φ̂(ω + k))∗

=
∑

k

ĈF�
(ω + k) Φ̂(ω + k) Φ̂∗(ω + k) ĈF�

∗
(ω + k)

= ĈF�
(ω)GΦ(ω) ĈF�

∗
(ω),

since ĈF�
(ω) is 1-periodic.

Moreover, since Φ induces a Riesz basis, it follows that GΦ is positive
definite. It is also true that ĈF�

(ω) is non-singular for a.e. ω ∈ B�. Thus, GF�

is self-adjoint and positive definite on B�.
Therefore, if we define Ψ as in (14.5), then it can be seen that the set

{ψi(x− k) : i = 1, . . . , n, k ∈ Zd} forms an orthonormal basis for V (Φ).
For the converse see [3]. 	


Remark 14.5. (i) Theorem 14.4 provides a method for checking whether and
when a set of functions generates a fixed (yet unknown) shift-invariant
space generated by some unknown Φ of known size n. Since other than
the value n, the only requirement is that the set of functions must be-
long to the same (unknown) shift-invariant space, we can apply the theo-
rem to a set of observed functions (the data) if we know that they are all
from some shift-invariant space V . We can either determine the space, or
conclude that we do not have enough data to do so and need to acquire
more data. If we cannot acquire more data, we can still determine the space
S(F) = closureL2 (span{fi(· − k) : i = 1, . . . ,m, k ∈ Z}), which is a subspace
of the unknown space V . However, the subspace S(F) is not necessarily gen-
erated by a Riesz basis.
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(ii) The functions of the orthonormal basis constructed in Theorem 14.4
are in L2 but not in L1 ∩ L2 in general. Further investigation is needed for
the construction of better-localized bases.

14.4 Problem II

The intuition—or idea—behind Problem II is that one has a large amount of
data (for example the data base of all chest X-rays during the last 10 years).
The space

S(F) = closureL2 (span{fi(x− k) : fi ∈ F})

generated by our set of experimental data contains all the data as possible
signals, but it is too large to be an appropriate model for use in applications. A
space with a “small” number of generators is more suitable, since if the space
is chosen correctly, it would reduce noise, and would give a computationally
manageable model for a given application. Since in general the data does not
belong to a shift-invariant space with n generators (n small), the goal is to
find—among all possible shift-invariant spaces with n generators—the one
that fits the data optimally.

Accordingly, in this section we do not assume that F = {f1, . . . , fm} be-
longs to a space V with exactly n generators.

Let us consider the function

r(ω) = rank GF (ω),

where GF(ω) is the Grammian matrix at ω. Let rmin and rmax denote the
minimum and the maximum value that r(ω) can attain in [0, 1]d, i.e.,

rmin = min
ω∈[0,1]d

r(ω) and rmax = max
ω∈[0,1]d

r(ω).

Clearly, if rmax is already small, the problem is not interesting. So we will
assume that rmin ≥ n, where n is the number of generators for the space V
that we are seeking to model the observed data F . This hypothesis is not
strictly necessary for our results, but we will impose it for simplicity.

Consider as before the class V of all the shift-invariant spaces that are
generated by some set of n generators Φ with the property that {φi(·−k) : k ∈
Zd, i = 1, . . . , n} is an orthogonal basis for V (Φ). Note that the assumption
of orthogonality does not change the class V considered in the introduction.
Let w = (w1, . . . , wm) be a vector of weights, (i.e., wi ∈ R, wi > 0).

Our goal is, given F , to find a space V ∈ V such that V minimizes the
least square error

E(F , w, n) =
m∑

i=1

wi ‖fi − PV fi‖2,
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where PV is the orthogonal projection onto V . This problem can be viewed
as a nonlinear infinite-dimensional constrained minimization problem. It is
remarkable that it has a constructive solution, as shown in [2]. This problem
may also be viewed in the framework of the recent learning theory developed
in [7] and estimates of “model fit” in terms of noise and approximation space
may be derived (see the next section).

The first question that arises is if such a space exists at all. In the case
that it exists, in order to be useful for applications, it will be important to
have a way to construct the generators of the space and to estimate the error
E(F , w, n).

Surprisingly, in [2] the following theorem is proved.

Theorem 14.6. With the previous notation, let n be given, assume that n ≤
rmin, and let w be a vector of weights, w = (w1, . . . , wm). Then there exists a
space V ∈ V such that

m∑
i=1

wi ‖fi − PV fi‖2 ≤
m∑

i=1

wi ‖fi − PV ′fi‖2, ∀V ′ ∈ V . (14.6)

Proof (Sketch). The proof is quite technical and therefore not suitable for this
chapter (see [2]); however, it is constructive. We will skip the details and try
to give an idea of the construction of the space V .

We consider the space S(F) and look at the Grammian matrix GF . Since
rmin ≥ n, we always have at least n non-zero eigenvalues. For i = 1, . . . , n,
consider ĝi(ω) = vi

1f̂1 + · · · + vi
mf̂m(ω) where vi ∈ Cm are some choice of

eigenvectors associated to the n largest eigenvalues of GF(ω). If this choice can
be made in such a way that the resulting functions are linearly independent
functions in S(F), then the space generated by these n functions will be the
space V we are looking for.

Note that it is not immediate to see that the functions obtained in this
way belong to L2 (or are even measurable functions!). However, after solving
this technical part ([2]), one sees that if rmin is greater than or equal to n, we
can always solve Problem II. 	


We will call a space V ∈ V satisfying (14.6) an optimal space (for the
data F). Moreover, it can be seen that the space V is (under minor assump-
tions) unique.

In view of the preceding construction, we can now state two consequences
of the previous theorem that are relevant for this chapter.

Theorem 14.7. Let V ∈ V be an optimal space. Then V ⊂ S(F).

This shows that every optimal space should be contained in the space
S(F) spanned by the data.

Further, we have the following estimate for the error.
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Theorem 14.8. Let again V ∈ V be an optimal space, w = (w1, . . . , wm) a
vector of weights, and λ1(ω) ≥ λ2(ω) ≥ · · · ≥ λrmax(ω) the eigenvalues of GF
at ω. Then

E(F , w, n) =

m∑
i=1

wi ‖fi − PV fi‖2 =

rmax∑
i=n+1

wi

∫
[0,1]d

λi(ω)dω.

Remark 14.9. Obviously, if n = m then the error between the model and the
observation is null. However, by plotting the error in Theorem 14.8 in terms of
the number of generators, an optimal number n may be derived if the behavior
of the error in terms of n shows a horizontal asymptote.

14.5 Problem II as a Learning Problem

Problem II has an interpretation as a learning problem as defined in [7].
Consider a class of signals or images (e.g., electroencephalograms or MRI

images). This class of signals belongs to some unknown space that we can
assume to be a shift-invariant space T ⊂ L2(Rd). The space T (the target
space) is often very large. For processing, analysis, and manipulation of the
data it is necessary to restrict the model to a smaller class of spaces with
enough structure. For example, shift-invariant spaces that can be generated
by a Riesz basis are appropriate, and are often used in many signal processing
applications.

Therefore, we fix a positive integer n, and consider the class V (the hypoth-
esis class) as before. We want to learn about the space T from some sample
elements. Assume that we have m sample signals, say F = {f1, . . . , fm} (the
training set). Using Theorem 14.6, we see that from our data set F we can
obtain some space VF ∈ V that best fits our data.

However, a realistic assumption should consider that our samples are noisy.
Therefore, they may not belong to the space T . This means that the space
VF will, in general, be different from the space V eF that we would have found
from signals that are not corrupted by noise.

The noisy data introduces an error. This error can be quantified using some
distance between the subspaces VF and V eF . (We can, for example, consider
the distance between the orthogonal projections in some operator norm.) This
error is usually called the sample error in learning theory.

There is another error (the approximation error) due to the fact that our
family of spaces is constrained to have only n generators.

Estimation of these errors in terms of the number of samples and the
number of generators is an ongoing research by the authors.
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Redundancy in the Frequency Domain
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Summary. A description of the fine structure of a refinable, shift-invariant sub-
space of L2(R) is presented. This fine structure is exhibited through the existence
of a canonical frame of functions in such a space, and a related notion of frequency
content in these frame elements uniquely determines a multiplicity function that
quantifies a redundancy of the frequencies. The refinability of the subspace can then
be described by a pair of matrices of periodic functions that satisfy a set of equa-
tions, related to the multiplicity function, which play the role of high-dimensional
filter equations.

15.1 Introduction

The very idea of redundancy is traditionally abhorred in mathematics. We
usually search for the minimal set of hypotheses, the shortest possible proof,
the sharpest possible constant in an inequality, and so on. However, we have
learned from engineers that sacrificing some efficiency by allowing a bit of
redundancy can often serve a useful purpose. For example, in communication
problems, where a fundamental task is to interpret a transmitted signal as
accurately as possible, the sender could repeat the transmission two or three
times, allowing the receiver to use this redundant information to make a more
intelligent decision about what the true message was. In the pure mathematics
of Banach spaces, and even more dramatically in Hilbert spaces, the concept of
a frame {fn}, as a generalization of a basis, has provided very rich mathemat-
ical questions and answers. The very definition of a frame suggests a notion
of redundancy, for it hints that the collection {fn} is not an independent set;
i.e., some of the fn’s can be ignored without loss of information. Among the
specific Hilbert spaces to which frame theory has successfully been applied is
the Hilbert space L2(R). Our aim here is to describe a more intrinsic notion of
redundancy or multiplicity in that space, a notion that is more clearly evident
in the frequency domain, the Fourier transform side. More on this later.

The study of frames is widespread nowadays, and the reader will find
ample discussion of this concept in many of the chapters in this very volume.
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In addition, a detailed presentation is given in [5]. We give here only the small
part of frame theory required for the goals of this chapter, and our intent is for
this development, except for some basic results on Hilbert spaces and unitary
operators, to be self-contained. In the end, we present a detailed kind of fine
structure of a refinable, shift-invariant subspace of L2(R).

Definition 15.1. A frame for a (separable) Hilbert space H is a countable
set {fn}n∈I of vectors for which there exist positive constants A and B such
that

A‖g‖2 ≤
∑
n∈I

|〈g, fn〉|2 ≤ B‖g‖2 (15.1)

for every g ∈ H. The constants A and B are called lower and upper frame
bounds, the first inequality is called the lower frame inequality, and the second
is called the upper frame inequality.

If the two frame bounds can be taken to be equal, i.e., A = B, then the
frame is called a tight frame, and if A = B = 1, then the frame is called
a Parseval frame, for in this case the defining inequalities coincide with the
classical Parseval Equality for orthonormal bases:∑

n∈I

|〈g, fn〉|2 = ‖g‖2.

Clearly, if {fn} is a frame for a Hilbert space H, and if U is a unitary
operator from H onto another Hilbert space H ′, then the collection {U(fn)}
is a frame for H ′ having the same bounds as the frame {fn}. This follows
because a unitary operator preserves norms and inner products.

Frequently we will want to consider a collection {fn} of vectors in a Hilbert
space H, and we will know in advance that the span of the fn’s is not dense
in H. In this case, the question will be whether the fn’s form a frame for
their closed linear span. When they do, we call the collection {fn} a frame
sequence.

Perhaps the simplest example of a frame is the following.

Example 15.2. Let {ηn} be an orthonormal basis for H. We construct a se-
quence {fn} by repeating each vector ηn two times:

f1 = η1, f2 = η1, f3 = η2, f4 = η2, . . . .

At this point in our discussion, we could think of redundancy as some kind of
multiplicity; i.e., information is being repeated, but there are other kinds of
redundancy. For instance, let {ηn} and {ζn} be two orthonormal bases for H.
Define vectors fn by setting f2n = ηn/

√
2 and f2n+1 = ζn/

√
2. In this case,∑

n

|〈g, fn〉|2 =
1

2

∑
n

|〈g, ηn〉|2 +
1

2

∑
n

|〈g, ζn〉|2 = ‖g‖2,
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so that both constants A and B can be taken to be equal to 1, whence these
fn’s form a Parseval frame. Clearly, these fn’s don’t have to be orthogonal;
they don’t even have to be linearly independent.

An obvious generalization of the construction above shows that the union
of any finite set of orthonormal bases, appropriately normalized, forms a
Parseval frame. For instance, if d is any positive integer, then the functions

{
√
d
−1

e2πi(n/d)x}n∈Z form a Parseval frame for L2([0, 1)).

In fact, a naive person might have guessed that the Parseval Equality
holds only for orthonormal sets, but, as the preceding example shows, this is
far from true. Moreover, although every specific Hilbert space has infinitely
many orthonormal bases, none of them may be “natural” choices for a given
space. On the other hand, as we will see, all shift-invariant subspaces of L2(R)
have natural Parseval frames.

An especially important fact is this. If {fn} is any Parseval frame, then
each element g ∈ H can be recovered (reconstructed), just as in the case of
an orthonormal basis, from its inner products with the elements of the frame:

g =
∑
n∈I

〈g, fn〉fn.

Before proving this important fact about Parseval frames, we introduce the
concept of the analysis map associated to a frame.

Definition 15.3. Let {fn}n∈I be a frame for a Hilbert space H. Define a map
T from H into the set of functions on the index set I by

T (g)n = [T (g)](n) = 〈g, fn〉.

This map T is called the analysis map associated to the frame {fn}.

It is immediate from the upper frame inequality that the functions T (g)
in the range of T are square-summable functions on I, i.e., elements of l2(I).
It is also clear that T is a linear transformation of H into l2(I), and T is
a bounded linear transformation whose operator norm is ≤

√
B. The lower

frame inequality implies that the range R of T is a (possibly proper) closed
subspace of the Hilbert space l2(I), and in fact that inequality implies that T
is 1-1, and the inverse map from R to H is a bounded linear transformation
whose norm is ≤ 1/

√
A.

Now we can prove the important fact mentioned above about recovering
the elements of H from their inner products with a Parseval frame.

Theorem 15.4. Let {fn} be a Parseval frame for a Hilbert space H. Then,
for each g ∈ H, we have the following reconstruction formula:

g =
∑
n∈I

〈g, fn〉fn. (15.2)
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Proof. If T is the analysis map from H into l2(I), then, because {fn} is a
Parseval frame, T is an isometry. Of course this implies that T is a unitary
map from H onto its range R, and so if T ∗ : l2 → H denotes the adjoint
operator of T, then the restriction of T ∗ to the range R of T is the inverse
of T.

Now, if ek is the element of l2(I) given by ek
m = δk,m, then we claim that

T ∗(ek) = fk. Indeed,

[T (T ∗(ek))]n = 〈T ∗(ek), fn〉

= 〈ek, T (fn)〉

=
∑
m

ek
m [T (fn)]m

=
∑
m

δk,m 〈fn, fm〉

= 〈fk, fn〉

= [T (fk)]n,

implying, since T is 1-1, that T ∗(ek) = fk. Next, since T ∗ is continuous, and
the en’s form an orthonormal basis for l2(I), we have that for any element
{an} ∈ l2(I),

T ∗({an}) = T ∗
(∑

n

ane
n

)
=
∑

n

anfn.

Finally, if g is in H, then

g = T−1(T (g)) = T ∗(T (g)) = T ∗({[T (g)]n}) = T ∗({〈g, fn〉}) =
∑

n

〈g, fn〉fn,

as claimed. 	


Remark 15.5. Rules for complete disclosure require us to point out that the
reconstruction equation (15.2) does not imply that the element g is uniquely
represented as an infinite linear combination of the frame elements. In fact,
this kind of unique representation is almost never the case. The Parseval frame
in Example 15.2 demonstrates the possible nonuniqueness of representations.

Another property satisfied by Parseval frames, and by now an anticipated
one, is this.

Theorem 15.6. Suppose that {fn} is a Parseval frame for a Hilbert space H,
and assume that fk is an element of the frame that is not orthogonal to every
other element fn of the frame. That is, there exists at least one n �= k for
which fk is not orthogonal to fn. Then every element g ∈ H can be written
in the form
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g =
∑
n�=k

cnfn;

i.e., g is recoverable from the frame with fk removed.

Proof. Notice first that, because

‖fk‖2 =
∑

n

|〈fk, fn〉|2,

and 〈fk, fn〉 is not 0 for at least one n �= k, then we have

‖fk‖2 > |〈fk, fk〉|2 = ‖fk‖4,

and this implies that ‖fk‖ < 1. Now, by Theorem 15.4,

fk =
∑

n

〈fk, fn〉fn = 〈fk, fk〉fk +
∑
n�=k

〈fk, fn〉fn,

and we have

fk =
∑
n�=k

〈fk, fn〉
1− ‖fk‖2

fn.

So, for any g ∈ H, we have

g =
∑

n

〈g, fn〉fn

= 〈g, fk〉fk +
∑
n�=k

〈g, fn〉fn

=
∑
n�=k

(
〈g, fk〉〈fk, fn〉

1− ‖fk‖2
+ 〈g, fn〉

)
fn,

proving the theorem. 	


Theorem 15.6 is a special case of a more general result proved by Duffin
and Schaeffer (the original “framers”), which asserts that if a frame is not a
basis then some element of the frame can be removed and still leave a frame
[6].

Conceptually, we imagine that the elements fn of a Parseval frame are
basic building blocks, and the redundancy discussed in the preceding theorem
we interpret as a reflection of some kind of overlap or multiplicity among
them. This kind of redundancy, in the context of the Hilbert space L2(R),
we will call time-side redundancy. As mentioned earlier, we will investigate in
this chapter a kind of frequency-side redundancy, but we postpone giving a
precise definition of this notion until later.

There are many examples of Parseval frames, the most important of which
for our purposes is exhibited in the following example.
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Example 15.7. Let E be a Borel subset of the torus [0, 1) and let H = L2(E).
Define functions {fn}∞−∞ in H by fn(ω) = e2πinωχE(ω). Then the collection
{fn} forms a Parseval frame for H. Indeed, if g ∈ H = L2(E), then, using the
ordinary Parseval Equality for Fourier series, we have

‖g‖2 =

∫
E

|g(ω)|2 dω

=

∫ 1

0

|g(ω)χE(ω)|2 dω

=

∞∑
n=−∞

∣∣∣∣∫ 1

0

g(ω)χE(ω) e−2πinω dω

∣∣∣∣2
=

∞∑
n=−∞

∣∣∣∣∫
E

g(ω) fn(ω) dω

∣∣∣∣2
=

∞∑
n=−∞

|〈g, fn〉|2,

proving that these fn’s form a Parseval frame for H = L2(E).
Of course, the Hilbert space L2(E) has an orthonormal basis, but there

is no obvious or natural choice of one. On the other hand, these exponen-
tial functions are quite natural, and they do form a Parseval frame. Hence,
this very example provides a convincing explanation of the value of Parseval
frames.

Although we concentrate in this chapter on the Hilbert space H = L2(R),
all the arguments extend directly to Rd. We use the following formula for the
Fourier transform:

f̂(ω) =

∫
R

f(x) e−2πiωx dx.

15.2 Shift-Invariant Subspaces and Cyclic Frames

For each real number x define the translation operator τx on L2(R) by
[τx(f)](t) = f(t + x). Ordinarily, we call a closed subspace V of L2(R) shift-
invariant if it is closed under all integer translations. That is, for each f ∈ V
and each integer n, we require that τn(f) also be in V. Here, we also consider
generalized shift-invariant subspaces, i.e., subspaces that are invariant under
shifts by multiples of some positive number r, i.e., f in V implies that τnr(f) is
also in V for all integers n. When we need to be explicit, we will say that such
a subspace is invariant under shifts by multiples of r. Shift-invariant subspaces
have been studied extensively by many authors, and much of what we present
in this section is well known to many. However, we believe our perspective
is novel and instructive, since it is based on intuition gleaned from unitary
representation theory.
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One special kind of frame for a generalized shift-invariant subspace of
L2(R) is one that is built from the translates {τnr(f)} of a single function f
by integral multiples of r.

Definition 15.8. Let r be a positive number, and let f be a nonzero element
of L2(R). The collection {fnr} ≡ {τnr(f)} of translates of f is called a cyclic
collection, and f is called a cyclic vector for the subspace V that is the closed
linear span of the fnr’s.

Ordinarily, these functions {τnr(f)} will not be orthogonal, but, unlike
what we saw in Example 15.2, they are always linearly independent. Indeed,
arguing by contradiction, if

∑N
j=−N cjfjr = 0, then, by taking the Fourier

transform of both sides, we obtain

N∑
j=−N

cj e
2πijrω f̂(ω) = p(ω) f̂(ω) = 0,

where p is the periodic, trigonometric polynomial on the interval [0, 1/r) given

by p(ω) =
∑N

j=−N cje
2πijrω . Since such a nontrivial trigonometric polynomial

is nonzero almost everywhere, this implies that f̂ is 0 a.e., contradicting the
assumption that f is nonzero. An immediate consequence of this observa-
tion, and one we will need later, is that the map that sends the element∑N

j=−N cjfjr to the trigonometric polynomial
∑N

j=−N cje
2πijrω is a linear

isomorphism from the finite linear span of the set of all translates fjr of f
onto the space of all periodic trigonometric polynomials on [0, 1/r).

An interesting and old question is what conditions on f will guarantee
that such a cyclic collection {fnr} forms a frame for its closed linear span.
The answer, discovered by several mathematicians, including our own hero
Gianni Benedetto [4], is summarized in the following.

Theorem 15.9. Let f be a nonzero element of L2(R), let r > 0, and set ρr
f

equal to the periodic function, with period 1/r, given by

ρr
f (ω) =

∞∑
z=−∞

∣∣∣f̂(ω + z
1

r

)∣∣∣2. (15.3)

Let Er
f denote the set of ω’s in [0, 1/r) for which ρr

f (ω) > 0. Finally, let V be
the Hilbert space that is the closure of the linear span of the fnr’s. Then the
cyclic collection {fnr} is a frame for V, with frame bounds A and B, if and
only if

Ar ≤ ρr
f (ω) ≤ Br

for almost all ω ∈ Er
f .

The cyclic collection is a Parseval frame for V if and only if ρr
f = rχEr

f
,

and it is an orthonormal basis for V if and only if ρr
f ≡ r on [0, 1/r).
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Proof. Let g be in the finite linear span of the fnr’s. Then, g =
∑N

j=−N cjrfj ,

and as above, ĝ = pf̂ for some (periodic) trigonometric polynomial p on the
interval [0, 1/r). So,

‖g‖2 = ‖ĝ‖2 =

∫
R

|p(ω)|2 |f̂(ω)|2 dω

=

∞∑
z=−∞

∫ (z+1) 1
r

z 1
r

|p(ω)|2 |f̂(ω)|2 dω

=
∞∑

z=−∞

∫ 1
r

0

|p(ω)|2
∣∣∣f̂(ω + z

1

r

)∣∣∣2 dω

=

∫ 1
r

0

|p(ω)|2 ρr
f (ω) dω. (15.4)

And, making use of the ordinary Parseval Equality on L2([0, 1/r)), we obtain

∞∑
n=−∞

|〈g, fnr〉|2 =

∞∑
n=−∞

|〈ĝ, f̂nr〉|2

=

∞∑
n=−∞

∣∣∣∣∫
R

p(ω) f̂(ω) f̂(ω) e2πinrω dω

∣∣∣∣2
=

∞∑
n=−∞

∣∣∣∣∫ 1
r

0

p(ω) ρr
f (ω) e−2πinrω dω

∣∣∣∣2
=

1

r

∫ 1
r

0

|p(ω)|2 ρr
f
2(ω) dω. (15.5)

Hence, the cyclic collection {fnr} is a frame, with frame bounds A and B, if
and only if

A

∫ 1
r

0

|p(ω)|2 ρr
f (ω) dω ≤ 1

r

∫ 1
r

0

|p(ω)|2 ρr
f
2(ω) dω ≤ B

∫ 1
r

0

|p(ω)|2 ρr
f (ω) dω

for every trigonometric polynomial p. This is equivalent to

Aρr
f (ω) ≤ 1

r
ρr

f
2(ω) ≤ Bρr

f (ω)

for almost all ω, from which the theorem follows. 	


Remark 15.10. Many different functions f determine the same function ρr

and set Er. Nevertheless, these two bits of data are important attributes
of a function f and the subspace V. In particular, the set Er gives some
crude information about the frequency content of both the function f and the
subspace V. We will return to these ideas later when we discuss redundancy
in the frequency domain.
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There is a useful alternative way to describe the function ρr
f of the pre-

ceding theorem.

Theorem 15.11. Let f be as in the preceding theorem. Then

ρr
f (ω) =

∞∑
n=−∞

√
r 〈f, τnr(f)〉

√
r e2πinrω. (15.6)

That is, the nth Fourier coefficient cn of the periodic function ρr
f on the in-

terval [0, 1/r) is given by

cn(ρr
f ) =

∫ 1
r

0

ρr
f (ω)

√
r e−2πinrω dω =

√
r 〈f, τnr(f)〉.

Proof. We calculate

cn(ρr
f ) =

∫ 1
r

0

ρr
f (ω)

√
r e−2πinrω dω

=

∫ 1
r

0

√
r e−2πinrω

∞∑
z=−∞

∣∣∣f̂(ω + z
1

r

)∣∣∣2 dω

=

∫ ∞

−∞

√
r e−2πinrx |f̂(x)|2 dx

=

∫ ∞

−∞

√
r e−2πinrx f̂(x) f̂(x) dx

=
√
r

∫ ∞

−∞
f̂(x) f̂nr(x) dx

=
√
r

∫ ∞

−∞
f(t) fnr(t) dt

=
√
r 〈f, fnr〉,

as claimed. 	


Most investigations of shift-invariant subspaces have dealt with translation
by integers, i.e., when r = 1. It is instructive to examine Theorem 15.9 in the
integer translation case for functions φα of the form φα =

√
α
−1

χ[0,α), where
α is a positive number. The corresponding periodic function ρφα ≡ ρ1

φα
is

given by

ρφα(ω) =

∞∑
z=−∞

| sin(απ(ω + z))|2
απ2(ω + z)2

.

By the Weierstrass M -test, ρφα(ω) is continuous in both variables α and ω,
α > 0 and 0 ≤ ω < 1. For α ≤ 1, the integer translates of φα are clearly
orthonormal, and so by the theorem above ρφα(ω) ≡ 1. (Note that a direct
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verification of this equality is by no means a triviality.) If α is an integer p > 1,
then we see directly that ρφα(1/p) = 0. Since ρφα is continuous as a function
of ω, we then see that ρφα is not bounded below by any positive number A
on the set Eφα , whence the integer translates of φα do not form a frame for
their linear span if α is an integer > 1. Finally, if α > 1, and α is not equal to
an integer, then ρφα(ω) is clearly positive except possibly when ω = q/α for
some integer q. But even then ρφα is positive because

| sin(απ( q
α + 1))|2

απ2( q
α + 1)2

=
| sin(απ)|2

απ2( q
α + 1)2

> 0.

So, again, because ρφα is continuous as a function of ω, it must be bounded
below on the entire interval [0, 1), whence the integer translates of φα do form
a frame for their linear span in this case.

Now, suppose f is a nonzero element of L2(R), and write V for the closed
linear span of the integer translates of f. Although the integer translates of
f may not even form a frame for their closed linear span, we do have the
following fundamental structural result for V.

Theorem 15.12. Let f be a nonzero element of L2(R), let V denote the clo-
sure of the linear span of the integer translates of f, and let ρf ≡ ρ1

f and

Ef ≡ E1
f be as in Theorem 15.9. Then there exists an element η ∈ V whose

integer translates {ηn}∞−∞ form a Parseval frame for V. Moreover, Eη = Ef ,
and there exists a unitary map J from V onto L2(Eη) for which the inter-
twining condition

[J(τn(g))](ω) = e2πinω [J(g)](ω) (15.7)

holds for every g ∈ V, every integer n, and almost every ω ∈ [0, 1).

Proof. Define a linear transformation J on the finite linear span V ′ of the
functions fn by

[J(g)](ω) =

[
J

( N∑
j=−N

cjfj

)]
(ω) =

√
ρf (ω)

N∑
j=−N

cje
2πijω ,

and note that J is an isometry with respect to the L2 norms on V ′ and
L2([0, 1)), because∫ 1

0

|[J(g)](ω)|2 dω =

∫ 1

0

∣∣∣∣[J( N∑
j=−N

cjfj

)]
(ω)

∣∣∣∣2 dω

=

∫ 1

0

ρf (ω)

∣∣∣∣ N∑
j=−N

cje
2πijω

∣∣∣∣2 dω

=

∫ 1

0

∞∑
z=−∞

|f̂(ω + z)|2
∣∣∣∣ N∑
j=−N

cje
2πijω

∣∣∣∣2 dω
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=

∫ ∞

−∞

∣∣∣∣f̂(x)

N∑
j=−N

cje
2πijx

∣∣∣∣2 dx

=

∫ ∞

−∞

∣∣∣∣ N∑
j=−N

cj f̂j(x)

∣∣∣∣2 dx

=

∫ ∞

−∞
|ĝ(x)|2 dx = ‖ĝ‖2 = ‖g‖2.

In fact, we can see that for every g ∈ V ′, |J(g)|2 is exactly the function ρg,
because

|[J(g)](ω)|2 =

∣∣∣∣[J( N∑
j=−N

cjfj

)]
(ω)

∣∣∣∣2

= ρf (ω)

∣∣∣∣ N∑
j=−N

cje
2πijω

∣∣∣∣2

=

∞∑
z=−∞

|f̂(ω + z)|2
∣∣∣∣ N∑
j=−N

cje
2πijω

∣∣∣∣2

=

∞∑
z=−∞

∣∣∣∣ N∑
j=−N

cje
2πijω f̂(ω + z)

∣∣∣∣2

=

∞∑
z=−∞

|ĝ(ω + z)|2 = ρg(ω).

Moreover, the intertwining condition (15.7) holds for each g =
∑N

j=N
cjfj ∈

V ′, because

[J(τn(g))](ω) =

[
J

([ N∑
j=−N

cjfj

]
n

)]
(ω)

=

[
J

( N∑
j=−N

cjfj+n

)]
(ω)

=

N∑
j=−N

cje
2πi(j+n)ω ρf (ω)

= e2πinω
N∑

j=−N

cje
2πijω ρf (ω)

= e2πinω

[
J

( N∑
j=−N

cjfj

)]
(ω)

= e2πinω [J(g)](ω),
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as desired.
Since J is an isometry, it clearly has a unique extension (also called J) to

an isometry (unitary operator) from the closure V of the linear span V ′ of the
fn’s onto the space L2(Ef ). Further, it follows that Equation (15.7) holds for
all g ∈ V, and also that |J(g)|2 = ρg for all g ∈ V.

Now, let η be the unique element of V for which J(η) = χEf
. Then,

because the functions {e2πinωχEf
} form a Parseval frame for L2(Ef ) (see

Example 15.7), and because J is a unitary operator, it follows that {ηn} must
be a Parseval frame for V. Finally, since ρη = |J(η)|2 = χEf

, we see that the
two sets Eη and Ef coincide. 	


Remark 15.13. The intertwining condition in Equation (15.7) clearly resem-
bles the intertwining condition satisfied by the Fourier transform. However,
one should be careful and notice that the intertwining condition of Equa-
tion (15.7) is quite different from the one for the Fourier transform. Namely,
the intertwining condition satisfied by the Fourier transform holds for any

translation operator τx, τ̂x(f)(ω) = e2πixωf̂(ω), while Equation (15.7) only
holds for integer translation operators. The map J is not the Fourier trans-
form.

Remark 15.14. It follows directly from Equation (15.7) that for every Borel
subset F ⊆ Eη, the subspace VF = J−1(L2(F )) is a subspace that is invariant
under integer shifts, and the intertwining condition continues to hold for the
restriction of J to VF . In fact, again using the ideas in Example 15.7, the
integer translates of the element J−1(χF ) form a Parseval frame for VF . We
will need this observation later on. Note that such a subspace VF need not be
invariant under other shifts, e.g., τr for r �= 1.

There is the natural analog to Theorem 15.12 for translates of a function
by multiples of another positive number r �= 1, and we will need this general-
ization later on. Its proof is completely analogous to the preceding one, with
appropriate use of Theorem 15.9.

Theorem 15.15. Let f be a nonzero element of L2(R), let r be a positive
number, and let V denote the closure of the linear span of the translates fnr

of f. Let ρr
f and Er

f be as in Theorem 15.9. Then there exists an element η ∈ V
whose translates ηnr form a Parseval frame for V. Moreover, Er

η = Er
f , and

there exists a unitary map J from V onto L2(Er
η) for which the intertwining

condition
[J(τnr(g))](ω) = e2πinrω [J(g)](ω) (15.8)

holds for every g ∈ V, every integer n, and almost every ω ∈ [0, 1/r).

The next theorem is just an induction argument applied to the two pre-
ceding ones. We state it for integer translations and leave the general version
to the reader. We call a generalized shift-invariant subspace V finitely gener-
ated if there exist finitely many elements f1, . . . , fM in V whose translates by
multiples of r together span a dense subspace of V.
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Theorem 15.16. Let V be a finitely generated shift-invariant (by integers)
subspace of L2(R). Then there exists a finite collection η1, . . . , ηM of elements
of V such that the collection of integer translates of the ηk’s together form a
Parseval frame for V. In addition, if k �= k′, then every integer translate of ηk

is orthogonal to every integer translate of ηk′ .
Finally, there exists a unitary map J : V �→

⊕M
k=1 L2(Eηk

) for which the
intertwining condition

[J(τn(g))]k(ω) = e2πinω [J(g)]k(ω) (15.9)

holds for every g ∈ V, every integer n, every k, and almost every ω ∈ [0, 1).

Proof. Let f1, . . . , fM be a finite collection of elements of V whose integer
translates together span a dense subspace of V. We argue by induction on
the integer M. Notice that the case for M = 1 is precisely Theorem 15.12.
Let W be the closure of the span of the integer translates of the functions
f1, . . . , fM−1, and by the inductive hypothesis let η1, . . . , ηM−1 be elements
of W that satisfy the requirements of the theorem. Next, let V ′ be the pro-
jection of the subspace V into the orthogonal complement of W. (Of course,
this subspace might be {0}, in which case we are done.) Because W is invari-
ant under integer translations, it follows that the projection operator p onto
the orthogonal complement of W commutes with all integer translations, and
hence V ′ contains a cyclic vector, namely p(fM ). Using Theorem 15.12, let
ηM be an element of V ′ whose integer translates form a Parseval frame for
V ′. Clearly, the elements η1, . . . , ηM satisfy the first two requirements of the
theorem. Moreover, if we write Vk for the closed linear span of the integer
translates of ηk, then the Vk’s are pairwise orthogonal, and there exist uni-
tary operators Jk : Vk → L2(Eηk

) satisfying the intertwining condition in
Equation (15.7). It is immediate that the desired unitary operator J mapping
V =

⊕
Vk onto

⊕
L2(Eηk

) can be built from these Jk’s, and the theorem is
proved. 	

Remark 15.17. Evidently the sets Eηk

provide frequency information about
the subspace V, and a potentially important function is the sum m of the
indicator functions of these sets, which we will refer to as the multiplicity
function:

m =

M∑
k=1

χEηk
.

Where sets overlap, we will be observing some “multiplicity” or “redundancy”
in the frequency domain. Before making additional comments about this mul-
tiplicity function and its implications, we must show that it is uniquely de-
termined by the subspace, i.e., not dependent on the choice of the elements
η1, . . . , ηM .

The next theorem gives our main structure result for finitely generated,
shift-invariant subspaces of L2(R), and it is essentially the Spectral Multiplic-
ity Theorem for a collection of commuting unitary operators (see [7] or [8]).
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Although the preceding theorem tells us that any such subspace is equivalent
to a direct sum of L2 spaces, it gives no restrictions on the sets Eηk

. This next
result organizes these sets in a consistent, and as it happens, a unique way.

Theorem 15.18. Let V be a finitely generated, shift-invariant subspace of
L2(R). Then there exist unique, nontrivial, Borel subsets S1 ⊇ S2 ⊇ · · · ⊃ Sc

of [0, 1), and a unitary operator J from V onto the direct sum
⊕c

j=1 L2(Sj)
for which the intertwining condition

[J(τn(g))]k(ω) = e2πinω [J(g)]k(ω)

holds for every g ∈ V, every integer n, every 1 ≤ k ≤ c, and almost every
ω ∈ [0, 1).

Proof. Let η1, . . . , ηM and J be as in Theorem 15.16. Again, we will argue
by induction on M. Note that the case for M = 1 is nothing more than
Theorem 15.12. For simplicity of notation, write Ek for the set Eηk

. Now
define disjoint sets Fk by F1 = E1, F2 = E2 \ F1, F3 = E3 \ (F1 ∪ F2), . . ..
Note that each Fk is a subset of the corresponding Ek. Set S1 = ∪M

k=1Fk, and
observe that

V ≡ J(V ) =

M⊕
k=1

L2(Ek)

=

M⊕
k=1

L2(Fk ∪ (Ek \ Fk))

=

M⊕
k=1

(L2(Fk)⊕ L2(Ek \ Fk))

=
M⊕

k=1

L2(Fk)⊕
M⊕

k=2

L2(Ek \ Fk)

= L2(∪M
k=1Fk)⊕

M⊕
k=2

L2(Ek \ Fk)

= L2(S1)⊕
M⊕

k=2

L2(Ek \ Fk)

≡ V1 ⊕W1,

where V1 = J−1(L2(S1)), and W1 = J−1(
⊕M

k=2 L2(Ek \ Fk)). Setting η′k
equal to J−1(χEk\Fk

) for each 2 ≤ k ≤ M, we may apply the inductive
hypothesis to the subspace W1 to produce nontrivial, Borel sets S2 ⊇ S3 ⊇
· · · ⊇ Sc satisfying the conditions of the theorem. Clearly, S1 ⊇ S2, so that
these sets S1, S2, . . . , Sc satisfy the nested requirement of the theorem, and
the intertwining condition is basically a consequence of Remark 15.14.
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We omit the proof of the uniqueness of the Sk’s, except to hint at its
proof by remarking that if U is a unitary operator from a direct sum of j
copies of L2(E) into a direct sum of j′ copies of L2(E′), which commutes
with multiplication by all the exponential functions e2πinω, then E must be a
subset of E′ and j must be ≤ j′. With this observation, and a bit of notation,
one can construct a proof of the uniqueness. Okay, I lied about this chapter
being self-contained. Mi scusi. 	


A useful corollary to Theorem 15.18 is the following.

Corollary 15.19. Let V be a finitely generated, shift-invariant subspace of
L2(R), and let S1, . . . , Sc be as in Theorem 15.18. Let η1, . . . , ηM be any ele-
ments of V satisfying the requirements of Theorem 15.16. Then

c∑
i=1

χSi =

M∑
k=1

χEηk
. (15.10)

Proof. Since the ηk’s in the proof of Theorem 15.18 were arbitrary, we need
only verify Equation (15.10) for those particular ηk’s. Again we argue by
induction on M. It follows directly from the constructions in the proof above
that χS1 =

∑M
k=1 χFk

. So, using the inductive hypothesis on the space W1

and the elements η′2, . . . , η
′
M , we have

c∑
i=1

χSi = χS1 +

c∑
i=2

χSi

=

M∑
k=1

χFk
+

M∑
k=2

χη′

k

=

M∑
k=1

χFk
+

M∑
k=2

χEk\Fk

= χF1 +

M∑
k=2

(χFk
+ χEk\Fk

)

= χE1 +
M∑

k=2

χEk

=

M∑
k=1

χEk
,

proving the corollary. 	


As usual, a result analogous to the preceding theorem holds for subspaces
that are invariant under shifts by multiples of another positive number r �= 1,
but we will not need it here.
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Definition 15.20. Let V be a closed, shift-invariant subspace of L2(R) and
assume that V is finitely generated. Let S1, . . . , Sc and J be as in Theo-
rem 15.18. Define the multiplicity function m associated to V by

m =

c∑
j=1

χSj .

Define generalized scaling functions φ1, . . . , φc in V by φj = J−1(χj),
where χj is the element of

⊕c
k=1 L2(Sk) whose jth component is χSj and all

of whose other components are 0.

Remark 15.21. If V is a shift-invariant subspace, and J is a unitary map from
V onto a direct sum

⊕c
i=1 L2(Ei) that satisfies Equation 15.9, then the mul-

tiplicity function m associated to V equals the sum of the χEi ’s. We simply
define ηi = J−1(Ei) as we did in the proof to the corollary above. One simple
consequence of this is the fact that if a shift-invariant subspace V is the direct
sum of two shift-invariant subspaces V1 and V2, then the multiplicity function
for V is the sum of the two multiplicity functions for V1 and V2. Just express
each subspace Vi in terms of a direct sum of L2 spaces, so that V1 ⊕ V2 is a
direct sum of two direct sums of L2 spaces.

Now we are able to describe precisely what we mean by redundancy or mul-
tiplicity in the frequency domain. The generalized scaling functions φ1, . . . , φc

together with their integer translates form a Parseval frame for V, and as such
these generalized scaling functions represent a kind of redundancy, or multi-
plicity, in the time domain. In fact, the set of translates of each individual
function φi is in all likelihood a redundant set, as suggested in the intro-
duction. That there are several generalized scaling functions suggests even
more redundancy, but in fact this extra redundancy is subtle. It can be truly
more redundancy, no extra redundancy, for instance when all the τn(φi)’s are
orthonormal, and more interestingly, it can be a kind of mixture. The multi-
plicity function m, on the other hand, indicates a repetition, or multiplicity, in
the frequencies contained in the elements of V. This multiplicity of frequency
is more subtle than the corresponding multiplicity in time, since the multi-
plicity of a frequency ω varies, depending on which sets Sj that ω belongs
to. Indeed, we will see in the next theorem that V decomposes as a direct
sum of subspaces Vk, and each of these subspaces has its own distinct uniform
multiplicity in the frequency domain.

Let V, m, and the Si’s be as in the preceding definition. Define sets {Tk}
in [0, 1) by Tk = {ω : m(ω) = k}. Because the sets Sj are unique, it follows
that the multiplicity function m, and therefore the sets Tk, are also uniquely
determined by the subspace V. Also, it is evident that the Tk’s are pairwise
disjoint. Here is an alternative version of Theorem 15.18.

Theorem 15.22. Let V be a closed subspace of L2(R) that is invariant under
the translation operators τn, and suppose that V is finitely generated. Let
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T1, . . . , Tc be the subsets defined above. Write L2(Tk,Ck) for the Hilbert space
of all square-integrable Ck-valued functions on Tk. Then there exists a unitary
map J from V onto the direct sum

⊕c
k=1 L2(Tk,Ck) for which the intertwining

condition
[J(τn(g))]k(ω) = e2πinω [J(g)]k(ω)

holds for every g ∈ V, every integer n, every 1 ≤ k ≤ c, and almost every
ω ∈ [0, 1).

Proof. This is just a bit of set theory. Note first that

n⊕
j=1

L2(S) ≡ L2(S,Cn).

Second, because Sj = {ω : m(ω) ≥ j}, and Tk = {ω : m(ω) = k}, we see that
Sj = ∪c

k=jTk. Then,

V ≡
c⊕

j=1

L2(Sj)

=

c⊕
j=1

L2

( c⋃
k=j

Tk

)

=
c⊕

j=1

c⊕
k=j

L2(Tk)

=

c⊕
k=1

k⊕
j=1

L2(Tk)

≡
c⊕

k=1

L2(Tk,C
k).

Again, the intertwining condition holds because of Remark 15.14. 	


15.3 Frequency Redundancy in a Refinable Subspace

Finally, let us apply the analysis we have developed for frequency redundancy
in shift-invariant subspaces of L2(R) to a subspace that is also refinable. We
will discover an intricate fine structure for such subspaces, and this will bring
us to the brink of wavelet and multiresolution analysis theory.

Definition 15.23. Let d be a positive integer > 1, and define the dilation
operator δ on L2(R) by [δ(f)](t) =

√
d f(dt). A subspace V ⊆ L2(R) is called

refinable for dilation by d if V ⊆ δ(V ).
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For the remainder of this chapter, we will refer to a subspace being re-
finable, omitting the explicit reference to the value of the dilation d. It is
immediate that the operator δ is unitary, so that the definition of refinable
can be rephrased as δ−1(V ) ⊆ V. It is then evident that V is refinable if,
whenever a function f(x) is an element of V, so is the function f(x/d).

It was, at least for me, a remarkable discovery ([3] and [1]) that the multi-
plicity function m associated to a refinable, finitely generated, shift-invariant
subspace must satisfy a certain functional equation called the consistency
equation, given below. However, a preliminary observation concerns the inter-
action between the dilation operator δ and the translation operators τx. The
relation is easy to check, and it is

δ−1τxδ = τdx. (15.11)

Let V be a finitely generated, refinable, shift-invariant subspace of L2(R).
We see directly from Equation (15.11) that the subspace δ(V ) is invariant
under all shifts τn/d, i.e., by all multiples of 1/d. For, if f = δ(g) ∈ δ(V ), then
we have

τn
d
(f) = τn

d
(δ(g)) = δ(δ−1(τn

d
(δ(g)))) = δ(τn(g)) ∈ δ(V ).

It then is clear that δ(V ) is itself shift-invariant, i.e., by integers. Let W be
the orthogonal complement of V in δ(V ). Then, because the τn’s are unitary,
W also is shift-invariant.

Theorem 15.24. If m denotes the multiplicity function associated to the re-
finable, shift-invariant subspace V, and m̃ denotes the multiplicity function
associated to the shift-invariant subspace W, then, for almost all ω ∈ [0, 1),
we have

m(ω) + m̃(ω) =

d−1∑
l=0

m
(ω + l

d

)
. (15.12)

Proof. As seen above, the subspace δ(V ) is shift-invariant by integers, and we
denote its associated multiplicity function by m′. The proof of this theorem
will follow by computing m′ in two different ways.

First of all, it follows from Remark 15.21 that

m′(ω) = m(ω) + m̃(ω), (15.13)

and this is the first way of computing m′(ω).
As in Definition 15.20, let φ1, . . . , φc be generalized scaling functions for

V, and write Yi for the closed linear span of the translates τn(φi). Then V =⊕c
i=1 Yi, whence

δ(V ) =

c⊕
i=1

δ(Yi).
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Further, since the translates {τn(φi)} form a Parseval frame for Yi, and δ
is a unitary operator, it follows from Equation (15.11) that the translates
{τn

d
(δ(φi))} form a Parseval frame for δ(Yi).

Next, we find a relation between the two functions ρφi and ρ
1
d

δ(φi)
of The-

orem 15.9, and we do this using Theorem 15.11:

cn(ρ
1
d

δ(φi)
) =

1√
d

〈
δ(φi), τn

d
(δ(φi))

〉
=

1√
d

〈
φi, δ

−1(τn
d
(δ(φi)))

〉
=

1√
d
〈φi, τn(φi)〉

=
1√
d
cn(ρφi).

Therefore,

ρ
1
d

δ(φi)
(ω) =

∞∑
n=−∞

cn(ρ
1
d

δ(φi)
)

1√
d
e2πi n

d ω

=

∞∑
n=−∞

1√
d
cn(ρφi)

1√
d
e2πin ω

d

=
1

d
ρφi

(ω
d

)
=

1

d
χSi

(ω
d

)
=

1

d
χdSi(ω).

Hence, according to Theorem 15.9, the subset E
1/d
δ(φi)

of the interval [0, d)

coincides with dSi. Hence, applying Theorem 15.15 applied to the subspace
δ(Yi), we let Ji be a unitary operator from δ(Yi) onto L2(dSi) satisfying
Equation (15.8):

[Ji(τn
d
(g))](ω) = e2πi n

d ω [Ji(g)](ω)

holds for every g ∈ δ(Yi), every integer n, and almost every ω ∈ [0, d). Com-
bining these Ji’s into a single operator J from δ(V ) to

⊕c
i=1 L2(dSi), we have

the following direct sum decomposition of δ(V ):

δ(V ) = δ

( c⊕
i=1

Yi

)
=

c⊕
i=1

δ(Yi)

≡
c⊕

i=1

L2(dSi)
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=

c⊕
i=1

d−1⊕
l=0

L2(dSi ∩ [l, l + 1))

=
c⊕

i=1

d−1⊕
l=0

L2((dSi ∩ [l, l + 1))− l).

Setting ηi,l equal to J−1
i (χ(dSi∩[l,l+1))−l), and using Equation (15.10), we have

m′(ω) =
c∑

i=1

d−1∑
l=0

χηi,l
(ω)

=

c∑
i=1

d−1∑
l=0

χ(dSi∩[l,l+1))−l(ω)

=

c∑
i=1

d−1∑
l=0

χdSi∩[l,l+1)(ω + l)

=

d−1∑
l=0

c∑
i=1

χdSi(ω + l)

=

d−1∑
l=0

c∑
i=1

χSi

(ω + l

d

)
=

d−1∑
l=0

m
(ω + l

d

)
, (15.14)

and this gives the second way of computing m′, and completes the proof of
the theorem. 	


Remark 15.25. Note that the consistency equation implies that m̃ is finite a.e.
because m is. In other words, the subspace W is finitely generated.

Again, let V be a finitely generated, shift-invariant, refinable subspace of
L2(R), and let S1, . . . , Sc and J be as in Theorem 15.18. Let {φi} = {J−1(χi)}
be a standard set of generalized scaling functions in V. Then, because V is
refinable, we must have that δ−1(φi) is also an element of V. Therefore, there
must exist a c× c matrix H = [hi,j ] of periodic functions satisfying

J(δ−1(φi)) =
c⊕

j=1

hi,j .

Similarly, since W is finitely generated and shift-invariant, Theorem 15.18
implies that there exist Borel sets S̃1 ⊇ · · · ⊇ S̃ec of [0, 1), and a unitary map

J̃ from W onto
⊕ec

k=1 L2(S̃k) that satisfies the intertwining equation (15.9).
As in Definition 15.20, define generalized scaling functions ψ1, . . . , ψec in W



15 Redundancy in the Frequency Domain 355

by ψk = J̃−1(χeSk
). Then, because δ−1(ψk) must belong to V, it follows that

there exists a c̃× c matrix G = [gk,j ] of periodic functions for which

J(δ−1(ψk)) =

c⊕
j=1

gk,j .

Another remarkable fact is that the matrices H and G must satisfy their
own functional equations related to the multiplicity functions m and m̃.

Theorem 15.26. Let m, m̃, H, and G be as in the preceding paragraphs.
Then, for almost all ω ∈ [0, 1), we have the following three generalized filter
equations:

c∑
j=1

d−1∑
l=0

hi,j

(
ω +

l

d

)
hi′,j

(
ω +

l

d

)
= d δi,i′ χSi(dω), (15.15)

c∑
j=1

d−1∑
l=0

gk,j

(
ω +

l

d

)
gk′,j

(
ω +

l

d

)
= d δk,k′ χeSk

(dω), (15.16)

c∑
j=1

d−1∑
l=0

hi,j

(
ω +

l

d

)
gk,j

(
ω +

l

d

)
= 0, (15.17)

for all 1 ≤ i ≤ c and 1 ≤ k ≤ c̃.

Proof. We prove the first equation, noting that totally analogous arguments
would prove the second and third equations. For each pair (i, i′), define a
function Fi,i′ on [0, 1) by

Fi,i′(ω) =

c∑
j=1

d−1∑
l=0

hi,j

(
ω +

l

d

)
hi′,j

(
ω +

l

d

)
.

Of course, the first equation will follow if we can satisfactorily compute these
functions. Clearly, Fi,i′ is periodic with period 1/d, and so can be expressed
as a Fourier series in terms of exponentials e2πindω. Suppose first that i �= i′.
Computing the Fourier coefficients cnd(Fi,i′ ) for Fi,i′ we obtain

cnd(Fi,i′ ) =
√
d

∫ 1
d

0

Fi,i′(ω) e−2πindω dω

=
√
d

∫ 1
d

0

c∑
j=1

d−1∑
l=0

hi,j

(
ω +

l

d

)
hi′,j

(
ω +

l

d

)
e−2πindω+ l

d dω

=
√
d

∫ 1

0

c∑
j=1

hi,j(ω) e2πindω hi′,j(ω) dω
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=
√
d

c∑
j=1

∫ 1

0

hi,j(ω) e2πindω hi′,j(ω) dω

=
√
d
〈
J(δ−1(φi)), J(τnd(δ

−1(φi′ )))
〉

=
√
d
〈
δ−1(φi), τnd(δ

−1(φi′ ))
〉

=
√
d
〈
φi, τn(φi′ )

〉
= 0.

On the other hand, if i = i′, then we have

cnd(Fi,i) =
√
d
〈
φi, τn(φi)

〉
=
√
d
〈
J(φi), J(τn(φi))

〉
=
√
d

∫ 1

0

χSi(ω) e2πinω χSi(ω) dω

=
√
d

∫ 1

0

χSi(ω) e−2πinω dω

=
√
d cn(χSi).

Therefore,

Fi,i(ω) =

∞∑
n=−∞

√
d cnd(Fi,i)e

2πindω =

∞∑
n=−∞

d cn(χSi) e
2πin(dω) = dχSi(dω),

which completes the proof of Equation (15.15). Changing the indices i to
k, and making the same computations, yields Equation (15.16), and replac-
ing one of the h’s with g, and making similar computations, gives Equa-
tion (15.17). 	


To conclude, what we have presented here is a rather complex structure,
from a frequency-side perspective, of a refinable, finitely generated, shift-
invariant subspace V of L2(R). We have called the three equations in the last
theorem generalized filter equations, because they are generalizations of clas-
sical filter equations in wavelet theory. In fact, the original work of Mallat and
Meyer ([9], [10]) on wavelets was largely concerned with building wavelets out
of such classical filters. A general version of that classical method has recently
been presented in [2], and interested readers of this chapter are encouraged
to move on to that work.

We mention finally that there is yet a third remarkable functional equation
that is satisfied by the functions hi,j and gk,j . It is derived by combining
Equation (15.12) and the three filter equations of the last theorem. We do not
include the proof here, but here is the equation:
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c∑
i=1

hi,j

(ω + l

d

)
hi,j′

(ω + l′

d

)
+

ec∑
k=1

gk,j

(ω + l

d

)
gk,j′

(ω + l′

d

)
= d δj,j′ δl,l′ χSj

(ω + l

d

)
.
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Summary. For a separated sequence Λ = {λk}k∈Z of real numbers there is a close
link between the lower and upper densities D−(Λ), D+(Λ) and the frame properties
of the exponentials {eiλkx}k∈Z: in fact, {eiλkx}k∈Z is a frame for its closed linear
span in L2(−γ, γ) for any γ ∈ (0, πD−(Λ)) ∪ (πD+(Λ),∞). We consider a classical
example presented already by Levinson [11] with D−(Λ) = D+(Λ) = 1; in this
case, the frame property is guaranteed for all γ ∈ (0,∞) \ {π}. We prove that
the frame property actually breaks down for γ = π. Motivated by this example,
it is natural to ask whether the frame property can break down on an interval if
D−(Λ) �= D+(Λ). The answer is yes: We present an example of a family Λ with
D−(Λ) �= D+(Λ) for which {eiλkx}k∈Z has no frame property in L2(−γ, γ) for any
γ ∈ (πD−(Λ), πD+(Λ)).

Dedicated to Professor John Benedetto.

16.1 Introduction

While frames nowadays are a recognized tool in many branches of harmonic
analysis and signal processing, it is interesting to remember that Duffin and
Schaeffer [7] actually introduced the concept in the context of systems of
complex exponentials. Much of the study is rooted in the study of sampling
theories tracing back to Paley–Wiener, Levinson, Plancherel–Polya and Boas;
a complete treatment is given by John Benedetto in his paper Irregular Sam-
pling and Frames [3]. That paper also contains original work on irregular
sampling using Fourier frames, as well as new properties of Fourier frames. In
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particular, density issues for Fourier frames and distinctions as well as inter-
connections among uniform density, natural density, and the lower and upper
Beurling densities D−(Λ) and D+(Λ) of a sequence Λ ≡ {λk}k∈Z ⊂ R are
discussed in detail in Sections 7 and 9 of [3].

The frame properties for systems of exponentials {eiλkx}k∈Z are closely
related to density issues concerning the sequence {λk}k∈Z, as revealed by, e.g.,
[9], [10], [13]. A combination of well-known results shows that for a separated
sequence {λk}k∈Z ⊂ R, the exponentials {eiλkx}k∈Z form a frame sequence
in L2(−γ, γ) for all γ ∈ (0, πD−(Λ)) ∪ (πD+(Λ),∞). On the other hand,
it is known that there might be no frame property for the limit cases γ =
πD−(Λ), γ = πD+(Λ). This appears, e.g., in a classical example presented
by Levinson [11] which we will consider in Example 16.11: in that example,
D−(Λ) = D+(Λ) = 1, and the exponentials {eiλkx}k∈Z form a frame sequence
in L2(−γ, γ) exactly for γ ∈ (0,∞) \ {π}. The above considerations leave an
interesting gap on the interval (πD−(Λ), πD+(Λ)). In particular, it is natural
to ask whether there are exponentials {eiλkx}k∈Z with D−(Λ) �= D+(Λ) and
having no frame property in the gap (πD−(Λ), πD+(Λ)). The answer turns
out to be yes; the proof of Theorem 16.12 will provide a concrete example.

This chapter is organized as follows. Section 16.2 concerns the general
frame terminology and definitions. Section 16.3 summarizes known results of
Seip and Beurling, in which it is shown that exponentials {eiλkx}k∈Z form
a frame sequence in L2(−γ, γ) for all γ /∈ [πD−(Λ), πD+(Λ)]. A necessary
condition for {eiλkx}k∈Z being a frame for L2(−γ, γ), due to Landau [10],
is phrased as a no-go theorem as a preparation for applications in later sec-
tions. In Section 16.4, a lemma by Jaffard is presented and discussed; this
is the foundation for the construction of the aforementioned example in Sec-
tion 16.6. Section 16.5 analyzes the limit case of the frame version of the
classical Kadec’s 1/4-Theorem and discusses the example presented by Levin-
son. Then in Section 16.6, we give an explicit example with no frame property
for γ ∈ (πD−(Λ), πD+(Λ)).

16.2 General Frames

We will formulate the basic concepts in somewhat larger generality than
needed in the present chapter. Thus, in this section we consider a separa-
ble Hilbert space H with the inner product 〈·, ·〉 linear in the first entry. In
later sections we will mainly consider H = L2(−γ, γ) for some γ ∈ (0,∞).

We begin with some definitions.

Definition 16.1. Let {fk}∞k=1 be a sequence in H. We say that

(i) {fk}∞k=1 is a frame for H if there exist constants A,B > 0 such that

A ||f ||2 ≤
∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ H. (16.1)
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(ii) {fk}∞k=1 is a frame sequence if there exist constants A,B > 0 such that

A ||f ||2 ≤
∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ span{fk}∞k=1.

(iii) {fk}∞k=1 is a Riesz basis for H if span{fk}∞k=1 = H and there exist con-
stants A,B > 0 such that

A
∑

|ck|2 ≤
∥∥∥∑ ckfk

∥∥∥2 ≤ B
∑

|ck|2 (16.2)

for all finite scalar sequences {ck}.
(iv) {fk}∞k=1 is a Riesz sequence if there exist constants A,B > 0 such that

A
∑

|ck|2 ≤
∥∥∥∑ ckfk

∥∥∥2 ≤ B
∑

|ck|2

for all finite scalar sequences {ck}.

The frame definition goes back to the paper [7] by Duffin and Schaeffer.
More recent treatments can be found in the books [14], [6], or [4].

Any numbers A,B > 0 which can be used in (16.1) will be called frame
bounds. If {fk}∞k=1 is a frame for H, there exists a dual frame {gk}∞i=1 such
that

f =

∞∑
i=1

〈f, gk〉fk =

∞∑
i=1

〈f, fk〉gk, ∀f ∈ H. (16.3)

The series in (16.3) converges unconditionally; for this reason, we can index the
frame elements in an arbitrary way. In particular, we can apply the general
frame results discussed in this section to frames of exponentials, which are
usually indexed by Z.

A Riesz basis is a frame, so a representation of the type (16.3) is also
available if {fk}∞k=1 is a Riesz basis. Furthermore, the possible values of A,B
in (16.2) coincide with the frame bounds. Riesz bases are characterized as the
class of frames which are ω-independent, see [8]: that is, a frame {fk}∞k=1 is
a Riesz basis if and only if

∑∞
k=1 ckfk = 0 implies that ck = 0 for all k ∈ N.

Thus, Riesz bases are the frames which are at the same time bases. This means
that a frame which is not a Riesz basis is redundant: it is possible to remove
elements without destroying the frame property. However, in general, it is not
the case that arbitrary elements can be removed, as shown in the following
example.

Example 16.2. If {ek}∞k=1 is an orthonormal basis for H, then

{e1, e2, e2, e3, e3, e4, e4, . . . }
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is a frame for H. If any ek with k ≥ 2 is removed, the remaining family is still
a frame for H. However, if e1 is removed, the remaining family is merely a
frame sequence.

We note in passing that the above example is typical: the removal of a
single element from a frame might leave an incomplete family, which cannot
be a frame for the same space. However, the remaining family will always be
a frame sequence. These considerations of course generalize to the removal of
a finite number of elements, but not to removal of arbitrary collections; for
more details on removing infinite subsets, see [2].

Note that a frame sequence also leads to representations of the type
(16.3)—but only for f ∈ span{fk}∞k=1.

16.3 Frames of Exponentials

In this section, we consider the frame properties of a sequence of complex
exponentials {eiλkx}k∈Z, where Λ = {λk}k∈Z is a sequence of real numbers.
Before we discuss the frame properties, we introduce some central concepts
related to the sequence Λ.

We say that Λ is separated if there exists δ > 0 such that |λk − λl| ≥ δ for
all k �= l. If Λ is a finite union of separated sets, we say that Λ is relatively
separated. It can be proved that {eiλkx}k∈Z satisfies the upper frame condition
if and only if Λ is relatively separated.

In this chapter, we concentrate on separated sequences Λ. Given r > 0, let
n−(r) (resp. n+(r)) denote the minimal (resp. maximal) number of elements
from Λ to be found in an interval of length r. The lower (resp. upper) density
of Λ is defined by

D−(Λ) = lim
r→∞

n−(r)

r
resp. D+(Λ) = lim

r→∞
n+(r)

r
.

The sufficiency parts of Theorems 2.1 and 2.2 in [13] can be formulated as
follows.

Theorem 16.3. Let Λ = {λk}k∈Z be a separated sequence of real numbers.
Then the following holds:

(a) {eiλkx}k∈Z forms a frame for L2(−γ, γ) for any γ < πD−(Λ).
(b) {eiλkx}k∈Z forms a Riesz sequence in L2(−γ, γ) for any γ > πD+(Λ).

As an illustration of this result, we encourage the reader to consider
the family {eikx}k∈Z: it is an orthonormal basis for L2(−π, π), a frame for
L2(−γ, γ) for any γ ∈ (0, π), and a (non-complete) Riesz sequence in L2(−γ, γ)
for γ > π. This corresponds to the fact that D−(Z) = D+(Z) = 1. This ex-
ample is considered in detail in [8] in this volume.

In terms of frame sequences Theorem 16.3 gives the following.
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Corollary 16.4. Let Λ be a separated sequence of real numbers. Then
{eiλkx}k∈Z is a frame sequence in L2(−γ, γ) whenever

γ ∈ (0, πD−(Λ)) ∪ (πD+(Λ),∞).

Corollary 16.4 serves as motivation for our new results in Section 16.5
and Section 16.6. In Section 16.5, we consider an example with D−(Λ) =
D+(Λ) = 1, where it turns out that the frame property holds in L2(−γ, γ) for
any γ �= π. In Section 16.6, we prove that if D−(Λ) �= D+(Λ), then {eiλkx}k∈Z

might not have any frame property when considered in L2(−γ, γ), γ ∈
(πD−(Λ), πD+(Λ)).

We need a deep result due to Landau [10] (see Ortega-Cerda and Seip [12,
pp. 791, 792] for a discussion of this result).

Theorem 16.5. A separated family of complex exponentials {eiλx}λ∈Λ is not
a frame for L2(−γ, γ) if πD−(Λ) < γ.

In [13], Seip considers removal of elements from a frame of exponentials.
In particular, he proves that it always is possible to remove elements in a way
such that the remaining family is still a frame, but now corresponding to a
separated family.

Lemma 16.6. Assume that Λ is relatively separated and that {eiλkx}k∈Z is a
frame for L2(−γ, γ) for some γ > 0. Then there exists a separated subfamily
Λ′ ⊆ Λ such that {eiλx}λ∈Λ′ is a frame for L2(−γ, γ).

16.4 Jaffard’s Lemma

We need a lemma by Jaffard, [9, Lemma 4, p. 344]. Jaffard states the lemma
as follows: Suppose a sequence of functions {ek}k∈Z is a frame for L2(I) for
an interval I. Then {ek}k �=0 is a frame on each interval I

′ ⊂ I such that

|I ′ | < |I|.
Unfortunately, the lemma is false in the stated generality. Before we il-

lustrate this with an example, let us examine the mistake which appears in
the first two lines of the proof. There the following is stated: The {ek}k∈Z are
a frame of L2(I

′

). Then, either {ek}k �=0 is a frame of L2(I
′

), and we have

nothing to prove, or the {ek}k∈Z are a Riesz basis of L2(I
′

). This is not true.
If {ek}k∈Z is a redundant frame for L2(I) and if e0 is not in the closed linear
span of {ek}k �=0 in L2(I

′

) then {ek}k �=0 is not a frame for L2(I
′

) but {ek}k∈Z

is still a redundant frame for its span and not a Riesz basis. For example, let
{ek}k∈Z be an orthonormal basis for L2(0, 1) with supp e0 ⊂ [0, 1/2]. Since
e0 ⊥ ek for all k �= 0 on L2(0, 1) and e0(t) = 0, for all 1/2 ≤ t ≤ 1, it follows
that e0 ⊥ ek for all k �= 0 on L2(0, 1/2). Hence, {ek}k �=0 is not a frame for
L2(0, 1/2).

However, a very special case of this lemma is true, and, fortunately, it is
all that we need (as, in fact, did Jaffard).
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Lemma 16.7. Let {eiλx}λ∈Λ be a frame for L2(−R,R) and let J ⊂ Λ be a
finite set. Then {eiλx}λ∈Λ−J is a frame for L2(−A,A) for all 0 < A < R.

Jaffard’s proof works to prove Lemma 16.7 because of a result of Seip [13,
Lemma 3.15, p. 142] which makes the first two lines of Jaffard’s proof correct
in this special case. We state Seip’s lemma below.

Lemma 16.8. If {eiλx}λ∈Λ is a frame for L2(−R,R), then either {eiλx}λ∈Λ

is a Riesz basis for L2(−R,R) or {eiλx}λ∈Λ−{λ0} is a frame for L2(−R,R)
for every λ0 ∈ Λ.

However, for completeness we now give an independent proof of Lemma
16.7 that was communicated to us by D. Speegle.

Proof of Lemma 16.7. We will rely on Theorem 16.5. First, we assume that Λ
is separated. By Theorem 16.5 we know that D−(Λ) ≥ R

π . It is clear that D−

is unchanged if we delete a finite number of elements. So for all 0 < A < R,

D−(Λ− J) = D−(Λ) ≥ R

π
>

A

π
.

So by Theorem 16.3 we have that {eiλx}λ∈Λ−J is a frame for L2(−A,A).
If Λ is not separated, Lemma 16.6 shows that there is a Λ

′ ⊂ Λ, with Λ
′

separated so that {eiλx}λ∈Λ′ is also a frame for L2(−R,R). Now, {eiλx}λ∈Λ′−J

is a frame for L2(−A,A) for all A < R and hence so is {eiλx}λ∈Λ−J . 	


16.5 The Limit Case of Kadec’s 1/4-Theorem

The classical Kadec’s 1/4-Theorem concerns perturbations of the orthonor-
mal basis {eikx}k∈Z for L2(−π, π): it states that if {λk}k∈Z is a sequence of
real numbers and supk∈Z |λk − k| < 1/4, then {eiλkx}k∈Z is a Riesz basis
for L2(−π, π). It is well known that the result is sharp, in the sense that
{eiλkx}k∈Z might not be a Riesz basis for L2(−π, π) if supk∈Z |λk − k| = 1/4
(see Example 16.11 below). In Proposition 16.10 we shall sharpen this result,
using the following extension of Kadec’s theorem to frames, which was proved
independently by Balan [1] and Christensen [5].

Theorem 16.9. Let {λk}k∈Z and {µk}k∈Z be real sequences. Assume that
{eiλkx}k∈Z is a frame for L2(−π, π) with bounds A,B, and that there exists a
constant L < 1/4 such that

|µk − λk| ≤ L and 1− cosπL + sinπL <
A

B
.

Then {eiµkx}k∈Z is a frame for L2(−π, π) with bounds

A

(
1− B

A
(1− cosπL + sinπL)

)2

, B(2− cosπL + sinπL)2.
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With the help of Theorem 16.9 we can now prove the following.

Proposition 16.10. Let {λk}k∈Z be a sequence of real numbers such that

sup
k∈Z

|λk − k| = 1/4.

Then either {eiλkx}k∈Z is a Riesz basis for L2(−π, π) or it is not a frame for
L2(−π, π).

Proof. For t ∈ [0, 1], define

λk(t) := k + t(λk − k).

Then

sup
k∈Z

|λk(t)− k| = t · sup
k∈Z

|λk − k| = t

4
.

Furthermore, λk(1) = λk for all k ∈ Z. Now, suppose that {eiλkx}k∈Z is
a frame for L2(−π, π), with lower bound A, say. By Theorem 16.9, there
exists a t0 ∈ [0, 1) such that {eiλk(t)x}k∈Z is a frame for L2(−π, π) with lower
bound A/2 for any t ∈ [t0, 1). But, by Kadec’s 1/4-Theorem, {eiλk(t)x}k∈Z

is a Riesz basis for L2(−π, π) for all t ∈ [t0, 1), too; since Riesz bounds and
frame bounds coincide, it is thus a Riesz basis with lower bound A/2. Thus,
we have for t ∈ [t0, 1):

A

2

N∑
k=−N

|ck|2 ≤
∥∥∥∥ N∑

k=−N

cke
iλk(t)(·)

∥∥∥∥2
L2(−π,π)

∀ N ∈ N, c−N , . . . , cN ∈ C.

Taking the limit t→ 1, we obtain

A

2

N∑
k=−N

|ck|2 ≤
∥∥∥∥ N∑

k=−N

cke
iλk(·)

∥∥∥∥2
L2(−π,π)

∀ N ∈ N, c−N , . . . , cN ∈ C.

Thus {eiλkx}k∈Z satisfies the lower Riesz sequence condition in L2(−π, π).
Since it is also a frame by assumption, it is complete and satisfies the upper
condition, too. Thus, it is a Riesz basis for L2(−π, π). 	


We will now reconsider the classical example presented by Levinson [11].

Example 16.11. Consider the sequence

λk :=

⎧⎪⎨⎪⎩
k − 1/4 if k > 0

k + 1/4 if k < 0

0 if k = 0.

It is clear that D−(Λ) = D+(Λ) = 1; thus, by Corollary 16.4, {eiλkx}k∈Z is a
frame sequence in L2(−γ, γ) when γ ∈ (0, π)∪(π,∞). It is also known [14] that
{eiλkx}k∈Z is complete in L2(−π, π) but not a Riesz basis for L2(−π, π). Thus,
by Proposition 16.10 we conclude that {eiλkx}k∈Z is not a frame sequence in
L2(−π, π).
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16.6 Exponentials {eiλkx}k∈Z with No Frame Property in
L2(−γ, γ) for γ ∈ (πD−(Λ), πD+(Λ))

Recall that Corollary 16.4 does not provide us with any conclusion for γ ∈
[πD−(Λ), πD+(Λ)]; and for γ = πD−(Λ) and γ = πD+(Λ), Example 16.11
shows that no frame property might be available. If D−(Λ) < D+(Λ) we are
thus missing information on a whole interval. Our purpose is now to show
that Corollary 16.4 is optimal in the sense that for any a, b ∈ (0,∞), a < b,
we can construct sequences Λ ⊂ R with a = D−(Λ), b = D+(Λ), for which
{eiλkx}k∈Z has no frame property for any γ ∈ (πa, πb). This is stronger than
Example 16.11, where we had D−(Λ) = D+(Λ).

Theorem 16.12. For any 0 < a < b, there are real numbers Λ = {λk}k∈Z

satisfying

(1) D−(Λ) = a,
(2) D+(Λ) = b,
(3) { 1√

2πb
eiλkx}k∈Z is a subsequence of an orthonormal basis for L2(−πb, πb),

(4) {eiλkx}k∈Z spans L2(−γ, γ) for every 0 < γ < πb.

It follows that

(5) {eiλkx}k∈Z is a frame for L2(−γ, γ) for all 0 < γ ≤ πa,
(6) {eiλkx}k∈Z is not a frame sequence in L2(−γ, γ) for πa < γ < πb,
(7) {eiλkx}k∈Z is a Riesz sequence in L2(−γ, γ) for all πb ≤ γ.

Proof. To simplify the notation, we will do the case a = 1, b = 2. The general
case follows immediately from here by a change of variables. We let

{fk}k∈J = {eikx, ei(k+1/2)x}k∈Z.

Our purpose is to exhibit a subfamily {fk}k∈Λ, Λ ⊂ J , which has the required
properties.

Now, {fk}k∈J is an orthogonal basis for L2(−2π, 2π). The idea of the
construction is to carefully delete (by induction) a family of subsets of J ,
J1 ⊂ J2 ⊂ · · · , so that Λ = J − ∪∞

n=1Jn has the required properties. The
difficult part is to maintain property (4). First, let J1 = {1 + 1/2} and α =
1 + 1/2. By Lemma 16.7, there is a sequence {aα,1

k } ∈ �2 so that

eiαx =
∑

k∈J−J1

aα,1
k fk ∈ L2(−2π + π, 2π − π).

Choose a natural number N1 > 1 + 1
2 so that∥∥∥∥ ∑

|k|≥N1

aα,1
k fk

∥∥∥∥
L2(−2π+π,2π−π)

≤ 1.
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Let

J2 = {1 + 1/2, N1 + 1/2, N1 + 1 + 1/2} = J1 ∪ {N1 + 1/2, N1 + 1 + 1/2}.

Since {fk}k∈J−J2 is a frame for L2(−2π+ π
2 , 2π−

π
2 ) by Lemma 16.7, for each

α ∈ J2 there is a sequence of scalars {aα,2
k } ∈ �2 so that

eiαx =
∑

k∈J−J2

aα,2
k fk ∈ L2(−2π +

π

2
, 2π − π

2
).

Choose a natural number N2 > N1 + 1 + 1
2 so that for each α ∈ J2 we have∥∥∥∥ ∑

|k|≥N2

aα,2
k fk

∥∥∥∥
L2(−2π+ π

2 ,2π−π
2 )

≤ 1/2.

Now by induction, for each n we can choose natural numbers {Nj}n
j=1 with

Nj−1 + j − 1 + 1
2 < Nj and sets J1 ⊂ J2 ⊂ · · · ⊂ Jn with

Jn = ∪n−1
j=1 Jj ∪ {Nn−1 + 1/2, Nn−1 + 1 + 1/2, . . . , Nn−1 + n− 1 + 1/2}

satisfying

(i) {fk}k∈J−Jn is a frame for L2(−2π + π/n, 2π − π/n),

(ii) for every α ∈ Jn there is a sequence {aα,n
k } ∈ �2 so that

eiαx =
∑

k∈J−Jn

aα,n
k fk ∈ L2(−2π + π/n, 2π − π/n),

and

(iii) ∥∥∥∥ ∑
|k|≥Nn

aα,n
k fk

∥∥∥∥
L2(−2π+π/n,2π−π/n)

≤ 1

n
.

Now, let Λ = J −∪∞
n=1Jn; we claim that {fk}k∈Λ has the required properties.

For (1), by the definition of the sets Jn,

|Λ ∩ [Nn−1 + 1
2 , Nn−1 + n− 1 + 1

2 ]|
(Nn−1 + n− 1 + 1

2 )− (Nn−1 + 1
2 )

=
|{Nn−1 + 1

2 , Nn−1 + 1 + 1
2 , . . . , Nn−1 + n− 1 + 1

2}|
(Nn−1 + n− 1 + 1

2 )− (Nn−1 + 1
2 )

=
n

n− 1
.

So D−(Λ) ≤ 1. But, since Λ contains Z it follows that D−(Λ) ≥ 1.
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For (2), for any N ∈ N we have

|Λ ∩ [−2N,−N ]|
−N − (−2N)

=
|{−2N,−2N + 1

2 ,−2N + 1, . . . ,−N}|
N

=
2N + 1

N
.

So 2 ≤ D+(Λ) ≤ D+(J) = 2.

(3) This is obvious.

(4) Fix 0 < γ < 2π and choose M > 0 such that γ < 2π − π
M . Fix j ∈ N

and choose any α ∈ Jj . For all n ≥ max {j,M}, we have∥∥∥∥eiαx −
∑

k∈J−Jn,|k|≤Nn

aα,n
k fk

∥∥∥∥
L2(−γ,γ)

≤
∥∥∥∥eiαx −

∑
k∈J−Jn,|k|≤Nn

aα,n
k fk

∥∥∥∥
L2(−2π+π/n,2π−π/n)

≤ 1

n
.

In the rest of the argument for (4) we consequently consider the vectors fk as
elements in the vector space L2(−γ, γ). Since J1 ⊂ J2 ⊂ · · · and

max Jn ≤ Nn < min(Jn+1 − Jn),

it follows that ∑
k∈J−Jn,|k|≤Nn

aα,n
k fk ∈ span {fk}k∈Λ.

Hence,
eiαx ∈ span {fk}k∈Λ.

That is, for all j,
fj ∈ span {fk}k∈Λ.

Since {fk}k∈J is a frame for L2(−γ, γ), we have (4).

(5) For 0 < γ < πa, this follows from Theorem 16.3(a) and the fact that
D−(Λ) = a = 1. For γ = πa, we note that {fk}k∈Λ contains {eikx}k∈Z,
which is an orthonormal basis for L2(−π, π). Therefore, {fk}k∈Λ is a frame
for L2(−π, π).

(6) Since the closed linear span of {fk}k∈Λ equals L2(−γ, γ) by (4), if it
were a frame sequence then it would be a frame, contradicting Theorem 16.5.

(7) For γ > πb, this is a consequence of Theorem 16.3(b). For γ = πb,
we note that {fk}k∈Λ is a subset of {fk}k∈J , which is an orthogonal basis for
L2(−2π, 2π); this implies that {fk}k∈Λ is a Riesz sequence in L2(−2π, 2π).

This completes the proof of the theorem. 	
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