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Abstract

What is in common between the Kepler problem, a Hydrogen atom and a rotating black-
hole? These systems are described by different physical theories, but much information
about them can be obtained by separating an appropriate Hamilton-Jacobi equation. The
separation of variables of the Hamilton-Jacobi equation is an old but still powerful tool
for obtaining exact solutions.

The goal of this thesis is to present the theory and application of a certain type of
conformal Killing tensor (hereafter called concircular tensor) to the separation of variables
problem. The application is to spaces of constant curvature, with special attention to spaces
with Euclidean and Lorentzian signatures. The theory includes the general applicability of
concircular tensors to the separation of variables problem and the application of warped
products to studying Killing tensors in general and separable coordinates in particular.
Our first main result shows how to use these tensors to construct a special class of
separable coordinates (hereafter called Kalnins-Eisenhart-Miller (KEM) coordinates) on
a given space. Conversely, the second result generalizes the Kalnins-Miller classification
to show that any orthogonal separable coordinates in a space of constant curvature are
KEM coordinates. A closely related recursive algorithm is defined which allows one to
intrinsically (coordinate independently) search for KEM coordinates which separate a
given (natural) Hamilton-Jacobi equation. This algorithm is exhaustive in spaces of
constant curvature. Finally, sufficient details are worked out, so that one can apply these
procedures in spaces of constant curvature using only (linear) algebraic operations. As an

example, we apply the theory to study the separability of the Calogero-Moser system.
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Chapter 1
Introduction

The method of separation of variables for the Hamilton-Jacobi equation is considered to
be a powerful tool for obtaining exact solutions. Classically, this method was one of the
only known methods for obtaining exact solutions. Until recently (last few decades), it
was not known how to fully exploit this method to its maximum potential.

We say coordinates are separable if they are orthogonal and they separate the geodesic
Hamilton-Jacobi equation. Separable coordinates can be used to integrate the geodesic
equations by quadratures. Additionally, these coordinates are important to mathematical
physics for other reasons. Assuming the Ricci tensor is diagonalized in them, one can show
that they separate the Laplace equation and the Klein-Gordon equation from relativity.

The fundamental problems concerning the separation of the Hamilton-Jacobi equation

are the following:

1. Give a (pseudo-)Riemannian manifold, what are the “inequivalent” coordinate

systems that separate the geodesic Hamiltonian?

2. How do we determine, intrinsically (coordinate-independently), the “inequivalent”

coordinate systems in which a given natural Hamiltonian separates?

3. If we have determined that the natural Hamiltonian is separable in coordinates
(u',...,u™), what is the transformation to these coordinates from the original

coordinates (¢',...,¢") in which the natural Hamiltonian is defined?

Concircular tensors can be used to obtain an elegant solution to these problems in
spaces of constant curvature, as we shall show throughout this thesis. In Chapter 2 we

will give an overview of this solution.
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1.1 Preface

We give a textbook like account of the modern geometric theory of orthogonal separation
of variables for the Hamilton-Jacobi equation, with special attention to spaces of constant
curvature. We first present the general theory in the first part and then specialize it to
spaces of constant curvature in the second. The second part, for the most part, can be read
separately from the first. The chapters tend to provide greater details and generalizations
on certain aspects of the theory. Hence it is necessary to tie them together, this is done in
Chapter 2. In this chapter, we also give an overview of the main results.

The thesis is organized so that it can be a useful reference on several subtopics and
related topics. Although the thesis is not completely self-contained, most proofs are given,
especially when they are difficult to find elsewhere, or are important for understanding the
theory. Sections marked with an asterisk (*) are mostly optional. They can be skipped
with little to no loss of continuity until their results are referenced elsewhere, which is
usually a rare occurrence.

We assume the reader has some familiarity with differential geometry, including the
notion of distributions (plane fields) and the related Frobenius theorem (e.g. see [Leel2]).
It is assumed the reader has a sufficient knowledge of (pseudo-)Riemannian geometry to
have a basic understanding of general relativity (e.g. see [O'N83]).

By using the notions and tools of differential geometry to solve this problem, we provide
a fairly general setting in which our results are applicable. We are able to generalize
previous results given for Riemannian spaces of constant curvature in [Kal86] to arbitrary
signature. Furthermore we are able to present solutions to problems, in a single framework,
which are usually solved separately.

Much of the content of this thesis comes from other articles. The content from [RM14b)]
is split up into Sections 4.4, 4.5, 5.3.1, 5.4.1, 6.5 and 6.7. The content from [RM14c| makes
up Chapter 9 and Sections 10.2 and 10.3. The content from [RM14a] makes up Chapter 7
and also appears in Section 6.5. The content from [Rajl4a] is summarized in Section 8.2,
and it makes up Appendix C. The content from [Rajl4b] is summarized in Section 8.4,

and it makes up Appendix D and Sections 3.1 and 3.2.

1.2 Historical Outline

The theory presented in this thesis is a synthesis of decades of research in this area.
The seminal result from which we start is the intrinsic characterization of separation for
geodesic Hamiltonians given by Eisenhart in [Eis34]. This result can be deduced from the
Levi-Civita equations originally given in [LCO04].

This problem has a long history, for the work preceding Eisenhart see [Kal86] and
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references therein. Recent interest in the subject was due to the discovery of the separability
of the Hamilton-Jacobi equation for the geodesics in the Kerr solution from general
relativity [Car68]. Some of this research culminated in the Kalnins-Miller classification
of separable coordinates in Riemannian spaces of constant curvature. This classification,
which was based on Eisenhart’s results, was originally presented in the articles [KMS86;
KM82], and then combined in the book [Kal86].

The next result was due to Benenti in [Ben92a], where he obtained an intrinsic method
to calculate Killing tensors associated with certain separable coordinates in Euclidean
space such as elliptic and parabolic coordinates. This was done with the help of a certain
torsionless conformal Killing tensor.

Around the same time, Benenti had come up with the intrinsic characterization of
separation for natural Hamiltonians presented in [Ben93]. These results were eventually
generalized to general (possibly non-orthogonal) separation in [Ben97].

The results given by Benenti in [Ben92a] were further refined by Crampin in [Cra03],
and concircular tensors were first formally introduced into separation of variables. By
then it was known that certain separable coordinates in Euclidean space, such as elliptic
coordinates, could be intrinsically characterized using concircular tensors.

A recursive algorithm for separating natural Hamiltonians in Euclidean and spherical
space was given by Waksjo and Wojciechowski in [WWO03]. It turns out that this algorithm,
which is based on the Kalnins-Miller classification, can be intrinsically defined using
concircular tensors.

Further research on concircular tensors was done by Benenti in [Ben05] and Crampin
et al. in [TCS05; Cra07].

Motivated by the desire to obtain an intrinsic algorithm to separate natural Hamilto-
nians in spaces of constant curvature, the author developed a more general theory on the
application of concircular tensors to the separation of variables problem in [RM14b]. This

theory was then applied to spaces of constant curvature in [RM14c].

1.3 Summary of Main Results

The main purpose of this thesis is to present the theory of concircular tensors (CTs)
and their application to the separation of variables problem in general, and in spaces of
constant curvature in particular.

The first result given in Section 6.5 shows how to use CTs to construct a special class
of separable coordinates, hereafter called Kalnins-Eisenhart-Miller (KEM) coordinates, in
a given pseudo-Riemannian manifold. The second result is a converse to the first result,
which shows that all orthogonal separable coordinates in spaces of constant curvature are

KEM coordinates (see Chapter 7). This result generalizes the corresponding result by

3
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Kalnins and Miller in [Kal86] and serves as an independent verification of it.

A recursive algorithm is given (see Section 6.7) which allows one to intrinsically
(coordinate independently) search for KEM coordinates which separate a given (natural)
Hamilton-Jacobi equation. This algorithm is exhaustive in spaces of constant curvature.

Results given originally by Benenti in [Ben92a| are generalized to give a recursive
procedure to construct the KS-space associated with KEM coordinates in Section 6.6.

Finally, sufficient details are worked out in Chapter 9, so that one can apply these
procedures in spaces of constant curvature using only (linear) algebraic operations. Further
details are worked out in Chapter 10 and then applied to study the separability properties
of the Calogero-Moser system.

Additionally, various generalizations are given. The most significant is the study of
Killing tensors and separation in warped products. See Sections 4.5 and 5.3.1 for the

former and Section 5.4.1 for the latter.

1.4 Notations and Conventions

Our notations and conventions build on those in [O’N83] and [Leel2].

1.4.1 pseudo-Euclidean spaces

Suppose V is a vector space over a field F (which for us is R or C). A symmetric bilinear
form on V is bilinear function (-,-) : V' x V — F such that (z,y) = (y,z) for all z,y € V.
A symmetric bilinear form (-, -) is called non-degenerate if for a fixed x € V', (x,y) =0
for all y € V implies z = 0. If z € V then we denote 22 := (z,x) and ||z := /[2%]. A
vector € V' is called a unit vector if ||z|| = 1.

Given a non-zero vector x € V, it is classified as follows:

timelike If (z,z) <0
lightlike (null) If (z,2) =0
spacelike If (z,z) >0

We define a scalar product (metric) on a vector space V as a non-degenerate symmetric
bilinear form on V. A real vector space V equipped with a scalar product is called a
scalar product space (pseudo-Euclidean space). The index of a real scalar product space V,
denoted ind V', is defined as the number of timelike basis vectors in an orthogonal basis for
the scalar product, which is an invariant of the scalar product by Sylvester’s law of inertia.

For all notions related to the index, we will assume the scalar product space is real. The
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invariant ind V' is also called the signature of the metric (-,-). A pseudo-Euclidean space
of dimension n and signature v is often denoted E.

The Fuclidean metric given as follows is an example of a non-degenerate scalar product:

<I, y) - Z TilYi
i=1

An n-dimensional real vector space equipped with the Euclidean metric is called
Fuclidean space and denoted E™. The standard example of a non-degenerate scalar

product with non-zero signature is the Minkowski metric given as follows:

(z,y) = Yz — 11y
=2

A n-dimensional real vector space equipped with the Minkowski metric is called
Minkowski space and sometimes denoted M™.
Given a subspace H C V., we denote the orthogonal subspace of H as H* which is

defined as follows:

Ht={recV:{(z,y)=0 forallyec H}

H* is complementary to H (i.e. V = H @& H*) iff the restriction of the scalar product
to H is non-degenerate [O’'N83, P. 49]. One can also show that for a non-degenerate
subspace H, ind V = ind H +ind H*. If U, W are subspaces of V, then V = U@ W means
that V =U@ W and U L W.

Tensors We now discuss notation related to tensors on a vector space V. Let T be a
type (Z) tensor on V. If b =0 (resp. a = 0) we say T is a contravariant (resp. covariant)
tensor of valence a (resp. b). Now suppose V' is a scalar product space. Without further
specification, tensor is short for valence 2-tensor and the type depends on the context.
Let T be an endomorphism (i.e. (}) tensor) of V. A subspace D is called T -invariant if
TD C D. T is said to have a simple eigenvalue A, if X is real and has algebraic multiplicity
equal to 1. T is said to have simple eigenvalues if all its eigenvalues are simple. T is called

self-adjoint if

(Tx,y) = (z,Ty) foralx,yeV

The above condition is equivalent to requiring 7" to be metrically equivalent to a
symmetric contravariant (covariant) tensor. When V is non-Euclidean a self-adjoint
endomorphism is not necessarily diagonalizable. Hence, by an orthogonal tensor, we

mean a symmetric contravariant tensor whose associated endomorphism is diagonalizable
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with real eigenvalues. Omne can check that the eigenspaces of such an endomorphism
are necessarily pair-wise orthogonal non-degenerate subspaces. Finally given a subspace
W <V, the restriction of 7" to W is denoted T'|w .

Index Notation We will occasionally use index notation for calculations. Suppose V'
is a vector space and let T" be a type (Z) tensor on V. Let vy,...,v, be a basis for V' with
dual basis f!,..., f" for the dual space V*, which satisfy:

f i(“j) = 5ij
where (Vj is the Kronecker delta. Index notation is defined by:
Tilmiajr"jb = T(filv T >fia7 Ujis e 7Ujb)
We will make use of the Einstein summation convention, which is illustrated with the

following example:

ST, = i SIT;
j=1

Furthermore, if the abbreviation (n.s.) appears beside an equation, it means “no sum”.

The symmetrization of a type (8) tensor 7' is defined as follows:

T(ilvnwia) — l' Z T’L’U(l)v"wio'(a)
a

" 0€S,
where the sum is over all elements of the symmetric group S, on a elements. In this

notation, the symmetric product takes the form:

(TQS)il,.,.,z’a,jl,...,jb — T (i1sesia G1yeedb)

Similarly, the anti-symmetrization of a type (2) tensor T is defined as follows:

1
Tiiy,..ia] = al Z(sgn U)Tz‘g(l),...,i(,(a)

oES,

where sgno = 41 denotes the sign of the permutation ¢. In this notation, the wedge

product takes the form:

(a+10)!

(TN S)iy,.ia gy = ogr LieiaSi ]



Chapter 1. Introduction

1.4.2 pseudo-Riemannian manifolds

All differentiable structures are assumed to be smooth (class C*). Let M be a pseudo-
Riemannian manifold of dimension n equipped with covariant metric g. By a Riemannian
manifold, we mean a pseudo-Riemannian manifold with a positive-definite metric. Unless
specified otherwise, it is assumed that M is connected and n > 2. The contravariant
metric is usually denoted by G and (-, -) plays the role of the covariant and contravariant
metric depending on the arguments. We denote SP(M) (resp. AP(M)) as the set of
symmetric (resp. anti-symmetric) contravariant tensor fields of valence p on M and
S(M) = U, SP(M). Furthermore F(M) = S°(M) is the set of functions from M
to R and X(M) = S'(M) denotes the set of vector fields over M. If f € F(M) then
Vf € X(M) denotes the gradient of f, i.e. the vector field metrically equivalent to the
exterior derivative df.

We assume the reader is familiar with the concept of a distribution, foliation, and the
(local) Frobenius theorem (see, for example, [Leel2]). A distribution £ naturally induces
a subspace of X(M), denoted I'(E). More precisely, v € I'(E) if v € X(M) and for every
p € M we have v|, € E,.

We will also use the existence and uniqueness theorem for the following class of PDEs:

e :Aj(xl,...,xp,yl,...,yq) i=1,...,q,5=1,...,p

It can be deduced from the Frobenius theorem (see [AMRO1, Section 7.4B] or [Leel2,
Proposition 19.29]) that the above system of PDEs has a complete solution y = f(x, ¢)

0%y,
where ¢ = f(0,¢) are the initial conditions iff the mixed partials commute, i.e. 5 kg - =
xkox
Py
Oxidxk

All notions from pseudo-Euclidean space generalize point-wise to pseudo-Riemannian
manifolds. Definitions with subspaces in pseudo-Euclidean space naturally generalize
to distributions in pseudo-Riemannian manifolds. For example, given a distribution F,
the orthogonal distribution E* is defined at each point p € M by (E+), = (E,)*. All
definitions are only required to hold locally. For example, given a self-adjoint G)—tensor
T on M, we say it is an orthogonal tensor if it is point-wise diagonalizable on some
(non-empty) open subset of M and we tacitly work on this subset. Similarly we say T
is not an orthogonal tensor on M if T is not point-wise diagonalizable on a open dense

subset of M. Similar definitions apply to other notions such as constancy of functions on
M.

Smoothness of Eigenvalues and Eigenvectors Suppose T is a (})—tensor on M. The

question arises weather the eigenfunctions of T" and the eigenvector (fields) are smooth.
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First of all, we should make clear that we always work in an open subset of M where the
Jordan form is of a fixed type. For example, if T" is point-wise diagonalizable, we assume
the multiplicities of the eigenvalues are constants and the eigenvectors corresponding
to a given eigenfunction form a smooth distribution. Now, suppose T is a G)—tensor of
class C? such that for some ¢ € M, T}, has simple eigenvalues. Then one can show that
there exists a neighborhood of ¢ in which T has simple eigenfunctions of class C?, and T
admits a basis of eigenvector fields of class C?. The proof is an application of the implicit
function theorem (see, for example [Die08, Theorems 10.2.1-10.2.4]). Details can be found
in [Kaz98], see also [Lax07].

If we relax the condition that the eigenfunctions of T are simple, then the problem
inevitably gets more complex (see [Kaz98] for some examples). For our applications
though, we will not need such general results. When stating general results involving
the eigenfunctions/eigenvector fields of a (})—tensor, we will always assume the eigenfunc-

tions/eigenvector fields are smooth.

Riemann curvature tensor Our sign convention for the Riemann curvature tensor,
R, is the opposite of that in [O’N83]. Hence it is defined by:

R(X, Y)Z =VxVyvZ -VyVxZ — V[X’y]Z X, Y, 7 € %(M)

A space of constant curvature  is intrinsically defined by the following condition on
the Riemann curvature tensor R [O'N83, Corollary 3.43]:
R(X,Y, VW) = k((V, X) (Y, W) — (V,Y) (X, W) X,Y,V,W € X(M)  (1.4.1)

or in index notation R = K(gikgji — 9;x94). We will be working with specific models of

these spaces which will be introduced when needed.



Chapter 2
Overview of Chapters and Theory

In this chapter we will connect the following chapters by giving an overview of the theory.
References are given to the appropriate chapters for more details, proofs and generalizations.
As much of the chapters in this thesis attempt to be somewhat comprehensive and contain
generalizations, this chapter is crucial for understanding the theory. This chapter motivates
many of the generalizations presented in later chapters and some key notions such as
concircular tensors and warped products. In this chapter we basically show, fairly
abstractly, and with some examples, how one can use concircular tensors to solve the
fundamental problems (given in the introduction) for spaces of constant curvature. For
illustrative purposes, we will sketch how one obtains the separable coordinate systems for
the Calogero-Moser system.

Some proofs are included when they are simple and allow the reader to understand
the theory. However, the chapter is recommended to be read lightly at first, and in more
detail after reading the subsequent chapters in the first part of the thesis. We emphasize
this point for Sections 2.3.2 and 2.4 which are more technical, and so the proofs can be
skipped on the first reading. We also note that some earlier review articles written by
Benenti may complement our exposition given here, see [Ben04; Ben93|.

In this chapter (M, g) is a pseudo-Riemannian manifold and 7* M denotes the cotangent
bundle of M. If (¢, p) denote the canonical (position-momenta) coordinates on 7% M, then
the (natural) Hamiltonian H with potential V' € F(M) is defined by:

H(q,p) = % (p,p) +V(q)

The geodesic Hamiltonian is obtained by setting V' = 0 in the above equation. The
Hamilton-Jacobi equation is a PDE defined on M in terms of the Hamiltonian. Coordinates
(q") (for M) are called separable if they are orthogonal and the Hamilton-Jacobi equation
separates in them. This is all one needs to know about the Hamilton-Jacobi equation to

understand the theory which we are about to present.
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2.1 The Intrinsic Characterization of Separation

The first cruical result is due to Stéckel in 1893 [Sta93]. Stéckel showed that if the
Hamilton-Jacobi equation of a natural Hamiltonian is orthogonally separable then it
admits n quadratic first integrals Fi, ..., F,, (where F; := H) each having the following
form in canonical coordinates (q¢*, p;) [Sta93] (see [Kal86, P. 9] for English readers):

with:

where {-,-} is the Poisson bracket. One can show that the condition {F,H} = 0 is
equivalent to the following equations on M (see Theorem 4.2.2 and Eq. (4.2.7)):

dU = KdV (2.1.2b)

where V is the Levi-Civita connection induced by g. The first of the above equations,
Eq. (2.1.2a), shows the important fact that K is a Killing tensor (KT) on (M, g). Using
this fact Eisenhart was the first to obtain an intrinsic characterization of separation for
geodesic Hamiltonians [Eis34]. In order to present this theorem, we first need a definition.
A characteristic Killing tensor (ChKT) is a Killing tensor which has simple eigenfunctions

and admits coordinates in which it is diagonalized.

Theorem 2.1.1 (Orthogonal Separation of Geodesic Hamiltonians [Eis34])
The geodesic Hamiltonian is separable in orthogonal coordinates (q') iff there exists a

ChKT which is diagonalized in these coordinates. O

Given a ChKT, K, let &€ = (Ey,..., E,) denote the collection of eigenspaces of K.
The above theorem shows that any coordinates (¢°) with the property that span{9;} = E;
are separable. Hence we call the collection £ a separable web. More generally, any
collection € = (Ey, ..., F,) of pair-wise orthogonal non-degenerate 1-distributions which
admit local coordinates (¢*) satisfying span{9;} = F; is called an (orthogonal) web. Since
separable webs are uniquely determined by ChKTs, we will often work with them instead
of coordinates.

The second equation, Eq. (2.1.2b), is a compatibility condition between the KT K
and potential V. The structure of Eq. (2.1.2) hints at the fact that the separation of the
geodesic Hamiltonian is a necessary condition for the separation of a natural Hamiltonian.
Benenti was the first to obtain the intrinsic characterization of separation for natural

Hamiltonians [Ben97].

10
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Theorem 2.1.2 (Orthogonal Separation of Natural Hamiltonians [Ben97])
A natural Hamiltonian with potential V' is separable in orthogonal coordinates (q') iff there

exists a ChKT K diagonalized in these coordinates which satisfies:

dKdV) =0 .

The above equation is called the dKdV equation associated with the KT K and
potential V.

For geodesic separation, each first integral given by Eq. (2.1.1) has a corresponding KT
K. It can be deduced from Stéckel’s theorem that the n KT's are point-wise independent on
M and span an n-dimensional vector space of KT's which are simultaneously diagonalized
in the separable coordinates. This vector space of KTs is called the Killing-Stackel space
(KS-space) associated with a separable web.

We conclude with the following observations. Firstly, Theorem 2.1.1 implies that
the problem of classifying separable coordinates for a geodesic Hamiltonian is equivalent
to the problem of classifying ChKTs. Secondly, Theorem 2.1.2 shows that the problem
of classifying ChKTs is important for separating natural Hamiltonians as well. Killing
tensors are studied in greater detail in Chapter 4. The Hamilton-Jacobi equation, its
separation, and the intrinsic characterization of separation is studied in greater detail in
Chapter 5.

2.2 Concircular tensors

In the previous section we have given an intrinsic characterization of separation, which
allows one to, in principle, obtain all separable coordinates systems defined on a given
pseudo-Riemannian manifold. There are several problems one confronts when trying to
apply the theory, particularly to spaces of constant curvature. We list some of these

problems, assuming n > 2.

e [t is difficult to obtain an algebraic expression for the general ChKT in a space of

constant curvature.

e Given a ChKT, it’s hard to obtain the transformation from separable coordinates

(u?) — (¢%) to the standard coordinates.

e [t’s also hard to find canonical forms for ChKTs modulo the action of the isometry
group.
When n = 3, one can manage with these difficulties. Indeed, in [HMSO05] (resp. [HMOS;

HMS09]), building on results from [Eis34], canonical forms for the isometrically inequiva-

lent ChKTs in E? (resp. M3) were given together with the corresponding transformations

11
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from separable coordinates. Furthermore, the authors were able to solve all the funda-
mental problems given in the introduction. However, generalizing their solution to higher
dimensions seems intractable.

Kalnins and Miller in [Kal86] were able to devise a procedure to construct the transfor-
mation from separable coordinates for all isometrically inequivalent ChKTs on Riemannian
spaces of constant curvature, thereby solving the first fundamental problem (1). Waksjo
and Wojciechowski in [WWO03] used this procedure to solve the last two fundamental prob-
lems (2 and 3) for Euclidean and spherical spaces. A careful study of these solutions and
works by others (e.g. [Ben05; Cra03]) show that concircular tensors have a fundamental
role to play in these solutions.

A concircular tensor (CT), L € S*(M), is defined by the following equation:

ViLi; = G5k

for some covector a. One can obtain a general solution to the above equation in E". First,
define the dilatational vector field in E™ in Cartesian coordinates (z%) by r := 2'0;. Then

the general solution is given as follows (see Proposition 6.4.4):

L=A+2woOr+mror

where A is a symmetric and constant matrix, w is a constant vector and m is a constant
scalar. We denote the unit sphere in E™ by S"™. Then the restriction of the above tensor
to S™ gives the general CT (see Proposition 9.3.2). CTs solve the problems confronted
with ChKTs listed above. Indeed, in this thesis, we will show that CTs can be used to
solve the fundamental problems in spaces of constant curvature.

We say a CT is an orthogonal concircular tensor (OCT) if it is point-wise diagonalizable.
An important property of OCTs is that they always admit local coordinates which
diagonalize them. More precisely, suppose L is an OCT, then there exist local coordinates
(z%) such that L has the following form (see Propositions 6.3.1 and 6.3.6):

L= 0,0, @da"+) e ) 0 ®d’ (22.1)

aeM IeP i€l
where {1,...,n} = M U (Urepl) is a partition (here P is an index set and each I € P is
a subset of {1,...,n}), the o,(x*) are non-constant and the e; are constants.

Another important property of CTs is that some special KTs can be constructed using

them. Indeed, if L is a CT, it can be shown that the following sequence of tensors are
KTs (see Section 6.6):

12



Chapter 2. Overview of Chapters and Theory

1
Ky = G, K,=- tI‘(KaflL)G — K, 1L 1l<a<n (222)
a
The KT K is so special, it deserves a name. If L is a CT, then the tensor

K =tr(L)G — L

is a KT, called the Killing Bertrand-Darbouz tensor (KBDT) associated with L. This

KT will be useful for connecting CTs with the general theory of separation given in the

previous section. An important observation is that it has the same eigenspaces as L.
We conclude by noting that concircular tensors in general are studied in Chapter 6

while those in spaces of constant curvature are studied in Chapter 9.

2.3 Separation of Geodesic Hamiltonians

2.3.1 Benenti tensors

We say a CT L is a Benenti tensor if it has simple eigenfunctions. A key observation made
by Benenti is that any Benenti tensor induces a separable web [Ben92a]. Indeed, since the
KBDT is a KT with simple eigenfunctions and can be diagonalized in a coordinate system
(see Eq. (2.2.1)), it’s a ChKT, hence the result follows by Theorem 2.1.1. Furthermore it
can be shown that the KTs given by Eq. (2.2.2) form a basis for the KS-space associated
with this separable web.

An important class of Benenti tensors are the irreducible concircular tensors (ICTs).
A CT L is called irreducible if it’s a Benenti tensor and its eigenfunctions are functionally
independent. By Eq. (2.2.1) any Benenti tensor with non-constant eigenfunctions is
irreducible. This class of CTs are of interest, because in this case, by Eq. (2.2.1) the
eigenfunctions can be used as separable coordinates! We will see shortly that ICTs can be
used as building blocks to construct more general classes of separable coordinates. The
following is the prototypical example of an ICT:
Example 2.3.1 (Elliptic coordinates in E?)
Let M = E? and fix an orthonormal basis {d, e} for this Euclidean space. Let (x,y) be

Cartesian coordinates for E? so that d = 8, and e = d,. Then consider the following CT:

L=X\NdOd+ X eOe+rQOr

WLOG we can assume A\; < Ay. We will show how to obtain the transformation
from separable to Cartesian coordinates after showing that L is a Benenti tensor. The

characteristic polynomial of L is given as follows:

13



Chapter 2. Overview of Chapters and Theory

p(z) =det(z] — L) = (z — M) (z — X)) — 2%(z — A2) — 2 (2 — A1)

From the above equation, we note the following:

p(A1) = 2*(Aa — \1) p(A2) = 12 (A1 — Ao) (2.3.1)

Now, assume that z,y # 0. Then we observe that p(A\;) > 0, p(\2) < 0 and
lim p(z) = oo. Hence by the intermediate value theorem, at each point, p(z) has
Z—>00

two distinct roots u! < u? satisfying:

A < ul < Ay < ?

Thus L is a Benenti tensor. Since dp # 0, it follows that L cannot have constant
eigenfunctions, thus from the preceding discussion we see that L is an ICT. Now observe
that we can write p(z) = (z — u')(z — w?). Then Eq. (2.3.1) can be used to obtain the

transformation from the separable coordinates (u',u?) to Cartesian coordinates (z,y):

s (A —u) (M —u?) o (e —uh)(Ag —u?)

(A2 — A1) o (A1 — A2) )

The above example will be generalized to higher dimensions and signatures later on,
see Example 9.4.11. Proceeding as in the above example and using additional results
from Chapter 9, one can classify all (isometrically inequivalent) separable coordinates
associated with Benenti tensors in E?, including polar and Cartesian coordinates. The
results of this classification are summarized in Table 9.1.

We conclude by introducing a diagram for Benenti tensors (see Fig. 2.1) which will be
used later on. It represents the structure of the separable web associated with the Benenti

tensor, which is the simplest possible.

Figure 2.1: Concircular tensor with simple eigenspaces Fy, ..., F,

2.3.2 Concircular tensors with Multidimensional Eigenspaces
and KEM webs

More generally, any orthogonal concircular tensor can (possibly) be used to construct

separable webs, as we will see in this section.
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Suppose L is a non-trivial® concircular tensor with a single multidimensional eigenspace
D and denote by D+ the distribution orthogonal to D. Then one can show that (see
Proposition 6.3.6):

e There is a local product manifold B x F' of (pseudo-)Riemannian manifolds (B, gg)
and (F, gr) such that:
{p} x F is an integral manifold of D for any p € B and
B x {q} is an integral manifold of D+ for any ¢ € F.

e B x F equipped with the metric mhgp + p*mhgr for a specific function p: B — R*
is locally isometric to (M, g).

Such a product manifold is called a warped product and is denoted B x, F'. The
manifold B is called the geodesic factor and F is called the spherical factor of the warped
product. We also say that the warped product B x, F'is adapted to the splitting (D+, D),
which is often called a warped product net (WP-net). When a distribution D admits an
adapted warped product as above, it is called a Killing distribution. See Chapter 3 for
more details on these matters.

We note here that warped products are rigid. For example, in Euclidean space, it can
be shown that if an open connected subset U is isometric to a warped product with a

single spherical factor, then the warped product must have one of the following forms:

1. E™ x,S"

2. Em xq E”

The warped products in more general spaces of constant curvature are systematically
obtained in Appendix D, see Section 8.4 for a summary sufficient for the purposes of this
thesis.

Now, if we enumerate the one dimensional eigenspaces of L by Ei, ..., F,, and denote
the multidimensional eigenspace of L by D as above, then Fig. 2.2 gives a diagram for
L. In this figure, the block containing the eigenspace D represents a “degeneracy” which

needs to be removed to uniquely specify a separable web. We now describe how to do this.

Figure 2.2: Concircular tensor with eigenspaces Ey, ..., E,,, D
. D]

A remarkable property of the warped product decomposition is the following. Let K
be a ChKT on F, this can be canonically lifted to a tensor, K € S%(B x, F'), which is

LA CT is called non-trivial if its not a multiple of the metric.

15
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in fact a KT on B x, F! Hence if K’ is the KBDT associated with L, then locally we
can assume that K’ + K is a ChKT on B X, I'. Indeed, one can show that L induces a
Benenti tensor, L, on B by restriction. Let (z°) be any coordinates on B which diagonalize
L. Note that we observed in the previous section that these coordinates are separable
on B. Suppose (y/) are coordinates on F which diagonalize K, hence are separable (see
Theorem 2.1.1). Then since the product coordinates (z?,37) diagonalize K’ + K (see
Eq. (2.3.2)), Theorem 2.1.1 implies that K’ + K is a ChKT? and that these coordinates

are separable. Note that in these coordinates K’ + K have the following form:
K'+ K=Y (tr(L) = \)0; @ da’ + > (tr(L) — ¢+ A;)d; @ dy’ (2.3.2)
i J

where ); are the eigenfunctions of L, ¢ is the constant eigenfunction of L associated with
D and 5\j are the eigenfunctions of K. In conclusion, we have shown how to construct
separable coordinates (z,4’) using the CT L and ChKT K.

Now take K to be the KBDT associated with a Benenti tensor on F which has
eigenspaces Ei, ..., Ej. Then Fig. 2.3 is a diagram for the above construction applied to
K, which represents the tree-like structure of the constructed separable web. It should be
interpreted as a tree diagram, where the one dimensional eigenspaces are the leaves. We
illustrate this construction with two simple examples in E3, both of which are depicted by
Fig. 2.3 with m =1 and k£ = 2.

Figure 2.3: KEM web I

Example 2.3.2 (Cylindrical coordinates in E?)

Fix a unit vector d € E® and consider the following CT:

L=dod

The eigenspaces of L are span{d} and d*. Identify E = span{d} and E? = d*, then
the warped product 1 : E x; E* — E? given by (¢, p) — ¢+ p is adapted to the eigenspaces
of L. We can construct separable coordinates in E® by parameterizing E? with any of the
separable coordinates from Table 9.1. For example, let e, f be an orthonormal basis for

dt,let g=xdand p=pcosfe+ psinf f, then we obtain cylindrical coordinates:

2The eigenfunctions may not exactly be simple, but one can modify K so that they are locally simple.
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Y(q,p) =xd+ pcosfe+ psind f o

The following is a more interesting example of this construction.

Example 2.3.3 (Spherical coordinates in E?)
Consider the following CT in E3:

L=ror

The eigenspaces of L are span{r} and r*. Fix a unit vector a € E3?, identify E = R*q,
let S? be the unit sphere in E? and p; := (¢q,a) for ¢ € E. Then the warped product
Y E x, S* — E3 given by (q,p) — pip is adapted to the eigenspaces of L. We can
construct separable coordinates in E3 by parameterizing S? with any of the separable
coordinates defined in it.

For example, one can take spherical coordinates on S?. Indeed, fix a unit vector d € E3.
Then one can show that the restriction of d ® d to S? is a Benenti tensor diagonalized in

spherical coordinates (see Example 9.6.3), which are given as follows:

p = cos(¢)d + sin(p)(cos(f)e + sin(0) f)

where e, f is any orthonormal basis for d*+. Hence the above coordinates are separable in
S?. If we let ¢ = pa where p > 0 and take p as above, then we obtain spherical coordinates

in E3:

(g, p) = p(cos(@)d + sin(¢)(cos(0)e + sin(6) f)) 0

More examples can be found in Section 9.6.2.

This construction procedure can be generalized in two ways. Firstly, we can recursively
apply this procedure, by treating B x, I as the spherical factor of a larger warped product
and use K + K in place of K. Figure 2.4 depicts such a construction where the CT L has
eigenspaces | and D’. Again, this figure depicts the tree-like structure of the KEM web
where the leaves are the one dimensional eigenspaces of the CTs that make it up.

Secondly, we can allow L to have multiple distinct multidimensional eigenspaces. These
procedures can also be combined to create even more complex webs, as the following
example will show. Figure 2.5 depicts the natural generalization of the above construction
procedure to CTs with multiple multidimensional eigenspaces. In this case, the CT L has
only multidimensional eigenspaces Dy, ..., D,.

We emphasize here that in each case, the constructed web is separable. Any coordinates

constructed using this procedure are called Kalnins-Fisenhart-Miller (KEM) coordinates
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Figure 2.4: KEM web II

and the associated webs are called KEM webs. We will show that KEM webs are always
separable.

We’ve shown how CTs can be used to construct a special class of separable webs called
KEM webs. A significant advantage of KEM webs is that we can reduce the problem of
classifying isometrically inequivalent KEM webs to the similar problem for CTs. We will
see that the problem of classifying isometrically inequivalent CT's in spaces of constant
curvature can be reduced to problems in linear algebra (see Chapter 9).

In conclusion, we mention how some of the ideas presented here are generalized. The
observation that CTs (which are in fact CKTs) induce a warped product decomposition
of the (pseudo-)Riemannian manifold, motivates the more systematic study of CKTs in
Section 4.4. This culminates in Corollary 4.4.8 and Corollary 4.4.11. In Section 4.5 we will
be able to prove that the KT K in the above construction is a KT on the warped product.
In fact, this observation will be generalized to describe KTs which are “decomposable” in
a warped product. In Section 6.5 we will prove the facts on KEM webs we presented here
more rigorously. In Section 6.6 we will apply the theory developed in Section 5.3.1 on

KS-spaces in warped products to show how one can obtain the KS-space associated with
a KEM web.
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2.3.3 Necessity of KEM webs in spaces of constant curvature

In the previous section we have shown how to construct a class of separable webs called
KEM webs. These webs were originally discovered by Kalnins and Miller when classifying
the separable webs in Riemannian spaces of constant curvature [Kal86]. Generalizing their

results, one can prove the following.

Theorem 2.3.4 (Separable Webs in Spaces of Constant Curvature)

In a space of constant curvature, every separable web is a KEM web. o

This theorem is proven in Chapter 7. It involves a long calculation in which we solve
the Levi-Civita equations together with the equations satisfied by the Riemann curvature
tensor in a space of constant curvature (see Eq. (1.4.1)).

The above theorem allows us to tractably solve problem (1) in spaces of constant
curvature. Motivated by the above theorem, in Chapter 9 we study (orthogonal) concircular
tensors in spaces of constant curvature. In that chapter, we obtain the required information

to reduce problem (1) to simple problems in linear algebra.

2.4 Separation of Natural Hamiltonians

In this section we will sketch how concircular tensors can be used to separate natural
Hamiltonians. We will use Theorem 2.1.2 and our knowledge of the structure of KEM
webs to develop a recursive algorithm to separate natural Hamiltonians in KEM webs.
Fix some V € F(M). Let L be the general concircular tensor on M and let K :=
tr(L)G — L be the KBDT associated with L. The Killing-Bertrand-Darboux (KBD)

equation on M is defined as follows:

d(KdV) =0

It can be shown that this equation defines a linear system of equations with at most
2(n + 1)(n + 2) unknowns, where the maximum is achieved iff the space has constant
curvature.

Let L be a particular solution of the KBD equation which is point-wise diagonalizable

with k distinct eigenfunctions. We analyze the following cases.

Case 1 (k =1, i.e. all the eigenfunctions coincide)

L = ¢G for some ¢ € R. This is the trivial solution which gives no information.

Case 2 (the eigenfunctions are simple)
L has simple eigenfunctions, hence it’s a Benenti tensor. Then V separates in any

coordinates which diagonalize L by Theorem 2.1.2.
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Case 3 (at least one eigenfunction is not simple)
Assume for convenience, that L has a single multidimensional eigenspace D. If
FEq, ..., E,, denote the one dimensional eigenspaces of L, then so far we know that

V' is “compatible” with the partial separable web in Fig. 2.6.

Figure 2.6: Concircular tensor with eigenspaces Ey, ..., E,,, D

N E )

Now the goal is to fill in the degeneracy coming from D. This is done as follows. Let
B x, F be a local warped product adapted to (D+, D). Let 7: F — B x F be an
embedding. Assume the natural Hamiltonian on F' associated with potential V o7 is
separable in some coordinates (37). Let (z) be separable coordinates associated with
the induced Benenti tensor on B. Then one can show that the natural Hamiltonian

associated with V' (on B x, F') is separable in the product coordinates (z*,y?).

Indeed, this can be seen as follows. Let K be a ChKT on F diagonalized in (y7), and
K’ be the KBDT associated with L. In the discussion preceding Eq. (2.3.2), it was
shown that we can assume K := K’ + K is locally a ChKT on B X, I’ diagonalized
in (z°,3’). Given the assumptions, one can show that V satisfies the dKdV equation

with K on B x, F, hence by Theorem 2.1.2 it’s separable in the coordinates (z*, y).

In the third case, in order to obtain the separable coordinates (y’), the idea is to
apply the same procedure again on I’ with the potential V o7 € F(F). So one has to
solve the KBD equation on F' with the potential V' o 7 and then go through each case.
This gives us a recursive algorithm for separating natural Hamiltonians, which is called
the Benenti-Eisenhart-Kalnins-Miller (BEKM) separation algorithm. Figure 2.7 gives a
possible KEM web that can be constructed, assuming the solution of the KBD equation

on F'is a Benenti tensor with eigenspaces Fy, ..., Ej.

Figure 2.7: Possible KEM web that can be constructed

In principle, one can construct any KEM web using the BEKM separation algorithm.
For example, just take V' = 0. We now briefly illustrate the execution of this algorithm

with the following example.
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Example 2.4.1 (Calogero-Moser system)
The Calogero-Moser system is a natural Hamiltonian system with configuration manifold

[E? given by the following potential in Cartesian coordinates (qi, ¢z, ¢3):

V=(q — QQ)_2 +(q2 — Q3)_2 + (¢ — C]3)_2

First note that the constant vector d = %(al + Oy + 03) is a symmetry of V| i.e.
L,V = 0. One can prove that the general solution of the KBD equation associated with
V is?:

L=cdod+2wdoOr+mror

where ¢, w,m € R. We note that given a CT L, then for any a € R\ {0} and b € R, the
CT aL + bG is a CT which is equivalent to L. After classifying the above CTs modulo
this equivalence and isometric equivalence, we can obtain canonical forms. Before we

present these, fix an orthonormal basis e, f for d+. We have the following canonical forms.

Cartesian: L=d® d
From Example 2.3.2 we know that a warped product manifold adapted to L has
the form E x E?. Let (¢}, ¢}, ¢5) be Cartesian coordinates adapted to this product

manifold, then one can show that V' takes the form:

o 9(gF +a5)?
20 (3¢} — B)?

In this case V naturally restricts to a potential on E? with coordinates (g}, ¢5). In
[E? one can apply the BEKM separation algorithm to find that the only solution of
the KBD equation (up to constant multiplies) is L = r ©® r. One can show that polar

coordinates diagonalize this CT. Hence V' is separable in cylindrical coordinates:

xd+pcosfe+ psind f

Spherical: L=ror
From Example 2.3.3 we know that a warped product manifold adapted to L has
the form E x, S?. One can show that the restriction of V to S? satisfies the KBD
equation associated with the CT obtained by restricting d ® d to S?. Hence from

Example 2.3.3, V' is separable in spherical coordinates:

plcos(9)d + sin(9) (cos(6)e + sin(8) f)

3We ignore constant multiples of the metric.
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Elliptic: L=cd®d+1r®r,c#0

In this case L is a Benenti tensor. If we let a := \/|c|, then if ¢ > 0, V is separable

in prolate spheroidal coordinates:

acos ¢ coshn d+ asin ¢sinhn (cosf e +sinf f)

If ¢ < 0, V is separable in oblate spheroidal coordinates:

asin ¢sinhn d + acos ¢ coshn (cosf e +sin b f)

Parabolic: L=2d & r

In this case L is a Benenti tensor, and so V' is separable in rotationally symmetric

parabolic coordinates:

1
§(u2—1/2)d+pu(00896—|—sin9 f) 0

The above example will be done in much greater detail and for a more general potential
in Section 10.2. The BEKM separation algorithm is presented in more detail and with
proofs in Section 6.7. It motivates the study of separation of natural Hamiltonians in

warped products in Section 5.4.1.

Completeness of the BEKM separation algorithm In spaces of constant curvature,
the BEKM separation algorithm gives a complete test for orthogonal separation. This
is a consequence of Theorem 2.3.4. We also note that the separable coordinates can be
explicitly constructed by following through the algorithm, this is shown by way of example
in Section 10.2. Hence the BEKM separation algorithm solves problems (2) and (3) in

spaces of constant curvature.

Spaces of constant curvature In order to apply the BEKM separation algorithm
(i.e. reduce it to problems in linear algebra) in spaces of constant curvature, CTs in
these spaces are studied throughly in Chapter 9. In order to do this in spaces with
arbitrary signature, one needs to solve some non-standard problems in linear algebra.
The prerequisite theory is covered in Appendix C, and summarized in Section 8.2. The
results obtained in Chapter 9 are used in Section 10.3 to concretely carry out the BEKM
separation algorithm, and in Section 10.2 to study the separability properties of a well

known example, the Calogero-Moser system.
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Separable potentials We also mention here that in Section 10.1, we give special

potentials that can proven to be separable in KEM webs.

2.5 Conclusion

We have given an overview of how the fundamental problems are solved in this thesis,
and how this solution is broken down in the various different chapters. The first part of
this thesis will present the theory more rigorously, with greater detail, and present some
generalizations of parts of it. The second part of this thesis will (mainly) apply the theory

to spaces of constant curvature.
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Chapter 3

Warped Products

In this chapter we will present the theory of warped products, most of which will be used
in later chapters. Warped products will not be defined until Section 3.5. We will first
develop the necessary theory to characterize these products in terms of the distributions
they induce. This characterization is better suited for applications later on. In fact,
motivated by applications, we will study a more general product structure known as a
twisted product. In this chapter we provide a fairly comprehensive introduction to the
warped product and so it is recommended that it be read lightly at first and in more

detail when the need arises.

3.1 pseudo-Riemannian Submanifolds and Foliations

In this section we will summarize the theory of pseudo-Riemannian submanifolds and
foliations that will be useful to us. We can conveniently treat this as a special case of
the theory of pseudo-Riemannian distributions, so we will present this first. For more
details on pseudo-Riemannian submanifolds see (for example) [O'N83; Lee97|. Similarly

for pseudo-Riemannian foliations see [Rov98; Ton88|.

3.1.1 Brief outline of The Theory of Pseudo-Riemannian Distri-
butions

The following brief exposition of the theory of pseudo-Riemannian distributions is a

combination of that given in [MRS99] and [CFS06]. Suppose F is an m-dimensional

non-degenerate distribution defined on a pseudo-Riemannian manifold M. Then we use the

orthogonal splitting TM = EQE*, V = VE4+VE" to define a tensor s¥ : TM x E — E*

and a linear connection V¥ for E by:

VxY = VRY +s5(X,Y)
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for all X € X(M) and Y € T'(E). s” is called the generalized second fundamental form of
E and the above equation is referred to as the Gauss equation. One can also check that
V¥ is metric compatible, i.e. X (Y, 2) = (VEY,Z) + (Y, VLZ) for all X € X(M) and
Y,Z € I(E).

For the remainder of the discussion we set s¥ := s| gy ). For X, Y € I'(E), we can

further decompose s¥(X,Y) into its anti-symmetric and symmetric parts

L1 L1 .
sSE(X,Y) = (VxY)E = 5(VXY +VyX)F + 5(VXY — VyX)E
=h"(X,Y) + AP(X,Y)

1 i

AF(X,Y) = 5(VXY — VyX)F
1 .

RE(X,Y) = 5(vXY + VyX)©

Since V is torsion-free, AP(X,Y) = L([X,Y])"", hence E is integrable iff A” = 0.
h¥ is called the second fundamental form of E. The second fundamental form can be

decomposed in terms of its trace to get a further classification of E as follows:

RE(X,Y) = (X,Y)Hg + ha(X,Y)
Hy — %tr(hE)

where hf is trace-less. Hy is called the mean curvature normal of E. E is called minimal,
umbilical or geodesic' if s¥(X,Y) = h%(X,Y), s¥(X,Y) = (X,Y) Hg or s¥(X,Y) =0
respectively for all X, Y € I'(E). We add the qualification “almost” to the three definitions
above by replacing s” with h%; this just drops the requirement that A” = 0. For example
E is almost umbilical iff h% = 0. We remark that when E is one dimensional h% = 0
trivially, hence all one dimensional non-degenerate foliations and all one dimensional
pseudo-Riemannian submanifolds are trivially umbilical. If £ is umbilical and V’}}L Hy =0
for all X € I'(E) then E is called spherical. Finally if E is spherical and E* is geodesic
then F is called Killing.

We also note here that s and sZ are not independent of each other:

Proposition 3.1.1
For X,Y € T(E) and Z € T(E™), the following holds:

(sP(X,Y),2) = — <Y, sE(X, Z)> 5

!Note that some authors use the name auto-parallel instead [MRS99].
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PROOF

0=Vy(Y,2)
=(VxY,Z) +(Y,VxZ)
= (sB(X,Y), Z) + <Y, s (X, Z)> u

The following proposition gives an important geometric characterization of the second
fundamental form. It is the key lemma used to connect twisted products with their differ-
ential counterparts as we will see in Section 3.5. It is taken from [Rov98, Proposition 2.7]
(cf. [Ton88, Theorem 5.23], [Zegll, Lemma 2.3]).

Proposition 3.1.2 (Geometric Characterization of The Second Fundamental Form)

Let E be a non-degenerate distribution. Denote the covariant metric by g and by gg the
restriction of g to E. Suppose U,V € T'(E) and Z € T'(E*), then the second fundamental
h of E is characterized by the following equation:

(EZgE)(Uv V) = _2g<Zv h‘(Uv V))

E is almost geodesic (almost umbilical) iff gg is invariant (resp. conformal invariant)
under flows of vector fields orthogonal to E, i.e. for V € T'(ELY), Lygr = 0 (resp,
Lygr = —29(H,V)gr where H is the mean curvature normal of E ). O

PROOF By definition, we have the following:

('CZgE)(Uv V) = Z9E<U7 V) - 9E<[27 U]7V) - gE(U7 [Zv V])
= Zg<U7 V) - g<[27 U]7V) - g(U7 [Zv V])

Now since [Z,U] = VzU — VyZ for a torsion-free connection and with a similar

equation holding for [Z, V], the above equation becomes

(EZQE)(Uv V) = Zg(U7 V) - g([Zv U],V) - g(U7 [Za V])
=9(VuZ,V)+y9(U, VvZ)

Since 0 = Ug(Z,V) = g(VuZ,V) + g(Z,VyV), with a similar equation holding for
Vg(U, Z), the above equation becomes:
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(Lz9e)(U, V) =g(VuZ,V)+g(U,VvZ)
= _9(27 VUV) - g(Z7 VVU)
= —29(Z,h(U,V))

The remaining assertions follow from the definitions of almost geodesic and almost umbilical

distributions. -

3.1.2 Specialization to pseudo-Riemannian submanifolds

Suppose ¢ : M — M is a local embedding of (a pseudo-Riemannian submanifold) M™
inside M™. Then for any point p € M, it is known that there exist local coordinates (z?)
on M, such that the subset

{(271,...,33m,93m+1,...,:£”) s =, 2 = e}

for some ¢,11,...,¢, € R can be identified with ¢(U) where U is an open subset with
p € U C M. These coordinates induce a local foliation L in a neighborhood of p, with
M being a leaf given by the above equation. We will refer to such a foliation as a (local)
foliation of M associated with M. Now suppose L is an arbitrary foliation of M associated
with M, and let E be the induced distribution. Locally we can assume L is a foliation by
pseudo-Riemannian submanifolds of M, hence E is non-degenerate and the discussion in
the previous section applies to it. Since E is integrable, it follows that for any X, Y € T'(E),
that [X,Y] € T'(E). Throughout this discussion, for any X € T'(E), we let X € X(M)
denote the unique vector field such that for any p € M, we have Xy, = qﬁ*f(p. Then for
any X,Y € I'(E) we see that

X, Yo = 6:[X, Y]l

Thus [X, Y]] depends only on [X, Y]], in M.
Now denote by V (resp. V) the Levi-Civita connection on M (resp. M). By

the uniqueness properties of the Levi-Civita connection on M, it follows that for any
X,Y € I'(E) we have for any p € M that

(VEV) o) = 6:(VY ),

Thus (VY|4 depends only on (VY)|, in M. By also using the Gauss equation,
we observe that for any p € M, that (VxY)|s() depends only on X and Y.

In consequence of these observations, it follows that the theory presented for pseudo-
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Riemannian distributions induces a similar one for pseudo-Riemannian manifolds. We now
connect this with the standard notations [Chell]; in effect this removes the appearance of
the extraneous distribution, F.

In this case s¥ = h¥ and h := (hF)|y, then the Gauss equation becomes:

ViV = VyY + h(X,Y)

for all X,Y € X(M). We denote the set of normal vector fields over M, i.e. the restriction
of T(E+) to M by X(M)*. The Gauss equation for E* is usually called the Weingarten
equation and is only defined for X € X(M) and Y € X(M)+. This is because in this
case, VxY depends only on the values that X and Y take on M?. Thus we can let
Ay(X) == —s"(X,Y), V&Y := V'Y and the Gauss equation (for E*) becomes:

VxY = V3V — Ay (X)

for all X € X(M) and Y € X(M)*. Note that the properties of VZ imply that V* is a
connection® on X(M)*. In this notation, the relationship between s” and s given in

Proposition 3.1.1 becomes:

(W(X,Y),Z) = (Ay(X),Y) (3.1.1)

for all X,Y € X(M) and Z € X(M)*.

Finally, we note that the definitions of minimal, umbilical, or geodesic foliations induces
corresponding definitions for submanifolds. For example, a submanifold is geodesic if its
second fundamental form vanishes identically.

In conclusion, we should mention that even though we have given a concise presentation
of the theory, it’s not useful for practical calculations. For these, one will have to evaluate

these quantities in terms of curves on M. See for example, Proposition 4.8 in [O’N83].

3.2 Circles and Spheres*

In this section we will briefly overview the theory of circles and spherical submanifolds
(spheres) of pseudo-Riemannian manifolds. Circles are covariantly defined using the Frenet
formula, but the definition of a sphere requires more work [Nom73]. This material is
optional, although it gives an application of the general theory presented in the previous
section, a geometric interpretation of spherical submanifolds, and gives some background

for the results on the intrinsic properties of warped products to come. We also present

2This is because for any p € M, (VxY)|, depends only on the values of Y along any curve tangent to
X,. See Lemma 4.8 in [Lee97] and the following exercise, or Proposition 3.18 (3) in [O’N83].
3More precisely it satisfies the properties in definition 3.9 in [O’N83] and is metric compatible.
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this theory here because it’s not covered in standard references, in contrast with the
corresponding theory for geodesic submanifolds (see [O’N83]).

A proper circle! in a pseudo-Riemannian manifold is defined using the Frenet formula
as a unit speed curve whose first curvature is constant and non-zero and remaining
curvatures vanish. To be precise, let v(t) be a unit speed curve in M, i.e. 4% = £1. Let
X :=4. Let k(t) := ||VxX]|| be the (first) curvature of v. Assuming x # 0, we define
Y to be the unit vector field over v derived from V x X, that is Y satisfies the following

equation

VxX =kKrY

A proper circle is defined to be a curve which satisfies VxY = ¢X for some ¢ € R\ {0}.
We observe that

(VxY, X) = —(Y,VxX)
=—r(Y,Y)

The above equation implies that ¢ = —gge1k where g9 := sgn (X, X) and ¢; :=

sgn (Y, Y). Thus a proper circle is defined by the equations

V)(X =rY
V)(Y = —€0€1KX

where k # 0 is a constant. A proper circle satisfies the following third order ODE [ANY90:

VxVxX = — (VxX, Vi X) (X, X) X (3.2.1)

Conversely we will see shortly that any unit speed curve satisfying the above equation
with (Vx X, VxX) # 0 is a proper circle. We define a circle in a pseudo-Riemannian
manifold to be a unit speed curve satisfying the above equation, hereafter called the
circle equation. The following lemma shows that any pseudo-Riemannian manifold admits
circles:

Lemma 3.2.1 (Existence and Uniqueness of Circles [NY74])
Consider the following initial conditions: p € M, a unit vector X, € T,M and Y, € X,-.
There exists a unique locally defined unit speed curve y(t) in M satisfying Eq. (3.2.1) and

4Sometimes these are called geodesic circles [Ami03]. This name emphasizes the fact that we due not
require the image of these curves to be a compact set, i.e. homeomorphic to S'.
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the initial conditions:

7(0)=p
7(0) =X
(VXX)|1> =Y,
where X :=* and Y := VxX. Furthermore, (Y,Y) is constant along any circle. o

ProoFr It follows by the existence and uniqueness theorem for ODEs that there exists a
unique locally defined curve «(t) satisfying Eq. (3.2.1) with the above initial conditions.
Then observe the following:

Vi (X, X) =2(X,VxX) = (X,Y)
Vi (X,Y) = (Y,Y) + (X, VyY)

(3.2.1)

<Y7Y> - <X7X>2 <Y7Y>
= (V,Y) (X, X)* = 1)

The above two equations define a system of ODEs for (X, X) and (X,Y’), with initial
values (X, X) |, =e¢ = %1 and (X,Y) |, = 0. Thus by the uniqueness of the solutions, it
follows that (X, X) = ¢ and (X,Y) = 0 wherever ~ is defined. Hence 7 is a unit speed

curve.

Finally observe that

Vx (YY) =2(VyY,Y)

U2V 9 (Vi X, Vi X) (X, X) (X,Y)

=0
Hence (YY) is constant. n
Note that k := ||Y]| in the above lemma is usually called the curvature of the circle.

In Riemannian manifolds, circles are completely classified by their curvature, although
this is not true for pseudo-Riemannian manifolds. Using the above lemma we can classify
circles in a pseudo-Riemannian manifold as follows. Let (t) be a circle in M and suppose
~ satisfies the initial conditions of the above lemma. Then ~ can be classified as follows

depending on Y):

Geodesic: If Y, =0.
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Proper Circle: If (YY) |, # 0.

Null Circle: If (YY) |, =0but Y, # 0, i.e. Y}, is lightlike, hence Eq. (3.2.1) reduces to
VxVxX =0.

Note that this classification is well defined globally since (YY) is a constant of a circle

and the uniqueness theorem for ODEs forces any circle with Y, = 0 to be a geodesic.

Example 3.2.2 (Geodesics in Spherical Submanifolds [Kas10])
Let M be a spherical submanifold of M. Suppose ~(t) is a unit speed geodesic on M. We

will show that v is a circle in M. By the Gauss equation, we have the following:

VxX =(X,X)H

Then by the Weingarten equation and using the fact that VX H = 0 where V+* is the

induced normal connection over M, we have the following:

VxVxX =(X,X)VxH
= — (X, X) Ap(X)
= — (X, X)(H, H)X
= — (X, X)(VxX,VxX) X

(3.0.1)

since for any Z € X(M)*+, (Ag(X), Z) (h(X,Z),H)=(X,Z)(H,H). 0

We note here that the above example in combination with Lemma 3.2.1 shows that
the mean curvature vector field of a spherical submanifold is locally determined by its
value at a single point. Also note that the proper circles in pseudo-Euclidean space are
given in Example D.4.4.

We will now present some additional results that show how circles can be used to
characterize spherical submanifolds. These results were first obtained for the Riemannian
case by Nomizu and Yano in [NY74]. They were generalized to the Lorentzian case by
Ikawa in [Ika85] and to the pseudo-Riemannian case by Abe, Nakanishi, and Yamaguchi
in [ANY90].

For the following theorems we denote a pseudo-Riemannian manifold M with signature
a by M,. The following theorem characterizes spherical submanifolds in terms of circles,

it is analogous to the corresponding theorem for geodesics and geodesic submanifolds (see

[O’N83, section 4.4]).
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Theorem 3.2.3 (Circles and Spheres [ANY90])
Let M, be an n dimensional pseudo-Riemannian submanifold of Mg. For any ey € {—1,1}
and g1 € {—1,0,1} satisfying 2 — 2a < eg+e1 < 2n — 2 — 2 and k € RT, the following

are equivalent:
(a) Every circle in M, with (X, X) =¢gq and (VxX,VxX) = ek? is a circle in Mg.

(b) M, is a spherical submanifold of Mpg. O

PROOF See [ANY90]. -

More intuitively, the above theorem states that a spherical submanifold M is precisely
a submanifold in which all circles in M are circles in the ambient space. Also note that
the above theorem shows that a circle is precisely a spherical submanifold of dimension
one. The following theorem is a variant of the above theorem which is known to hold (in

full generality) only in the strictly pseudo-Riemannian case.

Theorem 3.2.4 (Circles and Spheres IT [ANY90])
Let M,, be an n dimensional (1 < o < n — 1) pseudo-Riemannian submanifold of M,

having the same signature o. For any o € {—1,1}, the following are equivalent:
(a) Every geodesic in M, with (X, X) = &y is a circle in M,.

(b) M, is a spherical submanifold of M,,. O

These results can be further generalized by considering more general types of curves
such as helices (which we will not define here). See [Nak88] where a theorem analogous to
Theorem 3.2.3 is proven characterizing helices in terms of geodesic submanifolds. Also in
[JE94] results relating conformal circles to umbilical submanifolds are presented.

The following lemma describes how much information is required to specify a sphere.
It is a partial generalization of the corresponding lemma for the Riemannian case proven
in [Kas10].

Lemma 3.2.5 (Uniqueness of Spheres)
Suppose that M and N are connected and geodesically complete spherical submanifolds of

M both satisfying the following condition: For some p € M NN, M and N are tangent

and have the same mean curvature vectors. Then M = N. -

PROOF Our proof is a generalization of the proof of lemma 4.14 in [O’N83, P. 105].
Let ¢ € M be arbitrary and suppose that v(t) is a geodesic segment in M running from
p to ¢. Then observe that v is a geodesic circle in M with velocity X, and acceleration

(X, X) |pH]§” at p where HM is the mean curvature vector field of M. By the uniqueness
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of circles (see Lemma 3.2.1) and the hypothesis it follows that v is also geodesic in N
which is defined everywhere since N is geodesically complete. Note that this implies that
mean curvature vector fields of M and N coincide over v, so we denote this vector field
by H.

Now suppose Z, € T,M N X]gL and let Z be the parallel transport of Z, over v with
respect to M. Since parallel transport is an isometry, (Z, X) = 0. Thus by the Gauss

equation,

VxZ=V¥7Z+{(Z X)H
=0

where V is the Levi-Civita connection on M and VM is the induced Levi-Civita connection
on M. Thus Z is also the parallel transport of Z, over v with respect to M.

Thus the parallel transport of 7,M N X~ to ¢ on M is equal to T,M N X Similarly
the parallel transport of T, N N XpL to g on M is equal to T,N N X,. Since the parallel
transport on M is uniquely determined, we deduce that T,MNX qL =T,NNX qL. Since
X, € T,M,T,N, we conclude that T, M = T, N. Thus since M is connected, one can apply
this argument to an arbitrary broken geodesic (see [O'N83]) to conclude that M C N.

Finally by applying the argument for M interchanged with N, we see that M = N.g

Let M be a space of constant curvature. We will show in this thesis that for every
p € M, non-degenerate subspace V C T,M, and normal vector H € (T,M )" there exists a
connected and geodesically complete spherical submanifold passing through p with tangent
space V' and mean curvature vector H at p. In the following theorem, we will show that
this property characterizes Riemannian spaces of constant curvature. For the following
theorem, we say a Riemannian manifold M satisfies the aziom of r-spheres if: for every
p € M and any r dimensional subspace V' C T,M there exists a spherical submanifold

passing through p and tangent to V.

Theorem 3.2.6 (Spheres in spaces of constant curvature [LINT71])
Let M be a Riemannian manifold with dimension n > 3 and fix 2 <r <n. Then M is a

space of constant curvature iff it satisfies the axiom of r-spheres (see above). O

PROOF See [LNT1]. n

3.3 Product Manifolds

In this section we will briefly introduce some notations used on product manifolds.
Suppose M = Hle M; is a product of pseudo-Riemannian manifolds (M;, g;). We denote
M;, == My X -+ X M;_y X My X ---x My and the canonical projections m; : M — M;
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by p — p; for each i. We also let m;; : M — M;, be the canonical projection associated
with the decomposition M = M; x M;,. We denote by L; the canonical foliation of M
induced by M;. For p € M, the leaf of L;(p) through p and the canonical embedding of
M; in M denoted 7; are given by

Tz(p) = (pla'"aﬁi—lapaﬁi-ﬁ-lw"apk)) pEMz
Li(p) == 1(M;) ={p € M : p = 7i(p;), pi € M;}

We let E; denote the integrable distribution induced by L;.

We can naturally “lift” any tensor defined on the manifolds M; to M. For example if
@ € F(M;) then the lift is ¢ := pom; € F(M), we denote the set of all such functions
on M of this form by F(M;). For & € X(M;), the lift is the unique vector field v € X(M)
such that (m;).v = 0 and (m;1).v = 0. Analogously we denote the set of all such vector
fields on M of this form by X(M;); note that X(M;) is in general a proper subspace of
T(E;). SP(M;) is defined similarly.
Example 3.3.1
Suppose M = Hle M; is a product manifold. In adapted coordinates this lifting operation
is very simple. Indeed, let (y;) be coordinates for M; and consider the product coordinates
(r) = (y1,...,yx) for M. If T € S*(M;), then the lift, T, satisfies the following equation:

5 T(dyF, dyl) ifi=j

Tay gy = § 1O
0 else

Hence note that if £; denotes the distribution induced by M, then T is tangent to Ej,

i.e. T can locally be written as a sum of 2-fold symmetrized products of elements in I'(E}).

Furthermore, the non-zero components in product coordinates are functions on M;. g

If v € X(M;) and u € X(M,), then (m;),[v,u] = [0,a] if i = j and [v,u] = 0 if i # J.
Also note that usually we will use the same symbol for a tensor and its lift. For ¢ € F(M),
we say that ¢ is independent of M; (or E;) if ¢ € ]:"(Mu); if M is connected this is
equivalent to ¢, E; = 0. We say that ¢ depends only on M; (or E;) if ¢ € F(M;).

3.4 Nets and their Integrability

The following notion of (orthogonal) nets will be useful:

Definition 3.4.1 (Nets [MRS99])
A family € = (E;)¥_; of integrable distributions E; on a manifold M is called a net on M
if the tangent bundle T'M can be decomposed as:
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k
™™ = P E;
i=1

If M is a pseudo-Riemannian manifold, and the direct sum in the above equation is
replaced with the orthogonal direct sum, then &£ is called an orthogonal net. o
Remark 3.4.2

If M is a pseudo-Riemannian manifold, then unless specified otherwise, all nets are

assumed to be orthogonal. o

A net € is said to be (locally) integrable (or locally decomposable in [MRS99)) if for
every p € M there exists a neighborhood U C M of p and a C'*°-diffeomorphism f from a
product manifold Hle M; onto U such that for every q € Hle M; and every 1 =1, ..., k
the slice (g1, ..., qi—1) X M; X (¢is1,---,qx) gets mapped into an integral manifold of E;.
In this case, the product manifold J[F_, M; is said to be (locally) adapted to €. An
(orthogonal) net & is called an (orthogonal) web if it is integrable and dim E; = 1 for each
i. Given a collection of distributions €& = (E;)¥_; on a pseudo-Riemannian manifold, we
say the collection is orthogonally integrable if £ forms an integrable orthogonal net. For

the following theorem, if £ is not assumed to be orthogonal, then Ei := P iz By In

i
[RS99, Theorem 1] the following has been shown, which justifies the term “orthogonally
integrable”

Theorem 3.4.3 (Characterizations of integrable nets [RS99])

For the decomposition TM = @F_| E; by the family of distributions & = (E;)k_,, the

following are equivalent

1. & is an integrable net.
2. The orthogonal distributions E;- are integrable for i =1,....k.

3. The distributions E; and their direct sums FE; ® E; are integrable fori,5 =1,...,k. o

The above theorem also proves the following well known fact:
Corollary 3.4.4
Any net € with two factors, i.e. € = (E, Es), is integrable. O

When the net has more than two factors, it’s easy to find non-integrable cases:
Example 3.4.5 (Non-integrable nets)
Suppose M" is a pseudo-Riemannian manifold with n = 3. Let u be any non-null vector
field such that u* is not an integrable distribution. Extend this to a local orthonormal
basis, {u,v,w} for T M, then clearly these vector fields form a net which is not integrable
by the above theorem.

As a concrete example, one can take M = E? and u to be the Killing vector field whose

integral curves are helices. 0
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The following example gives the simplest way to obtain integrable nets.

Example 3.4.6 (Product Nets)
Suppose M = Hle M; is a product of manifolds M;. If E; denotes the canonical foliation
induced by M; then €& = (E;)¥_, is called the product net of Hle M;. Note that by

definition, £ is an integrable net. If each M; is a pseudo-Riemannian manifold equipped
k

with covariant metric g;, then equipping M with the metric g = > 7}¢g; makes £ into an
i=0
orthogonal net. -

3.5 Warped and Twisted Products

Warped products are ubiquitous in applications of pseudo-Riemannian geometry. Most of
the separable coordinate systems in spaces of constant curvature are built up using them
[Kal86], and some exact solutions in general relativity are composed of them [DU05; Zegl1].
They can intuitively be thought of as a partial generalization of the spherical coordinate
system to arbitrary pseudo-Riemannian manifolds. Indeed, it will eventually become clear
that all the spherical coordinate systems (on any space of constant curvature) can be
constructed iteratively using warped products, and that they share several properties with
these coordinate systems. Similarly it will be clear that the well known Schwarzschild
metric in relativity can be constructed by using warped products. In this section we will
give a brief introduction to these products by studying them as special cases of twisted
products. The content of this section is primarily from [MRS99] where the notion of a
twisted product is studied. For more on warped products and applications see [O’N83;
MRS99; Zegl1].

The following general definition of a twisted product is useful in the study of conformal

Killing tensors.

Definition 3.5.1 (Warped and Twisted Products)
Let M = Hf:o M; be a product of pseudo-Riemannian manifolds (M;, g;) where dim M; > 0
for ¢ > 0. Suppose for i =0, ..., k, m; : M — M, is the projection map and p; : M — R*

is a function. The following metric g on M is called a twisted product metric

k
9g(X,Y) = Zp?gi(m*X, miY) for XY € X(M)
=0
k
In this case (M, g) is called a twisted product and is denoted by pH;O M; where
p = (po, .-, p). Furthermore the p; are called twist functions of the twisted product. If
each p; depends only on My and py = 1 then g is called a warped product metric and (M, g)
is called a warped product. The warped product is denoted by My x,, M; X --- X, M.
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M, is called the geodesic factor of the warped product and the M; for ¢ > 0 are called

spherical factors. O

Example 3.5.2
By taking M, to be a point and £ = 1 in the definition of a twisted product, we get a

conformal product. O

Example 3.5.3
By taking M, to be a point and k£ > 1 in the definition of a warped product, we get a
pseudo-Riemannian product. Throughout this thesis we will treat pseudo-Riemannian

products as special cases of warped products this way. o

Example 3.5.4
If dim M; = 1 for each i, then the twisted product metric is locally the metric of an

orthogonal coordinate system. O

Example 3.5.5 (Prototypical warped product)

The prototypical example of a warped product is the following warped product defined
in (an open subset of) E", which is the product manifold R x S"~! equipped with the
metric g = dp? + p*>§ where g is the metric of the (n — 1)-sphere S 1. O

Note that a twist function p; of a twisted product is only uniquely defined modulo
products of functions f € F (M;). To elaborate, from the above definition one sees that we
can multiply p? by f € F (M;) if we divide g; by f. The geometry of the twisted product
is not altered by such transformations as we will see. We say that the twist functions are
normalized (with respect to a point p € M), if for each i, p;(p) = 1 for all p € L;(p).

First we give the formulas for the Levi-Civita connection and Riemann tensor of a
twisted product; it is from Proposition 1 in [MRS99]. We will make use of the following
notation: Given a collection of distributions (E;)_; satisfying TM = @¥_| E;, then for any
vector X € X(M), we have the orthogonal splitting X = Y X* where each X* € T'(E;).

Proposition 3.5.6
k -

Let pHA . M; be a twisted product with product net € = (E;)¥_,. Let V be the Levi-Civita
1=

connection associated with the ordinary pseudo-Riemannian product metric of Hf:o M;

with Riemann tensor R and V be the Levi-Civita connection of the twisted product metric.
Let U; :== —Vlog p; and X,Y € X(M), then V is given as follows

ViV =VxY + ) (X, YDYU = (X, U) Y = (Y, U;) X7 (3.5.1)

=0
Note that V satisfies (@XY)" = VxY'. The Riemann tensor R of the twisted product is
given by:
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R(X,Y) = R(X,Y) + > (VxU; = (X, U) U) AY' + X' A (VyUs = (Y, U;) Uy))
i (3.5.2)
+ Y (UL U)X AY?

for any X,Y € X(M). For X,Y € X(M), the linear operator X \Y is the one metrically

equivalent to the bivector. o

The following corollary gives the corresponding formulas for a warped product.
Corollary 3.5.7
Let My x,, My x -+ x, M be a warped product. Let V be the Levi-Civita connection
associated with the ordinary pseudo-Riemannian product metric of Hf:o M; with Riemann
tensor R and V be the Levi-Civita connection of the warped product metric. Let H; =
—Vlogp; and X, Y € X(M), then V is given as follows

k
VY =VxY + Y (XY H, — (X, H)Y' = (Y, H;) X")
i=1
Note that V satisfies (@XY)" = VxY?. The Riemann tensor R of the warped product is
given by:

RIX,Y)=R(X,Y)+ > (VxoH; — (X, H;) H) NY' + X' A (Vyo H; — (Y, H;) Hy))

=1
k
— > (Hi H) X' AY?
ij=1
for any X,Y € X(M). For X,Y € X(M), the linear operator X NY is the one metrically
equivalent to the bivector. Furthermore, the Riemann tensor R satisfies (R(X,Y)Z)" =

R(X',YHZ'.

O

PROOF The formula for Riemann tensor follows from Eq. (3.5.2) by expanding Vx H; as
follows:

k
VxH;=VxoH;— Y (H; Hj) X'

i=1
The remaining facts follow from Proposition 3.5.6 and Corollary 2 in [MRS99]. -
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The above formula for the curvature tensor can be used to obtain general formulas for
the sectional curvature of warped products. First we need some definitions. If f € F(M),
we denote the Hessian of f [O'N83, P. 86|, by Sifj = V,V,f. f X,Y € T,M span a
non-degenerate 2-plane then the sectional curvature of the 2-plane, K(X,Y), is given in

terms of the curvature tensor R as [O'N83, lemma 3.39]:

(R(X, Y)Y, X)
IX A Y

K(va): ) ||X/\Y||2:<X7X> <KY>_<X7Y>2

Now we have the following:

Corollary 3.5.8 (Sectional curvature of warped products)
Suppose M = My X, My X --- X, My, is a warped product with product net & = (EB)k,.
Let X,Y € I'(Ey), V € T'(E;) and U € I'(Ey) for i,k > 0. If H; = —Vlog p; denotes the

mean curvature normal of E;, then we have the following:

_ 1Mo
KXY — KXY

SPi(X, X)

Kyy=—7-2-+- 3.5.3
v e (3.5.3)
Kyy = — (H;, Hy) (i #k) (3.5.4)

Ky = (Vp)?
Koy = UV—z(p) (i = k) (3.5.5)
Pi o
PrOOF This follows from the formula for the curvature tensor in Corollary 3.5.7. n

The following properties of the twisted product can be found in Proposition 2 in
[MRS99].

Proposition 3.5.9 (Properties of the Twisted Product [MRS99])
k
Let pH;O M; be a twisted product with product net & = (E;)¥_, and U; :== —V log p;.

1. £ is an orthogonally integrable net.
2. For each 1 the distribution E; is umbilical with mean curvature normal H; = UZ-“.

3. E; is geodesic iff p; is independent of M; for j # i. Ei is geodesic iff p; is
independent of M; for j # 1.

4. If p is independent of M; then E; is Killing. The converse is also true if the twisted

product is normalized. o
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The following theorem characterizes twisted and warped products in terms of the
geometry of their canonical foliations.
Theorem 3.5.10 (Geometric Characterization of Twisted and Warped Products [MRS99]
Let M = Hf:o M; be a connected product manifold equipped with metric g and orthogonal
product net £ = (E;)%_,. Then g is the metric of

k
1. a twisted product pH;O M; ioff E; are umbilical distributions
2. a warped product My X p, My X - - -, My iff E; are Killing distributions fori=1,...,k

3. a pseudo-Riemannian product iff E; are geodesic distributions o

PRrROOF The characterization of the twisted product follows from Proposition 4 in [MRS99].
We note here that the relationship between the second fundamental form and Lie derivatives
of the metric given in Proposition 3.1.2 is crucial to the proof of this fact. The other

characterizations follow from the first and Proposition 3.5.9 above. n

Remark 3.5.11
It follows by definition of the twisted product, that they are invariant under confor-
mal transformations. The conformal generalizations of warped and pseudo-Riemannian

products and their characterizations are given in [Toj04]. 0

The following notions of twisted and warped product nets will be especially useful for

studying conformal Killing tensors. It was originally Definition 3 in [MRS99].
Definition 3.5.12 (Twisted and warped product nets)

Let M be a pseudo-Riemannian manifold and suppose £ = (E;)Y_, is an orthogonal net.

1. & is called a twisted product net (TP-net) if it is integrable and each distribution E;

is umbilical.

2. & is called a warped product net (WP-net) if E; is Killing for i = 1, ..., k. o

Remark 3.5.13
In all applications, dim E; > 0 for ¢ > 0. Although we will allow dim Ey = 0 for a WP-net

since this gives us a pseudo-Riemannian product net (RP-net). 0

It can be shown that if £ is a WP-net, then it is a TP-net with Ey = rk] Ei+ a geodesic
distribution [MRS99, Proposition 3]. Also in the case &£ is a WP-net we ;gfler to Ey as the
geodesic distribution of the WP-net and the E; for ¢ > 0 as the Killing distributions of the
WP-net. The following theorem, which is Corollary 1 in [MRS99], gives the motivation for
the above definition. It shows that every TP-net (resp. WP-net) admits a locally adapted

twisted product (resp. warped product).
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Theorem 3.5.14 (Twisted and warped product nets [MRS99])

Let (M, g) be a pseudo-Riemannian manifold and suppose & = (E;)¥_, is a TP-net (resp.
WP-net). Then for every p € M there exists an open set U C M containing p and a map
f: H?:o M; — U which is an isometry with respect to a twisted (resp. warped) product

: k
metric on [[,_q M;. o

PROOF The existence of the map f : Hf:() M; — U which is a diffeomorphism is guaran-
teed by the integrability of the net &, see Theorem 3.4.3. Once H?:o M; is equipped with
f*g, the result then follows by Theorem 3.5.10. =

Remark 3.5.15
One can also check that a similar theorem holds for a pseudo-Riemannian product net

and metric. =

Now we can give some justification to the name “Killing” for a non-degenerate distribu-
tion which is spherical and has a geodesic orthogonal complement. By the above corollary,
we see that a one dimensional Killing distribution is always spanned by a Killing vector
field. Conversely any normal® non-null Killing vector field spans a Killing distribution.
The following can be said about multidimensional Killing distributions via the warped

products they induce [Zegll]:

Proposition 3.5.16 (Lifting isometries from Killing distributions)
Let M = B x, F' be a warped product and suppose f: F — F is an isometry of F. Then
the lift f defined by

f@y) = (x, f(y), (v,9) € BXF

15 an isometry of M. 0

®We say a non-null vector field is normal if the orthogonal distribution is Frobenius integrable.
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Chapter 4
Killing tensors

In this chapter we thoroughly study the geometric objects encoding separation, (conformal)
Killing tensors. In the first section we will first review a formalism we will use in this
chapter and the next. In the following section, we introduce Killing tensors and give some
equivalent definitions of them. In Section 4.3 we consider a conformal generalization of
Killing tensors which will also be of use. In Section 4.4 we study orthogonal conformal
Killing tensors systematically. We give a characterization of them based on the geometry of
their eigenspaces and present some consequences of it. We then present other miscellaneous
results which will be used later. Finally, in Section 4.5 we describe the Killing tensors

which have a canonical algebraic decomposition in warped products.

4.1 Hamiltonian mechanics on the Cotangent bundle

We will be working on the cotangent bundle 7% M, which is the natural geometric setting
for Hamiltonian mechanics, and Hamilton-Jacobi theory [Arn89]. We assume the reader
is familiar with the basic notions of Hamiltonian mechanics on the cotangent bundle
T*M, see [Leel2] for the basics and [Arn89] for more details. We review the basics
to fix our notations, following [Woo75] and [Ben89]. We denote the natural projection
map by 7 : T*M — M which acts on a point (q,p) € T*M as 7w(q,p) = q. Any local
coordinate system (¢*) on M induces coordinates (¢', p;) on T* M, hereafter called canonical
coordinates. The coordinates (p;) are called momenta.

A Hamiltonian is simply a function H € F(T*M). If M is a pseudo-Riemannian
manifold with metric (-, -}, the natural Hamiltonian H with potential V' € F(M) is defined
by:

H(g,p) == % {p,p) +V(q) (¢,p)€eT*M

The geodesic Hamiltonian is obtained by setting V' = 0 in the above equation.
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The Liouville 1-form @ is defined by:

Ogp)(X) =p(m.X) (q¢,p) € T"M, X € T(gyT*M

In canonical coordinates, # = p;dg’. The canonical symplectic form on T*M is then
w:=df. A crucial property of w is that it’s non-degenerate, i.e. at each point (¢, p) the
quadratic form w on T{,,)T* M is non-degenerate.

This means to each function F' € F(T*M), w induces a vector field Xp, called the
Hamiltonian vector field of F defined by the following equation:

w(Xp,Y)=dF(Y)=YF, Y €X(T*M) (4.1.1)

If we take F' = H where H is the Hamiltonian, then an integral curve of Xy satisfies

the classical Hamilton’s equations [LL76] in canonical coordinates (g, p):

_8H .‘__é?H
B Op; b= aq’

33

q

For any F,G € F(T*M), the Poisson bracket is defined by:

{F,G} = w(Xp, X¢)

In canonical coordinates

" (OF0G O0GOF
{F.G} = ; (aqiﬁ_pi - a_qi@pi) (4.1.2)

If the Poisson bracket vanishes identically, then we say the functions F' and G' Poisson
commute. A set of functions which Poisson commute are said to be in involution. We say
a function F € F(T*M) is a first integral if it satisfies

(F.HY=0

where H is the Hamiltonian. Note that it follows from Eq. (4.1.1), that first integrals
are constant along the integral curves of Xy, i.e. a first integral F' satisfies Xy F = 0.
In particular we note that the Hamiltonian is a first integral, known as the energy for

natural Hamiltonian systems.
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4.2 Definition in terms of Poisson and Schouten brack-

ets and Covariant Derivative

In this section we give three equivalent definitions of a Killing tensor on a pseudo-

Riemannian manifold. We first start with the definition on the cotangent bundle.

Poisson bracket Fix canonical coordinates (g, p) for T*M. Each K € S"(M) induces

a homogeneous polynomial of the momenta defined by

Ex = Kjl...jrpjl ...Dj, € f’(T*]\/[) (421)

This process can be inverted to obtain K from Fy. Indeed, if we denote the dependence
of Ex(p) on p explicitly, then observe that for any covectors py,...,p, € T; M, we recover

K using the generalized polarization identity:

’ , 10 0
Ko aopioopr=—— . LBty + -+ topy 4.2.2
1. rpl pr T! atl atr K( 1p1+ + p) ( )

We also note that if K € S"(M) and L € S*(M), then

Exor = ExEyL (4.2.3)

A tensor K € S"(M) is called a Killing tensor on M if Ef is a first integral for the
geodesic Hamiltonian on T*M. Hence from the previous section we see that the function

FEx is constant on the trajectories of the geodesic flow.

Schouten bracket We now introduce the Schouten bracket and use it to obtain a
condition on M which characterizes when K € S™(M) is a Killing tensor. In analogy with
Proposition 3.1 in [Mar97], the Schouten bracket (for symmetric contravariant tensors) is

defined as follows:

Theorem 4.2.1 (Schouten bracket [Sch53])
There exists a unique R-bilinear operator, mapping S(M) x S(M) — S(M), called the
Schouten bracket, denoted by (P, Q) — [P, Q], and determined by the following properties:

(a) For f,g € S°(M), [f,g] =0.
(b) For a vector X € SY(M), and Q € S(M) we have [X,Q] = LxQ.

(¢c) For P,QQ € S(M)
[P, Q] = —[@, P]
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(d) For P,Q,R € S(M)

[P,QOR]=[P,QlO R+ QO[P R o

The proof of the above fact follows by expanding the tensors in a local basis (see [Mar97]
for the details of a rigorous proof). Indeed, in local coordinates (x*), for P € SP(M) and
Q@ € S%(M) one can derive the following:

[P, Q]h---ipjl---jqﬂ _ ppk(il---ipflainpjl---jqfl) _ qQk(jl---jqflakPil---ip) (4.2.4)

The Schouten bracket has the following fundamental property.

Theorem 4.2.2 (Schouten and Poisson brackets)
If K € SP(M) and G € SU(M), the Schouten bracket satisfies the following identity:

B = —{Ex, Ec} (4.2.5)

O
PROOF This result follows by a straightforward calculation using Eq. (4.1.2) and Eq. (4.2.4).m

Due to the connection above, the Schouten bracket is often defined in terms of the
Poisson bracket (for example, in [Ben89]). With this connection, the properties of the
Schouten bracket can be derived from similar properties of the Poisson bracket. We will

give an example of this in the proof of the following result.

Proposition 4.2.3 (Properties of the Schouten bracket)
For P,Q,R € S(M), the Schouten bracket satisfies the following:

(a) If P € SP(M) and Q € SY (M) then [P,Q] € SPT1~1(M)

(b) The Jacobi identity is satisfied:
[P.[Q, Rl + [R, [P, Q] + [Q, [R, P]] =0
(c) If P € SP(M) and f € F(M) then

[P, f:lil---ip—l — ppil---ipfljajf (426)

O

PrROOF The first property follows from the coordinate formula. The second follows by
a direct calculation (see [Nij55] for more details), or using the Jacobi identity for the
Poisson bracket (see [Leel2]) and Theorem 4.2.2. The third property, which is a useful

fact, follows immediately from the coordinate formula. -
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In analogy with the Poisson bracket, we say two tensors K € SP(M) and G € S7(M)
Schouten commute if they satisfy [K, G| = 0. By Theorem 4.2.2 and the generalized
polarization identity (Eq. (4.2.2)), we see that a tensor K € SP(M) is a Killing tensor
(KT) iff it satisfies:

[K,G] =0

where G is the (inverse) contravariant metric. If p = 1, then K is called a Killing vector
(K'V) and the above equation reduces to LxG = 0 (see Theorem 4.2.1). The properties of
the Schouten bracket imply that Killing tensors form a Lie algebra (with respect to the
Schouten bracket) which is closed under the symmetric product.

We conclude with some historical remarks on the Schouten bracket. The Schouten
bracket was discovered originally by Schouten in [Sch53]. Its properties have been studied
by his student Nijenhuis in [Nij55]. In Schouten’s original work he introduced a more
general bracket defined on the space of contravariant tensors, also called the Schouten
bracket. This bracket naturally breaks down into two brackets, one for symmetric tensors
discussed above, and another for anti-symmetric tensors. Indeed, if P, () are contravariant
tensors with symmetric and anti-symmetric parts Ps, Qs and P,, (), respectively, then the
Schouten bracket can be written [Nij55]:

[Pa Q] - [P87Qs] + [PaaQa]

where [Ps, Q] is the Schouten bracket for symmetric tensors and [P,,Q,] is the one
for anti-symmetric tensors. The one for anti-symmetric tensors satisfies a theorem
similar to Theorem 4.2.1 (see Proposition 3.1 in [Mar97]), the main difference being that
the symmetric product is replaced with the wedge product. The Schouten bracket for
anti-symmetric tensors appears more often in the literature because of its role in the

coordinate-independent definition of a Poisson manifold.

Levi-Civita Connection We will give our last definition of a Killing tensor in terms of
the Levi-Civita connection, V, of the metric g. First we need the following fact [Woo75].
Proposition 4.2.4 (Schouten bracket and Connections)

If P € SP(M) and Q € SU M), and V is a torsion-free connection, then the Schouten
bracket has the following form:

[P, Q]il...ipjl...jq,1 — pPk(il---ipflkaipjl---jqfl) . QQk(]1]q71VkP”ZP) -

PrROOF The proof follows by a straightforward calculation. Fix a local coordinate system
(z') and let I, be the Christoffel symbols of the connection V. Then observe that for
K € S9(M) we can write:

A7



Chapter 4. Killing tensors

Vinlu.jq — ainl..-J'q + Z FjrilKjl'”l"'jq
— alK]l]q + qF]qlK‘]l]q,ll

Thus

[P’ Q]i1~~~ipj1qu—1 — ppk(i1...ip_1ainpj1...jq_1) _ qQk(jqu_lakP’LlZp)
— pPk(’ilmip—lkaipjlu-jq—l) . qQk(jl...jq_lkail...iP)
. qppk(z‘l...ip,lFz’plejl...jq,l)l + quk(jl...jq,lripklpil...z‘p,l)l
— pPk(ilmip—lVinpjlqufl) . qQk(jquflkanzp) -

We have the following corollary.

Corollary 4.2.5
If K € S(M) and G is the (inverse) contravariant metric, then:

[K, G]h--.iq—ljk — _2V(ijil~-~iq—1) (427)

O

Equation (4.2.7) implies that K € SP(M) is a Killing tensor iff the following is satisfied:

Vil ..i,) =0

This is the standard definition of a Killing tensor. Using the above equation, we can

give another characterization of Killing tensors as follows.

Theorem 4.2.6 (Killing tensors and constants of motion)
A symmetric tensor K € SP(M) is a Killing tensor iff for any unit speed geodesic ~(t),
the quantity

Kil‘..ip;)/il LA

15 a constant along the geodesic. O

PrROOF This follows from a straightforward calculation. The converse follows with the

help of the generalized polarization identity (Eq. (4.2.2)). -
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4.3 Conformal Killing tensors and special classes

The conformally covariant generalization of a Killing tensor is known as conformal Killing
tensor (CKT) . A tensor K € SP(M) is said to be a conformal Killing tensor of valence p
if there exists C' € SP~1(M) (called the conformal factor) such that

K,G] = —2C 0 G

As an immediate consequence of the definition, one can check that a Killing tensor is
a conformal Killing tensor on any conformally related manifold. In analogy with Killing

tensors, we have the following equivalent characterizations of a conformal Killing tensor:

Theorem 4.3.1 (Characterizations of conformal Killing tensors)
Suppose K € SP(M), and let Ex € F(T*M) denote the corresponding homogeneous

polynomial on T*M and H be the geodesic Hamiltonian. The following are equivalent:

(a) K is a conformal Killing tensor with conformal factor C € SP~(M).
(b) On T*M we have {Ex,H} = 2EcH.

(c) With respect to the Levi-Civita connection, V, we have:

ViKjiy.ip 1) = Cliy..ip_19ij) (4.3.1)

O

PROOF The equivalence of the first and second characterizations follows from Eqs. (4.2.3)
and (4.2.5). The equivalence of the first and third characterizations follows from Eq. (4.2.7).m

In the literature, CKTs are often assumed to be traceless. This is due to the fact that
for any f € F(M), fG is a CKT. Though we do not make this assumption.

An important class of CKTs are those of valence two for which the conformal factor
C =V f for some f € F(M). If L is such a CKT, then it is said to be of gradient-type,

and one can show that the following tensor is a KT:

K=fG-1L

If in addition, f = tr(L), then it said to be of trace-type.

4.4 Orthogonal conformal Killing tensors

In this section we study the most important class of conformal Killing tensors for our

purposes, the orthogonal conformal Killing tensors. An orthogonal conformal Killing
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tensor, is a conformal Killing tensor which is also an orthogonal tensor. In the remainder
of this chapter, all tensors are assumed to be of valence two.

For now, by a conformal Killing tensor we will mean an orthogonal conformal Killing
tensor. In this section we first present a formulation of the conformal Killing equation in
terms of the eigenspaces of a conformal Killing tensor given in [CFS06]. This formulation
will be the most useful in our study. We then use the theory of twisted and warped
products given in [MRS99] (which is reviewed in Chapter 3) to show that an orthogonal
conformal Killing tensor naturally induces a twisted product, and then derive the well
known conformal Killing equation in the eigenframe. We then give necessary and sufficient
conditions on an eigenfunction of the tensor for the associated eigenspace to be geodesic
or Killing. We then end the section with some miscellaneous results on CKTs which will
be applied in the next chapter.

We denote {z,y} := 5(Vyy + Vyz) for ,y € X(M) which is sometimes called the
Jordan bracket [Rov98]. Note that the following statements are made for a CKT with
conformal factor ¢, hence the corresponding statements for KTs can be obtained by setting
t=0.

Lemma 4.4.1 ([CFS06])
Let E\ be a non-degenerate eigenspace of a CKT, T, associated with eigenfunction \.
Then the following equation holds for all x,y € T'(E))

(T~ A0} = 5 (2. 9) (VA =)

where t is the conformal factor of T. Moreover VA —t € T'(Ey). The following equation

holds for eigenvectors x,y, z with different eigenfunctions
Tz, y}2) + Tz 2} y) + Ty, 2}, 2) = 0 e

PrROOF We give some details of the proof, following [CFS06], by using Eq. (4.3.1) as the
defining equation of a CKT.
Suppose z,y € ['(E)) and z € X(M). A direct calculation shows the following:

IV T’y 2" = 2(x(Ng(y, z) + y(Ng(z, 2) + 2(Ng(x, y) — 2(Tjr — Agje){z, y} 2*)
Blg O t(x,y, 2) = 2(g9(z, y)t(2) + g(2, 2)t(y) + g(y, 2)t(x))

If we take x = y = z, then equating the above equations implies that:
22g(VA —t,2) =0
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By non-degeneracy of E, we see that VA — ¢ € ['(Fy). The first equation in the
lemma then follows by equating the first set of equations. The second equation in the

lemma holds since if x,y, z have different eigenfunctions, then

IV Tynya'y’ 2" = —2(T({x,y}, 2) + T({z, 2}, y) + T({y. 2}, 2))
lgot(x,y,2) =0 n

The following proposition is an immediate consequence of the above lemma.

Proposition 4.4.2 ([CFSO06])
Let T be an orthogonal tensor and let E; be the eigenspaces corresponding to the eigen-

functions \;. Then T is a conformal Killing tensor with conformal factor t iff
1. (T - )‘z[){xay} = % <$7y> (V)‘z - t) fOT‘ all T,y € F(E1>

2. T{z,y},2) + T({z,2},y) + T({y, 2z}, x) = 0 for eigenvectors x,y, z with different

eigenfunctions 0

The following theorem gives an equivalent characterization of condition 1 of the above
proposition which will allow us to more directly study the geometrical properties of CKTs.
It was originally Theorem 2 in [CFS06]. Before we state it, we remind the reader of some
notation. Given a collection of distributions (E;)¥_; satisfying TM = @le E;, then for
any vector z € X(M), we have the orthogonal splitting z = > z* where each z' € T'(E;).

Theorem 4.4.3 (Geometric Characterization of Orthogonal CKTs [CFS06])
Let T be an orthogonal tensor and let E; be the eigenspaces corresponding to the eigen-

functions X;. Then T is a conformal Killing tensor with conformal factor t iff

1. The eigenspaces E; are almost umbilical.
2. The mean curvature normals of the eigenspaces satisfy the following equation:
1 J
Hi=—3 ;(Vlog X — Aj) (4.4.1)
Ve

3. The conformal factor satisfies the following equation:

t=> (VA)

4. T{z,y},2) + T{z,2},y) + T{y, 2}, z) = 0 for eigenvectors x,y, z with different

eigenfunctions 0
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Remark 4.4.4

For a Killing tensor the second condition can be simplified to:

1 1
Hi=—2% —
24 (M=)

(V) o

PROOF By projecting condition 1 in Proposition 4.4.2 onto E;, we see that (VA; —t)" = 0,
thus

t=> (VA (4.4.2)

By projecting condition 1 in Proposition 4.4.2 onto every eigenspace £; with j # 1,

one obtains for z,y € I'(Ej;)

. 1 )
(A = A){z ¥ = 59z, y) (VA — 1)’
Then summing over j # i, one obtains

Li_ 1 i
{z, 4} = g(z,y) ; o (VA

Since t = > (V\;)’ the above equation can be written

i 1 j
{z,y}" = gla,9) ) M(V)‘i - V)
g ’
= MZ(VIOgMi — N
j#i

Thus if h; denotes the second fundamental form of E;, the above equation is equivalent

to the following:

hi(z,y) = {z,y}"" = g(z,y)H; (4.4.3)

where H; is given by Eq. (4.4.1). This last equation is equivalent to saying that F;
is almost umbilical with mean curvature normal H,;. Equations (4.4.2) and (4.4.3) are
equivalent to condition 1 in Proposition 4.4.2 as we just projected that condition onto all
the eigenspaces to derive the above equations. Hence by Proposition 4.4.2, the theorem is

proven. n

We will now proceed to show that when the eigenspaces are orthogonally integrable,
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Condition 4 of the above theorem is automatically satisfied. The following lemma can be

deduced from a knowledge of rotation coefficients, although we state it for completeness.
Lemma 4.4.5

Suppose (E;)¥_, is an integrable net. Then for x € T(E;) and y € T'(E;) with j # i,
V.y e [(E & E)).

O

PROOF Suppose z € I'(E)) where k is different from i, j. Observe that

9(Vay,2) — g(Vyz,2) = g([2,y],2) =0
Also

g(Vyx,2) + g(2,Vy2) = Vyg(x,2) =0

The above two equations hold for all permutations of x,y, z. Thus

9(Vey, 2) = 9g(Vyz,2) = —g(z,Vy2) = —g(z, V.y)
=9(V.z,y) = 9(Vez,y) = —g(2, Voy)

Thus ¢(V,y, z) = 0. n

The following corollary gives a version of the above theorem for orthogonal tensors

with orthogonally integrable eigenspaces.
Corollary 4.4.6

Suppose T is an orthogonal tensor with orthogonally integrable eigenspaces and let E; be

the eigenspaces corresponding to the eigenfunctions \;. Then T is a conformal Killing

tensor with conformal factor t iff

1. The eigenspaces E; are umbilical.

2. The mean curvature normals of the eigenspaces satisfy the following equation:

1 .
Hi=— ;(Vlog X — N)? (4.4.4)
NE=4

3. The conformal factor satisfies the following equation:

t=> (VA (4.4.5)
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Remark 4.4.7
The Haantjes theorem (Theorem B.0.19) gives a simple necessary and sufficient condition

to check if an orthogonal tensor has orthogonally integrable eigenspaces. o

PROOF Since A = ( for each i, the eigenspaces are almost umbilical iff they are umbilical.
Condition 4 of Theorem 4.4.3 is automatically satisfied due to Lemma 4.4.5, hence the
result holds by Theorem 4.4.3. m

Now we use a result from [MRS99] which characterizes twisted products to show that
orthogonally integrable CKTs naturally give rise to a twisted product structure.

Corollary 4.4.8 (Conformal Killing tensors induce twisted product nets)

Suppose T is an orthogonal tensor with orthogonally integrable eigenspaces (E;)¥_, and

k
associated eigenfunctions (\;)¥_,. Let M = J] M; be a connected product manifold locally
=1

adapted to the eigenspaces of T. Then T is a CKT iff (M, g) is a twisted product with

tunst functions p; satisfying the following equation:

) 1 .
(Vlog pi)* = 5 Z(Vlog X — A\l (4.4.6)
J#i %
PrOOF This result follows from the above corollary together with Theorem 3.5.10 (1)
and Proposition 3.5.9 (2). n
Remark 4.4.9

As a direct consequence of the above two corollaries, we have the following. In local
coordinates (), a tensor T diagonalized in these coordinates with eigenfunctions (\?)
(counted with multiplicity) is a conformal Killing tensor with conformal factor ¢ iff the

following equations are satisfied:

O

Later on, we will use the above corollary to show how to encode the orthogonal
separation of the Hamilton-Jacobi equation in terms of Killing tensors.

The above corollary motivates us to define a Killing net (K-net) (resp. Conformal
Killing net (CK-net)) as the TP-net formed by the eigenspaces of a Killing tensor (resp.
conformal Killing tensor) when the eigenspaces are orthogonally integrable. The following
lemma shows that CK-nets are a special class of TP-nets. In particular, it will give us a

simple way to check when an eigenspace of a CKT is Killing.
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Lemma 4.4.10
Suppose (E;)k_, is an orthogonally integrable CK-net and let \; be the associated eigen-

functions. If Ei is geodesic, then E; is spherical. O

PROOF Suppose & € X(M;) and y € X(M;) where j # i. Recall that this implies [z, y] = 0.
Then by Eq. (4.4.4)

1
z (i y) = —52(Viog |Ai = A, y)
1
= —Exylog |Ai — A
1
= —E?ﬂlog A — Ayl

1
= —éy (Vg |\i — \j|, )

=Y <Hj7x>

Now, since E;- is geodesic, one can show that H} = 0 for j # 4. This can be seen for
example, by working in a local twisted product given by Corollary 4.4.8 and then using
Proposition 3.5.9 (3). Hence by the above calculation, x (H;,y) =y (H;,z) =y <H;, :U> =0.
Thus

(Vo y) =z (Hi,y) — (Hi, V.y)
= —(H;, Vyz)
(VyHi,z) —y (H;, x)
(VyH;, x)

0

where the last line follows since E;- is geodesic. Hence (V,H;,y) = 0 for all z € T'(E;)
and y € ['(E;), thus E; is spherical. n

The following corollary allows us to determine the geometry of the eigenspaces of a

CKT with orthogonally integrable eigenspaces using its eigenfunctions.
Corollary 4.4.11

Suppose T is a CKT with conformal factor t and orthogonally integrable eigenspaces
(Bl
1. E; is Killing off

(VX)) =t forallj #i
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2. E; is geodesic iff

(VXY =t forallj #i

In particular for a KT, E; is Killing iff all the eigenfunctions are independent of E;
and E; is geodesic iff \; is a constant. &

Proor This follows from the above lemma together with Corollary 4.4.6 and the defini-

tions of Killing and geodesic distributions. =

From the above corollary, it follows immediately that if M admits a KT with orthogo-
nally integrable eigenspaces € = (F;)¥_; and respective eigenfunctions (\;)%_, such that A
is constant and \; depends only on Ej for each ¢ > 0, then £ is a WP-net. One can easily
use Corollary 4.4.6 and Corollary 4.4.8 to show conversely that any WP-net admits a KT.
Although in the next section, we will give a different proof of this fact (see Corollary 4.5.3).

We can also deduce the following important fact from Corollary 4.4.8 [Ben93].

Proposition 4.4.12
Let K, J be Killing tensors. Suppose there exists an orthogonal web (E;)!, such that K

and J are simultaneously diagonalized in any coordinates adapted to this web. Then

[K’J]:O ]

PROOF The proof follows by a straightforward calculation. Let (z) be local coordinates
adapted to (E;)"_, and (\;) (resp. (p;)) be the eigenfunctions of K (resp. J) counted with
multiplicity. In these coordinates the remark following Corollary 4.4.8 gives the equations
satisfied by the eigenfunctions of these KTs. Using Eq. (4.2.4), we calculate the possibly

non-zero terms of the Schouten bracket as follows':

K79, J% — JH 0, K = g7 (30 (1kg™) — 11;0;(Meg™))
= g7 (N[051)9™ + 11 039™] — 115[(9500) g™ + Me0;9™))
= g7 9" (i[5 + 105 10g | || = Njpi;0; log 9|

+ A0, log !gkk‘ — 14[0; Ak + A\ 0; log lgkkH)

= gjjgkk()\j [0 + (pre — 125)0; 1og }gkkH

— 15[ + (e — A;)9; log |41

(4.4.7)

0

!Note that there is no sum on the index j.
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Thus it follows by Eq. (4.2.4) that K and J Schouten commute. n

The above proposition has a converse, given as follows.

Proposition 4.4.13 ([KMJ80])
Suppose K1, ..., K, are point-wise independent Killing tensors which pair-wise Schouten
commute. Suppose £ = (E;)1, is an orthogonal net which simultaneously diagonalizes

these tensors. Then £ is integrable, i.e. it is an orthogonal web. O

Remark 4.4.14

This fact was originally discovered in [KMJ80]. A proof of this result can be found in
[BCRO2], where it was shown that the assumption that the tensors are Killing tensors is
redundant. An obvious possible generalization is to replace n in the above proposition

with some positive integer k£ < n. O

If D is a distribution then we denote by S?(D) the set of symmetric contravariant
tensors of valence p over D, i.e. each element 7" € SP(D) can locally be written as a
sum of p-fold symmetrized products of elements in I'(D). The following proposition on
restriction of CKTs to submanifolds will be of use later on.

Proposition 4.4.15 (Restriction of CKTs to Invariant Submanifolds)

Let T be a CKT with conformal factor t and suppose D is an integrable non-degenerate T-
invariant distribution. If M is an integral manifold of D regarded as a pseudo-Riemannian
manifold with the induced metric, then T restricts to a CKT on M with the induced

conformal factor. O

PRrROOF By hypothesis TM = D @ D=, hence we can write

T=Tp+Tps
t=tp+tpe
G=Gp+Gps

Let ¢ : M — M be the inclusion map, then note that Tp = ¢, T for some T € S?(M).
Similar equations hold for tp and Gp. Thus we observe that the following equation
holds over M, [Tp,Gp] = [T, 1.G] = 1,[T, G] by naturality of the Schouten bracket. In
particular, we see that [Tp, Gp| € S*(D). Now

[Ta G] = [TD7 GD] + [TDv GDL} + [TDLa GD] + [TDia GDL]

also
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t@G:tDGGD+tD®GDL +tDJ_@GD+tDJ_®GDJ_

By projecting onto S?(D) we find that [T, Gp| = —2tp ® Gp, thus [T,G] = -2t © G
by injectivity of ¢,. n

4.5 Killing tensors in Warped Products

In the previous section we have seen that a multidimensional eigenspace of an orthogonally
integrable Killing tensor is necessarily umbilical. The ideal case where this eigenspace is
Killing is amenable to analysis. We will also see later on that this case is important to
the study of certain Killing tensors in spaces of constant curvature.

In this section we give conditions under which a tensor K € S?*(M) that admits a
K-invariant Killing distribution is a KT. Our first application of this result is to find
necessary and sufficient conditions for extending Killing tensors defined on the geodesic
and spherical factors of a warped product. These results are very useful for constructing
Killing tensors.

The following lemma won’t be directly used but it’s useful to keep it in mind for proofs

to come.

Lemma 4.5.1 (Schouten bracket on Product Manifolds)
Let M = B x F be a product manifold and suppose K € SP(B), G € SU(F). Then the
following holds:

[KuG]:O ]

Proor This follows from the naturality of the Schouten bracket, i.e. the proof is similar
to that when K and G are vector fields. =

In the follow proposition we will characterize KTs in warped products.

Proposition 4.5.2 (Killing tensors in Warped Products)
Suppose K € S?*(M) and D is a K-invariant Killing distribution. Let B x, F be a local
warped product adapted to the WP-net (D*, D) with contravariant metric G = Gy + kG4
where K = p~2.

Then K is a KT iff there exist KTs K' € S*(B), K € S*(F) and t € F(B) such that
the following equations hold:
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K=K +tG + K (4.5.1)
dt = K'dk
Furthermore K is also a KT on B x, F. &

PROOF By hypothesis, we can write K = Ky + K; where Ky € S*(D*) and K; € S*(D).
Thus,

|K,G] = Ko+ Ki1,Go + kG4

= [Ko, Go] + [Ko, kG1] + [K1, Go] + [K1, kG|
(4.2.6)

= [K(), Go] + H[Ko, Gl] + 2K0(d/€) O) G1 + [Kl, G()] + H[Kl, Gl]

Note that [Ko, Go] € S3(D4) (see Eq. (4.2.4)), then by linear independence, [K,G] = 0
ift

[Ko,Go] =0 (4.5.2)
[Kl, Gl] - O
kKo, G1] + 2K (dk) © Gy + [K1,Go) =0 (4.5.3)

Suppose (z') = (2, 2) are local coordinates adapted to the warped product B x, F.
We denote coordinates for B using Latin letters such as a, b, coordinates for I’ using Greek
letters such as «, 8 and the letters i, j, k are reserved for generic indices. Let X; := 0;,
then by Eq. (4.2.4) we have:

(K1, Go) = 2(K,dGIF — GodKi%) o X; © X,
= 2G K © X, 0 X5

and

(Ko, Gh] = 2(KodGIF — G1dKI) o X; 0 X,
= —2GdK* 0 X, 0 X,

Thus by linear independence, Eq. (4.5.3) is satisfied iff
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[K()aGl] =0
2K0(dl€) ®© G1 + [Kl, Go] =0

The first of the above equations are satisfied iff GydK® = 0, i.e. Ky € S*(B). The

second becomes

2Ko(dr) ® Gy + [K1, Go] = 2(Ko(dr)GS’ — GodKP) © X, © X5

which is identically zero iff

K = Ko(dr)GS?
= d°(Ko(dk)) =0 by non-degeneracy of G

where d° is d followed by the (point-wise) orthogonal projection onto (D+)*. So, Ko(dx) =
d°t for some t € F(B), thus

K7 = d°(tGY7)

Hence K% := K —tG$? € F(F), ie. K € S%(F). Equation (4.5.3) is satisfied iff K
is a KT on F' and Eq. (4.5.2) is satisfied iff Ky is a KT on B. Finally if we let K" := K,
the result follows. The last statement that K is a KT on B x o F' can be readily verified

from the above equations. n

Two important special cases of the above proposition are the following:
1. By taking K’,t = 0, we see that K € S*(F) is a KT on F iff it is a KT on B x, F.

2. By taking K = 0 we find that a necessary and sufficient condition for K’ € S?(B)
to be lifted into a KT on B x, I is that

d(K'dr) =0

We can also prove the following corollary cf. [Jel00], which shows that a WP-net is a
K-net.
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Corollary 4.5.3 (WP-nets always admit KTs)
A pseudo-Riemannian manifold M admits a WP-net £ = (E;)¥_, iff there exists a KT, K

on M whose eigen-net is £ and the corresponding eigenfunctions \; satisfy:
1. N\ is a constant
2. \; depends only on Ey for each i > 0

Furthermore if such a KT exists, then the warping functions can locally be chosen to

satisfy the following equation p? = |\; — Xo| for i > 0. O

Proor If M admits a KT with orthogonally integrable eigenspaces and eigenfunctions
satisfying the above conditions, then it follows from Corollary 4.4.11 that its eigenspaces
form a WP-net.

Conversely suppose £ is a WP-net, and suppose G = G + Zle k;G; is an adapted
warped product metric. The above proposition shows that each G; for ¢ > 0 is a KT on
M. Hence for each 7 if we choose ¢; € R, then K := ¢yG + Zle ¢;G;is a KT on M. Thus,
locally we can always choose the ¢; such that K is a KT with eigenspaces equal to £ and
clearly the eigenfunctions satisfy the above conditions.

Now if such a KT exists, by Eq. (4.4.6) in Corollary 4.4.8, we have for i > 0

(Vg )™ = (Viog|x; — Ajl)/

J#i
= Vlog |Ai = Aol
Thus it follows that locally we can choose the warping functions as stated. n

The following corollary follows immediately by inductively applying Proposition 4.5.2.
Corollary 4.5.4
Suppose € = (D;)r_, is a WP-net and K is KT with D; a K-invariant distribution for
v=1,...,k. Let M = My x, Hle M; be a local warped product adapted to £. Then in

contravariant form, K can be decomposed as follows:

k
K:K0+ZK,-

i=1
where each K; € 5’2(M,) s a KT fori=1,.. k. Furthermore Ky is a KT and each D; is
an eigenspace of Ky fori=1,..,k (see Corollary 4.4.11 for more on Kj). &
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Hamilton-Jacobi separation via

Characteristic Killing tensors

In this chapter we present the geometric theory of the Hamilton-Jacobi equation, its
separation, and the intrinsic characterization of separation. In the first section, we
introduce Hamilton-Jacobi theory. This section is mainly included for completeness and
not necessary to read later chapters. In Section 5.2 we introduce the separation of variables
method for the Hamilton-Jacobi equation, and present the Levi-Civita equations which
characterize separable coordinates. In the last two sections, we present the intrinsic
characterization of separation for geodesic and natural Hamiltonians respectively. In
these sections we also add more details for the case when the separable coordinates
are decomposable in a warped product. In this chapter we will be using the formalism
introduced in Section 4.1. In the first two sections of this chapter, we consider an arbitrary
Hamiltonian H. Finally, we note that this chapter can be read fairly lightly if one is not

particularly interested in the general theory.

5.1 Hamilton-Jacobi Theory

We present the fundamental results of Hamilton-Jacobi theory. We will not go into much
detail, just presenting the results of interest to us. Motivation for this theory can be found
in classical references such as [LL76]. The exposition here mainly follows [Woo75], with
help from [Ben89] and [Arn89].

Given a 1-form ¢ € A;(M), we denote by ® : M — T*M, the associated cross-section
of T*M. We observe that by definition, m o & = Id. Furthermore ¢ is said to be closed
if dp = 0. A closed 1-form ¢ € A;(M) is called a solution of the Hamilton-Jacobi (HJ)
equation if [Woo75]

62



Chapter 5. Hamilton-Jacobi separation via Characteristic Killing tensors

Hod=F

for some E € R where H is the Hamiltonian. In canonical coordinates (g, p), locally we
can assume that there exists W € F(M) such that ¢ = dW, then the HJ equation takes

its usual form:

A local complete solution of the Hamilton-Jacobi equation is a diffeomorphism W :
UxV CMxR"— T*M (onto some open subset of 7*M), such that for each v € V,
the restriction ¥, : U — T*M defines a closed 1-form v, € A;(M) which is a solution of
the Hamilton-Jacobi equation [WooT75].

In local canonical coordinates (g, p), ¥ takes the form
Vg, ) = (4, )

The condition that W is locally invertible is equivalent to the condition

0*W
dq‘0c;

det( )#0

which recovers the standard definition of a complete solution [Ben89]. We can now

state the central theorem of Hamilton-Jacobi theory:

Theorem 5.1.1 (Jacobi Theorem)

Let W be a local complete solution of the Hamilton-Jacobi equation as above. Then the
Hamiltonian admits n functionally independent first integrals Iy, ..., F, which Poisson
commute. In fact, if mo : U X V. — V is the projection and if ky,... .k, € F(V) are
functionally independent, then the F; are given explicitly by:

Fz‘:kioﬂ'Qo\P_l o

For the proof we need the following lemmas from [Woo75].

Lemma 5.1.2
If X andY are tangent vectors to T*M at some point p € T*M, then the following hold:

w(Pm X, o,7,Y) = do(m. X, 7.Y)
w(@m X, Y)+w(X,0,mY) =w(X,Y) + dop(m. X, m.Y) 0
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PrOOF To prove the first equation, we note first note that ®*0 = ¢ (0 is the Liouville
form). Indeed, for p € M and X € T,M then

(X = 0(D,X) = 6(m,B,X) = 6(X)

where the last equality follows from the fact that 7.®, = (7 o @), = Id. Thus

w(Pum X, P,m,Y) = (P*w) (1 X, 1Y)
=d(®*0)(m. X, m.Y)
= do(m. X, m.Y)

Now, for the second equation we first make the following observation, if p € T*M then
for any X,Y € T,T*M satistying 7, X = m,Y = 0, we have by definition of w that:

w(X,Y)=0

We also note that X’ := X — &, 7, X satisfies 7, X’ = 0. Hence the above equation
applied to the vectors X’ and Y’ implies:

w(X,Y) = w(®mX,Y) + w(X, &,7m,Y) — w(®,7,X, &,1,Y)

The second equation then follows from the above and first equations. n
Lemma 5.1.3
If o € Ay(M) is closed and if F,G € F(T*M) satisfy:

F'o ® = const, G o ® = const

Then {F,G} vanishes on ®(M). 0

PrRoOOF This is a consequence of the second equation in the above lemma. Indeed, since

¢ is closed, we have from the above lemma that
{F,G} = w(Xp, Xg) = w(Pum Xr, Xg) + w(Xp, P Xe) (5.1.1)

Then by hypothesis, for points in ®(M ), we observe that

w(Pm Xp, Xg) = (P Xp)g = M Xp(Go®) =0
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Similarly, w(Xp, ®,m.X¢) = 0, hence the result follows from Eq. (5.1.1). n

We are now ready to prove the Jacobi theorem:

PROOF (THEOREM 5.1.1) Fix f,g € F(V) thenlet F := fomoW ! and G := gomyo WL,
As usual let H be the Hamiltonian.

Fix v € V. By construction it follows that both F' and G are constant on W,(M).
Since ¥, is induced by a closed 1-form on M, the above lemma implies that {F, G} =0
on V,(M). By assumption, H o ¥, is constant, hence the same argument shows that
{F,H} =0o0n ¥,(M). Since ¥ is a bijection onto its image, Im(V), {F,G} ={F, H} =0
on Im (V).

The conclusions of the theorem immediately follow from these observations. n

A natural question arises: Under what conditions does the Jacobi theorem have a
converse? More precisely, if F, ..., F,, € F(T*M) are functionally independent commuting
first integrals, then when do these integrals arise from a complete solution of the Hamilton-
Jacobi equation?

It turns out that a necessary and sufficient condition is that {m, Xg, ..., 7. Xp,} are
point-wise independent [Woo75|. Motivated by this, we say that functions Fy,..., F, €
F(T*M) are vertically independent if {m.Xp,,...,mXp,} are point-wise independent.
Note that this condition implies the functions are functionally independent. Furthermore,

in canonical coordinates, this condition is equivalent to:

IF;
Ip;

To show that this is in fact necessary, suppose V¥ is a complete solution of the HJ

det(

)£ 0 (5.1.2)

equation. If ¢ := ¥~1: T*M — M x R", in canonical coordinates, we see that:

©(q,p) = (¢, F(q,p))

Then by the inverse function theorem, ¢ is locally invertible iff Eq. (5.1.2) holds.
Conversely, suppose Fy,..., F, € F(T*M) are functionally independent commuting

first integrals. These functions define a foliation, L, whose leaves are given by:

L,={peT*M : Fi(p)=v;,i=1,...,n}

for a constant vector v € R™. The following theorem shows that these integrals arise from
a complete solution to the HJ equation:

Theorem 5.1.4 (Complete solutions via First integrals)

If Fy,..., F, € F(T*M) are vertically independent commuting first integrals, then these

integrals arise from a local complete solution to the HJ equation. O
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PROOF Let L be the foliation of T*M obtained from these functions as defined above.
Then since Xp, F; = {F;, F;} = 0 and because of the functional independence condition,
{Xp,...,Xp,} form a (point-wise) basis for T'L. Take local canonical coordinates (g, p)
for T* M, then consider the map ¢ : T*M — M x R™ given by

o(q,p) = (¢. Fr(q,p), - -, Fula,p))

By the inverse function theorem, this map is invertible iff

OF;
det(=—) # 0
Ip;
which is precisely the condition that {m, Xp,..., 7. Xpg, } are point-wise independent. Let

VU M x R" — T*M be the inverse, then it must have the form

U(q, F) = (q,w(q, F))

Now observe that for any v € R” that L, = ¥, (M). Hence the symplectic form w
vanishes on W, (M) since w(Xp,, Xp;) = {F;, Fj} = 0. It follows by the first equation
in Lemma 5.1.2 that the form w;dq’ is closed. We must have that H o ¥ is a constant,
since Xp H = {F;, H} = 0. Thus V¥ is a (local) complete solution of the Hamilton-Jacobi

equation which induces the integrals F;. =

Liouville first showed that one can relax the vertical independence condition to
functional independence in the hypothesis of the above theorem and obtained a method
to integrate Hamilton’s equations by quadratures [Arn89]. This method for integrating
Hamilton’s equations is known as Liouville integrability. Also, this formulation of a
complete solution of the Hamilton-Jacobi equation is more intuitive and will help motivate
the intrinsic characterization of separation which will be given later on.

We end this section with a remark on a characterization of a complete solution of
the HJ equation in contemporary terms [Ben89]. First, a submanifold of 7*M is called
Lagrangian if the symplectic form vanishes over it and it has maximal dimension n [Leel2].
The proof of the above theorem shows that the leaves of the foliation induced by the
functions Fy,..., F, € F(T*M) arising from a complete solution to the HJ equation
are Lagrangian, level sets of the Hamiltonian, and transverse to the fibers of T*M. It’s
an easy exercise to show that this locally characterizes a complete solution to the HJ
equation. From this characterization, we can define when two complete solutions of the

Hamilton-Jacobi equation are equivalent [Ben91]:

Definition 5.1.5
Two complete solutions of the Hamilton-Jacobi are called equivalent if on the subset where

they are both defined, their induced Lagrangian foliations coincide. 0
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5.2 Separation of the Hamilton-Jacobi equation

The standard method for solving the Hamilton-Jacobi equation is the method of separation
of variables. In this section we will briefly describe precisely what this means and then
obtain the Levi-Civita equations, which characterize separable coordinates. In this section
we will work in canonical coordinates (¢*,p;) on T*M and all considerations are local.

Furthermore, we use the following notations:

0 , 0
0 = — &’ =—
aq’ Ip;

In canonical coordinates, a local complete solution to the Hamilton-Jacobi equation
is a (generating) function W(q,c) where ¢ = (cy,...,c,) are constants of integration,
satisfying:

. oW
H Z, ) = E
(q o7 )
for some E € R and the completeness condition:
oPW
det(—=— 0

Such a solution is called a separable solution if it additionally has the form:

W =Wi(g',¢;) + Walg? ¢j) + -+ Walg" ;) (5.2.1)
The idea behind this ansatz is that, if one can break up the Hamiltonian as follows:

SO , oW,
" Oqt " 0q?

then one obtains the following system of decoupled ODEs:

ow,,

H( + Hy(q )+ -+ Hu(q"

Cl>a—qn)_

oW,

Hl(q17 aq' )=Ei
ow,

Hn n, :En
(q o )

which can be integrated by quadratures to obtain W, provided 0"H # 0. See [Arn89;
LL76] for some classical examples on explicitly separating the HJ equation. This is only

the very start of our work, and so examples at this stage are largely irrelevant.
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Now the natural question is: when does the Hamilton-Jacobi equation admit a separable

solution? We first need a definition:

Definition 5.2.1 (Separable Coordinates)

A coordinate system (g') for M is called separable if the Hamilton-Jacobi equation admits
a separable solution in the induced canonical coordinates (¢, p;) on T*M and 0'H # 0.
These coordinates are called orthogonally separable if the metric is orthogonal, i.e. it

satisfies g;; = 0 for 7 # j. u!

An important observation to be made is the following. If (¢°) are separable coordinates,
then any coordinate system (¢") having a transformation formula of the form (', ..., q") =
(fi(¢"), ..., fu(g")) is also separable. Hence the separable property is dependent only
on the web formed by the coordinates (¢*). Motivated by this observation, we define a
separable web to be the orthogonal web formed by orthogonally separable coordinates.

The next step is to obtain the Levi-Civita equations. These equations originally
obtained by Levi-Civita in [LC04] give necessary and sufficient conditions to determine if

a given coordinate system on M is separable.

Theorem 5.2.2 (Levi-Civita equations [LCO04])
Suppose H is a Hamiltonian on T*M. Let (¢*) be local coordinates for M and (¢',p;) be
the induced canonical coordinates on T*M. Then the coordinates (¢°) are separable iff the

1

following equations  are satisfied:

OHYHO;H + 0;HO;HO"H — O HO;HOH — " HO,HO'H =0 (i # j)
which are called the Levi-Civita equations. o

PROOF Our proof is a modification of that in [DR07], where it is used in a somewhat
different context. See also [Ben91] or [Kal86]. Let W(q, ¢) be a separable solution of the

HJ equation. Then the following equations are satisfied:

H(q,p)=F pi =

Upon differentiating the first of these equations, one obtains:

OH 0p;0H

o *ogop, "

Let w; := ?, then w; satisfies the following system of PDEs
q’L

IThere is no summation over the indices.
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6wi . _@H .
ot O'H

(9wl-
0qJ

Ri(q,w) —0 (i#]) (5.2.2)

This system has a complete solution w;(q, ¢) iff the integrability conditions

dy/ d¢7 O/ dp; O " O ’

are satisfied. Upon expanding the right hand side of the above equation, one obtains the
Levi-Civita equations. Conversely, assume w;(q, ¢) is a complete solution of the system
Eq. (5.2.2). Then clearly there exists a function W (g, ¢) of the form in Eq. (5.2.1) such
that w; = %—qmj The first of Eq. (5.2.2) implies that W is a solution of the HJ equation.
Finally, w; is a complete solution of Eq. (5.2.2) iff

2
S0) 70

i.e. W is a complete solution of the HJ equation. n

det(

The Levi-Civita equations evaluated with a natural Hamiltonian in orthogonal coordi-

nates (¢') are equivalent to the following PDEs:

9,0;9"* — 0;log ‘gjj‘ 9;9"" — 9;log ‘g“‘ 0ig™ =0 (i #7) (5.2.3a)

An important observation to be made here is that separation of the geodesic Hamilto-
nian is necessary for the separation of a natural Hamiltonian. Thus our main focus will
be on the separation of geodesic Hamiltonians. The theory for natural Hamiltonians will
be added in afterwards. In the next section we will build on the Levi-Civita equations
and obtain an intrinsic characterization of separation for geodesic Hamiltonians.

We now proceed to find an analogue of Theorem 5.1.4 for separable solutions, i.e.
characterize these solutions in terms of the first integrals they induce. Benenti has shown
in [Ben89, Theorem 2.1] that the correct additional condition is that the integrals be in
separable involution. Two first integrals, F,G € F(T*M), are said to be in separable

involution if there exists coordinates (¢') on M such that

in the induced canonical coordinates on T*M. We first show that the integrals generated

from a separable solution are in separable involution:
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Proposition 5.2.3 ([Ben89])
Suppose Fi, ..., F, € F(T*M) are the first integrals generated by a separable solution to
the Hamilton-Jacobi equation. Then with respect to the associated separable coordinates
(¢"), we have that

{sz Fj}k =0 m

PROOF See the proof of Theorem 2.1 in [Ben89]. -

The following theorem is the analogue of Theorem 5.1.4 for separable solutions.

Theorem 5.2.4 (Separable solutions via First integrals [Ben89])
If Fv,..., F, € F(T*M) are vertically independent first integrals in separable involution
with respect to coordinates (q*) for M, then these coordinates are separable and they

generate these integrals via a separable solution to the HJ equation. o

PROOF See the proof of Theorem 2.1 in [Ben89]. -

5.3 Intrinsic characterization of Separation for geodesic

Hamiltonians

In this section we consider a geodesic Hamiltonian H. We will present an intrinsic
characterization of separation for this Hamiltonian. Eisenhart was the first to obtain this
characterization in [Eis34]. Although we will follow a more recent proof of this fact by
Benenti in [Ben97] which uses the Levi-Civita equations.

This characterization of separation is motivated by the characterization of a complete
solution of the Hamilton-Jacobi equation in terms of commuting first integrals F},..., F},,
see Theorem 5.1.4. We assume that the Hamilton-Jacobi equation admits a separable
solution. Stackel proved remarkably in [Sta93], that each of these integrals are necessarily
quadratic in momenta. Hence, in the notation of Section 4.2, there exist Killing tensors
Ki,...,K, on M such that each F; = %EK It was additionally shown in [Sta93] that
these KT's are simultaneously diagonalized in the separable coordinates. Note that all the
properties satisfied by the integrals F; in Theorem 5.1.4 translate to properties satisfied
by the KTs on M. Indeed, the tensors K1, ..., K, € S?(M):

1. Are Killing tensors which pair-wise Schouten commute.
2. Are point-wise independent.

3. Are simultaneously diagonalized in a coordinate system (¢°).
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Note that the last point is due to the separability condition, as mentioned before. It
follows by Theorem 5.1.4 that such a set of tensors induce a complete solution to the
Hamilton-Jacobi equation on T*M. We will prove later in this section that the above
conditions are sufficient to ensure that the solution is separable. But for now, the key
observation to be made is that among the KTs in the vector space spanned by K, ..., K,,
at least one of them, say K, locally has simple eigenvalues. This follows immediately by
using the point-wise independence of these tensors in the coordinate system (¢*) which
diagonalizes them. Furthermore the eigenspaces of K form an orthogonal web which is
identical to the separable web formed by the separable coordinates. This motivates the

following definition:

Definition 5.3.1
A characteristic Killing tensor (ChKT) is Killing tensor with point-wise real simple

eigenvalues and orthogonally integrable eigenspaces. 0

The KT, K, is a ChKT. The following theorem shows that the existence of a ChKT is
necessary and sufficient for separation and thereby gives an intrinsic characterization of

separation.
Theorem 5.3.2 (Orthogonal Separation of Geodesic Hamiltonians [Eis34])

The geodesic Hamiltonian is separable in an orthogonal web & iff there exists a ChKT

whose eigenspaces form &. u!

PROOF Our proof follows that in [Ben97, proposition 3]. Suppose K is a ChKT and (q*)
are coordinates adapted to the eigenspaces of K. If A\{,..., A\, are the eigenfunctions of

K, it follows by Eq. (4.4.7) that they satisfy the following equations in these coordinates:

OiA; = (A — A0, log || OiXi =0 (5.3.1)
The integrability conditions of the above system of PDEs are:

Since K has simple eigenfunctions, one observes that the above equations are identical
to the Levi-Civita equations for a geodesic Hamiltonian Eq. (5.2.3a). Hence it follows by
Theorem 5.2.2 that the coordinates (¢') are separable iff there exists a ChKT diagonalized

in the coordinates. -

This gives our first and most fundamental characterization of separation. Although,
this characterization is still computationally difficult to work with. One simplification

is offered by Haantjes theorem (Theorem B.0.19), which gives a simpler necessary and
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sufficient condition on an orthogonal tensor to determine if it has orthogonally integrable
eigenspaces. Also on a Riemannian manifold (or in dimensions less than four), one can
use the discriminant to check if a linear operator has simple eigenvalues, see for example
[Ben04, Theorem 3.6]. In spaces of constant curvature, we will not use this theorem
directly to obtain parameterizations of the separable webs. This will depend on deeper
insights which we will discuss in later chapters.

We have the following corollary of the proof:
Corollary 5.3.3

Suppose € = (E;)!, is a separable web. Then there exists an n dimensional space, K,
of Killing tensors which pair-wise Schouten commute, are point-wise independent and
simultaneously diagonalized in £. A necessary and sufficient condition for an arbitrary
KT, K, to be an element of K is that it is diagonalized in the separable web £ .
Furthermore, the induced quadratic first integrals on T* M are precisely those guaranteed

by the Jacobi theorem. o

PROOF In adapted coordinates (¢'), because the integrability conditions of Eq. (5.3.1)
are satisfied, it follows that there exist point-wise independent KTs K, ..., K, which are
simultaneously diagonalized in (¢*). It follows by Proposition 4.4.12 that they pair-wise
Schouten commute. Furthermore, because of the linearity of Eq. (5.3.1) it follows that the
KTs K, ..., K, span an n dimensional space K.

If a KT, K, is diagonalized in the coordinates (¢'), then by the uniqueness of the
solutions to the PDE system (Eq. (5.3.1)) it follows that K € K.

To prove the last remark, we must show that the first integrals induced by elements
of K arise from a separable solution to the HJ equation. By Theorem 5.2.4, we only
need to show that these first integrals are in separable involution. Let K,.J € K with
eigenfunctions (\;)"; and (u;)", respectively, and let F, G € F(T*M) be the induced
first integrals (see Eq. (4.2.1)). In the induced canonical coordinates (¢*,p;) on T* M, we

calculate
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{F, G}] - 8JF8]G - @F@JG

= 5()\3'9‘”193‘ Z 9; (g™ )pipi — 159” p; Z 9;(Nig" )pipi)
=1 i=1

=5 > (Ng70;(mag") — 18" 0;(Nig"))pipipi
i=1

=3 > (B 0;(T7) = J0(K"))pjpips
=1

RS jii
1 Z[K, IV pipip;
i=1
=0
The last equality follows from Proposition 4.4.12. =

The vector space of KTs, IC, in the above corollary is called the KS-space associated
with the separable web £.

We now give an application of this characterization. It is particularly useful to prove
separability of certain warped product metrics. We will consider a generalization of a well

known metric from Relativity:

Example 5.3.4 (Separability of The Schwarzschild metric)
This example is from [Ben91, section 5], where more examples from Relativity can be

found. Consider the Reissner-Nordstrom metric

2_T_2 2_é 2 20902 | win2 2
ds® = Adr 5dt" +7r°(df” + sin® 0d¢”)
r

where A = r? + €2 — 2mr, which models the gravitational field outside a spherically
symmetric body of charge e and mass m. The Schwarzschild metric is obtained by setting

e = 0. We first note that this metric is a warped product
E! x 3 Ei x,2 §?

where the 2-sphere S? is equipped with spherical coordinates (6, ¢) and metric g, :=
d#? + sin? d¢?. It is well known that the spherical coordinate system is separable, and
hence by Theorem 5.3.2 it admits a ChKT K, diagonalized in these coordinates. By
Proposition 4.5.2; this ChKT can be lifted to KT on M. Similarly, the contravariant
metric G (resp. Gs), of E] (resp. S?) can be lifted to a KT on M. Hence, locally one
can obtain a ChKT (diagonalized in these coordinates) by taking an appropriate linear
combination of the KTs in K = span{G, G1, G, K3}. Thus this metric is separable by
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Theorem 5.3.2. We also note that I is the KS-space associated with these separable

coordinates. O

Motivated by Corollary 5.3.3, using Proposition 4.4.13 we can obtain another intrinsic

characterization of separation due originally to [KMJ80]:

Theorem 5.3.5 (Orthogonal Separation of Geodesic Hamiltonians IT [KMJ80])

Suppose K1, ..., K, are point-wise independent Killing tensors which pair-wise Schouten
commute. Suppose there exists an orthogonal net £ = (E;)", which simultaneously
diagonalizes these tensors. Then £ is a separable web. 0

ProOOF From Proposition 4.4.13, we see that £ is an orthogonal web. Using the point-wise
independence condition one can construct a ChKT in a neighborhood of each point by
taking a constant linear combination of the KTs Ki,..., K,,. The eigenspaces of this
ChKT locally form the net &£, hence it follows from Theorem 5.3.2 that £ is separable. g

In a Riemannian manifold, the above theorem can be strengthened [KMJ80]:

Corollary 5.3.6
Suppose M is a Riemannian manifold, and K, ..., K, are point-wise independent Killing

tensors which pair-wise Schouten commute and commute as linear operators. Then locally

n

there exists a separable web € = (E;)P_, which simultaneously diagonalizes these tensors.o

PROOF Since the tensors K1, ..., K, pair-wise commute as linear operators, they can be
simultaneously diagonalized at each point. Using the point-wise independence condition,
we can assume that there locally exists an orthogonal net £ = (E;)?_; which simultaneously

diagonalizes these tensors. Then the result follows from the above theorem. n

The following example shows that the assumption that M is a Riemannian manifold

in the above corollary is necessary:

Example 5.3.7 (Complex Separation [DRO07])

Let M = [E? with coordinates (¢, z). Consider the following contravariant Killing tensors:

—1 1
Kl = G == ( O) K2 = (0 )
0 1 10

One can check that these KTs satisfy the hypothesis of Corollary 5.3.6, but they don’t
arise from a separable solution because the linear operator associated with K5 is not

diagonalizable. 0
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Note that the Killing tensors in the above example induce first integrals on 7*M which
satisfy the hypothesis of Theorem 5.1.4. Hence they arise from a complete solution to the
HJ equation. It was shown in [DRO7] that one can define a notion of complex separation
associated with this complete solution.

We end this section with a remark on the Stackel form, which was introduced in
[Sta93]. He gives a complete (non-intrinsic) characterization of orthogonal separation, by
specifying the exact form of the KS-space in separable coordinates in terms of the Stackel
matrix. Thus, he has implicitly obtained the general solution of the system of PDEs given
by Eq. (5.3.1). See for example [Ben91, Theorem 3.1] or [Kal86, Stickel’s Theorem]| or
[Par65] for details. Eisenhart’s original solution in [Eis34] was based on Stéckel’s work.
Although, due to the non-intrinsic nature of Stackel’s results, they are not of much use for

our purposes.

5.3.1 Killing-Stackel spaces in Warped Products

In this section we will study the KS-space of a separable web when it’s decomposable in a
warped product. We wish to further understand the structure of the KS-space associated
to a ChKT K which admits a K-invariant Killing distribution. We first need a definition:

Definition 5.3.8
We define the dKdV equation with Killing tensor K and potential?> V € F(M) as:

d(KdV) =0 5

We will first do some calculations in a more general setting to study the dKdV equation.
Suppose K is a KT with orthogonally integrable eigenspaces (E;)% , with associated
eigenfunctions Ay, ..., \p. We work in the local twisted product pH,_l M; adapted to

the eigenspaces of K given by Corollary 4.4.8. Fix z € X(M;) and y € %(Mj) such that
[z,y] = 0, then letting o; := log p?, it follows from Eq. (4.4.6) that the eigenfunctions
satisfy

l’)\j = ()\] — )\i)fEO'j

Fixing V' € F(M) and using the above equation we have

2The reason for this terminology will become apparent in the next section.
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d(KdV)(z,y) = 2(K(y, VV)) —y(K(x, VV))
= z(XyV) —y(hizV)
= a\jyV —yhaV + NjayV — NyaV
= (A\j — XN)zojyV — (N — Aj)yoixV + (A, — ) zyV
= (A = M) (zyV + zojyV + yoixV)

Hence we have proven the following:

Lemma 5.3.9 (The dKdV Equation in the eigenframe)
Given K and V as above, d(KdV) = 0 iff for each x € X(M;) and y € X(M;) with i # j
the following holds:

zyV + xlog p?yV +ylog pizV =0 (5.3.2)

From which we can deduce the following:
1. If Ei+ is geodesic, hence E; is Killing (see Lemma 4.4.10), we have for ally € f%(Mu)

y(pizV) =0 (5.3.3)

2. In particular, if E; and E; are Killing and © # j, we have for x & .’%(MZ) and
y € X(M;):
xyV =0 o

PROOF The first equation immediately follows from the above calculations. Now for the
consequences, if B is geodesic, then z(log p?) = 0 for j # ¢ by Proposition 3.5.9 (3),

hence

xyV + xlog p?yV +ylog piaV = xyV + ylog paV
2
yp; xV

2

1
= < (pizyV +ypizV)

=zyV +

2
L
= —y(p;jzV)

P

Hence y(p?xV') = 0. The second statement also follows immediately. n
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We now obtain a necessary and sufficient condition for extending a Killing-Stackel
space from the geodesic factor of a warped product.
Proposition 5.3.10 (Extending a Killing-Stéckel space into a warped product)
Suppose M = B x, F is a warped product and K is Killing-Stdckel space in B. If
there exists a ChKT K € K that can be extended into a KT on M (via the method of
Proposition 4.5.2) then all KTs in K can be extended into KTs on M. &

PROOF Suppose K € K is a ChKT that can be extended into a KT on M. Then from
Proposition 4.5.2, K satisfies the dKdV equation with x = p~2. Then by Eq. (5.3.2) in
Lemma 5.3.9 it follows that every K € K satisfies the dKdV equation with p~2. Hence by
Proposition 4.5.2 every K € K can be extended into a KT on M. n

The above proposition motivates the following notion of a reducible separable web,
which is characterized intrinsically by the invariant distributions of an associated ChKT.
Definition 5.3.11 (Reducible separable web)

Suppose £ is a separable web locally characterized by a ChKT, K. £ is said to be reducible

if it admits a K-invariant Killing distribution. 0

First note that since all KTs in the KS-space of a separable web are simultaneously
diagonalized, the above definition doesn’t depend on the choice of the ChKT, hence is
well-defined. The following proposition states clearly why we introduce the notion of a
reducible separable web.

Proposition 5.3.12 (The Killing-Stéackel space of a reducible separable web)
Suppose K is a ChKT with associated KS-space K inducing a reducible separable web, i.e.
there exists a K-invariant Killing distribution D. Let M = B X, F be a local warped product
adapted to the WP-net (D+, D) with adapted contravariant metric G = Gg+p~2Gr. Then
there are KS-spaces Kg and Kr on B and F respectively such that L € K iff there exists
LgeKp, Lr € Kr andl € ]:"(B) such that the following equations hold

L=Lg+I1Gr+ Lp
dl = Lgdp™> ¢

ProoOF By Proposition 4.4.15 it follows that K induces a KS-space Kz in B and a KS-
space Kr in F. If L € K, then it follows from Proposition 4.5.2 that L is determined
up to constants by KTs in Kz and Kp satisfying the above equations. Conversely
from Proposition 4.5.2 it follows that every KT in g can be extended to a KT in K.
Furthermore it follows from Proposition 4.5.2 that K can be decomposed into a KT on
M to satisfy the hypothesis of the above corollary. Hence from the above corollary it
follows that each Ly € Kp can be extended into a KT in K given by the above equation
by taking Lg = 0. n
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One usually determines if an orthogonal separable web is reducible by inspecting the
metric in adapted coordinates by using Proposition 3.5.9 (4) and keeping in mind that all
KTs in the KS-space are diagonalized in adapted coordinates. We give some examples to

illustrate this.
Example 5.3.13

The dimension of the Killing distribution is one in the above definition iff there is a
Killing vector spanning one of the distributions of the web. This is sometimes called a
web symmetry [HMS09]. O
Example 5.3.14

There is an abundant supply of reducible separable webs in spaces of constant curvature
[Kal86]. These are a special case of KEM webs which will be introduced in Section 6.5.

Concrete examples can be found in Section 9.6.2. O

5.4 Intrinsic characterization of Separation for natu-

ral Hamiltonians

In this section we consider a natural Hamiltonian H. We will present an intrinsic
characterization of separation for this Hamiltonian. Following [Ben97], this will reduce to
the intrinsic characterization of separation for geodesic Hamiltonians.

In order to reduce this to the geodesic case, consider the following construction. Let
V € F(M) be the potential function of the natural Hamiltonian and assume locally that
V # 0. Consider the local warped product M := M x,E! with adapted contravariant

metric G := G + p~'G; where p, v are defined as follows®:

! =2V v:=sgnV

p
We let (%) = (¢°, ¢') be product coordinates on M, where (¢') are coordinates for M.
This warped product metric is called an Fisenhart metric, since Eisenhart showed that
geodesics ¢’ (t) in this warped product with ¢° = 1 project onto solutions of Hamilton’s
Equations for the natural Hamiltonian associated with V' [Eis28].

It was a remarkable observation by Benenti in [Ben97], that showed that the Hamilton-
Jacobi equation associated with potential V' is separable in coordinates (¢*) on M iff the
geodesic Hamilton-Jacobi equation is separable in the induced product coordinates (¢°, ¢*)
on M x,El. This follows for example, by an inspection of the Levi-Civita equations
(Eq. (5.2.3)) associated with the respective Hamiltonians. This observation allows us to

prove the following theorem:

3Note the difference in the use of the warping function here, this will simply following calculations.
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Theorem 5.4.1 (Benenti’s Theorem [Ben97])
A natural Hamiltonian with potential V' is separable in a web & iff there exists a ChKT K
whose eigenspaces form £ which satisfies the dKdV equation:

dKdV) =0

Furthermore if V' separates in the separable web &, then all K in the KS-space associated
with € satisfy the dKdV equation with V. 0

PROOF By the preceding observations, a necessary and sufficient condition for the separa-
bility of the potential V is that the geodesic Hamiltonian on M = M X, . be separable
in product coordinates. By Theorem 5.3.2, this is equivalent to the existence of a ChKT
on M which has the Killing distribution, TE!, as an invariant distribution. It follows by
Proposition 4.5.2 that any such ChKT, K, can be put into the form:

K = K + 2tG,4

where K € S2(M) and t € F(M) satisfies:

dt = KdV

Thus it follows by Proposition 4.5.2, that a necessary and sufficient condition is the
existence of a ChKT K € S?*(M) satisfying the dKdV equation with V.

The last remark follows by Eq. (5.3.2) in Lemma 5.3.9 as in the proof of Proposi-
tion 5.3.10. [

We now examine the form of the first integrals guaranteed by the Jacobi theorem
(Theorem 5.1.1). On the Eisenhart manifold M, we are guaranteed n + 1 commuting,
point-wise independent Killing tensors by Corollary 5.3.3. Let (¢°, ¢") be the associated

separable coordinates. By Proposition 4.5.2 each of these K'T's can be put into the form:

where K € 52(M) and U € F(M). Choose a basis Ky, . .., K, for this KS-space such that
Ky := G, and K, := G. On T*M, in the induced canonical coordinates (¢*,p;), consider
the following first integrals:

1 .
FE,=H By = §K,Z€]pipj—|—Ukp8 k=2...,n

In the following corollary, we will show that the induced functions on 7% M, obtained

by taking pg = 1, are commuting first integrals:
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Corollary 5.4.2

Suppose V is a potential separable in the web associated with a ChKT K. Let (q') be
the associated separable coordinates and (q',p;) be the induced canonical coordinates on
T*M. Then there exist functionally independent commuting first integrals Fi, ..., F,
(where Fy := H ) each having the form:

1. .. )
F= iKUpipj +U(q)

where each quadratic polynomial in the momenta is induced by a KT in the KS-space
associated with the separable coordinates. Furthermore, these integrals are precisely those

guaranteed by the Jacobi theorem. O

PROOF Let Ki,..., K, be the KTs from the preceding discussion. Then it follows from
Proposition 4.4.15 that the projected tensor, K;, is a KT on M. Then note that the KTs
Ky,..., K, form a basis for the KS-space associated with the ChKT K. Furthermore,
since K; is a KT on M, it follows from Proposition 4.5.2 that cach K; satisfies:

dU; = K;dV (5.4.1)

Now, as mentioned earlier, we define each Fj, € F(T*M) by:

1
FkizEKk+Uk:§ ppipi+tUe k=1,....n

with Fy = H. Then,

{Fi, F;} = {Fk,, Ex;} + {Ek,, U;} + {Ui, Bk, }
(425 11

= _§(§E[Ki,Kj] + B, v;) + Ejui k)

Now note that [K;, K;] = 0. Also by Proposition 4.2.3,

Thus one can immediately verify that [K;, U;] = [Kj, U;], due to Eq. (5.4.1) and because
the KTs, K;, commute as linear operators. Thus we conclude that {F;, F;} = 0. The
functional independence of the integrals follows from that fact that the KTs Ky,..., K,
are point-wise independent.

The proof of the last remark (showing that these integrals arise from a separable

solution) is a simple generalization of that in Corollary 5.3.3. n

For completeness sake, we also mention that given a ChKT K, the most general

potential satisfying the dKdV equation with K is known in separable coordinates. Indeed,
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if (¢') are coordinates which diagonalize K, then the dKdV equation in these coordinates
is Eq. (5.2.3b). This follows from the proof of Theorem 5.4.1 or from Eq. (5.3.2). The
general solution, V', of this PDE is easily obtained from Stéckel theory (see references at

the end of Section 5.3 for a proof), and is given as follows:

V = Vig" (5.4.2)

where each V; depends only on ¢'.

5.4.1 Separation of natural Hamiltonians in Warped Products

In this section we are concerned with the separation of the Hamilton-Jacobi equation
in reducible separable webs. So we fix a natural Hamiltonian H with potential V. K
is assumed to be a KT with orthogonally integrable eigenspaces (E;)F_, with associated
eigenfunctions Ay, ..., \p. We work in the local twisted product pH,;l M; adapted to the
eigenspaces of K given by Corollary 4.4.8.

Now suppose F; is Killing and that K; is a KT on M;. Then by Proposition 4.5.2, the
lift K;, is a KT on M. The following proposition will allow us to reduce the calculation of
the dKdV equation with K; on M to the restriction of the equation on M;. To make this
precise, we fix p € M and let L;(p) be the leaf of the canonical foliation of M; through p.

Furthermore let 7; : M; — L;(p) be the embedding of M; in M.

Proposition 5.4.3 (Reduction of The dKdV equation on warped products)
Suppose K and K; are as above, E; is Killing and additionally assume that M is connected.
For a potential V- € F(M), let V; := 7V € F(M;). Suppose d(KdV) = 0 holds on M,

then the following is true:

dKdV) =0 &  dKdV;)=0 &

PrROOF The first implication follows trivially by naturality of the exterior derivative, so
now we prove the converse. First we note that as endomorphisms of T*M, K; = p?f(i
where K; is the lift of an endomorphism of T*M;. We also note that for y € %(Z\/[Z 1)

L,(pA(dV):) =0

where (dV'); is the orthogonal projection of dV onto T*M;. To prove this, we first note
that since d(KdV) = 0, y(p2zV) = 0 for all z € X(M;) by Eq. (5.3.3) in Lemma 5.3.9.
This implies that d(p?(dV);) = 0. Hence the above equation follows by Cartan’s Formula

which relates the exterior derivative of forms to their Lie derivatives.
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Now by hypothesis, for z € X(M;) and y € X(M;) with [z,y] = 0 we have that
7#(d(K;dV)(x,y)) = 0. Then for z € X(M;,),

2d(K;dV)(z,y) = z[2(K(y,dV)) — y(Ki(z,dV))]

= Z[x(f(i(y, P?(dv)i))) - y(f(z'(% P?(dv)i)))]
2(Ki(y, L(p7 (AV):)))) — y(Ki(x, L.(p(dV):))))

=0

where the last equation follows since £,(p?(dV);) = 0. Thus since M is connected we
conclude that d(K;dV)(z,y) =0 on M.
For z € X(M;) and y € X(M;,)

d(KdV)(z,y) = 2(K;(y, p2(dV):)) — y(Ki(z, pF (dV),))
= —K;(z, y(p?(dV),))
—0

Also it easily follows that for z € X(M;,) and y € X(M;,), that d(K;dV)(z,y) = 0.

Thus the result is proven. n

We now consider the problem of separation in warped products. To be precise, suppose
N =Ny %, ﬁ N; is a warped product and & = (D;)!_, is the associated WP-net. Suppose
Kisa ChKi'T“lsuch that each Killing distribution defining £ is K-invariant. According to
Benenti’s Theorem (Theorem 5.4.1), for a potential V' € F (M) to be separable in the web
associated with K, we need to check that the dKdV equation is satisfied. Although in

this case we have some more information. Due to Corollary 4.5.4, K can be decomposed

as follows in contravariant form:

!
K=FKy+) K
i=1
where each K; € 5‘2(]\72-) isa KT fori=1,..,1, each D; is an eigenspace of Ky fori=1,..,1
and K restricted to Dy is characteristic. By Benenti’s Theorem, if V' satisfies the dKdV
equation with K, then it must satisfy the dKdV equation with each K;. In particular
it must satisfy the dKdV equation with K. Since K| invariantly encodes the warped
product through it’s eigenspaces and a partial separable web on Dy, one could ask if the
converse holds. If V' satisfies the dKdV equation with a given KT K, with eigenspaces as
just stated, is it possible to build up a separable web for V' by reducing the problem to
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one on the spherical factors of N7 The following theorem shows that we can.

Theorem 5.4.4 (Separation in Warped Products)

Suppose (D;)_y is a WP-net and Ky is a KT with eigenspaces D; for i = 1,....1 and

!

characteristic on Dy. Fiz p € M and let N = [[ N; be a connected product manifold
i=0

passing through p adapted to the WP-net (D;)!_,. Then the following holds:

Suppose V- € F(M) satisfies d(KodV') = 0. Let V; := 77V € F(N;) and suppose for
each i =1,...,k there exists a ChKT K; on N; such that d(f(ldvz) = 0.

Then V is separable in the web formed by the simple eigenspaces of Ky together with
the lifts of the simple eigenspaces of K1, ..., K. &

PROOF For i =1,...,1, let K; be the lift of K; to N. Consider the tensor

!
K:=K+) K
i=1
By Proposition 4.5.2, K is a Killing tensor on N. Let G; be the contravariant metric
on N;, then by replacing K; with a;K; + b;G; for some a; € R \ {0} and b; € R, we can
assume K locally has simple eigenfunctions. Let ¢g be coordinates which diagonalize the
ChKT induced by K on NNy. Let ¢; be coordinates which diagonalize K ; on N; for each
j > 0. Then one can check that the product coordinates (qo, g1, - - ., q) are orthogonal and
diagonalize K, hence K is a ChKT. By Proposition 5.4.3, d(K;dV) = 0 on N for each
1 > 0, hence K satisfies the dKdV equation with V. Thus it follows by Theorem 5.4.1

that V' separates in the product coordinates (qo, q1, - - -, q), which proves the claim. g

The above theorem and the preceding discussion shows that reducible separable webs
enable one to reduce the problem of separation to certain spherical submanifolds after one
finds a KT with the same eigenspaces as K in the above theorem.

The motivating application of the above theorem is to devise a recursive algorithm
(The BEKM separation algorithm) to separate natural Hamiltonians defined on spaces of
constant curvature. Before we can do this, we have to first introduce concircular tensors;

this is done in the next chapter.

5.5 Notes

Much of the theory on the Hamilton-Jacobi equation and its separation that we have
presented is based on contemporary formulations [Woo75; Ben89]. Most of the theory on
the intrinsic characterization of separation is due to Benenti [Ben97], following Eisenhart’s

lead [Eis34]. Much of the recent interest in the separation of the Hamilton-Jacobi equation
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was due to the discovery of the separability of the Hamilton-Jacobi equation for the
geodesics in the Kerr solution from general relativity [Car68].

Before the 1960s, the fundamental result was due to Stéckel in [Sta93]. He obtained
the general form of the orthogonal separable metric in separable coordinates. Eisenhart’s
intrinsic characterization in [Eis34] is based on Stéckel’s work and the proof is much more
complicated than the one presented here.

We have omitted the theory for general (possibly non-orthogonal) separation which
is covered in [Ben97]. Furthermore, as hinted at by Example 5.3.7, a notion of complex
separation is possible on strictly pseudo-Riemannian manifolds. See [DRO7] for details.

The material on warped products is new and is from the article [RM14b].
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Chapter 6
Concircular tensors and KEM webs

In this chapter we study concircular tensors and the orthogonal (separable) webs which
can be constructed using them: Kalnins-Eisenhart-Miller (KEM) webs. As stated in the
introduction (see Section 2.2), we study these tensors because of their computational value
in working with KEM webs.

L € SP(M) is called a concircular tensor also called a C-tensor (CT) of valence p if
there exists C' € SP~1(M) (called the conformal factor) such that

V.L=Cou (6.0.1)

for all z € X(M). The reason for the name “concircular” will be given in Section 6.4.
Sometimes we denote the space of concircular tensors of valence p by CP(M) and the
subspace of covariantly constant tensors by CH(M). Concircular tensors of arbitrary
valence were originally defined in [Cra08], where they were called special conformal Killing
tensors. This is because concircular tensors are conformal Killing tensors as we shall show
shortly.

In the first four sections, we study CTs in general. In the last three sections, we
present the application of CTs to problem of orthogonal separation of the Hamilton-Jacobi

equation.

6.1 General Valence

The theory of general valence CTs has been studied in [Cra08]. We give a brief outline
here.

We first observe that the defining equation implies that CTs form a vector space which
is closed under the symmetric product. Indeed, if L; and Ly are CTs with conformal
factors C; and C5 respectively, then a short calculation shows that Ly ® Ly is a CT with
conformal factor Cy ® Ly + Cy ® Ly.
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Proposition 6.1.1 (Properties of Concircular tensors [Cra08])
Suppose L is a CT of arbitrary valence with conformal factor C. Then L is a CKT with

conformal factor C' and C' is given as follows:

r
=—V-L
n+r—1 .

PROOF In coordinates the defining equation of L reads:

ViLiy, . ir = Cliy,...iiv_19ir)j (6.1.1)

Thus

v(jLil,‘..,ir) = C(il,...,ir,lgirj)

which proves that L is a CKT. Also to obtain the equation for C', we get from Eq. (6.1.1)
that

V. L=V;Lmir-1
A yegir—1 £5)

_ O 19,
(n+r—1)

_ Cihm,irq
— [ |
r

In [Cra08], Crampin has derived structural equations for CTs of arbitrary valence and

as a consequence, he has proven the following theorem:

Theorem 6.1.2 (The Vector Space of Concircular tensors [Cra08])
Suppose n > 2. Then the C-tensors of valence r form a finite dimensional real vector
space with maximal dimension equal to the dimension of the space of constant symmetric

r-tensors in R" 1. Furthermore the maximal dimension is achieved if and only if the space

has constant curvature. o
Remark 6.1.3

When r < 2 the above result holds for n = 2 as well [TCS05; Cra07]. In particular, if
r =1 (resp. r = 2) the maximal dimension is n + 1 (resp. 3(n + 1)(n + 2)). 0

The above theorem implies the following:

Corollary 6.1.4 (Concircular tensors in spaces of constant curvature)
Suppose M™ is a space of constant curvature. Let B = {vy,...,v,41} be a basis for the
space of concircular vectors, then a given C-tensor of valence r can be written uniquely as

a linear combination of r-fold symmetric products of the vectors in 3. O
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6.2 Torsionless Conformal Killing tensors

Before moving on to study concircular 2-tensors (the main object of interest), we will first
study torsionless (orthogonal) conformal Killing tensors. The main reason for studying
torsionless orthogonal CKTs is because they will help us to study concircular tensors, as
we will see in the next section.

Historically, Benenti originally showed that a torsionless CKT, L, with n functionally
independent eigenfunctions can be used to generate a basis for a KS-space in a coordinate
independent way [Ben92a, Proposition 2.1]. In [Ben05] he showed that his method worked
when the eigenfunctions were just assumed to be simple. For this reason, we refer to any
torsionless CKT with simple (real) eigenfunctions as a Benenti tensor (also called an
L-tensor by Benenti). In [Ben05], Benenti extended his study to include general torsionless
orthogonal CKTs. Most of the results in this section are based on Benenti’s, but we arrive
at them using the characterization of orthogonal CKTs in terms of their eigenspaces (given
by Corollary 4.4.6).

In this section, L is assumed to be a torsionless orthogonal CKT unless otherwise
stated. We now recall the implications of the torsionless property, which are studied
in detail in Appendix B. Suppose (E;)¥_, are the eigenspaces of L and ()\;)%_, are the
associated eigenfunctions. Then by Theorem B.0.20, the eigenspaces are orthogonally

integrable and each eigenfunction satisfies

(VN =0 j#i (6.2.1)

We will see that the above equations satisfied by the eigenfunctions make these CKTs
highly amenable to analysis. Due to Eq. (4.4.5), we have to assume L is a CKT, not just
a KT, in order to deal with non-trivial cases.

By Corollary 4.4.8 there is a twisted product pr_l M; which is adapted to the
eigenspaces of L. We can explicitly solve for the twist function p; in this case. Indeed,
from Eq. (4.4.4), we have

1 .
H; = b Z(Vlog A — Al
J#i
621) 1 .
== Z(ZVlog X — Ak])?
J#i ki
1 :
=—3 > (Viog [T 1A = Aely
j#i ki

1 ‘
_ —§(V10gg X — At
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Hence by Eq. (4.4.6), we have

(Vg p})*™ = (Viog ] | 1A — )™
ki

Thus log p? — log [] |\ — Ax| = fi where f; is a function of M; only. Hence we have

ki
the following (cf. [Ben05, Theorem 18.1]):

Proposition 6.2.1 (Characterization of torsionless orthogonal CKTs)
Suppose L is a torsionless orthogonal tensor with eigenspaces (E;)%_, and associated
eigenfunctions (\;)¥_,. Then L is a CKT iff there is a twisted product adapted to its

eigenspaces such that each twist function p; can be chosen to be:

;=TT 1N =Ml 0

ki

PROOF The characterization follows from the preceding calculation and Corollary 4.4.8.g

We now deduce some important geometric properties of the eigenspaces of torsionless
orthogonal CKTs.

Proposition 6.2.2 (Properties of torsionless orthogonal CKTs [Ben05])

Suppose that L is a torsionless orthogonal CKT, then the following statements are true:

1. L s of gradient-type and the conformal factor « is given as follows:

a=> V) (6.2.2)

2. An eigenfunction \; is constant iff its associated eigenspace F; is Killing.
3. L s of trace-type iff each multidimensional eigenspace is Killing.

4. If L has simple eigenfunctions, then it is of trace-type.

5. If S:= & E; is the space of simple eigenspaces of L, then L restricted to any
integral manifold of S is a Benenti tensor. o

PROOF The first statement follows from condition 3 of Corollary 4.4.6 and Eq. (6.2.1). The
second statement follows from Corollary 4.4.11 and Eq. (6.2.1) or from Proposition 3.5.9 (4)
using the formula for the twist function from Proposition 6.2.1.

For the third statement assume L is trace-type. Due to the second statement, we

need only show that \; is constant when dim F; > 1. The trace-type condition implies
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that a = Vtr(L) = >_m;V\; where m; = dim E;. This together with condition 3 in
Corollary 4.4.6 gives tl:le following:

Hence when dim F; > 1, A; must be constant. The converse follows from Eq. (6.2.2).

The fourth statement is an immediate corollary of the third statement.

To prove the fifth statement note that due to Proposition 4.4.15, L restricts to a
torsionless CK'T with simple eigenfunctions on any integral manifold of S. Hence the fifth

statement follows from the fourth statement. -

Remark 6.2.3
It follows from statement 1 of the above proposition that if L is a torsionless orthogonal
CKT, then it has a conformal factor V f for some f € F(M). Then one can show that

the following tensor is a KT

K=fG-L

Note that such a KT shares the same eigenspaces as L and the above is a KT for all

gradient-type CKTs; it will be useful to us later. O

Using the above remark, we can prove the following:

Corollary 6.2.4 (Benenti tensors induce Separable Webs)

If L is a Benenti tensor then the web formed by its eigenspaces is separable. o

Proor If Vf is the conformal factor of L, then the above remark implies that K = fG—L
is a KT with the same eigenspaces as L, hence a ChKT. The result then follows by
Theorem 5.3.2. -

We call the separable web induced by a Benenti tensor L (as in the above corollary)
the separable web generated by L. Similarly we call the associated KS-space the KS-
space generated by L. Theorem 7.1 in [Ben05] shows that a basis for the KS-space can
be generated using only L and the metric; a slight generalization of this result will be
presented in Section 6.6.

One can show that given a separable web £ = (E;)?_, there are many ChKTs whose
eigenspaces form this web. In fact, Corollary 6.6.8 will show that the KS-space generated
by an ICT contains an (n — 1)-dimensional subspace of ChKTs. The following proposition
shows that this is not the case when we restrict ourselves to torsionless orthogonal CKTs.
It shows that for all non-trivial cases the eigenfunctions of a torsionless orthogonal CKT

are essentially uniquely determined by its eigenspaces.
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Proposition 6.2.5 (Equivalent Torsionless Orthogonal CKTSs)
Suppose L and L are torsionless orthogonal CKTs and assume M is connected. Suppose
(E;)¥_, are the eigenspaces of L.

If L is not covariantly constant (on any open set), then: The eigenspaces of L are the
same as those of L iff there exists a,b € R with a # 0 such that

L =al+bG
If L is covariantly constant, then: The eigenspaces of L are the same as those of L iff
there exists ¢; € R fori=1,...,k such that'
where G; denotes the restriction of the metric G to E;, which is a KT in this case. o

PROOF Suppose L and L share the same eigenspaces € = (E;)¥_, with respective eigen-

functions (\;)%_; and (\;)¥_,. Then since H; is uniquely determined by E; for each 4, from

Eq. (4.4.4) we have the following for j # i

(Vlog|h — \j])? = (Vlog (A — A;|)
& (Viog AT )Y =0
Y]

Similarly by permuting ¢ <> j, we have

M=\
(Viog | =——=2|)' =0
i — A

Hence

Ai — A (6.2

= ~] (Gil) Qg5 eR

N,

=\ — aijj\i = )‘j — aijj\j (621) bij eR (623)

If 7, 7, k are distinct, by differentiating the above equation we get:

IThere are additional technical restrictions on the constants ¢; which ensure that L and L have the
same eigenspaces.
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CLUVS\Z' = V)\,L = alkVS\z
= (Clij — CLM)Vj\l =0

From Eq. (4.4.4) and Proposition 6.2.2 (1) and (2), we see that L (or L) is covariantly
constant iff all its eigenfunctions are constants iff £ is a pseudo-Riemannian product net.
Hence if L is not covariantly constant, then there exists an i such that V; # 0. Then
the above equation implies for each j, k # i that a;; = a;x. So let a := a;; for some j # 7.
Then from Eq. (6.2.3), we see that

bij = )\Z — (IS\Z' = )\k —CZS\k = bzk

Thus we can let b := b;; for some j # i. Then Eq. (6.2.3) shows that for all i

This proves the first part of the proposition. Finally if L is covariantly constant, then
£ is a pseudo-Riemannian product net, thus the eigenfunctions are forced to be constants

and the second part follows. =

Remark 6.2.6
We should mention here that Theorem 10.1 in [Ben05] is incorrect as stated. The mistake
can be seen by comparing the statement of Theorem 10.1 with that of the above theorem,

while keeping in mind that L-tensors are torsionless CK'Ts with simple eigenfunctions. o

6.3 Concircular 2-tensors

Hereafter by concircular tensor, we mean a concircular 2-tensor. In this section we will
develop the basic theory of concircular tensors. This class of concircular tensors are the
most important for separating the Hamilton-Jacobi equation and so these tensors are the
most studied. We will assume the reader is familiar with Appendix B.

Much of the theory is due to Benenti [Ben05] and Crampin [Cra03]. They were first
formally introduced within the context of separation of variables by Crampin in [Cra03],
where he referred to them as special conformal Killing tensors, cf. [TCS05; Cra07]. They
have also been studied in [Ben05] where they are called J-tensors. The theory regarding
the cases when these tensors have multidimensional eigenspaces is new and was originally
presented in [RM14b].

First note that the defining equations for CTs can be written in index notation as

follows:
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ViLij = aggj)k

When n > 1, we say a concircular tensor is non-trivial if it’s not a multiple of the
metric.
The following proposition presents two key properties of concircular tensors, from

which much else can be deduced.

Proposition 6.3.1 (Properties of Concircular 2-tensors [Cra03])

Suppose L is a CT with conformal factor c. Then the following hold:

1. L is a trace-type CKT, i.e. the conformal factor o is given as follows:

a=VTrL

2. The Nijenhuis tensor of L vanishes. O

ProOF The first property follows by taking the trace of the defining equation
1
ViLi; = §(ai9jk + o Gik)

over the indices 1, .
To show that L is torsionless, by Proposition B.0.14 (2) we only need to prove that
(ViuL)v — L(V,L)v is symmetric with respect to u,v. Then

(ViuL)v — L(V,L)v = %[(Lu @ATTL+VTrL® (Lu)’)v — Lu®dTr L4+ VTr L ® u”)v]
= %[(U Tr L) Lu + (Lu,v) VTr L — (v Tr L) Lu — (u,v) L(V Tr L)]

1
= §[<Lu, v) VTr L — (u,v) L(V Tr L))
which is symmetric with respect to u, v since L is self-adjoint, i.e. (Lu,v) = (u,Lv). n

An orthogonal concircular tensor (OCT) is a concircular tensor which is also an
orthogonal tensor. The above proposition will allow us to study OCTs as special cases of
orthogonal CKTs. Hence we can apply the results of the previous section. Another key
observation is the following: by Proposition 6.2.2 (3) any multidimensional eigenspace of
an OCT is Killing. This will allow us to develop a constructive theory (in Section 6.5) to
separate the HJ equation using these tensors. We summarize here the results following

from Proposition 6.2.2:
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Corollary 6.3.2 (OCTs induce Warped Products)

Suppose L is an OCT. Let S :== & E; be the space of simple eigenspaces of L. Then S
is the geodesic distribution of a warped product net with the (multidimensional) eigenspaces

complementary to S as the Killing distributions. Furthermore L restricted to any integral

manifold of S is a Benenti tensor. &

PROOF Proposition 6.2.2 shows that each eigenspace satisfying dim F; > 1 is Killing,

also (| Ef = & E; =8 is geodesic since each E;- is. Thus S together with
dim E;>1 dim F;=1
the complementary eigenspaces forms a warped product net. Then Proposition 6.2.2 (5)

completes the proof. -

Since Benenti tensors have been well studied in the literature (see for example [Ben05]),
the above proposition implies that much of this theory can still be applied to OCTs
(provided S # 0).

The following class of CTs are the basic building blocks of all OCTs.

Definition 6.3.3 (Irreducible concircular tensors)
An OC-tensor with functionally independent eigenfunctions is referred to as an irreducible

concircular tensor (ICT) or more succinctly an IC-tensor. To be precise, an IC-tensor has

real eigenfunctions u!, ..., u* (counted without multiplicity) satisfying:

du' A Aduf #£0

Furthermore an OC-tensor which is not irreducible is called reducible. O
Remark 6.3.4
IC-tensors were the class of C-tensors mainly studied in [Cra03]. 0

Since by Proposition 6.2.2, the eigenfunction associated with a multidimensional
eigenspace of an OCT is constant, it follows that an ICT must have simple eigenfunctions,
hence ICTs are Benenti tensors. The special property that ICTs have is that their
eigenfunctions can be used as (local) coordinates for the separable web they induce [Cra03].
We will refer to these coordinates as the canonical coordinates induced by these tensors.
See Example 2.3.1 which shows how elliptic coordinates in E? can be obtained from an
ICT.

Locally, we can assume a reducible OC-tensor has eigenfunctions u!, ..., u* which are
functionally independent and the rest of which are constants. Hence as in the proof of
Corollary 6.3.2, since each eigenspace corresponding to the constant eigenfunctions are
Killing (see Proposition 6.2.2), there exists a warped product in which the functions

u!,...,u* can be taken as coordinates on the geodesic factor.
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We add one final remark. If L is a CT then the Killing tensor defined in Remark 6.2.3 is
called the Killing Bertrand-Darboux tensor (KBDT) generated by L and has the following

form:

K =tr(L)G— L (6.3.1)

This tensor will be useful in some constructions done later on.

6.3.1 Characterizations of OCTs

In this section, our goal is to give some characterizations of OCTs which will be useful
in their application. The following proposition allows us to do this. It is a converse to

Proposition 6.3.1.

Proposition 6.3.5 ([Ben05])
If L is an orthogonal trace-type CKT with vanishing torsion then L is a CT. o

PrROOF We prove this by generalizing a proof by Crampin of a special case when the
eigenfunctions are simple [Cra03, Proposition 1] (see [Ben05, Theorem A.5.3] for an
alternate proof). First we need to do some calculations in index notation.

By hypothesis, L satisfies V(, L;j) = a;gjx). Define T' by
1
Tijr = ViLij — augjr = VL — §<ai9jk + a;gir)

then observe that T{;x) = 0 and T, = Tjjy.
Now the Nijenhuis torsion Ny, is given by (see Proposition B.0.14 and the following

remark)

(Np)kij = L' ViLy — L'V Ly — L} (ViLyy — V; L) (6.3.2)
First we express the first two terms in terms of 71" as follows:
L'V Ly — Lleszi = L' (Tuj + %(Oékgjl + gr)) — Llj<Tkil + %(Oékgu + igrl))
= L' Ty — L' Tha + %(Llia]’gkl )

1
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Now we express the last two terms in terms of 1" as follows:
Vil — VL, =Ty + %(algji +ojgi) — (Tij + %(algij + 04415))
=Ty — Tuj + %( gL — 6gi5)
= L' (ViLiy; — V;Ly) = L/ Tiji — L' Ty + Lkl%<ajgli )

1
= LTy — L/ Ty; + §(Lkziaj — Lyjoy)

Hence Eq. (6.3.2) becomes

(Np)kij = LY Thji — Llekz‘l — L (Thji — Tiij) = LY Tjp — Lleilcz + L (Tuj — Tiji)

Now T{;;;y = 0 implies that T};; = —T}; — Ti;, thus the vanishing of Ny, implies:

2L, Ty = LY T — Llez‘kl — LTy

Since the right hand side is symmetric in j, k it follows that Llelji = leTkli- Now, in
invariant notation we evaluate 1" with different combinations of eigenvectors to show that

it vanishes. First observe that for z,y, z € X(M) this equation takes the following form
T(Lz,y,z)="T(x, Ly, 2)

Hence the above equation readily implies that for eigenvectors x,y with different
eigenfunctions and any z, T'(z,y, z) = 0.

Now suppose F is a multi-dimensional eigenspace with eigenfunction A. Then A must
be a constant due to the trace-type condition by Proposition 6.2.2 (3). Let x,y € T'(E)
and z € X(M). First note that L(z,y) = Ag(z,y). Then

(VZL)(I,y) = sz<x7y) - L(V;ﬂj,@/) - L(x, sz)
= )‘(Vzg(x7 y) - g(vzxa y) - g(x, vzy))

= A(V.9)(z,y)
=0

Let m = dim F, then note that a(x) = maA = 0 since A is constant and because of
the torsionless condition. Hence T'(z,y,2) =0 for all z,y € I'(F) and z € X(M).

95



Chapter 6. Concircular tensors and KEM webs

Now suppose E is a one dimensional eigenspace, x € I'(F) and z is an eigenvector
with a different eigenfunction than x. Then the cyclic condition implies that T'(z, x, z) =
—2T(z,z,z) = 0 and that T'(x,z,z) = 0.

Thus since L has a basis of eigenvectors by hypothesis, it follows that T = 0. n

As a consequence of the above result, we have our first characterization of OCTs.
Proposition 6.3.6 (Characterization of orthogonal CTs)

Suppose L is a torsionless orthogonal tensor with eigenspaces (E;)%_, and associated

eigenfunctions (\)%_,. Then L is an OCT iff there is a twisted product adapted to its

eigenspaces such that each twist function p; can be chosen to be:

o7 =TT In = Nl

ki

and each multidimensional eigenspace E; 1s a Killing distribution, or equivalently the

eigenfunction corresponding to E; is constant. o

Proor First note that Proposition 6.3.1 together with the above proposition shows that
an orthogonal CT is precisely an orthogonal trace-type CKT with vanishing torsion.
Since imposing the trace-type condition is equivalent to requiring the multidimensional

eigenspaces to be Killing, the result then follows from Proposition 6.2.1. n

Also since any torsionless CK'T with simple eigenfunctions is necessarily of trace-type
(see Proposition 6.2.2), the above characterization implies that a Benenti tensor is precisely
a CT with simple eigenfunctions.

The following proposition gives another characterization of OCTs which is designed to
answer the following question: Given a warped product and an ICT L on the geodesic
factor of the warped product, can we extend L to an OCT on the warped product and if

so what is this extension?
Proposition 6.3.7 (Characterization of Reducible OCTs)

Suppose L € S*(M) is an orthogonal tensor. Then L is a reducible OCT iff there exists a
warped product decomposition M = My x, My X --- X, M with adapted contravariant

metric G = Zf:o G; such that L has the following contravariant form.:
) k
L=L+Y \G;
i=1

where each \; € R and L € S*(My) is the canonical lift (see Section 3.3) of an ICT
L € S*(My) satisfying the following equation on My for each i > 0

L(dlog pi) = d(Xilog pi + 5 tr(L)) (6.3.3)
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PrROOF Suppose L is an OCT. Let Dy,..., D; be the eigenspaces of L associated with
constant eigenfunctions and let M = M x, M; x - -- x, M} be a warped product adapted

l .
to () D;it, Dy, ..., D;) which exists by Proposition 6.3.6. We define L to be the restriction
i=1
of L to My; it follows by Proposition 6.3.6 that L is an ICT in M,. It also follows by

Proposition 6.3.6 that we can assume

=[x - Adl (6.3.4)

where a ranges over all eigenfunctions of L. If dim My = 0, i.e. L induces a pseudo-
Riemannian product, the conclusion follows. Otherwise, since \; is constant and because

L is torsionless, we see that on M,

L(dlog p;) = ZA dlog [\ — Al

'L a 1
1 ~

Conversely, it is easily checked that if L is an ICT and p; satisfies the above equation,
then cp; must satisfy Eq. (6.3.4) for some ¢ € R*. Hence it follows that L defined in the
statement is torsionless and then by Proposition 6.3.6 that L is a reducible OCT. n

The above proposition will be applied to classify reducible OCTs in spaces of constant

curvature (see Section 9.5).

6.3.2 Relation to Geodesically Equivalent Metrics

In this section we will briefly describe how concircular tensors appear in the study of
geodesically equivalent metrics. This is an important connection as geometers have studied
CTs with this interest in mind [Sha00]. We follow [BMO03] in our exposition, see also
[Ben05].

First, we have the following definition from [BM03].

Definition 6.3.8
Two metrics g and g are geodesically equivalent if they have the same geodesics (considered

as unparameterized curves). 0
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Note that some authors use the term projectively equivalent instead. The study of such
metrics dates back to the late nineteenth century, see [BMO03] for historical references. The

following theorem significantly simplifies the search for geodesically equivalent metrics
[Ben05]:

Theorem 6.3.9
Given a concircular tensor L for a metric g, one can construct another metric, g, which
is geodesically equivalent to g. Conversely, given two geodesically equivalent metrics g and

g, a concircular tensor for g can be constructed from them. 0

We will not get into the details of this construction, see [BM03; Ben05]. This connection
will allow us to obtain results on CTs from the theory of geodesically equivalent metrics,
as we will see in the next section.

On a related note, concircular tensors also appear in classical mechanics in the following
way. Given a Riemannian manifold (M, g), and a force vector field F' € X(M), consider

the following dynamical equation:

VyX=F  X=4%

where 7(t) is a curve in M. A solution, 7, of the above equation is called a geodesic for
the system (M, g, F). When M = E3, the above equation is simply Newton’s equation
with a position dependent force F'.

A natural question in this context is: when are the geodesics of the above system
equivalent to those of a natural Hamiltonian system on M? It turns out that a necessary

condition is that g admits a non-singular concircular tensor L such that (see Theorem 13.2

in [Ben05)):

F=-A"VV, A = cof(L)

where cof(L) is the cofactor tensor of L (see Eq. (A.0.3)). Locally the above condition
is equivalent to d(AF') = 0. The geodesically equivalent natural Hamiltonian system is
the one obtained from the geodesically equivalent metric g constructed from g and L (see
Theorem 6.3.9) and the potential V' in the above equation. Systems admitting such force
vectors generalize conservative mechanical systems and are called cofactor systems in the
literature; see [Ben05] and references therein for more on these systems.

Since concircular tensors appear in a few different areas of research, they go by several
different names. They have been called special conformal Killing tensors in [Cra03],
J-tensors in [Ben05], Sinyukov mappings in [Mat05], Benenti tensors in [BMO03], and finally

elliptic coordinates matrices in [Lun03].
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6.3.3 Existence in arbitrary manifolds

In this section we will briefly review some results on the existence of concircular tensors
in general Riemannian manifolds. The connection to the theory of geodesically equivalent
metrics provides for some fruitful cross-pollination of results, the following being one of
them [Cra07]:

Theorem 6.3.10 (Lacunae in the dimension of the space of CTs [Sha00])
Let M™ be a Riemannian manifold with n > 2 and set m := dim C'(M) which is the
dimension of the space of concircular vectors. If m # n + 1, then we have the following

estimate:

%m(m +1)+1<dimC*(M) < %m(m +1)+ int(%(n +1—m))

where int(r) is the integer part of r. O

In order for the above result to be of maximum value, it helps to have similar results
for concircular vectors:
Theorem 6.3.11 (Lacunae in the dimension of the space of CVs [Cra07])
Let M"™ be a Riemannian manifold with n > 2. Then the dimension of the space of
concircular vectors, dim C* (M), satisfies: dim C' (M) <n —2 or dimC' (M) =n+1. g

CAs 2 . o

’ T - 9
dim C*(M) | dim C*(M) dlm% (M) dlm(’l (M)
0 1
1 2
1 2 : :
1 10 = =

Combining the above theorems, we have summarized their implications for low dimen-
sions in Tables 6.1 and 6.2. One can deduce from the above table that any Riemannian
3-manifold admitting a Benenti tensor is a space of constant curvature [Cra07]. We also

mention the following fact, which is Theorem 2 in [Cra03].

Theorem 6.3.12 ([Cra03])
Suppose M" is a pseudo-Riemannian manifold with n > 2. If M admits two CTs, one of
which is an ICT, and at each point they have no non-trivial common invariant subspaces,

then M 1is a space of constant curvature. o

For applications to general relativity, see [Grol1].
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6.4 Concircular vectors®

Concircular vectors aren’t directly useful for separation of variables, so this section is
mainly optional. Although one indirect use follows from the fact that concircular vectors
can be used to obtain CTs in spaces of constant curvature (see Corollary 6.1.4). Suppose
r € X(M) is a concircular vector (CV), then Equation (6.0.1) must be satisfied, i.e

Var = ¢x (6.4.1)

for all x € X(M) and some fixed ¢ € F(M). The material we present here is mainly from
[Cra07] where results on CTs were obtained by using the corresponding results on CVs
as motivation. See also section 3.4 in [Ami03], which contain more references and other
applications of these vectors.

We first explain where this object comes from, following Crampin in [Cra07]. A
concircular transformation of a pseudo-Riemannian manifold (M, g) is a conformal trans-
formation (g — p*g) which maps circles into circles (see Section 3.2) [Yan40]. It was shown
by Yano in [Yan40] that in the Riemannian case, a necessary and sufficient condition for
this is that Vp satisfy Eq. (6.4.1). Concircular tensors are generalizations of concircular
vectors to higher valence.

We give some examples as follows:

Example 6.4.1

Any covariantly constant vector field gives a trivial example of a CV with ¢ = 0. 0

Example 6.4.2 (The Dilatational vector field in E)
A non-trivial prototypical example is given in pseudo-Euclidean space as follows. Set
M = E? and let (z') be Cartesian coordinates for M. Let r := > 2'0;, then for v € X(M)

(Vor) =00 =’

Hence r is a concircular vector with ¢ = 1, which is known as the dilitational vector
field (in E7). 0

We can easily calculate the general CV in E7:

Proposition 6.4.3 (Concircular vectors in E” [Cra07])
A wvector v € X(E?) is a CV in E? iff there exists a € C(E") and b € C}(E") such that

v=ar-+b

where r is the dilatational vector field. O
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PROOF In E? with canonical Cartesian coordinates (x*), Eq. (6.4.1) becomes:

o' ;
oxi b9

This equation can be easily solved by observing the following:

0o o*v' 09

ork 1 T drkdri  oxi *

0
Thus taking i = j # k, we find that 8_3(5;1 = 0. Thus ¢ € R and we find that v must

have the form given by v* = ¢z + b* where each b* € R. n

Then using Corollary 6.1.4 we can deduce the general CT in E:

Proposition 6.4.4 (Concircular 2-tensors in E”)
L is a concircular 2-tensor in E" iff there exists A € C2(E"), w € CHE") and m € CJ(E")
such that:

L=A4+2wor+mror

where 1 is the dilatational vector field. The tensors A, w and m are uniquely determined
by L. o

The dilatational vector field in E? gives us some intuition for CVs. The following
proposition shows that many of the properties held by the dilatational vector field are
shared by general CVs [Cra07].

Proposition 6.4.5 (Properties of Concircular vectors)
Suppose r € X(M) is a concircular vector. Let E :=rt and r*> = (r,r), then the following

statements are true:

~

. 118 a conformal Killing vector with conformal factor ¢.
2. V,r = ¢r, so the integral curves of r are affinely parameterized geodesics.

3. dr’* =0, sor is of gradient-type.

4. If r is non-null, then E is a Killing distribution, i.e. E is spherical with geodesic
orthogonal complement.
5. d’l“2(E) = O O
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PrROOF The first property follows since we have shown that concircular tensors are
conformal Killing tensors. The second property follows by definition.

To verify the third property, suppose z,y € X(M) and [z,y] = 0, then

dr’(z,y) = x({y,r) — y((z,7))

= (Vay,r) + (4, Var) = (Vya, 1) — (2, Vyr)
([m,y],r> + ¢ <y7 I> - ¢ <ZL’, y>
0

The last two properties follow from the fact that if r is non-null, then » ® r is an
orthogonal concircular tensor. Although one can prove these properties directly, for
example if z € ['(E), then

z(r?) (Ver,r)

(o)

I
=T O N

thus property 5 holds even if r is null. n

Note that property 3 implies that a non-null CV r naturally induces a warped product.
In fact, if r is non-null, then » ® r is an OCT, hence from Proposition 6.3.6, we can choose

an adapted warped product metric to be:

g=r%g +r°g

6.5 KEM webs

Our main motivation for working with concircular tensors is because they are invariants
of Kalnins-Eisenhart-Miller (KEM) webs. In this section we will define KEM webs and
show that they are separable. We will see throughout this chapter that several questions
concerning KEM webs can be answered using their defining concircular tensors.

Before we introduce the general notion of a KEM web, we first present the following

simple motivating example:

Example 6.5.1 (KEM webs)
In this example we work in E? with the CT L = d ® d where d # 0 is a constant vector.

In this case, L has a simple eigenspace S} := span{d} and a multidimensional eigenspace
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D, := d*+. Clearly a warped product manifold adapted to the WP-net (S, D;) is E! x E2.

Now in [E2 we can specify a Cartesian coordinate system via the CT L = A where A is
symmetric, constant and has simple eigenspaces. We can also specify polar coordinates
via the CT L = r ® r where r is the dilatational vector field as in the previous section. In
both cases it is well known that this defines a separable web &; in E2.

Back in E? we can define an orthogonal web, &, formed by S; together with the lift
of & (which is obtained by translating &£ along d). In the first case we obtain a web
defining Cartesian coordinates and in the second case we obtain a web defining cylindrical

coordinates, both of which are separable. O

We have shown two examples where an orthogonal (in fact separable) web was obtained
recursively using concircular tensors. For low dimensions we define a KEM web as follows:
When n = 1 the tangent bundle T'M itself is trivially defined to be a KEM web. When
n = 2 any non-trivial OCT has simple eigenfunctions, hence is a Benenti tensor and
defines an orthogonal web. So when n = 2 we define a KEM web to be any orthogonal
web associated with a Benenti tensor. In the general case we define recursively a KEM
web as follows:

Definition 6.5.2 (KEM web)

Let L be a non-trivial OCT with simple eigenspaces (S;)¥, and multidimensional
eigenspaces (D;)!_,. For each i = 1,....1, let & be a KEM web on an integral man-
ifold of D;. Then the web formed by (S;)%_, together with the lifts of & is called a
Kalnins-Eisenhart-Miller (KEM) web. O

Remark 6.5.3
One can check that the above definition is well-defined since each D; is necessarily

integrable and the lift of &; is necessarily an orthogonal web at least locally. o

Theorem 6.5.4 (KEM webs)
A KEM web is a separable web. o

PROOF Suppose inductively that this theorem holds for all KEM webs with dimension
k < n and note that the statement trivially holds for £ = 1 since the metric is always an
OCT. Now we prove the proposition for KEM webs of dimension n > k > 1.

Let L be the OCT in the definition of the KEM web and let K be the KBDT associated
with L (see Eq. (6.3.1)). Let Dy, ..., D; be the multidimensional eigenspaces of L. These are
necessarily Killing disltributions by Proposition 6.3.6. Then the net formed by Dy, ..., D,

together with Dy := [ Dj- is a WP-net. So fix p € M and let N = Hi:o N; be a connected

=1
product manifold adapted to this net and passing through p. For each + = 1,..., [, let K
be a ChKT for & on NV; which is given by Theorem 5.3.2. It follows from Proposition 4.5.2
that K; can be extended to a KT on M (which we call K;). After adding a constant

103



Chapter 6. Concircular tensors and KEM webs

multiple of the induced metric on N; to K; if necessary, we can assume that K + 22:1 K;
is a ChKT at least locally. Since K + Zézl K; is a ChKT for this KEM web, it follows
from Theorem 5.3.2 that this KEM web is a separable web.

Thus the result follows by induction. n

KEM webs are associated to the separable coordinate systems originally discovered
by Kalnins and Miller (see [Kal86]) for spaces of constant curvature. We will show
later on that in spaces of constant curvature, the converse of the above theorem is true
(see Theorem 7.1.1). We also note here that it’s clear from the proof above, that (in
principle) OCTs can be used to construct separable webs which are not necessarily KEM
webs. Although KEM webs will be the most straightforward to analyze, so we will work
exclusively with them.

Any coordinates adapted to a KEM web are called KEM coordinates. We now
show how to reduce the problem of obtaining KEM coordinates for a KEM web to the
special case of webs associated with Benenti tensors. Fix a non-trivial OCT L as in
the definition of a KEM web and assume it has a multidimensional eigenspace. Let
P No X,y Ny XX, N — M be alocal warped product decomposition adapted to the
WP-net induced by the multidimensional eigenspaces of L. Since L|y, is a Benenti tensor,
there exist local coordinates (z9) on Ny which diagonalize L|y,. Inductively assume for
each ¢ > 0 that (z;) = (z},...,2}") are separable coordinates for N; adapted to the KEM
web &;. Then the above theorem shows that the product coordinates ¥ (xg, x1, ..., z)) are
separable coordinates for M. Some examples of this construction are given in Sections 2.3.2
and 9.6.2.

Hence constructing KEM coordinates reduces to constructing coordinates adapted to
a Benenti tensor. For Benenti tensors which are also ICTs, canonical coordinates can be
constructed for the associated webs (see the discussion following Definition 6.3.3). The
case for more general Benenti tensors can be reduced to ICTs using appropriate warped
products (see Proposition 6.2.2 (2)).

We now give another property of KEM coordinates which will be important for their
further study. First we need a definition. An orthogonal coordinate system is said to
have diagonal curvature if the Riemann curvature tensor satisfies R;;;; = 0 for j # k
in the coordinate induced basis. This definition is equivalent to requiring the curvature
operator (which is a (3)-tensor associated with R which induces a map in End(A?(M))
[Pet06]) to be diagonal in the coordinate induced basis. One can also check that the
diagonal curvature condition implies that the Ricci tensor is diagonalized. Now, we have

the following result.

Proposition 6.5.5

KEM coordinates have diagonal curvature, and hence they diagonalize the Ricci tensor.n
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PROOF Assume that (z') are KEM coordinates. First, observe that the metric necessarily

has the following form:

9= eapidzi+ > pig’

aEM IeP
where {1,...,n} = M U (Ujepl) is a partition (here P is an index set and each [ € P
is a subset of {1,...,n}), each e, = £1 as the case may be and each p;(z1,...,z,) is a

positive valued function and each ¢’ has the following form:

Yo i

Define g as follows:

§:Zeadxi+ZgI

aeM IeP

Let R (resp. R) denote the Riemann curvature tensor of g (resp. §). Then for
i€l,je J ke K with 4,7, k distinct, it follows from Eq. (3.5.2) that

<(R(8Z-, ) — R(0;,00))0;, 3¢> = 9(0;,0;)((Va,Ur — (O, Ur) Ur, 95))

where Uy = —V log p; is the negative gradient of log p;. By using Eq. (3.5.1), we get the

following:

(Vo,Ur — (0, Ur) Ur, 9;) = (O log ps0; + 0 log px ) log pr — (Ok log pr)(0; log pr)

The above vanishes if either j ¢ M or k ¢ M. So we can assume further that 7, J, K
are distinct. Then from a direct calculation using the specific form of the twist functions
(see Proposition 6.3.6), it follows that the above is identically zero in this case. Thus we

have proven that if 7, j, k are distinct, then
(R(0:,0:)0,00) = ( R(0:,0,)0,0;)

First observe that R;;, = (R(0;,0k)0;,0;) and we can assume ¢, j, k are distinct to
check the diagonal curvature condition. Also note that R(@i, 0k)0; is not necessarily zero
only if I = J = K orif i,j,k € M (see Proposition 3.5.6). In the later case, clearly

Riji = 0. In the former case the result follows by induction from the above equation. m
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Remark 6.5.6

When the KEM coordinates are generated by an ICT, this fact was originally shown by
Crampin in [Cra03]. We were motivated to generalize this fact after observing that all
separable coordinates derived by Kalnins and Miller (see [Kal86]) are KEM coordinates

and they have diagonal curvature. O

Remark 6.5.7

When the coordinates are separable, the additional condition that the Ricci tensor is
diagonal is known as the Robertson condition [Eis34]. It is known that if this condition
is satisfied, then the free particle Schordinger equation (a.k.a Helmholtz equation) is
separable [Ben02; Eis34|. Eisenhart first gave this characterization (in terms of the
Ricci tensor) in [Eis34]. The above proposition shows that KEM coordinates satisfy the

Robertson condition. O

Remark 6.5.8

In a space of constant curvature any orthogonal coordinates have diagonal curvature (see
Eq. (1.4.1)). This is a crucial observation that enabled Eisenhart [Eis34] and then Kalnins
and Miller [KM86; KM82] to classify orthogonal separable coordinates in these spaces.
We will use this observation to give an independent classification of these coordinates in
Chapter 7. o

The fact that KEM coordinates are orthogonal separable with diagonal curvature is
almost sufficient to characterize them. We will observe this in Chapter 7 when we will
solve for all such metrics. The solution from that chapter will show that the Schwarzschild
metric is orthogonally separable and has diagonal curvature. Although one can deduce
from Proposition 6.3.6 that the separable web associated with this metric is not a KEM
web. Furthermore, not all orthogonal separable coordinates have diagonal curvature. A
simple counter-example is given by the Liouville metric [Cra05]. The Liouville metric
is conformally Euclidean with each g; = ¢1(2!) + - -+ + @, (2™). This metric is a classic
example of an orthogonally separable metric; one can verify this using the Levi-Civita
equations (see Eq. (5.2.3a)). One can show that this metric has diagonal curvature iff
¢l = 0 for each j # k (see Eq. (3.5.2)).

6.6 The Killing-Stackel space of KEM webs

In this section we show how one can obtain Killing tensors which pair-wise commute
(algebraically as linear operators) from a concircular tensor. This was the original
motivation for studying Benenti tensors [Ben92a]. In contrast with Benenti’s approach in
which elementary symmetric polynomials are used, we will make use of the coordinate-

independent theory of the cofactor tensor summarized in Appendix A.
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Theorem 6.6.1 (Killing tensors from Concircular tensors [Cra03])
If L is a non-singular concircular tensor then K := cof(L) is a Killing tensor satisfying

the following equation:

V.K=(V,u)K =V Kz
for all x € X(M) where p = log |det L|. o

ProoF We follow the proof of Theorem 3.1 in [Ben05]. Recall (Eq. (A.0.3)) that K =
cof (L) satisfies

KL =LK = (det L)I (6.6.1)

Since K is a polynomial in L (see Eq. (A.0.4)), it follows that K is self-adjoint. Also
note that Proposition B.1.1 implies that

Ld(det L) = (det L)d(Tr L) = Kd(Tr L) = d(det L)

Differentiating Eq. (6.6.1) with respect to x € X (M) gives:

VoKL + KV,L=V,(detL)I

Right multiplying by K gives:

(det L)V, K = V,(det L)K — K(V,L)K
1
= V,(det L)K — 5}((;5 QATTL+VTrL ®2')K

1
=V,(det L)K — §(Kx ®@ddet L + Vdet L ® (Kz)°)

which gives us the equation for V, K. Symmetrizing VK proves that K is a Killing

tensor. -

In our discussion, for a CT L, we will let K, := (A""!'L*)"* which has been defined
in Appendix A. We call the tensors Ky, ..., K,_1 the L-sequence generated by L. Note
that these tensors satisfy a number of identities given in Appendix A. By working with an
equivalent CT, L+cG, for some ¢ € R, we can assume (locally) that the CT is non-singular.
Then by Eq. (A.0.1) and the above proposition, we see that each tensor K, is a Killing
tensor. Furthermore we note that by Eq. (A.0.4), each of these tensors are polynomials in
L. These observations allow us to obtain a generalization of Benenti’s theorem [Ben04]
for an arbitrary OCT:
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Theorem 6.6.2 ([Ben04])
Suppose L is an OCT with k distinct eigenspaces. Then L generates a k dimensional
space of orthogonal Killing tensors which are point-wise independent, which algebraically
and Schouten commute. This space of Killing tensors is K = span{ Ky, ..., K,_1} where
each K, was defined above.

In particular, if L is a Benenti tensor then K is the KS-space associated with the

separable web induced by L. O

PROOF Since each tensor K, is a polynomial in L, it follows that they commute alge-
braically and are simultaneously diagonalized in any coordinate system which diagonalizes
L. Thus it follows by Proposition 4.4.12 that any K, J € K Schouten commute.

We now calculate the dimension of this space. First note that dim /C is the (abstract
vector space) dimension of K, i.e. not the point-wise dimension. Fix a point p € M. Let
A1, ..., Ax be the eigenvalues of L at p. Then by using Proposition A.0.12, we can obtain
Killing tensors K7, ..., K) such that at p, K, has eigenspaces E; and E:-. This implies
that K1, .., K, must be independent KTs in a neighborhood of p. The fact that they
are elements of IC follows from Lemma A.0.5. This result together with the fact that
the elements of I can be simultaneously diagonalized with L implies that the point-wise
dimension of K is k. It also implies that dim K > k. In particular when L is a Benenti
tensor, dim /IC = n, and the tensors Ky, ..., K,_; are independent.

We now consider the case L is a non-trivial OCT. For convenience, we assume that
L has one multidimensional eigenspace D. Let B x, F' be a local connected warped
product adapted to (D, D) with adapted contravariant metric G = G’ 4+ p~2G. By
Proposition 6.2.2 (5) it follows that L := L|p is a Benenti tensor. If K, denote the Killing
tensors in the associated L-sequence, it follows? by Proposition 5.3.10 that these tensors

admit extensions K, ! to KTs on M which have the form:

K = K, +t,G

where dt, = K,dk. Let K, denote the Killing tensors in the L-sequence generated by
L. Since the tensors K, form a basis for the KS-space generated by L, it follows by
Proposition 4.5.2 that there exist constants A such that

Ko=) AME, +t,G) + oG

for some ¢, € R. This proves that dim KC < k, hence dim IC = k. The general case follows

similarly.

2See the discussion following the proof for more details.
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The last fact concerning the case when L is a Benenti tensor follows from Corol-
lary 5.3.3. n

As a corollary, we see that if L is a Benenti tensor, then the L-sequence forms a basis
for the KS-space generated by L. The proof also shows us how to obtain a basis for K in
the more general case. Indeed, suppose M = B x, I' is a warped product with adapted

contravariant metric G = G’ + G and L is a Benenti tensor on B satisfying:

L(dlog p) = d(clog p+ %tr(L)) (6.6.2)

for some ¢ € R. Then L := L + ¢G is a CT on M by Proposition 6.3.7. Hence by
Remark 6.2.3 we see that K := tr(L)G — L is KT on M which pulls back to a ChKT on
B. Thus by Proposition 5.3.10, the KS-space generated by L on B can be extended into
M. The following proposition explicitly gives this extended KS-space.

Proposition 6.6.3 (Extension of the L-sequence)
Suppose B x, F'is a warped product and L is a Benenti tensor on B as above. Then the
L-sequence can be extended into independent KTs on M given as follows in contravariant
form:

a ~

Ko=K,+ () (—0)'oa)C

i=0
for each 0 < a <m — 1 where m = dim B and o, := (N"L®)"*. In terms of L, they have
the following form.:

Ka = (-1)i0'a_iEi <>

1=0

PrROOF Throughout this proof we work exclusively on B. Denote by K, the L-sequence
generated by L. It follows by Eq. (A.0.2) that they satisfy the following equations:

Ko=1, K,=0,—K, 1L 1<a<m (6.6.3)
Furthermore since L is torsionless, Eq. (B.1.1) from Proposition B.1.2 implies the
following:

K, 1dtr(L) =do, (6.6.4)
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We now proceed to calculate the function ¢ in Eq. (4.5.1) for each K,. For a > 1, by
using Eqs. (6.6.2) and (6.6.3) we have

1
K,dlogp = o,dlogp — K, 1d(clogp+ 5 tr(L))

5.6. 1
65 oq.dlogp —cK, 1dlogp — §daa

Then if we let k := p~2, we have

K,dk = kK ,dlogk
= —2rK,dlogp
= og,dk — cK,_1dk + rdo,
= d(ko,) — cK, 1dk (6.6.5)

which gives us a recursive equation for K,dx. We solve it as follows:

(
= d((o1 = ¢)K)
Kydk = d(kog) — ed((o1 — ¢)R)
= d((02 — c(o1 — ¢))r)
= K,dk = d((Z(—c)’Ja,l)/i)

We check the above equation for K,dx using induction:

K, dk (6.55) d(koy) — cKy1dk

R S )1
= d((a+ (3 _(=¢)"a1-4))x)
= d((Y_(=)'oui)r)

=0

Thus it follows by Proposition 4.5.2 that each K, is a KT on M. The second formula
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for K, follows from Eq. (A.0.4). n
Remark 6.6.4
The conclusions follow as long as L is a CT. o

Thus the above two propositions together with Proposition 5.3.12 reduces the calcu-
lation of the KS-space for KEM webs to algebraic operations (provided the appropriate
warped product decompositions are known). We also note that one can construct a ChKT
for any KEM web using the KBDTs associated with the defining CTs. This construction
is elaborated in the proof of Theorem 6.5.4.

We now end this section with the expected result that the KS-space generated by an
ICT is not reducible. In order to do this, it is sufficient to first work with orthogonal
CKTs. Suppose L is an orthogonal CK'T with orthogonally integrable eigenspaces Fj, ..., Ej
and associated eigenfunctions Ay, ..., A\,. Let D. C {1,...,k} with |D.| > 2 and define
D=0, p, Ei- We will need the following lemma which gives the mean curvature normal
of D:

Lemma 6.6.5
Suppose € = (E;)}_, is a TP-net and let D = &, , E; (similar to above), then the mean

curvature normal Hp of D is given as follows:

m;
Hp=) ~H"

1€D,

where H; 1s the mean curvature normal of E;, m; = dim E; and d = dim D. In particular
D is umbilical iff HP = Hp = Hle for each i,5 € D,. 0

PrOOF By Eq. (3.5.1), the second fundamental form of D is

h(l’,y) = Z <x17yz> UiJ_D

€D

Hence the formula for Hp follows since Hi*? = UP for each i € D,. Then D is

umbilical iff Hp = HZ-LD for each 7 € D,, hence the result follows. -

We now assume that D is umbilical. From the above lemma, D is umbilical iff
H;-P = H;-P for each i,j € D.. Thus from Corollary 4.4.6, the following equation must
be satisfied for 7,5 € D, and k ¢ D..

(Viog|Ai = AD)? = (Vg |A; — A"
S (=) (Vi — )" = (s = M) (V= 2)
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ANi— AL o7 .
Thus log 3 )\k is independent of Fjy. Now if L is a torsionless orthogonal CKT
j Ak
this condition simplifies to

(A = M)V = (A — AV
& (N — M)V =0
< VA, =0 foreachk ¢ D,

Hence we have the following:
Proposition 6.6.6 (Some Geometrical properties of torsionless CKTs)
Suppose L is a torsionless orthogonal CKT with orthogonally integrable eigenspaces. If a
distribution D (constructed as above) containing at least two eigenspaces is umbilical, then

Ak is a constant for each k ¢ D.. Thus we can deduce the following:

1. Any such distribution D induces a warped product with D as the geodesic distribution

and the eigenspaces complementary to D as the Killing distributions.
2. In particular if dim D = n — 1, then D+ is tangent to a Killing vector field.

3. If the eigenfunctions of L are functionally independent then any L-invariant distri-

bution with dimension greater than one is not umbilical. &

Remark 6.6.7

This proposition contains a well known property of Benenti tensors stated in some articles
[Ben05; CRAQ7]. Namely that a simple eigenspace of a torsionless orthogonal CKT cannot
be tangent to proper CKV (a CKV which is not a KV) if its orthogonal complement
contains more than one eigenspace. This follows directly from property 2 above and the

fact that the orthogonal complement of normal non-null CKV is umbilical. o

Hence the above proposition shows that the KS-space generated by an ICT is not
reducible. In fact, even more can be said:
Corollary 6.6.8 (The KS-space of an ICT)
Suppose L is an ICT. If K is in the Killing-Stackel space generated by L, then K is either

a constant multiple of the metric or characteristic. &

PrOOF By hypothesis K is diagonalized in any coordinate system adapted to the
eigenspaces of L. If K has an eigenspace D which has dimension d satisfying 1 < d < n
then D is umbilical by Corollary 4.4.6. Also D is a direct sum of at least two eigenspaces
of L, hence by Proposition 6.6.6 at least one of the eigenfunctions of L must be a constant,
a contradiction. Thus we conclude that either K is characteristic or has a single eigenspace

in which case it must be a constant multiple of the metric. m
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Remark 6.6.9

This corollary highlights a weakness of the intrinsic characterization of separable webs
using ChKTs (Theorem 5.3.2). The non-uniqueness of ChKTs makes it more difficult
to classify the associated webs using them. This is in sharp contrast with CTs, see
Proposition 6.2.5. Although the cost of working with CTs is that, in general, we have to
work with multiple CTs. o

Proposition 6.6.6 can also be used to derive properties of the Killing-Stackel space, K,
of a Benenti tensor. For example, suppose L is a Benenti tensor with only one constant
eigenfunction and the rest of which are non-constant. In this case K contains a rank 1 KT,
say V', which is the tensor product of a KV with itself by Proposition 6.2.2. Then one can
use Proposition 6.6.6 to deduce that all KTs in K must be either a constant multiple of

the metric, a KT sharing the same eigenspaces as V', or a ChKT.

6.7 Separation in KEM webs: The BEKM Separa-
tion Algorithm

In this section we will present the Benenti-Eisenhart-Kalnins-Miller (BEKM) separation
algorithm, which is named after the researchers whose work anticipated this algorithm
[Ben05; Eis34; KM86]. We fix a potential V' € F(M) and suppose n = dim M > 1. We
present a tractable intrinsically defined algorithm to determine separability of the natural
Hamiltonian associated with V' in a KEM web.

This algorithm is developed using the structure of KEM webs. In the proof of
Theorem 6.5.4, we showed how to construct a ChKT for a KEM web using KBDTs
associated with the defining CTs. We now observe that given a KEM web &, the KBDT,
K, associated with the first CT defining this web is in the KS-space associated with £.
Thus by Theorem 5.4.1 any potential separable in £ must satisfy the dKdV equation with
K’. We use these observations and the theory of the separation of the Hamilton-Jacobi
equation in warped products (see Section 5.4.1) to obtain a recursive algorithm to find

separable coordinates for V.

Remark 6.7.1

The authors originally discovered the necessity of KBDTs for E” and S™ implicitly through
Corollary 5.4 in [WWO03|. Indeed, according to the remarks following Equation 4.2 in
[Ben04], the Bertrand-Darboux equations in [WWO03] are the dKdV equations generated
by a KBDT. Hence Corollary 5.4 in [WWO03] implies the necessity of KBDTs for the
special case of E™. Corollary 5.4 in [WWO03] also implies a similar statement for S”. This
explains the origin of the name Bertrand-Darboux in Killing-Bertrand-Darboux tensor

and one of our initial reasons for working with CTs. 0
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Now we present the BEKM separation algorithm, so assume M is an arbitrary pseudo-
Riemannian manifold. Let L denote the general concircular tensor on (M, g) and K :=
tr(L)G — L be the KBDT generated by L. Now impose the condition:

d(KdAV) =0 (6.7.1)

which is called the Killing Bertrand-Darbouz (KBD) equation. The above equation defines
a system of linear equations in the unspecified parameters of L. Indeed, by Theorem 6.1.2,
the C-tensors form a finite-dimensional vector space. Since the KBDT is linearly related to
L, it follows that the above equation defines a linear system. Furthermore by Theorem 6.1.2
the maximum number of unknowns in the above equation is £ (n + 1)(n + 2).

Suppose now that K is a particular solution of the KBD equation and let L be the
associated C-tensor. We make the assumption that L is an orthogonal tensor (which is
always satisfied on a Riemannian manifold). Let (E;)¥_; be the eigenspaces of L and

(\i)¥_, the corresponding eigenfunctions. We now classify such a solution:

Case 1 (k =1, i.e. all the eigenfunctions coincide)
In this case L = ¢G where ¢ := \; € R, thus the associated KBDT, K =¢(n — 1)G

is the trivial solution of Eq. (6.7.1) and so the algorithm yields no information.

Case 2 (the eigenfunctions are simple)
K is a characteristic Killing tensor, then by Benenti’s theorem (Theorem 5.4.1), V'

is separable in the web of the eigenspaces of L.

Case 3 (at least one eigenfunction is not simple)
In this case, we enumerate the eigenspaces Dy, ..., D; with dimension greater than

one. Since each D; is Killing by Proposition 6.3.6, the net formed by Dy, ..., D,
together with Dy := (l] Di is a WP-net. So fix p € M and let N = HZ:O N; be a
connected product m;:nlifold adapted to this net and passing through p.

If Dy # 0, then K restricted to Dy is characteristic by construction. Let V; := 7V €

F(N;) and suppose for each i = 1, ...,k there exists a ChKT K; on N; such that
d(K;dV;) = 0.

Then by Theorem 5.4.4, V is separable in the web formed by the simple eigenspaces
of L together with the lifts of the simple eigenspaces of K, ..., K.

The algorithm can be applied recursively in the case L has a non-simple eigenfunction.
In the notation of case 3 one would have to apply the algorithm to each NN; equipped with
the induced metric for i =1, ..., 1.

Now, some remarks are in order:
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Remark 6.7.2
In case 3 even if there are no ChKTs on the submanifolds /NV; which satisfy the dKdV
equation with V;, one should be able to prove that the Hamilton-Jacobi equation is partially

separable. By Theorem 6.6.2, one can at least obtain first integrals for the Hamiltonian.q

Remark 6.7.3
Since the metric is always a solution of the KBD equation and because the KBD equation
is linear in K, we always consider a solution of the KBD equation modulo multiplies of

the metric. O

In the following example we will show how to use the theory just presented to show
that the Calogero-Moser system is separable in cylindrical coordinates. It was originally
shown to be separable in these coordinates by Calogero in [Cal69].

Example 6.7.4 (Calogero-Moser system)
The Calogero-Moser system is a natural Hamiltonian system with configuration manifold

[E? given by the following potential in Cartesian coordinates (qi, ¢z, ¢3):

V=(@—-¢) "+ (@—a)>+@-—qg) ">

First note that the constant vector d = \/Lg[l, 1,1} is a symmetry of V', ie. L4V = 0.

Hence we observe that the CT L = d ® d is a solution of the KBD equation associated
with V. From Example 6.5.1 we know that a warped product manifold adapted to L
has the form E! x E2. One can choose Cartesian coordinates (g}, ¢3, ¢4) adapted to this

product manifold, such that V' takes the form:

_9(gg +a2)
245 (3¢5 — ¢5')?

In this case V naturally restricts to a potential on E? with coordinates (g5, ¢3). In E?

one can apply the BEKM separation algorithm to find that the only solution of the KBD
equation (up to constant multiplies) is L = r ® r where r is the dilatational vector field.
Hence we conclude that V' is separable in cylindrical coordinates which are obtained by

taking polar coordinates (rcos(6),rsin(f)) on E2. 0

The above example will be worked out in greater detail in Section 10.2. When n = 3,
we will show that the Calogero-Moser system is separable in four additional coordinate
systems. The following example illustrates how one can obtain ChKTs when an ignorable
coordinate is present.

Example 6.7.5 (Separation in Static space-times)
A static space time is the product manifold M = B x, E} equipped with warped product
metric g = § — p*dt? where § is a Riemannian metric. By Proposition 5.3.12, M admits a

0 -
ChKT K with timelike eigenvector field 5 iff there exists a ChKT K € S?(B) satisfying:
115



Chapter 6. Concircular tensors and KEM webs

d(Kdp=2) =0

This observation is a special case of the connection between separation of potentials
and extensions of KTs. We note here that in order to find K, the BEKM separation
algorithm can be applied on B with V := p~2. In particular if B is a space of constant
curvature, we will observe immediately after this example that the BEKM separation
algorithm gives a complete method for determining K satisfying the above equation if it

exists. 5

Completeness of the algorithm It follows from the definition of the KEM web that
if this algorithm is applied recursively then it will always test if the potential is separable
in a KEM web. Since it will be proven in Chapter 7 that every separable web in a space of
constant curvature is a KEM web, it follows that this algorithm gives a complete test for
separability in spaces of constant curvature. Although if one uses a ChKT not associated
with a KEM web in case 3 of the algorithm, then one can test for separability against

more general separable webs.

Practical Implementation For spaces of constant curvature, we will work out sufficient
details in Chapter 9 to concretely implement this algorithm in Section 10.3. To do this,
the only problems that remain are the classification of OCTs modulo the action of the
isometry group, then obtaining the transformation to Cartesian coordinates for their
associated webs and classifying warped product decompositions on these spaces. These
problems are solved in Chapter 9.

This algorithm has been implemented concretely in Euclidean and spherical space
by Waksjo and Wojciechowski in their solution [WWO03]. Their solution which was
more classical, involved Stackel theory and was based on the work of Kalnins-Miller
[Kal86]. They made no use of Benenti’s modern formulation of the separation of the
Hamilton-Jacobi equation [Ben97] in terms of Killing tensors which is independent of
Stackel theory.

Like the algorithm in [WWO03], in spaces of constant curvature the BEKM separation
algorithm reduces to a series of problems in linear algebra. Although for hyperbolic space
and Minkowski space-time, one will have to deal with finding the Jordan canonical form

of non-diagonalizable (constant) matrices.

6.8 Notes

Reviews of the theory presented in this chapter are presented in Sections 2.2 to 2.4
and 9.1.1.
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In this chapter we have not studied non-orthogonal CTs. Non-orthogonal CTs may be
applicable to complex and non-orthogonal separation. In [BM13], a procedure is given
to obtain the local canonical (normal) forms for CTs in pseudo-Riemannian manifolds.

Hence this procedure may be of interest for those who wish to study non-orthogonal CTs.
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Specialization to Spaces of Constant
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Chapter 7

In Spaces of Constant Curvature:

Separable webs are KEM webs

In this chapter we will prove the fundamental result: in spaces of constant curvature,
separable webs are KEM webs. This fact can be deduced from the Kalnins-Miller
classification [Kal86], but we will give an independent proof which somewhat generalizes
their results. This chapter builds on Section 6.5 which we assume the reader is familiar
with. The contents of this chapter are from the article [RM14al].

In order to prove this result, we will solve for all orthogonally separable metrics with
diagonal curvature. This generalizes results by Eisenhart in [Eis34] and Kalnins and Miller
in [Kal86]. Note that this is sufficient to solve for all orthogonal separable coordinates
in spaces of constant curvature, since by Eq. (1.4.1), all orthogonal coordinates in these
spaces have diagonal curvature.

We now provide an outline of this chapter. In the first section we will summarize
the results. In Section 7.2 we present the first steps of the derivation of all orthogonal
separable coordinates with diagonal curvature. In Section 7.3 we will finish off this
derivation. Finally in Section 7.4, we will do additional calculations in order to prove that

all separable coordinates in spaces of constant curvature are KEM coordinates.

7.1 Summary of Results

In this section we will present the results of this chapter in detail and combine them to

prove the following fundamental result:

Theorem 7.1.1 (Separable Webs in Spaces of Constant Curvature)

In a space of constant curvature, every separable web is a KEM web. o

First we need a preliminary characterization of orthogonal concircular tensors, which

is the coordinate form of Proposition 6.3.6. Suppose (z;) are local coordinates and L is a
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tensor defined as follows:

L= 0,0, ®de,+ Y ey 0 ®du (7.1.1)

aeM IeP i€l
where {1,...,n} = M U (Ujcpl) is a partition (here P is an index set and each I € P
is a subset of {1,...,n}), the o,(z,) are non-constant and the e; are constants. Propo-

sition 6.3.6 states that if L is a concircular tensor, then the metric has the following

form:

g= Z@a H(O’a —Jb)dxi—i—z (H(el—ga)) g'

aceM beM IeP \aeM
b#a
{(xl) i?j el
gh=4¢" . (7.1.2a)
0 i ¢ I

where @, is a function of % only. Conversely, it follows by Proposition 6.3.6, that if the
metric has the above form, then L is a CT. It will follow by the proof of our main result
(see Section 7.3), that given a metric with the above form, one can construct L such that
its eigenspaces are uniquely determined from the metric.

We will see that most orthogonally separable metrics with diagonal curvature have a
form given by the above equation, i.e. they admit a concircular tensor diagonalized in the
coordinates. We now list the general form of orthogonally separable metrics with diagonal
curvature.

The ones having a form given by Eq. (7.1.2) can be divided into the following three

classes. The first class are the irreducible metrics

9=> 0 |[(0a - ov)da? (7.1.3)

a=1 b#a
which occur when the eigenfunctions of any associated concircular tensor are functionally
independent. These metrics were first found by Eisenhart in his article [Eis34]. The
remaining two classes of metrics are referred to as reducible metrics. The following are

product metrics

g=>» ¢ (7.1.4)

p
I=1

where each ¢! is given in Eq. (7.1.2a). The final class are the warped product metrics
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g = Z d, H(Ja — Ub)dl‘i + Z (H (er — aa)> q" (7.1.5)

a=1 b<m a<lm

b#a
where each ¢! is given in Eq. (7.1.2a).
There is one class of orthogonally separable metric with diagonal curvature which is

not in general associated with a concircular tensor, it is given as follows:

p
g= ®da? + Z olg’ (7.1.6)

I=1
where ®;, 0! are functions of z; at most with each of non-constant. In conclusion, every
orthogonally separable metric with diagonal curvature has a form given by Eq. (7.1.2) or
Eq. (7.1.6). We will show later that if g is an orthogonally separable metric with diagonal
curvature, then each of the metrics g’ must also be an orthogonally separable metric
with diagonal curvature. This shows why the classification is recursive: if |I| > 1 then
our classification will tell us that each g’ must be of the form given by Eq. (7.1.2) or
Eq. (7.1.6). Thus one must recursively apply this classification to obtain all orthogonally

separable metrics with diagonal curvature for a given dimension.

Using the above classification, we will prove the following theorem concerning orthogo-

nal separation in spaces of constant curvature:

Theorem 7.1.2 (KEM Separation Theorem)
Suppose (M, g) is a space of constant curvature. In orthogonal separable coordinates, g
necessarily has the form given by Eq. (7.1.2).

In terms of tensors, suppose K is a characteristic Killing tensor defined on M. Then
there is a non-trivial concircular tensor L defined on M such that each eigenspace of
K is L-invariant, i.e. L is diagonalized in coordinates adapted to the eigenspaces of K.

Furthermore, the eigenspaces of L are uniquely determined by the separable web defined by
K. O

The above theorem is a generalization of the results due to Kalnins and Miller from
[Kal86]; it holds in Lorentzian spaces as well. For Riemannian spaces of constant curvature,
this theorem can be proven by connecting the classification of separable metrics given by
Kalnins and Miller in [Kal86] with Proposition 6.3.6. Indeed, by examining the separable
metrics given in [Kal86], it can be shown that all separable metrics derived in [Kal86]
have the form given by Eq. (7.1.2). Then the desired concircular tensor, L, is given by
Eq. (7.1.1). For a space of constant curvature with arbitrary signature, we will generalize
the classification given by Kalnins and Miller and show that all separable metrics still

have the form given by Eq. (7.1.2).
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We will apply the above theorem, shortly, to prove Theorem 7.1.1. But first, we note
here that Theorem 7.1.1 together with the results presented in [Ben92b] (cf. [Kal86]) allow
us to conclude the following:

Theorem 7.1.3 (KEM Separation Theorem II)
Suppose (M, g) is a space of constant curvature with Euclidean signature or Lorentzian'
signature with positive curvature. Then every separable (not necessarily orthogonal)

coordinate system has an orthogonal equivalent which is a KEM coordinate system. O

In the above theorem, the term “equivalent” is in the sense of Definition 5.1.5. Precisely,
it means that in the aforementioned spaces, every separable solution to the geodesic
Hamilton-Jacobi equation induces the same Lagrangian foliation as a separable solution
associated with some KEM coordinate system. Now, we will need the following lemma,
which will be proven in Section 7.4.

Lemma 7.1.4
In a space of constant curvature, a Killing foliation is a foliation of homothetic® spaces of

constant curvature. o

In particular for E" one can show that a Killing foliation is foliation by subsets of

(affine) spheres or planes of lesser dimension. We are now ready to prove Theorem 7.1.1.

PROOF (THEOREM 7.1.1) Suppose inductively that this theorem holds for all separable
webs in spaces of constant curvature of dimension k < n. The statement trivially holds
when k£ = 1. We now show that the theorem holds when dim M = n.

Suppose K is a ChKT defined on a space of constant curvature M defining a separable

web. Then let L be a concircular tensor guaranteed by the KEM separation theorem.

Case 1 If L has simple eigenfunctions (i.e. is a Benenti tensor), then it follows that
the separable web determined by K is a KEM web.

Case 2 Suppose L has multidimensional eigenspaces Dy, ..., D;; these must be
Killing by Proposition 6.3.6. Thus each D; induces a foliation of spherical subman-
ifolds of M. Then it follows by Lemma 7.1.4 that this is a foliation of spaces of
constant curvature of lesser dimension. Suppose N; is an integral manifold of D;.
Then it follows from Proposition 4.4.15 that K restricts to a ChKT f(l on N;. Thus
f(z- is a ChKT on a space of constant curvature N; which has dimension less than n.
Hence by induction hypothesis, it follows that the separable web &; associated with
K; is a KEM web. Thus by definition it follows that the separable web associated
with K is a KEM web.

The result then follows by induction on n. n

1We take Lorentzian signature to be (— + -+ - +)
2By homothetic pseudo-Riemannian manifolds, we mean a pair of pseudo-Riemannian manifolds whose
metrics are related by the equation h = A2g where A € Rt.
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7.2 Preliminary results

In this section we will present some relevant calculations from the literature for complete-
ness. In particular, we will partially solve for all orthogonally separable metrics with
diagonal curvature. This calculation will be finished in the next section.

We now assume (z') are orthogonal separable coordinates with diagonal curvature.
Assume the covariant metric g = diag(e; HZ, ..., e, H?) where each ¢; = £1 as the case may
be. The assumption of orthogonal separability implies the metric satisfies the Levi-Civita

equations (Eq. (5.2.3a)). They take the following form:

0% log H? N dlog H? Olog H? 0

7.2.1
8xi8xj 8xj (‘)xz ( a>
0*log H}  Olog H} dlog H? N dlog H? 0log H N dlog H? dlog H} —0  (7.2.1b)
Oz ;j0xy, 0z Oxy, oz, Oxy, Oxy, oz,

where 7,7, and k are all distinct. We will now proceed to solve the above equations in
combination with the diagonal curvature condition.

The following calculation is from [Cra03, proposition 6] which is adapted from Kalnins’
book [Kal86] which is from [Eis34]. First note that in orthogonal coordinates the Riemann

curvature component R, for ¢,j,k distinct has the following form [Eis34]:

e, H? 282 log H? N dlog H? dlog H?
4 Oz ;j0xy, 0z oxy,
dlog H? 0log H;  dlog H? Olog H}
B Ox; oxy, B oxx, Ox;

Rjiik =

In consequence of the second integrability condition, Eq. (7.2.1b), we find that:

Thus the diagonal curvature assumption implies that for 7,7,k distinct:

0% log H?
.= Rl B 7.2.2
Solving the above equation we find that:

J#i
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Now the first integrability condition, Eq. (7.2.1a), applied twice to i # j implies that:
PlogH?  0Olog H? Olog H;
8137;8]3]' n a.l‘j 89{;2

PlogH?  9*log H
Gxi&pj B al'zal‘]
If we substitute the form of H from Eq. (7.2.3) into Eq. (7.2.4b) we have that:

(7.2.4a)

(7.2.4b)

U,
0?log —2
og .,

8138.13- =0

Thus

\I’ij Xij (%)

Vi xjilz))

If we let ®;; = &;; = —2 and ®; = [] xi;, Eq. (7.2.3) becomes:
Xij J#

H} = &;(x;) [ [ ®is(wi,25)
i

Now if we substitute the form of H above into Eq. (7.2.4a) we have that:

(?xiamj
Thus

(i, 7)) = 035(s) + 05(5)

This gives us the following general form of H satisfying Eq. (7.2.1a) and Eq. (7.2.2):

H? = @;(x;) [ [ (00 () + 0ji(;)) (i =1,..,m) (7.2.5)
J#i

The above equation was first derived by Eisenhart in his seminal paper [Eis34] and it
was used resourcefully by Kalnins and Miller in their classification of separable coordinates
systems in S, E" and H™ [Kal86]. When n = 2, the above equation gives the general
solution and it follows that the metric has the form given by Eq. (7.1.2). Thus for the
remainder of this solution we assume n > 2. Now for 4,7,k distinct we evaluate Eq. (7.2.1b)
with all cyclic permutations of 7,7,k using the form of H given above to get the following

system of equations:
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G}idfﬂi(djk + O'kj) - O';Z-O';Cj(O'ki + Uz‘k) - U;W-U;-k(Uij + O'ji) =0 (726&)
O'];ja'gj(dki + Uik) — O';Cjoék(O'ij + O'jz‘> - O'gjO';ﬂ»(O'jk + O'kj) =0 (726b)
03003 + 0ji) = 03405 (0jk + Oj) — 0507 (Oki + o) =0 (7.2.6¢)

where the primes indicates differentiation. Now since each ®;; = 0;; + 0j; is non-zero, the
determinant of the above equations must vanish, this gives us the following equation:

A ror
0350310k T+ 05i0k;jOik = 0 (7.2.7)

We will solve the remaining equations in the next section.

7.3 Classification of orthogonal separable coordinates

with diagonal curvature

We continue the derivation started in the previous section. An important subset of
coordinates are the coordinates ¢ which satisfy o7; # 0 Vj # i. These coordinates will be
called connecting coordinates for reasons that will become apparent later on. The set
of all connecting coordinates for a given separable metric will be denoted by M and we
will assume the coordinates are chosen such that M = {1,...,m}.

First we give a rough idea of how we will do this classification. When there are no
connecting coordinates, we show that metric is necessarily a product metric. When there
is at least one connecting coordinate we show that the metric is any one of the other
metrics listed in the introduction. In order to prove that the metric is a product metric
when it has no connecting coordinates we define a relation among the coordinates. We
then prove that this relation is an equivalence relation. Then we use this equivalence
relation to prove that the metric has at least one connecting coordinate or is a product
metric.

We now define a relation among the coordinates to distinguish between the different
possible metrics that can occur. The relation is designed so that if it gives multiple
partitions then these partitions are associated with a product metric. Furthermore, we
should be able to conclude that the metric is connected if there is only one partition.
It’s easiest to first define when two coordinates ¢ and j are inequivalent. If I and J are
distinct partitions from the product metric in Eq. (7.1.4) and ¢ € [ and j € J, then the
first thing to notice is that oj; = oj; = 0. But with this definition of in-equivalence, if
there are multiple partitions, it’s still possible that we’re dealing with a warped product

metric given by Eq. (7.1.5); we need to make sure that there is no third coordinate & such
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that oy, 03, # 0. This gives us a definition of equivalence:

Definition 7.3.1

Two distinct variables ¢ and j are said to be connected and denoted i ~ j if one of the

following conditions hold:

Ugj#()
05 # 0
Ik #i,j: 04,04 #0

Also we define ~ such that 7 ~ 3.

There are two special types of connectedness that arise, the first is when 4,7 satisfy
, , . : . . .
oi; # 0 or o, # 0, in this case we say that ¢ and j are strongly connected. If i,j are
connected but not strongly connected, we say that « and j are weakly connected by &
or just that ¢ and j are weakly connected.
Proposition 7.3.2

The relation ~ defined in Definition 7.5.1 is an equivalence relation. o

PROOF We check that this relation is transitive, as reflexivity and symmetry are immedi-

ately verified. So suppose that ¢ ~ 7 and j ~ k where 7,7,k are mutually distinct.

Case 1 (0}, # 0 and 07, #0)

In this case 7 and k are weakly connected by j.

Case 2 (0j; #0 and o3, # 0)
Assume to the contrary that o, = o}, = 0, then Eq. (7.2.6b) can’t be satisfied.

Thus ¢+ must be strongly connected to k.

Case 3 (0j; # 0 and o), # 0 or 0, # 0 and o}; # 0)

Assume first that oj; # 0 and o7 # 0 and to the contrary that o}, = 0, then
Eq. (7.2.6¢) can’t be satisfied. Also the case where o}; # 0 and o}; # 0 is just a
permutation of the first, so the same argument applies. Thus in either case ¢+ must

be strongly connected to k.

Case 4 (O'Z,-j # 0 and j and k are weakly connected or chj # 0 and ¢ and j are

weakly connected)

Suppose first that oj; # 0 and j and k are weakly connected by h. So we have that
Thj» Ohi 7 0-

If h =i then o), # 0, so assume that h # i. If 0}; # 0 then i and k are weakly
connected by h, so assume that o;, = 0. If ¢}, # 0 then by Case 3 we get that
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o}, # 0, so assume further that o}, = 0. Then after checking Eq. (7.2.6¢) with the

following coordinates, we get a contradiction.

h—1
17

] —k

The case where a;j # 0 and 7 and j are weakly connected is just a permutation of

the first case. Thus we conclude that ¢ is connected to k.

Case 5 (0}1- # 0 and j and k are weakly connected or O';k # 0 and ¢ and j are
weakly connected)
Suppose first that o7, # 0 and j and k are weakly connected by h. So we have that
O-;ij O-;Lk‘ 7é 0.
If h =i then o, # 0, so assume that h # 4. Since 0}; # 0 and o7, # 0, by Case 3
we get that o}, # 0. Thus 7 and k are weakly connected by h.

The case where 07, # 0 and i and j are weakly connected is just a permutation of

the first case. Thus we conclude that 7 is connected to k.

Case 6 (i and j are weakly connected and j and k are weakly connected)

Suppose 1 satisfies 0y;, 07, # 0 and h satisfies o}, ;, o7, # 0.
If h =1 then i and k are clearly weakly connected, so assume that h # [.

Note that [ is strongly connected to j and j ~ k then we can use one of the previous
cases considered to find that [ ~ k. Similarly because ¢ is strongly connected to [
and [ ~ k we find that ¢ ~ k.

Thus we conclude that ~ is transitive and thus defines an equivalence relation. =

Now suppose that ~ gives a single partition of the coordinates, i.e. the coordinates
are connected. Our goal is to show that there must be at least one connecting coordinate.
First we need a definition. We define S, called the set of strongly connected coordinates

as follows:

S ={ i:iisstrongly connected to every j}

The reason to make this definition is because M C S (this inclusion might be proper
in some cases which can be observed by inspecting KEM metrics derived by Kalnins-Miller
[Kal86]). So the idea is to first show that S # ) since this is easier to do using the

hypothesis of connectedness. It turns out that this is possible.
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Proposition 7.3.3

When the coordinates are connected, S has at least one coordinate. o
PROOF Suppose to the contrary that S = (). Then Vi, there exists j, k with ¢, j, k distinct
such that

0';4 — O'/.i =0 and U;cbo-;ﬁj 7é 0 (731)

J J

So fix some 4, and choose j, k satisfying Eq. (7.3.1). Then by Eq. (7.2.6a) we must
have that o}, = 0, similarly by Eq. (7.2.6b) we must have that o7, = 0. Now let A = {1, j}
then note that k ¢ Aand VI € A, o, = 0.

Claim 7.3.3.1

Suppose we have a coordinate f and a set of coordinates A # ) such that f ¢ A and
Vi€ A, oi; = 0. Furthermore assume that {f} U A # {1,...,n}. Then we can obtain a
new set A" such that AU {f} C A" and an h ¢ A’ such that Vi € A’, o}, = 0. 0

PROOF (PROOF OF CLAIM) By assumption there exists g, h satisfying Eq. (7.3.1) with
f in place of i and g in place of j. Since 03, #0, h ¢ A. If {f} U A ={1,...,n}, then we
have reached a contradiction, so assume otherwise. As we observed earlier for a similar
case, we must have oy, = 0%, = 0. Also Vi € A since oj; = 0 and o},; # 0 by evaluating
Eq. (7.2.6b) with ¢ — 4, f — j,h — k we find that o}, = 0.

Thus if we let A’ = AU {g, f} then Vi € A, 0!, = 0. Also note that |A’| > |A| and
he¢A. n

Now we can inductively apply Claim 1 to get a set of coordinates A # (), an f ¢ A such
that Vi € A, o, =0and {f}UA = {1,..,n}. Then by assumption there must exist a
coordinate g such that f is weakly connected to g. So there is a coordinate h, with h # f,
such that o, # 0. Since {f} UA = {1,...,n}, h € A, thus o}, = 0, a contradiction.

Thus S # (. n

Then assuming S # () we try to prove that M # (. This is also possible.
Proposition 7.3.4
When the coordinates are connected and S has at least one coordinate then there must be
at least one connecting coordinate. Thus due to the previous proposition we find that when

the coordinates are connected there must be at least one connecting coordinate. o

PROOF Assume to the contrary that M = (). Then Vi € S there exists j such that
0;; = 0and o7, # 0 (7.3.2)

Since S # ) by hypothesis, we can choose some ¢ € S and some j # i such that
Eq. (7.3.2) is satisfied. Let B = {i}.
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Claim 7.3.4.1

Suppose ) # B C S and there is a j ¢ B such that Vi € B, oi; = 0. Furthermore assume
that {j} U B # {1,...,n}. Then we can obtain a new set B ={j}UB C Sand a k ¢ B’
such that Vi € B, o}, = 0. D

PrOOF (PROOF OF CLAIM) Fix an i € B, then oj; = 0 and o7, # 0. Now pick k # i, j,
then o}, # 0 or o, # 0.

If o} # 0 then by Eq. (7.2.6c) we must have that oj, # 0. If o, # 0 then by
Eq. (7.2.6a) either o7 # 0 or o3, # 0. In either case we find that j is strongly connected
to k. Since k was arbitrary and because j is also strongly connected to i we find that
J € S. Then by Eq. (7.3.2) there exists 3k # i, j such that o7 = 0 and oy; # 0, note that
k ¢ B.

Assume i € B is arbitrary, then o}, = 0 and oy, # 0, thus by Eq. (7.2.6b) we must
have that o}, = 0.

Let B'= BU{j} C S then Vi € B’ we have o}, = 0, also note that k ¢ B’'. -

Now we can inductively apply Claim 1 to a get set B satisfying ) # B C S and a j ¢ B
such that Vi € B, o;; = 0 and {j}UB = {1,...,n}. As in the proof of the Claim 1, we find
that j € S. Then by Eq. (7.3.2) 3k # j such that o}; # 0, but since {j} U B = {1,...,n}
we must have that £ € B, then ‘72;]' = 0, a contradiction.

Thus M # (. »

The following proposition classifies all metrics with at least one connecting coordinate.

Proposition 7.3.5
If the metric has at least one connecting coordinate then the following statements are true.
Forae M:

H? =, H(O‘a — o)
beM
b#a
If m > 1 then one can partition the coordinates in® M€ such that if I is an equivalence

class of this partition and o € I, then

H: =2, H(Uaﬁ + 0a) H(el —04) (m=2)
BeI a=1
pFa
If m =1 then one can partition the coordinates in M€ such that if I is an equivalence

class of this partition and o € I, then

3If Y C X, then we denote the complement of Y in X (elements of X not in Y) as Y©.
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H: = ®u00 [ [(0as +05a) (m=1)
pel

BFo
FEquations (7.2.6) are satisfied whenever at least one of i, j or k is in M if and only
if the functions H? are of the form just described. Furthermore Equations (7.2.6) are

satisfied whenever i, j, k are not all in the same partition. o

PrROOF By hypothesis we can assume m > 1. We use Latin letters such as a to denote the
connecting coordinates and the remaining coordinates are denoted with Greek letters such
as a. Although 7 and j are reserved for arbitrary coordinates. Furthermore we denote
N ={1,...,n}. Then by definition Va € M,i € N we have that o/, # 0.

Claim 7.3.5.1

For a € M and o € M¢, 0/,, = 0. 0

PROOF For any a € M, there exists ¢ € N such that o/, = 0.

Suppose first that ¢ € M and let a = 7. Suppose to the contrary that there exists
b e M\ {a} such that o/, # 0. Then Eq. (7.2.6b) can’t hold with o — i,a — j,b — k.
Thus the claim holds in this case.

If i € M¢, let p =i. If the first case doesn’t hold for «, then o/, # 0 Va € M. Fix
a € M, then Eq. (7.2.6b) can’t hold with & — 7,8 — j,a — k. Thus the first case must
hold for some a € M, thus the claim must hold. n

The proof for the following claim is mainly from [Eis34, P. 292].

Claim 7.3.5.2
For a € M, the following holds

Hg = o, H(O‘a — o)
beM
b#a

where each o,(x,). o

PROOF Suppose first that m = 1 and let a € M. Then for o € M€ by the above claim
we know that o,, + 0ue only depends on the a coordinate and so these factors can be
absorbed into ®, and ®,. Thus the claim holds in this case.

So for the remainder of the proof of this claim assume that m > 1. To prove this
statement, for a,b € M our goal is to remove the b dependence from o,,. First assume

m > 2 and let a,b,c € M. From Eq. (7.2.7) evaluated with a — i,b — j, ¢ — k we get:

ro /A Y
Tabbc0 ca + Oba0ct0ac = 0
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/
. . . . . Oub -
Since each term is non-zero, by separating variables it follows that —/“b is a constant.
o
ac
Thus we can set o, = au0, Where a,p is a constant and o, involves z, at most. The

above equation implies that the constants must satisfy the following:

AapOpcleq + ApaGeplae = 0 (733)

Assuming the above equation holds, it follows that all three Equations (7.2.6) are
satisfied for a — 7,0 — j, ¢ — k. Now set

Oq = Gpcleq0q Op = acbaaca-b

Then Eq. (7.3.3) implies that .04 + @pa0p = Qappetea(Ga — 03); in which case the
constant factor may be absorbed into ®, and ®,. Thus we can assume a,, = —ap, = 1,
then Eq. (7.3.3) becomes:

Apcleg — Acplaec = 0

Now set aoq0. = —a4.0., then we have:

Aea0c + Auc0q = aac(aa - Uc)

Thus we can assume a,. = —ae, = 1. Then ap.0p + a0 = ape(p, — 7.) and so we can
assume ap. = —ag, = 1. Inductively, this process can be continued so that each o4, = 0y,
where the sign is positive if o, appears in H? and is negative if o, appears in H?.

If m = 2 then we can define o, = 04, and g, = —0oy, without loss of consistency. For
a € M o, =0, so we can absorb terms of the form 0,4 + 04, into ®, and ®,. Thus we

have proven the following:

We can now assume that Equations (7.2.6) have been solved whenever i,k € M.
Thus if m = n the above claim proves that the metric has the form given by Eq. (7.1.3)
and so we are finished. So assume for the remainder of the proof that m < n.

Now fix a,b € M and o € M° Let ane = 0aa € R and an, = 0oy € R. Then
Eq. (7.2.6¢) evaluated with @ — i,b — j,a — k gives:

U:zaal/;a(aa - Ub) + Uéagl/;(aba + aab) - Ugaaéz(aaa + Uaa) =0
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We now proceed to solve the above equations. First we rearrange terms to separate

the variables:

o, o’
<0a - Ub) + Tb(o-ba + aab) - O_Ta(aaa + Oaa) =0

ba ax

/ 0_/

g
= Oq — gTa(acm -+ Uaoz) = 0p — Tb(o-ba + aab) =cCc R (734)

ax ba

/ /

Then one can show that —% = —d € R \ {0} and similarly i = —f € R\ {0}. Thus
o o

!/
. . . ac ba
the above equation implies:

c

a:_d aa acx T
o (Goa + O d)
c

op = _f(aab"f‘o-boc_?)

Now let e, = ¢ then the two equations above implies the following:

€a — Oq

d

€a — Op

f

Thus by absorbing the constants d, f into the ® functions we can assume a,, =

Qoa + O =

Aap + Opa =

Gah = €, Oga = —0q and o, = —op. With these assumptions, it follows that all
three Equations (7.2.6) are satisfied for a — 7,0 — j,a — k. Thus we conclude that
Equations (7.2.6) hold whenever i, € M and k € M€,

Suppose m > 1, we just observed that for o € M and a € M that 0., = e,. Thus
we can partition the a € M¢ by the value e,. We consider «, 8 € M*¢ to be in the same
equivalence class, say I, if e, = eg. We define e; such that a € I implies that e, = e;.
We denote these equivalence classes by I and J.

Suppose a € M and « € I, € J. We now check Equations (7.2.6) for a — i,a —
j,8 — k. Since o,,, = 0j, = 0, Eq. (7.2.6a) is satisfied. Equation (7.2.6b) and (7.2.6c)
reduce to the following:

O-/Ba<0-£¢a<€5 + Uaﬁ) - O-;B(O'aa + ea)) =0 (7.3.5)
=0

U;B(U;a<eﬁ + Uaﬂ) - U;Q(Uaa + 6&))
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Now we can use the fact that 04 = 04,3 = —0, to get the following:

If I = J then e, = eg and the above equations are satisfied. If I # J then we must
have that o/, 5 = o, = 0; in which case 44 + 0, can be absorbed into the ® functions.

Thus we have proven the following: if o € I then

12 = 0, [[(0as + 05) [[(e1 = 00) (m>2)
gel a=1
Ba
Now suppose m = 1, then we can pullback to a submanifold given by z; = constant

and then partition the coordinates in M into connected components. We denote these
equivalence classes by I and J. Let a € M and a € I, € J. As for the case m > 1 one
can see that Eq. (7.2.6a) is satisfied. Furthermore Equation (7.2.6b) and (7.2.6¢) reduce to
Equations (7.3.5) and (7.3.6) above. If I # J then o}, = 0/ 5 = 0, thus Equations (7.3.5)
and (7.3.6) are both satisfied. Otherwise assume I = J and «, 8 € I satisfy 07,5 # 0 for
the moment, then Eq. (7.3.6) implies

/
ac

o (ep + 0up) = Oaa + €0 =0
apB

/
Uaa
/

As with Eq. (7.3.4) we can deduce that = d € R. Then the above equation implies

Oop
that

€a + Oaa

d

Let O’é = e, + 04a, then after absorbing d into the ® functions and relabelling, we can

€g + 0ap =

assume Ogq = 0g3 = 05 and a,q = ag, = 0. Since the coordinates in I are connected, we
can assume that for any «, 8 € I with a # ( that 044 = 045 = UCIL and aq, = agy = 0 and
then Equations (7.3.5) and (7.3.6) are both satisfied. Then for a € I and a € M, we have

proven the following:

H} = ®a0, [ [(0as + 050) (m=1)
pel
B#a
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Also note that Equations (7.2.6) are satisfied whenever i € M and j, k € M¢. Thus we
can conclude that Equations (7.2.6) are satisfied whenever at least one of 4, j or k is in
M. Furthermore one can easily check that Equations (7.2.6) are satisfied whenever i, j, k

are not all in the same partition. n

When the coordinates are disconnected, i.e. ~ gives multiple partitions, one can easily

show that the metric is a product metric.

Proposition 7.3.6
If the coordinates are disconnected, then the metric is a product metric which is given by
Eq. (7.1.4). Furthermore Equations (7.2.6) are satisfied whenever i, j or k aren’t in the

same connected component. O

PROOF Suppose ¢ € I and j € J where I and J are a disconnected set of coordinates.
Then it follows by definition that o;; = cr;i = 0, thus we can absorb the factors o;; 4 0;;

into the ® functions. Thus we have proven that for ¢ € I the following holds:

HY = &; | [ (055 + o))
jel
J#
Thus the metric has the form given by Eq. (7.1.4). One can easily check that Equa-

tions (7.2.6) are satisfied whenever 4, j or k aren’t in the same connected component. g

Proposition 7.3.7
If g is a reducible orthogonal separable metric with diagonal curvature given by Eqs. (7.1.4)
to (7.1.6) and |I| > 1, the metric g' pulls back to a orthogonal separable metric with

diagonal curvature on the submanifold with metric proportional to g*. o

PrOOF We know that an orthogonally separable web restricted to one of the integral
manifolds of its n foliations is still separable Proposition 4.4.15, and g’ still has the form
given by Eq. (7.2.5) thus its Riemann curvature tensor will still satisfy R;j;x = 0 for j # k

on the integral manifolds. n

We can see how the classification works. If n = 2 then we’ve noted in the previous
section that the general solution is given by Eq. (7.1.2). So suppose n > 2 and the
general orthogonal separable metrics with diagonal curvature are known on manifolds with
dimension £ < n — 1. If the coordinates are disconnected then Proposition 7.3.6 shows us
that the metric must have the form given by Eq. (7.1.4) and the only equations that haven’t
been solved are Equations (7.2.6) when i, j, k are inside a connected component. If the
coordinates are connected then Proposition 7.3.4 in conjunction with Proposition 7.3.5 tells
us that the metric must have the form given by Eq. (7.1.2) or Eq. (7.1.6). Furthermore in
this case the only equations that haven’t been solved are Equations (7.2.6) when 7, j, k € [
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where I C M€ is an equivalence class as given in Proposition 7.3.5. Now fix some |I| > 1,
then by Proposition 7.3.7, g’ pulls back to an orthogonal separable metric with diagonal
curvature on the submanifold with coordinates (z7). Thus inductively we know the general
form of g since the dimension of the submanifold is at most n — 1. In particular if || > 2
then the components of g’ satisfy Equations (7.2.6). Thus the solution g will satisfy
Equations (7.2.6) for all 4, j, k distinct and so g satisfies all relevant equations. Thus we

have found all the orthogonal separable metrics with diagonal curvature.

7.4 Spaces of Constant Curvature

In this section our main goal is to show that the metric given Eq. (7.1.6) can be ruled out
in spaces of constant curvature. In other words, all metrics in spaces of constant curvature
are given by Eq. (7.1.2) and thus are invariantly characterized by concircular tensors.

Let M = My x,, M; x --- x, M be a warped product with M a space of constant
curvature k. We now use the formulas for the sectional curvature given in Corollary 3.5.8
for the following calculations.

After applying the polarization identity to Eq. (3.5.3), we get

SPHX,Y)+kp (X,Y) =0 (7.4.1)

By Eq. (3.5.5), we have:

K = wpf + (Vo)

Now,

Vx K = 26pV xpi +2(VxVpi, Vp;)
=2(kpiVxp; + 57 (X,Vp;))
= 2(kpiV xpi — kpi (X, Vpi))
=0

Hence for each i > 0, (M;, g;) necessarily has constant curvature, say k;; this proves

Lemma 7.1.4. Finally Eq. (3.5.4) gives us the following:

(Vlogp;,Viogpr) = —k (i # k) (7.4.2)

Now suppose dim My = 1 and suppose coordinates on M; are chosen such that § = edz?
where € = +1 as the case may be. Then Eqs. (7.4.1) and (7.4.2) imply the following:
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B pi = —rep;
(01 log p;) (01 log pr.) = —er (i # k)

Hereafter we denote w = ke and let o; = p?. We make exclusive use of the above two

equations in the following calculations, suppose i # k, then:

o _ Pih
Ok PrP%

pitl, _ P
= —5( )

Thus

/ /
20y — 9w Piy Piy
(= 2y
/ "1
Pk Pk

P;

= —2w(=5)(p; +wp:)
Pk

=0

Hence any warped product decomposition of a space of constant curvature with

dim My = 1 has a metric given by Eq. (7.1.5). Thus we have proven Theorem 7.1.2.

7.5 Conclusion

In this chapter our main result is that in a space of constant curvature, every orthogonal
separable coordinate system is a KEM coordinate system. This fact motivates the
systematic study of concircular tensors in these spaces in the next section. The results in

that chapter will allow us to apply the theory presented in Chapter 6.

7.6 Notes

The results of this chapter raise the following question: Are there any other spaces of

interest in which one can prove that orthogonally separable coordinates have diagonal
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curvature, or at least admit such coordinates? This is a very nice property to have since
if we can rule out the metric Eq. (7.1.6), then the separable coordinates are invariantly
characterized by concircular tensors and hence highly amenable to analysis (see Chapter 6).
It may also be of interest to find another condition in addition to the diagonal curvature
condition in order to characterize KEM coordinates.

A related question: Given a pseudo-Riemannian manifold, what is a necessary and
sufficient intrinsic condition that guarantees the existence of an orthogonal coordinate
system having diagonal curvature? Omne can show that a necessary condition is the
existence of an orthogonal coordinate system in which the Ricci tensor is diagonal.

We end with some notes on the KEM separation theorem (Theorem 7.1.2), which
guarantees a non-trivial OCT associated with every ChKT in a space of constant curvature.
For the Euclidean and spherical spaces, this theorem is implicitly applied in [WWO03]; see
Remark 6.7.1 for more details. This theorem was explicitly known for the special class of
separable webs defined by Benenti tensors, see [Ben92al. It was first stated in its present
form in [RM14b], then proven in [RM14al].
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Chapter 8

Preliminaries from Linear Algebra

and Geometry

In this chapter we introduce the perquisite notation and results to read Chapter 9.

8.1 pseudo-Euclidean space

We will briefly review some definitions for a pseudo-Euclidean space from Section 1.4.1.
First recall, that an n-dimensional vector space V equipped with metric g of signature! v
is denoted by K7 and called pseudo-Euclidean space. In some contexts the space is simply
denoted V, and the metric (-,-) is called a scalar product (following [O’N83]). We also
refer to v as the index of the subspace V', denoted ind V. We obtain Euclidean space E™
in the special case where v = 0. Also Minkowski space M" is obtained by taking v = 1.
Also note that since E] is a vector space, for any p € E} we identify vectors in T,E] with
points in K. This will be done tacitly.

Recall, a set vy, ..., v, for V' is said to be orthonormal if (v;, v;) = £1 and (v;,v;) =0
for i # j. Clearly an orthonormal set forms a basis for V' and the metric in this basis is
g = diag(+1, ..., £1).

Now assume the scalar product (-,-) is (possibly) degenerate. We say a sequence of
vectors vy, ..., v, is a skew-normal sequence of (length p) and (sign ¢ = £1) if (v;,v;) = ¢
when ¢ + j = p+ 1 and (v, v;) = 0 otherwise. We will show shortly that these vectors
are necessarily linearly independent, so let H = span{vy,...,v,}. Then the bilinear form

restricted to H is skew-diagonal and is given as follows:

!The signature is equal to the number of negative diagonal entries in a basis which diagonalizes g.
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Sk =
€ 0

The following lemma shows that a skew-normal sequence forms a linearly independent

set and it gives the index of the space spanned by such a set of vectors.

Lemma 8.1.1
Suppose V' is a (possibly complex) scalar product space. Suppose € € {—1,1} and let
21,...,%p be a skew-normal sequence of sign €.

Then zi, ..., z, form a linearly independent set and the subspace H spanned by these

vectors is non-degenerate and has index:

et ife=—1
ind H = %) / o

p— B ife=1

PrOOF Given 1 < i < p, denote the additive conjugate of ¢ by ¢/ = p+ 1 —i. Note that

. S , 1 - 1
1<i <pandi+i =p+ 1. Supposei < ’% and 7 > ’%. Define vectors v; and v; as

follows:

v, = (Zi + Zi/)

1
V2
J \/§ J J

If 2i = p+ 1 then let v; = z;. Now for ¢ < j suppose i + j = p + 1, then note that ¢/ = j

and j' = i, observe that:

(i, v5) = ({2 + 25, 27 — 2))

= —((%, 2j) + (2, 2i))

1
<Ui7 Ui> = §(<ZJ + Ziy Zj + Zz>)

= (2(02))
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Furthermore if 2i = p + 1 then (v;,v;) = €. Now suppose i + j # p + 1, then the only
way in which (v;,v;) # 0ifi+ 35 = p+1ori'+j = p+1, but one can see immediately that
i+j =p+1iff i/ +j=p+1. Sosupposei+j =p+1. Thenp+1=i+i =i+p+1—j,
hence i = j, in which case (v;, v;) reduces to the ones examined.

Thus we conclude that (v;, v;) = eifi < |E2], (v;,0;) = —eifi > 22 ] and (v, v;) =0

if ¢ # j. Thus the conclusions follow. n

8.2 Self-adjoint operators in pseudo-Euclidean space

In this section we review the metric-Jordan canonical form of a self-adjoint operator on a
pseudo-FEuclidean space. The details of the theory behind this canonical form is given in
Appendix C; these are solutions to exercises 18-19 in [O’N83, P. 260-261]. Appendix C
will be useful to those who want to calculate the metric-Jordan canonical form for a given
self-adjoint operator. Now recall, that a linear operator T" on a scalar product space V' is
called self-adjoint if (T'z,y) = (z,Ty) for all x,y € V.

A Jordan block of dimension k with eigenvalue A\ € C is a k x k& matrix denoted by
Jr(N), and defined as:

Al
A 0
Jk(/\) = 1
Al
0 A

Recall, the skew-diagonal matriz of dimension £ is denoted by Sk, and defined as:

Sk =
1 0

In order to express the metric-Jordan canonical form of a self-adjoint operator on a

pseudo-Euclidean space, we use the signed integer ek € Z where k € N and € = 1. Then

140



Chapter 8. Preliminaries from Linear Algebra and Geometry

the notation J., () is short hand for the pair:

A= Jk()\) g :€Sk

Furthermore, given matrices A; and A,, we denote the following block diagonal matrix

by Al @ AQ
A O
A1 D AQ = !
0 A,

A key fact used to derive the metric-Jordan canonical form is the following:
Proposition 8.2.1
Suppose V is a scalar product space and T is a self-adjoint operator on V. Suppose H C'V

is an invariant subspace of T. Then T(HL) C H*, i.e. H* is an invariant subspace of
T. O

First we give the complex metric-Jordan canonical form of a self-adjoint operator.

Theorem 8.2.2 (Complex metric-Jordan canonical form [O’N83])
A real operator T on a pseudo-FEuclidean space E? is self-adjoint iff there exists a (possibly

complex) basis 5 such that

T|,3 = J61k1 (>‘1) S D ngkl(Al)

Furthermore there exists a canonical basis such that the unordered list

{‘]€1k1 (Al)v SR JEzkz()‘l)}

18 uniquely determined by T and an invariant of T under the action of the orthogonal
group O(EY). This unordered list is by definition, the complex metric-Jordan canonical
form of T. O

Remark 8.2.3
Since T is real, each Jordan block J.x(A) with A € C\ R comes with a complex conjugate

pair J.,(A). For complex eigenvalues, we can additionally assume that e = 1. o

In order to describe the real metric-Jordan canonical form, we need some additional
notation. A real Jordan block of dimension k with parameters a £1ib € C is a 2k x 2k
matrix denoted by Jox(a £ b) defined as [LRO5]:
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a b 1 0
—b a 0 1 0
Jo(a £ 1b) :=
a b 1 0
b a 0 1
0 a b
—b a

If we denote the basis vectors by {uy, vy, ..., ux, vx }, then in addition to the above real
Jordan block, we will assume the non-zero metric coefficients are given by the relations
(ui,u;) = 1 = — (v;,v;) where i + j = k + 1. Note that in contrast with the complex
case, there is no sign associated with the real Jordan blocks. If we let A\ = a + b, then
Jor(a % ib) is obtained from J,(\) @ Ji(\) by an appropriate change of basis (see the
discussion preceding Lemma C.3.6).

The following crucial lemma allows one to understand and apply the (real) metric-
Jordan canonical form, it will be proven in Appendix C (see Lemma C.3.6).

Lemma 8.2.4

Suppose V' is a real scalar product space (where the scalar product is possibly degenerate)
and T is a self-adjoint operator on V. Consider the case where T = J(\) for some
A € R, then

| B ife=-1
k=] ife=1

indV =

If T = Jor(a £ ib) for a,b € R, then

mdV =k

In particular we observe that in both cases, the scalar product is necessarily non-degenerate.q

Thus we have:
Theorem 8.2.5 (Real metric-Jordan canonical form [O’N83])

A real operator T on a pseudo-Euclidean space E is self-adjoint iff there exists a real
basis B such that

Tlp = Jerm (M) @ -+ @ Jo (M) @ op, (a1 £ iby) - - - @ Ty (ar £ iby)
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where each A;, a;,b; € R. Furthermore, the unordered list

{ et (M) T (M) o, (a1 £dby), -, Jyp, (@ b))

18 uniquely determined by T and an invariant of T under the action of the orthogonal

group O(E!). This unordered list is by definition, the (real) metric-Jordan canonical form
of T o

We will apply the above results in Section 8.2.1 to enumerate the possible metric-Jordan
canonical forms in Minkowski space. For now, we give an important example which clearly

distinguishes the metric-Jordan canonical form the standard Jordan canonical form.

Example 8.2.6
Suppose V' is Minkowski space equipped with the standard metric

g = diag(—1,1,...,1)

For \; < ... < A, € R define two self-adjoint operators 77 and 75 as follows:

T1 = diag()\l, )\2, )\3, ey )\n)
T2 = diag(A% >\17 >\37 SR )\n)

Now observe that even though T} and 75 have the same eigenvalues, they have different
metric-Jordan canonical forms. Hence the above theorem shows that these operators are

isometrically inequivalent. N

8.2.1 Minkowski Space

Fix a self-adjoint operator 7" in Minkowski space. We will use Theorem 8.2.5 to enumerate
the possible Jordan canonical forms of T' together with the metric in an adapted basis.
As a consequence of Theorem 8.2.5, we simply have to determine which combination of
Jordan blocks are possible in Minkowski space by imposing the dimension and signature
restrictions. This can be done with the help of Lemma 8.2.4, since it gives us the index
of a given subspace associated with a Jordan block. We denote by Dj a diagonal k x k

matrix and [ the identity £ x k& matrix. We have the following cases.

Case 1 T is diagonalizable with real spectrum

In this case T' must have a time-like eigenvector. Indeed, since each eigenspace F)

is non-degenerate, one eigenspace, say H, must have index 1. Then by obtaining
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an orthonormal basis for H, we can obtain a time-like eigenvector. Thus 7" has the

following form:

T =D, g = diag(—1,1,...,1)

Case 2 T has a complex eigenvalue A\ = a + ib with b # 0

By Lemma 8.2.4 the real subspace H spanned by a complex eigenvector with
eigenvalue A and its complex conjugate must have index 1. Since this subspace is
T-invariant, by Proposition 8.2.1 H+ is a complementary invariant subspace, which

must be Euclidean. Hence T" must have the following form:

Case 3 T has real eigenvalues but is not diagonalizable

In this case we go through the possible multidimensional Jordan blocks associated
to a real irreducible subspace, say H, of T. By Theorem 8.2.5, each basis for
this subspace can be adapted to the scalar product, hence is non-degenerate. By
Lemma 8.2.4 there are three types of Jordan blocks which have an associated
subspace, H, with index one. For each of these subspaces, H* is a complementary
T-invariant Euclidean subspace. The first two cases occur when dim H = 2, and are

given as follows:

Al 0 0 € O
T=10 X g=1le O e = =1
0 Dn_Q 0 ]n—2

Note that the above form contains two metric-Jordan canonical forms depending on
the sign of €. The third occurs when dim H = 3:
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A1 0 0 01
0 XA 1 0 01 0
T —= g =
0 0 A 10
0 ang 0 In73

We also note that this case (7" has real eigenvalues but is not diagonalizable) holds
iff T has a unique lightlike eigenvector. This fact can be deduced by inspection of

the above canonical forms.

Now, we collect some necessary and sufficient conditions concerning the diagonalizability
of T' in the following theorem. The second and third facts are from Theorem 4.1 in [Hal+96]
while the last fact is from Section 9.5 in [Gre75]. All these facts can be readily deduced
from the canonical forms listed above.

Theorem 8.2.7 (Properties of self-adjoint operators in Minkowski space)
Let 'V be a Minkowski space and T a self-adjoint operator on V. Then the following

statements are true:

1. Tis diagonalizable with a real spectrum iff T has 1 timelike eigenvector or equivalently

T has n — 1 linearly independent spacelike eigenvectors.

2. If T has two linearly independent null eigenvectors then T is diagonalizable with a
real spectrum and T has a time-like eigenspace of dimension at least 2 containing

these eigenvectors.

3. If T has a real spectrum, then T is diagonalizable iff it has no null eigenvectors
or at least two linearly independent null eigenvectors. In other words, T is not

diagonalizable iff it has a unique null eigendirection.

4. If n >3 and (Tz,z) # 0 for all null vectors x then T is diagonalizable with a real

spectrum. O

8.3 Spaces of Constant Curvature in pseudo-Euclidean

space

In this section we will briefly review the models of spaces of constant curvature as subsets
of pseudo-Euclidean space. It is well known that E” has constant zero curvature (flat
space) and signature v. There is another useful model of flat space which we will review

towards the end.
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Given an open subset U C E and x € R\ {0}, we denote by U(k) the central
hyperquadric of E? contained in U, which is defined by:

Urk)={peU] (p,p)=r""}

Usually U = E? and this is denoted E”(x). The notation U(k)° represents a maximal
connected component of U(k). It is well known that E}(k) is a pseudo-Riemannian
manifold of dimension n — 1 with signature v + w and constant curvature? x [O’N83].
Since E' (k) C E7, for any p € E}(k) we identify vectors in T,E”(x) with points in E].
Occasionally we use the following conventions: If k = 0, we set EZ(0) := E?, if k = 00
we set E”(c0) to be the light cone, i.e. the set of non-zero null vectors. We also use the
following notations: If x > 0 then S”(k) := E'*!(k)°, if & < 0 then H!'(k) := ElT](k)°.

We define the parabolic embedding of E! in E’;ﬁ with mean curvature vector —a €

I} (00) by [Toj07]

P .={pe E’;ﬁ(oo) :(p,a) =1}

An explicit isometry with E? is obtained by choosing b € P, i.e. b is lightlike and

v

{a,b) = 1. We let V := span{a, b}*, note that V = E?, then for z € V:

1
Y(r)=b+ax— 5952@ e Py (8.3.1)

For the proofs of these properties of P?, see Proposition D.2.2.

8.4 Warped products in Spaces of Constant Curva-

ture

In this section we will briefly describe the warped product decompositions of spaces of
constant curvature, generalizing results by Nolker in [Nol96]. This exposition will be
sufficient for our applications. More information and proofs can be found in Appendix D.

We will use the notation E!'(x) (where k can be zero) to represent the general space of

constant curvature. First we will need to know the spherical submanifolds of these spaces.

Theorem 8.4.1 (Spherical submanifolds of E”(k))

Let p € EX(k) be arbitrary, V C T;E(k) a non-degenerate subspace with m := dimV > 1,
pi=1indV and z € Vt NTE (k). Let a:=kp— 2, i :=a? and W := Ra @ V. There is
ezactly one m-dimensional connected and geodesically complete spherical submanifold N

withp € N, T,—)]\N/' =V and having mean curvature vector at p, z. N is an open submanifold

2See Appendix D.2.
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of N; N is referred to as the spherical submanifold determined by (p,V,a), it is geodesic

iff z =0 and is given as follows (where ~ means isometric to):
(a) a=0, in this case N ~E}

N=p+V
(b) a is timelike, then p <v —1 and N ~ H}}'(k)

(c) ais spacelike, then N ~ S7'(k)
For cases (b) and (c), let c =p — £ be the center of N, then N is given as follows:

1
N:c+{p€W|p2:E}
(d) a is lightlike, then p < v —1 and N ~E}

i 1
N=p+{p—gp'alpeV} 0

Remark 8.4.2
If a is lightlike, then N is isometric to P} with mean curvature vector —a. Furthermore,

let b € V+ be a lightlike vector satisfying (a,b) = 1. Then the orthogonal projector onto

V', P, induces an isometry of N —p + b onto V. o
Remark 8.4.3

One can find more details on when N is connected in the remarks following Theorems D.4.1
and D.6.2. O
PROOF See Theorems D.4.1 and D.6.2. -

With the knowledge of these spherical submanifolds, we can now specify how to

construct warped products in E(x). This construction depends on the following data: A

k

point p € E}(k), a decomposition T;E! (k) = € V; into non-trivial (hence non-degenerate)
i=0

subspaces with £ > 1, and vectors z1,..., 2, € V such that the vectors a; := kp — z; are

pair-wise orthogonal and independent. We call the data (p; é Visaq, ..., ag), initial data
for a (proper) warped product decomposition of E(k). If Z:700, one can more generally
let some of the a; be zero, this results in Cartesian products as done in [Nol96]. Since we
assume the a; are non-zero, we sometimes use the additional qualifier “proper”.

With this initial data, for i > 0 let N; be the sphere in E(x) determined by (p, V;, a;)

and p;(po) = 1+ {(a;,po — p). Let Ny be the subset of the sphere in E}'(x) determined
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k

by (p, Vo, kp) where each p; > 0. Then the data (p; S V;;aq, ..., ax), induces a warped
i=0

product decomposition (of El'(k)) given as follows:

No Xp, Ny x -+ %, N, — El(K)

Y (8.4.1)

(Pos s Dk) Hpo+ipi(po)(pi—p)

We note that ¢ has the property that ¥ (p,...,p;,p,...,p) = p;. Often the point p doesn’t
enter calculations, hence we will usually omit it.
For actual calculations, it will be more convenient to work with canonical forms. The

following definition will be particularly useful.

Definition 8.4.4 (Canonical form for Warped products of E7) i

We say that a proper warped product decomposition of E" determined by (p; 5 V;; aq, ..., ax)
i=0
is in canonical form if: p € Vj and (p, a;) = 1. o

Any proper warped product decomposition ¢ of E!' can be brought into canonical
form, see the discussion preceding Corollary D.4.10 for details.

We will now give more information on standard warped product decompositions of E”
in canonical form. Suppose the initial data (p; Vo © Vi;a) is in canonical form, and let
be the associated warped product decomposition given by Eq. (8.4.1). Denote x := a?

and € := sgn k. We have two types of warped products:

non-null warped decomposition If x # 0, let Wy := Vo Nat and Wy := Wy.

null warped decomposition If x = 0, then a is lightlike, so fix another lightlike vector
b € Vp such that (a,b) =1, let Wy := Vy Nspan{a, b}* and W, := V.

For i =0,1, let P, : E} — W, be the orthogonal projection. Then the following holds:
Theorem 8.4.5 (Standard Warped Products in E” [Nol96])
Let 1) be the warped product decomposition of E? determined by the initial data (p; Vo@©Vi;a)
given above. Then Ny has the following form.:
No = {p € Vol (a,p) > 0}

and

NQ — R+
po > {a,po)

The map 1 is an isometry onto the following set:
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{p e E"| sgn(Pip)? = ¢} non-null case
Im(y)) =

{p e E*| (a,p) > 0} null case

Furthermore, the following equation holds:

%U(poapl)z = p?) (8.4.2)

PROOF See Corollary D.4.10. =

In fact, for (po,p1) € Ny X Ny, ¢ has one of the following forms, first if ¢ is non-null:

¥ (po, 1) = FPopo + {(a,po) (p1 — ¢) (8.4.3)

where ¢ = p — %5, and if ¢ is null:

Y(po,p1) = Popo + ((b, po) — % (a,po) (Pip1)*)a + {(a,po) b+ (a, po) Pipr (8.4.4)

The above forms are obtained from the equation for ¢ from the above theorem by
expanding py in an appropriate basis. We note that the warped products with multiple
spherical factors can be obtained using the standard ones described above. Indeed, suppose
¢1: N§ X, N1 — E7 is the warped product decomposition determined by (p; Vo & Vi;aq)
as above. Since V| is pseudo-Euclidean, consider a warped product decomposition,
by = No X py No — Vj, determined by (p; Voo Vi; as) with Vo N Wyt C Wo (hence a; € WO).
Note that W, is the subspace Wy from the above construction for ¢o. Let Ny := Nin N,
then one can check that the map 1 defined by:

1/)' Ng X py N1 Xp2N2 —>EZ
(po, p1,P2) = ¢1(P2(pos p2), 1)

is a warped product decomposition of E!' satisfying Eq. (8.4.1). We illustrate this

construction with an example.

Example 8.4.6 (Constructing multiply warped products)

Suppose ¢; and ¢, are given as follows:

$1(po> 1) = Popo + (a1, po) (p1 — ¢1)
ba(Po, p2) = Popo + {az, o) (p2 — ¢2)
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Now observe that p;(¢2(po, p2)) = p1(Po), which follows from the above equation for
&5 and the fact that a; € Wy. Then,

@Z’(Poaphm) = ¢1(¢2(po,p2),p1)
= 6¢2(p0,p2) + (a1, $2(po, p2)) (p1 — c1)
= PyPopo + (a2, po) (p2 — ¢2) + (a1, po) (p1 — 1)

where Pélf’g is the orthogonal projector onto Wy N Wy = Vi N span{ay,as}*. A similar
calculation shows that ¢ satisfies Eq. (8.4.1), since ¢; and ¢ each satisfy it. O

This procedure can be repeated as many times as necessary to obtain the more general
warped products given by Eq. (8.4.1). Hence the properties of the more general warped
product decompositions of E! can be deduced from Theorem 8.4.5.

The following proposition shows that any proper warped product decomposition of E”
in canonical form restricts to a warped product decomposition of E}(x) where x # 0. Its

proof is straightforward consequence of Eq. (8.4.2).

Theorem 8.4.7 (Restricting Warped products to E”(k)) i
Let 1) be a proper warped product decomposition of B associated with (p; D Vi aq, ..., ax)
i=0

in canonical form. Suppose k™' :=p* # 0 and let N' := Ny(k) X, Ny X -+ X, Ni. Then
¢: N — Er) defined by ¢ := 1|n: is a warped product decomposition of E'(k) passing
through p. o

PROOF See Theorem D.6.5. -

Hence the details of warped product decompositions of E7(x) can be deduced from
Theorem 8.4.5. More information on these decompositions can be found in Appendix D.
The results presented here will be applied in Section 9.5, where examples can also be

found.
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Concircular tensors in Spaces of

Constant Curvature

It has been shown in Section 6.5 that any point-wise diagonalizable concircular tensor
hereafter called a OCT can be used to recursively construct separable coordinates for the
(geodesic) Hamilton-Jacobi equation. These coordinates were called Kalnins-Eisenhart-
Miller (KEM) coordinates. It was shown in Chapter 7 that all orthogonal separable
coordinates for the Hamilton-Jacobi equation in spaces of constant curvature occur this
way. Hence the classification of OCTSs in spaces of constant curvature is of fundamental
importance for classifying separable coordinates in these spaces.

Specifically, OCTs have the following uses:

1. An algebraic classification of these tensors modulo the action of the isometry group

can be used to obtain a notion of in-equivalence for KEM coordinate systems.

2. Crampin has shown in [Cra03] that one can obtain transformations to separable
coordinates for OCTs with functionally independent eigenfunctions. It was shown in
Section 6.5 that a knowledge of the warped product decompositions of the space is
sufficient to obtain transformations to separable coordinates for any KEM coordinate

system.

3. When concircular tensors have simple eigenfunctions, it was shown in [Ben05] (see
also [Ben92a; Ben93; Ben04]) that a basis for the Killing-Stackel space can be

obtained. These results have been generalized to arbitrary KEM webs in Section 6.6.

4. With a classification of concircular tensors, the BEKM separation algorithm (pre-
sented in Section 6.7), can be executed to solve the separation of variables problem

for natural Hamiltonians.
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In this chapter we will obtain a complete (local) classification of orthogonal concircular
tensors in all spaces of constant curvature with Euclidean and Lorentzian signature®. This
will enable one to carry out the above tasks using only (linear) algebraic operations. We
note that the contents of this chapter are from the article [RM14c].

More details on our classification and the way in which it’s done is given in Section 9.1.3,
after we have briefly reviewed the necessary material from Chapter 6 in Sections 9.1.1
and 9.1.2. We will assume the reader is familiar with results and notations introduced in

Chapter 8. Some of our results are also summarized in Section 9.1.3.

9.1 Preliminaries and Summary

9.1.1 Concircular tensors

Recall from Chapter 6 that a tensor L € SP(M) is called a concircular tensor (CT) of
valence p if there exists C' € SP~1(M) (called the conformal factor) such that

VoL=Cou

for all x € X(M). Throughout this chapter, we will simply call L a concircular tensor
when p = 2.

}) tensor L,
let Np, be the Nijenhuis tensor (torsion) of L (see Definition B.0.13). We say that L is

torsionless if its Nijenhuis tensor vanishes. Then if L is a concircular tensor, the following

We now recall some properties of OCTs from Chapter 6. First, given a (

equations hold by Proposition 6.3.1

[L,G] = =2V tr(L) ©G ([L,Glave = =2V (aLire))
NL - 0

Conversely, by Proposition 6.3.5, an orthogonal tensor satisfying the above equations
is a C-tensor. The first of the above equations tells us that a C-tensor is a conformal
Killing tensor of trace-type. The second equation can be interpreted if we assume L is an
OC-tensor.

Suppose now that L is an OC-tensor with eigenspaces (E;)¥_, and corresponding
eigenfunctions \!, ..., \*. Since an OC-tensor has Nijenhuis torsion zero, by Theorem B.0.20
the eigenspaces (F;)¥_, are orthogonally integrable and each eigenfunction A" depends only
on E;. Furthermore the trace-type condition implies that the eigenfunction corresponding

to a multidimensional eigenspace of L is a constant (see Proposition 6.2.2 (3)).

!The classification for other signatures can be obtained fairly easily if one wishes.
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Suppose D is a multidimensional eigenspace of a non-trivial> OCT L. Denote by D+

the distribution orthogonal to D. Then one can show that (see Proposition 6.3.6):

e There is a local product manifold B x F' of Riemannian manifolds (B, gg) and
(F, gr) such that:
{p} x F is an integral manifold of D for any p € B and
B x {q} is an integral manifold of D+ for any ¢ € F.

e B x F equipped with the metric m5gp + p*7hgr for a specific function p: B — RT
is locally isometric to (M, g); where g (resp. mg) is the canonical projection onto
B (resp. F).

Such a product manifold is called a warped product and is denoted B x, F'. We also
say in this case that the warped product B x, F' is adapted to the splitting (D+, D). The
manifold Fis a spherical submanifold and B is geodesic submanifold of M (see Section 3.1).
An important observation is that L restricted to B is an OCT (by Proposition 4.4.15); we
will use this later to construct OCTs from Benenti tensors.

In general if L has multiple multidimensional eigenspaces, we will have to consider
more general warped products. So suppose M = Hf:o M; is a product manifold of
pseudo-Riemannian manifolds (M;, g;) where dim M; > 0 for i > 0. Equip M with the
metric g = Zf;o pimrg; where p; : My — RT are functions with pg = 1 and m; : M — M,
are the canonical projection maps. Additionally we assume either dim My > 0 or k£ > 1.
Then (M, g) is called a warped product and the metric g is called a warped product metric.
If dim My = 0 then (M, g) is called a pseudo-Riemannian product. The warped product
is denoted by My x,, My x --- x, M. M, is called the geodesic factor of the warped
product and the M; for ¢ > 0 are called spherical factors. See Section 3.5 and references
therein for more on warped products.

The following class of OCTs are fundamental to the classification:

Definition 9.1.1 (Irreducible concircular tensors)
An OC-tensor with functionally independent eigenfunctions is referred to as an ICT or
more succinctly an IC-tensor. To be precise, an IC-tensor has real eigenfunctions !, ..., u*

(counted without multiplicity) satisfying:
du' A Aduf #£0

Furthermore an OC-tensor which is not irreducible is called reducible. O

Since we observed earlier that the eigenfunction associated with a multidimensional

eigenspace of an OCT is constant, it follows that an ICT must have simple eigenfunctions,

2By a non-trivial concircular tensor, we mean one which is not a multiple of the metric when n > 1.
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hence ICTs are Benenti tensors. The special property that ICTs have is that their
eigenfunctions can be used as (local) coordinates for the separable web they induce [Cra03].
We will refer to these coordinates as the canonical coordinates induced by these tensors.

Away from singular points, locally, we can assume a reducible OC-tensor has eigen-
functions ', ..., u* which are functionally independent and the rest of which are constants.
Indeed, in this thesis, this is what we will mean by a reducible OC-tensor. More generally
we say a CT is reducible if it admits a non-degenerate eigenspace with constant eigenfunc-
tion. We will outline in Section 9.1.3 how we will break down the classification in terms
of irreducible and reducible OCTs.

9.1.2 Properties of OCTs

We will now list some properties of OCTs that will be used later. The following proposition
gives a necessary and sufficient condition to determine when two OCTs (one of which is
not covariantly constant) share the same eigenspaces.

Proposition 9.1.2

Suppose M 1is a connected manifold and L s an OCT on M which is not covariantly
constant (around any neighborhood). Then L is a CT sharing the same eigenspaces as L
iff there exists a € R\ {0} and b € R such that

L =al +bG %

PROOF See Proposition 6.2.5. n

The above proposition no longer holds if we relax the assumption that L is not
covariantly constant. One can easily see why by considering any non-trivial covariantly
constant symmetric tensor in Euclidean space. We now define an important notion for
classifying KEM webs.

Definition 9.1.3 (Geometric Equivalence of CTs)
We say two CTs L and L are geometrically equivalent if there exists a € R\ {0}, b € R
and T € I(M) such that

L =aT,L+bG .

An immediate corollary of the above proposition is the following:

Corollary 9.1.4 (Geometric Equivalence of OCTs)
Suppose M is a connected manifold. Suppose L and L are OCTs with respective elgenspaces
E=(Ey,....E,) and € = (Ey,...,Ey). Suppose further that £ is not a Riemannian
product net, equivalently one of the CTs is not covariantly constant. Then & and & are
related by T € (M), i.e. E; = T.E,u) for each i (where o is a permutation of {1,...,k})

iff L and L are geometrically equivalent. O
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The above corollary implies that the classification of isometrically inequivalent KEM
webs can be reduced to the classification of geometrically inequivalent OCTs. For the
proof of the following theorem (which was already presented in Section 6.1), see [TCSO05;
Cra07].

Theorem 9.1.5 (The Vector Space of Concircular tensors [TCS05])

If n > 1, then the C-tensors of valence r < 2 form a finite dimensional real vector
space with maximal dimension equal to the dimension of the space of constant symmetric
r-tensors in R" 1. Furthermore the mazimal dimension is achieved if and only if the space

has constant curvature. o

The above theorem implies the following:

Corollary 9.1.6 (Concircular tensors in spaces of constant curvature)

Suppose M™ is a space of constant curvature with n > 1 and let r < 2. Let f =
{v1, ..., 0021} be a basis for the space of concircular vectors, then a given C-tensor of
valence r can be written uniquely as a linear combination of r-fold symmetric products of

the vectors in (3. O

9.1.3 Summary of Results

We first give an overview of the classification. The classification breaks down into three
parts: obtaining canonical forms for C-tensors modulo the action of the isometry group
(Sections 9.2 and 9.3), classifying the webs described by IC-tensors (Section 9.4) and
obtaining warped product decompositions adapted to reducible OCTs (Section 9.5).

The webs formed by IC-tensors are the basic building blocks of all separable webs.
Section 9.4 is devoted to obtaining information about these webs from the corresponding
IC-tensors. In that section we obtain the transformation from the canonical coordinates
(u%) induced by these tensors to Cartesian coordinates (x*) and we obtain the metric in
canonical coordinates. This is done by first calculating the characteristic polynomial of all
CTs in spaces of constant curvature in a Cartesian coordinate system. In examples, we
will also show how to obtain the coordinate domains for coordinate systems induced by
IC-tensors.

To obtain all orthogonal separable coordinates in spaces of constant curvature, we
also have to consider reducible OCTs. Let L be a non-trivial reducible OCT and suppose
¥ Ng X, Ny x -+ x, N — M is a local warped product decomposition of M adapted
to the eigenspaces of L such that Ly := Ly, is an ICT?. Let (zg) = (u',...,u™) be
the canonical coordinates induced by Ly on some open subset of Ny. For 7 > 0 suppose

(z;) = (x},...,z") are separable coordinates for N;, then it was shown in Section 6.5

79

3If L has only constant eigenfunctions, we can choose Ny to be a point.
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that the coordinates 1 (zg, x1, ..., x) are separable coordinates for M. To construct the
separable coordinates (z;) on N; where ¢ > 0, one would apply this procedure again on N;
equipped with the induced metric. It was shown in Chapter 7 that all orthogonal separable
coordinates for spaces of constant curvature arise this way. Hence a remaining problem
is to develop a method to construct warped product decompositions which decompose
a given reducible OCT as above; this is done in Section 9.5. Together with the results
of Section 9.4, this gives a recursive procedure to construct the orthogonal separable
coordinates of these spaces.

Finally in Section 9.6 we will show how to apply the theory developed in this chapter
to solve motivating problems.

The classification generally breaks down into one for pseudo-Euclidean space K] then
one for its spherical submanifolds E(x) (which usually reduces to a similar problem in

E). We give more details in the following subsections.

pseudo-Euclidean space

First we define the dilatational vector field, r, to be the vector field given in Cartesian

coordinates (z%) by r = > x'0;. The general concircular contravariant tensor in E” is

given as follows (see Proposition 9.2.2):

L=A+2wor+mror (9.1.1)

where A € C2(E"), w € C}(E?) and m € CJ(E"). For k > 0, define constants wy, as

follows:

m if k=0
Wy = (9.1.2)
(w, A¥w)  else

The above constants aren’t necessarily invariant under isometries. But invariants can
be defined from them.
Definition 9.1.7
Suppose L is a CT in E? as defined above. Then we define the index of L to be the first
integer k > 0 for which wy # 0; L is said to be non-degenerate if such an integer exists.

Furthermore if L is non-degenerate, it has an associated sign (characteristic):

1 1if k is even

sgnwy if k£ is odd

The following theorem which is proven in Section 9.2 summarizes our results on the

canonical forms of concircular tensors; it classifies C-tensors into five disjoint classes.

156



Chapter 9. Concircular tensors in Spaces of Constant Curvature

Theorem 9.1.8 (Canonical forms for CTs in E”)

Let L=A+mror+wer+re@w’ be a CT in E". Let k be the index and ¢ be the sign
of L if L is non-degenerate. These quantities are geometric invariants of L. Furthermore,
after a possible change of origin and after changing to a geometrically equivalent C'T,

L =al for some a € R \ {0}, L admits precisely one of the following canonical forms.

Central: If k=0
L=A+rer

non-null Axial: If k=1, i.e. m =0, and (w,w) # 0:

There exists a vector e; € span{w} such that L has the following form:

L:A+el®rb+r®e? Ae; =0, (e,e1) =¢

null Axial: If k > 2, hence m =0 and (w,w) = 0:

There exists a skew-normal sequence = {ey, ...,ex} with {(e1,er) = & where e; €

span{w} which is A-invariant such that L has the following form:

L=A+e,@r +r®€

0
10
Alg = Ji(0)" = 1
0
10
Cartesian: If k doesn’t exist, m =0 and w =0
L=A
degenerate null Axial: If k doesn’t exist and w # 0 O

Remark 9.1.9
The degenerate null axial concircular tensors will be of no concern to us. In Euclidean
space they don’t occur and it will be proven later (see Section 9.2.3) that in Minkowski

space that they are never orthogonal concircular tensors. O
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Remark 9.1.10

The precise classification for Euclidean and Minkowski space can be directly inferred
from the above theorem by imposing the signature of the metric. The classification for
Euclidean space is clear. In Minkowski space, k < 3 and when k = 3 the sign of the axial

CT must be positive (see Lemma 8.1.1). o

Remark 9.1.11
When k = 0 and 1 respectively, the translation vector v for the isometry T :r — r +v

which sends L to canonical form is given as follows:

v= 2 if k=0 (9.1.3)
Wo
1 1&)2 .
= —(Aw — =— fk=1 9.14
v = (Aw=ommw) i (9.1.4)
For the general case, see Section 9.2.3. o

One can easily deduce that in Euclidean or Minkowski space, any covariantly non-
constant OCT is non-degenerate. Hence we will only be interested in non-degenerate CTs
throughout this chapter.

Some notation will be useful. The matrix A will be called the parameter matriz and
the vector w the axial vector of the CT. When k > 1 in the above theorem, we will refer
to the CT as an axial concircular tensor.

Suppose L is a non-degenerate CT in the canonical form given by Theorem 9.1.8. We
denote by D the A-invariant subspace spanned by w, Aw, . ... This subspace is either
zero (if w = 0) or metrically non-degenerate. We will let A, := A|p1, Aq := Alp and the
central CT in D+ with parameter matrix A, by L.. Furthermore we define the following

functions:

p(z) :=det(zI — L)
B(z) :=det(z] — A.)

where the second determinant is evaluated in D*.

The canonical forms for non-degenerate C'T's can be enumerated by choosing a non-
degenerate CT from Theorem 9.1.8 then choosing a metric-Jordan canonical form for the
pair (A|pi,g|pr). The proofs of these canonical forms, which are given in Section 9.2,
can be omitted on first reading. Once these canonical forms are obtained, in Sections 9.4.1
and 9.4.2 we will calculate the characteristic polynomial for non-degenerate CTs in E.

Using this, for ICTs we can calculate the transformation from their canonical coordinates
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to Cartesian coordinates and the metric in canonical coordinates. Then in Section 9.5.1 we
will show how to obtain the warped product decompositions induced by reducible OCTs.
Spherical submanifolds of pseudo-Euclidean space

First the orthogonal projection R onto the spherical distribution 7t is given as follows:
rer’ P er

R =1

r2 r2

R=1-

Then the general CT in E?(k) is obtained by restricting A € C3(E") to El(k). It is

given as follows in E in contravariant form (see Proposition 9.3.2):

L=RAR = A+ r*(r,Ar)r ©r — 2k(Ar O ) LY = RLA*RI, (9.1.5)

The matrix A is called the parameter matriz of the CT. We denote by L. the central
CT in E} with parameter matrix A. Note that L = RL.R*. We will see later that several
questions concerning L can be related to similar ones concerning L..

The canonical forms for these CTs can be enumerated by choosing a metric-Jordan
canonical form for the pair (A, g). The proofs of these canonical forms, which are given in
Section 9.3, can be omitted on first reading. Once these canonical forms are obtained, in
Section 9.4.3 we will calculate the characteristic polynomial for CTs in E}(x) by making
use of the solution to the similar problem in E?. Using this, for ICTs we can calculate the
transformation from their canonical coordinates to Cartesian coordinates and the metric
in canonical coordinates. Then in Section 9.5.2 we will show how to obtain the warped
product decompositions induced by reducible OCTs by making use of the solution to the

similar problem in E7.

9.2 Canonical forms for Concircular tensors in pseudo-

Euclidean space

9.2.1 Standard Model of pseudo-Euclidean space

In this section we recall the CVs and CTs in E} in its standard vector space model, which
were calculated in Section 6.4. These results are well known [Cra07; Ben05], but we
include it here for completeness.

First we define the dilatational vector field, r, to be the vector field satisfying for any

p €E" r, =p € T,E!. In Cartesian coordinates (x*), we have
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r= Z 70,
The general CV in E} is given by the following proposition.

Proposition 9.2.1 (Concircular vectors in E [Cra07])
A vector v € X(E?) is a CV in E" iff there exists a € CO(E") and b € C}(E") such that

v=ar+5b

where r is the dilatational vector field. o
PROOF See Proposition 6.4.3. m

Then using Corollary 9.1.6 we can deduce the general CT in E:

Proposition 9.2.2 (Concircular tensors in E”)
L is a concircular 2-tensor in E iff there exists A € CZ(E"), w € Cj(E") and m € C§(E")
such that:

L=A4+2wor+mror

where 1 is the dilatational vector field. The tensors A, w and m are uniquely determined

by L. O

9.2.2 Parabolic Model of pseudo-Euclidean space

In order to obtain canonical forms for CTs it will be useful to work with a different model
of E. We will refer to it as the parabolic model of E?, to be introduced shortly. The main
reason for working with this model is because it is a spherical submanifold of the ambient
space in which the isometries of E]' are linearized, which we will elaborate on shortly.

Recall that P was defined in Section 8.3. We stated that an explicit isometry with E”
can be obtained by fixing b € P", i.e. bis lightlike and (a, b) = 1. If we let V := span{a, b},
note that V' = E}, then for x € V:

1
v(x)=b+z— §x2a e Py (9.2.1)

gives an explicit isometry between E! and P?. By definition of P7, it follows that
T,P" = pt Nat = span{p,a}*. Also note that for z € P"
¢_1($) =T — <ZE,b> a— (x,a) b

An important reason for working with P? is the following [Nol96]:
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Proposition 9.2.3 (Isometry group of P7)
The isometry group of P is:
IP)={T€O,1(n+2)|Ta=a}

Furthermore suppose we fix an isometry with E via Eq. (9.2.1) by fizing a subspace

V C at such that V ~E", then forp € V and p € V*+ we have the following Lie group

isomorphism:
orVyxV — I(P)
(B,v) — ¢(B,v)
where
BB )p+) =+ Bp+ (v~ (B +5 @) (922)

O

PROOF See Proposition D.5.2 or [Nol96, lemma 6] which covers the case when E! is

Euclidean. -

Remark 9.2.4

If ¢ : E! — P” is the standard embedding from Eq. (9.2.1), then v is equivariant. In
other words, if we let Tp := Bp + v for (B,v) € O"(V) x V as above, and T := ¢(B, v)
then ¢ o T(p) = T o th(p). O

We also have the following:

Lemma 9.2.5
ForpeV and X € T;V

¢*X =X - <Xaﬁ>a’

For'Y € Ty Py, the inverse of the above map is given by:

TyplP, —1;V
Pb . a
Y —Y —(Y,b)a

PROOF The first statement is clear. First observe that P1,X = X. Now,

UBY =Y —(Y.b)a—(Y,p)a

Now 0 = (Y,4(p)) = (¥,8) + (¥, 7). Thus . BY = Y. .
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Furthermore we denote by P, the orthogonal projector onto TP7. It is given as follows

n+2
for r € EJ 77

n+2 n+2
TrEu-i-l - T?”Eu—i—l

V =V —=(V,rya—(V,a)r

We will now calculate the CT in EJT? which restricts to the most general CT in P2
Due to Corollary 9.1.6 we only need to examine how CVs restrict. By Proposition 9.2.1

and Theorem 9.1.5, the general CV in E!f} can be written

n
v =cor + g cia; + Cpi1b + crioa

i=1
where each ¢; € R, aq,...,a, is a basis for V and r is the dilatational vector field in Eﬁﬁ
Then

n

PyPv = Pb(z ci(a; — (@i, 1) a) + cnya (b= (b,r) a — 7))

=1

n
= E CiG; — Cpq1
i=1

where z is the dilatational vector field in V. Then using Corollary 9.1.6 we have proven

the following:

Proposition 9.2.6
Suppose P is identified with E!' by the embedding in Fq. (9.2.1). Denote by V =
span{a,b}*, let A € C3(V), w € C§(V), and m € C(V). Define

A=A4+mboOb—2wEb (9.2.3)

Then the restriction of A to V', denoted L, via the embedding in Eq. (9.2.1) is:
L=A+mror+2wor =

Note that A is completely determined by the condition Ab = 0. Now for A € CZ(E!'*?),
define A, by

(A7 = (P) A%,

Note that b is an eigenvector of A, with eigenvalue 0. Also observe that
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PP=P-—wl +wel =P

The above equation shows that A and A, induce the same CT on P}. From the
calculations proceeding Eq. (9.2.3) we see that

{a; — (a1, 7) a,...,a, — {ay,r)a,b—(b,r)a—r}

is basis for the space of CVs on P?. Thus it follows from Corollary 9.1.6 and the proceeding

calculations that A, B € C2(E!}) induce the same CT on P? iff for some b € P we have

Furthermore, one should note that if b, c € P, then (A.), = Ap. Hence it follows that
if Ay, = By, for some b € P? then A, = B, for all c € P}

9.2.3 Existence of Canonical forms

In this section A € C2(E!T?). We are interested in finding canonical forms for the CT
on P? induced by this tensor. As it was shown in the previous section, the induced CT
depends only on A, for some b € P'. Hence our goal will be to find be P? such that A;
is in a canonical form. Since the isometry with E} (see Eq. (9.2.1)) is fixed by a vector
b € P?, we will then choose T' € I(P") such that Th = b. This will transform A; to (T.A),
which can be restricted to E] using Proposition 9.2.6 to obtain a canonical form for the
original CT in E].

To obtain the canonical choice of b € P, first note that A, is completely determined
by the fact that Ayb = 0. Secondly, note that since isometries of P? fix a, it follows that
for each [ > 0, <a, Ala> are invariants of A. Although these are in general not invariants
of the CT induced by A, they will play a significant role in the classification. Thirdly,
since a cannot be transformed by isometries, we will attempt to choose b € P! such that
a is a basis vector in a metric-Jordan canonical basis for A,. Since (a,b) = 1, one can
deduce that (using the metric-Jordan canonical form discussed in Section 8.2) in the
simplest cases, a, b lie in the same eigenspace of Ay or a generates a Jordan cycle ending
in a constant multiple of b. These observations motivate our search for b.

For the following calculations, b € P is arbitrary and we let A := A,. The following

lemma will get us started:

Lemma 9.2.7
Suppose there is k € N such that <a, Ala> =0 for0<Il<k. Then for each 0 <1 <k
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-1
Ala = Ala =) " (b,Aa) Ala (9.2.4)
§=0
Furthermore, if 0 <[ < k then
<&, flla> = (a, A'a) (9.2.5)

So the constants <a, Ala> are invariants of the CT on P? induced by A. o

PrOOF We prove Eq. (9.2.4) by induction. It clearly holds for [ = 0,1. Now assume it
holds for [ — 1, then

1-2
Alg = AA Y — Z <b, Al_l_ja> Aty
5=0
1-2

— Ala—a (b, Ala) — 3 (b, A-1a) At
5=0
-1
=Ala—a <b, Ala> — Z <b, Al_ja> Aa
j=1
-1
= Ala — Z <b, Al_ja> Aa
j=0

Hence the first equation follows by induction.

Suppose 0 < [ < k, then

-1

<a, flla> = — Z <b, Al_ja> <a, Aja>

7=0
Thus it follows by induction that <a,f~1la> = 0. Thus <a, flka> = <a, Aka>. n

Now, define w; by

w; = <a, Ai+1a>

We will also need the following lemma to calculate w; in E.

Lemma 9.2.8
Suppose A has the form given by Eq. (9.2.3), then

mb —w =1
Alg = N N (9.2.6)
<w, Al*2w> b—A-lw 1>1
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and w; is given by Eq. (9.1.2). o

Using the above lemma we can also apply the definitions of index, sign and degeneracy
of CTs in E? from Definition 9.1.7 to CTs in P}.

Non-degenerate cases

Now we consider the case where there exists a least £ € N such that <a,Aka> # 0.
This will be the most important case for our interests. Motivated by special cases and
the metric-Jordan canonical form of A discussed earlier, we will try to find b such that
a, Aa, ..., A¥q forms a skew-normal sequence with <a, Aka> b = A¥a. The following lemma

describes b provided it exists:

Lemma 9.2.9

Suppose there is k € N such that <a,Ala> =0 for0<I<k and <a,Aka> # 0. Assume
there exists a b such that <a, Aka> b= A*a and <flja, flka> =0 foralll1 <j<k. Thenb
must satisfy the following equations for each | € {0,... k}

2 (b, Alay — 1 a“ Af}k@ li@ A=) (b, Ala) (9.2.7)

O

PROOF Suppose 0 < | < k. Expanding A*a using Eq. (9.2.4), we have
<f~1la, flka> = <f~1la, Aka> — <b, Ala> </~lla,/~lk*la>
(9:2:5) <f11a, Aka> — <b, Ala> <a, Aka>
By imposing the condition <f~1[a, flka> = 0, the above equation implies that:

</~lla, Aka> — (b, A'a) (a, A¥a) = 0 (9.2.8)

Now expanding Ala using Eq. (9.2.4), the above equation becomes
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-1
</~11a, Aka> = <Ala — Z <b, Al_ja> Ala, Aka>
=0
-1
= (Ala, A¥a) — Z (b, A" a) <151ja, Aka>
=0

— (Ala, Aka) — (b, Ala) (a, A*a) — Zj (b.Aa) (Vo Aa)

(©.28) <Al Aka> <b Al a Aka> Z b A7 <b A3a> <a Aka>

Equating the above equation with Eq. (9.2.8) and solving for <b, Ala> proves the

result. ]

Now we will use the above lemma and Eq. (9.2.4) to construct a vector b such that A

is in canonical form. First define a sequence by, ..., b; of scalars recursively as follows:
2bl T a Ak Zbl —j
Then define vectors s, s1,..., S, as follows:

-1
S| = AZCL — E bl,ij
J=0

Then define b by b <a, Aka> := s;. The following lemma shows that this choice does
work:
Proposition 9.2.10

The vectors So, 1, - .., Sk form a skew-normal sequence with (sg, si) = <(z, Aka>. If Ala
are defined as in Eq. (9.2.4) with the above vector b then Ala = s;. 0
PrROOF The fact that sg, sq, ..., s form a skew-normal sequence follows verbatim from

Lemma 9.2.7 and the proceeding arguments by replacing s; — Ala and b, — <b, Ala>.
Suppose that sg, s1,. .., S form a skew-normal sequence where (sg, sx) = <a, Aka>. By

definition of s;, it follows that each A'a can be expanded in this basis as:

-1

Ala =S + Z bl_ij

§=0
Thus
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<Aka, a> <b, Ala> = <sk, Ala> =1 <Aka, a>

Hence b, = (b, A'a). Then it follows by definition of s; and A'a in Eq. (9.2.4) that

il
Ala = s;. ]

Now suppose A is in the canonical form stated above. Let V = span{a, b} where b was
chosen as above. Then H = span{a, Aa, ..., A*a} is a non-degenerate A-invariant subspace
(see Lemma 8.2.4). Hence H™ is a non-degenerate A-invariant subspace complementary

to H. We now mention more precisely what we mean by “the” canonical form:

Definition 9.2.11

Suppose L is a CT in P? with parameter matrix A as above and index &' := k—1 > 0, i.e.
L is non-degenerate. The iso-canonical form for L is the metric-Jordan canonical form for
(Alge, g|gr) together with the index &' and constant <a, Ak'+1a> € R\ {0}. O

We will prove later on that this canonical form is uniquely determined by L. But for

now we will examine this canonical form further. Let A := Alp1, then we can write:

A=A+whb®b—2web

where w = wyb — Aa.
If wg # 0 then it follows that w = 0 and it follows by Proposition 9.2.6 that the induced
CT on V is

A—I—wor@r

Thus after dividing by wg we get the central CT from Theorem 9.1.8. If wg = 0, one can
check that w, Aw, ..., A*2w € V form a skew-normal sequence with <w, Ak*2w> = Wp_1-
It follows by Proposition 9.2.6 that the induced CT on V is

121—#210@7“

This CT is a constant multiple of a (null) axial CT with the same index and sign from

Theorem 9.1.8 (after an appropriate choice of basis).

Transformation to Canonical form:  We now denote by b the vector b obtained
above which puts A into a canonical form. The vector b € P is fixed by an isometry with
E” (see Eq. (9.2.1)), furthermore we let V' = span{a, b}*. We can assume A has the form
given by Eq. (9.2.3). The last problem is to choose T' € I(P?) such that Tb =b. We can
obtain a unique transformation if we require 7" to induce a translation in V. Indeed, by

Eq. (9.2.2) the most general transformation of this type is
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1
T:I—a®(5112ab—|—vb)+v<2>ab

where v € V is arbitrary. The unique transformation with the above form satisfying
Th = b is obtained by taking

u:b—6+a<z§,b>

We now proceed to calculate v. First we can write

L
b= c; Ala

Since <b, Ala> = 0 for any [ > 0, we see that

Lk
B—a<5,b> = o ZciAia
—1i=1

Since for 0 < I < k, {a, Ala) = 0 it follows by Eq. (9.2.6) that Ala = —A'""'w. Thus

k
1 .
V= — E CZ‘AZCL—Fb
i=1

Wr—1 =

k

= ! Z cifli*lw

We-1 7

where the last equation follows from the fact that ¢, = 1. We have calculated the first

four coefficients (which are sufficient for Euclidean and Minkowski space):

C — 1
1 Wi

Cho1 = —=
k—1 3 on
S i (—8wp_ 1wyt + 6w3)
"2 7 16 W2,

1 (—8w? | wiio + 12wp 1wWpwre1 — HW3)
Ck—3 = 77 3

16 Wi_q

In particular when £ = 1 and 2 respectively we have the following:

168



Chapter 9. Concircular tensors in Spaces of Constant Curvature

w
v=—
Wo
1 - 1&)2
= (Aw— =22
v WI(w 2w1w)

Finally, we note that by equivariance of the map 1 (see remark after Proposition 9.2.3),
one only needs to apply the isometry T": V' — V given by r — r 4+ v to send the induced

CT in V into canonical form. Hence in practice one does not need to work in P}.

Degenerate cases

We now consider the case where <a,Ala> = 0 for every [ € N. First note that the
dimension of the subspace spanned by a, Aa, ... must be at most n — 1 by non-degeneracy
of the scalar product. So there exists a least [ < n — 1 such that {a, Aa, ..., Ala} C at
is a linearly independent set but A'*la € span{a, Aa,..., Ala}. Thus it follows that
A™q € span{a, Aa, . .., Ala} for all m > [. Also note by Lemma 9.2.7 it follows that these

properties are invariant under the transformation A — A,.

Casel [=0
In this case a is an eigenvector of A. After transforming A to A, (if necessary), we
can assume that Aa = 0. Also Ab = 0, then since (a, b) = 1 it follows that span{a, b}
is a non-degenerate A-invariant subspace. Hence after identifying E? ~ span{a, b}*,
it follows by Proposition 9.2.6 that A restricts to a Cartesian CT on E.

Case2 [>1
Fix b € P, let V = span{a, b}* and assume Ab = 0. Then we can write:
A=A+200eb
Now note that for any j € N, (a, A7a) = 0. Suppose inductively that for all 1 < j <
that A7a € V then
AAla = AAa eV

since (A'a,w) = (A'a, Aa) = 0 and {A’a,b) = 0. Hence by induction for any j € N,
(b, Aa) = 0. Thus Aa, ..., Ala, A*a € V.

In particular, when [ = 1 we see that w is a lightlike eigenvector of A. Then by
Proposition 9.2.6, A induces the following CT in E}
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L=A—-2wor

Observe that w is a lightlike eigenvector of L with non-constant eigenfunction. Thus
L is never an OC-tensor because lightlike eigenvectors of OC-tensors must have

constant eigenfunctions.

If | > 1, we see that Aa, A%a € V are linearly independent orthogonal lightlike

vectors. Thus this case can’t occur in Euclidean or Minkowski case, so we ignore it.

9.2.4 Uniqueness of Canonical Forms

In this section we will show that the canonical forms obtained in the previous section are
uniquely determined by a given CT in P. As a consequence of this we will show that the
different canonical forms divide the CTs into isometrically inequivalent classes. We will
be working with the case when the CT is non-degenerate as the other cases are either
straightforward or uninteresting.

Suppose L and M are CTs in PP} with parameter matrices A and B respectively. We
observed at the end of Section 9.2.2 that L = M iff for one (hence all) b € P7:

Thus it follows that L = T, M for some T € I(P}) iff for one (hence all) b € P

Ay = (T.B),
Lemma 9.2.12
Suppose Ay is a parameter matriz, and Ay = (Ag), for some b € P?'. Assume each A;
have the same index and admit a vector b; which transforms it to canonical form according
to Proposition 9.2.10. Then by = bs. o

PROOF Let Ag = (Az)p,, then A1 = (Ap)p. Since Ay is in canonical form,
a,Apa, -+ , Afa forms an adapted cycle of generalized eigenvectors for Ay with eigenvalue
0. In this case (a, Afa) € R\ {0}.

Let b; be the vector admitted by A; and let Az := (A1)y, = (Ag)p,- Now by Proposi-
tion 9.2.10 and Lemma 9.2.7, b; satisfies:

k-1
(a,AYa) by = Asa = Ala — Z <b1, Alg_ja> Ala (9.2.9)
§=0
Since Aj is in canonical form, it follows for each | € {1,---  k}, <bl,AlOa> satisfies

Eq. (9.2.7). Then since Ay is in canonical form, we have (b, Aja) =0 for [ € {1,--- , k}.
Thus Eq. (9.2.9) shows that
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(a, Alfa> by = Aka = (a, Alfa> by
Hence b; = b,. ]

In the following theorem we will show that the iso-canonical form defined in Defini-
tion 9.2.11 for non-degenerate CTs is uniquely determined by the CT.
Theorem 9.2.13 (Isometric Equivalence of CTs in E?)
Suppose L and M are CTs in P such that M has an index k > 0. Then L =T, M for

some T € I(PY) iff L and M have the same iso-canonical form. o

PROOF Assume that L = T, M for some T' € I(P}). Then for some b € P

Ay = (T.B),

By the above equation and Lemma 9.2.7 it follows that the index of L is also k. Let
b, be the vector which puts B in canonical form given by Proposition 9.2.10. Then
Thby sends T, B to canonical form. By Lemma 9.2.12; Th, is the vector obtained from

Proposition 9.2.10 which puts A in canonical form. Let b := Tby then

Ay = (T.B)y = T.(By,)

Hence By, is isometric to A;. Then it follows from the uniqueness of the metric-Jordan
canonical form (see Theorem 8.2.5) that A; and By, have the same iso-canonical form.

Conversely suppose L and M have the same iso-canonical form. Then A (resp. B) each
admit a vector by € P! (resp. by € P?) such that A,, and By, have the same iso-canonical
form. Then one can easily construct 7' € I(P?) which transforms a metric-Jordan canonical
basis of By, into Ay, so that A, = Ti(By,). Thus

= T(By,)"a = (Ay,)*a
= Tbg == bl

Note that in the last equation we have used the fact that <a, Bka> = <a, Aka>. Then

Ay, = Tu(By,) = (T.B)y,

1

Thus L = T, M, which proves the converse. n

Geo-Canonical forms We now give a geo-canonical form for non-degenerate CTs in
P". Suppose L is such a CT with index k£ and parameter matrix A in iso-canonical form.

Then for ¢ € R, ¢L has parameter matrix cA and
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(a, (cAYa) = FH (a, A" 'a)

Hence after an appropriate transformation L — cL, we can assume

1 1if £ is even

<a,Ak+1a> _
+1 if kis odd

Note that when k is odd, c is only determined up to sign. Hence there are two possible
geo-canonical forms in this case. Now, if L is an axial CT, we can fix d € R by requiring
that (A + dI)*a € span{a,b}. This condition is satisfied in the iso-canonical form. If L is
central, we choose d such that the real part of the smallest eigenvalue (see Definition E.0.9)

of Aly. is zero.

9.3 Canonical forms for Concircular tensors in Spher-

ical submanifolds of pseudo-Euclidean space

9.3.1 Obtaining concircular tensors in umbilical submanifolds

by restriction

Let M be a pseudo-Riemannian submanifold of M with Levi-Civita connections V and V
respectively. We say M is an umbilical submanifold (see Section 3.1 for more details) if
there exists H € X(M)* (i.e. H is orthogonal to T'M) called the mean curvature normal
of M such that

for all z,y € X(M). By generalizing an observation made in [Cra03] one can deduce the

following;:

Proposition 9.3.1 (Restriction of CTs to umbilical submanifolds [Cra03])

Suppose M is an umbilical submanifold of M with mean curvature normal H and L is a
concircular r-tensor on M with conformal factor C' in covariant form. Then the pullback of
L to M is a concircular r-tensor with conformal factor equal to the pullback of C + rL(H),

where in components, L(H )i, .. i, = Liy .i,_,;H. o

Since spherical submanifolds are umbilical submanifolds and E!(k) is a spherical
submanifold (see Section 3.1), the above proposition allows us to obtain CTs on E" (k).

We will do this in the following section.
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9.3.2 Concircular tensors in Spherical submanifolds of pseudo-

Euclidean space

In this section we study the CTs in E}'(x) via the canonical embedding in E. Let r
denote the dilatational vector field, we work on the subset of E" for which 72 # 0. Let
E :=r* and let L be a CT on M. To obtain the CT on E}(<) (which is an integral
@

r2

manifold of F), we first let R := 1 —

Lg := L|g is given as follows:

where [ is the identity endomorphism then

(LE)Z] _ RilleRjk
Now we will calculate the general CT on E} (k).

Proposition 9.3.2 (Concircular tensors in E7(x))

L is a concircular tensor in E?(%) where n > 2 iff there exists A € C3(E") such that L

r2

has the following form embedded in E; :

L:AE:A+—<T’ZM>T®T—%(AT@T)
r r

A is uniquely determined by L. Furthermore L is covariantly constant iff its a constant

multiple of the metric on El (%), i.e. A= cG for some ¢ € R where G is the metric of
E?. &

ProoOF Fix L € S?(E7(=)). Choose an orthonormal basis a1, ..., a, for El. Let R* =

r®rb

I — ———, then it follows from Proposition 9.3.1 that the vectors
r

<’I", gz) r
T

*
Ra; =a; — 1=1,...,n

are CVs on IE,’}(T%) Furthermore one can check that these vectors are linearly independent.
Thus by Corollary 9.1.6 every CT can be written uniquely as a linear combination of
symmetric products of the above CVs. Thus it follows that we can choose a unique
A € C2(E?) such that L = Ap on E2(%). In EZ, Ap is given as follows:

Ap = R"AR
ror 2
= A+ A(r°,1") . ﬁA(rb) or
ror 2
= A+ (r, Ar) i —ﬁArG)r

Conversely by Corollary 9.1.6 it follows that for any A € CZ(EP), Ag corresponds to
CT on E'(-5).
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The last statement follows from Proposition 9.3.1. n

Remark 9.3.3
The general CT in E7(x) has been obtained in [TCS05, Section 3] with respect to certain
canonical coordinates for these spaces. They use a different method for obtaining these

tensors based on the theory developed in their article. O

For the remainder of this chapter we will always work with CTs in E? (k) via the tensor

L defined in E7 in the above proposition.

Definition 9.3.4
Suppose L is a CT in E" () with parameter matrix A € S?(E") as above. The iso-canonical

form for L is the metric-Jordan canonical form for (A, g). 0

Except for hyperbolic space H ™! and the space anti-isomorphic to it S”~{, uniqueness
of the iso-canonical form follows from the uniqueness of the metric-Jordan canonical form
and the fact that I(E?(x)) = O(E?) [O’N83]. For H}*, I(H}™') is the subset of O(E})
that preserves time orientation [O’N83]. In this case, minor modifications of the proof
of the uniqueness of the metric-Jordan canonical form will show that it holds true with
I(Hy™') in place of of O(E}). A similar argument goes for S”~|. Hence we have proven

the following;:

Theorem 9.3.5 (Isometric Equivalence of CTs in E(k))
Suppose L and M are CTs in E'(k). Then L = T,M for some T € I(E!(k)) iff L and

M have the same iso-canonical form. O

Geo-Canonical forms By definition, the restriction of G to E!(k) is the metric on
E”(x). Hence we see that if a € R\ {0},0 € R and A € CZ(E"), then A and aA + bG
induce geometrically equivalent CTs on EZ(k) (see Proposition 9.1.2). We now show how
to obtain the geo-canonical forms. Suppose Aq,..., Ay € C are the distinct eigenvalues of

A. Let || denote the modulus of a complex number, then define:

|a] == min[A; = X;| >0

Note that this quantity is invariant under geometric equivalence. By making the
transformation \; — %"‘, we can assume |a| = 1. Furthermore we choose b € R such that
the real part of the smallest eigenvalue (see Definition E.0.9) of A is zero. Since its not
possible to specify the sign of a, we conclude that there are (in general) two geo-canonical
forms for CTs in E7'(x). Although in practice one can often use more information from the
metric-Jordan canonical form of A to obtain a single geo-canonical form, as the following

example shows:
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Example 9.3.6 (Separable coordinates in hyperbolic space)
Consider H"! = E?(—1) with the standard metric:

g = diag(—1,1,...,1)

For A\ < --- < A\, € R define two linear operators A; and A, as follows:

Al = diag()\l, ey )\n)
Ay = diag(— M- .., —A\n)

These two operators are isometrically inequivalent since they have different metric-
Jordan canonical forms. The timelike eigenvalue of the first is the smallest, while that
of the second is the largest. Although —A,; = A; and hence the CT on H" ! induced by
these operators are geometrically equivalent. So, in H"~! we can work with inequivalent
CTs (under change of sign) by working with those whose parameter matrix has a timelike
eigenvalue which is less than or equal to |4 | spacelike eigenvalues.

Thus the set of eigenvalues A\; < --- < A, € R induce [§] inequivalent separable
coordinates in H™™!; in contrast with the n inequivalent separable coordinates in E7

induced by central CTs. o

9.4 Properties of Concircular tensors in Spaces of

Constant Curvature

In this section we will assume that each CT in E} or EZ(k) is in a canonical form listed in
Section 9.1.3. Furthermore we will assume that the Cartesian coordinates are chosen such
that the parameter matrix A, is in the complex metric-Jordan canonical form stated in
Theorem 8.2.2 (see Appendix C for details). We now describe how to transform to real
Cartesian coordinates such that A, obtains the real metric-Jordan canonical form given
by Theorem 8.2.5. Suppose A € C\ R and (A4, g) is given as follows:

in coordinates (z!,..., 2% 7', ..., 7%). Define real coordinates (s!,t!, ..., s* t¥) implicitly

as follows:

e (s —it?)

1
E
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T = %(sj + it?)

These coordinates were chosen so that the pair (A, g) are in the real metric-Jordan
canonical form in the real coordinates (s',t!,...,s* t*) after applying the appropriate
tensor transformation law.

In Cartesian coordinates (z*), we will use the convention that x; := g;;27; this is the
only case where the Einstein summation convention is used in this section.

We now list some generic facts about tensors and C-tensors that will be used. We
first recall some facts about (})—tensors which were first stated in Section 1.4.2. In the
following proposition, we use the notation C? to denote the differentiability class of a
geometric object, where p € NU {oco,w}, and C¥ denotes the analytic class.
Proposition 9.4.1
Suppose T is a G) -tensor of class CP and fix g € M.

Let \o be a simple eigenvalue of T;,. Then there exists a neighborhood of q in which T
has a simple eigenfunction A with a corresponding eigenvector field which are both of class
C?, and \(q) = Ao.

If T, has simple eigenvalues, then there exists a neighborhood of q in which T' has

simple eigenfunctions of class CP, and T admits a basis of eigenvector fields of class C?.q

The above proposition shows that Benenti tensors necessarily locally admit a smooth
basis of eigenvectors with corresponding smooth eigenfunctions. The following proposition
gives necessary and sufficient conditions to determine when a given Benenti tensor is an

IC-tensor.
Proposition 9.4.2

Suppose L is a Benenti tensor in a neighbourhood U of a point p. If the eigenfunctions of
L are not constant in U, then the eigenfunctions are functionally independent, i.e. L s

an IC-tensor in a dense open subset of U. o

Proor This is a direct consequence of the torsionless property of these tensors. Since in
this case there are coordinates (¢*) such that L is diagonal and each eigenfunction u’(q").
Then

1 dun
dut A Adu™ = dg' A+ A ——dg"
u u dql dq”
:(Hdzi)dql/\ Adg"
=1

Hence if du® # 0 for each i, the eigenfunctions are functionally independent. If the
u® are analytic functions of ¢*, then by assumption it follows that L is an IC-tensor in a

dense open subset of U. m
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Proposition 9.4.3
Suppose L is an OCT and p(z) = det(zI — L) is its characteristic polynomial. Suppose u’

is a simple eigenfunction of L and du® # 0, then the corresponding eigenform is given by:
(dp)|z=ui
p'(u')

where dp is the exterior derivative of p with respect to the ambient coordinates and p' is

du’ = —

the partial derivative of p with respect to z. Furthermore if L is an IC-tensor, then the

metric in the coordinates induced by the eigenfunctions of L is:

(' ()72 ((dp) oz, (dp) o=} i i =

0 else

PROOF Since p(z) = (2 — u') f(z) for a smooth function f(z). By taking the exterior

derivative, we get:

dp = —fdu' + (z — u")df

Then by L’Hopital’s rule, we find that:

(dp)]omws = =1/ (u')dut

which can be solved for du’ since u’ is a simple eigenfunction. The fact that Ldu’ = uidu’

follows from the fact that L is torsionless.
To calculate the metric, first it follows that g% = 0 when 4 # j since L is self-adjoint

and has simple eigenfunctions. For the remaining component:

g" = (du’, du’)
= (¢/(u)) 7 ((dp)]o=ui, (dp)]oui) "

Remark 9.4.4
The assumption that L is a concircular tensor can be replaced with any symmetric

contravariant tensor whose associated endomorphism is torsionless. O

The following lemma on determinants will be used several times.
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Lemma 9.4.5

Suppose T = A+ v @ x where A = [ay,...,a,] is an n X n matriz, v € F* and r € F"
(where F is R or C). Then detT is given as follows:

detT:;\(ai+xiv):/n\aﬂ—zn:al/\---/\xiv/\---/\an O
=1 1=1

=1

PROOF The formula clearly holds for n = 1, so inductively suppose the formula holds for
k =n — 1, then:

= ( ai—i—Zal/\---/\xiv/\---/\an_l)/\(an—f—xnv)

n n—1 n—1
=Nai+d ar A Azp A Nag+ N\ a; Ao
i=1 i=1 i=1
n n
:/\ai+2a1/\~--/\xiv/\~--/\an ™

In the following sections, we will obtain the following information. First we will
calculate the characteristic polynomial for CTs in spaces of constant curvature. Using
this, for ICTs we will calculate the transformation from the canonical coordinates they

induce to Cartesian coordinates, and we will calculate the metric in canonical coordinates.

9.4.1 Central Concircular tensors

The following general lemma will be used to calculate the characteristic polynomial of
central CTs.

Lemma 9.4.6 (Determinant of Central Concircular tensors)

Suppose L = A+r @1 is a central Concircular tensor, where r* = z*. Then,

detL:/\ai—i—Zal/\--J\xir/\---/\an (9.4.2)
i=1 i=1

Suppose U is a non-degenerate A-invariant subspace (hence Ut is A-invariant), let
L,=Lly and L, = L|y1, then:

det L = det L, det A, + det A, (det L, —det A1) (9.4.3)

O
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PrOOF The first statement follows from Lemma 9.4.5 by taking A — A, r — v and
7 — .
Now for the second part, let £k = dim U, then in a basis adapted to the decomposition

V =U& U+, we have:
s B 0
0 C

where B is a k x k matrix and C' is a (n — k) x (n — k) matrix. Furthermore r = r, 4 r,

where 7, € U and r. € U*. The main fact we use is that for any square matrix, 7', of the

(o o)

form:

we have detT" = det Adet C. Thus:

k n—Fk k n—Fk

= A\biA Nei+ O biA Az A Ab)A N e
i=1 i=1 =1 =1
k n—k

+ ABAD e A Az A Acy)

=1 i=1

k k n—k
:(/\bi+zblA“'/\%Tb/\"'/\bk)/\/\Ci
i=1 i=1 i=1

k n—k
—l—/\bi/\(ch/\~-/\azircA~~/\cn_k)
i=1

=1

= det L, det A, 1 + det A,(det L, —det A, 1) -

Now consider the simplest case where A = diag(Ay, ..., A,). Then Eq. (9.4.2) can be

used to get the characteristic polynomial of L, which is:

n

p(z) =det(z] — L) = H(z —\) — Z rx H(Z — ) (9.4.4)
i=1 i=1 i
Now suppose L is an ICT with eigenfunctions (u',...,u"), then from the above

equation we have:
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[T = x) =p(r) = =@ TN = M)
j=1 J#
One can check that by assumption we must have \; # A; if ¢ # j. This will eventually
be proven later. Thus we deduce the transformation from the coordinates (u!, ..., u") to

Cartesian coordinates to be:

[T = A)
. i—1
(') =gl —— (9.4.5)
[Ty =)
J#
The derivation of the transformation to Cartesian coordinates follows that of [Cra03,
section 5]. We will use this method for all other types of CTs as well. Now, it will be

useful to write the characteristic polynomial in standard form:

Proposition 9.4.7
Suppose L is a central CT with parameter matriz A = diag(Aq, ..., \n) and arbitrary

orthogonal metric. Write the characteristic polynomial of A as:

B(z) =det(zl — A) = Z a2

1=0
Then the characteristic polynomial of L is:

p(z) =det(z] — L) = Z(al — Z ajy11 (r, Alr))2! (9.4.(3

PrROOF We will prove this formula by expanding Eq. (9.4.4). For the following calculations,

if a(z) is a polynomial in z, then [z']a(2) is the coefficient of 2! in this polynomial. First

observe that

B J(EEEYWESEIE | (EEPYEPY | [EEPW)

j i ji
Gl | CERHERYE | [EEPY)
i i
2l | [CEPO R J [EEPH R | [EEPY)
i j i

We also have
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- =1

J#i
We will prove inductively that
n—1-1 ‘
]G =2) = D Majn
i =
Then by inductive hypothesis, we have
n—1-—I1 '
TG M) =a+ XA ) Najaw
i 3=0
n—l .
=a+ Y Maj
j=1
n—l .
=D Xy
5=0
Then

n—1-—1

Jj=0
n—1-—1

=Y aja (r, Alr)

J=0

Which together with Eq. (9.4.4) proves the proposition.

In the following theorem we collect a useful limiting procedure for dealing with Jordan
blocks. It has been proven by Kalnins, Miller, and Reid in [KMR84] for general dimensions.
We have independently verified it only for dimensions less than three. The details of

this verification are only partially included in the following proof, which can be omitted

without loss of continuity.
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Theorem 9.4.8 ([KMR84])
Let Ay := JF(\)) and go := €S,,. For n <3, there exists a sequence of diagonal matrices

A :=diag(\i, ..., \y), g := diag(ay, ..., a,) and transformation matrices A such that

ATTAN — A ATgA — go a]

PRroOOF First consider the following definitions:

! 0 ifl1<0
A=l =T, —ey) € = -
j +1—j g 17 €2 l L k<0
£

a; -

a Hk;ﬁi(ezlq — €1)

Note that € is of order k if k,1 > 0. Finally let \; := A\; + €} ;. Then the conclusion

follows by direct calculation if for each i =2,...,n, e — 0. n

Now suppose L is a central CT with parameter matrix A = JF(0). We will use
the above theorem to obtain this CT as a limit of central CTs with parameter matrix
A = diag(0, Ag, ..., Ax). The characteristic polynomial of these CTs is given by Eq. (9.4.6).
In order to obtain the characteristic polynomial for a CT with A = JF(0) we will
use the fact that the characteristic polynomial of JF(0) is 2*. Then starting with
A = diag(0, Ag, ..., Ax), by Eq. (9.4.6) we have:

k k—1-1
p(z) = Z(al — Z Ajr14l <7", AJT>)zl
1=0 =0
k—1
— 2k <7“, Ak_l_lr> 2!
1=0
k-1
Lk Z <7,7 Akflfl,r,> Zl
1=0
k=1 1+1
Lk, piglt2=iyl
=0 =1

Thus we have proven part of the following:

Proposition 9.4.9

Suppose L is a central CT with parameter matriz A = JF'(0) and metric g = €Sy,. Then
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the characteristic polynomial of L is:

k—1 I+1

p(z) =det(z] — L) =z _5zzxz l+2i

=0 =1

Furthermore the following are true:

e [ has no constant eigenfunctions.

o IfT(2) =22 and k <3, then (dT, dT) = 4(%T(z) &

B(z)

PrROOF We first prove the case where A is a real Jordan block. To prove that L has no

constant eigenfunctions, we differentiate an equation preceding this proposition to obtain:

k-1
p=—2 Z ARy

from which we see that (ey, Vp) = —2ez8"1zl. Thus L cannot have a constant eigenfunc-
tion. The equation for (d7,dT’) is proven as follows. When A = diag(0, g, ..., \z) one
can easily prove this formula using Eq. (9.4.4). Then the formula for A = JF(0) follows
by applying the limiting technique in Theorem 9.4.8 used above. Finally, for the case
of a complex Jordan block, i.e. A = J]'()\) where A\ € C, note that these proofs hold by
replacing A - A — A\l and z — z + \. n

Now one can use the second part of Lemma 9.4.6 to obtain the characteristic polynomial

of any central CT in E?. Indeed, suppose L is a central CT with parameter matrix

A= JI(0) @ diag(Aey1, - - -, An) g = €05k © diag(ex+1,---,€n)

We can apply Lemma 9.4.6 with U equal to the subspace corresponding to JI(0), then

p(z) = det(z] — L) H Yi) (z —5025(51::1:’ 2= Z) )

i=k+1

—zk(Za:ixi H ;)

i=k+1 j=k+1,j7i

Now when L is an ICT, we can obtain a transformation from canonical coordinates
to Cartesian coordinates. Our formula is motivated by one in [KMR84] and is given as

follows:
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+1

it _ —Co d o p(2) I
= —(— =0,...,k—1 9.4.7
Zi_l o @) B v (94.78)
i\2 p(\) ,
= —€i—— = 1,... 4.
(x") Ei B0V i=k+1,..,n (9.4.7b)

The following lemma will be used to obtain the metric in canonical coordinates adapted
to an ICT defined in a space of constant curvature.
Lemma 9.4.10

Suppose L is a central CT with parameter matriz A. Let

d
Then (dT', dT") = 4%T(z). 0

Proor We prove this by induction. The base cases are given by Proposition 9.4.9.
Suppose U is a non-degenerate invariant subspace of A such that L, has the form given
by Proposition 9.4.9 and U~ satisfies the induction hypothesis.

By Eq. (9.4.3) we can write:

p(2) = pu(2) By (2) + Bu(2)(pur (2) — Bur(2))

Then

dp = B,.dp, + B,dp,+

Thus from the above equation, we have:

dp  dp,  dp..
B B, B,

= AT = dT, + dT,.
= (AT, dT) = (dT,,dT,) + (dT,.,dT,.)

d d
=4—T 4—T,

T 1)+ 4T ()

d

Examples We end this section with some separable coordinate systems induced by cen-

tral ICTs which can be analyzed fairly easily. These examples are a natural generalization
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of those presented in [Cra03, section 5] by Crampin.

Example 9.4.11 (Generalization of elliptic coordinates to E7)

Our first example is the central CT in E} with parameter matrix A = diag(Ay, ..., A,,) and
orthogonal metric g = (—1,...,—1,1,...,1). This CT is easiest to analyze if we assume
Al < A < -+ < A\, Recall from Eq. (9.4.4), the characteristic polynomial of L is:

p(z) =det(zl — L) = Hyi — Zayﬁ Hyj

i=1 i=1 i

Using the above formula, one can show that L has no constant eigenfunctions (e.g. see
the proof of Proposition 9.4.9). Then by Proposition 9.4.2, this CT is an ICT near any
point where the eigenfunctions of L are simple. We will now show that L is an ICT in a

dense subset of E”. First note that

p(N) = —&i(@)? TN = A)) (9.4.8)

I
Assume each z' # 0, then from Equation 9.4.8, we find that sgnp()\;) = g;(—1)"" "
Also since the coefficient of leading degree of p(z) is 2", we find that lim p(z) = 1 and
lim p(z) = (—1)". Since by assumption we have that &, = 1, we can usé?ffe intermediate
jfgluoeo theorem to deduce the following about the roots of p(z). If v = 0 (i.e. in Euclidean

space), there are n distinct roots u!, ..., u™ satisfying:

M<ul<d<u? <)\, <u®

If v > 0 then there are n distinct roots u!, ..., u™ satisfying:

u <N <uto o <ut <A < dgpr < U < A <t <N, < U (9.4.9)

Hence L is an IC-tensor on an open dense subset of E!; because of this property

one could consider the induced separable coordinates to be a generalization of elliptic
n

coordinates. Since p()\;) = [[ (\; — w?), by Equation (9.4.8), we can obtain the Cartesian
j=1
coordinates in terms of the separable coordinates u!, ..., u"

[T = N)
. i—1
@) = el
[T(A =)
J#
By using Eq. (9.4.9) and Proposition 9.4.15, one can check that in the separable

1 o (71)n—i+1

coordinates (u',... u"), for 1 <i < v, sgng” = ‘o = —1. Hence 01,...,0, are
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timelike vector fields and the remaining ones are spacelike. 0

We now show that if we relax the condition that \; < --- < A, in the above example
then the coordinate system may no longer be defined on a dense subset of E!. Although
one should note that the in E” that condition was not restrictive. The simplest case occurs
in 2.

Example 9.4.12

Consider a central CT L in E? with parameter matrix A = diag(\;, A2) where A\; > X\,
and orthogonal metric g = diag(—1,1). Denote Cartesian coordinates by (t,z). In this
case the characteristic polynomial of L, p(z), given by Eq. (9.4.6) reduces to:

p(z) = 22 + (2(t2 - ZE2) - )\1 - )\Q)Z - 2t2/\2 + 21’2/\1 + )\1)\2

One can calculate the discriminant of this polynomial to be:

(-0 22 (e + 252

If we define new Cartesian coordinates (y',y?) by:

Y= V2t — o) v = V2(t + )

and we let e := /A — Ay, then L is a Benenti tensor on the following connected

regions:

Region (u', u?)

N yl >e y? < —e

E yhyt > e
S Yyl < —e, > >e
W Yty > —e
C vl ly? < e

Hence the regions are separated by the lightlike lines |y¢| = e. Thus as claimed the
associated separable coordinate systems aren’t defined on a dense subset.

One can also find the coordinate domains as follows. Suppose L is an ICT with
eigenfunctions u! < u%. Then by requiring that the metric in these coordinates given by

Proposition 9.4.15 to be Lorentzian, one finds the following constraints:
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ul < u? < dg <\
Ao < N\ < ul < u?
Ao < ubt <u?< )\

ul < Ao < A\ < 02

The above inequalities shown that in the subset where L is a Benenti tensor, if
the eigenfunctions transition from one coordinate domain to another then one of the
eigenfunctions must take the value \; or \y. Hence the transition manifolds are solutions
of p(\;) =0, i.e. by Eq. (9.4.4) where (z")? = 0. In this case, the eigenfunctions of L can

be readily calculated:

t:O:>)\1,)\2+.%’2

$:O:>)\1—t2,)\2

Using the values of the eigenfunctions on these subsets and their possible ranges given

in Eq. (9.4.10) one can deduce the following:

(v',v°) (u', u?)

E,W |ul<u? <<\
NS | d< A <l <u?
C Ao <ul <u? <)\

Together with Eq. (9.4.5), this completes the analysis of these coordinate systems. g

Even in three dimensions, the above analysis becomes much more difficult. This
is because in three dimensions one can show that the discriminant is an eight degree
polynomial in the coordinates with many terms. Although we note two simplifications
that could be made for the general case. First by transferring to a geometrically equivalent
CT, we could have assumed one of the eigenvalues of A were zero. Secondly since the
characteristic polynomial of L, given by Eq. (9.4.4) only depends on the quantities (z°)?
and not z* explicitly, one can restrict the analysis to the quadrant where each 2 > 0 while
losing no generality. This symmetry is a consequence of the non-uniqueness of the chosen

basis, in particular due to the fact that if v is an eigenvector of A then so is —uv.

9.4.2 Axial Concircular tensors
Proposition 9.4.13

Let L be an azial C'T with parameter matriz A = Ji(0)
187

T and metric g = €S,. Then
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= k
p(z) =det(zI — L) = 2F + Z Z gt IFislghtl=i b=l 9¢ Z gh=ir k= (9.4.11)
i=1

1=2 i=1
Furthermore the following are true:

e L has no constant eigenfunctions.

d
o Ifk <3, then (dp, dp) = 45d—p(z). O
2

PrROOF We first outline how one proves the above formula for p(z). It is sufficient to
calculate det L when L has the parameter matrix A = J,(\)7. Let A = [dy, ..., dy] :=
A+ er ® e,. Then applying Lemma 9.4.5 to L = Ate @ gives:

n n
detL:/\di—l—Zcil/\---/\xiel/\'--/\dn
=1 =1

After expanding 7 and e; in the basis {ai,...,a;} and simplifying, the result then
follows by a straightforward but tedious calculation.
Suppose the above formula for p(z) holds. We now show that L has no constant

eigenfunctions. The constant term of dp is:

k
9 Z ki g kit
i=1
If A € R satisfies p(A\) = 0, then the above form must be identically zero. A contradic-
tion, hence L has no constant eigenfunctions.

The formula involving (dp, dp) can be checked manually for the cases k < 3. -

The following proposition will reduce the calculation of the characteristic polynomial
for general axial concircular tensors to cases already considered.
Proposition 9.4.14 (Determinant of Axial Concircular tensors)

Suppose L is an azial CT in canonical form given as follows:

L=A+e1®@r +r®¢€
A=A, A.

where Ag = JI'(\). Then p(z) = det(zI — L) is given as follows:
p(z) = pa(2)B(z) + €(pe(z) — B(z)) (9.4.12)
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PRrooF First note that it is sufficient to calculate det L. Write r = r4 + r. adapted to the
decomposition E? = D @ D+ where D is the A-invariant subspace generated by e;. Then

L=Li+A +e1@(r) +r.®@¢€,

where Ly is L restricted to D and A, is A restricted to DY, Let L = Ly + A, + ¢; ® (re)’,
then applying Lemma 9.4.5 to L = L + er, @ e gives:

det L=detL+ely A---AreA--- AL, (9.4.13)

where r. appears in the kth spot. Now note that in block diagonal form

z _ Ld €1 ® (Tc)b
0 A,

Then after applying Lemma 9.4.5 once more, we get

n

ElA---/\rc/\---/\En:/\ i AT A (Y g A Azier Ao Aay)
i=1 i=k+1

= (Ld)/\el/\ Zak+1/\ CATT N A ay)
=1 i=k+1

H

:—/\az/\el/\ Zak+1/\ AT N A ay)
i=k+1

:(—1)k61A'--AekA(Z Qg1 N  NTiTe A A ay)
i=k+1

= (—1)%(det(L,) — det(A,))

where the second last equation follows by expanding e; in the basis {a1,...,ax}. The
result then follows by Eq. (9.4.13). n

Now one can use Proposition 9.4.14 to obtain the characteristic polynomial of any axial
CT in E?'. This is done as in the example in the discussion following Proposition 9.4.9. For
example, we will calculate the Cartesian coordinates for a non-null axial CT (i.e. k= 1).
Indeed, suppose L is a non-null axial CT and an ICT with eigenfunctions (ul, ..., u").

)

Let A, = diag(Ag, ..., A,), then from Eq. (9.4.12) and Eq. (9.4.11), we see that

p(z) =det(z] — L) = (H yi)(z — 2ext) — 8(2 ;" H Y;)

i=2 i=2 j=2,j#i
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n

where y; = z — \;. Since p(z) = [[(z — u"), we can deduce the transformation from the
i=1
coordinates (u',...,u™) to Cartesian coordinates as follows. By evaluating p();), we get

n

[1(u =)

. i—1
(z)? = —g;e—2 i=2..,n (9.4.14)
[T (A —A)
J=2,5#i
By taking the coefficient of 2"~ of p(z), we get:
ey (7 SIS VR (9.4.15)

2
In conclusion, we note that this procedure can be generalized for k > 2.
Observe that Eq. (9.4.12) holds for a central CT if we define py(z) = 1 in this case.
We will use Eq. (9.4.12) and Lemma 9.4.10 to obtain the metric in canonical coordinates

for some ICTs in E?. We have the following:
Proposition 9.4.15 (ICT metrics in E?)

Suppose L is an ICT in Euclidean or Minkowski space in canonical form with eigenfunctions

(u',...,u™). Then the metric in adapted coordinates is orthogonal and

I1(u — )

pu') e

€
Gii = — N
4 B(u?)  4nk
[T =)
j=1
where € is the sign associated with L and Ay, ..., \,_y are the roots of B(z). O

Remark 9.4.16
The above formula likely holds in general (see [KMR84]) but we haven’t verified it for
null axial CTs when k& > 3. O

PROOF Let T'(z) := g(z) S(z) = pa(z) and T(z) := ’;((j)), then Eq. (9.4.12) implies:

dT = edT +dS

Also recall that in these spaces, the index k < 3. Hence
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(T, dT) = AT (VT)
- <dT, dT> +(dS, dS)

d d
= 4d T(z) + 45d—5(z) by Lemma 9.4.10 and Proposition 9.4.13
2 z

= 45i(5T(z) +5(2))

dz
d p(z)
48% B(z

~—

Thus we have the following:

((dp)]ozut, (Ap)|s=u) _,_d p(2)
B(u?)? dz B(2)| _,
P (u)
B(u')

45

From Proposition 9.4.3 we have:

i _ ((dp)|o=uis (AP)|o=ui)
)

Remark 9.4.17
The above trick for calculating the metric is based on Moser’s calculation of the metric
for sphere-elliptic coordinates in [Mos11, P. 179-180]. 0

Corollary 9.4.18
Suppose L is a non-degenerate CT in Fuclidean or Minkowski space in canonical form.
Then the points at which a real eigenvalue of A. is an eigenvalue of L are singular, i.e. L

cannot be an ICT in any neighborhood of these points. 0
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9.4.3 Concircular tensors in Spherical Submanifolds of pseudo-

Euclidean space

In this section we treat the case of CTs defined on E”(x). We will be able to reduce most
calculations to similar ones involving central CTs. The following proposition will allow us
to do this.

Proposition 9.4.19 (Determinant of Spherical CTs)

Suppose L = RL.R* is a CT in (%), the following holds:

T®W

p(z) =det(zR— L+ ) =71"2(B(2) — p(2)) (9.4.16)

r2 &

Proor It is sufficient to prove that:

b

det(L + T ®27“ ) = r~2(det L, — det A)
r
Observe that:
b A 2
L T®2T :AR+[(T A :)+r]r®rb——2r®r"-/1

r T r

=AR+r®d

for some vector d and

AR=A- ~arey
r

Let b; be the columns of AR, then by Lemma 9.4.5 we have

b n n
det(L+ 20y = Abi+ S b A AdiA-- A,
i=1 =1

r2

Now observe that

O:detL:/\meZbl/\---/\(di—ﬂ)r/\n-/\bn
i=1 i=1

72

Thus
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7‘®T"

1 n
det(L +—3 ):ﬁ;bl/\---/\xiw\m/\bn (9.4.17)

Now, again using Lemma 9.4.5, we have:

byAco AT A Aby= (=1 P Aby Ao Aby A A by,
= (=1 A (@ A Na A Nan =Y a A Am AP A Aay)
J#i

Note that the term ZA)Z», means b; is missing from the product. Now note that for i # j

(=)t Aay A AzjAT A ANa, = — (=1 mr Aag A Az Ar A Aay,

Thus

b n
T®r)(9'4:'17)7“_2261/\-“/\951‘7“/\'“/\571

=1

:7"_22(11/\~~/\xir/\~~/\an
i=1
=77 %(det(A + 7 ®@7°) — det A)
Using Eq. (9.4.16), for ICTs, the transformation from canonical coordinates to Cartesian

coordinates can be calculated using the standard method. Indeed, if L is an ICT in ]E,’j(riz)
with parameter matrix:

A= Ji(0) @ diag(Aesr, -+ An) g = €05k @ diag(ex+1, - - - €n)

Then by a calculation almost identical to the one used to derive Eqs. (9.4.7a)
and (9.4.7b), one obtains the following now using Eq. (9.4.16):

o i 14+2—i riey, d 1, p(2)
Zlm :T%“Bul(z))‘zzo 1=0,... k-1 (9.4.18a)
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(:Ei)Q 2 p<)\i)

=rg =k+1,.., 9.4.18b
reig, o ? + n ( )
The transformation from canonical coordinates (u!, ..., u"1) to Cartesian coordinates
n—1
are obtained by noting that p(z) = [] (z — u?).
i=1

Example 9.4.20 (Circular coordinates)
Let M = E2(k) where k = +1. Consider the CT in M with parameter matrix:

A = diag(0,1) g = diag(k1,e) ky,e € {—1,1}

Then by Eqgs. (9.4.18a) and (9.4.18b), Cartesian coordinates (x,y) are given by:

2 = Kkyu

y? = ke(l —u)

We now show how to obtain the standard parameterizations of these coordinates.

First note that by the metric-Jordan canonical form theory, there are three isometrically

inequivalent cases*:

Case 1 k; =k and € = &, thus g = diag(k, k)

If we take u = cos?(t), then we obtain:

Case 2 k; =k and € = —k, thus g = diag(k, —k)

If we take u = cosh?(¢), then we obtain:

2% = cosh?(t)

y? = sinh?(t)

Case 3 k; = —k and € = k, thus g = diag(—k, k)

4Note that these cases additionally depend on v.
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If we take u = — sinh?®(), then we obtain:

2% = sinh®(t)
2 = cosh?(t)

Although the last two cases are geometrically equivalent, it will be useful to distinguish

them when we move on to reducible CTs. O

Also using Eq. (9.4.16), one can obtain the metric in ICT induced coordinates.

Proposition 9.4.21 (ICT metrics in E(k))

Suppose L is an ICT in B} (%) with eigenfunctions (u',...,u""'). Then the metric in

adapted coordinates is orthogonal and

[ (u' —w)

gy = W) g
"4 B(wi) 4 p
(v) (u" = Aj)
j=1
where A1, ..., \, are the roots of B(z). o

PrOOF We will reduce this calculation to the corresponding one for L. using Eq. (9.4.16).

n—l)

We will assume that L is an ICT with eigenfunctions (u',... u in some neighborhood

in E2 ().
Now if we let d denote the exterior derivative on the sphere, note that
dp = R*dp
Now we make the following observation.
(dp,7") =V,p=0

This can be proven, for example, by using Eq. (9.4.2) and the fact that r is a CV.
Note that the above equation also implies that <dpc, r"> = —2r?p.

Hence we see that

<3p, 51p> = (dp, dp)

Thus at a root z = u’, we have
<51p7 51p> =~ (dp., dp.)
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Then at z = u* we have

(W.d0) =t (ap, dpe)
B2 B2

A d% g((z))

= —47’_2%

Thus Proposition 9.4.21 follows from the above equation and Proposition 9.4.3. n

z=ut

z=ut

9.5 Classification of reducible concircular tensors

In this section, we will show how to find a warped product which “decomposes” a given
reducible OCT defined in a space of constant curvature. To do this, we will use the
knowledge of warped product decompositions of these spaces summarized in Section 8.4
and Proposition 6.3.7 which gives us a method to construct reducible OCTs.

The following definition will be useful.

Definition 9.5.1
Suppose L is a CT in M and let N = Ny x,; Ny x --- X, N}, be a local warped product
decomposition of M passing through p € N C M. We say L is decomposable in this

warped product if for each p € N and ¢ > 0, T,,V; is an invariant subspace for L. O

9.5.1 In pseudo-Euclidean space

Suppose N = Ny x,, Ni x --- X, Ny is a warped product and LisaCT in Ny. We say
L can be exstended to a CT in N if L satisfies Eq. (6.3.3) for each i with some ); € R.
Assuming L is an OCT, then Proposition 6.3.7 allows one to define a CT on N which
restricts to L on Ny. The following lemma will be our main tool for classifying reducible
concircular tensors.

Lemma 9.5.2

Fiz a proper warped product decomposition (Vo & Vi;a) of EY and let Lij = Aij + ma'z; +
w'z; + x'w; be a concircular tensor in No. Then L can be extended to concircular tensor

in E7 decomposable in this warped product iff a is an eigenvector of A orthogonal to w.o

Proor First observe

5This amounts to partially diagonalizing these CTs.
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V"V tr(L) = v*Vi(maa’ + 22'w;)
= m[(v"Vxy) 2’ + 2, (0 V)] + 2[(vF Vw4 wi(vF V)]
= m(v;x" + z0") + 20'w;
= 2mv'r; + 2v'w;

Hence Vi tr(L) = 2(mz' +w"). Now let p = a’x; = (a,z) > 0, then one can similarly
show that

%

Vilogp = e
p
Then,

(A';d +ma'z;a’ +w'vja + 2'wia’) —ma' — w'

i 7 Lo
L'V log p — §V tr(L) =
(A0’ + z'w;a’) + —(ma'p +w'p) — ma' —w'
P

(Aijaj + xiwjaj)

SR =

By definition, L can be extended to a CT decomposable in this warped product iff
Li;Vilogp — 5Vitr(L) € span{V'log p}. The above equation implies that this happens

iff a is an eigenvector of A and a € wt. =

We now use the above lemma to construct reducible CTs in EJ.
Proposition 9.5.3 (Constructing Reducible CTs in E”)
Fix a proper warped product decomposition (Vo@Vi;a) of EX and let L = A4+miOi+2FOw
be a concircular tensor in Ny (in contravariant form) which can be extended to a concircular
tensor L in B via the above lemma. Since Ny C Vo C EZ, we can consider L to be a

tensor in E. Then L is given as follows:

L=A+mror+2row

where as a linear operator, A = A + My, , where X\ is the eigenvalue of A associated with

a and Iy, 1is the identity on V). &

PrOOF Throughout the proof, GG is the contravariant metric for E] and this metric

adapted to the warped product is given as follows:

G:G/—i—%Gl
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The non-null case: In this case k1 := a®> = £1. Let m := dim V}, and choose an
orthonormal basis for Vy, {aq, ..., a,,} with a,, = a.

First note that for p = (po,p1) € No x Ny and v = (vg, v1) € T,(Ny x Ny), Eq. (8.4.3)
implies that

1/1*1) = POUO + <CL, UO> (pl - C) + <a,p0> U1

Hence we observe the following:

Yupo = Fopo + (a, po) (p1 — ¢) (9.5.1)
= ¢(p0ap1)
and
vea; =a; fori=1,..,m—1 (9.5.2)

Now let L = A+ mi ® 7 4 2@ © 7 be a concircular tensor in Ny satisfying Aa = \a
for some A and (a,w) = 0. Then from Lemma 9.5.2 we know that t,(L + /%Gl) is a
concircular tensor in E?. We now calculate ), (L + /%Gl) explicitly.

First note that

A=Ay + X c1a®a

where Aga = 0 and so 1, Ay = Ay by Eq. (9.5.2). Let G be the contravariant metric for
E” and Gy be the restriction of G to Wy, then

1
G=G+5G
1%
1
:GO—I—KJlCL@CL—F;Gl

Thus

1
;GlzG—Go—/ﬁa@a

Let Gy, be the restriction of G to V;, then
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= A
w*<A + ?Gﬁ = w*(Ao + )\ma ©®a+ )\(G — GO — K14 ©® Cl))

= (Ao + MG — Go))
— A+ MG — Go)
= A—i— )\GVl

where the second last equality follows from Eq. (9.5.2) and the fact that ¢ is an isometry.
Eq. (9.5.1) implies that ¥.7 = r, also Eq. (9.5.2) together with the fact that (a,w) = 0
implies that ¢, = w. Thus we conclude that

= A
¢*(L+EG1):A+mr®r+2r®u~)

where as a linear operator, A = A + My, where Iy, is the identity on V;.

The null case: In this case a is a lightlike vector. Let m := dim Vj and choose a
basis {a1, ..., ay_2,a,b} for Vy where {ay, ..., a,,—2} is an orthonormal basis for W, and
a,b are as in the null warped product decomposition.

First note that for p = (po, p1) € No X Ny and v = (v, v1) € T,(No x N1), Eq. (8.4.4)
implies that

v = Povo+ ((b,00) 5 (0, w0} (Ppa)? = {0, o) {Pipr, Pron))a + (a, o)

+ (a,vo) Pip1 + {(a, po) Pivy

Hence we observe the following:

1
Y.po = Popo + ({b,po) — 3 {a, po) (Pip1)?)a + {a,po) b+ (a, po) Pipy (9.5.3)
= w(]?oapl)
and
w*ai:ai 1= 1,...,m—2 (954)
vea = a

Now let L = A + mF ® 7 + 2% ® 7 be a concircular tensor on N satisfying Aa = \a

for some A and (a,) = 0. Then from Lemma 9.5.2 we know that t,(L + %Gl) is a
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concircular tensor in E?. We now calculate v, (L + %Gl) explicitly.

Since Aa = Aa, A can be decomposed in contravariant form as follows:

A=Ay+2\a®b

where Aga = 0 and so . Ay = Ay by Eq. (9.5.4). Let G be the contravariant metric for
E? and Gg be the restriction of G to Wy, then we see that

%GlzG—Go—ZCL@b
1%

Let Gy, be the restriction of G to Vi, then

< A
(A + EGI) =Y (Ag+ 2 a @b+ NG — Gy —2a O D))

= . (Ao + MG — Go))

= Ay + MG — Gy)
= Ag+2Ma © b+ \Gy,
= A+ )Gy,

where the third equality follows from Eq. (9.5.4) and the fact that ¢ is an isometry.
Eq. (9.5.3) implies that 1.7 = r, also Eq. (9.5.4) together with the fact that (a,@w) =0

implies that ¢, = w. Thus we conclude that

~ A
w*(L+;G1)=A+mr®r+2r®ﬁ)

where as a linear operator, A = A+ Ay, where Iy, is the identity on V;. =

Remark 9.5.4
Note that even though the extended CT, L, can be naturally extended to all of E7. It is
the extension of L only for the subset Im(v)) of E? given by Theorem 8.4.5, which is in

general not a dense subset of E7. 0

The following corollary will be useful later on.

Corollary 9.5.5

Fiz a proper warped product decomposition ¢ determined by the data (Vo & Vi;a) with
k1 :=a?>=+1. Let 7 = Pir be the dilatational vector in Wy and G, be the metric in Wj.
Write the metric adapted to the warped product as G = G' + /%é’, then:

- 1
V.G = k17 (G — ﬁf OF) o
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PROOF Let G be the contravariant metric for E? and Gy (resp. G;) be the restriction of
G to Wy (resp. W), then recall that

1 -
—2G:G—G0—1f1a®a
p

Hence the above equation together with Eq. (9.5.2) implies that

.G = p*(G — Gy — k11, (a © a))

= p*(G1 — K1u(a ® a))

Let py = p1 — ¢ € Wi(ky) then 7 = Pyr = (a, po) p1. Then by Eq. (9.5.1)

. ~ 2
Thus since 7 = £-, we have:

.G = p*(Gr = fa(a © a))
= p*(G — /11%77 O )
p
= k17 (Gy — %F oFd n
We now present some examples which show how to use the above proposition (Propo-

sition 9.5.3) to construct warped products which decompose a given reducible CT.

Example 9.5.6
Let M = E} where n > 3. Consider the central CT L with parameter matrix A =ce©e
with € := e = £1.

Let W := el and P be the orthogonal projection onto W. Choose p € E” such that
(Pp)* # 0, WLOG we assume (Pp)?> = +1. We now construct a warped product passing
through p which decomposes L.

Let x; := sgn(Pp)? and take a := r; Pp € W. Let V; = WnNa* and V) = V;* = Re®Ra.

Note that a was chosen so that the initial data (p; Vo @ Vj;a) is in canonical form and also
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note k1 = a®. Let ¢ : Ny X, N; — E” be the warped product in Theorem 8.4.5 determined
by this initial data.
Now let A:=ce®e+0a® a € C3(Ny), then by construction we have that:

A=A+0Iy,

Let L be the central CT in Ny with parameter matrix A and suppose the contravariant
metric in the warped product decomposes as G = G’ + /%Gl. The above proposition shows
that:

-1

for all points in the image of ¢, which includes p. Hence this warped product decomposition
decomposes L. Note that this warped product was constructed so that A has simple
eigenvalues and so L is no longer reducible.

In the following we replace N; with N; — ¢y so that V; is a central hyperquadric. Then
by Eq. (8.4.3), we have for (po, p) = (k1za + ye,p) € Ny X Nq

Y(po,p) = xp + ye o

The above example will be applied to construct separable coordinates in Section 9.6.2,
see Example 9.6.4. We now give a non-Euclidean variation of the above example.
Example 9.5.7
Let M = E} where n > 3. Consider the central CT L with parameter matrix A =a®a
with a? = 0 and a # 0.

Let W = a*. Choose p ¢ W, WLOG we assume (p,a) = +1. We now construct a
warped product passing through p which decomposes L.

If (p,a) = —1, then set a := —a, so we can assume (p,a) = 1. Define b as follows:
9
bi=p— %a (9.5.5)

Note that b is a lightlike vector satisfying (a,b) = 1. Define V; = a* N b+ and
Vo = span{a,b}. Note that b was chosen so that the initial data (p;Vp @ Vi;a) is in
canonical form. Let ¢ : Ny x, Ny — [E} be the warped product in Theorem 8.4.5
determined by this initial data.

Note that {b, a} forms a cycle of generalized eigenvectors for A and A|y, = 0[y,. Hence
by the above proposition, (¢~!),L is decomposable in this warped product. Also by
Theorem 8.4.5, 7 € Im(v)). Also, the restriction of (¢)"1),L to Ny, L, is a central CT with

2D parameter matrix a ® a.
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In the following we replace N; with P;(/N; — p) so that N; = V] is a vector space.
Then by Eq. (8.4.4), we have for (pg,p) = (xb+ ya,p) € No x Ny

1
Y(po,p) = x(b+p — §p2a) + ya o

General Construction We will now show how to use Proposition 9.5.3 to construct a
warped product which decomposes an interesting class® of non-degenerate reducible CTs.
This construction generalizes the above examples. First we need a preliminary definition.
Suppose A is a linear operator on a vector space. We say that a vector v is a proper
generalized eigenvector of A if (A — X )kv = 0 for some A\ € C and k > 1.

Let L = A+ mr®r+2r ®w be a non-degenerate CT in E} in the canonical form given
by Theorem 9.1.8. We let the subspace D and the matrix A, be as in the remarks following
that theorem. We will assume that each real generalized eigenspace of A, admits at most
one proper generalized eigenvector. We lose no generality when working in Euclidean or
Minkowski space (see Section 8.2.1).

Now let W7, ..., W}, be the multidimensional (real) eigenspaces of A. with corresponding
eigenvalues A, ..., A\x. The following construction is based on the metric-Jordan canonical
form of A., see Theorem 8.2.5.

Case 1 W is a non-degenerate subspace
Choose a unit vector a; € W; and define V; := W; N aiL. The pair (V;, a;) determine

a sphere.

Case 2 W is a degenerate subspace
Consider the metric-Jordan canonical form for A.. By assumption there must be
a single cycle vy, ..., v, of generalized eigenvectors with v, € W; being a lightlike

eigenvector. Let a; := v, and V; := W; N vf, note that V; is non-degenerate.

- k
Now let Vy := Nk, Vit and A := Aly,. By construction, the data (65 Vi;ay, ..., ax),
i=0
determines a warped product decomposition ¢ : Ny X, Ny --- X, N — E7 in canonical
form. By repeatedly applying Proposition 9.5.3 we see that L is decomposable in the

warped product decomposition induced by ¢, with the following properties:
o (v ™1).L)|n, = A+ mi ©F + 2F ® w where 7 is the dilatational vector field in N,

° fl\ pi only has eigenspaces of dimension one, i.e. each Jordan block of fl| plL has a

distinct eigenvalue.

e For each i > 0, T'N; is an eigenspace of (1), L with constant eigenfunction \

6This class includes all reducible OCTs in Euclidean and Minkowski space.
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On Completeness We will end this section by showing that the above construction is
complete, meaning that the restriction of (¢~1),L to the geodesic factor Ny no longer has
constant eigenfunctions.

We also note here that with an appropriate choice of ag, ..., a; we can choose warped
product decompositions to cover all of E] except for a union of closed submanifolds with
dimension strictly less than n. Examples 9.5.6 and 9.5.7 give more details on how to do
this. In other words, for the non-degenerate CTs considered above, there exists a warped
product decomposition ¢ : Ny X, Ny --- X, Ny = E7 such that Im(¢)) is a dense subset
of E. Although the cost of this is that the factors /V; may no longer be connected subsets.

The following lemma shows that the classification of reducible CTs given above is

complete for central CTs.

Lemma 9.5.8 (Reducible central CTs)

Let L be a central CT with parameter matriz A. Suppose that each real generalized
eigenspace of A has at most one proper generalized eigenvector. Then A has a real
eigenspace Ey with dimension m > 1 iff L has a non-degenerate eigenspace E) (defined

on a dense subset of EI') with constant eigenfunction A and dimension m — 1. o

PRrROOF It was proven above that under the hypothesis, if A has a real eigenspace with
dimension m > 1 then L has a non-degenerate eigenspace F) with dimension m — 1. We
will now prove the converse.

To prove the converse, we simply have to prove that if all real eigenspaces of A
are at most one dimensional then L has no non-degenerate eigenspaces with constant
eigenfunctions defined on open subsets of E]. It is sufficient to show that L has no constant
eigenfunctions defined on open subsets of E;.

We prove this by induction. The base cases are given by Proposition 9.4.9. Suppose
U is a non-degenerate invariant subspace of A such that L, has the form given by

Proposition 9.4.9 and U+ satisfies the induction hypothesis. By Eq. (9.4.3) we can write:

p(2) = pu(2) Byt (2) + Bu(2)(pur (2) = Bur(2))

Then

dp = B,.dp, + B,dp,+

By the induction hypothesis, L, has no constant eigenfunctions. Suppose ) is a
constant eigenfunction of p, then by Proposition 9.4.9 and the above equation, it follows
that
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If B, has no real roots, we reach a contradiction. Otherwise, by construction A must
have a real eigenspace with dimension m > 1, a contradiction. Hence we conclude that L

has no constant eigenfunctions which proves the claim by induction. =

Since a multidimensional eigenspace of an OCT has a constant eigenfunction, the above
proposition allows us to classify these eigenspaces when the CTs considered induce an
OCT on some subset of E. For completeness sake, we will now show that the hypothesis
of the above proposition is the most general when it comes to classifying OCTs.
Proposition 9.5.9
Let L be a central CT with parameter matriz A. Suppose A has a real generalized eigenspace

with multiple proper generalized eigenvectors, then L is not an OC'T. &

ProorF WLOG we can assume that that this generalized eigenspace of A is associated

with the eigenvalue zero. First we have

L=A+ror
D=2+ Aror+rror

By hypothesis, dim N (L) > 1. We also have that dim N(A?) > 4. The above equation
shows that the range of L? is spanned by {r, Ar} and the range of A? (on a dense subset of
E"), hence we see that dim N(L?) > 1 + dim N(L). This implies that L is not point-wise

diagonalizable on some dense subset of E? (see for example [FIS03]). n

In fact one can show that if A = J5(0) & J2(0), then the associated central CT has a
2-cycle of generalized eigenvectors associated with eigenvalue zero.
The following lemma is the analogue of Lemma 9.5.8 for axial CTs. Its proof is also

analogous and reduces to Lemma 9.5.8 with the help of Eq. (9.4.12) and Proposition 9.4.13.
Lemma 9.5.10 (Reducible axial CTs)

Let L be an azial CT with parameter matriz A. Suppose that each real generalized
eigenspace of A. has at most one proper generalized eigenvector. Then A. has a real
eigenspace E\ with dimension m > 1 iff L has a non-degenerate eigenspace E\ (defined

on a dense subset of E ) with constant eigenfunction A and dimension m — 1. 0

In conclusion we have the following theorem which summarizes our classification:

Theorem 9.5.11 (Classification of Reducible CTs in E7)

Let L be a non-degenerate C'T in K} such that each real generalized eigenspace of A. has at
most one proper generalized eigenvector. Then L is reducible iff A, has a multidimensional
real ergenspace. If L is reducible, then there exists an explicitly constructible warped product

decomposition ¢ : No X, Ny« X, N — E} such that the following hold:
205
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e L is decomposable in the warped product No X, Ny--- X, Nj.

o The restriction of (™1).L to Ny has no constant eigenfunctions.

e Im(v)) is an open dense subset of EI. &

9.5.2 In Spherical submanifolds of pseudo-Euclidean space

In this section we will show how the problem of classifying reducible CTs in E}(x) can be
reduced to the same problem in E}. By using Theorem 8.4.7, we will show how to restrict
a reducible CT in E? to one in E!(k).

Proposition 9.5.12 (Restricting Reducible CTs to E(k))

Let 1 : Ny X, Ni--- %, N — E7 be a proper warped product decomposition in canonical
form and let p € Im(v)) as in Theorem 8.4.7. Suppose L. is a reducible central CT in E"
satisfying

k
=1

where G; is the restriction of G to T'N;, \; € R and L.is a CT in Ny. Let ¢ :=|n be
the induced warped product decomposition of E'(k) as in Theorem 8.4.7. Then if we let L
(resp. L) be the restriction of L. (resp. L) to E"(k) (resp. No(k)), then

k
L=¢.(L+Y \NG)) o
=1

PROOF Let 7 (resp. r) be the dilatational vector field in Ny (resp. EI'). We will use the

fact that .7 = r; this can be deduced from the proof of Proposition 9.5.3 or Eq. (8.4.1).

b
WeletR*:I—T®2r
’

for R* with respect to T'Ny(k). In the following, given L € S?(E"), we denote by R*L the
restricted tensor given by (R*L)Y = R\, L'* R/, .

Using the fact that ¢ is an isometry and .7 = r, one can show that R* o), = 1, o R*.
Also note that R*G; = G;. Thus

be the orthogonal projection onto TE” (k) with a similar definition

k
R'L.=R{.(Le+ Y NG))
=1
~ ~ k ~
= (R Lo+ ) ARG
=1

k
= (R L. + Z en
i=1
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By evaluating the above equation in Ny(k) x,, Ny -+ X, Ni, one obtains the desired

result. -

Now we show how to apply the above results to obtain a warped product decomposition
in which a given CT in E}(k) is decomposable. Let L be a CT in E!(k), then there is
a unique central CT, L., such that L = R*L. . As described in the previous section,
provided L. is reducible, we can choose a warped product decomposition of E”, 1), such
that L, = ¢, (L. + Zle \iG;) satisfying the hypothesis of the above proposition. Thus the
above proposition gives a warped product decomposition ¢ which decomposes L, and is
obtained by an appropriate restriction of 1. We now give some examples of this procedure

to obtain the standard spherical coordinates.

Example 9.5.13 (Spherical Coordinates I)
Let M = E!(k) where k = £1 and n > 3. Consider the CT L in E!(x) induced
by A = ee ® e with ¢ := e> = +1. Let P be the orthogonal projector onto et and
choose p € E*(k) such that (Pp)? = +1. By Example 9.5.6 there is a warped product
decomposition 9 : Ny x, N; — [E7 passing through p which decomposes L, := A+r O 7.
For (po,p) = (zk1a + ye,p) € Ny x Ny, we have

¥(po,p) = xp + ye

To obtain a warped product decomposition of E"(x), by Theorem D.6.5 we need to
restrict ¥ to No(k) x Ni. Let ¢ be the induced warped product decomposition of E! (),
then it follows by Proposition 9.5.12 that L is decomposable in this warped product.
We now give the standard forms of this warped product by parameterizing (x,y) as in
Example 9.4.20 while enforcing = = (a,py) > 0 and Ny(k) to be connected. We have three

different cases:
Casel ki =rande==«
(O,TF) Xsin N1 —>Eg(:‘€)
(t,p) — sin(t)p + cos(t)e
Case 2 ki =k and e = —k
R X cosh Nl — ]EZ(/Q)
(t,p) — cosh(t)p + sinh(t)e

Case 3 ki =—-kande==&x
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RT X ginh N, — Eg(lﬂ)
(t,p) — sinh(t)p + cosh(t)e

Note that even though there is only one inequivalent coordinate system on E2(x), the
last two warped products are inequivalent. This is due to the fact that a? = k; is different
in those cases and Ny = {p € Vp| (a,p) > 0}. O

The following example is on spherical coordinates that only occur in non-Euclidean
spheres.
Example 9.5.14 (Spherical Coordinates II)
Let M = E(k) where K = +1 and n > 3. We now consider the CT L in E}(k)
induced by A = a ® a with a®> = 0 and a # 0. This example proceeds similarly to the
first. Fix p € EI'(k) such that (a,p) = 1. By Example 9.5.7 there is a warped product
decomposition 9 : Ny x, N; — [E7 passing through p which decomposes L, := A+ r O 7.
For (po,p) = (xb+ ya,p) € Ny x Ny, we have

1
Y(po,p) = x(b+p— §p2a) + ya

Restricting 1 to Ny(k) x N; forces:

K= pp = 2xy

Let ¢ be the warped product decomposition of E” (k) induced by ¢ as in Theorem 8.4.7.
Again, it follows by Proposition 9.5.12 that L is decomposable in this warped product.
We now give ¢ with the standard parameterization of Ny(k), by enforcing z = (a, pg) > 0
and Ny(k) to be connected. These conditions are all satisfied if we take z = \/Li exp(t).

Then we have the following:

Rxi1 . E'"2 — Ek)

5 &XP v—1
(t,p) = J5exp(t)(b+p — gp°a) + S5 exp(—t)a
Also note that if v = —x = 1, then ¢ is an isometry onto a connected component of
EP(—1) ~ H* 1. O

In conclusion we have the following theorem which summarizes our classification:
Theorem 9.5.15 (Classification of Reducible CTs in E”(k))
Let L be a CT in EZ(k) such that each real generalized eigenspace of A has at most one
proper generalized eigenvector. Then L is reducible iff A has a multidimensional real
ergenspace. If L is reducible, then there exists an explicitly constructible warped product
decomposition 1 : No X, Ny--+ %, N — E(k) such that the following hold:
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1. L is decomposable in the warped product Ny X, Nyi--- X, Ng.

2. The restriction of (v ™1).L to Ny has no constant eigenfunctions.

3. Im(v) is an open dense subset of El(k). O

PrROOF We give the proof of Item 2. First suppose A is a constant eigenfunction of L,
then one can naturally lift A to a constant function on E’. Let p(z) be the characteristic
polynomial of L having the form given by Eq. (9.4.16). Then since £,p = 0 (see the proof
of Proposition 9.4.21), we must have p(A) = 0 on some open subset of E”. Then the proof
of Lemma 9.5.8 holds verbatim by Eq. (9.4.16), which proves the result.

Item 3 follows from the construction of ¢ (see Proposition 9.5.12) and Theorem 9.5.11.g

9.6 Applications and Examples

In this section we will show how to apply the theory developed in this chapter to solve
some of the motivating problems stated in the introduction. First, in Section 9.6.1 we will
show how to enumerate the isometrically inequivalent separable coordinates in a given
space of constant curvature. Then in Section 9.6.2 we will show how to construct separable
coordinate systems by way of examples. Finally, in Section 10.3 we will show how to
explicitly execute the BEKM separation algorithm in general. We also give the details of
executing the BEKM separation algorithm for the Calogero-Moser system.

9.6.1 Enumerating inequivalent separable coordinates

In this section we show how one can use the theory developed in this chapter to enumerate
the isometrically inequivalent separable coordinate systems on a given space of constant
curvature. For dimensions greater than two, this problem is recursive as described in
Section 6.5. This recursive nature was originally discovered by Kalnins et al. and is
discussed more concretely in [Kal86]. So one will also have to enumerate the separable
coordinate systems on spherical submanifolds of the underlying space and then construct
the separable coordinates systems using warped products (see the beginning of Section 9.1.3
and also Section 6.5).

The main step is to enumerate the geometrically inequivalent CTs, so we will focus on
this. To do this, one has to enumerate the canonical forms summarized in Section 9.1.3
together with the metric-Jordan canonical forms for A. and take into account geometric

equivalence. We illustrate this idea with a few examples.
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Example 9.6.1 (Central CTs)
Let L be a central CT with parameter matrix A. In this case, we essentially have to
enumerate the different metric-Jordan canonical forms for A. Fix \; < --- < A\, € R.

In Euclidean space there is only one central CT we can build from these parameters,
it is given by the parameter matrix A = diag(Ay,...,\,) and it induces the well known
elliptic coordinate system (see Example 9.4.11).

In Minkowski space there are n (geometrically inequivalent) central CTs we can build

from these parameters, they are given as follows:

A=J10)® Ji(he) @ Ji(\)

A= Jl()\l) © Jl(/\g) b--- J—l()\n)

They differ by the eigenvalue of A which is timelike. Similarly there are n — 1 central
CTs built only using A\ < -+ < A, with parameter matrix of the form:

A= Ji2(>\2) ©® =]1<)\3) b Jl()‘n)

Now consider the case where A has a two dimensional eigenspace, the rest being simple.
Using Ay < - -+ < \,, in Euclidean space there are n — 1 central CTs depending on which
\; corresponds to the two dimensional eigenspace’. Each of these cases in Euclidean space
induce n — 1 different cases in Minkowski space depending on which \; becomes timelike,
hence there are a total of (n — 1)? cases in Minkowski space.

Finally we note that in Minkowski space A can have two complex conjugate eigenvalues,
then since the corresponding real Jordan block is distinguishable from the other real
eigenvalues of A, a similar analysis applies. In general one would have to order the complex

eigenvalues (see Definition E.0.9). o

Enumerating inequivalent axial CTs can largely be reduced to the same problem
for central CTs. For example, in Euclidean space there is only one type of axial CT if
all the eigenvalues of A, are distinct. We end with CTs in spherical submanifolds of

pseudo-Euclidean space as these are somewhat different.

Example 9.6.2 (CTs in E?(k))
Let L be the CT in E}(x) with parameter matrix A. Fix A; < --- < A, € R. In this case
there are sometimes less geometrically inequivalent CTs then isometrically inequivalent

ones.

"When n = 3 the two different cases induce the oblate and prolate spheroidal coordinate systems.
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In the Euclidean sphere there is only one CT we can build from these parameters, it
is given by the parameter matrix A = diag(\1,...,\,) and it induces the sphere-elliptic
coordinate system.

Now suppose the ambient space is Minkowski space. Then we only need to consider

[5] cases given by (see Example 9.3.6):

A=J10) @ Ji(he) @ (M)

A=N(M) @ S(A) @@ T 1 (A21) B - Ji(A\n)

Note that only the first [§] eigenvalues of A are made timelike.
Most of the other cases can be deduced from the first example if one desires. Although
we illustrate one difference with an example. For the Euclidean sphere E3(1), fix A\; <

A2 € R and consider the CT induced by the following parameter matrices:

A1 = diag()\l, )\1, )\2)
Ay = diag(A1, A2, A2)

Note that — A, has the same form as A, specifically the smallest eigenvalue of —Aj is
repeated. Hence in considering parameter matrices with two dimensional eigenspaces, we
only need to enumerate those with the form given by A;, where the smaller eigenvalue is

repeated. o

We have described how to enumerate the geometrically inequivalent CTs in spaces
of constant curvature. One should note though, that in non-Euclidean spaces a given
CT could induce different coordinate systems on disjoint connected subsets of the space
(see Example 9.4.12). Hence in these cases, more work has to be done to enumerate the

isometrically inequivalent separable coordinate systems.

9.6.2 Constructing separable coordinates

In a two dimensional Riemannian manifold, all non-trivial CTs are Benenti tensors. Hence
in this case, one can enumerate all isometrically inequivalent separable coordinates simply
by enumerating the geometrically inequivalent CTs. The latter problem can be solved in
pseudo-Euclidean space using Theorem 9.1.8. In Table 9.1 we have done this for E? and

included the standard transformations from separable to Cartesian coordinates.
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Table 9.1: Separable Coordinate Systems in [E?

1. Cartesian coordinates | L=d ® d rd+ye

2. Polar coordinates L=ror pcosfd—+ psinf e

3. Elliptic coordinates L=d®d+a?r®r | acos¢coshnd+ asingsinhne
4. Parabolic coordinates | L = 2r ©d s =) d+pve

The vectors d, e form an orthonormal basis for E? and a > 0.

We now show how one obtains the coordinate formula in Table 9.1 from formulas we
have already calculated. For elliptic coordinates, take Cartesian coordinates (x,%) on [E?
and let L be the central CT with parameter matrix A = diag(A1, A\2) where Ay > A;. Then
the transformation from canonical coordinates (u', u?) to Cartesian coordinates (z,y) read
(see Eq. (9.4.5)):

s (M —uh) (=) s (N —u")(Ag —u?)

(A2 — A1) v (A1 —A2)

We can obtain the standard parameterization of elliptic coordinates as follows. Note
that L = MG+ (A — )\1)I~/ where L =e®e+ (A2 — A1) lr @1 is geometrically equivalent
to L. The eigenfunctions of L, (@', @?), are related to those of L by u’ = Ay + (Mg — Ay) @',

Letting a? := My — \; and substituting this expression for u’ in the above equation gives:

2 2

2% = a’u}

@ y* =da*(1 —a")(a* —1)

Then making the transformation @' = cos? ¢ and @? = cosh? 7, we obtain the formula
in Table 9.1.

The formula for parabolic coordinates follow similarly from Eqs. (9.4.14) and (9.4.15),
after taking u' = —v? and v? = p? assuming u! < u?.

We end with a few more examples to further illustrate the theory. The first example

shows how to obtain coordinates which diagonalize a Benenti tensor which is not an ICT.

Example 9.6.3 (Spherical coordinates in S?)
Fix d € S? and let L be the CT induced in S? by restricting d ® d. As we observed earlier,
L is necessarily a Benenti tensor. In Example 9.5.13 it was shown that a warped product

which decomposes L is given by:

$(6,p) = cosdd +sin g p

where p € d4(1), i.e. p € S?Nd* and ¢ € (0,7). Since d*(1) is the unit circle we obtain

coordinates on it by taking p = cosf e +sinf f where e, f is an orthonormal basis for d*.
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Then the above equation becomes:

(o, p) = cosod—+ sing(cosf e+ sinf f)

Furthermore, since 9 is a warped product decomposition with warping function sin ¢,

it follows from Example 9.5.13 that the metric is:

g = (d¢)* + sin” ¢(dh)? o

Example 9.6.4 (Oblate/Prolate spheroidal coordinates in E?)
Fix a unit vector d € E", ¢ # 0 and consider the following CT in E™:

L=cdod+ror (9.6.1)

It follows from Example 9.5.6 that a warped product ¢ which decomposes L is given
as follows: Let e € d* be a unit vector, then for (py,p) = (zd + ye,p) € Ny x Ny

Y(po, p) = xd + yp

Observe that Ny ~ E2 and L induces a Benenti tensor, L, on Ny which has the form
given by Eq. (9.6.1). If we let a := \/|c|, then using Table 9.1 we can take coordinates on
Ny which diagonalize L yielding the following maps.

c>0 acos¢coshnd+ asingsinhnp
w(p()?p): . .
c <0 asingsinhnd+ acos¢coshnp

Also N; is the unit sphere in d*, hence N; ~ S"~2. We can obtain separable coordinates
for E" by taking any separable coordinates for "2 on N; (see Section 6.5). For example,

if ¢ > 0 and n = 3, we obtain prolate spheroidal coordinates:

¥(po, p) = acos ¢ coshn d+ asin¢sinhn (cosb e +sinf f)

where e, f is any orthonormal basis for d*. Also note that using Proposition 9.4.15 and
the fact that v is a warped product decomposition with warping function a sin ¢ sinh 7,

one can obtain the following expression for the metric:

g = a*(sinh® 1 4 sin® ¢)((do)? + (dn)?) + a® sin? ¢ sinh? n(dA)?

Finally note that oblate spheroidal coordinates can be obtained by taking ¢ < 0. g

Example 9.6.5 (Product coordinates in E*)
Consider the decomposition E* = V & W into non-trivial subspaces. Let G denote the

induced contravariant metric in V' and consider the following CT in E™:
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L=G

Observe that the warped product ¥ : V x; W — E" given by (q,p) — ¢+ p is adapted
to the eigenspaces of L. We can construct separable coordinates by parameterizing q
(resp. p) with separable coordinates on V' (resp. W). For example, if dimV = dim W = 2,
by taking polar (resp. elliptic) coordinates on V' (resp. W) from Table 9.1, we have the

following separable coordinates on E*:

¥(q,p) = pcosfb+ psinf c + acospcoshnd+ asin psinhne
where b, ¢ (resp. d,e) is an orthonormal basis for V' (resp. W). 0

In conclusion, as an exercise, we recommend the reader prove that there are eleven

classes of isometrically inequivalent separable coordinate systems in E3.

9.7 Notes

A classification of CTs modulo the action of the isometry group in Euclidean space can
be found in [Lun03] (cf. [Ben05]). A complete classification of these tensors for Euclidean
space and the Euclidean sphere is implicit in [WWO03].

Different parts of this problem have been solved for special cases by different researchers
over the past few decades. A classification of separable coordinate systems in Riemannian
spaces of constant curvature was originally done by Kalnins and Miller in [KM86; KM82],
see also [Kal86] which is a book containing their results. Their solution primarily involves
degenerating a general coordinate system (elliptic coordinates for E™) by taking limits
of certain parameters appearing in the coordinate system. The insight provided by their
classification was crucial for the development of the theory presented in this thesis. They
have extended this work to spaces of constant curvature with arbitrary signature in
[KMRR84] to obtain a partial classification.

In [Kal75] orthogonal separable coordinates in two dimensional Minkowski space have
been classified and those in three dimensional Minkowski space have been partially classified.
A more detailed classification of a more general class of orthogonal separable coordinates in
three dimensional Minkowski space has been given in [KM76]. This classification has been
further refined in [Hin98] (cf. [HMO8]). A classification of orthogonal separable coordinates
for four dimensional Minkowski space has been given in [KM78] and references therein.
Finally, building on results in [Kal86], a version of the BEKM separation algorithm has
been given in [WWO03] for Euclidean space and the Euclidean sphere.

Our approach to this problem has several advantages over previous approaches. First

we gave a unified theory applicable to spaces of constant curvature with both Euclidean
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and Lorentzian signatures. This approach allows one to solve the different but related
problems listed in the introduction. We gave a precise notion of in-equivalence for
orthogonal separable coordinate systems in Minkowski space and thereby gave a clear,
rigorous and complete classification in this space. The main drawback of our approach is

that it is theoretical and not as easy to apply for those who wish to.
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Chapter 10
Separation of Natural Hamiltonians

In this chapter we will use the theory developed so far to answer the following questions: Are
there any special separable potentials one can construct for a given separable web, especially
a KEM web? We will also answer the converse question for KEM webs (equivalently
separable webs) in spaces of constant curvature, i.e. what are the separable webs (if
any) in which a given potential separates? In other words, we will solve problems (2)
and (3) (from the introduction) for spaces of constant curvature. Note that the answer
to the first question is known in general (see Eq. (5.4.2)) in separable coordinates. The
difference is that we give special potentials which have coordinate-independent formulas.
The answer to the second question will involve working out the details of the BEKM
separation algorithm which was introduced in Section 6.7.

An answer to the first question will be given in the first section. In the following section,
we will answer the second question for a specific potential, namely the Calogero-Moser
system. Finally, in the last section, we will answer the second question in the general case.

In order to execute the BEKM separation algorithm in K7, we will need the KBD
equation in E? and in E?(k). Fix a function V € F(E!) and suppose n > 1. Then if L is
the general CT in E? given by Eq. (9.1.1) and K, := tr(L)G — L is its KBDT, then the

KBD equation in E is:

d(K.dV) =0

We will often refer to the above equation as just the KBD equation. 1t will be convenient
to evaluate the KBD equation in E?(k) via its embedding in E?. Then if L is the general
CT in E?(x) given in E? by Eq. (9.1.5), let L := 7L and K, := tr(L)R — L, then the
KBD equation in E}(x) (embedded in E?) is:

d(KdV) =0 (10.0.1)
We will often refer to the above equation as the spherical KBD equation. We will show
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how this equation is derived in Section 10.3.1.

We should also mention here that we carry out the BEKM separation algorithm slightly
differently than described in Section 6.7. We construct warped products which decompose
reducible OCTs such that the induced CT on the geodesic factor is an ICT as opposed to
a Benenti tensor. This allows one to simultaneously construct separable coordinates while

carrying out the algorithm, as illustrated by Section 10.2.

10.1 Known Separable Potentials

In this section we will use some notation introduced in Appendix A. Our first method
for constructing separable potentials comes from a reinterpretation of Proposition 6.3.7
in terms of separating potentials. Suppose L € S?*(M) is an OCT and M x, F is a
warped product with x := p~2 and adpated contravariant metric G = G’ + G. From
Proposition 6.3.7, it follows that we can extend L to an OCT on M x, F' iff there exists
t € R such that

L(dk) + rd tr(L) = d(tk)

It then follows from Proposition 5.3.10 that the L-sequence generated by L can be
extended to KTs on M x, F'. This has already been done in Proposition 6.6.3. It was
shown that if K, are the elements of the L-sequence generated by L, then they admit the

following extensions

a

Ko =K, + () (~t)'oa)G
i=0
where o, 1= (A"L*)™* (see Appendix A). If we let V, := (D7 (—t)'0q—;)k, then it follows
from Proposition 4.5.2 that they satisfy:

dV, = K,dk

If L is a Benenti tensor, then the above equation implies that the potential & is
separable in the web associated with L. Generalizing these observations, we have the

following:

Proposition 10.1.1 (Constructing separable potentials I)
Let L € S*(M) is CT. Suppose k € F(M) satisfies the following equation

L(dr) 4+ kdtr(L) = d(tk) (10.1.1)

for some t € F(M). Then the functions
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a

Vo= () (—t)'oai)r

i=0
fora=0,...,n—1 satisfy dV, = K,dr iff t satisfies

Ldt = tdt &

PROOF The proof is a straightforward generalization of Proposition 6.6.3 together with

the above observations. -

We note that the left hand side of Eq. (10.1.1) is a closed form iff x satisfies the KBD
equation with L. Hence one can check if a given potential satisfies the hypothesis of the
above proposition while executing the BEKM separation algorithm.

As a corollary of the proof, we observe the following [Ben04]:

Corollary 10.1.2
Suppose L € S?*(M) is CT. If K, are elements of the L-sequence for a = 0,...,n — 1,
then the following hold

dog1 = Kydtr(L)

In particular, if L is an OCT then the potential tr(L) is separable in any KEM web
defined by L. u!

PROOF See Proposition B.1.2. =

We have another corollary, which is an application of the above proposition to spaces

of constant curvature.
Corollary 10.1.3

Suppose L = A+mr©or+2wor is a CT in B and let L be the restriction of L to E(k).
Let a be a covariantly constant vector and let V := (r, a)72. If a is an eigenvector of A
orthogonal to w then V satisfies the KBD equation with L in E}. If a is an eigenvector of
A then the restriction of V to B (k) satisfies the KBD equation with L in E" (k). &

PRrROOF We first consider the case in E'. Under these hypothesis it follows by Lemma 9.5.2
that if p := |(r, a)|, then we have:

1
L(dlogp) = d(Alogp + 3 tr(L))

for some A € R. The result then follows from Proposition 10.1.1. A similar proof holds
for the case in E"(x), but now the above equation with L follows either by restriction
of the one in the ambient space or by Proposition 9.5.12 together with Eq. (6.3.3) from
Proposition 6.3.7. [
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One can naturally construct separable potentials from the above proposition, as the
following example shows.
Example 10.1.4 (Constructing separable potentials I)
Suppose aq, ..., a, is an orthonormal basis for E”, then the above corollary implies that

the following potential is separable in generalized elliptic coordinates (see Example 9.4.11):

V = Z k’l <T, ai>_2

for some k; € R. In fact this potential is clearly multi-separable. Furthermore we can also
obtain a multi-separable potential on E” (k) by restriction. For these potentials the commut-
ing first integrals guaranteed by the Jacobi theorem (see Corollary 5.4.2) can be explicitly
calculated. Indeed, this follows by Theorem 6.6.2 together with Proposition 10.1.1. O

There are some additional separable potentials that can be constructed for KEM webs.
These potentials arise from a different approach to the theory of separation, see [Bla05,
Section 3.3] for the original derivation. They have also been derived using yet another
approach in [Lun03]. See [Lun01] for a review.

Let L be a Benenti tensor. Fix a potential Vi € F(M). By Theorem 5.4.1 and
Theorem 6.6.2, it follows that V; is separable in the web induced by L iff there exist
functions V4,...,V, € F(M) satisfying

AV = K,dVi a=0,....n—1 (10.1.2)

Expanding K, in terms of its recursive definition (see Eq. (A.0.2)), we get:

AVt = K,dV;
=o,dV] — K,_1LdV;
=o,dV}, — LK, 1dV}
= o,dV; — LAV,

where we have used the fact that each K, commutes with L since the K, are polynomials

in L. Hence we have that

AV, = 0,dVy — LdV, a=0,...,n—1 (10.1.3)

A straightforward calculation shows that the above equation is equivalent to Eq. (10.1.2).
Now suppose we have functions Vi, ..., V, € F(M) satisfying the above equation, i.e. they
form a separable chain. We are interested in creating new functions Vi,...,V, € F(M)

which form a separable chain. The following proposition does just this.
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Proposition 10.1.5 (Constructing separable potentials IT [Bla03; Bla05])
Suppose L is an OCT and V, form a separable chain with respect to L, i.e. they satisfy
Eq. (10.1.3). Then the chain V, defined as follows:

Vo= Vi1 — 0V (10.1.4)

1s separable. Furthermore the following chain, which is an “inverse” of the first is also

separable:

V,=v, = 2=ty 7= _Vn (10.1.5)

On On

where g, := (A"L®). 0

ProoOF We will only prove that the first set of functions form a separable chain. Suppose
V, form a separable chain and define V, by Eq. (10.1.4). Following Blaszak in [Bla03,

section 4.3], we show that V, form a separable chain:

LAV, — 0,dVi = Ld(Vayy — 0aV1) = 0,d(Va — 01 V1)
= LdV,; —o0,LdV} — Vi Ldo, — 0,dV5 + 0,0:dV] 4 0,V1doy
LAV, 1 — 0uLdVi — Vi(Ldo, — 0udoy) + o(01dVi — dVA)
= LdV,11 — 0, LdV;) + Vidoyq + 0, LdV;
= LAV, + Vidoan
= —dVyqo + 0441dVi + Vidoa iy
= —d(Vago — 0a1VA)
= _d(‘_/aJrl)

Which proves the result. =

We give some applications of the above proposition to spaces of constant curvature in

the following example.

Example 10.1.6 (Constructing separable potentials II)
Consider the central CT, L = A4+ r ®r, in E" where A = diag(\y,...,\,). Fix Cartesian

coordinates (z'). Assuming each )\; # 0, by Lemma 9.4.6, we see that

det L = o, = (f[ A (1 + Xn: i‘””)
i=1 i=1

220



Chapter 10. Separation of Natural Hamiltonians

The second chain given by Eq. (10.1.5) applied to the constant potential gives the

following separable potential:

1
V =

Sl Te—
x; Tt
1+ 5

1=

Similarly if we let L be the induced CT in E?(x), then by Eq. (9.4.16) we obtain the

following separable potential:
1

V = — :
Z x;xt

A.

i=1 "

10.2 Example: Calogero-Moser system

We first present an example which separates in several different coordinate systems and
hence provides a good example for the BEKM separation algorithm. Our example is the
Calogero-Moser system, which will be defined shortly. Another advantage of this example
is that its separability properties have been studied by several different authors [HMS05;
WWO05; WW03; BCR0OO; Cal69], hence it allows one to compare and contrast different
methods. Finally we mention that we obtained this example from [WWO03] where an
algorithm equivalent to the BEKM separation algorithm was used to study this example.

The n-dimensional Calogero-Moser system is given by the following natural Hamiltonian
[Cal0g]:
n 2

H(p,Q)Z%Z(p%wQQ?H > (g— (CM)

0.2
i=1 1<i<j<n 4 q])
We will take w = 0,¢g = 1 for convenience. In this case this Hamiltonian models n
point particles moving on a line acted on by forces depending on their relative distances.

We can write the potential V' as follows:

V= Z (r, ai)_2

where a; = e, — ¢; for some k,[ € {1,...,n} with e; := 0;. Furthermore we let

1 n
d_ﬁ;&

The following proposition gives the general solution to the KBD equation for the

Calogero-Moser system.
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Proposition 10.2.1
If V is the potential of the Calogero-Moser system given by Eq. (CM), then the general
solution to the KBD equation is:

L=cdod+2wdor+mror (10.2.1)

where ¢,w, m € R. Furthermore the restriction of the above CT to S*! is a solution of
the spherical KBD equation. &

Proor We will first apply Corollary 10.1.3 to show that the above CT is in fact a solution
to the KBD equation. Consider the vectors b; := e; — e; for i # 1. We will construct the
most general CT, L = A+ mr ®r + 2w ©® r, for which each vector b; is an eigenvector of
A and orthogonal to w. Observe that none of the b; are pair-wise orthogonal, they span

an n — 1 dimensional subspace, and

N b = (®;span{b;})* = span{d}

Now suppose A is a self-adjoint operator such that each b; is an eigenvector of A. Then
it follows that A must have d* as an eigenspace, hence A = kI + cd ® d for some k,c € R.
Thus up to equivalence the above form of L (Eq. (10.2.1)) satisfies our requirements, and
it follows by Corollary 10.1.3 that L satisfies the KBD equation with V.

The second statement on the spherical KBD equation follows by a similar argument
using Corollary 10.1.3.

We will now show that Eq. (10.2.1) is in fact the most general solution to the KBD
equation. Suppose L is the general CT in E" given by Eq. (9.1.1). For s := p~2 where
p:= ({r,a))2, we have from the proof of Lemma 9.5.2 that

L(dr) + rdtr(L) = —2p *(Aa + {(a,w) 1)

Also recall that:

dlogp = ¢
p

=dp?=-3p""

Hence
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A(L(dr) + rd tr(L)) = =2dp~* A (Aa + (o, w) )
— 6p74[a A (Aa + (a,w) )]

Thus,

1
S > ad(L(dr;) + midte(L) = Y eipy Hai A (Aa; + (az, w) r)]
i=1 =1
= Z cipy tai N Aa; + Z cipy tai A {ag, w)r
i—1 i=1

= Z cipy ta; N Aa; + Z(Cip;4 (a;, w)ya;) Nr
i=1 i=1

Denote the above 2-form by w, then note that for z € X(E") that £,w = dw(z). Let
a=6p~ta A (Aa+ (a,w)r)], then

a(r) = 6p~*{a,z) (Aa + (a,w) r) — {x, Aa + {(a,w) ) d]

Suppose x is constant, then

da(z) {a,z)dp™* A (Aa + (a,w)r) — 6p % {a,w)z A a

6
6 (a,x) (—4p~")a A (Aa + (a,w)r) — 6p * {a,w)z A a

If we take x = d, we see that

Low = —6 Z cip; ag, w) d A a
= 6(2 cip; * {ag, wy ag) Ad
Hence w = 0 iff (3, cip;* (a;, w) a;) € span{d} iff
Z cipy * {as, w)a; =0

If we differentiate the above equation with respect to to e;, we get
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Zcip;5 <ai7 6]> <ai7w> a; = O
Since the a; satisfying (a;, e;) # 0 are linearly independent, the above equation implies

that (a;, w) = 0 for each of these a;. Thus we see that (a;, w) = 0 for each i is a necessary

condition for separability. Now we are left to solve the following equation:

Zcm#ai ANAa; =0

(2

By differentiating the above equation with respect to to e;, we get

Zcipf (a;,e;) a; N Aa; =0

Now differentiate the above with respect to to e, to get the following:

Zcipi’G (a;,ex) (@i, e;) a; N Aa; =0

The above sum has precisely one term, it shows that a; A Aa; = 0. Thus a necessary
condition for separability is that for each i, a; is an eigenvector of A.

In conclusion we see that a necessary and sufficient condition for separability is that
for each i, a; is an eigenvector of A satisfying (a;, w) = 0. This confirms that Eq. (10.2.1)

is in fact the most general solution of the KBD equation by the preceding calculations.g

Remark 10.2.2
When n = 3 one can check that the solution to the spherical KBD equation given in the

above proposition is the most general. O

Canonical forms We now obtain the canonical forms according to Theorem 9.1.8 for

the CTs given by Eq. (10.2.1). First the constants w; from Eq. (9.1.2) are given as follows:

Wop =m
w1 = U)2
Note that in Euclidean space, one only needs to calculate wg and w; to carry out the

classification. We now break into the cases given by Theorem 9.1.8:

Case 1 Elliptic: wg # 0
By applying the translation given by Eq. (9.1.3) and changing to a geometrically

equivalent C'T one obtains:
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L=cdod+ror (10.2.2)

for some ¢ € R.

Case 2 Parabolic: wyg=0,w; # 0
By applying the translation given by Eq. (9.1.4) and changing to a geometrically

equivalent C'T one obtains:

L=2dor (10.2.3)

Case 3 Cartesian: wy=0,w; =0,c# 0

In this case after changing to a geometrically equivalent CT, we have:

L=dod (10.2.4)

Hence the three geometrically inequivalent solutions of the KBD equation for the
Calogero-Moser potential are given by Eqs. (10.2.2) to (10.2.4). Note that we can obtain
these CTs from Eq. (10.2.1) with an appropriate choice of parameters, hence there is no

need to apply any isometries.

Determining Separability We now analyze these solutions further to find separable
coordinates. We will obtain a compete analysis for the case n < 3 for convenience. For
the following analysis, we fix unit vectors a € d*- and e € d* Na'.

We define N; to be the unit sphere in d*:

Ni={ped |p’=1}
Note if d* = Ra, then we take N; = {a}. When dim N; = 1, we take coordinates on
it as follows:
o(6) = cos(f)a + sin(f)e

Case 1 Elliptic with ¢ # 0
When n > 2, this CT is reducible and a warped product decomposition ¢ which
decomposes this CT is given by Example 9.5.6. First define Ny as follows:

No={peRd®ORa| {(a,p) > 0}
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For (po,p) = (xa + yd,p) € Ny x Ny, ¢ is given as follows (see Example 9.5.6):

Y(po,p) = xp + yd

Note that this equation also holds when n = 2, but in this case v is not a warped
product decomposition. Now, to separate V', we have to apply the BEKM separation
algorithm with V restricted to N; on N;. Although it will be more convenient to

use the spherical KBD equation in d*, see the next section for more details.

When n < 3, no additional steps are needed since in this case dim N; < 1. Indeed,
by Example 9.4.11 L restricted to Ny is an ICT (in a dense subset) hence L has
simple eigenfunctions (locally), and so one obtains separable coordinates for V'
by taking elliptic coordinates on Ny Section 6.7. When ¢ < 0 we obtain oblate
spheroidal coordinates and when ¢ > 0 we obtain prolate spheroidal coordinates; see

Example 9.6.4 for more details.

Case 2 Parabolic
When n > 2, then proceeding as in Example 9.5.6 (see also Section 9.5.1), one
observes that the same warped product v as in the above case decomposes this CT.
When n < 3, with similar arguments as in the above case, one finds that L locally
has simple eigenfunctions, and one obtains separable coordinates for V' by taking
parabolic coordinates on Ny Section 6.7. The resulting coordinate system is often

called rotationally symmetric parabolic coordinates.

Case 3 Spherical: Elliptic with ¢ =0

In this case, one can check that the following warped product, 1, decomposes L.

For (po, p) = (pa,p) € RTa x S*71 9 is given as follows:

Y(po,p) = pp

Now observe that even when n = 3, L does not have simple eigenfunctions; in
contrast with the previous two cases. To fill the multidimensional eigenspace of L
corresponding to rt, we have to solve the spherical KBD equation (see the next
section for more details). Although when n = 3, we can fill this degeneracy by using
the solution to the spherical KBD equation given by Proposition 10.2.1. Indeed,
that proposition shows that the CT on S~ ! induced by d ® d is a solution of the
spherical KBD equation. Hence by Example 9.6.3, this induced CT is diagonalized
in spherical coordinates, and we see that V' separates in the following coordinates
Section 6.7.
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¥(pa, p) = p(sin(¢)(cos(#)a + sin(6)e) + cos(¢)d)

Case 4 Cartesian
In this case we obtain a product which decomposes L as follows. First let Ny = Rd
and N; = d*, then for (po,p) = (zd,p) € Ny x Ny, we have:

Y(po,p) = xd + p

As in the above case, even when n = 3, L does not have simple eigenfunctions.
Hence we have to apply the BEKM separation algorithm with V' restricted to Ny on
N;. When n = 3 one finds that the general solution to the KBD equation is 7 ©® 7
where 7 is the dilatational vector field in N;. Thus if we take polar coordinates in
N1, we obtain separable coordinates for V. For (po,p) = (zd,yo(0)) € Ny x Ny with
y > 0, we have:

Y(po,yo(0)) = xd + y(cos(f)a + sin(h)e)

We conclude with some remarks. First the analysis given above is complete when
n < 3. Although when n > 3 the warped product decompositions obtained may allow for
partial separation of the Hamilton-Jacobi equation. When n = 4 it was shown in [WWO05]
that no additional solutions to the (spherical) KBD equation could be obtained. Hence
our analysis above is complete when n = 4.

Furthermore the above analysis holds verbatim for the weighted Calogero-Moser system
with unequal masses, which can be modeled using the natural Hamiltonian in E™ associated
with the following potential (see e.g. [WWO05, Section 3.3]):

V= Z Gij

1<i<j<n (mig; — m;q;)*

The only difference is that in this case:

More examples can be found in [WWO03, section 7], where an algorithm equivalent
to the BEKM separation algorithm is used to determine separability of some natural
Hamiltonians defined in E3. See also [Ben93] where some Kepler type potentials are tested

for separability in elliptic coordinates in E2.
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10.3 The BEKM separation algorithm

In this section we show how to execute the BEKM separation algorithm (see Section 6.7
for the general theory) in spaces of constant curvature using the classification of CTs
given in the previous chapter. This generalizes the example given in the previous section

to arbitrary potentials.

10.3.1 Spherical KBD Equation

We first show how to derive the spherical KBD equation. Suppose V' € F(E?) is a potential
in E? which satisfies the KBD equation with r ® r. Choose a € E" with x := a® = +1 and
let p := (a,r). Then we can easily construct a warped product ¢ : R*a x, E? (k) — E}
which decomposes this CT. Let 7 : E'(k) — E? be the standard embedding of this
sphere. Hence to find separable coordinates for V', we have to apply the BEKM separation
algorithm with V := 7*V in E*(k).

If L is the general CT in E?(x) and K := tr(L)R — L is the KBDT where R is the

metric in E'(k), then we have to solve the equation (see Section 6.7):

d(KdV) =0

Now let K be the lift of K (as a contravariant tensor) to E” via the warped product

1. Then Proposition 5.4.3 shows that the above equation is locally satisfied iff

d(KdV) =0

Hence if we calculate this lift of K, we only need to solve the above equation in E].
We now proceed to calculate this lift. Note that it is sufficient to find a contravariant
tensor in E” which restricts to the KBDT in E”(k) and satisfies £, K = 0. It will be
sufficient to do this for the CT then calculate the KBDT using its defining equation. Also
noting that r is a CV, we will do the following calculations in a more general context just
using this fact.

Let r be a non-null CV, since r ® r is an OCT, it follows that any integral manifold of
r' is a spherical submanifold. Hence Proposition 9.3.1 shows that any CT on M induces
one on any leaf of the foliation induced by r*. The following proposition shows how to

solve the problem described earlier in this more general context.

Proposition 10.3.1
Suppose L is a CT on M and r is a non-null CV. Let E :=r*, and Lg := L|g. Then
L :=r2Lg restricts to a CT on any integral manifold of E and it satisfies £L,L =0 on M

where L is in contravariant form. &
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PrROOF The proof of this fact is a straightforward calculation. We first note that since r

is a CV with conformal factor ¢, we have that
Virj) = 09

Suppose u,v € I'(E), then

(L Lijhu'v? = (V, Liju'v? + Lij(Vyr' )’ + Liy(Vor')w?
= oz(i'r’j)uivj + +2¢Lijuivj

= 2¢Lijuivj
Thus
(ﬁ,«Lij)Ui’l}j = ﬁr(GikijGlj>uin
= —2¢Lijuivj + (ETLij)uivj - 2¢L¢juivj
= —2¢L2~juivj
Finally

(‘Cr(TQLij))uin = T2(£rLij)Uin —+ (VTT2)Lijuivj
= —2r2¢p L9 u; + 2r2p L u;v;
=0

Thus since r” is closed, we conclude that £,L = 0. Also, as we noted earlier, Proposi-

tion 9.3.1 implies that L induces a CT on any integral manifold of E. n

Remark 10.3.2
The above ansatz for L was deduced by studying results obtained by Benenti in [Ben08].

Although one can also obtain L by solving a certain differential equation. 0

Now back in E”, let r be the dilatational vector field and L = r?Lg as in the above
proposition. Note that Lg is given in general by Eq. (9.1.5). Let G be the metric of
E”, then R = G is the induced metric on E,’j(r%) and the above proposition shows that
L,.(r?R) = 0. Hence 7?R is the r-lift of the metric of E?(x) (up to sign). Hence if tr(L) is
obtained by using the metric of E”, the lifted KBDT is given as follows:

K, = (tr(L)l)(rQR) —L=tr(L)R—-L

r2
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which is the KBDT in E”(x) embedded in E”. Also note that it follows from Proposi-
tion 4.5.2 that K is a KT in E?. Also, using Eq. (9.1.5), one can calculate K explicitly:

K, =tr(A)r’R — (r, Ar) G —r*A+2Ar O r

Note that since the term tr(A)r?R is a multiple of the metric of E"(x), that term can

be removed. We summarize our results in the following statement:

Proposition 10.3.3 (Spherical KBD equation)

Suppose V€ F(E!) is a potential in E which satisfies the KBD equation with r ® r. Let
L be a CT in E} (k) with parameter matriz A. Then V' satisfies the KBD equation induced
by L in El'(k) iff it satisfies the spherical KBD equation (Eq. (10.0.1)) with L in E. <

10.3.2 In pseudo-Euclidean space

We show how to execute the BEKM separation algorithm in pseudo-Euclidean space. Fix
a non-trivial solution L of the KBD equation in E}. First apply the classification given by
Theorem 9.1.8 to L. We will now assume that L is in one of the canonical forms listed in
that theorem. If L is a Cartesian CT then the analysis is straightforward, see Section 10.2
for example. So we now assume L is non-degenerate and each generalized eigenspace of
A, has at most one proper generalized eigenvector!.

First if A, has no multidimensional (real) eigenspaces, then it is not reducible by
Theorem 9.5.11. Hence one obtains separable coordinates for the natural Hamiltonian on
the subset where L is an ICT.

Now suppose A, has multidimensional (real) eigenspaces Wy, ..., Wy. It was shown

k
in Section 9.5.1 that one can obtain data (p; & V;;ay, ..., a;) which determines a warped

product decomposition ¥ : Ny X, Ny--- X pk_]gfk — E” in canonical form. Note that ¢
decomposes the KBDT, K, associated with L. We now work with K.

We
case later. Suppose K is an orthogonal KT in E? which is decomposed by the warped
product v just constructed. Furthermore assume that each N; corresponds to a distinct
eigenspace of K. Now we show how to apply the BEKM separation algorithm on the

spheres N; by working only in a pseudo-Euclidean space.

Case 1 N, is a non-null sphere, i.e. a? # 0
Let Wi, := W+ and ¢; := p — % Define ¢ : W;; x W; — EI to be the standard

7

product decomposition. Embed W; in E7 as follows:

Tt follows from the classification in Section 8.2.1 that we lose no generality with this assumption in
Euclidean or Minkowski space.
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Ti <
pi = olc,pi) = ¢ +pi

Note that N; = W;(k;) via the above affine embedding of W;. Let r; be the
dilatational vector field in W;. By Corollary 9.5.5 and Proposition 5.4.3, it follows
that 7V satisfies the KBD equation with r; ® ;. Hence by Proposition 10.3.3 it is

necessary and sufficient to solve the spherical KBD equation on W; with 7;V.

Case 2 N, is a null sphere, i.e. a? =0
Embed N; in E? as follows (see Eq. (8.4.1)):

N, —E!
Ti -
Di H¢(ﬁ7vﬁapzaﬁv7ﬁ):pl
In this case N; is isometric to V; which is a pseudo-Euclidean space. Hence the

BEKM separation algorithm can be applied on V.

In the following section we will show how to apply the BEKM separation algorithm on

10.3.3 In Spherical submanifolds of pseudo-Euclidean space

We show how to execute the BEKM separation algorithm in E'(x). First we show to
change this to a problem in E?. Let V be a potential in E?(x). Note that V can be
naturally lifted to a potential in E! satisfying £,V = 0 using an appropriate coordinate

system. Then, one can check that the potential

Vi=—
KT

7

2
in E" satisfies the KBD equation with » ® r in E and restricts to V when restricted to
E(k). So we lose no generality in assuming V' € F(E?) and satisfies the KBD equation
with r © r.

First note that by Proposition 10.3.3, we only need to consider solutions of the spherical
KBD equation in E”. So let L be a non-trivial solution of the spherical KBD equation
(Eq. (10.0.1)). As in the pseudo-Euclidean case, we assume each generalized eigenspace
of A has at most one proper generalized eigenvector. In order to execute the BEKM

separation algorithm in E}, we will need the following lemma:
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Lemma 10.3.4
Let L. be the central CT associated with L and Ky = tr(L)R — L be the KBDT associated
with L. Suppose L. is reducible and let ¢ : Ng X, Ny --- X, N — E be a warped product

which decomposes L.. Then 1 decomposes K. O

ProOOF This follows from the proof of Proposition 9.5.12. In that proof we obtained the

following equation:

k
R*Lc = ¢*(R*[~/C + Z )‘zGl)
=1

Then we have:

k
L=1*R"Le = Y. (PR Lo+ Y Ni*Gy)
=1

k

R=4y.(R+) G

i=1

Hence the result follows. -

Now by Proposition 9.5.12 it follows that L is reducible iff L. is reducible. Hence if L.
is not reducible, one obtains separable coordinates for the natural Hamiltonian on the
subset (of E!'(k)) where L is an ICT.

If L. is reducible, then by the above lemma, one can follow the arguments given in the
previous section using the warped product decomposition induced by L. which decomposes
the KT K,. We now give some crucial remarks. Let ¢ : Ny x,, Ny --- x, N — E” be a
warped product decomposition which decomposes L. and let ¢ : No(k) X, Ny -+ - X, Nj —
E" (k) be an induced warped product decomposition of E(x) as in Theorem 8.4.7. First
note that the separable coordinates are constructed using the warped product ¢. Also
because the spherical factors N; (where ¢ > 0) are simultaneously spherical factors of
and ¢ (see Theorem D.6.5), there is no difference coming from working in the ambient

space.
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Chapter 11
Conclusion

In this thesis we have shown how to solve problems (1), (2), and (3) in spaces of constant
curvature using concircular tensors. In doing so, we have given a covariant theory of a
special class of separable coordinates called Kalnins-Eisenhart-Miller (KEM) coordinates.
An overview of this theory can be found in Chapter 2.

In our solution, there is one important problem that has been unresolved. In Minkowski
space, M"™, with n > 3, it is still computationally difficult to find the subset on which a
given concircular tensor (CT) is a Benenti tensor. This implies that we still don’t have a
complete understanding of the separable coordinate systems for these spaces.

In Minkowski space it is well known that non-orthogonal separation can occur [Ben92b;
KM79]. Hence it would be interesting to see if the present theory could be generalized
to this case. A natural question is if the non-orthogonal separable coordinates in these
spaces could be intrinsically characterized using concircular tensors, and conversely if
non-orthogonal CTs could be used to define non-orthogonal separable coordinates. See
Section 6.8 for more on this.

In Minkowski space it is also known that complex separation can occur [DRO7]. Hence
similar questions to those stated above for non-orthogonal separation also apply to this
case.

One can also try to apply this theory to spaces with non-constant curvature. Some
general results related to this idea are given in Section 6.3.3. Applications to general

relativity have been studied in [Groll].
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Appendix A

Cofactor Operators via Exterior
Algebra

In this appendix we summarize some results from the book [Winl10] by Winitzki. We
mainly show how to obtain the cofactor operator (matrix) coordinate-independently and
list some related results in this notation. In addition, we present some results on the
derivative of a characteristic polynomial and projectors onto eigenspaces. These results
are heavily used only in Section 6.6. Throughout this appendix V' is an n-dimensional

vector space.
Given A € End(V) and a basis {v,...,v,} for V, define A*FAF € End(A*V) as follows:

A ARy A Avg) = (Avg A -+ A Awy)
We define AFA! € End(A*V) by

k
AEAY O A Avg) =D (0 A A A A Ay
i=1
For 1 <[ < k, the operator A*A! € End(A*V) is the most natural generalization of
the above definitions (see [Win10, section 3.7]). Also if [ > k then A*A! := 0.
Now for A € End(AfV), we can define the exterior adjoint (transpose) A" €
End(A"*V) as follows:

AMoAw = v A Aw

where v € A" ¥V and w € A*V. One can prove that A" is well defined either by direct
calculation or using a proof analogous to the case of adjoints coming from inner products.
The main use of the exterior adjoint is to give a basis independent definition of the
determinant and the cofactor operator. Indeed, for any A € End(V) we define det A € R
by:
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Appendix A. Cofactor Operators via Exterior Algebra

det A := (A"A")™

and the cofactor operator, cof(A) € End(V) by:

cof (A) 1= (AP tAn )M

One can show that these definitions agree with the conventional ones [Winl0]. Our
first result is the following combinatorial lemma [Winl0, lemma 1, P.138].
Lemma A.0.5
For A€ End(V), and 1 < j <k <n the following holds:

7 .
NE(A+ TV = (k_’,) AR AT .
= \k—J

We will only make use of the cases (k,j) = (n,n),(n —1,7) from the above lemma.
We have the following corollary:
Corollary A.0.6
For A € End(V), the following holds:

n

det(zI — A) = (A"(2I — A" = ZZ”*i<_1)i(AnAi)/\*

cof (2] — A) = (AL (2] — A)" )™ = 2 1 () (AP ATY (A.0.1)

Note that the above formula for the determinant implies that (A"A')" = Tr A.
Another useful formula is the following [Win10, lemma 1, P.152]:

Proposition A.0.7
For A € End(V) the following equation holds:

(/\n—lAk—l)/\*A + (/\n—lAk)/\* _ (/\nAk)/\*[ (AOQ)

PrROOF First we consider the case k£ = n, then have to prove that:
(/\n—lAn—l)/\*A — (/\nAn)/\*I
Forw=wi A Awp, let a=w; A--- Aw,_1 and = w,, then
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A'A"w = Awy A -+ A Aw,
=Aw N N Aw,_1 N Aw,
= (A"TA Ha A AB
=aA(A"TTATHM AR

which proves the result. The general case is a consequence of the identity [Winl0]:

(N"AR)a A B = A"TTAR IO A AR+ AT AR A B -

Note that the above proposition implies the following well known formula:

cof (A)A = det(A)I (A.0.3)

As a corollary of the above proposition, we see that (A"~ A¥)"* can be expressed as a
polynomial in A [Winl0, exercise 2, P.152].
Corollary A.0.8

For A € End(V) the following equation holds:

(ATARY =3 (AT AR (< 1) A (A.0.4)

=0 O

The operators (A" 1 A¥)" also admit a recursive formula [Winl10, statement 3, P.159):
Proposition A.0.9 (Leverrier sequence)
For A € End(V), let Ay, := (A" 2AR where 1 < k < n —1 and Ay := I. Then the
following formulas hold:

1
Ak: = % TI'(Ak_lA)[ — Ak—lA =]
PRrOOF Note that these formulas follow from Eq. (A.0.2) if we can prove that:

%Tr(Ak_lA) = (A" AR

To prove this, we use the fact that Tr A, = (n — k)(A"AF)™ (see [Winl0, state-
ment 2, P.158]). Then taking the trace of Eq. (A.0.2) shows that:

Tr((/\n—lAk—1>A*A> — n(/\nAk)/\* - Tr((/\n_lAk)/\*)
= n(A"ARYY — (n — k) (A" AR
= k(A" AR
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which proves the result. n
For convenience, we let oy, := (A"A¥)™ and Ay, := (A""1A¥)™. The following is from
[Win10, statement, P.179].

Proposition A.0.10 (Derivative of the Characteristic Polynomial)
Suppose the coefficients of A in some basis are a function t, then for 1 < k <n we have

the following:

Remark A.0.11
When k = n the above formula expressing the derivative of the determinant is called

Jacobi’s formula. O

PROOF The proof is given on P. 179 in [Win10]. We will prove the special case when
k = n following the proof of lemma 4 in [Winl0, P. 177]. Let vy, ..., v, be a basis for V.

OG(N"AM vy A Aoy = O (A"A™ vy A+ Awy)
= 0i(Avy A -+ A Awy,)

=D Ay A A (O A A A A,

= Z vp A AATTATDM (O A) 0 A - Aoy,

= N(Ap_10,A) 0y A= Ay
=Tr(A, 10, A)vy A+ Aoy,

The last equality follows from Corollary A.0.6. n

The final fact we will need is the following [Winl0, statement 2, P.195]:

Proposition A.0.12 (Projectors onto Eigenspaces)
Suppose A € End(V') and X is an eigenvalue of A with geometric and algebraic multiplicity
k, then the operator

Pk o (_1)n—k (/\n_l()\] . A)n—kz)/\*
N =
On—k
18 a projector onto the eigenspace corresponding to A. o
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Nijenhuis tensors, Haantjes tensors

and Integrability of Eigenspaces

In this appendix M is a manifold of dimension n and T is an endomorphism of TM (i.e.
a G)—tensor). We assume the reader is familiar with Section 3.4. The theory presented in
this appendix is motivated by the following question: Let & = (E;)¥_, where E; are the
eigenspaces of T' (which are assumed to be distributions), suppose TM = @le FE;. Then
are there tensorial conditions depending only on T (and its derivatives) that characterize
when £ is an integrable net? Nijenhuis, Haantjes and colleagues have answered this
question in the affirmative. They have provided conditions in terms of the Haantjes tensor
(of T') which is defined in terms of the Nijenhuis tensor (of 7). We shall see that the
Nijenhuis tensor (which is a byproduct of the solution to this problem) is a useful tool in
integrable systems theory in its own right.

We give original references throughout this appendix. For contemporary references
mainly related to integrable systems theory see [GVY08; Bog06].

The primary definition is the following:
Definition B.0.13 (Nijenhuis tensor [Nij51])

If T is an endomorphism of TM, then the Nijenhuis tensor (torsion) of T is a (

2
skew-symmetric in its covariant components, denoted by Ny and is defined as follows:

)—tensor

Nr(u,v) := T?[u,v] + [Tu, Tv] — T([Tu,v] + [u, Tv])

Furthermore T is called torsionless if its Nijenhuis tensor vanishes. O

The following proposition will make it clear that N is actually a tensor. It gives
equivalent definitions of the Nijenhuis tensor.
Proposition B.0.14 (Equivalent Definitions of The Nijenhuis tensor)
Suppose T' is an endomorphism of T'M, then the following are equivalent definitions of
Nr:
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Appendix B. Nijenhuis and Haantjes tensors

1. Nr(u,v) = (Lp, T —TL,TT)v for all u,v € X(M) where L is the Lie derivative

2. Np(u,v) = (Vp, 7)o — (Vr,T)u — T(V,T)v — (V,T)u) for all u,v € X(M) where

V is a torsion-free connection

3. Np = 3[T,T) where [-,-] is the Frolicher-Nijenhuis bracket [FN56] 0

PrROOF We prove the first equation as follows

T?[u,v] + [Tu, Tv] — T([Tu,v] + [u, Tv]) = T?[u,v] — Ly Tu + T(L,Tu+ Lryu)
= T?[u,v] — TLryu — (L, T)u
+T(TLyu~+ (L,T)u+ Lryu)
= —(Lp,T)u+T(L,T)u
— (T(L.T) — (ErT))u

Thus Np(u,v) = (TL,T — L7, T)u, hence Nr(u,v) = (Lr, T — TL,T)v.
Now suppose V is a torsion-free connection, then [u, v] = V, 0=V u for all u,v € X(M),
thus

T?[u,v] + [Tu, Tv] — T([Tu,v] + [u, Tv])

= T?[u,v] + [Tu, Tv] — T(Vr,0 — V,Tu + V,Tv — Vp,u)

= T?[u,v] + [Tu, Tv] — T(Vr,0 — (V,T)u — TV yu + (Vo T)v + TV,0 — V,u)
= T?[u,v] + T*(Vyu — Vo) + [Tu, Tv] — T(Vrw — (Vo T)u + (Vo T)v — Veu)
= V7. Tv -V, Tu—T(Vr,v — (V,T)u+ (V,T)v — Vr,u)

= (VruT)v — (VrT)u = T(=(VoT)u + (V1))

The equation in terms of the Frolicher-Nijenhuis bracket is included for completeness,

see for example [GVY08, Equation 13.37] for more details. =

Remark B.0.15
Note in coordinates the equation for Ny in terms of a torsion-free connection V can be

written as follows!:

(Nr)*;

v

= 2T VT = T8 ViT')

!The bar around the index [ means that it’s excluded from the anti-symmetrization.
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Appendix B. Nijenhuis and Haantjes tensors

PROOF

Nr(u,v) = (Vr,T)v — (Vp,T)u — T(V,T)v — (V,T)u)
(NT)kijuivj = Tliui(VlTkj)vj — levj(VlTki)ui — Tkl(ui(Vile)vj — ! (V,;T")ul)
= (T'VT" - T' NVT" - T" (VT = V,;T',))u'v/
= 2T",VyT*, — TH VT u'? -

Remark B.0.16
Note that the first characterization implies that 7" is torsionless iff for every v € X (M) we

have:

Ly, T =TL,T (B.0.1)

We say that a vector field v is a symmetry of 7" if £, 7 = 0. The above equation shows

the remarkable property that if 7" is torsionless, then 7" maps symmetries to symmetries.qg

The Nijenhuis tensor is fundamental in this theory, but it alone is not enough to answer
the question posed at the beginning of this appendix. For this we need to introduce the
Haantjes tensor:

Definition B.0.17 (Haantjes tensor [Haa55])

If T is an endomorphism of T'M, then the Haantjes tensor (torsion) of T is a (1

2
skew-symmetric in its covariant components, denoted by Hp and is defined as follows:

)—tensor

Hr(u,v) := T*Np(u,v) + Np(Tu, Tv) — T(Np(Tu, v) + Np(u, Tv)) 0

The fact that Hp is a tensor follows from the fact that Nt is a tensor. Now we need
the following lemma, the proof of which follows by a direct calculation.
Lemma B.0.18
Suppose T is an endomorphism of TM. Let XY be eigenvector fields of T with eigen-
functions \, u respectively. Then Nr satisfies the following:

Np(X,Y) = (T = )T = X, Y]+ (A = ) (YN X + (Xp)Y') (B.0.2)
]
Now we can prove the main theorem in this theory:
Theorem B.0.19 (Haantjes [Haa55; FN56])
Suppose T is an endomorphism of TM with eigenspaces & = (E;)*_,. Assume each

eigenspace 1s a distribution and together they satisfy:

k
T™ =P E;
=1
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In other words T is point-wise diagonalizable. Then £ 1is an integrable net iff the

Haantjes tensor of T vanishes. O

PrRoOOF We follow the proof given in [GVYO08] which is originally from [FN56]. Suppose
X,Y are eigenvector fields of T" with eigenfunctions A, i respectively. Then using the

above lemma one can calculate the following:

Hp(X,Y) = (N = \)*(N — p)’[X, Y]

Now we note that if A # p, since T is point-wise diagonalizable Hy(X,Y') = 0 iff

(N =N =X, Y]=0

This equation holds iff [X,Y] € E\ & E,; it holds for arbitrary X, Y iff £, @ E, is
Frobenius integrable. Similarly if A = p, then Hp(X,Y) = 0 iff

(N = N[X,Y]=0

This equation holds iff [X,Y] € E); it holds for arbitrary X,Y iff £} is Frobenius

integrable. The theorem then follows from Theorem 3.4.3. n

Now we prove another important theorem which follows from the above lemma.

Theorem B.0.20 (Nijenhuis [Nij51])
Suppose T is an endomorphism of TM with eigenspaces € = (E;)*_, and corresponding

eigenfunctions (\;)F_,. Assume each eigenspace is a distribution and together they satisfy:

k
TM = @ E;
=1

In other words T is point-wise diagonalizable. Then &£ is an integrable net with each

eigenfunction \; depending only on® E; iff the Nijenhuis tensor of T  vanishes. o

PrOOF First assume that the Nijenhuis tensor of 7" vanishes. Then from the Haantjes
theorem above, & is an integrable net. Furthermore by Eq. (B.0.2) in the above lemma it
follows that each eigenfunction \; depends only on FE;.

Conversely if £ is an integrable net and each eigenfunction \; depends only on E;
then by Eq. (B.0.2) in the above lemma it follows that the Nijenhuis tensor of 7" vanishes

identically. -

The following optional result is a straightforward consequence of the Nijenhuis theorem.

By this we mean that Y'(\;) = 0 for every Y € E; and j # i.
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Corollary B.0.21 (Integrability of almost product structures)
Suppose T is an endomorphism of TM defining an almost product structure, i.e. T? = 1.

Then the almost product structure is integrable iff Np = 0. o

The above result can be generalized to almost complex structures (i.e. 7% = —1I) as

well; this is known as the Newlander-Nirenberg theorem.

B.1 Properties of Torsionless Tensors

In this section we will list some identities satisfied by torsionless tensors which are used in
the thesis. The contemporary references given earlier have more results on these tensors.
We will make use of some notations and results from Appendix A; we will mainly be
applying Proposition A.0.10.

Proposition B.1.1 (Jacobi’s formula for Torsionless Tensors)

Suppose T is a torsionless tensor. Then for every v € X(M) we have:
LrydetT =detTL,(TrT)
In terms of the adjoint T, this equation can be written:
T*d(detT) = det T'd(Tr T') D

ProoOF This is a consequence of Proposition A.0.10 when k£ = 1. Indeed that proposition
implies that:

L,detT = Tr((A" 1T 1™ L,T)

for any v € X(M). Using the fact that T is torsionless, we have the following:

Lr,detT = Tr((AN" T DLy, T)

(Bﬁl) Tr((/\nflTnfl)/\*TEUT)
— (det T)Ly(Tr T)
where in the last line we used the fact that (A"~ 'T"~1)™T = (det T')I. -

More generally, we have the following formulas:
Proposition B.1.2

Suppose T is a torsionless tensor. For 1 < k < n, let oy := (AVT*)"*, then for every
v e X(M) we have:
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Lryop =0, Ly TrT — Lyog 41

Equivalently, if for 1 <k <n —1 we let Sy := (A" YT, then for 1 <k <n

doy, = S d(Tx T) (B.1.1)

O
PROOF Proposition A.0.10 implies that for v € X(M) we have:

Lo, = Tr(ATHML,T)

Thus

Lryoy, = Te((N" D)™ L3, T)

(Bﬁi) Tr((/\nflkal)/\*T[’vT>

B2 o Tr £,T — Te(A™' T L, T)
= 0L Tr ﬁvT — £v0k+1

If T denotes the adjoint of T', then we have:
dO’k = O'kfld(TI' T) — T*ddk,1

Thus Eq. (B.1.1) follows by induction on & from the above equation and the recursive
equation Eq. (A.0.2) for Sj. -
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Self-adjoint operators in

pseudo-Euclidean space

Self-adjoint operators are ubiquitous in pseudo-Riemannian geometry and hence in general
relativity as well. Any linear operator metrically equivalent to a symmetric contravariant
tensor is self-adjoint. The Ricci tensor, the Hessian of a smooth function, the shape
operator associated with a pseudo-Riemannian hypersurface or an umbilical pseudo-
Riemannian submanifold [O’N83, Definition 4.18], and Killing and conformal Killing
tensors are all examples of such tensors. In general relativity the energy-momentum tensor
is one as well. Hence their algebraic classification is an important problem.

In this section we call a pseudo-Euclidean space V' a scalar product space, following
[O’N83] (we will give more details shortly). Recall, a linear operator T on a scalar product
space V' is said to be self-adjoint if (T'z,y) = (x, Ty) for all x,y € V. Following O'Neil’s
solution given in exercises 18-19 in [O’N83, P. 260-261], we will obtain a canonical form for
self-adjoint operators. Specifically, motivated by the Jordan canonical form, we develop
an algorithm to find a Jordan canonical basis for a self-adjoint operator which also gives
a canonical form for the scalar product. Our derivation has some advantages: it only
depends on some results from Jordan form theory, we are able to prove existence and
uniqueness of the canonical form independently of the corresponding results from Jordan
form theory (i.e. ours results have few dependencies), and we obtain a simple algorithm
to calculate the canonical forms for self-adjoint operators. The draw back is that our
solution is less general than others (see for example [GLO5]).

Finally, we note that the contents of this appendix are from [Rajl4al. They are

included here for completeness.
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C.1 Preliminaries on Scalar product spaces

We will assume the reader is familiar with Sections 1.4.1 and 8.1. In this appendix, we
will also work with the complexification of a real vector space V denoted V. We define
the complexified bilinear form to be the symmetric bilinear form in V¢ obtained from the
real one by a linear extension. Note that the complexified bilinear form is symmetric, in
contrast with the usual Hermitian form which is not symmetric. It follows immediately
from the definition that the complexified bilinear form is non-degenerate iff the real
bilinear form is non-degenerate. Thus a real scalar product space, V', can be canonically

complexified to a complex scalar product space, hereafter denoted V.

C.2 Preliminaries from Operator Theory

Given a complex scalar A, a non-zero vector x € V is called a generalized eigenvector for
T corresponding to A if (T'— A )Px = 0 for some positive integer p.

Definition C.2.1 (Generalized Eigenspaces)

Let T be a linear operator on finite-dimensional complex vector space V' and let A be an

eigenvalue of T'. The generalized eigenspace (g-space) corresponding to A, denoted Ky, is
the subset of V' defined by:

Ky={x €V : (T — M)P(z) = 0 for some positive integer p} 0

We say a set of distinct scalars Ay, ..., A\, are the spectrum of T if they constitute all
eigenvalues of 7". Furthermore the kernel of an operator T is denoted by ker 7" or N(T').

The following results concerning the g-spaces of a linear operator are proven in [FIS03,
Section 7.1].

Theorem C.2.2
Let T be a linear operator on finite-dimensional complex vector space V. Suppose A and p

are distinct ergenvalues of T, then the following statements are true:

1. K, is a non-zero T invariant subspace of V
2. KynkK,={0}

3. Let U = (T — N)|k,, then K, is (T — M )-invariant and U is a bijection.

2%

4. If m is the algebraic multiplicity of A then Ky = N(T — AI)™ and dim K, < m.

k
5. If M, ..., \g is the spectrum of T, then V = @@ K, -
=1

1=
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Hence the above theorem implies 7" is block diagonal in a basis adapted to the g-spaces.

Definition C.2.3

Let T be a linear operator on finite-dimensional complex vector space E and let x be a
generalized eigenvector of T' corresponding to the eigenvalue \. Suppose that p is the
smallest positive integer such that (7" — AI)P(z) = 0. Then the ordered set

(T = MNP~ (z), (T = M)P2(x),...,(T — \)(z), x}

is called a cycle (p-cycle) of generalized eigenvectors for T' with eigenvalue A. (T —
A)P~!(z) and z are called the initial vector and the end vector of the cycle, respectively.
We say that the cycle has length p and x generates a cycle (p-cycle) of generalized

eigenvectors. o

We first note that the subspace spanned by a p-cycle has dimension p. We also observe
that a given cycle of generalized eigenvectors generated by x with eigenvalue A lie in K.

Also T restricted to this cycle has the following matrix representation:

Al
A 0
1
Al
0 A

We denote Uy, =T — Al and if )\ is fixed we remove the subscript and refer to Uy = U.

Suppose T is a real linear operator and let A be an eigenvalue with non-zero imaginary
part. Suppose x generates a cycle of generalized eigenvectors of length p with eigenvalue
A whose end vector has linearly independent real and imaginary parts. Then it follows
that T generates a cycle of generalized eigenvectors of length p with eigenvalue A which is
linearly independent of the cycle generated by x. We denote the real subspace generated
by these vectors as K, 5 and call this the real subspace spanned by the cycle generated
by x. If A € R, then this real subspace is just K.

Knowledge of the Jordan canonical form is unnecessary for our derivation. Although

N. N, .
for readers familiar with it, note that K ~ N; & 2. @ —2 where N; = ker Uj.

N, Np_1
This shows the non-uniqueness of a given Jordan canonical basis. We will use this fact to

find a Jordan canonical basis for a self-adjoint operator adapted to the scalar product.
In order to prove the uniqueness of the metric-Jordan canonical form of a self-adjoint

operator we will need some theory on symmetric bilinear forms. First a diagonal represen-

tation of a symmetric bilinear form is a basis in which the matrix representation of the

form is diagonal.
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Theorem C.2.4 (Sylvester’s Law of Inertia)
For any symmetric bilinear form defined over a real vector space, the number of positive
diagonal entries and negative diagonal entries in a diagonal representation is independent
of the diagonal representation.

For any symmetric bilinear form defined over a complex vector space, the number
of non-zero diagonal entries in a diagonal representation is independent of the diagonal

representation. o

PROOF For the real case, see Theorem 6.38 in [FIS03| or Theorem 6.8 in [Jac12]. For the

complex case, see Theorem 6.6 in [Jacl2] n

C.3 Existence of the metric-Jordan canonical form

In this section we will show how to obtain the canonical form, culminating in Theorem C.3.7.

First we need some properties of self-adjoint operators.

Theorem C.3.1 (Fundamental Properties of Self-Adjoint Operators)
Suppose V is a scalar product space and T is a self-adjoint operator on V. Suppose H C'V

15 an invariant subspace of T. Then
1. T(HY) C H*, i.e. H* is an invariant subspace of T.

2. (kerT)* = rangeT and V = ker T @ range T iff either ker T' or rangeT' is a non-

degenerate subspace

3. Any polynomial in T s self-adjoint. O
PROOF The proofs are immediate. n
Remark C.3.2
The first statement of the above theorem also holds for unitary operators on V', as noted
by O’Neil in [O’N83, Section 9.4]. -

The idea behind obtaining the canonical forms is as follows. First suppose that 7" is a
self-adjoint operator on a scalar product space. When F is a Euclidean space, one can
easily diagonalize T using property 1 and the fact that self-adjoint operators in Euclidean
space have real eigenvalues. Indeed, after one finds a single eigenvector v, one can use
property 1 to deduce that the subspace orthogonal to v must be T-invariant. Since in
Euclidean space the subspace orthogonal to v must be complementary to v, one can repeat
this procedure to find a basis of eigenvectors for 7.

For general indefinite scalar products, our goal will be to find a cycle of generalized

eigenvectors for T" such that they span a non-degenerate subspace. Then as in the
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Euclidean case, we can use property 1 to inductively build a Jordan canonical basis for 7.
We will now develop a series of lemmas to show that any self-adjoint operator admits a
cycle of generalized eigenvectors whose span is a non-degenerate subspace. Then we will
combine these lemmas in Theorem C.3.7 which shows how to obtain a Jordan canonical
basis for T" which also puts the scalar product in a canonical form.

The following theorem starts us off by showing that the g-spaces of a self-adjoint

operator are always non-degenerate, in fact it says even more:

Lemma C.3.3
Suppose V€ is a scalar product space and T is a real self-adjoint operator on V. Let )

and p be distinct eigenvalues of T, then Ky L K,,, hence if A1, ..., A\ is the spectrum of T
k

then by Theorem C.2.2, VC = D K,,.
i=1

As an immediate corollary we find that each generalized eigenspace is a non-degenerate

subspace. o

PROOF Suppose z € K, and y € K,,. Suppose Uy (z) = 0, since u # A Theorem C.2.2
says that U) is a bijection when restricted to K, hence there exists a z € K, such that
y = U(z). Since UY is self-adjoint, property 2 implies that (z,y) = 0.

Thus K, L K,. As a consequence of this and Theorem C.2.2 we see that £ = K, ® K-,

hence K is non-degenerate. n

Suppose V' is a scalar product space and T is a self-adjoint operator on V. Suppose
A is an eigenvalue of T and = € K, generates a cycle of generalized eigenvectors of T of
length p. Let U = (T'— M) and v; = UP~'x for i € {1, ...,p}. Then observe that

(vi,v;) = (UP "'z, UP 7 x) (C.3.1)
= <U2p’i’jx,x>

If + + 7 < p then by property 2 and the fact that UPx = 0 the above equation implies
that (v;,v;) = 0. If i+ j > p then the above equation implies that (v;,v;) only depends on
the sum 7+ j. Thus in a cycle of length p there are only p scalar products that are variable
and the above equation shows us that we only need to deal with the products (v;, v,).
The following lemma will show that for every g-space we can always find a generator of a
cycle such that (v, v,) # 0.

Lemma C.3.4

Suppose V' is a scalar product space and T is a self-adjoint operator on V. Fix an
eigenvalue X of T and let U = (T — X )|x,. Suppose k > 0 satisfies U* # 0, then there
exists an x € Ky such that <ka,x> # 0. O
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PROOF Suppose to the contrary that <Uk (z), x> = 0 for all x € K. Define a bilinear form
[] : Ky x Ky = F by [z,y] = (U*(z),y). Since U* is self-adjoint, [, ] is a symmetric
bilinear form. Thus by the polarization identity, it follows that for any x,y € K

0= [z,y] = (U"(2),y)

Now, since U* # 0, there exists an = € K such that Uz # 0. But by Lemma C.3.3
the scalar product is non-degenerate, hence the above equation implies that U*z = 0, a

contradiction. Hence the conclusion holds. =

Assuming (vq,v,) # 0, the following proposition shows how to adapt the cycle so that
any other remaining scalar products are zero.
Lemma C.3.5
Suppose the v; are as defined as above for a cycle of generalized eigenvectors of T generated
by x € K. Let H C K, be the subspace corresponding to the cycle generated by x. If
(v1,vp) # 0, then we can choose an x' € H such that x' generates a cycle of generalized
eigenvectors v, = UP~'z’ of length p spanning H, such that vy, ..., v, forms a skew-normal

sequence of sign sgn (vy,v,) if A€ R or 1 if A€ C\R. 0

1
PROOF Suppose first that A € C\ R, then let v}, = (v1,v,) ? v, where any square root is
fine. Then observe that:

<U£7 U;;> - <U17 Up>_1 <U17 Up>
1

If A € R then let v, = | (v1,v,) |~21,. Then observe that:

<U17 U;;> = | <U17 UP> ’71 <U17 UP>
==+1
Thus we can assume that | (vy,v,) | = 1. Inductively suppose that | (v1,v,) | =1 and

that (v;,v,) =0 for 2 <i <k —1 for some k > 2.

Let v}, = v, + av, 11 where a is to be determined. Now for 7 € {1,...,p}

I r1p—1,,/
v; = U,
= U, +aUP "vp_ 11

=V; + QVi—g41
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Observe that v} =wv; if i —k+1 <0, i.e. i <k — 1. The above equation also shows
that each v; € H and since v; = v; # 0 the cycle generated by v}, has length p and thus
forms a basis for H. Now using the fact that (v;,v;) only depends on i + j, we find that:

(Ui, v) = (Vg + avy, vy + AVp_g41)
= (U, Up) + @ (U, Vp—p+1) + a (1, 0p) + a® (V1, Vp_p41)

= (vg, vp) + 2a (v1, vp)

<Uk7 UP>

——~ =" which forces
2 (v1, vp)

where (v1,vp_g41) = 0 since p — k +2 < p. Thus let a = —

<U;€, Uz/>> =0.
Now suppose 1 < i < k, then note that v] = v;, thus

<U£7 Uz,7> = (vs, vp + avp—k+1>
= <Uia Up> +a <U’i7 Up—k-l-l)

= <Ui7 Up>

where (v;, vp_g41) = 0 follows from the induction hypothesis in conjunction with the
fact that because k > 2, we have that p+i—k+1 < p+k — 1 and k < p implies
p+i—k+ 1% 1. Thus v, satisfies the induction hypothesis and after relabeling v}, as
v, we can apply the induction hypothesis again until £ = p in which case we will have

proven the statement. n

Suppose x generates a cycle of generalized eigenvectors satisfying the conclusions of
the above proposition and let z; = UP~*z. Then by Eq. (C.3.1) we find that the only
non-zero scalar products are (z;, z;) = (21, 2,) where i + j = p+ 1. Thus we say a given
cycle of generalized eigenvectors with eigenvalue A for a self-adjoint operator are adapted
to the scalar product, if they form a skew-normal sequence of sign +1 if A € R or sign 1 if
Ae C\R. If A € R, then {z,...,2,} form a real basis for the Jordan canonical form of
T.If A € C\R (WLOG we can assume Im(\) > 0), then we choose a canonical real basis

{ur,v1, ..., up, v, } for T as follows. Let

1 _
1 _

Note that
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() = 5 ({21, 25) + (7. 5)

(v, = (e 73) + (. 5)

1 -
(ui, vj) = 5 (2, 25) — (70,7)) = 0
It then follows that (u;,u;) =1 = — (v;,v;) if i + j = p + 1 with all other scalar
products zero. Hence {u;} (resp. {v;}) form a skew-normal sequence of sign 1 (resp. —1).

Now if we set u,11 = vp41 = 0, T acts on this basis as follows:

1 —
TUi = _(>\Zz —+ Zi+1 + )\EZ —+ 27;4—1)

-5

+ b (z )+
au; + ——=(2; — %; U;
Z\/§ +1

= au; — bUZ‘ + Ui+1

Similarly

1 —
TUi = — >\ZZ' + z; - >\§i —Z;
7/\/5( +1 +1)
1
—((a+1ib)z; — (a —ib)Z;) + v;
(0 )z~ (a = i0)Z) + v
b _
:avi+—(zi+zi)+vi+1

V2

= av; + bu; + v

In the following proposition we use these basis to show that the real subspace spanned
by an adapted p-cycle is non-degenerate.
Lemma C.3.6
Suppose V is a real scalar product space and T is a self-adjoint operator on V. Let x
be a generator for a p-cycle of generalized eigenvectors for T with eigenvalue A adapted
to the scalar product. Let z; = UP~ 'z, H be the real subspace spanned by this cycle and

€ = (21,%2,) = £1. Then H is non-degenerate.
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Furthermore if A € R, then

dimH =p
ptl ife=—1
ind H = LQJH ve
p—I5] ife=
If A\ € C\ R, then
dim H = 2p
indH =p o

PRrROOF If A € R, then the result follows by Lemma 8.1.1 applied to z1, ..., 2,. If A € C\R,
consider the real vectors {uy, v, ..., u,, vy} defined in Egs. (C.3.2a) and (C.3.2b). The

result follows by Lemma 8.1.1 applied to the sequence uy, ..., u, and then to vy,...,v,.m

The following theorem is from [O’N83, P. 260-261].

Theorem C.3.7 (Existence of the metric-Jordan canonical form [O’N83]) i

A linear operator T on a scalar product space V is self adjoint if and only if V. =V,
i=1
(hence each V; is non-degenerate) where each subspace V; is T-invariant and T'|y; has one

of the following forms:

Al
A 0
1
Al
0 A

relative to a skew-normal sequence {vy,...,v,} with all scalar products zero except

(vi,vj) =e==+1 wheni+j=p+1, or

a b 1 0
—b a 0 1 0
a b 1 0
—b a 0 1
0 a b
—b a
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relative to a basis {uy, vy, ..., up, vy} with all scalar products zero except (u;,uj) =1 =
— (v, vy) ifi+j=p+1

The index and dimension ofV- 18 determmed by the blocks Ty, due to Lemma C.3.6,
hence we must have ind V' = Z indV; and n = Z dim V;. o

=1 =1

ProOOF We proceed by induction. If n = 1 then this result trivially holds. So suppose
n > 2 and this result is true for all self-adjoint operators on scalar product spaces of
dimension strictly less than n. Now we show that this holds when dim V' = n.

Fix an eigenvalue A for T (which exists after complexification of V' if necessary). Let
U = (T — ). Let p be the smallest integer such that dim N(U?) = dim N(UP*™!), thus
K, = N(UP). Then dim N(U?"!) < dim N(U?), hence UP~!|, # 0, thus by Lemma C.3.4
there exists an € K such that (UP~'z,x) # 0. Note that by construction p is the
smallest integer such that UPx = 0, hence x generates a p-cycle of generalized eigenvectors
with eigenvalue \.

Hence by Lemma C.3.5, the p-cycle of generalized eigenvectors generated by x can be
modified into another such p-cycle spanning the same subspace as the original and adapted
to the scalar product. Thus we now assume that the p-cycle of generalized eigenvectors
generated by x is adapted to the scalar product. Note that it follows by Lemma 8.1.1 that
the set of p vectors in this cycle are linearly independent. Let H be the real subspace
spanned by the p-cycle(s) generated by z if A € R or by = and its conjugate if A € C\ R.
By Lemma C.3.6, H is non-degenerate and by construction H is T-invariant. If H =V
then we are done, so assume H C V. Then by property 1, H* is an invariant subspace of
T, and is complementary to H by non-degeneracy of H. Let T" = T|y., then H is a
scalar product space with 0 < dim H+ < n and 7" is a self-adjoint operator on H+. Hence
the induction hypothesis applies to T”, in which case we conclude that the result holds for
T.

The converse is also easily checked. n

C.4 Uniqueness of the metric-Jordan canonical form

In this section T is self adjoint operator on a scalar product space V. We will show in
what sense each self-adjoint operator T" admits a “unique” metric-Jordan canonical form.
We will do this by showing that the parameters appearing in any two canonical forms
derived by Theorem C.3.7 must be the same. Then we will show how this result can be

used to determine if two self-adjoint operators are isometrically equivalent.

Lemma C.4.1
Let U = (T — X) for some eigenvalue A, suppose x generates an adapted cycle of length p
and sign € and denote by v; = UP'x. Also let H be the subspace spanned by this cycle.
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For any 0 < k < p—1 define a symmetric bilinear form [-,] on H by

[z, Y]k = <ka, y>

for z,y € H. Then the number of zeros in any diagonal representation for [, |y is k.

If the A € R then the number of negative entries in any diagonal representation for |-, |y is

L(P—g)"‘lj ZfE -1
(p—k) = |25 ife=1
In conclusion, we see that the of invariants of |-, -], depends only on p,k,e. o

PRrROOF We prove this by exhibiting a diagonal representation for [-, | restricted to H.
First observe that for i,j € {1,...,p}

[Vi, vk = <UkUp_ix,Up_j$> = <U2p+k_i_j$,x>

The above equation is non-zero iff

W+k—i—j=p—1
Spt+k—i—j=-1
Sitj=p+k+1

It follows that if ¢ < k + 1, then [v;, v;] = 0 for any j. Now define vectors v} = v;;, for
i€{l,...,p—k}. Then (v},v}) # 0 iff

Vg

itk+j+k=p+k+1
Si+j=p—k+1

Hence vy,...,v, ;. (or equivalently vjii,...,v,) form a pseudo-orthonormal set of
vectors with sign €. Thus the formula for the number of negative entries when A\ € R
follows from Lemma 8.1.1. Also observe that the number of zeros is k. Then by Sylvester’s
law of inertia it follows that the invariants of [, -], are given as above and hence depend

only on p, k, €. n

For a real eigenvalue A, an adapted cycle z, Uz, ..., UP~x is called positive if (UP~ 'z, z) =
1 or negative if (UP~'z, z) = —1. By a metric-Jordan canonical basis, we mean one that
is obtained from Theorem C.3.7.
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Theorem C.4.2 (Uniqueness of the metric-Jordan canonical form)

Suppose X is an eigenvalue of T. If X € R, then the number of positive (negative) cycles
in Ky of a given length is independent of any metric-Jordan canonical basis. If A € C\ R,
then the number of cycles in Ky of a given length is independent of any metric-Jordan

canonical basis. O

PROOF Fix an eigenvalue A of T and let U = (T — AI). Restrict the argument to the

vector space K, i.e set V = K. Denote by [-, :]; the symmetric bilinear form given by:

[‘Tv y]l = <sz7 y>

for z,y € K. We will prove that the number of positive (negative) cycles of a given length
depend only on the number of positive (negative) entries in a diagonal representation for
5o, [ lay -+ 5 [ +]n- It is understood that the complex representations are chosen so that
there are only positive or zero entries in it. It will follow by Sylvester’s law of inertia that
these signs are independent of any basis.

Fix a metric-Jordan canonical basis for T'|,. It’s known that U' = 0 for any [ > n,
hence it follows that the number of cycles of length larger than n are determined by
invariants of [-,]; for [ > n. Suppose inductively that the statement holds for all cycles of
length strictly larger than p. We will now prove the statement for cycles of length p.

Denote by H the T-invariant non-degenerate (possibly zero) subspace spanned by all
cycles of length strictly larger than p in this canonical basis. Observe that since H is
T-invariant, it follows for any [ > 0 that [z,y]; = 0 for x € H and y € H+.

Case 1 There are no cycles of length p in this canonical basis.
Then note that [z,y],—; = 0 for any z,y € H* and if H # 0 the invariants of |-, ],
on H are uniquely determined by invariants of [-, -]; for [ > p by Lemma C.4.1. Also
the invariants of [-,-],—1 over K are determined by Sylvester’s law of inertia, hence

it follows that the number of cycles of length p are uniquely determined.

Case 2 Let xq,...,x,, be generators for cycles of length p in this canonical basis.

For vectors from H+* in this canonical basis the only non-zero diagonal entries of

[, ]p—1 are

[{Ei,l'i]p_l = <Up_1$i,flfi> =41 = ]_, oo,

Again, if H # 0 the invariants of [-, ],—; on H are uniquely determined by invariants
of [,+]; for { > p by Lemma C.4.1. The invariants of [-,-|,_; over K are determined
by Sylvester’s law of inertia, hence it follows that the number of positive (and

negative) cycles of length p are uniquely determined.
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Thus the result follows by induction on p. n

We can now state what we mean by “the” metric-Jordan canonical form:
Definition C.4.3
Let T be a self-adjoint operator on a scalar product space V. To each adapted p-cycle of
sign € with eigenvalue A € C we associate a 3-tuple (A, p,€). A canonical form given by
Theorem C.3.7 gives an un-ordered list of such 3-tuples counting multiplicities. We call

this list the metric-Jordan canonical form. o

By the above theorem, it follows that the above definition is well defined, i.e. each
self-adjoint operator T admits precisely one metric-Jordan canonical form. The following
example shows that the signs appearing in these canonical forms add some subtleties:
Example C.4.4
Suppose V is Minkowski space equipped with the standard metric

g =diag(—1,1,...,1)

For \; < ... < A, € R define two self-adjoint operators 77 and T3 as follows:

T1 = diag()\l, )\2, )\3, ey )\n)
T2 = diag(/\g, )\1, )\3, ey )\n)

Now observe that even though 7 and 75, have the same eigenvalues, they have different
metric-Jordan canonical forms. We will show shortly that 77 and 75, are isometrically
inequivalent, in the sense that there is no R € O(V') which relates 77 and T5 by a similarity

transformation. o

Note that the above example is in sharp contrast with the Euclidean case where T}

and T5 as defined above would be isometrically equivalent.

Theorem C.4.5 (Isometric Equivalence of self-adjoint operators)
Suppose S and T are self-adjoint operators on a scalar product space V. Then S and T
differ by an isometry R € O(V') iff they have the same metric-Jordan canonical form. o

PROOF It’s clear that if S and 7" have the same metric-Jordan canonical form then there
is an isometry R € O(V') which relates the two operators, namely the transformation that
relates a metric-Jordan canonical basis of S to a metric-Jordan canonical basis of T.

Suppose T is given as follows relative to S:

T =RSR!
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Let § = {v1,...,v,} be a canonical basis for S. Then consider the basis g =
{Ruvy,...,Ruv,} for T. Since R is an isometry, we have
9lz = gls

The equation relating 7" to S implies that

T|3=>5|s

Hence S and 7" have the same metric-Jordan canonical form. =
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Warped products in Spaces of

Constant Curvature

We will obtain the warped product decompositions of spaces of constant curvature (with
arbitrary signature) in their natural models as subsets of pseudo-Euclidean space (see
Section 8.3). This generalizes the corresponding result by Nolker in [Nol96] to arbitrary
signatures, and has a similar level of detail. Although our derivation is complete in some
sense, none is proven.

Our solution can fairly easily be deduced from that in [Nol96], and it is. Thus the goal
of this appendix is to expose the results for reference purposes. We also note that the
contents of this appendix are from [Raj14b].

Our primary motivation comes from Section 6.5, where it was shown that one can
use the warped product decompositions of a given space to try to construct coordinates
which separate the Hamilton-Jacobi equation. Thus these decompositions can be used to
construct KEM coordinates.

Another motivation is because warped products are ubiquitous in applications of
pseudo-Riemannian geometry, particularly in general relativity [DU05]. Hence it may be
of some general interest to pursue this problem.

Our work is mainly self-contained, so it can be used as a reference. The material
covered in Section 3.1 will be assumed throughout. We use the notation from Section 8.3
and assume knowledge of warped products from Section 3.5. We also use some results
from the theory of pseudo-Riemannian submanifolds in [Chell], which is only necessary to
understand certain proofs. We also assume the reader is familiar with [O’N83]. Familiarity
with the article [Nol96] is useful but not necessary.

This appendix is organized as follows. In Appendices D.1 to D.3 we review preliminary
theory on the spherical submanifolds and warped products in spaces of constant curvature.
We give the warped product decompositions of pseudo-Euclidean space in Appendix D.4
and of spherical submanifolds of pseudo-Euclidean space in Appendix D.6. Appendix D.5
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is an optional section which gives the isometry groups of spherical submanifolds of

pseudo-Euclidean space, which builds on results from [O’N83].

D.1 Spherical Submanifolds of Spaces of Constant

Curvature

In this section k is allowed to be zero. The following optional proposition relates umbilical

submanifolds to spherical ones in spaces of constant curvature.

Proposition D.1.1
Any umbilical submanifold of E}'(k) with dimension greater than one is necessarily spheri-

cal. O
PrOOF This follows from Lemma 3.2 (a) in [Chell]. -

Here we state some properties of spherical submanifolds in spaces of constant curvature.

Proposition D.1.2 (Spherical Submanifolds in Spaces of Constant Curvature)
Let ¢ : N — E(k)° be an isometric immersion of a pseudo-Riemannian manifold N. If

N is a spherical submanifold, then

(a) (H,H) is constant.

(b) N is of constant curvature k + (H, H)

PROOF Lemma 3.2 from [Chell]. n

D.2 Standard spherical submanifolds of pseudo-Euclidean
space

We collect some properties of E" (k) in the following proposition.

Proposition D.2.1
Let r denote the dilatational vector field and r* = (r,r). Fiz r* € R, the following are

true about B} ()

(a) It is a spherical submanifold with mean curvature normal

r

H:_r_2

(D.2.1)

1
(b) It has constant curvature — and is geodesically complete. o
r
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PROOF The first follows from [O’N83, Lemma 4.27]. When dimE?(%) > 1, the first

r2

result together with Proposition D.1.1 shows that E"(%) is a spherical submanifold. In

2
1

any case, it follows from Eq. (D.2.1) that E”(-5) is a spherical submanifold. Hence the

r2

second result follows from Proposition D.1.2 (b). It follows from lemma 4.29 in [O’N83]
that E" (%) is geodesically complete. n

r2

We collect similar properties of P}.

Proposition D.2.2

The following are true about P! with mean curvature vector —a:

(a) It is a spherical submanifold with mean curvature normal

H=—-a
(b) It is globally isometric to E!. o

ProOOF Consider the map v given by Eq. (8.3.1). It then follows that for v € TV,

v =v—(v,x)a

The above equation shows that the induced metric at each point is the induced metric

on V. Hence P} ~ E”. Now to calculate the second fundamental form, we have for
w,v €TV

Vs = Vv — (Vyu,2) a — (v,w) a
= Vv — (v, W) a

Hence it follows that PP} is umbilical with mean curvature vector —a. Since —a is covariantly

constant, it follows that P} is spherical. m

D.3 Warped product decompositions of Spaces of Con-

stant Curvature

In this section we study warped product decompositions of E”(x) where £ may equal
zero. Recall that warped products were introduced in Section 3.5. A warped product

decomposition of a given pseudo-Riemannian manifold M is a warped product which is
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(locally) isometric to M. Let M = My x,, M; x --- x,, M; be a warped product and
¥ M — E(k) a warped product decomposition of E(x). Recall that M, is a geodesic
submanifold and each M; for ¢ > 0 is a spherical submanifold (see Theorem 3.5.10). Fix
p € Yv(M). Let H; = —V(logp;) be the mean curvature vector field associated to the
canonical foliation L; generated by M; (see Proposition 3.5.9). Let V; := Tj;, M, for each ¢
and z; := H;|; € V; for ¢ > 0. Then note that

Equation (3.5.4) implies that the mean curvature vectors satisfy the following equation
for ¢ # j:

(zi,2;) = —K (D.3.1)

In this case we say that 1 is a warped product decomposition of E'(x) associated with
the initial data (p; é Visaq, ..., a;) where a; := kp — ;.

Conversely, let l]_joe E!(x) where n > 2 and consider the following decomposition of
THE k), TE! = é V; into non-trivial subspaces (hence non-degenerate) with & > 1. Sup-
pose z1, ..., 2 € V{Z):gatisfy Eq. (D.3.1). Let a; :== kp — z; and assume additionally that the
subset of non-zero a; are linearly independent. In this case, we say that (p; é Visaq, ..., ax)

are initial data for a warped product decomposition of E'(x). We will Shoz\;olater on that
in a space of constant curvature there always exists a warped product decomposition with
a given initial data. It follows from Theorem 3.2.6 that in the category of Riemannian
manifolds with n > 2, this property characterizes spaces of constant curvature.

The additional condition requiring the a; to be linearly independent trivially holds in
Euclidean space and in motivating applications. The reason we make this assumption will
become more apparent later. Here is an optional lemma, which is given for completeness,

and hints at why we make this assumption.

Lemma D.3.1
Suppose ay, ..., ax are linearly independent pair-wise orthogonal lightlike vectors. Then
there exist vectors by, ..., by such that (a;,b;) = ;; and (b;,b;) = 0. 0

PROOF Suppose to the contrary that for any b; satisfying (by, a;) = 0 for i > 1 we have
<b1,a1> = 0. Thus

Niaai Cay
Define T': V — R* by:
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T(v) = ({ay,v),...,{ak,v))

By hypothesis we have dimkerT > n — (k — 1), hence dimImT < k — 1 by the
rank-nullity theorem. Thus a},...,a) are linearly dependent, a contradiction.

Thus there exists by € NF_,a with (a;,b;) = 1. The result then follows by induc-
tion. Indeed the next step is to find by by applying the above result to {as,...,a;} C

span{ay, b1} making use of the fact that span{ay, b;} is non-degenerate by construction.m

It has been shown by Nolker in [Nol96] that given any initial data for Riemannian spaces
of constant curvature, there exists a unique warped product decomposition associated
with the initial data. In this appendix we will show that given any initial data for a
WP-decomposition of E}(k), there exists a WP-decomposition associated with the initial
data. This WP-decomposition is probably uniquely determined but we don’t use or prove
this supposition.

Equation (3.5.3) implies that the Hessian H of each warping function p of a space of

constant curvature satisfies the following equation on the geodesic factor:

H(X,Y) = —kp(X,Y)

This proves the following fact:
Lemma D.3.2

A space of constant non-zero curvature does not admit product decompositions. 0

D.4 Warped product decompositions of pseudo-Euclidean

space

D.4.1 Spherical submanifolds of pseudo-Euclidean space

We first describe the spherical submanifolds of pseudo-Euclidean space. The following

theorem is a generalization of Lemma 5 in [Nol96] to pseudo-Euclidean space.

Theorem D.4.1 (Spherical submanifolds of E?)

Let p € be arbitrary, V C K} a non-degenerate subspace with m :=dimV > 1, p:=indV
and z € VL. Let k=22, a:= —z and W = Ra® V. There is exactly one m-dimensional
connected and geodesically complete spherical submanifold N withp e N, TTJN =V and
having mean curvature vector at p, z. N is an open submanifold of N; N is referred to as
the spherical submanifold determined by (p,V,a) and is given as follows (where ~ means

isometric to):
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(a) a=0iff Nis geodesic, in this case N ~E}!

N=p+V
(b) a is timelike, then p <v —1 and N ~ H]'(k)

(¢c) a is spacelike, then N ~ S7'(K)
For cases (b) and (c), let c =p — & be the center of N, then N is given as follows:

1
N:c+{p€W|p2:E}
(d) a is lightlike, then p < v —1 and N ~ ET

~ 1
-N=p+@—§ﬁMPGV} o

Remark D.4.2
N = N except in the following two cases (which are anti-isometric): When N ~ H*()
or N ~ S™(&), N is disconnected [O’N83, Section 4.6] and so N is given as follows:

N=Nn(c+{peW]| (a,p) >0} O

PRroOOF First we note that it suffices to show that there exists a single connected and
geodesically complete sphere satisfying the initial conditions. By Lemma 3.2.5, it must be
unique.

Item (a) is clear. For Items (b) and (c), it follows from Proposition D.2.1 that N is a
sphere and the initial conditions are easily checked. The connectedness properties follow
from lemma 4.25 in [O’N83]. It follows from lemma 4.29 in [O’N83] that N is geodesically

complete.

Item (d) follows from Proposition D.2.2. -
Remark D.4.3
See [Chell] for a different proof. 0

Since circles are one dimensional spherical submanifolds, we can use the above theorem

to describe the circles in pseudo-Euclidean space.

Example D.4.4 (Proper Circles in pseudo-Euclidean space)

Suppose (p,V,kY) are initial conditions for a proper circle as in Lemma 3.2.1 with
go:=V?==l1, ¢ =YY% ==l and ||kY|| # 0. We now describe the circle determined by
this data.
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By Example 3.2.2 the proper circle determined by these initial conditions determine
a spherical submanifold of E" characterized by (p,RV,e0kY). Now let H = g4kY,

k:=(H,H) =¢k* and c:=p + % =p— —802137.

Case 1 Euclidean circle, v = S': gy = ¢, = %1

1 _ _
v(t) = c+ E(sin(k:t)v —cos(kt)Y)
Case 2 Hyperbolic circle, vy = H': g9 = 1,6, = —1

Case 3 de Sitter circle, y =S}: g = —1,6; =1

In the last two cases (which are anti-isometric), v is given as follows:

1 _ _
y(t) =c+ E(sinh(kt)v — eoeq cosh(kt)Y) 0

One can give a similar example for geodesics and null circles.

D.4.2 Warped product decompositions of pseudo-Euclidean space

Our classification of the warped product decompositions of E” is based on the fact
that a specification of the tangent spaces and mean curvature normals of the spherical
foliations of a warped product at one point p, uniquely determines a warped product
decomposition in a neighborhood of p. We now carry out this classification as follows.

Suppose ¢ : Ny x, Ny X --- x, N — E is a warped product decomposition of E}

k
associated with initial data (p; & Vi; —21, ..., —2x). By Eq. (D.3.1), the mean curvature
i=0
vectors at p satisfy the following equation:

We now only consider the case v < 1 as the other signatures are straightforward
generalizations of these standard ones. In this case, we will use Theorem D.4.1 to classify
N; up to homothety as follows. Say z1, ..., 2, = 0 and the remaining are non-zero, then for
1 =1,...,1 the N; are pair-wise orthogonal planes passing through p. We now consider the

remaining possibilities:

Case 1 Since the z; are orthogonal, there is at most one lightlike direction, say z;.
The remaining lightlike z; are proportional to 2,1, but since we assume the non-zero
z; are linearly independent, we will work with only one lightlike vector z;,;. Then
N1, a paraboloid isometric to Euclidean space. The orthogonality relations force

the remaining z; to be space-like and hence the remaining N; are Euclidean spheres.
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Case 2 Similarly, at most one of the z; can be timelike, say z;,1. Then NV, is isometric to
hyperbolic space. The orthogonality relations force the remaining z; to be space-like

and hence the remaining N; are Euclidean spheres.

Case 3 The remaining z; are spacelike. If ind V5 = 1 or ind V; = 0 in Euclidean space,
then the remaining /NV; are Euclidean spheres. If ind V) = 0 in Minkowski space, then
ind V; = 1 for precisely one j > 1, then Nj; is de Sitter space while the remaining /NV;

are Euclidean spheres.

Case 4 All z; are zero. Then each N; is an affine plane and the warped product is a

product of planes.

We summarize our findings in the following theorem.

Theorem D.4.5 (Warped products in E® and M™)
Suppose N = Ny X, Ny X -+ X, Ny is a proper warped product decomposition of an open
subset of B, If at most one of the N; are intrinsically flat, then N is isometric to one of
the following warped products:

If E” is Fuclidean space:

E™ x, 8™ x ---x, S"
If E" is Minkowsk: space:

m ni no Ns
M™ xy, E™ x,, 8™ x - x, S
m ni ng Ns
M™ x; H™ x,, 8™ X - x, 8
m ny no N
E™ x,, dS™ x,, S"™ x -+ x, 8

M™ x, S™ x,, 8™ x oo x, S
where Vp;,N1;,V\; is a spacelike,timelike, lightlike vector field respectively. o

The above theorem shows that there are at 1 and 4 distinct types of proper singly
warped products in Euclidean and Minkowski space respectively. One can show that the
multiply warped products can be built up from the singly warped products by iteratively
decomposing the geodesic factor of the warped product into another warped product
which is “compatible” with the original. Thus we only describe a special subset of warped
products for simplicity.

The following theorem describes this interesting class of warped products. Its proof
can be deduced from Theorem 7 in [Nol96]. It is a generalization of that theorem to

pseudo-Euclidean space.
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Theorem D.4.6 ( Standard Warped Products in E? [Nol96]) i

Fiz p € EI' where n > 2 and the following decomposition of TFE}, T;E! = OV, into
non-trivial subspaces (hence non-degenerate) with k > 1. Suppose al,...,akl_eo Vo are
pair-wise orthogonal. Let k; := a? and ¢; := sgnk;. We consider the following warped

decompositions:

non-null warped decomposition Let 1 >0

k1 <o <k <0< kKppr <o <Ry

k
In this case, let c=p— ) % and c; =p— % for eachi=1,... k.
/L:]_ 1 T

null warped decomposition k=1, a; :=a, k; =a®> =0 but a # 0, i.e. a is lightlike.

In this case, fix a lightlike vector b € Vi such that (a,b) =1 and let c =D — b.

Now, define Ny as follows:

Ny :=c+{p e Wl (a;,p) >0 for all i}

Note that Ny is an open subset of the plane determined by (p,Vo,0). Fori=1,... k,
let N; be the spherical submanifold of EI' determined by (p, Vi, a;). Define

No — R+
Pi
po  + {ai,po—c) =14 (ai,po — P)
Fori=1,..,k, let W, :==Ra; &V, and P : E} — W, be the orthogonal projection.
Then the map

No X, Ny X ---x, N, — E}
(VI (D.4.1)

(Pos s Pk) '—>po+épi(po)(pi—z_9)

)

is an isometry onto the following set':

() c+{p e E"| sgn(P(p))* = ¢, for eachi=1,...k} mnon-null case
m(¢y) =
c+{peE!| (a,p) >0} null case

Im(v)) is dense in EI' only for a non-null warped decomposition when each W; for

1=1,....,k 1s Fuclidean or anti-isometric to a Fuclidean space. o

'Note that sgn0 = 0, otherwise for a # 0, sgna is the sign of a.
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Remark D.4.7
Note that p;(p) = 1 for i = 1,..., k. Also for each p; € N; we have ¥(p,...,pi,...,D) = pi,
hence ¥ (p,...,p) = p.

If the N; are required to be connected, then Im(v) has to be modified slightly. For
each N; that is disconnected (see the remark following Theorem D.4.1), in addition to
the restriction that sgn(P;(p))? = ¢; in the definition of Im(1)), add the restriction that
(ai, Pi(p)) > 0. o

PROOF The idea of this proof is to assume Eq. (D.4.1) holds and then expand it by
choosing an appropriate basis for V4. In the expanded form we will be able to prove all

the claims made in the theorem. We have the following two cases.

k
The non-null case: Let W, be the orthogonal complement of & Ra; in Vy; which is
i=1

well defined since a? # 0 for each 7. Thus we have that

k
Vo = Wo &5 Ra; (D.4.2)

=1

which implies:

k k
=W BRau6BV,

i=1 =1

k
=Wy &S @(Rai aV;)

=1

k
=W BW,

i=1

Now let P, : E! — W, denote the orthogonal projection for ¢ = 0, ..., k. Then from
Eq. (D.4.2), we get the following orthogonal decomposition of V; which will be used

extensively:

k
1
p = Pop+ Z ~ (a;,pya; forall p eV (D.4.3)
i=1

Now we use the above decomposition of p € Vj to write 1(py, ..., px) adapted to the

following affine decomposition of E”
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We get the following for (po, ..., px) € No X -+ X Ny,

Y(po, -, pk) = ¢+ Fo(po — ¢) + Z (ai, po — ¢) (i — ;) (D.4.4)

i=1
Now we prove that ¢ is injective: Let (po, ..., k), (¢o, -, qr) € Ny X -+ x Nj and
suppose that ¥(po, ..., px) = ¥(qo, .-, ). From Eq. (D.4.4), we deduce the following:

Po(po — ¢) = Po(qo — ¢)
<Gz‘,p0 - C> (pi - Ci) = (am qo — C> (Qz' - Ci)

Since for each i = 1,....k, (pi —¢;)* = (¢ — ;) = n% and (a;, po — ¢), {(a;, qo — ¢) € RT,
we deduce that p; = ¢;. Then Eq. (D.4.3) shows pg = qp.

Now for surjectivity: From Eq. (D.4.4) it’s clear that ¢)(Ng X - - - x Ni) C Im(%)). Given
p € Im(v)), using Eq. (D.4.4) in conjunction with Eq. (D.4.3) we can readily calculate the

inverse ¢ = ¢~ *(p) given in components as follows:

Now we show that ¢ is an isometry. Note first that for p = (po, ..., pr) € No X -+ X Ni
and v = (vg, ..., v%) € Tp(Ng X -+ x Ng), Eq. (D.4.4) implies that

k

k
¥iv = Pyvg + Z (ai;vo) (i — i) + Z (@i, po — c)v;
i=1

=1

Hence also using the fact that:

(pi —ci,v;) =0fori=1,..k

we get:
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k k

(¥e0)? = (Povo)* + Z«au vo) (pi — i) + Z(<ai,po —c)v)?

i=1 i=1
k k

_ 2 (ai, U0>2 2 92

= (Powo)* + ) —  * > pipo)*v;
i=1 ! i=1

Kk k
Q;, U
= (i + 320000 3 o)
i=1 t i=1

k
=+ Y pilpo)*o}
i=1

where the last two lines follow from the fact that vy € V; and Eq. (D.4.3).
The null case: We have the following decomposition of Vj:
Vp = Wo @ span{a, b}
where W) is the orthogonal complement of span{a, b} relative to V4. Let P; denote the
orthogonal projection onto W, for + = 0 and onto V; for ¢ = 1. Then for p € E}:
p=Pp+ (b,p)a+(a,p)b+ Pip (D.4.5)

and

p* = (Pop)?> +2(b,p) (a,p) + (Pip)? (D.4.6)

Let c=p—b, Do = po — c and p; = p; — P, then for (po,p1) € No X Ny

Y(po, p1) = ¢+ Po(po) + ({b, Po) — % (a, po) (P1(p1))*)a + (a,po) b

+ {a, po) (1) (D.4.7)

where the last two lines follow from Eq. (D.4.6).

Injectivity of ¢ follows readily from Eq. (D.4.7).

Now for surjectivity: From Eq. (D.4.7) it’s clear that ¢)(Ny x N;) C Im(v)). Given
p € Im(¢)), let p = p — ¢, then using Eq. (D.4.4) in conjunction with Eq. (D.4.3) we can

readily calculate the inverse ¢ = 1¢)~!(p) given in components as follows:
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0= ¢+ D) + (05) + 7= (A5 + (0.5) (D.48)
_ 1 . 1 1124
Q1 =p+ mpl(p) - W(Pl(p))

Now we show that v is an isometry. Note first that for p = (po, p1) € No x N7 and
v = (vg,v1) € T,(Nyg x Ny), Eq. (D.4.7) implies that

Y.v = Pyvg + ({b, vo) — % (a, vo) (Pl(ﬁl))Q — (a, po) (P1p1, Prvi))a + (a,vo) b

+ (a,vo) P1(p1) + (a, po) Pi(v1)

Hence we get that:

(¥.0)* = (Povo)® + 2 (b, vo) {a, vo) + (a, Po)” (Pruv1)?
= ({b,v0) @+ {a,v0) b+ Pyvo)? + p(po)?(Prvr)?
vg + p(po)?vi

where the last two lines follow from the fact that vy € V4, Eq. (D.4.6) and since P; :
T,, N1 — Vi is an isometry for each p; € NV;. -

Definition D.4.8
We call 1 the warped product decomposition of E determined by (p; Ny, ..., Vi) or by

k
(7; B V;;aq, ..., a;) as in the hypothesis of the above theorem. O
i=0

Note that in the context of the above definition, the warped product decomposition is
proper if each a; # 0. For actual calculations we wish to work with canonical forms. The

following definition will be particularly convenient.

Definition D.4.9 (Canonical form for Warped products of E")

We say that a proper warped product decomposition of E* determined by (p; & V;; ay, ..., ax)
i=0

is in canonical form if: p € Vj and (p, a;) = 1. O

We note here that any proper warped product decomposition ¢ of E” can be brought
into canonical form by the translation ¢» — 1 — ¢. This follows from the above theorem by
observing that (p — ¢, a;) = 1 for each i > 0. The following corollary gives the standard

warped product decompositions of E in canonical form.
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Corollary D.4.10 (Canonical form for Warped products of E7) i

Let v be a proper warped product decomposition of B determined by (p; &S Vi;aq, ..., ax)
i=0
which is in canonical form.
Then the conclusions of Theorem D.4.6 simplify as follows:
No = {p € Vo| {(a;,p) >0 for all i }
pi = (ai, po)
{p € E"| sgn(Pi(p))* = €&, for eachi=1,....k} non-null case
Im(¢) =
{p€E}| (a,p) > 0} null case
For (po, ...,px) € No X - -+ X Ny, 1 has the following form.:
k
Popo + > (as, po) (i — ¢i) non-null case

¢(p0a 7pk:> = i=1
Popo + ({b,po) — % (a, po) (Pi(p1))?)a + (a,po) b+ (a,po) Pipr  null case

Furthermore, the following equation holds:

PRroor First note that for the non-null case:

—1 (ai, ai>
Ky
=0
Similarly for the null-case:
<C,(l> = <__ b7a>
=0

Thus we see that
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No=c+{p € Wl (a;,p) >0 foralli}
= {p € Vy| {a;,p) > 0 for all i }

The formula for Im(v) follows similarly. Clearly p;(po) = (a;, po — ¢) = (a;, po). Now
we break into cases.

The non-null case:

Note that ¢ € Wy, so Pyc = ¢, hence

Y(po, - pk) = ¢+ Po(po — ¢) + Z (ai,po — ¢) (pi — ¢;)

k

;1
=c+ Py(po—c¢) + Z (ai, po) (pi — ci) — Z (ai, c) (pi — cs)

= Pypo + Z (@i, po) (pi — i)

i=1

It follows from the above equation that ¥ (po, ..., px)? = p2.
The null case:

By Eq. (D.4.5), ¢ can be written as follows:

c= Pyc+ (bc)a

Thus Eq. (D.4.7) reduces to

Vo0, 1) = e Polpo) = Foc = (b, a -+ ({b,po) — 5 (o) (P1(31))a + (o, po)
+ {a, po) P1(p1)
= Po(po) + ({Bo1) — 5 a.0) (P o))+ (0.} b
+ (@, po) Pr(p1)

In the last equation we used the fact that P;p; = Pyp; since p € V.
Finally, it follows from the above equation that 1 (pg, p1)? = p2. -
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D.5 Isometry groups of Spherical submanifolds of

pseudo-Euclidean space®

Warped products of spaces of constant curvature are closely related to certain integrable
subgroups of the isometry group due to the following fact [Zegll]:

Proposition D.5.1 (Lifting isometries from Killing distributions)

Let M = B x, F' be a warped product and suppose f: F — F is an isometry of F. Then
the lift f defined by

flz,y) = (z, f(y), (2,y) € BxF
is an isometry of M. -

Theorem 5.1 in [Zegl1] shows conversely that given a certain integrable group action
on a pseudo-Riemannian manifold M, one can obtain a warped product whose spherical
foliation is invariant under the action of the group. Hence in spaces of constant curvature
one can show that the above property characterizes warped products. In view of this, in
this section we state the isometry groups which preserve the spherical submanifolds of
pseudo-Euclidean space.

The isometry groups of H and S/ are well documented, see for example [O’N83,
section 9.2]. In this section we will describe the isometry group of P?. This is given in
[Nol96, lemma 6] for the case when v = 0; that proof should generalize easily. Although,
we will give a different proof (motivated by Nolker’s results) using our knowledge of warped
product decompositions and Proposition D.5.1.

We denote the homogeneous isometry group (i.e. orthogonal group) of Egﬁ by
Oy41(n + 2) (see [O’'N83]). Then we have the following:

Proposition D.5.2

Let —a be the mean curvature vector of P. The isometry group of P} is:

IP)={T€O,1(n+2)|Ta=a}

Furthermore suppose we fix an embedding of E! by fiving a subspace V ~ K7, then for
p €V and p € V4 we have the following Lie group isomorphism.:

oV)xV — I(P?)
(B,v) — ¢(B,v)
where
S(B,0)(p+5) =5+ Bp+ {a.p) v — ((Bp,u) + 1 (a,7)2%))a :
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ProOOF Consider the warped product decomposition:

¥(po.p) = {a,0) b+ {a,p0) p+ ({b,po) — 3 {a.0) )

for pg € Ny and p € V. Note that

1
Y(b,p) =b+p— §p2a

is a map onto P”. As in Eq. (D.4.8), one can deduce that the inverse of v is

q = ((b,p) + (Pp)*)a+ (a,p)b

2 (a,p)

Let B € O(V), v €V and define Tp = Bp + v for p € V. Now define T by:

L [EDR SEE
P — ¥(po, T'p1)

Since 1 is a warped product decomposition, it follows by Proposition D.5.1 that T
induces an isometry of some open subset of EI7 onto itself. We will now calculate T
explicitly.

For arbitrary x € Eﬁﬁ write z = p+p where p € V and p € V.

1
(TCI1)2 = HWBP + o

1
ST

2
P2
(Pa)+ -

a0, Tar) = (s q0) b+ (@, 0) Tas + (b, o) — = {a, o) (T)2)a

2

1 , 1 2
T P 5 (e Ta))a
= (a,z) b+ (a,z) Tq, + ((b,z) — ((Bp,v) + % (a.2) 1))

= (b, a)a+ {a,2) b+ Bp+ {a,2) v — ({Bp,v) + - (a,2)0*))a

=(a,z)b+ (a,z) Tq1 + ({b,x) +

=4 Byt {a,a)v — ((Bp,o) + 5 (o, 2) o)
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Hence if p := Pz and p := (I — P)x then

—{a,r)v?*))a

Tz = p+ Bp+ (a,z) v — ((Bp,v) + ;

Thus since T is a linear isometry of El*? it follows that T e O(E}*?). Also T clearly

fixes a so T € I(P").
Let the map ¢ be as in the hypothesis. Note that ¢(B,v) = T. ¢ is a Lie group

homomorphism, since

( ) = $0,TSLL’1)

W(
=9 ((S2)o, T((52)1)
Sz

I
N, e

By definition of T it follows that ¢ is injective.
To show that ¢ is surjective, fix T' € I(P?). Consider the decomposition:

p={a,p)b+ (b,p)a+ Pp, pek)

Using the fact that (T'p)? = p? with the above decomposition we obtain the following

equations:

= (Tp)* = 2(a,Tp) (b, Tp) + (PTp)*
p €V =p* = (PTp)
p=>b=0=0"=2(b,Th) + (PTh)?
p=v(b,p) = 0=p*=2(b,Tp) + (PTh, PTp)
The second equation implies that PT" € O(V'). We claim that ¢(PT, PTb) =T. This
can be seen by decomposing the action of T with respect to the above decomposition and

then using the last three equations and the fact that 7' € I(P?).

Hence ¢ is a Lie group isomorphism. =

We also note that if ¢ : E — P” is the standard embedding from Eq. (8.3.1), then 1)
is equivariant, i.e. in the notation of the proof ¢ o T'(p) = To »(p).
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D.6 Warped Product decompositions of Spherical sub-

manifolds of Pseudo-Euclidean space

D.6.1 Spherical submanifolds of E’ (k)

In this section we will classify the spherical submanifolds of E!'(x). In particular we will
show that they all have the form E}(x) N (p+ W) for some p € E? and some subspace W.
Although not all spherical submanifolds will have this form since we are only considering
the case of pseudo-Riemannian manifolds. We will see that all spherical submanifolds of
E" (k) arise as restrictions of spherical submanifolds of E.

The following lemma concerns a submanifold N of E!(x). We denote by H' the mean
curvature normal of N in E"(k) and H the mean curvature normal of N in E}. Similar
definitions hold for the second fundamental forms A’ and h. As usual r denotes the
dilatational vector field.

Lemma D.6.1
If N is a submanifold of E'(k) then the following equations hold:

MXY) = KX Y) = (X,Y)

H=H " (D.6.1)

2

In particular, N is an umbilical submanifold of B (k) iff it is an umbilical submanifold
of Er. In fact, N is a spherical submanifold of E'(r) iff it is a spherical submanifold of
E. a)

PROOF These formulas follow from lemma 3.5 and corollary 3.1 in [Chell]. n

Now we consider the problem of finding the sphere in E” (k) passing through a point p
with tangent space V' and mean curvature normal z at . We make this precise as follows.

Let p € E}(k) be arbitrary, V C T3E} (k) a non-degenerate subspace with m :=
dimV > 1, p:=indV and 2z € VI N TE! (k).

Now let a := kp — z. Then assuming this data defines a submanifold of E”(k), we use

Eq. (D.6.1) to obtain the mean curvature normal in E? at p, which is given as follows:

Z—Kp=—a

Then this determines a sphere in E” with initial data (p, V, a) by Theorem D.4.1. Note
that a # 0. In the following theorem we will show that this sphere in E? is in fact the
sphere in E?(k) determined by (p, V,a). First let W := Ra @V and & := a*.
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Theorem D.6.2 (Spherical submanifolds of E”(x))

There is exactly one m-dimensional connected and geodesically complete spherical subman-
ifold N of E'(k) with p € N, TﬁN =V and having mean curvature vector at p, z. N is
an open submanifold of N; N = EI'(x) N (p+ W) is the spherical submanifold determined
by (p,V,a) in E!(k) and EI. In fact, N can be given explicitly as follows (where ~ means

isometric to):
(a) a is timelike, then p <v —1 and N ~ H]}'(k)

(b) a is spacelike, then N ~ S7'(k)
For cases (b) and (c), let c =p — £ be the center of N, then N is given as follows:

1
N=c+{peW|p’ ==}

(c) a is lightlike, then p < v —1 and N ~E}

1
N=p+{p—gr'alpeV} 0
Remark D.6.3
The relationship between N and N follows from Remark D.4.2, since the above spheres
are the spheres in E? determined by (p, V, a) in Theorem D.4.1. o
Remark D.6.4
N is a geodesic submanifold of E(x) iff z = 0 iff W intersects the origin. 0

Proor First we note that it suffices to show that there exists a single connected and
geodesically complete sphere satisfying the initial conditions. By Lemma 3.2.5, it must be
unique.

The three definitions of N given above follow directly from Theorem D.4.1 with initial
data (p,V,a). Hence the relevant intrinsic properties of N follow from Theorem D.4.1.
For the remainder of the proof we will assume N is given by those definitions, and we will

prove the following.

Claim D.6.4.1
N=E}(r)N({p+W) o
PRrROOF Note that the following equations are satisfied: (p, p) = l, (a,py =1

First we consider the case of Items (a) and (b). We can alwaylg write p = ¢ + p where
p € W. Also note that the following holds:

278



Appendix D. Warped products in Spaces of Constant Curvature

o _a
(c,c) = <p,p>—2<p,g>+ 5 (a,a)
1 1 1
=——2-+=
K K K
11
kR

Then since (c,a) = 0, we have

(p,p) = —2(c,p) +p°

1 | R
=——=++p
K K

The above equation shows that p € E(k) iff p € W (&), which proves the result.
Now for Item (c). We can always write p = p+ v + wa where v € V and w € R. Hence

1
(p,p) = —+ 0"+ 2w

The above equation shows that p € E(k) iff w = —%UQ, which proves the result. n

Thus we have shown that N is a spherical submanifold of E! contained in E (k). It
then follows from Lemma D.6.1 that N is a spherical submanifold of E}'(x) with mean
curvature normal z at p. Furthermore by Proposition D.1.2 (b), this sphere is of constant

curvature k + 22 = a® = k. -

Now we mention when we can restrict a sphere in E” to one in E(k). Suppose
(p,V, —z) determines a sphere in E! with p € E!'(x) and V' C T;E? (k). Then define 2’ as

d=z+rpeVt

We know that p € V+ and 2z € V' by hypothesis. In order for (2/,p) = 0, we must
additionally assume (z,p) = —1. In this case, (p, V, —z) define initial data for a sphere in
E"(k). It follows from the above theorem that this sphere is simultaneously the sphere in
E" and in E?(k) determined by (p,V, —z).
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D.6.2 Warped Product decompositions of Spherical submani-

folds of Pseudo-Euclidean space
Suppose ¢ : Ny X, Ny % -+ %, Ny = E(k) is a warped product decomposition of E (k)

k
associated with initial data (p; & V;; aq, ..., ax) where each a; = kp — z;. By Eq. (D.3.1),

1=
the mean curvature vectors at p satisfy the following equation:

(ziyzj) = —K 1%

By Theorem D.6.2, L;(p) is a spherical submanifold of E! determined by (p, Vi, a;).
Note that a; # 0. Furthermore the above equation implies that

<ai,aj) :O Z;é]

Also recall that by assumption, the a; are linearly independent. Thus the initial data
(p; (RpSV)OVIS- - - SV aq, ..., a;) determines a proper warped product decomposition
of the ambient space E’. Furthermore, we note that this warped product decomposition
is in canonical form; the canonical form was specifically designed to have this property.
We now consider the converse problem of restricting a warped product decomposition in
E" to E*(k). The following theorem shows that this is always possible when the warped

product in E} is proper and in canonical form:

Theorem D.6.5 (Restricting Warped products to E?(k)) i

Let 1) be a proper warped product decomposition of E' associated with (p; D Vi;ay, ..., ax)
i=0
which is in canonical form. Suppose k™' := p* # 0 and let N’ := No(k) X 5, N1 X -+ X, Ng.

Note that Ny(k) is an open subset of the sphere in E*(k) determined by (p, (b N Vg),0).
Then ¢ : N' — EI'(k) defined by ¢ := |y is a warped product decomposition of El'(k)

k
determined by (p; (bt N Vo) S Visay, ..., az).
i=1
Furthermore for any point p € Im(v) with p* # 0, the leaf of the foliation induced by

N;, Li(p), is simultaneously a sphere in E and Eﬁ(#). Also 1) is in canonical form at

every p € Im(v)). 0

Proor By Eq. (D.4.9) in Corollary D.4.10 it follows that ¢ is a diffeomorphism onto
¢(N') CE} (k). Clearly the restriction of the metric on N to N’ is still a warped product
metric. Hence it follows that ¢ is a warped product decomposition of E”(k), i.e. an
isometry from a warped product. Furthermore by Theorem D.6.2 it follows that for each
i >0, N; is also the sphere in E?(x) determined by (p, V;, 2;).

Now for the last point, fix p € Im(¢)) with p? # 0. Let 7 be the dilatational vector
field in Ny and r := ¢,7. Can show that r is also the dilatational vector field in E} (e.g.
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see Eq. (D.4.1)). Now if p; = (7, a;), then it follows from Proposition 3.5.9 (2) that the
mean curvature vector H; is:
H= -2
Pi
Hence (7, —H;) = 1. Thus at p, by making the identification r = p, we see that
T'N; is orthogonal to p = ¢.p and (p, —H;) = 1. It follows from the discussion following
Theorem D.6.2 that L;(p) is also a sphere in ]EZ(#) n

Remark D.6.6 (Connectedness)

Remark D.4.7 gives the appropriate modifications of Im(¢)) when each N; for i > 0 are
required to be connected. When Ny(k) ~ H{' (k) or No(k) ~ S (&), No(x) is disconnected
[O’N83, Section 4.6] and so we modify Ny(k) as follows: By Theorem D.6.2 it follows that
Ny(k) is an open subset of the sphere in E? determined by (p, (bt N Vp), xp). Thus to

enforce connectedness, it follows by Remark D.4.2 that we must replace Ny(x) with

No(k) N {p € Vo | (kp,p) > 0}

PROOF a = kp, k = a’ =k

o
|
(B ]
|

e

Now we show the effect of this on ¢(/N') when v = 1.

Case 1 a; is time-like for some ¢
No(r) is automatically connected since No(k) C {p € Vo | (a;,p) > 0 for each i},
then No(k) C{p € Vo | (kp,p) > 0} since (a;,kp) = k < 0 (see [O’'N83, P. 143] and
Nolker’s proof of the hyperbolic case).

Case 2 null case, a := a; is light-like
No(k) is connected here as well. First observe that it follows from the equation for
¥ in Corollary D.4.10 that

{a,9(po, p1)) = {a,po) >0

Thus it follows that Ny(k) and ¢(N’) are in the time cone opposite to a (see
remarks preceding Nolker’s proof of the hyperbolic case). Thus it follows that
No(k) C{p € Vo | (kp,p) > 0}, so Ny(r) and hence ¢(N’) are connected.

In this case ¢(/N') is the maximal connected component of E (k) passing through p.
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Case 3 q; is space-like for each i
First observe that it follows from the proof of Corollary D.4.10 that ¢ = FPyc € Wy
and p; — ¢; € W; for ¢ > 0, hence

i=1

(¢;¥(po, ... px)) = <Cv Popo + Y _ (ai, po) (pi — Ci)>

= (¢, Popo)
- <C, p0>

Also since since (c, a;) = 0, we have that

{e;c) = (¢, D)

I
I T
| =]

, |
M= -
1[4~
=
S
\/

@
I
—
S

A
o

In other words, ¢ is time-like. Also the above equation shows that (c, kp) > 0, thus

c and kp are in opposite time cones (see [O’N83, P. 143]). Hence,

{pe Vol (kp,p) >0} ={p € W] (rc,p) >0}

Thus since (¢, ¥ (po, ..., pr)) = (¢, po), we see that ¢(N’) becomes

o(N')N{p € E} | (kc,p) > 0} .

In the following corollary we show how to obtain any warped product decomposition of
E (k) by restricting an appropriate warped product decomposition of E. The “appropriate”
warped product product decomposition of E” to restrict follows from the discussion
preceding the above theorem. Thus together with the above theorem, we have the

following corollary:

Corollary Ik).6.7 (Warped product decompositions of E”(k))
Suppose (p; O V;; aq, ..., ax) define initial data for a warped product decomposition of E'(k).
i=0
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Let ¢ be the warped product decomposition of E'(k) given in the above theorem by re-
k

Viar,...,ax).
=1

stricting the warped product decomposition of B with initial data (p; (RpSVy)

2

Then ¢ is a warped product decomposition of EI'(k) determined by (p; é Visay, ..., ax).o
i=0

We now mention which warped product decompositions are possible in E”(x). We do
this by finding out when it’s possible to restrict a warped product on the ambient space.
Given a warped product (Vo @& Vi &---BVj;aq,. .., a;) passing through an arbitrary point
in E” in order to restrict it to E'(k), we need it to pass through a point p € V; with
p? = k satisfying (p,a;) = 1. So for a fixed x # 0, we enumerate the distinct warped
products in E?, expand p € V; so that (p,a;) = 1 and determine if it’s possible for p? = k.
By making use of Theorem D.4.5, we have the following results:
Theorem D.6.8 (Warped products in Spherical submanifolds of E® and M™)
Suppose N = Ny X, Ny X -+ X, Nj is a warped product decomposition of an open subset
of a spherical submanifold of E™ or M™. This warped product is necessarily proper. If
at most one of the N; are intrinsically flat, then N is isometric to one of the following

warped products:

In S™:
S™ X SM XX, ST
In dS™:
dS™ xy, E™ x,, 8™ x - x, S
dS™ X H™ x,, 8™ x -0 x, S™
S™ X dS™ Xy S XX, ST
dS™ X, 8™ Xy 8™ X e X, ST
In H":
H™ x5, E™ x,, 8™ x - x, 8™
H™ X7 H™ X, 8™ X oo x, 8™
H™ %, S™ X, 8™ X ovox, S™
where Vp;,N1;,V\; is a spacelike,timelike, lightlike vector field respectively. o
PROOF For the proof that the warped products are proper, see Lemma D.3.2. n
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Appendix E

Lexicographic ordering of complex

numbers

Complex numbers can be given a natural lexicographic ordering (as in dictionaries) by

using their Cartesian product structure:

Definition E.0.9
Suppose A = a + ib and w = ¢ + id are complex numbers. We write A < w if: b < d or
(b=dand a < c) 0

In the following we use “xor” to mean exclusive or and “or” has its standard meaning.
Suppose \,w,v € C and a € RT, one can check that this ordering has the following

properties:

trichotomy: )\ = w xor A < w xor w < A
transitivity: If A <w and w < v then A <v
translation invariance: If A <wthen A\+v <w+v
dilatation invariance: If A < w then a\ < aw

skew symmetry: If A < w then —w < —\

Furthermore we note that if A\, w € R then this ordering reduces to the natural ordering

of real numbers.
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