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Abstract

This study solves the problem of unsteady free convection from an inclined
heated tube both numerically and analytically. The tube is taken to have an ellip-
tic cross-section having a constant heat flux applied to its surface. The surrounding
fluid is viscous and incompressible and infinite in extent. The Boussinesq approxi-
mation is used to describe the buoyancy force driving the flow. The underlying as-
sumptions made in this work are that the flow remains laminar and two-dimensional
for all time. This enables the Navier-Stokes and energy equations to be formulated
in terms of the streamfunction, and vorticity.

We assume that initially an impulsive heat flux is applied to the surface and
that both the tube and surrounding fluid have the same initial temperature. The
problem is solved subject to the no-slip and constant heat flux conditions on the
surface together with quiescent far-field and initial conditions.

An approximate analytical-numerical solution was derived for small times, ¢
and large Grashof numbers, Gr. This was done by expanding the flow variables in
a double series in terms of two small parameters and reduces to solving a set of
differential equations. The first few terms were solved exactly while the higher-order
terms were determined numerically.

Flow characteristics presented include average surface temperature plots as well
as surface vorticity and surface temperature distributions. The results demonstrate
that the approximate analytical-numerical solution is in good agreement with the
fully numerical solution for small ¢ and large Gr.
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Chapter 1

Introduction

1.1 Setting Up The Problem

Unsteady free, or natural, convection from a horizontal two-dimensional body is
a fundamental thermal-fluid problem. Numerous theoretical, experimental and
numerical studies related to the this problem have been done over the years. This
thesis deals with the unsteady behavior of laminar, two-dimensional flow caused
by free convection from an inclined elliptic cylinder in a fluid which is otherwise at
rest. This problem is of interest for both theoretical and practical reasons since it
has important applications in engineering such as hot wire anemometry, flow past
heated tubes or wires, thermal pollution, dispersion of pollutants, and even in the
design of heat exchangers.

This thesis investigates the initial development of the unsteady free convection
problem in an unbounded domain. The surface of the cylinder has a constant heat
flux and the fluid is assumed to be viscous, incompressible and Boussinesq. Also,
the governing equations are the Navier-Stokes and energy equations.

The physical configuration is illustrated in Figure [1.1, The Cartesian axes x
and y are rotated to coincide with the major and minor axes of the ellipse having
lengths 2a and 2b, respectively. Gravity acts in the vertical direction, and the ellipse
is inclined at an angle 7 measured relative to the horizontal. The cylinder surface
has a constant heat flux @), while the far-field temperature of the fluid is T, with
T > T,,. Here, T' denotes the temperature of the cylinder surface which varies with
time and with position on the surface. The buoyancy-induced flow is considered to
be unsteady and laminar with negligible viscous dissipation.

An approximate analytical-numerical solution valid for small times, ¢, and large
Grashof numbers, G, is obtained by applying double series expansions for the flow
variables. The expansions generate a hierarchy of simplified problems to the full
governing equations. Boundary and initial conditions are defined for each problem,
and integral conditions are derived for the vorticity using Green’s Theorem. The
leading-order terms as well as several higher-order terms were determined analyti-
cally, while the higher-order terms were determined numerically. This approximate



Fluid Properties:
Y v - kinematic viscosity
k - thermal diffusivity
a N 9 k - thermal conductivity
« - thermal expansion coefficient

Equation of State:
P = pooll — (T — T

Q Dimensionless Parameters:
agATc?
Gr = ——5— where ¢ = Va? — b?
Far Field Density, poo "Qc v
Far Field Temperature, T and AT = W Pr=—nr
K

Figure 1.1: The flow configuration

solution serves to provide a reasonably accurate description of the initial low and
heat transfer process.

The thesis is organized as follows. In the next section a literature review is given.
In chapter 2, derivation of the governing equations,boundary and initial conditions
are explained. Chapter 3 describes the analytical method used to solve the problem
while chapter 4 outlines the numerical method used in solving the higher order
problems. In chapter 5, results and comparisons are presented. Finally, a summary
is given in chapter 6.

1.2 Literature Review

The problem considered in this thesis is similar to that studied by Williams [35].
He also examined the unsteady problem of laminar two-dimensional free convec-
tive heat transfer from an inclined elliptic cylinder and also focused on the initial
development of heat transfer and flow. However, to solve the problem analytically,
he used perturbation theory and expanded the flow variables in powers of /¢ and
considered the isothermal case whereby the surface was maintained at constant
temperature. The expansion used is valid for small ¢ and small Gr, and analytic
solutions to the problem were found for the case when the Prandtl number, Pr,
is equal to unity. The scaling adopted in that study is identical to that outlined
in section 2.2.3. The main difference between the work by Williams [35] and this
study are as follows. First, we solve the unsteady free convection problem resulting

from a cylinder emitting a constant heat flux. Second, a double series expansion

is applied in the parameters A\ = , /\;_c% and t. These parameters are better suited

for investigating the early unsteady flow for large Gr. Third, analytical solutions
have been found for the cases when Pr =1 and Pr # 1. Lastly, a different scaling
given in section 2.2.2, has been utilized. The main difference in the scaling of the
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equations lies in the velocity scale U. Williams [35] uses U = % whereas the scale

used here is U = /agATec.
4

In this present study an expansion procedure involving the parameter A = N

is carried out. This parameter will be small if ¢ is small and Gr is large. We will
see that the resulting differential equations in the series expansion in A are still too
complicated to solve analytically. If we take t to be a second small parameter, we
can expand each of the equations in another series in terms of ¢. This amounts to
doing a double expansion and enables us to further simplify the resulting equations
and to solve them analytically. For small times we expect the gradients in the
radial-direction (normal to the cylinder surface) to be much larger than those in
the angular-direction. Also, for small times velocities will be very small. Thus, for
small times the main mechanism of heat transfer will be by conduction. From this
and the similarity solution to the heat conduction equation, the form of A can be
obtained.

A similar double expansion has been previously used in the study of two-
dimensional laminar viscous flows at constant temperature. In these problems the

8t
R

that our equation for the streamfunction and vorticity are identical if we replace
\/% by %. Some previous studies that have used this approach include Rohlf and
D’Alessio [28], Badr and Dennis [I], Collins and Dennis [5] for the case of a cir-
cular geometry, while Staniforth [32] was one of the first studies that successfully
applied this approach to the elliptic geometry. In this thesis the double expansion
procedure has been extended to solve the problem of free convection.

parameter A is defined as \ = where R is the Reynolds number. It turns out

Another problem worth mentioning is the laminar plume formed above a line
source explained in Leal [2I]. This refers to a well known analytical solution for
steady free convection from a line source of constant heat flux. This corresponds
to the solution at large distances since far away the cylinder can be treated as a
line source. For large G'r the equations can be simplified by making boundary layer
approximations and rescaling the horizontal coordinate and velocity by a factor
of Gri. It turns out that an exact similarity solution can be found for Prandtl
numbers Pr = 2,2 (Yih [36]). The problem studied here can be thought of the
other extreme case in that the laminar plume case is valid for large ¢ and at large
distances while our problem is valid for small ¢ and close to the cylinder. It is
interesting to point out that both the laminar plume problem and this problem
have the factor of Gri appearing in the solutions.

Extensive research has been conducted for circular cylinders experimentally, an-
alytically, and numerically. Among the pioneers, Langmuir [20] concluded that the
heat transfer rate could be evaluated as the amount of heat conveyed by pure con-
duction through a film of stationary fluid surrounding the wire, which is called the
film theory. McAdams [24] correlated experimental data of flows over circular cylin-
ders by other workers for Rayleigh numbers in the range between 10~* and 10°. The
problem of laminar free convection from a horizontal circular cylinder with constant



surface temperature or constant surface heat flux has been dealt with by Koh [17].
Analytical studies based on the boundary-layer approximation were conducted by
Muntasser and Mulligan [26]. Numerical studies of the circular cylinder case with
an isothermal cylinder surface have been reported in Saitoh, Sajiki and Maruhara
[29]. They adopted a high-accuracy fourth-order finite difference method and a
coordinate transformation technique to solve the two-dimensional natural convec-
tion problem for Pr = 0.7. Numerical solutions of the governing Navier-Stokes and
energy equations were obtained by Kuehn and Goldstein [18], Farouk and Guceri
[12], and Wang, Kahawita and Nguyen [34] to name a few.

Although problems related to heated circular cylinders are well studied, rela-
tively little work has been done for the more general geometry of an elliptic cylinder
which is considered here. Lin and Chao [22] utilized a suitable coordinate transfor-
mation to solve the boundary-layer equations for two-dimensional and axisymmetric
bodies of arbitrary contour in terms of series solutions. Results were obtained for
Prandtl numbers in the range between 0.72 and infinity, aspect ratio of the ellip-
tic cross-section from 0.25 to 1, and the cases when the major axis either vertical
or horizontal,respectively. Raithby and Hollands [27], following the film theory of
Langmuir, proposed an approximate procedure for the prediction of the amount of
heat exchanged by free convection at the surface of slender elliptic cylinders over
a wide range of the Rayleigh numbers. Later Hassani [I4] simplified the Raithby-
Hollands method and extended its application to asymmetric horizontal cylinders
having an arbitrary convex cross-section.

Merkin [25] numerically solved the boundary-layer equations for horizontal cylin-
ders with the major axis oriented vertically to the direction of gravity. For a slender
elliptic cylinder suspended in air, numerical solutions of the full conservation equa-
tions of mass, momentum and energy were obtained by Badr and Shamsher [2].
The problem has been solved for Rayleigh numbers ranging from 10 to 1000 and
for a constant value of Prandtl number (Pr = 0.7). The cylinder axis ratio varies
from 0.1 to 0.964 approaching a flat plate at one end and a circular cylinder at
the other. Results were presented for the local and average Nusselt numbers along
with details of the thermal and velocity fields given in the form of isotherm and
streamline patterns.

Finlay [I3] solved the steady problem of free convective heat transfer from an
isothermal inclined elliptic cylinder numerically and derived asymptotic boundary
conditions that could be applied at large distances. She also studied the stability of
the flow to a specific type of disturbance. D’Alessio, Finlay and Pascal [8] considered
the steady and unsteady problems of free convection from elliptic cylinders for
small Gr numbers. The current study is an unsteady extension of [§] for large Gr
numbers.

Work on the case of uniform heat flux has been done by Mahfouz and Kocabiyik
[23]. They performed a numerical study of the transient buoyancy driven flow
adjacent to a cylinder of elliptic cross-section with major axis horizontal, whose
surface is subjected to a sudden uniform heat flux. This was executed for different



values of the modified Rayleigh number in the range between 10° and 107, the
Prandtl number in the range between 0.1 and 10, and the axis ratio in the range
between 0.05 and 0.998.

Experiments have been performed by Elsayed, Ibrahim and Elsayed [11] for free
convection of air around the outer surface of a horizontal elliptic tube with constant
heat flux. The local and average Nusselt number distributions were presented
at different values of Rayleigh numbers ranging from 1.1 x 107 to 8 x 10" and
different tube inclination angles. Average Nusselt numbers were evaluated and
correlated with the Rayleigh number corresponding to the elliptic tube with vertical
major axis. Comparison between the convection characteristics of isothermal and
constant heat flux elliptic tubes has been presented. The experiment showed that
the maximum average Nusselt number is achieved when the major axis of the tube
is vertical. Huang and Mayinger [15] also performed experiments in which laminar
natural convection from elliptic tubes was investigated for different orientations and
for different axis ratios.

Works on the extreme geometry of a flat plate were also conducted. Badr and
Shamsher [2] performed a numerical study of the free convection from an elliptic
cylinder with major axis vertical, for different values of the axis ratio in the range
between 0.05 and 0.998 and validated the method by comparing results with the
available experimental and numerical data for the circular cylinder and the flat
plate as limiting cases. Experiments for the flat plate case was done by Saunders
[31] while numerical solutions were obtained by Suriano and Yang [33].

The combined problems of forced and mixed convection from inclined elliptic
cylinders undergoing uniform acceleration was studied by D’Alessio, Saunders and
Harmsworth [9]. An approximate analytical solution valid for small times and
large Reynolds numbers was presented. Also, a numerical solution was obtained by
solving the full Navier-Stokes and energy equations using a spectral-finite difference
method. More recently, the problem of unsteady heat transfer from an elliptic
cylinder was solved numerically by Juncu [16]. In his paper, the influence of the
volume heat capacity ratio and axis ratio on the heat transfer rate was investigated
for various Reynolds and Prandtl numbers for the case of elliptic cylinders with
spatially uniform, but changing with time, temperature.

In summary, this work offers an approximate analytical-numerical solution pro-
cedure to solve the problem of unsteady free convection from an inclined ellipti-
cal cylinder with constant heat flux which is limited to small times following the
impulsive startup. Comparisons between this approximate solution and the fully
numerical solution [7] have also been carried out.



Chapter 2

The Governing Equations

2.1 Deriving The Equations

Let us start with the continuity equation, taken from Kundu[l19)]:

Dp

—+pV-u=0, 2.1

D TP (2.1)
where 4 = (u,v) is the velocity of the flow, with u the velocity component in the
x-direction, v in the y-direction and % = % + (@ - V) is the material derivative.
We assume that the fluid is incompressible, and simplify the continuity equation to

V.i=0. (2.2)

We also assume that the fluid is viscous, and has a constant dynamic viscosity .
Then the Navier-Stokes equations are given by

Du . S
p—— = —Vp+ pg+ uV>i. (2.3)
Dt
Here, § = —g(sinn, cosn) is the gravitational vector with g denoting the gravi-

tational constant; n is the angle of inclination of the elliptical cylinder with the
horizontal plane. Using the Boussinesq approximation ( replace p by py everywhere
except in the gravitational term), we obtain the following form for the Navier-Stokes

equations
Dﬁ — —

Introducing the kinematic viscosity v = ;‘io, the Navier-Stokes equations can be
written as

Du 1 P 9
- —Vp+ g+ uvia. 2.5
[T PR (2.5)
We use a linear equation of state as in Kundu[19]:
L1 aT-Ty), (2.6)
Po



where « is the thermal expansion coefficient, T is the temperature and T, is the
far-field temperature. Then the Navier-Stokes equations become

D/II _ p — 2 —

Expanding the material derivative gives

ou

o5+

(@- V)i =-V (%) + 37— ag(T —Ty)) +vV3i . (2.8)

We know that vorticity & is defined as & = V x 4. To obtain an equation which
involves vorticity, we use the following vector identity

— =

Vx(Vxf)=V(V-f)=Vf. (2.9)

Plugging f = @ and the continuity equation (2.2) into (2.9), we obtain the following
equation for vorticity in terms of u:

V xd=-Vi.

Substituting this into (2.8) we obtain

a—)
a—?—l—(@V)ﬁ: -V <p£> +§—ag(lT —Ty)) —v(V xd). (2.10)
0
Using a second vector identity
1
(u-V)u= §V(ﬁ-ﬁ)—ﬁxﬁ, (2.11)
(2.10) becomes
ouw . p 1. | . . .
— —Uxd=-V|—+-u0-U)+7—agd(lT —T)) —v(V xd). (2.12)
ot po 2

We write the gravitational vector ¢, as a gradient of a scalar § = VA, where
A= —g(xsinn+ycosn) .

Next, we introduce the quantity I' as

r=2iliioa-ara
po 2
Then, (2.12) becomes
ou -
a—uxw:—VF—o@T—y(wa). (2.13)



Now we take the curl of the above to obtain

%(Vxﬁ)—Vx(ﬁx&):—Vx(VF)—a(ngT)—y(Vx(Vx&)). (2.14)

Since V x (VI') = 0, and by the definition of vorticity, we can reduce (2.14) to the
following form

g—j—Vx(ﬁx&):—a(ngT)—u(Vx(Vxﬁ)). (2.15)
Using vector identity (2.9), and setting f =3, we can further simplify (2.15) to
0% L 5.
E—Vx(uxw):—a(ngT)+VVw. (2.16)

Using the vector identity
Vx(Uxd)=uV- -Jd)—d(V-u)+ (J-V)u— (d-V)J, (2.17)

along with the continuity equation and noting that the flow is 2-D, the above
reduces to

VX (WUxd)=—(u-V)J. (2.18)
Finally, we obtain the following for the vorticity equation in vector form
o . 9,
E—k(u-V)w:—a(ng’T)—f—l/Vw. (2.19)

The term —a(V x gT'), corresponds to the generation of vorticity due to the baro-
clinicity of the flow, or generation of vorticity when surfaces of constant pressure
and density are not parallel. The term »V2d, corresponds to the change in vorticity
due to molecular diffusion.

Since we assumed that the flow is 2-D, we can introduce the streamfunction ),

where
oo

U= ay,v—ax.

(2.20)
fo=Vxud=(0,0,(), then

v Bu O O
S (2.21)

Also,

T T
VxTg=V x(—g(Tsinn, T cosn,0)) = —g (0,0, g—xcosn — g—y sinn) . (2.22)

Using equations (2.21) and (2.22), and plugging them to equation (2.19), we obtain
the governing equation for the scalar vorticity ¢,

oc _ or or . 2
5 +(Z-V)(=ag <8x cosn o s1n7]> +vVa(. (2.23)



Using

7V = (u,v)-(aC a<>

oy dY\ (0C O\ A b aC
aeor) = (o) () -

—6—y,% G_x’(‘?_y _Fy%—i_%@_y ) (2.24)

and substituting this into equation (2.23), we can further reduce the scalar vorticity
equation to

g azp%H(a% 8C)+ag(8T oT

g5 L & 92 cosn— Zsing) . (225
53 + % 5 COST 9 sin 77) (2.25)

ot Oydx Oz dy

To derive an equation governing the fluid temperature,T’, we begin with the thermal
energy equation

De

—=-V-¢—p(V-u)+e, 2.26
P q—p(V - 1) (2.26)
where e is the internal energy of the fluid, ¢'is the heat flux per unit area, and € is
viscous dissipation. We will neglect viscous dissipation and thus set € = 0.

We can write e and ¢ in terms of the fluid temperature 7', the specific heat at
constant pressure Cj,, and the thermal conductivity of the fluid k, as

e=C)T,¢=—kVT. (2.27)
Using the continuity equation and (2.27), the thermal energy equation simplifies to

DT
pcpﬁ = kV°T . (2.28)

Expanding for constant k£ and C,, the material derivative gives

DT _OT . oo O _0U9T  9voT

—_— = — . 2.2
Dt ar ot 0y odx Ox OJy (229)

If we define the thermal diffusivity s, with x = ,%’ then the thermal energy
p
equation reduces to

ar  oyorT oyoT 9

—_— = —— veT . 2.30

ot oyor ozoy " (2.30)
Thus, the three main governing equations in terms of streamfunction v, vorticity
¢ and temperature T are

0% 0%

a2 T S (2.31)
o apoc awor (¢ o or or
ot dyor ordy + v (61:2 + B + ag o cosn 3y sinn | , (2.32)

oT  9paT Y oT ,
5 = By 05 90y + kYT . (2.33)



2.2 Non-dimensionalization Methods

2.2.1 Non-dimensionalization Method 1

At large distances, we expect a balance to exist between the viscous force and the
buoyancy force. For a sphere of radius R we have that

4
6 Ry = §7TR3Apg , (2.34)
according to creep flow.
From the linear equation of state (2.6), we obtain
Ap=po—p=apAT,

and (2.34) gives
2

2R
o = =——agAT . 2.35
ow = 5y (235)

If we set the length scale to ¢ = v/a? — b?, the semi-focal length of the ellipse (see
figure 1), then (2.35) suggests the following non-dimensionalization:

)= (5) v = CodT

Y

C C 1%
_T—TOo B Q
b=—a7 AT=cn
1 ~ c
_Y g _° 2.
7w Cw7c UC? (36)

where () is the constant heat ﬂux and the tildes denote dimensionless quantities.

Applying the above scaling to the streamfunction equation (2.31) leads to

9 a%/;

a5+ =C. (2.37)

Further applying this scaling to the vorticity-transport equation (2.32), we obtain

8_5:<3_@53_5_8_@58_5>+L<%+%>

ot oy 0 0T 0y cU \ 012 09
agcAT (0¢ 8¢
+ 7 <8x osn — % sinn | . (2.38)

Finally, the temperature equation (2.33) under this scaling becomes

96 _ (a& o 9 a¢> L ((% 82¢>

of  \djor 0705 o7 o

07 9i 07 05 (2:39)
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We define the following dimensionless parameters: Prandtl number Pr, where Pr =
£ and Grashof number Gr, where Gr = CSO‘V#. The Prandtl number represents the
ratio of momentum diffusivity to thermal diffusivity of the fluid, while the Grashof
number represents the relative strength of the buoyancy force to the viscous force.

In terms of these parameters our equations in dimensionless form become

b Y -

@4‘8—@2 —C, (240)

¢ (ool 9pal 1 (02 0%

o \ojoz “orog) "o \om o

1 (00 0p .

+ E <% cosTn — a—g SIDT]) s (241)

0p [0 0p OO 1 (8% 0%
o (a_ya_ - a_a_y> “ g (8 58 - (242)

2.2.2 Non-dimensionalization Method 2

Near the surface we expect a balance to occur between inertia and buoyancy. If u
is the speed of a fluid parcel rising and h the distance from the surface we can write

1
P’ = (p = po)gh (2.43)

from which we obtain
(P - Po)

Po
From the linear equation of state (2.6), it follows that

u? =2 gh .

p = Po = aAT .
Po

u=+/2aATgh . (2.44)

If we set the length scale to ¢ = v/a? — b2, then (2.44) suggests the following non-

Hence,

dimensionalization: vy
(~7 ) - <_7_> ) U: vO{gATC,

¢’ c

T—T, Q

gb AT ) C/{/?

- U - 1 ~ c

f="t,=— =—(. 2.4
1=, C= £ (2.45)



Applying the above scaling to the streamfunction equation (2.31), we obtain

O Y -
972 + 8_3]2 =, (2.46)
while the vorticity-transport equation (2.32) becomes
o _ (ovoc _avoc) | v (9% 9%
ot  \ogox 0% 0y cU \ o2 952
ageAT (¢ 0o .
+ e <% CoS 1) a—gsmn , (2.47)
and the temperature equation (2.33) yields to
d¢ oA O O Kk (0% 9%
ot <ag o 0 ag) T ((%2 + 02 ) (2.48)
In terms of Gr and Pr the dimensionless equations read
0% 0% -
w + ? = C s (2.49)
o (ool 9Pl 1 (020 0% 0¢ 09
b R [ it B . = - = 2.50
By (ag o ozoy ) e o Tap ) T\ gr e gy sinn ) o (250)
oo o A I 1 9% 9%¢
o _(woe cvoe . 2.51
of (ag 05 0i0i)  Jarpr \022 o (251)
2.2.3 Non-dimensionalization Method 3
Another possible scaling is given by
= (LY _Y
@9 =(52) u="2,
T-T. . v
(b - AT 9 = _Qta
o
vV=-v,(=—(, (2.52)
v v
from which we obtain:
0 0% -
D A S, 2.



oc _ (8_1#% — %%) + (82C +@) +Gr (%cosn— %sinn) , (2.54)

ot  \ogoxr 070y 072 | 02 OF o
Bl oAy O A 1 (8% %
(T L (2R ) 2.
By (ag 05 07 ag) Ty (w o (2:55)

2.2.4 Non-dimensionalization Method 4

This last scaling is similar to the previous one and is given by

T-Ts ; K
¢="xr 'Tat
2
b=-p.i=5¢. (256)
K K
This scaling introduces another dimensionless parameter known as the Rayleigh
number, Ra, given by Ra = PrGr = C%;#. The Rayleigh number represents the

relative strength of the viscous force to the buoyancy force within the fluid which
can be expressed as

ag® AT agc*AT v

— = RaPr .
K2 KV K
This leads to the dimensionless set:
0% 0% -
— 4+ — = 2.57

9¢ — (%% — %%) + (g + %> +RaPr (% cosn — %sinn) , (2.58)

ot \ojor ozoj) \oi2 " 0 0 i
06 (oW oy 0Py 9% 0%
o (ag i 0z ag) " ((%2 o) (2.59)
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2.2.5 Non-dimensionalization Method Used

In the previous subsections, we have presented four possible non-dimensionalization
methods. Although any one of these can be adopted, we have selected method 2.
Henceforth, our governing equations will be

0% 0% B
w + 8_3/2 =, (2.60)

o _ (3_1/’%_3_1/@)+ ! (32<+32<>+(@C0s7,_@smn) , (2.61)

ot  \Oydxr 0Ox 0y VGr \ 022 " 0y2 oy o
9 _ (O0Y Iy OY D¢ 1 6 0%
ot (0?; dr O 3y> TGPy ((%2 o) (2.62)

where the tildes have been dropped for the ease of notation.

2.3 Transformation to Elliptical Coordinates

Y T
z + iy = cosh [(§ + &) + i0)]

2

Figure 2.1: The mapping from Cartesian to elliptical co-ordinates

To make computations easier, we use a conformal mapping shown in figure [2.1}
The transformation is given by

x + iy = cosh[(§ + &) + 0], (2.63)

where tanh&y = r , and r = g is the ratio of the semi-minor and semi-major
axis lengths of the ellipse. This choice of the constant &, is such that the contour

14



¢ = 0 will coincide with the surface of the cylinder. Applying the identity cosh z =
1
2

(e* + e~ *) to (2.63), and comparing the real and imaginary parts we obtain

D’Alessio [6] and Saunders [30] also used this transformation in their work.

x = cosh(& + &) cosf , y = sinh(€ + &) sin b .

(2.64)

The scale factors for the elliptical co-ordinate system (&, 6), are defined by

ol

Oz
9¢

)+

Using equation (2.64), we obtain

9y
o

o

) <

he = \/cosh2(£ + &) — cos?0 hy = \/cosh2(£ + &) —cos? 0 .

We define the metric M of the transformation (2.63) as M (€, 6) = he = hy. Then,

M?(£,6) = cosh?(€ + &) — cos? 0 = % [cosh 2(§ + &) — cos 20| .

(2.65)

(2.66)

For the remainder of the thesis, the dependence of M on ¢ and 6 will not be

explicitly shown, but will assumed to exist.

We differentiate equations (2.64) with respect to 2 and y to obtain the following

set of equations

Differentiating (2.67) — (2.70) with respect to x and y gives

[1+

2 sinh?(¢ + &) (cosh?(€ + &) — cos? 6)

%0 _ sinfcosf

0x?

M4

0% _ sinfcosf

0y?

M4

i

90

ox

00  sinh(& + &) cos

ay M?

0¢  sinh(§ + &) cosd
dx M?

0§ cosh(§ + &) sind
ay M? |

_ cosh(§ + &) sin 6

Y

2 cosh?(& + &) (sinh?(¢ + &) — sin®0)

M2

9%¢  sinh(€ + &) cosh(& + &)

or?
d*¢ _ sinh(€ + &o) cosh(§ + &)

M4

0y?

M4

i
i

~ 2c0s’(0) (sinh*(€ + &) — sin®0)

M2

|
|

2 sin?()(cosh?(& + &) — cos? )

M2

15

M2

|
|

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)



We apply the chain rule for differentiation:

00 _ 000 90 00

e~ 0 \ow;) " ocon? " 00" \0w:) " 90 0w
where € is one of ¢,%, or ¢ and z; is either x or y. Using the above derivatives and

equations (2.67) — (2.74), the equation for the streamfunction (2.60) in elliptical
co-ordinate system becomes

829_829(85)2 o0 92¢ 829(89>2 o0 020

O O
a_;f n a_el‘f _ M (2.75)

The vorticity equation (2.61) becomes
o¢ 1 [opaC o 1 (0% 0?7
KL [ vac, 1 (¢, )]

ot 00 0¢ 0600  \/Gr \0& 002
1 99 9¢
b A0 5E - Beog)] (270
where functions A(&, 0) and B(E, ) are introduced for brevity and are defined as
A = sinh(& 4 &) cos(n) cos(f) — cosh(& + &) sin(n) sin(F) , (2.77)
B = cosh(§ + &) cos(n) sin(f) + sinh(€ 4 &) sin(n) cos(f) . (2.78)

Finally, the temperature equation (2.62) becomes

96 _ 1 0o 0vop 1 (a% a%sﬂ

ot~ ME|o00c 9608 T Grpr \o& 082

(2.79)

2.4 Boundary Conditions

To solve the governing equations, we need to impose some boundary conditions.
On the cylinder surface (¢ = 0) we require the no-slip condition, no flow through
the surface, and constant heat flux at the surface. To carry out the no-slip and
impermeable conditions, we need to express the flow velocity in terms of the stream-
function, 1. We express the flow velocity as: @ = (ug, up) where ue and ug are the &
and #-components of the velocity, respectively. Then the no-slip condition becomes

up=0on&=0, (2.80)
and the impermeable condition becomes
ug=0on¢=0. (2.81)

16



To write the velocity components in terms of the streamfunction, we use the diver-
gence of a curvilinear co-ordinate system:

1 [8(h9u5) 8(h§u@)}’

v-_’:
Y ke |0 T a0

where he = hy = M as previously found. Using the continuity equation (2.2), we
simplify the above equation to

1 [Oo(Mug)  O(Mug)
W[ et 809]:0'

Thus, we can define the streamfunction v in the (£, #)-plane such that

Mue = —Z—Qg and Mug = g_?

so that the velocity is given by

109 1 ad’) . (2.82)

(ug, ug) = <_M%’ Ma_g
The impermeable condition (2.81) in terms of the streamfunction becomes

o

— =0oné=0.

00 ¢
This implies that v is constant on & = 0. Because there is only one solid boundary;,
without loss of generality we set this constant to zero. Thus, the no-slip and the

impermeable conditions in terms of the streamfunction yield

¢:g—?200n520. (2.83)
The condition of constant heat flux gives
g—?:—Mongzo. (2.84)

Considering the stagnation streamline that extends from the surface of the cylin-
der (£ = 0) to infinity, we develop far-field conditions for the streamfunction and
vorticity. On the cylinder surface a stagnation point is a point at which the fluid
comes to rest inviscidly. The stagnation streamline is the streamline that goes
through the stagnation point. Since we have a quiescent flow far away from the
cylinder, it follows that

ug , ug — 0 as & — 00,

or in terms of the streamfunction this becomes

10y 10y

Ma—f,ﬁﬁ—)()aﬁf%oo.
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Since 1 is constant everywhere on the stagnation streamline, the value must be
same as the constant on the surface ¢ = 0. However, we showed that ¢y = 0 on
¢ = 0. The far-field condition for the streamfunction then becomes

P —0as & — 00.

For a quiescent flow, the far-field condition for vorticity is
(—0as&— .

Since T" — T, as & — oo, the far-field condition for temperature is simply
p—0asé— .

Therefore, the far-field conditions for streamfunction, vorticity, and temperature
are

v, ,p—0asf— . (2.85)

2.5 Integral Conditions

We now show that the vorticity satisfies integral conditions. We start with the
Green’s second identity as demonstrated in [10]

oh dg
2 p—— 2 f— —
//(QV h — hV g)dA—j{C(g = h ﬁ)dS, (2.86)

where D is the fluid domain, C' is the closed curve surrounding the domain D, and
n is the direction normal to the curve C' and g,h are twice differentiable functions.
If we let

B _ _ne [ sin(nb) _
g=1v and h, =e < cos(nf) forn=0,1,2, ,

then
Vig =V = M*C.

Since the functions h,, are harmonic, it follows that

V?h, =0.
From the boundary conditions, we obtain the following along the solid boundary
g=v=0,
g _ 0y _ 0
on o
As & — o0,
h, — 0 forn #0,
oh,  Oh,
= — 0.
on 0¢

Plugging the above conditions into equation (2.86), we obtain the integral condi-
tions for the vorticity

/OO /W e~"E M2(¢ ( (sin(nf) ) dod¢ =0 forn =0,1,2,--- . (2.87)
0 -7

cos(nh)
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2.6 Initial Conditions

Since the fluid is at rest at t = 0, we have that
¥(,0,t=0)=0, (2.88)

((§,0,t=0)=0. (2.89)

We assume that initially both the fluid and cylinder are maintained at temperature
T,. Thus,
»(&,0,t=0)=0. (2.90)

2.7 Boundary-layer Coordinate

Figure 2.2: Illustration of the grid expansion with time

At t = 0 we impulsively apply a constant heat flux on the cylinder surface. To
better resolve the early stages of the flow following this impulsive startup at ¢ = 0,
we define a boundary-layer coordinate z by

4t

Ve

The left and right sets of ellipses of figure correspond to lines of constant & at
times t = t; and t = to, respectively, where t5 > t;. Figure illustrates how lines
of constant £ evolve in time in the boundary-layer coordinate system. We have
that,

£ = Az where \ = (2.91)

00 109
e NDz
P01 0%
92 N2

00 _0d  z0®

ot ot 20z
where ® is one of ¥, (, or ¢.
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Substituting the above into equations (2.75),(2.76) and (2.79), yields the follow-
ing transformed equations for the streamfunction, vorticity and temperature.

8%

52 agz = NMC, (2.92)

oz T "M T awpoe T 9-00 00 0-

M2 022 0z ot  M?2002  \M?
wA 0 B
AM?20z  M?200°

¢ N2 O At (awag 81/18§)

(2.93)

L 0,00,

T, %_ A2 82¢+ 4t 81/)8¢ 8w8¢
PrM? 022 82 ot  PrM?z00%? M

9200 00 az>' (254)

Since we will be concerned with the early stages of the flow, we will work with this
set of equations for the remainder of the thesis.

The boundary conditions become

w:g—fzmnz:o. (2.95)
The constant heat flux condition is
gi =—MAonz=0. (2.96)

The far-field and the integral conditions yield

v,0,¢9—0asz—o00, (2.97)
T s (sin(n0) B B
/0 /7r e M= ( cos(nd) ) dfdz =0 for n =0, 1,2, . (2.98)

Finally, the initial conditions become

(2,0t =0)=C(2,0,t =0) = ¢(2,0,t =0) =0 . (2.99)
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Chapter 3

Analytical Solution Procedure

3.1 Series Expansion Procedure

The governing equations represent three coupled non-linear second-order partial
differential equations (PDEs). Because of the complexity of the equations, it is
very difficult to find an exact analytical solution. Instead we attempt to find an
approximate analytical solution using perturbation theory. If Gr is large and t is
small, then A is also small, and it is possible to expand the flow variables in a double
series in terms of A\ and ¢. First, we expand the flow variables ¢ , ( and % in a
series of the form

A(2,0,t) = ¢o(2,0,t) + Xp1(z,0,t) + N2o(2,0,t) +-- -, (3.1)

C(z787t) :C0(2787t)+)‘cl(2797t)+)\2C2(Z797t)+'” ) (32)

w<z797t) :¢0(2797t)+)\¢1<2797t)+>\2w2(2797t)+“‘ : (33)

Then each ¢,y ¥p,n = 0,1,2,--- | can be further expanded in a series of the
form

On(2,0,t) = dno(2,0) + tp1(2,0) + -+ | (3.4)

Cu(2,0,1) = Cuo(2,0) + ¢ (2,0) + - -+, (3.5)

Un(2,0,t) = no(2,0) + thp1(2,0) + -+ . (3.6)

We also need to expand the functions M2 A,B and e ":
M? = M2(0) + sinh(2&) Az + cosh(260)A%22 + - - - |

A(Z,@) = A0<0) + Al(Q))\z + AOT@)\22;2 “+ .. ,

By(0)

B(z,0) :BO(G)+Bl(0))\z+T)\222+---
2\2,2 333.3
e_”’\zzl—n/\z—l-n)\z—n)\z
2 6
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where

M = % [cosh(2&y) — cos(26)]

Substituting the above series into equations (2.92)-(2.99) produces a hierarchy
of problems at various orders.

We see that there are two small parameters appearing in this problem ¢ and .
These parameters will be the same when ¢ = A\ or when ¢ = \/%. For a fixed value

of G'r our procedure is expected to be valid for ¢t << ir. This will be important
later when we make comparisons with the fully numerical solution.

An alternate expansion procedure is presented in Appendix B.

3.2 Solving for the Temperature

3.2.1 The O(1) problem

The first term in the series (3.1), ¢y, satisfies the following equation

1 0% oo o

- 2p—— = 4t—— . )
PrMg 022 e 0z ot (3.7)
The constant heat flux and the far-field conditions are
0
%zOonz:O,¢0—>0asz—>oo. (3.8)
z

Since equation (3.7) is too complicated to solve analytically, an expansion in t is
also necessary to make analytical progress. We now continue the procedure of
determining some of the other terms in the double series (3.4). As we will see the
procedure gets more and more complicated as more terms are sought.

If we introduce the transformation w = v/ PrMjz we can eliminate the explicit 6-
dependence, and the problem reduces to essentially solving the following differential
equations

0 don Ddon
S + 2w 9w ANgpon =0, (3.9)
subject to the constant heat flux conditions
a%N:OWhenw:O,N:O,1,2,~-, (3.10)
ow
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and the far-field conditions
doy — O0asw — oo ,N=0,1,2,--- . (3.11)

In order to solve equation (3.9), we first make the transformation ¢poy = F(0) f(w)e™
to obtain
&>f
dw?

Using the transformation w = 75 then yields

+(~w? —1—4N)f=0. (3.12)

d2f oW,
(2N =1+ 5 - ) =0. (3.13)

In this form the solution can be expressed in terms of the Parabolic Cylinder Func-
tions (see [3]). If we let v = —2N — 1, a negative integer, the solution to (3.13)
is

f = AD,QNfl(U) + BDQN(Z'LL) y (314)
where A and B are arbitrary constants. If we substitute u = v/2w into (3.14) we
obtain

don = F(0)Ae™ ' D an—1(V2w) —i—F(@)Be_wTQDgN(i\@w) , (3.15)

and by properties of Parabolic Cylinder Functions, it follows that

w2

Do (ivV2w) = _HQN(ZU)) : (3.16)

where Hyy represents a Hermite polynomial in degree 2N. Further,

Doy (V3u) -
SO [F(%—;((—%Q)N—l))@( N0 g )]
where ()
r (—%) RN
(=) -
r(-5cen-n) =220 E,

w?®
2
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1 N+1 N+LHv+3
@(——(—mV—lhgnﬁ)::1+( “'>w2+( %g 2)w*+~ :
2 22
11 3 + 3 N +1)(N +2
@(5—5(—2N—1),§,w2>=1+( 1”2)w2+( u :22 - )w4+-- :
2 22
taken from [3].

Since Hay is a polynomial of degree 2N (> 1), Hayy (iw) is unbounded as w — oo.
Therefore, to satisfy the far-field condition (3.11), we must have B = 0.

Then (3.15) becomes

Pon = F(Q)Ae_w;DﬂNq(\/ﬁw) : (3.18)

Plugging (3.18) into constant heat flux condition (3.10) we obtain that A = 0.
Thus, ¢on becomes
¢0N(w):07N:07172a"' ) (319)

from which it immediately follows that

3.2.2 The O(\) problem

The non-zero leading-order term for the temperature corresponds to ¢, and satisfies
the equation

1 82¢1 a¢1 ad)l
2 — 20 = 4t—— . 21
P 02 o Iy (3.21)
The constant heat flux and the far-field conditions are
%——Moonz—0,¢1—>0asz—>oo. (3.22)
z

Since equation (3.21) is too complicated to solve analytically, an expansion in ¢ is
also necessary to make analytical progress. If we introduce the transformation w =
V/PrM,= the problem reduces to essentially solving the following set of differential
equations

&1 o)
Ow? + Qwa—w — 2¢10 =0 , (323)
PPN IP1n
02 + 2w 5w (24+4N)p1n =0, (3.24)
for N =1,2,3,---, subject to the constant heat flux condition
0 1 0
b0 _ _ ,¢W=o on w=0 (3.25)
ow v Pr ow
along with the far-field conditions
00— 0, o1y — 0 as w— . (3.26)
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For the N = 0 case, the homogeneous differential equation has two linearly
independent solutions of the following form

b10, =W,
and .
b10, = e + Twerf(w) ,
where erf(w) = \/%? [" e~ du. So, the solution for ¢1o can be written as

dro(w) = Cw + D(e™™ + /mwerf(w)) ,

where C'(0) and D(6) are arbitrary functions. Rearranging the above equation gives

d10(w) = w (C + Dy/merf(w)) + De™" | (3.27)
. o . _ 1
and applying the heat flux condition we find that C' = — T
Then equation (3.27) becomes
1 2
w)=w|— + Dy/merf(w) | + De™™" . 3.28
u(w) = w (- + DyFariw)) (3.28)

To satisfy the far-field condition (3.26), we must have

VP

Thus, we can conclude that

1
(— + D\/Eerf(w)) —0 as w—o00.

1
D = )
/7T Pr
Thus, the solution for ¢ is
1 2
d1o0(w) W Y erfe(w) (3.29)

= — @ —_
VTV Pr vV Pr
where erfc(w) = 1 — erf(w).

For the N = 1,2,3,--- cases, the differential equations can be expressed in
terms of the Parabolic Cylinder Functions (discussed in section 3.2.1). Using a
similar argument we can show that

min(w) =0 for N=1,2,3,--- . (3.30)

Thus, we arrive at

1 w2 w
¢1(t,w) = dro(w) = me - \/—P_rerfc(w) . (3.31)

25



3.2.3 The O(\?) problem

The equation for ¢ is given by

R s ST
- 2smh(250)ﬂz2 + 4t sinh(2&) (% + (bl) . (3.32)
The constant heat flux and the far-field conditions are
%—Oonz—0,¢2—>0asz—>oo. (3.33)

Using the double expansion, the problem reduces to solving the differential equa-
tions

1 82¢20 8¢20 2 smh(2§0) 8¢10
——— 42 — 4oy = ————= — .34
PrME 022 s b2 Mg 2 f0 =2 2z )’ (3:34)
1 Poan Opan
2 —4(1+ N =0,N=1,3,4,--- .
png 22 +2z oz ( + )¢2N 07 ,3, 5 5 (3 35)
1 Py a2 4 0910 021 D910 Ohay
2 —12¢9 = — — .
PrE 02 g 120 ( 20 0= 9. 00 ) - (3:36)
subject to the constant heat flux condition
8¢2N:0,whenz:O,N:0,1,2,---, (3.37)
0z
and the far-field conditions
ooy — 0, a8 z—o00,N=0,1,2,--- . (3.38)

For the N = 0 case, we introduce the transformation w = v/ PrMyz, then the
equation and boundary conditions become

@2¢20 8¢20 2 Sth(Q&)) 2
2 —4 v
o0z " 0w P20 = PrMg\/m PrMyE
a%O:O, when w =0,
ow
o0 — 0, as w — 00 . (3.39)

If we introduce a new variable ®(w) = Mg (0)dao(w), then (3.39) transforms to

d2 dd 2 smh(2§0) 2
2w 4 — 280w
a? T Prva O
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dd
dw
®—0,asw— 0. (3.40)

=0,whenw =0,

We next solve the above problem using the method of variation of parameters.

The homogeneous differential equation has two linearly independent solutions
having the following form
1
®1 = w2 + 5 )
and

1
By = we ™ + /7 (w2 + 5) erf(w) .

Thus, a particular solution to (3.40) can be written as

where B F o F
U =— }2% and V' = ]1% ,

and R is the Wronskian given by
R =09, — &,@, =",

and

2 sinh(2&) I
Pry/7

By integrating U’ and V' with respect to w, and setting the arbitrary constants to
zero, we obtain

F =

i 1 1 . 1 1 21
_ Sm};gf&)> [gerf(w) . 4ﬁwe7w _ §w4erf(w) . ﬁuﬁe*w — §w2erf(w)} )
V= 51nh(2§0) (’UJ4 4 wg) ‘

2\/mPr

Then, the full solution of (3.40) can be written as

d(w) = K, (w2 + 1) + K, (we_w2 +VT (w2 + %) erf(w))

2
N sinh(2&) %erf(w) <w2 4 1) _ lweiw ] ) (3.42)

Pr

2 8 /7

Applying the constant heat flux condition, we obtain

K2:07

27



and applying the far-field condition, we obtain
K =0.
Therefore, (3.42) simplifies to

o Slnh(2§0)
= T

O(w)

ot (w4 3) -4 o

Since ¢op(w) = ‘I)AS;O’;), it follows that

¢o0(w, 0) = sinh(2%) Ferf(w) (w2 + 1) _we Z ] : (3.44)

8V

For the N = 1,3,4,--- cases, we introduce the transformation w = v/ PrMz,
then the equations and boundary conditions become

O pan Opan
2 —4(1+ N =0,N=1,3,4,---
an_'_waw (+ )¢2N ) 3 9y Ty )
8¢2N:O,Whenw:O,N:1,3,4,--~,
ow
¢ony — 0,asw — o0 ,N=1,3,4,--- . (3.45)

To solve the above equations we use a procedure similar to the N = 0 case. Since
the differential equations are homogeneous, and from the constant heat flux and
far-field conditions we can derive that

pon(w,0) =0 for N=1,3,4,--- . (3.46)

¢92(w, 0) is numerically solved and is explained in the next chapter.

Thus, we can conclude that
Ga(t, w,0) = oo + a5 . (3.47)

In the next chapter a numerical method to solve for ¢3¢ will be outlined. Sum-
marizing, we have that the approximate analytical solution for temperature ¢ is
given by

o(t,w,0) = Apro + N oo + N30 + O(N*t + A7) . (3.48)
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3.3 Solving for the Vorticity

3.3.1 The O(1) problem

The first term in the series (3.2), (o, satisfies the following equation

1 %G 9o 0Cy  4tAy 0¢y

— =+ 22— =4t — —. A4
Moo= o.M o- (3.49)
The far-field and the integral conditions are
Co—0asz— o0,
/ / My sin(n)dfdz =0 for n=0,1,2,---
0 —T
/ Mgy cos(nf)dfdz =0 forn =0,1,2,--- . (3.50)
0 -

To solve for the leading-order problem for the vorticity expansion, we introduce the
transformation s = Myz. Then, (y, satisfies the equation and conditions given by

D*Co ¢ 0¢o 0py
G T2, TG ~ g

(o — 0ass— o0,

/ / My(osin(nf)dfds =0 forn=0,1,2,---,
0 -7

/ / Moo cos(nf)dfdz =0 for n=0,1,2,--- . (3.51)
0 -7

Further expanding in ¢, the problem reduces to solving the following differential
equations

32C00 dCoo .
ez +2s 95 0, (3.52)
82(01 aC01 aCblO
652 + 28@ - 4€01 = —4140 s s (353)
62CON dCon .
5e2 T 2s 95 Aoy =0 forN =2,3,4--- | (3.54)

subject to the far-field conditions
(on —0ass —oofor N=0,1,2,---,

and the integral conditions
/ / MoyCon sin(nf)dfds = 0,
0 -

29



/ / MoyCon cos(nf)dfds =0,
0 —T
forn,N =0,1,2,---.
It immediately follows from the initial condition (2.99) that

<00(8, 9) =0. (355)
Since 96 96
10 0 _ _
9 vV Pr S erfc(w) erfc(V Prs) ,
we can write equation (3.53) as
(o 9o1 _
S+ 2520 — 4G = 44 (1 - erf(x/Prs)) . (3.56)

Now we break up the solution (51 = éi) + Céf) where Cé}), cé? satisfy

o2y . acy

S T2 —4¢lY =44, , (3.57)
and PRI
68021 +2s a(;l —4¢l = —4Azerf(vV/ Prs) . (3.58)
A particular solution for (3.57) is
W= _4,. (3.59)

Next, we solve equation (3.58) for the case when Pr = 1 using the method of
variation of parameters. The homogeneous differential equation has two linearly
independent solutions of the following form

@ _ 2 1
01,1 = S +2,

and |
Céf?Q = se ™ + /7 (52 + 5) erf(s) .
Thus, a particular solution to (3.58) is

2 2 2
Cél) = UC(()I?I + U€é1?2 (3.60)
where

p_ Goraf o Coraf
u = — LU =
R R
By integrating v’ and v with respect to s, and setting the arbitrary constants to
zero, we obtain that

, R= COLIC(I)LQ - C01,2C61,1 =eo , [ = —4Aeerf(s) .

1 1 1 2 2
—IAO = §szerf(s) - Z—lerf(s) + 2\/%se_s — Tﬁse_s erf(s)
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v 1 1
s
—4A0 2 2\/m
Then, the full solution of (3.56) can be assembled as

Zse*erf(s) —

Cor = D1 (0) (g%)l + Da(6)¢SY) o+ &Yy

Thus,

1 ses”
— Ay —4Ay |= (5 — f 3.61
0 0 4(5 2)er(s)+4ﬁ (3.61)
Applying the far-field condition, we obtain
Dl(e) = Ap — ﬁD2(9) :
Now we can write
Co1 = Dy(0)K (s) + Ag(0)E(s) , (3.62)
where .
K(s)=se™* —/x <32 + 5) erfe(s)
E(s) = (s*— 1 erfc(s) — s
= ; N
Plugging (3.61) into the integral conditions, and noting that [;* K(s)ds = —3 and
JoS E(s)ds = —7 we obtain the following
T 2 ™
/ My(0)Da(0)sin(u0)ds = ——= [ My(0)40(0) sinut) 0
- TJ_x
s 2 s
/ My(0)D2(0) cos(nb)df = 7 My (0)Ao(0) cos(nb)do . (3.63)
—r T™J_x
Now we write Dy(0)My(0) as a Fourier series
Dy (0) M, Z ay cos(l0) + [y sin(10)) . (3.64)
=1

Then using (3.63) and (3.64), we can write

2 ™

) Mo(60)Ao(0)dO

Oy = —

™

2
LSVZ .

o = —

My (0)Ao(0) cos(nb)db

31



2 ™
T ) .
Using the MAPLE computer algebra system, the values of ag, aq, - -+ and 3y, Ba, - - -
can easily be computed and are listed in Appendix A. Then D, (#) becomes

b= - My(0)Ao(0) sin(nd)do .

Dy (0) = ( Z ay cos(10) + [y sm(l@))) . (3.65)
For Pr =1 the general solution for (4; becomes

(5, = Dal6) [se™*" = V7 (324 ) erts)

(52 - %) erfe(s) — 3‘:’/%] (3.66)

For Pr # 1, we solve equation (3.56) using the method of variation of parame-
ters. The homogeneous differential equation has two linearly independent solutions
of the following form

+ Ay ()

1
* .2 -
Cor1=$ 4‘27

and

2 1
(o =s5e" +/m (52 + 5) erf(s) .
Thus, a particular solution to (3.56) is

Cgl,p = u*Cgl,l + U*Cgl,Q (3.67)

where . .
! C01,2f ! Co1,1f
Uu = R ) v = R Y
* * * * pe * /
R = C01,1C01,2/ - C01,2C01,1/ =e %, ff =4Aperfc(V Prs) .
By integrating u*' and v*' with respect to s, and setting the arbitrary constants to
zero, we obtain

4A
ut = — %ﬁseSQerf(s)erfc(v Prs)

aag /T o i (VP
AV Pry g prent(s) + g et (VTS)

4140 2 AO 4A0 Pr e(l_P’”)SQ
= 20 B0 (VP ” .
v 5 5¢ 5 se’erf(V/Prs) + Jr 2= P

Then, the full solution of (3.56) for Pr # 1 can be written as

Cor = Di(0)Gry + Da(0)Gra + Corp”
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Applying the far-field condition, we obtain

m —V/7Ds(0) .
Now we can write R
Cor = Da(0) K™ (s) + Ao(0)E™(s) (3.68)

where .
K*(s)=se > — /7 (s2 + 5) erfe(s) ,
/ rs e TS2
2y/m (1— Pr)

Plugging (3.68) into the integral conditions, and noting that [ K*(s)ds = —5 and
IS E*(s)ds = —m, we obtain the following

o —a |13
E*(s) =4 [ 2= PT)erfc(\/_s) —erfc( Prs) +

! 5 1 = — 2 i sin(n
/_ MG(O) D) (s = = [ M(0) Au(0) i)l
T R 9 T
/_7r My(0)Do(6) cos(nd)df = _ﬁ(l “ Vo) Moy (0)Ao(0) cos(n@)d(ﬁ : |
3.69

Similar to previous work, we write Dy(0)Mo(0) as a Fourier series
D5 (0)Mo(0) = % + f: (dl cos(10) + sin(l@)) . (3.70)
2 I

Then using (3.69) and (3.70), we can write

L 2 T

0=~ [ MO Ao)0,
v = — 2 ' cos(n
ap = cJr(— PP My (0)Ao(0) cos(nb)db ,
B=— 2 ' My (6)Ao(0) sin(nb)db .

77 (1 — Pr)vVPr J_;
Again using the MAPLE computer algebra system, the values of &g, d,--- and
B1, B2, -+ can be easily computed and are listed in Appendix A. Then Dy(#) be-
comes

D,(0) = MLO (% + Z (éq cos(16) + 3 sin(l@))) . (3.71)

For Pr # 1 the general solution for (y; becomes

Co1(5,60) = Dy(6) {36_32 — VT (32 + %) erfc(s)}
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+4A(0) [ﬁ(ﬁ + %)erfo(\/P_rs)}

+ 44,(0)

s vV Pr  Prs?
gerfc(\/ Prs) + mse ] .

(3.72)

In the above Dy(0) and Ds(6) have been solved explicitly using the Maple computer

algebra system.

To solve for the N = 2,3,--- cases, we write equation (3.54) in terms of the
Parabolic Cylinder functions. Using a similar method used in previous sections, we

can show that the solution of (3.54) has the following form
Con = H(0)e 2 D_yn_1(v/25) + J(0)e 2% Doy (iv/25) .
Using the far-field condition, we can show that
J(@#) =0

then (3.73) will be
Con = H(Q)e_%SQD—QNq(\/ﬁS) :

Plugging (3.74) into the integral conditions, we obtain

/ / MyH e’%SQD,gN,l(\/Es) sin(nf)dfds =0 forn=0,1,2,---

/ M()H(9>€_%SQD_2N_1<\/§S> cos(nf)dfds =0 forn=0,1,2,---
0 —T

Rearranging the above equations

/ e_éSQD_zN—l(\/ES)dS/ MyH(0) sin(nf)df = 0 for n=0,1,2,---
0 —T

/ e_észD_QN_l(\/ﬁs)ds/ MoH (0) cos(nf)df =0 for n=0,1,2,---
0 -7

Since fooo e_%S2D_2N_1(\/§S)dS # 0, we must have

/ MyH (0)sin(nf)dd =0 forn=0,1,2,--- |

/ MyH (0) cos(nf)dfd =0 forn=0,1,2,---

Now we write H(0) as a Fourier series
H(9) = EO + ; a; cos(10) + by sin(10)) .
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Applying the above Fourier series into (3.75) and (3.76) we can show that

a=a=--=b=by=---=0.
So we conclude that
Con(s,0) =0 for N =2,3,4,--- . (3.77)
Thus, we obtain
Co(t, s,6) = tCor - (3.78)

In the next chapter a numerical method for determining (;; will be given. We
can now conclude that

Ci(t,s,0) =t + O(t?) . (3.79)

Summarizing, we have that the approximate analytical solution for the vorticity ¢
is

C(t,5,0) = tlor + Aty + O + \?) . (3.80)

3.4 Solving for the Streamfunction

3.4.1 The O(1) and O()\) problem

The first two terms in the series (3.3), ¥ and 1y, satisfy the following equations

%1
022

=0 fort=0,1. (3.81)
The no-slip and impermeable boundary conditions are

Y;=0onz=0, fori =0,1,

aaii:(Jonz:O,fori:O,l. (3.82)
Solving these boundary value problems yield

3.4.2 The O(\?) problem

Then the non-zero leading-order problem corresponds to solving

0%ty

58 = M2ty , (3.84)
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and the no-slip and impermeable boundary conditions are

v
0z

=Qonz=0.

P2 =

(3.85)

Making use of the double expansion and the variable s = Mjz, the problem reduces

to solving the following differential equations

Yoy
0s?

=0 for N=0,2,3,--- ,
Pun
682 01 »

subject to the no-slip and impermeable conditions

Oban Oy
ds  0Os

=0 on s=0.

Yon = Pa1 =
Solving these equations, we find that
Yon(s,0) =0 for N=0,2,3,-- ,

while for Pr =1

12 NG
+1—12 (D (0) — A\o/(;)) E 2_14 (51)2(9) N 7@;@)) o
Ao(6

_vT (DQ(Q) + A&(;)) SZerfo(s) — = <D2(6’) 42

and when Pr # 1
U1(s,0) = —D2( )Wmer f(s)

340(0) Ao(0)
+ (8(1 — Pr) + 1Pr (1 —Pr)) er f(V/Prs)

—DO)VT  PrAo®) \ 4, A0)
i ( 2 6(1—Pr)> S Tsa-prn’ er f(VPrs)

4 DQ(Q) —s2 \/P_TAO (9) —Prs?
t—5 ° erf(s)+—12 s%e +—6(1—Pr)ﬁ83€
5D5(0) _o [ =Dy(0)T  Ag(d) \ 2 Dy(0)T ,
24 ( 2 _(1—Pr))?+ 1 s erf)

(3.86)

(3.87)

(3.88)

(3.89)



n Ao(0) _ VPrA) o= Prs?
2(1—=Pr)vPrr  12(1 — Pr)VPrm

A(0) —Dy(0) 2V PrAy(0)
+ ms erf(VPrs) + ( 5 3(1—Pr) ﬁ) S . (3.90)

Thus, we obtain
@ZJQ(t, S, Q) = t¢21 . (391)

Note that 19, diverges as s — oo. This is because we chose to apply the surface
conditions instead of far-field conditions when solving for ;.

Finally, the approximate analytical solution for the streamfunction ¢ becomes

U(t, 5,0) = Nt + O(N%) . (3.92)
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Chapter 4

Numerical Solution Procedure

4.1 Solving the O(\*) problem for Temperature

Using the series (3.1), we obtain the following equation for ¢3

%6;;3 + 2z [M2 ;3 + mh(zgo)z%i + cosh(26)z %} = PlT (?j;
y [M2 ( gf’ + ¢3) + sinh(26) 2 (% + %) + cosh(2¢) 22 (8511 + ¢1)]
ARt st e
The constant heat flux and the far-field conditions are
%:Oonz:0,¢3—>0asz—>oo. (4.2)

Further expanding in t, and introducing the transformation w = +/ PrMyz, the
problem reduces to solving the following differential equation for ¢

D*P30 D30 1 ¢y
Jur T 00 = T e

2 cosh(2& ) w? 0d10 2sinh(2&)w O
+T]\4§‘(¢10_w8w)+ \/P_ng (¢20—waw> ) (4.3)

subject to the constant heat flux and the far-field conditions

930
ow

Using the following differentials

=0onw=0, ¢30 —0asw—00. (4.4)

dMO SID(QG)

g 2M, ’
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d*My _ cos(20) sin(26)?

d6? Mo MG
and the known solutions for ¢19 and ¢9, we can simplify (4.3) to
607 P30 6 0030 6,
M 907 + 2w, 9 6 Mg ds0 = fr(w) + fa(w) cos(20) + f3(w) cos(46) . (4.5)

In the above

4 —w? sinh(2§0)2 3

Jilw) = —we Prii2gl/z — 8py3/2 + werf(w) [

sinh(2&)? 3
8Prl/2 8Pr3/2

5 2 |cosh(26)?  sinh(2&)? 1 5 sinh(2&)?
e Pr32pl/2 — 4APpl/2gl/2 - App3/2gl/2| werf(w) 4pri/2 7
1 werf(w) — we
fa(w) = cosh(2¢) opr3/2  opp32 | pp3fzgijz|
1 werf(w) we v
(W) = =gpan = gppr t ppan
If we set x = MSp30, (4.5) becomes
0? 9,
8_132 + Zwﬁ_if) — 6y = fi(w) + fa(w) cos(20) + f3(w) cos(46) . (4.6)
Letting
X = x1(w) + xa(w) cos(26) + xs(w) cos(40) , (4.7)
equation (4.6) reduces to solving the following differential equations
d* X dX
T2 + Qw% — 6xx = fr(w) for k=1,2,3, (4.8)
subject to the constant heat flux conditions
d
ﬁzo on w=0 (4.9)
and the far-field conditions
Xt — 0 as w— o0. (4.10)

Adopting the notation yj(w;) = X, approximating infinity by ws, and discretiz-
ing the equation for yj using central differences with a uniform grid having a spacing
of h = ws/d, leads to the algebraic system of equations given by

i i1 — 2Xk,i i1 = Xhyie
(Xkyit1 + Xkim1 = 2Xkii) +ow, (Xk,it1 — Xkyi-1)
h? 2h

fori=1,2,---,d—1.

— 6Xki = fris (4.11)
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Simplifying further,we obtain
(1 — hwl) Xki—-1 — 2 (1 -+ 3h2) Xk,i + (1 + hwl) Xk,i+1 = h2fk,i . (412)

Using the Taylor series, we write

h2
Xkyit1 = Xk + DX, + ?ngi +O(h?), (4.13)
Xk,it2 = Xk + 2hX; + 2h2xlkl,i +0(h%) . (4.14)

Here, the prime denotes differentiation with respect to w.Then, subtracting 4 times
equation (4.13) from equation (4.14) gives

Xk,it2 — 4Xkir1 = —3Xk,i — 2hX§m~ . (4-15)

Using (4.15) and setting ¢ = 0, the constant heat flux condition in discretized form

becomes 4 )
Xko = 3Xk1 ~ 5Xk2 for k=1,2,3. (4.16)

The far-field conditions are simply

Xk,d = 0 for k= 1, 2,3 . (417)

The boundary value problem (BVP) in matrix form becomes

1 -3 3 0 . k0
(1 — hwl) —2(1 + 3h2) (1 + hwl) 0 . Xk,1
. 0 (1 - hwd_l) —2(1 + 3h2) (1 + hwd_l) Xk,d—1
0 ) ) 0 1 Xk,d
0
Jra
= h? .
frd-1
0
If we let
1 —3 3 0
(1—hwy) —2(143h%) (1 + hw) 0
Al = . . . .
. 0 (1= hwa 1) —2(1+3h%) (14 hwg1)
0 ) ) 0 1
Xk,0 0
Xk,1 fk,l
' = . and F'" = . ,
Xk,d—1 fk,d—l
Xk,d 0
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then, we can write the BVP as
Al = Fh (4.18)
Thus, we can easily solve for x; for i = 1,2, 3 to obtain
=AM (4.19)

We have computed y; for £ = 1,2,3 using the MATLAB software package, and
then constructed ¢3¢ using

X1 + X2 cos(20) + x3 Cos(49)
Mg

Pao(w, ) = (4.20)

The solution for ¢qs is solved using a similar procedure. The only difference is
that ¢ has to be expanded in a full Fourier series. We set

A

Paa(w, 0) = % + Z (Z%l cos(1) + S, sin(19)> :
I=1

Using MATLAB, the values of Ro, Ry, and Sy, S, -+ can be easily computed
and are listed in Appendix A.

4.2 Solving the O()\) problem for Vorticity

Using the series (3.2), we obtain the following equation for (;

L% +22% + 2 —2z Smh(ZSO)aCZO =41 (aCl + Cl)

Mg 022 dz M ot
4t 8(0 At Py 0Cy 4t Oy O(y
+M2zsmh(2€°) ot " MZ 0z 99  MZ 00 0=
Doy 4t 3¢1 Iy
— —Ag— — zA B 4.21
Mg "0z M2 oz 82 " 00 (4:21)
subject to far-field condition
(—0as z2—o00, (4.22)

and the integral conditions

/OO /ﬂ MZ( sin(nf)dodz = /OO /7r (nMg — sinh(2&)) z(o sin(nf)dfdz , (4.23)
0 - 0 -

/OO /7T MZ(; cos(nf)dfdz = /OO /7r (nM§ — sinh(2&)) 2¢o cos(nb)dodz |
0 —T 0 -7 (4 24)
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forn=20,1,2,---.

Introducing the transformation s = Mjz, expanding in t, and using (3.78), the
problem reduces to solving the following differential equations

0*Cio dCio
952 + 25— s —2¢0=0, (4.25)
PCu i1 2 Ior 4, O
2 — h(2 ——A
0s? +es ds 60 = M3S sinh(260) 5 = 0s M, " 95
4 4 0 0
+ Mgssmh(%o)@l i — 54, g;o Bo 5910 , (4.26)
(i 9Gi3 4 02 0G4 O OCn
2 — 4¢3 = — — - — 4.2
952 T2 M= 3E 00 0 T MF 00 0s (427)
Qi OCiN
S T2 — (AN +2)Gy =0, N =2,4,5,6,-- . (4.28)
subject to the far-field conditions
Gy — 0 as s — 00, (4.29)

and the integral conditions

/ MZ(1n sin(nd)dfds =
0

—Tr

/00 /Tf (nMO — %> sCo1 sin(nh)dbds , (4.30)
0 - My

/ / MZ(1n cos(nf)dfds =
0 -7
<[ inh(2
/ / nMy — sinh(26) sCo1 cos(nf)dbds , (4.31)
0 - MO
for fixed N and n=0,1,2,---

For the N = 0 case, the homogeneous differential equation has two linearly
independent solutions of the following form: s and (e™" + \/mserf(s)). Thus, we
can write the solution to (4.25) as

Cio = A(0)s + B(0)(e™*" + /mserf(s)) (4.32)

where A(f) and B(6) are arbitrary functions.
Using (4.29) we obtain

A(6) = —VTB()
50, (4.32) becomes
G0 = B(6) ((6782 — ﬁserfc(s)) .
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Substituting the above into (4.30),(4.31), and noting that [;* e ds = 2/, and
J,” serfe(s)ds = + we find that
B(0)=0.
Thus, we conclude that
Co=0. (4.33)

For the N = 1 case, using the transformation 2 = MZ(;;, the problem reduces to
solving

9% o0 B 8¢20 0o
Opry 25> smh(2£0) 8{01 52
4A18 Ds MO s + MO 1I1h(2§0)<01 (434)

subject to far-field condition
Q—0 as s =00, (4.35)

and the integral conditions

/0 /_7T Qsin(nb)dbds = /o /_7r <nM0 - %) sCo1 sin(nd)dlds , (4.36)

/ / Q) cos(nf)dfds = / / ( Slnljléf%o))SCmcos(nQ)dﬁds, (4.37)
— 0

forn=20,1,2,---

We use a similar method developed by Staniforth [32] to solve (4.34). First, we
expand (s, #) in the truncated Fourier series

L
Q(s,0)

) cos(10) + Fi(s)sin(19)) . (4.38)

=1

When this series is substituted into (4.34) the Fourier coefficients Gg,F; and G; will
satisfy differential equations having the form

2P dP
— 25— 6P =Qs), (4.39)

where Q(s) is a known function. Also, (4.39) must obey conditions of the type
P —0ass— o0, and / Pds=T". (4.40)
0
In order to solve the above problem, we restrict our domain to a finite region. We

choose an outer boundary s, to approximate infinity. To find a value for s, we
first write the integral as

/ Pds:/ Pds+/ Pds
0 0 Sco
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and choose s,, such that f Pds is negligible. Thus, the following integral and
far-field conditions used to solve (4.39) numerically become

P =0 when s = s, and / Pds=T. (4.41)
0

Since (4.39) is a linear second-order differential equation, we can write the general
solution as
P=~P,+PF,, (4.42)

where P}, P, denote the homogeneous and particular solutions, respectively, and
is a yet to be determined constant.

In discretized form the differential equation (4.39) becomes

—2(1+3R) Pi+ (1+hs)) Po=h*(Qi1+1)—1 for i=1,
(1= hs;) Py — 2 (14 3h%) P+ (L4 hs;) Py = h*Q; for i=2,-++ ,d—2,

(]_ - hSM_l) PM_2 -2 (1+3h2) PM_1 = hQQM_l for i1 =d—-1 s

where as before h is the uniform grid spacing and s, is used to approximate infinity.
We can also write the above set of equations in matrix form as A" P" = Q" where
Alris an (d — 1) x (d — 1) tridiagonal matrix. This can be numerically solved by
using an efficient routine such as that found in Burden & Faires [4]. A unique
solution is guaranteed if the following is satisfied

h < % where D = 0;132{@(23) = 254.
If we construct our solution so that
Py(0) = P,(0) =1 and Pu(sx) = Py(sx0) =0,
then it follows from the integral condition that
f "> Pyds
fos(’“ Pyds
Numerically solving the systems of algebraic equations for the Fourier coefficients

together with Simpson’s rule to compute the integrals, we are then able to assemble
the solution for (;; through the relation

Cu(s,0) = Q/M; . (4.44)
Using the MAPLE computer algebra system, the values of Gy, G, - -- and F}, F, - - -
can easily be computed and are listed in Appendix A.

Note that (;n for N = 2,3,4,--- are not yet determined. Lastly, higher-order
terms for the streamfunction can also be obtained numerically. However, since
these higher-order terms do not enter at the level of approximation considered, we
did not pursue this.

v = (4.43)
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Chapter 5

Results and Comparisons

Presented in this chapter are analytical results obtained by the methods described
in the previous chapters. The problem is controlled by the following dimensionless
parameters: Gr,Pr,n and r. The Prandtl number was fixed at Pr = 0.7 which
corresponds to air while the remaining parameters were varied. After running
various trial cases, the following values for the computational parameters were
selected: Wy, Soo = 4, and L = 20. As mentioned in chapter 4, a unique solution
is guaranteed if the uniform grid spacing, h, satisfies h < i Thus, A must
be less than 0.25, so we set A = 0.05 as our grid spacing. Also, the analytical
results will be compared to the fully-numerical results obtained using the procedure
described in D’Alsessio [7]. In the comparisons to be presented the analytical
solution corresponds to that which includes all the terms found either numerically
or analytically as explained in the previous chapters. Lastly, our comparisons will
focus on the temperature and vorticity.

We begin by comparing the time variation of the average surface temperature
for the case when Gr = 10°, r = 0.5 and n = 7. Figure contrasts the analytical
and numerical results over the period 0 <t < 1. It is clear from this diagram that
the two curves appear to be shifted from one another. The discrepancy seems to
originate at very small times following the impulsive startup. To investigate this
further the numerical solution procedure was started shortly after ¢ = 0 using the
analytical solution as an initial condition. Plotted in Figure is another compar-
ison between the numerical and analytical solutions. In this plot we have started
the numerical solution procedure at ¢ = 0.01 instead of ¢ = 0 using the leading
order terms in the expansions for ¢, ¢ and v as initial conditions ( including more
terms was not necessary as the contributions were small at ¢ = 0.01). As shown
in Figure [5.2] the agreement improves significantly. This suggests that the source
of the problem is associated with the impulsive startup and how the numerical
solution procedure responds to this abrupt change. In the plots that follow, the
numerical solutions were started at ¢ = 0.01. It is interesting to point out that
Gr = 10° for the case illustrated in Figure and accordingly the analytical so-
lution is expected to be valid for ¢t << % = 0.004. However, the agreement is
good for much larger times as revealed in Figure [5.3] As expected the agreement
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worsens as time increases. This is clearly evident if we plot the difference between
the analytical and numerical solutions as shown in Figure Note that the error
is not exactly zero initially because the numerical solution procedure used only the
first term in the analytical solution, not the entire solution.

We now compare the surface temperature distribution at various times for the
same case as in Figures— Which is Gr =105, r = 0.5 and n = 7. As shown in
Figure 5.5] the agreement is good over the flatter sections and poor near the tips of
the ellipse (located at § = 0 and § = 7). We see that the temperature drops near the
tips due to curvature. Since the curvature is larger near the tips, the area to heat
up is greater. Since large areas need more energy to heat up than small areas, and
since a constant heat flux is applied to the cylinder surface, the energy applied to
each section is the same. Thus, the temperature is reduced at sections having larger
curvature than those at smaller curvature, and this is clearly evident in Figure [5.5]
With the good agreement shown in Figure [5.2| in the average surface temperature,
we would also expect the same for the surface temperature distributions. However,
the agreement in the surface temperature distribution is not as good as the average
surface temperature. The averaging process has the effect of hiding the larger errors
occurring at the tips. We must also remember that the comparisons are made well
outside the expected region of validity ¢t << \/% = (0.004. Since the numerical
solution procedure starts at t = 0.01, we cannot make comparisons at very small
times. Note also that the agreement does not change appreciably for the times
t = 0.05,0.1 and 0.2 shown in Figure [5.5, The agreement is also reasonable at
the larger times ¢ = 0.5 and 1 plotted in Figure [5.6l Shown in Figure are the
surface vorticity distributions at times ¢ = 0.05 and 0.1 for the same parameter
values as mentioned above. We see that the surface vorticity distributions resemble
negative sine curves. The surface vorticity becomes zero roughly at § = £ and
0 = %”. Also the surface vorticity is positive (or rotates counterclockwise)in the
ranges 0 < 0 < z and %” < 6 < 27 and negative (or rotates clockwise) between
$ <0< 9{. This makes physical sense since the directions of rotation indicate
the paths that buoyant fluid elements near the surface will follow before ultimately
rising vertically. Note that the agreement is not as good for the vorticity because

fewer terms were retained in that series.

We now change only the Grashof number and keep the other parameter values
the same. With Gr = 10* the region of validity is extended to t << 0.04. Figure
illustrates the surface temperature distributions for the time interval 0.05 < ¢ < 0.2.
Although we are still not in the appropriate time domain, the agreement in surface
temperature does improve over the entire surface, especially at t = 0.05. Thus, we
can expect the agreement to get even better for smaller t. The agreement in surface
vorticity, shown in Figure does not change appreciably because the leading and
dominant term in the expansion for ¢ does not depend on Gr. Decreasing the value
of Gr further to Gr = 100, increases the region of validity to ¢ << 0.4. Here,
we would expect the agreement to get even better. However, poor agreement was
obtained since G is not sufficiently large. Recall that the expansion assumes A to
be small and for a fixed time # it behaves like Gr~3. Figure shows the poor

46



agreement in the average surface temperature distribution. Comparing Figures
and for the time interval 0.05 < ¢ < 0.2, Gr = 10* provides the best
agreement. For the remaining plots we set Gr = 10%.

The level of agreement will also depend on the parameters r and n. We expect
the agreement to improve as r increases (approaching a circular geometry), and
when 7 = 0 or 7 (minor or major axis is aligned with gravity, respectively). Figure
.11} confirms this prediction for the case n = § and r = 0.8. Similar agreement
was found when 1 = 0. Notice that the temperature distribution is almost uniform
as one would expect to get for a circular cylinder, since the curvature is uniform ev-
erywhere. On the other hand, we expect the agreement to worsen when r decreases
and when 7 # 0, 5 (that is, the cylinder configuration is not aligned with gravity).
This is also confirmed in Figure for the case r = 0.3 and n = §. Note that
the temperature distribution gets flatter as r decreases and also the temperature
changes near the tips become larger. Recall that the mapping given by equation
(2.63) is valid for 0 < r < 1. We have observed that the analytical solution gives
physical results for the range 0.25 < r < 0.9. Outside this interval the analytical
solution breaks down; that is, there is a temperature increment near the tips instead

of a decrement.

As a final note, it is worth making some connections between the results ob-
tained here with those obtained by Williams [35]. Both problems involve an abrupt
startup resulting from an initial discontinuity. In the problem studied by Williams
the initial discontinuity is in temperature while in the problem investigated here the
discontinuity is in the heat flux. The difference in the nature of the discontinuities
arise from the different boundary conditions applied. Both discontinuities lead to
the same results, that is, to heat the fluid adjacent to the surface by the mechanism
of conduction thus causing the heated fluid to rise. While quantitative comparisons
cannot be made, qualitative comparisons can be drawn. Clearly, comparisons in
the surface temperature distributions are not possible since in his case they will
be uniform due to the isothermal surface condition used. However, comparisons in
surface vorticity distributions are possible. In fact, the surface vorticity distribu-
tions obtained here are very similar to those obtained by Williams, apart from a
scaling. Both distributions resemble negative sine curves. This is interesting given
that the equations used in the two studies are significantly different due to the dif-
ferent scalings adopted. The difference in the scaling of the vorticity distributions
is a result of the different ranges in Grashof numbers considered; Williams focused
on small Gr while this study focused on large Gr.

As for comparisons with experimental studies, the work that is closest to this
study is the recent investigation by Elsayed, Ibrahim and Elsayed [11] which dealt
with free convection of air around the outer surface of a horizontal elliptic tube
maintained at constant heat flux for large Rayleigh numbers. A stainless steel
elliptic tube which had a 90 mm major axis, a 50 mm minor axis, and a 1000 mm
length was chosen. A cylindrical 1 kW electrical heater with a 10 mm diameter
placed inside the tube’s center was used as the heating element. The gap between
the heater and the inner surface of the tube was filled with fine sand. The supplied
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electrical power was measured via a digital watt meter. Eight thermocouples were
fixed on the tube surface to measure the local surface temperature. The surface heat
flux of the tube was calculated from the electrical power imparted to the heater and
the total surface area of the tube. However, in the experiments the measurements
were recorded after 3-4 hours of heating when steady-state conditions were achieved.
Since this study is only concerned with the small time behaviour, comparisons with
those experiments are not possible.

48



0.045

0.04f

o
o
w
($2]
T

0.03

0.025

0.02

Average Surface Temperature

o
o
—
[$2]
T

ook ¢ — Numer.lcal ]
=~ " Analytical

0.005F .

0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.1: The time variation of the average surface temperature for the case
Gr=10%Pr=07r=05n=12

49



0.045

0.04F

o
o
w
($2)
T

0.03F

0.025

0.02F

Average Surface Temperature

o
o
—
[$2])
T

0.01F

—— Numerical
== Analytical
0.005} -

Figure 5.2: The time variation of the average surface temperature for the case
Gr=10%Pr=0.7,r=05,n = 7 with modified numerical solution

50



0-2 1 1 1 1 1 1 1 1 1

0.18F -

0.16f b

o

=

~
L]
1

0.12F

Average Surface Temperature
o
=
L]

0.08F
0.06F
0.04F ,
—— Numerical
= = *Analytical
0.02 .
0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

Figure 5.3: The time variation of the average surface temperature for the case
Gr=10°Pr=07,r=05n=2at 0<t <10

51



0.02

0.018

0.016

0.014

0.012

0.01

0.008

|Analytical — Numerical|

0.006

0.004

0.002

10

Figure 5.4: The absolute difference between the analytical and numerical solutions
of the average surface temperature for the case Gr = 10, Pr = 0.7,7 = 0.5,n = T
at 0 <t <10

52



0.025 T T T T T T T

— Numerical
=~ "Analytical

0.02F .

0.015

- == = e e e = == -

Surface Temperature

0.01F -

0.005 1 1 1 1 1 1 1
0 45 90 135 180 225 270 315 360

9

Figure 5.5: The surface temperature distribution for the case case Gr = 10°, Pr =
0.7,7=0.5,n = 7, at times ¢ = 0.05,0.1,0.2

53



0.045 T T T T T T T

0.04

0.035

—— Numerical
= = -Analytical

Surface Temperature

0.03

0.025 1 1 1 1 1 1 1
0 45 90 135 180 225 270 315 360

9

Figure 5.6: The surface temperature distribution for the case case Gr = 10°, Pr =
0.7,7=0.5,n = 7, at times ¢ = 0.5, 1

o4



0.08 T T T T T T T

0.06

0.04

0.02

Surface Vorticity
o

-0.02

— Numerical
~004r = = - Analytical ’
-0.06}f -
-0.08 1 1 1 1 1 1 1

0 45 90 135 180 225 270 315 360

9

Figure 5.7: The surface vorticity distribution for the case Gr = 105, Pr = 0.7,r =
0.5,n = 7, at times ¢ = 0.05, 0.1

95



0.065 T T T T T T T

0.06

0.055

o
o
%]
J
<
-
~
-
1

— Numerical|
= = Analytical

0.045

Surface Temperature

o
o
Ny

0.035

003} _--= —e o e

0.025 1 1 1 1 1 1 1
0 45 90 135 180 225 270 315 360

9
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Chapter 6

Summary

In this study the unsteady problem of laminar two-dimensional free convection
from an inclined elliptic tube emitting a constant heat flux at the surface was
investigated. The tube is inclined at an arbitrary angle n with the horizontal, and
is surrounded by an incompressible viscous Boussinesq fluid which is infinite in
extent. Initially, a constant heat flux @) is applied to the surface of the tube, and
both the tube and surrounding fluid have the same initial temperature T, where
T, is the far-field temperature of the fluid. We were interested specifically in the
initial development of the flow and heat transfer process. To solve the Navier-Stokes
and energy equations analytically, a double series expansion was applied to the flow
variables. This enabled us to obtain a solution valid for small times, ¢, and large
Grashof numbers, Gr. The higher-order terms in the expansion were increasingly
difficult to obtain analytically, so they were determined numerically.

The average surface temperature as well as surface vorticity and surface tem-
perature distributions were determined from the derived approximated analytical
solutions. Agreement between the analytical and fully numerical results [7] was
reasonable provided that t << 4/ VGr and Gr is sufficiently large. Agreement
improved as r was increased and when n was set to either 0 or 7. The analytical
solution accurately predicted the surface temperature behaviour immediately fol-
lowing the abrupt startup while the numerical solution could not respond quickly
enough. While the analytical solution may have limited usefulness, it is still im-
portant given that the exact solution is still unknown. At the very least, it serves
to furnish an initial condition to help get past the impulsive startup, as it was used

in this study.

An obvious extension of this work is to examine the limiting case of large ¢ and
large Gr. This will likely involve a fully numerical investigation.
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Appendix A

Fourier Coeflicients

Al oy o, -+ and By, 51, - values

Listed in table A.1 are the first 20 Fourier coefficients of (3.65), and they are defined

as follows 5 -
Qo = —m . Mo(0)Ao(0)do
2 ™
= v My (6)Ao(0) cos(nb)db
2 T .
b= N My(0)Ay(0) sin(nd)do .

as = 0.0709378
a7 = 0.0010755
a1 = 0.0000537
a1 = 0.0000036
a19 = 0.0000002
B3 = —0.1203389
B; = —0.0014121
B11 = —0.0000645
Br5 = —0.0000041
(19 = —0.0000002

ap=0 a3 =—-0.3445496 oy, =0

as =0 a5 =0.0062749 as=0

ag =0 a9 =0.0002277 a9 =0
13 = 0.0000135 14 = 0
17 = 0.0000009 a8 = 0
£ =0.9513136 (B, =0
By=0 f5=—0.0089868 [5=0
Bs =0 [g=—0.0002835 1o =0
Bia =0 (13 =—0.0000158 (14 =0
Bi6 =0 (17 = —0.0000011 (15 =0

061220
Oz16=0

Table A.1: The first 20 values of g, a1, -+ and 3y, B2, -+ when Pr =1

We use the following analytical argument to show that aeye, and Beyen are zero.

Since ]
MZ(0) = 5 [cosh(2&) — cos(26)] = cosh®(&) — cos?(6) ,
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we can write M, as

2 9 %
Mo(0) = cosh(&) (1 - %) .
cos(0)

Since —1 < cosh(E0)

< 1, we can apply the Binomial series to obtain

1
2

) (=1)" cos®"(6)

M) = osh(e) 3 (7).

n
n=0

and the identity

n—1
1 /2n 1 2n
cos™(0) = 2%( ) + ST ( I ) cos(2(n — k)0) ,

n

we can write M, as

Mo(6) = cosh(&) i (i) % [2% (25) + 22i1 5 (2; ) cos(2(n — k)e)] .

n=0 k=0

Thus, My(0) is a series involves cos(2(6). Since
Ap(0) = sinh(&y) cos(n) cos(0) — cosh(&p) sin(n) sin(F) ,

we see that Ag(f) cos(nf) contains terms cos(6) cos(nf) and sin(#) cos(nd). Since
cos(6) cos(nf) = % [cos((n + 1)6) + cos((n — 1)8)] ,

sin(6) cos(nf) = % [sin((n + 1)8) —sin((n — 1)8)] ,

for n even Ay(f) cos(n#) contains terms involving odd harmonics. Using orthogo-
nality, it follows that a,, =0 forn =0,2,4,---.

Similarly, Ag(0)sin(nf) contains terms cos(#) sin(nf) and sin(6) sin(nd). Since

cos(0) sin(nd) — % sin((n — 1)8) + sin((n + 1)9)] ,

sin(6) sin(nf) — % [cos((n — 1)8) — cos((n + 1)8)] .

and using the same argument as above we conclude that 3, =0 forn =2,4,6---.
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A.2 qpa,--- and 0y, Gy, -+ values

The first 20 Fourier coefficients of (3.71) are defined and listed in table A.2 as

follows
2 s

o=~ e MO
N = — 2 ' cos(n
& = ﬂﬁa_pwp—r/,rMO(@)A"(@) (n)ds .
~ 2 n

B = - Moy (6)Ao(0) sin(nb)db .

m/7 (1 = Pr)v/Pr J-

Ao=0 ) =—13727184 dy=0 a3 = 0.2826229
@y =0 ds=0.02499992 dg=0 = 0.0042849
ds =0 dy=0.0009073 ajo=0 aj; =0.0002139
s =0 ajz =0.0000539 ais=0 a5 =0.0000142
i =0 ai7 =0.0000038 ais=0 aig = 0.0000008
B, = 3.7901242 52 =0 53 —0.4794415
By=0 B5=—0.0358043 56 =0 57 —0.0056257
Bs=0 By =—0.0011296 ﬂlo =0 611 = —0.0002571
Gz =0 fis=—0.0000631 =0 fhs=—0.0000163
Gis=0 Bz =—0.0000044 Fis=0 [rg = —0.0000001

Table A.2: The first 20 values of ay, ay,--- and 31,32, -+ when Pr =0.7

The previous argument also shows that Qepen, and Beye, are zero.
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A.3 Gy, Gy,--- and Fy, Fi,--- values

Listed in table A.3 are the first 20 Fourier coefficients of (4.38).

Gop=0 G =-0.3489500 G3=0 G3=—0.1109000
Gy=0 G5=-0.0364720 G¢=0 G7=—-0.0120720
Gs =0 Gy = —0.0040055 G10=0 G113 = —0.0013308
G2 =0 Gi3=—-0.0004425 G14 =0 G5 = —0.0001472
Gis =0 Gi7 = —0.0000490 G135 =0 G19 = —0.0000163
1 =0.3639500 F, =0  F3=0.1121700
Fy=0  F5=0.0366900 Fy=0  Fr=0.0121180
Fg=0  Fy=0.0040165 Fip=0 F3; =0.0013336
F12 - 0 F13 - 00004432 F14 - 0 F15 - 00001474
Fig =0 Fj7=0.0000490 Fis=0 Fi9=0.0000017

Table A.3: The first 20 values of Gy, G1,--- and Fi, F3,--- when Pr =0.7

A4 Ry Ry, - and Sy, S, values

Listed in table A.4 are the first 12 Fourier coefficients of ¢os.

Ro=0 Ry =0.065306 R,=0 R3=0.016005
Ri=0 R;=0.003413 Rg=0 R;=0.000498
Rs=0 Rg=0.000046 Rio=0 Ry = 0.000001
S; = —0.009842 S, =0 S3=—0.002483
Si=0 S5;=-0.002749 Ss=0 S;=—0.001556
Sg=0 Sg=—0.000731 S;p=0 S;; =—0.000002

Table A.4: The first 12 values of RO, Rl, -+ and go, 5’1, -+« when Pr =0.7
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Appendix B

Alternate Expansion Procedure

In this appendix an alternate expansion procedure is outlined. Recall the tempera-
ture, vorticity and streamfunction equations in the elliptical coordinate system are

given by ) ,
el 0000 _0uts L (%9 %0y, ()

ot 908 D0 \JGrpr \OE ' 00?

wgt Ol B (e )+ A0S - Be0Ss . (2

ot 000t ot o \oe T o o€ 0
Py Py,
8_62—1—% = M*C. (33)

We define a boundary-layer coordinate 2z given by

4t
= Az where \ = .
: VGr
If we set t = €I where € denotes a small parameter, then A becomes
\ 4€T
VGr

Various partial derivatives will have the following form when expressed in terms of

e and Gr )
0 100  Gr: 00

9 N0z /T 02
¢ 10°®  VGro*e
02 N2022 4T 022
0  0ddT 0P dzdl  10®  z 9%

E_ﬁ_TE—F 0zdT dt ~— edT 2¢T 9z’
where ® denotes ¢, ¢, or .
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Equations (B1),(B2) and (B3) now become

w128 9029 WeTGri (8_@0@ - a_@z)@)

oT 0z 90 9z 9z 00
B fG—i . (B4)
"‘%‘i‘ %%4—2\/5&"}1/4% —4€TB% , (B5)
0% 4€T 0%  AM*T 6)

02 T o - o

If \/% = O(e), then \/;07 = pe where p is an O(1) constant. Equations (B4) -

(B6) written in terms of the small parameter € now become

9¢ ¢  NT (00dp 09
AMPT— —22M*— =2-"—— | —— — ——
or 7 oz \/ﬁ(aeaz 0z 00
1 0%¢  4uTe 0%
TPro2 Tt TP o (B7)
¢ ¢ VT (000¢ 99
AMPT = —2:M*P 2 =2 — [ == — L2
or 7 oz \/ﬁ<808z 0z 00
9% 02 VT 06 99
0%y 2 0% 2372
El +4uTe 502 = 4pTe M= . (B9)
We next expand the flow variables in powers of € as follows
O =do+epr+ P+, (B10)
(=C+eq+eG+--, (B11)
=1+ e+ €Yt (B12)
Various partial derivatives will have the following form
0 9P 0d;,  ,0P,
6—T—8—T+68—T+68—T+"', (B13)
8@_8®0+60®1+628®2+ (B14)

0z 0z 0z 9z
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0 _ 0By | 0%y 0%,
90— 00  “o0 T o

where ® denotes ¢, (, or .

According to Chapter 3 (page 21), the functions M?, A and B will have the
following form when expanded for small e

T (B15)

M?(2,0,T) = MZ(0) + Qﬂﬁe sinh(2&y)z + 4uT€? cosh(2&)2* +---,  (B16)
A(2,0,T) = Ag(0) + 2/uVTeA (0) 2 + 2uTe Ag(0) 22 + - - - (B17)
B(2,0,T) = By(0) + 2/uVTeBy(0)z + 2uTe* By (0)2% + - - - (B18)

where the functions Ay(6), Bo(6), A1(0) and B;(6) are defined on page 22.

Substituting the series (B10) - (B12) and (B16) - (B18) into equations (B7) -
(B9) we obtain the following equations at various orders of e.

The O(1) and O(e) problems for the streamfunction reduce to solving the fol-
lowing equations for 1y and 1;, respectively,

91

2
aaj’; =0, (B20)

In order to satisfy the no-slip and impermeable boundary conditions (2.95), both
1o and 11 must be zero. Thus, series (B12) becomes

=y + g+ (B21)
The O(€?) problem for the streamfunction will have the following form

%1,
022

and is in agreement with equation (3.84), apart from a factor of 4.

= 4uMy*T¢ , (B22)

Next we proceed to the O(1) problem for the temperature. This corresponds to
solving the following equation for ¢

9o olo% 1 0%¢q
2000 2000 _ 1
4Mo T@T 22Mo 0z Pr 022

This equation is in exact agreement with equation (3.7). Applying the constant
heat flux condition (2.96), it follows that ¢y = 0. Thus, series (B10) becomes

¢ =epr+ P+ (B24)

(B23)

Since ¥y = ¢1 = ¢y = 0, the nonlinear term will not appear in the O(¢) and O(e?)
problems for the temperature. Thus, the equations for ¢; and ¢, are
1 L0601 %,

AMPT—= — 22 M> == =
O or =Mo 0z Pr 022

(B25)
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ol O . 0p1 Oy
2 Y Ve 2772 e
AMG* T = 22 My - + 4/aVTzsinh(2&)) (ZT S~
1 ¢y
T Pr o (B26)

Note that equation (B25) is similar to (3.21); the only difference is that (3.21) has
the extra term —2¢;. Equation (B26), on the other hand, is quite different from
(3.32). The nonlinear term makes an appearance in (3.32) but not in (B26). In
addition, (3.32) contains two extra terms.

Finally, the O(1), O(¢) and O(e?) problems for the vorticity yield the following
equations for (o, ¢; and (s, respectively,

9o 9 _ PG
2060 2060 _ 070
4M0 TaT QZMO 8,2 622 y <B27)
28! 28] : G  9G G
2n 061 2061 Ot dG\ _ oGt
4 M, T(?T 2z M, R + 4/pVTzsinh(2¢)) <2T 5T z 82) 5.2
Lo, YT 00 (B28)
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2062 2062 oG oG
AMG*T 25 — 22 Mo* 2> + 4y/V Tz sinh(2&)) (QT o 2 az)
9 0% G
2 O dGo\ _ 9762
+8uT' 2% cosh(2¢y) <2T a7 ¢ 32) 5.2
+2\/T P2 9GOty OGo n 4MT32C0
VE \ 00 0z 0z 00 062
XWNT [ Oy Dy 091
v (AOE + 240 /AT | + 4T Boy/ig s (B29)

When the leading order equation (B27) is compared with equation (3.49), we see
that the source term in (3.49) is not present in (B27). Equation (B27) can be
solved by separation of variables as follows. In terms of the variable s = Mz,
equation (B27) transforms to

9%Co ¢ 9o

Setting (o(s,T) = X(s)Y(T) and substituting into (B30) it follows that
Y(T) = aT% | (B31)

where k is the separation constant and a is an arbitrary constant. Imposing the
initial condition (2.99), we must have that & > 0. Then X (s) satisfies the differential
equation

d*X dX

F—FQSE—]{?X:O. (332)
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Applying the integral conditions (3.51), the far-field condition (2.97) and the prop-
erties of the Parabolic Cylinder Functions, it can be shown that (y(s,7") = 0. Thus,
series (B11) now becomes

(:6C1+62C2+€3C3—|—"' . (333)

It then follows that 1) = 0 from equation (B22). Thus, equation (B28) simplifies
to

28} 200 9*C \/_(99251
2061 o1 _ 061
Mo T@T 22My” 0z 022 +2 \/ﬁ 0z

Equation (B34) is now in close agreement with equation (3.49), apart from a factor
of % Equation (B29) also simplifies to

(B34)
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The first nonzero term in the streamfunction expansion, 13, satisfies

+2A1/1 Nl )+4TBO\/_ : (B36)

= 4uMy*T¢ (B36)

which also agrees with equation (3 84), apart from a factor of 4.

In summary, the first nonzero terms in the expansions for v, ¢ and ( are 13, ¢,
and (y, respectively, and satisfy very similar equations as those obtained using the
expansion procedure in Chapter 3. This leads one to ask whether one procedure is
advantageous over the other. The answer to this depends on the goal of the exercise.
Certainly the approach outlined here is more traditional and less complicated than
that of Chapter 3. However, the method of Chapter 3 has at least two advantages
over this one. First, the method of Chapter 3 provides a systematic procedure
by which analytical solutions can be obtained, whereas the approach here leads to
equations (such as (B26) and (B34)) that are too complicated to solve analytically.
Second, the small parameter A used in Chapter 3 is one that is suggested by the
physics. To see this, we examine the equation (2.79). Retaining the dominant terms
for small times leads to the conduction equation given by

a9 1 0%¢
ot My2Prv/Gr 062"

(B37)

where

M2(6) = %(cosh(%o) ~ cos(20)) . (B33)

The solution to (B37) satisfying the boundary conditions

Mio<g—?>:—10n520and¢—>0asf—>oo
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is found to be

twWPr [ 1 M e/Pr o[ MovPre | | 4y
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¢(&,0,1) = (B39)

Expressed this way we see that the solution naturally involves the similarity variable
z* defined by

=— e :

) Ve
For these reasons together with the fact that this was primarily an analytical study,
the procedure of Chapter 3 is more appropriate.
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