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Abstract

The study of infinitely long cylinders of constant cross-section floating in an infinite fluid
bath in zero-gravity environments has primarily been focused on bodies whose cross-
sections are strictly convex and sufficiently smooth. In this thesis, our efforts are concen-
trated on the consideration of bodies that are only convex and piecewise smooth. These
types of bodies are seldom considered in current literature. We have worked with a series
expansion of the energy function in order to determine when configurations of a given body
will be in equilibrium, stable or otherwise. We have proven that any convex body with a
straight side cannot float in a stable equilibrium with the fluid interface intersecting the
interior of the straight side in a single point. This fact is then used to prove necessary
and sufficient conditions for stable equilibrium of polygons, bodies whose cross-sections are
comprised of only straight sides. We illustrate these conditions with several examples.

In the latter portion of the thesis, we turn our attention to bodies in three dimensions.
While past research has again been focused on strictly convex bodies, we began to consider
bodies that do not meet these requirements by examining bodies of revolution. A condition
for stability with respect to vertical variations of bodies of revolution is derived. We
conclude with several examples of bodies of revolution, some of which interestingly relate

back to an analogous two-dimensional shape.
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Chapter 1

Introduction

From a very young age many people are fascinated by floating bodies; a rubber ducky
played with in the bathtub was a source of endless entertainment. However, it is not until
much later in life that many realize how ubiquitous floating bodies truly are. From ice
cubes floating in a glass of water, to a buoy anchored in the ocean, to a container ship
sailing around the world, floating bodies surround us and from that fact alone it is no
surprise that the study of floating bodies (and in particular their stability) is a topic that
continues to command the attention of researchers around the globe.

The problem itself is simply stated. Take an interface between two fluids and consider
placing a given solid body[] in the interface so that it is partially submerged in each of
the two fluids. Will the body move completely into one of the two fluids, or will it settle
at some equilibrium position in contact with the fluid interface? Despite this seemingly
simple statement, beneath the surface it turns out to be a fundamentally complex problem

which has been researched for quite some time now.

1.1 Previous Work on the Floating Body Problem

As mentioned above, the study of floating bodies is not a new subject. Researchers have
considered problems in both two and three dimensions, with or without gravity, and with
or without external constraints on the body. One of the most well known contributions to

the study of floating bodies is credited to Thomas Young in 1805 (see reference [I]) who

!There are two main types of bodies that have been considered in past research. First, there are
infinitely long cylinders in which every cross-section orthogonal to the cylinder is identical. This reduces
the problem to one in two dimensions where we only need to consider one cross-section of the infinite
cylinder. Second, there is the more physically intuitive type of body which is three-dimensional and finite

in size.
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Figure 1.1: The Young diagram. (Reprinted with permission from reference [14)].)

used his “Young diagram” as a means to explain the observed contact angle condition

01— 02

cosy =
o

where 7 is the angle of contact between the fluid interface and the body as measured in the
lower fluid. (See Figure[l.1]) oy and o5 are the respective surface tensions between the solid
body and the upper fluid for o; and the lower fluid for o9, while ¢ is the surface tension
at the interface between the two fluids. This contact angle condition (and accompanying
justification using a force balance in a direction tangential to the body at both points of
contact with the fluid interface) was accepted “as is” for many years until Finn indicated
that there might be flaws in Young’s justification. In reference [2], Finn presented what

2

is now referred to as “The Floating Ball Paradox.” In the construction of the paradox,
Finn considered a spherical ball floating in equilibrium. He then showed that under the
assumptions of Young, there is a net vertical force on the ball pulling it either upward or
downward, so the ball could not be in equilibrium. Further, using an integration argument,
Finn showed that although the surface tensions at the solid-liquid interfaces do result in
forces tangent to the body, they will sum to zero no matter what depth the spherical ball

is placed. Finn asserted that,

“Balance of forces applied on the contact line is consistent with equilibrium, but

cannot be used to characterize equilibrium. f]

With this counterexample, Finn put into question the validity of the Young diagram and
the consequent contact angle condition. However in that same reference Finn then gave
an independent argument using a minimization of energy which verified that the contact
angle condition was in fact true, despite any misgivings about the Young diagram itself.
Naturally, some researchers have been hesitant to condemn the Young diagram, pointing
out potential flaws in Finn’s reasoning found in reference [2] or offering explanations in

attempt to make the issue seem less paradoxical. For example, in reference [3] Lunati

2This quote is taken from page 3 of reference [2].



rebutted the floating ball paradox by claiming that the tension force perpendicular to the
solid (as introduced by Finn) is balanced by a net force that arises from different stresses
acting on the solid body by the two different fluids. A year later in reference [4], Wente
provided support for the idea that the net vertical force pulling on the body is counteracted
by the rigidity of the solid ball. Around the same time, reference [5] was published by Finn
containing a rebuttal to statements made by Lunati in reference [3]. Specifically, Finn
presented another counterexample in which a sphere made of two hemispheres of different
materials completely submerged in a fluid and constrained in some way so that it will move
only horizontally along a circular path. Finn showed that under Lunati’s reasoning, the
sphere would be forced to move in perpetual motion. Clearly this is a touchy subject, and
there are impassioned arguments for both sides.

Nonetheless, before the introduction of the floating ball paradox, both the force balance
and energy minimization approaches to the floating body problem were able to peacefully
coexist. Reference [6] by Raphaél et al. (published in 1992) took the energy approach show-
ing that a two-dimensional, strictly convex body floating in a stable equilibrium at the fluid
interface would satisfy the contact angle condition at both points of contact with the fluid
interface. In fact, the approach used by Raphaél et al. to derive the contact angle condition
is similar in nature to the approach that will be used in this thesis. Also in reference [6],
the authors established that for every strictly convex body (in two dimensions) there will
exist at least four configurations satisfying the contact angle condition (using The Four
Vertex Theorem). Furthermore a result characterizing stable and unstable equilibria was
developed. Although this result about stability is quite clever, it is of little practical use
since it involves determining an area that is bound between the body and the tangents
to the body at the points of contact with the fluid interface. The authors do, however,
make use of the result to prove that for a strictly convex body, a stable equilibrium con-
figuration will always exist provided |#=?2| < 1. The existence of a stable equilibrium for
a strictly convex two-dimensional body when [#>22| < 1 was re-iterated by Finn in refer-
ence [7] where he showed that there would exist a height and corresponding orientation of
the body which would give an absolute minimum in energy over all possible heights and
orientations of the body. (See Theorem 1.1 in that reference.) Finn also showed that in
such a configuration, the contact angle condition was satisfied at both points of contact
between the fluid interface and the two-dimensional body.

Although there is an ample amount of literature involving two-dimensional bodies, past
work on the study of floating bodies has not been limited to the two-dimensional case. As
mentioned earlier, there are two basic types of bodies that are considered: the infinitely
long cylinder of constant cross-section, and the finite three-dimensional body. The problem

of a floating three-dimensional body is perhaps more physically meaningful, but has been



found to be a much more difficult problem for a multitude of reasons. Perhaps the most
significant of these reasons is that in the zero-gravity case, the flatness of the fluid interface
is no longer guaranteed as it is in the two-dimensional scenario. Without strict knowledge
of the shape of the fluid interface, the problem instantly becomes much more complex.
As a way to simplify the problem, in reference [§] Finn introduced the concept of neutral
equilibrium by assuming the fluid interface was planar. By making this assumption it is
possible that Finn had ignored some potential equilibrium configurations in which the fluid
interface is not flat; however, the difficulty in working with such fluid interfaces is great
and the idea of neutral equilibrium was used as a starting point for working with three-
dimensional bodies. Finn continued to work with bodies in three dimensions under the
assumption of neutral equilibrium in a joint work with Vogel in reference [9]. In that paper
Finn and Vogel extended Theorem 1.1 from an earlier work by Finn (see reference [7])
showing that it was also true that there existed a height and corresponding orientation of
a three-dimensional body for which an absolute minimum energy occurred over all heights
and orientations. Of course, this result had the restriction of the neutral equilibrium
assumption.

The list of works discussed in this review of past literature is by no means exhaustive. In
this section, we have examined only resources that relate directly to the topics contained in
the thesis. However, there are many more references on the topic of floating bodies and in
particular, on floating bodies in the presence of gravity. The reader can refer to references
[10], [11], [12] and [I3] for additional insight on this area of research.

1.2 Overview

From Section it is clear that in the recent past there has been some apprehension
concerning the classical “Young diagram” as a means to explain the contact angle condition.
In this thesis, we will side with Finn and consider floating bodies from the point of view
of energy minimization. We will consider an energy function similar to the one used in
reference [6], and we will use it throughout to re-derive some already well known results
and to prove some previously unknown results.

In Chapter [2| we will begin by presenting another derivation of the well known contact
angle condition using an approach involving a parametric description of the body. In
Chapter [3, we take our approach one step further and use the parametric representation
of the body to examine the stability of the equilibria of an infinite cylinder whose cross-
section is a simple smooth shape, the ellipse. We continue to use our parametric approach
to consider new types of bodies that have been ignored in the past. Previous literature has

been focused on strictly convex smooth bodies; the lack of literature on bodies that do not



satisfy the smoothness and convexity requirements could be due to a variety of reasons, but
it is most likely caused by the fact that the most basic result in the theory of floating bodies,
the contact angle condition, does not apply when the body is not smooth. Without the
contact angle condition, it would seem that not much can be said about non-smooth convex
bodies. However, in Chapter [ we will begin to work with bodies of this type. We will use
our parametric approach to prove that a convex body with a straight edge cannot float in
a stable equilibrium with the fluid interface intersecting the interior of a straight edge in
a single point. We then use this result in Chapter 5| to consider the floating configurations
of bodies with a general polygonal cross-section, deriving a necessary condition for stable
equilibrium of a body with a polygonal cross-section, and later deriving a condition which
is necessary and sufficient for stable equilibrium. We will illustrate these findings in detail
using several polygonal shapes as examples. Our discussion of two-dimensional bodies will
conclude with the proof of several results concerning the existence of stable configurations
for a general regular polygon, including a result stating that for every « in (0,7) there
will always exist a stable global energy minimum. We will take this one step further and
prove the existence of a stable global energy minimum for a body with a general polygonal
cross-section.

In the latter portion of the thesis, we will begin to consider the more physically intuitive
three-dimensional bodies. In particular, in Chapter [6] we consider vertical variations of
bodies of revolution, recreating a result by Finn and Vogel and then extending it to types
of bodies that are not considered in Finn and Vogel’s work. We will illustrate our results
using several examples, and these examples will allow to us to draw parallels between the

physically unrealistic two-dimensional case and the more natural three-dimensional case.



Chapter 2

The Contact Angle Condition and
Stability Definitions

Looking through past research on the topic of floating bodies, it is apparent that the force
approach to these types of problems is less prevalent in the field than it was in the past.
There is still some disagreement on whether the approach using a balance of forces is
valid; in this thesis we will avoid the issue altogether and focus on the alternative energy
approach to floating body problems. When using an energy approach, it is important to
interpret o1, oo and o appropriately. In the force balance approach, each is interpreted as
a tension force per unit length. However, each surface tension also has an interpretation
as an energy distribution per unit area; it is this energy distribution interpretation of each
surface tension that we will use in this thesis. We begin by deriving Young’s renowned

contact angle condition via minimization of the representative energy function.

2.1 The Contact Angle Condition

We begin by considering an infinitely long cylinder in which every cross-section orthogonal
to the cylinder is identical. This basic assumption will reduce the problem to one in
two dimensions where we consider only the shape of the cross-section orthogonal to the
cylinder. The cross-section’s boundary will be described by the parametric equation 7(t) =
(x(t),y(t)). It is assumed that the parametrization is oriented counter-clockwise and the
derivative 7/ (t) is never 0. Since we do not consider the effects of gravity, the interface
between the two fluids will be a straight line. (See reference [2].) When the body is

floating in the fluid interface, it is assumed that the interface is a continuation of the same

The content of Chapter [2]is taken from reference [14]. It is reprinted (with minor alterations) with

permission.



line on both sides of the body. Similar to reference [6], we will keep the solid body fixed
while varying the fluid interface. The straight line will intersect the body at two points
(x1,11) and (x9,ys2), which for now are assumed to be distinct. We will define parameter
values ¢ and t to be such that 7(t7) = (z1,y1) and 7(t5) = (x2,y2). The values t]
and t3 define where the fluid interface touches the body, and hence will be used as our two
defining parameters of a possible floating configuration, rather than the slope and intercept
of the line as used in reference [6]. We also consider a nearby configuration defined by the
parameter values t; and ty (see Figure and proceed to find a series expansion of the

energy of a given configuration.

g1

Figure 2.1: Here we see a general convex body and two floating configurations; one defined

by the parameter values (t},t5) and another nearby configuration defined by the values
(t1,t2).

Since we do not consider the effects of gravity, the only energies present are surface

energies. As such, the energy function E will be defined by
E = l10'1 + l20'2 — l30'

where [; and [, are the lengths along the body touching the upper and lower fluids respec-
tively, and 3 is the length removed from the fluid interface by the body. F is an energy
per unit length along the infinite cylinder. From Figure we will have that

E(tb t2> - E(tiat;)
= (01— 09) [/t2 (2! ()2 + 1/ (t)2dt — /t*1 /x/(t)2 + y/(t)zdt]

o |[Vial) =2 () + (y(E) — y(E)? (2.1)
—V/(alta) = (0 + (ulta) — ()7




Expanding in series and keeping only linear terms gives
E(ty,t2) — E(t1,13)
= (01 —03) [Ilﬁ(tZ)H(tz —t3) = I (D8 = 17)
ri(ty) - [7(t5) — 7(t1)]
17(t5) — (&)
+O ([t t2) = (11, 6)I7) -

+o

(b — 1) —

Details of the series expansion, are included in Appendix [A| Then, assuming that (¢},t3)
corresponds to an equilibriumﬂ configuration of the body, it must be that

E E
oF =0 and 0B =0
Otz 15) Ot [ 47.15)
which leads to the two conditions
() i) i) _ 01— o 2.9
|l (D) ”T(t2> - 7"@1)” o
) ) T o= on 2.3
1’ (5)] I17(E5) — 7D o

—

If 7 is a sufficiently smooth curve, then the angles between 7/(t%), (&) and 7(t5) — 7(t*)
are v and so conditions (2.2)) and (2.3) both imply that

01— 02

cosy = (2.4)

g

as expected. Of course, we must have that |=?2| < 1 in order for  to be defined.

Remark 2.1. For the remainder of this thesis, we will assume that ~ is not equal to 0 or
m. For strictly convex bodies, when v is 0 or 7 the contact angle condition implies that the
body will be in contact with the fluid interface at only one point, and the reader can verify
that configurations such as these will always be unstable per Definition in Section [2.3}
moving the body vertically downward in the v = 0 case will leave the energy unchanged,
and similarly moving the body vertically upward in the v = 7 case will also leave the
energy unchanged. For bodies that are only convex, when v is 0 or m, the fluid interface
can be in contact with the body in only one point or it can touch along a straight edge.
If it touches at only one point, it is again verifiable that the configuration is unstable. If
the body touches along a straight side, it can be shown that the configuration will again
be unstable. For details, see Appendix [B] In consideration of all this, it is clear why these

two values of v can be ignored without consequence.

LA body is said to be in an equilibrium configuration when it lacks motion. That is, the external
influences on the body are such that the configuration is unchanging in height and orientation.



Remark 2.2. It is rarely emphasized why one only considers configurations in which
the body touches the fluid interface and not configurations where the body is completely
immersed in one of the two fluids. In this section we have followed suit and simply assumed
that floating configurations occurred with the fluid interface touching the body, but a formal
reasoning for this assumption can be given. For a strictly convex body, Finn’s Lemma 1.1
in reference [7] can be used to justify the exclusion of configurations not touching the fluid
interface. In the case of a polygonal body, a similar result exists allowing us to consider

only configurations touching the fluid interface. For details, see Appendix [C]

2.2 Analysis of Second Order Terms

It is well known that the contact angle condition is only a necessary condition for equilib-
rium. That is, configurations that satisfy the contact angle condition may correspond to
local maximaﬁ local minima, or saddle points of the energy function. In order to determine
which configurations correspond to stable and unstable equilibria, it will be necessary to
work with the second order terms in the series expansion of the energy function. Recall-
ing equation (2.1]), we expand in series again, only this time we keep both the linear and
quadratic terms. Assuming that the body is in an equilibrium configuration, the contact
angle condition will be satisfied and thus the linear terms will sum to zero, leaving only

the terms of second order. Using the expansion in Appendix [A] we obtain

E<t17 t2) - E(ﬁ? t;>
U[@m»ww—ﬂmw nﬂmw-ﬁw>w>—ﬂm1

2l (t5) — ()P 2||7(E5) — (&)l

Clor— )T T |
(o1 )NMmH]“ "

7(t3) - 7(t3)
o e =l
) ) - FeD@E) - ) — D] e

[7it) - )P i)
O O 3 T S ) O 1) i A G )
207(t3) — AP 207 (Es) — )|
+wr-gfﬁiflﬁpw—@f+omm¢g—mxmm-
207 (13)]

2It is actually shown in reference [6] that for a strictly convex body in the zero gravity case a local

maximum in energy will not occur; the energy function can only have local minima and saddle points.

9



From here, we can determine the second partial derivatives of the energy function E(t1,t5)

evaluated at the equilibrium configuration (¢7,¢5) and they are

P*E _ ., (r(63) - [F(t3) = 76D I EDIP = r"(4) - [F(t3) — 7(¢7)]
08 Js.5) 17(t5) — 7)1 17(t5) — 7(#1)
—(01 — 02)T (tl_); Z ()
[ ()]
PE _ (r(t3) - [F(t3) = (81D P ()l + 7 (t3) - [7(t) — 7(¢7)]
O3 | (4s 43) [7(t5) — (#)[]? 17(t3) — (1)
T4 ol (4%
oy — oy 2 )
[l (#5)]]
O’E ol (t}) - 17(t3) — (o1 — o) [P (D)1 (83) |
o oTF(Eg) = ()|

These partial derivatives will be useful when determining the stability of the equilibria
by analysing the approximating quadratic form at configurations that satisfy the contact
angle condition. We will see an example of this in Chapter [3] However, we must first define

what is meant by stable and unstable configurations.

2.3 Stability Definitions

Once we have found equilibrium configurations, it is desirable to classify them as stable or

unstable, and in this thesis we will make use the following definitions.

Definition 2.1. A configuration is said to be a stable configuration if all sufficiently

small perturbations away from the configuration result in a greater energy.

Definition 2.2. A configuration is said to be an unstable configuration if there exists
a sufficiently small perturbation away from the configuration which results in a lesser or

equal energy.

These two terms are most commonly applied to configurations which satisfy the contact
angle condition and as such the configurations are referred to as stable or unstable equilibria.
However, one will note that the above definitions make no mention of assumed equilibrium
and consequently these definitions can be applied to configurations which do not necessarily
satisfy Young’s contact angle condition. This will be useful in our discussion of bodies

with polygonal cross-sections beginning in Chapter [f] In that section, we will develop

10



a necessary condition for equilibrium of bodies with a polygonal cross-section, one that
is different from Young’s contact angle condition. Nonetheless, when a polygonal body
satisfies the replacement necessary condition (Theorem , as well as one of the above
definitions, the configuration will again be referred to as a stable or unstable equilibrium
as appropriate.

In addition we will make use of a third term.

Definition 2.3. A configuration is said to be a global energy minimum if it has an

energy that is less than or equal to the energy of all other configurations.

Remark 2.3. In this thesis we will always find that our global energy minima are stable,
but one should take care to note that this will not always be the case. For example, a body
with a circular cross-section in a configuration that satisfies the contact angle condition
will be a global energy minimum, but it is unstable since we can rotate the circle about its
center without changing the energy.

11



Chapter 3
A Smooth Example

In this chapter we will use an analysis of the second order terms in the series expansion of
the energy function from Section to discuss the stability of equilibrium configurations

for a simple smooth shape, the ellipse.

3.1 The Ellipse
We will choose the parametrization
7(t) = (gcost, hsint)

for ¢ in [0, 27] and g, h > 0. We will then have that

=

(t) = (—gsint, hcost)

and that

r"(t) = (—gcost,—hsint) = —7(t).
For the ellipse, we see that

—

=y
YanS
~
S~—
3
—
~
S—
I

(gcost,hsint) - (—gsint, hcost)
= (h* — g*)sintcost

and that

F(t)-r"(t) = (gcost, hsint) - (—gcost, —hsint)
= —(g*cos’t + h?sin’t)

Section [3.1|is reprinted with permission from reference [14].

12



and finally that

r(t)-r(t) = (—gsint, hcost) - (—gcost, —hsint)
= (¢* — h?)sintcost
= —i(t) - 7(t).

The necessary condition for equilibrium (as found earlier in Section requires that the
contact angle be the same on both sides of the body. This means that we can rule out any
configuration which will not satisfy this requirement. Using Lemma in Appendix D]
we will be left with only configurations that have an even symmetry. That is, equilibrium
configurations must be symmetric across a vertical line passing through the center of the

ellipse. Such configurations are depicted in Figure |3.1]

Figure 3.1: We only consider configurations with an even symmetry as depicted here because
the necessary condition for equilibrium tells us that the contact angle must be the same on
both sides of the body. Lemma then tells us that the fluid interface must be vertical or

horizontal leaving only configurations of this type.

In these configurations we will always have that
cost] = —cost;
sint] = sint;

or that
cost] = cost;
sint] = —sintj.

Without loss of generality, we will assume that ¢] is such that =& < ¢} < 7 and that ¢3 is

such that 5 <3 < 37“ so that cost] = — cost; and sint] = sinty. We will then have that
17(t5) — 7(E1)]| = 2g cos ]

13



and the necessary condition for equilibrium (equation (2.4))) gives that
o -0y _ () F(ty) —(#)
o I (@)l 1) = r@E)
—gsinty, h ]
_ ( 981211 1, /0 COS 1) (_170)
Vg2sin? t; + h2 cos? t
_ gsint] (3.1)
Vg?2sin? t + h2 cos? t;
and we will make use of equation (3.1]) later.
To determine the stability of equilibrium configurations for the ellipse we will need to

consider the second partial derivatives of the energy function. Substituting 7(¢) into the
expressions derived in Section and simplifying will give that

82_E B o costih?

T |42 45 ~ 2g(g2sin® % + h2 cos? 1)

[gQ + (g* — h?) cos® tﬂ )

We will define the function f as a function of ¢} to be
F(1) = g% + (9" — h?) cos?(1)

and we note that
f'(t5) = 2(h* — ¢g*) sint cost}

and so the critical points are —7, 0, and 7. Evaluating at the critical points we see that

f(=3) = g%
f(0) = 2¢°—h? and
13 = 4"
From the continuity of the function f we can conclude that if b < v/2g, then f(t}) > 0 for
all t] € [—%, g} Consequently we will have that %ZT? i) > 0 for all ¢7.

It can also be shown that the second partial derivative with respect to ¢ is given by

0’E h? — g?)sin®tt cost?
. _ ag( ‘ 29) -ty 1—i(h2—292)cost>{
ot; | g?sin” t; + h? cos? t} 29

tht3)
og*h?sin® t; cos t} + 20g°h? cos® t1 — oh* cos? t}
2g(g?sin® t + h2 cos? t})

oh? cos 121 2 . 9 2 9 2 9
= sin“ tT + 2¢° cos“ t7 — h* cos” t}
2g(g?sin® 5 + h2 cos? t¥) [g ! g ! J
o costih? ) o iov o
= + — h*)cos” t]
2g(g%sin® 5 + h2 cos? t¥) [g (g ) J
*E
= o (3.2)
LIt3)

14



and so these second partial derivatives are equal.

We now consider the case when h < v/2¢g. We have already seen that in this case

%Qt;E (t2.28) > 0, but more work is required to determine the stability of such configurations.
1
: 9°E _ 9’E :
Since B |z = B3 |pag)r W consider
0’E 0*E
—— _
O L] |00l )
_ O’E ) () - (R 22 ||#(#7)]| - [I7(t)|
oty (t7,63) 17(t5) — (&)l
O?E o 2gin? t* (g% sin® t* + h% cos® t*
= — — ———— |¢g*sin® ] — h?cos® ] — J 21 _(92 . 12 e )
oty (t1ay) 29 cost] g?sin“t] + h? cos? ]

o cos tih? o |—h?cos® t
- 29(g? sin? t —i—1h2 cos? t}) (6 + (9" = %) cos™ ) - | .
o cos tih? {g —|—( — h?) cos? t} 1}
2g g%sin? t* + h2 cos? t
oh?costi [g> + (g% — h?) cos® t} — g% (1 — cos? t}) — h? cos® 1]
2g(g?sin® 1 + h2 cos? t})

o cos® t1h? )
— h? 3.3
g(g? sin? t + h? cos? t7) ( ) (3:3)

2g costy

where we have used equation (3.1)) to express all occurrences of #=22 in terms of ¢]. From

_ | 22E
8t2 (t* t5) Ot18ta | (t1,t3) > 0. Thus,

we can conclude that (t7,¢5) corresponds to a local minimum and so the corresponding

here we see that if we have h < g then 2 6t2 > (0 and

configuration is stable. It can also be seen that when g < h < v/2¢g we have 2 t2 > 0 and

_ | 9°E_
8t2 1,t2) Ot10ts
this case unstable.

< 0. Hence we can conclude that the configuration would be in

(t1.23)

9°E
Ot
itive, negative or zero depending on the particular value of ¢] that defines the configuration.

Now we must consider what happens when k > v/2g. When this is true can be pos-

We consider the separate possibilities here.

Case 1: >0

(t7.:25)

8t2

_ | 2’E
8t2 (t5,3) dt10ta | (t5,t3)
but since g < v/2g < h here we have that the left hand side of equation ([3.3)) is negative

and thus we have an unstable configuration.

In this case we will still have that

is given by equation ({3.3),

15



2
Case 2: 2L

e <0
ot?

(t1:t3)

In this case we will instead have that
78 |- 122
ot? 0t10ty
O’FE O*F
AT

o costih? 2 2 2% 2
2 (9% sin® ¢ + h? cos? 1) (7" = g") cos™ti = g7] -
ogh?cost}
 gZsin? t5 4+ h? cos? t3
< 0

(81:t3) (81:t3)

(t7:¢3)
oh? cost}
29

and this implies that our configuration will be unstable in this case as well.

Case 3: 2L =0

087 1(t7.t3)

In this last case, we have that

O*E O’E
‘6_t% @] ‘M (#:3)
O*FE
- _‘M (t1:23)
< 0

and so the configuration will again be unstable.

Having considered all three cases, we see that no matter the sign of %%E (£ 1)’ if we
1 1072

have that h > v/2¢ we always get an unstable configuration.

Summary
When h < g, equilibrium configurations of the assumed form are stable. When g < h,

they are unstable. This important example is restated more simply in the following result.

Theorem 3.1. If the major axis of the ellipse is resting parallel to the fluid interface, the
equilibrium configuration will be stable. If the minor axis is resting parallel to the fluid

interface, the equilibrium configuration will be unstable.

Remark 3.1. The reader may notice that Theorem cannot be applied to the special
case where the ellipse is a circle. However, for the circle, it is intuitively clear that rotating
the circle about its center does not change the energy. Thus, there will always exist a
small perturbation away from any configuration resulting in the same energy. Hence any

equilibrium configuration of the circle is unstable.
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Remark 3.2. We note that our Theorem is in keeping with a result found by Raphaél
et al. in reference [6]. In Section 3 of that paper, the authors construct a region between
the body and the tangents at the two points of contact with the fluid interface. It is shown
that when the area of this region is maximal, the configuration is stable and when the
area is minimal, the configuration is unstable. For the ellipse, the area in question will be
maximal when the fluid interface is parallel to the major axis and minimal when the fluid

interface is parallel to the minor axis, confirming our result.
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Chapter 4

Bodies with Straight Sides

In the example discussed in Chapter 3| we only considered a shape that was strictly convex.
However, in Chapter We never made the assumption that our parametrization 7(t) defined
a body that was strictly convex. Thus the analysis in that chapter can be utilized to study
bodies which are only convex. In this chapter, we will begin by proving a result for a
general convex body with at least one straight side. We will then discuss the implications

of this result.

4.1 Straight Side Instability

Consider a convex body with at least one straight side. Due to the fact that this type of
body is seldom considered, one might expect that the presence of the straight side could
cause a great deal of complications when searching for stable equilibrium configurations of
the body, but exactly the opposite is true. It turns out that we can unexpectedly eliminate

countless configurations using the following surprising theorem.

Theorem 4.1. A convex body with a straight edge cannot float in a stable equilibrium with

the fluid interface intersecting the interior of the straight edge in a single point.

Proof. Consider a convex body with a linear edge in an equilibrium configuration such
that the fluid interface intersects the interior of the line segment in a single point. Since
the fluid interface and the edge of the body (which are two lines) intersect in only one
point, they cannot be parallel and so the angle between them cannot be 0 or 7. Without
loss of generality, we will assume the body is linear surrounding 7(¢5). This means that
7 (t3) is constant and 77 (t) = 0. Of course, it is possible that the parametrization 7(t) is

such that we do not have that r/(¢}) is constant and 7”(5) = 0, but it is always possible

Section is reprinted with permission from reference [14].
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Figure 4.1: The convex body with a linear side in consideration.

to choose one such that we do have these two properties. We will use a parametrization
that possesses these two desired properties. Using this, we keep the right point of contact
fixed so that ¢; = ¢} and find the change in energy due to varying ¢35 only. Since the body
is in equilibrium, the linear terms in the series expansion of the energy sum to zero. In
addition, t; = ¢} eliminates all terms of O ((t; — #})?). We thus obtain

B(t},12) = B(13.13)

_ o |P@ ) e |
2| )~ E ) -
+0 ((t2 — t5)°)

o | (e - = ) = W - hete) — e

— L (ty —t3)°
2||7(t3) — ()P ’
+0 ((t2 — t3)°) .
We recall the Cauchy-Schwarz Inequality:
|- |< |all - [|o] — (@-0)* — [lal*[lo]I* < 0

with equality holding only when @ and b are parallel. If we let @ = /(¢3) and b = 7(t5) —7(t})
we see that

* o g - 7 =121 7] * *
E%Jﬁ—EmJﬁzmmPK%M“Wﬂﬂ%ﬂ@—%?+0«b—m%-

We note that 7/ (#3) and 7#(£3) —7(¢*) cannot be parallel since they are vectors in the direction
of the linear side of the body and the fluid interface respectively. The coefficient on (ty—t3)?
is thus negative and so there exists a small perturbation from this configuration giving a

lesser energy and hence by definition this equilibrium is unstable. O]
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Remark 4.1. This is truly a remarkable result. When searching for stable equilibrium
configurations of any body with a straight side, we can automatically ignore any configura-
tion for which the fluid interface intersects the interior of the straight side in a single point
since any equilibrium configuration for which the fluid interface intersects the interior of
a straight side in a single point will be unstable. This will be particularly useful in our

discussion of bodies with polygonal cross-sections in Chapter [5
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Chapter 5

Bodies with a Polygonal

Cross-section

In this chapter we consider infinitely long cylinders whose cross-sections are convex poly-
gons. This type of body is a subset of convex bodies with the unique property that the
boundary is comprised of only straight lines. Of course, this also means that the boundary
has corners where the various straight edges meet. These types of bodies are not strictly
convex and have corners, and as a result much of the existing literature cannot be applied
in general when attempting to find floating configurations of such bodies. In this chapter,
we will begin to work with these types of bodies by developing a necessary and sufficient

condition for stable equilibrium and then we look at several specific shapes in depth.

5.1 Necessary Condition for Stable Equilibrium of a
Polygonal Body

Recalling Theorem any configuration in which the fluid interface intersects the body
on the interior of a straight edge cannot be a stable equilibrium. Also, it is easily verified
using Definition that if the fluid interface touches the body at only one point or not
at all, then the configuration will be unstable. Since a polygonal body is comprised of
only straight sides, stable equilibria can consequently only occur when the fluid interface
intersects two corners of the polygon. With this reasoning we can give a necessary condition

for stable equilibrium of polygonal bodies.

Theorem 5.1. A necessary condition for a body with a polygonal cross-section to be in a

stable equilibrium is that the fluid interface must intersect the body at two corners.

Section |5.1{is reprinted with permission from reference [I4].
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Remark 5.1. Naturally, this necessary condition is different from the necessary condition
for smooth convex bodies, the contact angle condition. Beyond the types of bodies that
each may be applied to, there is another key difference between the two conditions. We
note that the contact angle condition is a necessary condition for equilibrium, but it does
not specify the stability of the equilibrium. However, Theorem is a necessary condition
for stable equilibrium. It is possible that other equilibrium configurations exist; they can
be found using the contact angle condition. However, any equilibrium configuration found
using the contact angle condition will intersect a straight edge and using Theorem we
know that these equilibrium configurations are unstable. Thus, we do not bother to search
for them. This key difference between the two necessary conditions is crucial; one must
never forget that for polygonal bodies the necessary condition given is necessary for stable

equilibrium only.

5.2 Stability Condition for a Polygonal Body

Of course, Theorem gives only a necessary condition for stable equilibrium of polyg-
onal bodies. It does not give a sufficient condition for stable equilibrium. Nonetheless, a
sufficient condition for stable equilibrium can be found and we will derive it here.

To begin, we consider an infinitely long cylinder with a polygonal cross-section floating
with vertices 7(¢}) and 7(t5) on the fluid interface on the right and left, respectively, as

shown in Figure 5.1}

other sides

other sides

Figure 5.1: Here the general set up of our floating configuration is depicted. Two corners
of the polygonal cross-section are on the fluid interface and the sides that comprise these

corners make four “floating angles” with the fluid interface which we label as shown.

We consider a counter-clockwise parametrization of the body and we consider perturba-
tions away from this configuration. Using our series expansion for the energy from Section
2.1] we can write an expression for E(ty,ts) — E(t],t5), but before doing so we note that

since we are considering polygonal cross-sections, we are dealing with linear sides and so

Section is reprinted with permission from reference [14].
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the parametrization 7(t) will have zero second derivatives. Thus we have that
E(ty,t2) — E(t1,t3)
- m—@[ ()1t = 1) = 7 ()t — )]
o [ (8] cos 0 (1 = 1) = 17(23) | cos s (12 — )]
+O ([[(t1, 1) — (t1, 1))
= [HT (D)1I(tr = £7)(cos 01 — cosy) + [[r7(¢5)]| (2 — t5) (cos y — cos b2)
+O (It t2) = (65, 3)I7)

where 6, is the angle between /(¢1) and 7(£5) — #(¢%) and 0, is the angle between 7 (t5) and
r(t5) — 7(t7). We must now consider 4 cases in order to consider all perturbations away

from this configuration.

Case 1

In this case the fluid interface is perturbed upwards on both sides of the body. This implies
that 6, = 7 — " and 0, = 7 — 45 and that ¢; > ¢} and ty < t5 = |[t; — ]| = t; — t] and
|to — t5| = —(ta — t3). This gives us that
E(ty,t2) — E(t1,13)
= o [Pt — ] (cos by — cos ) + ()] [t — t5] (cos 0 — cos )]
+O (||t t2) = (£, &)[°) -
If we have that

cos B > cos~y and cos g > cos~y
— 0, <~ and Oy <7y
— T—77 <7 and T—7 <7

then E(ty,ty) > E(t],t5) for (t1,t2) sufficiently close to (¢],t3) and we have stability with
respect to perturbations in this case. If v < m — ~, fixing ¢, to be ¢ and allowing ¢,
to vary gives the existence of a perturbation to a configuration giving a lower energy and
hence the configuration is unstable. Similarly, if v < 7 — 5", fixing ¢; to be ¢ and allowing
t, to vary gives that the configuration is unstable. If vy = m — 7" or v = m — 75, further

analysis is required and will be dealt with later.

Case 2

In this case the fluid interface is perturbed downwards on both sides of the body. This
implies that #; = v, and 0y = v, and that t; <t} and ¢ty > t§ = [t; — t7| = —(t1 — t]) and
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|to — t5| =ty — t5. This gives us that

E(t1,t2) — E(t7,15)
= o It — 1] (cosy — cosby) -+ [[7(E5)] 22 — t5] (cos 7 — cos 6)]
O (11, t2) = (15, 5)]2)

If we have that

cos~y > cos bty and cosy > cos b
<= v < b and v < 6y
== v < and v <y

then E(ty,t2) > E(t],t5) for (t1,ts) sufficiently close to (¢},t5) and we have stability with
respect to perturbations in this case. If v > v, fixing ¢5 to be ¢; and allowing t; to vary
gives the existence of a perturbation to a configuration giving a lower energy and hence
the configuration is unstable. Similarly, if v > 7, , fixing ¢; to be ¢] and allowing ¢, to vary
gives that the configuration is unstable. If v =~ or v = ~;, further analysis is required
and will be dealt with later.

Cases 3 and 4

In case 3 the fluid interface is perturbed upwards on the left and downwards on the right.
In case 4 the fluid interface is perturbed downwards on the left and upwards on the right.
We do not consider these two cases in detail; we do however note that if the four conditions
on ~ found in cases 1 and 2 are satisfied, the required conditions for stability with respect
to perturbations in cases 3 and 4 will also be satisfied. Thus, we conclude that if the
configuration is stable with respect to the perturbations in cases 1 and 2, it will also be

stable with respect to those in cases 3 and 4.

Thus in order to have stability with respect to the types of perturbations in all four cases

we must have that each of the following four conditions are satisfied

Ty < Y
T—ry <
yoo<
0 < 7Yy

which is equivalent to the requirement that
™ —min(y,7;) <7 <min(y; ;%)
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and so if the above condition is met, then the configuration in question will be stable. We
can also say that if v > min(vy; , 7, ) or v < m—min(y; , 75 ) then there exists a perturbation
to a configuration giving a lesser energy and thus the configuration is unstable.

We now consider the endpoints of the interval of « for which the configuration is stable.
To deal with these two values it will be necessary to work with higher order terms since
the linear terms will be zero for these values of v. Recalling that the second derivatives of

7(t) will be zero gives us that

E(ti,t2) — E(t],15)
= o |7 ()|t — t7)(cosy — cosy) + |7 (£3)]| (2 — t3)(cosy — cos )

I L R G A B ) D
e -l 2l - |
N L N G ML ) S D
EECEL G EC R R

=Bt = 17)(t2 — £5) + O (||(tr, t2) — (11, &)%)

where the coefficient of the mixed term will simply be called g as it will not be required

here. We can simplify further by writing

E(t1,ty) — E(t],t5)
= |7 (t)]|(cos 6y — cosy)(ty — t7) + |7 (£3)|| (cosy — cos By)(ty — t5)
ol
2[|7(t5) — ()|
ol
2||7(5) — (1)
+8(t — 1)t — 13) + O ([[(t1, t2) — (17, 1)]1°) -

We will prove that when v = 7 —min(y;", 7)) or v = min(v; , 75 ) the configuration will be

[1—cos® 6] (t, — t7)?

[1— cos® 6] (2 — t5)?

unstable by showing the existence of a small perturbation to a nearby configuration giving
lesser energy.
First consider when v = 7 — min(y]",75"). Clearly, either vy = 7 —~; or v = 7 — 75

We consider either possibility below.

e When v = m—~;", consider case 1 and set t, = t5. We then have that §; = 71—~ =~

and so

E(ti,t3) — E(t1,t3)
o |77 (£5) || ) . N
= —— . — = ——[1 —cos®~|(t1 —t])* + O ((t1 — t
2 ) — ] I(t — 1) + O (0 — 17)%)
< 0
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for ¢, sufficiently close to ¢] since v # 0, 7. Hence, there exists a small perturbation
away from the configuration giving lesser energy and thus when v = m — 4 the

configuration is unstable.

e When v = 7—15, consider case 1 and set ¢; = t;. We then have that 6y = 71—, =~

and so

E(t},t2) — E(t3,t3)
] : 2 N
= —— o ——[l —cos”Y|(ta — 13)° + O ((ta — ¢
2 ) — A l(t2 — 132 + O ((t2 — 15)%)
< 0

for to sufficiently close to ¢ since v # 0, 7. Hence, there exists a small perturbation
away from the configuration giving lesser energy and thus when v = m — ~; the

configuration is unstable.

Now consider when 7y = min(7; , 75 ). Clearly, either v = ~v; or 7 = v, . We consider either

possibility below.

e When v = v, consider case 2 and set t; = t5. We then have that 6, = vy; =~ and

SO

g ||7:;(t9f)||2 2 2 3
= —— oo 0|l —cosTy|(ti —1])"+ O ((t: — ]

3 e - g Ol =)
<0

for ¢, sufficiently close to t} since v # 0,7. Hence, there exists a small perturba-
tion away from the configuration giving lesser energy and thus when v = 77 the

configuration is unstable.

e When v = 5, consider case 2 and set t; = t]. We then have that 0, = v, =~ and

SO

E(t},t2) — E(t3,t3)
N 2 2 3
= TS [ — % 1—COS’yt—t*) +0O((ty — t&
2 e - re| I(t2 — 152 + O ((t2 — 13)°)
< 0

for ¢, sufficiently close to t; since v # 0,7. Hence, there exists a small perturba-
tion away from the configuration giving lesser energy and thus when v = v5 the

configuration is unstable.

26



Using the above derivation as justification, we can now state the following result.

Theorem 5.2. Consider an infinitely long cylinder with a polygonal cross-section with two
vertices on the fluid interface and whose floating angles Vi, 5,71 and v, are as shown in
Figure[5.1. Let the three materials in consideration be such that we have contact angle .
Then the configuration will be stable if we have that

7 —min(y", 95 ) <y <min(y;, ;)
and unstable otherwise.

Remark 5.2. This necessary and sufficient condition for stable equilibrium of polygonal
bodies is noteworthy. It is unexpected that we can conclude the stability of any configura-
tion of a polygonal body with two corners on the fluid interface as long as we are able to
determine the four relevant angles. Nonetheless, Theorem proves that it really is that

straightforward and we will demonstrate the theorem’s simplicity with several examples.

5.3 Examples

We will now use the stability condition from Theorem to look at the stability of con-
figurations satisfying the necessary condition for stable equilibrium for several different
polygonal shapes. Additionally, we will determine the global energy minimum for each of

these shapes.

5.3.1 The Triangle

Our first example will be that of a floating infinite cylinder with a constant cross-section
in the shape of a triangle. We will denote the triangle’s three interior angles by aq, as,

and agz. Clearly each angle is an element of the interval (0,7) and we will assume that
oy < ag < ag.

Due to Theorem the only possible floating configurations are ones in which the fluid
interface intersects two corners of the triangle. There are six configurations of this type for
a general triangle and they are depicted in Figure [5.2] We wish to determine the stability
of all configurations for this triangle which we will do using our condition for stability of

polygonal cross-sections, Theorem
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Figure 5.2: The six possible floating configurations for general triangular cross-section.

e Configuration la has floating angles v{7 =7 —ap, 7§ =7 — a1, 7] =7 and 7, =7

and thus the configuration will be stable if we have that

7—min{r —as, 7 — a1} <y < min{r, 7}

= T—m—min{—ay, —a1} <y<mw
= max {ag, a1} <y <7
— o <y <.

e Configuration 1b has floating angles 7" =7, 74 =7, 7] =7 —azand 7, =7 — a4

and thus the configuration will be stable if we have that

7—min{m, 7} <y <min{m —ag, T — o}

= 0<y<7m+min{—ag,—aq}
= 0 <y <m—max{ag,a}
<= 0<y<m—as.

e Configuration 2a has floating angles v{7 =7 — a3, 7§ =7 —ay, 7] =7and 9, =7
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and thus the configuration will be stable if we have that

7 —min{7T —ay, T —az} <y <min{mr 7}

= T—m—min{—ay,—az} <y <7
= max{aj, a3} <y<m
— g < v <.

e Configuration 2b has floating angles 7" =m, 74 =7, 7 =7 —azand v, =7 — ay

and thus the configuration will be stable if we have that

7—min{7, 7} <y <min{m — oy, 7™ — a3}

= 0<vy<7m+min{—ay,—as}
= 0 <y <m—max{ag,as}
<= 0<y<m—as.

e Configuration 3a has floating angles v{7 =7 — a3, 75 =7 —a, 7 =7 and 7, =7

and thus the configuration will be stable if we have that

T —min{7T —ag, ™ —az} <y < min{mr 7}

= T—m—min{—ay, —az} <y <
= max{ag, a3z} <y <
= az <y <.

e Configuration 3b has floating angles 7" =7, v =7, 7] =7 —az and 7, =7 — ay

and thus the configuration will be stable if we have that

7—min{r, 7} <y <min {7 — az, ™ — az}

= 0<~vy<7m+min{—ay, —as}
= 0 <7y <m—max{as,as}
— 0<vy<m—as.

The conditions on the angles as found in the above six cases can then be used to prove the

following theorem.

Theorem 5.3. Consider any triangle floating in one of the six possible configurations with

the three materials in consideration giving contact angle . Then:

e [f the body is above the fluid interface (in the o1 medium) the configuration will be
stable provided v is greater than the bigger of the two angles of the triangle’s corners

on the fluid interface but less than .
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o [f the body is below the fluid interface (in the oy medium) the configuration will be
stable provided v is greater than 0 but less than the supplement of the larger of the

two angles of the triangle’s corners on the fluid interface.

e [f neither of the above two statements is true, then the configuration is unstable.

We can now extend this result for stability of a general triangular cross-section to one
that also includes information about the global energy minimum by directly comparing
the energies associated with the six possible floating configurations to one another. We

consider the same general triangle with interior angles obeying the same relationship:
O<ag <ay<ag<m.
We will also label the side lengths as in Figure

Q3

aq a9
c

Figure 5.3: The labelling of the angles and side lengths in our general triangle.

By the property of triangles, we will then have that
O<a<b<e
We now have that the energies of the six configurations are given by

Ei. = (a+b)oy+cog—co

Ey = coy+(a+b)og —co

Ey, = (a+c)oy+boy—bo

Ey = boy+ (a+c)og —bo

Ess = (b+c¢)oy+aoy —ao

Es = aoy+ (b+c)oy —ao
and now we can compare these energies. The relationship between the energies of the
six configurations will depend on the relationship between the lengths of the sides of the
triangle. There are three cases; the relationships between the six energies in each of the
three cases for each possible value of 7 are summarized in Tables 5.2, and [5.3] which
are located at the end of this subsection. For details behind the creation of the three tables,

see Section in Appendix [E] In all three cases it is clear from a close examination of
these tables that
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e when v € (O, g), configuration 1b gives the global energy minimum,

e when v = 7, configurations la and 1b give the same energy which is also the global

energy minimum, and
e when v € (7_er 7T), configuration la gives the global energy minimum.

So, we can extend Theorem to give a result concerning the global energy minimum and

stability of configurations of the triangular cross-section as well.

Theorem 5.4. Consider any triangle floating in one of the six possible floating configura-

tions with the three materials giving contact angle v. Then:

1. If the body is floating in the o1 medium with the longest side incident with the fluid

interface and v € [%,ﬂ'), the configuration will be a stable global energy minimum.

2. If the body is floating in the o1 medium without the longest side incident with the fluid
interface and ~y s greater than the larger of the two angles of the triangle’s corners
on the fluid interface but less than m, the configuration will be stable, but not a global

ENETGY MINIMUM.

3. If the body is floating in the oo medium with the longest side incident with the fluid

interface and v € (0, %} , the configuration will be a stable global energy minimum.

4. If the body is floating in the oo medium without the longest side incident with the fluid
interface and vy s greater than 0 but less than the supplement of the larger of the two
angles of the triangle’s corners on the interface, the configuration will be stable, but

not a global energy minimum.
5. If none of the above hold, the configuration is unstable.
Proof.

1. Since the longest side is incident with the fluid interface, it must mean that the two
corners of the triangle that are on the fluid interface are the corners with interior
angles a; and as, the larger of which is as. Applying Theorem tells us that
the configuration will be stable when v € (ap, 7). Since ap < 7 and vy € [g,ﬁ) we

have that the configuration is stable.ﬂ In addition, using Tables , , and ,

v E [%, 7r) also implies that the configuration is a global energy minimum.

I'We must have that ay < 5 If not, then ajg is also greater than or equal to 5. Then as +az >

meaning oy < 0 which is clearly a contradiction.
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2. The configuration is stable by Theorem [5.3] It will not be a global energy minimum
since a global energy minimum requires that the longest side be incident with the

fluid interface.

3. Since the longest side is incident with the fluid interface, it must mean that the two
corners of the triangle that are on the fluid interface are the corners with interior
angles a; and g, the larger of which is as. Applying Theorem tells us that the
configuration will be stable when v € (0,7 — a»). Since an < Z and v € (0, %] we
have that the configuration is stable. In addition, using Tables (.2 and 5.3
v E (0, g] also implies that the configuration is a global energy minimum.

4. Same as proof item

5. Theorem 5.3 applies, giving the desired result. O

Table 5.1: Relationships between the energies of the six possible floating configurations of

the triangle for each value of v € (0,7) in the b < 2+ gge.

a+c

Values for ~ Energy Relationships
(0, arccos (%)) Eiyw < Eoy < B3y < By < Eyy < B3,
arccos (%) By < By < B3y = By < Fay, < E3,
(arccos (%) , arccos (%b)) By < By < Fyy < By < By, < Es,
arccos (%b) By < By = Fry < BEay < By, < Es,
(arccos (%b) , arccos (b’T‘l)) Eyw < B, < Eoy < Egy < By, < B3,
arccos (”’T‘I) By < B, < Eoy < By, = Fyy, < Es,
(arccos (=), 2) By < Biq < By, < By < E3, < E3,
o) Evw = Erg < Eop = Eaq < Egy = B3,
(%,W — arccos (b_T“)) Fio < By < Eyy < Eop < B3, < B3
T — arccos (b’T‘l) Ei,. < By < By < By = B3, < By
(7r — arccos (b_T“) , T — arccos (%b)) B, < By < By, < Bsy < Eoy < Eg
T — arccos (%b) B, < Fyy = Ey, < By < Boy < Eg
(7r — arccos (C%b) , T — arccos (%)) Ei,. < By < By < B3y < By < Egy
T — arccos (%) B, < FEy, < By, = E3, < Eo, < E3
(7T — arccos (%) ,7r) B, < By, < B3y < By < By < Eg
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Table 5.2: Relationships between the energies of the six possible floating configurations of

the triangle for each value of v € (0, )

Values for ~

. 2 2
in the b = < cqse.

a-+c

Energy Relationships

(0, arccos (%))

arccos (%)
(arccos (%) , arccos (%b))
arccos (%b)
(arccos (%’) , %)

™

2

(g, T — arccos (‘%b))
T — arccos (%b)
c—b

a

(7'(' — arccos ( b

T — arccos (%)

(7r — arccos (%) ,7T)

Table 5.3: Relationships between the energies of the six possible floating configurations of

c—a

) , T — arccos (—

Erp < Eogy < B3y < Eqg < Faq < E3q
Eyy < Egp < B3y = E1q < Eaq < E3,
Ery < Egp < Erg < B3 < Fa < E3,
Eyw < Egp = B < B3y = Fay < E3,
E1p < Erg < Egp < Eyq < B3y < E3,
Ew = E1y < Egp = Ea < E3p = E3,
Ero < By < Ea < Egp < B34 < B3
Eio < Eyp = Eay < Egp = B3, < B3
Eiq < F3q < Eyp < B3, < Egp < B3
Ero < Egq < Eyp = E3 < Egp < Egp
Erq < Eyq < E3q < Eyp < Egp < B3

the triangle for each value of v € (0,m) in the b > “21‘32 case.

Values for v

a-rcC

Energy Relationships

(O, arccos (%))

arccos ( ea )

b
(arccos (%) , arccos (b’Ta))

arccos (b—Ta)

(arccos (b—Ta) , arccos (?))
arccos (c%b)

(arccos (%’) , %)

s

2

Ew < By < By < Fig < Fag < Faq
By < By < Egpy = Fig < Fag < Esq
Ew < Boy < Frg < Egp < Eoy < B3,

E1p < By < Eiq
Ey < Egp < Erg
Eyw < B = Eq
Eyp < By < Eg
E1p = E1q < Eg

< B3y = Eay < E3q
< FEy, < E3, < E3,
< By, < B3, < E3,
< By, < B3, < E3q
= Fa, < B3y = E3,

(g, T — arccos (%b))

Frio < Ew < By < By < E3q < By

T — arccos (%b) FEio < By = Fyy, < Eop < B3, < B3

(7T — arccos (%b) , T — arccos (b’Ta)) Fi,. < By, < By < By < B3, < By
T — arccos (b’Ta) Ei, < By, < By < Boy = B3, < Egy

(7T — arccos (b_T"“) , T — arccos (%)) Fi, < By, < By < Bsy < Eop < Egy
T — arccos (%) B, < By, < By = Bsy < Eop < Egy

(7T — arccos (%) ,7r) Fi, < By, < Esy < By < Eoy < Egy
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5.3.2 The Square

For our second example we consider an infinitely long cylinder with a square cross-section of
unit side length. Using Theorem [5.1| we know that the only possible floating configurations
are ones in which the fluid interface intersects two corners of the square. There are three
such configurations as shown in Figure Using Theorem we can classify the stability

of these three configurations.

Figure 5.4: The three possible floating configurations for a square cross-section.

e Configuration 1 has floating angles 7" = 75 = 5 and 7y = 73 = 7 so it will be
stable when we have that 7 — § <y <7 & § <y <.

e Configuration 2 has floating angles v;" = v = 77 = 75, = 2T so it will be stable

4
3r 3T s 3T
when we have that m — °F <y < 2f & T <~y < <F.

™

e Configuration 3 has floating angles 7" = 75 = 7 and 77 = 75 = 5 so it will be
stable when we have that 7 — 7 <y < 7 & 0<y < 3.

Otherwise, when v is not within the specified range of values, the configuration will be
unstable.

Now, to determine which configuration is a global energy minimum, we need to directly
compare the energy associated with each of the three configurations. The energies of the

three configurations are given by

E1 = 30’1—|—0'2—0'
E2 = 20'1+20'2—\/§0'
Es = o014 30— 0.

Subsection is reprinted with permission from reference [14].
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The relationships between the energies change depending on the value of «. The relation-
ships are summarized in Table[5.4} for the underlying details of the creation of Table[5.4]see
Section in Appendix [E] Using Table we are able to determine which configuration
is the global energy minimum for each value of v and since we already know the stabil-
ity of each of the three configurations for each value of v we can summarize the stability
behaviour of the square cross-section in Table [5.5

Table 5.4: Relationships between the energies of the three possible configurations of the
square for each value of v € (0, 7).

Values for v Energy Relationships

(0, arccos(v/2 — 1)) Es < By < E)
arccos(v/2 — 1) Es=FEy, < E;
(arccos(v2 — 1), 7) E, < Es < Ey
z Fy < Es = E,

(%, arccos(1 — v2)) E, < E; < Ej
arccos(1 — v/2) Ey=FE, < E3
(arccos(1 — v/2), ) Ey < Ey < Ej

Table 5.5: The stability of each of the three possible floating configurations for the square
(as depicted in Figure and for each value of v € (0,7) is shown here. Note that here
we have v = arccos(v/2 — 1).

(5:v) v (v,5)
Configuration 1 Unstable
Configuration 2 | Unstable | Stable | Stable Global Energy Minimum

Configuration 3 | Stable Global Energy Minimum | Stable | Unstable

IR

(5.7 —v) T (m—v.F) | %)
Configuration 1 Stable Stable Global Energy Minimum
Configuration 2 | Stable Global Energy Minimum Stable Unstable
Configuration 3 Unstable
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5.3.3 The Rectangle

Our next example will be that of a more general quadrilateral, the rectangle. We consider
an infinitely long cylinder with rectangular cross-section having side lengths 1 and b where
b > 1. Similar to the square cross-section, the only configurations for which floating is
possible are ones in which the fluid interface intersects two corners of the rectangle. There
are six configurations of this type for a rectangular cross-section. However, the fifth and
would-be sixth configurations are symmetric about a vertical line, so we will consider only

the first five configurations, shown in Figure [5.5]

Figure 5.5: The five possible floating configurations for a rectangular cross-section.

Again, using our stability criterion for equilibrium configurations of polygonal cross-

sections (Theorem [5.2)) we can classify the stability of these five configurations.

e Configurations 1 and 3 have floating angles 7" = 75 = Z and 7y = 75 = 7 and

hence are stable when we have that § <~ <.

e Configurations 2 and 4 have floating angles 7,7 = v = m and v, = v, = Z and

NI

hence are stable when we have that 0 <~ < 7.

e Configuration 5 has 7" = 7, = 7 —arctan(}) and 7; = v5 = 7 — arctan b and hence

b
is stable when arctan(b) < v < m — arctan(b) since we have that

min {7? — arctan (
= 7T — max {arctan (
= m — arctan (max {

= 7 — arctanb.

, ™ — arctan b}

) )
"))

S =

e
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Now, to determine which configuration is the global energy minimum, we need to directly
compare the energy associated with each of the five configurations. The energies of the five

configurations are given by

Ey = (b+2)oy + boy — bo
Ey = boy+ (b+2)oy — bo
E; = (2b+1)o14+0s—0
Ey = o0+ 2b+1)oy—0
E; = (b+1)(01+03) —V1+ b0

Again, the relationships between the various energies depends on v, and we will also find
that the relationships between the energies depends on b. There are three cases: 1 < b <
V3, b =+/3, and b > v/3; the energy relationships in each of these three cases for each value
of v are summarized in Tables[5.6] [5.7, and [5.8 and are shown at the end of this subsection.
For a detailed account of the creation of these tables, see Section in Appendix [E]
From Tables and it can be seen that the configuration giving least energy

changes from one configuration to another at the following values of ~v:

arccos <\/ 14062 — b) ) and arccos (b —V1+ 1)2) )

Other values of v do not result in a change in the configuration giving least energy. Using
this, we can see which configuration gives the global energy minimum for each ~ in each
of the three cases. This, together with the stability requirements outlined earlier, allows
us to summarize the floating behaviour for each possible configuration and each v € (0, )

for the rectangular cross-section as shown in Table [5.9| on page [41}
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Table 5.6: Relationships between the energies of the five possible floating configurations for
the rectangle for each value of v € (0,7) in the 1 < b < /3 case.

Values for v Energy Relationships

<0,arccos <%2_1>> Ey < By, < BEs < B4 < E3

arccos (—Vl*bbz’l> E,< Ey=FE; < E, < E4

<arccos (—”ﬂ)lﬂ&) , arccos (\/1 + 0?2 — b)> Ey< BEs< By < By < Es
arccos (\/1+62—b) Ey,=Fs< E, < FE, < Es

(arccos (\/1 + b2 — b) , arccos (2;—1)) Es< Ey < By < E) < B4
arccos (er—}) Es < By < Ey=F < E3

(arccos (%) , g) Es < By < By < By < Ej

g E5<E2:E1<E4:E3

(7—;, arccos (;T_ll’)) Es < By < By < B3 < Ey

arccos (;T’i’) Es < By < FEy=FE;<Ey

(arccos (iT’i’) , ArCCos (b — 1+ 62)) Es < Ei < E;< Ey < By
arccos (b—\/1+b2) Es=F < FE3< Ey, < E,

(arccos (b -1+ b2) , arccos (1_— Vbl+l’2>> Fi<FBEs< E3< Ey,y<E,
arccos 1=+ Vbl“’Q Ei < FEy=FE3< FEy < Ey

(arccos (1_— VbeQ> ,7T> Ei<Es< Es< By < Ey
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Table 5.7: Relationships between the energies of the five possible floating configurations for
the rectangle for each value of v € (0,7) in the b = /3 case.

Values for ~ Energy Relationships

<O, arccos (—Vlﬂi’z_l» E, < Ey< Es < B, < B4

arccos (—VHIJI’Q—I> FEy < By = FE5 < By < Ej5

<arccos (—VHI){“) arccos (V1 + 0% — b)) E, < Es < E, < E, < E;4
arccos (\/1+bz—b) Ey=FEs < E, < E, < Ejs

(arccos (\/1+b2—b),g) Es < By < Ey < Ey < Es

% E5<E2:E1<E4:E3

(g,arccos (b—\/1+b2)) Es< B, <EBEy,< FEy3< E,

arccos (b —vV1+ b2) Es=FE < B3 < By < Ey

(arccos (b 1+ b2 , arccos <1 VbeQ)) Fi< By < BE3< By < Ey
arccos(l V1+b> Fi < Es=EFE;< FEy< E,

(arccos (1 V1t+b® ) > E, < BE;< Es< By < E,y
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Table 5.8: Relationships between the energies of the five possible floating configurations for
the rectangle for each value of v € (0,7) in the b > /3 case.

Values for v Energy Relationships

<0,arccos <%2_1>> By < Ey < Bs < By < Ej

arccos —VbeQ’l E,< E,=FE; < E, < E4

<arccos (—%) , arccos (g;—})) Ey < By < Ey < By < Es
arccos (g%) FEy < BEs < By = B, < E5

(arccos (Z:L—i) , ArcCos (\/1 + b — b)) Ey < BEs < By < By < Es
arccos (\/1+bz—b) FEy=FEs < FE, < Ey < FEjs
(arccos (\/1+b2—b),g) Es < By < By < By < Es

g E5<EQ:E1<E4:E3

(g,arccos (b—\/1+b2)) Es < Ey < By < Es < By
arccos (b—\/l—l—bQ) Es=FE < FEy,<FE3< E,
(arccos (b -1+ b2) , arccos (;T’i’)) i< EBEs< BEy< E3< By
arccos (;T_ll’) Fi < BEs< Ey=FE3< FEy

<arccos (;T_ll’) , arccos <1_— Vb1+l’2>> Fi<BEs< Es < Ey < Ey
arccos (1’— W) Fi < FEy=FE3;< By < Ey

(arccos (1_— VbeQ> ,7T> Fi<EBEs< Eys< By < Ey
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5.3.4 The Regular Pentagon

We will now consider an infinitely long cylinder with pentagonal cross-section. For sim-
plicity, the pentagon will be assumed to be regular, with each side length being 1. Using
Theorem [5.1], the only configurations for which floating is possible are ones in which the
fluid interface intersects two corners of the pentagon. There are four distinct configurations

of this type for a pentagonal cross-section and they are depicted in Figure 5.0

Figure 5.6: The four possible floating configurations for the pentagonal cross-section.

Again, using Theorem we can classify the stability of these four configurations.

e Configuration 1 has floating angles v{ = 75 = %’r and 7; = 7, = 7 and hence will

be stable when we have that 3?” <7y <.

e Configuration 2 has floating angles 7" = 75 = & and 7; =, = and hence will
be stable when we have that %’T <7< 4?”.

e Configuration 3 has floating angles 7" = v~ = 4?” and 7, =17, = 3% and hence will
be stable when we have that T <~ < 3?”

e Configuration 4 has floating angles 7" = 75 = 7 and 7y, =, = %” and hence will

be stable when we have that %” <7y <.

Otherwise, when 7 is outside of these specified ranges, the configurations are unstable.

Now, to determine which configuration gives the global energy minimum we need to

directly compare the energy associated with each of the four configurations. Using Figure
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we have that the energies of the configurations are given by

E, = 401 +09—0
Ey = 301+ 20— po
Es = 201+ 30— o
E, = oy+40,—0

where ¢ is the golden rati Y = @ We directly compare the energies in Section [E.4

of Appendix [E] A comparison of the energies reveals that the relationships between the
energies of the various configurations change depending on the value of v. The relation-
ships are given in Table [5.10] and we can then summarize the stability of each of the four
configurations for each possible value of v in Table

b
a 1 a
b\
o
5]
s
10
1

Figure 5.7: The unknown length b is found using the angles of the indicated triangle. Using

the Sine Law, length a = sin (10) = ‘[4_1 and then since length b is twice length a plus one,

we have b = 2 (‘[ 1) +1= ‘[H =, the golden ratio.

2Recall that ¢ — 1 = é.
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Table 5.10: Relationships between the energies of the four possible floating configurations
for the pentagon for each value of v € (0, ).

Values for ~ Energy Relationships
(O, arccos (é)) E, < B3 < By < Ey
arccos %) Ey=F3 < Ey < E;
(arccos <é ,%ﬂ) Es < By < By < Ey
2?71- Es < Ey=Fy, < Ey
(%,7) By < Ey < Ey < E;
g E3 = E2 < E4 = E1
(%,3%) E2<E3<E1<E4
3?77 EQ < E3 = E1 < E4
(%’,W—arcco (i)) Ey, < Ey < B3 < Ey
T — arccos (é) FEy=F; < E35 < F,
(7? — arccos (é) ) Ei < By < B3 < Ey
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5.3.5 The Regular Hexagon

For our final polygonal example, we consider a regular hexagonal cross-section whose sides
are assumed to be unit length. Again, the only possible floating configurations are ones in
which the fluid interface intersects two corners of the hexagon by Theorem |[5.1} There are

five such configurations which are depicted in Figure [5.8|

5
v

1 2 3 5

Figure 5.8: The five possible floating configurations for the hexagonal cross-section.

Using Theorem we can classify the stability of these five configurations.

e Configuration 1 has floating angles 7;" = 73" = § and 7; = 73 = 7 and so it will be

stable when we have that %’r <7y <.

and v, =7, = %” and so it will be

SN

e Configuration 2 has floating angles v;” = 75 =
stable when we have that 7 < < %”.

S =7 =7, = 2 and so it will be stable

e Configuration 3 has floating angles ;" = ~ 3

s 2
when we have that <~y < 5.

and so it will be

N

e Configuration 4 has floating angles 7" =73 = 2 and vy =7, =
stable when we have that § <~y < 3.

and so it will be

coly

e Configuration 5 has floating angles 7 =~ =7 and v, =, =
stable when we have that 0 <~y < Z.

Otherwise, when v is not within the specified range of values, the configuration will be

unstable.

Now, to determine which configuration gives the global energy minimum, we need to
directly compare the energies associated with each of the five configurations. Using Figure
to determine the unknown lengths, we find that the energies of the five configurations
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are given by

E, = boi+o09—0

Ey, = 401+ 20, — V3o
Es = 3014 309 — 20
E, = 201+ 40y — V3o
Es = o450y, —o0.

The relationships between each of the energies for each possible value of v are given in
Table 5120 The details behind the creation of this table can be found in Section [E.5] of

Appendix [E]

o3

e

Figure 5.9: The unknown length d is found using the angles of the indicated triangle. Using

in( 27
sin(22)

V3

the Sine Law, length ¢ = n(z) = 2 = /3. Then using the Pythagorean Theorem, we
sin 6 2

find that b = % Finally, since length d is twice length b plus one, we have d = 2.

From Table [5.12] it is clear that the global energy minimum changes from one configu-

ration to another at the following values of ~:

arccos (\/§ — 1),
arccos (2 — \/3),
5
T — arccos (2 — \/5), and
T — arccos (\/g — 1).

We also know the stability of certain configurations change when ~ is one of 0, ¢, %, 7,
%’r, ‘% or 7. From this, we can then summarize the stability of each of the five configurations

for each possible value of v in Table [5.13]
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Table 5.12: Relationships between the energies of the five possible floating configurations
for the hexagon for each value of v € (0, ).

Values for ~ Energy Relationships

(O, arccos (\/5 - 1)) Es < By < B3 < FEy < By
arccos (\/§ — 1) Ei=FEs < Es< Fy < B4

(arccos (\/3 — 1) ,g—r) Ey < By < B3 < By < Ey

z Ey < By =E3 < By < E)

(g,arccos (2 \/3)) Ey< Es< BEs < By < By
arccos(2—\/_ E,=FE; < Es < E, < E,

(arccos (2 — , arccos (\/53 1)) FEys < By < Es < Fy < By
arccos(‘f 1) Es < By < Es=F, < E;
(arccos ) ,g) Fys < By < By < By < 4

Fys < Ey=FEy < E5=F;

(g,ﬂ arccos( 1>> Fs < By < By < B < By

T — arccos (%) Es < Ey< Ey=F, < Ejy

<7r — arccos (%) , T — arccos (2 — \/§)> FEs < By < By < By < By
7T—a1"CCOS(2—\/§) Es=F, < FE, < E; < Ejy
(W—arccos(Z—\/g),%”) E, < E; < E, < Ey < Ej

e E, < E;=FE, < E, < Ej;
(%’r,w—arccos(\/g—l)) FEy < By < B35 < By < By
ﬂ—arccos(\/g—l) Ey,y=F < FE3< E; < Ejy
(W—&TCCOS(\/g—l),TI') Fi < Ey < Es < By < Es

48



a[qeIsun) G uoneINSYuo))
a[qeIsun ¥ uoryeInsyuo))
o[qeIsun 9[qeIS WNWIUlpy A8I8Uf [RqO[X) 9[qRIS | € UoIRINSYuo))
o[qeIsun) o[q®eIS WINWIULN ASIoUr [RqOY) 9[RIS 9[qrIS ¢ uoryeInsyuo))
wnwruipy A310u5 [eqo[r) 9[qeIS 91qeIs a[qelsu) 1 uorjeIn3yuo))
] [Ga-yla—u|(o-2E) [E](En-2) n (n=2)
o[qeIsun 7 9[qeIS | WNWIUIN ASIoUr [R]O[Y) 9[qRIS | G UOIIRINSYUO))
a[qeIsun) 91qels wnwruipy A8I1ous [eqO[L) 9[qrIS 9[qeIS | d[qrIsu) | § UOIRINIYUO))
WNWIUIN ASIoUH [eqOry) 9[qelS | 9[qrIS a[qeIsun) ¢ uoneInsyuo))
a[qeIsun g uoneInsyuo))
a[qeIsun 1 UOI)RINSYUO))
Cofol@HEED] o« (Y] B

‘(g —g) sooo1e = m pup (T — g/ ) S000TR = a g0Y) 2j0N 249y uMoys s1 (L 0) D L fo anjpa
oD2 PUD Emgsmi ur pagordap sv) uobvray oy 40f suoyninbifuod buyvoyf ajqussod aa1f ayy fo yova [o figyuqvis 2y €T1°G 9qRL

49



5.4 Results Involving Regular Polygons

With a careful observation of the regular polygon examples in Section [5.3] one can begin
to envisage several results concerning the number of stable and unstable configurations
for a given regular polygon, as well as the relationship between stable configurations. We
state several of these results in the following theorem and verify them in the accompanying

proof.

Theorem 5.5. For an n-sided regular polygon (n > 3) we will have that:
1. For each v € (0,7) there exists a stable global energy minimum.
2. For each y € (0, ) there are at most two stable configurations.

3. For each v € (0,7) there are at least n — 3 unstable configurations with two vertices

on the fluid interface.

n’ n

n—2 ,. .
4. Ifve U (ﬂ M) there are two stable configurations. Otherwise, there is only
i=1

one stable configuration.

5. When there are two stable configurations, the stable configurations will be adjacent.
(We say that two configurations are adjacent if the absolute value of the difference

between the number of vertices in fluid 1 is equal to 1.)

Proof. Lemma in Appendix [F] tells us that when there are m vertices above the fluid

interface, the floating angles are

and so using the stability condition for polygonal bodies we have that the configuration is

stable when

7T—7T(1—E> <’y<(m—|—2)(z>

n n

or equivalently
i

<—>m<7 < <Z> (m+2).
n n
Since m ranges from 0 to n — 2, the family of intervals

mm w(m+2)

I, = (—,—> form=0,1...(n—2)

n n

Section |5.4|is reprinted with permission from reference [I4].
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forms a cover of (0, 7). This means that for every v € (0, ), v is also contained in I,,, for at
least one value of m which proves the existence of at least one stable configuration. One of
these stable configurations will have an energy that is less than or equal to the others and
so we also have the existence of a stable global energy minimum. This proves statement [1}
We also note that
IL,NI,=0

when |p — ¢q| > 1, but the intersection is non-empty when |p — g| = 1. This tells us that
intervals I, and I, only intersect when p and ¢ are at most one apart. Consequently only
two intervals can intersect each other; that is, given v € (0,7), v may be an element
of at most two intervals of the form of the I,,. This proves statement It also proves
statement [5| as two stable configurations must occur for a + such that v is an element of
the intersection of two intervals of the above form which can only occur when [p —¢| =1
implying that the configurations are adjacent. Since there are n—1 configurations with two
vertices on the fluid interface in total, and at most 2 stable configurations by statement 2]

there must be at least n — 3 unstable configurations, proving statement |3| Finally, if

n—2 . .
ir (i+ D)7
€ e
reU ()
(m+1)7w

then ™% < v < === for some m, 1 < m < (n — 2), which implies that v € I,,,_1 N I,,, but

n
no other interval ,. This implies that there are two stable configurations. Otherwise, if

then 76(Q%]U{%T’%W"“’@}U[wm)'

(n—1)

Then, if v € (0, g] then v € Iy but no other I,,. If v € (

other I,. If v = =% for 2 < m < n—2 then v € I,,,_1 but no other I,,,. So, we can conclude

,7r) then v € I,,_5 but no

that v can be an element of one interval [,,, at a time, and consequently we conclude that

there can be only one stable configuration. This proves statement [4 O]

5.5 Existence of a Stable Global Energy Minimum for

a General Polygon

In the Section we found that for every value of 7 € (0, 7) and every regular polygonal

cross-section, a global energy minimum would exist and it would be stable. We now extend
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that result (with an independent proof) to one that guarantees the existence of a stable

global energy minimum for all polygonal cross-sections, regular or otherwise.

Theorem 5.6. A global energy minimum exists for every convex polygonal cross-section

and every value of v € (0, 7). Furthermore, the global energy minimum will be stable.

Proof. Using Theorem [4.1] we know that any configuration in which the fluid interface
intersects the interior of a straight edge will be unstable, and hence by definition cannot
be the global energy minimum. Thus, if a global energy minimum were to exist, it must be
a configuration that has two corners on the fluid interface. Since there are finitely many
configurations of this kind, one must be the global energy minimum. Hence, a global energy
minimum exists for every convex polygonal cross-section.

It remains to be shown that the global energy minimum is stable. We assume for the
sake of contradiction that the global energy minimum is not stable. Then, according to
Theorem [5.2] it must be that either

v = min(yy,7) or v <7 —min(y, ;) (5.1)

where v, ,75 ;7 and v, are the floating angles (as defined in Section associated with
the global energy minimum. It must then be that

Y>>, >, v <7 -7, or y< -1

We will show the existence of a small perturbation away from the global energy minimum

configuration that decreases energy for each of these four possibilities.

o If v > 7, we perturb the fluid interface downward on the right hand side of the
body, decreasing t;. This creates a new floating angle Wi that is less than 7, due to

convexity. Then

Uy <m
— U, <~
— cosy < cos ¥y
_ _;t* —"t* _—'t*
o=y _ () | 7(ts) — 7(t)

o el ) - el
= o= ) + o (r’“i{' ) “’f”) =0

(t1,t3)

and since t] decreases, this perturbation decreases energy.
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o If v > v, we perturb the fluid interface downward on the left hand side of the
body, increasing t5. This creates a new floating angle W, that is less than 7, due to

convexity. Then

Uy <72
— vy <y
— cosy < cos Uy
— _; t* —’t* _ —'t*
— 01— 02 7;( 5) ] 7;( i) 7;( i)
o I ()l [17(3) = FE)l]

17(t5) = r(t7) ]

= o0F
Oty

D A (7“’“9 ) ¢ “T))) <0

<0

(1:t3)

and since t5 increases, this perturbation decreases energy.

o If v < 7 —~{ we perturb the fluid interface upward on the right hand side of the
body, increasing ;. This creates a new floating angle ¥ that is less than ;" due to
convexity. Then

V<o
= =0T >7—~
— T— U7 >y

oF
<~ - <0
oty

(t1,t3)
and since t] increases, this perturbation decreases energy.
o If v < 7 — v we perturb the fluid interface upward on the left hand side of the

body, decreasing t5. This creates a new floating angle U3 that is less than v~ due to

convexity. Then

Uy <7y
<~ =Wy > —
= -5 >y

OF
— — >0
Oty

(t1,t3)

and since t5 decreases, this perturbation decreases energy.
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In all four cases, there exists a small perturbation to a configuration giving lesser energy.
By Definition the configuration cannot be a global energy minimum, but this is a

contradiction. Hence the global energy minimum is stable. O

Remark 5.3. So far in this thesis, we have only considered bodies that are convex. One
might ask why this is the case, as the energy function introduced in Section [2.1| would
seemingly be applicable to any body of general shape, including those that are not convex.
However, we recall that in Section [2.1] we began with the assumption that the fluid interface
would intersect the body in two distinct points. This assumption was true for any strictly
convex body (and any contact angle different from 0 and 7), and we were able to relax
this assumption to consider bodies that were only convex. However, a body that is not
convex will admit configurations in which the fluid interface would intersect the body in
more than two points, and consequently the energy function used in Section [2.1| would no

longer be appropriate.
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Chapter 6

Bodies in Three Dimensions

Until this point, we have discussed only infinitely long cylinders of constant cross-section,
thus reducing our considerations to two dimensions. However, the more physically intuitive
problem of a floating finite three-dimensional body is one of practical importance that many
researchers consider today. In this chapter we will recreate a result by Finn and Vogel from
reference [9] restricting our efforts to a specific type of three-dimensional body, but we will
then extend the logic to derive a similar result concerning a type of body that Finn and

Vogel do not consider.

6.1 Vertical Variations of a Body of Revolution

Consider a body of revolution generated by rotating the curve r(z) > 0 from z = hy to
z = hy around the z-axis. (See Figure[6.1]) We note that we allow r(z) to be zero only
at the endpoints of the interval [hy, hy] and nowhere in the interior. When r(h;y) # 0 or
r(hy) # 0 the body formed by rotation will not be closed; in such a case we will close the
body by affixing an appropriately sized circle to each open end of the body.

We will consider vertical variations of the body in terms of a single parameter h. The
exterior fluid surface is represented by the planeﬂ z = h, for some h € [hq, hy]. The energy
function will be described by

E = 810'1 + 820'2 - AO’ (61)

where & is the area of the body in contact with the upper fluid 1, S is the area of the
body in contact with the lower fluid 2, and A is the area that is deleted from the fluid

'We have not made the simplifying assumption of neutral equilibrium as discussed earlier in Section
Instead, we have used Theorem 2.6 from reference [9] which tells us that since the fluid interface is

rotationally symmetric, it will be flat and hence is representable by a plane.
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Figure 6.1: A body of revolution generated by revolving the curve r(z) around the z-axis.
The solid pictured does not have the property that r(hy) = r(hy) = 0 and so it is considered

to have a circular disc on either end closing the surface.

interface by the body. Then

h2
S = 2mr(z 1+<d7") dz + m(r(hs))*,
h Z
h 2
S, = 27r(z 1—|—(ﬁ) dz +7m(r ,
hl dZ
and
A =7(r(h))%
So using equation (6.1)) we have
ha dr\?
E(h) = o / 2rr(2)4 )1+ (—> dz 4+ 7(r(hg))?
h z

The derivative of the energy function will then be
Eh) = zﬂal[—4<h) 1.+(rxh»2}4-2w02[raw 1—%(W(h»2}——2warﬁwr%h)

:2M@w@—m)l+WWP—W%ﬂ. (6.2)



Since r(h) # 0 for h € (hy, hy) we see that

E'(h) =0 — (o9 —o1)\/1+ (r"(h))? = or'(h)
= -0 —rih) (6.3)
VT

Next we see that

E"(h) = 2mr'(h) [(02 o)1+ (F(R)? - ar'(h)}

oy — a1)r'(h)r"(h)

V1 ((h))?

Assuming the body is in equilibrium, it must be that equation (6.3) is satisfied. Making

+27r(h) [( — ar”(h)] :

this assumption will allow us to simplify E”(h).

E"(h) = 2mr'(h)[or'(h) — or'(h)] + 27r(h)

= 2nr(h)r" (h) [”(T—W - 1}

1
" (TI h))2 —-1- (T’(h))Q
= 2mor(h)r'(h) { 1+ (r'(h))? }
2o ()
i) (6.4)

So, when a body is in an equilibrium configuration, the second derivative of the energy will
have a sign opposite to that of r”(h).
Now, we consider the function

We note that

f'(h) =

—(L+(r(h)*) +
(1+('(h))?
r"(h)
(1+((h)?)?
We will now consider a smooth body which is strictly convex. Strict convexity implies
that 7”(h) < 0 for all h € (hy, hy) and so f'(h) > 0. Thus, f is increasing. In addition,

— r// (h)

R =
vlw| 3

~

—

=

N—

N—

[\
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since the body is smooth, f will be continuous and it must be that r'(h) — oo as h — hy
and r'(h) — —oo as h — he, with r(hy) = r(hg) = 0. So, we see that

Jim f(h) and Jim f(h)
i ") g ")
h—hi /1 + ((h))? hhz (/1 + (r'(h))?
. —x - —Z
e Vi T i
— =+1

So for h € (hy, hy), f(h) increases monotonically from —1 to 1, provided the body is strictly
convex and sufficiently smooth. So, when |[2>22| < 1, there will exist a unique value h,

such that
01— 02

flh) =7

i.e. there exists a unique height h. at which E’(h.) = 0. Furthermore, since the body is
strictly convex, we have that r”(h) < 0 for all h € (hy, hs) and so E”(h.) > 0 and thus
the equilibrium configuration is stable. Hence the unique height h. gives the global energy

minimum over the range of vertical positions.

Remark 6.1. So far, this is all in keeping with Finn and Vogel’s Lemma 2.1 in reference [9]
in which it is proved that when |>%2| < 1 there is a unique height A at which E'(h) = 0
and this height gives the absolute minimum over the range of vertical positions. Finn
and Vogel’s lemma is more general than what we have done here thus far; they consider
a general strictly convex body in three dimensions where we have restricted ourselves to
considering only bodies that are rotationally symmetric. However, we will use this same
approach to make some conclusions about bodies that are not necessarily strictly convex,

something that Finn and Vogel have not considered in reference [9].

Now, we relax the requirement that the body be strictly convex. The body is still
rotationally symmetric, as well as sufficiently smooth, but we will allow the curve r(z) to
have any curvature: positive, negative or zero. Due to the smoothness of the body, we
still have that r(h;) = r(he) = 0 and that '(h) — oo, 7'(h) — —oo as h approaches h;

) s still
1+(r/ (h))2

(—1,1) but we can no longer conclude that f is monotone. We can say for certain that

and hy respectively. Under these new assumptions, the range of f(h) =

when |#=22| < 1, equilibrium configurations exist but we can no longer be certain how
many of them exist. In addition, we can also characterize the stability of any equilibrium
configuration defined by the height h,. for any configuration in which r”(h.) # 0. We recall
that E”(h) has sign opposite to that of 7”(h) and so for an equilibrium configuration where

the body is locally strictly convex, 7 (h.) < 0 and thus E”(h.) > 0 and so the equilibrium
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will be stable. On the other hand, if the body is locally strictly concave, r”’(h.) > 0 and
thus E”(h.) < 0 and so the equilibrium will be unstable. We highlight this new result in

the following theorem.

Theorem 6.1. Consider a smooth rotationally symmetric body created by rotating the curve
r(2) around the z-axis. When |2=22| < 1 there will exist at least one height h, in the range
of heights for which the body is in contact with the fluid interface that will be in equilibrium
with respect to vertical translations. Furthermore, if r"(h.) < 0 the configuration will be
stable with respect to vertical translations. If " (h.) > 0 the configuration will be unstable

with respect to vertical translations.

Remark 6.2. Consider a body where r(hy) and r(hsy) are not necessarily zero and we do not
have slopes as required for smoothness at hy and hy. f(h) will not necessarily approach
—1 as h — hy nor will it approach 1 as h — hs. So, we cannot guarantee equilibrium
configurations exist for every value of 2>22 € (—1,1). However, if one does exist, it will
still obey the stability criteria as outlined in Theorem [6.1] We will see an example of a

body of this type in Subsection [6.2.1}]

Remark 6.3. Defining v to be the angle of contact between the fluid interface and the
body as measured in the lower fluid, and referring to Figure we note that
() —'(h)
1+ (r'(h))? [(=r"(h), =1)]]
(=r'(h), —1) - (1,0)
[(=r"(h), =D 1|1, 0)]]
—(r'(h),1) - (1,0)
(" (h), D1, 0)]]

= —cos(m—7)

= cosvy

and so equation ([6.3)) is equivalent to the contact angle condition (as expected) for a
sufficiently smooth body.

Remark 6.4. In Remark we discussed how our assumption that the fluid inter-
face would meet the body in only two points implicitly restricted our consideration of
two-dimensional bodies to those that were convex. However, in the discussion of three-
dimensional bodies in this chapter we did in fact consider bodies that were not convex.
Nonetheless, since we were considering only vertical variations of three-dimensional bodies
of revolution the bodies that were not convex did not create any complications. This is
due to the fact that the intersection between the fluid interface and the boundary of the

body will always be a single circle.

99



A
\/
ﬁ

Figure 6.2: The contact angle between the fluid interface and a three-dimensional body of

revolution as measured in the lower fluid.

6.2 Examples

We will now consider three examples of bodies of revolution to illustrate our findings from

the previous section.

6.2.1 A Vase-like Body

Consider the vase-like body created by rotating the curve
r(z) =cos(z) +2, z € [-5, %]

about the z-axis and affixing a circle of radius 2 to either end. We have that r'(z) = —sin z

Figure 6.3: Our vase-like body of revolution considered in this example.
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and so f(h) = —22%_ We then note that

cosh
(1+sin?h)2’
giving a critical point at 7. Evaluating f at the critical points and the endpoints of the

interval in consideration shows that for h € (—g, 37”), f(h) € [#, \/7§> So there will only

exist equilibrium configurations when we have that

—\/§§01—U2<\/§

2 o 2
Let us take a specific value in this region, say #=2* = 0, to illustrate the results found in
this chapter. #=%2 = 0 implies that v = 7 and it is clear from Figure (and it can be
shown analytically) that two equilibria exist, one where the fluid interface meets the vase

f'(h) =

at its widest point and another where the interface meets the vase at its thinnest point.
The configuration where the interface meets the vase at its widest point will be stable since
the body is strictly convex there, and the configuration where the interface meets the base

at its thinnest point will be unstable since the body is strictly concave there.

6.2.2 An Ellipsoid

In this subsection we will consider vertical variations of an ellipsoid of the form
P + o 1.

This is clearly a body of revolution since we can rewrite it as

Vb2 — 22
and differentiating again gives
() = —abv/BF = 2% + azb(L)(0? — %) 73 (—22)
b2(b% — 22)

—ab(b? — 2?) — abz?

b2 (b2 — 22)%

—ab
< 0.
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Since ”(z) < 0, using equation gives that E”(h) > 0 for any configuration satisfying
the condition for equilibrium with respect to vertical variations, and thus the ellipsoid is
stable with respect to vertical variations, independent of the eccentricity.

We will now compare this result to an analogous two-dimensional problem; the problem
of an infinitely long cylinder with elliptical cross-section. This problem was considered
earlier in Section [3.1] where we found that for an equilibrium configuration of the ellipse
to be stable with respect to all variations, the major axis of the ellipse must be parallel to
the fluid interface. Here, we will restrict ourselves to considering only vertical variations
in order to compare with the ellipsoid.

To consider only vertical variations, we define to = 7 — t; and restrict t; so that

t € (—g, g) . Then, a new energy function E is defined by

E = E(tl,ﬂ‘ - tl)

and thus we see that

. OFE OF d
Et) = |—+—— —(7r—t
(1) {8151 * o an " 1)}
(t7,m—17)
- {8E 8E]
T lot, ot
1 2 e
and then that
- 0’FE 0°FE d 0’FE O’E d
E"(t =z~ . — ) = | —— - . —1
() {375% Jr3151(9152 dtl(w 2 (31523?51jL ot3 dlfl(7T 1))} —
1T

_ [°E_, PE | OF
o Tonot, 0B

(t7,m—17)

We recall that in Section (under the same assumption that t5 = m — t}) we found in
equation (3.2)) that the second partial derivatives with respect to ¢; and ¢, would be equal.

So, we now have that

o O?E  OE
Eih) = Q{G_ﬁ_—ﬁtlatg}

(tT 77T_ti)

Recalling our parametrization of the ellipse to be 7(t) = (gcost, hsint) and using the
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derivatives of the energy function from Section [2.2| we see that

[82E 0*F }
— -
oty Ot10t, P
o costih? ) ) ) ) o 5 9
= + — h®)cos“ti| — ———— |—h°cos” t}
2g(g?sin® 5 + h2 cos? t}) [g (g ) l] 2g cost} [ l]

_ oh*cost] [g* + (9% — h®) cos® 1}
B 2g {92 sin?t* + h2 cos? t}
ogh? cost?
g2 sin” ¢} + h? cos? t;
> 0.

Thus, any equilibrium configuration of the infinite elliptical cylinder will be stable with

respect to vertical variations, regardless of the eccentricity of the elliptical cross-section.

Remark 6.5. Since any equilibrium configuration of an infinite elliptical cylinder is stable
with respect to vertical variations, it means that when placed in an unstable equilibrium
the ellipse will move to a new configuration via rotation, not translation. Finn makes note

of this in reference [7].

Remark 6.6. In both the two-dimensional elliptical cylinder and three-dimensional ellip-
soid problems, we found that any equilibrium configuration would be stable with respect
to vertical variations regardless of the orientation of the (generating) ellipse. However,
for stability with respect to all perturbations in the two-dimensional problem, there was a
restriction on the orientation of the ellipse. The relationship between the two-dimensional
and three-dimensional problems suggests that a similar requirement might exist for stabil-
ity with respect to all variations in the three-dimensional case, but we will not investigate
that here.

6.2.3 A Body Comprised of Conical Frustums

Before we get to a body comprised of multiple conical frustums, we consider a single conical
frustum which is a body generated by rotating a line segment r(z) around the z-axis and
affixing two appropriately sized circles to either end. Vertical equilibrium configurations
can only occur on the smooth portion of the body, provided =22 is the very specific
value required to make the necessary contact angle with the frustum. However, even if
equilibria of this type exist, they will be unstable since the energy is constant while the

smooth portion of the frustum is in contact with the fluid interface.ﬂ So, vertically stable

2Every configuration in which the frustum touches the fluid interface gives the same contact angle, so
E’'(h) =0 Vh € (hy, he) implying that the energy is constant on that interval.

63



Figure 6.4: A body comprised of only conical frustums. The floating angles v+ and v~ are

also depicted here.

equilibrium of a conical frustum must occur with either the base or top of the frustum
incident to the fluid interface.

Now, if we consider a body of revolution that is comprised of a “stack” of conical
frustums (see Figure we note that vertically stable equilibrium can occur only at the
top or bottom of the body or where two frustums meet. Of course, this does not necessarily
imply that any configuration where the fluid interface coincides with the top of bottom of
one of the frustums is a vertically stable equilibrium. However, a condition guaranteeing
vertically stable equilibrium for such a configuration can be found and we will derive it
now.

Consider a body comprised of two conical frustums as shown in Figure[6.4l Let v+ and
v~ be the angles that the body makes with the fluid interface as measured in the upper

and lower fluids respectively. Then recalling equation (6.2]) we see that
E'(h) = 2nr(h) |(02 = o0)/T+ ()2 = or'(h)]
09 — 01 ' (h) ]

RO
= 2mor(h)\/1+ (r'(h))? [— cosy + cos V]

= 2mor(h)\/1+ (r'(h))?

where U is the angle (as measured in the lower fluid) between the body and the fluid

interface. We then see that

U <y
= cos U > cosy
— E'(h) >0
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and that

U >y
= cos ¥ < cos~y
= E'(h) < 0.

Then, starting at the configuration shown in Figure if we raise the fluid interface
slightly, h increases and W = 7 — ~T. For stability with respect to this perturbation we

must have that
=t <. (6.5)

Next, again starting at the configuration shown in Figure[6.4], if we lower the fluid interface
slightly, h decreases and W = ~~. For stability with respect to this perturbation we must
have that

v > . (6.6)
Overall, for stability with respect to vertical variations we require both equations (/6.5)) and
to be satisfied which is equivalent to the requirement that

T—yt<y<AyT. (6.7)
Outside this interval, the configuration will be unstable.

Remark 6.7. It is interesting to note the similarities between the condition on the floating
angles for vertically stable equilibrium of a body comprised of conical frustums and the
condition on the floating angles for stable equilibrium of an infinitely long cylinder with
a polygonal cross-section (Theorem [5.2]). The stability condition for the two-dimensional
polygonal cross-section reduces to condition when the two upper floating angles are
equal and two lower angles are equal. This surprising likeness may have been expected
based on the similarities between the two problems: the presence of straight lines in the
body and the corners created when straight portions of the body meet. Nonetheless, it is
still quite remarkable that we obtain almost identical conditions on the floating angles in

both two- and three-dimensional problems.

Remark 6.8. In Section [6.1] we were able to determine the stability of any equilibrium
configuration (with respect to vertical variations only) of a body of revolution provided
that 7" was not zero at the equilibrium height. The analysis of a single conical frustum
now allows us to make the conclusion that any body of revolution that is linear in some
neighbourhood of the equilibrium height will be unstable. This follows directly from the
fact that the energy E(h) is constant while the fluid interface intersects the linear portion
of the body. We are still unable to determine the vertical stability of an equilibrium where

r"(he) = 0 at only a point without looking at higher order derivatives of E(h).
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Chapter 7

Summary and Conclusions

In this thesis, we have looked at a variety of results involving both two- and three-

dimensional bodies which we summarize here.

1. Two-dimensional bodies

(a)

(b)

We used a parametric representation of the cross-section of an infinitely long
cylinder to re-derive Young’s contact angle condition using a minimization of an

appropriate energy function. (See Section [2.1])

We continued to use the parametric representation of the cross-section of the
body to look at the second order terms of a series expansion of the energy
function (in Section [2.2) and used these terms to illustrate the stability of equi-

librium configurations of an infinite cylinder with an elliptical cross-section (in
Section [3.1)).

We proved that any equilibrium configuration in which the fluid interface in-
tersected the interior of a straight side of the body in a single point would be
unstable, allowing us to immediately ignore any such configuration when search-
ing for stable equilibria of a body. (See Section [1.1])

The theorem concerning the instability of configurations where the fluid inter-
face intersected the interior of a straight side was applied directly to polygonal
bodies in which all sides are straight, giving that a necessary condition for stable
equilibrium of a cylinder with polygonal cross-section is that the fluid interface
must intersect two corners of the polygon. (See Theorem [5.1}) Furthermore, we
derived a necessary and sufficient condition for stable equilibrium of polygonal
bodies (Theorem and illustrated these results with several examples.

We completed our discussion of polygonal bodies with some general results about

the existence and number of stable equilibrium configurations for polygonal
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bodies (Theorem and a result proving the existence of a stable global energy

minimum for any convex polygonal cross-section. (See Section )
2. Three-dimensional bodies

(a) We considered vertical perturbations of bodies of revolution, proving the ex-
istence of at least one equilibrium height for any sufficiently smooth body of
revolution. (See Theorem [6.1}) In that same theorem we also classified the
stability of any equilibrium height of a body of revolution based on the local

curvature of the body.

(b) We looked at several examples of bodies of revolution, including an ellipsoid
(in Subsection [6.2.2]) and a body composed of conical frustums (in Subsection
6.2.3).

Also, in our discussion of three-dimensional bodies we made note in two of our examples
(the body composed of conical frustums and the ellipsoid) that similarities existed between
the three-dimensional bodies and their two-dimensional counterpart. This suggests that
even though problems involving infinitely long cylinders of constant cross-section are es-
sentially unrealistic, they could potentially provide valuable insight into the behaviour of
an analogous body in three dimensions. Due to the fact that three-dimensional bodies are
often difficult to work with, an analysis of a related two-dimensional body could be a good

place to begin when considering a three-dimensional shape.
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Appendix A

Series Expansion of the Energy

Function

In Section we found that our energy function £ was given by equation (2.1)). Then, in
Sections and [2.2] we used a series expansion of this energy function. In this appendix
we will derive in detail the series expansion used in those two sections. To expand in series,

we will work with individual terms of the energy function separately.

We begin with \/2/(t)? 4+ y/(¢)2. Using Taylor series expansions for functions z(¢) and y(¢)
we have that

2'(t)? +y'(t)?
= \/[x’(t’{) +a"(1)(t = 1) + O (¢t = )2 + [y (1) +y" (1)t — 1) + O ((t = 1))
(

= Va'(t])? + 22/ (8)a" () (t — 1) + /(1) + 2y (8])y" (¢5) (t — ) + O ((t — 1))?)
= Va(t)? + y’(t*)2 + 202 (17)2"(87) + v ()y" ()] (¢ — 17) + O ((t = 17)?)

= IR 2[5 )] - )+ 0 (- 1i)

N
= ﬁ(t’{)IJ1+ [ 5 ](t—t’{)+0((t—ti>2)-

Then using the known series v/1 +u =1+ % + O(u?) we obtain

1+ —T/(ﬁ) ! /fD (t—t)+0((t—1)?)
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We now integrate to obtain

/t jl NEIOEESTIOE

t1 TR ol (4%
- / 1)) |1+ e (til) T (Qtl)(t—t’{)+(’)((t—t’{)2) dt
g @)

In a similar fashion we can obtain that

[ oo

v (t5) -7 (t3)

= (@)t —t5) + — 23
2|l (@3)l

(ta—13)° + O ((t2 — t5)*) .

Next, we define the function g(ty,t3) to be given by

gt 12) =/ [e(t2) — 2 (0)]? + [y(t2) — y(t1)]

and we need a series expression for g(t],t5) — g(t1,t2). We note that

g(ti.t3) — g(t1, t2)
= —[g(t1,t2) — g(t3,t3)]

9y dg 19%g )
= — t —tF) — == to — ) — = —= t, —t*
ty <t1:t;>( 1= h) Bt (tw( 2= 1) 2 012 <t1:t;>( 1= 4)
g 10% )
— t— ) (ty — t3) — =—2 to — % O (I(ty, t) — (£, )]
Ot10t3 (t’{,té)< UG 2 0t3 (t;,t;)( 2= t3)° + O (l(ts, £2) = (&, &)I)

using a Taylor series expansion in two variables. To determine the series expansion we

need to calculate the necessary derivatives of g.

dg —a'(t7)[z(t2) — x(t)] — y'(t)[y(t2) — y(t1)]
Ot lt7.15) V(@ (ta) — x(t1))? + (y(ta) — y(tr))?
() - () — ()]
17(t5) — 71|
g _ ' () [x(ta) — z(t)] + ¢/ (82)[y(t2) — y(t1)]
Ot (15,43 V(@(ts) —z(t)? + (y(t2) — y(tr))?




0%g () [e(ts) — @(E)] + 2 (5)° — ¥ () [y () — y(t)] + y' (1)

ot ety VE®) — @)+ b(E) — y(6)?
@) — 2] + YD) — v

([w(t5) — 2 (D)) + [y(t3) — y(D)))2
) - [F() — T+ @I () - () — 7))
17(t3) — F(E)] 17(t3) — FE)I1°
g _2"(@)[e(ty) — ()] + 2/ (85)° + ¥ (1) [y (t3) — y(t)] + y'(85)?
ot; lt03) ViIz(ts) — ()] + [y(t5) — y(t7))”
[ )(ty) — ()] + v () [y(ts) — (D)
([w(t5) — ()2 + [y (ts) — y(ED))?)2
) - [7() — DL P )P () - [F(ts) — FED))?
17(t3) — F(E)] I7(t5) — FE)I1°

P g _ —a'(t])2' () — v (1)’ (t3)
0t10t2 | (t1.45) Vi0e(ts) — () + [y(t3) — y(t})]?
L)) — 2 () +y'(5) (y (1) — y(8))] - [x’(t32)( z(t3) — x(t7))]
[2(t3) — =(t)]* + [y(t3) — y(E)]]2
L) () — «()) +y'(5)(y(t5) — y(E))]- [y’(fé) y(t3) — y(t7))]
[[2(t3) — ()] + [y(t3) — y ()]
7 (r(#7) - [7(t3) — DD (83) - [7(E) — 7))

| 17(t3) — FE)I1°
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Using equation ([2.1)) and putting all of the pieces together gives us our series expansion

for the energy function to be given by

E(ty,ty) — E(t],13)
r(t3) - [F(ts) — 7))

17(t3) = (1)

— (o1 = Uz)Hf’(f{)H] (th =)

(t2)

(o1 = o) |7 (E)I| —

) - ) -

r(t)])?

. ty —t3)
G& tH] :

DI = ) - [7(ts) ~

|

oy — oy ) ()
( >meH
(t5) -7 (t3)

i
7t
(t

+o

-
/

(r

5)
).

— ()l

*
1

2||7(t5) = TP

[7(t3) — FEDD (7 (83) - [7(23)

—,

r(ts

<ﬂ

2||7(t5) — (1)l

*
1

)2

](tl—t

— (t)])

t;
17t

+ |o

(t1 — 11)(t2

—13)

ri(t) - ()

+<O’1 — 0'2)

2| (@3l

) = ()P
(r(t3) - [7(t5) — D) I @)I” — " (t3) - [7(t5) — 7(t3)]
2||7(t5) — TP 2||7(t5) — ()l

] (ta = 13)" + O ([t — t1. 2 = £3)]°) -

This is the series expansion of the energy function that we use in Sections 2.1 and 2.2
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Appendix B
Reasons for Excluding v =0, 7

In Remark from Section we noted that the cases where v was equal to 0 or 7 could
be ignored without consequence. For strictly convex bodies, the reason was clear, but for
bodies which are only convex, the reasoning is not as obvious. When ~ is 0 or 7, the body
is contained beneath or above the fluid interface, respectively, with either a single point
or a straight side touching the fluid interface. If the body touches only at a single point,
we use the same reasoning as a body that is strictly convex to conclude that the body is
unstable. If the body touches along a straight side and is beneath the fluid interface (see
Figure we note that since v = 0 then cos(0) = %> = 01 — 0y = ¢ and thus

E = l10'1 + 1202 - l1(7
= ll(O'l — 0') + 120'2

= (ll + l2)0’2

where [; and /s sum to the perimeter of the body. Thus the energy of the body touching
the fluid interface along the straight edge is the same as the energy it would possess if it
were entirely underneath the fluid interface. Pulling the body slightly downward gives the
existence of a small perturbation to a configuration with the same energy and thus the
configuration is unstable. If the body touches the fluid interface along a straight side and
is above the fluid interface, we note that since v = 7, cosm = =2 = 0, — 0y = —0 =

01 = 09 — o and thus

E = l10'1 + ZQO'Q — l20'
=lioy + ls(09 — 0)

- (ll + 12)01.

Appendix [B| is reprinted with permission from reference [14]. The material presented here has had

some minor additions from what appears in that reference.
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01

02

Figure B.1: A body beneath the fluid interface, yet touching the fluid interface along a
straight side.

Thus the energy of the body touching the fluid interface along the straight edge is the
same as the energy it would possess if it were entirely above the fluid interface. Pulling the
body slightly upward gives the existence of a small perturbation to a configuration with

the same energy and thus the configuration is unstable.
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Appendix C

Reason for Considering Only Contact

Configurations

In Remark it was noted that Finn’s Lemma 1.1 in reference [7] gave proof of why it was
unnecessary to consider configurations of strictly convex bodies that were not in contact
with the fluid interface. In this appendix, we will prove a result similar in character to that
of Finn; our result will prove that a convex polygonal body in any stable configuration will
have less energy than the configurations totally above or totally below the fluid interface.
However before we get to the main result of this appendix, we will first prove a lemma for

later use.

Lemma C.1. Any configuration for which there exists a small perturbation to the “totally
above” configuration will possess an energy less than or equal to the energy of the “totally
above” configuration. Similarly, any configuration for which there exists a small pertur-
bation to the “totally below” configuration will possess an energy less than or equal to the

energy of the “totally below” configuration.

Proof. Any configuration for which there exists a small perturbation to the “totally above”
configuration will be contained primarily in the ¢; medium, touching the fluid interface
either at one point or where one flat side is incident with the interface as shown in Figure
[C.1] The energy of the body touching the fluid interface will be given by

E = l10'1 + l20’2 - l30’

where [y, [y are the lengths touching the ; and o9 media respectively and [3 is the length
removed from the fluid interface by the body. Clearly, 1 + l5 is the perimeter of the body.
The energy of the “totally above” configuration is then given by

Ea = (ll + l2)0’1

Appendix |C|is reprinted with permission from reference [I4].
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10)

Figure C.1: The figure shows that when there exists a small perturbation to the “totally

above” configuration, the body is contained mostly in the oy fluid with either one point or

a straight side touching the fluid interface.

and so we see that

E— Ea = l101 + 120'2 — lgO’ — (l1 + 12)0'1

= l2(0'2 — 0'1) — 130'.

In the case where the body touches the fluid interface in only one point, we have that
ly = I3 = 0 implying that £ = FE,. In the case where the body touches the fluid interface
along a flat side of the body, we have that I, = [3 # 0 and so

E—Ea:lg(Ug—Ul—O’)
= —oly(cosy + 1)
<0

since v # 0, m, and thus through both cases we see that £ < E, which proves the first half

of the result. The case for configurations near “totally below” can be proved similarly. [J
We now make use of the prior lemma to prove the main result of this appendix.

Lemma C.2. A convex polygonal body in any stable configuration will have less energy

than the configurations totally above or totally below the fluid interface.

Proof. Since the polygonal body is in a stable configuration, we know that there must
be two corners on the fluid interface (from Theorem and the stability condition for

polygonal cross-sections must hold. That is, we must have

7 —min(y;,v5) <y < min(yy,v5)

where the four angles 7;", 75", 7; and v, are as defined earlier in the stability condition
for polygonal cross-sections (Theorem [5.2]).

We will consider vertical variations of the body only, in terms of a single parameter
h. We will define h = 0 to be the stable configuration while A > 0 corresponds to the
body being pulled upward and h < 0 corresponds to the body being pulled downward. We
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also define four angles U, W5, W and ¥, all of which are functions of h and are shown
in Figure [C.2l We note that the energy function will be continuous while the body is in
contact with the fluid interface; there may be jumps in energy as the body is raised or

lowered beyond contact with the fluid interface.

some other sides

some other sides

Figure C.2: The four angles W), U3, Wy and U, (which are functions of h).

Due to convexity, both Wi (h) and V¥, (h) are non-decreasing as h increases, and both
U (h) and U5 (h) are non-increasing as h increases. (Due to the non-smooth nature of the
body, these angles may not change continuously.)

We first define the function

f(h) = min{¥7 (h), V5 (h)}
and we note that
f(0) = min{¥y (0), ¥3 (0)} = min{ry, 75 }-

Since Wy (h) and U, (h) are non-decreasing, f(h) is also non-decreasing and thus we have
for all h > 0 that

f(0) < f(h)
= min{y;, v, } < min{W;y (h), U5 (h)}
— v < min{W¥y (h), U5 (h)}
= v < (), Wy (h).

Then, since h > 0, this corresponds to pulling the body upward and we note that

<0

/ t* _'t* _ —’t* _
= 7;( ) 7;( z) 7;( i) g1 — 02
Pl I7Es) = 7l o
= cos U7 (h) < cos~y
— v < ¥y (h)
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and that

o0E

e >0
Ots

(t1,63)

— rit) i) i) o= o
17 @) I7(3) — 7)) o

= cos W5 (h) < cosvy

— ¥ < ¥y (h)

and so since v < ¥y (h) and v < V5 (h) for h > 0 we then have that when A > 0 (which

corresponds to pulling the body up) g—ff (t1.8) < 0 and aE 2 L) > (. Then since pulling the
1

body vertically up decreases t] and increases t5, this leads to increasing energy for A > 0.

Next we define the function
g(h) = m — min{ ¥ (h), U3 (h)}
and we note that
9(0) = m — min{ ¥y (0), ¥3(0)} = 7 — min{y;", %'}

Since ¥ (h) and ¥ (k) are non-increasing, g(h) is non-decreasing and thus we have for all
h < 0 that

| AN

g(h) < ¢(0)

m — min{ ¥} (h), U3 (h)} < 7 — min{y", 7'}
m— min{W} (), 5 ()} <

max{r — ¥} (h), 7 — VS (h)} <~

7 — Ul (h), 7 — U (h) <7y

AN

Then, since h < 0, this corresponds to pulling the body downward and we note that

o, ey =0
_; t* —"t* _ —*t o
— r'(ti) @? @9 01 — 03
()| 17(Es) — 7| o
— cos(m — U (h)) > cosvy
= "W (h) <
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and that

oF 0
ERIGE
7 +* = ) — —»t* .
PN 7;(2).7:(3) 7;(1) _ 010
17 (t5)) 73 — 7)) o
= cos(m — W5 (h)) > cosvy
= m =Wy (h) <~

and so since v > m — ¥} (h) and v > 7 — W5 (h) for h < 0 we then have that when h < 0

IE B ;
ot |1.05) > (0 and otz |(11.65) < 0. Then since

pulling the body vertically down increases ¢j and decreases t3, this leads to decreasing

(which corresponds to pulling the body down)

energy for h < 0.

Thus, we have concluded that for A < 0 the energy is decreasing and for A > 0 the
energy is increasing. However, this will only be true for A such that the body remains in
contact with the fluid interface. In addition, we note that the energy derivatives will exist
everywhere except at a finite number of A values corresponding to configurations where the
fluid interface intersects a corner of the body. Using the prior lemma, we can now give a
qualitative sketch of the energy as a function of A from which it is clear that the claim is
true. (See Figure[C.3]) O

This lemma tells us that when we are searching for floating configurations of a polygonal
body, any stable configuration will always have less energy than configurations not in
contact with the fluid interface. This is the reason that we proceed to study configurations

touching the fluid interface while disregarding the configurations not in contact.

A

Figure C.3: A qualitative sketch of the energy as a function of h. Note that the dotted
sections of the graph indicate that the energy will be constant at a value greater than or

equal to the value indicated.
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Appendix D

Intersection of an Ellipse and a Line

in Equal Contact Angles

Lemma D.1. If a line intersects an ellipse at two distinct points with equal contact angles

different from 0 and w, then the line must be parallel to one of the axes of the ellipse.

Proof. Consider a counter-clockwise parametrization of an ellipse
7(t) = (gcost, hsint)

for ¢t € [0,27] with ¢ # h. Consider any line intersecting the ellipse in two points. Let
t; and ty be the parameter values in [0, 27] with ¢; < t5 such that 7(¢;) and 7(¢3) are the
two points of intersection between the line and the ellipse. Consider the two tangent lines
to the ellipse at the two points of intersection. For now, we will assume that the tangent
lines are not parallel and will therefore intersect at one point P. We consider the triangle
formed between the point P and the two points of intersection. Since the line meets the
ellipse in equal contact angles, the triangle must be isosceles. We let the length of the two
equal sides be A. (See Figure[D.1]) We can then express the point P in two different ways,

A . r(h)
P A E

= (gcosty, hsint;) + -

(—gsinty, hcosty)
\/92 sin? ¢, + h2 cos? t,

Appendix |§I is reprinted with permission from reference [14].
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Figure D.1: The ellipse-line intersection in consideration showing the intersection of the

tangents at point P.

and

—

P = #(ty) — A~ —2)

17 (L)

= (gcosty, hsinty) — A

(—gsinty, hcosts)
Vg?sin?ty + h2 cos? ty .

Together these give
A(—gsinty, hcosty)
Vg2 sin? ty + h2 cos? ty .
(D.1)

A(—gsinty, hcosty)
\/g2 sin?t; + h2 cos? t,

(gcosty, hsinty) + = (gcosty, hsinty) —

Then taking the scalar product of equation (D.1)) with the vector (hcosty, gsint;) gives
(costysinty — costysinty)
\/92 sin? ty + h2 cos? to

gh+ X+ (0) = gh(costy costy + sinty sinty) + Agh

A Sin(tg — tl)

1 =cos(t; —ta) + .
\/ g2sin’ty + h2 cos?t,

(D.2)

Now, taking the scalar product of equation ([D.1]) with the vector (hcosts, gsinty) gives

(costysinty — costysinty)

gh(costy costy + sinty sinty) + Agh =gh+ X-(0)
\/g2 sin? ¢, + h2 cos? t,
Asin(ty — t
cos(ty — ta) + sin(b—t) (D.3)
\/g2 sin? t; + h2 cos? t,
Then subtracting (D.2)) and (D.3)) gives that
sin(t2 — tl) sin(t2 — tl) —0
\/g2 sin® to + h2 cos? to \/92 sin®t; + h2 cos? t,

1 1

sin(t2 — tl) . =0

\/g2 sin? ty + h2 cos? ty \/92 sin®t; + h2cos? t,

84



This implies that either sin(t, —t;) = 0 or g%sin®t; + h%cos?t; = g?sin®ty + h? cos? ty. If
sin(ty — t1) = 0, then ty = t; + 7. Substituting t5 = ¢; + 7 into equation (D.1)) we have

(gcosty, hsinty) = (—gcosty, —hsint;)
(gcosty, hsinty) = 0

which is a contradiction. Hence it must be that

g*sint; + h? cos® t; = ¢?sin®ty + h? cos® ty
(¢* — h*)sin®ty = (g* — h?)sin’t,

sint; = £ sints.

If sint; = sint, then the y-components of the two points of intersection are the same and
so the intersecting line must be horizontal. If sint; = — sin ¢y then the y-components of the
two points of intersection are negatives of each other. The corresponding z-components
must also be the same; if not, then t, = t; + 7 which would give the same contradiction as
before. Thus in this case the intersecting line is vertical.

Thus the intersecting line is either vertical or horizontal and so it will be parallel to one
of the axes of the ellipse.

In the case where the tangents are parallel, the angle of contact must be 5. The line
will consequently be incident to either the major or minor axis of the ellipse and hence the

result remains true in this special case. O
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Appendix E

Miscellaneous Detailed Calculations

from Section 5.3

In this appendix we will show in detail the various calculations used in Section which

are not shown in that section for the sake of continuity and clarity.

E.1 The Triangle

In Subsection [5.3.1] Tables 5.1} 5.2} and were given comparing the energies of the six
different configurations for the triangular cross-section for each value of v € (0,7), one
table for each of the three different cases. In this section, we give a detailed account of
how these tables came to be. We first recall that the energies of the six configurations were

given by

Ei. = (a+b)oy+coy—co
Eyw = coy+(a+b)oy—co
Ey = (a+c)oy+boy—bo
Ey = boy+ (a+c)og —bo
Es, = (b+c)oy+aoy—ao
Esy, = ao1+ (b+c)os —ao

and we start by directly comparing each pair of energies/[]

'Recall that the lengths of the sides of the triangles are a,b and ¢ and they satisfy the relationship
0 < a <b < c. In addition, due to the triangle inequality, we have that a+b > ¢, a4+c > b, and b+ ¢ > a.
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Eio.—Ew = (a+b)oy+coy —co—coy — (a+b)og + co
= (a+b—c)oy—(a+b—c)oy

= o(a+b—c)cosy
e When 0 <y < 7 we have that Ey, > Eyy.
e When v = 7 we have that £y, = Eyy.

e When § <~ <7 we have that £y, < Eyy.

Eio — Eye = (a+b)oy+ cog —co— (a+ c)oy — bog + bo
= (b—c)oy+(c—b)og+ (b—c)o

(b—c)(oy — 09— 0)
—(c—b)o [cosy + 1]

< 0

e Equality is only possible when b = ¢ but we will ignore this case because when b = ¢

configurations la and 2a are the same. Hence we have that F;, < FEs, for all v in
(0, 7).

F1o— Eyy = (a+b)oy + cog —co —boy — (a+ ¢)og + bo
ao] — co — aoy + bo

a(oy —o9) + (b—c)o

e ]
ao |cosy +
a

e When 0 < v < arccos (%b) we have that Ey, > Eq.

e When v = arccos (c;b) we have that Fy, = Eqy.

a

e When arccos (%b) < v < m we have that Fy, < Fqy.
Fio— E3s = (a+b)oy+cog—co— (b+c)oy —aos + ao
= (a—c)oy+ (c—a)oa+ (a —c)o

= (a—c)[oy — o9+ 0]

—o(c—a)cosy + 1]
0

IN
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Equality is only possible when a = ¢ but we will ignore this case because when a = ¢
the triangle becomes equilateral and so 1a and 3a are the same. Hence we have that

Ey, < Es, for all y in (0, 7).
Ei,—Es = (a+0b)oy+coy—co—o1— (b+c)oy +ao
= b(oy —03)+ (a—c)o

a—c
= ba{cosv—i— b 1

When 0 < v < arccos (%) we have that i, > FEj3,.

When v = arccos (%) we have that Fy, = FEj3,.

When arccos (%) < v < m we have that Ey, < Es.

Ey— Ey, = coy+ (a+b)og —co— (a+c)oy — bog + bo
= a(og—o1)+(b—c)o

e
= ao |—cosy+
a

When 0 < v < arccos (ﬂ) we have that Eq, < Eo,.

a

When v = arccos (H) we have that Ey, = Eo,.

a

When arccos (b%c) < v < 7w we have that Ey, > Fs,.
Ey—FEy = cop+ (a+b)oy —co—boy — (a+ c)oy + bo
= (c=b)oy+(b—c)og+ (b—c)o
= o(c—0b)[cosy — 1]
< 0

Equality is only possible when b = ¢ but we will ignore this case because when b = ¢
configurations 1b and 2b are the same. Hence we have that Fy, < FEy, for all v in
(0,7).

Ey—E;, = coy+(a+b)og—co— (b+c)oy —aos + ao

= boy —boy + (a—c)o

a—c
bo |:—COS’Y+ }

b

When 0 < v < arccos (“T_C) we have that Fq, < Ejs,.
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When v = arccos (%) we have that Ey, = Ejs,.

When arccos (%) < v < m we have that Fy, > FEs,.

Eyw—FEs = cop+ (a+b)oy —co—aoy — (b+c¢)oy + ao
= (c—a)o;—(c—a)og— (c—a)o
= o(c—a)[cosy — 1]
< 0

Equality is only possible when a = ¢ but we will ignore this case because when a = ¢
the triangle becomes equilateral so configurations 1b and 3b are the same. Hence we
have that Ey, < Eg, for all v in (0, 7).

Fsy — FEoy = (a+c)oy 4+ bog —bo — boy — (a+ ¢)og + bo
= (a+c—=b)oy+(b—a—c)oy
= (a+c—0b)(o1 —09)
= o(a—b+c)cosy

When 0 <y < 7 we have that Fy, > Fay.
When v = 7 we have that Fy, = Ea,.
When 7 <y <7 we have that Fy, < Eg.

Fyu — E3s = (a+c)oy+bog—bo— (b+c)oy —aoe + ao
(a—b)oy + (b—a)os + (a—b)o

= —o(b—a)[cosy + 1]

< 0

Equality is only possible when a = b but we will ignore this case because when a = b

configurations 2a and 3a are the same. Hence, Fy, < Ej, for all y in (0, 7).

Eye — E3y, = (a+c)oy+boy —bo —aoy — (b+ c)os + ao

= coy —coy+ (a—b)o

o]
= co [cosy + c

When 0 < v < arccos (b ) we have that Fo, > FEjy,.

When v = arccos (b ) we have that Fy, = FE3p.
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e When arccos (b_T“) < v < m we have that Fy, < Fs.
EQb—Ega = bUl+(a+C)02—bU—(b+C)01—(102+(10’
= c(og —01)+ (a—b)o

et
= co |—cosvy+ c

e When 0 < v < arccos (“ b) we have that EFy, > Ejs,.

e When ~ = arccos (“7_1’) we have that Foy, = Ej3,.
e When arccos (‘%b) < v < m we have that Fy, < Fs,.

Eo,— E3, = boy+ (a+c)og —bo —aoy — (b+ ¢)oy + ao

(b—a)oy — 09 — 0]

o(b—a)[cosy — 1]
< 0

e Equality is only possible when a = b but we will ignore this case because when a = b
configurations 2b and 3b are the same. Hence, Fq, < Ej;, for all v in (0, 7).

Es, —E3, = (b+c¢)oy+aoy —ao —aoy — (b+ c)og + ao
= (b+c—a)(oy —o9)
= o(b+c—a)cosy
e When 0 < < § we have that E3, > Esy,.

e When v = 7 we have that E3, = Esy.

e When § <~ <7 we have that E3, < Esy,.

Having now compared each of the energies directly it is apparent that there are six “special”

values of v at which the relationships between various energies change. We need to deduce

™

the relationships between these special values as well as their relationships to 0, 5, and to

7. These special values are

<c—b> (b—c) (c—b)

arccos arccos = T — arccos

a a a

c—a a—c\ c—a

arccos ; arccos 7 — T — arccos ;
(b—a) (@—b) (b—a)

arccos arccos = T — arccos )

c c c
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We see that

c=b c—a _ bc—bQ_ac—a2
a b N ab ab
1
= —b[—b2+bc—ac+a2}
a
1
= %[(aﬂLb)(a—b)—C(a—bﬂ
—b
= aab l[a+b—(]
b—a
= — [c — (a+b)]
< 0

since b > a and a + b > ¢. Thus we have that

c—b c—a
<

a
We also see that

c—a b—a —ac b —ab

b c be be

%[(c—b)(c+b)+a(b—c)]
c—b
be
> 0

[c+b—d]

and so we have that
c—a _ b—a

> .

b — ¢

However, comparing %b and b’T“ will not be as direct. We start by noting that
c—b b—a  F—bc ab—a’
a c ac ac

1

= — [02 —bc—ab—i—a2]
ac
Ly 2

= —la"—blat+c)+c
L= bas o+

and so there will be three different cases:

a® + c? c—b b-—a
b < — >
a—+c a C
a? + 2 c—b b—a
b: e —
a—+c a C
a? + 2 c—b b-—a
b > == <
a—+c a C
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which implies that

a’ + c? b—a c¢c—b c—a
b < — < =~
a+tc c a b
a®+c? b—a c¢c—b c—a
b: i frd <
a+c c a b
a’®+c? c—b b—a c—a
b > - < <
a+c a c b

and so finally we have that

a’ + c? c—a c—>b b—a
b < — arccos < arccos < arccos

a+c b a c
a’ + c? c—a c—b b—a
b= . arccos < arccos < arccos
a+tc b a c
a’ + c? c—a b—a c—b
b> . arccos | —— | < arccos < arccos
a+tc b c a

and so we can now determine the relationships between the energies of the six configurations

for each of the three cases (which are dependant on the value of b) and for each value of

2 2 2 2 2 2 . .
~. There are of course three cases, b < “aig , b= “aii and b > % The relationships

between the various energies as determined in this section can now be summarized in Tables

5.1} .2, and [5.3] shown earlier in Subsection [5.3.1]

E.2 The Square

In Subsection [5.3.2] Table was given comparing the energies of the three different
configurations for the square cross-section for each value of v € (0, 7). In this section, we
give a detailed account of how this table was determined. We first recall that the energies

of the three configurations were given by

FE, = 301+03—0
E2 = 20'1+20'2—\/§0’
Ey = o01+30,—0

and we start by directly comparing each pair of energies.

El—EQ = 30'1+0'2—O'—20'1—20'2+\/§O'
= 01—02+(\/§—1)0
= olcosy+V2—1]

Calculations from Section are reprinted with permission from reference [14].
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When 7 < arccos(1 — v/2) we have that F;, > E,.
When v = arccos(1 — v/2) we have that £ = Ej.
When v > arccos(1 — v/2) we have that B < Ej.

El—Eg = 30’1+0’2-0’—O’1—30’2+0’
= 20‘1—20’2
= 20cos7y

When v < % we have that F; > Es.

|

When v = % we have that Fy = Ej.

B}

When v < 7 we have that F; < E3.

Ey— B3 = 2014205~ V20 —0,—302+0
= o —0o+(1-V2)0o
= olcosy +1 -2
When v < arccos(v/2 — 1) we have that Ey > Ej.
When v = arccos(v/2 — 1) we have that Ey = Ej.

When 7 > arccos(v/2 — 1) we have that Fy < Ej.

The relationships between the three energies change depending on the value of . The

relationships between the three energies for each value of v € (0,7) are summarized in
Table (5.4 shown in Subsection [£.3.2]

E.3 The Rectangle

In Subsection [5.3.3] Tables [5.6] 5.7 and [5.§ were given comparing the energies of the five

different configurations for the rectangular cross-section for each value of v € (0, ) for

three different cases. In this section, we give a detailed account of how these tables came

to be. We first recall that the energies of the five configurations were given byf

E, = (b+2)oy +boy — bo
Ey, = boy+ (b+2)oy —bo
E; = (2b+1)o14+03—0
E, = o1+ 2b+1)os—0
Es = (b+1)(o1+092) — V1420

2Recall that the rectangle had side lengths 1 and b > 1.
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and now they can directly compared.

El_E2 = (2+b)0’1+b0’2—b0’—b0‘1—(2+b)0’2+b0‘
= 20'1—20'2

= 20cos7y

e When 0 <y < 7 we have that £y > FEs.
e When v = 7 we have that £, = Es.

e When § <~ <7 we have that £y < Es.

Ey—E; = (2+b)oy+boy—bo—o01—(20+1)oy —0oa+0
= (1-=boy+(b—1)oy+ (1 —-0b)o
= ob—1[Z2—2 _q
= o(b—1)[—cosy—1]

< 0

So E) < Ej for all values of v in (0, 7).

Ei—E;, = (24b)oy+boy—bo—o01—(20+1)os+ 0

= (b+1)(oy —092) + (1 =b)o

1-0b
= O'(b+1)[COS’}/+b_’_—1]

When 0 < v < arccos (Z’jr—i) we have that F; > Ej.

e When v = arccos (’g;—}) we have that £; = E,.
e When arccos (er—}) < v < m we have that F; < Fj.

EI—E5 = (2+b)0’1+b0’2—b(7—(b+1)01—<b+1)02+V1+b20'
= 01—02+<V1—|—b2—b)01
= ofcosy+ V1+ b2 -1

When 0 < v < arccos (b —V1+ 62) we have that E, > Es.

When ~ = arccos (b —Vv1+ 1)2) we have that Fy = Ej.

e When arccos (b —v1+ b2) < v < m we have that F; < Ej.
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EQ—E3 = b0'1+(2+b)0'2—60'—(2b+1)01-0’2+0’
(=b—1)o1 + (1 +b)og + (1 = b)o

09 — 01 1-b
(b—i—l)a{ . +1—|—b}

(b+1)o [— cosy + 2T_ﬂ

e When 0 < v < arccos (})T_i’) we have that Fy < Fs.

e When v = arccos (b —Vv1+ b2) we have that Fy = FEj.

e When arccos (b —V1+ b2) < v <7 we have that Fy > Fj3.

Ey—FEy = boy+(2+boy—bo—o01—(2b+ 1)os+ 0
= (b—1)o;+(1=0b)og+ (1 =b)o
= (b—1)[oy — 09 — 0]
= (b—1)o[cosy — 1]
< 0

e So Ey < E, for all values of v in (0, 7).

Ey—FEs = boy+ (2+4+0b)oy—bo—(b+1)oy — (b+ 1)oy + V1 + b0
= —Jl+02+(\/1+b2_b>0
= o[—cosy+ V1+b2 -1

e When 0 < v < arccos(v/1 + b? — b) we have that Fy < Es.
e When v = arccos(v'1 + b2 — b) we have that Ey = Ej.
e When arccos(v1+ % —b) < v < 7 we have that Ey > Es.
Es—E, = (2b+1)o14+0y—0—01—(2b+1)oya+o0
= (2b4+1)(01 — 02) + (02 — 1)

== (0'1 — 02>[2b+ 1— 1]
= 2bo cosvy

e When 0 <y < 7 we have that 3 > FEj.
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e When v = 7 we have that E3 = E.

e When 7 <~ <7 we have that E3 < Ej.

FEys— Ey = (2b—|—1)0’1+0’2—0’+(b+1)(0’1+0’2)+vl—l—bQO'
= boy —boy+ (V1+0?—1)o

VI+b62 -1
b

= bo |cosy +

e When 0 < v < arccos (1’— Vb”bQ> we have that F3 > Ej.
e When v = arccos (1_— V;J’b2> we have that F5 = Es.

e When arccos <1_— Vb1+b2> < v < 7 we have that F3 < Es.

Ei—Es = 014+ 2b+1)oa—0—(b+1)(01 4+ 02) + V1+ b0
= b<02—01)+(\/1+62—1)0

V1402 -1
b

= ob|—cosy+

e When 0 < 7y < arccos (—V1+bb2_1> we have that F; < Es.
e When v = arccos (—Vl*be’l> we have that F, = Ej.

e When arccos (—V”bbtl) < v < 7 we have that E, > Es.

After having compared the energies of the five configurations directly it is clear that the re-
lationships between the various energies change depending on the value of 4. To determine
these relationships, it will be necessary to know the relationships between the following

nine values:

b—1

0, -1, b1
1-b

b— Vb2 +1, —_ 1,
b+1

1— VB2 r1 VIFE—1
ViR +1—b, TJF and +

Then we will need to compare the inverse cosine of these values to determine the order of

the angles at which the relationships between the energies change.
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We have that v/02 + 1 — b, &2, and —VbeLl are all positive and less than 1. We first see

’ b1
that

VI+Z—1 VIFE -0 =1+ +1
Ty YITP -1 IR b 107+

b B b
(b—DVI+024 (1 -0
b

= <b;1) m_(bH)]

< 0
and that

VITP-1 b-1 1 .
b il = Bin _(\/1+b—1)(b+1)—(b—1)b]

- WIHR 4 VI8 b= 18+ |

VIFBR(b+1)— (b + 1)]

(b+1)b L
V1I+02 7
_ VT b+1— V1]

so we have that 1+ 02 —b < ¥ 1+;’2_1 and ¥ 1+£2_1 > Z:L—i However, setting v/1 + b2 —b =

er—} we see that we do in fact get a solution:
b—1
V4 —b=——
b+1
(VI+b2-=0b)(b+1)=b—-1
W1+ +V1I+02—b —b=b—1

VIHR2(b+1)=b"+20—1
(L+ )b+ 1) = (b* +2b— 1)
20% + 2b = 2b° + 2b% — 4b

2% = 6b
b =3 since b # 0
b=+3 since b > 1.

We can then show that
e when 1 < b < /3 we have that \/1+62—b>§;—1,
e when b = /3 we have that V1 + 02 — b = Z;—i, and
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e when b > /3 we have that V1 +02 —b < 2’;—1
So, we have that

b—1 V1+H2 -1
l<b<vV3 = Vit —-b < vitoey-—.

b+1 b
_ 2 _
b=v3 = —ZJFi = Vi+2-b < —\/T L
b—1 V1+b6? -1

b>vV3 = Vit -b < - <
b+1 b

Given these relations, we can now write out the relationships between the energies of the

five configurations for each value of v and each of the three cases for the value of b in Tables

5.6 5.7 and shown in Subsection [5.3.3]

E.4 The Regular Pentagon

In Subsection [5.3.4] Table [5.10] was given comparing the energies of the four different
configurations for the pentagonal cross-section for each value of v € (0, 7). In this section,
we give a detailed account of how this table was determined. We first recall that the

energies of the four configurations were given by

Ei = 401 +09—0
Ey = 301+ 20— o
Es = 201+ 30— po
E, = oy+40y—0

and we start by directly comparing each pair of energies.

Ey—Fy, = 401409y —0 — 301 — 209+ po

= o1—0s+(p—1)o

1
= 0 [Cosy—i— —}
¥

e When 0 < v < m — arccos <%p) we have that F; > FEj.
e When v = m — arccos (é) we have that E; = Es.

e When 7 — arccos (é) < v <7 we have that Fy < Fj.
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El—Eg = 40’1+0’2-0’—20’1—30’2+§00’

= 20'1—20'24—(@—1)0'

-1
= 20 [cosy—l— <PT]

When 0 < 7 < 3% we have that E; > Ej.
When ~ = %” we have that F, = Ej.

When 3?” <7 < m we have that F; < Ej.

Ei—FE, = 401+0y—0—01—409+0
= 3(0’1-0’2)

= Jocosy

When 0 <y < 7 we have that F; > FEy.
When v = 7 we have that F; = Ej.

When 7 < <7 we have that F; < Ej.

Ey — FE3 = 3014 209 — po — 201 — 309 + o
= 01 — 02

= 0cosYy
When 0 <y < 7 we have that Fy > FE3.
When v = 7 we have that Fy = FEj3.

When 7 < <7 we have that Fy < E3.

Ey—FEy = 301+ 209 —po—o01—405+0
= 201 —205+ (1 —p)o

-1
= 20 {cosv— SOT]

When 0 < v < 23” we have that Fy > FEj.
When v = %” we have that By = Fj.

When 2?” < v < 7 we have that Fy < Ej.
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Es—Ey, = 201+30y—9wo—01—409+0
= o1—0oy+(1—p)o

1
= 01 — 09— —0O
¥
3
= o0 |cosy— —
¥
e When 0 < v < arccos (é) we have that F5 > F,.

e When v = arccos (é) we have that F3 = FEj.

e When arccos (%p) <~ =m we have that F3 < Ej.

The relationships between the four energies change depending on the value of v. The

relationships between the four energies can now be summarized in Table [5.10, shown in

Subsection [(.3.41

E.5 The Regular Hexagon

In Subsection |5.3.5 Table was given comparing the energies of the five different con-
figurations for the hexagonal cross-section for each value of v € (0, 7). In this section, we
give a detailed account of how this table was determined. We first recall that the energies

of the five configurations were given by

E1 = 50'1 +09—0
E2 = 40’1 -+ 20'2 - \/§O'
Es = 3014+ 309 — 20
E4 = 20'1 + 40’2 - \/30'
Es = o450, —0
and we start by directly comparing each pair of energies.
E,—FE, = 501+02—0—401—202+\/§U
= 01—02+(\/§—1)0
= 0 [cosv +V3 - 1]

e When 0 < v < arccos (1 — \/5) we have that Fy > E,.

e When v = arccos (1 — \/5) we have that F; = Ej.
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When arccos (1 — \/5) < v < m we have that F; < Fj.

FEi—FEy = boy+o9—0—301— 309+ 20

= 201 —209+0
1
— -
o |:COS’Y + 2}
When 0 < v < Z& we have that £, > Fj.
When v = = we have that F; = Ej.

When T <~ < m we have that Fy < Ej.

Ei—Ey = 501+0y—0—20, — 402+ V30
= 30, - 303+ (V3—1)o
V3-—1
3

= 30 |cosy +

When 0 < v < arccos (1_3\/§> we have that E; > Ej.

When v = arccos (1’3\/§> we have that E; = Ej.

When arccos ( ‘[) < v < m we have that F; < Ej.

El—E5 = 50'1+O'2—0'—O’1—50'2+0'
= 4(0'1—0'2)

= 40 cos”y
When 0 <y < 7 we have that F; > FEs.
When v = 7 we have that E; = Ej.
When 7 <y <7 we have that F; < Es.
EQ—Eg = 40'1—|—20'2—\/§O'—30'1—30'2+20'

= 01—02+(2—\/§)0
= U[COS’Y+2—\/§}

When 0 < v < arccos (\/5 — 2) we have that Fy > FEs.
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When v = arccos (\/§ — 2) we have that Ey = Fjs.

When arccos (\/§ — 2) < v < m we have that Fy < Ej.

Ey—E, = 40,4209 — V30 — 20, — 405 + V30
= 2(0’1—0'2)

= 20c0s7y
When 0 <~ < 7 we have that Ey > FEj.
When v = 7 we have that Fy = Ej.

When 7 <y <7 we have that Fy < Ej.

EQ—E5 = 40‘1—|—20'2—\/§O'—0'1—50'2+0'
= 30y — 302+ (1 —V3)o

13
3

= 3o |cosy +

When 0 < v < arccos (‘/‘1’1) we have that Fy > Es.

When ~ = arccos (%) we have that Fy = Es.

When arccos <%) < v <7 we have that Fy < Fs.

Es—FE, = 301+302—20—201—402+\/§0
= 01—+ (V3-2)o
= a[cosv+\/§—2

When 0 < v < arccos (2 — \/3) we have that E5 > FEj.
When v = arccos (2 — \/§) we have that E3 = F,.
When arccos (2 — \/§) < v < m we have that F3 < Fj.

E3—E5 = 30'1+30'2—20'—0'1—50'2+0'

= 201 —209—0

3]
= 20 cosv—é
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When 0 <y < £ we have that E3 > E.

When v = £ we have that F3 = Es.

e When § <~ <7 we have that 3 < Es.

E4—E5 = 201+40’2-\/§0’-0’1-50’2+0’
= 0, —0y+(1—-V3)o
= a[cos*y—i—l—\/g]

When 0 < v < arccos (\/§ — 1) we have that Ey > Fs.
e When v = arccos (\/§ — 1) we have that Fy = Es.
e When arccos (\/3 — 1) < v < m we have that F; < Ej.

Again, the relationships between the energies of the various configurations change depend-

ing on the value of . The relationships can now be summarized in Table [5.12| shown in

Subsection [(.3.51
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Appendix F

Proof of Lemma [F.1 used in Result
5.5l

Consider an n-sided regular polygon. We let the number of vertices interior to fluid 1 be
m. Clearly, to have floating configurations in contact with the fluid interface, we must
have that 0 < m < n — 2. We wish to establish expressions for the four floating angles
Y v, and 7, as functions of the vertex parameter m, which we will do in the proof

of the following lemma.

Lemma F.1. The floating angles for an n-sided reqular polygon in a configuration with
two corners on the fluid interface and m vertices above the fluid interface in fluid 1 will be
m _ _ o
ﬁ:ﬁ:?r(l—g) and =g =~ (m+2)

for integer m, 0 < m <n — 2.

Proof. Due to the symmetry of the regular polygon, it is clear that we will have that
v =194 and 7; = 75 . The remainder of the proof will focus on ;" and 7; and we will

prove the claim by induction using two base cases and an inductive step.

Base Case: m=0

When there are no vertices in fluid 1, the configuration is as depicted in Figure [F.1 We
have that

27
VT:W 71:W
:71'(1—9> :(()%—2)E
n n
m T
=7 (1-7) =m+2)y

Appendix [F|is reprinted with permission from reference [I4].

104



and so the result is true for the first base case.

Figure F.1: The upper floating angle is clearly m and the lower floating angle is found using

the fact that the n exterior angles (which are all equal) must sum to 2.

Base Case: m=1

When there is only one vertex in fluid 1, the configuration is as depicted in Figure[F.2] We
then have that

n _ 27
VW=r-a =" +a
n
s 2r 7
= 77T — — :_+_
n n n
1
:w(1——> —(1+2)2
n n
:7r< —T> :(m+2)z
n n

Figure F.2: Since the polygon is regular, the portion above the fluid interface is an isosceles
triangle, and consequently the two base angles are the same. We call this angle o, which

we find to be equal to =. We can then use it to determine the floating angles v oand ;.

Inductive Step

We will assume that the result is true when there are m vertices in fluid 1, and we wish to

show that it is true when there are m + 2 vertices in fluid 1. Consider the configuration
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Figure F.3: The depiction of a body floating with m + 2 vertices in fluid 1. The dotted line

represents the placement of the fluid interface when there were m wvertices in fluid 1.

with m + 2 vertices in fluid 1, depicted in Figure By the induction hypothesis, we
have that o = 77 (m) and 8 = ~v; (m) and thus

a:(m+2)g 5:7T<1—m>.

_ 27
"=t
n
27 ™
= —+(m+2)-
n n
s
=(m+2+2)—
n
and that
n=a+B-m
T
- 27 (1 . —) —(m+ 4~
(m+ )n + 7 " (m+ )n
(-5-3)
=7rll————
n o n
2
=T (1 _mt )
n
and so the the result is true for m + 2. By induction, this completes the proof. O
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