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<"%4/6 #4."$ ,!" <%".4/*) '"."') />"%"6; ?4$(" ,!" #&+" "$6) 48 ,!" 3))/(4&," @*4,): 4,

4) $/, $"("))&%0 ,/ 4$('*6" !4) <%".4/*) 6"(4)4/$) 4$ ,!" %"'".&$, !4),/%0; 3 ),%&,"#0

8/% ,!" 3))/(4&," )<"(4=") !4) 6"(4)4/$ ,/ (//<"%&," /% ,/ @*4, #4."$ ,!" 4$."),+"$,
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(/++4,+"$,;

-$ )/+" )("$&%4/): ,!" -$."),/% (&$ (/++4, 4$ &6.&$(" ,/ & )"@*"$(" /8 4$."),+"$,
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/#!.%#/ 56 =84 ,-#+# %-# 9!"#$%.+ .!'6 .0#+$ %-# 1>++#!%  !"#$%&#!% '#"#' *!/  %  $
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∞
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/% %+8# t +$>

WNC
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σNC , ϕNC | ht, δ

)
= ϕNC
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(
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π (xt) + δWNC
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σNC , ϕNC | ht+1, δ
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︸ ︷︷ ︸
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}
 !"#$

%"&"

ht =
(
ht−1, σNC

t (ht−1)
)
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2H



 !"!##$%& '( ) "*+,! -(%! '.$ '.! *$#' '/( ) 0!#'-! ' *!0!* ) (%,!% '( ".$%$"'!%)1!

'.! !2+)*)3%)+-4

5#) 6 '.)# *$#' 7%(7!%'&8 3!*)!9 -( ('( )")'& .$# ( ! 9+%'.!% )-7*)"$')( 4 :.)#

%!#+*' )# :.!(%!- ;4<4

 !"#$"% &'( )*+,-./0"12 3-45#,12 6/52#$4 /13 5#%%-2%"127  !"

(
σFC , ϕFC , ∆FC

)

#! $ %&' ()*!+ ,(-- ./001"0!)"2  !" {x∗t}
∞

t=1 #! "3! !4(1-1#+1(0 1)5!6"0!)" 7$"32

83! 6!4(!)9!

{

δ̃
(
x∗t , x

∗

t+1

)}∞

t=1
16 1)9+!$61): 1; $)* /)-< 1; "3!+! !=16"6 $ %&'

(
σC , ϕC , ∆C

)
()*!+ >)! %!+1/* ./001"0!)" 6(93 "3$" #/"3 !4(1-1#+1(0 7$"36 $+!

!4($-2 83$" 16

• σFC
t = σC

t (ht−1∗) = x∗t

• ϕFC
t (h∗) = ϕC

t (ht∗)

:.! 7%((9 )# "( '$) !, ) =77! ,)> =4 :.!(%!- ;4< #'$'!# '.$'8 + ,!% 3!*)!9 -( (?

'( )")'&8 $ ( ! 7!%)(, "(--)'-! ' )# ! (+6. '( %!7*)"$'! '.! 9+** "(--)'-! ' (+'7+'4

@( #!2+! '*&8 9(% '.! %!#' (9 '.! ".$7'!% '.! ( ! 7!%)(, "(--)'-! ' "$#! /)** 3! +#!,

'( %!7%!#! ' 9+** "(--)'-! '8 -$) '$) ) 6 '.! $##+-7')( (9 3!*)!9 -( ('( )")'&4 A!

 (/ $ $*&1! 3!*)!9 -( ('( ! !2+)*)3%)$8 $ , +#! B$%C(0 #'%$'!6)!# /)'.(+' *(## (9

6! !%$*)'&4

 !"!# $%&'(')*'&+ ),&-./

:.)# #!"')( ".$%$"'!%)1!# 7%(7!%')!# (9 '.! BDEF #'!$,& #'$'!4 G $ & BDEF

'.! !2+)*)3%)+- ) 0!#'-! ' 7$'. "$ 3! #.(/ '( 3! 3(+ ,!,4 :.! ) 0!#'-! ' 7$'.

 !" #$$%& '$()$* +,-, ,-).) / )& 0!$-  !$ )-1$& +$- )& .,-& "- 2 "-3  !)& )& " %"4 ).5("4

."&$ )-  !$ &$ ,* $65)()'4)5+  !"  !)& .!"% $4 0)(( *,.5& ,-7 8!" )& 0!/ )-  !$ 9$-$4"( ."&$

'$()$* +,-, ,-).) / ."- '$ 5-3$4& ,,3 "& " & 4). )-.4$"&$ ,*  !$ $65)1"($- 3)&.,5- *". ,47

<H



 !"" #$ %&' ( )' #$  $*+", !(-.$*%!(/0 *%  $"" *% #'1(2$2 *#'3$ *(2 #$"' 4

 !""# $%& '(!)*!+ ",-,.,-*/*.0 #-1 *-2!3."!-. )!2!) *-/4!#3!5  ! "!# $%&'

()* *+,-.-/0-,1 -!2*3(1*!( .*2*. -3 4*"5.# -!60*"3-!7 82*0 (-1*9

5&$ 6.''7 !% -'()*!($2 !( 866$(2!9 :4 :, ;$<<* =4>0 #$"!$7 <'(')'(!-!), !% *

%1?-!$() -'(2!)!'( 7'. *( !(-.$*%!(/ !(3$%)<$() 6*)&0 #1) (') * ($-$%%*., -'(2!)!'(4

5&$ !()1!)!'( 7'. )&$ "' $. #'1(2 !% )&$ 7'""' !(/@ !7 )&$.$ $9!%)% *( !(3$%)<$()

"$3$" "' $('1/& %1-& )&*) $3$., 8%%'-!*)$A% ),6$ %1.$", -''6$.*)$%0 )&$( <*!()*!(!(/

)&!% "$3$"  !"" .$%1") !( (' 162*)!(/ '7 #$"!$7%4 5&$.$7'.$0 )&$ B(3$%)'. !% (') "$*.(!(/

*(2 6')$()!*"", -*( !(-.$*%$ &$. .$3$(1$ #, !(-.$*%!(/ )&$ !(3$%)<$() "$3$" 'C$.$24

B) !% '6)!<*" )' !(-.$*%$ )&!% "$3$" 1()!" *) "$*%) )&$ <'%) !<6*)!$() 8%%'-!*)$ !%

!(2!C$.$() #$) $$( -''6$.*)!(/ *(2 D1!))!(/4 5&!% "!<!) !% /!3$( #, )&$ 8%%'-!*)$A%

2!%-'1() 7*-)'. "' $. #'1(20 δl *(2 !% .$"*)$2 )' )&$ %).*)$/!- "!<!) -'(-$6) 2$E($2

#$7'.$0 !( $D1*)!'( F=4GH4

5&$(0 7.'< )&$ B(3$%)'.A% 6'!() '7 3!$ 0 'C$.!(/ *( !(3$%)<$() "$3$" "' $. )&*(

x̃δl
7'. <'.$ )&*( '($ 6$.!'2 !% (') '6)!<*"0 *% !% %)*)$2 !( ;$<<* =4G4

 !""# $%6 '789*)*:4*9" *-2!3."!-. )!2!) ),;!4 )*"*.5 :-2*! "!# $%&'; .*(

{xt}
∞

t=1 /* ()* *+,-.-/0-,1 -!2*3(1*!( .*2*.39 <)*! xt ≥ x̃δl
∀t > 19

5&$ *./1<$() !( )&$ 6.''7 %&' * -'().*2!-)!'( !7 )&$ B(3$%)'. .$6$*)% *( !(3$%)I

<$() "$3$" #$"' x̃δl
4 5&!% *./1<$() -*((') #$ 1%$2 7'. #'1(2!(/ x14

>=



 !""#$  !" x̄ < x̃δl
# $%&&'(! ")*" ")! +,-!("'. '/!.( xt = xt+1 = x̄0 1'. ('2!

t# 3)!, ")4( 5*,,'" 6! '&"42*70 6!5*%(! 4, 89:; ")! <(('54*"!=( 6!(" .!(&',(!

42&74!( ")*" )! (".45"7> &.!1!.( "' 5''&!.*"!0 .!?*.@7!(( '1 )4( ">&!# $' ")! +,-!("'.

5*, 4,5.!*(! )!. &*>'/ 4, t + 1 6> .*4(4,? 4,-!("2!," %,"47 x̃δl
# 3)! 5*(! A)!,

xt < xt+1 = x̄ 1'77'A ")! (*2! *.?%2!,"# 3)! 5*(! xt > xt+1 4( .%7!@ '%" 6>  !22*

B#

+" 4( 42&'."*," "' ,'"! ")*"  !22* C#D 42&74!( *,'")!. .!(%7"# +, !E%4746.4%2

")! <(('54*"!=( &*>'/ 1.'2 E%4""4,? A477 6! *7A*>( ?.!*"!. ")*, )4( &*>'/ 1.'2

5''&!.*"4,? 4, ")! ("*?! ?*2!# +" 4( !*(> "' (!! ")4(0 %(4,? ")! 7'A!(" &'((467! 7'A!.

6'%,@0 F0 *,@ *&&7>4,?  !22* C#D#

:*(!@ ', ")! 7!*.,4,? *(('54*"!@ A4") ")! +,-!("'.=( '/!.(0 ',! 5*, 5*75%7*"! *,

%&&!. 6'%,@# G,5! *?*4,0 ")4( 6'%,@ 4( ?4-!, 6> ")! (".*"!?45 7424"0 ,'A ")! ',!

*(('54*"!@ A4") ")! <(('54*"!=( %&&!. 6'%,@ δh#

8'.!'-!.0 ")!.! !H4("( *,'")!. .!(".45"4', 1'. ")! %&&!. 6'%,@0 A)!, +,-!("'.

@'!( ,'" A*," "' 4,5.!*(! ")! 4,-!("2!," !-!, 41 ")! <(('54*"! A477 5''&!.*"! A4")

5!."*4,"># 3)4( -*7%! 4( ")! "!5),'7'?45*7 7424"0 x̂0 @!I,!@ 4, !E%*"4', JC#BK0 4, ")!

5'2&7!"! 4,1'.2*"4', 5*(!#

 !""# $%& '()*+,+-.+*" +/0!12"!/2 ,!0!, *33!. ,+"+24 %&'() *)+ , -./

0(1 {xt}
∞

t=1 2( 13( (45&0&2!&56 &)'(716()1 0('(07$ 83() xt ≤ min {x̃δh
, x̂} ∀t$

 !""#$ L4.("0 ?4-!, ")! @!I,4"4', '1 ")! "!5),'7'?45*7 7424"0 xt < x̂ 1'. *77 t0

.!?*.@7!(( '1 *,> 5',(4@!.*"4', '1 ")! &'((46474"> ")*" ")! <(('54*"! E%4"(# +1 *" ('2!

BB



t xt > x̃δh
 !"#$ !"# %$&' ()' *%+ !"# ,--%./)!# !% .%%0#+)!# /- 1' ")2/$3 "/3"#+

/$2#-!4#$!- /$ !"# *5!5+# 1#.)5-# /* !"# %6#+ 7##0- .%$-!)$! !"#$ "# ."%%-#- !%

85/!9 :%+#%2#+ !"/- *5!5+# /$.+#)-# /$ !"# /$2#-!4#$! &#2#& /- 5$1%5$;#; 3/2#$ !"#

.%$.)2/!' %* !"# .%%0#+)!/%$ 0)'%69 <"5- !"#+# #=/-!- τ -5." !")! xτ > t̂ )$; !"/-

/- -51%0!/4)&9

>#?$# !"#  !"#$%&! $'(!#)*!') #!) @ABCD 1' !"# -#!E

X ≡ [x̃δl
, x]

F"#+# x ≡ 4/$ {x̃δh
, x̂}9

G .%5&; 1# )$ #40!' -#!9 <"# !#."$%&%3/.)& &/4/! /- $%! )&()'- )1%2# !"# &%(#+

1%5$; %* G9 H#44)!) I )$; J /40&' !")! )$' :KLM ")- ) &#)-! 500#+ 1%5$;9 B$

!"# $#=! -#.!/%$- (# (/&& -"%( !")! !"/- &/4/! /- ) -!#);' -!)!#9

 !" #$%&'&()&%* %+,-) ./**&0*-+0

 !"! 10)20-3&-4 2+, -$%&'&()&%* %+,-) (-'&-5 */+/0/+&.&06

<"# ,--%./)!#N- 1#-! +#-0%$-# .)$ 1# -544)+/O#; /$ )$ #)-' ()' /* !"# #85/&/1+/54

/- 1#&/#* 4%$%!%$#9 <"# 1#-! +#-0%$-# )! #)." !/4# ;#0#$;- %$ .5++#$! )$; $#=! 0#+/%;

/$2#-!4#$!E

ϕt (xt, xt+1; δ) =







1 @P%%0#+)!#D /* π (xt) + δxt+1 ≥ xt

0 @Q5/!D /* π (xt) + δxt+1 ≤ xt

@R9RSD

A+%4 @R9RSD /- #)-' !% -## !")! 5$;#+ 1#&/#* 4%$%!%$/./!' !"# ,--%./)!#N- 1#-!

+#-0%$-# /- !% .%%0#+)!# )! t /* "/- ;/-.%5$! *).!%+ /- 3+#)!#+ !")$ %+ #85)& !% !"#

IT



 !"#$%& '( )#*+,"'( -%+(,. %( t/ 0') . 1 &# - 2,',(,'#+#(34 (5 &,6 . 1,"') ,- (5 

7'$ *(,.8* 1 &# - %1,"( (5 9**,+#%( 8* )#*+,"'( -%+(,. #* (5  !"#$%& '( )#*+,"'(

-%+(,.4 ) :' ) #'  !"%(#,' ;</=>4 1 +%"* ,'&3 9**,+#%( * 6#(5 (3? 2,. ?%(# '(

(5%( (5#* (5. *5,&) +,,? .%( / @5#* +,')#(#,' ?.,$#) * % *#2?&  A?. **#,' -,. (5 

?.,1%1#&#(3 (5%( 9**,+#%( !"#(*/

B#A % CDEF #' (5 ,' ? .#,) +,22#(2 '( +%* 

(

σ̂, ϕ̂, ∆̂
)

/ G ',( (5 ?.,1%1#&#(3

(5%( (5 9**,+#%( !"#(* %( t H#$ ' *(%( (xt−1, xt)4 %') H#$ ' (5 7'$ *(,.8* ,' ? .#,)

%5 %) +5,#+ xt+14 13I

pt ≡ pt (xt−1, xt, xt+1) ≡ Eδ {ϕ̂ (xt, xt+1, δ) | xt−1, xt}

J,4 (5 ?.,1%1#&#(3 +%' 1  A?. ** ) %*I

p (xt−1, xt, xt+1) =
δ̃t (xt, xt+1)− δ̃t−1 (xt−1, xt)

δh − δ̃t−1 (xt−1, xt)
;</<<>

65 . δ̃t #* (5  !"#$%& '( )#*+,"'( -%+(,. -.,2  !"%(#,' ;</=>/

J, "') . (5 1 &# - 2,',(,' ?.,? .(3 (5 9**,+#%( 8* ?.,1%1#&#(3 ,- !"#((#'H

) ? ')* ,'&3 ,' (5.  $%.#%1& *4 xt−14 xt %') xt+1/ 7- (5 7'$ *(,. +%' +,22#( (,

(5 ' A( ? .#,) #'$ *(2 '( & $ & (5 ' (5 ?.,1& 2 +%' 1 6.#(( ' %* % E &&2%'

 !"%(#,'/ D. $#,"* %') +".. '( #'$ *(2 '( & $ &* %. (5 *(%( $%.#%1& */ @5 ' A(

? .#,) #'$ *(2 '( & $ & #* (5 +,'(.,& $%.#%1& / K,6 & ( "* -,+"* ,' (5 +,22#(2 '(

+%* %') #' * +(#,' L 7 6#&& %'%&3M (5 ','N+,22#(2 '( +%* /

@5 +,22#(2 '( ?.,1& 2 %( (#2 t #*I

OP



W (xt−1, xt) = max
xt+1

{[1− pt (xt−1, xt, xt+1)] [π (xt) + βW (xt, xt+1)]−pt (xt−1, xt, xt+1) xt}

 !"!#$

%"&" pt ∈ [0, 1]

'()*) pt +% ,)-.), +. )/01&+2.  !"!!$"

3. &(+% 4*256)7 &() 2.68 92.&*26 :1*+156) +% &() ;0&0*) 6):)6 2; +.:)%&7).& 5)910%)<

0.,)* &() 1%%074&+2. 2; 5)6+); 72.2&2.+9+&8< &(+% +% &() 2.68 *)6):1.& +.:)%&7).& 6):)6

;2* &() =%%29+1&)>% ,)9+%+2. &2 /0+& 2* &2 9224)*1&) 1& t" ?2&) &(1& &() *)%&*+9&+2.

2:)* &() :160) 2; &() ;0.9&+2. pt +% 1,,), )@46+9+&68 +. 2*,)* &2 A))4 &(+% ;0.9&+2. 1%

B).)*16 1% 42%%+56)< 1% +& +% ,)-.), +. )/01&+2.  !"!!$"

C(). 1 DEFG 41&( +% 1 +.:)%&7).& 6):)6 %&*)17 &(1& %1&+%-)% )/01&+2.  !"!H$ 1.,

)/01&+2.  !"!#$ 1& ):)*8 &+7) t"

 !"!# $%&'() *%'%&

I.) J18 &2 -., &() %260&+2. &2 &() 3.:)%&2*>% F)6671. )/01&+2. +% &2 622A ;2* 1

42%%+56) %&)1,8 %&1&) 1., &(). 1.168K) +&% %&15+6+&8" L+*%& J) J+66 622A ;2* 1 6291668

%&156) %&)1,8 %&1&)" C(0%< +& +% .)9)%%1*8 &2 1.168K) +; &()*) +% 1.2&()* B62516 %260M

&+2. &(1& *06)% 20& &(+% 62916 144*219(" 3. &() .)@& %)9&+2. &(+% B62516 +%%0) J+66 5)

1,,*)%%),"

#N



 !" #$%&'$($)*+ ,##-%. )/,) )/. -&&." 0!-12 !3 )/. 4##!($,).5# 2$#(!-1) 3,()!"+

δh+ $# )/. #,%. ,# )/. 617.#)!"5# 2$#(!-1) 3,()!"+ β8 !

9. #)-2* )/. :"#) !"2." (!12$)$!1 !3 .;-,)$!1 <=8=>? $1 !"2." )! (/,",()."$@. )/.

#).,2* #),). !3 )/. &"!0'.%8 A/. :"#) !"2." (!12$)$!1 ,##-%$1B ,1 $1)."$!" #!'-)$!1

$#C

p(3) (xt−1, xt, xt+1)
[
π (x∗t ) + βW

(
x∗t , x

∗

t+1

)
+ x∗t

]
= β [1− p (xt−1, xt, xt+1)] W

(2)
(
x∗t , x

∗

t+1

)

<=8=D?

E/.". p(3)
$# )/. &,")$,' 2."$7,)$7. !3 )/. &"!0,0$'$)* !3 ;-$))$1B E$)/ ".#&.() )!

)/. )/$"2 ,"B-%.1)+ ,12 W (2)
(
x∗t , x

∗

t+1

)
$# )/. 2."$7,)$7. !3 )/. 3-1()$!1 E$)/ ".#&.()

)! $)# #.(!12 ,"B-%.1)8 A/. &"!0,0$'$)* )/,) )/. 4##!($,). ;-$)# )!2,* $# 2.(".,#$1B

$3 )!%!""!E5# $17.#)%.1) $# $1(".,#.2+ 0.(,-#. %!". )*&.# !3 4##!($,). E$'' &".3." )!

E,$)8 F!1#.;-.1)'*+ p(3) (xt−1, xt, xt+1) < 08 A/. .G&".##$!1 $1#$2. )/. :"#) 0",(H.)#

$# )/. 617.#)!"5# B,$1 $3 )/. 4##!($,). 2!.# 1!) ;-$) )!2,*C )/. #-% !3 (!!&.",)$!1

&,*!I#+ )/. 3-)-". &,*!I+ ,12 )/. ,7!$2.2 ;-$))$1B (!#)8 A/. #.(!12 &,") !3 )/.

.G&".##$!1 ".&".#.1)# )/. '!## )! )/. $17.#)!" E/.1 )/.". $# ,1 $1(".,#. $1 )/. $17.#)J

%.1) '.7.' )!%!""!E8 A/$# (!#) $# 2.)."%$1.2 0* )/. &"!0,0$'$)* )/,) )/. 4##!($,).

(!!&.",).#+ 1 − pt+ )$%.# )/. '!## $1 )/. 3-)-". 7,'-.8 A/$# #.(!12 )."% $# 1.B,)$7.

,) )/. !&)$%,' '.7.' 0.(,-#. ,1 $1(".,#. $1 )!%!""!E5# $17.#)%.1) '.7.' $%&'$.#

)/,) )/. .G&.().2 (!#) !3 ;-$))$1B $1 )/. 3-)-". $1(".,#.#8 63 )/. $17.#)!" $1(".,#.#

)!%!""!E5# $17.#)%.1) '.7.' ,12 H..&# ,'' )/. !)/." '.7.'# (!1#),1)+ )/.1 #!%. )*&.#

 !

 !"#" $#" %&'" %&()*+&,% -!", *!&%" .$()"% $#" /+0"#",* $,/ *!" #"%)(*% $#" %!&-, +,

*!" ,"1* %"2*+&,3

>K



 ! "## $%&'( )%** $  +(,&'( ' -&. /0' &' & 1%21(, *(3(* '1&4 /(! ,( )%** 50%' ' 6 ,, )7

8(4 '( /. x
LC

'1(  !"#  $ %&#' ( %&(#)$ %&#&(  (*( !+ ,-*(%&.(-& /-)(0 "!..,&1

.(-&

 !

7 91&' %#: '1%# *(3(* %# '1( '1,(#1 *- /(')((4 & +, ;'&/*(  , 4 ' +, ;'&/*(

6&,2%4&* %4$,(&#(# !, 6 '1( <43(#' ,=# + %4'  ! 3%()7 91( ! ** )%42 >(66& (#'&/?

*%#1(# $ 4-%'% 4# '1&' '1%# 3&*0( 60#' #&'%#!.7

91( @0*(, (50&'% 4 $ ,,(#+ 4-%42 ' '1( A(**6&4 (50&'% 4 BC7CDE (3&*0&'(- &'

'1( #'(&-. #'&'( 2%3(# '1( ! ** )%42 + *.4 6%&*7

2βπ′ (x) xπ (x)− [π (x) + x [1− β]] [π (x)− x [1− β]] = 0

F -(;4(G

F (x) ≡ 2βπ′ (x) xπ (x)− [π (x) + x [1− β]] [π (x)− x [1− β]]

 !""# $%& ' ()#**+ ,-#.*! ,-!#/+ ,-#-! 01/!2 )(""3-"!1-4 2- &3( "!.1

.,&.(-& "#%(4 x
LC

%3!/ ) %#&,%+$5

,6 F (x
LC

) = 04

,,6 F ′ (x
LC

) < 04

,,,6 x
LC
∈ ,-& 76

91( +,  ! %# $ 4'&%4(- %4 "++(4-%H A7 A. '1( >(66&: %! & $,%'%$&* + %4'  ! '1(

+ *.4 6%&* F #&'%#;(# '1( ,(50%,(- +, +(,'%(#: '1(4 %' %# & * $&**. #'&/*( #'(&-. #'&'(

 !

 !"#$%%&' ()*+" ,-+ .+%/+0 #!)!,!)/1/,& $22(#3,/!) ∃ǫ > 0 24,4 ∀xt−1, xt ∈ B (x
LC

, ǫ)' /0
xt−1 < xt < x

LC
⇒ hW (xt−1, xt) > xt' !" /0 xt−1 < xt ≥ x

LC
⇒ hW (xt−1, xt) < xt' 5-+"+

hW (·, ·) /2 ,-+ 3!%/1& 0()1,/!) !0 ,-+ +6($,/!) W (·, ·)4

DI



 ! "#$ % &&'"&$(" )* +,$&- .!  ($ *$/**/(0$1 "#$ $23/"' ( F (x) = 0 '1 $/14 " 1$$

"#$ '("3'"' ( +$#'(5 "#'1 1"/+,$ 1"$/54 1"/"$-

F (x) = 0 ⇐⇒
π (x)

1− β
+ x

︸ ︷︷ ︸

Loss if quits

=
π′ (x)

1− β
︸ ︷︷ ︸

Gain if cooperates

[
2βxπ (x)

π (x)− x [1− β]

]

6#$ ,$!" #/(5 1'5$  ! "#$ ,/1" $23/,'"4 '1 "#$ .(7$1" *81 , 11 '! "#$ 911 %'/"$ 23'"1

/" /( '(7$1"&$(" ,$7$,  ! x- 6#$ :*1" "$*&  ! "#$ *'0#" #/(5 1'5$ '1 "#$ .(7$1" *81

&/*0'(/, 0/'( !* & /( '(%*$/1$ '( "#$ '(7$1"&$(" ,$7$,- .! "#$ "; "$*&1 /*$ $23/,

"#$( "#$ '(7$1"&$(" ,$7$, x '1 / 1"$/54 1"/"$- .! "#$ *'0#" #/(5 1'5$ '1 #'0#$*< "#$(

"#$ .(7$1" *81 $=)$%"$5 % 1" '1 , ;$* "#/( "#$ $=)$%"$5 0/'( /(5 "#$ .(7$1" * ;/("1

" */'1$ "#$ '(7$1"&$(" ,$7$,-

> ; "#$ '5$/ '1 " /(/,4?$ "#$ ) 11'+','"4  ! / 1 ,3"' ( "#/" '1 ( " '(%,35$5 '( "#$
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+1 x1 < x

++1 =0 x̃β > x̂ &'%/ x2 > x̃β

+++1 =0 x̃β < x̂ &'%/ x2 < x̃β

+.1 =0 x̃β = x̂ &'%/ x2 = x

 !" #$%%& '( ') *!" +##"),'-.  !" /"001 (*1*"( *!1* ,"#"),')2 %) *!" ,'(3%4)*

&13*%$ %& *!" 0%(* #1*'")* +((%3'1*" 1), *!" 3%)315'*6 %& *!" #$%,43*'%) &4)3*'%)

*!"$" 3%4/, 7" %)" %$ *8% (%/4*'%) 7"/%8 *!" 4##"$ 7%4), %& *!" 9:;. <!") *!"

,'0')'(!')2 $"*4$)( *% (31/" '( /%8"$= *!1* '( *!" ("3%), ,"$'51*'5" %& *!" #$%,43*'%)

&4)3*'%) '( /%8"$ ') 17(%/4*" 51/4"= *!") F (x) = 0 '( 0%$" /'>"/6 *% !15" 7%*! (%/4*'%)(

') *!" 9:;. ?%$"%5"$= *!" (*17/" 3%),'*'%)= F ′ (x) < 0= !%/,( %)/6 1* *!" @$(* $%%*=

x1.  !" "3%)%0'3 ')*4'*'%) %& *!"(" $"(4/*( '( *!1* ') %$,"$ *% 2"* 1) ')*"$'%$ (%/4*'%)

%)" )"",( (%0" /"5"/ %& ,'0')'(!')2 01$2')1/ $"*4$)( *% (31/"= *!1* '(= 1 #$%,43*'%)

&4)3*'%) A3%)315" ")%42!A. :& *!'( '( )%* *!" 31(" *!") *!"$" '( )%* 1 2/%71/ (*17/"

(*"1,6 (*1*"= x1= 74* 1) 4)(*17/" %)"= x2= 8!'3! $4/"( %4* *!" @$(* #%(('7/" (%/4*'%).

:) *!" #1$*'34/1$ 31(" %& 1 B%77 C%42/1( *!" "D41*'%) F (x) = 0 31) 7" $",43", *%

1 D41,$1*'3 "D41*'%) '& %)" &%34( %) (%/4*'%)( %*!"$ *!1) E"$%.  !" (01//"(* (*$'3*/6

#%('*'5" (%/4*'%)= x1= '(F

 

 ! "#! $%&'' "$$()&*+ %,"% %,! -*.!$%/#0$ 1&$2/(*% 3"2%/# &$ !4("' %/ %,! )/$% 5"%&!*%

6$$/2&"%! /*!7 %,"% &$ δh = β8
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x1 (α, β, γ) =

[

γ [2αβ − 1]

β [α + 1]− 1 +
√

[1− αβ] [1− αβ − 2β + 2β2]

] 1
1−α

 !"# $#" %&# '()"*"#+(&+" , *"-".&#+ &*"&/ (# +!" 0*&1! α 2 β *"-&+(." +$ +!"

/$-3+($#/ $4 +!" %$55(+5"#+ %&/"6  !" &*"&/ '()"* (# +!" #357"* $4 /$-3+($#/ $4 +!"

"83&+($# F (x) = 0 &#' +!" *"-&+($# 7"+9""# x̃β &#' x̂6 :# $*'"* +$ /(51-(4;< 3/" W +$

'"#$+" +!" &*"& 9!"*" +!"*" (/ #$ *"&- /$-3+($# $4 F 6

• =*"& :> +!"*" &*" +9$ *"&- /+*(%+-; 1$/(+(." /$-3+($#/ $4 +!" "83&+($# F (x) = 0<

&#' x̃β > x̂< +!&+ (/ αβ > 0.5 &#' 1/α > 2− β *"/1"%+(."-;6

• =*"& ::> +!"*" &*" +9$ *"&- /+*(%+-; 1$/(+(." /$-3+($#/ $4 +!" "83&+($# F (x) = 0<

&#' x̃β < x̂< +!&+ (/ αβ > 0.5< &#' 1/α < 2− β *"/1"%+(."-;6

• =*"& :::> +!"*" (/ $#" *"&- /+*(%+-; 1$/(+(." /$-3+($#/ $4 +!" "83&+($# F (x) = 0<

&#' x̃β > x̂< +!&+ (/ αβ < 0.5 &#' 1/α > 2− β *"/1"%+(."-;6

• =*"& :?> +!"*" (/ $#" *"&- /+*(%+-; 1$/(+(." /$-3+($#/ $4 +!" "83&+($# F (x) = 0<

&#' x̃β < x̂< +!&+ (/ αβ < 0.5 &#' 1/α < 2− β *"/1"%+(."-;6

• =*"& ?> +!"*" (/ #$ *"&- /+*(%+-; 1$/(+(." /$-3+($#/ $4 +!" "83&+($# F (x) = 0

 !" #"@+ 0*&1! (--3/+*&+"/ +!" *"/+*(%+($#/ $# 1&*&5"+"*/ +!&+ %!&*&%+"*(A" +!"

'()"*"#+ %&/"/6 B# +!" !$*(A$#+&- &@(/ +!" .&-3" $4 +!" 1&*&5"+"* α (/ *"1*"/"#+"'<

9!(-" +!" ."*+(%&- &@(/ (/ 3/"' 4$* +!" .&-3" $4 +!" :#."/+$*C/ '(/%$3#+ 4&%+$*< β6
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 !"#$ %& '()*! *+(",-./ -/ *"0$ 1-2*!*/, "!*"

F (x)
 !"# $

xx
LC

F (x)
 !"# $$

xx
LC

F (x)
 !"# $$$

x

F (x)
 !"# $%

x

 ! "#$"  %!&' ()$ *#+( ,#-(-,"& .%-!( %/ F ,%0&1 2$&%!3 (% 4 56 "!1 ()-+ .%-!(

+"(-+*$+ ,%!1-(-%!+ %/ 7$88" 96 +% -! ()-+ "#$" ()$#$ ,%0&1 2$ " &%,"&&' +("2&$ +($"1'

+("($:  ! "#$"   2%() ,#-(-,"& .%-!(+ ,%0&1 2$&%!3 (% 4 56 20( %!&' ()$ *#+( %!$ -+ "

&%,"&&' +("2&$ +($"1' +("($:  ! "#$"    ()$ %!&' ,#-(-,"& .%-!( -+ %0(+-1$ 4 56 ;)-&$

-! "#$"  < ()$ %!&' ,#-(-,"& .%-!( ,%0&1 2$ -!+-1$ ()$ 4 5 20( 1%$+ !%( +"(-+/' ()$

.#%.$#(-$+ #$=0-#$1 /%# 2$-!3 " &%,"&&' +("2&$ +($"1' +("($:

>)$ "##%;+ "!1 ?$#(-,"& &-!$+ %! ()$ "@-+ #$A$,( ()$ 8"#3-!"& -!,$!(-?$+ ;)$! ()$

-!?$+(8$!( &$?$& -+ -! +%8$ #"!3$: 4%# $@"8.&$6 -! "#$"  -/ ()$ -!?$+(8$!( &$?$& -+

2$&%; x
LC

()$! ()$  !?$+(%# )"+ "! -!,$!(-?$ (% 8"#3-!"&&' -!,#$"+$ -!?$+(8$!( -!

()$ !$@( .$#-%1: B! ()$ %()$# )"!16 -/ ()$ &$?$& -+ 2$(;$$! x
LC

"!1 x ()$ -!,$!(-?$

/%# ()$  !?$+(%# -+ (% C$$. ()$ &$?$& ,%!+("!( -! ()$ /0(0#$: >)$ $@-+($!,$ %/ 3#"10"&

-!,#$"+$+ -! ()$ $=0-&-2#-08 &$?$& %/ -!?$+(8$!( -+ #$&"($1 (% ()$ +("#(-!3 .%-!( %/ ()$

-!?$+(8$!( ."():
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 !" #$%"&'( !) *+,!-&'&!.  /0 $!1*" 2!3.4 &- .!' &.#$34*4 &. '5* 6"%,5-7 85&- $!1*"

2!3.4 &- "*$%'*4 '! δl7 /) '5&- 9%$3* &- 5&65 *.!365 '5* -'%2$* -'*%4( -'%'* #!3$4 2*

2*$!1 '5* -'"%'*6&# $&:&' %--!#&%'*4 1&'5 '5&- 4&-#!3.' )%#'!" %.4; '5*"*)!"*; !3'-&4*

'5*  /07 85&- &- '5* "*%-!. 15( &. '5* ,"*9&!3- %.%$(-&- '5* 1!"4 <#!3$4< &- 3-*47 /)

'5* $!1*" 2!3.4 &- 5&65 *.!365 '5%' '5* !.$( #"&'&#%$ ,!&.' &. %"*% / &- !3'-&4* '5*  /0;

'5*. '5* -!$3'&!. 4!*- .!' &.9!$9* % 6"%43%$ &.#"*%-*; %' $*%-' .!' &. '5* $!#%$ %.%$(-&-7

=!1 $*' 3- )!#3- !. '5* $!1*" 2!3.4 !) '5*  /07 >6%&.; &' &- &:,!"'%.' '! "*:%"?

'5%' '5&- -'*%4( -'%'* $*9*$ !) &.9*-':*.' 4!*- .!' 4*,*.4 !. '5* >--!#&%'*@- :!-'

&:,%'&*.' '(,*; !.$( !. '5* :!-' ,%'&*.' !.* %.4 !. '5* '*#5.!$!6&#%$ ,%"%:*'*"-7

85* !.$( 1%( '5%' '5* :!-' &:,%'&*.' '(,* %A*#'- '5&- -'*%4( -'%'* &- '5"!365 '5*

$!1*" 2!3.4 !) '5*  /07 85%' &-; &) '5&- $!1*" 2!3.4 &- 5&65 *.!365; %2!9* x
LC '5*.

'5*"* &- .! $*%".&.67

/- *%-( '! #5*#? '5%'; &) β = 4 − 4α; '5*. x1 = x̃0; '5%' &-; '5* B"-' "!!' &-

*C3%$ '! '5* &.9*-':*.' $*9*$ %' 15&#5 %. >--!#&%'* 15! 4!*- .!' 9%$3* '5* )3'3"*

 

&- &.4&A*"*.' 2*'1**. #!!,*"%'&.6 '!4%( 9*"-3- C3&''&.67 85&- 9%$3* &- '5* $!1*-'

,!--&2$* $!1*" 2!3.4 !) %.(  /07

!

=3:*"&#%$ -&:3$%'&!.-

"

-5!1 '5%' &. '5* >"*% /;

15*. β < 4 − 4α; '5* -'*%4( -'%'* $*9*$ !) &.9*-':*.' 3.4*" #!::&':*.' &- 2*$!1

'5* $!1*" 2!3.4 !) '5*  /0; -!. '5* !.$( *C3&$&2"&3: &- %. !A*" *C3%$ '! '5&- $!1*"

2!3.4 '5%' -'%(- %' '5&- $*9*$7 85*"* &- .! $*%".&.67 /. '5* >"*% / 15*"* β > 4− 4α

'5*"* &- 6"%43%$ $*%".&.6; 2*#%3-* &. '5&- %"*% '5* %--3:,'&!.- !) D*::% E7F 5!$47

 δ = 0 

!

!"#$ #$ %&'()$& x̃δ #$ #*'+&($#*, #* δ 

"

!"& -.+/(0 1+..- #$ 1&*2#*, 
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 !" #!$%& !' ()*( +, -.(- /&, ".*)* !'01 !'* 2*)! !# F 3*0!'4& -! -.* 5+6, $!'7

&/8*)/'4 ( 0!" *'!%4. 9(0%* !# δl: +' -.* )*&- !# -.* &*$-/!' (00 -.* &-(-*;*'-& "/00 3*

#!$%&*8 !' -./& ()*(: <' /'-*)*&-/'4 )*&%0- /& &-(-*8 /' =*;;( >:>:

 !""# $%$ &'(!#)* +(#(! ,!-!, #.) /.-!+(012+ 3#(4!.5!6  !"#" "$%&'& ( &"' )*

+(#(,"'"#& -%'! .). ",+'/ %.'"#%)# -!"#" '!" &'"(0/ &'('" 1"2"1 )* %.2"&',".' %& .)'

,).)').%3 %. '!" 4.2"&')#5& 0%&3)6.' *(3')# β7

?.* @)!!# /& $!'-(/'*8 /' <@@*'8/A B: +' ()*( + -.* &-*(81 &-(-* /& 4/9*' 31

-.* 0!$(001 &-(30* &-*(81 &-(-* /# -.* <&&!$/(-*C& 0!"*) 3!%'8 /& 0!" *'!%4.: +# -.*

+'9*&-!) /& D%&- @(-/*'- *'!%4. -! 3* /' -./& ()*(, -.*' -.* &-*(81 &-(-* 0*9*0 "/00

8*$)*(&* "/-. β: E' -.* !-.*) .('8, /# -.* +'9*&-!) /& (0;!&- @*)#*$-01 @(-/*'- -.*'

-.* &-*(81 &-(-* /& /'$)*(&/'4 /' β: ?.* #!00!"/'4 4)(@. &.!"& .!" -./& 9(0%* $.('4*

"/-. β #!) ( @()-/$%0() $(&*:

8%96#" :; <'"(0/ &'('" 1"2"1 )* %.2"&',".' 6.0"# 3),,%',".'7 =(&" -%'! α = 0.857
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 ! "# "$%&'!()! !& '*$*$+*' !,(! () ")-'*(#* ") β ,(# !.& */*-!#0 1)* "# !,* 2"'*-!

*/*-!3 !,*  )4*#!&' "# $&'* %(!"*)!5 !,* &!,*' "# +(#*2 &) !,* %'*4"&6# #"$%7"8-(!"&)

!,(! !,*  )4*#!&'9# 2"#-&6)! :(-!&' "# *;6(7 !& !,* <##&-"(!*9# 6%%*' +&6)2= >,* "$%7"?

-(!"&) &: !,"# "# !,(! () ")-'*(#* ") β "$%7"*# () ")-'*(#* ") !,* (4*'(@* <##&-"(!*9#

%(!"*)-*=  ! "# 6#*:67 !& #*%('(!* !,* !.& */*-!# ()2 #!62A ": &)* &: !,*#* "# '*#%&)#"+7*

:&' #6-, +*7"*: )&)?$&)&!&)"-"!A=  ) !,* -(#* .,*) !,*  )4*#!&'9# 2"#-&6)! :(-!&' ()2

!,* 6%%*' +&6)2 &: !,* <##&-"(!*9# 2"#-&6)! :(-!&' -() +* 2"/*'*)!3 ( )*. %&7A)&$"(7

-() +* &+!(")*2 :&' !,* B67*' *;6(!"&) ") !,* #!*(2A #!(!*=

G (x) ≡ 2βπ′ (x) xπ (x) + βπ′ (x) x2 [δh − β]− [π (x) + x [1− β]] [π (x)− x [1− β]]

>,* )*. %&7A)&$"(7 "# ( @*)*'(7"C(!"&) &: !,* &)* .,*) !,* 2"#-&6)! :(-!&'# ('*

!,* #($*3 !,* %&7A)&$"(7 F =  ! "# *(#A !& #** !,(! .,*) β = δh !,"# :&'$67( "# *;6(7

!& !,* %&7A)&$"(7 F = <)(7AC")@ !,* -(#* #!(!*2 ") D*$$( E=E3 ": !,* ")4*#!$*)!

7*4*7 +*7&)@# !& F G !,*) () ")-'*(#* ") δh "$%7"*# !,(! !,* -'"!"-(7 %&")! ") !,*

('*(  3 x
LC

3 ."77 ")-'*(#*= >,(! "#3 ": .* $&2":A !,* 4(76* &: !,* 6%%*' +&6)2 &: !,*

<##&-"(!*9# 2"#-&6)! :(-!&' !,*) !,* #!*(2A #!(!* ")4*#!$*)! 7*4*7 ."77 ")-'*(#*= >,"#

'*#67! "# )&! 6)*H%*-!*2=  : !,* %'&+(+"7"!A !,() !,* <##&-"(!* "# $&'* %(!"*)! "#

,"@,*'3 +*-(6#* !,* 6%%*' 7*4*7 "# ,"@,*'3 !,*) .* -() *H%*-! ( ,"@,*' #!*(2A #!(!*

")4*#!$*)! 7*4*7= I&.*4*'3 !,(! $*()# !,(! !,* '*#67! &: 7*$$( E=E "# +(#*2 &) !,*

*/*-! &: !,*  )4*#!&'9# 2"#-&6)! :(-!&'=
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 !"#$"% &'( )*+",-. /+,+" 0"1"0 #2 341"/+%"4+ ,4- 541"/+#$6/ 7,+3"48"9

 !" #$% &''%( )*&+, *- #$% .//*0!1#%2/ ,!/0*&+# -10#*(3 4$%+ -*( /*5% (1+6% *-

'1(15%#%(/ #$% /#%1,7 /#1#% 8%9%8 *- !+9%/#5%+# !/ ,%0(%1/!+6 !+ #$% :+9%/#*(2/ ,!/;

0*&+# -10#*( β3

<(**-3  !" #"$$% &'& %() *+" ,-#.(-$/%# 0'

1+/! 2"!3#* /! (-* /(*3/*/4"' 56 *+" 5(4"!*-2 /! $-2" ,%*/"(* *+"( !+" 7/## -8"2 %

#-7"2 !*"%). !*%*" /(4"!*$"(* #"4"#' 1+"2"6-2"9 *+" 5(4"!*-2 7/## #"%2( #"!! %:-3* *+"

;!!-</%*"=! *.," /( !*"%). !*%*"'

 !" #$% &$''()'*%) &+,*

5( *+" (-( <-$$/*$"(* <%!" *+" !*"%). !*%*" /! 2"#%*") *- x
SJ
' 5( *+" <%!" -6 %

>-:: ?-3@#%! ,2-)3<*/-( 63(<*/-( *+" 4%#3" *+%* /! <%()/)%*" 6-2 *+/! #/$/* /!A

xSJ (α, β, γ) =

[
γ [2α− 1]

2− β

] 1
1−α

B/2!*9 /! "%!. *- !+-7 *+%* 7+"( β = 4 − 4α9 *+"( xSJ = x̃0' C-9 /6 x1 !%*/!D"!

*+" <-()/*/-(! 6-2 :" % !*%:#" !*"%). !*%*" 3()"2 <-$$/*$"(*9 *+"( x
SJ

= x
LC
' C-

-(" <%( !*%*" *+" 6-##-7/(@ E"$$% 6-2 *+" @"("2%# <%!" %() *+" >-2-##%2. 6-2 *+"

,%2*/<3#%2 -("A

:"%%, &'; )<#%7,$3/#4 ="+>""4 +!" /+",-. /+,+" >3+! ,4- >3+!#?+ 8#%%3+%"4+9

x
LC

= x̃0 !- 1+, *+87 !- xSJ = x̃03

FG



 !" #$%%& '( ') *!" +##"),'-.  !" "/%)%0'/ ')*1'*'%) 2"!'), *!'( $"(13* '( *!"

&%33%4')5.  !"$" '( 6 #%')* 4!"$" *!" 62'3'*7 *% /%00'* 5")"$6*"( )% 6,86)*65".  !'(

!6##")( 4!") ') *!" /%00'*0")* /6(" *!"$" '( )% 3"6$)')5 2"/61(" ')8"(*0")* 3"8"3

&%$ 6 *%*6337 '0#6*'")* +((%/'6*" '( *%% !'5!9 &%$ *!" $"3"86)* #6$60"*"$(9 (% *!"$" '(

)% ')/")*'8" *% 3"6$) "8") 1(')5 5$6,163'(0. :& *!'( !6##")( *!") ') *!" )%) /%00'*;

0")* /6(" *!"$" '( *!" (60" 3"8"3. +), *!" '0#3'/6*'%) !%3,( ') *!" %*!"$ ,'$"/*'%) *%%.

 !"!##$"%

 !""#$% &'(& &'% "()(*%&%)$ α (+, β ()% $!-' &'(& .% ()% /+ &'% 0)%( 1 ,%$-)/2%,

2%3#)%4

 

13 β = 4− 4α &'%+ xSJ = x̃0 = x
LC

<%9 ') +$"6 : *!" #%(('23" (*"6,7 (*6*" 3"8"3 %& ')8"(*0")* 4'*! 6), 4'*!%1* /%0;

0'*0")* /%')/',"( ') *4% 3')"(. ='$(*9 ') *!" 3')" ,">)", 27 β = 4 − 4α9 6), ("/%),

') *!" ?6(70#*%*'/@ 3')" ,">)", 27 β = 1.  !" &%33%4')5 5$6#! (!%4( 6) "-60#3" %&

*!'( /6(".

5/6!)% 78  &%(,9 $&(&% :%;%: #3 /+;%$&*%+& !+,%) -#**/&*%+&4 <($% .'/& α = 0.794

 αβ > 0.5  !" 1/α > 2− β#

AB



 !" #$%&! $"'"()* )!" #"+"$%, $"*-,) .+ /$"% 01

• 23$ β < 4 − 4α4 )!" *)"%56 *)%)" .+7"*)8"+) ,"7", .* "9-%, )3 )!" ,3:"$ ;3-+5

3< )!" 20= .+ )!" (%*"* :.)! 3$ :.)!3-) (388.)8"+)1

• 23$ β > 4 − 4α %+5 δh = 04 )!" *)"%56 *)%)" .+7"*)8"+) ,"7", .* #.7"+ ;6 x
LC

%+5 xSJ .+ )!" (%*"* :.)! %+5 :.)!3-) (388.)8"+) $"*&"().7",61

• 23$ β > 4 − 4α %+5 δh > 04 )!" *)"%56 *)%)" .+7"*)8"+) ,"7", .* #.7"+ ;6 x
LC

%+5 xSJ .+ )!" (%*"* :.)! %+5 :.)!3-) (388.)8"+) $"*&"().7",6 .< )!"*" 7%,-"*

%$" !.#!"$ )!%+ x̃δh
4 3$ )!.* ,%*) 7%,-" .+ 3)!"$ (%*"1

 !" #$%&'()*$%

 !.* (!%&)"$ %+%,6>"* #%8" ;"):""+ % 0+7"*)3$ %+5 %+ /**3(.%)" :!"$" )!" ?$*)

+""5* )3 ,"%$+ %;3-) )!" *"(3+5 .+ 3$5"$ )3 5"7",3& %+ 3+#3.+# &$3@"()1  !" %+%,6*.*

-*"* % &%$).(-,%$ <-+().3+%, <3$8 .+ 3$5"$ )3 3;)%.+ 83$" *&"(.?( $"*-,)* )!%+ .+ )!"

?$*) (!%&)"$1

 !" (!%&)"$ *!3:* )!" (3+5.).3+* 3+ )!" &%$%8")"$* 3< )!" &$3;,"8 $"9-.$"5 <3$ %

#$%5-%, ,"%$+.+# &$3("**1 2.$*) 3+" +""5* )3 !%7" % +3+A"8&)6 *") 3< &3**.;," *)"%56

*)%)"*1 0+ )!.* (%*" )!" 5.8.+.*!.+# $")-$+* )3 *(%," .* )!" $","7%+) 7%$.%;,"1 0< )!"*"

$")-$+* 5"($"%*" %) % !.#! $%)"4 )!" &$35-().3+ <-+().3+ .* B83$" (3+(%7"B4 )!"+ .) .*

&3**.;," )!%+ )!"$" .* +3) % *") :!"$" )!" 0+7"*)3$ (%+ ,"%$+4 *3 )!"$" .* +3 ,"%$+.+#1

="(3+54 3+" +""5* )!%) )!" 0+7"*)3$ &%)."+(" .* !.#! "+3-#! .+ 3$5"$ )3 #"+"$%)"

% &%63C <$38 ,"%$+.+#1 D!"+ %,, )!"*" (3+5.).3+* %$" 8")4 )!"+ )!"$" .* % #$%5-%,

,"%$+.+# &$3("**1
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$" +$' #),*$8/. -!*.$",& $" .(1 "1+!.)01 "1.8"/ .$ .(1 *+1!/ .1*(/$+$95 '!, 01"5 +$'6

G/ !##).)$/& '1 !+,$ $3,1"01 .(!. )- .(1  "$H1*.I, +)-1.)21 CT D ), 01"5 ,($". .(1/ .(),
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 !"#$ "%"&'$( )!*"' (*)+',!,%&*$-

./,0 (+*$* *!*0*'($ ,'* )"' +# ,(+*$&1* "2,3( +,4 (+*$* 5&6*/*'( 7"/&"2!*$

0&%+( "6*)( (+* "5, (&,' ,8 )!*"' (*)+',!,%&*$- 9'  /&')& !* 4* $+,3!5 *: *)(  ,,/

),3'(/&*$ "'5 +&%+ /&$; ),3'(/&*$ (, +"7* 8*4*/ &')*'(&7*$ (, $+&8( (, )!*"' (*)+',!,<

%&*$- =+* 8,/0*/ 53* (, (+* 8")( (+"( (+*  /,2"2&!&(# ,8 $("(3$ >3, &$ !&;*!# 5*)/*"$&'%

&' &'),0* "$ /&)+*/ ),3'(/&*$ 4&!!  /,2"2!# 8")* 0,/* &'(*/'"(&,'"!  /*$$3/* (, )3/2

*0&$$&,'$- ?,3'(/&*$ (+"( +"7* !,4 *0&$$&,'$ ,/ !,4 *0&$$&,' &'(*'$&(# 4,3!5 "!$,

 /,2"2!# 8")* !,4*/ &'(*/'"(&,'"!  /*$$3/*

 

- =+* !"((*/ "$ 4"$ 0*'(&,'*5 *"/!&*/@ $&')*

+&%+ /&$; ),3'(/&*$ 4&!!  /,2"2!# 8")* !,4 5&$),3'( 8")(,/$ "'5 (+*/*8,/* &'7*$(,/$

(+"( 5, ',( )"/* 03)+ "2,3( (+* 83(3/*- A* $+,3!5 "!$, *: *)( 5&6*/*'( "5, (&,' ,8

(*)+',!,%&*$ &' 5&6*/*'( $*)(,/$- B/,C*)($ (+"( "/* $+,/( !&7*5 +"7* 8*4*/ &')*'(&7*$ (,

$+&8( (,4"/5$ )!*"'*/ (*)+',!,%&*$@ "'5 ,8 ),3/$* ),$(!#  /,C*)($ 4&!! "!$, 8")* $0"!!*/

&')*'(&7*$- =+&$ ),3!5 8,/ *:"0 !* *: !"&' 4+# ),'$30*/$ 8,/ *:"0 !* 5, ',( )"/*

"2,3( (+* *!*)(/&)&(# ),'$30 (&,' ,8 " 0,2&!*  +,'* "'5 (, $,0* *:(*'( 4+# (+*# 5,

',( 23# +#2/&5 )"/$@ 23( 0"# 2* &'(*/*$(*5 &' 4*"(+*/ /,,D'% (+*&/ +,0*$ ,/ 23#&'%

"' *E)&*'( +*"(  30 @ ,/ $4&()+&'% 8/,0 *!*)(/&) +*"(&'% (,4"/5$ %"$- 9( ),3!5 "!$,

*: !"&' 4+# ),3'(/&*$ +"7* (*'5*5 (, "5, ( 4&'5 8"/0$ /"(+*/ (+"' $,!"/  ,4*/  !"'($-

F' (+* ,(+*/ +"'5 ,'* ),3!5 *:(*'5 (+* 0,5*! (, "!!,4 8,/ " !"/%* /"'%* ,8 "55&<

(&,'$- 98 4* '*4 8,/ )*/("&' (+"( (+* )!*"' (*)+',!,%# 4&!! 2*),0* 0,/* G/*!"(&7*!#H

 /,D("2!* ,7*/ (&0*@ (+*' (+* $ ")* 8,/ &0 /,7*0*'($ 4,3!5 2* /*53)*5 "'5 (+*

(&0&'% ,8 (+* $+&8( &' (*)+',!,%# 4,3!5 0,7* (,4"/5$ "' *"/!&*/ 5"(*- I,4*7*/ &8 (+*

/*(3/'$ (, (+* )!*"' (*)+',!,%# "/* 3')*/("&' G&' (+* $(,)+"$(&) $*'$*H@ (+*' 4"&(&'%

 

 !"# $!%&' ()"*+ ,'-. %&-/.'#%&0 1/.##"/. )& 2!. .3%##%)&# #%+. 4"2 #)3.(!'2 ' /.+"-.+

1/.##"/. #%&-. 2!. -)"&2/5 %# #2%** 6./5 1))/7
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 !"#$ %& ' %&$$&( ')$&(*'$!+& ,-( $#& .( 

 

/ 0* '11!$!-* $- $#!2 3& 4-5)1 !*$(-154& $#&

6-22!%!)!$7 -, ' (&$(-.$ $- $#& 1!($7 $&4#*-)-"7 '$ ' "!+&* 4-2$

!"

/ 8#!29 '2 !$ !2 ')2-

2#-3* %7 :$('*1 &$/ ')/ ;<=>>?9 3-5)1 @#&)6@ $#& 1!($7 $&4#*-)-"7 !* '))-3!*" $#& 

$- -6&('$& '$ ' 4-2$ '*1 $#&(&,-(& #'+!*" ' 6-2!$!+& 2$(&' -, !*4- & &+&* 5*1&( $#&

4)! '$& 6-)!47/

A* '11!$!-*') 6-!*$ $#'$  '7 %& ('!2&1 '2  &*$!-*&1 !* $#& )!$&('$5(& (&+!&3 !2

$#'$ -, 4(&1!%!)!$7/ B-3&+&(9 -5(  -1&) $- 2- & &C$&*$ 4'6$5(& %-$# &C$(& &2 -, $#&

4(&1!%!)!$7 !225&/ 0, $#& "-+&(* &*$ !2 *-$ 4(&1!%)&9 $#&* $#& !*+&2$-( 3-5)1 1!2(&"'(1

$#& '**-5*4& &*$ '*1 %&#'+& '2 !, $#& '**-5*4& &*$ 1!1 *-$ -445(/ D* $#& -$#&(

#'*1 !, $#& "-+&(* &*$ !2 4(&1!%)& $#&* -5( (&25)$2 ,-))-32/ E'($!') 4(&1!%!)!$7 2#-5)1

"&*&('$& 2- & !*$&( &1!'$& (&25)$ "!+&* $#&  -*-$-*!4!$7 -, -5( (&25)$29 #-3&+&( !$

 '7 1&6&*1 -* $#& 2$(54$5(& -, %&)!&,2 -, 1!F&(&*$ '"&*$2/

G!*'))7 !2 3-($# $- $#!*H!*" '%-5$ !* '  -1&) 3#&(& $#& (&2$(!4$!-* -, $#& !*+&2$I

 &*$ 6&( 6&(!-1 !2 (&)'C&1/ 8#!2  -1&) !2  -(& "&*&(') '*1 !$ !2 4-*2!1&(&1 !* '

-*"-!*" (&2&'(4# 6(-J&4$/ 8#& %'2!4 2$(54$5(& '*1 6(&)! !*'(7 (&25)$ -, $#!2  -1&)

'(& $#& ,-))-3!*"/

 !"!# $% &'()*%&(+,) &--*.&/0

0* $#!2 25%2&4$!-* 3& 3!)) (&)'C $#& (&2$(!4$!-* -, !*+&2$!*" !* -*& 6)'*$ &+&(7

6&(!-1/ 0* -(1&( $- 1- $#'$ 3& 2-)+& $#& 17*' !4 6(-%)& -, '  -*-6-)!2$ !* '  '(H&$

3#&(& $#& 1& '*1 !2 "(-3!*" '$ ' 1&$&( !*!2$!4 ('$&/ 8#&  -*-6-)!2$ 4'* 4#--2& $#&

 

 !"#$%& '($ )'**'+ ,-.../ '($ 0*&'($ %*1 '#1 ,-.22/ 3*&%33 *4+3 5!+(* 64%( *4%7 8($

*4'* 4+94%& "(:%&*'+(*7 ;+94* +($":% *! $! #%33 &'*4%& *4'( ;!&% *!$'71

!"

<!& %=';5#% :'&>!( :'5*"&% '($ 3*!&'9% *%:4(!#!97 *4'* :!"#$ &%;!?% ,'($ 3*!&%/

:'&>!( %;+33+!(3 @&!; @!& %=';5#% ' :!'#A8&%$ 5!6%& 5#'(*1
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 !"#$% %" &$'()%  % ( *+ ,"&$% &$ %&!(-  $. %+( &$'()%!($% + )  .(,/(*& %&"$ / %(0

1( #)(  .&)*/(%( %&!( !".(20 3+( &.( &) 4((, %+( !".(2  ) )&!,2(  ) ,"))&52(0 3+(

! /4(% &$'(/)( .(! $. 6"/ %+( 7$ 2 ,/".#*%  % %&!( t &) 8&'($ 59:

P (t) = A (t)−BQ (t)

3+( , / !(%(/ A (t) /(;(*%) %+( &$*/( )( &$ %+( ! /4(% )&<( =&0(0 8/">%+ &$ %+(

(*"$"!9?0 @(%A) )% /% >&%+ %+( * )( >+(/( %+(/( &) "$29 "$(  ' &2 52( %(*+$"2"89-

/(,/()($%(. 59  *"$)% $% ! /8&$ 2 *")% c  $.  #$&% /9 &$'()%!($% *")% κ0 B% &) ( )9

%" )(( %+ % &6 %+(/( &) $" #$*(/% &$%9-  $. %+(/( &) $"% (C*()) * , *&%9  % %+( 7/)%

,(/&".- %+($ %+( * , *&%9 >&22 $('(/ 5( +&8+(/ %+ $ %+( D# $%&%9 %+ % %+( !"$","2&)%

)(22) &$ ( *+ ,(/&".0 3+#) "$( * $ *"$*($%/ %( &$ %+( * )( >+(/( %+( * , *&%9 &) (D# 2

%" %+( D# $%&%9 )"2. &$ ('(/9 ,(/&".0 3+( !"$","2&)% ,/"52(! * $ 5( /(,/()($%(. 59

%+( 6"22">&$8 E(22! $ (D# %&"$:

V (K, A) = maxQ,I {P (Q, A) Q− cQ− κI + βV (K + I − δK, A + ∆)}

)0%0 Q = K

1+(/( β &) %+( .&)*"#$% 6 *%"/- κ %+( &$'()%!($% #$&% /9 *")%- δ %+( .(,/(*& %&"$

/ %(-  $. ∆ %+( 8/">%+ "6 A 5(%>(($ "$( ,(/&".  $. %+( $(C% "$(

  

0 @(% .($"%( 59

K̂ (t, C, β) %+( ,"2&*9 6#$*%&"$ "6 %+( ,/('&"#) E(22! $ (D# %&"$- %+ % .(%(/!&$() %+(

",%&! 2 , %+ "6 &$'()%!($%0

  

 !"# $%&'(! %)(* +&,-. .*/*0. &0 (!* ("1* &% (!* 2)-,* &3 A4 5,( "0 (!"# #"1/-* +)#*
(!"# "# 0&( %*-*2)0( )0. &0* +)0 &1"( (!"# .*/*0.*0+*6

FG



K̂ (t, C, β) =
A (t)− C

2B
︸ ︷︷ ︸

Static optimal

−
κ

2B

(
1

β
− (1− δ)

)

︸ ︷︷ ︸

Dynamic effect

 !"# $%& #!' ()#$*"+ ,-."*$/ 01".#$#- ,$2'3% 43(* #!' %#"#$/ (.'5 6"#'3 (.' .'',%

#( ",, " .'7 #'/!.(+(8- "., '9"+1"#' 7!'. $# $% ()#$*"+ #( /!((%' :'#7''. (.' (3

#!' (#!'35 ;%' ID (t) "., IC (t) #( ,'.(#' #!' $.9'%#*'.# $. )'3$(, t (. ,$3#- ".,

/+'". #'/!.(+(8- 3'%)'/#$9'+-5 <'.(#' :- K (t) #!' #(#"+ $.%#"++', /")"/$#-& "., :-

KD (t) "., KC (t) #!' $.%#"++', /")"/$#$'% $. ,$3#- "., /+'". #'/!.(+(8- 3'%)'/#$9'+-5

=.(#!'3 7"- #( 1.,'3%#"., #!' ()#$*"+ /")"/$#- $% #!' 4(++(7$.8>

K (t, C, β) = A(t)−C̃

2B

?!'3'&

C̃ (β) = C + κ
(

1
β
− (1− δ)

)

 !"# $%& $% #!' %"*' %(+1#$(. (4 #!' %#"#$/ )3(:+'* :1# 7$#! ". ",,$#$(."+ /(%#

#!"# %1**"3$@'% #!' $.9'%#*'.# $.9(+9',5  !$% "))3("/! $% 1%'41+ :'/"1%' #!' +"%#

'A)3'%%$(. /". :' $.#'3)3'#', $. " %+$8!#+- ,$2'3'.# 7"-5 B. #!' ()#$*"+ )"#! #!'

)3$9"#' %!(1+, :' $.,$2'3'.# :'#7''. $.9'%# " *"38$."+ 1.$# $. )'3$(, t (3 t + 1&

:'/"1%' $4 #!$% $% .(# #31' #!'. !' /". ",C1%# #!' $.9'%#*'.# )"#! ". $./3'"%' !$%

)3(D#%5 B4 (.' 73$#'% #!$% $.,$2'3'./' /(.,$#$(.& #!'. (.' (:#"$. #!"# #!' ,$2'3'./'

EF



 !"#!!$ "%! &'()*$'+ (!,!$-! '$. "%! &'()*$'+ /01"

 !

*1 "%! 1'&! '1 "%! '..*"*0$'+

"!(& *$ C̃2 3%*1 #'4 "0 -$.!(1"'$. C̃ #*++  ! -1!5-+ *$ "%! 6(!'$$0-$/!&!$" /'1!2

7!" -1! C̃D (β) '$. C̃C (β) 50( "%! /'1!1 #%!(! "%! &'()*$'+ /01" *1 "%! .*("4 0( "%!

/+!'$ "!/%$0+0)4 (!16!/"*,!+42

7!" .!$0"!  4 C ′

D "%! &'()*$'+ /01" 05 "%! .*("4 "!/%$0+0)4 '5"!( "%! 60+*/4

/%'$)! *1 !$'/"!.2 8! '11-&! "%'" CD < CC < C ′

D2 9$ "%! /'1! #%!(! "%!(! *1 $0

'$$0-$/!&!$" "%! 50++0#*$) +!&&' 1-&&'(*:!1 "%! !;-*+* (*-& 6'"%<

 !""# $%& '()!*+, -. #/ 0/#//-0/*!1 *2#/3! 45+2 6!7589! 5/:!,+"!/+;

 !""#$% CD& CC& C ′

D& p& δ& '() β '*% $!+, -,'- .%/#*% -,% '((#!(+%0%(- 1$ 0')%

-,% "*12'-% $%+-#* 1(2%$- 1( )1*-3 -%+,(#4#53 6-,% )%-'14$ #/ -,1$ +#()1-1#($ '*% 512%(

1( -,% 7""%()18 9:& -,%( 1/ 1( "%*1#) t∗ -,% +410'-% "#41+3 1$ +,'(5%) ;1-,#!- '

"*%'((#!(+%0%(- -,% /#44#;1(5 1$ -,% #"-10'4 "'-,<

1 =/ C ′

D > C̃C -,%( /#* '(3 t ≤ t∗ -,% 1(2%$-0%(- 4%2%4 1$ 512%( .3 -,% )1*-3

-%+,(#4#53 1(+4!)1(5 -,% *1$> #/ ' "#41+3 +,'(5%& -,'- 1$ K (t) = KD (t) =

K̂ (t, CD, βp)?

11 @,%*% 1$ (# 0#*% 1(2%$-0%(- 1( )1*-3 -%+,(#4#53 '/-%* t∗& -,'- 1$& /#* '(3 t ≥ t∗&

ID (t) = 0& '() KD (t) = KD (t∗) ∗ (1− δ)t−t∗

111 =/ C̃C (β) < C ′

D -,%( IC (t∗) > 0& -,'- 1$& -,% 1(2%$-0%(- 1( +4%'( -%+,(#4#53

$-'*-$ 100%)1'-%43?

12 =/ C̃C (β) > C ′

D -,%( -,% $#4!-1#( )%"%()$ #( -,% 1($-'44%) +'"'+1-3? =/

K̂ (t∗ + 1, CC , β) < KD (t∗) ∗ (1 − δ)& -,%( IC (t∗) = 0& -,'- 1$& -,%*% 1$ (#

 !

 !"#$ %&'% (# '$')*+# %&# ,-$-.-)!/% 0'/# %&# ,'12!$') 1#"#$3# !/ %&# 1#)#"'$% 43$0%!-$5

=>



 !"#$%&#!% '% t∗( )! %* $ +'$# %*#  !"#$%&#!%  ! +,#'! %#+*!-,-./ $%'0%$ '% %*#

10$% 2#0 -3 t $4+* %*'% K̂ (t, CC , β) > KD (t∗) ∗ (1− δ)t−t∗
(

 !" #$%%& '( ') *!" +##"),'- ./  !" 0%(* '0#%$*1)* $"(23* %& *!" #$"4'%2(

#$%#%('*'%) '( *!" &%33%5')67 ,"#"),')6 %) C ′

D7 *!1* '( *!" 01$6')13 8%(* %& *!" ,'$*9

*"8!)%3%69 1&*"$ *!" #%3'89 8!1)6"7 *!"$" 8%23, :" %$ )%* ')4"(*0")* ') 83"1) *"8!;

)%3%69 '00",'1*"39 1&*"$ *!" 8!1)6" '( ")18*",/ <* '( )%* ")%26! *!1* *!'( 8%(* '(

!'6!"$ *!1) *!" 01$6')13 8%(* %& *!" 83"1) *"8!)%3%69/ <& *!" )"5 8%(* %& *!" ,'$*9

*"8!)%3%69 '( :1$"39 !'6!"$ *!1* *!" 83"1) *"8!)%3%697 *!"$" 8%23, :" 1 #"$'%, 5!"$"

*!"$" '( )% ')4"(*0")* ') )"5 81#18'*97 (% 133 *!" #$%,28*'%) 5'33 :" :1(", ') ,'$*9

*"8!)%3%69/ ="$" *!"$" '( 1 *$1," %>/ + 3%5 ')8$"1(" ') *!" ,'$*9 *"8!)%3%69 8%(*( 8%23,

,"319 *!" ')4"(*0")* ') 83"1) *"8!)%3%697 :2* *!" 01$?"* #$'8"( 5'33 ')8$"1(" 6$1,21339/

@%57 ') *!" 81(" %& 1 #$"1))%2)8"0")* *!"$" 1$" 0%$" 41$'1:3"( ')4%34", ') *!"

1)139('(/ A" 5'33 $"(*$'8* *% *!" 81(" 5!") 1&*"$ *!" #%3'89 8!1)6" 01," '( %#*'013

*% ')4"(* ') 83"1) *"8!)%3%69 '00",'1*"39/  !" )"-* #$%#%('*'%) (2001$'B"( *!"

,9)10'8 &%$ *!'( #1$*'8231$ 81("/

CD



 !"#$"% &'( )*+",- #. /0 /00#10,"2 ,!/03" 45-! 6"7589" 50:";-%"0-<

 !""#$% CD& CC& C ′

D& p& δ& '() β '*% $!+, -,'- C̃C (β) < C ′

D& -,%( ./ .( "%*.#) t∗ -,%

+0.1'-% "#0.+2 .$ +,'(3%) 4.-, ' "*%'((#!(+%1%(- .( -,% "%*.#) t̂ -,% /#00#4.(3 .$ -,%

#"-.1'0 "'-,5

. 6#* '(2 t̂ < t ≤ t∗ -,% 1'*3.('0 *%7%(!% 4.00 8% 8%-4%%( C̃D (β) '() C̃C (β)9

.. :/ t∗ − t̂ .$ ,.3, %(#!3,& -,%( '- -,% ;*$- "%*.#)$ '/-%* t̂ -,% 1'*3.('0 *%7%(!%

4.00 8% C̃C (β) '() -,%*% 4.00 8% .(7%$-1%(- .( ).*-2 -%+,(#0#329

... :/ -,% 1'*3.('0 *%7%(!% .$ %<!'0 -# C̃C (β) -,%*% 4.00 8% .(7%$-1%(- .( +0%'(

-%+,(#0#329

 !" #$%%& '( )*("+ %, )*-./*$+ ',+0-1'%,2

=*##/9

 !" %#1'3*4 #*1! '( -%,(1$0-1"+ ', 1!" &%44%/',5 /*67

' 81 1!" #"$'%+ t = t∗ 1!"$" /'44 )" ',9"(13",1 ', -4"*, 1"-!,%4%56 )"-*0("

C̃C (β) < C ′

D: 1!*1 '(: '( -!"*#"$ 1% ',9"(1 ', -4"*, 1"-!,%4%56 1!*, 0(" 1!"

',(1*44"+ +'$16 %,"2  !" ',9"(13",1 /'44 )" 1!" *3%0,1 (0-! 1!*1 1!" 3*$5',*4

$"9",0" ', 1!" ,";1 #"$'%+ )" "<0*4 1% C̃C 2

'' =," #"$'%+ )"&%$": *1 t = t∗− 1: 1!"$" /'44 )" ',9"(13",1 ', -4"*, 1"-!,%4%56 '&

1!" 3*$5',*4 $"9",0" '( "<0*4 1% C̃C 2

''' 81 t = t̂ 1!"$" /'44 )" ',9"(13",1 ', +'$16 1"-!,%4%56 '& *,+ %,46 '& 1!" #$"(",1

9*40" %& 1!" 3*$5',*4 $"9",0" '( !'5! ",%05!2 >1 '( '3#%$1*,1 1% ,%1" 1!*1 1!"

#$"(",1 9*40" '( %,46 0,1'4 t∗: )"-*0(" *&1"$ 1!*1 #"$'%+ 1!" +'$16 1"-!,%4%56 '(

,%1 0("+ ?/" *$" ,%1 ',-40+',5 !"$" * 4'3'1 ', 1!" ',9"(13",1 #"$ #"$'%+@2  !"

',9"(13",1 /'44 )" 3*+" 0,1'4 1!" 3*$5',*4 $"9",0" ', 1!" ,";1 #"$'%+ )" "<0*4

1% C̃D2

AB



 ! "#$#%& '( )  * %'+ )   * ,'& - &.#  '!#/&0#'&  / '1& $213&%4-# 1'# (#&/ &.# 1$& 0%-

 '!#/&0#'& $%&.5

! 6#&7##' &.# $#2 1+/ 7.#2# &.#2# %2#  '!#/&0#'&  ' + 2&8 &#9.'1-1(8:  ; %'8: %'+

&.# 1'#/ 7 &.  '!#/&0#'&  ' 9-#%' 1'#:  ; %'8: &.# 0%2( '%- 2#!#',# 7 --  '92#%/#

,$ &1 C̃C (β)5

<.#  +#%  / &.# ;1--17 '(= &.# + 2&8 &#9.'1-1(8 91,-+ 4#  '/&%--#+ %;&#2 &.#

%''1,'9#0#'&  ; &.#2#  / #'1,(. & 0# &1 14&% ' &.# 2#>, 2#+ $213&5 ?; &. /  / /10#&. '(

&.%& &.# %,&.12 &8 7%'&/ &1 %!1 +: &.#' &. / ( !#/ % - 0 & ;12 1$& 0%- %''1,'9#0#'&

$#2 1+5

<.# 01+#- /& -- .%!# $2#- 0 '%28 2#/,-&/: 4,& .%/ &.# %+!%'&%(# &1  '9-,+# !%2 @

%4-#/ - A# &.#  '!#/&0#'& 91/& &.%& %--17 &1 910$%2# $1- 9 #/ - A# 9%241' &%B#/ C- A#

&.# 1'#/ ,/#+ ,'& - '17D 7 &. &.# 1'#/ ;19,/#+ 1' &.#  '!#/&0#'&: - A# /,4/ + #/ 12

2#/&2 9& 1'/5 E'1&.#2 /&#$  ' &.# 01+#-  / #/& 0%&# &.# &1&%- 7#-;%2#  ' &.# #91'108

 ' #%9. 9%/#5 ?' &. / /&#$ 1'# 7 -- '##+ %' #/& 0%& 1' 1; &.# $1--,& 1' 91/&5

 !" #$%&'()*$%) +%, -(./01. 2$.3

F# .%!# $2#/#'&#+ % !#28 / 0$-# 01+#-  ' 7. 9. % $2 !%&#  '!#/&12  ' % +#!#-1$ '(

91,'&28 &.%& 7 -- .%!# &1 ;%9# /10# &8$# 1; 9- 0%&# $1- 98 2#/&2 9& 1'  ' &.# ;,&,2#

0%8 $2#;#2 &1 A'17  ' %+!%'9# 7.#' &. / 1'# 7 -- 4#  ' $-%9#5 <.# 0% '  +#% 4#. '+

&. /  / &.%& ( !#' &.%&  '!#/&0#'&/ -%/& ;12 -1'( $#2 1+/: &.#'  ; &.#/# %2# (1 '( &1

;%9# % -%2(# '#(%& !# /.19A  &  / 1$& 0%- &1 A'17  ' %+!%'9# 7.#' &. / 71,-+ 199,2:

%'+ &.#2#;12# $.%/# 1,& 1-+ &#9.'1-1( #/  ' % 2#-%& !#-8 91/&@#G#9& !# 7%85 <.,/ &.#

0% ' 2#/,-& 1; &. / 9.%$&#2  / &.%& &.#2# %2# $2 !%&# 91/&/ %!1 +#+ 7.#'  0$-#0#'& '(

HI



 !" #$$%&$'"( )%*+',-

.!" /%("* 0% 1#2 !#0 #00&/"( # /#23" +$ 4!+'!  !" 2" &2$  % "#'! +$5"0 /"$ 

+0 "6%7"$%&08 4!+'! /#, $% 9" '%/)*" "*, 2"#*+0 +' 1%2 0%/" 0"' %20:'%&$ 2+"0- ;$

)#2 +'&*#2  !" )%4"2 0"' %2 !#0 0%/" %1  !" '!#2#' "2+0 +'0 %1 *%$7 *+5"( '#)+ #*8 9& 

+0 )"2!#)0 %27#$+<"( #0 %*+7%)%*+"0 %2 2"7&*# "( /%$%)%*+"08 4!"2"  !"+2 +$5"0 /"$ 

("'+0+%$ #="'  !" 2" &2$ %$ +$5"0 /"$ - .#3+$7  !+0 +$ % #''%&$ /#, 4"** '!#$7"

 !" %) +/#* 9"!#5+%2 #$(  !&0 )%*+', '!%+'"- > 0"'%$( "6 "$0+%$ +0  % '%$0+("2  !# 

 !" )2%9#9+*+ , %1 '*+/# " )%*+', +0 $% '%$0 #$ 9& 2# !"2 +$'2"#0+$7 %5"2  +/" 0+$'"

 !" )2"00&2" %5"2 ("5"*%)+$7 '%&$ 2+"0  % #(%) '*+/# " )%*+', +0 2# !"2 &$*+3"*,  %

(+/+$+0! #$( 5"2, *+3"*,  % +$'2"#0"-

> 1"4  "0 #9*" )2"(+' +%$  !# 4%&*( 9" +$ "2"0 +$7  % "6)*%2" +0  % 0"" +1 +$5"0 %20

+$ *%$7 *+5"( '#)+ #* )2%?"' 0 #2" /%2" 4+**+$7  % ("/#$( 0%/"  ,)" %1 '*+/# " )%*+',

 !#$ +$5"0 %20 +$ 0!%2 "2  "2/ )2%?"' 0-

@!"$  !" +$5"0 /"$ )"2 )"2+%( +0 A"6+9*"8 %$" '#$ +$'%2)%2# "  !" +$5"0 /"$ 

("'+0+%$  %  !+0 )2%9*"/- .!# #**%40  % "5#*&# " #* "2$# +5" /"#0&2"0 #7#+$0  !"

(+2 ,  "'!$%*%7,8 *+3" # # 0&90+(,  %  !" '*"#$  "'!$%*%7,- >$% !"2 #(5#$ #7" +0 %$"

'#$ !#5" #$ "0 +/# +%$ %1  !"  % #* 4"*1#2" +$  !" "'%$%/,8 0% '%$'") 0 *+3"  !" %) +/#*

 +/" %1 #$$%&$'"/"$ '#$ 9" ("5"*%)"(-

BC



 !!"#$%&  

'()%*+,"#-" ."/0""# 1+234* 5/2+/"6%"5 +#$ .",%"7 84#4/4#%-%/9

:;<"42"85 = +#$ >?

 !"#$"% & '()("' (!)( *+ (!" ,-."'(#$ /)- /#%%*( (# #-" 0"$*#1 *- )1.)-/"2 (!"-

#-" /)- 3'" 4)$5#. '($)("6*"' (# '#7." (!" ,-."'(#$8' 0$#97"% *+ )-1 #-7: *+ (!"

'";3"-/"

{

δ̃t (xt, xt+1)
}
∞

t=1
*' *-/$")'*-6< =)77 (!*' 7)'( 0$#0"$(:  !"#!$ %&'&(&'#)#(*<

>3'( )' ) $"%*-1"$?

δ̃t (xt, xt+1) =
xt − π (xt)

xt+1

@' '()("1 *- (!" /!)0("$2 (!" *1") 9"!*-1 (!" 3'" #+ 4)$5#. '($)("6*"' !"$" *'

(!)( )77 (!" $"7".)-( !*'(#$: /)- 9" '3%%)$*A"1 *- (B# '()(" .)$*)97"'<  !"'" (B#

'()(" .)$*)97"' '!#371 9" '3C/*"-( *- #$1"$ (# 301)(" (!" 9"7*"+ )9#3( (!" (:0" #+

@''#/*)(" 6*."- (!)( !" *' '(*77 /##0"$)(*-62 )-1 (# /)7/37)(" (!" -"D( 0"$*#1 #0(*%)7

*-."'(%"-( 7"."7< ,- #-" 1*$"/(*#- *( '3C/"' (# '!#B (!)(2 3-1"$ 4)$5#. '($)("6*"'2

(!" ";3*.)7"-( 1*'/#3-( +)/(#$ '";3"-/" *' *-/$")'*-6<

 !" 9"7*"+ 301)(*-6 0$#/"'' *' E3'( )- )1E3'(%"-( #+ (!" 7#B"'( 0#''*97" (:0" (!)(

*' '(*77 /##0"$)(*-6< F# 3'" (!*' 9"7*"+ )' #-" '()(" .)$*)97" )-1 1"-#(" *( 9: δ̂t<  !)( *'2

)( (!" 9"6*--*-6 #+ 0"$*#1 t )77 (!" (:0"' #+ @''#/*)(" '(*77 /##0"$)(*-6 !)." ) 1*'/#3-(

+)/(#$ )9#." (!*' 7"."7<  !" #(!"$ '()(" .)$*)97" *' (!" *-."'(%"-( 7"."7 )( t2 9"/)3'"

(!)( 7"."7 B)' /#%%*(("1 )( t− 1< G*."- (!)( (!" 0$#97"% /)- 9" '#7."1 3'*-6 #-7:

HI



 !"#"  $% &'()'*+" # ' "#  !",  !" -##%.)' " #!%/+0 ,% ,""0 1%(" ),2%(1' )%,  !',

 !" ,"3 4"()%0 ),&"# 1",  % 1'5" !)# 0".)#)%,  % .%%4"(' " %( 6/) ' t7 8'&),9  !)#

), 1),0 +" /#"  !" 2%++%$),9 :"++1', "6/' )%,  % #%+&"  !" ;,&"# %(<# 4(%*+"1=

W
(

δ̂t, xt

)

= max
xt+1

{[1− pt]
[

π (xt) + βW
(

δ̂t+1, xt+1

)]

− ptxt} >-7?@

#7 7 pt ∈ [0, 1]

A!"(" pt )#  !" 4(%*'*)+) B  !' ', -##%.)' " 6/) # ' t 9)&",  !' !" !'0 .%%4C

"(' "0 ' t− 17 D)&",  !' xt+1 )# #/E.)", 2%(  !" -##%.)' " 2%( 0".)0"  % .%%4"(' "

%(  % 6/) ' t !)# *"# ("#4%,#" )#=

• F!" -##%.)' " .%%4"(' "# )2 xt < π (xt) + δxt+1

• F!" -##%.)' " 6/) # )2 xt > π (xt) + δxt+1

• F!" -##%.)' " )# ),0)G"(", *" $"", .%%4"(' " ',0 6/) )2 xt = π (xt) + δxt+1

H%I /#),9 ' /,)2%(1 0)# ()*/ )%, 2%(  !" -##%.)' "<#  B4"#I  !" 4(%*'*)+) B %2 6/) C

 ),9 )#=

pt =

xt−π(xt)
xt+1

− δ̂t

δh − δ̂t

-,0  !" /40' "0 *"+)"2 )# J/# =

δ̂t+1 =
xt − π (xt)

xt+1

H%  !" *"+)"2 '  )1" t+1 )# J/#  !" "6/)&'+", 0)#.%/, 2'. %( ' t7 K),'++BI 9)&",

 !'  !" 4(%*'*)+) B #!%/+0 *" *" $"", L ',0 ?  !' !'#  $% )14+).' )%,# 2%(  !"

%4 )1'+ .!%)." %2 xt+1

MN



•  !"#$%$&'&() '#*+" (,%- . &/!'&+0 (,%( xt+1 0,#1'2 $+ ,&3, +-#13, 0,#1'2 (,%(

%( '+%0( (,+ /#0( !%(&+-(  00#4&%(+50 ()!+ 4##!+"%(+ %( t

•  !"#$%$&'&() ,&3,+" (,%- 6 &/!'&+0 δ̂t+1 ≥ δ̂t

7# -#- -+3%(&8&() #9 (,+ !"#$%$&'&() #9 :1&((&-3 %( t 3&8+0 (,+ "+:1&"+2 &/!'&4%(&#-;

<,+ 0+:1+-4+

{

δ̃t (xt, xt+1)
}
∞

t=1
&0 &-4"+%0&-3= (,%( &0= (,+ $+'&+9 /#-#(#-&4&() !"#!+"()

,#'20>

?- #"2+" (# !"#8+ #- #(,+" 2&"+4(&#- &( &0 01@4+0 (# 0,#* (,%( &9 (,+ $+'&+9 /#-#A

(#-&4&() !"#!+"() ,#'20 (,+- (,+  00#4&%(+ -++20 (# 9#"+4%0( #-+ !+"&#2 &- (,+ 91(1"+

9#" ,&0 $+0( "+0!#-0+>

B+/+/$+" (,%( (,+  00#4&%(+50 $+0( "+0!#-0+ 2+!+-20 #- (,+ "+'%(&#-0,&!

$+(*++- (,+ &-8+0(/+-( '+8+' %( t %-2 (,+ ,&3,+0( !%)#C %9(+" t= yt= *,+"+ yt =

maxτ>t

{∑s=τ−1
s=t δs−tπ (xs) + δτ−txτ

}
> D#410 &- !%"(&41'%" #- *,+- (,+  00#4&%(+

*%-(0 (# :1&( %( t= (,%( &0 &9 xt > yt= %-2 0,#* (,%( 1-2+" $+'&+9 /#-#(#-&4&() (,&0

4#-2&(&#- &0 &/!'&+2 $) xt > π (xt) + δxt+1>

&> ?9 xt > π (xt) + δxt+1 (,+-;

δ <
xt − π (xt)

xt+1

= δ̃t

&&> E&8+- (,+ $+'&+9 /#-#(#-&4&() !"#!+"()= δ < δ̃τ 9#" +%4, τ ≥ t

&&&> F#* 10+ δ < δ̃t+1

δ <
xt+1 − π (xt+1)

xt+2

⇒ xt+1 > π (xt+1)+δxt+2 ⇒ π (xt)+δxt+1 > π (xt)+δπ (xt+1)+δ2xt+2

GH



 !"#! $%&''&"( )' t + 1 &* +!''!, '-)" $%&''&"( )' t + 2. /&0!" '-! #1"2&'&1" &"

3&&45 $%&''&"( &" t + 1 &* +!''!, '-)" $%&''&"( &" )"6 1'-!, 7!,&12 &" '-! 8%'%,!.

9-!" yt = π (xt) + δxt+1. :&");;65 (&0!" 3&4 xt > yt *1 '-! <**1#&)'! #-11*!* '1

$%&' )' t.

=" '-! 1'-!, *&2!5 &8 xt < π (xt) + δxt+15 '-!" '-! <**1#&)'!>* +!*' ,!*71"*! )' t

&* '1 #117!,)'!. 9-)' &* +!#)%*! &' &* +!''!, '1 $%&' )' t + 1 '-)" )' t. ?1 &" 1,2!,

'1 *1;0! '-! 7,1+;!@ 1"! #)" ,!2%#! '-! &"&'&); &"A"&'! -1,&B1" 7,1+;!@ '1 ) 'C1

7!,&12 7,1+;!@. 9-&* 7,1+;!@ #)" +! *1;0!2 %*&"( '-! D),E10 *',)'!(&!* 2!A"!2 )'

'-! +!(&""&"( 18 '-! #-)7'!,.

9-!1,!@ F 81;;1C* 2&,!#';6 8,1@ '-! +!;&!8 @1"1'1"&#&'6 #1"2&'&1". /&0!" '-)' '-!

"!G' 7!,&12 &"0!*'@!"' &" !"1%(- '1 2!'!,@&"! '-! <**1#&)'!>* 2!#&*&1"5 '-!" '-&*

2!#&*&1" C&;; "1' +! )H!#'!2 +6 ) #1@@&'@!"' '1 ) 8%'%,! &"0!*'@!"' ;!0!;.

II



 !!"#$%& '

()**%+*"#+ ,#$ #)# -)**%+*"#+ .+",$/ .+,+".

'01 2"**, 3

 !!"#$ %&'( ')*' +! ')*' ')$,$ $-+!'! t !".) ')*' xt+1 < xt/ 0)$% 12 1$3+$4 #&%&5

'&%+.+'26

δ̃t+1 ≥ δ̃t ⇐⇒
xt+1−π(xt+1)

xt+2
≥ xt−π(xt)

xt+1

⇐⇒ xt+1−π(xt+1)
xt−π(xt)

xt+1

xt+2
≥ 1

7+8$% ')*' x−π (x) +! !',+.'32 +%.,$*!+%9( +4 xt+1 < xt ')$% ')$ :,!' '$,# +! !',+.'32

3&;$, ')*% &%$/ <& ')$ &%32 ;*2 '& )*8$ 1$3+$4 #&%&'&%+.+'2 +! xt+2 < xt+1/ 0)*' +!(

* =$.,$*!$ +% ')$ +%8$!'#$%' +% &%$ >$,+&= +#>3+$! * =$.,$*!$ +% ')$ %$-' &%$/ 0)*'

#$*%! ')*' *33 ')$ +%8$!'#$%' 3$8$3! *4'$, t !)&"3= 1$ 3&;$, ')*% xt *%= ')*' .*%%&'

1$ &>'+#*3 1$.*"!$ +! 1$''$, '& .)&&!$ ')$ +%+'+*3 +%8$!'#$%' 3$8$3 *%= ?$$> 4&,$8$,

')+! &@$,/

'03 2"**, 4

0)$ +=$* &4 ')$ >,&&4 +! '& :,!' !)&; ')*' ')$ >,&>&!$= $A"*'+&% +! ')$ !'$*=2

!'*'$ &4 ')$ >,&13$# *%= *4'$, ')*' '& !)&; ')*' ')$ .&%=+'+&%! *,$ !"B.+$%' 4&, ')$

CD



 !"#$%  !%"&'  !"!%(

)*% +,--.!-%/! 01,#$%- . 2

W (xt−1, xt) = max
xt+1

{[1− pt] [π (xt) + βW (xt, xt+1)]− ptxt}

 (!( pt ∈ [0, 1]

3,4 x
LC

. !*% 5"$6% !*"!  ,$5% hW (x
LC

, x
LC

) = x
LC

4 7*%1% hW (·, ·) . !*% 0,$.+'

86/+!.,/ ,8 !*% %96"!.,/ W (·, ·)(

:%/,!% #' f (i) (·) !, !*% &%1.5"!.5% ,8 f 7.!* 1% 0%+! !, !*% .;!* "1<6-%/!4 "/&

&%/,!% #' pt !*% 01,#"#.$.!' !*"! !*% =  ,+."!% 96.! "! t4 !*"! . 4 !*% %>01%  .,/ 7*%1%

!*% ?1 ! "1<6-%/! . xt−1( =  6-./< "/ ./!%1.,1  ,$6!.,/4 !*% ,0!.-"$ +,/&.!.,/ "1%2

@.1 ! A1&%1 B,/&.!.,/2

−p
(3)
t [π (xt) + βW (xt, xt+1) + xt] + [1− pt] βW (2) (xt, xt+1) = 0

C/5%$,0% B,/&.!.,/ 2

{xt−1} : W (1) (xt−1, xt) = −p
(1)
t [π (xt) + βW (xt, xt+1) + xt]

{xt} : W (2) (xt−1, xt) = −p
(2)
t [π (xt) + βW (xt, xt+1) + xt] +

[1− pt]
[
π′ (xt) + βW (1) (xt, xt+1)

]
− pt

DE



 !"#$%$%& '() '*! )%+),!-) .!%/$'$!%0 1%/ 02#0'$'2'$%& $%'! '() 3$40' 54/)4

 !%/$'$!%6

p
(3)
t [π (xt) + βW (xt, xt+1) + xt] = [1− pt] β{−p

(2)
t+1 [π (xt+1) + βW (xt+1, xt+2) + xt+1] +

[1− pt+1]
[

π′ (xt+1) + β
(

−p
(1)
t+2 [π (xt+2) + βW (xt+2, xt+3) + xt+2]

)]

− pt+1}

7! '() 892,)4 9:21'$!%8 /)-)%/0 !% xt−1, xt, xt+1, xt+2, xt+3 1%/ '() ;2%.'$!%

W (·, ·)< =!* $% 0')1/> 0'1') '() ;!,,!*$%& .!%/$'$!% "20' (!,/ ?1#20) !; %!'1'$!%

#> 20$%& x 10 '() 0')1/> 0'1') ,)+),@6

xt = x p (x, x, x) = 0

p(1) (x, x, x) = − 1−π′(x)
x[β−1]+π(x)

p(2) (x, x, x) = 1
x

x[1−π′(x)]+[x−π(x)]
x[β−1]+π(x)

p(3) (x, x, x) = − 1
x

x−π(x)
x[β−1]+π(x)

V (x, x) = π(x)
1−β

72#0'$'2'$%& '() 0')1/> 0'1') .!%/$'$!%0 $%'! '() 892,)4 9:21'$!%86

− 1
x

x−π(x)
x[β−1]+π(x)

[
π(x)
1−β

+ x
]

= β
{

− 1
x

x[1−π′(x)]+[x−π(x)]
x[β−1]+π(x)

[
π(x)
1−β

+ x
]

+

π′ (x) + β 1−π′(x)
x[β−1]+π(x)

[
π(x)
1−β

+ x
]}

⇒ [π (x) + [1− β] x] [π (x) + [β − 1] x] = 2βxπ′ (x) π (x)

A)B%)6

CD



F (x) ≡ 2βπ′ (x) xπ (x)− [π (x) + x [1− β]] [π (x)− x [1− β]]

 !"# F (x
LC

) = 0 $% &!" %&"'() %&'&" *+#($&$+#,  !$% "-.'&$+# /') !'0" /+1"

&!'# +#" %+2.&$+#,

3+4 *!"*5 &!" *+#($&$+# 6+1 &!" %&'7$2$&) +6 +#" +6 &!" %&"'() %&'&"%, 8+#%$("1

%&'&" 0'1$'72"% (x− ǫ, x) '#( *!"*5 &!" *+#($&$+# 6+1 &!" 9+2$*) 6.#*&$+# &+ 7" !$:!"1

&!'# x, 8+/9'1" &!" 0'2." +7&'$#"( 7) $#*1"'%$#: &!" $#0"%&/"#& $# &!" #";& 9"1$+(

7) ' 9+%$&$0" /'1:$#'2 '/+.#&< γ< '#( 1"/'$#$#: '& &!'& 2"0"2 6+1"0"1 0"1%.% 5""99$#:

x 6+1"0"1, ="#+&" 7) W̃ (y, x, z) &!" 0'2." 4!"# &!" %&'&" 0'1$'72"% '1" (y, x) '#( &!"

*!+%"# $#0"%&/"#& $% z 61+/ &!" #";& 9"1$+( &+ &!" 6.&.1",

 !"# 4" #""( &+ "0'2.'&">

W̃ (x− ǫ, x, x + γ) = [1− q1]
[

π (x) + β
{

[1− q2]
π(x+γ)

1−β
− q2 [x + γ]

}]

− q1x

W̃ (x− ǫ, x, x) = [1− q3]
π(x)
1−β

− q3x

4!"1" &!" 91+7'7$2$&$"% +6 ("0$'&$+# '1">

q1 =
x−π(x)

x+γ
−

x−ǫ−π(x−ǫ)
x

β−
x−ǫ−π(x−ǫ)

x

= 1
x+γ

x[π(x−ǫ)−π(x)]+γ[π(x−ǫ)−x]+ǫx+ǫγ

βx−[x−ǫ−π(x−ǫ)]

q2 =
x+γ−π(x+γ)

x+γ
−

x−π(x)
x+γ

β−
x−π(x)

x+γ

= γ+π(x)−π(x+γ)
βx+βy−[x−π(x)]

q3 =
x−π(x)

x
−

x−ǫ−π(x−ǫ)
x

β−
x−ǫ−π(x−ǫ)

x

= ǫ+π(x−ǫ)−π(x)
βx−[x−ǫ−π(x−ǫ)]

?@



 !" #$%&'()#$* +,' #$-')+.'$+ #$ +,' $'/+ 0'&#!1 #) !0+#.(2 #34

W̃ (x− ǫ, x, x + γ) > W̃ (x− ǫ, x, x)

⇐⇒ β

1−β
[π (x + γ)− π (x)]− βp2

[

x + γ + π(x+γ)
1−β

]

− p1

[

x + π (x) + β π(x+γ)
1−β

]

+

p1p2β
[

x + γ + π(x+γ)
1−β

]

> −p3

[

x + π(x)
1−β

]

5#-#1#$* 67 γ ($1 +(8#$* +,' 2#.#+ γ → 0" ǫ → 0 ($1 ǫ/γ → κ4

[π(x)−[1−β]x][π(x)+[1−β]x]−2βxπ′(x)π(x)
βx−[x−π(x)]

< 0

⇐⇒ F (x)
βx−[x−π(x)]

> 0

9#-'$ +,' 1':$#+#!$ !3 x̃δ4

x < x̃β ⇒ βx− [x− π (x)] = x
[

π(x)
x
− [1− β]

]

> 0

;!.6#$#$* 6!+, #$'<=(2#+#') ($1 γ > 04

x < x̃β ∧ F (x) > 0 ⇒ W̃ (x− ǫ, x, x + γ) > W̃ (x− ǫ, x, x)

 !" x = x
LC

($1 F ′(x) < 0 #) ( )+(62' )+'(17 )+(+'> ?'%(=)' +,' 0&'-#!=) '/0&')@

)#!$) (&' %!$+#$=!=) +,'$ +,' #$'<=(2#+7 ,!21) 3!& ( $'#*,6!&,!!1 (&!=$1 x>

AB



 !" #$%&'%( ")

 !"#$ %&$'!( $)* *+,"*##!%( -%" $)* #$'&.* #%./$!%(#0

1( $)* %(* #)%$ 2'#* $)* ,"%&.*3 $% #%.4* !#5

max
x
{[1− p (x)]

π (x)

1− β
− p (x) x}

s.t.p (x) =
δ̃ (x, x)− δl

δh − δl

p (x) ∈ [0, 1]

6%3,/$!(7 $)*  !"#$ 8"9*" 6%(9!$!%( '(9 '##/3!(7 '( !($*"!%" #%./$!%(5

π (x)2 + [1− β] [1− δl] x
2 − 2π′ (x) xπ (x) = 0

:% 9*;(*5

K (x, β, δl) ≡ 2π′ (x) xπ (x)− π (x)2 − x2 [1− β] [1− δl]

<)*( K (x
J
, δl) = 0

<)* (*+$ #$*, !# .%%= -%" $)* #$'&.* #%./$!%(> &? 9*;(!$!%(5

x
SJ

= x̃δ∗ = x
J
(δ∗)

@)*"* δ∗ #)%/.9 &* 9*$*"3!(*90  "%3 $)* ,"*4!%/# 9*;(!$!%(#5

AB



π (x̃δ∗)

x̃δ∗
= 1− δ∗

π (x
SJ

(δ∗))2 + x
SJ

(δ∗)2 [1− β] [1− δ∗]− 2π′ (x
SJ

(δ∗)) x
SJ

(δ∗) π (x
SJ

(δ∗)) = 0

 !"#$%$%& #!'()

π (x
SJ

) + x
SJ

[1− β]− 2π′ (x
SJ

) x
SJ

= 0

*! +,-%,)

J (x) ≡ 2π′ (x) x− π (x)− x [1− β]

.(,% J (x
SJ

) = 0

/!0 $1 %,2,11345 '! 64!7, '(, $%,893:$'5 x
SJ

< x
LC
; <73:93', F (x

SJ
)

F (x
SJ

) = 2βπ′ (x
SJ

) x
SJ

π (x
SJ

)− [π (x
SJ

) + x
SJ

[1− β]] [π (x
SJ

)− x
SJ

[1− β]]

= 2βπ′ (x
SJ

) x
SJ

π (x
SJ

)− 2π′ (x
SJ

) x
SJ

[π (x
SJ

)− x
SJ

[1− β]]

= 2π′ (x
SJ

) x
SJ

[1− β] [x
SJ
− π (x

SJ
)]

=> x
SJ
∈ intX '(,% 3:: '(, ,:,",%'1 !> '(, :31' ,?64,11$!%1 34, 1'4$2':5 6!1$'$7,;

@$7,% '(3' '(,4, ,?$1'1 3 9%$89, A,4! !> F B x
LC
B 3%+ F ′ (x

SJ
) < 0B '(,% x

SJ
< x

LC
;

 !" #$%%& '(

C$41' 1!:7, '(, 34'$-2$3: 64!#:," >!4 '(, %!% 2!""$'",%' 231,)

DE



V (xt−1) = max
xt

{[1− p̃t] [π (xt) + βV (xt)]− p̃txt}

 !"! p̃t = p (xt−1, xt, hV (xt))

pt ∈ [0, 1]

#$%&'( )**+ ,*- x
LNC

 ./0 "0%" hV (x
LNC

) = x
LNC

&, "01  *)."&*' 12& " ! 3 &'$ "01

 %41 '*"%"&*' % 51,*-1 %'6 %  .4&'$ %' &'"1-&*-  *)."&*'( "01 7- " *-61- /*'6&"&*'

%'6 1'81)*91 /*'6&"&*' %-1:

;&- " *-61- /*'6&"&*':

−p̃
(2)
t−1 [π (xt) + βV (xt) + xt]− p̃t−1 + [1− pt−1] [π

′ (xt) + βV ′ (xt)] = 0

<'81)*91 /*'6&"&*':

V ′ (xt−1) = −p̃
(1)
t−1 [π (xt) + βV (xt) + xt]

=01-1 p̃1
t−1 = p1

t−1 %'6 p̃2
t−1 = p2

t−1 + p3
t−1h

′

V (xt−1) $&81' "01 617'&"&*' *, p̃! >' %

 "1%6?  "%"1( xt−1 = xt = x( pt−1 = 0( V (x) = π (x) / [1− β] %'6 h′V (xt−1) = 1! @01

9%-"&%) 61-&8%"&81 *, "01 9-*5%5&)&"&1 %-1 "01  %41 % 51,*-1! A19)%/&'$ "01 <B &'

"01 ;CB %'6 . &'$ "01  "1%6?  "%"1 /*'6&"&*' :

DE



− 1−π′(x)
π(x)−[1−β]x

π(x)+[1−β]x
1−β

+ π′ (x)− β 1−π′(x)
π(x)−[1−β]x

π(x)+[1−β]x
1−β

= 0

⇐⇒ π (x) + [1− β] x− 2π′ (x) π (x) = 0

 !"#$ %"&#'#( G (x) ≡ 2π′ (x) π (x)−π (x)− [1− β] x$ )#" !*+ ,!*, G (x
LNC

) = 0-

.(*'#$ ,!'+ "/0*,')# 1*# !*2" 3)4" ,!*# )#" +)50,')#-

6)7 1!"18 ,!" +,*9'5',: ); )#" +,"*%: +,*,"- .(*'# 1)3<*4" ,!" 2*50" ); )#" +,4"*3

7!"# )#" '#14"*+"+ ,!" '#2"+,3"#, 3*4('#*55: *#% 8""<+ ', *, ,!'+ 5"2"5$ Ṽ (x, x + ǫ)$

2"4+0+ 8""<<'#( ,!" <4"2')0+ 5"2"5 ;)4"2"4$ Ṽ (x)-

Ṽ (x, x + ǫ) = π(x+ǫ)
1−β

− p1

[

x + ǫ + π(x+ǫ)
1−β

]

p1 =
x+ǫ−π(x+ǫ)

x+ǫ
−

x−π(x)
x+ǫ

β−
x−π(x)

x+ǫ

= ǫ−[π(x+ǫ)−π(x)]
β[1−β]−[x+ǫ]

Ṽ (x) = π(x)
1−β

 !"#$ ', '+ )<,'3*5 ,) '#14"*+" ,!" <4"2')0+ 5"2"5 ';=

Ṽ (x, x + ǫ) > Ṽ (x)

⇐⇒ π (x + ǫ)− π (x) > ǫ−[π(x+ǫ)−π(x)]
β[x+ǫ]−[x−π(x+ǫ)]

[[1− β] [x + ǫ] + π (x + ǫ)]

.(*'#$ %'2'%" 9),! +'%"+ 9: ǫ *#% ,*8" ,!" 5'3', 7!"# ǫ → 0=

>?



π′ (x) > 1−π′(x)
βx−x+π(x)

[[1− β] x + π (x)]

⇐⇒ 2π′(x)π(x)
βx−x+π(x)

> [1−β]x+π(x)
βx−x+π(x)

 !"#$% #& x < x̃β '()$ '() *)$+,#$"'+- #. /+.#'#0)% .+ '() 1".' #$)23"1#'4 #. )23#05

"1)$' '+ G (x) > 06

7#$"114% #& +$) '"8). '() *#9)-)$:) ;)'<))$ '() /+14$+,#"1 G "$* '() /+14$+,#"1

J =

G (x)− J (x) = 2π′ (x) π (x)− π (x)− [1− β] x− 2π′ (x) x + π (x) + x [1− β]

⇒ G (x)− J (x) = 2π′ (x) [π (x)− x]

>& x ∈ intX '()$ '() 1".' )?/-)..#+$ #. .'-#:'14 $)!"'#0)6 @+% G (x
SJ

) < 0 "$*

J (x
LNC

) > 06 A("' #,/1#). '("' x
SJ

> x
LNC

% .+ x
SJ
#. '() .')"*4 .'"')6

 !" #$%&'%( )*

B#0)$ '() :+$*#'#+$.% ;4 A()+-), C% x
LC
#. '() .')"*4 .'"') #$ '() :+,,#',)$'

:".)6 D4 E),," F% x
SJ
#. '() .')"*4 .'"') #$ '() $+$ :+,,#',)$' :".)6 A()+-), C

.(+<. '("' x
LC

> x
SJ

 !+ #$%&'%( "*

G$*)- '().) :+$*#'#+$. '() .')"*4 .'"') 3$*)- :+,,#',)$' #. !#0)$ ;4 +$) H)-+

+& '() /+14$+,#"1 F % <(#1) '() .')"*4 .'"') <#'(+3' :+,,#',)$' #. !#0)$ ;4 +$) H)-+

+& '() /+14$+,#"1 J =

IJ



F (x) = 2βπ′ (x) xπ (x)− [π (x) + x [1− β]] [π (x)− x [1− β]]

J (x) = 2π′ (x) x− π (x)− x [1− β]

 ! "# #!$%"&'!()$*%$+ !'%! *',- β → 1 !',- F (x) → π (x) J (x). /)0 !', 1,$)# )(

F %$, !', 1,$)# )( K %-+ !', 1,$)# )( π. 2', 1,$)# )( π %$, !*) %-+ 3)!' %$, )4!#"+,

!', 5 /0 #) !', 1,$)# )( F %-+ K "-#"+, !', 5 / *"66 7)-8,$&, %# β %99$)%7',# !) :.

;;



 !!"#$%& '

'()) *(+,-./ 0./"

'12 3"44. 56

 !" #$%&'$() %**$# *+ F ',- ." /-0 .) #*(1&-2 $!" 34,0%,$&' "34,$&*- *.$,&-"0 .)

,1*&0 $!" #*(4$&*- ,$ x = 05  !,$ #*(4$&*-# ,%"6

x1,2 (α, β, γ) =

[

γ [2αβ − 1]

β [α + 1]− 1±
√

[1− αβ] [1− αβ − 2β + 2β2]

] 1
1−α

&5 x1 < x

7&%#$ '!"'8 $!" ',#" x̃β > x̂

F (x̃β) = 2βπ′ (xβ) xβπ (xβ) < 0 {π′ (xβ) < 0}

F (x̂) = − [π (x̂) + x̂ (1− β)] [π (x̂)− x̂ (1− β)] < 0 {π (x̂) > x̂ (1− β)}

9&1"- $!,$ F ′ (0) > 0 ,-0 F (0) = 0: $!"- x̃β ,-0 x̂ ,%" ."$;""- $!" $;* %**$#:

#* x1 < x̂ < x̃β < x25

<*; #"" $!" ',#" x̃β < x̂5 =1,(4,$&-2 F (x) ,$ $!" '%&$&',( >*&-$#6

?@



F (x̃β) = 2βπ′ (xβ) xβπ (xβ) > 0 {π′ (xβ) > 0}

F (x̂) = − [π (x̂) + x̂ (1− β)] [π (x̂)− x̂ (1− β)] > 0 {π (x̂) < x̂ (1− β)}

 ! "!#$ %!&'#( )!*+, "- .# #$- +-/# !/ x1 !0 .# #$- 0&1$# !/ x22

&&2  ! x̃β > x̂ "#$% x2 > x̃β

3$&( &( ,&0-)# /0!4 5&6 &' #$- ).(- x̃β > x̂2

&&&2  ! x̃β < x̂ "#$% x2 < x̃β

3$&( &( ,&0-)# /0!4 5&6 &' #$- ).(- x̃β < x̂2

&72  ! x̃β = x̂ "#$% x2 = x

89 ,-:'&#&!' !/ x̃β .', x̂;

x̃β = x̂ ⇔ α (2− β) = 1 ⇔ α = 1/ (2− β)

<-%+.)&'1 &' #$- -=%0-((&!' /!0 x2 !'- !"#.&'( #$- ->*.+&#9 ?&#$ x12

 !" #$%%& '(

@' .0-. @ &/ β > 4 (1− α) #$- (#-.,9 (#.#- &'7-(#4-'# +-7-+ &( 1&7-' "9;

x
LC

=

[

γ [2αβ − 1]

β [α + 1]− 1 +
√

[1− αβ] [1− αβ − 2β + 2β2]

] 1
1−α

AB



 !"#$ % &'""&# ('" )! %&*#($% )+# ,%+ -.)/ ".%" x
LC
0#,$#%-#- /'". β !)$ &)/#$

1%&2#- )! β3 ".%" '-3 /.#+ ".# -"$%"#*', &'4'" '- 52-" %()1# ".# "#,.+)&)*',%& &'4'"6 7+#

,%+ -.)/ ")) ".%" /.#+ β *)#- ") 83 ".#+ x
LC
'- '+,$#%-'+* '+ ".# 9+1#-")$:- 0'-,)2+"

!%,")$6

 !" #$%%& '()

;#4#4(#$ ".%" x
LC
%+0 xSJ %$# ".# <#$)- )! =)&>+)4'%& F %+0 G $#-=#,"'1#&>6

?.%" 4#%+-@

2βπ′ (x
LC

) x
LC

π (x
LC

)− [π (x
LC

) + x
LC

[1− β]] [π (x
LC

)− x
LC

[1− β]] = 0

2βπ′ (xSJ) xxSJ
− [π (xSJ) + xSJ [1− β]] = 0

 +0 x̃0 .)&0- π (x̃0) = x̃06 7+# ,%+ $#/$'"# F (x) '+ ".# !)&&)/'+* /%>@

F (x) = βπ (x)

[

2π′ (x) x− [π (x) + x [1− β]]

[
1

β
−

x

π (x)

[
1

β
− 1

]]]

= 0

A)3 '! π (x) = x ".# -"$',"&> =)-'"'1# <#$)- )! F %$# ".# -%4# <#$)- )! G6

B8



 !!"#$%& '

(!)%*+, +##-.#/"*"#) )%*"

'01 2") !3"4"#) 5+,." 6-3 $%3)7 +#$ /,"+# )"/8#-,-9%"4:

 ! "#$%# &%'( #)! &'**'+,-. !/0$#,'-1

RC

RD

= p
1− δ

1− δp

1− (δp)T

1− δT

2)! !3!4# '& RC/RD ," 5,%!4#1 2)! !3!4# '& p ," "#%$,.)#&'%+$%5 ,& '-! %!+%,#!"

#)! %,.)# )$-5 ",5! $"

p
1− δ

1− δp

1− (δp)T

1− δT
=

δp− (δp)T

1− (δp)T

1− δT

δ − δT

2)! 6%"# #!%( ," ,-4%!$",-. ,- p $-5 #)! "!4'-5 #!%( ," ,-5!7!-5!-# '& p1 2)!

!3!4# '& T 4$- 8! "!!- #$9,-. #)! 5,3!%!-4! '& #)! %,.)# )$-5 ",5! !:$*0$#!5 ,- '-!

7!%,'5 $-5 #)! 7!%,'5 $&#!%1

;<



p 1−δ
1−δp

1−(δp)T

1−δT − p 1−δ
1−δp

1−(δp)T+1

1−δT+1 =

p 1−δ
1−δp

1−(δp)
1−δ

[∑T−1
t=1 (δp)t

∑T−1
t=1 δt

−
∑T

t=1(δp)t

∑T
t=1 δt

]

=

p 1−δ
1−δp

1−(δp)
1−δ

1
∑T−1

t=1 δt
∑T

t=1 δt

[(
∑T−1

t=1 (δp)t
)

δT −
(
∑T−1

t=1 δt
)

(δp)T
]

=

p 1−δ
1−δp

1−(δp)
1−δ

1
∑T−1

t=1 δt
∑T

t=1 δt
(δp)T

[(
p−T + . . . + δT−1p−1

)
−

(
1 + . . . + δT−1

)]

 !"#$ p < 1% &'# ()*& #+,-#**!.$ !* *&-!/&(0 1-#)&#- &')$ 23 4. ) (.$1#- T !* 5.-#

6)".-)7(# &. &'# /(#)$ &#/'$.(.103

 !" #$%%& %& '())* +"

8* !$ /'),&#- 9% (#& :#$.&# 70 K̂ (t, C, β) &'# ,.(!/0 6;$/&!.$ .6 &'# ,-#"!.;*

<#((5)$ #=;)&!.$% &')& :#&#-5!$#* &'# .,&!5)( ,)&' .6 !$"#*&5#$&3

K̂ (t, C, β) =
A (t)− C

2B
︸ ︷︷ ︸

Static optimal

−
κ

2B

(
1

β
− (1− δ)

)

︸ ︷︷ ︸

Dynamic effect

>#& ;*# ID (t) )$: IC (t) 6.- :#$.&# &'# !$"#*&5#$& !$ ,#-!.: t .$ :!-&0 )$: /(#)$

&#/'$.(.10 -#*,#/&!"#(03 >#& :#$.&# 70 K (t) &'# &.&)( !$*&)((#: /),)/!&0% )$: 70

KD (t) )$: KC (t) &'# !$*&)((#: /),)/!&!#* !$ :!-&0 )$: /(#)$ &#/'$.(.10 -#*,#/&!"#(03

?!$)((0% (#& :#$.&# 70 C̃ (β) &'# #=;!")(#$& /.*&% !$/(;:!$1 &'# !$"#*&5#$&% .6 &'#

&#/'$.(.10 @!&' 5)-1!$)( /.*& #=;)( &. C3

A'# ,-.7(#5 !$".("#* *.("!$1 &'# 6.((.@!$1 &@. ")(;# 6;$/&!.$*B

C9



VBAU (KD.KC , A) = MaxQD,QC ,ID,IC
{P (QD + QC , A) (QD + QC)− CDQD − CCQC

−κ (ID + IC) + β [pVBAU (K ′

D, K ′

C , A′) + (1− p) Vtax (K ′

D, K ′

C , A′)]}

 !"! QD ≤ KD QC ≤ KC

K ′

D = KD (1− δ) + ID K ′

C = KC (1− δ) + IC

A′ = A + ∆

Vtax (KD.KC , A) = MaxQD,QC ,ID,IC
{P (QD + QC , A) (QD + QC)− C ′

DQD − CCQC

−κ (ID + IC) + βVtax (K ′

D, K ′

C , A′)}

 !"! QD ≤ KD QC ≤ KC

K ′

D = KD (1− δ) + ID K ′

C = KC (1− δ) + IC

A′ = A + ∆

#$% &'(() () &*'" +,,,- , .* %/ ,0 "$% )(11(2,03! 40 "$% *)"%' "*5  "*3%6 "$*" , t ≥ t∗6

,) C̃C < C ′D "$%0 "$% (&",7*1  (18",(0 , "( ,09% " (01: ,0 ;1%*0 "%;$0(1(3:! #$*"

, 6 .%;*8 % , .%""%' "( ,09% " ,0 ;1%*0 "%;$0(1(3: "$*0 8 % "$% /,'": (0% ,0 "*11%/!

<(' &*'" +,9-6 "$*" , ,) C̃C > C ′

D6 , .%""%' "( 8 % "$% *;"8*1 /,'": ;*&*;,": ,0 "*11%/6

1%" "$, ;*&*;,": /%&'%;,*"% ="$%'% , 0( ,0;%0",9% "( ,09% ">6 *0/ 1%" "$% 7*'3,0*1

'%9%08% '*, % 80",1 C̃C 6 2$%'% ," , (&",7*1 "(  "*'" ,09% ",03 ,0 ;1%*0 "%;$0(1(3:!

?@



 !" #$%& %& #'$( )**+ *, -',". */ (!" ',,01#(*%/ CC < C ′D *1#2*", (!'( C̃C < C̃ ′

D3

4%5 *, 6!"'#"$ (% */7",( */ 62"'/ ("6!/%2%89 (!'/ */ .*$(9 %/" '&("$ (!" 6!'/8"3

 !" #$%%& %& #'$( )*+5 ', :"22 ', (!" ',,01#(*%/ (!'( (!" ',,01#(*%/ (!'( -"&%$"

(!" 6!'/8" *, -"(("$ (% */7",( */ .*$(9 ("6!/%2%895 *, -',". */ (!" &%22%:*/83 ;& (!"$" *,

/% 7'20" %& (!" 1'$8*/'2 */7",(1"/( */ .*$(9 ("6!/%2%89 '&("$ (!" #%2*69 6!'/8"5 (!"/

(!" #$%-2"1 -"&%$" *, %/29 ' #$%-2"1 :*(! .*$(9 ("6!/%2%89 '/. ' .*,6%0/( &'6(%$

"<0'2 (% βp3

=%$1'2295 *& '&("$ (!" 6!'/8" (!" */7",(%$ :*22 #$%.06" 0,*/8 .*$(9 ("6!/%2%895

C̃C > C̃ ′

D5 (!"/ (!*, */7",(1"/( :*22 !'7" ' $"1'/"/( 7'20" '&("$ (!" BAU ,('8"3

 !"$" *, (:% #%,,*-2" 6',",>

•  !" $"1'*/*/8 .*$(9 6'#'6*(9 *( *, /%( "/%08! (% 6%7"$ (!" 1'$?"(3  !*, !'##"/,

*&>

KD (t) (1− δ) >
A (t∗ + 1)−BCC

2
−

κB

2

(
1

β
− (1− δ)

)

;/ (!*, 6'," (!" 1'$8*/'2 $"7"/0" */ (!" 1'$?"( :*22 -" "<0'2 (% C̃C 5 ,% (!"

$"1'*/*/8 7'20" %& (!" 1'$8*/'2 */7",(1"/( */ .*$(9 ("6!/%2%89 *, -',". */ (!*,

7'20"3

•  !" $"1'*/*/8 .*$(9 6'#'6*(9 *( *, "/%08! (% 6%7"$ (!" 1'$?"(3  !*, !'##"/, *&

(!" #$"7*%0, */"<0'2*(9 *, $"7"$,".3 ;/ (!*, 6'," (!" 1'$8*/'2 7'20" :*22 */6$"',"

0/(*2 $"'6!", C̃C 5 '/. (!"/ :*22 ,('9 '( (!*, 2"7"23

@A



 ! "#$% &'()( ∂Vtax/∂KD > 0* $%'$ +(* $%),) +( -'./) +! $%) 0',1+!'. +!-)($0)!$

+! 2+,$3 $)&%!#.#134

 5 C̃C > C̃ ′

D $%)! $%),) +( !# -'./) +! $%) 0',1+!'. +!-)($0)!$ +! 2+,$3 $)&%!#.#134

6#* 1+-)! $%+( &#!2+$+#!* $%) 0',1+!'. )7)&$ #5 $%) 2+,$3 &'8'&+$3 +! $%) BAU ($'1)

")&#0)( (+08.),* ")&'/() $%) 0',1+!'. )7)&$ +! $%) '5$), $'9 ($'1) +( :),#4 6#* /!2),

$%+( &#!2+$+#! '!2 +5 $%) +!-)($#, &%##()( $%) 2+,$3 $)&%!#.#13 ")5#,) $%) $'9* $%)

#8$+0'. &'8'&+$3 '!2 8,#2/&$+#! +! $%) BAU +(;

KD (t) = K̃ (t, CD, βp)

6#* +5 $%) &#!2+$+#! %#.2(* $%) #8$+0'. 8'$% 5#, t ≤ t∗ +( 1+-)! "3 K̂ (t, CD, βp)4

<=



 !"#!$%&'()*

 !"#$%!&' () *!" +) ,*-.$/0%! 123345 ' 67.&/"&!8 #*9&%!*/ :%%;$#*9&%!6' (%.#!*/ %<

=:%!%-&: >?$%#@ A2B' ;;) AABCADE)

7/%!0F&' G) *!" H) I#%J09 1233E5 ' 6>?$ =-$#8$!:$ %< >#.096' .!;.J/&0?$"

-*!.0:#&;9' K%$9?$ L!&M$#0&9@' N#*!F<.#9 *- G*&!)

O*/M&!' P)Q ="-%!"0' ()Q 7%!"C+*-J$#9@' 7) Q O/*#F$' +)Q P&-' ,) R)Q P@/$' I)Q

,-&9?' ,) ()Q >?%-0%!'  ) S T&0$' G) 1233U5' 62)4V +&-&9&!8 :/&-*9$ :?*!8$ 9%

ED3 ;;- OW2 $X.&M*/$!9 &! 9?$ 2A09 :$!9.#@6' =!$#8@ =:%!%-&:0' YA' ;; A3BCA23)

O?&0*#&' W) S K*/&*!&' ,) 123A35 ' 6O/&-*9$ O?*!8$V Z%9$0 9%[*#"0 9?$ $/*J%#*9&%!
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